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Abstract

This thesis is based on two published paper and one submitted paper in collabo-

ration with co-authors Ferreira, O.P. and Németh, S.Z.. Some concepts of convex

analysis on hyperbolic spaces are firstly studied. Next, we study the concept of

convex sets and the intrinsic projection onto these sets. We also study the concept

of convex functions and present first and second order characterizations of these

functions. An extensive study of the hyperbolically convex quadratic functions is

also presented. Unlike in the Euclidean space, the study of intrinsic convexity of

non-homogeneous quadratic functions in the hyperbolic space is more elaborate

than that of homogeneous quadratic functions. Then, we examine the gradient

projection method as a solution approach for constrained optimization problems

in κ-hyperbolic space forms. Moreover, we provide formulas for the intrinsic κ-

projection into specific convex sets using the Euclidean orthogonal projection and

the Lorentz projection. Regarding the convergence results of the gradient projec-

tion method, we establish two main findings. Firstly, we demonstrate that every

accumulation point of the sequence generated by the method with backtracking

step sizes is a stationary point for the given problem. Secondly, assuming the

Lipschitz continuity of the gradient of the objective function, we show that each

accumulation point of the sequence generated by the gradient projection method

with a constant step size is also a stationary point. Finally, we explore the prop-

erties of the constrained Fermat-Weber problem, demonstrating that the sequence

generated by the gradient projection method converges to its unique solution.
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LIST OF NOTATIONS

Rm m-dimensional Euclidean space.

Rm
+ The nonnegative orthant of Rm.

Rm×n The set of all m× n matrices with real entries, Rm ≡ Rm×1.

∥u∥
2

√
u⊤u , the Euclidean norm of u ∈ Rm.

α+ max(α, 0), where α ∈ R.

α− (−α)+.

M⊤ The transpose of matrix M .

λmin(M) The minimum eigenvalue of the matrix M ∈ Rm×m.

λmax(M) The maximum eigenvalue of the matrix M ∈ Rm×m.

I The identity matrix.

J diag(1, . . . , 1,−1) ∈ R(n+1)×(n+1).

diag(u) A diagonal matrix with (i, i)-th entry equal to ui, where u ∈ Rm.

∥A∥2 max{∥Mu∥2 : ∥u∥2 = 1, u ∈ Rm}, where M ∈ Rm×m.

L
{
x ∈ Rn+1 : x⊤Jx ≤ 0, xn+1 ≥ 0

}
, the Lorentz cone.

∂L
{
x ∈ Rn+1 : x⊤Jx = 0, xn+1 ≥ 0

}
, the boundary of the Lorentz cone.



K∗ The dual cone of a cone K.

⟨x, y⟩ x⊤Jy,∀x, y ∈ Rn+1, the Lorentzian inner product.

∥x∥
√
⟨x, x⟩, the Lorentzian norm.

Hn {p ∈ Rn+1 : ⟨p, p⟩ = −1, pn+1 > 0}, the n-dimensional hyperbolic space.

TpHn {v ∈ Rn+1 : ⟨p, v⟩ = 0}, the tangent hyperplane of the n-dimensional

hyperbolic space at a point p.

d(p, q) arcosh(−⟨p, q⟩), the intrinsic distance on the hyperbolic space between

two points p, q ∈ Hn.

γpq(t) The unique geodesic segment from p to q, where t ∈ [0, d(p, q).

expp v γv(1), the exponential mapping, where γv is the geodesic defined by

its initial position p, with velocity v at p..

logp q The inverse of the exponential mapping.

grad f(p) The gradient on the hyperbolic space of f , where Ω ∋ p 7→ grad f(p) ∈

TpM.

Df(p) The usual gradient of f at p ∈ Ω.

X(p) A vector field on Ω ⊆ Hn.

∇X(p) The covariant derivative of X at p ∈ Ω.

DX(p) The usual derivative of the vector field X at the point p.

Hess f(p) The Hessian on the hyperbolic space.

D2f(p) The usual Hessian (Euclidean Hessian) of the function f at a point p.

Ppq The parallel transport along the geodesic segment γ joining p to q.



Bδ(p) The open ball of radius δ > 0 and centre p ∈ Hn.

B̂δ(p) The closed ball of radius δ > 0 and centre p ∈ Hn.

GL
{
Q ∈ R(n+1)×(n+1) : Q⊤JQ = J

}
, the Lorentz group.

dq The intrinsic distance function on the hyperbolic space from the fixed

point q ∈ Hn.

grad dq(p) The gradient of the distance from q at p.

Hess dq(p) The Hessian of the distance from q at p.

KA The cone spanned by A.

PC The projection mapping Hn → C.

epif {(p, µ) : p ∈ C, µ ∈ R, f(p) ≤ µ}, the epigraph.

cone {. . . } The simplicial cone.

ΠK The Euclidean orthogonal projection set-valued mapping into a convex

cone K.

Lα α-circular cone, where α ≥ 1 is a real constant.

int(K) The interior of cone K.

Hn
κ The n-dimensional κ-hyperbolic space form for a given κ > 0.

TpHn
κ The tangent hyperplane at a point p of the n-dimensional κ-hyperbolic

space form.

Projκp The Lorentzian projection into TpHn
κ.

ΛK(x) The set of L-projections of x ∈ Rn+1 into K.

S The topological closure of a set S ⊆ Rn+1.
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CHAPTER 1

INTRODUCTION AND PRELIMINARIES

The modelling of various classes of constrained optimization problems via Rie-

mannian manifolds has gained increasing attention in the recent years in both the

academic and business community as, in some sense, it outperforms the Euclidean

counterpart. The development of numerical methods to address constrained opti-

mization problems heavily relies on an understanding of the geometric structure

of the constraint set. It is widely recognized that Riemannian manifolds are sig-

nificant classes of sets with rich intrinsic geometric characteristics and a solid

conceptual foundation (see, for instance, [12,43,48]). Many optimization problems

formulated in Euclidean spaces have been reformulated as problems on Riemannian

manifolds to leverage this knowledge and enhance the effectiveness of numerical

optimization methods in tackling these problems (see [1,7]). Another point deserv-

ing to be highlighted is that endowing the set of constraints of the problem with

a suitable Riemannian metric, it allows us to explore its intrinsics algebraic and

geometric structures and then significantly reduce the cost of obtaining solutions

of the problem in question. For example, a non-convex Euclidean problem can

be seen as a convex Riemannian one, whose optimization methods for solving it

1



have much less inherent computational complexity, see for instance [46, Example

13.4.1] and [17, 23]. It is worth noting that the concepts of convexity of sets and

functions in the Riemannian optimization context is a topic that is of interest in

itself, see for example [35,45,52,60].

The hyperbolic space was discovered due to attempts to understand Euclid’s

axiomatic basis for geometry dating back to the 1800s. This space it is one of

the most interesting models of non-Euclidean Riemannian manifold of negative

constant sectional curvature, see for example [6, 8, 47]. Since the discovery of

the hyperbolic space, several efforts have been made to understand its properties

and several models of it have emerged over the years, including the hyperboloid

model (also called Lorentz model), the Poincaré half-plane model, the Poincaré

disc model and the Klein model, see [6]. The growing interest over the years

in the hyperbolic space has resulted in a proven success story, helping to make

impressive advances in many fields of science, one of the best known being general

relativity, see [53]. It is also worth mentioning that in many practical applications

the natural structure of the data is modelled in the hyperbolic space. Various

topics of research use this type of modelling, including those related to machine

learning, artificial intelligence, financial networks, Procrustes problem, and various

practical applications (see references [9, 32–34,39–42,49–51,54,56,57]).

All the aforementioned constrained problems can be modelled by treating the

constraint set as a manifold, thus transforming them into unconstrained problems.

However, when additional constraints are introduced within the manifold itself,

the problems become intrinsically constrained. In such cases, optimization prob-

lems on manifolds with intrinsic constraints become significantly more challenging.

One key difficulty arises in computing the intrinsic projection into convex sets of
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the manifold. This problem was initially addressed in the work of [55], where in-

triguing theoretical properties were discovered, but it remains a challenging task.

While there are some papers that have tackled this problem on certain sets in

Euclidean spaces (e.g., [4,18]), we note that the problem of intrinsically projecting

into a convex subset of the sphere was also studied in [4, 15], where an explicit

formula for the intrinsic projection was reduced to the Euclidean projection on a

suitable cone. Additionally, the computational difficulties involved with comput-

ing intrinsic projections in convex sets limit the investigation of numerical methods

for addressing problems with constraints in Riemannian manifolds. As a matter

of fact, there are currently only a few studies that address the gradient projection

method in the Riemannian context. However, earlier research has investigated

the use of gradient projection for minimizing functions on Riemannian manifolds

under convexity or coercivity assumptions, as well as the boundedness of the set

of constraints. Notably, even for this method, which plays a fundamental role

in constrained optimization, the conducted studies predominantly concentrate on

theoretical findings regarding the computational complexity associated with solv-

ing problems with objective function convex or coercive, see [11, 14,31,38,59].

The structure of this thesis is as follows. In Chapter 1, we recall some no-

tations, basic results and properties about the geometry of the hyperbolic space

used throughout the thesis. In Chapter 2, we present a characterization of convex

sets in the hyperbolic space and the properties of the projection onto convex sets.

In Chapter 3, we study the basic properties of convex functions on the hyperbolic

space, the hyperbolically convex quadratic functions and some concepts of opti-

mization related to hyperbolically convex functions. We conclude this thesis by

providing an overview of the geometry of κ-hyperbolic space forms, including no-
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tations, definitions, and basic results as well as presenting some properties of the

intrinsic κ-projection into κ-hyperbolically convex sets, with a focus on explicit

computation of the intrinsic κ-projection for specific convex sets in Chapter 4.

Moreover, we also address the constrained optimization problem and introduce

two versions of the gradient projection method to solve it and finally explore some

properties of the constrained version of the problem of computing the centre of

mass in Chapter 4.

1.1 Notations and basic results

In this section we will introduce some basic notations and lemmas used in the

thesis. For any real number α denote α+ := max(α, 0) and α− := (−α)+. Let

Rm be the m-dimensional Euclidean space. Denote by ei is the i-th canonical unit

vector in Rn+1. The Euclidean norm of u ∈ Rm is denoted by ∥u∥
2
:=
√
u⊤u . The

set of all m × n matrices with real entries is denoted by Rm×n and Rm ≡ Rm×1.

For M ∈ Rm×n the matrix M⊤ ∈ Rn×m denotes the transpose of M . The operator

norm associated to Euclidean norm of a matrix M ∈ Rm×m is defined by ∥A∥2 :=

max{∥Mu∥2 : ∥u∥2 = 1, u ∈ Rm}. The numbers λmin(M) and λmax(M) stand for

the minimum and maximum eigenvalue of the matrix M ∈ Rm×m, respectively. If

u ∈ Rm, then diag(u) ∈ Rm×m denotes a diagonal matrix with (i, i)-th entry equal

to ui, i = 1, . . . ,m. The matrix I denotes the m×m identity matrix.

In the following we state a version of Finsler’s lemma, see [25]. A proof of it

can be found, for example, in [37, Theorem 2].

Lemma 1. Let M,N ∈ Rn×n be two symmetric matrices with N ̸= 0. If x⊤Nx =
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0 implies x⊤Mx ≥ 0, then there exists λ ∈ R such that M + λN is positive

semidefinite.

In order to state a special version of Lemma 1 in a convenient form, we take

the diagonal matrix J ∈ R(n+1)×(n+1) defined by

J := diag(1, . . . , 1,−1) ∈ R(n+1)×(n+1). (1.1)

By using the matrix (1.1) the Lorentz cone L and its boundary ∂L are defined,

respectively, by

L :=
{
x ∈ Rn+1 : x⊤Jx ≤ 0, xn+1 ≥ 0

}
, ∂L :=

{
x ∈ Rn+1 : x⊤Jx = 0, xn+1 ≥ 0

}
.

(1.2)

A matrix M is called ∂L-copositive if z⊤Mz ≥ 0, for all z ∈ ∂L. Then, combining

Lemma 1 with the second equality in (1.2) we obtain the following special version

of Lemma 1.

Corollary 1. Let M ∈ Rn×n be a symmetric matrix. If M is ∂L-copositive, then

there exists λ ∈ R such that M + λJ is positive semidefinite.

The dual cone of a cone K ⊂ Rm is a cone defined by K∗ := {x ∈ Rm : x⊤y ≥

0, ∀y ∈ K}. It is well known that L = L∗ = (∂L)∗.

The following characterizations of symmetric positive definite matrices can be

found in [30, Theorem 7.2.5, pp. 404].

Lemma 2. Let M ∈ Rn×n be symmetric. Then, M is positive definite if and only

if detMi > 0, for i = 1, . . . , n, where Mi stands for the principal submatrix M

determined by the first i rows and first i columns.
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For a given M ∈ R(n+1)×(n+1), consider the following decomposition:

M :=

M̄ b

b⊤ θ

 , M̄ ∈ Rn×n, b ∈ Rn×1, θ ∈ R. (1.3)

Using the decomposition (1.3) we have the following characterizations of positive

definite matrices and positive semidefinite matrices, for the proof see [28, Propo-

sitions 16.1 and 16.2].

Lemma 3. LetM =M⊤ ∈ R(n+1)×(n+1). Consider the decomposition ofM in the

form (1.3).

(i) M is positive definite if and only if θ > 0 and M̄ − 1
θ
bb⊤ is positive definite;

(ii) If θ > 0, then M is positive semidefinite if and only if M̄ − 1
θ
bb⊤ is positive

semidefinite;

(iii) If M̄ is positive definite, then M is positive semidefinite if and only if θ −

b⊤M̄−1b ≥ 0.

Now, assume that M̄ is invertible. In this case the determinant of M is given

by the formula of the next lemma, see [30, Section 0.85, pp. 21].

Lemma 4. Let M ∈ R(n+1)×(n+1). Consider the decomposition of M in the form

(1.3). Then, det(M) = (θ − b⊤M̄−1b) det M̄ .

Next we present a version of the S-lemma which can be found for example

in [44, Theorem 2.2].

Lemma 5. Let A,B ∈ Rn×n be symmetric matrices. Assume that x̂⊤Bx̂ < 0 for

some x̂ ∈ Rn×n. Then the following two statements are equivalent.
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(i) If x⊤Bx ≤ 0, then x⊤Ax ≥ 0;

(ii) There exists a β ≥ 0 such that A+ βB is positive semidefinite.

1.2 Basic results about the hyperbolic space

In this section we recall some notations, definitions and basic properties about

the geometry of the hyperbolic space used throughout the thesis. They can be

found in many introductory books on Riemannian and Differential Geometry, for

example in [6, 47], see also [7].

Let ⟨·, ·⟩ be the Lorentzian inner product of x := (x1, . . . , xn, xn+1)
⊤ and y :=

(y1, . . . , yn, yn+1)
⊤ on Rn+1 defined as follows

⟨x, y⟩ := x1y1 + · · ·+ xnyn − xn+1yn+1. (1.4)

For each x ∈ Rn+1, the Lorentzian norm (length) of x is defined to be the complex

number

∥x∥ :=
√
⟨x, x⟩. (1.5)

Here ∥x∥ is either positive, zero, or positive imaginary.

By using (1.1), the Lorentz inner product (1.4) can be stated equivalently as

follows

⟨x, y⟩ := x⊤Jy, ∀x, y ∈ Rn+1. (1.6)

Throughout the thesis the n-dimensional hyperbolic space and its tangent hyper-
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plane at a point p are denoted by

Hn :=
{
p ∈ Rn+1 : ⟨p, p⟩ = −1, pn+1 > 0

}
, TpHn :=

{
v ∈ Rn+1 : ⟨p, v⟩ = 0

}
,

(1.7)

respectively. It is worth noting that the Lorentzian inner product defined in (1.4)

is not positive definite in the entire space Rn+1. However, one can show that its

restriction to the tangent spaces of Hn is positive definite; see [7, Section 7.6].

Consequently, ∥v∥ > 0 for all v ∈ TpHn and all p ∈ Hn with v ̸= 0. Therefore, ⟨·, ·⟩

and ∥ · ∥ are in fact a positive inner product and the associated norm in TpHn, for

all p ∈ Hn. Next we present a basic lemma used in the sequel.

Lemma 6. Let p, q ∈ Hn. Then, ⟨p, q⟩ ≤ −1 and ⟨p, q⟩ = −1 if and only if p = q.

Proof. Since p, q ∈ Hn, we have ⟨p, p⟩ = −1, pn+1 > 0, ⟨q, q⟩ = −1 and qn+1 > 0.

Thus, we have pn+1 =
√
u⊤u and qn+1 =

√
v⊤v, where u = (p1, . . . , pn, 1)

⊤ and

v = (q1, . . . , qn, 1)
⊤. Hence, it follows from (1.4) that ⟨p, q⟩ = p1q1 + · · · + pnqn −

√
u⊤u
√
v⊤v. On the other hand, by taking into account that Cauchy’s inequality

in the Euclidean space implies that
√
u⊤u
√
v⊤v ≥ u⊤v and the equality holds if

and only if u = v, the result follows.

Therefore, (1.4) actually defines a Riemannian metric on Hn, see [8, pp. 67].

The Lorentzian projection onto the tangent hyperplane TpHn is the linear mapping

defined by

I + pp⊤J : Rn+1 → TpHn, ∀p ∈ Hn, (1.8)

where I ∈ R(n+1)×(n+1) is the identity matrix.

Remark 1. The Lorentzian projection (1.8) is self-adjoint with respect to the

Lorentzian inner product (1.4). Indeed, ⟨(I + pp⊤J)u, v⟩ = ⟨u, (I + pp⊤J)v⟩, for all
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u, v ∈ Rn+1 and all p ∈ Hn. Moreover, we also have (I+pp⊤J)(I+pp⊤J) = I+pp⊤J,

for all p ∈ Hn.

The intrinsic distance on the hyperbolic space between two points p, q ∈ Hn is

defined by

d(p, q) := arcosh(−⟨p, q⟩). (1.9)

It can be shown that (Hn, d) is a complete metric space, so that d(p, q) ≥ 0 for all

p, q ∈ Hn, and d(p, q) = 0 if and only if p = q. Moreover, (Hn, d) has the same

topology as Rn. The intersection curve of a plane though the origin of Rn+1 with

Hn is called a geodesic. Moreover, each geodesic segment γ : [a, b]→ Hn isminimal,

i.e., its arc length is equal to the intrinsic distance ℓ(γ) = arcosh(−⟨γ(a), γ(b)⟩)

between its end points. We say that γ is a normalized geodesic if ∥γ′∥ = 1. If

p, q ∈ Hn and q ̸= p, then the unique geodesic segment from p to q is

γpq(t) =

(
cosh t+

⟨p, q⟩ sinh t√
⟨p, q⟩2 − 1

)
p+

sinh t√
⟨p, q⟩2 − 1

q, ∀t ∈ [0, d(p, q)].

The exponential mapping expp : TpHn → Hn is defined by expp v = γv(1), where

γv is the geodesic defined by its initial position p, with velocity v at p. Hence,

expp v = p for v = 0, and

expp v := cosh(∥v∥) p+ sinh(∥v∥) v

∥v∥
, ∀v ∈ TpHn \ {0}.

It is easy to prove that γtv(1) = γv(t) for any values of t. Therefore, for all t ∈ R

we have

expp tv := cosh(t∥v∥) p+ sinh(t∥v∥) v

∥v∥
, ∀v ∈ TpHn \ {0}. (1.10)
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We will also use the expression above for denoting the geodesic starting at p ∈ Hn

with velocity v ∈ TpHn at p. The inverse of the exponential mapping is given by

logp q = 0, for q = p, and

logp q :=
arcosh(−⟨p, q⟩)√
⟨p, q⟩2 − 1

[
I + pp⊤J

]
q, q ̸= p. (1.11)

It follows from (1.9) and (1.11) that

d(p, q) = ∥ logp q∥, p, q ∈ Hn.

Let Ω ⊆ Hn be an open set and f : Ω → R be a differentiable function. The

gradient on the hyperbolic space of f is the unique vector field Ω ∋ p 7→ grad f(p) ∈

TpM such that df(p)v = ⟨grad f(p), v⟩, see [7, Proposition 7-5, p.162]. Therefore,

we have

grad f(p) :=
[
I + pp⊤J

]
J ·Df(p) = J ·Df(p) + ⟨J ·Df(p), p⟩ p, (1.12)

where Df(p) ∈ Rn+1 is the usual gradient of f at p ∈ Ω. A vector field on Ω ⊆ Hn

is a smooth mapping X : Ω → Rn+1 such that X(p) ∈ TpHn. The covariant

derivative of X at p ∈ Ω is map ∇X(p) : TpHn → TpHn given by

∇X(p) :=
[
I + pp⊤J

]
DX(p),

where DX(p) denotes the usual derivative of the vector field X at the point p,

see [7, Formula (7.62), p.162]. The Hessian on the hyperbolic space of a twice

differentiable function f : Ω→ R at a point p ∈ Ω is the mapping ∇ grad f(p) :=
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Hess f(p) : TpHn → TpHn given by

Hess f(p) :=
[
I + pp⊤J

] [
J ·D2f(p) + ⟨J ·Df(p), p⟩I

]
, (1.13)

where D2f(p) is the usual Hessian (Euclidean Hessian) of the function f at a point

p, see [7, Proposition 7.6, p.163]. Let I ⊆ R be an open interval, Ω ⊆ Hn an open

set and γ : I → Ω a geodesic segment. Since f : C → R is a differentiable function

and γ′(t) ∈ Tγ(t)Hn for all t ∈ I, equality (1.12) implies

d

dt
f(γ(t)) = ⟨grad f(γ(t)), γ′(t)⟩ = ⟨J ·Df(γ(t)), γ′(t)⟩ , ∀ t ∈ I. (1.14)

Moreover, if the function f is twice differentiable then it holds that

d2

dt2
f(γ(t)) = ⟨Hess f(γ(t))γ′(t), γ′(t)⟩

=
〈
J ·D2f(γ(t))γ′(t), γ′(t)

〉
+ ⟨J ·Df(γ(t)), γ(t)⟩ ⟨γ′(t), γ′(t)⟩ , ∀ t ∈ I.

(1.15)

For each p, q ∈ Hn the covariant derivative induces the linear isometry relative to

the Lorentzian inner product ⟨·, ·⟩, Ppq : TpHn → TqHn defined by Ppqv = V (t),

where V is the unique vector field on the geodesic segment γ : [0, 1] → Hn from

p to q, i.e., γ(0) = p and γ(1) = q such that ∇V (t)γ′(t) = ∇γ′(t)V (t) = 0 and

V (0) = v, the so-called parallel transport along the geodesic segment γ joining p

to q. The explicit formula of Ppq is given by

Ppq(v) := v −
⟨v, logq p⟩

arcosh2(−⟨p, q⟩)
(
logq p+ logp q

)
.
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By using (1.11), after some algebraic manipulation, the last inequality becomes

Ppq(v) :=

[
I +

1

1− ⟨p, q⟩
(p+ q)q⊤J

]
v.

Note that for all geodesic segment γ : [a, b] → Hn we have γ′(t) = Ppq(γ
′(a)), for

all t ∈ [a, b] or equivalently that γ′′(t) = 0, for all t ∈ [a, b]. Next we give two

standard notations. We denote the open and closed ball of radius δ > 0 and centre

p ∈ Hn by Bδ(p) := {q ∈ Hn : d(p, q) < δ} and B̂δ(p) := {q ∈ Hn : d(p, q) ≤ δ},

respectively.

Let us recall the Lorentz group GL, preserving the norm (1.5) and metric (1.6),

defined by

GL :=
{
Q ∈ R(n+1)×(n+1) : Q⊤JQ = J

}
. (1.16)

Note that | detQ| = 1, for all Q ∈ GL. Moreover, Q−1, Q⊤ ∈ GL, for all Q ∈ GL.

Example 1. We exhibit two examples of matrices Q ∈ GL. For the first example,

take u ∈ Rn+1 such that ∥u∥ > 0. Thus, Q = I − (2/∥u∥2)uu⊤J ∈ GL. For the

second example, take u,w ∈ Rn+1 such that ∥u∥ = 1 and ∥w∥ = 1. Therefore,

Q = I + 2wu⊤J− (1/(1 + u⊤Jw))(u+ w)(u+ w)⊤J ∈ GL.

We end this section by remarking that the Lorentz group (1.16) preserves

geodesics of Hn.

Remark 2. First note that for a given Q ∈ GL, we have ∥Qv∥ = ∥v∥. Moreover,

p ∈ Hn and v ∈ TpHn if and only if Qp ∈ Hn and Qv ∈ TpHn, i.e., v ∈ TpHn \ {0}

if and only if Qv ∈ TQpHn \ {0}. Consequently, it follows from (1.10) that

Q expp tv = expQp tQv, ∀v ∈ TpHn \ {0}.
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Therefore, the Lorentz group preserves the geodesics of Hn.

1.3 Properties of the intrinsic distance on the

hyperbolic space

In this section we present some important properties of the intrinsic distance from

a fixed point on the hyperbolic space. In particular, we present the spectral decom-

position of the Hessian of the intrinsic distance. The intrinsic distance function

on the hyperbolic space from the fixed point q ∈ Hn is the mapping dq : Hn → R

defined by

dq(p) := arcosh(−⟨p, q⟩). (1.17)

The intrinsic distance from q, denoted by dq , is twice differentiable at p ∈ Hn\{q}.

By combining (1.12) and (1.17), we can see that the gradient of the distance from

q at p is given by

grad dq(p) :=
−1√

⟨p, q⟩2 − 1

[
I + pp⊤J

]
q, q ̸= p. (1.18)

Moreover, by using (1.13) and (1.17), we obtain that the Hessian of the distance

from q at p is given by

Hess dq(p) :=
⟨p, q⟩√
⟨p, q⟩2 − 1

[
I + pp⊤J

] [ 1

⟨p, q⟩2 − 1
qq⊤J− I

]
, q ̸= p. (1.19)

Before presenting the spectral decomposition of the Hessian of intrinsic distance

from a fixed point on the hyperbolic space, we need the following elementary result.

Lemma 7. Let p, q ∈ Hn with q ̸= p. Then dim (TpHn ∩ TqHn) = n− 1 and ⟨q +
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⟨p, q⟩p, v⟩ = 0, for all v ∈ TpHn ∩ TqHn. As a consequence, taking an orthonormal

basis of the subspace TpHn ∩ TqHn, say {v1, . . . , vn−1} and defining vn = (q +

⟨p, q⟩p)/∥q + ⟨p, q⟩p∥, the set {v1, . . . , vn−1, vn} is an orthonormal basis of TpHn.

In the next lemma we present a spectral decomposition of the Hessian of the

intrinsic distance from a fixed point on the hyperbolic space. The results in this

lemma and the next one are closely related to [24], see also its counterparts on the

sphere in [16, Lemma 2, Lemma 3].

Lemma 8. Take q ∈ Hn and let Hess dq(p) : TpHn → TpHn be the Hessian of the

intrinsic distance from q at the point p ∈ Hn\{q}. Then,

Hess dq(p) (q + ⟨p, q⟩p) = 0, Hess dq(p) v =
−⟨p, q⟩√
⟨p, q⟩2 − 1

v, ∀ v ∈ TpHn∩TqHn.

(1.20)

Moreover, λ1 = 0 and λ2 = −⟨p, q⟩/
√
⟨p, q⟩2 − 1 > 0 are the unique eigenvalues

of Hess dq(p), with algebraic multiplicity 1 and n− 1, respectively. Moreover, the

Hessian Hess dq(p) is positive semidefinite.

Proof. Since p ̸= q, Lemma 6 implies that ⟨p, q⟩ ≠ −1 and from (1.19) the Hessian

is well defined. As q⊤Jq = −1, simple calculations give

[
1

⟨p, q⟩2 − 1
qq⊤J− I

]
(q + ⟨p, q⟩p) = −⟨p, q⟩p.

On the other hand, [I + pp⊤J](−⟨p, q⟩p) = 0, which combined with the latter

equality and (1.19), implies the first equality in (1.20), and we also have that

λ1 = 0 is an eigenvalue of the Hessian. For proving the second equality in (1.20),
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note that the definitions in (1.7) imply that

⟨p, v⟩ = 0, ⟨q, v⟩ = 0, ∀ v ∈ TpHn ∩ TqHn.

Thus, the second inequality in (1.20) follows from (1.19) and the last two equalities.

In particular, the Hessian is a multiple of the identity in the subspace TpHn∩TqHn.

Moreover, due to dimTpHn = n, we conclude, using Lemma 7, that the eigenval-

ues λ1 and λ2 have algebraic multiplicity 1 and n − 1, respectively, proving the

first statement. For proving the second statement, let {v1, . . . , vn−1} be an or-

thonormal basis of the subspace TpHn∩TqHn. Since ⟨p, q⟩ ≠ 1, we can define vn =

(q+⟨p, q⟩p)/∥q+⟨p, q⟩p∥. Hence, Lemma 7 implies that {v1, . . . , vn−1, vn} is an or-

thonormal basis of TpHn. Therefore, given u ∈ TpHn, there exist a1, . . . , an−1, an ∈

R such that u = a1v1 + · · ·+ an−1vn−1 + anvn, which, by using the first statement,

entails ⟨Hess dq(p)u, u⟩ = λ2(a
2
1 + · · · + a2n−1), completing the proof of the second

statement.

Take q ∈ Hn and define ρq : Hn → R as

ρq(p) :=
1

2
d2q(p). (1.21)

By using the definition of ρq in (1.21) and (1.13), it is easy to conclude, after some

algebra, that

Hess ρq(p) = dq(p)Hess dq(p) + [I + pp⊤J]J ·Ddq(p)Ddq(p)⊤, (1.22)

where Ddq(p) is the usual derivative of dq at the point p.
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Lemma 9. Take q ∈ Hn and define Hess ρq(p) : TpHn → TpHn as the Hessian of

ρq at the point p ∈ Hn\{q}. Then the following equalities hold:

Hess ρq(p) (q + ⟨p, q⟩p) = q + ⟨p, q⟩p, Hess ρq(p) v =
−⟨p, q⟩arcosh(−⟨p, q⟩)√

⟨p, q⟩2 − 1
v,

(1.23)

for all v ∈ TpHn ∩ TqHn. As a consequence, µ1 = 1 and µ2 = ⟨p,q⟩arcosh(−⟨p,q⟩)√
⟨p,q⟩2−1

are the unique eigenvalues of Hess ρq(p), with algebraic multiplicity 1 and n − 1,

respectively. Moreover, the Hessian Hess ρq(p) is positive definite.

Proof. First note that taking into account that Ddq(p) = −(Jq)/
√
⟨p, q⟩2 − 1, we

have

J ·Ddq(p)Ddq(p)⊤ =
1

⟨p, q⟩2 − 1
qq⊤J. (1.24)

Due to q⊤Jq = −1, it follows from the last equality that J · Ddq(p)Ddq(p)⊤(q +

⟨p, q⟩p) = q. On the other hand, [I + pp⊤J]q = q + ⟨p, q⟩p. Hence, we obtain that

[I + pp⊤J]J ·Ddq(p)Ddq(p)⊤(q + ⟨p, q⟩p) = q + ⟨p, q⟩p.

Therefore, combining the last equality, equation (1.22) and the first equality in

(1.20), we get that

Hess ρq(p)(q + ⟨p, q⟩p) = q + ⟨p, q⟩p,

which is the first equality in (1.23). For proving the second one, note first that the

definition of TqHn implies that q⊤Jv = 0 for all v ∈ TpHn ∩ TqHn. Then, by using
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(1.24), we have

[I + pp⊤J]Ddq(p)Ddq(p)
⊤v = 0, ∀ v ∈ TpHn ∩ TqHn.

Hence, equation (1.22) implies that Hess ρq(p)v = dq(p)Hess dq(p)v for all v ∈

TpHn ∩ TqHn. Thus, by using the second equality in (1.20) and the definition of

dq(p) in (1.17), the second equality in (1.23) follows. The remainder of our proof

requires similar arguments to those in the proof of Lemma 8 (note that in the final

part of the proof we must invoke the fact that arcosh(−⟨p, q⟩) > 0 and ⟨p, q⟩ < 0,

which holds by applying Lemma 6 together with p ̸= q).

1.4 Conclusion

In this chapter, we reviewed the notations, definitions, and fundamental properties

of hyperbolic space geometry, which are used throughout the thesis. In particular,

we explored certain properties of the intrinsic distance from a fixed point. This

review provided a solid foundation for the research presented in the following

chapters.
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CHAPTER 2

CONVEX SETS ON THE HYPERBOLIC
SPACE

In this chapter1 we first study some concepts related to the convexity of sets

on the hyperbolic space. Although some of these concepts have already been

studied in general Riemannian manifolds, we revisit them in this specific context

in order to present some explicit formulas and new properties. For our study, we

selected the hyperboloid model (also known as the Lorentz model) from among the

existing hyperbolic geometry models (see [6,8]), as it appears to be better suited for

studying Riemannian optimization problems and provides more numerical stability

to solution methods (see [41, 42]). Some important properties of the intrinsic

distance are studied, for instance, we present the spectral decomposition of its

Hessian. We also study the concept of convex sets and the intrinsic projection

onto these sets.

1The main result in this chapter has been published in the paper [20], which is joint work
with Ferreira, O.P.and Németh, S.Z.
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2.1 Preliminaries for hyperbolically convex

In this section we present some properties of the convex sets of the hyperbolic

space. It is worth to remark that the convex sets on the hyperbolic space Hn are

closely related to convex cones belonging to the interior of the Lorentz cone

L :=

{
x ∈ Rn+1 : xn+1 ≥

√
x21 + · · ·+ x2n

}
. (2.1)

Definition 1. The set C ⊆Hn is said to be hyperbolically convex if for any p, q ∈ C

the geodesic segment joining p to q is contained in C.

For each set A ⊆ Hn, let KA be the cone spanned by A, namely,

KA := {tp : p ∈ A, t ∈ [0,+∞)} . (2.2)

Clearly, KA is the smallest cone which contains A and belongs to the interior of

the Lorentz cone L. In the next result we relate a hyperbolically convex set with

the cone spanned by it.

Proposition 1. The set C ⊆ Hn is hyperbolically convex if and only if the cone

KC is convex.

Proof. Assume that C ⊆Hn is a hyperbolically convex set. Let x, y ∈ KC. For

proving that KC is convex, it suffices to show that

z = x+ y ∈ KC. (2.3)

The definition of KC implies that there exist p, q ∈ C and s, t ∈ [0,+∞) such that

x = sp and y = tq. Hence, due to z = sp+ tq with p, q ∈ C ⊆Hn, (2.3) and ⟨p, q⟩ ≤
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−1 imply that ⟨z, z⟩ ≤ −(t + s)2, which is equivalent to 0 < t + s ≤
√
−⟨z, z⟩.

Now we take

γpq(t) =
(
cosh t+

⟨p, q⟩ sinh t√
⟨p, q⟩2 − 1

)
p+

sinh t√
⟨p, q⟩2 − 1

q, ∀t ∈ [0, d(p, q)]. (2.4)

the normalized segment of geodesic from p to q. To proceed we first need to prove

that

d (p, az) ≤ d(p, q), γpq (d(p, az)) = az, (2.5)

where a := 1/
√
−⟨z, z⟩. Since the function [0,+∞] ∋ τ 7→ arcosh(τ) is increasing,

it follows from (1.9) that to prove the inequality in (2.5) it suffices to show that

−⟨p, az⟩ ≤ −⟨p, q⟩ or the equivalent inequality

0 ≤ ⟨p, az⟩ − ⟨p, q⟩. (2.6)

Due to z = sp + tq and ⟨p, p⟩ = −1, direct calculations yield ⟨p, az⟩ − ⟨p, q⟩ =

a(−s + t⟨p, q⟩) − ⟨p, q⟩. Thus, taking into account that ⟨p, q⟩ ≤ −1 and s + t ≤√
−⟨z, z⟩ = 1/a , we conclude that

⟨p, az⟩ − ⟨p, q⟩ ≥ a(s⟨p, q⟩+ t⟨p, q⟩)− ⟨p, q⟩ = a(−⟨p, q⟩)(1/a− s− t) ≥ 0,

which implies that (2.6) holds and consequently the inequality in (2.5) also holds.

Our next task is to prove the equality in (2.5). Thus, by using (2.4), we have to

show that

γpq(d(p, az)) =
(
cosh d(p, az)+

⟨p, q⟩ sinh d(p, az)√
⟨p, q⟩2 − 1

)
p+

sinh d(p, az)√
⟨p, q⟩2 − 1

q = az. (2.7)
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It follows from (1.9) that cosh d(p, az) = −a⟨p, z⟩, which implies that sinh d(p, az) =√
a2⟨p, z⟩2 − 1. Thus, considering that a2⟨z, z⟩ = −1 and z = sp + tq with

p, q ∈ C ⊆Hn and t ∈ [0,+∞), we have

sinh d(p, az) =
√
a2⟨p, z⟩2 − 1 = a

√
⟨p, z⟩2 + ⟨z, z⟩ = at

√
⟨p, q⟩2 − 1 (2.8)

and cosh d(p, az) = −a⟨p, z⟩ = as− at⟨p, q⟩. Hence, substituting the last equality

and (2.8) into (2.7) and taking into account that z = sp+ tq, we obtain that

γpq(d(p, az)) =

(
as− at⟨p, q⟩+

⟨p, q⟩at
√
⟨p, q⟩2 − 1√

⟨p, q⟩2 − 1

)
p+

at
√
⟨p, q⟩2 − 1√
⟨p, q⟩2 − 1

q

= asp+ atq = az.

which concludes the proof of the equality in (2.5). Since C is a hyperbolically

convex set and d(p, az) ≤ d(p, q) we obtain that γpq(d(p, az)) ∈ C, which together

with (2.2) and (2.5) implies that z = (1/a)γpq(d(p, az)) ∈ KC. Thus, KC is convex.

Now, assume that the cone KC is convex. First note that C = KC ∩ Hn. Take

p, q ∈ C with q ̸= p. We must prove that the geodesic segment from p to q is

contained in C. As p, q ∈ KC and KC ⊆ L, we conclude that q ̸= −p. Thus,

⟨p, q⟩ < −1 and d(p, q) > 0. Let

[0, d(p, q)] ∋ t 7→ γpq(t) = α(t)p+ β(t)q

be the normalized geodesic segment from p to q, where

α(t) := cosh t+
⟨p, q⟩ sinh t√
⟨p, q⟩2 − 1

, β(t) :=
sinh t√
⟨p, q⟩2 − 1

.
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Since γpq(t) ∈ Hn, p, q ∈ KC and KC is a convex cone, for proving that γpq(t) ∈ C

for all t ∈ [0, d(p, q)], it suffices to prove that α(t) ≥ 0 and β(t) ≥ 0 for all

t ∈ [0, d(p, q)]. Due to sinh t ≥ 0 for all t ≥ 0 we conclude that β(t) ≥ 0 for all

t ∈ [0, d(p, q)]. We proceed to prove that α(t) ≥ 0 for all t ∈ [0, d(p, q)]. For

that, we first note that due to hyperbolic tangent being an increasing function,

cosh d(p, q) = −⟨p, q⟩ and sinh d(p, p) =
√
⟨p, q⟩2 − 1, we have

tanh t ≤ tanh d(p, q) =
sinh d(p, p)

cosh d(p, q)
=

√
⟨p, q⟩2 − 1

−⟨p, q⟩
, t ∈ [0, d(p, q)].

Hence, taking into account that cosh t ≥ 0 for all t ∈ R and ⟨p, q⟩ < −1, we

conclude that

α(t) = cosh t

(
1 +

⟨p, q⟩√
⟨p, q⟩2 − 1

tanh t

)
≥ 0, t ∈ [0, d(p, q)],

which completes the proof.

Remark 3. The hyperbolically convex sets are intersections of the hyperboloid

with convex cones which belong to the interior of L. Indeed, it follows easily from

Proposition 1, that if K ⊆ int(L) is a convex cone, where L is the Lorentz cone,

then C = K ∩Hn is a hyperbolically convex set and K = KC.

Remark 4. Let C ⊆ Hn and Q ∈ GL. First note that QC := {Qp : p ∈ Hn}.

It follows from Remark 2 and Definition 1 that C is hyperbolically convex if and

only if QC is hyperbolically convex.
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2.2 Intrinsic projection onto hyperbolically con-

vex sets

In this section we present some properties of the intrinsic projection onto hyper-

bolically convex sets on hyperbolic spaces. Let C ⊆Hn be a closed hyperbolically

convex set and p ∈ Hn. Consider the following constrained optimization problem

min
q∈C

d(p, q). (2.9)

The minimal value of the function C ∋ q 7→ d(p, q) is called the distance of p from

C and it is denoted by dC(p), i.e., dC : Hn → R is defined by

dC(p) := min
q∈C

d(p, q).

Since (Hn, d) is a complete metric space, we have the following results.

Proposition 2. Let C ∈ Hn be a nonempty subset. Then, |dC(p)−dC(q)| ≤ d(p, q),

for all p, q ∈ Hn. In particular, the function dC is continuous.

Note that due to C being a closed set and the distance function continuous, the

problem (2.9) has a solution. The solution of the problem (2.9) is called metric

projection, it was first studied in [55]. In the next proposition we explicitly give

an important property of the metric projection.

Proposition 3. Let C ⊆Hn be a closed hyperbolically convex set and p ∈ Hn. A

point yp ∈ C is a solution of the problem (2.9) if and only if

〈(
I + yp(yp)⊤J

)
p,
(
I + yp(yp)⊤J

)
q
〉
≤ 0, ∀q ∈ C. (2.10)
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Furthermore, the solution of problem (2.9) is unique.

Proof. First we assume that yp is a solution of (2.9). If p ∈ C i.e., p = yp, then

the inequality trivially holds. Assume that p /∈ C, i.e., p ̸= yp. Take q ∈ C such

that q ̸= yp and

[0, 1] ∋ t 7→ expyp(t logyp q) = cosh(td(yp, q))yp +
sinh(td(yp, q))

d(yp, q)
logyp q (2.11)

be the geodesic segment from yp to q. Thus, due to C being a hyperbolically convex

set, it follows that d(p, yp) ≤ d(p, expyp(t logyp q)), for all t ∈ [0, 1]. Hence, using

(1.9) and (2.11), we conclude that

arcosh(−⟨p, yp⟩) ≤ arcosh
(
−
〈
p, cosh(td(yp, q))yp +

sinh(td(yp, q))

d(yp, q)
logyp q

〉)
,

for all t ∈ [0, 1]. Since 1 ≤ −⟨p, yp⟩, for all p ∈ C, and the function [1,+∞] ∋ s 7→

arcosh(s) is increasing, we obtain from (2.11) that

〈
p , cosh(td(yp, q))yp +

sinh(td(yp, q))

d(yp, q)
logyp q

〉
≤ ⟨p, yp⟩, ∀ t ∈ [0, 1].

After some algebra, we conclude from the previous inequality that

sinh(t(yp, q))

td(yp, q)

〈
p, logyp q

〉
≤ 1− cosh(td(yp, q))

td(yp, q)
d(yp, q) ⟨p, yp⟩, ∀ t ∈ [0, 1].

Letting t go to zero in the last inequality we have ⟨p, logyp q⟩ ≤ 0, which, in view

of (1.11), yields

arcosh(−⟨yp, q⟩)√
⟨yp, q⟩2 − 1

〈
p,
(
I + yp(yp)⊤J

)
q
〉
≤ 0.
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Thus, due to arcosh(−⟨yp, q⟩) > 0, we have
〈
p,
(
I + yp(yp)⊤J

)
q
〉
≤ 0. Since

〈
yp(yp)⊤Jp,

(
I + yp(yp)⊤J

)
q
〉
= 0,

the desired inequality (2.10) follows. To establish the converse we assume that yp

satisfies (2.10). Direct computations show that (2.10) is equivalent to

⟨p, q⟩+ ⟨p, yp⟩⟨yp, q⟩ ≤ 0, ∀ q ∈ C. (2.12)

Since ⟨yp, q⟩ ≤ −1 and ⟨p, yp⟩ ≤ −1, we have ⟨p, yp⟩⟨yp, q⟩ ≥ −⟨p, yp⟩. Thus,

(2.12) implies that

1 ≤ −⟨p, yp⟩ ≤ −⟨p, q⟩, ∀ q ∈ C.

Due to the function [0,+∞] ∋ t 7→ arcosh(t) being increasing, the last inequality

implies that

arcosh(−⟨p, yp⟩) ≤ arcosh(−⟨p, q⟩), ∀q ∈ C,

or equivalently that d(p, yp) ≤ d(p, q), for all q ∈ C. Therefore, yp is a solution

of (2.9) and the converse is proved. For the uniqueness, let p, p̂ ∈ PC(p). Since

yp, ŷp ∈ C and ⟨yp, ŷp⟩ ≤ −1 (see Lemma 6) , by the first statement, it follows

from the equivalence of (2.10) and (2.12) that

⟨p, ŷp⟩ ≤ −⟨p, ŷp⟩⟨yp, ŷp⟩ = ⟨p, ŷp⟩|⟨yp, ŷp⟩|,

which implies that ⟨p, ŷp⟩ ≤ ⟨p, ŷp⟩⟨yp, ŷp⟩2. Due to ⟨p, ŷp⟩ ≤ −1, we obtain that

1 ≥ ⟨ŷp, ŷp⟩2. Hence, taking into account that ⟨ŷp, ŷp⟩ ≤ −1, we conclude that
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⟨yp, ŷp⟩ = −1. Therefore, from Lemma 6 we conclude that yp = ŷp and the solution

set of the problem (2.9) is a singleton set, which concludes the proof.

It follows from Proposition 3 that the projection mapping PC : Hn → C given

by

PC(p) := argmin
q∈C

d(p, q) (2.13)

is well defined. Moreover, (2.13) is equivalent to the following inequality

〈(
I + PC(p)PC(p)

⊤J
)
p,
(
I + PC(p)PC(p)

⊤J
)
q
〉
≤ 0, ∀q ∈ C, ∀p ∈ Hn. (2.14)

Considering that Lemma 6 implies that for all p, q ∈ Hn we have ⟨PC(p), q⟩ ≤ −1,

we conclude from (1.11) that (2.14) can be equivalently stated as follows

⟨logPC(p)
p, logPC(p)

q⟩ ≤ 0, ∀q ∈ C, ∀p ∈ Hn, (2.15)

see [22, Corollary 3.1]. Furthermore, since the function [0,+∞] ∋ τ 7→ arcosh(τ)

is increasing, it follows from (1.9) that (2.13), (2.14) and (2.15) are also equivalent

to

PC(p) := argminq∈C(−⟨p, q⟩). (2.16)

An immediate consequence of (2.16) is the monotonicity of the projection mapping,

stated as follows:
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Proposition 4. Let C ⊆Hn be a nonempty closed hyperbolically convex set. Then

⟨PC(p)− PC(q), p− q⟩ ≥ 0, ∀ p, q ∈ C.

Proof. Take p, q ∈ Hn. Since PC(p), PC(q) ∈ C, it follows from (2.16) that

−⟨p,PC(p)⟩ ≤ −⟨p,PC(q)⟩ and −⟨q,PC(q)⟩ ≤ −⟨q,PC(p)⟩. Hence, ⟨p,PC(p) −

PC(q)⟩ ≥ 0 and ⟨−q,PC(p) − PC(q)⟩ ≥ 0. Therefore, summing the last two in-

equalities the desired inequality follows.

Proposition 5. Let C ⊆Hn be a nonempty closed hyperbolically convex set. Then

PC is continuous.

Proof. Let {pk} ⊆ Hn be such that limk→+∞ pk = p. Since Proposition 2 implies

that dC is continuous and taking into account that (2.13) implies

d
(
pk, PC

(
pk
))

= dC
(
pk
)
, (2.17)

we conclude that
(
d
(
pk, PC

(
pk
)))

k∈N is a bounded sequence. Consequently, con-

sidering that

d
(
p, PC

(
pk
))
≤ d

(
p, pk

)
+ d

(
pk, PC

(
pk
))
,

we also have that
(
PC
(
pk
))

k∈N is also bounded. Let q ∈ C be a cluster point of(
PC
(
pk
))

k∈N and let
(
pkj
)
j∈Nbe such that limj→+∞ PC

(
pkj
)
= q. Hence, using

(2.17) we have dC
(
pkj
)
= d

(
pkj , PC

(
pkj
))
, for all j ∈ N. Thus, letting j goes to

+∞ and using Proposition 2 we have dC(p) = d(p, q), which is due to the second

part of Proposition 3 implies that q = PC(p). Consequently,
(
PC
(
pk
))

k∈N has only
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one cluster point, namely, PC(p). Thus, limk→+∞ PC
(
pk
)
= PC(p) and the proof is

concluded.

2.3 Conclusion

In this chapter, we provided a characterization of convex sets in the hyperbolic

space and in Section 2.2 we presented properties of the projection onto convex sets.

With the convexity of sets in hyperbolic space established, we can now proceed to

the study of the convexity of quadratic functions in hyperbolic space.
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CHAPTER 3

CONVEXITY OF QUADRATIC FUNCTIONS
ON HYPERBOLIC SPACE

In this chapter1,2 we present an extensive study of the hyperbolically convex

quadratic functions. The convex quadratic functions are the most popular convex

functions in the Euclidean space, occurring in many problems, such as eigenvalue

optimisation, least square approximation and linear regression. We study the

convexity of both homogeneous and non-homogeneous quadratic functions on the

hyperbolic space in an intrinsic way. In particular, we present several character-

izations that allow the construction of several examples. As it is well known, in

Euclidean space there is no conceptual difference between the convexity of homo-

geneous and non-homogeneous quadratic functions. However, we will see that in

the hyperboloid model of the hyperbolic space the conceptual intrinsic convexity

of homogeneous and non-homogeneous quadratic functions are quite different, re-

quiring much more effort than in the Euclidean scenario to understand it. The

1The main result in this chapter excluding the Section 3.3 has been published in the paper
[20], which is joint work with Ferreira, O.P.and Németh, S.Z.

2The main result in the Section 3.3 has been published in the paper [21], which is joint work
with Ferreira, O.P.and Németh, S.Z.
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primary challenge lies in establishing the role of the linear term on the hyperbolic

convexity of a non-homogeneous quadratic function. This is because introducing

a linear term to a hyperbolically convex homogeneous function can result in the

newly formed non-homogeneous quadratic function losing its hyperbolic convexity.

Definition 2. Let C ⊆ Hn be a hyperbolically convex set and I ⊆ R an interval.

A function f : C → R is said to be hyperbolically convex (respectively, strictly

hyperbolically convex) if for any geodesic segment γ : I → C, the composition

f ◦ γ : I → R is convex (respectively, strictly convex) in the usual sense.

In the following remark we state some general properties of hyperbolically

convex, which follow directly from Definition 2.

Remark 5. It follows from Definition 2 that f : C → R is a hyperbolically convex

function if and only if the epigraph epif := {(p, µ) : p ∈ C, µ ∈ R, f(p) ≤ µ}, is

convex in Hn × R. Moreover, if f : C → R is a hyperbolically convex function,

then the sub-level sets {p ∈ C : f(p) ≤ a} are hyperbolically convex sets, for all

a ∈ R. Furthermore, if f, f1, · · · fn : Hn → R are hyperbolically convex in C, then

ζf and f1 + · · ·+ fn are hyperbolically convex in C, for all ζ ≥ 0.

The next proposition follows from Remark 2 and Remark 4, Definition 1 and

Definition 2.

Proposition 6. Let C ⊆ Hn be a hyperbolically convex set, Q ∈ GL and D :=

{Q−1p : p ∈ C}. The function f : C → R is hyperbolically convex if and only if

f ◦Q : D → R defined by f ◦Q(q) := f(Qq) is hyperbolically convex.
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3.1 Hyperbolically convex functions

In this section we present first and second order characterization for hyperbolically

convex functions on hyperbolic spaces.

Proposition 7. Let C ⊆ Hn be an open hyperbolically convex set and f : C → R

be a differentiable function. The function f is hyperbolically convex if and only if

f(q) ≥ f(p) + ⟨grad f(p), logp q⟩, for all p, q ∈ C and q ̸= p, or equivalently,

f(q) ≥ f(p) +
arcosh(−⟨p, q⟩)√

1− ⟨p, q⟩2
〈
[I + pp⊤J]J ·Df(p) , q

〉
, ∀ p, q ∈ C, q ̸= p,

where Df is the usual gradient of f .

Proof. By using (1.14), the usual characterization of scalar convex functions im-

plies that, for all minimal geodesic segment γ : I → C, the composition f ◦γ : I →

R is convex if and only if

f(γ(t2)) ≥ f(γ(t1)) + ⟨J ·Df(γ(t1)), γ′(t1)⟩ (t2 − t1), ∀ t2, t1 ∈ I.

Note that if γ : [0, 1] → C is the geodesic segment from p = γ(0) to q = γ(1),

then it may be represented as γ(t) = expp t logp q. Moreover, γ′(0) = logp q and

γ′(1) = − logq p. Therefore, the first inequality of the proposition is an immediate

consequence of the inequality above, Definition 2 and equation (1.11). For con-

cluding the proof, note that equations (1.12) and (1.11) together with Remark 1

imply the equivalence between the two inequalities of the lemma.

Proposition 8. Let C ⊆ Hn be an open hyperbolically convex set and f : C → R
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a differentiable function. The function f is hyperbolically convex if and only if

grad f satisfies the inequality ⟨grad f(p), logp q⟩ + ⟨grad f(q), logq p⟩ ≤ 0, for all

p, q ∈ C and q ̸= p, or equivalently,

⟨J ·Df(p)− J ·Df(q), p− q⟩ − (⟨p, q⟩+ 1) [⟨J ·Df(p), p⟩+ ⟨J ·Df(q), q⟩] ≥ 0,

∀ p, q ∈ C, q ̸= p, where Df is the usual gradient of f .

Proof. Using (1.14), the usual first order characterization of convex functions

implies that, for all minimal geodesic segments γ : I → C, the composition

f ◦ γ : I → R is convex if and only if

[⟨J ·Df(γ(t2)), γ′(t2)⟩ − ⟨J ·Df(γ(t1)), γ′(t1)⟩] (t2 − t1) ≥ 0, ∀ t2, t1 ∈ I.

Note that if γ : [0, 1] → C is the segment of geodesic from p = γ(0) to q = γ(1),

then it may be represented as γ(t) = expp t logp q. Moreover, γ′(0) = logp q and

γ′(1) = − logq p. Therefore, the first inequality of the proposition follows by

combining the previous inequality with Definition 2 and (1.11). For concluding

the proof, note that equations (1.12) and (1.11) imply the equivalence between

the two inequalities of the lemma.

Proposition 9. Let C ⊆ Hn be an open hyperbolically convex set and f : C →

R be a twice differentiable function. The function f is hyperbolically convex if

and only if the Hessian Hess f on the hyperbolic space satisfies the inequality
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⟨Hess f(p)v, v⟩ ≥ 0, for all p ∈ C and all v ∈ TpHn, or equivalently,

〈
J ·D2f(p)v, v

〉
+ ⟨J ·Df(p), p⟩ ⟨v, v⟩ ≥ 0, ∀ p ∈ C, ∀ v ∈ TpHn,

where D2f(p) is the usual Hessian and Df(p) is the usual gradient of f at a point

p ∈ C. If the above inequalities are strict then f is strictly hyperbolically convex.

Proof. By using (1.15), the usual second order characterization of hyperbolically

convex functions implies that, for all minimal geodesic segment γ : I → C, the

composition f ◦ γ : I → R is convex if and only if

〈
J ·D2f(γ(t))γ′(t), γ′(t)

〉
+ ⟨J ·Df(γ(t)), γ(t)⟩ ⟨γ′(t), γ′(t)⟩ ≥ 0, ∀ t ∈ I.

If the last inequality is strict then f ◦ γ is strictly convex. Therefore, the result

follows by combining the above inequality with Definition 2. For concluding the

proof, note that equation (1.13) together with Remark 1 imply the equivalence

between the two inequalities of the lemma.

Example 2. Fix q ∈ Hn. The function dq(·) : Hn → R is hyperbolically convex.

In general, taking a hyperbolically convex set C ⊆ Hn, the function dq(·) : C →

R is hyperbolically convex. Indeed, the hyperbolic convexity of dq(·) follows by

combining Lemma 8 with Proposition 9.

Example 3. Fix q ∈ Hn. The function ρq : Hn :→ R defined as ρq(p) :=
1
2
d2q(p)

is strictly hyperbolically convex. In general, taking a hyperbolically convex set

C ⊆ Hn, the function ρq : C → R is strictly hyperbolically convex. Indeed, the

result follows by combining Lemma 9 with Proposition 9.

33



Example 4. Take p̃ = (0, · · · , 0, 1) ∈ Rn+1 and the hyperbolically convex set

C = {p ∈ Hn : p1 > 0, . . . , pn > 0}. The function ψ : C → R defined

by ψ(p) = − ln (−1− ⟨p̃, p⟩) is hyperbolically convex. Indeed, considering that

Df(p) = −(1 + ⟨p̃, p⟩)−1Jp̃ and D2f(p) = (1 + ⟨p̃, p⟩)−2Jp̃p̃⊤J, the hyperbolical

convexity of ψ follows by combining Lemma 6 and Proposition 9.

3.2 Hyperbolically convex homogenous quadratic

functions

In this section we study the hyperbolic convexity of the quadratic function f(p) =

p⊤Ap, for A = A⊤ ∈ R(n+1)×(n+1). We begin with a general characterization.

Corollary 2. Let A = A⊤ ∈ R(n+1)×(n+1) and f : Hn → R be defined by f(p) =

p⊤Ap. The function f is hyperbolically convex if and only if

v⊤Av+p⊤Ap ≥ 0, ∀p, v ∈ Rn+1 with p⊤Jp = −1, v⊤Jv = 1, p⊤Jv = 0.

Proof. Considering that Df(p) = 2Ap, D2f(p) = 2A and JJ = I, we conclude that

〈
J ·D2f(p)v, v

〉
+ ⟨J ·Df(p), p⟩ ⟨v, v⟩ = 2v⊤Av + 2p⊤Ap ⟨v, v⟩ .

Thus, it follows from Proposition 9 that f is hyperbolically convex in Hn if and

only if v⊤Av + p⊤Ap ≥ 0, for all p ∈ Hn, all v ∈ TpHn such that v⊤Jv = 1.

Considering that v ∈ TpHn with p ∈ Hn if and only if v⊤Jv = 1 and p⊤Jv = 0

with p ∈ Hn, the result follows.
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Next, we use the Lorentz group (1.16) to present some examples of hyperboli-

cally convex quadratic functions. Before that, we need the following result.

Corollary 3. Let A = A⊤ ∈ R(n+1)×(n+1) and Q ∈ GL. Then, f : Hn → R defined

by f(p) = p⊤Ap is hyperbolically convex if and only if g : Hn → R defined by

g(q) = q⊤(Q⊤AQ)q is hyperbolically convex.

Proof. Since g(q) = f(Qq), the equivalence follows from Proposition 6.

As an application of Corollaries 2 and 3 in the following we present an example

of a hyperbolically convex quadratic function.

Example 5. Take a diagonal matrix D ∈ R(n+1)×(n+1), D = diag(d1, . . . , dn, dn+1).

Assume that dmin + dn+1 ≥ 0, where dmin := min{d1, . . . , dn}. Then, for each Q ∈

GL, the function g : Hn → R defined by g(p) = p⊤Q⊤DQp is hyperbolically convex.

Indeed, take q, u ∈ Rn+1 such that q⊤Jq = −1, u⊤Ju = 1 and p⊤Jv = 0. Thus,

we have q2n+1 =
∑n

i=1 q
2
i +1 and u2n+1 =

∑n
i=1 u

2
i −1. Hence, since dmin+dn+1 ≥ 0,

we obtain that

u⊤Du+q⊤Dq=
n∑

i=1

(di+dn+1)u
2
i+

n∑
i=1

(di+dn+1)q
2
i ≥(dmin+dn+1)

( n∑
i=1

u2i+
n∑

i=1

q2i

)
≥0.

Thus, Corollary 2 implies that f : Hn → R defined by f(p) = p⊤Dp is hyperboli-

cally convex. Therefore, applying Corollary 3 we conclude that g is hyperbolically

convex.

To continue with our study of hyperbolic convexity of quadratic functions, we
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denote the boundary of the Lorentz cone (2.1) by

∂L :=
{
x ∈ L : x⊤Jx = 0

}
.

In order to simplify notations, for a given x ∈ Rn+1, we consider the following

decomposition:

x = (x̄⊤, xn+1) ∈ Rn+1, x̄ := (x1, . . . , xn)
⊤ ∈ Rn, xn+1 ∈ R. (3.1)

Lemma 10. Let x, y ∈ ∂L. The following three statements are equivalent:

(i) x⊤Jy ̸= 0;

(ii) y ̸= αx, for all α ∈ R;

(iii) x⊤Jy < 0.

Proof. First, we prove (i) is equivalent to (ii). Assume (i) holds. If there exists

α ∈ R such that y = αx, then x⊤Jy = x⊤J(αx) = αx⊤Jx = 0, which contradicts

x⊤Jy ̸= 0. Hence, y ̸= αx, for all α ∈ R, and (ii) holds. For the converse, assume

(ii) holds. By contradiction, assume that x⊤Jy = 0. Since y, z ∈ ∂L, by using the

notation introduced in (3.1), we have yn+1 =
√
ȳ⊤ȳ and zn+1 =

√
z̄⊤z̄. Thus, due

to y⊤z = 0, we have ȳ⊤z̄ = −yn+1zn+1, or equivalently

ȳ⊤z̄ = −
√
ȳ⊤ȳ
√
z̄⊤z̄.

Hence, Cauchy’s inequality implies that there exists a α ≥ 0 such that ȳ = −αz̄.

Furthermore,

yn+1 =
√
ȳ⊤ȳ = α

√
z̄⊤z̄,
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which gives yn+1 = αzn+1. Thus, we conclude that y = −αJz, which implies

y = αx and we have a contradiction. Therefore, x⊤Jy ̸= 0 and (i) holds.

Now, we prove (i) is equivalent to (iii). Assume (i) holds. Since L is a closed

and convex cone, and x, y ∈ ∂L ⊆ L, we have x+ y ∈ L. Thus,

0 ≥ (x+ y)⊤J(x+ y) = x⊤Jx+ 2x⊤Jy + y⊤Jy = 2x⊤Jy.

Hence, x⊤Jy ̸= 0 implies x⊤Jy < 0. Therefore, the item (iii) holds. Conversely,

(iii) implies (i) is immediate, which concludes the proof.

If we make some transformations in Corollary 2 , we will obtain the following

result.

Lemma 11. Let A = A⊤ ∈ R(n+1)×(n+1). The following three conditions are

equivalent:

(i) The function f : Hn → R defined by f(p) = p⊤Ap is hyperbolically convex;

(ii) x⊤Ax+ y⊤Ay ≥ 0, for all x, y ∈ Rn+1 with x, y ∈ ∂L and x⊤Jy = −1;

(iii) z⊤Az + w⊤Aw ≥ 0, for all z, w ∈ Rn+1 with z, w ∈ ∂L and z⊤Jw < 0.

Proof. First we prove the equivalence between (i) and (ii). For that it is convenient

to consider the following invertible transformations

p =
1√
2
(x+y), v =

1√
2
(x−y) if and only if x =

1√
2
(p+v), y =

1√
2
(p−v),

(3.2)
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where x, y, p, v ∈ Rn+1. By using the first two equalities in (3.2), after some

calculations, we have

2p⊤Jp = x⊤Jx+ 2x⊤Jy + y⊤Jy,

2v⊤Jv = x⊤Jx− 2x⊤Jy + y⊤Jy, (3.3)

2p⊤Jv = x⊤Jx− y⊤Jy.

On the other hand, by using the last two inequalities in (3.2) we obtain the fol-

lowing three equalities

2x⊤Jx = p⊤Jp+ 2p⊤Jv + v⊤Jv,

2y⊤Jy = p⊤Jp− 2p⊤Jv + v⊤Jv, (3.4)

2x⊤Jy = p⊤Jp− v⊤Jv.

Moreover, the equalities in (3.2) also imply that

v⊤Av + p⊤Ap = x⊤Ax+ y⊤Ay. (3.5)

First we prove (i) implies (ii). Take x, y ∈ ∂L and x⊤Jy = −1, and consider

the transformation (3.2). Thus, by using (3.3), we conclude that p⊤Jp = −1,

v⊤Jv = 1 and p⊤Jv = 0. Hence, item (i) together with Corollary 2 implies that

v⊤Av + p⊤Ap ≥ 0. Therefore, by using (3.5), we conclude that x⊤Ax+ y⊤Ay ≥ 0

and item (ii) holds.

Next we prove that (ii) implies (i). Assume that the item (ii) holds, and take

p, v ∈ Rn+1 with p⊤Jp = −1, v⊤Jv = 1 and p⊤Jv = 0, and consider (3.2). Hence,
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by using (3.4) we have x (or − x) ∈ ∂L, y (or − y) ∈ ∂L and x⊤Jy = −1, and

item (ii) implies that x⊤Ax+y⊤Ay ≥ 0. Thus, (3.5) implies that v⊤Av+p⊤Ap ≥ 0,

which implies that item (i) holds.

We proceed to prove the equivalence between (ii) and (iii). Assume that

item (ii) holds and take z, w ∈ ∂L and z⊤Jw < 0. Since z⊤Jw < 0 we define

x =
z√
−z⊤Jw

, y =
w√
−z⊤Jw

. (3.6)

Thus, considering that z, w ∈ ∂L and z⊤Jw < 0, some calculations show that

x, y ∈ ∂L and x⊤Jy = −1. Therefore, using (3.6) together item (ii), we conclude

that

z⊤Az + w⊤Aw = −z⊤Jw
(
x⊤Ax+ y⊤Ay

)
≥ 0,

and item (iii) holds. Finally, (iii) implies (ii) is immediate, which concludes the

proof.

In the following theorem we present a characterization for hyperbolically convex

quadratic functions in term of the matrix defining it. In particular, we show that

the study of hyperbolically convex quadratic functions reduces to the study of

their behavior on the boundary of the Lorentz cone.

Theorem 1. Let A = A⊤ ∈ R(n+1)×(n+1). The following four conditions are

equivalent:

(i) The quadratic function f : Hn → R defined by f(p) := p⊤Ap is hyperboli-

cally convex;

(ii) The matrix A is ∂L-copositive, i.e., x⊤Ax ≥ 0 for all x ∈ ∂L;
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(iii) There exists α ∈ R such that A+ αJ is positive semidefinite;

(iv) The function f is bounded from below, i.e., there exists an α ∈ R such that

f(p) ≥ α, for all p ∈ Hn.

Proof. We first prove that (i) implies (ii). Assume that f is hyperbolically convex.

Let x ∈ ∂L such that x ̸= 0. Take y ∈ ∂L not parallel to x, i.e., such that y ̸= αx,

for all α ∈ R. Define the sequence
(
yk
)
k∈N, where y

k := (1/k)y, for all k ∈ N. Since

y ∈ ∂L and y ̸= αx for all α ∈ R, we also have yk ∈ ∂L and yk ̸= αx, for all α ∈ R

and all k ∈ N. Thus, by using Lemma 10, we conclude that x⊤Jyk < 0, for all

k ∈ N. Hence, considering that x, yk ∈ ∂L and x⊤Jyk < 0, for all k ∈ N, and f is

hyperbolically convex, by using Lemma 11, we obtain that x⊤Ax+
(
yk
)⊤
Ayk ≥ 0,

for all k ∈ N. Therefore, owing to yk := (1/k)y, for all k ∈ N, we have

x⊤Ax+
1

k2
y⊤Ay ≥ 0, k ∈ N.

Therefore, taking the limit in the latter inequality, we obtain that x⊤Ax ≥ 0. In

conclusion, A is ∂L-copositive.

Next we prove that (ii) implies (iii). Assume that A is ∂L-copositive. Thus,

for all x ∈ Rn+1 with x⊤Jx = 0 we have x⊤Ax ≥ 0. Consequently, for all x ∈ Rn+1

with x⊤Jx = 0 and x ̸= 0 we have x⊤(A + (1/k)I)x > 0, for all k ∈ N. Hence,

by Lemma 1, there exists αk ∈ R such that A + (1/k)I + αkJ is positive definite,

for all k ∈ N. We claim that the sequence (αk)k∈N is bounded. Indeed, assume by

absurd that (αk)k∈N is unbounded. Since A+ (1/k)I + αkJ is positive definite, for
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each x ∈ Rn+1 with x ̸= 0 we conclude that

1

αk

x⊤Ax+
1

kαk

x⊤x+ x⊤Jx > 0,

for all k ≥ k̄ and some k̄ ∈ N. Hence, by taking the limit in the last inequality as

k goes to infinity, we conclude that x⊤Jx ≥ 0 for all x ∈ Rn+1, which is absurd.

Therefore, the claim is proved. Since the sequence (αk)k∈N is bounded, we can

take a subsequence (αkj)j∈N and α ∈ R such that limj→∞ αkj = α. On the other

hand, considering that A+ (1/k)I + αkJ is positive definite for all k ∈ N, we have

x⊤
(
A+

1

kj
I + αkjJ

)
x > 0,

for all x ∈ Rn+1 such that x ̸= 0. Therefore, by taking the limit in the last

inequality as k goes to infinity, we have x⊤(A+ αJ)x ≥ 0, for all x ∈ Rn+1, which

implies that A+ αJ is positive semidefinite.

Next we prove that (iii) implies (i). Assume that there is an α ∈ R such that

A + αJ is positive semidefinite. Due to A + αJ being positive semidefinite and

v⊤Av + p⊤Ap = v⊤Av + α + p⊤Ap− α, some calculations show

v⊤Av + p⊤Ap = v⊤(A+ αJ)v + p⊤(A+ αJ)p ≥ 0, (3.7)

for all p, v ∈ Rn+1 with p⊤Jp = −1, v⊤Jv = 1 and p⊤Jv = 0. Therefore, by using

(3.7) and Corollary 2, we conclude that f is hyperbolically convex.

Next we prove that (iii) implies (iv). Assume that there exists α ∈ R such that

A+ αJ is positive semidefinite. Hence, p⊤Ap+ αp⊤Jp = p⊤(A+ αJ)p ≥ 0, for all

p ∈ Rn. Since p ∈ Hn implies p⊤Jp = −1, we conclude that p⊤Ap ≥ α, for all
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p ∈ Hn. Therefore, f is bounded from below on Hn.

Finally, to conclude the proof, we prove that (iv) imply (iii). Assume that f is

bounded from below on Hn. Thus, there exists an α ∈ R such that f(p) ≥ α, for

all p ∈ Hn, or equivalently,

p⊤(A+ αJ)p ≥ 0, ∀p ∈ Hn. (3.8)

In order to apply Lemma 5, we will first prove the statement: if x⊤Jx ≤ 0, then

x⊤(A+αJ)x ≥ 0. Let x ∈ Rn such that x⊤Jx ≤ 0. Take a sequence (xk)k∈N ∈ Rn

such that limk→+∞ xk = x and xk
⊤Jxk < 0. Define

yk =
xk√

−xk⊤Jxk
, k ∈ N. (3.9)

Since xk
⊤Jxk < 0, by using (3.9), we conclude that yk

⊤
Jyk = −1. Thus, yk ∈ Hn

and (3.8) implies that
(
yk
)⊤

(A + αJ)yk ≥ 0. Using, again (3.9) we obtain that

xk
⊤(A + αJ)xk ≥ 0, for all k ∈ N. Hence, by letting k → ∞, we conclude that

x⊤(A+αJ)x ≥ 0, which proves the statement. Therefore, after applying Lemma 5,

we conclude that there exists a β ∈ R such that A+ (α + β)J is positive definite.

Hence, by Theorem 1, the function f is hyperbolically convex.

Example 6. Let A ∈ R(n+1)×(n+1) be a positive semidefinite matrix and α ∈ R.

Since A = (A+αJ)−αJ is a positive semidefinite matrix, by applying Theorem 1,

we conclude that the function fα : Hn :→ R defined by fα(p) := p⊤(A + αJ)p is

hyperbolically convex.

For simplifying the statement and proof of the next results it is convenient
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to introduce the following notation. For a given A ∈ R(n+1)×(n+1), consider the

following decomposition:

A :=

 Ā a

a⊤ σ

 , Ā ∈ Rn×n, a ∈ Rn×1, σ ∈ R (3.10)

and denote by Ī ∈ Rn×n is the identity matrix. For any α ∈ R, the decomposition

(3.10) yields

A+ αJ =

Ā+ αI a

a⊤ σ − α

 . (3.11)

Proposition 10. Let A ∈ R(n+1)×(n+1) be a symmetric matrix and α ∈ R. Con-

sider the decomposition (3.10) and the following statements:

(i) The quadratic function f : Hn → R defined by f(p) := p⊤Ap is hyperboli-

cally convex;

(ii) The matrix A+ αJ is positive definite;

(iii) The number α ∈ (−λmin(Ā), σ) and det(A+ αJ) > 0;

(iv) The number α ∈ (−λmin(Ā), σ) and σ − α− a⊤
(
Ā+ αĪ

)−1
a > 0.

Then (ii), (iii) and (iv) are equivalent and any of them implies item (i).

Proof. We first prove the equivalence between (ii) and (iii). Assume that (ii)

holds. Hence, by applying Lemmas 2 and 3, and taking into account (3.11), we

have det(A+αJ) > 0, the matrix Ā+ σI is positive definite and σ−α > 0. Since

Ā+ σI is positive definite, we obtain that α > −λmin(Ā). Therefore, we conclude

that α ∈ (−λmin(Ā), σ) and det(A + αJ) > 0. Hence, (iii) holds. Reciprocally,
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assume that (iii) holds. Thus, we have α > −λmin(Ā), σ > α and det(A+αJ) > 0.

Hence, the matrix Ā + σĪ is positive definite, σ − α > 0 and det(A + αJ) > 0.

Therefore, by using Lemmas 2 and 3 and the decomposition (3.10), we conclude

that A+ αJ is positive definite and (ii) holds.

Next, we prove the equivalence between (iii) and (iv). First note that, for any

α ∈ (−λmin(Ā), σ), we obtain that λmin(Ā) + α > 0. Thus, the matrix Ā + αĪ is

positive definite, which implies that det
(
Ā+ αĪ

)
> 0. In particular, the matrix

Ā+ αĪ is invertible. Thus, applying Lemma 4, we have

det(A+ αJ) =
(
σ − α− a⊤

(
Ā+ αĪ

)−1
a
)
det
(
Ā+ αĪ

)
. (3.12)

Since under the assumption α ∈ (−λmin(Ā), σ) we have det
(
Ā+ αĪ

)
> 0, it follows

from (3.12) that det(A + αJ) > 0 is equivalent to σ − α − a⊤
(
Ā+ αĪ

)−1
a > 0.

Therefore, (iii) is equivalent to (iv), and the proof of the first statement of the

proposition is concluded.

By using the implication (iii) =⇒ (i) in Theorem 1, the last statement of the

proposition follows from the first one.

Consider the decomposition (3.10) of a symmetric matrix A ∈ R(n+1)×(n+1).

Then, it follows from Proposition 10 that we can decide if f(p) := p⊤Ap is hyper-

bolically convex by solving the following optimization problem:

inf
{
σ − α− a⊤

(
Ā+ αĪ

)−1
a : α ∈ (−λmin(Ā), σ)

}
.

By using decompositions (3.1) and (3.10), Corollary 2 can be stated equivalently

in the following form.
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Corollary 4. Let A = A⊤ ∈ R(n+1)×(n+1) and f : Hn → R be defined by f(p) =

p⊤Ap. The function f is hyperbolically convex if and only if

v̄⊤Āv̄ + p̄⊤Āp̄+ 2vn+1v̄
⊤a+ 2pn+1p̄⊤a+ σv2n+1 + σ

(
pn+1

)2 ≥ 0, (3.13)

for all p, v ∈ Rn+1 with

p̄⊤p̄−
(
pn+1

)2
= −1 v̄⊤v̄ − v2n+1 = 1, v̄⊤p̄− vn+1p

n+1 = 0. (3.14)

Example 7. Let A :=
(
aji
)
∈ R(n+1)×(n+1) and f : Hn → R be defined by f(p) =

p⊤Ap. If f is hyperbolically convex, then

1

n

n∑
i,j=1

aji + σ ≥ 0. (3.15)

Indeed, take v̄ = (1/
√
n, . . . , 1/

√
n) ∈ Rn, vn+1 = 0 and p̄ = 0 ∈ Rn, pn+1 = 1.

Thus, (3.13) becomes

v̄⊤Āv̄ + p̄⊤Āp̄+ 2vn+1v̄
⊤a+ 2pn+1p̄⊤a+ σv2n+1 + σ

(
pn+1

)2
=

1

n

n∑
i,j=1

aji + σ.

Since p = (p̄, pn+1) ∈ Rn+1, v = (v̄, vn+1) ∈ Rn+1 satisfy (3.14) and consider-

ing that f is hyperbolically convex, the inequality (3.15) follows from applying

Corollary 4.

Theorem 2. Let A ∈ R(n+1)×(n+1) and f : Hn → R be defined by f(p) = p⊤Ap.

Then, considering decompositions (3.1) and (3.10), the following statements hold:

(i) If f is hyperbolically convex, then λmin(Ā) ≥ −σ;
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(ii) If σ ≥ −λmin(Ā) and a = 0, then f is hyperbolically convex;

(iii) If σ + λmin(Ā) > 2
√
a⊤a, then f is hyperbolically convex.

Proof. To prove (i), assume that f is hyperbolically convex and take any p, v ∈

Rn+1 with p̄ = 0, pn+1 = 1, vn+1 = 0, v̄⊤v̄ = 1. Then, conditions (3.14) in

Corollary 4 are satisfied. Hence, it follows from (3.13) that v̄⊤Āv̄ ≥ −σ, for all

v̄ ∈ Rn with v̄⊤v̄ = 1. Therefore, the result follows.

We proceed to prove (ii). Assume that λmin(Ā) ≥ −σ and a = 0. In this case,

we have λmin(Ā + σI) ≥ 0, where Ī ∈ Rn×n is the identity matrix. Hence, both

matrices Ā+ σI and

A+ σJ =

Ā+ σĪ 0

0 0


are positive semidefinite. Thus, by applying Proposition 10 with α = σ, the proof

of item (ii) follows.

To prove item (iii), first we introduce the auxiliary quadratic polynomial g :

R→ R defined by

g(t) = (σ − t)
(
λmin(Ā) + t

)
− a⊤a.

The roots of the quadratic polynomial g are given by

µ =
1

2

(
σ − λmin(Ā)−

√[
σ + λmin(Ā)

]2 − 4a⊤a

)
,

η =
1

2

(
σ − λmin(Ā) +

√[
σ + λmin(Ā)

]2 − 4a⊤a

)
.

Since σ + λmin(Ā) > 2
√
a⊤a we have µ < η. Thus, take β ∈ (µ, η). Hence,
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g(β) > 0. Since

β > µ ≥ 1

2

(
σ − λmin(Ā) +

√[
σ + λmin(Ā)

]2)
= −λmin(Ā),

we obtain λmin(Ā) + β > 0. Thus, we conclude that Ā+ βĪ is positive definite. It

follows that

σ − β − a⊤
(
Ā+ βĪ

)−1
a ≥ σ − β − λmax

(
Ā+ βĪ

)−1
a⊤a

= σ − β − 1

λmin(Ā) + β
a⊤a

=
g(β)

λmin(Ā) + β
> 0.

Therefore, by using Lemma 4, it follows from the positive definiteness of the matrix

Ā+ βĪ that

det(A+ βJ) =
(
σ − β − a⊤

(
Ā+ βĪ

)−1
a
)
det
(
Ā+ βĪ

)
> 0. (3.16)

Since Ā + βĪ is positive definite, combining Lemma 5 with (3.16), we conclude

that A + βJ is positive definite. Therefore, Proposition 10 implies that f is hy-

perbolically convex, and the proof of item (iii) is concluded.

Corollary 5. Let A ∈ R(n+1)×(n+1) and f : Hn → R be defined by f(p) =

p⊤Ap. Consider the decomposition (3.10) and assume that a = 0. Then, f is

hyperbolically convex if and only if λmin(Ā) ≥ −σ.

Proof. The proof is an immediate consequence of items (i) and (ii) of Theorem 2.
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In the next proposition we present a characterization for the case a ̸= 0 in

(3.10), which completes the result of Corollary 5.

Proposition 11. Let A ∈ R(n+1)×(n+1) be a symmetric matrix and the decompo-

sition (3.10). If a ̸= 0, then the following statements are equivalent:

(i) The quadratic function f : Hn → R defined by f(p) := p⊤Ap is hyperboli-

cally convex;

(ii) There exists α ∈ R such that the matrix A+ αJ is positive semidefinite;

(iii) There exists α ∈ R such that σ > α and the matrix Ā + αĪ − 1
σ−α

aa⊤ is

positive semidefinite;

Proof. First we prove that (ii) and (iii) are equivalent. Since the matrix A+αJ is

positive semidefinite, by using the decompositions (3.11) and [30, Corollary 7.15,

p. 398], we conclude that

(āii + α)(σ − α) ≥ a2i , i = 1, . . . , n, (3.17)

where āii is the ii-entry of the matrix Ā and ai is the i-entry of the vector a.

Considering that a ̸= 0, and all elements in the diagonal of a positive semidefinite

matrix are nonnegative, it follows from (3.17) that σ > α. Thus, applying item (iii)

of Lemma 3 we conclude that items (ii) and (iii) are equivalent. The equivalence

of (i) and (ii) follows from the equivalence of (iii) and (i) in Theorem 1.

Proposition 12. Let A ∈ R(n+1)×(n+1) be a symmetric matrix and the decompo-

sition (3.10). Consider the following statements:
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(i) The quadratic function f : Hn → R defined by f(p) := p⊤Ap is hyperboli-

cally convex;

(ii) There exists α ∈ R such that Ā+αĪ is positive definite and A+αJ is positive

semidefinite;

(iii) There exists α ∈ R such that Ā+αĪ is positive definite and σ−α− a⊤(Ā+

αĪ)−1a ≥ 0.

Then, items (ii) and (iii) are equivalent and any of them implies (i).

Proof. It follows from item (iii) of Lemma 3 that items (ii) and (iii) are equivalent.

The equivalence of (i) and (ii) follows from the equivalence of (iii) and (i) in

Theorem 1.

Proposition 13. Let A ∈ R(n+1)×(n+1) be a symmetric matrix and the decompo-

sition (3.10). Consider the following statements:

(i) The quadratic function f : Hn → R defined by f(p) := p⊤Ap is hyperboli-

cally convex;

(ii) There exists α ∈ R such that the matrix A+ αJ is positive definite;

(iii) There exists α ∈ R such that σ > α and the matrix Ā + αĪ − 1
σ−α

aa⊤ is

positive definite.

Then, items (ii) and (iii) are equivalent and any of them implies item (i).

Proof. The equivalence between items (ii) and (iii) follows by direct application of

item (i) of Lemma 3. By using the implication (iii) =⇒ (i) in Theorem 1, the last

statement of the proposition follows from the first one.
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3.3 Hyperbolically convex non-homogenous

quadratic functions

In this section we study the hyperbolic convexity of the non-homogeneous quadratic

function f : Hn → R defined by

f(p) = p⊤Ap+ b⊤p+ c, (3.18)

where A = A⊤ ∈ R(n+1)×(n+1), b ∈ Rn+1, c ∈ R. For that we first recall some

general characterizations for a non-homogeneous quadratic convex function. We

begin with the general definition Definition 2 of a convex function on the hyper-

bolic space. In the following we recall the general second order characterization

for hyperbolically convex functions on hyperbolic spaces Proposition 9 and we

present a general characterization for convexity of the function (3.18), which is an

immediate consequence of Proposition 9.

Corollary 6. Let A = A⊤ ∈ R(n+1)×(n+1), b ∈ Rn+1, c ∈ R. The function

f(p) = p⊤Ap+ b⊤p+ c is hyperbolically convex if and only if

2v⊤Av+2p⊤Ap+b⊤p ≥ 0, ∀p, v ∈ Rn+1 with p⊤Jp = −1, v⊤Jv = 1, p⊤Jv = 0.

Proof. Considering that Df(p) = 2Ap+ b, D2f(p) = 2A and JJ = I, we conclude
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that

〈
J ·D2f(p)v, v

〉
+ ⟨J ·Df(p), p⟩ ⟨v, v⟩ = 2v⊤Av + (2p⊤Ap+ b⊤p) ⟨v, v⟩ .

Thus, it follows from Proposition 9 that the function f is hyperbolically convex

in Hn if and only if 2v⊤Av + 2p⊤Ap + b⊤p ≥ 0, for all p ∈ Hn, all v ∈ TpHn with

v⊤Jv = 1. Considering that p ∈ Hn and v ∈ TpHn with v⊤Jv = 1 if and only if

p⊤Jp = −1, v⊤Jv = 1 and p⊤Jv = 0, the result follows.

Next we relate the hyperbolic convexity of f with the boundary of the Lorentz

cone ∂L.

Lemma 12. Let A = A⊤ ∈ R(n+1)×(n+1), b ∈ Rn+1, c ∈ R. The following three

conditions are equivalent:

(i) The function f : Hn → R defined by f(p) = p⊤Ap+ b⊤p+ c is hyperbolically

convex;

(ii) 4x⊤Ax+ 4y⊤Ay +
√
2 b⊤(x+ y) ≥ 0, for all x, y ∈ Rn+1 with x, y ∈ ∂L and

x⊤Jy = −1;

(iii) 4z⊤Az+4w⊤Aw+
√
−2z⊤Jw b⊤(z+w) ≥ 0, for all z, w ∈ Rn+1 with z, w ∈

∂L and z⊤Jw < 0.

Proof. First we prove the equivalence between (i) and (ii). For that it is convenient

to first consider the following invertible transformations

p =
1√
2
(x+y), v =

1√
2
(x−y) if and only if x =

1√
2
(p+v), y =

1√
2
(p−v),

(3.19)
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where x, y, p, v ∈ Rn+1. By using the first two equalities in (3.19), after some

calculations, we have

2p⊤Jp = x⊤Jx+ 2x⊤Jy + y⊤Jy,

2v⊤Jv = x⊤Jx− 2x⊤Jy + y⊤Jy, (3.20)

2p⊤Jv = x⊤Jx− y⊤Jy.

On the other hand, by using the last two inequalities in (3.19) we obtain the

following three equalities

2x⊤Jx = p⊤Jp+ 2p⊤Jv + v⊤Jv,

2y⊤Jy = p⊤Jp− 2p⊤Jv + v⊤Jv, (3.21)

2x⊤Jy = p⊤Jp− v⊤Jv.

Moreover, the equalities in (3.19) also imply that

v⊤Av + p⊤Ap = x⊤Ax+ y⊤Ay. (3.22)

First we prove (i) implies (ii). Take x, y ∈ ∂L and x⊤Jy = −1, and consider

the transformation (3.19). Thus, by using (3.20), we conclude that p⊤Jp = −1,

v⊤Jv = 1 and p⊤Jv = 0. Hence, item (i) together with Corollary 6 implies that

2v⊤Av + 2p⊤Ap + b⊤p ≥ 0. Therefore, by using (3.19) and (3.22), we conclude

that 4x⊤Ax + 4y⊤Ay +
√
2 b⊤(x + y) ≥ 0 and item (ii) holds. Next we prove

that (ii) implies (i). Assume that the item (ii) holds, and take p, v ∈ Rn+1 with

p⊤Jp = −1, v⊤Jv = 1 and p⊤Jv = 0, and consider (3.19). Hence, by using (3.21)
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we have x (or − x) ∈ ∂L, y (or − y) ∈ ∂L and x⊤Jy = −1, and item (ii) implies

that 4x⊤Ax + 4y⊤Ay +
√
2 b⊤(x + y) ≥ 0. Thus, (3.19) and (3.22) implies that

2v⊤Av + 2p⊤Ap+ b⊤p ≥ 0, which implies that item (i) holds.

We proceed to prove the equivalence between (ii) and (iii). Assume that

item (ii) holds and take z, w ∈ ∂L and z⊤Jw < 0. Since z⊤Jw < 0 we define

x =
z√
−z⊤Jw

, y =
w√
−z⊤Jw

(3.23)

Thus, considering that z, w ∈ ∂L and z⊤Jw < 0, some calculations show that

x, y ∈ ∂L and x⊤Jy = −1. Therefore, using (3.23) together item (ii), we conclude

that

z⊤Az + w⊤Aw = −z⊤Jw
(
x⊤Ax+ y⊤Ay

)
≥ 0,

and the item (iii) holds. Finally, (iii) implies (ii) is immediate, which concludes

the proof.

Proposition 14. Let A = A⊤ ∈ R(n+1)×(n+1), b ∈ Rn+1, c ∈ R and f : Hn → R be

defined by f(p) = p⊤Ap+ b⊤p+ c. If f is hyperbolically convex, then there exists

µ ∈ R such that A+ µJ is positive semidefinite.

Proof. Let z, w ∈ Rn+1 with z, w ∈ ∂L and z⊤Jw < 0. Define the sequence

(wk)k∈N, where wk = (1/k)w with k ̸= 0. Then, by (iii) of Lemma 12 we have

4z⊤Az+ 1
k2
w⊤Aw+

√
− 2

k
z⊤Jw b⊤

(
z + 1

k
wk

)
= 4z⊤Az+4w⊤

k Awk+
√
−2z⊤Jwk b

⊤(z+

wk) ≥ 0, for all z, w ∈ ∂L with z⊤Jw < 0 and all k ∈ N with k ̸= 0. Hence, by

tending with k to infinity, we obtain that 4z⊤Az ≥ 0, for all z ∈ ∂L. Therefore,

A is ∂L-copositive and by using Corollary 1 the result follows.
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Corollary 7. Let A = A⊤ ∈ R(n+1)×(n+1), b ∈ Rn+1, c ∈ R and f : Hn → R

be defined by f(p) = p⊤Ap + b⊤p + c. If f is hyperbolically convex, then A

is ∂L-copositive. As a consequence, h : Hn → R defined by h(p) = p⊤Ap is

hyperbolically convex.

Proof. Combining Proposition 14 with itens (i), (ii) and (iii) of [20, Theorem 5.1]

the result follows.

Since the condition x⊤Jy ≤ 0, for any x, y ∈ ∂L, is equivalent to the n-

dimensional Cauchy inequality, it always holds. Then, the equivalence between

items (i) and (iii) of Lemma 12 can be stated equivalently in the following form.

Proposition 15. Let A = A⊤ ∈ R(n+1)×(n+1), b ∈ Rn+1, c ∈ R and f : Hn → R be

defined by f(p) = p⊤Ap+ b⊤p+ c. Then, f is hyperbolically convex, if and only if

4x⊤Ax+ 4y⊤Ay +
√
−2x⊤Jy b⊤(x+ y) ≥ 0, ∀x, y ∈ Rn+1 with x, y ∈ ∂L.

In next corollary we present a characterization for a linear function to be hy-

perbolically convex.

Corollary 8. Let b ∈ Rn+1, c ∈ R and g : Hn → R be defined by g(p) = b⊤p+ c.

Then, g is hyperbolically convex, if and only if b ∈ L.

Proof. Applying Proposition 15 with A = 0 and g = f we obtain that g is hyper-

bolically convex if and only if

√
−2x⊤Jy b⊤(x+ y) ≥ 0, ∀x, y ∈ Rn+1 with x, y ∈ ∂L. (3.24)

Suppose first that g is hyperbolically convex. Let x ∈ ∂L \ {0} arbitrary and
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y = −(1/k)Jx ∈ ∂L, where k ∈ N with k ̸= 0. Thus, it follows from (3.24) that

b⊤(x− (1/k)Jx) ≥ 0, for any x ∈ ∂L\{0} and k ∈ N with k ̸= 0. By tending with

k to infinity in the last inequality, we obtain b⊤x ≥ 0 for any x ∈ ∂L\{0}. Hence,

b ∈ (∂L \ {0})∗ = L∗ = L. Conversely, if b ∈ L = L∗, then (3.24) holds and hence

g is hyperbolically convex.

In the Euclidean context the linear term of a quadratic function has no influence

on the convexity of the function. As we will see in the next corollary, this is not

the case in the hyperbolic setting.

Corollary 9. Let A = A⊤ ∈ R(n+1)×(n+1), b ∈ Rn+1 \ L and c ∈ R. Then,

there exists a λ > 0 such that the function fλ : Hn → R defined by fλ(p) =

p⊤Ap+ (λb)⊤p+ c is not hyperbolically convex.

Proof. Since b /∈ L = L∗ and L = ∂L + ∂L, it follows that there exists x, y ∈ ∂L

such that (λb)⊤(x+y) < 0, for all λ > 0. Hence, taking into account that x⊤Jy < 0,

we conclude that

lim
λ→+∞

(
4x⊤Ax+ 4y⊤Ay +

√
−2x⊤Jy (λb)⊤(x+ y)

)
= −∞.

It follows that if λ > 0 is sufficiently large, 4x⊤Ax+4y⊤Ay+
√
−2x⊤Jy (λb)⊤(x+

y) < 0. Therefore, by Proposition 15, the function fλ is not hyperbolically convex.

Proposition 16. Let A = A⊤ ∈ R(n+1)×(n+1), b = (b1, . . . , bn+1) ∈ Rn+1, c ∈ R

and f : Hn → R be defined by f(p) = p⊤Ap + b⊤p + c. If f is hyperbolically
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convex, then there exists µ ∈ R such that

A+ JAJ +
1

2
bn+1I + µJ

is a positive semidefinite matrix.

Proof. Applying Proposition 15 with x := (x1, . . . , xn+1) ∈ ∂L and y = −Jx ∈ ∂L,

we obtain that

4x⊤(A+ JAJ)x+
√
2x⊤x b⊤(I− J)x ≥ 0, ∀x ∈ ∂L. (3.25)

Since 2xn+1 =
√
2x⊤x , for all x ∈ ∂L, we obtain that b⊤(I− J)x = bn+1(2xn+1) =

bn+1

√
2x⊤x . Thus, we conclude that

√
2x⊤x b⊤(I− J)x = 2bn+1x

⊤x, ∀x ∈ ∂L.

Hence, combining the last equality with (3.25) we obtain, after some algebraic

manipulations, that

4x⊤
(
A+ JAJ +

1

2
bn+1I

)
x = 4x⊤(A+JAJ)x+

√
2x⊤x b⊤(I−J)x ≥ 0, ∀x ∈ ∂L.

Therefore, A+ JAJ + 1
2
bn+1I is ∂L-copositive and by using Corollary 1 the result

follows.

Corollary 10. Let A = A⊤ ∈ R(n+1)×(n+1), b = (b1, . . . , bn+1) ∈ Rn+1, c ∈ R and

f : Hn → R be defined by f(p) = p⊤Ap + b⊤p + c. If f is hyperbolically convex,
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then g : Hn → R defined by

g(p) = p⊤
(
A+ JAJ +

1

2
bn+1I

)
p

is hyperbolically convex.

Proof. The proof follows from Proposition 16 by using the items (i) and (iii) of [20,

Theorem 5.1].

Remark 6. If A is ∂L-copositive and bn+1 > 0, then g in Corollary 10 is hyper-

bolically convex. Indeed, considering that for any p ∈ ∂L we have q = −Jp ∈ ∂L,

we conclude that

g(p) = p⊤
(
A+ JAJ +

1

2
bn+1I

)
p = p⊤Ap+ q⊤Aq + bn+1p

2
n+1 ≥ 0,

which implies that g is bounded from below. Therefore, the result follows from

items (i) and (iv) of [20, Theorem 5.1].

Proposition 17. Let A = A⊤ ∈ R(n+1)×(n+1), b ∈ Rn+1, c ∈ R, f : Hn → R be

defined by f(p) = p⊤Ap + b⊤p + c and h : Hn → R be defined by h(p) = p⊤Ap.

Consider the following statements:

(i) The function f is hyperbolically convex.

(ii) The inequality 4x⊤Ax +
√
−2x⊤Jy b⊤x ≥ 0 holds, for all x, y ∈ Rn+1 with

x, y ∈ ∂L.

(iii) The inequality 4y⊤Ay +
√
−2x⊤Jy b⊤y ≥ 0 holds, for all x, y ∈ Rn+1 with

x, y ∈ ∂L.
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(iv) The function h is hyperbolically convex and b ∈ L.

(v) The matrix A is ∂L-copositive and b ∈ L.

(vi) The vector b ∈ L and there is a µ ∈ R such that A+µJ is positive semidefinite

Then, (ii)⇐⇒ (iii)⇐⇒ (iv)⇐⇒ (iv)⇐⇒ (v)⇐⇒ (vi) =⇒ (i).

Proof. Items (ii)and (iii) are equivalent because they are obtained from each other

by swapping x and y. Suppose that (ii) is true. Then (iii) is also true. By summing

up the inequalities of (ii) and (iii) we obtain that

4x⊤Ax+ 4y⊤Ay +
√
−2x⊤Jy b⊤(x+ y) ≥ 0, ∀x, y ∈ Rn+1 with x, y ∈ ∂L.

Hence, (i) follows from Proposition 15. The equivalence of items (iv), (v), and (vi)

follow from items (i), (ii) and (iii) of [20, Theorem 5.1]. To complete the proof

we will show that (ii) ⇐⇒ (v). Suppose that (v) holds. Then, the inequality of

(ii) follows immediately from the ∂L-copositivity of A and the self-duality of L.

Reciprocally, suppose that (ii) holds. Then, (i) also holds. Hence, it follows from

Corollary 7 that h is a hyperbolically convex function. Thus, items (i) and (ii)

of [20, Theorem 5.1] imply that the matrix A is ∂L-copositive. On the other hand,

since xk := (1/k)2x ∈ ∂L for all k ∈ N, it follows from the inequality of (ii) that

4(xk)⊤Axk +
√
−2(xk)⊤Jy b⊤xk ≥ 0,

for all x, y ∈ ∂L and k ∈ N . Substituting xk = (1/k)2x into the last inequity we

conclude that
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4

k4
x⊤Ax+

1

k3

√
−2x⊤Jy b⊤x ≥ 0.

for all x, y ∈ ∂L and k ∈ N . Multiplying the latest inequality by k3, then tending

with k to infinity and finally dividing by
√
−2x⊤Jy , we obtain b⊤x ≥ 0, for all

x ∈ ∂L. Hence, b ∈ (∂L)∗ = L. Therefore, item (v) holds and the proof is

completed.

For simplifying the statement and proof of the next results it is convenient

to introduce the following notations. For a given A ∈ R(n+1)×(n+1), consider the

following decomposition:

A :=

 Ā ā

ā⊤ σ

 , Ā ∈ Rn×n, ā ∈ Rn×1, σ ∈ R. (3.26)

Denote Ī ∈ Rn×n the identity matrix. In addition, for a given vector z ∈ Rn+1,

consider the following decomposition:

z :=

 z̄

zn+1

 ∈ Rn+1, z̄ ∈ Rn, zn+1 ∈ R. (3.27)

By using the above decompositions we have the following result.

Proposition 18. Let A = A⊤ ∈ R(n+1)×(n+1), b ∈ Rn+1, c ∈ R and f : Hn → R be

defined by f(p) = p⊤Ap+ b⊤p+ c. Then, f is hyperbolically convex, if and only if

4x̄⊤(Ā+ σĪ)x̄+ 4ȳ⊤(Ā+ σĪ)ȳ + 8ā⊤
(
∥x̄∥

2
x̄+ ∥ȳ∥

2
ȳ
)

+
√
2∥x̄∥

2
∥ȳ∥

2
− 2x̄⊤ȳ

(
b̄⊤(x̄+ ȳ) + bn+1

(
∥x̄∥

2
+ ∥ȳ∥

2

))
≥ 0,
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for all x̄, ȳ ∈ Rn.

Proof. First note that, by using (1.2) and (3.27) we conclude that all x, y ∈ ∂L

can be written

x :=

 x̄

∥x̄∥2

 ∈ Rn+1, y :=

 ȳ

∥ȳ∥2

 ∈ Rn+1. (3.28)

Hence, using (3.26), (3.27) and (3.28) we obtain that

4x⊤Ax = 4x̄⊤(Ā+ σĪ)x̄+ 8∥x̄∥
2
ā⊤x̄ (3.29)

4y⊤Ay = 4ȳ⊤(Ā+ σĪ)ȳ + 8∥ȳ∥
2
ā⊤ȳ (3.30)√

−2x⊤Jy =
√

2∥x̄∥
2
∥ȳ∥

2
− 2x̄⊤ȳ (3.31)

b⊤(x+ y) = b̄⊤(x̄+ ȳ) + bn+1(∥x̄∥2 + ∥ȳ∥2). (3.32)

By using equations (3.29), (3.30), (3.31) and (3.32), we conclude that

4x⊤Ax+ 4y⊤Ay +
√
−2x⊤Jy b⊤(x+ y) = 4x̄⊤(Ā+ σĪ)x̄+ 4ȳ⊤(Ā+ σĪ)ȳ+

8ā⊤
(
∥x̄∥

2
x̄+ ∥ȳ∥

2
ȳ
)
+
√
2∥x̄∥

2
∥ȳ∥

2
− 2x̄⊤ȳ

(
b̄⊤(x̄+ ȳ) + bn+1

(
∥x̄∥

2
+ ∥ȳ∥

2

))
.

Therefore, by using the last equality together with Proposition 15 the desired result

follows.

Remark 7. Let A = A⊤ ∈ R(n+1)×(n+1), b ∈ Rn+1, c ∈ R and f : Hn → R be

defined by f(p) = p⊤Ap + b⊤p + c. If f is hyperbolically convex, then 4x̄⊤(Ā +

σĪ)x̄+ 8ā⊤∥x̄∥
2
x̄ ≥ 0, for all x̄ ∈ Rn. To see that set ȳ = 0 in Proposition 18.
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Corollary 11. Let A = A⊤ ∈ R(n+1)×(n+1), b ∈ Rn+1, c ∈ R and f : Hn → R be

defined by f(p) = p⊤Ap+ b⊤p+ c. If f is hyperbolically convex, then

Ā+

(
σ +

1

2
bn+1

)
Ī ∈ Rn×n

is positive semidefinite.

Proof. First note that by letting ȳ = −x̄ in Proposition 18 we obtain that if f

is hyperbolically convex then 8x̄⊤
(
Ā+ σĪ

)
x̄ + 4bn+1∥x̄∥22 ≥ 0, for all x̄ ∈ Rn.

Considering that

8x̄⊤
(
Ā+

(
σ +

1

2
bn+1

)
Ī

)
x̄ = 8x̄⊤

(
Ā+ σĪ

)
x̄+ 4bn+1∥x̄∥22 , ∀x̄ ∈ Rn.

and f is hyperbolically convex, the result follows.

Proposition 19. Let A = A⊤ ∈ R(n+1)×(n+1), b ∈ Rn+1, c ∈ R. Then, there

exists a λ > 0 such that the function fλ : Hn → R defined by fλ(p) = p⊤Ap +

(b− λen+1)
⊤
p+ c is not hyperbolically convex.

Proof. Consider the following matrix

Ā+

(
σ +

1

2
(bn+1 − λ)

)
Ī ∈ Rn×n (3.33)

The eigenvalues of the matrix (3.33) are of the form β + σ + 1
2
(bn+1 − λ), where β

is an eigenvalue of Ā. Thus, the matrix (3.33) have negative eigenvalue by taking

λ > 0 sufficiently large. Consequently, the matrix (3.33) will not be positive

semidefinite for λ > 0 sufficiently large. Therefore, by applying Corollary 11 for

f = fλ the result follows.
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Theorem 3. Let A = A⊤ ∈ R(n+1)×(n+1) be a nonzero matrix, b ∈ Rn+1, c ∈ R,

f : Hn → R be defined by f(p) = p⊤Ap + b⊤p + c and g : Hn → R be defined by

g(p) = p⊤p+ b⊤p+ c. Then, the following statements hold:

(i) If f is hyperbolically convex, then the function h : Hn → R defined by

h(p) = p⊤p+
(
bA
)⊤
p+ c

is hyperbolically convex, where

bA =
1

∥A∥
2

b. (3.34)

(ii) If there exists a µ ∈ R and a λ ≥ 0 such that the matrix A − λI + µJ is

positive semidefinite and b+ 4λen+1 ∈ L, then f is hyperbolically convex.

(iii) If b+ 4en+1 ∈ L, then g is hyperbolically convex.

Proof. Proof of item (i): Since f is hyperbolically convex, the Cauchy inequality

and Proposition 15 imply that

4∥A∥
2
∥x∥2

2
+4∥A∥

2
∥y∥2

2
+
√
−2x⊤Jy b⊤(x+y)≥4x⊤Ax+4y⊤Ay+

√
−2x⊤Jy b⊤(x+y)≥0,

(3.35)

for any x, y ∈ Rn+1 with x, y ∈ ∂L. Divide (3.35) by ∥A∥
2
and use (3.34) to obtain

4x⊤x+ 4y⊤y +
√
−2x⊤Jy

(
bA
)⊤

(x+ y) ≥ 0,

for any x, y ∈ Rn+1 with x, y ∈ ∂L. Thus, applying Proposition 15 with f = h, it

follows that h is hyperbolically convex.
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Proof of item (ii): First note that by using Cauchy and triangular inequalities

we have

1

∥x̄∥
2
+ ∥ȳ∥

2

b̄⊤ (x̄+ ȳ)+bn+1 ≥ −

∥∥b̄∥∥
2
∥x̄+ ȳ∥

2

∥x̄∥
2
+ ∥ȳ∥

2

+bn+1 ≥ bn+1−
∥∥b̄∥∥

2
, ∀x̄, ȳ ∈ Rn\{0}.

Taking into account that b + 4λen+1 ∈ L, we obtain that bn+1 −
∥∥b̄∥∥

2
≥ −4λ.

Hence, we have

1

∥x̄∥
2
+ ∥ȳ∥

2

b̄⊤ (x̄+ ȳ) + bn+1 ≥ −4λ. (3.36)

On the other hand, some calculations show that

−4 = max
ρ>0

−8− 8ρ2

2
√
ρ (1 + ρ)

≥
−8− 8

(∥ȳ∥
2

∥x̄∥
2

)2

2

√
∥ȳ∥

2

∥x̄∥
2

(
1 +
∥ȳ∥

2

∥x̄∥
2

) =
−8∥x̄∥2

2
− 8∥ȳ∥2

2√
4∥x̄∥

2
∥ȳ∥

2
(∥x̄∥

2
+ ∥ȳ∥

2
)
.

If x̄ and ȳ are not parallel, then Cauchy inequality implies that 4∥x̄∥
2
∥ȳ∥

2
≥

2∥x̄∥
2
∥ȳ∥

2
− 2x̄⊤ȳ > 0. Thus, it follows from the last inequality that

−4 ≥
−8∥x̄∥2

2
− 8∥ȳ∥2

2√
2∥x̄∥

2
∥ȳ∥

2
− 2x̄⊤ȳ

(
∥x̄∥

2
+ ∥ȳ∥

2

) .
Combining the previous equality with (3.36) we obtain that

1

∥x̄∥
2
+ ∥ȳ∥

2

b̄⊤ (x̄+ ȳ) + bn+1 ≥ λ
−8∥x̄∥2

2
− 8∥ȳ∥2

2√
2∥x̄∥

2
∥ȳ∥

2
− 2x̄⊤ȳ

(
∥x̄∥

2
+ ∥ȳ∥

2

) ,
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which, after some algebraic manipulations, can be rewritten equivalently as follows

8λ∥x̄∥2
2
+ 8λ∥ȳ∥2

2
+
√
2
(
∥x̄∥

2
∥ȳ∥

2
− x̄⊤ȳ

) [
b̄⊤ (x̄+ ȳ) + bn+1

(
∥x̄∥

2
+ ∥ȳ∥

2

)]
≥ 0.

(3.37)

The last inequality holds for any x̄, ȳ ∈ Rn, since it is also true for x̄ and ȳ parallel

or if any of x and y is zero. To proceed, note that by using (1.2) and (3.27) we

conclude that all x, y ∈ ∂L can be written

x :=

 x̄

∥x̄∥2

 ∈ Rn+1, y :=

 ȳ

∥ȳ∥2

 ∈ Rn+1. (3.38)

In addition, for any x, y ∈ ∂L, we have

4x⊤Ax+4y⊤Ay+
√
−2x⊤Jy b⊤(x+y)=4x⊤(A+µJ)x+4y⊤(A+µJ)y+

√
−2x⊤Jy b⊤(x+y).

On the other hand, since A− λI + µJ is positive semidefinite we obtain

4x⊤(A+ µJ)x+ 4y⊤(A+ µJ)y ≥ 4λx⊤x+ 4λy⊤y, ∀x, y ∈ Rn+1,

which combined with the last equality yields

4x⊤Ax+ 4y⊤Ay +
√
−2x⊤Jy b⊤(x+ y) ≥ 4λx⊤x+ 4λy⊤y +

√
−2x⊤Jy b⊤(x+ y)

(3.39)
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for any x, y ∈ Rn+1. Now, by using (3.38), we obtain after some calculations that

4λx⊤x+ 4λy⊤y +
√
−2x⊤Jy b⊤(x+ y) = 8λ∥x̄∥2

2
+ 8λ∥ȳ∥2

2

+
√

2
(
∥x̄∥

2
∥ȳ∥

2
− x̄⊤ȳ

) [
b̄⊤ (x̄+ ȳ) + bn+1

(
∥x̄∥

2
+ ∥ȳ∥

2

)]
.

for any x, y ∈ ∂L. Thus, combining (3.37) and (3.39) with the previous equality

we obtain that

4x⊤Ax+ 4y⊤Ay +
√
−2x⊤Jy b⊤(x+ y) ≥ 0, ∀x, y ∈ ∂L.

Therefore, by applying Proposition 15, we conclude that f is hyperbolically convex.

Proof of item (iii): It is a particular case of (ii) with A = I, λ = 0 and

µ = 1.

Corollary 12. Let A = A⊤ ∈ R(n+1)×(n+1), b := (b̄⊤, bn+1)
⊤ ∈ Rn+1, c ∈ R and

f : Hn → R be defined by f(p) = p⊤Ap + b⊤p + c. If there exists a µ ∈ R such

that

A− 1

4
(
∥∥b̄∥∥

2
− bn+1)

+I + µJ

is positive semidefinite, then f is hyperbolically convex.

Proof. If b ∈ L, then 1
4
(
∥∥b̄∥∥

2
− bn+1)

+I = 0. Thus, in this case, we are under the

following assumptions: b ∈ L and A + µJ is positive semidefinite. Therefore, it

follows from items (i) and (vi) of Proposition 17 that f is hyperbolically convex.

Now, assume that b /∈ L. In this case, by setting

λ =
1

4
(
∥∥b̄∥∥

2
− bn+1)

+ =
1

4
(
∥∥b̄∥∥

2
− bn+1).
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we conclude that

b+ 4λen+1 =

 b̄∥∥b̄∥∥
2

 ∈ L.
In this case, by applying item (ii) of Theorem 3, we also obtain that f is hyper-

bolically convex.

Example 8. Let A = A⊤ ∈ R(n+1)×(n+1), b := (b̄⊤, bn+1)
⊤ ∈ Rn+1, c ∈ R and f :

Hn → R be defined by f(p) = p⊤Ap+b⊤p+c. For all b /∈ L, we can construct many

examples of hyperbolically convex quadratic functions f . Indeed, take any b /∈ L,

any µ ∈ R, any positive semidefinite matrix P and A = P + 1
4
(
∥∥b̄∥∥

2
−bn+1)

+I+µJ.

Then, the hyperbolic convexity of f follows from Corollary 12.

Corollary 13. Let A = A⊤ ∈ R(n+1)×(n+1), b ∈ Rn+1, c ∈ R and f : Hn → R be

defined by f(p) = p⊤Ap+ b⊤p+ c. If f is hyperbolically convex, then

bn+1 ≥ −4∥A∥2

Proof. From item (i) of Theorem 3 it follows that the function h(p) = p⊤p +(
bA
)⊤
p+ c is hyperbolically convex, where

bA =
1

∥A∥
2

b. (3.40)

Applying Corollary 11 with f = h, it follows that

Ī +

(
1 +

1

2
bAn+1

)
Ī ∈ Rn×n

is positive semidefinite, which implies that 2+(1/2)bAn+1 ≥ 0. Therefore, it follows
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from (3.40) that 2 + (1/2)(bn+1/∥A∥2) ≥ 0, which is equivalent to the required

inequality.

Corollary 14. Let A = A⊤ ∈ R(n+1)×(n+1), b ∈ Rn+1, c ∈ R and f : Hn → R be

defined by f(p) = p⊤Ap+ b⊤p+ c. Then, the following statements hold:

(i) If f is hyperbolically convex, then there exists a µ ∈ R such that A+ µJ is

positive semidefinite and λmax(A+ µJ) ≥ 1
4
b−n+1.

(ii) If there exists a µ ∈ R such that λmin(A+ µJ) ≥ 1
4
(
∥∥b̄∥∥

2
− bn+1)

+, then f is

hyperbolically convex. In particular, if b̄ = 0 and there exists a λ ∈ R such

that λmin(A+ µJ) ≥ 1
4
b−n+1, then f is hyperbolically convex.

Proof. Proof of item (i): Suppose that f is hyperbolically convex. From Proposi-

tion 14 it follows that there exists a µ ∈ R such that A+µJ is positive semidefinite.

Since

f(p) = p⊤(A+ µJ)p+ b⊤p+ c+ µ

for any p ∈ Hn, is hyperbolically convex, it follows from Corollary 13 that

bn+1 ≥ −4∥A+ µJ∥
2
= −4λmax(A+ µJ). (3.41)

If bn+1 ≥ 0, then λmax(A+ µJ) ≥ 0 = 1
4
b−n+1. On the other hand, if bn+1 < 0, then

(3.41) implies that λmax(A+ µJ) ≥ 1
4
b−n+1, which concludes the proof of item (i).

Proof of item (ii): Assume that there exists a λ ∈ R such that λmin(A+ λJ) ≥
1
4
(
∥∥b̄∥∥

2
− bn+1)

+. Then, the following matrix

A− 1

4
(
∥∥b̄∥∥

2
− bn+1)

+I + λJ
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is positive semidefinite. Hence, by applying Corollary 12, we conclude that f is

hyperbolically convex, which concludes the proof.

Proposition 20. Let ρ, c ∈ R and f : Hn → R be defined by f(p) = p⊤p+ρpn+1+

c. Then, f is hyperbolically convex if and only if ρ ≥ −4.

Proof. By applying Corollary 14 with A = I, µ = 0, b̄ = 0 and bn+1 = ρ, the result

follows.

To state the next theorem it is convenient to introduce the following notation:

Denote by w ̸∥ z that neither of the vectors w and z is a nonnegative multiple of

the other one.

Theorem 4. Let A = A⊤ ∈ R(n+1)×(n+1), b ∈ Rn+1, c ∈ R and f : Hn → R be

defined by f(p) = p⊤Ap+ b⊤p+ c. Define

φ
(
b̄, A

)
= inf x̄,ȳ∈Rn

x̄ ̸∥ȳ

[
4(x̄⊤Āx̄+ȳ⊤Āȳ)+8ā⊤(∥x̄∥

2
x̄+∥ȳ∥

2
ȳ)+4σ(∥x̄∥2

2
+∥ȳ∥2

2
)

(∥x̄∥
2
+∥ȳ∥

2
)
√

2(∥x̄∥
2
∥ȳ∥

2
−x̄⊤ȳ)

+ b̄⊤(x̄+ȳ)
∥x̄∥

2
+∥ȳ∥

2

]
.

Then, f is hyperbolically convex if and only if

bn+1 + φ
(
b̄, A

)
≥ 0.

In particular, if A = I, then f is hyperbolically convex if and only if

bn+1 + φ
(
b̄
)
≥ 0,

where

φ
(
b̄
)
= inf

x̄,ȳ∈Rn
x̄ ̸∥ȳ

 8
(
∥x̄∥2

2
+ ∥ȳ∥2

2

)
(
∥x̄∥

2
+ ∥ȳ∥

2

)√
2
(
∥x̄∥

2
∥ȳ∥

2
− x̄⊤ȳ

) +
b̄⊤(x̄+ ȳ)

∥x̄∥
2
+ ∥ȳ∥

2

 .
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Proof. It follows from Proposition 18 that f is hyperbolically convex, if and only

if

4x̄⊤(Ā+ σĪ)x̄+ 4ȳ⊤(Ā+ σĪ)ȳ + 8ā⊤
(
∥x̄∥

2
x̄+ ∥ȳ∥

2
ȳ
)

+
√

2∥x̄∥
2
∥ȳ∥

2
− 2x̄⊤ȳ

(
b̄⊤(x̄+ ȳ) + bn+1

(
∥x̄∥

2
+ ∥ȳ∥

2

))
≥ 0,

for all x̄, ȳ ∈ Rn. The first statement follows after dividing the last inequality by

the quantity (
∥x̄∥

2
+ ∥ȳ∥

2

)√
2
(
∥x̄∥

2
∥ȳ∥

2
− x̄⊤ȳ

)
and then using the definition of the infimum. The second statement is a particular

instance of the first one.

Corollary 15. Let A = A⊤ ∈ R(n+1)×(n+1) be a nonzero matrix, b ∈ Rn+1, c ∈ R,

f : Hn → R be defined by f(p) = p⊤Ap + b⊤p + c and h : Hn → R be defined by

h(p) = p⊤Ap. Then, the following statements hold:

(i) If λmin(Ā) + σ ≥ 2∥ā∥
2
and bn+1 ≥

∥∥b̄∥∥
2
+ 4∥ā∥

2
− 2λmin(Ā)− 2σ, then f is

hyperbolically convex. In particular, if A = I and bn+1 ≥
∥∥b̄∥∥

2
− 4, then f is

hyperbolically convex.

(ii) If λmin(Ā) + σ ≥ 2∥ā∥
2
, then h is hypebolically convex.

Proof. Proof of item (i): By using the notations of Theorem 2 and triangular and
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Cauchy inequality we have

φ
(
b̄, A

)
≥ inf

x̄,ȳ∈Rn
x̄ ̸∥ȳ

4(x̄⊤Āx̄+ ȳ⊤Āȳ
)
+8ā⊤

(
∥x̄∥

2
x̄+∥ȳ∥

2
ȳ
)
+4σ

(
∥x̄∥2

2
+∥ȳ∥2

2

)
2
(
∥x̄∥

2
+ ∥ȳ∥

2

)√
∥x̄∥

2
∥ȳ∥

2

−
∥∥b̄∥∥

2


≥ −

∥∥b̄∥∥
2
+ inf

x̄,ȳ∈Rn
x̄ ̸∥ȳ

(
2λmin(Ā)− 4∥ā∥

2
+ 2σ

)
(∥x̄∥2

2
+ ∥ȳ∥2

2
)(

∥x̄∥
2
+ ∥ȳ∥

2

)√
∥x̄∥

2
∥ȳ∥

2

Considering that λmin(Ā) + σ ≥ 2∥ā∥
2
we obtain from the last inequality that

φ
(
b̄, A

)
≥ −

∥∥b̄∥∥
2
+
(
2λmin(Ā)− 4∥ā∥

2
+ 2σ

)
inf

x̄,ȳ∈Rn
x̄ ̸∥ȳ

∥x̄∥2
2
+ ∥ȳ∥2

2(
∥x̄∥

2
+ ∥ȳ∥

2

)√
∥x̄∥

2
∥ȳ∥

2

.

(3.42)

Taking into account that

inf
x̄,ȳ∈Rn
x̄ ̸∥ȳ

∥x̄∥2
2
+ ∥ȳ∥2

2(
∥x̄∥

2
+ ∥ȳ∥

2

)√
∥x̄∥

2
∥ȳ∥

2

≥ 1,

it follows from (3.42) that φ
(
b̄, A

)
≥ −

∥∥b̄∥∥
2
+ 2λmin(Ā)− 4∥ā∥

2
+ 2σ. Therefore,

considering that bn+1 ≥
∥∥b̄∥∥

2
+4∥ā∥

2
−2λmin(Ā)−2σ, we conclude that φ

(
b̄, A

)
≥

−bn+1 or equivalently that bn+1 + φ
(
b̄, A

)
≥ 0. Hence, applying Theorem 4 we

obtain that f is hyperbolically convex and the first statement of item (i) is proved.

The second statement is an immediate consequence of the first one.

Proof of item (ii): Choose bn+1 ≥
∥∥b̄∥∥

2
+4∥ā∥

2
−2λmin(Ā)−2σ. It follows from

item (i) that f is hyperbolically convex. Then, Corollary 7 implies that h is also

hyperbolically convex.

Remark 8. Item (ii) of Corollary 15 improves item (iii) of [20, Theorem 5.2],

where the inequality is strict.
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Example 9. For the particular case in item (i) of Corollary 15, by taking A = I

any b̄ ∈ Rn and bn+1 ∈
[∥∥b̄∥∥

2
− 4,

∥∥b̄∥∥
2

)
, another large class of hyperbolically

convex quadratic functions f with b /∈ L follows.

Corollary 16. Let n ≥ 3 be an integer, A = A⊤ ∈ R(n+1)×(n+1) be a nonzero

matrix, b ∈ Rn+1, c ∈ R, f : Hn → R be defined by f(p) = p⊤Ap+ b⊤p+ c. If f is

hyperbolically convex, then

bn+1 ≥

∥∥b̄∥∥
2

2
+ 2
√
2
ā⊤b̄∥∥b̄∥∥

2

−
√
2
b̄⊤Āb̄∥∥b̄∥∥2

2

−
√
2 λmax(Ā)− 2

√
2 σ. (3.43)

In particular if f is hyperbolically convex and A = I, then

bn+1 ≥

∥∥b̄∥∥
2

2
− 4
√
2 . (3.44)

Proof. We will use the notation of Theorem 4. We have

φ(b̄, A) = inf
x̄,ȳ∈Rn
x̄ ̸∥ȳ

ψ(x̄, ȳ, b̄, A),

where

ψ(x̄, ȳ, b̄, A) =
4
(
x̄⊤Āx̄+ ȳ⊤Āȳ

)
+ 8ā⊤

(
∥x̄∥

2
x̄+ ∥ȳ∥

2
ȳ
)
+ 4σ

(
∥x̄∥2

2
+ ∥ȳ∥2

2

)
(
∥x̄∥

2
+ ∥ȳ∥

2

)√
2
(
∥x̄∥

2
∥ȳ∥

2
− x̄⊤ȳ

)
+

b̄⊤(x̄+ ȳ)

∥x̄∥
2
+ ∥ȳ∥

2
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Hence, ψ(x̄, ȳ, b̄, A) ≤ ζ(x̄, ȳ, b̄, A), where

ζ(x̄, ȳ, b̄, A) =
4
(
x̄⊤Āx̄+λmax(Ā)∥ȳ∥22

)
+ 8ā⊤

(
∥x̄∥

2
x̄+∥ȳ∥

2
ȳ
)
+4σ

(
∥x̄∥2

2
+∥ȳ∥2

2

)
(
∥x̄∥

2
+ ∥ȳ∥

2

)√
2
(
∥x̄∥

2
∥ȳ∥

2
− x̄⊤ȳ

)
+

b̄⊤(x̄+ ȳ)

∥x̄∥
2
+ ∥ȳ∥

2

and φ(b̄, A) ≤ inf x̄,ȳ∈Rn
x̄ ̸∥ȳ

ζ(x̄, ȳ, b̄, A) ≤ ζ(x̄, ȳ, b̄, A) for any x̄, ȳ ∈ Rn with x̄ ̸∥ ȳ.

Thus, Theorem 4 implies

bn+1 + ζ(x̄, ȳ, b̄, A) ≥ bn+1 + φ(b̄, A) ≥ 0. (3.45)

Let x̄ := −b̄ and ȳ ∈ Rn such that ȳ⊤ā = 0, ȳ⊤b̄ = 0 and ∥y∥
2
= ∥b∥

2
. Then, a

simple calculation yields that the right hand side of equation (3.43) is−ζ(x̄, ȳ, b̄, A).

Hence, (3.43) follows from (3.45) and (3.44) is a simple consequence of (3.43).

3.4 Optimization concepts on hyperbolic space

In this section we present some concepts of optimization related to hyperbolically

convex function. In order to do that, consider a differentiable function f : Hn → R

and the following unconstrained optimization problem

Minimizep∈Hnf(p). (3.46)

It follows from (1.12) that a necessary optimality condition for the unconstrained

problem (3.46) is: [
I + pp⊤J

]
J ·Df(p) = 0. (3.47)
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Remark 9. If f is a hyperbolically convex function, then Proposition 7 implies

that all points satisfying (3.47) are global solutions of problem (3.46), i.e., (3.47)

is also a sufficient optimality condition.

Let C ⊂ Hn be a hyperbolically convex set and consider the constrained opti-

mization problem:

Minimizep∈Cf(p). (3.48)

In the following proposition we state the necessary optimality condition for the

problem (3.48).

Proposition 21. If the point p̄ ∈ C is a solution of problem (3.48), then

〈
[I + p̄p̄⊤J]J ·Df(p̄), p

〉
≥ 0, ∀ p ∈ C,

where Df(p̄) ∈ Rn+1 is the usual gradient of f at p̄.

Proof. Take p ∈ C and let p̄ ∈ C be a solution to (3.48). Let [0, 1] ∋ t 7→ γp̄p(t) =

expp̄(t logp̄ p), be the geodesic from p̄ to p. Since C is hyperbolically convex and

p, p̄ ∈ C, we conclude that γp̄p(t) ∈ C for all t ∈ [0, 1]. Hence, as p̄ ∈ C is a solution

to the problem in (3.48), we have (f(γp̄p(t))− f(p̄))/t ≥ 0, for all t ∈ [0, 1]. Thus,

taking the limit when t tends to zero, we obtain, by using (1.14) and γ′p̄p(0) = logp̄ p,

that ⟨grad f(p̄), logp̄ p⟩ ≥ 0. Therefore, the result follows from (1.11) and (1.12),

by taking into account that arcosh(−⟨p̄, p⟩) ≥ 0.

Proposition 22. Let f be a hyperbolically convex function in C. The point p̄ ∈ C
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is a solution of the problem in (3.48) if and only if

〈
[I + p̄p̄⊤J]J ·Df(p̄), p

〉
≥ 0, ∀ p ∈ C,

where Df(p̄) ∈ Rn+1 is the usual gradient of f at p̄.

Proof. If the point p̄ ∈ C is a solution of (3.48), then the inequality follows from

Proposition 21. Conversely, take p, p̄ ∈ C, p ̸= p̄ and assume that
〈
[I + p̄p̄⊤J]J ·

Df(p̄), p
〉
≥ 0. As f is hyperbolically convex in C, we conclude from Proposition 7

that

f(p) ≥ f(p̄) +
arcosh(−⟨p̄, p⟩)√

1− ⟨p̄, p⟩2
〈
[I + p̄p̄⊤J]J ·Df(p̄), p

〉
, ∀ p ∈ C, p ̸= p̄.

Since
〈
[I + p̄p̄⊤J]J · Df(p̄), p

〉
≥ 0 and arcosh(−⟨p̄, p⟩) ≥ 0, the latter inequality

implies that f(p) ≥ f(p̄), for all p ∈ C. Therefore, p̄ is a global solution of the

problem in (3.48).

Next we present an equivalent form for Proposition 3, whose proof follows by

combining Proposition 9 with Lemma 9, Proposition 22 and (1.18),

Corollary 17. Let C ⊆Hn be a closed hyperbolically convex set and p̄ ∈ Hn.

Consider the function Hn ∋ p 7→ ρp̄(p) :=
1
2
d2p̄(p) defined in (1.21). Then, PC(p̄) =

argminp∈C ρp̄(p) if and only if

〈(
I + PC(p̄)PC(p̄)

⊤J
)
p̄, p
〉
≤ 0, ∀p ∈ C.

For f : Hn → R and gi : Hn → Rm, i = 1, . . . ,m differentiable hyperbolically
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convex functions and

C = {p ∈ Rn : gi(p) ≤ 0, i = 1, . . . ,m}

a hyperbolically convex set, see Remark 5. Consider the following particular in-

stance of the hyperbolically convex optimization problem (3.48):

Minimizex∈Cf(x). (3.49)

Proposition 23. Suppose that p̄ ∈ C and there exists µ = (µ1, . . . , µm) ∈ Rm
+

such that

[
I + p̄p̄⊤J

] [
J ·Df(p̄) +

m∑
i=1

µiJ ·Dgi(p̄)
]
= 0,

m∑
i=1

µigi(p̄) = 0, (3.50)

where Df(p̄) ∈ Rn+1 is the usual gradient of f at p̄. Then p̄ is a solution of the

problem (3.49).

Proof. Since f, gi : Hn → R are hyperbolically convex functions and µi ≥ 0, for

i = 1, . . . ,m, it follows that h : Hn → R defined by

h(p) = f(p) +
m∑
i=1

µigi(p)

is hyperbolically convex. Moreover, f(p) ≥ h(p), for all p ∈ C. Now, from the

first equality in (3.50) we obtain that
[
I + pp⊤J

]
J · Dh(p̄) = 0. Thus, since h is

hyperbolically convex, we can apply Proposition 22 with f = h and C = Rn+1

to conclude that p̄ is a minimizer of h in Rn+1. Hence, from f(p) ≥ h(p), for all

p ∈ C and the second equality in (3.50), we have f(p) ≥ h(p) ≥ h(p̄) = f(p̄), for
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all p ∈ C. Since p̄ ∈ C, the last inequality implies that it is a solution of (3.49).

Remark 10. If p̄ is a solution of the problem (3.49), then under mild conditions

on the problem (3.49) the point p̄ satisfies (3.50), for details see [52, Section 9];

see also [58, Theorem 4.4].

3.5 Conclusion

In this chapter, a comprehensive study of convex quadratic functions on hyper-

bolic spaces was conducted. Although some of the ideas are similar to those in

the papers [16,19], the convex functions in hyperbolic spaces turned out to have a

completely different structure. For instance, there is no constant globally convex

function on the whole sphere, but there are many such functions on the hyper-

bolic space, as demonstrated in Section 3.2. Section 3.3 focused on characteriz-

ing non-homogeneous quadratic functions on the hyperbolic space, complementing

the findings presented in Section 3.2. Unlike in Euclidean space, studying non-

homogeneous quadratic functions in hyperbolic space is more complex than study-

ing homogeneous quadratic functions. This complexity arises because adding a

linear term to a hyperbolically convex homogeneous function can cause the newly

formed non-homogeneous quadratic function to lose its hyperbolic convexity. We

concluded this chapter by presenting optimization concepts related to hyperboli-

cally convex functions in Section 3.4, which will be further studied in Section 4.3.
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CHAPTER 4

HYPERBOLIC SPACE FORMS

In this chapter1 we rescale the Lorentzian metric to have constant negative cur-

vature −κ with κ > 0, which turns the hyperbolic space into the κ-hyperbolic

space forms. This part, a continuation of Chapter 2, addresses the natural coun-

terpart in hyperbolic space forms of the problem presented in [15], which involves

computing a projection formula into a convex set of the sphere. However, as we

will see, the problem in hyperbolic space forms is considerably more difficult. We

will propose and analyse two intrinsic versions of the gradient projection method,

one with constant step sizes and the other with backtracking step sizes, to solve

problems constrained to convex sets and for potentially non-convex objective func-

tions in κ-hyperbolic space forms with a constant sectional curvature −κ < 0. We

begin by reviewing some fundamental properties of κ-hyperbolic space forms and

then present novel properties of the intrinsic κ-projection into convex sets of κ-

hyperbolic space forms. These properties are essential for analysing the gradient

projection method and have intrinsic importance of their own. Specifically, we

1The main result in this chapter is based on a submitted paper, which is joint work with
Ferreira, O.P.and Németh, S.Z.
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introduce the concept of the Lorentz projection and establish the relationship be-

tween the intrinsic κ-projection, the Lorentz projection, and the Euclidean orthog-

onal projection. Additionally, we provide formulas for the intrinsic κ-projection

into specific convex sets using the Euclidean orthogonal projection and the Lorentz

projection. Concerning the convergence results obtained from the gradient pro-

jection method, we demonstrate that every accumulation point of the sequence

generated by the method with backtracking step sizes is a stationary point for

the problem. Under the assumption of Lipschitz continuity of the gradient of the

objective function, we show that each accumulation point of the sequence gen-

erated by the gradient projection method with constant step size is a stationary

point. Furthermore, we provide an iteration complexity bound that characterizes

the number of iterations needed to achieve a suitable measure of stationarity for

both step sizes. It is important to emphasize that the findings presented here do

not rely on the convexity or coercivity of the objective function, nor on the com-

pactness of the constraint set. We also explore the properties of the constrained

version of the problem of computing the centre of mass, commonly referred to as

the Fermat-Weber problem. Specifically, we demonstrate that the sequence gen-

erated by the gradient projection method with backtracking step sizes converges

to the unique solution of this problem.

4.1 Basics results about the κ-hyperbolic space

forms

In this section, we provide a review of the notations, definitions, and basic results

related to the geometry of the κ-hyperbolic space forms that are utilized through-
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out the chapter. We present simplified proofs of a few of these results, as they are

commonly presented in more general contexts in the existing literature. Hence,

this section constitutes a review of the helpful κ-hyperbolic space forms results

used in optimization. The introductory books on Riemannian and Differential Ge-

ometry that we refer to in this section are [6] and [47], and we also draw insights

from [7].

Denote Rm
+ = {x = (x1, . . . , xm) ∈ Rm : x1 ≥ 0, . . . , xm ≥ 0} the nonnegative

orthant of Rm. Let {v1, v2, . . . , vm} be a set of vectors of Rm. Then, the cone

defined by

cone
{
v1, . . . , vm

}
:=
{
λ1v

1 + · · ·+ λmv
m : λ1 ≥ 0, . . . , λm ≥ 0

}
,

is called a simplicial cone or finitely generated cone. Let K ⊆ Rn+1 be a convex

cone. The Euclidean orthogonal projection set-valued mapping ΠK : Rn+1 ⊸ K

into K is defined by

ΠK(x) :=

{
y ∈ Rn+1 : y = argmin

z∈K

√
(x− z)⊤(x− z)

}
, (4.1)

Since K is convex, ΠK(x) is either an empty set or contains a single point. More-

over, it is well known that, if y ∈ ΠK(x) then

(x− y)⊤z ≤ 0, ∀ z ∈ K and (x− y)⊤y = 0, (4.2)

see for example [29, Theorem 3.1.1]. Whenever the set K is closed and convex,

the projection set is nonempty and has a unique point, which is characterised by
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(4.2). In this case, we use the notation

ΠK(x) = argmin
z∈K

√
(x− z)⊤(x− z).

Let α ≥ 1 be a real constant. Denote the α-circular cone Lα by

Lα =

{
(x1, . . . , xn, xn+1) ∈ Rn+1 : xn+1 ≥ α

√
x21 + · · ·+ x2n

}
. (4.3)

When α = 1, the α-circular cone Lα is known as the Lorentz cone and will simply

be denoted by L. Note that, for all α > 1, we have Lα ⊆ int(L) and it is a closed

and convex cone.

Remark 11. From (4.3) with α = 1 and (1.4) we have L = {x := (x1, . . . , xn+1)
⊤ ∈

Rn+1 : ⟨x, x⟩ ≤ 0, xn+1 ≥ 0}. Furthermore, ⟨x, y⟩ < 0, for all x ∈ L and all

y ∈ intL = {x := (x1, . . . , xn+1)
⊤ ∈ Rn+1 : ⟨x, x⟩ < 0, xn+1 > 0},

because ⟨x, y⟩ = −y⊤(−Jx), −Jx ∈ −JL = L and L is self-dual.

Throughout the chapter, for a given κ > 0, the n-dimensional κ-hyperbolic

space form and its tangent hyperplane at p are denoted by

Hn
κ :=

{
p ∈ Rn+1 : ⟨p, p⟩ = −1

κ
, pn+1 > 0

}
, TpHn

κ :=
{
v ∈ Rn+1 : ⟨p, v⟩ = 0

}
,

(4.4)

respectively. It is worth noting that the Lorentzian inner product is not positive

definite in the entire space Rn+1. However, one can show that its restriction to

the tangent spaces of Hn
κ is positive definite; see [7, Section 7.6]. Consequently, we

have ∥v∥ > 0 for all v ∈ TpHn
κ and all p ∈ Hn

κ with v ̸= 0. Hence, ⟨·, ·⟩ and ∥ · ∥ are
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in fact a positive inner product and the associated norm in TpHn
κ, for all p ∈ Hn

κ.

Therefore, (1.4) actually defines a Riemannian metric on Hn
κ, see [8, pp. 67].

Moreover, ⟨p, q⟩ ≤ −1/κ, for all p, q ∈ Hn
κ and ⟨p, q⟩ = −1/κ if and only if p = q.

The Lorentzian projection into TpHn
κ is the linear mapping Projκp : Rn+1 → TpHn

κ

defined by

Projκp x := x+ κ⟨p, x⟩p, (4.5)

i.e., Projκp := I + κpp⊤J, where I ∈ R(n+1)×(n+1) is the identity matrix.

Remark 12. The Lorentzian projection (4.5) is self-adjoint with respect to the

Lorentzian inner product (1.4). Indeed,
〈
Projκp u, v

〉
=
〈
u,Projκp v

〉
, for all u, v ∈

Rn+1 and all p ∈ Hn
κ. Moreover, we also have Projκp Proj

κ
p = Projκp , for all p ∈ Hn

κ.

The intrinsic κ-distance on the κ-hyperbolic space form between two points

p, q ∈ Hn
κ is given by

dκ(p, q) :=
1√
κ
arcosh(−κ ⟨p, q⟩). (4.6)

It can be shown that (Hn
κ, dκ) is a complete metric space, so that dκ(p, q) ≥ 0 for

all p, q ∈ Hn
κ, and dκ(p, q) = 0 if and only if p = q. Moreover, (Hn

κ, d) has the same

topology as Rn and (Hn
κ, ⟨·, ·⟩) is a Riemannian manifold with constant sectional

curvature −κ < 0. Next we give two standard notations. We denote the open and

closed ball of radius δ > 0 and center p ∈ Hn
κ by Bδ(p) := {q ∈ Hn

κ : dκ(p, q) < δ}

and B̄δ(p) := {q ∈ Hn
κ : dκ(p, q) ≤ δ}, respectively. The intersection curve of

a plane though the origin of Rn+1 with Hn
κ is called a geodesic. Moreover, each

geodesic segment γ : [a, b] → Hn
κ is minimal, i.e., its arc length is equal to the

intrinsic distance ℓ(γ) = arcosh(−⟨γ(a), γ(b)⟩κ) between its end points. We say
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that γ is a normalized geodesic if ∥γ′∥ = 1. If p, q ∈ Hn
κ and q ̸= p, then the unique

geodesic segment from p to q is

γpq(t) =

cosh(
√
κt) +

κ ⟨p, q⟩ sinh(
√
κt)√

κ2 ⟨p, q⟩2 − 1

 p+
sinh(

√
κt)√

κ2 ⟨p, q⟩2 − 1
q, ∀t ∈ [0, dκ(p, q)].

The κ-exponential mapping expκ
p : TpHn

κ → Hn
κ is defined by expκ

p v = γv(1),

where γv is the geodesic defined by its initial position p, with velocity v at p.

Hence, expκ
p v = p for v = 0, and

expκ
p v := cosh(

√
κ∥v∥) p+ sinh(

√
κ∥v∥) v√

κ∥v∥
, ∀v ∈ TpHn

κ \ {0}.

It is easy to prove that γtv(1) = γv(t) for any values of t. Therefore, for all t ∈ R

we have

expκ
p tv := cosh(t

√
κ∥v∥) p+ sinh(t

√
κ∥v∥) v√

κ∥v∥
, ∀v ∈ TpHn

κ \ {0}. (4.7)

We will also use the expression above for denoting the geodesic starting at p ∈ Hn
κ

with velocity v ∈ TpHn
κ at p. The inverse of the κ-exponential mapping is given by

logκp q = 0, for q = p, and

logκp q :=

√
κdκ(p, q)√

κ2 ⟨p, q⟩2 − 1
Projκp q = dκ(p, q)

Projκp q

∥Projκp q∥
, q ̸= p. (4.8)

It follows from (4.8) that

dκ(p, q) = ∥ logκp q∥, p, q ∈ Hn
κ. (4.9)
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In the next lemma, we recall the well-known “cosine law” for triangles in the

κ-hyperbolic space form. Although the proof is a straightforward application of

(4.8), we include it here for the sake of completeness.

Lemma 13. Let x, y, z ∈ Hn
κ. Let θx be the angle between the vectors logκx y and

logκx z. Then,

cosh(
√
κdκ(y, z)) = cosh(

√
κdκ(x, y)) cosh(

√
κdκ(x, z))

− sinh(
√
κdκ(x, y)) sinh(

√
κdκ(x, z)) cos θx.

Proof. First we apply (4.9) to obtain that ⟨logκx y, logκx z⟩ = dκ(x, y)dκ(x, z) cos θx.

Now, by using (4.8) we obtain that

⟨logκx y, logκx z⟩ =
√
κdκ(x, y)√

κ2 ⟨x, y⟩2 − 1

√
κdκ(x, z)√

κ2 ⟨x, z⟩2 − 1

〈(
I + κxx⊤J

)
y,
(
I + κxx⊤J

)
z
〉
.

By combining the two previous inequalities and performing some manipulations,

we obtain that

cos θx =
1√

κ2 ⟨x, y⟩2 − 1

1√
κ2 ⟨x, z⟩2 − 1

(⟨y, z⟩+ κ ⟨x, z⟩ ⟨y, x⟩) .

Since κ ⟨y, z⟩ = − cosh(
√
κdκ(y, z)), κ ⟨x, z⟩ = − cosh(

√
κdκ(x, z)) and κ ⟨y, x⟩ =

− cosh(
√
κdκ(y, x)), the desired equality follows.

In the following, we will recall the well-known “comparison theorem” for tri-

angles in the κ-hyperbolic space form, as stated in [48, Proposition 4.5]. However,

we will provide a direct proof of the theorem using Lemma 13 as a reference.
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Lemma 14. The following inequality holds:

d2κ(x, y) + d2κ(x, z)− 2 ⟨logκx y, logκx z⟩ ≤ d2κ(y, z), ∀x, y, z ∈ Hn
κ. (4.10)

Proof. If we have two equal points, the inequality holds. Then, without loss of

generality, assume that the three points are pairwise different. Let θx be the angle

between the vectors logκx y and logκx z. Thus, by using (4.9) we conclude that

⟨logκx y, logκx z⟩ = dκ(x, y)dκ(x, z) cos θx. Hence, (4.10) is equivalent to

√
d2κ(x, y) + d2κ(x, z)− 2dκ(x, y)dκ(x, z) cos θx ≤ dκ(y, z), ∀x, y, z ∈ Hn

κ.

(4.11)

Since the function [0,+∞) ∋ t 7→ cosh(t) is increasing the inequality (4.11) is

equivalent to

cosh
√
κ (d2κ(x, y) + d2κ(x, z)− 2dκ(x, y)dκ(x, z) cos θx) ≤ cosh

(√
κdκ(y, z)

)
,

(4.12)

for all x, y, z ∈ Hn
κ. On the other hand, it follows from Lemma 13 that

cosh(
√
κdκ(y, z)) = cosh(

√
κdκ(x, y)) cosh(

√
κdκ(x, z))

− sinh(
√
κdκ(x, y)) sinh(

√
κdκ(x, z)) cos θx

Hence, by combining (4.12) with the last equality, we conclude that (4.10) is also
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equivalent to

cosh
√
κ (d2κ(x, y) + d2κ(x, z)− 2dκ(x, y)dκ(x, z) cos θx) ≤

cosh(
√
κdκ(x, y)) cosh(

√
κdκ(x, z))− sinh(

√
κdκ(x, y)) sinh(

√
κdκ(x, z)) cos θx,

(4.13)

for all x, y, z ∈ Hn
κ. Therefore, our task is reduced to proving the inequality

(4.13). For simplifying the notations, we set a :=
√
κdκ(x, y), b :=

√
κdκ(x, z) and

t := cos θx. In view of (4.13), define the auxiliary function ϕ : [−1, 1] → R as

follows

ϕ(t) := cosh a cosh b− t sinh a sinh b− coshφ(t),

where φ(t) :=
√
a2 + b2 − 2abt. Hence, to prove (4.13) it is sufficient to show that

ϕ(t) ≥ 0, for all t ∈ [−1, 1]. To accomplish this, we first observe that ϕ(−1) =

cosh(a+ b)− cosh(a+ b) = 0 and ϕ(1) = cosh(a− b)− cosh |a− b| = 0. Moreover,

we have

ϕ′′(t) = (ab)2
sinhφ(t)− φ(t) coshφ(t)

φ(t)3
. (4.14)

Since a, b > 0, we have a2+ b2−2abt = (a− b)2+2ab(1− t) > 0, for all t ∈ (−1, 1).

Thus, φ(t) > 0, for all t ∈ (−1, 1). By considering that sinh τ < τ cosh τ , for all

τ > 0, it follows from (4.14) that ϕ′′(t) < 0, for all t ∈ (−1, 1). Therefore, ϕ is

concave function in t ∈ (−1, 1) and taking into account that ϕ(−1) = ϕ(1) = 0 we

conclude that ϕ(t) ≥ 0, for all t ∈ [−1, 1], which implies the desired inequality.

Let Ω ⊆ Hn
κ be an open set and f : Ω → R be a differentiable function. The

gradient on the κ-hyperbolic space form of f is the unique vector field Ω ∋ p 7→

grad f(p) ∈ TpM such that df(p)v = ⟨grad f(p), v⟩, see [7, Proposition 7-5, p.162].
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Therefore, we have

grad f(p) := Projκp Jf
′(p) = Jf ′(p) + κ ⟨Jf ′(p), p⟩ p, (4.15)

where f ′(p) ∈ Rn+1 is the usual gradient of f at p ∈ Ω. A vector field on Ω ⊆ Hn
κ

is a smooth mapping X : Ω → Rn+1 such that X(p) ∈ TpHn
κ. The covariant

derivative of X at p ∈ Ω is map ∇X(p) : TpHn
κ → TpHn

κ given by

∇X(p) := Projκp X
′(p),

where X ′(p) denotes the usual derivative of the vector field X at the point p,

see [7, Formula (7.62), p.162]. The Hessian on the κ-hyperbolic space form of

a twice differentiable function f : Ω → R at a point p ∈ Ω is the mapping

∇ grad f(p) := Hess f(p) : TpHn
κ → TpHn

κ given by

Hess f(p) := Projκp [Jf
′′(p) + κ ⟨Jf ′(p), p⟩ I] , (4.16)

where f ′′(p) is the usual Hessian (Euclidean Hessian) of f at p, see [7, Proposi-

tion 7.6, p.163]. For each p, q ∈ Hn
κ the covariant derivative induces the linear

isometry relative to the Lorentzian inner product ⟨·, ·⟩, namely, the parallel trans-

port Ppq : TpHn
κ → TqHn

κ given by

Ppq(v) := v −
〈
v, logκq p

〉
d2κ(p, q)

(
logκq p+ logκp q

)
=

[
I− κ

κ ⟨p, q⟩ − 1
(p+ q)q⊤J

]
v.

Note that for any geodesic segment γ : [a, b]→ Hn
κ we have γ′(t) = Pγ(a)γ(t)(γ

′(a)),

for all t ∈ [a, b], or equivalently γ′′(t) = 0, for all t ∈ [a, b].
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Definition 3. Let f : D → R be a differentiable function and D ⊆ Hn
κ. The

gradient vector field grad f is said to be Lipschitz continuous on D with constant

L ≥ 0 if the following inequality holds ∥Ppq grad f(p)− grad f(q)∥ ≤ Ldκ(p, q), for

all p, q ∈ D.

The next lemma can be found, for example, in [7, Corollary 10.47].

Lemma 15. Let f : D → R be a twice continuously differentiable function and

D ⊆ Hn
κ. The gradient vector field grad f is Lipschitz continuous on D with

constant L ≥ 0 if and only if there exists L ≥ 0 such that ∥Hess f(p)∥ ≤ L, for all

p ∈ D.

Subject to a few minor adjustments, the next lemma closely mirrors [7, Propo-

sition 10.54]

Lemma 16. Let f : D → R be a differentiable function and D ⊆ Hn
κ. Assume

that grad f is Lipschitz continuous on a convex set C ⊆ D with constant L ≥ 0.

Then, it follows that

f(q) ≤ f(p) +
〈
grad f(p), logκp q

〉
+
L

2
d2κ(p, q), ∀p, q ∈ C.

It is worth noting that convex sets in κ-hyperbolic space forms Hn
κ have a close

relationship with convex cones situated in the interior of the Lorentz cone.

Definition 4. The set C ⊆ Hn
κ is called κ-hyperbolically convex if for any p, q ∈ C

the geodesic segment joining p to q is contained in C.

In the next proposition we relate a κ-hyperbolically convex set with the cone

spanned by it, its proof can be found in [20, Proposition 1].
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Proposition 24. The set C ⊆ Hn
κ is κ-hyperbolically convex if and only if the

cone KC is convex.

Remark 13. The κ-hyperbolically closed convex sets are intersections of the hy-

perboloid with convex cones which belong to the Lorentz cone L. Indeed, it follows

from Proposition 24, that if K ⊆ L is a convex cone, where L is the Lorentz cone,

then C = K ∩Hn
κ is a κ-hyperbolically convex set and K = KC.

4.2 Intrinsic κ-projection into κ-hyperbolically

convex sets

In this section we present new properties of the intrinsic κ-projection into κ-

hyperbolically convex sets on κ-hyperbolic space forms. Let C ⊆Hn
κ be a closed

κ-hyperbolically convex set and p ∈ Hn
κ. Consider the following constrained opti-

mization problem

min
q∈C

dκ(p, q). (4.17)

The minimal value of the function C ∋ q 7→ dκ(p, q) is called the distance of p from

C and it is denoted by dC(p), i.e., dκ,C : Hn
κ → R is defined by

dκ,C(p) := min
q∈C

dκ(p, q).

Since (Hn
κ, dκ) is a complete metric space, [20, Proposition 2] implies that |dκ,C(p)−

dκ,C(q)| ≤ dκ(p, q), for all p, q ∈ Hn
κ. In particular, the function dκ,C is continuous.

Note that the problem (4.17) has a solution because C is a closed set and the

88



distance function is continuous. The solution of problem (4.17) is referred to as

the “metric κ-projection”, which was first studied in [55]. Similar to the proof

in [20, Proposition 4.2], we can also demonstrate that the “intrinsic κ-projection

mapping” Pκ
C : Hn

κ → C defined by

Pκ
C (p) := argmin

q∈C
dκ(p, q). (4.18)

is well-defined. In other words, for each p ∈ Hn, the minimizer Pκ
C (p) of problem

(4.18) exists and is unique. The following proposition can also be proven in a

similar manner to [20, Proposition 4.4].

Proposition 25. Let C ⊆Hn be a nonempty closed κ-hyperbolically convex set.

Then Pκ
C is continuous.

Note that the definition of the intrinsic κ-projection mapping (4.18) yields

dκ(p,Pκ
C (p)) ≤ dκ(p, q), ∀ q ∈ C. (4.19)

Furthermore, we can prove that equations (4.18) and (4.19) are equivalent to the

inequality:

⟨ProjκPκ
C (p)

p,ProjκPκ
C (p)

q⟩ ≤ 0, ∀q ∈ C,∀p ∈ Hn
κ. (4.20)

By considering that, for all p, q ∈ Hn
κ, we have ⟨Pκ

C (p), q⟩ ≤ −1/κ, we can deduce

from (4.8) that (4.20) can also be equivalently stated as follows:

⟨logκPκ
C (p)

p, logκPκ
C (p)

q⟩ ≤ 0, ∀q ∈ C, ∀p ∈ Hn
κ, (4.21)

as shown in [22, Corollary 3.1]. Furthermore, since the function [1,+∞] ∋ τ 7→
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arcosh(τ) is increasing, it follows from (4.6) that (4.18), (4.20), and (4.21) are also

equivalent to:

Pκ
C (p) := argmin

q∈C
(−⟨p, q⟩). (4.22)

Therefore, by combining (4.6) with (4.19), we conclude that (4.22) can be stated

equivalently as follows:

⟨p, q⟩ ≤ ⟨p,Pκ
C (p)⟩, ∀q ∈ C. (4.23)

As an application of Lemma 14, we have the following property of the intrinsic κ

projection.

Lemma 17. Let C ⊆ Hn
κ be a closed κ-hyperbolically convex set, and let q ∈ Hn

κ.

Then, the following inequality holds:

d2κ(p,Pκ
C (q)) ≤ ⟨logκp q, logκp Pκ

C (q)⟩+ ⟨logκq Pκ
C (q), log

κ
p Pκ

C (q)⟩, ∀p ∈ C. (4.24)

As a consequence, we have:

d2κ(p,Pκ
C (q)) ≤ ⟨logκp q, logκp Pκ

C (q)⟩, ∀p ∈ C. (4.25)

Furthermore, we have dκ(p,Pκ
C (q)) ≤ dκ(p, q) for all p ∈ C.

Proof. Let p ∈ C and q ∈ Hn
κ. By applying Lemma 14 with x = p, y = Pκ

C (q) and

z = q, we obtain:

d2κ(p,Pκ
C (q)) + d2κ(p, q)− 2⟨logκp q, logκp Pκ

C (q)⟩ ≤ d2κ(Pκ
C (q), q). (4.26)
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Similarly, by applying Lemma 14 with x = Pκ
C (q), y = p and z = q, we have:

d2κ(Pκ
C (q), p) + d2κ(Pκ

C (q), q)− 2⟨logκq Pκ
C (q), log

κ
p Pκ

C (q)⟩ ≤ d2κ(p, q). (4.27)

By combining (4.26) with (4.27), we conclude that (4.24) holds. Therefore, since

p ∈ C, by applying (4.21), the inequality (4.25) follows from (4.24). The last

inequality of the lemma is a direct consequence of the second Cauchy inequality

and (4.9).

Based on Lemma 17, we can derive the following lemma, which highlights

a crucial property of the intrinsic κ-projection. This property holds significant

importance in the analysis of the gradient projection method.

Proposition 26. Let p ∈ C, 0 ̸= v ∈ TpHn
κ and α > 0. Then, we have

〈
v, logκp Pκ

C
(
expκ

p (−αv)
)〉
≤ − 1

α
d2κ
(
p,Pκ

C
(
expκ

p (−αv)
))
. (4.28)

Proof. For simplicity, let us define γ(α) := expp(−αv). This allows us to express

the vector v as v = − 1
α
logκp γ(α). After performing some algebraic manipulations,

we can obtain the following expression:

〈
v, logκp Pκ

C (γ(α))
〉
= − 1

α
d2κ(p,Pκ

C (γ(α)))

+
1

α

(
d2κ(p,Pκ

C (γ(α)))−
〈
logκp γ(α), log

κ
p Pκ

C (γ(α))
〉)
. (4.29)

Since p ∈ C, we can apply Lemma 17 with q = γ(α), which gives us

d2κ(p,Pκ
C (γ(α)))−

〈
logκp γ(α), log

κ
p Pκ

C (γ(α))
〉
≤ 0.
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Combining this inequality with (4.29), we can conclude that:

〈
v, logκp Pκ

C (γ(α))
〉
≤ − 1

α
d2κ(p,Pκ

C (γ(α))).

Since γ(α) := expp(−αv), the last inequality is equivalent to (4.28), and this

concludes the proof.

4.2.1 Computing the intrinsic κ-projection into convex sets

In this section, we will demonstrate how to explicitly compute the intrinsic κ-

projection for certain special convex sets. Specifically, for these special convex

sets, we can simplify the computation of the intrinsic κ-projection on C ⊆ Hn
κ

by reducing it to the calculation of the orthogonal Euclidean projection on its

associated cone KC.

Proposition 27. Let C ⊆ Hn
κ be a closed κ-hyperbolically convex set, p :=

(p1, . . . , pn, pn+1)
⊤ ∈ Hn

κ and u := (u1, . . . , un, un+1)
⊤ ∈ KC \ {0}. Consider

the following statements:

(i)

(pn+1 − un+1)
(
qn+1 − un+1√

−κ ⟨u, u⟩

)
≥ 0, ∀q := (q1, . . . , qn, qn+1)

⊤ ∈ C;

(4.30)

(ii) (
2pn+1e

n+1 − u
)⊤ (

q − u√
−κ ⟨u, u⟩

)
≥ 0, ∀q ∈ C; (4.31)
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(iii) If u ∈ ΠKC(p), then

Pκ
C (p) =

u√
−κ ⟨u, u⟩

. (4.32)

Then, the following implications hold: (i) =⇒ (ii) =⇒ (iii).

Proof. To begin, for the sake of simplifying notation, let us consider a given u ∈ Hn
κ.

We will set

η :=
√
−κ⟨u, u⟩.

Proof of (i) =⇒ (ii): Let u and q be vectors in Hn
κ. Since u/η and q are in Hn

κ, we

can conclude that

〈
u

η
,
u

η

〉
= −1

κ
,

〈
u

η
, q

〉
≤ −1

κ
. (4.33)

By combining the equality and inequality in (4.33) and considering (1.6), we obtain

(−Ju)⊤
(
q − u

η

)
= −η

〈
u

η
, q − u

η

〉
≥ 0. (4.34)

Since −u+ Ju = 2un+1e
n+1, inequality (4.30) can be equivalently stated as

1

2
(2pn+1e

n+1 − u+ Ju)⊤
(
q − u

η

)
≥ 0, (4.35)

where en+1 = (0, . . . , 0, 1) ∈ Rn+1. Therefore, by combining (4.34) with (4.35), we

obtain (4.31).

Proof of (ii) =⇒ (iii): Since C ⊂ Hn
κ is a closed κ-hyperbolically convex set,

Proposition 24 implies that KC is a convex cone. Take q ∈ C and u ∈ Rn+1 such

that u ∈ ΠKC(p). Due to ηq ∈ KC and (4.2), we have 0 ≥ (p− u)⊤(ηq − u). Thus,
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we can conclude that

〈
p,
u

η

〉
≥ ⟨p, q⟩ − ⟨p, q⟩+

〈
p,
u

η

〉
+

1

η
(p− u)⊤(ηq − u). (4.36)

On the other hand, using (4.31), we have

−⟨p, q⟩+ 1
η
⟨p, u⟩+ 1

η
(p− u)⊤(ηq − u) = −(Jp)⊤q + 1

η
(Jp)⊤u+ 1

η
(p− u)⊤(ηq − u)

= −(Jp)⊤
(
q − 1

η
u
)
+ (p− u)⊤

(
q − 1

η
u
)

= (p− Jp− u)⊤
(
q − 1

η
u
)

= (2pn+1e
n+1 − u)⊤

(
q − 1

η
u
)
≥ 0,

(4.37)

where en+1 = (0, . . . , 0, 1) ∈ Rn+1. Hence, by combining (4.36) and (4.37), we have

〈
p,
u

η

〉
≥ ⟨p, q⟩ , ∀q ∈ C.

Therefore, (4.23) implies (4.32).

In the following examples we use Proposition 27 to present formulas to intrinsic

κ-projection for certain special convex sets.

Example 10. LetK = cone {v1, . . . , vn, vn+1} be a simplicial cone, where (vi)⊤en+1

= 0 with vi ̸= 0, for all i = 1, . . . , n and vn+1 = en+1. Consider a convex set C and

corresponding cone spanned by the convex set C given, respectively, by

C := K ∩Hn
κ, KC := {p : p ∈ Int(L) ∩ K} ∪ {0}.

We notice that KC is a convex cone. If u ∈ ΠKC(p), then the intrinsic κ-projection
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into the convex set C is given by

Pκ
C (p) =

u√
−κ ⟨u, u⟩

. (4.38)

Indeed, take p := (p1, . . . , pn, pn+1) ∈ Hn
κ and u := (u1, . . . , un, un+1) ∈ C. If

u ∈ ΠKC(p), then un+1 = pn+1. In fact, suppose, on the contrary, that un+1 ̸= pn+1.

Since u ∈ ΠKC(p) and un+1 ̸= pn+1, we infer that p /∈ KC and u is on the boundary

of K. Hence, there exists j ∈ {1, . . . , n, n+ 1}, such that

u ∈ F := cone
{{
v1, . . . , vn, vn+1

}
\
{
vj
}}

. (4.39)

As u ∈ ΠKC(p), we infer that u belongs to the boundary of K. Hence, u is on one of

the (n− 1)-dimensional faces of K. If j = n+1, then u ∈ cone {v1, . . . , vn}. Thus,

u⊤en+1 = 0. Since, en+1 ∈ KC, it follows from (4.2) that pn+1 = (p− u)⊤en+1 ≤ 0,

but this is absurd, because p ∈ Hn
κ. Hence, it follows that j ∈ {1, . . . , n}. By the

definition of the projection and (4.39), it follows that p−u must be perpendicular

to the face F . On the other hand, due to j ∈ {1, . . . , n}, it follows that en+1 =

vn+1 ∈ F . Hence, pn+1 − un+1 = (p − u)⊤en+1 = 0 and we have un+1 = pn+1.

As consequence, item (i) of Proposition 27 holds, i.e., (4.30) holds. Therefore, by

using item (iii) of Proposition 27, we obtain that the projection of p into C is in

fact given by (4.38).

In the next example we use Example 10 to present an explicit formula to

compute the intrinsic κ-projection into the following κ-hyperbolically convex set

C+ = {p ∈ Hn
κ : p ≥ 0}, (4.40)
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involving only nonnegative constraints, which are fundamental in many fields of

science and engineering, see [10].

Example 11. Let us compute a formula for κ-projecting intrinsically a point into

C+ given by (4.40). To achieve that, it is important to note that the cone spanned

by the set C+ can be expressed as

KC+ := (Rn+1
+ ∩ Int(L)) ∪ {0}, (4.41)

which is a convex cone. It follows from KC+ ⊆ Rn
+ and (4.1) that

infz∈(Int(L)∩Rn
+)∪{0}∥p− z∥ ≥ infz∈Rn

+
∥p− z∥. (4.42)

On the other hand, we know that

{p+} = ΠRn
+
(p) = argminz∈Rn

+
∥p− z∥. (4.43)

The combination of (4.3) for α = 1 with (4.4) implies that p = (p1, . . . , pn, pn+1) ∈

Int(L). Hence, considering the fact that pn+1 ≥ 1√
κ
> 0, we obtain that

p+n+1 = pn+1 >
√
p21 + · · ·+ p2n ≥

√
(p+1 )

2 + · · ·+ (p+n )
2,

where p+ := (p+1 , . . . , p
+
n , p

+
n+1) and p

+
i := max{pi, 0} for i = 1, . . . , n, n+ 1. Thus,

we have p+ ∈ (Int(L) ∩ Rn
+) ∪ {0}, which combined with (4.42) and (4.43) yields

p+ = ΠKC+
(p).
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Hence, as Rn
+ = cone {e1, . . . , en, en+1} and C+ := Rn

+ ∩Hn
κ, it follows from Exam-

ple 10 that the projection of p ∈ Hn
κ into the set C is given by

Pκ
C+(p) =

p+√
−κ ⟨p+, p+⟩

.

Example 12. Let C := Lα ∩ Hn
κ, where Lα is a circular cone and α ≥ 1 is a

real constant. Since α ≥ 1, we have KC = Lα and it is a closed convex cone. If

p ∈ Hn
κ and u = ΠKC(p), then u ̸= 0 and (4.30) holds. Indeed, since en+1 ∈ KC

and u = ΠKC(p), it follows from (4.2) that

pn+1 − un+1 = (p− u)⊤en+1 ≤ 0. (4.44)

On the other hand, since q ∈ C = KC ∩ Hn
κ, we have q2n+1 ≥ α2(q21 + · · · + q2n) =

α2(q2n+1 − 1
κ
), which after some algebraic manipulations implies that

qn+1 ≤
α√

κ(α2 − 1)
, (4.45)

with equality holding if and only if q is on the boundary of C. If p ∈ C, then the

projection formula is trivial. Suppose that p /∈ C. Thus, u is on the boundary of

KC, which implies that the point

u√
−κ⟨u, u⟩

is on the boundary of the set C. Hence, by using the same argument as the one
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used to show (4.45), we can show that

un+1√
−κ⟨u, u⟩

=
α√

κ(α2 − 1)
.

Thus, by combining the last equality with (4.45), we obtain that

qn+1 −
un+1√
−κ⟨u, u⟩

≤ 0. (4.46)

It follows from (4.44) and (4.46) that (4.30) holds. Therefore, item (iii) of Propo-

sition 27 implies that

Pκ
C (p) =

u√
−κ ⟨u, u⟩

. (4.47)

4.2.2 The Lorentz projection into convex sets

In this section, we will introduce the Lorentz projection and explore its connections

with the Euclidean orthogonal projection and the intrinsic κ-projection.

Definition 5. Let K ⊆ Rn+1 be a convex set, x ∈ Rn+1 and y ∈ K. The point y is

called a Lorentz projection (or shortly L-projection) of x into K if ⟨x− y, z − y⟩ ≤

0, for all z ∈ K.

Denote by ΛK(x) the set of L-projections of x ∈ Rn+1 into K, i.e.,

ΛK(x) := {y ∈ K : ⟨x− y, z − y⟩ ≤ 0, ∀z ∈ K}. (4.48)

As the Lorentzian inner product is not positive definite, given x ∈ Rn+1, the set

ΛK(x) might be empty or even unbounded. However, the general analysis of ΛK(x)
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is out of the scope of this section. As we will see later, if p ∈ Hn
κ andK ⊆ L is a cone

such that K ∩Hn
κ is a closed κ-hyperbolically convex set, then ΛK(p) is nonempty

and contains precisely one non-zero vector in addition to the zero vector. In the

next remark we show that zero vector belongs to the L-projections.

Remark 14. If K ⊆ L such that K∩Hn
κ is a κ-hyperbolically convex set and p ∈

Hn
κ, then it follows from p ∈ Hn

κ ⊆ int(L), (4.48) and Remark 11 that 0 ∈ ΛK(p),

for all p ∈ Hn
κ.

In the following lemma, we present equivalent conditions for a point to be an

L-projection of a point into a cone. They are corresponding to relations (4.2)

fulfilled by the Euclidean orthogonal projection.

Lemma 18. Let K ⊆ Rn+1 be a convex cone, x ∈ Rn+1 and y ∈ K. Then,

y ∈ ΛK(x) if and only if the following two relations hold:

⟨x− y, z⟩ ≤ 0, ∀ z ∈ K and ⟨x− y, y⟩ = 0. (4.49)

Proof. We have that y is an L-projection of x into K if and only if

⟨x− y, z − y⟩ ≤ 0, (4.50)

for all z ∈ K. Hence, we must prove that (4.50) is equivalent to (4.49). Suppose

that (4.50) holds. Then, ⟨x− y, λz − y⟩ ≤ 0, for all z ∈ K and λ > 0. By letting

λ = 2 and z = y, we obtain ⟨x− y, y⟩ ≤ 0, while by letting λ → 0 we obtain

⟨x− y, y⟩ ≥ 0. Hence, ⟨x− y, y⟩ = 0, which inserted into (4.50) also implies

⟨x− y, z⟩ ≤ 0. Therefore, (4.50) holds. Next, suppose that (4.49) holds. Then,

(4.50) follows from the bilinearity of the Lorentzian inner product.

99



In the following corollary we use Lemma 18 to compute a L-projection into a

hyperplane.

Corollary 18. Let a ∈ Rn be such that ⟨a, a⟩ ̸= 0 and V := {x ∈ Rn : a⊤x = 0}

be a hyperplane. Then

ΛV(y) \ {0} ∋ y −
⟨y, Ja⟩
⟨a, a⟩

Ja, ∀y ∈ Rn+1.

Proof. Since V is a hyperplane, its follows from Lemma 18 that u ∈ ΛV(y) \ {0} if

and only if the following equality holds

(Jy − Ju)⊤x = ⟨y − u, x⟩ ≤ 0, ∀x ∈ V . (4.51)

Since a is the normal of the hyperplane V , it follows from (4.51) that there exists

t ∈ R such that Jy − Ju = ta, or equivalently,

u = y − tJa (4.52)

Using (4.52) we obtain that ⟨u, Ja⟩ = ⟨y, Ja⟩ − t⟨Ja, Ja⟩. Since u ∈ V , we have

⟨u, Ja⟩ = 0, and taking into account that ⟨Ja, Ja⟩ = ⟨a, a⟩ ≠ 0, we conclue that

t = ⟨y, Ja⟩/⟨a, a⟩. Substituting t given by the last equality into (4.52) we obtain

the desired result.

In the following, we will revisit the concept of a linear cone-complementarity

problem and explore its potential connection to (4.49) in a particular case.

Definition 6. Let K ⊆ Rn+1 be a closed convex cone, M ∈ R(n+1)×(n+1) be a

matrix and q ∈ Rn+1 be a vector. Then, the linear cone-complementarity problem

100



LCP(q,M,K) defined by q, M and K is the problem of finding an y ∈ K such that

z := q +My ∈ K∗ and y⊤z = 0.

In the upcoming corollary, we establish a connection between the L-projection

and a particular linear cone-complementarity problem. To achieve that, denote by

S the topological closure of a set S ⊆ Rn+1.

Corollary 19. Let K ⊆ Rn+1 be a convex cone. Then, y ∈ ΛK(x) if and only if y ∈

K and it is a solution of the linear cone-complementarity problem LCP(−Jx, J,K).

Proof. From Lemma 18 we obtain that y ∈ ΛK(x) if and only if ⟨x− y, y⟩ = 0

and ⟨x− y, z⟩ ≤ 0, for any z ∈ K. The latter two formulas are equivalent to

(Jy−Jx)⊤y = 0 and (Jy−Jx)⊤z ≥ 0, for any z ∈ K, respectively. Hence, y ∈ ΛK(x)

if and only if (Jy−Jx)⊤y = 0 and Jy−Jx ∈ K∗. Therefore, y ∈ ΛK(x) if and only if

it is a solution of the linear cone-complementarity problem LCP(−J(x), J,K).

In the subsequent theorem, we demonstrate that every nonzero L-projection

gives rise to an intrinsic κ-projection, which can be obtained by solving the linear

complementarity problem presented in the previous corollary.

Theorem 5. Let C ⊆ Hn
κ be a closed κ-hyperbolically convex set, p ∈ Hn

κ and

u ∈ ΛKC(p) \ {0}. Then,

Pκ
C (p) =

u√
−κ ⟨u, u⟩

. (4.53)

Proof. Let p ∈ Hn
κ and u ∈ ΛKC(p) \ {0} ⊆ L. Due to u ∈ ΛKC(p) \ {0} ⊆ intL,

we have

u√
−κ ⟨u, u⟩

∈ Hn
κ.
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Hence, we obtain that ⟨u/
√
−κ⟨u, u⟩, q⟩ ≤ −1/κ, for any q ∈ Hn

κ. Thus, we

conclude that

⟨u, q⟩ ≤ −1

κ

√
−κ ⟨u, u⟩ < 0, ∀q ∈ Hn

κ. (4.54)

On the other hand, the conditions (4.49) in Lemma 18 imply, respectively, that

⟨p, q⟩ ≤ ⟨u, q⟩ , ⟨p, u⟩ = ⟨u, u⟩ , ∀q ∈ C ⊆ KC. (4.55)

By using the inequality in (4.55) together with the second inequality in (4.54), we

conclude that ⟨p, q⟩ ≤ ⟨u, q⟩ < 0, for all q ∈ C. Since the second inequality in

(4.54) yields ⟨u, q⟩2 ≥ −(1/κ) ⟨u, u⟩, we obtain from the last inequality and the

equality in (4.55) that

⟨p, q⟩2 ≥ ⟨u, q⟩2 ≥ −1

κ
⟨u, u⟩ = −1

κ
⟨p, u⟩ = ⟨p, u⟩2

−κ ⟨u, u⟩
=
〈
p,

u√
−κ⟨u, u⟩

〉2
, ∀q ∈ C.

Since p, q ∈ Hn
κ implies ⟨p, q⟩ < 0, it follows from the last inequality that

⟨p, q⟩ ≤
〈
p,

u√
−κ⟨u, u⟩

〉
, ∀q ∈ C.

Therefore, by using (4.23), we deduce the desired equality in (4.53).

The following theorem establishes an equivalence between the intrinsic

κ-projection and the L-projection. In particular, it shows that the L-projection

contains a nonzero vector.

Theorem 6. Let C ⊆ Hn
κ be a closed κ-hyperbolically convex set, p ∈ Hn

κ and

v ∈ C. Then, the following statements hold:

(i) We have v = Pκ
C (p), if and only if −κ ⟨p, v⟩ v ∈ ΛKC(p) \ {0}.
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(ii) The set ΛKC(p) \ {0} ≠ ∅.

Proof. Item (i): Suppose v = Pκ
C (p) and let u := −κ ⟨p, v⟩ v. Since p, v ∈ Hn

κ, it

follows that −κ ⟨p, v⟩ > 0 and ⟨p+ κ ⟨p, v⟩ v, v⟩ = 0. Hence, we conclude that

u ∈ KC \ {0}, ⟨p− u, u⟩ = 0. (4.56)

On the other hand, for any z ∈ KC, we have

q :=
z√

−κ ⟨z, z⟩
∈ C. (4.57)

Thus, by combining (4.6) with Lemma 13 and denoting θv as the angle between

the vectors logκv p and logκv q, we can deduce, after performing some calculations,

that

κ ⟨p, q⟩+ κ2 ⟨v, p⟩ ⟨v, q⟩ =
√

1− κ2 ⟨v, p⟩2
√

1− κ2 ⟨v, q⟩2 cos θv. (4.58)

Since v = Pκ
C (p) and θv is the angle between the vectors logκv p and logκv q, it follows

from (4.21) that cos θv ≤ 0. Thus, by using (4.58), we infer that

κ ⟨p, q⟩+ κ2 ⟨v, p⟩ ⟨v, q⟩ ≤ 0.

Hence, (4.57), u = −κ ⟨p, v⟩ v and the last inequality imply that

⟨p− u, z⟩ = 1

κ

√
−κ ⟨z, z⟩

(
κ ⟨p, q⟩+ κ2 ⟨p, v⟩ ⟨v, q⟩

)
≤ 0, ∀z ∈ KC.

Therefore, the latter inequality, (4.56) and Lemma 18 imply that u ∈ ΛKC(p)\{0},
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and the proof is concluded.

Conversely, suppose that u := −κ ⟨p, v⟩ v ∈ ΛKC(p) \ {0}. Since v ∈ C ⊆ Hn
κ,

it follows that ⟨v, v⟩ = −1/κ. Hence, the results follow from Theorem 5 after

performing some calculations.

Item (ii): Since C ⊆ Hn
κ is closed κ-hyperbolically convex set, for each p ∈ Hn

κ there

exists v = Pκ
C (p). Therefore, the result is a direct consequence of item (i).

In the following corollary, we assume that K ⊆ L is a convex cone such that

K∩Hn
κ is a closed κ-hyperbolically convex set, and 0 belongs to K. We will prove

various properties of the L-projection of a point p ∈ int(L) into K.

Corollary 20. Let p ∈ int(L), K ⊆ L be a convex cone, such that C := K ∩ Hn
κ

is a closed κ-hyperbolically convex set and 0 ∈ K. Then, the following statements

hold:

(i) 0 ∈ ΛK(p) and ΛK(p) \ {0} has exactly one element.

(ii) If p /∈ K, then ΛK(p) ⊆ ∂K, where ∂ denotes boundary.

(iii) If p ∈ K, then ΛK(p) = {0, p}.

(iv) u = (u1, . . . , un, un+1)
⊤ ∈ ΛK(p) ⇐⇒ u = ΠK̄ (Jp+ 2un+1e

n+1) ⇐⇒ u =

Πτu(K̄)(p), where

τu(K̄) :=
{
τu(x) : x = (x1, . . . , xn, xn+1)

⊤ ∈ K̄
}

and τy : Rn+1 → Rn+1 is defined by τy(z) := z + 2(yn+1 − zn+1)e
n+1 with

y = (y1, . . . , yn, yn+1)
⊤ and z = (z1, . . . , zn, zn+1)

⊤.
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(v) We have ∅ ̸= ΛK(p) \ {0} = ΠK(p), if and only if

(ΛK(p) \ {0}) ∩ {x ∈ Rn+1 : xn+1 = pn+1} ≠ ∅.

(vi) Finding an u = (u1, . . . , un, un+1)
⊤ ∈ ΛK(p) is equivalent to determining

un+1 from any of the following equations

un+1=
(
en+1

)⊤
ΠK̄
(
Jp+ 2un+1e

n+1
)
,un+1=

(
en+1

)⊤
ΠK̄+2[un+1−(en+1)⊤K̄]en+1(p),

followed by using any of the following equations

u = ΠK̄
(
Jp+ 2un+1e

n+1
)
, un+1 = ΠK̄+2[un+1−(en+1)⊤K̄]en+1(p),

where K̄ + 2
[
un+1 − (en+1)⊤K̄

]
en+1 :=

{
x+ 2(un+1−(en+1)⊤x)en+1 :x ∈ K̄

}
.

(vii) Finding the u = (u1, . . . , un, un+1)
⊤ ∈ ΛK(p) \ {0} is equivalent to determin-

ing un+1 ̸= 0 from the following equation

un+1 =
(
en+1

)⊤
ΠK̄
(
Jp+ 2un+1e

n+1
)
,

followed by using the equation u = ΠK̄ (Jp+ 2un+1e
n+1) .

(viii) For any λ > 0 we have ΛK(λp) = λΛK(p).

(ix) If ΛK(p) \ {0} = λΠK(p), for some λ > 0, then

ΛK(p) \ {0} =
⟨p,ΠK(p)⟩

⟨ΠK(p),ΠK(p)⟩
ΠK(p).
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(x) Suppose that ΠK(p) ̸= ∅. We have ΛK(p) \ {0} = λΠK(p), for some λ > 0 if

and only if

ΠK(p) = argmin

{
⟨p, z⟩

⟨ΠK(p), z⟩
: z ∈ K \ {0}

}
. (4.59)

(xi) Let Q ∈ R(n+1)×(n+1) with Q⊤JQ = J. Then, the set QC is κ-hyperbolically

convex and

ΛKQC(p) = ΛQK(p) = ΛK
(
Q⊤Jp

)
.

Proof. Item (i): We will use the following notations: For κ > 0 and a ∈ L \ {0}

we denote

η(a) :=
√
−κ ⟨a, a⟩, µ(a) :=

a

η(a)
∈ Hn

κ.

It follows from Remark 14 that 0 ∈ ΛK(p). Let p ∈ int(L) and Hn
κ be the κ-

hyperbolic space form such that κ := −1/⟨p, p⟩. We have K = KC. Since C is a

closed κ-hyperbolically convex set, Pκ
C (p) contains exactly one element. Let û, ũ ∈

ΛK(p) \ {0}. Then, Theorem 5 implies that µ(û) = µ(ũ) = Pκ
C (p). Hence, ũ = λû,

where λ := η(ũ)/η(û) > 0. On the other hand, Lemma 18 yields ⟨û− p, û⟩ = 0

and

⟨p− λû, û⟩ = 1

λ
⟨p− ũ, ũ⟩ = 0.

By summing up the last two inequalities, we get (1 − λ) ⟨û, û⟩ = 0. Therefore,

based on Remark 11, which implies that ⟨û, û⟩ < 0, we conclude that λ = 1.

Hence, û = ũ. Hence, ΛK(p) \ {0} contains at most one element. Therefore, item

(ii) of Theorem 6 implies that ΛK(p) \ {0} contains exactly one element.

Item (ii): Let p ∈ int(L) and Hn
κ be the κ-hyperbolic space form such that κ :=
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−1/⟨p, p⟩. We have K = KC, where C = K ∩ Hn
κ. Since p /∈ K it follows that

p /∈ C. This, together with C being a closed κ-hyperbolically convex set, implies

Pκ
C (p) ∈ ∂C. Hence, formula (4.53) of Theorem 5 implies that ΛK(p) ⊆ ∂K.

Item (iii): From the definition of the L-projection and p ∈ L it follows that

p ∈ ΛK(p). Hence, the result is an immediate consequence of (i).

Item (iv): The first equivalence follows from Corollary 19, because the right hand

side of the equivalence is the natural equation of LCP
(
−Jp, J,K

)
, see [13, Propo-

sition 1.5.8]. The second equivalence follows from the formula ⟨y − x, z − x⟩ =

(y − x)⊤ (τy(z)− x).

Item (v): Suppose that ∅ ̸= ΛK(p) \ {0} = ΠK(p) and let u ∈ ΛK(p) \ {0} =

ΠK(p). Then, Lemma 18 and equation (4.2) imply 0 = ⟨p− u, u⟩ − (p − u)⊤u =

2 (pn+1 − un+1)un+1 = 0. Hence, un+1 = 0 or un+1 = pn+1. If un+1 = 0, then item

(iv) implies u = ΠK(Jp) = 0, where the latter equality follows from Jp ∈ JK ⊆

JL = −L = −L∗. Hence, u = 0, which is a contradiction. Thus, un+1 ̸= 0 and

therefore un+1 = pn+1. Conversely, suppose that u ∈ {x ∈ Rn+1 : xn+1 = pn+1}.

Then, (p−u)⊤(u−z) = ⟨p− u, u− z⟩ ≤ 0, for all z ∈ K. Therefore, u ∈ ΛK(p)\{0}

if and only if u ∈ ΠK(p).

Item (vi): It is an immediate consequence of (iv) and (i).

Item (vii): It is an immediate consequence of (vi) and ΠK(Jp) = 0, which follows

from

Jp ∈ JL = −L = −L∗ = − (int(L) ∪ {0})∗ ⊆ −K∗.

Item (viii): It follows from Lemma 18.

Item (ix): Suppose that ΛK(p) \ {0} = λΠK(p), for some λ > 0 and let v ∈ ΠK(p),

which exists and it is unique because of our assumption and item (i). Then,

107



λv ∈ ΛK(p). Hence, it follows from Lemma 18 that ⟨p− λv, v⟩ = 0, which implies

λ = ⟨p, v⟩/⟨v, v, ⟩. Therefore,

ΛK(p) \ {0} =
⟨p,ΠK(p)⟩

⟨ΠK(p),ΠK(p)⟩
ΠK(p).

Item (x): Suppose that ΛK(p) \ {0} = λΠK(p), for some λ > 0 and let v ∈ ΠK(p),

which exists and it is unique because of our assumption and item (i). Then, item

(ix) implies that λ = ⟨p, v⟩/⟨v, v⟩. Then, by using Lemma 18, we have ⟨p− λv, z⟩ ≤

0, for any z ∈ K \ {0}. Thus, by using Remark 11, it follows that

⟨p, z⟩
⟨v, z⟩

≥ λ =
⟨p, v⟩
⟨v, v⟩

, ∀z ∈ K \ {0},

which implies (4.59).Conversely, suppose that (4.59) holds: Let v ∈ ΠK(p) ̸= ∅,

which is unique because K is convex. Denote

λ :=
⟨p, v⟩
⟨v, v⟩

. (4.60)

Then, λ > 0, because of Remark 11. Let any z ∈ K. By using equation (4.60), we

obtain that

⟨p− λv, v⟩ = 0, (4.61)

Due to equation (4.59), we also have (⟨p, z⟩/⟨v, z⟩) ≥ (⟨p, v⟩/⟨v, v⟩), which implies

⟨p− λv, z⟩ ≤ 0. (4.62)

Hence, by using (4.61), (4.62), Lemma 18 and item (i), it follows that λv = ΛK\{0}.

In conclusion, ΛK(p) \ {0} = λΠK(p), with λ > 0.
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Item (xi): Since for any x, y ∈ Rn+1 we have ⟨Qx,Qy⟩ = ⟨x, y⟩ and QHn
κ =

Hn
κ, it follows that Q is an isometry of Hn

κ and Q−1 = JQ⊤J. Hence, QC is

hyperbolically convex and KQC = QKC = QK. Let p̂ := Q⊤Jp and u ∈ ΛK(p).

Since ⟨p̂− u, p̂− z⟩ = ⟨Qp̂−Qu,Qp̂−Qz⟩ ≤ 0, for any z ∈ K, (4.48) implies

ΛKQC
(p) = ΛQK(p) = ΛQK(Qp̂) = ΛK(p̂) = ΛK(Q

⊤Jp).

In the following, we will show how to compute directly the intrinsic κ-projection

for some specific sets using the L-projection. We begin by computing the projection

on convex sets associated with half-spaces.

Example 13. Let r ∈ int(L) and a ∈ Rn such that a ̸= 0 and a⊤r = 0. Consider

the hyperplane

V :=
{
x ∈ Rn : a⊤x = 0

}
,

the corresponding half-spaces V+ :=
{
x ∈ Rn : a⊤x ≥ 0

}
, V− :=

{
x ∈ Rn : a⊤x ≤ 0

}
and the cone K = V+ ∩ int(L). Denote K̄ = V+ ∩ L the topological closure of K.

Let p ∈ V− ∩ int(L). By item (i) of Corollary 20, u ∈ ΛK(p) \ {0} exists and it is

unique, and is given by

u = p− ⟨a, Jp⟩
⟨a, a⟩

Ja. (4.63)

Let Hn
κ be the κ-hyperbolic space form such that κ := −1/⟨p, p⟩. Then (4.63)

also provides the κ-hyperbolic projection into C = V+ ∩ Hn
κ through (4.53) in

Theorem 5, since KC = K, as follows:

Pκ
C (p) =

√
⟨a, a⟩

κ ⟨a, Jp⟩2 + ⟨a, a⟩

(
p− ⟨a, Jp⟩

⟨a, a⟩
Ja

)
.

Indeed, a ̸= 0 and a⊤r = 0 with r ∈ int(L) implies ⟨a, a⟩ ≠ 0. Otherwise,

a ∈ L∪−L. Hence, it follows from Remark 11 that ⟨a, a⟩ < 0 or ⟨a, a⟩ > 0, which
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contradicts ⟨a, a⟩ = 0. On the other hand, u ∈ Λ(K) \ {0} if and only if it satisfies

the equation

u = ΠK̄
(
Jp+ 2un+1e

n+1
)
= ΠV

(
Jp+ 2un+1e

n+1
)
, (4.64)

where the first equality of (4.64) comes from item (iv) of Corollary 20. To justify

the second equality of (4.64), note that the first equality of (4.64) implies un+1 ≥ 0.

If u = 0, then u ∈ V ∩ K̄ and the second equality of (4.64) follows from its first

equality because u ∈ V ∩ K̄ ⊆ V and u ∈ V ∩ K̄ ⊆ K̄ implies

u = ΠK̄
(
Jp+ 2un+1e

n+1
)
= ΠV∩K̄

(
Jp+ 2un+1e

n+1
)
= ΠV

(
Jp+ 2un+1e

n+1
)
.

If u ̸= 0, then un+1 > 0 and we obtain the second equality of (4.64) in a similar

way as above, because u ∈ V ∩K̄ ⊆ K̄. Indeed, if u /∈ V , then u is on ∂L\K̄ which

contradicts item (ii) of Corollary 20. Equation (4.64) together with item (iv) of

Corollary 20 implies that u ∈ ΛV(p) \ {0}. Hence, by using Corollary 18 and item

(i) of Corollary 20, we obtain formula (4.63).

The next remark shows the linear independence of the Euclidean projection

and L-projection.

Remark 15. Suppose that n > 1 and an+1 ̸= 0. Hence, a and Ja are linearly

independent. Take a point p ∈ int(L) that does not belong to V+, it is not in the

span of a, Ja and ΠV(p) = ΠV∩L(p). In this case, we have

ΠK̄(p) = ΠV∩L(p) = ΠV(p) = p− ⟨a, Jp⟩
⟨a, Ja⟩

a.
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Otherwise, m = ΠK̄(p) ∈ V+ ∩ ∂L. Connect m and p with a straight-line segment.

Since L is convex this segment is in L and it intersects V at a point of K̄ closer

to p. Bearing in mind Corollary 18 together with the formula of the Euclidean

projection onto a hyperplane, and assuming that

p− ⟨a, Jp⟩
⟨a, a⟩

Ja = λ

(
p− ⟨a, p⟩
⟨a, a⟩

a

)
,

for some λ ∈ R, where a, Ja, and p are linearly independent, we find that ⟨a, Jp⟩ =

0, which implies that p is perpendicular to a. However, this contradicts the initial

choice of p.

Example 14. Let C := Lα ∩ Hn
κ, where α > 1 is a real constant and Lα is an

α-circular cone. Note that C is a closed and convex set, and Lα is the cone spanned

by C. If p ∈ Hn
κ and u = ΠLα(p), then u ̸= 0 and

v :=
⟨p, u⟩
⟨u, u⟩

u ∈ ΛLα(p). (4.65)

Indeed, the tangent plane in u of Lα contains the ray starting at the origin through

u and has normal α2u − (α2 + 1)un+1e
n+1 which is in the 2-dimensional linear

subspace V spanned by u and en+1. Since p−u is parallel to the normal, it follows

that p− u ∈ V , p ∈ V , −Ju ∈ V and u = ΠLα∩V(p), where we used the inequality

characterizing the projection into a closed convex set. From Lemma 18 we have

that v ∈ ΛLα∩V(p) if and only if v ∈ Lα ∩ V , ⟨p− v, v⟩ = 0 and ⟨p− v, z⟩ ≤ 0,

for any z ∈ Lα ∩ V . Then, for v defined by (4.65), we have ⟨p− v, v⟩ = 0. On

the other hand, let any z ∈ Lα ∩ V . Since Lα ∩ V = cone{u,−Ju}, it follows that
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z = λu− µJu for some λ, µ > 0. Hence equation (4.2) implies that

⟨p− v, z⟩ =
〈
p− ⟨p, u⟩
⟨u, u⟩

u, λu− µJu
〉

= −µ
(
p⊤u− ⟨p, u⟩

⟨u, u⟩
u⊤u

)
= −µu⊤u

(
1− (p− u)⊤Ju+ u⊤Ju

u⊤Ju

)
= µ

u⊤u

u⊤(−Ju)
(p− u)⊤(−Ju) ≤ 0,

because u = ΠLα∩V(p) ∈ Lα ∩V ⊆ L, −Ju ∈ Lα ∩V ⊆ L and L is self-dual. Since

⟨p− v, v⟩ = 0 and ⟨p− v, z⟩ ≤ 0, for any z ∈ Lα ∩ V , by using again Lemma 18,

it follows that v ∈ ΛLα∩V(p). Thus, item (iv) of Corollary 20 implies that

v = ΠLα∩V
(
Jp+ 2vn+1e

n+1
)
= ΠLα

(
Jp+ 2vn+1e

n+1
)
,

where we also used Jp+ 2vn+1en+1 = p+ 2 (vn+1 − pn+1) en+1 ∈ V ,

ΠLα∩V (Jp+ 2vn+1e
n+1) ∈ Lα ∩ V and equation (4.1). Hence, by using again item

(iv) of Corollary 20, we obtain v ∈ ΛLα(p) and (4.65) holds. Note that (4.65) can

be written as

0 ̸= ⟨p,ΠLα(p)⟩
⟨ΠLα(p),ΠLα(p)⟩

ΠLα(p) ∈ ΛLα(p).

Therefore, Theorem 5 implies that

Pκ
C (p) =

ΠKC(p)√
−κ ⟨ΠKC(p),ΠKC(p)⟩

,

which has been already obtained in Equation (4.47) of Example 12. Note that this

is an example when an Euclidean and an L-projection of p into K are nonzero,

have the same direction, but are different (see also item (ix) of Corollary 20).

Example 15. Let C+ be as in (4.40) and K := KC+ be the cone spanned by the
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set C+ as in (4.41). Then, ΛK|int(L) \ {0} = ΠK, i.e.

ΛK(p) \ {0} = ΠK(p), ∀p ∈ int(L). (4.66)

Indeed, first note that in Example 11 we showed that p+ = ΠKC+
(p). Let p ∈ int(L)

and Hn
κ be the κ-hyperbolic space form such κ := −1/⟨p, p⟩. By item (i) of

Corollary 20, it is sufficient to prove that ΠK(p) = p+ ∈ ΛK(p) \ {0}. Since

p ∈ int(L), we have pn+1 > 0, which implies p+n+1 = pn+1 > 0. Thus, p+ ̸= 0.

Moreover, considering that p+n+1 − pn+1 = 0 and p+ = ΠKC+
(p), we conclude that

〈
p− p+, p+

〉
+ 2

(
pn+1 − p+n+1

)
p+n+1 =

(
p− p+

)⊤
p+ = 0,

〈
p− p+, z

〉
+ 2

(
pn+1 − p+n+1

)
zn+1 =

(
p− p+

)⊤
z ≤ 0,

for all z ∈ K ⊆ Rn
+. Hence, Lemma 18 implies p+ ∈ ΛK(p) \ {0}. Therefore, (4.66)

holds.

Example 16. Let a ∈ int(L) \ {en+1} be a vector with a⊤a = 1,

CL(a) =

{
q ∈ Hn

κ : a⊤q ≥
√
q⊤q

2

}
, L(a) :=

{
x ∈ Rn+1 : a⊤x ≥

√
x⊤x

2

}
.

Note that the cone spanned by the set CL(a) is KCL(a)
= (L(α) ∩ int(L))∪{0}, which

is convex. Hence, CL(a) is κ-hyperbolically convex, and from its definition it follows

that it is also closed. Next, we will show the steps of how to κ-project intrinsically

onto CL(a). As the cone L(a) is a Lorentz cone with symmetry axis generated by

a ∈ L(a), a simple adaptation of the projection formula in [27, Proposition 3.3],
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with en+1 replaced by a, yields

ΠL(a)(x) =


1

2

[
(ξ − ζ) w√

w⊤w
+ (ζ + ξ)a

]
, if w ̸= 0

z+a, if w = 0

, (4.67)

where ζ =
(
z −
√
w⊤w

)+
, ξ =

(
z +
√
w⊤w

)+
, w = x− za,

√
w⊤w =

√
x⊤x− z2

and z = a⊤x. Note that an alternative formula for L(a) is

L(a) =
{
w + za ∈ Rn+1 : z ≥

√
w⊤w

}
.

If p ∈ Hn
κ \ CL(a), then, by (4.67) and item (vii) of Corollary 20, the nonzero

L-projection u ∈ ΛKCL(a)
of p into KCL(a)

(which is unique according to item (i)

of Corollary 20) can be obtained by first numerically solving the semi-smooth

equation

2un+1 = [ξ(un+1)− ζ(un+1)]
wn+1(un+1)√

w(un+1)⊤w(un+1)
+ [ζ(un+1) + ξ(un+1)] an+1,

in un+1, where

ζ(un+1) =
[
z(un+1)−

√
w(un+1)⊤w(un+1)

]+
,

ξ(un+1) =
[
z(un+1) +

√
w(un+1)⊤w(un+1)

]+
, w(un+1) = x(un+1)− z(un+1)a,√

w(un+1)⊤w(un+1) =
√
x(un+1)⊤x(un+1)− z(un+1)2,

z(un+1) = a⊤x(un+1), x(un+1) = Jp + 2un+1e
n+1, and then inserting the obtained

result into the equation

2un+1 = [ξ(un+1)− ζ(un+1)]
w(un+1)√

w(un+1)⊤w(un+1)
+ [ζ(un+1) + ξ(un+1)] a.
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After obtaining the value of u, we can calculate the κ-projection of p into CL(a)

using the following equation, derived from equation (4.53) in Theorem 5:

Pκ
CL(a)

=
u√

−κ ⟨u, u⟩
.

4.3 Gradient projection method on the κ-hyperbolic

space forms

In this section, we focus on the constrained optimization problem on κ-hyperbolic

space and present the gradient projection method as a solution approach. To do so,

we consider a closed and κ-hyperbolically convex set C ⊂ H\
κ and a differentiable

function f : Hn
κ → R. Recall that the specific form of the constrained optimization

problem we are interested in is as follows:

Minimizep∈Cf(p). (4.68)

Let C∗ ̸= ∅ be the solution set of the problem (4.68) and −∞ < f ∗ := infp∈C f(p)

be the optimum value of f . By using [20, Proposition 6.1], we conclude that if

p̄ ∈ C is a solution of (4.68), then

⟨grad f(p̄), p⟩ =
〈
grad f(p̄),Projp̄ p

〉
≥ 0, ∀ p ∈ C. (4.69)

Any point p̄ satisfying (4.69) is called a stationary point for Problem (4.68). In the

following corollary we present two important properties of the projection, which

are related to the stationary points of the problem (4.68).
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Proposition 28. Let p̄ ∈ C, such that grad f(p̄) ̸= 0 and α > 0. Then, there

holds:

(i) The point p̄ is stationary for problem (4.68) if and only if

p̄ = PC
(
expp̄ (−α grad f(p̄))

)
.

(ii) If p is a nonstationary point for problem (4.68) then

〈
grad f(p), logκp PC

(
expp (−α grad f(p))

)〉
< 0. (4.70)

Equivalently, if there exists ᾱ > 0 satisfying

〈
grad f(p̄), logκp PC

(
expp̄ (−ᾱ grad f(p̄))

)〉
≥ 0, (4.71)

then p is stationary for problem (4.68).

Proof. To prove item (i), we first assume that p̄ ∈ C is a stationary point for

Problem (4.68). It follows from (1.11) and (4.69) that

〈
grad f(p̄), logκp̄ PC

(
expp̄ (−α grad f(p̄))

)〉
≥ 0.

Thus, by using Proposition 26, we conclude that d(p̄,PC(expp̄(−α grad f(p̄)))) ≤ 0,

which implies that p̄ = PC
(
expp̄ (−α grad f(p̄))

)
. Conversely, assume that p̄ =

PC
(
expp̄ (−α grad f(p̄))

)
. Thus, (2.15) implies that

⟨logκp̄ expp̄ (−α grad f(p̄)) , logκp̄ p⟩ ≤ 0, ∀ p ∈ C.
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or equivalently, ⟨α grad f(p̄), logκp̄ p⟩ ≥ 0, for all p ∈ C. Thus, by using α > 0 and

(1.11), the last inequality implies that

〈
grad f(p̄),Projp̄ p

〉
≥ 0, ∀ p ∈ C.

Therefore, the point p̄ is stationary for Problem (4.68) and (i) is proved. We

proceed to prove item (ii). Take p a nonstationary point for Problem (4.68).

Thus, item (i) implies that

p̄ ̸= PC
(
expp̄ (−α grad f(p̄))

)
.

Thus, by applying Proposition 26, we infer that

0<
1

α
d2
(
p̄,PC

(
expp̄ (−α grad f(p̄))

))
≤−

〈
grad f(p̄), logκp̄ PC

(
expp̄ (−α grad f(p̄))

)〉
,

which implies (4.70) and the first statement of item (ii) is proved. Finally, note that

the second statement of item (ii) is the contrapositive of the first statement.

4.3.1 Gradient projection method with constant step size

In this section we analyse the gradient projection method with constant step size.

For that, in this section, we need to assume that

(H1) The gradient vector field grad f is Lipschitz continuous on C with constant

L ≥ 0.

Next we present the conceptual version of the gradient projection method to solve

the problem (4.68).

117



Algorithm 1 Gradient projection method on Hn
κ

1: Take p0 ∈ C. Set k = 0;
2: If grad f(pk) = 0, then stop and returns pk; otherwise, compute a step size
tk > 0 such that

pk+1 := Pκ
C (exp

κ
pk
(−tk grad f(pk))). (4.72)

3: Update k ← k + 1 and go to 2

It follows from (4.69) that if grad f(pk) = 0, then pk is a stationary point for

Problem (4.68). Therefore, from now on we assume that grad f(pk) ̸= 0, for all

k = 0, 1, . . .. To proceed, we assume that (pk)k∈N is generated by Algorithm 1 with

the following constant stepsize:

tk := α, 0 < α <
1

L
, k = 0, 1, . . . . (4.73)

To simply the notations of the next results, we define the following positive con-

stant

Γ := (1− αL)/(2α) > 0. (4.74)

Lemma 19. There hold (pk)k∈N ⊆ C and

f(pk+1) ≤ f(pk)− Γd2κ(pk, pk+1), k = 0, 1, . . . . (4.75)

In particular, the sequence (f(pk))k∈N is non-increasing and converges.

Proof. Since p0 ∈ C, it follows from (4.72) that (pk)k∈N ⊆ C. By applying

Lemma 16 with p = pk and q = pk+1, we have

f(pk+1) ≤ f(pk) +
〈
grad f(pk), log

κ
pk
pk+1

〉
+
L

2
d2κ(pk, pk+1).
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Therefore, by using Proposition 26 with p = pk and considering (4.72) along with

tk = α, we can deduce that

f(pk+1) ≤ f(pk)−
1

2α
d2κ(pk, pk+1)+

L

2
d2κ(pk, pk+1) = f(pk)−

(
1− αL
2α

)
d2κ(pk, pk+1).

Therefore, we can establish the validity of (4.75) from (4.74). Furthermore, the

formulas (4.73) and (4.75) indicate that the sequence (f(pk))k∈N is non-increasing.

Additionally, considering that −∞ < f ∗ and (f(pk))k∈N is non-increasing, we can

deduce that the sequence converges. Thus, the proof is now complete.

In the following we prove that any cluster point of (pk)k∈N is a solution of the

Problem (4.68).

Theorem 7. If p̄ ∈ C is a cluster point of the sequence (pk)k∈N, then p̄ is a

stationary point for Problem (4.68).

Proof. If grad f(p̄)) = 0, then (4.69) implies that p̄ ∈ C is a stationary point for

Problem (4.68). Now, assume that grad f(p̄)) ̸= 0. By using (4.75), we obtain

that

d2κ(pk, pk+1) ≤
1

Γ
(f(pk)− f(pk+1)) , k = 0, 1, . . . . (4.76)

By applying Lemma 19, we can establish that the sequence (f(pk))k∈N converges.

Taking the limit in (4.76), we can deduce that limk→+∞ dκ(pk, pk+1) = 0. Let p̄

be a cluster point of (pk)k∈N and (pkj)j∈N be a subsequence of (pk)k∈N such that

limj→+∞ pkj = p̄. As limj→+∞ dκ(pkj+1, pkj) = 0, we have limj→+∞ pkj+1 = p̄. On

the other hand,

pkj+1 = PC(exp
κ
pkj

(
−α grad f(pkj)

)
), j = 0, 1, . . .
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and (2.14) imply

〈
Projκpkj+1

expκ
pkj

(−α grad f(pkj)),Proj
κ
pkj+1

q
〉
≤ 0, ∀q ∈ C.

Hence, by setting v = − grad f(p̄), and employing (1.10) while considering that

p̄ ∈ C ⊆ H\
κ, we can conclude that

〈
Projκp̄ exp

κ
p̄(−α grad f(p̄)),Projκp̄ q

〉
≤ 0, ∀q ∈ C.

which is equivalent to
〈
expκ

p̄(−α grad f(p̄)),Projκp̄ q
〉
≤ 0, for all q ∈ C. Therefore,

by setting v = − grad f(p̄), using (1.10) and considering that p̄ ∈ C ⊆ H\
κ, we can

infer that

0≥
〈
cosh(α

√
κ∥v∥)p̄+ sinh(α

√
κ∥v∥) v√

κ∥v∥
,Projκp̄ q

〉
=
sinh(α

√
κ∥v∥)√

κ∥v∥
〈
v,Projκp̄ q

〉
,

for all q ∈ C. Thus, as sinh(α
√
κ∥v∥) > 0 and v = − grad f(p̄), we have

〈
grad f(p̄),Projκp̄ q

〉
≥ 0, ∀ q ∈ C,

which, by using (4.69), implies that p̄ ∈ C is a stationary point for problem (4.68).

The item (i) of Proposition 28 implies that if pk = PC
(
exppk

(−αk grad f(pk))
)
,

then pk is stationary for Problem (4.68). Since pk+1 = PC
(
exppk

(−αk grad f(pk))
)
,

the distance between the points pk and pk+1, i.e., d(pk, pk+1), can be seen as a

measure of stationarity of pk. The next theorem presents an iteration-complexity

bound for this measure.
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Theorem 8. For all N ∈ N there holds

min {dκ(pk, pk+1) : k = 0, 1, . . . , N} ≤

√
f(p0)− f ∗

Γ(N + 1)
,

Proof. By using (4.75), we have d2κ(pk, pk+1) ≤ (f(pk)− f(pk+1)) /Γ, for all k =

0, 1, . . .. Since f ∗ ≤ f(pk) for all k, the last inequality implies

N∑
k=0

d2κ(pk+1, pk) ≤
1

Γ

N∑
k=0

(f(pk)− f(pk+1)) ≤
1

Γ
(f(p0)− f ∗).

Therefore, (N + 1)min {d2κ(pk, pk+1) : k = 0, 1, . . . , N} ≤ (f(p0) − f ∗)/Γ, which

implies the desired inequality.

4.3.2 Gradient projection method with backtracking step
size

In Algorithm 1 we need the Lipschitz constant to compute the stepsize. However,

this constant is not always known or computable. Therefore, in this section we

also analyze a version of Algorithm 1 with a backtracking stepsize rule. The

conceptual version of the gradient projection method on the κ-hyperbolic space

with a backtracking stepsize rule to solve the problem (4.68) is as follows:

In the next proposition we prove that Algorithm 2 is well defined and two useful

inequalities.

Proposition 29. The Algorithm 2 is well defined and generates a sequence (pk)k∈N ⊆

C. Moreover, the following inequality hold:

〈
grad f(pk), log

κ
pk
zk
〉
≤ − 1

αk

d2(pk, zk) < 0, ∀k ∈ N. (4.80)
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Algorithm 2 Gradient projection method on Hn
κ with backtracking step size rule

1: Take constants ρ, β, θ0 ∈ (0, 1) and α̂, ᾱ > 0. Choose initial point p0 ∈ C. Set
k = 0;

2: If grad f(pk) = 0, then stop and returns pk; otherwise take

0 < α̂ ≤ αk ≤ ᾱ, (4.77)

3: Compute
yk := expκ

pk
(−αkgrad f(pk)) , zk := Pκ

C (yk) , (4.78)

ℓk := min
{
ℓ ∈ N : f

(
q(βℓθk)

)
≤ f(pk) + ρ

(
βℓθk

)〈
grad f(pk), log

κ
pk
zk
〉}
,

(4.79)
where q(τ) := expκ

pk

(
τ logκpk zk

)
denotes the geodesic segment joining pk to zk;

4: Set pk+1 := q(βℓkθk) and θk+1 := βℓk−1θk;
5: Update k ← k + 1 and go to 2.

Furthermore,

f(pk+1) ≤ f(pk) + ρβθk+1

〈
grad f(pk), log

κ
pk
zk
〉
, ∀k ∈ N. (4.81)

Proof. Bearing in mind that p0 ∈ C, without loss of generality we can assume

that pk ∈ C. Since C ⊂ H\
κ is closed, PC (yk) is a singleton. Hence, the point zk

in (4.78) is well defined and belongs to the set C. Since yk are given by (4.78),

Proposition 26 with v = grad f(pk), p = pk and α = αk implies that

〈
grad f(pk), log

κ
pk
PC (yk)

〉
≤ − 1

αk

d2κ(pk,PC (yk)).

Thus, due to zk = PC (yk), the inequality (4.80) follows from the previous one.
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From the differentiability of f is and 0 < β < 1, we conclude that

lim
ℓ→+∞

f
(
expκ

pk

(
βℓθk log

κ
pk
zk
))
− f(pk)

βℓθk
=
〈
grad f(pk), log

κ
pk
zk
〉
. (4.82)

Thus, taking into account that 0 < ρ < 1 and using item (ii) of Proposition 28,

the combination of (4.80) with (4.82) implies that

lim
ℓ→+∞

f
(
expκ

pk

(
βℓθk log

κ
pk
zk
))
− f(pk)

βℓθk
< ρ

〈
grad f(pk), log

κ
pk
zk
〉
.

Therefore, there exists ℓ̂ ∈ N such that

f
(
expκ

pk

(
βℓθk log

κ
pk
zk
))
< f(pk)+ρ

(
βℓθk

) 〈
grad f(pk), log

κ
pk
zk
〉
, ∀ℓ ∈ N; ℓ̂ ≤ ℓ,

which implies ℓk at Step 3 is well defined, and then Algorithm 2 is also well

defined. The definition of the next iterate pk+1 implies that it belongs to the

geodesic through pk and zk. Since pk and zk belong to C and C is convex, we infer

that pk+1 also belongs to C. Therefore, the generated sequence (pk)k∈N belongs to

C. The inequality (4.81) follows from the definition of ℓk at Step 3 and definitions

of pk+1 and θk+1 at Step 4, which concludes the proof.

Theorem 9. If p̄ ∈ C is a cluster point of the sequence (pk)k∈N, then p̄ is a

stationary point for Problem (4.68).

Proof. Let p̄ be a cluster point of the sequence (pk)k∈N. If grad f(p̄) = 0, then

(4.69) implies that p̄ ∈ C is a stationary point for Problem (4.68). Now, assume

that grad f(p̄) ̸= 0. Combining (4.80) with (4.81) we have

0 < −ρβθk+1

〈
grad f(pk), log

κ
pk
zk
〉
≤ f(pk)− f(pk+1), ∀k ∈ N. (4.83)
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It follows from (4.83) that (f(pk))k∈N is non-increasing and considering that −∞ <

f ∗, we conclude that it converges. Since (f(pk))k∈N converges, we obtain from

(4.83) that

lim
k→+∞

θk+1

〈
grad f(pk), log

κ
pk
zk
〉
= 0. (4.84)

Since p̄ is a cluster point of sequence (pk)k∈N, we take (pkj)j∈N a subsequence

of (pk)k∈N such that limj→+∞ pkj = p̄. Considering that (αk)k∈N ⊆ [α̂, ᾱ] and

(θk)k∈N ⊆ (0, 1), we can assume without generality that

lim
j→+∞

αkj =: α̃ ≥ α̂ > 0, lim
j→+∞

θkj+1 =: θ̃ ∈ [0, 1]. (4.85)

It follows from (4.78) that zkj := Pκ
C
(
expκ

pkj
(−αkjgrad f(pkj))

)
. Thus, by using

Proposition 25, taking into account that limj→+∞ pkj = p̄, and (4.85) we infer

that

lim
j→+∞

zkj := Pκ
C
(
expκ

p̄(−α̃grad f(p̄))
)
=: z̄. (4.86)

From (4.84) we obtain that limk→+∞ θkj+1

〈
grad f(pkj), log

κ
pkj
zkj
〉
= 0. Hence, the

combination of (4.85) and (4.86) with limj→+∞ pkj = p̄ yields

θ̃
〈
grad f(p̄), logκp̄ z̄

〉
= 0. (4.87)

Since α̃ ∈ [0, 1], we have two possibilities that we must consider: θ̃ > 0 or θ̃ = 0.

First we assume that θ̃ > 0. In this case, by using (4.80) we have

d2(pkj , zkj) ≤ −αkj

〈
grad f(pkj), log

κ
pkj
zj

〉
, ∀j ∈ N. (4.88)

By taking limit in (4.88), and by using (4.85) and (4.86), together with the first
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equality in (4.87), we get limk→+∞ d(pkj , zkj) = 0. Thus, due to limj→+∞ pkj = p̄

and limj→+∞ zkj = z̄, we have z̄ = p̄. Hence, using (4.86) we obtain that

p̄ = Pκ
C
(
expκ

p̄(−α̃grad f(p̄))
)
.

Therefore, item (i) of Proposition 28 implies that p̄ is a stationary point for Prob-

lem (4.68).

Now, we assume that θ̃ = 0. In this case, we consider the following auxiliary

sequence (qkj)j∈N defined by

qkj := expκ
pkj

(
θkj+1 log

κ
pkj
zkj
)
, ∀k ∈ N. (4.89)

Since limj→+∞ θkj = 0, we have limj→+∞ qkj = p̄. Moreover, the definition of ℓk is

defined in (4.79) implies that f(qkj) > f(pkj) + ρθkj+1

〈
grad f(pkj), log

κ
pkj
zkj
〉
. Via

combining (4.89) with the last inequality, we obtain that

f
(
expκ

pkj
(θkj+1 log

κ
pkj
zkj)
)
− f(pkj)

θkj+1

> ρ
〈
grad f(pkj), log

κ
pkj
zkj
〉
.

Since limj→+∞ θkj+1 = 0, limj→+∞ pkj = p̄, limj→+∞ zkj = z̄ and f is differen-

tiable, By taking limit in the last inequality we arrive to
〈
grad f(p̄), logκp̄ z̄,

〉
≥

ρ
〈
grad f(p̄), logκp̄ z̄,

〉
. Due to 0 < ρ < 1, it follows from the last inequality that〈

grad f(p̄), logκp̄ z̄,
〉
≥ 0. Thus, using (4.86) we obtain that

〈
grad f(p̄), logκp̄ Pκ

C
(
expκ

p̄(−α̃grad f(p̄))
)〉
≥ 0.

Therefore, using (4.71) in item (ii) of Proposition 28 we deduce that p̄ is a station-
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ary point for Problem (4.68). Thus, the proof is now complete.

To proceed, we need the assumption (H1). For simplifying the notation, it is

convenient to define the following positive constant

θ̄ := min
{
θ0,

2

ᾱL
(1− ρ)

}
. (4.90)

Lemma 20. The following inequality holds:

θk ≥ θ̄, ∀k ∈ N. (4.91)

Proof. Since p0 ∈ C, it follows from Proposition 29 that (pk)k∈N ⊆ C. The inequal-

ity (4.91) immediately holds for k = 0. Lemma 16 with D = Hn
κ, p = pk and

q = exppk
(βℓk−1θk log

κ
pk
zk) yield

f(expκ
pk

(
βℓk−1θk log

κ
pk
zk
)
)≤f(pk)+βℓk−1θk⟨gradf(pk),logκpk zk⟩+

L

2
(βℓk−1θk)

2d2(pk,zk).

On the other hand, it follows from the definition of ℓk in (4.79) that

f(expκ
pk

(
βℓk−1θk log

κ
pk
zk
)
) > f(pk) + ρβℓk−1θk⟨grad f(pk), logκpk zk⟩.

Hence, by combining the two previous inequalities and keeping in mind that θk+1 =

βℓk−1θk, we get

−(1− ρ)θk+1⟨grad f(pk), logκpk zk⟩ <
L

2
θ2k+1d

2(pk, zk).

Having in mind that 0 < ρ < 1, by applying Proposition 29, we infer from the last
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inequality that

(1− ρ)θk+1
1

αk

d2(pk, zk) <
L

2
θ2k+1d

2(pk, zk).

Thus, due to 0 < αk < ᾱ, θk+1 ̸= 0 and d(pk, zk) ̸= 0, it follows from the previos

inequality that

2

ᾱL
(1− ρ) < θk+1.

Therefore, by using (4.90) we have θ̄ < θk+1. Because (4.91) holds for k = 0, the

proof is complete.

As the quantity d(pk, zk) can be interpreted as a measure of the stationarity

of pk, the following theorem provides a bound on the iteration complexity for this

measure.

Theorem 10. For all N ∈ N there holds

min {d(pk, zk) : k = 0, 1, . . . , N} ≤

√
ᾱ(f(p0)− f ∗)

ρβθ̄

1√
(N + 1)

.

Proof. Inequalities (4.81), (4.77), (4.80) and (4.91) yield

ρβθ̄
1

ᾱ
d2(pk, zk) ≤ −ρβθk+1

〈
grad f(pk), log

κ
pk
zk
〉
≤ f(pk)− f(pk+1), ∀k ∈ N.

Since f ∗ ≤ f(pk) for all k, the last inequality implies

N∑
k=0

d2(pk, zk) ≤
ᾱ

ρβθ̄

N∑
k=0

(f(pk)− f(pk+1)) ≤
ᾱ

ρβθ̄
(f(p0)− f ∗).

Therefore, (N+1)min {d2(pk, zk) : k = 0, 1, . . . , N} ≤ ᾱ(f(p0)−f ∗)/(ρβθ̄), which
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implies the desired inequality.

4.4 The constrained center of mass in κ-hyperbolic

space forms

Let us consider the problem of computing the center of mass, which is also known

as the Fermat-Weber problem, the Fréchet mean, or the variance problem (see

[3, 5]). This problem arises frequently in various practical applications without

constraints, as demonstrated in [2, 26, 36]. However, in this section, we will also

consider the constrained version of this problem, which may become important in

the future.

Let {q1, . . . , qm} ⊆ Hn
κ be a data set of distinct points, qi ̸= qj for i ̸= j, and

µ1, . . . µm be positive weights with
∑m

j=1 µj = 1 and σ > 1. Let C ⊆ Hn
κ be a closed

and κ-hyperbolically convex set. The constrained center of mass minimization

problem is stated as follows:

argmin
p∈C

m∑
i=1

µid
σ
κ(p, qi), (4.92)

where dκ is the intrinsic distance on the κ-hyperbolic space form defined in (1.9).

Assume that σ ≥ 2. Then, the objective function of problem (4.92) is continuously

differentiable. For simplifying the notations, let ρ : Hn
κ → R and ρi : Hn

κ → R be

defined, respectively, by

ρ(p) :=
m∑
i=1

µiρi(p), ρi(p) := dσκ(p, qi), (4.93)

128



for all p ∈ Hn
κ and i = 1, . . . ,m. The sub-level set of ρ associated to c > 0 is

defined by

Lρ,C(c) := {p ∈ C : ρ(p) ≤ c}.

Proposition 30. For any c > 0, the sub-level Lρ,C(c) is a compact set. As a

consequence, the problem (4.92) has a global solution.

Proof. We can assume without loss of generality that the sub-level set Lρ,C(c) is

a nonempty set. Let 0 < µ0 := min{µ1, . . . , µm}, r := (c/µ0)
1/σ and B(qi, r) :=

{p ∈ Hn
κ : dκ(p, qi) ≤ r}, for i = 1, . . . ,m. Hence, we have Lρ,C(c) ⊆ ∪m

i=1B(qi, r).

Consequently, Lρ,C(c) is bounded. Since ρ is continuous, we conclude that Lρ,C(c)

is also closed. Therefore, Lρ,C(c) is compact, which proves the first part. For the

second part, note that since the sub-level Lρ,C(c) set is compact and nonempty, the

constrained optimization problem argminp∈Lρ,C(c) ρ(p) has a global solution. Let

us denote this solution by p̄ ∈ Lρ,C(c). Thus, we have ρ(p̄) ≤ ρ(p) if p ∈ Lρ,C(c)

and, for all p ∈ C\Lρ,C(c) we have ρ(p) ≥ c ≥ ρ(p̄). Therefore, ρ(p̄) ≤ ρ(p) for all

p ∈ C, and the problem (4.92) has a global solution.

For proving the next proposition we will need the following definition.

Definition 7. Let C ⊆ H\ be a κ-hyperbolically convex set and I ⊆ R an interval.

A function f : C → R is called κ-hyperbolically convex (respectively, strictly κ-

hyperbolically convex) if for any geodesic segment γ : I → C, the composition

f ◦ γ : I → R is convex (respectively, strictly convex) in the usual sense.

Proposition 31. The problem (4.92) has global solution and the solution is

unique.
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Proof. Let p0 ∈ C. Thus, the sublevel set {p ∈ Hn
κ : ρ(p) ≤ ρ(p0)} ̸= ∅.

Thus, Proposition 30 implies that the problem (4.92) has global solution. We

proceed to prove the uniqueness. First note that, due to σ ≥ 2, (1.13) and similar

arguments to the ones used to prove [20, Lemma 2.4], we can prove that the Hessian

Hess ρi(p) is positive definite. Thus [20, Proposition 5.4] implies that ρi is strictly

κ-hyperbolically convex. Therefore, as µ1, . . . , µm are positive, it can be inferred

from (4.93) that ρ is strictly κ-hyperbolically convex. As a consequence, the global

solution of problem 4.92 is unique.

Now, let us analyze the convergence of Algorithm 2 when it is applied to the

problem (4.92).

Theorem 11. Consider the sequence (pk)k∈N generated by Algorithm 2 to solve

problem (4.92). Then, (pk)k∈N converges to the solution of problem (4.92).

Proof. Consider p0 as the starting point of the sequence (pk)k∈N. From Propo-

sition 29, we can deduce that the sequence (ρ(pk))k∈N is non-increasing. Conse-

quently, we have

(pk)k∈N ⊆ {p ∈ Hn
κ : ρ(p) ≤ ρ(p0)}.

By applying the first part of Proposition 30, we can establish that (pk)k∈N is

bounded. Thus, (pk)k∈N has a cluster point p̄ ∈ C. Utilizing Theorem 9, we

conclude that p̄ is a stationary point for the problem (4.92). Since ρ is convex and

stationary points are global solutions, p̄ is also a solution for the problem (4.92).

Therefore, since Proposition 31 implies that problem (4.92) has only one solution,

the sequence (pk)k∈N has only one cluster point and must converge.

Let us proceed to provide a formula for the gradient of the objective function
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of problem (4.92). For p ̸= qi, (1.9) and (1.12) imply

grad ρi(p) = −σdσ−2
κ (p, qi) log

κ
p qi, i = 1, . . . ,m.

Thus, due to σ ≥ 2, the objective function of problem (4.92) is continuously

differentiable. Hence, it follows, from the last equality, (1.8), (1.9) and (1.11),

that the gradient of the objective function in (4.92) is given by

grad ρ(p) = −
m∑
i=1

µi
σκ1−

σ
2 (arcosh(−κ ⟨p, qi⟩))σ−1√

κ2 ⟨p, qi⟩2 − 1

(
I + κpp

⊤J
)
qi. (4.94)

To implement Algorithm 2, it is necessary to utilize the formula to project intrinsi-

cally into convex set C in consideration, some of which were provided in Section 4.2,

and (4.94).

4.5 Conclusion

In this chapter, we have examined the gradient projection method as a solution ap-

proach for constrained optimization problems in κ-hyperbolic space forms, particu-

larly for potentially non-convex objective functions. We considered both constant

and backtracking step sizes in our analysis. In our investigation, we presented

several innovative properties of the intrinsic κ-projection into convex sets of κ-

hyperbolic space forms. These properties are crucial for analysing the method and

also hold independent significance. We discussed the relationship between the in-

trinsic κ-projection and the Euclidean orthogonal projection as well as the Lorentz

projection. Furthermore, we derived formulas for the intrinsic κ-projection into
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specific convex sets using the Euclidean orthogonal projection and the Lorentz

projection. Concerning the convergence results of the gradient projection method,

we established two key findings. First, we showed that every accumulation point

of the sequence generated by the method with backtracking step sizes is a sta-

tionary point of the problem. Second, assuming the Lipschitz continuity of the

objective function’s gradient, we showed that each accumulation point of the se-

quence produced by the gradient projection method with a constant step size is

also a stationary point. Additionally, we provided an iteration complexity bound

that characterizes the number of iterations needed to achieve a suitable measure of

stationarity for both step sizes. Finally, the properties of the constrained Fermat-

Weber problem were explored.
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CHAPTER 5

CONCLUSION AND FUTURE WORK

This thesis demonstrates the characterization of convex sets on hyperbolic space,

the characterization of hyperbolically convex quadratic functions, several innova-

tive properties of the intrinsic κ-projection into convex sets of κ-hyperbolic space

forms and the gradient projection method for minimizing potentially non-convex

functions.

A related remark to Chapter 2 and Chapter 3 is that the class of convex

functions on constant curvature manifolds is widening with the decrease of the

sign of the curvature. We also expect that the class of convex functions on a

proper convex subset of the hyperbolic space to be much more wider than the

convex functions on the corresponding proper convex subset of the sphere. It

is worth noting that when defining a quadratic function on the sphere and in

the hyperbolic space, we rely on the fact that these manifolds are subsets of the

Euclidean space. In fact, this kind of study could potentially be extended to

manifolds that are subsets of matrix spaces. However, engaging in convex analysis

within a general Riemannian manifold remains a challenging endeavour.

To further explore the topic in Chapter 4, an intriguing aspect that could be
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explored is conducting a comprehensive study on the asymptotic convergence of

the method for optimization problem with convex objective functions. It is worth

noting that the inclusion of the projection in the definition of the method poses

a challenging problem, and we believe that additional properties of the projection

would be necessary for a successful analysis. Given the significance of compre-

hending the computation of the projection in implementations of the gradient

projection method, it would be worthwhile to pursue new research that offers a

technique for computing the projection in additional convex sets, as well as ob-

taining new properties of it. This study can open up possibilities for designing

other methods in hyperbolic spaces.
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& Applications. Birkhäuser Boston Inc., Boston, MA, 1992. Translated from
the second Portuguese edition by Francis Flaherty.

[13] Francisco Facchinei and Jong-Shi Pang. Finite-dimensional variational in-
equalities and complementarity problems. Vol. I. Springer Series in Operations
Research. Springer-Verlag, New York, 2003.

[14] Shuailing Feng, Wen Huang, Lele Song, Shihui Ying, and Tieyong Zeng.
Proximal gradient method for nonconvex and nonsmooth optimization on
Hadamard manifolds. Optim. Lett., 16(8):2277–2297, 2022.

[15] O. P. Ferreira, A. N. Iusem, and S. Z. Németh. Projections onto convex sets
on the sphere. J. Global Optim., 57(3):663–676, 2013.

[16] O. P. Ferreira, A. N. Iusem, and S. Z. Németh. Concepts and techniques of
optimization on the sphere. TOP, 22(3):1148–1170, 2014.

[17] O. P. Ferreira, M. S. Louzeiro, and L. F. Prudente. Gradient method for
optimization on Riemannian manifolds with lower bounded curvature. SIAM
J. Optim., 29(4):2517–2541, 2019.

136



[18] O. P. Ferreira and S. Z. Németh. How to project onto extended second order
cones. J. Global Optim., 70(4):707–718, 2018.

[19] O. P. Ferreira and S. Z. Németh. On the spherical convexity of quadratic
functions. J. Global Optim., 73(3):537–545, 2019.

[20] O. P. Ferreira, S. Z. Németh, and Jinzhen Zhu. Convexity of sets and quadratic
functions on the hyperbolic space. J. Optim. Theory Appl., pages 1–35, 2022.

[21] O. P. Ferreira, S. Z. Németh, and Jinzhen Zhu. Convexity of non-homogeneous
quadratic functions on the hyperbolic space. J. Optim. Theory Appl.,
199:1085–1105, 2023.

[22] O. P. Ferreira and P. R. Oliveira. Proximal point algorithm on Riemannian
manifolds. Optimization, 51(2):257–270, 2002.
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and Marián Boguñá. Hyperbolic geometry of complex networks. Phys. Rev.
E (3), 82(3):036106, 18, 2010.
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