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Abstract

An axial algebra is a non-associative commutative algebra and generated by special

idempotents (axes) satisfying a prescribed fusion law. An axial algebra is baric if there

exists a surjective homomorphism from the algebra onto the ground field, which does not

send axes to zero. In this text, we investigate baric algebras within the class of algebras

of Jordan type η. We show that such algebras only exist when η = 2 or η = 1
2 . We

completely classify the case η = 2 by showing that baric algebras of Jordan type 2 are

exactly the Matsuo algebras of Moufang type and their factors. The case of η = 1
2 is

more complicated as it includes Jordan algebras. We demonstrate the existence of the

universal k-generated baric algebra of Jordan type 1
2 and in doing so we also establish

a few interesting facts about more general axial algebras in terms of magma algebras.

We also explicitly construct the 4-generated baric axial algebras of Jordan type 1
2 , which

turns out to have dimension 54, which is quite below the known upper bound of 81. As

a consequence of this calculation, we also deduce that the universal k-generated baric

algebra of Jordan type 1
2 is Jordan for all k.
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CHAPTER 1

INTRODUCTION

Axial algebras are non-associative commutative algebras. Unlike other classes of algebras

defined by identities, axial algebras are generated by a set of idempotents that follow a

specific fusion law. In 1870 Peirce introduced a decomposition of an associative algebra

as a sum of eigenspaces of an idempotent. This later became known as the Peirce

decomposition. In 1947, during Albert’s research of Jordan algebras, he generalised the

Peirce decomposition to the case of Jordan algebras [1]. The Peirce decompositions are

just instances of what we call fusion laws. After the construction of the Monster group

and the Griess algebra, the concept of fusion law became widely recognised.

In 1982, Griess constructed the Monster group [15] whose existence was predicted in-

dependently around 1973 by Fischer in his unpublished work on 4-transposition groups

and in 1975 by Griess at the Conference on Finite Groups at the University of Utah

[14]. The Monster was constructed as the automorphism group of a 196, 883-dimensional

algebra. Later Conway suggested a 196, 884-dimensional version of this algebra by adding

the identity to the algebra [3]. This algebra V is now called the Griess algebra. It is a

commutative non-associative algebra over the field of real numbers.

1



The research around the moonshine conjecture in the 1980s resulted in the construction by

Frenkel, Lepowsky and Meurman [11] of the moonshine module V ♮ and, in 1992, Borcherds

[2] showed that the moonshine module is in fact a vertex operator algebra (VOA). Being

a VOA, V ♮ can be decomposed as V ♮ = ⊕i≥0Vi, where Vi is called the weight-i component

of V ♮. The weight-2 component V2 of V ♮ is the Griess algebra. An OZ (one-zero) VOA

is a VOA with a 1-dimensional V0 and V1 = 0. In 1996, Miyamoto [26] introduced Ising

vectors, conformal vectors of central charge 1
2 in V2, and linked them to automorphisms of

order 2 of OZ VOAs. Miyamoto started the classification of OZ VOAs generated by two

Ising vectors and it was completed later by Sakuma [28].

In 2009, Ivanov [22] turned the properties of V used by Sakuma in his proof into axioms of

a new class of algebras, called Majorana algebras. A Majorana algebra is a commutative

non-associative algebra over the field of real numbers generated by special idempotents

called Majorana axes that satisfy the fusion law of Monster type
(

1
4 ,

1
32

)
. The adjoint

∗ 1 0 1
4

1
32

1 1 1
4

1
32

0 0 1
4

1
32

1
4

1
4

1
4 1, 0 1

32

1
32

1
32

1
32

1
32 1, 0, 1

4

Table 1.1: Fusion law M
(

1
4 ,

1
32

)

endomorphism ada of the axis a is required to be semisimple with eigenvalues in the set{
1, 0, 1

4 ,
1
32

}
. The fusion law also restricts the products of eigenvectors of ada. Apart

from the fusion law, Majorana algebras also need to satisfy further axioms. To generalise

Majorana algebras, Hall, Rehren and Shpectorov allowed an arbitrary ground field, an

arbitrary fusion law and they removed all axioms not related to the fusion law. This

2



led to the concept of axial algebras [17]. In the paper [16], Hall, Rehren and Shpectorov

introduced and studied the class of algebras of Jordan type η. The fusion law J (η) for

this class is as follows. This class of algebras includes Jordan algebras in the case where

∗ 1 0 η

1 1 η

0 0 η

η η η 1, 0

Table 1.2: fusion law J (η)

η = 1
2 and Matsuo algebras where η can be arbitrary. Jordan algebras were introduced

by a German physicist Ernst Pascual Jordan in 1933 [23] and the examples of Matsuo

algebras were first described in 2003 by Matsuo [25] while Hall, Rehren and Shpectorov

[16] defined this class of algebras in the general case. In order to define Matsuo algebras,

we use 3-transposition groups, which are groups generated by 3-transpositions, a normal

set of involutions, such that the product of any two elements has order at most 3. In

1971, Fischer [9] classified irreducible 3-transposition groups. Cuypers and Hall [5] then

classified the general case.

Hall, Rehren and Shpectorov [16] (see also Hall, Segev and Shpectorov [18]) showed that

the algebras of Jordan type η ̸= 1
2 are either Matsuo algebras or their quotients. In [16],

they also determined 2-generated algebras of Jordan type, which will be very important

in this text. In 2018, Hall, Segev and Shpectorov [19] also proved that every algebra of

Jordan type admits a Frobenius form, that is, a non-zero bilinear form, that associates

with the algebra product. Furthermore, the Frobenius form can be scaled so that every

primitive axis has length 1.

More recently, the research on algebras of Jordan type has been focusing on the case η = 1
2 .

In 2020, Gorshkov and Staroletov showed that every algebra of Jordan type 1
2 generated
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by three primitive axes has a dimension at most nine [13]. Namely, they introduced a

4-parameter family of 9-dimensional algebras A := A(α, β, γ, ψ) and showed that every

3-generated algebra of Jordan type is a quotient of one of these. In 2024, De Medts,

Rowen and Segev [7] proved that primitive 4-generated algebras of Jordan type η are at

most 81-dimensional, for any η.

In recent years, baric axial algebras have become an interesting topic. A baric algebra is

an algebra A over the field F endowed with a surjective weight homomorphism w : A → F.

In 1939, Etherington [8] introduced the notion of a genetic algebra to model inheritance in

genetics. He also introduced the class of baric algebras as one of the variations of genetic

algebras. The formal definition of a genetic algebra was given by Schafer in 1949 [27].

This definition includes the requirement that every genetic algebra should be baric.

In general, baric algebras seem to appear as exceptional cases in most classification results

on axial algebras. For example, in 2022, Franchi, Mainardis and Shpectorov [10] found an

exceptional infinite-dimensional 2-generated axial algebra HW of Monster type
(
2, 1

2

)
,

which is baric. The classifications of 2-generated and 3-generated algebras of Jordan

type, mentioned above, also include baric algebras where the algebra’s identity element

exceptionally becomes a nilpotent. In this text, we focus on the baric case within the

general class of algebras of Jordan type 1
2 .

We start in Chapter 2 with the basic concepts of axial algebras, including fusion laws,

axes and axial algebras, graded fusion laws, Miyamoto groups, closed sets of axes, radical

and connectivity, and what the latter two look like in the presence of a Frobenius form.

These results are based on the paper by Kharsaw, McInroy and Shpectorov [24].

In Chapter 3, we discuss 3-transposition groups, related Fischer spaces and their connec-

tivity. Towards the end of the chapter, we focus on the Moufang type of 3-transposition
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groups, which play a significant role in our text. A 3-transposition group is said to be of

Moufang type if it contains no two distinct commuting 3-transpositions. This condition

results in the group being an extension of a 3-group by the group of order 2. We use

the results from [5] to add more details for groups of Moufang type. We also include

a description of the Burnside group B(d, 3) to give us a concrete idea about groups of

Moufang type.

In Chapter 4, we discuss in detail the algebras of Jordan type and the available results.

We also introduce Matsuo algebras and their properties, including a discussion of their

radicals. We also present the classification of 2-generated algebras of Jordan type η by

Hall, Rehren and Shpectorov [16], including a detailed investigation of ideals in these

algebras. Next, we explain the classification of algebras of Jordan type η ̸= 1
2 . In the final

section, we also briefly discuss 3- and 4-generated algebras of Jordan type.

In Chapter 5, we focus on the baric property of axial algebras. We start with the

definition, which needs to be slightly altered in the axial case. We provide some motivating

examples, such as 1A, 2B, 3C(2) and A
(

1
2 , 1

)
. This chapter contains our first result, a

characterisation of baric axial algebras in terms of the fusion law.

Theorem 1.0.1. A connected primitive axial algebra is baric if and only if it satisfies a

fusion law F such that for all λ, µ ∈ F \ {1}, we have that λ ∗ µ does not contain 1.

This appears as Theorem 5.2.1 in Chapter 5. This result leads to the following simplified

fusion law for baric algebras of Jordan type:

∗ 1 0 η

1 1 η

0 0 η

η η η 0
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Then we use the information about 2-generated algebras of Jordan type from Chapter 4

to establish the following.

Theorem 1.0.2. An algebra of Jordan type η is baric if and only if (a, b) = 1 for all

primitive axes a and b. Consequently, η can only be 2 or 1
2 for a baric algebra of Jordan

type.

This appears in Chapter 5 as Corollary 5.3.2.

Towards the end of the chapter, we complete the classification of baric algebras of Jordan

type 2. Namely, we prove the following.

Theorem 1.0.3. A connected Matsuo algebra M = M2(G,D) is baric if and only if the

corresponding 3-transposition group (G,D) is of Moufang type.

(This statement is the content of Theorem 5.4.1). Hence the baric algebras of Jordan type

2 are the Matsuo algebras of Moufang type and their quotients.

The remainder of the text focuses on the case η = 1
2 , which is much more difficult because

it includes Jordan algebras. Our first goal is to establish the existence of the universal

k-generated baric algebra of Jordan type 1
2 . In Chapter 6, we provide the necessary

background on magmas, including the basic definitions, and examples, including the

free commutative magma, and free commutative magma generated by idempotents (also

known as free axial magma). We use graph theory language to describe the elements of

various free magmas as binary trees with additional properties.

In Chapter 7, we use the free axial magma to construct the universal baric axial algebra

of Jordan type 1
2 . The focus is on the relators that are needed to create such an algebra.

These we split into two groups: (1) relators assuring the correct spectrum and primitivity;

and (2) relators assuring the correct fusion law. We provide an explicit basis for the
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algebra where only the relators of type (1) are imposed and hence show that it is infinite-

dimensional as long as the number of generators, k, is at least 2. Once both relator groups

(1) and (2) are imposed, we conjecture that the algebra becomes finite-dimensional for all

k, but this remains an open question.

In Chapter 8, we provide a simple example of a series of baric Jordan algebras of type
1
2 with an increasing number of generators k. This demonstrates in particular that such

algebras exist for all k and that the dimension increases with k.

In Chapter 9, we use GAP [12] and some ideas from [7] to construct the 4-generated

universal baric algebra of Jordan type 1
2 explicitly. The result (Theorem 9.5.4) is quite

surprising: while the dimension of the general 4-generated algebra of Jordan type 1
2 has

the sharp upper bound of 81, in the baric case the dimension, 54, is significantly lower.

We also obtain an important corollary (Corollary 9.5.5) that the baric algebras of Jordan

type 1
2 are necessarily Jordan.

The main body of text ends with a conclusion, an appendix containing the complete GAP

code for our calculation in Chapter 9, and the bibliography.
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CHAPTER 2

BASIC DEFINITIONS AND RESULTS

In this chapter, we review the basic notion of axial algebras. We use F to denote a field.

2.1 Axial algebras

Definition 2.1.1. Let F ⊆ F be a finite set and a symmetric operation ∗ : F × F → 2F

(the power set of F) be defined on F . The pair (F , ∗) is said to be a fusion law over F.

In the following text, we write F for the fusion law (F , ∗).

Let us see some examples of fusion laws. We normally use tables to represent fusion laws.

Let us explain these three tables. Each entry is a set. We remove the set brackets and

leave the entry blank rather than write the empty set notation ∅. Notice that each entry

λ ∗ µ is a subset of the finite set F . In Table 2.1 (a), the finite set is A = {1, 0} and this

fusion law is satisfied by idempotents in commutative associative algebras over arbitrary

fields. For non-associative cases, we need to introduce other elements which are shown
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-
∗ 1 0
1 1
0 0

∗ 1 0 η

1 1 η

0 0 η

η η η 1, 0

∗ 1 0 α β

1 1 α β

0 0 α β

α α α 1, 0 β

β β β β 1, 0, α

Table 2.1: Examples of fusion laws: (a) A; (b) J (η); (c) M(α, β)

in Tables 2.1 (b) and (c). The second example is called the fusion law of Jordan type η,

where J (η) = {1, 0, η} with η ∈ F \ {1, 0}. It is a sub fusion of the third example, the

fusion law of Monster type (α, β) (when we allow β to be η and remove α). The finite

set in the third example is M(α, β) = {1, 0, α, β} where α and β are distinct and from

F \ {1, 0}.

Suppose that A is a commutative non-associative algebra. Recall that the adjoint endo-

morphism of an element a of A is ada : A → A that is defined by b 7→ ab for all b ∈ A.

The adjoint endomorphism ada is said to be semisimple if it is diagonalisable. Take λ ∈ F.

The λ-eigenspace of ada is Aλ(a) = {v ∈ A | av = λv}. Note that Aλ(a) = 0 if λ is not

an eigenvalue of ada. For Λ ⊆ F, we write AΛ(a) = ⊕
λ∈Λ Aλ(a).

In the following text, we use F ⊆ F to represent a fusion law.

Definition 2.1.2. A non-zero element a ∈ A is an F -axis if it satisfies:

(a) a is idempotent, i.e., a2 = a;

(b) ada is semisimple and all eigenvalues of ada are in F , i.e., ada has a basis of

eigenvectors and A = AF(a) = ⊕
λ∈F Aλ(a);

(c) Aλ(a) · Aµ(a) ⊆ Aλ∗µ(a) for all λ, µ ∈ F , where λ ∗ µ is a set.
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Note that F is non-empty and always contains 1. We can show that by considering the

adjoint endomorphism of an axis a from A. We have that ada(a) = a · a = a2 = a = 1 · a.

This means that a is an eigenvector of ada and the corresponding eigenvalue is 1, i.e.,

1 ∈ F and a ∈ A1(a).

Definition 2.1.3. An F -axis a is primitive if A1(a) is 1-dimensional.

Definition 2.1.4. Let X be a generating set of F -axes from A. The pair (A,X) is said

to be an F-axial algebra and it is primitive if all axes in X are primitive.

Again, we use A for the pair (A,X).

Next, we state the definitions of two important classes of axial algebras.

Definition 2.1.5. We call A an axial algebra of Jordan type η if it is generated by a set

of primitive axes satisfying the fusion law J (η) (see Table 2.1 (b)).

Definition 2.1.6. The algebra A is called an axial algebra of Monster type (α, β) if it is

a primitive axial algebra whose generating axes satisfy the fusion law M(α, β) (see Table

2.1 (c)).

Let us first consider an example of an axial algebra of Jordan type η.

Example 2.1.7. Suppose that A := 3C(η) = ⟨a, b, c⟩ where η ∈ F\{0, 1} and charF ̸= 2.

The multiplication on this algebra is given in the following table.

· a b c

a a η
2(a+ b− c) η

2(a+ c− b)

b η
2(b+ a− c) b η

2(b+ c− a)

c η
2(c+ a− b) η

2(c+ b− a) c

10



∗ 1 0 1
4

1
32

1 1 1
4

1
32

0 0 1
4

1
32

1
4

1
4

1
4 1, 0 1

32

1
32

1
32

1
32

1
32 1, 0, 1

4

Table 2.2: Monster fusion law M(1
4 ,

1
32)

Note that each element in {a, b, c} is an idempotent and A is 3-dimensional. So, taking,

for example, idempotent a, we have

dimA1(a) = dimA0(a) = dimAη(a) = 1.

We have that A1(a) = ⟨a⟩ as a is an idempotent, that is, a · a = a = 1 · a. Also,

A0(a) = ⟨ηa−b−c⟩ since a(ηa−b−c) = ηa2 −ab−ac = ηa− η
2 (a+b−c)− η

2 (a+c−b) = 0.

Finally, since a(b− c) = η
2 (a+ b− c)− η

2 (a+ c− b) = η(b− c), we have that Aη(a) = ⟨b− c⟩.

The Griess algebra is an axial algebra of Monster type and its axes satisfy the fusion law

in Table 2.2.

2.2 Miyamoto Group

We first need to introduce the notion of gradings. Let us state some basic definitions. The

exposition of this section is based on [6].

Definition 2.2.1. Suppose that (X, ∗) and (Y, ∗) are fusion laws. Then we call ξ : X → Y

a morphism of fusion laws if it satisfies ξ(x ∗ y) ⊆ ξ(x) ∗ ξ(y) for all x, y ∈ X.
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Definition 2.2.2. Suppose that T is a group. The group fusion law (T, ∗) is defined by

s ∗ t = {st} for all s, t ∈ T .

Definition 2.2.3. Let (X, ∗) be a fusion law and (T, ∗) a group fusion law. A T -grading

of (X, ∗) is a morphism ξ : (X, ∗) → (T, ∗). The grading ξ is Abelian if T is an Abelian

group and it is adequate if ξ(X) generates T .

If F is T -graded and A is an F-axial algebra with the generating set X, then for each

a ∈ X and t ∈ T , we set At(a) = Aξ−1(t)(a) and note that A = ⊕
t∈T At(a) is a T -grading

of A.

Now consider the linear character group T ∗ := Hom(T,F×). Let χ ∈ T ∗. Take a map

τa(χ) : A → A defined via u 7→ χ(t)u for all u ∈ At(a) and extended linearly to A. Note

that τa(χ) is an automorphism of A. Indeed, if u ∈ At(a) and v ∈ As(a), then uv ∈ Ats(a).

So τa(χ)(uv) = χ(ts)uv = χ(t)χ(s)uv = (χ(t)u)(χ(s)v) = τa(χ)(u)τa(χ)(v). Clearly, τa(χ)

is injective as χ(t) ̸= 0 always holds. Also, τa(χ) is surjective because all the basis elements

are in the image. Since τa(χ) is both injective and surjective, τa(χ) is bijective. Therefore,

τa(χ) is an automorphism of A. The map T ∗ → Aut(A) given by χ 7→ τa(χ) is a group

homomorphism. Its image {τa(χ) | χ ∈ T ∗} is the axis subgroup of Aut(A) corresponding

to a.

From the above discussion, we have the following definition.

Definition 2.2.4. The Miyamoto group Miy (X) of A is the subgroup ⟨τa(χ) | a ∈ X,χ ∈

T ∗⟩ of Aut(A).

In other words, the Miyamoto group of A is the subgroup of Aut(A) generated by all the

axis subgroups.

We now illustrate this by an example, where T = C2 = {+,−}. Note that in this case,

12



∗ 1 0 α β

1 1 α β

0 0 α β

α α α 1, 0 β

β β β β 1, 0, α

Table 2.3: C2-grading of M(α, β)

there is only one non-trivial character χ (we assume in this section and the remainder of

the thesis that charF ̸= 2). So we can simplify the notation τa(χ) to τa. The order of this

automorphism τa divides 2. Hence, we call it the Miyamoto involution.

Example 2.2.5. The fusion law F = M(α, β) in Table 2.1 (c) is C2-graded. We can

take ξ(1) = ξ(0) = ξ(α) = + and ξ(β) = − (this partition is shown in Table 2.3). In this

case, τa acts as an identity on A+(a) = A1(a) ⊕A0(a) ⊕Aα(a) and as a minus identity on

A−(a) = Aβ(a). Similarly, the fusion law J (η) in Table 2.1 (b) is also C2-graded with

ξ(1) = ξ(0) = + and ξ(η) = −. So here τa acts as an identity on A+(a) = A1(a) ⊕ A0(a)

and as a minus identity on A−(a) = Aη(a).

2.3 Closed sets of axes

Let (A,X) be an axial algebra with a T -graded fusion law F . We will first note the

following fact.

Proposition 2.3.1. If a ∈ A is an F-axis and σ ∈ AutA, then aσ is an F-axis.

Proof. Let b = aσ. Then b2 = (aσ)2 = (a2)σ = aσ = b. So b is an idempotent. Let

us show that Aλ(b) = Aλ(a)σ for all λ ∈ F. Take u ∈ Aλ(a)σ. Then u = vσ for some
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v ∈ Aλ(a). We have that bu = aσvσ = (av)σ = (λv)σ = λu. So u ∈ Aλ(b). This

means that Aλ(a)σ ⊆ Aλ(b). Conversely, we take t ∈ Aλ(b). Set s = tσ
−1 so that t = sσ.

Then (as)σ = aσsσ = bt = λt = λsσ. Thus, (as)σ = λsσ, and so as = λs, meaning

that s ∈ Aλ(a). It follows that t = sσ ∈ Aλ(a)σ. Therefore, Aλ(b) = Aλ(a)σ. This

implies that AΛ(b) = AΛ(a)σ for all Λ ⊆ F. Taking Λ = F , we have that AF(b) =

(AF(a))σ = Aσ = A. Therefore, adb is semi-simple on A with all eigenvalues in F . Also,

Aλ(b)Aµ(b) = Aλ(a)σAµ(a)σ = (Aλ(a)Aµ(a))σ ⊆ (Aλ∗µ(a))σ = Aλ∗µ(b). So we have shown

that b satisfies the fusion law F . Since b is an idempotent, we have that b is an F -axis. □

We can also state a similar result about Miyamoto involutions. Hence we additionally

assume that F is graded by C2 and so for each axis a we have a Miyamoto involution τa.

Proposition 2.3.2. Under the above assumptions, if a ∈ A is an axis and σ ∈ AutA

then τaσ = (τa)σ.

Proof. By assumption, F is graded by C2 = {+,−}. Let

F+ = ξ−1(+) = {λ ∈ F | ξ(λ) = 1}

and

F− = ξ−1(−) = {λ ∈ F | ξ(λ) = −1}.

Let A+(a) = AF+(a) and A−(a) = AF−(a). Then A = A+(a) ⊕ A−(a) and τa acts as

identity on A+(a) and as minus identity on A−(a). Let b = aσ. We similarly define A+(b)

and A−(b). As above, A = A+(b) ⊕ A−(b) and τb acts on the summands as identity and

minus identity, respectively. Furthermore, note that A+(b) = AF+(b) = AF+(a)σ = A+(a)σ

and, similarly, A−(b) = A−(a)σ.

Take u = u+ + u− ∈ A, where u+ ∈ A+(b) and u− ∈ A−(b). By the above, uτb =

uτb
+ + uτb

− = u+ − u−. On the other hand, uτσ
a = u

τσ
a

+ + u
τσ

a
− = uσ−1τaσ

+ + uσ−1τaσ
− =
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((uσ−1
+ )τa)σ +((uσ−1

− )τa)σ = (uσ−1
+ )σ +(−uσ−1

− )σ = u+ −u−. Here we used that uσ−1
+ ∈ A+(a)

and uσ−1
− ∈ A−(a), and so (uσ−1

+ )τa = uσ−1
+ and (uσ−1

− )τa = −uσ−1
− .

We have shown that uτb = u+ − u− = uτσ
a . This means that τb = τσ

a . □

Because of these observations, we can extend the generating set of axes by adding the

conjugates under the action of the Miyamoto group.

Definition 2.3.3. Let X be a set of axes of an algebra A. Then the set X̄ = {xτ | x ∈

X, τ ∈ Miy (X)} = XMiy (X) is called the closure of X.

The closure of the generating set of an axial algebra preserves many of its properties. For

instance, if X generates the algebra A, then its closure, X̄, also generates A. Similarly,

if the axes in X are primitive, then so are the axes in X̄. Also, the connectivity of the

projection (di)graph (see Section 2.4 for the definition) is preserved under closure.

The following statement provides another property of axial algebras that is preserved

under the operation of closure.

Lemma 2.3.4 ([24]). Suppose that X is a set of axes. Then Miy (X̄) = Miy (X).

Proof. Clearly, since X ⊆ X̄, we have that Miy (X) ≤ Miy (X̄).

Conversely, take a generator τx(χ) ∈ Miy (X̄). Then x ∈ X̄, i.e., x = yg for some y ∈ X

and g ∈ Miy (X). Note that τx(χ) = τyg(χ) = τy(χ)g ∈ Miy (X)g = Miy (X). So all

the generators of Miy (X̄) are contained in Miy (X), i.e., Miy (X̄) ≤ Miy (X). Therefore,

Miy (X̄) = Miy (X). □

This statement tells us that the Miyamoto group does not change under the closure and

it has the following corollary.

Corollary 2.3.5. For a set of axes X, we have that the closure of X̄ is X̄.
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Proof. Note that the closure of X̄ is X̄Miy (X̄) = X̄Miy (X) = (XMiy (X))Miy (X) = XMiy (X) =

X̄. So the statement holds. □

Building on this corollary, we now give the following definition.

Definition 2.3.6. A set of axes X is closed if X = X̄.

Using this terminology, Corollary 2.3.5 tells us that the closure of a set of axes is closed.

From now on, we will typically consider closed sets of generators, X = X̄. This has the

advantage that the Miyamoto group Miy (X) acts on X. Furthermore, this action is

faithful.

2.4 The radical and Frobenius form

To investigate the properties of axial algebras, we need to introduce the notion of the

radical and the Frobenius form. The discussion in this section is based on [24].

Definition 2.4.1. Let W be a subspace of an axial algebra A. Then W is said to be

invariant under the adjoint map ada of an axis a if ada(W ) = aW ⊆ W .

We note that all ideals of A are invariant under ada for all axes a ∈ A.

If a is an axis from an axial algebra A, then every u ∈ A can be decomposed with respect

to a as u = ⊕
λ∈F uλ where each uλ is the component of u contained in Aλ(a).

Lemma 2.4.2. Suppose that a ∈ A is an axis. A subspace W ⊆ A is invariant under ada

if and only if, for every w ∈ W and λ ∈ F , the component wλ of w is contained in W .

Proof. Suppose that W is invariant under ada. Suppose by contradiction that the

statement in the lemma is wrong. Then there exists w = ∑
λ∈F wλ ∈ W such that wλ ̸∈ W
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for at least one λ ∈ F . Select such a w so that its number of non-zero components is

minimal, say k. If k = 1, then w = wλ ̸∈ W . This is a contradiction. So k ≥ 2.

Select µ ̸= λ such that wµ ̸= 0 and consider w′ = µw − aw. We first note that w′ ∈ W

since W is invariant under ada and so aw ∈ W . Also, w′ = µw−aw = ∑
ν∈F µwν −νwν =∑

ν∈F(µ− ν)wν , which means that w′
ν = (µ− ν)wν for each ν ∈ F . Take ν = λ. We have

that w′
λ = (µ − λ)wλ. Since wλ ̸∈ W , and µ − λ ̸= 0, we have that w′

λ ̸∈ W . Next, we

claim that the number of non-zero components of w′ is less than k. If wν = 0 for some

ν ∈ F , then w′
ν = (µ− ν)wν = 0. Also, if ν = µ, then wµ ̸= 0 but w′

µ = (µ− µ)wµ = 0.

Thus, w′ has more zero components than w, and so it has fewer non-zero components.

This is a contradiction.

Conversely, suppose that each component wλ of w is contained in W . So ada(w) =

ada(∑
λ∈F wλ) = ∑

λ∈F ada(wλ) = ∑
λ∈F awλ = ∑

λ∈F λwλ ∈ W . Therefore, W is invariant

under ada. □

In particular, this means that every ada-invariant subspace J of A decomposes as J =⊕
λ∈F Jλ(a), where Jλ(a) = J ∩ Aλ(a) for all λ ∈ F .

When the axis a is primitive, the component u1 will be called the projection of u to a.

Indeed, in this case, u1 = φa for some φ ∈ F.

Corollary 2.4.3. Suppose that a ∈ X is a primitive axis and J is a subspace of A

invariant under ada. Then a ∈ J if and only if J1(a) = J ∩ A1(a) is not 0.

Proof. Since a is a primitive axis, we have that A1(a) = ⟨a⟩. If a ∈ J , then J1(a) =

A1(a) = ⟨a⟩ = J ∩ A1(a) = J1(a). Conversely, if a /∈ J , then J1(a) = J ∩ ⟨a⟩ = 0, as

required. □

Our next goal is to introduce the concept of radical. We introduce a family of ideals
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J = {J ⊴ A | J ∩ X = ∅}. Note that the collection J is non-empty, since 0 ∈ J ,

and that each J ∈ J is ada-invariant for all a ∈ X. We claim that ∑
J∈J J = R ∈ J .

Note that R is an ideal because any sum of ideals is an ideal. By Corollary 2.4.3, if

a /∈ J , then J1(a) = J ∩ A1(a) = 0. So J = ⊕λ∈FJλ(a) = J1(a) ⊕ ⊕
λ∈F\{1} Jλ(a) =

0 ⊕ ⊕
λ∈F\{1} Jλ(a) = ⊕

λ∈F\{1} Jλ(a) ⊆ ⊕
λ∈F\{1} Aλ(a). Let W = ⋂

a∈X(⊕
λ∈F\{1} Aλ(a)).

Since J ⊆ ⊕
λ∈F\{1} Aλ(a) for each a ∈ X, we have that J ⊆ W . Note that W is a subspace

of ⊕
λ∈F\{1} Aλ(a) and J ∈ J are subspaces of W . Then R ⊆ W . Since a ∈ X /∈ J , we

have that a ̸∈ W
⊕

λ∈F\{1} Aλ(a). Since a ̸∈ ⊕
λ∈F\{1} Aλ(a), the axis a in not contained

in R.

This shows that R is in J and clearly, it is the unique largest ideal in J . So we have the

following definition.

Definition 2.4.4. Let A be an axial algebra with the generating set of primitive axes X.

The radical R(A,X) is the unique largest ideal of A containing no axes from X.

We usually write A for (A,X). In this case, we write R(A) instead of R(A,X).

We often see an axial algebra admit a non-zero bilinear form that associates with the

algebra product. Let us state the definition of such a bilinear form.

Definition 2.4.5. A Frobenius form on an axial algebra A is a non-zero bilinear form

(·, ·) : A× A → F such that (u, vw) = (uv, w) for all u, v, w ∈ A.

Note that the Frobenius forms on axial algebras are necessarily symmetric.

Now let us see some relevant statements. In the next two statements, we will see that A

is an axial algebra admitting a Frobenius form.

Lemma 2.4.6. Let a be an axis of an axial algebra A. Then A = ⊕
λ∈F Aλ(a) is an

orthogonal direct sum with respect to any Frobenius form (·, ·).
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Proof. Let u ∈ Aλ(a) and v ∈ Aµ(a) with λ ̸= µ. Then au = λu and av = µv. We have

that λ(u, v) = (λu, v) = (au, v) = (ua, v) = (u, av) = (u, µv) = µ(u, v). Since λ and µ are

distinct, (u, v) = 0. Therefore, eigenspaces are pairwise orthogonal with respect to the

Frobenius form. This means that A = ⊕
λ∈F Aλ(a) is an orthogonal direct sum. □

We now can investigate the link between the Frobenius form and the radical of A. We use

A⊥ := {u ∈ A | (u, v) = 0 for all v ∈ A} to denote the radical of the form.

Lemma 2.4.7. The radical A⊥ is an ideal of an axial algebra A.

Proof. Clearly, A⊥ is non-empty. Let x, y ∈ A⊥. Then (x, v) = (y, v) = 0 for all v ∈ A.

We have that (αx+ y, v) = α(x, v) + (y, v) = 0. So αx+ y ∈ A⊥. This shows that A⊥ is

a subspace. Let u ∈ A⊥ and v, w ∈ A. We have that (uv, w) = (u, vw) = 0. As this is

true for every w ∈ A, we conclude that uv ∈ A⊥. Since A is commutative, this means

that A⊥ is an ideal of A. □

Lemma 2.4.8. Let (·, ·) be a Frobenius form on a primitive axial algebra A and A⊥ be the

radical of the form. Then a primitive axis a is contained in A⊥ if and only if (a, a) = 0.

Proof. Since a is primitive, we have that A1(a) = ⟨a⟩. Take x ∈ A. Since

A = A1(a) ⊕
⊕

λ∈F\{1}
Aλ(a),

x = µa + ∑
λ∈F\{1} xλ for some µ ∈ F and some xλ ∈ Aλ(a), λ ∈ F \ {1}. By Lemma

2.4.6, we have that A1(a) is orthogonal to ⊕
λ∈F\{1} Aλ(a), i.e., (a,∑λ∈F\{1} xλ) = 0. So

(a, x) =
(
a, µa+ ∑

λ∈F\{1} xλ

)
= (a, µa) +

(
a,

∑
λ∈F\{1} xλ

)
= µ(a, a). If (a, a) = 0, then

for any x ∈ A, we have that (a, x) = µ(a, a) = µ0 = 0. This means that a ∈ A⊥.

Conversely, suppose that a ∈ A⊥. Then a is perpendicular to itself, that is, (a, a) = 0. □

Theorem 2.4.9 ([24]). Suppose that (A,X) is a primitive axial algebra admitting a

19



Frobenius form (·, ·). Then the radical A⊥ coincides with the radical R(A,X) of A if and

only if (a, a) ̸= 0 for all a ∈ X.

Proof. Suppose that A⊥ coincides with the radical R(A,X) of A. Take a ∈ X. By

definition of the radical, a /∈ R(A,X) = A⊥. So by Lemma 2.4.8, (a, a) ̸= 0. Conversely,

suppose that (a, a) ̸= 0 for all a ∈ X. Then a is not perpendicular to itself. This means

that a /∈ A⊥. That is, A⊥ contains no elements from X. By Lemma 2.4.7, we have that

A⊥ is an ideal. Since it does not contain any axes, it must lie in the radical R(A,X).

It remains to show that R(A,X) ⊆ A⊥. We first show that R(A,X) is orthogonal to

every a ∈ X. Indeed, suppose by contradiction that (a, u) ̸= 0 for some u ∈ R(A,X).

Recall from the above that (a, u) = µ(a, a) for µ ∈ F such that u1 = µa. So µ(a, a) ̸= 0.

Since µ(a, a) ̸= 0, we have that µ ̸= 0 and so u1 ̸= 0. It follows from Lemma 2.4.2

that u1 ∈ R(A,X) as u ∈ R(A,X). Therefore, µa ∈ R(A,X). Since µ ̸= 0, we have

that a ∈ R(A,X). However, R(A,X) contains no axes, which is a contradiction. Thus,

R(A,X) is orthogonal to every axis.

Now we prove that R(A,X) is orthogonal to the entire algebra A. By linearity, it suffices

to show that R(A,X) is orthogonal to a spanning set of A. As this spanning set, we

take the set P of all products of axes. We do induction on the length of the product.

First, if p ∈ P has length 1, then p is an axis, i.e., p ∈ X. By the above, R(A,X) is

orthogonal to all the axes. So the claim is true for the products of length 1. Suppose that

the claim is true for the products of length at most k ≥ 1. Consider a product p ∈ P

of length k + 1. Then p = p1p2, where p1, p2 ∈ P and the lengths of p1 and p2 add up

to k + 1, i.e., they both have length at most k. By the inductive assumption, R(A,X)

is orthogonal to both p1 and p2. Take u ∈ R(A,X). Then (u, p) = (u, p1p2) = (up1, p2).

Since R(A,X) is an ideal, up1 ∈ R(A,X). Also, since R(A,X) is orthogonal to p2, we

have that (up1, p2) = 0. Thus, (u, p) = 0. This means that R(A,X) is orthogonal to p.
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Thus, by induction R(A,X) is orthogonal to all products p ∈ P . Since P is a spanning set

for A, we have shown that R(A,X) is orthogonal to the entire A. That is, R(A,X) ⊆ A⊥.

Since A⊥ ⊆ R(A,X) and A⊥ ⊇ R(A,X), we have that A⊥ = R(A,X). □

Note that the final part of the proof is more general. Namely, R(A,X) is contained in A⊥

for any primitive axial algebra admitting a Frobenius form.

Definition 2.4.10. Consider a primitive axial algebra (A,X). The projection digraph of

the algebra is defined on the set X, where x, y ∈ X form an arc x → y if the projection

of x to y is non-zero. We call the algebra (A,X) connected if the projection digraph is

strongly connected (i.e., we can reach any vertex from any other vertex via a sequence of

arcs).

If the algebra admits a Frobenius form such that (x, x) ̸= 0 for all x ∈ X, then the

projection digraph is symmetric (i.e., it is a simple graph) and vertices x, y are adjacent

whenever the condition (x, y) ̸= 0 holds. So in this case, the connectivity of the algebra is

equivalent to the connectivity of the projection graph.

The following proposition is a corollary of Lemma 2.4.2.

Proposition 2.4.11. Let Γ be the projection graph of the primitive axial algebra (A,X).

If x ∈ X is contained in an ideal J , then so is every y ∈ X such that there is an arc

x → y.

Proof. Suppose that x, y ∈ X, x ∈ J and there is an arc x → y. By Lemma 2.4.2, we have

that every component xα of x with respect to y is contained in J . In particular, x1 ∈ J .

Since there is an arc x → y, x1 is non-zero. Also, the algebra is primitive, and so x1 = µy

for some µ ∈ F. Since x1 ∈ J , so is y = 1
µ
x1. □

The following corollary now is an immediate consequence.
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Corollary 2.4.12 ([24, Lemma 4.14]). If the primitive algebra is strongly connected, then

every proper ideal is contained in the radical.

Again, when the algebra admits a Frobenius form that is non-zero on the axes, things

simplify. Instead of the projection digraph, we have the graph where adjacency is defined

by non-orthogonality. Correspondingly, instead of strong connectivity, we can speak

simply of the connectivity of this graph and the algebra.
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CHAPTER 3

GROUPS OF 3-TRANSPOSITIONS

3.1 Groups of 3-transpositions

To define a Matsuo algebra we first need to have the definition of 3-transposition groups.

The notion was introduced by Bernd Fischer [9].

Definition 3.1.1. Let D be a normal subset of a group G, that is, D ⊆ G such that

D = Dg for all g ∈ G. A group of 3-transpositions (or a 3-transposition group) is a pair

(G,D) if D satisfies the following conditions:

(i) D generates G;

(ii) d2 = 1 ̸= d for all d ∈ D, i.e., each d is an involution;

(iii) the order of cd is at most 3 for all c, d ∈ D.

In general, the normal set D is a union of several conjugacy classes, D1, . . . , Dk. In the

following section, we will explore the geometric meaning of this decomposition of D.

Let us consider an example of a 3-transposition group (G,D).
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Example 3.1.2. Suppose that G is the symmetric group Sn and D = (1, 2)G is the

transposition (2-cycle) class of Sn. Note that the order of the product of any two elements

from D is at most 3. Indeed, let c, d ∈ D. Then these two elements can be equal, i.e.,

c = d, and hence o(cd) = 1; or they share one element, and then o(cd) = 3; or they are

disjoint, and so o(cd) = 2. Thus (G,D) is a 3-transposition group.

3.2 Fischer Spaces

A point-line geometry is a pair (P ,L), where P is a set of points and L ⊆ 2P is a set of

lines. A partial linear space is a geometry (P ,L) where two points lie in at most one line.

A partial triple system is a partial linear space (P ,L) such that each line ℓ ∈ L contains

exactly three points.

We write x ∼ y if x and y are collinear, i.e., there is a line passing through x and y. If x

and y are non-collinear, we write x ̸∼ y.

A subspace of a partial linear space (P ,L) is a subset P ′ ⊆ P satisfying the condition

that if a line from L contain at least two points from P ′, then this line is fully contained

in P ′. The intersection of any collection of subspaces is a subspace. Take a subset S of P .

The subspace generated by S is the unique smallest subspace of (P ,L) containing S and

it can be constructed as the intersection of all subspaces of P containing S.

Next, we introduce the notion of a Fischer space. The following definition relies on the

geometries shown in Figure 3.1 and Figure 3.2.

Definition 3.2.1. A Fischer space is a partial triple system (P ,L) in which two distinct,

intersecting lines generate a subspace isomorphic to the dual affine plane of order 2 or the

affine plane of order 3.
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Figure 3.1: The affine plane of order 3

Figure 3.2: The dual affine plane of order 2
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Given a 3-transposition group (G,D), we can construct a Fischer space (P ,L) from it. Let

P be D and L be the set of all triples of points {a, b, c}, where a, b ∈ D such that o(ab) = 3

and c = ab = ba. Note that here S := ⟨a, b⟩ = ⟨b, c⟩ = ⟨a, c⟩ ∼= S3 and {a, b, c} = S ∩ D.

This means that the lines {a, b, c} from L are the intersections of D with S3.

Conversely, every Fischer space (P ,L) arises in this way from some 3-transposition group.

For a ∈ P, let σa be the permutation of P such that σa fixes a itself and the points

in P that are not collinear with a. If the points a, b, c are on the same line, then σa

switches b and c. This σa is an automorphism of (P ,L) of order dividing 2. Define

D′ = {σa | a ∈ P} and G′ = ⟨σa | a ∈ P⟩ ≤ Aut (P ,L). Then (G′, D′) is a 3-transposition

group. Furthermore, the Fischer space constructed from (G′, D′) is isomorphic to (P ,L)

via a 7→ σa and, similarly, if (P ,L) is obtained from some (G,D) then G′ ∼= Ḡ := G/Z(G)

and D′ is corresponding to D̄, the image of D in Ḡ. Thus, (G,D) can be recovered from

(P ,L) up to the centre.

Now we introduce the collinearity graph Σ. The vertices of a graph are the elements of

D. We draw an edge between distinct a, b ∈ D if and only if a and b are collinear in the

Fischer space of (G,D), i.e., if and only if o(ab) = 3.

Definition 3.2.2. A 3-transposition group is connected if the collinearity graph of the

corresponding Fischer space is connected.

We will now investigate the connectivity of the collinearity graph of (G,D). Let D =

D1 ∪ D2 ∪ . . . ∪ Dk be the decomposition of the normal set D as a union of conjugacy

classes of G. Let Gi = ⟨Di⟩. Then we have the following statements, where we use ◦ to

denote the central product.

Proposition 3.2.3. The following hold:

(i) G = G1 ◦G2 ◦ . . . ◦Gk;
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(ii) Di is a conjugacy class of Gi;

(iii) D1, . . . , Dk are the connected components of the collinearity graph of the Fischer

space of (G,D).

Proof. Let c ∈ Di and d ∈ Dj , where i ̸= j. Note that o(cd) ∈ {1, 2, 3} because D is a set

of 3-transpositions. If o(cd) = 1, then cd = 1 and so c = d. This is impossible because c

and d are from different classes. If o(cd) = 3, then c and d generate a subgroup isomorphic

to S3. Then c and d are conjugate in this subgroup, but this is a contradiction because c

and d lie in different conjugacy classes. So o(cd) can only be 2, which means that c and

d commute. We have shown that all elements of Di commute with all elements of Dj.

This means that all elements of Gi = ⟨Di⟩ commute with all elements of Gj = ⟨Dj⟩. So

G1G2 . . . Gk = G1 ◦G2 ◦ . . .◦Gk is a subgroup of G because Gi normalise each other. Since

D = D1∪D2∪. . .∪Dk ⊆ G1◦G2◦. . .◦Gk and G = ⟨D⟩, we have that G = G1◦G2◦. . .◦Gk.

This proves (i).

Take xi ∈ Di. Then Di = xG
i = xG1◦G2◦...◦Gk

i = xGi
i , since xGj

i = {xi} for j ≠ i. So Di is a

single conjugacy class of Gi, proving (ii).

For (iii), it is sufficient to show that if G = Gi and D = Di, then D is connected. Take

any c, d ∈ D. Then there exists g ∈ G such that cg = d. We have that g = c1c2 . . . cn for

some c1, c2, . . . , cn ∈ D. We prove that there is a path in the collinearity graph from c to

d by induction on the product length n. When n = 0, we have g = 1 and c = d. So the

statement holds. Next, we consider the case where n > 0. Assume that the statement is

true when the length is n− 1. Let e = cc1...cn−1 . By induction, c and e are connected by a

path. It remains to show that e and d are connected. If o(ecn) = 1 or 2, then d = ecn = e

and so the claim holds. On the other hand, when o(ecn) = 3, {e, cn, d = ecn} is a line. So

e and d are collinear, i.e., they are connected by a path of length 1. This means that c
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and d are connected by a path. By induction, D is connected. □

Corollary 3.2.4. Let (G,D) be a 3-transposition group. Then (G,D) is connected if and

only if D is a single conjugacy class.

For each d ∈ D, we write Ad = {x ∈ D | o(xd) = 3} and Dd = {x ∈ D | o(xd) = 2}. We

define two equivalence relations, τ and θ, on D as follows: for c, d ∈ D, cτd if and only if

Ac = Ad and cθd if and only if Dc = Dd. (Note that D = {d} ∪Ad ∪Dd; hence if Ac = Ad,

then Dc and Dd differ in one element and, symmetrically, if Dc = Dd, then Ac and Ad

differ in one element.) Let τ(G) = ⟨de | d, e ∈ D, dτe⟩ and θ(G) = ⟨de | d, e ∈ D, dθe⟩.

Note that τ(G) is a normal 2-subgroup and θ(G) is a normal 3-subgroup.

Next, we summarise the results from [5], and we get the following theorem.

Theorem 3.2.5. If τ(G) ̸= 1, then it is a non-central normal 2-subgroup. Similarly, if

θ(G) ̸= 1, then θ(G) is a non-central normal 3-subgroup of G. Additionally, only one of

the two subgroups, τ(G) and θ(G), can be non-trivial.

So the cases where τ(G) ̸= 1 and θ(G) ̸= 1 are independent cases.

Definition 3.2.6. The 3-transposition group (G,D) is said to be irreducible if τ(G) =

θ(G) = 1.

Assume that (G,D) is connected and reducible. Then we have two cases. If τ(G) ̸= 1,

then |D ∩ dτ(G)| = 2n for all d ∈ D and some fixed n > 0. We write G = 2•n · Ḡ, where

Ḡ = G/τ(G). Similarly, when θ(G) ̸= 1, then |D ∩ dθ(G)| = 3n for all d ∈ D and a fixed

n > 0. Here, we write G = 3•n · Ḡ, for Ḡ = G/θ(G). Note that 2n and 3n are not the

orders of τ(G) and θ(G), respectively. Rather, they are the ratios between the numbers of

3-transpositions in 2•n · Ḡ and 3•n · Ḡ and the number of 3-transpositions in Ḡ.
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Example 3.2.7. Let us consider the group H := 3n : Sn, the semi-direct product of the

group Q := 3n = C3 × C3 × . . .× C3︸ ︷︷ ︸
n times

and G := Sn, where Sn acts on 3n by permuting a

fixed set of generators of size n. An element of H can be written as (u1, u2, . . . , un : g),

for some ui ∈ C3 = {1, ξ, ξ−1} and g ∈ Sn. The product in H is given by

(u1, u2, . . . , un : g)(u′
1, u

′
2, . . . , u

′
n : g′) = (u1(u′

1)g−1
, u2(u′

2)g−1
, . . . , un(u′

n)g−1 : gg′).

Clearly, G is a subgroup of H and its conjugacy class of transpositions D is a subset

of a conjugacy class C of H. Take τ = (1, 2) ∈ D. Then CG(τ) ∼= C2 × Sn−2 and

[G : CG(τ)] = n!
2(n−2)! = n(n−1)

2 = |D|. Also, CQ(τ) = {(u1, u2, . . . , un) ∈ Q | u1 = u2}.

So [Q : CQ(τ)] = 3n

3n−1 = 3. Note that CH(τ) ≥ CQ(τ)CG(τ). So |C| = |H|
|CH(τ)| ≤

|Q||G|
|CQ(τ)||CG(τ)| = 3|D|. Let us see that in fact |C| = 3|D|. For this, we will list all elements

of C. These elements can be one of two types:

(i) (i, j) = (1, 1, . . . , 1 : (i, j)) ∈ D;

(ii) cij(i, j) = (1, . . . , 1, ξ, 1, . . . , 1, ξ−1, 1, . . . , 1 : (i, j)) ∈ C \D.

Here, i, j ∈ {1, . . . , n} and i ≠ j. Furthermore, in (ii), ξ is the i-th position and ξ−1

is the j-th position. For each (i, j) ∈ D, we have three elements from the above list

involving (i, j). Namely, (i, j) under (i), and cij(i, j) and cji(j, i) = cji(i, j) under (ii).

So the above list contains 3|D| elements. It remains to see that these elements are

all conjugate. First, all (i, j) ∈ D are conjugate. Let ci = (1, . . . , 1, ξ, 1, . . . , 1 : ( )),

where ξ is the i-th position. We have that cij = cic
−1
j and cji = c−1

i cj = c−1
ij . Also,

(i, j)ci = c−1
i (i, j)ci = c−1

i (i, j)ci(i, j)(i, j) = c−1
i c

(i,j)
i (i, j) = c−1

i cj(i, j) = cji(i, j). Simi-

larly, (i, j)cj = cij(i, j). Thus, (i, j), cij(i, j) and cji(i, j) are in the same conjugacy class.

We have determined the conjugacy class C and shown that the size of C is 3|D|.
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Next, we need to show that C is a class of 3-transpositions. First, it is clear that

the elements of C are of order 2. We then take x, y ∈ C, x ̸= y. Conjugating the pair if

necessary, we can assume that y = (i, j) for some i, j ∈ {1, . . . , n}. Then for x, we have

the following possibilities: (a) if x = cij(i, j), then xy = cij(i, j)(i, j) = cij has order 3; (b)

if x = (i, k), for k ̸= j, then xy = (i, k, j) is also of order 3; (c) if x = cik(i, k) then we

conjugate by ck and reduce to case (b), that is, here we also have order 3; (d) if x = (k, l),

with {i, j} ∩ {k, l} = ∅, then xy = (k, l)(i, j) is of order 2; finally, (e) if x = ckl(k, l) then

we conjugate by cl and reduce to case (d), obtaining order 2. Therefore, C is indeed a

class of 3-transpositions.

We note that C does not generate the entire group H. Let H0 := ⟨C⟩. Since C contains

(i, j) and cij(i, j) for all i and j, this means that H0 is also generated by cij and (i, j).

Define Q0 = {(u1, u2, . . . , un : ( )) | ∏n
i=1 ui = 1}. Note that Q0 contains all elements cij

and is generated by them. Hence, H0 = Q0 : G, since all (i, j) generate G = Sn. We

conclude that H0 is a subgroup of index 3 in H.

If we use the bullet notation for the 3-transposition group (H0, C), it will be H0 = 3•1 : Sn.

3.3 Moufang type

In this section, we consider a special class of 3-transposition groups, which will be very

useful later in the text.

Definition 3.3.1 ([5]). A 3-transposition group (G,D) is of Moufang type if no two

distinct elements of D commute.

It follows from the definition that the collinearity graph of the Fischer space of (G,D) is
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complete. In particular, the group (G,D) is connected. We will now prove a characterisa-

tion of the class of 3-transposition groups of Moufang type.

Proposition 3.3.2. A connected 3-transposition group (G,D) is of Moufang type if and

only if G has no subgroup S4 generated by 3-transpositions.

Proof. Suppose that G contains two commuting elements a, b ∈ D, where a ̸= b. Since

the Fischer space of (G,D) is connected, we may consider the shortest path between a

and b: a = a0 ∼ a1 ∼ . . . ∼ an = b. Note that n is at least 2 as a ̸∼ b. Also, note that

a ̸∼ a2 because the above is the shortest path. Let H = ⟨a, a1, a2⟩. The diagram on the

set {a, a1, a2} is the Coxeter diagram A3. So the group H is isomorphic to a quotient of

the Coxeter group A3 which is isomorphic to S4. Note that the proper quotients of S4 are

isomorphic to C2 and S3 and they contain no commuting involutions. So H ∼= S4.

Conversely, if (G,D) contains a subgroup S4 generated by 3-transpositions, then within

the subgroup we have pairs of commuting 3-transpositions. □

The subgroups S4 correspond to planes in the Fischer space of (G,D) that are isomorphic

to a dual affine plane of order 2. Thus, we cannot have such planes for the Moufang type.

So we have the following corollary.

Corollary 3.3.3. A connected 3-transposition group (G,D) is of Moufang type if and

only if every triple of points of its Fischer space generates an affine plane of order 3.

Recall that Figure 3.1 contains the picture of the affine plane of order 3.

A 3-transposition group of Moufang type is always an extension Q : 2 of a normal 3-group

Q by a group of order 2. Indeed, in a group (G,D) of Moufang type, we have that xθy

for all x, y ∈ D. This means that the entire D is the unique equivalence class for θ.

Consequently, if we set Q = θ(G), then the group Ḡ = G/Q is generated by a single
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element of order 2, i.e., Ḡ is of order 2, which shows the claim.

In principle, this 3-group Q can be arbitrarily large depending on the number of generating

3-transpositions. Let us demonstrate this by presenting an example based on the Burnside

group B(d, 3). The Burnside group B(d, n) is defined as the quotient of the free group

Fd on d generators by the normal subgroup generated by all the n-th powers of elements

of Fd. In 1902, Burnside asked whether every finitely generated group of exponent n is

finite. The group B(d, n) is the unique largest d-generated group of exponent n, and so

Burnside’s question is equivalent to asking whether B(d, n) is finite. It is now known that

the Burnside problem has a negative solution, namely, B(d, n) is infinite for all sufficiently

large n and d ≥ 2. However, when n = 3, the group B(d, 3) is finite for all d, and this is

the case that we need.

Example 3.3.4. Let Q := B(d, 3) be the Burnside group of exponent 3 with d generators

q1, q2, . . . , qd. Let σ be the automorphism of Q inverting each generator qi. Then G = Q⟨σ⟩

is generated by k = d+ 1 involutions σ, q1σ, . . . , qdσ. Note that all these involutions are

conjugate in G, because the latter has Sylow 2-subgroups of order 2, which means that it

has a unique class of involutions, D = σG. If z = qσ ∈ D, where q ∈ Q, then σz = q is of

order 3 (or 1 if z = σ, i.e., q = 1). Therefore, (G,D) is indeed a 3-transposition group of

Moufang type.

Finiteness of the Burnside group B(d, 3) was first proven by William Burnside himself in

[4]. Namely, he showed that |B(d, 3)| ≤ 32d−1. Much later, Marshall Hall Jr. included the

following exact theorem in his textbook [21, Theorem 18.2.1].

Theorem 3.3.5. The Burnside group B(d, 3) is of order 3m(d), where m(d) = d+
(

d
2

)
+

(
d
3

)
.

This means that the order of the group Q in the above example does indeed rapidly

increase with the number of generators.
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CHAPTER 4

AXIAL ALGEBRAS OF JORDAN TYPE

4.1 Jordan algebras

In 1933, during his research in quantum mechanics, German physicist Pascual Jordan

introduced a class of non-associative algebras. Jordan initially called them r-number

systems, but later they were renamed ‘Jordan algebras’ in 1946 by Albert. This renaming

marked a significant shift in how the mathematical community recognised and understood

it. Let us first state the definition of a Jordan algebra.

Definition 4.1.1. A Jordan algebra is a commutative non-associative algebra A with

the product satisfying the Jordan identity: x2(yx) = (x2y)x for all x, y ∈ A.

This identity means that adx and adx2 commute.

There is a systematic way in which a Jordan algebra can be constructed from an associative

algebra.

Proposition 4.1.2. Let A be an associative algebra over a field F with charF ̸= 2. Then

A+, the algebra A with the Jordan product x ◦ y = 1
2(xy + yx), is a Jordan algebra.
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We will typically assume throughout the text that charF ̸= 2.

Note that every subalgebra or quotient algebra of a Jordan algebra is again Jordan. We

will particularly focus on the subalgebras of Jordan algebras. In the situation where we

consider the Jordan algebra A+ for an associative algebra A, every subalgebra of A is also

a subalgebra of A+. However, A+ might have additional subalgebras because a subspace

of A might not be closed under the original product but it may be closed under the Jordan

product. We will now see an example of this.

Example 4.1.3. Recall that the tensor algebra over a vector space V is

T (V ) =
∞⊕

k=0
V ⊗k = F ⊕ V ⊕ (V ⊗ V ) ⊕ (V ⊗ V ⊗ V ) ⊕ . . . ,

where the product ⊗ on T (V ) is defined as following: for u = u1 ⊗ u2 ⊗ . . .⊗ um ∈ V ⊗m

and v = v1 ⊗ v2 ⊗ . . .⊗ vn ∈ V ⊗n, we have u⊗ v = u1 ⊗ u2 ⊗ . . .⊗ um ⊗ v1 ⊗ v2 ⊗ . . .⊗ vn.

This product is clearly associative, i.e., T (V ) is an associative algebra.

Next, we define the Clifford algebra. Suppose that q is a quadratic form on V . Consider

the ideal Iq = (v ⊗ v − q(v) | v ∈ V ) of the tensor algebra T (V ). Then the Clifford

algebra corresponding to the quadratic form q is the algebra C = Cl(V, q) = T (V )/Iq.

The dimension of C is 2dim V . Furthermore, V isomorphically embeds into C in a natural

way.

Since the Clifford algebra C is associative, we have that C+ is a Jordan algebra. Con-

sider the subspace S = F ⊕ V of C+. Note that S is not closed for the product in

C but it is closed under the Jordan product, as for α, β ∈ F and u, v ∈ V , we have

(α+u)◦(β+v) = 1
2((α+u)(β+v)+(β+v)(α+u)) = 1

2(αβ+αv+uβ+uv+βα+βu+vα+vu) =

αβ + 1
2(uv+ vu) +αv+ βu ∈ S. We call this subalgebra S the spin factor Jordan algebra.
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We use the notation S(V, q) for it.

Subalgebras of the Jordan algebras A+ for associative algebras A are called special Jordan

algebras. Not all Jordan algebras can be obtained in this way and then they are called

exceptional Jordan algebras.

Let us see a further example. We will need the definition of a ∗-algebra.

Definition 4.1.4. A ∗-algebra is an algebra D over a field F along with a linear map

∗ : D → D such that

(i) for all elements a, b ∈ D, (ab)∗ = b∗a∗;

(ii) for all elements a ∈ D, (a∗)∗ = a.

This map ∗ is called an involution of D.

Definition 4.1.5. Let D be a ∗-algebra. A square matrix M = (mij) ∈ Mn×n(D) is

called Hermitian if mij = m∗
ji for all i, j. This means that M is equal to its own conjugate

transpose: M =
(
MT

)∗
.

We write the set of all Hermitian matrices as Hn(D). This set forms a subalgebra of

Mn×n(D)+. That is, although Hn(D) is not closed under the matrix product, it is

closed under the Jordan product. Indeed, for A,B ∈ Hn(D), we have
(
(A ◦B)T

)∗
=((

1
2(AB +BA)

)T
)∗

= (1
2(BTAT + ATBT ))∗ = 1

2((BT )∗)(AT )∗ + (AT )∗(BT )∗) = 1
2(BA+

AB) = 1
2(AB +BA) = A ◦B.

Note that if D is associative then Mn×n(D) is associative. So in this case Hn(D) with

the Jordan product is a special Jordan algebra.
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When D is non-associative, there is no guarantee that Hn(D) is a Jordan algebra. However,

there is an important example where D is non-associative, but Hn(D) is Jordan. If we

take D = O, the algebra of octonions over R, with the conjugation map ∗, then H3(O) is

an exceptional 27-dimensional Jordan algebra, known as the Albert algebra.

Finally, we want to explain the relation between the Jordan algebras and the algebras of

Jordan type η by using the following well-known result from Albert [1].

Theorem 4.1.6. Let J = J1 ⊕ J0 ⊕ J 1
2

be the Peirce decomposition of the Jordan algebra

J corresponding to the idempotent e. Then the following conditions hold:

(a) J0(e) · J0(e) ⊆ J0(e);

(b) J1(e) · J1(e) ⊆ J1(e);

(c) J1(e) · J0(e) = 0;

(d) J 1
2
(e) · J 1

2
⊆ J1(e) + J0(e);

(e) J 1
2
(e)(J0(e) + J1(e)) ⊆ J 1

2
(e).

These five statements correspond to the entries of the fusion law J (1
2). Hence, we see that

every idempotent of a Jordan algebra is an axis of Jordan type 1
2 . However, not every

Jordan algebra contains non-zero idempotents. Thus, a Jordan algebra is an axial algebra

of Jordan type half only when it is generated by primitive idempotents.

4.2 Matsuo algebras

Now we state the definition of a Matsuo algebra.

36



Definition 4.2.1. Suppose that (G,D) is a 3-transpostion group and charF ̸= 2. For

η ∈ F \ {1, 0}, let M = Mη(G,D) be the algebra with the basis D and the product on M

defined as follows:

c · d =


c, if c = d,

0, if o(cd) = 2,
η
2(c+ d− e), if o(cd) = 3,

where c, d ∈ D and e = cd.

Note that here we distinguish the product cd in the group G and c · d in the algebra M .

The basis elements d ∈ D are primitive axes in the algebra M . These axes satisfy the

fusion law J (η) (see Table 2.1 (b)). In other words, M is an axial algebra of Jordan type

η.

Proposition 4.2.2 ([16]). The Matsuo algebra Mη(G,D) admits a Frobenius form.

Namely, for c, d ∈ D, the value of the Frobenius form is given by

(c, d) =


1, if c = d,

0, if o(cd) = 2,
η
2 , if o(cd) = 3.

Recall the definition of the projection graph we introduced in Chapter 2. The vertices of

the projection graph of the Matsuo algebra M = Mη(G,D) are the axes in D and there is

an edge between distinct vertices c, d ∈ D if and only if the value of the Frobenius form

(c, d) ̸= 0. This holds because (c, c) ̸= 0 ̸= (d, d) (see the discussion after Definition 2.4.10).

Note that (c, d) ̸= 0 if and only if o(cd) = 3, i.e., when c, d are collinear in the Fischer

space of (G,D). So the projection graph of M is the same as the collinearity graph of

the Fischer space. This means that the projection graph is connected if and only if the

group (G,D) is connected. By Theorem 3.2.4, this happens when D is a single conjugacy
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class. In summary, the Matsuo algebra M = Mη(G,D) is connected if and only if (G,D)

is connected if and only if D is a single conjugacy class in G.

Let us consider the disconnected case. Let D = D1 ∪D2 ∪ . . . ∪Dk be the decomposition

of D as a union of conjugacy classes of G. As in the previous chapter (see Proposition

3.2.3), we denote Gi = ⟨Di⟩.

Proposition 4.2.3. Mη(G,D) = Mη(G1, D1) ⊕ . . .⊕Mη(Gk, Dk).

Proof. Recall that each Di is a connected component of the Fischer space of (G,D) by

Proposition 3.2.3 and it is a single conjugacy class in Gi. Let Mi := ⟨Di⟩ ⊆ M . Since

D is a basis of M , it follows that M decomposes as a direct sum of subspaces Mi. Also,

it follows that Di is a basis of Mi. Take two elements from Di, say a, b. If a = b, then

a · b = a ∈ Mi. When a and b commute, we have a · b = 0 ∈ Mi. For the case where

o(ab) = 3, there exists a line containing a and b in the Fischer space of (Gi, Di). Since

this line contains two points from Di, this means that the third point, say e, is also in

Di, because Di is a connected component and e is collinear to a and b. So the product

a · b = η
2 (a+ b− e) is also in Mi. Thus, Mi is closed under the algebra multiplication, i.e.,

Mi is a subalgebra of M . Furthermore, comparing with Definition 4.2.1, we have that

Mi = Mη(Gi, Di).

It remains to show that M is a direct sum of algebras. That is, we need to show that

Mi ·Mj = 0 for all i ̸= j. Let c ∈ Di and d ∈ Dj . Then c · d = 0 because o(cd) = 2. Since

Mi = ⟨Di⟩ and Mj = ⟨Dj⟩, this means that the algebra product of Mi and Mj for i ̸= j is

indeed zero. Therefore, M = M1 ⊕ . . .⊕Mk. □

From the above discussion, we can see that most of the questions about Matsuo algebras

can be reduced to the connected case. One of the questions we will look into is the radicals

of Matsuo algebras.
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4.3 Radicals of Matsuo algebras

In this section M = Mη(G,D) is a Matsuo algebra. By Theorem 2.4.9, since (a, a) = 1

for all a ∈ D, we have that the radical R(M) of M coincides with the radical M⊥ of the

Frobenius form on M .

We first consider the disconnected case. Let D = D1 ∪ . . . ∪Dk be a union of k conjugacy

classes. We have shown in Proposition 4.2.3 that M = M1 ⊕ . . . ⊕ Mk, where Mi =

Mη(Gi, Di) for Gi = ⟨Di⟩. Note that for c ∈ Mi and d ∈ Mj , i ̸= j, we have (c, d) = 0

because o(cd) = 2. So Mi is perpendicular to Mj for all i ̸= j. Thus, the decomposition

of M is an orthogonal direct sum.

Theorem 4.3.1. R(M) = R(M1) ⊕ . . .⊕R(Mk).

Proof. We first show that R(Mi) ⊆ R(M). If u ∈ R(Mi), then u ⊥ Mi. For j ̸= i,

we have u ⊥ Mj because Mi ⊥ Mj. So u ⊥ M1 ⊕ . . . ⊕ Mk. This means that u ∈

R(M). Thus, R(Mi) ⊆ R(M). Since each R(Mi) is contained in R(M), we deduce that

R(M1) ⊕ . . .⊕R(Mk) ⊆ R(M).

Conversely, we take u ∈ R(M). So u ⊥ M . Then u = u1 + . . . + uk for some ui ∈ Mi

because M = M1 ⊕ . . . ⊕ Mk. Note that uj ⊥ Mi for i ̸= j because Mi ⊥ Mj. Since

u ⊥ M and Mi ⊆ M , we have that u ⊥ Mi. So ui = u− ∑
j ̸=i uj ⊥ Mi. Thus, ui ∈ R(Mi).

This means R(M) ⊆ R(M1) ⊕ . . .⊕R(Mk). Therefore, R(M) = R(M1) ⊕ . . .⊕R(Mk).□

Here the summands Mi are connected Matsuo algebras. Hence, the above theorem tells us

how to find the radical of an arbitrary Matsuo algebra if we know how to find the radical

in the connected case. Until the end of this section, we assume that M is connected, i.e.,

D is a single conjugacy class.

Note that R(M) = M⊥ can be found as the 0-eigenspace of the Gram matrix of the
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Frobenius form on M . So R(M) ̸= 0 if and only if 0 is an eigenvalue of the Gram matrix.

From Proposition 4.2.2, the Gram matrix is R = I + η
2T , where T is the collinearity

matrix, that is, the adjacency matrix of the collinearity graph on D. In characteristic

zero, since T is symmetric, we have that T is semisimple. Let θ1, . . . , θk be the eigenvalues

of T and m1, . . . ,mk be their multiplicities. For connected (G,D), the eigenvalues θi and

multiplicities mi can be found in the tables in [20]. Once we know θ1, . . . , θk, we can find

the eigenvalues ρ1, . . . , ρk of R using the formula ρi = 1+ η
2θi. In particular, for the radical

R(M) to be non-zero, we need to have some ρi = 0, which leads to 0 = 1 + η
2θi. Hence,

R(M) ̸= 0 (i.e., R(M) is not simple) if and only if η = − 2
θi

, for some eigenvalue θi ̸= 0 of

T . Such values of η are called the critical values of the connected Matsuo algebra M .

We illustrate this with an example.

Example 4.3.2. Let G = Sn and D = (1, 2)G be the class of transpositions. According to

[20], the eigenvalues of the collinearity matrix T in this case are θ1 = 2(n−2), θ2 = n−4 and

θ3 = −2 and the multiplicities are, correspondingly, m1 = 1, m2 = n− 1 and m3 = n(n−3)
2 .

Then the critical values of M = Mη(G,D) are η1 = − 2
θ1

= − 2
2(n−2) = − 1

n−2 (with

dimR(M) = 1), η2 = − 2
θ2

= − 2
n−4 (with dimR(M) = n − 1) and η3 = − 2

θ3
= − 2

−2 = 1

(with dimR(M) = n(n−3)
2 ). This calculation assumes that the field F is of characteristic

zero. However, the above claims also remain true for the majority of positive characteristics

p, as long as the eigenvalues θi (they are always integers) are pairwise distinct modulo p.
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4.4 2-Generated algebras of Jordan type

Let us consider the 3-dimensional algebra A := A(η, φ) = ⟨a, b, σ⟩ over a field F and with

the multiplication table

· a b σ

a a ηa+ ηb+ σ πa

b ηa+ ηb+ σ b πb

σ πa πb πσ

where η, φ ∈ F and π = φ− φη − η.

Lemma 4.4.1. The form (·, ·) on the algebra A = A(η, φ), whose Gram matrix with

respect to the basis {a, b, σ} is

G :=


1 φ π

φ 1 π

π π π(φ− 2η)

 ,

is a Frobenius form on A.

Proof. Note that the condition (u, vw) = (uv, w) is linear in u, v and w. Because of this,

it suffices to check the identity only for u, v, w ∈ {a, b, σ}. Hence, we have 33 = 27 cases

to consider. All the cases where u = w are clearly satisfied since the form is symmetric.

Also, if we verified the identity for u, v, w, then by symmetry, it also holds for w, v, u.

Additionally, there is a symmetry between a and b. These simple observations reduce the
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whole set of cases to just five, as follows:

(a, ab) = (a, ηa+ ηb+ σ)

= (a, σ) + (a, ηa) + (a, ηb)

= π + η + ηφ

= φ− φη − η + η + ηφ

= φ

= (a, b)

= (aa, b),

(a, aσ) = (a, πa) = π(a, a) = π = (a, σ) = (aa, σ),

(a, bσ) = (a, πb)

= π(a, b)

= πφ = ηπ + ηπ + π(φ− 2η)

= η(a, σ) + η(b, σ) + (σ, σ)

= (ηa, σ) + (ηb, σ) + (σ, σ)

= (ηa+ ηb+ σ, σ)

= (ab, σ),

(a, σb) = (a, πb) = π(a, b) = πφ = (πa, b) = (aσ, b)

and

(a, σσ) = (a, πσ) = π(a, σ) = π2 = (πa, σ) = (aσ, σ).

Since the identity is satisfied for all these five cases, we have that the form is a Frobenius
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form on A. □

Proposition 4.4.2 ([16, (4.7)(a)]). The eigenspaces of ada on A = A(η, φ) are A1(a) =

⟨a⟩, A0(a) = ⟨πa− σ⟩ and Aη(a) = ⟨(η − φ)a+ ηb+ σ⟩.

Proof. We have that a · a = a = 1 · a. So A1(a) ⊇ ⟨a⟩. Also, a(πa − σ) = πa2 − σa =

πa−πa = 0. This means that A0(a) ⊇ ⟨πa−σ⟩. Finally, we have that a((η−φ)a+ηb+σ) =

(η−φ)a2 + ηba+ σa = (η−φ)a+ η(ηa+ ηb+ σ) + πa = ηa−φa+ η2a+ η2b+ ησ+ πa =

(η−φ+η2 +π)a+η2b+ησ = (η−φ+η2 +φ−φη−η)a+η2b+ησ = (η2 −φη)a+η2b+ησ =

η((η − φ)a+ ηb+ σ), and hence Aη(a) ⊇ ⟨(η − φ)a+ ηb+ σ⟩.

Note that A is 3-dimensional and a, πa−σ and (η−φ)a+ ηb+σ are linearly independent.

So each eigenspace is at most 1-dimensional. Thus, A1(a) = ⟨a⟩, A0(a) = ⟨πa− σ⟩ and

Aη(a) = ⟨(η − φ)a+ ηb+ σ⟩. □

Now we state a proposition that is a consequence of [16], Proposition (4.8) but we will

provide proof of it.

Proposition 4.4.3 ([16, (4.8)]). Let η ∈ F \ {1, 0} and φ ∈ F. Then A = A(η, φ) is an

axial algebra of Jordan type η with axes a and b if and only if one of the followings holds:

(i) φ = η
2 ; or

(ii) η = 1
2 .

Proof. First of all, note that from Proposition 4.4.2, ada is semisimple with the eigenvalues

1, 0 and η. Next, we use the information about eigenvectors to verify the fusion law. From

the fusion table, we know that there are six fusion rules that we need to consider because

the algebra is commutative and the fusion table is symmetric. Clearly, the fusion rules

1 ∗ 1 = {1}, 1 ∗ 0 = ∅ and 1 ∗ η = {η} hold. Then there are only three fusion rules left

and they are 0 ∗ 0 = {0}, 0 ∗ η = {η} and η ∗ η = {1, 0}.
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First, we multiply the 0-eigenvector with the 0-eigenvector. We have that (πa−σ)(πa−σ) =

π2a − 2πaσ + πσ = π2a − 2π2a + πσ = −π2a + πσ = −π(πa − σ). This means that

0 ∗ 0 = {0} is satisfied.

We have that the 0-eigenvector times the η-eigenvector gives us (πa−σ)((η−φ)a+ηb+σ) =

π(η−φ)a+πη(ηa+ηb+σ)+π2a−π(η−φ)a−πηb−πσ = πη2a+πη2b+πησ+π2a−πηb−πσ =

π((η2 + π)a + η(η − 1)b + (η − 1)σ) = π((η2 + φ − φη − η)a + (η − 1)(ηb + σ)) =

π((η − φ)(η − 1)a+ (η − 1)(ηb+ σ)) = π(η − 1)((η − φ)a+ ηb+ σ). So 0 ∗ η = {η} also

holds.

Now we consider η∗η. Since in the fusion law, η∗η = {1, 0}, we need to have Aη(a)·Aη(a) ⊆

A{1,0}(a) = A1(a) ⊕ A0(a) = ⟨a⟩ ⊕ ⟨πa− σ⟩ = ⟨a, πa− σ⟩ = ⟨a, σ⟩. This means that the

coefficient of b should be zero in the product ((η − ϕ)a+ ηb+ σ)((η − ϕ)a+ ηb+ σ). This

coefficient is 2η3 − 2φη2 + η2 + 2ηφ− 2φη2 − 2η2 = η(2η − 1)(η − 2φ). Since η ̸= 0, we

have 2η − 1 = 0 or η − 2φ = 0. That is, η = 1
2 or φ = η

2 . □

Let us state one of the main results of [16] classifying 2-generated algebras of Jordan type

η.

Theorem 4.4.4 ([16]). Every 2-generated algebra of Jordan type η is isomorphic to

A(η, φ) or a quotient of it.

Recall the definition of the algebra 3C(η) from Example 2.1.7.

Proposition 4.4.5 ([16, (1.1)(i)]). For η ∈ F \ {1, 0}, the algebra A = A
(
η, η

2

)
is

isomorphic to 3C(η).

Proof. Take c = −a − b − 2
η
σ. Then ⟨a, b, c⟩ = A, since σ = −η

2(a + b + c). It follows

that {a, b, c} is a basis of A. Let us check the multiplication table with respect to this

basis. Note that π = φ− φη − η = η
2 − η

2η − η = −η
2 − η2

2 . We have ab = ηa+ ηb+ σ =
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ηa+ ηb− η
2(a+ b+ c) = η

2(a+ b− c). Also,

ac = a(−a− b− 2
η
σ)

= −aa− ab− 2
η
aσ

= −a− η
2(a+ b− c) − 2

η
πa

= −a− η
2a− η

2b+ η
2c− 2

η
(−η

2 − η2

2 )a

= −a− η
2a− η

2b+ η
2c+ a+ ηa

= η
2(a− b+ c).

Similarly, bc = η
2(b− a+ c). Finally, we have

c2 = (−a− b− 2
η
σ)2

= (a+ b)2 + 2(a+ b) 2
η
σ + ( 2

η
σ)2

= a2 + 2ab+ b2 + 4
η
aσ + 4

η
bσ + 4

η2σ
2

= a+ η(a+ b− c) + b+ 4
η
π(a+ b+ 1

η
σ)

= a+ ηa+ ηb− ηc+ b+ 4
η
(−η

2 − η2

2 )(a+ b+ 1
η
σ)

= a+ ηa+ ηb− ηc+ b+ (−2a− 2b− 2
η
σ − 2ηa− 2ηb− 2σ)

= a− ηa− b− ηb− ηc− 2
η
σ − 2σ

= −a− b− 2
η
σ + η(−a− b− 2

η
σ) − ηc

= c+ ηc− ηc

= c.

So the basis {a, b, c} of A satisfies the multiplication table of 3C(η). Therefore, A is

isomorphic to 3C(η). □

Corollary 4.4.6. If A is a 2-generated algebra of Jordan type η ̸= 1
2 , then A is isomorphic
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to 2B = F ⊕ F or 3C(η).

Proof. Let A = ⟨⟨a, b⟩⟩. Note that if φ = η
2 , then the algebra is isomorphic to 3C(η) by

Proposition 4.4.5. Otherwise, η = 1
2 by Proposition 4.4.3. However, we also assumed

that η ̸= 1
2 . This obvious contradiction means η cannot be an eigenvalue. So the fusion

law for both a and b involves only 1 and 0, and so it is as shown in Table 2.1 (a). In

particular, A = A1(a) ⊕ A0(a). We claim that b ∈ A0(a). Indeed, let b = b1 + b0, where

b1 ∈ A1(a) and b0 ∈ A0(a). We have that b2 = (b1 + b0)2 = b2
1 + 2b1b0 + b2

0 = b2
1 + b2

0,

because b1b0 = 0 since 1 ∗ 0 = ∅. Now recall that b2 = b, i.e., b2
1 + b2

0 = b1 + b0. Since

1 ∗ 1 = {1} and 0 ∗ 0 = {0}, we have that b2
1 ∈ A1(a) and b2

0 ∈ A0(a). So b2
1 = b1 and

b2
0 = b0. That is, both b1 and b0 are idempotents. Suppose by contradiction that b1 ̸= 0.

Since A1(a) = ⟨a⟩ ∼= F has only two idempotents, 0 and a, if b1 ̸= 0, then b1 = a. If so,

then ab = a(b1 + b0) = a(a + b0) = a2 + ab0 = a + 0 = a. This means that a ∈ A1(b).

But also b ∈ A1(b), which contradicts the primitivity of the axis b. This means that

b1 = 0, i.e., b = b0 ∈ A0(a). Now it is easy to see that ⟨a, b⟩ is closed under multiplication,

forming a subalgebra that is isomorphic to 2B. Since a and b generate A, we conclude

that A = ⟨a, b⟩ ∼= 2B. □

This shows us what we can encounter when η ≠ 1
2 . Now let us investigate the case η = 1

2 .

Recall that in Example 4.1.3, we introduced the spin factor algebra S(V, q). Now let V

be a 2-dimensional vector space over F with the basis {v1, v2} and the symmetric bilinear

form b on V be given by b(vi, vi) = 2, i ∈ {1, 2}, b(v1, v2) = δ for some δ ∈ F. Take the

quadratic form q(v) = b(v, v) for all v ∈ V . We denote this spin factor algebra of V and q

as Sδ = S(V, q).

Proposition 4.4.7 ([16]). If φ ̸= 1 then the algebra A = A(1
2 , φ) is isomorphic to the

spin factor algebra Sδ, where δ = 4φ− 2.
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When φ = 1, we have that δ = 4φ− 2 = 4 − 2 = 2, but A(1
2 , 1) is not isomorphic to S2. So

this case is a true exception. In order to see why they are not isomorphic, we look at the

element σ. Normally σ is a multiple of identity, but in this case, π = φ−φη−η = 1−2· 1
2 = 0.

This means that σ is in the nil-radical of the algebra. Now it is easy to see that the

algebra A(1
2 , 1) has no identity element, whereas the spin factor always has identity.

4.5 Ideals in 2-generated algebras of Jordan type

Now we want to determine the values of η and φ, satisfying the conditions η = 1
2 or φ = η

2 ,

for which the algebra A = A(η, φ) has proper non-trivial ideals.

Recall that there are two types of ideals: containing generating axes and not containing

any generating axes. We first look at the case where the ideal contains generating axes.

Recall the definition of the projection (di)graph, say, call it Γ, in Definition 2.4.10 and

the discussion after it. The vertices of Γ are the generating axes a and b of A. Since A

admits a Frobenius form such that (a, a) = (b, b) = 1 ̸= 0, Γ is a simple graph and there

is an edge between a and b if and only if (a, b) = φ ̸= 0. Hence Γ is disconnected if and

only if φ = 0. Clearly, this means that η = 1
2 .

Now we consider the case where the ideal does not contain any axes, i.e., the ideal is in

the radical of A. Again, since A admits a Frobenius form that is non-zero on both a and

b, the radical of A coincides with the radical of the Frobenius form. By Lemma 4.4.1, the

Gram matrix of the Frobenius form is

G :=


1 φ π

φ 1 π

π π π(φ− 2η)

 ,
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and its determinant is −πφ(φ − 1)2. The radical of the form is non-zero when the

determinant is zero, i.e., π = 0, φ = 0 or φ = 1. The case φ = 0 has already been noted

earlier. If φ = 1, we can have η = 2φ = 2 or η = 1
2 .

It remains to analyse the case π = 0. Equivalently, φ−ηφ−η = 0. If φ = η
2 , this simplifies

to η(η+1)
2 = 0. Clearly, η ̸= 0, so the only possibility is η = −1 and φ = −1

2 . If η = 1
2 then

the equality simplifies to φ−1
2 = 0, i.e., φ = 1, which has already been considered.

Thus we can formulate the following.

Proposition 4.5.1. Suppose that φ = η
2 or η = 1

2 . Then A = A(η, φ) has a non-zero

proper ideal if and only if (η, φ) ∈ {(2, 1), (1
2 , 1), (1

2 , 0), (−1,−1
2)}.

Now we look at these cases individually and determine all ideals. For this, we need the

following fact from linear algebra.

Lemma 4.5.2. Suppose that φ : V → V is a linear map and U is a φ-invariant subspace

of V , i.e., φ(U) ⊆ U . Consider the restriction φ|U . Then the minimal polynomial of the

restriction φ|U divides the minimal polynomial of φ.

Proof. For any polynomial f , we have f(φ|U) = f(φ)|U . If f is the minimal polynomial

of φ, then f(φ) = 0 and so f(φ)|U = 0. That is, f(φ|U) = 0. So f is divisible by the

minimal polynomial of φ|U . □

Now let us apply this to the situation where φ = ada is the adjoint map of the axis a and

U = I is an ideal of A. Since ada is semisimple, its minimal polynomial f has no multiple

roots. From the above lemma, the minimal polynomial g of ada |I is a divisor of f . So g

also has no multiple roots. This means that ada |I is diagonalisable.

Let Iλ(a) = {u ∈ I : au = λu} be the λ-eigenspace of ada restricted to I.
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Corollary 4.5.3. If I is an ideal of A = A(η, φ), then I = ⊕
λ∈F Iλ(a) = ⊕

λ∈F(I∩Aλ(a)).

Proof. By the above, ada acts on I in a semisimple way which means I is the direct sum

of the eigenspaces Iλ(a). Clearly, Iλ(a) = I ∩ Aλ(a) and so the claims follows. □

We will use these results to describe explicitly all ideals in 2-generated algebras based on

four cases from Proposition 4.5.1.

Case 1: When (η, φ) = (2, 1), π = 1 − 2 − 2 = −3. By Proposition 4.4.5 we know that

A(2, 1) ∼= 3C(2). So we will work with the basis {a, b, c}. Note that σ = ab− ηa− ηb =
η
2(a + b − c) − ηa − ηb = −η

2(a + b + c) = −a − b − c. From Proposition 4.4.2, we

have that A1(a) = ⟨a⟩, A0(a) = ⟨πa − σ⟩ = ⟨−3a + a + b + c⟩ = ⟨−2a + b + c⟩ and

A2(a) = ⟨φa + 2b + σ⟩ = ⟨a + 2b − a − b − c⟩ = ⟨b − c⟩. Let I be an ideal. Since all

eigenspaces are 1-dimensional, I∩Aλ(a) is either Aλ(a) or 0. Therefore, I is a direct sum of

several eigenspaces, that is, we have that I is one of the following: 0, ⟨a⟩, ⟨b−c⟩, ⟨2a−b−c⟩,

⟨a, b− c⟩, ⟨a, 2a− b− c⟩, ⟨b− c, 2a− b− c⟩ and ⟨a, b− c, 2a− b− c⟩ = A. Since we want

I to be non-zero and proper, we discard the first and the last possibilities. Also, since

φ ̸= 0, the projection graph is connected. So a ̸∈ I. This leaves us only three possibilities:

⟨b− c⟩, ⟨2a− b− c⟩ and ⟨b− c, 2a− b− c⟩.

Suppose that b− c ∈ I. Then I also contains

(b− c)b = b− (b+ c− a)

= −c+ a

= a− c

=
(
a− 1

2b− 1
2c

)
+

(
1
2b− 1

2c
)

= 1
2(2a− b− c) + 1

2(b− c).
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Therefore, 2a− b− c ∈ I, i.e.,

I ⊇ ⟨b− c, 2a− b− c⟩.

Since I is proper, we must have I = ⟨b− c, 2a− b− c⟩ = A0(a) ⊕ A2(a). Now note that

I = {αa+ βb+ γc | α, β, γ ∈ F, α+ β + γ = 0}.

Indeed, the right hand side is a subspace of the algebra and it does not contain all linear

combinations of the basis, the dimension should be less than 3. Also, the sum of coefficients

of 2a− b− c and b− c is 0. So the left hand side is contained in the right hand side. Thus,

they are equal and the dimension is 2.

By the symmetry in a, b and c, we also have I = A0(b) ⊕A2(b) and I = A0(c) ⊕A2(c). In

particular, I is invariant under multiplication with a, b and c. Since {a, b, c} is a basis,

I = {αa+ βb+ γc : α, β, γ ∈ F, α+ β + γ = 0} is indeed an ideal.

Now suppose that I does not contain b− c. Then I = ⟨2a− b− c⟩. However,

(2a− b− c)b = 2ab− b− cb

= 2(a+ b− c) − b− (c+ b− a)

= 2a+ 2b− 2c− b− c− b+ a

= 3a− 3c

This is a contradiction unless charF = 3.

So we have the following statement.

50



Proposition 4.5.4. If A = A(2, 1) ∼= 3C(2), then

I = ⟨b− c, 2a− b− c⟩

= {αa+ βb+ γc | α, β, γ ∈ F, α+ β + γ = 0}

is the only non-zero proper ideal of A, unless charF = 3, in which case, we have a second

ideal ⟨2a− b− c⟩.

Case 2: When (η, φ) = (1
2 , 1), π = 1 − 1

2 − 1
2 = 0. Then A1(a) = ⟨a⟩, A0(a) = ⟨−σ⟩ = ⟨σ⟩

and A 1
2
(a) = ⟨−1

2a+ 1
2b+ σ⟩.

In this case, the projection graph is again connected. So a proper ideal I cannot contain

a. This leaves us with three possibilities: ⟨σ⟩, ⟨−1
2a+ 1

2b+ σ⟩ and ⟨σ,−1
2a+ 1

2b+ σ⟩.

We have that σa = σb = σ2 = 0. This means that ⟨σ⟩ is an ideal, in fact, the nil-ideal of A.

Suppose that w := −1
2a+ 1

2b+σ ∈ I. Then wb = −1
2ab+

1
2b+σb = −1

2(1
2a+ 1

2b+σ)+ 1
2b+0 =

−1
4a+ 1

4b− 1
2σ and hence I ∋ 1

2w − wb = −1
4a+ 1

4b+ 1
2σ + 1

4a− 1
4b+ 1

2σ = σ. Thus, ⟨w⟩

is not an ideal. On the other hand, since aσ = bσ = σ2 = 0 and since also aw = 1
2w,

bw = 1
2w − σ, and wσ = 0, we have that ⟨σ,−1

2a+ 1
2b+ σ⟩ is an ideal.

Proposition 4.5.5. For the algebra A(1
2 , 1), the proper non-zero ideals are ⟨σ⟩ and

⟨σ,−1
2a+ 1

2b+ σ⟩.

Case 3: When (η, φ) = (1
2 , 0), π = 0 − 0 − 1

2 = −1
2 . Then A1(a) = ⟨a⟩, A0(a) = ⟨−1

2a− σ⟩

and A 1
2
(a) = ⟨1

2a+ 1
2b+ σ⟩.

Suppose that a ∈ I. Then I ∋ ab = 1
2a + 1

2b + σ, which is a 1
2 -eigenvector. We have

that (1
2a + 1

2b + σ)b = 1
2ab + 1

2b + σb = 1
2(1

2a + 1
2b + σ) + 1

2b − 1
2b = 1

2(1
2a + 1

2b + σ).

So ⟨a, 1
2a + 1

2b + σ⟩ = ⟨a, b + 2σ⟩ is an ideal. Suppose that −1
2a − σ ∈ I. Then

(−1
2a− σ)b = −1

2ab− σb = −1
2(1

2a+ 1
2b+ σ) + 1

2b = −1
4a− 1

4b− 1
2σ+ 1

2b = −1
4a+ 1

4b− 1
2σ.
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So I = ⟨−1
2a − σ, b⟩ = ⟨b, a + 2σ⟩. Suppose that 1

2a + 1
2b + σ ∈ I. Since it is in

the 1
2 -eigenspace, we have that (1

2a + 1
2b + σ)a = 1

2(1
2a + 1

2b + σ). Symmetrically, also

(1
2a + 1

2b + σ)b = 1
2(1

2a + 1
2b + σ). Additionally, (1

2a + 1
2b + σ)σ = −1

2(1
2a + 1

2b + σ). So

⟨1
2a+ 1

2b+ σ⟩ is invariant under a, b and σ. This means that it is also an ideal.

Proposition 4.5.6. For the algebra A(1
2 , 0), the proper non-zero ideals are ⟨a, b+ 2σ⟩,

⟨b, a+ 2σ⟩ and ⟨1
2a+ 1

2b+ σ⟩.

Case 4: When (η, φ) = (−1,−1
2), π = −1

2 − 1
2 +1 = 0. Then A1(a) = ⟨a⟩, A0(a) = ⟨−σ⟩ =

⟨σ⟩ and A−1(a) = ⟨−1
2a− b+ σ⟩. Since the projection graph is connected in this case, a

cannot be contained in a proper ideal.

Suppose that u := −1
2a− b+ σ ∈ I. Then I ∋ ub = (−1

2a− b+ σ)b = −1
2ab− b+ σb =

−1
2(−a− b+ σ) − b = 1

2a− 1
2b− 1

2σ. Since this decomposes as 3
4a+ 1

2(−1
2a− b+ σ) − σ,

we conclude that both a and σ are contained in I, that is, I = A, which is a contradiction

because we only consider proper ideals I. Thus, the only possible proper non-zero ideal

in this case is ⟨σ⟩. And indeed, since aσ = 0 = bσ = σ2, this is an ideal. Thus we can

formulate the following.

Proposition 4.5.7. For the algebra A(−1,−1
2), the only proper non-zero ideal is ⟨σ⟩.

The case of A(1
2 , 1) will be especially important in later chapters.

4.6 Classification of algebras of Jordan type not half

In this section we will review the result from [16] that any axial algebra of Jordan type

η ̸= 1
2 is either a Matsuo algebra or a quotient of Matsuo algebra. Recall the definition

of the Miyamoto group we introduced in Chapter 2. If A is an axial algebra with the
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fusion law graded by the group T , then the Miyamoto group Miy (X) is the subgroup

⟨τa(χ) | a ∈ X,χ ∈ T ∗⟩ of Aut(A). In this case, since A is an algebra of Jordan type, the

group T is of order 2.

Recall the definition of a closed set in Definition 2.3.6.

Lemma 4.6.1. Let A be a primitive axial algebra of Jordan type η with a closed set X of

generating axes. Then X spans A.

Proof. Let a, b ∈ X. Then b = b1 + b0 + bη, where b1 ∈ A1(a), b0 ∈ A0(a) and

bη ∈ Aη(a). First of all, b1 = φa, for some φ ∈ F, because A is primitive. Then

bτa = b1 + b0 − bη, because the Miyamoto involution τa acts as identity on A1(a) ⊕ A0(a)

and as minus identity on Aη(a). So b − bτa = 2bη. Thus, bη = 1
2(b − bτa). Note that

ab = a(b1 + b0 + bη) = 1b1 + 0b0 + ηbη = φa+ η(1
2(b− bτa)) = φa+ η

2b− η
2b

τa . Since X is

closed, we have that bτa ∈ X. So ab is a linear combination of three axes from X. This

means that ⟨X⟩ is closed under the algebra product, i.e., it is a subalgebra of A. Since it

also contains X and X generates A, we conclude that A = ⟨X⟩. □

Theorem 4.6.2 ([16]). Let F be a field with charF ≠ 2 and A be an axial algebra of

Jordan type η ̸= 1
2 over F. Then the Miyamoto involutions form a normal set D of

3-transpositions in the Miyamoto group Miy (X).

Proof. We assume that X = X̄ is closed. Let G = Miy (X) and D = {τa | a ∈ X}. By

the definition of the Miyamoto group, D generates G. Also, for a ∈ X and g ∈ G, we

have that τag = τ g
a ∈ D. So D is a normal set of involutions.

Now let us investigate the order of τaτb for a, b ∈ X. If a = b, then τaτb = (τa)2 = 1.

That is, o(τaτb) = 1. When a ̸= b, by Corollary 4.4.6, we have ⟨⟨a, b⟩⟩ ∼= 2B or 3C(η). If

⟨⟨a, b⟩⟩ ∼= 2B, then bτa = b because b ∈ A0(a). This implies that τ τa
b = τbτa = τb. Thus, τa
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and τb commute, i.e., o(τaτb) = 2. Now we consider this case: ⟨⟨a, b⟩⟩ ∼= 3C(η). In this

case, we have ⟨⟨a, b⟩⟩ ∩D = {a, b, c}, where c = aτb = bτa . So τ τb
a = τc = τ τa

b . This gives us

τbτaτb = τaτbτa. Rearranging it, we get (τaτb)3 = 1. Therefore, we conclude that D is a

3-transposition class. □

This theorem leads to the following conclusion.

Corollary 4.6.3. An axial algebra of Jordan type η ̸= 1
2 over a field F with charF ̸= 2 is

either a Matsuo algebra or a quotient of a Matsuo algebra.

4.7 Further information about algebras of Jordan
type 1

2

This section is based on the results from [13] and [7]. Because of our discussion in Section

4.6, from now on we will only look at the case η = 1
2 . We define the following algebra.

Definition 4.7.1. Let A := A(α, β, γ, ψ) = ⟨⟨a, b, c, ab, ac, bc, a(bc), b(ac), c(ab)⟩⟩ be the

commutative algebra over F generated by idempotents a, b and c, where α = (a, b),

β = (b, c), γ = (c, a) and ψ = (a, bc) = (b, ca) = (c, ab). The algebra products on A are

defined in Table 4.1, where {x, y, z} = {a, b, c}.

Table 4.1 skips the obvious products: x2 = x, x times y is xy and x times yz is x(yz).

The algebra A is a Jordan algebra for all values of the four parameters. It admits a

unique Frobenius form such that every generating axis has a length of 1. Furthermore,

the parameters α, β, γ and ψ are indeed the values of this Frobenius form as shown in

the definition.

Theorem 4.7.2 ([13]). If we have an algebra A′ of Jordan type 1
2 , defined over F and

generated by primitive axes a′, b′ and c′, then there is a homomorphism from A(α, β, γ, ψ)
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x(xy) = 1
2((x, y)x+ xy)

x(x(yz)) = 1
2((x, yz)x+ x(yz))

x(y(xz)) = 1
4((x, yz)x+ (x, z)xy + (x, y)xz + x(yz) + y(xz) − z(xy))

(xy)2 = 1
4(x, y)(x+ y + 2xy)

(xy)(yz) = 1
4((y, xz)y + (y, z)xy + (x, y)yz + x(yz) − y(xz) + z(xy))

(xy)(x(yz)) = 1
8(((x, y)(x, z) + (x, yz))x+ (x, yz)y

+2(x, yz)xy + (x, y)yz + 2(x, y)x(yz))

(xy)(z(xy)) = 1
8((x, y)(y, z)x+ (x, y)(x, z)y + 4(xy, z)xy + (x, y)yz + (x, y)xz

−2(x, y)x(yz) − 2(x, y)y(xz) + 4(x, y)z(xy))

(x(yz))2 = 1
16((y, z)((x, y) + (x, z) + 2(x, yz))x+ (y, z)(x, z)y + (x, y)(y, z)z

+4(x, yz)yz + (2(y, z) + 8(x, yz))x(yz) − 2(y, z)y(xz) − 2(y, z)z(xy))

(x(yz))(y(xz)) = 1
16((y, z)((x, z) + (x, yz))x+ (x, z)((y, z) + (x, yz))y + (x, y)(x, yz)z

+2(x, yz)xy + 2((x, y)(x, z) + (x, yz))yz + 2((x, y)(y, z) + (x, yz))xz + (4(x, yz)

−(x, y) + (y, z) − (x, z))x(yz) + (4(x, yz) − (x, y) − (y, z) + (x, z))y(xz) + ((x, y)

−(y, z) − (x, z) − 4(x, yz))z(xy))

Table 4.1: The algebra products on A(α, β, γ, ψ)
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onto A′, sending a, b, c to a′, b′, c′ respectively, provided that α = (a′, b′), β = (b′, c′),

γ = (c′, a′) and ψ = (a′, b′c′) = (b′, c′a′) = (c′, a′b′).

In particular, every 3-generated axial algebra of Jordan type 1
2 has dimension at most 9.

The dimension of the algebra is exactly 9 if (α + β + γ − 2ψ − 1)(αβγ − ψ2) ̸= 0.

In [7], De Medts, Rowen and Segev proved that primitive 4-generated axial algebras

of Jordan type are at most 81-dimensional. Furthermore, they determined a specific

spanning set of size 81 for such an algebra. However, the information they provided is not

as detailed as in the case of 3-generated algebras of Jordan type. Thus, this case remains

open to some extent.
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CHAPTER 5

BARIC AXIAL ALGEBRAS OF JORDAN TYPE

5.1 Baric algebras

In this section, we provide the basic notions of baric axial algebras. We will also investigate

their properties.

Definition 5.1.1. Let A be an algebra over F. We say that A is baric if there exists

a surjective algebra homomorphism w : A → F. The homomorphism w is known as the

weight function and its kernel, kerw, is known as the baric radical.

Since we want to deal with axial algebras, what can we say about idempotents in baric

algebras?

Lemma 5.1.2. Suppose that A is baric and a ∈ A is an idempotent. Then w(a) = 0 or 1.

Proof. Since a is idempotent, a2 = a. Let w(a) = α. Then w(a) = w(a2) = w(a)w(a). So

α = α2. Then α2 − α = 0, i.e., α(α− 1) = 0. That is, α = 0 or α = 1, as required. □

Note that w(a) = 0 means that the idempotent a lies in the baric radical, which is an
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ideal of A. In view of this, we give the following adjusted definition.

Definition 5.1.3. Suppose that (A,X) is a primitive axial algebra. Then (A,X) is a

baric axial algebra if A is baric and additionally, w(a) = 1 for each a ∈ X. This means

that none of the generating axes is in the baric radical of A.

Proposition 5.1.4. For a baric axial algebra (A,X), its radical coincides with the baric

radical. In particular, the weight function on (A,X) is unique.

Proof. Suppose that (A,X) is a baric axial algebra. Then the baric radical I = kerw

is an ideal and it contains no axes from X by Definition 5.1.3. By Definition 2.4.4, this

means that I ⊆ R(A). Note that I is of codimension 1 in A since A/I ∼= F. So R(A) = I

because R(A) ̸= A.

For the second claim, it is clear that the baric weight w must be equivalent to the

homomorphism A → A/R(A) ∼= F. More formally, the weight function w should take

every generating axis a ∈ X to 1 ∈ F. Since w is a homomorphism, w takes every product

of axes to 1. On the other hand, X generates A, which means that A is spanned by

products of axes from X. All those products are mapped by w to 1, and so by linearity,

w(u) can be computed uniquely for each u ∈ A. □

We can also formulate the following.

Corollary 5.1.5. An axial algebra A is baric if and only if R(A) is of codimension 1 in

A.

Note that in the axial context, when we talk about the baric property, we will always

refer to Definition 5.1.1.

Let us see some examples.
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Examples 5.1.6. (i) 1A = F (the only axis here is the identity 1) is baric trivially,

because there is the identity homomorphism from 1A to F. Since this homomorphism

is injective, the baric radical of 1A is trivial.

(ii) 2B = F⊕F is baric as a general algebra but not baric as an axial algebra. It has two

homomorphisms onto F, namely, the projections to the first and second summands.

However, the first projection maps the second generator to zero and, symmetrically,

the second projection maps the first generator to zero. So neither of these two

homomorphisms satisfies the definition. One may also notice that R(2B) = 0 has

codimension 2.

(iii) Recall the definition of 3C(η) introduced in Example 2.1.7. If η = 2, then A = 3C(2)

is baric. Namely, the linear map w : A → F sending the basis {a, b, c} of A to 1 is

an algebra homomorphism. Indeed, for {x, y, z} = {a, b, c}, we have that w(xy) =

w(η
2 (x+ y − z)) = w(x+ y − z) = w(x) +w(y) −w(z) = 1 + 1 − 1 = 1 = w(x)w(y).

Also, w(x2) = w(x) = 1 = w(x)2. The radical of A is 2-dimensional spanned by a−b

and a− c. Clearly, w(a− b) = w(a) −w(b) = 1 − 1 = 0 and similarly, w(a− c) = 0.

(iv) Take η = 1
2 and φ = 1. Consider the algebra A(1

2 , 1). Recall the multiplication table

introduced in Section 4.4. We compute that π = φ− φη − η = 1 − 1
2 − 1

2 = 0. Thus,

the multiplication table looks as follows

· a b σ

a a 1
2a+ 1

2b+ σ 0

b 1
2a+ 1

2b+ σ b 0

σ 0 0 0

.

From the table, we can see that ⟨σ⟩ is an ideal of A(1
2 , 1). Also, we claim that

J = ⟨a − b, σ⟩ is an ideal. Note that (a − b)a = aa − ba = a − (1
2a + 1

2b + σ) =
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1
2(a−b)−σ ∈ J . Similarly, (a−b)b = ab−bb = (1

2a+ 1
2b+σ)−b = 1

2(a−b)+σ ∈ J .

Clearly, J is of codimension 1 and it does not contain the generating axes a and b.

So J is the baric radical by Proposition 5.1.4. Thus, A(1
2 , 1) is a baric algebra.

An axial subalgebra of (A,X) is a subalgebra generated by a subset of X or X̄ in the case

of a graded fusion law. Note that we typically assume that X is closed, i.e., X̄ = X.

Proposition 5.1.7. Suppose that (A,X) is a baric axial algebra. Then every non-zero

axial subalgebra (B, Y ) of (A,X) is baric.

Proof. Since A is baric, there exists a surjective homomorphism w : A → F such that

w(a) = 1 for all a ∈ X. Let 0 ̸= B ⊆ A be an axial subalgebra. That is, B is generated by

Y where Y ⊆ X. Since B ≠ 0, we have that the generating set Y of B contains at least

one axis b. Take the restriction w′ = w|B on B. Since w is a homomorphism, we have that

w′ is also a homomorphism. For every α ∈ F, w′(αb) = αw′(b) = α · 1 = α. This means

that w′ is surjective on B. Therefore, B is a baric algebra. All the axes in the generating

set Y of B satisfy w′(b) = w(b) = 1 since Y ⊆ X. Thus, B is a baric axial algebra. □

Proposition 5.1.8. Suppose that (A,X) is a baric axial algebra. Then A admits a

Frobenius form given by the formula (u, v) = w(u)w(v). For this Frobenius form, (a, b) = 1

for all a, b ∈ X.

Proof. Let us check that this is a bilinear form. Take λ ∈ F and t, u, v ∈ A. Then

(λu+ v, t) = w(λu+ v)w(t)

= (λw(u) + w(v))w(t)

= λw(u)w(t) + w(v)w(t)

= λ(u, t) + (v, t).
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Since the form is clearly symmetric, we have that

(u, λv + t) = λ(u, v) + (u, t).

Thus, (·, ·) is a bilinear form. Since (u, vt) = w(u)w(vt) = w(u)w(v)w(t) = w(uv)w(t) =

(uv, t), we have that (·, ·) is a Frobenius form. Also, for all a, b ∈ X, (a, b) = w(a)w(b) =

1 · 1 = 1. □

A Frobenius form satisfying (a, a) = 1 for all generating axes a is called the projection form

or normalised form. Note that the normalised Frobenius form on an algebra of Jordan

type is unique by [19, Theorem 4.1], and so the above form is that unique normalised

form on A.

5.2 Baric fusion law

As we have just seen, a baric axial algebra (A,X) always has a Frobenius form such that

(x, x) = 1 for all x ∈ X. Furthermore, (x, y) = 1 for all x, y ∈ X. So a baric algebra is

always connected.

Theorem 5.2.1. A connected primitive axial algebra is baric if and only if it satisfies a

fusion law F such that for all λ, µ ∈ F \ {1}, we have that λ ∗ µ does not contain 1.

Proof. Suppose that a primitive algebra A satisfies the fusion law F such that for all

λ, µ ∈ F \ {1}, we have that λ ∗µ does not contain 1. Take a primitive axis a ∈ A. Define

J = ⊕
λ∈F\{1} Aλ(a). We claim that J is an ideal of A of codimension 1. The last claim is

clear since A = A1(a) ⊕ J = ⟨a⟩ ⊕ J . We only need to check that J is an ideal. Select

a basis B := {ui | i ∈ I} of J , where each ui is an eigenvector of ada, say for eigenvalue
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λi, and let B̂ = {a} ∪B be the corresponding basis of A. By linearity, to show that J is

an ideal, it suffices to check that uv ∈ J for u ∈ B̂ (i.e., u = a or u = ui for some i ∈ I)

and v ∈ B (i.e., v = uj for some j ∈ I). If u = a, then uv = auj = λjuj ∈ J . If u = ui,

then uv = uiuj is contained in Aλi
(a)Aλj

(a) ⊆ Aλi∗λj
(a). Note that λi ̸= 1 ̸= λj. By the

assumption, λi ∗ λj does not contain 1. So Aλi∗λj
(a) is contained in J . We have shown

that J is an ideal.

We now want to prove that none of the generating axes is in J . Suppose that some axis

x ∈ X is contained in J . By connectivity, using Corollary 2.4.12, we then see that all

generating axes must be in J which would imply J = A. Since this is not the case, we

conclude that none of the generating axes is in J . So J is in the radical of A. Since J has

codimension 1 in A, J must be equal to the radical since clearly there cannot be a larger

proper ideal. We have shown that the algebra is baric.

Now we prove the converse. Suppose that A is a baric axial algebra satisfying a fusion

law F . We claim that A also satisfies the fusion law G obtained from F by removing 1

from all the subsets λ ∗ µ, λ, µ ∈ F \ {1}.

Let J be the radical of A and a be a primitive axis. Then a ̸∈ J . Therefore, A = ⟨a⟩ ⊕ J .

Since J , being an ideal, is invariant under ada, we must have that J = ⊕
λ∈F J ∩ Aλ(a).

Clearly, this implies that J = ⊕
λ∈F\{1} Aλ(a) since J is of codimension 1. So J contains

all eigenspaces of ada except A1(a) = ⟨a⟩.

If we multiply Aλ(a) and Aµ(a), λ, µ ̸= 1, then both quotients are in J , and so the product

Aλ(a)Aµ(a) ⊆ J . This means that this product is contained in Aλ∗µ(a) ∩ J = Aλ∗µ\{1}(a).

So indeed, A obeys the fusion law G. □

Applying the above operation to the fusion law J (η) (see Table 2.1), we obtain the

following corollary.
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Corollary 5.2.2. A connected primitive axial algebra is a baric algebra of Jordan type η

if and only if it satisfies the fusion law

∗ 1 0 η

1 1 η

0 0 η

η η η 0

5.3 Relevant values of η

We first note the following fact.

Proposition 5.3.1. A 2-generated algebra of Jordan type η is baric if and only if φ = 1.

Consequently, η = 2 or η = 1
2 .

Proof. Suppose that A is a 2-generated baric algebra of Jordan type, i.e., A is isomorphic

to (a quotient of) A(η, φ) for suitable η and φ. Let w be the weight function on A. Recall

that the normalised Frobenius form on an algebra of Jordan type is unique. In particular,

this Frobenius form must coincide with (u, v) = w(u)w(v). Therefore, for the generating

axes a and b, we have φ = (a, b) = w(a)w(b) = 1 · 1 = 1. So φ = 1.

For the converse, assume that φ = 1. If η ̸= 1
2 , every 2-generated algebra of Jordan type

η is isomorphic either to 2B, or to A(η, η
2) ∼= 3C(η), or to a quotient of 3C(η). However,

2B is not baric (as φ = 0 in 2B). So the baric algebra has to be isomorphic to 3C(η) or a

quotient of it. Recall that in 3C(η) (or quotient), φ = η
2 . So if φ = 1, then η = 2. And

indeed, in 3C(2), the Gram matrix with respect to the standard basis {a, b, c} looks as
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follows: 
1 φ φ

φ 1 φ

φ φ 1

 =


1 1 1

1 1 1

1 1 1

 .

Clearly, it has a rank of 1, and so this algebra is baric.

In the other case, η = 1
2 , the condition φ = 1 identifies the algebra as A(1

2 , 1) (or a

quotient). By Lemma 4.4.1, the Gram matrix of the Frobenius form with respect to the

basis {a, b, σ} is


1 φ π

φ 1 π

π π π(φ− 2η)

 =


1 φ 1

2(φ− 1)

φ 1 1
2(φ− 1)

1
2(φ− 1) 1

2(φ− 1) 1
2(φ− 1)2

 =


1 1 0

1 1 0

0 0 0

 .

Again, manifestly, this matrix has rank 1 and so the algebra is baric. □

Since in a baric axial algebra, every 2-generated subalgebra is also baric, we have the

following corollary.

Corollary 5.3.2. Suppose that A is a baric algebra of Jordan type η. Then η = 1
2 or

η = 2. Furthermore, (a, b) = 1 for any two axes a and b in A.

5.4 Baric Matsuo algebras

In this section, we will discuss the case where η = 2. We have already seen in Corollary

4.6.3 that every axial algebra of Jordan type 2 is either a Matsuo algebra or a quotient

of one. (This excludes the case where F has characteristic 3, because we must have that

2 ̸= 1
2 to apply Corollary 4.6.3.) If a quotient A = M/I of a connected Matsuo algebra
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M is baric, then A admits a surjective weight homomorphism w : A → F such that

w(a) = 1 for every axis a ∈ A. Let t : M → M/I be the natural surjection. Then w ◦ t is

a surjective algebra homomorphism M → F, hence a weight function on M . Furthermore,

ker(w ◦ t) is a proper ideal in M . Since M is connected, none of the axes from M can

be in this ideal, and so M is a baric axial algebra. Vice versa, quotient algebras of baric

axial algebras are clearly baric. Therefore, our task reduces to identifying which Matsuo

algebras for η = 2 are baric.

Theorem 5.4.1. A connected Matsuo algebra M = M2(G,D) is baric if and only if the

corresponding 3-transposition group (G,D) is of Moufang type.

Proof. Suppose that the Matsuo algebra M is baric. According to Proposition 5.1.8, we

have that φ = (a, b) = 1 for all pairs of axes a, b ∈ D. Comparing with Proposition 4.2.2,

we see that the order of ab in the group G is three, as long as a ̸= b. Hence, we never

have o(ab) = 2 and so (G,D) is of Moufang type.

Conversely, suppose that (G,D) is of Moufang type and η = 2. Then G contains no

commuting 3-transpositions. Therefore, the order of ab is 3 for all a, b ∈ D, a ≠ b. Hence,

(a, b) = 1 for all axes a ̸= b.

Consequently, the Gram matrix T of the Frobenius form with respect to the basis D of

M is the all-one matrix and so the rank of this matrix is 1. Hence the dimension of the

radical of M is |D| − 1, i.e., it has codimension 1. This means that M is baric. □

This result gives us a complete description of baric algebras of Jordan type η ̸= 1
2 .

In the remainder of the thesis, we turn to the exceptional case η = 1
2 . Here, in addition to

Matsuo algebras, we also encounter Jordan algebras. In fact, the complete list of algebras

of Jordan type 1
2 is not known and so the answer in this exceptional case is quite different.

65



CHAPTER 6

PRELIMINARIES ON MAGMAS

We will need the concepts of magmas and universal magmas.

6.1 Magmas

Definition 6.1.1. A magma M is a set with a binary operation. If the binary operation

is commutative, then we say that M is a commutative magma.

Examples of magmas are plentiful, for example, groups, monoids, semi-groups and quasi-

groups are all magmas. If A is an algebra, then (A,+) is a commutative magma, a group

and even a vector space. Also, (A, · ) is a magma, and we call it the multiplicative magma

of A.

Definition 6.1.2. Suppose M is a magma. A subset S of M is a submagma if it is closed

with respect to the magma operation.

In particular, the empty subset is trivially a submagma of every magma M .
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Lemma 6.1.3. Let M be a magma and Mi, i ∈ I, a collection of submagmas of M . Then

the intersection K := ⋂
i∈I Mi is a submagma.

Proof. If a, b ∈ K, then a, b ∈ Mi for each i. Each Mi is a submagma, so it is closed under

the magma product. So ab ∈ Mi for each i. Thus, ab is also in K, proving that K is

closed under the product. □

Corollary 6.1.4. Given a subset X of a magma M , there exists a unique smallest

submagma of M containing X.

Proof. This unique smallest submagma is the intersection of all submagmas of M that

contain X. Indeed, by the above lemma, this intersection is a submagma. □

Definition 6.1.5. For a magma M and a subset X ⊆ M , the unique smallest submagma

containing X is called the submagma generated by X. This unique smallest submagma is

denoted by ⟨X⟩.

In particular, the empty subset ∅ = X ⊆ M generates the empty submagma. That is,

⟨∅⟩ = ∅.

Example 6.1.6. Suppose that (A,X) is an axial algebra. We can view A as a multiplicative

magma by ignoring the addition operation. We will denote by M(A,X) the submagma

⟨X⟩ generated by X within the magma A. In other words, M(A,X) consists of all the

products (of arbitrary length) that we can form using the elements of X. When A or X is

clear, we can use M(A) or M(X) instead of the full notation M(A,X). This example of

a submagma will play an important role in the remainder of the text.

Note that M(A,X) spans A as a vector space, that is, A = ⟨M(A,X)⟩.

For a magma M and a subset X ⊆ M , let us inductively define the following increasing

sequence of subsets:
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(i) M1 = X;

(ii) for i ≥ 2, Mi = Mi−1 ∪ (⋃i−1
j=1 MjMi−j).

It is clear that each Mi is contained in ⟨X⟩. On the other hand, ⋃∞
i=1 Mi is closed under

the magma product, so we conclude that ⋃∞
i=1 Mi = ⟨X⟩.

Definition 6.1.7. Suppose that M is a magma and X ⊆ M . Let the subsets Mi be

as above. For m ∈ ⟨X⟩, we define the length ℓ(m) of m with respect to X as i ∈ N such

that m ∈ Mi \ Mi−1.

Informally, the length ℓ(m) is equal to the number of quotients from X that are needed to

obtain m as a product. We can also write ℓ(m) = min {ℓ(n) + ℓ(k) | n, k ∈ ⟨X⟩,m = nk}.

From the above discussion, we can now use the length of an element for inductive proofs.

Definition 6.1.8. Suppose that M,N are magmas and φ : M → N is a map. We say

that φ is a magma homomorphism if φ(mn) = φ(m)φ(n) for all m,n ∈ M .

Proposition 6.1.9. Suppose that M is a magma with the generator set X. Then for

every map φ : X → N , where N is a magma, there exists at most one homomorphism

ψ : M → N that extends φ. That is, ψ|X = φ.

Proof. By contradiction suppose that there are two extension homomorphisms ψ1 and

ψ2. Let m ∈ M be an element such that ℓ(m) is minimal subject to the condition that

ψ1(m) ̸= ψ2(m). There are two cases. The first case is where m ∈ X, i.e., ℓ(m) = 1.

Clearly, in this case, ψ1(m) = φ(m) = ψ2(m) since ψ1|X = φ = ψ2|X . Therefore, we have

a contradiction in this case. The second case is where m ̸∈ X. Then m = nk where

ℓ(m) = ℓ(n) + ℓ(k), which means that ℓ(n) and ℓ(k) are both smaller than ℓ(m). By the

minimality of ℓ(m), ψ1(n) = ψ2(n) and ψ1(k) = ψ2(k). But ψ1(m) = ψ1(nk) = ψ1(n)ψ1(k)
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and ψ2(m) = ψ2(nk) = ψ2(n)ψ2(k). So ψ1(m) = ψ2(m) which is a contradiction. Thus,

there exists at most one homomorphism ψ extending φ. □

Definition 6.1.10. Suppose that a magma M is generated by its subset X. We say that

M is a free magma with (free) generators X if, for any magma N , any map ψ : X → N

extends to a homomorphism from M to N .

Our first goal is to show that the free magma exists. We use binary trees to represent its

elements. We first recall the basic concepts from graph theory. A tree is a connected graph

without cycles. We only consider finite trees. There is a unique shortest path between

two vertices in a tree. A rooted tree is a tree with one vertex being designated as the root.

In a rooted tree, the number of edges on the unique shortest path from the root to the

particular vertex v is called the depth of v. So the depth of the root is 0 and the depth of

the neighbours of the root is 1, etc. The maximum depth of a vertex in a tree is called

the height of the tree.

Suppose that a vertex v is not the root. The parent of v is the unique neighbour u of v

such that the depth of u is smaller than the depth of v. For any vertex u, the children of

u are all vertices v such that u is the parent of v. We call a vertex without children a leaf.

A binary tree is a rooted tree such that every vertex has either zero or two children. An

ordered binary tree is a binary tree where the children of every vertex in the tree are

ordered. That is, there is the first child and the second child. In a picture, the children

will be organised from left to right.

The above concepts are illustrated in Figure 6.1.

Let X be a set. We can think of X as an alphabet. We use the elements of X to mark the

leaves of an ordered binary tree. In the remainder of this section, by a tree we will mean

such an ordered binary tree with marked leaves. The elements of the free magma M(X)
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Figure 6.1: An ordered binary tree of height 3

we are building are all such trees. We define the product on M(X) as follows. Suppose

that x, y ∈ M(X), i.e., x and y are trees. To construct the tree xy, we add a new root

vertex r and the roots of x and y become the first and second child of r respectively. We

call xy the join of x and y. We can see an example of a join in Figure 6.2.

(a) x = a(ab) (b) y = cb

(c) xy = (a(ab))(cb)

Figure 6.2: A join of trees

We identify each element of X with a one-vertex tree labelled by that element (see Figure

6.3). So X ⊆ M(X) and then M(X) is generated by X.

Observe that every element w of M(X) is either in X or it can be uniquely written as
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Figure 6.3: Graphs with one vertex

w = xy for x, y ∈ M(X). Let N be a magma and ψ : X → N be an arbitrary map. Let

us construct a map φ : M(X) → N extending ψ. We do it inductively in terms of the

height of the element. Let w ∈ M(X). If the height of w is 0, then w ∈ X, and so we

define φ(w) = ψ(w). Otherwise, w can be written uniquely as w = xy. Note that the

heights of x and y are lower than the height of w. So we can assume by induction that

φ(x) and φ(y) have already been defined. Therefore, we can set φ(w) = φ(x)φ(y).

It is now clear that φ is a homomorphism. Indeed, for x, y ∈ M(X), if we set w = xy,

then this is the only decomposition of w as a product, and so by the definition of φ,

φ(xy) = φ(w) = φ(x)φ(y). So we have φ(xy) = φ(x)φ(y) and so φ is a homomorphism. It

is clear that φ is unique for ψ because there was no choice at every step of its construction.

Therefore, we have shown the following result.

Theorem 6.1.11. The magma M(X) is a free magma with respect to its subset X.

The cardinality of the set X is called the rank of the free magma M .

Theorem 6.1.12. The free magma of a fixed rank is unique up to isomorphism.

Proof. Let M and N be free magmas with the generating sets X and Y respectively.

Assume that M and N have the same rank, i.e., |X| = |Y |. There is a bijection ψ from X

to Y ⊆ N . Since M is a free magma, this map ψ extends to a homomorphism φ from M

and N . Now take the inverse map ψ−1 from Y to X ⊆ M . Since N is a free magma, this

map ψ−1 extends to a homomorphism ξ from N to M . We claim that φ and ξ are inverses

of each other. Indeed, the product ξφ is a homomorphism from M to itself extending the

71



identity map ψ−1ψ from X to X ⊆ M . Since the extension is unique, the entire map ξφ

is the identity map, because the identity map is a homomorphism and it extends ψ−1ψ.

Symmetrically, φξ is also the identity map on N and so φ and ξ are inverses of each other.

Thus, they are isomorphisms. □

6.2 Congruences

We have earlier defined the homomorphisms between magmas. In this section, we will

define the congruences of magmas which is roughly equivalent to the concept of normal

subgroups in group theory.

Definition 6.2.1. Let M be a magma. A congruence on M is an equivalence relation ∼

such that if x ∼ y and z ∼ t for x, y, z, t ∈ M , then xz ∼ yt.

We have mentioned that this concept is similar to normal subgroups in group theory.

Example 6.2.2. Suppose that M is a group. Then a congruence ∼ on M is an equivalence

relation corresponding to the partition of M as the set of cosets of a normal subgroup.

Indeed, it is not difficult to verify that the set N = {x ∈ M | x ∼ 1M} is a normal

subgroup of M and every other equivalence class is a coset of N .

The equivalence classes of a congruence will be called congruence classes. The congruence

class containing an element x ∈ M will be denoted by [x].

The set of congruence classes carries the structure of a magma where the product is

defined as follows: [x][y] := [xy] for all x, y ∈ M . Let us show that it is well-defined.

Take x′ ∈ [x] and y′ ∈ [y]. Since ∼ is a congruence on M and since x′ ∼ x and y′ ∼ y,

we conclude that x′y′ ∼ xy. That is, [x′y′] = [xy]. So the product of congruence classes
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is well-defined. The magma of congruence classes is called the factor magma and it is

denoted by M/ ∼.

We next have the following theorem that is similar to the First Isomorphism Theorem for

groups.

Theorem 6.2.3. Suppose that φ : M → N is a homomorphism of magmas. For x, y ∈ M ,

let x ∼ y if and only if φ(x) = φ(y). Then this relation ∼ is a congruence on M and the

submagma imφ of N is isomorphic to M/ ∼.

Proof. Let x, y, z, t ∈ M with x ∼ y and z ∼ t. Then φ(x) = φ(y) and φ(z) = φ(t). Since

φ is a homomorphism, φ(xz) = φ(x)φ(z) = φ(y)φ(t) = φ(yt). Therefore, xz ∼ yt and so

∼ is a congruence on M .

Let p, q ∈ imφ. Then φ(m) = p and φ(n) = q for some m,n ∈ M . We have that

φ(mn) = φ(m)φ(n) = pq. So imφ is closed with respect to the magma operation. Thus,

imφ is a submagma of N .

Next, we show that imφ ∼= M/ ∼. Consider the map φ−1 : imφ → 2M via φ−1(n) = {m ∈

M | φ(m) = n}. We claim that φ−1(n) is an element of M/ ∼, i.e., it is a congruence

class. This follows from the definition of ∼ above. Thus, φ−1 can be viewed as a map from

imφ to M/ ∼. The inverse is induced by φ. This means that φ−1 is bijective. It remains

to note that φ−1 is a homomorphism. Let n, n′ ∈ imφ. Say n = φ(m) and n′ = φ(m′).

Then φ−1(nn′) = [mm′] = [m][m′] = φ−1(n)φ−1(n′). Thus, φ−1 is an isomorphism. □

Definition 6.2.4. Suppose that ∼i for i ∈ I are equivalence relations on a set X. By the

intersection ⋂
i∈I ∼i we mean the relation ∼ such that x ∼ y if and only if x ∼i y for all i.

Note that the ∼ in this definition is again an equivalence relation. Indeed, since each ∼i

is reflexive, x ∼i x for all i and x ∈ M . Thus, x ∼ x for all x ∈ M , i.e., ∼ is reflexive.
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Let x, y ∈ M . Suppose that x ∼ y. Then x ∼i y for each i. So y ∼i x for every i because

∼i is symmetric. Thus, y ∼ x, i.e., ∼ is also symmetric. Let x, y, z ∈ M . Suppose that

x ∼ y and y ∼ z. Then for every i, x ∼i y and y ∼i z. So x ∼i z for every i as ∼i is an

equivalence relation. Thus, x ∼ y and y ∼ z imply that x ∼ z, i.e., ∼ is transitive. Thus,

∼ is an equivalence relation.

Theorem 6.2.5. If ∼i, i ∈ I, are congruences on a magma M , then the intersection

∼= ⋂ ∼i is also a congruence of M .

Proof. We have already seen that ∼ is an equivalence. So we just need to show that ∼

is a congruence. Let x, y, z, t ∈ M . Suppose that x ∼ y and z ∼ t. Then x ∼i y and

z ∼i t. So xy ∼i zt as ∼i is a congruence. Since this is true for every i, we have xz ∼ yt.

Therefore, ∼ is a congruence on M . □

Corollary 6.2.6. For a magma N and a set of pairs (ni, n
′
i) ∈ N ×N , there is a unique

finest congruence ∼ on N such that ni ∼ n′
i for all i ∈ I.

Proof. The set of pairs R = {(ni, n
′
i) | i ∈ I} is contained in at least one congruence, for

example, N ×N is such a congruence. Therefore, by Theorem 6.2.5 the intersection of all

congruences containing R is the unique finest congruence containing R. □

We will denote the minimal congruence containing the set of pairs R by (R).

This result means that we can define magmas in terms of their generators and relations.

For example, if a magma M is generated by mi, for i ∈ I, then M ∼= M(X)/ ∼, where

X = {xi | i ∈ I} and ∼ is a congruence on M(X) coming from the homomorphism

φ : M(X) → M sending each xi to mi. Then if we have a set of pairs R = {(ni, n
′
i) ∈

M(X) ×M(X) | i ∈ I} such that ∼ is the finest congruence containing all pairs from R,

then we can view the pairs (ni, n
′
i) as relators generating the congruence ∼. Note that we
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must have φ(ni) = φ(n′
i), for all i ∈ I, for the pairs to be contained in ∼. In view of this,

we will write our relators as ni = n′
i and we will also write M ∼= M(X)/(R).

Let us formulate the Third Isomorphism Theorem for magmas.

Theorem 6.2.7. Let M be a magma and ∼ and ≈ be two congruences on M with ∼

contained in ≈. Then there exists a surjective homomorphism of magmas ϕ : M/ ∼→

M/ ≈ sending [m]∼ 7→ [m]≈ for all m ∈ M . Furthermore, the congruence on M = M/ ∼

corresponding to ϕ is the relation ≈ defined as follows: the congruence classes [m]∼ and

[m′]∼, where m,m′ ∈ M , are in the relation ≈ if and only if m ≈ m′. Consequently,

M/≈ ∼= M/ ≈.

Proof. Note that since ∼ is contained in ≈, every congruence class of ∼ is fully contained

in some class of ≈. In particular, the map ϕ is well-defined. If m,m′ ∈ M then

ϕ([m]∼[m′]∼) = ϕ([mm′]∼) = [mm′]≈ = [m]≈[m′]≈ = ϕ([m]∼)ϕ([m′]∼). This shows that

ϕ is a homomorphism of magmas. Every class [m]≈ ∈ M/ ≈ is equal to ϕ([m]∼), which

means that ϕ is surjective, as claimed.

Manifestly, ≈ is the congruence on M = M/ ∼ corresponding to ϕ and hence the final

claim follows from Theorem 6.2.3. □

6.3 Example: magmas generated by idempotents

Consider the magma M(X) for some set X, that is, the elements of M(X) are (marked

ordered binary) trees and let ∼ = (R) be the minimal congruence containing R = {(x2, x) |

x ∈ X} (we could have written these relators as equalities x2 = x; see Figure 6.4). Let

I(X) = M(X)/ ∼. This is the universal magma generated by a set X of idempotents.

Indeed, if M is generated by a set Y of idempotents and φ : X → Y is a bijection,
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Figure 6.4: Generators of ∼

then, by Theorem 6.1.9, φ extends to a homomorphism ψ : M(X) → M . Let ≈ be the

congruence on M(X) coming from the homomorphism ψ. Then ψ(x2) = ψ(x)2 = ψ(x)

since ψ(x) = φ(x) ∈ Y (as ψ is an extension of φ) and the elements of Y are idempotents.

This means that x2 ≈ x for all x ∈ X, i.e., the congruence ≈ contains the relation

R. Consequently, ≈ also contains the congruence ∼= (R). Now our Theorems 6.2.3

and 6.2.7 are applicable. Namely, M ∼= (M(X)/ ≈) ∼= I(X)/≈. Therefore, we have a

homomorphism from I(X) onto M sending every [x]∼ to y = φ(x). Note that the classes

[x]∼ remain distinct for distinct x.

Definition 6.3.1. A twin pair in a tree from M(X) is a pair of leaves with the same

parent and with the same mark x ∈ X.

Figure 6.5: A twin pair

Proposition 6.3.2. Consider the congruence ∼ = (x2 = x | x ∈ X) on M(X). Then

every congruence class of ∼ contains the unique smallest tree which is the only tree in the

congruence class that has no twin pairs.

Proof. Let us define a process of reduction on trees from M(X). If a tree T has a pair

of twins, say with a mark x ∈ X, a single step of reduction removes these twins from

T and labels the parent of these twins (which is now a leaf) with the mark x. Clearly,
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the resulting tree T ′ is again in M(X) and it has fewer leaves by one. A full reduction

consists of a number of such steps until the final tree has no twins at all.

Note that the pair (T, T ′) from the single step above belongs in the congruence ∼.

Consequently, a full reduction of T produces a tree without twins in the congruence class

[T ]∼.

Clearly, when a tree contains many pairs of twins, there is more than one way to carry

out a full reduction. The first step of the proof is to show that the result of full reduction

is independent of the order of steps. We prove this by induction on the number of leaves.

Namely, suppose by contradiction that the claim is not true and select a counterexample

tree T for which the number of leaves is minimally possible. This means that T has

two full reductions, say, R1 and R2, resulting in two different reduced trees T ∗
1 and T ∗

2 ,

respectively. (Note that T cannot be itself reduced, as it then would only admit the

unique, zero-step full reduction, and so T ∗
1 = T = T ∗

2 , which is a contradiction.)

Suppose first that R1 and R2 start with the same first step, producing a tree T ′. Since T ′

is smaller than T , it cannot be a counterexample, so it has a unique fully reduced form.

Since R1 and R2 without the first step are full reductions of T ′, we conclude that T ∗
1 = T ∗

2 ,

which is a contradiction.

Now suppose that R1 and R2 have different first steps. Say the first step of R1, denoted

S1, removes a pair of twins in T resulting in a tree T1, and the first step of R2, denoted

S2, removes a different pair of twins from T resulting in a tree T2. The two pairs of twins

are clearly disjoint in T . This means that the pair of twins used for S2 is still present in

T1 and so S2 can be applied to T1 producing a tree T ′. Symmetrically, S1 can be applied

to T2 and the result of this step is the same tree T ′. Let R′ be any full reduction of T ′

with the resulting tree T ∗. Note that both T ∗
1 and T ∗ are full reductions of T1. Since
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T1 has fewer leaves than T , it cannot be a counterexamples, which means that T ∗
1 = T ∗.

Symmetrically, T ∗
2 and T ∗ are full reductions of T2, and again this means that T ∗

2 = T ∗.

We conclude that T ∗
1 = T ∗

2 , which is the final contradiction showing that indeed every tree

T ∈ M(X) has a unique reduced form.

Now we are prepared to establish the claim of the lemma. Since ∼ is the congruence

generated by all pairs (x2, x), x ∈ X, any two trees in the same congruence class are

connected via a path with a finite number of steps either removing a pair of twins, as

above, or inserting a pair of twins (i.e., adding to a former leaf marked with x ∈ X two

children leaves marked x). In any case, any two consecutive trees on the path would have

the same reduced form, which means that all trees in the congruence class have the same

reduced form, proving the claim. □

Corollary 6.3.3. The elements of I(X), i.e., the congruence classes of ∼, are in a natural

bijection with the trees not containing twin pairs. The multiplication on this set is the

same as the multiplication from M(X) with one exception: the product of the one-vertex

tree Tx labelled by x with itself is again itself for every x ∈ X. That is, TxTx = Tx.

Proof. By Proposition 6.3.2, every congruence class contains a unique tree without twin

pairs. This gives us a bijective correspondence. Note that if T and Q are two such trees,

then TQ also does not have twin pairs unless T = Q consists of a single vertex. When

TQ has no twin pairs, clearly we have that [T ]∼[Q]∼ = [TQ]∼, and so the multiplication

of classes matches the multiplication of the trees T and Q. In the exceptional case, where

T = Q has only one vertex, [T ]∼[T ]∼ = [TT ]∼ = [T ]∼ since TT has a twin pair and its

class is represented by T . □
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6.4 Commutative magmas

In the section, we construct the free commutative magma. Let us first give the definition

of this object.

Definition 6.4.1. Let a commutative magma M be generated by a subset X ⊆ M .

Then M is said to be the free commutative magma with (free) generators X if for every

commutative magma N , any map ψ : X → N extends to a homomorphism from M to N .

We will first show the existence of this object in terms of a presentation.

Proposition 6.4.2. Let C(X) be the factor magma M(X)/ ∼ where ∼ = (TQ = QT |

T,Q ∈ M(X)). Then C(X) is the free commutative magma generated by X.

Proof. First of all, it is clear that C(X) is commutative. Indeed, [T ]∼[Q]∼ = [TQ]∼ =

[QT ]∼ = [Q]∼[T ]∼ for all T,Q ∈ M(X), since TQ ∼ QT . Consider now an arbitrary

commutative magma N and an arbitrary map φ : X → N . By Proposition 6.1.9,

this map extends to a homomorphism ψ : M(X) → N . Let ≈ be the congruence on

M(X) corresponding to ψ. Note that for T and Q in M(X), we have that ψ(TQ) =

ψ(T )ψ(Q) = ψ(Q)ψ(T ) = ψ(QT ), since N is commutative. This means that TQ ≈ QT

for all T,Q ∈ M(X). Thus, ≈ contains the congruence ∼ = (TQ = QT | T,Q ∈ M(X)).

By Theorem 6.2.7, we now have a homomorphism ξ : C(X) = M(X)/ ∼ → N extending

φ. So C(X) is indeed the free commutative magma. □

Recall the uniqueness theorem for the free magma. Similarly, we have the uniqueness

theorem for the free commutative magma.

Theorem 6.4.3. The free commutative magma of a fixed rank is unique up to isomorphism.

Proof. Suppose that M and N are free commutative magmas generated by the sets X and
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Y respectively such that |X| = |Y |, i.e., the rank of M and the rank of N are equal. We can

select a bijective map ψ : X → Y ⊆ N because |X| = |Y |. Since M is a free commutative

magma and N is commutative, the map ψ extends to a homomorphism φ : M → N .

Consider the inverse map ψ−1 : Y → X ⊆ M . Since N is a free commutative magma and

M is commutative, the map ψ−1 extends to the homomorphism ξ : N → M . Note that

ξφ is a homomorphism from M to itself extending the identity map ψ−1ψ : X → X ⊆ M .

Since the extension is unique, ξφ is also the identity map. Similarly, φξ is the identity

map from N to itself. Therefore, ξ and φ are isomorphisms. □

Let us now describe C(X) explicitly. The description is similar to what we have in Section

6.1. The only difference is that here we consider the ordinary (unordered) binary trees

instead of the ordered ones. Thus, let C(X) be the set of all labelled binary trees. Recall

that the free magma M(X) is the set of all binary trees where two children of the same

vertex are ordered by the first and the second children. The product on M(X) is defined

as follows: if x, y ∈ M(X) are binary trees, then xy is obtained by adding a new root

vertex and the roots of x and y become the first child and the second child of the new

root vertex respectively. The product on C(X) is the same but again we ignore the order

of children. For example, in Figure 6.6, we show two representations of the same element

a(ab) = (ba)a.

Figure 6.6: a(ab) = (ba)a

We need to show that this is a realisation of C(X). Indeed, notice the following properties

of binary trees: every unordered binary tree T has a unique set of factors F1, F2 such that

T = F1F2 = F2F1. Using this, we can show by induction on the height of the tree that
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every map φ from X to a commutative magma N extends to a homomorphism ψ from

this version of C(X) to N . The map ψ is known for the one-vertex trees T (height 0),

which are elements of X, and so ψ(T ) = φ(T ). Let us suppose that the map is defined for

all trees of height up to k ≥ 0. If T is a tree of height k+ 1 and F1, F2 are its factors, then

we define ψ(T ) = ψ(F1)ψ(F2) (note that ψ(F1)ψ(F2) = ψ(F2)ψ(F1) as N is commutative).

This gives us the definition of the map ψ and it is immediately from the definition that ψ

is a homomorphism since every tree T with height k ≥ 1 can be uniquely factorised as a

product of two commuting factors. From now on, when we talk about C(X), we mean its

tree realisation.

6.5 Free commutative magma generated by idempo-
tents

In this section, we summarise everything we have so far. We start with building an

example of the free commutative magma generated by idempotents which will be used to

construct the universal axial algebra.

Definition 6.5.1. Suppose that M is a magma with a set of generators X. We say

that the pair (M,X) is an axial magma if M is commutative and all elements of X are

idempotents.

Definition 6.5.2. An axial magma (M,X) is a free axial magma if for every axial magma

(N, Y ), every map ψ : X → Y extends to a homomorphism from M to N .

We now describe a particular axial magma A(X) and further show that A(X) is a free

axial magma. The construction for a free axial magma via representation is very similar to

the examples above. So we will skip this construction and instead describe A(X) directly
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in terms of unordered binary trees. Since the generating elements are idempotents, we

do not allow twin pairs in the tree. So the elements of A(X) are unordered binary trees

without twin pairs. The product on A(X) is defined in the following way: if x, y ∈ A(X),

we add a new root vertex and the roots of x and y become the children of this new root.

The only exception to this rule is when x = y ∈ X (i.e., both factors are the one-vertex

trees marked by x), then we set xy = xx = x.

Theorem 6.5.3. The magma A(X) is a free axial magma generated by X. In particular,

A(X) ∼= M(X)/ ∼, where ∼ = (TQ = QT, x2 = x | T,Q ∈ M(X), x ∈ X).

Proof. Consider an axial magma (N, Y ) and an arbitrary map φ : X → Y . We need to

show that φ extends to a homomorphism ψ : A(X) → N . Clearly, for x ∈ X, ψ(x) = φ(x).

If T is a tree of height more than 0, then T decomposes uniquely as a product of two

trees R and S of smaller height. Hence, inductively, we may assume that ψ(R) and

ψ(S) are already defined and we can set ψ(T ) = ψ(RS) := ψ(R)ψ(S). (Recall that N

is commutative. So ψ(R)ψ(S) = ψ(S)ψ(R), making our construction well-defined.) The

fact that this is a homomorphism follows immediately from the construction since every

T of height at least one decomposes uniquely up to the order of the factors. □

Now we state the corresponding uniqueness theorem.

Theorem 6.5.4. The free axial magma A(X) of a fixed rank |X| is unique up to isomor-

phism.

The proof of this theorem is very similar to the proof of Theorem 6.4.3. The only difference

is that when we take (N, Y ) to be the second free axial magma with |X| = |Y |.
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CHAPTER 7

UNIVERSAL BARIC ALGEBRA OF JORDAN
TYPE 1

2

In this chapter, we establish the existence of the universal k-generated baric algebra of

Jordan type 1
2 .

7.1 Magma algebra

Definition 7.1.1. LetA(X) be a free axial magma. Then the magma algebra F[A(X)] over

a field F has the basis A(X) and the multiplication in F[A(X)] extends the multiplication

in A(X). That is,

F[A(X)] = ⟨A(X)⟩ = {
∑

m∈A(X)
αmm | αm ∈ F}

and for u = ∑
m∈A(X) αmm and v = ∑

n∈A(X) βnn, we have uv = ∑
m,n∈A(X) αmβnmn.

As usual, we only consider finite linear combinations, that is, for u = ∑
m∈A(X) αmm ∈

F[A(X)], all but finitely many coefficients αm are zero, and similarly for v. This is why
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the product formula above makes sense as it is a finite sum.

Recall that the elements of A(X) are special binary trees, hence every element of the

magma algebra F[A(X)] can be represented by the linear combination of unordered binary

trees without twin pairs.

Proposition 7.1.2. Suppose that A is an axial algebra with a generating set of axes Y .

Then every map from X to Y can be extended to a unique algebra homomorphism φ from

F[A(X)] to A.

Proof. Let us view A as a multiplicative magma (i.e., we ignore addition). Let M be the

submagma of A generated by Y . Since A(X) is a free axial magma, the map ψ : X → Y

extends to a unique homomorphism φ′ : A(X) → M . Since each element of F[A(X)] can

be expressed as a linear combination of elements of A(X), the map ψ : X → Y extends

the homomorphism φ : F[A(X)] → A by linearity. □

In particular, this proposition tells us that as long as the number of the generating axes

of the axial algebra A is no greater than the size of the set X, the algebra A is a factor

of F[A(X)]. So we can obtain it by factoring out some relations from F[A(X)]. In the

remainder of this chapter, we will analyse which relations hold for all baric algebras of

Jordan type 1
2 , and in this way, we will construct the universal k-generated baric algebra

of Jordan type half.

However, we first need to add a Frobenius form to F[A(X)] as it is known that every axial

algebra of Jordan type admits a Frobenius form [19].
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7.2 Frobenius form

We first need the following observation.

Lemma 7.2.1. Suppose that A is a baric algebra of Jordan type 1
2 with a generating set

of axes X. Let M = M(A) be the multiplicative submagma in A generated by the set of

axes X. Let m,m′ ∈ M . Then (m,m′) = 1.

Proof. Recall that (u, v) = w(u)w(v), where w is the weight function. We claim that

w(m) = 1 for all m ∈ M . Indeed, we do it by induction on the length ℓ(m) of m. If

ℓ(m) = 1, then m ∈ X is an axis. So m is an idempotent and it is not in the radical.

Hence, w(m) is a non-zero idempotent in F and so w(m) = 1. Consider an arbitrary

m ∈ M . It can be written as a product m = m1m2 where ℓ(m1), ℓ(m2) are smaller than

ℓ(m). By induction we know that w(m1) = 1 = w(m2). Since w is a homomorphism, we

have that w(m) = w(m1m2) = w(m1)w(m2) = 1 · 1 = 1. Therefore, indeed w(m) = 1 for

all m ∈ M .

Now taking m and m′ from the statement of the lemma, we have that (m,m′) =

w(m)w(m′) = 1. □

The above lemma allows us to introduce a suitable Frobenius form on the algebra F[A(X)].

For an arbitrary element u = ∑
m∈A(X) αmm ∈ F[A(X)], we define w(u) = ∑

m∈A(X) αm ∈

F.

Proposition 7.2.2. The map w : F[A(X)] → F is an algebra homomorphism. The algebra

F[A(X)] can be viewed as a baric algebra with the weight function w.

Proof. Clearly, w is linear and surjective. So we just need to show that w(uv) = w(u)w(v)

for all u, v ∈ F[A(X)]. Let u = ∑
m∈A(X) αmm and v = ∑

n∈A(X) βnn. Then w(uv) =
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w(∑
m,n∈A(X) αmβnmn) = ∑

m,n∈A(X) αmβn = (∑
m∈A(X) αm)(∑

n∈A(X) βn) = w(u)w(v). So

w is an algebra homomorphism and a valid weight function.

Note that we treat the elements of X ⊂ A(X) ⊂ F[A(X)] as axes of F[A(X)] and w(x) = 1

for all x ∈ X and this is exactly the additional condition we impose on baric axial algebras.

□

It is remarkable that the universal axial algebra (regardless of the fusion law) is baric.

This underscores the importance of this property.

7.3 Spectrum relators

We now focus on the relators we need to add for the algebra to become an algebra of

Jordan type half. Namely, we need to ensure that each element x ∈ X is a primitive axis

of Jordan type half. The first order of business is the spectrum of adx and primitivity.

Suppose that (A,X) is a baric algebra of Jordan type half and consider the multiplicative

submagma M := M(A,X) generated by X. Recall that A = A1(x) ⊕ A0(x) ⊕ A 1
2
(x) for

every x ∈ X and so for each u ∈ A, we have that u = u1 + u0 + u 1
2

for some u1 ∈ A1(x),

u0 ∈ A0(x) and u 1
2

∈ A 1
2
(x). Consider the projection u1 of u onto A1(x). Since x is

primitive, A1(x) = ⟨x⟩, i.e., u1 is a multiple of x. More precisely, u1 = (x, u)x = w(u)x,

where w is the weight function on A. Thus, u = w(u)x+ u0 + u 1
2
.

Recall that the weight function on a baric algebra has value 1 for all m ∈ M , i.e., w(m) = 1.

That is, if u = m ∈ M , then m = x+m0 +m 1
2
.

In the remainder of this chapter, we will use the following notation for convenience: if

u is an element of an axial algebra B over a field F, x is an axis of B, and f ∈ F[t] is a
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polynomial, then by u · f(x) we mean f(adx)(u). For example, if f(t) = t(t− 1
2) = t2 − 1

2t,

then u·f(x) = u·(x2− 1
2x) = (ux)x− 1

2ux. Since adx is an element of the algebra of all linear

maps from B to itself, which is associative, we have that (u · f(x)) · g(x) = u · (f(x)g(x)).

Lemma 7.3.1. Suppose that (A,X) is a baric axial algebra of Jordan type half. Let

M := M(A,X). Then for x ∈ X and m ∈ M , we have that m = x+m0 +m 1
2

for some

m0 ∈ A0(x) and m 1
2

∈ A 1
2
(x). Furthermore,

(a) m0 = −2(m− x) · (x− 1
2) = −2mx+m+ x;

(b) m 1
2

= 2(m− x) · x = 2mx− 2x;

(c) (m − x) · (x2 − 1
2x) = (mx)x − 1

2mx − 1
2x = 0 for all m ∈ M ; consequently,

(u− w(u)x) · (x2 − 1
2x) = (ux)x− 1

2ux− 1
2w(u)x = 0 for all u ∈ A.

Proof. The claim that m = x+m0 +m 1
2

has been shown before the lemma. We have that

(m−x)·(x− 1
2) = (m0+m 1

2
)·(x− 1

2) = m0x− 1
2m0+m 1

2
x− 1

2m 1
2

= 0− 1
2m0+ 1

2m 1
2
− 1

2m 1
2

=

−1
2m0. Hence, (a) follows. Similarly, (m−x)·x = (m0+m 1

2
)·x = m0x+m 1

2
x = 0+ 1

2m 1
2

=
1
2m 1

2
. So (b) also holds. The final claim follows similarly from either (a) or (b). □

In view of part (c) of the above lemma, if we want to construct from F[A(X)] the

universal baric axial algebra of Jordan type half, we need to impose at least the relations

(mx)x− 1
2mx− 1

2x = 0 for all x ∈ X and m ∈ A(X).

Lemma 7.3.2. The relator (mx)x− 1
2mx− 1

2x is contained in the baric radical of F[A(X)]

for all x ∈ X and m ∈ A(X).

Proof. Since w((mx)x− 1
2mx− 1

2x) = 1 − 1
2 − 1

2 = 0, the claim follows, as the baric radical

is the kernel of the weight function w. □
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Let I := ((mx)x− 1
2mx− 1

2x | x ∈ X,m ∈ A(X)) be the ideal of F[A(X)] generated by

the above relators. In view of Lemma 7.3.2, I is fully contained in the baric radical of

F[A(X)]. Consider the quotient algebra U(X) := F[A(X)]/I of F[A(X)]. Clearly, U(X)

is a baric algebra with a weight function induced from F[A(X)]. We will denote this new

weight function with the same symbol w.

Theorem 7.3.3. The algebra U(X) is the universal k-generated axial algebra for the

fusion law:

∗ 1 0 η

1 1 η

0 0, η 0, η

η η 0, η 0, η

Proof. We write ū for the image of u ∈ F[A(X)] in U = U(X) = F[A(X)]/I. Let

f(t) = t2 − 1
2t = t(t− 1

2).

Since we have relators (m − x) · (x2 − 1
2x) = (m − x) · f(x) ∈ I for all x ∈ X and

m ∈ A(X), we have that (u − w(u)x) · f(x) ∈ I for all u ∈ F[A(X)]. Note that

{u − w(u)x | u ∈ F[A(X)]} = R(F[A(X)]). So f(adx)R(F[A(X)]) ⊆ I, for each x ∈ X,

or equivalently, f(adx̄) = 0 on R(U). This means that the eigenvalues of adx̄ on R(U)

are restricted to the roots of f , i.e., {0, 1
2}. Consequently, R(U) ⊆ U0(x̄) ⊕ U 1

2
(x̄).

Taking into account that R(U) has codimension 1 in U , since U is baric, and that

U1(x̄) ̸= 0, since x̄ is an idempotent, we conclude that U1(x̄) is 1-dimensional spanned

by x̄, R(U) = U0(x̄) ⊕ U 1
2
(x̄), and U = U1(x̄) ⊕ U0(x̄) ⊕ U 1

2
(x̄). In particular, every x̄ is

primitive and the spectrum of adx̄ agrees with the fusion law above.

Primitivity of x̄ assures the first column and first row of the fusion law. The remainder of

88



it is due to the fact that R(U) = U0(x̄) ⊕ U 1
2
(x̄) is an ideal and so

U0(x̄)U0(x̄), U0(x̄)U 1
2
(x̄), U 1

2
(x̄)U 1

2
(x̄) ⊆ R(U) = U0(x̄) ⊕ U 1

2
(x̄).

We have shown that U is a primitive axial algebra for the above fusion law.

If (B, Y ) is any other primitive axial algebra with this fusion law, then any map X to Y

extends to a magma homomorphism A(X) to B since A(X) is a free axial magma, and it

also extends to an algebra homomorphism from F[A(X)] to B by Proposition 7.1.2. By

Lemma 7.3.1, all relators of I are contained in the kernel of the algebra homomorphism

from F[A(X)] to B. Since U = F[A(X)]/I, we have that the algebra homomorphism

can also be viewed as a homomorphism from U to B. This shows the universality of

U = U(X). □

It is an interesting task to understand the exact structure of U(X) and find its dimension.

7.4 Basis

Recall that the elements of A(X) are unordered binary trees without twin pairs. We will

identify the trees from A(X) with their images in U(X).

Definition 7.4.1. Suppose that T is a tree in A(X). We say that T has a repetition

when it has a fragment shown in Figure 7.1 for some x ∈ X. In terms of products, T

contains a sub-product ((mx)x), where m ∈ A(X) is the sub-tree left of the bottom vertex

x.

When we have a tree T with a repetition as above, we have that (mx)x− 1
2mx− 1

2x ∈ I
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Figure 7.1: Repetition

and so T̄ , the image of T in U(X), can be expressed via the elements of lower order. So

we can exclude T̄ from the basis of U(X).

Of course, the pattern of multiplying something with x can persist more than two times.

In this sense, the following lemma is useful.

Lemma 7.4.2. In U(X), we have that ((mx)x) . . . x︸ ︷︷ ︸
k times

= 1
2k−1mx +

(
1 − 1

2k−1

)
x, where

k ∈ N.

Proof. We prove this statement by induction on k. When k = 1, both sides of the

claimed equality are equal to mx. So it is true for k = 1. Assume by inductive

hypothesis that the statement is true for a natural number k, i.e., ((mx)x) . . . x︸ ︷︷ ︸
k times

=

1
2k−1mx+

(
1 − 1

2k−1

)
x. Then ((mx)x) . . . x︸ ︷︷ ︸

k + 1 times

=
(

1
2k−1mx+

(
1 − 1

2k−1

)
x

)
x =

(
1

2k−1mx
)
x+

(
1 − 1

2k−1

)
x = 1

2k−1

(
1
2mx+ 1

2x
)

+
(
1 − 1

2k−1

)
x = 1

2kmx + 1
2kx +

(
1 − 1

2k−1

)
x = 1

2kmx +(
1 − 1

2k−1 + 1
2k

)
x = 1

2kmx +
(
1 − 1

2k

)
x, as required. By the principle of mathematical

induction, the statement is true for all natural numbers k. □

We have shown that all elements of A(X) having a repetition can be excluded from a

basis of U(X). We will show the following.

Theorem 7.4.3. Unordered binary trees without twin pairs and repetitions form a basis

of U(X). In particular, U(X) is infinite-dimensional.
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We will show it after some preparatory work.

Lexicographical order is commonly used to compare elements in various structures,

including trees. Now we introduce lexicographical order on trees from A(X) inductively.

Recall that if a tree is not a one-vertex, it is a product of two factors. Furthermore,

since the magma A(X) is commutative, we will assume throughout that the first factor is

greater than or equal to the second factor.

Let us select an arbitrary order on the alphabet X.

Definition 7.4.4. The lexicographical order on A(X) is defined as follows. For T1, T2 ∈

A(X), we have:

(i) if T1 and T2 are both one-vertex trees, say T1 = x1 and T2 = x2, then T1 < T2 when

x1 precedes x2 in the order on X;

(ii) if only one of T1 and T2 is a one-vertex tree, then T1 < T2 when T1 is the one-vertex

tree;

(iii) if both trees are not one-vertex trees, say T1 = T11T12 and T2 = T21T22, then T1 < T2

when T11 < T21 or T11 = T21 and T12 < T22. (Recall that we assume that T11 ≥ T12

and T21 ≥ T22.)

Recall the definition of the height of a tree we introduced after Definition 6.1.10. We will

denote the height of a tree T by h(T ). The following lemma shows that the order we

introduced on A(X) is compatible with height.

Lemma 7.4.5. Given two trees T1 and T2, if h(T1) < h(T2) then T1 < T2.

Proof. We prove this statement by induction on the height of T1. If h(T1) = 0, then T1

is a one-vertex tree and T2 is not a one-vertex tree. By the above definition, part (ii),
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T1 < T2.

Assume that h(T1) = h > 0 and that for smaller heights the claim is true. Let T1 = T11T12

and T2 = T21T22. We note that h(T1) = max {h(T11) + 1, h(T12) + 1}. Furthermore,

since we assume that T11 ≥ T12, we must have, by the inductive assumption, that

h(T11) ≥ h(T12). Therefore, h(T1) = h(T11) + 1. Similarly, h(T2) = h(T21) + 1. Since

h(T1) < h(T2), we have that h(T11) = h(T1) − 1 = h − 1 < h(T2) − 1 = h(T21). Thus,

h(T11) < h(T21), which gives us, again by the inductive assumption, that T11 < T21. By

the above definition, part (iii), we now obtain that T1 < T2. □

We now want to extend the order to the set of finite multisets (sets where elements can

repeat) of trees. We will assume each multiset of trees is ordered in the descending order.

Definition 7.4.6. The order between multisets of trees is defined recursively as follows.

Let S and S ′ be two different finite multisets of trees, say S = {T1, T2, . . . , Tm} and

S ′ = {T ′
1, T

′
2, . . . , T

′
n}.

(i) If S is empty and S ′ is not empty, then S < S ′.

(ii) If both S and S ′ are non-empty and T1 < T ′
1 then S < S ′.

(iii) If T1 = T ′
1, then S < S ′ when S \ {T1} < S ′ \ {T ′

1}.

Using the above definition, we can define a non-strict order on the set of all linear combi-

nations C = ∑n
i=1 αiTi, where α1, . . . , αn ∈ F are non-zero coefficients and {T1, . . . , Tn} is

a multiset of trees from A(X). (That is, we allow repetitions among Ti.) Namely, we say

that ∑n
i=1 αiTi ≤ ∑m

i=1 βiT
′
i when {T1, . . . , Tn} ≤ {T ′

1, . . . , T
′
m}.

We will now describe two types of reduction that strictly decrease the order of a linear

combination:
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(a) Combining summands. If the linear combination C = ∑n
i=1 αiTi has repeated terms,

i.e., Ti = Tj for some i < j then we can combine these two terms. Namely, if αi + αj ̸= 0

then we substitute the summand αiTi with (αi + αj)Ti and remove αjTj altogether. If

αi +αj = 0 then we simply remove both summands αiTi and αjTj . Clearly, this operation

removes a term or two from the multiset involved in this linear combination, and so the

order decreases.

(b) Erasing a repetition: If the linear combination C = ∑n
i=1 αiTi contains a tree Ti

with a repetition, say, involving x ∈ X, we can utilise the relator (mx)x− 1
2mx− 1

2x ∈ I

and substitute the term αiTi with two terms 1
2αiT

′
i + 1

2αiT
′′
i , where T ′

i is obtained from

Ti by shrinking the repetition and T ′′
i is obtained by substituting the entire repetition

subtree with a leaf labelled with x. (See Figure 7.2.) Note that the second tree, T ′′
i , may

Figure 7.2: Erasing a repetition

end up having a twin pair (when our repetition overlaps with another, higher repetition

with the same x), and so this twin pair also needs to be reduced, possibly repeatedly,

making the tree even smaller. In any case, since we substitute a larger tree by two smaller

ones, the order of the linear combination decreases.

We are going to do these reductions repeatedly until we arrive at a linear combination

that cannot be reduced further. In particular, the multiset of terms for this resulting tree

is a set (no repeated terms) and each tree involved in the linear combination contains no

repetitions. We call such linear combinations fully reduced.

93



Clearly, it is possible that the reductions can be applied to a linear combination in different

ways. However, this does not affect the result. Namely, we prove the following.

Proposition 7.4.7. Any two fully reduced linear combinations obtained by reductions

from the same linear combination C = ∑n
i=1 αiTi are equal.

Proof. We prove it by induction on the non-strict order we introduced on the set of all

linear combinations. Suppose by contradiction that the claim is not true and select the

smallest counterexample, i.e., a linear combination C = ∑n
i=1 αiTi, that can be reduced

to two different fully reduced linear combinations, and also such that for every linear

combination that is strictly smaller than C the full reduction is unique.

Now, we must have two different sequences of reductions R1, R2, . . . and R′
1, R

′
2, . . . reducing

C to two different fully reduced linear combinations. We have different cases depending

on the pair (R1, R
′
1). Let, say, C1 be the linear combination obtained from C after R1 and

C ′
1 be the linear combination obtained from C after R′

1. Our strategy in each case will

be to reduce C1 and C ′
1 further to the same smaller linear combination C ′. If we do so,

we will have that the full reductions of C1 and C ′
1 (which are unique since C1 and C ′

1 are

smaller than C) must coincide with the full reduction of C ′ and hence they are the same,

which is, clearly, a contradiction.

Before we look at the main cases, let us dispose of some easy possibilities. First of all, if

R1 = R′
1 then after this first step we have the same linear combination C1 = C ′ = C ′

1 and

we have a contradiction right away. Hence R1 ̸= R′
1. Also, if R1 and R2 are independent,

i.e., they involve distinct terms from C then we also get a contradiction. Indeed, in this

case, the result C ′ of applying R′
1 to C1 is the same as the result of applying R1 to C ′

1. So

we have our common descendant C ′ and hence a contradiction. Thus, R1 and R′
1 cannot

be independent. Now we look at the main cases.
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Case 1: Both R1 and R′
1 involve combining terms. Say, R1 combines terms αiTi with αjTj

and R′
1 combines αjTj with αsTs (recall that R1 and R′

1 cannot be equal or independent).

Then R1 leaves us with the summands (αi + αj)Ti and αsTs, which can be combined

further to form C ′ with the term (αi + αj + αs)Ti (note that Ti = Tj = Ts). Similarly,

R′
1 leaves us with αiTi and (αj + αs)Tj, which can be combined further to obtain again

the same term (αi + αj + αs)Ti and the same C ′, which clearly leads to a contradiction

as above. It may be that αi + αj = 0, or αj + αs = 0, or αi + αj + αs = 0, but in any

case the result after two steps will be the same and yield a contradiction. So this case is

impossible.

Case 2: R1 combines two terms and R′
1 reduces a repetition in a term. Let, say, R1

combines terms αiTi with αjTj and R′
1 reduces a repetition in αjTj . Let us write T for Ti

and Tj , since they are equal. Let R′
1 substitute T with 1

2T
′ + 1

2T
′′. Then R1 applied to C

gives us the term (αi +αj)T and we can apply R′
1 to it, getting 1

2(αi +αj)T ′ + 1
2(αi +αj)T ′′.

(The resulting linear combination will be C ′.) If we, on the other hand, start with R′
1

then we obtain the terms αiT and 1
2αjT

′ + 1
2αjT

′′. We can apply R′
1 to the former,

getting 1
2αiT

′ + 1
2αiT

′′ and 1
2αjT

′ + 1
2αjT

′′. We can now combine the T ′ terms and T ′′

terms and this results in exactly the same result, the linear combination C ′ involving
1
2(αi + αj)T ′ + 1

2(αi + αj)T ′′. Again, this clearly leads to a contradiction. If αi + αj = 0

then we will have slightly different results but with the same outcome, the identical C ′

and a contradiction.

Case 3: Both R1 and R′
1 reduce a repetition. Say, R1 reduces a repetition r in αT := αiTi

and then R′
1 reduces a different repetition r′ in the same term αiTi because R1 and R′

1

cannot be independent. We have several subcases here: (a) repetition r and r′ can be

overlapping (say, r′ just below r); then they will involve the same x ∈ X; (b) r and r′

are not overlapping but dependent: say, r′ is below r (i.e., the subtree rooted at the top
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node of r contains r′); and (c) r and r′ are independent: r′ is not contained in the subtree

rooted at the top node of r and, symmetrically, r is not contained in the subtree rooted

at the top node of r′.

Let us do these subcases in turn. Assume we are in the situation (a). Then after R1 and

R′
1, we have the same terms 1

2αT
′ + 1

2αT
′′, where T ′ is obtained by shrinking (any) one

repetition and T ′′ is obtained by substituting both r and r′ with the node x. (If we do

R′
1 then we get a twin pair and erasing it yields the result.) Thus, we obtain a common

descendant C ′ and a contradiction (see Figure 7.3). Let us now suppose that we are in

the situation (b). Say, R1 involves x ∈ X and R′
1 involves x′ ∈ X. Here we will encounter

quite a few different trees, so let us arrange them in a systematic way. Let T ′ be the

tree obtained by shrinking r and T ′′ by substituting r with the leaf x. Let T∗ be the

tree obtained by shrinking r′ in T and T ′
∗ by shrinking r′ in T ′. Also, let T♮ be the tree

obtained from T by substituting r′ with a leaf x′ and, similarly, let T ′
♮ be the tree obtained

from T ′ by substituting r′ with an x′. Then, after R1, we get 1
2αT

′ + 1
2αT

′′ and we follow

this by R′
1 applied to first summand. This gives us 1

4αT
′
∗ + 1

4αT
′
♮ + 1

2αT
′′ (see Figure 7.4).

This will be C ′. On the other hand, if we start with R′
1 then we get 1

2αT∗ + 1
2αT♮. We

apply R1 to the both terms to get 1
4αT

′
∗ + 1

4αT
′′ + 1

4αT
′
♮ + 1

4αT
′′. We now combine two

equal terms to get exactly the same linear combination C ′ (see Figure 7.5). Thus this

again leads to a contradiction. In the final subcase (c), we encounter even more (nine)

different trees (see Figures 7.6 and 7.7). We skip the exact calculations, but the result is

the same: we can reduce to the same linear combination C ′ after both R1 and R′
1, and

so we have a contradiction, since we will then have the same fully reduced result. This

completes the proof. □

This proposition tells us that for every linear combination C, there is a unique full reduction

of C, which we will denote by FR(C). In particular, this is true for all T ∈ A(X) and,
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Figure 7.3: Case 3(a)

more generally, for all elements of F[A(X)].

Let J be the subspace of F[A(X)] spanned by all vectors FR(T ) − T , T ∈ A(X). It is

quite clear that the operator FR is linear, so J contains FR(u) − u for all u ∈ F[A(X)].

Proposition 7.4.8. The subspace J is an ideal of F[A(X)].

Proof. It suffices to show that (FR(T ) −T )T ′ is contained in J for all T, T ′ ∈ A(X). Note

that TT ′ can be reduced to FR(T )T ′ if we do reductions only within the subtree T (or sub-

trees that were derived from T ). This means that C := FR(TT ′) = FR(FR(T )T ′). Now,

(FR(T ) −T )T ′ = FR(T )T ′ −TT ′ = −(C−FR(T )T ′) + (C−TT ′) = −(FR(FR(T )T ′) −

FR(T )T ′) + (FR(TT ′) − TT ′) ∈ J . □

Finally, we can prove Theorem 7.4.3.

Proof. Clearly, all generating relators (mx)x− 1
2mx− 1

2x are contained in J , as these are

simply one-step reductions of trees. On the other hand, every reduction is either collecting

terms (i.e., linear algebra) or adding a multiple of one of these relators. It follows that J

is exactly the ideal spanned by all the relators, i.e., U(X) = F[A(X)]/J .
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For the second claim, the elements FR(T ) − T of the spanning set for J are zero when T

is fully reduced. The remaining non-zero terms are linearly independent, because they all

contain different highest term T . Hence reducing modulo J simply eliminates all such

non-fully-reduced T from the basis of the algebra. This means that the basis of U(X)

consists of the images of all fully reduced trees T , i.e., unordered binary trees without

twins and without repetitions. □

7.5 Universal baric algebra of Jordan type 1
2

We have seen above how the universal algebra U(X) encodes the three target properties:

primitivity of axes from X, spectrum
{
1, 0, 1

2

}
, and the baric property. In this final section,

we derive the additional relators that ensure that x ∈ X satisfy the fusion law of Jordan

type 1
2 . A way to do it was described in [17].

If we compare the fusion law of Jordan type 1
2 in Table 2.1(b) with the fusion law satisfied

by U(X) (see the table in Theorem 7.3.3), we know that we only need to enforce the

fusion rules 0 ∗ 0 = {0}, 0 ∗ 1
2 =

{
1
2

}
, and 1

2 ∗ 1
2 = {0}.

Recall that in Lemma 7.3.1 we wrote expressions for the components m0 = −2mx+m+x

and m 1
2

= 2mx− 2x of an arbitrary element m ∈ A(X). Since the image of A(X) spans

U(X), the components m0 span U0(x) and the components m 1
2

span U 1
2
(x). The relators

we record that m0m
′
0 ∈ U0(x), m0m

′
1
2

∈ U 1
2
(x), and m 1

2
m′

1
2

∈ U0(x) for all m,m′ ∈ A(X).

How can we recognise when a given element lies in U0(x) or U 1
2
(x)? Clearly, we have the

following.

Lemma 7.5.1. For u ∈ U(X), we have that

(i) u ∈ U0(x) if and only if ux = 0;
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(ii) u ∈ U 1
2
(x) if and only if ux− 1

2u = 0.

Let K be the ideal in U(X) generated by all relators of the form (a) (m0m
′
0)x; (b)

(m0m
′
1
2
)x− 1

2m0m
′
0; and (c) (m 1

2
m′

1
2
)x, for all m,m′ ∈ A(X). Let B(X) = U(X)/K.

Then we have the following.

Theorem 7.5.2. The algebra B(X) is the universal k-generated algebra of Jordan type 1
2 .

The proof is straightforward and we omit it. Note that these additional relators are much

more complicated than the ones we encountered before. While the above theorem gives

us a realisation of the universal k-generated baric algebra of Jordan type 1
2 , it is not

well suited for calculations. Also, the complexity of the problem is underscored by the

expected finiteness of the dimension of B(X) for each finite X.

In Chapter 9, we develop a different realisation of this universal algebra, inspired by some

ideas from the paper by De Medts, Rowen and Segev [7]. This new realisation proves to

be much nicer computationally, and in particular, it allows us to determine B(X) in the

case k = |X| = 4.
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CHAPTER 8

AN EXAMPLE OF BARIC ALGEBRAS OF
JORDAN TYPE 1

2

In this short chapter, we present an example of a series of baric algebras of Jordan type 1
2

with an increasing number of generators.

8.1 An example

Take an n-dimensional vector space V and define a commutative algebra A = ⟨a⟩ ⊕ V

with multiplication given by a2 = a, av = 1
2v and uv = 0 for all u, v ∈ V . We write

general elements of A as λa+ u where λ ∈ F and u ∈ V .

What are the idempotents in the algebra A? Consider an arbitrary element x = λa+u ∈ A.

Lemma 8.1.1. We have that x2 = λx.

Proof. Indeed, x2 = (λa + u)2 = λ2a2 + 2λau + u2 = λ2a + 2λ(1
2u) + 0 = λ2a + λu =

λ(λa+ u) = λx. □
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Corollary 8.1.2. We have that x = λa + u ∈ A is an idempotent if and only if either

x = 0 or λ = 1.

So the non-zero idempotents of A are all the vectors a+ u, u ∈ V .

Lemma 8.1.3. Fix u ∈ V . Define the linear map φ : A → A via φ(a) = a + u and

φ(v) = v for v ∈ V . Then φ is an automorphism of A.

Proof. Indeed, there is such a linear map as it can be defined on the basis of A consisting

of a and a basis of V . Let us show that φ is an automorphism of A. Take x = λa+ v and

y = µa+ w in A. We have

φ(xy) = φ(λµa+ λaw + µav + wv)

= φ(λµa+ λ
2w + µ

2v)

= λµφ(a) + λ
2φ(w) + µ

2φ(v)

= λµ(a+ u) + λ
2w + µ

2v.

Also,

φ(x)φ(y) = φ(λa+ v)φ(µa+ w)

= (λφ(a) + φ(v))(µφ(a) + φ(w))

= (λ(a+ u) + v)(µ(a+ u) + w)

= λµ(a+ u) + λ(a+ u)w + µ(a+ u)v + vw

= λµ(a+ u) + λaw + µav

= λµ(a+ u) + λ
2w + µ

2v.
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So φ(xy) = φ(x)φ(y). Thus, φ is a homomorphism. Note that

kerφ = {x ∈ A | φ(x) = 0}

= {λa+ v ∈ A | φ(λa+ v) = 0}

= {λa+ v ∈ A | λφ(a) + φ(v) = 0}

= {λa+ v ∈ A | λ(a+ u) + v = 0}

= {λa+ v ∈ A | λa+ (λu+ v) = 0}

= {λa+ v ∈ A | λa = 0 and λu+ v = 0}

= {λa+ v ∈ A | λ = 0 and v = 0}

= {0}.

So φ is injective. By the rank-nullity theorem, we have that dim imφ = dimA −

dim kerφ = dimA. So imφ = A. This means that φ is bijective. Therefore, φ : A → A is

an automorphism. □

Since φ takes a to a+ u and u is arbitrary in V , the group of automorphisms of A acts

transitively on the set of non-zero idempotents. Therefore, all non-zero idempotents satisfy

the same fusion law and so we take all of them as the axes of our axial algebra A. Let us

now determine this fusion law. We can focus on a particular axis. Namely, we choose the

axis a = a+ 0.

Lemma 8.1.4. The eigenvalues of ada are 1 and 1
2 . Furthermore, A1(a) = ⟨a⟩ and

A 1
2
(a) = V .

Proof. Clearly, A1(a) contains ⟨a⟩, and so the dimension of A1(a) is at least one. Since

av = 1
2v for every v ∈ V , we have that V ⊆ A1

2
(a) which implies that the dimension of

A1
2
(a) is at least dim V . Since the dimension of A is 1 + dim V and different eigenspaces
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intersect trivially, we have that in fact A1(a) = ⟨a⟩ and A1
2
(a) = V . Moreover, there are

no further eigenvalues. □

Next, we check the fusion law. We see that A1(a)A1(a) = ⟨a⟩⟨a⟩ = ⟨a2⟩ = ⟨a⟩. Thus,

1 ∗ 1 = {1}. Also, A1(a)A 1
2
(a) = ⟨a⟩V = V = A 1

2
(a) which means that 1 ∗ 1

2 = {1
2}.

Similarly, 1
2 ∗ 1 = {1

2}. Finally, A 1
2
(a)A 1

2
(a) = V V = 0. So 1

2 ∗ 1
2 = ∅.

We summarise this as follows.

Lemma 8.1.5. The algebra A is an axial algebra for the fusion law in the following table.

∗ 1 1
2

1 1 1
2

1
2

1
2

This is the sub fusion law of the fusion law J (1
2), where the eigenvalue 0 is removed. So

our algebra A is in fact an algebra of Jordan type 1
2 . More precisely, we have the following

lemma.

Lemma 8.1.6. The algebra A is a Jordan algebra.

Proof. Note that A is commutative by definition. Take x = λa + u and y = µa + v be

arbitrary elements of A. We have shown earlier that x2 = λx. Therefore,

(xy)x2 = (xy)(λx) = λ(xy)x = λx(xy) = λx(yx) = x(λyx) = x(y(λx)) = x(yx2).

Since the Jordan identity is satisfied, A is a Jordan algebra. □

Since AV = (⟨a⟩⊕V )V = ⟨a⟩V +V V = V +0 = V , we see that V is an ideal. Furthermore,

V contains no axes. So V is contained in the radical of A. Note that the codimension of

V is 1. So V is the radical of A. This shows that A is a baric algebra of Jordan type 1
2 .
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Let us see what the weight function is in this algebra.

Lemma 8.1.7. The map ψ : A → F sending each vector λa+ u ∈ A to λ is an algebra

homomorphism.

Proof. Let us show that ψ is linear. Take λa+ u, µa+ v ∈ A and α ∈ F. We have that

ψ(α(λa+u)+(µa+v)) = ψ((αλa+αu)+(µa+v)) = ψ((αλ+µ)a+αu+v) = αλ+µ and

αψ(λa+ u) +ψ(µa+ v) = αλ+ µ. So ψ(α(λa+ u) + (µa+ v)) = αψ(λa+ u) +ψ(µa+ v).

Thus, ψ is linear.

Next, we show that ψ is a homomorphism. We have that ψ((λa + u)(µa + v)) =

ψ(λµa+ λav + µau+ uv) = ψ(λµa+ λ
2v + µ

2u) = λµ = ψ(λa+ u)ψ(µa+ v). Thus, ψ is a

homomorphism. □

Clearly, kerψ = V and so this ψ is the required weight function of the baric algebra

A. What is the smallest number of generators for A? Clearly, by transitivity of the

automorphism group of A on the set of axes, we can assume that a is one of our generating

axes. It is clear from the definition of A that for every subspace U ⊆ V , we have that

B = F ⊕ U is a subalgebra of the algebra A = F ⊕ V . This suggests the following result.

Lemma 8.1.8. Suppose that X = {a, a + u1, a + u2, . . . , a + uk}. Then ⟨⟨X⟩⟩ =

⟨a, u1, u2, . . . , uk⟩ = F ⊕ U , where U = ⟨u1, u2, . . . , uk⟩.

Proof. Clearly, ⟨a, u1, u2, . . . , uk⟩ ⊆ ⟨⟨X⟩⟩. On the other hand, the left side is closed under

the algebra multiplication, i.e., it is a subalgebra. Also, it contains X, so we have equality.

□

In particular, this tells us that we get the smallest number of generators for A, when

{u1, u2, . . . , uk} is a basis for U . This gives us the following final result.

Corollary 8.1.9. The algebra A is (n+ 1)-generated as an axial algebra.
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So here we indeed see a sequence of baric algebras of Jordan type 1
2 with an increasing

number of generators.

We conclude this chapter with the following interesting conjecture.

Conjecture 8.1.10. The algebra A above is the universal (n+ 1)-generated algebra for

the fusion law in Lemma 8.1.5.
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CHAPTER 9

UNIVERSAL BARIC ALGEBRA OF JORDAN
TYPE 1

2

In this chapter, we develop an algorithm that allows us to construct the universal k-

generated baric algebra of Jordan type 1
2 and we apply it in the case k = 4. However, first

we need to prove a lemma that is at the core of our new approach.

9.1 A lemma

In the following lemma, we show how to compute the product of two axes in a baric

algebra A of Jordan type 1
2 .

Lemma 9.1.1. Suppose that y, z ∈ A are two primitive axes. Then yz = y + 1
4z − 1

4z
τy .

Proof. Write z = y + z0 + z 1
2
, where z0 ∈ A0(y) and z 1

2
∈ A 1

2
(y). Note that (y, z) = 1,

since A is baric, and so the projection of z to A1(y) = ⟨y⟩ is indeed y. We have that

zτu = y + z0 − z 1
2
, because τy acts as minus identity on A 1

2
(y). This allows us to express

110



z 1
2

as

z 1
2

= 1
2(z − zτy).

We now obtain yz = y(y + z0 + z 1
2
) = y + 0 + 1

2z 1
2

= y + 1
2(1

2(z − zτy)) = y + 1
4z − 1

4z
τy , as

claimed. □

This formula will play a key role below, but first we define a suitable candidate for the

universal Miyamoto group.

9.2 The group

Let X be a finite alphabet of size |X| = k. Consider the group G = G(X) given by the

presentation

G(X) = ⟨X | x2 = 1, x ∈ X⟩,

that is, G is isomorphic to the free product of k copies of the cyclic group of order 2.

We write each element g ∈ G uniquely in the shortest way as g = x1x2 . . . xm, where

(x1, . . . , xm) ∈ Xm is a non-repeating sequence, i.e., adjacent elements from this sequence

are distinct.

Let us now discuss the set Y of involutions, i.e., elements of order 2, in G. Kurosh’s

Theorem implies that every such element is conjugate to a unique element of X. Consider

an involution y = xg
0 ∈ Y , where x0 ∈ X and g = x1x2 . . . xm is in the shortest form, i.e.,

(x1, x2, . . . , xm) is non-repeating. If x0 ̸= x1 then y = g−1x0g = xmxm−1 . . . x1x0x1x2 . . . xm

is in the shortest form, as the sequence clearly has no repetitions. If x0 = x1 then y =

g−1x0g = xmxm−1 . . . x1x0x1x2 . . . xm = xmxm−1 . . . x2x0x2 . . . xm, as x1x0x1 = x3
0 = x0.

The final expression for y is again non-repeating and hence it is the unique shortest

representation of y.
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We will use the notation inspired by [7]: instead of xg, we will write x[g]. Then, from

the above, we have that every involution in G has a unique shortest representation as

x0[x1x2 . . . xm] for a non-repeating sequence (x0, x1, . . . , xm). We will also use this notation

more broadly, for arbitrary involutions x (not necessarily) in X.

In this respect, note the following rules for dealing with expressions x[g].

Lemma 9.2.1. If y, z ∈ Y and g, h ∈ G, then

(i) (x[g])[h] = x[gh]; and

(ii) y[g][z[g]] = y[zg].

Proof. The first claim is clear, since (x[g])[h] = (xg)h = xgh = x[gh]. Also, we have that

y[g][z[g]] = y[g][g−1zg] = y[gg−1zg] = y[zg]. □

9.3 The algebra

Define a new algebra Â = Â(X) over F with the basis Y and the product on Â given by

y · z = y + 1
4z − 1

4z[y]. (This is inspired by the formula from Lemma 9.1.1.) This is an

infinite-dimensional non-commutative algebra.

Proposition 9.3.1. The natural action of g ∈ G by conjugation on Y extends by linearity

to an automorphism of Â.

Proof. It suffices to check that this action preserves the product of basis vectors. Let

y, z ∈ Y . Then (y ·z)g = (y+ 1
4z− 1

4z[y])g = y[g]+ 1
4z[g]− 1

4z[y][g] = y[g]+ 1
4z[g]− 1

4z[yg] =

y[g] + 1
4z[g] − 1

4z[g][y[g]] = y[g] · z[g] = yg · zg, where we used Lemma 9.2.1 with y and z

swapped. □
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Thus, G acts on Â by conjugation.

Note that the elements y ∈ Y are idempotents in Â, because y · y = y + 1
4y − 1

4y[y] =

y + 1
4y − 1

4y = y. Next, we investigate the fusion law satisfied by the left adjoint of y.

For z ∈ Y , let z0 = −y + 1
2(z + z[y]) and z 1

2
= 1

2(z − z[y]). For λ ∈ F, we denote by Âλ(y)

the λ-eigenspace of the left adjoint map of y; that is, Âλ(y) = {u ∈ Â | y · u = λu}.

Lemma 9.3.2. Let y, z ∈ Y . Then

(i) z = y + z0 + z 1
2
;

(ii) y · z0 = 0, i.e., z0 ∈ Â0(y);

(iii) y · z 1
2

= 1
2z 1

2
, i.e. z 1

2
∈ Â 1

2
(y).

Proof. For (i), we have that y + z0 + z 1
2

= y− y + 1
2(z + z[y]) + 1

2(z − z[y]) = 1
2z + 1

2z = z,

as required. For (ii), we have that y · z0 = y · (−y+ 1
2(z+ z[y])) = −y+ 1

2y · z+ 1
2y · z[y] =

−y+ 1
2(y+ 1

4z− 1
4z[y]) + 1

2(y+ 1
4z− 1

4z[y])[y] = −y+ 1
2y+ 1

8z− 1
8z[y] + 1

2y+ 1
8z[y] − 1

8z = 0.

So z0 ∈ Â0(y). Finally, we have that y · z 1
2

= y · (1
2z − 1

2z[y]) = 1
2(y + 1

4z − 1
4z[y] − y[y] −

1
4z[y] + 1

4z[y][y]) = 1
2(1

2(z − z[y])) = 1
2z 1

2
. This means that z 1

2
∈ Â 1

2
(y). □

It follows from the above lemma, that since Â = ⟨Y ⟩ and Y ⊆ ⟨y⟩ ⊕ Â0(y) ⊕ Â 1
2
(y), we

have that Â = Â1(y) ⊕ Â0(y) ⊕ Â 1
2
(y), where Â1(y) = ⟨y⟩. We also obtain from this

lemma that Â0(y) = ⟨z0 | z ∈ Y ⟩ and Â 1
2
(y) = ⟨z 1

2
| z ∈ Y ⟩.

Now recall that y is an involution in G and so it also acts on Â by conjugation.

Lemma 9.3.3. The involution y ∈ Y acts as identity on Â1(y) ⊕ Â0(y) and as minus

identity on Â 1
2
(y).

Proof. Since Â1(y) = ⟨y⟩, clearly y acts as identity on Â1(y). Also, Â0(y) = ⟨z0 | z ∈ Y ⟩
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and z0[y] = (−y+ 1
2(z+z[y]))[y] = −y[y]+ 1

2(z[y]+z[y][y]) = −y+ 1
2(z[y]+z) = z0, which

means that y also acts as identity on Â0(y). This shows the first claim. Similarly, we have

that y acts as minus identity on Â 1
2
(y) = ⟨z 1

2
| z ∈ Y ⟩, because z 1

2
[y] = 1

2(z − z[y])[y] =
1
2(z[y] − z[y][y]) = 1

2(z[y] − z) = −z 1
2
. □

We next demonstrate the baric property of Â.

Lemma 9.3.4. The function w : Â → F, given by ∑
z∈Y αzz 7→ ∑

z∈Y αz, is an algebra

homomorphism.

Proof. Let x̂, ẑ ∈ Â. Then x̂ = ∑
x∈Y αxx and ẑ = ∑

z∈Y βzz for suitable coefficients

αx, βz ∈ F. (As usual, in a linear combination, only a finite number of terms can be

non-zero.) Clearly, w is linear. We have that

w(x̂ · ŷ) = w((
∑
x∈Y

αxx) · (
∑
z∈Y

βzz))

=
∑
x∈Y

αx

∑
z∈Y

βzw(x · z)

=
∑
x∈Y

αx

∑
z∈Y

βzw(x+ 1
4z − 1

4z[x])

= (
∑
x∈Y

αx)(
∑
z∈Y

βz)

= w(x̂)w(ŷ),

since w(x+ 1
4z − 1

4z[x]) = 1 + 1
4 − 1

4 = 1. Therefore, w is an algebra homomorphism. □

Note that the axes of Â are the elements z ∈ Y and w(z) = 1. So w is indeed a baric

weight on the algebra Â. Now we consider the baric radical of the algebra. Let R̂ = kerw

be the baric radical of Â.

Recall that we fixed y ∈ Y .

Lemma 9.3.5. R̂ = Â0(y) ⊕ Â 1
2
(y).
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Proof. First, note that for z ∈ Z, we have that w(z0) = w(−y + 1
2(z + z[y])) = −w(y) +

1
2(w(z)+w(z[y])) = −1+1 = 0 and w(z 1

2
) = w(1

2(z−z[y])) = 1
2(w(z)−w(z[y])) = 1

2(1−1) =

0. So z0, z 1
2

∈ R̂ for all z ∈ Y . Thus, Â0(y), Â 1
2
(y) ⊆ R̂. Since Â = Â1(y) ⊕ Â0(y) ⊕ Â 1

2
(y)

and Â1(y) = ⟨y⟩, we have that Â0(y)⊕ Â 1
2
(y) is of codimension 1 in Â. By the rank-nullity

theorem, the codimension of R̂ = kerw is clearly 1. Hence, R̂ = Â0(y) ⊕ A 1
2
(y). □

We are finally prepared to state the fusion law for the left adjoint action of y.

Proposition 9.3.6. The left adjoint action of y ∈ Y satisfies the following fusion law:

∗ 1 0 1
2

1 1 1
2

0 0 0 1
2

1
2

1
2

1
2 0

Proof. Let a′ ∈ Â1(y) = ⟨y⟩. Then y′ = αy for some α ∈ F. Let λ ∈ {1, 0, 1
2}. Take

v ∈ Âλ(y). Then y′v = (αy)v = α(yv) = αλv, which is either in Âλ(y) when λ ̸= 0 or is

zero when λ = 0. This means that the action of y satisfies the fusion rules 1 ∗ 1 = {1},

1 ∗ 0 = ∅ and 1 ∗ 1
2 = {1

2}.

By Lemma 9.3.3, we know that the algebra Â is C2-graded, with Â+ = Â1(y) ⊕ Â0(y)

and Â− = Â 1
2
(y). This means that Â+Â+ and Â−Â− are contained in Â+ and Â+Â− and

Â−Â+ are contained in Â−. Combining this with the fact that Â is baric, we deduce the

remaining fusion rules 0 ∗ 1 ⊆ {0}, 0 ∗ 0 ⊆ {0}, 1
2 ∗ 1

2 ⊆ {0}, 0 ∗ 1
2 ⊆ {1

2}, 1
2 ∗ 1 ⊆ {1

2}, and
1
2 ∗ 0 ⊆ {1

2}. □

Note that the above fusion law is very much like the baric version of the fusion law J (1
2),

except 0 ∗ 1 ̸= ∅. The following lemma makes some of the related products more specific.

Lemma 9.3.7. For z ∈ Y , we have that z0 · y = z0 − 1
4y[z]0 and z 1

2
· y = z 1

2
− 1

4y[z] 1
2
.
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Proof. Note that z·y = z+1
4y−1

4y[z] and hence (z·y)0 = z0−1
4y[z]0 and (z·y) 1

2
= z 1

2
−1

4y[z] 1
2
,

since y0 = 0 = y 1
2
. Also, z · y = (y+ z0 + z 1

2
) · y = y+ z0 · y+ z 1

2
· y. Since 0 ∗ 1 = {0} and

1
2 ∗ 1 = {1

2}, we have that z0 · y = (z · y)0 = z0 − 1
4y[z]0 and z 1

2
· y = (z · y) 1

2
= z 1

2
− 1

4y[z] 1
2
.

□

We can now formulate the main result of this section. Recall the commutator notation

[y, z] = y · z − z · y. Let A(X) = Â(X)/([y, z] | y, z ∈ Y ) be the largest commutative

factor of Â.

Theorem 9.3.8. The algebra A(X) is the universal k-generated baric algebra of Jordan

type 1
2 .

Of course, as above, k = |X|. This theorem will be proved in the next section.

9.4 The commutator ideal

In this section, we develop a few properties of the commutator ideal I = ([y, z] | y, z ∈ Y )

that we need for the proof of Theorem 9.3.8.

Proposition 9.4.1. For y, z ∈ Y , we have that [y, z] = 1
4(3y − 3z + y[z] − z[y]).

Proof. Indeed, [y, z] = y · z − z · y = y + 1
4z − 1

4z[y] − (z + 1
4y − 1

4y[z]) = y − z + 1
4z −

1
4y − 1

4z[y] + 1
4y[z] = 1

4(3y − 3z − z[y] + y[z]). □

It will be convenient to consider, instead of [y, z], its multiple 4[y, z] = 3y−3z+y[z]−z[y].

We can do it because F is not of characteristic 2.

Proposition 9.4.2. The ideal I is spanned by the commutators [y, z] (or 4[y, z]) for

y, z ∈ Y . That is, I = ⟨3y − 3z + y[z] − z[y] | y, z ∈ Y ⟩.
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Proof. It suffices to show that the span is an ideal. We first show that it is a left ideal. Take

y, z, t ∈ Y . Then t · 4([y, z]) = t · (3y− 3z+ y[z] − z[y]) = 3t · y− 3t · z+ t · y[z] − t · z[y] =

3(t + 1
4y − 1

4y[t]) − 3(t + 1
4z − 1

4z[t]) + (t + 1
4y[z] − 1

4y[zt]) − (t + 1
4z[y] − 1

4z[yt]) =

3t + 3
4y − 3

4y[t] − 3t − 3
4z + 3

4z[t] + t + 1
4y[z] − 1

4y[zt] − t − 1
4z[y] + 1

4z[yt] = 1
4(3y − 3z +

y[z] − z[y] − 3y[t] + 3z[t] − y[zt] + z[yt]) = [y, z] − [y[t], z[t]], which is in the span. So the

commutator span is a left ideal.

Also, 4[y, z] · t = (3y − 3z + y[z] − z[y]) · t = t · (3y − 3z + y[z] − z[y]) + 3[y, t] − 3[z, t] +

[y[z], t] − [z[y], t] is contained in the span, since t · (3y − 3z + y[z] − z[y]) is in it. So I is

also a right ideal of Â. □

Now we are prepared for the proof of Theorem 9.3.8.

Proof. Note that w(4[y, z]) = 3 − 3 + 1 − 1 = 0 for all y, z ∈ Y . This means that I ⊆ R̂,

the radical of Â. It follows that A = Â/I is baric. Since A is commutative, it clearly is a

primitive axial algebra for the fusion law in Proposition 9.3.6. Furthermore, it satisfies

the symmetrised version, where 0 ∗ 1 = 1 ∗ 0 = ∅, and that is exactly the baric version of

the fusion law of Jordan type 1
2 . Therefore, A is a baric algebra of Jordan type 1

2 . Clearly,

for y ∈ Y , τy = y as an element of the group G acting on both Â and A = Â/I. Hence

the Miyamoto group of A is induced by the action of G. Since every element of Y is

conjugate to an element of X by the action of G, it now follows that the images in A of

the elements of X generate A. So A is k-generated.

For the universality property of A, consider an arbitrary algebra B of Jordan type 1
2

generated by axes bx, x ∈ X. Consider the homomorphism θ : G → Miy (B) sending each

x to τbx , which exists because G is the universal group generated by the involutions in

X. For y = xg ∈ Y , we have that θ(y) = θ(xg) = θ(x)θ(g) = τ
θ(g)
bx

= τ
b

θ(g)
x

, i.e., y = xg is

mapped by θ to the tau involution of the axis bθ(g)
x .
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This gives us a map π : Y → B via y = xg 7→ bθ(g)
x . We will write by = bθ(g)

x and note that

τby = θ(y).

Since Y is a basis of Â, the map π extends to a linear map from Â to B, which we will

again denote π. We claim that π is an algebra homomorphism. Indeed, for y, z ∈ Y , we

have that

π(y · z) = π(y + 1
4z − 1

4z[y])

= π(y) + 1
4π(z) − 1

4π(z[y])

= by + 1
4bz − 1

4π(zy)

= by + 1
4bz − 1

4π(xgy)

= by + 1
4bz − 1

4b
θ(gy)
x

= by + 1
4bz − 1

4(bθ(g)
x )θ(y)

= by + 1
4bz − 1

4b
θ(y)
z

= by + 1
4bz − 1

4b
τby
z

= bybz

= π(y)π(z).

Here we of course wrote z = xg for suitable x ∈ X and g ∈ G. The last equality is due to

the formula for the multiplication of two axes from Lemma 9.1.1. Note that π is surjective

since the axes bx, x ∈ X, generate B and these axes are in the image of π.

Thus π : Â → B is a surjective algebra homomorphism. It remains to note that, since

B is commutative, all commutators [y, z], y, z ∈ Y , are contained in the kernel ker(π) of

π. Therefore, I = ([y, z] | y, z ∈ Y ) ⊆ ker(π), and this means that π induces a surjective

homomorphism from A = Â/I onto B, proving universality. □
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We now have a different realisation of the universal k-generated baric algebra of Jordan

type 1
2 . This realisation is preferable to the one we obtained in Chapter 7 because

Proposition 9.4.2 gives us an explicit spanning set for the ideal I. Thus, the computation

of A = A(X) is a matter of linear algebra, even though it is not a simple one, especially

in view of the fact that Y is an infinite set.

9.5 Case k = 4

In this section, we describe a linear algebra algorithm constructing the universal k-

generated baric algebra of Jordan type half. It is done for k = 4, which is the case of

interest for us, but it easily generalises to an arbitrary k.

Let X = {a, b, c, d}, so k = 4. Recall from Section 9.2 that an element y ∈ Y can be

uniquely written as y = x0[x1 . . . xn] for some n ≥ 0 and x0, x1, . . . , xn ∈ X such that

xi−1 ≠ xi for 1 ≤ i ≤ n (non-repeating sequence). This n is called the length of y. We

represent y by the non-repeating array [x0, [x1, . . . , xn]] and order the set Y of all such

arrays in the lexicographic order.

Let us state the following result about the number of axes of a given length.

Proposition 9.5.1. For n ≥ 0, the followings hold:

(i) the number of y ∈ Y of length n is 4 · 3n;

(ii) the number of y ∈ Y of length up to n is 2(3n+1 − 1).

Proof. First of all, there are four possibilities for x0 because |X| = 4. Since xi ≠ xi−1 for

i ≥ 1, we only have three options left for xi. Therefore, the number of y ∈ Y of length n

is 4 · 3n.
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Now we use (i) to prove (ii). Indeed, the number of y ∈ Y of length up to n is ∑n
i=0 4 · 3i =

4 ∑n
i=0 3i = 4

(
3n+1−1

3−1

)
= 2(3n+1 − 1). □

Recall that Y is the basis of the algebra Â = Â(X) while the kernel I that we need to

factor out is spanned by all the relators 4[y, z] = 3y− 3z+ y[z] − z[y], y, z ∈ Y . Our main

operation is to express the highest terms of the relator 4[y, z] = 3y − 3z + y[z] − z[y] via

the remaining terms and hence decrease the number of spanning elements for A = Â/I.

Thus, we need to determine which term of 4[y, z] is the highest. Let y = y0[y1y2 . . . yn] and

z = z0[z1z2 . . . zm] be in Y . Without loss of generality, we assume that y < z. So n ≤ m.

We might have that y and z have the same tail elements. Let 0 ≤ r ≤ n be maximal

such that yn−r+1 = zm−r+1, yn−r+2 = zm−r+2, . . . yn = zm. Let t = yn−r+1yn−r+2 . . . yn =

zm−r+1zm−r+2 . . . zm be the common tail of y and z.

Lemma 9.5.2. Let y and z be defined as above. Take g = y1 . . . yn−r and h = z1 . . . zm−r.

Here, when r = n, we set g = 1 and similarly, when r = m (which can only be when

n = m), we let h = 1. Then y = y0[gt], z = z0[ht] and y[z] = y0[gh−1z0ht] = y′[z′][t] and,

symmetrically, z[y] = z0[hg−1y0gt] = z′[y′][t], where y′ = y0[g] and z′ = z0[h].

Furthermore, if r < n or r = n and y0 ̸= zm−n then the above expressions are the shortest

forms of y[z] and z[y].

Proof. Indeed, y[z] = y0[gt][z0[ht]] = y0[gt][t−1h−1z0ht] = y0[gtt−1h−1z0ht] = y0[gh−1z0ht],

which has no repetitions if the assumptions in the final claim are satisfied. Furthermore,

y0[gh−1z0ht] = y0[g][z0[h]][t] = y′[z′][t]. Similarly, for z[y]. □

Now we can determine the highest term in each relator.

Proposition 9.5.3. Let y, z ∈ Y and y < z. The highest term of the relator 4[y, z] =

3y − 3z + y[z] − z[y] is y[z] if z is longer than y, and it is −z[y] if y and z have the same

length.
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Proof. First suppose that r < n or r = n and y0 ̸= zm−n. By Lemma 9.5.2, the length

of y[z] is n − r + 2(m − r) + 1 + r = n + 2m − 2r + 1 and, similarly, the length of z[y]

equal to m+ 2n− 2r+ 1. Clearly, both of these are greater than n and m, so 3y and −3z

cannot be the highest terms. If n < m then n+ 2m− 2r + 1 > m+ 2n− 2r + 1 and so

y[z] is the highest term, as claimed. If n = m then y′ ̸= z′ (or else y = z, a contradiction)

and then y′ < z′ since y < z. This in turn implies that y[z] = y′[z′][t] < z′[y′][t], and so

−z[y] is the highest term in this case.

Now assume that r = n (i.e., g = 1) and y0 = zm−n. If m = n, then we get that y0 = z0,

y = y0[t] = z0[t] = z, a contradiction. Hence m > n. Then y[z] = y0[z0[h]][t] = y0[h−1z0ht]

has length n + 2m − 2r = 2m − n, because it has only one repetition: y0 = zm−n. At

the same time, z[y] = z0[hy0t] has at least one repetition, so its length is less or equal to

m− r + r = m. Clearly, 2m− n > n,m, and so y[z] is the highest term. □

Using this proposition, it is easy to create a function (we used the computer algebra

system GAP [12]) that, for a given u ∈ Y finds all pairs y, z ∈ Y such that u (or −u) is

the highest term of 4[y, z]. Indeed, u = y′[z′][t] or z′[y′][t], and we just need to identify

the possible t, y′ and z′ within u.

Now we are ready to outline our algorithm for finding A[X]. As already mentioned, it

consists of several steps:

(1) Choose a depth d and enumerate all elements of Y of length up to d.

(2) For each u on this list, enumerate all relators with the highest term u. If such relators

exist, use the first one to express u as a linear combination of lower terms. Reduce the

remaining relators with the highest term u, going down the list. Each reduction ends

either with 0 or with a new expression of a lower term in terms of even lower terms.
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(3) After this is completed, we have two types of elements on the list: the ones that have

expressions as linear combinations of lower terms; and the ones that do not have such

expressions.

(4) Select a second depth dd < d. Select all u of length up to dd which have no expression

as a linear combination of lower terms. Let B be the list of all such u. Furthermore, create

a similar list B′ for dd′ = dd + 1. If B = B′, then we have success and the end of the

main calculation. Indeed, this means that B provides a finite spanning set for A = A(X).

This is because the span A0 of B (or rather its image in A) is invariant under the (left)

adjoints of all x ∈ X. This is because, by Lemma 9.1.1, x · u = x+ 1
4u− 1

4u[x] and none

of the terms here has length more than dd+ 1; hence the product can be expressed as a

linear combination of B, i.e., it is in A0.

In turn, the condition that A0 is invariant under the left adjoints for all x ∈ X implies

that it is invariant under the action of G and hence it contains all of Y , i.e., A0 = A. It is

now easy to build the algebra and check its properties.

In the actual calculation we carried out for k = 4 over F = Q, the rationals, we achieved

success for d = 13 and dd = 6. The spanning set B consisted of 55 elements. When

we constructed the algebra of dimension 55, it turned out that this algebra is still non-

commutative, with a 1-dimensional commutator ideal. The corresponding factor algebra

of dimension 54 proved to be the actual realisation of the universal 4-generated algebra of

Jordan type 1
2 . Thus, by our calculation, we established the following result.

Theorem 9.5.4. The universal 4-generated baric Q-algebra of Jordan type 1
2 has dimension

54.

This result is quite surprising because the known upper bound from [7] is 81. To clarify

the relation between these numbers, we repeated our calculation for the same d = 13,

122



dd = 6, but over F = F3, the field of order 3. This time the dimension of A(X) was 81.

We believe that the version of A(X) over Z has Z-rank 54 and a torsion ideal of exponent

3 to compensate for the difference between 81 and 54.

We can also state the following corollary of Theorem 9.5.4.

Corollary 9.5.5. For all k, the universal k-generated baric Q-algebra of Jordan type 1
2 is

a Jordan algebra.

Proof. By calculation, for k = 4, the algebra is a Jordan algebra. On the other hand, the

linearised version of the Jordan identity is 4-linear, and so every its instance, for any k,

only depends on four axes. □
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CONCLUSION

In this text, we investigated the class of baric algebras of Jordan type η. It turned out

that the parameter η has to equal either 2 or 1
2 . In the first case, η = 2, we achieved a

complete classification of all baric algebras of Jordan type 2. To complete the second case,

η = 1
2 , we attempted two approaches. We first used the techniques involving universal

magmas and magma algebras to show the existence of the universal k-generated baric

algebra of Jordan type 1
2 . However, in this way, we did not obtain a realisation that is

convenient for calculations. With the second approach, based on some ideas from [7], we

get a much nicer realisation, where we can find the target algebra via a single (but rather

big) linear algebra calculation. This has been realised in GAP for k = 4 and yielded a

surprising result: the universal 4-generated baric algebra of Jordan type 1
2 is much smaller

than expected (dimension 54 against the expected 81). Furthermore, it turned out to be a

Jordan algebra, at least in characteristic 0. This yielded an additional prize: all universal

baric algebras of Jordan type 1
2 in characteristic 0 are Jordan. This is expected to be true

also in all positive characteristics other than 3.

There are still many interesting open questions and directions for research. In particular,

it would be very interesting to generalise the results on the universal algebra U(X) from

Chapter 7 to arbitrary baric axial algebras or even arbitrary axial algebras. The related

question is: is it true that there is an infinite-dimensional k-generated universal algebra
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assuring primitivity and the prescribed axis spectrum? We believe that this can be

approached using ideas similar to what we did in this thesis.
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APPENDIX A

ALGORITHM

1 # Relations in the 4- dimensional baric algebra of Jordan type half

2 #

3 # (C) 2024 Yunxi Shi , Sergey Shpectorov

4

5 # key parameters :

6

7 d:=6;

8 dd :=13;

9

10 #

11 # the function computing the number of reduced axes , fast axis code

12 # function and axis for the given code

13 #

14

15 # number of axes of length up to k

16

17 NumberOfAxes :=k - >2*(3ˆ(k+1) -1);

18

19 # code of an axis

20
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21 CodeOfX := function (x)

22 local k,c,i,z;

23 k:= Length (x[2]);

24 c:= NumberOfAxes (k -1);

25 c:=c+(x[1] -1) *3ˆk;

26 for i in [1..k] do

27 z:=0;

28 if (i=1 and x[1]<x[2][i]) or (i>1 and x[2][i-1]<x[2][i]) then

29 z:=1;

30 fi;

31 c:=c+(x[2][i]-1-z)*3ˆ(k-i);

32 od;

33 return c+1;

34 end;

35

36 # axis with the given code

37

38 AxisByCode := function (c)

39 local cc ,k,r,i;

40 cc:=c -1;

41 for i in [0..100] do

42 if NumberOfAxes (i)>cc then

43 k:=i;

44 break;

45 fi;

46 od;

47 if k<>0 then

48 cc:=cc - NumberOfAxes (k -1);

49 fi;

50 r:=[ Int(cc /3ˆk)+1 ,[]];

51 cc:=cc -(r[1] -1) *3ˆk;

52 for i in [1..k] do
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53 r[2][i]:= Int(cc /3ˆ(k-i))+1;

54 cc:=cc -(r[2][i]-1) *3ˆ(k-i);

55 if (i=1 and r[2][i]>=r[1]) or (i>1 and r[2][i]>=r[2][i -1]) then

56 r[2][i]:=r[2][i]+1;

57 fi;

58 od;

59 return r;

60 end;

61

62 #

63 # axes may appear in a non - reduced form

64 #

65

66 ReduceAxis := function (x)

67 local xx ,k,i;

68 xx:= StructuralCopy (x);

69 k:= Length (xx [2]);

70 for i in [k,k -1..2] do

71 if xx [2][i -1]= xx [2][i] then

72 Unbind (xx [2][i -1]);

73 Unbind (xx [2][i]);

74 xx [2]:= Compacted (xx [2]);

75 return ReduceAxis (xx);

76 fi;

77 od;

78 if Length (xx [2]) >0 and xx [1]= xx [2][1] then

79 Unbind (xx [2][1]) ;

80 xx [2]:= Compacted (xx [2]);

81 fi;

82 return xx;

83 end;

84
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85 #

86 # action by conjugation on the set of axes

87 #

88

89 ActionConj := function (x,y)

90 return ReduceAxis ([x[1], Concatenation (x[2], Reversed (y[2]) ,[y[1]] ,y

[2]) ]);

91 end;

92

93 #

94 # ground field

95 #

96

97 F:= Rationals ;

98

99 #

100 # commutator relations

101 # plus functions generating them

102 #

103

104 rels :=[];

105

106 # relator [x,y]=3x-3y+xˆy-yˆx

107

108 CommutatorRelation := function (x,y)

109 local a;

110 if x=y then

111 return [];

112 fi;

113 if 3* One(F)<>Zero(F) then

114 a:=[[ CodeOfX (x) ,3* One(F)],[ CodeOfX (y) ,-3*One(F)],[ CodeOfX (

ActionConj (x,y)),One(F)],
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115 [ CodeOfX ( ActionConj (y,x)),-One(F)]];

116 else

117 a:=[[ CodeOfX ( ActionConj (x,y)),One(F)],[ CodeOfX ( ActionConj (y,x)),-

One(F)]];

118 fi;

119 Sort(a);

120 return a;

121 end;

122

123 # all relators with a given highest term

124

125 RelsForHighestTerm := function (yz)

126 local rels ,y0 ,k,i,t,j,h,z0 ,s,good ,g;

127 rels :=[];

128 y0:=yz [1];

129 k:= Length (yz [2]);

130 for i in [0..k -1] do

131 t:=yz [2]{[k-i+1..k]};

132 for j in [Int ((k-i+1) /3) .. Int ((k-i)/2)] do

133 good := true;

134 for s in [1..j -1] do

135 if yz [2][k-i-j+s]<>yz [2][k-i-j-s] then

136 good := false;

137 break;

138 fi;

139 od;

140 if not good then

141 continue ;

142 fi;

143 h:=yz [2]{[k-i-j+1..k-i]};

144 z0:=yz [2][k-i-j];

145 if k=i+2*j then
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146 if h[j]<>y0 then

147 continue ;

148 else

149 g:=[];

150 Add(rels , CommutatorRelation ([y0 , Concatenation (g,t)],[z0 ,

Concatenation (h,t)]));

151 fi;

152 else

153 if yz [2][k-i]<>yz [2][k-i -2*j] then

154 continue ;

155 fi;

156 if i>0 then

157 if (k=i+2*j+1 and yz [2][k-i+1]= y0) or

158 (k>i+2*j+1 and yz [2][k-i+1]= yz [2][k-i -2*j -1]) then

159 continue ;

160 fi;

161 fi;

162 g:=yz [2]{[1..k-i -2*j -1]};

163 if Length (g)= Length (h) then

164 if CodeOfX ([y0 ,g]) <= CodeOfX ([z0 ,h]) then

165 continue ;

166 else

167 Add(rels , CommutatorRelation ([y0 , Concatenation (g,t)],[z0 ,

Concatenation (h,t)]));

168 fi;

169 else

170 Add(rels , CommutatorRelation ([y0 , Concatenation (g,t)],[z0 ,

Concatenation (h,t)]));

171 fi;

172 fi;

173 od;

174 od;

131



175 return rels;

176 end;

177

178 # filling the list of relators

179

180 FillAllRelators := function (k)

181 local i;

182 for i in [1.. NumberOfAxes (k)] do

183 Print(" \r",i,"\c");

184 rels[i]:= RelsForHighestTerm ( AxisByCode (i));

185 od;

186 Print("\n");

187 end;

188

189 Print("\ nFilling the list of relators \n");

190 FillAllRelators (dd);

191

192 #

193 # linear algebra in the relator space

194 #

195

196 AddRelations := function (r,s)

197 local a,i,j,c;

198 a:=[];

199 i:=1;

200 j:=1;

201 while i<= Length (r) and j <= Length (s) do

202 if r[i][1] <s[j][1] then

203 Add(a, ShallowCopy (r[i]));

204 i:=i+1;

205 elif r[i][1] >s[j][1] then

206 Add(a, ShallowCopy (s[j]));
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207 j:=j+1;

208 else

209 c:=r[i][2]+s[j][2];

210 if c<>Zero(F) then

211 Add(a,[r[i][1] ,c]);

212 fi;

213 i:=i+1;

214 j:=j+1;

215 fi;

216 od;

217 if i<= Length (r) then

218 Append (a,r{[i.. Length (r)]});

219 fi;

220 if j<= Length (s) then

221 Append (a,s{[j.. Length (s)]});

222 fi;

223 return a;

224 end;

225

226

227 TimesRelation := function (r,s)

228 if s<>Zero(F) then

229 return List(r,e->[e[1],s*e[2]]);

230 else

231 return [];

232 fi;

233 end;

234

235 #

236 # reducing relations modulo the known ones

237 #

238 # (for each highest term , we view the first relation
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239 # as known and all other as additional ones , to be

240 # reduced later)

241 #

242

243 # reduce a single relation

244

245 ReduceRelation := function (r)

246 local h,s,n,m,c;

247 if r=[] then

248 return ;

249 fi;

250 h:=r[ Length (r)][1];

251 if rels[h]=[] then

252 rels[h]:=[ StructuralCopy (r)];

253 return ;

254 else

255 s:= rels[h][1];

256 n:=r[ Length (r)][2];

257 m:=s[ Length (s)][2];

258 if F= Rationals then

259 c:= GcdInt (n,m);

260 else

261 c:= One(F);

262 fi;

263 r:= AddRelations ( TimesRelation (r,m/c),TimesRelation (s,-n/c));

264 ReduceRelation (r);

265 return ;

266 fi;

267 end;

268

269 # reduce all additional relations

270

134



271 ReduceAll := function (k)

272 local i,j;

273 for i in [1.. NumberOfAxes (k)] do

274 Print("\r",i,"\c");

275 if Length (rels[i]) >1 then

276 for j in [2.. Length (rels[i])] do

277 ReduceRelation (rels[i][j]);

278 Unbind (rels[i][j]);

279 od;

280 fi;

281 od;

282 Print("\n");

283 end;

284

285 Print("\ nReducing additional relations \n");

286 ReduceAll (dd);

287

288 #

289 # basis

290 #

291

292 bas :=[];

293

294 FindBasis := function (k)

295 bas := Filtered ([1.. NumberOfAxes (k+1)],i->rels[i]=[]);

296 if bas[ Length (bas)]> NumberOfAxes (k) then

297 Print("Not a basis !\n");

298 fi;

299 end;

300

301 Print("\ nSelecting basis\n");

302 FindBasis (d);
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303

304 #

305 # algebra

306 #

307

308 Print("\ nSetting the algebras \n");

309 N:= Length (bas);

310 A:=FˆN;

311 a:= Basis(A);

312

313 #

314 # expressing axes in terms of a possible basis

315 #

316

317 Axes :=[];

318

319 ExpressAxis := function (k)

320 local r,n,c;

321 if k in bas then

322 Axes[k]:= ShallowCopy (a[ Position (bas ,k)]);

323 return ;

324 fi;

325 r:= rels[k][1];

326 n:= Length (r);

327 c:=-r[n][2];

328 Axes[k]:= Sum(List(r{[1..n -1]} ,e->e[2]* Axes[e[1]]/c));

329 return ;

330 end;

331

332 ExpressAll := function (k)

333 local i;

334 for i in [1.. NumberOfAxes (k)] do
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335 Print("\r",i,"\c");

336 ExpressAxis (i);

337 od;

338 Print("\n");

339 end;

340

341 ExpressAll (d+1);

342

343 #

344 # building the algebra

345 #

346

347 # actions of tau/ Miyamoto involutions

348

349 # generating axes

350

351 BasicAction := function (x)

352 local mat ,i;

353 mat :=[];

354 for i in bas do

355 Add(mat , ShallowCopy (Axes[ CodeOfX ( ActionConj ( AxisByCode (i),

AxisByCode (x)))]));

356 od;

357 return mat;

358 end;

359

360 tau := List ([1..4] ,i-> BasicAction (i));

361

362 # all axes in the basis

363

364 AxisAction := function (r)

365 local ans ,i;
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366 ans := StructuralCopy (tau[r[1]]);

367 for i in [1.. Length (r[2])] do

368 ans := ansˆtau[r[2][i]];

369 od;

370 return ans;

371 end;

372

373 act := List(bas ,i-> AxisAction ( AxisByCode (i)));

374

375 # multiplication table

376

377 Mult := List ([1..N],i - >[]);

378

379 for i in [1..N] do

380 for j in [1..N] do

381 Mult[i][j]:=a[i]+a[j]/4- act[i][j]/4;

382 od;

383 od;

384

385 Times := function (u,v)

386 local ans ,i,j;

387 ans := Zero(A);

388 for i in [1..N] do

389 for j in [1..N] do

390 ans := ans+u[i]*v[j]* Mult[i][j];

391 od;

392 od;

393 return ans;

394 end;

395

396 #

397 # express arbitrary axis using the known action
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398 #

399

400 ExpressArbitraryAxis := function (r)

401 local ans ,i;

402 ans := ShallowCopy (Axes[r[1]]);

403 for i in r[2] do

404 ans := ans*tau[i];

405 od;

406 return ans;

407 end;

408

409 # end
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