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Abstract

This thesis is based on two published paper and one submitted paper in collabo-
ration with co-authors Ferreira, O.P. and Németh, S.Z.. Some concepts of convex
analysis on hyperbolic spaces are firstly studied. Next, we study the concept of
convex sets and the intrinsic projection onto these sets. We also study the concept
of convex functions and present first and second order characterizations of these
functions. An extensive study of the hyperbolically convex quadratic functions is
also presented. Unlike in the Euclidean space, the study of intrinsic convexity of
non-homogeneous quadratic functions in the hyperbolic space is more elaborate
than that of homogeneous quadratic functions. Then, we examine the gradient
projection method as a solution approach for constrained optimization problems
in x-hyperbolic space forms. Moreover, we provide formulas for the intrinsic x-
projection into specific convex sets using the Euclidean orthogonal projection and
the Lorentz projection. Regarding the convergence results of the gradient projec-
tion method, we establish two main findings. Firstly, we demonstrate that every
accumulation point of the sequence generated by the method with backtracking
step sizes is a stationary point for the given problem. Secondly, assuming the
Lipschitz continuity of the gradient of the objective function, we show that each
accumulation point of the sequence generated by the gradient projection method
with a constant step size is also a stationary point. Finally, we explore the prop-
erties of the constrained Fermat-Weber problem, demonstrating that the sequence

generated by the gradient projection method converges to its unique solution.
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The gradient on the hyperbolic space of f, where 2 3 p — grad f(p) €
T,M.

The usual gradient of f at p € Q.

A vector field on Q2 C H".

The covariant derivative of X at p € Q.

The usual derivative of the vector field X at the point p.

The Hessian on the hyperbolic space.

The usual Hessian (Euclidean Hessian) of the function f at a point p.

The parallel transport along the geodesic segment v joining p to q.



grad d,(p)

Hess d,(p)

The open ball of radius § > 0 and centre p € H".
The closed ball of radius § > 0 and centre p € H".
{Q e RWDx(H) . QT JQ = J}, the Lorentz group.

The intrinsic distance function on the hyperbolic space from the fixed

point ¢ € H".

The gradient of the distance from ¢ at p.

The Hessian of the distance from ¢ at p.

The cone spanned by A.

The projection mapping H" — C.

{(p,p): p€C, peR, f(p) < p}, the epigraph.
The simplicial cone.

The Euclidean orthogonal projection set-valued mapping into a convex

cone K.

a-circular cone, where o > 1 is a real constant.
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space form.
The Lorentzian projection into 7,H.
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CHAPTER 1

INTRODUCTION AND PRELIMINARIES

The modelling of various classes of constrained optimization problems via Rie-
mannian manifolds has gained increasing attention in the recent years in both the
academic and business community as, in some sense, it outperforms the Euclidean
counterpart. The development of numerical methods to address constrained opti-
mization problems heavily relies on an understanding of the geometric structure
of the constraint set. It is widely recognized that Riemannian manifolds are sig-
nificant classes of sets with rich intrinsic geometric characteristics and a solid
conceptual foundation (see, for instance, [12,43,48]). Many optimization problems
formulated in Euclidean spaces have been reformulated as problems on Riemannian
manifolds to leverage this knowledge and enhance the effectiveness of numerical
optimization methods in tackling these problems (see [1,7]). Another point deserv-
ing to be highlighted is that endowing the set of constraints of the problem with
a suitable Riemannian metric, it allows us to explore its intrinsics algebraic and
geometric structures and then significantly reduce the cost of obtaining solutions
of the problem in question. For example, a non-convex Euclidean problem can

be seen as a convex Riemannian one, whose optimization methods for solving it



have much less inherent computational complexity, see for instance [46, Example
13.4.1] and [17,23]. It is worth noting that the concepts of convexity of sets and
functions in the Riemannian optimization context is a topic that is of interest in
itself, see for example [35,45,52,60].

The hyperbolic space was discovered due to attempts to understand Euclid’s
axiomatic basis for geometry dating back to the 1800s. This space it is one of
the most interesting models of non-Euclidean Riemannian manifold of negative
constant sectional curvature, see for example [6,8,47]. Since the discovery of
the hyperbolic space, several efforts have been made to understand its properties
and several models of it have emerged over the years, including the hyperboloid
model (also called Lorentz model), the Poincaré half-plane model, the Poincaré
disc model and the Klein model, see [6]. The growing interest over the years
in the hyperbolic space has resulted in a proven success story, helping to make
impressive advances in many fields of science, one of the best known being general
relativity, see [53]. It is also worth mentioning that in many practical applications
the natural structure of the data is modelled in the hyperbolic space. Various
topics of research use this type of modelling, including those related to machine
learning, artificial intelligence, financial networks, Procrustes problem, and various
practical applications (see references [9,32-34,39-42,49-51,54, 56, 57]).

All the aforementioned constrained problems can be modelled by treating the
constraint set as a manifold, thus transforming them into unconstrained problems.
However, when additional constraints are introduced within the manifold itself,
the problems become intrinsically constrained. In such cases, optimization prob-
lems on manifolds with intrinsic constraints become significantly more challenging.

One key difficulty arises in computing the intrinsic projection into convex sets of



the manifold. This problem was initially addressed in the work of [55], where in-
triguing theoretical properties were discovered, but it remains a challenging task.
While there are some papers that have tackled this problem on certain sets in
Euclidean spaces (e.g., [4,18]), we note that the problem of intrinsically projecting
into a convex subset of the sphere was also studied in [4, 15], where an explicit
formula for the intrinsic projection was reduced to the Euclidean projection on a
suitable cone. Additionally, the computational difficulties involved with comput-
ing intrinsic projections in convex sets limit the investigation of numerical methods
for addressing problems with constraints in Riemannian manifolds. As a matter
of fact, there are currently only a few studies that address the gradient projection
method in the Riemannian context. However, earlier research has investigated
the use of gradient projection for minimizing functions on Riemannian manifolds
under convexity or coercivity assumptions, as well as the boundedness of the set
of constraints. Notably, even for this method, which plays a fundamental role
in constrained optimization, the conducted studies predominantly concentrate on
theoretical findings regarding the computational complexity associated with solv-
ing problems with objective function convex or coercive, see [11,14,31,38,59].
The structure of this thesis is as follows. In Chapter 1, we recall some no-
tations, basic results and properties about the geometry of the hyperbolic space
used throughout the thesis. In Chapter 2, we present a characterization of convex
sets in the hyperbolic space and the properties of the projection onto convex sets.
In Chapter 3, we study the basic properties of convex functions on the hyperbolic
space, the hyperbolically convex quadratic functions and some concepts of opti-
mization related to hyperbolically convex functions. We conclude this thesis by

providing an overview of the geometry of k-hyperbolic space forms, including no-



tations, definitions, and basic results as well as presenting some properties of the
intrinsic k-projection into k-hyperbolically convex sets, with a focus on explicit
computation of the intrinsic k-projection for specific convex sets in Chapter 4.
Moreover, we also address the constrained optimization problem and introduce
two versions of the gradient projection method to solve it and finally explore some
properties of the constrained version of the problem of computing the centre of

mass in Chapter 4.

1.1 Notations and basic results

In this section we will introduce some basic notations and lemmas used in the
thesis. For any real number a denote at := max(a,0) and o~ := (—a)". Let
R™ be the m-dimensional Euclidean space. Denote by €’ is the i-th canonical unit
vector in R"*!. The Euclidean norm of u € R™ is denoted by [Ju|, := VuTu'. The
set of all m x n matrices with real entries is denoted by R™*" and R™ = R™*!,
For M € R™ ™ the matrix M T € R™ ™ denotes the transpose of M. The operator
norm associated to Euclidean norm of a matrix M € R™*™ is defined by [|A||5 :=

max{ || Mullz : [lul|, =1, w € R™}. The numbers Apiy(M) and Apax (M) stand for

Rm)(m

the minimum and maximum eigenvalue of the matrix M € , respectively. If
u € R™, then diag(u) € R™*™ denotes a diagonal matrix with (¢, 7)-th entry equal
to u;, ¢ = 1,...,m. The matrix I denotes the m x m identity matrix.

In the following we state a version of Finsler’s lemma, see [25]. A proof of it

can be found, for example, in [37, Theorem 2].

Lemma 1. Let M, N € R™*" be two symmetric matrices with N # 0. If 2T Na =



0 implies ' Mx > 0, then there exists A € R such that M + AN is positive

semidefinite.

In order to state a special version of Lemma 1 in a convenient form, we take

the diagonal matrix J € R®tD)>*(+1) defined by
J = diag(1,...,1,—1) € RDx(n+1), (1.1)

By using the matrix (1.1) the Lorentz cone £ and its boundary OL are defined,

respectively, by

L= {x eR"™ 2T Jz <0, 241 > 0} , 0L = {x eR"™ 2" Jr =0, 2,41 > O} )

(1.2)
A matrix M is called OL-copositive if z" Mz > 0, for all z € L. Then, combining
Lemma 1 with the second equality in (1.2) we obtain the following special version

of Lemma 1.

Corollary 1. Let M € R™*" be a symmetric matrix. If M is dL-copositive, then

there exists A € R such that M + A\J is positive semidefinite.

The dual cone of a cone K C R™ is a cone defined by K* := {x e R™ : 2Ty >
0, Yy € K}. It is well known that £ = £* = (0L)*.
The following characterizations of symmetric positive definite matrices can be

found in [30, Theorem 7.2.5, pp. 404].

Lemma 2. Let M € R™™" be symmetric. Then, M is positive definite if and only
if det M; > 0, for + = 1,...,n, where M, stands for the principal submatrix M

determined by the first ¢ rows and first ¢ columns.

b}



For a given M € R(+)x(+1) " consider the following decomposition:

M b _
M = , M eR™, becR™, f§cR. (1.3)
bT 4

Using the decomposition (1.3) we have the following characterizations of positive
definite matrices and positive semidefinite matrices, for the proof see [28, Propo-

sitions 16.1 and 16.2].

Lemma 3. Let M = M T € RO+Dx+1) - Consider the decomposition of M in the

form (1.3).
i) M is positive definite if and only if # > 0 and M — 2bb" is positive definite;
(1) y :

i) If # > 0, then M is positive semidefinite if and only if M — 1bbT is positive
(i) 5

semidefinite;
(iii) If M is positive definite, then M is positive semidefinite if and only if § —

b"'M~1b > 0.

Now, assume that M is invertible. In this case the determinant of M is given

by the formula of the next lemma, see [30, Section 0.85, pp. 21].

Lemma 4. Let M € RC+)x(+1) - Consider the decomposition of M in the form

(1.3). Then, det(M) = (0 —b" M~'b) det M.

Next we present a version of the S-lemma which can be found for example

in [44, Theorem 2.2].

Lemma 5. Let A, B € R"*" be symmetric matrices. Assume that 2" BZ < 0 for

some T € R™*™. Then the following two statements are equivalent.
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(i) If " Bx <0, then x" Az > 0;

(ii) There exists a # > 0 such that A + B is positive semidefinite.

1.2 Basic results about the hyperbolic space

In this section we recall some notations, definitions and basic properties about
the geometry of the hyperbolic space used throughout the thesis. They can be
found in many introductory books on Riemannian and Differential Geometry, for

example in [6,47], see also [7].

Let (-,-) be the Lorentzian inner product of x := (x1,...,Zp, Tpe1)' and y :=
(Y1, - s Yns Yny1) | on R defined as follows
<[L‘, y> =T + o+ TnYn — Tn+1Yn+1- (14)

For each = € R"*! the Lorentzian norm (length) of x is defined to be the complex

number

|z|| :== /(x, ). (1.5)

Here ||z|| is either positive, zero, or positive imaginary.
By using (1.1), the Lorentz inner product (1.4) can be stated equivalently as

follows

(x,y) =2 Jy, Yo,y € R™ (1.6)

Throughout the thesis the n-dimensional hyperbolic space and its tangent hyper-



plane at a point p are denoted by

H" := {p e R"": (p,p) = -1, p"™" >0}, T,H" := {veR"" : (p,v) =0},

(1.7)
respectively. It is worth noting that the Lorentzian inner product defined in (1.4)
is not positive definite in the entire space R™"!'. However, one can show that its
restriction to the tangent spaces of H" is positive definite; see [7, Section 7.6].
Consequently, ||v|| > 0 for all v € T,H" and all p € H" with v # 0. Therefore, (-, -)
and || - || are in fact a positive inner product and the associated norm in T,H", for

all p € H". Next we present a basic lemma used in the sequel.
Lemma 6. Let p,q € H". Then, (p,q) < —1 and (p,q) = —1 if and only if p = ¢.

Proof. Since p,q € H", we have (p,p) = —1, py1 > 0, {q,q) = —1 and ¢,,41 > 0.
Thus, we have p,11 = VuTu and On+1 = VuTv, where u = (P1y-- -y Dn, 1)T and
v=1(q,...,qn, 1)". Hence, it follows from (1.4) that (p,q) = p1q1 + -+ + Puqn —
VuTuvvTv. On the other hand, by taking into account that Cauchy’s inequality
in the Euclidean space implies that vVuTuvvTv > wTv and the equality holds if

and only if u = v, the result follows. m

Therefore, (1.4) actually defines a Riemannian metric on H", see [8, pp. 67].
The Lorentzian projection onto the tangent hyperplane T,H" is the linear mapping
defined by

I+pp"J: R — T,H", Vp € H", (1.8)

where I € R®+1Dx(+1) ig the identity matrix.

Remark 1. The Lorentzian projection (1.8) is self-adjoint with respect to the

Lorentzian inner product (1.4). Indeed, {(I+ pp'J)u,v) = (u, (I+ pp"J)v), for all

8



u,v € R and all p € H". Moreover, we also have (I+pp"J)(I+pp"J) = I+pp'J,

for all p € H".

The intrinsic distance on the hyperbolic space between two points p,q € H" is

defined by

d(p, q) := arcosh(—(p, q)). (1.9)

It can be shown that (H",d) is a complete metric space, so that d(p,q) > 0 for all
p,q € H", and d(p,q) = 0 if and only if p = gq. Moreover, (H",d) has the same
topology as R™. The intersection curve of a plane though the origin of R**! with
H" is called a geodesic. Moreover, each geodesic segment v : [a, b] — H" is minimal,
i.e., its arc length is equal to the intrinsic distance () = arcosh(—(y(a),~(b)))
between its end points. We say that 7 is a normalized geodesic if ||| = 1. If

p,q € H" and ¢ # p, then the unique geodesic segment from p to q is

,q)sinht sinh ¢
L) g,  Vte[0, d(pq)

= | COs < —_—
Tl = ( he (p.q)* —1 (p.q)* -1

The exponential mapping exp,, : T,H" — H" is defined by exp,v = 7,(1), where
v, is the geodesic defined by its initial position p, with velocity v at p. Hence,

exp, v = p for v = 0, and

: v n
exp, v := cosh(]|v||) p + sinh(||v]|) ol Vo e T,H" \ {0}.

It is easy to prove that v, (1) = v, () for any values of t. Therefore, for all ¢t € R

we have

[

exp, tv = cosh(t]o]) p + sinh(t]lo]) 77,
(%

Vo € T,H" \ {0}. (1.10)



We will also use the expression above for denoting the geodesic starting at p € H"
with velocity v € T,H" at p. The inverse of the exponential mapping is given by

log, ¢ = 0, for ¢ = p, and

arcosh(—(p, q))

log, q = - T+pp'Jq,  q#p (1.11)
(p.q)*—1
It follows from (1.9) and (1.11) that
d(p,q) = ||log,qll,  p,q€H"

Let Q C H"™ be an open set and f : 2 — R be a differentiable function. The
gradient on the hyperbolic space of f is the unique vector field 2 5 p — grad f(p) €
T, M such that df (p)v = (grad f(p),v), see [7, Proposition 7-5, p.162]. Therefore,

we have

grad f(p) := [I+pp'J] J-Df(p)=J-Df(p)+ (J- Df(p),p)p, (1.12)

where D f(p) € R"! is the usual gradient of f at p € Q. A wvector field on Q C H"
is a smooth mapping X : @ — R™"! such that X(p) € T,H". The covariant

deriwative of X at p € Q is map VX (p) : T,H" — T,H" given by

VX(p):

I+ pp"J] DX (p),

where DX (p) denotes the usual derivative of the vector field X at the point p,
see [7, Formula (7.62), p.162]. The Hessian on the hyperbolic space of a twice

differentiable function f: Q — R at a point p € € is the mapping V grad f(p) :=

10



Hess f(p) : T,H" — T,H" given by

Hess f(p) :== [I4+pp'J] [J- D*f(p) + (J- Df(p),p)]] , (1.13)

where D?f(p) is the usual Hessian (Euclidean Hessian) of the function f at a point
p, see [7, Proposition 7.6, p.163]. Let I C R be an open interval, @ C H™ an open
set and v : I — 2 a geodesic segment. Since f : C — R is a differentiable function

and 7/(t) € T,H" for all t € I, equality (1.12) implies

%f(v(t)) = (grad f(7(2)),7'(t)) = (J- Df((t)),~'()), ~ Viel. — (114)

Moreover, if the function f is twice differentiable then it holds that

% (v(t)) = (Hess f((£))7'(t),~'(1))
= (- D*f(y(0)Y (1),7' (1)) + (T - DF(3(1),7(1) (' (1), (1)), Yt € 1.

(1.15)

For each p,q € H" the covariant derivative induces the linear isometry relative to
the Lorentzian inner product (-,-), P,,: T,H" — T,H" defined by P,,v = V(t),
where V' is the unique vector field on the geodesic segment v : [0, 1] — H" from
p to ¢, i.e., 7(0) = p and y(1) = ¢ such that VV (t)y'(t) = V,uV(t) = 0 and
V(0) = v, the so-called parallel transport along the geodesic segment v joining p

to ¢. The explicit formula of P, is given by

(v,log, p)

b a arcosh?(—(p, q))

(V) =0

(logq p+log, q) .

11



By using (1.11), after some algebraic manipulation, the last inequality becomes

1
qu(v) = I+ m(p + q)qTJ V.

Note that for all geodesic segment v : [a,b] — H" we have +/(t) = Py, (7(a)), for
all t € [a,b] or equivalently that 7”(t) = 0, for all ¢ € [a,b]. Next we give two
standard notations. We denote the open and closed ball of radius 6 > 0 and centre
p € H" by Bs(p) := {q¢ € H" : d(p,q) < 6} and Bs(p) := {g € H" : d(p,q) < 6},
respectively.
Let us recall the Lorentz group G, preserving the norm (1.5) and metric (1.6),
defined by
G = {Q e Rl QT jQ = J} . (1.16)

Note that |det Q| = 1, for all Q@ € G,. Moreover, Q71, Q" € G, for all Q € G.

Example 1. We exhibit two examples of matrices () € GG,. For the first example,
take u € R™™ such that ||u|| > 0. Thus, @ =1 — (2/[|ul|*)uu"] € G,. For the
second example, take u,w € R such that ||ul| = 1 and |Jw| = 1. Therefore,

Q=1+2wu"J— (1/(1+u"Jw))(u+w)(u+w)J € Ge.

We end this section by remarking that the Lorentz group (1.16) preserves

geodesics of H".

Remark 2. First note that for a given ) € G, we have ||Qv|| = ||v||. Moreover,
p € H" and v € T,H" if and only if Qp € H" and Qv € T,H", i.e., v € T,H" \ {0}

if and only if Qu € T,H" \ {0}. Consequently, it follows from (1.10) that

Q exp, tv = expg, tQU, Vv e T,H" \ {0}.
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Therefore, the Lorentz group preserves the geodesics of H".

1.3 Properties of the intrinsic distance on the
hyperbolic space

In this section we present some important properties of the intrinsic distance from
a fixed point on the hyperbolic space. In particular, we present the spectral decom-
position of the Hessian of the intrinsic distance. The ntrinsic distance function
on the hyperbolic space from the fized point ¢ € H" is the mapping d, : H* — R
defined by

d,(p) := arcosh(—(p, q)). (1.17)

The intrinsic distance from ¢, denoted by d, , is twice differentiable at p € H"\{¢}.
By combining (1.12) and (1.17), we can see that the gradient of the distance from

q at p is given by

graddy(p) := ———=—= [T+ J]¢, q#p (1.18)
<p7 q>2 —1

Moreover, by using (1.13) and (1.17), we obtain that the Hessian of the distance

from q at p is given by

1
(p,q)* =1

(p,q)

Hess dq(p) = W

I+ pp"J] qq"J —1|, q#p. (1.19)

Before presenting the spectral decomposition of the Hessian of intrinsic distance
from a fixed point on the hyperbolic space, we need the following elementary result.

Lemma 7. Let p,q € H" with ¢ # p. Then dim (T,H* NT,H") =n — 1 and (q +
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(p,q)p,v) =0, for all v € T,H"NT,H". As a consequence, taking an orthonormal
basis of the subspace T,H"™ N T,H", say {v1,...,v,—1} and defining v, = (¢ +

(0, 0)p)/|la + (p,¢)pl||, the set {vy,...,v,-1,v,} is an orthonormal basis of T),H".

In the next lemma we present a spectral decomposition of the Hessian of the
intrinsic distance from a fixed point on the hyperbolic space. The results in this
lemma and the next one are closely related to [24], see also its counterparts on the

sphere in [16, Lemma 2, Lemma 3|.

Lemma 8. Take ¢ € H" and let Hessd,(p) : T,H" — T,H" be the Hessian of the

intrinsic distance from ¢ at the point p € H"\{q}. Then,

Hessd,(p) (¢ + (p,q)p) =0, Hessd,(p)v = ﬂ v, VYveT,H"'NT,H".

(p,q)* —1
(1.20)

Moreover, Ay = 0 and A2 = —(p,q)//(p,q)*> — 1 > 0 are the unique eigenvalues

of Hessd,(p), with algebraic multiplicity 1 and n — 1, respectively. Moreover, the

Hessian Hess d,(p) is positive semidefinite.

Proof. Since p # ¢, Lemma 6 implies that (p,q) # —1 and from (1.19) the Hessian

is well defined. As ¢'Jg = —1, simple calculations give

1

o 9q" I =1| (¢ + (p,)p) = —(p, @)p-

On the other hand, [I + pp'J](—(p,q)p) = 0, which combined with the latter
equality and (1.19), implies the first equality in (1.20), and we also have that

A1 = 0 is an eigenvalue of the Hessian. For proving the second equality in (1.20),

14



note that the definitions in (1.7) imply that
(p,v) =0, (q,v) =0, Vv e T,H"NT,H".

Thus, the second inequality in (1.20) follows from (1.19) and the last two equalities.
In particular, the Hessian is a multiple of the identity in the subspace T,,H"NT,H".
Moreover, due to dim7,H" = n, we conclude, using Lemma 7, that the eigenval-
ues Ay and Ay have algebraic multiplicity 1 and n — 1, respectively, proving the
first statement. For proving the second statement, let {vq,...,v,_1} be an or-
thonormal basis of the subspace T,H" NT,H". Since (p,q) # 1, we can define v,, =
(g+(p,q)p)/lla+ (p, q)p||. Hence, Lemma 7 implies that {vy, ..., v, 1,v,} is an or-
thonormal basis of T, H". Therefore, given v € T,H", there exist a1, ..., a,-1,a, €
R such that u = a;v; + - - - + ap_1v,_1 + a,v,, which, by using the first statement,
entails (Hess d,(p)u,u) = Aa(a? + -+ + aZ_,), completing the proof of the second

statement. O

Take ¢ € H" and define p, : H" — R as

pa(p) = %dﬁ(p)- (1.21)

By using the definition of p, in (1.21) and (1.13), it is easy to conclude, after some

algebra, that
Hess py(p) = dy(p) Hess dy(p) + [L+pp" J]J - Ddy(p) Ddy(p) ", (1.22)

where Dd,(p) is the usual derivative of d, at the point p.
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Lemma 9. Take ¢ € H" and define Hess p,(p) : T,H" — T,H" as the Hessian of

p, at the point p € H"\{q}. Then the following equalities hold:

—(p, g)arcosh(—(p, q)) y
(p,q)* =1

Hess py(p) (¢ + (p,)p) = ¢+ (p,q)p, Hess py(p)v =

Y

(1.23)

(p,q)arcosh(—(p,q))
(p,q)?—1

are the unique eigenvalues of Hess p,(p), with algebraic multiplicity 1 and n — 1,

for all v € T,H" N T,H". As a consequence, p; = 1 and po =

respectively. Moreover, the Hessian Hess p,(p) is positive definite.

Proof. First note that taking into account that Dd,(p) = —(Jq)/+/(p,q)? — 1, we

have
1

(p,q)* —1

Due to ¢"Jg = —1, it follows from the last equality that J - Dd,(p)Dd,(p)" (¢ +

J- qu(p>qu(p)T = qq'J. (1.24)

(p,q)p) = q. On the other hand, [+ pp'J]q = q + (p, ¢)p. Hence, we obtain that

L+ pp " J]J - Ddy(p)Ddy(p) " (q + (p.a)p) = a+ (p, @)p-

Therefore, combining the last equality, equation (1.22) and the first equality in

(1.20), we get that

Hess py(p)(q + (p, 0)p) = ¢ + (. )P,

which is the first equality in (1.23). For proving the second one, note first that the

definition of 7, H" implies that ¢" Jv = 0 for all v € T,H" N T,H". Then, by using
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(1.24), we have

1+ pp"J]Dd,(p)Dd,(p)Tv =0,  VoveT,H" NT,H"

Hence, equation (1.22) implies that Hess p,(p)v = d,(p) Hessd,(p)v for all v €
T,H™ N T,H". Thus, by using the second equality in (1.20) and the definition of
dy(p) in (1.17), the second equality in (1.23) follows. The remainder of our proof
requires similar arguments to those in the proof of Lemma 8 (note that in the final
part of the proof we must invoke the fact that arcosh(—(p,q)) > 0 and (p,q) < 0,

which holds by applying Lemma 6 together with p # ¢). O

1.4 Conclusion

In this chapter, we reviewed the notations, definitions, and fundamental properties
of hyperbolic space geometry, which are used throughout the thesis. In particular,
we explored certain properties of the intrinsic distance from a fixed point. This
review provided a solid foundation for the research presented in the following

chapters.
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CHAPTER 2

CONVEX SETS ON THE HYPERBOLIC
SPACE

In this chapter! we first study some concepts related to the convexity of sets
on the hyperbolic space. Although some of these concepts have already been
studied in general Riemannian manifolds, we revisit them in this specific context
in order to present some explicit formulas and new properties. For our study, we
selected the hyperboloid model (also known as the Lorentz model) from among the
existing hyperbolic geometry models (see [6,8]), as it appears to be better suited for
studying Riemannian optimization problems and provides more numerical stability
to solution methods (see [41,42]). Some important properties of the intrinsic
distance are studied, for instance, we present the spectral decomposition of its
Hessian. We also study the concept of convex sets and the intrinsic projection

onto these sets.

!The main result in this chapter has been published in the paper [20], which is joint work
with Ferreira, O.P.and Németh, S.Z.
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2.1 Preliminaries for hyperbolically convex

In this section we present some properties of the convex sets of the hyperbolic
space. It is worth to remark that the convex sets on the hyperbolic space H" are

closely related to convex cones belonging to the interior of the Lorentz cone

L:= {:vG]R”“:anz\/ﬁ+---+x§1}. (2.1)

Definition 1. The set C CH" is said to be hyperbolically convez if for any p, ¢ € C

the geodesic segment joining p to ¢ is contained in C.

For each set A C H", let K 4 be the cone spanned by A, namely,
Ka={tp:peA te|0,+00)}. (2.2)

Clearly, K 4 is the smallest cone which contains A and belongs to the interior of
the Lorentz cone L. In the next result we relate a hyperbolically convex set with

the cone spanned by it.

Proposition 1. The set C C H" is hyperbolically convex if and only if the cone

K¢ is convex.

Proof. Assume that C CH" is a hyperbolically convex set. Let x,y € K¢. For

proving that K¢ is convex, it suffices to show that
z=z+y € Ke. (23)

The definition of K¢ implies that there exist p,q € C and s,t € [0,4+00) such that

x = sp and y = tq. Hence, due to z = sp+tq with p,q € C CH", (2.3) and (p, ¢) <
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—1 imply that (z,z) < —(t + s)?, which is equivalent to 0 < t + s < /—(z, 2).

Now we take

(p,q) sinht ) sinh ¢

v Tt el dpal @4

Ypg(t) = (cosht +

the normalized segment of geodesic from p to ¢. To proceed we first need to prove

that

d(p,az) < d(p,q), Yoq (d(p, az)) = az, (2.5)

where a := 1/1/—(z, z). Since the function [0, 4+00] 3 7 — arcosh(7) is increasing,
it follows from (1.9) that to prove the inequality in (2.5) it suffices to show that

—(p,az) < —(p,q) or the equivalent inequality

0 < (p,az) — (p,q). (2.6)

Due to z = sp + tq and (p,p) = —1, direct calculations yield (p,az) — (p,q) =

a(—s +t(p,q)) — (p,q). Thus, taking into account that (p,q) < —1 and s+t <

v/ —(z,2) = 1/a , we conclude that
(p,az) — (p,q) > a(s{p,q) +t{p,q)) — (p,q) = a(—(p,q))(1/a — s —t) > 0,

which implies that (2.6) holds and consequently the inequality in (2.5) also holds.
Our next task is to prove the equality in (2.5). Thus, by using (2.4), we have to

show that

(p, q) sinhd(p, az) > N sinh d(p, az)

d(p,az)) = ( coshd(p,az
Yoald(p, 02)) = ((cosh d(p,az) + — —

qg=az. (2.7)
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It follows from (1.9) that cosh d(p, az) = —a(p, z), which implies that sinh d(p, az) =

Va*(p,z)2 — 1. Thus, considering that a?(z,2) = —1 and 2z = sp + tq with

p,q € C CH" and ¢t € [0, +00), we have

sinhd(p, az) = \/a2(p,2)2 — 1 = a\/(p, 2)2 + (2, 2) = at\/{p,q)> — 1 (2.8)

and coshd(p,az) = —a(p, z) = as — at(p, q). Hence, substituting the last equality

and (2.8) into (2.7) and taking into account that z = sp + tg, we obtain that

Tog(d(p; az)) = (as — at(p,q) + {p, g)at\/(p, q)* — 1) at\/(p,q)* — 1

(p,q)* -1 (p,q)* =1

= asp + atq = az.

which concludes the proof of the equality in (2.5). Since C is a hyperbolically
convex set and d(p,az) < d(p,q) we obtain that 7,,(d(p, az)) € C, which together
with (2.2) and (2.5) implies that z = (1/a)7y,,(d(p, az)) € K¢. Thus, K¢ is convex.
Now, assume that the cone K¢ is convex. First note that C = K¢ N H". Take
p,q € C with ¢ # p. We must prove that the geodesic segment from p to ¢ is
contained in C. As p,q € K¢ and K¢ C L, we conclude that ¢ # —p. Thus,

(p,q) < —1 and d(p,q) > 0. Let

[0, d(p,q)] 3t = pe(t) = a(t)p + B(t)g

be the normalized geodesic segment from p to ¢, where

(p,q) sinht B(t) = sinh ¢

a(t) := cosht +
{p,q)* =1
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Since 7,,(t) € H", p,q € K¢ and K¢ is a convex cone, for proving that v,,(t) € C
for all ¢ € [0, d(p,q)], it suffices to prove that a(t) > 0 and 5(t) > 0 for all
t € [0, d(p,q)]. Due to sinht > 0 for all ¢ > 0 we conclude that 3(¢) > 0 for all
t € [0, d(p,q)]. We proceed to prove that a(t) > 0 for all ¢ € [0, d(p,q)]. For
that, we first note that due to hyperbolic tangent being an increasing function,

coshd(p, q) = —(p, q) and sinhd(p,p) = \/(p,q)* — 1, we have

. h 2 _ 1
tanht < tanhd(p, q) = sinh d(p, p) = . a) , t €0, d(p,q)]-

coshd(p, q) —(p,q)

Hence, taking into account that cosht > 0 for all £ € R and (p,q) < —1, we

conclude that

a(t) = cosht (1 + o tanh t) >0, t €10, d(p,q)],
{p,q)? -1

which completes the proof.

]

Remark 3. The hyperbolically convex sets are intersections of the hyperboloid
with convex cones which belong to the interior of £. Indeed, it follows easily from
Proposition 1, that if  C int(£) is a convex cone, where L is the Lorentz cone,

then C = L NH" is a hyperbolically convex set and K = K¢.

Remark 4. Let C C H" and Q € G,. First note that QC := {Qp : p € H"}.
It follows from Remark 2 and Definition 1 that C is hyperbolically convex if and

only if QC is hyperbolically convex.
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2.2 Intrinsic projection onto hyperbolically con-
vex sets

In this section we present some properties of the intrinsic projection onto hyper-
bolically convex sets on hyperbolic spaces. Let C CH™ be a closed hyperbolically

convex set and p € H". Consider the following constrained optimization problem
ind . 2.9
min d(p, g) (2.9)

The minimal value of the function C 3 ¢ — d(p, q) is called the distance of p from

C and it is denoted by d¢(p), i.e., dec : H" — R is defined by

de(p) = min d(p, q).

Since (H",d) is a complete metric space, we have the following results.

Proposition 2. Let C € H" be a nonempty subset. Then, |dc¢(p)—de(q)| < d(p, q),

for all p,q € H". In particular, the function d¢ is continuous.

Note that due to C being a closed set and the distance function continuous, the
problem (2.9) has a solution. The solution of the problem (2.9) is called metric
projection, it was first studied in [55]. In the next proposition we explicitly give

an important property of the metric projection.

Proposition 3. Let C CH" be a closed hyperbolically convex set and p € H". A

point y* € C is a solution of the problem (2.9) if and only if

(T+y"(W")" ) p, (I+y"(y")"I) ¢) <0, VgeC. (2.10)
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Furthermore, the solution of problem (2.9) is unique.

Proof. First we assume that y” is a solution of (2.9). If p € C i.e., p = ¢, then
the inequality trivially holds. Assume that p ¢ C, i.e., p # y*. Take ¢ € C such

that ¢ # y” and

sinh(td(y?, q))

0,1] 5 ¢ (t 1og,r g) = cosh(td(y”, )y
0,1] 3 |—>expy( 0g, q) = cosh(td(y”, q))y" + d(y?, q)

log,, ¢ (2.11)

be the geodesic segment from y? to g. Thus, due to C being a hyperbolically convex
set, it follows that d(p,y?) < d(p, exp,,(t log,, q)), for all t € [0,1]. Hence, using

(1.9) and (2.11), we conclude that

A 0) 10g,, 4)).

h(— PV < h{ — h(td(y? P
arcosh(—(p,y")) < arcos ( <p, cosh(td(y", q))y" + (4, q)

for all ¢ € [0,1]. Since 1 < —(p,y), for all p € C, and the function [1,+o0] 2 s+

arcosh(s) is increasing, we obtain from (2.11) that

sinh(td(y?, q))

log,, q) < (p,y"),  Vitel01].
) o8 q>_<py> e [0,1]

<p, cosh(td(y?, q))y? +

After some algebra, we conclude from the previous inequality that

1 — cosh(td(y?, q))
td(y?. q)

sinh(t(y”, q))
td(yP, q)

(p,log,, q) < d(y*,q) (p,y"),  Vtel0,1].

Letting t go to zero in the last inequality we have (p, log,» q) < 0, which, in view

of (1.11), yields

arcosh(—(y”, q))

ey (@) g) <o
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Thus, due to arcosh(—(y?, q)) > 0, we have (p, (I+ y?(y)"J) ¢) < 0. Since

(P (y?) Ip, T+ y"(y") ") q) =0,

the desired inequality (2.10) follows. To establish the converse we assume that y?

satisfies (2.10). Direct computations show that (2.10) is equivalent to

(p,q) + (0, y") (", q) <0, VgeC. (2.12)

Since (y?,q) < —1 and (p,y*) < —1, we have (p,y*)(y?,q) > —(p,y?). Thus,

(2.12) implies that

1< —(p,y*) < —(p,q), Vqec.

Due to the function [0,4+o00] 3 t +— arcosh(t) being increasing, the last inequality
implies that

arcosh(—(p, y?)) < arcosh(—(p, q)), Vq € C,

or equivalently that d(p,y?) < d(p,q), for all ¢ € C. Therefore, y? is a solution
of (2.9) and the converse is proved. For the uniqueness, let p,p € Pe(p). Since
yP, P € C and (yP,y?) < —1 (see Lemma 6) , by the first statement, it follows

from the equivalence of (2.10) and (2.12) that

(0, 07) < =, 9") W, 97) = (. ") WP, 97),

which implies that (p, 9?) < (p,4?)(y?,§*)%. Due to (p,§*) < —1, we obtain that

1 > (P, 4P)?. Hence, taking into account that (¢”,7?) < —1, we conclude that
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(y?,y*) = —1. Therefore, from Lemma 6 we conclude that y? = ¢? and the solution
set of the problem (2.9) is a singleton set, which concludes the proof.

O

It follows from Proposition 3 that the projection mapping Pe : H* — C given
by

Pe(p) := argmind(p, q) (2.13)
qeC
is well defined. Moreover, (2.13) is equivalent to the following inequality
{(T+Pe(p)Pe(p)'J) p. I+ Pe(p)Pe(p)'J) q) <0, VgeC, VpeH". (2.14)

Considering that Lemma 6 implies that for all p, ¢ € H" we have (P¢(p), q) < —1,

we conclude from (1.11) that (2.14) can be equivalently stated as follows
(logpe ) s 10gp. @) <0, Vgel, VpeH", (2.15)

see [22, Corollary 3.1]. Furthermore, since the function [0,4o00] 3 7 + arcosh(r)
is increasing, it follows from (1.9) that (2.13), (2.14) and (2.15) are also equivalent

to

Pe(p) := argmin,c.(—(p, q)). (2.16)

An immediate consequence of (2.16) is the monotonicity of the projection mapping,

stated as follows:

26



Proposition 4. Let C CH" be a nonempty closed hyperbolically convex set. Then

(Pe(p) —Pe(q),p —q) >0, Vp,qeC.

Proof. Take p,q € H". Since Pe(p), Pe(q) € C, it follows from (2.16) that
(0 Pe()) < —(p.Pe(@) and —{g. Pe(@)) < —{g,Pe(p)). Hence, (p, Pelp) —
Pc(q)) > 0 and (—q,Pe(p) — Pe(q)) > 0. Therefore, summing the last two in-
equalities the desired inequality follows.

]

Proposition 5. Let C CH™ be a nonempty closed hyperbolically convex set. Then

P, is continuous.

Proof. Let {p*} C H" be such that limj_, o p* = p. Since Proposition 2 implies

that d¢ is continuous and taking into account that (2.13) implies

d (p*, Pe (p*)) = de (") . (2.17)

we conclude that (d (pk , Pe (pk))) is a bounded sequence. Consequently, con-

keN

sidering that

d(p,Fe (p*)) < d(p,p*) +d (", P (p")).

we also have that (PC (pk)) is also bounded. Let ¢ € C be a cluster point of

keN
(Pc (pk))keN and let (pkj)jere such that lim;_, . Fe (pkf) = ¢. Hence, using
(2.17) we have dc (p") = d (p*, Pe (p*7)), for all j € N. Thus, letting j goes to
+00 and using Proposition 2 we have de(p) = d(p, ¢), which is due to the second

part of Proposition 3 implies that ¢ = Pz(p). Consequently, (Pc (pk)) has only

keN
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one cluster point, namely, Pe(p). Thus, limy_, 1 Fe (pk) = Pr(p) and the proof is

concluded.

2.3 Conclusion

In this chapter, we provided a characterization of convex sets in the hyperbolic
space and in Section 2.2 we presented properties of the projection onto convex sets.
With the convexity of sets in hyperbolic space established, we can now proceed to

the study of the convexity of quadratic functions in hyperbolic space.
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CHAPTER 3

CONVEXITY OF QUADRATIC FUNCTIONS
ON HYPERBOLIC SPACE

In this chapter!*? we present an extensive study of the hyperbolically convex
quadratic functions. The convex quadratic functions are the most popular convex
functions in the Euclidean space, occurring in many problems, such as eigenvalue
optimisation, least square approximation and linear regression. We study the
convexity of both homogeneous and non-homogeneous quadratic functions on the
hyperbolic space in an intrinsic way. In particular, we present several character-
izations that allow the construction of several examples. As it is well known, in
Euclidean space there is no conceptual difference between the convexity of homo-
geneous and non-homogeneous quadratic functions. However, we will see that in
the hyperboloid model of the hyperbolic space the conceptual intrinsic convexity
of homogeneous and non-homogeneous quadratic functions are quite different, re-

quiring much more effort than in the Euclidean scenario to understand it. The

!The main result in this chapter excluding the Section 3.3 has been published in the paper
[20], which is joint work with Ferreira, O.P.and Németh, S.Z.

2The main result in the Section 3.3 has been published in the paper [21], which is joint work
with Ferreira, O.P.and Németh, S.Z.

29



primary challenge lies in establishing the role of the linear term on the hyperbolic
convexity of a non-homogeneous quadratic function. This is because introducing
a linear term to a hyperbolically convex homogeneous function can result in the

newly formed non-homogeneous quadratic function losing its hyperbolic convexity.

Definition 2. Let C C H" be a hyperbolically convex set and I C R an interval.
A function f : C — R is said to be hyperbolically convex (respectively, strictly
hyperbolically convex) if for any geodesic segment v : I — C, the composition

fo~:I— Risconvex (respectively, strictly convex) in the usual sense.

In the following remark we state some general properties of hyperbolically

convex, which follow directly from Definition 2.

Remark 5. It follows from Definition 2 that f : C — R is a hyperbolically convex
function if and only if the epigraph epif = {(p,n): p€C, u € R, f(p) < u}, is
convex in H" x R. Moreover, if f : C — R is a hyperbolically convex function,
then the sub-level sets {p € C : f(p) < a} are hyperbolically convex sets, for all
a € R. Furthermore, if f, fi,--- f, : H* — R are hyperbolically convex in C, then

(f and fi + .-+ f, are hyperbolically convex in C, for all { > 0.

The next proposition follows from Remark 2 and Remark 4, Definition 1 and

Definition 2.

Proposition 6. Let C C H" be a hyperbolically convex set, Q € Gy and D :=
{Q'p: p e C}. The function f : C — R is hyperbolically convex if and only if
foQ:D — R defined by foQ(q) := f(Qq) is hyperbolically convex.
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3.1 Hyperbolically convex functions

In this section we present first and second order characterization for hyperbolically

convex functions on hyperbolic spaces.

Proposition 7. Let C C H" be an open hyperbolically convex set and f : C — R

be a differentiable function. The function f is hyperbolically convex if and only if

f(q@) = f(p) + (grad f(p), log, q), for all p,q € C and q # p, or equivalently,

f(a) = f(p) + amolsh_(z;p(’l;» (L+pp"JJ-Dfp),a), Yp.a€C a#p,

where D f is the usual gradient of f.

Proof. By using (1.14), the usual characterization of scalar convex functions im-
plies that, for all minimal geodesic segment v : I — C, the composition fo~vy: I —

R is convex if and only if

f(y(t2)) = f(y(t1)) + (T - Df(y(t1)), ' (t)) (t2 — t1), Vit € 1.

Note that if v : [0,1] — C is the geodesic segment from p = ~(0) to ¢ = (1),
then it may be represented as (t) = exp,tlog,q. Moreover, 7/(0) = log, ¢ and
7'(1) = —log, p. Therefore, the first inequality of the proposition is an immediate
consequence of the inequality above, Definition 2 and equation (1.11). For con-
cluding the proof, note that equations (1.12) and (1.11) together with Remark 1
imply the equivalence between the two inequalities of the lemma.

O

Proposition 8. Let C C H" be an open hyperbolically convex set and f:C — R
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a differentiable function. The function f is hyperbolically convex if and only if
grad f satisfies the inequality (grad f(p),log,q) + (grad f(q),log,p) < 0, for all

p,q € C and q # p, or equivalently,

(J-Df(p) =J3-Df(q),p—q) — ({p,q) + 1) [(J- Df(p),p) +{J- Df(q),q)] >0,

Vp,q €C, q# p, where Df is the usual gradient of f.

Proof. Using (1.14), the usual first order characterization of convex functions
implies that, for all minimal geodesic segments v : I — C, the composition

forv:I— Ris convex if and only if

[(J- Df(v(t2)), 7 (22)) = (J- DF(v(12)), 7 (0))] (2 = 02) 20, Vgt € 1.

Note that if v : [0,1] — C is the segment of geodesic from p = v(0) to ¢ = (1),
then it may be represented as (t) = exp,tlog,q. Moreover, 7/(0) = log, ¢ and
7'(1) = —log,p. Therefore, the first inequality of the proposition follows by
combining the previous inequality with Definition 2 and (1.11). For concluding
the proof, note that equations (1.12) and (1.11) imply the equivalence between
the two inequalities of the lemma.

]

Proposition 9. Let C C H" be an open hyperbolically convex set and f : C —
R be a twice differentiable function. The function f is hyperbolically convex if

and only if the Hessian Hess f on the hyperbolic space satisfies the inequality
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(Hess f(p)v,v) > 0, for all p € C and all v € T,H", or equivalently,

(J-D*f(p)v,v) + (J- Df(p),p) (v,v) >0, Vpel, YveTT,H",

where D? f(p) is the usual Hessian and D f(p) is the usual gradient of f at a point

p € C. If the above inequalities are strict then f is strictly hyperbolically convex.

Proof. By using (1.15), the usual second order characterization of hyperbolically
convex functions implies that, for all minimal geodesic segment v : I — C, the

composition f o~y : I — R is convex if and only if

(J-D2f(y(1)y' (1), 7' (1)) + (J- DF(v(1)), (1)) (' (2),7'(t)) =0,  Vitel.

If the last inequality is strict then f o~ is strictly convex. Therefore, the result
follows by combining the above inequality with Definition 2. For concluding the
proof, note that equation (1.13) together with Remark 1 imply the equivalence
between the two inequalities of the lemma.

]

Example 2. Fix ¢ € H". The function d,(-) : H* — R is hyperbolically convex.
In general, taking a hyperbolically convex set C C H", the function d,(-) : C —
R is hyperbolically convex. Indeed, the hyperbolic convexity of d,(-) follows by

combining Lemma 8 with Proposition 9.

Example 3. Fix ¢ € H". The function p, : H" :— R defined as py(p) := 3d2(p)
is strictly hyperbolically convex. In general, taking a hyperbolically convex set
C C H", the function p, : C — R is strictly hyperbolically convex. Indeed, the

result follows by combining Lemma 9 with Proposition 9.
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Example 4. Take p = (0,---,0,1) € R™" and the hyperbolically convex set
C={peH" : p >0,...,p, >0} The function ¢ : C — R defined
by ¥(p) = —In(—1— (p,p)) is hyperbolically convex. Indeed, considering that
Df(p) = =(1 + (p,p))""Jp and D*f(p) = (1 + (p,p))"*Jpp'J, the hyperbolical

convexity of 1 follows by combining Lemma 6 and Proposition 9.

3.2 Hyperbolically convex homogenous quadratic
functions

In this section we study the hyperbolic convexity of the quadratic function f(p) =

p'Ap, for A= AT € RO+)x(+D) We begin with a general characterization.

Corollary 2. Let A = AT ¢ RO+*Ux(+D) apnd f : H* — R be defined by f(p) =

p" Ap. The function f is hyperbolically convex if and only if

v Av+p" Ap > 0, Vp,v e R"™ with p'Jp=—-1, v'Juv=1, p'Jv=0.

Proof. Considering that D f(p) = 2Ap, D*f(p) = 2A and JJ = I, we conclude that
(J-D*f(p)v,v) + (J- Df(p),p) (v,v) = 20" Av +2p" Ap (v,v) .

Thus, it follows from Proposition 9 that f is hyperbolically convex in H" if and
only if vT Av + pTAp > 0, for all p € H", all v € T,H" such that v"Jv = 1.
Considering that v € T,H" with p € H" if and only if v Jv = 1 and p'Jv = 0

with p € H", the result follows.
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Next, we use the Lorentz group (1.16) to present some examples of hyperboli-

cally convex quadratic functions. Before that, we need the following result.

Corollary 3. Let A = AT € RODx0+D and @ € G. Then, f : H* — R defined
by f(p) = p" Ap is hyperbolically convex if and only if g : H* — R defined by

9(q) = ¢"(QT AQ)q is hyperbolically convex.

Proof. Since g(q) = f(Qq), the equivalence follows from Proposition 6.
O

As an application of Corollaries 2 and 3 in the following we present an example

of a hyperbolically convex quadratic function.

Example 5. Take a diagonal matrix D € RO+DX0+) D — diag(dy, . .., d,, dpy1).
Assume that d,,;, + d,i1 > 0, where d,,5, := min{ds, ..., d,}. Then, for each @Q €
G, the function g : H" — R defined by g(p) = p" Q" DQp is hyperbolically convex.
Indeed, take ¢,u € R**! such that ¢"Jg = —1, u"Ju = 1 and p'Jv = 0. Thus,
we have g2, = >0 ¢+ 1and w2, = > 1 u?—1. Hence, since dyp +dpy1 > 0,

we obtain that

i=1 i=1

i=1 i=1

Thus, Corollary 2 implies that f : H® — R defined by f(p) = p' Dp is hyperboli-
cally convex. Therefore, applying Corollary 3 we conclude that g is hyperbolically

convex.

To continue with our study of hyperbolic convexity of quadratic functions, we
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denote the boundary of the Lorentz cone (2.1) by
OL:={xeLl: a"Jr=0}.

In order to simplify notations, for a given z € R""!, we consider the following

decomposition:
= (2", Thy1) € RTTL = (11,... ,xn)T eR", x,.1 €R. (3.1)

Lemma 10. Let z,y € 0L. The following three statements are equivalent:
(i) =" Jy #0;

(ii) y # ax, for all a € R;

(iii) «TJy < 0.
Proof. First, we prove (i) is equivalent to (ii). Assume (i) holds. If there exists
a € R such that y = az, then 2" Jy = 2" J(ax) = ax’ Jz = 0, which contradicts
x'Jy # 0. Hence, y # ax, for all @ € R, and (ii) holds. For the converse, assume
(ii) holds. By contradiction, assume that 2" Jy = 0. Since y, z € 9L, by using the

notation introduced in (3.1), we have y"™! = \/§T¢§ and 2,,,1 = Vz'Zz. Thus, due

toy'z =0, we have §'z = —y"*1z,,,, or equivalently

7 2= -5 gVil =

Hence, Cauchy’s inequality implies that there exists a o > 0 such that § = —az.

Furthermore,



which gives y"*! = «az,,;. Thus, we conclude that y = —a.Jz, which implies
y = ax and we have a contradiction. Therefore, " Jy # 0 and (i) holds.
Now, we prove (i) is equivalent to (iii). Assume (i) holds. Since L is a closed

and convex cone, and z,y € 0L C L, we have z +y € L. Thus,

0> (x+y) Ja+y) =2 Jo+2 Jy+y Jy=2z"Jy.

Hence, 2" Jy # 0 implies ' Jy < 0. Therefore, the item (iii) holds. Conversely,
(iii) implies (i) is immediate, which concludes the proof.

O

If we make some transformations in Corollary 2 , we will obtain the following

result.

Lemma 11. Let A = AT € R*Ux(+1)  The following three conditions are

equivalent:
(i) The function f :H" — R defined by f(p) = p' Ap is hyperbolically convex;
(i) 2T Az +y " Ay >0, for all z,y € R"*! with 2,y € L and 2" Jy = —1;
(iii) 2T Az +w'Aw > 0, for all z,w € R"*! with z,w € 9L and 2" Jw < 0.

Proof. First we prove the equivalence between (i) and (ii). For that it is convenient

to consider the following invertible transformations

p= (gj—|—y)7 v = if and Ol’lly if x= (p_v)a

(3.2)

(p+v), y=

Sl
-

1
ﬁ(ﬂﬁ—y)

Sl
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where z,y,p,v € R"". By using the first two equalities in (3.2), after some

calculations, we have

' Ip=a"Jr+22" Jy+y Jy,
' Juv=2a"Jr—22"Jy+y'Jy, (3.3)

op'Jv=za"Jx —y' Jy.

On the other hand, by using the last two inequalities in (3.2) we obtain the fol-

lowing three equalities

20" Jr=p " Jp+2p" Ju+ov'Jv,
20 Jy=p' Jp—2p" Ju+v' Ju, (3.4)

20" Jy =p'Jp—v'Ju.

Moreover, the equalities in (3.2) also imply that

v Av+pTAp = xT Az 4y Ay. (3.5)
First we prove (i) implies (ii). Take z,y € 9L and 2" Jy = —1, and consider
the transformation (3.2). Thus, by using (3.3), we conclude that p'Jp = —1,

v'Jv=1and p'Jv = 0. Hence, item (i) together with Corollary 2 implies that
v' Av+p" Ap > 0. Therefore, by using (3.5), we conclude that 2" Az +y" Ay > 0
and item (ii) holds.

Next we prove that (ii) implies (i). Assume that the item (ii) holds, and take

p,v € R with p" Jp=—1,v"Jv =1and p' Jv = 0, and consider (3.2). Hence,
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by using (3.4) we have x (or — z) € 9L, y (or —y) € L and ' Jy = —1, and
item (ii) implies that " Ax+y" Ay > 0. Thus, (3.5) implies that v Av+p" Ap > 0,
which implies that item (i) holds.

We proceed to prove the equivalence between (i) and (iii). Assume that

item (ii) holds and take z,w € 0L and z' Jw < 0. Since 2" Jw < 0 we define

z w
.z v 3.6
v vV—z"Jw Y vV—z"Jw (3.6)

Thus, considering that z,w € 9L and z' Jw < 0, some calculations show that
z,y € OL and z" Jy = —1. Therefore, using (3.6) together item (ii), we conclude
that

Az +w Aw = —2" Jw (:L‘TA.T + yTAy) >0,

and item (iii) holds. Finally, (iii) implies (ii) is immediate, which concludes the
proof.

]

In the following theorem we present a characterization for hyperbolically convex
quadratic functions in term of the matrix defining it. In particular, we show that
the study of hyperbolically convex quadratic functions reduces to the study of

their behavior on the boundary of the Lorentz cone.

Theorem 1. Let A = AT € RO+ The following four conditions are

equivalent:
(i) The quadratic function f : H"® — R defined by f(p) := p" Ap is hyperboli-
cally convex;
(ii) The matrix A is dL-copositive, i.e., " Ax > 0 for all z € IL;
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(iii) There exists o € R such that A + aJ is positive semidefinite;

(iv) The function f is bounded from below, i.e., there exists an o € R such that

f(p) > «, for all p € H".

Proof. We first prove that (i) implies (ii). Assume that f is hyperbolically convex.
Let x € 0L such that x # 0. Take y € 0L not parallel to z, i.e., such that y # ax,
for all & € R. Define the sequence (yk)keN, where y* := (1/k)y, for all k € N. Since
y € OL and y # ax for all @ € R, we also have y* € 9L and y* # ax, for all @ € R
and all k € N. Thus, by using Lemma 10, we conclude that =" Jy* < 0, for all
k € N. Hence, considering that z,y* € 9L and " Jy* < 0, for all k € N, and f is
hyperbolically convex, by using Lemma 11, we obtain that " Az + (y'“)T Ay >0,

for all k € N. Therefore, owing to y* := (1/k)y, for all k € N, we have
T L+
xA:zH—ﬁy Ay >0, k € N.

Therefore, taking the limit in the latter inequality, we obtain that " Az > 0. In
conclusion, A is 0L-copositive.

Next we prove that (ii) implies (iii). Assume that A is 0L-copositive. Thus,
for all x € R**! with 2" Jx = 0 we have 2" Az > 0. Consequently, for all z € R**!
with 27 Jz = 0 and = # 0 we have z' (A + (1/k)I)x > 0, for all k € N. Hence,
by Lemma 1, there exists aj € R such that A + (1/k)I + «yJ is positive definite,
for all £k € N. We claim that the sequence (o )ren is bounded. Indeed, assume by

absurd that (aj)gen is unbounded. Since A + (1/k)I + ayJ is positive definite, for
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each x € R"" with 2 # 0 we conclude that

1 1

—2"Ar+ —a"x+2"Jr >0,

(073 /'COék

for all k> k and some k € N. Hence, by taking the limit in the last inequality as
k goes to infinity, we conclude that 2" Jz > 0 for all z € R™*!, which is absurd.
Therefore, the claim is proved. Since the sequence (aj)ren is bounded, we can

take a subsequence (ak].)jeN and a € R such that lim; . ax; = a. On the other

hand, considering that A + (1/k)I + «yJ is positive definite for all k£ € N, we have

1
z! (A—l— k—I—l—aij) x>0,

J

for all z € R such that © # 0. Therefore, by taking the limit in the last
inequality as k goes to infinity, we have x" (A + aJ)z > 0, for all z € R*™, which
implies that A + aJ is positive semidefinite.

Next we prove that (iii) implies (i). Assume that there is an o € R such that
A + alJ is positive semidefinite. Due to A + aJ being positive semidefinite and

viAv+pTAp =v T Av +a + p' Ap — o, some calculations show
v Av+pTAp=v (A+allv+p (A+al)p >0, (3.7)

for all p,v € R*™! with p"Jp = —1,v"Jv =1 and p' Jv = 0. Therefore, by using
(3.7) and Corollary 2, we conclude that f is hyperbolically convex.

Next we prove that (iii) implies (iv). Assume that there exists o € R such that
A + ol is positive semidefinite. Hence, p" Ap + apJp =p" (A + aJ)p > 0, for all

p € R™. Since p € H" implies p"Jp = —1, we conclude that p" Ap > «, for all
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p € H". Therefore, f is bounded from below on H".
Finally, to conclude the proof, we prove that (iv) imply (iii). Assume that f is
bounded from below on H". Thus, there exists an a € R such that f(p) > «, for

all p € H", or equivalently,
p (A4 ad)p >0, Vp € H". (3.8)

In order to apply Lemma 5, we will first prove the statement: if "Jz < 0, then
v (A+aJ)z > 0. Let 2 € R" such that " Jz < 0. Take a sequence (x)peny € R”

such that limj_, o 7, =  and ' Jz, < 0. Define

k L
= — k € N. 3.9
Y vV —IkTJIk ( )

Since " Jx;, < 0, by using (3.9), we conclude that ykTJyk = —1. Thus, y* € H”
and (3.8) implies that (y"f)T (A+ aJ)y* > 0. Using, again (3.9) we obtain that
1p (A+ aJ)x, > 0, for all k& € N. Hence, by letting k& — oo, we conclude that
rT(A+aJ)x > 0, which proves the statement. Therefore, after applying Lemma 5,
we conclude that there exists a § € R such that A + (« + 3)J is positive definite.
Hence, by Theorem 1, the function f is hyperbolically convex.

]

Example 6. Let A € RHD)x(+1) he g positive semidefinite matrix and a € R.
Since A = (A+aJ) —alJ is a positive semidefinite matrix, by applying Theorem 1,
we conclude that the function f, : H" :— R defined by f,(p) := p" (A + aJ)p is

hyperbolically convex.

For simplifying the statement and proof of the next results it is convenient
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n+1)x(n+1)

to introduce the following notation. For a given A € R( , consider the

following decomposition:

A= , AeR™™ qeR™, oc€eR (3.10)

and denote by I € R™™ is the identity matrix. For any a € R, the decomposition

(3.10) yields
A+al a
A+ald = . (3.11)

a o —

Proposition 10. Let A € R®tDx(+D) he 5 symmetric matrix and o € R. Con-

sider the decomposition (3.10) and the following statements:

(i) The quadratic function f : H® — R defined by f(p) := p' Ap is hyperboli-

cally convex;
(ii) The matrix A 4+ «J is positive definite;
(iii) The number @ € (—Amin(A), o) and det(A + a.J) > 0;
(iv) The number a € (—Amin(A),0) and 0 —a —a’ (A+ af)fl a> 0.
Then (ii), (iii) and (iv) are equivalent and any of them implies item (i).

Proof. We first prove the equivalence between (ii) and (iii). Assume that (ii)
holds. Hence, by applying Lemmas 2 and 3, and taking into account (3.11), we
have det(A +a.J) > 0, the matrix A + o[ is positive definite and o — a > 0. Since
A + o1 is positive definite, we obtain that a > —Apin (fl) Therefore, we conclude

that a € (=Amin(A), o) and det(A + aJ) > 0. Hence, (iii) holds. Reciprocally,
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assume that (iii) holds. Thus, we have a > —Apin(A4), 0 > a and det(A+ aJ) > 0.
Hence, the matrix A + o[ is positive definite, o — o > 0 and det(A + aJ) > 0.
Therefore, by using Lemmas 2 and 3 and the decomposition (3.10), we conclude
that A + aJ is positive definite and (ii) holds.

Next, we prove the equivalence between (iii) and (iv). First note that, for any
@ € (—=Amin(A), 0), we obtain that Apin(A) + « > 0. Thus, the matrix A+ ol is
positive definite, which implies that det (fl +al ) > (0. In particular, the matrix

A + ol is invertible. Thus, applying Lemma 4, we have
det(A+aJ) = <0—0z—aT (fH—aI—)fla) det (A + o). (3.12)

Since under the assumption @ € (—Awin(A), o) we have det (A + af) > 0, it follows
from (3.12) that det(A + aJ) > 0 is equivalent to 0 — a —a' (A+ ozl_)_l a > 0.
Therefore, (iii) is equivalent to (iv), and the proof of the first statement of the
proposition is concluded.

By using the implication (iii) = (i) in Theorem 1, the last statement of the

proposition follows from the first one. m
Consider the decomposition (3.10) of a symmetric matrix A € R®+F)x(n+1),

Then, it follows from Proposition 10 that we can decide if f(p) := p' Ap is hyper-

bolically convex by solving the following optimization problem:
inf {a —a—a (A+al) "a: o€ (~Amn(d), a>} .

By using decompositions (3.1) and (3.10), Corollary 2 can be stated equivalently

in the following form.
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Corollary 4. Let A = AT ¢ RO+Ux(+1) and f : H® — R be defined by f(p) =

p' Ap. The function f is hyperbolically convex if and only if
0 AG+p AP+ 20,10 a4 2" pTa+ ov?,, + o (p) >0, (3.13)

for all p,v € R*™! with

T

P p— (pn+1)2 — 1 &'

v vl =1 0 p—uv,qp" =0. (3.14)

Example 7. Let A := (a]) € ROFDX(+) and f: H* — R be defined by f(p) =

p' Ap. If f is hyperbolically convex, then
1~
=S 4020 (3.15)
n
ij=1

Indeed, take v = (1/y/n,...,1/y/n) € R*, v,y =0 and p = 0 € R", p"*! = 1.
Thus, (3.13) becomes

_ _ 1 < .
0 A+ pr AP+ 20,010 a4+ 20" a + avflﬂ +o0 (p”“)2 = - Z al +o.

ij=1

Since p = (p,p"™) € R v = (0,v,11) € R" satisfy (3.14) and consider-
ing that f is hyperbolically convex, the inequality (3.15) follows from applying

Corollary 4.

Theorem 2. Let A € R*Dx(+1) and f : H* — R be defined by f(p) = p' Ap.

Then, considering decompositions (3.1) and (3.10), the following statements hold:

(i) If f is hyperbolically convex, then Ay, (A4) > —o;
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(i) If 0 > —Amin(A) and a = 0, then f is hyperbolically convex;
(iii) If o + Apin(A) > 2V a"a, then f is hyperbolically convex.

Proof. To prove (i), assume that f is hyperbolically convex and take any p,v €
R with p = 0, p"™! = 1, v"*' = 0, "9 = 1. Then, conditions (3.14) in
Corollary 4 are satisfied. Hence, it follows from (3.13) that v" Ao > —o, for all
v € R® with 99 = 1. Therefore, the result follows.

We proceed to prove (ii). Assume that Ayin(A) > —0 and a = 0. In this case,
we have Apin(A + oI) > 0, where I € R™" is the identity matrix. Hence, both
matrices A + oI and

Ato) — A+ol 0
0 0

are positive semidefinite. Thus, by applying Proposition 10 with o = o, the proof
of item (ii) follows.
To prove item (iii), first we introduce the auxiliary quadratic polynomial g :
R — R defined by
g(t) = (0 —t) (Amin(4) +t) —a'a.

The roots of the quadratic polynomial g are given by

=1 (0 il A) = /[0 + A D] 4@),
n= % (a ~in(A) + 1/ [0+ Auin(A)]7 - 4am>.

Since 0 + Apmin(A) > 2vVaTa we have u < n. Thus, take 3 € (u,n). Hence,
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g(8) > 0. Since

B> > % (cr a4+ /[0 + Amin(A)f) = (A,

we obtain Ayin(A) + 8 > 0. Thus, we conclude that A + 31 is positive definite. It

follows that

1

U—B—aT(A—l—ﬂf)_laZU—B—Amam(A+ﬁf)_ a'a

=0—0 /\min(A)_’_Ba a
i)
B )\min(A) + 5 =0

Therefore, by using Lemma 4, it follows from the positive definiteness of the matrix

A+ BI that
det(A+ 8J) = (0= B —a” (A+ D) " a) det (A+ BI) > 0. (3.16)

Since A + I is positive definite, combining Lemma 5 with (3.16), we conclude
that A 4+ [(J is positive definite. Therefore, Proposition 10 implies that f is hy-

perbolically convex, and the proof of item (iii) is concluded.

Corollary 5. Let A € RFDX(+D apnd f : H* — R be defined by f(p) =
p' Ap. Consider the decomposition (3.10) and assume that a = 0. Then, f is

hyperbolically convex if and only if Apin(A4) > —0o.

Proof. The proof is an immediate consequence of items (i) and (ii) of Theorem 2.

]
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In the next proposition we present a characterization for the case a # 0 in

(3.10), which completes the result of Corollary 5.

Proposition 11. Let A € RO*+Dx(+1) he 5 symmetric matrix and the decompo-

sition (3.10). If a@ # 0, then the following statements are equivalent:

(i) The quadratic function f : H"® — R defined by f(p) := p" Ap is hyperboli-

cally convex;
(ii) There exists o € R such that the matrix A 4+ aJ is positive semidefinite;

(iii) There exists a € R such that o > « and the matrix A + al — —-aa’ is

positive semidefinite;

Proof. First we prove that (ii) and (iii) are equivalent. Since the matrix A+ «J is
positive semidefinite, by using the decompositions (3.11) and [30, Corollary 7.15,
p. 398], we conclude that

(@i + a)(o — a) > a?

17

i=1,...,n, (3.17)

where @;; is the ii-entry of the matrix A and a; is the i-entry of the vector a.
Considering that a # 0, and all elements in the diagonal of a positive semidefinite
matrix are nonnegative, it follows from (3.17) that o > «. Thus, applying item (iii)
of Lemma 3 we conclude that items (ii) and (iii) are equivalent. The equivalence
of (i) and (ii) follows from the equivalence of (iii) and (i) in Theorem 1.

]

Proposition 12. Let A € RO+Dx(+1) he a symmetric matrix and the decompo-

sition (3.10). Consider the following statements:
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(i) The quadratic function f : H® — R defined by f(p) := p" Ap is hyperboli-

cally convex;

(ii) There exists o € R such that A+al is positive definite and A+aJ is positive

semidefinite;

(iii) There exists a € R such that A+ o[ is positive definite and 0 —a —a ' (A +

al)™ta > 0.
Then, items (ii) and (iii) are equivalent and any of them implies (i).
Proof. 1t follows from item (iii) of Lemma 3 that items (ii) and (iii) are equivalent.
The equivalence of (i) and (ii) follows from the equivalence of (iii) and (i) in

Theorem 1.

]

Proposition 13. Let A € RO+)x(+1) he a symmetric matrix and the decompo-

sition (3.10). Consider the following statements:

(i) The quadratic function f : H® — R defined by f(p) := p'" Ap is hyperboli-

cally convex;
(ii) There exists @ € R such that the matrix A + aJ is positive definite;

(ili) There exists @ € R such that o > « and the matrix A + ol — —-aa' is
positive definite.
Then, items (ii) and (iii) are equivalent and any of them implies item (i).
Proof. The equivalence between items (ii) and (iii) follows by direct application of

item (i) of Lemma 3. By using the implication (iii) = (i) in Theorem 1, the last

statement of the proposition follows from the first one.
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3.3 Hyperbolically convex non-homogenous
quadratic functions

In this section we study the hyperbolic convexity of the non-homogeneous quadratic

function f : H" — R defined by
flp)=p"Ap+d'p+e, (3.18)

where A = AT € Rv+Dx(+D) 1 ¢ R+l ¢ € R. For that we first recall some
general characterizations for a non-homogeneous quadratic convex function. We
begin with the general definition Definition 2 of a convex function on the hyper-
bolic space. In the following we recall the general second order characterization
for hyperbolically convex functions on hyperbolic spaces Proposition 9 and we
present a general characterization for convexity of the function (3.18), which is an

immediate consequence of Proposition 9.

Corollary 6. Let A = AT € RtUx(+1) p ¢ R ¢ € R. The function

f(p) =p"Ap+b"p + c is hyperbolically convex if and only if
20T Av+2p " Ap+bTp >0, Vp,v e R"™ with p'Jp=—1,v'Ju=1, p'Jv=0.

Proof. Considering that D f(p) = 2Ap + b, D*f(p) = 2A and JJ = I, we conclude
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that
(J-D*f(p)v,v) + (J- Df(p),p) (v,v) =2v" Av+ (2p" Ap+b'p) (v, v) .

Thus, it follows from Proposition 9 that the function f is hyperbolically convex
in H" if and only if 20" Av + 2p" Ap +b"p > 0, for all p € H", all v € T,H" with
v'Jv = 1. Considering that p € H" and v € T,H" with v"Jv = 1 if and only if

p'Jp=—1,v"Jv=1and p'Jv =0, the result follows. O

Next we relate the hyperbolic convexity of f with the boundary of the Lorentz
cone OL.

Lemma 12. Let A = AT € R+tDx(+D) ¢ R ¢ € R. The following three

conditions are equivalent:

(i) The function f : H" — R defined by f(p) = p" Ap+b" p+ c is hyperbolically

convex;

(ii) 4z Az 4+ 4yT Ay + V20" (z +y) > 0, for all 2,y € R**! with 2,y € 0L and

]y = —1;

(iii) 42" Az + 4w Aw + vV =22TJw b (2 +w) > 0, for all z,w € R"*! with z,w €
oL and z"Jw < 0.

Proof. First we prove the equivalence between (i) and (ii). For that it is convenient

to first consider the following invertible transformations

= —=+y), v=—"F=(T— if and only if 2z = —(p+v), = —(p—v),
p \/5< Y) \/?( Y) Yy \/?(p ), Yy 5 (p—v)

(3.19)
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where z,y,p,v € R"". By using the first two equalities in (3.19), after some

calculations, we have

2p"Ip=a"Jz+ 22" Jy+y ' Jy,
0" Jv=2a"Jo— 22" Jy +y" Jy, (3.20)

op'Jv=a"Jx —y'Jy.

On the other hand, by using the last two inequalities in (3.19) we obtain the

following three equalities

20 Jr =p " Ip+2p" Ju+ v Ju,
20" Jy=p'Ip—2p" Ju+v"Ju, (3.21)

20 Jy=p Jp—ov Ju.

Moreover, the equalities in (3.19) also imply that

v Av+pTAp =o' Ar +yT Ay. (3.22)

First we prove (i) implies (ii). Take x,y € 9L and x'Jy = —1, and consider
the transformation (3.19). Thus, by using (3.20), we conclude that p'Jp = —1,
v'Jv =1 and p"Jv = 0. Hence, item (i) together with Corollary 6 implies that
20" Av + 2p" Ap + b'p > 0. Therefore, by using (3.19) and (3.22), we conclude
that 42" Az + 4y" Ay + V20" (z +y) > 0 and item (ii) holds. Next we prove
that (ii) implies (i). Assume that the item (ii) holds, and take p,v € R™™! with

p'Jp=—1,v"Juv=1and p"Jv =0, and consider (3.19). Hence, by using (3.21)
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we have x (or —x) € 9L, y (or —y) € OL and z"Jy = —1, and item (ii) implies
that 42" Az + 4y Ay + V2b" (z +y) > 0. Thus, (3.19) and (3.22) implies that
20T Av + 2pT Ap + b"p > 0, which implies that item (i) holds.

We proceed to prove the equivalence between (i) and (iii). Assume that

item (ii) holds and take z,w € L and z"Jw < 0. Since z' Jw < 0 we define

O S — (3.23)

V—2TJw" Y V—zTJw

Thus, considering that z,w € 0L and z'Jw < 0, some calculations show that
z,y € OL and z"Jy = —1. Therefore, using (3.23) together item (ii), we conclude
that

2TAz+w Aw = —2" Jw (wTAac + yTAy) >0,

and the item (iii) holds. Finally, (iii) implies (ii) is immediate, which concludes

the proof. 0

Proposition 14. Let A = AT € R+Dx(+D) p c R**1 ¢ c R and f: H* — R be
defined by f(p) =p"Ap+b'p+ c. If f is hyperbolically convex, then there exists

1 € R such that A + pJ is positive semidefinite.

Proof. Let z,w € R™! with z,w € 0L and z'Jw < 0. Define the sequence
(wk)ken, where wy, = (1/k)w with k£ # 0. Then, by (iii) of Lemma 12 we have
42TA2—|—]€1—2wTAw—I—@ / —%ZTJU) b' (z + %wk) = 42T Aztdw] Awp+v/—22T Jwy b7 (24
wy) > 0, for all z,w € 0L with 2"Jw < 0 and all k¥ € N with k£ # 0. Hence, by
tending with k to infinity, we obtain that 42" Az > 0, for all z € L. Therefore,

A is 0L-copositive and by using Corollary 1 the result follows. m
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Corollary 7. Let A = AT ¢ RHDx04D 1 ¢ Rl ¢ € Rand f: H* - R
be defined by f(p) = p'Ap +b'p + c. If f is hyperbolically convex, then A
is dL-copositive. As a consequence, h : H* — R defined by h(p) = p'Ap is

hyperbolically convex.

Proof. Combining Proposition 14 with itens (i), (ii) and (iii) of [20, Theorem 5.1]

the result follows. O

Since the condition #'Jy < 0, for any x,y € 0L, is equivalent to the n-
dimensional Cauchy inequality, it always holds. Then, the equivalence between

items (i) and (iii) of Lemma 12 can be stated equivalently in the following form.

Proposition 15. Let A = AT € RHDx(4D) p c R+ ¢ c R and f: H* — R be

defined by f(p) = p" Ap+b'p+c. Then, f is hyperbolically convex, if and only if
4ot Ar +4yT Ay + /22T Jy b (z +y) >0, Va,y € R" with =,y € 0L.

In next corollary we present a characterization for a linear function to be hy-

perbolically convex.

Corollary 8. Let b € R™"! ¢ € R and g : H® — R be defined by g(p) = b"p + c.

Then, g is hyperbolically convex, if and only if b € L.

Proof. Applying Proposition 15 with A = 0 and g = f we obtain that g is hyper-

bolically convex if and only if

V=22TJyb" (z +y) >0, Yo,y € R" with x,y € OL. (3.24)

Suppose first that ¢ is hyperbolically convex. Let x € 9L \ {0} arbitrary and
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y = —(1/k)Jx € 0L, where k € N with k # 0. Thus, it follows from (3.24) that
b (x— (1/k)Jx) > 0, for any x € 0L\ {0} and k € N with k # 0. By tending with
k to infinity in the last inequality, we obtain b"x > 0 for any x € 9L\ {0}. Hence,
be (0L\{0})" = L* = L. Conversely, if b € L = L*, then (3.24) holds and hence

g is hyperbolically convex. O]

In the Euclidean context the linear term of a quadratic function has no influence
on the convexity of the function. As we will see in the next corollary, this is not

the case in the hyperbolic setting.

Corollary 9. Let A = AT ¢ RO+Ux(+1) p ¢ R**1\ £ and ¢ € R. Then,
there exists a A > 0 such that the function f\ : H" — R defined by f\(p) =

p' Ap + (Ab) "p + ¢ is not hyperbolically convex.

Proof. Since b ¢ L = L* and L = 0L + 0L, it follows that there exists =,y € IL
such that (Ab) T (z+y) < 0, for all A > 0. Hence, taking into account that x " Jy < 0,

we conclude that

lim (407 Az +4y" Ay + /2207 Ty (0) (& +y) ) = —o0.

A—~00

It follows that if A > 0 is sufficiently large, 4" Az + 4y " Ay + /=22 Jy (\b) T (z +
y) < 0. Therefore, by Proposition 15, the function f) is not hyperbolically convex.
O

Proposition 16. Let A = AT € RHUX0+D) p — (p .. b)) € R c € R

and f : H® — R be defined by f(p) = p'Ap+b"p + c. If f is hyperbolically
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convex, then there exists ;1 € R such that
1

is a positive semidefinite matrix.

Proof. Applying Proposition 15 with x := (z1,...,2,41) € 0L and y = —Jz € 0L,

we obtain that
4T (A+JANz +V22Tob"(1—-J)x >0,  VocdLl. (3.25)

Since 2,1 = V2x "z, for all z € L, we obtain that b (I — J)z = b, 1(22,41) =
bpi1V2x Tz . Thus, we conclude that

V2rTab'(I— o = 2b,2 ', Vo € OL.

Hence, combining the last equality with (3.25) we obtain, after some algebraic

manipulations, that
1
4" (A + JAJ + 5bnﬂl) v =42 (A+JANz+V22 Tz b (1-0)z >0,  Vre€dL.

Therefore, A+ JAJ + %bnﬂl is dL-copositive and by using Corollary 1 the result
follows. O

Corollary 10. Let A = AT € ROFDX0HD p — (b ... b,py) € R ¢ € R and

f:H" — R be defined by f(p) =p Ap+b'p+c. If f is hyperbolically convex,
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then g : H" — R defined by

1
glp) =p' (A +JAT + §bn+11) p

is hyperbolically convex.

Proof. The proof follows from Proposition 16 by using the items (i) and (iii) of [20,
Theorem 5.1]. O

Remark 6. If A is dL-copositive and b, 11 > 0, then ¢ in Corollary 10 is hyper-
bolically convex. Indeed, considering that for any p € 0L we have ¢ = —Jp € 9L,

we conclude that

1
g(p) =p" (A +JAT + Ebn-&-ll) p=p"Ap+q Aq+bupapny 20,
which implies that ¢ is bounded from below. Therefore, the result follows from
items (i) and (iv) of [20, Theorem 5.1].

Proposition 17. Let A = AT € Re+Dx(+) ¢ R ¢ € R, f: H* — R be
defined by f(p) = p'Ap+b'p+cand h : H* — R be defined by h(p) = p' Ap.

Consider the following statements:
(i) The function f is hyperbolically convex.

(ii) The inequality 42" Az + /—2x"Jy bz > 0 holds, for all z,y € R""! with
x,y € OL.

(iii) The inequality 4y' Ay + /—2x"Jyb "y > 0 holds, for all z,y € R*"! with
x,y € OL.

o7



(iv) The function h is hyperbolically convex and b € L.

(v) The matrix A is dL-copositive and b € L.

(vi) The vector b € £ and thereis a u € R such that A+p.J is positive semidefinite
Then, (i) <= (ili) <= (iv) <= (iv) <= (v) <= (vi) = (i).

Proof. Items (ii)and (iii) are equivalent because they are obtained from each other
by swapping = and y. Suppose that (ii) is true. Then (iii) is also true. By summing

up the inequalities of (ii) and (iii) we obtain that
4ot Ar +4yT Ay + /22T Jy b (z +y) >0, Va,y € R" with 2,y € 9L.

Hence, (i) follows from Proposition 15. The equivalence of items (iv), (v), and (vi)
follow from items (i), (ii) and (iii) of [20, Theorem 5.1]. To complete the proof
we will show that (ii) <= (v). Suppose that (v) holds. Then, the inequality of
(ii) follows immediately from the dL-copositivity of A and the self-duality of L.
Reciprocally, suppose that (ii) holds. Then, (i) also holds. Hence, it follows from
Corollary 7 that h is a hyperbolically convex function. Thus, items (i) and (ii)
of [20, Theorem 5.1] imply that the matrix A is dL-copositive. On the other hand,

since ¥ := (1/k)%z € OL for all k € N, it follows from the inequality of (ii) that

4(z) T Ax® 4/ =2(ak) T Iy b 2% > 0,

for all ,y € L and k € N. Substituting ¥ = (1/k)?z into the last inequity we

conclude that
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4 1
—x" Az + ﬁ\/ —22TJyb x> 0.

LA
for all x,y € OL and k € N. Multiplying the latest inequality by &3, then tending
with k to infinity and finally dividing by 1/—2x7Jy, we obtain b' 2z > 0, for all
x € OL. Hence, b € (0L)* = L. Therefore, item (v) holds and the proof is

completed. O

For simplifying the statement and proof of the next results it is convenient
to introduce the following notations. For a given A € RM™+)x(+1) " consider the

following decomposition:

A a
A=

a o

AeR™, aeR™, oseR (3.26)

)

Denote I € R™™ the identity matrix. In addition, for a given vector z € R"!,

consider the following decomposition:

z
z = € R, zeR", z,41 €ER. (3.27)
Zn+1

By using the above decompositions we have the following result.

Proposition 18. Let A = AT € R+Dx(+D) p c R+ ¢ c R and f: H* — R be

defined by f(p) =p" Ap+b'p+c. Then, f is hyperbolically convex, if and only if

42" (A4 oDz + 45" (A+ oDy +8a' (|z/,z + ||7],7)

+ /2070, 150, — 2275 (7@ + ) + busa (121, + 171,)) >0,
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for all z,y € R™.

Proof. First note that, by using (1.2) and (3.27) we conclude that all z,y € 0L

can be written

z J
T = € R" Y= € R" (3.28)

1112 17]2

Hence, using (3.26), (3.27) and (3.28) we obtain that

A" Az =4z (A+ o)z + 8|7 ,a' = (3.29)
AyT Ay = 45" (A+ ol)y + 8|yl a'y (3.30)
V=2Tay =\ 2l gl - 2275 (3.31)
b (+y) =b" (T + )+ baa ([Z]|2 + [[7]l2)- (3.32)

By using equations (3.29), (3.30), (3.31) and (3.32), we conclude that

4o Ax+4yT Ay + /20Ty b (z+y) =42 (A+ o)z + 4y (A +ol)g+

sa” (llzll,2 + 1911,9) + /212,91, — 275 (67 (@ +§) + busa (I21, + 1371,)) .
Therefore, by using the last equality together with Proposition 15 the desired result
follows. O

Remark 7. Let A = AT € Re+tDx(+) ¢ R™1 ¢ € Rand f : H* — R be
defined by f(p) = pT"Ap +b'p + c. If f is hyperbolically convex, then 42T (A +

o)z +8a'||z]|,z > 0, for all € R™. To see that set § = 0 in Proposition 18.
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Corollary 11. Let A = AT ¢ RH)x0+D) ¢ R ¢ c R and f: H* — R be

defined by f(p) =p" Ap+b"p+ c. If f is hyperbolically convex, then
A 1 T nxn
A+ (o+ §bn+1 [eR

is positive semidefinite.

Proof. First note that by letting 4y = —Z in Proposition 18 we obtain that if f
is hyperbolically convex then 8z' (A + oI) z + 4bn+1||zf||§ > 0, for all z € R™.

Considering that
_ 1 _ _ _
87" (A + (0 + Eb”“> I) z=8z" (A+0l)z +4b,|z]|°,  VzeR™

and f is hyperbolically convex, the result follows. O]

Proposition 19. Let A = AT ¢ R*Ux(+D) 1 ¢ R ¢ ¢ R. Then, there
exists a A > 0 such that the function fy : H* — R defined by f\(p) = p' Ap +

(b— )\e”H)T p + ¢ is not hyperbolically convex.

Proof. Consider the following matrix
_ 1 _
A+ (0 + E(b”“ — )\)) [e R™" (3.33)

The eigenvalues of the matrix (3.33) are of the form 8+ o + (b1 — A), where f3
is an eigenvalue of A. Thus, the matrix (3.33) have negative eigenvalue by taking
A > 0 sufficiently large. Consequently, the matrix (3.33) will not be positive
semidefinite for A > 0 sufficiently large. Therefore, by applying Corollary 11 for
f = fx the result follows. m
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Theorem 3. Let A = AT € RO+Dx(+1) be a nonzero matrix, b € R*, ¢ € R,
f:H" — R be defined by f(p) =p ' Ap+b'p+cand g: H* — R be defined by

g(p) =p"p+b"p+ c. Then, the following statements hold:

(i) If f is hyperbolically convex, then the function A : H" — R defined by
T
h(p) =p'p+ (b") p+e

is hyperbolically convex, where

1
bt = ——b. (3.34)
A

2

(i) If there exists a p € R and a A > 0 such that the matrix A — X\ + pJ is

positive semidefinite and b + 4\e" ™! € £, then f is hyperbolically convex.
(iii) If b+ 4e™™! € L, then g is hyperbolically convex.

Proof. Proof of item (i): Since f is hyperbolically convex, the Cauchy inequality

and Proposition 15 imply that

A A |z 44 Al Iyl A/ =22 Ty b (a+y) > o TAz+4y TAy+/—22TTy b (2+y) >0,
(3.35)

for any 2,y € R™*" with 2,y € 0L. Divide (3.35) by ||A]|, and use (3.34) to obtain

datz +4y Ty + /=22 Jy (bA)T (x+1y) >0,

for any z,y € R"™! with x,y € L. Thus, applying Proposition 15 with f = h, it

follows that h is hyperbolically convex.
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Proof of item (ii): First note that by using Cauchy and triangular inequalities

we have
B 18]]Iz + gl i

— — bT (f +g)+bn 12 __2—_2+bn 1> bn 1— b , Vi’,g c Rn\{O}
Iz1l, + T, # 2 =g e 2 b= ol

Taking into account that b + 4\e™! € L, we obtain that b, — HI_)H2 > —4\.

Hence, we have
1

b (T ) + by > 4N (3.36)
1z, + [l ’

On the other hand, some calculations show that

[l )2
—8—8( 2 _ _
U T ED e S e
Gz 2y (1+p) ) 191l - 171, Azl llgll, dizll, + llgll,)
12|, Iz,

If 7 and y are not parallel, then Cauchy inequality implies that 4|z||_ [|7]], >

2|z, llgll, — 22"y > 0. Thus, it follows from the last inequality that

—8|zll, - 8llgll;
\/QHEHQHEHQ =227y (|lzll, + l19ll,)

—4 >

Combining the previous equality with (3.36) we obtain that

1
1z, +llwll,

12 12
—8]|z[l; - 8llgl,

bT (T +7) + bos1 > A ‘ )
\/2H97:||2H§||2 =227y (l=zll, + ll7l,)
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which, after some algebraic manipulations, can be rewritten equivalently as follows

SN2 + 87112 + /2 (121, Igll, — 275) [B7 (2 +5) + busr (121, + 151,)] > 0.

(3.37)
The last inequality holds for any z,y € R", since it is also true for  and y parallel
or if any of x and y is zero. To proceed, note that by using (1.2) and (3.27) we

conclude that all z,y € 0L can be written

T = e R", = e R™M (3.38)
1Z]]2 15l

In addition, for any z,y € 0L, we have

Az T Ax+4y T Ay+/—22 Ty b (z+y) =4z (A+pd)a+4y (A+pd)y+/ =22 Ty b (z+y).
On the other hand, since A — A\l + u.J is positive semidefinite we obtain

4T (A4 pD)x + 4y (A+ pd)y > a2+ 40y 'y, Vz,y € R",
which combined with the last equality yields

4T Ar + 4y Ay + /22Ty b (x4 y) >ddaTr + Ay Ty + V22T Ty b (z +y)
(3.39)
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for any x,y € R"*1. Now, by using (3.38), we obtain after some calculations that

x4+ 4y Ty + /22T Iy b (x +y) = 8\|Z| + 8A[|g]>

/2 (lall gl = 279) (6 @ +9) + b (2], + l31,)]

for any x,y € 9L. Thus, combining (3.37) and (3.39) with the previous equality

we obtain that
4o Az +4y" Ay + /22T Iy b (z +y) >0, Vr,y € OL.

Therefore, by applying Proposition 15, we conclude that f is hyperbolically convex.
Proof of item (iii): It is a particular case of (ii) with A = I, A = 0 and
=1 [

Corollary 12. Let A = AT € RO+Ux0+) 1 .— (pT b,,1)T € R™, ¢ € R and
f :H" — R be defined by f(p) = p"Ap +b"p + c. If there exists a u € R such
that

1 .
A— Z—l(HbHQ — b)) T+ pd
is positive semidefinite, then f is hyperbolically convex.

Proof. If b € L, then }L(HBH2 — buy1)TT = 0. Thus, in this case, we are under the
following assumptions: b € £ and A + uJ is positive semidefinite. Therefore, it
follows from items (i) and (vi) of Proposition 17 that f is hyperbolically convex.

Now, assume that b ¢ L. In this case, by setting

1 .-
.

2

1 .-
)t = S, o)
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we conclude that

b
b+dre =] |ec
1],

In this case, by applying item (ii) of Theorem 3, we also obtain that f is hyper-

bolically convex. O

Example 8. Let A = AT ¢ R0+ 1 .— (pT b, )T € R™!, c € Rand f :
H" — R be defined by f(p) = p' Ap+b"p+c. Forall b ¢ L, we can construct many
examples of hyperbolically convex quadratic functions f. Indeed, take any b ¢ L,
any 1 € R, any positive semidefinite matrix P and A = P+ %L(HBHQ —bpa1) T+ pd.

Then, the hyperbolic convexity of f follows from Corollary 12.
Corollary 13. Let A = AT ¢ RF)x0+D) p c R ¢ € R and f: H* — R be
defined by f(p) =p" Ap+b"p+ c. If f is hyperbolically convex, then

bni1 = —4|| Al

Proof. From item (i) of Theorem 3 it follows that the function h(p) = p'p +

(b“‘)T p + ¢ is hyperbolically convex, where

1
bt = ——b. (3.40)
IA]

2

Applying Corollary 11 with f = h, it follows that
T+ (14262, ) TerRmn
+ + 5 n+1 €
is positive semidefinite, which implies that 24 (1/2)b7',; > 0. Therefore, it follows
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from (3.40) that 2 + (1/2)(bys1/||All2) > 0, which is equivalent to the required

inequality. [

Corollary 14. Let A = AT € RHDx(4D ' c Rrtl ¢ € R and f : H* — R be

defined by f(p) = p" Ap +b"p+ c. Then, the following statements hold:

(i) If f is hyperbolically convex, then there exists a p € R such that A + uJ is

positive semidefinite and Apax(A + pJ) > by,

(ii) If there exists a p € R such that Ay (A + pd) > i(”BHQ —byy1)T, then fis
hyperbolically convex. In particular, if b = 0 and there exists a A € R such

that Amin(A + pJ) > 1b, 4, then f is hyperbolically convex.

Proof. Proof of item (i): Suppose that f is hyperbolically convex. From Proposi-
tion 14 it follows that there exists a ;1 € R such that A+ p.J is positive semidefinite.

Since

fp)=p" (A+pu)p+b'p+c+p

for any p € H", is hyperbolically convex, it follows from Corollary 13 that
b1 > —4| A+ pJ, = —4Amax (A + pJ). (3.41)

If b1 > 0, then A\pax(A+ pJ) > 0= leb,;l. On the other hand, if b, ; < 0, then

(3.41) implies that Apax(A + pJ) > 7b, ., which concludes the proof of item (i).

1
1
Proof of item (ii): Assume that there exists a A € R such that Ay, (A + AJ) >

%L(HEHQ — by11)T. Then, the following matrix
Loz +
A—ZﬂML—QHQI+AJ
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is positive semidefinite. Hence, by applying Corollary 12, we conclude that f is

hyperbolically convex, which concludes the proof. O

Proposition 20. Let p,c € Rand f : H* — R be defined by f(p) = p' p+ ppps1+

c. Then, f is hyperbolically convex if and only if p > —4.

Proof. By applying Corollary 14 with A =1, 4 =0, b = 0 and b,,; = p, the result
follows. O

To state the next theorem it is convenient to introduce the following notation:
Denote by w |f z that neither of the vectors w and z is a nonnegative multiple of

the other one.

Theorem 4. Let A = AT € R*H)x0+D) p ¢ R* ¢ € R and f: H* — R be

defined by f(p) = p"Ap +b"p+ c. Define

4(z" Az+y " Ag)+8a” (||z]l,@+gll,5)+40 (I2)2+7]2) ANEES)
T, +lal, | -

67 A - lnf@ JERT :
7 ( ) ELEYE (ER ! \/2(||56H2H§||2*:ET§)
Then, f is hyperbolically convex if and only if

bps1+ ¢ (b, A) > 0.
In particular, if A =1, then f is hyperbolically convex if and only if
anrl + 2 (6) 2 07

where

 (b) = inf 8(”st+ Hg”i) b (Z+ 7))
5 LAl + 10, /2 (il g, - 27) 1l 1o,
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Proof. 1t follows from Proposition 18 that f is hyperbolically convex, if and only
if

Az (A+ oDz + 4y (A+ o)y +8a’ (|z),z + |7l,7)

/200,151, — 2575 (B (@ +5) + b (Il + 1171,)) = 0.

for all z,y € R™. The first statement follows after dividing the last inequality by

the quantity

(21, + l171,,) /2 (21,17l — 275)

and then using the definition of the infimum. The second statement is a particular

instance of the first one. O]

Corollary 15. Let A = AT € RO+)x(+1) he a nonzero matrix, b € R™!, ¢ € R,
f:H" — R be defined by f(p) =p"Ap+b'p+cand h: H* — R be defined by

h(p) = p" Ap. Then, the following statements hold:

(i) If Amin(A) + 0 > 2[ja, and boyy > [|B|, + 4llall, — 2Amin(A) — 20, then f is
hyperbolically convex. In particular, if A =1and b, > HBH2 — 4, then f is

hyperbolically convex.
(i) If Amin(A) + 0 > 2|jal|,, then h is hypebolically convex.

Proof. Proof of item (i): By using the notations of Theorem 2 and triangular and
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Cauchy inequality we have

A(z"Az +§ Ag)+8a” (|2, z+|7l,5) +4o (|Z)>+]|7]1%)

% (67 A) 2 _i_nfn _HBHQ
L 2 (Il + Ig1,) /I, a1,
A 2/\min 121 — 4l|la 2 =1|2 —12
o [, + g (Pmnld) = 4, +20) (21 +191E)

“Hh (Izll, + llgll,) /11, 131,

Considering that Auin(A) + o > 2||al|, we obtain from the last inequality that

—12 12

o (5,A) = ~ 5], + (2Auin(A) — 4]all, + 20) int Il + 171, |
2 2 Z,5ERT (|| ~ _ _ _

g (1l + 11g1,) /121, gl

(3.42)

Taking into account that

_ 112 —12
1z, + 19l

inf > 1,

"o (i, +1gl,) Nzl 1l

it follows from (3.42) that ¢ (b, A) > —||177H2 + 2min(A) — 4[|al|, + 20. Therefore,
considering that b, 1 > HI_)H2 —|—4||C_L||2 —2Amin(A) — 20, we conclude that ¢ (l_), A) >
—b,11 or equivalently that 0,1 + ¢ (B, A) > 0. Hence, applying Theorem 4 we
obtain that f is hyperbolically convex and the first statement of item (i) is proved.
The second statement is an immediate consequence of the first one.

Proof of item (ii): Choose b,;; > HEH2 +4||all, — 2Amin(A) — 20. It follows from
item (i) that f is hyperbolically convex. Then, Corollary 7 implies that h is also

hyperbolically convex. O

Remark 8. Item (ii) of Corollary 15 improves item (iii) of [20, Theorem 5.2],

where the inequality is strict.
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Example 9. For the particular case in item (i) of Corollary 15, by taking A =1

any b € R” and b,,1 € [HEHZ — 4, HZ_)H2>, another large class of hyperbolically

convex quadratic functions f with b ¢ £ follows.

Corollary 16. Let n > 3 be an integer, A = AT € R+Dx®+1) he a nonzero

matrix, b € R"" c € R, f: H® — R be defined by f(p) =p'Ap+b'p+c. If fis

hyperbolically convex, then

b ih BT A ]
bn+1 2 H% + 2\/5 a b - ﬁb—j% - \/EAmax<A) -

Bl [fel;

In particular if f is hyperbolically convex and A = I, then

b
Lz

bn+1 Z

Proof. We will use the notation of Theorem 4. We have

e(b, A) = inf ¥(z,7,b, A),
z,gyERM
zlfyg

where

w(j’ g? B’ A) =

2V20. (3.43)

(3.44)

4 (27 Az + " Ay) +8a’ (||z[l,z + ||5]l,5) + 4o (I|1Z]I; + 15]2)
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(71, + lgl,) /2 (121l 71, — 27g)
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HGDCG, 77Z)(j;a g7 [_)a A) S g(‘%a ga l_)a A)a where

4(7 AT+ Mnax(A) 71) + 82" (2,2 +1171,7) +40 (IIz; +[171]3)

C(f7 g757 A) = 1
(I, +117ll,) \/2 (Il 17ll, — z77)

2 2

and ¢(b, A) < inf, yewn ((Z,7,b, A) < ((Z,7,b, A) for any z,5 € R™ with z | 7.
zlfy
Thus, Theorem 4 implies

bps1 + C(Z, 7,0, A) > bui1 + (b, A) > 0. (3.45)

Let  := —b and j € R™ such that y'a = 0, 70 = 0 and ||y||, = [[b]|,. Then, a
simple calculation yields that the right hand side of equation (3.43) is —((Z, ¥, b, A).
Hence, (3.43) follows from (3.45) and (3.44) is a simple consequence of (3.43). O

3.4 Optimization concepts on hyperbolic space

In this section we present some concepts of optimization related to hyperbolically
convex function. In order to do that, consider a differentiable function f : H* — R

and the following unconstrained optimization problem
Minimize,epn f (p). (3.46)

It follows from (1.12) that a necessary optimality condition for the unconstrained
problem (3.46) is:
[I+pp"J]J-Df(p) = 0. (3.47)
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Remark 9. If f is a hyperbolically convex function, then Proposition 7 implies
that all points satisfying (3.47) are global solutions of problem (3.46), i.e., (3.47)

is also a sufficient optimality condition.

Let C C H" be a hyperbolically convex set and consider the constrained opti-

mization problem:

Minimizeyec f(p). (3.48)

In the following proposition we state the necessary optimality condition for the

problem (3.48).

Proposition 21. If the point p € C is a solution of problem (3.48), then

(I1+pp" 0 Df().p) 20, ¥pec,

where D f(p) € R™"! is the usual gradient of f at p.

Proof. Take p € C and let p € C be a solution to (3.48). Let [0,1] 3 ¢ — v;,(f) =
exp,(t log, p), be the geodesic from p to p. Since C is hyperbolically convex and
p,p € C, we conclude that 5, (t) € C for all t € [0, 1]. Hence, as p € C is a solution
to the problem in (3.48), we have (f(yz(t)) — f(p))/t > 0, for all ¢ € [0, 1]. Thus,
taking the limit when ¢ tends to zero, we obtain, by using (1.14) and ~;,(0) = log; p,
that (grad f(p),log,p) > 0. Therefore, the result follows from (1.11) and (1.12),
by taking into account that arcosh(—(p,p)) > 0.

O]

Proposition 22. Let f be a hyperbolically convex function in C. The point p € C
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is a solution of the problem in (3.48) if and only if

(L+pp™3]3-Df(p).p) 20, Vpec,

where D f(p) € R™"! is the usual gradient of f at p.

Proof. If the point p € C is a solution of (3.48), then the inequality follows from
Proposition 21. Conversely, take p, p € C, p # p and assume that ([I+ pp'J]J -
Df(p p> > 0. As f is hyperbolically convex in C, we conclude from Proposition 7

that

F@) 2 £3) + ORI (1 T i)Y, VpeC p#p
1—(p,p)?

Since ([I+ pp'J]J - Df(p),p) > 0 and arcosh(—(p,p)) > 0, the latter inequality
implies that f(p) > f(p), for all p € C. Therefore, p is a global solution of the
problem in (3.48).

[

Next we present an equivalent form for Proposition 3, whose proof follows by

combining Proposition 9 with Lemma 9, Proposition 22 and (1.18),

Corollary 17. Let C CH" be a closed hyperbolically convex set and p € H".
Consider the function H" 3 p — ps(p) := 5d2(p) defined in (1.21). Then, Pe(p) =

arg min,ec pp(p) if and only if

((I+Pe(P)Pe(p)'J) pp) <0, VpeC.

For f: H" - R and ¢, : H* — R™, ¢ = 1, ..., m differentiable hyperbolically
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convex functions and
C={peR":g(p) <0,i=1,...,m}

a hyperbolically convex set, see Remark 5. Consider the following particular in-

stance of the hyperbolically convex optimization problem (3.48):
Minimize,ec f(x). (3.49)

Proposition 23. Suppose that p € C and there exists pp = (pt1,..., pm) € RT

such that

[1+pp'J] [J -Df(p)+ Y il - Dgi(ﬁ)] =0, ngi(ﬁ) =0,  (3.50)

i=1

where Df(p) € R*™™! is the usual gradient of f at p. Then p is a solution of the
problem (3.49).

Proof. Since f,g; : H" — R are hyperbolically convex functions and p; > 0, for

1=1,...,m, it follows that h : H* — R defined by
h(p) = f(p) +>_ migi(p)
i=1

is hyperbolically convex. Moreover, f(p) > h(p), for all p € C. Now, from the
first equality in (3.50) we obtain that [I —i—ppTJ] J - Dh(p) = 0. Thus, since h is
hyperbolically convex, we can apply Proposition 22 with f = h and C = R**!
to conclude that p is a minimizer of i in R"™!. Hence, from f(p) > h(p), for all

p € C and the second equality in (3.50), we have f(p) > h(p) > h(p) = f(p), for

75



all p € C. Since p € C, the last inequality implies that it is a solution of (3.49).
]

Remark 10. If p is a solution of the problem (3.49), then under mild conditions
on the problem (3.49) the point p satisfies (3.50), for details see [52, Section 9;

see also [58, Theorem 4.4].

3.5 Conclusion

In this chapter, a comprehensive study of convex quadratic functions on hyper-
bolic spaces was conducted. Although some of the ideas are similar to those in
the papers [16,19], the convex functions in hyperbolic spaces turned out to have a
completely different structure. For instance, there is no constant globally convex
function on the whole sphere, but there are many such functions on the hyper-
bolic space, as demonstrated in Section 3.2. Section 3.3 focused on characteriz-
ing non-homogeneous quadratic functions on the hyperbolic space, complementing
the findings presented in Section 3.2. Unlike in Euclidean space, studying non-
homogeneous quadratic functions in hyperbolic space is more complex than study-
ing homogeneous quadratic functions. This complexity arises because adding a
linear term to a hyperbolically convex homogeneous function can cause the newly
formed non-homogeneous quadratic function to lose its hyperbolic convexity. We
concluded this chapter by presenting optimization concepts related to hyperboli-

cally convex functions in Section 3.4, which will be further studied in Section 4.3.
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CHAPTER 4

HYPERBOLIC SPACE FORMS

In this chapter! we rescale the Lorentzian metric to have constant negative cur-
vature —x with x > 0, which turns the hyperbolic space into the s-hyperbolic
space forms. This part, a continuation of Chapter 2, addresses the natural coun-
terpart in hyperbolic space forms of the problem presented in [15], which involves
computing a projection formula into a convex set of the sphere. However, as we
will see, the problem in hyperbolic space forms is considerably more difficult. We
will propose and analyse two intrinsic versions of the gradient projection method,
one with constant step sizes and the other with backtracking step sizes, to solve
problems constrained to convex sets and for potentially non-convex objective func-
tions in k-hyperbolic space forms with a constant sectional curvature —x < 0. We
begin by reviewing some fundamental properties of x-hyperbolic space forms and
then present novel properties of the intrinsic k-projection into convex sets of x-
hyperbolic space forms. These properties are essential for analysing the gradient

projection method and have intrinsic importance of their own. Specifically, we

'The main result in this chapter is based on a submitted paper, which is joint work with
Ferreira, O.P.and Németh, S.Z.
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introduce the concept of the Lorentz projection and establish the relationship be-
tween the intrinsic k-projection, the Lorentz projection, and the Euclidean orthog-
onal projection. Additionally, we provide formulas for the intrinsic xk-projection
into specific convex sets using the Euclidean orthogonal projection and the Lorentz
projection. Concerning the convergence results obtained from the gradient pro-
jection method, we demonstrate that every accumulation point of the sequence
generated by the method with backtracking step sizes is a stationary point for
the problem. Under the assumption of Lipschitz continuity of the gradient of the
objective function, we show that each accumulation point of the sequence gen-
erated by the gradient projection method with constant step size is a stationary
point. Furthermore, we provide an iteration complexity bound that characterizes
the number of iterations needed to achieve a suitable measure of stationarity for
both step sizes. It is important to emphasize that the findings presented here do
not rely on the convexity or coercivity of the objective function, nor on the com-
pactness of the constraint set. We also explore the properties of the constrained
version of the problem of computing the centre of mass, commonly referred to as
the Fermat-Weber problem. Specifically, we demonstrate that the sequence gen-
erated by the gradient projection method with backtracking step sizes converges

to the unique solution of this problem.

4.1 Basics results about the r-hyperbolic space
forms

In this section, we provide a review of the notations, definitions, and basic results

related to the geometry of the k-hyperbolic space forms that are utilized through-
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out the chapter. We present simplified proofs of a few of these results, as they are
commonly presented in more general contexts in the existing literature. Hence,
this section constitutes a review of the helpful x-hyperbolic space forms results
used in optimization. The introductory books on Riemannian and Differential Ge-
ometry that we refer to in this section are [6] and [47], and we also draw insights
from [7].

Denote R = {z = (z',...,2™) € R™ : z; > 0,...,2™ > 0} the nonnegative
orthant of R™. Let {v!,v? ...,v™} be a set of vectors of R™. Then, the cone

defined by

cone{vl,...,vm} = {/\lvl—i—---—I—)\mvm: AIZO,...,)\mZO},

is called a simplicial cone or finitely generated cone. Let K C R™! be a convex
cone. The Euclidean orthogonal projection set-valued mapping I : R" — K

into K is defined by

Hi(x) = {y eER™ : y= arger’rclin\/(a: —2)T(x — z)} ; (4.1)

Since K is convex, I (x) is either an empty set or contains a single point. More-

over, it is well known that, if y € Il (x) then
(x — y)Tz <0,Vzek and (x—y)'y=0, (4.2)

see for example [29, Theorem 3.1.1]. Whenever the set K is closed and convex,

the projection set is nonempty and has a unique point, which is characterised by
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(4.2). In this case, we use the notation

ic(z) = argminy/(z — 2)T (z — 2).

ze

Let a > 1 be a real constant. Denote the a-circular cone L, by

‘COé = {(Ilv"'al‘naxn—l—l) S RH—H N o | > Oé\/l'% + - +l’%} . (43)

When o = 1, the a-circular cone L, is known as the Lorentz cone and will simply
be denoted by L. Note that, for all & > 1, we have £, C int(£) and it is a closed

and convex cone.

Remark 11. From (4.3) with @ = 1 and (1.4) we have £ = {z := (z1,...,Zn41)' €

R (z,2) <0, 2,41 > 0}. Furthermore, (z,y) < 0, for all z € £ and all
yecint L= {r:=(z1,...,0,401) €R"™: (x,2) <0, 2,41 >0},

because (z,y) = —y' (=Jz), =Jz € —=JL = L and L is self-dual.

Throughout the chapter, for a given x > 0, the n-dimensional k-hyperbolic

space form and its tangent hyperplane at p are denoted by

1
H’:L = {p S Rn+1 . <p,p> = —E, anrl > O}, TpHZ = {U € Rn+1 : <p7U> = 0}7

(4.4)
respectively. It is worth noting that the Lorentzian inner product is not positive
definite in the entire space R"*!. However, one can show that its restriction to
the tangent spaces of H” is positive definite; see [7, Section 7.6]. Consequently, we

have [Jv]| > 0 for all v € T,H? and all p € H? with v # 0. Hence, (-,-) and ||| are
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in fact a positive inner product and the associated norm in T,H}}, for all p € H..
Therefore, (1.4) actually defines a Riemannian metric on H?, see [8, pp. 67].
Moreover, (p,q) < —1/k, for all p,q € H? and (p,q) = —1/k if and only if p = ¢.
The Lorentzian projection into T,HY, is the linear mapping Projy : R — T,H"
defined by

Proj; x := x + r(p, 7)p, (4.5)
Le., Proj; =1+ kpp'J, where I € R+Dx(+1) ig the identity matrix.

Remark 12. The Lorentzian projection (4.5) is self-adjoint with respect to the
Lorentzian inner product (1.4). Indeed, <Pr0j’; u,v> = <u,Projgv>, for all u,v €

R™™! and all p € H”. Moreover, we also have Proj, Proj, = Projy, for all p € H.

The intrinsic k-distance on the rk-hyperbolic space form between two points

p,q € HY is given by

d.(p,q) == Larcos.h(—/f (p,q)). (4.6)

VK

It can be shown that (H”,d,) is a complete metric space, so that d,(p,q) > 0 for
all p,q € H?, and d,(p, q) = 0 if and only if p = q. Moreover, (H?,d) has the same
topology as R"™ and (H”, (-,-)) is a Riemannian manifold with constant sectional
curvature —x < 0. Next we give two standard notations. We denote the open and
closed ball of radius § > 0 and center p € H by Bs(p) := {q € H" : d..(p,q) < ¢}
and Bs(p) := {q € H" : d.(p,q) < d}, respectively. The intersection curve of
a plane though the origin of R™™ with H” is called a geodesic. Moreover, each
geodesic segment vy : [a,b] — H” is minimal, i.e., its arc length is equal to the

intrinsic distance ¢(y) = arcosh(— (y(a),v(b)),) between its end points. We say
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that v is a normalized geodesic if ||| = 1. If p, ¢ € H” and g # p, then the unique

geodesic segment from p to q is

Ypq(t) = | cosh(v/kt) + K (p, q) sinh(y/kt) ot sinh(y/kt)
W (pa) 1 w2 (p.q)" — 1

g, Vt € [0, d.(p, q)].

The k-exponential mapping expy : T H; — H is defined by expyv = (1),
where ~, is the geodesic defined by its initial position p, with velocity v at p.

Hence, expy v = p for v = 0, and

exply v := cosh(v/k[[v]]) p + sinh(v/k[|v]]) Vo € T,H: \ {0}.

v
Vel

It is easy to prove that v, (1) = ,(t) for any values of t. Therefore, for all ¢t € R

we have

expy; tv := cosh(tv/k||v||) p + sinh(tv/k||v]) Vo e T,H \ {0}. (4.7)

(%
Vel

We will also use the expression above for denoting the geodesic starting at p € H
with velocity v € T,H! at p. The inverse of the k-exponential mapping is given by

log; q =0, for ¢ = p, and

. rdx(ps q b Proj, ¢
log, q := Vi (p. 4) Proj, ¢ = dx(p, Q)m, q#p. (4.8)
K2 (p,q)” — 1 4
It follows from (4.8) that
de(p,q) = |[logyqll,  p,q € HE. (4.9)
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In the next lemma, we recall the well-known “cosine law” for triangles in the
r-hyperbolic space form. Although the proof is a straightforward application of

(4.8), we include it here for the sake of completeness.

Lemma 13. Let z,y, 2z € H. Let 6, be the angle between the vectors log} y and

log? z. Then,

cosh(v/kd,(y, 2)) = cosh(v/kd,(z,y)) cosh(v/kdy(, 2))

— sinh(v/kd,(z,y)) sinh(v/kd,(x, 2)) cos 0.

Proof. First we apply (4.9) to obtain that (log” y,log? z) = d.(x,y)d.(z, z) cos b,.

Now, by using (4.8) we obtain that

Vide(2,y)  Vrde(z, 2)
\/52 (z,y)* =1 \/K,2 (z,2)" =1

<(I + /il"ZUTJ> Y, (I + m:xTJ) z> .

(logh y,logh z) =

By combining the two previous inequalities and performing some manipulations,

we obtain that

cosf, = ! ! ((y, 2) + & (2, 2) (y, 7)) .

\//4,2 (x,y)z—l\//<52<x,z)2—1

Since k (y, z) = — cosh(y/kd.(y, 2)), k {x,z) = — cosh(y/kds(x,2)) and k (y,x) =
— cosh(y/kd,(y, x)), the desired equality follows. O

In the following, we will recall the well-known “comparison theorem” for tri-
angles in the k-hyperbolic space form, as stated in [48, Proposition 4.5]. However,

we will provide a direct proof of the theorem using Lemma 13 as a reference.
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Lemma 14. The following inequality holds:

Proof. 1f we have two equal points, the inequality holds. Then, without loss of
generality, assume that the three points are pairwise different. Let 6, be the angle
between the vectors log?y and log) z. Thus, by using (4.9) we conclude that

(logh y,logh z) = d,.(z,y)d.(x, z) cosB,. Hence, (4.10) is equivalent to

V@& (x,y) + d2(z, 2) — 2d(x,y)d.(z, 2) cos 0, < d(y, 2), Va,y,z € Hy.
(4.11)
Since the function [0,+0c0) 3 ¢ +— cosh(t) is increasing the inequality (4.11) is

equivalent to

cosh \/k (d2(z,y) + d2(z, 2) — 2d. (2, y)dy (2, 2) cos b)) < cosh (Vkd,(y,2)) ,
(4.12)

for all z,y, z € H}!. On the other hand, it follows from Lemma 13 that

cosh(vkd,(y, z)) = cosh(v/kd,(z,y)) cosh(vkd.(z, 2))

— sinh(v/kd,(z,y)) sinh(v/kd,.(z, 2)) cos O,

Hence, by combining (4.12) with the last equality, we conclude that (4.10) is also
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equivalent to

cosh \/k (d2(x,y) + d2(z, 2) — 2d,.(x, y)d.(z, 2) cos ) <

cosh(v/kd,(z,y)) cosh(v/kd(x, 2)) — sinh(v/kd,(z,y)) sinh(v/kd,.(z, 2)) cos O,
(4.13)

for all z,y,z € H}. Therefore, our task is reduced to proving the inequality
(4.13). For simplifying the notations, we set a := y/kd.(x,y), b := /kd.(x, z) and
t := cosf,. In view of (4.13), define the auxiliary function ¢ : [-1,1] — R as
follows

¢(t) := cosh a cosh b — tsinh asinh b — cosh p(t),

where ¢(t) := v a? 4+ b?> — 2abt. Hence, to prove (4.13) it is sufficient to show that
o(t) > 0, for all t € [—1,1]. To accomplish this, we first observe that ¢(—1) =
cosh(a + b) — cosh(a+b) = 0 and ¢(1) = cosh(a — b) — cosh |a — b| = 0. Moreover,

we have

osinh p(t) — ¢(t) cosh (t)
(1) '

Since a,b > 0, we have a® +b* — 2abt = (a —b)*+2ab(1—t) > 0, for all t € (—1,1).

¢"(t) = (ab) (4.14)

Thus, ¢(t) > 0, for all ¢ € (—1,1). By considering that sinh7 < 7cosh, for all
T > 0, it follows from (4.14) that ¢"(t) < 0, for all ¢ € (—1,1). Therefore, ¢ is
concave function in ¢t € (—1,1) and taking into account that ¢(—1) = ¢(1) = 0 we

conclude that ¢(t) > 0, for all t € [—1, 1], which implies the desired inequality. [

Let 2 C H? be an open set and f : 2 — R be a differentiable function. The
gradient on the k-hyperbolic space form of f is the unique vector field 2 5 p —

grad f(p) € T,M such that df (p)v = (grad f(p), v), see [7, Proposition 7-5, p.162].
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Therefore, we have

grad f(p) := Proj; Jf'(p) = Jf'(p) + & (Jf'(p), p) (4.15)

where f’(p) € R"*! is the usual gradient of f at p € Q. A wector field on Q C H”
is a smooth mapping X : @ — R""! such that X(p) € T,H". The covariant

derivative of X at p € Q is map VX (p) : T,H? — T,H given by
VX (p) := Proj; X'(p),

where X'(p) denotes the usual derivative of the vector field X at the point p,
see [7, Formula (7.62), p.162]. The Hessian on the k-hyperbolic space form of
a twice differentiable function f : 2 — R at a point p € €2 is the mapping
V grad f(p) := Hess f(p) : T,H; — T,H given by

Hess f(p) := Projy [Jf"(p) + & (Jf'(p). ) 1], (4.16)

where f”(p) is the usual Hessian (Euclidean Hessian) of f at p, see [7, Proposi-
tion 7.6, p.163]. For each p,q € H" the covariant derivative induces the linear
isometry relative to the Lorentzian inner product (-,-), namely, the parallel trans-
port P,y T,H} — T,H given by

<v, log, p>

K
Py(v) i=v— 2L (logfp+1loghq) = |T— ————(p+4q)q' | v.
pal) dx(p, q) (log; ) fﬁ(pm—l( )

Note that for any geodesic segment «y : [a,b] — H! we have 7/(t) = Pya)y)(7'(a)),

for all ¢ € [a, b], or equivalently v"(¢) = 0, for all ¢ € [a, b].
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Definition 3. Let f : D — R be a differentiable function and D C H?. The
gradient vector field grad f is said to be Lipschitz continuous on D with constant
L > 0 if the following inequality holds || P, grad f(p) — grad f(q)|| < Ld(p, q), for

all p,q € D.
The next lemma can be found, for example, in [7, Corollary 10.47].

Lemma 15. Let f : D — R be a twice continuously differentiable function and
D C H!. The gradient vector field grad f is Lipschitz continuous on D with
constant L > 0 if and only if there exists L > 0 such that |Hess f(p)|| < L, for all

p e D.

Subject to a few minor adjustments, the next lemma closely mirrors [7, Propo-

sition 10.54]

Lemma 16. Let f : D — R be a differentiable function and D C H?. Assume
that grad f is Lipschitz continuous on a convex set C C D with constant L > 0.

Then, it follows that

f(a) < f(p) + (grad f(p),logy q) + gdi(p, q),  Vp,qeC.

It is worth noting that convex sets in x-hyperbolic space forms H have a close

relationship with convex cones situated in the interior of the Lorentz cone.

Definition 4. The set C C H is called x-hyperbolically convez if for any p, ¢ € C

the geodesic segment joining p to ¢ is contained in C.

In the next proposition we relate a x-hyperbolically convex set with the cone

spanned by it, its proof can be found in [20, Proposition 1].
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Proposition 24. The set C C H? is x-hyperbolically convex if and only if the

cone K¢ is convex.

Remark 13. The k-hyperbolically closed convex sets are intersections of the hy-
perboloid with convex cones which belong to the Lorentz cone L. Indeed, it follows
from Proposition 24, that if I C L is a convex cone, where L is the Lorentz cone,

then C = KN H} is a xk-hyperbolically convex set and K = K¢.

4.2 Intrinsic k-projection into r-hyperbolically
convex sets

In this section we present new properties of the intrinsic k-projection into k-
hyperbolically convex sets on s-hyperbolic space forms. Let C CH} be a closed
k-hyperbolically convex set and p € H”. Consider the following constrained opti-

mization problem

min d.(p, ¢)- (4.17)

The minimal value of the function C 3 ¢ — d,(p, q) is called the distance of p from

C and it is denoted by d¢(p), i.e., dyc : H? — R is defined by

dec(p) == min de(p, q).

Since (HJ, d,) is a complete metric space, [20, Proposition 2] implies that |dy ¢ (p) —
dyc(q)| < di(p,q), for all p,q € H?. In particular, the function dj ¢ is continuous.

Note that the problem (4.17) has a solution because C is a closed set and the
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distance function is continuous. The solution of problem (4.17) is referred to as
the “metric k-projection”, which was first studied in [55]. Similar to the proof
in [20, Proposition 4.2], we can also demonstrate that the “intrinsic x-projection

mapping” Pg : H! — C defined by

Pé(p) == arg mind,(p, q). (4.18)

qeC

is well-defined. In other words, for each p € H", the minimizer Pg(p) of problem
(4.18) exists and is unique. The following proposition can also be proven in a

similar manner to [20, Proposition 4.4].

Proposition 25. Let C CH" be a nonempty closed k-hyperbolically convex set.

Then Pj is continuous.

Note that the definition of the intrinsic x-projection mapping (4.18) yields

d(p, PE(p)) < du(piq),  VqeC. (4.19)

Furthermore, we can prove that equations (4.18) and (4.19) are equivalent to the
inequality:

(Projips p) P Projps,) @) <0, Vg € C,Vp € Hy. (4.20)

By considering that, for all p,q € H?, we have (P§(p),q) < —1/k, we can deduce

from (4.8) that (4.20) can also be equivalently stated as follows:
(10855 () s 1085y @) <0, Vg €C,Vp € HY, (4.21)

as shown in [22, Corollary 3.1]. Furthermore, since the function [1,+o0] 3 7
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arcosh(7) is increasing, it follows from (4.6) that (4.18), (4.20), and (4.21) are also

equivalent to:

Pe(p) = ar%égin (—(p.q))- (4.22)

Therefore, by combining (4.6) with (4.19), we conclude that (4.22) can be stated

equivalently as follows:

(p.q) < (p,Pe(p)), Vgec. (4.23)

As an application of Lemma 14, we have the following property of the intrinsic s

projection.

Lemma 17. Let C C H? be a closed xs-hyperbolically convex set, and let ¢ € H.

Then, the following inequality holds:

d2(p, P (q)) < (logy q,1ogh PE(q)) + (logl PE(q),logs PE(q)), VpeC. (4.24)

As a consequence, we have:

d2(p, P¢(q)) < (logl q,logi PE(q)), VpeC. (4.25)

Furthermore, we have d,(p, Pf(q)) < d.(p, q) for all p € C.

Proof. Let p € C and ¢ € H?. By applying Lemma 14 with x = p, y = P§(q) and

z = ¢, we obtain:

d2(p, PE(q)) + dii(p, q) — 2(logl ¢, logl PE(q)) < di(PE(q), q).- (4.26)
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Similarly, by applying Lemma 14 with x = Pf(q), y = p and z = ¢, we have:

d2(PE(q), p) + d2(PE(q), q) — 2(logl PE(q), logy Pé(q)) < dip,q).  (4.27)

By combining (4.26) with (4.27), we conclude that (4.24) holds. Therefore, since
p € C, by applying (4.21), the inequality (4.25) follows from (4.24). The last
inequality of the lemma is a direct consequence of the second Cauchy inequality

and (4.9). O

Based on Lemma 17, we can derive the following lemma, which highlights
a crucial property of the intrinsic k-projection. This property holds significant

importance in the analysis of the gradient projection method.

Proposition 26. Let p € C, 0 # v € T,H} and a > 0. Then, we have

<v, log; Pe (exp; (—ow))> < —édi (p, P (expg (—ow))) ) (4.28)

Proof. For simplicity, let us define v(a) := exp,(—awv). This allows us to express
the vector v as v = —é log; v(a). After performing some algebraic manipulations,

we can obtain the following expression:

(v, logs PE((0))) = —~ & (5, PE((0)

+ é (d2(p, PE(v(@))) — (logy (), logy Pé(v(a)))) . (4.29)

Since p € C, we can apply Lemma 17 with ¢ = v(«), which gives us

2 (p, PE(v(@))) — (logp v(a), logy Pé(v(a))) < 0.
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Combining this inequality with (4.29), we can conclude that:

(v, logg PE( () < —~ 2o, PE(7 ().

Since y(a) = exp,(—awv), the last inequality is equivalent to (4.28), and this

concludes the proof. n

4.2.1 Computing the intrinsic k-projection into convex sets

In this section, we will demonstrate how to explicitly compute the intrinsic k-
projection for certain special convex sets. Specifically, for these special convex
sets, we can simplify the computation of the intrinsic x-projection on C C H?
by reducing it to the calculation of the orthogonal Euclidean projection on its

associated cone K.

Proposition 27. Let C C H? be a closed s-hyperbolically convex set, p :=
(p17 s Jpnupn—i-l)—r S H/T{L and u = (ula s 7un7un+1)T S ’CC \ {O} Consider

the following statements:

(i)

+1 u"t T
(Pr+1 = Unt1) (Q” = ) >0,  Vgi= (g 0 1) €C;
—k (u, u)
(4.30)
(ii)
(2pn+1e”+1 — u)T (q — L) >0, Vq € C; (4.31)
—K (u,u)
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(iii) If u € M. (p), then
u

Pi(p) = ———. (4.32)

—k (u, u)

Then, the following implications hold: (i) = (ii) = (iii).

Proof. 'To begin, for the sake of simplifying notation, let us consider a given u € H.
We will set

n =/ —k{u,u).

Proof of (i) = (ii): Let u and ¢ be vectors in H?. Since u/n and ¢ are in H, we

can conclude that

1 1
nn Kk n Kk

By combining the equality and inequality in (4.33) and considering (1.6), we obtain

a7 (o= 2) ==n %= 2) 2o (4.34)

Since —u + Ju = 2u, 11", inequality (4.30) can be equivalently stated as
+

1

5(2pn+1e”+1 —u+Ju)’ (q - %) > 0, (4.35)

where ¢"™! = (0,...,0,1) € R*"!. Therefore, by combining (4.34) with (4.35), we
obtain (4.31).

Proof of (ii) = (iii): Since C C H} is a closed s-hyperbolically convex set,
Proposition 24 implies that K¢ is a convex cone. Take ¢ € C and u € R""! such

that u € Tk, (p). Due to ng € K¢ and (4.2), we have 0 > (p — u) " (ng — u). Thus,
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we can conclude that

u U 1
()20 =G+ (p 2+ o000 (430
n n n
On the other hand, using (4.31), we have

—(p.a)+; (w0 —w)'(ng—u) =—p) g+ ;(Ip) ut (p—u) (ng —u)
=—(Ip)" (q - %u> +(p—u)’ (q - %U>
=(p—Jp—u)' (q—%u>

= (2pupie™™ —u)' (q - %U> >0,
(4.37)

where e = (0,...,0,1) € R""'. Hence, by combining (4.36) and (4.37), we have

u
<p,ﬁ> > (p,q) , Vq € C.

Therefore, (4.23) implies (4.32). O

In the following examples we use Proposition 27 to present formulas to intrinsic

k-projection for certain special convex sets.

Example 10. Let K = cone {v!, ..., v™, v"*} be a simplicial cone, where (v?) T e

= 0 withv* #£0, foralli =1,...,n and v"*! = "1 Consider a convex set C and

corresponding cone spanned by the convex set C given, respectively, by
C:=KnHy;, Ke:=A{p: peInt(L)nK}U{0}.

We notice that K¢ is a convex cone. If u € I, (p), then the intrinsic x-projection
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into the convex set C is given by

u

=k (u,u)

Indeed, take p := (p1,...,Dn,Pny1) € H? and u := (uy,..., U, Upy1) € C. If

Pe(p) = (4.38)

u € . (p), then u,+1 = ppy1. In fact, suppose, on the contrary, that w, 1 # ppiy1-
Since u € Ik, (p) and wy41 # ppy1, we infer that p ¢ K¢ and w is on the boundary

of K. Hence, there exists j € {1,...,n,n + 1}, such that
u € F :=cone {{v',....0" 0" }\ {v/}}. (4.39)

As u € Ik, (p), we infer that u belongs to the boundary of K. Hence, u is on one of
the (n — 1)-dimensional faces of K. If j = n+ 1, then u € cone {v*',... v"}. Thus,
u' e = 0. Since, e"*! € Ke, it follows from (4.2) that p,,1 = (p — u)e"** <0,
but this is absurd, because p € H?. Hence, it follows that j € {1,...,n}. By the
definition of the projection and (4.39), it follows that p —« must be perpendicular
to the face F. On the other hand, due to j € {1,...,n}, it follows that " =
vt e F. Hence, ppy1 — Uni1 = (p —u) e = 0 and we have u,, 1 = pnis.
As consequence, item (i) of Proposition 27 holds, i.e., (4.30) holds. Therefore, by

using item (iii) of Proposition 27, we obtain that the projection of p into C is in

fact given by (4.38).

In the next example we use Example 10 to present an explicit formula to

compute the intrinsic xk-projection into the following k-hyperbolically convex set
C,={peH!: p>0}, (4.40)
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involving only nonnegative constraints, which are fundamental in many fields of

science and engineering, see [10].

Example 11. Let us compute a formula for x-projecting intrinsically a point into
C, given by (4.40). To achieve that, it is important to note that the cone spanned

by the set C, can be expressed as
Ke, == (RT' nInt(L)) U {0}, (4.41)
which is a convex cone. It follows from K¢, C R? and (4.1) that
inf.eme(yrrn ooy P — =[] > infLern [[p — 2||. (4.42)
On the other hand, we know that
{pt} = Ilgn (p) = arg min, cgn Ilp — z]| (4.43)

The combination of (4.3) for & = 1 with (4.4) implies that p = (p1, ..., Dn, Pni1) €

Int(L£). Hence, considering the fact that p,,1 > \/LE > 0, we obtain that

Pas1 = D1 > \/PT+ -+ 10 2 \/(pT)2+~--+(p$)27

where p* = (pf,...,pt,pl 1) and p := max{p;,0} for i = 1,...,n,n+ 1. Thus,

we have p™ € (Int(£) NR%) U {0}, which combined with (4.42) and (4.43) yields

p+ = H’Cc+ (p)
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Hence, as R” = cone {e',...,e" "} and C; := R% NHY, it follows from Exam-

ple 10 that the projection of p € H into the set C is given by

er

PE () = ————.
' V=Pt pt)
Example 12. Let C := £, N H?, where L, is a circular cone and o > 1 is a

real constant. Since o« > 1, we have K¢z = L, and it is a closed convex cone. If
p € H" and u = g, (p), then u # 0 and (4.30) holds. Indeed, since " € K¢

and u = IIx,(p), it follows from (4.2) that
Prgl — Uppr = (p—u)Te™ <0, (4.44)

On the other hand, since ¢ € C = K¢ NH?, we have ¢2,, > o*(¢} + -+ + ¢2) =

K

(g2, — %), which after some algebraic manipulations implies that

«

nl S T,
Gn+1 M — 1)

(4.45)

with equality holding if and only if ¢ is on the boundary of C. If p € C, then the
projection formula is trivial. Suppose that p ¢ C. Thus, u is on the boundary of

Kc, which implies that the point

u

—r{u, u)

is on the boundary of the set C. Hence, by using the same argument as the one
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used to show (4.45), we can show that

Un+1 - a

—r(u,u) B VE(@2—1)

Thus, by combining the last equality with (4.45), we obtain that

i1 — ——tL <, (4.46)

—r(u,u)

It follows from (4.44) and (4.46) that (4.30) holds. Therefore, item (iii) of Propo-

sition 27 implies that
u

Pi(p) = —F—m——=. (4.47)

—rK (u,u)

4.2.2 The Lorentz projection into convex sets

In this section, we will introduce the Lorentz projection and explore its connections

with the Euclidean orthogonal projection and the intrinsic x-projection.

Definition 5. Let K C R"*! be a convex set, x € R"*! and y € K. The point y is
called a Lorentz projection (or shortly L-projection) of x into K if (x — y,z — y) <
0, for all z € IC.

Denote by Ax(x) the set of L-projections of x € R"™ into K, i.e.,

A(z) ={yeK: (r—y,z—y) <0, Vz € KL} (4.48)

As the Lorentzian inner product is not positive definite, given x € R"™! the set

A (z) might be empty or even unbounded. However, the general analysis of Ax(x)
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is out of the scope of this section. As we will see later, if p € H? and I C L is a cone
such that K NH?” is a closed x-hyperbolically convex set, then Ax(p) is nonempty
and contains precisely one non-zero vector in addition to the zero vector. In the

next remark we show that zero vector belongs to the L-projections.

Remark 14. If £ C £ such that NH is a xk-hyperbolically convex set and p €
H?, then it follows from p € H" C int(L), (4.48) and Remark 11 that 0 € Ax(p),

for all p € H.

In the following lemma, we present equivalent conditions for a point to be an
L-projection of a point into a cone. They are corresponding to relations (4.2)

fulfilled by the Euclidean orthogonal projection.

Lemma 18. Let K C R"! be a convex cone, + € R"" and y € K. Then,

y € Ax(z) if and only if the following two relations hold:

(x—y,2) <0, Vzek and (x —y,y) =0. (4.49)

Proof. We have that y is an L-projection of x into K if and only if

(x —y,z—y) <0, (4.50)

for all z € K. Hence, we must prove that (4.50) is equivalent to (4.49). Suppose
that (4.50) holds. Then, (z —y, Az —y) <0, for all z € £ and A > 0. By letting
A =2 and z = y, we obtain (z —y,y) < 0, while by letting A — 0 we obtain
(x —y,y) > 0. Hence, (x —y,y) = 0, which inserted into (4.50) also implies
(x —y,z) < 0. Therefore, (4.50) holds. Next, suppose that (4.49) holds. Then,

(4.50) follows from the bilinearity of the Lorentzian inner product. O
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In the following corollary we use Lemma 18 to compute a L-projection into a

hyperplane.

Corollary 18. Let a € R" be such that (a,a) #0and V:={r € R": a'x =0}

be a hyperplane. Then

(y, Ja)
(a,a)

Ay(y)\ {0} 2y — Ja, vy € R™

Proof. Since V is a hyperplane, its follows from Lemma 18 that u € Ay(y) \ {0} if

and only if the following equality holds

(Jy —Ju)"z = (y —u,z) <0, Ve e V. (4.51)

Since a is the normal of the hyperplane V), it follows from (4.51) that there exists

t € R such that Jy — Ju = ta, or equivalently,

u=y—tla (4.52)

Using (4.52) we obtain that (u,Ja) = (y,Ja) — t(Ja, Ja). Since u € V, we have
(u,Ja) = 0, and taking into account that (Ja,Ja) = (a,a) # 0, we conclue that
t = (y,Ja)/(a,a). Substituting ¢ given by the last equality into (4.52) we obtain

the desired result. O

In the following, we will revisit the concept of a linear cone-complementarity

problem and explore its potential connection to (4.49) in a particular case.

Definition 6. Let X € R™! be a closed convex cone, M € ROHDx(+1) he g

matrix and ¢ € R"™! be a vector. Then, the linear cone-complementarity problem
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LCP(q, M, K) defined by ¢, M and K is the problem of finding an y € K such that

zi=q+My€ K and y'z=0.

In the upcoming corollary, we establish a connection between the L-projection
and a particular linear cone-complementarity problem. To achieve that, denote by

S the topological closure of a set S C R*+1,

Corollary 19. Let £ C R"*! be a convex cone. Then, y € Ag(x) if and only if y €

K and it is a solution of the linear cone-complementarity problem LCP(—Jz, J, K).

Proof. From Lemma 18 we obtain that y € Ax(x) if and only if (z —y,y) = 0
and (z —y,z) < 0, for any z € K. The latter two formulas are equivalent to
(Jy—Jz)Ty = 0and (Jy—Jx) "2 > 0, for any z € K, respectively. Hence, y € Ax(z)
if and only if (Jy—Jz) Ty = 0 and Jy—Jx € K*. Therefore, y € Ax(z) if and only if

it is a solution of the linear cone-complementarity problem LCP(—J(z),J,K). O

In the subsequent theorem, we demonstrate that every nonzero L-projection
gives rise to an intrinsic k-projection, which can be obtained by solving the linear

complementarity problem presented in the previous corollary.

Theorem 5. Let C C H? be a closed s-hyperbolically convex set, p € H! and
u € Ax,(p) \ {0}. Then,

=k (u,u)

Proof. Let p € H? and u € Ax.(p) \ {0} € L. Due to u € A, (p) \ {0} C int L,

Pé(p) = (4.53)

we have
L
-k (u, u)
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Hence, we obtain that (u/\/—k{u,u),q) < —1/k, for any ¢ € H”. Thus, we
conclude that

1
(u,q) < ——+/—kK {u,u) <0, Vg € H.. (4.54)
K

On the other hand, the conditions (4.49) in Lemma 18 imply, respectively, that
Pa) <(u,q),  (pyu) =(uwu), Vgel<Ke. (4.55)

By using the inequality in (4.55) together with the second inequality in (4.54), we
conclude that (p,q) < (u,q) < 0, for all ¢ € C. Since the second inequality in
(4.54) yields (u,q)> > —(1/k) (u,u), we obtain from the last inequality and the
equality in (4.55) that

<p7 q>2 > <U7Q>2 > _% <u,u) = _% <p, U> = —<K,p’<—:i>’u,> = <p, +>>2, Vq cC.

Since p,q € H” implies (p, q) < 0, it follows from the last inequality that

u
—K(u, u>
Therefore, by using (4.23), we deduce the desired equality in (4.53). O

The following theorem establishes an equivalence between the intrinsic
k-projection and the L-projection. In particular, it shows that the L-projection

contains a nonzero vector.

Theorem 6. Let C C H be a closed s-hyperbolically convex set, p € H}! and

v € C. Then, the following statements hold:
(i) We have v = Pf(p), if and only if —x (p,v) v € Ax.(p) \ {0}.
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(ii) The set Ax.(p) \ {0} # @.
Proof. Item (i): Suppose v = PF(p) and let u := —k (p,v) v. Since p,v € H?, it
follows that —k (p,v) > 0 and (p + k (p,v) v,v) = 0. Hence, we conclude that

u e K¢\ {0}, (p —u,u) = 0. (4.56)

On the other hand, for any z € K¢, we have

q:= _° _ _cc (4.57)

—k(z,2)

Thus, by combining (4.6) with Lemma 13 and denoting 6, as the angle between
the vectors log), p and log) ¢, we can deduce, after performing some calculations,

that

bk (p.0) + 52 0,9) (0,0) = /1 = 12 (0,001 = 82 (0,0) cosb,. (4.58)

Since v = PF(p) and 6, is the angle between the vectors logl p and log g, it follows

from (4.21) that cos@, < 0. Thus, by using (4.58), we infer that
k(p,q) + £ {v,p) (v.q) <0.
Hence, (4.57), u = —k (p,v) v and the last inequality imply that
1 2
(p—u,z> :E -k <27Z> (/{<p7Q>+/{ <pav> <U7Q>) Soa vZE,CC-

Therefore, the latter inequality, (4.56) and Lemma 18 imply that u € Ax,(p)\ {0},
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and the proof is concluded.

Conversely, suppose that u := —k (p,v) v € Ax.(p) \ {0}. Since v € C C H?,
it follows that (v,v) = —1/k. Hence, the results follow from Theorem 5 after
performing some calculations.

Item (11): Since C C H” is closed k-hyperbolically convex set, for each p € H” there

exists v = Pf(p). Therefore, the result is a direct consequence of item (i). O

In the following corollary, we assume that I C L is a convex cone such that
ICNH is a closed x-hyperbolically convex set, and 0 belongs to K. We will prove

various properties of the L-projection of a point p € int(L£) into K.

Corollary 20. Let p € int(£), K C L be a convex cone, such that C := K NH"
is a closed x-hyperbolically convex set and 0 € K. Then, the following statements

hold:
(i) 0 € Ax(p) and Ax(p) \ {0} has exactly one element.
(i) If p ¢ K, then Ax(p) C OK, where 0 denotes boundary.
(iii) If p € K, then Ax(p) = {0, p}.
(iv) u = (ur,...,Un,Uns1) € Axc(p) <= u = Tlg(Jp+ 2ups1e"™?t) = u =
IL,, k) (p), where

Tu(’a) = {Tu(x) Cr= (T, 7$mwn+1)T = K}

and 7, : R"™! — R™*! is defined by 7,(2) := 2z + 2(Yns+1 — 2nt1)e"™ with

Y=Y, YUn,Yns1) and z = (21,.. ., Zn; Zns1) -
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(v) We have @ # Ax(p) \ {0} = Ik (p), if and only if

(A \{0}) N{z e R"™ . @1 = pu1} # 2.

(vi) Finding an u = (w1, ..., Uy, uns1)" € Ax(p) is equivalent to determining

Un+1 from any of the following equations

= (") Tl (Ip + 21" g1 = (enH)THE+2[un+1—(en+l>Tz€]en+1 (p),

followed by using any of the following equations

u =g (Jp + 2upre"™) U =Tl (e TR et (D)

where K + 2 [up1 — (e")TK] et = {2 + 2(upy1 — (") T2)em iz € K}
(vii) Finding the u = (uy, ..., Un, Uns1)' € Axc(p)\ {0} is equivalent to determin-
ing u,4+1 # 0 from the following equation

Upg1 = (€n+1)T HIC (Jp + 2un+1€n+1) :

followed by using the equation u = Ig (Jp + 2u,1e™t1).
(viii) For any A > 0 we have Ax(Ap) = Mk (p).

(ix) If A(p) \ {0} = Mllk(p), for some A > 0, then

(p, Ik (p))

Ak(p) \ {0} = (T (p), Txc(p))

I (p).
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(x) Suppose that IIx(p) # @. We have Ac(p) \ {0} = Mk (p), for some A > 0 if

and only if

i (p) = argmin {% 2z e K\ {0}} : (4.59)

(xi) Let Q € RFDX+D) with QTJQ = J. Then, the set QC is x-hyperbolically
convex and

Akge(p) = Mox(p) = Ak (Q"Ip) -

Proof. Item (i): We will use the following notations: For k > 0 and a € £\ {0}

we denote

It follows from Remark 14 that 0 € Ax(p). Let p € int(£) and H? be the k-
hyperbolic space form such that x := —1/(p,p). We have K = K¢. Since C is a
closed k-hyperbolically convex set, Pf(p) contains exactly one element. Let u,u €
Ax(p) \ {0}. Then, Theorem 5 implies that u(a) = p(a) = PE(p). Hence, 4 = Aa,
where A\ := n(a)/n(d) > 0. On the other hand, Lemma 18 yields (¢ — p,a) = 0

and

By summing up the last two inequalities, we get (1 — \) (4,u) = 0. Therefore,
based on Remark 11, which implies that (a,4) < 0, we conclude that A = 1.
Hence, & = u. Hence, Ax(p) \ {0} contains at most one element. Therefore, item
(ii) of Theorem 6 implies that Ax(p) \ {0} contains exactly one element.

Item (ii): Let p € int(L£) and H? be the s-hyperbolic space form such that k :=
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—1/{p,p). We have K = K¢, where C = K NH?. Since p ¢ K it follows that
p ¢ C. This, together with C being a closed k-hyperbolically convex set, implies
Ph(p) € OC. Hence, formula (4.53) of Theorem 5 implies that Ax(p) C IK.

Item (iii): From the definition of the L-projection and p € L it follows that
p € Ax(p). Hence, the result is an immediate consequence of (i).

Item (iv): The first equivalence follows from Corollary 19, because the right hand
side of the equivalence is the natural equation of LCP(—Jp, J, K), see [13, Propo-
sition 1.5.8]. The second equivalence follows from the formula (y —z,z —z) =
(v—2)7 () - ).

Item (v): Suppose that @ # Ax(p) \ {0} = Ik(p) and let u € Ax(p) \ {0} =
[x(p). Then, Lemma 18 and equation (4.2) imply 0 = (p — u,u) — (p — u) "u =
2 (Pns1 — Upy1) Upe1 = 0. Hence, up1 =0 or uyyq = prg. If upyq = 0, then item
(iv) implies u = Ik (Jp) = 0, where the latter equality follows from Jp € JI C
JL = —L = —L* Hence, u = 0, which is a contradiction. Thus, u,;; # 0 and
therefore u, 1 = p,y1. Conversely, suppose that u € {x € R"™ : z,,1 = p,i1}.
Then, (p—u) " (u—2) = (p —u,u — z) <0, for all z € K. Therefore, u € Ax(p)\{0}
if and only if u € IIx(p).

Item (vi): It is an immediate consequence of (iv) and (i).

Item (vii): It is an immediate consequence of (vi) and IIc(Jp) = 0, which follows

from

Jpell=—L=—L"=—(int(L)U{0})" C —K".

Item (viii): 1t follows from Lemma 18.
Item (iz): Suppose that A (p) \ {0} = Mk (p), for some A > 0 and let v € Tk (p),

which exists and it is unique because of our assumption and item (i). Then,
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v € Ax(p). Hence, it follows from Lemma 18 that (p — Av,v) = 0, which implies

A = (p,v)/{v,v,). Therefore,

(p, ik (p))
(I (p), Ik (p))

Ax(p) \ {0} = I (p).

Item (x): Suppose that Ax(p) \ {0} = Allk(p), for some A > 0 and let v € Ik (p),
which exists and it is unique because of our assumption and item (i). Then, item
(ix) implies that A = (p, v)/(v,v). Then, by using Lemma 18, we have (p — Av, z) <

0, for any z € K\ {0}. Thus, by using Remark 11, it follows that

Py

p72>2)\:<p,v>7 Vz e K\ {0},

which implies (4.59).Conversely, suppose that (4.59) holds: Let v € Tk (p) # &,

which is unique because K is convex. Denote

(p,v)

(v,v)

A= (4.60)

Then, A > 0, because of Remark 11. Let any z € K. By using equation (4.60), we
obtain that

(p— Av,v) =0, (4.61)

Due to equation (4.59), we also have ((p, z)/(v, z)) > ({p,v)/{v,v)), which implies

(p— v, z) <0. (4.62)

Hence, by using (4.61), (4.62), Lemma 18 and item (i), it follows that Av = Ax\{0}.
In conclusion, Ax(p) \ {0} = Mk (p), with A > 0.
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Item (z1): Since for any z,y € R"™ we have (Qz,Qy) = (z,y) and QH" =
H”, it follows that @ is an isometry of H" and Q! = JQ'J. Hence, QC is
hyperbolically convex and Kge = QKce = QK. Let p := Q"Jp and u € Ax(p).
Since (p —u,p—z) = (Qp — Qu,Qp — Qz) < 0, for any z € K, (4.48) implies

Akcge(p) = Aok (p) = Ao (QP) = Ax(p) = Ax(QTJp). 0

In the following, we will show how to compute directly the intrinsic k-projection
for some specific sets using the L-projection. We begin by computing the projection

on convex sets associated with half-spaces.

Example 13. Let r € int(£) and a € R" such that a # 0 and a"r = 0. Consider
the hyperplane
V= {xeR”:aTx:()},

the corresponding half-spaces V, := {x eER":aq'z > 0}, V_ = {x eER":a'z < O}
and the cone K = V. Nint(£). Denote K = V, N L the topological closure of K.
Let p € V_Nint(L£). By item (i) of Corollary 20, u € Ax(p) \ {0} exists and it is

unique, and is given by

(a, Jp)
=p— Ja. 4.63
u=p= oyl (4.63)
Let H” be the x-hyperbolic space form such that x := —1/(p,p). Then (4.63)

also provides the k-hyperbolic projection into C = V, N H” through (4.53) in

Theorem 5, since K¢ = K, as follows:

N Y )
Pelp) = \/m(a, Jp>2 + (a, a) (p (a,a) ! ) '

Indeed, a # 0 and a'r = 0 with 7 € int(£) implies (a,a) # 0. Otherwise,

a € LU—L. Hence, it follows from Remark 11 that (a,a) < 0 or (a,a) > 0, which
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contradicts (a,a) = 0. On the other hand, v € A(K) \ {0} if and only if it satisfies

the equation

u=Tg (Jp + 2up1e™) =TIy (Jp + 2upgre™), (4.64)

where the first equality of (4.64) comes from item (iv) of Corollary 20. To justify
the second equality of (4.64), note that the first equality of (4.64) implies u,+1 > 0.
If u =0, then u € VN K and the second equality of (4.64) follows from its first

equality because uv € VN KCVYandueVNKCK implies

u =g (Jp + 2up1€™") =Typng (Jp + 2upire™™) =11y (Jp + 2upire™) .

If u # 0, then u,41 > 0 and we obtain the second equality of (4.64) in a similar
way as above, because u € VNK C K. Indeed, if u ¢ V, then u is on 9L\ K which
contradicts item (ii) of Corollary 20. Equation (4.64) together with item (iv) of
Corollary 20 implies that u € Ay(p) \ {0}. Hence, by using Corollary 18 and item

(i) of Corollary 20, we obtain formula (4.63).

The next remark shows the linear independence of the Euclidean projection

and L-projection.

Remark 15. Suppose that n > 1 and a,; # 0. Hence, a and Ja are linearly
independent. Take a point p € int(L£) that does not belong to V., it is not in the

span of a,Ja and Iy, (p) = ynz(p). In this case, we have

(a,Jp)

g (p) = Hyne(p) = Uy(p) =p — @ Ja)

a.
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Otherwise, m = lg(p) € VL NIL. Connect m and p with a straight-line segment.
Since £ is convex this segment is in £ and it intersects V at a point of K closer
to p. Bearing in mind Corollary 18 together with the formula of the Euclidean

projection onto a hyperplane, and assuming that

for some A € R, where a, Ja, and p are linearly independent, we find that (a, Jp) =
0, which implies that p is perpendicular to a. However, this contradicts the initial

choice of p.

Example 14. Let C := £, N H}, where o > 1 is a real constant and £, is an
a-circular cone. Note that C is a closed and convex set, and L, is the cone spanned

by C. If p € H? and u = II._(p), then u # 0 and

- éi”—z;u e Az (p). (4.65)

Indeed, the tangent plane in u of £, contains the ray starting at the origin through
w and has normal o?u — (a® + 1)u, 1" which is in the 2-dimensional linear

ntl Since p — u is parallel to the normal, it follows

subspace V spanned by u and e
that p—u €V, peV, —=Ju €V and u = I, y(p), where we used the inequality
characterizing the projection into a closed convex set. From Lemma 18 we have
that v € Az np(p) if and only if v € L, NV, (p—v,v) = 0 and (p —v,2) < 0,
for any z € L, N V. Then, for v defined by (4.65), we have (p —v,v) = 0. On

the other hand, let any z € £, NV. Since L, NV = cone{u, —Ju}, it follows that
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z = Au — pJu for some A, p > 0. Hence equation (4.2) implies that

9= (o ) = e 22

(u, u) (u, u)

—u) Ju+u"Ju u'u
pru ( T M (a0 (p—u) (=Ju) <0,

because u =, ~p(p) € LNV C L, —Ju € L,NY C L and L is self-dual. Since
(p—v,v) =0and (p—wv,z) <0, for any z € L, NV, by using again Lemma 18,

it follows that v € Az, ~y(p). Thus, item (iv) of Corollary 20 implies that

v =1 Av (Jp + 21}n+1e”+1) =1Il., (Jp + 20n+16”+1) ,

where we also used Jp + 2v" et = p 4 2 (v — prtl) et € V),
v (Jp + 2v, ") € L, NV and equation (4.1). Hence, by using again item
(iv) of Corollary 20, we obtain v € Az_(p) and (4.65) holds. Note that (4.65) can

be written as
(p. 1z, (p))
(g, (p), e, (p))

Therefore, Theorem 5 implies that

04

e, ) € Az, (p).

I, (p)
V= (Txe (), e (p))

Pé(p) =

which has been already obtained in Equation (4.47) of Example 12. Note that this
is an example when an Fuclidean and an L-projection of p into K are nonzero,

have the same direction, but are different (see also item (ix) of Corollary 20).

Example 15. Let C; be as in (4.40) and K := K¢, be the cone spanned by the
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set C; as in (4.41). Then, Aglingz) \ {0} = gk, i.e.

Ax(p)\ {0} =lk(p),  Vp € int(L). (4.66)

Indeed, first note that in Example 11 we showed that p* = Ilx, (p). Let p € int(L)
and H” be the k-hyperbolic space form such k := —1/(p,p). By item (i) of
Corollary 20, it is sufficient to prove that Ix(p) = p™ € Ax(p) \ {0}. Since
p € int(L), we have p,i1 > 0, which implies p;f,; = p,41 > 0. Thus, p* # 0.

Moreover, considering that p;" 41— DPnt1=0and pt = H’Cc+ (p), we conclude that
T
(p—p"p") +2(pasr — i) Py = (p—p") pT =0,

<p _p+72> +2 (pn+1 _p:+1) Zn+l = (p —p+)T z < 0,

for all z € L C R’}. Hence, Lemma 18 implies p* € Ax(p) \ {0}. Therefore, (4.66)
holds.

Example 16. Let a € int(£) \ {""'} be a vector with a'a =1,

T

—
Cc(a):{quZ:aTqZ %}7 ﬁ(a)IZ{xER"“:aTxZ %}

Note that the cone spanned by the set C(q) is Kc,,, = (L(a) Nint(L))U{0}, which
is convex. Hence, C(q) is k-hyperbolically convex, and from its definition it follows
that it is also closed. Next, we will show the steps of how to k-project intrinsically
onto Cr(q). As the cone £(a) is a Lorentz cone with symmetry axis generated by

a € L(a), a simple adaptation of the projection formula in [27, Proposition 3.3],
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n+1

with e"™ replaced by a, yields

ﬂ(s—o — +<<+f>a], ifw # 0
@) (z) = wow , (4.67)

+

z"a, ifw=20

+ +
where ( = (z— \/wTw) , €= (z+\/wTw) Jw=x—za, Vwlw=Vzler— 22

and 2z = a'z. Note that an alternative formula for £(a) is
L(a) = {w+ za € R" . 2 > \/wTw} .

If p € Hy \ Cr(a), then, by (4.67) and item (vii) of Corollary 20, the nonzero
L-projection u € AlCcL( : of p into K¢, (which is unique according to item (i)
of Corollary 20) can be obtained by first numerically solving the semi-smooth

equation

W41 (Un+1)

\/w(un+l)Tw(un+l)

2un+1 = [f(un-i-l) - C(un—&-l)] + [c(un-&-l) + g(un—&-l)] An+1,

in 4,1, where

C(tpgr) = [Z(un-i-l) - \/w(un+l>—rw(un+l>i|+7

E(unsr) = [2(tns1) + V() 0l )| s w(tns1) = 2(tnir) = 2lumin)a
\/w(un+1)Tw(un+1) = \/x(un+1)Tx(un+1) - Z(un+1)2>

2(Upy1) = a' 2(Uny1), T(Unir) = Ip + 2up 1€, and then inserting the obtained

result into the equation

w(un+1)

\/w (Unt1) Tw(tny1)

2uni1 = [§(Unt1) — ((Unt1)] + [C(unt1) + E(unt1)] a.
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After obtaining the value of u, we can calculate the s-projection of p into Cr(q)

using the following equation, derived from equation (4.53) in Theorem 5:

u

I€ - .
Cee@ —k (u, u)

4.3 Gradient projection method on the k-hyperbolic
space forms

In this section, we focus on the constrained optimization problem on k-hyperbolic
space and present the gradient projection method as a solution approach. To do so,
we consider a closed and x-hyperbolically convex set C C H, and a differentiable
function f : H? — R. Recall that the specific form of the constrained optimization

problem we are interested in is as follows:
Minimizeyec f(p). (4.68)

Let C* # @ be the solution set of the problem (4.68) and —oo < f* := inf,cc f(p)
be the optimum value of f. By using [20, Proposition 6.1], we conclude that if

p € C is a solution of (4.68), then

(grad f(p),p) = (grad f(p), Proj;p) >0, VpeC. (4.69)

Any point p satisfying (4.69) is called a stationary point for Problem (4.68). In the
following corollary we present two important properties of the projection, which

are related to the stationary points of the problem (4.68).
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Proposition 28. Let p € C, such that grad f(p) # 0 and « > 0. Then, there
holds:

(i) The point p is stationary for problem (4.68) if and only if

p = Pe (exp, (—a grad f(p)))

(ii) If p is a nonstationary point for problem (4.68) then

<grad f(p),log; Pe (expp (—agrad f(p)))> <0. (4.70)

Equivalently, if there exists & > 0 satisfying

(grad f(p),logy Pe (exp, (—agrad f(p)))) > 0, (4.71)

then p is stationary for problem (4.68).

Proof. To prove item (i), we first assume that p € C is a stationary point for

Problem (4.68). It follows from (1.11) and (4.69) that

<grad f(D), logs Pe (expz3 (—agrad f(ﬁ)))> > 0.

Thus, by using Proposition 26, we conclude that d(p, Pe(exp,(—a grad f(p)))) < 0,
which implies that p = Pe (expﬁ (—agrad f (]5))) Conversely, assume that p =
Pe (exp; (—agrad f(p))). Thus, (2.15) implies that

(logy exp, (—acgrad f(p)) ,logs p) <0, VpecC.
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or equivalently, (agrad f(p),logy p) > 0, for all p € C. Thus, by using a > 0 and

(1.11), the last inequality implies that

(grad f(p), Proj;p) >0, VpeC.

Therefore, the point p is stationary for Problem (4.68) and (i) is proved. We
proceed to prove item (ii). Take p a nonstationary point for Problem (4.68).

Thus, item (i) implies that

p # Pe (exp, (—agrad f(p))) .

Thus, by applying Proposition 26, we infer that

0< écﬂ (D, Pe(exp, (—agrad f(p)))) < —(grad f(p), logs Pe (exp; (—agrad f(p)))) ,

which implies (4.70) and the first statement of item (ii) is proved. Finally, note that

the second statement of item (ii) is the contrapositive of the first statement. [J

4.3.1 Gradient projection method with constant step size

In this section we analyse the gradient projection method with constant step size.

For that, in this section, we need to assume that

(H1) The gradient vector field grad f is Lipschitz continuous on C with constant
L >0.

Next we present the conceptual version of the gradient projection method to solve

the problem (4.68).
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Algorithm 1 Gradient projection method on H
1: Take pg € C. Set k = 0;
2: If grad f(py) = 0, then stop and returns py; otherwise, compute a step size
ti, > 0 such that

pr+1 = Pg(expy, (=t grad f(pr)))- (4.72)

3: Update k <~ k + 1 and go to 2

It follows from (4.69) that if grad f(px) = 0, then pj is a stationary point for
Problem (4.68). Therefore, from now on we assume that grad f(pg) # 0, for all
k=0,1,.... To proceed, we assume that (py)ren is generated by Algorithm 1 with

the following constant stepsize:
tr == a, 0<a< —, kE=0,1,.... (4.73)

To simply the notations of the next results, we define the following positive con-

stant

I''=(1-al)/(2a) > 0. (4.74)

Lemma 19. There hold (p)reny € C and

f(pk+1) S f(pk’) - Fdi(pkapk-‘rl)? k= 07 L s (475)

In particular, the sequence (f(px))ren is non-increasing and converges.

Proof. Since py € C, it follows from (4.72) that (px)ren C C. By applying

Lemma 16 with p = px and ¢ = pg.1, we have

L
F(ors1) < f(pw) + (grad f(pr),logy pre1) + =d Pk, Prt1).
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Therefore, by using Proposition 26 with p = p; and considering (4.72) along with

t, = a, we can deduce that

1 1—al

f(Pry1) < f(pk)—5di(pk,pk+1)+§di(pk,pk+1) = f(pk)—( o ) &2 (P, Pit1)-

Therefore, we can establish the validity of (4.75) from (4.74). Furthermore, the
formulas (4.73) and (4.75) indicate that the sequence (f(px))ren is non-increasing.
Additionally, considering that —oo < f* and (f(pk))ren is non-increasing, we can

deduce that the sequence converges. Thus, the proof is now complete. O]

In the following we prove that any cluster point of (pg)ren is a solution of the

Problem (4.68).

Theorem 7. If p € C is a cluster point of the sequence (pg)ren, then p is a

stationary point for Problem (4.68).

Proof. 1f grad f(p)) = 0, then (4.69) implies that p € C is a stationary point for
Problem (4.68). Now, assume that grad f(p)) # 0. By using (4.75), we obtain
that

&2 (pr, Prs1) < = (f(or) — fpre1)) k=0,1,.... (4.76)

| =

By applying Lemma 19, we can establish that the sequence (f(px))ren converges.
Taking the limit in (4.76), we can deduce that limy_, o ds(pg, prs1) = 0. Let p
be a cluster point of (pi)ren and (pg,)jen be a subsequence of (pg)ren such that
lim; oo pr; = P. As limj 4o dm(pkj+1,pkj) =0, we have lim;_, ;o pr;41 = p. On

the other hand,

Prj+1 = PC<eXp,;kj (_agradf(pk])))7 j = OJ 17 s
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and (2.14) imply

<P1r0j’;kj+1 exp;kj (—agrad f(px,)). Projzij q> <0, VgeC.

Hence, by setting v = —grad f(p), and employing (1.10) while considering that

peCC Hé, we can conclude that
(Projs expl(—agrad f(p)),Projiq) <0, VqeC.

which is equivalent to <expg(—oz grad f(p)), Proj; q> <0, for all g € C. Therefore,

by setting v = — grad f(p), using (1.10) and considering that p € C C ]HI;, we can

infer that
_sinh(av/k||v]|

0 (coshlavRlol)p+ sinbfaRlol) - Pros ) =R D projs ).

for all ¢ € C. Thus, as sinh(ay/k||v]]) > 0 and v = — grad f(p), we have
(grad f(p), Proj;¢) >0, Vgq€C,

which, by using (4.69), implies that p € C is a stationary point for problem (4.68).
]

The item (i) of Proposition 28 implies that if py = Pe (exp,, (—aux grad f(pk))),
then py, is stationary for Problem (4.68). Since pyy1 = Pe (exppk (—ay, grad f(pk))),
the distance between the points p, and pgyq, i.e., d(pk,pre1), can be seen as a
measure of stationarity of p¥. The next theorem presents an iteration-complexity

bound for this measure.
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Theorem 8. For all N € N there holds

f(po) — f*

in {d k=01, Ny<, LY
ITlll’l{ m(pkapk-f—l) 07 5 ) }— F(N+1)7

Proof. By using (4.75), we have d2(pg, pri1) < (f(pr) — f(prs1)) /T, for all k =

0,1,.... Since f* < f(px) for all k, the last inequality implies

N

ST (o) = flprn)) <

k=0

(f(po) - f*)-

| =
=l =

N
Z (i1, i) <
k=0

Therefore, (N + 1) min {d?(pg, pxs+1): k=0,1,...,N} < (f(po) — f*)/T, which

implies the desired inequality. O

4.3.2 Gradient projection method with backtracking step
size

In Algorithm 1 we need the Lipschitz constant to compute the stepsize. However,
this constant is not always known or computable. Therefore, in this section we
also analyze a version of Algorithm 1 with a backtracking stepsize rule. The
conceptual version of the gradient projection method on the k-hyperbolic space
with a backtracking stepsize rule to solve the problem (4.68) is as follows:

In the next proposition we prove that Algorithm 2 is well defined and two useful

inequalities.
Proposition 29. The Algorithm 2 is well defined and generates a sequence (pg)reny C
C. Moreover, the following inequality hold:
1
(grad f(pr),logh z) < —a—dz(pk, z) <0, Vk e N. (4.80)
k
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Algorithm 2 Gradient projection method on H with backtracking step size rule
1. Take constants p, 3,6y € (0,1) and &, & > 0. Choose initial point py € C. Set
k= 0;
2: If grad f(pg) = 0, then stop and returns py; otherwise take

0<a<ap<a, (4.77)
3: Compute
Y = exp, (—aggrad f(pr)) 2k = P¢ (Yk) (4.78)
lp:=min{{ € N: f(q(ﬁeﬁk)) < f(pr) + p(ﬁeﬁkﬂgrad f(pe),logh z1)},
(4.79)

where ¢(7) := expy, (7’ log,, zk) denotes the geodesic segment joining py to zx;

4: Set pry1 = q(B%0x) and Oy := %104
5: Update k <— k + 1 and go to 2.

Furthermore,

F (1) < f(pe) + pBOia(grad f(pr),logy, zi), Vk € N. (4.81)

Proof. Bearing in mind that py € C, without loss of generality we can assume
that p, € C. Since C C M, is closed, Pe¢ (yx) is a singleton. Hence, the point z
in (4.78) is well defined and belongs to the set C. Since y, are given by (4.78),

Proposition 26 with v = grad f(px), p = pr and « = « implies that

(grad f(pr), log?. Pe () < —fkdi@kv Pe ().

Thus, due to zx = Pe (y), the inequality (4.80) follows from the previous one.
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From the differentiability of f is and 0 < # < 1, we conclude that

_ f (expy, (8O logy, zi)) — f(pr)
éLlI‘ElOO ﬁgek

= (grad f(px), log}, 2) - (4.82)

Thus, taking into account that 0 < p < 1 and using item (ii) of Proposition 28,

the combination of (4.80) with (4.82) implies that

- f (expp, (8°0klogy, zi)) — f(pr)
éEEIOO B@k

< p(grad f(pk),logy, z) .

Therefore, there exists ¢ € N such that

f(expp, (B*Orlogy, zi)) < f(pe)+p(5°0k) (grad f(pr),log), zx) , VIEN; (<Y,

which implies ¢, at Step 3 is well defined, and then Algorithm 2 is also well
defined. The definition of the next iterate p;,; implies that it belongs to the
geodesic through py and 2. Since py and z; belong to C and C is convex, we infer
that pgyq also belongs to C. Therefore, the generated sequence (p)ren belongs to
C. The inequality (4.81) follows from the definition of ¢, at Step 3 and definitions

of pr11 and O, at Step 4, which concludes the proof. O

Theorem 9. If p € C is a cluster point of the sequence (pg)ren, then p is a

stationary point for Problem (4.68).

Proof. Let p be a cluster point of the sequence (pi)ren. If grad f(p) = 0, then
(4.69) implies that p € C is a stationary point for Problem (4.68). Now, assume
that grad f(p) # 0. Combining (4.80) with (4.81) we have

0< —p69k+1<grad f(px),logy, zk> < f(pr) — f(Prs1), Vk € N. (4.83)
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It follows from (4.83) that (f(px))ken is non-increasing and considering that —oco <
f*, we conclude that it converges. Since (f(px))ren converges, we obtain from

(4.83) that

kggloo 9k+1< grad f(px), log,, Zk> =0. (4.84)

Since p is a cluster point of sequence (pi)ren, we take (pi,)jen a subsequence
of (pr)ren such that lim; , . pr, = p. Considering that (ax)ren C [&, @] and

(Or)ken C (0, 1), we can assume without generality that

lim ap = &> a>0, lim 6,41 =: 0 € [0,1]. (4.85)

j—+oo 7 Jj—+oo

It follows from (4.78) that z, := Pg(expgk_(—akjgrad f(pkj))). Thus, by using

Proposition 25, taking into account that lim;_, . py, = p, and (4.85) we infer
that
jli)ljrnoo 2, = P¢ (expl(—agrad f(p))) =: z. (4.86)

From (4.84) we obtain that limy_, o 05,41 grad f(px,), logy zr;) = 0. Hence, the
J

combination of (4.85) and (4.86) with lim;_, . pr, = P yields

9~< grad f(p), log; Z> =0. (4.87)

Since & € [0, 1], we have two possibilities that we must consider: 6>0orf=0.

First we assume that § > 0. In this case, by using (4.80) we have
d2(pkj7 2r,) < —oy, <grad f(pr,), log;kj zj> , Vj e N. (4.88)

By taking limit in (4.88), and by using (4.85) and (4.86), together with the first
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equality in (4.87), we get limy_, o d(pg,, zx,) = 0. Thus, due to lim;_, oo pr, = P

and lim;_, ;. 2z, = Z, we have zZ = p. Hence, using (4.86) we obtain that
p = P¢ (expy(—agrad f(p))).

Therefore, item (i) of Proposition 28 implies that p is a stationary point for Prob-
lem (4.68).
Now, we assume that § = 0. In this case, we consider the following auxiliary

sequence (g, )jen defined by
Qr,; = exp’;kj (Hkﬁl log’;kj zkj), Vk € N. (4.89)

Since lim;_, 1o Ok, = 0, we have lim; ;o qx; = p. Moreover, the definition of /} is
defined in (4.79) implies that f(qx,) > f(pr;) + pOk,+1( grad f(ps,), logy, 21, ). Via

combining (4.89) with the last inequality, we obtain that

f(eXp;kj (ekj‘H loggkj ij)) - f(pkj)

. > p(grad f(py,), logy, 2r,).
kj+1 ]

Since lim; o0 O, 41 = 0, lim; 4o pr; = D, limj 1002, = Z and f is differen-
tiable, By taking limit in the last inequality we arrive to ( grad f(p), logs Z,) >
p< grad f(ﬁ),logg z, > Due to 0 < p < 1, it follows from the last inequality that

(grad f(p),logs z,) > 0. Thus, using (4.86) we obtain that

(grad f(p),logy Pt (expy(—dgrad f(p)))) > 0.
Therefore, using (4.71) in item (ii) of Proposition 28 we deduce that p is a station-
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ary point for Problem (4.68). Thus, the proof is now complete. O

To proceed, we need the assumption (H1). For simplifying the notation, it is

convenient to define the following positive constant

2

6 := min {90, a(l - p)} (4.90)

Lemma 20. The following inequality holds:
0p >0, VkeEN. (4.91)

Proof. Since py € C, it follows from Proposition 29 that (pg)gen € C. The inequal-

ity (4.91) immediately holds for £ = 0. Lemma 16 with D = H?, p = p; and

q= exppk(ﬁekflék logy, z;) yield
f(expy, (8% 0k logy, 2))< f (pr)+8% 01 (grad f (pi) log), Zk>+§(5€rl9k}2d2 (Pr»21)-
On the other hand, it follows from the definition of ¢; in (4.79) that

flexpy, (8% '0xlogy, 21)) > f(pk) + pB™ 'O {grad f(pi),log), z).

Hence, by combining the two previous inequalities and keeping in mind that 6., =

10, we get

L
—(1 = p)Or+1(grad f(pi),logy, zk) < 5‘91%+1d2(pk, 21)-
Having in mind that 0 < p < 1, by applying Proposition 29, we infer from the last
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inequality that

1 L
(1- P)ekﬂa—kdz(m, 2k) < 591%+1d2(pk72k)-

Thus, due to 0 < oy, < @, Ox1 # 0 and d(pg, zx) # 0, it follows from the previos
inequality that

2
d_L(l - p) < 0k+1.

Therefore, by using (4.90) we have § < 6;,;. Because (4.91) holds for & = 0, the

proof is complete. O

As the quantity d(py, zx) can be interpreted as a measure of the stationarity
of pg, the following theorem provides a bound on the iteration complexity for this

measure.

Theorem 10. For all N € N there holds

@(f(po)j f*) 1
pBo (N +1)

min{d(pg,2x) : k=0,1,...,N} S\/

Proof. Inequalities (4.81), (4.77), (4.80) and (4.91) yield

-1
9695d2(pk7 zk) < —pBOksr (grad f(pr), logh ze) < f(pr) — f(prsr),  Vk €N
Since f* < f(pg) for all k, the last inequality implies
a N
D k) < —= > (f(pr) = f(prr) <

Therefore, (N +1) min {d?(pg, z) : k=0,1,..., N} < a(f(po)—f*)/(pB0), which
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implies the desired inequality. O

4.4 The constrained center of mass in x-hyperbolic
space forms

Let us consider the problem of computing the center of mass, which is also known
as the Fermat-Weber problem, the Fréchet mean, or the variance problem (see
[3,5]). This problem arises frequently in various practical applications without
constraints, as demonstrated in [2,26,36]. However, in this section, we will also
consider the constrained version of this problem, which may become important in
the future.

Let {q1,...,¢n} € H? be a data set of distinct points, ¢; # g; for i # j, and
W1, - - - Iy be positive weights with Z;nzl i; = land o > 1. Let C C HJ! be a closed
and k-hyperbolically convex set. The constrained center of mass minimization

problem iS St&‘@d as fOHOWSZ
ar IH'II qud y{qi), 492
g €1C ; - H(p q ) ( )

where d,, is the intrinsic distance on the k-hyperbolic space form defined in (1.9).
Assume that o > 2. Then, the objective function of problem (4.92) is continuously
differentiable. For simplifying the notations, let p : H? — R and p; : H! — R be

defined, respectively, by

plp) = Z 1:pi(p), pi(p) = dZ(p, @), (4.93)
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for all p € H? and ¢ = 1,...,m. The sub-level set of p associated to ¢ > 0 is

defined by

Lyc(c) ={peC: p(p) <c}.

Proposition 30. For any ¢ > 0, the sub-level L,¢(c) is a compact set. As a

consequence, the problem (4.92) has a global solution.

Proof. We can assume without loss of generality that the sub-level set L,¢(c) is
a nonempty set. Let 0 < pg := min{py,..., um}, 7 := (c/po)"/ and B(g;,r) :=
{peH;: d.(p,q;) <r}, fori=1,...,m. Hence, we have L,c(c) C U™, B(qg;,r).
Consequently, L,¢(c) is bounded. Since p is continuous, we conclude that L,¢(c)
is also closed. Therefore, L,¢(c) is compact, which proves the first part. For the
second part, note that since the sub-level L,¢(c) set is compact and nonempty, the
constrained optimization problem argminyc, .() p(p) has a global solution. Let
us denote this solution by p € L,¢(c). Thus, we have p(p) < p(p) if p € L,c(c)
and, for all p € C\L,¢(c) we have p(p) > ¢ > p(p). Therefore, p(p) < p(p) for all

p € C, and the problem (4.92) has a global solution. O
For proving the next proposition we will need the following definition.

Definition 7. Let C C H\ be a s-hyperbolically convex set and I C R an interval.
A function f : C — R is called k-hyperbolically convex (respectively, strictly x-
hyperbolically convex) if for any geodesic segment v : I — C, the composition

fo~:I— Risconvex (respectively, strictly convex) in the usual sense.

Proposition 31. The problem (4.92) has global solution and the solution is

unique.
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Proof. Let py € C. Thus, the sublevel set {p € H” : p(p) < p(po)} # 9.
Thus, Proposition 30 implies that the problem (4.92) has global solution. We
proceed to prove the uniqueness. First note that, due to ¢ > 2, (1.13) and similar
arguments to the ones used to prove [20, Lemma 2.4], we can prove that the Hessian
Hess p;(p) is positive definite. Thus [20, Proposition 5.4] implies that p; is strictly
r-hyperbolically convex. Therefore, as uy, ..., u, are positive, it can be inferred
from (4.93) that p is strictly k-hyperbolically convex. As a consequence, the global

solution of problem 4.92 is unique. ]

Now, let us analyze the convergence of Algorithm 2 when it is applied to the

problem (4.92).

Theorem 11. Consider the sequence (px)ren generated by Algorithm 2 to solve

problem (4.92). Then, (pg)ren converges to the solution of problem (4.92).

Proof. Consider py as the starting point of the sequence (pg)ren. From Propo-
sition 29, we can deduce that the sequence (p(pg))ken is non-increasing. Conse-

quently, we have

(Pr)reny € {p € H} : p(p) < p(po)}-

By applying the first part of Proposition 30, we can establish that (pg)gen is
bounded. Thus, (px)ren has a cluster point p € C. Utilizing Theorem 9, we
conclude that p is a stationary point for the problem (4.92). Since p is convex and
stationary points are global solutions, p is also a solution for the problem (4.92).
Therefore, since Proposition 31 implies that problem (4.92) has only one solution,

the sequence (pg)ren has only one cluster point and must converge. O

Let us proceed to provide a formula for the gradient of the objective function
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of problem (4.92). For p # ¢;, (1.9) and (1.12) imply

grad pi(p) = —od]*(p, ;) log;, ¢i, i=1,...,m.

Thus, due to o > 2, the objective function of problem (4.92) is continuously
differentiable. Hence, it follows, from the last equality, (1.8), (1.9) and (1.11),

that the gradient of the objective function in (4.92) is given by

" ok'"%(arcosh(—k (p, ¢;)))" !
grad p(p) = — Z L ( (=r p@i)) (I+ /fppTJ) qi- (4.94)
i=1 K2 (p,gi)* — 1

To implement Algorithm 2, it is necessary to utilize the formula to project intrinsi-
cally into convex set C in consideration, some of which were provided in Section 4.2,

and (4.94).

4.5 Conclusion

In this chapter, we have examined the gradient projection method as a solution ap-
proach for constrained optimization problems in k-hyperbolic space forms, particu-
larly for potentially non-convex objective functions. We considered both constant
and backtracking step sizes in our analysis. In our investigation, we presented
several innovative properties of the intrinsic k-projection into convex sets of k-
hyperbolic space forms. These properties are crucial for analysing the method and
also hold independent significance. We discussed the relationship between the in-
trinsic k-projection and the Euclidean orthogonal projection as well as the Lorentz

projection. Furthermore, we derived formulas for the intrinsic x-projection into
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specific convex sets using the Euclidean orthogonal projection and the Lorentz
projection. Concerning the convergence results of the gradient projection method,
we established two key findings. First, we showed that every accumulation point
of the sequence generated by the method with backtracking step sizes is a sta-
tionary point of the problem. Second, assuming the Lipschitz continuity of the
objective function’s gradient, we showed that each accumulation point of the se-
quence produced by the gradient projection method with a constant step size is
also a stationary point. Additionally, we provided an iteration complexity bound
that characterizes the number of iterations needed to achieve a suitable measure of
stationarity for both step sizes. Finally, the properties of the constrained Fermat-

Weber problem were explored.
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CHAPTER 5

CONCLUSION AND FUTURE WORK

This thesis demonstrates the characterization of convex sets on hyperbolic space,
the characterization of hyperbolically convex quadratic functions, several innova-
tive properties of the intrinsic k-projection into convex sets of x-hyperbolic space
forms and the gradient projection method for minimizing potentially non-convex
functions.

A related remark to Chapter 2 and Chapter 3 is that the class of convex
functions on constant curvature manifolds is widening with the decrease of the
sign of the curvature. We also expect that the class of convex functions on a
proper convex subset of the hyperbolic space to be much more wider than the
convex functions on the corresponding proper convex subset of the sphere. It
is worth noting that when defining a quadratic function on the sphere and in
the hyperbolic space, we rely on the fact that these manifolds are subsets of the
Euclidean space. In fact, this kind of study could potentially be extended to
manifolds that are subsets of matrix spaces. However, engaging in convex analysis
within a general Riemannian manifold remains a challenging endeavour.

To further explore the topic in Chapter 4, an intriguing aspect that could be
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explored is conducting a comprehensive study on the asymptotic convergence of
the method for optimization problem with convex objective functions. It is worth
noting that the inclusion of the projection in the definition of the method poses
a challenging problem, and we believe that additional properties of the projection
would be necessary for a successful analysis. Given the significance of compre-
hending the computation of the projection in implementations of the gradient
projection method, it would be worthwhile to pursue new research that offers a
technique for computing the projection in additional convex sets, as well as ob-
taining new properties of it. This study can open up possibilities for designing

other methods in hyperbolic spaces.
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