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Abstract

Given graphs F' and G, a resolvable F-decomposition of G is a partition of its
edges into F-factors. We study the existence of resolvable cycle and clique decom-
positions in graphs with high minimum degree and pseudo-random graphs.

We show a Dirac-type result for the uniform case of the Oberwolfach problem
and make progress towards a conjecture by Glock, Joos, Kim, Kithn and Osthus.
Specifically, we prove that for any a > 0 there is an integer ry such that for any
r > 19, any sufficiently large graph G on n vertices, with r | n, even degree, and
minimum degree (1/2 + a)n, has a resolvable C,-decomposition. The term 1/2 in
the minimum degree bound is best possible.

We show that any sufficiently large pseudo-random graph that satisfies the
necessary divisibility conditions has a resolvable K,-decomposition.

We also prove the analogue for multipartite graphs. That is, any sufficiently
large r-partite pseudo-random graph that satisfies the necessary divisibility con-
ditions has a resolvable K,-decomposition.

Our methods are purely combinatorial and combine ‘iterative absorption” with
a new technique on finding a fractional decomposition in an ‘extended graph’.
Finally, we discuss the consequences of our results and some potential applications

of the methods into other resolvable decomposition problems.
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CHAPTER 1

INTRODUCTION

The study of decomposition problems in combinatorics dates back to the 18th
century with Euler’s study on the existence of mutually orthogonal Latin squares.
Ever since, new decomposition problems have been formulated and extensively
studied; some of them becoming notorious and of high interest among mathe-
maticians. In essence, a decomposition problem asks for the partition of a large
structure into smaller, and often organised, substructures. In particular a graph
decomposition consists of partitioning the edge set of a given graph. Algebraic
methods have often been used to obtain decomposition results in graphs with a
highly symmetric structure (e.g. the complete graph K, ). However, during the
20th century the use of probabilistic techniques in graph theory was initiated and
popularised by Paul Erdos and led to many graph decomposition results relying
on combinatorial and probabilistic arguments. These methods allowed to obtain
decomposition results on graphs which are far from being complete and satisfy
instead certain global properties. In this thesis we will study decompositions of
graphs with high minimum degree into cycles of fixed length and decompositions

of pseudo-random non-partite and partite graphs into cliques of fixed size.



1.1 Graph decompositions

Given graphs F' and G, an F'-decomposition of G is a partition of its edge set
E(G) into copies of F. Let K, denote the complete graph on n vertices. A Kj-
decomposition of K, is known as a Steiner triple system of order n. In 1847,
Kirkman [50] showed that a Steiner triple system exists if and only if n = 1,3
mod 6. This became one of the first results in design theory. It is not difficult
to see that n = 1,3 mod 6 is a necessary condition for the existence of a Steiner
triple system. Indeed, if a graph G admits a K,-decomposition then e(G) must
be divisible by (;) and the degree of each vertex must be divisible by » — 1. A
graph satisfying such conditions is called K,-divisible. These type of necessary
conditions are known in general as divisibility conditions and arise in essentially
every decomposition problem. In particular, given graphs F' and G we say that
G is F-divisible if e(F') | e(G) and ged(F) | dg(v) for every v € V(G) where
ged(F) := ged{dr(v) : v € V(F)}. Note that a graph G must be F-divisible in
order to have an F-decomposition. A Hamilton cycle (or path) is a cycle (or path)
that contains all vertices of a graph. Also in the 19th century, Walecki [62] showed
that K, can be decomposed into edge-disjoint Hamilton cycles if n is odd and
into edge-disjoint Hamilton paths if n is even. Years later, Wilson [79, 80, 81, 82]
generalised Kirkman’s theorem by proving that, given a graph F', every large
enough F-divisible complete graph K, has an F-decomposition. When considering
the host graph G to be non-complete, it is not true that every large enough graph
satisfying the required divisibility conditions has an F-decomposition. In fact,
determining whether a given graph G has an F-decomposition is NP-complete [20].

For this reason, we are interested in adding additional conditions to the graph G



which are simple and sufficient to guarantee the existence of a decomposition.
Two of the most studied examples are minimum degree conditions, also known as

Dirac-type conditions, and pseudo-random conditions.

1.1.1 Dirac-type results

Dirac-type results refer to problems on graphs that satisfy a minimum degree
condition. In this framework, extending Walecki’s theorem, Csaba, Kiihn, Lo,
Osthus and Treglown [15] solved the so-called Hamilton decomposition conjecture:
there exists ng € N such that every r-regular graph G on n > ng vertices with
r > |n/2] has a decomposition into edge-disjoint Hamilton cycles and at most one
perfect matching.

There is a large literature on Dirac-type results about graph decompositions.
One of the most notorious problems is the following conjecture posed by Nash-
Williams in 1970 which extends Kirkman’s theorem to graphs with high minimum

degree.

Conjecture 1.1.1 (Nash-Williams [69]). There exists ng € N such that every
Ks-divisible graph G on n > ng wvertices satisfying 6(G) > 3n/4 has a Ks-

decomposition.

It is not hard to check that the bound on the minimum degree is best possible.
Indeed, consider the following extremal example. Let GG; and G5 be vertex-disjoint
(6k 4 2)-regular graphs on 12k + 6 vertices. Let G := G; U Gy U G5 where G3 is
the complete bipartite graph with parts V(G;) and V(G3). Note that the degree
of each vertex of G is 18k +8 = 0 mod 2 and that |V (G)| = 24k+12 =0 mod 3.
Thus, G is K3-divisible and satisfies 6(G) > 3|V(G)|/4. However, since every

3



triangle of G contains at least one edge of G; U G and 2|E(G1 U Gy)| < |E(G3)|
then G cannot have a K3-decomposition.
When considering K,-decompositions for > 3 the following natural extension

of Conjecture 1.1.1 was proposed by Gustavsson.

Conjecture 1.1.2 (Gustavsson [32]). Given r > 3 there exists ng € N such that
every K,-divisible graph G on n > ng vertices satisfying §(G) > (1 —1/(r +1))n

has a K,.-decomposition.

Given a graph F' let dF be defined as the minimum § > 0 such that for any
a > 0 there exists ny such that every F-divisible graph G on n > ng vertices
with 6(G) > (0 4+ a)n has an F-decomposition. Thus, Conjecture 1.1.2 states that
0k, <1—1/(r+1) and in particular, the Nash-Williams conjecture would imply
dr, < 3/4. We refer to op as the decomposition threshold of F. Similarly, let
5%+ be defined as the minimum ¢ > 0 such that for any o,y > 0 there exists ng
such that every graph G on n > ng vertices with §(G) > (0 + «)n contains an
F-decomposable subgraph H C G that covers all but at most yn? edges of G. We
refer to 5%+ as the approximate decomposition threshold of F'. A result by Glock,
Kiihn, Lo, Montgomery and Osthus [28] bounds the decomposition threshold of F

by 6% and the chromatic number y(F).
Theorem 1.1.3 ([28]). For any graph F, 6p < max{d% 1 —1/(x(F)+1)}.

In particular Theorem 1.1.3 implies dx, < max{é)7,1—1/(r + 1)} for every
r > 3. The result for the case F' = K3 was originally proved by Barber, Kiihn, Lo
and Osthus [9] and a shorter proof was given later by Barber, Glock, Kiihn, Lo,

Montgomery and Osthus [7]. Hence, the problem of finding bounds on Jr gets re-



duced to finding bounds on §%". As we will discuss in Section 1.1.2 distinct bounds
on %" have been obtained via the so-called fractional decomposition threshold.
In the case of cycle decompositions, Barber, Kiithn, Lo and Osthus [9] gave

explicit values of the decomposition threshold of a cycle.

Theorem 1.1.4 ([9]). Let C, denote the cycle of length r. Then

;

2/3 ifr =4,

oc, = 1/2 if r > 6 is even,

5% if r > 3 is odd.

In addition to Theorem 1.1.3 the authors in [28] explicitly determined the
decomposition threshold of any bipartite graph. It is always either 0, 1/2 or 2/3

depending on the graph.

1.1.2 Fractional decompositions

Given graphs F' and G, a fractional F-decomposition of G is a function w from the

set of copies of F'in G to [0, 1] such that for each edge e € E(G)

w(e) := Z w(F) =1
F'CG:ecE(F')
where the sum is taken over all copies F’ of F'in G that contain e.
Clearly, finding a fractional F-decomposition is easier than finding an F-
decomposition. For instance, the complete graph K,, contains the trivial fractional

F-decomposition w obtained by assigning, to each copy of F'in GG, a uniform weight



equal to the inverse of the number of copies F’ of F' that contain a given edge
e € E(G).

Let 07 be the minimum 0 > 0 such that for all a > 0 there exists nyp € N
such that every F-divisible graph G on n > ng vertices with 6(G) > (6 + a)n
has a fractional F-decomposition. We refer to ;. as the fractional decomposition
threshold of F. Using a known result by Haxell and Rodl [37] that transforms
a fractional F-decomposition into an F-decomposition that covers all but o(n?)
edges of G one can show that §%" < % (see [31, Corollary 11.4]). Hence, results
such as Theorem 1.1.3 and 1.1.4 can be used to transfer any upper bound of 47
into an upper bound of dr. Currently, the best known bound on the fractional
decomposition threshold for an arbitrary graph F' is due to Montgomery [65] who
showed that 3 < 1 —1/(100x(F)). In particular, 67, < 1 —1/(100r) for r > 4.
In the triangle case, Dross [21] gave a simple and elegant proof of 03, < 9/10.
This result was improved by Delcourt and Postle [18] who showed that 07, <
(74-+/21)/14 ~ 0.827. For the case of cycles observe that Theorem 1.1.4 determines
the decomposition threshold of cycles of even length. In the case of odd cycles, a
recent result by Joos and Kiihn [40] shows that given ¢ > 0 if r is large enough

then 67, <1/24¢.

1.1.3 Pseudo-random graphs and typicality

Other conditions that have been widely studied in order to guarantee the existence
of graph decompositions are pseudo-random conditions. These are properties that
a dense random graph would likely satisfy. The one we are interested in is the

so-called typicality.



Definition 1.1.5. Given &,p > 0 and s € N we say that a graph G is (§,p, s)-

typical if for every set of vertices S C V(G) of size at most s we have
de(S) = (1= &V (G)]

where dg(S) := | (,es Na(v)].

Note that, given £,p > 0 and s € N, for large enough n a random graph on n
vertices where each edge is chosen independently with probability p is likely to be
(&, p, s)-typical.

The existence of clique decompositions in typical graphs has been proved by
Keevash [42]. Glock, Kiihn, Lo and Osthus [30] generalised the result to F-
decompositions for an arbitrary graph F' by using an innovative method known
as iterative absorption (see Section 1.5.1). It is worth mentioning that the results

in [30, 42] cover also hypergraph decompositions.

1.2 Graph factorization

1.2.1 Graph factors

An F-factor of G is a collection of vertex-disjoint copies of F' that spans V(G). A
classical theorem of Hajnal and Szemerédi [35] gives a minimum degree condition

on a graph G to ensure the existence of a K,-factor.

Theorem 1.2.1 (Hajnal and Szemerédi [35]). Given r > 2, every graph G on n

vertices such that r | n and 6(G) > (1 — 1/r)n has a K,-factor.



The case r = 2 is equivalent to finding perfect matchings and can be deduced
using Tutte’s or Dirac’s theorem. The case r = 3 was first solved by Corradi and
Hajnal [14]. For arbitrary graphs F', Alon and Yuster [2] showed that given a > 0
any large enough graph G where |V (F)| divides |V (G)| and §(G) > (1 —1/x(F) +
a)n has an F-factor. Komlds, Séarkozy and Szemerédi [54] improved the result by
replacing the term an in the minimum degree condition by a constant depending
only on |V (F)|. Finally, Kithn and Osthus [57] showed that the minimum degree
threshold for the existence of an F-factor is either 1 — 1/x(F) or 1 — 1/x(F),
where x..(F) denotes the critical chromatic number, depending on the structure
of F.

The study of K,-factors in pseudo-random graphs was initiated by Krivelevich,
Sudakov and Szabé [56] who showed the existence of a triangle factor in a graph
with bounded second eigenvalue. A recent result by Morris [68] gives the existence
of K,-factors in pseudo-random bijumbled graphs improving previous results by

Nenadov [70] and Han, Kohayakawa, Morris and Person [36].

1.2.2 Resolvable decompositions

Given graphs F' and G a resolvable F-decomposition of G is a decomposition of
G into edge-disjoint F'-factors. Such a decomposition is also known as an F'-
factorization of G. We say that an F-decomposition of G is resolvable if the
collection of copies of F' in the decomposition can be partitioned into F-factors.
The search for resolvable decompositions dates back to the 18th century with
the publication of a playing cards puzzle by Ozanam in 1725 and the thirty-six

officers problem, also known as Euler’s officers problem, which inspired Euler to



develop a particular interest in the study of mutually orthogonal Latin squares
(see Section 1.4.4). They asked for a K,-decomposition of the complete graphs
Ky 444 and Kgg 66 respectively. It is easy to see that the problems are equivalent
to finding resolvable K3-decompositions of K444 and K. Years later, in 1850,
Kirkman formulated the well-known Kirkman’s schoolgirl problem:

Fifteen young ladies in a school walk out three abreast for seven days in succes-
ston: it 1s required to arrange them daily so that no two shall walk twice abreast.

The problem asks for a resolvable K3-decomposition of the complete graph K5.
This triggered an interest on resolvable decompositions of the complete graph. The
question was solved by Ray-Chaudhuri and Wilson [73] who determined for which
n the complete graph K, has a resolvable K,.-decomposition.

In 1967, Ringel posed his famous Oberwolfach problem which generalises Kirk-
man’s and Walecki’s problems by asking for a decomposition of the complete graph

K, into copies of a given 2-factor.

Problem 1.2.2 (Oberwolfach problem). Let F' be a 2-regular graph on n vertices.

For which odd n does the complete graph K, decompose into copies of F'?

Glock, Joos, Kim, Kiithn and Osthus [27] answered the problem positively for
large enough n. Their result also allowed for the decomposition into a given family
Fy, ..., F,, of 2-factors instead of a fixed factor F' provided that one of the factors
in the family appeared a linear amount of times. Shortly afterwards, Keevash and
Staden [47] generalised the result by replacing the complete graph in the statement
by any large enough typical graph as well as digraph, and by proving a generalised
version of the Oberwolfach problem in which the host graph can be decomposed

into any given family Fy, ..., F}, of 2-factors. The results in [27, 47] solves another



famous problem, the Hamilton—Waterloo problem, which asks for a decomposition
of the complete graph K, into copies of two given 2-factors Fi, Fy. The case where
a 2-factor consists of cycles of the same length is known as uniform. Our first result
consists of a Dirac-type result for the uniform case of the Oberwolfach problem and
makes progress towards a conjecture by Glock, Joos, Kim, Kithn and Osthus [27,

Conjecture 1.5].

Theorem 1.2.3. For all « > 0 there exists ro € N with the property that for
any r > ro there is ng € N such that any C,.-divisible reqular graph G on n > ny

vertices such that v | n and §(G) > (1/2+ a)n has a resolvable C,.-decomposition.

Note that C,-divisibility, regularity and r | |V (G)]| are necessary conditions for
the existence of a resolvable C,-decomposition. Moreover, the bound of 1/2 is best

possible:

Proposition 1.2.4 ([9]). Let r € N be odd, r > 3 and let 6 := sy Lhere
are infinitely many C,.-divisible reqular graphs G with v | |V(G)| and 6(G) >

S|V (G)| — 1 which do not admit a C,-decomposition.

Proof. Let n € N be odd and satisfy r | n. Let G be the graph obtained by
‘blowing up’ each vertex of the complete bipartite graph K,_; ,_; into a clique of
size n. In other words, GG is obtained from K,_;,_; by replacing each vertex v by
a clique K, of size n and replacing each edge vu by a complete bipartite graph
between K, and K,,. Note that G is (nr—1)-regular. Since |V (G)| = 2n(r—1) then
r | |[V(G)] and 6(G) = nr—1 = §|V(G)|—1. Note also that e(G) = (r—1)n(nr—1)
which implies that r | e(G) so G is C,-divisible. Finally observe that since r is

odd any cycle of G of length » must contain at least one edge of some clique

10



K,, v € V(K,_1,-1). Since the number of edges of the union of such cliques is

(r—1)n(n —1) < e(G)/r then G can not have a C,-decomposition. O

Thus, Theorem 1.2.3 can be viewed as the minimum degree threshold for the
existence of a resolvable C,-decomposition. As we shall discuss with more de-
tail in Section 1.5, our proof is based on purely combinatorial and probabilistic
arguments. The proof is simple and could be useful for finding resolvable F-
decompositions in graphs with high minimum degree and pseudo-random graphs.
In fact, we apply a similar approach to show the existence of resolvable K-

decompositions in typical graphs.

Theorem 1.2.5. For every r > 3 and every p > 0 there exists £ > 0 and ng € N
such that any K,-divisible (€, p, 3r)-typical regular graph G onn > ng vertices such

that r | n has a resolvable K,-decomposition.

The existence of resolvable F-decompositions for an arbitrary graph F' was
proved by Keevash [43] in large enough pseudo-random graphs and hypergraphs.
In particular, this covered the case F' = K,. However, their result required the
typicality parameter s to be significantly larger than r whereas ours only requires
s > 3r. In fact, our proof only requires a linear size common neighbourhood of sets
of size at most 3r. This could be useful to deduce Dirac-type results. For instance,
a graph G on n vertices with minimum degree at least (1 — 1/3r 4+ a)n guarantees
a size of at least an in all common neighbourhoods of at most 3r vertices. We will
discuss further the differences of our method when applied to graphs with high

minimum degree and when applied to pseudo-random graphs in Chapter 6.

11



1.3 Related decomposition problems

1.3.1 Decompositions into trees

A big part of the literature on graph decompositions concerns decompositions into
trees. Since the term ‘tree decomposition’ is widely used to refer a mapping of
a graph into a tree these type of decomposition are known as ‘tree packings’.
Although our results are not directly related to trees we will present some of the
most famous results on this topic.

Besides the Oberwolfach problem, Ringel also posed the following notorious

conjecture in 1963.

Conjecture 1.3.1 (Ringel [74]). For any tree T with n edges the complete graph

Ky, 11 has a T-decomposition.

The conjecture has been solved for large n independently by Montgomery,
Pokrovskiy and Sudakov [67] and Keevash and Staden [48]. Keevash and Staden
also extended the result to typical graphs.

Another famous problem is the so-called ‘tree packing conjecture’ by Gyarfas

and Lehel [33].

Conjecture 1.3.2 (Tree packing conjecture [33]). For every n, the complete graph

K,, can be decomposed into a sequence of trees T, ..., T,, where T; has i vertices.

Joos, Kim, Kiihn and Osthus [39] proved the conjecture for bounded degree
trees and large enough n. Recently, Allen, Bottcher, Clemens, Hladky, Piguet and
Taraz [1] improved the result to trees with maximum degree cn/logn for some
¢ > 0. Both the results in [1, 39] allowed to replace the complete graph by a dense

pseudo-random graph.

12



1.3.2 High-girth decompositions

Given a set of r-cliques K, the girth of K is the smallest g > 2 such that there is
a set of g cliques of K whose union contains at most (r — 2)g vertices.
Another extension of Kirkman’s theorem on triangle decompositions of the

complete graph was proposed by Erdds in 1973.

Conjecture 1.3.3 (Erdés [23]). For any g > 2 there ezists ng € N such that for
everyn > ng wheren = 1,3 mod 6 the complete graph K,, has a K3-decomposition

with girth at least g.

The conjecture was proven recently by Kwan, Sah, Sawhney and Simkin [59].
Extending Erdds’s conjecture, Glock, Kiihn, Lo and Osthus [29], and Keevash and
Long [44], conjectured that given g > 2 any large enough K,-divisible complete
graph K, has a K,-decomposition with girth at least g. This conjecture has been

confirmed very recently by Delcourt and Postle [19].

1.4 Partite graphs and Latin squares

1.4.1 Decompositions in partite graphs

A graph G is r-partite if there exists a partition Vi,...,V, of V(G) such that
G[V;] has no edges for every i € [r]. We say that an r-partite graph G with parts
WVi,..., V. is balanced if |V1| = --- = |V,|. We say that an r-partite graph G is
K, -divisible if for every i,j € [r] and v € V(G) \ (V;UV})

dg(v; Vi) = da(v; Vj)

13



where dg(v;V;) == |Ng(v) N V;|. Given r > 3 observe that an r-partite graph
G must be K,.-divisible in order to admit a K,.-decomposition. Moreover, this
definition of divisibility automatically implies r | dg(v) for every v € V(G),
e(Viy, Vie) = e(Vj,, Vi) for every iy iz, ji,j2 € [r] with {i1,i2} # {j1,j2}, and
(3) | e(G). Let

) = i da(v; V;).
(@) il eVIGN\Y; a(; V3)

It makes sense for r-partite graphs to consider §(G) instead of §(G) for the min-
imum degree threshold of a K,-decomposition due to the fact that every r-clique
in G contains exactly one edge between each pair of parts (V;, V).

In this setting, a natural analogue of Conjecture 1.1.2 is the following:

Conjecture 1.4.1 (Gustavsson [32]). Given r > 3 there exists ng € N such
that every K,.-divisible balanced r-partite graph G with parts of size n satisfying

5(G) > (1 =1/(r +1))n has a K,-decomposition.

Significant progress towards the conjecture was made by Barber, Kiihn, Lo,
Osthus and Taylor [10] who proved an analogue to Theorem 1.1.3 restricted to
F = K, for r-partite graphs. To clarify, they showed that the minimum degree
threshold for the existence of a K,.-decomposition in a large enough K ,.-divisible
r-partite graph was the minimum between 1 — 1/(r + 1) and the fractional de-
composition threshold. For the case r = 3, Bowditch and Dukes [11] showed
that any Ks-divisible tripartite graph satisfying 0(G) > 0.96n has a fractional K-
decomposition. For the case r > 4, the current best bound to guarantee a fractional
K,-decomposition in an r-partite graph is due to Montgomery [64]. Combining

their results the following theorem is obtained.
Theorem 1.4.2 ([10, 11, 64]). For every r > 3 and every o > 0 there exists
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ng € N such that every K,-divisible balanced r-partite graph G with parts of size
n > ng satisfying

(0.96 + a)n if r =3,

~

6(G) >
(1— s +a)n ifr>4,

has a K,-decomposition.

1.4.2 Factors in partite graphs

A multipartite version of the Hajnal-Szemerédi theorem (Theorem 1.2.1) was con-
jectured by Fischer [25] and solved asymptotically by Keevash and Mycroft [45]
and independently by Lo and Markstrom [60]. The exact result was solved by
Keevash and Mycroft [46].

Theorem 1.4.3 ([46]). For every r > k there exists ng € N such that every r-
partite graph G with parts of size n such that k | rn and §(G) > (1 — 1/k)n has a
Ky-factor unless rn/k is odd, k | n and G ~ T, ..

The family of graphs I',, , i is an extremal counterexample to Fischer’s original
conjecture and were constructed by Catlin [13].

In the pseudo-random setting, the celebrated Blow-up Lemma by Komlés,
Sarkozy Szemerédi [53] can be used to find spanning subgraphs of bounded degree
(e.g. F-factors for arbitrary graphs F') in typical graphs. A hypergraph version of

the theorem was given by Keevash [41].
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1.4.3 Resolvable decompositions in partite graphs

The existence of resolvable F-decompositions for arbitrary graphs F' in multipartite
pseudo-random graphs and hypergraphs has been settled by Keevash [43]. We
combine ideas from [43] (‘extended graph’) and [28] (‘iterative absorption’) with a
new result on fractional K,.-decompositions in pseudo-random graphs to show the

following result (see Section 1.5 for further details).

Definition 1.4.4. Given &,p > 0 and 7, s € N we say that an r-partite graph G
with parts Vi, ..., V, is (&, p, s)-typical if for every ¢ € [r] and every set of vertices

S C V(G)\V; of size at most s we have

de(S; Vi) = (1 £ p"l|v]

where dg(S; Vi) == |(,es Na(v) N Vil

Theorem 1.4.5. For every r > 3 and p > 0 there exist £ > 0 and ng € N such
that any balanced K,-divisible (&, p,3(r — 1))-typical r-partite graph G with parts

of size n > ngy has a resolvable K,.-decomposition.

Theorem 1.4.5 can be viewed as an analogue to Theorem 1.2.5 in the multipar-
tite setting. Again, our result only requires s > 3(r — 1) in the typicality condition
whereas the results in [43] require s to be much larger than r. In order to prove
Theorem 1.4.5 we will need a fractional K,-decomposition in a pseudo-random 7-
partite graph (see Lemma 4.3.1). We accomplish this by adapting Montgomery’s
approach [64] to the pseudo-random setting. In addition, our fractional decompo-
sition will be ‘balanced’ in the sense that the final weight on each clique will be

close to uniform.
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1.4.4 Completion of Latin squares

A Latin square of order n is an n x n array filled with the symbols from [n] so
that each symbol appears exactly once in each row and each column. Let K, .,
denote the complete tripartite graph with vertex parts of size n. There is a natural
bijection between Latin squares of order n and K3-decompositions of K, ,, ,,. To see
this, label the three vertex parts of K,, ,, , by ‘row’, ‘column’ and ‘symbol” and label
the vertices in each part with the numbers [n]. Any triangle rcs of K, ,,,, contains
one vertex from each part (r from ‘row’, ¢ from ‘column’ and s from ‘symbol’) and
can be viewed as placing the symbol s into the position given by r and c¢. Thus,
a K3-decomposition can be viewed as a filled n x n array where in each position
rc we place the symbol s given by the triangle rcs in the decomposition. The fact
that the triangles in a K3-decomposition are edge-disjoint and cover all the edges
of K, imply the properties that define a Latin square. For this reason, the
study of Latin squares is closely related to the study of graph decompositions. For
instance, a tripartite graph G' which is obtained from K, ,, by removing triangles
can be viewed as a partially filled Latin square, or partial Latin square (each of
the removed triangles would correspond to a filled entry). Whether such a partial
Latin square can be completed to a proper Latin square is a question that has
been extensively studied. Regarding this matter, Daykin and Haggkvist [17] made

the following conjecture:

Conjecture 1.4.6 (Daykin and Haggkvist [17]). Any partial Latin square of order
n in which each row, column and symbol has been used at most n/4 times can be

completed to a Latin square of order n.

The conjecture is best possible as constructions matching the bound are given
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by Wanless [78]. Note that the conjecture can be viewed as a natural analogue to
the Nash-Williams conjecture.

Consider an n x n array where each cell contains a list of ‘permitted’ symbols
from [n]. Can we pick a symbol from each list to obtain a Latin square? Or equiva-
lently, consider an n X n array where each cell contains a list of ‘forbidden’ symbols
from [n]. Is there a Latin square that avoids using symbols from the corresponding
lists? These questions were first posed by Héaggkvist [34] who conjectured that any
n x n array with lists of size at most n/3 such that every symbol appears in at
most n/3 lists is avoidable by some Latin square. A construction by Pebody shows
that the conjecture is best possible (see e.g. [16]). Formally, a list Latin square L
of order n is an n X n array in which each entry contains a subset of [n]. We say
that £ induces a Latin square L if the symbol on each entry (i, j) of L is contained
in the subset of symbols given by the entry (i,7) of £. Confirming a conjecture
by Héggkvist, it was proved by Andrén [5] for even n, and by Andrén, Casselgren
and Ohman [4] for odd n, that there exists 8 > 0 such that any list Latin square
of order n such that the subsets on each entry have size at least (1 — 3)n and each
symbol appears in at least (1 — §)n of the lists from each row and column, induces
a Latin square of order n. The concepts of completing partial Latin squares and
list Latin squares can be combined. The result is a partial list Latin square of
order n which consists of an n x n array in which each entry contains either a
number from [n] (‘filled entries’) or a subset of [n] (‘lists on non-filled entries’).
Andrén, Casselgren and Markstrom [6] explored this notion and showed that there
are constants «a, § > 0 such that any partial list Latin square of order n in which
each row, column and symbol has been used at most an times, and each empty

cell containing a list of size at least (1 — 3)n, can be completed into a proper Latin
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A|B|C a | By Aa | BG | Cy
B|C|A , vlal|pB — By | Ca | A
C|A|B Blv |« Cs | Ay | Ba

Figure 1.1: Two orthogonal Latin squares of order 3.

square using only symbols from the corresponding lists. On the other hand, for
a+ B > 1/3, they constructed examples of such partially filled Latin squares that
could not be completed [6, Section 5]. We give explicit bounds on «, § for large

enough n.

Theorem 1.4.7. For any o < 1/(27-10°) and 8 < 1/320 there exists ng € N such
that any partial list Latin square of order n > ng in which each row, symbol and
column has been used at most an times, the lists for each empty entry have size at
least (1 — B)n, and each symbol appears in at least (1 — B)n of the lists from each

row and each column, can be completed into a Latin square of order n.

Two Latin squares of order n are said to be orthogonal if when superposed
the ordered pairs of entries are all distinct, see e.g. Figure 1.1. A set of mutually
orthogonal Latin squares (MOLS) is a set of Latin squares which are pairwise
orthogonal. The study of MOLS dates back to Euler’s officer problem, asking
for the existence of a pair of MOLS of order six. As with Latin squares, MOLS
are closely related to decompositions. More generally, the problem of finding a
K,-decomposition of an r-partite graph G which is obtained from the complete
r-partite graph with parts of size n by removing r-cliques is equivalent to the
completion of (r — 2) partial Latin squares into a set of MOLS of order n. This
question is studied in [10] provided that G satisfies a minimum degree condition.

On the other hand, Theorem 1.4.5 asserts that this can be done as long as G
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satisfies a pseudo-random condition. In fact, Theorem 1.4.5 will be deduced from
a more general result in which the K,-decomposition can only use a certain set of
‘permitted’ cliques (see Theorem 4.2.1). This relates to the completion of a set of

random-like partial list Latin squares into a set of MOLS.

1.5 Methods

1.5.1 Iterative absorption

The proofs of Theorems 1.2.3, 1.2.5 and 1.4.5 rely on ‘iterative absorption’, a
method that was introduced by Kiithn and Osthus [58] and has proven to be very
successful for finding spanning structures and decompositions in large enough
graphs and hypergraphs (see e.g. [9, 10, 12, 28, 30, 39, 52, 59, 61]). There are
known methods to find ‘almost-spanning’ structures in a graph such as the Rodl
Nibble, introduced by Rédl [75], or the random greedy algorithm proposed by
Spencer [77]. The idea of the absorption method is, before applying any such
algorithms, to set aside a suitable subgraph, called ‘absorber’, that will be used
to transform the leftover from an almost-spanning structure so that it completes
it into a proper one. Such an approach was introduced systematically by Rodl,
Rucinski and Szemerédi [76] in order to find spanning structures in hypergraphs,
but similar methods had already been used before (see e.g. [24, 55]). Roughly
speaking, we don’t have information about how the leftover might look like, so
in order to be able to find an appropriate absorber, we need to modify the algo-
rithm that finds the almost-spanning structure so that some information about

the leftover is known beforehand. One way to achieve this is to somehow control
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the leftover at each step of the algorithm. Indeed, suppose we want to find an
edge-decomposition of a graph G. The ‘iterative absorption’ method splits up
the procedure of finding an approximate decomposition into many steps, and at
each step applies a ‘partial absorbing’ procedure to absorb part of the leftover so
the remaining one is under control. At the end of the overall iteration, the left-
over is controlled and can be covered via the absorbers that were set aside at the
beginning.

In our case, we will find a sequence of vertex sets V(G) = Uy 2 - - - 2 Uy, which
we call the ‘vortex’ sequence, where |U;| = €|U;_| and |U,| < m for some fixed
e > 0 and m € N. At the very beginning, we will set aside absorbers for all possible
leftover configurations contained in G[U,]. Then, iteratively, at the i-th step we
will find an approximate decomposition of G[U;] and apply the so called ‘Cover
Down Lemma’ to cover all edges that lie outside of G[U;41]. These two independent
results: the existence of a fractional decomposition (which is transformed into an
approximate decomposition) and the ‘Cover Down Lemma’, form the main core of
the method. With this procedure, we will end up with the final leftover contained
in G[U,] which can be ‘absorbed’. This approach was first introduced by Barber,
Lo, Kiihn and Osthus [9] and further developed in [28, 30]. See e.g. [7] for a simple

llustration of the method.

1.5.2 The extended graph

The problem of finding a resolvable decomposition in a graph G can be reduced
to finding a decomposition in an auxiliary graph G’, which we refer to as the

extended graph. This method was first used by Keevash [43] in order to solve
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the existence of resolvable designs. Indeed, suppose we want to find a resolvable
K,-decomposition in a graph G of size n where r | n. Let G' = G U H where
H is the complete bipartite graph between V(G) and a new set of vertices U of
size 2¢(G)/((r — 1)n). The size of U is actually given by total number of edges
of G divided by the number of edges in a K,-factor of G. Let K be the set of
(r 4+ 1)-cliques in G’ that contain exactly one vertex in u and suppose that we are
able to find a K, i-decomposition D of G’ that uses only cliques in . For each
u € U let K, be the set of (r + 1)-cliques in the decomposition D that contain
u. Since each vertex u € U is adjacent (via H) to all vertices in V(G) then K,
must cover all vertices G. Let F,, := g, K N V(G) be the edge-disjoint union
of the r-cliques obtained when restricting I, to V(G). Since the union is edge-
disjoint and cover all vertices in V(G) then F, must be a K,-factor of G. Moreover,
Uuev Fo = G and all the K,-factors {F,}.cy are edge-disjoint. Hence, G has a
resolvable K,.-decomposition.

Theorems 1.2.3, 1.2.5 and 1.4.5 will actually be deduced from the more gen-
eral results on the decomposition of their corresponding extended graphs (Theo-

rems 2.2.3, 3.2.1 and 4.2.1 respectively).

1.5.3 Extended fractional decomposition

As mentioned in Section 1.5.1, the core of the ‘iterative absorption’ method that
we use is made of two independent results, the existence of a fractional decomposi-
tion and the ‘Cover Down Lemma’. If we want to find a resolvable decomposition
of a graph G we will then have to prove such results in the corresponding extended

graph G’. In particular, we are interested in finding a fractional decomposition in
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each of the corresponding extended graphs. However, the structure of the extended
graphs will be distinct in each case and there are no previous results on the exis-
tence of such fractional decompositions. In this work, we develop a new technique
which takes a given fractional decomposition of a graph G and transforms it into a
fractional decomposition of the extended graph G’. We will achieve this with the
use of customised gadgets for the case of cycles (see Lemma 2.3.3) and the case
of cliques (Lemma 3.3.2). In the partite case we will construct it directly in the
extended graph G’ by making use of the gadgets introduced by Montgomery [64]

(see Lemma 4.3.1).

1.5.4 Hypergraph matchings

A known result by Haxell and Rodl [37] transforms a fractional F-decomposition
of a graph G on n vertices into an F-decomposition that covers all but o(n?) edges.
Instead, we are interested in finding an F'-decomposable subgraph H C G such that
A(G — H) = o(n). For this we will view the problem of finding an approximate
edge-decomposition of G as finding an almost-perfect matching in an auxiliary
hypergraph H. Indeed, let H be the hypergraph whose vertices are the edges of G
and whose hyperedges are the copies of F'in G. Observe that a perfect matching of
‘H corresponds to an F-decomposition of GG. Starting with the introduction of the
‘nibble’ technique by Rodl [75] renowned results on hypergraph matchings were
obtained by Frankl and Rédl [26] and Pippenger and Spencer [71]. Building on
the results in [71], Alon and Yuster [3] showed the existence of ‘well-distributed’

matchings in almost-regular hypergraphs.
Definition 1.5.1. Given a hypergraph H and a collection F of subsets of V(H),
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we say that a matching M in H is (v, F)-perfect if for each F' € F, at most
v -max{|F|, |V (H)|*®} vertices of F' are left uncovered by M.

Theorem 1.5.2 ([3, Theorem 1.2]). Suppose 1/n < ¢ < ~v,1/r. Let H be an
r-uniform hypergraph on n vertices such that for some D € N, we have dy(x) =
(1+€)D for allx € V(H), and No(H) < D/log” n. Suppose that F is a collection
of subsets of V(H) such that |F| < n'°®™. Then there exists a (v, F)-perfect

matching in H.

We will make use of Alon and Yuster’s result in order to find an F-decomposable
subgraph H C G such that A(G — H) = o(n) as follows. Suppose that G has a
fractional F-decomposition w. It is then easy to obtain an ‘almost-regular’ collec-
tion F of copies of F' where each edge e € E(G) is contained in roughly the same
number of copies of F' in F. Indeed, this can be achieved by randomly sampling
each copy of F' with probability proportional to its weight w(F'). Since w(e) =1
for each edge e € F(G) then the expected number of copies of F' containing each
edge will be the same. Thus, using probabilistic arguments one can show that
with positive probability F will be ‘almost-regular’ in the sense mentioned above.
Define the hypergraph H whose vertices are the edges of G and whose hyperedges
are the sets in F. For each v € V(G) let E, be the set of edges containing wv.
We will then apply Theorem 1.5.2 to H with the sets {E, },ev(e) playing the role
of S to obtain a (v, {E,}vev(e))-perfect matching in H, which corresponds to a
collection H of edge-disjoint copies of F' where for each vertex v € V(G) only o(n)

edges in FE, are not covered by H.
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1.6 Organisation

The thesis is organised as follows. In Chapter 2, Chapter 3 and Chapter 4 we
will prove Theorem 1.2.3, Theorem 1.2.5 and Theorem 1.4.5 respectively. Each
of these chapters starts with a short introduction to its corresponding theorem
as well as a preliminaries section in which we introduce the terminology that
will be used during the chapter. In particular, in Section 2.1 we describe the
standard notation that shall be used throughout the thesis. Chapters 2, 3 and 4
have a similar structure that follows the proof approach showcased in the previous
section. A more detailed description of the organisation of each chapter can be
found in its corresponding introduction. In Chapter 5 we will outline the proof
of Theorem 1.4.7. Finally, in Chapter 6 we will discuss the consequences of our

results and methods as well as some potential applications.
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CHAPTER 2

DIRAC-TYPE RESULT ON RESOLVABLE
CYCLE DECOMPOSITIONS

The main aim of this chapter is to prove Theorem 1.2.3. Given a graph G recall that
a Cy-factor of G is a collection of vertex-disjoint r-cycles that spans V(G). Recall
that a resolvable C.-decomposition of G is a collection of edge-disjoint C.-factors
that cover all edges in E(G). Finally, recall that G is said to be C,.-divisible if dg(v)

is even for each vertex v € V(G) and r | e(G). We now restate Theorem 1.2.3.

Theorem 1.2.3. For all o > 0 there exists rg € N with the property that for
any r > rg there is ny € N such that any C,-divisible regular graph G on n > ng

vertices such that r | n and 6(G) > (1/2+ a)n has a resolvable C,-decomposition.

As discussed in Section 1.5.2, Theorem 1.2.3 will be deduced from a more
general result, Theorem 2.2.3, on a ‘wheel’-decomposition in the corresponding
extended graph. Before stating Theorem 2.2.3 we shall introduce the standard
notation used throughout the thesis as well as some useful probabilistic results.
This is done in Section 2.1. We then state Theorem 2.2.3 and deduce Theorem 1.2.3

in Section 2.2. The rest of the chapter is focused on proving Theorem 2.2.3 and is
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organised as follows. In Section 2.3 we prove the fractional decomposition result
in the extended graph (Lemma 2.3.3). Recall that this is, together with the ‘Cover
Down Lemma’, one of the two key results used in the main proof. We transform
the fractional decomposition into an approximate decomposition in Section 2.4.
In Section 2.5 we find the ‘vortex’ sequence. In order to prove the ‘Cover Down
Lemma’ we will need to find edge-disjoint factors in a family of sets with small
intersection. These results are discussed in Section 2.6. We prove the ‘Cover
Down Lemma’ (Lemma 2.7.1) in Section 2.7. In Section 2.8 we introduce the final
absorbers that will be used in the main proof. Finally, the proof of Theorem 2.2.3

is presented in Section 2.9.

2.1 Preliminaries

2.1.1 Notation

A graph G is a pair (V(G), E(G)) where V(G) is a set of elements called vertices
and E(G) is a set of 2-sets of V(G) called edges. We write e(G) := |E(G)]. An
r-clique K of GG is a subgraph of GG isomorphic to the complete graph on r vertices.
An r-cycle C = (vy,...,v,) of G is a subgraph of G with vertex set {vy,...,v,}
and edge set {v;v;+1 }icpjugoy Where vy = v,. We often identify a clique K or a cycle
C' with its vertex set V(K) or V(C') respectively. We denote by IC,.(G) the set of
r-cliques of G and by C,(G) the set of r-cycles of G. Given graphs G = (V, E) and
G' = (V' E') we say that G’ is a subgraph of G and write G' C G if V! C V and
E' C E. Given U C V we write G[U] for the graph with vertex set U and edge

set {e€ £ : e CU}. We write G\ G’ for the graph G|V \ (VNV’)] and G — G’
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for the graph with vertex set V(G) and edge set E(G) \ (E(G) N E(G")). Given
subsets Uy, Uy C V, we write G[Uy, Us] for the graph with vertex set U; U Uy and
edge set {vivy € E(G) : vy € Up,v9 € Us}. Given a set of edges E' C E(G), we
write G[E’] for the graph with vertex set V(G) and edge set E'.

Given a graph G = (V, E), a set of vertices S C V and a subset V/ C V
we define Ng(S; V') := {v € V' : av € Eforallz € S} to be the common
neighbourhood of S in V'. We write dg(S; V') := |Ng(S; V')|. We use the standard
notation §(G) and A(G) for the minimum and maximum degree of G respectively.

Given a graph G and a subset U C V(G) we say that the degeneracy of G
rooted at U is r if there is an ordering vy, . .., vy, of the vertices in V(G) \ U such
that for all i € [m], dg(vi;{v1,...,v;_1} UU) < r. If G has degeneracy r rooted
at () we say that G is r-degenerate.

We write « = btcifa € b—c,b+c¢]. We write a = btc = d=*eif
a€b—c,b+c| C[d—e,d+e]. The notation extends naturally to more equations.
Equations containing + are always meant to be read from left to right and might
not commute.

We use the symbol ‘<’ to define a hierarchy of constants. We will write x < y
to mean that for every y > 0 there exists xq > 0 such that for any = < x4 the
subsequent statement holds. In simple words, once y is fixed we can consider x to
be as small as necessary for our computations. If a constant appears in a hierarchy
with the form of 1/x it is assumed that = € N.

We will often omit the use of floors and ceilings whenever it does not affect the

argument.
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2.1.2 Tools

In this section we state some basic properties on error terms and some probabilistic
results that we will use during the thesis. The following proposition presents a list

of properties on the behaviour of error terms with a hierarchy.
Proposition 2.1.1. Let ¢ < 1/m,1/c,1/cy,...,1/¢p and A, B, By, ..., B, > 0.
(p1) (1 €)™ =14+ 2m¢.
(p2) If £ < c then lzé_cf =1+ (c+1).
(p3) If B<EA then (1+£c§)A+£B=(1+(c+1)¢A.
(p4) If A> (c+c1+1)Br+--+ (c+ cp + 1) By, then
(1£c)A—(1£c18)By— - —(1xcné) B = (1 (c+1)E)(A—By—- -+ —By).
(p5) If A= (1+c1&)B then (1 £c€)B = (1% (c1 +co+1))A.

We will often use properties (pl)-(p5) implicitly during some of our calcula-
tions. It is important, therefore, to bear them in mind for the rest of this work.

Let m,n, N € N with max{m,n} < N. A random variable X has hypergeo-
metric distribution with parameters N,n,m if X :=|SN[m]|, where S is a random
subset of [N] of size n. We write X ~ Bin(n,p) if X has binomial distribution

with parameters n, p. We will often use the following Chernoff-type bound.

Lemma 2.1.2 (see [38, Corollary 2.3, Remark 2.5, Theorem 2.8 and Theorem
2.10]). Let X be the sum of n independent Bernoulli random variables (with pos-
sibly different probability) or let X have a hypergeometric distribution with param-

eters N,n,m. Then the following hold.
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(i) Forallt >0, P[|X —E[X]|>t] < 2e72°/7,
(ii) For all0<e<3/2, P[X # (1 +¢)E [X]] < 20 <"EIX)/3,
We will also need the following simple result.

Fact 2.1.3 (see e.g. [72, Lemma 8]). Let X1, ..., X}, be Bernoulli random variables
such that for all ¢ € [n], we have P[X; =1 | Xy,...,X;_1] <p. Let B ~ Bin(n,p)
and X :=>""  X;. Then P[X > a] <P[B > d] for all a > 0.

Finally, the following result is a straightforward consequence of Lemma 2.1.2.

Proposition 2.1.4. Let 1/n < ¢ < p < 1/s. Let m € N where m < n°. Let
Xi,..., X be random variables where X; ~ Bin(n;,p) and n; > pn for each

i € [m]. Then with positive probability

for every i € [m)].

Proof. For each i € [m]| we apply Lemma 2.1.2 to see that

P Xz 7A (]. 4 nZ_I/S)E [Xz] < 26—11—2/3[[4:[)(1-}/3 < 2e_p2n1/3/3 < e_n1/4.

Let A; be the event X; # (1 &+ n_l/?’)E [X;] for each i € [m]. We then apply a

i

union bound to the events {A;};cpn) to obtain

g iEL[Jﬂ A= iez[r;}P[Ai] <Y< e:LW <1

1€[m]
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where we have used in both equations that n is large enough. Thus, with positive

probability X; = (1 £ ¢)E [X;] for every i € [m] as desired. O

2.2 Main theorem

Theorem 1.2.3 will be deduced from a particular case of Theorem 2.2.3, a more
general result on the existence of a ‘wheel’-decomposition in an auxiliary graph.

Before stating our main theorem we shall introduce some new concepts.

Definition 2.2.1. An extended graph G = (V,U,G,H) is a graph G = G U H
where V' and U are disjoint sets of vertices, GG is a graph on V and H is a bipartite

graph on [V, U].

Let G = (V,U,G,H) and G’ = (V',U’,G’, H') be two extended graphs. We say
that G’ is an extended subgraph of G and write G’ CGif V' CV, U CU,G CG
and H' C H. We say that G’ is an extended graph contained in [V,U] if V' CV
and U' C U.

Let ¢ > 0. We say that a graph G is (e,d)-regular if dg(v) = (1 £ €)d for
every v € V(G). We say that a bipartite graph H on [V,U] is e-complete if
dy(v) > (1 —¢)|U| for every v € V and dy(u) > (1 — ¢)|V] for every u € U.

An (r 4+ 1)-wheel W is a graph obtained from an r-cycle C' by adding an extra
vertex v and all the edges between v and C'. We refer to the vertex v as the hub
of W. Given an extended graph G = (V,U, G, H) we denote by W,.1(G) the set

of (r + 1)-wheels of G that contain exactly one vertex, the hub, in U.

Definition 2.2.2. A W, -decomposition of G is a collection of edge-disjoint

wheels in W,.,1(G) that cover all edges of G.
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Given r € N we say that G is W, -diwvisible if dg(v) = 2dg(v) for every v € V
and 7 | dg(u) for every u € U. Note that W, 1-divisibility is a necessary condition
for the existence of a W, ;-decomposition.

We state now the main theorem of this chapter.

Theorem 2.2.3. Let 1/n < 1/r < a. Let G = (V,U,G, H) be an extended W, 1-
divisible graph where |V| = n and H is a complete bipartite graph. If G is d-reqular

with d > (1/2 + a)n then G has a W,,1-decomposition.

It is now straightforward to prove Theorem 1.2.3.

Proof of Theorem 1.2.3. Let 1/n < 1/r < « and let G be a C,-divisible
regular graph on n vertices where r | n and §(G) > (1/2 + a)n. Note that G
is regular so let d := dg(v) for any v € V(G). Since G is C,-divisible then
r|e(G)and 2 |d. Let G = (V,U,G, H) be an extended graph where V = V(G),
|U| = e(G)/n and H is the complete bipartite graph on [V, U]. Note that dg(v) =
|U| = e(G)/n = d/2 for every v € V and r | n = dy(u) for every u € U. Thus,
G is W, y-divisible. Then by Theorem 2.2.3 we know that there exists a W, ;-
decomposition D of G. For each W € D let Cy, be the r-cycle obtained from W by
removing the hub (recall that the hub is the only vertex in U). For each u € U let
W, be the set of (r+1)-wheels in D that contain u and let C, = {Cw }wew,. Since
u is adjacent to all of V' then C, must be a C,-factor. Finally, observe that since
D covered all edges of G then the set {C, },cv is a set of edge-disjoint C,-factors

that cover all edges in G. Hence, GG has a resolvable C,-decomposition. O
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2.3 Extended fractional decomposition

In this section we will extend a given fractional C.-decomposition in G to an
‘almost’ fractional wheel-decomposition of the extended graph G (Lemma 2.3.3).
This will be used during the Cover down lemma (Lemma 2.7.1). Specifically, given
an extended graph G = (V,U, G, H) where G is almost d-regular, d > (1/2 + a)n
and H is almost complete, we will construct a weighting w : W,1(G) — [0, 1]
such that w(e) = > yew, ,.ccww(W) = 1 £ for every edge e € E(G) for
some small n > 0. To achieve this we will need a recent result by Joos and
Kiihn [40] which finds a fractional C,-decomposition in a graph G with minimum
degree §(G) > (1/2 + a)n for any a > 0 provided that r and n are large enough.
Moreover, if the graph G is almost regular then the fractional decomposition is
‘balanced’ in the sense that the final weight on all cycles is almost uniform. In fact,
the result in [40] is more general and applies to tight cycles in highly connected
hypergraphs. For simplicity, we state their result restricted to the case of graphs

with high minimum degree.

Theorem 2.3.1 ([40, Theorem 1.4]). Let 1/n < 1/r < &, a. Let G be a graph on
n vertices such that 6(G) > (1/2+a)n. Then there is a fractional C,.-decomposition
wg of G such that for every C € C.(G)

2e(G
(G

~—

< wa(C) < (1+§)

(2.1)

We will now introduce the gadgets that we shall use to transform the fractional
C,-decomposition wg of G into an ‘almost’ fractional wheel-decomposition of the

extended graph G. Let v € V and wuy,uy € U such that vuy,vuy € E(G) and let
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x € R. A (vug, vug, z)-shifter is a function ¢ : W, 1(G) — R such that

x if e = vuq,

ple) = W) =19 -z ife= VU, (2.2)
WeW,11(G) : eCW

0 otherwise.

A (v, uq,uz)-gadget J is a subgraph of G consisting of a vertex v € V', two vertices
uy,ups € U and r cycles C1,...,C, € C.(G) with three distinguished and consecu-
tive (in C;) vertices x;, y;, z; € V(C;) for each i € [r] such that v is adjacent to the
vertices x;, z; for each ¢ € [r], Cy := (y1,...,¥,) is an r-cycle in J and H[V (J)] is
a complete bipartite graph. Note that J has 2 4 3 vertices. For each i € [r] let C!
be the r-cycle obtained from C; by replacing y; by v. We denote by J(v,uq,us)
the set of all (v, uy, us)-gadgets in G. Given J € J (v, u1,uz) let ;5 : Wo1(G) = R

be the (vuq, vug, 1)-shifter defined as

¢

1/r  if uy is the hub of W and Cy C W or C] C W for some i € [r],
—1/r if uy is the hub of W and C; C W for some i € [r],
es(W) =19 =1/r if uy is the hub of W and Cy C W or C! C W for some i € [r],

1/r if ug is the hub of W and C; C W for some i € [r],

0 otherwise.
\

(2.3)
It is important to notice that ¢, is indeed an (vuq, vus, 1)-shifter.
The following proposition gives a lower bound on the number of (v, us,ug)-

gadgets for any v € V and uy,us € U.

34



Figure 2.1: A (v, u1, ug)-gadget.

Proposition 2.3.2. Letl/n < e < 1/r < a. Let G = (V,U,G, H) be an extended
graph where |V| = n, §(G) > (1/2 + a)n and H is e-complete. Let v € V and
uy, ugy € U such that vuy, vuy € E(G). Then | T (v, uy, ug)| > o3 +1(1/2)” 3 0™ >

(an)" .

Proof. We will first choose the cycle Cy = (y1,...,y,). Since §(G) > (1/2+ a)n
then |C,.(GQ)| > a(1/2)"*n" and |{C € C.(G) : v € C}| < n"~'. Hence there are
at least (1/2)""'n" different r-cycles that don’t contain v. Since H is e-complete
at least «(1/2)"n" of such cycles are adjacent to both u; and us. Choose one
of these cycles as Cy. For each i € [r] there are at least a?n? pairs of vertices
T, 2; that are adjacent to y;, v, u1, us and distinct from previously chosen vertices.
Finally, for each i € [r] there are at least «(1/2)""*n"=® (r — 3)-paths from z; to

z; that are adjacent to u; and uy and avoid previous chosen vertices. O

We are now ready to state and prove the main result of this section.

Lemma 2.33. Let I/n < n <K e < 1/r< ¢ << a. Lt G = (V,UG,H) be

an extended graph where |V| = n, G is (e,d)-reqular with d > (1/2 + a)n, H is
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e-complete and dg(v) = (1 £n)2dy(v) for every v € V.. Then there is a weighting

w: Wit1(G) — [0,1] such that for every edge e € E(G)

wle)=1+n

and for every wheel W € W,,1(G)

2e(QG)

() = (124 G

(2.4)

(2.5)

Proof. First of all observe that for every vertex v € V' we have dg(v) = (1 £¢e)d

and dg(v) = (1 £1)2dg(v) = (1 £n)2(1 £ ¢)|U| and thus |U| = (1 £ 3¢)d/2.

Observe also that 2e(G) = >, v da(v) = (1 £ ¢)dn.

veV

We start by Theorem 2.3.1 to G to find a weighting wg : C,.(G) — [0, 1] such

that

wale)= Y we(C)=1

CeCr(G): eCC
for every e € E(G) and
2e(G 2e(G
walC) = (1% O g = (120 %7

for every C' € C.(G).

Observe that for every vertex v € V

we(v) == Y wale) =da(v) = (1+e)d.

e€E(Q) : vee

Given an r-cycle C' € C,.(G) let N3(C) = {W € W,.1(G9) :
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d5(C) :==|Ng(C)|. We now define w’ : W,1(G) — [0,1] as

where Cyy is the r-cycle of G contained in W. Then, for every C' € C.(G) we have

that

> G- Y S =) (2.7

WeN(C) weng(C) 9

Note that for every edge e € E(G)

ORI DI UOE I DI W

WEW,41(G) : eCW CEC,(G) : eCC WEN(C)

N welC) = wele) = 1.

CeC,G:eCC
Given v € V| let E, be the set of edges in E(H) incident to v. Then, for every
veV

wr(v) =Y w(e)=) > W)= > > W)

c€E, e€Ey WEW,41(G) : eCW CeCr(G) :vEC WENE(C)

(2.7) 1 2.6) da(v)
= Z wa(C) = 566E§ Ueewg(e) = —

CECH (G) : veC

Suppose that for each v € V

W'(e1) = w'(ez) for every pair of edges ey, e € E,. (2.9)
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Then, for any e € E,

and thus,
W) = ;z((g; - 23611(22) =149y (2.10)

which together with (2.8) implies (2.4).

Our goal then is to ensure that (2.9) holds for every vertex v € V. To do this,
we will use several shifters which will modify our current weighting w’ into the
desired one.

Fix v € V. For each e € E,, let z, := wy(v)/dy(v) —w'(e) be the “missing

weight” of e.
Claim 1: For every e € E(H), |x.| < e'/2.

Proof of claim: Let e = vu € E(H) with v € V and u € U. On one hand

/ . / o wG(C)
W'(e) = Z (W) = Z d5(C)
WeWr11(G) : eCW CeCr(G) :vel
CCNg(u)

Ly @y )
CceCr(G) :vel dé(C) CeCr(G) :vel E’(C)
CZNg (u)

And on the other hand,

w 2e(@G) .
0< E " <(A+2)——Fen s e
CeCr () : veC dg(C) d (1 =re)|U]
CZNg(u)

S (1 +4£)27‘+18 S 51/2
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Hence, for every v € V and every pair of edges ej,es € E, we have |w'(e1) —

W'(eg)| < % And so |z.| < €'/? for every edge e € E(H). —

Note that }_ ., 2. = 0.

The following claim finds triples {(e;,, €;,, T;) }icr Where ¢;,,¢;, € E, so that by
finding an (e;,, €;,, x;)-shifter for each i € I we will compensate the missing weight
of each e € F, and ensure that (2.9) holds.

Claim 2: There exists a finite set A, of ordered triples {(ei,, ey, xi)}icr where

€y, i, € By and x; € R satisfying that

(S1) for each e € E, let I, C I be the set of indices i such that e € {e;,,e;,}, then

> lzil =z,

i€le

(S2) suppose that p; is an (e;,, €y, x;)-shifter for every i € I, then
W(e)+ Y wile) = wr(v)/du(v)
icl
for every e € E,.
Proof of claim: The proof consists of the following algorithm. Suppose that at
the j-th step we have already found triples {(e;,, €;,, ;) }1<i<j. For each e € E,,
let I} (e) be the set of indices 7 such that e = e;, and let I (e) be the set of
indices i such that e = e;,. If zc > 0 let 2;(e) := 3,4y 2 and if z. < 0 let
J
zj(€) = Y ics-(o) —Ti- Let Ej:={e € B, : zj(e) = z.}. Suppose that the triples
{(es, €y, ;) h1<i<j satisty that for each e € E,,
(s1) if ze > 0 then |I; (e)| = 0 and if z. < 0 then |I}(e)| = 0,
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(s2) [z(e)] < |zel,
and suppose that
(s3) |Ej = J.

The algorithm stops if E; = E,. In this case we have that z;(e) = x. for each
e € E, which implies (S1). Suppose that @; is an (e;,, €;,, x;)-shifter for every

1 <17 < j. Then for every edge e € F,

W(e)+ Y wile) = W) +z(e) = wle) + z = wi(v)/du(v)

1<i<j

which implies (S2).
Else, if |Ej| < |E,|, let €; be an edge in E, \ E; that minimises |z. — z;(e)|.

Observe that

Sn) - T a- Yoo ¥ Yar ¥ ¥ a-o
ecE, ecE, ecE, ecEy, 1 x>0 ie]]j"(e) e€EF, 1 xe<0 iEIj_ (e)
Then there must exist some edge €} € E,\ E; such that sgn(x., —z;(e;)) # sgn (T, —
zj(e})). We choose the j-th triple to be (ej, €, (ve; — 2;(e;))) if (7e; — 2j(e;)) >0
and (€, ej, —(xe;, — 2j(e;))) if (ze; — 2j(e;)) < 0. Observe that z;,4(e;) = w;,
|241(€5)] < [z ], and zj41(€) = z;(e) for all edges except e; and e}. It follows
that the new set of triples satisfy (s1)-(s3) when replacing j by j + 1. Note that
|E;+1| > |E;| guarantees that the algorithm will stop at most at the dy(v)-th
step. —
Next, for each (e1,e3,2) € Ay let @i, e @ Wrt1(G) — R be defined as
Plereza) W) = Franam > e T (v P71 (W) Where e1 = vuy and ey = vus. Recall
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(2.3). It follows that @, e, is an (e1, es, x)-shifter. Moreover, since J has r?
vertices in addition of v, uy, us, given W € W, 1(G) the amount of gadgets J €
J (v,u1,us) that contain W is at most Nt i e or eo € W, n” " if uy or

ug € W but v ¢ W, and zero otherwise. Thus, using Proposition 2.3.2 we obtain

)
2 (o .
lz|a™"n= =D if ey or ey C W,

[P(ere2r) W < 9 |z|a 0 if uy or up € Wand v ¢ W, (2.11)

0 otherwise.

\

Let 0, := > ,c4, @a- Then (S2) implies that

W'(€) + pule) = w'(e) + Y @ale) = wu(v)/du(v) (2.12)

a€A,

for every e € E,. On the other hand, consider a wheel W € W,.;(G) with

{u} =W nNU. If W contains v and vu € E(H),

(S1),(2.11) o
oM< D loaMl= D leaW) <zl 00 (213)
a€Ay, a€Ay :vu€a
If W does not contain v but vu € E(H),
(S1),(2.11) e
el <D leaW)l= D leaW)l < Jzula™ 0" (2.14)

a€Ay, a€Ay, : vu€a

Else, if vu ¢ E(H), ¢,(W) = 0.

Let w = w'+) ", .\ ¢o. First observe that w(e) = w'(e) for every edge e € E(G).
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Second, for every v € V' and every e € £,

wie) =w'(e) + ) pule) =w'(e) + pule) = wr(v)/du(v).

eV

Thus, equations (2.9) and (2.10) holds when replacing w’ with w, so (2.4) holds as
desired.
It only remains to check equation (2.5). Fix W € W,,1(G) and let W =

{v1,...,v,u} with u € U. Using Claim 1 and equations (2.13) and (2.14) we

obtain
D oM< DY e+ DY (W)
veV veV 1veW veV 1 vgW
< 7,61/2a—r2n—(r—1) + n€1/2a—r2n—r < 61/4n—(r—1)
and
, wa(Cw) 2e(G) 1 2¢e(G)
W) = =(1+£2 . = (1+£3)——.
W) d5(Cy) 20— Tz - Y0
Hence,
2e(G) | 4 (e 2e(@)
W)=(1%36)"""L £/ 0D = (1+4 :

2.4 Approximate decomposition

In this section we will transform the fractional decomposition found by Lemma 2.3.3

into an approximate decomposition that covers, for each vertex, all but o(n) of its
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incident edges. The proof is sketched in Section 1.5.4 and will make use of Theo-

rem 1.5.2.

Lemma 2.4.1. Let 1/n <« n € 7 < ¢ € 1/r € a. Let G = (V,U,G, H)
be an extended graph where |V| = n, G is (e,d)-reqular with d > (1/2 + a)n,
H is e-complete and dg(v) = (1 &+ n)2dy(v) for every v € V. Then there is a

W,41-decomposable subgraph F C G such that A(G — F) < yn.

Proof. Let p,&, 1 > 0 such that

IngKn<n K y7ekIr<éLp<Ka

We start applying Lemma 2.3.3 to obtain a weighting w : W,11(G) — [0, 1]

such that
w(e)=1xn
for each edge e € E(G), and
2e(Q)
=(1+£
o) = (1O %0

for each wheel W € W,1(G).

Since G is (e, d)-regular, H is e-complete and dg(v) = (1 £ n)2dy(v) for each
vertex v € V(G) we have that dg(v) = (1 £ ¢)d and dg(v) = (1 £ 1)2dy(v) =
(1+n)(1+e)2|U]| so |U| = (1 £5¢)d. Then

2¢(G)  (I*£e)dn  (1£8e)n
drlU| — (1 £5e)dr+t  dr

For each wheel w € W,1(G), let p(W) := w(W)pd"/n and note that 0 <
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p(W) < 1.

Let W be a set of wheels obtained by choosing each wheel W € W, 1(G) with
probability p(W). Let H be a hypergraph with vertex set V(H) = E(G) and
hyperedge set E(H) = W. We have that for each edge e € E(G)

Eldu(e))= >, pW)= > wW)pd'/n=(1+n)pd /n.
WeWr41(G) : eCW WeW,41(G) :eCW
Note that since d > n/2 then using Lemma 2.1.2 and a union bound is it

straightforward to see that with positive probability
dy(e) = (1 £ )pd" /n for all e € E(G). (2.15)

Fix # so that (2.15) holds and let D := pd" /n.
Observe that Ay(H) < n"2 as every pair of edges determine at least three

"2 (r + 1)-wheels containing them. On the other

vertices so there are at most n
hand, since D = pd"/n > pn"~'/2" then n"=2 < pn"~' /(2" log” n) < D/(log” n).
For each v € V(G) let S, = {e € E(G) : v € e}. Let S = {S,},ev(g) and note that
|S| =n+|U] < n+2d < 3n. We apply Theorem 1.5.2 to the hypergraph H (with
1’ playing the role of €) to obtain a (v, S)-perfect matching M. Let Ep be the set
of edges in E(G) which are left uncovered by M. Observe that a perfect matching
in H corresponds to a W, ;-decomposition of G. Hence, F := G — G[F] has a
W, 41-decomposition. Finally, A(G — F) = A(G[EL]) < yn since for each vertex

v € V(G) there are at most yn edges e containing v which are left uncovered by

M in H. O
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2.5 Vortex sequence

As sketched in Section 1.5 our main proof is based on iterative absorption. The
first step of the proof is to find a sequence of vertex sets V=1,2OV; D--- DV,
that end in a set V; of constant size. We call such sequence a ‘vortex’. By choosing
the sets at random we will be able to maintain the properties from the host graph
in each vertex set V;. The vortex sequence was introduced by Glock, Kiihn, Lo,

Montgomery and Osthus [28].

Definition 2.5.1 (Vortex). Given r,m € N and n,¢, > 0, an (a, 1, €, m)-vortezx
of an extended graph G = (V, U, G, H) is a pair of sequences V =V, 2 V; D --- DV}

and U =Uy D Up D -+ 2 Uy such that |V;| = m and for all j € [/]
(V1) Vi = €|Vl and |Uj| = €|Uj-l,

(V2) dg(vi) = (1 £n)da(ve) for every vy, vy €V,

(V3) dg(v; V) > (1/2 4 «)|V;] for all v € V;_y,

(V4) HI[V;,Uj| is complete,

(V5) da(v,V;) = (1 £n)2dy (v, Uj) for all v € Vj_;.

The next result finds a vortex sequence in an extended graph G that satisfies
the same conditions as the statement of Theorem 2.2.3. Applying Lemma 2.5.2

will be the first step in the proof of the main theorem.

Lemma 2.5.2. Let 1/n < 1/m' <« n < ¢ € a. Let G = (V,U,G,H) be an
extended graph where |V| = n, H is a complete bipartite graph, G is d-regular
with d > (1/2 + 2a)n and dg(v) = 2dg(v) for every v € V. Then G contains an

(v, m, e, m)-vortex where em’ < m < m/.

45



Proof. Let ng := n and define n; := en;_; recursively for every i € [¢]. Let
¢ :=1+max{i > 0 : n; > m'} and let m := ny,. Note that by definition
em’ <m <m’ <ny_1. Let ag := 2c and 19 := 0 and define recursively for every
i€/

. -1/3
;= i1 — 2ni_1

and

M = Nio1 + 471:1/3-

Suppose that for some i € [¢] we have already found a sequence of sets Vj 2D
-2 Vieyand Uy 2 -+ D U;_; that form an (o;_1,m;_1,€,n;_1)-vortex of G (so
properties (V1)-(V5) holds for all j = [i]). Note that this is trivially true for i = 0.
Let V; be a random subset of V;_; of size ¢|V;_;| and let U; be an arbitrary
subset of U;_ of size €|U;_;|. Note that |V;| = n,.
For each v € V;_; note that dg(v;V;) is a random variable having an hypergeo-
metric distribution with parameters n;_q, dg(v; Vi_1), n; satistfying E [dg(v; Vi)] =

edg(v; Vi_1). Hence Lemma 2.1.2 implies that

1/3

P [do(v; Vi) # (1 0 )eda(v; Vi) | < 207 edoilion/s < ggmenia/o

where we have used dg(v; Vi_1) > n;—1/2 by (V3). Let A, be the event dg(v; V;) #

(1+ n;_ll/g)adg(v; Vi—1). Then, using a union bound we can see that

Pl Af <Y PIA) <25/ <1,

veV;_1 veEV; 1
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Thus, we have shown that with positive probability for any vertex v € V;_;
da(v; Vi) = (1 £ n{Peda (v Viey).
Fix such choice of V;. Then, for every v, v, € V; we have

de(v; Vi) = (1 £ 0, {Meda(v1; Viy) = (1 0, () (1 £ mio1)eda (v2; Vioy)
= (L, )1 £ nim) (1 20, )de (v; Vi)

= (1 £ n;)dg(ve; Vi).

For every v € V;_; we have

da(v; Vi) > (1= {Peda(v; Vie) > (1—n ) (1/2 4+ aimr)enio > (1/2 + i),

and
da(v; Vi) = (1 £ n Pede(v: Vi) = (1 £ 0 {De(1 £ nimy)dy (v; Us_y)
= (Lxn)e|Uis| = (1 £0:)|Us] = (1 £ n;)dp (v; Uy).
Hence, Vy 2 -+ D V; and Uy O --- D U; form an (ay,m;, €, n;)-vortex of G.

Repeating iteratively the above arguments we end up with an (ay, 1, €, ng)-vortex

Vo2 DVyand Uy D --- D Uy of G. Note that

~

—1 -1 —¢/3 0, \—1/3 0-1,\-1/3
_1/3 o 15 —=1  (e'n) (e'n)
n; = Z(fzm =mn 1/35_1/3 1 < 13 _ 1 < 1_c1/3

< (m/>—1/3'

~
I
o

i=0
Thus, we have

-1
o = ap — ZZn;l/?’ > ap—2(m) V2 >«
i=0
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and
-1

e = 1o + 2471;1/3 < 4(m’)7l/3 <n
i=0

soViD---DVyand Uy D --- D Uy is an (a,m, e, m)-vortex of G as desired. O

2.6 Edge-disjoint factors

Let G be a graph and let V1,...,V,, C V(G) be a sequence of vertex subsets. Can
we find, for each ¢ € [m], a factor F; of G[V;] so that all the factors {F;}icjm) are
edge-disjoint? During the proof of the ‘Cover Down Lemma’ we will encounter
the situation where we need to find such factors. Following a method introduced
by Barber, Kiihn, Lo and Osthus [9] we prove two distinct results, Lemmas 2.6.2
and 2.6.3, that allow us to do such thing. Of course, each of the graphs G[V;] will
require some condition to guarantee the existence of a factor. Moreover, in order
to assure that the factors are edge-disjoint we will need the sets to be large enough
and to have small intersection. Our first result, Lemma 2.6.2, will find edge-disjoint
C,-factors. We will need the following result due to Kiithn and Osthus [57] that

shows the existence of a C.-factor in a graph satisfying Dirac’s condition.

Theorem 2.6.1 ([57]). Let 1/n < 1/r < o with r | n. Let G be a graph on n

vertices satisfying that 6(G) > (1/2 4+ a)n. Then G has a C..-factor.

We will use Theorem 2.6.1 successively in each of the graphs G[V;] to find
many edge-disjoint C.-factors and pick one at random. A probabilistic argument
will then show that with positive probability we can randomly choose a C,.-factor

F; for each G[V;] so that all the factors {F;}icpm end up being edge-disjoint. This
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method was first used by Barber, Kiihn, Lo and Osthus to find edge-disjoint K-

factors in a graph with high minimum degree, see [9, Lemma 10.7].

Lemma 2.6.2. Let 1/n < p < 1/r < a and let N € N. Let G be a graph on n

vertices and let Vy, ..., VN C V(G) such that

(F1) v | |Vi| and |V;| > p*3n for all i € [N],

(F2) 6(G[Vi]) = (1/2+ a)|Vi| for all i € [N],

(F3) |[VinV,| < p*n forall1 <i<j<N,

(F4) every vertex v € V is contained in at most pn of the sets {V}icin-

Then for each i € [N] there exists a C,-factor F; of G[V;] such that all the factors
{F }iciv) are edge-disjoint.

3/2pn. The proof consists of a random algorithm where

Proof. Let m := 2p
for each i = 1,..., N we find a C,-factor of G[V;] at random and show that with
positive probability at the end of the algorithm the chosen factors are edge-disjoint.
Suppose that we have already found C,-factors Fi,..., F,_; of G[Vi],...,G[Vi_4]
respectively for some i € [m]. Let H; := J;¢;;_y Iy and let G; := G — H;. We now
consider two cases depending on the maximum degree of H;.

Case 1: A(H;) < p*/n.

Observe that
5(GiIVI)) = S(GIVI)) = A(H) = (1/2+a)n — o > (1/2+ a/2)n

since p < «. We can then apply Theorem 2.6.1 successively to find m edge-disjoint
C,-factors Ay, ..., A, of G;[Vi].
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Case 2: A(H;) > p*/n.

If this is the case, let Ay, ..., A,, be defined as empty graphs on the set V; and
continue with the next iteration.

Observe that in any case the graphs Ay, ..., A, are pairwise edge-disjoint and
edge-disjoint from all the previous graphs Fi,...,F;_1. Let F; be chosen uni-
formly at random from the set of candidates Aq,...,A,,. Note that at the end
of the algorithm the graphs Fi, ..., F,, will be actually edge-disjoint C,-factors of
G[W1],...,G[Vy] if and only if

A(H;) < p**n (2.16)

for each 2 = 1,...,m. We will check that with positive probability this is the case.
For each i € [N] and v € V; let J** := {j € [i — 1] : v € V;} and for
each j € J™ let Y;”’ be the indicator variable of the event that vv' € E(F}) for

some v € V;. In other words, Y"* indicates the event that some edge e of G[Vj]

j
incident to v already appears in the graph F}, and therefore could not be used

when choosing F;. Observe that
dupy(v) = Y Y/ (2.17)
jeJi,’u

Let i € [N] and z € V; be fixed. Since |V; NV;| < p?n for each j € J** by (F3) it
follows that at most p?n of the edge-disjoint graphs A, ..., A,, that were candi-

dates for F; share an edge incident to v with G;. Let ji,..., j s be the elements
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of J%¥ arranged in ascending order. Then, for all k € [|J""|] we have that

| | | e
Plyie =1]Y",... Y?v”]gﬂgp—.
m

Y ) .
J1 Jk—1 2

Let B ~ Bin(]J"|, p'/2/2) and note that |J**| < pn by (F4). Thus,

1/2 3/2
v P P
E|B| = |J"|— <
(B =71 < 2
All in all we have
X Fact 2.1.3
P|Y Y">p"n| < P[B>p"n] <P[B>RE[B]+p"’n/2|
jEJi,v
Lemma 2.1.2

< 26 P"/2,

Finally, since there are at most pn? pairs (i,v) with v € V; (because of (F4)),

a union bound implies that with positive probability Zj i Y]“’ < p3n for all
i € [N] and v € V;. This together with (2.17) implies that equation (2.16) holds

with positive probability for every i = 1,..., N concluding thus the proof. O

We refer as a 2-path to a path of length 2, i.e, a graph consisting of three
vertices and two edges. Our next result finds edge-disjoint 2-path-factors in a

bipartite graph satisfying Dirac’s condition.

Lemma 2.6.3. Let 1/n < p < a and N € N. Let H be a bipartite graph on

[V, U] where |V| =n and let V1,...,Vy CV and Uy,..., Uy C U such that
(P1) |V;| = 2|U;| for alli € [N],

(P2) |Vi| > p**n for alli € [N],
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(P3) dg(v;U;) > (1/2+)|U;| and dg(u; Vi) > (1/2+«)|V;| for alli € [N], v € V;

and u € U;.
(P4) |VinV;| < p*n and |U;NU;| < pPn for all 1 <i < j < [N],

(P5) every vertexv € V and u € U is contained in at most pn of the sets {V;}ien

and {U; }iein) respectively.

Then for each i € [N] there is a 2-path factor P; of H[V;,U;] so that all the factors

{Pi}icin) are edge-disjoint.

To avoid reiteration we will omit the proof of Lemma 2.6.3. The lemma could
be proven using a similar approach to that of Lemma 2.6.2 by replacing the use of

Theorem 2.6.1 with the following consequence of Hall’s theorem:

Proposition 2.6.4. Let H be a bipartite graph with parts of size n such that

dy(v) > n/2 for each vertex v € V(H). Then H has a perfect matching.

It is straightforward now to obtain a 2-path-factor in a bipartite graph H on
[V, U] where |V| = 2|U|, dy(v) > |U|/2 for each v € V and dg(u) > |V|/2 for each
u € U. Indeed, by duplicating each vertex u € U one obtain a bipartite graph H’
satisfying the conditions of Proposition 2.6.4. Finally, a perfect matching in H’

corresponds, by identifying the duplicated vertices, to a 2-path-factor of H.

2.7 Cover Down Lemma

In this section we prove the ‘Cover Down Lemma’, Lemma 2.7.1, which is the
key machinery behind the iterative absorption method used in the proof of Theo-

rem 2.2.3. Recall that in the Cover Down Lemma we are given a graph G and a
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subset U C V(G) and wish to find a decomposable subgraph F' C G that covers
all edges in G — G[U] and only a sparse set of edges in G[U]. The proof is divided
into three main steps. In the first step we will set aside a sparse set of edges R
that will act later as a partial absorber. In the second step we remove the reservoir
edges and find an approximate decomposition, in our case by using Lemma 2.4.1.
Specifically, we find a decomposable subgraph in G — R that covers all but o(n?)
leftover edges. Finally, in the third step, we use the reservoir edges and possibly
some edges within G[U] to cover the leftover edges. It is during the third step

where we will need to find edge-disjoint factors using Lemmas 2.6.2 and 2.6.3.

Lemma 2.7.1 (Cover down lemma). Let 1/n < n < 7 < e < 1/r < a. Let G =
(Vo, Uo, G, H) be an extended graph where G is (e, d)-reqular with d > (1/2 + a)n,
H is 2e%-complete and dg(v) = (1 & 1)2dg(v) for every v € V.. Let Vi C Vi and

U, C Uy be subsets satisfying

(C1) [Vi| = elVo| = en and |Uy| = €|Uy|,

(C2) da(v; Vi) = (1/2 4 20)|VA| for all v € Vg,

(C3) for every v € Vo, da(v; Vi) = (1 £n)2du(v; U),
(C4) for every v € Vo \ Vi, da(v) = 2dg(v),

(C5) for every u € Uy \ Uy, 1 | dy(u).

Then there is a W11 -decomposable subgraph F C G such that E(G—F) C E(G[V;U
Ui]) and A(F[V1 U U;]) < 4/'n.

Proof. Let v,p > 0 such that

In<nky<pLy ek lr<a. (2.18)
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Let V' :=Vy\ Vi and U’ := U, \ U;.

Using (C2) and the fact that H is 2e?-complete we have

de({v1,v2}; V) > 4a|Vi| (2.19)

for every vy, vy € Vj and

dg({v,u}; V1) > (1/2 + a)|V4]| (2.20)

for every v € Vj and u € U,.

Since dg(v) = (1 £1)2dy(v) for every v € V' and using (C3) we obtain

dg(v; V') = dg(v) — dg(v; V1) = (1 £ n)2dg(v) — (1 £ 2n)2dg(v; Uy)
(2.21)

= (1£2n)2dy(v;U").

STEP 1: Choosing the reservoir edges.

Let Ry C G[V', V1], Ry C H[V', U] and R3 C H[Vy,U'] be subgraphs obtained
by choosing each edge independently at random with probability p. Observe that
for each v € V', dg,(v; V1) can be seen as a random variable X, where X, ~
Bin(dg(v; V1), p). And this is also true for the common degree of distinct vertices
through Ry, Ry and R3. In other words, each degree through R, Ry or R3 can be
seen as a binomial random variable where the expected size is a p proportion of the
degree that the vertices originally had in G. We shall use this observation to make
use of Proposition 2.1.4 (with n playing the role of ¢) together with the properties
given by (C2)-(C4), (2.19)-(2.21), to show that the following list of properties is

satisfied with positive probability.
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—FExpected degree sizes:

(R1) dg, (v; V1) = (1 £ n)pde(v; V1) for every v € V',

(R2) dg,(v; V') = (1L £n)pdg(v; V') for every v € Vi,

(R3) dg,(v;Uy) = (1 £n)pdg(v; Uy) for every v € V',

(R4) dg,(u; V') = (1 £n)pdy(u; V') for every u € Uy,

(R5) dp,(u; Vi) = (1 £ n)pdp(u; V1) for every u € U,

(R6) dg,(v;U") = (1 £ n)pdy(v;U’) for every v € V4.

—FExpected divisibility relations:
(R7) dg,(v; V1) = (1 £ 2n)2dg,(v; Uy) for every v € V',
(R8) dg, (v; V') = (1 £ 3n)2dg,(v; U’) for every v € V.
—FExpected common neighbourhood into Vi :

(R9) (1+n)p?*|Vi| > |Ng,(v1) N Ng,(ve)| > 3p*a|Vi| for every vy, vy € V',
(R10) |Ng,(v1) N Ng(v2)| > 3pa| V4| for every vy € V' and vy € V7,
(R11) |Ng,(v) N Ngy(u)] > (1/2 4+ a)p?|V4| for every v € V' and u € U,
(R12) |Ng,(v) N Ny (u)| > (1/2 + a)p|V1]| for every v € V' and u € Uy,
(R13) |Ng,(u) N Ng(v)| > (1/2 + a)p|Vy| for every u € U" and v € V),
(R14) |Np,(u1) N Ngy(u2)| < (1 + n)p?| Vi for every uq,us € U'.

~Ezxpected common neighbourhood into Uy :
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(R15) (14 n)p?|Uy| > |Ng,(vi) N Ng,(v2)] > (1 — 5e)p?|Uy| for every vy, vy € V7,
(R16) |Ng,(v1) N Ng(va)| > (1 — 5e)p|Uy| for every vy € V' and vy € V.

Fix such choice of Ry, Ry and Ry and let G = (Va, U, é,ﬁ) where G = G —
Ry — G[Vi] and H = H — Ry — Ry — H[V1,Uy).

STEP 2: Approximate decomposition.

Observe that since A(Ry) < pn and A(G[Vi]) < en then G is (2¢, d)-regular
and since A(Ry), A(Rs) < pn and A(H[V;,Uy]) < en then H is 2e-complete. On

the other hand, for every vertex v € V'

dg(v) = dg(v) = dr, (v) = 2dp (v) = (12 20)2dp, (v) = (1 & 2)2d5(v)  (222)
where we have used (R7), and for every v € 1}

dg(v) = da(v) — dg, (v) — da(v; VA1)
= (1£n)2dy(v) — (1 £3n)2dg,(v) — (1 £ n)2dg(v; Uy) (2.23)

— (1 20)2dj(v)

where we have used (R8) and (C3). Thus, we can apply Lemma 2.4.1 to G to
obtain a W, ;-decomposable subgraph F; C G such that A(G — Fy) < vyn. Let
L:= (G — F)[V'UU’]. In particular,

A(L) < vn. (2.24)

STEP 3: Covering down the leftover edges.

Let Ql = Q — Fl. Note that gl[‘/l U Ul] = g[‘/l U Ul]
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Our goal now is to cover all the edges in G; — G[V; U U], which includes the
edges in Ry, Ry, Ry and L, by using only a sparse set of edges within G[V; U Uy].
We shall achieve this in three steps represented by Claims 1, 2 and 3. Specifically,
in Claim 1 we will cover one by one each edge e € E(L) by finding an (r+ 1)-wheel
in Gy that contains e. After this, all edges in G;[V’ U U’] will have been covered.
Next, in Claim 2, we will cover, for each u' € U’, all the edges incident to «’ that
remain uncovered. These will be edges between U’ and V;. Here we shall make use
of Lemma 2.6.2. Finally, in Claim 3, we will cover, for each v € V’, all the edges
incident to v that remain uncovered. For this we will need Lemma 2.6.3. Note
that after applying the three claims we will have covered all edges in G; —G[V; UU |
as desired. We will make sure during the whole process that the edges in G[V; UU;|

covered after applying the three claims is sparse.

Claim 1: For each e € E(L) there is a wheel W, € W,.1(G — F) that contains e
such that all the wheels {W,}cepr) are edge-disjoint and if Fy = UeeE(L) W, then
A(./—"g) S ’}/1/371.

Proof of claim: Suppose that for some set £’ C E(L) we have already found

edge-disjoint wheels {W,}ccpr such that F' := (J . We satisfies

A(F') < V3. (2.25)

We say that a vertex x € V; U U, is good if there are less than +'/?n wheels in F'
containing x. Otherwise we say that it is bad. Let X be the set of bad vertices and
suppose that |X| > v/3n. By definition, for each bad vertex € X there are at

least v!/?n edge-disjoint wheels in F’ containing =, which implies dz (x) > 2v/?n.
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It follows that

1
[E(F)| 2 5 Y dr(x) > 70,

zeX

On the other hand, we have that

/ (2.24) )
|E(F)| <2r|E(L)] < 2ryn

which is a contradiction. Hence,
1 X| < ~Y3n. (2.26)

Let G' := (G[V1] — F'[V1]) \ X and observe that 6(G”) > (1/2 + «)|V4| using (C2),
(2.25) and (2.26). Let e € E(L) \ E' be an edge. Suppose first that e € v|v)
with v},v, € V'. Using (R15), (R12), (2.25) and (2.26) we can greedily choose
good vertices u € Ng,_z/(€), v € Ng,_7(v]) N Ng_z(u) and vy € Ng,_z(v5) N
Ny_7(u). Then, since the graph G'[Ng(u; V1)] satisfies Dirac’s minimum degree
condition we can find a path P, with r — 3 edges from v; to vy. If e = v'u with
v € V' and u € U’, using (R11) we choose instead two good vertices vy, vy €
Np,—7 (V") N Ng,—7(u') and then find a path P, with r — 2 edges from v; to ve
in G'[Ny(vw';V1)]. In any case we have that W, := e U P, U {u} is a wheel of
W,41(G), edge-disjoint of F’ and such that all the vertices of W, are good. Hence,
A(F UW,) < 4'3n so we can apply the same arguments by replacing E’ by E'Ue
and F' by F'UW.,. —

Using Claim 1 we can find a W, ;-decomposable subgraph F, C G — F; such
that F(L) C E(F;) and
A(F) < 4Y3n. (2.27)
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Let Gy := G — F1 — Fo, Gy := Go[V] and Hy := Go[V,U]. Since Go[V' U U]
has no edges then for every v € V' and «' € U’ we have Ng,(v') = Ng,(v'; V1),
Npy,(v') = Ng,(v';Uy) and Ny, (v') = Ng,(u'; V7). Moreover, since G, is obtained
from G by removing W, i-decomposable graphs we know by (C4) and (C5) that
dg,(v') = 2dy, (V') and r | dy,(u') for every v/ € V' and v’ € U’.

Claim 2: For each v € U’ there is a C,-factor F, of Ny, (u') in Gy such that all

the factors {Fyy }weu are edge-disjoint.

Proof of claim: We just need to check that the sets {Np,(u')}werr satisfy the
conditions of the sets {V;},cy in Lemma 2.6.2. As mentioned above we have
7| dg,(u") for each v € U'. Since Ry C Hj then dy, (u') > dg,(u') > (1 —n)p(1 —
2¢)en > (pe~H)*3(en) where we have used (R5) and dy(u/; Vi) > |Vi| — 2e%n.
Using (R14) we have dg, (u}, uh) < (14 n)p?|Vi| < (14 n)p*en < (pe~1)?(en). For
each v; € V; we can see that dy,(v1) < dg,(v1) + dx,(v) < (1+0)p|U'| +~Y3n <
pn = (pe~1)(en) by using (R6). Finally, observe that for each «/ € U’ and each

v € Ny, (u') we have

d, (v; Ny (u')) = [N, (v; V1) O Ny (u'; Vi)| 2 [Na(v; Vi) N N, (u)] = 2A(F2)
> (1/2+ a)p|Vi| — 2910 = (1/2 4 a/2)pen + (a/2)pen — 273n
> (1/2 4+ o/2)pen + p(1/2 4+ a/2)pen

> (1/2 + a/2)|Np, (u)]

where we have used that G[Vi] C Gy U Fy, Ry C Hy U Fs, (R13), (2.27) and
[N, (v)| < dp,(v) + dr,(u') < (1 + p)pen (because of (R5) and (2.27)). We can
then apply Lemma 2.6.2 with Go, a/2, en and pe~! playing the role of G, a, n

and p respectively. —
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Using Claim 2 we find edge-disjoint C,-factors F,, of Ng,(u') in Gy for each
uw € U'. For each v/ € U’ and each r-cycle C' € F, let W € W,11(G) be the
wheel consisting of the cycle C' and the hub . Let F3 := UCEFM’u,eU, We. As
F3 is obtained from the edge-disjoint union of wheels it is straightforward to see
that F3 is W, ;-decomposable. Moreover, F3 is edge-disjoint of F; U F3 since Fj3
consists only of edges in Hy and G5. On the other hand, since dp, (u") < (14 p)pen

for each v € U’ and dp,(v1) < pn for each vy € V; then
A(F3) < 3pn. (2.28)

Let G3 .= G — Fy — Fo — F3, G5 := G3[V] and Hj := G3[V,U]. Note that V' N
V(F3) = 0 and thus Ng,(v") = Ng,(v') for each v € V'. Hence, for each v' € V|
Ng, (V') = Ng, (v'; V1), Ng, (V') = N, (v'; Uy) and dg, (v') = 2d g, (V).

Claim 3: For each v' € V' there is a collection Fyy of dg,(v'") wheels that contain
v' such that all the wheels {W : W € F,,v'" € V'} are edge-disjoint and if
Fa:=Uwer, werr W then A(Fy) < (7'/2)n.

Proof of claim: For each v € V' let V,y := Ng,(v') and Uy := Np,(v'). We
will check that the sets {Vi}yeyr and {Uy }eys satisfy the properties of the

sets {Vi}tien and {U, }ieny from Lemma 2.6.3 respectively. First of all note that
|Vir| = 2|Uy|. Using (R1) and (2.27) we can see that

dGS (U/> = de (U/) + dfz (Ul)
= (L£n)pde(W'; Vi) £4"Pn = (1 £ p)pda(v; V1) (2.29)

> (1xp)p(1/2 4+ 2a)|V1| > (1/2 + a)pen
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so V| > pen/2 and |Uy| > pen/4 for all v/ € V.

For each v}, v € V', v| # vy we have

st({Uiv Ué}) < dRz({'Ullv U;}) + dg—]ﬁ({vi’ Ué})

(R15)
< (LU +n < (14 2¢)p%en

and
dG3 ({'Uiv Ué}) < de ({Ulla U;}) + dg—]ﬁ ({Uﬂ, U;})

(R9)
< (1+n)p* Vil +9n < (14 2¢)p°en
where we have used |Ui|, |Vi| < en.

On the other hand

(R2)
dey(v; V') < dpy(vi; V') +dg-7(v1) < (1+n)(1—¢e)pn+yn < pn

for every v; € V; and

(R4)
dHS <u1; V,) < dR2 (ul; V/) + dg—]—'1 (u1> < pn

for every u; € U;. Finally, we can see that for each v' € V' and v; € Ng, (V')

d, (vi; Nigy (v')) 2 [NR,(v') N Ni(v1)] = dr, (V) = dg, (v1)
(R16) 1/ )
> (1=52)p|lh] = 29""n = (1 — a)[Nu, (v)]

where we have used that |Ng, (v')| < (1 +n)p|U;| by (R3) and similarly, for each
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v' € V' and uy € Np, (V)

dpy(ur; Ny (V) > [Ng, (v)) N N (ur)| — dg, (V') — dr, (ur)

S 12+ )plvil - 290 > (172 + 0/2)| Ve, ()
where we have used that |Ng, (v')] < (14 n)p|V1| by (R1).

Hence we can apply Lemma 2.6.3 with H3[Vy, U], {Vi}wevr, {Ustvev:, en
and «/2 playing the role of H[V, U], {V;}icin, {Ui}iein), n and a respectively to
find, for each v € V', a 2-path factor P, of Hj3[V,/,U,| so that all the factors
{Py }vey are edge-disjoint. We will now greedily extend the collection of paths
{P : P € P,,v €V} into the desired collection of wheels {W : W € F,, v €
V'}

Suppose that for some subset S C V' we have already found for each v € S
a collection F, of dy,(v') wheels so that all the wheels {W € F,, : v € S} are

edge-disjoint and Fg := Uy cp , wes W satisfies
A(Fs) < (v'/2)n. (2.30)

Similar to the proof of Claim 1 we say that a vertex xz € V; is good if there are less
than (7//8)n wheels in Fg containing x. Otherwise we say that it is bad. Let X
be the set of bad vertices and suppose that |X| > 4'n. Then for each x € X there

are at least (7//8)n wheels in Fg containing . It follows that

BF)| 2 5 3 drle) > (o/n)"

16
zeX
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Let D = maxycys dp,(v') < 2pen. On the other hand

E(Fs)| < 2r|V'|D < 41 pen?
| p

which is a contradiction since p < +'. Hence

| X] < +'n. (2.31)

Now let o' € V'\ S. We have

(R3)
dp, (V') < dp, (V") +dg_7 (") < (1+n)pdg(v';Ur) +yn < (1 + 2¢)pen

which implies |Py| = dg, (v) < 2pen. Iteratively, for each path viuve € P, with
V1, V2 € Ng,(v') and u € Ny, (v') we are going to find a path from v; to vy of length
r —2in G3[Npy,(u; V1)] made of good vertices and edge-disjoint from Fg and from

the previously found paths. Let P = vuv’ € P, and let P be the set of paths of

length (r — 2) that we have already found. Note that

[V(P)| < r|Py| < 2rpen. (2.32)

Let Y := (Vi \ Nug,(u; V1)) U Nxg(u; V). Since dg, (u; Vi) > du(u; Vi) — A(F) >
(1—2¢)|Vi|—7"3n (where we have used that H is 2e%-complete and equation (2.27))
then

Y| < 2e[Vi| + 920+ (7//2)n. (2.33)

Let Gp := (G3[V4] — Fs) \ (Y U X UV(P)) and observe that 6(Gp) > §(G[V1]) —
A(FVi]) = A(F[W]) = A(Fs) = [Y] = [X] = [V(P)| > (1/2+ 2a)|Vi| = 2¢"/*n —
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3pn —27y'n—2¢|Vi| —2rpen > (1/24 «)|Vi| where we have used (C2), (2.27)-(2.28)
and (2.30)-(2.33). Then we can greedily find the desired path from v; to vs.

For each P = viuvy € Py let Qp be the path of length r— 2 from vy to vs found
above. Note that by adding the edges v;v' and v'vy to Qp we obtain an r-cycle
Cp. Since the vertices of ()p were chosen disjoint from Y then all vertices in Q)p
are adjacent to u via H3 — Fg. Let Wp be the wheel with cycle Cp and hub u.

Observe that the wheels {Wp}pep,, are pairwise edge-disjoint since the paths
{Qp}pep, are chosen to be vertex-disjoint from the previously chosen paths.
Moreover, all the paths {Qp}pep,, are chosen to be edge-disjoint from Fg thus
implying that all the wheels {Wp}pep, are edge-disjoint from Fg. Finally, let
Fy = {Wp}pep,, 5" := SU{v'} and Fg := FsU (UWGFM W) We would now
apply again the above arguments with S’ playing the role of S.

At the end of the procedure we would have found, for each v" € V', a set of
dy,(v") wheels F,y containing v such that all the wheels {W : W € F, v € V'}
are edge-disjoint. Let F,; := UWGFUW,GV, W. Each vertex v € V' would be
contained in exactly dg,(v') wheels implying that dz, (v') < rdg,(v') < 2rpen <
(7//2)n. On the other hand, each vertex u; € U; would be contained in exactly
dp,(uy; V') wheels implying that dz, (u) < rdg,(ui; V') < rpn < (7'/2)n. Finally,
each vertex v; € V; would be contained in exactly dg, (v1; V') + g(v1) wheels where
g(v1) denotes the number of times the vertex v; is chosen when finding the paths
{Qp : P € Py,v' € V'}. Since the paths {Qp : P € Py,,v" € V'} were all
found using only good vertices then g(vy) < (7//8)n. On the other hand we have
de,(v1; V') < pnso dg,(v1) < 3pn+3(7'/8)n < (7//2)n. All in all we would have
that A(Fy) < (7//2)n. Thus, (2.30) would actually hold for each S C V' which

ensures that we can apply the whole procedure until finding the desired collection
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of wheels F4.

Let F, be the graph obtained by applying Claim 3 and let F = F; U o U
F3 U Fy. Note that E(G — F) C E(G[V, UU]). Since F1[Vi U U] has no edges,
A(F2)+A(F3) < (7'/2)n by Claims 1 and 2 and A(F,) < (7//2)n by Claim 3, we
have A(F[V4 UU;]) < +'n which concludes the proof. O

2.8 Final absorbers

In this section we construct the absorbers that will be used to cover the final
remainder during the main proof. The construction is based on a sequence of
‘transformers’; a type of gadgets that allow to transform a given leftover into a
‘new’ leftover. The idea is to combine several transformers to end up with a leftover
which is decomposable by itself. This method was introduced by Barber, Kiihn,
Lo and Osthus [9] and further developed in [10].

Given an extended graph G = (V,U,G,H), r € N and a subgraph L C G,
an absorber for L is a graph A, C G such that V(L) C V(AL), AL[V(L)] is
independent (has no edges), and both A and Ay U L have a W, ;-decomposition
in G. The following result allows us to find an absorber Ay in G for any given

W,.1-divisible extended subgraph L C G of bounded size.

Lemma 2.8.1. Let I/n < 1/M < 1/m < e < 1/r < a. Let G = (V,U,G, H)
be an extended graph where |V| = n, §(G) > (1/2 + a)n and H is e-complete.
Let L C G be an extended W, 1-divisible graph where L = (Vi,Up,Gr, Hy) and
|\V(L)| < m. Then there is an absorber A, C G for L such that |V (AL)| < M.
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Before proving Lemma 2.8.1 we will first describe an explicit construction of an
absorber Ay, for L C G. To make things easier, we will describe the construction
of Ay inside a non-arbitrary extended graph G, i.e., we may assume that any edge
or subgraph required in the construction exists in G. The construction of A; will
consist of the union of several graphs, which we call transformers, which will act
as ‘partial absorbers’. The construction of a single transformer is completed with
equation (2.34) while the construction of A; ends with equation (2.35). Once
we have finished the construction, the proof of Lemma 2.8.1 will only consist of
showing that a copy of A; can be found in any given extended graph satisfying
the conditions of the statement. We will make use of Lemma 2.8.5 which finds a
copy of a single transformer.

Let G = (V,U,G,H) be a fixed extended graph. Given two vertex-disjoint
extended subgraphs L, L’ C G we say that L' is obtained from L by identifying
vertices if there is a sequence of extended subgraphs L = Ly, ..., L, of G such that
there is an isomorphism f : Ly — L' where f(v) € V if and only if v € V' and for

each 0 < i < { there are vertices z;,y; € V(L;) satisfying that
(i) ziys €V or z,y, €U,
(ii) Np,(z:) NN (y:) =0,

(iii) L;y1 is the graph obtained from L; by deleting the vertex y; and adding the
edges {z;z : y;z € E(L;)}.

Note that if L’ is obtained from L by identifying vertices then there exists
a graph homomorphism ¢ : L — L' which is edge-bijective and satisfies that

¢(v) € Vif and only if v € V. An (L, L')-transformer is an extended subgraph
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Figure 2.2: Illustration of P., C., Cy) for the case e € E(G) and r = 7.

T C G edge-disjoint from L and L’ such that both LUT and L' UT have a W, -
decomposition. Our absorber A, will be made of the union of several transformers.
Roughly speaking, each transformer acts as a ‘partial’ absorber that allows us to
transform the leftover L into a new leftover L’. Our aim will be to reach a final
leftover J that will be W, ;-decomposable.

Let G = (V,U,G, H) be a fixed extended graph, let L = (V;,U, G, Hy) be
a W, 1-divisible extended subgraph of G and let L' C G be obtained from L by
identifying vertices. Let ¢ : L — L’ be an edge-bijective homomorphism such that
¢(v) € V if and only if v € V. For each e = vyv, € E(Gp) let P, = (va, ..., 0,—1)
be an (r —2)-path of G where v, is adjacent to v; and ¢(v;), and v,_; is adjacent to
v, and ¢(v,), and let u, be a vertex in U adjacent to all of vy, ..., v, ¢(v1), d(v,).
Note that C. := (v1,...,v,;) and Cy) = (¢(v1),v2,...0,—1,0(v,)) are r-cycles
of G and let W, and Wy be the (r + 1)-wheels of G with hub u, and cycles
Ce and Cy) respectively. For each e = vyu € E(Hy) with v; € V and u € U

let P. = (vg,...,v,) be an (r — 1)-path of G where vy and v, are adjacent to v;
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Figure 2.3: Illustration of P., C., Cy) for the case e € E(Hy) and r = 5.

and ¢(v1), and u is adjacent to all of vs,...,v,. Note that C, := (vy,...,v,) and
Co(e) := (#(v1),v2,...v,) are r-cycles of G and let W, and Wy be the (r + 1)-
wheels of G with hub u and cycles C, and Cy ) respectively. Let all the paths
{P.}eerr) and all the vertices {ue}ecp()np@G) be vertex-disjoint. Let Wy :=
UeeE(L) W, and Wy = UeeE(L) W(e) and note that both unions are edge-disjoint
so Wy, and Wy, are trivially W, 1-decomposable.

Let v € Vj, be a fixed vertex. Let X, be the set of vertices {z € P, : vz €
C.,v € e € E(L)} and let Y, be the set of vertices {u. : v € e € F(GL)}. Note
that | X,| = dg, (v) + 2du, ) and |Y,| = dg,(v). Since L is W, -divisible we
have that dg, () = 2d, (1), thus | X,| = 2|Y,|. Let x1,..., 29 and y1,...,y, be an
enumeration of the vertices in X, and Y, satisfying that for each i € [¢] neither
x;y; nor xy4y; are edges of Wy. For each i € [(] let P; be an (r — 1)-path starting
at x; and ending at ¢y, so that all the paths {P,}icq are vertex-disjoint. Let C;
be the r-cycle obtained by adding the edges vx;,vz,; to P; and let W; be the

(r + 1)-wheel with cycle C; and hub y;. Let W, := |J,.,, W;. Analogously, let C!

1EM
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be the r-cycle obtained by adding the edges ¢(v)x;, ¢p(v)zoy; to P, let W/ be the
(7 4 1)-wheel with cycle C] and hub y; and let Wy := U, W/. Note that W,
and We,) are both trivially W, -decomposable.

Let {W, }vev, be all edge-disjoint extended subgraphs. Then, by construction,
{Ws) }vev, are also edge-disjoint. Observe that Wy is edge-disjoint from all of
{Ws(w) tvev, , and similarly, Wy, is edge-disjoint from all of {W,},ev, -

Let s € N with r | s.

Now let u € Up be fixed. Let X, be the set of vertices {z € P. : u €
e € E(Hr)}. Let S, € V be a set of vertices of size s and note that since L
is W,;-divisible we have r | dg, (u) so r | (r — 1)dg, (u) = |X,|. Let C; be
an C,-factor of G[S, U X,] such that X, is independent in C; and let Cy be an
C,-factor of G[S,] edge-disjoint from C;. For each r-cycle C in C; or Cy let We
and W/ be the (r + 1)-wheels with cycle C' and hub u and ¢(u) respectively. Let
Wy = Ucee, Wo, Wi = Ucec, We W(;ls(u) = Ucec, W¢ and W;(u) = Ucee, We-
Note that W}, W2, W;)(u) and Wi(u) are trivially W, . ;-decomposable.

Let {Su}uer, be pairwise disjoint sets. Finally let

veVr, uely,
(2.34)

Proposition 2.8.2. T is an (L, L')-transformer.

Proof. Note that E(L) C E(W,) and E(L') C E(Wy/). By construction we

have that

TUL=W,U <U W¢(v)> U(U W;(u)> U(U WS)

veV uelr, uelUr,
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where all the unions are edge-disjoint. Hence, T'U L is W,.,1-decomposable. Simi-

larly we have that

TUL':WL/LJ(U Wv)U(U W5>U<U Wi(u))

veVr, uely, uely,

where the unions are edge-disjoint and thus T"U L’ is W, ;-decomposable. U

Proposition 2.8.3. |V(T)| < 2(s+ 1)|V(L)| + 5r|V(L)|*.

Proof. First of all observe that V(W) \V (L) = V(W \V (L)), Uyer, VIWV)\
V(L) = Uners, VOVso) \V(E), Uy, VOV \VIE) = Uyeg, VOVL) \ V(E),
and V(WZ) C V(W,) and V(W3 ) € V(W) for every u € Uy. By construc-
tion we have

VOV < (r+ DIE(L)| < 2r[V(L)[,

U VW) < VDI + e () < 20V (L)
and
U vow| < v+ 0> 2 E DI o)) v
Hence,

V(D) < VD) + VIO + VOV + | [ VW)

veEV],

+

U vowy)

uelUy,

< 2(s+D|V(L)| +5r|V(L)|.
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An (L, L’)-transformer allows us to transform a leftover L into a new leftover
L' if L' is obtained from L by identifying vertices or vice-versa. We will now
describe a sequence of graphs starting at L and ending in a W,,;-decomposable
graph J such that each pair of consecutive graphs will admit a transformation. By
combining all such graphs and transformers we will obtain the desired absorber
A; for L.

Let G = (V',U',G', H') be an extended subgraph of G. Given an edge vjvs €
E(G"), an expansion of v1v, is the graph obtained by the union of G’ and a vertex-
disjoint wheel W € W, 1(G) by deleting an edge v}vy € E(W) with v}, v5 € V and
the edge viv9, and adding the edges vivy and vev]. Given an edge viup € E(H')
with v; € V' and uy € U’, an expansion of vius is the graph obtained from
the union of G’ and a vertex-disjoint wheel W € W, ,1(G) by deleting an edge
viuy, € E(W) with v] € V and u}, € U and the edge v uy, and adding the edges
viuh, and ugvy. Observe that in both cases identifying the vertices vy and v} results
in a graph obtained from G by attaching a wheel W € W, 1(G) into v;. Let G/,
be the graph obtained from G’ by expanding every one of its edges. Let G/,, be the
graph obtained from G’ by, for each e € E(G’), choosing a vertex v € eV and
attaching an edge-disjoint wheel W € W,.1(G) to v. Note that G, is obtained

from ggxp

by identifying vertices. Note also that |V (G..)| = |V(G')| + r|E(G")]
and |V(Gip)|l = V(G| + (r + 1)|E(G')|. Finally, given vp € V and ug € U let
['g: be the graph obtained by, consecutively, adding and expanding the loop vyvg
|E(G")| times and adding and expanding the edge voug |E(H')| times. It follows
that I'g: is obtained from G, by identifying all the vertices in V' into vy and all
the vertices in U’ into uyg.

We have now all the ingredients to describe our absorber A;. Let L C G be
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W, ;1-divisible. Note that since L is W, -divisible then |E(L) N E(G)| = |E(L) N
E(H)| =: my and v | my. Let J be the edge-disjoint union of my /r wheels of

W;+1(G). Then |[E(J)NE(G)| = |E(J)NE(H)| = mp. Let Lay, L., T'r, J!

exp’ exp’

Jém;gg
G be all pairwise edge-disjoint where L and J._ are copies of Ley, and Jeyp re-

exp exp

spectively. Then we have the following relation

Law¢—Liyy—T 0— T, —Jane
where A — B indicates that B is obtained from A by identifying vertices. Suppose
that we have found edge-disjoint transformers 77,75, T3, T}, satistying
_ZE% Jém

T: T:
=2 'y < J

exp

T
Loyt ¢— L

exp

where A 25 B denotes that T is an (A, B)-transformer. Let

AL - (Latt - L) UTl U L/

exp

ULUl',UTy U J!

exp

UTy U . (2.35)

Proposition 2.8.4. Ay is an absorber for L.

Proof. First note that that V(L) is an independent set in L, — L and that
Loyt — L is trivially W, 1-decomposable as it consist of the edge-disjoint union of
|E(L)| wheels. Recall that if T"is an (A, B)-transformer then both AUT and T'UB
have a W, -decomposition.

Secondly, observe that Ay is the union of (L. — L), Ty UL

exp’

ToUTl'r, T3UJE,
and T U Ju¢ which are all pairwise edge-disjoint W, -decomposable extended
graphs. Hence Ay is W, ;-decomposable.

Finally, note that J,y is W, ;-decomposable by construction. Then Ay U L is
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the edge-disjoint union of Ly UT, Ly, UTs, I UTs, Ji ,UT) and Juy which are

all W, 1-decomposable extended graphs. Thus, Ay U L is also W, 1-decomposable

so A is an absorber for L. O

The following lemma shows the existence of a single transformer in an extended

graph satisfying the conditions of Lemma 2.8.1.

Lemma 2.8.5. Let 1/n € 1/s < 1/m < ¢ € 1/r < a withr | s. Let G =
(V,U,G, H) be an extended graph where |V| = n, §(G) > (1/2 + a)n and H is
e-complete. Let L C G be an extended W, 1-divisible subgraph with |V (L) < m
and let L' C G be obtained from L by identifying vertices. Then there is an (L, L')-

transformer T C G with |V (T)| < 2s*.

Proof. Let L = (V,,U,,Gr,Hy) and let ¢ : L — L’ be an edge-bijective
homomorphism satisfying ¢(v) € V if and only if v € V. We will find a copy of
the (L, L')-transformer 7" described above. We will find it vertex by vertex and
will refer as new vertices to the vertices that are not in V(L U L) and that have
not previously been chosen as vertices of T. Note that at any time at most s>
vertices are not considered new vertices since |V(T)| < s* by Proposition 2.8.3
and the hierarchy of constants. In addition, observe that since 6(G) > (1/2 + a)n
the common neighbourhood of any two vertices in G is at least 2an.

We will first find Wr, Wi, {W,}uev, and {Wy () }vev,. For each e = vjv, €
E(Gp), we pick new vertices vo € Ng({vy,0(v1)}) and v,y € Ng({v., ¢(v,)}).
Next we find, using only new vertices, the (r — 2)-path P. = (vq,...,v,_1) in G.
This can be done greedily since 2an — s* > 0. For each e = vyju € F(Hp) with
vy € V and u € U we find the r-cycle C, = (vy,...,v,) in G where v,,..., v,

are new vertices adjacent to u. We can find the cycles {C,}ccpm,) greedily since
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2an — s* —en > 0. For each v € Vy let d, := dg,(v) and let zf,..., 23 be
an enumeration of the vertices in {z € P, : vx € C.,v € e € E(GL)} and let
Ty i1, Tsy be an enumeration of the vertices in {z € P, : vz € Ce,v € e €
E(Hp)}. Note that X, = {«7,...,25; }. Now, for each e = vyvy € E(GL) let

Sox? e V(C,) and let j; = 4; (mod d,,) + 1

i1 and iy be the indices such that z;', z;’

and jo = ip (mod d,,) + 1. We pick a new vertex u. € U that is adjacent to all
of vy, ve, p(v1), P(va), V(Pr), ', a z? and %2

s T Ty dy, > Ty Jobduy This can be done greedily

since |U] — s* — (r + 6)en > 0. With this procedure we guarantee two things.
First that for each e € E(L), C. U {u.} and Cy) U {u.} are (r + 1)-wheels which
completes the embedding of Wy, and W,. And second that for each v € V}, there
exists an enumeration vy, . .., y4, of the vertices in Y, such that for each i € [d,] y;
is adjacent to xj and zj,, and neither of vz} nor vzj, , are edges of Wr. Thus,
for each v € V}, and i € d,,, we will continue by finding an (r — 1)-path P} from
rj to xj,, in G made of new vertices (except from xj and =7, ,; ) whose vertices
are all adjacent to y;. This can again be done greedily since 2an — s> —en > 0.
Finding these paths completes the embedding of {W, }vev, and {Wy () }vev, -

It only remains to find, for each u € Uy, copies of Wi W2 W;)(u) and Wq%(u).
Fix u € Uy and let N, := Ng(u) \ X, be the set of new vertices in V' that are
adjacent to u. Recall that |X,| = (r — 1)dg, (u) < rm. Let S, C N, be a set of
new vertices of size s chosen at random with uniform probability. Observe that
|Ny| > n—rm—enso for any v € V we have dg(v; N,) > (1/2+a)n—rm—en >

(1/2+ «/2)n. Then for every v € V' we have

E[da(v; Su)] = (1/2 + a/2)s.
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For each v € V let A, be the event that dg(v; S,) < (1—¢)E [dg(v; Sy)]. Lemma 2.1.2

implies that for any v € V

1/2

P[A,] < 9~ Elda (v;84)]/3 < 9p—c5/6 <e®

Let A be the event that dg(v; S.) < (1 — €)E [dg(v; Sy)] for some v € S, U X,.

Hence
P{A] < Z P[U € S, and Av] + Z ]P)[A@] < |Nu| ‘]\Sfu|681/2 n ’Xu‘e,sl/z
VEN, vEX,
< (s+ 7’m)e’51/2 <1

which implies that A does not hold with positive probability. Thus, choose S, C
N, to be a set of new vertices satisfying that dg(v; S,) > (1 —e)(1/2 + «/2)s >
(1/2 4+ a/4)s for every v € S, U X,,. Since 6(G[Sy]) > (1/2 + a/4)|S.| we know
by Theorem 2.6.1 that there exists a C,-factor Cy of G[S,]. This gives us the
embeddings of W? and Wg(u). Now let G, := G[S, U X,] — Cy, — G[X,]. Observe

that for any v € S, U X,, we have

da,(v; S, UX,) > da, (v;8,) > da(v; Su) — A(Cy) > (1/2 + af4)s — 2
> (1/2+ a/8)s + (a/8)s —2 — (1/2 4+ a/8)rm + (1/2 4+ a/8)rm

> (1/2+ «/8)(s+rm) > (1/2 + «/8)|S, U X,|

where we have used that (a/8)s —2 — (1/2 + «/8)rm > 0. We can then apply
again Theorem 2.6.1 to find a C,-factor C; of G,. It follows that C; is a C,-factor
of G[S, U X,] edge-disjoint from Cy and in which X, form an independent set,

which gives us copies of W, and W,

75



This completes the embedding of T'. Propositions 2.8.3 and 2.8.2 finish the

proof. O

We are finally ready to prove Lemma 2.8.1.

Proof of Lemma 2.8.1. Let s,s' € Nsuch that 1/M < 1/ < 1/s < 1/m.

The proof consists of finding an embedding in G of the extended graph Ay,
described above which by Proposition 2.8.4 is an absorber for L. We will first
find the extended graphs L.w, Ley,, I'n, Jo, and Ja in G and later find the
transformers 17, Ts, T3 and T by applying Lemma 2.8.5.

Recall that since 6(G) > (1/2 + a)n and H is e-complete then the common
neighbourhood into V' '\ V' of any two vertices vy, v, € V and any vertex u € U is
at least 2an —en — |V/| > an if |V'| < s. This allows us to find an (r 4+ 1)-wheel
containing any given vertex in V' and to expand any given edge e € F(G) even if
we are not allowed to use a given set of vertices V' of size at most s. We will use

this argument to find, vertex by vertex, the extended subgraphs L., L.,  , 'z,

exp?
Jéxp and Ju in G. We shall then refer as new vertices to the vertices in V UU that
have not previously been used in the embedding of the absorber Ay . Since the size
of the graphs L, Li,,, 'L, Ji,, and Ju are all bounded polynomially by V(L)
and F(L), and |V(L)| < m and |E(L)| < 2™, we can assume that at any point of
the argument the number of used vertices is always bounded by s, allowing us to
greedily find wheels or expand edges using only new vertices.

We start by finding an embedding of J in G using only new vertices. This can
be trivially done since J consists of the union of |E(L)|/(2r) edge-disjoint (r+ 1)-
wheels. We can then, for each edge e € E(L)UFE(J), choose a vertex v € eNV and

find an (r + 1)-wheel that contains v and uses only new vertices. This allows us to
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extend L and J into L,y and Ju. Let L' and J' be copies of L and J on the set
of new vertices. I’ and J’ are not necessarily extended subgraphs of G. However,
we can greedily expand every edge of L' and J’ to find vertex-disjoint copies of
Ly, and Ji, in G using only new vertices. To find Iy, we just need to pick new
vertices vg € V and ug € U and iteratively add and expand the loop vgvg and the

edge voup my times using only new vertices. We have then found vertex-disjoint

embeddings of La, Ly, I'n, Joyp and Jay in G.

It only remains to find the transformers 71, ..., Ty. Let ¢ € [4] and suppose that
we have already found edge-disjoint copies of size at most s’ of the transformers
Ti,...,T;_1. Let E’ be the set of edges in G that have already been used in
the embedding of A;. We have |E'| < 2'% with plenty of room to spare. Let
G =G—G[F]| with ¢’ = (V,U,G’, H') and observe that 6(G’) > (1/2+ a/2)n and
H' is (¢/2)-complete. We can then apply Lemma 2.8.5 (with G', «/2, ¢/2 and s
playing the role of G, o, € and s? respectively) to find a transformer T; C G’ with
|[V(T;)| < s'. Thus, by induction, we can find edge-disjoint transformers 77, ..., Ty

of size at most s’ which completes the embedding of A;. Finally, since s, < M

then |V (AL)| < M as desired.

2.9 Proof of Theorem 2.2.3

We have now all the ingredients to prove the main theorem of this chapter which
we restate below. Recall that the proof consist of three main steps. In the first step
we find a vortex sequence Vy D -+ DV, where Vy = V(G) and V; has constant size
and find and set aside a final absorber for all possible configurations of a leftover

in G[V;]. In the second step we iteratively apply the Cover Down Lemma to cover,
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at the i-th iteration, all edges in G — G[V;] to end up with a final leftover in G[V}].
The final step consists of absorbing the final leftover using the absorbers that were

set aside at the beginning. We now restate the main theorem.

Theorem 2.2.3. Let 1/n < 1/r < a. Let G = (V,U,G, H) be an extended
W, 11-divisible graph where |V| = n and H is a complete bipartite graph. If G is

d-regular with d > (1/2 + a)n then G has a W, 1-decomposition.

Proof. Let v,n,e >0 and M, m' € N such that

I/n<l/M<l/m<«n<y<e<<]l/r<a. (2.36)

We will write the proof with 10« playing the role of a. Hence we have by assump-
tion d > (1/2 + 10a)n.

STEP 1: Find the vortex sequence and the final absorber.

We start by applying Lemma 2.5.2 to find a (5, n, &, m)-vortex Vo 2 -+ DV},
Up 2 -+ D Uy of G where em/ < m < m/. Let n; := |V for every ¢ € [¢(] U {0}.
For every i € [{], since |V;| = n;, dg(v; Vi) = (1£n)2dy(v; U;) for every v € V; and
H[V;,U;] is complete we have that |U;| < n;. Let L be the set of all spanning W, ;-
divisible extended subgraphs of G[V; U U,|. Suppose that for some £ C L we have
found for each L € £" an absorber A, C G —G[V; UU,| with |V (AL)| < M so that
all the absorbers {Ap}re are edge-disjoint. Let A’ := (J, .. Az and note that
V(A < |L|M <2*"M. Let L€ L\ £ and let G, = (G — G[V;UU;| — A)U L.
Since |V (A")| < en, |Vi| = en and |U;| < en we have that 6(GL[V]) > (1/2+ a)n
and G [V, U] is 2e-complete. We can then use Lemma 2.8.1 (with G, L, 2m and
2¢ playing the role of G, L, m and ¢) to find an absorber Ay for L in G, such

that |V (Ar)| < M. Repeating iteratively the above arguments we end up finding
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for each L € £ an absorber A, C G — G[V; U Uy] with |V(AL)| < M so that
all the absorbers {Af} e, are edge-disjoint. Let A :=J, ., A and note that A
satisfies that for any W, -divisible extended subgraph L C G[V, U U,;| AU L has
a W, 1-decomposition. Since |V (A)| < 22"M and using (2.36) we can see that
for every v € V dg_a(v; V) > (1/2 + Ta)n and dg_4(v; Vi) > (1/2 + 3a)n; so
Vo2 -2 Vyand Uy O --- D Uy form a (4a,n, e, m)-vortex of G — A. Moreover,
since A is W, 1-decomposable then G — A must be W, -divisible.

STEP 2: Iteratively apply the Cover Down Lemma.

Let i € [¢(] U {0} and suppose that we have found an extended subgraph G, =
(Vi, U, G, H;) of G such that G — A — G; is W, 1-decomposable and the following

properties hold:
(a) G; is W, yq-divisible,
(b) G; is (g2, d;)-regular for some d; > (1/2 + 2a)n;,
(©) de;(v; Vigr) = (1/2+ 3a)nisy for every v €V,
(d) H; is y-complete,

(€) Gi[Vig1 UUita] = G[Vis1 U U;i4].

This is true for ¢« = 0 since Gy := G — A satisfies properties (a)-(e). Let G/ :=
Gi—Gi[ViraUUsys] and let G = (V;, U;, G, H!). Using that |V o] = ¢|Viy1| = €%V}
and |U; 42| = €2|U;| we can see that G is (e, d;)-regular for some d; > (1/2 + a)n;,
H! is 2e%-complete and dg(v; Vig1) > (1/2 4 2a)n;y for every v € V;. On the
other hand by property (V5) of the vortex sequence and using (e) we know that
de,(v; Vige) = (1 £ 1)2dy,(v; Uis2) for every v € Viio. Thus, since G; is W,.y1-

divisible by (a) then G satisfies that dg/(v) = (1 & n)2dy(v) for every v € V,
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der(v) = 2dp (v) for every v € Vi \ Viyp and 7 | dyr(u) for every u € U; \ Ugyo. We
can now apply Lemma 2.7.1 (the Cover Down Lemma) with G/ = (V;, U;, G}, H}),
Vii1 and U;yq playing the role of G = (V, U, G, H), V' and U’ respectively to find
a W, 1-decomposable subgraph F C G/ such that E(G, — F) C E(G![Vis1 UU1])
and

A(F[Vigr UUia]) <AV (2.37)

In other words, F covers all the edges in E(G; — G;[V;41 UU;11]) and only a sparse
set of edges in G;[Vii1 U U] Let Giy1 = (G;i — F)[Viy1 U Uis1] and note that
G—A—-Giy1=(9—A—G;)UFis W, 1-decomposable by assumption. We will
now check that G;11 = (Viy1, Ui, Giq1, Hit1) satisfies properties (a)-(e). First
observe that G; — F is W, . -divisible since both G; and F are W, i-divisible.
Note that G; — F and G,,; have the same set of edges since F covered all edges
outside G;[Vit1 U Uiy1]). Thus G,y is also W, ;-divisible. Using (e) we know
that G;[Vii1 U Uj4q] satisfies properties (V1)-(V5) (with 4« instead «). Hence
from (V2) and (2.37) we can deduce that dg,,,(v1) = (1 £&%)dg,,, (v2) for every
vy,v2 € Viqq, (¢) and (2.37) imply that dg,,,(v) > (1/2 4 2a)n;; for every v €

Vi1, from (V3) and (2.37) we can see that dg,,, (v;Vige) > (1/2 + 3a)n o for

o
every v € Vi1, and (V4) and (2.37) imply that H;,; is y-complete. Finally since
F[Viia UU;s2] has no edges we have G;1[Viyo U Uia] = G[Viia U Uiis].

It follows by induction that there exists a W, -divisible extended subgraph
Ge = (Vo, Uy, Gy, Hy) of G such that G — A — G, is W,.1-decomposable.

STEP 3: Absorb the final leftover.

Since Gy is a W, 1-divisible extended subgraph of G[V;, U] we have G, € L so
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A contains an absorber Ag, for G,. All in all we have

g:(g_-A_gﬁ)U(A_Agz)l—l<g€UAgz)

where the unions are edge-disjoint and (G — A —Gy), (A— Ag,) and (G, U Ag,) are

all W, 1-decomposable, implying that G has a W, -decomposition. U
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CHAPTER 3

RESOLVABLE CLIQUE DECOMPOSITIONS
OF PSEUDO-RANDOM GRAPHS

In this chapter we will prove Theorem 1.2.5. Recall that a graph G is said to be
(&, p, s)-typical if for every set of vertices S C V(G) of size at most s we have
that dg(S) = (1 & &)pl®In. Note that this is a type of pseudo-random condition
that the random graph G(n, p) will satisfy with high probability if £, p, s are fixed
an n is large enough. Recall that a graph G is K,-divisible if (}) | e(G) and
r—1|dg(v) for every v € V(G). Finally recall that a resolvable K,-decomposition
is a decomposition of G into K,-factors where a K,.-factor is a collection of vertex-

disjoint r-cliques that span V(G). We restate Theorem 1.2.5.

Theorem 1.2.5. For every r > 3 and every p > 0 there exists £ > 0 and ng € N
such that any K,-divisible (§, p, 3r)-typical regular graph G on n > ng vertices

such that r | n has a resolvable K,-decomposition.

In order to prove Theorem 1.2.5 we will prove a more general result, The-
orem 3.2.1, consisting of a K, ;-decomposition of the corresponding ‘extended

graph’, see Section 1.5.2. Furthermore, we will consider decompositions in ‘com-
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plexes’, which are a more general object than a graph. We will introduce all
the terminology around complexes in Section 3.1 before stating Theorem 3.2.1 in
Section 3.2. The rest of the chapter will be organised as follows. In Section 3.3
we will prove the existence of a fractional K,,;-decomposition in the extended
graph (Lemma 3.3.2) and transform it into an approximate decomposition in Sec-
tion 3.4. In Section 3.5 we will find a vortex sequence in the extended graph.
In Section 3.6 we prove the existence of a clique-factor in a multipartite pseudo-
random graph (Theorems 3.6.1 and 3.6.3). We will use these results to find many
edge-disjoint factors in Section 3.7. In Section 3.8 we prove the ‘Cover Down
Lemma’ (Lemma 3.8.3) and in Section 3.9 we construct the final absorbers for the
main proof. It is in this section where we will require s > 3 (see Lemma 3.9.1).
Finally, the proof of the main theorem of this chapter, Theorem 3.2.1, is presented

in Section 3.10.

3.1 Preliminaries

We will inherit the standard notation and the basic probabilistic results used in

the previous chapter. For reference see Section 2.1.

3.1.1 Complexes

The concept of complex generalises that of a graph and consists of a family of
sets of vertices which is closed under taking subsets. The union of the sets can be
viewed as a ground vertex set V' and the collection of 2-sets can be viewed as the

edge set E. While graphs only capture pairwise interactions (edges), complexes
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can model interactions between multiple vertices simultaneously (e.g., r-sets for
r > 3), offering a richer and more general framework, and connecting combinatorics
to other fields in mathematics such as topology, where complexes are a fundamental
object. This broader perspective has inspired mathematicians to generalise many
classical results from graph theory to complexes. For the purpose of this thesis we
will focus in complexes containing only 1-sets (vertices), 2-sets (edges) and r-sets

(faces) for some fixed r > 3. We define formally a complex as follows.

Definition 3.1.1. An r-complex G is a triple (V(G), E(G), F.(G)) where V(G)
is a set of vertices, E(G) is a set of 2-sets of vertices called edges, and F,.(G) is a

set of r-sets of vertices called faces, such that for every f € F,.(G) and every 2-set

eC f,e€ E(G).

We extend all the standard notation of simple graphs to r-complexes by iden-
tifying an r-complex G with its underlying graph (V(G), E(G)).

Given two r-complexes G and H we write H C GG and say that H is a subcom-
plex of Gif V(H) CV(G), E(H) C E(G) and F,.(H) C F,(G). Given a set of edges
E' C E(GQ) the induced complex G[E'] is the r-complex G[E'] = (V(G), E', F")
where F' := {f € F.(G) : e € E' Ve C f}. If G is fixed we might re-
fer to G[FE'] as the induced complex by E'. We write G — H for the r-complex
G[E(G) \ E(H)]. Given a set T' C K,_1(G) of (r — 1)-cliques of G, we denote
NLT) :=={v e V(G) : {v}UK € F.(G),YK € T} and d(T') := |N&(T)|. In
other words, N/ (T) is the set of vertices which form a face with every (r — 1)-
clique in 7. For convenience we define N&(0) := V(G). If T consists only of
one (r — 1)-clique K we will often write N (K) and df(K) instead of N&({K})
and d;({K}). Given W C V(G), a set of vertices S C V(G) and a set of
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(r — 1)-cliques T' C K, _1(G) we write N:(S,T; W) := Ng(S) N NL(T) N W and
d&(S,T; W) = |[NE(S,T; W)|. We refer to W as the target set. If no target set is
specified we assume it is V(G). The link complez of an k-clique K € Ki(G) with
k <1 into W C V(G) is the (r — k)-complex (V', E', F') where V' = Ng(K; W),
E'= E(G[V']) and F' = {K' € K,_x(G]V]) : K'UK € F.(G)}. We denote it by
Lke(K;W).

Definition 3.1.2. Let G be an r-complex and let V' C V(G). Given &, p,q > 0
and s,t € N, we say that G is (£, p, q, s, t)-typical into V if for every set S C V(G)

with [S] < s and T C K, (G[S]) with |T] < t,

de(S,T; V) = (1 £ &)plg™ V).

Note that a random r-complex on n vertices where each edge is chosen with
probability p and each r-face is chosen with probability ¢ will be (&, p, g, s, t)-typical
with high probability if &, p, s, t are fixed and n is large enough. Hence this notion
of typicality can be viewed as a pseudo-random condition and an extension to
r-complexes of the typicality notion for graphs (Definition 1.1.5).

Given an r-complex G, an F.-decomposition of G is a collection of edge-disjoint
faces of F,.(G) that cover all edges in E(G). If such collection exists we say that
G is F.-decomposable. An F,.-factor of G is a collection of vertex-disjoint faces of
F,.(G) that cover all vertices in V(G). Finally, a resolvable F,.-decomposition of G

is a decomposition of G into F,-factors.
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3.1.2 Extended complex

As in Chapter 2, the main theorem of this chapter, Theorem 3.2.1, consists of
finding a decomposition in an ‘extended complex’. Such a result will then be used
to deduce Theorem 1.2.5. To state the main theorem we need to further define

some additional concepts.

Definition 3.1.3. An extended (r + 1)-complex G = (V,U,G, H) is an (r + 1)-
complex with V(G) = V U U where V and U are disjoint sets of vertices, F(G) =
E(G)UE(H) where G is an r-complex on V' and H is a bipartite graph on [V, U],
and Fry1(G) ={fU{u} € K, (GUH) : f€F.(G),ueU}

Since an extended (r+1)-complex is, in particular, an (r+1)-complex, we shall
use the notation introduced in the previous section. Note that by definition, all
the (r + 1)-faces of an extended (r + 1)-complex G = (V,U, G, H) contain exactly
one vertex in U. One can view an extended (r + 1)-complex G = (V,U,G, H) as
an (r 4+ 1)-complex that has an inner structure defined by the r-complex G and
the bipartite graph H.

Let G = (V,U,G,H) be an extended (r + 1)-complex and suppose that an
F,.y1-decomposition of G exists. For each v € V and u € U let ¢, and ¢, be the

number of faces in the decomposition containing v and u respectively. Then
(a) da(v) = (r = 1)eo,
(b) dH(v) = Cu;

(c) dg(u) = rey,

which implies that » — 1 | dg(v), and r | dg(v), and r | dg(u).

Let C' be the total number of faces in the decomposition. Then

86



(d) Y opev o =1C,
(e) ZueU o =C,

which implies that (}) | e(G), and r | e(H), and ("}') | e(G).

We say that G is F}.,1-divisible if there are constants {c,}yev, {cutuer and C
satisfying properties (a)-(e). Observe that F,,-divisibility is a necessary condition
for G to admit an F,.,;-decomposition. Given n > 0 we say that G is n-divisible if
dg(v) = (1£n)(r —1)dy(v) for every v € V.

A bipartite graph H on [V U] is (&, p, s)-typical if for every set of vertices
Sy C V with |Sy| < s,

du(Sy) = (1 £ &P U],

and for every set of vertices Sy C U with |Sy| < s,
dy(Sy) = (L &P V).

Definition 3.1.4. Let G = (V,U, G, H) be an extended (r + 1)-complex and let
Vi CVand U C U. Given &, pg,pr,q > 0 and s,t € N we say that G is
(&, pa,pH, q, S, t)-typical into V' U U’ if for every set Sy C V and Sy C U with

|Sy |+ |Su| < s and for every set T' C KC,_1(G[Sy]) with |T'| < t,
dg(Sv U Sy, T5 V') = (1 £ Opis g 'd ™|V,
and for every set Sy C V with |Sy| < s,
A (SviU") = (14 Op U,
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In the case where V' =V and U’ = U we just say that G is (£, pg, py, q, S, t)-
typical. Observe that if G is (£, pg,pm,q, s,t)-typical then, in particular, G is
(&, pa,q, s, t)-typical and H is (£, py, s)-typical.

The following result relates the size of U to the typicality and divisibility pa-

rameters.

Proposition 3.1.5. Let 1/n < n <€ & < pe,pu,q,1/s,1/t,1/r. Let G =
(V,U,G,H) be a (&, pa,pu, q, S, t)-typical n-divisible extended (r+1)-complex where
V| =n. Then |U| = (1 £ 3&)(pg/pu)n/(r —1).

Proof. Since G is n-divisible we have dg(v) = (1 £ n)(r — 1)dg(v) for every
vertex v € V. On the other hand, typicality implies that for every v € V| dg(v) =

(1+&)pan and dy(v) = (1 £ &)pr|U|. Combining both observations we obtain

(1£8) pGn

ENEDIE (1438 (pa/pr)n/(r — 1)

Ul =

as desired. 4

3.1.3 Partite complexes

While this chapter primarily concerns non-partite complexes, in Section 3.6 we
will show the existence of face-factors in the partite setting. For this reason it
is necessary to introduce some terminology related to partite complexes before
delving into the main results of this chapter. It is worth noting that results on
partite complexes will be the main focus of Chapter 4 and Chapter 5.

T

Definition 3.1.6. An r-complex G is r-partite if there exists a partition V!, ...,V
of V(@) such that G[V?] has no edges for every i € [r].
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Just as in graphs, we say that G is balanced if |[V!| = .- =|V"|.

Definition 3.1.7. Let G be an r-partite complex with parts V!,..., V", Given
&,p,q > 0and s,t € N, we say that an r-partite complex G is (&, p, g, s, t)-typical if
for every i € [r], every set S C V(G) \ V' with |S| < s and every T C K,_(G[S])
with |T| <'t,

dg,(S,T; V') = (1 £ plg ™|V,

Note that although an r-partite complex is, in particular, an r-complex, their
corresponding definitions of typicality are different. In fact, an r-partite complex G
could never be (£, p, q, s, t)-typical as in Definition 3.1.2 because each of the parts of
(G is an independent set which contradicts the conditions of typicality. Specifically,
any vertex in S and the target set in the definition of typicality cannot belong to
the same part. This is the reason why it is necessary to make a distinction in the
definition of typicality between the two cases.

The following definitions are an analogue to Definition 3.1.3 and 3.1.4 respec-

tively in the case of partite complexes.

Definition 3.1.8. An extended (r+1)-partite complex G = (V,U, G, H) with parts
Vi ..., V"isan (r + 1)-complex with V(G) = V UU, where V and U are disjoint
sets of vertices with V. = VU ..U V", E(G) = E(G) U E(H), where G is an
r-partite complex with parts V!,... V" and H is a bipartite graph on [V, U]; and
Foa(G)={fU{u} e K,s:a(GUH) : feF.(G),ueU}.

Definition 3.1.9. Let G = (V,U, G, H) be an extended (r + 1)-partite complex
with parts V1, ..., V". Given &, pg,py,q > 0 and s,t € N we say that G is

(&, 0, qm, q, 8, t)-typical if for every i € [r], every Syy C V' \ V¥ and Sy C U with
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|Sy| + |Su| < s and every T C K,_1(G[Sy]) with |T| <t we have
dg(Sv U S, T V) = (1 Opg ol d ™I V'),
and for every Sy C V with |[Sy| <'s

dy(Sv;U) = (1 £E)py"|U.

3.2 Main results

We have now gathered all the necessary concepts to state the main theorem of this

chapter.

Theorem 3.2.1. Let 1/n < &€ < pg, pu,q,1/s,1/t,1/r with s > 3r and t > r*+r.
Let G = (V,U,G, H) be an F,,-divisible (&, pa, p, q, S, t)-typical extended (r+1)-

complex where |V| =n. Then G has an F,.-decomposition.
We will now deduce Theorem 1.2.5 from a particular case of the following result.

Corollary 3.2.2. Let 1/n < £ < p,q,1/s,1/t,1/r with s > 3r and t > r* +r.
Let G be a K,.-divisible reqular (€, p,q, s,t)-typical r-complex on n vertices where

r | n. Then G has a resolvable F,-decomposition.

Proof. Since G is regular, let d := dg(v) for any v € V(G). Recall that since G is
K,-divisible then (}) | E(G) and (r — 1) | d. Let G = (V,U, G, H) be an extended
(r+1)-complex where V' = V(G), U is a set of vertices of size 2¢(G)/((r—1)n) and
H is the complete bipartite graph on [V,U]. For every v € V let ¢, := d/(r — 1)
and note that dy(v) = |U| = 2¢(G)/((r — 1)n) = d/(r — 1) = ¢,. For each u € U
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let ¢, := n/r and note that dy(u) = |V| = re,. Finally, let C = ¢(G)/(}).
Observe that the constants {c,},ev, {cu}uey and C satisfy properties (a)-(e) so
G is F,, -divisible. Moreover, since G is (§,p,q, s,t)-typical and H is complete
then G is (&, pa, pu, q, s,t)-typical with pg = p and py = 1. We can then apply
Theorem 3.2.1 to find an F}.,-decomposition F of G. Recall that by definition of
the extended complex each (r+1)-face f € F,41(G) contains exactly one vertex in U
and satisfies that fNV € F.(G). Foreachu € Ulet F, :={fNV : f € F,ue f}
be the set of r-faces of G that together with u form a face of the decomposition
F. Note that since u is adjacent via H to all vertices in V' then F), is an F.-factor

of G. Thus, {F,}.cv is a collection of edge-disjoint F,-factors of G that cover all

edges in F(G). Hence G has a resolvable F,-decomposition. O

Theorem 1.2.5 corresponds to the case F.(G) = K.(G), g =1and t > r? +r

of Corollary 3.2.2.

3.3 Extended fractional decomposition

In this section we prove the existence of a fractional face-decomposition of an ex-
tended complex (Lemma 3.3.2). This is one of the two key results to prove the
main theorem of this chapter, Theorem 3.2.1, the other one being the Cover Down
Lemma (Lemma 3.8.3). Similar to the proof of Lemma 2.3.3 in the previous chap-
ter, the proof of Lemma 3.3.2 will consist of extending a fractional decomposition
from the host complex G into a fractional decomposition of its corresponding ex-
tended complex. We will first find a fractional decomposition of G via the following

result by Glock, Kiihn, Lo and Osthus.
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Lemma 3.3.1 ([30, Lemma 6.3]). Let 1/n < n < { K& < p,q,1/s,1/t,1/r with
s>r+1andt >1r>+r. Let G be a (§,p,q,s,t)-typical complex on n vertices.

Then there is a weighting w : F.(G) — [0, 1] such that for every edge e € E(Q)

w(e) = Z w(f)=1

fEF-(G):eCf

and for every f € F.(G)

(r—2)!

w(f) = (1£¢) .
p(Q)flan_Q

The result in [30] is actually more general than the stated above. One could
prove Lemma 3.3.2 directly by using the ‘edge-gadgets’ introduced by Barber et
al. [8] which allow to change the weight of a given edge without changing the
weight of any other edge. For completeness we will outline this approach:

(i) start with the uniform weighting defined as w'(f) := (r — 2)!/(p<£)71qn7"*2)

for each f € F.(G);

(ii) using the typicality of G check that w'(e) = (1 £ O()) for each e € E(G)

and define its ‘missing weight’ as z, := 1 — w/(e);

(iii) using the typicality of G, check that each edge e is contained in ©(n") distinct

‘edge-gadgets” where each r-clique is an r-face;

(iv) for each e € E(G), add a weight of x. to e using all the gadgets that contain

e uniformly to achieve w(e) = 1;

(v) check that after the use of all the gadgets the final weight on each face is
w(f) = (1 £6()w'(f).
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See [7, Lemma 4.2] for a detailed proof of the triangle case.

We now describe the gadgets that will be used to ‘extend’ the fractional de-
composition of G into the extended complex G and state Lemma 3.3.2. Let
G = (V,U,G,H) be an extended (r 4+ 1)-complex. Let v € V and uj,us € U
such that vuy,vuy € E(G) and let € R. A (vuy, vug, x)-shifter is a function

v : F.11(G) — R such that

x if e = vuyq,

ple) == o(f) =4 -z ife= VU3, (3.1)
f€F11(G) :eCf

0 otherwise.

A (v,uy, uz)-gadget J is a set of r + 3 vertices in V(G) such that Jy := JNU =
{uy,us}, Jy := J NV contains v and satisfies that G[Jy] is an (r + 1)-clique with
the property that every r-clique in Jy is an r-face of G, and H[Jy, Jy] is a complete
bipartite graph. Note that a (v, u;, uz)-gadget contains 2(r + 1) faces in F,1(G).
We denote by J (v, u,us) the set of all (v, uy, us)-gadgets in G.

We are now ready to state and prove the main result of this section.

Lemma 3.3.2. Let 1/n < n < 1 € p K & K& < pa,pu,q,1/s,1/t,1/r with
s>r+2andt>r*+r. Let G = (V,U,G, H) be an n-divisible (¢, pa, pr, q, 5,t)-
typical extended (r + 1)-complex where |V| = n. Then there is a weighting w :
F,11(G) — [0, 1] such that for every edge e € E(G)

w(e) = (L£7) (3.2)
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and for every f € F,11(G)

o) =12 )

pe Py gt

(3.3)

Proof. Let £ > 0 such that £ < ¢ < &'. We start by applying Lemma 3.3.1 to

G to find a weighting we : F.(G) — [0, 1] such that

wale)= > walf)=1

fleF-(G):eCf’

for every e € E(G) and

walf) = (1 ¢)-F =2
pG2 an—Z

for every f € F,.(G). Observe that for every vertex v € V

wa(v) = Z wa(e) =dg(v) = (1 £ &)pgn.

e€E(Q) : vee

We now define w’ : F,.;1(G) — [0,1] as

Then, for every f' € F,.(G) we have that

Z w/(f) _ Z C‘;f(f/) _ wG(f,)-

fFeN(f") fFeN(f)
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Note that for every edge e € E(G)

)= > W= > D w
J€F11(G) :eCf 'ern(G) - eCf! fFENE(S)

(3.6)
flerG:eCf’

Given v € V, let E, be the set of edges in E(H) incident to v. Then, for every

veV

wn(v) = S w(e)= Y W(f) = Z >

ecEy feFr41(9) reCf J'EF(G) :vef’ fFENE(S)

o walf) =t Y wale) I,

(r—1) r—1
f'eF-(G) :vef’ e€E(G) : vee

Suppose that for each v € V
W'(e1) = w'(ez) for every pair of edges e, ey € E,. (3.7)

Then, for any e € E,,

and thus,
Cwal)  de(v)
dg(v)  (r—1)dg(v)

which together with (3.6) implies (3.2).

= (1+2n) (3.8)

Our goal then is to ensure that (3.7) holds for every vertex v € V. To do this,

we will use several (vuq,vug,x)-shifters which will modify our current weighting
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w’ into the desired one.
Fix v € V. For each e € E,, let z. := wy(v)/dy(v) — w'(e) be the “missing

weight” of e.
Claim 1: For every e € E(H), |z.| < 3¢".

Proof of claim: We know that for every f € F,.(G)

walf) = (1 ¢)-5 =2

pG n an—Q

Then, for every edge e € E(H)

do= Y W= Y el

fe€F+1(G) :eCf FEF41(G) : eCf dé(f N V)
I (T_Q)! |{f€Fr+1(Q) : egf}|
=(1+
e >p£§>—1anz d5(f V)
—(1+¢") (r=2)! 1+ f)rp§>pglan_l/(r —1)!
) g (1+pylU]
Pr0p~:3.1.5 1:}:25”

On the other hand wy(v)/dy(v) = (1 £ 27n) by (3.8). Hence,

|ze| = |wr (v)/dn(v) — w'(e)] = [(1 £ 2n) — (1 £2¢")] < 3¢".

Note that }_ ., @ = 0.
The following claim finds triples {(e;,, €;,, ;) }ier Where e;,, €;, € E, so that by

finding an (e;,, €;,, ;)-shifter for each ¢ € I we will compensate the missing weight
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of each e € E, and ensure that (3.7) holds.

Claim 2: there exists a finite set A, of ordered triples {(e;,,ei,, ;) }icr where

€y, €, € By, and z; € R satisfying that

(S1) for each e € E, let I, C I be the set of indices i such that e € {e;,,e;,}, then

D lil = lael

i€l

(S2) suppose that ¢; is an (e;,, €, x;)-shifter for every i € I, then
)+ pile) = wu(v)/du(v)
el
for every e € E,.

Proof of claim: The proof consists of the following algorithm. Suppose that at
the j-th step we have already found triples {(e;,, €;,, ;) }1<i<;. For each e € E,,
let I (e) be the set of indices 7 such that e = e;, and let 7 (e) be the set of
indices 7 such that e = e;,. If z. > 0 let z;(e) := Zidj(e) x; and if z, < 0 let

zi(e) = Zie[ﬂe) —x;. Let Ej:={e € E, : zj(e) = x.}. Suppose that the triples

{(ei,, €i,, xi) h1<i<j satisfy that for each e € E,,

(s1) if 2 > 0 then |I7 (e)| = 0 and if z. < 0 then |I} (e)| = 0,
(s2) [25(e)| < lzel,

and suppose that

(s3) [E5 = 3.
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The algorithm stops if E; = E,. In this case we have that z;(e) = x. for each
e € E, which implies (S1). Suppose that @; is an (e;,, e;,, x;)-shifter for every

1 <14 < j. Then for every edge e € E,

We)+ Y pile) =w'(e) + z(e) = w'(€) + e = wy(v) /dy(v)

1<i<j

which implies (S2).
Else, if |E;| < |E,|, let e; be an edge in E, \ E; that minimizes |z. — z;(e)|.

Observe that

Ses)- Yo Ya@-0- ¥ Yar ¥ ¥ a-o
ecE, ecE, eckE, e€Ey, 1 x>0 ie];'(e) e€E, : x.<0 Z’e[j_ (e)

Then there must exist some edge € € E,\ E; such that sgn(z., —z;(¢;)) # sgn(ze —

zj(e})). We choose the j-th triple to be (ej, €, (ve; — 2;(e;))) if (we; — 2j(e;)) >0

and (€, ej, —(xe;, — 2j(e;))) if (ve; — 2j(e;)) < 0. Observe that z;,4(e;) = w;,

|zj1(e)] < e |, and zj11(e) = zj(e) for all edges except ¢; and €}. It follows

that the new set of triples satisfy (s1)-(s3) when replacing j by j + 1. Note that

|E;+1| > |E;| guarantees that the algorithm will stop at most at the dy(v)-th

step. —

Now, for each (e, eq,2) € A, we will construct an (ey, es, z)-shifter as follows.
Let u; and uy be the vertex in U contained in e; and ey respectively. Recall that
a (v, uy,us)-gadget J is a set of r + 3 vertices in V(G) such that Jy := JNU =
{uy,us}, Jy := J NV contains v and satisfies that G[Jy| is an (r + 1)-clique
with the property that every r-clique in Jy is an r-face of G, and H|[Jy, Jy| is

a complete bipartite graph. Recall also that J(v,u;,us) denotes the set of all
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(v, u1, uz)-gadgets in G. For each gadget J € J (v, uy,us), let ¢, : F.i1(G[J]) = R
be defined as

(
1/r if e; C f,

—1/r if e; C f,

—(r=1/r ifu € fandov ¢ f,

k(7’—1)/7’ ifus € fand v ¢ f.

Let V(e; e0,0) : Fr+1(G) — R be defined as

X

©s(f)

JeT (v,u1,u2)

@(el,ez,x)(f) = ’j(

v, Uy, Us)|

where @;(f) == 0if f ¢ F..1(G[J]). It is not difficult to check that (e, e,q) is
indeed an (eq, ey, x)-shifter. Moreover, given f € F,.,1(G), the amount of gadgets
J € J(v,u1,us) that contain f is linear in n if e; or es C f, one if u; or us € f

but v ¢ f, and zero otherwise. Thus,

)
|z|0(n="V) if e; or ey C f,

|Pleresa) () < 4 12|07 if ug orug € fand v ¢ f, (3.10)

0 otherwise.
\

Let 0, := > c4, ¥a- Then (S2) implies that
W'(€) + pule) = w'(e) + Y wale) = wr(v)/du(v) (3.11)
a€Ay

for every e € E,. On the other hand, consider a face f € F,1(G) with {u} = fNU.
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If f contains v and vu € E(H),

(51),(3.10)
PN D lealNl= D2 lealNl < lol®m70).
a€Ay a€Ay : vu€a
If f does not contain v but vu € E(H),
(S1),(3.10)
o< D lealNl= Y lwalHl S JzulOn™).

a€A, a€Ay :vu€a

Else, if vu ¢ E(H), ¢,(f) =0.

(3.12)

(3.13)

Let w = w'+) ", .\ ¢o- First observe that w(e) = w'(e) for every edge e € E(G).

Second, for every v € V' and every e € E,

wie) =w'(e) + ) pule) = w'(e) + pule) = wr(v)/du(v).

v'eVvV

Thus, equations (3.7) and (3.8) holds when replacing w’ with w, so (3.2) holds as

desired.

It only remains to check equation (3.3). Fix f € F,.1(G) and let f = {vy,...

with v € U. Let Tmax := maxXeepm) || Then

D e D oD+ D 1eulH] < O()|2max|O(07) + [Tmax|O(n”

veV veEV v f vef

S 3§//@(n—(7’—1))

and
/ N wg(fﬂV) _ " (7”—2)! ) 1
D= g SO G TEg)
Prop.:3.1.5 (1 + 25,,) (’I“ — 1)'

()

pe Py gt
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Thus,

w(f) =o' (H+D eulf) =1+ g’)(;r;l)!
ey pe Py !

for each f € F,11(G). O

3.4 Approximate decomposition

In this section we prove Lemma 3.4.1 which finds an approximate face decom-
position in an extended graph. The proof uses the existence of a fractional face
decomposition given by Lemma 3.3.2 and the existence of an almost-perfect match-

ing in an auxiliary hypergraph given by Theorem 1.5.2.

Lemma 3.4.1. Let 1/n €« n € v < € < pa,pu, q,1/s,1/t,1/r with s > r + 2
and t > > +r. Let G = (V,U,G, H) be an n-divisible (¢, pa,pu, q, s,t)-typical
extended (r + 1)-complex where |V| = n. If G is K,-divisible then there exists an

F,1-decomposable complex F C G such that A(G — F) < vyn.

Proof. Let p,n’ > 0 such that
In<n<ny <y <E§<Lp<pe,pu,q,1/s,1/t,1)r

We start by applying Lemma 3.3.2 to G to obtain a weighting w : F,.,1(G) —
[0, 1] that satisfies (3.2) and (3.3).

For each f € F..1(G), let p(f) := w(f)pn"'. Note that 0 < p(f) < 1. Let
E(H) be a set of faces obtained from F,1(G) by including each f € F,.1(G) with
probability p(f). Let H = (V(H), E(#H)) be the (r + 1)-uniform hypergraph with
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vertex set V(H) = E(G) and hyperedge set E(H). Observe that for each e € E(G),

Eldu(e)l= > pf)= Y. w(f)en " = (L£rq/2)pn "

feFr+1(g) reCf feFr+1(g) ceCf

Lemma 2.1.2 and a union bound implies that with positive probability
dy(e) = (L £1)pn ! for all e € E(G). (3.14)

Choose H so that (3.14) holds.
Observe that Ay(H) < n"~2 < pn"~'/log” n as every pair of edges determine

"2 (r +1)-faces containing them. For

at least three vertices so there are at most n
each v € V(G) let S, = {e € E(G) : v € e}. Let S = {S,}vev(g) and note that
|S| = n+pn/(r —1). We apply Theorem 1.5.2 to the hypergraph H (with
playing the role of €) to obtain a (v, S)-perfect matching M. Let E7, be the set of
edges in F(G) which are left uncovered by M. Observe that a perfect matching
in H corresponds to an F,;-decomposition of G. Hence, F := G — G[E}] has an
F,1-decomposition. Finally, A(G — F) = A(G[EL]) < n since for each vertex

v € V(G) there are at most yn edges e containing v which are left uncovered by

M in H. O

3.5 Vortex sequence

In this section we find a vortex sequence in an extended graph. This will be the
first step in the proof of Theorem 3.2.1. We will make sure that properties such

as typicality and divisibility are passed down through the sequence by capturing
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them in following definition.
Let n,r,s,t € N and let &, pg,py,q > 0. Let G = (V,U,G, H) be an F, -

divisible (&, pa, P, ¢, S, t)-typical extended (r 4+ 1)-complex where |V| = n.

Definition 3.5.1 (Vortex). Given m € N and &',¢,7 > 0, a (¢/,¢,n, m)-vortez of

G is a pair of sequences Vo D Vi D --- D Vyand Uy D Uy O --- D U, such that
(V1) Vo=V and Uy =U,

(V2) For alli € [{], |Vi| = €|Via| and |Us] = (pa/pu)|Vil/(r — 1),

(V3) [Vi| = m,

(V4) For all i € [¢], G[V;_1 UU;_1] is (¢, pg, v, q, s, t)-typical into V; U Uj;,

(V5) For all i € [¢] and v € V;_y,

dg(U, ‘/z) = (1 + 7])(7’ — 1)dH(U, Ul)

Note that (V4) and (V5) imply that G[V; UU,| is (¢, pa, pa, q, S, t)-typical and

n-divisible for every i € [/].
Lemma 3.5.2. Let I/n < 1/m' < n K e <€ <K pa,pu,q,1/s,1/t,1/r. Then G
has a (2€,e,m, m)-vortex where em’ < m < m/.

Proof. Let nyg := n and recursively define n; := en;_1. Let ¢ := 1 + max{i >
0 : n; > m'} and let m := ny,. Observe that e'n > n; > e'n — 1/(1 — €) and

em’ <m < m.
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Let & := ¢ and 1y := 0 and define for i =1,..., ¢,

& = &1 +2n; " (3.15)

and
= i1+ 4n P (3.16)
Suppose that for some i € [¢] we have already found sequences Vj, ..., V;_; and

Uy, ..., U;_1 which form a (&§;,_1,&,1;_1,n;_1)-vortex of G. Note that this is trivially
true for ¢ = 0 since G is F,,-divisible and (¢, pg, pa, ¢, S, t)-typical.

Let V; and U; be random subsets of V;_; and U;_; of sizes n; and (pe/pg)ni/(r—
1) respectively. Lemma 2.1.2 and a union bound implies that with positive proba-
bility for any Sy C V;_; and Sy C U;_; with |Sy|+|Sy| < sand T C K,_1(G[Sv])

with |T'| < t, we have

Ag(Sy U S, T3 Vi) = (1 ) dg(Sy U S, T Vi) 2 (3.107)
and for any set Sy C V;_; with [Sy| <'s
L “1/3 o U
dH<Sv,U1) = (1:&7’%_1 )dH(SV7U2_1)|U | (318)
i1

Fix such choice of V; and U;.
Recall that, by assumption, G[V;_1UU;_1] is (&1, pa, pH, ¢, S, t)-typical by (V4)
and dg(v; Viey) = (1£m-1)(r —1)dg (v; U;—y) for all v € V;_; by (V5). Thus, using

(3.17) we can deduce that for any Sy C V; 1 and Sy C U;_; with |Sy|+ |Sy| < s

104



and T C KC,_1(G[Sy]) with |T| < ¢

d2(Sy U Sy, T Vi) = (1 £ 0 {3)dz(Sy U Sy, T3 Viey)—

ni—

~1/3 S S, n;
= (L0 ) &g P g T

(1:|:€> [Sv| ‘SU\q\T\

Similarly, using (3.18) we can deduce that for all Sy C V;_; with [Sy| <'s

_ Ui
(S0 U) = (L )0 U)o
i—1

=1 +n YA +& ) V|U¢_1||(|]Ui|| (3.19)
i—1

= (1 £&)py" Ul

On the other hand, for any v € V;_4

3.17) n;

de(v: Vi) P27 (1 £ 0 de (v Vi)

n;—1
n;

= (L0, )@ £ 0m)(r = Vs (v: Uiy —
i—1

C20 (1 20 Y1 i) (r — Vdgr (v U)|UZ |

|Us| ni

= (1£3n, A £ 050 (r — Vdy (v, U;)
=(1£n)(r—1dy(v;U,;).
Thus, Vo,...,V; and Uy, ..., U; form a (&, e,m;,n;)-vortex of G. It follows
U, which form a

by induction that there exist sequences Vj,...,V, and Uy, ...,

(&, €, M0, ng)-vortex of G.

Finally, observe that
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-1 13 m— 1/3
772_770_'_2471 <41_€1/3 777
7=0

and likewise,
13 m'- 1/3
& = §0+22n <§+2 —5 <%

3.6 Face-factor in partite complexes

In this section we will prove several results on the existence of face-factors in
partite and multipartite complexes. Though the existence of such factors could be
proven using the hypergraph blow-up lemma by Keevash [41], a generalisation to
hypergraphs of the celebrated Blow-up Lemma by Komlés, Sarkozy and Szemerédi,
[53], for the sake of completeness we will present a shorter and simpler proof
following the methods used by Han, Kohayakawa, Morris and Person [36] to find
a K,-factor in a pseudorandom graph.

Given an r-complex G, recall that an F.-factor of G is a collection of vertex-
disjoint faces of F,.(G) that cover all vertices in V(G). It is straightforward to see
that | V(G) is a necessary condition for the existence of an F,-factor of G. The

aim of this section is to prove the following results.

Theorem 3.6.1. Let 1/n < £ < p,q,1/s,1/t,1/r with s > 2(r — 1) and t > 2.
Let G be a balanced (€, p, q, s, t)-typical r-partite complex with parts V', ... . V" of

size n. Then G contains an F.-factor.
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Corollary 3.6.2. Let 1/n < £ < p,q,1/s,1/t,1/r withr | n, s > 2(r — 1) and
t > 2. Let G be a (&, p,q,s,t)-typical r-complex on n vertices. Then G contains

an F,.-factor.

Theorem 3.6.3. Let 1/n < £ < pa,pr,q,1/s,1/t,1/r with s > 2r andt > 2. Let
G=((V, VTt G, H) be a (¢, pa,pu, q, S, t)-typical extended (r + 1)-partite complex
with parts VY, ... V" where |Vi| = n for every i € [r +1]. Then G contains an

E.1-factor.

Corollary 3.6.4. Let 1/n < £ < pa,pu,q,1/s,1/t,1/r with s > 2r and t > 2.
Let G = (V,U,G,H) be a (&, pg,PH,q, s, t)-typical extended (r + 1)-complex where

V| =r|U| =rn. Then G contains an F, 1-factor.

Theorems 3.6.1 and 3.6.3 will be obtained by applying the slightly more general
result stated below as Theorem 3.6.8. Corollaries 3.6.2 and 3.6.4 are deduced
from Theorems 3.6.1 and 3.6.3 by randomly splitting the vertex set V(G) into
r parts V..., V7" of equal size and using a Chernoff bound and the typicality
of G and G to see that with positive probability the parts V1,..., V" induce a
(2¢,p, q, s, t)-typical r-partite complex G’ and a (2¢, pg, pu, ¢, S, t)-typical extended
(r 4+ 1)-partite complex G’ so we can apply Theorem 3.6.1 and 3.6.3 to G’ and G’
respectively.

Let G be an r-partite graph with parts V!,... V", let £ > 0 and let p;; > 0

for every i # j. Consider the following properties.
(P1) dg(v; VI) > (1 — &)p;;|V7| for every v € V' and i # j.

(P2) da({v,v2}; V) < (1 +&)py;|V| for every vy, v, € V* and i # j.
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Let G be a graph and let A, B C V(G) be disjoint non-empty sets of vertices.
The density of the pair (A, B) is defined as

__e(A,B)
d(A, B) := TAIB|

where e(A, B) denotes the number of edges in G between A and B. The pair
(A, B) is d-regular if for any two sets X C A and Y C B with |X| > 0|A| and
Y| > §|B| we have

|[d(X,Y) —d(A, B)| <.

We shall use the following result on ‘typicality’ implies ‘regularity’.

Proposition 3.6.5 ([22, Proposition 2.5]). Let 1/n < & < & < {pi;}tizs, /7.
Let G be an r-partite graph with parts V', ..., V" of size greater than n. If G
satisfies (P1)-(P2) then (V',V7) is d-reqular for every i # j.

Proposition 3.6.6. Let 1/n < & < 6 < {pij}tizj, 1/r. Let G be an r-partite
graph with parts V... V" of size greater than n. Let j € [r] and U C V7 such
that U| > on. If G satisfies (P1)-(P2) then for every i € [r] \ {j} there are at

most on vertices w in V' such that dg(w; U) < p;;|U|/2.

Proof. Leti € [r]\ {j}. We know by Proposition 3.6.5 that the pair (V¢ V7) is
d-regular. Let W C V' be the set of vertices w € V* such that dg(w; U) < pi;|U|/2.

Suppose that |W| > dn, thus, it follows by d-regularity that

AW, U) — d(Vi, V)] < 6.
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Using that d(W,U) = T‘(’El/\gl) and d(V*,V7) > (1 — &)p;; we obtain

e(W,U)

On the other hand, we know that e(W,U) < |W|p;;|U|/2 by definition of W.

Hence,

pij/2> (L= &)pi; — 0
which is a contradiction since £ < 6 < p;;. Thus, we must have |W| < on. d

Let G be an r-partite complex with parts V!, ..., V" of size greater than n
and let £ > 0. Given a subset U C V(G) we denote U' := UN V" for all i € [r].

Consider the following property.

(P3) Foreveryi € [r],v € Viand U C Ng(v) with |U’| > en for each j € [r]\{i},

G|U] contains an (r — 1)-clique K such that K U {v} € F.(G).

Proposition 3.6.7. Let 1/n < & < ¢ < {pij}tizj, 1/r. Let G be an r-partite
complex with parts V1 ... V" of size greater than n. If G satisfies (P1)-(P3) then
for any set of vertices U C V(Q) satisfying |U?| > en for every i € [r], G[U]

contains a face.

Proof. Let 6 > 0 such that £ < § < e. Fix i € [r]. For each j € [r]\ {i} we
know by Proposition 3.6.6 that there are at most dn vertices w in V* such that
de(w; U7) < p;;|U?| /2. Since |U?| > en > (r — 1)én we can greedily pick a vertex
v € V' such that dg(v;U?) > p;;|U?|/2 > on for every j € [r] \ {i}. Then (P3)
(with Ng(v; U) and 0 playing the role of U and ¢) implies that Ng(v;U) contains

an (r — 1)-clique K such that K U {v} is a face of G[U]. O
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Let m € N and let Z be a set of 2m vertices. An r-vertexz-absorber for Z with
flexibility m is a graph Az containing Z such that for every subset Z' C Z of
size m the graph Az \ Z' obtained by removing the vertices of Z’ from Ay has a
K,-factor. This absorbing technique is known as distributive absorption and was
introduced by Montgomery [66].

Let G be a balanced r-partite complex with parts V1, ..., V" of size n, let £ > 0

and let p;; > 0 for every ¢ # j. Consider the following property.

(P4) For each j € [r] there is a set Z/ C V7 and an r-vertex-absorber Ay C
G for Z7 with flexibility en such that for each i € [r] \ {j} and v € V¥,

dg(v; Z7) > pij|Z7]/2. Moreover, A := J | Az is vertex-disjoint with

JElr

V(A =---=|V(A)"| < 126ren and K,.(A) C F.(G).

Theorem 3.6.8. Let 1/n < { < § K ¢ < {pij}izj, 1/r. Let G be a balanced r-
partite complex with parts V', ... V" of size n. If G satisfies properties (P1)-(P})

then G contains an F,.-factor.

Proof.  Let &,¢' > 0, such that £ < { <« & < e. Let (Azi)icp) be the
r-vertex-absorbers for (Z);ep with flexibility en given by property (P4) and let
Z =U;ep 20 and A =, Azi. Let V =V(G)\ V(4) and G = G[V]. Observe
that \171| =...= \177“\ > (1—126r¢)n. We iteratively apply Proposition 3.6.7 in G
to greedily find a set F; of vertex-disjoint faces of FT(CNJ) until at most &'n vertices
remain uncovered in each part of G. We denote the set of all uncovered vertices
in G by U. Thus, |U'| == |U"| < én.

Next, for each i € [r] and u € U* we will find an (r—1)-clique K, € K,_1(Z\ Z")
such that K,,U{u} € F,.(G) and all the cliques { K, },cu are vertex-disjoint. Indeed,

suppose we have already found cliques { K}y for some set of vertices U’ C U
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and let w € U\ U’ and i € [r] such that u € U’. By property (P4) we know that
da(u; Z7) > pi| Z7] )2 = pijen for each j € [r]\{i}. Moreover, at most re'n vertices
in Z7 have been already used by some clique K, with v’ € U’. Then, using ¢’ < ¢
and (P3) (with v and Ne(w; Z) \ (U, cr V (Kw)) playing the role of v and U) we
can find an (r — 1)-clique K, € K,_1(Z \ Z') such that K, U{u} € F,(G) and K,
is vertex-disjoint from all { K }yepr.

Let F» = {K,U{u} : u € U} and note that F, is a set of vertex-disjoint
faces covering all vertices in U and exactly (r —1)|U|/r vertices in each Z*, i € [r].
Let Z be the set of uncovered vertices in Z. We have that |Z!] = --- = |Z7| =
2en — (r = D)|U|/r > 2en — re'n > en, so we can apply Proposition 3.6.7 (with
Z playing the role of U) to greedily find a set F3 of vertex-disjoint faces until
exactly en vertices remain uncovered in each part of Z. Let X be the set of
uncovered vertices. Finally, for each i € [r] since Az is an r-vertex-absorber
for Z* with flexibility en, X* C Z and |X'| = en, we know that there is an
F,-factor F! of Az, \ (Z°\ X') which covers the en vertices in X’ together with
the vertices in V(A,:) \ Z° (that were set aside at the beginning). The union

F!

)

F=FUFRUFU <U > is an F,-factor of G. 0

i€]r]

We are now ready to prove Theorems 3.6.1 and 3.6.3. Both proofs will follow
the same approach and will be mostly analogous. We will only present the proof
of Theorem 3.6.3 and will discuss how it can be adapted to deduce Theorem 3.6.1.

Let G = (V,U,G, H) be an extended (r + 1)-partite complex as given in the
statement of Theorem 3.6.3. We will first check that G satisfies properties (P1)-
(P3) using the typicality of G. On the other hand, checking property (P4) will be

more elaborate because of the need of finding vertex-absorbers.
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We now describe an explicit construction of sparse vertex-absorbers depicted
for the non-partite case in [36]. To that end, we will make use of the following
auxiliary graph. A template T = (1, J1, J2) with flexibility m is a bipartite graph
on 7m vertices with parts I and J; U Jy of size |I| = 3m and |J;| = |Jo| = 2m
such that for every subset J’' C .J; of size m, the induced graph TV (T") \ J'| has a
perfect matching. Such templates were introduced by Montgomery [66] and were
proven to exist with maximum degree bounded by 40 if m is large enough (see [63,
Lemma 2.8]). Given a template T = ([, Jy, J2) of flexibility m, an absorbing
structure A = (T, K, X, S, Z1, Z) is a graph obtained by taking the disjoint union
of the vertex sets X = {x;; }ijenr), Z1 = {%}jen and Zy = {z;},c,, and the sets
of r-cliques K = {K}icr and S = {S;;}ijer(r), satisfying that for all 7 € I and
j € J with ij € E(T) the following holds.

o {z;;} UK, is an (r + 1)-clique;
o {x;;} US,;is an (r + 1)-clique;
o {z;} US;;isan (r+ 1)-clique.

Observe that |Z1| = |Zs| = 2m, |V(K)| = 3mr, | X| = |E(T)|, |V(S)| = r|E(T)|
and |E(T)] < 3mA(T).

Fact 3.6.9 ([36, Fact 2.6]). An absorbing structure A = (T, K, X, S, Z1, Z5), where
T is a template of flexibility m, is an (r 4 1)-vertex-absorber for Z; with flexibility

m.

Proof of Theorem 3.6.3. Let §,¢ > 0 such that

I/n< K <Ke<Kpg,pr,q,1/r,1/s,1/t. (3.20)
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Our goal is to apply Theorem 3.6.8 to G. For this reason we will check that ¢
satisfies properties (P1)-(P4) (with r 4+ 1 playing the role of r). To make things
simpler let us write ¢ # j instead of i, 7 € [r + 1], i # j.

STEP 1: Checking properties (P1)-(P2).

Observe that for every i # j and v € V*

. (L8 pelVI| ifd,j € [r],
dg(v; V7) =
L+ Epu|VI| ifi=r+lorj=r+L

Similarly, for every i # j and vy, vy € V*

| (LEpEIVI] it i j € [r],
dg({vy, v2}; V) =
1+)p4|VI| ifi=r+lorj=r+1.

Thus, G satisfies properties (P1)-(P2) with p;; = pg if 4,5 € [r] and p;; = py if
1=r+1lorj=r+1

STEP 2: Checking property (P3).

Let i € [r+1],v € Viand U C Ng(v) with |U’| > en for each j € [r+ 1] \ i.
We want to show that G[U] contains an r-clique K such that K U{v} C F,1(G).
We shall split the proof into two cases.

Case 1: i =1+ 1.

Consider the following algorithm for £ = 0,...,r — 1. Suppose that at step k
we have already found a k-clique Xj = {1,..., 24} such that z; € U’ for each
j € [k] and dg(Xy; U?) > pken/2F for all j € [r]\ [K].

If k < r—2 let Uy := Ng(Xy;U) and note that |U}| > pken/2* for every
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J € [r]\ [k] by assumption. Let W := Ng(X; U{v}) and observe that |[IW/| = (1+
EpEprn for any j € [r]\ [k]. For any ji, j2 € [r]\ [k], j1 # j2 and w, w1, wy € W

we have

do(w; W) = dg(X, U {w, v}; V) = (1 )pk prn 2 (1 4 36)pa|W7|

and
de({wr, wo}; W) = dg(XUfuwy, wa, v} V) = (1E)pk 2pm & (143€)p W),

Thus, G[W] satisfies (P1)-(P2) so by Proposition 3.6.6 (with Uy, playing the role
of U) for each j € [r] \ [k + 1] there are at most dn vertices w € W™ such that
de(w;Ul) < pa|U}|/2. Since |[UF| > pken/2 and using (3.20) we can greedily
pick a vertex w1 € UFT such that do(w;U}) > pa|Ul|/2 > piHen/28! for
each j € [r] \ [k + 1]. Hence, X = {x1,..., 21,1} is a (k + 1)-clique such that
da(Xpy1; U?) > pitlen /281 for each j € [r] \ [k + 1] so we can proceed with the
algorithm.

If k =r—2 let U_y := Ng(X, 2;U) and observe that |U' 5|, |Ur | >
po 2en/27"2 by assumption. Let W' = Ng(X, o U {v}; V™ l) and W™ =
Ne(X,—o U {v}; V") and note that |W"L|,[W"| = (1 £ &)ps *pun. Let B be the
bipartite graph on [W™™!, W] with edge set {e € E(GIW™ 1 W"]) : X, ,Ue €
F,(G)}. Note that for each w € W"!

* r — 5 r
dp(w; W) = diy(K, {K}; V") = (1 £ O)pls 'prrgn 2 (1 % 3¢)pag| W'
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where K = X,_, U {w, v}, and for each wy, wy, € W71

dp({wr, wa}; W) = dg (K1 U Ko, { Ky, Ko} V') = (1 &+ f)pTcquzn

2 (1£36) (pag) W

where K7 = X, o U{wy,v} and Ky = X, 5 U {ws,v}. And the same is true when
swapping 7—1 and r. Then B satisfies properties (P1)-(P2) so by Proposition 3.6.6
(with U, playing the role of U) there are at most dn vertices w in W"~! such that
dp(w; Ul_y) < paq|Ur_y|/2. Since U=, |, |Ur_y| > pjy *en/2"~% by assumption and

using (3.20) we can greedily pick a vertex z,_; € U!~, such that dg(z,_1; U _,) >

pe 'gen/2"7t. Let z, € Np(x,_1;U_,) be any vertex and observe that K :=
{z1,..., 2.} is an r-clique of G[Uy| such that K U {v} € F,1(G) as desired.

Case 2: i € [r].

The proof is analogous to the previous case so we will highlight the main
differences. Suppose without loss of generality that i = r. We run the algorithm
for Kk = 0,...,7 — 2 to find an (r — 1)-clique X,y = {z1,...,2,.1} of G[Uy]
such that X, ; U {v} € F.(G). During the algorithm we replace the condition
da(Xy; UT) > phen/2F by do(Xg; U™ > phen/2¥ for all k = 1,...,r — 2. We
then pick the vertex x,_; so that dg(X,_1;U™) > plhlen/2"~1. We finish by
picking any vertex z,.; € Ng(X,;U™™!) and letting K := X,_; U z,;;. Since
X, 1U{v} € F,(G) then X, ;U{v,2,.11} € F,;1(G) as G = (V, V"' G  H) is an
extended (r + 1)-complex. Then K is an r-clique such that K U {v} € F,11(9)
which concludes property (P3).

STEP 3: Checking property (P4).

It only remains to check that G satisfies (P4). Let m = en and let T' =
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(I,J, U J2) be a template with flexibility m and A(T") < 40. Suppose we have al-
ready found disjoint vertex absorbers {A; }icpx—1) for sets {Z] }iep—1) with [V (4;)] <
126(r + 1)m for some k € [r + 1] and let B = [,y V(4i). Then [B| <
126(r + 1)?>m. Let ZF be a subset of size 2m chosen uniformly at random from
VE\ B¥. Lemma 2.1.2 and a union bound implies that with positive probability
for each v € V(G) \ V*

dg(v; Z7) = (1 £n7'%)(2m/(n — | B*|))dg (v; V*\ B).
Fix such choice of ZF. Let j € [r + 1]\ {k} and note that

dg(v; ZF) > (1 = n7Y3)2edg(v; VF\ B¥) > (1 — n~Y3)2e (dg(v; VF) — dg(v; BY))

(
(1—n"%)2e (1 — &pan — 126(r + 1)%en) > (1 —n)2e(1 — )pen

v

> 2epan/2 = palZy| /2

if 7,k € [r], and similarly

dg(v; V¥ \ B) > pu|Zf|/2

ifj=r4+lork=r+1.

Let Z» be a set of 2m vertices in V¥ \ (ZF U B¥) and let K = {K;}ic; be a
set of 3m vertex-disjoint r-cliques in X,.(G \ G[V¥ U B]) if k € [r] and in F,(G \
G[VFU B]) if k = r + 1. We can find such cliques greedily because of (3.20),
|B| < 126(r 4 1)%en, 3m = 3en and G is (§,pa, pu, ¢, s, t)-typical. Let {z;};eu
and {z;}jcs, be a labelling of the vertices in ZF and Z, using the indices in J;

and J, respectively. Next, we will find a set S = {Sj;}ijer(r) of r-cliques such
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that S;; U {z;} € F.41(G) for each i € I, j € J. Suppose we have already
found a set of r-cliques 8" = {S;;}ijerr for some subset E' C E(T). Let ij €
E(T)\ E'. We can then use property (P3) (with Ng(z;) \ (B UV(S’)) playing
the role of U) to find an r-clique S;; vertex-disjoint of V(S’) and B such that
Sij U{z;} € F,41(G). Finally, for each ij € E(T) we greedily pick a distinct
vertex x;; from Ng(S;; U Ky, {Si, K; }; VF\ (Z1 U Zy U B)). We can greedily do
this because d(S;; U K;, { Sy, K; }; VF) — |ZF U Zs| — |B] — |E(T)| > 0 since G is
(&, pas s q, s, t)-typical, |ZF|, | Z|, | B, |E(T)| < €'/?>n and ¢ < pg, pm, q. Hence,
we can find a set of vertices X = {z;}ijeper) in VF\ (ZF U Zy U B¥) such that
{z;;} UK, and {x;;} US;; € F,41(G) for all i € 1,5 € J. All in all, we have found
a subcomplex A;, C G vertex-disjoint from B such that A, = (T, K, X, S, Z¥, Z,)
is an absorbing structure satisfying I, 1(Ax) C F,11(G). By Fact 3.6.9, A is an
(r 4 1)-vertex-absorber for ZF with flexibility m. Moreover, note that |V (A4;)*| =
|ZF|+| 2|+ | X | = 4m~+|E(T)| and |V (A1)?| = 3m+|E(T)| for each j € [r+1]\{k}.
Z1 and

At the end of the procedure we will have found a set Z1 = Jc(, )

a subcomplex A = | A; satisfying that for each j € [r] A; is an (r + 1)-

jEr+1]
vertex-absorber for ZJ with flexibility m = en such that dg(v, Z]) > p;|Z1|/2 for
each v € V(G)\ V7; Ay, ..., A.y1 are vertex-disjoint; [V (A)| = .- = |V (A™)| =
dm + |E(T)| + r(3m + |E(T)]) < 124(r + 1)en; and K,1(A) C F.11(G). This

concludes property (P4). O

The proof of Theorem 3.6.1 follows exactly the same approach as the one
above, which is checking properties (P1)-(P4) and then applying Theorem 3.6.8.
However, unlike the extended (r + 1)-partite complex G which didn’t have the

typicality property symmetric among all parts (because we might have pg # py),
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the r-partite complex G given in the statement of Theorem 3.6.1 has a symmetric
typicality property among all its parts (i.e., p;; = p for all ¢ # j). This results
in a simpler proof when checking properties (P1)-(P4) since there is no need to

consider different cases depending on whether a vertex belongs to V"*! or not.

3.7 Edge-disjoint factors

In this section we use Corollaries 3.6.2 and 3.6.4 together with a randomised al-
gorithm to find many edge-disjoint face factors in an extended complex. This
result will be used during the proof of the Cover Down Lemma. The proof follows
a method introduced by Barber, Kiihn, Lo and Osthus [9, Lemma 10.7] to find

edge-disjoint K,-factors in a graph with high minimum degree.

Lemma 3.7.1. Let 1/n < v < p € € L pa,pu,q,1/s,1/t,1/r with s > 2(r — 1)
and t > 2 and let N,M € N. Let V and U be sets of vertices such that |V| = n
and \U| = (1 £ &)(pe/pu)n/(r —1). For each i € [N] let G; = (V;,U;, Gy, H;) be a
(&, pa, pH, q, S, t)-typical extended r-complex and for each N < i < N + M let G;

be a (&, pa, q, s, t)-typical r-complex on a set of vertices V;. Suppose that
(F1) V; CV foralli e [N+ M] and U; C U for all i € [N],

(F2) Vil = (r = D)|Uy| for alli € [N] and r | |Vi| for all N <1 < N+ M,
(F3) |Vi| > p*3n for all i € [N + M],

(F4) [VinV;| < p?n foralll <i < j <N+ M and |U;NU;| < p*n for all

l<i<j<N,
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(F5) every vertexv € V., w € U is contained in at most pn of the sets {Vi}icinymy,

{Ui}icn respectively.

Then for each i € [N + M] there exists an F.-factor F; of G; such that all the

factors {F;}icvya are edge-disjoint.

Proof. Let m := 4p3?n. The proof consists of a random algorithm with steps
1=1,..., N+ M that works as follows. Suppose that we have already found edge-
disjoint F,-factors Fi, ..., F;_1 of Gy,...,G, 1 respectively for some i € [N + M].
We will find an F,-factor F; of G;, edge-disjoint from all Fi,..., F;_1, as follows.

Let H; := U;;ll F; and let G} := G; —H,;. We now consider two cases depending
on the maximum degree of H;.

Case 1: A(H;) < p*/*n.

If i € [N], G! is an extended r-complex (V;, U;, G%, H!). Observe that for every
set Sy C Vi and Sy C U; with |Sy|+ |Sy| < s and for every set T' C K, _o(GS[Sv])

with |T| <t,
dg, (Sv U Sy, T Vi) > dg (Sy U Sy, T Vi) > dg (Sv U Sy, T Vi) — sA(H,)
SO
(1+ &S P d Vil > dgy (Sy U Sy, T3 Vi) > (1= €)pl3 pl g™ V] + rsm,
and for every set Sy C V; with |Sy| < s,

dy,(Sv) = dm(Sv) = du,(Sv) — sA(H;)
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SO

(1+ &V U] > du(Sv) > (1 — ENplg¥ Ui + rsm.

In particular, G/ is (¢, pa, pu, ¢, S, t)-typical. Moreover, we can successively apply
Corollary 3.6.4 with G/, ¢ and r playing the role of G, ¢ and r + 1 to find m
edge-disjoint F,-factors Ay, ..., A, of G/ which will be candidates for F;.

If N <i< N+M,G!isan r-complex on V;. Observe that for every set Sy C V;

with [Sy| < s and for every set T C K,_1(G}[Sy]) with |T'| <,
dg,(Sv, T;V;) = dg/(Sv, T Vi) = dg, (Sv, T; Vi) — sA(H,)

SO

(L+&pe"'dMVi| > g (Sv, T; Vi) = (1= &)pis" g™ |Vi] + rsm.

Thus, G! is (¢, pa, q, s, t)-typical so we can successively apply Corollary 3.6.2 with
G, ¢ playing the role of G, £ to find m edge-disjoint F,.-factors Ay, ..., A,, of G!
which will be candidates for F;.

Case 2: A(H;) > p**n.

If i € [N] let Ay, ..., A, be defined as r-complexes on V; U U; with no edges
and if N <1 < N+ M let Ay,..., A, be defined as r-complexes on V; with no
edges.

In both cases Ay, ..., A, are edge-disjoint subcomplexes of G;. Next we choose
J € [m] uniformly at random, set F; := A; and continue with the next iteration.

Observe that at the end of the algorithm all of F7, ..., Fyiy will be edge-disjoint
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F,-factors of Gy, ..., Gy if and only if

A(H;) < p*%n (3.21)

for all @ € [N + M]. Hence, the lemma follows if equation (3.21) holds for all
i € [N + M] with positive probability.

For each i € [N+ M] and z € V(G;) let J** :={j € i —1] : = € V(G))}
and for each j € J"* let YJm be the indicator variable of the event zy € E(F;) for

some y € V(G;). Observe that

v gorvon (@) = > YT (3.22)

jeJi,z
Fix i € [N + M] and = € V(G;). Note that (F4) implies that for each j € J** at
most 2p?n of the edge-disjoint complexes Ay, ..., A, that were candidates for F;
share an edge incident to x with G;. Let ji, ..., j iz be the elements of J5* listed

in increasing order. Then, for all ¢ € [|J"*|] we have

| | | 5,2 1/2
IP’[Yj”:HY.Z’””,...,Y.””” <P P
14 J1 Je—1 m 2

Let B ~ Bin(|J*"|,p'/?/2) and observe that

] 1/2 (F5) 3/2
iz P prn
E[B] =[J" \T s =
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Thus, by applying Fact 2.1.3 and Lemma 2.1.2 we obtain that

P| > V> p¥n| <P[B>p*n] <P[B>E[B]+ /2] <2772
Jejl,x
Hence, since there are at most pn|V(G)| pairs (i,z) with z € V(G;) (for each
x € V(G) we use (F5)), and |V(G)| < |V|+ |U| < (1 + pe/pr)n, a union bound

implies that with positive probability > VT < p3%n for all i € [N + M] and

jGJi,cc
x € V(G;). Thus, by (3.22), it follows that equation (3.21) holds with positive

probability for every i € [N + M], which concludes the proof. O

3.8 Cover Down Lemma

In this section we will prove the Cover Down Lemma (Lemma 3.8.3) which is,
together with Lemma 3.3.2, one of the key results to prove the main theorem of
this chapter. In order to do so, we will need the following two results. Recall that,
given an r-complex G, a k-clique K € Ki(G) with & < r, and a set W C V(G),
Lke(K; W) denotes the (r — k)-complex (V, E, F') where V = Ng(K; W), E =
E(G[V])and F = {K' € K,_x(G[V]) : KUK € F.(G)}.

Lemma 3.8.1. Let 1/n < € < pe,pu,q,1/s,1/t,1/r. Let G = (V,U,G,H) be a
(&, pa, pH, q, 8, t)-typical extended (r + 1)-complex where |V| =n. Let Vi CV and
suppose that G is (&, pa, pu, q, S, t)-typical into Vi. Let K U{u} be a (k+ 1)-clique
of GUH where 0 < k <r, K CKy(G) and uw € U. Then Lkg(K U {u}; V1) is a
(3¢, pa,q, s — k — 1,t)-typical (r — k)-complex.

Proof. Let L = Lkg(K U {u}; V7). Let S C V(L) with |S| < s—k —1 and
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T C Krpq(L[S]) with [T"] <t. Let T = {KUK' : K' € T'} and note that
T CK,1(G[SUK)]) and |T| = |T"|. Observe that

[V(L)| = dg(K U {u}; Vi) = (1 £ E)pgpulVal- (3.23)
Then
di(S,T') = d5(S UK U{u}, T V3) = (1 £ Opd  pud ™ VA
PRI (12 30TV (1)
which implies that L is (3¢, pg, q, s — k — 1,t)-typical. O

Lemma 3.8.2. Let 1/n < & < pa,pu,q,1/s,1/t,1/r. Let G = (V,U,G,H) be a
(&, pa,pH, q, S, t)-typical extended (r + 1)-complex where |V| =n. Let Vi, CV and
Uy C U and suppose that G is (&, pa, pu, q, S, t)-typical into V; UU;. Let K be a
k-clique of G where 0 < k < r—1. Then Lkg(K;V,UUy) is a (3§, pg, pr,q, s—k, t)-
typical extended (r + 1 — k)-complex (V',U',G', H") where V' = Ng(K;V;), U' =
Ng(K;Uy), G' = Lkg(K; Vi) and H = H[V',U'].

Proof. Let L = Lkg(K;Vi UUL), V! = Ng(K; Vi), U' = Ng(K;Uy), G/ =
Lke(K; Vi) and H' = H[V',U']. First we check that L = (V',U’,G', H') is an
extended (r 4+ 1 — k)-complex. Clearly, V(L) = Ng(K;V,UU;) =V'UU’. On the
other hand, E(L) = E(G[V' UU')) = E(G[V')) U E(H[V',U")) = E(G') U E(H').
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Finally we have

Fopi k(L) ={K' € K,y1_(G[V'UU']) : K'UK € F,11(G)}
={K'U{u} e K,.1 x(G[V'UU')) : KUK € F.(G),ue U}
={K'U{u} € K,y1 x(GV|UH[V'U']) : KUK € F,(G),u e U}

={K'U{u} e K,y1 x(G'UH') : K'e F,(G'),u e U}.

We will now check that L is (2, pg, pu, q, s — k,t)-typical. Observe that
V'] = dg(K; Vi) = (1 = &)pe|Vi| (3.24)

and

U] = dg(K;U1) = (1 )pl|UA. (3.25)

Let Sy C V' and Sy C U’ with |Sy|+ |Sy| < s—Fkand T" C K,_,_1(G'[Sv])
with |[77| <t. Let T ={K UK’ : K'€ T'} and note that T C K,_1(G[Sy U K])
and |T'| = |T"|. Then

& (Sy U Sy, T V') = d5(Sy U K U Sy, T3 Vi) = (14 ©)plsVITpldul iy

(3.24),(p5) (3.26)
= 30p e V).
Let Sy C V' with |Sy| < s — k. Then
3.25),(p5
i (Sy) = du(Sy U K5 U3) = (1 Opig” M 0n] 27 (1 23903 |07, (3:27)
Equations (3.26) and (3.27) imply that L is (3¢, pg, pu, q, s — k, t)-typical. OJ

We have now all the ingredients to prove the Cover Down Lemma:
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Lemma 3.8.3 (Cover Down Lemma). Let 1/n < n < v < ¢ < € < pa, pH, 4,
1/s,1/t,1/r with s > 2r and t > r* +r. Let G = (V,U,G, H) be an n-divisible
(&, pa,pH, q, S, t)-typical extended (r + 1)-complex. Let Vi C V and Uy C U be

subsets satisfying

(C1) |\Vi| = €|V | =en and |Uy| = ¢|U],

(C2) G is (&, pa,PH,q, S, t)-typical into V3 U Uy,

(C3) for everyv € V, dg(v; V1) = (1 £n)(r — 1)dg(v; Uy),
(C4) for everyv € V\ Vi, da(v) = (r — 1)du(v),

(C5) for everyuw € U\ Uy, v | dy(u).

Then there is an F,y1-decomposable subcomplex H C G such that E(G — G[V; U

Up]) C E(H) and A(H[VL UUL)) <~|ViUU.

Proof. Let ~,p,& > 0 such that
In<n< < p<Ly Keg K <pe,pa,q,1/s,1/t,1)r. (3.28)

Let V' :=V \ V} and U’ := U \ U;. Using (C2) we have that for every Sy C V
and Sy C U with |Sy| + |Sy| < s and for every T' C K,_1(G[Sy]) with |T| <t

dE(SV U SU, T; V/) = dE(SV U SU, T; V) - dE(SV U SU, T; ‘/1)

= (1 26)pl" Ip g™ V|

and for every Sy C V with |Sy| <'s

du(Sv;U') = du(Sv; U) — du(Sv; Ur) = (14 28)pu|U|.
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So G is (2¢, pa, pH, q, S, t)-typical into V' U U’.

Using (C3) we obtain that for every v € V)

da(v; V') = da(v) — da(v; Vi) = (1 £0)(r — 1)dp(v) — (L £ ) (r — D)du(v; Uy)

= (1£2n)(r—1)dy(v;U").
To summarise, we have
(P1) Gis (¢, pa,pu, q, s, t)-typical into V3 U Uy,
(P2) G is (2¢,pg,pu, q, s, t)-typical into V' U U,
(P3) for every v € V', dg(v; Vi) = (L £ n)(r — 1)de(v; Uy),
(P4) for every v € Vi, dg(v; V') = (1 £ 2n)(r — 1)dg(v; U'),

(P5) by Lemma 3.8.1, for every k-clique K of GUH with 1 < k <rand |[KNU| =

1, Lkg(K;V7) is a (3§, pg, pu, q, s — k,t)-typical (r + 1 — k)-complex,

(P6) by Lemma 3.8.2, for every k-clique K of G with 1 < k < r—1, Lkg(K, V;UU))
is a (3¢, pa, pu, q,5—k, t)-typical extended (r+1—k)-complex (Vi , Uk, Gk, Hg)
where Vi = Ng(K; Vi), Ux = Nyg(K;Uy), Gk = Lkg(K;V;) and Hgx =
H[Vk, Uk].

STEP 1: Choosing the reservoir edges.

Let R = (V,U, Rg, Ry) € G be a subcomplex induced by a set of edges ob-
tained by choosing each edge independently at random with probability p. Let
Ry = Rg[V'.Vi], Ry = Ry[V',Uy] and Ry = Ry[Vi,U'). Let G = (V,U,G, H)
where G = G — Ry — G[V1] and H=H-—Ry— Rs — H[V4,Uy]. Note that prop-

erties (P1)-(P6) consist all of degree sizes and that each property describes the
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neighbourhood size of at most (j)t(n + |U])* < n® combinations of vertices and
cliques. We can then apply Proposition 2.1.4 to the random variables given by
each degree size described in (P1)-(P6) via R to see that with positive probability

the following properties hold:

(R1) R is (2¢, ppa, ppu, q, S, t)-typical into V4 U Uy,
(R2) R is (3¢, ppa, ppu, q, S, t)-typical into V' U U,
(R3) for every v € V', dg,(v) = (1 £ 2n)(r — 1)dg,(v),
(R4) for every v € Vi, dg,(v) = (1 £ 3n)(r — 1)dg,(v),

(R5) for every k-clique K of GUH with 1 < k <rand |[KNU| = 1,Lk; g g4 (K; V1)

is a (6, pa, pu, q, s — k, t)-typical (r +1 — k)-complex.

(R6) for every k-clique K of G with 1 <k <r —1, Lkg_( K, ViUuU,)is a

Q—J[K])(
(6¢, pa, P, q, s —k, t)-typical extended (r+1—k)-complex (Vi , Uy, Gk, Hr)

G = Lkg_ @y (K Vi) and Hye = (H — (H — H[K)))[Vi, Ux].
Fix such a choice of R.
STEP 2: Approximate decomposition.
Observe that since n,p,e < &, A(R;) < 2p(pe + pm)n for each i € [3],
A(GW]) < 2epgn and A(H[Vy,U;]) < 2epgn, then G is (2¢, pay pH, q, S, t)-typical.

On the other hand, for every vertex v € V'

dg(v) = dg(v) — dg, (v)
= (L£n)(r —du(v) — (1 £2n)(r — 1)dg,(v) (3.29)
= (L £3n)(r — 1)dg(v)
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where we have used (R3), and for every v € V;

dg(v) = dg(v) — dg, (v) — dg(v; V1)
=1 £n)(r—1du(v) — (L £3n)(r — 1)dg,(v)
— (1 £n)(r—1)dy(v;Uy)

= (1£3n)(r — 1dg(v)

(3.30)

where we have used (R4) and (C3). Thus, G is 35-divisible. We can then apply
Lemma 3.4.1 to gto find an F,.,i-decomposable complex F; such that A(é—]—]) <

~v*n. Let L be the graph induced by the edges of G — JF1 and note that

A(L) < vn. (3.31)
Observe that
E(G—-F)=E(L)UE(R))UE(Ry)UE(R;)UE(G[V, UU]) (3.32)

and all the unions are disjoint.
STEP 3: Cover down edges in L using edges from the reservoir.
Let G, = G — F;. We will now find an F,;-decomposable complex F, C G,

with small maximum degree and such that E(L) C E(F3).

Claim 1: For each e € E(L) there is a face f. € F,41(Gy) with e C f. such that
all the faces { fe}ecrw) are edge-disjoint. Moreover, if Fy is the complex induced

by the faces in { fc}ecrr) then

A(F,) < ry'3n. (3.33)
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Proof of claim: Suppose we have already chosen edge-disjoint faces {fe }ecr(r

for some subgraph L' C L. Let " = {J, ¢ fer and suppose that
A(F) < ryt3n. (3.34)

We say that a vertex o € V; U U, is good if there are less than v'/3n — 1 faces
in ' containing x. Otherwise we say that it is bad. Let X be the set of bad
vertices and suppose that |X| > v'/3n. By definition, for each bad vertex z € X
there are at least v'/n — 1 edge-disjoint faces in F’ containing z, which yields
dz(x) > ry/3n — r. It follows that
(V30)(ry 3 — 1) > Ly23p?,

r
47

DN | —

B 2 2 der) >

reX

On the other hand, we have that

r+1 (331) (41
s < (73 ipwn < (7))
which is a contradiction.

Hence we have

1 X| < ~Y3n. (3.35)

Let e € E(L—L').

Suppose first that e = vu with v € V and v € U. We know by (R5) that
Lkgf(glg[e])(e; V1) is a (6¢, pg, pu,q, s — 2,t)-typical (r — 1)-complex. Let ). be
the complex obtained from Lkg_(g_g[e])(e; V1) by removing all edges that are in

E(F') and all bad vertices. Using (3.34)-(3.35) and v < p, £ we deduce that ), is
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a (7€, pa, pu, q, s — 2, t)-typical (r — 1)-complex. This allows us to greedily pick an
(r — 1)-face f of ).. Let f. = f Ue and observe that f. is a face of G — F; which
is edge-disjoint from F(F’) and vertex-disjoint from X.

Suppose now that e = vjve with v;,v9 € V. Using (R6) we know that
Lkg_(fgv_g[e})(e; ViuUly) is a (6€, pa, pu, q, s — 2, t)-typical extended (r — 1)-complex
(Ve,Ue, Ge, H,) where V, = NG_(é_é[e])(e;Vl) and U, = NH—(ﬁ—ﬁ[e})<€5 Up). Let
V. be the extended complex obtained from Lkgf(glg[e})(e; V1 UU;) by removing all
edges that are in E(F’) and all bad vertices. Using (3.34)-(3.35) and v < p, § we
deduce that ), is a (7€, pa, pu,q, s — 2,t)-typical extended (r — 1)-complex. We
can then greedily pick an (r — 1)-face f of ), such that |fNU| = 1. Let f. = fUe
and observe that f. is a face of G — F; which is edge-disjoint from E(F’) and
vertex-disjoint from X.

In any case, given e € E(L—L') we are able to find a face f. of G—JF; containing
e, edge-disjoint from E(F’) and vertex-disjoint from X. Because all vertices of f,
are good and using (3.34), we have that A(F' U f.) < ry'/3n.

By iteratively applying the previous arguments we end up with the desired

collection F> of faces. —

STEP 4: Cover down remaining edges in Ry, Ry and Rj.

Let Go = G — F; — F>5. In this step we will find an F}.;-decomposable complex
F3 C Gy such that F(Ry U Ry U R3) C E(F3) U E(F3). Let Go € G and Hy C H
such that Gy = (V,U, Gs, Hy). Observe that for each v € V' we have dg,(v) =
(r — 1)dp,(v) and for each u € U" we have r | dg,(u) since Go =G — F — Fa, G
satisfies (C4) and (C5), and both F; and F, are F,;-divisible.

For each v € V'  let ), = Lkg,(v; V3 U Uy). Note that Gy, = G — G — Fo.
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Thus, using (R6), (3.33) and v < p,& we can deduce that, for each v € V', Y,
is a (7€, pa, pu, q, s — 1, t)-typical extended r-complex (V,, U,, G, H,) where V,, =
Ng,(v; V1), U, = Npy,(v;Uy), G, = Lkg,(v; V1) and H, = Hs[V,,U,|. Moreover,

using (R1) we obtain that for each v € V'

[Vl = da, (v; V1) = dg, (v) £ A(F2) = (L £ 3)ppal Vil = (p=)P(en)  (3.36)

and

Uy = d, (03 Ur) = dg, (v) & A(F) = (1£38)ppu|Us| = (pe")?(en), (3.37)

for each pair of distinct vertices vy, vy € V'

[Vir N Vi | = dpy ({v1,v2}) £ 2A8(F2) = (14 3€) (ppe)*|Vil < (pe™)*(en)

and

Uiy NU| = dp,({v1,v2}) £ 2A(F) = (1 £ 36) (pp)*|UL| < (pe™")*(en),

and using (R2) we obtain that each v € V; is contained in

de, (v; V') = dp, (v) & A(F2) = (1 £ 48)(ppe)|V'| < pe~'(en) (3.38)

of the sets {V, },ev, and each u € U; is contained in

dpgy (u; V') = dp, (u) & A(F2) = (1 £ 48)(ppr)|V'| < pe(en) (3.39)
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of the sets {U, }vev-

On the other hand, for each v € U’, let ), = Lkg,(u; V;) and note that (R5),
(3.33) and v < p, ¢ imply that Y, is a (7€, pg, pu,q,s — 1,t)-typical r-complex
with V,, := V() = N, (u; V7). Again, using (R1) we obtain that for each v € U’

Vil = dig, (u; V1) = diy (u) £ A(Fz) = (1 £ 36) (ppm) [Vi| = (™) (en), (3.40)

and for each pair of distinct vertices uy, us € U’

|VU1 N VU2| = dR3<{u1’u2}) == QA(‘FQ) = (1 + 35)(ppH)2|Vl| < (:05_1)2(6”)’

and using (R2) we obtain that each v € V; is contained in

Ay (03 U") = diy (v) £ A(F) = (1£4) (opi)|U] < pe~Mem)  (3.41)

of the sets {V, }uev

Finally, for each v € V' and v € U’

Vo N Vil = dryur, ({v,u}) £ 2A(F2) = (1£36)p°pepu| Vil < (pe™)*(en).

We can then apply Lemma 3.7.1 with Vi, Uy, pe=t, 7€, V|, [U’|, {0y }vevr,
{Vu}ucur playing the role of V, U, p, &, N, M, {G;}icin), {Gi} N<i<n+m Tespec-
tively to find for each v € V' U U’ an F,-factor F, of ), such that all the factors
{Fu}veviour are edge-disjoint. Observe that for each v € VU U’ and f € F,,
fU{v}isan (r+1)-face of Go. Let F3 := U, ey ser, [ U {v} and note that F3

is an F,.;-decomposable subcomplex of G, since it consist of the union of pairwise
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edge-disjoint (r + 1)-faces of Go. Moreover note that each edge in F(R; U Ry U R3)
is covered by F3. Indeed, let e € E(Ry U Ry U R3) then e contains a vertex v’ in
VU U and a vertex vy in V3 U U;y. Then vy C V(),) so F,s contains some face
f that covers vy since F,s is an F,-factor of ),,. Thus, by definition f U {v'} is a
face of F3 that contains both v; and v" and therefore covers e.

Finally, equations (3.36)-(3.41) imply that

A(Fs) < (7//2)n. (3.42)

STEP 5: Concluding the proof.

Let H = F1 U JFy U F3. First observe that since all of F;, F5 and F3 are
edge-disjoint F;.;-decomposable subcomplexes of G, H is an F,,;-decomposable
subcomplex of G. Recall that F; contains no edges in E(G[V3;UU;|). This together
with equations (3.33) and (3.42) imply that A(H[V; U U;]) < +'n. Note that
Fi covers all edges in E(G — L — R — G[V; UU]), F2 covers all edges in E(L)
and F» U F3 covers all edges in F(R — R[V} UU,]). Thus, H covers all edges in
E(G — G[Vi1 UU)) as desired. O

3.9 Final absorbers

In this section we describe the ‘final’ absorber that will be used in the last step of
the iterative absorption method. Let G be an extended (r + 1)-complex and let L
be a subgraph of G. An edge-absorber for L is a graph Ay C G such that V(L) C
V(Ap) is independent in A, and both Ay, and A; U L have an F,.,;-decomposition

in G. Intuitively, we think of L as the leftover of an ‘almost complete’ F;. -
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decomposition of G. An edge-absorber A; will allow us to ‘absorb’ L and complete

the F).,-decomposition.

Lemma 3.9.1. Let 1/n < 1/M < 1/m < & < pg,pu,q,1/s,1/t,1/r with s > 3r
andt > 6. Let G = (V,U,G,H) be a (&, pa,pu, q,s,t)-typical extended (r + 1)-
complex. Let L C G be an F,.,q-divisible subcomplex on m vertices. Then there is

an edge-absorber A, C G for L such that |V (AL)| < M.

Before proving Lemma 3.9.1 we shall describe an explicit construction of an
edge-absorber. Our construction combines the ideas of [9, Section 8] and [10,
Section 6]. Let G = (V, U, G, H) be an extended (r+1)-complex. Given a subgraph
L C G we write V;, := V(L)NV and Uy, := V(L) N U. Given vertex-disjoint
subgraphs L, L' C G we say that L’ is obtained from L by identifying vertices if
there is a sequence of graphs L = Lg,..., L, on V(L) and vertices x;,y; € V(L)

for each 0 <7 < ¢ such that
(1) @, y; € Vi or zy,y; € Uy, for each 0 <i < ¢,
(ii) NLz(xl> N NLi (yl) = (Z)v

(iii) L;y1 is obtained from L; by removing all edges incident to y; and adding the
edges {x;z : y;z € E(L;)},

(iv) there is an isomorphism f : Lj, — L’ such that f(z) € V ifand only if x € V

where Lj is the graph obtained from L, by removing all isolated vertices.

Note that if L’ is obtained from L by identifying vertices then there exists a
graph homomorphism ¢ : L — L' which is edge-bijective and satisfies ¢(x) € V

if and only if x € V for every x € V(L). An (L,L')-transformer is a graph
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T C G edge-disjoint from L and L’ such that both L UT and T U L’ have an
F,;1-decomposition in G. A transformer acts as a ‘partial” absorber allowing us to
transform the leftover L into a new leftover L'. By combining several transformers
we desire to end with a final leftover that is F, ;-decomposable in G. We will
first describe the construction of a single transformer and then explain how we can
concatenate several of them to end up with an F,. . -decomposable leftover.

Let L be an F,-divisible subgraph of G. Let L’ C G be a graph obtained from
L by identifying vertices and let ¢ : L — L’ be an edge-bijective homomorphism
such that ¢(v) € V if and only if v € V for every v € V(L). Suppose that
for each e € F(L) there is an (r — 1)-clique K, € K,_1(G) such that e U K, and
¢(e) UK, are faces of G and suppose that L, L' and all the cliques in {K}ccp(r) are

pairwise vertex-disjoint. Let K := {Kc}eep(r), V(K) = U.ep) Ke and E(K) =

ccE
Ueerr) E(Ke). For each v € V(L) let X, := {z € K. : v € e € E(L)}
and let E, = {vez : x € X,} and Eyu) = {o(v)z : = € X,}. Observe
that for each v € Vj there are (r — 2)dr(v;Vy) + (r — 1)dp(v; UL) vertices in
X, NV and dg(v; V) vertices in X, NU. Since L is F, ;-divisible we have that
dp(v;Ve) = (r — 1)dg(v; Ur) and thus | X, NV| = (r — 1)|X, N U|. Suppose that
there exists a K,-factor F, of G[X,] such that for each r-clique K € F,, both
K U{v} and K U{¢(v)} are faces of G. On the other hand, for each u € Uy, there
are (r — 1)dp(u; Vy) vertices in X, and X, C V. Since L is F,;-divisible we have
that r | dr(u; V) and so r | |X,|. Suppose that there exists an F,-factor F, of
G[X,]. Moreover, suppose that all of E(L), E(L'), E(K), {Ey}vev(r), {Ev}ver

and {E(Fy)}vev(r) are edge-disjoint. Let T be the graph with vertex set

V(T)=V(L)UV(K)u V(L
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and edge set

E(T)=EK)U| | E,UEy)UE(F,)

veV (L)

Let Fr be the set of faces of G of the form
e cUK, or ¢(e) UK, with e € E(L),
e {v}Ufor{o(v)}UfwithveV(L)and f € F,.

Fact 3.9.2. |V(T)| < r|V(L)]%.

Proof. [V(T)| < [V(L)| + [V(L)|+ (r = DIEL)| < 2V(L)| + (r = DIV(L)]* <
r|V(L)|?. O

Fact 3.9.3. Every vertex in V(K) is adjacent (in T') to 3r vertices in V(T and is

contained in six faces of Fr.

Proof. Let v € V(K). Then v € K, for a unique e € E(L) so v is adjacent
to r — 2 vertices in K, and is contained in the faces e U K, and ¢(e) U K,. Let
e = v1vg, then v must be adjacent to vy, va, ¢(vy) and ¢(vy). Then v is covered by
the K,-factors F,, and F,, so it is adjacent to r — 1 vertices in each factor and is
contained in the faces {vi} U fi, {¢p(v1)} U fi, {va} U fo and {¢(v2)} U fo, where
fi € F,, and fo € F,. O

Fact 3.9.4. T is an (L, L')-transformer.

Proof. Observe that L UT can be decomposed into the set of faces
{eUK, : ec E(L)} U {{o()}Uf :veV(L),feF},
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and T'U L’ can be decomposed into the set of faces

{d(e)UK, : e E(L)} U {{v}Uf:veV(L),feF}

Lemma 3.9.5. Let 1/n < 1/m < & < pg,pr,q,1/s,1/t,1/r with s > 3r and
t>6. Let G=(V,U G, H) be a (&, pa,pu,q, s, t)-typical extended (r+1)-complez.
Let L be an F,,q-divisible subgraph of G on m wertices and let L' be a graph
obtained from L by identifying vertices. Then G contains an (L, L')-transformer

with at most rm? vertices.

Proof. Since G is (¢, pa, pH,q, s, t)-typical, s > 3r and t > 6, using Facts 3.9.2
and 3.9.3 we shall greedily find a copy of the graph T described above. Indeed,
suppose we have already found a set V' of vertices of T" in G and we want to find
a new vertex v. By Fact 3.9.3 we know that v needs to be adjacent to at most 3r
vertices and must form a face of G with at most six r-cliques of G, and so, v must
form a face of G with at most six (r —1)-cliques of G. Typicality implies that there
are ©(n) such vertices and Fact 3.9.2 implies that [V'UV (L)UV (L')] < rm? = o(n)
so we can greedily find such a new vertex v. Thus, we can find a copy of T" in G.

By Fact 3.9.2 and 3.9.4 then T is an (L, L')-transformer with |V (T)| < rm?. d

We say that a clique K of G is proper if K € K,,11(G) and |[K NU| = 1. Note
that if a clique is a face of G then it must be a proper clique. Given an edge
vivg € FE(L) with vy,v9 € Vi, an expansion of vive is the graph obtained from L
and a vertex-disjoint proper clique K by deleting the edge vivq, deleting an edge

vivy C K with v}, v5 € V| and adding the edges v;v) and vov]. Similarly, given an
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edge viuy € F(L) with v; € V, and uy € Uy, an expansion of viuy is the graph
obtained from L and a vertex-disjoint proper clique K by deleting the edge vjus,
deleting an edge v{u)y C K with v{ € V and u), € U, and adding the edges v;uj and
u1vy. In both cases, identifying the vertices v; and v} results in a graph obtained
from L by attaching a proper clique to the vertex v;. Let Ley, be a graph obtained
from L by expanding every edge in E(L). Let L,y be a graph obtained from L
by, for each edge e € FE(L), choosing an endpoint v € e NV, and attaching a
proper clique to v. Observe that L,y is obtained from Le,, by identifying vertices.
Note that |V (Lexp)| = |V(L)| + (r + 1)|E(L)| and |V (Latt)| = |V (L)| + 7| E(L)].
Finally, let my = |E(L[VL])| and my = |E(L[Vy, UL])|. Given vg € V and uy € U
let T'(my, m2) be the graph obtained by expanding the loop vovy m; times and by
expanding the edge voug ms times. Observe that I'(mq, ms) is the graph obtained
from Ley, by identifying all its vertices in V7, into a single vertex vy € V' and all

its vertices in Uy, into a single vertex uy € U.

Proof of Lemma 3.9.1. Let V, :== V(L)NV and Uy := V(L) NU. Let
my = |E(L[VL])| and mg = |E(L[Vy,Uy])|. Since L is F,,;-divisible we have that

(r+1

"9 1e(L), () | mi and r | ms. For each edge e € E(L) we choose an endpoint

v € eNVy and find a face f. of G containing v and no more vertices from V(L)
so that all the faces {f.}ecp(r) are vertex-disjoint. Note that by doing so we are
finding a copy of L.y in G and observe that L, — L is F,,1-decomposable since
it consist of the vertex-disjoint union of e(L) faces. Next, choose |VL| vertices

V] in V\ V(L) and |Ug| vertices Uy, in U \ V(Lat) and let L' be a copy of

/

exp 11 G. Choose vertices

L on the vertices V/ U U;. We find now a copy of L
vg € V\V(Latt UL,

exp

yand ug € U\ V (Late U L.

exp

) and find a copy I' of I'(my, ms)
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in G. Observe that we can actually find L., L, and I" so that they are all vertex-

exp

disjoint since in all cases whenever we want to find a new vertex it needs to be

adjacent to at most r given vertices, G is typical with s > r, and |V (L UL,

ur| <

M = o(n). Note that L,y and I" are obtained from L/

exp

by identifying vertices. Let

J be the union of e(L)/("}") vertex-disjoint faces of G\ (Lay U L.

exp

UT"). Note that
J is trivially F,;-decomposable and |E(J[V])| = my and |E(J[V,U])| = my. We

can then apply the same arguments we did with L to find graphs J,, J!

exp SO that

all the graphs Law, Ly, I', Jiy, and Ju are vertex-disjoint. Moreover note that

Jout and I' are obtained from J’

exp Dy 1dentifying vertices. We can consecutively

apply Lemma 3.9.5 to find edge-disjoint transformers 17,75, T3, T, such that

T T: T: T.
Latt <—1 LI —2> T %3 JI HAL Jatt

exp exp

where L, = Ly denotes that T is an (Ly, Lo)-transformer.

Finally, let Ay := (Lay UT U L

exp

ULuluTsuJ!

exp

UTyU Jay) — L. Note
that Ay U L is F,i-decomposable since La U Ty, L, UTy, T'UTs, Ji,, UT, and
Jae are all edge-disjoint and F,.,i-decomposable in G. On the other hand, Ay is
also Fj;-decomposable since Lay — L, Ty U L, To UT, T3 U Jg , and Ty U Jag

are all edge-disjoint and F}, -decomposable in G. Hence, A;, is an edge-absorber

for L. O

3.10 Proof of Theorem 3.2.1

We are finally ready to prove the main theorem of this chapter:
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Theorem 3.2.1. Let 1/n < € < pa, pr,q,1/5,1/t,1/r with s > 3r and t > r?+r.
Let G = (V,U,G, H) be an F, ,-divisible (§, pg, pa, q, s, t)-typical extended (r+1)-

complex where |V| = n. Then G has an F,;-decomposition.

Proof. Let v,n,e >0 and M, m' € N such that
I/n<l/M<l/m <n<Ky<Le<<{Lpq1/s,1/t,1/r. (3.43)

STEP 1: Find the vortex sequence and the final absorber.

We start by applying Lemma 3.5.2 to find a (2¢,¢,n, m)-vortex V5 2 V; D
- DVyand Uy D Uy 2 -+ D Uy in G for some m < m’. Let n; := |V;| for every
ie[()u{o}.

Let G’ := G — G[V; UU;]. Using (V2)-(V4) and € < £ it can be checked that
G'is (2§, pa, pH, g 5, t)-typical.

Let £ be a collection of all the spanning F,.,;-divisible subcomplexes of G[V;, U
Uy]. Note that |£] < Q(WZEUH) < M. For each L € L we find an edge-absorber Ay,
for L in G — G[V4 U U] so that |V(AL)| < M and K,;1(AL) C F.11(G) and all of
{AL}rer are edge-disjoint. Indeed, suppose that we have already found absorbers
{AL}per for some subset £/ C £ with |[V(AL)| < M and K,,1(AL) C F,11(G) for
each L € L. Let L € L\ L and let G, := G — GV UU] — (U e AL). Note
that | U V(AL < [LIM < M?, V3| < €|V] and |Uy| < e|U|. Hence, Gy, is
(2¢,pa, pu, q, S, t)-typical so we can apply Lemma 3.9.1 to find an edge-absorber
Ay for L in Gy, such that |V(AL)| < M and K, 1(AL) C Fr11(G).

Let A := U Ler A; and note that A satisfies that for any F).,,-divisible subcom-
plex L C G[V, U U, AU L has an F,,1-decomposition. Let G :=G — A. Since all

the graphs Ay have an F}.,;-decomposition G must be F,1-divisible. Moreover,
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since |V(g)| < |L|M < M? it is easy to check that Vo 2 V4 D -+- D Vp and Uy 2
Uy D--- DU, form a (3¢, ¢,2n, m)-vortex in G. Note that G[V; UU,] = G[V4 UUL].
STEP 2: Iteratively apply the Cover Down Lemma.
We will now apply iteratively Lemma 3.8.3 to cover all edges of G except
possibly some edges of G[V, U Uy|. Let i € [¢] U {0} and suppose there exists
an extended (r + 1)-complex G; = (V;,U;, G;, H;) such that G — G; has an F, -

decomposition and the following conditions hold:
(a) G, is F,yq-divisible,
(b) G; is (5¢, pa, pu, q, S, t)-typical,
(¢) G;is (4¢,pa, P, q, S, t)-typical into Vi U U4y,

(d) Gi[Vig1 U U] = G[Vig1 U Ui

Let Gy := G and note that (a)-(d) hold for ¢ = 0. Define G = Gi—Gi[ViaUU, 4] @

Gi — GViia UUio]. We know that G, must be 2n-divisible since G[V;1o U U] is
2n-divisible by (V5). Using that |V, | < €2|V;| it is not hard to check that G; is
(6¢, pg,pH, q, S, t)-typical and (5¢, pa, pH, q, S, t)-typical into V; 11 UU;41. Thus, we
can apply Lemma 3.8.3 to G: to find an F.;1-decomposable subcomplex H C G:
such that F(G; — G[Viy1 UUi4]) € E(H) and

AH[Vig1 UUisa]) < yViga U Uil (3.44)

Roughly speaking, H covers all edges of G: that are not in G [Viz1 U U] and a
sparse collection of edges inside G[V;11 U Uiyq]. Let Gipq = (Gi — H)[Vig1r U U]
Observe that g—ng = (G’—gi) U(Gi—Git1) = (é—gi) UH is F,,-decomposable.
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We will now check that G, satisfies conditions (a)-(d). Clearly, G; must be F, ;-
divisible since both G; and H are F,-divisible. Using (c), (3.44) and v < & we
obtain that G;.1 is (5, pg,pH, q, S, t)-typical. Recall that V;, 2 V3 D --- DV}
and Uy D Uy D --- D U, form a (3€,¢,2n, m)-vortex in G. Thus, using (d), (3.44)
and (V4), we obtain that G;11 is (4¢, pa, pu, q, S, t)-typical into V; 5 UU;,». Finally,
Giv1[Vis1 U Uiq] = G[Vig1 U U] since H[Viio U Uy o] has no edges.

STEP 3: Absorb the final leftover.

Hence, conditions (a)-(d) are satisfied when replacing i by ¢ + 1. It follows
by induction that there exists an F-divisible extended (r + 1)-complex G, =
(Vi, U, Gy, Hy) such that G — G, has an F, {1-decomposition. Since G, C G[V, U U]
then G, € L, and so, AU Gy is F,i-decomposable. All in all we have that G =

(G — G) U (AU Gy) has an F,,,-decomposition. O

142



CHAPTER 4

RESOLVABLE CLIQUE DECOMPOSITIONS
OF PSEUDO-RANDOM MULTTPARTITE
GRAPHS

The main goal of this chapter is to prove Theorem 1.4.5. Recall that a graph G is
r-partite if there is a partition V! ... V" of V(G) such that G[V*] has no edges for
every i € [r]. We say that G is balanced if all its parts have the same size and K-
divisible if for every 4,7 € [r] and v € V(G)\ (V'UVY), dg(v; V') = dg(v; V7). An
r-partite graph is (£, p, s)-typical if for every i € [r] and for every set S C V(G)\ V"
of size at most s, dg(S;V?) = (1 £ &)p®l|V?|. Recall that a K,-factor of G is a
collection of vertex-disjoint r-cliques that span V(G) and a K,.-decomposition of
G is a collection of edge-disjoint r-cliques that span E(G). Finally recall that a
resolvable K,.-decomposition is a K,-decomposition that can be partitioned into

K, -factors. We now restate Theorem 1.4.5.

Theorem 1.4.5. For every r > 3 and p > 0 there exist £ > 0 and ng € N such
that any balanced K,-divisible (&, p, 3(r — 1))-typical r-partite graph G with parts

of size n > ng has a resolvable K,.-decomposition.
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Similar to Chapter 3, we will deduce Theorem 1.4.5 from a more general re-
sult, Theorem 4.2.1, consisting of the existence of a K, i-decomposition in the
corresponding extended graph. Moreover, we will again extend the notion of a
graph and prove all our results for ‘complexes’ (see Section 3.1). The chapter will
be organised as follows. We will start by establishing all the necessary notions
around ‘partite complexes’ in Section 4.1. Next, in Section 4.2, we will state The-
orem 4.2.1, the main result of this chapter, and use it to deduce Theorem 1.4.5.
As outlined in Section 1.5, the proof of the main theorem will consist of two key
results, the existence of a fractional decomposition and the ‘Cover Down Lemma’.
The first is formalised by Lemma 4.3.1 and proven in Section 4.3. In Section 4.4
we find the vortex sequence which will be the first step in the proof of the main
theorem. In Section 4.5 we find many edge-disjoint face-factors. This result will
be used during the proof of the ‘Cover Down Lemma’. In Section 4.6 we show how
to make an r-partite graph K,-divisible by removing a sparse set of edges. This
will be used during the ‘Cover Down Lemma’ in order to apply Lemma 4.3.1. The
‘Cover Down Lemma’, Lemma 4.7.3, is proven in Section 4.7. Finally, the proof of

the main theorem, Theorem 4.2.1, is presented in Section 4.8.

4.1 Preliminaries

We will inherit the standard notation and the basic probabilistic results used in
the previous chapters. For reference see Section 2.1.

Let G be a fixed r-partite graph with parts V!,...,V". For any U C V(G),
we write U’ instead of U NV for all 1 < ¢ < r. Given subsets Wi, W, C V(G),

we sometimes write E(Wy, Ws) instead of E(G[W1, Ws]) and e(W;, W3) instead of
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e(G[Wy, Wa)). We denote 6(G) := min{d(v; Vi) : i € [r],v € V(G)\ V'} and
A(G) := max{dg(v;V?) : i € [r],v € V(G)\ V}.

As in Chapter 3, we will prove our results in terms of ‘complexes’ instead
of graphs. Recall that an r-complez G is a triple (V(G), E(G), F.(G)) where
V(G) is a set of vertices, E(G) is a set of edges, and F,.(G) is a set of r-sets
of vertices called faces, such that for every f € F.(G) and every 2-set e C f,
e € E(G). We shall inherit the notation around complexes used in the previous
chapter. See Section 3.1. The main difference in this chapter is the consideration of
partite complexes. Formally, an r-complex G is r-partite if there exists a partition
Vi ..., V" of V(G) such that G[V;] has no edges for every i € [r]. Just as in
graphs, we say that G is balanced if |V = --- = |[V"|. If G is clear from the
context, given v € V(G) and e € E(G) we define F,.(v) := {f € F.(G) : v € f}
and F.(e) ={f e F.(G) : eC f}.

Similar to Theorem 3.2.1 from the previous chapter, the main theorem of this
chapter, Theorem 4.2.1, guarantees a face-decomposition in a pseudo-random ‘ex-

tended complex’. Let us recall the following definitions:

Definition 3.1.8. An extended (r+1)-partite complex G = (V,U, G, H) with parts
Vi ...,V"isan (r + 1)-complex with V(G) = V UU, where V and U are disjoint
sets of vertices with V. = VU ...u V", E(G) = E(G)U E(H), where G is an
r-partite complex with parts V!,... V" and H is a bipartite graph on [V, U]; and
Frp(G) ={fU{u} € i (GUH) : f e F(G),ue U}

Definition 3.1.2. Let G = (V,U, G, H) be an extended (r 4+ 1)-partite complex
with parts V1,....V"and let V; C V and U, C U. Given &, pa,pr,q > 0 and

s,t € N we say that G is (£, pg, qm, q, s, t)-typical into V1 U Uy if for every i € [r],
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every set Sy C V' \ V' and Sy C U with |Sy| + |Sy| < s and every set T C

K._1(G[Sy]) with |T'| <t we have
d5(Sv U Sy, T Vi) = (14 Opg" plg”a ™| Vi],
and for every Sy C V with |Sy| <'s
dir(Sy; Ur) = (1% E)py" U]

In the case where V3 = V and U; = U we say just that G is (&, pa, pu, q, S, t)-
typical.

Recall that an r-partite graph is K,-divisible if for every i,j € [r] and v €
V(G)\ (VIUVI), dg(v; V) = dg(v; V7). The same condition is required in the
case of an r-partite complex to admit an F,.-decomposition. Hence, we say that an
r-partite complex G is F.-divisible if its underlying graph is K,.-divisible. Similarly,
an extended (r + 1)-partite graph G = (V,U, G, H) with parts V1, ... V" is F,4;-
divisible if the underlying (r + 1)-partite graph with parts V1, ..., V" U is K,,1-
divisible. Most of the times however we will be working with complexes that are

‘almost’ F}.,,-divisible. We define this formally as follows.

Definition 4.1.1. Let G = (V,U, G, H) be an extended (r + 1)-partite complex
with parts V!,...,V". Given n > 0, V; C V and U; C U we say that G is

n-divisible into V; U Uy if

d(v; Vi) = (1 £ n)de(v; V)
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for every iy,iy € [r] and v € V' \ (V2 U V®2),
de(v;V)) = (L n)dy (v U)
for every i € [r] and v € V '\ V', and
drr(u; Vi) = (L £ n)dy (u; V;?)

for every iy, € [r] and u € U.

Similar to Proposition 3.1.5, the following result relates the size of U to the

typicality and divisibility parameters.

Proposition 4.1.2. Let 1/n < n <€ £ < pe,pu,q,1/s,1/t,1/r. Let G =
(V,U,G,H) be a (&, pg,pH, q, S, t)-typical n-divisible extended (r + 1)-partite graph

with parts VY, ..., V" of size n. Then

U] = (1 +3¢)2%n.
PH

Proof. Since G is n-divisible we have that for any i € [r] and v € V"
dg(v; V') = (L £ n)du(v; U).
On the other hand, since G is (£, pg, pu, q, S, t)-typical we have
da(v; V') = (1 £ &)pen

and
dy(v;U) = (1 £ pulU|.
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Thus, combining all equations we obtain

(1 £&pen _1+30)P,

V=T £ o P

4.2 Main results

We are now ready to state the main theorem of this chapter:

Theorem 4.2.1. Let 1/n < & < pg,pu,q,1/s,1/t,1/r with s > 3(r — 1) and
t>2r—1. Let G = (V,U,G,H) be an F,;-divisible (&, pa,pm,q, s,t)-typical
extended (r + 1)-partite complex with parts V',... V" of size n. Then G has an

F,.1-decomposition.

We will prove Theorem 4.2.1 in Section 4.8. On the other hand, Theorem 1.4.5

is deduced from a particular case of the following consequence of Theorem 4.2.1.

Corollary 4.2.2. Let1/n < £ < p,q,1/s,1/t,1/r withs > 3(r—1) andt > 2r—1.
Let G be a K,-divisible regular (€,p,q,s,t)-typical r-partite complex with parts

Vi ..., V" of sizen. Then G has a resolvable F,-decomposition.

Proof. Let d := dg(v; V") for any i € [r] and v € V(G) \ V'. Note that d is
a well-defined constant since G is regular and K,-divisible. Let G = (V,U, G, H)
be an extended (r + 1)-partite complex where V' = V(G) has parts V! ... V",
U is a set of vertices of size d and H is the complete bipartite graph on [V, U].

Observe that for every i € [r] and every v € V' \ V' we have dg(v; V') = d =
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|U| = dy(v;U), and for every 7,7 € [r] and u € U we have dy(u; V') = |V'| =
|VI| = dg(u; V7). These together with the fact that G is K,-divisible implies that
G is F,, -divisible. Moreover, since G is (§,p,q, s,t)-typical and H is complete
then G is (¢, pa, pu, q, S, t)-typical with pg = p and py = 1. Hence we can apply
Theorem 4.2.1 to find an F,.;-decomposition F of G. For each u € U let F, :=
{fNV : feF,ue f} be the set of r-faces of G that together with u form a face
of the decomposition F. Since u is adjacent via H to all vertices in V then F), is
an F.-factor of G. All in all, {F, },cv is a collection of edge-disjoint F,-factors of

G that cover all edges in F(G). Thus, G has a resolvable F,.-decomposition. O

It is now straightforward to deduce Theorem 1.4.5. Indeed, it follows directly
from Corollary 4.2.2 by defining F,.(G) = K,.(G), ¢ =1 and t = 2r — 1.

4.3 Extended fractional decomposition

The goal of this section is to prove the existence of a fractional face-decomposition
in a typical extended partite complex (Lemma 4.3.1). Recall that this is a fun-
damental result in order to apply the ‘iterative absorption’” method depicted in
Section 1.5. We will start by stating Lemma 4.3.1 and then show how to use it to
obtain an approximate face decomposition (Lemma 4.3.2). Next, in Section 4.3.1,
we sketch the proof of Lemma 4.3.1 and describe the gadgets that will be used
during its proof to modify the weight of the edges. In Section 4.3.2 we analyse
how the gadgets can be used and how they affect the weight of each edge and each
face. Finally, in Section 4.3.3 we prove Lemma 4.3.1. For convenience, during the

rest of this section, we will denote the set U in an extended (r+ 1)-partite complex
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as V™t and save the letter ‘U’ to denote a different set.

Lemma 4.3.1. Let 1/n < & < &' < pa,pu.q,1/s,1/t,1/r with s > 3r and
t>2r—1. Let G = (V,V'*Y G H) be an F,-divisible (£, pg, pu, q, s, t)-typical

r

extended (r + 1)-partite complex with parts V', ... V" of size n. Then there exists

a weighting w : F,11(G) — [0,1] such that for every edge e € E(G)

and for every f € F,..1(G)

(1+¢")

w(f) = .
p(2)pg1an—1

The proof of Lemma 4.3.1 closely follows the approach used by Montgomery [64]
to find a clique fractional decomposition in a partite graph with high minimum
degree. Before delving into the proof, though, we will show how to obtain an
approximate face decomposition in an extended partite complex using Lemma 4.3.1

and Theorem 1.5.2.

Lemma 4.3.2. Let 1/n < v < & < pg,pu,q,1/s,1/t,1/r with s > 3r and
t>2r—1. Let G = (V,UG,H) be an F, 1-divisible (¢, pa,pu,q,s,t)-typical
extended (r + 1)-partite complex with parts V', ..., V" of size n. Then there exists

an F,1-decomposable complex F C G such that A(g — F) < n.

Proof. The proof is completely analogous to the proof of Lemma 3.4.1. The
only differences are that we use Lemma 4.3.1 (instead of Lemma 3.3.2) to find

the weighting w, and that we define S := {Sy; }vev(g),icpr+1) Where S, ; = {vv' €
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E(G) : v/ € V} and V"t := U to achieve, after applying Theorem 1.5.2, that
A(G — F) < vn instead of A(G — F) < n. O

The following useful result counts the number of faces containing a given edge

in a typical extended partite complex.

Proposition 4.3.3. Let 1/n < £ < pg,pu,q,1/s,1/t,1/r with s > r and t >
1. Let G = (V, V"G, H) be a (& pg,pu, q, s, t)-typical extended (r + 1)-partite
complex with parts V',... V" of size n and V™| = (1 + &) (pg/pu)n. Then for

every e € E(G)

Fra(e) = 167 i tgnr 1,

and
T g +1 T — T
Fra(G)] = (1 &) Hpl g,

Proof. Lete € E(G) and suppose without loss of generality that e € E(G[V?!, V?]).
We want to count how many ways we can extend the edge e into a face. Let M;
denote the number of i-cliques X C V! U--- U V? in G that contain e. Recall
that by typicality for every i € [r — 1], each i-clique X C V' U--- U V" satisfies
do(X; Vi) = (1 4+ &)p'n. Then, for each i =3,...,r — 1,

Mgy = (1 £ &penM;
where M, := 1. Hence,

r—2
Myy = (14 ) (H%) s,

Note that M,_; counts the number of (r — 1)-cliques in G containing e. Then
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number of faces of G that contain an (r — 1)-clique K is
dg(K; V") = (1 £ &pg qn.
Finally, the number of vertices in V"' which are adjacent to a face f € F,(G) is
di(f; V') = Q£ [V = (L£€) pepy 'n.
Hence,
r—1 (T)
[Fra(e)] = (1£&) (Hpé) P g’ = (1 £ &) pd Py tqn”

Let e € E(H) and suppose without loss of generality that e = vu with v € V?
and v € V™. Let M; denote the number of i-cliques X C V! U--- U V? that

contain v and lie in the neighbourhood of u. Then
My = (1% g)piGpHnMi
where M; := 1. Thus,

M,y =(1£&)" (HPGPH> n"2.

It remains to count the number of faces f € F,.(G) that contain an (r — 1)-clique

K € K,_1(G) and are adjacent to u. And that is

ds(K U{u}, K; V") = (L p 'prgn.

152



Hence,

[Frsa(e)] = (1£8)" (Hmm) qn’” (1i€)”p5,~2)p§{1an‘l
Finally, since each face contains exactly one edge between V! and V2

Fn@ =S 3 [Fw)] = V(1 +Open(1 £ 7 p gy ign

V1 eVl ’UQGNg(vl V2)

r 5)t1 r— r
— (1 :l:éf) +1pé2) pH 1qn +1'

4.3.1 The gadgets

In order to prove Lemma 4.3.1 we will make use of two different gadgets that allow

us to move weight between edges.
Definition 4.3.4. A function ¢ : A — Ris a zero-sum function if ), . #(A) = 0.

Let G = (V, V™1 G, H) be an extended (r+1)-complex. Given a set of vertices
X CV(G) such that |X NV7| <1 for every j € [r + 1], we denote {x;} = X NV7
and X_; = X\ {z;}.

Definition 4.3.5. Let z € R, i € [r + 1], vi,vs € V' and X = {&;}jepri i)

with every x; € Ng({vi,va}; V7). A (v1, v, X, 2)-shifter is a zero-sum function
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Figure 4.1: Changes on weights due to a (v, ve, X, z)-shifter with X = {xo, z3}.

¢ : Fr11(G) — R such that for every e € E(G)

z ife=wvx; with j € [r+ 1]\ {i},
ple) = § —z if e = vy with j € [r+ 1]\ {i}, (4.1)

0 otherwise.

\

Definition 4.3.6 (Gadget 1). Let i € [r+ 1], v, v2 € V' and X = {z;}epr41\(i)-
A (v1, v, X)-gadget is a subgraph J of G such that V(J) = {v;,1} UX UY’
where Y7 is a set of vertices {y;}jepr+1 3 with y; € V7, and such that all of
{vi} UY7 {u UYY, {{vr, 25} UY Y jepigy and {{ve, 2} U Y }epria iy are
faces of G. We denote by J (v1, v, X) the set of all (vq, vy, X)-gadgets in G. Given
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J € J(v1,v9,X) let ¢y : Fr11(G) — R be the (v1,vq, X, 1)-shifter defined as

1 if f={v,2z;}UY7; for some j € [r+1]\ {i},
—1 if f={vo,2;} VY, for some j € [r+ 1]\ {i},
os(f)=9-(r—-1) if f={v Uy
(r—1) if f={u}UY’,

0 otherwise.

\

The next proposition finds a (v, vq, X, z)-shifter in a typical extended (r + 1)-

partite graph and bounds the weight given to each face.

Proposition 4.3.7. Let 1/n < £ € 1/c < a,pe,pu,q,1/s,1/t,1/r with s > 2r
andt > 2(r —1). Let G = (V,V'™ G, H) be a (¢, pa,pH, q, s,t)-typical extended
(r+1)-partite complex with parts V1, ... . V" of sizen and [V™| = an. Let z € R,
i€ [r+1], vi,ve € VFand X = {x;}jeprpgy with z; € Ng({vi,v2}; V7). Then

there exists a (vq,ve, X, 2)-shifter ¢1 such that for every f € F,.1(G)

|2len= =D if f = {v, 2} UYL or {va, 2} UY,
for some j € [r+ 1]\ {i} and J € J(v1,vq, X),

[o1(f)] < |z|len™" if f={v}UuY’ or {v,}uY’ (4.2)
for some J € J(vy,v9, X),

0 otherwise.
\
Proof. We start by counting the number of gadgets in J (v, v9, X). We do so by
iteratively, for each j € [r + 1]\ {i}, counting the number of choices for the vertex

y; € Y7. We also distinguish between two cases, whether ¢ € [r] or i € [r+1]. For

convenience let J = J(vq,v2, X).
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Case 1: i € [r].

Without loss of generality, assume that vy,v9 € V". Suppose that we have
already found vertices Y; := {yi }refj—1). If § <7 — 3 then y; must be adjacent to
all of vy, vy, X_; and Y.;. That is, r + j — 2 vertices in V' \ V" and one vertex,

Ty41, in V7T Thus, the number of choices for y;, for each j € [r — 3], is
dg({?)l, 'U2} U X,j U Y<j; VJ> = (1 + £)pg+j*1pHn.

If j = r — 2 then y; must be again adjacent to all of vy, vy, X_; and Y.; but, in
addition, Y. ;U{y;, z,_1,v1} and Y.;U{y;, z,_1, v2} must be r-faces of G. That is,
y; must be adjacent to r 4+ j — 2 vertices and form a face with two (r — 1)-cliques
of G. Let T denote the set of such two (r — 1)-cliques. Since j = r — 2 then the

number of choices for y,_5 is
dg({v1, 02} UX_; UYL, T3 V) = (L £ §)pg " pug’n.

If j = r—1then all of Yo;U{y;, v1}, Yo U{y;, va}, {(Ye; \{ur}) U{w, 45, 01} Frepjy
and {(Y<; \ {x}) U {2k, yj, v2} bre[j—1) must be r-faces of G. Hence y; must be
adjacent to r 4+ j — 2 vertices and form a face with 25 (r — 1)-cliques of G. Let
T denote the set of such cliques. Using j = r — 1 we obtain that the number of

choices for y,_ is
d({v 02} UX ;U Yy, T3V = (L 00" pug®™ .

Finally, if j = 7 4+ 1, y,41 must simply be adjacent to all of vy, v, X_; and Y,

156



which adds up to 2r vertices. Then
d({vr, v} UX 5 UY; V) = (1 pif [V,

All in all we have

=3
T = (H (1+&pg7" lpHn> ((1i§)pﬁ" *prq n)
7=1

. - S (4.3)
: ((1 +&)pe g ”n) ((1 + Epi |V +1|>
= (1&gl ¢ an”
where P(r) = 3"2_#
Case 2: i =r+ 1.
Using a similar analysis to the previous case one obtains that
r—2
T = (H 1+ &)pe 2*”‘19?{”) ((1i€)p3 3p§{q2n)
m=1
r— . 4.4
: ((1 +&)pg ph ”n) (44
= (1&g plg*
where P(r) = ?"’QT_?"’
Now, let ¢, = ﬁzJej ¢s. It follows by the fact that ¢; is a zero-sum

function for each J € J, that ¢, is also a zero-sum function. Observe also that,
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since ¢ is a (v1,ve, X, 1)-shifter for each J € 7, then for each e € E(G)

z if e =wvz; with j € [r+ 1]\ {i},

¢1(€) =93 —z ife= Vo with j € [T + 1] \ {Z}’

0 otherwise
\

as desired. It only remains to check that ¢, satisfies (4.2).

Let f € F,+1(G) be a face of the form f = {vy,x;} UY_; where j € [r+ 1]\ {i}
and Y_; is a set of vertices {yx}reptipgip With yx € VF. Given J € J, then
¢s(f) is equal to 1 if Y_; = Y/

s, or equal to zero otherwise. How many gadgets
J € J satisfy that Y_; = Y_Jj? The question is equivalent to determining how
many vertices y; € V7 \ {x;} satisfy that y; UY_; = Y for some J € J. Suppose
first that ¢ = r + 1. Let T be the set of (r — 1)-cliques K of G of the form
K ={z;} U (Y_; \ {yx}) with k € [r] \ {j}, or K =Y_;. We have |T| = r. Note
that y; UY_; = Y for some J € J if and only if y; is adjacent to all vertices in
{v1,v2} U X; UY_, and forms a face with all the (r — 1)-cliques in 7. Then, the

number of gadgets J € J such that Y_; =Y/ is
dg({or, 02} UX; UYL, TV {ay}) = (L £8pg" Vpia'n

SO

2(r=1) 2
(1 +£)pﬁ7| pig'n |z|en—(—D).

[01(F)] < 2|

Suppose now that ¢ # r+1 and j # r+ 1. Let T be the set of (r — 1)-cliques K of
G of the form K = {vy, 2} U(Y_; \ {yk, Yrt1}) or {va, 2} U (Y_; \ {yk, Yr11}) with
ke [r]\{i,j}, or K ={vi} U (Y5 \{yr1}) or {ua} U (Y2;\ {yr41}). Note that
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|T| = 2(r — 1). In this case, the number of gadgets J € J such that Y_; = Y7 is
dg({vr, 02} UX; UY_, TV {a}) = (1 £ Qpg Vph®™ U

SO

2(r=1) 2 9(r—1 .
(1+&pg |j|qu M (2) |z|en™ 1),

|01(f)] < 2]

Finally suppose that i # r + 1 and j = r + 1. In this case y; UY_; = Y for
some J € J if and only if y; € V"™ \ z; and y; is adjacent to all vertices in

{’Ul,UQ} U Xj U Y_j. Then
dr({o1, 02} UX; UY_ ;5 VI {a}) = (1 £ px |V =(1 £ &)piran

SO

2r
(1+ E)y}THan (zg) p——

|01(f)] < 2]

Analogously, we obtain that |¢1(f)| < |z|en™ =Y for any face f € F,1(G) of
the form f = {vy,x;} UY_; with j € [r + 1]\ {1} and Y_; = {yi}repri1)\(ijp With
yp € VF.

Let f € F.11(G) be a face of the form f = {v1} UY or {vo} UY where Y is a
set of vertices {y;}jepr+1\fi}- In this case we have that ¢;(f) = (r—1)if Y =Y’
for some J € J and ¢,(f) = 0 otherwise. Since there can only exist one gadget

J e J with Y =Y then

4.4

(4.3),(4.4)
91 (N) = [zl(r =1)/]Y] < Jzlen™".

Lastly, observe that if a face f € F,,1(G) satisfies that for all J € J, f # {v,, JUY"’
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Figure 4.2: Changes on weights due to a (vy, va, 1, T2)-shifter.

for all m = 1,2 and f # {vp, 2;} UY, for all m = 1,2 and j € [r 4 1]\ {i}, then
¢s(f)=0forall J €T sopi(f) =0. O

Definition 4.3.8. Let z € R, 4,5 € [r + 1] with i # j, vi,v, € V' and z1, 19 €
Ng({v1,v2}; V). A (v, v9, 71, To, 2)-shifter is a zero-sum function ¢ : F,,1(G) — R

such that for every edge e € E(G)

z if e = vy or Vg,

ple) =14 —z ife= V19 OF VUalq, (4.5)

0 otherwise.

Definition 4.3.9 (Gadget 2). Let i,j € [r + 1] with ¢ # j, v;,v5 € V* and
x1,1y € VI, A (v1,v9, 71, 32)-gadget is a subgraph J of G such that V(J) =
{v1,v2, 21,22} UY” where Y is a set of vertices {y trep+1\ iy With v, € V¥, and
such that {v,,, Zm, } UY 7 is a face of G for all my,my = 1,2. Let J (v, vo, 71, 72)

denote the set of all (vy,vq,x1,x)-gadgets in G. Given J € J(vy,vq, 21, x2), let
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¢y Fri1(G) — R be the (vq,v9, 21, o, 1)-shifter defined as

1 if f={v, 1} UY7 or {vg, 25} UY7,
os(f) =19 -1 if f={v,22}UY7 or {vg, 2} UY7,

0 otherwise.

The following proposition finds a (vy, ve, 1, T2, 2)-shifter in a typical extended

(r + 1)-partite graph and bounds the weight on each face.

Proposition 4.3.10 (Gadget 2). Let 1/n < £ < 1/c < a,pa,pr,q,1/s,1/t,1)r
with s >r+2andt > 4. Let G = (V,V'"1 G H) be a (§,pg, pu, q, s, t)-typical
extended (r + 1)-partite complex with parts V*,... V" of size n and |V™| = an.
Let z € R, i,j € [r+1] withi # j, vi,ve € V' and z1, 19 € Ng({vy,v2}; V7). Then

there exists a (vq, v, T1, xo, z)-shifter ¢y such that for every f € F,1(G)

|2len™ "D if f = {omy, 2, U Y
lpo(f)] < for some my,my € 2] and J € J(v1,v2,21,72)  (4.6)

0 otherwise.
Proof. The proof is very similar to the proof of Proposition 4.3.7. Let J :=
J (v1,v9, 21, x9). The first step is to count the number of gadgets in 7. If i, j # r+1

then one obtains that

71 = (H (1%¢ p?;*mn> (= owea'n) (1 £ w2 v) .

r—1_P(r) r
=(1+ &) Py g an!

where P(r) = ’"2+3+10.
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Otherwise, if t =r+ 1 or j =r+ 1 we have

M= (H (1+ §)pé~+mp§m) <(1 + é’)pép?qq“n)

m=1

(4.8)
— (1 + g)rflpg(r)pigrfl)qﬁlnrfl

where P(r) = ’"QJFT’”_Q

Let ¢y := ﬁ > ey ®s. Again, since ¢; is a zero-sum function for all J € J

then ¢y is also zero-sum function. Note that ¢, satisfies

z if e = vix1 or voxa,

P2(e) = —2 ife= V1T O Vgly,

0 otherwise.

Moreover, observe that for each f € F..1(G), ¢2(f) # 0 if and only if f =

Umy> Tms v U Y for some my,ms € [2] and J € J(vi,v9, 71, 22), and in such
1 2

case, ¢s(f) = ¢s(f) = 1. Thus,

(4.7),(4.8)

||§I| < \Z\Cn‘(r_l) if f = {vmm me} Uy’
[P2(f)] < for some mq,ms € [2] and J € T (v1,v2, 21, 22)
0 otherwise.
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4.3.2 Moving weight through edges

The following two lemmas are the key ingredients to the proof of Lemma 4.3.1 and
contain implicitly the use of the two gadgets to move weight around the edges. To
get some intuition on the statements, we will view the numbers {z.}.c E(G) as the
‘excess/missing’ weight of each edge that we want to compensate.

In the following lemma we are given a fixed vertex v € V(G), a set of ex-
cess/missing weights {z.}eep, for each edge e € E(G) incident to v, and a set
of vertices U C V(G), and we find a zero-sum function ¢, : F,11(G) — R that
compensates all the weights {z.}ecp, while only modifying the weight of edges
incident to U. We also give bounds on the added or subtracted weight on those
edges and on the weight of each face f € F,.1(G) in terms of a constant Cy; that
depends on the set U. The proof consists of iteratively using the shifters given by
Propositions 4.3.7 and 4.3.10 while carrying an analysis of the added/subtracted

weight on each edge and face.

Lemma 4.3.11. Let 1/n < £ < 1/c <€ a,pa,pr,q,1/s,1/t,1/r with s > 2r
and t > 2(r —1). Let G = (V,V'™ G, H) be a (¢,pg,pH, q, $,t)-typical extended
(r + 1)-partite complex with parts V1, ..., V" of size n and |[V"™| = an. Let
Cy € N and U C V(G) be a set such that for every i € [r+ 1] and every set of r
vertices X C V(G) \ V* we have dg(X;U*) > Cy. Leti € [r+1] and v € Vi\ U*

be fixed and let z, and {z.}esy be real numbers satisfying

Zy = Z Zuz; (4.9)

z;€Ng(v;V7)

for all j € [r+ 1]\ {¢}.
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Then there is a zero-sum function ¢, : F.41(G) — R such that ¢,(e) = z.
for all edges incident to v, |p,(e)| < % for all edges e = ux with u € U and
x € Ng(v), and @,(e) = 0 for all other edges. Moreover, for every f € F,11(G)
with f = {x;}jep1) and x; € V7,
¢
Co(f) if x; =,
leo(NI < Cu(f)/Cu if 2 € U, (4.10)

0 otherwise,
\

where Cy(f) = (Zje[r—i—l]\{i} |zvx].|> en= =D 4 |z len .
Proof. The proof consists of a backward induction argument on the number of
edges adjacent to v which have a nonzero excess/missing weight. More formally,
at each step of the induction process we will find mappings ¢; and z; and define
the set N, := {z € Ng(v) : z(vz) # 0}. The sets will satisfy 0 < |N;11| < |V
implying the existence of ¢, and z,, such that |N,,| = 0.

We start defining o : Fr11(G) — R as ¢o(f) =0 and 2 : E, — R as z(e) =
ze — pole) where E, :={e € E(G) : e > wv}. Let Ny :={z € Ng(v) : z(vz) # 0}
and note that | No| < dg(v).

Suppose that, for some [ € N, we have a zero-sum function ¢, : F.11(G) — R

and a mapping z; : E, — R defined as z(e) := z. — ¢(e) such that for all
ik € [r+ 1]\ {i}

Z z(vx) = Z z1(vx) (4.11)

ENG (v;V9) z€Ng (v;VF)
and for all e € E,

sgn(yi(e)) = sgn(ze) = sgn(z(e)). (4.12)

164



Let N; := {z € Ng(v) : z(vz) # 0}.

Choose j € [r+1]\{i} and z; € Ng(v; V7) so that ¢;(va;) # 2w, and |z /(ve;)]
is minimized. If there is no such vertex x; then we set m = [. Assume without loss
of generality that z(vz;) > 0 (the other case is symmetric by inverting all signs
in the argument).

First case. Suppose there is some other vertex z= € Ng(v;V7) such that
z(vz™) < 0. Let ™ = ;. Now, for each vertex u € Ng({a™,2~};U"), we use
Proposition 4.3.10 (with v, u, 2™, 2~ and z/(vz;) playing the role of vy, vq, 1, z~
and z respectively) to find a (v,u,z™, 7, z(vx;))-shifter ¢4 : F,11(G) — R that
satisfies (4.6). Thus, ¢y adds a weight of z/(vz;) to the edges va™ and uz™ while
subtracting it from the edges vx~ and ux™ without modifying the weight of any

other edge. We then define

1 (¥
o=t Er e, A

u€Ng ({zt,2— };U%)

Observe that, by (4.5),

(

s, if 5 = 2t = 3,
Pr1(vz) = ) (va) — z(vxy) ifr=2a", (4.13)
wi(ve) otherwise.

\
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In particular, (4.5) and (4.13) implies

(
12| if e € B,
[P (e)] < |¢l(e)]+% if e = ux™ or e = uxr~ with u € U, (4.14)

0 otherwise,

\

where we have used dg({z*,z~};U") > Cp in the second inequality.

Let 241 : E, — R be defined as z;41(e) = z. — piy1(e). Let Niyy = {z €
Ng(v) : zi41(vx) # 0} and observe that Nipy € N\ {z;} and |Niyq| < |N| — 1.
Furthermore, (4.13) implies that equations (4.11) and (4.12) holds when replacing

[ by [ + 1. Finally, equation (4.6) implies that for each f € F,;1(G)

”

|z (vy)|en= =Y if f D {v, 2t} or f D {v,27},

(D] < lar(f)] +{ Hgen™ 0 i f o {wa}or f o {wa} (4.15)
with v € U,

0 otherwise.

Second case. Else, all vertices x € Ng(v; V7) satisfy z(vz) > 0. Then, (4.11)
implies that for each k € [r + 1]\ {4,7j} there is some vertex z, € Ng(v;V¥)
such that z(vzy) > 0. Let X = {&4}repy1pgip. Now, for each u € Ng(X;U"),
we can apply Proposition 4.3.7 (with v, u, X and z/(vz;) playing the role of vy,
ve, X and z) to get a (v,u, X, z/(vx;))-shifter ¢} : F,411(G) — R that satisfies
(4.2). In particular, ¢} adds a weight of z/(vx;) to the edges {vay }repr1) iy While

subtracting it from the edges {uw }rer41)\(i3 without modifying the weight of any
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other edge. We then define

1 U
Pr1 = pr+ Ao (X:07) Z o

uENg(X;U?)

Similarly to the previous case, (4.1) implies that

(
Zyz; if x =z,
pr1(vr) = S o (vz) + z(vz;) if @ =z with k € [r+ 1]\ {i,j},  (4.16)
o1 (vx) otherwise,
\

which together with (4.1) yields

(

EA ife € E,,

loipi(e)] < < lgile)] + % if € = uxy, with v € U’ (4.17)
and k € [r+ 1]\ {7},

0 otherwise,

where we have used dg(X;U") > Cp in the second inequality.
Let 241 : B, — R be defined as z1(e) = z. — ¢ry1(e). Let Ny = {z €
Ng(v) : zip1(vx) # 0} and note that Ny € Ny \ {z;} and |N;1q| < |N] — 1.

Moreover, (4.16) and (4.17) implies that equations (4.11) and (4.12) hold when
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replacing [ by [ + 1. Finally, equation (4.2) implies that for each f € F,.1(G)

|zi(va)|en Y if f 3 vand [fNX| =1,
|z1(va)|en™ if foavand |fNX]|=0,
[ ()] < l(F)] + wcn_(“” if fouand |[fNX]|=1, (4.18)
|z (zvy)|

cen”" if fowand |[fNX]|=0,

0 otherwise.

Hence, we can iteratively repeat the above argument until finding m € N such
that |N,,| = 0. Then ,, must satisfy p,,(e) = z. for every e € E, as desired.

Observe that

Z ei(e) = oia(@)] =7 S i) — L (€)] = lom(e)] = pole)] = |zl (4.19)

=1

Let e = uz be an edge with u € U’ and z € Ng(v). Note that for every | € [m],
lpi(e) — @i—1(e)| > 0 if and only if we were adding/subtracting weight to the edge

vx via some gadgets at the [-th step. Thus,

(4. 14) (4.17) lo1(v) — o1 (va)| (4.19) |20a
% = pi(e)] — |pi-a(e
[om(e)] = z| &) — i (e) Z c Ty

And for all other edges, i.e. edges not in E(G[{v}UU", Ng(v)]), we have p,,(¢) = 0.
It only remains to check that ¢, satisfies (4.10).
Let f € F.11(G) with f = {v} UY where Y = {y;}jepr\giy and y; €
Vi, Let Ly C [m] consist of all [ € [m] such that, at the I-th step, we were

adding/subtracting weight to at least one of the edges vy with y € Y. This
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can happen during the first case if y = 7 or y = z~, or during the second
case if [f N X| = 1. And let Ly C [m]\ Ly consist of all [ € [m] such that at
the I-th step we were adding/subtracting weight to a set of edges {vay}rept1)\(}
with z, € Ng(v; V¥) \ {yr}. This can only happen during the second case when
|f N X| = 0. Observe that |o;(f) — ¢i—1(f)] > 0 if and only if I € L, or [ € Ls.
Then

|om(f |—Z|‘Pl N=leia(Hl =D laNOl=leia(Hl+ D lai(Hl = leia ()]

leLy l€Ls
On one hand,

(4.15),(4.18)

Yl =lea(Hl < > D lalvyy) — @ (vy)en Y
leLy jelrH1\{i} l€Ly
=cn Y Z | Zuy, |-
JE+1\{i}
And on the other hand,
(4.18)
S lal =laaOl < > D lavas) — e (vay)len™
leLs zRENg(v;VF) I€L2

<en" Z | Zpz | = |20len™
xp€Ng (v;VF)

where k € [r+ 1]\ {i} is chosen arbitrarily (since we added the same weight to all
edges vxy).

All in all, we have

lom (f)] < ( Z ’Zvyj\>0n_(r_1) + |zplen™".

Jelr+1\{z}
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Let f € Fr41(G) with f = {u} UY where u € U" and Y = {y; }jepr41\i3 With

y; € VI. Following the same arguments as before we get

1 1
< 2 ‘ —(r—1) - -
‘Sam(f)’ — CU ( ’Z’Uy]|>cn + CU|ZU|Cn

Jelr+1\{z}

Finally, the rest of the faces f satisfy ¢,,(f) = 0. OJ

In the next lemma we are given excess/missing weights {z. }ecr(g) for all edges,
and a set U C V(G), and we find a zero-sum function w : F,;1(G) — R that
compensates the excess/missing weight of all edges not contained in U. We also
bound the weight added/subtracted from each edge in G[U] and the weight given
to each face of G in terms of a constant Cy depending on U and a constant
£p defined as the maximum of {|zc|}ecr(g). The proof will consist of applying
Lemma 4.3.11 twice: a first time to compensate the excess/missing weight of all
edges not incident to U, and a second time to compensate the excess/missing
weight of all edges not contained within U. The difficult part of the proof lies in
the analysis of the resulting changes on the weights of the edges and faces each

time we apply Lemma 4.3.11.

Lemma 4.3.12. Let 1/n <€ § < 1/c < a,pg,pH,q,1/s,1/t,1/r with s > 2r
and t > 2(r —1). Let G = (V,V'™Y G H) be a (&, pg, pu, q, s, t)-typical extended
(r + 1)-partite complex with parts V1 ..., V" of size n and |[V""'| = an. Let
Cy CNand U CV(G) be a set such that for every i € [r + 1] and every set of r
vertices X C V(G) \ V' we have dg(X;U") > Cy. Let g > 0. Let {2z, }vev(g) and
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{2e}ecr(g) be real numbers satisfying |z.| < &g for every e € E(G) and

By = E Loz

z;ENg (v;V7)

foralli€r+1],veViandje [r+1]\ {i}.
Then there is a zero-sum function w : F..1(G) — R such that w(e) = z, for all

edges not contained i U and

fen  2pn’

wle)l <

(4.20)

for all edges e € E(G[U]). Moreover, for every 0 < k < r+1 and f € F,11(G)

with |[fNU| =k
Epc? U\ &pc? k U\ &ec?
<22 = — (k- = . 4.21
lw(f)] < + | k+ v ) Comr—2 + o E—1+ v ) Conrs (4.21)

Proof.  We start applying Lemma 4.3.11 to obtain, for each i € [r + 1] and
v e Vi\ U’ a zero-sum function ¢, : F,1(G) — R such that p,(e) = 2. for each
edge e incident to v, |@,(€)| < |20e|/Cy for all edges e = ux with v € U’ and
x € Ng(v), and ¢, (e) = 0 for the rest of the edges.

Let ¢ := %Zvev(g)\U ©,. Then, for each edge vyvy not incident to U we have

1 1
pow) =5 D eulvien) = 5 (P (0102) + P (0122) ) = Zuren
veV(G)\U
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Moreover, for each edge ux with u € U*, i € [r+ 1] and z € V(G) \ U we have

o) =5 S mux):%(soz(um > mux))
)

veV(GI\U VENg (z;VI\U?

Zuz 1
- 74-5( Z )gov(ux)>

vENg (z;VIAU*
Finally, for each edge w;u; with u; € U, u; € U’ and i, j € [r 4 1] we have

pluiuy) = % Z Po(usu;) = %( Z Po(usu;)+ Z %(Uluj))

veV(G\U (uisVINUY) vENG (uj;VAU?Y)

Note that for each i € [r + 1], u € U’ and = € Ng(u) we have

Yo lp(ur) < > gp _ ben (4.22)

vENG (:VI\U) vENG (2:V1) Co = Cu

where we have used dg(z; V") < n.

For each edge e € E(G), let 2. := z. — p(e). Hence,

0 if e is not incident to U,

[zl < Y (g + $£2) < &2 if e € B(GIU,V(G)\U]) (4.23)

We have bounded the ‘new’ excess/missing weights {2, }ccr(g)-
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Observe that for each i € [r+ 1], v € V' and j € [r + 1]\ {i}

2= Z 2l = Z Zoe — (V)

xENg(v;V7) 2ENg (v;V7)
=Zv Z Z o(f) =20 — Z e(f)
zENg (v;VI) fEF,41(vz) feF+1(v)

which does not depend on j.

Thus, we can apply again Lemma 4.3.11 (with {z] },ev(g) and {2, }ccr(g) playing
the role of {2, }vev(g) and {zc}eer(g)) to obtain, for each ¢ € [r+1] and v € V' \U",
a zero-sum function ¢ : F,.1(G) — R such that ¢! (e) = z/ for each edge e incident

to v, |, (e)] < |2

UCL‘|

/Cy for all edges e = ux with u € U® and z € Ng(v), and
¢i(e) = 0 for the rest of edges. Is important to note that this time |¢](e)] <
|2.|/Cuv =0if e = ux with u € U and z € V(G) \ U.

Let ¢’ 1= 3" cy g ¥o- For each edge e € E(G), let z 1=z, — ¢'(e). We now

do the same analysis we did before. First, for each edge v;v2 not incident to U we

have

Qo)=Y @(vwg) = (%1 (viv2) + QOvQ(Ule)) =22, = 0.
veV(G\U

Second, for each edge uz with uw € U*, i € [r + 1] and x € V(G) \ U we have

Plur)= > ¢ (ur) = (w;(u:v) + %(uw)> = ¢, (uz) + 0 = 2,
veV(G\U veNg(zVi\U?)
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And lastly, for each edge w;u; with u; € U, u; € U’ and 4,j € [r + 1] we have

Plu) = Y Phwu) = Y Pwu)+ Y @ (wuy),

veV(G\U vENg (us;;VI\UT) vENgG (uj;VI\U?)

and

2
Y s Y Emle g Sff;g

2
vENg (u;;VI\UT) vENg (ui;V7) v vENg (u;;V7) U

where again we have used dg(u;; V7) < n.

Hence,
0 if e is not contained in U,
|2¢] < (4.24)
mn TL2 n n :
ngf] n 250% — ngf <1+@> if e € E(G[U]).

Let w := ¢ + ¢’ and observe that 2z = 2z, — w(e). Then (4.24) implies that
w(e) = z for every edge not contained in U and |w(e)] < |p(e)] + |¢'(e)] <
%—: + % for every edge e € E(G[U]).

It only remains to bound the added/subtracted weight of the faces. First of all,

we have that for every i € [r+1] and v € V*\ U", and an arbitrary j € [r+1]\ {i},

xz;€Ng(v;V7)

and

(4.23) 423) . Epn Epn
/ / / J
A Y Bl Y < RS E @

:EjGNg(”U;Vj) UjENg('U;Uj)
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Let f € F.41(G) with f = {2;}iefr+1) and z; € V? for each i € [r + 1], and let
Iy={ier+1]: z; €U}and Iy ={i € [r+1] : x; € VI\U'}. Then by (4.10)

we have that

<y 3 lal=33 X e+ X ledh)

2 veV(G)\U ZGIU veVI\U? 1i€ly veVi\U?
1
DS 5 2 Culf)
2 CU 2 :
1€ly veVi\U? €ly
where
(4.25)
Cv(f) = Z ’Zva:j| Cn_(r_l) + |Zvlcn_r < T’é'ECTL_(T_l) + fEncn_T
JElr+1\{i}
< 2r§Ecn’(’”’1)
and thus,
V(G)\ U] répc [Iy|n répc
< Iy|—————— + |Iy < 1 —_
ot < (1ol G 1) 0 < (e ) 25

On the other hand,

EOGIEEDY \s@é(f)lzz DORATHIES D D =AT)

veV(G\U i€ly veVi\U? i€ly veVi\U?
=y @iy
i€l veVi\Ui i€ly
where
/ _ / —(r—1) / —r
Cv(f) - Z |va]~| cn + ‘ZU‘CTL
Jelr+1\ {3}

(4.23),(4.26)

SN\ ) N UL e S ey
C(U CU
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' (f)] < ‘[U|&)U\U| (|[U\ -1+ %) Sk +|Iy] (’[U| 4 %U’) €ec

C Cynr—2 Cynr—2
| Ty |n Ul Ul €pe
< (2= S = .
— ( CU ’[Ul 1 + n + (T + 1) |[U| + n CUnr—Q

Finally,

WA < le()]+ 1 (f)]
I
< ('g{'}” b4 1)) :ﬁfff
| Iy|n U| U] Epe
+ (C—U <|]U| -1+ 7) + (T+ 1) (|IU| + 7)) C,Unr_2
o <|IU| + %) e’ o (|1U| 1+ M) e

nr—1 Cyn™2  Cpy n ) Cynr=3"

4.3.3 Proof of Lemma 4.3.1

We are finally ready to prove the main result of this section restated below. The
proof goes as follows. We will start with a constant weighting that will be already
close to a fractional face-decomposition of G. This will define small excess/missing
weights {2, }ccp(g) with the property that their sum is equal to zero. For a fixed face
f € F.11(G) we will find a set of vertices U of linear size in its neighbourhood. We
will then use Lemma 4.3.12 to compensate the weight of all edges not contained in
U and we will update the excess/missing weights of each edge of G[U] to some new
values {2, }ecpg))- Next, we will apply Lemma 4.3.12 again, this time with G[U],

[ and {z.}ccpgu)) playing the role of G, U and {z.}ccp(g). This will compensate
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the weight of all edges of G except those contained in the face f. However, since
the functions given by Lemma 4.3.12 are zero-sum functions and the sum of the
values {z}ecr(g) is zero, the edges of f will end up also compensated. With this
approach we will be able to compensate the weight of all edges of G. However,
those faces that intersect f might end with a weight outside of [0, 1] (remember
that a fractional face decomposition is a function from F,,,(G) to [0,1]). To solve
this, we use the above approach for each face f € F,,1(G) as the starting fixed
face and we then average by |F,1(9)|.

Lemma 4.3.1. Let 1/n <« ¢ < &" < pg,pu,q,1/s,1/t,1/r with s > 3r and
t>2r—1. Let G = (V,V' G, H) be an F,,-divisible (£, pa, pm, q, s, t)-typical
extended (r+1)-partite complex with parts V!, ... V" of size n. Then there exists

a weighting w : F,.11(G) — [0, 1] such that for every edge e € E(G)

wle)= Y w(f)=1, (4.27)

f€F7'+1(g)
eCf
and for every f € F,.1(G)
1 :l: "
wf) = —ULEE (4.28)
PGy gnr
Proof. Let & > 0 and ¢ € N satisfying
Ih<éx<l/ex " <pg,p,q,1/s,1/t,1)r. (4.29)

We start considering the constant weighting w’ : F,;1(G) — R defined as

[E(9)]
(") 1Fra(9))]
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for every face f € F,,1(G). Next, for each edge e € E(G), let zp(e) := 1 —w'(e) be
its ‘excess/missing’ weight.

Observe that from divisibility and typicality for every i,j € [r], ¢ # j we have
[EGIVEL VA =) da(v; V) = (1£&)pen”
veV?

and for every i € [r] we have

Prop. 4.1.2
=

[EHV V) =D da(o; V') = (L £ pu [V n

veV?E

1 £ 58)pan?.

Thus,

r+1

|E(G)| = <;> (14 E)pan® +r(1 £58)pan® = ( 9

)(1 + 5¢)pan®. (4.30)

It follows by (4.30) and Proposition 4.3.3 that for every f € F,1(9)

_ E@I (1 + 5¢)pan” ) (£ 4
N G TN ) R e e

and for every edge e € E(G)

|Fra(€)] | E(G)] ‘
(7’;‘1) ’FT+1<g)’ (432)

—h-qxe) <.

) =1 -w@l=|1- 3 W) ='1—
fe€F41(e)

(£ £5¢)

Tz
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Observe that, for any i € [r+ 1], v € V' and j € [r + 1] \ {i},

2o(v) := Z zo(vzx) = Z 1 — ' (vr)

zE€Ng (v;V7) zENg (v;V7)

=dg(v; V') - ) dow

2E€Ng (v;VI) fEF,+1(vz)

=dg(v. V)= > W(f)
fe€Fr11(v)
does not depend on j since G is F,.,-divisible.
Fix a face f' = {z},..., 2,1} € Fr41(G) with 2 € V* for each i € [r + 1] and
recall that we write f := f'\ {z}}. Let Up =J ]U}, where U}, = Ng(f{; V")

i€lr+1

and note that for every i € [r]
UL = dy(f5; V) = (1 + E)pi pugn (4.33)

and
UG = dg(f V) = du(f V) = (L Opy [V

Prop. 4.1.2
= (

(4.34)
1+ 5¢)papy 'n.

Let U C Uy be a subset such that |U?| = (1 —&)py 'pugn for every i € [r] and
Urtt = U}",Jr '. In other words, U is obtained from U by removing at most a 2¢
proportion of vertices from each part so that |U!| = --- = |U"|.

Observe that by typicality for every i € [r] and every set X C V(G) \ V* and

X' C V™ with | X] 4+ |X'| <r we have

dg(X UX";U") =dg(X UX"Up) £26|U5 | = dg(X U X" U f], f; V') £ 2¢|U%|

X r—1 Xl ]. T—
> (1 &)pa P gn — 26pl T pign
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and for every set X C V(@) of at most r vertices we have

dg(X; Ur+1) =dg(X U f;ﬂ; Vr+1) > (1— 5f)pcp|é(|+r71n.

Let Cy = p& 'p3 'qn and a := |[U"™|/n. Then, by Lemma 4.3.12 (with &',
{ZO(U)}UEV(G) and {Zo(e)}eeE(G) playing the role of {g, {Zv}UGV(G) and {Ze}eeE(G))a
we know that there exists a zero-sum function w; : F,.1(G) — R such that w;(e) =

2zo(e) for all edges not contained in U,

lwi(e)| < g (4.35)
for all edges e € E(G[U]), and
/1.3
()] < 25 (4.36)

To obtain equations (4.35)-(4.36) note that Cyy and |U| are both linear in n if we
treat the right side of the hierarchy (4.29) as constants. We can then replace Cy
and |U] in equations (4.20)-(4.21) and bound all the remaining constant terms by
c.

Let z1(e) := zo(e) — wy(e). Then

0 ife ¢ E(GU)),
[21(e)] < o (4.37)

|zo(e)] + |wi(e)| < 2¢¢ if e € E(GU]).

We will now look to the graph G[U] with excess/missing weights z;(e).

Since G is (&, pa, pH, ¢, s, t)-typical we have that for every i € [r|, every set S C
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U\ (U'UU™ ) and " C U™ with |S]|+1]57] < s—r and every set T' C K,_1(G[S5])

with [T <t —1

d5(SU S T;U") =dg(SUS U S, TU fl;V') £2£|U%|
=(1+ £)p|GS|+|S Hrflp'g ‘qu“n + ZS\U},\

(4.33) S| 1S’ i
=) 1+ )pepy ¢TI0

and for every set S C U\ U™! with |S| < s—r

dg(S;U™) = dg(S U fris Vi) = (14 55)29(;29‘5‘“_171

U3 (1 1 ey,

Hence, G[U] is (¢, pa, pH,q, s —1,t — 1)-typical. Recall that s > 3r and t > 2r — 1.

Note that for every i € [r+ 1], u € U" and j € [r + 1]\ {7},

4.37
2 (u) == Z 21 (ux) (420 Z 2 (ux) = Z (zo(ux) — wi(ux))
xENg (w;U7) xENg(u;V7I) zENg (u;V9)
= zo(u) — Z Z wi(f) = 20(u) — Z wi(f)
+eNg (V) fEF 11 (ua) FEFra(w)

does not depend on j.

Thus, we can apply again Lemma 4.3.12 to G[U] (with G[U], (1 — &)p& 'puan,
§,s—r,t =1, f, 1, 2c€, {z1(u) }uev and {z1(€)}ecr ey playing the role of G,
n, &, s, t, U, Cu, &g, {20 }vevie) and {2c}ecr(q) respectively) to obtain a zero-sum
function @y : F,41(G[U]) — R such that wy(e) = z(e) for all edges e € E(G[U])
not contained in f’, and

6/63

nrf2

5,63

nrfl

1.3
Frng—nEe (4.38)

nr73

w2 (f)] < +1f 0
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for all f € F,..1(G[U]). We now define wy : F..1(G) — R as wo(f) = wo(f) if
f € F.11(G[U]), and wy(f) = 0 otherwise.
Let z3(e) := z1(e) — wy(e). Then zy(e) = 0 for all e ¢ f’. Hence, for every

i,j € [r+ 1] with ¢ # j we have

)= Y al)= Y (1-w(e) - wile) —wle))

e€E(G[Vi, V7)) e€E(G[Vi,Vi])

=BGV V- ) S W) +wi(f) Fwalf))

e€E(G[Vi,VI)) fEFr11(€)

CIEGVV - Y W) =BGV - 29 g
fE€F41(G) ( 2 )

where we have used the fact that w; and wy are zero-sum functions, and for every
i,j €[r+1],i#7, |E@GVL V) =EG)/("]") since G is F,,;-divisible.

Let wp = w' + w;y + we. Observe that for every edge e € E(G)

wyr(€) = w'(e) +wi(e) +wale) = (1= z0(e)) + (20(e) — z1(€)) + (21(€) — 2a(e))

=1—12(e) =1

Thus, wy satisfies (4.27). However, equation (4.38) implies that the faces that

intersect f’ will not satisfy (4.28). Indeed, it follows by (4.36) and (4.38) that

5/4—r 1) 1f|fﬂf/’:(),

(4.29)

wr(f) = (N < (A +lea(N] < { getn-t-2 s |fap=1, (439)

6’4 S| fn > 2

Note that f’ was chosen arbitrarily, which means that for every f’ € F,.,1(G)

there exists such a weighting wy. Thus, we can solve this issue by averaging
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among all weights {wy}pep, ). Let w : F41(G) — R be defined as w =
m > ek Wy 1t is clear that w also satisfies equation (4.27) since each
wy satisfies it. Given f € F,41(G), note that the number of cliques f € F,11(9)

such that |f N f/'| > 2 is bounded by

Prop. 4.3.3 1 r 1
Y (e < (T_g )(1 + &) pl) gt < Z(T - )nr‘l.

2
eCf
Similarly, the number of cliques f’ € F,,1(G) such that |f N f’| = 1 is bounded by

S <SS IRa@l <+ DAG)( £ sy g

vef vef edv

< (r4+1)(1458)pgnn™t < 2(r + 1)n".

And the number of cliques f’ € F,;1(G) such that |f N f’| = 0 is bounded trivially
by
Fra(G)) < ',

Hence, for every f € F,1(G)

1 / /
w(f) = mﬁe%(g) wp(f) = (O] ffeg;l(g)(%(f) + [wp (f) — ' (f)])

(4.39) 1 £t &t gt
Iw(f)im > v > s T > 3

f'eFri1(9) f'€Fr11(9) f'€F41(9)
[f'nfl=0 [f'nfl=1 lf'Nf1>2
/ 1 142 /42 r+1\ . 4 0
:w(f):tm getn®+2(r+ )€ c*n® + 2 9 &ctn
r+
Prop. 4.3.3 £cd (4.31),(4.29) 1+¢"
Op: (J.J/(f) :i: nril 2 ( )

pBlpj gt
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Thus, w satisfies (4.28) which concludes the proof. O

4.4 Vortex sequence

The following definition defines a vortex sequence in an extended partite complex
so that the properties of divisibility and typicality get passed down through the

sequence.
Definition 4.4.1 (Vortex). Given m € N and &, e,m > 0, a (§,&,n, m)-vortex
of an extended (r + 1)-partite complex G = (V,U, G, H) with parts V! ... V"
is a pair of sequences V =V, D Vi D ---DVyand U =Uy D U; D --- O U, where
|VE| = m for each k € [r] such that for all i € [¢]
(V1) |VE| = g|VF || for each k € [r] and |U;| = €|U;_4],
(V2) g[‘/i—l U Ui—l] 18 (g)pG7pH7 q,s, t)_typlcal into VL U Ui7
(V3) G[Vi—1 UU;_4] is np-divisible into V; U U;.

The following result allows us to find a vortex sequence in an extended partite
complex.
Lemma 4.4.2. Let 1/n < 1/m <« n € ¢ € £ < pe,pu,q,1/s,1/t,1/r. Let
G = (V,U,G,H) be an F,y-divisible (¢, pc,pu,q, s, t)-typical extended (r + 1)-
partite complex with parts V', ..., V" of size n. Then G has a (2,¢,n,m)-vortex
where em’ < m <m/.
Proof. Let ny := n and recursively define n; := en;_;. Let ¢ := 1 + max{i >
0 : n; > m'} and let m := ny,. Observe that e'n > n; > e'n — 1/(1 — €) and

em' <m <m.
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Let & := ¢ and 1y := 0 and define for i =1,..., ¢,

~1/3

& =&_1+2n,_4 (4.40)

and
i = i1+ 4n; . (4.41)
Suppose that for some i € [¢] we have already found sequences Vj, ..., V;_; and
U, . ..,U;—1 which form a (&§_1,&,m;—1,n;—1)-vortex of G. This is true for ¢ = 0

since G is F,yq-divisible and (£, pg, pu, q, s, t)-typical by assumption.

For each k € [r] let V}¥ be a random subset of V¥ | of size n; and let U; be a
random subset of U;_; of size ¢|U;_;|. Lemma 2.1.2 and a union bound implies
that with positive probability for any k € [r], Sy C V;_; \ V¥, and Sy C U;_4
with [Sy| + |Sy| < s, and T' C K, _1(G[Sy]) with |T'| < ¢, we have

n;

d(Sy U Sy, T; VF) = (1 £ 0, %) d5(Sy U Sy, T; ViE ) ——, (4.42)

ni—1

and for any set Sy C V;_; with |[Sy| <'s

du(Sy:Up) = (1 £ 0, ) dy(Sy: Ui_) (4.43)

Fix such a choice of V; and U;.

Recall that, by assumption, G[V;_1UU;_1] is (&-1, pa, pH, ¢, S, t)-typical by (V2)
and 7;_;-divisible by (V3). Thus, using (4.42) we can deduce that for any k € [r],
Sy C V1 \ V¥, and Sy C U;_y with |Sy| + |Sy| < s, and T C K,_;(G[Sy]) with
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T <t

n;

d(Sy U Sy, T; VF) = (1 £ 0, {*)d5(Sy U Sy, T; ViE,)

ni—1

V2 — n;
20 =6 0pE i e

(1 :l:f) [Sv| |SU|q|T|

Similarly, using (4.43) we can deduce that for all Sy C V;_; with [Sy| < s

_ Ui
du(Sv; Us) = (1% 0, ) dp (Sv; Ui ) |(|f | |
i—1
Ui
2 g |SV'|U1-_1||(|]‘ |1|, (4.44)
= (1= &)l |-

Thus, G is (&, pa, pH, ¢, S, t)-typical into V; U U;.
On the other hand, for any ki, ks € [r] and v € V,_; \ (VF, U VF2)

(4.42) (V3) n;

(1 0 %) de (0 V) 2 (1 0,23 (1 1 )do(v; V) ——

ni—1 ni—1

P (14301 £ mio)de (v; V) = (1 £ 1,)de(v; V).

de(v; Vi)

(4. 42) (p

Similarly, for any k € [r] and v € V;_; \ V¥,

U2

dg(v; Vk) )(lin I/S)dg( Vk 1) i (¥ )(1in 1/3)(1:|:77Z 1)dg(v;Ui—q)

n;—1 n;—1

A2 (1 4 30 YY1 £ mim1)d (v; Us) = (1 % 15)d (0; Uy),
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and for any ky,ky € [r] and u € U;_4

(4.42) n; (V3) n;

(1=, Vg (w; V) —— "= (£ 0, ) (L £ i ) (us Vi) ——

ni—1 ni—1

dyr(u; VI

(4:42),(p5) (1+£3n 1/3)(1 + mi1)dg (w; Vi) = (14 n;)dpg (u; Vi),

so G is m;-divisible into V; U U;. It follows that V;,...,V; and Uj,...,U; form a
(&, e,m;,n;)-vortex of G. Then, by induction, there exist sequences Vg, ..., V; and
Uy, . .., Uy which form a (&, e, g, ny)-vortex of G.

Finally, observe that

£—1 13 m'- 1/3
775_770—{_204” <41—51/3 777
J
and likewise,
m- 1/3

& = §0+22n 1/3<§+2 —5 < 2%

4.5 Edge-disjoint factors

During the proof of the ‘Cover Down Lemma’, Lemma 4.7.3, we will need to find
many edge-disjoint face-factors in an extended partite complex. This is achieved

by the subsequent result.

Lemma 4.5.1. Let 1/n € v < p < & < pa,pH,q,1/s,1/t,1/r with s > 2r and
t>2andlet Ny M e N. Let V... V" and U be sets of vertices such that |V'| = n
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for every i € [r] and |U| = (1 £ &)(pg/pu)n. For each i € [N] let k; € [r] and
let G; = (V;,U;, Gy, Hy) be a balanced (&, pa,pu, q, s,t)-typical extended r-partite
complex with parts V', ..., Vikifl, Vikﬁl, ...,V and for each N <i < N 4+ M let

k; := 0 and let G; be a balanced (£, pa,q, s,t)-typical r-partite complex with parts
V3 ... V. Suppose that

7

(F1) VEC V¥ foralli € [N+ M) and k € [r] and U; C U for all i € [N],
(F2) |VF| = |Uj| for alli € [N] and k € [r] \ {k:},
(F3) |VF| > p*3n for alli € [N + M) and k € [r]\ {k:},

(F4) \VEQVF < pPn foralll < i <j < N+Mand k € [r]\ {ki, k;} and

\U;NU;| < p?n foralll <i<j<N,

(F5) everyvertexv € V, w € U is contained in at most rpn of the sets {V; }icnay,

{Ui}icn respectively.

Then for each i € [N + M] there exists an F,.-factor F; of G; such that all the
factors {F;}icinsa are edge-disjoint.

Proof. The proof is analogous to the proof of Lemma 3.7.1 but we present it

here for completion. Let m = 2r2p?/?2

n. Suppose that we have found edge-disjoint
F,-factors Fy,...,Fi_1 of Gi,...,G;_1 respectively for some i € [N + M]. We will
find an F,-factor F; of G;, edge-disjoint from all Fi,..., F;_; as follows.

Let H; := U;;ll F; and let G/ := G; — H;. We consider two cases depending on
the maximum degree of H;.

Case 1: A(H;) < p*/n.

If i € [N], G/ is an extended r-partite complex (V;, U;, G, H!). We have that for

every k € [r]\{k;}, every pair of sets Sy C V;\V* and Sy C U; with | Sy |+|Sy| < s,
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and every set T C K, _o(GL[Sy]) with |T| < t,
dg,(Sv U Sy, T3 V) > dg, (S U Sy, T; Vi) 2 dg, (Sy U Sy, T5 ViF) — sA(H,)
SO
(1+ &V i d M VA = dgy(Sv U Sy, T VE) = (1= € o "V + rsm,
and for every set Sy C V; with |Sy| < s,
du,(Sv) > du/(Sv) > dp,(Sy) — sA(H,)

SO

1+ U > du(Sv) > (1 — €l |Ui| + rsm.

So G!is (¢, pa,pH, q, s,t)-typical. Thus, we can successively apply Theorem 3.6.3
with G/, ¢ and r playing the role of G, £ and r+1 to find m edge-disjoint F,-factors
Ai, ... A, of G which will be candidates for F;.

On the other hand, if N < i < N + M then G/ is an r-partite complex on V;.
Observe that for every k € [r], every set Sy C V; \ Vi¥ with |Sy| < s and every set

T C K,_1(GI[Sy]) with |T| < t,
dg, (Sv, T; Vi¥) > dg, (Sv, T; V) > dg,(Sv, T; VF) — sA(H,)

SO

(1+Ope g™V = dgy (S, T;VE) > (1= &)pl3 g VE| + rsm.
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Thus, G/ is (¢, pa, q, s, t)-typical so we can successively apply Theorem 3.6.1 with
G, ¢ playing the role of G, £ to find m edge-disjoint F,-factors Ay,..., A, of G
which will be candidates for F;.

Case 2: A(H;) > p*/*n.

If i € [N] let Ay, ..., A, be defined as r-complexes on V; U U; with no edges
and if N <1 < N+ M let Ay,..., A, be defined as r-complexes on V; with no
edges.

Note that in both cases Ay, ..., .A,, are edge-disjoint subcomplexes of G.. We
now choose j € [m| uniformly at random, set F; := A; and continue with the next
iteration. Observe that at the end of the algorithm all of Fy,..., Fyxia will be

edge-disjoint F,. i-factors of Gy, ..., Gy if and only if

A(H;) < p**n (4.45)

for all i € [N + M]. Hence, the lemma follows if equation (4.45) holds for all
i € [N + M| with positive probability.

For each i € [N + M] and z € V(G;) let J** :={j € [i — 1] : = € V(G;)}
and for each j € J** let Yj” be the indicator variable of the event zy € E(F;) for

some y € V(G;). Observe that

dyvigorven) (@) = Y V" (4.46)

jeJie

Fix i € [N + M] and = € V(G;). Note that (F4) implies that for each j € J** at
most 7p*n of the edge-disjoint complexes Ay, ..., A,, that were candidates for F;

share an edge incident to « with G;. Let ji, ..., jjjis| be the elements of J* listed
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in increasing order. Then, for all ¢ € [|J"*|] we have

) ) ) 2 1/2
D D T
m 2r

T Je-1

Let B ~ Bin(|J""|,p'/?/(2r)) and observe that

. pl/2 (F5) ,3/2
p pren
E[B] =|J"— <

Thus, by applying Fact 2.1.3 and Lemma 2.1.2 we obtain that

P> Y > 0| <P[B>p"*n] <P[B>E[B]+p"n/2] <2e7/2
jeJi,z
Observe that there are at most rpn|V(G)| pairs (i, z) with = € V(G;) since for
each € V(G) at most rpn of the graphs {G; }ic;n+n contain = by (F5). On the
other hand we have [V(G)| < |V|+ |U| < rn+ (2pe/pu)n. Hence, a union bound

implies that with positive probability > Y® < p¥?n for all i € [N + M] and

jeJie

x € V(G;). Thus, by (4.46), it follows that equation (4.45) holds with positive

probability for every i € [V + M| which concludes the proof. U

4.6 Divisibility

In this section we show how to transform ‘almost-divisibility’ into ‘divisibility’ in
an extended partite complex by removing only a sparse set of edges. Our approach
is inspired by the work of Barber, Kiihn, Lo, Osthus and Taylor [10, Lemma 10.1]

although the statements are different.
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Lemma 4.6.1. Let 1/n < n < £ < pa,pu,q,1/s,1/t,1/r with s > r. Let
G = (V,V™L G, H) be an n-divisible (&, pc,pr, q, s, t)-typical extended (r + 1)-
partite complex with parts V1, ..., V" of size n. Then there exists a subgraph
B C G satisfying A(B) < Y%, such that G — B is F, 1 -divisible.

Proof. The proof is divided in two main steps. On the first step, we will find a
subgraph Begges € G With A(Begges) < n/°n such that the graph G — Begges will

satisfy the following property
(a) e(Va,Vit) = e(Vi2 V72) for every iy, s, j1, j2 € [r + 1].

In other words, we will use the graph Beqges to balance the total number of edges
among every pair of parts. Then, the second step will consist of finding a graph
Bdegree with A(Bedges U Bdegree) S nl/Sn such that the graph g - Bedges - Bdegree

satisfies
(b) d(v; V') = d(v; V) for every i, € [r+ 1] and v € V(G) \ (V' U VY).

The graph Bgegree Will be used to balance the degree of each vertex to all parts

so that G — Bedges — Bdegree 18 Fr11-divisible.

STEP 1: Balancing the number of edges among parts.

First of all, observe that since G is n-divisible we have

|dg(v; V*) — dg(v; VI)| = |dg (v, V') — dg (v, V') £ ndg (v, V)| <y (4.47)
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for every 1,7 € [r+ 1] and v € V(G) \ (V*U V), and

(VI V) —e(VL VR =) d(w, V) =) d(v,V*)

veVi veV? (448)
. oy @D
< Z |d(v,Vj) —d(v,V )‘ < nn
veV?

for every i,j,k € [r + 1], i # j, k. Then

]e(V“, le) o e(viZ’ ij)‘ < ]e(V“, le) _ e(Vil, ij)‘
4 \e(V“, ij) _ e(viz’ Vj2)| (4.49)

< 2nn?

for every distinct iy, 49, j1,J2 € [+ 1].
Let ey := min{e(V", V7) : 1 <i< j<r+1}. Equations (4.48) and (4.49)
imply that

e(VHL V) — epin < 2nn> (4.50)

forevery 1 <i<j<r+1.

Now, for each 1 < i < j < r+ 1, we will greedily choose e(V, V7) — e, edges
from E(V*,V7) that will be part of the subgraph Begges. It follows from (4.50) that
the total number of edges we want to choose is at most ("3")2nn? < (r + 1)%pn?.

Suppose we have already chosen some set of edges E' C E(G). Let B’ := G[F'|
and suppose that A(B’) < n/3n. Let X be the set of vertices v € V(G) such that

dp(v) > n'?n. Observe that

|X|n1/2n <2|E'| < 2(r 4 1)*nn?.
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Then,

1X| < 2(r 4 1)*9?n < n'/3n. (4.51)

Suppose we want now to choose an edge in F(V*, V7) forsome 1 <i < j < r+1.
First, we will fix some vertex v € V?\ X. Since v ¢ X we know that dp/(v; V7) <
n'?n. On the other hand, dg(v; V7) > (1 — 5¢)pgn since G is (€, pg, pa, q, 5,t)-

typical and n-divisible (so we can apply Proposition 4.1.2). Thus,

dg(v; VI) — dp (v; V7)) — | X| > (1 — 5E)pan — 771/271 — 771/3n >0

so we can greedily pick a vertex u € V7 \ X such that vu € E(V', V) \ E(B).
Consider the subgraph G[E'U {vu}]. Since v ¢ X we have dgmiqwuy (v) < nt/?n+
1 < n'/3n, and the same is true for the vertex u. Hence, A(G[E' U {vu}]) < n'/*n.
By iteratively applying the above argument, we can find a set of edges Eegges
E(G) such that
Eeages NE(V', V) = e(V',V?) — €min

for every 1 < i < j < r + 1, and the subgraph Bedges = G[Fedges] satisfies

A(Beages) < n'/2n. Tt follows that the graph G — Begges satisfies property (a).
STEP 2: Balancing the degree of each vertex to each part.
Let G' = G — Begges- Observe that

[dg: (v; V') = dgr (v; V)] < |dg(v: V') — dg(v; V)] + A(Bedges)
(4.52)
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for every i,j € [r + 1] and v € V(G) \ (VI U V7).
Let 4,5,k € [r + 1] with ¢ # j,k be fixed. Now, for each vertex v € V7, let

dy := dg(v; VI) — dg:(v; VF). equation (4.52) implies that
4] <20 (4.53

Let VT be the set of vertices v € V* such that d, > 0 and let V'~ be the set of
vertices v € V% such that d, < 0. Let U be a multiset where each v € VT appears
exactly d, times and let U~ be a multiset where each v € V'~ appears exactly —d,

times. Observe that

|U+’_‘U_|: 2: dy + E:‘%

veV+ veV -

= 2 Ao V)~ dg (V) + 3 dgr(vi V) = dg(os V)
veV+ eV -

= 3 dg (v V) = dg (:V¥) = |B(@ V- V)|~ [E@TV. V) 2 o.
veVi

Hence, [Ut| = |U~|. Note also that

U =1 dgi(v; V7) — dgi(v; V¥)]

veV+

<Y ldgr(0; V) = dgi(v; V)|

veVt

(4.52) (4.54)
< 27]1/3712.

Given vertices x,y € V', let D,_,, be a graph consisting of an r-clique Z on
V(G)\ V? plus the edges {yz : 2 € Z\ Z7} and the edge zz with z € Z7.
Recall the definition of degeneracy from the beginning of Section 2.1 and note

that D,_,, satisfies the following properties.
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Figure 4.3: The edges of a gadget D,_,, when r +1 = 5.

(A1) [V(Dyoy)l =7+ 2 and |E(D,y)| = (T—H)’

2
A2) D,_,, has degeneracy r rooted at {x,y},
y

(A3) for every ji,j2 € [r+ 1], j2 # 7 and any v € V(G) \ (V71 U V72)

(

1 if v=2o and j; = j,
dp, ,,(v; V) —dp, ,,(v;V?) = ¢ 1 ifp=yand j, = j,

0 otherwise.

Since |[Ut| = |U~| then there exists a bijection ¢ : UT — U~. Suppose that we
can find edge-disjoint graphs {D, 4 }ocy+ in G'. Let Dg_m = U,er+ Dasola)-

Then it follows by (A3) that G’ — D/7" satisfies that
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(B1) for every j; € [r+ 1], j1 # i,k and v € V*

. 0 if j1 =7,
dg,_Dz_'ak (’U; le) - dg/—D{%’“ (U; Vk) =
dg (v; V') — dg (v; V¥) - if ji # j,

B2) for every ji,7j2 € [r+ 1] and any v € V(G) \ (ViU Vi U V72
(

d jak('U; le) - dg/iDjak(U; Vj2) = dg/(U; le) — dg/(’U, VjQ).

g'-D

Now, suppose that we can find edge-disjoint graphs {Df,_)k}jle[rﬂ]\{i’k} in G'. Let
D = Ui gin Dg,_}k. Then we have by (B1) and (B2) that the graph G’ — D;

satisfies that

(C1) for every j; € [r+1], j1 #4,k and v € V*

dgr—p,(v; V') = dgi_p,(v; V"),

C2) for every j1,j2 € [r+ 1] and any v € V(G) \ (ViU Vi U V2
( Y J1,J y

dgr—p, (v; V') = dgr—p, (v; V72) = dgi(v; V) — dgi(v; V72).
In particular, (C1) implies that in the graph G’ — D; each vertex in V* has been
balanced in the sense that it has the same degree to each of the parts, whereas (C2)
implies that, for the rest of vertices, the degree difference among each part remains
the same as the one they had in G'.

Finally, suppose we are able to find edge-disjoint graphs {D;};cp11) in G'. Let
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D := U;cp4q) Di- Then, (C1) and (C2) implies that the graph G’ — D satisfies that

for every ji,j2 € [r + 1] and v € V(G) \ (V71 U V72)
dgr—p(v; V') = dgr—p(v; V).

In other words, G’ — D is F,,-divisible.
STEP 3: Finding the gadgets.
It remains to show that we can indeed find such a graph D as a subgraph of

G'. In order to do so, first observe that

p=Un=U( U 2)=U( U (UPruw)

i€lr+1] i€lr+1]  jelr+1\{s,k} i€lr+1]  jer+1\{i,k} Ut
(4.55)

where all the unions are edge-disjoint unions, and the set U* depends on 1, j, k.
Recall that when defining U™, i, j, k were chosen arbitrarily. Hence, equation (4.54)
holds for any choice of distinct i, j, k € [r+1]. Thus, D consists of the edge-disjoint

union of at most (r + 1)(r — 1)2n*/*n? gadgets D,_,. So

D= U Dy,
i€[¢)
where
0 < 2r’ntn?, (4.56)

On the other hand, each vertex v € V(G) appears playing the role of z; or y;

1/3

in some gadget D,,_,,, € D at most |d,| < 2n'/°n times (by equation (4.52)).

Suppose that for some j € [(] we have already found edge-disjoint gadgets

{D., sy, Yie) and let D' := U, Daisys- Suppose that A(D') < nt/#n. We want

i€[y]
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now to find a gadget D in G’ edge-disjoint from D’ and such that A(D’U

Tj+1—Yj+1

D ) < n'®n. Let X be the set of vertices v € V(G) such that dp(v) >

Tj+1 Y41

n/%n and observe that

(A1),(4.56) 1
X[V < 2B(D)| < 2E(D,y) | < w(f-; )n1/3n2

which implies

1
1 X| < 4r? (r—;— )n1/3n < nt4n. (4.57)

Using A(Begges) < n/°n and the fact that G is (&, pa, pu, g, s, t)-typical it is
straightforward to check that G’ must be (2¢, pg, pu, ¢, s, t)-typical. Then, for any

1 E [7"], Sy CV \ Vi and Sy C V7 with |SV‘ + ‘SU| < s we have
dg(Sy USy; V') = (1 25)19'5”19'5”'71 > (papu)’n.

On the other hand, for every set Sy C V with |Sy| < s we have

Prop.:4.1.2 (

dg/(Sy; V) = (1 26)plSv v+ 14 68)peps'n > (papu)®n.

So in any case, for every i € [r + 1] and every set of vertices S C V(G) \ V* with
S| < s we have dg:/(S;V*) > (pepu)®n. Recall that D, _, ., has degeneracy r
rooted at {z;4+1,yj11} by (A2) and note that s > r. Then, we can find the vertices
of V(D 1-y,.1) \ {Zj41 U yj1} one by one, avoiding any edge from D" and any

vertex from X since for every 7 € [r + 1] and every set of vertices S C V(G) \ V*
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with [S| <'s
dg/(S; V') — |X| — AD') > (pepw)*n —n'/*n —n*°n > 0.

Because each chosen vertex was not in X then

)

(Al
dDIUD’“‘HlﬁyHl (v) < nl/Gn + |V (Dajyymy)| < 771/6n +(r+2)< 2771/671

for every v € V(Dy,,, —y;00) \ {Zj4+1, Y541} On the other hand, the degree of 2,

and y;41 in D'UD is bounded by 21'/5n +2(r + 2)n'/3n < n'/®n since, as

Tj41—Yj4+1
seen in the previous equation, the last time they were chosen for a gadget they had

1/6

a maximum degree of 2n'/°n, and after that they might have appeared at most

1/3

2n'?n times playing the role of x; or y; in some gadget D,,_,,, with ¢ € [j] and

|V (Dg,—y,;)| <17+ 2. Hence, A(D'U D ) < n'/3n.

Tj+1Yj+1

Altogether, we can find edge-disjoint gadgets {Dg,y, }icg in G’ such that
Bacgree := Ui Dri—sy: satisfies A(Buegree) < n'/®n. Therefore, we have

A(Bedges U Bdegree) S A(Bedges) + A(Bdegree) S 771/371 + 771/8n S Ul/lon

and G — Bedges — Baegree 18 Fry1-divisible. O

4.7 Cover Down Lemma

In this section we prove the ‘Cover Down Lemma’ (Lemma 4.3.1) which forms the

core of the ‘iterative absorption’ method used in the proof of the main theorem.
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Before doing so, we need the following two results.

Lemma 4.7.1. Let 1/n < £ < pg,pu,q,1/s,1/t,1/r. Let G = (V,U,G,H) be
a (&,pa,pu, q, $,t)-typical extended (r + 1)-partite complex with parts V*, ... V"
of sizen. Let Vi CV and suppose that G is (&, pg, Pu,q, S, t)-typical into Vy. Let
K UA{u} be a (k+ 1)-clique of GUH where 0 < k <r, K C Kx(G) and u € U.

Then Lkg(K U{u}; V1) is a (3€,pg, q, s — k — 1,t)-typical (r — k)-partite complex.

Lemma 4.7.2. Let 1/n < £ < pa,pu,q,1/s,1/t,1)r. Let G = (V,U,G,H) be a
(&,paypH, q, S, t)-typical extended (r + 1)-partite complex with parts V', ... V" of
sizen. Let Vi CV and Uy C U and suppose that G is (&, pa, P, q, S, t)-typical into
ViUU,. Let K be a k-clique of G where 0 < k <r—1. Then Lkg(K;V,UU) is a
(3¢, pg,pH, q, s — k,t)-typical extended (r + 1 — k)-partite complex (V',U’,G', H')
where V' = Ng(K; V1), U = Ng(K;U,), G' = Lkg(K; V1) and H' = H[V',U'].

We omit the proofs of Lemmas 4.7.1 and 4.7.2 due to their similarities with the
proofs of Lemmas 3.8.1 and 3.8.2 respectively. We now state and prove the ‘Cover

Down Lemma’.

Lemma 4.7.3 (Cover Down Lemma). Let 1/n < n < v < e < &L p,q,1/s,1/t,1)r
with s > 3(r — 1) and t > 2r — 1. Let G = (V,U,G,H) be an n-divisible
(&,pa,pH, q, 8, t)-typical extended (r + 1)-partite complex with parts VY, ... V" of

sizen. Let Vi CV and Uy C U be subsets satisfying
(C1) |Vi| = en for every i € [r] and |U;| = ¢|U]|,
(C2) G is (& pa,pH,q, S, t)-typical into Vi U Uy,
(C3) G is n-divisible into V; U Uy,
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(C4) for everyi € [r] andv € V\ (Vi UV, dg(v; V') = dg(v; U),
(C5) for everyi,j € [r] and w € U\ Uy, dg(w; V') = dg(u; V7).

Then there is an F,1-decomposable subcomplex H C G such that E(G — G[V; U

Uh]) € E(H) and A(H[V; UUL]) < ~'n.

Proof. Let v, p,& > 0 such that
In<gn<Ky<Lp<Ly e < pa,pu,q,1/s,1/t,1/r. (4.58)

We will follow the same steps of the proof of Lemma 3.8.3.

Let Vp := V\Vj and Uy := U\U;. First observe that since G is (§, pg, pu, q, S, t)-
typical into V' U U and into V; UU; then G must be (2¢, pg, pu, ¢, s, t)-typical into
VoUUy. Indeed, for every i € [r], Sy € V\V*and Sy C U\U" with |Sy|+|Sy| < s,
and T C KC,_1(G[Sy]) with |T'| <t we have

dE(SV U SU, T; VX) = dZ(SV U SU, T; VZ) — dé(SV U SU, T; Vf)

= (1= 26)p5" py"'d" Vg

and for every Sy C V with |Sy| <'s
d(SviUs) = du(Sy; U) = du(Sv; Ur) = (1 % 28)ply”"|Ul.

Similarly, since G is n-divisible into V U U and into V; U U; we will check that
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G is 2n-divisible into Vo U Uy. For every iy,i5 € [r] and v € V' \ V* U V% we have
da(v;Vg") = da(v; V) = da(v; Vi*) = (L £ n)de(v; V'2) — (1 £ n)de(v; V)
4 ' i i
(1 2m)(do(v: V) = do(v: Vi) = (1 £ 20)da(v; Vi)

Analogously, for every iy,i5 € [r] and u € U

dpr(u; V') = (1 £ 2n)dp (u; Vg?).

and for i € [r] and v € V \ V*

de(v; Vg) = (1 £ 2n)du(v; Up).

Hence, G satisfies the following properties:

(P1) Gis (¢, pa,pH, q, s, t)-typical into V U U and V; U Uy,
(P2) G is (2¢,pa, pu, q, S, t)-typical into Vy U Uy,

(P3) G is n-divisible into V U U and V; U Uy,

(P4) G is 2n-divisible into V U Uy,

(P5) by Lemma 4.7.1, for every k-clique K of GUH with 1 <k <rand |[KNU| =

1, Lkg(K;V4) is a (3¢, pa, q, s — k, t)-typical (r + 1 — k)-partite complex.

(P6) by Lemma 4.7.2, for every k-clique K of G with 1 <k <r —1, Lkg(K,V; U
Uy) is a (3¢, pa,pu,q,s — k,t)-typical extended (r + 1 — k)-partite com-
plex (Vik,Uk,Gk, Hg) where Vi = Ng(K; Vi), Uy = Ny(K;Uy), Gk =
Lk (K Vi) and Hyx = H[Vi, Ug].
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STEP 1: Choosing the reservoir edges.

Let R be a random subcomplex of G where each edge e € E(G) is included in
E(R) independently at random with probability p. Let R := R[VoUUy, V,UU,| and
note that R is a 2(r+1)-partite graph with parts V', ..., V7", Uy and Vi, ..., Vi, Up.
Let G = (V,U, G, H) be the (r+1)-extended complex where G := G — R[V]—G|[V]
and H := H — R[V,U] — H[Vy,Uy).

Note that each property (P1)-(P6) describes the neighbourhood size of at most
(i)tns < n?% combinations of vertices and cliques. We can then apply Proposi-
tion 2.1.4 to each degree size described in (P1)-(P6) when restricted to R to see

that with positive probability:

(R1) R is (2¢, ppa, ppu, q, S, t)-typical into V U U and V; U Uy,
(R2) R is (3¢, ppa, ppu, q, S, t)-typical into Vy U Uy,

(R3) R is 2n-divisible into V U U and V; U Uy,

(R4) R is 3n-divisible into Vi U Uy,

(R5) for every k-clique K of GUH with 1 < k < rand |[KNU| =1, Lk; 5 g, (K; V1)

is a (6¢, pa,q, s — k, t)-typical (r + 1 — k)-partite complex.

(R6) for every k-clique K of G with 1 <k <r —1, Lk;_ 5 _gep (K, V1 UUL) s a
(6¢, pa, pH, q, s — k,t)-typical extended (r + 1 — k)-partite complex
(Vi, Uk, G, Hi) where Vi = NG_@_@[K])(K; V1), Ux = NH—(ﬁ—ﬁ[K])(K5 Uy),
G = Lkg_ @y (K V1) and Hye = (H — (H — H[K)))[Vi, Ux].

Let R satisfy properties (R1)-(R6).

STEP 2: Finding an approximate decomposition.
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We will now cover all edges of G , i.e., all edges contained in Vj U U and all
edges that go from VU Uy to Vi U U; except those from the reservoir R. For this
we will apply Lemma 4.3.2 to G but first we need to make G F,1-divisible. We
can achieve this by using Lemma 4.6.1. Note that for every i € [r], Sy C V \ V!
and Sy C U\ U' with |Sy U Sy| < s, and T C K,_(G[Sy]) with |T| < ¢ we have

d5(Sy U Sy, T; V') = dg(Sy U Sy, T; V') £ dg (Sy U Sy, T; V') £ V]

T (1 £ )plpl T £ (1 26)pl plt g TS e

(4. 58) (1 + 25) |Sv| |SU\q|T|

Similarly, for every Sy C V with |Sy| < s we obtain
dj(Sv;U) = (1 28)p3"|U|.

Thus, G is (2£, pa, pr. 4, s,t)-typical. On the other hand, for every i,iy € [r] and
veV\VTUV?2 we have

da(v; V) = dg(v; V) — dp(v; V) — dg(v V“)

PN (1 £ p)de(v; V2) — (1% 3n)dr(v; V) — (1% n)da(v; Vi)

(1 i) (da(0: V=) = d(v;V72) = da(v; Vi2)) = (1% dn)dg(v; V™),

Analogously, it is easy to check that for every i1,y € [r] and u € U

dz(y; V“) = (1+4n)dz(y; ViQ)
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and for every i € [r] and v € V \ V*
dg(v; V') = (1 & dn)d(v; V7).

Hence, G is 4n-divisible. We can then apply Lemma 4.6.1 to G to find a graph B C
G such that A(B) < (47)Y'°n and G — B is F,-divisible. Since A(B) < (41)Y/0n
and using (4.58) it is straightforward to check that G — B is (3¢, pc, PH, q, S, t)-
typical. We can now apply Lemma 4.3.2 to G — B to find an F.1-decomposable
complex F; C G — B such that A(G — F1) < 4*n. Let L be the graph induced by

the edges of G — F, and note that

A(L) < vn. (4.59)

STEP 3: Covering the leftover edges using the reservoir.
Let G; := G — F; and note that F; does not have common edges with R nor
with G[V; UU;]. Our aim now is to cover all edges from L using a sparse collection

of faces. We achieve this via the following claim:

Claim 1: For each e € E(L) there is a face f. € F,11(Gy) with e C f. such that
all the faces { fe}ecrr) are edge-disjoint. Moreover, if Fy is the complex induced

by the faces in { fc}ecr(w) then

A(Fy) <~Y3n. (4.60)

Proof of claim: Suppose that we have already found edge-disjoint faces { fe}eep ()
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for some subgraph L' C L. Let F' := UeeE(L,) fo and assume that
A(F') < ~Y3n. (4.61)

We want to show that for any e € E(L — L) we can choose a face f. € F,11(G)
containing e which is edge-disjoint from F’ and such that A(F' U f.) < ~Y3n. If
this was the case, we could iteratively find faces for every edge e € F(L) until
ending with the desired collection of faces Fs.

We say that a vertex z € V3 U U, is good if there are less than v%/?n — 1 faces
in F' containing x. Else, we say it is bad. Let X be the set of bad vertices and
suppose that | X| > ~v'/3n. Then, for every x € X there are at least y'/3n — 1 faces

containing x. Thus,

1 1
\E(F)| > 5 de(x) > §]X]7’(71/3n 1) > 2(72/3712 — 43 > %72/3712'
reX
On the other hand,
/ T + ]. 2 2
[EF)N =, JIBE@D] = +1)IVIG)IAL)
Prop. 4.1.2,(4.59)
< (r 4+ 1)%(r + 2pa/pu)yn® < 272/3712
which is a contradiction. We must then have
1 X| < ~Y3n. (4.62)

Pick an arbitrary edge e € E(L — L') and suppose first that e = vjvy with

vy, ve € V. Let ). be the extended (r—1)-partite complex obtained from Lkg_(g_g[e]) (e; U
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Uy ) by removing all its edges that are in E(F’) and all its bad vertices. Using (R6),
(4.61), (4.62) and v < € it is not hard to check that Y. is (7€, pa, pu,q, s — 2,t)-
typical. We can then greedily pick any face f € F._1().) and let f. := f Ue.
Observe that f, is a face of G that contains only edges from R and G[V; UU;], with
the exception of e. Moreover, f. is edge-disjoint from F’ and doesn’t contain any
bad vertex.

Suppose now that e = vu with v € V and u € U. Analogously, let ). be the
(r — 1)-partite complex obtained from Lkg_(g_g[e])(e; V1) by removing all its edges
that are in E(F’) and all its bad vertices. Using (R5), (4.61), (4.62) and v < &
we can see that YV, is (7€, pa, ¢, s — 2,t)-typical. We then pick an arbitrary face
f € F._1(Y.) and let f, := fUe. Again, we have that f, is an (r + 1)-face of G
that contains only edges from R and G[V; U U] with the exception of e, and that
is edge-disjoint from F’ and vertex-disjoint from X.

In any case, we are able to find a face f. € F,,;1(G1) that contains e, that is
edge-disjoint from F’ and which contains no bad vertices. Since all vertices in f,
are good then deyy (v) < dp(v) +1 < 43n for any vertex v € f.. Hence, we

have A(F' U f.) < ~"/3n which concludes the proof as discussed above. —

STEP 4: Cover down remaining reservoir edges.

Using Claim 1 we are able to find, for each e € E(L), a face f. € F,11(G1) con-
taining e such that all the faces {f.}ccp(r) are edge-disjoint and F := . B(L) fe
satisfies A(Fy) < 4/3n. Let Gy := G— F, — F». Note that all edges of G, are either
contained in V; U U; or belong to the reservoir R. For this reason if we are able to
find an F}., -decomposable complex F3 C Gy with bounded maximum degree that

covers all the reservoir edges from G, we will be done.
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Let Gy € G and Hy C H such that Gy = (V,U, Go, Hy). For each v € V} let
YV, := Lkg,(v; V3 U Ujp) be an extended r-partite complex Y, = (V,,U,, G, H,)
where V, = Ng,(v; V1), U, = Np,(v;Uy), G, = Lkg,(v; V1) and H, = Hs[V,, U,].
Since G, is obtained from G by removing F,;-decomposable graphs it follows
by (C4) that for every i € [r] and v € V; \ Vj we have |V}| = |U,|. In particular,
Y, is balanced for every v € V4. For each u € Uy let Y, := Lkg,(u;V;) be
an r-partite complex on the vertex set V,, := Npg,(u; V7). Similarly, it follows
by (C5) that ), is balanced for every u € Uy. Observe that Go = G — G — F.
Then, using A(F,) < ~4"/3n and the hierarchy v < p, &, from (R5) and (R6)
we can deduce that Y, is (7€, pg, pr,q, s — 1,t)-typical for every v € V; and ),
is (7€, pa,q,s — 1,t)-typical for every u € U. Note that Go[Vy U Uy, V3 U Uy| =

R[Vo U Uy, Vi UU,| — Fo|Vo U Uy, Vi UU;]. Then, for every i € [r] and v € Vy \ Vy

we have
Vil = dey (v; Vi) = dr(v; Vi) + A(F) T2 (14 36) ppgen
(4.63)
> (p/e)3(en)
and
U| = du, (v; U1) = dr(v; Un) £ A(Fz) = (1 £ 36) ppu|Un| o)

PR () 178 ppgen > (p/e) 3 (en),

for every i € [r] and each pair of distinct vertices vy, vy € Vy \ Vi we have

’Vvil NV =dr({vr, v} V) £ 2A(.7—"2) = (1£36)(ppc)’en < (p/e)*(en)

2
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and

Uy, N U, | = dr({v1,v2};Ur) £ QA(]:Q) =1+ 3§)(ppH)2|U1|
= (1 £ 78)p*pepuen < (p/e)?(en).

Also, given i,j € [r], i # j, each vertex v € V] is contained in

Aoy (v, Vi) = dr(v; VE) £ A(F>) "2 (14 4€) (ope) V| < (p/e)(en)  (4.65)

of the sets {V/} and each u € U; is contained in

di, (w3 Vg) = dr(u; V) = A(Fz) = (1 £4€) (opw) V| < (p/e)(en) (4.6

of the sets {U,}

:CEVOj‘

On the other hand, for each u € Uy and i € [r] we have

(R1),(4.6

Vil = dugy (w3 Vi) = di(u; Vi) + A(F) Y (1 + 3)(ppu)en

> (p/e)"*(en),

(4.67)

for each i € [r] and each pair of distinct vertices ui,us € Uy we have
Vi NV | = dr({ur,u}; Vi) £ 2A(F) = (1£3¢)(ppu)?en < (p/e)*(en),

and finally, for each i € [r], each vertex v € V]’ is contained in

di, (v; Up) = dr(v; Up) + A(Fy) L

Prop. 4.1.2
=

(1 £ 4€) (ppr )| Uo|

1% 88)(ppa)|Vol < (p/e)(en)

(4.68)

of the sets {Vi},cr,-
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We apply now Lemma 4.5.1 with Vi, Uy, p/e, 8¢, |Vo, |Uol, { Vo tvevis {Vutucts
playing the role of V', U, p, &, N, M, {G; }icin)» {Gi} N<i<na respectively to find for
each vertex x € VoUU, an F,-factor F, of ), such that all the factors {F, }.evyuvs,
are edge-disjoint. Given x € VU Uy recall that )y = Lkg,(x; V), U Uy) which by
definition implies that any r-face f € F.()p) satisfies that f U {z} € F.11(Ga).
Hence, for each f € F, we have that f U {z} is an (r 4+ 1)-face of Go. Moreover,
F is an F,-factor of ), which implies that {f U {v}} ez, is a set of edge-disjoint
(r + 1)-faces of G, that cover all the edges from {v} to V; U U; contained in Gs.

Since all the factors {F, }zev,uu, are edge-disjoint then

F= |J ru{s}
zeVouUy
fE€Fs

is an F,1-decomposable subcomplex of G that covers all edges in F(Go[VoUUy, ViU
Uh)).
Finally, equations (4.63)-(4.68) imply that

A(F3) < (+'/2)n. (4.69)

STEP 5: Conclusion of the proof.

Let H := FiUF,UF;5. It is straightforward to see that H is F}..-decomposable
since it consists of the edge-disjoint union of F,.,-decomposable complexes. Recall
that we started by finding F; and defining G; = G — F;, then F; was covering the
edges of G1[VoUUy|, we then defined Gy, = G—F; — F» and finally F3 covered all the
edges of Gy between VoUUy and V, UU;. Thus, H covers all edges of G —G[V; UU, .
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Lastly, since F; contains no edges within V; U U; then

) . . (4.60),(4.69)
A(H[WVLUTL)) < A(F) + A(F3) < 'n.

4.8 Proof of Theorem 4.2.1

Before the main proof, we introduce the absorbers that will be used to absorb the

final leftover.

Definition 4.8.1. Let L be an (r + 1)-partite graph. An edge-absorber for L is
an (r + 1)-partite graph Ay such that V(L) C V(Ay) is independent in Ay, the
parts of V(L) are correspondingly contained in the parts of V(Ar), and both Ay,

and A; U L have a K, ,-decomposition.

The following lemma arises from a construction of edge-absorbers due to Bar-
ber, Kiithn, Lo, Osthus and Taylor [10, Section 6] which develops ideas from [9].
In fact, the existence of edge-absorbers for K,-divisible r-partite graphs follows
directly from [10, Lemma 6.5]. The additional properties of such absorbers listed

below is proved implicitly in their construction.

Lemma 4.8.2 ([10, Section 6]). Let 1/M < 1/m,1/r. Let L be a K,.-divisible
(r + 1)-partite graph such that |V (L)| < m and let U, be a vertex part of L. Then

there exists an (r + 1)-partite edge-absorber Ay, for L such that
(1) [V(AL)| < M,
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(i) Ar has degeneracy 2r + 1 rooted at V (L),
(i1i) Ap and Ap U L have K, 1-decompositions Ky and Ky respectively,

(iv) every vertex v € V(AL) \ V(L) is contained in at most siz (r + 1)-cliques
from K1 and ICs,

(v) every (r 4 1)-clique from Ky and ICy contains at most one edge of L.
We have now all the ingredients to prove our main result.

Theorem 4.2.1. Let 1/n < £ < pa,pu,q,1/s,1/t,1/r with s > 3(r — 1) and
t >2r—1. Let G = (V,U,G, H) be an F,-divisible (¢, pa,pu,q, s, t)-typical
extended (r + 1)-partite complex with parts V1, ... V" of size n. Then G has an

F,.y1-decomposition.

Proof. Let v,n,e >0 and M, m' € N such that

In<1I/M < 1m' <n<y<e<§<Lpa,pr, g, 1/s,1/t,1/r. (4.70)

STEP 1: Find the vortex sequences.

We start by finding a (2¢,e,n,m)-vortex V =1V, 2V} D --- D Vyand U =
Up D,...,2 U, for some m < m' using Lemma 4.4.2 in G. Let n; := |V}| for every
i € [(]U{0} and recall that for every i € [¢], since G[V; U U] is (2¢, pa, pu, q, S, t)-

typical by (V2) Proposition 4.1.2 implies that |U;| = (1 £ 6¢)(pg/pw)n;. Thus,

V; U < Vil +|Ui| <7ng + (1 + 68)(pa/pa)ni < (7 + 2pa/pr)ni

for every i € [¢] U {0}.
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STEP 2: Find the final absorber.
Let ¢’ :== G — G[V4 U Uy]. Since |V; UUy| < (r 4 2pg/pu)en and ¢ < & it
follows that G’ must be (2, pg, pu, q, S, t)-typical. Let £ be a collection of all the

spanning K, -divisible subgraphs of G[V; U U,]. Note that

|VZUU[\) < 2(('r+2pG2/pH)m) (420)

o] < 2("s 13,

n
We will now find edge-disjoint edge-absorbers { Ay } e, in G’ satisfying that |V (AL)|
M for each L € £ and both Ay and A; U L are F,, -decomposable. Suppose that
for some subset £ C £ we have already found edge-disjoint absorbers { A} e,/
and let A" = J, . Az Since |£] < n'/3 and |V (AL)| < M for every L € L by (i)
then |V (A)| < |L|M < n*3. Thus, G’ — A’ is (3¢, pa, pu, q, s, t)-typical. Let
L e L\ L be fixed. We know by Lemma 4.8.2 that there exists an edge-absorber
A’ for L satisfying (i)-(v). Then, we can greedily find a copy Ay of A} in G’ so
that every (r 4+ 1)-clique used in the K, i-decomposition of Ay or A, U L is an
(r + 1)-face of G. Indeed, we can embed the vertices of V(AL) \ V(L) one by one
following the order given by the degeneracy property (ii). Next, it follows by (iv)
that every vertex that we want to embed must form an (r + 1)-face with at most
six r-cliques of G, and since each (r + 1)-face of G contains exactly one r-face of
G, then it must form an r-face with at most six (r — 1)-cliques of G. Lastly, (iii)
implies that each vertex that we want to embed must be adjacent to at most 2r+1
of the preceding vertices. Hence, since G’ — A" is (3§, pg, pH, q, s, t)-typical with
s >2r+1and t > 6 we can always embed the next vertex. Thus, we can find A,
for every L € L.

Let A := {J,c, Ar. Observe that AU L has an F,.,;-decomposition for any
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L € L since both A, U L and A — Ay are F,,-decomposable. Let G:=G- A
Since |V(A)| < |L|M < n?3 and E(A[V; UU,|) = 0 it is straightforward to
check that G is (2¢,pG,pH, q, S, t)-typical and Vo O --- D Vyand Uy 2 -+ D Uy
form a (3¢, ¢, 2n, m)-vortex of G. The fact that G is F,.1-divisible and A is F, -
decomposable implies that G must also be F, 1-divisible.

STEP 3: Iteratively apply the Cover down lemma.

Let ¢ € [¢] U {0} and suppose there is an extended (r + 1)-partite complex
G = (V;,U;, Gy, Hy) with G; € G[V;] and H; € H[V; U U;] such that G — G; is

F..1-decomposable and the following holds:
(a) G is Fyy -divisible,
(b) Gi is (5¢, pe, pu, 4, 8, )-typical,
(¢) G;is (4¢,pa, P, q, S, t)-typical into Viiq U Uiy,
(d) Gi[Vie1 U Uia] = G[Visr U Uia].

Note that this is clearly true for i = 0 and Gy := G. Let G, :=G; —@[W+2UUi+2] @

=

Gi — G[Vis2 U U;4o]. Since

(4.70)
Ve UUisa| < (r 4 2pa/pu)nive = (r + 2pa/pr)e™n, < &’n;

using (b) and (c) it is not hard to check that G is (6¢, pa,pH, q, S, t)-typical into
V;UU; and (5¢, pa, pu, q, S, t)-typical into Vi1 UU;, 1. Moreover, since G|V, 2UU, ;2]
is 2n-divisible by the vortex property (V3), using (a) we obtain that G; must also

be 2n-divisible. We can then apply Lemma 4.7.3 to find an F,,;-decomposable

215



subcomplex H C @ that covers all edges of QNZ — @[V}H U U;11] and such that
AM[Vi1 UUa]) < 9Vigr U Ul (4.71)

Define G; 11 = (G; — H)[Viz1 U Uiy1]. Note that G — G4 is F,1-decomposable
since both § — G; and G, — G;,; = H are. It only remains to check that G;,
satisfies properties (a)-(d). First, note that G; — H has no edges outside of V;,; U
U;11. Hence, since both G; and H are F, ;-divisible, then G;,; must be as well.
Using (c) and equation (4.71) it is easy to see, since v < &, that G;;; must be
(5¢, pa,pH, q, S, t)-typical. For the third property, observe that by (d) and the
vortex property (V2) we have that G;[Vi11 UU;44] is (3€, pa, pu, q, S, t)-typical into
Vit U Uiyo. Thus, using again (4.71) and v < £ we obtain that G;;1 must be
(4€, pa,pH, q, S, t)-typical into Vi o U U;;o. Finally, since @-[VHQ U Uiyo] had no
edges and H C G, we have that Gir1[Vir2UUia] = Gi[Viga UU; 1] @ GViiaUU; ol

STEP 4: Absorb the final leftover

It follows by induction that there exists an extended (r 4+ 1)-partite complex
Ge = (Vi,Up, Gy, Hy) € G such that G—Gis F,,1-decomposable and G, is F, -
divisible by (a). In particular, G, is a K, -divisible graph on V, U U; so Gy € L.
Thus, AU G, is also F,;-decomposable. Altogether, G = (é— Ge) U (Gr U A) has

an F).,,-decomposition. O
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CHAPTER 5

COMPLETION OF PARTIAL LIST LATIN
SQUARES

In this chapter we will discuss our results on the completion of Latin squares with
lists of permitted entries. Recall that a Latin square of order n is an n X n array
filled with the symbols 1,...,n so that each symbol appears exactly once in each
row and each column. A partial Latin square of order n is an n X n array where
some entries are filled with a symbol from [n] and the rest of entries are empty
such that each symbol appears at most once in each row and each column. In
this setting the question of whether a given partial Latin square can be completed
into a proper Latin square by filling the empty entries arises. On the other hand,
recall that a [ist Latin square of order m is an n X n array in which each entry
contains a subset of [n]. Here, a natural question consists of picking one symbol
from each list so that it produces a proper Latin square. Recall that a partial
list Latin square of order m is an n X n array where each entry contains either a
symbol from [n] (‘filled entries’) or a subset of [n| (‘empty entries with a given
list’) such that each symbol appears at most once in each row and each column,

and each list does not contain symbols that appear in the same row or column. A
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combination of both the previous problems consists of the completion of a partial
list Latin square, i.e., given a partial list Latin square whether we can pick a symbol
from each list so that, together with the filled entries, it produces a proper Latin
square. Theorem 1.4.7, stated below, gives sufficient conditions for the completion

of partial list Latin squares.

Theorem 1.4.7. For any a < 1/(27-10%) and 8 < 1/320 there exists ng € N such
that any partial list Latin square of order n > ng in which each row, symbol and
column has been used at most an times, the lists for each empty entry have size
at least (1 — )n, and each symbol appears in at least (1 — §)n of the lists from

each row and each column, can be completed into a Latin square of order n.

5.1 Equivalence to tripartite graphs

As seen in Section 1.4.4, there is a natural bijection between Latin squares of or-
der n and Ks-decompositions of the complete tripartite graph K,, ,, , by identifying
each part of K, ,, with ‘rows’, ‘columns’ and ‘symbols’, respectively, and identi-
fying each triangle (r, ¢, s) in the decomposition (where r € ‘rows’; ¢ € ‘columns’
and s € ‘symbols’) with the entry (7, c) filled with the symbol s. Similarly, recall
that a tripartite graph G which is obtained from K, ,, by removing triangles can
be viewed as partial Latin square of order n (each one of the removed triangles
corresponds to a filled entry in the n x n array). In the case of partial list Latin
squares, one can find an analogue in terms of balanced tripartite complexes. Recall
from Section 3.1 that a 3-complex G is a triple (V(G), E(G), F3(G)) where V(G)

is a set of vertices, E(G) is a set of edges and F3(G) is a set of 3-sets of vertices
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called faces such that for each f € F3(G) and each 2-set e of f, e € E(G). A
balanced tripartite complex G is a 3-complex such that V(G) = VIUV2UV? where
V1 V2 V3 are disjoint sets of vertices of the same size and G[V?] has no edges for
cach i € [3]. Observe that there is a one to one correspondence between partial list
Latin squares of order n and balanced tripartite complexes GG with parts of size n
whose underlying graph is obtained from K, , , by removing triangles. Indeed, let
L be a partial list Latin square of order n. Let V!, V2, V3 be three sets of vertices
of size n (each one labelled from 1 to n) identified with ‘rows’, ‘columns’ and ‘sym-
bols’ respectively. Let G’ be the graph obtained from K, ,, by removing, for each
filled entry (r,c) with the symbol s in L, the edges rc, rs and cs where r € V',
c € VZ and s € V3. Note that for each edge vivo € E(G[V!, V?]) the entry (v, v2)
in L is empty and thus contains a list S,,.,, C [n]. For each e € E(G[V?,V?]) let
T. == {{v}Ue : v € S.} be the set of triangles corresponding to S,.. Let G be
the balanced tripartite complex with parts V!, V2 V3 where F(G) = E(G') and
F3(G) := U.epaprve) Te- Observe that an Fi-decomposition of G corresponds to

a completion of L. We now state Theorem 1.4.7 in terms of tripartite complexes.

Theorem 5.1.1. For any o < 1/(27-10°) and 8 < 1/320 there ewxists ng € N
such that any Ks-divisible balanced tripartite complex G with parts of size n > nyg
such that ds(e) > (1 — B)n for each e € E(G) and 6(G) > (1 — a)n has an

F3-decomposition.

Actually, Theorem 5.1.1 is slightly more general than Theorem 1.4.7 since it
considers any Kj-divisible graph and not just graphs obtained from K,,,, by
removing triangles.

The main goal of this chapter is then to prove Theorem 5.1.1. We will first prove

219



the existence of a ‘balanced’ fractional Fj3-decomposition in Section 5.2 and then
discuss how to adapt the ‘iterative absorption’ method described in Section 1.5.1
to prove Theorem 5.1.1 in Section 5.3. We shall use the standard notation and
probabilistic results described in Section 2.1 as well as the notation for complexes

described in Section 3.1.

5.2 Fractional triangle decomposition

The aim of this section is to prove the following lemma.

Lemma 5.2.1. For any a < 1/(27-10%) and B < 1/320 there exists ng € N such
that any Ks-divisible balanced tripartite complex G with parts of size n > ng such
that dz(e) > (1 — B)n for each e € E(G) and §(G) > (1 — a)n has a fractional

Fs-decomposition w : F5(G) — [0, 1] such that for every f € F3(G)

11

O<w(f)<m.

The proof of Lemma 5.2.1 goes as follows. We will start by finding a frac-
tional K3-decomposition of the underlying graph (V(G), E(G)) by using a result
of Montgomery [64]. Since di(e) > (1 — f)n for every edge e € E(G) we will
check that the restriction of the fractional decomposition to the set of faces F3(G)
gives a weighting w’ that is already ‘close’ to a fractional F3-decomposition. We
will then make use of certain gadgets to compensate the weight of some edges and
transform «’ into the desired weighting w.

In [64], Montgomery shows the existence of fractional K,-decomposition in an 7-

partite K,-divisible graph G with high minimum degree. Their proof starts with an
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initial constant weighting wy : K, (G) — [0, 1] defined as wo(K) = e(G)/((3) |K.(G)])
for each K € K,.(G) and then they find a weighting ¢ : IC,.(G) — R such that wy+¢
is a fractional K,-decomposition. At the very end of their proof they show that
for each K € K,.(G)

n?/10% + 2n?/5 + r3n /20 < 4n? /5 — 9n?/10%3

S (| ()]

Since

then it follows that

K)<9 mi K).
KQC%G)(CUOJF@)( ) < Kglcg(lc)(woﬂ@( )

Theorem 5.2.2 ([64]). Let G be a K,-dwisible balanced r-partite graph with
parts of size n such that §(G) > (1 — 1/10%3)n. Then G has a fractional K,-
decomposition W' : K, (G) — [0, 1] such that

max ' (K) <9 min W'(K). (5.1)
Kek (@) Kek. (@)

Let G be a balanced tripartite complex with parts of size n. Note that §5(e) >
(1—B)n for every e € E(G) trivially implies 6(G) > (1—)n since F3(G) C K3(G).
Let G' = (V(G), E(G)) be its underlying graph and let «’ be a fractional Kj-

decomposition of G’ that satisfies (5.1). Observe that for each edge e € E(G) we
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have

: dg(e)
1=uw'(e) = T)>d (T) > (T
Seyim B )2 dele) min, (1) 2 g7 i, (D)
TeK3(G)
1 —
> (1=B)n max w'(7T)
9 TeKs(G)
S0
max w'(T) < ) (5.2)
X . .
TEeKs3(G) ~—(1-p)n

On the other hand, since F5(G) C K3(G) we have that for any e € E(G),

)= Y JM= D> JD)+ > W(T) =1

TeK3(G) :eCT TeF3(G):eCT TeK3(G)\F3(G):eCT

Thus, the restriction of w’ on F3(G) induces a weighting wy : F3(G) — [0,1] of G
such that for all e € E(G)

wo(e) = W(T)=1- > W' (T).

TEFg(G) ceCT TE’Cg(G)\Fg(G) eCT

Let T(G) := K3(G) \ F3(G) denote the set of forbidden triangles, i.e., the set of
triangles of G that are not 3-faces and thus can not be used in an Fj-decomposition.

Rewriting the previous equation we have

wole) =1— Z W'(T) for each e € E(G).
TeT(G):eCT

We would like to compensate the weight loss produced by the presence of each
forbidden triangle. To do that, we start with the weighting wy : F3(G) — [0, 1]

induced by w’. Next, for each forbidden triangle 7y € T (G), we shall find a gadget
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S, consisting of a set of faces together with a weighting wg of S, which allows us
to add a weight of w'(T}) to each edge in T without modifying the weight of any
other edge in G. Hence, we obtain the same result as if replacing the forbidden
triangle Ty by a face and considering the weighting w’ for such triangle. By finding
a gadget for each forbidden triangle and adding the corresponding weights, we end
up with a new weighting w : F3(G) — [0, 1] which compensates the weight loss on

every edge e € E(G) so that w(e) = w'(e) = 1.

Lemma 5.2.3. The number of forbidden triangles of G is at most fn3>.

Proof. Let m be the number of edges between any two parts of G. For each
of these edges, the number of faces containing them is at least di;(e) > (1 — B)n.
Therefore G has at least (1 — §)nm different faces. On the other hand, |K3(G)| <
mn. Thus, the number of forbidden triangles is at most mn — (1 — )nm = fmn <

Bn3. O

Given a forbidden triangle T of G, a gadget for T is defined as a set of vertices
S =Ty UTs where Ts € F3(G) and Ty N Ts = 0, such that all partite 3-sets in
S, except for T}, are faces of G. We shall classify the triangles of S depending on
their intersection with Ts. A triangle T of S is of type 1,2 or 3 if [T NTs| = 1,2
or 3 respectively. Observe that T is the only triangle of type 3 and that there are

three triangles of each type 1 and 2. See Figure 5.1. Now, we define wg as follows

;

W'(Ty)/10  if T is of type 1 or 3,

ws(T) = —w'(Ty)/10 if T is of type 2,

0 otherwise.
\

223



T Z2

‘3 )

T3

Figure 5.1: A gadget S for the triangle Ty = {x1, x9, x3} with Ts = {y1,v2,y3}-
The number between brackets indicates the type of each triangle.

Observe that wg(e) = w'(Ty)/10 for each edge in Ty and wg(e) = 0 for the rest
of edges in S. Thus, adding the weights given by wg to the triangles of S increases
by w'(Tf)/10 the weight of the edges in Ty and does not modify the weight of
the rest of edges in G. Hence, by finding 10 gadgets for T, we are able to add
a weight of w'(T}) to the edges of Ty without modifying the weight of the rest of
edges. Moreover, equation (5.1) will guarantee that the weight of the triangles
used in the gadget remain positive. We say that two gadgets S; and Sy are type-
disjoint if they share no triangles of the same type. In other words, if for any
k € [3] there is no triangle T of type k such that T is a triangle of type k for both
S; and Ss.

Lemma 5.2.4. Let G and W' be as in the statement of Theorem 5.2.2 and let
wo : F3(G) — [0, 1] be the restriction of W' to F3(G). Suppose that we can find 10
gadgets for each forbidden triangle Ty € T(G) so that all the gadgets {S;}icin) with
N = 10|T(G)| are pairwise type-disjoint. Then the weighting w : F3(G) — [0, 1]
defined as w(T') == wo(T)+ > ;v ws; (T') satisfies w(e) =1 for each edge e € E(G)
and 0 < w(T) < 11/(1 — B)n for each T € F3(G).

Proof. It is clear that w(e) = 1 for each e € E(G) so it is enough to check that
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0 <w(T) <11/(1 — B)n for each T' € F3(G). Let T € F3(G). Note that since all
the gadgets are pairwise type-disjoint then T is in at most one of the gadgets in

{Si}iein) as a triangle of type 2. Then

i maxyei, () W' (1)
T) = T (T) > "T) — 3
ST =)+ 3 s (T) 2 min /(1) i
(5;1) maxyei, () W' (1)

> 0.
- 90

Similarly, T" appears in a gadget at most once as a triangle of type 1 and at

most once as a triangle of type 3. Hence

maXrei; (@) W'(T)
T) = T (T) < "T 2 2
oT) = enlT) + 32 ws () < e, /() + 0

< 6 max w'(7T) (53) >4 < =
- X .
5 Teks(G) ~ 5(1-pn  (1-P)n

g

Thus, the proof of Lemma 5.2.1 will consist of finding 10 gadgets for each
forbidden triangle so that all the gadgets are type-disjoint. The following result

counts the number of available gadgets for a given forbidden triangle.

Lemma 5.2.5. Let Tt be a forbidden triangle and let S be the set of gadgets for
Ty. Then |S| > (1 — 8)(1 —28)(1 — 48)n®.

Proof. First, note that 1 — 48 > 0 since 8 < 1/320. Let Ty = {x1,z2,23}. We
want to find a face Ts = {y1, Y2, ys} such that all partite 3-sets in Ty U Tg, except
for Ty, are faces of G. The number of vertices y; € X such that {y;,x2, 23} is

a face of G is equal to df(zexs3) > (1 — B)n. For fixed such y;, the number of

vertices yo € Y such that both {x,ys, x5} and {y1,y2, 23} are faces is equal to
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|IN&(z123) NN (y1z3)| > (1—20)n. Finally, given y; and ys, the number of vertices

y3 € Z such that all {1, z, Y3}, {y1, 22,93, }, {71,92,y3} and {y1, yo, y3} are faces
of G is equal to | N (z122) N NE(y1x2) N NE(21y2) N NE(1y2)| > (1 —48)n. d

The following proposition bounds the number of gadgets that contain a given

face and a given forbidden triangle.

Proposition 5.2.6. Let Ty be a forbidden triangle and let T € F5(G). For each

i € (3]

(1) a gadget S for Ty contains T as a triangle of type i if only if T C S and
T NTy|=3—1i.

(1) if |TfNT| = 3—1, the number of gadgets S for Ty that contain T as a triangle

of type i is at most n>~*.

Proof. Let S = Ty UTs. Then it is straightforward to see that |[T'NTs| = ¢ if
and only if [T NTy| =3 — .

Suppose that [Ty NT| =3 — ¢ and let S be a gadget for T that contains 1" as
a triangle of type ¢. Then Ty UT C S and [Ty UT| = 3 + 4. Since S is formed of

3—1

six vertices, and 3 + ¢ of them are fixed, then there are at most n°>~" choices for

the remaining vertices. U

Using Proposition 5.2.6 it is not difficult to check the following results.

Proposition 5.2.7. Let Ty and Ty be forbidden triangles such that |Ty N'Ty| = 0

and let S1 be a gadget for Ty. Then

(i) Sy shares no triangles of type 1 with any gadgets for T,.
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(i) if |Ts, N To| > 1 then Sy shares a triangle of type 2 with at most 2n gadgets

for Ty, else it shares no triangles of type 2 with any gadget for T;.

Proposition 5.2.8. Let Ty and Ty be forbidden triangles such that |Ty N'Ty| = 1
and let Sy be a gadget for Ty. Then

(i) if |Ts, N To| = 1 then Sy shares a triangle of type 1 with at most n? gadgets

for Ty, else it shares no triangles of type 1 with any gadget for T,
(ii) Sy shares a triangle of type 2 with at most n gadgets for Ts.

Proposition 5.2.9. Let Ty and Ty be forbidden triangles such that |Ty N'Ty| = 2
and let Sy be a gadget for Ty. Then

(i) Si shares a triangle of type 1 with at most n* gadgets for Ty,
(i1) Sy shares a triangle of type 2 with at most 2n gadgets for Ts.

We have now the main ingredients to prove Lemma 5.2.1.

Proof of Lemma 5.2.1. Let N := 10|7(G)|. As previously discussed, it is
enough to find 10 distinct gadgets for each forbidden triangle T of G so that all
the gadgets {5, }ien are pairwise type-disjoint.

Let Ti,...,Tx be an enumeration of the forbidden triangles of GG, each one
appearing 10 times. Let S; be the set of gadgets for 7; in G. By Lemma 5.2.3
and 5.2.5 we have N < 106n® and |S;| > yn? for every i € [N], where v :=
(1—B)(1 —2B)(1 —4p). Note that v > (1 — 78) > 313/320 since 3 < 1/320.

Our aim is to find a gadget S; € S; for T; for every i € [N], such that the
gadgets {S;}iciv) are pairwise type-disjoint. For this, we shall use a randomised

algorithm.
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Suppose we have already found gadgets Si,...,S;_1 for T1,...,T;_; for some
i € [N]. Let X; be the set consisting of all gadgets in S; that share a triangle of the
same type with a gadget S; for some j € [i — 1]. If | X;| < n?/2, let W; = S\ X,.
Otherwise, let W; = S;. In any case, we have |IW;| > (v — 1/2)n?® and we choose
S; uniformly at random from ;. Observe that if | X;| < n®/2 we ensure that S; is
type-disjoint from all gadgets S;, j € [i — 1].

Hence, the theorem follows if

| X;| < n®/2 for every i € [N]

with positive probability.

Let J§, Ji, Ji, Ji be the set of indices j € [i — 1] such that |T; NT;| =0, 1,2, 3,
respectively. Note that Jj U Ji U Ji U Ji = [1 — 1]. Let X{, X, X3, X4 be the set
of gadgets in S; that share a triangle of the same type with a gadget S; for some
J € J, Ji, Ji, Ji, respectively. Observe that X; = XU X} U X4 U X%.

Claim 1: | Xi| < 28n?.

Proof of claim: Note that |Ji| <9 since each forbidden triangle is considered 10
times in the enumeration. Suppose j € Ji and consider the gadget S;, which is also
a gadget for T;. Tt follows by Proposition 5.2.6 that | X%| < (3n?+3n+1)|Ji| < 28n?
since S; contains exactly three triangles of type 1, three triangles of type 2 and

one triangle of type 3. —

Claim 2: | X3| < 48n3.

Proof of claim:  First, let us see that |Ji| < 38n. The number of triangles

T € K3(G) such that |TNT;| = 2 is at most 3(n — 1). On the other hand, the
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number of faces f € F3(G) such that f NT; =2 is at least 3(1 — §)(n — 1). Thus,
the number of forbidden triangles that intersect 7; in exactly two vertices is at
most 33(n — 1). In particular, |Ji| < 34n.

Thus, by Propositions 5.2.6 and 5.2.9 we have that | Xi| < (n? +2n+ 1)|Ji| <
46n3. —

Suppose now that X} < 1384n? and X} < 183n>. Then
1 X5 < | X5+ | X+ | Xe| + | X4 < 1388n® + 188n® 4+ 48n® + 28n* < n®/2

since < 1/320 and n > ng is large enough. Thus, it is enough to prove that with

positive probability

| X} < 1388n® and |X}| < 184n? for every i € [N]. (5.3)

For each j € J§, let Y] be the indicator variable for the event [Ty, NT;| > 1.

By Propositions 5.2.6 and 5.2.7 we have that
(Xol <2n | YY)+ 1l
JElJg]
Let ji, .., J1) be an enumeration of Ji. Then

3n? _ 3
v=1/2)n%  (y—1/2)n

PIVi=11v Y] 5
since |W;| > (v —1/2)n® for all j € [i — 1], and there are at most 3n* triangles T,
such that [Ty, N T;| > 1.

Let By ~ Bin(|J} Since N < 108n3, in particular we have |J¢| <

3
b a=imm)-
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108n3, then
31! 308
< n
(y=1/2)n = (v = 1/2)
Note that ¢y := 633 — % > 0 since (7 — 1/2) > 30/63. Thus, it follows by

Lemma 2.1.2 and Fact 2.1.3 that

E[Bo] =

P | Y V) >638n"| <P[By>638n"] =P[By > E|[Bo] + ton’]
jelJi) (5:4)

42,3
< ¢ 2t0n'

For each j € Jj, let Z} be the indicator variable for the event [Ty, NT;| = 1.
Recall that for all j € J we have |T; N T;| = 1. It follows by Propositions 5.2.6

and 5.2.8 that

(Xil<n® | D0 Zi | + (n+ 1]l

el
Let ji, ..., be an enumeration of Ji. Then
. 4 . o2n? 2
]P’Z’.:lZ?...Z?}< -
J ’ Ji? A S (7 _ 1/2)713 (7 _ 1/2)71

since |W;| > (v —1/2)n? for all j € [i — 1], and there are at most 2n® triangles T,
such that [Ts, N T;| > 1 and [T, N T;| = 0.

Now, let us check that |J{| < 34n?. The number of triangles T' € K3(G) such
that |7 NT;| = 1 is at most 3(n — 1)?, which is the total number of partial 3-sets
intersecting 7; on precisely one vertex. On the other hand, the number of faces
f € F3(G) such that |fNT;| =1 is at least 3(1 — 8)(n — 1)%. Thus, the number of

forbidden triangles that intersect T} in exactly two vertices is at most 33(n — 1)%.
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In particular, |Ji| < 34n?.

Let By ~ Bin(]Ji], ¢ . Then

2
oo/

2l 68
(v=1/2)n = (y—1/2

E[B;] = )n

Note that t; := 135 — % > ( since (7 —1/2) > 6/13. Thus, it follows by

Lemma 2.1.2 and Fact 2.1.3 that

P| > 7 >136n| <P[B >136n] =P[B1 > E[B)] +tin] < 2¢7*". (5.5)
jelJi]

Finally, applying (5.4) and (5.5), a union bound implies that with positive

probability > Y} < 633n* and > el Z; < 13fn for every i € [N]. Hence,

JELS)

Xl <2n | D0V + 1] < 1268n° + 108n° < 13850

JelJi]

and
Xl <n® | Y Zi | + (n+ D] < 1380° + 38n® + 380 < 1830
jeli]
holds for all i € [N] with positive probability as required by (5.3). O
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5.3 Proof of Theorem 5.1.1

In this section we will discuss the proof of Theorem 5.1.1. The proof closely follows
the approach used by Barber, Glock, Kiihn, Lo, Montgomery and Osthus [7] to
find a triangle decomposition in a non-partite graph with high minimum degree.
Recall Section 1.5.1 for an overview of the approach. Instead of presenting the full
proof we will sketch the main steps and highlight any substantial difference from
the method.

Let G be a Kj-divisible balanced tripartite complex with parts V!, V2, V3 of
size n such that df;(e) > (1 —f)n for each e € E(G) for some ¢ < 1/320. Let € > 0
and assume the hierarchy of constants 1/n < ¢ < ¢. The first step is to find a
vortex sequence in G that will pass down the minimum degree property. Formally,

we define a vortex sequence as follows.

Definition 5.3.1. A (J,e, m)-vortez in G is asequence V(G) =V, 2 V1 2 --- DV

where |V*| = m for each k € [3] such that for all i € [¢]
(V1) |VE| = ¢g|VF ]| for each k € 3],
(V2) di(e; VF) > §|VF| for each k € [3] and e € E(G[V;_1 \ VI*,]).

By iteratively choosing each set V¥ as a random subset of V¥ | of size e|V}* |
for each k € [3], it is not hard to check that G contains a ((1— 3 —¢€), e, m)-vortex
where 1/n < 1/m < e < . Note that using § < 1/320 and the hierarchy we can
guarantee that 8 + e < 1/320.

The next step is to set aside the final absorbers for all the possible leftover
configurations in G[V;]. Using Lemma 4.8.2 (with r = 2) and the fact that d;(e) >

(1 —B)n for all e € E(G) it is possible to greedily find such absorbers.
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We want now to iteratively apply a ‘Cover Down Lemma’ until the final leftover
is contained within G[V,] and thus can be covered using the final absorbers that

were set aside. In our case, the Cover Down Lemma would look as follows.

Lemma 5.3.2. Let 1/n < v < e < 1/6,1/a with a < 1/(27-10°) and 8 < 1/320.
Let G be a balanced tripartite complex with parts VY, V2, V3 of size n such that
d5(e) > (1 — B+e)n for each e € E(G) and 6(G) > (1 — a)n. Let U C V(G)
with |U*| = en for each k € [3]. Suppose that di(e;U*) > (1 — B+ €)|U*| for
all k € [3] and e € E(G[V \ V*]) and dg(v;U*) > (1 — «)|U*| for all k € [3]
and v € V \ VE. Suppose also that dg(v;V?) = dg(v; V7)) for all i, € [3] and
v € V(G)\ (VEUVIUU). Then there exists an Fy-decomposable subcomplex

H C G such that G — G[U] C H and A(H[U]) < yn.

Proof sketch. In the tripartite case the proof of the Cover Down Lemma is
much simpler than, say, the proof of Lemma 4.7.3. After removing the ‘reservoir’
graph R and finding an approximate Fs-decomposition in G — R — G[U] (by using
Lemma 5.2.1), it is now easier to cover down the leftover edges that lie outside
G[U]. Indeed, let L be the graph induced by the leftover edges. For each edge
e € L[V \ U] we can greedily pick a vertex v inside Nj(e) so that e U {v} is a
face of G. Once all edges in L[V \ U] are covered, we find for each v € V' \ U a
matching in the link graph Lke/ (v; U) where G' is the complex obtained from G by
removing all the covered edges so far. The existence of edge-disjoint matchings for
each v € V' \ U can be shown using the minimum degree of G’ and the randomised
algorithm used in the proof of Lemma 2.6.2. With this all the leftover edges in L

are covered and the proof would be completed. U

By iteratively applying Lemma 5.3.2 to each G[V;_4]| (with V; playing the role
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of U) we can cover down all the edges of G until a final leftover is left in G[V}].

These edges are finally covered using the absorbers that were set aside.
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CHAPTER 6

FINAL REMARKS

In this section we will summarise our results and discuss some further consequences
and some potential applications. In a nutshell, the methods we use to find a re-
solvable decomposition consists of, first, transforming the problem into finding a
graph decomposition in an auxiliary graph, which we call the ‘extended graph’,
and then applying ‘iterative absorption’ to the extended graph in order to find the
desired decomposition. In our case, in order to prove the existence of a resolv-
able decomposition in Theorems 1.2.3, 1.2.5 and 1.4.5 we prove the existence of
a decomposition in their corresponding extended graphs in Theorems 2.2.3, 3.2.1
and 4.2.1, respectively. Recall that the use of the extended graph to find resolv-
able decompositions was introduced by Keevash [43]. Recall also that the iterative
absorption approach that we use relies fundamentally on three key results: the ex-
istence of a fractional decomposition, the ‘Cover Down Lemma’, and the existence
of final absorbers. While the last two have already been developed and success-
fully used together to solve several decomposition problems, e.g. [9, 28, 30, 59, 61],
the existence of a fractional decomposition is often treated as an independent

problem. For this reason, in addition to proving a ‘Cover Down Lemma’ and
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constructing final absorbers for the extended graphs, we have had to develop a
new technique that allows us to find a fractional decomposition in each extended
graph (see Section 2.3 and Section 3.3). More precisely, given a ‘balanced’ frac-
tional decomposition of the host graph —where by ‘balanced” we refer to fractional
decomposition which is close to a uniform weighting— we are able, through the
use of customised gadgets, to ‘extend’ the fractional decomposition of the host
graph into a fractional decomposition of the extended graph. This new technique
together with the implementation of the ‘iterative absorption” method allows us to
reduce the problem of finding a resolvable decomposition in a graph into finding
a balanced fractional decomposition. We believe this is a powerful tool to solve

problems on the existence of resolvable decompositions.

6.1 Applications

The existence of resolvable designs in typical graphs was settled by Keevash [43].
However, their proof involved algebraic techniques and required £, 1/s < p in the
assumption of (&, p, s)-typicality. As shown by Theorem 1.2.5 and Theorem 1.4.5
our methods can be used to show the existence of resolvable decompositions in
(&, p, s)-typical pseudo-random graphs where £ < p,1/s. This difference in the
typicality assumption is due to the fact that our methods only rely on proba-
bilistic arguments and the existence of constant size gadgets. In fact, in order
to apply our arguments we only require a linear size common neighbourhood of
sets of constant size. This could be very useful to deduce analogous results in
the minimum degree setting. For instance, to prove Theorem 1.2.5 we require a

linear size common neighbourhood of sets of size at most 3r which is guaranteed
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by the typicality condition. A graph G on n vertices with minimum degree at least
(1 —1/3r + a)n guarantees a size of at least an in all common neighbourhoods
of at most 3r vertices. Assuming the existence of a balanced fractional decom-
position we could apply the same approach as Theorem 1.2.5 to G and show the
existence of a resolvable K,.-decomposition. The big constraint when deducing
analogous results in the minimum degree setting is then the existence of the bal-
anced fractional decomposition. In the pseudo-random setting it is not hard to
find a balanced fractional decomposition since the graph is ‘highly regular’ due to
the typicality condition. But this is not the case in the minimum degree setting.
Thanks to the recent result by Joos and Kiihn [40] (see Theorem 2.3.1) we are able
to apply our methods and prove Theorem 1.2.3. The authors in [27] made the fol-
lowing conjecture which can be viewed as a Dirac-type version of the Oberwolfach

problem.

Conjecture 6.1.1 (|27, Conjecture 1.5]). For every o > 0 there exists ng € N
such that for any 2-reqular graph F on n > ngy vertices, any reqular graph G on n

vertices with even degree and such that §(G) > (3/4+a)n has an F-decomposition.

The authors in [31] conjectured that if the girth of F' is large compared to
1/a then the term 3/4 could be replaced by 1/2. Theorem 1.2.3 answers this
affirmatively if F' consists of cycles of the same length.

It is also possible to deduce results in the pseudo-random setting from the
approach used in the minimum degree setting. In fact, following the proof of

Theorem 1.2.3 one can prove the subsequent result.

Theorem 6.1.2. For every r > 3 and p > 0 there exist £ > 0 and ng € N such

that any C,.-divisible (&, p,4)-typical reqular graph G on n > ng vertices such that
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r | n has a resolvable C..-decomposition.

Of course the proof of Theorem 1.2.3 would have to be adapted. For example,
the use of Theorem 2.3.1 could be replaced by the use of Lemma 4.2 in [7], and
property (V3) in Definition 2.5.1 would have to be replaced by de(S;V;) = (1 +
&)p|Vi| for every set S C V;_; with |S| < 4. On the other hand the construction of
the ‘shifters’ in Section 2.3 and the final absorbers in Section 2.8 would not need
any change.

On the other hand, a direct application of Theorem 1.4.5 leads to the following
‘partite’ version of Theorem 6.1.2. Given an r-partite graph G, a resolvable partite
C,.-decomposition of GG is a resolvable C)-decomposition where each cycle contains

exactly one vertex from each part of G.

Corollary 6.1.3. For every r > 3 and p > 0 there exist £ > 0 and ny € N
such that the following holds. Let Vo :=V, and V.1 := Vi. Let G be a balanced
reqular r-partite graph with parts Vi,...,V, of size n > ng such that E(G) =
Uicpy E(GVi-1, Vi]) and, for each i € [r], G[V;—1, V] is a (§,p,3(r — 1))-typical
bipartite graph and dg(v;Vi—1) = dg(v;Vig1) for every v € V;. Then G has a

resolvable partite C,.-decomposition.

To prove Corollary 6.1.3 we shall use a recent result from Klimosova, Reiher,
Ruciniski and Sileikis [51] that confirms the Kim-Vu Sandwich Conjecture [49]
in regular dense bipartite graphs. Let G(n,n,p) denote the random bipartite
graph obtained from K,,,, by choosing each edge independently at random with
probability p, and let R(n,n,p) be a random bipartite graph chosen uniformly at

random from the set of pn-regular bipartite graphs with parts of size n.
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Theorem 6.1.4 ([51]). Let 1/n < & < p. There exists a joint distribution of
the bipartite random graphs Gi ~ G(n,n,(1 —§)p), R ~ R(n,n,p) and Gy ~
G(n,n, (1 +&)p) such that Gy C R C Gy with probability 1 — o(1).

Proof of Corollary 6.1.3. Let p’ := dg(v;V;)/n for some i € [r] and v € V;_;.
Note that p’ is well defined since G is regular and dg(v; Vi—1) = dg(v; Vigq) for
every v € V;. Observe also that p’ = (1 & &)p because of typicality. For each
i.jelr],i#j—1,4,7+1, let H[V;,V;] be a random (p'n)-regular bipartite graph
on [V;,V;] and let
H=J HW.V]
4

Let G’ := GUH. For each i,j € [r], i # j—1,j,7 + 1 we use Theorem 6.1.4 to
find a joint distribution of G1[V;, V;] ~ G(n,n, (1=£)p'), H[V;, V] and G1[V;, V] ~
G(n,n, (14 &)p’) such that G1[V;, V;] C H[V;, V;] C G2[V;, V] with probability al-
most 1. Thus, using Lemma 2.1.2 and a union bound we can see that with positive
probability G’ is a (&', p, 3(r — 1))-typical r-partite graph for some ¢ > 0 where
1/n < ¢ < . Hence, we can choose H so that G’ is a K,-divisible (¢, p, 3(r—1))-
typical r-partite graph with parts Vi,...,V,.. We can now apply Theorem 1.4.5 to

find a resolvable K,-decomposition of G'. Finally, observe that the restriction of

the K,-decomposition to GG induces a resolvable partite C,.-decomposition. U

In their proof of the Oberwolfach problem, Glock, Joos, Kim, Kiihn and Os-
thus [27] make use of a result by Keevash [43] on the existence of resolvable designs.
In particular, they use it to prove two specific results [27, Corollary 3.7 and Corol-
lary 3.9]. Theorem 6.1.2 and Corollary 6.1.3 imply those results respectively thus

allowing for a purely combinatorial alternative proof.
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