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Abstract

Given graphs F and G, a resolvable F -decomposition of G is a partition of its

edges into F -factors. We study the existence of resolvable cycle and clique decom-

positions in graphs with high minimum degree and pseudo-random graphs.

We show a Dirac-type result for the uniform case of the Oberwolfach problem

and make progress towards a conjecture by Glock, Joos, Kim, Kühn and Osthus.

Specifically, we prove that for any α > 0 there is an integer r0 such that for any

r ≥ r0, any sufficiently large graph G on n vertices, with r | n, even degree, and

minimum degree (1/2 + α)n, has a resolvable Cr-decomposition. The term 1/2 in

the minimum degree bound is best possible.

We show that any sufficiently large pseudo-random graph that satisfies the

necessary divisibility conditions has a resolvable Kr-decomposition.

We also prove the analogue for multipartite graphs. That is, any sufficiently

large r-partite pseudo-random graph that satisfies the necessary divisibility con-

ditions has a resolvable Kr-decomposition.

Our methods are purely combinatorial and combine ‘iterative absorption’ with

a new technique on finding a fractional decomposition in an ‘extended graph’.

Finally, we discuss the consequences of our results and some potential applications

of the methods into other resolvable decomposition problems.
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CHAPTER 1

INTRODUCTION

The study of decomposition problems in combinatorics dates back to the 18th

century with Euler’s study on the existence of mutually orthogonal Latin squares.

Ever since, new decomposition problems have been formulated and extensively

studied; some of them becoming notorious and of high interest among mathe-

maticians. In essence, a decomposition problem asks for the partition of a large

structure into smaller, and often organised, substructures. In particular a graph

decomposition consists of partitioning the edge set of a given graph. Algebraic

methods have often been used to obtain decomposition results in graphs with a

highly symmetric structure (e.g. the complete graph Kn). However, during the

20th century the use of probabilistic techniques in graph theory was initiated and

popularised by Paul Erdős and led to many graph decomposition results relying

on combinatorial and probabilistic arguments. These methods allowed to obtain

decomposition results on graphs which are far from being complete and satisfy

instead certain global properties. In this thesis we will study decompositions of

graphs with high minimum degree into cycles of fixed length and decompositions

of pseudo-random non-partite and partite graphs into cliques of fixed size.

1



1.1 Graph decompositions

Given graphs F and G, an F -decomposition of G is a partition of its edge set

E(G) into copies of F . Let Kn denote the complete graph on n vertices. A K3-

decomposition of Kn is known as a Steiner triple system of order n. In 1847,

Kirkman [50] showed that a Steiner triple system exists if and only if n ≡ 1, 3

mod 6. This became one of the first results in design theory. It is not difficult

to see that n ≡ 1, 3 mod 6 is a necessary condition for the existence of a Steiner

triple system. Indeed, if a graph G admits a Kr-decomposition then e(G) must

be divisible by
(
r
2

)
and the degree of each vertex must be divisible by r − 1. A

graph satisfying such conditions is called Kr-divisible. These type of necessary

conditions are known in general as divisibility conditions and arise in essentially

every decomposition problem. In particular, given graphs F and G we say that

G is F -divisible if e(F ) | e(G) and gcd(F ) | dG(v) for every v ∈ V (G) where

gcd(F ) := gcd{dF (v) : v ∈ V (F )}. Note that a graph G must be F -divisible in

order to have an F -decomposition. A Hamilton cycle (or path) is a cycle (or path)

that contains all vertices of a graph. Also in the 19th century, Walecki [62] showed

that Kn can be decomposed into edge-disjoint Hamilton cycles if n is odd and

into edge-disjoint Hamilton paths if n is even. Years later, Wilson [79, 80, 81, 82]

generalised Kirkman’s theorem by proving that, given a graph F , every large

enough F -divisible complete graphKn has an F -decomposition. When considering

the host graph G to be non-complete, it is not true that every large enough graph

satisfying the required divisibility conditions has an F -decomposition. In fact,

determining whether a given graph G has an F -decomposition is NP-complete [20].

For this reason, we are interested in adding additional conditions to the graph G
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which are simple and sufficient to guarantee the existence of a decomposition.

Two of the most studied examples are minimum degree conditions, also known as

Dirac-type conditions, and pseudo-random conditions.

1.1.1 Dirac-type results

Dirac-type results refer to problems on graphs that satisfy a minimum degree

condition. In this framework, extending Walecki’s theorem, Csaba, Kühn, Lo,

Osthus and Treglown [15] solved the so-called Hamilton decomposition conjecture:

there exists n0 ∈ N such that every r-regular graph G on n ≥ n0 vertices with

r ≥ ⌊n/2⌋ has a decomposition into edge-disjoint Hamilton cycles and at most one

perfect matching.

There is a large literature on Dirac-type results about graph decompositions.

One of the most notorious problems is the following conjecture posed by Nash-

Williams in 1970 which extends Kirkman’s theorem to graphs with high minimum

degree.

Conjecture 1.1.1 (Nash-Williams [69]). There exists n0 ∈ N such that every

K3-divisible graph G on n ≥ n0 vertices satisfying δ(G) ≥ 3n/4 has a K3-

decomposition.

It is not hard to check that the bound on the minimum degree is best possible.

Indeed, consider the following extremal example. Let G1 and G2 be vertex-disjoint

(6k + 2)-regular graphs on 12k + 6 vertices. Let G := G1 ∪ G2 ∪ G3 where G3 is

the complete bipartite graph with parts V (G1) and V (G2). Note that the degree

of each vertex of G is 18k+8 ≡ 0 mod 2 and that |V (G)| = 24k+12 ≡ 0 mod 3.

Thus, G is K3-divisible and satisfies δ(G) ≥ 3|V (G)|/4. However, since every
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triangle of G contains at least one edge of G1 ∪ G2 and 2|E(G1 ∪ G2)| < |E(G3)|

then G cannot have a K3-decomposition.

When considering Kr-decompositions for r ≥ 3 the following natural extension

of Conjecture 1.1.1 was proposed by Gustavsson.

Conjecture 1.1.2 (Gustavsson [32]). Given r ≥ 3 there exists n0 ∈ N such that

every Kr-divisible graph G on n ≥ n0 vertices satisfying δ(G) ≥ (1 − 1/(r + 1))n

has a Kr-decomposition.

Given a graph F let δF be defined as the minimum δ > 0 such that for any

α > 0 there exists n0 such that every F -divisible graph G on n ≥ n0 vertices

with δ(G) ≥ (δ+α)n has an F -decomposition. Thus, Conjecture 1.1.2 states that

δKr ≤ 1− 1/(r + 1) and in particular, the Nash-Williams conjecture would imply

δK3 ≤ 3/4. We refer to δF as the decomposition threshold of F . Similarly, let

δ0+F be defined as the minimum δ > 0 such that for any α, γ > 0 there exists n0

such that every graph G on n ≥ n0 vertices with δ(G) ≥ (δ + α)n contains an

F -decomposable subgraph H ⊆ G that covers all but at most γn2 edges of G. We

refer to δ0+F as the approximate decomposition threshold of F . A result by Glock,

Kühn, Lo, Montgomery and Osthus [28] bounds the decomposition threshold of F

by δ0+F and the chromatic number χ(F ).

Theorem 1.1.3 ([28]). For any graph F , δF ≤ max{δ0+F , 1− 1/(χ(F ) + 1)}.

In particular Theorem 1.1.3 implies δKr ≤ max{δ0+Kr
, 1 − 1/(r + 1)} for every

r ≥ 3. The result for the case F = K3 was originally proved by Barber, Kühn, Lo

and Osthus [9] and a shorter proof was given later by Barber, Glock, Kühn, Lo,

Montgomery and Osthus [7]. Hence, the problem of finding bounds on δF gets re-
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duced to finding bounds on δ0+F . As we will discuss in Section 1.1.2 distinct bounds

on δ0+F have been obtained via the so-called fractional decomposition threshold.

In the case of cycle decompositions, Barber, Kühn, Lo and Osthus [9] gave

explicit values of the decomposition threshold of a cycle.

Theorem 1.1.4 ([9]). Let Cr denote the cycle of length r. Then

δCr =


2/3 if r = 4,

1/2 if r ≥ 6 is even,

δ0+Cr
if r ≥ 3 is odd.

In addition to Theorem 1.1.3 the authors in [28] explicitly determined the

decomposition threshold of any bipartite graph. It is always either 0, 1/2 or 2/3

depending on the graph.

1.1.2 Fractional decompositions

Given graphs F and G, a fractional F -decomposition of G is a function ω from the

set of copies of F in G to [0, 1] such that for each edge e ∈ E(G)

ω(e) :=
∑

F ′⊆G : e∈E(F ′)

ω(F ′) = 1

where the sum is taken over all copies F ′ of F in G that contain e.

Clearly, finding a fractional F -decomposition is easier than finding an F -

decomposition. For instance, the complete graph Kn contains the trivial fractional

F -decomposition ω obtained by assigning, to each copy of F in G, a uniform weight
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equal to the inverse of the number of copies F ′ of F that contain a given edge

e ∈ E(G).

Let δ∗F be the minimum δ > 0 such that for all α > 0 there exists n0 ∈ N

such that every F -divisible graph G on n ≥ n0 vertices with δ(G) ≥ (δ + α)n

has a fractional F -decomposition. We refer to δ∗F as the fractional decomposition

threshold of F . Using a known result by Haxell and Rödl [37] that transforms

a fractional F -decomposition into an F -decomposition that covers all but o(n2)

edges of G one can show that δ0+F ≤ δ∗F (see [31, Corollary 11.4]). Hence, results

such as Theorem 1.1.3 and 1.1.4 can be used to transfer any upper bound of δ∗F

into an upper bound of δF . Currently, the best known bound on the fractional

decomposition threshold for an arbitrary graph F is due to Montgomery [65] who

showed that δ∗F ≤ 1 − 1/(100χ(F )). In particular, δ∗Kr
≤ 1 − 1/(100r) for r ≥ 4.

In the triangle case, Dross [21] gave a simple and elegant proof of δ∗K3
≤ 9/10.

This result was improved by Delcourt and Postle [18] who showed that δ∗K3
≤

(7+
√
21)/14 ≈ 0.827. For the case of cycles observe that Theorem 1.1.4 determines

the decomposition threshold of cycles of even length. In the case of odd cycles, a

recent result by Joos and Kühn [40] shows that given ε > 0 if r is large enough

then δ∗Cr
≤ 1/2 + ε.

1.1.3 Pseudo-random graphs and typicality

Other conditions that have been widely studied in order to guarantee the existence

of graph decompositions are pseudo-random conditions. These are properties that

a dense random graph would likely satisfy. The one we are interested in is the

so-called typicality.
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Definition 1.1.5. Given ξ, p > 0 and s ∈ N we say that a graph G is (ξ, p, s)-

typical if for every set of vertices S ⊆ V (G) of size at most s we have

dG(S) = (1± ξ)p|S||V (G)|

where dG(S) := |
⋂

v∈S NG(v)|.

Note that, given ξ, p > 0 and s ∈ N, for large enough n a random graph on n

vertices where each edge is chosen independently with probability p is likely to be

(ξ, p, s)-typical.

The existence of clique decompositions in typical graphs has been proved by

Keevash [42]. Glock, Kühn, Lo and Osthus [30] generalised the result to F -

decompositions for an arbitrary graph F by using an innovative method known

as iterative absorption (see Section 1.5.1). It is worth mentioning that the results

in [30, 42] cover also hypergraph decompositions.

1.2 Graph factorization

1.2.1 Graph factors

An F -factor of G is a collection of vertex-disjoint copies of F that spans V (G). A

classical theorem of Hajnal and Szemerédi [35] gives a minimum degree condition

on a graph G to ensure the existence of a Kr-factor.

Theorem 1.2.1 (Hajnal and Szemerédi [35]). Given r ≥ 2, every graph G on n

vertices such that r | n and δ(G) ≥ (1− 1/r)n has a Kr-factor.
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The case r = 2 is equivalent to finding perfect matchings and can be deduced

using Tutte’s or Dirac’s theorem. The case r = 3 was first solved by Corrádi and

Hajnal [14]. For arbitrary graphs F , Alon and Yuster [2] showed that given α > 0

any large enough graph G where |V (F )| divides |V (G)| and δ(G) ≥ (1−1/χ(F )+

α)n has an F -factor. Komlós, Sárközy and Szemerédi [54] improved the result by

replacing the term αn in the minimum degree condition by a constant depending

only on |V (F )|. Finally, Kühn and Osthus [57] showed that the minimum degree

threshold for the existence of an F -factor is either 1 − 1/χ(F ) or 1 − 1/χcr(F ),

where χcr(F ) denotes the critical chromatic number, depending on the structure

of F .

The study of Kr-factors in pseudo-random graphs was initiated by Krivelevich,

Sudakov and Szabó [56] who showed the existence of a triangle factor in a graph

with bounded second eigenvalue. A recent result by Morris [68] gives the existence

of Kr-factors in pseudo-random bijumbled graphs improving previous results by

Nenadov [70] and Han, Kohayakawa, Morris and Person [36].

1.2.2 Resolvable decompositions

Given graphs F and G a resolvable F -decomposition of G is a decomposition of

G into edge-disjoint F -factors. Such a decomposition is also known as an F -

factorization of G. We say that an F -decomposition of G is resolvable if the

collection of copies of F in the decomposition can be partitioned into F -factors.

The search for resolvable decompositions dates back to the 18th century with

the publication of a playing cards puzzle by Ozanam in 1725 and the thirty-six

officers problem, also known as Euler’s officers problem, which inspired Euler to
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develop a particular interest in the study of mutually orthogonal Latin squares

(see Section 1.4.4). They asked for a K4-decomposition of the complete graphs

K4,4,4,4 and K6,6,6,6 respectively. It is easy to see that the problems are equivalent

to finding resolvable K3-decompositions of K4,4,4 and K6,6,6. Years later, in 1850,

Kirkman formulated the well-known Kirkman’s schoolgirl problem:

Fifteen young ladies in a school walk out three abreast for seven days in succes-

sion: it is required to arrange them daily so that no two shall walk twice abreast.

The problem asks for a resolvableK3-decomposition of the complete graphK15.

This triggered an interest on resolvable decompositions of the complete graph. The

question was solved by Ray-Chaudhuri and Wilson [73] who determined for which

n the complete graph Kn has a resolvable Kr-decomposition.

In 1967, Ringel posed his famous Oberwolfach problem which generalises Kirk-

man’s and Walecki’s problems by asking for a decomposition of the complete graph

Kn into copies of a given 2-factor.

Problem 1.2.2 (Oberwolfach problem). Let F be a 2-regular graph on n vertices.

For which odd n does the complete graph Kn decompose into copies of F?

Glock, Joos, Kim, Kühn and Osthus [27] answered the problem positively for

large enough n. Their result also allowed for the decomposition into a given family

F1, . . . , Fm of 2-factors instead of a fixed factor F provided that one of the factors

in the family appeared a linear amount of times. Shortly afterwards, Keevash and

Staden [47] generalised the result by replacing the complete graph in the statement

by any large enough typical graph as well as digraph, and by proving a generalised

version of the Oberwolfach problem in which the host graph can be decomposed

into any given family F1, . . . , Fm of 2-factors. The results in [27, 47] solves another
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famous problem, the Hamilton–Waterloo problem, which asks for a decomposition

of the complete graph Kn into copies of two given 2-factors F1, F2. The case where

a 2-factor consists of cycles of the same length is known as uniform. Our first result

consists of a Dirac-type result for the uniform case of the Oberwolfach problem and

makes progress towards a conjecture by Glock, Joos, Kim, Kühn and Osthus [27,

Conjecture 1.5].

Theorem 1.2.3. For all α > 0 there exists r0 ∈ N with the property that for

any r ≥ r0 there is n0 ∈ N such that any Cr-divisible regular graph G on n ≥ n0

vertices such that r | n and δ(G) ≥ (1/2 + α)n has a resolvable Cr-decomposition.

Note that Cr-divisibility, regularity and r | |V (G)| are necessary conditions for

the existence of a resolvable Cr-decomposition. Moreover, the bound of 1/2 is best

possible:

Proposition 1.2.4 ([9]). Let r ∈ N be odd, r ≥ 3 and let δ := r
2(r−1)

. There

are infinitely many Cr-divisible regular graphs G with r | |V (G)| and δ(G) ≥

δ|V (G)| − 1 which do not admit a Cr-decomposition.

Proof. Let n ∈ N be odd and satisfy r | n. Let G be the graph obtained by

‘blowing up’ each vertex of the complete bipartite graph Kr−1,r−1 into a clique of

size n. In other words, G is obtained from Kr−1,r−1 by replacing each vertex v by

a clique Kv of size n and replacing each edge vu by a complete bipartite graph

betweenKv andKu. Note that G is (nr−1)-regular. Since |V (G)| = 2n(r−1) then

r | |V (G)| and δ(G) = nr−1 = δ|V (G)|−1. Note also that e(G) = (r−1)n(nr−1)

which implies that r | e(G) so G is Cr-divisible. Finally observe that since r is

odd any cycle of G of length r must contain at least one edge of some clique
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Kv, v ∈ V (Kr−1,r−1). Since the number of edges of the union of such cliques is

(r − 1)n(n− 1) < e(G)/r then G can not have a Cr-decomposition. □

Thus, Theorem 1.2.3 can be viewed as the minimum degree threshold for the

existence of a resolvable Cr-decomposition. As we shall discuss with more de-

tail in Section 1.5, our proof is based on purely combinatorial and probabilistic

arguments. The proof is simple and could be useful for finding resolvable F -

decompositions in graphs with high minimum degree and pseudo-random graphs.

In fact, we apply a similar approach to show the existence of resolvable Kr-

decompositions in typical graphs.

Theorem 1.2.5. For every r ≥ 3 and every p > 0 there exists ξ > 0 and n0 ∈ N

such that any Kr-divisible (ξ, p, 3r)-typical regular graph G on n ≥ n0 vertices such

that r | n has a resolvable Kr-decomposition.

The existence of resolvable F -decompositions for an arbitrary graph F was

proved by Keevash [43] in large enough pseudo-random graphs and hypergraphs.

In particular, this covered the case F = Kr. However, their result required the

typicality parameter s to be significantly larger than r whereas ours only requires

s ≥ 3r. In fact, our proof only requires a linear size common neighbourhood of sets

of size at most 3r. This could be useful to deduce Dirac-type results. For instance,

a graph G on n vertices with minimum degree at least (1− 1/3r+α)n guarantees

a size of at least αn in all common neighbourhoods of at most 3r vertices. We will

discuss further the differences of our method when applied to graphs with high

minimum degree and when applied to pseudo-random graphs in Chapter 6.
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1.3 Related decomposition problems

1.3.1 Decompositions into trees

A big part of the literature on graph decompositions concerns decompositions into

trees. Since the term ‘tree decomposition’ is widely used to refer a mapping of

a graph into a tree these type of decomposition are known as ‘tree packings’.

Although our results are not directly related to trees we will present some of the

most famous results on this topic.

Besides the Oberwolfach problem, Ringel also posed the following notorious

conjecture in 1963.

Conjecture 1.3.1 (Ringel [74]). For any tree T with n edges the complete graph

K2n+1 has a T -decomposition.

The conjecture has been solved for large n independently by Montgomery,

Pokrovskiy and Sudakov [67] and Keevash and Staden [48]. Keevash and Staden

also extended the result to typical graphs.

Another famous problem is the so-called ‘tree packing conjecture’ by Gyárfás

and Lehel [33].

Conjecture 1.3.2 (Tree packing conjecture [33]). For every n, the complete graph

Kn can be decomposed into a sequence of trees T1, . . . , Tn where Ti has i vertices.

Joos, Kim, Kühn and Osthus [39] proved the conjecture for bounded degree

trees and large enough n. Recently, Allen, Böttcher, Clemens, Hladký, Piguet and

Taraz [1] improved the result to trees with maximum degree cn/ log n for some

c > 0. Both the results in [1, 39] allowed to replace the complete graph by a dense

pseudo-random graph.
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1.3.2 High-girth decompositions

Given a set of r-cliques K, the girth of K is the smallest g ≥ 2 such that there is

a set of g cliques of K whose union contains at most (r − 2)g vertices.

Another extension of Kirkman’s theorem on triangle decompositions of the

complete graph was proposed by Erdős in 1973.

Conjecture 1.3.3 (Erdős [23]). For any g ≥ 2 there exists n0 ∈ N such that for

every n ≥ n0 where n ≡ 1, 3 mod 6 the complete graph Kn has a K3-decomposition

with girth at least g.

The conjecture was proven recently by Kwan, Sah, Sawhney and Simkin [59].

Extending Erdős’s conjecture, Glock, Kühn, Lo and Osthus [29], and Keevash and

Long [44], conjectured that given g ≥ 2 any large enough Kr-divisible complete

graph Kn has a Kr-decomposition with girth at least g. This conjecture has been

confirmed very recently by Delcourt and Postle [19].

1.4 Partite graphs and Latin squares

1.4.1 Decompositions in partite graphs

A graph G is r-partite if there exists a partition V1, . . . , Vr of V (G) such that

G[Vi] has no edges for every i ∈ [r]. We say that an r-partite graph G with parts

V1, . . . , Vr is balanced if |V1| = · · · = |Vr|. We say that an r-partite graph G is

Kr-divisible if for every i, j ∈ [r] and v ∈ V (G) \ (Vi ∪ Vj)

dG(v;Vi) = dG(v;Vj)
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where dG(v;Vi) := |NG(v) ∩ Vi|. Given r ≥ 3 observe that an r-partite graph

G must be Kr-divisible in order to admit a Kr-decomposition. Moreover, this

definition of divisibility automatically implies r | dG(v) for every v ∈ V (G),

e(Vi1 , Vi2) = e(Vj1 , Vj2) for every i1, i2, j1, j2 ∈ [r] with {i1, i2} ≠ {j1, j2}, and(
r
2

)
| e(G). Let

δ̂(G) := min
i∈[r],v∈V (G)\Vi

dG(v;Vi).

It makes sense for r-partite graphs to consider δ̂(G) instead of δ(G) for the min-

imum degree threshold of a Kr-decomposition due to the fact that every r-clique

in G contains exactly one edge between each pair of parts (Vi, Vj).

In this setting, a natural analogue of Conjecture 1.1.2 is the following:

Conjecture 1.4.1 (Gustavsson [32]). Given r ≥ 3 there exists n0 ∈ N such

that every Kr-divisible balanced r-partite graph G with parts of size n satisfying

δ̂(G) ≥ (1− 1/(r + 1))n has a Kr-decomposition.

Significant progress towards the conjecture was made by Barber, Kühn, Lo,

Osthus and Taylor [10] who proved an analogue to Theorem 1.1.3 restricted to

F = Kr for r-partite graphs. To clarify, they showed that the minimum degree

threshold for the existence of a Kr-decomposition in a large enough Kr-divisible

r-partite graph was the minimum between 1 − 1/(r + 1) and the fractional de-

composition threshold. For the case r = 3, Bowditch and Dukes [11] showed

that any K3-divisible tripartite graph satisfying δ̂(G) ≥ 0.96n has a fractional K3-

decomposition. For the case r ≥ 4, the current best bound to guarantee a fractional

Kr-decomposition in an r-partite graph is due to Montgomery [64]. Combining

their results the following theorem is obtained.

Theorem 1.4.2 ([10, 11, 64]). For every r ≥ 3 and every α > 0 there exists
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n0 ∈ N such that every Kr-divisible balanced r-partite graph G with parts of size

n ≥ n0 satisfying

δ̂(G) ≥


(0.96 + α)n if r = 3,

(1− 1
106r3

+ α)n if r ≥ 4,

has a Kr-decomposition.

1.4.2 Factors in partite graphs

A multipartite version of the Hajnal-Szemerédi theorem (Theorem 1.2.1) was con-

jectured by Fischer [25] and solved asymptotically by Keevash and Mycroft [45]

and independently by Lo and Markström [60]. The exact result was solved by

Keevash and Mycroft [46].

Theorem 1.4.3 ([46]). For every r ≥ k there exists n0 ∈ N such that every r-

partite graph G with parts of size n such that k | rn and δ̂(G) ≥ (1− 1/k)n has a

Kk-factor unless rn/k is odd, k | n and G ≃ Γn,r,k.

The family of graphs Γn,r,k is an extremal counterexample to Fischer’s original

conjecture and were constructed by Catlin [13].

In the pseudo-random setting, the celebrated Blow-up Lemma by Komlós,

Sárközy Szemerédi [53] can be used to find spanning subgraphs of bounded degree

(e.g. F -factors for arbitrary graphs F ) in typical graphs. A hypergraph version of

the theorem was given by Keevash [41].
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1.4.3 Resolvable decompositions in partite graphs

The existence of resolvable F -decompositions for arbitrary graphs F in multipartite

pseudo-random graphs and hypergraphs has been settled by Keevash [43]. We

combine ideas from [43] (‘extended graph’) and [28] (‘iterative absorption’) with a

new result on fractional Kr-decompositions in pseudo-random graphs to show the

following result (see Section 1.5 for further details).

Definition 1.4.4. Given ξ, p > 0 and r, s ∈ N we say that an r-partite graph G

with parts V1, . . . , Vr is (ξ, p, s)-typical if for every i ∈ [r] and every set of vertices

S ⊆ V (G) \ Vi of size at most s we have

dG(S;Vi) = (1± ξ)p|S||Vi|

where dG(S;Vi) := |
⋂

v∈S NG(v) ∩ Vi|.

Theorem 1.4.5. For every r ≥ 3 and p > 0 there exist ξ > 0 and n0 ∈ N such

that any balanced Kr-divisible (ξ, p, 3(r − 1))-typical r-partite graph G with parts

of size n ≥ n0 has a resolvable Kr-decomposition.

Theorem 1.4.5 can be viewed as an analogue to Theorem 1.2.5 in the multipar-

tite setting. Again, our result only requires s ≥ 3(r−1) in the typicality condition

whereas the results in [43] require s to be much larger than r. In order to prove

Theorem 1.4.5 we will need a fractional Kr-decomposition in a pseudo-random r-

partite graph (see Lemma 4.3.1). We accomplish this by adapting Montgomery’s

approach [64] to the pseudo-random setting. In addition, our fractional decompo-

sition will be ‘balanced’ in the sense that the final weight on each clique will be

close to uniform.
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1.4.4 Completion of Latin squares

A Latin square of order n is an n × n array filled with the symbols from [n] so

that each symbol appears exactly once in each row and each column. Let Kn,n,n

denote the complete tripartite graph with vertex parts of size n. There is a natural

bijection between Latin squares of order n andK3-decompositions ofKn,n,n. To see

this, label the three vertex parts ofKn,n,n by ‘row’, ‘column’ and ‘symbol’ and label

the vertices in each part with the numbers [n]. Any triangle rcs of Kn,n,n contains

one vertex from each part (r from ‘row’, c from ‘column’ and s from ‘symbol’) and

can be viewed as placing the symbol s into the position given by r and c. Thus,

a K3-decomposition can be viewed as a filled n × n array where in each position

rc we place the symbol s given by the triangle rcs in the decomposition. The fact

that the triangles in a K3-decomposition are edge-disjoint and cover all the edges

of Kn,n,n imply the properties that define a Latin square. For this reason, the

study of Latin squares is closely related to the study of graph decompositions. For

instance, a tripartite graph G which is obtained from Kn,n,n by removing triangles

can be viewed as a partially filled Latin square, or partial Latin square (each of

the removed triangles would correspond to a filled entry). Whether such a partial

Latin square can be completed to a proper Latin square is a question that has

been extensively studied. Regarding this matter, Daykin and Häggkvist [17] made

the following conjecture:

Conjecture 1.4.6 (Daykin and Häggkvist [17]). Any partial Latin square of order

n in which each row, column and symbol has been used at most n/4 times can be

completed to a Latin square of order n.

The conjecture is best possible as constructions matching the bound are given
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by Wanless [78]. Note that the conjecture can be viewed as a natural analogue to

the Nash-Williams conjecture.

Consider an n× n array where each cell contains a list of ‘permitted’ symbols

from [n]. Can we pick a symbol from each list to obtain a Latin square? Or equiva-

lently, consider an n×n array where each cell contains a list of ‘forbidden’ symbols

from [n]. Is there a Latin square that avoids using symbols from the corresponding

lists? These questions were first posed by Häggkvist [34] who conjectured that any

n × n array with lists of size at most n/3 such that every symbol appears in at

most n/3 lists is avoidable by some Latin square. A construction by Pebody shows

that the conjecture is best possible (see e.g. [16]). Formally, a list Latin square L

of order n is an n× n array in which each entry contains a subset of [n]. We say

that L induces a Latin square L if the symbol on each entry (i, j) of L is contained

in the subset of symbols given by the entry (i, j) of L. Confirming a conjecture

by Häggkvist, it was proved by Andrén [5] for even n, and by Andrén, Casselgren

and Öhman [4] for odd n, that there exists β > 0 such that any list Latin square

of order n such that the subsets on each entry have size at least (1−β)n and each

symbol appears in at least (1−β)n of the lists from each row and column, induces

a Latin square of order n. The concepts of completing partial Latin squares and

list Latin squares can be combined. The result is a partial list Latin square of

order n which consists of an n × n array in which each entry contains either a

number from [n] (‘filled entries’) or a subset of [n] (‘lists on non-filled entries’).

Andrén, Casselgren and Markström [6] explored this notion and showed that there

are constants α, β > 0 such that any partial list Latin square of order n in which

each row, column and symbol has been used at most αn times, and each empty

cell containing a list of size at least (1−β)n, can be completed into a proper Latin
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A B C
B C A
C A B

,
α β γ
γ α β
β γ α

→
Aα Bβ Cγ
Bγ Cα Aβ
Cβ Aγ Bα

Figure 1.1: Two orthogonal Latin squares of order 3.

square using only symbols from the corresponding lists. On the other hand, for

α+ β > 1/3, they constructed examples of such partially filled Latin squares that

could not be completed [6, Section 5]. We give explicit bounds on α, β for large

enough n.

Theorem 1.4.7. For any α < 1/(27·106) and β < 1/320 there exists n0 ∈ N such

that any partial list Latin square of order n ≥ n0 in which each row, symbol and

column has been used at most αn times, the lists for each empty entry have size at

least (1− β)n, and each symbol appears in at least (1− β)n of the lists from each

row and each column, can be completed into a Latin square of order n.

Two Latin squares of order n are said to be orthogonal if when superposed

the ordered pairs of entries are all distinct, see e.g. Figure 1.1. A set of mutually

orthogonal Latin squares (MOLS) is a set of Latin squares which are pairwise

orthogonal. The study of MOLS dates back to Euler’s officer problem, asking

for the existence of a pair of MOLS of order six. As with Latin squares, MOLS

are closely related to decompositions. More generally, the problem of finding a

Kr-decomposition of an r-partite graph G which is obtained from the complete

r-partite graph with parts of size n by removing r-cliques is equivalent to the

completion of (r − 2) partial Latin squares into a set of MOLS of order n. This

question is studied in [10] provided that G satisfies a minimum degree condition.

On the other hand, Theorem 1.4.5 asserts that this can be done as long as G
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satisfies a pseudo-random condition. In fact, Theorem 1.4.5 will be deduced from

a more general result in which the Kr-decomposition can only use a certain set of

‘permitted’ cliques (see Theorem 4.2.1). This relates to the completion of a set of

random-like partial list Latin squares into a set of MOLS.

1.5 Methods

1.5.1 Iterative absorption

The proofs of Theorems 1.2.3, 1.2.5 and 1.4.5 rely on ‘iterative absorption’, a

method that was introduced by Kühn and Osthus [58] and has proven to be very

successful for finding spanning structures and decompositions in large enough

graphs and hypergraphs (see e.g. [9, 10, 12, 28, 30, 39, 52, 59, 61]). There are

known methods to find ‘almost-spanning’ structures in a graph such as the Rödl

Nibble, introduced by Rödl [75], or the random greedy algorithm proposed by

Spencer [77]. The idea of the absorption method is, before applying any such

algorithms, to set aside a suitable subgraph, called ‘absorber’, that will be used

to transform the leftover from an almost-spanning structure so that it completes

it into a proper one. Such an approach was introduced systematically by Rödl,

Ruciński and Szemerédi [76] in order to find spanning structures in hypergraphs,

but similar methods had already been used before (see e.g. [24, 55]). Roughly

speaking, we don’t have information about how the leftover might look like, so

in order to be able to find an appropriate absorber, we need to modify the algo-

rithm that finds the almost-spanning structure so that some information about

the leftover is known beforehand. One way to achieve this is to somehow control
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the leftover at each step of the algorithm. Indeed, suppose we want to find an

edge-decomposition of a graph G. The ‘iterative absorption’ method splits up

the procedure of finding an approximate decomposition into many steps, and at

each step applies a ‘partial absorbing’ procedure to absorb part of the leftover so

the remaining one is under control. At the end of the overall iteration, the left-

over is controlled and can be covered via the absorbers that were set aside at the

beginning.

In our case, we will find a sequence of vertex sets V (G) = U0 ⊇ · · · ⊇ Uℓ, which

we call the ‘vortex’ sequence, where |Ui| = ε|Ui−1| and |Uℓ| ≤ m for some fixed

ε > 0 andm ∈ N. At the very beginning, we will set aside absorbers for all possible

leftover configurations contained in G[Uℓ]. Then, iteratively, at the i-th step we

will find an approximate decomposition of G[Ui] and apply the so called ‘Cover

Down Lemma’ to cover all edges that lie outside of G[Ui+1]. These two independent

results: the existence of a fractional decomposition (which is transformed into an

approximate decomposition) and the ‘Cover Down Lemma’, form the main core of

the method. With this procedure, we will end up with the final leftover contained

in G[Uℓ] which can be ‘absorbed’. This approach was first introduced by Barber,

Lo, Kühn and Osthus [9] and further developed in [28, 30]. See e.g. [7] for a simple

illustration of the method.

1.5.2 The extended graph

The problem of finding a resolvable decomposition in a graph G can be reduced

to finding a decomposition in an auxiliary graph G′, which we refer to as the

extended graph. This method was first used by Keevash [43] in order to solve
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the existence of resolvable designs. Indeed, suppose we want to find a resolvable

Kr-decomposition in a graph G of size n where r | n. Let G′ = G ∪ H where

H is the complete bipartite graph between V (G) and a new set of vertices U of

size 2e(G)/((r − 1)n). The size of U is actually given by total number of edges

of G divided by the number of edges in a Kr-factor of G. Let K be the set of

(r+ 1)-cliques in G′ that contain exactly one vertex in u and suppose that we are

able to find a Kr+1-decomposition D of G′ that uses only cliques in K. For each

u ∈ U let Ku be the set of (r + 1)-cliques in the decomposition D that contain

u. Since each vertex u ∈ U is adjacent (via H) to all vertices in V (G) then Ku

must cover all vertices G. Let Fu :=
⋃

K∈Ku
K ∩ V (G) be the edge-disjoint union

of the r-cliques obtained when restricting Ku to V (G). Since the union is edge-

disjoint and cover all vertices in V (G) then Fu must be aKr-factor of G. Moreover,⋃
u∈U Fu = G and all the Kr-factors {Fu}u∈U are edge-disjoint. Hence, G has a

resolvable Kr-decomposition.

Theorems 1.2.3, 1.2.5 and 1.4.5 will actually be deduced from the more gen-

eral results on the decomposition of their corresponding extended graphs (Theo-

rems 2.2.3, 3.2.1 and 4.2.1 respectively).

1.5.3 Extended fractional decomposition

As mentioned in Section 1.5.1, the core of the ‘iterative absorption’ method that

we use is made of two independent results, the existence of a fractional decomposi-

tion and the ‘Cover Down Lemma’. If we want to find a resolvable decomposition

of a graph G we will then have to prove such results in the corresponding extended

graph G′. In particular, we are interested in finding a fractional decomposition in
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each of the corresponding extended graphs. However, the structure of the extended

graphs will be distinct in each case and there are no previous results on the exis-

tence of such fractional decompositions. In this work, we develop a new technique

which takes a given fractional decomposition of a graph G and transforms it into a

fractional decomposition of the extended graph G′. We will achieve this with the

use of customised gadgets for the case of cycles (see Lemma 2.3.3) and the case

of cliques (Lemma 3.3.2). In the partite case we will construct it directly in the

extended graph G′ by making use of the gadgets introduced by Montgomery [64]

(see Lemma 4.3.1).

1.5.4 Hypergraph matchings

A known result by Haxell and Rödl [37] transforms a fractional F -decomposition

of a graph G on n vertices into an F -decomposition that covers all but o(n2) edges.

Instead, we are interested in finding an F -decomposable subgraphH ⊆ G such that

∆(G − H) = o(n). For this we will view the problem of finding an approximate

edge-decomposition of G as finding an almost-perfect matching in an auxiliary

hypergraph H. Indeed, let H be the hypergraph whose vertices are the edges of G

and whose hyperedges are the copies of F in G. Observe that a perfect matching of

H corresponds to an F -decomposition of G. Starting with the introduction of the

‘nibble’ technique by Rödl [75] renowned results on hypergraph matchings were

obtained by Frankl and Rödl [26] and Pippenger and Spencer [71]. Building on

the results in [71], Alon and Yuster [3] showed the existence of ‘well-distributed’

matchings in almost-regular hypergraphs.

Definition 1.5.1. Given a hypergraph H and a collection F of subsets of V (H),
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we say that a matching M in H is (γ,F)-perfect if for each F ∈ F , at most

γ ·max{|F |, |V (H)|2/5} vertices of F are left uncovered byM.

Theorem 1.5.2 ([3, Theorem 1.2]). Suppose 1/n ≪ ε ≪ γ, 1/r. Let H be an

r-uniform hypergraph on n vertices such that for some D ∈ N, we have dH(x) =

(1±ε)D for all x ∈ V (H), and ∆2(H) ≤ D/ log9r n. Suppose that F is a collection

of subsets of V (H) such that |F| ≤ nlogn. Then there exists a (γ,F)-perfect

matching in H.

We will make use of Alon and Yuster’s result in order to find an F -decomposable

subgraph H ⊆ G such that ∆(G − H) = o(n) as follows. Suppose that G has a

fractional F -decomposition ω. It is then easy to obtain an ‘almost-regular’ collec-

tion F of copies of F where each edge e ∈ E(G) is contained in roughly the same

number of copies of F in F . Indeed, this can be achieved by randomly sampling

each copy of F with probability proportional to its weight ω(F ). Since ω(e) = 1

for each edge e ∈ E(G) then the expected number of copies of F containing each

edge will be the same. Thus, using probabilistic arguments one can show that

with positive probability F will be ‘almost-regular’ in the sense mentioned above.

Define the hypergraph H whose vertices are the edges of G and whose hyperedges

are the sets in F . For each v ∈ V (G) let Ev be the set of edges containing v.

We will then apply Theorem 1.5.2 to H with the sets {Ev}v∈V (G) playing the role

of S to obtain a (γ, {Ev}v∈V (G))-perfect matching in H, which corresponds to a

collection H of edge-disjoint copies of F where for each vertex v ∈ V (G) only o(n)

edges in Ev are not covered by H.
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1.6 Organisation

The thesis is organised as follows. In Chapter 2, Chapter 3 and Chapter 4 we

will prove Theorem 1.2.3, Theorem 1.2.5 and Theorem 1.4.5 respectively. Each

of these chapters starts with a short introduction to its corresponding theorem

as well as a preliminaries section in which we introduce the terminology that

will be used during the chapter. In particular, in Section 2.1 we describe the

standard notation that shall be used throughout the thesis. Chapters 2, 3 and 4

have a similar structure that follows the proof approach showcased in the previous

section. A more detailed description of the organisation of each chapter can be

found in its corresponding introduction. In Chapter 5 we will outline the proof

of Theorem 1.4.7. Finally, in Chapter 6 we will discuss the consequences of our

results and methods as well as some potential applications.
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CHAPTER 2

DIRAC-TYPE RESULT ON RESOLVABLE
CYCLE DECOMPOSITIONS

The main aim of this chapter is to prove Theorem 1.2.3. Given a graphG recall that

a Cr-factor of G is a collection of vertex-disjoint r-cycles that spans V (G). Recall

that a resolvable Cr-decomposition of G is a collection of edge-disjoint Cr-factors

that cover all edges in E(G). Finally, recall that G is said to be Cr-divisible if dG(v)

is even for each vertex v ∈ V (G) and r | e(G). We now restate Theorem 1.2.3.

Theorem 1.2.3. For all α > 0 there exists r0 ∈ N with the property that for

any r ≥ r0 there is n0 ∈ N such that any Cr-divisible regular graph G on n ≥ n0

vertices such that r | n and δ(G) ≥ (1/2+α)n has a resolvable Cr-decomposition.

As discussed in Section 1.5.2, Theorem 1.2.3 will be deduced from a more

general result, Theorem 2.2.3, on a ‘wheel’-decomposition in the corresponding

extended graph. Before stating Theorem 2.2.3 we shall introduce the standard

notation used throughout the thesis as well as some useful probabilistic results.

This is done in Section 2.1. We then state Theorem 2.2.3 and deduce Theorem 1.2.3

in Section 2.2. The rest of the chapter is focused on proving Theorem 2.2.3 and is
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organised as follows. In Section 2.3 we prove the fractional decomposition result

in the extended graph (Lemma 2.3.3). Recall that this is, together with the ‘Cover

Down Lemma’, one of the two key results used in the main proof. We transform

the fractional decomposition into an approximate decomposition in Section 2.4.

In Section 2.5 we find the ‘vortex’ sequence. In order to prove the ‘Cover Down

Lemma’ we will need to find edge-disjoint factors in a family of sets with small

intersection. These results are discussed in Section 2.6. We prove the ‘Cover

Down Lemma’ (Lemma 2.7.1) in Section 2.7. In Section 2.8 we introduce the final

absorbers that will be used in the main proof. Finally, the proof of Theorem 2.2.3

is presented in Section 2.9.

2.1 Preliminaries

2.1.1 Notation

A graph G is a pair (V (G), E(G)) where V (G) is a set of elements called vertices

and E(G) is a set of 2-sets of V (G) called edges. We write e(G) := |E(G)|. An

r-clique K of G is a subgraph of G isomorphic to the complete graph on r vertices.

An r-cycle C = (v1, . . . , vr) of G is a subgraph of G with vertex set {v1, . . . , vr}

and edge set {vivi+1}i∈[r]∪{0} where v0 = vr. We often identify a clique K or a cycle

C with its vertex set V (K) or V (C) respectively. We denote by Kr(G) the set of

r-cliques of G and by Cr(G) the set of r-cycles of G. Given graphs G = (V,E) and

G′ = (V ′, E ′) we say that G′ is a subgraph of G and write G′ ⊆ G if V ′ ⊆ V and

E ′ ⊆ E. Given U ⊆ V we write G[U ] for the graph with vertex set U and edge

set {e ∈ E : e ⊆ U}. We write G \G′ for the graph G[V \ (V ∩ V ′)] and G−G′
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for the graph with vertex set V (G) and edge set E(G) \ (E(G) ∩ E(G′)). Given

subsets U1, U2 ⊆ V , we write G[U1, U2] for the graph with vertex set U1 ∪ U2 and

edge set {v1v2 ∈ E(G) : v1 ∈ U1, v2 ∈ U2}. Given a set of edges E ′ ⊆ E(G), we

write G[E ′] for the graph with vertex set V (G) and edge set E ′.

Given a graph G = (V,E), a set of vertices S ⊆ V and a subset V ′ ⊆ V

we define NG(S;V
′) := {v ∈ V ′ : xv ∈ E for all x ∈ S} to be the common

neighbourhood of S in V ′. We write dG(S;V
′) := |NG(S;V

′)|. We use the standard

notation δ(G) and ∆(G) for the minimum and maximum degree of G respectively.

Given a graph G and a subset U ⊆ V (G) we say that the degeneracy of G

rooted at U is r if there is an ordering v1, . . . , vm of the vertices in V (G) \ U such

that for all i ∈ [m], dG(vi; {v1, . . . , vi−1} ∪ U) ≤ r. If G has degeneracy r rooted

at ∅ we say that G is r-degenerate.

We write a = b ± c if a ∈ [b − c, b + c]. We write a = b ± c = d ± e if

a ∈ [b− c, b+ c] ⊆ [d−e, d+e]. The notation extends naturally to more equations.

Equations containing ± are always meant to be read from left to right and might

not commute.

We use the symbol ‘≪’ to define a hierarchy of constants. We will write x≪ y

to mean that for every y > 0 there exists x0 > 0 such that for any x ≤ x0 the

subsequent statement holds. In simple words, once y is fixed we can consider x to

be as small as necessary for our computations. If a constant appears in a hierarchy

with the form of 1/x it is assumed that x ∈ N.

We will often omit the use of floors and ceilings whenever it does not affect the

argument.
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2.1.2 Tools

In this section we state some basic properties on error terms and some probabilistic

results that we will use during the thesis. The following proposition presents a list

of properties on the behaviour of error terms with a hierarchy.

Proposition 2.1.1. Let ξ ≪ 1/m, 1/c, 1/c1, . . . , 1/cm and A,B,B1, . . . , Bm > 0.

(p1) (1± ξ)m = 1± 2mξ.

(p2) If ξ ≪ c then 1
1±cξ

= 1± (c+ 1)ξ.

(p3) If B < ξA then (1± cξ)A±B = (1± (c+ 1)ξ)A.

(p4) If A > (c+ c1 + 1)B1 + · · ·+ (c+ cm + 1)Bm then

(1±cξ)A−(1±c1ξ)B1−· · ·−(1±cmξ)Bm = (1±(c+1)ξ)(A−B1−· · ·−Bm).

(p5) If A = (1± c1ξ)B then (1± c2ξ)B = (1± (c1 + c2 + 1))A.

We will often use properties (p1)-(p5) implicitly during some of our calcula-

tions. It is important, therefore, to bear them in mind for the rest of this work.

Let m,n,N ∈ N with max{m,n} < N . A random variable X has hypergeo-

metric distribution with parameters N, n,m if X := |S∩ [m]|, where S is a random

subset of [N ] of size n. We write X ∼ Bin(n, p) if X has binomial distribution

with parameters n, p. We will often use the following Chernoff-type bound.

Lemma 2.1.2 (see [38, Corollary 2.3, Remark 2.5, Theorem 2.8 and Theorem

2.10]). Let X be the sum of n independent Bernoulli random variables (with pos-

sibly different probability) or let X have a hypergeometric distribution with param-

eters N, n,m. Then the following hold.
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(i) For all t ≥ 0, P [|X − E [X] | ≥ t] ≤ 2e−2t2/n.

(ii) For all 0 ≤ ε ≤ 3/2, P [X ̸= (1± ε)E [X]] ≤ 2e−ε2E[X]/3.

We will also need the following simple result.

Fact 2.1.3 (see e.g. [72, Lemma 8]). LetX1, . . . , Xn be Bernoulli random variables

such that for all i ∈ [n], we have P[Xi = 1 | X1, . . . , Xi−1] ≤ p. Let B ∼ Bin(n, p)

and X :=
∑n

i=1 Xi. Then P[X ≥ a] ≤ P[B ≥ a] for all a ≥ 0.

Finally, the following result is a straightforward consequence of Lemma 2.1.2.

Proposition 2.1.4. Let 1/n ≪ ε ≪ ρ ≪ 1/s. Let m ∈ N where m < ns. Let

X1, . . . , Xm be random variables where Xi ∼ Bin(ni, ρ) and ni > ρn for each

i ∈ [m]. Then with positive probability

Xi = (1± ε)E [Xi]

for every i ∈ [m].

Proof. For each i ∈ [m] we apply Lemma 2.1.2 to see that

P
[
Xi ̸= (1± n

−1/3
i )E [Xi]

]
≤ 2e−n−2/3E[Xi]/3 < 2e−ρ2n1/3/3 < e−n1/4

.

Let Ai be the event Xi ̸= (1 ± n
−1/3
i )E [Xi] for each i ∈ [m]. We then apply a

union bound to the events {Ai}i∈[m] to obtain

P

 ⋃
i∈[m]

Ai

 ≤∑
i∈[m]

P [Ai] ≤
∑
i∈[m]

e−n1/4 ≤ ns

en1/4
< 1
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where we have used in both equations that n is large enough. Thus, with positive

probability Xi = (1± ε)E [Xi] for every i ∈ [m] as desired. □

2.2 Main theorem

Theorem 1.2.3 will be deduced from a particular case of Theorem 2.2.3, a more

general result on the existence of a ‘wheel’-decomposition in an auxiliary graph.

Before stating our main theorem we shall introduce some new concepts.

Definition 2.2.1. An extended graph G = (V, U,G,H) is a graph G = G ∪ H

where V and U are disjoint sets of vertices, G is a graph on V and H is a bipartite

graph on [V, U ].

Let G = (V, U,G,H) and G ′ = (V ′, U ′, G′, H ′) be two extended graphs. We say

that G ′ is an extended subgraph of G and write G ′ ⊆ G if V ′ ⊆ V , U ′ ⊆ U , G′ ⊆ G

and H ′ ⊆ H. We say that G ′ is an extended graph contained in [V, U ] if V ′ ⊆ V

and U ′ ⊆ U .

Let ε > 0. We say that a graph G is (ε, d)-regular if dG(v) = (1 ± ε)d for

every v ∈ V (G). We say that a bipartite graph H on [V, U ] is ε-complete if

dH(v) ≥ (1− ε)|U | for every v ∈ V and dH(u) ≥ (1− ε)|V | for every u ∈ U .

An (r+ 1)-wheel W is a graph obtained from an r-cycle C by adding an extra

vertex v and all the edges between v and C. We refer to the vertex v as the hub

of W . Given an extended graph G = (V, U,G,H) we denote by Wr+1(G) the set

of (r + 1)-wheels of G that contain exactly one vertex, the hub, in U .

Definition 2.2.2. A Wr+1-decomposition of G is a collection of edge-disjoint

wheels in Wr+1(G) that cover all edges of G.
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Given r ∈ N we say that G is Wr+1-divisible if dG(v) = 2dH(v) for every v ∈ V

and r | dH(u) for every u ∈ U . Note that Wr+1-divisibility is a necessary condition

for the existence of a Wr+1-decomposition.

We state now the main theorem of this chapter.

Theorem 2.2.3. Let 1/n≪ 1/r ≪ α. Let G = (V, U,G,H) be an extended Wr+1-

divisible graph where |V | = n and H is a complete bipartite graph. If G is d-regular

with d ≥ (1/2 + α)n then G has a Wr+1-decomposition.

It is now straightforward to prove Theorem 1.2.3.

Proof of Theorem 1.2.3. Let 1/n ≪ 1/r ≪ α and let G be a Cr-divisible

regular graph on n vertices where r | n and δ(G) ≥ (1/2 + α)n. Note that G

is regular so let d := dG(v) for any v ∈ V (G). Since G is Cr-divisible then

r | e(G) and 2 | d. Let G = (V, U,G,H) be an extended graph where V = V (G),

|U | = e(G)/n and H is the complete bipartite graph on [V, U ]. Note that dH(v) =

|U | = e(G)/n = d/2 for every v ∈ V and r | n = dH(u) for every u ∈ U . Thus,

G is Wr+1-divisible. Then by Theorem 2.2.3 we know that there exists a Wr+1-

decomposition D of G. For each W ∈ D let CW be the r-cycle obtained from W by

removing the hub (recall that the hub is the only vertex in U). For each u ∈ U let

Wu be the set of (r+1)-wheels in D that contain u and let Cu = {CW}W∈Wu . Since

u is adjacent to all of V then Cu must be a Cr-factor. Finally, observe that since

D covered all edges of G then the set {Cu}u∈U is a set of edge-disjoint Cr-factors

that cover all edges in G. Hence, G has a resolvable Cr-decomposition. □

32



2.3 Extended fractional decomposition

In this section we will extend a given fractional Cr-decomposition in G to an

‘almost’ fractional wheel-decomposition of the extended graph G (Lemma 2.3.3).

This will be used during the Cover down lemma (Lemma 2.7.1). Specifically, given

an extended graph G = (V, U,G,H) where G is almost d-regular, d ≥ (1/2 + α)n

and H is almost complete, we will construct a weighting ω : Wr+1(G) → [0, 1]

such that ω(e) :=
∑

W∈Wr+1 : e⊆W ω(W ) = 1 ± η for every edge e ∈ E(G) for

some small η > 0. To achieve this we will need a recent result by Joos and

Kühn [40] which finds a fractional Cr-decomposition in a graph G with minimum

degree δ(G) ≥ (1/2 + α)n for any α > 0 provided that r and n are large enough.

Moreover, if the graph G is almost regular then the fractional decomposition is

‘balanced’ in the sense that the final weight on all cycles is almost uniform. In fact,

the result in [40] is more general and applies to tight cycles in highly connected

hypergraphs. For simplicity, we state their result restricted to the case of graphs

with high minimum degree.

Theorem 2.3.1 ([40, Theorem 1.4]). Let 1/n≪ 1/r ≪ ξ, α. Let G be a graph on

n vertices such that δ(G) ≥ (1/2+α)n. Then there is a fractional Cr-decomposition

ωG of G such that for every C ∈ Cr(G)

(1− ξ)
2e(G)

∆(G)r
≤ ωG(C) ≤ (1 + ξ)

2e(G)

δ(G)r
. (2.1)

We will now introduce the gadgets that we shall use to transform the fractional

Cr-decomposition ωG of G into an ‘almost’ fractional wheel-decomposition of the

extended graph G. Let v ∈ V and u1, u2 ∈ U such that vu1, vu2 ∈ E(G) and let
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x ∈ R. A (vu1, vu2, x)-shifter is a function φ :Wr+1(G)→ R such that

φ(e) :=
∑

W∈Wr+1(G) : e⊆W

φ(W ) =


x if e = vu1,

−x if e = vu2,

0 otherwise.

(2.2)

A (v, u1, u2)-gadget J is a subgraph of G consisting of a vertex v ∈ V , two vertices

u1, u2 ∈ U and r cycles C1, . . . , Cr ∈ Cr(G) with three distinguished and consecu-

tive (in Ci) vertices xi, yi, zi ∈ V (Ci) for each i ∈ [r] such that v is adjacent to the

vertices xi, zi for each i ∈ [r], C0 := (y1, . . . , yr) is an r-cycle in J and H[V (J)] is

a complete bipartite graph. Note that J has r2+3 vertices. For each i ∈ [r] let C ′
i

be the r-cycle obtained from Ci by replacing yi by v. We denote by J (v, u1, u2)

the set of all (v, u1, u2)-gadgets in G. Given J ∈ J (v, u1, u2) let φJ :Wr+1(G)→ R

be the (vu1, vu2, 1)-shifter defined as

φJ(W ) =



1/r if u1 is the hub of W and C0 ⊆ W or C ′
i ⊆ W for some i ∈ [r],

−1/r if u1 is the hub of W and Ci ⊆ W for some i ∈ [r],

−1/r if u2 is the hub of W and C0 ⊆ W or C ′
i ⊆ W for some i ∈ [r],

1/r if u2 is the hub of W and Ci ⊆ W for some i ∈ [r],

0 otherwise.

(2.3)

It is important to notice that φJ is indeed an (vu1, vu2, 1)-shifter.

The following proposition gives a lower bound on the number of (v, u1, u2)-

gadgets for any v ∈ V and u1, u2 ∈ U .
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Figure 2.1: A (v, u1, u2)-gadget.

Proposition 2.3.2. Let 1/n≪ ε≪ 1/r ≪ α. Let G = (V, U,G,H) be an extended

graph where |V | = n, δ(G) ≥ (1/2 + α)n and H is ε-complete. Let v ∈ V and

u1, u2 ∈ U such that vu1, vu2 ∈ E(G). Then |J (v, u1, u2)| > α3r+1(1/2)r
2−3rnr2 >

(αn)r
2
.

Proof. We will first choose the cycle C0 = (y1, . . . , yr). Since δ(G) ≥ (1/2+α)n

then |Cr(G)| ≥ α(1/2)r−2nr and |{C ∈ Cr(G) : v ∈ C}| < nr−1. Hence there are

at least α(1/2)r−1nr different r-cycles that don’t contain v. Since H is ε-complete

at least α(1/2)rnr of such cycles are adjacent to both u1 and u2. Choose one

of these cycles as C0. For each i ∈ [r] there are at least α2n2 pairs of vertices

xi, zi that are adjacent to yi, v, u1, u2 and distinct from previously chosen vertices.

Finally, for each i ∈ [r] there are at least α(1/2)r−4nr−3 (r − 3)-paths from xi to

zi that are adjacent to u1 and u2 and avoid previous chosen vertices. □

We are now ready to state and prove the main result of this section.

Lemma 2.3.3. Let 1/n ≪ η ≪ ε ≪ 1/r ≪ ξ ≪ α. Let G = (V, U,G,H) be

an extended graph where |V | = n, G is (ε, d)-regular with d ≥ (1/2 + α)n, H is
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ε-complete and dG(v) = (1± η)2dH(v) for every v ∈ V . Then there is a weighting

ω :Wr+1(G)→ [0, 1] such that for every edge e ∈ E(G)

ω(e) = 1± η (2.4)

and for every wheel W ∈ Wr+1(G)

ω(W ) = (1± 4ξ)
2e(G)

dr|U |
(2.5)

Proof. First of all observe that for every vertex v ∈ V we have dG(v) = (1± ε)d

and dG(v) = (1 ± η)2dH(v) = (1 ± η)2(1 ± ε)|U | and thus |U | = (1 ± 3ε)d/2.

Observe also that 2e(G) =
∑

v∈V dG(v) = (1± ε)dn.

We start by Theorem 2.3.1 to G to find a weighting ωG : Cr(G) → [0, 1] such

that

ωG(e) =
∑

C∈Cr(G) : e⊆C

ωG(C) = 1

for every e ∈ E(G) and

ωG(C) = (1± ξ)
2e(G)

(1± ε)rdr
= (1± 2ξ)

2e(G)

dr

for every C ∈ Cr(G).

Observe that for every vertex v ∈ V

ωG(v) :=
∑

e∈E(G) : v∈e

ωG(e) = dG(v) = (1± ε)d. (2.6)

Given an r-cycle C ∈ Cr(G) let N∗
G(C) := {W ∈ Wr+1(G) : C ⊂ W} and
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d∗G(C) := |N∗
G(C)|. We now define ω′ :Wr+1(G)→ [0, 1] as

ω′(W ) =
ωG(CW )

d∗G(CW )

where CW is the r-cycle of G contained in W . Then, for every C ∈ Cr(G) we have

that ∑
W∈N∗

G(C)

ω′(W ) =
∑

W∈N∗
G(C)

ωG(C)

d∗G(C)
= ωG(C). (2.7)

Note that for every edge e ∈ E(G)

ω′(e) =
∑

W∈Wr+1(G) : e⊆W

ω′(W ) =
∑

C∈Cr(G) : e⊆C

∑
W∈N∗

G(C)

ω′(W )

(2.7)
=

∑
C∈CrG : e⊆C

ωG(C) = ωG(e) = 1.

(2.8)

Given v ∈ V , let Ev be the set of edges in E(H) incident to v. Then, for every

v ∈ V

ωH(v) :=
∑
e∈Ev

ω′(e) =
∑
e∈Ev

∑
W∈Wr+1(G) : e⊆W

ω′(W ) =
∑

C∈Cr(G) : v∈C

∑
W∈N∗

G(C)

ω′(W )

(2.7)
=

∑
C∈Cr(G) : v∈C

ωG(C) =
1

2

∑
e∈E(G) : v∈e

ωG(e)
(2.6)
=

dG(v)

2
.

Suppose that for each v ∈ V

ω′(e1) = ω′(e2) for every pair of edges e1, e2 ∈ Ev. (2.9)
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Then, for any e ∈ Ev

ωH(v) =
∑
e′∈Ev

ω′(e′) = dH(v)ω
′(e)

and thus,

ω′(e) =
ωH(v)

dH(v)
=

dG(v)

2dH(v)
= 1± η (2.10)

which together with (2.8) implies (2.4).

Our goal then is to ensure that (2.9) holds for every vertex v ∈ V . To do this,

we will use several shifters which will modify our current weighting ω′ into the

desired one.

Fix v ∈ V . For each e ∈ Ev, let xe := ωH(v)/dH(v) − ω′(e) be the “missing

weight” of e.

Claim 1: For every e ∈ E(H), |xe| ≤ ε1/2.

Proof of claim: Let e = vu ∈ E(H) with v ∈ V and u ∈ U . On one hand

ω′(e) =
∑

W∈Wr+1(G) : e⊆W

ω′(W ) =
∑

C∈Cr(G) : v∈C
C⊆NH(u)

ωG(C)

d∗G(C)

=
∑

C∈Cr(G) : v∈C

ωG(C)

d∗G(C)
−

∑
C∈Cr(G) : v∈C

C ̸⊆NH(u)

ωG(C)

d∗G(C)
.

And on the other hand,

0 ≤
∑

C∈Cr(G) : v∈C
C ̸⊆NH(u)

ωG(C)

d∗G(C)
≤ (1 + 2ξ)

2e(G)

dr
· εnr−1 · 1

(1− rε)|U |

≤ (1 + 4ξ)2r+1ε ≤ ε1/2
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Hence, for every v ∈ V and every pair of edges e1, e2 ∈ Ev we have |ω′(e1) −

ω′(e2)| ≤ ε1/2 And so |xe| ≤ ε1/2 for every edge e ∈ E(H). −

Note that
∑

e∈Ev
xe = 0.

The following claim finds triples {(ei1 , ei2 , xi)}i∈I where ei1 , ei2 ∈ Ev so that by

finding an (ei1 , ei2 , xi)-shifter for each i ∈ I we will compensate the missing weight

of each e ∈ Ev and ensure that (2.9) holds.

Claim 2: There exists a finite set Av of ordered triples {(ei1 , ei2 , xi)}i∈I where

ei1 , ei2 ∈ Ev and xi ∈ R satisfying that

(S1) for each e ∈ Ev let Ie ⊆ I be the set of indices i such that e ∈ {ei1 , ei2}, then

∑
i∈Ie

|xi| = |xe|,

(S2) suppose that φi is an (ei1 , ei2 , xi)-shifter for every i ∈ I, then

ω′(e) +
∑
i∈I

φi(e) = ωH(v)/dH(v)

for every e ∈ Ev.

Proof of claim: The proof consists of the following algorithm. Suppose that at

the j-th step we have already found triples {(ei1 , ei2 , xi)}1≤i<j. For each e ∈ Ev,

let I+j (e) be the set of indices i such that e = ei1 and let I−j (e) be the set of

indices i such that e = ei2 . If xe ≥ 0 let zj(e) :=
∑

i∈I+j (e) xi and if xe < 0 let

zj(e) :=
∑

i∈I−j (e)−xi. Let Ej := {e ∈ Ev : zj(e) = xe}. Suppose that the triples

{(ei1 , ei2 , xi)}1≤i<j satisfy that for each e ∈ Ev,

(s1) if xe ≥ 0 then |I−j (e)| = 0 and if xe < 0 then |I+j (e)| = 0,
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(s2) |zj(e)| ≤ |xe|,

and suppose that

(s3) |Ej| ≥ j.

The algorithm stops if Ej = Ev. In this case we have that zj(e) = xe for each

e ∈ Ev which implies (S1). Suppose that φi is an (ei1 , ei2 , xi)-shifter for every

1 ≤ i < j. Then for every edge e ∈ Ev

ω′(e) +
∑
1≤i<j

φi(e) = ω′(e) + zj(e) = ω′(e) + xe = ωH(v)/dH(v)

which implies (S2).

Else, if |Ej| < |Ev|, let ej be an edge in Ev \ Ej that minimises |xe − zj(e)|.

Observe that

∑
e∈Ev

(xe−zj(e)) =
∑
e∈Ev

xe−
∑
e∈Ev

zj(e) = 0−
∑

e∈Ev : xe≥0

∑
i∈I+j (e)

xi+
∑

e∈Ev : xe<0

∑
i∈I−j (e)

xi = 0.

Then there must exist some edge e′j ∈ Ev\Ej such that sgn(xej−zj(ej)) ̸= sgn(xe′j
−

zj(e
′
j)). We choose the j-th triple to be (ej, e

′
j, (xej − zj(ej))) if (xej − zj(ej)) > 0

and (e′j, ej,−(xej − zj(ej))) if (xej − zj(ej)) < 0. Observe that zj+1(ej) = xej ,

|zj+1(e
′
j)| ≤ |xe′j

|, and zj+1(e) = zj(e) for all edges except ej and e′j. It follows

that the new set of triples satisfy (s1)-(s3) when replacing j by j + 1. Note that

|Ej+1| > |Ej| guarantees that the algorithm will stop at most at the dH(v)-th

step. −

Next, for each (e1, e2, x) ∈ Av let φ(e1,e2,x) : Wr+1(G) → R be defined as

φ(e1,e2,x)(W ) = x
|J (v,u1,u2)|

∑
J∈J (v,u1,u2)

φJ(W ) where e1 = vu1 and e2 = vu2. Recall
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(2.3). It follows that φ(e1,e2,x) is an (e1, e2, x)-shifter. Moreover, since J has r2

vertices in addition of v, u1, u2, given W ∈ Wr+1(G) the amount of gadgets J ∈

J (v, u1, u2) that contain W is at most nr2+1−r if e1 or e2 ⊆ W , nr2−r if u1 or

u2 ∈ W but v /∈ W , and zero otherwise. Thus, using Proposition 2.3.2 we obtain

|φ(e1,e2,x)(W )| ≤


|x|α−r2n−(r−1) if e1 or e2 ⊆ W,

|x|α−r2n−r if u1 or u2 ∈ W and v /∈ W,

0 otherwise.

(2.11)

Let φv :=
∑

a∈Av
φa. Then (S2) implies that

ω′(e) + φv(e) = ω′(e) +
∑
a∈Av

φa(e) = ωH(v)/dH(v) (2.12)

for every e ∈ Ev. On the other hand, consider a wheel W ∈ Wr+1(G) with

{u} = W ∩ U . If W contains v and vu ∈ E(H),

|φv(W )| ≤
∑
a∈Av

|φa(W )| =
∑

a∈Av : vu∈a

|φa(W )|
(S1),(2.11)

≤ |xvu|α−r2n−(r−1). (2.13)

If W does not contain v but vu ∈ E(H),

|φv(W )| ≤
∑
a∈Av

|φa(W )| =
∑

a∈Av : vu∈a

|φa(W )|
(S1),(2.11)

≤ |xvu|α−r2n−r. (2.14)

Else, if vu /∈ E(H), φv(W ) = 0.

Let ω = ω′+
∑

v∈V φv. First observe that ω(e) = ω′(e) for every edge e ∈ E(G).
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Second, for every v ∈ V and every e ∈ Ev

ω(e) = ω′(e) +
∑
v′∈V

φv′(e) = ω′(e) + φv(e) = ωH(v)/dH(v).

Thus, equations (2.9) and (2.10) holds when replacing ω′ with ω, so (2.4) holds as

desired.

It only remains to check equation (2.5). Fix W ∈ Wr+1(G) and let W =

{v1, . . . , vr, u} with u ∈ U . Using Claim 1 and equations (2.13) and (2.14) we

obtain

|
∑
v∈V

φv(W )| ≤
∑

v∈V : v∈W

|φv(W )|+
∑

v∈V : v/∈W

|φv(W )|

≤ rε1/2α−r2n−(r−1) + nε1/2α−r2n−r ≤ ε1/4n−(r−1)

and

ω′(W ) =
ωG(CW )

d∗G(CW )
= (1± 2ξ)

2e(G)

dr
· 1

(1± rε)|U |
= (1± 3ξ)

2e(G)

dr|U |
.

Hence,

ω(W ) = (1± 3ξ)
2e(G)

dr|U |
± ε1/4n−(r−1) = (1± 4ξ)

2e(G)

dr|U |
.

□

2.4 Approximate decomposition

In this section we will transform the fractional decomposition found by Lemma 2.3.3

into an approximate decomposition that covers, for each vertex, all but o(n) of its
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incident edges. The proof is sketched in Section 1.5.4 and will make use of Theo-

rem 1.5.2.

Lemma 2.4.1. Let 1/n ≪ η ≪ γ ≪ ε ≪ 1/r ≪ α. Let G = (V, U,G,H)

be an extended graph where |V | = n, G is (ε, d)-regular with d ≥ (1/2 + α)n,

H is ε-complete and dG(v) = (1 ± η)2dH(v) for every v ∈ V . Then there is a

Wr+1-decomposable subgraph F ⊆ G such that ∆(G − F) ≤ γn.

Proof. Let ρ, ξ, η′ > 0 such that

1/n≪ η ≪ η′ ≪ γ ≪ ε≪ 1/r ≪ ξ ≪ ρ≪ α

We start applying Lemma 2.3.3 to obtain a weighting ω : Wr+1(G) → [0, 1]

such that

ω(e) = 1± η

for each edge e ∈ E(G), and

ω(W ) = (1± ξ)
2e(G)

dr|U |

for each wheel W ∈ Wr+1(G).

Since G is (ε, d)-regular, H is ε-complete and dG(v) = (1 ± η)2dH(v) for each

vertex v ∈ V (G) we have that dG(v) = (1 ± ε)d and dG(v) = (1 ± η)2dH(v) =

(1± η)(1± ε)2|U | so |U | = (1± 5ε)d. Then

2e(G)

dr|U |
=

(1± ε)dn

(1± 5ε)dr+1
=

(1± 8ε)n

dr
.

For each wheel w ∈ Wr+1(G), let p(W ) := ω(W )ρdr/n and note that 0 <
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p(W ) < 1.

Let W be a set of wheels obtained by choosing each wheel W ∈ Wr+1(G) with

probability p(W ). Let H be a hypergraph with vertex set V (H) = E(G) and

hyperedge set E(H) =W . We have that for each edge e ∈ E(G)

E [dH(e)] =
∑

W∈Wr+1(G) : e⊂W

p(W ) =
∑

W∈Wr+1(G) : e⊂W

ω(W )ρdr/n = (1± η)ρdr/n.

Note that since d ≥ n/2 then using Lemma 2.1.2 and a union bound is it

straightforward to see that with positive probability

dH(e) = (1± η′)ρdr/n for all e ∈ E(G). (2.15)

Fix H so that (2.15) holds and let D := ρdr/n.

Observe that ∆2(H) ≤ nr−2 as every pair of edges determine at least three

vertices so there are at most nr−2 (r + 1)-wheels containing them. On the other

hand, since D = ρdr/n ≥ ρnr−1/2r then nr−2 ≤ ρnr−1/(2r log9r n) ≤ D/(log9r n).

For each v ∈ V (G) let Sv = {e ∈ E(G) : v ∈ e}. Let S = {Sv}v∈V (G) and note that

|S| = n+ |U | ≤ n+2d ≤ 3n. We apply Theorem 1.5.2 to the hypergraph H (with

η′ playing the role of ε) to obtain a (γ,S)-perfect matchingM. Let EL be the set

of edges in E(G) which are left uncovered byM. Observe that a perfect matching

in H corresponds to a Wr+1-decomposition of G. Hence, F := G − G[EL] has a

Wr+1-decomposition. Finally, ∆(G − F) = ∆(G[EL]) ≤ γn since for each vertex

v ∈ V (G) there are at most γn edges e containing v which are left uncovered by

M in H. □
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2.5 Vortex sequence

As sketched in Section 1.5 our main proof is based on iterative absorption. The

first step of the proof is to find a sequence of vertex sets V = V0 ⊇ V1 ⊇ · · · ⊇ Vℓ

that end in a set Vℓ of constant size. We call such sequence a ‘vortex’. By choosing

the sets at random we will be able to maintain the properties from the host graph

in each vertex set Vi. The vortex sequence was introduced by Glock, Kühn, Lo,

Montgomery and Osthus [28].

Definition 2.5.1 (Vortex). Given r,m ∈ N and η, ε, α > 0, an (α, η, ε,m)-vortex

of an extended graph G = (V, U,G,H) is a pair of sequences V = V0 ⊇ V1 ⊇ · · · ⊇ Vℓ

and U = U0 ⊇ U1 ⊇ · · · ⊇ Uℓ such that |Vℓ| = m and for all j ∈ [ℓ]

(V1) |Vj| = ε|Vj−1| and |Uj| = ε|Uj−1|,

(V2) dG(v1) = (1± η)dG(v2) for every v1, v2 ∈ Vj,

(V3) dG(v;Vj) ≥ (1/2 + α)|Vj| for all v ∈ Vj−1,

(V4) H[Vj, Uj] is complete,

(V5) dG(v, Vj) = (1± η)2dH(v, Uj) for all v ∈ Vj−1.

The next result finds a vortex sequence in an extended graph G that satisfies

the same conditions as the statement of Theorem 2.2.3. Applying Lemma 2.5.2

will be the first step in the proof of the main theorem.

Lemma 2.5.2. Let 1/n ≪ 1/m′ ≪ η ≪ ε ≪ α. Let G = (V, U,G,H) be an

extended graph where |V | = n, H is a complete bipartite graph, G is d-regular

with d > (1/2 + 2α)n and dG(v) = 2dH(v) for every v ∈ V . Then G contains an

(α, η, ε,m)-vortex where εm′ ≤ m ≤ m′.
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Proof. Let n0 := n and define ni := εni−1 recursively for every i ∈ [ℓ]. Let

ℓ := 1 + max{i ≥ 0 : ni ≥ m′} and let m := nℓ. Note that by definition

εm′ ≤ m ≤ m′ ≤ nℓ−1. Let α0 := 2α and η0 := 0 and define recursively for every

i ∈ [ℓ]

αi := αi−1 − 2n
−1/3
i−1

and

ηi := ηi−1 + 4n
−1/3
i−1 .

Suppose that for some i ∈ [ℓ] we have already found a sequence of sets V0 ⊇

· · · ⊇ Vi−1 and U0 ⊇ · · · ⊇ Ui−1 that form an (αi−1, ηi−1, ε, ni−1)-vortex of G (so

properties (V1)-(V5) holds for all j = [i]). Note that this is trivially true for i = 0.

Let Vi be a random subset of Vi−1 of size ε|Vi−1| and let Ui be an arbitrary

subset of Ui−1 of size ε|Ui−1|. Note that |Vi| = ni.

For each v ∈ Vi−1 note that dG(v;Vi) is a random variable having an hypergeo-

metric distribution with parameters ni−1, dG(v;Vi−1), ni satisfying E [dG(v;Vi)] =

εdG(v;Vi−1). Hence Lemma 2.1.2 implies that

P
[
dG(v;Vi) ̸= (1± n

−1/3
i−1 )εdG(v;Vi−1)

]
≤ 2e−n

−2/3
i−1 εdG(v;Vi−1)/3 ≤ 2e−εn

1/3
i−1/6

where we have used dG(v;Vi−1) ≥ ni−1/2 by (V3). Let Av be the event dG(v;Vi) ̸=

(1± n
−1/3
i−1 )εdG(v;Vi−1). Then, using a union bound we can see that

P

 ⋃
v∈Vi−1

Av

 ≤ ∑
v∈Vi−1

P [Av] ≤ ni−12e
−εn

1/3
i−1/6 < 1.
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Thus, we have shown that with positive probability for any vertex v ∈ Vi−1

dG(v;Vi) = (1± n
−1/3
i−1 )εdG(v;Vi−1).

Fix such choice of Vi. Then, for every v1, v2 ∈ Vi we have

dG(v1;Vi) = (1± n
−1/3
i−1 )εdG(v1;Vi−1) = (1± n

−1/3
i−1 )(1± ηi−1)εdG(v2;Vi−1)

= (1± n
−1/3
i−1 )(1± ηi−1)(1± 2n

−1/3
i−1 )dG(v2;Vi)

= (1± ηi)dG(v2;Vi).

For every v ∈ Vi−1 we have

dG(v;Vi) ≥ (1− n
−1/3
i−1 )εdG(v;Vi−1) ≥ (1− n

−1/3
i−1 )(1/2 + αi−1)εni−1 ≥ (1/2 + αi)ni,

and

dG(v;Vi) = (1± n
−1/3
i−1 )εdG(v;Vi−1) = (1± n

−1/3
i−1 )ε(1± ηi−1)dH(v;Ui−1)

= (1± ηi)ε|Ui−1| = (1± ηi)|Ui| = (1± ηi)dH(v;Ui).

Hence, V0 ⊇ · · · ⊇ Vi and U0 ⊇ · · · ⊇ Ui form an (αi, ηi, ε, ni)-vortex of G.

Repeating iteratively the above arguments we end up with an (αℓ, ηℓ, ε, nℓ)-vortex

V0 ⊇ · · · ⊇ Vℓ and U0 ⊇ · · · ⊇ Uℓ of G. Note that

ℓ−1∑
i=0

n
−1/3
i =

ℓ−1∑
i=0

(εin)−1/3 = n−1/3 ε
−ℓ/3 − 1

ε−1/3 − 1
≤ (εℓn)−1/3

ε−1/3 − 1
≤ (εℓ−1n)−1/3

1− ε1/3
≤ (m′)−1/3.

Thus, we have

αℓ = α0 −
ℓ−1∑
i=0

2n
−1/3
i ≥ α0 − 2(m′)−1/3 ≥ α
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and

ηℓ = η0 +
ℓ−1∑
i=0

4n
−1/3
i ≤ 4(m′)−1/3 ≤ η

so V1 ⊇ · · · ⊇ Vℓ and U1 ⊇ · · · ⊇ Uℓ is an (α, η, ε,m)-vortex of G as desired. □

2.6 Edge-disjoint factors

Let G be a graph and let V1, . . . , Vm ⊆ V (G) be a sequence of vertex subsets. Can

we find, for each i ∈ [m], a factor Fi of G[Vi] so that all the factors {Fi}i∈[m] are

edge-disjoint? During the proof of the ‘Cover Down Lemma’ we will encounter

the situation where we need to find such factors. Following a method introduced

by Barber, Kühn, Lo and Osthus [9] we prove two distinct results, Lemmas 2.6.2

and 2.6.3, that allow us to do such thing. Of course, each of the graphs G[Vi] will

require some condition to guarantee the existence of a factor. Moreover, in order

to assure that the factors are edge-disjoint we will need the sets to be large enough

and to have small intersection. Our first result, Lemma 2.6.2, will find edge-disjoint

Cr-factors. We will need the following result due to Kühn and Osthus [57] that

shows the existence of a Cr-factor in a graph satisfying Dirac’s condition.

Theorem 2.6.1 ([57]). Let 1/n ≪ 1/r ≪ α with r | n. Let G be a graph on n

vertices satisfying that δ(G) ≥ (1/2 + α)n. Then G has a Cr-factor.

We will use Theorem 2.6.1 successively in each of the graphs G[Vi] to find

many edge-disjoint Cr-factors and pick one at random. A probabilistic argument

will then show that with positive probability we can randomly choose a Cr-factor

Fi for each G[Vi] so that all the factors {Fi}i∈[m] end up being edge-disjoint. This
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method was first used by Barber, Kühn, Lo and Osthus to find edge-disjoint Kr-

factors in a graph with high minimum degree, see [9, Lemma 10.7].

Lemma 2.6.2. Let 1/n ≪ ρ ≪ 1/r ≪ α and let N ∈ N. Let G be a graph on n

vertices and let V1, . . . , VN ⊆ V (G) such that

(F1) r | |Vi| and |Vi| ≥ ρ4/3n for all i ∈ [N ],

(F2) δ(G[Vi]) ≥ (1/2 + α)|Vi| for all i ∈ [N ],

(F3) |Vi ∩ Vj| ≤ ρ2n for all 1 ≤ i < j ≤ N ,

(F4) every vertex v ∈ V is contained in at most ρn of the sets {Vi}i∈[N ].

Then for each i ∈ [N ] there exists a Cr-factor Fi of G[Vi] such that all the factors

{Fi}i∈[N ] are edge-disjoint.

Proof. Let m := 2ρ3/2n. The proof consists of a random algorithm where

for each i = 1, . . . , N we find a Cr-factor of G[Vi] at random and show that with

positive probability at the end of the algorithm the chosen factors are edge-disjoint.

Suppose that we have already found Cr-factors F1, . . . , Fi−1 of G[V1], . . . , G[Vi−1]

respectively for some i ∈ [m]. Let Hi :=
⋃

j∈[i−1] Fj and let Gi := G−Hi. We now

consider two cases depending on the maximum degree of Hi.

Case 1: ∆(Hi) ≤ ρ3/2n.

Observe that

δ(Gi[Vi]) ≥ δ(G[Vi])−∆(Hi) ≥ (1/2 + α)n− ρ3/2n ≥ (1/2 + α/2)n

since ρ≪ α. We can then apply Theorem 2.6.1 successively to findm edge-disjoint

Cr-factors A1, . . . , Am of Gi[Vi].
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Case 2: ∆(Hi) > ρ3/2n.

If this is the case, let A1, . . . , Am be defined as empty graphs on the set Vi and

continue with the next iteration.

Observe that in any case the graphs A1, . . . , Am are pairwise edge-disjoint and

edge-disjoint from all the previous graphs F1, . . . , Fi−1. Let Fi be chosen uni-

formly at random from the set of candidates A1, . . . , Am. Note that at the end

of the algorithm the graphs F1, . . . , Fm will be actually edge-disjoint Cr-factors of

G[V1], . . . , G[Vm] if and only if

∆(Hi) ≤ ρ3/2n (2.16)

for each i = 1, . . . ,m. We will check that with positive probability this is the case.

For each i ∈ [N ] and v ∈ Vi let J i,v := {j ∈ [i − 1] : v ∈ Vj} and for

each j ∈ J i,v let Y i,v
j be the indicator variable of the event that vv′ ∈ E(Fj) for

some v′ ∈ Vi. In other words, Y i,v
j indicates the event that some edge e of G[Vi]

incident to v already appears in the graph Fj, and therefore could not be used

when choosing Fi. Observe that

dHi[Vi](v) =
∑
j∈Ji,v

Y i,v
j . (2.17)

Let i ∈ [N ] and x ∈ Vi be fixed. Since |Vi ∩ Vj| ≤ ρ2n for each j ∈ J i,v by (F3) it

follows that at most ρ2n of the edge-disjoint graphs A1, . . . , Am that were candi-

dates for Fi share an edge incident to v with Gi. Let j1, . . . , j|Ji,v | be the elements
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of J i,v arranged in ascending order. Then, for all k ∈ [|J i,v|] we have that

P
[
Y i,v
jk

= 1 | Y i,v
j1

, . . . , Y i,v
jk−1

]
≤ ρ2n

m
≤ ρ1/2

2
.

Let B ∼ Bin(|J i,v|, ρ1/2/2) and note that |J i,v| ≤ ρn by (F4). Thus,

E [B] = |J i,v|ρ
1/2

2
≤ ρ3/2n

2
.

All in all we have

P

∑
j∈Ji,v

Y i,v
j > ρ3/2n

 Fact 2.1.3

≤ P
[
B > ρ3/2n

]
≤ P

[
B > E [B] + ρ3/2n/2

]
Lemma 2.1.2

≤ 2e−ρ3n/2.

Finally, since there are at most ρn2 pairs (i, v) with v ∈ Vi (because of (F4)),

a union bound implies that with positive probability
∑

j∈Ji,v Y
i,v
j ≤ ρ3/2n for all

i ∈ [N ] and v ∈ Vi. This together with (2.17) implies that equation (2.16) holds

with positive probability for every i = 1, . . . , N concluding thus the proof. □

We refer as a 2-path to a path of length 2, i.e, a graph consisting of three

vertices and two edges. Our next result finds edge-disjoint 2-path-factors in a

bipartite graph satisfying Dirac’s condition.

Lemma 2.6.3. Let 1/n ≪ ρ ≪ α and N ∈ N. Let H be a bipartite graph on

[V, U ] where |V | = n and let V1, . . . , VN ⊆ V and U1, . . . , UN ⊆ U such that

(P1) |Vi| = 2|Ui| for all i ∈ [N ],

(P2) |Vi| ≥ ρ4/3n for all i ∈ [N ],
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(P3) dH(v;Ui) ≥ (1/2+α)|Ui| and dH(u;Vi) ≥ (1/2+α)|Vi| for all i ∈ [N ], v ∈ Vi

and u ∈ Ui.

(P4) |Vi ∩ Vj| ≤ ρ2n and |Ui ∩ Uj| ≤ ρ2n for all 1 ≤ i < j ≤ [N ],

(P5) every vertex v ∈ V and u ∈ U is contained in at most ρn of the sets {Vi}i∈N

and {Ui}i∈[N ] respectively.

Then for each i ∈ [N ] there is a 2-path factor Pi of H[Vi, Ui] so that all the factors

{Pi}i∈[N ] are edge-disjoint.

To avoid reiteration we will omit the proof of Lemma 2.6.3. The lemma could

be proven using a similar approach to that of Lemma 2.6.2 by replacing the use of

Theorem 2.6.1 with the following consequence of Hall’s theorem:

Proposition 2.6.4. Let H be a bipartite graph with parts of size n such that

dH(v) ≥ n/2 for each vertex v ∈ V (H). Then H has a perfect matching.

It is straightforward now to obtain a 2-path-factor in a bipartite graph H on

[V, U ] where |V | = 2|U |, dH(v) ≥ |U |/2 for each v ∈ V and dH(u) ≥ |V |/2 for each

u ∈ U . Indeed, by duplicating each vertex u ∈ U one obtain a bipartite graph H ′

satisfying the conditions of Proposition 2.6.4. Finally, a perfect matching in H ′

corresponds, by identifying the duplicated vertices, to a 2-path-factor of H.

2.7 Cover Down Lemma

In this section we prove the ‘Cover Down Lemma’, Lemma 2.7.1, which is the

key machinery behind the iterative absorption method used in the proof of Theo-

rem 2.2.3. Recall that in the Cover Down Lemma we are given a graph G and a
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subset U ⊆ V (G) and wish to find a decomposable subgraph F ⊆ G that covers

all edges in G−G[U ] and only a sparse set of edges in G[U ]. The proof is divided

into three main steps. In the first step we will set aside a sparse set of edges R

that will act later as a partial absorber. In the second step we remove the reservoir

edges and find an approximate decomposition, in our case by using Lemma 2.4.1.

Specifically, we find a decomposable subgraph in G − R that covers all but o(n2)

leftover edges. Finally, in the third step, we use the reservoir edges and possibly

some edges within G[U ] to cover the leftover edges. It is during the third step

where we will need to find edge-disjoint factors using Lemmas 2.6.2 and 2.6.3.

Lemma 2.7.1 (Cover down lemma). Let 1/n≪ η ≪ γ′ ≪ ε≪ 1/r ≪ α. Let G =

(V0, U0, G,H) be an extended graph where G is (ε, d)-regular with d ≥ (1/2 + α)n,

H is 2ε2-complete and dG(v) = (1 ± η)2dH(v) for every v ∈ V . Let V1 ⊆ V0 and

U1 ⊆ U0 be subsets satisfying

(C1) |V1| = ε|V0| = εn and |U1| = ε|U0|,

(C2) dG(v;V1) ≥ (1/2 + 2α)|V1| for all v ∈ V0,

(C3) for every v ∈ V0, dG(v;V1) = (1± η)2dH(v;U1),

(C4) for every v ∈ V0 \ V1, dG(v) = 2dH(v),

(C5) for every u ∈ U0 \ U1, r | dH(u).

Then there is a Wr+1-decomposable subgraph F ⊆ G such that E(G−F) ⊆ E(G[V1∪

U1]) and ∆(F [V1 ∪ U1]) ≤ γ′n.

Proof. Let γ, ρ > 0 such that

1/n≪ η ≪ γ ≪ ρ≪ γ′ ≪ ε≪ 1/r ≪ α. (2.18)
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Let V ′ := V0 \ V1 and U ′ := U0 \ U1.

Using (C2) and the fact that H is 2ε2-complete we have

dG({v1, v2};V1) ≥ 4α|V1| (2.19)

for every v1, v2 ∈ V0 and

dG({v, u};V1) ≥ (1/2 + α)|V1| (2.20)

for every v ∈ V0 and u ∈ U0.

Since dG(v) = (1± η)2dH(v) for every v ∈ V and using (C3) we obtain

dG(v;V
′) = dG(v)− dG(v;V1) = (1± η)2dH(v)− (1± 2η)2dH(v;U1)

= (1± 2η)2dH(v;U
′).

(2.21)

Step 1: Choosing the reservoir edges.

Let R1 ⊆ G[V ′, V1], R2 ⊆ H[V ′, U1] and R3 ⊆ H[V1, U
′] be subgraphs obtained

by choosing each edge independently at random with probability ρ. Observe that

for each v ∈ V ′, dR1(v;V1) can be seen as a random variable Xv where Xv ∼

Bin(dG(v;V1), ρ). And this is also true for the common degree of distinct vertices

through R1, R2 and R3. In other words, each degree through R1, R2 or R3 can be

seen as a binomial random variable where the expected size is a ρ proportion of the

degree that the vertices originally had in G. We shall use this observation to make

use of Proposition 2.1.4 (with η playing the role of ε) together with the properties

given by (C2)-(C4), (2.19)-(2.21), to show that the following list of properties is

satisfied with positive probability.
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–Expected degree sizes:

(R1) dR1(v;V1) = (1± η)ρdG(v;V1) for every v ∈ V ′,

(R2) dR1(v;V
′) = (1± η)ρdG(v;V

′) for every v ∈ V1,

(R3) dR2(v;U1) = (1± η)ρdH(v;U1) for every v ∈ V ′,

(R4) dR2(u;V
′) = (1± η)ρdH(u;V

′) for every u ∈ U1,

(R5) dR3(u;V1) = (1± η)ρdH(u;V1) for every u ∈ U ′,

(R6) dR3(v;U
′) = (1± η)ρdH(v;U

′) for every v ∈ V1.

–Expected divisibility relations:

(R7) dR1(v;V1) = (1± 2η)2dR2(v;U1) for every v ∈ V ′,

(R8) dR1(v;V
′) = (1± 3η)2dR3(v;U

′) for every v ∈ V1.

–Expected common neighbourhood into V1:

(R9) (1 + η)ρ2|V1| ≥ |NR1(v1) ∩NR1(v2)| ≥ 3ρ2α|V1| for every v1, v2 ∈ V ′,

(R10) |NR1(v1) ∩NG(v2)| ≥ 3ρα|V1| for every v1 ∈ V ′ and v2 ∈ V1,

(R11) |NR1(v) ∩NR3(u)| ≥ (1/2 + α)ρ2|V1| for every v ∈ V ′ and u ∈ U ′,

(R12) |NR1(v) ∩NH(u)| ≥ (1/2 + α)ρ|V1| for every v ∈ V ′ and u ∈ U1,

(R13) |NR3(u) ∩NG(v)| ≥ (1/2 + α)ρ|V1| for every u ∈ U ′ and v ∈ V1,

(R14) |NR3(u1) ∩NR3(u2)| ≤ (1 + η)ρ2|V1| for every u1, u2 ∈ U ′.

–Expected common neighbourhood into U1:
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(R15) (1 + η)ρ2|U1| ≥ |NR2(v1) ∩NR2(v2)| ≥ (1− 5ε)ρ2|U1| for every v1, v2 ∈ V ′,

(R16) |NR2(v1) ∩NH(v2)| ≥ (1− 5ε)ρ|U1| for every v1 ∈ V ′ and v2 ∈ V1.

Fix such choice of R1, R2 and R3 and let G̃ = (V0, U0, G̃, H̃) where G̃ = G −

R1 −G[V1] and H̃ = H −R2 −R3 −H[V1, U1].

Step 2: Approximate decomposition.

Observe that since ∆(R1) ≤ ρn and ∆(G[V1]) ≤ εn then G̃ is (2ε, d)-regular

and since ∆(R2),∆(R3) ≤ ρn and ∆(H[V1, U1]) ≤ εn then H̃ is 2ε-complete. On

the other hand, for every vertex v ∈ V ′

dG̃(v) = dG(v)− dR1(v) = 2dH(v)− (1± 2η)2dR2(v) = (1± 2η)2dH̃(v) (2.22)

where we have used (R7), and for every v ∈ V1

dG̃(v) = dG(v)− dR1(v)− dG(v;V1)

= (1± η)2dH(v)− (1± 3η)2dR3(v)− (1± η)2dH(v;U1)

= (1± 2η)2dH̃(v)

(2.23)

where we have used (R8) and (C3). Thus, we can apply Lemma 2.4.1 to G̃ to

obtain a Wr+1-decomposable subgraph F1 ⊆ G̃ such that ∆(G − F1) ≤ γn. Let

L := (G − F1)[V
′ ∪ U ′]. In particular,

∆(L) ≤ γn. (2.24)

Step 3: Covering down the leftover edges.

Let G1 := G − F1. Note that G1[V1 ∪ U1] = G[V1 ∪ U1].
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Our goal now is to cover all the edges in G1 − G[V1 ∪ U1], which includes the

edges in R1, R2, R3 and L, by using only a sparse set of edges within G[V1 ∪ U1].

We shall achieve this in three steps represented by Claims 1, 2 and 3. Specifically,

in Claim 1 we will cover one by one each edge e ∈ E(L) by finding an (r+1)-wheel

in G1 that contains e. After this, all edges in G1[V ′ ∪ U ′] will have been covered.

Next, in Claim 2, we will cover, for each u′ ∈ U ′, all the edges incident to u′ that

remain uncovered. These will be edges between U ′ and V1. Here we shall make use

of Lemma 2.6.2. Finally, in Claim 3, we will cover, for each v′ ∈ V ′, all the edges

incident to v′ that remain uncovered. For this we will need Lemma 2.6.3. Note

that after applying the three claims we will have covered all edges in G1−G[V1∪U1]

as desired. We will make sure during the whole process that the edges in G[V1∪U1]

covered after applying the three claims is sparse.

Claim 1: For each e ∈ E(L) there is a wheel We ∈ Wr+1(G −F1) that contains e

such that all the wheels {We}e∈E(L) are edge-disjoint and if F2 :=
⋃

e∈E(L) We then

∆(F2) ≤ γ1/3n.

Proof of claim: Suppose that for some set E ′ ⊆ E(L) we have already found

edge-disjoint wheels {We}e∈E′ such that F ′ :=
⋃

e∈E′ We satisfies

∆(F ′) ≤ γ1/3n. (2.25)

We say that a vertex x ∈ V1 ∪ U1 is good if there are less than γ1/2n wheels in F ′

containing x. Otherwise we say that it is bad. Let X be the set of bad vertices and

suppose that |X| > γ1/3n. By definition, for each bad vertex x ∈ X there are at

least γ1/2n edge-disjoint wheels in F ′ containing x, which implies dF ′(x) > 2γ1/2n.
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It follows that

|E(F ′)| ≥ 1

2

∑
x∈X

dF ′(x) > γ5/6n2.

On the other hand, we have that

|E(F ′)| ≤ 2r|E(L)|
(2.24)

≤ 2rγn2

which is a contradiction. Hence,

|X| ≤ γ1/3n. (2.26)

Let G′ := (G[V1]−F ′[V1]) \X and observe that δ(G′) ≥ (1/2 + α)|V1| using (C2),

(2.25) and (2.26). Let e ∈ E(L) \ E ′ be an edge. Suppose first that e ∈ v′1v
′
2

with v′1, v
′
2 ∈ V ′. Using (R15), (R12), (2.25) and (2.26) we can greedily choose

good vertices u ∈ NR2−F ′(e), v1 ∈ NR1−F ′(v′1) ∩ NH−F ′(u) and v2 ∈ NR1−F ′(v′2) ∩

NH−F ′(u). Then, since the graph G′[NH(u;V1)] satisfies Dirac’s minimum degree

condition we can find a path Pe with r − 3 edges from v1 to v2. If e = v′u with

v′ ∈ V ′ and u ∈ U ′, using (R11) we choose instead two good vertices v1, v2 ∈

NR1−F ′(v′) ∩ NR3−F ′(u′) and then find a path Pe with r − 2 edges from v1 to v2

in G′[NH(u
′;V1)]. In any case we have that We := e ∪ Pe ∪ {u} is a wheel of

Wr+1(G), edge-disjoint of F ′ and such that all the vertices of We are good. Hence,

∆(F ′∪We) ≤ γ1/3n so we can apply the same arguments by replacing E ′ by E ′∪e

and F ′ by F ′ ∪We. −

Using Claim 1 we can find a Wr+1-decomposable subgraph F2 ⊆ G − F1 such

that E(L) ⊆ E(F2) and

∆(F2) ≤ γ1/3n. (2.27)
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Let G2 := G − F1 − F2, G2 := G2[V ] and H2 := G2[V, U ]. Since G2[V ′ ∪ U ′]

has no edges then for every v′ ∈ V ′ and u′ ∈ U ′ we have NG2(v
′) = NG2(v

′;V1),

NH2(v
′) = NH2(v

′;U1) and NH2(u
′) = NH2(u

′;V1). Moreover, since G2 is obtained

from G by removing Wr+1-decomposable graphs we know by (C4) and (C5) that

dG2(v
′) = 2dH2(v

′) and r | dH2(u
′) for every v′ ∈ V ′ and u′ ∈ U ′.

Claim 2: For each u′ ∈ U ′ there is a Cr-factor Fu′ of NH2(u
′) in G2 such that all

the factors {Fu′}u′∈U ′ are edge-disjoint.

Proof of claim: We just need to check that the sets {NH2(u
′)}u′∈U ′ satisfy the

conditions of the sets {Vi}i∈N in Lemma 2.6.2. As mentioned above we have

r | dH2(u
′) for each u′ ∈ U ′. Since R3 ⊆ H2 then dH2(u

′) ≥ dR3(u
′) ≥ (1− η)ρ(1−

2ε)εn ≥ (ρε−1)4/3(εn) where we have used (R5) and dH(u
′;V1) ≥ |V1| − 2ε2n.

Using (R14) we have dR3(u
′
1, u

′
2) ≤ (1 + η)ρ2|V1| ≤ (1 + η)ρ2εn ≤ (ρε−1)2(εn). For

each v1 ∈ V1 we can see that dH2(v1) ≤ dR3(v1) + dF2(v) ≤ (1 + η)ρ|U ′|+ γ1/3n ≤

ρn = (ρε−1)(εn) by using (R6). Finally, observe that for each u′ ∈ U ′ and each

v ∈ NH2(u
′) we have

dG2(v;NH2(u
′)) = |NG2(v;V1) ∩NH2(u

′;V1)| ≥ |NG(v;V1) ∩NR3(u
′)| − 2∆(F2)

≥ (1/2 + α)ρ|V1| − 2γ1/3n = (1/2 + α/2)ρεn+ (α/2)ρεn− 2γ1/3n

≥ (1/2 + α/2)ρεn+ ρ(1/2 + α/2)ρεn

≥ (1/2 + α/2)|NH2(u
′)|

where we have used that G[V1] ⊆ G2 ∪ F2, R3 ⊆ H2 ∪ F2, (R13), (2.27) and

|NH2(u
′)| ≤ dR3(u

′) + dF2(u
′) ≤ (1 + ρ)ρεn (because of (R5) and (2.27)). We can

then apply Lemma 2.6.2 with G2, α/2, εn and ρε−1 playing the role of G, α, n

and ρ respectively. −
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Using Claim 2 we find edge-disjoint Cr-factors Fu′ of NH2(u
′) in G2 for each

u′ ∈ U ′. For each u′ ∈ U ′ and each r-cycle C ∈ Fu′ let WC ∈ Wr+1(G) be the

wheel consisting of the cycle C and the hub u′. Let F3 :=
⋃

C∈Fu′ ,u
′∈U ′ WC . As

F3 is obtained from the edge-disjoint union of wheels it is straightforward to see

that F3 is Wr+1-decomposable. Moreover, F3 is edge-disjoint of F1 ∪ F2 since F3

consists only of edges in H2 and G2. On the other hand, since dH2(u
′) ≤ (1+ρ)ρεn

for each u′ ∈ U ′ and dH2(v1) ≤ ρn for each v1 ∈ V1 then

∆(F3) ≤ 3ρn. (2.28)

Let G3 := G − F1 − F2 − F3, G3 := G3[V ] and H3 := G3[V, U ]. Note that V ′ ∩

V (F3) = ∅ and thus NG3(v
′) = NG2(v

′) for each v′ ∈ V ′. Hence, for each v′ ∈ V ′,

NG3(v
′) = NG3(v

′;V1), NH3(v
′) = NH3(v

′;U1) and dG3(v
′) = 2dH3(v

′).

Claim 3: For each v′ ∈ V ′ there is a collection Fv′ of dH3(v
′) wheels that contain

v′ such that all the wheels {W : W ∈ Fv′ , v
′ ∈ V ′} are edge-disjoint and if

F4 :=
⋃

W∈Fv′ ,v
′∈V ′ W then ∆(F4) ≤ (γ′/2)n.

Proof of claim: For each v′ ∈ V ′ let Vv′ := NG3(v
′) and Uv′ := NH3(v

′). We

will check that the sets {Vv′}v′∈V ′ and {Uv′}v′∈V ′ satisfy the properties of the

sets {Vi}i∈N and {Ui}i∈N from Lemma 2.6.3 respectively. First of all note that

|Vv′| = 2|Uv′|. Using (R1) and (2.27) we can see that

dG3(v
′) = dR1(v

′)± dF2(v
′)

= (1± η)ρdG(v
′;V1)± γ1/3n = (1± ρ)ρdG(v

′;V1)

≥ (1± ρ)ρ(1/2 + 2α)|V1| ≥ (1/2 + α)ρεn

(2.29)
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so |Vv′ | ≥ ρεn/2 and |Uv′ | ≥ ρεn/4 for all v′ ∈ V ′.

For each v′1, v
′
2 ∈ V ′, v′1 ̸= v′2 we have

dH3({v′1, v′2}) ≤ dR2({v′1, v′2}) + dG−F1({v′1, v′2})
(R15)

≤ (1 + η)ρ2|U1|+ γn ≤ (1 + 2ε)ρ2εn

and

dG3({v′1, v′2}) ≤ dR1({v′1, v′2}) + dG−F1({v′1, v′2})
(R9)

≤ (1 + η)ρ2|V1|+ γn ≤ (1 + 2ε)ρ2εn

where we have used |U1|, |V1| ≤ εn.

On the other hand

dG3(v1;V
′) ≤ dR1(v1;V

′) + dG−F1(v1)
(R2)

≤ (1 + η)(1− ε)ρn+ γn ≤ ρn

for every v1 ∈ V1 and

dH3(u1;V
′) ≤ dR2(u1;V

′) + dG−F1(u1)
(R4)

≤ ρn

for every u1 ∈ U1. Finally, we can see that for each v′ ∈ V ′ and v1 ∈ NG3(v
′)

dG3(v1;NH3(v
′)) ≥ |NR2(v

′) ∩NH(v1)| − dF2(v
′)− dF2(v1)

(R16)

≥ (1− 5ε)ρ|U1| − 2γ1/3n ≥ (1− α)|NH3(v
′)|

where we have used that |NH3(v
′)| ≤ (1 + η)ρ|U1| by (R3) and similarly, for each
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v′ ∈ V ′ and u1 ∈ NH3(v
′)

dH3(u1;NG3(v
′)) ≥ |NR1(v

′) ∩NH(u1)| − dF2(v
′)− dF2(u1)

(R12)

≥ (1/2 + α)ρ|V1| − 2γ1/3n ≥ (1/2 + α/2)|NG3(v
′)|

where we have used that |NG3(v
′)| ≤ (1 + η)ρ|V1| by (R1).

Hence we can apply Lemma 2.6.3 with H3[V1, U1], {Vv′}v′∈V ′ , {Uv′}v′∈V ′ , εn

and α/2 playing the role of H[V, U ], {Vi}i∈[N ], {Ui}i∈[N ], n and α respectively to

find, for each v′ ∈ V ′, a 2-path factor Pv′ of H3[Vv′ , Uv′ ] so that all the factors

{Pv′}v′∈V ′ are edge-disjoint. We will now greedily extend the collection of paths

{P : P ∈ Pv′ , v
′ ∈ V ′} into the desired collection of wheels {W : W ∈ Fv′ , v

′ ∈

V ′}.

Suppose that for some subset S ⊆ V ′ we have already found for each v′ ∈ S

a collection Fv′ of dH3(v
′) wheels so that all the wheels {W ∈ Fv′ : v′ ∈ S} are

edge-disjoint and FS :=
⋃

W∈Fv′ ,v
′∈S W satisfies

∆(FS) ≤ (γ′/2)n. (2.30)

Similar to the proof of Claim 1 we say that a vertex x ∈ V1 is good if there are less

than (γ′/8)n wheels in FS containing x. Otherwise we say that it is bad. Let X

be the set of bad vertices and suppose that |X| > γ′n. Then for each x ∈ X there

are at least (γ′/8)n wheels in FS containing x. It follows that

|E(FS)| ≥
1

2

∑
x∈X

dFS
(x) >

1

16
(γ′n)2.
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Let D = maxv′∈V ′ dH3(v
′) ≤ 2ρεn. On the other hand

|E(FS)| ≤ 2r|V ′|D ≤ 4rρεn2

which is a contradiction since ρ≪ γ′. Hence

|X| ≤ γ′n. (2.31)

Now let v′ ∈ V ′ \ S. We have

dH3(v
′) ≤ dR2(v

′) + dG−F1(v
′)

(R3)

≤ (1 + η)ρdH(v
′;U1) + γn ≤ (1 + 2ε)ρεn

which implies |Pv′| = dH3(v
′) ≤ 2ρεn. Iteratively, for each path v1uv2 ∈ Pv′ with

v1, v2 ∈ NG3(v
′) and u ∈ NH3(v

′) we are going to find a path from v1 to v2 of length

r− 2 in G3[NH3(u;V1)] made of good vertices and edge-disjoint from FS and from

the previously found paths. Let P = vuv′ ∈ Pv′ and let P be the set of paths of

length (r − 2) that we have already found. Note that

|V (P)| ≤ r|Pv′ | ≤ 2rρεn. (2.32)

Let Y := (V1 \NH3(u;V1)) ∪NFS
(u;V1). Since dH3(u;V1) ≥ dH(u;V1)−∆(F2) ≥

(1−2ε)|V1|−γ1/3n (where we have used thatH is 2ε2-complete and equation (2.27))

then

|Y | ≤ 2ε|V1|+ γ1/3n+ (γ′/2)n. (2.33)

Let GP := (G3[V1]−FS) \ (Y ∪X ∪ V (P)) and observe that δ(GP ) ≥ δ(G[V1])−

∆(F2[V1])−∆(F3[V1])−∆(FS)− |Y | − |X| − |V (P)| ≥ (1/2 + 2α)|V1| − 2γ1/3n−
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3ρn−2γ′n−2ε|V1|−2rρεn ≥ (1/2+α)|V1| where we have used (C2), (2.27)-(2.28)

and (2.30)-(2.33). Then we can greedily find the desired path from v1 to v2.

For each P = v1uv2 ∈ Pv′ let QP be the path of length r−2 from v1 to v2 found

above. Note that by adding the edges v1v
′ and v′v2 to QP we obtain an r-cycle

CP . Since the vertices of QP were chosen disjoint from Y then all vertices in QP

are adjacent to u via H3 −FS. Let WP be the wheel with cycle CP and hub u.

Observe that the wheels {WP}P∈Pv′
are pairwise edge-disjoint since the paths

{QP}P∈Pv′
are chosen to be vertex-disjoint from the previously chosen paths.

Moreover, all the paths {QP}P∈Pv′
are chosen to be edge-disjoint from FS thus

implying that all the wheels {WP}P∈Pv′
are edge-disjoint from FS. Finally, let

Fv′ := {WP}P∈Pv′
, S ′ := S ∪ {v′} and FS′ := FS ∪

(⋃
W∈Fv′

W
)
. We would now

apply again the above arguments with S ′ playing the role of S.

At the end of the procedure we would have found, for each v′ ∈ V ′, a set of

dH3(v
′) wheels Fv′ containing v′ such that all the wheels {W : W ∈ Fv′ , v

′ ∈ V ′}

are edge-disjoint. Let F4 :=
⋃

W∈Fv′ ,v
′∈V ′ W . Each vertex v′ ∈ V ′ would be

contained in exactly dH3(v
′) wheels implying that dF4(v

′) ≤ rdH3(v
′) ≤ 2rρεn ≤

(γ′/2)n. On the other hand, each vertex u1 ∈ U1 would be contained in exactly

dH3(u1;V
′) wheels implying that dF4(u) ≤ rdH3(u1;V

′) ≤ rρn ≤ (γ′/2)n. Finally,

each vertex v1 ∈ V1 would be contained in exactly dG3(v1;V
′)+g(v1) wheels where

g(v1) denotes the number of times the vertex v1 is chosen when finding the paths

{QP : P ∈ Pv′ , v
′ ∈ V ′}. Since the paths {QP : P ∈ Pv′ , v

′ ∈ V ′} were all

found using only good vertices then g(v1) ≤ (γ′/8)n. On the other hand we have

dG3(v1;V
′) ≤ ρn so dF4(v1) ≤ 3ρn+ 3(γ′/8)n ≤ (γ′/2)n. All in all we would have

that ∆(F4) ≤ (γ′/2)n. Thus, (2.30) would actually hold for each S ⊆ V ′ which

ensures that we can apply the whole procedure until finding the desired collection
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of wheels F4.

−

Let F4 be the graph obtained by applying Claim 3 and let F = F1 ∪ F2 ∪

F3 ∪ F4. Note that E(G − F) ⊆ E(G[V1 ∪ U1]). Since F1[V1 ∪ U1] has no edges,

∆(F2)+∆(F3) ≤ (γ′/2)n by Claims 1 and 2 and ∆(F4) ≤ (γ′/2)n by Claim 3, we

have ∆(F [V1 ∪ U1]) ≤ γ′n which concludes the proof. □

2.8 Final absorbers

In this section we construct the absorbers that will be used to cover the final

remainder during the main proof. The construction is based on a sequence of

‘transformers’, a type of gadgets that allow to transform a given leftover into a

‘new’ leftover. The idea is to combine several transformers to end up with a leftover

which is decomposable by itself. This method was introduced by Barber, Kühn,

Lo and Osthus [9] and further developed in [10].

Given an extended graph G = (V, U,G,H), r ∈ N and a subgraph L ⊆ G,

an absorber for L is a graph AL ⊆ G such that V (L) ⊆ V (AL), AL[V (L)] is

independent (has no edges), and both AL and AL ∪L have a Wr+1-decomposition

in G. The following result allows us to find an absorber AL in G for any given

Wr+1-divisible extended subgraph L ⊆ G of bounded size.

Lemma 2.8.1. Let 1/n ≪ 1/M ≪ 1/m ≪ ε ≪ 1/r ≪ α. Let G = (V, U,G,H)

be an extended graph where |V | = n, δ(G) ≥ (1/2 + α)n and H is ε-complete.

Let L ⊆ G be an extended Wr+1-divisible graph where L = (VL, UL, GL, HL) and

|V (L)| ≤ m. Then there is an absorber AL ⊆ G for L such that |V (AL)| ≤M .
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Before proving Lemma 2.8.1 we will first describe an explicit construction of an

absorber AL for L ⊆ G. To make things easier, we will describe the construction

of AL inside a non-arbitrary extended graph G, i.e., we may assume that any edge

or subgraph required in the construction exists in G. The construction of AL will

consist of the union of several graphs, which we call transformers, which will act

as ‘partial absorbers’. The construction of a single transformer is completed with

equation (2.34) while the construction of AL ends with equation (2.35). Once

we have finished the construction, the proof of Lemma 2.8.1 will only consist of

showing that a copy of AL can be found in any given extended graph satisfying

the conditions of the statement. We will make use of Lemma 2.8.5 which finds a

copy of a single transformer.

Let G = (V, U,G,H) be a fixed extended graph. Given two vertex-disjoint

extended subgraphs L,L′ ⊆ G we say that L′ is obtained from L by identifying

vertices if there is a sequence of extended subgraphs L = L0, . . . , Lℓ of G such that

there is an isomorphism f : Lℓ → L′ where f(v) ∈ V if and only if v ∈ V and for

each 0 ≤ i < ℓ there are vertices xi, yi ∈ V (Li) satisfying that

(i) xi, yi ∈ V or xi, yi ∈ U ,

(ii) NLi
(xi) ∩NLi

(yi) = ∅,

(iii) Li+1 is the graph obtained from Li by deleting the vertex yi and adding the

edges {xiz : yiz ∈ E(Li)}.

Note that if L′ is obtained from L by identifying vertices then there exists

a graph homomorphism ϕ : L → L′ which is edge-bijective and satisfies that

ϕ(v) ∈ V if and only if v ∈ V . An (L,L′)-transformer is an extended subgraph
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Figure 2.2: Illustration of Pe, Ce, Cϕ(e) for the case e ∈ E(GL) and r = 7.

T ⊆ G edge-disjoint from L and L′ such that both L∪ T and L′ ∪ T have a Wr+1-

decomposition. Our absorber AL will be made of the union of several transformers.

Roughly speaking, each transformer acts as a ‘partial’ absorber that allows us to

transform the leftover L into a new leftover L′. Our aim will be to reach a final

leftover J that will be Wr+1-decomposable.

Let G = (V, U,G,H) be a fixed extended graph, let L = (VL, UL, GL, HL) be

a Wr+1-divisible extended subgraph of G and let L′ ⊆ G be obtained from L by

identifying vertices. Let ϕ : L→ L′ be an edge-bijective homomorphism such that

ϕ(v) ∈ V if and only if v ∈ V . For each e = v1vr ∈ E(GL) let Pe = (v2, . . . , vr−1)

be an (r−2)-path of G where v2 is adjacent to v1 and ϕ(v1), and vr−1 is adjacent to

vr and ϕ(vr), and let ue be a vertex in U adjacent to all of v1, . . . , vr, ϕ(v1), ϕ(vr).

Note that Ce := (v1, . . . , vr) and Cϕ(e) := (ϕ(v1), v2, . . . vr−1, ϕ(vr)) are r-cycles

of G and let We and Wϕ(e) be the (r + 1)-wheels of G with hub ue and cycles

Ce and Cϕ(e) respectively. For each e = v1u ∈ E(HL) with v1 ∈ V and u ∈ U

let Pe = (v2, . . . , vr) be an (r − 1)-path of G where v2 and vr are adjacent to v1

67



v1

φ(v1)

v2 v3 v4
v5

e

φ(e)V U

u

φ(u)

Ce

Pe

Cφ(e)

Figure 2.3: Illustration of Pe, Ce, Cϕ(e) for the case e ∈ E(HL) and r = 5.

and ϕ(v1), and u is adjacent to all of v2, . . . , vr. Note that Ce := (v1, . . . , vr) and

Cϕ(e) := (ϕ(v1), v2, . . . vr) are r-cycles of G and let We and Wϕ(e) be the (r + 1)-

wheels of G with hub u and cycles Ce and Cϕ(e) respectively. Let all the paths

{Pe}e∈E(L) and all the vertices {ue}e∈E(L)∩E(G) be vertex-disjoint. Let WL :=⋃
e∈E(L) We and WL′ :=

⋃
e∈E(L) Wϕ(e) and note that both unions are edge-disjoint

so WL and WL′ are trivially Wr+1-decomposable.

Let v ∈ VL be a fixed vertex. Let Xv be the set of vertices {x ∈ Pe : vx ∈

Ce, v ∈ e ∈ E(L)} and let Yv be the set of vertices {ue : v ∈ e ∈ E(GL)}. Note

that |Xv| = dGL
(v) + 2dHL(v) and |Yv| = dGL

(v). Since L is Wr+1-divisible we

have that dGL(v) = 2dHL(v), thus |Xv| = 2|Yv|. Let x1, . . . , x2ℓ and y1, . . . , yℓ be an

enumeration of the vertices in Xv and Yv satisfying that for each i ∈ [ℓ] neither

xiyi nor xℓ+iyi are edges of WL. For each i ∈ [ℓ] let Pi be an (r− 1)-path starting

at xi and ending at xℓ+i so that all the paths {Pi}i∈[ℓ] are vertex-disjoint. Let Ci

be the r-cycle obtained by adding the edges vxi, vxℓ+i to Pi and let Wi be the

(r + 1)-wheel with cycle Ci and hub yi. Let Wv :=
⋃

i∈m Wi. Analogously, let C ′
i
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be the r-cycle obtained by adding the edges ϕ(v)xi, ϕ(v)xℓ+i to Pi, let W
′
i be the

(r + 1)-wheel with cycle C ′
i and hub yi and let Wϕ(v) :=

⋃
i∈ℓ W

′
i . Note that Wv

and Wϕ(v) are both trivially Wr+1-decomposable.

Let {Wv}v∈VL
be all edge-disjoint extended subgraphs. Then, by construction,

{Wϕ(v)}v∈VL
are also edge-disjoint. Observe that WL is edge-disjoint from all of

{Wϕ(v)}v∈VL
, and similarly, WL′ is edge-disjoint from all of {Wv}v∈VL

.

Let s ∈ N with r | s.

Now let u ∈ UL be fixed. Let Xu be the set of vertices {x ∈ Pe : u ∈

e ∈ E(HL)}. Let Su ⊆ V be a set of vertices of size s and note that since L

is Wr+1-divisible we have r | dHL
(u) so r | (r − 1)dHL

(u) = |Xu|. Let C1 be

an Cr-factor of G[Su ∪ Xu] such that Xu is independent in C1 and let C2 be an

Cr-factor of G[Su] edge-disjoint from C1. For each r-cycle C in C1 or C2 let WC

and W ′
C be the (r + 1)-wheels with cycle C and hub u and ϕ(u) respectively. Let

W1
u :=

⋃
C∈C1 WC ,W2

u :=
⋃

C∈C2 WC ,W1
ϕ(u) :=

⋃
C∈C1 W

′
C andW2

ϕ(u) :=
⋃

C∈C2 W
′
C .

Note that W1
u,W2

u,W1
ϕ(u) and W2

ϕ(u) are trivially Wr+1-decomposable.

Let {Su}u∈UL
be pairwise disjoint sets. Finally let

T =

(
WL ∪WL′ ∪

( ⋃
v∈VL

Wv ∪Wϕ(v)

)
∪

( ⋃
u∈UL

W1
u ∪W2

u ∪W1
ϕ(u) ∪W2

ϕ(u)

))
−L−L′.

(2.34)

Proposition 2.8.2. T is an (L,L′)-transformer.

Proof. Note that E(L) ⊆ E(WL) and E(L′) ⊆ E(WL′). By construction we

have that

T ∪ L =WL ∪

( ⋃
v∈VL

Wϕ(v)

)
∪

( ⋃
u∈UL

W1
ϕ(u)

)
∪

( ⋃
u∈UL

W2
u

)
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where all the unions are edge-disjoint. Hence, T ∪L is Wr+1-decomposable. Simi-

larly we have that

T ∪ L′ =WL′ ∪

( ⋃
v∈VL

Wv

)
∪

( ⋃
u∈UL

W1
u

)
∪

( ⋃
u∈UL

W2
ϕ(u)

)

where the unions are edge-disjoint and thus T ∪ L′ is Wr+1-decomposable. □

Proposition 2.8.3. |V (T )| ≤ 2(s+ 1)|V (L)|+ 5r|V (L)|2.

Proof. First of all observe that V (WL)\V (L) = V (WL′ \V (L′)),
⋃

v∈VL
V (Wv)\

V (L) =
⋃

v∈VL
V (Wϕ(v)) \ V (L′),

⋃
u∈UL

V (W1
u) \ V (L) =

⋃
u∈UL

V (W1
ϕ(u)) \ V (L′),

and V (W2
u) ⊆ V (W1

u) and V (W2
ϕ(u)) ⊆ V (W1

ϕ(u)) for every u ∈ UL. By construc-

tion we have

|V (WL)| ≤ (r + 1)|E(L)| ≤ 2r|V (L)|2,∣∣∣∣∣ ⋃
v∈VL

V (Wv)

∣∣∣∣∣ ≤ |V (L)|(r + 1)dGL
(v) ≤ 2r|V (L)|2

and

∣∣∣∣∣ ⋃
u∈UL

V (W1
u)

∣∣∣∣∣ ≤ |V (L)|(r + 1)
s+ (r − 1)dHL

(u)

r
≤ 2s|V (L)|+ r|V (L)|2.

Hence,

|V (T )| ≤ |V (L)|+ |V (L′)|+ |V (WL)|+

∣∣∣∣∣ ⋃
v∈VL

V (Wv)

∣∣∣∣∣+
∣∣∣∣∣ ⋃
u∈UL

V (W1
u)

∣∣∣∣∣
≤ 2(s+ 1)|V (L)|+ 5r|V (L)|2.

□

70



An (L,L′)-transformer allows us to transform a leftover L into a new leftover

L′ if L′ is obtained from L by identifying vertices or vice-versa. We will now

describe a sequence of graphs starting at L and ending in a Wr+1-decomposable

graph J such that each pair of consecutive graphs will admit a transformation. By

combining all such graphs and transformers we will obtain the desired absorber

AL for L.

Let G ′ = (V ′, U ′, G′, H ′) be an extended subgraph of G. Given an edge v1v2 ∈

E(G′), an expansion of v1v2 is the graph obtained by the union of G′ and a vertex-

disjoint wheel W ∈ Wr+1(G) by deleting an edge v′1v
′
2 ∈ E(W ) with v′1, v

′
2 ∈ V and

the edge v1v2, and adding the edges v1v
′
2 and v2v

′
1. Given an edge v1u2 ∈ E(H ′)

with v1 ∈ V ′ and u2 ∈ U ′, an expansion of v1u2 is the graph obtained from

the union of G′ and a vertex-disjoint wheel W ∈ Wr+1(G) by deleting an edge

v′1u
′
2 ∈ E(W ) with v′1 ∈ V and u′

2 ∈ U and the edge v1u2, and adding the edges

v1u
′
2 and u2v

′
1. Observe that in both cases identifying the vertices v1 and v′1 results

in a graph obtained from G by attaching a wheel W ∈ Wr+1(G) into v1. Let G ′exp

be the graph obtained from G ′ by expanding every one of its edges. Let G ′att be the

graph obtained from G ′ by, for each e ∈ E(G ′), choosing a vertex v ∈ e ∩ V and

attaching an edge-disjoint wheel W ∈ Wr+1(G) to v. Note that G ′att is obtained

from G ′exp by identifying vertices. Note also that |V (G ′att)| = |V (G ′)| + r|E(G ′)|

and |V (G ′exp)| = |V (G ′)| + (r + 1)|E(G ′)|. Finally, given v0 ∈ V and u0 ∈ U let

ΓG′ be the graph obtained by, consecutively, adding and expanding the loop v0v0

|E(G′)| times and adding and expanding the edge v0u0 |E(H ′)| times. It follows

that ΓG′ is obtained from G ′exp by identifying all the vertices in V ′ into v0 and all

the vertices in U ′ into u0.

We have now all the ingredients to describe our absorber AL. Let L ⊆ G be
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Wr+1-divisible. Note that since L is Wr+1-divisible then |E(L)∩E(G)| = |E(L)∩

E(H)| =: mL and r | mL. Let J be the edge-disjoint union of mL/r wheels of

Wr+1(G). Then |E(J)∩E(G)| = |E(J)∩E(H)| = mL. Let Latt, L
′
exp,ΓL, J

′
exp, Jatt ⊆

G be all pairwise edge-disjoint where L′
exp and J ′

exp are copies of Lexp and Jexp re-

spectively. Then we have the following relation

Latt←−L′
exp−→ΓL←−J ′

exp−→Jatt

where A→ B indicates that B is obtained from A by identifying vertices. Suppose

that we have found edge-disjoint transformers T1, T2, T3, T4 satisfying

Latt
T1←− L′

exp
T2−→ ΓL

T3←− J ′
exp

T4−→ Jatt

where A
T→ B denotes that T is an (A,B)-transformer. Let

AL = (Latt − L) ∪ T1 ∪ L′
exp ∪ T2 ∪ ΓL ∪ T3 ∪ J ′

exp ∪ T4 ∪ Jatt. (2.35)

Proposition 2.8.4. AL is an absorber for L.

Proof. First note that that V (L) is an independent set in Latt − L and that

Latt − L is trivially Wr+1-decomposable as it consist of the edge-disjoint union of

|E(L)| wheels. Recall that if T is an (A,B)-transformer then both A∪T and T ∪B

have a Wr+1-decomposition.

Secondly, observe that AL is the union of (Latt−L), T1∪L′
exp, T2∪ΓL, T3∪J ′

exp

and T4 ∪ Jatt which are all pairwise edge-disjoint Wr+1-decomposable extended

graphs. Hence AL is Wr+1-decomposable.

Finally, note that Jatt is Wr+1-decomposable by construction. Then AL ∪ L is
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the edge-disjoint union of Latt∪T1, L
′
exp∪T2, ΓL∪T3, J

′
exp∪T4 and Jatt which are

all Wr+1-decomposable extended graphs. Thus, AL∪L is also Wr+1-decomposable

so AL is an absorber for L. □

The following lemma shows the existence of a single transformer in an extended

graph satisfying the conditions of Lemma 2.8.1.

Lemma 2.8.5. Let 1/n ≪ 1/s ≪ 1/m ≪ ε ≪ 1/r ≪ α with r | s. Let G =

(V, U,G,H) be an extended graph where |V | = n, δ(G) ≥ (1/2 + α)n and H is

ε-complete. Let L ⊆ G be an extended Wr+1-divisible subgraph with |V (L)| ≤ m

and let L′ ⊆ G be obtained from L by identifying vertices. Then there is an (L,L′)-

transformer T ⊆ G with |V (T )| ≤ 2s2.

Proof. Let L = (VL, UL, GL, HL) and let ϕ : L → L′ be an edge-bijective

homomorphism satisfying ϕ(v) ∈ V if and only if v ∈ V . We will find a copy of

the (L,L′)-transformer T described above. We will find it vertex by vertex and

will refer as new vertices to the vertices that are not in V (L ∪ L′) and that have

not previously been chosen as vertices of T . Note that at any time at most s2

vertices are not considered new vertices since |V (T )| ≤ s2 by Proposition 2.8.3

and the hierarchy of constants. In addition, observe that since δ(G) ≥ (1/2 + α)n

the common neighbourhood of any two vertices in G is at least 2αn.

We will first find WL, WL′ , {Wv}v∈VL
and {Wϕ(v)}v∈VL

. For each e = v1vr ∈

E(GL), we pick new vertices v2 ∈ NG({v1, ϕ(v1)}) and vr−1 ∈ NG({vr, ϕ(vr)}).

Next we find, using only new vertices, the (r − 2)-path Pe = (v2, . . . , vr−1) in G.

This can be done greedily since 2αn − s2 > 0. For each e = v1u ∈ E(HL) with

v1 ∈ V and u ∈ U we find the r-cycle Ce = (v1, . . . , vr) in G where v2, . . . , vr

are new vertices adjacent to u. We can find the cycles {Ce}e∈E(HL) greedily since
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2αn − s2 − εn > 0. For each v ∈ VL let dv := dGL
(v) and let xv

1, . . . , x
v
dv

be

an enumeration of the vertices in {x ∈ Pe : vx ∈ Ce, v ∈ e ∈ E(GL)} and let

xv
dv+1, . . . , x

v
2dv

be an enumeration of the vertices in {x ∈ Pe : vx ∈ Ce, v ∈ e ∈

E(HL)}. Note that Xv = {xv
1, . . . , x

v
2dv
}. Now, for each e = v1v2 ∈ E(GL) let

i1 and i2 be the indices such that xv1
i1
, xv2

i2
∈ V (Ce) and let j1 = i1 (mod dv1) + 1

and j2 = i2 (mod dv2) + 1. We pick a new vertex ue ∈ U that is adjacent to all

of v1, v2, ϕ(v1), ϕ(v2), V (Pe), x
v1
j1
, xv1

j1+dv1
, xv2

j2
and xv2

j2+dv2
. This can be done greedily

since |U | − s2 − (r + 6)εn > 0. With this procedure we guarantee two things.

First that for each e ∈ E(L), Ce ∪ {ue} and Cϕ(e) ∪ {ue} are (r + 1)-wheels which

completes the embedding of WL and WL′ . And second that for each v ∈ VL there

exists an enumeration y1, . . . , ydv of the vertices in Yv such that for each i ∈ [dv] yi

is adjacent to xv
i and xv

i+dv
and neither of vxv

i nor vxv
i+dv

are edges of WL. Thus,

for each v ∈ VL and i ∈ dv, we will continue by finding an (r − 1)-path P v
i from

xv
i to xv

i+dv
in G made of new vertices (except from xv

i and xv
i+dv

) whose vertices

are all adjacent to yi. This can again be done greedily since 2αn − s2 − εn > 0.

Finding these paths completes the embedding of {Wv}v∈VL
and {Wϕ(v)}v∈VL

.

It only remains to find, for each u ∈ UL, copies of W1
u, W2

u, W1
ϕ(u) and W2

ϕ(u).

Fix u ∈ UL and let Nu := NH(u) \ Xu be the set of new vertices in V that are

adjacent to u. Recall that |Xu| = (r − 1)dHL
(u) ≤ rm. Let Su ⊆ Nu be a set of

new vertices of size s chosen at random with uniform probability. Observe that

|Nu| ≥ n− rm− εn so for any v ∈ V we have dG(v;Nu) ≥ (1/2+α)n− rm− εn ≥

(1/2 + α/2)n. Then for every v ∈ V we have

E [dG(v;Su)] ≥ (1/2 + α/2)s.
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For each v ∈ V letAv be the event that dG(v;Su) ≤ (1−ε)E [dG(v;Su)]. Lemma 2.1.2

implies that for any v ∈ V

P [Av] ≤ 2e−ε2E[dG(v;Su)]/3 ≤ 2e−ε2s/6 ≤ e−s1/2 .

Let A be the event that dG(v;Su) ≤ (1 − ε)E [dG(v;Su)] for some v ∈ Su ∪ Xu.

Hence

P [A] ≤
∑
v∈Nu

P [v ∈ Su and Av] +
∑
v∈Xu

P [Av] ≤ |Nu|
s

|Nu|
e−s1/2 + |Xu|e−s1/2

≤ (s+ rm)e−s1/2 < 1

which implies that A does not hold with positive probability. Thus, choose Su ⊆

Nu to be a set of new vertices satisfying that dG(v;Su) ≥ (1 − ε)(1/2 + α/2)s ≥

(1/2 + α/4)s for every v ∈ Su ∪ Xu. Since δ(G[Su]) ≥ (1/2 + α/4)|Su| we know

by Theorem 2.6.1 that there exists a Cr-factor C2 of G[Su]. This gives us the

embeddings of W2
u and W2

ϕ(u). Now let Gu := G[Su ∪Xu]− C2 − G[Xu]. Observe

that for any v ∈ Su ∪Xu we have

dGu(v;Su ∪Xu) ≥ dGu(v;Su) ≥ dG(v;Su)−∆(C2) ≥ (1/2 + α/4)s− 2

≥ (1/2 + α/8)s+ (α/8)s− 2− (1/2 + α/8)rm+ (1/2 + α/8)rm

≥ (1/2 + α/8)(s+ rm) ≥ (1/2 + α/8)|Su ∪Xu|

where we have used that (α/8)s − 2 − (1/2 + α/8)rm > 0. We can then apply

again Theorem 2.6.1 to find a Cr-factor C1 of Gu. It follows that C1 is a Cr-factor

of G[Su ∪ Xu] edge-disjoint from C2 and in which Xu form an independent set,

which gives us copies of W1
u and W1

ϕ(u).
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This completes the embedding of T . Propositions 2.8.3 and 2.8.2 finish the

proof. □

We are finally ready to prove Lemma 2.8.1.

Proof of Lemma 2.8.1. Let s, s′ ∈ N such that 1/M ≪ 1/s′ ≪ 1/s≪ 1/m.

The proof consists of finding an embedding in G of the extended graph AL

described above which by Proposition 2.8.4 is an absorber for L. We will first

find the extended graphs Latt, L′
exp, ΓL, J ′

exp and Jatt in G and later find the

transformers T1, T2, T3 and T4 by applying Lemma 2.8.5.

Recall that since δ(G) ≥ (1/2 + α)n and H is ε-complete then the common

neighbourhood into V \ V ′ of any two vertices v1, v2 ∈ V and any vertex u ∈ U is

at least 2αn− εn− |V ′| > αn if |V ′| ≤ s. This allows us to find an (r + 1)-wheel

containing any given vertex in V and to expand any given edge e ∈ E(G) even if

we are not allowed to use a given set of vertices V ′ of size at most s. We will use

this argument to find, vertex by vertex, the extended subgraphs Latt, L
′
exp, ΓL,

J ′
exp and Jatt in G. We shall then refer as new vertices to the vertices in V ∪U that

have not previously been used in the embedding of the absorber AL. Since the size

of the graphs Latt, L
′
exp, ΓL, J

′
exp and Jatt are all bounded polynomially by V (L)

and E(L), and |V (L)| ≤ m and |E(L)| ≤ 2m, we can assume that at any point of

the argument the number of used vertices is always bounded by s, allowing us to

greedily find wheels or expand edges using only new vertices.

We start by finding an embedding of J in G using only new vertices. This can

be trivially done since J consists of the union of |E(L)|/(2r) edge-disjoint (r+1)-

wheels. We can then, for each edge e ∈ E(L)∪E(J), choose a vertex v ∈ e∩V and

find an (r+1)-wheel that contains v and uses only new vertices. This allows us to
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extend L and J into Latt and Jatt. Let L
′ and J ′ be copies of L and J on the set

of new vertices. L′ and J ′ are not necessarily extended subgraphs of G. However,

we can greedily expand every edge of L′ and J ′ to find vertex-disjoint copies of

L′
exp and J ′

exp in G using only new vertices. To find ΓL we just need to pick new

vertices v0 ∈ V and u0 ∈ U and iteratively add and expand the loop v0v0 and the

edge v0u0 mL times using only new vertices. We have then found vertex-disjoint

embeddings of Latt, L
′
exp, ΓL, J

′
exp and Jatt in G.

It only remains to find the transformers T1, . . . , T4. Let i ∈ [4] and suppose that

we have already found edge-disjoint copies of size at most s′ of the transformers

T1, . . . , Ti−1. Let E ′ be the set of edges in G that have already been used in

the embedding of AL. We have |E ′| ≤ 210s
′
with plenty of room to spare. Let

G ′ = G−G[E ′] with G ′ = (V, U,G′, H ′) and observe that δ(G′) ≥ (1/2+α/2)n and

H ′ is (ε/2)-complete. We can then apply Lemma 2.8.5 (with G ′, α/2, ε/2 and s′

playing the role of G, α, ε and s2 respectively) to find a transformer Ti ⊆ G ′ with

|V (Ti)| ≤ s′. Thus, by induction, we can find edge-disjoint transformers T1, . . . , T4

of size at most s′ which completes the embedding of AL. Finally, since s, s′ ≪ M

then |V (AL)| ≤M as desired.

2.9 Proof of Theorem 2.2.3

We have now all the ingredients to prove the main theorem of this chapter which

we restate below. Recall that the proof consist of three main steps. In the first step

we find a vortex sequence V0 ⊇ · · · ⊇ Vℓ where V0 = V (G) and Vℓ has constant size

and find and set aside a final absorber for all possible configurations of a leftover

in G[Vℓ]. In the second step we iteratively apply the Cover Down Lemma to cover,
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at the i-th iteration, all edges in G−G[Vi] to end up with a final leftover in G[Vℓ].

The final step consists of absorbing the final leftover using the absorbers that were

set aside at the beginning. We now restate the main theorem.

Theorem 2.2.3. Let 1/n ≪ 1/r ≪ α. Let G = (V, U,G,H) be an extended

Wr+1-divisible graph where |V | = n and H is a complete bipartite graph. If G is

d-regular with d ≥ (1/2 + α)n then G has a Wr+1-decomposition.

Proof. Let γ, η, ε > 0 and M,m′ ∈ N such that

1/n≪ 1/M ≪ 1/m′ ≪ η ≪ γ ≪ ε≪ 1/r ≪ α. (2.36)

We will write the proof with 10α playing the role of α. Hence we have by assump-

tion d ≥ (1/2 + 10α)n.

Step 1: Find the vortex sequence and the final absorber.

We start by applying Lemma 2.5.2 to find a (5α, η, ε,m)-vortex V0 ⊇ · · · ⊇ Vℓ,

U0 ⊇ · · · ⊇ Uℓ of G where εm′ ≤ m ≤ m′. Let ni := |Vi| for every i ∈ [ℓ] ∪ {0}.

For every i ∈ [ℓ], since |Vi| = ni, dG(v;Vi) = (1± η)2dH(v;Ui) for every v ∈ Vi and

H[Vi, Ui] is complete we have that |Ui| ≤ ni. Let L be the set of all spanning Wr+1-

divisible extended subgraphs of G[Vℓ ∪Uℓ]. Suppose that for some L′ ⊆ L we have

found for each L ∈ L′ an absorber AL ⊆ G −G[V1 ∪U1] with |V (AL)| ≤M so that

all the absorbers {AL}L∈L′ are edge-disjoint. Let A′ :=
⋃

L∈L′ AL and note that

|V (A′)| ≤ |L|M ≤ 22mM . Let L ∈ L \ L′ and let GL = (G − G[V1 ∪ U1]−A′) ∪ L.

Since |V (A′)| ≤ εn, |V1| = εn and |U1| ≤ εn we have that δ(GL[V ]) ≥ (1/2 + α)n

and GL[V, U ] is 2ε-complete. We can then use Lemma 2.8.1 (with GL, L, 2m and

2ε playing the role of G, L, m and ε) to find an absorber AL for L in GL such

that |V (AL)| ≤ M . Repeating iteratively the above arguments we end up finding

78



for each L ∈ L an absorber AL ⊆ G − G[V1 ∪ U1] with |V (AL)| ≤ M so that

all the absorbers {AL}L∈L are edge-disjoint. Let A :=
⋃

L∈L AL and note that A

satisfies that for any Wr+1-divisible extended subgraph L ⊆ G[Vℓ ∪ Uℓ] A ∪ L has

a Wr+1-decomposition. Since |V (A)| ≤ 22mM and using (2.36) we can see that

for every v ∈ V dG−A(v;V ) ≥ (1/2 + 7α)n and dG−A(v;V1) ≥ (1/2 + 3α)n1 so

V0 ⊇ · · · ⊇ Vℓ and U0 ⊇ · · · ⊇ Uℓ form a (4α, η, ε,m)-vortex of G − A. Moreover,

since A is Wr+1-decomposable then G −A must be Wr+1-divisible.

Step 2: Iteratively apply the Cover Down Lemma.

Let i ∈ [ℓ] ∪ {0} and suppose that we have found an extended subgraph Gi =

(Vi, Ui, Gi, Hi) of G such that G −A−Gi is Wr+1-decomposable and the following

properties hold:

(a) Gi is Wr+1-divisible,

(b) Gi is (ε
2, di)-regular for some di ≥ (1/2 + 2α)ni,

(c) dGi
(v;Vi+1) ≥ (1/2 + 3α)ni+1 for every v ∈ Vi,

(d) Hi is γ-complete,

(e) Gi[Vi+1 ∪ Ui+1] = G[Vi+1 ∪ Ui+1].

This is true for i = 0 since G0 := G − A satisfies properties (a)-(e). Let G ′i :=

Gi−Gi[Vi+2∪Ui+2] and let G ′i = (Vi, Ui, G
′
i, H

′
i). Using that |Vi+2| = ε|Vi+1| = ε2|Vi|

and |Ui+2| = ε2|Ui| we can see that G′
i is (ε, d

′
i)-regular for some d′i ≥ (1/2 + α)ni,

H ′
i is 2ε2-complete and dG(v;Vi+1) ≥ (1/2 + 2α)ni+1 for every v ∈ Vi. On the

other hand by property (V5) of the vortex sequence and using (e) we know that

dGi
(v;Vi+2) = (1 ± η)2dHi

(v;Ui+2) for every v ∈ Vi+2. Thus, since Gi is Wr+1-

divisible by (a) then G ′i satisfies that dG′
i
(v) = (1 ± η)2dH′

i
(v) for every v ∈ Vi,
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dG′
i
(v) = 2dH′

i
(v) for every v ∈ Vi \ Vi+2 and r | dH′

i
(u) for every u ∈ Ui \Ui+2. We

can now apply Lemma 2.7.1 (the Cover Down Lemma) with G ′i = (Vi, Ui, G
′
i, H

′
i),

Vi+1 and Ui+1 playing the role of G = (V, U,G,H), V ′ and U ′ respectively to find

a Wr+1-decomposable subgraph F ⊆ G ′i such that E(G ′i −F) ⊆ E(G ′i[Vi+1 ∪Ui+1])

and

∆(F [Vi+1 ∪ Ui+1]) ≤ γ|Vi|. (2.37)

In other words, F covers all the edges in E(Gi−Gi[Vi+1 ∪Ui+1]) and only a sparse

set of edges in Gi[Vi+1 ∪ Ui+1]. Let Gi+1 := (Gi − F)[Vi+1 ∪ Ui+1] and note that

G − A − Gi+1 = (G − A − Gi) ∪ F is Wr+1-decomposable by assumption. We will

now check that Gi+1 = (Vi+1, Ui+1, Gi+1, Hi+1) satisfies properties (a)-(e). First

observe that Gi − F is Wr+1-divisible since both Gi and F are Wr+1-divisible.

Note that Gi − F and Gr+1 have the same set of edges since F covered all edges

outside Gi[Vi+1 ∪ Ui+1]). Thus Gr+1 is also Wr+1-divisible. Using (e) we know

that Gi[Vi+1 ∪ Ui+1] satisfies properties (V1)-(V5) (with 4α instead α). Hence

from (V2) and (2.37) we can deduce that dGi+1
(v1) = (1 ± ε2)dGi+1

(v2) for every

v1, v2 ∈ Vi+1, (c) and (2.37) imply that dGi+1
(v) ≥ (1/2 + 2α)ni+1 for every v ∈

Vi+1, from (V3) and (2.37) we can see that dGi+1
(v;Vi+2) ≥ (1/2 + 3α)ni+2 for

every v ∈ Vi+1, and (V4) and (2.37) imply that Hi+1 is γ-complete. Finally since

F [Vi+2 ∪ Ui+2] has no edges we have Gi+1[Vi+2 ∪ Ui+2] = G[Vi+2 ∪ Ui+2].

It follows by induction that there exists a Wr+1-divisible extended subgraph

Gℓ = (Vℓ, Uℓ, Gℓ, Hℓ) of G such that G −A− Gℓ is Wr+1-decomposable.

Step 3: Absorb the final leftover.

Since Gℓ is a Wr+1-divisible extended subgraph of G[Vℓ, Uℓ] we have Gℓ ∈ L so
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A contains an absorber AGℓ
for Gℓ. All in all we have

G = (G −A− Gℓ) ⊔ (A− AGℓ
) ⊔ (Gℓ ∪ AGℓ

)

where the unions are edge-disjoint and (G −A−Gℓ), (A−AGℓ
) and (Gℓ ∪AGℓ

) are

all Wr+1-decomposable, implying that G has a Wr+1-decomposition. □
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CHAPTER 3

RESOLVABLE CLIQUE DECOMPOSITIONS
OF PSEUDO-RANDOM GRAPHS

In this chapter we will prove Theorem 1.2.5. Recall that a graph G is said to be

(ξ, p, s)-typical if for every set of vertices S ⊆ V (G) of size at most s we have

that dG(S) = (1 ± ξ)p|S|n. Note that this is a type of pseudo-random condition

that the random graph G(n, p) will satisfy with high probability if ξ, p, s are fixed

an n is large enough. Recall that a graph G is Kr-divisible if
(
r
2

)
| e(G) and

r−1 | dG(v) for every v ∈ V (G). Finally recall that a resolvable Kr-decomposition

is a decomposition of G into Kr-factors where a Kr-factor is a collection of vertex-

disjoint r-cliques that span V (G). We restate Theorem 1.2.5.

Theorem 1.2.5. For every r ≥ 3 and every p > 0 there exists ξ > 0 and n0 ∈ N

such that any Kr-divisible (ξ, p, 3r)-typical regular graph G on n ≥ n0 vertices

such that r | n has a resolvable Kr-decomposition.

In order to prove Theorem 1.2.5 we will prove a more general result, The-

orem 3.2.1, consisting of a Kr+1-decomposition of the corresponding ‘extended

graph’, see Section 1.5.2. Furthermore, we will consider decompositions in ‘com-
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plexes’, which are a more general object than a graph. We will introduce all

the terminology around complexes in Section 3.1 before stating Theorem 3.2.1 in

Section 3.2. The rest of the chapter will be organised as follows. In Section 3.3

we will prove the existence of a fractional Kr+1-decomposition in the extended

graph (Lemma 3.3.2) and transform it into an approximate decomposition in Sec-

tion 3.4. In Section 3.5 we will find a vortex sequence in the extended graph.

In Section 3.6 we prove the existence of a clique-factor in a multipartite pseudo-

random graph (Theorems 3.6.1 and 3.6.3). We will use these results to find many

edge-disjoint factors in Section 3.7. In Section 3.8 we prove the ‘Cover Down

Lemma’ (Lemma 3.8.3) and in Section 3.9 we construct the final absorbers for the

main proof. It is in this section where we will require s ≥ 3 (see Lemma 3.9.1).

Finally, the proof of the main theorem of this chapter, Theorem 3.2.1, is presented

in Section 3.10.

3.1 Preliminaries

We will inherit the standard notation and the basic probabilistic results used in

the previous chapter. For reference see Section 2.1.

3.1.1 Complexes

The concept of complex generalises that of a graph and consists of a family of

sets of vertices which is closed under taking subsets. The union of the sets can be

viewed as a ground vertex set V and the collection of 2-sets can be viewed as the

edge set E. While graphs only capture pairwise interactions (edges), complexes
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can model interactions between multiple vertices simultaneously (e.g., r-sets for

r ≥ 3), offering a richer and more general framework, and connecting combinatorics

to other fields in mathematics such as topology, where complexes are a fundamental

object. This broader perspective has inspired mathematicians to generalise many

classical results from graph theory to complexes. For the purpose of this thesis we

will focus in complexes containing only 1-sets (vertices), 2-sets (edges) and r-sets

(faces) for some fixed r ≥ 3. We define formally a complex as follows.

Definition 3.1.1. An r-complex G is a triple (V (G), E(G), Fr(G)) where V (G)

is a set of vertices, E(G) is a set of 2-sets of vertices called edges, and Fr(G) is a

set of r-sets of vertices called faces, such that for every f ∈ Fr(G) and every 2-set

e ⊂ f , e ∈ E(G).

We extend all the standard notation of simple graphs to r-complexes by iden-

tifying an r-complex G with its underlying graph (V (G), E(G)).

Given two r-complexes G and H we write H ⊆ G and say that H is a subcom-

plex of G if V (H) ⊆ V (G), E(H) ⊆ E(G) and Fr(H) ⊆ Fr(G). Given a set of edges

E ′ ⊆ E(G) the induced complex G[E ′] is the r-complex G[E ′] = (V (G), E ′, F ′)

where F ′ := {f ∈ Fr(G) : e ∈ E ′,∀e ⊆ f}. If G is fixed we might re-

fer to G[E ′] as the induced complex by E ′. We write G − H for the r-complex

G[E(G) \ E(H)]. Given a set T ⊆ Kr−1(G) of (r − 1)-cliques of G, we denote

N∗
G(T ) := {v ∈ V (G) : {v} ∪ K ∈ Fr(G),∀K ∈ T} and d∗G(T ) := |N∗

G(T )|. In

other words, N∗
G(T ) is the set of vertices which form a face with every (r − 1)-

clique in T . For convenience we define N∗
G(∅) := V (G). If T consists only of

one (r − 1)-clique K we will often write N∗
G(K) and d∗G(K) instead of N∗

G({K})

and d∗G({K}). Given W ⊆ V (G), a set of vertices S ⊆ V (G) and a set of
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(r − 1)-cliques T ⊆ Kr−1(G) we write N∗
G(S, T ;W ) := NG(S) ∩ N∗

G(T ) ∩W and

d∗G(S, T ;W ) = |N∗
G(S, T ;W )|. We refer to W as the target set. If no target set is

specified we assume it is V (G). The link complex of an k-clique K ∈ Kk(G) with

k < r into W ⊆ V (G) is the (r − k)-complex (V ′, E ′, F ′) where V ′ = NG(K;W ),

E ′ = E(G[V ′]) and F ′ = {K ′ ∈ Kr−k(G[V ]) : K ′ ∪K ∈ Fr(G)}. We denote it by

LkG(K;W ).

Definition 3.1.2. Let G be an r-complex and let V ⊆ V (G). Given ξ, p, q > 0

and s, t ∈ N, we say that G is (ξ, p, q, s, t)-typical into V if for every set S ⊆ V (G)

with |S| ≤ s and T ⊆ Kr−1(G[S]) with |T | ≤ t,

d∗G(S, T ;V ) = (1± ξ)p|S|q|T ||V |.

Note that a random r-complex on n vertices where each edge is chosen with

probability p and each r-face is chosen with probability q will be (ξ, p, q, s, t)-typical

with high probability if ξ, p, s, t are fixed and n is large enough. Hence this notion

of typicality can be viewed as a pseudo-random condition and an extension to

r-complexes of the typicality notion for graphs (Definition 1.1.5).

Given an r-complex G, an Fr-decomposition of G is a collection of edge-disjoint

faces of Fr(G) that cover all edges in E(G). If such collection exists we say that

G is Fr-decomposable. An Fr-factor of G is a collection of vertex-disjoint faces of

Fr(G) that cover all vertices in V (G). Finally, a resolvable Fr-decomposition of G

is a decomposition of G into Fr-factors.
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3.1.2 Extended complex

As in Chapter 2, the main theorem of this chapter, Theorem 3.2.1, consists of

finding a decomposition in an ‘extended complex’. Such a result will then be used

to deduce Theorem 1.2.5. To state the main theorem we need to further define

some additional concepts.

Definition 3.1.3. An extended (r + 1)-complex G = (V, U,G,H) is an (r + 1)-

complex with V (G) = V ∪ U where V and U are disjoint sets of vertices, E(G) =

E(G)∪E(H) where G is an r-complex on V and H is a bipartite graph on [V, U ],

and Fr+1(G) = {f ∪ {u} ∈ Kr+1(G ∪H) : f ∈ Fr(G), u ∈ U}.

Since an extended (r+1)-complex is, in particular, an (r+1)-complex, we shall

use the notation introduced in the previous section. Note that by definition, all

the (r + 1)-faces of an extended (r + 1)-complex G = (V, U,G,H) contain exactly

one vertex in U . One can view an extended (r + 1)-complex G = (V, U,G,H) as

an (r + 1)-complex that has an inner structure defined by the r-complex G and

the bipartite graph H.

Let G = (V, U,G,H) be an extended (r + 1)-complex and suppose that an

Fr+1-decomposition of G exists. For each v ∈ V and u ∈ U let cv and cu be the

number of faces in the decomposition containing v and u respectively. Then

(a) dG(v) = (r − 1)cv,

(b) dH(v) = cv,

(c) dH(u) = rcu,

which implies that r − 1 | dG(v), and r | dG(v), and r | dG(u).

Let C be the total number of faces in the decomposition. Then
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(d)
∑

v∈V cv = rC,

(e)
∑

u∈U cu = C,

which implies that
(
r
2

)
| e(G), and r | e(H), and

(
r+1
2

)
| e(G).

We say that G is Fr+1-divisible if there are constants {cv}v∈V , {cu}u∈U and C

satisfying properties (a)-(e). Observe that Fr+1-divisibility is a necessary condition

for G to admit an Fr+1-decomposition. Given η > 0 we say that G is η-divisible if

dG(v) = (1± η)(r − 1)dH(v) for every v ∈ V .

A bipartite graph H on [V, U ] is (ξ, p, s)-typical if for every set of vertices

SV ⊆ V with |SV | ≤ s,

dH(SV ) = (1± ξ)p|SV ||U |,

and for every set of vertices SU ⊆ U with |SU | ≤ s,

dH(SU) = (1± ξ)p|SU ||V |.

Definition 3.1.4. Let G = (V, U,G,H) be an extended (r + 1)-complex and let

V ′ ⊆ V and U ′ ⊆ U . Given ξ, pG, pH , q > 0 and s, t ∈ N we say that G is

(ξ, pG, pH , q, s, t)-typical into V ′ ∪ U ′ if for every set SV ⊆ V and SU ⊆ U with

|SV |+ |SU | ≤ s and for every set T ⊆ Kr−1(G[SV ]) with |T | ≤ t,

d∗G(SV ∪ SU , T ;V
′) = (1± ξ)p

|SV |
G p

|SU |
H q|T ||V ′|,

and for every set SV ⊆ V with |SV | ≤ s,

dH(SV ;U
′) = (1± ξ)p

|SV |
H |U ′|.
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In the case where V ′ = V and U ′ = U we just say that G is (ξ, pG, pH , q, s, t)-

typical. Observe that if G is (ξ, pG, pH , q, s, t)-typical then, in particular, G is

(ξ, pG, q, s, t)-typical and H is (ξ, pH , s)-typical.

The following result relates the size of U to the typicality and divisibility pa-

rameters.

Proposition 3.1.5. Let 1/n ≪ η ≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r. Let G =

(V, U,G,H) be a (ξ, pG, pH , q, s, t)-typical η-divisible extended (r+1)-complex where

|V | = n. Then |U | = (1± 3ξ)(pG/pH)n/(r − 1).

Proof. Since G is η-divisible we have dG(v) = (1 ± η)(r − 1)dH(v) for every

vertex v ∈ V . On the other hand, typicality implies that for every v ∈ V , dG(v) =

(1± ξ)pGn and dH(v) = (1± ξ)pH |U |. Combining both observations we obtain

|U | = (1± ξ)

(1± ξ)(1± η)

pGn

(r − 1)pH
= (1± 3ξ)(pG/pH)n/(r − 1)

as desired. □

3.1.3 Partite complexes

While this chapter primarily concerns non-partite complexes, in Section 3.6 we

will show the existence of face-factors in the partite setting. For this reason it

is necessary to introduce some terminology related to partite complexes before

delving into the main results of this chapter. It is worth noting that results on

partite complexes will be the main focus of Chapter 4 and Chapter 5.

Definition 3.1.6. An r-complexG is r-partite if there exists a partition V 1, . . . , V r

of V (G) such that G[V i] has no edges for every i ∈ [r].
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Just as in graphs, we say that G is balanced if |V 1| = · · · = |V r|.

Definition 3.1.7. Let G be an r-partite complex with parts V 1, . . . , V r. Given

ξ, p, q > 0 and s, t ∈ N, we say that an r-partite complex G is (ξ, p, q, s, t)-typical if

for every i ∈ [r], every set S ⊆ V (G) \ V i with |S| ≤ s and every T ⊆ Kr−1(G[S])

with |T | ≤ t,

d∗G(S, T ;V
i) = (1± ξ)p|S|q|T ||V i|.

Note that although an r-partite complex is, in particular, an r-complex, their

corresponding definitions of typicality are different. In fact, an r-partite complex G

could never be (ξ, p, q, s, t)-typical as in Definition 3.1.2 because each of the parts of

G is an independent set which contradicts the conditions of typicality. Specifically,

any vertex in S and the target set in the definition of typicality cannot belong to

the same part. This is the reason why it is necessary to make a distinction in the

definition of typicality between the two cases.

The following definitions are an analogue to Definition 3.1.3 and 3.1.4 respec-

tively in the case of partite complexes.

Definition 3.1.8. An extended (r+1)-partite complex G = (V, U,G,H) with parts

V 1, . . . , V r is an (r+ 1)-complex with V (G) = V ∪ U , where V and U are disjoint

sets of vertices with V = V 1 ⊔ · · · ⊔ V r; E(G) = E(G) ∪ E(H), where G is an

r-partite complex with parts V 1, . . . , V r and H is a bipartite graph on [V, U ]; and

Fr+1(G) = {f ∪ {u} ∈ Kr+1(G ∪H) : f ∈ Fr(G), u ∈ U}.

Definition 3.1.9. Let G = (V, U,G,H) be an extended (r + 1)-partite complex

with parts V 1, . . . , V r. Given ξ, pG, pH , q > 0 and s, t ∈ N we say that G is

(ξ, pG, qH , q, s, t)-typical if for every i ∈ [r], every SV ⊆ V \ V i and SU ⊆ U with
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|SV |+ |SU | ≤ s and every T ⊆ Kr−1(G[SV ]) with |T | ≤ t we have

d∗G(SV ∪ SU , T ;V
i) = (1± ξ)p

|SV |
G p

|SU |
H q|T ||V i|,

and for every SV ⊆ V with |SV | ≤ s

dH(SV ;U) = (1± ξ)p
|SV |
H |U |.

3.2 Main results

We have now gathered all the necessary concepts to state the main theorem of this

chapter.

Theorem 3.2.1. Let 1/n≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r with s ≥ 3r and t ≥ r2+r.

Let G = (V, U,G,H) be an Fr+1-divisible (ξ, pG, pH , q, s, t)-typical extended (r+1)-

complex where |V | = n. Then G has an Fr+1-decomposition.

We will now deduce Theorem 1.2.5 from a particular case of the following result.

Corollary 3.2.2. Let 1/n ≪ ξ ≪ p, q, 1/s, 1/t, 1/r with s ≥ 3r and t ≥ r2 + r.

Let G be a Kr-divisible regular (ξ, p, q, s, t)-typical r-complex on n vertices where

r | n. Then G has a resolvable Fr-decomposition.

Proof. Since G is regular, let d := dG(v) for any v ∈ V (G). Recall that since G is

Kr-divisible then
(
r
2

)
| E(G) and (r − 1) | d. Let G = (V, U,G,H) be an extended

(r+1)-complex where V = V (G), U is a set of vertices of size 2e(G)/((r−1)n) and

H is the complete bipartite graph on [V, U ]. For every v ∈ V let cv := d/(r − 1)

and note that dH(v) = |U | = 2e(G)/((r − 1)n) = d/(r − 1) = cv. For each u ∈ U
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let cu := n/r and note that dH(u) = |V | = rcu. Finally, let C := e(G)/
(
r
2

)
.

Observe that the constants {cv}v∈V , {cu}u∈U and C satisfy properties (a)-(e) so

G is Fr+1-divisible. Moreover, since G is (ξ, p, q, s, t)-typical and H is complete

then G is (ξ, pG, pH , q, s, t)-typical with pG = p and pH = 1. We can then apply

Theorem 3.2.1 to find an Fr+1-decomposition F of G. Recall that by definition of

the extended complex each (r+1)-face f ∈ Fr+1(G) contains exactly one vertex in U

and satisfies that f ∩V ∈ Fr(G). For each u ∈ U let Fu := {f ∩V : f ∈ F , u ∈ f}

be the set of r-faces of G that together with u form a face of the decomposition

F . Note that since u is adjacent via H to all vertices in V then Fu is an Fr-factor

of G. Thus, {Fu}u∈U is a collection of edge-disjoint Fr-factors of G that cover all

edges in E(G). Hence G has a resolvable Fr-decomposition. □

Theorem 1.2.5 corresponds to the case Fr(G) = Kr(G), q = 1 and t ≥ r2 + r

of Corollary 3.2.2.

3.3 Extended fractional decomposition

In this section we prove the existence of a fractional face-decomposition of an ex-

tended complex (Lemma 3.3.2). This is one of the two key results to prove the

main theorem of this chapter, Theorem 3.2.1, the other one being the Cover Down

Lemma (Lemma 3.8.3). Similar to the proof of Lemma 2.3.3 in the previous chap-

ter, the proof of Lemma 3.3.2 will consist of extending a fractional decomposition

from the host complex G into a fractional decomposition of its corresponding ex-

tended complex. We will first find a fractional decomposition of G via the following

result by Glock, Kühn, Lo and Osthus.
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Lemma 3.3.1 ([30, Lemma 6.3]). Let 1/n≪ η ≪ ξ ≪ ξ′ ≪ p, q, 1/s, 1/t, 1/r with

s ≥ r + 1 and t ≥ r2 + r. Let G be a (ξ, p, q, s, t)-typical complex on n vertices.

Then there is a weighting ω : Fr(G)→ [0, 1] such that for every edge e ∈ E(G)

ω(e) :=
∑

f∈Fr(G) : e⊆f

ω(f) = 1

and for every f ∈ Fr(G)

ω(f) = (1± ξ′)
(r − 2)!

p(
r
2)−1qnr−2

.

The result in [30] is actually more general than the stated above. One could

prove Lemma 3.3.2 directly by using the ‘edge-gadgets’ introduced by Barber et

al. [8] which allow to change the weight of a given edge without changing the

weight of any other edge. For completeness we will outline this approach:

(i) start with the uniform weighting defined as ω′(f) := (r − 2)!/(p(
r
2)−1qnr−2)

for each f ∈ Fr(G);

(ii) using the typicality of G check that ω′(e) = (1 ± Θ(ξ)) for each e ∈ E(G)

and define its ‘missing weight’ as xe := 1− ω′(e);

(iii) using the typicality of G, check that each edge e is contained in Θ(nr) distinct

‘edge-gadgets’ where each r-clique is an r-face;

(iv) for each e ∈ E(G), add a weight of xe to e using all the gadgets that contain

e uniformly to achieve ω(e) = 1;

(v) check that after the use of all the gadgets the final weight on each face is

ω(f) = (1±Θ(ξ))ω′(f).
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See [7, Lemma 4.2] for a detailed proof of the triangle case.

We now describe the gadgets that will be used to ‘extend’ the fractional de-

composition of G into the extended complex G and state Lemma 3.3.2. Let

G = (V, U,G,H) be an extended (r + 1)-complex. Let v ∈ V and u1, u2 ∈ U

such that vu1, vu2 ∈ E(G) and let x ∈ R. A (vu1, vu2, x)-shifter is a function

φ : Fr+1(G)→ R such that

φ(e) :=
∑

f∈Fr+1(G) : e⊆f

φ(f) =


x if e = vu1,

−x if e = vu2,

0 otherwise.

(3.1)

A (v, u1, u2)-gadget J is a set of r + 3 vertices in V (G) such that JU := J ∩ U =

{u1, u2}, JV := J ∩ V contains v and satisfies that G[JV ] is an (r + 1)-clique with

the property that every r-clique in JV is an r-face of G, andH[JV , JU ] is a complete

bipartite graph. Note that a (v, u1, u2)-gadget contains 2(r + 1) faces in Fr+1(G).

We denote by J (v, u1, u2) the set of all (v, u1, u2)-gadgets in G.

We are now ready to state and prove the main result of this section.

Lemma 3.3.2. Let 1/n ≪ η ≪ η′ ≪ ρ ≪ ξ ≪ ξ′ ≪ pG,pH ,q,1/s,1/t,1/r with

s ≥ r + 2 and t ≥ r2 + r. Let G = (V, U,G,H) be an η-divisible (ξ, pG, pH , q, s, t)-

typical extended (r + 1)-complex where |V | = n. Then there is a weighting ω :

Fr+1(G)→ [0, 1] such that for every edge e ∈ E(G)

ω(e) = (1± η′) (3.2)
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and for every f ∈ Fr+1(G)

ω(f) = (1± ξ′)
(r − 1)!

p
(r2)
G pr−1

H qnr−1

. (3.3)

Proof. Let ξ′′ > 0 such that ξ ≪ ξ′′ ≪ ξ′. We start by applying Lemma 3.3.1 to

G to find a weighting ωG : Fr(G)→ [0, 1] such that

ωG(e) =
∑

f ′∈Fr(G) : e⊆f ′

ωG(f
′) = 1

for every e ∈ E(G) and

ωG(f) = (1± ξ′′)
(r − 2)!

p
(r2)−1

G qnr−2

for every f ∈ Fr(G). Observe that for every vertex v ∈ V

ωG(v) :=
∑

e∈E(G) : v∈e

ωG(e) = dG(v) = (1± ξ)pGn. (3.4)

We now define ω′ : Fr+1(G)→ [0, 1] as

ω′(f) =
ωG(f ∩ V )

d∗G(f ∩ V )

Then, for every f ′ ∈ Fr(G) we have that

∑
f∈N∗

G(f
′)

ω′(f) =
∑

f∈N∗
G(f

′)

ωG(f
′)

d∗G(f
′)

= ωG(f
′). (3.5)
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Note that for every edge e ∈ E(G)

ω′(e) =
∑

f∈Fr+1(G) : e⊆f

ω′(f) =
∑

f ′∈Fr(G) : e⊆f ′

∑
f∈N∗

G(f
′)

ω′(f)

(3.5)
=

∑
f ′∈FrG : e⊆f ′

ωG(f
′) = ωG(e) = 1.

(3.6)

Given v ∈ V , let Ev be the set of edges in E(H) incident to v. Then, for every

v ∈ V

ωH(v) :=
∑
e∈Ev

ω′(e) =
∑
e∈Ev

∑
f∈Fr+1(G) : e⊆f

ω′(f) =
∑

f ′∈Fr(G) : v∈f ′

∑
f∈N∗

G(f
′)

ω′(f)

(3.5)
=

∑
f ′∈Fr(G) : v∈f ′

ωG(f
′) =

1

(r − 1)

∑
e∈E(G) : v∈e

ωG(e)
(3.4)
=

dG(v)

r − 1
.

Suppose that for each v ∈ V

ω′(e1) = ω′(e2) for every pair of edges e1, e2 ∈ Ev. (3.7)

Then, for any e ∈ Ev

ωH(v) =
∑
e′∈Ev

ω′(e′) = dH(v)ω
′(e)

and thus,

ω′(e) =
ωH(v)

dH(v)
=

dG(v)

(r − 1)dH(v)
= (1± 2η) (3.8)

which together with (3.6) implies (3.2).

Our goal then is to ensure that (3.7) holds for every vertex v ∈ V . To do this,

we will use several (vu1, vu2, x)-shifters which will modify our current weighting
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ω′ into the desired one.

Fix v ∈ V . For each e ∈ Ev, let xe := ωH(v)/dH(v) − ω′(e) be the “missing

weight” of e.

Claim 1: For every e ∈ E(H), |xe| ≤ 3ξ′′.

Proof of claim: We know that for every f ∈ Fr(G)

ωG(f) = (1± ξ′′)
(r − 2)!

p
(r2)−1

G qnr−2

.

Then, for every edge e ∈ E(H)

ω′(e) =
∑

f∈Fr+1(G) : e⊆f

ω′(f) =
∑

f∈Fr+1(G) : e⊆f

ωG(f ∩ V )

d∗G(f ∩ V )

= (1± ξ′′)
(r − 2)!

p
(r2)−1

G qnr−2

|{f ∈ Fr+1(G) : e ⊆ f}|
d∗G(f ∩ V )

= (1± ξ′′)
(r − 2)!

p
(r2)−1

G qnr−2

(1± ξ)rp
(r2)
G pr−1

H qnr−1/(r − 1)!

(1± ξ)prH |U |

Prop. 3.1.5
= 1± 2ξ′′.

On the other hand ωH(v)/dH(v) = (1± 2η) by (3.8). Hence,

|xe| = |ωH(v)/dH(v)− ω′(e)| = |(1± 2η)− (1± 2ξ′′)| ≤ 3ξ′′.

−

Note that
∑

e∈Ev
xe = 0.

The following claim finds triples {(ei1 , ei2 , xi)}i∈I where ei1 , ei2 ∈ Ev so that by

finding an (ei1 , ei2 , xi)-shifter for each i ∈ I we will compensate the missing weight
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of each e ∈ Ev and ensure that (3.7) holds.

Claim 2: there exists a finite set Av of ordered triples {(ei1 , ei2 , xi)}i∈I where

ei1 , ei2 ∈ Ev and xi ∈ R satisfying that

(S1) for each e ∈ Ev let Ie ⊆ I be the set of indices i such that e ∈ {ei1 , ei2}, then

∑
i∈Ie

|xi| = |xe|,

(S2) suppose that φi is an (ei1 , ei2 , xi)-shifter for every i ∈ I, then

ω′(e) +
∑
i∈I

φi(e) = ωH(v)/dH(v)

for every e ∈ Ev.

Proof of claim: The proof consists of the following algorithm. Suppose that at

the j-th step we have already found triples {(ei1 , ei2 , xi)}1≤i<j. For each e ∈ Ev,

let I+j (e) be the set of indices i such that e = ei1 and let I−j (e) be the set of

indices i such that e = ei2 . If xe ≥ 0 let zj(e) :=
∑

i∈I+j (e) xi and if xe < 0 let

zj(e) :=
∑

i∈I−j (e)−xi. Let Ej := {e ∈ Ev : zj(e) = xe}. Suppose that the triples

{(ei1 , ei2 , xi)}1≤i<j satisfy that for each e ∈ Ev,

(s1) if xe ≥ 0 then |I−j (e)| = 0 and if xe < 0 then |I+j (e)| = 0,

(s2) |zj(e)| ≤ |xe|,

and suppose that

(s3) |Ej| ≥ j.
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The algorithm stops if Ej = Ev. In this case we have that zj(e) = xe for each

e ∈ Ev which implies (S1). Suppose that φi is an (ei1 , ei2 , xi)-shifter for every

1 ≤ i < j. Then for every edge e ∈ Ev

ω′(e) +
∑
1≤i<j

φi(e) = ω′(e) + zj(e) = ω′(e) + xe = ωH(v)/dH(v)

which implies (S2).

Else, if |Ej| < |Ev|, let ej be an edge in Ev \ Ej that minimizes |xe − zj(e)|.

Observe that

∑
e∈Ev

(xe−zj(e)) =
∑
e∈Ev

xe−
∑
e∈Ev

zj(e) = 0−
∑

e∈Ev : xe≥0

∑
i∈I+j (e)

xi+
∑

e∈Ev : xe<0

∑
i∈I−j (e)

xi = 0.

Then there must exist some edge e′j ∈ Ev\Ej such that sgn(xej−zj(ej)) ̸= sgn(xe′j
−

zj(e
′
j)). We choose the j-th triple to be (ej, e

′
j, (xej − zj(ej))) if (xej − zj(ej)) > 0

and (e′j, ej,−(xej − zj(ej))) if (xej − zj(ej)) < 0. Observe that zj+1(ej) = xej ,

|zj+1(e
′
j)| ≤ |xe′j

|, and zj+1(e) = zj(e) for all edges except ej and e′j. It follows

that the new set of triples satisfy (s1)-(s3) when replacing j by j + 1. Note that

|Ej+1| > |Ej| guarantees that the algorithm will stop at most at the dH(v)-th

step. −

Now, for each (e1, e2, x) ∈ Av we will construct an (e1, e2, x)-shifter as follows.

Let u1 and u2 be the vertex in U contained in e1 and e2 respectively. Recall that

a (v, u1, u2)-gadget J is a set of r + 3 vertices in V (G) such that JU := J ∩ U =

{u1, u2}, JV := J ∩ V contains v and satisfies that G[JV ] is an (r + 1)-clique

with the property that every r-clique in JV is an r-face of G, and H[JV , JU ] is

a complete bipartite graph. Recall also that J (v, u1, u2) denotes the set of all
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(v, u1, u2)-gadgets in G. For each gadget J ∈ J (v, u1, u2), let φJ : Fr+1(G[J ])→ R

be defined as

φJ(f) =



1/r if e1 ⊆ f,

−1/r if e2 ⊆ f,

−(r − 1)/r if u1 ∈ f and v /∈ f,

(r − 1)/r if u2 ∈ f and v /∈ f.

(3.9)

Let φ(e1,e2,x) : Fr+1(G)→ R be defined as

φ(e1,e2,x)(f) =
x

|J (v, u1, u2)|
∑

J∈J (v,u1,u2)

φJ(f)

where φJ(f) := 0 if f /∈ Fr+1(G[J ]). It is not difficult to check that φ(e1,e2,x) is

indeed an (e1, e2, x)-shifter. Moreover, given f ∈ Fr+1(G), the amount of gadgets

J ∈ J (v, u1, u2) that contain f is linear in n if e1 or e2 ⊆ f , one if u1 or u2 ∈ f

but v /∈ f , and zero otherwise. Thus,

|φ(e1,e2,x)(f)| ≤


|x|Θ(n−(r−1)) if e1 or e2 ⊆ f,

|x|Θ(n−r) if u1 or u2 ∈ f and v /∈ f,

0 otherwise.

(3.10)

Let φv :=
∑

a∈Av
φa. Then (S2) implies that

ω′(e) + φv(e) = ω′(e) +
∑
a∈Av

φa(e) = ωH(v)/dH(v) (3.11)

for every e ∈ Ev. On the other hand, consider a face f ∈ Fr+1(G) with {u} = f∩U .
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If f contains v and vu ∈ E(H),

|φv(f)| ≤
∑
a∈Av

|φa(f)| =
∑

a∈Av : vu∈a

|φa(f)|
(S1),(3.10)

≤ |xvu|Θ(n−(r−1)). (3.12)

If f does not contain v but vu ∈ E(H),

|φv(f)| ≤
∑
a∈Av

|φa(f)| =
∑

a∈Av : vu∈a

|φa(f)|
(S1),(3.10)

≤ |xvu|Θ(n−r). (3.13)

Else, if vu /∈ E(H), φv(f) = 0.

Let ω = ω′+
∑

v∈V φv. First observe that ω(e) = ω′(e) for every edge e ∈ E(G).

Second, for every v ∈ V and every e ∈ Ev

ω(e) = ω′(e) +
∑
v′∈V

φv′(e) = ω′(e) + φv(e) = ωH(v)/dH(v).

Thus, equations (3.7) and (3.8) holds when replacing ω′ with ω, so (3.2) holds as

desired.

It only remains to check equation (3.3). Fix f ∈ Fr+1(G) and let f = {v1, . . . , vr, u}

with u ∈ U . Let xmax := maxe∈E(H) |xe|. Then

|
∑
v∈V

φv(f)| ≤
∑

v∈V : v/∈f

|φv(f)|+
∑
v∈f

|φv(f)| ≤ Θ(n)|xmax|Θ(n−r) + |xmax|Θ(n−(r−1))

≤ 3ξ′′Θ(n−(r−1))

and

ω′(f) =
ωG(f ∩ V )

d∗G(f ∩ V )
= (1± ξ′′)

(r − 2)!

p
(r2)−1

G qnr−2

· 1

(1± ξ)rprH |U |

Prop. 3.1.5
= (1± 2ξ′′)

(r − 1)!

p
(r2)
G pr−1

H qnr−1

.
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Thus,

ω(f) = ω′(f) +
∑
v∈V

φv(f) = (1± ξ′)
(r − 1)!

p
(r2)
G pr−1

H qnr−1

for each f ∈ Fr+1(G). □

3.4 Approximate decomposition

In this section we prove Lemma 3.4.1 which finds an approximate face decom-

position in an extended graph. The proof uses the existence of a fractional face

decomposition given by Lemma 3.3.2 and the existence of an almost-perfect match-

ing in an auxiliary hypergraph given by Theorem 1.5.2.

Lemma 3.4.1. Let 1/n ≪ η ≪ γ ≪ ξ ≪ pG,pH , q,1/s,1/t,1/r with s ≥ r + 2

and t ≥ r2 + r. Let G = (V, U,G,H) be an η-divisible (ξ, pG, pH , q, s, t)-typical

extended (r + 1)-complex where |V | = n. If G is Kr-divisible then there exists an

Fr+1-decomposable complex F ⊆ G such that ∆(G − F) ≤ γn.

Proof. Let ρ, η′ > 0 such that

1/n≪ η ≪ η′ ≪ γ ≪ ξ ≪ ρ≪ pG, pH , q, 1/s, 1/t, 1/r

We start by applying Lemma 3.3.2 to G to obtain a weighting ω : Fr+1(G) →

[0, 1] that satisfies (3.2) and (3.3).

For each f ∈ Fr+1(G), let p(f) := ω(f)ρnr−1. Note that 0 < p(f) < 1. Let

E(H) be a set of faces obtained from Fr+1(G) by including each f ∈ Fr+1(G) with

probability p(f). Let H = (V (H), E(H)) be the (r + 1)-uniform hypergraph with
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vertex set V (H) = E(G) and hyperedge set E(H). Observe that for each e ∈ E(G),

E [dH(e)] =
∑

f∈Fr+1(G) : e⊂f

p(f) =
∑

f∈Fr+1(G) : e⊂f

ω(f)ρnr−1 = (1± η′/2)ρnr−1.

Lemma 2.1.2 and a union bound implies that with positive probability

dH(e) = (1± η′)ρnr−1 for all e ∈ E(G). (3.14)

Choose H so that (3.14) holds.

Observe that ∆2(H) ≤ nr−2 ≤ ρnr−1/ log9r n as every pair of edges determine

at least three vertices so there are at most nr−2 (r+1)-faces containing them. For

each v ∈ V (G) let Sv = {e ∈ E(G) : v ∈ e}. Let S = {Sv}v∈V (G) and note that

|S| = n + pn/(r − 1). We apply Theorem 1.5.2 to the hypergraph H (with η′

playing the role of ε) to obtain a (γ,S)-perfect matchingM. Let EL be the set of

edges in E(G) which are left uncovered by M. Observe that a perfect matching

in H corresponds to an Fr+1-decomposition of G. Hence, F := G − G[EL] has an

Fr+1-decomposition. Finally, ∆(G − F) = ∆(G[EL]) ≤ γn since for each vertex

v ∈ V (G) there are at most γn edges e containing v which are left uncovered by

M in H. □

3.5 Vortex sequence

In this section we find a vortex sequence in an extended graph. This will be the

first step in the proof of Theorem 3.2.1. We will make sure that properties such

as typicality and divisibility are passed down through the sequence by capturing
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them in following definition.

Let n, r, s, t ∈ N and let ξ, pG, pH , q > 0. Let G = (V, U,G,H) be an Fr+1-

divisible (ξ, pG, pH , q, s, t)-typical extended (r + 1)-complex where |V | = n.

Definition 3.5.1 (Vortex). Given m ∈ N and ξ′, ε, η > 0, a (ξ′, ε, η,m)-vortex of

G is a pair of sequences V0 ⊇ V1 ⊇ · · · ⊇ Vℓ and U0 ⊇ U1 ⊇ · · · ⊇ Uℓ such that

(V1) V0 = V and U0 = U ,

(V2) For all i ∈ [ℓ], |Vi| = ε|Vi−1| and |Ui| = (pG/pH)|Vi|/(r − 1),

(V3) |Vℓ| = m,

(V4) For all i ∈ [ℓ], G[Vi−1 ∪ Ui−1] is (ξ
′, pG, pH , q, s, t)-typical into Vi ∪ Ui,

(V5) For all i ∈ [ℓ] and v ∈ Vi−1,

dG(v, Vi) = (1± η)(r − 1)dH(v, Ui).

Note that (V4) and (V5) imply that G[Vi ∪Ui] is (ξ
′, pG, pH , q, s, t)-typical and

η-divisible for every i ∈ [ℓ].

Lemma 3.5.2. Let 1/n≪ 1/m′ ≪ η ≪ ε≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r. Then G

has a (2ξ, ε, η,m)-vortex where εm′ ≤ m ≤ m′.

Proof. Let n0 := n and recursively define ni := εni−1. Let ℓ := 1 + max{i ≥

0 : ni ≥ m′} and let m := nℓ. Observe that εin ≥ ni ≥ εin − 1/(1 − ε) and

εm′ ≤ m ≤ m′.
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Let ξ0 := ξ and η0 := 0 and define for i = 1, . . . , ℓ,

ξi := ξi−1 + 2n
−1/3
i−1 (3.15)

and

ηi := ηi−1 + 4n
−1/3
i−1 . (3.16)

Suppose that for some i ∈ [ℓ] we have already found sequences V0, . . . , Vi−1 and

U0, . . . , Ui−1 which form a (ξi−1, ε, ηi−1, ni−1)-vortex of G. Note that this is trivially

true for i = 0 since G is Fr+1-divisible and (ξ, pG, pH , q, s, t)-typical.

Let Vi and Ui be random subsets of Vi−1 and Ui−1 of sizes ni and (pG/pH)ni/(r−

1) respectively. Lemma 2.1.2 and a union bound implies that with positive proba-

bility for any SV ⊆ Vi−1 and SU ⊆ Ui−1 with |SV |+ |SU | ≤ s and T ⊆ Kr−1(G[SV ])

with |T | ≤ t, we have

d∗G(SV ∪ SU , T ;Vi) = (1± n
−1/3
i−1 )d∗G(SV ∪ SU , T ;Vi−1)

ni

ni−1

, (3.17)

and for any set SV ⊆ Vi−1 with |SV | ≤ s

dH(SV ;Ui) = (1± n
−1/3
i−1 )dH(SV ;Ui−1)

|Ui|
|Ui−1|

. (3.18)

Fix such choice of Vi and Ui.

Recall that, by assumption, G[Vi−1∪Ui−1] is (ξi−1, pG, pH , q, s, t)-typical by (V4)

and dG(v;Vi−1) = (1±ηi−1)(r−1)dH(v;Ui−1) for all v ∈ Vi−1 by (V5). Thus, using

(3.17) we can deduce that for any SV ⊆ Vi−1 and SU ⊆ Ui−1 with |SV |+ |SU | ≤ s
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and T ⊆ Kr−1(G[SV ]) with |T | ≤ t

d∗G(SV ∪ SU , T ;Vi) = (1± n
−1/3
i−1 )d∗G(SV ∪ SU , T ;Vi−1)

ni

ni−1

= (1± n
−1/3
i−1 )(1± ξi−1)p

|SV |
G p

|SU |
H q|T |ni−1

ni

ni−1

= (1± ξi)p
|SV |
G p

|SU |
H q|T |ni.

Similarly, using (3.18) we can deduce that for all SV ⊆ Vi−1 with |SV | ≤ s

dH(SV ;Ui) = (1± n
−1/3
i−1 )dH(SV ;Ui−1)

|Ui|
|Ui−1|

= (1± n
−1/3
i−1 )(1± ξi−1)p

|SV |
H |Ui−1|

|Ui|
|Ui−1|

= (1± ξi)p
|SV |
H |Ui|.

(3.19)

On the other hand, for any v ∈ Vi−1

dG(v;Vi)
(3.17)
= (1± n

−1/3
i−1 )dG(v;Vi−1)

ni

ni−1

= (1± n
−1/3
i−1 )(1± ηi−1)(r − 1)dH(v;Ui−1)

ni

ni−1

(3.18)
= (1± 2n

−1/3
i−1 )(1± ηi−1)(r − 1)dH(v;Ui)

|Ui−1|
|Ui|

ni

ni−1

= (1± 3n
−1/3
i−1 )(1± ηi−1)(r − 1)dH(v;Ui)

= (1± ηi)(r − 1)dH(v;Ui).

Thus, V0, . . . , Vi and U0, . . . , Ui form a (ξi, ε, ηi, ni)-vortex of G. It follows

by induction that there exist sequences V0, . . . , Vℓ and U0, . . . , Uℓ which form a

(ξℓ, ε, ηℓ, nℓ)-vortex of G.

Finally, observe that
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ηℓ = η0 +
ℓ−1∑
j=0

4n
−1/3
j ≤ 4

m′−1/3

1− ε1/3
< η,

and likewise,

ξℓ = ξ0 +
ℓ−1∑
j=0

2n
−1/3
j ≤ ξ + 2

m′−1/3

1− ε1/3
< 2ξ.

□

3.6 Face-factor in partite complexes

In this section we will prove several results on the existence of face-factors in

partite and multipartite complexes. Though the existence of such factors could be

proven using the hypergraph blow-up lemma by Keevash [41], a generalisation to

hypergraphs of the celebrated Blow-up Lemma by Komlós, Sárközy and Szemerédi,

[53], for the sake of completeness we will present a shorter and simpler proof

following the methods used by Han, Kohayakawa, Morris and Person [36] to find

a Kr-factor in a pseudorandom graph.

Given an r-complex G, recall that an Fr-factor of G is a collection of vertex-

disjoint faces of Fr(G) that cover all vertices in V (G). It is straightforward to see

that r | V (G) is a necessary condition for the existence of an Fr-factor of G. The

aim of this section is to prove the following results.

Theorem 3.6.1. Let 1/n ≪ ξ ≪ p, q, 1/s, 1/t, 1/r with s ≥ 2(r − 1) and t ≥ 2.

Let G be a balanced (ξ, p, q, s, t)-typical r-partite complex with parts V 1, . . . , V r of

size n. Then G contains an Fr-factor.
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Corollary 3.6.2. Let 1/n ≪ ξ ≪ p, q, 1/s, 1/t, 1/r with r | n, s ≥ 2(r − 1) and

t ≥ 2. Let G be a (ξ, p, q, s, t)-typical r-complex on n vertices. Then G contains

an Fr-factor.

Theorem 3.6.3. Let 1/n≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r with s ≥ 2r and t ≥ 2. Let

G = (V, V r+1, G,H) be a (ξ, pG, pH , q, s, t)-typical extended (r + 1)-partite complex

with parts V 1, . . . , V r where |V i| = n for every i ∈ [r + 1]. Then G contains an

Fr+1-factor.

Corollary 3.6.4. Let 1/n ≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r with s ≥ 2r and t ≥ 2.

Let G = (V, U,G,H) be a (ξ, pG, pH , q, s, t)-typical extended (r + 1)-complex where

|V | = r|U | = rn. Then G contains an Fr+1-factor.

Theorems 3.6.1 and 3.6.3 will be obtained by applying the slightly more general

result stated below as Theorem 3.6.8. Corollaries 3.6.2 and 3.6.4 are deduced

from Theorems 3.6.1 and 3.6.3 by randomly splitting the vertex set V (G) into

r parts V 1, . . . , V r of equal size and using a Chernoff bound and the typicality

of G and G to see that with positive probability the parts V 1, . . . , V r induce a

(2ξ, p, q, s, t)-typical r-partite complex G′ and a (2ξ, pG, pH , q, s, t)-typical extended

(r + 1)-partite complex G ′ so we can apply Theorem 3.6.1 and 3.6.3 to G′ and G ′

respectively.

Let G be an r-partite graph with parts V 1, . . . , V r, let ξ > 0 and let pij > 0

for every i ̸= j. Consider the following properties.

(P1) dG(v;V
j) > (1− ξ)pij|V j| for every v ∈ V i and i ̸= j.

(P2) dG({v1, v2};V j) < (1 + ξ)p2ij|V j| for every v1, v2 ∈ V i and i ̸= j.
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Let G be a graph and let A,B ⊆ V (G) be disjoint non-empty sets of vertices.

The density of the pair (A,B) is defined as

d(A,B) :=
e(A,B)

|A||B|
,

where e(A,B) denotes the number of edges in G between A and B. The pair

(A,B) is δ-regular if for any two sets X ⊆ A and Y ⊆ B with |X| ≥ δ|A| and

|Y | ≥ δ|B| we have

|d(X, Y )− d(A,B)| < δ.

We shall use the following result on ‘typicality’ implies ‘regularity’.

Proposition 3.6.5 ([22, Proposition 2.5]). Let 1/n ≪ ξ ≪ δ ≪ {pij}i ̸=j, 1/r.

Let G be an r-partite graph with parts V 1, . . . , V r of size greater than n. If G

satisfies (P1)-(P2) then (V i, V j) is δ-regular for every i ̸= j.

Proposition 3.6.6. Let 1/n ≪ ξ ≪ δ ≪ {pij}i ̸=j, 1/r. Let G be an r-partite

graph with parts V 1, . . . , V r of size greater than n. Let j ∈ [r] and U ⊆ V j such

that |U | ≥ δn. If G satisfies (P1)-(P2) then for every i ∈ [r] \ {j} there are at

most δn vertices w in V i such that dG(w;U) < pij|U |/2.

Proof. Let i ∈ [r] \ {j}. We know by Proposition 3.6.5 that the pair (V i, V j) is

δ-regular. LetW ⊆ V i be the set of vertices w ∈ V i such that dG(w;U) < pij|U |/2.

Suppose that |W | ≥ δn, thus, it follows by δ-regularity that

|d(W,U)− d(V i, V j)| < δ.
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Using that d(W,U) = e(W,U)
|W ||U | and d(V i, V j) ≥ (1− ξ)pij we obtain

e(W,U)

|W ||U |
> (1− ξ)pij − δ.

On the other hand, we know that e(W,U) < |W |pij|U |/2 by definition of W .

Hence,

pij/2 > (1− ξ)pij − δ

which is a contradiction since ξ ≪ δ ≪ pij. Thus, we must have |W | < δn. □

Let G be an r-partite complex with parts V 1, . . . , V r of size greater than n

and let ε > 0. Given a subset U ⊆ V (G) we denote U i := U ∩ V i for all i ∈ [r].

Consider the following property.

(P3) For every i ∈ [r], v ∈ V i and U ⊆ NG(v) with |U j| ≥ εn for each j ∈ [r]\{i},

G[U ] contains an (r − 1)-clique K such that K ∪ {v} ∈ Fr(G).

Proposition 3.6.7. Let 1/n ≪ ξ ≪ ε ≪ {pij}i ̸=j, 1/r. Let G be an r-partite

complex with parts V 1, . . . , V r of size greater than n. If G satisfies (P1)-(P3) then

for any set of vertices U ⊆ V (G) satisfying |U i| ≥ εn for every i ∈ [r], G[U ]

contains a face.

Proof. Let δ > 0 such that ξ ≪ δ ≪ ε. Fix i ∈ [r]. For each j ∈ [r] \ {i} we

know by Proposition 3.6.6 that there are at most δn vertices w in V i such that

dG(w;U
j) < pij|U j|/2. Since |U i| ≥ εn > (r − 1)δn we can greedily pick a vertex

v ∈ V i such that dG(v;U
j) ≥ pij|U j|/2 > δn for every j ∈ [r] \ {i}. Then (P3)

(with NG(v;U) and δ playing the role of U and ε) implies that NG(v;U) contains

an (r − 1)-clique K such that K ∪ {v} is a face of G[U ]. □
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Let m ∈ N and let Z be a set of 2m vertices. An r-vertex-absorber for Z with

flexibility m is a graph AZ containing Z such that for every subset Z ′ ⊆ Z of

size m the graph AZ \ Z ′ obtained by removing the vertices of Z ′ from AZ has a

Kr-factor. This absorbing technique is known as distributive absorption and was

introduced by Montgomery [66].

Let G be a balanced r-partite complex with parts V 1, . . . , V r of size n, let ε > 0

and let pij > 0 for every i ̸= j. Consider the following property.

(P4) For each j ∈ [r] there is a set Zj ⊆ V j and an r-vertex-absorber AZj ⊆

G for Zj with flexibility εn such that for each i ∈ [r] \ {j} and v ∈ V i,

dG(v;Z
j) ≥ pij|Zj|/2. Moreover, A :=

⋃
j∈[r] AZj is vertex-disjoint with

|V (A)1| = · · · = |V (A)r| ≤ 126rεn and Kr(A) ⊆ Fr(G).

Theorem 3.6.8. Let 1/n ≪ ξ ≪ δ ≪ ε ≪ {pij}i ̸=j, 1/r. Let G be a balanced r-

partite complex with parts V 1, . . . , V r of size n. If G satisfies properties (P1)-(P4)

then G contains an Fr-factor.

Proof. Let ξ′, ε′ > 0, such that ξ ≪ ξ′ ≪ ε′ ≪ ε. Let (AZi)i∈[r] be the

r-vertex-absorbers for (Zi)i∈[r] with flexibility εn given by property (P4) and let

Z =
⋃

i∈[r] Z
i and A =

⋃
i∈[r] AZi . Let Ṽ = V (G) \ V (A) and G̃ = G[Ṽ ]. Observe

that |Ṽ 1| = · · · = |Ṽ r| ≥ (1−126rε)n. We iteratively apply Proposition 3.6.7 in G̃

to greedily find a set F1 of vertex-disjoint faces of Fr(G̃) until at most ε′n vertices

remain uncovered in each part of G̃. We denote the set of all uncovered vertices

in G̃ by U . Thus, |U1| = · · · = |U r| ≤ ε′n.

Next, for each i ∈ [r] and u ∈ U i we will find an (r−1)-cliqueKu ∈ Kr−1(Z\Zi)

such thatKu∪{u} ∈ Fr(G) and all the cliques {Ku}u∈U are vertex-disjoint. Indeed,

suppose we have already found cliques {Ku′}u′∈U ′ for some set of vertices U ′ ⊆ U
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and let u ∈ U \ U ′ and i ∈ [r] such that u ∈ U i. By property (P4) we know that

dG(u;Z
j) ≥ pij|Zj|/2 = pijεn for each j ∈ [r]\{i}. Moreover, at most rε′n vertices

in Zj have been already used by some clique Ku′ with u′ ∈ U ′. Then, using ε′ ≪ ε

and (P3) (with u and NG(u;Z) \
(⋃

u′∈U ′ V (Ku′)
)
playing the role of v and U) we

can find an (r− 1)-clique Ku ∈ Kr−1(Z \Zi) such that Ku ∪ {u} ∈ Fr(G) and Ku

is vertex-disjoint from all {Ku′}u′∈U ′ .

Let F2 = {Ku ∪ {u} : u ∈ U} and note that F2 is a set of vertex-disjoint

faces covering all vertices in U and exactly (r−1)|U |/r vertices in each Zi, i ∈ [r].

Let Z̃ be the set of uncovered vertices in Z. We have that |Z̃1| = · · · = |Z̃r| =

2εn − (r − 1)|U |/r ≥ 2εn − rε′n ≥ εn, so we can apply Proposition 3.6.7 (with

Z̃ playing the role of U) to greedily find a set F3 of vertex-disjoint faces until

exactly εn vertices remain uncovered in each part of Z̃. Let X be the set of

uncovered vertices. Finally, for each i ∈ [r] since AZi is an r-vertex-absorber

for Zi with flexibility εn, X i ⊆ Z and |X i| = εn, we know that there is an

Fr-factor F ′
i of AZi

\ (Zi \ X i) which covers the εn vertices in X i together with

the vertices in V (AZi) \ Zi (that were set aside at the beginning). The union

F = F1 ∪ F2 ∪ F3 ∪
(⋃

i∈[r]F ′
i

)
is an Fr-factor of G. □

We are now ready to prove Theorems 3.6.1 and 3.6.3. Both proofs will follow

the same approach and will be mostly analogous. We will only present the proof

of Theorem 3.6.3 and will discuss how it can be adapted to deduce Theorem 3.6.1.

Let G = (V, U,G,H) be an extended (r + 1)-partite complex as given in the

statement of Theorem 3.6.3. We will first check that G satisfies properties (P1)-

(P3) using the typicality of G. On the other hand, checking property (P4) will be

more elaborate because of the need of finding vertex-absorbers.

111



We now describe an explicit construction of sparse vertex-absorbers depicted

for the non-partite case in [36]. To that end, we will make use of the following

auxiliary graph. A template T = (I, J1, J2) with flexibility m is a bipartite graph

on 7m vertices with parts I and J1 ⊔ J2 of size |I| = 3m and |J1| = |J2| = 2m

such that for every subset J ′ ⊆ J1 of size m, the induced graph T [V (T ) \ J ′] has a

perfect matching. Such templates were introduced by Montgomery [66] and were

proven to exist with maximum degree bounded by 40 if m is large enough (see [63,

Lemma 2.8]). Given a template T = (I, J1, J2) of flexibility m, an absorbing

structure A = (T,K, X,S, Z1, Z2) is a graph obtained by taking the disjoint union

of the vertex sets X = {xij}ij∈E(T ), Z1 = {zj}j∈J1 and Z2 = {zj}j∈J2 , and the sets

of r-cliques K = {Ki}i∈I and S = {Sij}ij∈E(T ), satisfying that for all i ∈ I and

j ∈ J with ij ∈ E(T ) the following holds.

• {xij} ∪Ki is an (r + 1)-clique;

• {xij} ∪ Sij is an (r + 1)-clique;

• {zj} ∪ Sij is an (r + 1)-clique.

Observe that |Z1| = |Z2| = 2m, |V (K)| = 3mr, |X| = |E(T )|, |V (S)| = r|E(T )|

and |E(T )| ≤ 3m∆(T ).

Fact 3.6.9 ([36, Fact 2.6]). An absorbing structure A = (T,K, X,S, Z1, Z2), where

T is a template of flexibility m, is an (r+1)-vertex-absorber for Z1 with flexibility

m.

Proof of Theorem 3.6.3. Let δ, ε > 0 such that

1/n≪ ξ ≪ δ ≪ ε≪ pG, pH , q, 1/r, 1/s, 1/t. (3.20)
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Our goal is to apply Theorem 3.6.8 to G. For this reason we will check that G

satisfies properties (P1)-(P4) (with r + 1 playing the role of r). To make things

simpler let us write i ̸= j instead of i, j ∈ [r + 1], i ̸= j.

Step 1: Checking properties (P1)-(P2).

Observe that for every i ̸= j and v ∈ V i

dG(v;V
j) =


(1± ξ)pG|V j| if i, j ∈ [r],

(1± ξ)pH |V j| if i = r + 1 or j = r + 1.

Similarly, for every i ̸= j and v1, v2 ∈ V i

dG({v1, v2};V j) =


(1± ξ)p2G|V j| if i, j ∈ [r],

(1± ξ)p2H |V j| if i = r + 1 or j = r + 1.

Thus, G satisfies properties (P1)-(P2) with pij = pG if i, j ∈ [r] and pij = pH if

i = r + 1 or j = r + 1.

Step 2: Checking property (P3).

Let i ∈ [r + 1], v ∈ V i and U ⊆ NG(v) with |U j| ≥ εn for each j ∈ [r + 1] \ i.

We want to show that G[U ] contains an r-clique K such that K ∪ {v} ⊆ Fr+1(G).

We shall split the proof into two cases.

Case 1: i = r + 1.

Consider the following algorithm for k = 0, . . . , r − 1. Suppose that at step k

we have already found a k-clique Xk = {x1, . . . , xk} such that xj ∈ U j for each

j ∈ [k] and dG(Xk;U
j) ≥ pkGεn/2

k for all j ∈ [r] \ [k].

If k < r − 2, let Uk := NG(Xk;U) and note that |U j
k | ≥ pkGεn/2

k for every
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j ∈ [r] \ [k] by assumption. Let W := NG(Xk ∪{v}) and observe that |W j| = (1±

ξ)pkGpHn for any j ∈ [r] \ [k]. For any j1, j2 ∈ [r] \ [k], j1 ̸= j2 and w,w1, w2 ∈ W j1

we have

dG(w;W
j2) = dG(Xk ∪ {w, v};V j2) = (1± ξ)pk+1

G pHn
(p5)
= (1± 3ξ)pG|W j2|

and

dG({w1, w2};W j2) = dG(Xk∪{w1, w2, v};V j2) = (1±ξ)pk+2
G pHn

(p5)
= (1±3ξ)p2G|W j2|.

Thus, G[W ] satisfies (P1)-(P2) so by Proposition 3.6.6 (with Uk playing the role

of U) for each j ∈ [r] \ [k + 1] there are at most δn vertices w ∈ W k+1 such that

dG(w;U
j
k) < pG|U j

k |/2. Since |Uk+1
k | ≥ pkGεn/2 and using (3.20) we can greedily

pick a vertex xk+1 ∈ Uk+1
k such that dG(w;U

j
k) ≥ pG|U j

k |/2 ≥ pk+1
G εn/2k+1 for

each j ∈ [r] \ [k + 1]. Hence, X = {x1, . . . , xk+1} is a (k + 1)-clique such that

dG(Xk+1;U
j) ≥ pk+1

G εn/2k+1 for each j ∈ [r] \ [k + 1] so we can proceed with the

algorithm.

If k = r − 2, let Ur−2 := NG(Xr−2;U) and observe that |U r−1
r−2 |, |U r

r−2| ≥

pr−2
G εn/2r−2 by assumption. Let W r−1 := NG(Xr−2 ∪ {v};V r−1) and W r :=

NG(Xr−2 ∪ {v};V r) and note that |W r−1|, |W r| = (1 ± ξ)pr−2
G pHn. Let B be the

bipartite graph on [W r−1,W r] with edge set {e ∈ E(G[W r−1,W r]) : Xr−2 ∪ e ∈

Fr(G)}. Note that for each w ∈ W r−1

dB(w;W
r) = d∗G(K, {K};V r) = (1± ξ)pr−1

G pHqn
(p5)
= (1± 3ξ)pGq|W r|
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where K = Xr−2 ∪ {w, v}, and for each w1, w2 ∈ W r−1

dB({w1, w2};W r) = d∗G(K1 ∪K2, {K1, K2};V r) = (1± ξ)prGpHq
2n

(p5)
= (1± 3ξ)(pGq)

2|W r|

where K1 = Xr−2 ∪ {w1, v} and K2 = Xr−2 ∪ {w2, v}. And the same is true when

swapping r−1 and r. Then B satisfies properties (P1)-(P2) so by Proposition 3.6.6

(with U r
r−2 playing the role of U) there are at most δn vertices w in W r−1 such that

dB(w;U
r
r−2) < pGq|U r

r−2|/2. Since |U r−1
r−2 |, |U r

r−2| ≥ pr−2
G εn/2r−2 by assumption and

using (3.20) we can greedily pick a vertex xr−1 ∈ U r−1
r−2 such that dB(xr−1;U

r
r−2) ≥

pr−1
G qεn/2r−1. Let xr ∈ NB(xr−1;U

r
r−2) be any vertex and observe that K :=

{x1, . . . , xr} is an r-clique of G[U0] such that K ∪ {v} ∈ Fr+1(G) as desired.

Case 2: i ∈ [r].

The proof is analogous to the previous case so we will highlight the main

differences. Suppose without loss of generality that i = r. We run the algorithm

for k = 0, . . . , r − 2 to find an (r − 1)-clique Xr−1 = {x1, . . . , xr−1} of G[U0]

such that Xr−1 ∪ {v} ∈ Fr(G). During the algorithm we replace the condition

dG(Xk;U
r) ≥ pkGεn/2

k by dG(Xk;U
r+1) ≥ pkHεn/2

k for all k = 1, . . . , r − 2. We

then pick the vertex xr−1 so that dG(Xr−1;U
r+1) ≥ pr−1

H εn/2r−1. We finish by

picking any vertex xr+1 ∈ NG(Xr;U
r+1) and letting K := Xr−1 ∪ xr+1. Since

Xr−1 ∪ {v} ∈ Fr(G) then Xr−1 ∪ {v, xr+1} ∈ Fr+1(G) as G = (V, V r+1, G,H) is an

extended (r + 1)-complex. Then K is an r-clique such that K ∪ {v} ∈ Fr+1(G)

which concludes property (P3).

Step 3: Checking property (P4).

It only remains to check that G satisfies (P4). Let m = εn and let T =
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(I, J1 ⊔ J2) be a template with flexibility m and ∆(T ) ≤ 40. Suppose we have al-

ready found disjoint vertex absorbers {Ai}i∈[k−1] for sets {Zi
1}i∈[k−1] with |V (Ai)| ≤

126(r + 1)m for some k ∈ [r + 1] and let B =
⋃

i∈[k−1] V (Ai). Then |B| ≤

126(r + 1)2m. Let Zk
1 be a subset of size 2m chosen uniformly at random from

V k \ Bk. Lemma 2.1.2 and a union bound implies that with positive probability

for each v ∈ V (G) \ V k

dG(v;Z
k
1 ) = (1± n−1/3)(2m/(n− |Bk|))dG(v;V k \Bk).

Fix such choice of Zk
1 . Let j ∈ [r + 1] \ {k} and note that

dG(v;Z
k
1 ) ≥ (1− n−1/3)2εdG(v;V

k \Bk) ≥ (1− n−1/3)2ε
(
dG(v;V

k)− dG(v;B
k)
)

≥ (1− n−1/3)2ε
(
(1− ξ)pGn− 126(r + 1)2εn

)
≥ (1− n−1/3)2ε(1− ε1/2)pGn

≥ 2εpGn/2 = pG|Zk
1 |/2

if j, k ∈ [r], and similarly

dG(v;V
k \Bk) ≥ pH |Zk

1 |/2

if j = r + 1 or k = r + 1.

Let Z2 be a set of 2m vertices in V k \ (Zk
1 ∪ Bk) and let K = {Ki}i∈I be a

set of 3m vertex-disjoint r-cliques in Kr(G \ G[V k ∪ B]) if k ∈ [r] and in Fr(G \

G[V k ∪ B]) if k = r + 1. We can find such cliques greedily because of (3.20),

|B| ≤ 126(r + 1)2εn, 3m = 3εn and G is (ξ, pG, pH , q, s, t)-typical. Let {zj}j∈J1

and {zj}j∈J2 be a labelling of the vertices in Zk
1 and Z2 using the indices in J1

and J2 respectively. Next, we will find a set S = {Sij}ij∈E(T ) of r-cliques such
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that Sij ∪ {zj} ∈ Fr+1(G) for each i ∈ I, j ∈ J . Suppose we have already

found a set of r-cliques S ′ = {Sij}ij∈E′ for some subset E ′ ⊆ E(T ). Let ij ∈

E(T ) \ E ′. We can then use property (P3) (with NG(zj) \ (B ∪ V (S ′)) playing

the role of U) to find an r-clique Sij vertex-disjoint of V (S ′) and B such that

Sij ∪ {zj} ∈ Fr+1(G). Finally, for each ij ∈ E(T ) we greedily pick a distinct

vertex xij from N∗
G(Sij ∪ Ki, {Sij, Ki};V k \ (Z1 ∪ Z2 ∪ B)). We can greedily do

this because d∗G(Sij ∪Ki, {Sij, Ki};V k) − |Zk
1 ∪ Z2| − |B| − |E(T )| > 0 since G is

(ξ, pG, pH , q, s, t)-typical, |Zk
1 |, |Z2|, |B|, |E(T )| < ε1/2n and ε ≪ pG, pH , q. Hence,

we can find a set of vertices X = {xij}ij∈E(T ) in V k \ (Zk
1 ∪ Z2 ∪ Bk) such that

{xij} ∪Ki and {xij} ∪ Sij ∈ Fr+1(G) for all i ∈ I, j ∈ J . All in all, we have found

a subcomplex Ak ⊆ G vertex-disjoint from B such that Ak = (T,K, X,S, Zk
1 , Z2)

is an absorbing structure satisfying Kr+1(Ak) ⊆ Fr+1(G). By Fact 3.6.9, AT is an

(r + 1)-vertex-absorber for Zk
1 with flexibility m. Moreover, note that |V (Ak)

k| =

|Zk
1 |+|Z2|+|X| = 4m+|E(T )| and |V (Ak)

j| = 3m+|E(T )| for each j ∈ [r+1]\{k}.

At the end of the procedure we will have found a set Z1 =
⋃

j∈[r+1] Z
j
1 and

a subcomplex A =
⋃

j∈[r+1] Aj satisfying that for each j ∈ [r] Aj is an (r + 1)-

vertex-absorber for Zj
1 with flexibility m = εn such that dG(v, Z

j
1) ≥ pij|Zj

1 |/2 for

each v ∈ V (G) \ V j; A1, . . . , Ar+1 are vertex-disjoint; |V (A)1| = · · · = |V (Ar+1)| =

4m + |E(T )| + r(3m + |E(T )|) ≤ 124(r + 1)εn; and Kr+1(A) ⊆ Fr+1(G). This

concludes property (P4). □

The proof of Theorem 3.6.1 follows exactly the same approach as the one

above, which is checking properties (P1)-(P4) and then applying Theorem 3.6.8.

However, unlike the extended (r + 1)-partite complex G which didn’t have the

typicality property symmetric among all parts (because we might have pG ̸= pH),
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the r-partite complex G given in the statement of Theorem 3.6.1 has a symmetric

typicality property among all its parts (i.e., pij = p for all i ̸= j). This results

in a simpler proof when checking properties (P1)-(P4) since there is no need to

consider different cases depending on whether a vertex belongs to V r+1 or not.

3.7 Edge-disjoint factors

In this section we use Corollaries 3.6.2 and 3.6.4 together with a randomised al-

gorithm to find many edge-disjoint face factors in an extended complex. This

result will be used during the proof of the Cover Down Lemma. The proof follows

a method introduced by Barber, Kühn, Lo and Osthus [9, Lemma 10.7] to find

edge-disjoint Kr-factors in a graph with high minimum degree.

Lemma 3.7.1. Let 1/n≪ γ ≪ ρ≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r with s ≥ 2(r − 1)

and t ≥ 2 and let N,M ∈ N. Let V and U be sets of vertices such that |V | = n

and |U | = (1± ξ)(pG/pH)n/(r − 1). For each i ∈ [N ] let Gi = (Vi, Ui, Gi, Hi) be a

(ξ, pG, pH , q, s, t)-typical extended r-complex and for each N < i ≤ N + M let Gi

be a (ξ, pG, q, s, t)-typical r-complex on a set of vertices Vi. Suppose that

(F1) Vi ⊆ V for all i ∈ [N +M ] and Ui ⊆ U for all i ∈ [N ],

(F2) |Vi| = (r − 1)|Ui| for all i ∈ [N ] and r | |Vi| for all N < i ≤ N +M ,

(F3) |Vi| ≥ ρ4/3n for all i ∈ [N +M ],

(F4) |Vi ∩ Vj| ≤ ρ2n for all 1 ≤ i < j ≤ N + M and |Ui ∩ Uj| ≤ ρ2n for all

1 ≤ i < j ≤ N ,
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(F5) every vertex v ∈ V , u ∈ U is contained in at most ρn of the sets {Vi}i∈[N+M ],

{Ui}i∈[N ] respectively.

Then for each i ∈ [N + M ] there exists an Fr-factor Fi of Gi such that all the

factors {Fi}i∈[N+M ] are edge-disjoint.

Proof. Let m := 4ρ3/2n. The proof consists of a random algorithm with steps

i = 1, . . . , N+M that works as follows. Suppose that we have already found edge-

disjoint Fr-factors F1, . . . ,Fi−1 of G1, . . . ,Gi−1 respectively for some i ∈ [N +M ].

We will find an Fr-factor Fi of Gi, edge-disjoint from all F1, . . . ,Fi−1, as follows.

Let Hi :=
⋃i−1

j=1Fj and let G ′i := Gi−Hi. We now consider two cases depending

on the maximum degree of Hi.

Case 1: ∆(Hi) ≤ ρ3/2n.

If i ∈ [N ], G ′i is an extended r-complex (Vi, Ui, G
′
i, H

′
i). Observe that for every

set SV ⊆ Vi and SU ⊆ Ui with |SV |+ |SU | ≤ s and for every set T ⊆ Kr−2(G
′
i[SV ])

with |T | ≤ t,

d∗Gi
(SV ∪ SU , T ;Vi) ≥ d∗G′

i
(SV ∪ SU , T ;Vi) ≥ d∗Gi

(SV ∪ SU , T ;Vi)− s∆(Hi)

so

(1 + ξ′)p
|SV |
G p

|SU |
H q|T ||Vi| ≥ d∗G′

i
(SV ∪ SU , T ;Vi) ≥ (1− ξ′)p

|SV |
G p

|SU |
H q|T ||Vi|+ rsm,

and for every set SV ⊆ Vi with |SV | ≤ s,

dHi
(SV ) ≥ dH′

i
(SV ) ≥ dHi

(SV )− s∆(Hi)
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so

(1 + ξ′)p
|SV |
H |Ui| ≥ dH′

i
(SV ) ≥ (1− ξ′)p

|SV |
H |Ui|+ rsm.

In particular, G ′i is (ξ′, pG, pH , q, s, t)-typical. Moreover, we can successively apply

Corollary 3.6.4 with G ′i, ξ′ and r playing the role of G, ξ and r + 1 to find m

edge-disjoint Fr-factors A1, . . . ,Am of G ′i which will be candidates for Fi.

If N < i ≤ N+M , G ′i is an r-complex on Vi. Observe that for every set SV ⊆ Vi

with |SV | ≤ s and for every set T ⊆ Kr−1(G
′
i[SV ]) with |T | ≤ t,

d∗Gi
(SV , T ;Vi) ≥ d∗G′

i
(SV , T ;Vi) ≥ d∗Gi

(SV , T ;Vi)− s∆(Hi)

so

(1 + ξ)p
|SV |
G q|T ||Vi| ≥ d∗G′

i
(SV , T ;Vi) ≥ (1− ξ′)p

|SV |
G q|T ||Vi|+ rsm.

Thus, G ′i is (ξ′, pG, q, s, t)-typical so we can successively apply Corollary 3.6.2 with

G ′i, ξ′ playing the role of G, ξ to find m edge-disjoint Fr-factors A1, . . . ,Am of G ′i

which will be candidates for Fi.

Case 2: ∆(Hi) ≥ ρ3/2n.

If i ∈ [N ] let A1, . . . ,Am be defined as r-complexes on Vi ∪ Ui with no edges

and if N < i ≤ N + M let A1, . . . ,Am be defined as r-complexes on Vi with no

edges.

In both cases A1, . . . ,Am are edge-disjoint subcomplexes of G ′i. Next we choose

j ∈ [m] uniformly at random, set Fi := Ai and continue with the next iteration.

Observe that at the end of the algorithm all of F1, . . . ,FN+M will be edge-disjoint
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Fr-factors of G1, . . . ,GN+M if and only if

∆(Hi) ≤ ρ3/2n (3.21)

for all i ∈ [N + M ]. Hence, the lemma follows if equation (3.21) holds for all

i ∈ [N +M ] with positive probability.

For each i ∈ [N + M ] and x ∈ V (Gi) let J i,x := {j ∈ [i − 1] : x ∈ V (Gj)}

and for each j ∈ J i,x let Y i,x
j be the indicator variable of the event xy ∈ E(Fj) for

some y ∈ V (Gi). Observe that

dHi[V (Gi)∩V (Hi)](x) =
∑
j∈Ji,x

Y i,x
j . (3.22)

Fix i ∈ [N +M ] and x ∈ V (Gi). Note that (F4) implies that for each j ∈ J i,x at

most 2ρ2n of the edge-disjoint complexes A1, . . . ,Am that were candidates for Fj

share an edge incident to x with Gi. Let j1, . . . , j|Ji,x| be the elements of J i,x listed

in increasing order. Then, for all ℓ ∈ [|J i,x|] we have

P
[
Y i,x
jℓ

= 1 | Y i,x
j1

, . . . , Y i,x
jℓ−1

]
≤ 2ρ2n

m
≤ ρ1/2

2
.

Let B ∼ Bin(|J i,x|, ρ1/2/2) and observe that

E [B] = |J i,x|ρ
1/2

2

(F5)

≤ ρ3/2n

2
.
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Thus, by applying Fact 2.1.3 and Lemma 2.1.2 we obtain that

P

∑
j∈Ji,x

Y i,x
j > ρ3/2n

 ≤ P
[
B > ρ3/2n

]
≤ P

[
B > E [B] + ρ3/2n/2

]
≤ 2e−ρ3n/2.

Hence, since there are at most ρn|V (G)| pairs (i, x) with x ∈ V (Gi) (for each

x ∈ V (G) we use (F5)), and |V (G)| ≤ |V | + |U | ≤ (1 + pG/pH)n, a union bound

implies that with positive probability
∑

j∈Ji,x Y
i,x
j ≤ ρ3/2n for all i ∈ [N +M ] and

x ∈ V (Gi). Thus, by (3.22), it follows that equation (3.21) holds with positive

probability for every i ∈ [N +M ], which concludes the proof. □

3.8 Cover Down Lemma

In this section we will prove the Cover Down Lemma (Lemma 3.8.3) which is,

together with Lemma 3.3.2, one of the key results to prove the main theorem of

this chapter. In order to do so, we will need the following two results. Recall that,

given an r-complex G, a k-clique K ∈ Kk(G) with k < r, and a set W ⊆ V (G),

LkG(K;W ) denotes the (r − k)-complex (V,E, F ) where V = NG(K;W ), E =

E(G[V ]) and F = {K ′ ∈ Kr−k(G[V ]) : K ′ ∪K ∈ Fr(G)}.

Lemma 3.8.1. Let 1/n ≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r. Let G = (V, U,G,H) be a

(ξ, pG, pH , q, s, t)-typical extended (r + 1)-complex where |V | = n. Let V1 ⊆ V and

suppose that G is (ξ, pG, pH , q, s, t)-typical into V1. Let K ∪ {u} be a (k+1)-clique

of G ∪H where 0 ≤ k ≤ r, K ⊆ Kk(G) and u ∈ U . Then LkG(K ∪ {u};V1) is a

(3ξ, pG, q, s− k − 1, t)-typical (r − k)-complex.

Proof. Let L = LkG(K ∪ {u};V1). Let S ⊆ V (L) with |S| ≤ s − k − 1 and

122



T ′ ⊆ Kr−k−1(L[S]) with |T ′| ≤ t. Let T = {K ∪ K ′ : K ′ ∈ T ′} and note that

T ⊆ Kr−1(G[S ∪K]) and |T | = |T ′|. Observe that

|V (L)| = dG(K ∪ {u};V1) = (1± ξ)pkGpH |V1|. (3.23)

Then

d∗L(S, T
′) = d∗G(S ∪K ∪ {u}, T ;V1) = (1± ξ)p

|S|+k
G pHq

|T ||V1|
(3.23),(p5)

= (1± 3ξ)p
|S|
G q|T

′|V (L)

which implies that L is (3ξ, pG, q, s− k − 1, t)-typical. □

Lemma 3.8.2. Let 1/n ≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r. Let G = (V, U,G,H) be a

(ξ, pG, pH , q, s, t)-typical extended (r + 1)-complex where |V | = n. Let V1 ⊆ V and

U1 ⊆ U and suppose that G is (ξ, pG, pH , q, s, t)-typical into V1 ∪ U1. Let K be a

k-clique of G where 0 ≤ k ≤ r−1. Then LkG(K;V1∪U1) is a (3ξ, pG, pH , q, s−k, t)-

typical extended (r + 1 − k)-complex (V ′, U ′, G′, H ′) where V ′ = NG(K;V1), U
′ =

NG(K;U1), G
′ = LkG(K;V1) and H ′ = H[V ′, U ′].

Proof. Let L = LkG(K;V1 ∪ U1), V
′ = NG(K;V1), U

′ = NG(K;U1), G
′ =

LkG(K;V1) and H ′ = H[V ′, U ′]. First we check that L = (V ′, U ′, G′, H ′) is an

extended (r+1− k)-complex. Clearly, V (L) = NG(K;V1 ∪U1) = V ′ ⊔U ′. On the

other hand, E(L) = E(G[V ′ ∪ U ′]) = E(G[V ′]) ⊔ E(H[V ′, U ′]) = E(G′) ⊔ E(H ′).
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Finally we have

Fr+1−k(L) = {K ′ ∈ Kr+1−k(G[V ′ ∪ U ′]) : K ′ ∪K ∈ Fr+1(G)}

= {K ′ ∪ {u} ∈ Kr+1−k(G[V ′ ∪ U ′]) : K ′ ∪K ∈ Fr(G), u ∈ U}

= {K ′ ∪ {u} ∈ Kr+1−k(G[V ′] ∪H[V ′, U ′]) : K ′ ∪K ∈ Fr(G), u ∈ U}

= {K ′ ∪ {u} ∈ Kr+1−k(G
′ ∪H ′) : K ′ ∈ Fr(G

′), u ∈ U}.

We will now check that L is (2ξ, pG, pH , q, s− k, t)-typical. Observe that

|V ′| = dG(K;V1) = (1± ξ)pkG|V1| (3.24)

and

|U ′| = dG(K;U1) = (1± ξ)pkH |U1|. (3.25)

Let SV ⊆ V ′ and SU ⊆ U ′ with |SV | + |SU | ≤ s − k and T ′ ⊆ Kr−k−1(G
′[SV ])

with |T ′| ≤ t. Let T = {K ∪K ′ : K ′ ∈ T ′} and note that T ⊆ Kr−1(G[SV ∪K])

and |T | = |T ′|. Then

d∗L(SV ∪ SU , T
′;V ′) = d∗G(SV ∪K ∪ SU , T ;V1) = (1± ξ)p

|SV |+k
G p

|SU |
H q|T ||V1|

(3.24),(p5)
= (1± 3ξ)p

|SV |
G p

|SU |
H q|T

′||V ′|.
(3.26)

Let SV ⊆ V ′ with |SV | ≤ s− k. Then

dH′(SV ) = dH(SV ∪K;U1) = (1± ξ)p
|SV |+k
H |U1|

(3.25),(p5)
= (1± 3ξ)p

|SV |
H |U ′|. (3.27)

Equations (3.26) and (3.27) imply that L is (3ξ, pG, pH , q, s− k, t)-typical. □

We have now all the ingredients to prove the Cover Down Lemma:
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Lemma 3.8.3 (Cover Down Lemma). Let 1/n ≪ η ≪ γ′ ≪ ε ≪ ξ ≪ pG, pH , q,

1/s, 1/t, 1/r with s ≥ 2r and t ≥ r2 + r. Let G = (V, U,G,H) be an η-divisible

(ξ, pG, pH , q, s, t)-typical extended (r + 1)-complex. Let V1 ⊆ V and U1 ⊆ U be

subsets satisfying

(C1) |V1| = ε|V | = εn and |U1| = ε|U |,

(C2) G is (ξ, pG, pH , q, s, t)-typical into V1 ∪ U1,

(C3) for every v ∈ V , dG(v;V1) = (1± η)(r − 1)dH(v;U1),

(C4) for every v ∈ V \ V1, dG(v) = (r − 1)dH(v),

(C5) for every u ∈ U \ U1, r | dH(u).

Then there is an Fr+1-decomposable subcomplex H ⊆ G such that E(G − G[V1 ∪

U1]) ⊆ E(H) and ∆(H[V1 ∪ U1]) ≤ γ′|V1 ∪ U1|.

Proof. Let γ, ρ, ξ′ > 0 such that

1/n≪ η ≪ γ ≪ ρ≪ γ′ ≪ ε≪ ξ ≪ ξ′ ≪ pG, pH , q, 1/s, 1/t, 1/r. (3.28)

Let V ′ := V \ V1 and U ′ := U \ U1. Using (C2) we have that for every SV ⊆ V

and SU ⊆ U with |SV |+ |SU | ≤ s and for every T ⊆ Kr−1(G[SV ]) with |T | ≤ t

d∗G(SV ∪ SU , T ;V
′) = d∗G(SV ∪ SU , T ;V )− d∗G(SV ∪ SU , T ;V1)

= (1± 2ξ)p
|SV |
G p

|SU |
H q|T ||V ′|

and for every SV ⊆ V with |SV | ≤ s

dH(SV ;U
′) = dH(SV ;U)− dH(SV ;U1) = (1± 2ξ)pH |U ′|.
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So G is (2ξ, pG, pH , q, s, t)-typical into V ′ ∪ U ′.

Using (C3) we obtain that for every v ∈ V1

dG(v;V
′) = dG(v)− dG(v;V1) = (1± η)(r − 1)dH(v)− (1± η)(r − 1)dH(v;U1)

= (1± 2η)(r − 1)dH(v;U
′).

To summarise, we have

(P1) G is (ξ, pG, pH , q, s, t)-typical into V1 ∪ U1,

(P2) G is (2ξ, pG, pH , q, s, t)-typical into V ′ ∪ U ′,

(P3) for every v ∈ V ′, dG(v;V1) = (1± η)(r − 1)dG(v;U1),

(P4) for every v ∈ V1, dG(v;V
′) = (1± 2η)(r − 1)dG(v;U

′),

(P5) by Lemma 3.8.1, for every k-clique K of G∪H with 1 ≤ k ≤ r and |K∩U | =

1, LkG(K;V1) is a (3ξ, pG, pH , q, s− k, t)-typical (r + 1− k)-complex,

(P6) by Lemma 3.8.2, for every k-cliqueK ofG with 1 ≤ k ≤ r−1, LkG(K,V1∪U1)

is a (3ξ, pG, pH , q,s−k, t)-typical extended (r+1−k)-complex (VK , UK , GK , HK)

where VK = NG(K;V1), UK = NH(K;U1), GK = LkG(K;V1) and HK =

H[VK , UK ].

Step 1: Choosing the reservoir edges.

Let R = (V, U,RG, RH) ⊆ G be a subcomplex induced by a set of edges ob-

tained by choosing each edge independently at random with probability ρ. Let

R1 = RG[V
′, V1], R2 = RH [V

′, U1] and R3 = RH [V1, U
′]. Let G̃ = (V, U, G̃, H̃)

where G̃ = G − R1 − G[V1] and H̃ = H − R2 − R3 −H[V1, U1]. Note that prop-

erties (P1)-(P6) consist all of degree sizes and that each property describes the

126



neighbourhood size of at most
(
s
r

)t
(n + |U |)s < n3s combinations of vertices and

cliques. We can then apply Proposition 2.1.4 to the random variables given by

each degree size described in (P1)-(P6) via R to see that with positive probability

the following properties hold:

(R1) R is (2ξ, ρpG, ρpH , q, s, t)-typical into V1 ∪ U1,

(R2) R is (3ξ, ρpG, ρpH , q, s, t)-typical into V ′ ∪ U ′,

(R3) for every v ∈ V ′, dR1(v) = (1± 2η)(r − 1)dR2(v),

(R4) for every v ∈ V1, dR1(v) = (1± 3η)(r − 1)dR3(v),

(R5) for every k-cliqueK ofG∪H with 1 ≤ k ≤ r and |K∩U | = 1, LkG−(G̃−G̃[K])(K;V1)

is a (6ξ, pG, pH , q, s− k, t)-typical (r + 1− k)-complex.

(R6) for every k-clique K of G with 1 ≤ k ≤ r − 1, LkG−(G̃−G̃[K])(K,V1 ∪ U1) is a

(6ξ, pG, pH , q, s−k, t)-typical extended (r+1−k)-complex (VK , UK , GK , HK)

where VK = NG−(G̃−G̃[K])(K;V1), UK = NH−(H̃−H̃[K])(K;U1),

GK = LkG−(G̃−G̃[K])(K;V1) and HK = (H − (H̃ − H̃[K]))[VK , UK ].

Fix such a choice of R.

Step 2: Approximate decomposition.

Observe that since η, ρ, ε ≪ ξ, ∆(Ri) ≤ 2ρ(pG + pH)n for each i ∈ [3],

∆(G[V1]) ≤ 2εpGn and ∆(H[V1, U1]) ≤ 2εpHn, then G̃ is (2ξ, pG, pH , q, s, t)-typical.

On the other hand, for every vertex v ∈ V ′

dG̃(v) = dG(v)− dR1(v)

= (1± η)(r − 1)dH(v)− (1± 2η)(r − 1)dR2(v)

= (1± 3η)(r − 1)dH̃(v)

(3.29)
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where we have used (R3), and for every v ∈ V1

dG̃(v) = dG(v)− dR1(v)− dG(v;V1)

= (1± η)(r − 1)dH(v)− (1± 3η)(r − 1)dR3(v)

− (1± η)(r − 1)dH(v;U1)

= (1± 3η)(r − 1)dH̃(v)

(3.30)

where we have used (R4) and (C3). Thus, G̃ is 3η-divisible. We can then apply

Lemma 3.4.1 to G̃ to find an Fr+1-decomposable complex F1 such that ∆(G̃−F1) ≤

γ2n. Let L be the graph induced by the edges of G̃ − F1 and note that

∆(L) ≤ γn. (3.31)

Observe that

E(G − F1) = E(L) ∪ E(R1) ∪ E(R2) ∪ E(R3) ∪ E(G[V1 ∪ U1]) (3.32)

and all the unions are disjoint.

Step 3: Cover down edges in L using edges from the reservoir.

Let G1 = G − F1. We will now find an Fr+1-decomposable complex F2 ⊆ G1

with small maximum degree and such that E(L) ⊆ E(F2).

Claim 1: For each e ∈ E(L) there is a face fe ∈ Fr+1(G1) with e ⊆ fe such that

all the faces {fe}e∈E(L) are edge-disjoint. Moreover, if F2 is the complex induced

by the faces in {fe}e∈E(L) then

∆(F2) ≤ rγ1/3n. (3.33)
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Proof of claim: Suppose we have already chosen edge-disjoint faces {fe′}e′∈E(L′)

for some subgraph L′ ⊆ L. Let F ′ =
⋃

e′∈E(L′) fe′ and suppose that

∆(F ′) ≤ rγ1/3n. (3.34)

We say that a vertex x ∈ V1 ∪ U1 is good if there are less than γ1/3n− 1 faces

in F ′ containing x. Otherwise we say that it is bad. Let X be the set of bad

vertices and suppose that |X| > γ1/3n. By definition, for each bad vertex x ∈ X

there are at least γ1/3n − 1 edge-disjoint faces in F ′ containing x, which yields

dF ′(x) ≥ rγ1/3n− r. It follows that

|E(F ′)| ≥ 1

2

∑
x∈X

dF ′(x) ≥ 1

2
(γ1/3n)(rγ1/3n− r) ≥ r

4
γ2/3n2.

On the other hand, we have that

|E(F ′)| ≤
(
r + 1

2

)
|E(L)|

(3.31)

≤
(
r + 1

2

)
γn2

which is a contradiction.

Hence we have

|X| ≤ γ1/3n. (3.35)

Let e ∈ E(L− L′).

Suppose first that e = vu with v ∈ V and u ∈ U . We know by (R5) that

LkG−(G̃−G̃[e])(e;V1) is a (6ξ, pG, pH , q, s − 2, t)-typical (r − 1)-complex. Let Ye be

the complex obtained from LkG−(G̃−G̃[e])(e;V1) by removing all edges that are in

E(F ′) and all bad vertices. Using (3.34)-(3.35) and γ ≪ ρ, ξ we deduce that Ye is
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a (7ξ, pG, pH , q, s− 2, t)-typical (r− 1)-complex. This allows us to greedily pick an

(r − 1)-face f of Ye. Let fe = f ∪ e and observe that fe is a face of G − F1 which

is edge-disjoint from E(F ′) and vertex-disjoint from X.

Suppose now that e = v1v2 with v1, v2 ∈ V . Using (R6) we know that

LkG−(G̃−G̃[e])(e;V1∪U1) is a (6ξ, pG, pH , q, s− 2, t)-typical extended (r− 1)-complex

(Ve, Ue, Ge, He) where Ve = NG−(G̃−G̃[e])(e;V1) and Ue = NH−(H̃−H̃[e])(e;U1). Let

Ye be the extended complex obtained from LkG−(G̃−G̃[e])(e;V1∪U1) by removing all

edges that are in E(F ′) and all bad vertices. Using (3.34)-(3.35) and γ ≪ ρ, ξ we

deduce that Ye is a (7ξ, pG, pH , q, s − 2, t)-typical extended (r − 1)-complex. We

can then greedily pick an (r− 1)-face f of Ye such that |f ∩U | = 1. Let fe = f ∪ e

and observe that fe is a face of G − F1 which is edge-disjoint from E(F ′) and

vertex-disjoint from X.

In any case, given e ∈ E(L−L′) we are able to find a face fe of G−F1 containing

e, edge-disjoint from E(F ′) and vertex-disjoint from X. Because all vertices of fe

are good and using (3.34), we have that ∆(F ′ ∪ fe) ≤ rγ1/3n.

By iteratively applying the previous arguments we end up with the desired

collection F2 of faces. −

Step 4: Cover down remaining edges in R1, R2 and R3.

Let G2 = G −F1−F2. In this step we will find an Fr+1-decomposable complex

F3 ⊆ G2 such that E(R1 ∪ R2 ∪ R3) ⊆ E(F2) ∪ E(F3). Let G2 ⊆ G and H2 ⊆ H

such that G2 = (V, U,G2, H2). Observe that for each v ∈ V ′ we have dG2(v) =

(r − 1)dH2(v) and for each u ∈ U ′ we have r | dH2(u) since G2 = G − F1 − F2, G

satisfies (C4) and (C5), and both F1 and F2 are Fr+1-divisible.

For each v ∈ V ′, let Yv = LkG2(v;V1 ∪ U1). Note that G2 = G − G̃ − F2.
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Thus, using (R6), (3.33) and γ ≪ ρ, ξ we can deduce that, for each v ∈ V ′, Yv

is a (7ξ, pG, pH , q, s− 1, t)-typical extended r-complex (Vv, Uv, Gv, Hv) where Vv =

NG2(v;V1), Uv = NH2(v;U1), Gv = LkG2(v;V1) and Hv = H2[Vv, Uv]. Moreover,

using (R1) we obtain that for each v ∈ V ′

|Vv| = dG2(v;V1) = dR1(v)±∆(F2) = (1± 3ξ)ρpG|V1| ≥ (ρε−1)4/3(εn) (3.36)

and

|Uv| = dH2(v;U1) = dR2(v)±∆(F2) = (1± 3ξ)ρpH |U1| ≥ (ρε−1)4/3(εn), (3.37)

for each pair of distinct vertices v1, v2 ∈ V ′

|Vv1 ∩ Vv2| = dR1({v1, v2})± 2∆(F2) = (1± 3ξ)(ρpG)
2|V1| ≤ (ρε−1)2(εn)

and

|Uv1 ∩ Uv2| = dR2({v1, v2})± 2∆(F2) = (1± 3ξ)(ρpH)
2|U1| ≤ (ρε−1)2(εn),

and using (R2) we obtain that each v ∈ V1 is contained in

dG2(v;V
′) = dR1(v)±∆(F2) = (1± 4ξ)(ρpG)|V ′| ≤ ρε−1(εn) (3.38)

of the sets {Vv}v∈V ′ , and each u ∈ U1 is contained in

dH2(u;V
′) = dR2(u)±∆(F2) = (1± 4ξ)(ρpH)|V ′| ≤ ρε−1(εn) (3.39)
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of the sets {Uv}v∈V ′ .

On the other hand, for each u ∈ U ′, let Yu = LkG2(u;V1) and note that (R5),

(3.33) and γ ≪ ρ, ξ imply that Yu is a (7ξ, pG, pH , q, s − 1, t)-typical r-complex

with Vu := V (Yu) = NH2(u;V1). Again, using (R1) we obtain that for each u ∈ U ′

|Vu| = dH2(u;V1) = dR3(u)±∆(F2) = (1± 3ξ)(ρpH)|V1| ≥ (ρε−1)4/3(εn), (3.40)

and for each pair of distinct vertices u1, u2 ∈ U ′

|Vu1 ∩ Vu2 | = dR3({u1, u2})± 2∆(F2) = (1± 3ξ)(ρpH)
2|V1| ≤ (ρε−1)2(εn),

and using (R2) we obtain that each v ∈ V1 is contained in

dH2(v;U
′) = dR3(v)±∆(F2) = (1± 4ξ)(ρpH)|U ′| ≤ ρε−1(εn) (3.41)

of the sets {Vu}u∈U ′ .

Finally, for each v ∈ V ′ and u ∈ U ′

|Vv ∩ Vu| = dR1∪R3({v, u})± 2∆(F2) = (1± 3ξ)ρ2pGpH |V1| ≤ (ρε−1)2(εn).

We can then apply Lemma 3.7.1 with V1, U1, ρε
−1, 7ξ, |V ′|, |U ′|, {Yv}v∈V ′ ,

{Yu}u∈U ′ playing the role of V , U , ρ, ξ, N , M , {Gi}i∈[N ], {Gi}N<i≤N+M respec-

tively to find for each v ∈ V ′ ∪ U ′ an Fr-factor Fv of Yv such that all the factors

{Fv}v∈V ′∪U ′ are edge-disjoint. Observe that for each v ∈ V ′ ∪ U ′ and f ∈ Fv,

f ∪ {v} is an (r+ 1)-face of G2. Let F3 :=
⋃

v∈V ′∪U ′,f∈Fv
f ∪ {v} and note that F3

is an Fr+1-decomposable subcomplex of G2 since it consist of the union of pairwise
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edge-disjoint (r+1)-faces of G2. Moreover note that each edge in E(R1 ∪R2 ∪R3)

is covered by F3. Indeed, let e ∈ E(R1 ∪ R2 ∪ R3) then e contains a vertex v′ in

V ′ ∪ U ′ and a vertex v1 in V1 ∪ U1. Then v1 ⊆ V (Yv′) so Fv′ contains some face

f that covers v1 since Fv′ is an Fr-factor of Yv′ . Thus, by definition f ∪ {v′} is a

face of F3 that contains both v1 and v′ and therefore covers e.

Finally, equations (3.36)-(3.41) imply that

∆(F3) ≤ (γ′/2)n. (3.42)

Step 5: Concluding the proof.

Let H = F1 ∪ F2 ∪ F3. First observe that since all of F1, F2 and F3 are

edge-disjoint Fr+1-decomposable subcomplexes of G, H is an Fr+1-decomposable

subcomplex of G. Recall that F1 contains no edges in E(G[V1∪U1]). This together

with equations (3.33) and (3.42) imply that ∆(H[V1 ∪ U1]) ≤ γ′n. Note that

F1 covers all edges in E(G − L − R − G[V1 ∪ U1]), F2 covers all edges in E(L)

and F2 ∪ F3 covers all edges in E(R − R[V1 ∪ U1]). Thus, H covers all edges in

E(G − G[V1 ∪ U1]) as desired. □

3.9 Final absorbers

In this section we describe the ‘final’ absorber that will be used in the last step of

the iterative absorption method. Let G be an extended (r + 1)-complex and let L

be a subgraph of G. An edge-absorber for L is a graph AL ⊆ G such that V (L) ⊆

V (AL) is independent in AL and both AL and AL∪L have an Fr+1-decomposition

in G. Intuitively, we think of L as the leftover of an ‘almost complete’ Fr+1-
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decomposition of G. An edge-absorber AL will allow us to ‘absorb’ L and complete

the Fr+1-decomposition.

Lemma 3.9.1. Let 1/n≪ 1/M ≪ 1/m≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r with s ≥ 3r

and t ≥ 6. Let G = (V, U,G,H) be a (ξ, pG, pH , q, s, t)-typical extended (r + 1)-

complex. Let L ⊆ G be an Fr+1-divisible subcomplex on m vertices. Then there is

an edge-absorber AL ⊆ G for L such that |V (AL)| ≤M .

Before proving Lemma 3.9.1 we shall describe an explicit construction of an

edge-absorber. Our construction combines the ideas of [9, Section 8] and [10,

Section 6]. Let G = (V, U,G,H) be an extended (r+1)-complex. Given a subgraph

L ⊆ G we write VL := V (L) ∩ V and UL := V (L) ∩ U . Given vertex-disjoint

subgraphs L,L′ ⊆ G we say that L′ is obtained from L by identifying vertices if

there is a sequence of graphs L = L0, . . . , Lℓ on V (L) and vertices xi, yi ∈ V (L)

for each 0 ≤ i < ℓ such that

(i) xi, yi ∈ VL or xi, yi ∈ UL for each 0 ≤ i < ℓ,

(ii) NLi
(xi) ∩NLi

(yi) = ∅,

(iii) Li+1 is obtained from Li by removing all edges incident to yi and adding the

edges {xiz : yiz ∈ E(Li)},

(iv) there is an isomorphism f : L′
ℓ → L′ such that f(x) ∈ V if and only if x ∈ V

where L′
ℓ is the graph obtained from Lℓ by removing all isolated vertices.

Note that if L′ is obtained from L by identifying vertices then there exists a

graph homomorphism ϕ : L → L′ which is edge-bijective and satisfies ϕ(x) ∈ V

if and only if x ∈ V for every x ∈ V (L). An (L,L′)-transformer is a graph
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T ⊆ G edge-disjoint from L and L′ such that both L ∪ T and T ∪ L′ have an

Fr+1-decomposition in G. A transformer acts as a ‘partial’ absorber allowing us to

transform the leftover L into a new leftover L′. By combining several transformers

we desire to end with a final leftover that is Fr+1-decomposable in G. We will

first describe the construction of a single transformer and then explain how we can

concatenate several of them to end up with an Fr+1-decomposable leftover.

Let L be an Fr+1-divisible subgraph of G. Let L′ ⊆ G be a graph obtained from

L by identifying vertices and let ϕ : L → L′ be an edge-bijective homomorphism

such that ϕ(v) ∈ V if and only if v ∈ V for every v ∈ V (L). Suppose that

for each e ∈ E(L) there is an (r − 1)-clique Ke ∈ Kr−1(G) such that e ∪Ke and

ϕ(e)∪Ke are faces of G and suppose that L, L′ and all the cliques in {Ke}e∈E(L) are

pairwise vertex-disjoint. Let K := {Ke}e∈E(L), V (K) :=
⋃

e∈E(L) Ke and E(K) :=⋃
e∈E(L) E(Ke). For each v ∈ V (L) let Xv := {x ∈ Ke : v ∈ e ∈ E(L)}

and let Ev := {vx : x ∈ Xv} and Eϕ(v) := {ϕ(v)x : x ∈ Xv}. Observe

that for each v ∈ VL there are (r − 2)dL(v;VL) + (r − 1)dL(v;UL) vertices in

Xv ∩ V and dL(v;VL) vertices in Xv ∩ U . Since L is Fr+1-divisible we have that

dL(v;VL) = (r − 1)dL(v;UL) and thus |Xv ∩ V | = (r − 1)|Xv ∩ U |. Suppose that

there exists a Kr-factor Fv of G[Xv] such that for each r-clique K ∈ Fv, both

K ∪ {v} and K ∪ {ϕ(v)} are faces of G. On the other hand, for each u ∈ UL there

are (r − 1)dL(u;VL) vertices in Xv and Xv ⊆ V . Since L is Fr+1-divisible we have

that r | dL(u;VL) and so r | |Xv|. Suppose that there exists an Fr-factor Fu of

G[Xu]. Moreover, suppose that all of E(L), E(L′), E(K), {Ev}v∈V (L), {Ev′}v′∈L′

and {E(Fv)}v∈V (L) are edge-disjoint. Let T be the graph with vertex set

V (T ) = V (L) ∪ V (K) ∪ V (L′)
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and edge set

E(T ) = E(K) ∪

 ⋃
v∈V (L)

Ev ∪ Eϕ(v) ∪ E(Fv)

 .

Let FT be the set of faces of G of the form

• e ∪Ke or ϕ(e) ∪Ke with e ∈ E(L),

• {v} ∪ f or {ϕ(v)} ∪ f with v ∈ V (L) and f ∈ Fv.

Fact 3.9.2. |V (T )| ≤ r|V (L)|2.

Proof. |V (T )| ≤ |V (L)|+ |V (L′)|+ (r − 1)|E(L)| ≤ 2|V (L)|+ (r − 1)|V (L)|2 ≤

r|V (L)|2. □

Fact 3.9.3. Every vertex in V (K) is adjacent (in T ) to 3r vertices in V (T ) and is

contained in six faces of FT .

Proof. Let v ∈ V (K). Then v ∈ Ke for a unique e ∈ E(L) so v is adjacent

to r − 2 vertices in Ke and is contained in the faces e ∪ Ke and ϕ(e) ∪ Ke. Let

e = v1v2, then v must be adjacent to v1, v2, ϕ(v1) and ϕ(v2). Then v is covered by

the Kr-factors Fv1 and Fv2 so it is adjacent to r − 1 vertices in each factor and is

contained in the faces {v1} ∪ f1, {ϕ(v1)} ∪ f1, {v2} ∪ f2 and {ϕ(v2)} ∪ f2, where

f1 ∈ Fv1 and f2 ∈ Fv2 . □

Fact 3.9.4. T is an (L,L′)-transformer.

Proof. Observe that L ∪ T can be decomposed into the set of faces

{e ∪Ke : e ∈ E(L)} ∪ {{ϕ(v)} ∪ f : v ∈ V (L), f ∈ Fv},
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and T ∪ L′ can be decomposed into the set of faces

{ϕ(e) ∪Ke : e ∈ E(L)} ∪ {{v} ∪ f : v ∈ V (L), f ∈ Fv}.

□

Lemma 3.9.5. Let 1/n ≪ 1/m ≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r with s ≥ 3r and

t ≥ 6. Let G = (V, U,G,H) be a (ξ, pG, pH , q, s, t)-typical extended (r+1)-complex.

Let L be an Fr+1-divisible subgraph of G on m vertices and let L′ be a graph

obtained from L by identifying vertices. Then G contains an (L,L′)-transformer

with at most rm2 vertices.

Proof. Since G is (ξ, pG, pH , q, s, t)-typical, s ≥ 3r and t ≥ 6, using Facts 3.9.2

and 3.9.3 we shall greedily find a copy of the graph T described above. Indeed,

suppose we have already found a set V ′ of vertices of T in G and we want to find

a new vertex v. By Fact 3.9.3 we know that v needs to be adjacent to at most 3r

vertices and must form a face of G with at most six r-cliques of G, and so, v must

form a face of G with at most six (r−1)-cliques of G. Typicality implies that there

are Θ(n) such vertices and Fact 3.9.2 implies that |V ′∪V (L)∪V (L′)| ≤ rm2 = o(n)

so we can greedily find such a new vertex v. Thus, we can find a copy of T in G.

By Fact 3.9.2 and 3.9.4 then T is an (L,L′)-transformer with |V (T )| ≤ rm2. □

We say that a clique K of G is proper if K ∈ Kr+1(G) and |K ∩ U | = 1. Note

that if a clique is a face of G then it must be a proper clique. Given an edge

v1v2 ∈ E(L) with v1, v2 ∈ VL, an expansion of v1v2 is the graph obtained from L

and a vertex-disjoint proper clique K by deleting the edge v1v2, deleting an edge

v′1v
′
2 ⊆ K with v′1, v

′
2 ∈ V , and adding the edges v1v

′
2 and v2v

′
1. Similarly, given an
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edge v1u2 ∈ E(L) with v1 ∈ VL and u2 ∈ UL, an expansion of v1u2 is the graph

obtained from L and a vertex-disjoint proper clique K by deleting the edge v1u2,

deleting an edge v′1u
′
2 ⊆ K with v′1 ∈ V and u′

2 ∈ U , and adding the edges v1u
′
2 and

u1v
′
2. In both cases, identifying the vertices v1 and v′1 results in a graph obtained

from L by attaching a proper clique to the vertex v1. Let Lexp be a graph obtained

from L by expanding every edge in E(L). Let Latt be a graph obtained from L

by, for each edge e ∈ E(L), choosing an endpoint v ∈ e ∩ VL and attaching a

proper clique to v. Observe that Latt is obtained from Lexp by identifying vertices.

Note that |V (Lexp)| = |V (L)| + (r + 1)|E(L)| and |V (Latt)| = |V (L)| + r|E(L)|.

Finally, let m1 = |E(L[VL])| and m2 = |E(L[VL, UL])|. Given v0 ∈ V and u0 ∈ U

let Γ(m1,m2) be the graph obtained by expanding the loop v0v0 m1 times and by

expanding the edge v0u0 m2 times. Observe that Γ(m1,m2) is the graph obtained

from Lexp by identifying all its vertices in VL into a single vertex v0 ∈ V and all

its vertices in UL into a single vertex u0 ∈ U .

Proof of Lemma 3.9.1. Let VL := V (L) ∩ V and UL := V (L) ∩ U . Let

m1 = |E(L[VL])| and m2 = |E(L[VL, UL])|. Since L is Fr+1-divisible we have that(
r+1
2

)
| e(L),

(
r
2

)
| m1 and r | m2. For each edge e ∈ E(L) we choose an endpoint

v ∈ e ∩ VL and find a face fe of G containing v and no more vertices from V (L)

so that all the faces {fe}e∈E(L) are vertex-disjoint. Note that by doing so we are

finding a copy of Latt in G and observe that Latt − L is Fr+1-decomposable since

it consist of the vertex-disjoint union of e(L) faces. Next, choose |VL| vertices

V ′
L in V \ V (Latt) and |UL| vertices U ′

L in U \ V (Latt) and let L′ be a copy of

L on the vertices V ′
L ∪ U ′

L. We find now a copy of L′
exp in G. Choose vertices

v0 ∈ V \V (Latt∪L′
exp) and u0 ∈ U \V (Latt∪L′

exp) and find a copy Γ of Γ(m1,m2)
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in G. Observe that we can actually find Latt, L
′
exp and Γ so that they are all vertex-

disjoint since in all cases whenever we want to find a new vertex it needs to be

adjacent to at most r given vertices, G is typical with s ≥ r, and |V (Latt∪L′
exp∪Γ| ≤

M = o(n). Note that Latt and Γ are obtained from L′
exp by identifying vertices. Let

J be the union of e(L)/
(
r+1
2

)
vertex-disjoint faces of G \(Latt∪L′

exp∪Γ). Note that

J is trivially Fr+1-decomposable and |E(J [V ])| = m1 and |E(J [V, U ])| = m2. We

can then apply the same arguments we did with L to find graphs Jatt, J
′
exp so that

all the graphs Latt, L
′
exp, Γ, J

′
exp and Jatt are vertex-disjoint. Moreover note that

Jatt and Γ are obtained from J ′
exp by identifying vertices. We can consecutively

apply Lemma 3.9.5 to find edge-disjoint transformers T1, T2, T3, T4 such that

Latt
T1←− L′

exp
T2−→ Γ

T3←− J ′
exp

T4−→ Jatt

where L1
T→ L2 denotes that T is an (L1, L2)-transformer.

Finally, let AL := (Latt ∪ T1 ∪ L′
exp ∪ T2 ∪ Γ ∪ T3 ∪ J ′

exp ∪ T4 ∪ Jatt)− L. Note

that AL ∪ L is Fr+1-decomposable since Latt ∪ T1, L
′
exp ∪ T2, Γ ∪ T3, J

′
exp ∪ T4 and

Jatt are all edge-disjoint and Fr+1-decomposable in G. On the other hand, AL is

also Fr+1-decomposable since Latt − L, T1 ∪ L′
exp, T2 ∪ Γ, T3 ∪ J ′

exp and T4 ∪ Jatt

are all edge-disjoint and Fr+1-decomposable in G. Hence, AL is an edge-absorber

for L. □

3.10 Proof of Theorem 3.2.1

We are finally ready to prove the main theorem of this chapter:
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Theorem 3.2.1. Let 1/n≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r with s ≥ 3r and t ≥ r2+r.

Let G = (V, U,G,H) be an Fr+1-divisible (ξ, pG, pH , q, s, t)-typical extended (r+1)-

complex where |V | = n. Then G has an Fr+1-decomposition.

Proof. Let γ, η, ε > 0 and M,m′ ∈ N such that

1/n≪ 1/M ≪ 1/m′ ≪ η ≪ γ ≪ ε≪ ξ ≪ p, q, 1/s, 1/t, 1/r. (3.43)

Step 1: Find the vortex sequence and the final absorber.

We start by applying Lemma 3.5.2 to find a (2ξ, ε, η,m)-vortex V0 ⊇ V1 ⊇

· · · ⊇ Vℓ and U0 ⊇ U1 ⊇ · · · ⊇ Uℓ in G for some m ≤ m′. Let ni := |Vi| for every

i ∈ [ℓ] ∪ {0}.

Let G ′ := G − G[V1 ∪ U1]. Using (V2)-(V4) and ε ≪ ξ it can be checked that

G ′ is (2ξ, pG, pH , q, s, t)-typical.

Let L be a collection of all the spanning Fr+1-divisible subcomplexes of G[Vℓ ∪

Uℓ]. Note that |L| ≤ 2(
|Vℓ∪Uℓ|

2 ) ≤ M . For each L ∈ L we find an edge-absorber AL

for L in G − G[V1 ∪ U1] so that |V (AL)| ≤ M and Kr+1(AL) ⊆ Fr+1(G) and all of

{AL}L∈L are edge-disjoint. Indeed, suppose that we have already found absorbers

{AL}L∈L′ for some subset L′ ⊆ L with |V (AL)| ≤M and Kr+1(AL) ⊆ Fr+1(G) for

each L ∈ L′. Let L ∈ L \ L′ and let GL := G − G[V1 ∪ U1] − (
⋃

L∈L′ AL). Note

that |
⋃

L∈L′ V (AL)| ≤ |L|M ≤ M2, |V1| ≤ ε|V | and |U1| ≤ ε|U |. Hence, GL is

(2ξ, pG, pH , q, s, t)-typical so we can apply Lemma 3.9.1 to find an edge-absorber

AL for L in GL such that |V (AL)| ≤M and Kr+1(AL) ⊆ Fr+1(G).

Let Ã :=
⋃

L∈L AL and note that Ã satisfies that for any Fr+1-divisible subcom-

plex L ⊆ G[Vℓ ∪ Uℓ], Ã ∪ L has an Fr+1-decomposition. Let G̃ := G − Ã. Since all

the graphs AL have an Fr+1-decomposition G̃ must be Fr+1-divisible. Moreover,
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since |V (Ã)| ≤ |L|M ≤ M2 it is easy to check that V0 ⊇ V1 ⊇ · · · ⊇ Vℓ and U0 ⊇

U1 ⊇ · · · ⊇ Uℓ form a (3ξ, ε, 2η,m)-vortex in G̃. Note that G̃[V1 ∪U1] = G[V1 ∪U1].

Step 2: Iteratively apply the Cover Down Lemma.

We will now apply iteratively Lemma 3.8.3 to cover all edges of G̃ except

possibly some edges of G[Vℓ ∪ Uℓ]. Let i ∈ [ℓ] ∪ {0} and suppose there exists

an extended (r + 1)-complex Gi = (Vi, Ui, Gi, Hi) such that G̃ − Gi has an Fr+1-

decomposition and the following conditions hold:

(a) Gi is Fr+1-divisible,

(b) Gi is (5ξ, pG, pH , q, s, t)-typical,

(c) Gi is (4ξ, pG, pH , q, s, t)-typical into Vi+1 ∪ Ui+1,

(d) Gi[Vi+1 ∪ Ui+1] = G[Vi+1 ∪ Ui+1].

Let G0 := G̃ and note that (a)-(d) hold for i = 0. Define G̃i = Gi−Gi[Vi+2∪Ui+2]
(d)
=

Gi − G[Vi+2 ∪ Ui+2]. We know that G̃i must be 2η-divisible since G[Vi+2 ∪ Ui+2] is

2η-divisible by (V5). Using that |Vi+2| ≤ ε2|Vi| it is not hard to check that G̃i is

(6ξ, pG, pH , q, s, t)-typical and (5ξ, pG, pH , q, s, t)-typical into Vi+1∪Ui+1. Thus, we

can apply Lemma 3.8.3 to G̃i to find an Fr+1-decomposable subcomplex H ⊆ G̃i

such that E(Gi − G[Vi+1 ∪ Ui+1]) ⊆ E(H) and

∆(H[Vi+1 ∪ Ui+1]) ≤ γ|Vi+1 ∪ Ui+1|. (3.44)

Roughly speaking, H covers all edges of G̃i that are not in G[Vi+1 ∪ Ui+1] and a

sparse collection of edges inside G[Vi+1 ∪ Ui+1]. Let Gi+1 = (Gi −H)[Vi+1 ∪ Ui+1].

Observe that G̃−Gi+1 = (G̃−Gi)∪(Gi−Gi+1) = (G̃−Gi)∪H is Fr+1-decomposable.

141



We will now check that Gi+1 satisfies conditions (a)-(d). Clearly, Gi must be Fr+1-

divisible since both Gi and H are Fr+1-divisible. Using (c), (3.44) and γ ≪ ξ we

obtain that Gi+1 is (5ξ, pG, pH , q, s, t)-typical. Recall that V0 ⊇ V1 ⊇ · · · ⊇ Vℓ

and U0 ⊇ U1 ⊇ · · · ⊇ Uℓ form a (3ξ, ε, 2η,m)-vortex in G̃. Thus, using (d), (3.44)

and (V4), we obtain that Gi+1 is (4ξ, pG, pH , q, s, t)-typical into Vi+2∪Ui+2. Finally,

Gi+1[Vi+1 ∪ Ui+1] = G[Vi+1 ∪ Ui+1] since H[Vi+2 ∪ Ui+2] has no edges.

Step 3: Absorb the final leftover.

Hence, conditions (a)-(d) are satisfied when replacing i by i + 1. It follows

by induction that there exists an Fr+1-divisible extended (r + 1)-complex Gℓ =

(Vℓ, Uℓ, Gℓ, Hℓ) such that G̃ − Gℓ has an Fr+1-decomposition. Since Gℓ ⊆ G[Vℓ ∪Uℓ]

then Gℓ ∈ L, and so, Ã ∪ Gℓ is Fr+1-decomposable. All in all we have that G =

(G̃ − Gℓ) ∪ (Ã ∪ Gℓ) has an Fr+1-decomposition. □
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CHAPTER 4

RESOLVABLE CLIQUE DECOMPOSITIONS
OF PSEUDO-RANDOM MULTIPARTITE

GRAPHS

The main goal of this chapter is to prove Theorem 1.4.5. Recall that a graph G is

r-partite if there is a partition V 1, . . . , V r of V (G) such that G[V i] has no edges for

every i ∈ [r]. We say that G is balanced if all its parts have the same size and Kr-

divisible if for every i, j ∈ [r] and v ∈ V (G) \ (V i ∪V j), dG(v;V
i) = dG(v;V

j). An

r-partite graph is (ξ, p, s)-typical if for every i ∈ [r] and for every set S ⊆ V (G)\V i

of size at most s, dG(S;V
i) = (1 ± ξ)p|S||V i|. Recall that a Kr-factor of G is a

collection of vertex-disjoint r-cliques that span V (G) and a Kr-decomposition of

G is a collection of edge-disjoint r-cliques that span E(G). Finally recall that a

resolvable Kr-decomposition is a Kr-decomposition that can be partitioned into

Kr-factors. We now restate Theorem 1.4.5.

Theorem 1.4.5. For every r ≥ 3 and p > 0 there exist ξ > 0 and n0 ∈ N such

that any balanced Kr-divisible (ξ, p, 3(r− 1))-typical r-partite graph G with parts

of size n ≥ n0 has a resolvable Kr-decomposition.
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Similar to Chapter 3, we will deduce Theorem 1.4.5 from a more general re-

sult, Theorem 4.2.1, consisting of the existence of a Kr+1-decomposition in the

corresponding extended graph. Moreover, we will again extend the notion of a

graph and prove all our results for ‘complexes’ (see Section 3.1). The chapter will

be organised as follows. We will start by establishing all the necessary notions

around ‘partite complexes’ in Section 4.1. Next, in Section 4.2, we will state The-

orem 4.2.1, the main result of this chapter, and use it to deduce Theorem 1.4.5.

As outlined in Section 1.5, the proof of the main theorem will consist of two key

results, the existence of a fractional decomposition and the ‘Cover Down Lemma’.

The first is formalised by Lemma 4.3.1 and proven in Section 4.3. In Section 4.4

we find the vortex sequence which will be the first step in the proof of the main

theorem. In Section 4.5 we find many edge-disjoint face-factors. This result will

be used during the proof of the ‘Cover Down Lemma’. In Section 4.6 we show how

to make an r-partite graph Kr-divisible by removing a sparse set of edges. This

will be used during the ‘Cover Down Lemma’ in order to apply Lemma 4.3.1. The

‘Cover Down Lemma’, Lemma 4.7.3, is proven in Section 4.7. Finally, the proof of

the main theorem, Theorem 4.2.1, is presented in Section 4.8.

4.1 Preliminaries

We will inherit the standard notation and the basic probabilistic results used in

the previous chapters. For reference see Section 2.1.

Let G be a fixed r-partite graph with parts V 1, . . . , V r. For any U ⊆ V (G),

we write U i instead of U ∩ V i for all 1 ≤ i ≤ r. Given subsets W1,W2 ⊆ V (G),

we sometimes write E(W1,W2) instead of E(G[W1,W2]) and e(W1,W2) instead of
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e(G[W1,W2]). We denote δ̂(G) := min{d(v;V i) : i ∈ [r], v ∈ V (G) \ V i} and

∆̂(G) := max{dG(v;V i) : i ∈ [r], v ∈ V (G) \ V i}.

As in Chapter 3, we will prove our results in terms of ‘complexes’ instead

of graphs. Recall that an r-complex G is a triple (V (G), E(G), Fr(G)) where

V (G) is a set of vertices, E(G) is a set of edges, and Fr(G) is a set of r-sets

of vertices called faces, such that for every f ∈ Fr(G) and every 2-set e ⊂ f ,

e ∈ E(G). We shall inherit the notation around complexes used in the previous

chapter. See Section 3.1. The main difference in this chapter is the consideration of

partite complexes. Formally, an r-complex G is r-partite if there exists a partition

V 1, . . . , V r of V (G) such that G[Vi] has no edges for every i ∈ [r]. Just as in

graphs, we say that G is balanced if |V 1| = · · · = |V r|. If G is clear from the

context, given v ∈ V (G) and e ∈ E(G) we define Fr(v) := {f ∈ Fr(G) : v ∈ f}

and Fr(e) := {f ∈ Fr(G) : e ⊂ f}.

Similar to Theorem 3.2.1 from the previous chapter, the main theorem of this

chapter, Theorem 4.2.1, guarantees a face-decomposition in a pseudo-random ‘ex-

tended complex’. Let us recall the following definitions:

Definition 3.1.8. An extended (r+1)-partite complex G = (V, U,G,H) with parts

V 1, . . . , V r is an (r+ 1)-complex with V (G) = V ∪ U , where V and U are disjoint

sets of vertices with V = V 1 ⊔ · · · ⊔ V r; E(G) = E(G) ∪ E(H), where G is an

r-partite complex with parts V 1, . . . , V r and H is a bipartite graph on [V, U ]; and

Fr+1(G) = {f ∪ {u} ∈ Kr+1(G ∪H) : f ∈ Fr(G), u ∈ U}.

Definition 3.1.2. Let G = (V, U,G,H) be an extended (r + 1)-partite complex

with parts V 1, . . . , V r and let V1 ⊆ V and U1 ⊆ U . Given ξ, pG, pH , q > 0 and

s, t ∈ N we say that G is (ξ, pG, qH , q, s, t)-typical into V1 ∪ U1 if for every i ∈ [r],
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every set SV ⊆ V \ V i and SU ⊆ U with |SV | + |SU | ≤ s and every set T ⊆

Kr−1(G[SV ]) with |T | ≤ t we have

d∗G(SV ∪ SU , T ;V
i
1 ) = (1± ξ)p

|SV |
G p

|SU |
H q|T ||V i

1 |,

and for every SV ⊆ V with |SV | ≤ s

dH(SV ;U1) = (1± ξ)p
|SV |
H |U1|.

In the case where V1 = V and U1 = U we say just that G is (ξ, pG, pH , q, s, t)-

typical.

Recall that an r-partite graph is Kr-divisible if for every i, j ∈ [r] and v ∈

V (G) \ (V i ∪ V j), dG(v;V
i) = dG(v;V

j). The same condition is required in the

case of an r-partite complex to admit an Fr-decomposition. Hence, we say that an

r-partite complex G is Fr-divisible if its underlying graph isKr-divisible. Similarly,

an extended (r + 1)-partite graph G = (V, U,G,H) with parts V 1, . . . , V r is Fr+1-

divisible if the underlying (r + 1)-partite graph with parts V 1, . . . , V r, U is Kr+1-

divisible. Most of the times however we will be working with complexes that are

‘almost’ Fr+1-divisible. We define this formally as follows.

Definition 4.1.1. Let G = (V, U,G,H) be an extended (r + 1)-partite complex

with parts V 1, . . . , V r. Given η > 0, V1 ⊆ V and U1 ⊆ U we say that G is

η-divisible into V1 ∪ U1 if

dG(v;V
i1
1 ) = (1± η)dG(v;V

i2
1 )
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for every i1, i2 ∈ [r] and v ∈ V \ (V i1 ∪ V i2),

dG(v;V
i
1 ) = (1± η)dH(v;U1)

for every i ∈ [r] and v ∈ V \ V i, and

dH(u;V
i1
1 ) = (1± η)dH(u;V

i2
1 )

for every i1, i2 ∈ [r] and u ∈ U .

Similar to Proposition 3.1.5, the following result relates the size of U to the

typicality and divisibility parameters.

Proposition 4.1.2. Let 1/n ≪ η ≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r. Let G =

(V, U,G,H) be a (ξ, pG, pH , q, s, t)-typical η-divisible extended (r+1)-partite graph

with parts V 1, . . . , V r of size n. Then

|U | = (1± 3ξ)
pG
pH

n.

Proof. Since G is η-divisible we have that for any i ∈ [r] and v ∈ V r

dG(v;V
i) = (1± η)dH(v;U).

On the other hand, since G is (ξ, pG, pH , q, s, t)-typical we have

dG(v;V
i) = (1± ξ)pGn

and

dH(v;U) = (1± ξ)pH |U |.
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Thus, combining all equations we obtain

|U | = (1± ξ)pGn

(1± η)(1± ξ)pH
= (1± 3ξ)

pG
pH

n.

□

4.2 Main results

We are now ready to state the main theorem of this chapter:

Theorem 4.2.1. Let 1/n ≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r with s ≥ 3(r − 1) and

t ≥ 2r − 1. Let G = (V, U,G,H) be an Fr+1-divisible (ξ, pG, pH , q, s, t)-typical

extended (r + 1)-partite complex with parts V 1, . . . , V r of size n. Then G has an

Fr+1-decomposition.

We will prove Theorem 4.2.1 in Section 4.8. On the other hand, Theorem 1.4.5

is deduced from a particular case of the following consequence of Theorem 4.2.1.

Corollary 4.2.2. Let 1/n≪ ξ ≪ p, q, 1/s, 1/t, 1/r with s ≥ 3(r−1) and t ≥ 2r−1.

Let G be a Kr-divisible regular (ξ, p, q, s, t)-typical r-partite complex with parts

V 1, . . . , V r of size n. Then G has a resolvable Fr-decomposition.

Proof. Let d := dG(v;V
i) for any i ∈ [r] and v ∈ V (G) \ V i. Note that d is

a well-defined constant since G is regular and Kr-divisible. Let G = (V, U,G,H)

be an extended (r + 1)-partite complex where V = V (G) has parts V 1, . . . , V r,

U is a set of vertices of size d and H is the complete bipartite graph on [V, U ].

Observe that for every i ∈ [r] and every v ∈ V \ V i we have dG(v;V
i) = d =
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|U | = dH(v;U), and for every i, j ∈ [r] and u ∈ U we have dH(u;V
i) = |V i| =

|V j| = dH(u;V
j). These together with the fact that G is Kr-divisible implies that

G is Fr+1-divisible. Moreover, since G is (ξ, p, q, s, t)-typical and H is complete

then G is (ξ, pG, pH , q, s, t)-typical with pG = p and pH = 1. Hence we can apply

Theorem 4.2.1 to find an Fr+1-decomposition F of G. For each u ∈ U let Fu :=

{f ∩V : f ∈ F , u ∈ f} be the set of r-faces of G that together with u form a face

of the decomposition F . Since u is adjacent via H to all vertices in V then Fu is

an Fr-factor of G. All in all, {Fu}u∈U is a collection of edge-disjoint Fr-factors of

G that cover all edges in E(G). Thus, G has a resolvable Fr-decomposition. □

It is now straightforward to deduce Theorem 1.4.5. Indeed, it follows directly

from Corollary 4.2.2 by defining Fr(G) = Kr(G), q = 1 and t = 2r − 1.

4.3 Extended fractional decomposition

The goal of this section is to prove the existence of a fractional face-decomposition

in a typical extended partite complex (Lemma 4.3.1). Recall that this is a fun-

damental result in order to apply the ‘iterative absorption’ method depicted in

Section 1.5. We will start by stating Lemma 4.3.1 and then show how to use it to

obtain an approximate face decomposition (Lemma 4.3.2). Next, in Section 4.3.1,

we sketch the proof of Lemma 4.3.1 and describe the gadgets that will be used

during its proof to modify the weight of the edges. In Section 4.3.2 we analyse

how the gadgets can be used and how they affect the weight of each edge and each

face. Finally, in Section 4.3.3 we prove Lemma 4.3.1. For convenience, during the

rest of this section, we will denote the set U in an extended (r+1)-partite complex
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as V r+1 and save the letter ‘U ’ to denote a different set.

Lemma 4.3.1. Let 1/n ≪ ξ ≪ ξ′′ ≪ pG, pH , q, 1/s, 1/t, 1/r with s ≥ 3r and

t ≥ 2r − 1. Let G = (V, V r+1, G,H) be an Fr+1-divisible (ξ, pG, pH , q, s, t)-typical

extended (r+1)-partite complex with parts V 1, . . . , V r of size n. Then there exists

a weighting ω : Fr+1(G)→ [0, 1] such that for every edge e ∈ E(G)

ω(e) :=
∑

f∈Fr+1(G)
e⊆f

ω(f) = 1,

and for every f ∈ Fr+1(G)

ω(f) =
(1± ξ′′)

p(
r
2)pr−1

H qnr−1
.

The proof of Lemma 4.3.1 closely follows the approach used by Montgomery [64]

to find a clique fractional decomposition in a partite graph with high minimum

degree. Before delving into the proof, though, we will show how to obtain an

approximate face decomposition in an extended partite complex using Lemma 4.3.1

and Theorem 1.5.2.

Lemma 4.3.2. Let 1/n ≪ γ ≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r with s ≥ 3r and

t ≥ 2r − 1. Let G = (V, U,G,H) be an Fr+1-divisible (ξ, pG, pH , q, s, t)-typical

extended (r+1)-partite complex with parts V 1, . . . , V r of size n. Then there exists

an Fr+1-decomposable complex F ⊆ G such that ∆̂(G − F) ≤ γn.

Proof. The proof is completely analogous to the proof of Lemma 3.4.1. The

only differences are that we use Lemma 4.3.1 (instead of Lemma 3.3.2) to find

the weighting ω, and that we define S := {Sv,i}v∈V (G),i∈[r+1] where Sv,i := {vv′ ∈
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E(G) : v′ ∈ V i} and V r+1 := U to achieve, after applying Theorem 1.5.2, that

∆̂(G − F) ≤ γn instead of ∆(G − F) ≤ γn. □

The following useful result counts the number of faces containing a given edge

in a typical extended partite complex.

Proposition 4.3.3. Let 1/n ≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r with s ≥ r and t ≥

1. Let G = (V, V r+1, G,H) be a (ξ, pG, pH , q, s, t)-typical extended (r + 1)-partite

complex with parts V 1, . . . , V r of size n and |V r+1| = (1 ± ξ)(pG/pH)n. Then for

every e ∈ E(G)

|Fr+1(e)| = (1± ξ)rp
(r2)
G pr−1

H qnr−1,

and

|Fr+1(G)| = (1± ξ)r+1p
(r2)+1

G pr−1
H qnr+1.

Proof. Let e ∈ E(G) and suppose without loss of generality that e ∈ E(G[V 1, V 2]).

We want to count how many ways we can extend the edge e into a face. Let Mi

denote the number of i-cliques X ⊆ V 1 ∪ · · · ∪ V i in G that contain e. Recall

that by typicality for every i ∈ [r − 1], each i-clique X ⊆ V 1 ∪ · · · ∪ V i satisfies

dG(X;V i+1) = (1± ξ)pin. Then, for each i = 3, . . . , r − 1,

Mi+1 = (1± ξ)piGnMi

where M2 := 1. Hence,

Mr−1 = (1± ξ)r−3

(
r−2∏
i=2

piG

)
nr−3.

Note that Mr−1 counts the number of (r − 1)-cliques in G containing e. Then
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number of faces of G that contain an (r − 1)-clique K is

d∗G(K;V r) = (1± ξ)pr−1
G qn.

Finally, the number of vertices in V r+1 which are adjacent to a face f ∈ Fr(G) is

dH(f ;V
r+1) = (1± ξ)prH |V r+1| = (1± ξ)2pGp

r−1
H n.

Hence,

|Fr+1(e)| = (1± ξ)r

(
r−1∏
i=1

piG

)
pr−1
H qnr−1 = (1± ξ)rp

(r2)
G pr−1

H qnr−1.

Let e ∈ E(H) and suppose without loss of generality that e = vu with v ∈ V 1

and u ∈ V r+1. Let Mi denote the number of i-cliques X ⊆ V 1 ∪ · · · ∪ V i that

contain v and lie in the neighbourhood of u. Then

Mi+1 = (1± ξ)piGpHnMi

where M1 := 1. Thus,

Mr−1 = (1± ξ)r−2

(
r−2∏
i=1

piGpH

)
nr−2.

It remains to count the number of faces f ∈ Fr(G) that contain an (r − 1)-clique

K ∈ Kr−1(G) and are adjacent to u. And that is

d∗G(K ∪ {u}, K;V r) = (1± ξ)pr−1
G pHqn.
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Hence,

|Fr+1(e)| = (1± ξ)r−1

(
r−1∏
i=1

piGpH

)
qnr−1 = (1± ξ)rp

(r2)
G pr−1

H qnr−1.

Finally, since each face contains exactly one edge between V 1 and V 2

|Fr+1(G)| =
∑
v1∈V 1

∑
v2∈NG(v1;V 2)

|Fr+1(v1v2)| = |V 1|(1± ξ)pGn(1± ξ)rp
(r2)
G pr−1

H qnr−1

= (1± ξ)r+1p
(r2)+1

G pr−1
H qnr+1.

□

4.3.1 The gadgets

In order to prove Lemma 4.3.1 we will make use of two different gadgets that allow

us to move weight between edges.

Definition 4.3.4. A function ϕ : A → R is a zero-sum function if
∑

A∈A ϕ(A) = 0.

Let G = (V, V r+1, G,H) be an extended (r+1)-complex. Given a set of vertices

X ⊆ V (G) such that |X ∩ V j| ≤ 1 for every j ∈ [r + 1], we denote {xj} = X ∩ V j

and X−j := X \ {xj}.

Definition 4.3.5. Let z ∈ R, i ∈ [r + 1], v1, v2 ∈ V i and X = {xj}j∈[r+1]\{i}

with every xj ∈ NG({v1, v2};V j). A (v1, v2, X, z)-shifter is a zero-sum function
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V i

V j

V k

v1

v2

x2

x3

+z

+z

−z

−z

Figure 4.1: Changes on weights due to a (v1, v2, X, z)-shifter with X = {x2, x3}.

ϕ : Fr+1(G)→ R such that for every e ∈ E(G)

ϕ(e) =


z if e = v1xj with j ∈ [r + 1] \ {i},

−z if e = v2xj with j ∈ [r + 1] \ {i},

0 otherwise.

(4.1)

Definition 4.3.6 (Gadget 1). Let i ∈ [r + 1], v1, v2 ∈ V i and X = {xj}j∈[r+1]\{i}.

A (v1, v2, X)-gadget is a subgraph J of G such that V (J) = {v1, v2} ∪ X ∪ Y J

where Y J is a set of vertices {yj}j∈[r+1]\{i} with yj ∈ V j, and such that all of

{v1} ∪ Y J , {v2} ∪ Y J , {{v1, xj} ∪ Y J
−j}j∈[r+1]\{i} and {{v2, xj} ∪ Y J

−j}j∈[r+1]\{i} are

faces of G. We denote by J (v1, v2, X) the set of all (v1, v2, X)-gadgets in G. Given
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J ∈ J (v1, v2, X) let ϕJ : Fr+1(G)→ R be the (v1, v2, X, 1)-shifter defined as

ϕJ(f) =



1 if f = {v1, xj} ∪ Y J
−j for some j ∈ [r + 1] \ {i},

−1 if f = {v2, xj} ∪ Y J
−j for some j ∈ [r + 1] \ {i},

−(r − 1) if f = {v1} ∪ Y J ,

(r − 1) if f = {v2} ∪ Y J ,

0 otherwise.

The next proposition finds a (v1, v2, X, z)-shifter in a typical extended (r+ 1)-

partite graph and bounds the weight given to each face.

Proposition 4.3.7. Let 1/n ≪ ξ ≪ 1/c ≪ α, pG, pH , q, 1/s, 1/t, 1/r with s ≥ 2r

and t ≥ 2(r − 1). Let G = (V, V r+1, G,H) be a (ξ, pG, pH , q, s, t)-typical extended

(r+1)-partite complex with parts V 1, . . . , V r of size n and |V r+1| = αn. Let z ∈ R,

i ∈ [r + 1], v1, v2 ∈ V i and X = {xj}j∈[r+1]\{i} with xj ∈ NG({v1, v2};V j). Then

there exists a (v1, v2, X, z)-shifter ϕ1 such that for every f ∈ Fr+1(G)

|ϕ1(f)| ≤



|z|cn−(r−1) if f = {v1, xj} ∪ Y J
−j or {v2, xj} ∪ Y J

−j

for some j ∈ [r + 1] \ {i} and J ∈ J (v1, v2, X),

|z|cn−r if f = {v1} ∪ Y J or {v2} ∪ Y J

for some J ∈ J (v1, v2, X),

0 otherwise.

(4.2)

Proof. We start by counting the number of gadgets in J (v1, v2, X). We do so by

iteratively, for each j ∈ [r+1] \ {i}, counting the number of choices for the vertex

yj ∈ Y J . We also distinguish between two cases, whether i ∈ [r] or i ∈ [r+1]. For

convenience let J := J (v1, v2, X).
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Case 1: i ∈ [r].

Without loss of generality, assume that v1, v2 ∈ V r. Suppose that we have

already found vertices Y<j := {yk}k∈[j−1]. If j ≤ r− 3 then yj must be adjacent to

all of v1, v2, X−j and Y<j. That is, r + j − 2 vertices in V \ V r+1 and one vertex,

xr+1, in V r+1. Thus, the number of choices for yj, for each j ∈ [r − 3], is

dG({v1, v2} ∪X−j ∪ Y<j;V
j) = (1± ξ)pr+j−1

G pHn.

If j = r − 2 then yj must be again adjacent to all of v1, v2, X−j and Y<j but, in

addition, Y<j ∪{yj, xr−1, v1} and Y<j ∪{yj, xr−1, v2} must be r-faces of G. That is,

yj must be adjacent to r + j − 2 vertices and form a face with two (r − 1)-cliques

of G. Let T denote the set of such two (r − 1)-cliques. Since j = r − 2 then the

number of choices for yr−2 is

d∗G({v1, v2} ∪X−j ∪ Y<j, T ;V
j) = (1± ξ)p2r−3

G pHq
2n.

If j = r−1 then all of Y<j∪{yj, v1}, Y<j∪{yj, v2}, {(Y<j\{yk})∪{xk, yj, v1}}k∈[j−1]

and {(Y<j \ {yk}) ∪ {xk, yj, v2}}k∈[j−1] must be r-faces of G. Hence yj must be

adjacent to r + j − 2 vertices and form a face with 2j (r − 1)-cliques of G. Let

T denote the set of such cliques. Using j = r − 1 we obtain that the number of

choices for yr−1 is

d∗G({v1, v2} ∪X−j ∪ Y<j, T ;V
j) = (1± ξ)p

2(r−1)
G pHq

2(r−1)n.

Finally, if j = r + 1, yr+1 must simply be adjacent to all of v1, v2, X−j and Y<j,
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which adds up to 2r vertices. Then

dH({v1, v2} ∪X−j ∪ Y<j;V
r+1) = (1± ξ)p2rH |V r+1|.

All in all we have

|J | =

(
j−3∏
j=1

(1± ξ)pr+j−1
G pHn

)(
(1± ξ)p2r−3

G pHq
2n
)

·
(
(1± ξ)p

2(r−1)
G pHq

2(r−1)n
)(

(1± ξ)p2rH |V r+1|
)

= (1± ξ)rp
P (r)
G p3r−1

H q2rαnr

(4.3)

where P (r) = 3r2−5r+2
2

.

Case 2: i = r + 1.

Using a similar analysis to the previous case one obtains that

|J | =

(
r−2∏
m=1

(1± ξ)pr−2+m
G p2Hn

)(
(1± ξ)p2r−3

G p2Hq
2n
)

·
(
(1± ξ)p

2(r−1)
G p2Hq

2(r−1)n
)

= (1± ξ)rp
P (r)
G p2rH q2rnr

(4.4)

where P (r) = 3r2−3r
2

.

Now, let ϕ1 := z
|J |
∑

J∈J ϕJ . It follows by the fact that ϕJ is a zero-sum

function for each J ∈ J , that ϕ1 is also a zero-sum function. Observe also that,
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since ϕJ is a (v1, v2, X, 1)-shifter for each J ∈ J , then for each e ∈ E(G)

ϕ1(e) =


z if e = v1xj with j ∈ [r + 1] \ {i},

−z if e = v2xj with j ∈ [r + 1] \ {i},

0 otherwise

as desired. It only remains to check that ϕ1 satisfies (4.2).

Let f ∈ Fr+1(G) be a face of the form f = {v1, xj}∪Y−j where j ∈ [r+1] \ {i}

and Y−j is a set of vertices {yk}k∈[r+1]\{i,j} with yk ∈ V k. Given J ∈ J , then

ϕJ(f) is equal to 1 if Y−j = Y J
−j, or equal to zero otherwise. How many gadgets

J ∈ J satisfy that Y−j = Y J
−j? The question is equivalent to determining how

many vertices yj ∈ V j \ {xj} satisfy that yj ∪ Y−j = Y J for some J ∈ J . Suppose

first that i = r + 1. Let T be the set of (r − 1)-cliques K of G of the form

K = {xk} ∪ (Y−j \ {yk}) with k ∈ [r] \ {j}, or K = Y−j. We have |T | = r. Note

that yj ∪ Y−j = Y J for some J ∈ J if and only if yj is adjacent to all vertices in

{v1, v2} ∪Xj ∪ Y−j and forms a face with all the (r − 1)-cliques in T . Then, the

number of gadgets J ∈ J such that Y−1 = Y J is

d∗G({v1, v2} ∪Xj ∪ Y−j, T ;V
j \ {xj}) = (1± ξ)p

2(r−1)
G p2Hq

rn

so

|ϕ1(f)| ≤ |z|
(1 + ξ)p

2(r−1)
G p2Hq

rn

|J |
(4.4)

≤ |z|cn−(r−1).

Suppose now that i ̸= r+1 and j ̸= r+1. Let T be the set of (r− 1)-cliques K of

G of the form K = {v1, xk}∪ (Y−j \ {yk, yr+1}) or {v2, xk}∪ (Y−j \ {yk, yr+1}) with

k ∈ [r] \ {i, j}, or K = {v1} ∪ (Y−j \ {yr+1}) or {v2} ∪ (Y−j \ {yr+1}). Note that
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|T | = 2(r − 1). In this case, the number of gadgets J ∈ J such that Y−1 = Y J is

d∗G({v1, v2} ∪Xj ∪ Y−j, T ;V
j \ {xj}) = (1± ξ)p

2(r−1)
G p2Hq

2(r−1)n

so

|ϕ1(f)| ≤ |z|
(1 + ξ)p

2(r−1)
G p2Hq

2(r−1)n

|J |
(4.3)

≤ |z|cn−(r−1).

Finally suppose that i ̸= r + 1 and j = r + 1. In this case yj ∪ Y−j = Y J for

some J ∈ J if and only if yj ∈ V r+1 \ xj and yj is adjacent to all vertices in

{v1, v2} ∪Xj ∪ Y−j. Then

dH({v1, v2} ∪Xj ∪ Y−j;V
r+1 \ {xj}) = (1± ξ)p2rH |V r+1|=(1± ξ)p2rHαn

so

|ϕ1(f)| ≤ |z|
(1 + ξ)p2rHαn

|J |
(4.3)

≤ |z|cn−(r−1).

Analogously, we obtain that |ϕ1(f)| ≤ |z|cn−(r−1) for any face f ∈ Fr+1(G) of

the form f = {v2, xj} ∪ Y−j with j ∈ [r + 1] \ {i} and Y−j = {yk}k∈[r+1]\{i,j} with

yk ∈ V k.

Let f ∈ Fr+1(G) be a face of the form f = {v1} ∪ Y or {v2} ∪ Y where Y is a

set of vertices {yj}j∈[r+1]\{i}. In this case we have that ϕJ(f) = (r − 1) if Y = Y J

for some J ∈ J and ϕJ(f) = 0 otherwise. Since there can only exist one gadget

J ∈ J with Y = Y J then

|ϕ1(f)| = |z|(r − 1)/|Y|
(4.3),(4.4)

≤ |z|cn−r.

Lastly, observe that if a face f ∈ Fr+1(G) satisfies that for all J ∈ J , f ̸= {vm}∪Y J

159



x2

x1

v2

v1

V i V j
−z

−z

+z

+z

Figure 4.2: Changes on weights due to a (v1, v2, x1, x2)-shifter.

for all m = 1, 2 and f ̸= {vm, xj} ∪ Y J
−j for all m = 1, 2 and j ∈ [r + 1] \ {i}, then

ϕJ(f) = 0 for all J ∈ J so ϕ1(f) = 0. □

Definition 4.3.8. Let z ∈ R, i, j ∈ [r + 1] with i ̸= j, v1, v2 ∈ V i and x1, x2 ∈

NG({v1, v2};V j). A (v1, v2, x1, x2, z)-shifter is a zero-sum function ϕ : Fr+1(G)→ R

such that for every edge e ∈ E(G)

ϕ(e) =


z if e = v1x1 or v2x2,

−z if e = v1x2 or v2x1,

0 otherwise.

(4.5)

Definition 4.3.9 (Gadget 2). Let i, j ∈ [r + 1] with i ̸= j, v1, v2 ∈ V i and

x1, x2 ∈ V j. A (v1, v2, x1, x2)-gadget is a subgraph J of G such that V (J) =

{v1, v2, x1, x2}∪Y J where Y J is a set of vertices {yk}k∈[r+1]\{i,j} with yk ∈ V k, and

such that {vm1 , xm2} ∪ Y J is a face of G for all m1,m2 = 1, 2. Let J (v1, v2, x1, x2)

denote the set of all (v1, v2, x1, x2)-gadgets in G. Given J ∈ J (v1, v2, x1, x2), let
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ϕJ : Fr+1(G)→ R be the (v1, v2, x1, x2, 1)-shifter defined as

ϕJ(f) =


1 if f = {v1, x1} ∪ Y J or {v2, x2} ∪ Y J ,

−1 if f = {v1, x2} ∪ Y J or {v2, x1} ∪ Y J ,

0 otherwise.

The following proposition finds a (v1, v2, x1, x2, z)-shifter in a typical extended

(r + 1)-partite graph and bounds the weight on each face.

Proposition 4.3.10 (Gadget 2). Let 1/n≪ ξ ≪ 1/c≪ α, pG, pH , q, 1/s, 1/t, 1/r

with s ≥ r + 2 and t ≥ 4. Let G = (V, V r+1, G,H) be a (ξ, pG, pH , q, s, t)-typical

extended (r + 1)-partite complex with parts V 1, . . . , V r of size n and |V r+1| = αn.

Let z ∈ R, i, j ∈ [r+1] with i ̸= j, v1, v2 ∈ V i and x1, x2 ∈ NG({v1, v2};V j). Then

there exists a (v1, v2, x1, x2, z)-shifter ϕ2 such that for every f ∈ Fr+1(G)

|ϕ2(f)| ≤


|z|cn−(r−1) if f = {vm1 , xm2} ∪ Y J

for some m1,m2 ∈ [2] and J ∈ J (v1, v2, x1, x2)

0 otherwise.

(4.6)

Proof. The proof is very similar to the proof of Proposition 4.3.7. Let J :=

J (v1, v2, x1, x2). The first step is to count the number of gadgets in J . If i, j ̸= r+1

then one obtains that

|J | =

(
r−3∏
m=1

(1± ξ)p3+m
G n

)(
(1± ξ)pr+1

G q4n
)(

(1± ξ)pr+2
H |V

r+1|
)

=(1± ξ)r−1p
P (r)
G pr+2

H q4αnr−1

(4.7)

where P (r) = r2+3r−10
2

.
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Otherwise, if i = r + 1 or j = r + 1 we have

|J | =

(
r−2∏
m=1

(1± ξ)p1+m
G p2Hn

)(
(1± ξ)prGp

2
Hq

4n
)

= (1± ξ)r−1p
P (r)
G p

2(r−1)
H q4nr−1

(4.8)

where P (r) = r2+r−2
2

.

Let ϕ2 := z
|Y|
∑

J∈J ϕJ . Again, since ϕJ is a zero-sum function for all J ∈ J

then ϕ2 is also zero-sum function. Note that ϕ2 satisfies

ϕ2(e) =


z if e = v1x1 or v2x2,

−z if e = v1x2 or v2x1,

0 otherwise.

Moreover, observe that for each f ∈ Fr+1(G), ϕ2(f) ̸= 0 if and only if f =

{vm1 , xm2} ∪ Y J for some m1,m2 ∈ [2] and J ∈ J (v1, v2, x1, x2), and in such

case, ϕ2(f) = ϕJ(f) = 1. Thus,

|ϕ2(f)| ≤


|z|
|J |

(4.7),(4.8)

≤ |z|cn−(r−1) if f = {vm1 , xm2} ∪ Y J

for some m1,m2 ∈ [2] and J ∈ J (v1, v2, x1, x2)

0 otherwise.

□
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4.3.2 Moving weight through edges

The following two lemmas are the key ingredients to the proof of Lemma 4.3.1 and

contain implicitly the use of the two gadgets to move weight around the edges. To

get some intuition on the statements, we will view the numbers {ze}e∈E(G) as the

‘excess/missing’ weight of each edge that we want to compensate.

In the following lemma we are given a fixed vertex v ∈ V (G), a set of ex-

cess/missing weights {ze}e∈Ev for each edge e ∈ E(G) incident to v, and a set

of vertices U ⊆ V (G), and we find a zero-sum function φv : Fr+1(G) → R that

compensates all the weights {ze}e∈Ev while only modifying the weight of edges

incident to U . We also give bounds on the added or subtracted weight on those

edges and on the weight of each face f ∈ Fr+1(G) in terms of a constant CU that

depends on the set U . The proof consists of iteratively using the shifters given by

Propositions 4.3.7 and 4.3.10 while carrying an analysis of the added/subtracted

weight on each edge and face.

Lemma 4.3.11. Let 1/n ≪ ξ ≪ 1/c ≪ α, pG, pH , q, 1/s, 1/t, 1/r with s ≥ 2r

and t ≥ 2(r − 1). Let G = (V, V r+1, G,H) be a (ξ, pG, pH , q, s, t)-typical extended

(r + 1)-partite complex with parts V 1, . . . , V r of size n and |V r+1| = αn. Let

CU ∈ N and U ⊆ V (G) be a set such that for every i ∈ [r + 1] and every set of r

vertices X ⊆ V (G) \ V i we have dG(X;U i) ≥ CU . Let i ∈ [r + 1] and v ∈ V i \ U i

be fixed and let zv and {ze}e∋v be real numbers satisfying

zv =
∑

xj∈NG(v;V j)

zvxj
(4.9)

for all j ∈ [r + 1] \ {i}.
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Then there is a zero-sum function φv : Fr+1(G) → R such that φv(e) = ze

for all edges incident to v, |φv(e)| ≤ |zvx|
CU

for all edges e = ux with u ∈ U i and

x ∈ NG(v), and φv(e) = 0 for all other edges. Moreover, for every f ∈ Fr+1(G)

with f = {xj}j∈[r+1] and xj ∈ V j,

|φv(f)| ≤


Cv(f) if xi = v,

Cv(f)/CU if xi ∈ U i,

0 otherwise,

(4.10)

where Cv(f) :=
(∑

j∈[r+1]\{i} |zvxj
|
)
cn−(r−1) + |zv|cn−r.

Proof. The proof consists of a backward induction argument on the number of

edges adjacent to v which have a nonzero excess/missing weight. More formally,

at each step of the induction process we will find mappings φl and zl and define

the set Nl := {x ∈ NG(v) : zl(vx) ̸= 0}. The sets will satisfy 0 < |Nl+1| < |Nl|

implying the existence of φm and zm such that |Nm| = 0.

We start defining φ0 : Fr+1(G) → R as φ0(f) = 0 and z0 : Ev → R as z0(e) =

ze − φ0(e) where Ev := {e ∈ E(G) : e ∋ v}. Let N0 := {x ∈ NG(v) : z0(vx) ̸= 0}

and note that |N0| ≤ dG(v).

Suppose that, for some l ∈ N, we have a zero-sum function φl : Fr+1(G) → R

and a mapping zl : Ev → R defined as zl(e) := ze − φl(e) such that for all

j, k ∈ [r + 1] \ {i} ∑
x∈NG(v;V j)

zl(vx) =
∑

x∈NG(v;V k)

zl(vx) (4.11)

and for all e ∈ Ev

sgn(φl(e)) = sgn(ze) = sgn(zl(e)). (4.12)
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Let Nl := {x ∈ NG(v) : zl(vx) ̸= 0}.

Choose j ∈ [r+1] \ {i} and xj ∈ NG(v;V
j) so that φl(vxj) ̸= zvxj

and |zl(vxj)|

is minimized. If there is no such vertex xj then we set m = l. Assume without loss

of generality that zl(vxj) > 0 (the other case is symmetric by inverting all signs

in the argument).

First case. Suppose there is some other vertex x− ∈ NG(v;V
j) such that

zl(vx
−) < 0. Let x+ = xj. Now, for each vertex u ∈ NG({x+, x−};U i), we use

Proposition 4.3.10 (with v, u, x+, x− and zl(vxj) playing the role of v1, v2, x
+, x−

and z respectively) to find a (v, u, x+, x−, zl(vxj))-shifter ϕu
2 : Fr+1(G) → R that

satisfies (4.6). Thus, ϕu
2 adds a weight of zl(vxj) to the edges vx+ and ux+ while

subtracting it from the edges vx− and ux− without modifying the weight of any

other edge. We then define

φl+1 := φl +
1

dG({x+, x−};U i)

∑
u∈NG({x+,x−};U i)

ϕu
2

Observe that, by (4.5),

φl+1(vx) =


zvxj

if x = x+ = xj,

φl(vx)− zl(vxj) if x = x−,

φl(vx) otherwise.

(4.13)
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In particular, (4.5) and (4.13) implies

|φl+1(e)| ≤


|ze| if e ∈ Ev,

|φl(e)|+ |zl(vxj)|
CU

if e = ux+ or e = ux− with u ∈ U i,

0 otherwise,

(4.14)

where we have used dG({x+, x−};U i) ≥ CU in the second inequality.

Let zl+1 : Ev → R be defined as zl+1(e) = ze − φl+1(e). Let Nl+1 := {x ∈

NG(v) : zl+1(vx) ̸= 0} and observe that Nl+1 ⊆ Nl \ {xj} and |Nl+1| ≤ |Nl| − 1.

Furthermore, (4.13) implies that equations (4.11) and (4.12) holds when replacing

l by l + 1. Finally, equation (4.6) implies that for each f ∈ Fr+1(G)

|φl+1(f)| ≤ |φl(f)|+



|zl(vxj)|cn−(r−1) if f ⊃ {v, x+} or f ⊃ {v, x−},

|zl(xvj)|
CU

cn−(r−1) if f ⊃ {u, x+} or f ⊃ {u, x−}
with u ∈ U i,

0 otherwise.

(4.15)

Second case. Else, all vertices x ∈ NG(v;V
j) satisfy zl(vx) ≥ 0. Then, (4.11)

implies that for each k ∈ [r + 1] \ {i, j} there is some vertex xk ∈ NG(v;V
k)

such that zl(vxk) > 0. Let X = {xk}k∈[r+1]\{i}. Now, for each u ∈ NG(X;U i),

we can apply Proposition 4.3.7 (with v, u, X and zl(vxj) playing the role of v1,

v2, X and z) to get a (v, u,X, zl(vxj))-shifter ϕu
1 : Fr+1(G) → R that satisfies

(4.2). In particular, ϕu
1 adds a weight of zl(vxj) to the edges {vxk}k∈[r+1]\{i} while

subtracting it from the edges {uxk}k∈[r+1]\{i} without modifying the weight of any
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other edge. We then define

φl+1 := φl +
1

dG(X;U i)

∑
u∈NG(X;U i)

ϕu
1

Similarly to the previous case, (4.1) implies that

φl+1(vx) =


zvxj

if x = xj,

φl(vx) + zl(vxj) if x = xk with k ∈ [r + 1] \ {i, j},

φl(vx) otherwise,

(4.16)

which together with (4.1) yields

|φl+1(e)| ≤



|ze| if e ∈ Ev,

|φl(e)|+ |zl(vxj)|
CU

if e = uxk with u ∈ U i

and k ∈ [r + 1] \ {i},

0 otherwise,

(4.17)

where we have used dG(X;U i) ≥ CU in the second inequality.

Let zl+1 : Ev → R be defined as zl+1(e) = ze − φl+1(e). Let Nl+1 := {x ∈

NG(v) : zl+1(vx) ̸= 0} and note that Nl+1 ⊆ Nl \ {xj} and |Nl+1| ≤ |Nl| − 1.

Moreover, (4.16) and (4.17) implies that equations (4.11) and (4.12) hold when
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replacing l by l + 1. Finally, equation (4.2) implies that for each f ∈ Fr+1(G)

|φl+1(f)| ≤ |φl(f)|+



|zl(vxj)|cn−(r−1) if f ∋ v and |f ∩X| = 1,

|zl(vxj)|cn−r if f ∋ v and |f ∩X| = 0,

|zl(xvj)|
CU

cn−(r−1) if f ∋ u and |f ∩X| = 1,

|zl(xvj)|
CU

cn−r if f ∋ u and |f ∩X| = 0,

0 otherwise.

(4.18)

Hence, we can iteratively repeat the above argument until finding m ∈ N such

that |Nm| = 0. Then φm must satisfy φm(e) = ze for every e ∈ Ev as desired.

Observe that

m∑
l=1

|φl(e)− φl−1(e)|
(4.12)
=

m∑
l=1

|φl(e)| − |φl−1(e)| = |φm(e)| − |φ0(e)| = |ze|. (4.19)

Let e = ux be an edge with u ∈ U i and x ∈ NG(v). Note that for every l ∈ [m],

|φl(e)− φl−1(e)| > 0 if and only if we were adding/subtracting weight to the edge

vx via some gadgets at the l-th step. Thus,

|φm(e)| =
m∑
l=1

|φl(e)| − |φl−1(e)|
(4.14),(4.17)

≤
m∑
l=1

|φl(vx)− φl−1(vx)|
CU

(4.19)
=
|zvx|
CU

.

And for all other edges, i.e. edges not in E(G[{v}∪U i, NG(v)]), we have φm(e) = 0.

It only remains to check that φm satisfies (4.10).

Let f ∈ Fr+1(G) with f = {v} ∪ Y where Y = {yj}j∈[r+1]\{i} and yj ∈

V j. Let L1 ⊆ [m] consist of all l ∈ [m] such that, at the l-th step, we were

adding/subtracting weight to at least one of the edges vy with y ∈ Y . This
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can happen during the first case if y = x+ or y = x−, or during the second

case if |f ∩ X| = 1. And let L2 ⊆ [m] \ L1 consist of all l ∈ [m] such that at

the l-th step we were adding/subtracting weight to a set of edges {vxk}k∈[r+1]\{i}

with xk ∈ NG(v;V
k) \ {yk}. This can only happen during the second case when

|f ∩ X| = 0. Observe that |φl(f) − φl−1(f)| > 0 if and only if l ∈ L1 or l ∈ L2.

Then

|φm(f)| =
m∑
l=1

|φl(f)|− |φl−1(f)| =
∑
l∈L1

|φl(f)|− |φl−1(f)|+
∑
l∈L2

|φl(f)|− |φl−1(f)|.

On one hand,

∑
l∈L1

|φl(f)| − |φl−1(f)|
(4.15),(4.18)

≤
∑

j∈[r+1]\{i}

∑
l∈L1

|φl(vyj)− φl−1(vyj)|cn−(r−1)

= cn−(r−1)
∑

j∈[r+1]\{i}

|zvyj |.

And on the other hand,

∑
l∈L2

|φl(f)| − |φl−1(f)|
(4.18)

≤
∑

xk∈NG(v;V k)

∑
l∈L2

|φl(vxk)− φl−1(vxk)|cn−r

≤ cn−r
∑

xk∈NG(v;V k)

|zvxk
| = |zv|cn−r

where k ∈ [r+1] \ {i} is chosen arbitrarily (since we added the same weight to all

edges vxk).

All in all, we have

|φm(f)| ≤

( ∑
j∈[r+1]\{i}

|zvyj |

)
cn−(r−1) + |zv|cn−r.
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Let f ∈ Fr+1(G) with f = {u} ∪ Y where u ∈ U i and Y = {yj}j∈[r+1]\{i} with

yj ∈ V j. Following the same arguments as before we get

|φm(f)| ≤
1

CU

( ∑
j∈[r+1]\{i}

|zvyj |

)
cn−(r−1) +

1

CU

|zv|cn−r.

Finally, the rest of the faces f satisfy φm(f) = 0. □

In the next lemma we are given excess/missing weights {ze}e∈E(G) for all edges,

and a set U ⊆ V (G), and we find a zero-sum function ω : Fr+1(G) → R that

compensates the excess/missing weight of all edges not contained in U . We also

bound the weight added/subtracted from each edge in G[U ] and the weight given

to each face of G in terms of a constant CU depending on U and a constant

ξE defined as the maximum of {|ze|}e∈E(G). The proof will consist of applying

Lemma 4.3.11 twice: a first time to compensate the excess/missing weight of all

edges not incident to U , and a second time to compensate the excess/missing

weight of all edges not contained within U . The difficult part of the proof lies in

the analysis of the resulting changes on the weights of the edges and faces each

time we apply Lemma 4.3.11.

Lemma 4.3.12. Let 1/n ≪ ξ ≪ 1/c ≪ α, pG, pH , q, 1/s, 1/t, 1/r with s ≥ 2r

and t ≥ 2(r − 1). Let G = (V, V r+1, G,H) be a (ξ, pG, pH , q, s, t)-typical extended

(r + 1)-partite complex with parts V 1, . . . , V r of size n and |V r+1| = αn. Let

CU ⊆ N and U ⊆ V (G) be a set such that for every i ∈ [r + 1] and every set of r

vertices X ⊆ V (G) \ V i we have dG(X;U i) ≥ CU . Let ξE > 0. Let {zv}v∈V (G) and
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{ze}e∈E(G) be real numbers satisfying |ze| ≤ ξE for every e ∈ E(G) and

zv =
∑

xj∈NG(v;V j)

zvxj

for all i ∈ [r + 1], v ∈ V i and j ∈ [r + 1] \ {i}.

Then there is a zero-sum function ω : Fr+1(G)→ R such that ω(e) = ze for all

edges not contained in U and

|ω(e)| ≤ ξEn

CU

+
2ξEn

2

C2
U

(4.20)

for all edges e ∈ E(G[U ]). Moreover, for every 0 ≤ k ≤ r + 1 and f ∈ Fr+1(G)

with |f ∩ U | = k

|ω(f)| ≤ξEc
2

nr−1
+

(
k +
|U |
n

)
ξEc

2

CUnr−2
+

k

CU

(
k − 1 +

|U |
n

)
ξEc

2

CUnr−3
. (4.21)

Proof. We start applying Lemma 4.3.11 to obtain, for each i ∈ [r + 1] and

v ∈ V i \ U i, a zero-sum function φv : Fr+1(G) → R such that φv(e) = ze for each

edge e incident to v, |φv(e)| ≤ |zvx|/CU for all edges e = ux with u ∈ U i and

x ∈ NG(v), and φv(e) = 0 for the rest of the edges.

Let φ := 1
2

∑
v∈V (G)\U φv. Then, for each edge v1v2 not incident to U we have

φ(v1v2) =
1

2

∑
v∈V (G)\U

φv(v1v2) =
1

2

(
φv1(v1v2) + φv2(v1v2)

)
= zv1v2 .
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Moreover, for each edge ux with u ∈ U i, i ∈ [r + 1] and x ∈ V (G) \ U we have

φ(ux) =
1

2

∑
v∈V (G)\U

φv(ux) =
1

2

(
φx(ux) +

∑
v∈NG(x;V i\U i)

φv(ux)

)

=
zux
2

+
1

2

( ∑
v∈NG(x;V i\U i)

φv(ux)

)

Finally, for each edge uiuj with ui ∈ U i, uj ∈ U j and i, j ∈ [r + 1] we have

φ(uiuj) =
1

2

∑
v∈V (G)\U

φv(uiuj) =
1

2

( ∑
v∈NG(ui;V j\Uj)

φv(uiuj)+
∑

v∈NG(uj ;V i\U i)

φv(u1uj)

)
.

Note that for each i ∈ [r + 1], u ∈ U i and x ∈ NG(u) we have

∑
v∈NG(x;V i\U i)

|φv(ux)| ≤
∑

v∈NG(x;V i)

ξE
CU

≤ ξEn

CU

(4.22)

where we have used dG(x;V
i) ≤ n.

For each edge e ∈ E(G), let z′e := ze − φ(e). Hence,

|z′e| ≤


0 if e is not incident to U,

1
2

(
ξE + ξEn

CU

)
≤ ξEn

CU
if e ∈ E(G[U, V (G) \ U ])

ξE + ξEn
CU
≤ 2ξEn

CU
if e ∈ E(G[U ]).

(4.23)

We have bounded the ‘new’ excess/missing weights {z′e}e∈E(G).
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Observe that for each i ∈ [r + 1], v ∈ V i and j ∈ [r + 1] \ {i}

z′v :=
∑

x∈NG(v;V j)

z′vx =
∑

x∈NG(v;V j)

zvx − φ(vx)

= zv −
∑

x∈NG(v;V j)

∑
f∈Fr+1(vx)

φ(f) = zv −
∑

f∈Fr+1(v)

φ(f)

which does not depend on j.

Thus, we can apply again Lemma 4.3.11 (with {z′v}v∈V (G) and {z′e}e∈E(G) playing

the role of {zv}v∈V (G) and {ze}e∈E(G)) to obtain, for each i ∈ [r+1] and v ∈ V i\U i,

a zero-sum function φ′
v : Fr+1(G)→ R such that φ′

v(e) = z′e for each edge e incident

to v, |φ′
v(e)| ≤ |z′vx|/CU for all edges e = ux with u ∈ U i and x ∈ NG(v), and

φ′
v(e) = 0 for the rest of edges. Is important to note that this time |φ′

v(e)| ≤

|z′vx|/CU = 0 if e = ux with u ∈ U and x ∈ V (G) \ U .

Let φ′ :=
∑

v∈V (G)\U φ′
v. For each edge e ∈ E(G), let z′′e := z′e − φ′(e). We now

do the same analysis we did before. First, for each edge v1v2 not incident to U we

have

φ′(v1v2) =
∑

v∈V (G)\U

φ′
v(v1v2) =

(
φ′
v1
(v1v2) + φ′

v2
(v1v2)

)
= 2z′v1v2 = 0.

Second, for each edge ux with u ∈ U i, i ∈ [r + 1] and x ∈ V (G) \ U we have

φ′(ux) =
∑

v∈V (G)\U

φ′
v(ux) =

(
φ′
x(ux) +

∑
v∈NG(x;V i\U i)

φ′
v(ux)

)
= φ′

x(ux) + 0 = z′ux.
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And lastly, for each edge uiuj with ui ∈ U i, uj ∈ U j and i, j ∈ [r + 1] we have

φ′(uiuj) =
∑

v∈V (G)\U

φ′
v(uiuj) =

∑
v∈NG(ui;V j\Uj)

φ′
v(uiuj) +

∑
v∈NG(uj ;V i\U i)

φ′
v(u1uj),

and

∑
v∈NG(ui;V j\Uj)

|φ′
v(uiuj)| ≤

∑
v∈NG(ui;V j)

|z′vui
|

CU

≤
∑

v∈NG(ui;V j)

ξEn

C2
U

≤ ξEn
2

C2
U

where again we have used dG(ui;V
j) ≤ n.

Hence,

|z′′e | ≤


0 if e is not contained in U,

2ξEn
CU

+ 2ξEn2

C2
U

= 2ξEn
CU

(
1 + n

CU

)
if e ∈ E(G[U ]).

(4.24)

Let ω := φ + φ′ and observe that z′′e = ze − ω(e). Then (4.24) implies that

ω(e) = ze for every edge not contained in U and |ω(e)| ≤ |φ(e)| + |φ′(e)| ≤
ξEn
CU

+ 2ξEn2

C2
U

for every edge e ∈ E(G[U ]).

It only remains to bound the added/subtracted weight of the faces. First of all,

we have that for every i ∈ [r+1] and v ∈ V i \U i, and an arbitrary j ∈ [r+1]\{i},

|zv| ≤
∑

xj∈NG(v;V j)

|zvxj
| ≤ ξEn (4.25)

and

|z′v| ≤
∑

xj∈NG(v;V j)

|z′vxj
|
(4.23)

≤
∑

uj∈NG(v;Uj)

|z′vuj
|
(4.23)

≤ |U j|ξEn
CU

≤ |U |ξEn
CU

. (4.26)
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Let f ∈ Fr+1(G) with f = {xi}i∈[r+1] and xi ∈ V i for each i ∈ [r + 1], and let

IU = {i ∈ [r+1] : xi ∈ U i} and IV = {i ∈ [r+1] : xi ∈ V i \U i}. Then by (4.10)

we have that

|φ(f)| ≤ 1

2

∑
v∈V (G)\U

|φv(f)| =
1

2

∑
i∈IU

∑
v∈V i\U i

|φv(f)|+
1

2

∑
i∈IV

∑
v∈V i\U i

|φv(f)|

≤ 1

2

∑
i∈IU

∑
v∈V i\U i

Cv(f)

CU

+
1

2

∑
i∈IV

Cxi
(f)

where

Cv(f) =

 ∑
j∈[r+1]\{i}

|zvxj
|

 cn−(r−1) + |zv|cn−r
(4.25)

≤ rξEcn
−(r−1) + ξEncn

−r

≤ 2rξEcn
−(r−1)

and thus,

|φ(f)| ≤
(
|IU |
|V (G) \ U |

CU

+ |IV |
)

rξEc

nr−1
≤
(
|IU |n
CU

+ (r + 1)

)
rξEc

nr−1
.

On the other hand,

|φ′(f)| ≤
∑

v∈V (G)\U

|φ′
v(f)| =

∑
i∈IU

∑
v∈V i\U i

|φ′
v(f)|+

∑
i∈IV

∑
v∈V i\U i

|φ′
v(f)|

≤
∑
i∈IU

∑
v∈V i\U i

C ′
v(f)

CU

+
∑
i∈IV

C ′
xi
(f)

where

C ′
v(f) =

 ∑
j∈[r+1]\{i}

|z′vxj
|

 cn−(r−1) + |z′v|cn−r

(4.23),(4.26)

≤ |(f \ {xi}) ∩ U | ξEn
CU

cn−(r−1) + |U |ξEn
CU

cn−r.
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Hence,

|φ′(f)| ≤ |IU |
|V (G) \ U |

CU

(
|IU | − 1 +

|U |
n

)
ξEc

CUnr−2
+ |IV |

(
|IU |+

|U |
n

)
ξEc

CUnr−2

≤
(
|IU |n
CU

(
|IU | − 1 +

|U |
n

)
+ (r + 1)

(
|IU |+

|U |
n

))
ξEc

CUnr−2
.

Finally,

|ω(f)| ≤ |φ(f)|+ |φ′(f)|

≤
(
|IU |n
CU

+ (r + 1)

)
rξEc

nr−1

+

(
|IU |n
CU

(
|IU | − 1 +

|U |
n

)
+ (r + 1)

(
|IU |+

|U |
n

))
ξEc

CUnr−2

≤ ξEc
2

nr−1
+

(
|IU |+

|U |
n

)
ξEc

2

CUnr−2
+
|IU |
CU

(
|IU | − 1 +

|U |
n

)
ξEc

2

CUnr−3
.

□

4.3.3 Proof of Lemma 4.3.1

We are finally ready to prove the main result of this section restated below. The

proof goes as follows. We will start with a constant weighting that will be already

close to a fractional face-decomposition of G. This will define small excess/missing

weights {ze}e∈E(G) with the property that their sum is equal to zero. For a fixed face

f ∈ Fr+1(G) we will find a set of vertices U of linear size in its neighbourhood. We

will then use Lemma 4.3.12 to compensate the weight of all edges not contained in

U and we will update the excess/missing weights of each edge of G[U ] to some new

values {z′e}e∈E(G[U ]). Next, we will apply Lemma 4.3.12 again, this time with G[U ],

f and {z′e}e∈E(G[U ]) playing the role of G, U and {ze}e∈E(G). This will compensate
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the weight of all edges of G except those contained in the face f . However, since

the functions given by Lemma 4.3.12 are zero-sum functions and the sum of the

values {ze}e∈E(G) is zero, the edges of f will end up also compensated. With this

approach we will be able to compensate the weight of all edges of G. However,

those faces that intersect f might end with a weight outside of [0, 1] (remember

that a fractional face decomposition is a function from Fr+1(G) to [0, 1]). To solve

this, we use the above approach for each face f ∈ Fr+1(G) as the starting fixed

face and we then average by |Fr+1(G)|.

Lemma 4.3.1. Let 1/n ≪ ξ ≪ ξ′′ ≪ pG, pH , q, 1/s, 1/t, 1/r with s ≥ 3r and

t ≥ 2r − 1. Let G = (V, V r+1, G,H) be an Fr+1-divisible (ξ, pG, pH , q, s, t)-typical

extended (r+1)-partite complex with parts V 1, . . . , V r of size n. Then there exists

a weighting ω : Fr+1(G)→ [0, 1] such that for every edge e ∈ E(G)

ω(e) :=
∑

f∈Fr+1(G)
e⊆f

ω(f) = 1, (4.27)

and for every f ∈ Fr+1(G)

ω(f) =
(1± ξ′′)

p(
r
2)pr−1

H qnr−1
. (4.28)

Proof. Let ξ′ > 0 and c ∈ N satisfying

1/n≪ ξ ≪ ξ′ ≪ 1/c≪ ξ′′ ≪ pG, pH , q, 1/s, 1/t, 1/r. (4.29)

We start considering the constant weighting ω′ : Fr+1(G)→ R defined as

ω′(f) =
|E(G)|(

r+1
2

)
|Fr+1(G)|
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for every face f ∈ Fr+1(G). Next, for each edge e ∈ E(G), let z0(e) := 1−ω′(e) be

its ‘excess/missing’ weight.

Observe that from divisibility and typicality for every i, j ∈ [r], i ̸= j we have

|E(G[V 1, V 2])| =
∑
v∈V i

dG(v;V
j) = (1± ξ)pGn

2

and for every i ∈ [r] we have

|E(H[V i, V r+1])| =
∑
v∈V i

dG(v;V
r+1) = (1± ξ)pH |V r+1|n Prop. 4.1.2

= (1± 5ξ)pGn
2.

Thus,

|E(G)| =
(
r

2

)
(1± ξ)pGn

2 + r(1± 5ξ)pGn
2 =

(
r + 1

2

)
(1± 5ξ)pGn

2. (4.30)

It follows by (4.30) and Proposition 4.3.3 that for every f ∈ Fr+1(G)

|ω0(f)| =
|E(G)|(

r+1
2

)
|Fr+1(G)|

=
(1± 5ξ)pGn

2

(1± ξ)rp(
r
2)+1pr−1

H qnr+1

(4.29)
=

(1± ξ′)

p(
r
2)pr−1

H qnr−1
(4.31)

and for every edge e ∈ E(G)

|z0(e)| = |1− ω′(e)| =

∣∣∣∣∣∣1−
∑

f∈Fr+1(e)

ω′(f)

∣∣∣∣∣∣ =
∣∣∣∣∣1− |Fr+1(e)||E(G)|(

r+1
2

)
|Fr+1(G)|

∣∣∣∣∣
=

∣∣∣∣1− (1± ξ)r−1(1± 5ξ)

(1± ξ)r

∣∣∣∣ = |1− (1± ξ′)| ≤ ξ′.

(4.32)
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Observe that, for any i ∈ [r + 1], v ∈ V i and j ∈ [r + 1] \ {i},

z0(v) :=
∑

x∈NG(v;V j)

z0(vx) =
∑

x∈NG(v;V j)

1− ω′(vx)

= dG(v;V
j)−

∑
x∈NG(v;V j)

∑
f∈Fr+1(vx)

ω′(f)

= dG(v, V
j)−

∑
f∈Fr+1(v)

ω′(f)

does not depend on j since G is Fr+1-divisible.

Fix a face f ′ = {x′
1, . . . , x

′
r+1} ∈ Fr+1(G) with x′

i ∈ V i for each i ∈ [r + 1] and

recall that we write f ′
i := f ′ \ {x′

i}. Let Uf ′ =
⋃

i∈[r+1] U
i
f ′ where U i

f ′ = N∗
G(f

′
i ;V

i)

and note that for every i ∈ [r]

|U i
f ′| = d∗G(f

′
i ;V

i) = (1± ξ)pr−1
G pHqn (4.33)

and

|U r+1
f ′ | = d∗G(f

′
i ;V

r+1) = dH(f
′
i ;V

r+1) = (1± ξ)prH |V r+1|
Prop. 4.1.2

= (1± 5ξ)pGp
r−1
H n.

(4.34)

Let U ⊆ Uf ′ be a subset such that |U i| = (1− ξ)pr−1
G pHqn for every i ∈ [r] and

U r+1 = U r+1
f ′ . In other words, U is obtained from Uf ′ by removing at most a 2ξ

proportion of vertices from each part so that |U1| = · · · = |U r|.

Observe that by typicality for every i ∈ [r] and every set X ⊆ V (G) \ V i and

X ′ ⊆ V r+1 with |X|+ |X ′| ≤ r we have

dG(X ∪X ′;U i) = dG(X ∪X ′;U i
f ′)± 2ξ|U i

f ′| = d∗G(X ∪X ′ ∪ f ′
i , f

′
i ;V

i)± 2ξ|U i
f ′ |

≥ (1− ξ)p
|X|+r−1
G p

|X′|+1
H qn− 2ξpr−1

G pHqn
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and for every set X ⊆ V (G) of at most r vertices we have

dG(X;U r+1) = dH(X ∪ f ′
r+1;V

r+1) ≥ (1− 5ξ)pGp
|X|+r−1
H n.

Let CU := p2r−1
G p2r−1

H qn and α := |U r+1|/n. Then, by Lemma 4.3.12 (with ξ′,

{z0(v)}v∈V (G) and {z0(e)}e∈E(G) playing the role of ξE, {zv}v∈V (G) and {ze}e∈E(G)),

we know that there exists a zero-sum function ω1 : Fr+1(G)→ R such that ω1(e) =

z0(e) for all edges not contained in U ,

|ω1(e)| ≤ cξ′ (4.35)

for all edges e ∈ E(G[U ]), and

|ω1(f)| ≤
ξ′c3

nr−1
. (4.36)

To obtain equations (4.35)-(4.36) note that CU and |U | are both linear in n if we

treat the right side of the hierarchy (4.29) as constants. We can then replace CU

and |U | in equations (4.20)-(4.21) and bound all the remaining constant terms by

c.

Let z1(e) := z0(e)− ω1(e). Then

|z1(e)| ≤


0 if e /∈ E(G[U ]),

|z0(e)|+ |ω1(e)| ≤ 2cξ′ if e ∈ E(G[U ]).

(4.37)

We will now look to the graph G[U ] with excess/missing weights z1(e).

Since G is (ξ, pG, pH , q, s, t)-typical we have that for every i ∈ [r], every set S ⊆
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U \(U i∪U r+1) and S ′ ⊆ U r+1 with |S|+ |S ′| ≤ s−r and every set T ⊆ Kr−1(G[S])

with |T | ≤ t− 1

d∗G(S ∪ S ′, T ;U i) = d∗G(S ∪ S ′ ∪ f ′
i , T ∪ f ′

i ;V
i)± 2ξ|U i

f ′|

= (1± ξ)p
|S|+|S′|+r−1
G p

|S′|+1
H q|T |+1n± 2ξ|U i

f ′ |
(4.33)
= (1± ξ′)p

|S|
G p

|S′|
H q|T ||U i|

and for every set S ⊆ U \ U r+1 with |S| ≤ s− r

dG(S;U
r+1) = dG(S ∪ f ′

r+1;V
r+1) = (1± 5ξ)pGp

|S|+r−1
H n

(4.34)
= (1± ξ′)p

|S|
H |U

r+1|.

Hence, G[U ] is (ξ′, pG, pH , q, s− r, t−1)-typical. Recall that s ≥ 3r and t ≥ 2r−1.

Note that for every i ∈ [r + 1], u ∈ U i and j ∈ [r + 1] \ {i},

z1(u) :=
∑

x∈NG(u;Uj)

z1(ux)
(4.37)
=

∑
x∈NG(u;V j)

z1(ux) =
∑

x∈NG(u;V j)

(z0(ux)− ω1(ux))

= z0(u)−
∑

x∈NG(u;V j)

∑
f∈Fr+1(ux)

ω1(f) = z0(u)−
∑

f∈Fr+1(u)

ω1(f)

does not depend on j.

Thus, we can apply again Lemma 4.3.12 to G[U ] (with G[U ], (1− ξ)pr−1
G pHqn,

ξ′, s − r, t − 1, f ′, 1, 2cξ′, {z1(u)}u∈U and {z1(e)}e∈E(G[U ]) playing the role of G,

n, ξ, s, t, U , CU , ξE, {zv}v∈V (G) and {ze}e∈E(G) respectively) to obtain a zero-sum

function ω̃2 : Fr+1(G[U ]) → R such that ω̃2(e) = z1(e) for all edges e ∈ E(G[U ])

not contained in f ′, and

|ω̃2(f)| ≤
ξ′c3

nr−1
+ |f ∩ f ′| ξ

′c3

nr−2
+ (|f ∩ f ′| − 1)

ξ′c3

nr−3
(4.38)
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for all f ∈ Fr+1(G[U ]). We now define ω2 : Fr+1(G) → R as ω2(f) = ω̃2(f) if

f ∈ Fr+1(G[U ]), and ω2(f) = 0 otherwise.

Let z2(e) := z1(e) − ω2(e). Then z2(e) = 0 for all e ̸⊂ f ′. Hence, for every

i, j ∈ [r + 1] with i ̸= j we have

z2(x
′
ix

′
j) =

∑
e∈E(G[V i,V j ])

z2(e) =
∑

e∈E(G[V i,V j ])

(1− ω′(e)− ω1(e)− ω2(e))

= |E(G[V i, V j])| −
∑

e∈E(G[V i,V j ])

∑
f∈Fr+1(e)

(ω′(f) + ω1(f) + ω2(f))

= |E(G[V i, V j])| −
∑

f∈Fr+1(G)

ω′(f) = |E(G[V i, V j])| − E(G)(
r+1
2

) = 0

where we have used the fact that ω1 and ω2 are zero-sum functions, and for every

i, j ∈ [r + 1], i ̸= j, |E(G[V i, V j])| = E(G)/
(
r+1
2

)
since G is Fr+1-divisible.

Let ωf ′ := ω′ + ω1 + ω2. Observe that for every edge e ∈ E(G)

ωf ′(e) = ω′(e) + ω1(e) + ω2(e) = (1− z0(e)) + (z0(e)− z1(e)) + (z1(e)− z2(e))

= 1− z2(e) = 1.

Thus, ωf ′ satisfies (4.27). However, equation (4.38) implies that the faces that

intersect f ′ will not satisfy (4.28). Indeed, it follows by (4.36) and (4.38) that

|ωf ′(f)− ω′(f)| ≤ |ω1(f)|+ |ω2(f)|
(4.29)

≤


ξ′c4n−(r−1) if |f ∩ f ′| = 0,

ξ′c4n−(r−2) if |f ∩ f ′| = 1,

ξ′c4n−(r−3) if |f ∩ f ′| ≥ 2.

(4.39)

Note that f ′ was chosen arbitrarily, which means that for every f ′ ∈ Fr+1(G)

there exists such a weighting ωf ′ . Thus, we can solve this issue by averaging
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among all weights {ωf ′}f ′∈Fr+1(G). Let ω : Fr+1(G) → R be defined as ω =

1
|Fr+1(G)|

∑
f ′∈Fr+1(G) ωf ′ . It is clear that ω also satisfies equation (4.27) since each

ωf ′ satisfies it. Given f ∈ Fr+1(G), note that the number of cliques f ′ ∈ Fr+1(G)

such that |f ∩ f ′| ≥ 2 is bounded by

∑
e⊂f

|Fr+1(e)|
Prop. 4.3.3

≤
(
r + 1

2

)
(1± ξ)rp(

r
2)pr−1

H qnr−1 ≤ 2

(
r + 1

2

)
nr−1.

Similarly, the number of cliques f ′ ∈ Fr+1(G) such that |f ∩ f ′| = 1 is bounded by

∑
v∈f

|Fr+1(v)| ≤
∑
v∈f

∑
e∋v

|Fr+1(e)|
Prop. 4.3.3

≤ (r + 1)∆̂(G)(1± ξ)rp(
r
2)pr−1

H qnr−1

≤ (r + 1)(1 + 5ξ)pGnn
r−1 ≤ 2(r + 1)nr.

And the number of cliques f ′ ∈ Fr+1(G) such that |f ∩ f ′| = 0 is bounded trivially

by

|Fr+1(G)| ≤ nr+1.

Hence, for every f ∈ Fr+1(G)

ω(f) =
1

|Fr+1(G)|
∑

f ′∈Fr+1(G)

ωf ′(f) =
1

|Fr+1(G)|
∑

f ′∈Fr+1(G)

(ω0(f)± |ωf ′(f)− ω′(f ′)|)

(4.39)
= ω′(f)± 1

|Fr+1(G)|

 ∑
f ′∈Fr+1(G)
|f ′∩f |=0

ξ′c4

nr−1
+

∑
f ′∈Fr+1(G)
|f ′∩f |=1

ξ′c4

nr−2
+

∑
f ′∈Fr+1(G)
|f ′∩f |≥2

ξ′c4

nr−3


= ω′(f)± 1

|Fr+1(G)|

(
ξ′c4n2 + 2(r + 1)ξ′c4n2 + 2

(
r + 1

2

)
ξ′c4n2

)
Prop. 4.3.3

= ω′(f)± ξ′c5

nr−1

(4.31),(4.29)
=

(1± ξ′′)

p(
r
2)pr−1

H qnr−1
.
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Thus, ω satisfies (4.28) which concludes the proof. □

4.4 Vortex sequence

The following definition defines a vortex sequence in an extended partite complex

so that the properties of divisibility and typicality get passed down through the

sequence.

Definition 4.4.1 (Vortex). Given m ∈ N and ξ, ε, η > 0, a (ξ, ε, η,m)-vortex

of an extended (r + 1)-partite complex G = (V, U,G,H) with parts V 1, . . . , V r

is a pair of sequences V = V0 ⊇ V1 ⊇ · · · ⊇ Vℓ and U = U0 ⊇ U1 ⊇ · · · ⊇ Uℓ where

|V k
ℓ | = m for each k ∈ [r] such that for all i ∈ [ℓ]

(V1) |V k
i | = ε|V k

i−1| for each k ∈ [r] and |Ui| = ε|Ui−1|,

(V2) G[Vi−1 ∪ Ui−1] is (ξ, pG, pH , q, s, t)-typical into Vi ∪ Ui,

(V3) G[Vi−1 ∪ Ui−1] is η-divisible into Vi ∪ Ui.

The following result allows us to find a vortex sequence in an extended partite

complex.

Lemma 4.4.2. Let 1/n ≪ 1/m′ ≪ η ≪ ε ≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r. Let

G = (V, U,G,H) be an Fr+1-divisible (ξ, pG, pH , q, s, t)-typical extended (r + 1)-

partite complex with parts V 1, . . . , V r of size n. Then G has a (2ξ, ε, η,m)-vortex

where εm′ ≤ m ≤ m′.

Proof. Let n0 := n and recursively define ni := εni−1. Let ℓ := 1 + max{i ≥

0 : ni ≥ m′} and let m := nℓ. Observe that εin ≥ ni ≥ εin − 1/(1 − ε) and

εm′ ≤ m ≤ m′.
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Let ξ0 := ξ and η0 := 0 and define for i = 1, . . . , ℓ,

ξi := ξi−1 + 2n
−1/3
i−1 (4.40)

and

ηi := ηi−1 + 4n
−1/3
i−1 . (4.41)

Suppose that for some i ∈ [ℓ] we have already found sequences V0, . . . , Vi−1 and

U0, . . . , Ui−1 which form a (ξi−1, ε, ηi−1, ni−1)-vortex of G. This is true for i = 0

since G is Fr+1-divisible and (ξ, pG, pH , q, s, t)-typical by assumption.

For each k ∈ [r] let V k
i be a random subset of V k

i−1 of size ni and let Ui be a

random subset of Ui−1 of size ε|Ui−1|. Lemma 2.1.2 and a union bound implies

that with positive probability for any k ∈ [r], SV ⊆ Vi−1 \ V k
i−1 and SU ⊆ Ui−1

with |SV |+ |SU | ≤ s, and T ⊆ Kr−1(G[SV ]) with |T | ≤ t, we have

d∗G(SV ∪ SU , T ;V
k
i ) = (1± n

−1/3
i−1 )d∗G(SV ∪ SU , T ;V

k
i−1)

ni

ni−1

, (4.42)

and for any set SV ⊆ Vi−1 with |SV | ≤ s

dH(SV ;Ui) = (1± n
−1/3
i−1 )dH(SV ;Ui−1)

|Ui|
|Ui−1|

. (4.43)

Fix such a choice of Vi and Ui.

Recall that, by assumption, G[Vi−1∪Ui−1] is (ξi−1, pG, pH , q, s, t)-typical by (V2)

and ηi−1-divisible by (V3). Thus, using (4.42) we can deduce that for any k ∈ [r],

SV ⊆ Vi−1 \ V k
i−1 and SU ⊆ Ui−1 with |SV |+ |SU | ≤ s, and T ⊆ Kr−1(G[SV ]) with

185



|T | ≤ t

d∗G(SV ∪ SU , T ;V
k
i ) = (1± n

−1/3
i−1 )d∗G(SV ∪ SU , T ;V

k
i−1)

ni

ni−1

(V2)
= (1± n

−1/3
i−1 )(1± ξi−1)p

|SV |
G p

|SU |
H q|T |ni−1

ni

ni−1

= (1± ξi)p
|SV |
G p

|SU |
H q|T |ni.

Similarly, using (4.43) we can deduce that for all SV ⊆ Vi−1 with |SV | ≤ s

dH(SV ;Ui) = (1± n
−1/3
i−1 )dH(SV ;Ui−1)

|Ui|
|Ui−1|

(V2)
= (1± n

−1/3
i−1 )(1± ξi−1)p

|SV |
H |Ui−1|

|Ui|
|Ui−1|

,

= (1± ξi)p
|SV |
H |Ui|.

(4.44)

Thus, G is (ξi, pG, pH , q, s, t)-typical into Vi ∪ Ui.

On the other hand, for any k1, k2 ∈ [r] and v ∈ Vi−1 \ (V k1
i−1 ∪ V k2

i−1)

dG(v;V
k1
i )

(4.42)
= (1± n

−1/3
i−1 )dG(v;V

k1
i−1)

ni

ni−1

(V3)
= (1± n

−1/3
i−1 )(1± ηi−1)dG(v;V

k2
i−1)

ni

ni−1

(4.42),(p5)
= (1± 3n

−1/3
i−1 )(1± ηi−1)dG(v;V

k2
i ) = (1± ηi)dG(v;V

k2
i ).

Similarly, for any k ∈ [r] and v ∈ Vi−1 \ V k
i−1

dG(v;V
k
i )

(4.42)
= (1± n

−1/3
i−1 )dG(v;V

k
i−1)

ni

ni−1

(V3)
= (1± n

−1/3
i−1 )(1± ηi−1)dH(v;Ui−1)

ni

ni−1

(4.43),(p5)
= (1± 3n

−1/3
i−1 )(1± ηi−1)dH(v;Ui) = (1± ηi)dH(v;Ui),
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and for any k1, k2 ∈ [r] and u ∈ Ui−1

dH(u;V
k1
i )

(4.42)
= (1± n

−1/3
i−1 )dH(u;V

k1
i−1)

ni

ni−1

(V3)
= (1± n

−1/3
i−1 )(1± ηi−1)dH(u;V

k2
i−1)

ni

ni−1

(4.42),(p5)
= (1± 3n

−1/3
i−1 )(1± ηi−1)dH(u;V

k2
i ) = (1± ηi)dH(u;V

k2
i ),

so G is ηi-divisible into Vi ∪ Ui. It follows that V0, . . . , Vi and U0, . . . , Ui form a

(ξi, ε, ηi, ni)-vortex of G. Then, by induction, there exist sequences V0, . . . , Vℓ and

U0, . . . , Uℓ which form a (ξℓ, ε, ηℓ, nℓ)-vortex of G.

Finally, observe that

ηℓ = η0 +
ℓ−1∑
j=0

4n
−1/3
j ≤ 4

m′−1/3

1− ε1/3
< η,

and likewise,

ξℓ = ξ0 +
ℓ−1∑
j=0

2n
−1/3
j ≤ ξ + 2

m′−1/3

1− ε1/3
< 2ξ.

□

4.5 Edge-disjoint factors

During the proof of the ‘Cover Down Lemma’, Lemma 4.7.3, we will need to find

many edge-disjoint face-factors in an extended partite complex. This is achieved

by the subsequent result.

Lemma 4.5.1. Let 1/n ≪ γ ≪ ρ ≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r with s ≥ 2r and

t ≥ 2 and let N,M ∈ N. Let V 1, . . . , V r and U be sets of vertices such that |V i| = n
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for every i ∈ [r] and |U | = (1 ± ξ)(pG/pH)n. For each i ∈ [N ] let ki ∈ [r] and

let Gi = (Vi, Ui, Gi, Hi) be a balanced (ξ, pG, pH , q, s, t)-typical extended r-partite

complex with parts V 1
i , . . . , V

ki−1
i , V ki+1

i , . . . , V r
i and for each N < i ≤ N +M let

ki := 0 and let Gi be a balanced (ξ, pG, q, s, t)-typical r-partite complex with parts

V 1
i , . . . V

r
i . Suppose that

(F1) V k
i ⊆ V k for all i ∈ [N +M ] and k ∈ [r] and Ui ⊆ U for all i ∈ [N ],

(F2) |V k
i | = |Ui| for all i ∈ [N ] and k ∈ [r] \ {ki},

(F3) |V k
i | ≥ ρ4/3n for all i ∈ [N +M ] and k ∈ [r] \ {ki},

(F4) |V k
i ∩ V k

j | ≤ ρ2n for all 1 ≤ i < j ≤ N + M and k ∈ [r] \ {ki, kj} and

|Ui ∩ Uj| ≤ ρ2n for all 1 ≤ i < j ≤ N ,

(F5) every vertex v ∈ V , u ∈ U is contained in at most rρn of the sets {Vi}i∈[N+M ],

{Ui}i∈[N ] respectively.

Then for each i ∈ [N + M ] there exists an Fr-factor Fi of Gi such that all the

factors {Fi}i∈[N+M ] are edge-disjoint.

Proof. The proof is analogous to the proof of Lemma 3.7.1 but we present it

here for completion. Let m := 2r2ρ3/2n. Suppose that we have found edge-disjoint

Fr-factors F1, . . . ,Fi−1 of G1, . . . ,Gi−1 respectively for some i ∈ [N +M ]. We will

find an Fr-factor Fi of Gi, edge-disjoint from all F1, . . . ,Fi−1 as follows.

Let Hi :=
⋃i−1

j=1Fj and let G ′i := Gi −Hi. We consider two cases depending on

the maximum degree of Hi.

Case 1: ∆(Hi) ≤ ρ3/2n.

If i ∈ [N ], G ′i is an extended r-partite complex (Vi, Ui, G
′
i, H

′
i). We have that for

every k ∈ [r]\{ki}, every pair of sets SV ⊆ Vi\V k and SU ⊆ Ui with |SV |+|SU | ≤ s,
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and every set T ⊆ Kr−2(G
′
i[SV ]) with |T | ≤ t,

d∗Gi
(SV ∪ SU , T ;V

k
i ) ≥ d∗G′

i
(SV ∪ SU , T ;V

k
i ) ≥ d∗Gi

(SV ∪ SU , T ;V
k
i )− s∆(Hi)

so

(1 + ξ′)p
|SV |
G p

|SU |
H q|T ||V k

i | ≥ d∗G′
i
(SV ∪ SU , T ;V

k
i ) ≥ (1− ξ′)p

|SV |
G p

|SU |
H q|T ||V k

i |+ rsm,

and for every set SV ⊆ Vi with |SV | ≤ s,

dHi
(SV ) ≥ dH′

i
(SV ) ≥ dHi

(SV )− s∆(Hi)

so

(1 + ξ′)p
|SV |
H |Ui| ≥ dH′

i
(SV ) ≥ (1− ξ′)p

|SV |
H |Ui|+ rsm.

So G ′i is (ξ′, pG, pH , q, s, t)-typical. Thus, we can successively apply Theorem 3.6.3

with G ′i, ξ′ and r playing the role of G, ξ and r+1 to find m edge-disjoint Fr-factors

A1, . . . ,Am of G ′i which will be candidates for Fi.

On the other hand, if N < i ≤ N +M then G ′i is an r-partite complex on Vi.

Observe that for every k ∈ [r], every set SV ⊆ Vi \ V k
i with |SV | ≤ s and every set

T ⊆ Kr−1(G
′
i[SV ]) with |T | ≤ t,

d∗Gi
(SV , T ;V

k
i ) ≥ d∗G′

i
(SV , T ;V

k
i ) ≥ d∗Gi

(SV , T ;V
k
i )− s∆(Hi)

so

(1 + ξ)p
|SV |
G q|T ||V k

i | ≥ d∗G′
i
(SV , T ;V

k
i ) ≥ (1− ξ′)p

|SV |
G q|T ||V k

i |+ rsm.

189



Thus, G ′i is (ξ′, pG, q, s, t)-typical so we can successively apply Theorem 3.6.1 with

G ′i, ξ′ playing the role of G, ξ to find m edge-disjoint Fr-factors A1, . . . ,Am of G ′i

which will be candidates for Fi.

Case 2: ∆(Hi) ≥ ρ3/2n.

If i ∈ [N ] let A1, . . . ,Am be defined as r-complexes on Vi ∪ Ui with no edges

and if N < i ≤ N + M let A1, . . . ,Am be defined as r-complexes on Vi with no

edges.

Note that in both cases A1, . . . ,Am are edge-disjoint subcomplexes of G ′i. We

now choose j ∈ [m] uniformly at random, set Fi := Ai and continue with the next

iteration. Observe that at the end of the algorithm all of F1, . . . ,FN+M will be

edge-disjoint Fr+1-factors of G1, . . . ,GN+M if and only if

∆(Hi) ≤ ρ3/2n (4.45)

for all i ∈ [N + M ]. Hence, the lemma follows if equation (4.45) holds for all

i ∈ [N +M ] with positive probability.

For each i ∈ [N + M ] and x ∈ V (Gi) let J i,x := {j ∈ [i − 1] : x ∈ V (Gj)}

and for each j ∈ J i,x let Y i,x
j be the indicator variable of the event xy ∈ E(Fj) for

some y ∈ V (Gi). Observe that

dHi[V (Gi)∩V (Hi)](x) =
∑
j∈Ji,x

Y i,x
j . (4.46)

Fix i ∈ [N +M ] and x ∈ V (Gi). Note that (F4) implies that for each j ∈ J i,x at

most rρ2n of the edge-disjoint complexes A1, . . . ,Am that were candidates for Fj

share an edge incident to x with Gi. Let j1, . . . , j|Ji,x| be the elements of J i,x listed
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in increasing order. Then, for all ℓ ∈ [|J i,x|] we have

P
[
Y i,x
jℓ

= 1 | Y i,x
j1

, . . . , Y i,x
jℓ−1

]
≤ rρ2n

m
≤ ρ1/2

2r
.

Let B ∼ Bin(|J i,x|, ρ1/2/(2r)) and observe that

E [B] = |J i,x|ρ
1/2

2r

(F5)

≤ ρ3/2n

2
.

Thus, by applying Fact 2.1.3 and Lemma 2.1.2 we obtain that

P

∑
j∈Ji,x

Y i,x
j > ρ3/2n

 ≤ P
[
B > ρ3/2n

]
≤ P

[
B > E [B] + ρ3/2n/2

]
≤ 2e−ρ3n/2.

Observe that there are at most rρn|V (G)| pairs (i, x) with x ∈ V (Gi) since for

each x ∈ V (G) at most rρn of the graphs {Gi}i∈[N+M ] contain x by (F5). On the

other hand we have |V (G)| ≤ |V |+ |U | ≤ rn+ (2pG/pH)n. Hence, a union bound

implies that with positive probability
∑

j∈Ji,x Y
i,x
j ≤ ρ3/2n for all i ∈ [N +M ] and

x ∈ V (Gi). Thus, by (4.46), it follows that equation (4.45) holds with positive

probability for every i ∈ [N +M ] which concludes the proof. □

4.6 Divisibility

In this section we show how to transform ‘almost-divisibility’ into ‘divisibility’ in

an extended partite complex by removing only a sparse set of edges. Our approach

is inspired by the work of Barber, Kühn, Lo, Osthus and Taylor [10, Lemma 10.1]

although the statements are different.
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Lemma 4.6.1. Let 1/n ≪ η ≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r with s ≥ r. Let

G = (V, V r+1, G,H) be an η-divisible (ξ, pG, pH , q, s, t)-typical extended (r + 1)-

partite complex with parts V 1, . . . , V r of size n. Then there exists a subgraph

B ⊆ G satisfying ∆̂(B) ≤ η1/10n such that G −B is Fr+1-divisible.

Proof. The proof is divided in two main steps. On the first step, we will find a

subgraph Bedges ⊆ G with ∆(Bedges) ≤ η1/3n such that the graph G − Bedges will

satisfy the following property

(a) e(V i1 , V j1) = e(V i2 , V j2) for every i1, i2, j1, j2 ∈ [r + 1].

In other words, we will use the graph Bedges to balance the total number of edges

among every pair of parts. Then, the second step will consist of finding a graph

Bdegree with ∆(Bedges ∪ Bdegree) ≤ η1/3n such that the graph G − Bedges − Bdegree

satisfies

(b) d(v;V i) = d(v;V j) for every i, j ∈ [r + 1] and v ∈ V (G) \ (V i ∪ V j).

The graph Bdegree will be used to balance the degree of each vertex to all parts

so that G −Bedges −Bdegree is Fr+1-divisible.

Step 1: Balancing the number of edges among parts.

First of all, observe that since G is η-divisible we have

|dG(v;V i)− dG(v;V
j)| = |dG(v, V i)− dG(v, V

i)± ηdG(v, V
i)| ≤ ηn (4.47)
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for every i, j ∈ [r + 1] and v ∈ V (G) \ (V i ∪ V j), and

|e(V i, V j)− e(V i, V k)| =

∣∣∣∣∣∑
v∈V i

d(v, V j)−
∑
v∈V i

d(v, V k)

∣∣∣∣∣
≤
∑
v∈V i

∣∣d(v, V j)− d(v, V k)
∣∣ (4.47)≤ ηn2

(4.48)

for every i, j, k ∈ [r + 1], i ̸= j, k. Then

|e(V i1 , V j1)− e(V i2 , V j2)| ≤ |e(V i1 , V j1)− e(V i1 , V j2)|

+ |e(V i1 , V j2)− e(V i2 , V j2)|

≤ 2ηn2

(4.49)

for every distinct i1, i2, j1, j2 ∈ [r + 1].

Let emin := min{e(V i, V j) : 1 ≤ i < j ≤ r + 1}. Equations (4.48) and (4.49)

imply that

e(V i, V j)− emin ≤ 2ηn2 (4.50)

for every 1 ≤ i < j ≤ r + 1.

Now, for each 1 ≤ i < j ≤ r+1, we will greedily choose e(V i, V j)− emin edges

from E(V i, V j) that will be part of the subgraph Bedges. It follows from (4.50) that

the total number of edges we want to choose is at most
(
r+1
2

)
2ηn2 ≤ (r + 1)2ηn2.

Suppose we have already chosen some set of edges E ′ ⊆ E(G). Let B′ := G[E ′]

and suppose that ∆(B′) ≤ η1/3n. Let X be the set of vertices v ∈ V (G) such that

dB′(v) > η1/2n. Observe that

|X|η1/2n ≤ 2|E ′| ≤ 2(r + 1)2ηn2.
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Then,

|X| ≤ 2(r + 1)2η1/2n ≤ η1/3n. (4.51)

Suppose we want now to choose an edge in E(V i, V j) for some 1 ≤ i < j ≤ r+1.

First, we will fix some vertex v ∈ V i \X. Since v /∈ X we know that dB′(v;V j) ≤

η1/2n. On the other hand, dG(v;V
j) ≥ (1 − 5ξ)pGn since G is (ξ, pG, pH , q, s, t)-

typical and η-divisible (so we can apply Proposition 4.1.2). Thus,

dG(v;V
j)− dB′(v;V j)− |X| ≥ (1− 5ξ)pGn− η1/2n− η1/3n > 0

so we can greedily pick a vertex u ∈ V j \ X such that vu ∈ E(V i, V j) \ E(B′).

Consider the subgraph G[E ′ ∪{vu}]. Since v /∈ X we have dG[E′∪{vu}](v) ≤ η1/2n+

1 < η1/3n, and the same is true for the vertex u. Hence, ∆(G[E ′ ∪ {vu}]) ≤ η1/3n.

By iteratively applying the above argument, we can find a set of edges Eedges ⊆

E(G) such that

Eedges ∩ E(V i, V j) = e(V i, V j)− emin

for every 1 ≤ i < j ≤ r + 1, and the subgraph Bedges := G[Eedges] satisfies

∆(Bedges) ≤ η1/3n. It follows that the graph G − Bedges satisfies property (a).

Step 2: Balancing the degree of each vertex to each part.

Let G ′ = G −Bedges. Observe that

|dG′(v;V i)− dG′(v;V j)| ≤ |dG(v;V i)− dG(v;V
i)|+∆(Bedges)

≤ ηn+ η1/3n ≤ 2η1/3n

(4.52)
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for every i, j ∈ [r + 1] and v ∈ V (G) \ (V i ∪ V j).

Let i, j, k ∈ [r + 1] with i ̸= j, k be fixed. Now, for each vertex v ∈ V i, let

dv := dG′(v;V j)− dG′(v;V k). equation (4.52) implies that

|dv| ≤ 2η1/3n. (4.53)

Let V + be the set of vertices v ∈ V i such that dv > 0 and let V − be the set of

vertices v ∈ V i such that dv < 0. Let U+ be a multiset where each v ∈ V + appears

exactly dv times and let U− be a multiset where each v ∈ V − appears exactly −dv

times. Observe that

|U+| − |U−| =
∑
v∈V +

dv +
∑
v∈V −

dv

=
∑
v∈V +

dG′(v;V j)− dG′(v;V k) +
∑
v∈V −

dG′(v;V j)− dG′(v;V k)

=
∑
v∈V i

dG′(v;V j)− dG′(v;V k) = |E(G ′[V i, V j])| − |E(G ′[V i, V j])| (a)= 0.

Hence, |U+| = |U−|. Note also that

|U+| = |
∑
v∈V +

dG′(v;V j)− dG′(v;V k)|

≤
∑
v∈V +

|dG′(v;V j)− dG′(v;V k)|
(4.52)

≤ 2η1/3n2.

(4.54)

Given vertices x, y ∈ V i, let Dx→y be a graph consisting of an r-clique Z on

V (G) \ V i plus the edges {yz : z ∈ Z \ Zj} and the edge xz with z ∈ Zj.

Recall the definition of degeneracy from the beginning of Section 2.1 and note

that Dx→y satisfies the following properties.
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xy

V i

V j

Z

Figure 4.3: The edges of a gadget Dx→y when r + 1 = 5.

(A1) |V (Dx→y)| = r + 2 and |E(Dx→y)| =
(
r+1
2

)
,

(A2) Dx→y has degeneracy r rooted at {x, y},

(A3) for every j1, j2 ∈ [r + 1], j2 ̸= j and any v ∈ V (G) \ (V j1 ∪ V j2)

dDx→y(v;V
j1)− dDx→y(v;V

j2) =


1 if v = x and j1 = j,

−1 if v = y and j1 = j,

0 otherwise.

Since |U+| = |U−| then there exists a bijection ϕ : U+ → U−. Suppose that we

can find edge-disjoint graphs {Dx→ϕ(x)}x∈U+ in G ′. Let Dj→k
i :=

⋃
x∈U+ Dx→ϕ(x).

Then it follows by (A3) that G ′ −Dj→k
i satisfies that
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(B1) for every j1 ∈ [r + 1], j1 ̸= i, k and v ∈ V i

dG′−Dj→k
i

(v;V j1)− dG′−Dj→k
i

(v;V k) =


0 if j1 = j,

dG′(v;V j1)− dG′(v;V k) if j1 ̸= j,

(B2) for every j1, j2 ∈ [r + 1] and any v ∈ V (G) \ (V i ∪ V j1 ∪ V j2)

dG′−Dj→k
i

(v;V j1)− dG′−Dj→k
i

(v;V j2) = dG′(v;V j1)− dG′(v, V j2).

Now, suppose that we can find edge-disjoint graphs {Dj′→k
i }j′∈[r+1]\{i,k} in G ′. Let

Di :=
⋃

j′∈[r+1]\{i,k}D
j′→k
i . Then we have by (B1) and (B2) that the graph G ′−Di

satisfies that

(C1) for every j1 ∈ [r + 1], j1 ̸= i, k and v ∈ V i

dG′−Di
(v;V j1) = dG′−Di

(v;V k),

(C2) for every j1, j2 ∈ [r + 1] and any v ∈ V (G) \ (V i ∪ V j1 ∪ V j2)

dG′−Di
(v;V j1)− dG′−Di

(v;V j2) = dG′(v;V j1)− dG′(v;V j2).

In particular, (C1) implies that in the graph G ′ − Di each vertex in V i has been

balanced in the sense that it has the same degree to each of the parts, whereas (C2)

implies that, for the rest of vertices, the degree difference among each part remains

the same as the one they had in G ′.

Finally, suppose we are able to find edge-disjoint graphs {Di}i∈[r+1] in G ′. Let
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D :=
⋃

i∈[r+1] Di. Then, (C1) and (C2) implies that the graph G ′−D satisfies that

for every j1, j2 ∈ [r + 1] and v ∈ V (G) \ (V j1 ∪ V j2)

dG′−D(v;V
j1) = dG′−D(v;V

j2).

In other words, G ′ −D is Fr+1-divisible.

Step 3: Finding the gadgets.

It remains to show that we can indeed find such a graph D as a subgraph of

G ′. In order to do so, first observe that

D =
⋃

i∈[r+1]

Di =
⋃

i∈[r+1]

( ⋃
j∈[r+1]\{i,k}

Dj→k
i

)
=

⋃
i∈[r+1]

( ⋃
j∈[r+1]\{i,k}

( ⋃
x∈U+

Dx→ϕ(x)

))
(4.55)

where all the unions are edge-disjoint unions, and the set U+ depends on i, j, k.

Recall that when defining U+, i, j, k were chosen arbitrarily. Hence, equation (4.54)

holds for any choice of distinct i, j, k ∈ [r+1]. Thus, D consists of the edge-disjoint

union of at most (r + 1)(r − 1)2η1/3n2 gadgets Dx→y. So

D =
⋃
i∈[ℓ]

Dxi→yi

where

ℓ ≤ 2r2η1/3n2. (4.56)

On the other hand, each vertex v ∈ V (G) appears playing the role of xi or yi

in some gadget Dxi→yi ⊆ D at most |dv| ≤ 2η1/3n times (by equation (4.52)).

Suppose that for some j ∈ [ℓ] we have already found edge-disjoint gadgets

{Dxi→yi}i∈[j] and let D′ :=
⋃

i∈[j] Dxi→yi . Suppose that ∆(D′) ≤ η1/8n. We want
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now to find a gadget Dxj+1→yj+1
in G ′ edge-disjoint from D′ and such that ∆(D′ ∪

Dxj+1→yj+1
) ≤ η1/8n. Let X be the set of vertices v ∈ V (G) such that dD′(v) ≥

η1/6n and observe that

|X|η1/6n ≤ 2|E(D′)| ≤ 2ℓ|E(Dx→y)|
(A1),(4.56)

≤ 4r2
(
r + 1

2

)
η1/3n2

which implies

|X| ≤ 4r2
(
r + 1

2

)
η1/3n ≤ η1/4n. (4.57)

Using ∆(Bedges) ≤ η1/3n and the fact that G is (ξ, pG, pH , q, s, t)-typical it is

straightforward to check that G ′ must be (2ξ, pG, pH , q, s, t)-typical. Then, for any

i ∈ [r], SV ⊆ V \ V i and SU ⊆ V r+1 with |SV |+ |SU | ≤ s we have

dG′(SV ∪ SU ;V
i) = (1± 2ξ)p

|SV |
G p

|SU |
H n ≥ (pGpH)

sn.

On the other hand, for every set SV ⊆ V with |SV | ≤ s we have

dG′(SV ;V
r+1) = (1± 2ξ)p

|SV |
H |V r+1| Prop. 4.1.2

= (1± 6ξ)pGp
|SV |−1
H n ≥ (pGpH)

sn.

So in any case, for every i ∈ [r + 1] and every set of vertices S ⊆ V (G) \ V i with

|S| ≤ s we have dG′(S;V i) ≥ (pGpH)
sn. Recall that Dxj+1→yj+1

has degeneracy r

rooted at {xj+1, yj+1} by (A2) and note that s ≥ r. Then, we can find the vertices

of V (Dxj+1→yj+1
) \ {xj+1 ∪ yj+1} one by one, avoiding any edge from D′ and any

vertex from X since for every i ∈ [r + 1] and every set of vertices S ⊆ V (G) \ V i

199



with |S| ≤ s

dG′(S;V i)− |X| −∆(D′) ≥ (pGpH)
sn− η1/4n− η1/6n > 0.

Because each chosen vertex was not in X then

dD′∪Dxj+1→yj+1
(v) ≤ η1/6n+ |V (Dxj+1→yj+1

)|
(A1)

≤ η1/6n+ (r + 2) ≤ 2η1/6n

for every v ∈ V (Dxj+1→yj+1
) \ {xj+1, yj+1}. On the other hand, the degree of xj+1

and yj+1 in D′ ∪Dxj+1→yj+1
is bounded by 2η1/6n+2(r+2)η1/3n ≤ η1/8n since, as

seen in the previous equation, the last time they were chosen for a gadget they had

a maximum degree of 2η1/6n, and after that they might have appeared at most

2η1/3n times playing the role of xi or yi in some gadget Dxi→yi with i ∈ [j] and

|V (Dxi→yi)| ≤ r + 2. Hence, ∆(D′ ∪Dxj+1→yj+1
) ≤ η1/8n.

Altogether, we can find edge-disjoint gadgets {Dxi→yi}i∈[ℓ] in G ′ such that

Bdegree :=
⋃

i∈[ℓ] Dxi→yi satisfies ∆(Bdegree) ≤ η1/8n. Therefore, we have

∆(Bedges ∪Bdegree) ≤ ∆(Bedges) + ∆(Bdegree) ≤ η1/3n+ η1/8n ≤ η1/10n

and G −Bedges −Bdegree is Fr+1-divisible. □

4.7 Cover Down Lemma

In this section we prove the ‘Cover Down Lemma’ (Lemma 4.3.1) which forms the

core of the ‘iterative absorption’ method used in the proof of the main theorem.
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Before doing so, we need the following two results.

Lemma 4.7.1. Let 1/n ≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r. Let G = (V, U,G,H) be

a (ξ, pG, pH , q, s, t)-typical extended (r + 1)-partite complex with parts V 1, . . . , V r

of size n. Let V1 ⊆ V and suppose that G is (ξ, pG, pH , q, s, t)-typical into V1. Let

K ∪ {u} be a (k + 1)-clique of G ∪H where 0 ≤ k ≤ r, K ⊆ Kk(G) and u ∈ U .

Then LkG(K ∪ {u};V1) is a (3ξ, pG, q, s− k − 1, t)-typical (r − k)-partite complex.

Lemma 4.7.2. Let 1/n ≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r. Let G = (V, U,G,H) be a

(ξ, pG, pH , q, s, t)-typical extended (r + 1)-partite complex with parts V 1, . . . , V r of

size n. Let V1 ⊆ V and U1 ⊆ U and suppose that G is (ξ, pG, pH , q, s, t)-typical into

V1 ∪U1. Let K be a k-clique of G where 0 ≤ k ≤ r− 1. Then LkG(K;V1 ∪U1) is a

(3ξ, pG, pH , q, s− k, t)-typical extended (r + 1− k)-partite complex (V ′, U ′, G′, H ′)

where V ′ = NG(K;V1), U
′ = NG(K;U1), G

′ = LkG(K;V1) and H ′ = H[V ′, U ′].

We omit the proofs of Lemmas 4.7.1 and 4.7.2 due to their similarities with the

proofs of Lemmas 3.8.1 and 3.8.2 respectively. We now state and prove the ‘Cover

Down Lemma’.

Lemma 4.7.3 (Cover Down Lemma). Let 1/n≪ η ≪ γ′ ≪ ε≪ ξ ≪ p, q, 1/s, 1/t, 1/r

with s ≥ 3(r − 1) and t ≥ 2r − 1. Let G = (V, U,G,H) be an η-divisible

(ξ, pG, pH , q, s, t)-typical extended (r + 1)-partite complex with parts V 1, . . . , V r of

size n. Let V1 ⊆ V and U1 ⊆ U be subsets satisfying

(C1) |V i
1 | = εn for every i ∈ [r] and |U1| = ε|U |,

(C2) G is (ξ, pG, pH , q, s, t)-typical into V1 ∪ U1,

(C3) G is η-divisible into V1 ∪ U1,
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(C4) for every i ∈ [r] and v ∈ V \ (V1 ∪ V i), dG(v;V
i) = dH(v;U),

(C5) for every i, j ∈ [r] and u ∈ U \ U1, dH(u;V
i) = dH(u;V

j).

Then there is an Fr+1-decomposable subcomplex H ⊆ G such that E(G − G[V1 ∪

U1]) ⊆ E(H) and ∆̂(H[V1 ∪ U1]) ≤ γ′n.

Proof. Let γ, ρ, ξ′ > 0 such that

1/n≪ η ≪ γ ≪ ρ≪ γ′ ≪ ε≪ ξ ≪ ξ′ ≪ pG, pH , q, 1/s, 1/t, 1/r. (4.58)

We will follow the same steps of the proof of Lemma 3.8.3.

Let V0 := V \V1 and U0 := U\U1. First observe that since G is (ξ, pG, pH , q, s, t)-

typical into V ∪U and into V1 ∪U1 then G must be (2ξ, pG, pH , q, s, t)-typical into

V0∪U0. Indeed, for every i ∈ [r], SV ⊆ V \V i and SU ⊆ U \U i with |SV |+|SU | ≤ s,

and T ⊆ Kr−1(G[SV ]) with |T | ≤ t we have

d∗G(SV ∪ SU , T ;V
i
0 ) = d∗G(SV ∪ SU , T ;V

i)− d∗G(SV ∪ SU , T ;V
i
1 )

= (1± 2ξ)p
|SV |
G p

|SU |
H q|T ||V0|

and for every SV ⊆ V with |SV | ≤ s

dH(SV ;U0) = dH(SV ;U)− dH(SV ;U1) = (1± 2ξ)p
|SV |
H |U0|.

Similarly, since G is η-divisible into V ∪ U and into V1 ∪ U1 we will check that
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G is 2η-divisible into V0 ∪ U0. For every i1, i2 ∈ [r] and v ∈ V \ V i1 ∪ V i2 we have

dG(v;V
i1
0 ) = dG(v;V

i1)− dG(v;V
i1
1 ) = (1± η)dG(v;V

i2)− (1± η)dG(v;V
i2
1 )

(p4)
= (1± 2η)(dG(v;V

i2)− dG(v;V
i2
1 )) = (1± 2η)dG(v;V

i2
0 ).

Analogously, for every i1, i2 ∈ [r] and u ∈ U

dH(u;V
i1
0 ) = (1± 2η)dH(u;V

i2
0 ).

and for i ∈ [r] and v ∈ V \ V i

dG(v;V
i
0 ) = (1± 2η)dH(v;U0).

Hence, G satisfies the following properties:

(P1) G is (ξ, pG, pH , q, s, t)-typical into V ∪ U and V1 ∪ U1,

(P2) G is (2ξ, pG, pH , q, s, t)-typical into V0 ∪ U0,

(P3) G is η-divisible into V ∪ U and V1 ∪ U1,

(P4) G is 2η-divisible into V0 ∪ U0,

(P5) by Lemma 4.7.1, for every k-clique K of G∪H with 1 ≤ k ≤ r and |K∩U | =

1, LkG(K;V1) is a (3ξ, pG, q, s− k, t)-typical (r + 1− k)-partite complex.

(P6) by Lemma 4.7.2, for every k-clique K of G with 1 ≤ k ≤ r − 1, LkG(K,V1 ∪

U1) is a (3ξ, pG, pH , q,s − k, t)-typical extended (r + 1 − k)-partite com-

plex (VK , UK , GK , HK) where VK = NG(K;V1), UK = NH(K;U1), GK =

LkG(K;V1) and HK = H[VK , UK ].

203



Step 1: Choosing the reservoir edges.

Let R be a random subcomplex of G where each edge e ∈ E(G) is included in

E(R) independently at random with probability ρ. Let R := R[V0∪U0, V1∪U1] and

note that R is a 2(r+1)-partite graph with parts V 1
1 , . . . , V

r
1 , U1 and V 1

0 , . . . , V
r
0 , U0.

Let G̃ = (V, U, G̃, H̃) be the (r+1)-extended complex where G̃ := G−R[V ]−G[V1]

and H̃ := H −R[V, U ]−H[V1, U1].

Note that each property (P1)-(P6) describes the neighbourhood size of at most(
s
r

)t
ns < n2s combinations of vertices and cliques. We can then apply Proposi-

tion 2.1.4 to each degree size described in (P1)-(P6) when restricted to R to see

that with positive probability:

(R1) R is (2ξ, ρpG, ρpH , q, s, t)-typical into V ∪ U and V1 ∪ U1,

(R2) R is (3ξ, ρpG, ρpH , q, s, t)-typical into V0 ∪ U0,

(R3) R is 2η-divisible into V ∪ U and V1 ∪ U1,

(R4) R is 3η-divisible into V0 ∪ U0,

(R5) for every k-cliqueK ofG∪H with 1 ≤ k ≤ r and |K∩U | = 1, LkG−(G̃−G̃[K])(K;V1)

is a (6ξ, pG, q, s− k, t)-typical (r + 1− k)-partite complex.

(R6) for every k-clique K of G with 1 ≤ k ≤ r − 1, LkG−(G̃−G̃[K])(K,V1 ∪ U1) is a

(6ξ, pG, pH , q, s− k, t)-typical extended (r + 1− k)-partite complex

(VK , UK , GK , HK) where VK = NG−(G̃−G̃[K])(K;V1), UK = NH−(H̃−H̃[K])(K;U1),

GK = LkG−(G̃−G̃[K])(K;V1) and HK = (H − (H̃ − H̃[K]))[VK , UK ].

Let R satisfy properties (R1)-(R6).

Step 2: Finding an approximate decomposition.
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We will now cover all edges of G̃, i.e., all edges contained in V0 ∪ U0 and all

edges that go from V0 ∪ U0 to V1 ∪ U1 except those from the reservoir R. For this

we will apply Lemma 4.3.2 to G̃ but first we need to make G̃ Fr+1-divisible. We

can achieve this by using Lemma 4.6.1. Note that for every i ∈ [r], SV ⊆ V \ V i

and SU ⊆ U \ U i with |SV ∪ SU | ≤ s, and T ⊆ Kr−1(G̃[SV ]) with |T | ≤ q we have

d∗G̃(SV ∪ SU , T ;V
i) = d∗G(SV ∪ SU , T ;V

i)± d∗R(SV ∪ SU , T ;V
i)± |V i

1 |
(R1),(C1)

= (1± ξ)p
|SV |
G p

|SU |
H q|T |n± (1± 2ξ)p

|SV |
G p

|SU |
H q|T |ρ|SV ∪SU |n± εn

(4.58)
= (1± 2ξ)p

|SV |
G p

|SU |
H q|T |n.

Similarly, for every SV ⊆ V with |SV | ≤ s we obtain

dH̃(SV ;U) = (1± 2ξ)p
|SV |
H |U |.

Thus, G̃ is (2ξ, pG, pH , q, s, t)-typical. On the other hand, for every i1, i2 ∈ [r] and

v ∈ V \ V i1 ∪ V i2 we have

dG̃(v;V
i1) = dG(v;V

i1)− dR(v;V
i1)− dG(v;V

i1
1 )

(P3),(R3),(R4)
= (1± η)dG(v;V

i2)− (1± 3η)dR(v;V
i2)− (1± η)dG(v;V

i2
1 )

(p4)
= (1± 4η)(dG(v;V

i2)− dR(v;V
i2)− dG(v;V

i2
1 )) = (1± 4η)dG̃(v;V

i2).

Analogously, it is easy to check that for every i1, i2 ∈ [r] and u ∈ U

dH̃(u;V
i1) = (1± 4η)dH̃(u;V

i2)
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and for every i ∈ [r] and v ∈ V \ V i

dG̃(v;V
i) = (1± 4η)dH̃(v;V

i).

Hence, G̃ is 4η-divisible. We can then apply Lemma 4.6.1 to G̃ to find a graph B ⊆

G̃ such that ∆̂(B) ≤ (4η)1/10n and G̃ −B is Fr+1-divisible. Since ∆̂(B) ≤ (4η)1/10n

and using (4.58) it is straightforward to check that G̃ − B is (3ξ, pG, pH , q, s, t)-

typical. We can now apply Lemma 4.3.2 to G̃ − B to find an Fr+1-decomposable

complex F1 ⊆ G̃ −B such that ∆̂(G −F1) ≤ γ2n. Let L be the graph induced by

the edges of G̃ − F1 and note that

∆̂(L) ≤ γn. (4.59)

Step 3: Covering the leftover edges using the reservoir.

Let G1 := G − F1 and note that F1 does not have common edges with R nor

with G[V1∪U1]. Our aim now is to cover all edges from L using a sparse collection

of faces. We achieve this via the following claim:

Claim 1: For each e ∈ E(L) there is a face fe ∈ Fr+1(G1) with e ⊆ fe such that

all the faces {fe}e∈E(L) are edge-disjoint. Moreover, if F2 is the complex induced

by the faces in {fe}e∈E(L) then

∆̂(F2) ≤ γ1/3n. (4.60)

Proof of claim: Suppose that we have already found edge-disjoint faces {fe}e∈E(L′)
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for some subgraph L′ ⊆ L. Let F ′ :=
⋃

e∈E(L′) fe and assume that

∆̂(F ′) ≤ γ1/3n. (4.61)

We want to show that for any e ∈ E(L − L′) we can choose a face fe ∈ Fr+1(G)

containing e which is edge-disjoint from F ′ and such that ∆̂(F ′ ∪ fe) ≤ γ1/3n. If

this was the case, we could iteratively find faces for every edge e ∈ E(L) until

ending with the desired collection of faces F2.

We say that a vertex x ∈ V1 ∪ U1 is good if there are less than γ1/3n− 1 faces

in F ′ containing x. Else, we say it is bad. Let X be the set of bad vertices and

suppose that |X| > γ1/3n. Then, for every x ∈ X there are at least γ1/3n− 1 faces

containing x. Thus,

|E(F ′)| ≥ 1

2

∑
x∈X

dF ′(x) ≥ 1

2
|X|r(γ1/3n− 1) >

r

2
(γ2/3n2 − γ1/3n) ≥ r

4
γ2/3n2.

On the other hand,

|E(F ′)| ≤
(
r + 1

2

)
|E(L)| ≤ (r + 1)2|V (G)|∆̂(L)

Prop. 4.1.2,(4.59)

≤ (r + 1)2(r + 2pG/pH)γn
2 <

r

4
γ2/3n2

which is a contradiction. We must then have

|X| ≤ γ1/3n. (4.62)

Pick an arbitrary edge e ∈ E(L − L′) and suppose first that e = v1v2 with

v1, v2 ∈ V . Let Ye be the extended (r−1)-partite complex obtained from LkG−(G̃−G̃[e])(e;V1∪
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U1) by removing all its edges that are in E(F ′) and all its bad vertices. Using (R6),

(4.61), (4.62) and γ ≪ ξ it is not hard to check that Ye is (7ξ, pG, pH , q, s − 2, t)-

typical. We can then greedily pick any face f ∈ Fr−1(Ye) and let fe := f ∪ e.

Observe that fe is a face of G that contains only edges from R and G[V1∪U1], with

the exception of e. Moreover, fe is edge-disjoint from F ′ and doesn’t contain any

bad vertex.

Suppose now that e = vu with v ∈ V and u ∈ U . Analogously, let Ye be the

(r− 1)-partite complex obtained from LkG−(G̃−G̃[e])(e;V1) by removing all its edges

that are in E(F ′) and all its bad vertices. Using (R5), (4.61), (4.62) and γ ≪ ξ

we can see that Ye is (7ξ, pG, q, s − 2, t)-typical. We then pick an arbitrary face

f ∈ Fr−1(Ye) and let fe := f ∪ e. Again, we have that fe is an (r + 1)-face of G

that contains only edges from R and G[V1 ∪ U1] with the exception of e, and that

is edge-disjoint from F ′ and vertex-disjoint from X.

In any case, we are able to find a face fe ∈ Fr+1(G1) that contains e, that is

edge-disjoint from F ′ and which contains no bad vertices. Since all vertices in fe

are good then d̂F ′∪fe(v) ≤ d̂F ′(v) + 1 ≤ γ1/3n for any vertex v ∈ fe. Hence, we

have ∆̂(F ′ ∪ fe) ≤ γ1/3n which concludes the proof as discussed above. −

Step 4: Cover down remaining reservoir edges.

Using Claim 1 we are able to find, for each e ∈ E(L), a face fe ∈ Fr+1(G1) con-

taining e such that all the faces {fe}e∈E(L) are edge-disjoint and F2 :=
⋃

e∈E(L) fe

satisfies ∆̂(F2) ≤ γ1/3n. Let G2 := G−F1−F2. Note that all edges of G2 are either

contained in V1 ∪U1 or belong to the reservoir R. For this reason if we are able to

find an Fr+1-decomposable complex F3 ⊆ G2 with bounded maximum degree that

covers all the reservoir edges from G2 we will be done.
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Let G2 ⊆ G and H2 ⊆ H such that G2 = (V, U,G2, H2). For each v ∈ V0 let

Yv := LkG2(v;V1 ∪ U1) be an extended r-partite complex Yv = (Vv, Uv, Gv, Hv)

where Vv = NG2(v;V1), Uv = NH2(v;U1), Gv = LkG2(v;V1) and Hv = H2[Vv, Uv].

Since G2 is obtained from G by removing Fr+1-decomposable graphs it follows

by (C4) that for every i ∈ [r] and v ∈ V0 \ V i
0 we have |V i

v | = |Uv|. In particular,

Yv is balanced for every v ∈ V0. For each u ∈ U0 let Yu := LkG2(u;V1) be

an r-partite complex on the vertex set Vu := NH2(u;V1). Similarly, it follows

by (C5) that Yu is balanced for every u ∈ U0. Observe that G2 = G − G̃ − F2.

Then, using ∆̂(F2) ≤ γ1/3n and the hierarchy γ ≪ ρ, ξ, from (R5) and (R6)

we can deduce that Yv is (7ξ, pG, pH , q, s − 1, t)-typical for every v ∈ V0 and Yu

is (7ξ, pG, q, s − 1, t)-typical for every u ∈ U0. Note that G2[V0 ∪ U0, V1 ∪ U1] =

R[V0 ∪ U0, V1 ∪ U1]−F2[V0 ∪ U0, V1 ∪ U1]. Then, for every i ∈ [r] and v ∈ V0 \ V i
0

we have

|V i
v | = dG2(v;V

i
1 ) = dR(v;V

i
1 )± ∆̂(F2)

(R1),(4.60)
= (1± 3ξ)ρpGεn

≥ (ρ/ε)4/3(εn)

(4.63)

and

|Uv| = dH2(v;U1) = dR(v;U1)± ∆̂(F2) = (1± 3ξ)ρpH |U1|
Prop. 4.1.2

= (1± 7ξ)ρpGεn ≥ (ρ/ε)4/3(εn),

(4.64)

for every i ∈ [r] and each pair of distinct vertices v1, v2 ∈ V0 \ V i
0 we have

|V i
v1
∩ V i

v2
| = dR({v1, v2};V i

1 )± 2∆̂(F2) = (1± 3ξ)(ρpG)
2εn ≤ (ρ/ε)2(εn)
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and

|Uv1 ∩ Uv2| = dR({v1, v2};U1)± 2∆̂(F2) = (1± 3ξ)(ρpH)
2|U1|

= (1± 7ξ)ρ2pGpHεn ≤ (ρ/ε)2(εn).

Also, given i, j ∈ [r], i ̸= j, each vertex v ∈ V i
1 is contained in

dG2(v;V
j
0 ) = dR(v;V

j
0 )± ∆̂(F2)

(R2),(4.60)
= (1± 4ξ)(ρpG)|V j

0 | ≤ (ρ/ε)(εn) (4.65)

of the sets {V i
x}x∈V j

0
, and each u ∈ U1 is contained in

dH2(u;V
j
0 ) = dR(u;V

j
0 )± ∆̂(F2) = (1± 4ξ)(ρpH)|V j

0 | ≤ (ρ/ε)(εn) (4.66)

of the sets {Ux}x∈V j
0
.

On the other hand, for each u ∈ U0 and i ∈ [r] we have

|V i
u | = dH2(u;V

i
1 ) = dR(u;V

i
1 )± ∆̂(F2)

(R1),(4.60)
= (1± 3ξ)(ρpH)εn

≥ (ρ/ε)4/3(εn),

(4.67)

for each i ∈ [r] and each pair of distinct vertices u1, u2 ∈ U0 we have

|V i
u1
∩ V i

u2
| = dR({u1, u2};V i

1 )± 2∆̂(F2) = (1± 3ξ)(ρpH)
2εn ≤ (ρ/ε)2(εn),

and finally, for each i ∈ [r], each vertex v ∈ V i
1 is contained in

dH2(v;U0) = dR(v;U0)± ∆̂(F2)
(R2),(4.60)

= (1± 4ξ)(ρpH)|U0|
Prop. 4.1.2

= (1± 8ξ)(ρpG)|V0| ≤ (ρ/ε)(εn)

(4.68)

of the sets {V i
x}x∈U0 .
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We apply now Lemma 4.5.1 with V1, U1, ρ/ε, 8ξ, |V0|, |U0|, {Yv}v∈V0 , {Yu}u∈U0

playing the role of V , U , ρ, ξ, N ,M , {Gi}i∈[N ], {Gi}N<i≤N+M respectively to find for

each vertex x ∈ V0∪U0 an Fr-factor Fx of Yx such that all the factors {Fx}x∈V0∪U0

are edge-disjoint. Given x ∈ V0 ∪ U0 recall that Y0 = LkG2(x;V1 ∪ U1) which by

definition implies that any r-face f ∈ Fr(Y0) satisfies that f ∪ {x} ∈ Fr+1(G2).

Hence, for each f ∈ Fx we have that f ∪ {x} is an (r + 1)-face of G2. Moreover,

Fx is an Fr-factor of Yx which implies that {f ∪ {v}}f∈Fx is a set of edge-disjoint

(r + 1)-faces of G2 that cover all the edges from {v} to V1 ∪ U1 contained in G2.

Since all the factors {Fx}x∈V0∪U0 are edge-disjoint then

F3 :=
⋃

x∈V0∪U0
f∈Fx

f ∪ {x}

is an Fr+1-decomposable subcomplex of G2 that covers all edges in E(G2[V0∪U0, V1∪

U1]).

Finally, equations (4.63)-(4.68) imply that

∆(F3) ≤ (γ′/2)n. (4.69)

Step 5: Conclusion of the proof.

Let H := F1∪F2∪F3. It is straightforward to see that H is Fr+1-decomposable

since it consists of the edge-disjoint union of Fr+1-decomposable complexes. Recall

that we started by finding F1 and defining G1 = G −F1, then F2 was covering the

edges of G1[V0∪U0], we then defined G2 = G−F1−F2 and finally F3 covered all the

edges of G2 between V0∪U0 and V1∪U1. Thus, H covers all edges of G−G[V1∪U1].
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Lastly, since F1 contains no edges within V1 ∪ U1 then

∆̂(H[V1 ∪ U1]) ≤ ∆̂(F2) + ∆̂(F3)
(4.60),(4.69)

≤ γ′n.

□

4.8 Proof of Theorem 4.2.1

Before the main proof, we introduce the absorbers that will be used to absorb the

final leftover.

Definition 4.8.1. Let L be an (r + 1)-partite graph. An edge-absorber for L is

an (r + 1)-partite graph AL such that V (L) ⊆ V (AL) is independent in AL, the

parts of V (L) are correspondingly contained in the parts of V (AL), and both AL

and AL ∪ L have a Kr+1-decomposition.

The following lemma arises from a construction of edge-absorbers due to Bar-

ber, Kühn, Lo, Osthus and Taylor [10, Section 6] which develops ideas from [9].

In fact, the existence of edge-absorbers for Kr-divisible r-partite graphs follows

directly from [10, Lemma 6.5]. The additional properties of such absorbers listed

below is proved implicitly in their construction.

Lemma 4.8.2 ([10, Section 6]). Let 1/M ≪ 1/m, 1/r. Let L be a Kr+1-divisible

(r+1)-partite graph such that |V (L)| ≤ m and let UL be a vertex part of L. Then

there exists an (r + 1)-partite edge-absorber AL for L such that

(i) |V (AL)| ≤M ,
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(ii) AL has degeneracy 2r + 1 rooted at V (L),

(iii) AL and AL ∪ L have Kr+1-decompositions K1 and K2 respectively,

(iv) every vertex v ∈ V (AL) \ V (L) is contained in at most six (r + 1)-cliques

from K1 and K2,

(v) every (r + 1)-clique from K1 and K2 contains at most one edge of L.

We have now all the ingredients to prove our main result.

Theorem 4.2.1. Let 1/n ≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r with s ≥ 3(r − 1) and

t ≥ 2r − 1. Let G = (V, U,G,H) be an Fr+1-divisible (ξ, pG, pH , q, s, t)-typical

extended (r + 1)-partite complex with parts V 1, . . . , V r of size n. Then G has an

Fr+1-decomposition.

Proof. Let γ, η, ε > 0 and M,m′ ∈ N such that

1/n≪ 1/M ≪ 1/m′ ≪ η ≪ γ ≪ ε≪ ξ ≪ pG, pH , q, 1/s, 1/t, 1/r. (4.70)

Step 1: Find the vortex sequences.

We start by finding a (2ξ, ε, η,m)-vortex V = V0 ⊇ V1 ⊇ · · · ⊇ Vℓ and U =

U0 ⊇, . . . ,⊇ Uℓ for some m ≤ m′ using Lemma 4.4.2 in G. Let ni := |V 1
i | for every

i ∈ [ℓ] ∪ {0} and recall that for every i ∈ [ℓ], since G[Vi ∪ Ui] is (2ξ, pG, pH , q, s, t)-

typical by (V2) Proposition 4.1.2 implies that |Ui| = (1± 6ξ)(pG/pH)ni. Thus,

|Vi ∪ Ui| ≤ |Vi|+ |Ui| ≤ rni + (1 + 6ξ)(pG/pH)ni ≤ (r + 2pG/pH)ni

for every i ∈ [ℓ] ∪ {0}.
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Step 2: Find the final absorber.

Let G ′ := G − G[V1 ∪ U1]. Since |V1 ∪ U1| ≤ (r + 2pG/pH)εn and ε ≪ ξ it

follows that G ′ must be (2ξ, pG, pH , q, s, t)-typical. Let L be a collection of all the

spanning Kr+1-divisible subgraphs of G[Vℓ ∪ Uℓ]. Note that

|L| ≤ 2(
|Vℓ∪Uℓ|

2 ) ≤ 2(
(r+2pG/pH )m

2 ) (4.70)
< n1/3.

We will now find edge-disjoint edge-absorbers {AL}L∈L in G ′ satisfying that |V (AL)| ≤

M for each L ∈ L and both AL and AL ∪L are Fr+1-decomposable. Suppose that

for some subset L′ ⊆ L we have already found edge-disjoint absorbers {AL}L∈L′

and let A′ =
⋃

L∈L′ AL. Since |L| < n1/3 and |V (AL)| ≤M for every L ∈ L′ by (i)

then |V (A′)| ≤ |L|M < n2/3. Thus, G ′ − A′ is (3ξ, pG, pH , q, s, t)-typical. Let

L ∈ L \ L′ be fixed. We know by Lemma 4.8.2 that there exists an edge-absorber

A′
L for L satisfying (i)-(v). Then, we can greedily find a copy AL of A′

L in G ′ so

that every (r + 1)-clique used in the Kr+1-decomposition of AL or AL ∪ L is an

(r + 1)-face of G. Indeed, we can embed the vertices of V (AL) \ V (L) one by one

following the order given by the degeneracy property (ii). Next, it follows by (iv)

that every vertex that we want to embed must form an (r + 1)-face with at most

six r-cliques of G, and since each (r + 1)-face of G contains exactly one r-face of

G, then it must form an r-face with at most six (r − 1)-cliques of G. Lastly, (iii)

implies that each vertex that we want to embed must be adjacent to at most 2r+1

of the preceding vertices. Hence, since G ′ − A′ is (3ξ, pG, pH , q, s, t)-typical with

s ≥ 2r+ 1 and t ≥ 6 we can always embed the next vertex. Thus, we can find AL

for every L ∈ L.

Let A :=
⋃

L∈L AL. Observe that A ∪ L has an Fr+1-decomposition for any

214



L ∈ L since both AL ∪ L and A − AL are Fr+1-decomposable. Let G̃ := G − A.

Since |V (A)| ≤ |L|M < n2/3 and E(A[V1 ∪ U1]) = ∅ it is straightforward to

check that G̃ is (2ξ, pG, pH , q, s, t)-typical and V0 ⊇ · · · ⊇ Vℓ and U0 ⊇ · · · ⊇ Uℓ

form a (3ξ, ε, 2η,m)-vortex of G̃. The fact that G is Fr+1-divisible and A is Fr+1-

decomposable implies that G̃ must also be Fr+1-divisible.

Step 3: Iteratively apply the Cover down lemma.

Let i ∈ [ℓ] ∪ {0} and suppose there is an extended (r + 1)-partite complex

Gi = (Vi, Ui, Gi, Hi) with Gi ⊆ G[Vi] and Hi ⊆ H[Vi ∪ Ui] such that G̃ − Gi is

Fr+1-decomposable and the following holds:

(a) Gi is Fr+1-divisible,

(b) Gi is (5ξ, pG, pH , q, s, t)-typical,

(c) Gi is (4ξ, pG, pH , q, s, t)-typical into Vi+1 ∪ Ui+1,

(d) Gi[Vi+1 ∪ Ui+1] = G[Vi+1 ∪ Ui+1].

Note that this is clearly true for i = 0 and G0 := G̃. Let G̃i := Gi−G̃i[Vi+2∪Ui+2]
(d)
=

Gi − G[Vi+2 ∪ Ui+2]. Since

|Vi+2 ∪ Ui+2| ≤ (r + 2pG/pH)ni+2 = (r + 2pG/pH)ε
2ni

(4.70)
< ε3/2ni

using (b) and (c) it is not hard to check that G̃i is (6ξ, pG, pH , q, s, t)-typical into

Vi∪Ui and (5ξ, pG, pH , q, s, t)-typical into Vi+1∪Ui+1. Moreover, since G[Vi+2∪Ui+2]

is 2η-divisible by the vortex property (V3), using (a) we obtain that G̃i must also

be 2η-divisible. We can then apply Lemma 4.7.3 to find an Fr+1-decomposable
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subcomplex H ⊆ G̃i that covers all edges of G̃i − G̃i[Vi+1 ∪ Ui+1] and such that

∆̂(H[Vi+1 ∪ Ui+1]) ≤ γ|Vi+1 ∪ Ui+1|. (4.71)

Define Gi+1 = (Gi −H)[Vi+1 ∪ Ui+1]. Note that G − Gi+1 is Fr+1-decomposable

since both G − Gi and Gi − Gi+1 = H are. It only remains to check that Gi+1

satisfies properties (a)-(d). First, note that Gi −H has no edges outside of Vi+1 ∪

Ui+1. Hence, since both Gi and H are Fr+1-divisible, then Gi+1 must be as well.

Using (c) and equation (4.71) it is easy to see, since γ ≪ ξ, that Gi+1 must be

(5ξ, pG, pH , q, s, t)-typical. For the third property, observe that by (d) and the

vortex property (V2) we have that Gi[Vi+1 ∪Ui+1] is (3ξ, pG, pH , q, s, t)-typical into

Vi+2 ∪ Ui+2. Thus, using again (4.71) and γ ≪ ξ we obtain that Gi+1 must be

(4ξ, pG, pH , q, s, t)-typical into Vi+2 ∪ Ui+2. Finally, since G̃i[Vi+2 ∪ Ui+2] had no

edges and H ⊆ G̃i we have that Gi+1[Vi+2∪Ui+2] = Gi[Vi+2∪Ui+2]
(d)
= G[Vi+2∪Ui+2].

Step 4: Absorb the final leftover

It follows by induction that there exists an extended (r + 1)-partite complex

Gℓ = (Vℓ, Uℓ, Gℓ, Hℓ) ⊆ G such that G̃ − Gℓ is Fr+1-decomposable and Gℓ is Fr+1-

divisible by (a). In particular, Gℓ is a Kr+1-divisible graph on Vℓ ∪ Uℓ so Gℓ ∈ L.

Thus, A ∪ Gℓ is also Fr+1-decomposable. Altogether, G = (G̃ − Gℓ) ∪ (Gℓ ∪ A) has

an Fr+1-decomposition. □
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CHAPTER 5

COMPLETION OF PARTIAL LIST LATIN
SQUARES

In this chapter we will discuss our results on the completion of Latin squares with

lists of permitted entries. Recall that a Latin square of order n is an n× n array

filled with the symbols 1, . . . , n so that each symbol appears exactly once in each

row and each column. A partial Latin square of order n is an n × n array where

some entries are filled with a symbol from [n] and the rest of entries are empty

such that each symbol appears at most once in each row and each column. In

this setting the question of whether a given partial Latin square can be completed

into a proper Latin square by filling the empty entries arises. On the other hand,

recall that a list Latin square of order n is an n × n array in which each entry

contains a subset of [n]. Here, a natural question consists of picking one symbol

from each list so that it produces a proper Latin square. Recall that a partial

list Latin square of order n is an n × n array where each entry contains either a

symbol from [n] (‘filled entries’) or a subset of [n] (‘empty entries with a given

list’) such that each symbol appears at most once in each row and each column,

and each list does not contain symbols that appear in the same row or column. A
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combination of both the previous problems consists of the completion of a partial

list Latin square, i.e., given a partial list Latin square whether we can pick a symbol

from each list so that, together with the filled entries, it produces a proper Latin

square. Theorem 1.4.7, stated below, gives sufficient conditions for the completion

of partial list Latin squares.

Theorem 1.4.7. For any α < 1/(27·106) and β < 1/320 there exists n0 ∈ N such

that any partial list Latin square of order n ≥ n0 in which each row, symbol and

column has been used at most αn times, the lists for each empty entry have size

at least (1 − β)n, and each symbol appears in at least (1 − β)n of the lists from

each row and each column, can be completed into a Latin square of order n.

5.1 Equivalence to tripartite graphs

As seen in Section 1.4.4, there is a natural bijection between Latin squares of or-

der n and K3-decompositions of the complete tripartite graph Kn,n,n by identifying

each part of Kn,n,n with ‘rows’, ‘columns’ and ‘symbols’, respectively, and identi-

fying each triangle (r, c, s) in the decomposition (where r ∈ ‘rows’, c ∈ ‘columns’

and s ∈ ‘symbols’) with the entry (r, c) filled with the symbol s. Similarly, recall

that a tripartite graph G which is obtained from Kn,n,n by removing triangles can

be viewed as partial Latin square of order n (each one of the removed triangles

corresponds to a filled entry in the n × n array). In the case of partial list Latin

squares, one can find an analogue in terms of balanced tripartite complexes. Recall

from Section 3.1 that a 3-complex G is a triple (V (G), E(G), F3(G)) where V (G)

is a set of vertices, E(G) is a set of edges and F3(G) is a set of 3-sets of vertices
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called faces such that for each f ∈ F3(G) and each 2-set e of f , e ∈ E(G). A

balanced tripartite complex G is a 3-complex such that V (G) = V 1∪V 2∪V 3 where

V 1, V 2, V 3 are disjoint sets of vertices of the same size and G[V i] has no edges for

each i ∈ [3]. Observe that there is a one to one correspondence between partial list

Latin squares of order n and balanced tripartite complexes G with parts of size n

whose underlying graph is obtained from Kn,n,n by removing triangles. Indeed, let

L be a partial list Latin square of order n. Let V 1, V 2, V 3 be three sets of vertices

of size n (each one labelled from 1 to n) identified with ‘rows’, ‘columns’ and ‘sym-

bols’ respectively. Let G′ be the graph obtained from Kn,n,n by removing, for each

filled entry (r, c) with the symbol s in L, the edges rc, rs and cs where r ∈ V 1,

c ∈ V 2 and s ∈ V 3. Note that for each edge v1v2 ∈ E(G[V 1, V 2]) the entry (v1, v2)

in L is empty and thus contains a list Sv1v2 ⊆ [n]. For each e ∈ E(G[V 1, V 2]) let

Te := {{v} ∪ e : v ∈ Se} be the set of triangles corresponding to Se. Let G be

the balanced tripartite complex with parts V 1, V 2, V 3 where E(G) = E(G′) and

F3(G) :=
⋃

e∈E(G[V 1,V 2]) Te. Observe that an F3-decomposition of G corresponds to

a completion of L. We now state Theorem 1.4.7 in terms of tripartite complexes.

Theorem 5.1.1. For any α < 1/(27·106) and β < 1/320 there exists n0 ∈ N

such that any K3-divisible balanced tripartite complex G with parts of size n ≥ n0

such that d∗G(e) ≥ (1 − β)n for each e ∈ E(G) and δ̂(G) ≥ (1 − α)n has an

F3-decomposition.

Actually, Theorem 5.1.1 is slightly more general than Theorem 1.4.7 since it

considers any K3-divisible graph and not just graphs obtained from Kn,n,n by

removing triangles.

The main goal of this chapter is then to prove Theorem 5.1.1. We will first prove
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the existence of a ‘balanced’ fractional F3-decomposition in Section 5.2 and then

discuss how to adapt the ‘iterative absorption’ method described in Section 1.5.1

to prove Theorem 5.1.1 in Section 5.3. We shall use the standard notation and

probabilistic results described in Section 2.1 as well as the notation for complexes

described in Section 3.1.

5.2 Fractional triangle decomposition

The aim of this section is to prove the following lemma.

Lemma 5.2.1. For any α < 1/(27·106) and β < 1/320 there exists n0 ∈ N such

that any K3-divisible balanced tripartite complex G with parts of size n ≥ n0 such

that d∗G(e) ≥ (1 − β)n for each e ∈ E(G) and δ̂(G) ≥ (1 − α)n has a fractional

F3-decomposition ω : F3(G)→ [0, 1] such that for every f ∈ F3(G)

0 < ω(f) <
11

(1− 2β)n
.

The proof of Lemma 5.2.1 goes as follows. We will start by finding a frac-

tional K3-decomposition of the underlying graph (V (G), E(G)) by using a result

of Montgomery [64]. Since d∗G(e) ≥ (1 − β)n for every edge e ∈ E(G) we will

check that the restriction of the fractional decomposition to the set of faces F3(G)

gives a weighting ω′ that is already ‘close’ to a fractional F3-decomposition. We

will then make use of certain gadgets to compensate the weight of some edges and

transform ω′ into the desired weighting ω.

In [64], Montgomery shows the existence of fractionalKr-decomposition in an r-

partiteKr-divisible graph G with high minimum degree. Their proof starts with an
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initial constant weighting ω0 : Kr(G)→ [0, 1] defined as ω0(K) = e(G)/(
(
r
2

)
|Kr(G)|)

for eachK ∈ Kr(G) and then they find a weighting φ : Kr(G)→ R such that ω0+φ

is a fractional Kr-decomposition. At the very end of their proof they show that

for each K ∈ Kr(G)

|φ(K)| ≤ n2/102 + 2n2/5 + r3n/20

|Kr(G)|
≤ 4n2/5− 9n2/106r3

|Kr(G)|
.

Since (
1− 1

106r3

)
n2 ≤ e(G)(

r
2

) ≤ n2

then it follows that

max
K∈K3(G)

(ω0 + φ)(K) ≤ 9 min
K∈K3(G)

(ω0 + φ)(K).

Theorem 5.2.2 ([64]). Let G be a Kr-divisible balanced r-partite graph with

parts of size n such that δ̂(G) ≥ (1 − 1/106r3)n. Then G has a fractional Kr-

decomposition ω′ : Kr(G)→ [0, 1] such that

max
K∈Kr(G)

ω′(K) ≤ 9 min
K∈Kr(G)

ω′(K). (5.1)

Let G be a balanced tripartite complex with parts of size n. Note that δ∗G(e) ≥

(1−β)n for every e ∈ E(G) trivially implies δ̂(G) ≥ (1−β)n since F3(G) ⊆ K3(G).

Let G′ = (V (G), E(G)) be its underlying graph and let ω′ be a fractional K3-

decomposition of G′ that satisfies (5.1). Observe that for each edge e ∈ E(G) we
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have

1 = ω′(e) :=
∑

T∈K3(G)

ω′(T ) ≥ dG(e) min
T∈K3(G)

ω′(T ) ≥ dG(e)

9
max

T∈K3(G)
ω′(T )

≥ (1− β)n

9
max

T∈K3(G)
ω′(T )

so

max
T∈K3(G)

ω′(T ) ≤ 9

(1− β)n
. (5.2)

On the other hand, since F3(G) ⊆ K3(G) we have that for any e ∈ E(G),

ω′(e) =
∑

T∈K3(G) : e⊂T

ω′(T ) =
∑

T∈F3(G) : e⊂T

ω′(T ) +
∑

T∈K3(G)\F3(G) : e⊂T

ω′(T ) = 1

Thus, the restriction of ω′ on F3(G) induces a weighting ω0 : F3(G) → [0, 1] of G

such that for all e ∈ E(G)

ω0(e) =
∑

T∈F3(G) : e⊂T

ω′(T ) = 1−
∑

T∈K3(G)\F3(G) : e⊂T

ω′(T ).

Let T (G) := K3(G)\F3(G) denote the set of forbidden triangles, i.e., the set of

triangles ofG that are not 3-faces and thus can not be used in an F3-decomposition.

Rewriting the previous equation we have

ω0(e) = 1−
∑

T∈T (G) : e⊂T

ω′(T ) for each e ∈ E(G).

We would like to compensate the weight loss produced by the presence of each

forbidden triangle. To do that, we start with the weighting ω0 : F3(G) → [0, 1]

induced by ω′. Next, for each forbidden triangle Tf ∈ T (G), we shall find a gadget
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S, consisting of a set of faces together with a weighting ωS of S, which allows us

to add a weight of ω′(Tf ) to each edge in Tf without modifying the weight of any

other edge in G. Hence, we obtain the same result as if replacing the forbidden

triangle Tf by a face and considering the weighting ω′ for such triangle. By finding

a gadget for each forbidden triangle and adding the corresponding weights, we end

up with a new weighting ω : F3(G)→ [0, 1] which compensates the weight loss on

every edge e ∈ E(G) so that ω(e) = ω′(e) = 1.

Lemma 5.2.3. The number of forbidden triangles of G is at most βn3.

Proof. Let m be the number of edges between any two parts of G. For each

of these edges, the number of faces containing them is at least d∗G(e) ≥ (1 − β)n.

Therefore G has at least (1− β)nm different faces. On the other hand, |K3(G)| ≤

mn. Thus, the number of forbidden triangles is at most mn−(1−β)nm = βmn ≤

βn3. □

Given a forbidden triangle Tf of G, a gadget for Tf is defined as a set of vertices

S = Tf ∪ TS where TS ∈ F3(G) and Tf ∩ TS = ∅, such that all partite 3-sets in

S, except for Tf , are faces of G. We shall classify the triangles of S depending on

their intersection with TS. A triangle T of S is of type 1,2 or 3 if |T ∩ TS| = 1, 2

or 3 respectively. Observe that TS is the only triangle of type 3 and that there are

three triangles of each type 1 and 2. See Figure 5.1. Now, we define ωS as follows

ωS(T ) =


ω′(Tf )/10 if T is of type 1 or 3,

−ω′(Tf )/10 if T is of type 2,

0 otherwise.
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x1 x2

x3

y1y2

y3
(1)

(1)

(1)

(2)

(2)

(2)

(3)

Figure 5.1: A gadget S for the triangle Tf = {x1, x2, x3} with TS = {y1, y2, y3}.
The number between brackets indicates the type of each triangle.

Observe that ωS(e) = ω′(Tf )/10 for each edge in Tf and ωS(e) = 0 for the rest

of edges in S. Thus, adding the weights given by ωS to the triangles of S increases

by ω′(Tf )/10 the weight of the edges in Tf and does not modify the weight of

the rest of edges in G. Hence, by finding 10 gadgets for Tf , we are able to add

a weight of ω′(Tf ) to the edges of Tf without modifying the weight of the rest of

edges. Moreover, equation (5.1) will guarantee that the weight of the triangles

used in the gadget remain positive. We say that two gadgets S1 and S2 are type-

disjoint if they share no triangles of the same type. In other words, if for any

k ∈ [3] there is no triangle T of type k such that T is a triangle of type k for both

S1 and S2.

Lemma 5.2.4. Let G and ω′ be as in the statement of Theorem 5.2.2 and let

ω0 : F3(G)→ [0, 1] be the restriction of ω′ to F3(G). Suppose that we can find 10

gadgets for each forbidden triangle Tf ∈ T (G) so that all the gadgets {Si}i∈[N ] with

N = 10|T (G)| are pairwise type-disjoint. Then the weighting ω : F3(G) → [0, 1]

defined as ω(T ) := ω0(T )+
∑

i∈[N ] ωSi
(T ) satisfies ω(e) = 1 for each edge e ∈ E(G)

and 0 < ω(T ) < 11/(1− β)n for each T ∈ F3(G).

Proof. It is clear that ω(e) = 1 for each e ∈ E(G) so it is enough to check that
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0 < ω(T ) < 11/(1− β)n for each T ∈ F3(G). Let T ∈ F3(G). Note that since all

the gadgets are pairwise type-disjoint then T is in at most one of the gadgets in

{Si}i∈[N ] as a triangle of type 2. Then

ω(T ) = ω0(T ) +
∑
i∈[N ]

ωSi
(T ) ≥ min

T∈K3(G)
ω′(T )−

maxT∈K3(G) ω
′(T )

10

(5.1)

≥
maxT∈K3(G) ω

′(T )

90
> 0.

Similarly, T appears in a gadget at most once as a triangle of type 1 and at

most once as a triangle of type 3. Hence

ω(T ) = ω0(T ) +
∑
i∈[N ]

ωSi
(T ) ≤ max

T∈K3(G)
ω′(T ) + 2

maxT∈K3(G) ω
′(T )

10

≤ 6

5
max

T∈K3(G)
ω′(T )

(5.2)

≤ 54

5(1− β)n
<

11

(1− β)n
.

□

Thus, the proof of Lemma 5.2.1 will consist of finding 10 gadgets for each

forbidden triangle so that all the gadgets are type-disjoint. The following result

counts the number of available gadgets for a given forbidden triangle.

Lemma 5.2.5. Let Tf be a forbidden triangle and let S be the set of gadgets for

Tf . Then |S| ≥ (1− β)(1− 2β)(1− 4β)n3.

Proof. First, note that 1 − 4β > 0 since β < 1/320. Let Tf = {x1, x2, x3}. We

want to find a face TS = {y1, y2, y3} such that all partite 3-sets in Tf ∪ TS, except

for Tf , are faces of G. The number of vertices y1 ∈ X such that {y1, x2, x3} is

a face of G is equal to d∗G(x2x3) ≥ (1 − β)n. For fixed such y1, the number of

vertices y2 ∈ Y such that both {x1, y2, x3} and {y1, y2, x3} are faces is equal to
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|N∗
G(x1x3)∩N∗

G(y1x3)| ≥ (1−2β)n. Finally, given y1 and y2, the number of vertices

y3 ∈ Z such that all {x1, x2, y3}, {y1, x2, y3, }, {x1, y2, y3} and {y1, y2, y3} are faces

of G is equal to |N∗
G(x1x2)∩N∗

G(y1x2)∩N∗
G(x1y2)∩N∗

G(y1y2)| ≥ (1− 4β)n. □

The following proposition bounds the number of gadgets that contain a given

face and a given forbidden triangle.

Proposition 5.2.6. Let Tf be a forbidden triangle and let T ∈ F3(G). For each

i ∈ [3]

(i) a gadget S for Tf contains T as a triangle of type i if only if T ⊂ S and

|T ∩ Tf | = 3− i.

(ii) if |Tf∩T | = 3−i, the number of gadgets S for Tf that contain T as a triangle

of type i is at most n3−i.

Proof. Let S = Tf ⊔ TS. Then it is straightforward to see that |T ∩ TS| = i if

and only if |T ∩ Tf | = 3− i.

Suppose that |Tf ∩ T | = 3− i and let S be a gadget for Tf that contains T as

a triangle of type i. Then Tf ∪ T ⊂ S and |Tf ∪ T | = 3 + i. Since S is formed of

six vertices, and 3 + i of them are fixed, then there are at most n3−i choices for

the remaining vertices. □

Using Proposition 5.2.6 it is not difficult to check the following results.

Proposition 5.2.7. Let T1 and T2 be forbidden triangles such that |T1 ∩ T2| = 0

and let S1 be a gadget for T1. Then

(i) S1 shares no triangles of type 1 with any gadgets for T2.
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(ii) if |TS1 ∩ T2| ≥ 1 then S1 shares a triangle of type 2 with at most 2n gadgets

for T2, else it shares no triangles of type 2 with any gadget for T2.

Proposition 5.2.8. Let T1 and T2 be forbidden triangles such that |T1 ∩ T2| = 1

and let S1 be a gadget for T1. Then

(i) if |TS1 ∩ T2| = 1 then S1 shares a triangle of type 1 with at most n2 gadgets

for T2, else it shares no triangles of type 1 with any gadget for T2,

(ii) S1 shares a triangle of type 2 with at most n gadgets for T2.

Proposition 5.2.9. Let T1 and T2 be forbidden triangles such that |T1 ∩ T2| = 2

and let S1 be a gadget for T1. Then

(i) S1 shares a triangle of type 1 with at most n2 gadgets for T2,

(ii) S1 shares a triangle of type 2 with at most 2n gadgets for T2.

We have now the main ingredients to prove Lemma 5.2.1.

Proof of Lemma 5.2.1. Let N := 10|T (G)|. As previously discussed, it is

enough to find 10 distinct gadgets for each forbidden triangle Tf of G so that all

the gadgets {Si}i∈N are pairwise type-disjoint.

Let T1, . . . , TN be an enumeration of the forbidden triangles of G, each one

appearing 10 times. Let Si be the set of gadgets for Ti in G. By Lemma 5.2.3

and 5.2.5 we have N ≤ 10βn3 and |Si| ≥ γn3 for every i ∈ [N ], where γ :=

(1− β)(1− 2β)(1− 4β). Note that γ > (1− 7β) > 313/320 since β < 1/320.

Our aim is to find a gadget Si ∈ Si for Ti for every i ∈ [N ], such that the

gadgets {Si}i∈[N ] are pairwise type-disjoint. For this, we shall use a randomised

algorithm.
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Suppose we have already found gadgets S1, . . . , Si−1 for T1, . . . , Ti−1 for some

i ∈ [N ]. Let Xi be the set consisting of all gadgets in Si that share a triangle of the

same type with a gadget Sj for some j ∈ [i − 1]. If |Xi| < n3/2, let Wi = Si\Xi.

Otherwise, let Wi = Si. In any case, we have |Wi| ≥ (γ − 1/2)n3 and we choose

Si uniformly at random from Wi. Observe that if |Xi| < n3/2 we ensure that Si is

type-disjoint from all gadgets Sj, j ∈ [i− 1].

Hence, the theorem follows if

|Xi| < n3/2 for every i ∈ [N ]

with positive probability.

Let J i
0, J

i
1, J

i
2, J

i
3 be the set of indices j ∈ [i− 1] such that |Tj ∩ Ti| = 0, 1, 2, 3,

respectively. Note that J i
0 ⊔ J i

1 ⊔ J i
2 ⊔ J i

3 = [i − 1]. Let X i
0, X

i
1, X

i
2, X

i
3 be the set

of gadgets in Si that share a triangle of the same type with a gadget Sj for some

j ∈ J i
0, J

i
1, J

i
2, J

i
3, respectively. Observe that Xi = X i

0 ∪X i
1 ∪X i

2 ∪X i
3.

Claim 1: |X i
3| < 28n2.

Proof of claim: Note that |J i
3| ≤ 9 since each forbidden triangle is considered 10

times in the enumeration. Suppose j ∈ J i
3 and consider the gadget Sj, which is also

a gadget for Ti. It follows by Proposition 5.2.6 that |X i
3| ≤ (3n2+3n+1)|J i

3| < 28n2

since Sj contains exactly three triangles of type 1, three triangles of type 2 and

one triangle of type 3. −

Claim 2: |X i
2| < 4βn3.

Proof of claim: First, let us see that |J i
2| < 3βn. The number of triangles

T ∈ K3(G) such that |T ∩ Ti| = 2 is at most 3(n − 1). On the other hand, the
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number of faces f ∈ F3(G) such that f ∩ Ti = 2 is at least 3(1− β)(n− 1). Thus,

the number of forbidden triangles that intersect Ti in exactly two vertices is at

most 3β(n− 1). In particular, |J i
2| < 3βn.

Thus, by Propositions 5.2.6 and 5.2.9 we have that |X i
2| ≤ (n2 + 2n+ 1)|J i

2| <

4βn3. −

Suppose now that X i
0 < 138βn2 and X i

1 < 18βn3. Then

|Xi| ≤ |X i
0|+ |X i

1|+ |X i
2|+ |X i

3| < 138βn3 + 18βn3 + 4βn3 + 28n2 < n3/2

since β < 1/320 and n ≥ n0 is large enough. Thus, it is enough to prove that with

positive probability

|X i
0| < 138βn3 and |X i

1| < 18βn3 for every i ∈ [N ]. (5.3)

For each j ∈ J i
0, let Y

i
j be the indicator variable for the event |TSj

∩ Ti| ≥ 1.

By Propositions 5.2.6 and 5.2.7 we have that

|X i
0| ≤ 2n

∑
j∈[Ji

0]

Y i
j

+ |J i
0|.

Let j1, . . . , j|Ji
0| be an enumeration of J i

0. Then

P
[
Y i
jl
= 1 | Y i

j1
, . . . , Y i

jl−1

]
≤ 3n2

(γ − 1/2)n3
=

3

(γ − 1/2)n

since |Wj| ≥ (γ− 1/2)n3 for all j ∈ [i− 1], and there are at most 3n2 triangles TSj

such that |TSj
∩ Ti| ≥ 1.

Let B0 ∼ Bin(|J i
0|, 3

(γ−1/2)n
). Since N ≤ 10βn3, in particular we have |J i

0| ≤
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10βn3, then

E[B0] =
3|J i

0|
(γ − 1/2)n

≤ 30β

(γ − 1/2)
n2.

Note that t0 := 63β − 30β
(γ−1/2)

> 0 since (γ − 1/2) > 30/63. Thus, it follows by

Lemma 2.1.2 and Fact 2.1.3 that

P

∑
j∈[Ji

0]

Y i
j ≥ 63βn2

 ≤ P
[
B0 ≥ 63βn2

]
= P

[
B0 ≥ E [B0] + t0n

2
]

≤ 2e−2t20n
3

.

(5.4)

For each j ∈ J i
1, let Z

i
j be the indicator variable for the event |TSj

∩ Ti| = 1.

Recall that for all j ∈ J i
1 we have |Tj ∩ Ti| = 1. It follows by Propositions 5.2.6

and 5.2.8 that

|X i
1| ≤ n2

∑
j∈[Ji

1]

Zi
j

+ (n+ 1)|J i
1|.

Let j1, . . . , j|Ji
1| be an enumeration of J i

1. Then

P
[
Zi

jl
= 1 | Zi

j1
, . . . , Zi

jl−1

]
≤ 2n2

(γ − 1/2)n3
=

2

(γ − 1/2)n

since |Wj| ≥ (γ− 1/2)n3 for all j ∈ [i− 1], and there are at most 2n2 triangles TSj

such that |TSj
∩ Ti| ≥ 1 and |TSj

∩ Tj| = 0.

Now, let us check that |J i
1| < 3βn2. The number of triangles T ∈ K3(G) such

that |T ∩ Ti| = 1 is at most 3(n− 1)2, which is the total number of partial 3-sets

intersecting Ti on precisely one vertex. On the other hand, the number of faces

f ∈ F3(G) such that |f ∩ Ti| = 1 is at least 3(1− β)(n− 1)2. Thus, the number of

forbidden triangles that intersect Ti in exactly two vertices is at most 3β(n− 1)2.
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In particular, |J i
1| < 3βn2.

Let B1 ∼ Bin(|J i
1|, 2

(γ−1/2)n
). Then

E[B1] =
2|J i

1|
(γ − 1/2)n

≤ 6β

(γ − 1/2)
n.

Note that t1 := 13β − 6β
(γ−1/2)

> 0 since (γ − 1/2) > 6/13. Thus, it follows by

Lemma 2.1.2 and Fact 2.1.3 that

P

∑
j∈[Ji

1]

Zi
j ≥ 13βn

 ≤ P [B1 ≥ 13βn] = P [B1 ≥ E [B1] + t1n] ≤ 2e−2t21n. (5.5)

Finally, applying (5.4) and (5.5), a union bound implies that with positive

probability
∑

j∈[Ji
0]
Y i
j < 63βn2 and

∑
j∈[Ji

1]
Zi

j < 13βn for every i ∈ [N ]. Hence,

|X i
0| ≤ 2n

∑
j∈[Ji

0]

Y i
j

+ |J i
0| < 126βn3 + 10βn3 < 138βn3

and

|X i
1| ≤ n2

∑
j∈[Ji

1]

Zi
j

+ (n+ 1)|J i
1| < 13βn3 + 3βn3 + 3βn2 < 18βn3

holds for all i ∈ [N ] with positive probability as required by (5.3). □
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5.3 Proof of Theorem 5.1.1

In this section we will discuss the proof of Theorem 5.1.1. The proof closely follows

the approach used by Barber, Glock, Kühn, Lo, Montgomery and Osthus [7] to

find a triangle decomposition in a non-partite graph with high minimum degree.

Recall Section 1.5.1 for an overview of the approach. Instead of presenting the full

proof we will sketch the main steps and highlight any substantial difference from

the method.

Let G be a K3-divisible balanced tripartite complex with parts V 1, V 2, V 3 of

size n such that d∗G(e) ≥ (1−β)n for each e ∈ E(G) for some c < 1/320. Let ε > 0

and assume the hierarchy of constants 1/n ≪ ε ≪ c. The first step is to find a

vortex sequence in G that will pass down the minimum degree property. Formally,

we define a vortex sequence as follows.

Definition 5.3.1. A (δ, ε,m)-vortex inG is a sequence V (G) = V0 ⊇ V1 ⊇ · · · ⊇ Vℓ

where |V k
ℓ | = m for each k ∈ [3] such that for all i ∈ [ℓ]

(V1) |V k
i | = ε|V k

i−1| for each k ∈ [3],

(V2) d∗G(e;V
k
i ) ≥ δ|V k

i | for each k ∈ [3] and e ∈ E(G[Vi−1 \ V k
i−1]).

By iteratively choosing each set V k
i as a random subset of V k

i−1 of size ε|V k
i−1|

for each k ∈ [3], it is not hard to check that G contains a ((1−β− ε), ε,m)-vortex

where 1/n≪ 1/m≪ ε≪ β. Note that using β < 1/320 and the hierarchy we can

guarantee that β + ε < 1/320.

The next step is to set aside the final absorbers for all the possible leftover

configurations in G[Vℓ]. Using Lemma 4.8.2 (with r = 2) and the fact that d∗G(e) ≥

(1− β)n for all e ∈ E(G) it is possible to greedily find such absorbers.
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We want now to iteratively apply a ‘Cover Down Lemma’ until the final leftover

is contained within G[Vℓ] and thus can be covered using the final absorbers that

were set aside. In our case, the Cover Down Lemma would look as follows.

Lemma 5.3.2. Let 1/n≪ γ ≪ ε≪ 1/β, 1/α with α < 1/(27·106) and β < 1/320.

Let G be a balanced tripartite complex with parts V 1, V 2, V 3 of size n such that

d∗G(e) ≥ (1 − β + ε)n for each e ∈ E(G) and δ̂(G) ≥ (1 − α)n. Let U ⊆ V (G)

with |Uk| = εn for each k ∈ [3]. Suppose that d∗G(e;U
k) ≥ (1 − β + ε)|Uk| for

all k ∈ [3] and e ∈ E(G[V \ V k]) and dG(v;U
k) ≥ (1 − α)|Uk| for all k ∈ [3]

and v ∈ V \ V k. Suppose also that dG(v;V
i) = dG(v;V

j) for all i, j ∈ [3] and

v ∈ V (G) \ (V i ∪ V j ∪ U). Then there exists an F3-decomposable subcomplex

H ⊆ G such that G−G[U ] ⊆ H and ∆(H[U ]) ≤ γn.

Proof sketch. In the tripartite case the proof of the Cover Down Lemma is

much simpler than, say, the proof of Lemma 4.7.3. After removing the ‘reservoir’

graph R and finding an approximate F3-decomposition in G−R−G[U ] (by using

Lemma 5.2.1), it is now easier to cover down the leftover edges that lie outside

G[U ]. Indeed, let L be the graph induced by the leftover edges. For each edge

e ∈ L[V \ U ] we can greedily pick a vertex v inside N∗
R(e) so that e ∪ {v} is a

face of G. Once all edges in L[V \ U ] are covered, we find for each v ∈ V \ U a

matching in the link graph LkG′(v;U) where G′ is the complex obtained from G by

removing all the covered edges so far. The existence of edge-disjoint matchings for

each v ∈ V \U can be shown using the minimum degree of G′ and the randomised

algorithm used in the proof of Lemma 2.6.2. With this all the leftover edges in L

are covered and the proof would be completed. □

By iteratively applying Lemma 5.3.2 to each G[Vi−1] (with Vi playing the role
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of U) we can cover down all the edges of G until a final leftover is left in G[Vℓ].

These edges are finally covered using the absorbers that were set aside.
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CHAPTER 6

FINAL REMARKS

In this section we will summarise our results and discuss some further consequences

and some potential applications. In a nutshell, the methods we use to find a re-

solvable decomposition consists of, first, transforming the problem into finding a

graph decomposition in an auxiliary graph, which we call the ‘extended graph’,

and then applying ‘iterative absorption’ to the extended graph in order to find the

desired decomposition. In our case, in order to prove the existence of a resolv-

able decomposition in Theorems 1.2.3, 1.2.5 and 1.4.5 we prove the existence of

a decomposition in their corresponding extended graphs in Theorems 2.2.3, 3.2.1

and 4.2.1, respectively. Recall that the use of the extended graph to find resolv-

able decompositions was introduced by Keevash [43]. Recall also that the iterative

absorption approach that we use relies fundamentally on three key results: the ex-

istence of a fractional decomposition, the ‘Cover Down Lemma’, and the existence

of final absorbers. While the last two have already been developed and success-

fully used together to solve several decomposition problems, e.g. [9, 28, 30, 59, 61],

the existence of a fractional decomposition is often treated as an independent

problem. For this reason, in addition to proving a ‘Cover Down Lemma’ and
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constructing final absorbers for the extended graphs, we have had to develop a

new technique that allows us to find a fractional decomposition in each extended

graph (see Section 2.3 and Section 3.3). More precisely, given a ‘balanced’ frac-

tional decomposition of the host graph –where by ‘balanced’ we refer to fractional

decomposition which is close to a uniform weighting– we are able, through the

use of customised gadgets, to ‘extend’ the fractional decomposition of the host

graph into a fractional decomposition of the extended graph. This new technique

together with the implementation of the ‘iterative absorption’ method allows us to

reduce the problem of finding a resolvable decomposition in a graph into finding

a balanced fractional decomposition. We believe this is a powerful tool to solve

problems on the existence of resolvable decompositions.

6.1 Applications

The existence of resolvable designs in typical graphs was settled by Keevash [43].

However, their proof involved algebraic techniques and required ξ, 1/s≪ p in the

assumption of (ξ, p, s)-typicality. As shown by Theorem 1.2.5 and Theorem 1.4.5

our methods can be used to show the existence of resolvable decompositions in

(ξ, p, s)-typical pseudo-random graphs where ξ ≪ p, 1/s. This difference in the

typicality assumption is due to the fact that our methods only rely on proba-

bilistic arguments and the existence of constant size gadgets. In fact, in order

to apply our arguments we only require a linear size common neighbourhood of

sets of constant size. This could be very useful to deduce analogous results in

the minimum degree setting. For instance, to prove Theorem 1.2.5 we require a

linear size common neighbourhood of sets of size at most 3r which is guaranteed
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by the typicality condition. A graph G on n vertices with minimum degree at least

(1 − 1/3r + α)n guarantees a size of at least αn in all common neighbourhoods

of at most 3r vertices. Assuming the existence of a balanced fractional decom-

position we could apply the same approach as Theorem 1.2.5 to G and show the

existence of a resolvable Kr-decomposition. The big constraint when deducing

analogous results in the minimum degree setting is then the existence of the bal-

anced fractional decomposition. In the pseudo-random setting it is not hard to

find a balanced fractional decomposition since the graph is ‘highly regular’ due to

the typicality condition. But this is not the case in the minimum degree setting.

Thanks to the recent result by Joos and Kühn [40] (see Theorem 2.3.1) we are able

to apply our methods and prove Theorem 1.2.3. The authors in [27] made the fol-

lowing conjecture which can be viewed as a Dirac-type version of the Oberwolfach

problem.

Conjecture 6.1.1 ([27, Conjecture 1.5]). For every α > 0 there exists n0 ∈ N

such that for any 2-regular graph F on n ≥ n0 vertices, any regular graph G on n

vertices with even degree and such that δ(G) ≥ (3/4+α)n has an F -decomposition.

The authors in [31] conjectured that if the girth of F is large compared to

1/α then the term 3/4 could be replaced by 1/2. Theorem 1.2.3 answers this

affirmatively if F consists of cycles of the same length.

It is also possible to deduce results in the pseudo-random setting from the

approach used in the minimum degree setting. In fact, following the proof of

Theorem 1.2.3 one can prove the subsequent result.

Theorem 6.1.2. For every r ≥ 3 and p > 0 there exist ξ > 0 and n0 ∈ N such

that any Cr-divisible (ξ, p, 4)-typical regular graph G on n ≥ n0 vertices such that
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r | n has a resolvable Cr-decomposition.

Of course the proof of Theorem 1.2.3 would have to be adapted. For example,

the use of Theorem 2.3.1 could be replaced by the use of Lemma 4.2 in [7], and

property (V3) in Definition 2.5.1 would have to be replaced by dG(S;Vi) = (1 ±

ξ)p|Vi| for every set S ⊆ Vi−1 with |S| ≤ 4. On the other hand the construction of

the ‘shifters’ in Section 2.3 and the final absorbers in Section 2.8 would not need

any change.

On the other hand, a direct application of Theorem 1.4.5 leads to the following

‘partite’ version of Theorem 6.1.2. Given an r-partite graph G, a resolvable partite

Cr-decomposition of G is a resolvable Cr-decomposition where each cycle contains

exactly one vertex from each part of G.

Corollary 6.1.3. For every r ≥ 3 and p > 0 there exist ξ > 0 and n0 ∈ N

such that the following holds. Let V0 := Vr and Vr+1 := V1. Let G be a balanced

regular r-partite graph with parts V1, . . . , Vr of size n ≥ n0 such that E(G) =⋃
i∈[r] E(G[Vi−1, Vi]) and, for each i ∈ [r], G[Vi−1, Vi] is a (ξ, p, 3(r − 1))-typical

bipartite graph and dG(v;Vi−1) = dG(v;Vi+1) for every v ∈ Vi. Then G has a

resolvable partite Cr-decomposition.

To prove Corollary 6.1.3 we shall use a recent result from Klimošová, Reiher,

Ruciński and Šileikis [51] that confirms the Kim-Vu Sandwich Conjecture [49]

in regular dense bipartite graphs. Let G(n, n, p) denote the random bipartite

graph obtained from Kn,n by choosing each edge independently at random with

probability p, and let R(n, n, p) be a random bipartite graph chosen uniformly at

random from the set of pn-regular bipartite graphs with parts of size n.
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Theorem 6.1.4 ([51]). Let 1/n ≪ ξ ≪ p. There exists a joint distribution of

the bipartite random graphs G1 ∼ G(n, n, (1 − ξ)p), R ∼ R(n, n, p) and G2 ∼

G(n, n, (1 + ξ)p) such that G1 ⊂ R ⊂ G2 with probability 1− o(1).

Proof of Corollary 6.1.3. Let p′ := dG(v;Vi)/n for some i ∈ [r] and v ∈ Vi−1.

Note that p′ is well defined since G is regular and dG(v;Vi−1) = dG(v;Vi+1) for

every v ∈ Vi. Observe also that p′ = (1 ± ξ)p because of typicality. For each

i, j ∈ [r], i ̸= j− 1, j, j +1, let H[Vi, Vj] be a random (p′n)-regular bipartite graph

on [Vi, Vj] and let

H =
⋃

i,j∈[r]
i ̸=j−1,j,j+1

H[Vi, Vj].

Let G′ := G ∪ H. For each i, j ∈ [r], i ̸= j − 1, j, j + 1 we use Theorem 6.1.4 to

find a joint distribution of G1[Vi, Vj] ∼ G(n, n, (1−ξ)p′), H[Vi, Vj] and G2[Vi, Vj] ∼

G(n, n, (1 + ξ)p′) such that G1[Vi, Vj] ⊂ H[Vi, Vj] ⊂ G2[Vi, Vj] with probability al-

most 1. Thus, using Lemma 2.1.2 and a union bound we can see that with positive

probability G′ is a (ξ′, p, 3(r − 1))-typical r-partite graph for some ξ′ > 0 where

1/n≪ ξ′ ≪ ξ. Hence, we can choose H so that G′ is a Kr-divisible (ξ
′, p, 3(r−1))-

typical r-partite graph with parts V1, . . . , Vr. We can now apply Theorem 1.4.5 to

find a resolvable Kr-decomposition of G′. Finally, observe that the restriction of

the Kr-decomposition to G induces a resolvable partite Cr-decomposition. □

In their proof of the Oberwolfach problem, Glock, Joos, Kim, Kühn and Os-

thus [27] make use of a result by Keevash [43] on the existence of resolvable designs.

In particular, they use it to prove two specific results [27, Corollary 3.7 and Corol-

lary 3.9]. Theorem 6.1.2 and Corollary 6.1.3 imply those results respectively thus

allowing for a purely combinatorial alternative proof.
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