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ABSTRACT

In this thesis we present a collection of new results in extremal and probabilistic
combinatorics. More precisely, we answer various questions from the following five topics.

The first topic is graph discrepancy. Balogh, Csaba, Jing and Pluhar determined the
minimum degree threshold that ensures a 2-edge-coloured graph G contains a Hamilton
cycle with large discrepancy, that is, a Hamilton cycle with significantly more than half
of its edges in one colour. We prove an analogous result for r-colourings.

The second topic is the study of Dirac-type problems for (vertex) ordered graphs. For
any fixed ordered graph H, we determine the asymptotic minimum degree threshold for

forcing

(i) a perfect H-tiling in an ordered graph, under the assumption that xy-(H) > 3;
(ii) an H-tiling in an ordered graph G covering a fixed proportion of the vertices of G;

(iii) an H-cover in an ordered graph.

Our results combined with the work of Balogh, Li and Treglown determine completely
the asymptotic minimum degree thresholds for forcing a perfect H-tiling and an almost
perfect H-tiling in an ordered graph (for any fixed ordered graph H).

The third topic is graph deficiency. Given a property P, the deficiency def(G) of a
graph G with respect to P is the smallest non-negative integer ¢ such that G x* K; has
property P, where G x K; is the graph obtained by adding t new vertices to G and all
edges incident to such vertices. This notion was introduced by Nenadov, Sudakov and
Wagner, who raised the question of determining how many edges an n-vertex graph G
needs to ensure G x K; contains a K,-factor (for any fixed » > 3). We present a full
resolution of this problem.

The fourth topic is saturation for induced posets. For a fixed poset P, a family F
of subsets of [n| := {1,2,...,n} is induced P-saturated if F does not contain an induced

copy of P and, for every subset S of [n] such that S ¢ F, the family FU{S} does contain



an induced copy of P. The size of the smallest such family F is denoted by sat*(n, P).
Keszegh, Lemons, Martin, Palvolgyi and Patkoés proved that there is a dichotomy of
behaviour for this parameter: for any poset P, either sat*(n, P) = O(1) or sat*(n, P) >
log, n. Furthermore, they conjectured that the log, n term can be replaced with n + 1.
We make progress towards this conjecture by showing that either sat*(n, P) = O(1)
or sat*(n, P) > min{2y/n,n/2 + 1}. Our proof makes use of a Turdn-type result for
digraphs. We also prove that the aforementioned conjecture holds for a certain class of
posets P and determine the exact value of sat*(n, P) in some cases.

The fifth topic is the study of typical Ramsey properties of abelian groups. A classical
result of Rado characterises all integer matrices A such that any finite colouring of N
yields a monochromatic solution to the system of equations Ax = 0. Rodl and Rucinski,
and Friedgut, Rodl and Schacht proved a random version of Rado’s theorem where one
considers a random subset of [n] instead of N. We investigate the analogous random
Ramsey problem in the more general setting of abelian groups: given a sequence (S, )nen
of finite subsets of abelian groups and a positive integer » > 2, we are interested in

determining the probability threshold p := p(n) such that

Any r-colouring of S, , yields a 0 if p=o(p),
lim P =

oo monochromatic solution to Az = 0. 1 if p=w(p).

where S, , denotes the random subset of S, obtained by including each element of S,
with probability p, independently. We develop a general black box, which we refer to as
the random Rado lemma, to tackle problems of this type. Among various applications, we
obtain a random version of the van der Waerden theorem for the primes (a consequence
of the Green—Tao theorem) and an integer lattice generalisation of the random version of
Rado’s theorem (using a novel supersaturation result for S, := [n]?). Furthermore, we
prove a 1-statement and a 0-statement for hypergraphs that imply several of the previously

known 1- and O-statements in various settings, as well as the random Rado lemma.
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CHAPTER 1

INTRODUCTION

Combinatorics is the area of mathematics that investigates problems about counting and
arranging. This kind of question emerges frequently from practical situations. How many
connections are needed to travel from one place to another? What is the optimal order of
performing a certain set of tasks? On the other hand, combinatorial problems can stem
from pure intellectual curiosity. What is the number of anagrams of a given word? How
many knights can be placed on a chessboard so that no pair of knights are attacking each
other?

The earliest recorded application of combinatorial techniques can be found in the
Rhind papyrus [17], a mathematical text dating to around 1550 BC. Throughout history,
the study of combinatorial problems attracted the attention of scholars from various geo-
graphical regions, but combinatorics itself did not constitute a formal subject until modern
times. The Traité du triangle arithmétique by Pascal from 1654 is usually considered the
first recognisable treaty in combinatorics [17]. Since the second half of the 20th Century,
combinatorics has been experiencing rapid growth, and many connections with other fields
have been established. Indeed, combinatorial techniques have been successfully employed
in other mathematical areas, including number theory, analysis, geometry and probabil-
ity, as well as to subjects outside the inner circle of pure mathematical disciplines such
as computer science, statistical physics, biology and chemistry. Vice versa, methods and

concepts from these fields have inspired many contributions in combinatorics.



One of the central areas of modern combinatorics is graph theory. The initiation
of this topic of study is generally attributed to Euler, who introduced the notion of
graphs to answer the famous problem of the Seven Bridges of Konigsberg [17] in 1741.
Formally, a graph G consists of two sets V(G) and F(G) where E(G) is a set of unordered
pairs of elements of V(G). The elements of V(G) and E(G) are referred to as vertices
and edges of GG, respectively. A graph can be intuitively visualized as a drawing on the
plane: vertices are represented as points and edges are represented as lines joining the
corresponding points. In this thesis, we strictly consider finite simple graphs, that is,
graphs with finitely many vertices, no edges from a vertex to itself (i.e., no loops) and
with at most one edge between any given pair of vertices (i.e, no multiple edges). If two
vertices x and y are connected by an edge, we may denote such edge as xy. We say a
graph F'is a subgraph of G if V(F) C V(G) and E(F) C E(G). Two graphs G; and Gs
are isomorphic if there is a bijection ¢ : V(G1) — V(G3) which preserves edges, that is,
if vy € E(G) then ¢(x)p(y) € E(Gy). Given two graphs G and H, a copy of H in G is
a subgraph of GG which is isomorphic to H.

In 1907 Mantel [100] proved that any triangle-free graph on n vertices has at most |n?/4]
edges, where a graph is triangle-free if it does not contain three vertices z, y and z such
that zy, yz and xz are edges of the graph. This is one of the earliest results in extremal
graph theory, a sub-branch of graph theory whose central topic of investigation is how
large, or small, the value of a given parameter can be for certain classes of graphs. For
a fixed graph H, we say a graph is H-free if it does not contain a copy of H. Motivated
by Mantel’s theorem, it is natural to ask what is the maximum number of edges ex(n, H)
in an H-free graph on n vertices. Questions of this flavour are referred to as Turdn-type
problems, and ex(n, H) is known as the Turdn number. The name refers to a result
of Turan [133] (1941) which provides the exact value of ex(n, K;) for any positive inte-
ger t > 2, where K, denotes the complete graph on t vertices (a graph is complete if
every pair of vertices forms an edge). Note that Mantel’s theorem corresponds to the

case t = 3 of Turdn’s theorem. The celebrated Erdés—Stone—Simonovits theorem [11, 0]



determines ex(n, H) for any fixed graph H, up to a o(n?) error term. To state this result,
we first introduce a key parameter. The chromatic number x(H) of a graph H is the
smallest number of colours so that the vertices of H can be assigned colours in such a

way that there is no edge between vertices of the same colour.

Theorem 1.0.1 (Erdds—Stone—Simonovits theorem [11, 16]). Fiz a graph H. Then

n2

— + o(n?).

ex(n, H) = (1 - ﬁ) g

Observe that Theorem 1.0.1 yields an asymptotic formula for ex(n, H) when x(H) > 3.
Conversely, the asymptotic behaviour of ex(n, H) when H is bipartite (i.e., when y(H) =
2) is not well-understood in general, and its study is still an active area of research.
A famous result in this field is the Kévari-Sés—Turan theorem [90] which states that
ex(n, K;;) < Cn>'/* for some constant C = C(t). Here K, is the complete bipartite
graph with parts of size t (a bipartite graph is complete if all edges between its two parts
are present).

Besides Turan-type questions, many settings have been studied for parameters other
than the number of edges and forbidding structures other than a fixed graph H. For
example, the degree of a vertex is the number of edges connected to such vertex; the
minimum degree of a graph G, denoted as §(G), is the smallest degree among all vertices
of G. A classic theorem of Dirac [38] from 1952 states that any graph G on n > 3 vertices
which does not contain a spanning cycle (i.e., a cycle covering all vertices of G) has
minimum degree §(G) < n/2. Spanning cycles are often referred to as Hamilton cycles.
Dirac’s theorem inspired a long line of research on how forbidding certain structures affects
the minimum degree of a graph. These are known as Dirac-type problems.

Taking a step back, observe that Mantel’s theorem can be rephrased in the following
language. Suppose we were asked to exhibit a graph on n vertices and m edges that does
not contain a triangle. Mantel’s theorem states that if m is strictly greater than |[n?/4],

then regardless of how we arrange the m edges, a triangle will inevitably appear. The the-



orems of Turan, Erdos—Stone-Simonovits, Kévari-Sés—Turan and Dirac can be rephrased

similarly. This formulation naturally leads to a much broader combinatorial question:

Given a collection of elements to arrange, are there

unavoidable patterns that emerge in any arrangement?

Numerous results in combinatorics can be seen as specific instances of this general prob-
lem. A prime example is Ramsey’s theorem [111] (1930), a deeply influential result in
graph theory: given positive integers r and ¢, there exists a positive integer n such that
any r-colouring of the edges of K, yields a monochromatic copy of K;. That is, re-
gardless of how the edges of K, are coloured using the r colours, one can always find
a copy of K; whose edges have received the same colour. Determining the smallest n
satisfying the above property (for ¢ fixed) is a central problem in combinatorics which
has inspired many ingenious techniques. A particularly important one is the probabilistic
method pioneered by Erdos.

On this note, probabilistic combinatorics is the branch of combinatorics focusing on
the study of random structures. In probabilistic graph theory, perhaps the most studied
object is the Erdés—Rényi random graph G(n,p). This is a graph on n vertices where
every pair of vertices forms an edge with probability p, independently. Considerable
effort has been focused on transferring classical results in graph theory to the probabilistic
setting. For example, having Ramsey’s theorem in mind, one may wonder what is the
probability that the graph G(n, p) has the property that any r-colouring of its edges yields
a monochromatic copy of K;. Indeed, a generalisation of this problem was settled by Rodl
and Rucinski in a series of works [113, , |. Similarly, mirroring Dirac’s theorem,
one may ask what is the probability that the graph G(n,p) contains a Hamilton cycle.
A classic paper of Pésa [109] provides an insightful answer to this question, with more
refined results obtained later by other authors. This type of statement for random graphs

suggests a probabilistic analogue of the general question we previously stated:

Given a random collection of elements, what s

the probability that a certain pattern emerges?

4



Beyond graph theory, results of similar flavour have been obtained in other settings.
For example, Turdn-type questions have been extensively studied for integer sets. A
central result in extremal set theory is Sperner’s theorem [1206]: a family F of subsets

of {1,2,...,n} such that no set contains another (i.e, F is an antichain) has size at

n

n/2]

ticularly for arithmetic structures. For instance, a well-known Ramsey-type result by

most (L ) Ramsey-type results have been studied for various discrete objects, par-
Schur [123] states that any finite colouring of the set of natural numbers N yields a
monochromatic solution to the equation x 4+ y = 2. Probabilistic analogues of Turan-
type and Ramsey-type questions have also attracted considerable attention, as discussed
further in Chapter 6.

In this thesis, we present a collection of new results fitting the wide picture described
so far. These results are independent of each other, and address problems of different
flavours, from extremal to probabilistic questions on graphs, sets, and arithmetic struc-
tures. For the remainder of this chapter, we outline the results of this thesis and their

specific backgrounds.

1.1 Hamilton cycles with large discrepancy

The study of colour-biased structures in graphs concerns the following problem. Given
graphs H and G, what is the largest ¢ such that in any r-colouring of the edges of G,
there is always a copy of H in G that has at least ¢ edges of the same colour? Note if H
is a subgraph of GG, one can trivially ensure a copy of H with at least |E(H)|/r edges of
the same colour; so one is interested in when one can achieve a colour-bias significantly
above this. Colour-bias problems can be seen as a relaxation of classical Ramsey questions:
instead of seeking a monochromatic copy of a certain structure, one is interested in finding
a copy of the structure with large colour-bias.

The topic was first raised by Erdés in the 1960s (see [10, 15]). Erdés, Fiiredi, Loebl

and Sés [11] proved the following: for some constant ¢ > 0, given any 2-colouring of the

>



edges of K,, and any fixed spanning tree T,, with maximum degree A, we have that K,
contains a copy of T,, such that at least (n —1)/24 ¢(n — 1 — A) edges of this copy of T},
receive the same colour. In [0], Balogh, Csaba, Jing and Pluhér investigated the colour-
bias problem in the case of spanning trees, paths and Hamilton cycles for various classes of
graphs G. Note all their results concern 2-colourings and therefore were expressed in the
equivalent language of graph discrepancy. The following result determines the minimum
degree threshold for forcing a Hamilton cycle of significant colour bias in a 2-edge-coloured

graph.

Theorem 1.1.1 (Balogh, Csaba, Jing and Pluhdr [0]). Let 0 < ¢ < 1/4 and n € N be

sufficiently large. If G is an n-vertex graph with

8(G) > (3/4+ c)n,

then given any 2-colouring of E(G) there is a Hamilton cycle in G with at least (1/2 +
c/64)n edges of the same colour. Moreover, if 4 divides n, there is an n-vertex graph G’
with §(G") = 3n/4 and a 2-colouring of E(G") for which every Hamilton cycle in G’ has

precisely n/2 edges in each colour.

In [66], Gishboliner, Krivelevich and Michaeli considered colour-bias Hamilton cycles
in the random graph G(n,p). Roughly speaking, their result states that if p is such that
with high probability (w.h.p.) G(n,p) has a Hamilton cycle, then in fact w.h.p., given any
r-colouring of the edges of G(n,p), one can guarantee a Hamilton cycle that is essentially
as colour-bias as possible (see [66, Theorem 1.1] for the precise statement). A discrepancy
(therefore colour-bias) version of the Hajnal-Szemerédi theorem was proven in [7].

We give a very short proof of the following multicolour generalisation of Theorem 1.1.1.

We require the following definition to state it.

Definition 1.1.2. Let t,7 € N and H be a graph. We say that an r-colouring of the edges

of H is t-unbalanced if at least |E(H)|/r + t edges are coloured with the same colour.



Theorem 1.1.3. Let n,r,d € N with r > 2. Let G be an n-vertex graph with §(G) >
(% + %) n+6dr®. Then for every r-colouring of E(G) there exists a d-unbalanced Hamilton

cycle in G.

Note that n, r and d may all be comparable in size. Hence Theorem 1.1.3 implies
Theorem 1.1.1 (with a slightly better bound on the colour-bias). Theorem 1.1.3 is tight,
in the sense that the 1/2 + 1/2r term cannot be replaced by a smaller number.

The proof of Theorem 1.1.3 is presented in Chapter 2, and is based on a coauthored

paper [56] with Joseph Hyde, Joanna Lada and Andrew Treglown.

1.2 Dirac-type problems for vertex ordered graphs

In recent years there has been a significant effort to develop both Turan and Ramsey
theories in the setting of wvertex ordered graphs. A (vertex) ordered graph or labelled
graph H on h vertices is a graph whose vertices have been labelled with [h] := {1,..., h}.
An ordered graph G with vertex set [n] contains an ordered graph H on [h] if there is an

injection ¢ : [h] — [n] such that
(i) ¢(i) < ¢(j) forall 1 <i < j<h and
(i) ¢(i)¢p(7) is an edge in G whenever ij is an edge in H.

In other words, the map ¢ is a graph isomorphism which preserves the order of the vertices.

The following parameter is the vertex ordered analogue of the chromatic number.

Definition 1.2.1 (Interval chromatic number). Given r € N, an interval r-colouring of
an ordered graph H is a partition of the vertex set [h] of H into r (possibly empty)
intervals so that no two vertices belonging to the same interval are adjacent in H. The
interval chromatic number x(H) of an ordered graph H is the smallest » € N such that

there exits an interval r-colouring of H.

As previously mentioned, Turan-type problems concern edge density conditions that

force a fixed graph H as a subgraph in a host graph G. Whilst the Erd6s—Stone-

7



Simonovits theorem [11, 16] determines, up to a quadratic error term, the number of
edges in the densest H-free n-vertex graph, there is still active interest in the Turan prob-
lem for bipartite H. Similarly, a result of Pach and Tardos [107] determines asymptotically
the number of edges an ordered graph requires to force a copy of a fixed ordered graph H
with interval chromatic number x.(H) at least 3. Therefore, again there is significant
interest in the ‘bipartite’ case of this problem (i.e., when y.(H) = 2); see Tardos [132]
for a recent survey on such results.

The study of Ramsey theory for ordered graphs has also gained significant traction.
For example, results of Conlon, Fox, Lee and Sudakov [27], and of Balko, Cibulka, Kral
and Kynél [5] demonstrate that there are ordered graphs H for which the behaviour of
the Ramsey number is vastly different to their underlying unordered graph.

In a recent paper, Balogh, Li and Treglown [¢] initiated the study of Dirac-type results
for ordered graphs. Their main focus was on perfect H-tilings, though they also raised
other Dirac-type problems (see [3, Section 8]). In both the ordered and unordered settings,
an H-tiling in a graph G is a collection of vertex-disjoint copies of H contained in G.
An H-tiling is perfect if it covers all the vertices of G. In the literature, as well as in
this thesis, perfect H-tilings are also referred to as H-factors. H-tilings can be viewed as
generalisations of both the notion of a matching (which corresponds to the case when H
is a single edge) and the Turdn problem (i.e., a copy of H in G is simply an H-tiling of
size one).

Balogh, Li and Treglown [3] raised the following question.

Problem 1.2.2. /5] Given any ordered graph H and any n € N divisible by |H|, de-
termine the smallest integer d-(H,n) such that every n-vertex ordered graph G with

d(G) > 6-(H,n) contains a perfect H-tiling.

The analogous problem in the (unordered) graph setting had been studied since the
1960s (see, e.g., [3, 30, 74, 88, 93, 91]) and forty-five years later a complete solution, up to
an additive constant term, was obtained via a theorem of Kiithn and Osthus [941]. We will

discuss this result further in Chapter 3, when comparing this problem with Problem 1.2.2.
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In [8, Theorem 1.9], Balogh, Li and Treglown asymptotically resolved Problem 1.2.2
for H with x(H) = 2. Further, they developed approaches to the absorbing and regular-
ity methods for ordered graphs, including providing general absorbing and almost perfect
tiling lemmas. Building on their results, we asymptotically resolve Problem 1.2.2 in all
remaining cases (i.e., for all H with interval chromatic number at least 3). In addition to
this result, we also resolve the Dirac-type problems for H-covers in ordered graphs and
H-tilings covering a fixed proportion x of the vertices of an ordered graph for z € (0, 1).

All the results mentioned in this section are based on a coauthored paper [59] with
Andrew Treglown. The formal statements of these results and their proofs are presented

in Chapter 3.

1.3 Deficiency problems for graphs

Steiner triple systems and Latin squares are two well-studied objects in combinatorics.
A Steiner triple system of order n consists of a ground set X of n elements and a set T’
of triples of X such that every pair of elements in X occurs in exactly one triple in 7.
A Latin square of order n consists of an n x n grid and n symbols such that each symbol
occurs precisely once in every column and every row. A natural question dating back to
the 1970s asks for the order of the smallest Steiner triple system a fixed partial Steiner
triple system can be embedded into (see e.g. [21, 98, 106]). Similarly, there has been
interest in establishing the order of the smallest Latin square that a fixed partial Latin
square can be embedded into (see e.g. [30, 48, 106]).

Motivated by these research directions, Nenadov, Sudakov and Wagner [106] intro-
duced the notion of graph deficiency: for a graph G and integer ¢ > 0, denote by G * K,
the join of G and K, which is the graph obtained from G by adding ¢ new vertices and
adding all edges incident to at least one of the new vertices. Given a global spanning
property P and a graph G, the deficiency def(G) of the graph G with respect to the

property P is the smallest ¢ > 0 such that the join G x K, has property P.
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Note that the following special type of deficiency problem has been previously studied:
given a graph H and n € N, what is the minimum number of vertices needed to ensure
any H-packing on n vertices (i.e., a collection of edge-disjoint copies of H that together
form a graph on n vertices) can be extended to an H-design (i.e., an H-packing of a
complete graph)? See e.g. [63, (4] for background and results on this problem.

One of the main results in [100] is a bound on def(G) with respect to the Hamiltonicity
property for graphs G of a given density. More precisely, Nenadov, Sudakov and Wagner
determined exactly the maximum number of edges in an n-vertex graph G such that G* K,

does not contain a Hamilton cycle.

Theorem 1.3.1 (Nenadov, Sudakov and Wagner [106]). Let n and t be integers and G
an n-vertex graph so that G x K; does not contain a Hamilton cycle. Then we have the

following sharp bounds on e(G).

If n+t is even: ¢e(G) <

|t =D =) it<(n+4)/5
(5)- +

(59 -1) itz

. (ttn—=1)—=(3) ft<(n+1)/5,
Ifn+tisodd: e(G)< ( ) -

2 t+1
(*37) ift>(n+1)/5.
Another line of inquiry in [106] concerns the deficiency problem for K,-factors. The
following seminal result of Hajnal and Szemerédi [71] determines the minimum degree

threshold for forcing a K,-factor in a graph G.

Theorem 1.3.2 (Hajnal and Szemerédi [71]). Every graph G on n vertices with rin and
whose minimum degree satisfies 6(G) > (1 —1/r)n contains a K,-factor. Moreover, there

are n-vertex graphs G with §(G) = (1 — 1/r)n — 1 that do not contain a K,-factor.

As mentioned in the previous section, Kithn and Osthus [91] determined, up to an

additive constant, the minimum degree threshold for forcing an H-factor, for any fixed
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graph H.
The following result of Nenadov, Sudakov and Wagner [106] determines how many
edges an n-vertex graph G needs to guarantee that G * K; contains a Kj-factor (provided

that ¢ is not too big compared to n).

Theorem 1.3.3 (Nenadov, Sudakov and Wagner [100]). There ezists ng € N such that
the following holds. Let n,t € N so that n > ng and 3|(n +t), and let G be an n-vertex

graph such that G x K; does not contain a Ks-factor. If t <n/1000 then

e(@) < (”) _ <’f) _JEn—F) if t is odd,

k(n—k—1) ift is even,

where k := [(t +1)/2]. This bound on e(G) is sharp.

Nenadov, Sudakov and Wagner [100] state that ‘the study of deficiency concept by itself
leads to intriguing open problems’. In particular, the first open problem [106, Section 7]
they raise is to extend Theorem 1.3.3 to the full range of ¢, and moreover to resolve the
analogous question for K,-factors in general.

We provide a full resolution of this problem via the following theorem.

Theorem 1.3.4. Let n,t,r € Z withn > 2, t > 0 and r > 3 such that t < (r — 1)n
and r|(n + t). Further, let k := [21] and q be the integer remainder when t is divided

by r — 1. Let G be a graph on n vertices such that G x K; does not contain a K,-factor.
Then

@ smel () (% () () vo-s-e-s-0)

The proof of Theorem 1.3.4 is covered in Chapter 4, and is based on a coauthored

paper [57] with Joseph Hyde and Andrew Treglown.

11



1.4 Induced poset saturation

Saturation problems have been well studied in graph theory. A graph G is H-saturated if
it does not contain a copy of the graph H, but adding any edge to GG from its complement
creates a copy of H. Turén’s celebrated theorem [133] can be stated in the language of
saturation: it determines the maximum number of edges in a K;-saturated n-vertex graph.
In contrast, Erdds, Hajnal and Moon [13] determined the minimum number of edges in a
Ki-saturated n-vertex graph; see the survey [32] for further results in this direction.

In recent years there has been an emphasis on developing the theory of saturation for
partially ordered sets, or posets for short. In this thesis, all posets considered are finite.
Furthermore, we view posets as finite collections of finite subsets of N (see Section 1.6 for
more details on the formal definition of posets). In particular, we say that P is a poset
on [p] = {1,2,...,p} if P consists of subsets of [p|. Given two posets P and @, a poset
homomorphism from P to @ is a function ¢ : P — (@ such that for every A,B € P,
if A C B then ¢(A) C ¢(B). We say that P is a subposet of @ if there is an injective
poset homomorphism from P to @); otherwise, () is said to be P-free. Further we say P
is an induced subposet of @) if there is an injective poset homomorphism ¢ from P to @)
such that for every A, B € P we have ¢(A) C ¢(B) if and only if A C B; otherwise, @ is
said to be induced P-free.

Turdn-type problems for posets have been extensively studied (see, e.g., the sur-
vey [72]). In Chapter 5 we consider minimum saturation questions a la Erdés-Hajnal-
Moon. For a fixed poset P, we say that a family F C 2" of subsets of [n] is P-saturated
if F is P-free, but for every subset S of [n] such that S ¢ F, then P is a subposet of
FU{S}. A family F C 2" of subsets of [n] is induced P-saturated if F is induced P-free,
but for every subset S of [n] such that S ¢ F, then P is an induced subposet of F U {S}.

The study of minimum saturated posets was initiated by Gerbner, Keszegh, Lemons,
Palmer, Palvolgyi and Patkés [65] in 2013. In their work the relevant parameter is the

size sat(n, P) of the smallest P-saturated family of subsets of [n]. See, e.g., [65, 85, 103]
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for various results on sat(n, P).

The induced analogue of sat(n, P) — denoted by sat*(n, P) — was first considered by
Ferrara, Kay, Kramer, Martin, Reiniger, Smith and Sullivan [52]. Thus, sat*(n, P) is
defined to be the size of the smallest induced P-saturated family of subsets of [n]. The
following result from [25] (and implicit in [52]) shows that the parameter sat*(n, P) has

a dichotomy of behaviour.

Theorem 1.4.1. [52, 85] For any poset P, either there exists a constant Kp with

sat*(n, P) < Kp or sat*(n, P) > logyn, for alln € N.

Probably the most important open problem in the area is to obtain a tight version
of Theorem 1.4.1; that is, to replace the log, n in Theorem 1.4.1 with a term that is as
large as possible. In fact, Keszegh, Lemons, Martin, Palvolgyi and Patkés [$5] made the

following conjecture in this direction.

Conjecture 1.4.2. [85] For any poset P, either there exists a constant Kp with

sat*(n, P) < Kp or sat*(n, P) > n+1, for all n € N.

Note that the lower bound of n + 1 is rather natural here. For example, it is the
size of the largest chain in 2" as well as the smallest possible size of the union of two
consecutive ‘layers’ in 2["/| namely the layer containing [n] and the layer containing all
subsets of [n] of size exactly n — 1. Furthermore, such structures form minimum induced
saturated families for the so-called fork poset V, i.e., sat*(n, V) =n+1 [52]; so the lower
bound in Conjecture 1.4.2 cannot be increased. There are also no known examples of
posets P for which sat*(n, P) = w(n).

In contrast, Ivan [81, Section 3] presented evidence that led her to conjecture a rather

different picture for the diamond poset ¢ (see Figure 1.1 for the Hasse diagram of ).
Conjecture 1.4.3. [8]] sat*(n, Q) = O(y/n).
In Chapter 5 we present the following improvement of Theorem 1.4.1.

Theorem 1.4.4. For any poset P, either there exists a constant Kp with sat*(n, P) < Kp
or sat*(n, P) > min{2y/n,n/2 + 1} for alln € N.
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{2y {13} {1,2} {1,2,3) {1,2,4}
~ N ~N S
{1} {1} {2} {1,2}
| N S RN
{0} {0} {1} {2}

Figure 1.1: Hasse diagrams for the posets Y, { and X. A segment indicates the set below
is contained in the one above, and there is no intermediate set between them.

Note that if n > 12 then n/2 + 1 > 24/n. Thus, if Conjecture 1.4.3 is true, the lower
bound in Theorem 1.4.4 would be tight up to a multiplicative constant.

On the other hand, we prove that Conjecture 1.4.2 holds for a certain class of posets
(that does not include ¢), see Theorem 5.1.1.

Finally, another natural direction is to seek exact results on sat*(n, P). However,
despite there already being several papers concerning sat*(n, P) [141, 34, 52, 80, 81,85, 102],
there are relatively few posets P for which sat*(n, P) is known precisely (see, e.g., Table 1
in [35] for a summary of most of the known results). We extends this limited pool of
posets, determining sat*(n, X) and sat*(n, Y') (see Figure 1.1 for the Hasse diagrams of X
and Y'), see Theorem 5.1.2.

All the material mentioned in this section is covered in Chapter 5, and is based on a

coauthored paper [58] with Simén Piga, Maryam Sharifzadeh and Andrew Treglown.

1.5 Typical Ramsey properties for abelian groups

Recall Ramsey’s theorem asserts that, given any r,t € N, if n € N is sufficiently large then
however one partitions the edge set of the complete graph K, into r colour classes, at least
one of these colour classes must contain a copy of K;. Analogous Ramsey-type behaviour
is also exhibited in arithmetic settings. For example, Schur [123] (1916) proved that any
finite colouring of N yields a monochromatic solution to the equation x + y = z, whereas
van der Waerden [131] (1927) proved that any finite colouring of N yields arbitrarily
long arithmetic progressions. In 1933, Rado [110] characterised all those homogeneous

systems of linear equations £ with integer coefficients for which every finite colouring
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of N yields a monochromatic solution to £. In 1975, Deuber [37] resolved the analogous
problem where now one works in the setting of abelian groups rather than N. See, e.g.,
[16, 24, , , | for further Ramsey-type results for groups and other arithmetic
structures.

Interestingly, certain arithmetic objects exhibit a density-type behaviour, that is, they
already appear provided the underlying structure is not too sparse. For example, Sze-
merédi [129] (1975) famously proved that any subset S of N with positive upper density
(i.e., such that % # 0 as n goes to infinity) contains arbitrarily long arithmetic pro-
gressions. Generally, a density-type result immediately yields a Ramsey-type analogue.
For instance, in any finite colouring of N one of the coloured sets must have positive upper
density, and so Szemeredi’s theorem implies the result of van der Waerden. Conversely,
there are structures that exhibit a Ramsey-type behaviour but not a density-type one. For
example, a density analogue of Schur’s theorem does not hold since the set of odd numbers
(which has positive upper density) does not contain a solution to the equation x +y = z.
Other famous density-type results include Hilbert’s theorem [78] (1892) and the Green-
Tao theorem [71] (2008). The later appears in Chapter 6 (see Theorem 6.3.1).

Another natural Ramsey-type question is to investigate how many copies of a given
structure one can guarantee within a partition of a mathematical object. This is the topic
of a branch of Ramsey theory known as Ramsey multiplicity, in which researchers initially
focused on graphs. For example, a seminal result of Goodman [(8] from 1959 determines
the minimum number of monochromatic triangles in a 2-edge-colouring of the complete
graph K,; see, e.g., the survey [22] for further results on the topic. More recently, there
has been interest in studying Ramsey multiplicity in arithmetic structures, such as the
integers (see, e.g., [31, 35, 69, , |) and abelian groups. In particular, after earlier
work of Cameron, Cilleruelo and Serra [21], a 2017 paper of Saad and Wolf [119] initiated
the systematic study of Ramsey multiplicity for systems of linear equations in abelian

groups. A number of subsequent papers have made significant progress on the topic (see,

e.g., [4, 39, 53, 83, , D).

15



In Chapter 6, we consider yet another Ramsey-type question, this time concerning
the typical Ramsey properties of mathematical objects. Broadly speaking, once it is es-
tablished that any finite partition of a set S yields a copy of a given structure, we are
interested in whether we typically expect to witness the same Ramsey-type behaviour in
subsets of S of a given size. As we will see, this problem is formalised by considering
a random subset within S, and so we shall refer to it as the random Ramsey problem.
This direction of research is part of the wider study of transferring (combinatorial) the-
orems into the random setting; see, e.g., the ICM survey of Conlon [20]. In particular,
the random Ramsey problem for graphs and the integers has been well-studied, through
the random Ramsey theorem [113, 111, 115] (see Theorem 6.5.1) and the random Rado
theorem [02, 110] (see Theorems 6.5.3 and 6.5.4), respectively. The statements of both
theorems, and of random Ramsey-type results in general, break down into two parts: the
so-called 1-statement, asserting that random subsets of size above a certain threshold
exhibit a Ramsey-type behaviour with high probability, and the O-statement, asserting
that random subsets of size below the threshold do not exhibit a Ramsey-type behaviour
with high probability.

The main goal of Chapter 6 is to construct a general framework to study the random
Ramsey problem for abelian groups. Our main result, which we call the random Rado
lemma (Lemma 6.7.8), provides a machinery that, on input of a homogeneous system of
linear equations £ with integer coefficients, a sequence of ‘well-behaved’ subsets S,, of
abelian groups and a Ramsey-type supersaturation result! for the number of monochro-
matic solutions of £ in S,, outputs an appropriate 1-statement and O-statement. We
give several highlight applications of the random Rado lemma. For example, we prove a
random version of the van der Waerden theorem for the primes (Theorem 6.3.7) as well
as a random Rado theorem for integer lattices (Theorem 6.6.1).2

Building towards the aforementioned theory for (subsets of) abelian groups, in Chap-

1A Ramsey-type supersaturation result states that in any r-colouring of a given mathematical object,
a constant proportion of a certain class of substructures is monochromatic.

’In fact, we deduce Theorem 6.6.1 from a simplified version of the random Rado lemma
(Lemma 6.7.33).
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ter 6 we also survey the random Ramsey problem for graphs and the integers. As explained
in more detail in Sections 6.5—6.8, there is a well-known heuristic for what the threshold in
the 1- and 0-statements of a random Ramsey-type result should be. Indeed, this intuition
turns out to be correct in the setting of graphs and the integers as well as for the various
new results we prove. Therefore, it would be highly desirable to obtain a unifying theory
which implies all previously known random Ramsey-type results. In this direction, we
prove a general 1-statement and a general O-statement for hypergraphs (Theorem 6.8.7)
which imply several of the previously known 1- and O-statements for discrete structures.
Furthermore, the random Rado lemma arises as a direct corollary of this hypergraph
result.

All the results mentioned in this section are covered in Chapter 6, and are based on a

coauthored paper [55] with Robert Hancock and Andrew Treglown.

1.6 Notation

In this section we introduce various notation. Some notation which is relevant to single
chapters may not appear here but rather at the beginning of the specific chapter.

We write N to denote the sets of positive integers. For any n € N, we write [n] to
denote the set of the first n positive integers {1,2,...,n}. We write 2" to denote the
family consisting of all subsets of [n]. For k € N, we may refer to a set of size k as a k-set
or a k-tuple.

Given two function f,g: N — R\ {0}, we write

o f=o0(g)if |f(n)/g(n)| tends to 0 as n goes to infinity.

o f=w(g)if |f(n)/g(n)| tends to infinity as n goes to infinity.

e [ =0(g) if there are C,ng > 0 such that |f(n)/g(n)| < C for n > ny.

o f=CQ(g) if there are C,ng > 0 such that |f(n)/g(n)| > C for n > ny.

We write f = O(g) if f = O(g) and f = Q(g). We write f ~ g if f(n)/g(n) tends to 1

as n goes to infinity.
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The constants in the hierarchies used to state some of the results in this thesis are
chosen from right to left. For example, if we claim that a result holds whenever 0 < a <
b < ¢ < 1, then there are non-decreasing functions f : (0,1] — (0,1] and ¢ : (0, 1] — (0, 1]
such that the result holds for all 0 < a,b,¢c < 1 with b < f(c) and a < g(b). Note
that a < b implies that we may assume in the proof that, e.g., a < b or a < b?.

Recall that the vertex and edge sets of a graph G are denoted as V(G) and E(G),
respectively. We write |G| and e(G) to denote the cardinality of V(G) and E(G), respec-
tively. Let X C V(G). The graph induced by X on G, denoted as G[X], has vertex set X
and edge set E(G[X]) :={zy € E(G) : z,y € X}. For two disjoint subsets A, B C V(G),
the induced bipartite subgraph G[A, B] is the subgraph of G whose vertex set is A U B
and whose edge set is F(G|[A, B]) :={zy € E(G) : x € A,y € B}. We sometimes refer
to G[A, B] as the pair (A, B)g, or simply (A, B) when the underlying graph is clear. For
brevity, we write G \ X := G[V(G) \ X] and e(A, B) := e(G[A, B]). For each z € V(G),
we define the neighbourhood of x in G to be Ng(z) = {y € V(G) : zy € E(G)} and
write dg(x) := |Ng(x)| for the degree of x in G. We define dg(z, X) := |Ng(zx) N X|. Fur-
thermore, given a graph H, we say that G[X] spans a copy of H in G if H is a spanning
subgraph of G[X].

A digraph D consists of a vertex set V(D) and an edge set E(D) where edges are
ordered pairs of distinct vertices. Multiple copies of the same edge are not allowed. It
is convenient to think of an edge (v,u) € E(D) as an edge which has been assigned an
orientation from v to u. Note that in a digraph there are at most two edges between to
vertices v and u, namely (v,u) and (u,v).

A partially ordered set, or poset, is a set X equipped with a binary relation < between
some elements of X such that: (i) x < x for every x € X, (ii) if z < y and y < z then
r =y and (iii) if z < y and y < 2 then x < y. It is well-known that if X is finite then
there exists a collection S of finite subsets of N and a bijection b : X — & such that x <y
if and only if b(z) C b(y). In this thesis, all posets conisdered are finite and we view them

as finite collections of finite subsets of N.
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CHAPTER 2
HAMILTON CYCLES WITH LARGE

DISCREPANCY

2.1 Introduction

In this chapter we present a proof of Theorem 1.1.3, which we now restate. Recall that a
Hamilton cycle in a graph G is a cycle covering all vertices of G. For t,r € N, we say that
an r-colouring of the edges of a graph H is t-unbalanced if at least |F(H)|/r +t edges are

coloured with the same colour.

Theorem 1.1.3. Let n,r,d € N with r > 2. Let G be an n-vertex graph with §(G) >
(% + %) n+6dr?. Then for every r-colouring of E(G) there exists a d-unbalanced Hamilton

cycle in G.

In the following section we give constructions that show Theorem 1.1.3 is best possible;
that is, there are n-vertex graphs G with minimum degree §(G) = (1/2 + 1/2r)n such
that for some r-colouring of F(G), every Hamilton cycle in G uses precisely n/r edges of

each colour.
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2.2 The extremal constructions

Our first extremal example is a generalisation of a 2-colour construction from [0].

Extremal Example 1. Let r,n € N where r > 2 and such that 2r divides n. Then there

exists a graph G on n vertices with 6(G) = (3 + 5=)n, and an r-colouring of E(G), such

that every Hamilton cycle uses precisely n/r edges of each colour.

Proof. The vertex set of G is partitioned into r sets Vi,...,V, such that |V;| = n/2r for
every i € [r — 1], and |V,| = (1/2 4 1/2r)n; the edge set of G consists of all edges with at

least one endpoint in V,.. Now colour the edges of G with colours 1,...,7 as follows:

e For each i € [r — 1], colour every edge with one endpoint in V; and one endpoint in

V. with colour 1.

e Colour every edge with both endpoints in V,. with colour r (see Figure 2.1).

Vi Vs
n 1 n
6 1 ©

Figure 2.1: Extremal Example 1 for r = 3

Observe that §(G) = (% + 2—1r) n, which is attained by every vertex in V, U ... UV, _;.

For each i € [r — 1], every vertex in V; is only adjacent to edges of colour i and E(G[V; U
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...UV,_]) = 0. Hence every Hamilton cycle in G must contain precisely 2|V;| = n/r
edges of each colour i € [r — 1]. Since a Hamilton cycle has n edges, every Hamilton
cycle in G must also contain n/r edges of colour r. Thus every Hamilton cycle in G uses

precisely n/r edges of each colour. O
We also have an additional extremal example in the r = 3 case.

Extremal Example 2. Let n € N such that 3 divides n. Then there exists a graph G
on n vertices with §(G) = 2n/3, and a 3-colouring of E(G), such that every Hamilton
cycle uses precisely n/3 edges of each colour and every vertez in G is incident to precisely

two colours.

Proof. Let G be the n-vertex 3-partite Turdn graph. So G consists of three vertex
sets Vi, V4 and Vi, such that |Vi| = |Va| = |V3| = n/3, and all possible edges that go
between distinct V; and V. Colour all edges between V; and V5 red; all edges between V5

and V3 blue; all edges between V3 and V; green (see Figure 2.2).

Vi Va

P2 7.
“ss777777
12777777

Figure 2.2: Extremal Example 2.

Clearly §(G) = 2n/3 and every vertex is incident to precisely two colours. Let H be

a Hamilton cycle in G and let r, b and g be the number of red, blue and green edges
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in H, respectively. Since all red and green edges in H are incident to vertices in Vi,
where V; is an independent set and |Vi| = n/3 , we must have that r + g = 2|V}| = 2n/3.
Applying similar reasoning to V5 and V3, we have that 2n/3 = b+ r and 2n/3 = g + b.
Hence r = b = g = n/3. Thus every Hamilton cycle in G uses precisely n/3 edges of each

colour. O

2.3 Proof of Theorem 1.1.3

As in [6], we require the following generalisation of Dirac’s theorem. Note that a linear

forest is a disjoint union of paths.

Lemma 2.3.1 (Pésa [108]). Let 1 <t < n/2 and G be an n-vertex graph with 6(G) > §+t.
Let E' be a set of edges of a linear forest in G with |E'| < 2t. Then there is a Hamilton
cycle in G containing E'.

Proof of Theorem 1.1.3. Recall that G is a graph on n vertices with 0(G) >
(% + %) n + 6dr? for some integers r > 2 and d > 1. Consider any r-colouring of F(G).

Given a colour ¢ we define the function L. : E(G) — {0, 1} as follows:

1 if e is coloured with c,
L.(e) :=

0 otherwise.

Given a triangle zyz and a colour ¢, we define Net.(zyz, zy) as follows:

Net.(zyz, xy) := Le(xz) + Lo(yz) — Leo(zy).

This quantity comes from an operation we will perform later where we extend a cycle H,
which contains the edge zy but not the vertex z, by deleting the edge zy from H and
adding the edges zz and yz, to form a new cycle H' with vertex set V(H') = V(H)U{z}.
One can see that Net.(zyz, ry) is the change in the number of edges of colour ¢ from H

to H'.
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Since §(G) > %n, by Dirac’s theorem, G contains a Hamilton cycle C. If C is

d-unbalanced we are done, so suppose it is not.

Claim 2.3.2. Let v € V(G) and ¢ be a colour. Let Y C V(G) with |Y| < 5dr*. There
exists an edge xy which is vertex-disjoint from Y, is not coloured with ¢, and such that v

and xy span a triangle in G.

Proof. Let X be the set of neighbours of v, and X the set of vertices whose ‘predecessors’

on C' are neighbours of v, having arbitrarily chosen an orientation for C. We have

n> | XUXt=|X|+|XT-|XNnXT=2dv)— | XNXT

>+ 241240 — | X 0 X7
T

Hence | X N X*| > 2+ 12dr?. In particular, there are at least 2 + 12dr? edges e in C' such
that v and e span a triangle in G. Of these edges, at most n/r + d are coloured with ¢
(since C' is not d-unbalanced) and at most 2|Y| are incident to Y (since each vertex in Y

is incident to at most two edges in C'). We have
(ﬁ + 12dr2> - (2 + d) oy > (ﬁ + 12dr2) - (ﬁ + dr2) —10dr? = dr? > 1.
r r r r

Therefore, there exists an edge xy which forms a triangle with v, is vertex-disjoint from Y

and is not coloured with c. O

Next, we repeatedly apply Claim 2.3.2 to obtain a collections of suitable “gadgets”.

Claim 2.3.3. There exist dr? vertex-disjoint sets of the form {v,z,y,w,z} C V(G) so
that the following holds for each set. Both vxy and vwz are triangles and there exists a

colour ¢ such that Net.(vxy, zy) # Net.(vwz, wz).

Proof. Tt suffices to show that, given ¢ vertex-disjoint sets A; ..., A, with the required
properties for some ¢ < dr?, one can find an additional set.
Let Y be the set of all vertices which lie in A;U---UA,. We have |Y| = 5¢ < 5dr? — 5.

Pick an arbitrary vertex v € V(G) \ 'Y (which exists, since |Y| < 5dr? < §(G) < n). By
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Claim 2.3.2; there exists an edge xy which forms a triangle with v and is not incident
to Y. Let ¢; be the colour of zy. By Claim 2.3.2 again, there exists an edge wz which
forms a triangle with v, is not incident to Y U{x, y}, and receives a colour ¢y with ¢s # ¢;.

By construction, we have {v,z,y,w,z} NY = (). Therefore, if there exists a colour ¢
such that Net.(vxy,zy) # Net.(vwz,wz) then the set {v,z,y,w,z} satisfies the re-
quired properties and we are done. If there is no such colour then we must have that

Net,, (vzy, ry) = Net,, (vwz, wz) and so

Ley (0x) + Loy (vy) — Ley (vy) = Ly (0w) + L, (v2) — L, (w2).

As zy and wz have colours ¢; and ¢ respectively, the above equality reduces to

L., (vz) + Lo, (vy) — 1 = L, (vw) + L, (vz) >0

Hence either L. (vx) = 1 or L., (vy) = 1. Without loss of generality, say L., (vz) = 1,
that is, v is coloured with ¢;. By following an analogous argument for Net,, (vry, zy) =
Net,, (vwz,wz), we may assume that, without loss of generality, vw is coloured with c,.

Let ¢3 be the colour of vy. Then Net,, (vay, zy) = Net,, (vwz, wz) and so

Le, (Ul’) + Le, (Uy) — L, (:Ey) = L, (Uw) + L, (UZ) — Le, (IUZ)

Note that L.,(vz) = L. (xy) since vz and zy are both coloured with ¢;. Similarly,

L., (vw) = L, (wz) since vw and wz are both coloured with ¢y. It follows that

Le, (Uy) = L, (UZ)

Since vy is coloured with c3, the above implies ¢3 is also the colour of vz (see Figure 2.3).
Since ¢; # ¢y, either ¢; # c3 or co # c3. We may assume, without loss of generality,

that ¢; # cs.
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Yy Z

Figure 2.3: A Hamilton cycle C for GG, with the structure we obtain when there is no
colour ¢ with Net.(vzy, xy) # Net.(vzw, zw).

By Claim 2.3.2, there is an edge w'z’ which forms a triangle with x, is not incident
to Y U {v,y} and receives a colour ¢4 with ¢y # c3. Note that {z,v,y,w’, 2’} NY = 0.

Since zy and zv are coloured with ¢; and ¢; # c3, we have

Nete, (zvy, vy) = Ley (2y) + Loy (20) — Loy (vy) = —1.

Furthermore, since w'z’ is coloured with ¢; and ¢4 # ¢3, we have

Nete, (zw'2', w'2") = Ley(zw") + Loy (22") — Ley (w'2") > 0.

In particular, Net.,(zvy,vy) # Net.,(zw'2’,w'2") and so the set {x,v,y,w’, 2’} satisfies

the required properties. O

Let {{v;, x;, yi, wi, z;} : i € [dr®]} be a collection of sets as in Claim 2.3.3. In particular,
for every i € [dr?], there exists a colour ¢; such that Net,, (v;zy;, 7:y;) # Nete, (v;w;2z;, w;2;).
By the pigeonhole principle, at least dr colours among {ci, ..., c42} must be the same.

Without loss of generality we may assume ¢* = ¢; for every i € [dr]. By relabelling, we
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may further assume that for each i € [dr],
Nete (viwiys, viy:) > Netes (viw;zi, w;z;). (2.1)

Consider the induced subgraph G’ of G obtained from G by removing the vertices
V1, ooy Vg Let B i={ayy; 1 € [dr]}U{w;z; - i € [dr]}. As0(G') > 6(G)—dr > n/2+dr,
Lemma 2.3.1 implies that there exists a Hamilton cycle C” in G’ which contains E’. Let C
be the Hamilton cycle of G obtained from C” by inserting each v; between x; and ;; let Cy
be the Hamilton cycle of G obtained from C’ by inserting each v; between w; and z;.
For j € {1,2}, write E; for the number of edges in C; of colour ¢*. Note that (2.1)
implies Fy — Fy > dr. If £y > n/r + d then C] is d-unbalanced and we are done, so
suppose Fy < n/r+d. It follows that (n/r+d) — Ey > dr and so Ey < n/r—d(r—1). By
the pigeonhole principle, there exists a colour ¢ with ¢’ # ¢* such that there are n/r + d

edges coloured with ¢ in Cy, and so C5 is d-unbalanced. This concludes the proof. O

2.4 Concluding remarks

As mentioned in [11, Section 7] there are many possible directions for future research. For

example, it would be interesting to determine whether the term 6dr? in Theorem 1.1.3

can be improved. It seems new ideas are required to obtain a term better than ©(dr?).
One natural extension of our work is to seek an analogue of Theorem 1.1.3 in the

setting of digraphs.

Question 2.4.1. Given any digraph G on n vertices with minimum in- and outdegree at
least (1/24-1/2r+0(1))n, and any r-colouring of E(G), can one always ensure a Hamilton

cycle in G of significant colour-bias?

Note that the natural digraph analogues of our extremal constructions for Theo-

rem 1.1.3 show that one cannot lower the minimum degree condition in Question 2.4.1.
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CHAPTER 3
DIRAC-TYPE PROBLEMS FOR VERTEX

ORDERED GRAPHS

3.1 Introduction

First, we recall some relevant definitions for this chapter. A (vertez) ordered graph H on h
vertices is a graph with vertex set [h]. An ordered graph G with vertex set [n| contains
an ordered graph H on [h] if (i) there is an injection ¢ : [A] — [n] such that ¢(i) < ¢(j)
for all 1 <i < j < hand (ii) ¢(i)¢(j) is an edge in G whenever ij is an edge in H. The
image of ¢ is referred to as a copy of H in G. In both the ordered and unordered settings,
an H-tiling in a graph G is a collection of vertex-disjoint copies of H contained in G.
An H-tiling is perfect if it covers all the vertices of G.

As mentioned in Section 1.2, Balogh, Li and Treglown raised the following question,
which they asymptotically resolved for any ordered graph H such that x-(H) = 2 [3,
Theorem 1.9].

Problem 1.2.2. [5] Given any ordered graph H and any n € N divisible by |H|, de-
termine the smallest integer 0-(H,n) such that every n-vertexr ordered graph G with

d(G) > d-(H,n) contains a perfect H-tiling.
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In this chapter, we present an (asymptotic) resolution of Problem 1.2.2 in all remaining
cases (i.e., for all H with interval chromatic number at least 3). Our main result, which
is formally stated in the next section, shows that Problem 1.2.2 does exhibit a somewhat
different behaviour when x-(H) > 3 compared to when x.(H) = 2; we discuss this
further in Section 3.1.3.

In addition to this result, we also resolve the Dirac-type problems for H-covers in
ordered graphs (see Section 3.1.2) and H-tilings covering a fixed proportion = of the

vertices of an ordered graph for x € (0,1) (see Section 3.1.4).

3.1.1 A Dirac-type theorem for perfect H-tilings

In this subsection we state Theorem 3.1.6, which asymptotically resolves Problem 1.2.2
when x-(H) > 3. This result will depend on several definitions and parameters which
we now introduce. Firstly, we recall the definitions of interval colouring and interval

chromatic number.

Definition 1.2.1 (Interval chromatic number). Given r € N, an interval r-colouring of
an ordered graph H is a partition of the vertex set [h] of H into r (possibly empty)
intervals so that no two vertices belonging to the same interval are adjacent in H. The
interval chromatic number x-(H) of an ordered graph H is the smallest r € N such that

there exits an interval r-colouring of H.

One can think of the interval chromatic number as the natural ordered analogue of the
chromatic number of a graph. Moreover, whilst the Erdés—Stone-Simonovits theorem [,
| asserts that 1 — 1/(x(H) — 1) + o(1) is the edge density threshold for ensuring a
copy of a graph H in G, the Erdds—Stone-Simonovits theorem for ordered graphs due to
Pach and Tardos [107] asserts the corresponding threshold in the ordered graph setting
is1—1/(x<(H)—1)+o(1).
The next definition is the relevant parameter for studying almost perfect H-tilings in

graphs.
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Definition 3.1.1 (Critical chromatic number). The critical chromatic number x.(F') of
an unordered graph F' is defined as

|F|

Xer(F) = (X(F) — 1)m,

where o(F') denotes the size of the smallest possible colour class in any x(F')-colouring

of F.

Note that x(H) — 1 < xo(H) < x(H) for all graphs H, and x..(H) = x(H) precisely
when every x(H )-colouring of H has colour classes of equal size.

We informally refer to an H-tiling in an n-vertex (ordered) graph G as an almost
perfect H-tiling if it covers all but at most o(n) vertices of G. Komlds [37] proved that
(1 = 1/xer(H))n is the minimum degree threshold for forcing an almost perfect H-tiling
in an n-vertex graph G. In fact, it was later shown [125] that such graphs G contain
H-tilings covering all but a constant number of the vertices in G. In the setting of
ordered graphs, the relevant parameter for forcing an almost perfect H-tiling is the so-
called ordered critical chromatic number x, (H) (see Definition 3.1.3 below). To introduce
this parameter we need the following definitions.

For two subsets X, Y of [n], we write X <Y ifx <yforallz € X andy €Y. Let B
be a complete k-partite unordered graph with parts Uy, ..., U, and o be a permutation
of the set [k]. An interval labelling of B with respect to o is a bijection ¢ : V(B) — [| B

such that ¢(U;) < ¢(U;) if o(i) < o(j); that is,

P(Us-1(1y) < -+ < d(Us—1(ky).

For brevity, we will usually drop ¢ and just write Us-1() < -+ < Us-1(). Given t €
N, write B(t) for the blow-up of B with vertex set (,ey () Ve, where the V,’s are sets
of t independent vertices; so there are all possible edges between V, and V, in B(t)
if zy € E(B). Given an interval labelling ¢ of B, let (B(t),¢) be the ordered graph

obtained from B(t) by equipping V' (B(t)) with a vertex ordering, satisfying V, < V,, for
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every z,y € V(B) with ¢(x) < ¢(y). We refer to (B(t), ¢) as an ordered blow-up of B.

Definition 3.1.2 (Bottlegraph). For an ordered graph H, we say that a complete k-partite
unordered graph B is a bottlegraph of H, if for every permutation o of [k] and every in-
terval labelling ¢ of B with respect to o, there exists a constant ¢t = ¢(B, H, ¢) such that
the ordered blow-up (B(t),¢) contains a perfect H-tiling. We say that B is a simple

bottlegraph of H if for any choice of o and ¢ we can take t = 1.

As an example, consider the ordered graph H with V(H) = [2h] for some h € N and
all edges between {1,...,h} and {h+1,...,2h}. Then any complete bipartite graph with
parts of the same size is a bottlegraph of H. Conversely, any complete bipartite graph
with parts of different size is not a bottlegraph of H.

We are now ready to give the formal definition of ordered critical chromatic number.

Definition 3.1.3 (Ordered critical chromatic number). The ordered critical chromatic

number x%.(F') of an ordered graph F' is defined as

Xor(F) :=1inf{x.(B) : B is a bottlegraph of F'}.

We say a bottlegraph B of F' is optimal if x..(B) = x5 (F).

As we will prove in Proposition 3.5.1, given any bottlegraph B of an ordered graph F',
there is another bottlegraph B’ of F' such that x..(B’) = x(B) and all parts of B’ are
of the same size, except for perhaps one smaller part. Therefore, in Definition 3.1.3, we
could have equivalently defined x%,.(F) by taking the infimum over all bottlegraphs of F’
whose parts are of the same size, except for perhaps one smaller part. This bottle-like
structure is where the name bottlegraph is derived, and was first used by Komlds [37] in
the setting of unordered graphs.

Notice that xo(H) — 1 < x&.(H) for all ordered graphs H as each bottlegraph B
of H must have chromatic number at least x<(H) and so x<(H) — 1 < x(B). In fact,

Proposition 3.2.6 in Section 3.2 yields a stronger lower bound on x%.(H). On the other
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hand, (in contrast to x..(F') for unordered graphs F') we will also see examples of ordered
graphs where x* (H) is much larger than y.(H). Note though that x*.(H) < h for any
ordered graph H on [h] as K}, is a bottlegraph of H. In fact, this upper bound is attained
when H is such that 1 and 2 are adjacent or h —1 and h are adjacent; this is an immediate
consequence of Proposition 3.11.1. To aid the reader’s intuition, in Section 3.3.3 we give
examples of ordered graphs H where we compute x%.(H). Various bounds on x%.(H) are

given in Section 3.11.

The next result, a simple corollary of [8, Theorem 4.3|, shows that x%.(H) is a relevant

parameter for forcing an almost perfect H-tiling in an ordered graph.?

Theorem 3.1.4 (Balogh, Li and Treglown [3]). Let H be an ordered graph. Then for
every n > 0, there exists an integer ng = no(H,n) so that every ordered graph G on n > ny

vertices with

o(G) =2 (1 - Xé‘i@) !

contains an H-tiling covering all but at most nn vertices.

From [8], it is not clear whether the minimum degree threshold in Theorem 3.1.4 is best
possible. However, we prove in Theorem 3.12.1 (see Section 3.12) that Theorem 3.1.4 is
optimal in the sense that one cannot replace the 1—1/x% (H) term in the minimum degree
condition with any other fixed constant term a < 1 — 1/x%.(H). Thus, Theorem 3.12.1
and Theorem 3.1.4 provide an analogue of Komlds’ theorem in the ordered setting.

Unusually, in the proof of Theorem 3.12.1, for most ordered graphs H we do not
simply produce an explicit extremal example. Indeed, if one has not explicitly computed
the value of x.(H) and the ‘reason’ why it takes this value, then it seems difficult to
produce such an explicit extremal example. Instead, the proof splits into a few cases and

uses various tools and results that we introduce in the chapter.

3The reader may not immediately see why Theorem 3.1.4 is a corollary of Theorem 4.3 from [5] as
there is an error term in the minimum degree condition in the latter theorem. However, a standard trick
(see, e.g., the proof of Corollary 6.6 in [33]) always allows one to omit an error term in a minimum degree
condition that forces an almost perfect H-tiling.
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At this point the reader may wonder if the conclusion of Theorem 3.1.4 can be strength-
ened to ensure a perfect H-tiling. For some ordered graphs H this is possible. However,
for other ordered graphs one will require a significantly higher minimum degree condi-
tion. The following definition is the critical concept for articulating this dichotomy for H

with x<(H) > 3.

Definition 3.1.5 (Local barrier). Let H be an ordered graph on [h] with r := y(H) > 2.
We say that H has a local barrier if for some fixed i # j € [r + 1] the following condition
holds. Given any interval (r + 1)-colouring of H with colour classes V; < --- < V.41 such

that V; = {v} is a singleton class, there is at least one edge between v and V; in H.

Note that in this definition we may have that a colour class Vj, (where k # @) is empty.
Next, we give a couple of examples.

If H is the ordered complete graph on r vertices then H does not have a local barrier;
it is also easy to check that x%.(H) = x<(H) = r. Conversely, given r > 2, let H' be
any complete r-partite (unordered) graph with at least 2 vertices in each colour class.
Let H be any ordered graph obtained from H’ by assigning an interval labelling to H’;
so X<(H) = r. Then one can check that H has a local barrier with parameters i = 1
and j = r + 1 as in Definition 3.1.5. For instance, consider the case r = 2. Given any
interval 3-colouring of H with colour classes V; < V5 < V3 and |V;] = 1, if there is no edge
between V; and V3 then V3 must be empty. It follows that Vi U V5 is a bipartition of H’
with parts of size 1 and |H| — 1, which is impossible.

We are now able to state our main result which resolves Problem 1.2.2 for all ordered

graphs H with x-(H) > 3.
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Theorem 3.1.6. Let H be an ordered graph with x<(H) > 3. Given any n > 0, there

exists an integer ng = no(H,n) so that if n > ng and |H| divides n then
(i) (L= szt ) < 0<(Hom) < (L= sy +m) i X5 (H) 2 x<(H);

(1) (1— ﬁ(Hﬂn < d-(H,n) < (1— %(H)jLn)n if Xi.(H) < x<(H) and H has a

local barrier;

(111) (1 - m> n<d.(H,n)< <1 - m —i—n) n if x5 (H) < x<(H) and H has no

local barrier.

Therefore Problem 1.2.2 is now asymptotically resolved. The reader might find it
hard to see why the value of d_(H,n) behaves as in Theorem 3.1.6, and indeed, it took
quite some time to discover the correct behaviour of this problem. In Section 3.1.3 we
give further intuition on this result. In Section 3.3 we give examples of H in each case
(i)-(iii) of the theorem. In Section 3.2 we give the extremal constructions for Theo-
rem 3.1.6. In particular, in cases (i) and (iii) the extremal examples are ‘bottlegraphs’ —
complete multipartite ordered graphs where each part has the same size except at most
one smaller part; in Section 3.11 we explicitly compute the value of x%.(H) for a range
of H, and thus the minimum degree threshold in Theorem 3.1.6 also. The explanation
for why these extremal ‘bottlegraphs’ do not have perfect H-tilings revolve around ‘space
barrier’ constraints, (i.e., one runs out of space in some subset of vertices in the extremal
bottlegraph).* However, the ‘reason’ for obtaining a space barrier can be somewhat in-
volved (and unlike any other space barrier extremal example we have ever seen before);
we discuss this in Section 3.3.1.

The proof of Theorem 3.1.6 applies an absorbing theorem from [3, Theorem 4.1] and
Theorem 3.1.4 above. The main novelty is to prove an absorbing theorem for ordered
graphs H as in Theorem 3.1.6(iii). See Section 3.9 for an overview of our absorbing

strategy.

4See [34] for a discussion on space barriers.
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3.1.2 A Dirac-type theorem for vertex covers

Given (ordered) graphs H and G, we say that G has an H-cover if every vertex in G lies
in a copy of H. Note that the notion of an H-cover is an ‘intermediate’ between seeking
a single copy of H and a perfect H-tiling; in particular, a perfect H-tiling in G is itself an
H-cover. Given any n € N and any (ordered) graph H, let d..v(H,n) denote the smallest
integer k such that every n-vertex (ordered) graph G with §(G) > k contains an H-cover.
As noted in [95], an easy application of Szemerédi’s regularity lemma asymptotically

determines .o, (H, n) for all graphs H.

Proposition 3.1.7. [95, Proposition 6] For every graph H and every n > 0, there ezists

an integer ng = no(H,n) so that if n > ngy then

(hﬁ)n—lsmw,n)s (uﬁw) n.

Proposition 3.1.7 implies that, asymptotically, the minimum degree threshold for en-
suring an H-cover in a graph G is the same as the minimum degree threshold for ensuring
a single copy of H in G. In [95, Theorem 5], Kithn, Osthus and Treglown asymptotically
determined the Ore-type degree condition that forces an H-cover for any fixed graph H.
There has also been several recent papers concerning minimum /¢-degree conditions that
force H-covers in k-uniform hypergraphs; see, e.g., [50, 51, 75].

Falgas-Ravry [19] raised the question of determining d.., (H, n) for all ordered graphs H.

Our next result asymptotically answers this question.

Theorem 3.1.8. Let H be an ordered graph and n > 0. Then there exists an integer

no = no(H,n) so that if n > ng then
(i) (1 — m> n < deon(H,n) < (1 - #H)_l + 77) n if H has no local barrier;
(i1) (1 - m> n < deow(H,n) < (1 - x%(H) + 77) n if H has a local barrier.

Theorem 3.1.8 is a direct consequence of some of the auxiliary results we use in the

proof of Theorem 3.1.6. Note that the behaviour of the threshold in Theorem 3.1.8

34



is perhaps unexpected. Indeed, unlike in the unordered setting, Theorem 3.1.8 and the
Erdés—Stone-Simonovits theorem for ordered graphs imply that the asymptotic minimum
degree thresholds for forcing a copy of H and an H-cover are different if H has a local
barrier.

Furthermore, a key moral of the Erdds—Stone-Simonovits theorem (and Proposi-
tion 3.1.7) is that once a graph G is dense enough (or has large enough minimum degree)
so as to ensure a copy of K, (or a K,-cover) then G must contain every fixed graph H
(or an H-cover) for every H of chromatic number . An intuition for this comes from
Szemerédi’s regularity lemma. However, the analogous moral is not true for H-covers in
ordered graphs. Indeed, if H is an ordered complete graph on r vertices (so x<(H) = r
and H has no local barrier) then Theorem 3.1.8 tells us the minimum degree threshold
for forcing an H-cover in an n-vertex ordered graph is (1 — -1 + o(1))n whilst the corre-
sponding threshold for any ‘blow-up’ H' of H (so x<(H') = x<(H) = r and H has a local
barrier) is significantly higher, namely (1 — % +o0(1))n. This should hint to the reader that
the regularity method behaves differently in the ordered setting; in particular, if H has
a local barrier this provides an obstruction when applying the regularity lemma. More

discussion on the regularity method for ordered graphs can be found in [, Section 3.1].

3.1.3 Intuition behind the threshold in Theorem 3.1.6

In this subsection we build up further intuition behind the threshold in Theorem 3.1.6. For
this it will be useful to first take a step back and consider perfect H-tilings in unordered

graphs. In this setting the Dirac-type threshold is governed by two factors:
(C1) The minimum degree needs to be large enough to force an almost perfect H-tiling.

(C2) The minimum degree must be large enough to prevent ‘divisibility’ barriers within
the host graph that constrain us from turning an almost perfect H-tiling into a
perfect H-tiling.

This is made precise by the following theorem of Kiithn and Osthus [91]. (See [94, Section
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1.2] for the definition of hef(H) = 1.)

Theorem 3.1.9 (Kiithn and Osthus [91]). Let 6(H,n) denote the smallest integer k such
that every graph G whose order n is divisible by |H| and with §(G) > k contains a perfect

H-tiling. For every unordered graph H,

§(H,n) = (1 - ) n+0(1),

X*(H)
where x*(H) := Xer(H) if hef(H) =1 and x*(H) := x(H) otherwise.

Recall that every graph H satisfies x..(H) < x(H). So by Komlés’ aforementioned
almost perfect tiling theorem [37], the minimum degree condition in Theorem 3.1.9 is
enough to ensure (C'1) holds. Meanwhile those graphs H with hcf(H) = 1 are precisely
the graphs for which, at the almost perfect tiling threshold, (C2) is satisfied. Furthermore,
for graphs H with hcf(H) # 1, (C2) is only guaranteed to be satisfied once the n-vertex
host graph has minimum degree around (1 — 1/x(H))n.

We do not state the precise definition of hef(H) = 1 here, however, the following
example is instructive. Let H be any connected bipartite graph and let n € N be divisible
by |H|. Consider the n-vertex graph G that consists of two disjoint cliques whose sizes
are as equal as possible so that neither is divisible by |H|. Then whilst G contains an
almost perfect H-tiling, the divisibility constraint on the clique sizes prevents a perfect
H-tiling. Thus all such H are examples of graphs with hef(H) # 1. In particular,
)(G)=n/2—0(1) = (1-1/x(H))n—0(1), so G is an extremal example for Theorem 3.1.9
in this case.

As mentioned earlier, another necessary condition for a Dirac-type threshold for perfect

H-tilings is the following:
(C3) The minimum degree needs to be large enough to force an H-cover.

Condition (C3), however, does not factor into the statement of Theorem 3.1.9 as Proposi-

tion 3.1.7 shows that one can ensure an H-cover ‘earlier’ than an almost perfect H-tiling

(recall that x(H) — 1 < xe(H)).
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Interestingly, the opposite is true in the ordered graph setting when H has a local bar-
rier and x(H) > 3 is such that x<(H) > x%.(H). Indeed, in this case, Theorem 3.1.6(ii)
essentially states that the H-cover condition is the ‘last’ of conditions (C'1)-(C3) to be
satisfied. In particular, Extremal Example 1 in Section 3.2 shows that for every H satis-
fying Definition 3.1.5, there are n-vertex ordered graphs with 6(G) > (1 —1/x<(H))n—1
for which a certain vertex does not lie in a copy of H.

In all other cases when x.(H) > 3, Theorem 3.1.6 essentially states that the almost
perfect tiling condition is the ‘last’ of conditions (C1)—(C3) to be satisfied. Therefore,
surprisingly, divisibility barriers play no role in Problem 1.2.2 for H with x-(H) > 3. In
contrast, Theorem 1.9 in [3] shows that in the case when x.(H) = 2, each of (C1), (C2)
and (C3) can be the condition that governs the Dirac-type threshold for perfect H-tiling,

depending on the choice of H.

3.1.4 A Dirac-type theorem for H-tilings

In addition to determining the Dirac-type threshold for almost perfect tilings in unordered
graphs, Komlés [87] provided a best-possible minimum degree condition for forcing an H-

tiling covering a certain proportion of the vertices in a graph G.

Definition 3.1.10 ((x, H)-tilings). Let G and H be (ordered) graphs and z € [0, 1]. An
(x, H)-tiling in G is an H-tiling covering at least z|G| vertices. So a (1, H)-tiling is simply

a perfect H-tiling.

Theorem 3.1.11 (Komlés [¢7]). Let H be a graph and x € (0,1). Define

= (-t} o)

Given any n > 0, there exists some ng = no(z, H,n) € N such that if G is a graph on n

vertices where n > ng and §(G) > g(x, H) - n then there exists an (x — n, H)-tiling in G.

Note that the minimum degree condition in Theorem 3.1.11 is best possible in the

37



sense that given any fixed H and = € (0,1), one cannot replace g(z, H) with any fixed
g (x,H) < g(z, H) (see [87, Theorem 7] for a proof of this).

The function g(x, H) is quite well-behaved. Indeed, g(z, H) grows linearly in x for
fixed H. Note that g(0, H)-n and g(1, H) - n are the asymptotic minimum degree thresh-
olds for ensuring an n-vertex graph contains a copy of H and an almost perfect H-tiling
respectively. From this prospective, the function g(x, H) can be viewed as a linear inter-
polation of these two thresholds.

The question of obtaining an ordered graph analogue of Theorem 3.1.11 was raised
in [8, Question 8.2]. We provide an answer to this problem; for this we require the

following definitions.

Definition 3.1.12 (z-bottlegraphs). Let H be an ordered graph and x € (0,1]. An

unordered graph B is an z-bottlegraph of H if it satisfies the following properties:
(i) B is a complete k-partite graph with parts Uy, Us, ..., Uy, for some k € N.
(ii) There exists some m € N such that |U;| < m and |U;] = m for every i > 1.

(iii) Given any permutation ¢ of [k] and any interval labelling of B with respect to o,

the resulting ordered graph contains an (z, H)-tiling.

Definition 3.1.13. Let H be an ordered graph and x € (0,1]. We define x},.(z, H) as

Xon(x, H) := inf{x..(B) : Bis an z-bottlegraph of H}.

Given any ordered graph H, if B is an z-bottlegraph of H then x(B) > x<(H). This

implies that x.-(B) > x<(H) — 1 and so

Xer(@, H) > x<(H) — L. (3.1)

An application of Theorem 3.1.11 together with a tool from [8, Lemma 6.2] yields the

following minimum degree condition for the existence of (z, H)-tilings in ordered graphs.
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Theorem 3.1.14. Let H be an ordered graph, x € (0,1) and define

Given anyn > 0, there exists some ng = no(x, H,n) € N such that if G is an ordered graph

on n vertices with n > ng and §(G) > (f(xz, H) + n)n then G contains an (x, H)-tiling.

The minimum degree condition in Theorem 3.1.14 is best possible in the following
sense. Let H and x € (0,1) be fixed. Given any 0 < a < 1 — 1/x%.(x, H), and any
sufficiently large n € N, consider any n-vertex graph B that satisfies (i) and (ii) of

Definition 3.1.12 for some choice of k&, m € N and where

cm<5(B):n—m:(1— )n<f(:c,H)-n.

Xer(B)

So Xer(B) < xi.(xz,H). (Note such a graph B exists for any choice of 0 < a < 1 —
1/x:.(z,H).) Then by definition of x%.(x, H) there is a permutation o of [k] and an
interval labelling ¢ of B with respect to o, such the resulting ordered graph (B, ¢) does
not contain an (x, H)-tiling.

A draw-back of Theorem 3.1.14 is that it seems hard to compute %, (z, H) in general.
However, in Section 3.14 we describe the behaviour of the function f(z, H) for some
fixed ordered graphs H. In particular, akin to Theorem 3.1.11, if H has x(H) = 2
then f(z, H) is linear in x. Perhaps surprisingly though, there are ordered graphs where
f(z, H) is only piecewise linear. We also compute f(x, H) for every ordered graph H and

every x that is not too big.

3.1.5 Organisation of the chapter

The rest of this chapter is organised as follows. In Section 3.2 we give the extremal
constructions for Theorems 3.1.6 and 3.1.8. In Section 3.3 we give some examples of

ordered graphs H that fall into each of the three cases of Theorem 3.1.6. In Section 3.4
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we state a new absorbing theorem (Theorem 3.4.2) and an absorbing theorem from []
and combine them with Theorem 3.1.4 to prove Theorem 3.1.6. The subsequent sections
therefore build up tools for the proof of Theorem 3.4.2: in Section 3.5 we state a couple of
useful properties of bottlegraphs; in Section 3.6 we introduce Szemerédi’s regularity lemma
and related useful results; some tools for absorbing are given in Section 3.7; Section 3.8
contains several results which give flexibility in how one can interval colour certain ordered
graphs H.

In Section 3.9 we give a sketch of the proof of Theorem 3.4.2 before proving it and
Theorem 3.1.8 in Section 3.10. In Section 3.11 we give general upper and lower bounds
on x*.(H) and also compute % .(H) for a few general classes of ordered graphs H.

In Section 3.12 we prove that the minimum degree condition in Theorem 3.1.4 is best
possible. The proof of Theorem 3.1.14 is given in Section 3.13; in the subsequent section
we describe the behaviour of the function f(z, H) for some choices of H. We conclude

the chapter with some open problems in Section 3.15.

3.1.6 Notation

A nearly balanced interval partition of [n] is a partition of [n] into intervals Wy < --- < W,
where ||[W;| — |[W;|| < 1 for every 1 < i,j < t. Similarly, a t-partite graph with vertex
classes Vi, ..., V; is nearly balanced if ||V;| — |V;|| <1 for every 1 <i,j <t.

Given an ordered graph G we say that V; < --- <V, is an interval r-colouring of G
to mean that there is an interval r-colouring of G with colour classes V; < --- < V,.. We
say that an ordered graph G is complete r-partite if there exists an interval r-colouring
Vi < --- <V, such that zy € E(G) for every x € V; and y € V; with i # j. We refer to
the V;’s as the parts of G.

Given an unordered graph G and a positive integer ¢, let G(t) be the graph obtained
from G by replacing every vertex « € V(G) by a set V. of ¢ vertices spanning an in-
dependent set, and joining v € V, to v € V| precisely when zy is an edge in G; that

is, we replace the edges of G by copies of K;;. We will refer to G(t) as a blown-up
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copy of G. If U; is a vertex class in G then we write U;(t) for the corresponding vertex
class in G(t). We use analogous notation when considering blown-up copies of complete
k-partite ordered graphs. In particular, given a complete k-partite ordered graph B with
parts By < --- < By, the ordered blow-up B(t) of B consists of parts By (t) < --- < By(t)
where | B;(t)| = t|B;| for all i € [k].

Throughout the chapter, we omit all floor and ceiling signs whenever these are not

crucial.

3.2 Extremal constructions

In this section we provide the extremal examples for Theorems 3.1.6 and 3.1.8. First,
consider the case when H has a local barrier. We now construct an n-vertex ordered
graph which does not contain an H-cover (and thus no perfect H-tiling), and whose
minimum degree is more than (1 — 1/x-(H))n — 1, thereby giving the lower bounds in

Theorem 3.1.6(ii) and Theorem 3.1.8(ii).

Extremal Example 3. Let n,r € N and i,j € [r + 1] with i # j. Let Fi(n,r,i,j) be
an n-vertex ordered graph consisting of vertex classes Uy < --- < U,y1 which satisfy the

following conditions:

o U; = {u} is a singleton class while the remaining vertez classes are as equally sized

as possible, and in particular, |U;| = L”;lj ;

o Fi(n,ri,7)\ {u} is a complete r-partite ordered graph with parts
U17 R Ui—lu Ui+17 ctt UT+1;

o u is adjacent to all other vertices except those in Uj.

Note that

S(Fi(n,ri, ) =n—1— U] =n—1— V;w > (1_%)71_1. (3.2)
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Furthermore, we now prove that Fj(n,r,i,j) does not contain an H-cover (nor a perfect
H-tiling) provided that y.(H) = r and H has a local barrier with respect to parameters

i,j € [r+1].

Lemma 3.2.1. Let H be an ordered graph, let v := x<(H) and let n € N. If H has a local
barrier then there exist i,j € N, with i # j, and a vertex u € Fy(n,r,i,j) such that there
is no copy of H in Fy(n,r,i,7) covering the vertex u. In particular, Fy(n,r,i,7) does not

contain an H-cover nor a perfect H-tiling.

Proof. Suppose H has a local barrier with respect to i # j € [r + 1], as defined in
Definition 3.1.5. Let u be the vertex in the singleton class U; of Fi(n,r, i, j). Suppose there
is a copy of H in Fi(n,r,,7) covering the vertex u. Then the interval (r + 1)-colouring
Uy < -+ < Upqq of Fi(n,ri,j) induces an interval (r + 1)-colouring V; < -+ < V44
of H such that V; = {v} is a singleton class and there is no edge between v and V;. This
contradicts the assumption that H has a local barrier with respect to ¢, j; thus, there is

no copy of H in Fy(n,r,i,7) covering the vertex u. ]
We immediately obtain the following corollary of Lemma 3.2.1 and (3.2).

Corollary 3.2.2. Let H be an ordered graph and let n € N. If H has a local barrier then

Seon(H, M) > (1 — ﬁ) n

and, if |H| divides n

d-(H,n) > (1 — X<1H)) n.

]

Next we prove a general lower bound on d.(H,n) which is asymptotically sharp if
the ordered graph H does not have a local barrier. Similarly to before, we construct an
n-vertex ordered graph which does not contain a perfect H-tiling and whose minimum
degree is at least (1 — 1/x%.(H))n — 1, thereby giving the lower bound in cases (i) and
(iii) of Theorem 3.1.6.
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Extremal Example 4. Let H be an ordered graph and n € N. Set { := {XL(H) + lJ.
Define F»(H,n) to be the unordered complete [n/l|-partite graph on n vertices such that

all classes have size ¢ except for one class of size at most (.

It is easy to check that the minimum degree of Fy(H,n) is

5(Fy(H,n)) :n—ﬁzn—{ )n— 1. (3.3)

n
r1]z (1-
Xer(H) Xer(H)
Additionally, there exists a certain ordering of the vertices of F»(H,n) such that the

resulting ordered graph does not contain a perfect H-tiling:

Lemma 3.2.3. Let H be an ordered graph and n € N such that |H| divides n. There
exists an interval labelling ¢ of Fy(H,n) such that the ordered graph (Fy(H,n),¢) does

not contain a perfect H-tiling.

Proof. Recall Fy(H,n) is a complete [n/¢]-partite graph with all parts of size ¢, except
one class of size at most ¢, for some integer ¢ such that ¢ > n/x% (H). For brevity,
let F':= F5(H,n). It is easy to see that o(F') equals the size of the smallest part of F,
thus |F| — o(F) = ¢(x(F) — 1). The critical chromatic number of F is

|F|

XerlF) = OP) = Vi = 5 < o = X ).

By Definition 3.1.3, for every bottlegraph B of H we have x..(B) > x5.(H). It follows
that F5(H,n) is not a bottlegraph of H. Hence, by definition, there exists a permutation o
of [[n/f]] and an interval labelling ¢ of Fy(H,n) with respect to o such that (Fy(H,n), ¢)

does not contain a perfect H-tiling. O
Lemma 3.2.3 and (3.3) immediately imply the following corollary.

Corollary 3.2.4. Let H be an ordered graph. Then given any n € N divisible by |H|,

S_(H,n) > §(Fy(H,n)) + 1> (1 - %) n.

C
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Next we give a general lower bound for .., (H,n) which is asymptotically sharp if
the ordered graph H does not have a local barrier, thereby giving the lower bound in

Theorem 3.1.8(i).

Extremal Example 5. Let H be an ordered graph and n € N. Let F3(H,n) be the
complete (x<(H) — 1)-partite ordered graph on n vertices with parts of size as equal as

possible.

It is easy to check that the minimum degree of F3(H, n) is

S(Fy(H,n)) = n — [ﬁw > (1 _ ﬁ) n—1.

As x<(F3(H,n)) < x<(H), we have that F3(H,n) does not contain a copy of H and thus

does not contain an H-cover. We therefore obtain the following result.

Lemma 3.2.5. Let H be an ordered graph and n € N. Then
1
eon(H, ) > S(F3(H,m)) + 1 > (1 _ ﬁ) N

O

For n divisible by x<(H) — 1, F5(H,n) also shows that the minimum degree threshold
that ensures an almost perfect H-tiling in an n-vertex ordered graph is more than (1 —
1/(x<(H) —1))n. Thus, combined with Theorem 3.1.4 this immediately implies that, for

all ordered graphs H,

X<(H) =1 < x5 (H). (3.4)

Actually, we close the section by proving an even stronger lower bound on x%,.(H).

Proposition 3.2.6 (A lower bound for x%.(H)). Let H be an ordered graph on h vertices
and r:= x<(H). Then,

Xer(H) = (r = 1) +



Proof. Let B be an arbitrary bottlegraph of H. It suffices to show that x..(B) > (r —

1) + 7=1. If x(B) > r then we are done (since h > r), so for the rest of the proof we

assume that x..(B) < r. In particular, as (3.4) implies that x..(B) > r — 1, this means
that B has exactly r parts. Let B; denote the part of B of smallest size. Pick any interval
labelling ¢ of B; then there exists some ¢ € N such that the ordered blow-up (B(t), ¢)
contains a perfect H-tiling H. Since B has exactly r parts, it follows that every copy of H

in (B(t), ¢) intersects all parts of B. Hence,

B(t
B01 > = 2 = dBi/n — 18] > |BIn
and so
B B P
B =0~ D P e oy Py T
B1- 1B BT 1BI/A =

[]

In Section 3.3.3 we give a family of ordered graphs H for which the lower bound

on x&.(H) in Proposition 3.2.6 is tight.

3.3 Motivating examples

3.3.1 An example for Theorem 3.1.6(i)

Recall that Extremal Example 2 yields the lower bound in cases (i) and (iii) of Theo-
rem 3.1.6. The argument in Lemma 3.2.3 is rather straightforward. This is because of the
definition of x7%.(H); if one takes a complete multipartite graph G with x..(G) < x%.(H),
then by definition there is a vertex labelling of G so that the resulting ordered graph does
not contain a perfect H-tiling.

Therefore, if one provides an argument that justifies why a bottlegraph of H is optimal,

this equivalently can be translated into an argument which explains why an ordered graph
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is an extremal example for cases (i) and (iii) of Theorem 3.1.6. In this way, one can
view x% (H) as ‘encoding’ properties of the extremal example.

In Section 3.11 we will compute x%.(H) for various classes of ordered graphs H. Often
these arguments will be somewhat involved; thus, in these cases the reason why the
extremal example for Theorem 3.1.6 does not contain a perfect H-tiling is also ‘involved’.
That is, in general the reason why extremal examples do not contain perfect H-tilings
is not as immediate as Lemma 3.2.3 might suggest. We illustrate this point through the

following example.

Example 3.3.1 (An example for Theorem 3.1.6(i)). Let £ > 2 and let H be the complete

3-partite ordered graph with parts Hy < Hy < Hjs of size £, 1,{ respectively.

For H as in Example 3.3.1, we have that x*.(H) = (4 —1)/¢* > 3 = x-(H)
(this follows from Proposition 3.11.5, where we compute x5, (F') for all complete 3-partite

ordered graphs F'). Thus, for such H we are in case (i) of Theorem 3.1.6 and so

2

S (H,n) = (1 - Mf_ -t 0(1)> n.

We now describe an extremal example for Theorem 3.1.6 for such H. Let n € N such
that |H| = 2¢ + 1 divides n and n > 20. Let G be the complete 4-partite ordered graph
on n vertices with parts G < G5 < G3 < G4 where

nt?
402 — 1

2
\Gl\:]Gglz|G3|:{ J+1 and |G4|:n—3{ nt J_?"

402 — 1

Note that G4 is the smallest part since |G;| > n/4 for i = 1,2,3 and |G4| < n/4. In

particular,

ne? ne? 2
—n— —1>n— _ 1= - _1.
oG =n {4@2 - 1J BT (1 402 = 1) nel

Suppose for a contradiction that G contains a perfect H-tiling H. Let A C H be the

set of copies of H in H which have exactly ¢ vertices in G; and set B := #H \ A. This
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immediately implies

|G1| > (| Al (3.5)

Note that if H' € A then H' has at most £+ 1 vertices in G; UG5 while if H" € B then H'

has at most ¢ vertices in G; U G5. It follows that

|G|+ |Ga| < (+1)|A| +4|B]. (3.6)

Combining (3.5) and (3.6) yields the following:

36) |Gh| + |Ga| — [A| B €|Gy| + (|Ga| — |G
A+ B > | 1|+|€2| | Al 3 |G| + ‘g22‘ |G|

21 nl? 1 >2€—1 nl? o
Iz 402 —1 02 2 —-1) 20+1°

The above is a contradiction since

B _\G!_ n
AL+ 18] = ] = J = 5

Hence, G' does not contain a perfect H-tiling.

Note that G is a ‘space barrier’ construction as our argument tells us that G; U Go
is ‘too big’ to ensure a perfect H-tiling in G; moreover, the reason why G; U G is ‘too
big’, whilst not difficult, is not at first sight, obvious (i.e., we needed to consider how two
types of copies of H intersect G; U G3).

Space barrier constructions occur in many other settings too (e.g., the Kithn—Osthus
perfect tiling theorem [93]). However, all previous graph space barrier constructions we
are aware of have a different flavour to the above space barrier G. Indeed, previously
known examples fail to contain the desired substructure due to some very immediate
property that means one vertex class is ‘too small’ or ‘too big’.

In Section 3.11 we compute x7.(H) precisely for several classes of ordered graphs.
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In particular, we give other ordered graphs H that fall into case (i) of Theorem 3.1.6,
namely all complete 3-partite ordered graphs and all complete r-partite ordered graphs

whose smallest part is the first or last part (see Propositions 3.11.3 and 3.11.5).

3.3.2 An example for Theorem 3.1.6(ii)

The next example provides a family of ordered graphs that fall into case (ii) of Theo-

rem 3.1.6.

Example 3.3.2 (An example for Theorem 3.1.6(ii)). Let v,k > 3 and let H be the ordered
graph with vertex set V(H) = [(r — 1)k + 2] and edge set E(H) = {(1,(r — 1)k +2)} U
{((s=1Dk+2,sk+2):s€[r—1]} (see Figure 3.1). So x<(H) =r.

Figure 3.1: The ordered graph H as in Example 3.3.2 for r =4 and k = 3.

Let B the complete r-partite graph with parts By, ..., B, where |B;| = k for i € [r—1]
and |B,| = 2. Observe that x..(B) = (r — 1) + 2/k and |B| = |H|. Since all parts of B
have size at most k and there is no edge in H whose endpoints differ by £ — 1 or less, we
have that for any permutation o of [r] and any interval labelling ¢ of B with respect to o,
the ordered graph (B, ¢) contains a spanning copy of H; hence B is a simple bottlegraph
of H. 1t follows that

X (H) < Xer(B) = (r = 1)+ 7 < r = < ().

Furthermore, H has a local barrier: for any interval (r+ 1)-colouring {1} <V} <--- <V,

of H we have that (r — 1)k + 2 € V, and thus there is one edge between {1} and V;.
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3.3.3 An example for Theorem 3.1.6(iii)

Next we consider a family of ordered graphs which fall into case (iii) of Theorem 3.1.6.

Example 3.3.3 (An example for Theorem 3.1.6(iii)). Let r,k > 2 and let H be the ordered
graph with vertex set V(H) = [(r — 1)k + 1] and edge set E(H) = {((s—1)k+1,sk+1) :
s € [r—1]}. So H is the path (1)(k+1)2k+1)...((r — D)k +1) and x-(H) =1 (see
Figure 3.2).

° ° °
1 2 3 4 5 6 7

Figure 3.2: The ordered graph H as in Example 3.3.3 for »r = 4 and k = 2.

We will explicitly compute x%.(H). In particular, we prove that x%.(H) < x<(H)
and that H does not have a local barrier. We first construct a bottlegraph of H. Let B
denote the complete r-partite graph with parts By,..., B, where |B;| = k for i € [r — 1]
and |B,| = 1. Observe that x..(B) = (r — 1) + 1/k and |B| = |H|. Since all parts of B
have size at most k and there is no edge in H whose endpoints differ by £ — 1 or less, we
have that for any permutation o of [r] and any interval labelling ¢ of B with respect to o,
the ordered graph (B, ¢) contains a spanning copy of H. Thus, B is a simple bottlegraph
of H and so x}.(H) < xe(B) = (r — 1) + 1/k. Moreover, Proposition 3.2.6 implies that
in fact x5.(H) = (r — 1) + 1/k.

Finally, we show that H does not have a local barrier. Let i # j € [r+ 1]. If
i ¢ {1,r 4+ 1}, there exists an interval (r + 1)-colouring V} < --- < V,4; of H such
that V; = {z} with  # (s — 1)k + 1 for every s € [r]. Then z is isolated in H and so
clearly there is no edge between x and V;. If i = 1, there exists an interval (r+1)-colouring
Vi < -+ < Vg1 of H such that V; = {1} and V; = (); so again, there is no edge between V;

and V;. The case i = r + 1 is analogous; we take V; = {(r — 1)k + 1} and V; = 0.
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3.4 Proof of Theorem 3.1.6

In this section we present some intermediate results and explain how they imply Theo-
rem 3.1.6. Crucial to our approach will be the use of the absorbing method, a technique
that was pioneered by Erdés, Gyarfas and Pyber [12] (and by Krivelevich [92] in the
context of random graphs) and later systematized by Rodl, Rucinski and Szemerédi [117].
Given ordered graphs G, H and a set I C V(G), aset S C V(G) is called an H -absorbing
set for I if both G[S] and G[IUS] contain perfect H-tilings. In [$, Theorem 4.1], Balogh, Li
and the Treglown provided a minimum degree condition that ensures an ordered graph G

contains a set Abs that is an H-absorbing set for every not too large set I C V(G) \ Abs.”

Theorem 3.4.1 (Balogh, Li and Treglown [8]). Let H be an ordered graph on h vertices
and let n > 0. Then there exists an ng € N and 0 < v < n so that the following holds.

Suppose that G is an ordered graph on n > ng vertices and

(G) > (1—@4—17) n.

Then V(G) = [n] contains a set Abs so that
o |Abs| <wn;
o Abs is an H-absorbing set for every I C V(G)\ Abs such that |I| € hN and |I| < v3n.

Theorems 3.1.4 and 3.4.1 can be combined to yield a minimum degree condition that

forces a perfect H-tiling. Indeed, let G and H be ordered graphs and suppose that

1
e (B (D) O(”) g

5(G) > (1 -

We first invoke Theorem 3.4.1 to find a set Abs C V(G) which is an H-absorbing set for

any not too large set I C V(G)\ Abs. Then we apply Theorem 3.1.4 to G\ Abs to find an

5Note that this property of the set Abs does not hold for arbitrary H but rather for the specific H
one is considering. A different H would require a different set Abs.
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H-tiling M which covers all but a small proportion of vertices in G \ Abs. Let I denote
the set of such vertices in G \ Abs. Since I is relatively small, Abs is an H-absorbing set
for I, and thus G|/ U Abs| contains a perfect H-tiling Ms. Finally, observe that M; UM,
is a perfect H-tiling in G.

Thus we have proven that

1
e (H) e ()] O(”) g

5 (H,m) < (1 -

In particular, this is asymptotically sharp if x%.(H) > x<(H) (by Corollary 3.2.4) or
if x5.(H) < x<(H) and H has a local barrier (by Corollary 3.2.2), therefore proving
cases (i) and (ii) of Theorem 3.1.6. However, if x%.(H) < x<(H) and H does not have a
local barrier then this minimum degree condition can be substantially lowered. To achieve

this, we need the following new absorbing result, which is our main technical contribution.

Theorem 3.4.2 (Absorbing theorem for non-local barriers). Let H be an ordered graph
on h vertices with x<(H) > 3 and let n > 0. If H does not have a local barrier and
X5.(H) < x<(H), then there exists an ng € N and 0 < v < n so that the following holds.

Suppose that G is an ordered graph on n > ng vertices and

I(G) > (l—ﬁjtn) n.

Then V(G) = [n] contains a set Abs so that
o |Abs| <wn;
o Abs is an H-absorbing set for every I C V(G)\ Abs such that |I| € hN and |I| < v*n.

Note that the statement of Theorem 3.4.2 is false if one allows x-(H) = 2; indeed,
the conclusion of the theorem fails for so-called divisibility barriers H.° However, one

can adapt our proof and relax the hypothesis of Theorem 3.4.2 to x-(H) > 2 if one

SMore precisely, here divisibility barrier means an ordered graph H with y~(H) = 2 that satisfies
Property B as defined in [3, Page 3].
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additionally assumes H is not a divisibility barrier. We will not do this in this chapter,
however, as [$, Theorem 1.9] already resolves the perfect H-tiling problem for ordered
graphs H with xy.(H) = 2.

We postpone the proof of Theorem 3.4.2 to Section 3.10. With Theorem 3.4.2 at hand,

we can now give the proof of Theorem 3.1.6.

Proof of Theorem 3.1.6. First note that the lower bounds in parts (i)—(iii) of the
theorem follow immediately from Corollary 3.2.4 (for (i) and (iii)) and Corollary 3.2.2
(for (ii)). Thus it remains to prove the upper bounds.

Let H be an ordered graph with y.(H) > 3 and let n > 0. Let n € N be sufficiently
large and such that |H| divides n. Let G be an ordered graph on n vertices with minimum

degree so that

(i) 35(6) = (1- = +n) if X, (H) > x<(H);

(i) o(G) > ( 7+ n) n if x5.(H) < x<(H) and H has a local barrier;

(iii) 0(G) > ( = T 77) if X, (H) < x<(H) and H has no local barrier.

Recall that x%.(H) > x<(H) — 1. Thus, by Theorem 3.4.1 (for cases (i) and (ii)) and
Theorem 3.4.2 (for case (iii)), there exists some 0 < v < 7 and a set Abs C V(G) such

that
e |Abs| < vn;

e Abs is an H-absorbing set for every I C V(G) \ Abs such that |I| € |H|N and

|I] < v3n.

Let G' := G\ Abs. In all cases we have that 6(G’) > (1 — 1/x%.(H))|G'|.

Since n was chosen to be sufficiently large, by Theorem 3.1.4 there exists an H-tiling M,
in G’ covering all but at most v*n vertices. Let I C V(G’) denote the set of vertices which
are not covered by M;. Since |H| divides n, |[V(M;)| and |Abs|, we have that |H| di-
vides |I| too. Also, |I| < v*n, hence G'[I U Abs] contains a perfect H-tiling Ms. Finally,

observe that M; U M, is a perfect H-tiling of G, as desired. m
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3.5 DBottlegraphs

In the following proposition we show that it suffices to consider bottlegraphs where all

parts are of the same size except for perhaps one smaller part.

Proposition 3.5.1. Let H be an ordered graph and B be a bottlegraph of H. There exists
a bottlegraph B’ of H and an integer m € N such that X (B') = X (B) and all parts

of B’ have size m except for one part with size at most m.

Proof. Let B be a bottlegraph of H; so B is a complete k-partite unordered graph with
parts Bi,..., By for some k£ € N. Without loss of generality, we may assume that
|By| < |B;| for every i > 1. Let B’ be the complete k-partite unordered graph with
parts Bi,..., B; where
(k—1)|By| ifi=1
| B| =
|B| — |By|  otherwise.

So |B'| = (k — 1)|B|. Furthermore, we have
|Bil = (k= 1)|Bi| = k|Bi| — [Bi| < |B| — | Bi| = | B]]

for every ¢ > 1. It follows that

_ (k=1)|B] (k—1)*B| (k=1)[B|
= BoiE = Xer(B).

T (k—DIB[-(k—D|B|  [B[-|B]

Xer(B')

It remains to show that B’ is a bottlegraph of H. Observe that the vertices in B can
be partitioned into (k — 1) sets of size |B;| while the vertices in B} can be partitioned
into (k — 1) sets of sizes |Bsl, ..., |By| respectively, for every ¢ > 1. This implies that B’
contains a perfect B-tiling consisting of (k — 1) copies of B.

Let {Cy,...,Ck_1} be a perfect B-tiling in B’ (i.e., each C; is a copy of B in B’).
Let o be a permutation of [k| and let ¢ be an interval labelling of B’ with respect to o.

For every C;, we have that ¢ induces an interval labelling ¢; of C; with respect to some
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permutation o; of [k]. Since B is a bottlegraph, given any i € [k — 1], there exists
some t; € N such that the ordered blow-up (C;(t;), ;) contains a perfect H-tiling. Set
t:=tity...tx_1. Then the ordered blow-up (C;(t), ¢;) contains a perfect H-tiling M,, for
each i € [k —1].

Finally, My U -+ U Mj_; is a perfect H-tiling of the ordered blow-up (B'(t), ).

Since o, ¢ were arbitrary, B’ is a bottlegraph of H. n

Note that the notion of a bottlegraph of H (Definition 3.1.2) and 1-bottlegraph (Def-

inition 3.1.12) are not quite the same. However, the next result implies that x! (H) =

Xor (1, H).

Proposition 3.5.2. Let H be an ordered graph. Then x*.(H) = x*.(1, H).

Proof. Let
X = {xe(B): B is a bottlegraph of H}

and

X1 = {Xxo(B): B is a l-bottlegraph of H}.

Thus, inf X = x%.(H) and inf Xy = x%.(1, H). By definition of a bottlegraph and 1-
bottlegraph we have that X7 C X’; so to prove the proposition it suffices to show that X C
X

Given any bottlegraph B of H, let B’ be the bottlegraph of H obtained by applying
Proposition 3.5.1. So B’ satisfies conditions (i) and (ii) in the definition of a 1-bottlegraph
of H and x..(B') = xe(B). As B’ is a bottlegraph of H, there is some ¢ € N so
that B’'(t) satisfies condition (iii) of the definition of a 1-bottlegraph of H. Then B'(t) is
a 1-bottlegraph of H with y..(B'(t)) = Xer(B') = Xer(B). Thus, X C &}, as desired.
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3.6 The regularity lemma

In the proof of Theorem 3.4.2 we will make use of the regularity method. In this section
we state a multipartite version of Szemerédi’s regularity lemma and some other related
tools. First, we introduce some basic notation.

The density of an (ordered) bipartite graph with vertex classes A and B is defined to
be

__e(A,B)
d(A, B) := AlB|

Given € > 0, a graph G and two disjoint sets A, B C V(G), we say that the pair (A, B)g
is e-reqular if for all sets X C A and Y C B with |X| > ¢|A| and |Y| > ¢|B|, we have
|d(A, B)—d(X,Y)| < e. Givend € [0, 1], the pair (A, B)¢ is (¢, d)-regular if G is e-regular,
and d(A, B) > d.

We now state some well-known properties of e-regular pairs. The first (see, e.g., [39,

Fact 1.5]) implies that one can delete many vertices from an (e, d)-regular pair and still

retain such a regularity property.

Lemma 3.6.1 (Slicing lemma). Let (A, B)g be an e-reqular pair of density d, and for
some a > ¢, let A* C A with |A'| > «o|A| and B' C B with |B'| > «|B|. Then (A, B')q is

(¢',d — €)-regqular with £’ := max{e/a, 2¢}.

The following theorem is a multipartite version of Szemerédi’s regularity lemma [130)]

(presented, e.g., as Lemma 5.5 in [3]).

Theorem 3.6.2 (Multipartite regularity lemma). Given any integer t > 2, any ¢ > 0
and any ly € N there exists Ly = Lo(e,t,ly) € N such that for every d € (0,1] and for
every nearly balanced t-partite graph G = (Wq,...,W,) on n > Lo vertices, there erists
an L € N, a partition W2, W2 ... .W¥ of W; for each i € [t] and a spanning subgraph G’

of G, such that the following conditions hold:
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1. by <0< Ly;

2. der(z) > dg(z) — (d+¢e)n for every x € V(G);
8. |WP| < en/t for every i € [t];

4. |WZJ| = |WZ-],'/| for every i,i’ € [t] and j,j" € [{];

5. for every i,i' € [t] and j,j° € [{] either (Wg,m?/)gf is an (e, d)-reqular pair or
G'[W? Wi is empty.

]

We call the W7 clusters, the W? the exceptional sets and the vertices in the W?
exceptional vertices. We refer to G’ as the pure graph. The reduced graph R of G with
parameters €, d and {y is the graph whose vertices are the Wij (where i € [t] and j € [{])
and in which W/ Wg/ is an edge precisely when (W7, T/I/'Z-];/)G/ is (¢, d)-regular. The following

well-known corollary of the regularity lemma shows that the reduced graph almost inherits

the minimum degree of the original graph.

Proposition 3.6.3. Let 0 < e,d,k < 1 and let G be an n-vertex graph with 6(G) > kn.

If R is the reduced graph of G obtained by applying Theorem 3.6.2 with parameters e, d, (g,
then 0(R) > (k — 2e — d)|R].

A wuseful tool to embed subgraphs into G using the reduced graph R is the so-called

key lemma.

Lemma 3.6.4 (Key lemma [89]). Let 0 < ¢ < d and ¢,t € N. Let R be a graph
with V(R) = {v1,...,vx}. We construct a graph G as follows: replace every vertex
v; € V(R) with a set V; of q vertices and replace each edge of R with an (e, d)-reqular
pair. For each v; € V(R), let U; denote the set of t vertices in R(t) corresponding to v;.
Let H be a subgraph of R(t) on h wvertices with maximum degree A. Set § := d — ¢ and
g0 :=02/(2+ A). Ife <¢gp and t — 1 < gqq then there are at least (soq)" labelled copies

of H in G so that if x € V(H) lies in U; in R(t), then x is embedded into V; in G.
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As in [8], some of our applications of Lemma 3.6.4 will take the following form: suppose
within an ordered graph G we have vertex classes V; < ... < Vj so that each pair (V;,V})q
is (e,d)-regular. Then Lemma 3.6.4 tells us G contains many copies of any fixed size
ordered graph H with x-(H) = k, where the ith vertex class of each such copy of H is
embedded into V;.

3.7 Absorbing tools

In this section we state a couple of results which are useful for proving the existence of H-
absorbing sets. The first result is the following crucial lemma of Lo and Markstrom [99];

we present the ordered version of their result which appeared as Lemma 7.1 in [3].

Lemma 3.7.1 (Lo and Markstrom [99]). Let h,s € N and £ > 0. Suppose that H is an
ordered graph on h wvertices. Then there exists an ng € N such that the following holds.
Suppose that G is an ordered graph on n > ng vertices so that, for any x,y € V(G), there
are at least En*"=1 many (sh—1)-sets X C V(G) such that both G| X U{z}] and G[X U{y}]

contain perfect H-tilings. Then V(G) contains a set M so that
o |M| < (§/2)'n/4;

e M is an H-absorbing set for any I C V(G)\ M such that |I| € hN and |I| <
(£/2)n/ (32521%).

Informally, we will sometimes refer to a set X satisfying the assumptions of Lemma 3.7.1
as a chain of size | X| between vertices z and y. The next lemma states that it is, in some

sense, possible to concatenate chains.

Lemma 3.7.2. Let H be an (ordered) graph on h vertices, let a, B,y > 0 and s1, $2,n € N

where

0<l/n<y<<a,pB,1/h1/s1,1/s.

Let G be an (ordered) graph on n vertices, x,y € V(G) and A C V(G) \ {z,y} where

|A| > an. Suppose that for every z € A there exist at least fn*"~1 many (s;h—1)-sets X
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in V(G) such that both G[X U{z}] and G[X U{z}] contain perfect H-tilings and similarly
there exist at least fn®2""1 many (seh — 1)-sets Y C V(G) such that both G[Y U {y}]
and G[Y U {z}] contain perfect H-tilings. Then there exist at least yn*1+s2)h=1 many
((s1+ s2)h —1)-sets Z C V(G) such that both G[Z U{x}] and G[Z U {y}] contain perfect

H-tilings.

Proof. Let z € A and let X,Y be an (s;h — 1)-set and an (soh — 1)-set respectively which
satisfy the above properties, with X, Y disjoint so that y ¢ X and z ¢ Y. Then XU{z}UY
is an ((s1 + s2)h — 1)-set and both G[(X U{z} UY)U{z}] and G[(X U{z} UY) U {y}]
contain perfect H-tilings. Thus, it is enough to lower bound the number of such triples
(2, X,Y). There are at least an choices for z. Given a fixed choice of z there are at least
Bnsth=1t — psih=2 > gpsih=1/9 guitable choices for X. For a fixed X there are at least

Bns2h=t — s;hn®2"=2 > Bn*2"=1/2 choices for Y. Therefore, in total there are at least

(an) - (Bt )/2) - (Bt /2) s1bsa)h—1
(51 + 59)h — 1)1 > ypls1ts2)h

choices for Z, where the denominator here is because different choices of the triple (z, X,Y)

can yield the same set Z. O

3.8 Flexible colouring

In this section we prove several auxiliary results which will be particularly important for

the proofs of Theorems 3.4.2 and 3.12.1. We start with the following definition.

Definition 3.8.1. Let H be an ordered graph and let r := y-(H). We say that H is

flexible if, for every i € [r — 1], there exists an interval (r + 1)-colouring
Vi< <Vi<{a}<Vip <<V,

of H such that both V} < --- < VjU{z} < Viyu < --- < V,and V) < -+ <V, <

VignU{z} < --- <V, are interval r-colourings of H.
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Our first goal is to show that if x%.(H) < x<(H) then H is flexible. This property is
crucial for the proof of Theorem 3.4.2 and it is one of the key results in this chapter. We

start with the following lemma.

Lemma 3.8.2. Let H be an ordered graph with vertex set [h] and let r :== x-(H). If H
is not flexible, there exist some i € [r — 1] such that the number of vertices lying in the

first i intervals of any given interval r-colouring of H is fixed.

Proof. Since H is not flexible, there exist some i € [r — 1] such that there is no interval
(r 4+ 1)-colouring V; < --- < V; < {2} < Vi31 <--- <V, of H such that both V} <--- <
Viu{z} < Vigu <o < Veand Vi < - <V, < ViuU{z} < --- <V, are interval
r-colourings of H.

Let U; < --- < U, be an interval r-colouring of H. Let y be the largest vertex in U;
and let z be the smallest vertex in U;y1; so 2 = y + 1. Note that y must be adjacent to
some vertex in U;yq, as otherwise the interval (r + 1)-colouring U; < --- < U; \ {y} <
{y} < Uy < -+ < U, satisfies the flexibility property, a contradiction. Let ' be the
smallest vertex in U, adjacent to y. Similarly, let z’ be the largest vertex in U; adjacent

to z.
Claim 3.8.3. Given any r-colouring Q1 < --- < Q, of H, we have y € Q); and z € Q;11.

Fix an arbitrary interval r-colouring @ < --- < @, of H; say that 2’ lies in the kth
interval Q. Note that Q; < -+ < QN [2] < (U; \ [¢]) < Uiya < -+ < U, is an
interval colouring of H. If (i) k <i—1or (ii) k =i — 1 and 2’ = y then x(H) < r,
a contradiction. If k =7 — 1 and 2’ # y then the interval (r + 1)-colouring Q1 < -+ <
Qi1 N[Z] < (Ui \ [7]) < {2z} < Uit1 \ {2} < -+ < U, satisfies the flexibility property, a
contradiction to our initial assumption in the proof. Thus, k£ > ¢, which implies that z is
contained in the (i + 1)th interval ;41 or above since z and 2" are adjacent. Similarly, we
can show that y is contained in the ¢th interval @); or below. This implies that, since y, 2
are consecutive vertices in H, y lies in ); and 2z in ;1. This completes the proof of the

claim.
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By the claim above, and as z = y 4+ 1, we conclude that y is the largest vertex in @);.
Hence, the number of vertices in the first ¢ intervals of any given interval r-colouring of H

is exactly y, yielding the required result. O]
We are now ready to prove the aforementioned key property.

Corollary 3.8.4. Let H be an ordered graph with vertex set [h]. If x5.(H) < x<(H),
then H 1is flexible.

Proof. Letr := x-(H). Suppose for a contradiction that H is not flexible. By Lemma 3.8.2,
there exist some i € [r — 1] such that the number of vertices lying in the first ¢ intervals
of any given interval r-colouring of H is, say, y for some fixed y € N. Consider a bottle-
graph B of H with x..(B) < r (which exists by definition of x}.(H) and as x%.(H) < r);
note that B must consist of precisely r parts. By Proposition 3.5.1 we may assume that B
has parts By, ..., B, where |B;| < m and |B;| = m for some m € N. Let ¢ be a permuta-
tion of [r] and ¢ be an interval labelling of B with respect to o. Recall that the ordered
graph (B, ¢) has parts B,-11y < --- < By-1(;). Then, there exists some ¢ € N such
that the ordered blow-up (B(t), ¢) contains a perfect H-tiling. In particular, this perfect
H-tiling consists of ¢|B|/h copies of H. By assumption, each copy of H has exactly y
vertices lying in the first ¢ parts of (B(t), ¢) which implies that the first ¢ parts contain
exactly yt| B|/h vertices; that is, the total number of vertices in these parts is independent
of the choice of o. This is clearly a contradiction as if we pick ¢ such that o~ 1(1) = 1
then there are fewer than itm vertices in the first i parts of (B(t), ¢), while if c7!(r) =1

then there are precisely itm vertices in the first ¢ parts of (B(t), ¢). O

Note that one does really require x%.(H) < x<(H) in the statement of Corollary 3.8.4;
consider, e.g., when H is a complete balanced r-partite ordered graph with parts of size
at least 2.

We conclude this section with two slightly technical results which exploit the power of
flexibility. In the next lemma we show that given a flexible ordered graph H, there exists

a complete y.(H)-partite ordered graph F' such that F' contains a perfect H-tiling and
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any complete r-partite ordered graph F’, whose parts have approximately the same sizes

as the corresponding parts in F', contains a perfect H-tiling too.

Lemma 3.8.5. Let H be an ordered graph on h vertices and let r := x(H). If H is
flexzible then the following holds. For everyi € [r—1], let Vi <--- < V! < {a;} < Vi, <
-+ < V' be an interval (r + 1)-colouring of H as described in Definition 3.8.1. Let F be

the complete r-partite ordered graph with parts Fy < --- < F,. such that

r—1
rh+2rh- > |Vi| forke {1,r};
|Fi| = o
2rh+2rh - > V| otherwise.
i=1

Thus, |F| = 2r(r — 1)h%. Let s1,...,8, € Z such that s; + -+ s, = 0 and |s;| < h for
every i € [r]. Let F' be the complete r-partite ordered graph with parts F| < --- < F! such

that |F}| = |Fy| + sk for every k € [r]. Then both F' and F' contain perfect H-tilings.

Proof. First, we explicitly construct a perfect H-tiling in F. For every i € [r — 1],
consider rh copies of the interval r-colouring Vi < -+ < ViU {z;} < Vi, < -+ <V
of H and rh copies of the interval r-colouring V{ < --- < Vi < Vi, U{z;} < -+ < V!
of H. For every k € [r] we take the union of all the kth colour classes from the interval
r-colourings above to obtain r new classes. It is easy to check that the size of the new
kth class is exactly the size of Fj, so we have just constructed a perfect H-tiling in F. In
particular, as there are 2r(r — 1)h copies of H in this tiling, |F| = 2r(r — 1)h2.

Note that for every pair of consecutive classes (Fj, Fyy1) we could independently
move rh vertices from Fj to Fjy; to yield a new complete r-partite ordered graph which
still contains a perfect H-tiling; similarly, we could move rh vertices from Fj,; to Fj
(these 2rh vertices fulfil the role of xj in their respective interval r-colourings of H). We
are going to use this observation to construct a perfect H-tiling in F”.

Set t := s+ -+ + s for k € [r] and t, := 0. For every pair of consecutive classes
(F, Fyy1), if t;, > 0 move ¢y, vertices from Fj; to Fj, otherwise move —t; vertices from Fj,

to Fj+1. This is possible since [t;| < |s1]| + -+ + |s;| < rh by assumption. Note that the
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size of the new kth class is |Fy| + ty — tx—1 = |Fi| + sx = | F}|, hence we just constructed

a perfect H-tiling in F”. ]

Observe that the ordered graphs F' and F” in Lemma 3.8.5 have the same number of
vertices. In the next corollary we ease this restriction and allow F’ to have a few more

vertices than F'.

Corollary 3.8.6. Let H be an ordered graph on h vertices and let v := x<(H). If H
15 flexible then the following holds. Let F' be the complete r-partite ordered graph with
parts Fy < --- < F, as in Lemma 3.8.5 and let t € N. For any s1,...,s.,¢ € NU{0}
such that s; + -+ + s, = Lh < th and any complete r-partite ordered graph F' with parts
F| < -+ < F! of size |F}| = t|Fy| + s for every k € [r], both F(t) and F' contain perfect
H-tilings.
Proof. By Lemma 3.8.5, F' contains a perfect H-tiling and thus clearly the ordered blow-
up F'(t) contains a perfect H-tiling too.

We prove that F” contains a perfect H-tiling by induction on ¢. If £ = 0 then F = F(t)
and so I’ contains a perfect H-tiling.

Assume ¢ > 0. For every k € [r], let s}, € NU{0} such that s}, < s; and &} +---+s, = h.
Let Q1 < -+ < @, be an interval r-colouring of H. Notice that V(F") can be partitioned

into four sets X, Y, W, Z such that

(XN = =OIFl, [YNF[ = ((=D)|Ful+(sk—s1), [WNF| = [Ql, |Z] = [Fil+s5;,—[Qxl,

for every k € [r]. Observe that
e If non-empty then F'[X] is a copy of F(t—/), thus F'[X] contains a perfect H-tiling.

e If { =1 then s} = s;, for every k € [r| and so F'[Y] is the empty graph. Otherwise,
F'[Y] contains a perfect H-tiling by the inductive hypothesis since (s; — s}) + -+ +
(sp —sl)= (¢ —1)h and sy — s}, > 0 for every k € [r].

e F'[W] spans a copy of H.
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e F'[Z] contains a perfect H-tiling by Lemma 3.8.5 since

S sh—lQu) =h—h=0

k=1
and |s}, — |Qk|| < h for every k € [r].

Altogether this clearly implies F” contains a perfect H-tiling. n

3.9 Proof sketch of Theorem 3.4.2

In this section we briefly present the main ideas behind the proof of Theorem 3.4.2
before giving a rigorous argument in Section 3.10.1. Throughout this section we set
ri=x<(H)>3.

Let H be an ordered graph such that x%.(H) < x<(H) = r and H has no local barrier.

Let G be an n-vertex graph with n sufficiently large and minimum degree

3(G) > (1— ! : +o(1)> n.

r —

Our ultimate goal is to construct many chains between any given pair of vertices x,y €
V(G); then Lemma 3.7.1 will conclude the proof.

To achieve this, we first divide [n| into many nearly balanced intervals, remove all
edges in G which lie completely in some interval and then apply the multipartite version
of the regularity lemma to obtain a reduced graph R. This preconditioning process will
make it convenient to work with cliques in the reduced graph: if two clusters W and W’
are adjacent in R then by construction either W < W' or W > W".

We then show that given an arbitrary pair of clusters W and W' in R, for almost
every pair of vertices x € W and y € W’ we can find many chains between z and y. We

achieve this gradually through various steps:

e Given a copy T of K, in the reduced graph R and an arbitrary cluster W in T,

we prove that for almost every pair of vertices x,y € W we can find many chains

63



between x and y. This is quite straightforward and the only property of H we use

is that x-(H) =r.

e Given a copy T of K, in the reduced graph R and two arbitrary clusters W, W’
in T', we prove that for almost every pair of vertices x € W and y € W’ we can
find many chains between z and y. The “flexibility” guaranteed by the condition
X<(H) < x%.(H), formally stated in Corollary 3.8.4, will be the main ingredient

here.

e Finally, we show that given any two arbitrary clusters W and W', for almost every
pair of vertices x € W and y € W’ we can find many chains between z and y.
Since r > 3, this fairly straightforwardly follows from the minimum degree of R and

the previous point.

Next, given an arbitrary vertex z € V(G), we use the minimum degree condition to find
a particular structure £ in G containing x and resembling an extremal construction for
graphs which have a local barrier, namely Extremal Example 3; in particular, the vertex
classes of Extremal Example 3 are replaced by some of the clusters in R. Assuming H
does not have a local barrier, and using Corollary 3.8.6, we find many chains between x
and almost every vertex lying in a certain cluster W in L.

Analogously, given an arbitrary y € V(G) \ {z}, we find many chains between y
and almost every vertex lying in a certain cluster W’. By the previous steps, there
exist many chains between almost every vertex in W and almost every vertex in W’.
By concatenation, this ensures many chains between x and y and so the hypothesis of

Lemma 3.7.1 is satisfied, thereby yielding Theorem 3.4.2.
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3.10 Proof of Theorem 3.4.2 and Theorem 3.1.8

3.10.1 Proof of Theorem 3.4.2

Let H be an ordered graph on h vertices such that x%.(H) < x<(H) and x<(H) > 3.
Assume further that H has no local barrier. Set r := x.(H).

Given any n > 0, define additional constants d, e1,e5,e3 € R and ¢y € N so that

0<1/ly<e1 KerKezKd<n,1/(rh). (3.7)

Set t := [4/n] and let Lo = Lo(e1,t,4y) > fo be as in Theorem 3.6.2. Additionally, let
£1,8,63,64,&5 € R and n € N so that

0<1/n<& K& KKK <1/ L. (3.8)

Define v := (&5/2)"/4 and s := 2r(r — 1)h + 1.

Let G be an ordered graph on n > Lj vertices with minimum degree

I(G) > (1—Ti1+7]>n.

Let Wy < -+ < W; be a nearly balanced interval partition of [n]. Let G’ be the ordered
graph obtained by deleting all edges lying in each W; from G. As t = [4/n] we have that
|W;| < [nn/4] for all i € [t] and so

5(G) > (1 - i -+ g) n. (3.9)

Apply Theorem 3.6.2 to G’ with parameters e1,t,fy and d to obtain a pure graph

G" and a partition W2, ... W for every W;, where {; < ¢ < Ly. All non-exceptional

)
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clusters W7 have size m where

ma (22 2 o0

Let R be the corresponding reduced graph of G’. By (3.9), Proposition 3.6.3 implies that

5(R) > (1 . % g) IR). (3.11)

Crucially, observe that if WZJ VVZ],/ is an edge in R then, by construction of G’, we have i # 4’
and so either W/ < VVZJ,/ or W/ > VVZ],/

First, we prove that given a copy T of K, in R and an arbitrary cluster W in T', for

almost every pair of vertices x,y € W there exist many chains between x and y.

Claim 3.10.1. Let Ty < --- < T, be r clusters which form a copy of K, in R. Given any

i € [r], there exists a set A; C T; of size |A;| > (1 —eyr)|T;| such that the following holds:

for every x € A; there exists a set C, C T; of size |Cy| > (1 —2e97)|T;| such that for every
y € O, there are at least 0"~ many (h — 1)-sets X C V(G) so that both G[X U {z}]
and G| X U {y}] contain a copy of H.

Proof. Fix i € [r]. For every k # i, let
Ly = {U eT;: dG'//(’U,Tk) < (d— 81)|Tk|}

Observe that dgv (L, Ty) < d — ;1 for every k # i. Suppose |Ly,| > ¢|T;| for some kg # i.

Since (T}, Tk, ) is (€1, d)-regular then
|dG”(Lk07 Tko) - dG”(Ea Tk0)| < &1

and so dgr(Ly,, Tr,) > d — €1, a contradiction. Thus |Lg| < &1|T;| for every k # i. In
particular,

|L1 y-.-- UL,«| < 81(7’— 1)|ﬂ| < €17’|ﬂ’.
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Let A; :=T;\ (L1 U---UL,). It follows from the previous inequality that

[Ail = (1 = err)[Ti.

Let x € A;. Define T} := T), N Ngn(z) for every k # i and T] := T; \ {z}. By the
slicing lemma (Lemma 3.6.1), the pair (77, T})c~ is (€2, d/2)-regular for every a # b € [r].

For every k # i, let

Ly =A{v e T} : da(v,Ty) < (d/2 — £2)|Ty[}-

By the same argument as before,

|LyU---ULL| < eor|T!|.

Let C, :=T/\ (L} U---UL!). The above inequality implies that

|Cz| 2 (1 = &n)| T = (1 = 2e97)[ T3]

Let y € C,. Define T} := T}, N Ngv(y) = T}, N Ngv(x) N Nen(y) for every k # i and
T!" =T/ \{y} = T;\ {z,y}. By the slicing lemma, the pair (77,7} )¢~ is (€3, d/3)-regular
for every a # b € [r]. Furthermore, by construction, x and y are adjacent to all vertices
in T} for every k # i.

Let V4 < --- <V, be an interval r-colouring of H. Pick any v € V; and let H' be the
complete r-partite ordered graph with parts V; < --- < V;\ {v} < --- < V,.. Using (3.7),
(3.8) and (3.10), the key lemma (Lemma 3.6.4) implies that there exist at least &n~?
vertex sets X in G so that G[X] spans a copy of H' where V}, C T} for every k # i and
Vi\ {v} € T/. Because x and y are adjacent to all vertices in 7}’ for every k # i, both
G[X U{z}] and G[X U {y}] are spanned by a copy of H. O

We now prove that given a copy T of K, in the reduced graph R and two arbitrary
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clusters W and W’ in T, for almost every pair of vertices x € W and y € W' there exist

many chains between x and y. Recall s = 2r(r — 1)h + 1.

Claim 3.10.2. Let Ty} < --- < T, be r clusters which form a copy of K, in R. For
every i,j € [r], there exist sets A; C T; and A; C Tj of size |A;| > (1 — e1r)|T;| and
|A;| > (1 — er)|Ty| such that for every x € A; and y € A; there are at least &n®h=1
many (sh — 1)-sets X C V(Q) for which both G| X U{x}] and G[X U{y}| contain perfect

H -tilings.

Proof. Fix i,7 € [r]. As in the proof of Claim 3.10.1, for every k # i, we define
Ly ={veT,:dg(v,T) < (d—e1)|Tk|}
and set A; :=T; \ (L; U---U L,). In the proof of Claim 3.10.1 we saw that
|LiU-- UL, <ei(r—1)|T;| <er|T;| and thus |A;| > (1 —e1r)|Ty|.

Let z € A;. As in the proof of Claim 3.10.1, we define T} := T} N Ng»(zx) for every
k#iand T) :=T; \ {z}. The pair (T.,T})c» is (e2,d/2)-regular for every a # b € [r].

For every k # j, let
L;C = {U S TJ/ : dG//(’U,TIQ) < (d/Q — EQ)IT]:,‘}

Note that Lj is not quite the same as the corresponding set given in the proof of
Claim 3.10.1 (it is defined it terms of j not ¢); however, as in the proof of Claim 3.10.1
we have that

|[LyU---U L | < epr|T].
Let C:=Tj\ (LjU---UL;). The previous inequality implies that

(37 d

Cl2 (L —en)Tj| = (1 —ear)(d —e)|T5| = SITl- (3.12)
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Let z € C. Define T} := T}, N Ngn(z) for every k # j and Tj' := T} \ {2}. By the
slicing lemma and (3.7), the pair (), T} )~ is (e3,d/3)-regular for every pair a # b € [r].
Furthermore, by construction, x is adjacent to all vertices in T}’ for every k # ¢ while 2 is
adjacent to all vertices in T}’ for every k # j.

Since xi.(H) < x<(H), by Corollary 3.8.4 H is flexible. Let F' be the complete r-
partite ordered graph with parts F} < --- < F, as defined in Lemma 3.8.5. Recall that
|F| = 2r(r — 1)h* = (s — 1)h. Pick any v € F; and let F* be the ordered graph obtained
by removing the vertex v from F. In particular, F™* is a complete r-partite ordered graph
with parts [} < --- < F; \ {v} < --- < F,.. By (3.7), (3.8) and (3.10), the key lemma
(Lemma 3.6.4) implies that there exist at least &n/FI=! vertex sets Y in G so that G[Y]
spans a copy of F* where F, C T} for every k # i and F; \ {v} C T

Given any such set Y, since x is adjacent to all vertices in T} (for all k # ¢) then
G[Y U{z}] is spanned by a copy of F' and thus it contains a perfect H-tiling. Similarly,
since z is adjacent to all vertices in 7} (for all k& # j) then G[Y U {z}] is spanned by a
complete r-partite ordered graph F’ on |F| vertices where each part of F’ differs in size
by at most one compared to the corresponding part in F'. Thus, Lemma 3.8.5 implies
G[Y U {z}| contains a perfect H-tiling.

Let A; C Tj be as in the statement of Claim 3.10.1; so |A;| > (1—&17)|T;|. Let y € Aj;.

By Claim 3.10.1, there exists a set C, C T} of size

|Gyl = (1 = 2e57)[T5] (3.13)

such that for any z € C, there exist at least £;n"~! many (h — 1)-sets Z C V(G) so that
both G[Z U{y}] and G[Z U {z}] contain spanning copies of H.

In summary, given any z € A; and y € A;, we have shown that for every z € C' N C,
there exist at least &n!"I=! many (|F|—1)-sets Y such that both G[Y' U{z}] and G[Y U{z}]
contain perfect H-tilings and similarly there exist at least £&;n~! many (h — 1)-sets Z

such that both G[Z U {y}] and G[Z U {z}] contain perfect H-tilings. Furthermore, as
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C,C, C T}; note that

3.7),(3.12),(3.13) (310) gynn

(3.
CNCy| =[C]+|Cy| = |CUC,| = |C]+|Cy| — [T} > e|Tj| = exm 5Ly

Applying Lemma 3.7.2 with C'N Cy,e1n/(5L0), &1, & playing the roles of A, «, 5,7, we
conclude that there exist at least &nlf1Hh=1 = &n*"~1 many (sh—1)-sets X C V(G) such

that both G[X U {z}] and G[X U {y}] contain perfect H-tilings, as desired. O

In the next claim we show that given any arbitrary pair of clusters W and W’ in the
reduced graph R, for almost every pair of vertices x € W and y € W' there exist many

chains between x and y. The assumption r > 3 is crucial here.

Claim 3.10.3. For every pair of clusters W and W' in R, there exist sets A C W and
A" C W' of size |A| > (1 —err)|W| and |A'| > (1 — eyr)|W'| satisfying the following: for

2sh—1

every pair of vertices x € A and y € A’ there are at least &3n many (2sh — 1)-sets

X CV(Q), such that both G[X U{x}] and G[X U{y}] contain perfect H-tilings.

Proof. Recall the reduced graph R has minimum degree

5(R) > <1 -+ g) R

Using the above minimum degree condition, given any two adjacent clusters in R, one
can greedily construct a copy of K, in R containing them both.

Since r > 3, we have §(R) > |R|/2 and so the clusters W and W’ have a common
neighbour U in R. Let K and K’ be two copies of K, in R containing W, U and W' U
respectively.

Apply Claim 3.10.2 with K, W, U playing the roles of K,, T; and T} to obtain sets
AC W and D C U with |A] > (1 —&1r)|W] and |D| > (1 — &17)|U|. Similarly, apply
Claim 3.10.2 with K, W', U playing the roles of K,, T; and T} to obtain sets A" C W’
and D' C U with |A'| > (1 —eyr)|[W| and |D'| > (1 — e17)|U].

By Claim 3.10.2, for any x € A, y € A’ and z € D N D', there exist at least &n®h~!
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many (sh — 1)-sets Y C V(G) such that both G[Y U{z}] and G[Y U{z}] contain perfect
H-tilings and &n®"~! many (sh — 1)-sets Z C V(@) such that both G[Z U {y}] and
G[Z U {z}] contain perfect H-tilings.

Furthermore, since D, D’ C U then

(3.10)
IDAD'| > |D|+|D'| = |U| > (1=2&7)|U] = (1 = 2e7)m > ng
0

Applying Lemma 3.7.2 with D N D', n/(6Ly), &2, &3 playing the roles of A, o, 3,7, we
conclude that there exist at least &n?"~1 many (2sh — 1)-sets X C V(G) such that both

G[X U{z}] and G[X U {y}] contain perfect H-tilings, as desired. O

In the next proposition we use the minimum degree condition of the reduced graph R
to find a structure £ containing an arbitrary vertex x and resembling the extremal con-
struction for an ordered graph which has a local barrier. Furthermore, we prove that

there exist many chains between = and almost every vertex in some cluster in L.

Proposition 3.10.4. Let © € V(G). There exists some cluster W € V(R) and a set
A CW of size |A| > (1 — eor)|W| satisfying the following: for every y € A there exist at
least £,n*h=1 many (sh — 1)-sets X C V(G) such that both G[X U {x}] and G[X U {y}]

contain perfect H-tilings.

Proof. Let x € V(G) and define
N*(x) :={W} € V(R) : de(x, W]) > n|W}|/100}.

Recall that every non-exceptional cluster W has size m. Hence, if W € N*(x) then there
are at most m neighbours of z in W, while if W ¢ N*(z) then there are at most nm/100
neighbours of x in W. Finally, there are at most e;n vertices lying in exceptional clusters.

Therefore,

1 g\ (9 )
1- +-|n < de(z) <m-|N*(x)| +nn/100 + e1n.
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and thus

(1 _ % g) IR < |N*()]. (3.14)
Using (3.11) and (3.14), we can greedily find r clusters 71, ..., 7, in R such that
e the T}’s span a copy of K, in R;
e T}, € N*(x) for every k € [r —1];
o if x € Wy, with ky € [t] then Ty € Wy, for all k € [r].

By the properties above, we may relabel indices so that there is an i € [r+ 1] and j € [r]
for which

nN<---<hiaa<z<i<---<T,

and T), € N*(z) for every k # j.

Define T} := Ty, N Ng/(x) for k # j and T} := T;. By construction, |Ty| > 1m/100 for
every k € [r]. Thus, by the slicing lemma (Lemma 3.6.1), (17,1})q» is (e2,d/2)-regular
for every a # b € [r].

We will show that the cluster W := Tj is as desired for the claim. For every k # j, let
Ly :=A{v € T : dan (v, Ty) < (d/2 — )| Ti[}-
It is easy to show that |Ly| < eo|T}|. Let A :=T;\ (L1 U---UL,), then
Al = (1 = e2r)[Tj] = (1 — e2r)|T;1.

Let y € A. Define T} := T} N Ngn(y) for every k # j and T} = T} \ {y}. By the
slicing lemma, (1)), T} )¢ is (€3, d/3)-regular for every a # b € [r]. Furthermore, z and y
are adjacent to all vertices in 7}’ for every k # j (see Figure 3.3).

Since H has no local barrier, there exists an interval (r + 1)-colouring

V<< Vig<{v}<Vi<-- <V,
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Figure 3.3: In this picture, we take r = 3, T} < Ty, < x < T3 and 7 = 1. Note that
(T \{y},T¥), (T1 \ {y},T%) and (T3, T}) are regular pairs, while  and y are adjacent to
all vertices in 7 and T%'.

of H such that there is no edge between v and V;. Furthermore, as x}.(H) < x<(H), we
have that H is flexible by Corollary 3.8.4. Let F' be the complete r-partite ordered graph
with parts F; < --- < F, as defined in Lemma 3.8.5 and let F’ be the complete r-partite

ordered graph with parts F| < --- < F where

/ |Fel +[Vi| +1 if k=7,
|Fyl =

| Fre| + | Vi| otherwise.

Note that

1+ ) [Vil=1+(h=1)=nh
k=1

thus, both F' and F’ contain perfect H-tilings by Corollary 3.8.6.

Pick any u € F}. Note that F"\ {u} is the complete r-partite ordered graph such that
the kth part has size |Fi| + |Vi| for every k € [r] and |F'\{u}| = |F|+h—1=sh—1. By
the key lemma (Lemma 3.6.4), there exist at least £;n*"~! many (sh — 1)-sets X C V(G)
such that G[X] spans a copy of F"\ {u} with F} C T}/ for every k # j and Fj\{u} C T}
It remains to show that both G|X U {z}] and G[X U {y}] contain perfect H-tilings.

First, we consider G[X U {z}]. Since G[X] spans a copy of F’\ {u} with F} C T} for
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every k # j and F; \ {u} C T}, then X can be partitioned into two sets Y, Z such that

Y AT = Vil and |ZNTY| = |F]

for every k € [r]. Note that G[Z] spans a copy of F, thus G[Z] contains a perfect H-tiling.
On the other hand, G[Y] spans a copy of H \ {v}. Recall that z is adjacent to all vertices
in T}/ for every k # jand T" | < x < T!. Thus, G[Y U{z}] spans a copy of H in G where
x plays the role of v. It follows that G[X U {z}] contains a perfect H-tiling.

Next, we consider G[X U {y}|. Since y € T; and y is adjacent to all vertices in 7}
for k # j, then G[X U {y}] spans a copy of F' and so G[X U {y}] contains a perfect
H-tiling. 0

Remark 3.10.5. Note that Proposition 3.10.4 holds even if we relax the hypothesis of
Theorem 3.4.2 to allow x<(H) > 2; that is, we did not use the condition that r > 3
anywhere in the proof of this claim. This fact will be useful in the proof of Theorem 3.10.7

in the next subsection.

Our final claim states that given arbitrary vertices x,y € V(G) there exist many chains

of bounded size between x and y.

Claim 3.10.6. Let z,y € V(G). There exist at least E&n**h=1 many (4sh — 1)-sets X C
V(G) such that both G[X U{z}] and G|X U {y}] contain perfect H-tilings.

Proof. By Proposition 3.10.4 there exist clusters W, W’ € V(R) a set A C W of size
|A| > (1—¢9r)|W| and a set A" C W’ of size |A’| > (1 —eqr)|W’| such that for every z € A
and 2z’ € A’ there exist at least &n*"~! many (sh — 1)-sets Y C V(G) such that both
G[Y U{z}] and G[Y U{z}] contain perfect H-tilings and at least &;n*"~! many (sh—1)-sets
Y’ C V(G) such that both G[Y' U {y}] and G[Y' U {2'}] contain perfect H-tilings.
Furthermore, by Claim 3.10.3 there exist sets D C W and D’ C W’ of size |D| >
(1 —eyr)|W| and |D’| > (1 — e17)|W’| respectively such that for every z € D and 2’ € D’

there exist at least &3n?"~! many (2sh — 1)-sets Z C V(@) such that both G[Z U {z}]
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and G[Z U {%'}| contain perfect H-tilings. Note that

(310) pp
|JAND| > (1 —=2e9r)|[W| = (1 —2e9r)m > —,
6L,
(3.10)
AN D] > (1= 2er)|W| = (1 —2e0r)m > QT”
0

Apply Lemma 3.7.2 to y and any z € AN D with A’'N D', n/(6Lg), &3, &4 playing the roles
of A, a, 3,7; we conclude that there are at least £m*"~! many (3sh — 1)-sets X’ C V(G)
such that both G[X' U {z}] and G[X' U {y}] contain perfect H-tilings.

Next apply Lemma 3.7.2 to x and y, with A N D,n/(6Lg), &4, &5 playing the roles
of A, a, B,~; this yields at least &n**"~! many (4sh — 1)-sets X C V(@) such that both

G[X U{z}] and G[X U {y}] contain perfect H-tilings, as desired. O

Observe that, by Claim 3.10.6, the hypothesis of Theorem 3.7.1 is satisfied with 4s

and & playing the roles of s and . Thus, V(@) contains a set Abs so that
o |Abs| < (&/2)'n/4;

e Abs is an H-absorbing set for any I C V(G) \ Abs such that |I| € hN and |I] <
(&5/2)*'n/(5125%h3).

Recall that v = (&5/2)" /4. Therefore we have that |Abs| < vn and by (3.7) and (3.8) we
have that v® < (&/2)%/(512s2h3); so Abs is as desired. O

3.10.2 Proof of Theorem 3.1.8

By arguing as in Proposition 3.10.4, we obtain the following result.

Theorem 3.10.7. Let H be an ordered graph that does not have a local barrier and let
n > 0. There exists an ng € N so that the following holds. If G is an ordered graph on

n > ng vertices with

62 (1= =i )

then for any vertex x € V(Q) there exists a copy of H in G covering the vertex x.
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Proof. Let r := x-(H). Given such an ordered graph G, define constants as in (3.7)
and (3.8). As in the proof of Theorem 3.4.2, apply the regularity lemma, and then argue
as in the proof of Proposition 3.10.4 to obtain the following: given any x € V(G), there
are disjoint T}, ...,T. C V(G), where |T}| > n*n/(500Ly), and integers i € [r + 1] and
J € [r] such that

TN<--<T/ ,<z<T/ <---<T,

(T7,T}) is (e2,d/2)-regular for every a # b € [r] and z is adjacent to all vertices in 7 for

any k # j.

As H does not have a local barrier, there exists an interval (r + 1)-colouring
V< <Vig<{v}<Vi<-- <V,

of H such that there is no edge between v and V;. By the key lemma, there exists some
set X C V(G) such that G[X]| spans a copy of H \ {v} with V,, C T} for every k € [r].
Since x is adjacent to all vertices in 7T}, for every k # j, we have that G[X U {x}] spans a

copy of H in (G, as desired. O

We are now ready to prove Theorem 3.1.8 using Theorem 3.4.1 and Theorem 3.10.7.

Proof of Theorem 3.1.8. Note that the lower bounds stated in Theorem 3.1.8 follow
immediately from Corollary 3.2.2 and Lemma 3.2.5. It remains to prove the upper bounds.
Let H be an ordered graph and n > 0. Let G be an ordered graph on n vertices with

n sufficiently large and minimum degree

(i) 4(G) > (1 — =+ 77> n if H has a local barrier;

x<(H)
(i) §(G) > (1 — m + 17> n if H does not have a local barrier.
In case (ii) we obtain an H-cover by Theorem 3.10.7. In case (i), consider any = € V(G).
Let y € V(G) \ {z}. By Theorem 3.4.1 there exists a set X C V(G) such that both

G[X U {z}| and G[X U {y}| contain perfect H-tilings. In particular, there exists a copy

of H in G covering x. Thus, G has an H-cover, as desired. n
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3.11 Properties of x!.(H)

In this section, we provide various bounds on the parameter x*.(H). We start by showing

some natural upper and lower bounds.

Proposition 3.11.1. Let H be an ordered graph on h vertices and let r :== x(H). Let
C denote the set of interval r-colourings of H. Define

(_(H):= max |Hy| and (*(H):=  max |H,|
(H1<-<Hy,)eC (H1<-<Hy)eC

Then x%.(H) > max{h/¢_(H), h/t* (H)}.

Proof. We only prove that x%.(H) > h/¢_(H) as the proof that x%.(H) > h/l*(H) is
analogous. Let B be a bottlegraph of H with parts By, ..., By for some k € N. Our aim
is to show that x..(B) > h/¢_(H). By Proposition 3.5.1, we may assume there exists
some m € N such that

|B| <m and |B;|=m

for every i € [k — 1]. Let ¢ be an interval labelling of B such that the ordered graph
(B, ¢) has parts B; < --- < By. Since B is a bottlegraph, there exists a t € N so that
(B(t), ¢) contains a perfect H-tiling H. Note H consists of |B|t/h copies of H and every

copy of H has at most ¢_(H) vertices in By, thus
mt = |By|t < {_(H)|H| =(_(H)|BJt/h.

Since x.-(B) = |B|/m, the above implies x..(B) > h/¢{_(H) and so x5.(H) > h/(_(H).
O]

Note Proposition 3.11.1 implies that if H is such that 1 and 2 are adjacent or h — 1

and h are adjacent then x%.(H) = h.
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Proposition 3.11.2. Let H be an ordered graph on h vertices and let r := x<(H). Let C

denote the set of interval r-colourings of H. Define

((H):= max {min|Hi|}.

(Hi<--<Hp)eC | i€[r]
Then x5, (H) < b/ (H).

Proof. Let H; < --- < H, be an interval r-colouring of H such that

(. (H) = min |H,|.

1€[r]

Let k := |h/¢.(H)] and let B be the complete (k + 1)-partite unordered graph with parts

By, ..., Bii1 such that
| Bis1| = (h =kl (H)) - (b)) and  [By| = {,(H) - (h!)

for every s € [k]. Note that By, is the smallest part and may be empty. We have that
|B| = h-h! and x..(B) = h/l,(H).

We will now prove that B is a simple bottlegraph of H. Let o be a permutation of [k+1]
and let ¢ be an interval labelling of B with respect to 0. Note that V((B, ¢)) = [h- (h!)].
Set tg:= 0 and

ti:= (Hu| +--- + [Hi) - (n)

for every ¢ € [r]. For every j € [h!] and i € [r], let

T o= [timy + JIHi|) \ [tica + (5 — D) H]).

Observe that the set of intervals {77} ey is a partition of [t;] \ [t;—1] and in particular
the set of all intervals T} is a partition of [h - (h!)].
Relabel the parts of (B, ¢) by By, ..., B, so that B} <--- < B; ;. Suppose that T;

intersects both B, and B, for some i € [r] and j € [h!] and s € [k]. Since |T},| = |H,]
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for every j' € [hl], it follows that
[(By U+ U B\ [tia]|

is not divisible by |H,|, as otherwise no T}, would intersect both B and B, for any
j' € [!], and in particular for j' = j, contradicting our assumption. However, |B{U- - -UB.|
and t;_; are both divisible by h! and thus |(B] U ---U B.) \ [t;—1]| is divisible by |H;],
reaching a contradiction. Therefore, every T]Z is a subset of some BL..

Suppose T]’ and T;H are both subsets of some B, then
1Byl > (ti + jlHia]) = (ticr + (G = DIH]) = (B! = 7 + DI H| + j[Hipa| > (I + 1) - £4.(H),

again reaching a contradiction. It follows that the ordered graph T; spanned by le <
-+ < T is a complete 7-partite ordered subgraph of (B,¢). Since |Tj| = |H;| then T}
spans a copy of H in (B, ¢) for every j € [hl]. The T}’s are disjoint and cover all the
vertices of (B, ¢), thus they yield a perfect H-tiling. Since o, ¢ are arbitrary, B is a simple

bottlegraph of H. In particular,

Xer(H) < Xer(B) = h/l1(H).

The next result follows easily from the previous bounds.

Proposition 3.11.3. Let H be a complete r-partite ordered graph on h wvertices with
parts Hy < --- < H, such that (i) |Hy| < |H;| for every i € [r| or (i) |H.| < |H;| for
every i € [r]. Then x%.(H) = h/|Hi| > x<(H) in case (1) and x*.(H) = h/|H,| > x<(H)

in case ().

Proof. For case (i), let _(H) and ¢ (H) be as in Proposition 3.11.1 and Proposition 3.11.2

respectively. Note that ¢_(H) = ¢, (H) = |H,|, hence Propositions 3.11.1 and 3.11.2 imply
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that x}.(H) = h/|H,|. Case (ii) follows similarly. O

In [8], Balogh, Li and the Treglown (implicitly) computed x?.(H) for any H such that

X<(H) = 2. Their result can be easily recovered using Propositions 3.11.1 and 3.11.2.

Proposition 3.11.4 (Balogh, Li and Treglown [8]). Let H be an ordered graph with vertex
set [h] such that x-(H) = 2. Define at(H) to be the largest integer t € [h] so that [1,1]
is an independent set in H and similarly o= (H) to be the largest integer t € [h] so that

[h —t+1,h] is an independent set in H. Let o(H) := min{a™(H),a” (H)}. Then

Xor(H) =

a(H)'

Proof. Let {_(H),¢* (H),¢.(H) be as in Propositions 3.11.1 and 3.11.2.
Observe that both [1,at(H)] < [a"(H)+1,h] and [1,h—a (H)] < [h—a~ (H)+ 1, h]

are interval 2-colourings of H. In particular,

(_(H)=a*(H) and " (H)=a (H),

and so x%.(H) > h/a(H) by Proposition 3.11.1. It remains to show that x%.(H) <
h/a(H). If a(H) < h/2 then ¢, (H) > «(H)" and so x:.(H) < h/a(H) by Proposi-
tion 3.11.2. If a(H) > h/2, then both [1,a(H)] < [a(H) + 1,h] and [1,h — a(H)] <
[h—«a(H)+1, h] are interval 2-colourings of H. Therefore the complete bipartite graph B
with parts U,V of size |U| = a(H) and |V| = h — a(H) is a simple bottlegraph of H. We
have x.-(B) = h/a(H) and thus x%.(H) < h/a(H). O

If x<(H) = 3, finding a closed formula for x%.(H) already proves challenging. In the

next result we determine % .(H) for any complete 3-partite ordered graph H.

"In fact, if a«(H) < h/2 then ¢4 (H) = a(H).

80



Proposition 3.11.5. Let H be a complete 3-partite ordered graph on h vertices with parts

H, < Hy < H3 of size hy, hg, hg respectively and let

min{hl, hQ, hg} h
H):=12- . .
g( ) ( min{hl, hg} ) min{hl, hg}

Then x;, (H) = g(H).

Proof. We may assume that h; < hs; the case h; > hs follows by the symmetry of
the argument. If h; < hy then x%.(H) = h/hy by Proposition 3.11.3 and the result
follows. So for the rest of the proof we assume hy < h; < hs. Under these assumptions,

Claim 3.11.6. x}.(H) > g(H).

Let B be a bottlegraph of H with parts By, ..., By for some k € N. Note that £ > 3
since H is 3-partite. Our aim is to show that y..(B) > g(H). By Proposition 3.5.1, we

may assume that there exists some m € N such that
|B| <m and |B;|=m

for every i € [k — 1]. Pick an interval labelling ¢ of B such that the ordered graph (B, ¢)
has parts By < By < --- < By. By definition there exists some ¢ € N such that the
ordered blow-up (B(t), ¢) contains a perfect H-tiling M. Recall that we denote the parts
of (B(t),¢) by Bi(t) < -+ < By(t).

Let M; be the set of copies of H € M whose first part H; lies completely in By(t)
and let My := M\ M;. Note that every copy of H € M, has exactly hy vertices in B (t)
and at most hy + hy vertices in By (t) U By(t), while every copy of H € M, has at most hy

vertices in By (t) U By(t). Since |By(t)| = |Ba(t)| = mt, it follows that

mt2h1|./\/l1| and 2mt§(h1+h2)|M1|+h1|M2|
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The above implies that
M| = M| + [My| > (2 — —> —.

Since x.(B) = |B|/m = |[M]h/(mt) then x..(B) > g(H), proving the claim.

Claim 3.11.7. If hy = hg then there exists a simple bottlegraph B of H with four parts

such that three parts of B have size h?, one part has size h? — h3 and xe.(B) = g(H).

Suppose h; = hz. Then

- o-8) - (3

and so 3 < g(H) < 4. Let B be the complete 4-partite graph with parts By, Bs, B3, By
where

for every i = 2,3,4. Note that x..(B) = |B|/h3 = g(H). It remains to show that B is a
simple bottlegraph of H.

Let o be a permutation of [4] and ¢ an interval labelling of B with respect to o. Recall
that the ordered graph (B, ¢) has parts B,-11) < Bs-1(2) < By-1(3) < B,-1(4). Either
o7 1),071(2) # 1 or 071(3),071(4) # 1. We will now deal with the former case.

Observe that V(B) can be partitioned into two sets X, Y of size | X| = hy(2hy + ho)

and |Y| = (hy — hg)(2h1 + h2) such that

0 ifi=1,
hl(hl - h2) lf’L == 2,
|Y ﬂ Bafl(i)l — <
ho(hy — hy) if i =3,

hi(hy — hy) if i =4,
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and )

h2 ifi=1,

X N Bo-1iy| =  hyhg if i =2,

\ |Bo-1(3)| — hiha + h3 if i =3,
and all remaining vertices of X lie in B,-1(4).

In particular, (i) [ XN By-1(1y| = h}; | XNBy-1(9)| = hiho; [XNBy-1(3)| = hi—hihe+h3;
| X N By-1(4)] = hihy — h3 or (i) | X N By-1(1y| = hi; | X N By-1i9)] = hahe; [ X N B3| =
h} — hiha; | X N By-14y| = hihs. Thus, we have that (B, ¢)[X] contains a perfect H-tiling
consisting of hy copies of H where the first part H; and the second part H, of every such
copy of H lie in B,-1(1) and By-1(9) respectively. Further, (B, ¢)[Y]| contains a perfect
H-tiling consisting of h; — ho copies of H. The union of these two H-tilings yields a
perfect H-tiling in (B, ¢).

The only remaining case is when o7'(3),07(4) # 1. However, since hy = hs, this
case will follow by a symmetric argument to that of the previous case. Thus B is a simple

bottlegraph of H.

Claim 3.11.8. If g(H) is an integer then there exists a simple bottlegraph B of H such
that Xer(B) = g(H) (i.e., B has g(H) parts) and all parts of B have size h3.

Set k := g(H). Recall that k& > 3 and so k > 4 since k € N. Let B be the complete
k-partite graph with parts By, ..., By, all of size h3. Notice x..(B) = k, so it remains to
show that B is a simple bottlegraph of H.

Let o be a permutation of [k] and ¢ an interval labelling of B with respect to o. Recall
that the ordered graph (B, ¢) has parts B,-1(1) < -+ < By-1(3). Let X C V(B) be a set

of size 4h? — h3 such that

h2 ifi=1,23,
|X ﬂ BO'_l(i)| =

W2 R ifi=4

83



Let H' be the complete 3-partite ordered graph with parts H| < H} < H} of size hy, ho, hy
respectively. By Claim 3.11.7, (B, ¢)[X] contains a perfect H'-tiling consisting of 2h; — hs

copies of H'. Observe that by definition of k,
V(B)\ X| = khi — (4hi — h3) = (2h1 — ha)(hs — h1).

Thus we can partition V(B) \ X into 2h; — hy sets of size hy — hy and assign each set to
a copy of H'. Notice that every copy of H' together with its assigned set forms a copy
of H; so we constructed a perfect H-tiling in (B, ¢). Since o and ¢ are arbitrary, B is a

simple bottlegraph of H.

Claim 3.11.9. There ezists a simple bottlegraph B of H such that x..(B) = g(H).

Recall that hy < hy < hg. We may assume that g(H) is not an integer as otherwise
we are done by Claim 3.11.8. Given ¢t € N and ¢ € NU {0}, let H(t,¢) be the complete
3-partite ordered graph with parts H{ < Hj < Hj of size thy, thy, ths — ¢ respectively.

Set k:= |g(H)|. We define ¢, ¢, s and B as follows:

o If g(H) > 4, there exist t,¢ € N such that

¢ (g(H) = k)

t (2—hy/hy) "’

since the right hand side of the above inequality is a positive rational number. Thus,

k:g(H)_< _@)g_/t_ (2_@> h—tft _ (2_%) thy + tha + thy — €

hi) hi hy hy thy
(3.15)
Furthermore, we have
By 2 tho\ thy + thy + thy
E>4>4—(2) =(2- 22 . 1
=== (m) < th1> thy (3.16)

Equations (3.15) and (3.16) imply that thy — ¢ > thy. Hence thy < thy < thy — /¢
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and so

th2> thy +thy +ths —C _

otir(e.0) = (2 .

Let B be the simple bottlegraph of H(t,¢) as in Claim 3.11.8 and set s := 0.

o If3<g(H)<4,lett:=1andl:=hs— hy. Observe that the parts H] < H) < H}
of H(t, /) have size hy, ho, hy respectively. Let B be the simple bottlegraph of H (¢, /)
as in Claim 3.11.7. Set s := h3 — h3.

Note that in both cases, B is a complete (k + 1)-partite graph where each part has
size (thy)? except one smaller part of size t?s (which is empty if g(H) > 4).

Observe that g(H) — k is a rational number and

S

5 Sg(H) — k<1, (3.17)
1

Indeed, the lower bound is trivial if g(H) > 4; if 3 < g(H) < 4 then s = hf—h3 and k = 3,
SO g(H) —k Z (2 — hg/hl)(2h1 + hg)/hl —k=4-— (hz/hl)Q —-3=1- (hz/h1)2 = S/h%
Thus, by (3.17), there exist a,b € NU {0} such that (a,b) # (0,0) and

a(l —g(H)+k)=0b(g(H) -k —s/h}) = a+bh% =(a+b)(g(H)—k)

= a(th))* + bt’s = (a + b)(th))*(g(H) — k). (3.18)
Let B’ be the complete (k + 1)-partite graph with parts B, ..., B, where
Bl = (a+b)(th)*(g(H) — k) and |Bj| = (a +b)(th))*

for every ¢ > 1. Notice x.(B’) = ¢g(H), so it remains to show that B’ is a simple

bottlegraph of H.

Let o be a permutation of [k + 1] and let ¢ be an interval labelling of B" with respect
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to 0. Recall that the ordered graph (B’, ¢) has parts B;_l(l) << B . Let XY

“1(k+1)

be two disjoint sets in V' (B’) of size a|B| and b|B| respectively such that

a(th1)2 if i < k"‘l,
(XN By =

a(t?s) ifi=k+1,

and

/ bthy)? if o-1(i) £ 1.
’Y N Bafl(i)‘ =

b(t’s) if o7l(i) = 1.
Notice that by (3.18) and the choice of the sizes of the parts of B’, all vertices in B_,

are in X UY for i < k; as s < h% it may be that some vertices in B; ) are not

“1(k+1
in XUY.

Note that (B, ¢)[X] is a copy of (B(a), ¢') for some interval labelling ¢’. So as B is a
simple bottlegraph of H(t, (), we have that (B(a), ¢’) contains a perfect H(t, )-tiling M,
consisting of

a|B| a(thy)?g(H(t,0)) ) W\ h—tt 1
HEO - G ) (2 - h_l) g o2 =)t (319)

copies of H(t, (). Similarly, (B’, ¢)[Y] is a copy of (B(b), ¢") for some interval labelling ¢”

and it contains a perfect H(t, ¢)-tiling My consisting of

= b(2h; — ho)t (3.20)

copies of H(t,¢). Note that the vertices in V(B') \ (X UY) lie in B _,
9(H) = (2 = ha/M)h/h,

k1) Moreover, as

V(B)\(XUY)| = |B|=(a+b)|B|=(a+Db)(th)’g(H) — (a+b)| B

CALE20 (4 1 b) (2R — ho)ht® — (2hy — ho)(th — O)t) .
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And so |V(B)\ (X UY)| = (a+b)(2hy — hy)lt. Thus, we can divide V(B’) \ (X UY) into
(a+0)(2hy — ho)t sets of size £ and assign each set to a copy of H(t, /) in M;UMs. Note
that each copy of H(t,¢) together with its assigned set forms a copy of H(t,0). Thus we
constructed a perfect H(t,0)-tiling in (B’, ¢). Since H(t,0) = H(t), this yields a perfect

H-tiling in (B', ¢), proving that B’ is indeed a simple bottlegraph of H.

Claim 3.11.9 implies that x%.(H) < g(H). Together with Claim 3.11.6, this concludes

the proof. n

Observe that Propositions 3.11.3 and 3.11.5 combined with Theorem 3.1.6 yield the
following result which makes the threshold in Theorem 3.1.6 explicit for all complete

3-partite ordered graphs.

Theorem 3.11.10. Let H be a complete r-partite ordered graph on h vertices with parts

H, <--- < H, where |H;| = h; for every i € [r].

If hy < h; for every i > 1, then 6-(H,n) = (1 — & 4 o(1)) n.

If hy < hy for every i € [r — 1], then 6-(H,n) = (1 — % + o(1)) n.

If r =3 and hy < hy < hg then 6_(H,n) = (1 h—%m—i—o(l)) n.

T (2hi—ha

If r =3 and hy < hg < hy then 6-(H,n) = (1 - ﬁ—l—o(l)) n.

3.12 The tightness of Theorem 3.1.4

In this section we show that the minimum degree condition in Theorem 3.1.4 is best
possible. Given an ordered graph H, let c.(H) denote the smallest non-negative number
which satisfies the following: for every n > 0, there exists an integer ny € N such that
if G is an ordered graph on n > ng vertices and with minimum degree 6(G) > c.(H)n

then G contains an H-tiling covering all but at most nn vertices. Observe Theorem 3.1.4
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immediately implies that

c<(H)§(1— ! ) (3.21)

In fact, we will show that equality holds.

Theorem 3.12.1. Let H be an ordered graph on h vertices. Then

ettty = (1= )

Proof. By (3.21) it remains to prove that c<(H) > (1—1/x%.(H)). Throughout the proof,
we let ¢:=c.(H) and r := x<(H). Suppose for a contradiction that ¢ < (1 —1/x%.(H)).
We split the proof into three different cases.

Case 1: x5 (H) > r.

Let n > 0 be sufficiently small and define ¢ such that

c’:zmax{(l—%),c}+n<1—ﬁ. (3.22)

Let 0 < v < n and let n € N be sufficiently large and divisible by h.

Let G be any ordered graph on n vertices with minimum degree
(3.22) 1
5(G)>cdn > (1— —+17) n.
r

By Theorem 3.4.1, there exists a set Abs C V(G) such that |Abs| < vn and Abs is an
H-absorbing set for every W C V(G) \ Abs such that |[WW| € AN and |W| < v3n. Let
G’ := G\ Abs. Note that
(3.22)
(G)>(d—n)n > cn.
By the definition of ¢, and as n is sufficiently large, there exists an H-tiling M covering

all but at most v*n vertices in G'. Let W C V(G’) be the set of vertices not covered

by M. Since |W| < v*n and h divides |W| (as h divides n, |Abs|, |V (M;)]), there exists
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a perfect H-tiling My in G[Abs UW]. Thus, M; U My is a perfect H-tiling in G. Recall

that G is an arbitrary ordered graph on n vertices with 6(G) > ¢'n, hence

1
do(Hn)<dn<|[1————n
<{Hm) ( XE«(H))

This contradicts Corollary 3.2.4. Therefore, the initial assumption that ¢ < (1—1/x%.(H))

is false and the result follows in this case.

Case 2: x5:.(H) <r and H 1is flexible.
As H is flexible, there exists a complete r-partite ordered graph F' with parts

Fy <--- < F, as in Lemma 3.8.5. Pick n > 0 sufficiently small so that

c+n+nF|<1-— (3.23)

X (H)

cr

and

r—1 < X;(H)
L—n|F| ~1+nx:(H)

(3.24)

Let n € N be sufficiently large and divisible by h; we may choose n and n so that nn € N.
Recall that by (3.4), r — 1 < x%.(H) < r. Thus, it is not difficult to show that there
exist a complete r-partite unordered graph B on n vertices with parts By,..., B, such

that all parts have the same size, except one smaller part, and

X (H)
1+ nx.(H)

5(B) = (1 - Xcrl( B)) - (1 - ﬁ - n) .

Pick any permutation o of [r] and any interval labelling ¢ of B with respect to o. Up

< Xer(B) < Xer (H). (3.25)

Note that

to relabelling, we may assume that the complete r-partite ordered graph (B, ¢) has

parts By < --- < B,.
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Notice that (3.24) and (3.25) imply |By| > n|F|n for all k£ € [r|. Let X C V(B) such
that | X N By| = n|Fy|n for every k € [r]. Clearly, (B, ¢)[X] is a copy of the ordered blow-
up F(nn). Let B" be the ordered graph obtained from (B, ¢) by deleting the vertices in X;
so B is a complete r-partite ordered graph with parts B} < --- < B/ where B}, C By, for

every k € [r]. Note that

(3.23)
§(B') > 0(B) —nn|F| > (1— —n—n!F|>n > cn.

1
X (H)

cr

By the definition of ¢, there exists an H-tiling M; in B’ covering all but at most (nh)n
vertices. Let W C V/(B’) be the set of vertices not covered by Mj. Furthermore, let
sk = |[W N By for every k € [r]. Note that (B, ¢)[X UW] is a complete r-partite ordered
graph with parts L; < --- < L, such that |Lg| = nn|F| + sg. Since sy +---+ s, = |[W| <
(nn)h and h divides |W|, then by Corollary 3.8.6 there exists a perfect H-tiling My in
(B, ¢)[X UW]. Finally, note that M; U M, is a perfect H-tiling in (B, ¢). Since o, ¢ are
arbitrary, this implies that B is a simple bottlegraph of H. This is a contradiction since
Xer(B) < x%.(H). Thus, the initial assumption that ¢ < (1 —1/x%.(H)) is false and the

result follows in this case.

Case 3: x&:.(H) < r and H is not flexible.

Note that if x%.(H) < r then H is flexible by Corollary 3.8.4, a contradiction. Thus,
X5.(H) = r. In this case we actually produce an explicit extremal example to show
that ¢ > 1—1/r.

Since H is not flexible, by Lemma 3.8.2 there exist some ¢ € [r — 1] such that the
number of vertices in the first ¢ intervals of any given interval r-colouring of H is fixed.
Clearly, this implies that the number of vertices in the last (r — 4) intervals of any given
interval r-colouring of H is also fixed. Since H has h vertices, the number of vertices in
the first i intervals is at least ih/r or the number of vertices in the last (r — i) intervals
is at least (r —i)h/r. Without loss of generality we may assume the former.

Fix 0 < n < 1 and n € N such that n/r and nn/r are integers. Let G be the complete
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r-partite ordered graph on n vertices with parts G; < --- < G, of size

<

G| =
L1+ (r—=1)n ifj=r.

Observe that

5(G):n—;(1+(r—1)n):(1—1—w>n.

T T

By assumption, a copy of H in G has at least ih/r vertices in Gy U - -- U G;. Suppose M

is an H-tiling in G, then the number of copies of H in M is at most

|GyU---UG)|  n(l—n)
(th/r) N h

In particular, there are at least nn vertices in G which are not covered by M.

In summary what we have shown is that, given any ¢’ < 1—1/r, we can choose n > 0
sufficiently small so that for an infinite number of choices of n € N, we can produce an
n-vertex ordered graph G' with 6(G) > ¢'n and so that G does not contain an H-tiling

covering more than (1 — n)n vertices. So by definition ¢ > 1 — 1/r, as desired. O

3.13 Proof of Theorem 3.1.14

This section is devoted to the proof of Theorem 3.1.14. We will need the following result

from [3, Lemma 6.2] which itself is a special case of a lemma of Barany and Valtr [11].

Lemma 3.13.1 (Balogh, Li and Treglown [8]). For n > k > 2, let Ay, As,..., Ay be
non-empty disjoint subsets of [n|. Then there exist sets Sy, S, ..., Sk, where S; C A;, and
a permutation o = (o(1),0(2),...,0(k)) of the set [k], such that the following conditions
hold for alli,j € [k]: we have |S;| > [|Ail/k] and S; < S; if o(i) < a(j).
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Proof of Theorem 3.1.14. Let H be an ordered graph on h vertices and let x € (0, 1).
Throughout the proof we set r := x-(H). If r = 1 the statement of the theorem holds
trivially, so we may assume that r» > 2. Observe that it suffices to prove that the theorem

holds for any n > 0 sufficiently small. Fix constants 0 < n < 1/x%.(z, H) and

0<e<(1—a)n/(zh). (3.26)

By definition of x?.(x, H) there is an z-bottlegraph B of H with

X (2, H)

Xl H) < xer(B) < g

(3.27)

Let k:= x(B) > r and let By, ..., By be the parts of B. Fix ¢ € N such that k/t < e.
Let n € N be sufficiently large and let G be an ordered graph on n vertices with

minimum degree

5(G) > (“W*") n.

Recall by (3.1), x5.(z, H) >r —1;s0 6(G) > (1 —1/(r — 1) + n)n. By the Erdds—Stone-
Simonovits theorem for ordered graphs [107] there exists a copy of H in G. We remove the
vertices of H from G and repeat the same process until we obtain a set W C V(&) such
that G[W] contains a perfect H-tiling W and |[W| = [Z*| h. Let G' := G\ W. Observe

that

/ 1 7]> /(3'27)( 1 77) /
iaHYy>(1l—-—+-1]1G > 1———+ = | |d.
(@) ( v 3) 10 @) "1)l¢

Since X (B(t)) = xer(B) (and ignoring the ordering of V/(G')), Theorem 3.1.11 implies
there exists a B(t)-tiling B in G’ which covers all but at most ¢|G’| vertices.

Consider a fixed copy of B(t) € B whose parts are Ay,..., Ay with |A;| = t|B;]| for
every i € [k]. By Lemma 3.13.1, there exist sets S; C A; for every ¢ € [k] such that
|S;| > [|Ail/k] > |B;| and a permutation o of [k] such that S; < S; if o(i) < o(j). By
discarding some vertices if necessary, we may assume that |S;| = |B;| for every i € [k].

Note that the sets Si,..., Sk span a copy of B and the ordering of V(G’) induces an

92



interval labelling of B with respect to o.
Crucially, |A4; \ S;| = (t — 1)| B;|, so we can repeatedly apply Lemma 3.13.1 to find a

B-tiling in G’ covering all but at most
k[B| = (k/t)|B(t)|

vertices in our fixed B(t) € B. Furthermore, by Lemma 3.13.1, the ordering of V(G")
induces an interval labelling on each of these copies of B. Since B is an z-bottlegraph,
each of these copies contains an (z, H)-tiling. Repeat this process for all B(t) € B and
denote the union of all these (z, H)-tilings as M. The number of vertices in G covered

by M UW is at least

o(1 = k1)1 = e)|G' + W] = 2(1 —)*(n — [W]) + [W]

(3.26)
> an — 2zen — x|W|+ |[W| > an.

Hence M UW is an (x, H)-tiling in G, as desired. O

3.14 Computing the threshold in Theorem 3.1.14 for
some choices of H

In this section we investigate the behaviour of the function f(z, H) as defined in Theo-
rem 3.1.14. Recall that for an unordered graph H, the analogous function g(z, H) (defined
in Theorem 3.1.11) is linear in z. On the other hand, for a vertex-ordered graph H, the
function f(z, H) can behave rather differently. However, we first give an instance where

f(z, H) does grow linearly in z.

Proposition 3.14.1. Let H be an ordered graph with vertex set [h] such that x<(H) = 2.
Define at(H) to be the largest integer t € [h] such that [1,t] is an independent set in

H and similarly o= (H) to be the largest integer t € [h] such that [h —t + 1,h] is an
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independent set in H. Let a(H) := min{at(H),a (H)}. For any x € (0,1), we have

o 1 = S 0D)
Proof. Let H be an ordered graph with vertex set [h] so that x-(H) = 2, and let = € (0, 1).
Additionally, fix constants 0 < 1/N <« n < 1 where N € N. We first prove that
f(x, H) < x(h — a(H))/h.

By the definition of at(H) and o~ (H) and the fact that y-(H) = 2, we have that
[1,a"(H)] < [a"(H)+1,h]and [1,h—a (H)] < [h—a~ (H)+1, h] are interval 2-colourings
of H. The maximality of ot (H) implies «™(H) > h—a~ (H), i.e., ot (H)+a (H)—h > 0.
Furthermore, the previous observations imply that the vertices in [h —a ™ (H)+ 1, ot (H)]
are isolated in H and in particular [1,h—a~ (H)] < [h—a~ (H)+1,a"(H)] < [a"(H)+1, h]
is an interval 3-colouring of H. (Note that [h — o~ (H) + 1,a™ (H)] may be empty.)

Let H' be an ordered graph such that:

e V(H') =[N] with b’ := Nh+ [(1 —2)Nh/z];

e V(H’) can be partitioned into four intervals D; < Dy < D3 < D, where
|Di| = (h—a (H))N, |Ds|=(a*(H)+a (H)—h)N,

|Ds| = |(1 = 2)Nh/x], |Ds| = (h—a'(H))N,

such that H'[ Dy, D,] is a complete 2-partite ordered graph and all vertices in DyU D3
are isolated in H'.
As[l,h—a (H)| < |[h—a (H)+1,a™(H)] < [aT(H)+ 1, h] is an interval 3-colouring of
Hand [h—a (H)+1,a"(H)] is a set of isolated vertices, we have that H'[D; U Dy U D]
contains N disjoint copies of H. These copies form an (z, H)-tiling in H' since Nh > zh'.

Notice Oé+(H,) = |D1| + |D2| + ’D3| and Oé_(H/) = |D2| + |D3| + |D4|, thus

a(H') =1 —max{|D1|,|D4|} =1 — N(h — «(H)). (3.28)
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As x<(H') = 2, Proposition 3.11.4 implies that

N (H) = (3.29)

Since H’' contains an (z, H)-tiling, it follows that every 1l-bottlegraph of H’ is an

z-bottlegraph of H and so xi.(z,H) < x&.(1,H’). Proposition 3.5.2 implies that

Xor (1, H') = x5.(H'), so

fom = (1-gem) = ()

(3:29) (1 3 Oé(}l;f’)) (3.28) <1 W= N(f;l,— a(H))) _ x<hx;'7J(VH))'

Since N is arbitrarily large and zh//N — h as N — oo, the above implies f(x, H) <
xz(h —a(H))/h.

Next we prove that f(z, H) > x(h — «(H))/h. Without loss of generality, we may
assume that o(H) = o™ (H). Let G be the ordered graph obtained by taking the complete

2-partite ordered graph with classes U < V' where

1—=x

|U|:Na+(H)—|—[ Nh—‘—kl and |V|=N(h—-at(H)) -1,

X

and adding all possible edges to V. Suppose G contains an (z, H)-tiling H. Since |G| =
Nh+ [1=2Nh] then H covers at least zNh+ (1 —2)Nh = Nh vertices of G. Let H' C H
where H' is an H-tiling consisting of exactly NV copies of H in G. Every copy of H has at
most o (H) vertices in U. Furthermore, there are precisely P‘T”CN hw vertices in G which

are not covered by H’, thus
+ 11—z

a contradiction. Therefore, the assumption that G contains an (z, H)-tiling is false. Tt
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follows from Theorem 3.1.14 that

0(G) < (f(z, H) +n)|G].

Finally, we have

0(G) _N(h—a'(H))=1 _N(h—a"(H))-1 xz(h—o'(H))—z/N
,H > = > = .
flo H)+n>9q Nh+(1;N} = Nh+ EENh+ 1 h+a/N
As N can be chosen arbitrarily large and 7 arbitrarily small, it follows that f(z, H) >
z(h —a(H))/h. O

In general, for any ordered graph H, if z is not too big then the function f(z, H) is

linear in z.

Proposition 3.14.2. Let H be an ordered graph on h vertices and r := x(H). Let C be
the set of interval r-colourings of H. Additionally, set

T := max { min \Hi|}, J = max { max \HZ|}

1<i<r | (Hy<--<H,)eC 1<i<r | (Hi<-<Hy)€eC

and xy = = Then for any x € (0, x¢] where x < 1,

__h
DJ+T"

h—xT

flz,H) = 1—m.

Proof. Let H be an ordered graph on h vertices with r := y-(H) and z € (0,z0] where
r < 1. Fix constants 0 < 1/N < n < 1 where N € N. We first show that f(z, H) <
1—(h—2T)/(h(r—1)).

Let B be the complete r-partite unordered graph with parts By, ..., B, where

N h
|Bi| = NT and ]Bi]:L (——T)J
r—1\z
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for every ¢ # 1. We now prove that B is an x-bottlegraph of H. Note that for every i # 1,

N [h
|B;| > L“ . (x— —T)J = NJ > NT = |By|. (3.30)
- 0

Let o be a permutation of [r] and ¢ be an interval labelling of B with respect to o. Recall
that the ordered graph (B, ¢) has parts B,-1(1) < --+ < Bgy-1(,y. Let Hy < --- < H, be

an interval r-colouring of H which minimises |H,(1)|. By the definition of 7" we have that
|Bi| = NT = N|Ho)|-
Furthermore, by the definition of J we have that for every ¢ # 1,
(3.30)

|Bi| = NJ = N[H,q).

Hence, the ordered graph (B, ¢) contains an H-tiling H consisting of N disjoint copies

of H. These copies cover exactly Nh vertices of (B, ¢). In particular
h
z|B| <axNT +xN |——T | = Nh,
x

therefore, H is an (x, H)-tiling in (B, ¢). Since o,¢ are arbitrary, B is indeed an a-

bottlegraph of H and thus x%.(z, H) < x(B). Note that

1Bl _NTHO DA (T NTAN(E-T) )
BT T ECE-D TET) 1 (h-aT) - D
and so -
_ 1 1 (h—aT) — 2l
=t em =t em T e

As N is arbitrarily large, the above implies f(z, H) < 1— (h —2T)/(h(r — 1)).

Next we show that f(x, H) > 1—(h—aT)/(h(r—1)). Suppose the value of T" is achieved

for some interval r-colouring Hy < --- < H} of H and i* € [r]; that is, T' = |H}|. Let G
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be the complete r-partite ordered graph with parts G; < --- < G, of where

|Gi«| = NT  and ]Gi\:[ N (g—T)-‘—i—l

r—1

for every i # i*. Notice that |G;| > |G;=

for every i € [r] since x < xg. Suppose there
exists an (z, H)-tiling H in G. By definition of T', every copy of H € H has at least T’

vertices in G+, thus
|G

H| < = N.

Hence, H covers at most Nh vertices of G. However,

h Nh

contradicting the assumption that H is an (z, H)-tiling. In particular, G does not contain

an (z, H)-tiling and so Theorem 3.1.14 implies
§(G) < (f(z, H) +n)|G|.

Let ¢ # ¢*. We have that

5(G) _ 1G]~ 1Gil _ [ (E-T)]+1
fethen=Ter =g ‘(“Nﬂ(r—l){%(s—mw—l)
oSG D 2 (hoaT) 2
“\ NTEN(E-T)) T h(r-1)

As N can be chosen arbitrarily large and 7 arbitrarily small, it follows that f(xz, H) >
1—(h—2T)/(h(r—1)). O

The following result states that f(z, H) is piecewise linear for certain types of H. These
different behaviours already suggest that computing f(z, H) is likely to be a difficult task

in general.
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Proposition 3.14.3. Let {; < --- < {, be positive integers and x € (0,1]. Let H be a
complete r-partite ordered graph on h vertices with parts Hy < --- < H, where |H;| =

for every i € [r].

¢ t+1
o If thy— Y 6; <EEh < (t+ 1)1 — > 4 for some t € [1,7 — 1] then
i=1 =1

f(x,H)—l—h—<1—:v h+x2€>

o Jf U=0h > K—Eﬁ then

h — xf,
f([L',H) = 1—m8

In particular, for H fized, f(z, H) is continuous and piecewise linear in x with r' pieces
where 1’ is the number of strict inequalities in (1 < --- < {,.

Proof. If x = 1, then the result follows from Propositions 3.5.2 and 3.11.3; so assume that
x < 1. Let T, J, xy be as in Proposition 3.14.2. For our choice of H, we have T'= J =/,
and xo = h/(r{.). Note that if

(1_3: >re, —Z&,

then x < xy. It follows from Proposition 3.14.2 that

h—aT h — xf,

f(x,H)zl—h(r—_l)zl—m.

Throughout the rest of the proof, we assume that

1— t+1
tl, — Z€ < —h< (t+ Dl — Y 4 (3.31)
=1 =1

8Observe that this value of f(x, H) coincides with the value of f(x, H) in the previous case when
t=r—1.
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for some t € [1,7 — 1]. Fix constants 0 < 1/N < n < 1 where N € N. We first prove
that f(x, H) is at most the claimed value. Let H' be the complete r-partite ordered graph

with parts H{ < --- < H/ such that the following holds:

N {[{1l—-=x i
Hl = |= .
= |3 (5 5e)

and so N¢; < |H!| < Nl by (3.31);

e for every ¢ < t,

o forevery 1 >1t+1,

As N{; < |H]| for every i € [r], there exists an H-tiling H in H' consisting of exactly N

copies of H. Note that H covers exactly Nh vertices in H' and

, 1—=z ‘ d 11—z
x|H|§xN< - h+;€i>+xNZ€i:xN<Th+h) = Nh.

i=t+1

Thus, H is an (z, H)-tiling in H'. Since H' contains an (x, H)-tiling, every 1-bottlegraph
of H' is an z-bottlegraph of H, therefore x% (z, H) < x*.(H').

Since |H{| < --- < |H]|, Proposition 3.11.3 implies x%.(H') = |H'|/|H{|. Therefore,
1 1 H]
f(x,H):(1——>g<1— ,):1—| }'
X (, H) Xer(H') |H'|

I G G0




Since N can be chosen arbitrarily large, the above implies

1
f(a:,H)<1—h— ( 1—xh—|—xZ€>

Next we prove that f(x, H) is at least the claimed value. Let G be the ordered graph

obtained by taking the complete (¢ + 1)-partite ordered graph with parts Gy < - -+ < Gy4q

Gy (h ;g)_t and |cr—{ ( ﬂ

for every i < ¢, and adding all missing edges to Gy1. Suppose G contains an (x, H)-tiling H.

where

Observe that

11—z ! ! Nh
>N|(—h+) N(n=Yt]-t="— > Nh.
|G| > (I h+ £Z>+t+ (h £z> t " = |G| > Nh

i=1 i=1

Hence, H covers at least Nh vertices in GG. Let H' C H be an H-tiling consisting of

t
exactly N copies of H. Each copy of H has at most ) ¢; vertices in G; U --- U G;. Also,

=1
|G| < N (

and so there are fewer than 1_7‘”]\7 h + t vertices in G which are not covered by H'. This

>+2t+N<h Zﬁ) —t—Nh+t,

implies

t
1—a)Nh 1—
GiU--UG[ <N £i+¢+t:N< ’
Xz

- T
=1

i>+t§|G1U---UGt|,

i=1

which is a contradiction; hence G does not contain an (z, H)-tiling. Therefore, Theo-

rem 3.1.14 implies that 6(G) < (f(z, H) + n)|G| and so
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5G) _ 61— 1G] _ HGEDIE

H
f(.il?, )+77> |G‘ |G‘ N o, tg N tg
t77+i:211- +t+ _;i_t
N [ 1= :
>1-— T(Th+;€i)+2 L (1—-2)h+ if- +2—x
T PRTELS )TN

t t
N (17%+2&> + N (h— Z&)
i=1 i=1

Since 1 can be chosen arbitrarily small and N arbitrarily large, the above implies that

(o, H) 21—% ((1—$)h—|—a)ii1€i> |

We conclude this section with the following result.

Proposition 3.14.4. Let H be an ordered graph, then
il_%xcr(x?[—[) :XCT(H) and ig%xcr(x7H) :X<(H) - L

Proof. Let T, J,zo be as in Proposition 3.14.2. If z € (0,z() then Proposition 3.14.2

implies

h—xT 1
—— — limf(x,H) =1 — ——+——.
Mo -1 e =

Since f(z,H) =1—1/x%.(x, H), it follows from the above that

flz,H)=1-

z—0

Let y,z € (0,1] withy < 2. Let B be a z-bottlegraph of H. Clearly every z-bottlegraph

of H is a y-bottlegraph of H, so x%.(y, H) < x%.(z, H). Tt follows that, for x € (0, 1], the
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function x%,.(z, H) is non-decreasing. In particular,

Xer (2, H) < X5.(1L, H) = X, (H)

for every z € (0,1]. The monotone convergence theorem implies that the limit ¢ :=
lim, 1 X%, (z, H) exists and ¢ < x%.(H). Fix arbitrary constants 0 < n,e < 1. Pick n € N

sufficiently large and let G' be an ordered graph on n vertices with minimum degree

I(G) > (1—%4—5)712 (1—m+5>n.

By Theorem 3.1.14, G contains a (1 — n, H)-tiling, i.e., an H-tiling covering all but at
most nn vertices. Recall the definition of ¢ (H) given at the beginning of Section 3.12:
c<(H) denotes the smallest non-negative number such that for every n > 0, there exists
an integer ng € N so that if GG is an ordered graph on n > ng vertices and with minimum
degree 6(G) > c<(H)n then G contains an H-tiling covering all but at most nn vertices.

It follows that c(H) < 1—1/{+ ¢, and so c(H) <1 —1/¢ since € > 0 is arbitrary.
By Theorem 3.12.1, c.(H) = 1 — 1/x}.(H) and thus x}.(H) < ¢. In particular, we
have x%.(H) = (. U

3.15 Further remarks and open problems

Theorem 3.1.6 together with [8, Theorem 1.9] asymptotically determine the minimum
degree threshold for forcing a perfect H-tiling in an ordered graph, for any fixed ordered
graph H. Depending on the structure of H, this threshold depends on one of three factors:
(C1) the existence of an almost perfect H-tiling; (C2) the avoidance of divisibility barriers;
(C3) the existence of an H-cover. Analogous factors govern the threshold for other perfect
H-tiling problems in a range of settings too.

Therefore, it would be extremely interesting to find a natural ‘local” density condition

(e.g., minimum degree, Ore-type, degree sequence) for an (ordered) graph, directed graph
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or hypergraph for which the corresponding perfect H-tiling threshold depends on another
factor. We suspect no such problem exists. An alternative way to think about this
question is as follows: are there barriers, other than local and divisibility barriers, that
prevent absorbing for a perfect H-tiling problem?

Other than this general ‘meta problem’, it would be interesting to establish the Ore-
type degree threshold that forces a perfect H-tiling in an ordered graph G (and compare
this threshold to the corresponding Ore-type degree threshold for unordered graphs [95]).

In light of Theorem 3.1.4 it is natural to raise the following ordered graph analogue

of the theorem of Shokoufandeh and Zhao [125].

Conjecture 3.15.1. Let H be an ordered graph. Then there is a constant C = C(H) € N

so that the following holds. If G is an n-vertex ordered graph with

5(G) > (1-@%

then G contains an H-tiling covering all but at most C' wvertices.

Finally, whilst we have obtained some understanding of the function f(z, H), it would
be interesting to obtain a more complete understanding of how this function can behave in
general. In particular, is it true that for any fixed ordered graph H, the function f(x, H)

is piecewise linear?
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CHAPTER 4

DEFICIENCY PROBLEMS FOR GRAPHS

4.1 Introduction

Recall that the join G % K; of G and K, is the graph obtained from G by adding ¢
new vertices and adding all edges incident to at least one of the new vertices. Nenadov,
Sudakov and Wagner [106] raised the question of determining, for every n,t,r € Z, the
maximum number of edges in an graph G on n vertices provided that the join G x K,
does not contain a K,.-factor. Furthermore, they resolved the case r = 3 when ¢ is not
too large compared to n (see Theorem 1.3.3).

In this chapter we present the proof of Theorem 1.3.4, which completely resolves the

above question. We state Theorem 1.3.4 once again.

Theorem 1.3.4. Let n,t,r € Z withn > 2, t > 0 and r > 3 such that t < (r — 1)n

and r|(n + t). Further, let k := [21] and q be the integer remainder when t is divided

by r — 1. Let G be a graph on n vertices such that G x K; does not contain a K,-factor.
Then

@ smel () (% () () vo-s-e-s-0)

When (r — 1)|(t + 1), the first term is at most the second term precisely when ¢ <

(r—1)n—r?

5r—a1- Note that Theorem 1.3.4 considers all interesting values of n and ¢. Indeed, if ¢ >
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(r—1)n and r|(n+t), then G K, trivially contains a K,-factor, even if e(G)) = 0. Further,
in Section 4.2 we provide extremal examples that demonstrate that the edge condition
in Theorem 1.3.4 cannot be lowered. Perhaps surprisingly, the proof of Theorem 1.3.4 is
short, making use of a couple of vertex-modification tricks (see the proofs of Lemmas 4.3.1
and 4.3.2) and Theorem 1.3.2.

Note that the t = 0 case of Theorem 1.3.4 determines the edge density threshold for
forcing a K,-factor in a graph. In fact, this is an old result due to Akiyama and Frankl [2],
so our result can be viewed as a deficiency generalisation of their theorem.

The chapter is organised as follows. In Section 4.2 we provide extremal examples for
Theorem 1.3.4. In Section 4.3 we prove Theorem 1.3.4. Some concluding remarks are

given in Section 4.4.

4.2 The extremal constructions for Theorem 1.3.4
In this section we will give the extremal constructions that match the upper bounds in
Theorem 1.3.4.

Definition 4.2.1. Let n,r,t € Z with r > 3, ¢t > 0 and n > 2 such that t < (r — 1)n
and 7|(n +t). Further, let k := [25] and ¢ be the integer remainder when ¢ is divided
by r — 1. We define graphs EX;(n,t,r) and EXs(n,t,r) as follows:

o Let K := K, and A C K such that A = Knit ;. Define EX (n,t,7) to be the

graph obtained by removing E(A) from K.

e Consider a set of isolated vertices B where |B| = k and K,,_, and let C C V(K,,_x)
where |C| = r — 2 — q. Define EX5(n,t,r) to be the graph obtained by taking the

disjoint union of B and K,_; and adding every edge incident to a vertex in C.

See Figure 4.1 for a picture of EX;(n,t,r) and EXy(n,t,r).
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Figure 4.1: The graphs EX;(n,t,r) (left) and EXs(n,t,r) (right). The grey areas indi-
cates complete sections of the graphs.

Observe that

and
e(EXa(n, t,1)) = <Z> - (’;) —k(n—k—(r—2—7q)).
Hence
s {(2) = (%) () - () - k-2
and

max {e(EXl (na t7 T))a e(EXZ(n= ta 7’))}

are equal. Next we show that EXj(n,t,7r) x K; and EXs(n,t,r) * K; do not contain

K,-factors, that is, they are extremal graphs for Theorem 1.3.4.

Proposition 4.2.2. EX;(n,t,r) * K; and EXs(n,t,r) % K; do not contain K,.-factors.

Proof. Firstly, let us consider EX;(n,t,r) * K; and, for a contradiction, assume that it
contains a K,-factor 7. Then each vertex in V(A) belongs to a different copy of K, in 7.
This implies % = |T| > |V(A4)| = % + 1, a contradiction. Hence EX;(n,t,r) % K, does
not contain a K,-factor.

Now let us consider EXy(n,t,r)*K;. For a contradiction, assume that EXs(n,t,r)*K;

contains a K, -factor 7. Since B is an independent set, exactly |B| copies of K, in T
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intersect B. These copies cover |B|(r — 1) vertices in V(K;) U C. However,

B|(r — 1) = ﬁf—ﬂ (r—1)= (i:?—i—l)-(r—l):t—q+r—1>t+\C|

a contradiction. Hence EXy(n,t,r) * K; does not contain a K,-factor. ]

4.3 Proof of Theorem 1.3.4

The proof of Theorem 1.3.4 follows an inductive argument on the number of vertices n
of G. Given a graph G such that G x K; does not contain a K,-factor, we apply an
appropriate vertex-modification procedure which, roughly speaking, allows us to assume G
is locally isomorphic to one of the two extremal examples. This allows us to remove such
local structure from G and apply induction.

The vertex-modification procedures are described by the following two structural lem-
mas regarding graphs GG with the property that G % K; does not contain a K,-factor.
Lemma 4.3.1 allows us to assume that the degree of a vertex is either n — 1 (which
is the degree of all vertices in V(EX;(n,t,r)) \ A and C C V(EXs(n,t,r))) or at most
n—1—[53] (which is the degree of all vertices in V(EXy(n,t,7))\ (BUC)). Lemma 4.3.2
allows us to assume that either each edge of G belongs to some r-clique or there is a vertex

with degree n — 1.

Lemma 4.3.1. Let t > 0, r > 3 and G be a graph on n vertices such that e(G) is
mazimal with respect to the property that G * K; does not contain a K,-factor. Then for

every vertex v € V(G) either dg(v) =n—1 or dg(v) <n—1—[HL].

Proof. Suppose there exists a vertex v € V(G) such that

1
n—1-— “1—1—‘ <dg(v) <n-—1.

Let G’ be the graph obtained from G by adding every possible edge incident to v, that is,

de/(v) = n—1. Since e(G) is maximal with respect to G * K; not containing a K,-factor,
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we must have that G’ x K; contains a K,.-factor 7. Using 7', we will now construct
a K,-factor T in G x K;, giving us a contradiction. Let K be the copy of K, in T’
covering v.

Case 1: Suppose there exists a copy K’ of K, in 7’ that lies entirely in {v} UV (K;).
If K’ = K" then we can take T := T, since K’ C G * K;. Hence suppose that K’ # K",
and so K’ and K" are vertex-disjoint. In particular, v ¢ V(K’). Pick any v € V(K’).
As K’ C Ky, the bipartite graph (G*K;)[V (K'), V(K")] is complete and so it is easy to see
that both A := (G* Ky)[{u} U (V(K")\ {v})] and B := (G* K;)[{v} U(V(K') \ {u})] are
copies of K, in G x K, see Figure 4.2. Thus, we can take 7 := (7" \ {K", K'}) U{A, B}.

Figure 4.2: Case 1 when r = 3. The cliques KV and K’ in G’ x K; (left) are replaced with
the cliques A and B in G * K, (right). The grey areas indicate complete sections of the
graphs.

Case 2: Suppose that no copy of K, in T lies entirely in {v} UV (K;). In particular,
each copy of K, in 7’ has at most r—1 vertices in {v} UV (K}). It follows that the number
of copies of K, in 7" which cover some vertex of {v} UV (K;) in G’ * K, is at least [£1].
But de(v) > n — 1 — [H2], hence there exists a copy K of K, in 77 which intersects
{v} UV(K,) and whose vertices are all neighbours of v in G % K, or v itself. If K, = K
then we can take 7 = 77, since K C G« K,;. Hence assume K¥ # K and so K and K are
vertex-disjoint. In particular, K intersects V (K;) and so there exists v € V(K) NV (K,).
As u € Ky, it follows that C' := (G x K;)[{u} U (V(K") \ {v})] is a clique. Furthermore,

since K lies in the neighbourhood of v in G, we know D := (G x K;)[{v} U (V(K) \ {u})]
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is also a clique (see Figure 4.3). Hence we can take T := (7" \ {K*,K})U{C,D}. O

Figure 4.3: Case 2 when 7 = 3. The cliques K* and K in G’ K, (left) are replaced with
the cliques C' and D in G * K; (right). Grey areas indicate complete sections.

Lemma 4.3.2. Lett > 0, r > 3. Let G be a graph on n vertices such that G x K; does
not contain a K,-factor and suppose G contains an edge which is not contained in any
copy of K, in G. Then there exists a graph G' on n vertices such that G' x K; does not

contain a K,-factor, e(G) < e(G') and G has a vertex of degree n — 1.

Proof. Let xy be an edge in G which is not contained in any copy of K,. Let @) be a
clique of maximal size containing zy and set £ := |V (Q)|. Observe that every vertex in G

has at most ¢ — 1 neighbours in @ as otherwise xy would lie in an (¢ + 1)-clique. Thus

> da(v) <n(—1).

veV(Q)

Let G’ be the graph obtained by deleting all edges between v and vertices in V(G)\ V(Q)
and, subsequently, adding any missing edge incident to any vertex in V(Q) \ {z}. Note

that @ is still an ¢-clique in G" and
> de(v) =n(l—-1).
veV(Q)

Hence e(G) < e(G"). Also, G’ is a graph on n vertices and dg (y) = n — 1. It remains to

show that G’ * K; does not contain a K,-factor. Suppose, for a contradiction, that G’ x K
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does contain a K,-factor 7'. We will now use 7' to construct a new K, -factor 7 in G’ K,
which does not contain any edge vw where v € V(Q) and w € V(G') \ V(Q). Such a
K,-factor T is also a K,-factor in G % K;, giving us a contradiction.

Suppose that the copy K* of K, in T covering x has exactly s vertices in K;. Then K*
has exactly r—s vertices in ). Thus there are {—r+ s remaining vertices in V(Q)\V (K7).
Note that £ —r+ s < s, hence there is an injection f : V(Q) \ V(K*) = V(K*) NV (K,).
We construct our K,-factor 7 as follows: for every copy of K, in 7' intersecting @)
other than K*, we substitute all vertices lying in its intersection with ) with their images
under f. Finally, we take the copy of K, formed by the ¢-clique @) and the s—({—r+s) =
r — ¢ vertices in V(K*) N V(K;) which do not appear in the image of f. Observe that T

does not use any edge vw where v € V(Q) and w € V(G) \ V(Q), and we are done. [

Before proceeding to the proof of Theorem 1.3.4, we prove the following technical

lemma.

Lemma 4.3.3. Let n,t,r € N such that the following holds: n,r > 3; r — 1 divides t +1;

r dividesn+t; t+1<(r—1)(n—1).2 If
e(EXi(n—1,t+1,r) <e(EXs(n—1,t+1,r)) (4.1)

then

e(EXs(n—1,t+1,7)+ (n—1) <e(EXs(n,t,r)). (4.2)

Proof. Let k := Y= Since r — 1 divides ¢ + 1, we can compute e¢(EXs(n,t,r)) and

r—

e(EXy(n—1,t+1,7)) explicitly:

e(EXs(n,t, 1)) = (Z) - (/;) — k(n— k),

((EXo(n—1,t+1,1)) = (”;1) - (k‘;Q) )=k — 7).

9Note that EXi(n — 1,t + 1,7), EXo(n — 1,t + 1,7) and EXs(n,t,r) are well-defined since the as-
sumptions in Definition 4.2.1 are satisfied.
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It follows that
e(EXy(n,t,r)) —e(EXo(n—1,t+1,7))=(n—1)+k+(n—Fk—1r)—kr

Rearranging this, one obtains that (4.2) holds precisely when

n
t<n—r——=:g(n,r).
r

Further, one can calculate that e(EXy(n— 1,6+ 1,7)) < e(EX;(n—1,t+ 1,7)) precisely

when
n(r—1)

FEopp SIS Do Aen. 49)

fi(n,r) =

Since (4.1) holds, we have that (4.3) implies that t < fi(n,r) or t > fa(n,r). Observe
that fi(n,r) < g(n,r). Thus, if ¢ < fi(n,r) then t < g(n,r) and the claim holds.
Suppose t > fa(n,r). We will show that in this case the hypothesis of the lemma
cannot actually hold. In particular, under the assumptions that » — 1 divides ¢ + 1 and r
divides n + ¢ (and ¢t > fo(n,r)), the graph EX3(n — 1, + 1,7) is undefined. Indeed, for
a contradiction let us assume that FXs(n — 1,t 4+ 1,7) is well-defined in this case, thus
the inequality t + 1 < (r — 1)(n — 1) must hold. By assumption, ¢ satisfies the following

modular equations:

t=—-1 (modr—1) and t=-n (modr). (4.4)

For n and r fixed, the solution of (4.4) is unique modulo r(r—1) by the Chinese Remainder
Theorem, since r and r — 1 are coprime. Note that ' = (r — 1)(n — 1) — 1 is a solution
of (4.4), hence t = (r — 1)(n — 1) — 1 — kr(r — 1) for some integer k. The constraint

t+1<(r—1)(n—1) forces k > 1, hence

t<(r—=1)n—-1)—-1—-r(r—=1)=n(r—-1)—1r*= fo(n,r).
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This contradicts the assumption that t > fa(n, 7). O

Proof of Theorem 1.3.4. We prove Theorem 1.3.4 by induction on n. If n = 2
then e(G) € {0,1}. Since t < 2(r — 1) and r|(n +t), we must have t =r —2. If e(G) =1
then G x K, is a copy of K,, contradicting our choice of G. Thus e¢(G) = 0. Observe that

k=[H]=1and ¢ =7r—2. Thus

max{(Z) - (HTH; 1), (Z) — (S) —k(n —k — (7"—2—61))} = max{0,0} = 0.

Thus Theorem 1.3.4 holds for n = 2.
For the inductive step, we may assume without loss of generality that G is a graph
on n vertices such that e(G) is maximal with respect to the property that G * K; does

not contain a K,-factor.

Case (i): G contains an isolated vertex v. If t < r — 2, then one could add a single
edge to v and G would still not contain a K,-factor, contradicting our choice of G. Hence

t>r—2 Ift=r—2 then k=[] =1and ¢ =r — 2. Hence

e (a) = (7)) = () ko2
e (o) -5 ()

Since G contains at least one isolated vertex,

(G) < (”;1) SmaX{(Z> - (%2;2)’(”;1)}’

and we are done. If t > r —1, consider the graph G’ obtained by deleting v from G. Since
G * K; does not contain a K,-factor, G’ x K;_,, does not contain a K,-factor. Thus, by

our inductive hypothesis

e(G") <max{e(EXi(n—1,t—r+1,r)),e(EXs(n —1,t —r+1,7))}.
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It follows from e(G) = e(G’) and e(EX;(n—1,t —r+1,7)) < e(EX;(n,t,r))! for i = 1,2
that e(G) < max{e(EX;(n,t,r)),e(EXa(n,t,r))}.

Case (ii): G contains a vertex of degree n — 1. Consider the graph G’ obtained by
deleting such a vertex from G. Note that G« Ky = G' « Ky lf t+1> (r — 1)(n — 1),
then trivially G' * K;,; contains a K,-factor, a contradiction. So we must have that

t+1<(r—1)(n—1) and hence by induction

e(G') <max{e(EXi(n—1,t+1,7)),e(EX2(n — 1,t +1,7))}.

Observe that ¢(G) = e(G’) +n — 1. We aim to show that

e(G) < max{e(EXi(n,t,r)),e(EXa(n,t,r))}. (4.5)

If e(G") < e(EXi(n—1,t+1,r) then

e(GxKy) =e(G'*x Kyyp) <e(EXi(n—1,t+1,r)x K;pq) = e(EXq(n, t,r) x K;)

and thus

e(G) < e(EXi(n,t,r)).

Similarly, if e(G") < e(EXa(n —1,t+1,r) and r — 1 does not divide ¢ + 1 then

e(Gx K;) =e(G'*x Ki1) <e(EXa(n—1,t+1,7) % K;11) = e(EXa(n, t,r) x K;)

and thus

e(G) < e(EXsy(n,t,r)).

10This holds since EX;(n — 1,t — 7 + 1,7) can be obtained by removing an appropriate vertex from
EX;(n,t,r), for i =1,2.
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It remains to check that (4.5) holds in the case when (r — 1)|(¢t + 1) and

e(EXi(n—1,t+1,1)) <e(EXy(n—1,t+1,7)).

In this case Lemma 4.3.3 implies that

e(G)=e(G)+n—1<e(EXa(n—1,t+1,7)+ (n—1) < e(EXz(n,t,r)),

as desired.

Case (iii): G contains no vertex of degree 0 or n — 1. If G contains an edge which
is not contained in any copy of K,, then by Lemma 4.3.2 there exists a graph G’ on n
vertices such that G’ * K; does not contain a K,-factor, e(G) < e(G’') and G’ has a
vertex of degree n — 1. The argument from Case (ii) then implies that e(G) < e(G') <
max{e(EXi(n,t,7)),e(EXs(n,t,r))}.

We may therefore assume every edge of GG is contained in some copy of K,.. Moreover,
as no vertex in G has degree 0, every vertex in GG is contained in a copy of K,. Let w be

a vertex of smallest degree in G. If dg(w) > n — 2 then

n+t r—1
+1=
r r

G Ky) >n—

Hence by Theorem 1.3.2, we have that G * K, contains a K,-factor, a contradiction.

Thus dg(w) < n—"%. Let K be a copy of K, in G containing w. Consider the graph G’
obtained by removing K and all its vertices from G. Then G’ * K; does not contain a
K ,-factor; this implies that ¢t < (r — 1)(n — r). Hence, by our inductive hypothesis, we
have

e(G) < max{e(EXi(n—r,t,r)),e(EXa(n —r,t, 1))}

If e(G') < e(EXy(n —r,t,r)) then de(w) < n — = implies e(G) < e(EX;(n,t,r)),
as desired: this follows from the fact that EX;(n — r,t,r) can be obtained by removing

a clique Q of size r from EXy(n,t,r) where @ has one vertex of degree n — “* — 1. By
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Lemma 4.3.1, we have that A(G) < n—1—[%21] since we assumed G contains no vertices
of degree n — 1 and e(G) is maximal with respect to the property that G' * K; does not
contain a K,-factor. Thus, if e(G") < e(EXy(n — r,t,r)) then applying this observation
yields that e(G) < e(EXsy(n,t,7)), as desired: similarly as before, this follows from the
fact that EXy(n—r,t,r) can be obtained by removing a clique @ of size r from EXy(n,t,r)

where all vertices in @ have degree n —1 — [£2]. O

4.4 Concluding remarks

In this chapter we resolved the deficiency problem for K,-factors. For a general fixed
graph H, it would be interesting to prove deficiency results regarding H-factors. As a
starting point for this problem we pose the following question. Let o(H) denote the size

of the largest independent set in H.

Question 4.4.1. Let K := K,, and A C K such that A = Kawnmin . Define EXpy(n,t)
TH]

to be the graph obtained by removing E(A) from K. Does there exist a constant ¢ :=

c¢(H) > 0 such that if t > cn and G is an n-vertex graph so that G x K; does not contain

an H-factor then e(G) < e(EXg(n,t)) + o(n?)?

On the other hand, at least for some H one cannot remove the o(n?) term in Ques-
tion 4.4.1 completely. Indeed, let H = K;, where s > 2 and consider the n-vertex
graph EX/;(n,t) obtained from EXy(n,t) by adding a maximal matching in V(A4). It is
easy to see that E X} (n,t) * K; does not contain a K s-factor. This example suggests it
might be rather challenging to resolve the H-factor deficiency problem completely for all

graphs H.
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CHAPTER 5

INDUCED POSET SATURATION

5.1 Introduction

First, we recall some important definitions for this chapter. We say that P is a poset on [p]
if P consists of subsets of [p]. Let P, Q) be posets. A poset homomorphism from P to @ is a
function ¢ : P — @ such that for every A, B € P,if A C B then ¢(A) C ¢(B). We say P
is an induced subposet of @ if there is an injective poset homomorphism ¢ from P to @)
such that for every A, B € P, we have ¢(A) C ¢(B) if and only if A C B; otherwise, @ is
said to be induced P-free. For a fixed poset P, we say that a family F C 2" of subsets
of [n] is induced P-saturated if F is induced P-free, but for every subset S of [n] such
that S ¢ F, then P is an induced subposet of F U {S}. We write sat*(n, P) to denote
the size of the smallest induced P-saturated family of subsets of [n].

As described in Section 1.4, Keszegh, Lemons, Martin, Palvolgyi and Patkos proposed

the following conjecture.

Conjecture 1.4.2. [85] For any poset P, either there exists a constant Kp with

sat'(n, P) < Kp or sat'(n, P) > n+ 1, for alln € N.

The main novel result discussed in this chapter is Theorem 1.4.4, which makes progress

towards settling Conjecture 1.4.2. We state Theorem 1.4.4 once again.
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Theorem 1.4.4. For any poset P, either there exists a constant Kp with sat*(n, P) < Kp
or sat*(n, P) > min{2y/n,n/2 + 1} for all n € N.

On the other hand, in the next theorem, we prove that Conjecture 1.4.2 does hold for a
certain class of posets. Given p € N and a poset P on [p] we define the dual P of P as P :=
{[p]\ F': F € P}. We say a poset P has legs if there are distinct elements Lq, Ly, H € P
such that Ly, Ly are incomparable, L1, Ly C H and for any other element A € P\
{Ly, Ly, H} we have A DO H. The elements L; and Ly are called legs and H is called a
hap.

Theorem 5.1.1. Let P be a poset with legs and n > 3. Then sat*(n,P) > n + 1.

Moreover, if both P and P have legs, then sat*(n, P) > 2n + 2.

Finally, we determine the exact values of sat*(n, X') and sat*(n,Y’) (see Figure 5.1 for

the Hasse diagrams of X and Y').

{12} {23} {12} {13} {1,2} {1,2,3} {1,2,4}

\\\\\\\ ~ N ~N S

{1} {1} {2} {1,2}
{1} {2} {0} {0} {1} {2}

| ~N RN

Figure 5.1: Hasse diagrams for the posets N, Y, ¢ and X. A segment indicates the set
below is contained in the one above, and there is no intermediate set between them.

Theorem 5.1.2. Given any n € N with n > 3,
(i) sat'(n,Y) =n+2 and
(ii) sat*(n,X)=2n+ 2.

Note that X = X, so Theorem 5.1.2(ii) easily follows via Theorem 5.1.1 and an
extremal construction. An application of Theorem 5.1.1 to Y only yields that sat*(n,Y) =
sat*(n,Y) > n + 1, so we require an extra idea to obtain Theorem 5.1.2(i).

In [102] a trick was introduced which can be used to prove lower bounds on sat*(n, P)

for some posets P. Given an induced P-saturated family JF, the idea is to define an

118



auxiliary digraph D whose vertex set is F and two vertices form an edge provided the
corresponding elements of F satisfy a certain property. One then argues that there are
many pairs of elements in F with such property, which provides a lower bound for the
number of edges in the digraph D. In turn, this forces a lower bound on the size of
the vertex set of D (i.e., lower bounds |F]|). This trick has been used to prove that
sat*(n, Q) > 4/n [102, Theorem 6] and sat*(n, N) > /n [80, Proposition 4] (see Figure 5.1
for the Hasse diagram of N and ¢).

Our proof of Theorem 1.4.4 utilises a variant of this digraph trick. In particular,
by introducing an appropriate modification to the auxiliary digraph D used in [102], we
are able to deduce certain Turan-type properties of D. Turan problems in digraphs are
classical in extremal combinatorics and their study can be traced back to the work of
Brown and Harary [20]. Here we prove a Turan-type result concerning transitive cycles.

Given k > 3, the transitive cycle on k vertices ﬁk is a digraph with vertex set [k] and
every directed edge from ¢ to i+ 1 for every i € [k — 1], as well as the directed edge from 1
to k. We establish an upper bound on the number of edges of a digraph not containing

any transitive cycle.

Theorem 5.1.3. Let n € N and let D be a digraph on n vertices. If D is T'Cy-free for

oy < s a1, 2] ).

Note that the bound in Theorem 5.1.3 is best possible. Indeed, consider the n-vertex

all k>3, then

digraph D with vertex classes A, B of size |n/2] and [n/2] respectively and all possible
directed edges from A to B. So D has |n?/4] edges and contains no transitive cycle.
Similarly, pick an arbitrary n-vertex tree T and let D’ be the digraph with vertex set
V(D') = V(T') and with an edge directed from 7 to j if and only if the unordered pair ij
is an edge in T'. So D' has 2(n — 1) edges and contains no transitive cycle.

We would like to point out that the original proof of Theorem 5.1.3 caused a constant

error term to appear in the statement of the theorem, and its current sharp form was

119



achieved thanks to a suggestion by Louis DeBiasio.
In Section 5.3 we explain why exploiting the connection between the induced saturation
problem for posets and the Turan problem for digraphs hits a natural barrier if we wish

to further improve the lower bound in Theorem 1.4.4.

We conclude this introductory section by setting out notation that will be used in the

rest of the chapter.

Notation

Given two elements A, B of a poset F C 2 we say that A dominates B if B C A.
We say A and B are comparable if one dominates the other; otherwise we say they are
imcomparable. An element F' in F is maximal if there is no other element in F which
dominates F'.

For a digraph D = (V(D), E(D)), we write zy for the edge in D directed from the
vertex x to the vertex y. We say that x—g\; is an out-edge of x and an in-edge of y. For brevity,
we write e(D) := |E(D)]|. Given a set U C V(D), we denote the induced subgraph of D
with vertex set U as D[U]. The underlying graph of D is the graph with vertex set V(D)
whose edges are all (unordered) pairs {z,y} such that zy € E(D) or jz € E(D).

Given k£ > 2, an oriented path vy ...v from v to v; consists of the edges vTviH for
every i € [k—1]. Similarly, an oriented cycle vy ... v consists of the edges v?viﬂ for every

i € [k—1] and U0,

5.2 The proofs

5.2.1 Proof of Theorem 5.1.3

We proceed by induction on n. For the base case, it is easy to check that the statement
of the theorem holds for n < 3. Next, we prove the inductive step.

Let D be a digraph on n > 4 vertices which is Tak—free for all £ > 3.
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2

Claim 5.2.1. If D contains an induced oriented cycle then e(D) < max {2(71 - 1), L"TJ }

Proof of the claim. Suppose D contains an induced oriented cycle C. For every
v e V(D) \ V(C), it is straightforward to check that, since D[V (C) U {v}] contains no

transitive cycle, then
(7) there is at most one in-edge of v incident to V(C') and
(7) there is at most one out-edge of v incident to V(C).

Let D" be the digraph obtained by contracting the cycle C' into one vertex c. Namely, D’
has vertex set V(D') = (V(D)U{c})\ V(C) and E(D’) is the union of the following sets:

o E(D[V(D)\V(C))]),
e {z¢:3zye E(D),z ¢ V(C),y € V(C)} and
e {cz:3yz e E(D),x ¢ V(C),yeV(C)}.

Note that properties (i) and (i) imply that e(D’) = e(D) — e(C) = e(D) — |[V(C)|.

Suppose D’ contains a transitive cycle ﬁk on vertices vy,...,v; for some k > 3.
Namely, U;0;4, € E(D') for every j € [k — 1] and v;0, € E(D'). If ¢ # v; for every
i € [k] then vq,..., v form a transitive cycle in D, a contradiction. Therefore, ¢ = v; for
some i € [k].

For brevity we only consider the case i # 1, k (the cases i = 1 and ¢ = k can be handled
with a similar argument). By the definition of D’ there exist ¢;,co € V(C') such that
ml, c?viﬂ € E(D). Furthermore, there exists an oriented path w; ... wu, from u; to u,
such that u; = ¢1, up = co and u; € E(C) for all j € [¢]. Then vy ... v;_1uy ... U1 . ..V,
is an oriented path from vy to vy in D. Together with v70; € E(D), this forms a transitive

cycle in D, a contradiction.

Therefore, D' is TC-free for all k > 3; so by the induction hypothesis we have

e(D') < max {Q(n — V(o)) V” — V(O + 1>2J } |

4
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The inequalities n > 4 and 2 < |V(C)| < n imply

20 - VOD + V(O <20 -1) and | ST iy < |

In particular, e(D) = e(D’) 4+ |V(C)| < max {Q(n —1), L"{J } This concludes the proof

of the claim.

Because of Claim 5.2.1 we may assume that D contains no double edges (which are
induced oriented cycles on two vertices). Additionally, we may assume that the underlying
graph of D contains no triangle, since such a triangle would either correspond to an
induced oriented cycle or a transitive cycle ﬁg in D. By Mantel’s theorem, a triangle-
free graph on n vertices has at most |n?/4| edges, hence e(D) < L"{J . This concludes

the inductive step. O

5.2.2 Proof of Theorem 1.4.4

We prove Theorem 1.4.4 using the following two lemmata.

Lemma 5.2.2. Let F C 2" If for every i € [n] there are elements A, B € F such that

A\ B = {i} then |F| > min{2y/n,n/2 + 1}.

Notice that Lemma 5.2.2 is not specifically about induced saturated families. We will

discuss this further in Section 5.3.

Lemma 5.2.3. Given a poset P, let Fy C 2" be an induced P-saturated family. Suppose
there is an i € [ng] such that there are no elements A, B € Fy satisfying A\ B = {i}.

Then sat*(n, P) < |Fo| for every n > ny.

Proof of Theorem 1.4.4. Let P be a poset. Suppose that for every n € N and every

induced P-saturated family F C 2"l we have that for every i € [n] there are elements
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A, B € F such that A\ B = {i}. Then Lemma 5.2.2 implies |F| > min{2y/n,n/2 + 1},
and thus sat*(n, P) > min{2/n,n/2 + 1}.

Otherwise, there exists some ny € N and i € [ng] so that there is an induced P-
saturated family Fy C 2" such that there are no elements A, B € Fy with A\ B = {i}.

Then Lemma 5.2.3 implies that sat*(n, P) < Kp for every n € N where
Kp := max{|Fo|, sat™(m, P) : m < ng}.

]

The rest of this subsection covers the proofs of Lemmata 5.2.2 and 5.2.3. For the proof

of Lemma 5.2.2 we apply Theorem 5.1.3.

Proof of Lemma 5.2.2. Let D be a digraph with vertex set F and edge set E(D) defined
as follows: for every i € [n], choose precisely one pair A, B € F with A\ B = {i}; add the
edge AB to E(D). Thus D has exactly n edges. Note that the hypothesis of the lemma

ensures D is well-defined.

Claim 5.2.4. For every k > 3, D 1is T'Cy-free.

Proof of the claim. It suffices to show that given {A4;,..., Ay} C F such that
mj+1 € E(D) for every j € [k — 1] then mk ¢ E(D). By definition of D, there are

distinct 41, ...,ik—1 € [n] such that
A\ Aj ={i;} for every j € [k — 1]. (5.1)

This implies A; C A,y U{i;} for every j € [k — 1], and thus Ay C Ay U {i1, ..., 01}

Hence,
A\ A CH{ig, .o ig1 ) (5.2)

Note that if mk € E(D) then (5.2) implies that A; \ Ay = {i;} for some j € [k — 1].
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However, recall that for every i € [n] there is exactly one edge AB in D such that A\ B =
{i}; so (5.1) implies that mk ¢ E(D), as desired.

n
By Claim 5.2.4, we can apply Theorem 5.1.3 to the digraph D. This yields
s
n=|E(D)| <max< 2(|F| —1), 1 (
which implies |F| > min{2y/n,n/2 + 1}. O

We now present the proof of Lemma 5.2.3.

Proof of Lemma 5.2.3. Observe that it is enough to prove that for every n > ng there

exists a family F C 2[" such that
(1) |F] = [Fol,
(#) F is induced P-saturated and
(77) there are no elements A, B € F satisfying A\ B = {i}.

We proceed by induction on n and observe that the base case (n = ng) follows directly
from the assumption in the statement of the lemma.
Given an induced P-saturated family F C 2" satisfying (i)-(i7) we consider the

following function f from 2" to 2[*+1;

A ifi ¢ A,
f(A) =
Au{n+1} ifie A
We shall prove that the family 7' := f(F) C 2"t satisfies (7 )-(ii7 ).
First, note that (¢) follows directly since f is injective. Second, (i) also follows easily,

since every element f(A) either contains both ¢ and n + 1 or neither of them. Actually,
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because of this last property one might say that n + 1 behaves as a ‘copy’ of ¢ in f (2[”}).
We need to prove (i), i.e., that F' is induced P-saturated.
It is easy to check that f preserves the inclusion/incomparable relations between

elements. More precisely, for every A, B € 2" we have

ACB < f(A)Cf(B) (5.3)

Therefore, if P’ forms an induced copy of P in F’, then f~!(P’) C F forms an induced
copy of P in F. This means that, since F is induced P-free, 7' must be induced P-free
as well. It is left to prove that for any S € 2"+ \ F there is an induced copy of P
in 7/ U{S}. There are four cases to consider depending on S. The first two cases are
short and the fourth case is an easy consequence of the third. Let S € 2»+1\ F/.

First case: i,n+1 ¢ S. Note that S C 2" and f(S) = S, thus S € F (as otherwise
we would have S € F’). As F is induced P-saturated, there exists an induced copy P’
of Pin FU{S}. By (5.3) the set {f(F): F € P'} is an induced copy of P in F' U {S}.

Second case: i,n+1 € S. Set S* := S\ {n+1}. Note that S* C 2" and f(S*) = S,
thus S* ¢ F (as otherwise we would have S € F’). As F is induced P-saturated, there
exists an induced copy P’ of P in F U {S*}. By (5.3) the set {f(F) : FF € P'} is an
induced copy of P in F/US.

Third case: i € S andn+1 ¢ S. For this case we use the assumption that there are
no elements A, B € F such that A\ B = {i}. Let S*:= S\ {i} € 2["l. We use the sets S

and S* to find elements A, B € F that will contradict (4ii) (for the family F).

Claim 5.2.5. Either F' U {S} contains an induced copy of P or there exists an element
A€ F such that AC S andi € A.

Proof of the claim. Assume that there is no A € F satisfying the properties of the
claim; notice that this implies S ¢ F. We need to prove that F'U{S} contains an induced
copy of P.

Since F is induced P-saturated, there exists an induced copy P’ of P in F U{S} that
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contains S. We shall prove that {f(F) : F € P, F # S} U{S} is an induced copy of P
in F/U{S}.

First, observe that (5.3) implies the set {f(F) : F € P',F # S} is an induced copy
of the poset P\ {S}. If for every F' € P\ {S} the relation (inclusion/incomparability)
between F' and S is the same as the one between f(F') and S then we are done. Thus it

is enough to prove for every F' € P\ {S} we have that
(i) if S and F' are incomparable then S and f(F) are incomparable,
(i) if S C F then S C f(F) and

(7i) if S O F then S D f(F).

Notice that (ii) follows directly from F' C f(F'). It is easy to check that (i) also holds
by recalling that i € S and n+1 ¢ S. So finally, for F' € P\ {S} as in (iii), observe

that i ¢ F otherwise F' would satisfy the properties of A in the statement of the claim.
Then f(F) = F and (iii) holds.

The proof of the following claim is very similar. We include it for completeness.

Claim 5.2.6. Either F' U {S} contains an induced copy of P or there exists an element
B € F such that S* C B and i ¢ B.

Proof of the claim. Assume that there is no B € F satisfying the properties of the
claim; notice that this implies S* ¢ F. It remains to show that 7' U {S} contains an
induced copy of P.

Since F is induced P-saturated, there exists an induced copy P’ of P in FU{S*} that
contains S*. We shall prove that {f(F) : F € P',F # S*} U{S} is an induced copy of P
in F/U{S}.

First, observe that (5.3) implies the set {f(F) : F € P',F # S*} is an induced copy

of the poset P'\ {S*}. If for every F' € P"\ {S*} the relation (inclusion/incomparability)
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between I’ and S* is the same as the one between f(F') and S then we are done. Thus,

for every F' € P'\ {S*} we must prove that
(7) if S* and F are incomparable then S and f(F') are incomparable,
(i3) if S* D F then S D f(F) and

(7i) if S* C F then S C f(F).

For (ii), notice that S* D F implies ¢ ¢ F' and thus S D S* O F = f(F). It is easy to
check that (7) also holds by recalling that i € S and n+1 ¢ S. Finally, for F € P'\{S*} as

in (744 ), observe that ¢ € F' otherwise F' would satisfy the properties of B in the statement

of the claim. Then f(F) = F U{n+ 1} and (7) holds.

To finish the proof of this case, suppose that F' U {S} does not contain an induced
copy of P.

By Claim 5.2.5 there is an element A € F such that A C S and ¢ € A, whereas by
Claim 5.2.6 there is an element B € F such that S\ {i} € B and i ¢ B. In particular,

we have A\ B = {i}, a contradiction.

Fourth case: i ¢ S andn+1¢€ S. Let 8" := (S\ {n+ 1}) U {i}. Recall that every
element of F’ either contains both ¢ and n + 1 or neither of them. This property ensures

that
() S & F";
(b) for any A € F', we have A C S if and only if A C 5’;
(c) for any A € F', we have S C A if and only if S" C A.

By the third case we have that F' U {S’} contains an induced copy of P. Clearly (b)

and (c) then imply that 7" U {S} contains an induced copy of P. O
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5.2.3 Proof of Theorems 5.1.1 and 5.1.2

Given a poset P with legs and an induced P-saturated family F C 2", the following

lemma already implies that F has size at least n.

Lemma 5.2.7. Let P be a poset with legs and F C 2" be an induced P-saturated family.

Then, there is an injective function f: [n] — F \ {0} such that

{i}y f{iferF,

H(i) if{i} ¢ F, where H(i) is the hip of an induced copy of P in F U {{i}}.

Proof. Let F be an induced P-saturated family. For {i} ¢ F we shall choose a suitable
f(i) = H(i) in such a way that f is injective. Given ¢ € [n] with {i} ¢ F, let P’ be an
induced copy of P in F U {{i}} that contains {i}. Observe that {i} can only be a leg

of P'. Among all possible choices for P’, we pick it under the following conditions.
(i) The leg L' of P’ which is not {i} is taken so that |L'| is as large as possible;
(7) under (7), the hip H" of P’ is taken so that |H’'| is as small as possible.

Thus we define f(i) := H’. Note that since L’ and {i} are incomparable, i ¢ L'.
Claim 5.2.8. H' = L' U {i}.

Proof of the claim. Suppose for a contradiction that L' U {i} C H'. If LU {i} € F
then the poset (P’ U{L'U{i}})\ {H'} is an induced copy of P, which contradicts (ii).
Therefore L' U {i} is not in F and so F U {L' U {i}} contains an induced copy P” of P
which uses the set L' U {i}.

Denote the legs of P by LY, LY. If L' U {i} is not a leg in P” then LY, L5 C L' U {i}.
This implies that (P"U{LY, L§})\ {{i}, L'} is an induced copy of P in F, a contradiction.
Thus, L' U {i} is a leg, and we may assume L} = L' U {i}.

Note that if L' and L] are incomparable, then (P”"U{L'})\ {L{} would be an induced

copy of P in F, a contradiction. Thus, L’ is comparable with LJ. In particular L' C L7,
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otherwise we would have that L C L' U {i} = LY, which contradicts the fact that L]
and Lj are incomparable. Moreover, again because L] and L} are incomparable, we have
that i ¢ L1.

Finally, observe that (P” U {{i}}) \ {L{} is an induced copy of P in F U {{i}} with

legs {i} and Lj D L', which contradicts (i).

Recall f(i) := H' = H(i). We shall prove that f is injective. Suppose not, namely
f(i) = f(j) for some ¢ # j. If either {i} € F or {j} € F then we get a contradiction.
Thus, we have {i},{j} ¢ F, and hence there exist induced copies P" C F U {{i}} and
P" C FU{{j}} of P such that H is the hip of both and f(i) = f(j) = H. Say {i} and L’
are the legs of P’ while {j} and L” are the legs of P”. Because of Claim 5.2.8 we have
that H = L' U{i} = L” U {j}, and hence L' and L” are incomparable. This implies that

(PPU{L"})\ {{i}} is an induced copy of P in F, a contradiction. O

Now we are ready to prove Theorem 5.1.1.

Proof of Theorem 5.1.1. Observe that for a poset P with legs, the inequality sat*(n, P) >
n + 1 follows directly by applying Lemma 5.2.7 and by noticing that the empty set is in
every induced P-saturated family.

For P such that P and P have legs, we proceed as follows. Let F C 2 be an
induced P-saturated family and observe that (), [n] € F. The poset F C 2[" is induced
P-saturated and therefore we can apply Lemma 5.2.7 to both F and F to obtain injective
functions f and f respectively. Since both P and P have legs, it is easy to see that the
hip of P is not a maximal element of P. It follows that f(i) # [n] for every i € [n]. That
is, £([n]) € F\ {0, [n]}; similarly F(n]) € F\ {0, [1]}.

By taking [n] \ f(i) for every i € [n] we define a new injective function f from [n]
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to FAA{D, [n]}:

N I GRS G S GRS

H(7) if {i} ¢ F, where [n]\ H (i) is the hip of an induced P in F U {{i}}.

Now, since f and f are injective, proving that f([n]) N f([n]) = @ yields that |F| >
2n + 2 by recalling that the sets () and [n] belong to F.

Suppose f(i) = f(j) for 4,5 € [n]. If {i} € F or [n]\ {j} € F then it is easy to check
that such an identity is not possible. Hence, we have that f(i) = f(j) = H where: H
is the hip of an induced copy P, of P in F U {{i}} and [n] \ H is the hip of an induced
copy Py of P in FU{{j}}. In particular, this means that there is an induced copy P,
of Pin FU{[n]\ {j}} where [n]\ {j} plays the role in P, of one of the two maximal
elements of P. Furthermore, H is in P, and dominates all elements of P, except for the
two maximal elements.

Let L' be the leg of P other than {i}. Let L?, L3 € F be the legs of P»; in particular, L?
and L2 are incomparable and L?, L3 C H. This implies that for every A € P, \ {L!, {i}},
we have L3, L3 C A. Thus, (P, U{L} L3}) \ {L',{i}} is an induced copy of P in F, a

contradiction. O

Theorem 5.1.2 now follows by a simple application of Lemma 5.2.7 and Theorem 5.1.1,

together with two upper bound constructions.

Proof of Theorem 5.1.2. Observe that sat*(n,Y) = sat*(n, A) where A ;=Y. Let F C
2"l be an induced A-saturated family. Since A has legs, Lemma 5.2.7 yields an injective
function f from [n] to F\{0} with f(i) = {i} if {i} € F and f(i) = H otherwise, where H
is the hip of an induced copy of A in FU{{:}}. This already implies |F| > n+1as( € F.

Observe that f(i) # [n] for every i € [n], therefore, if [n] € F then |F| > n + 2, as
desired. Hence, assume that [n] ¢ F, which means that F U {[n]|} contains an induced
copy of A that uses [n]. Let L;, Ly be the legs of this copy of A and H be the hip.

Assume there is an ¢ € [n] such that f(i) = H; so H is the hip of an induced copy of A
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contained in F U {{i}}. Let M be the maximal element of this copy of A and observe
that { L1, Lo, H, M} forms an induced copy of A in F, a contradiction. Hence, f(i) # H
for every ¢ € [n], which means that H was not counted before and therefore |F| > n + 2.
This argument implies that sat*(n,Y) > n + 2.

For the poset X observe that X and X = X have legs, therefore Theorem 5.1.1 directly

implies that sat*(n, X)) > 2n + 2. For the upper bounds, consider the posets

P={Fe2":|Fl>n—1or F=0} and Q:={Fe2:.|F|>n—1or|F| <1},

and notice that they are respectively induced Y-saturated and induced X-saturated. Fur-

thermore, |P| =n+2 and |Q| = 2n + 2. O

We conclude this subsection by exhibiting a class of posets for which the bound in
Theorem 5.1.1 is sharp up to an additive constant.

For any ¢ € N, let A, denote the poset with the following properties:

- Ag has legs Ly, Ly and hip Hy;

- Ne\{L1, Lo} = {H,,...,H} where H; C H;y4 for every j € [¢ — 1].
Similarly, for any ¢ € N, let X, denote the poset with the following properties:

- Xy haslegs L, L, and X, \ {L}, Ly} =V, where V, :=Ay.

Clearly X; = X and A, = A. Moreover, Ay, X, and X, have legs for every ¢ € N, and
therefore Theorem 5.1.1 implies that sat*(n, A;) > n + 1 and sat*(n, Xy) > 2n + 2. The
next proposition states that these bounds are close to the exact values of sat*(n, Ay) and

sat*(n, Xy).

Proposition 5.2.9. For all integers n — 1 > £ > 2 we have,'*

n+1<sat*(n,Nes1) <n—+ 2l _ v — 1 and

2n + 2 < sat*(n, X;) < 2n+ 2771 —20.

"'Note that the case £ = 1 is covered by Theorem 5.1.2 since Ay = A and X; = X.
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Proof. First, we consider A,,. Let F C 2" be the family containing precisely the

following sets:

the empty set 0;

{i} for every i € [n];

all subsets of {1,2,...,/(};

all proper supersets of [n| \ {1,2,...,(}.

It is straightforward to check that F has n + 21 — ¢ — 1 elements and is induced Ay, ;-
saturated. Similarly, the family 7' := F U F C 2" has 2n + 261 — 27 elements and is

induced X,-saturated. O

5.3 Further remarks and open problems

The following example shows that the bound in Lemma 5.2.2 is essentially tight.

Example 5.3.1. Let n € N be a perfect square, i.e., \/n € N. Let Ag, By C [n] be defined

as follows.
o A i={svn+1,sy/n+2,....,sv/n++/n} for every s € [\/n — 1] U{0};

o B, :=[n]\{t,t +/n,t +2\/n,....t+ (v/n—1)\/n} for every t € [\/n].

Let F* :={A, :s € [\/n —1JU{0}} U{B, : t € [\/n]} C 2l
Observe that F* has 21/n elements. Furthermore, for everyi € [n], there exists exactly

one pair of elements A, B € F* such that A\ B = {i}. Namely, if i = s\/n +t where
s € [v/n—11U{0} and t € [\/n] then A, \ B, = {i}.

Note that the digraph D with V(D) = F* and edge set E(D) = {AB : A\ B =
{i},i € [n]} is precisely the balanced oriented bipartite graph (i.e., an extremal example

for Theorem 5.1.3).
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This example shows that if one can improve the lower bound in Theorem 1.4.4 by using
the auxiliary digraph approach, then one will really need to use the fact that the digraph is
generated by an induced P-saturated family (recall this was not assumed in the statement
of Lemma 5.2.2). On the other hand, if Theorem 1.4.4 is close to being best possible, then
Example 5.3.1 points in the direction of potential extremal examples. That is, is there
some poset P such that there is a minimum induced P-saturated family F C 2[" that is

‘close’ to the family F* in Example 5.3.17

Another natural question is to characterise those posets P for which sat*(n, P) is
bounded by a constant. Observe that Lemma 5.2.3 provides a method for determining
such posets. That is, if one can exhibit an ng € N and an induced P-saturated family F C
2lml such that for some i € [ng] there are no elements A, B € F with A\ B = {i}, then
sat*(n, P) = O(1).

Along the lines of this research direction, Keszegh, Lemons, Martin, Palvolgyi and
Patkés [¢5] conjectured the following. Given a poset P on [p], let P denote the poset
on [p+1] where P := PU{[p+1]} (i.e., P is obtained by adding an element to P which

dominates all elements in P).
Conjecture 5.3.2. [55] sat*(n, P) = O(1) if and only if sat*(n, P) = O(1).

Note that neither direction of Conjecture 5.3.2 has been verified except for some special
cases (see [30, Theorem 3.6]). It would be interesting to investigate if Lemma 5.2.3 can

help tackle Conjecture 5.3.2.

Another possible research direction is to consider induced saturation problems for
families of posets. Given a family of posets P, we say that F C 2" is induced P-
saturated if F contains no induced copy of any poset P € P and for every S € 2"\ F
there exists an induced copy of some poset P € P in F U {S}. We denote the size of the
smallest such family by sat*(n, P). By following the proof of Theorem 1.4.4 precisely, one

obtains the following result.
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Theorem 5.3.3. For any family of posets P, either there exists a constant Kp with

sat*(n, P) < Kp or sat*(n,P) > min{2\/n,n/2 + 1}, for all n € N.

In light of Theorem 5.3.3 it is natural to ask whether an analogue of Conjecture 1.4.2 is
true in this more general setting, or whether (for example) the lower bound on sat*(n, P)
in Theorem 5.3.3 is best possible up to a multiplicative constant.

Finally, we remark that the problem of determining good upper bounds for sat*(n, P)
is also very natural. In this direction, Bastide, Groenland, Ivan and Johnston [13] proved

the following polynomial upper bound for sat*(n, P).

Theorem 5.3.4 ([13]). Let P be a finite poset. Then sat*(n, P) = O(n®), where ¢ <

|P|?/4+ 1 is a constant depending on P only.

It is an intriguing open problem whether this bound can be improved further. The
authors proposed a conjecture (see [13, Conjecture 9]) which would imply sat*(n, P) <
O(n'fI=1) for every poset P. In [35] the question was raised whether sat*(n, P) = O(n)
for every poset P. Note that an affirmative answer to this question together with a proof
of Conjecture 1.4.2 would imply that, for any fixed poset P , the function sat*(n, P) is

either bounded or linear in n.
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CHAPTER 6
TYPICAL RAMSEY PROPERTIES OF

ABELIAN GROUPS

6.1 Introduction

As anticipated in Section 1.5, the main goal of this chapter is to establish a framework
to study random Ramsey-type questions for subsets of abelian groups. Our main result,
which we refer to as the random Rado lemma (Lemma 6.7.8), is a black box that on input

of:

e a homogeneous system of linear equations £ with integer coefficients,
e a sequence of ‘well-behaved’ subsets S,, of abelian groups,

e a Ramsey-type supersaturation result for the number of monochromatic solutions

of £ in 5,

outputs an appropriate 1-statement and O-statement. In order to rigorously state the
random Rado lemma, we need to introduce various terminology as well as recall some
fundamental algebraic concepts. As such, we defer the statement of Lemma 6.7.8 to

Section 6.7.
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6.2 Organisation of the chapter

One of the most significant applications of our theory is to arithmetic progressions in the
primes; we present our main contribution to this topic (Theorem 6.3.7) in Section 6.3.
Sections 6.4 and 6.5 serve as a gentle introduction to some of the key results in the area.
Namely, in Section 6.4 we briefly cover some of the classical themes in Ramsey theory,
specifically partition regularity and supersaturation; in Section 6.5 we discuss the random
Ramsey problem for graphs and the integers. In Section 6.6, we highlight the power of
the random Rado lemma by presenting various novel results which we obtain from this
black box. In Sections 6.7 and 6.8, we formally state the random Rado lemma and our
general 1- and 0-statements for hypergraphs, respectively. Note that Figure 6.1 illustrates
how these black box results are connected, and some of their implications.

The rest of the chapter is devoted to the technical proofs of our results. In Section 6.9,
we prove the 1- and O-statements for hypergraphs and in Section 6.10 we explain how to
deduce the random Rado lemma from them. In Section 6.12, we give the proofs of all
the applications of the random Rado lemma that appear in Sections 6.3 and 6.6. For
these proofs, we apply a couple of new results that may be of independent interest: (i) a
Ramsey-type supersaturation result for [n]¢ (Theorem 6.4.9) and (ii) an upper bound on
the number of k-term arithmetic progressions in the primes that contain a given prime
number (Lemma 6.3.3). The former generalises a well-known supersaturation result of
Frankl, Graham and R&dl [51]. We prove these two results in Section 6.11.

In Section 6.13, we explain how, with the random Rado lemma at hand, one can attack
further related problems. Indeed, we show further consequences of the method as well as

discuss potential future research directions.

136



The general 1-
and (O-statement
for hypergraphs
(Theorem 6.8.7)

+ supersaturation for graphs

The 1-statement
of the random

Ramsey theorem
(Theorem 6.5.1)

\

The random
Rado lemma
(Lemma 6.7.8)

v

Simplified random
Rado lemma
(Lemma 6.7.33)

Random van der
Waerden theorem
for the primes
(Theorem 6.3.7)

+ supersaturation Theorem 6.4.6

Random Ramsey
theorems for
vector spaces

(Theorems 6.6.4

and 6.6.5)

+ supersaturation
Theorem 6.4.7

+ supersaturation
Theorem 6.4.9

+ supersaturation
Theorem 6.4.8

Random Rado
theorem for

integer lattices
(Theorem 6.6.1)

\{

Random Rado
theorem (The- Key: red = known results
blue = new results

A random Ramsey
theorem for certain
abelian groups
(Theorem 6.6.3)

orems 6.5.3
and 6.5.4)

Figure 6.1: A visualisation of the main new (blue) and previously known (red) results
covered in this chapter.

6.3 Arithmetic progressions in the primes

In this section, we highlight an application of the random Rado lemma to arithmetic
progressions in the primes. We defer stating our other applications of the random Rado
lemma until Section 6.6 as they require the introduction of a little more notation and a

few definitions.

137



6.3.1 The Green—Tao theorem

One of the most celebrated results of the 21st Century is the following theorem of Green
and Tao [71]. Here we write P for the set of prime numbers and, given n € N, we write P,
for the set of all prime numbers less than or equal to n. Recall the prime number theorem
(see e.g., [07]) asserts that |P,| ~ n/logn, where throughout this chapter we write log

for the natural logarithm. We abbreviate k-term arithmetic progressions by k-APs.

Theorem 6.3.1 (Green and Tao [71]). Let k > 2. The set of primes P contains arithmetic
progressions of arbitrary length. Moreover, given any subset S C P, of size |S| = Q(|P,|),
the number of k-APs in S is ©(n?/log" n)."?

The Green—Tao theorem therefore tells us that any linear size subset of P,, is rich in
arithmetic progressions, for any large n € N. It is natural to ask about sparser subsets
of P,: given some p = p(n), does a typical subset S of P,, of size approximately p|P,|
contain k-APs? Let P, , denote the probability distribution of a random subset of P,
obtained by including each element independently with probability p. We may abuse
notation and treat P,,, as an actual subset of P,. The following new result determines

the probability threshold for P, , containing a k-AP.

Theorem 6.3.2 (Random Green—Tao theorem). Let k > 3.

0 ifp=o(n~?**logn),
lim P[P, , contains a k-AP| =

e 1 ifp=wn?*logn).

Theorem 6.3.2 tells us that typical subsets of P, whose size is significantly above
IP,|n"%*logn ~ n*=2/F contain k-APs; conversely, typical subsets of P,, of size signifi-
cantly smaller than n*=2/% do not. Note that, since Theorem 6.3.2 is not a Ramsey-type
result, we do not use the random Rado lemma to prove it. Instead, we make use of the

following result.

12Note that the moreover part of Theorem 6.3.1 is implicit in [71]. An explicit proof of (a strengthening
of) this part of Theorem 6.3.1 can be found in, e.g., [29, Theorem 1.2].
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Lemma 6.3.3. Let k € N with k > 2 and let ¢ € [k]. For every prime q € P,,, the number

of k-APs in P, such that the (th term is equal to q is O(n/log" ' n).

We prove Lemma 6.3.3 in Section 6.11.1 via a sieve theory argument. With Lemma 6.3.3
and Theorem 6.3.1 at hand, the proof of Theorem 6.3.2 is just a simple application of
the second moment method. For completeness, a full proof is given in Section A.2 of
Appendix A.

Given k > 3 and § > 0, we say a finite set X C N is (0, k)-Szemerédi if every subset of
X of size at least 6| X| contains a k-AP. The following result tells us that not too sparse

subsets of P, are typically (6, k)-Szemerédi.

Theorem 6.3.4 (Balogh, Liu and Sharifzadeh [9]). For any 6,7 > 0 and k > 3, if
p > n" T then

lim P[P, is (6, k)-Szemerédi] = 1.

n—oo

Note that the bound on p in Theorem 6.3.4 is significantly higher than the correspond-
ing bound in the 1-statement of Theorem 6.3.2. Further, Theorem 6.3.4 is tight up to the
v term. Indeed, it is not hard to see that if p = o(n_ﬁ logn) then

lim P[P, is (J, k)-Szemerédi] = 0.

n—oo

This follows as for such p (suitably bounded away from 0), the expected number of k-APs
is much less than the expected number of elements in P, ,. Hence, with high probability,
greedily deleting a number from each k-AP produces a linear size subset of P,, ,, containing
no k-AP. In Section 6.13.2 we give a significant strengthening of Theorem 6.3.4; see
Theorem 6.13.5.
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6.3.2 Monochromatic arithmetic progressions in the primes

The following seminal result is one of the first proven in Ramsey theory.

Theorem 6.3.5 (van der Waerden [131]). Any finite colouring of N yields a monochro-

matic arithmetic progression of arbitrary length.

One beautiful consequence of the Green—Tao theorem is the following generalisation

of van der Waerden’s theorem.!3

Theorem 6.3.6 (van der Waerden theorem for the primes [71]). Any finite colouring of

P yields a monochromatic arithmetic progression of arbitrary length.

Given k > 3 and r > 2, we say a subset X C N is (7, k)-van der Waerden if whenever
X is r-coloured there is a monochromatic k-AP. One of the main applications of our

machinery is the following random analogue of Theorem 6.3.6.

Theorem 6.3.7 (Random van der Waerden theorem for the primes). Let k > 3 and

r > 2. There are constants c,C' > 0 such that

0 ifp< e~ FT logn,
lim P[P, , is (r, k)-van der Waerden] =

n— 00 . 1
1 ifp>Cn *1logn.

Theorem 6.3.7 tells us that typical subsets of P, whose size is significantly above
|Pn|rfﬁ logn ~ ni=1 are (r,k)-van der Waerden whilst typical subsets of P,, of size
significantly smaller than nt=1 are not.

Theorem 6.3.7 follows from the random Rado lemma combined with Theorem 6.3.1

and Lemma 6.3.3. The proof is postponed to Section 6.12.

13In fact, the Green—Tao theorem implies a supersaturation version of Theorem 6.3.6, see Theorem 6.4.6.
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6.4 Partition regularity and supersaturation

In this section, we give a brief survey of Ramsey-type results for homogeneous systems of
linear equations. Partition regularity is covered in the first subsection while supersatura-

tion, including a new result for integer lattices, is covered in the second.

6.4.1 Partition regularity

An integer matrix A is called partition regular if every finite colouring of N yields a
monochromatic solution to Az = 0. A classical result of Rado [110] characterises all those
matrices that are partition regular. In order to state Rado’s theorem, and other results

in this section, we require the following definition.

Definition 6.4.1 (The columns condition over R). Let R be a commutative ring and A
be a matrix with entries in R. We say A satisfies the columns condition over R if there
exists a partition Cy, C1, ..., Cy, of the columns of A such that the following holds. Let ¢;

denote the jth column of A and set
S; = Z Cj
CjECi
for every 0 < i < m. Then
e 5o =0 and

e s; can be written as a linear combination of the elements {¢; : ¢; € Cy, k < i} over

R, for every 1 < i < m.

Theorem 6.4.2 (Rado [110]). An integer matriz A is partition reqular if and only if A

satisfies the columns condition over Q.

There have been several works investigating the analogous problem for other algebraic
structures. In general, given a ring R acting on an abelian group G, a subset X C G and

r € N, we say an ¢ x k matrix A with entries in R is r-partition reqular in X if every
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r-colouring of X yields a monochromatic solution to Ax = 0, where 0 denotes the identity
of G*. Furthermore, A is partition reqular in X if it is r-partition regular in X for every
r € N. Bergelson, Deuber, Hindman and Lefmann [I16] gave some sufficient conditions
for partition regularity in the case where G = R and R is a commutative ring that acts
on itself via ring multiplication. In a recent paper, Byszewski and Krawczyk [23] proved
several interesting extensions of Rado’s theorem for integral domains, noetherian rings
and modules.

In this chapter, we are interested in monochromatic solutions within abelian groups.
We mainly focus on matrices with integer entries since there is an obvious action from Z
to abelian groups: given an arbitrary abelian group (G, +), for g € G and n € N we write
ng to denote g + --- 4+ ¢g. If n is a negative integer, we write ng to denote the inverse of
|n|g in G. For the rest of the chapter, Z will act on abelian groups as we just described.

Given any abelian group G, Deuber [37] provided a necessary and sufficient condition
for an integer matrix A to be partition regular in G \ {0}. For finite G' though it is not
interesting as it simply states that A is partition regular in G \ {0} if and only if there
exists z € G \ {0} such that A(z,...,z)T =0, i.e., there is a trivial solution. Indeed, if
the number of colours r is larger than |G \ {0}| then colouring every element of G \ {0}
differently prevents any monochromatic solution other than trivial ones.

Therefore, in order to ensure a non-trivial monochromatic solution, one must insist
that the size of the finite arithmetic structure is large compared to the number of colours.
In this direction, Bergelson, Deuber and Hindman [15] proved the following analogue of

Rado’s theorem for finite vector spaces.

Theorem 6.4.3 (Bergelson, Deuber and Hindman [15]). Let F be a finite field and A be

an ¢ X k matrix with entries from F. The following statements are equivalent:

e for all r € N, there exists ng = no(r,|F|, k) € N such that for all n > ny every

r-colouring of F™ \ {0} yields a monochromatic solution to Ax =0 in F™\ {0};

e the matriz A is partition regular in TN\ {0};
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e the matriz A satisfies the columns condition over F.

Note that Rado’s theorem itself may be restated in a style similar to Theorem 6.4.3

by using the following well-known fact.

Fact 6.4.4. For an integer matriz A, the following statements are equivalent:
(A) A is partition regular;

(B) for everyr € N, there exists ng € N such that for all n > ng every r-colouring of [n]

yields a monochromatic solution to Az =0 in [n]. O

Statement (B) trivially implies statement (A) while the converse can be proved using

a standard compactness argument.

6.4.2 Supersaturation

As mentioned in the introduction, the topic of Ramsey multiplicity concerns how many
copies of a given structure one can guarantee within a partition of a mathematical ob-
ject. We are interested in a particular class of results in this area which we refer to as
supersaturation results. In the context of this chapter, a supersaturation result essentially
states that within any finite colouring of an arithmetic structure, a constant proportion
of the total number of solutions of a system of linear equations are monochromatic. As a

clarifying example, consider the following theorem of Frankl, Graham and Rodl [54].

Theorem 6.4.5 (Frankl, Graham and Rodl [54]). Let r € N and let A be a partition
reqular { X k integer matrix of rank €. There exist 6,ng > 0 such that the following holds:

for all n > ng, every r-colouring of [n] yields at least dn*=* monochromatic solutions to

Az =0 in [n].

It is easy to see that there are at most n*~* solutions to Az = 0 in [n] (see, e.g.,
case (ii) of Lemma 6.7.16). Thus, Theorem 6.4.5 states that in any r-colouring of [n], a

constant proportion of the total number of solutions are monochromatic.

143



Our motivation for considering supersaturation results is that they are a prerequisite
of various well-known techniques used to prove random Ramsey-type statements. Specif-
ically, supersaturation results can be used in combination with the hypergraph container
method to give an upper bound on the probability that a Ramsey property is not satis-
fied, thereby yielding a proof for a 1-statement. See Section 6.9.1.1 for a more detailed
sketch of how this calculation works. Note that supersaturation results were employed
to prove 1-statements of Ramsey-type results even before the introduction of the hyper-
graph container method. In particular, in [62], Theorem 6.4.5 was used in the proof of
the 1-statement of the random Rado theorem (Theorem 6.5.4 in the next section).

As we will see in Section 6.7, supersaturation is one of the key conditions to check in
the random Rado lemma (Lemma 6.7.8). In some cases, supersaturation can be easily
obtained from existing results. For example, Theorem 6.3.1 immediately implies the

following supersaturation result for the primes.

Theorem 6.4.6. Given anyr,k € N with k > 3, any r-colouring of P,, yields ©(n?/log" n)

monochromatic k-APs in P,,. l

One can similarly obtain a supersaturation result for finite abelian groups and translation-
invariant matrices. We say an ¢ x k integer matrix A is translation-invariant with respect
to a group G if A(g,...,g)T =0 for every g € G.'* Consider such a translation-invariant
matrix A with respect to an abelian group G. As observed by Saad and Wolf [119, page
2], a generalised version of Szemerédi’s theorem for finite abelian groups [70] yields that
for any linear sized subset S of G, provided |G| is sufficiently large, a constant proportion
of all solutions to Ax = 0 in G are fully contained in S. This immediately implies that,
given any r € N, any r-colouring of G is such that a constant proportion of all solutions
to Az = 0 in G are monochromatic, provided |G| is sufficiently large.

We finish this section by highlighting three further supersaturation results that we

require for our applications of the random Rado lemma appearing in Section 6.6. First,

4For example, any integer matrix A whose columns sum to 0 is translation-invariant with respect to
any abelian group. This includes integer matrices for which the solutions to Az = 0 in Z correspond to
k-APs, for fixed k& > 3.
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Serra and Vena [12, Theorem 2.1] proved an analogue of Theorem 6.4.5 for finite vector

spaces. This can be seen as a quantitative analogue of Theorem 6.4.3.

Theorem 6.4.7 (Serra and Vena [121]). Let r € N, let F be a finite field and let A be
an £ X k matriz with entries in F and rank ¢ which satisfies the columns condition over
F. There exist 0,n9 > 0 such that, for all n > ng, every r-colouring of F™ \ {0} yields at

least §|F|"*=9 monochromatic solutions to Az =0 in F™\ {0}.

One can show that there are at most |F|**=*) solutions to Ar = 0 in F" and so the
lower bound in Theorem 6.4.7 is linear in the total number of solutions.

The works of Serra and Vena [12/, Theorem 1.3] and Vena [135] extend Theorem 6.4.7
to finite abelian groups. To state (a special case of) their result, we need a couple of
definitions. We say an abelian group (G, +) has ezponent s if s is the smallest positive
integer such that sg = g+ ---4+ g = 0 for every g € G. We say an integer matrix
A satisfies the s-columns condition if A satisfies the columns condition over the ring Zj
(where the entries of A are treated as elements of Zj, i.e., residues modulo s). Finally,

S(A, G) denotes the set of solutions to Az =0 in G.

Theorem 6.4.8 (Serra and Vena [121], Vena [135]). Let r € N, let G be a finite abelian
group with exponent s and let A be an ¢ X k integer matriz which satisfies the s-columns
condition. There exist 6,ng > 0 such that, for all n > ng, every r-colouring of G™ \ {0}

yields at least 0|S(A, G™)| monochromatic solutions to Ax =0 in G™\ {0}.

Note that in [121], a slightly weaker quantitative bound was obtained for Theo-
rem 6.4.8. However, the result used a previous weaker removal lemma of Kral’, Serra
and Vena [91]. Vena [135] observed that by using his own removal lemma, one can obtain
the stronger bound as stated in Theorem 6.4.8.

We conclude this section with a new supersaturation result for integer lattices.

Theorem 6.4.9. Letr,d € N and let A be a partition reqular ¢ X k integer matriz of rank

L. There exist 0,ng > 0 such that the following holds: for all n > ng, every r-colouring of

[n]? yields at least Sn®*=Y monochromatic solutions to Az = 0 in [n]?.
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Again, the lower bound in Theorem 6.4.9 is a constant proportion of the total number
of solutions. Observe that the case d = 1 of Theorem 6.4.9 is exactly Theorem 6.4.5. The

proof of Theorem 6.4.9 is given in Section 6.11.

6.5 The random Ramsey problem for graphs and the
integers

In this section we cover two settings where the random Ramsey problem has been exten-
sively studied: edge-coloured graphs and the integers. Further background on these two
problems can be found, e.g., in [26] and [76, Section 1]. We also discuss a few known

random Ramsey-type results for Z,.

6.5.1 Ramsey properties of random graphs

The random graph model provides a framework for studying the typical Ramsey properties
of graphs of a given density. The random graph G,,, has vertex set [n] where each possible
edge is present with probability p, independently of all other edges. An event occurs in
Gpp with high probability (w.h.p.) if its probability tends to 1 as n — oco. For many
properties P of G, , (including Ramsey properties), the probability that G, , has the
property exhibits a phase transition, that is, there is a threshold for P: a function p := p(n)
such that G, , has P w.h.p. when p = w(p) (the 1-statement), while G,,,, does not have P
w.h.p. when p = o(p) (the 0-statement). Bollobds and Thomason [15] proved that every
non-trivial monotone property P has a threshold.

Ro6dl and Rucinski [113, , | proved a general Ramsey-type result for the random
graph. To state their result we need a few definitions. Recall that we write V(H) and
E(H) for the vertex and edge sets of a graph H, respectively, and define v(H) := |V (H)|
and e(H) := |E(H)|. Givenanr € N and a graph G, an r-edge-colouring of G is a function
o : E(G) — [r]. Given a graph H, we say that G is (H, r)-Ramsey if every r-edge-colouring

of G yields a monochromatic copy of H in G. Given a graph H, set do(H) :=0ife(H) =0
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and do(H) := 1/2 when H is precisely an edge. Define do(H) := (e(H) — 1)/(v(H) — 2)
otherwise. Then define mq(H) := maxgcy do(H') to be the 2-density of H. For example,
if we consider the triangle K3, then mo(K3) = (e(K3) —1)/(v(K3) —2) = 2. On the other
hand, if we consider the disjoint union of K3 and an edge, i.e., H := K3 U K5, then we
also have that mo(H) = 2, even though do(H) = 1, as the ‘densest’ part of H is the copy
of K.

Theorem 6.5.1 (The random Ramsey theorem [113, 114, 115]). Let r > 2 be a positive
integer and let H be a graph that is not a forest consisting of stars and paths of length 3.

There are positive constants ¢, C' such that

0 if p<en t/m)
lim P|G,,, is (H,r)-Ramsey| =

n—r00 1 ifp > Cn—l/mg(H)_
Thus n~'/m2(H) is the threshold for the (H,r)-Ramsey property. Roughly speaking, the
random Ramsey theorem tells us that a typical n-vertex graph of edge density significantly

1/m2(H)

greater than n~ is (H,r)-Ramsey, whilst a typical n-vertex graph of edge density

1/m2(H)

significantly less than n™ is not (H,r)-Ramsey.

An intuition for the threshold in Theorem 6.5.1 is as follows: for small ¢ > 0, if

—1/m2(H) then there is a subgraph H' of H for which the expected number of copies

p<cn
of H in G,,, is much smaller than the expected number of edges in G, ,. So intuitively
this suggests the copies of H' (and therefore H) are ‘spread out’ in the random graph
and so one may be able to colour the edges to avoid a monochromatic copy of H. On the
other hand, for large C' > 0, if p > Cn~%/™2(H) then the expected number of copies of any
subgraph H” of H in G,,, is much larger than the expected number of edges; so in this
sense, the copies of H in G,,, are more ‘densely distributed” making it harder to avoid a
monochromatic copy of H.

In more recent work, Nenadov and Steger [105] gave a short proof of Theorem 6.5.1

using the hypergraph container method. There has also been significant effort to generalise
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Theorem 6.5.1 to the setting of random hypergraphs (see, e.g., [28, 62, 73]) and also to
asymmetric Ramsey properties; that is, now the monochromatic graph one seeks can be

different for each colour class (see, e.g., [19, 25, 76, 79, 86, 96, 97, , 104]).

6.5.2 Ramsey properties of random sets of integers

We start with some key definitions.

Definition 6.5.2 (k-distinct and (A, r)-Rado). For an ¢ x k integer matrix A and a set S
of elements of an abelian group, if a vector & = (x1,..., ;) € S* satisfies Az = 0 and the
x;8 are pairwise distinct, we call x a k-distinct solution to Ax = 0 in S. We say that S
is (A, r)-Rado if given any r-colouring of S, there is a monochromatic k-distinct solution

r=(x1,...,25) to Ax =01in S.

In the study of random versions of Rado’s theorem authors have (implicitly) con-
sidered the (A,r)-Rado property, rather than seeking a monochromatic solution that is
not necessarily k-distinct (as in the original theorem of Rado); see [77, Section 4] for a
discussion on why this has been the case.

An ¢ x k integer matrix A is irredundant if there exists a k-distinct solution to Az = 0
in N. Otherwise, A is redundant. The study of random versions of Rado’s theorem
has focused on irredundant partition regular matrices. This is natural since for every
redundant ¢ x k£ matrix A for which Az = 0 has solutions in N, there exists an irredundant
¢ x k' matrix A’ for some ¢/ < ¢ and k' < k with the same family of solutions (viewed as
sets). See [116, Section 1] for a full explanation.

Index the columns of A by [k]. For a partition WUW = [k] of the columns of A, we

denote by A the matrix obtained from A by restricting to the columns indexed by W.
Let rank(Asy) be the rank of Ay, where rank(Agr) := 0 for W = (. We set

wW|-1
A) = . 6.1
m(4) W{'JHWa}:([k} |[W| — 1+ rank(Ayr) — rank(A) (6.1)
[W[>2
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The definition of m(A) was introduced in [ 16]. As noted there, the denominator of m(A)
is strictly positive provided that A is irredundant and partition regular, and so m(A)
is well-defined in this case. We say A is strictly balanced if the expression in (6.1) is
maximised precisely when W = [k]. If A has precisely one row consisting of non-zero

entries (i.e., it corresponds to a single linear equation) then A is strictly balanced and so

For example, if Az = 0 corresponds to the equation x 4+ y = z, then m(A) = 2.

We write [n], for the random subset of [n] = {1,...,n} where each element in [n] is
included with probability p independently of all other elements. Rédl and Rucinski [110]
showed that m(A) is an important parameter for determining whether [n}, is (A, r)-Rado
or not. Indeed, one can view m(A) as the arithmetic analogue of the 2-density mq(H)

which we considered for the graph case in the previous subsection.

Theorem 6.5.3 (Rodl and Rucinski [110]). For all irredundant partition reqular full rank

matrices A and all positive integers r > 2, there exists a constant ¢ > 0 such that

lim P[[n], is (A,7)-Rado] =0 if p < en~ /™A,
n—oo

Roughly speaking, Theorem 6.5.3 implies that a typical subset of [n] with significantly

1-1/m(A

fewer than n ) elements is not (A,r)-Rado for any irredundant partition regular

matrix A. The following theorem of Friedgut, R6dl and Schacht [62] complements this

1-1/m(A

result, implying that a typical subset of [n] with significantly more than n ) elements

is (A, r)-Rado.

Theorem 6.5.4 (Friedgut, Rodl and Schacht [62]). For all irredundant partition regular

full rank matrices A and all positive integers r, there exists a constant C' > 0 such that

lim P[[n], is (A,7)-Rado] =1 if p > Cn~ /™A,

n—0o0
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So together, Theorems 6.5.3 and 6.5.4 form the random Rado theorem and show that

~1/m(4)

the threshold for the property of being (A,r)-Rado is p = n The intuition for

this threshold is similar to that for the threshold in Theorem 6.5.1: in the case when A is

—1/m(A)

strictly balanced, when p =n , in expectation there are roughly the same number

1/m(4) for some

of elements in [n], as there are solutions to Az = 0 in [n],. Soif p < en~
small ¢ > 0, then one would expect the solutions to Az = 0 to be ‘spread out’ (i.e., one
would expect most elements of [n], lie in very few solutions to Az = 0). Meanwhile, if
p > Cn= /™A for some large C' > 0, then one would expect some clustering of solutions
to Ax = 0, making it harder to avoid monochromatic solutions.

Note that Theorem 6.5.4 was confirmed earlier by Graham, R6dl and Rucinski [69]
in the case where r = 2 and Ax = 0 corresponds to = + y = 2, and then by Rodl and
Ruciniski [116] in the case when A is so-called density regular. We remark that both
Theorem 6.5.3 and Theorem 6.5.4 are straightforward corollaries of the random Rado
lemma (Lemma 6.7.8), which in turns follows from our general 1- and O-statement for
hypergraphs (Theorem 6.8.7). Furthermore, the 1-statement of the random Ramsey the-
orem (Theorem 6.5.1) also follows directly from the general 1-statement for hypergraphs
(Theorem 6.8.7).

In [76, 127], Theorem 6.5.4 was generalised to allow one to consider matrices A that are
not partition regular, but for which N is (A, r)-Rado for some choices of r. In particular,
the condition that A is partition regular can be replaced with one of the following two
equivalent definitions, subject to a suitable Ramsey-type supersaturation result holding.
We say that an integer matrix A satisfies property (x) if under Gaussian elimination A
does not have any row which consists of precisely two non-zero rational entries. The
definition of abundant, introduced in [121] and used in [127] is that, for an ¢ X k matrix
A, every ¢ x (k—2) submatrix of A has the same rank as A. Clearly irredundant full rank

matrices which satisfy (k) are equivalent to irredundant full rank abundant matrices.
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6.5.3 Ramsey properties of random sets of Z,

Recently there have been a few random Ramsey-type results proven for Z,. The first
explicit result in this area is the following sharp threshold version of van der Waerden’s
theorem for random subsets of Z,, [00]. Recalling the definition of (r, k)-van der Waerden
from earlier, note that, for example, (r, 3)-van der Waerden and (A, r)-Rado are equivalent
notions if A = (1,1, —2). We write Z,,, to denote the subset of Z,, obtained by including

each element of Z,, independently and with probability p.

Theorem 6.5.5 (Friedgut, Han, Person and Schacht [60]). For all k > 3, there exist
constants c¢1,¢co > 0 and a function c(n) satisfying co < c(n) < ¢ such that for every

e > 0 we have

0 ifp<(l—¢e)c(n)n /t1,
lim P[Z,,, is (2,k)-van der Waerden| =

o 1 ifp> (14 e)e(n)n /¢,

Note that the threshold in Theorem 6.5.5 is sharp compared to, e.g., the threshold
given by Theorems 6.5.3 and 6.5.4. See, e.g., [20, Section 5.1] for further discussion on
sharp thresholds.

Recently, Theorem 6.5.5 has been generalised to the (r, k)-van der Waerden property
(i.e., r does not have to be 2 now) and an analogous sharp threshold version of the random

Schur theorem for Z,, (where n is prime) has been obtained; see [(1].

6.6 Further applications of the random Rado lemma

In addition to the random van der Waerden theorem for the primes (Theorem 6.3.7),
we prove several other novel random Ramsey-type results via the random Rado lemma
(Lemma 6.7.8). The proofs of all the results presented in this section are postponed to
Section 6.12. Given a subset X of an abelian group, we write X, to denote the subset of

X obtained by including each element of X independently and with probability p.
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Recall that Theorems 6.5.3 and 6.5.4 determine the threshold for the property that
[n], is (A, r)-Rado. The following result is a generalisation of this statement to [n]¢ for

any fixed d € N.

Theorem 6.6.1 (Random Rado theorem for integer lattices). For all irredundant par-
tition regular full rank matrices A and all positive integers r > 2 and d > 1, there exist

constants C,c > 0 such that the following holds.

0 ifp<cnmA),
lim P[[n]¢ is (A,r)-Rado] =

A 1 ifp> C'n~—4/m(A)

Observe that the d = 1 case corresponds precisely to Theorems 6.5.3 and 6.5.4. To
deduce Theorem 6.6.1 from the random Rado lemma, we require a corresponding super-
saturation result for [n]¢, namely Theorem 6.4.9.

Note that the probability threshold in Theorem 6.6.1 is independent of d in the follow-
ing sense. As we are interested in how ‘sparse’ a subset can be while typically retaining
its Ramsey properties, the probability threshold should always be compared to the size
of the initial set we are considering. In this case, the size of [n]? is n? and so we may
rewrite the probability threshold n~=%™A) as |[n]?|~1/™4)  Indeed, this shows that the
probability threshold depends exclusively on the matrix A. However, this phenomenon
does not occur in general: for a fixed matrix A, the probability threshold may change
depending on the underlying arithmetic structure. For instance, consider the equation

2z + 2y = 2z and the product group (Z4)".

Theorem 6.6.2. Let A= (2 2 —2) and r > 2. There ezist constants ¢,C > 0 such that

0 ifp<ca™sm/4
lim P[(Z4), is (A, r)-Rado] =

n—oo

1 ifp>C4-3n/4,

As the size of (Z,)" is 4", we may rewrite 4=*"* as |(Z,)"|7/*. On the other hand,
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m(A) = 2 and so the corresponding threshold when considering solutions to Az = 0 in

172 Thus, we can have different thresholds depending on the underlying abelian

[n], is n~
group.

Note that the probability threshold p = 4-3%/* is consistent with the heuristic that
the expected size of (Z4); should ‘match’ the expected number of solutions to Az = 0 in
(Z4)2. Indeed, for p = 473"/*, the expected size of (Z,)? is 4"p = 4™/*. The total number
of solutions of 2z + 2y = 2z in (Z4)" is 4™ - 4™ - 2" = 4°/2 and so the expected number of
solutions in (Z,)? is 45"/2p® = 4n/4,

Observe that the total number of solutions to 2z+2y = 2z in [n] is at most n-n-1 = n?
since for every choice of z and y there is at most one choice of z. The change of threshold

in Theorem 6.6.2 (and more generally in Theorem 6.6.3 below) depends on the fact that

we have many more choices for z in (Z4)™.

Theorem 6.6.2 follows easily from the following application of the random Rado lemma
to abelian groups. The definitions of ranks(A) and mg(A) appearing in the statement
require further motivation so we defer them to the next section; see Definitions 6.7.11
and 6.7.27. However, one may think of mg(A) as the natural generalisation of m(A)
which captures the intuition described for Theorem 6.6.2. Indeed, mgz,(A) = 4/3 for
A= (2 2 —2). For an ¢ x k matrix A, we say that (A, G) is abundant if every ¢ x (k —2)
submatrix A’ of A satisfies rankg(A’) = rankg(A). This naturally generalises the previous

definition of abundant; see also Definition 6.7.22.

Theorem 6.6.3. Let G be a finite abelian group with exponent s € N. Let A be an integer
matriz which satisfies the s-columns condition, with rankg(A) > 0 and such that (A, G)

18 abundant. For all r > 2, there exist constants C,c > 0 such that the following holds.

0 if p<clGITme,
lim P[G) is (A,7)-Rado] =

n—o0

1 ifp>C|G|/me),

Note that the condition rankg(A) > 0 in Theorem 6.6.3 is very mild: if A has dimen-
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sion ¢ x k then rankg(A) > 0 is equivalent to stating that not every ordered k-set over G
is a solution to Az = 0.

Given a finite subset S of an abelian group, we say that an ¢ x k matrix A is irredundant
with respect to S if there exists a k-distinct solution to Az = 0 in S. So a matrix A
is irredundant precisely if it is irredundant with respect to N. Another application of
the random Rado lemma is the following random version of the Ramsey-type result of
Bergelson, Deuber and Hindman for vector spaces F" (Theorem 6.4.3). For an ¢ x k

matrix A with entries from a field IF, we define mp(A) analogously to (6.1), that is

W] —1
A) = 6.2
myp(A) WEnWa}:{[k] |W| — 1+ rankg(Ayr) — rankg(A)’ (6:2)
[W|>2

where we write rankyp to denote that we calculate rank with respect to the field F.

Theorem 6.6.4. Let F be a non-trivial finite field. Consider any full rank matriz A with
entries from IF so that A satisfies the columns condition over F and A is also irredundant
with respect to F" for all n € N sufficiently large. Given any positive integer r > 2, there

exist constants C,c > 0 such that the following holds.

0 if p < cfF[T/me,
lim P[F} is (A, r)-Rado] =

o 1 if p > O|F|n/me(),

We also obtain the analogue of Theorem 6.6.4 for matrices A which have integer entries.
Here we must be slightly careful: as we are interested in solutions to Ax = 0 in F”, one
must compute the rank of the integer matrix A with respect to the underlying field F (see
Definition 6.7.14) and hence the threshold depends on mg(A) rather than m(A).'> For
example, the matrix A = <3 3 _3) usually has rank(A) = 1, however, in Z3, we have
3 =0 (mod 3) and so we have rankz,(A) = 0.

Recall that an integer matrix A satisfies the g-columns condition if it satisfies the

5Note that the definition of mp(A) for an integer matrix A is also consistent with putting G' = F into
the definition of m¢(A) for groups (see Definition 6.7.27 and Fact 6.7.15).
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columns condition over the ring Z, (where the entries of A are treated as elements of Z,,

i.e., residues modulo gq).

Theorem 6.6.5. Let F be a finite field of order ¢*, for some prime q and k € N. Consider
any full rank integer matriz A so that A satisfies the q-columns condition and A is also
irredundant with respect to F" for all n € N sufficiently large. Given any positive integer

r > 2, there exist constants C,c > 0 such that the following holds.

0 ifp < c[F[7/me),
lim P[F} is (A, r)-Rado] =

n—oo
L ifp> CF|/me),

Theorem 6.6.5 is just a simple application of Theorem 6.6.4; its proof is given in

Section 6.12.

6.7 The random Rado lemma

In this section, we rigorously state the random Rado lemma (Lemma 6.7.8). As previously
mentioned, the random Rado lemma serves as a general black box that outputs a random
Ramsey-type result for a given sequence of finite subsets of abelian groups provided that
certain conditions, most notably supersaturation, are satisfied.

The content of this section is divided into four subsections. The first subsection
contains the statement of Lemma 6.7.8 preceded by a list of all the required definitions.
In the second subsection, we prove a general bound for the number of solutions to Ax = 0
in .S when S is either a finite abelian group or a (power of a) finite subset of a field. This
bound is used in the third subsection to prove that several technical requirements of the
random Rado lemma trivially hold, or can be relaxed, in these specific settings. In light
of these results, in the fourth subsection we formulate a simplified version of the random
Rado lemma (Lemma 6.7.33) for finite abelian groups and (powers of) finite subsets of
fields.

We stress once more that the random Rado lemma can be straightforwardly deduced
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from our general 1-statement and O-statement for hypergraphs (Theorem 6.8.7). The

proof of Lemma 6.7.8 is deferred to Section 6.10.

6.7.1 Definitions and main statement
Firstly, we recall the definitions of k-distinct and (A, r)-Rado.

Definition 6.5.2 (k-distinct and (A, r)-Rado). For an ¢ x k integer matrix A and a set S
of elements of an abelian group, if a vector x = (z1,...,7;) € S* satisfies Az = 0 and the
x;8 are pairwise distinct, we call = a k-distinct solution to Ax = 0 in S. We say that S
is (A, r)-Rado if given any r-colouring of S, there is a monochromatic k-distinct solution

r=(x1,...,25) to Az =01n S.

Let (Sp)nen be a sequence of finite subsets of abelian groups. We write S, , to de-
note the subset of S,, obtained by including each element of S, independently and with
probability p. Given a function p : N — [0, 1], we may abuse notation and write S, ,
for Sy, p(n). Given p = p(n), we say an event occurs in S, , with high probability (w.h.p.) if
its probability tends to 1 as n — oco. Let A be an £ x k integer matrix. We are interested
in the probability threshold p := p(n) such that, for some constants 0 < ¢ < C, we have
that S, is (A, r)-Rado w.h.p. if p > Cp and S,,, is not (A, r)-Rado w.h.p. if p < ¢p.

Of course, as each subset S,, can lie in a different abelian group, it is easy to come
up with a sequence (S,)nen for which no such probability threshold p exists. On the
other hand, in Definition 6.7.2 we provide a candidate for p for ‘well-behaved’ sequences

(Sn)nen. Given a k-set (2;)iep) and W C [k], we write xy for the |W|-set (x;)iew

Definition 6.7.1 (Projected solutions). Let S be a finite subset of an abelian group and A
be an £ x k integer matrix. Let W C Y C [k] and wy € SIWI. The set of projected solutions
Sol§ (wy, W, Y') is the set of vectors y € S¥! such that there exists a solution z € S* to
Az = 0 with 2y = y and xy = wy. For brevity, we write Solg(Y) := Sol5(0,%,Y), i.e.,
Sol5(Y) is the set of vectors y € S!¥I such that there exists a solution z € S* to Az =0

with 2y = y. In particular, Solg([k]) is the set of all solutions to Az =0 in S.
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Definition 6.7.2 (Probability threshold for abelian groups). Let S be a finite subset of

an abelian group and A be an ¢ x k integer matrix. For every W C [k], we let

pw(A,5) = (M) s

|51

Additionally, we let

p(A, S) == max pw (A4, S).
WC (k]
IW[>2

The intuition for the choice of p(A,S) in Definition 6.7.2 aligns with the heuristic
we discussed in Section 6.5, where we considered the random Ramsey problem for the
integers. Indeed, for p := py (A, S) the quantities | Solg(W)[p"!, which is roughly'® the
expected number of projected solutions, and |S|p, which is the expected size of the ground

set, are equal. The probability threshold p(A, S) is obtained by taking the largest of these
Pw (A, S ) .

Remark 6.7.3. As the definition of (A,r)-Rado involves k-distinct solutions, the reader
may wonder why, in Definition 6.7.1, we do not insist that the solutions to Ax = 0 must
be k-distinct. This choice is designed to simplify later calculations. We will be able to

restrict our attention to k-distinct solutions by imposing additional assumptions over the

sequence (Sp)nen (namely, conditions (A3) and (A6) of Lemma 6.7.8).

Next, we introduce four properties that the sequence (S,,),eny must satisfy in the hy-
pothesis of the random Rado lemma. The first one is supersaturation, which we introduced

and gave motivation for in Section 6.4.2. We will use the following formal definition.

Definition 6.7.4 ((A, r)-supersaturated). Let r € N and A be an ¢ x k integer matrix. We
say that a sequence (S, ),en of finite subsets of abelian groups is (A, r)-supersaturated if

there exist an € > 0 and ng € N such that the following holds: if n > ng then whenever 5,

6Note that the set Sol?(W) includes projected solutions with repeated entries, and so the expected
number of projected solutions may not be exactly equal to | Solé(W)|p‘W|.
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is 7-coloured there are at least €| Sol§ ([k])| monochromatic solutions to Az = 0 in S,,.

The second property involves an upper bound on the number of projected solutions.
Intuitively, this forces the solutions to be uniformly distributed over the ground set. This
condition is rather natural since the heuristic argument for the probability threshold relies

on the assumption that the solutions to Az = 0 are ‘spread out’.

Definition 6.7.5 (B-extendable). Let S be a finite subset of an abelian group, let A
be an ¢ x k integer matrix and let B > 1 be a real number. We say the pair (A4, S) is

B-eatendable if for all non-empty W C 'Y C [k] and any wy € S we have

[ Sols(Y)]

Sold (we, W,Y)| < B- -—50 /1
S ]

The third property is more involved and perhaps the most artificial out of all require-
ments of the random Rado lemma. This property is tied to the calculations appearing in

the proof of the general 0-statement for hypergraphs (Theorem 6.8.7) in Section 6.9.

Definition 6.7.6 (Compatibility). Let (S,)nen be a sequence of finite subsets of abelian
groups and A be an ¢ X k integer matrix with £ > 3. We say (S, )nen i compatible with
respect to A if there exists a sequence (X, )nen of subsets X,, C [k] with |X,,| > 3 for
all n € N such that the following holds. We have px, (A, S,) = Q(p(4, S,)) and, for all
sequences (W, )nen and (W), en such that W,,, W/ C X, with |W,,| =2 and |W/| > 2,

2 (A Wy -1
S (s} o

|Solg (W,)| \px..(A,Sh)
as n — oQ.

The fourth property is a mild technical requirement that will be needed in the proof of

Lemma 6.7.8 to allow us to restrict our attention to k-distinct solutions (see Lemma 6.7.9).

Definition 6.7.7 (Weak compatibility). Let (S,)nen be a sequence of finite subsets of

abelian groups and A be an ¢ x k integer matrix with k£ > 2. We say (.S, )nen is weakly
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compatible with respect to A if for every W C [k] with |[W| = 2 we have

AT
A
[Sol3, (W)

as n — oo.
We are now ready to formally state the random Rado lemma.

Lemma 6.7.8 (The random Rado lemma). Let r > 2, k > 3 and { > 1 be integers. Let
(Sn)nen be a sequence of finite subsets of abelian groups, A be an ¢ X k integer matriz and
set pp = p(A,Sy).

Suppose that
(A1) pp — 0 and |S,|pn — 00 as n — oo;
(A2) (Sp)nen is (A, r)-supersaturated;

(A3) there exists B > 1 such that the pair (A, S,) is B-extendable for all sufficiently large
n € N;

(A4) there exists D > 0 such that for every W C'Y C [k] with |W| =1 and wy € S,,, we

V)l

have | SolS (wo, W, Y)| < DlSOlS" for all sufficiently large n € N;

(A5) (Sp)nen is compatible with respect to A;
(A6) (Sn)nen is weakly compatible with respect to A.

Then there exist constants ¢,C' > 0 such that

0 if p<chn,
lim P[S,,, is (A,r)-Rado] =

n—oo

L ifp=Cpn.

We find the generality of Lemma 6.7.8 very interesting - it confirms that for ‘well-
behaved’ sequences (.S, )nen, the probability threshold essentially depends on the number

of (projected) solutions to Az =0 in S,,.
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Note that (A4) is a similar condition to the |[WW| = 1 case of the definition of B-
extendable; we have written (A3) and (A4) as separate conditions as they correspond
to conditions (P3) and (P4) in our general 1-statement and 0O-statement for hypergraphs
(Theorem 6.8.7). In fact, the random Rado lemma is a simple corollary of Theorem 6.8.7
and each of conditions (A1)—(A5) are adaptations of conditions (P1)—(P5) from Theo-
rem 6.8.7. Condition (A6) is a mild requirement that we impose in order to restrict our
attention to k-distinct solutions (see Lemma 6.7.9 below).

For most natural applications, conditions (A3)—(A6) can be further simplified. Thus,
in practice, condition (A2) is the crucial assumption that one needs to verify. The goal
of the next three subsections is to state a simplified version of the random Rado lemma
(Lemma 6.7.33) which holds for sequences of finite abelian groups and sequences of (powers
of) finite subsets of fields. Nonetheless, there are interesting examples where the generality
of the random Rado lemma as stated in Lemma 6.7.8 is required. The most notable such
example is the random van der Waerden theorem for the primes (Theorem 6.3.7), proved
in Section 6.12.

It would be interesting to see if one can relax some of the assumptions in the random
Rado lemma; if so, condition (A5) is the most likely candidate for where the hypothesis

can be weakened. See Section 6.13.3 for a brief discussion related to this.

The next result states that conditions (A3) and (A6) imply a constant proportion
of projected solutions are induced by k-distinct solutions. The proof is postponed to
Section 6.10 but we state the result here in order to give the reader a better intuition why

we did not impose in Definition 6.7.1 that the solutions are k-distinct.

Lemma 6.7.9. Let (S,)nen be a sequence of finite subsets of abelian groups and let A
be an ¢ X k integer matriz with k > 2. Suppose that conditions (A3) and (A6) from
Lemma 6.7.8 hold; so there is a B > 1 such that (A, S,) is B-extendable for every n € N
sufficiently large.

For each non-empty Y C [k], let k;-Sol‘gn(Y) be the set of y € SY such that there

exists a k-distinct solution v € S* to Ax = 0 with xy = y. For n sufficiently large, we
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have
1 [k-Sold (V)

<1,
2B |Sold (V)| —

Furthermore, for'Y = k] we have

 [k-Sold (1K) _
w5 [Sold ([k])]

Remark 6.7.10. Recall that given a finite subset S of an abelian group, we say that an
(xk matriz A is irredundant with respect to S if there exists a k-distinct solution to Ax =0
in S. In many of the results mentioned previously in this chapter (e.q., Theorem 6.6.1)
we require that the matrix considered is irredundant. However, we do not explicitly state
that A is irredundant with respect to S, in Lemma 6.7.8 as conditions (A3) and (A6)

combined with Lemma 6.7.9 already imply that many solutions are k-distinct.

6.7.2 Rank and counting solutions

The notion of extendability and (weak) compatibility introduced in the previous subsec-
tion are tied to the quantity | Sola(1)|. In many natural cases we are able to approximate,
or at least bound, this number using standard methods from group theory and linear alge-
bra. For example, it is well known that the size of Solﬁ]([lﬁ]), i.e., the number of solutions

k—rank(4) (see, e.g., case (ii) of Lemma 6.7.16).

to Az =0 in [n], is at most n

The notion of rank is useful here. For instance, the parameter m(A) which governs the
probability threshold for the random Rado theorem for the integers is expressed in terms
of rank(Ay/ ) for W C [k]. We now provide an appropriate generalisation of the notion of

rank for the cases where S is either a finite abelian group or (a power of) a finite subset

of a field.

Definition 6.7.11 (Rank for finite abelian groups). Let S be a finite abelian group. Let

A be an ¢ x k integer matrix and let f4 : S* — S* be the function defined by f4 :  — Az.
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We define

log [ (fa)| if 8] > 1,
rankg(A) = !

0 if 9] = 1.

By the first isomorphism theorem for groups, we have |S|¥ = |im(f4)| - | ker(f4)|. In

particular, the number of solutions to Ax = b is equal to

[ ker(f4)] = il = |S[Fmmks @) if b € im(fa), 6.4)

0 otherwise.

A motivation for the choice of rankg(A) in Definition 6.7.11 is that it will allow us to
rewrite py (A, S) from Definition 6.7.2 as a power of |S|. Indeed, in all applications of
the random Rado lemma discussed in Sections 6.3 and 6.6, the probability threshold is
expressed in such form. For example, it follows immediately from equation (6.4) that if A
is an ¢ x k integer matrix and S is a finite abelian group then |Solg([k])| = | S|k rarks(4)
and so pp(A, S) = |G|~ (k=1 —ranks (A)/(k=1)

Next, we consider the case where S = L¢ for some finite subset L of a field F and
d € N. We are mostly interested in integer matrices, but it will be convenient to first
consider matrices with entries in F. We write Or and 1r for the additive and multiplicative

identities of [F, respectively.

Definition 6.7.12. Let S = L% where L is a finite subset of a field F and d € N. Let A
be a matrix with entries from F. If L = {Op}, let rankg(A) := 0. Otherwise, let rankg(A)

be the rank of A with respect to F.

The following simple fact shows that rankg(A) in Definition 6.7.12 is well-defined: the

value of rankg(A) is independent of the choice of F.

Fact 6.7.13. Let F C ' be two fields. Let A be a matriz whose entries lie in F. Then,

the rank of A with respect to T is the same as the rank of A with respect to F'.
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Proof. The rank of A is the size of the largest square submatrix of A with non-zero
determinant. The determinant of a submatrix is computed by performing multiplications
and additions using the entries of the submatrix. Let Fy be the field generated by the
entries of A. Since the entries of A lie in Fy C F C I’ and Fy is closed under addition
and multiplication, the determinant of any submatrix of A is the same whether we are

working in F or F'. O

Definition 6.7.12 easily extends to matrices with integer entries by treating the entries

of such matrices as elements of the field F.

Definition 6.7.14 (Rank for powers of finite subsets of fields). Let S = L¢ where L is a
finite subset of a field F and d € N. Let A = {a;;} be an ¢ x k matrix with integer entries.
If L ={0g}, let rankg(A) := 0. Otherwise, let rankg(A) be the rank of B with respect to

F, where B := {b;;} is the ¢ x k matrix with b;; := a;; - 1 € F.

Note that the entries of the matrix B in Definition 6.7.14 lie in the subfield (1y) C F
generated by 1p. Thus, by Fact 6.7.13, the rank of B is the same with respect to F
and (1p). If F and F" are non-trivial fields with L C F and L C F’, then 1y = 1p and
in particular (1g) = (lp). Thus rankg(A) from Definition 6.7.14 is independent from
different choices of I and so it is well-defined.

The following fact states that Definition 6.7.14 is consistent with Definition 6.7.11.

Fact 6.7.15. Let A = {a;;} be an {xk integer matriz and S = L where L is a finite subset
of a field F and d € N. If S is a finite abelian group, then rankg(A) from Definition 6.7.14

is the same as rankg(A) from Definition 6.7.11.

Proof. As S is a finite abelian group, L is a finite abelian group too. If L = {0} then
rankg(A) = 0 in both Definitions 6.7.11 and 6.7.14; so suppose L # {Og}.

It is well-known that every element in (I, +) other than O has (additive) order exactly
p where either p = co or p is a prime number. Since L is a finite abelian group, we must

have L = ((Z,)", +) for some prime p and ¢ € N. Furthermore, we have (1) = (Z,, +, X).
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Let B := {b;;} where b;; := a;; - 1y € (1p) C IF and let r be the rank of B with respect
to F. By Fact 6.7.13, r equals the rank of B with respect to (1g). This in turn is equal
to the rank of A with respect to Z,, where we treat the entries of A modulo p, by the
definition of B and since (1p) = (Z,, +, X).

Let fa:S% = 8% ga: L¥ — L ha: (Z,)* — (Z,)" be defined by fa, ga, ha : x> Az.
Note that the rank of h, is precisely r by the previous observations, and so |im(h,)| =

|Z,|" = p". It is easy to see that
[im(fa)| = [im(ga)|” = [im(Fs)|*".
In particular, [im(f4)| = p"* = |S|" and so r = log|g| |im(fa)|, as required. O

Next, we prove a general upper bound for the number of projected solutions for finite
abelian groups and powers of finite subsets of fields. We will use this tool in Section 6.7.3
to simplify conditions (A3)—(A6) for these settings. Given a matrix A with £ columns
and W C [k], recall Ay denotes the matrix formed by the columns of A indexed with W.
We also write W := [k] \ W, and so Ay denotes the matrix formed by the columns of A

which are not indexed with W.

Lemma 6.7.16 (Key bounding result). Let A be an ¢ x k integer matriz. Suppose that

either
(i) S is a finite abelian group or
(ii) S = L% for some finite subset L of a field and d € N.

Then for all W CY C [k] and wy € SWI we have
| Soli (o, W, Y)| < || I7IWImankstwhrankes(dy), (6.:5)

Note that here we define rankg(Asy) := 0 if W = 0.
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Proof. Fix W CY C [k] and wy € SWI. If W =Y then |Sol§(wy, W,Y)| = 1 and (6.5)

holds. So we may assume that W C Y.

Case (i): S is a finite abelian group. We double count the quantity | Sol4 (wo, W, [k])|.
This is equal to the number of solutions x to Ayz = —Aww which in turn is equal to
either 0 or |S|F=IWI—ranks(4w) by (6.4). In the former case, | Solg (wo, W, [k])| = 0 implies

Sol4 wo, W, Y)| = 0 and so (6.5) holds. Hence, suppose that
| Solg pp
| Solg (wo, W, [k])| = | S|~ WImranks ), (6.6)

In particular, we have |Solg(wy, W,Y)| > 0. Let yo € Sola(wo, W,Y). By the same

argument as above, we have | Sol (o, Y, [k])| = | S|F~1VI-ranks(4%) Thus,

| Solgl(wm W, [k])| = Z | Solg‘(yo, Y, [k])| = | Sol’g(wo, W,Y)| - |S|k—|Y|—ranks(A7).

yo€Sol4 (wo,W,Y)

Combining the above with (6.6) yields

| SOlé(wo, W, Y)’ — |S||Y|7|W|7rankS(AW)+rankS(A7)

)

as required.

Case (ii): S = L¢ for some finite subset L of a field F and d € N. If L = {0}
then | Solg(wy, W,Y)| < 1 and so (6.5) holds. Hence, assume L # {Og}. For the rest of
this case, we treat the entries of A as elements of F' (namely, we view n € N as n - 1p).
Let Iy C [k] be the indices of a maximal set of linearly independent columns in Ay and I
be the indices of a maximal set of columns in Ay such that the columns with indices

Iy U I are linearly independent. Then recalling W C Y, we have rankg(Ayr) = |Io U 4.

Claim 6.7.17. Let u,v be two solutions Au = Av = 0 in F. If uy\;, = vy\p, then

ur = vy -
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Proof of the claim. Since A(u —v) =0 and uy\;, = vy\1,
A (u—v), + Ay(u —v)y =0,

and thus Ay, (u—v)y, € (Ay), where (Ay) denotes the vector space spanned by the columns
of Ay. By the maximality of Iy we have (Ay) = (A,) and so Ay, (u—v);, € (Ay,). Since
the columns with indices Iy U I; are linearly independent, this implies that (v —v);, = 0.

Now we bound |Sol4(wp, W,Y)| from above. Recall wy € S| and S = L?. We can

therefore write wy in the form wy = (t1,...,t4) where t; € LI, Note that

d
| Solg (wo, W, Y)| = [ [ | Solz (¢, W. ),

i=1

so it suffices to prove that | Solf (t;, W, V)| < |L|IYI-IWl-ranks(dg)+ranks(A5) for every i. By
Claim 6.7.17, there is at most one projected solution for every choice of the entries with
indices Y \ I;. Note that the entries with indices in W are already fixed and W and I

are disjoint, thus

’SOlé(t,, VV; Y)l < ’L|\Y\—|W|—|11\ _ |L||Y|—|W|—\IOU11|+|10\ — |L||Y|—|W|—rankS(AW)—i-rankS(A?)‘

Applying inequality (6.5) from Lemma 6.7.16 with W = () and Y = [k] immediately
implies that there are at most |S|¥~""ks(4) solutions to Az = 0 in S. Informally, we say

(A, S) is rich if this bound is close to tight.

Definition 6.7.18 (e-rich). Let A be an ¢ x k integer matrix, let ¢ > 0 and let S be
either a finite abelian group or a power of a finite subset of a field. We say (A, S) is e-rich

if there are at least ¢|S|¥~2nks(4) solutions to Az = 0in S.
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Intuitively, richness is a measure of how strongly the elements of S are related within
the arithmetic structure of S. For example, if S is a finite abelian group then (A, S) is
I-rich by (6.4) for any integer matrix A. If A is partition regular then Theorem 6.4.5
implies (in a very strong form) that S = [n] is d-rich for some 6 > 0 and n € N sufficiently
large. On the other hand, this is not the case for S = P, (see, e.g., Theorem 6.3.1), and
indeed, the primes have a very loose arithmetic structure.

The next corollary states that if (A, .S) is rich then the bound given by Lemma 6.7.16

is close to tight for certain projected solutions.

Corollary 6.7.19. Let A be an ¢ X k integer matriz and let 0 < ¢ < 1. Suppose that

either

(i) S is a finite abelian group or

(ii) S = L% for some finite subset L of a field and d € N.
If (A, S) is e-rich, then for every non-empty Z C [k] we have

€|8||Z|—rank5(A)+rankS(A7) S |SOI§(Z)| S |S||Z|—rank5(A)+rankS(A7). (67)

Proof. Fix Z C [k]. Applying (6.5) from Lemma 6.7.16 with Y := Z and W := () yields

the upper bound

‘ SOlé(Z)’ < |S’\Z\franks(A)+rank5(A7)'

Fix 2 € Sol§(Z). By applying (6.5) with Y := [k] and W := Z, we obtain that
| Sol§ (20, Z, [K])| < |S|F1#1mrenkstz), (6.8)
The total number of solutions to Az =0 in S is

(6.8) B
[Sold (k) = > [Sold(z0, Z,[K])] < |Sold(Z)]- |§|F~17Imranks(dz),

20€S0l2(Z)

167



Combining the above with |Solg([k])| > | S[F—"2ks(4) yields

’SOI?(Z)‘ > 6‘s‘k’7ranks(A) . ‘S‘fk+|Z|+rankS(A7) _ 6‘5‘|Z|7rank5(A)+rank5(A7)'

6.7.3 Conditions (A3)—(A6) for finite groups and powers of fi-

nite subsets of fields

In this subsection, we use the key bounding results (Lemma 6.7.16 and Corollary 6.7.19)
from the previous subsection to investigate conditions (A3)—(A6) when the sets S,, in the
sequence (S, )nen are either finite abelian groups or powers of finite subsets of fields. We

start by showing that in this case, richness implies condition (A3).

Lemma 6.7.20. Let A be an ¢ x k integer matriz. Suppose that either
(i) S is a finite abelian group or
(ii) S = LY for some finite subset L of a field and d € N,
If there exists B > 0 such that (A, S) is (1/B)-rich, then (A, S) is B-extendable.

Proof. Let W C Y C [k] and wy € SWI Tt follows from Lemma 6.7.16 and Corol-

lary 6.7.19 that

B|Solg (V)] (67) |§|YIrenks(A)tranks(Ap)
|SolA(W)| = | S| Wl-ranks(A)+ranks (Ay)

(6.5)
_ |S||Y\—\W\—ranks(AW)-i-ranks(A?) Z | SOI?(WQ, W Y)|

Hence (A, S) is B-extendable. O

For finite abelian groups, we deduce the following corollary.

Corollary 6.7.21. Let A be an ¢ X k integer matriz and S be a finite abelian group. Then
(A, S) is 1-extendable.
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Proof. By (6.4), (A, S) is 1-rich. Lemma 6.7.20 implies that (A, S) is l-extendable. [

Next, we consider conditions (A4), (A5) and (A6). First, we give the definition of
abundance. This notion appeared in Section 6.5 when we considered the random Ramsey

problem for the integers.

Definition 6.7.22 (Abundancy). Let A be an ¢ x k integer matrix and S be either a
finite abelian group or a power of a finite subset of a field. We say (A, S) is abundant if
rankg(A) = rankg(Ayy) for every W C [k] with |W| = 2.

Before we show how abundancy can help simplify conditions (A4), (A5) and (A6), we
show it is a mild requirement in the case of powers of finite subsets of a field IF. For brevity,
we will write 0 and 1 for the additive and multiplicative identities of IF, respectively. The
next lemma establishes that irredundancy and 3-partition regularity imply abundancy.

We remark that the field F in the statement of the lemma may be finite or infinite.

Lemma 6.7.23. Let A be an ¢ x k integer matriz and S = L for some finite subset L
of a field F and d € N. If A is irredundant with respect to F¢ and 3-partition regular in
S\ {0}4, then (A, S) is abundant.

Proof. If L = {0} then rankg(A’) = 0 for any integer matrix A’, and we are done. Thus,
suppose that L # {0}. As before, we can view A as a matrix with entries in F. Let
(4, ..., Cy denote the columns of A. To prove that (A,S) is abundant it suffices to show
that C7 and C5 are both spanned by Cj,...,C) in F. For the rest of the proof, given a
solution x to Az = 0, we write z; for the ith entry of x.

If ('} cannot be expressed as a linear combination of Cj, ..., C}, then a solution z to
Ax = 0 in F satisfies z; = 0. In turn, this implies that for every solution = to Az =0 in
F? the entry x; is the zero-vector. This contradicts the assumption that A is 3-partition
regular in S\ {0}<.

Hence, C is spanned by C,...,C). In particular, there exists a € F such that
C1 + aCy is spanned by Cjs,...,Cy. If a is not unique then one can write Cy as a linear

combination of Cj, ..., and thus we are done.
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Suppose therefore that « is unique. Thus, any solution  to Az = 0 in F? must satisfy
To = o -x1. If o =1 then z; = 25 and A is therefore not irredundant with respect to F¢,
a contradiction. If o = 0 then x5 is the zero-vector, and so A is not 3-partition regular in
S\ {0}¢, a contradiction. Thus, o # 0, 1.

Consider the graph G with vertex set V(G) = S and edge set E(G) = {ss' : s’ = o+ s}
(here the edges are unordered pairs). Since a # 0, each s € V(@) is incident to at most
two edges, namely « - s and o~ - s. Thus A(G) < 2. In particular, there exists a proper
3-vertex-colouring of G which induces a 3-colouring of S.

Recall that for any solution = of Az = 0 in F? we have x5 = o - x;. Since o # 1, the
entries £ and x5 are distinct unless both of them are the zero-vector. In the former case,
21 and xo are adjacent in GG and so they are coloured differently. It follows that there is
no monochromatic solution to Az = 0 in S\ {0}%. Hence A is not 3-partition regular in

S\ {0}%, a contradiction. O

Note that the statement of Lemma 6.7.23 does not necessarily hold for finite abelian
groups. Indeed, consider the example A = <2 2 1 1) and S = Zg. The columns of A
sum to zero (mod 6), so A satisfies the 6-columns condition. By Theorem 6.4.8, for fixed
r and n sufficiently large, every r-colouring of Z{ \ {0}" yields (many) monochromatic
solutions to Az = 0. Additionally A is irredundant with respect to Z¢. This follows easily
by observing that (2,4, 1,5) is a 4-distinct solution to Az = 0 in Zg. However (A, Zg) is
not abundant, since the rank decreases after deleting the last two columns of A.

Next, we show how abundancy can help simplify conditions (A4), (A5) and (A6).

First, if (A, S) is abundant and rich then condition (A4) trivially holds.
Lemma 6.7.24. Let A be an { x k integer matriz. Suppose that either
(i) S is a finite abelian group or
(ii) S = L% for some finite subset L of a field and d € N.

Furthermore, assume that (A, S) is abundant and e-rich for some 0 < ¢ < 1. Then, for ev-

ery W CY C [k] with [W| =1 and wy € S we have | Solg(we, W, Y)| < | Solg(Y)|/(]S]).

170



Proof. By Lemma 6.7.16 we have
| S0l (wo, W, V)| < | §]¥ 1= 1-ranks (Agp)+ranks (4y)
while by Corollary 6.7.19 we have
|SOlA(Y)] > g| §|I¥I-ranks(A)+ranks(Ay)

Combining the two inequalities above yields

[ Sols(Y)|

1
12 (wo, W,Y)| < = -
|SOS(w07 ) )l = ¢ |S|

. ’S‘ranks(A)*rankS(AW). (69)

Let W C W' with |[W’| = 2 and note that rankg(Aj) < rankg(Ayy) < rankg(A). We
have rankg(Ay7) = rankg(A) since |W'| = 2 and (A, S) is abundant. Thus, rankg(Ay) =
rankg(A) and so (6.9) implies that | Solg (wo, W, Y)| < | Solg(Y)|/(g]S]). O

Next, we consider conditions (A5) and (A6). If (A,.S) is abundant and rich then the

following bound holds.

Lemma 6.7.25. Let A be an { x k integer matriz. Suppose that either
(i) S is a finite abelian group or
(ii) S = L% for some finite subset L of a field and d € N,

Furthermore, assume that (A, S) is abundant and e-rich for some 0 < e < 1. Then for

any W C [k] with |W| = 2, we have

Els 1
TS AT S T
| Solg(W)| — £
Proof. We have
Bl Elk _ 18Pt
|SOI§(W)| - 6|S|\W\franks(A)Jrranks(AW) o €|S’2 o e’
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where the equality follows from the fact that |W| = 2 and rankg(A) = rankg(Ayr) since
(A, S) is abundant. O

Observe that if A and (5),)nen satisfy the hypothesis of Lemma 6.7.25 with the same
e > 0 forall n € N, and |S,| — 0o as n — oo, then condition (A6) trivially holds.
Condition (A5) is also close to being satisfied: it would suffice to additionally prove that
there exists some sequence (X,,)nen of subsets X,, C [k] with |X,,| > 3 for all n € N where

x, (A, S,) = Q(p(A, S,)) and such that

— 0
Px, (A7 Sn)

as n — oo for any sequence (W)),en with W) C X, and |W/| > 2. The next result states
that this is the case for powers of subsets of fields as long as we have abundancy and

richness.

Lemma 6.7.26. Let 0 < ¢ < 1 and let A be an ¢ x k integer matriz and S = L% for
some finite subset L of a field and d € N. Suppose rankg(A) > 0. If (A,S) is e-rich
and abundant, then there exists X C [k] with |X| > 3 satisfying the following. We have

px(A,S) > ep(A,S) and for every W' C X with |W'| > 2 we have

bw (A7 S)

oLs) S (/aIsITE

Proof. For every Z C [k] with |Z| > 2 set

_ |Z] =1 —rankg(A) + rankg(A7)

D(Z): Z -1

As 0 < e < 1, by definition of pz(A,S) and Corollary 6.7.19, we have that

) (6.7

~D(2) ~D(2)
Doz 67 )
S| < pz(AS) < (1/9)]S] : (6.10)

Pick X C [k] with |X]| > 2 so that the function D(X) is minimised; additionally
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choose X so that | X| is as small as possible under this assumption. We have

610 . pxy bz €10
px(A,S) > |5] > |S| > epz(A,S)

for every Z C [k] with |Z] > 2. By maximising over Z, it follows that px(A4,S) >
ep(A, S), as required. Moreover, | X| > 3. Indeed, for any Z C [k] with |Z| = 2, we have
rankg(A) = rankg(Ay) since (4, S) is abundant. In particular, we have D(Z) = 1. On
the other hand, D([k]) = (k — 1 — rankg(A))/(k — 1) < 1 since rankg(A) > 0. Thus,
| X # 2.

Let W/ C X with |[WW'| > 2. We have

pW’(A7 S) (620) (1/€)|S’7D(W/)+D(X)
By the minimality of X, we have D(X) < D(W’). Since S = L? for some finite subset

L of a field, rankg(+) is always an integer and so

1
(IX] =D (W =1)

D(W') - D(X) > >

It follows that
pw (Av S)

o (A.5) < (1/8)|S|—1/k2.

6.7.4 Simplified random Rado lemma

In this subsection we state a simplified version of the random Rado lemma for finite abelian
groups and powers of finite subsets of fields. This version of the random Rado lemma
will be used to prove most of our applications (see Section 6.12). First, we introduce a

generalisation of the parameter m(A) to this setting.
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Definition 6.7.27. Let S be either a finite abelian group or a power of a finite subset of

a field. Let A be an ¢ x k integer matrix. We set

Wi—-1
A) = : 11
ms(4) Wb |W| — 1+ rankg(Ayr) — rankg(A) (6.11)

[W|=2

Here we recall that rankg(Ag) := 0 if W = 0. We call A strictly balanced with respect to

S if the expression in (6.11) is maximised precisely when W = [k].

Note that if S := [n] then as S is a subset of the field Q, we have that mg(A) = m(A).
Indeed, in this setting the function rankg is the same as the rank function appearing in

the definition of m(A).

Remark 6.7.28. Observe that mg(A) is not always well-defined since the denominator

in (6.11) might be zero. However, if (A,S) is abundant then for all |[W| > 2 we have

rankg(Agpr) > rankg(A) — |[W| + 2, (6.12)

since the rank of a matriz can decrease by at most one by deleting a column.'™ If (6.12)
is satisfied then the denominator in (6.11) is always strictly positive and so mg(A) is

well-defined in this case.

Before proceeding further, we provide several examples and facts about the parameter

mg(A). Firstly, we show that mgz, (A) =4/3 for A = (2 2 — 2), as stated in Section 6.6.

Example 6.7.29. Let A= (2 2 —2). The number of solutions v = (x1,xs,23) to Ax =0
in Zy is precisely 2 - 4% = 43712 we have 4° choices for x1,xs and, for each fized choice,
we have 2 choices for x3. It follows from (6.4) that rankyz, (A) = 1/2. Now, let W C [3].
If [W| = 3 we trivially have ranky, (Aw) = 0. If [W| = 2 then Awx = 0 is the same

as 2z = 0, which has 2 = 4712 solutions in Z,. So we have ranky, (Aw) = 1/2 again.

17This fact follows immediately from the definition of ranks(A) when S is the power of a subset of a
field F. When S is a finite abelian group, it can be proved using equation (6.4).
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Thus,

31 21
mZ4(A)_max{3—1+0—1/2’2—1+1/2—1/2}_4/3'

Next, we highlight certain similarities and differences between the parameters m(A)
and mg(A). Recall that if A is a 1 x k integer matrix with non-zero entries then A is

strictly balanced and m(A) = % This is not always the case for mg(A), as shown in

e

the next example.

Example 6.7.30. Let m € N and A = (1 m m). The number of solutions v =
(71, T, 23) to Az = 0 in Zay, is precisely (2m)* = (2m)>~1. It follows that rankz, (A) = 1.
If W = [3] we trivially have ranky, (Ayy) = 0. If W = {2,3} then Ayx = 0 is the same as
x =0, which has 1 = (2m)'~1 solution in Za,,, and so rankg, (Aw) =1. If W = {1,2}
or W = {1,3} then Ayx = 0 is the same as mx = 0, which has m = (2m)!~182m 2

solutions in Zay,, and so ranky, (Ayr) =log,,, 2. Thus,

-1 2—-1 2—-1
mz,,, (A) :max{ 5 1}

3—14+0—-1"2—-1+1-1"2-1+1log,,,2—

= maX{Q, 17 (10g2m 2>_1}'

-1

In particular, for m > 2 we have mgz,, (A) = (logy,,2)"". Furthermore, for m > 2, the

value of my,, (A) is achieved precisely by W = {1,2} and W = {1,3}, and so A is not

strictly balanced with respect to Zoy,.

Despite the example above, by imposing some additional restrictions on the 1 X k

matrix A, one can infer that A is strictly balanced with respect to S and, furthermore,

Example 6.7.31. Let A be a 1 X k integer matriz with non-zero entries. Let S be a finite

subset of an abelian group G. Suppose that S # {0g} and that either
e S is a finite abelian group or

e S is a power of a finite subset of a field IF.
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Furthermore, suppose that
() for every entry a of A and s € S\ {O¢} we have a - s # 0.

Then A is strictly balanced with respect to S and mg(A) = m(A) = 1=;.

Indeed, let W C [k] be non-empty. If S is a power of a finite subset of a field F then
() implies Ay is not the 1 x |W| zero vector in F and thus Ay has rank 1 with respect
to F. In particular, rankg(Aw) = 1. Similarly, if S is a finite abelian group then the
number of solutions to Awx = 0 in S is precisely |S|"WI=L: we can pick the first [W| — 1
entries of x arbitrarily and for each such choice we have 1 choice for the last entry (this

follows from («)). Thus, we have rankg(Ayw ) = 1. In both cases, we have

k—1 w—1 }_k—l

ms(A) =, max {k—1+0—1’w—1+1—1 k—2

2<w<k—1

In particular, the value of mg(A) is achieved precisely when W = [k] and so A is strictly
balanced with respect to S.

Note that if a 1 X k integer matrix A is strictly balanced then m(A) = % Conversely,

if A is strictly balanced with respect to S, it may not be the case that mg(A4) = £=1. For
instance, in Example 6.7.29, we saw A = (2 2 — 2) is strictly balanced with respect to
Zy but mg,(A) =4/3 < 2.

Another observation is that, for A fixed, mg(A) may change depending on S. For ex-
ample, consider A = (1 3 3). From Example 6.7.30 we have that mz,(A) = (logg2) ™! ~
2.58, while from Example 6.7.31 we have mg,(A) = 3= = 2 (since A and Z, satisfy
property (a)).

There are cases where mg(A) is independent of S, as long as S is non-trivial. Indeed,
let A be a 1 x k matrix whose entries are all from {1, —1}. Then («) from Example 6.7.31
holds for every S which is either a finite abelian group or a power of a finite subset of a

k—1

field, provided that S includes a non-identity element. In particular, we have mg(A) = 7=

for any such S.

The next result states that p(A,S) and |S|7Y/™s() are within a constant factor of
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each other, as long as we are in a rich setting.

Lemma 6.7.32. Let A be an ¢ x k integer matriz and 0 < & < 1. Suppose that either
(i) S is a finite abelian group or
(ii) S = L% for some finite subset L of a field and d € N,

If mg(A) is well-defined and (A, S) is e-rich then
S| < §(A, ) < (1/e%)|S] 7.

Proof. For every Z C [k] with |Z| > 2 let

_ |Z] =1 —rankg(A) + rankg(A)

D(Z) : Z—1

As 0 < e <1, by definition of pz(A,S) and Corollary 6.7.19, we have that

_p(2) (6.7) (6.7) _D(2)
S| < pz(A,S) < (1/¢)9] . (6.13)

Pick X C [k] with |X| > 2 so that the function D(X) is minimised; so mg(A) =
1/D(X). For any Z C [k] with |Z| > 2, we have

(6.13) _D(x) _D(2) (6.13)

As Z was arbitrary, it follows that

Combining the above with (6.13) yields

7ﬁ B _D(X) (6.13) R (6.13) 9 D) 9 7#
S| s = |5 < p(45) < (/)5 = (1/7)|S] ms@.
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We can now state the simplified version of the random Rado lemma.

Lemma 6.7.33 (Simplified random Rado lemma). Letr > 2, k > 3 and { > 1 be integers.
Let (Sy)nen be a sequence where S, is either a finite abelian group or S, = L% for some
finite subset L of a field and d € N, for every n € N. Let A be an { X k integer matriz

and set p, = p(A, S,). Suppose that

(C1) pp — 0 and |S,|p, — 00 asn — co;

(C2) (Sp)nen is (A,r)-supersaturated;

(C3) there exists 0 < e <1 such that (A, S,) is e-rich for every sufficiently large n € N;
(C4) (A,S,) is abundant for every sufficiently large n € N;

(C5) given any n € N there exists X,, C [k] with |X,| > 3 such that px, (A, S,) =

Q(p(A, S,)) and for every sequence (W) )pen with W) C X, and |W)| > 2 we have

—0
Px, (Aa Sn)

as n — Q.

Then there exist constants ¢, C' > 0 such that

1
- mg,, (A)
Y

0 ifp<c|S,

nlljgl@ P[S,, is (A, r)-Rado] = :
L ifp>C|S,| ms@.

Remark 6.7.34. Note that Lemma 6.7.33 can be further simplified if we consider finite
abelian groups and powers of finite subsets of fields separately. Namely, if all sets in
(Sp)nen are finite abelian groups then condition (C3) holds since by (6.4) (A, S,) is 1-
rich. On the other hand, if all sets in (S, )nen are powers of finite subsets of fields and

rankg, (A) > 0 for all n € N, then condition (C5) follows from conditions (C1), (C3)
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and (C4) combined with Lemma 6.7.26. Furthermore, in this case, condition (C4) can be

replaced by irredundancy and 3-partition reqularity; see Lemma 6.7.235.

If we set S,, := [n] and let A be an irredundant partition regular matrix, then it is
easy to check that (Cl) and (C3)—(C5) hold. Theorem 6.4.5 gives (C2), and therefore
Lemma 6.7.33 recovers the random Rado theorem (i.e., Theorems 6.5.3 and 6.5.4).

Recall that Lemma 6.7.8 confirms the probability threshold essentially depends on the
number of (projected) solutions to Az = 0 in S,,. For sequences that satisfy the hypothesis
of Lemma 6.7.33, we see that we can express this phenomenon cleanly in terms of the
parameter mg, (A). In particular, if (S, ),en is a sequence as in Lemma 6.7.33 then, for
large n € N, a typical subset of S,, of size significantly greater than |.S,,|'*~1/™s»(4) will be
(A,7)-Rado, whilst a typical subset of size significantly smaller than |S,,[*=1/™s:(4) will
not be (A, r)-Rado.

The proof of Lemma 6.7.33 follows easily from our original random Rado lemma,

Lemma 6.7.8, combined with the results from the previous subsection.

Proof of Lemma 6.7.33. Let r > 2, k > 3 and ¢ > 1 be integers. Let (S,)nen be a
sequence where S, is either a finite abelian group or S,, = L% for some finite subset L of
a field and d € N, for every n € N. Suppose that conditions (C1)-(C5) hold. First we
show that conditions (A1)-(A6) hold too.

Conditions (A1) and (A2) are identical to (C1) and (C2) respectively. Condition (A3)
follows from condition (C3) and Lemma 6.7.20.

Pick arbitrary W C Y C [k] with |[IW] = 1. As (C3) and (C4) hold, we can apply
Lemma 6.7.24 and deduce that |Sol§n (wo, W, Y)| < |Sol§‘"(Y)|/(e|Sn|) for every sufhi-
ciently large n € N and every wy € S,,. This immediately implies condition (A4).

As (C3) and (C4) hold, we can apply Lemma 6.7.25 to A and S,,, for any sufficiently

18We formally verify this in the more general setting of integer lattices in the proof of Theorem 6.6.1
in Section 6.12.
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large n € N, to obtain the following: for any W C [k] with |W| = 2, we have

15,2 1
TaA A = 2
| Solg, (W) — €

Combining the above with conditions (C1) and (C5) yields conditions (A6) and (Ab)

respectively.

As conditions (A1)—(A6) hold, by Lemma 6.7.8 there exist constants c¢g, Cy > 0 such

that

0 ifp<co-p(A,S,),
lim P[S,, is (A,7)-Rado] = (6.14)
1 ifp > Co-p(A, S,).

Condition (C4) implies mg, (A) is well-defined for every sufficiently large n € N (see,
e.g., Remark 6.7.28). Condition (C3) combined with Lemma 6.7.32 implies that, for

sufficiently large n € N,
1 1
|Sn| 5@ < P(A, S,) < (1/%)]S,] ™™ (6.15)
Let C := (1/e*)Cy and ¢ := ¢y. Combining (6.14) and (6.15) yields

1
0 ifp<clS,| ™M,
lim P[S,, is (A4, r)-Rado] =

n—00

1
1 ifp> C|S,| ™sn™.

6.8 The general 1-statement and O-statement for hy-
pergraphs

In this section, we formulate our general random Ramsey 1-statement and 0-statement
for hypergraphs. We combine both statements in a single result (Theorem 6.8.7), but first

we provide some definitions and motivation.
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6.8.1 Basic definitions for hypergraphs

Definition 6.8.1 (Hypergraphs). Let & € N. A k-uniform hypergraph H is a pair
(V(H), E(H)) where V (H) is a finite set and E(H) is a family of k-sets {vy, ..., v} € V(H)*
with v; # v; for @ # j. A k-uniform ordered hypergraph H is a pair (V(H), E(H)) where
V(H) is a finite set and E(H) is a set of ordered k-sets (vy,...,v) € V(H)* with v; # v;

for i # j.

We refer to V(H) and E(H) as the vertez set and the edge set of H, respectively. We
write v(H) := |V(H)| and e(H) := |E(H)|. Next, we define the analogues of the notions

of partition reqularity and supersaturation for hypergraphs and ordered hypergraphs.

Definition 6.8.2 (r-Ramsey, (7, ¢)-supersaturated and r-supersaturated). Let H be an
(ordered) hypergraph, » € N and ¢ > 0. We say H is r-Ramsey if every r-colouring of
V(#H) yields a monochromatic edge in E(H). Similarly, H is (r, €)-supersaturated if every
r-colouring of V' (#) yields at least ee(H) monochromatic edges. We say that a sequence
(Hy)nen of (ordered) hypergraphs is r-supersaturated if there exists € > 0 and ng € N

such that for all n > ng, the (ordered) hypergraph H,, is (r, e)-supersaturated.

Before proceeding further, we give an informal explanation of how a Ramsey problem
can be rephrased in terms of (ordered) hypergraphs. Say F is some discrete object (e.g.,
a graph, an abelian group etc.) over a ground set of elements. Given a colouring of the
elements in F, we are interested in finding a monochromatic copy of a certain structure
F in F. We consider the (ordered) hypergraph H whose vertex set is the set of elements
of F and the edge set is the set of copies of F'in F. Clearly, the colouring of the elements
of F induces a colouring of the vertices of H. In particular, every monochromatic copy of
F in F corresponds to a monochromatic edge in H and vice versa. Consider the following

example, where F := [n| and F is a 3-distinct solution to the equation z +y = z.

Example 6.8.3. Theorem 6.4.5 implies that there exists ¢ > 0 so that, if n is sufficiently

large, then any 2-colouring of [n] yields at least cn® many 3-distinct monochromatic so-
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lutions to the equation x + 1y = 2.*° This is equivalent to say that the 3-uniform ordered
hypergraph H with V(H) = [n| and E(H) = {(z,y,2) : x+y = z} is (2,)-supersaturated
for some constant ¢ > 0, provided v(H) is sufficiently large. Similarly, saying that any
2-colouring of [n] yields a monochromatic solution to the equation x+vy = z (provided n is

sufficiently large) is equivalent to H being 2-Ramsey (provided v(H) is sufficiently large).
In practice, we can usually work in the setting of unordered hypergraphs.

Definition 6.8.4. Given an ordered hypergraph H, the unordered restriction of H is the
hypergraph H’ obtained from H by ignoring the order of the edges in E(H). Formally,
V(H') == V(H) and

E(H') :={{v,...,0} : (v1,...,vx) € E(H)}.

Note that we do not allow multiple edges here; that is, if two ordered edges eq, e

become the same unordered edge e, then we only keep one copy of e.

Remark 6.8.5. By definition, a k-uniform ordered hypergraph H is r-Ramsey if and only
if the unordered restriction H' of H is also r-Ramsey. Similarly, a sequence of k-uniform
ordered hypergraphs (Hn)nen 18 r-supersaturated if and only if the sequence (H )nen is

r-supersaturated, where H, is the unordered restriction of H.,,.

Next, we define notions of maximum degree for (ordered) hypergraphs. Let H be a
k-uniform ordered hypergraph and let W C [k], say W = {i1,42,..., 9w} where i; <
iy < -+ < dpy|. The restriction Hw of H is the |W|-uniform ordered hypergraph with
V(Hw) :==V(H) and

EHw) = {(zi, - Tipy) 1 (Y1, k) € E(H) with y;, = x;, for each s € [[W]]}.

Again, we do not allow multiple edges. Given sets W C Y C [k], we define Ay (Hy) to

19While the statement of Theorem 6.4.5 does not insist that the solutions are 3-distinct, since there
are at most O(n) solutions to « +y = z which are not 3-distinct, it is easy to obtain the result as stated
here.
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be the maximum number of edges in Hy that restrict to the same edge in Hy,. More
precisely, given any ordered tuple e* € E(Hw ), let Ey(e*,Y) be the set of ordered tuples
e € E(Hy) so that e* equals the ordered tuple obtained from e by deleting the entries of

e in the positions corresponding to Y \ W. Then we define

Aw(Hy) := max )|EH(€*,Y)|.

e*€E(Hw

Let H’ be a k-uniform hypergraph. For i € [k], we set

Ai(H):= max |{e€ E(H):e" Ce}|

e*CV(H'),|e*|=t

Note that if H’ is the unordered restriction of an ordered hypergraph H then

L max Aw (M) < —— - max Aw(H) < A1) (6.16)
I weim (k—14)! wew
|Wi=i |W =i
A(H) < (k) 1! - max Ay (H) < k! max Ay (H). (6.17)
A e

Inequality (6.17) uses that, given any edge e in H', there are (k — 7)! ordered k-sets that
have e as their underlying (unordered) set and have the entries in i of their positions fixed.

For an (ordered) hypergraph H, we write H;“d to denote the hypergraph obtained from
‘H by including each vertex of H with probability p independently of all other vertices,
while including each edge of H if and only if all of its vertices are kept. The superscript
“ind” stand for “induced”, as H;,“d can be seen as the subhypergraph of H induced by the

vertices which are selected at random.

6.8.2 Heuristic for the probability threshold

The random Ramsey-type results we covered in Section 6.3 (for the primes), in Section 6.5
(for graphs and integers) and in Section 6.6 (for abelian groups) are formulated as follows:

given a sequence (F,)nen of objects that exhibit a Ramsey property in a robust way (i.e.,
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supersaturation), there is probability threshold p = p(n) and constants 0 < ¢ < C' such
that, as n tends to infinity, the random binomial subset F,, , retains the Ramsey property
w.h.p. if p > Cp and loses it w.h.p. if p < ¢p. Our general 1-statement and O-statement

for hypergraphs are formulated in a similar fashion.

Definition 6.8.6 (Probability threshold for hypergraphs). Given a sequence (H.,,)nen of

k-uniform ordered hypergraphs and W C [k], let

~wieT
fow = (M) and p(H,) := max f,w. (6.18)
’ v(Hy,) wClk
W>2

Note that in Definition 6.8.6 we slightly abuse notation, writing H,, - for the restric-
tion H,, w of H,.

Our choice of p(H,,) follows precisely the same heuristic as the probability threshold
for the random Ramsey problem for graphs and the integers (see Section 6.5). Namely,
consider the expected number of vertices and edges in the random hypergraph Hi,{fg.
Assuming that the edges in 9 are distributed uniformly in some way, if E(e(H'9))

is much less than E(v(H})) then intuitively the edges in 7' should be fairly spread

ind

np Without creating

out. Therefore, one should be able to 2-colour the vertices of H
monochromatic edges.
However, similarly to the random Ramsey problem for graphs and the integers, it may

be the case that the above reasoning is applicable to a ‘lower’ level in the following sense.
For any W C [k], a 2-colouring that does not yield monochromatic edges in ’Hiﬁ%{,’p also

does not yield monochromatic edges in 7). By the previous reasoning, if E(e(H,}y,))

is much less than E(v(#};,)) then one should be able to 2-colour the vertices of H[§,

ind

WS> and therefore in 'S, For any W C [k]

while avoiding any monochromatic edge in H o

with |[W| > 2, we have

]E(U(Hg‘f‘i,[,’p)) = pv(H,) and E(e(?—[iﬁf‘é{,’p)) = p|W|e(’Hn7W).
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In particular, E(e(Hy5y,)) < E(v(H2§,,)) if and only if

In conclusion, according to the heuristic argument above, if p < p(H,) then one should

ind

be able to 2-colour the vertices of H"d np:

'» while avoiding any monochromatic edge in H

6.8.3 General 1- and 0-statements for hypergraphs

We are now ready to state our general 1-statement and 0-statement for hypergraphs.

Theorem 6.8.7. Let r,k > 2 be integers, and let b > 0. Let (H,)nen be a sequence of
k-uniform ordered hypergraphs and set p, := p(H,) as given by (6.18). Let (P1)-(P5) be

the following properties.
(P1) Probabilities: p, — 0 and p,v(H,) — 0o as n — oo.
(P2) Supersaturation: (Hn)nen is r-supersaturated.

(P3) Bounded degree: for any W CY C [k], and any sufficiently large n € N we have

e(Hn,
AW(HTL,Y> < be((Hn,VSK//)) '

(P4) Bounded 1-degree: for any W C'Y C [k] with |W| =1 and any sufficiently large

n €N, we have Ay (H,y) < bef({ﬁ:;).

(P5) Bounded 2-degree: there exists a sequence (X,)nen of subsets X,, C [k] with | X,,| > 3

for all n € N such that

fnx = Qpn) (6.19)

and

!

Aw, (Hox,)  Awr (Hux,) - e(Hpx,) - (pa)* X 7271Wal = o(1) (6.20)

for any sequences (Wh)nen and (W) )pen such that W, W, C X, with |W,| = 2
and |W)| > 2.
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If (P1)-(P4) hold, then there ezists a constant C > 0 such that if g, > Cp, then

lim P s r-Ramsey] = 1.
n—00 Hn

If (P1) and (P3)-(P5) hold, then there exists a constant ¢ > 0 such that if ¢, < cpn

then

lim P[Hf{fgn is r-Ramsey] = 0.

n—oo

All of our new random Ramsey-type results are essentially corollaries of Theorem 6.8.7.
Indeed, we use Theorem 6.8.7 to prove the random Rado lemma (Lemma 6.7.8) which we
have in turn used to prove the simplified random Rado lemma (Lemma 6.7.33). Further,
the proofs of our new results for the primes (Theorem 6.3.7), integer lattices (Theo-
rem 6.6.1), groups (Theorem 6.6.3) and finite vector spaces (Theorems 6.6.4 and 6.6.5) all
apply one of these two random Rado lemmas (see Section 6.12). This in turn implies that
the random Rado theorem (Theorems 6.5.3 and 6.5.4) is a consequence of Theorem 6.8.7.
As we describe in Section A.3 of Appendix A, the 1-statement of the random Ramsey
theorem (Theorem 6.5.1) can also be deduced from Theorem 6.8.7.

The reader should therefore take away the following philosophy. Theorem 6.8.7 is
the most general of our black box results, and its applications are not just restricted to
systems of linear equations. On the other hand, the random Rado lemma is more readily
applicable to the setting of Ramsey properties in arithmetic structures. The simplified
random Rado lemma has the most restricted hypothesis of these three results, but has

the advantage that it explicitly produces the corresponding probability threshold.

The proof of Theorem 6.8.7 is given in Section 6.9. The conditions required for the
l-statement to hold, namely (P1)—(P4), are natural. Condition (P1) is needed to ensure
the expected value of U(Hiﬁg) tends to infinity. In Section 6.4.2, we already discussed
the notion of supersaturation (condition (P2)) and how it is typically required in random

Ramsey-type results. Properties (P3) and (P4) are recurring assumptions when applying
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the hypergraph container method, which we indeed use to prove Theorem 6.8.7. They are
also natural conditions to make to ensure our heuristic described in Section 6.8.2 is valid.
Indeed, (P3) and (P4) ensure that edges are fairly spread out in #,, and its associated
restrictions H,, y.

On the other hand, condition (P5) is more artificial: it arises naturally in the setting
of abelian groups but fails to hold in general. Indeed, while the O-statement of the
random Rado lemma (Lemma 6.7.8) follows from Theorem 6.8.7, the O-statement for
random Ramsey theorem (Theorem 6.5.1) does not. In Section 6.9 we explain how the
0-statement of Theorem 6.8.7 follows from the combination of a deterministic lemma,
stating that certain substructures must arise in the hypergraph assuming it is 7-Ramsey,
and a probabilistic lemma, stating that such structures do not appear w.h.p. The proof of
the latter consists of bounding the expected number of the forbidden structures so that
the expectation tends to 0 as n goes to infinity. Condition (P5) is precisely designed to
achieve these bounds.

Returning to Theorem 6.5.1, its O-statement is proved by using a much stronger deter-
ministic lemma than what we use here. In particular, this statement says that graphs with
density at most mo(H) can be 2-coloured so to avoid a monochromatic copy of H. Using
this strong result, one can prove a suitable corresponding probabilistic lemma without

needing (P5) to be satisfied.

Note that the use of ordered hypergraphs in Theorem 6.8.7 is only really necessary for
the O-statement. Indeed, we will deduce the 1-statement of Theorem 6.8.7 very quickly
from a theorem for unordered hypergraphs, Theorem 6.9.1. The proof of Theorem 6.9.1
is obtained via the method of containers, which was first formalised in the setting of hy-
pergraphs by Balogh, Morris and Samotij [10] and independently by Saxton and Thoma-
son [120]. The use of containers is now standard in proofs of 1-statements for various
Ramsey-type problems, see, e.g., [I, 10, 12, 60, 61, 73, 706, , , ]. We emphasise
that the proof of Theorem 6.9.1 is not particularly difficult. Indeed, a researcher familiar

with the container method would be able to come up with such a proof, and in particular,
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our proof here is an easy adaption of the short proof of the 1-statement of Theorem 6.5.1
given by Nenadov and Steger [105]. The proof of the O-statement of Theorem 6.8.7 adapts

a recent argument of Hancock and Treglown [77].

There are several results in the literature of a similar flavour to Theorem 6.8.7. In-
deed, Friedgut, R6dl and Schacht proved a similar result to our 1-statement; see [(2,
Theorem 2.5]. In their hypothesis though, they require the sequence (H,)nen to be R-
supersaturated for some R much larger than r. Furthermore, Aigner-Horev and Person [,
Theorem 2.8] proved an asymmetric version of the 1-statement of Theorem 6.8.7, where
one considers a sequence of r-sets of hypergraphs (H,, 1, ..., Hn)nen on the same vertex
set V,, and ask for the probability threshold such that whenever the vertices are r-coloured,
there is some ¢ € [r] such that there is an edge in ”Hiﬁ‘i{p which is monochromatic in colour
i. Note that their result requires some rather technical conditions on the #,,; which are
not necessary in the symmetric setting.

Finally, in their recent paper on sharp Ramsey thresholds, Friedgut, Kuperwasser,
Samotij and Schacht [(1, Theorem 2.1] gave general criteria for a sequence of hypergraphs
(H,)nen to have a sharp threshold for being r-Ramsey. The threshold function in their
theorem is ©( f, (1)), which is the value of our p,, in the case where W = [£] is the maximiser
of the f, w’s: note that this is indeed the case when considering the Schur property or

sets avoiding monochromatic k-APs in Z,; as mentioned at the end of Section 6.5, these

are two of the specific settings for which sharp thresholds are obtained in [61].

6.9 Proof of Theorem 6.8.7

6.9.1 Proof of the 1-statement of Theorem 6.8.7

In this subsection we state a general 1-statement, Theorem 6.9.1 for hypergraphs. We then
show that the 1-statement for ordered hypergraphs (Theorem 6.8.7) follows immediately

from it. We prove Theorem 6.9.1 in Section 6.9.1.3.

188



6.9.1.1 The Ramsey property in supersaturated hypergraphs

Theorem 6.9.1. Let v,k > 2 be integers and let ¢ > 0. Suppose that (H,)nen 5 a
sequence of k-uniform hypergraphs. Let (pp)nen with p, € (0,1) be such that p, — 0 and

pnv(Hy) — 00 as n — oo, and for each sufficiently large n € N and each £ € [k], we have

Further, suppose that (H,)nen is r-supersaturated. Then there exists C' > 1 such that for

qn = Cpy,

lim P[H s r-Ramsey) = 1.
n—o00 Hn

The proof of Theorem 6.9.1 is in the same spirit as that of the proof of the 1-statement
of Theorem 6.5.1 given by Nenadov and Steger in [105]. In particular, as mentioned in
Section 6.8, it utilises the hypergraph container method.

For a set A, let P(A) denote the powerset of A. For a hypergraph H, let Z,.(H) be
the collection of r-tuples (Iy,...,I,) such that each I; € P(V(H)) is an independent set
in H and I; N I; = () for every i # j € [r]. For a sequence of hypergraphs (H,)nen, to
show that w.h.p. ’Hiff’g is r-Ramsey, it is equivalent to show that with probability tending
to 0 the vertex set of H;n,g can be partitioned into r parts such that each part induces an
independent set, i.e., it admits an r-partition I € Z.(H,). Bounding this probability by
using a union bound over all r-tuples in Z,.(H,,) does not work because |Z.(H.,)| is too
large. The power of a hypergraph container result is that one can instead use a union

bound over all ‘containers’; since informally such a result says that every independent set

lies in a container, and there are not too many containers overall.
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6.9.1.2 Deducing the 1-statement of Theorem 6.8.7 from Theorem 6.9.1

Proof of the 1-statement of Theorem 6.8.7. Let (H,)nen be a sequence of k-uniform or-
dered hypergraphs satisfying (P1)—(P4). For all W C [k] with |[W]| > 2 we have

) e(Hux)\FT _ [ e(Huw) T

— ) > ) .

Pn 326}2?( v(H,) ) - ( v(H) ’
|X]>2

— e(Haw) > (Bn)” WD u(H,). (6.21)

Therefore, for such W C [k] with |[W]| > 2, and each n € N sufficiently large, we have

(P3)  e(H,) 621 A L e(Hy)
Aw(H,) < b < b ()T = 6.22
For any W C [k] with |IW| =1, and each n € N sufficiently large, we have
TN e(Hn) o w1, e(Hn)
Aw(H,) < b =b- (p) VT = 6.23

For each n € N, let H] be the unordered restriction of #,. We now check the
hypothesis of Theorem 6.9.1 with respect to (H/,)nen and (pn)nen where p, = p,. (P1)
implies p, — 0 and p,v(H]) — oo as n — oco. Remark 6.8.5 and (P2) imply (#))nen
is r-supersaturated. Finally, equations (6.22), (6.23), (6.16) and (6.17) yield the required
upper bound on Ay(H],) where ¢ :=b- k!

Now, by Remark 6.8.5, the conclusion of Theorem 6.9.1 implies the 1-statement of
Theorem 6.8.7. L

6.9.1.3 Proof of Theorem 6.9.1

First, we introduce some notation. Let H be a hypergraph and let 7 C P(V(H)). We
say F is increasing if A € F and A C B C V(H) imply B € F. We write F to denote
the complement family of F, i.e., the family of sets A € P(V(F)) which are not in F.

Finally, for € € (0, 1], we say that H is (F,¢)-dense if e(H[A]) > ce(H) for every A € F.
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For this proof, when we consider r-tuples of sets, the r-tuples are always ordered. For
two r-tuples of sets I = (I1,...,I,) and J = (J1,...,J.) we write I C J if I; C J; for all
i € [r]; we define TUJ := (I[; U Jy,..., 1. UJ.). If X is a collection of sets, then we write
X7 for the collection of r-tuples (X, ..., X,) so that X; € X for all ¢ € [r].

We now state the following container result from [70], from which Theorem 6.9.1 will
follow. Note that Proposition 6.9.2 itself follows from the general hypergraph container

theorem of Balogh, Morris and Samotij [10, Theorem 2.2].

Proposition 6.9.2. [70, Proposition 3.2] For every k,r € N and all ¢,e > 0, there
exists D > 0 such that the following holds. Let H be a k-uniform hypergraph and let
F C P(V(H)) be an increasing family of sets such that |A| > ev(H) for all A € F.

Suppose that H is (F,e)-dense and p € (0,1) is such that, for every £ € [k],

Then there exists a family S, C Z.(H) and functions f : S, — (F)" and g : Z.(H) = S,

such that the following conditions hold:
1. If (S1,...,S,) €S, then Y. |S;| < Dp-v(H);

2. for every (Iy,...,I,) € T.(H), we have that S C (I,...,I.) € S U f(S) where
S:=g(hL,...,I).

Proof of Theorem 6.9.1. Note that it suffices to prove the theorem under the additional
assumption that ¢ > k. Pick € > 0 so that, for all sufficiently large n € N, the hypergraph

H,, is (r,e)-supersaturated. Define
5
g'=— and ¢:= 3 (6.24)

As ¢ > k we have that ¢’ < &’. Apply Proposition 6.9.2 with £” playing the role of ¢ to
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obtain D > 0. Since p, — 0 as n — oo, if n is sufficiently large then
cDp, < ¢ (6.25)

Next, we pick a sufficiently large constant C' > 0 so that the last equality (f) in (6.26)
below holds for all sufficiently large n € N.

Let n € N be sufficiently large and set F,, := {F' C V(H,) : e(Hn[F]) > €'e(Hn)}-
Clearly F, is increasing and H,, is (F,,&’)-dense, and thus also (F,,£”)-dense. Further,
for all F' € F,,, we have?

ke'e(Hn) < ke(Hna[F]) = Zdean[F](y) < P12 () < %7

yer

where the last inequality uses the bound on A;(#H,,) in the statement of Theorem 6.9.1.

Rearranging, we obtain

e'k (6.24)

] > o) 2 (),

for all £ € F,,. Thus H,, and F, satisfy the hypothesis of Proposition 6.9.2 with ¢’ and
pn playing the roles of € and p respectively. Apply Proposition 6.9.2 to obtain the family
S, C Z,(H,) and functions f : S, — (F,)" and g : Z,(H,) — S,.

Now let ¢, > Cp,, and let B,, be the event that H;nf;n is not r-Ramsey. It suffices to
show that P[B,,] — 0 as n — oco. Since ¢, < ¢, < 1 implies P[B, | < P[B,,], we may
assume that ¢, = Cp,.

Suppose that ’H,i;f‘;n is not r-Ramsey, i.e., there exists a partition V(Hiﬁgn) =X;U---U
X, with (X1,...,X,) € Z,(H,). By Proposition 6.9.2, there exists S := (S1,...,S,) :=
9(Xq,...,X;) € S such that S C (X4,...,X;) € SU f(S) and | Uiepy Si| < Dprv(Hn).
For brevity, we write f(S) =: (f(S1),..., f(S;)), X(S) := Uicn)Sis Y (S) := Usep f(S5)

and Z(S) := X(S)UY(S). %

*"Here degy, (7)(y) denotes the number of edges y lies in within H,[F].
2INote the slight abuse of the f notation here.
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Claim 6.9.3. We have |Z(S)| < (1 — 0)v(H,).

Proof of the claim.  Since H, is (r,e)-supersaturated, in any partition V(H,) =
ViU- - -UV, there exists ¢ € [r] such that e(H,[Vi]) > ce(H,). Any vertex in H,, is contained
in at most A;(H,,) edges, and thus by deleting a set U of fewer than dv(#H,) vertices, we
delete at most |U|A1(H,) < dce(H,) edges. Thus, given any induced subhypergraph of
H,, with more than (1 —9§)v(H,,) vertices, for any partition W;U---UW,. of it, there exists
i € [r] such that e(H,[W;]) > (¢ — dc)e(H,) = 2’e(H,) edges (where the last equality
follows from (6.24)).
Now we bound e(H,[S;Uf(S;)]) for each i € [r]. Since f(S;) € F,, we have e(H,[f(S:)]) <

g'e(H,). The number of edges in H,[S; U f(S;)] containing at least one vertex from S; is

at most

|Si| - A1(Hn) < Dpov(Hy) - ¢

Thus, in total we have e(H,,[S; U f(S;)]) < 2¢’e(H,). Overall we see that the set Z(.5)
can be partitioned into r sets so that each set induces fewer than 2¢’e(H,) edges in H,,.

Combining with the conclusion of the previous paragraph, this implies that |Z(S)| <
(1 —0)v(H,) as required.

As X1U- - -UX, is a partition of V/(Hp'd ), we must have that X (S) C V(HEd ) C Z(S).

n,4qn -

Crucially, this event depends uniquely on S and thus

P[B,,] < Y PIX(S) CV(Hg) S Z()] < Y affFN(1—g,) ) <y 7 g f e in),

,4qn
SeS, SeS, SeS,

where the first inequality follows from the union bound, while the second inequality follows
from Claim 6.9.3.
Recall that for every S = (S1,...,5,) € S, we have | Uiy Si| < Dppv(H,). We may

bound |S,| from above as follows: choose a set of i < Dp,v(H,) vertices from V(H,) and
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then take an (ordered) partition of these vertices into r classes. Therefore we have,

" 1

Dppv(Hn) (7—[ )
P(B,] < 3 ¢X®le-umttn) < (v tn )riq;eéqnv%)
Ses, P

Dp,v(H,)

Dppv(Hn
TQnev(HN) priv(Hn) e—0anv(Hn)
Dp,v(Hn)

< (Dppv(Hn) + 1)(rqn)Dp"”(Hn)< v(#n) )e—5qnv(Hn)

D
O\ cinv(Hn)
= (Dpav(Hn) +1) (%) o 0anv(Hn)

< emsanv(Mn), (6.26)

Note that the equality follows since ¢, = Cp,,. Now using that p,v(#H.,) and hence ¢,v(H,,)

tends to infinity as n — oo, we have P[B,, ] — 0 as n — oo, as required. O

6.9.1.4 A remark on container theorems for solutions to systems of linear

equations in abelian groups

Note that we could have used Proposition 6.9.2 to obtain a container theorem for solutions
to systems of linear equations in abelian groups, and then used this directly to prove the
1-statement of Lemma 6.7.8. Saxton and Thomason also gave a container theorem in this
setting; see Theorem 4.2 in [121]. However, we do not use their result, as they give an
alternative definition of mg(A) which we now state. (See Definitions 1.6 and 4.1 of their
paper.) First define an ¢ x k matrix A to have full image if given any b € G*, there exists
x € G* such that Az = b. Now if G is a finite abelian group which is not a field, define
mi(A) == 9151 where ¢ is the maximum j for which Ay has full image for all W C [k]
with |W| = j.%2

One can show that mg(A) < mg(A) for all finite abelian groups G and full image

matrices A such that (A, G) is abundant. Further, there exist examples for which this

22Note that Saxton and Thomason only consider G for which ¢ > 2, and so m/[;(A) is well-defined in
this case.
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inequality is strict. For example, consider the matrix

1 11 00
A=

01111

together with any finite abelian group GG which is not a field, for example Zg. We have that
(A, Q) is abundant and in particular ¢ > 2. By deleting the first three columns we obtain
a submatrix which does not have full image, and so t = 2 and m((A) = 3. However, under
our definition, it is easy to compute that mg(A) = 2. (Indeed, we have that ranke(Ayy)
is equal to the number of distinct columns in W, except for when there are 3 distinct
columns, in which case it equals 2.) Consequently, using Theorem 4.2 from [121] for such

an example would lead to a suboptimal 1-statement.

6.9.2 Proof of the 0-statement of Theorem 6.8.7

The following proof adapts an argument of Hancock and Treglown [77] (which in turn
builds on work from [116]). Suppose (Hn)nen is a sequence of k-uniform ordered hyper-
graphs that satisfies conditions (P1) and (P3)—(P5) of Theorem 6.8.7. In particular, (P5)
yields a sequence (X,,),en-

Let ¢ > 0 be sufficiently small and pick ¢, < ¢p(H,). Our aim is to show that w.h.p.

ind

S . so that there are no monochro-
»Anqn

there is a red-blue colouring of the vertices of H
matic edges. By definition of Hi;f}(mqn, such a vertex colouring also does not produce a
ind

n,qn’?

monochromatic edge in H so this would prove the 0-statement of Theorem 6.8.7. We

may further assume that ¢, = c¢p(H,,).

We say an (ordered) hypergraph is Rado if it has the property that however its ver-

3

tices are red-blue coloured, there is always a monochromatic edge.?® So it suffices to

prove that Hnd is not Rado with high probability. We will do this by combining two

1, Xn,qn

lemmata;

ind

. o 1s Rado then it must contain
»An,qn

o A deterministic lemma, which states that if H

2330 being Rado is equivalent to being 2-Ramsey.
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one of a finite list of subhypergraphs.

ind

nX,.q, does not contain any of

o A probabilistic lemma, which states that w.h.p. H

these subhypergraphs.

Before we state these two lemmata, we provide some motivation and state some required
definitions.

A Rado (ordered) hypergraph is Rado minimal if it is no longer Rado under the deletion
of any edge. The following claim is an analogue of Proposition 7.4 from [116] and Claim 1

from [77]. The proof of the claim follows in the same manner.

Claim 6.9.4. Let H be a Rado minimal m-uniform (ordered) hypergraph for some m > 2.
Then for every edge a of H and every vertexr v € a, there exists an edge b in H such that

anNb=w.

Proof. Let a be an edge, and let v € a be such that for all edges b such that v € b, there
exists another vertex w € a such that w € b. Since H is Rado minimal, it is possible to
red-blue colour the vertices of H — a so that there are no red or blue edges. Thus once
we add a back, it must be the case that a is (w.l.o.g.) red since H is Rado. But then
change the colour of v to blue. If there is a monochromatic edge now, it must be a blue
edge which contains v. However all edges containing v also contain another vertex from

a which is red, thus we obtain a contradiction. O

If 'Hiﬁ}mqn is Rado then, by repeatedly deleting edges, we can obtain a Rado minimal

hypergraph H. Using the above claim, one can build up more and more structure in H.

ind

nX, g CONtAINS one

Eventually, one can obtain enough structure so that H, and thus H
of the subhypergraphs listed in Lemma 6.9.5 below. We now define some hypergraph
notation in order to state it. In what follows, ¢ is a positive integer. Further, in these

definitions we just view edges as sets of vertices (i.e., we are not concerned about the

order of an edge).

e A simple path of length t consists of edges e, . .., e, such that |e;Ne;| = 1if j = i+1,

and |e; Ne;| =01if j > i+ 1.
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A fairly simple cycle of length t (t > 2) consists of a simple path ey, ..., e; and an

edge eg such that |egNer| =1;legNe =0for2<i<t—1;]egNes =s>1.
e A simple cycle is a fairly simple cycle with s = 1.

e A simple path P = ey,...,¢; in H is called spoiled if there exists an edge e* €
E(H) \ E(P) such that e* C V(P) and |e* Ney| = 1 where the vertex e* Ne; does

not lie in es.

e A subhypergraph Hy of H is said to have a handle if there is an edge e* in H such
that |e*| > |e* NV (Hy)| > 2.

o A faulty simple path of length t (t > 3) is a simple path ey, ..., e; together with two
edges e, and e, such that e, e, e, form a simple cycle with |e, Ne;| = 0 for ¢ > 3;
€1, e, e, form a simple cycle with |e, Ne;| = 0 for i < ¢ — 2; each edge has size 3;

the edges e, and e, may or may not be disjoint.

e A bad triple is a set of three edges ey, e,, e, with e; Ne, = {z} and e; Ne, = {y},

where z # y, and |e, Ne,| > 2.

A bad tight path is a set of three edges e, e, e3 each of size 3 such that |e; Ney| = 2,

lex Nes| =1 and |ex Nes| = 2.
We also require the following definition in the proof of Lemma 6.9.5.

e A Pasch configuration is a set of four edges ey, ez, €3, e4 of size 3 such that v;; = e;Ne;

is a distinct vertex for each pair i < j.

Write N :=n - q, = E(v(H% _)) for brevity.

1, Xn,qn

Lemma 6.9.5 (Deterministic lemma). If H}', . is Rado and H is a Rado minimal

ind

X then H contains at least one of the following structures:

subhypergraph of H
(i) A simple path of length at least log N.

(ii) A spoiled simple path of length at most log N.
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(iii) A fairly simple cycle of length at most log N, with a handle.
(iv) A faulty simple path of length at most log N.

(v) A bad triple.

(vi) A bad tight path.

Lemma 6.9.6 (Probabilistic lemma). If ¢ > 0 is sufficiently small then w.h.p. H™4

n7X’l’L7Qn

does not contain any of the hypergraphs (1)—(vi) listed in Lemma 6.9.5.

These two results immediately prove the O-statement of Theorem 6.8.7.

6.9.2.1 Proof of Lemma 6.9.5

Suppose for a contradiction that H does not contain any of the structures defined in
(i)—(vi). Note that H is an | X, |-uniform ordered hypergraph, and |X,| > 3 by (P5).

Let P = eq,...,e; be the longest simple path in H. As we have no simple paths
of length at least log N, we have t < log N. By Claim 6.9.4, t > 2. Let x,y be two
vertices which belong only to e; in P, and let e, and e, be two edges of H such that
e.Ney = {z} for z = z,y (such e,, e, exist by Claim 6.9.4). By the maximality of P, we
have h, := |V(P)Ne,| > 2 for z = z,y.

If h, = |X,| for some z = z,y, then P together with e, is a spoiled simple path, a
contradiction. Otherwise, let i, := min{i > 2 : e, Ne; # 0} for z = z,y, and assume

without loss of generality that ¢, < ,.
Claim 6.9.7. We have | X,| =3 and ey, e,, ey, €;, form a Pasch configuration.

Proof of the claim. We know ey, ...,¢; ,e, must not form a fairly simple cycle for
which e, is a handle. This implies e, C e; U---Ue;, Ue,. In particular, this means e,
must contain all those vertices in e, which do not lie on P. If |e, Ne,| > 2 then ey, e,
and e, form a bad triple, a contradiction. Thus, e, N e, consists of precisely one vertex
Uy (and v, lies outside of P). Now consider ey, ..., e;, ,e,. This is a fairly simple cycle

that e, intersects in at least two vertices (namely x and v,,). Thus, we obtain a fairly
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simple cycle with a handle unless all the vertices in e, lie in ey,...,¢;,,¢,. In particular,
ex C (e1Ue;, Uey) as iy < ip. This in turn implies e;, = ¢;,. Indeed, otherwise e, must
contain one vertex from e; and | X,,|—1 > 2 vertices from ey, a contradiction as we already
observed that e, only intersects e, in one vertex.

In summary, we have that i, = i, and e, and e, intersect in a single vertex v,, outside
of P. As mentioned in the last paragraph, we must have e, C (e;Ue;, Ue, ). Similarly, we
have that ey, ..., e;,, e, form a fairly simple cycle for which e, is a handle (a contradiction)
unless e, C (e; Ue;, Uey).

The two previous inequalities imply e, \ {#,vsy} C €5, and e, \ {y, vzy} C €;,. Recall
here that e;, = e;,. We must have that |e;, \ (e; Ue,)| > 1; indeed, otherwise either e,
or e, contains the vertex e;, Me;, 1, which either contradicts the minimality of i, or i,.
Note that e, \ {z,vs,} and e, \ {y, vy} are disjoint, they have size |X,,| — 2 each, and
their union is a strict subset of e;,. Thus 2(|X,,| —2) <le;,| — 1 = |X,| — 1. This implies
| X,| <3, and so |X,,| = 3.

If i, > 3 then ey,e,, e, form a fairly simple cycle for which e;, is a handle (since
lei, \ (ez Uey)| > 1 and ey Ne;, = 0), a contradiction. Thus we have that i, = 2, and so

e1, €z, €y, €;, form a Pasch configuration.

Now repeat the maximal path process which we did for e; to find e, and e,, except
from the other end of the path. That is, there must exist edges e, and e, such that
e.Ne = {z} and e, Ne; = {w}, where z,w are vertices in e; that are not in e;_;.
By an analogous argument to that used in Claim 6.9.7, we arrive at the conclusion that
€11, €4, €5, €, must also form a Pasch configuration where e, Ne,, is a vertex v,,, outside
of P. If t > 3, then ey, ..., ¢, €., e, together form a faulty simple path. Hence we must
have t = 2.

If the union of these two Pasch configurations contains 7 vertices (i.e., vy # v.4), then

e1, €2, e, form a fairly simple cycle for which e, is a handle. So we now suppose that the
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two Pasch configurations cover the same 6 vertices. If we do not have {e,,e,} = {e.,e,}
then e,,e,, e, form a bad tight path. Hence we do have equality and the two Pasch
configurations we found are identical.

Relabel the edges and vertices as in the definition of a Pasch configuration. We observe
that H cannot be just these four edges: such a hypergraph is not Rado, e.g., colour
V12, V13, U34 Ted, and the remaining vertices blue. Also, by definition of Rado minimal, this
cannot be a component of H. That is, there is an edge e5 in H, where e5 # e; for i € [4],
and e5 contains s vertices from inside the Pasch configuration, where s > 1. If s = 1 then
w.l.o.g. e5 contains v; 9; then es, e, e3 is a simple path of length 3, a contradiction to the
longest path in H of length 2 found earlier. If s = 2 then whichever two vertices of the
Pasch configuration es contains, taking any of the simple cycles of the Pasch configuration
together with es gives a (fairly) simple cycle with a handle. If s = 3, first suppose
es = {vi2,v13,v23}. Then ey, e5,es is a bad tight path. If e5 = {vi2,v13,v24}, then
again eq, es, ep is a bad tight path. For all other 3-sets of vertices e5 could contain, a
symmetrical argument shows that we find a bad tight path. Since all three values of s

give a contradiction, this concludes the proof. O

6.9.2.2 Proof of Lemma 6.9.6

Let ¢ > 0 be sufficiently small and n € N be sufficiently large. Recall that ¢, = cp,(H.,).

Given an |X,|-uniform ordered hypergraph G, we will obtain an upper bound on the

expected number of copies of GG in ’ijf}(mqn by obtaining upper bounds on the expected
number of possible assignments of vertices v € V(Hg&n,qn) to an edge in which some

vertices are already fixed, and others are to be assigned. To make this precise, we need
some notation. Given an edge order ey,...,e; of E(G), we call a vertex v new in e; if
v € e; but v € e; for all j < i. Otherwise we call v € ¢; old in e;. Clearly (provided G
has no isolated vertices) each vertex in G is new in one edge, and old in any subsequent
edge that it appears in. Now, for 0 < w < |X,| — 1, we will shortly provide an upper

bound P, on the expected number of edges in H}'y, . that contain a fixed set of w (old)
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vertices; crucially, P, is independent of the exact set of w vertices considered. Then one

ind
1, Xn,qn

can obtain an upper bound on the expected number of copies of G in H directly

as some function of the P,’s (which will depend on G). We first obtain bounds for these

P,’s.
Given a fixed set of w vertices in H'§ . there are ('fu’l')w! < | X,|! < k! ways of
selecting some W C X, with |WW| = w and picking an ordering vy, ..., v, of these w

vertices. Then, there are at most Ay (H, x,) choices for an edge e in H,, x, such that

ew = (v1,...,v,). Each vertex in H,, x, is included with probability ¢, in ’Hglf}(mqn, thus

we obtain the upper bound

Pw:(k!)-( max AW(Han)).(qn)xn—w.

WCX,, [W|=w
For w = 0, we will use the bound

Py < e(Hnx,) - (qo) X! <nlXol. (g,) X < NF.

We now use conditions (P3), (P4) and (P5) to bound P, further for values of w greater

than 0. First, condition (P4) implies that,
P < (k)b Pa)

By (6.19) and since n € N is sufficiently large, we have that f, x, > np.(#,) for some

constant n > 0. It follows from the above that

P < (k!)-b- % . (Cﬁn(Hn))|X”|_1
(6%9)<k!) - b- % . (fn,XJ'an*l - (e/m)Xnl1
(6.18)

(1) b (c/m) ¥ < Ve

where the last inequality follows from ¢ > 0 being sufficiently small.
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Similar calculations hold for higher values of w. Recall we have ¢, = cp, > cf,w for
every W C [k] with [W| > 2. Let 2 < w < |X,,| — 1 and pick W C X,, with [W| = w

maximising Ay (H, x, ). As n € N is sufficiently large we have

P, (?(k!) b % . (qn)anI*w = (k)b % . (qn)anlfl . ;(’;_Zi) (qn)f(wfl)
< ()b ety T o))
(6.18)

= ((ky) b (C/n)anl—l) @ < (B b KRl </

where the last two inequalities follow from |X,| > w and ¢ > 0 being sufficiently small.

Finally, for any 2 < w < |X,| — 1, we have that P, - P, - P, is at most

(k1)*e(Hn,x,) - < max AW(Hn,xn)> : ( max AW(Han)> - (gn)¥Xnl=2w

WC X, |W|=2 WC X, |W|=w

For brevity, let Ps,, := max P;. To recap, we have shown that
>w

Py < NF, Poy<+ec and Py Py Psy=o0(1). (6.27)

To prove the lemma it suffices to show that, for each set of hypergraphs stated in

Lemma 6.9.5, the expected number of such structures in H'§ . is o(1). Indeed, then

by Markov’s inequality w.h.p. Hg&mqn does not contain any of these structures. In each

case, we will find an edge order and then use (6.27) to bound the expected number of
these structures. Let G be an ordered hypergraph. Given an edge order eq,...,e; of

E(G), we call an edge e;
e initial if all its vertices are new;
e normal if it has precisely one old vertex;

e 2-bad if it has precisely two old vertices;
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e bad if it has at least two and at most | X,,| — 1 old vertices.

Now observe the bounds Fy, P, P» and P>, correspond to upper bounds on the expected
number of ways one can place an initial, normal, 2-bad and bad edge in ’Hi{‘,‘}%qn respec-

tively.

Case (i). Note that for this case it suffices to show that w.h.p. H*§ . contains no
simple path of length exactly s := [log N|; thus we only need to consider the expected
number of simple paths of length s. Let ey, ..., es be the simple path. Here, e; is initial,

and all other edges are normal. Thus, we can bound the expected number of simple paths

of length s in A4 by

1, Xn,qn

(6.27)
<

PO . Pls—l Nk . (\/E)S—l S (\/E)(logN)—l . Nk (le) O(].),

which follows since ¢ > 0 is sufficiently small.

Case (ii). Let eq,...,e; be the simple path and let e* be the spoiling edge. Choose ¢

to be the smallest ¢ > 2 such that |e; Ne*| > 1. Consider the edge order
€ €y €1y s €L C T, -, Ey

Here e* is initial. If |e; N e*| > 2 then e; is bad, the e; for 2 < j <4 — 1 are normal, e; is
2-bad, and each e; for i +1 < j <t is normal or bad. If |e; Ne*| = 1 then e; for 2 < j <4
are normal, e; is 2-bad, and each e; for ¢ 1 < j < ¢ is normal or bad. In particular,
for at least one such j, we know e; is bad, since e* must intersect at least one of these
edges (as |X,| > 3). In either case, we have found an edge order with one initial edge,
one 2-bad edge, at least one further bad edge, and all other edges normal or bad edges.
We have t < log N and there are at most tk choices for the location on the simple path of

each vertex of e* intersecting it. Overall, the expected number of spoiled paths of length
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at most log N is at most

log N log N

(6.27)
§ (tk)* - Py- PL* Py Psy < § (th)" - (V)72 o(1) = o(1),
t=2 t=2

where the last inequality holds as ¢ > 0 is sufficiently small.

Case (iit). Let eq, . .., e, eg be the fairly simple cycle and let e* be the handle. Consider
the edge order e, e, . .. , €1, e*. Here ¢ is initial, e, is normal or bad, the e; for2 < j7 <¢—1
are normal, e; is 2-bad and e* is bad. We have t < log N and there are at most tk choices
for the location on the fairly simple cycle for the choice of where each of the u vertices of
the handle e* intersect it, where 2 < v < k — 1. Overall, the expected number of fairly

simple cycles of length at most log NV with a handle is at most

log N k—1 (6 27) log N k—1
DD () R PRt PPy <0 ) Y (tR) (V)T o(1) = o(1).
t=2 u=2 t=2 u=2

Case (). Let eq,..., e €., e, be the faulty simple path. Consider the edge order
€1,€4,62,..., €;_1,€,,6;. Here e is initial, es and e; are 2-bad, e, is normal or 2-bad
(depending whether e, intersects e, ), and all other edges are normal. We have ¢t < log N,
and a choice of whether e, and e, intersect or not. Overall, we can bound the expected

number of faulty simple paths of length at most log N by

log N log N 6 log N

ZPO Pt1P2+ZP0 pre.p 'S 22 1) = o(1).

Case (v). Let ey, e,, e, be the bad triple. Consider the edge order e,,e,,e;. Here, e,

is initial, e, is bad and e; is 2-bad. We have a choice of the size of ¢ := |e, Ne,|. Overall,
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the expected number of bad triples is at most

k—1
6.27
ZPO‘PQ'PZQ(:)O(]_>.

t=2

Case (vi). Let e, es,e3 be a bad tight path. In this edge order, e; is initial, and e

and ez are 2-bad. Overall, we can bound the expected number of bad tight paths by

Py - P22 (1),

6.10 Proof of the random Rado lemma

Before we deduce the random Rado lemma (Lemma 6.7.8) from Theorem 6.8.7, we next

prove Lemma 6.7.9.

Proof of Lemma 6.7.9. We first prove the second statement of the lemma.

Claim 6.10.1.

Proof of the claim. We bound from above the number of non k-distinct solutions
in Sol?n([k:]). For each such solution, we have |S,| choices for the repeated entry. Using

conditions (A3) and (A6), for n sufficiently large, we obtain

(43 | Sold, ([k])
2€Sn WC[k] 2€Sn WC[k] ‘SO Sn<W>|
[W[=2 |W[=2
| Sols, ([K])] (as) 4
= B[S, - Solg (|k
51 3 [ ISR
Wi=2



In other words, |Solg ([k])| — |k-Solg ([k])| = o(| Solg ([k])|) which immediately implies

the claim.

Next, we prove the inequality stated in the lemma. Let Y C [k]. Note that k-Sol§ (Y) C
Solén (Y), so the upper bound follows trivially. By definition, if y € k-Solén (Y) then there

exists some z € k-Sol§ ([k]) such that zy = y. Thus,

k-Sold (v)] - max [Sold (3o, Y, [K])] > [e-Sol2, ()]

yo€ES!
As (A, S,) is B-extendable, for n large the above implies

B Solg, ([k])]

k-Solg, (Y)] -
el B s )

> [k-Sold, ([K]).

Rearranging gives

h-Sold (k)] _ 1

> Y
2B

~ B|Solg, ([K])]

|k-Solg (V)]
| Sol (V)]

where the last inequality holds for n sufficiently large by Claim 6.10.1. O

Lemma 6.7.8 follows easily from Theorem 6.8.7. We use Lemma 6.7.9 to restrict our

attention to k-distinct solutions.

Proof of Lemma 6.7.8. Let r > 2, k > 3 and ¢ > 1 be integers. Let (S,)nen be a
sequence of finite subsets of abelian groups and A be an ¢ x k integer matrix. Suppose
that conditions (A1)—(A6) from Lemma 6.7.8 hold. Let H, be the k-uniform ordered
hypergraph with vertex set S, and edge set consisting of all k-distinct solutions x =
(x1,...,2) to Az =0 in S,,.
Let Y C [k]. Observe that e(H,,y) = |k-Sol§ (Y)|. As (A3) and (A6) hold, Lemma 6.7.9

implies that

e(Hny) =O(|Solg (Y)|) and e(H,) ~ |Solf ([K])|. (6.28)
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It follows that, for |Y| > 2,

foy = (ez(xr(}{;nj)) It

=@C§%§ﬂ>wuz@@waan (6.20)

and thus p(H,) = O(p(A4, S,)). We now prove that conditions (P1)—(P5) hold.
(P1): Since p,(H,) = O(pn(A, Sy)) and |S,| = v(H,), (A1) implies that (P1) holds.
(P2): Since e(H,,) = |k-Sol§ ([k])| ~ |Solg ([k])| by (6.28), (A2) implies that (P2) holds.

(P3): For any W CY C [k] we have

a9 (150 (V)] \ 029/ |e(Huy)]
Aw (Hny) < Sol2 (we, W,Y)|} < O —2n | < @(—”)

and so (P3) holds.

(P4): Pick W C Y C [k] with [W]| = 1. We have

Solg (V)| (6.28) e(Hny)
< A (g) ’ Sn i —n,Y
A (Hny) < max | Solg, (wy, W, Y)] =10 | e v(Ha) )

(P5): Pick a sequence (X,,)nen of subsets X,, C [k] with |X,| > 3 for all n € N as in

Definition 6.7.6. Note that

~ T Sol4 X, o
MM:(daﬂu) (@9@<0&()> _ o

=
B
&
I
©)
=
=
X
3
N~—
:./

v(Hn) ||

and so fnx, = QpP(H,)). It remains to verify equation (6.20). Pick sequences
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(Wh)nen and (W)),en such that W,,, W/ C X, where |W,,| = 2 and |W)| > 2. Then

Aw,(Hnx,) - Aw; (Hux,) - e(Hax,) cp(Hp )Pl =2 Wil
_alxa) 2wl

|Solén<xn>|> Xl

(P3),(6.28) |Sol§n(Xn)| |Sol§n(Xn)| S0l (X,.)| - (
S n
n | Sl

< © :
B | Solg, (W)l [ Solg, (W;,)]

[Wp|-1

SIS (1Sl (X)) T
[Sold (W)l TSold (Wl \ 15l

o ()™
|Sold (W,)] \px.(A,S,) '

As conditions (P1)—(P5) are satisfied, by Theorem 6.8.7 there exist constants ¢, C' > 0

such that

_ . 0 if gn < ep(Han),
lim P[H,, is r-Ramsey| =

n—oo
1 if g, > Cp(H,).
Note that H is r-Ramsey if and only if S, 4, is (4,r)-Rado. Furthermore, we have

p(H,) = O(p(A, S,)) and so there exist constants g, Cy such that

0 if go <co-p(A,S,),
lim P[S,,,, is (A,r)-Rado] =

n—oo

6.11 Proof of two auxiliary results

In this section, we prove two auxiliary results. Lemma 6.3.3 gives an upper bound on the
number of k-APs in P,, containing a fixed prime number and it is used in the proofs of

Theorem 6.3.2 and Theorem 6.3.7. Theorem 6.4.9 is a supersaturation result for integer
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lattices which is used to prove Theorem 6.6.1.

6.11.1 Proof of Lemma 6.3.3

We make use of the following sieve result.

Lemma 6.11.1 ([131]). Let k € N with k > 2 and let ¢ be a prime number. For each
prime p > k with p # q, let E, be the union of k — 1 residue classes modulo p. Then
|E(n)| = O(n/log" ' n) where

E(n):=[@n]\ |J E»

p # q prime
k<p<v/n
Lemma 6.11.1 is a weakened version of Theorem 32 from [131]. A precise explanation
of how to deduce Lemma 6.11.1 from the original statement in [131] can be found in

Section A.1 of Appendix A.

Proof of the Lemma 6.5.53. Let k,¢,n and ¢ be as in the statement of Lemma 6.3.3. Let
A(n) be the set of k-APs in Z such that the fth term of the progression is ¢ and the
common difference is an integer between 1 and n inclusive. In particular, we have |A(n)| =
n. Furthermore, the collection of k-APs in P,, whose (th element is ¢ is a subset of A(n).
Thus, it suffices to show that the number of k-APs in A(n) consisting entirely of primes
is O(n/log" " n).

For every prime number p # ¢, let A, be the set of k-APs in A(n) with at least one

term divisible by p. Consider the set

En):==An)\ J A,
p # q prime
k<p<y/n

In other words, £(n) is the set of all k&-APs in .A(n) such that no term of the progression
is divisible by a prime between k and /n (except ¢). In particular, £(n) contains all

k-APs in A(n) whose terms (other than perhaps ¢) are all primes greater than +/n.
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Conversely, the number of k-APs in A(n) containing at least one prime p’ < /n where
P # qis o(n/log" ' n). This follows from (i) the fact that there are at most k arithmetic
progressions of length k containing both ¢ (in the ¢th position) and a fixed prime p # ¢
and as (ii) P 5 ~ % by the prime number theorem.

By the observations above, the number of k-APs in A(n) consisting entirely of primes

is at most o(n/log" ™ n) + |E(n)|; so it suffices to prove that |£(n)| = O(n/log" ' n).

Now we reformulate the problem in terms of common differences. Since the ¢th term of
all k-APs in A(n) is equal to ¢, each k-AP in A(n) is uniquely determined by its common
difference. For every prime p # ¢, let E, be the set of all common differences of k-APs in
A,. It follows immediately that |E,| = |A,|. Furthermore, the set of common differences

of k-APs in A(n) is exactly [n] by definition. Thus we have |E(n)| = |E(n)| where

Em):=Mn\ |J BE.
p # q prime
k<p<v/n

Applying Theorem 6.11.1 yields |E(n)| = |E(n)| = O(n/log" ' n), as required. The
only assumption of Theorem 6.11.1 that needs to be checked is that, for every prime p > k
with p # ¢, the set E, is the union of & — 1 residue classes modulo p.

Let a € [n] and b; := g+a(i—/) for every ¢ € [k]. Then, a € E, if and only if (b1, ..., by)
is a k-AP in A,, i.e., p divides some b;. Now, p divides b; = ¢ + a(i — ¢) if and only if
i # (and a = —q(i—¢)~! (mod p). Note that i — ¢ # 0 is always invertible modulo p since
li — ¢ < k < p. Tt follows that E, = {a € [n] : a = —q(i — €)"" (mod p), i € [k],i # (}.

Hence, E), is the set of precisely k — 1 residue classes modulo p, as required. O

6.11.2 Supersaturation in the integer lattice

To prove Theorem 6.4.9, we first need a few intermediate results. Throughout this sub-

section, we will repeatedly use the following fact.

Fact 6.11.2. Let d,,k € N and A be an { x k integer matriz of rank (. Let b € (Z%)*
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and S C Z% be a finite subset. The number of solutions to Ax =b in S is at most |S|*~.

Proof. As A has rank ¢, there are ¢ linearly independent columns in A, w.l.o.g. the first
¢ columns. We bound the number of solutions x = (z1,...,2x) to Az = 0in S as follows.

|*=¢ choices for 4, 1,..., 7. For each such choice, 2’ := (21,...,x))

There are at most |S
is a solution to A’z’ = b in S C Z% where A’ is the ¢ x ¢ matrix consisting of the first
¢ columns of A and ¥ is some vector in (Z4)’. Since the columns of A’ are linearly

independent, there is at most one solution to A’z’ = ¢’ in Z¢. Thus, there are at most

|S|*=* solutions to Az = 0 in S, as required. O

The following lemma essentially states that if a supersaturation result holds for S C Z¢

then it also holds for S’ C S, provided that S’ contains almost all elements of S.

Lemma 6.11.3. Let r,d,{.k € N and v > 0. Let A be a partition reqular ¢ X k in-
teger matriz of rank ¢ and let S and S’ be finite sets such that S’ C S C Z¢ and
ISl > (1 — ~/(2k))|S|. Fiz an r-colouring of S (and thus S’). If there are at least
Sk~ monochromatic solutions to Az = 0 in S, then there are at least (v/2)]S|*

monochromatic solutions to Ax =0 in S’.

Proof. We determine an upper bound on the number of monochromatic solutions (z, . .., z;)
which lie in S but not in S’. For one such solution, there must be some z; which lies in
S but not in S”. We have k choices for ¢ and |S| — |S’| < «|S|/(2k) choices for z,. The
remaining elements (z;,...,2; 1,2;,,,.-.,2;) form a solution to A’z = b in S where A’
is obtained from A by removing the ¢th column and b is some vector. Note that A’ has
rank ¢. If not, then the ith column of A cannot be expressed as a linear combination of
the columns of A’. In particular, the ith entry of any solution to Az = 0 in Z must be
0, contradicting the assumption that A is partition regular. Since A’ has rank /¢, there

are at most |.S|*17¢ solutions to A’z = b in S by Fact 6.11.2. Overall, there are at most

Jo- WL | )E4-1 = 2| S|F¢ possible choices for (z,,. .., 2y).
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Therefore, the number of monochromatic solutions to Ax = 0 in S’ is at least
Skff_zskfézz‘gszf.
s = Jjst = i)

]

The following proposition asserts that if the statement of Theorem 6.4.9 holds for
d € N then it also holds for d — 1.

Proposition 6.11.4. Letr,d,n € N withd > 2 and d > 0. Let A be an {xk integer matriz
of rank (. If every r-colouring of [n]? yields at least Sn**=*) monochromatic solutions to

d—1)(k—0)

Az = 0 in [n]?, then every r-colouring of [n]*~" yields at least 6n' monochromatic

solutions to Az =0 in [n]? 1.

Proof. Let A,r,d,n and ¢ be as in the statement of the proposition. Let f : [n]? — [n]¢~1
be such that for x = (z1,...,14) € [n]¢ we have f(x) := (z1,...,74_1), ie., f(X) is the

vector consisting of the first d — 1 entries of x. We first prove the following property of f.

Claim 6.11.5. Given a solution (y ,...,y,) to Az =0 in ()41, there are at most n*~*
solutions (Xy,...,%;) to Az =0 in [n]? such that f(x;) = y, for every i € [k].
Proof of the claim.  Let S be the set of solutions (x;,...,x;) in [n]? such that

f(x;) =y, for every i € [k]. Let ¢ : S — [n]* with q¢((xy,...,x;)) = (z1,...,7)
where z; is the dth entry of x;. Since S is a set of solutions in [n]?, it follows that the
image () of ¢ is a set of solutions to Az = 0 in [n]. In particular, |¢(S)| < n*~¢ by
Fact 6.11.2. Note that the assumption f(x;) = Y, for every i € [k] implies ¢ is injective,

hence |S| = [¢(S)| < n*~*, as required.

Pick an arbitrary r-colouring C : [n]*! — [r] of [n]?"t. Let C* : [n]¢ — [r] be the
r-colouring of [n]? where C*(x) := C(f(x)). If (x4, ...,X;) is a monochromatic solution to

Az = 0 in [n]? (with respect to C*) then (f(x,),..., f(x;)) is a monochromatic solution

212



to Az = 0 in [n]9! (with respect to C). By assumption, there exist at least dn*—%

monochromatic solutions to Az = 0 in [n]? with respect to C*. Hence, by Claim 6.11.5,

the number of monochromatic solutions in [n]?~* with respect to C is at least

d(k—t
5”}: y : — opd-Dk=0)
iy

as required. O

By Proposition 6.11.4, it is clear that if the statement of Theorem 6.4.9 holds for an
infinite sequence d; < dy < ... of positive integers then it holds for any d € N. Therefore,

it suffices to prove the following relaxation of Theorem 6.4.9.

Theorem 6.11.6. Let r € N, ¢ € NU {0} and let A be a partition reqular ¢ x k integer
matrix of rank €. There exist 6, ng > 0 such that for all n > ny the following holds: every

r-colouring of [n]* yields at least 6n*"*=*) monochromatic solutions to Az = 0 in [n]* .

Proof of Theorem 6.4.9. Let r,d € N and let A be a partition regular ¢ x k integer matrix
of rank ¢. Choose ¢ € N such that d < 2¢. Let 9, ng be the constants obtained by applying
Theorem 6.11.6 with parameters r,c and A. By Proposition 6.11.4, the statement of
Theorem 6.4.9 holds for A,r,d,ng and every d € N with d’ < 2¢. In particular, it holds

for A,r,d,d,ng. n

We conclude this subsection with the proof of Theorem 6.11.6. Before proceeding with
the proof, we give a rough intuition of the main idea by considering an easier case. For
integers a,b € Z, we write [a,b] :={m €Z:a<m <b}. Let A=(1 1 —1). Given
an arbitrary r-colouring C of [—n,n]?, our aim is to find ©(n*) monochromatic solutions
to Az = 0.

Define a colouring C* of [(en)?], where € > 0 is a small constant, as follows. If
z € [(en)?], then z = x + (en)y for a unique pair (z,y) € [en] x [0,en — 1]. Then colour
z with (c_s,c_1,co,c1,c2) where ¢y is the colour of (z — A(en),y + \) € [—n,n]* with

respect to C. Note that if 2; + 29 — 23 = 0 is a solution in [(en)?], then (z1 + z3 — x3) +
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(en)(y1 + y2 — y3) = 0. Since the x;’s lie in [en], we have |y; + yo — y3| < 2. Thus, there
exists A € Z with |[A\| < 2 such that (y; + A) + (y2 + A) — (y3 + A) = 0, which implies
(z1 — (en)X) + (w2 — (en)A) — (x5 — (em)A) = 0. In particular, {(z; — A(en),y; + ) }j=1.2,3
is a solution to Az = 0 in [—n,n]®. Furthermore, suppose {z;},;=123 is a monochromatic
solution to Az = 0 in [(en)?] with respect to C*; say the colour is (c_, c_1, ¢, 1, ¢2). Then
there exists A\ € Z with |A\| < 2 such that {(z; — A(en),y; + A)} ;=123 is a monochromatic
solution to Az = 0 in [—n,n]? with respect to C, the colour being c;.

It is not difficult to see that different monochromatic solutions in [(en)?] with respect
to C* give rise to different monochromatic solutions in [—n,n]? with respect to C. That
is, we have defined an injection from monochromatic solutions in [(en)?] with respect to
C* to monochromatic solutions in [—n,n]? with respect to C. By Theorem 6.4.5 there are

©(n*) many of the former, yielding the required result.

The proof of Theorem 6.11.6 proceeds by induction on ¢ and follows a similar idea,
where instead of Theorem 6.4.5 we invoke the induction hypothesis. Essentially, we project

2(;+1

a solution to Az = 0 in [(en)?]*" to an ‘almost’ solution in [en]?*"" ", and then apply a

c+1 . .
7", The colouring C* we require

shifting procedure to obtain an exact solution in [n
is more involved than the one above due to two technicalities: (i) ensuring that the
parameter A (which is the analogue of A in the general case) is a vector with integer
entries, thereby implying that the shifting procedure is well-defined; (ii) ensuring that
solutions generated by the shifting procedure lie in [n]>**" rather than [—n, n]*" .

We will use the following notation. Given two vectors x and y, we denote their
concatenation as x * y. Furthermore, we let abs[x] be the vector obtained by taking
the absolute value of all entries of x. For example, if x = (1, -2) and y = (3,4) then

x*y = (1,-2,3,4) and abs[x] = (1,2). We write x - y for the scalar product of x and y.

Let 1 denote the all one vector.

Proof of Theorem 6.11.6. Let r € N and let A be a partition regular ¢ x k integer matrix
of rank ¢. We proceed by induction on c¢. The case ¢ = 0 follows immediately from The-

orem 6.4.5. For the induction hypothesis, suppose that the statement of Theorem 6.11.6
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holds for some ¢ € NU {0}.

Denote the ith row of A as a;. Let C' := max;cjq{|a; - 1|,1}. By relabelling the rows
of A and changing their sign (these operations do not affect the set of solutions), we may
assume that C' = max{a, - 1,1} > 1. Let £ > 0 be the largest entry of A in absolute

value. Fix constants e, P such that

Ek < 1/e < P,

where P is a prime number that does not divide C. Let d := 2¢ and R := r@FFD".(CP)d,
By assumption, we can apply Theorem 6.11.6 with input A, R and ¢ to obtain v, ng > 0.
Finally, we take n € N with n > max{no/e, 2972 Fk?d/(e7)}. For simplicity, we will
assume that en is an integer.

Let C be an arbitrary r-colouring of [0, n]??. We define an R-colouring C* of [Ek(en) +
1, (en)?]? as follows. For any z € [Ek(en)+ 1, (en)?]?, there exists a unique pair of vectors
x € [en]? and y € [Ek,en]? such that z = x + y(en). Let I := [-Ek, Ek]*. We colour z
with ({cs}ser, t) where ¢ is the colour of abs[(y + s) * (x —s(en))] € [0, n]** with respect
to C, for each s € I, and t € [C'P]* is the unique vector such that y =t (mod C'P). Note
that all entries of (y +s) * (x —s(en)) have absolute value at most (en)(Ek +1) < n, so
abs((y +s) * (x — s(en))] indeed lies in [0, n]*.

Observe that C* is a well-defined R-colouring of [Ek(en) + 1, (en)?]": x,y and t are
unique, so the colour of z € [Ek(en) + 1, (en)?]? in C* is uniquely determined. There are

r possible colours for each ¢ and (C'P)? possible values for t; since |I| = (2Ek + 1)%, at

most R colours have been used.

Next, we describe a shifting procedure which generates a monochromatic solution in
[0,n)?® with respect to C given a monochromatic solution in [Ek(en) + 1, (en)?]? with
respect to C*.

Suppose (z,...,2;) is a monochromatic solution to Az = 0 in [Ek(en) + 1, (en)?]?

with respect to C*. For every 1 <i < k we have z; = x;+y (en) for some unique x; € [en]?
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and y. € [Ek,en]?. Let z; := (2],...,2]), x;, := (¢},...,2f) and y = (y,...,y]). Pick

an arbitrary j € [d] and let x := (],...,2]), y = (yl,...,y)) and z := (2],...,2]).

z=a;-x+(en)a; -y =0. (6.30)

Note that the absolute value of every entry of a, is at most E and every entry of x
lies in [en], thus we obtain

la, - x| < enFEk. (6.31)

Now (6.30) and (6.31) immediately imply
la; - y| < Ek. (6.32)
Next, we distinguish two cases.

Case 1. Suppose that C' = a; -1 > 1. Since (z;,...,2;) is monochromatic with

respect to C*, there exists some ¢ € [C'P] such that y =¢1 (mod CP). Hence, we have

a -y=a, - (t1) =t(a, -1) = Ct =0 (mod C).

Set A := —(a, -y)/C. The previous equality implies that A is an integer, while by (6.32)
we have |[\| < Fk/C. Observe that

a - (y+Al)=a -y+AC=0. (6.33)

As y =t1 (mod CP), we have

(6.33)

0'="a,-(y+M)=(t+XNa,-1=C(t+ A) (mod P),

and so we must have that t + A = 0 (mod P) since P is a prime number which does not
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divide C'. It follows that

a; - <X+)\l) =(t+M(a;-1)

0 (mod P) (6.34)
for every ¢ € [¢]. Note that
(6.32)
2 (y + A1) < a; - y[+ |Ma;-1)] < Ek+ |AC| < 2Ek.
As we picked P so that P > Ek, the previous inequality and (6.34) imply that
a - (y+Al)=0

for every i € [¢]. Furthermore, this together with (6.30) implies that, for every i € [¢] we
have

a; - (x — A(en)1) = 0.

Case 2. Suppose a, -1 =0 (and so a; - 1 = 0 for every ¢ € [(]). Then set A := 0 and
observe that

a,-(y+A)=a-y=t(a-1) =0 (mod P).

By (6.32) and as P > Ek, we deduce that a, - (y + A1) = 0 and so a; - (x — A(en)1) = 0,

for every ¢ € [{].

In both cases, we obtain two solutions (y! + A)icy and (2] — A(en))iep to Az = 0 in
Z, where |\| < Ek. In general, since j was arbitrarily chosen, for every j € [d] there exists
\; € [~Ek, Ek] such that (y] + A, )icpn and (z] — Aj(en))ici are two solutions to Az = 0
in Z. By setting A := (A1,..., Ag), we obtain that (y. + A)iepy) and (x; — A(en))iep are
two solutions to Az = 0 in Z%.

Note that y + A € [0, 2en)? for every i € [k| since y, € [Ek,en]? and \ € [—FEk, Ek]<.
Furthermore, for every m € [d], the mth entries of the vectors (x; — A(en));ex) must have

the same sign since x; € [en]? and )\ has integer entries. Hence (abs[(y, + A) = (x; —
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A(en))])ie is a solution to Az = 0 in [0, n]*.

Crucially, all vectors (abs[(y, + A) * (x; — A(en))])iep) have the same colour in C by the
construction of C* and the fact that A € I = [~ Ek, Ek]¢. Namely, if all (z,,...,z,) are
coloured with, say, ({cs}ser,t) in C* then all (abs|(y, +A) * (x; — A(en))])ie are coloured
with ¢y in C. Hence, (abs[(y, + A) * (x; — A(en))])iex) is a monochromatic solution to
Az =0 in [0,n]?

Arbitrarily extend the R-colouring C* of [EFk(en) + 1, (en)?]? to an R-colouring C**
of [(en)?¢. As (en)? > ng, the induction hypothesis implies that there are at least
v(en)?¥ k=) monochromatic solutions in [(en)?]¢ with respect to C**. Note that [Ek(en) +
1, (en)?]? contains all but at most dEk(en)??~! < ~(en)??/(2k) of the elements of [(en)?]?.
Thus, by Lemma 6.11.3, there are at least (7/2)(en)?**~9 monochromatic solutions in
[Ek(en) + 1, (en)?]? with respect to C*; moreover, using the procedure described above,

24 with respect to C from each one of

we can produce a monochromatic solution in [n]
them. It remains to check how many times we could have counted each solution in [n]*.

Observe that a different monochromatic solution (zq,...,z;) in [(Ek(en) + 1, (en)?]?
would have generated different k-sets (y! + \);ep) and (27 — A(en))iep, since x; and y, are
unique and by (6.30). On the other hand, the preimage of a singleton in abs : [—n,n]? —
[0,n]¢ has size at most 2¢. Hence, a monochromatic solution in [n]?¢ with respect to C
could be counted at most 2¢ times.

In conclusion, there are at least (y/2971)(en)?¢*=9 monochromatic solutions to Az = 0
in [0,7n)?® with respect to C. Using Lemma 6.11.3, there are at least (ry/29%2)(en)2d*+=9
monochromatic solutions to Az = 0 in [n]??. Taking § := (7/2%+2)e2d*=0)  the statement

of Theorem 6.11.6 holds for ¢ + 1 since 2d = 2¢*1. This concludes the inductive step and

the proof. n
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6.12 Proof of the applications of the random Rado

lemma

In this section, we prove the applications of the random Rado lemma presented in Sec-
tions 6.3 and 6.6, that is Theorems 6.3.7, 6.6.1, 6.6.2, 6.6.3, 6.6.4 and 6.6.5. The first
uses the full version of the random Rado lemma, Lemma 6.7.8. The others all use the

simplified version, Lemma 6.7.33.

Proof of Theorem 6.3.7. Let r,k € N with » > 2 and k > 3. Let A = (a;;) be the
(k — 2) x k matrix where

1 ifi=j,

2 ifi+1=j,

1 ifi+2=7,

0 otherwise.

Hence k—Solén([k]) corresponds to the set of all k-APs in P,,.

The prime number theorem yields

P,,| :@( n ) (6.35)

logn

Note that any solution to Az = 0 that does not correspond to a k-AP must be a trivial
solution (i.e., all entries in z are the same). Moreover, given fixed integers a,b and
1 <i < j <k, there is at most one k-AP that has a in its ith position and b in its jth
position. Thus, for any ¥ C [k] with 2 < V| < k, each element of Solp (V") corresponds
to either a trivial solution to Az = 0 or a single k-AP. Hence, by Theorem 6.3.1 we have

that

n2

|Solp (V)| =© ( ) for each Y C [k] with 2 < |Y] < k. (6.36)

log® n
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Therefore, (6.35) and (6.36) imply that

T Y1
py(A4,P,) =06 ((1 ]?_1 ) > for each Y C [k] with 2 < |Y| < k. (6.37)
og" 'n

Note that [k] maximises py (A4, P,) over all Y C [k] with |Y| > 2, and so
o= p(A,P,) = O (n—ﬁ log n) . (6.38)

We now verify the conditions of Lemma 6.7.8.

(A1): By (6.35) and (6.38), we have |P,|p, = @(n%) — 00 and p, — 0 as n — oo, since
k> 3.

(A2): Theorem 6.4.6 immediately implies that P,, is (A, r)-supersaturated.

(A3): Let W CY C [k]. First, consider the case [W| = 1. Fix a prime ¢ € P,,. If |Y]| =1
then \Solén(q,I/V,Y)\ < 1. If |Y]| > 2, we have

- Sold (v Sold (Y
’SOlén (q’ W, Y)| — O ( ];n;l ) (6~35¥6~36) O ’ 0 Pn( )| _ O | Of"n< )| ’
log"™ " n P, | Solp, (W)

(6.39)

where we used Lemma 6.3.3 for the first equality and | Solp (W)| < |P,]| for the

third.

Now suppose |W| > 2. Since specifying two elements (and their position) of a k-AP

uniquely determines the latter, for any z € SIW!, we have

(6.36) | Solp, (V)]
Sol4 WY <1 =0 —2 |,
[Bol, (aw, W, Y] < (’Solﬁn(W)]

Therefore, there exists B > 1 such that (A, P,) is B-extendable for every n suffi-

ciently large, as required.

(A4): Let W C Y C [k] with |W| = 1. Since |Y| > 2, equation (6.39) holds. The first two
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equalities of (6.39) immediately imply condition (A4).

(A5): We take X,, = [k] for all n € N. We have | X,,| = k > 3 and px, (A, P,) = p,. Let
W, W' C [k] with [W| =2 and |W'| > 2. As [W'| <k — 1 we have

|:En|2 (pW/(A,Pn))W/|—1 (6_35),(626),(6.37)0 logk2n( Ti >k—1 Lo
| Solp, (W)| \ Pp(A, Py)

as n — 00, as required.

(A6): Let W C [k] with |W| = 2. Then (6.35) and (6.36) imply

Pl _ (log’“‘ln> 0
| Solp, (W)] n ’

as n — 00, as required.

Since conditions (A1)—(A6) hold, we can apply Lemma 6.7.8. Note that P, ,, is (A4, r)-
Rado if and only if P,,, is (r, k)-van der Waerden. Thus Lemma 6.7.8 yields Theo-
rem 6.3.7. [

Proof of Theorem 6.6.1. Let r,d € N with r > 2. Let A satisfy the assumptions of
Theorem 6.6.1. We will verify that the conditions of Lemma 6.7.33 hold, where we take

S, := [n]?. Note that [n] is a finite subset of the field Q and mg, (4) = m(A).

(C2): Theorem 6.4.9 implies that ([n]?),ey is (A, r)-supersaturated.

(C3): An immediate consequence of Theorem 6.4.9 is that there exists some ¢ > 0 such
that the number of solutions to Az = 0 in [n]? is at least dn*=9, for all n suffi-

d(k—t

ciently large. Since there are at most n ) solutions to Az = 0 in [n]? (by e.g.,

Lemma 6.7.16), (4, [n]%) is d-rich for n sufficiently large.

(C4): Since A is irredundant, A is irredundant with respect to Q¢ Furthermore, by

Theorem 6.4.9, A is 3-partition regular in [n]? for n sufficiently large. Thus, we can
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(C5):

apply Lemma 6.7.23 with F := Q and S := [n]¢ to obtain that (4, [n]?) is abundant

for n sufficiently large.

: By (C4), m(A) is well-defined (see Remark 6.7.28). As A is full rank, considering

W = [k] yields m(A) > 274 > 1. Since (C3) holds, Lemma 6.7.32 yields p,, =

O(n~4/™A). Therefore, we have |[n]%|p, — oo and p, — 0 as n — oco.

Note that rankg, (A) > 0 for every n since S,, # {0}. As (C3) and (C4) are satisfied,

we can apply Lemma 6.7.26. Lemma 6.7.26 and (C1) imply that (C5) holds.

As conditions (C1)—(C5) hold, we can apply Lemma 6.7.33 to obtain Theorem 6.6.1.

]

Proof of Theorem 6.6.3. Let r € N with » > 2 and let A and G be as in the statement of

Theorem 6.6.3. Note that G™ is a finite abelian group. We will verify that the hypothesis

of Lemma 6.7.33 holds, where we take S,, := G". We will repeatedly use the fact that

rankgn (Aw) = rankg(Aw) for any W C [k]; this follows easily from Definition 6.7.11.

Thus, mgn(A) = mg(A).

(C2):

(C1):

Since G is a finite abelian group with exponent s and A satisfies the s-columns

condition, Theorem 6.4.8 implies (G™),en is (A, r)-supersaturated.

: Equation (6.4) implies (A, G™) is 1-rich.

: Let W C [k] with |[IW| = 2. By assumption, (A, G) is abundant, and so rankq(Ayy) =

rankg(A). This implies rankgn (Ayr) = rankgn(A). As W is arbitrary, (A4, G") is

abundant.

By (C4), mgn(A) is well-defined and positive (see Remark 6.7.28). Since (C3)
holds, Lemma 6.7.32 yields p, := p(A, G") = O((|G[*)"Y/me (M), As rankgn (A) =
rankg(A) > 0 and by using W = [k], we have mgn(A) > #ﬁcnm) > 1. There-

fore we have |G|"p,, — oo and p,, — 0 as n — oo.
p p
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(C5): Let Z C [k] and

_|Z] =1 —rankg(A) + rankg(Az)

D(Z): Z -1

As (A, G") is l-rich, (6.7) implies that py(A4,G") = |G|™P@) for every n € N.
Pick X C [k] with |X| > 2 so that the function D(X) is minimised; additionally
choose X so that |X| is as small as possible under this assumption. It follows
that px(A,G") = p(A,G"). For every |Z]| = 2 we have D(Z) = 1, by (C4), while
D([k]) < 1 since rankg(A) > 0. Hence, |X| > 3.

Let W C X with |WW'| > 2. We have

bw (A7 Gn)

— (|G[7) PV +D(X)
gy — e

Since X is minimal and there are finitely many subsets Z C X, there exists ¢ > 0
such that we have D(Z) — D(X) > ¢ for every Z C X. It follows that

bw <A7 Gn)

< |G =0
px(a,cm = ICl

as n — o0.

As conditions (C1)—(C5) hold, we can apply Lemma 6.7.33 to obtain Theorem 6.6.3.
[l

Proof of Theorem 6.6.2. Since my,(A) = 4/3 when A = (2 2 —2) (see Example 6.7.29),
to prove the theorem it suffices to verify that the hypothesis of Theorem 6.6.3 holds in
our setting.

Firstly, Z, is an abelian group with exponent 4. The matrix A satisfies the 4-columns
condition: the last two entries of A sum to zero and they span the first entry.

Next, we check (A, Z4) is abundant and rankz, (A) > 0. The total number of solutions

to 221 + 279 — 223 = 0 in Zy is 4 - 4 -2 = 437Y2; 50 rankg,(4) = 1/2 > 0. For any
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W C [3] with |[WW| = 2, the equation Ayyz = 0 in Z, is the same as 2z = 0 in Z,. We have
2 = 4171/2 solutions to 2x = 0 in Zy, thus rankg, (A7) = 1/2 = rankg, (A). In particular,

(A, Z,) is abundant. O

Proof of Theorem 6.6.4. Consider any full rank ¢ x k matrix A with entries from F that
satisfies the hypothesis of the theorem.

Observe that we cannot apply directly the simplified random Rado lemma (Lemma 6.7.33)
as the matrix A does not have integer entries. However, all definitions, statements and
proofs that led to Lemma 6.7.33 can be straightforwardly adapted to obtain an analogue
of the simplified random Rado lemma for this setting, Lemma B.3.23. Similarly, the var-
ious results stated in Section 6.7, and their proofs, can be easily adapted to this setting
almost word-by-word.

Lemma B.3.23 and the analogues of the results appearing in Section 6.7 are formally
stated in Section B.3. For the rest of the proof, we abuse notation by utilizing the terms
supersaturated, rich, abundant etc. although these have not been technically defined for
matrices with entries from a field. Once again, the correct adaptation of these terms is
immediate and it is rigorously explained in Section B.3.

Since mgn(A) = mg(A), to prove the theorem it suffices to show that conditions (C1)—
(C5) of Lemma B.3.23 hold with respect to S, = F".

(C2): Theorem 6.4.7 implies that (F"),cy is (A, r)-supersaturated.
(C3): Fact B.3.10 (the analogue of equation (6.4)) implies that (A,F") is 1-rich.

(C4): Theorem 6.4.3 implies that A is 3-partition regular in F™ \ {0}" (for n sufficiently
large). By assumption A is irredundant with respect to F". By Lemma B.3.16

(analogue of Lemma 6.7.23), (A, F") is abundant for all sufficiently large n.

(C1): As (A,F") is abundant for sufficiently large n, we know (A, F) is abundant. Re-
mark B.3.21 (analogue of Remark 6.7.28) implies that mp(A) is well-defined and pos-

)
itive. As A is full rank, considering W = [k] yields mp(A) > 2= > 1. Since (C3)
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holds, Lemma B.3.22 (the analogue of Lemma 6.7.32) yields p,, = O(|F"|~1/m=().

Therefore we have |F"|p,, — oo and p,, — 0 as n — oo.

(C5): Since (C3) and (C4) are satisfied, we can apply Lemma B.3.19 (the analogue of
Lemma 6.7.26). This together with (C1) implies that (C5) holds.

Proof of Theorem 6.6.5. Let A be as in the theorem. Recall that as A is an integer
matrix, we can view it as a matrix with entries from F (i.e., an entry a;; corresponds to
a;; - 1p € F). Thus, we show that the theorem follows directly from Theorem 6.6.4.

Note that the finite field F of order ¢* has exponent ¢ (in particular, (1g) = Z,)
so the fact that A satisfies the g-columns condition immediately implies it also satisfies
the columns condition over F. We can therefore apply Theorem 6.6.4 to obtain the

theorem. O

6.13 Further applications and future directions

We have seen a number of applications of the (simplified) random Rado lemma. Of
course, there are many other applications; we give a couple more in the next subsection.
In Section 6.13.2 we consider a resilience result. In the final subsection, we consider some
possible future research directions. The proofs of the results from this section can be

found in Appendix B.

6.13.1 Further applications of the random Rado lemma

The next result is an analogue of the random Rado theorem for Z,,.

Theorem 6.13.1. For all irredundant partition reqular full rank integer matrices A, and
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all r > 2, there exist constants C,c > 0 such that the following holds.

0 ifp<cnt/mA),
lim P[Z,, is (A,r)-Rado] =

o 1 ifp > Cnt/md),

The reader may wonder why the parameter m(A) rather than mgz, (A) appears in the
statement of Theorem 6.13.1. In particular, myz, (A) may not equal m(A) and it can
be the case that mgz, (A) may not be the same for all values of n. For example, for
A= (2 2 _2) and even n we have my_ (A) = 2/(1 + log, 2). However, in this case we
have n~=1/mz(4) = \%nil/m(“‘). More generally, we have that n="/™A) = @(n=1/mz.(4))
and so we can use m(A) in the statement of Theorem 6.13.1 instead of mz, (A).

Theorem 6.13.1 follows from Lemma 6.7.8, though actually the 1-statement of The-
orem 6.13.1 is also an immediate consequence of Theorem 6.5.4. Note that we cannot

apply the simplified random Rado lemma (Lemma 6.7.33) to prove Theorem 6.13.1, as

condition (C4) may not hold. Indeed, consider the following example.

Example 6.13.2. Let B := (2 2 9 1 _1) and By o3y = (2 2 2). Observe that
B is an irredundant partition reqular full rank integer matrixz. However, for n € N even,

(B, Z,) is not abundant since
rankz, (B 23) =1 —log, 2 # 1 = rankg, (B).

So condition (C4) does not hold for (Zy)nen and B.

In general, our machinery ensures that, given any ‘well behaved’ sequence (S, )nen of
finite abelian groups, one can obtain a corresponding random Ramsey-type theorem if one
can prove a supersaturation result. It would therefore be interesting to prove other su-
persaturation results for abelian groups a la Theorem 6.4.8. Furthermore, it is likely that
‘projection’ type arguments such as in the proof of Theorem 6.4.9 can be employed to ob-

tain new supersaturation results from existing results (such as Theorems 6.4.8 and 6.4.9).
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As noted in Section 6.4.2, sometimes supersaturation results are easy to obtain, for
example, for matrices A that are translation-invariant. In such cases there are fewer condi-
tions to check in order to prove a random Ramsey-type result. By applying Lemma 6.7.33

we obtain the following.

Theorem 6.13.3. Let (Sy,)nen be a sequence of finite abelian groups and A be an integer
matriz that is translation-invariant with respect to S, for all sufficiently large n € N.
If (C1), (C4) and (C5) are satisfied then there exist constants C,c > 0 such that the

following holds.

O pr S Cn_l/mSn(A)7
lim P[S,, is (A,r)-Rado] =

n—o0

1 pr Z Cn_l/mSn(A)'

6.13.2 Resilience in the primes

The following is an immediate consequence of Theorem 6.3.1.

Lemma 6.13.4. Let r > 1 and k > 3. Given any v > 0 there exist ng,e > 0 such
that for all n > nyg, the following holds. Suppose X C P, with |X| > ~|P,|. Then for
any r-colouring of X there are at least en®/ log® n k-APs which are monochromatic in the

same colour.
Using Lemma 6.13.4 one can obtain the following resilience-type result.

Theorem 6.13.5. Letr > 1, k> 3 and 0 > 0. There exists a constant C' > 0 such that
if p > Cn~Y/*Dlogn, then w.h.p. P, , has the property that for any subset X C P,

with | X| > 0|Py.p|, whenever X is r-coloured, there is a monochromatic k-AP.

By setting » = 1 in Theorem 6.13.5, we obtain a sharpening of Theorem 6.3.4, since
the property considered is that of being (d, k)-Szemerédi. For r > 2, Theorem 6.13.5
strengthens the 1-statement of Theorem 6.3.7 as it states that w.h.p. not only can we

find a monochromatic k-AP in P,,, whenever r-coloured, but we can afford to delete a
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(1 — §)-proportion of P, , and still guarantee such a monochromatic k-AP.
The proof of Theorem 6.13.5 is an easy adaption of the proof of the 1-statement of

Theorem 6.8.7, using ideas from the proof of a resilience-type result in [76].

6.13.3 Further directions and examples

Another direction in which one can generalise the random Rado lemma is by removing the
requirement of matrices having integer entries. Given a matrix A with entries in a ring R
one can ask whether a finite colouring of an R-module yields a monochromatic solution
to Ax = 0 or not. If one can in fact prove a suitable supersaturation result, then our
machinery could yield a random Ramsey-type theorem for this setting. Theorem 6.6.4

already provides one such result in this direction.

Condition (P5) in the statement of Theorem 6.8.7 arises as an artifact of our proof.
It would be interesting to investigate possible relaxations of this condition; this could in
turn lead to a relaxation of condition (A5) from Lemma 6.7.8.

Condition (C4) in Theorem 6.7.33 states that (A, S,,) is abundant for every sufficiently
large n € N. This property is used to verify, e.g., (A5) when deducing Lemma 6.7.33
from Lemma 6.7.8. However, (as briefly touched upon when discussing Theorem 6.13.1)
just because a sequence (S,)nen of finite abelian groups does not satisfy (C4) does not
necessarily mean one cannot apply Lemma 6.7.8 instead.

The following is another example of this. Let A := (2 —2 63 65> and S, =
Ly for every n € N. The pair (A, S,) is not abundant since rankg, (A) = 1, whereas
rankg, (Ai,2y) = 6/7, so we cannot apply Lemma 6.7.33. However, conditions (A1)—(A6)
do hold for (S,)neny and A, and so we can apply Lemma 6.7.8 to deduce the following

theorem.
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Theorem 6.13.6. Let A = (2 -2 63 65) and r > 2. There exist constants ¢,C > 0

such that

0 ifp<cl282/3,
lim P[(Z19g), is (A,7)-Rado] =

n—oo
1 ifp>C 128723,
Conversely, consider B := (4 —4 63 65). The sequence (S, )nen is (B, r)-supersaturated
for every r € N: this follows from Theorem 6.4.8, as Ziog is an abelian group with expo-
nent 128 and B satisfies the 128-columns condition as 4 — 4 4+ 63 + 65 = 0 (mod 128).

However, we cannot apply Lemma 6.7.8, as condition (A5) does not hold. Indeed, it is

easy to check that, for W C [4],

(
|Snl® if (W] = [4],
| Solg, (W) = q[S,|W=2/T i {3,4} C W # [4],
S, [V otherwise.
\

It immediately follows that, for |W| > 2,

;

[Sn] =2/ if (W] = [4],

|Solﬁn<w>\)"W'* B

pw (B, S,) = ( - S| WIEDAWID i (34} C W £ [4),

1S, |1 otherwise.
\

Note that if (X, ),en is a sequence such that X,, C [4] and py, (B, S,) = Qp(B, Sy)),

then X,, = [4] for all sufficiently large n € N. In this case, for W,, := {3,4} C [4] we have

— 15, [3/2 = (128)%/21 4 (
[SolZ (W] P[4}(B>5n)> [Sul"™ = (1285 72

as n — 00. S0 (S, )nen is not compatible with respect to B.
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APPENDIX A

The content of this appendix is related to Chapter 6. Namely, this appendix includes
the proofs of Lemma 6.11.1 and Theorem 6.3.2, as well as a formal explanation of how to
deduce the 1-statement of the classic random Ramsey theorem (Theorem 6.5.1) from our

Theorem 6.8.7.

A.1 Proof of Lemma 6.11.1

Recall Lemma 6.11.1 is the sieve result we used in the proof of Lemma 6.3.3 in Section 6.11.

Lemma 6.11.1 is a corollary of the following result from [131].

Lemma A.1.1 ([13], Theorem 32]). Let t and C be fized natural numbers and let n € N
with n > 2. For each prime number p < /n, let E, be the union of w(p) residue classes
modulo p, where w(p) =t for all p > C, and w(p) < p for all p. Then for any € > 0, one

has

n
E, | < (2% S
””]\pgme )< @S

p<y/n

whenever n is sufficiently large depending on k,C,e, and where & is the singular series
1 —t
s:= [] (1—-) (1—@).
prime p p p
We now explain how to deduce Lemma 6.11.1 from Lemma A.1.1.
Proof of Lemma 6.11.1. Let k € N with £ > 2 and let ¢ be a prime number. For each

243



prime p > k with p # ¢, let E, be the union of k£ — 1 residue classes modulo p. We want

to prove that |E(n)| = O(n/log" ' n) where

E(n) :=[n]\ U E,.
p # q prime
k<p<y/n

Fix C:=k,t:=k—1, ¢ :=1 and pick n € N sufficiently large so that Lemma A.1.1

holds. For every prime p < k, let w(p) := 0 and E, := (). We have

Em) =[N\ |J E.
p # q prime

p<Vn

Note that if ¢ < k then E, = () by definition. In this case set E'(n) := E(n) \ E, = E(n).
If ¢ > k, let E, be the union of k — 1 residue classes modulo ¢ that maximises |E’'(n)|

where

E'(n) = Em)\ E, =[]\ |J B,
p prime
p<vn
Since the residue classes modulo ¢ induce a partition of E(n), by the maximality of E,
we obtain
, kE—1 1
[E'(n)| = [E(n) \ Eg| > {1 - e [Em)] = £ |E(n)].
Applying Lemma A.1.1 with respect to parameters ¢,C,e and the E,’s, we obtain
|E'(n)| < Tn/log" ! n where T is a constant depending uniquely on k. Thus, |E(n)| <

kTn/log" ' n and so indeed |E(n)| = O(n/log" ' n), as required. O

A.2 Proof of Theorem 6.3.2

The proof of Theorem 6.3.2 is an easy application of the second moment method and it is
nearly identical to the analogous proof for arithmetic progressions in the integers (see [32,

Example 3.2]). We include it here for completeness.
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Proof of Theorem 6.3.2. Let X be the number of k-APs in P,,. By Theorem 6.3.1
there are ©(n?/log"n) k-APs in P, and so we have E(X) = O(p'n?/log"n). If p =
o(n=?/*logn) then E(X) = o(1). By Markov’s inequality, P(X > 1) < E(X) = o(1) and
in particular P(X = 0) = 1 — o(1), as required.

For the 1-statement, pick an arbitrary ordering of the k-APs in P, and let X; be the

indicator variable for the ¢th k-AP to appear in P,,,. Formally,

1 if the 7th k-AP lies in P, ,
Xi -

0 otherwise.

Now we bound the number of pairs of k-APs in P,, that share exactly one element: first
fix a prime ¢ € P,, (O(n/logn) choices) and then pick two k-APs in P, that contain ¢
(O(n?/log*~%n) choices by Lemma 6.3.3). Thus, there are O(n?/log®* ' n) such pairs.
Furthermore, there are O(n?/log® n) pairs of k-APs in P,, that share at least two elements
(since a k-AP is uniquely determined by two elements and their positions within the k-
AP).

Note that X = ZXZ It follows that

3 k 2
n o n B
Var(X) =) Cov(X;, X;) < Y E(X;X;) =0 (szk N e t)’
i7j

ij log n t=2

where here the sums are only for ¢, j (including ¢ = j) such that the ith and jth k-APs in

P,, intersect. Chebyshev’s inequality yields

P(X = 0) < Var(X) _0 (logn _'_ilogkn) '

2 2
E(X) np = n’pt

If p = w(n=?*logn) the RHS of the equality above is o(1) and so P(X = 0) = o(1), as

required. ]
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A.3 Deducing the 1-statement of the random Ram-

sey theorem from Theorem 6.8.7

In this section we show that Theorem 6.8.7 implies the 1-statement of Theorem 6.5.1.

Let H be as in the statement of Theorem 6.5.1. Write E(H) = {hi,...,heum)} and
let r > 2. Without loss of generality we may assume that H has no isolated vertices. For
n € N, let H,, be the e(H)-uniform ordered hypergraph with vertex set V(H,,) := E(K,)
where an ordered e(H)-set (e1,...,eqm) € (E(K,))*") is an edge of H, if and only if
there is an injective graph homomorphism ¢ : H — K, such that g(h;) = e; for every
i € le(H)]; in other words, there is a copy of H in K, with edges ey, ..., e.) where e;
plays the role of h; for every i € [e(H)].

For brevity, we write H := H,. For W C [e(H)], let Hy be the subgraph of H
spanned by the set of edges {h; : i € W} C E(H); so Hy contains no isolated vertices.

Recall that the restriction Hy of H was defined just after Remark 6.8.5.

Claim A.3.1. We have e(Hw) = O(n*Hw)) for every W C [e(H)].

Proof of the claim. Say W = {ti,...,tjw} where t; < --- < ty. Then, provided
n > v(H), an ordered |[W|-set (e1,...,ew|) € (E(K,))™!is an edge of Hy if and only
if there is an injective graph homomorphism ¢ : Hy — K, such that g(h;,) = e; for
every i € [|[W]]. There are O (n”(HW)) such homomorphisms. Conversely, at most 2/
injective homomorphisms g : Hy — K, correspond to the same edge in Hy.2* Hence

e(Hw) = © (n°w)) as claimed.

We can now compute p(H). We have v(H) = e(K,) = (}). This and Claim A.3.1

2

24More precisely, there are exactly 2 injective homomorphisms ¢ : Hyr — K, that corresponds to the
same edge in Hy, where a is the number of isolated edges in H which lie in Hyy.
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yield

o= (Sa) T -e ((”;HW))(HW)> So ().

Note that <w)=1 _ do(Hw) when |W| > 2. Thus, we have

’U(Hw)—Q
e(HW) —1 /
—— < = . .
i) —2 = () = el 42

By assumption, H contains a connected component K with at least two edges. We

have dy(K) = z%g:; > 1 since K is connected. Suppose the value of mq(H) is achieved by
H' C H. Then H' contains at least two edges, since do(H') > do(K) > 1. Furthermore,
H' has no isolated vertices. Indeed, deleting an isolated vertex from H’' would yield a
subgraph H” of H with dy(H") > dyo(H'), a contradiction. Set W := {i : h; € E(H")}.
Since H’ has no isolated vertices, it follows that Hy = H’. Furthermore, |W| > 2 since

H’ has at least two edges. We have dy(Hy ) = do(H') = mo(H), and so equality holds
in (A.2). That is,

IVIVIEa[i% U(Hw) -2 n m2(H)
[W|>2

Using the equality above, taking the maximum over all W C [e(H)] of size at least 2
in (A.1) yields
P(H) =© (n 7 ).
Next, we verify conditions (P1)-(P4).
(P1): Recall we proved that mo(H) > 1. This inequality implies n~ ™ 5 0 and

n¥ T 5 00 as n — co. In particular, p(H) — 0 and p(H)v(H) — oo as

n — 00.

(P2): By Ramsey’s theorem, there exists an m € N such that any r-edge-colouring of K,,
yields a monochromatic copy of H. For n > m, pick an r-edge-colouring of K.

Every subset of V(K,) of size m contains a monochromatic copy of H, and each
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(P4):

copy of H belongs to (Z__f](gl))) subsets of V(K,) of size m. Thus, the number of

monochromatic copies of H in K, is at least

() ><Q>”<H>.
(ni))

Equivalently, given any 7-colouring of the vertices of H, there are at least (n/m)*()

monochromatic edges in H. By Claim A.3.1 we have e(H) = e(Hemry) = O(n*1).
Together, this implies that the sequence of ordered hypergraphs (H,)nen is r-

supersaturated.

: Let W CY C [e(H)]. Given (e1,...,emw|) € Hw, there are at most n*(Hv)=v(Hw)

edges in Hy that restrict to (e1,...,ew). This is because each such edge corre-
sponds to an injective graph homomorphism ¢ : Hy — K, with g(h;) = e; for every
i € W. For all such homomorphisms, the images of the edges in E(Hy/) are fixed,

and we have at most n*v)=v(Hw) choices for the image of V(Hy) \ V(Hy). Thus,
AW(HY) < nUHy)—v(Hw)

By Claim A.3.1, we have e(Hy ) = O(n*#W)) and e(Hy) = O(n"#)). Combining

this with the previous inequality yields

w20 (50

and so condition (P3) holds.

Let W C Y C [e(H)] with |W| = 1. Note that E(Hwy) = V(H). This combined

with condition (P3) gives

s 0 (40) -0 (23)

and so condition (P4) holds.
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Since conditions (P1)—(P4) hold, by Theorem 6.8.7 we obtain the following 1-statement.

There exists some C' > (0 such that

lim P [H™ is r-Ramsey| =1 if ¢ > Cn~ o (7
n.q

n—oo

This is equivalent to
1
lim P[G,, is (H,r)-Ramsey] =1 if p > Cn ™m0,

n—oo

which is precisely the 1-statement of Theorem 6.5.1.
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APPENDIX B

The content of this appendix is related to Chapter 6. Namely, this appendix includes
rigorous proofs of the results stated in Section 6.13, as well as the version of the simplified
random Rado lemma used in the proof of Theorem 6.6.4. Section B.1 covers the proofs
of Theorems 6.13.1, 6.13.3, and 6.13.6; these proofs involve applying the random Rado
lemma and its simplified version in the relevant settings. Section B.2 covers the proof of
Theorem 6.13.5, the resilience-type result about primes presented in Section 6.13. Finally,
in section B.3, we provide further details about an analogue of the simplified random Rado
lemma which is applicable to matrices whose entries are elements from a field. This is the
tool used in the proof of Theorem 6.6.4.

The proofs appearing in this appendix are the result of collaborative work with Robert
Hancock and Andrew Treglown, although they are omitted from the arXiv version of the

paper [55] covering the material of Chapter 6.

B.1 Proofs of Theorems 6.13.1, 6.13.3 and 6.13.6

B.1.1 Proof of Theorems 6.13.1

We will use the following fact.

Fact B.1.1. Let A be an integer matriz. There exists some constant C' = C(A) > 0 such

that | rankz, (A) — rank(A)| <log, C' for alln € N with n > 2.

Proof. Let A be an ¢ x k integer matrix and n € N with n > 2.
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First, we bound the number of solutions to Ax = 0 in Z, from below. Let B be a
matrix formed by a maximal set of linearly independent rows of A. In particular, B is
a rank(A) x k matrix and rank(B) = rank(A). Pick W C [k] maximal such that the
columns of By, are linearly independent. Hence, we have |W| = rank(A) and By is a
rank(A) x rank(A) invertible matrix. Thus, there exists an inverse matrix By of By
whose entries are from Q. Let D € N be so that for every entry e of By;! we have e-D € Z.

Pick yo € [n] Wl such that every entry of yq is divisible by D. For n > 2D, there are

n W n \ W n \ k—rank(A)
5-1) 2Gs) =(Gp)
D 2D 2D

possible choices for yo. For a fixed choice of yg, let y; := — By, (Byyo). Note that Byyo

at least

is a vector whose entries are integers divisible by D. By definition of D, it follows that y;

is a vector with integer entries. Let y € [n]* with yw = y1 and y57 = yo. We have
By = Bwyw + Byyw = Bwiyr + Byyo = 0.

Furthermore, since the rows of B span the rows of A, we have Ay = 0. Treating the
entries of ¥y modulo n yields a solution to Az = 0 in Z,. Note that different choices of
Yo produce different solutions in Z,. Hence, the number of solutions Az = 0 in Z,, is at

least (n/(2D))*2k(A) (for n > 2D). In particular,

2D

( n >krank(A) < nk_rankz/:n(A)

and so
rankz, (A) < rank(A) + log, (2D)". (B.1)

Note that for 2 < n < 2D we have rankg, (A) < k = logy,(2D)* < log,(2D)*. Thus,
inequality (B.1) holds for all n € N with n > 2.

Next, we bound the number of solutions to Az = 0 in Z, from above. Pick U C [£]
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maximal such that the columns of Ay are linearly independent. In particular, |U| =
rank(A). Let a be the largest entry of A in absolute value.

We have nlUl = pk—rank(4) choices for a7. For zp fixed, the number of choices for zy
is precisely the number of solutions y to Ayy = —Agay in Z,. In turn, this is at most
the number of solutions Ayy = b in [n] where b is a vector with integer entries which lies
in the residue class b = —Agary modulo n. Note that Ayy = b cannot have a solution in
[n] if one of the entries of b has absolute value larger than a - k - n. Hence, there are at
most 2ak + 1 choices for each entry of b, and therefore at most (2ak + 1)* choices for b,
such that Ayy = b has at least one solution in [n]. In fact, for b fixed, there is at most
one solution to Ayy = b in [n] since the columns of Ay are linearly independent.

It follows that

nk—ranan(A) < (2&]{3 + 1)knk—rank(A)

and so

rank(A) < ranky, (A) + log,, (3ak)". (B.2)

Inequalities (B.1) and (B.2) imply the required statement, where we take C' := max{(2D)*, (3ak)*]

O

The following is a simple corollary of Fact B.1.1.

Corollary B.1.2. Let A be an irredundant partition reqular matriz. For n sufficiently

large, m(A) and mz, (A) are well-defined and n="/™A) = @(n'/mz.(A),

Proof. Say A is an ¢ x k matrix. Firstly, by Fact B.1.1, there is a constant C' > 1 such
that |rankz, (Aw) — rank(Aw )| < log,, C for every W C [k] and n € N with n > 2.
As A is irredundant and partition regular, it is also abundant. Hence, for every

W C [k] with [W| > 2, we have rank(Ayr) > rank(A) — [WW] 4 2, as the rank decreases by
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at most one after deleting a column. This implies

|[W| — 1+ rank(Ayr) — rank(A4) > 1

and, for n > C?,

|W| — 1+ rankg, (Ayr) — rankyg, (A) > 1 —2log, C' > 0.

Therefore, m(A) and mg, (A) are well-defined.

Furthermore, we have

[W| =1+ rank(Ap) —rank(4)  |[W| -1+ rankyg, (Aw) — rankg, (A)

<21 C.
W—1 W—1 = 2%

The above inequality implies [1/m(A) —1/mgz, (A)| < 2log, C. It follows that, for n large,

pl/m(A)=1/mz, (D] < 02 and so 0~ Y™ = @(n~1/man (), ]

Proof of Theorem 6.13.1. We apply Lemma 6.7.8. As Z,, is an abelian group, (A,Z,) is

I-rich. Furthermore, my, (A) is well-defined for n large. Hence, by Lemma 6.7.32, we have

p = p(A,Z,) = n~/mA) By Corollary B.1.2, we have p = O(n~Y/™A), It remains

to verify that conditions (A1)—(A6) hold. The statement of Theorem 6.13.1 then follows

from the conclusion of Lemma 6.7.8.

Say A is an ¢ X k matrix. By Fact B.1.1, there is a constant C' > 1 such that

| ranky, (Aw) —rank(Aw )| < log, C for every W C [k] and n € N with n > 2. Note that,

since A is irredundant and partition regular, it is also abundant.

(A1):

(A2):

We have p = O(n~Y/™WD) — 0 and |Z,[p = O(n'~Y/™A) - o0 as n — oo, since

m(A) > 27 > 1. The first inequality follows since A is full rank.

Let » € N. Given an r-colouring ¢ : Z, — [r], let ¢* : [n] — [r] where ¢*(z) =
¢([*]mod n). By Theorem 6.4.5, there is a constant § > 0 such that, for n large

enough, there are at least én*~* monochromatic solutions (with respect to c¢*) to
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Az =0 in [n]. Each such solution induces a distinct monochromatic solution (with
respect to ¢) to Az = 0 in Z,. Hence, there are at least én*~* monochromatic
solutions to Ax = 0 in Z,. Since there are at most ©(n*~*) solutions to Ax = 0
in Z, (see, e.g., inequality (B.2) in the proof of Fact B.1.1), (Z,)nen is (A, 7)-

supersaturated for every r € N.

: By Corollary 6.7.21, (A, Z,) is 1-extendable for every n € N.

: Let W CY C [k] with W =1 and wy € Z,,. We have

| SOIQH (W)| — nlfrankzn (A)+rankz,, (Awr) > (1/02) . nlfrank(AH»rank(AW) _ (1/02) ‘n

where the first equality follows from Corollary 6.7.19 ((A,Z,,) is 1-rich), the second
inequality follows from Fact B.1.1, and the last equality follows from rank(A) =
rank(Aysr) (A is abundant).

Since (A, Z,,) is 1-extendable, we have

| Sol?n (wo, W, Y)| <

: Let W C [k] with |W| = 2. By Corollary 6.7.19 ((A,Z,) is 1-rich), we have

2z _ ZJ? s Z?
|SOl£ (W)| - ’Zn‘|W|—ranan(A)+ranan(AW) - |Zn||W|—rank(A)+rank(AW)-

Since rank(A) = rank(Ay;) (A is abundant), the above implies

2

[Sol2 (1] = (B:3)

Recall (A,Z,) is 1-rich. Furthermore, (A, [n]) is 0-rich, where ¢ € (0,1) is the

constant given by, e.g., Theorem 6.4.5. Let Y C [k| with |Y| > 2. Applying
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Corollary 6.7.19 to both (A,Z,) and (A, [n]), and using Fact B.1.1, it is easy to
show that | Sol7 (Y)| = ©(] Solﬁl](Y)D. In particular, py (4, Z,) = O(py (A4, [n])).

Since (A, [n]) is y-rich and abundant, and rank(A) > 0 (as A is full rank), by
Lemma 6.7.26 there exists X C [k] with | X| > 3 such that px (A, [n]) = O(p(A, [n]))

and, for every W' C X with |[W’| > 2,

pw (4, [n])

n’l/’“2 .
(A =00

It follows that

pw(A,Zn) _ o (w4, [n])
rx (A, Z,) © <pX(A, ) > —0 (B.4)

as n — oo. Furthermore, p(A4, [n]) = ©(n~ /™AW = O(p) by Lemma 6.7.32, and so

px (A, Zn) = B(px (A, [n])) = ©(p).

Combining (B.3) and (B.4) yields that (Z,),en is compatible with respect to A.

. Inequality (B.3) immediately implies (Z,)nen is weakly compatible with respect

to A.

B.1.2 Proof of Theorem 6.13.3

We apply Lemma 6.7.33. It suffices to verify conditions (C1)—(C5): the statement of the

theorem follows immediately from the conclusion of the simplified random Rado lemma

(Lemma 6.7.33). Note that conditions (C1), (C4) and (C5) hold by assumption.

(C2):

Say A is an ¢ x k matrix. By Green’s generalised version of Szemerédi’s theorem for
finite abelian groups [70], as A is translation-invariant with respect to S,, for every

n, there exists some € > 0 such that the following holds. For every n € N, any
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2-colouring of S, yields at least e[ Sol§ ([k])| monochromatic solutions to Az = 0 in

Sy. In particular, the sequence (S, )qen is (A, 2)-supersauturated.

(C3): As S, is an abelian group, (A, S,,) is 1-rich for every n € N.

[
B.1.3 Proof of Theorem 6.13.6
Let Sy, := (Z25)" for every n € N. For W C [4], it is easy to check that
(
|Sn? if (W] = [4],
| Solg, (W) = S [S,[WI=U7 i {34}y C W # [4], (B.5)
S, [V otherwise.
\
It immediately follows that, for |W| > 2,
(
, S| 272 if (W] = [4],
| Solg, (W)} ™
pw (A, S,) = <|‘;—n| = Q0 [S,[~WI=/D/WI-D§f {3 4} C W £ [4],
|51 otherwise.
\
(B.6)

In particular, we have p(A, S,,) = 10[41(,47 S,) = |Sn|*2/3 _ (128)*2”/3.
It remains to verify that conditions (A1)—(A6) of Lemma 6.7.8 hold for (S,,)en and

A: the statement of Theorem 6.13.6 follows from the conclusion of Lemma 6.7.8 and

pi=p(A,S,) = (128)~2/3,
(A1): We have p = (128)72"/3 — 0 and p|S,| = (128)"/% — 0o as n — oo.

(A2): Observe that Zisg is an abelian group with exponent 128 and A satisfies the 128-
columns condition as 2 + (—2) + 63 + 65 = 0 (mod 128). By Theorem 6.4.8, the

sequence ((Zi28)")nen is (A, r)-supersaturated for every r € N.
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(A3):

(A4):

(AB):

As (Zy28)™ is an abelian group, by Corollary 6.7.21 (A, (Z195)") is 1-extendable for

every n € N.

Let W C Y C [4] with [IW| = 1 and wy € S,,. By (B.5), |Solg (W)| = |S,|. Since

(A, S,) is 1-extendable, we have

| Sols, (V)| _ [ Solg, (V)]
Solg, (W) Sl

SOl (o, W Y)] <

and so condition (A4) holds.

Let W, W’ C [4] with [W| = 2 and |W’| > 2. We have |Solg (W)| > [S,|"*9/7
by (B.5) and py+(A, S,) < |S,|7%7 by (B.6). Thus

|Sn|2 (pW'(A, Sﬂ))lW!l - |Sn|2 <|Sn|6/7>2_1
| Solg, (W) \ pay(A, Sn) B RN M

=[S, = (128) " = 0

as n — oo. Since |[4]| > 3, it follows that (S,,)nen is compatible with respect to A

: For every W C [4] with |[W| = 2 we have | Solg (W)| > |S,|**%" and thus

‘ASnl S |Sn|_6/7 — (128)—6n/7 =0
| Solg, (W)

as n — oo. It follows that (.5,),en is weakly compatible with respect to A.

B.2 Proof of Theorem 6.13.5

We deduce Theorem 6.13.5 from the following statement.

Theorem B.2.1. Letr > 1, k > 2 be integers and let §,c > 0. Suppose that (H,)nen 1S a

sequence of k-uniform hypergraphs. Let (pp)nen with p, € (0,1) be such that p, — 0 and

258



pnv(Hy) — 00 as n — oo, and for each sufficiently large n € N and each { € [k], we have

Moreover, suppose that for any ~v > 0 there exist €,ng > 0 such that for all n > ngy the
following holds. However any X C V(H,,) with |X| > yv(H,) is r-coloured, there are at
least ee(H,,) monochromatic edges.

Then there exists C' > 1 such that, for ¢, > Cp,, w.h.p. ngjn has the property
that for any subset X C V(H'd ) with |X| > ov(H'e), any r-colouring of X yields a

monochromatic edge.

B.2.1 Deducing Theorem 6.13.5 from Theorem B.2.1

Pick r > 1, k >3 and § > 0. Let ¢ = ¢(r, k,d) > 0 be sufficiently large. For every n € N,
let ‘H,, be the k-uniform hypergraph with V(H,,) = P, and {vy,...,v;} is a k-edge of H,,
if and only if its elements form a k-AP in P,,. In particular, we have v(H,,) = ©(n/logn)
by the prime number theorem and e(H,) = ©(n?/log" n) by Theorem 6.3.1.

Let p, = n=/#Dlogn. We have p, — 0 and v(H,)p, — oo as n — oo, since k > 3.
Note that there are at most (g) k-APs in Z containing two given fixed integers. Thus, for

2 <l <k, we have Ay(H,) < (g) and in particular

log" ' n n log™ 1 n n _e(H,
Ay(Hn) =0(1) =0 ( ° : kln) <0 ( géfl ) k1n> < C(pn)g 1e(#)

n log N

where the last inequality holds for ¢ > 0 large enough.

By Lemma 6.3.3, we have

1

A(H,) =0
1(Fn) (logk_ n

)<

where again the last inequality holds for ¢ > 0 large enough.

Finally, observe that the moreover statement in Theorem B.2.1 holds by Lemma 6.13.4.

259



As the assumptions of Theorem B.2.1 hold, we conclude that there exists C' > 0 such that
if ¢, > Cp, then w.h.p. for any subset X C P, , with |X| > 0|P,,|, whenever X is

r-coloured there is a monochromatic edge in H,,, that is, a monochromatic k-AP. O]

B.2.2 Proof of Theorem B.2.1 via containers

We deduce Theorem B.2.1 from Proposition 6.9.2. Note that we use the same notation
introduced in Section 6.9.1.

Let » > 1, k > 2 be integers and d,c > 0. Note that it suffices to prove the theorem
under the additional assumptions that § < 1 and ¢ > k. Pick v := §/4 and let € > 0 be

so that the moreover part of Theorem B.2.1 holds with respect to v and . Define

e'k

g = 2%, and ¢&":= — (B.7)

As ¢ > k, we have ¢” < &'. Apply Proposition 6.9.2 with &, r, ¢ and €” to obtain D > 0.

Since p, — 0 as n — oo, if n is sufficiently large then
cDp, < ¢ (B.8)

Next we pick a constant C' > 1 large enough so that the last inequality (t) in (B.10) below

holds for all n sufficiently large and
b D
———=—7>0. B.9
5o (B.9)

Let F, :=={F C V(H,) : e(Hu[F]) > €'e(H,)}. Clearly F, is increasing and #H,, is
(Fn,€’')-dense. Since £” < &', we know H,, is also (F,,,e”)-dense. Further, for all F' € F,,

we have

ke'e(Hn) < ke(Hno[F]) = Zdegﬂn[p](y) < 1 F1A () < %7

yeFr

260



where the last inequality uses the bound on A;(H,). Rearranging gives

'k .
(B:7) "

FI 2 o) 2 o),

for all F' € F,,, thus H,, and F,, satisfy the hypotheses of Proposition 6.9.2 with parameters
k,r,c,e” and p,, provided n is sufficiently large. Apply Proposition 6.9.2 to obtain the
family S, C Z,(H,) and functions f : S, — (F,)" and g : Z,(H,) — S,.

Now let ¢, > Cp,, and let Q,, be the event that there exists W C V(H ) such that

(W[ > (0/2)¢nv(Hy) and H} [W] is not r-Ramsey.

Claim B.2.2. [t suffices to show that P(Q,,) — 0 as n — oo.

Proof of the claim. Let B,, be the event that there exists W C V(H ) such that
(W[ > dv(Hird ) and Hid [W] is not r-Ramsey. Let T, be the event that v(Hid ) >
(1 —=6/2)gnv(Hn).

If both events B, and T}, occur then @, occurs too. This is because 6(1—46/2) > §/2,
as ¢ € (0,1]. In particular, P(7,,)-P(B,,|T,,) < P(Q,,). Furthermore, as v(?—[iﬁgn) follows

a binomial distribution and E(v(H™ )) = ¢,v(H,), then P(T,,) — 0 as n — oo.

n,qn

Suppose P(Q,,) — 0 as n — co. We have

P(Bqn) = P(Tq ) 'P(Bqn|T) + P(an) 'P(B%|an)

<P(Qg,)+P(T,) 1—0

as n — oco. In other words, whp. if X € V(H9 ) and |X| > dv(H)'9 ) then any
r-colouring of X yields a monochromatic edge, which is precisely the conclusion of The-

orem B.2.1.

Since ¢, < ¢, < 1 implies P[Qq ] < P[Q,,], we may assume that ¢, = Cp,. Suppose
that @, does occur, that is, there exists W C V(H' ) such that |[W| > (6/2)gav(H)
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and ’Hiﬁgn [W] is not r-Ramsey. Then there is a partition (Xi,...,X,) € Z.(H,) of W.
By Proposition 6.9.2, there exists S := (S1,...,S5,) := ¢g(X1,...,X,) € S, such that
S C(Xy,...,X;) CSUF(S) and | Ujepy Si| < Dppv(H,,). For brevity, we write f(S) =:
(f(S1),- s F(S0), X(S) == UiernSiy Y (S) := Ui f(Si) and Z(S) := X(S) U Y (S).*

Claim B.2.3. We have |Z(S)| < yv(H,).

Proof of the claim. We bound e(H,,[S; U f(S;)]) for each i € [r]. Since f(S;) € F, we
have e(H,[f(S;)]) < €e(H,). The number of edges in H,[S; U f(S;)] using at least one

vertex from S; is at most

1Si] - A1(Hn) < Dppv(Hy) - c

Thus, in total we have e(H,[S; U f(S;)]) < 2¢’e(H,). Overall we see that the set Z(.5)
can be partitioned into 7 sets {.S; U f(.S;) }icpr so that each set induces at most 2<’e(H,,)
edges in H,.

Since 2¢’ = ¢/r, it follows from the moreover part of Theorem B.2.1 that |Z(S)] <

yo(Hy,).

As XjU---UX, is a partition of W, we must have X (S) C W C Z(S). Also, we have
(W[ > (6/2)gnv(Hn). Tt follows that X(S) € V(K ) and V(HI' ) contains at least
(0/2)qnv(H,) — X (S) vertices in Z(S) \ X(9).

From the above observations and the union bound, we have

P(Qq,) < D P(X(S) SV(HRG) A IVHIG) N (Z(S)\ X(S)] = (6/2)anv(Hn) — [X(5)])

SEeS;
= > P(X(S) S V(HRg)) - BAV(Hg,) N (Z(S)\ X(9))] = (6/2)anv(Hn) — X (S)]).
SES,

We now bound P(Q,,) further. Firstly, it is easy to see that P(X(S) C V(Hrd )) =

n,gqn

25Note the slight abuse of the f notation here.
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S
dXO

Since | X (9)| < Dp,v(H,) and ¢, = Cp,, we have

(0/2)anv(Mn) = [X(S)] = (6/2)gnv(Hn) = Dpnv(Hn) = (6/2 = D/C)gnv(Hn).

Thus,

P(Qq,) < D aX PV (HG,) N (Z(S)\ X(9))] = (6/2)anv(Ha) — 1X(5)])

SeS,
< D @O PV N Z(S)] 2 (6/2 = D/C)anv(Ha))-
SEST
Let R := |[V(HM YN Z(S)|, t := (§/2—D/C —~)/y and n := t>y/3. Note that
t > 0 by (B.9). By Chernoff’s bound, for any f > 0 we have P(R > (1 + 5)E[R]) <

2exp(—FE(R)/3) < 2exp(—(8 — 1E(R)/3). As E(R) = ¢,|Z(S)| and |Z(S)| < yv(Hn)
(by Claim B.2.3), we have

P(|V(Hg,) N Z(S)] = (6/2 = D/C)guv(Ha)) =PIV (Hyy,) N Z(S)] = (t + 1)gnyv(Ha))

n,qn

= p (Vi) 0 2) > i) < 2o (- (e - 1) By s)

< 2exp (— (”Z”Ef;‘)")) E<R>/3) = 2exp (— (t7/3)gut(Ha)) = 2exp (—nau0(H,))

It follows that

P(Qy) <2 ¢ exp(—ngnv(Hy)).

SEST
Recall that for every S = (Si,...,S,) € S, we have | Uiy Si| < Dpnv(H,). We may

bound |S,| from above as follows: choose a set of i < Dp,v(H,) vertices from V(H,,) and
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then take an (ordered) partition of these vertices into r classes. Therefore we have,

Dpn’l)(Hn) 7_[
Qq < 2 Z @ )l g=nanv(Hn) <2 <U( _ n))riq;e"q"”m")
SES, i=0 t
Hy)
< 2(Dp, . 1 n Dpnv(Hn) v( n —Ngnv(Hn)
< 2(Dpnv(Hn) + 1)(rqn) Dpov(H,))©
Dan(HTL)
TQneU(Hn)) — (Hn)
<2(Dp,v(H,)+1 (— e 1nv(Hn

C Zanv(Hn)
= 2(Dp,v(H,) + 1) (7’; ) =0 (M)

(1)
< Qe (Hn)/2, (B.10)

Note that the equality follows since ¢, = Cp,. Now using that p,v(H,) and hence
qnv(H,) tends to infinity as n — oo, the above probability tends to zero as n — oo, as

required. O

B.3 A simplified random Rado lemma for Theorem 6.6.4

In the proof of Theorem 6.6.4, we require an analogue of the simplified random Rado
lemma (Lemma 6.7.33) which can be applied to the case where A is a matrix with entries
from a field F and the sequence {S,}nen satisfies S,, = F™ for every n € N. For com-
pleteness, in this section we rigorously state such result (Lemma B.3.23) and provide the
reader further details about its proof.

All the terminology and proofs are almost word-by-word identical to the case where
the entries of the matrix are integers. Indeed, the following four subsections mirror the

four subsection of Section 6.7.

B.3.1 Analogue of the random Rado lemma for fields

First, we prove an analogue (Lemma B.3.8) of the random Rado lemma (Lemma 6.7.8) for

matrices with entries from a field. The following are the formal definitions of k-distinct,
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irredundant and (A, r)-Rado for this setting.

Definition B.3.1. Let [F be a field and A be an ¢ x k matrix with entries from F. Let S

be a finite subset of F? for some d € N.

e We say a solution z € S* to Az = 0 is k-distinct if the entries of z are pairwise

distinct.

e We say A is wrredundant with respect to S if there exists a k-distinct solution to

Arx=0in S.

e For r € N, we say S is (4,r)-Rado if any r-colouring of S yields a k-distinct

monochromatic solution to Az = 0.

The following definitions are identical to those from Section 6.7, except that A is a
matrix whose entries are elements from a field F and S, S,,, etc. are subsets of powers of

F. Given a k-set (;)icir) and W C [k], we write y for the |W|-set (2;)icw.

Definition B.3.2 (Projected solutions). Let F be a field and A be an ¢ X k matrix with
entries from F. Let S be a finite subset of F? for some d € N. Let W C Y C [k] and
wy € S, The set of projected solutions Solg (wo, W, Y') is the set of vectors y € S such
that there exists a solution # € S* to Ar = 0 with 2y = y and 2y = wy. For brevity, we
write Solg (Y) := Sol4(0,0,Y), i.e., Sola(Y) is the set of vectors y € S!¥I such that there
exists a solution z € S* to Az = 0 with zy = y. In particular, Sol§([k]) is the set of all

solutions to Az =0 1in S.

Definition B.3.3 (Probability threshold for fields). Let F be a field and A be an ¢ x k
matrix with entries from F. Let S be a finite subset of F¢ for some d € N. For every

W C [k], we let

pw (A, S) = (%) whr
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Additionally, we let

ﬁ(Aa S) = max pW<A7 S)
W C|[k]
IW[>2

Definition B.3.4 (Supersaturation). Let ' be a field and A be an ¢ x k matrix with
entries from F. Let (S,)nen be a sequence of finite sets such that for every n € N there
is a d € N such that S,, C F?. For r € N, we say that (S, )nen is (A, r)-supersaturated if
there exist an € > 0 and ng € N such that the following holds: if n > ng then whenever

Sy, is r-coloured there are at least €| Solgn([k‘m monochromatic solutions to Az =0 in 5,.

Definition B.3.5 (Extendability). Let F be a field and A be an ¢ x k matrix with entries
from F. Let S be a finite subset of F? for some d € N. Let B > 1 be a real number. We
say the pair (4, S) is B-extendable if for all non-empty W C Y C [k] and any wy € S/

we have

[Sol§(Y)]

Sold(we, W,Y)| < B .
S ]

Definition B.3.6 (Compatibility). Let F be a field and A be an ¢ x k matrix with entries
in F and k£ > 3. Let (S,)nen be a sequence of finite sets such that for every n € N there
is a d € N such that S, C F?. We say (S, )nen is compatible with respect to A if there
exists a sequence (X, )nen of subsets X, C [k] with |X,,| > 3 for all n € N such that the
following holds. We have px, (A, S,) = Q(p(A4, S,)) and, for all sequences (W,,),en and
(W) nen with W,,, W! C X, such that |W,| =2 and |W/| > 2,

|Sn|2 (PW,Q(A, Sn)>|W4L—1 o
|Sol§ (W) \px..(A, Sh)

as n — oQ.

Definition B.3.7 (Weak compatibility). Let F be a field and A be an ¢ x k matrix with

entries in F and k£ > 2. Let (S,)nen be a sequence of finite sets such that for every n € N
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there is a d € N such that S, C F% We say (S, )nen is weakly compatible with respect to

A if for every W C [k] with |W| = 2 we have

EAN
A
[SolZ, ()]

as n — o0.

We can now state the analogue of the random Rado lemma for matrices with entries

from a field.

Lemma B.3.8 (The random Rado lemma for fields). Let r > 2, k > 3 and { > 1 be
integers. Let F be a field and A be an ¢ X k matriz with entries from F. Let (S,)nen be a

sequence of finite sets such that for every n € N there is a d € N such that S, C F¢. Set

Suppose that
(A1) pp, — 0 and |S,|pn — 00 as n — oo;
(A2) (Sp)nen is (A, r)-supersaturated;

(A3) there exists B > 1 such that the pair (A, S,,) is B-extendable for all sufficiently large

n € N;

(A4) there exists D > 0 such that for every W C'Y C [k] with |[W| =1 and wy € S,,, we

V)

have | Sols (wo, W, Y)| < DlSOlS" for all sufficiently large n € N;

(A5) (Sp)nen is compatible with respect to A;
(A6) (Sp)nen is weakly compatible with respect to A.

Then there exist constants ¢,C' > 0 such that

0 if p<cpn,
lim P[S,,, is (A,r)-Rado] =

n—oo

1L ifp=Cpn.
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To prove Lemma B.3.8, we require the following analogue of Lemma 6.7.9.

Lemma B.3.9. Let F be a field and A be an € x k matriz with entries from F and k > 2.
Let (Sp)nen be a sequence of finite sets such that for every n € N there is a d € N with
S, C F. Suppose that conditions (A3) and (A6) from Lemma B.3.8 hold; so there is a
B > 1 such that (A, S,) is B-extendable for every n € N sufficiently large.

For each Y C [k], let k-Solg (Y) be the set of y € S such that there exists a

k-distinct solution x € S* to Ax = 0 with vy = y. For n sufficiently large, we have

1 |k-Sol (V)]

2B = | Sol (V)] =t
Furthermore, forY = k] we have
E-Sold, (K] _
nee [ Solg (KDI
Proof. The proof is word-by-word identical to the proof of of Lemma 6.7.9. [

Proof of Lemma B.3.8. The proof of Lemma B.3.8 is word-by-word identical to the proof

of the random Rado lemma (Lemma 6.7.8), except for:

e We start by considering a matrix A with entries from a field F (instead of integer
entries) and a sequence (S, )nen of finite sets such that for every n € N there is

d € N such that S,, C F? (instead of finite subsets of abelian groups).

e We use Lemma B.3.9 instead of Lemma 6.7.9.

B.3.2 Rank and relevant bounds

In this subsection we prove some relevant bounds on the number of (projected) solutions

which will help simplifying conditions (A1)—(A6) of Lemma B.3.8.
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Recall that Definition 6.7.12 provides a definition of rankg(A) when S is a subset of a
power of a field F and A is a matrix with entries in F. When S = F¢ for some d € N, the
rank rankg(A) can be equivalently defined in terms of the number of solutions to Az =0

in S, as shown by the following fact. This is, in a sense, the analogue of Fact 6.7.15.

Fact B.3.10. Let F be a finite field and S = F¢ for some d € N. Let A be an ¢ x k matriz

with entries from F. The number of solutions to Az =0 in S is |S|F—ranks(4),

Proof. If F = {0p} then the number of solutions to Az = 0 in S is precisely |S|¥. We have
rankg(A) = 0 and so the required statement holds. Therefore, suppose F # {0} and in
particular rankg(A) = rank(A), where rank(A) denotes the rank of A with respect to F.

Let fa: S¥ — S be defined as fa(z) = Az. Note that f, is a group homomorphism.
In particular, by the first isomorphism theorem we have |S|¥ = [im(f4)] - |ker(f4)|.
Let W C [k] so that the columns of Ay are linearly independent with respect to
and W is maximal with respect to this property. Thus, we have |IW| = rank(A). Let
fay Sk 5 S bhe defined as fa,, (v) = Awz. Since the columns of A are spanned
by the columns of Ay in F and S = F? we have im(f4) = im(fa,, ). Furthermore,
vy € S implies fay, (2) # fay (4), and so [im(f4)] = |im(fa, )| = S|,

We conclude that | ker(f4)| = |S|¥/|im(fa)| = |S|* ™) In other words, there are

‘k—rank(A)

precisely |S solutions to Az = 0 in S, as required. m

Remark B.3.11. Note that the statement of Fact B.3.10 is not true if we replace the
condition S = F? with S C F? being a finite abelian group of size at least 2. Indeed,
consider the field F := {0, 1,w,w+1} on 4 elements (0,1 are the additive and multiplicative
identities, 1 + 1 = w4+ w = 0 and w?> = w + 1) and the matriz A = (1 w)- Clearly
rankg(A) = rank(A) = 1 since A is a non-zero matriz. Note that S := {0,1} C F is an
abelian group, and the only solution to Az = 0 in S is x = (0,0). Thus, it is not true

that there are |S|*~! = 2 solutions to Az =0 in S.

The following statements and definitions are identical to those in Section 6.7.2, except

that A is a matrix whose entries are elements from a field F and S, .5,,, etc. are powers of
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subsets of F.

Lemma B.3.12 (Key bounding result). Let F be a field and A be an € x k matriz with
entries from F. Let S = L% for some finite subset L C F and d € N. Then for all

W CY C k] and wy € S™! we have

| Solé(wo, W, Y)‘ < |S‘|Y|7\W\franks(AW)Jrranks(A?). (B.ll)

Proof. The proof is word-by-word identical to Case (ii) of the proof of Lemma 6.7.16. The
only exception is that in the proof of Lemma 6.7.16 we first argue that an integer matrix
can be seen as a matrix with entries from F. We simply skip this step for the proof of

Lemma B.3.12. O

Definition (Richness). Let F be a field and A be an ¢ X k matriz with entries from F.
Let ¢ > 0 and let S = L where L is a finite subset of F and d € N. We say (A, S) is

e-rich if there are at least £|S|F%s(A) solutions to Az =0 in S.

Corollary B.3.13. Let F be a field and A be an ¢ x k matriz with entries from F. Let
S = L4 for some finite subset L CF and d € N. Let 0 < e < 1. If (A, S) is e-rich, then

for every Z C k] we have

5|S‘|Z|*rankS(A)+ranks(A7) < |Sol§(Z)| < ‘S|IZIfranks(A)Jrranks(A?)' (B.12)

Proof. The proof is word-by word identical to the proof of Corollary 6.7.19, except we use

Lemma B.3.12 and inequality (B.11) instead of Lemma 6.7.16 and inequality (6.5). [

B.3.3 Simplifying conditions (A1)—(A6)

We use Lemma B.3.12 and Corollary B.3.13 from the previous subsection to simplify
conditions (A3)-(A6) in Lemma B.3.8. The various statements in this subsection are
identical to the ones found in Subection 6.7.3, except that A is a matrix whose entries are

elements from a field F and S, S,,, etc. are powers of subsets of F. Unless otherwise stated,
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the proofs in this subsection are word-by-word identical to the ones from Subection 6.7.3,
except we use Lemma B.3.12, Corollary B.3.13 and equations (B.11) and (B.12) in place
of Lemma 6.7.16, Corollary 6.7.19 and equations (6.5) and (6.7).

Lemma B.3.14. Let F be a field and A be an ¢ x k matriz with entries from F. Let
S = L? for some finite subset L CF and d € N. If there exists B > 0 such that (A, S) is
(1/B)-rich, then (A, S) is B-extendable.

Proof. Word-by-word identical to to the proof of Lemma 6.7.20. [

Corollary B.3.15. Let F be a field and A be an ¢ x k matrix with entries from F. Then

(A, ) is 1-extendable for every d € N.

Proof. By Fact B.3.10, (A, F9) is 1-rich. Lemma B.3.14 implies that (A4, F¢) is 1-extendable.
[l

Definition (Abundancy). Let F be a field and A be an ¢ x k matriz with entries from
F. Let S = L% for some finite subset L C F and d € N. We say (A, S) is abundant if
rankg(A) = rankg(Ayy) for every W C [k] with |[W| = 2.

For brevity, we will write 0 and 1 for the additive and multiplicative identities of F,

respectively. The next lemma is an analogue to Lemma 6.7.23.

Lemma B.3.16. Let F be a field and A be an ¢ x k matriz with entries from F. Let
S = L% for some finite subset L C F and d € N. If A is irredundant with respect to F?

and 3-partition reqular in S\ {0}, then (A, S) is abundant.

Proof. The proof is word-by-word identical to the proof of Lemma 6.7.23. The only
exception is that in the proof of Lemma 6.7.23 we first argue that an integer matrix
can be seen as a matrix with entries from F. We simply skip this step for the proof of

Lemma B.3.16. O

Lemma B.3.17. Let F be a field and A be an ¢ X k matriz with entries from F. Let

S = L% for some finite subset L C F and d € N. Furthermore, assume that (A,S) is
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abundant and e-rich for some 0 < e < 1. Then, for every W CY C [k] with |[W| =1 and

wy € S we have | Solg (wy, W, Y)| < | Solg(Y)|/(]S]).
Proof. Word-by-word identical to the proof of Lemma 6.7.24. O

Lemma B.3.18. Let F be a field and A be an { x k matriz with entries from F. Let
S = L% for some finite subset L C F and d € N. Furthermore, assume that (A, S) is

abundant and e-rich for some 0 < e < 1. Then for any W C [k] with |W| = 2, we have

Elk

1
B el B
]Solé(W)\ ¢

Proof. Word-by-word identical to the proof of Lemma 6.7.25. [

Lemma B.3.19. Let F be a field and A be an € X k matriz with entries from F. Let
S = L4 for some finite subset L CF and d € N. Let 0 < & < 1. Suppose rankg(A) > 0.
If (A,S) is e-rich and abundant, then there exists X C [k] with |X| > 3 such that
px(A,S) > ep(A,S) and for every W' C X with |W'| > 2 we have

Proof. Word-by-word identical to the proof of Lemma 6.7.26. O

B.3.4 Analogue of the random Rado lemma for fields

We are now ready to formally state the analogue (Lemma B.3.23) of the simplified random
Rado lemma that we use in the proof of Theorem 6.6.4. The following statements and
definitions are identical to those in Section 6.7.4, except that A is a matrix whose entries

are elements from a field F and 5, .5, etc. are powers of subsets of F.

Definition B.3.20. Let F be a field and A be an ¢ x k£ matrix with entries from F. Let
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S = L% for some finite subset L C F and d € N. We set

wi-1
e . B.1
mg(A) ﬁ?ﬁ |[W| — 14 rankg(Ayr) — rankg(A) (B.13)

Here rankg(Agr) = 0 if W = 0. We call A strictly balanced with respect to S if the

expression in (B.13) is maximised precisely when W = [k].

Remark B.3.21. Observe that mg(A) is not always well-defined since the denominator

in (B.13) might be zero. However, if (A,S) is abundant then for all |W| > 2 we have
rankg(Ayy) > rankg(A4) — |W/| + 2, (B.14)

since the rank of a matriz can decrease by at most one by deleting a column. If (B.1/4)
is satisfied then the denominator in (B.13) is always strictly positive and so mg(A) is

well-defined in this case.

Lemma B.3.22. Let F be a field and A be an ¢ x k matriz with entries from F. Let
S = L% for some finite subset L CTF and d € N. Let 0 < e < 1. If mg(A) is well-defined
and (A, S) is e-rich then

|S|"7@ < p(A, S) < (1/2)|S| 7.

Proof. Word-by-word identical to the proof of Lemma 6.7.32, except we use Corollary B.3.13

and inequality (B.12) instead of Corollary 6.7.19 and inequality (6.7). O

We can now state the simplified version of Lemma B.3.8.

Lemma B.3.23 (Simplified random Rado lemma for fields). Letr > 2, k > 3 and ¢ > 1
be integers. Let F be a field and A be an € X k matriz with entries from F. Let (S,,)nen be
a sequence where S, = L% for some finite subset L C F and d € N, for every n € N. Set

Pn = p(A, S,). Suppose that
(C1) pn — 0 and |S,|p, — 00 as n — 0o;
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(C2) (Sp)nen is (A, r)-supersaturated;
(C3) there exists 0 < e <1 such that (A,S,,) is e-rich for every sufficiently large n € N;
(C4) (A, S,) is abundant for every sufficiently large n € N;

(C5) given any n € N there exists X,, C [k] with |X,| > 3 such that px,(A,S,) =
Q(p(A, S,)) and for every sequence (W) )pen with W) C X, and |W)| > 2 we have

—0
Px, (A7 Sn)

as n — 0.

Then there exist constants ¢, C' > 0 such that

1
0 prSC’Sn| mSn(A),
lim P[S,, is (A,7)-Rado| =

n—oo

1
1 ifp>C|S,| ™™

Proof. Word-by-word identical to the proof of Lemma 6.7.33, except for:

e We start by considering a matrix A with entries from a field F (instead of integer

entries) and a sequence (S, )nen of powers of finite subsets of F.

e We apply Lemma B.3.14, Corollary B.3.15, Lemma B.3.16, Lemma B.3.17,
Lemma B.3.18, Lemma B.3.19 and Lemma B.3.22 from the previous subsection in-
stead of Lemma 6.7.20, Corollary 6.7.21, Lemma 6.7.23, Lemma 6.7.24, Lemma 6.7.25,

Lemma 6.7.26 and Lemma 6.7.32 from Section 6.7.3.
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