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ABSTRACT

In this thesis, our main objective is the numerical approximation of linear quantities of interest

for problems involving elliptic partial differential equations (PDEs) which admit inputs with

either an affine or non-affine dependence on random parameters. Our approach will involve

a stochastic collocation finite element method, which is based on a deterministic finite element

method (FEM), combined with a sparse grid collocation procedure. This method will be

introduced in the context of adaptive algorithms, which are furnished by a posteriori error

estimation techniques that are designed to independently influence both spatial and parametric

adaptivity.

Firstly, we produce new results in the stochastic collocation FEM setting that reveal the

impact of different strategic choices in the context of an adaptive algorithm. Specifically, we

investigate choices of hierarchical spatial error estimation strategy, the use of different families

of collocation points within the construction of sparse grids, and the use of the reduced margin

(in comparison to the full margin) for the purposes of enriching the underlying sparse grid.

Secondly, we propose an error estimation strategy for the goal-oriented framework which

utilises products of hierarchical estimators in the stochastic collocation FEM setting. This

involves the use of a novel correction term to compensate for the lack of global Galerkin

orthogonality in this setting. Our error estimation strategy drives a goal-oriented adaptive

algorithm with innovative marking procedures to simultaneously handle the interplay

between primal and dual, as well as spatial and parametric contributions to our error

estimate. We provide an upper bound for the underlying error estimate, and demonstrate

the performance of the resulting adaptive algorithm in extensive numerical experiments.

Thirdly, we suggest a dual-weighted residual estimate for the error in the quantity of interest,

and a variant of this which utilises the primal problem as weightings for residuals associated

with the dual problem. We prove the reliability of both the standard dual-weighted residual

method, and the new symmetric dual-weighted residual, for the purposes of estimating the

error in the quantity of interest. Further numerical experiments illustrate the performance of

the corresponding adaptive algorithm.
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Chapter 1

Introduction

Mathematical models involving partial differential equations (PDEs) are ubiquitous in a variety

of applications. Indeed, much of our knowledge of the natural world (and other phenomena,

for that matter) can be described using various laws and concepts that are used to derive

models based on PDEs.

Fick’s law governing the diffusion of particles according to a concentration gradient, as

originally introduced in [1], is used to derive the commonly known diffusion equation.

Analogous laws exist in applications which analyse electrical currents (Ohm’s law), heat

conduction (Fourier’s law), and elsewhere. Considerations of conservation of mass and

momentum in fluids lead to the Navier-Stokes equations, a derivation of which can be found

in [2]. The work of De Broglie on wave-particle duality eventually allowed for the derivation

of the Schrödinger equation in [3], an important innovation in the field of quantum mechanics.

However, many scenarios that we attempt to devise mathematical models for will involve

random or uncertain features. Calculations involving financial derivatives, for example, will

also typically involve considerations of volatility (see [4]). In fluid dynamics, we may wish to

incorporate randomness into our models of flows in porous media (see [5]), because we do not

have precise information about quantities such as porosity, even though they are not inherently

random. Various other examples exist elsewhere, including material inconsistencies, noise

terms involved in the propagation of waves, and others. In general, modelling uncertainty

may be motivated in a number of cases, including underlying irregularities associated with the

situation under consideration, or our own lack of a priori knowledge of the variables involved.
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CHAPTER 1. INTRODUCTION

Where input data varies within a given spatial domain, it is often prudent to describe the

uncertainty that we are attempting to model using random fields, as noted in [6]. These random

fields may be described in multiple ways, including either polynomial chaos expansions (see [7]

or [8]) or Karhunen-Loéve expansions (see [9]). In certain scenarios (including the modelling

of groundwater flow), the random variables involved may also have significant variability,

or other requirements such as being non-negative, such that we seek non-linear expansions

to represent the associated random fields, as done in [10, 11], and various others. By using

a suitable random field, we can formulate problems involving so-called ‘parametric’ PDEs,

which incorporate the random fields and associated variables into our model.

For a given parametric PDE problem, we want to consider convenient numerical methods

for discretising and solving the problem. Methods for solving PDEs in the deterministic

setting, such as finite element methods (FEM), are well-understood (from, amongst other

sources [12, 13, 14]), although convergence results associated with the corresponding adaptive

algorithms have only been developed more recently. In particular, the first proofs of

convergence for adaptive finite element methods are given in [15] and [16], while the optimal

computational complexity of an adaptive algorithm was first demonstrated in [17]. Work on

optimal convergence rates has been performed in [18, 19] and others, with optimal convergence

rates for adaptive finite element methods being established for problems with more general

source terms in [20].

In general, there are two principal approaches to adapting these methods to the context of

parametric PDE problems. The first approach may be considered a direct analogue of the

techniques we typically utilise in the deterministic setting, and involves the coupling together

of the spatial and parameter-based discretisations. The most popular representative of these

are the stochastic (or spectral) Galerkin type approximations which have their origins in [21],

and rely on approximation emanating from a discretisation of an appropriate product of

approximation spaces corresponding to the spatial and parameter domains. These methods

have, in recent years, been applied to finite element analysis successfully, for example, in [22]

and [23], with numerous examples since. These methods are often described as intrusive, owing

to the fact that the implementations of these methods involve some level of modification to

existing code that is utilised for the solution of the corresponding deterministic PDEs.

The alternative approach, which is often termed non-intrusive, attempts to take advantage of
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existing deterministic code and parallelise it across various samples. The most commonly

known examples of this are Monte Carlo methods, the origins of which are recounted in [24].

The basis of this method is using a series of spatial approximations derived from computations

with random samples in order to calculate statistical moments related to the solution. Various

aspects of Monte Carlo simulations are also discussed in, for example, [25], while numerous

variants are also discussed in other works, such as those on quasi-Monte Carlo methods

(including [26]), multi-level Monte Carlo methods (for example, [27]), and others.

Another non-intrusive method, stochastic collocation, is the main focus of our work. This

approach generates approximations with functional dependence on random parameters using

deterministic, rather than random, samples. Specifically, these approximations are represented

as a finite expansion in terms of parameter-dependent polynomials, with spatial coefficients

obtained from sampled approximations. Collocation-based approaches had already been

successfully applied to parametric PDE problems in [28] and [29] by the time it was fully

proposed as a method with a priori convergence analysis results in [30]. The ability to obtain a

series of uncoupled, deterministic problems that can be solved in parallel, while remaining as

accurate as stochastic Galerkin approaches was immediately identified as a key advantage of

this method.

One immediate issue with this method was its use of full tensor product spaces, which would

naturally lead to this approach becoming computationally expensive for large numbers of

random variables. This issue was first addressed in [31], where a sparse grid structure (see [32])

was proposed in order to limit the number of computations required, making it competitive

with Monte Carlo methods in terms of efficiency. Some problems involve heavy amounts of

anisotropy, resulting from different random variables having different degrees of impact on

the resulting parametric PDE problem, and so the incorporation of this into the sparse grid

construction was considered immediately afterwards in [33]. Sparse approximations have also

been utilised in works such as [34] for problems involving random source terms, and also

in [35, 36] (although in these cases, the model problem is a deterministic elliptic PDE with a

stochastic loading term).

While many of the works we have discussed were important to the development of stochastic

collocation methods, the incorporation of these into an adaptive finite element scheme remained

an open question. Among the works which addressed this are [37], which built on the

3



CHAPTER 1. INTRODUCTION

dimension-adaptive algorithm proposed in [38] to provide an adaptive algorithm driven by

residual-based a posteriori error estimation techniques.

Convergence analysis associated with this approach has been performed in both [39] and

[40]. Both works make differing assumptions; however, the end result is that the former

extends the adaptive algorithm to additional considerations of mesh refinement, and derives

some convergence rates in the process, while the latter modifies the adaptive algorithm

and is independent of the choice of collocation points. Despite this progress, one notable

limiting assumption appearing in both of these works (as well as in [37]) is that the diffusion

coefficient associated with the parametric PDE problem admits an affine dependence on

random parameters. There are many practical scenarios in which this restriction may be

considered prohibitive, due to the underlying physical phenomena requiring a different model

to accurately describe the behaviour that needs to be described.

The above problem was solved in [41], which extended the strategies previously developed

using hierarchical estimators that allowed the resulting algorithms to cover problems involving

coefficients with non-affine parameter dependence. The resulting adaptive strategies proved

to be reliable, albeit with sub-optimal convergence rates for certain problems that involved

parameter-dependent localised spatial features. This, in turn, has been discussed further in the

context of multilevel adaptivity in [42]. Finally, further related convergence analysis has also

been performed in [43].

These developments represent some of the most recent work on stochastic collocation FEM

approximations and associated adaptive algorithms. However, in many practical applications,

we may not specifically be interested in the approximation itself, or attempting to reduce the

error of that approximation in some norm (such as the associated Bochner norm). Instead, we

may be interested in a particular aspect of the solution, such as its average, or its flux through

a given region, amongst many other quantities.

Since the late 1990s, various authors have experimented with procedures designed to estimate

specific quantities of interest associated with specific deterministic problems, including drag

and lift coefficients in viscous fluid flows [44], problems involving linear elasticity [45], and

others. Today, this general area of research is typically known as goal-oriented adaptivity, and

is relatively well understood in the deterministic setting despite being a more recent area of
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1.1. TOPICS OF THE THESIS

research.

Many of the earlier works, such as those above, use a duality argument to describe weights

associated with existing residual-based error estimation strategies. However, other works

have suggested an alternative approach using orthogonality to induce an estimate based on

symmetric products involving primal and dual approximation errors. Some of the earlier work

on this approach began with [46], which investigated this approach in an elementary model

problem in a single dimension, before quickly being extended to two dimensions in [47].

The above results did not, in general, prove convergence of the adaptive procedure; however,

work related to this followed. Among the earlier examples, [48] obtains convergence results

for the aforementioned ‘dual-weighted’ residual approach by driving adaptivity associated

with the dual problem alone, with [49] also proving explicit convergence rates, albeit with

strong regularity assumptions made on both the primal and dual solution. Convergence of

the alternative estimator product approach was demonstrated in [50], with less restrictive

assumptions, and further novel contributions to goal-oriented adaptivity continue to this day,

with very recent extensions of this method to semi-linear PDE problems demonstrated in [51],

for example.

In recent years, the subject of goal-oriented error estimation has also received some attention

in the setting of parametric PDE problems. With respect to the intrusive stochastic Galerkin

FEM setting, early attempts at goal-oriented error estimation include [52], which describes

estimation for linear goal functionals, although the associated adaptive strategy is limiting due

to the lack of information about the distribution of the total error. This work was extended in

[53], which examined the estimation of linear goal functions in the context of nonlinear PDEs.

Results for an analogue of the estimator product strategy were demonstrated in [54]. For the

non-intrusive setting, some of the more recent works include [55] in the setting of multi-level

Monte Carlo methods, and [56] in the stochastic collocation FEM setting.

1.1 Topics of the thesis

This thesis is primarily concerned with topics related to adaptive algorithms associated with

the numerical approximations of solutions to parametric PDE problems. In the subsequent
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CHAPTER 1. INTRODUCTION

chapters of this work, we will illustrate all of our ideas using various forms of a stationary

diffusion problem involving homogeneous Dirichlet boundaries, in two spatial dimensions,

and with deterministic source function.

Our objective is to use a given model problem as a tool to elucidate novel ideas and concepts

related to the design of efficient and reliable adaptive algorithms in the stochastic collocation

FEM setting. Our model problem represents a common choice that is used throughout the

literature, including many of the references provided in the review of the literature we have

provided above. Further, we would like to emphasise that while this choice of problem is

simple in its design, many of the underlying algorithmic ideas presented in this work, novel

or otherwise, are generic, and can therefore be adapted to other model problems with minor

modifications. There are three main tasks that we must complete in order to satisfy our

objective.

Our first task is the development of robust a posteriori error estimation strategies to determine

how accurate our approximations are. These strategies must accomplish two goals, the first of

which is the provision of an efficient and reliable estimate at the global level in order to give

a criterion for the purposes of terminating our algorithm when we have an accurate enough

approximation to our original problem. Our other goal is the generation of localised indicators

that allow us to identify the regions which admit the most significant sources of error in our

approximation.

From here, our next task is the description of appropriate adaptive algorithms that are

constructed using the standard four modules (SOLVE, ESTIMATE, MARK, REFINE) that

are typical for adaptive finite element computations [14]. Amongst our requirements are a

description of how our localised indicators are used to drive adaptivity via the marking and

selective refinement of localised areas that admit the highest errors.

Thirdly, we are required to implement the aforementioned adaptive algorithm. Our attention

will also be drawn to the practical consideration of how to compute certain quantities in

an efficient manner, and the production of results that illustrate the desired features of

our adaptive algorithm. These results must be explained and analysed in the context of

representing the theoretical results that our algorithm is built upon.

Some of these tasks have been accomplished in the literature that we have previously cited;

6



1.2. NOVEL CONTRIBUTIONS

for example, the numerical approximation of solutions to parametric PDEs via stochastic

collocation FEM is well understood, and considerable work has been done for a posteriori error

estimation for the numerical approximation. However, we seek to provide a comprehensive

view of contemporary developments in this active area of research, and contribute our own

new theoretical and practical results that fully address each of the three tasks set out above. To

this end, our novel contributions are given hence.

1.2 Novel contributions

Firstly, on the subject of stochastic collocation FEM, we provide new experiments with the

purpose of analysing aspects of adaptive algorithms in this setting. Among these results, which

are presented in Section 3.7, are comparisons of different types of hierarchical spatial error

estimation techniques for the purposes of estimating the spatial contributions to the error in a

given approximation. We also compare the performance of Leja and Clenshaw–Curtis abscissas

within the context of constructing the underlying sparse grids for the stochastic collocation

FEM approximations. Moreover, we examine the use of the reduced margin and full margin

for the purposes of creating enhanced collocation point index sets.

These results, collectively, provide new insight on the design and implementation of adaptive

algorithms in the stochastic collocation FEM setting. This is all provided in addition to an

updated theoretical view of some of the surrounding theory of the underlying index sets,

including explanations and proofs related to the associated subject matter in the earlier sections

of Chapter 3.

Secondly, in Chapter 4, we utilise the pre-existing framework of goal-oriented adaptivity in

the deterministic setting (as seen in [50] and others) in order to estimate errors associated with

approximating linear quantities of interest. In a similar manner to the ideas seen in works

such as [57, 58], this approach introduces an ancillary term in order to compensate for the lack

of global Galerkin orthogonality in the stochastic collocation framework. In the deterministic

setting, the aforementioned works often refer to to this as an adjoint error ‘correction’ term, and

we will adopt similar terminology throughout our own work.

Our strategy then compartmentalises the error into spatial and parametric components, and

7



CHAPTER 1. INTRODUCTION

allows for the use of existing error estimation tools, such as the techniques seen in [41],

to be used in this setting. In addition, we propose algorithms based on this strategy that

incorporate necessary features for the purposes of adaptivity, including consideration of spatial

and parametric contributions to the error, as well as the interplay between primal and dual

problems.

Adaptive algorithms involving goal-oriented error estimation for stochastic collocation FEM

have previously been discussed in [56]. However, while that procedure uses sample-based

estimates to generate a corresponding global approximation, our theory is the first in the

stochastic collocation FEM setting to use a global estimator product-based a posteriori

estimation strategy to drive a goal-oriented adaptive algorithm.

Most notably, our work also represents perhaps the most convenient theory to date that

concerns goal-oriented error estimation for PDE problems, for multiple reasons. By working in

the stochastic collocation FEM framework, we provide a theory that is immediately applicable

to problems with non-affine dependence on random parameters from a bounded sample space.

By contrast, the extension of stochastic Galerkin procedures to coefficients with non-affine

dependence on random parameters is possible, albeit difficult, due to the resulting linear

systems being fully coupled and requiring significant effort to solve efficiently. In addition,

our results interface seamlessly with existing global hierarchical estimation techniques. This,

in turn, allows our approach to be applied to a range of other parametric PDE problems which

are not directly considered in this thesis.

The third novel contribution that we make is the proposition of an alternative approach to

goal-oriented adaptivity which utilises a dual-weighted residual method for the purposes of

error estimation. This approach, which is introduced in Chapter 5, invokes the same splitting

as the estimator-product strategy in order to determine spatial and parametric contributions

to the total error in an underlying stochastic collocation FEM approximation. Moreover, we

introduce adaptive algorithms based on this strategy within the stochastic collocation FEM

setting. Our approach inherits all of the advantages associated with this setting more generally,

and hence, provides a promising tool in the context of goal-oriented adaptivity for parametric

PDE problems.

Lastly, we produce code modules associated with both of our goal-oriented error estimation

8



1.3. THESIS STRUCTURE

strategies and their associated adaptive algorithms. Each of these is designed to integrate with

the open-source toolbox1 associated with the results in [41]. The reliability and efficiency of

our estimation strategies are further demonstrated by numerical experiments produced using

this code, which will be made available in due course. We use these results to provide analysis

which illuminates intricacies associated with the design of our adaptive algorithms, and gives

us insight into potential further applications of our work, as well as possible limitations.

1.3 Thesis structure

In Chapter 2, we restrict our attention to a deterministic model problem in order to recall key

ideas that will be utilised in later chapters. We begin with some fundamental material from

analysis, which we recall in Section 2.1. From here, we discuss the generation of finite element

approximations in the deterministic setting in Section 2.2, along with an overview of adaptive

algorithms in Section 2.3. Different components of the adaptive algorithm are discussed in

Sections 2.4 - 2.6, followed by aspects of implementation in Section 2.7. We finally discuss the

estimation of quantities of interest using finite element algorithms in Sections 2.8 and 2.9.

We turn our attention to the setting of parametric PDEs in Chapter 3. We introduce the

probabilistic concepts that are required to establish our problem formulation in Section 3.1.

We also provide a wider discussion of some of the approaches that have been utilised to deal

with problems within the framework of parametric PDEs. In particular, Section 3.2 covers

Monte Carlo methods, as well as the projection-based stochastic Galerkin method, as well as

our primary interest, the recently developed stochastic collocation method. Our specific focus,

of course, is the last of these three, and after examining the details of sparse grid interpolation

in Section 3.3, we discuss stochastic collocation in more detail in Section 3.4. The associated

adaptive algorithms are discussed in Section 3.5, while implementation of the algorithm is

discussed in Section 3.6. The final part of this chapter, Section 3.7, is dedicated to illustrating

the ideas of this chapter with experiments that compare the performance of different strategies

for various components of the algorithm.

In Chapter 4, we introduce the goal-oriented setting for stochastic collocation FEM. We

introduce the corresponding problem formulations in Section 4.1, including the definition of

1The code in question is available at https://github.com/albespalov/Adaptive_ML-SCFEM
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CHAPTER 1. INTRODUCTION

the goal functional in this framework. Strategies for error estimation and related theoretical

results are discussed in Sections 4.2 and 4.3. This includes proofs regarding the hierarchical

splitting of the error, as well as the introduction of the novel correction term that plays

an important role in this setting. Further details about the calculation of this correction

term are then discussed in Section 4.4, including exact representations and quadrature-based

approximations. We design the associated adaptive algorithm, with suitable modifications to

components such as the marking procedure, in Section 4.5, and discuss our implementation of

this algorithm in Section 4.6. The chapter concludes with Section 4.7, which provides numerical

results that confirm our theoretical work, and that illuminates some nuances of the approaches

that we discussed in the prior sections. This is achieved with a variety of test problems on

different domains, with different goal functionals, and using different (including non-affine)

diffusion coefficients.

Chapter 5 continues our work from the previous chapter by introducing a residual-based

approach to goal-oriented adaptivity in the stochastic collocation FEM setting. We adopt

the same problem formulation as in the previous chapter, although the residual-based error

estimation strategy is markedly different and more intricate in places. We discuss the

theoretical details of this in Section 5.1, invoking the hierarchical error splitting from the

previous chapter to analyse spatial and parametric contributions to the resulting residual.

A symmetric variant of this approach involving primal weights is discussed in Section 5.2,

while we remark upon alternate representations of the right-hand side functionals in 5.3. The

evaluation of residuals and corresponding weights associated with this method are discussed

at length in Section 5.4. As with the calculation of the correction term in the previous

chapter, exact representations and quadrature-based approximations are provided for this

purpose. We then proceed to a discussion of the adaptive algorithm in Section 5.5, highlighting

the differences between this procedure and the equivalent procedure for the product-based

goal-oriented strategy of the previous chapter. This is followed by a description of our

implementation in Section 5.6. We complete the chapter by providing numerical results that

are designed to compare the dual-weighted residual approach with the approach we described

in the previous chapter.

Finally, Chapter 6 presents concluding remarks, as well as a discussion of possible extensions

to the theoretical results that we have provided throughout this work.
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Chapter 2

Finite Element Algorithms

In the context of general numerical methods, finite element methods are exceptionally popular.

Its versatility in terms of dealing with a vast array of problems posed on complex geometries,

as well as its intuitive representation of the resulting approximation, are among the advantages

noted in [59] and others.

In this chapter, we provide an overview of the standard theory surrounding finite element

methods, and some associated concepts. This will begin with a small amount of theory

concerning Sobolev spaces, following the general ideas presented in [60] and [61], amongst

others. A recapitulation of some of the measure-theoretic ideas can also be found in [62]. From

there, we will discuss finite element methods and their associated algorithms in more detail.

2.1 Fundamentals

We first recall that for p ⩾ 1, Lp(D) is the Lebesgue space containing functions satisfying:

||v||Lp(D) :=

(∫
D
|v(x)|p dx

)1/p

<∞, (2.1)

or alternatively,

||v||Lp(D) := ess sup
x∈D

|v(x)| <∞ (2.2)

for p = ∞. We also may denote theL2 norm by ||·||D, or alternatively, ||·||D1
for some appropriate

subdomain D1 ⊂ D.

11



CHAPTER 2. FINITE ELEMENT ALGORITHMS

Given x = (x1, x2) ∈ R2, we denote the differential operator of a function of two variables,

u(x) ∈ Lp(D), by:

Dau(x1, x2) :=
∂au

∂xa11 ∂x
a2
2

, a1 + a2 = a.

Further, the weak derivative of v ∈ Lp(D), given by w := Dav(x), exists and is well-defined

whenever: ∫
D
u(x)Dav(x) dx = (−1)a

∫
D
w(x)v(x) dx, ∀ v ∈ C∞(D), (2.3)

where C∞(D) refers to the set of infinitely continuously differentiable functions on D, and

C∞(D) refers to the space of functions contained in C∞(D) that also admit compact support

in D. Note that D is well–defined as it is unique, at least for any set with a non-zero Lebesgue

measure. Uniqueness almost immediately follows from the fact that C∞(D) is dense in L2(D)

(see, for example, [63]). Using the above, we define the Sobolev space

H1(D) := {v : D → R : Dav ∈ L2(D), ∀ a ⩽ 1}, (2.4)

and also the space

H1
0 (D) := {v ∈ H1(D) : v|D = 0}. (2.5)

We also have the associated norm for this space

||v||H1(D) :=

∑
|a|⩽1

∫
D
||Dav(x)||2L2(D) dx

1/2

, (2.6)

so that ||v||H1(D) < ∞ whenever v ∈ H1(D). More generally, Sobolev spaces W k,p are defined

by functions v ∈ Lp(D) which satisfy

||v||Wk,p :=
∑
a⩽k

(
||Dav||pLp(D)

)1/p
<∞ (2.7)

for k ∈ N0 and p ⩾ 1, and for the case of p = ∞,

||v||Wk,∞ := sup
a⩽k

||Dav||pLp(D) <∞. (2.8)

It is easily observed that taking k = 0 yields the Lebesgue spaces Lp for each 1 ⩽ p ⩽ ∞.

Further we typically write Hk(D) to describe the case where p = 2 (with the ‘H’ notation being

derived from the fact this special case is also a collection of Hilbert spaces). We can then readily

see that the norm in Definition 2.6 is recovered from taking p = 2 and k = 1.

Let V be a linear vector space over the reals, with norm ||·||V . Then the dual space, V ′ is the set

of all bounded linear functionals on V . In other words,

V ′ := {f : V → R : ∃ C > 0 s.t. |f(v)| ⩽ C||v||V ∀ v ∈ V }. (2.9)

12



2.2. FINITE ELEMENT METHODS

Note that for the Sobolev space H1
0 (D), we will often write the dual space corresponding to

this as H−1(D) (further details with regards to this are available in [60], or alternatively [64]).

2.2 Finite element methods

In the work that follows, we consider a steady-state diffusion problem with homogeneous

Dirichlet boundary conditions. TakeD ⊂ R2 to be a connected, bounded and Lipschitz domain

with boundary defined by ∂D. (If required, a definition of a Lipschitz domain, or domain with

Lipschitz boundary, can be found in [65].) The closure of D will be denoted by D̄ := D ∪ ∂D

where required. Let a(x) be a real 2×2 matrix representing a diffusion coefficient. Also, assume

a scalar force term f(x). Consider the problem

−∇ · (a(x)∇u(x)) = f(x), x ∈ D,

u(x) = 0, x ∈ ∂D.
(2.10)

By employing the usual procedure of multiplying by an arbitrary ‘test’ function, v(x), and

integrating, we obtain

−
∫
D
∇ · (a(x)∇u(x))v(x) dx =

∫
D
f(x)v(x) dx

which, using Green’s first identity, as stated in [66], becomes∫
D
(a(x)∇u(x)) · ∇v(x) dx =

∫
D
f(x)v(x) dx.

Here, we can eliminate the boundary integral, and ensure that the integrals above are bounded

if we choose an appropriate function space, V , for u(x) and v(x). In doing this, we can write

the weak formulation of Problem (2.10), which is given by:

Find u ∈ V := H1
0 (D) such that

B(u, v) = F (v), ∀ v ∈ V, (2.11)

with
B(u, v) :=

∫
D
a(x)∇u(x) · ∇v(x) dx, ∀ v ∈ V,

F (v) :=

∫
D
f(x)v(x) dx, ∀ v ∈ V.

(2.12)

Note that B induces its own norm, known as the energy norm. This is defined by

|||w||| := B(w,w)1/2 =

(∫
D
a(x)|w(x)|2 dx

)1/2

(2.13)
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CHAPTER 2. FINITE ELEMENT ALGORITHMS

We can justify that formulation (2.11) is well-posed using the result below.

Lemma 2.1 (Lax–Milgram Lemma). [67] Suppose that V is a Hilbert space, with dual space V ′, and

that B : V × V → R is a bilinear form. Assume that:

∃ β > 0 s.t. |B(w1, w2)| ⩽ β ||w1||V ||w2||V , ∀ w1, w2 ∈ V, (⋆)

∃ ν > 0 s.t. B(w1, w1) ⩾ ν ||w1||2V , ∀ w1 ∈ V. (⋆⋆)

Then for any F ∈ V ′, we have that ∃! w1 ∈ V such that

B(w1, w2) = F (w2), ∀ w2 ∈ V.

Condition (⋆) is referred to as boundedness, or continuity in some literature, such as [68] and

[14]. Condition (⋆⋆) is a coercivity condition, also referred to as ellipticity (on the space V ).

Recall that for problem (2.11), V = H1
0 (D), and that furthermore, this function space satisfies

the required conditions of the lemma. It therefore follows that, as a result of the above lemma,

our weak formulation admits a unique solution.

Our objective is now to utilise a finite element to approximate the solution to problem (2.11).

In general, we will approximate the solution on a conforming triangulation of the form

T = {K0,K1, ...,K|T|}, where the elements of T are simplicies (or elements) of the triangulation,

and |T| represents the number of elements in the triangulation. While dealing with the

aforementioned conforming triangulation, we define a space of functions, VT , which contains

our finite element approximation.

In this work, we primarily consider variations of the triangulation, T, when obtaining different

finite element approximations for a given problem. Naturally, it is also possible to consider

another approach, where multiple finite element spaces of different polynomial degrees are

utilised for a given triangulation, T [69]. The two approaches are often denoted as the h− and

p−versions of the finite element method (with the use of ‘h’ originating from its historical usage

in denoting element diameters). These two methods can also be combined, in an approach that

is often referred to as the hp−version of the finite element method [70]. Depending on our

preferred method, we may wish to use an alternative notation for the underlying finite element

space, such as VT,p for hp−FEM; however, we are not, in general, considering polynomial

refinements so this is not necessary here.

14



2.2. FINITE ELEMENT METHODS

In this instance, we define VT as a function space consisting of piecewise (with respect to

elements) polynomials of degree p from the larger function space V = H1
0 (D). That is, we

will have a space of the form

VT := S
p
0(T) :=

w ∈ H1
0 (D) : w|K =

p∑
i=0

p−i∑
j=0

αijx1
ix2

j ∀K ∈ T

 , p ∈ N0. (2.14)

We will also define S∞0 (T) to be space of piecewise continuous functions in H1
0 (D) that are

continuous on each K ∈ T. In this framework, we obtain the discretised weak formulation

given below.

Find uT ∈ VT such that

B(uT, vT) = F (vT), ∀ vT ∈ VT ⊂ V. (2.15)

Note that, because VT ⊂ V , we are able to quickly deduce an orthogonality principle. We have

that

B(u− uT, v) = 0, ∀ v ∈ VT. (2.16)

This result is typically referred to as Galerkin orthogonality, and can be used to establish the

quasi-optimality of the solution to (2.15) via the following lemma.

Lemma 2.2 (Céa’s Lemma). [71] Suppose V is a Hilbert space with norm ||·||V , and further, that

B : V × V → V is a bilinear form that is bounded (with constant β) and V -coercive (with constant ν).

Also take F : V → R to be a bounded linear functional. Then, the solution to (2.15) is a quasi-optimal

approximation to the solution of formulation (2.11). That is,

||u− uT||V ⩽
β

ν
||u− v||V , ∀ v ∈ VT. (2.17)

In other words, the above Lemma states that uT is the best available approximation for the

solution to (2.11) in the space VT (up to the constant β/ν). We can also prove a similar result in

the energy norm.

Lemma 2.3. In addition to the result of Lemma 2.2, if the bilinear form B is symmetric, then we have

|||u− uT||| ⩽ |||u− v|||, ∀ v ∈ VT. (2.18)

Proof. Take v ∈ VT . Using Galerkin orthogonality (in particular, B(u − uT, v − uT) = 0 as
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v − uT ∈ VT), followed by the Cauchy-Schwarz inequality, we have

|||u− uT|||2 = B(u− uT, u− uT)

= B(u− uT, u− v) +B(u− uT, v − uT)

= B(u− uT, u− v)

⩽ |||u− uT||| · |||u− v|||.

The result immediately follows.

These results are exceptionally useful as they demonstrate that if ∃v ∈ VT such that ||u− v|| → 0

or |||u− v||| → 0, then the error of our finite element approximation in the corresponding norm

must also tend to zero. Therefore, we cannot have a situation where some other member of VT

becomes arbitrarily close to approximating u unless uT also does this.

Of course, the magnitude of the error in our approximations is a cause of concern, and while the

results presented above are useful, they do not yield a computable quantity that estimates this

error. It transpires that we can typically generate a simple a priori estimate for finite element

approximations, the precise nature of which will depend on the regularity of the problem, and

the degree of polynomials used for approximation. This is the subject of the theorem below.

Theorem 2.4. [14] Suppose that the finite element function space VT consists of polynomial

approximations of degree p. Suppose also that u ∈ V is the solution to problem (2.11) with, at least,

u ∈ Hp+1
0 (D). Let uT ∈ VT be the solution to the discrete problem (2.15).

|||u− uT||| ⩽ Chp||u||Hp+1(D), (2.19)

with C > 0 representing a constant that is independent of the solution u ∈ V , and the polynomial

degree, p ⩾ 1.

A priori estimates of the type above allow us to describe expected rates of convergence for

approximations. This is somewhat useful for practical purposes – for example, testing that

adaptive algorithms (see subsequent sections in this thesis) have the intended convergence

behaviour. However, the precise value of C, and the derivatives of u, are in general, unknown,

and the extent to which they can be immediately controlled via useful bounds is somewhat

limited.
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2.3. ADAPTIVE ALGORITHMS

We therefore want to obtain estimates that are sufficiently useful in determining the magnitude

of the error of our approximation. Furthermore, want to be able to find a way of

generating accurate approximations without any of the required calculations becoming too

computationally expensive. Hence, we turn to the concept of an adaptive algorithm, which

allows us to generate successively more accurate approximations by only the refining parts

of the triangulation, T, which admit the greatest errors. The key to this algorithm will be

suitable a posteriori error estimation techniques which will be discussed extensively in this

thesis; however, in Section 2.3, we will begin to discuss the nature of the adaptive procedures

more broadly.

2.3 Adaptive algorithms

We are given data associated with a problem involving a particular differential equation and a

certain tolerance, tol = ε. Our task is then to find a numerical approximation with an error less

than ε. To begin, we must initialise our algorithm with a starting triangulation, T0, to represent

the geometry of the domain of the problem. From here, the typical procedure invoked in an

adaptive finite element algorithm consists of four different modules, that are repeated in the

following order:

SOLVE → ESTIMATE → MARK → REFINE.

This adaptive loop is repeated until the estimated global error is less than ε. When the

estimated error reaches this critical threshold, the algorithm terminates, and we have our

required approximation. We will proceed to describe the implementation of this in Section

2.7; this section will be dedicated to discussing the theoretical aspects of the adaptive loop.

The purpose of the SOLVE step in our adaptive routine is to compute a finite element

approximation, uT ∈ VT . We have previously discussed relevant function spaces, VT , for a

discretisation associated with a conforming triangulation for the domain, D. In particular, the

space given in definition (2.14) defines finite element spaces that will be utilised frequently in

the discretisations of various problems found in this work.

Figure 2.1 gives us some examples of basis functions that come from this set, in particular. The

approximation uT ∈ VT can be written as a sum of basis, or ‘hat’, functions from VT . Specifically,
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(a) (b)

Figure 2.1: Figures (a) and (b) show examples of linear and quadratic basis functions,

respectively. These basis functions are taken on a reference element with vertices (0, 0), (0, 1)

and (1, 0).

we have a representation of the form

uT =

NT∑
j=1

ujφj , (2.20)

with u ∈ RN representing a vector of coefficients corresponding to the solution of the

underlying problem. The basis functions, φj ∈ VT , are such that

φj(xi) = δij , ∀ xi ∈ NT, (2.21)

where δij is the standard Kronecker delta, and NT represents nodes associated with the function

space VT , with NT := |NT| representing the total number of degrees of freedom. In the

case of piecewise linear approximations, these nodes will be the vertices of each element,

which typically yields 3 degrees of freedom. By contrast, In the case of piecewise quadratic

approximations, these nodes will be the vertices and midpoints of each element, which gives

us 6 degrees of freedom, rather than 3.

This linear system will be of the form Au = F , where A and F represent a stiffness matrix and

right-hand side vector, respectively. These entities are defined by

A = [Aij ] :=

∫
D
(A∇φi(x)) · ∇φj(x) dx ∀ i, j = 1, ..., N, (2.22)

F = [Fj ] :=

∫
D
f(x) φj(x) dx ∀ j = 1, ..., N. (2.23)
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On solving this linear system, we will obtain our approximation, and we will be able to proceed

to the next stage in our algorithm.

The ESTIMATE section is a key part of the adaptive algorithm, and typically provides a dual

purpose. The first objective of the ESTIMATE module is to furnish our algorithm with a way of

determining the global error of our solution. Typically, we will want a global error estimator,

µ, that provides a relationship of the form

C♭µ ⩽ |||u− uT||| ⩽ C♯µ (2.24)

for some C♭, C♯ > 0, so that we have upper and lower bounds for the true error of our

approximation. This estimator is compared with the predefined tolerance value to determine

if the error of our approximation is sufficiently small. If it is, then we will terminate the

algorithm at the end of that particular iteration. If it is not, however, then we will need a

way of determining how to proceed with further iterations. In particular, it is clear that we

will want to adapt our triangulation, T. To do this successfully, we will want to know how the

global error is distributed across the domain.

The leads us to the second purpose of our ESTIMATE module. In addition to a global estimator,

we want to develop local error estimation indicators in order to determine the error associated

with particular edges or elements of our triangulation. Typically, we will denote a local

estimator µK , and the global estimator µ is often related to the local estimators via the definition

µ :=

(∑
K∈T

µ2K

)1/2

. (2.25)

The MARK module is associated with determining which areas of the triangulation T have

error indicators that are ‘sufficiently large’ (typically in comparison to other areas within the

triangulation). We can mark edges or elements, depending on the approach that we took in our

ESTIMATE step, but for now, we will describe the selecting of elements as edge based marking

can be done in a similar way. Typically, in order to do this, we employ a marking strategy

to determine a threshold for which elements need to be marked for refinement. Examples of

possible marking strategies are given in Section 2.5. The end result will be the development of

a marked set, Mk ⊂ Tk (with k denoting the current number of iterations of the adaptive loop)

that will be utilised in the refinement step.

The final stage is the REFINE module. Assuming that we now have a marked set Mk, the
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triangulation Tk is modified to produce a new triangulation, Tk+1. This new triangulation

must maintain certain properties, and we will therefore have to ensure that we refine the

triangulation in an ‘appropriate’ manner. More details on precisely how this might be done will

be given in Section 2.6. Once the triangulation Tk+1 is generated successively, we can proceed

with a new iteration in the adaptive algorithm, following the same four steps as before.

At some point, we will obtain a situation at which our estimated global error µ < ε. It is at

this point that the algorithm terminates, and we will have finally produced an approximation,

uT
∗ ∈ VT

∗, which is estimated to satisfy problem (2.11) within a certain tolerance. In some of

the subsequent Sections in this chapter, we will review key parts of the adaptive algorithm in

more detail.

2.4 An overview of a posteriori error estimation

This section will be presented with the objective of providing an overview of a number of

different a posteriori error indicators that are used in the context of adaptive algorithms for

solving problem (2.11). Recall that we are seeking a situation where relation (2.24) is satisfied.

In this relation, the existence ofC♭ ensures that our estimator, µ, is efficient. This property allows

us to set accurate stopping criteria so that our adaptive algorithms only run for as long as we

require. Perhaps more importantly, the existence of C♯ allows us to show that our estimator is

reliable. If we can demonstrate this property, then we can ensure that the true error decays at

least as quickly (up to a multiplicative constant) as our error estimator.

We may also compute a quantity known as the effectivity index, given by

Θk :=
µk∣∣∣∣∣∣u− u(Tk)

∣∣∣∣∣∣ . (2.26)

(The brackets in the above definition are provided for clarity.) The purpose of this definition

is to yield a practical understanding of how accurately our estimators measure the true error

of our solution. In practice, by calculating per-iteration effectivity indices, we may generate a

sequence

(Θk) = Θ1,Θ2, ....

It is clear that, based on the idea of relation (2.24), we want this sequence, in general, to remain
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bounded as we refine our mesh. In the special case that we have

lim
k→∞

Θk = 1,

we refer to our error estimator as asymptotically exact. In this instance, the error estimate

perfectly estimates the energy of the true error when the mesh size of the triangulation tends

to zero.

2.4.1 Residual-based estimators

The first type of estimator to be considered is a residual-based estimator. This utilises L2-based

representations for error residuals that can be categorised as element-based and edge-based

contributions. In particular, recall the Galerkin orthogonality principle (2.16). This equation

holds for any given v ∈ VT . However, if v ∈ V \ VT , then we are left with a non-zero residual,

denoted R. Specifically, we have

R(uT) := F (v)−B(uT, v), ∀ v ∈ V. (2.27)

Recalling problem (2.11), we can use Green’s first identity in order to integrate by parts. In the

process of doing this, we obtain

R(uT) =

∫
D
fv dx−

∫
D
(a∇u) · ∇v dx

=

∫
D
fv +

∑
K∈T

{∫
K
∇(a∇uT) · v dx−

∫
∂K\∂D

((a∇uT) · nK)v dS

}
,

where nK is the outward unit normal corresponding to the element K ∈ T. We recall

that functions in the space (2.14) are defined in a piecewise manner, which allows for the

possibility that these functions may not be smooth at the edges in our triangulation, E ∈ ET .

Specifically, the integrand contained within the boundary integral above would be different

depending on which element we use to perform the calculation. This explains the reason for

the decomposition of the integral, but we are also required to define a residual jump in order to

ensure that this is well-defined.

For each edge, E ∈ ET , we designate an associated unit normal vector nE (for edges on ∂D,

this must be the outward normal vector). We then define the jump of a function, v ∈ S∞0 (T),

across an edge E ∈ ET , in the direction of its associated unit vector nE , by the following:

JvKE := lim
ξ→0+

v(x− ξnE)− lim
ξ→0+

v(x+ ξnE) ∀ x ∈ E. (2.28)
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We immediately observe that if v ∈ S∞0 (T) and w ∈ C0(D), then, ∀ x ∈ E, we have

JvwKE := lim
ξ→0+

v(x− ξnE)w(x− ξnE)− lim
ξ→0+

v(x+ ξnE)w(x+ ξnE)

= lim
ξ→0+

v(x− ξnE)w(x)− lim
ξ→0+

v(x+ ξnE)w(x)

= wJvKE .

We also notice that for expressions involving normal derivatives, the choice of orientation of the

normal vector for the purposes of calculating the jump of this expression is arbitrary. Indeed,

given v = ∂uT/∂nE , we have

JvKE = lim
ξ→0+

∂uT
∂nE

(x− ξnE)− lim
ξ→0+

∂uT
∂nE

(x+ ξnE)

= lim
ξ→0+

∂uT
∂(−nE)

(x− ξ(−nE))− lim
ξ→0+

∂uT
∂(−nE)

(x+ ξ(−nE)).

Applying definition (2.28) to our previous residual calculation (and omitting subscripts for

brevity), we have that

R(uT) =
∑
K∈T

∫
K
(fv +∇ · (a∇uT)) v dx+

∑
E∈ET

∫
E

a

2

s
∂uT
∂n

{
v dS.

This can be written in the form

R(uT) =
∑
K∈T

∫
K
rK(uT)v dx+

∑
E∈ET

∫
E
jK(uT)v dS, (2.29)

with element-based and edge-based residuals defined as

rK(uT) := f +∇ · (a∇uT),

jK(uT) :=


a

2

s
∂uT
∂n

{
, ∂K ⊂ ∂D,

0, ∂K ∩ ∂D = ∅.

Following the example of [72], we can define a locally defined per-element residual estimator

by

µK :=

{
h2K ||rK(uT)||2L2(K) +

1

2

∑
E⊂∂K

hE ||jK(uT)||2L2(E)

}1/2

, (2.30)

where hE refers to the length of each edge E ∈ ∂K and hK is the diameter of the element

K ∈ T. The corresponding global error estimator can be defined using definition (2.25). An

upper bound for the error in terms of estimator (2.30) can be deduced using an approach that

invokes the stability of problem (2.11), as well as the notion of quasi-interpolation operators

(see, for example [73]). A lower bound on the error (and hence, efficiency) is established using

basis or ‘bubble’ functions and the regularity of problem (2.11). Using these principles, we

obtain the result below.
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Theorem 2.5. [72] Define the average of the scalar force function f across an element as f̄K . Also define

the union of the set of elements sharing an edge with K:

Λ∪
K :=

⋃
K∈ΛK

K, ΛK := {K ′ ∈ T : K ′ ∩K ∈ ET}.

We then have that ∃ C♯, C♭ > 0, dependent only on the shape regularity of the triangulation T and the

definition of B in problem (2.11), that satisfy

|||u− uT|||2 ⩽ C♯
∑
K∈T

(
µ2K + h2K

∣∣∣∣f − f̄K
∣∣∣∣2
L2(K)

)
(2.31)

µ2K ⩽ C♭

||u− uT||2H1(Λ∪
K) +

∑
K′∈ΛK

h′ 2K
∣∣∣∣f − f̄K′

∣∣∣∣2
L2(K′)

 (2.32)

The second term in each of the bracket of the right-hand sides of inequalities (2.31) and (2.32)

are ‘data oscillation’ terms. The upper bound (2.31) is a global estimate for the domain,

D, whereas the lower bound (2.31) is defined at a more local level. Specifically, for each

element, the estimator depends only on that particular element and any elements that are

directly adjacent to it. One important point to note is that the integrals contained within these

estimators may be impossible (or at least computationally expensive) to calculate depending

on the nature of the scalar force function, f . In this case, a suitable quadrature rule may be

utilised.

2.4.2 Hierarchical estimators

Another approach to a posteriori error estimation is to attempt to find a second approximation

to problem (2.11) and then to compare with our initial approximation. In this framework, we

have the discrete formulation (2.15), and a new discrete formulation. We utilise a detail space,

Y, that is a subspace of the original function space that problem (2.11) was posed on, and that

is (near) orthogonal to the finite element space that the original discrete formulation is posed

on. We then define

pVT := VT ⊕Y,

so that we have an enriched space, pVT , that is a direct sum of the original discrete function

space and the detail space. The detail space itself, Y, can consist of higher-order functions,

or functions with piecewise linearity with respect to a uniformly refined triangulation, pT. If

23



CHAPTER 2. FINITE ELEMENT ALGORITHMS

the original finite element space consists of piecewise linear functions, S10(T), then these two

choices will consist of functions from the spaces S20(T), and S10(
pT), respectively. Examples of the

former can be obtained from scaled products of basis functions from S10(T),

ϕi,j := 4φiφj , xi,xj ∈ NE (xi ̸= xj). (2.33)

By construction, ϕi,j(x) ∈ S20(T), and furthermore,

ϕi,j(xk) = δkl, xl =
xi + xj

2
, xk ∈ pNK \ {xl},

ϕi,j(xk) = 0, xk ∈ NE ,

(2.34)

where pNK is the set of midpoints associated with an element,K, which contains the edge, E. In

other words, each ϕi,j satisfies the Kronecker-delta property across a set of element midpoints

and is zero at each node. We then have the formulation on the enriched space:

Find puT ∈ pVT such that

B(puT, pvT) = F (pvT), ∀ pvT ∈ pVT. (2.35)

We can then compute our second approximation on pVT , and compare this with our solution on

VT . To this end, note that VT ⊂ pVT ⊂ V , so that we have the Galerkin orthogonality relation

B(u− puT, pvT) = 0, ∀ pvT ∈ pVT. (2.36)

Recalling |||u|||2 = B(u, u) and assuming that B is symmetric, we have that

|||u− puT|||2 + |||puT − uT|||2 = |||u− uT|||2 (2.37)

via orthogonality. In other words, the true error of our original approximation can be

decomposed into a sum of the error of approximation on pVT and the error reduction achieved

between refinements. It is trivial that equation (2.37) allows us to see that the approximation

puT ∈ pVT is at least as accurate as the approximation uT ∈ VT . We will assume, in fact, that the

approximation on the enriched space is more accurate - that is, that ∃ κ ∈ (0, 1) such that

|||u− puT||| ⩽ κ |||u− uT|||. (2.38)

This condition is known as a saturation assumption, and we can immediately use this in our

work on developing a hierarchical error estimator.
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Our starting point is to prove the equivalence between the true error and error reduction. We

note that equation (2.37) is enough to immediately demonstrate a lower bound for our true

error. Assuming that inequality (2.38) holds, we then have

|||puT − uT||| = (1− κ2)|||u− uT|||.

This yields the two-sided error bound

|||puT − uT||| ⩽ |||u− uT||| ⩽ (1− κ2)−1/2 |||puT − uT|||. (2.39)

We observe that the norm |||puT − uT||| represents the error reduction obtained by refinement,

in the energy norm. From the above, we can conclude that this error reduction represents an

efficient and reliable estimate of the true energy error of our original approximation uT ∈ VT .

Although the error reduction can be used as a hierarchical estimator, the computational

expense associated with this calculation is a significant problem. At each iteration of an

adaptive algorithm, we already calculate uT ∈ VT by virtue of it being our approximation

to the solution of problem (2.11). However, the error reduction also requires us to calculate

the enhanced approximation puT ∈ pVT during each iteration. If possible, we want to avoid

computing this second approximation at each iteration in the algroithm.

One suitable solution to this would be to invoke a hierarchical splitting with near orthogonal

function spaces that satisfy a strengthened version of the Cauchy-Schwarz inequality - namely

(see [74], amongst others), that ∃ λ ∈ [0, 1) such that

|B(uT, vT)| ⩽ λ|||uT||||||vT||| ∀ uT ∈ VT, vT ∈ Y. (2.40)

We proceed by invoking the standard hierarchical approach presented in [75] amongst others.

Let peT ∈ pVT be the unique solution to

B(peT, pvT) = F (pvT)−B(uT, pvT) ∀ pvT ∈ pVT. (2.41)

Via problem (2.35), we have that

B(peT, pvT) = B(puT − uT, pvT) ∀ pvT ∈ pVT. (2.42)

Hence, by taking pvT = peT := puT − uT , it is clear that

B(peT, peT) = |||peT|||2 = |||puT − uT|||2. (2.43)
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In dealing with this setup, we would prefer to have a suitable function, eY ∈ Y to utilise as our

estimator. We can, in fact, project problem (2.41) onto our detail space, Y, in order to define

a modified problem that requires us to find such a function. To be precise, we consider the

problem

Find eY ∈ Y such that

B(eY, vY) = F (vY)−B(uT, vY) ∀ vY ∈ Y. (2.44)

There will necessarily be a loss of accuracy in doing this; however, this loss in accuracy is

captured by inequality (2.40), as the following result shows. This then leads us to the key result

for our hierarchical estimator.

Theorem 2.6. Suppose that the saturation assumption given in inequality (2.38) holds, and that we

also have the strengthened Cauchy-Schwarz inequality (2.40). Further, define eY ∈ Y as the solution to

problem (2.44), and take the error estimate

µ := |||eY|||. (2.45)

Then we have the two-sided error bound

µ ⩽ |||u− uT||| ⩽
1√

1− κ2
√
1− λ2

µ. (2.46)

This theorem yields the efficiency and reliability of estimator (2.45). Note that, unlike with

the previously discussed residual estimator, both bounds presented in the theorem above are

global, and cannot, by themselves, be used as local estimators in the context of the adaptive

algorithm. To fully furnish our adaptive algorithm with the information required for the

estimation stage, further work is therefore needed. In addition, we are still required to solve

linear systems associated with problem (2.44) throughout the adaptive process.

2.4.3 Two-level error estimators

We now briefly discuss a third error estimation technique. This ‘two-level’ error estimation

technique begins with the ideas introduced for hierarchical error estimators, but does not have

all of the problems associated with estimator (2.45). In particular, having observed that estimate

(2.39) provides a hierarchical estimator by itself, we now seek an alternative way of avoiding

the computation of the quantity puT , and having to solve the additional problem (2.41).
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(a) (b)

Figure 2.2: A representation of the idea underpinning inequality (2.47). Figures (a) and (b)

show the nodes associated with linear and quadratic basis functions, respectively

In this case, we would proceed by proving some intermediary results involving upper and

lower bounds on norms involving the numerical solutions in the detail space Y, and orthogonal

projections onto finite element spaces. On doing this, we are able to establish the core

estimation result that we require. This type of strategy goes back to the work found in [76]

and others, typically in the context of boundary integral operators. Since then, this approach

has successfully been applied to finite element analysis in the deterministic setting, and is, in

fact, a special case of the results proved in [54].

Illustrating the final result requires us to describe a few elementary concepts. Let F be the set

consisting of all basis functions from the detail space Y, and define KY > 0 to be a constant

given by:

KY = min{k ∈ N : |{φj ∈ F : int(supp(φj) ∩K) ̸= ∅}|⩽k, ∀K ∈ T|} (2.47)

We also denote the number of basis functions across our entire triangulation as K. Using these

definitions, we now describe the two-level error estimator and the associated bounds using the

following theorem.

Theorem 2.7. Suppose that u ∈ V is the solution to problem (2.11), and that uT ∈ VT and puT ∈ pVT are

the solutions to problem (2.15) and (2.35), respectively. Let φj be basis functions corresponding to this

set F.

Define the estimator

µ :=

√√√√√ |K|∑
j=1

|F (φj)−B(uT, φj)|2∣∣∣∣a1/2∇φj

∣∣∣∣2
L2(D)

. (2.48)
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Then we have that ∃ C > 0, such that

1

KY
µ2 ⩽ |||puT − uT|||2 ⩽ Cµ2, (2.49)

where KY > 0 is as defined in equation (2.47).

This result is exceptionally useful as we can use this to attain a bounds on the error in the

energy norm. In particular, if saturation assumption (2.38) holds, then it follows from equation

(2.37) that
1

KY
µ2 ⩽ |||u− uT|||2 ⩽

C

1− κ2
µ2. (2.50)

We also note that while estimator (2.48) is a reliable and efficient global estimator, we can also

use this for local error estimation. We observe that this estimator includes all basis functions

for each element for a given triangulation. In principle, we can modify the estimator (2.48) so

that it only corresponds to basis functions associated with local refinement of, say, a given edge

in the triangulation, taking each per-function contribution:

µj :=
|F (φj)−B(uT, φj)|∣∣∣∣a1/2∇φj

∣∣∣∣
L2(D)

, ∀ j = 1, ..., |K|. (2.51)

Given the skeleton (or set of edges), E , we can, for edges, Ei ∈ E , write a direct sum of the form:⊕
i:Ei∈E

FEi = F,

where FEi correspond to basis functions from the detail space Y associated with a particular

edge Ei. Suitable edge indicators can then be written as:

µEi :=

√ ∑
j:φj∈FEi

µ2j , ∀ Ei ∈ E . (2.52)

Local two-sided bounds analogous to estimator (2.48) can then be established. We also note

that element-based indicators can be generated using a similar procedure, and with similar

results. By iterating these ideas, we can obtain estimators and bounds analogous to those in

Theorem (2.7) for arbitrary conforming triangulation obtained as a result of refining the current

triangulation, T.

2.5 Marking strategies

We now turn to marking strategies. In what follows, we will primarily discuss the marking

of elements in a triangulation K ∈ Tk. However, we also note that it is perfectly feasible to
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use edges, E ∈ Ek, for these purposes as well. Let |Tk| represent the number of elements (or

simplicies) in the triangulation at refinement level k. Also let |Mk| be the number of elements

marked for refinement at iteration k.

In terms of what this marking strategy needs to accomplish, it is clear that we want to ensure

through our adaptive process that the error is distributed across the domain roughly evenly.

If it were not, then our calculations may not be particularly efficient, as we will have made

additional calculations in regions of comparatively low error – something which our adaptive

algorithm is attempting to avoid. Therefore, typical marking strategies that we use will attempt

to use some heuristic method of evenly distributing the error as we proceed.

We have multiple examples of choices for our marked set Mk, some of which are more sensible

than others for our purposes. The first (and simplest) example of a possible choice for Mk

would be to select

Mk := Tk. (2.53)

This denotes the marking of every element for refinement - that is, we would perform a global

refinement of our mesh. Even with this choice, we can (eventually) ensure that our global error

decays to a given tolerance. However, this doesn’t really describe an adaptive finite element

method, and we would prefer to have a more competent strategy that allows use to refine our

mesh locally.

One common strategy that can be used for locally refining our triangulation would be a

‘maximum’ strategy. Following the principle set out in [77], we define a parameter θ ∈ (0, 1).

We then select the set

Mk := {K ∈ Tk : µk(K) > θ · max
K∈Tk

µk(K)} (2.54)

The idea of this strategy is that we compare the errors across elements to that of the element

with the largest error. We then mark elements that have an error that is at least some fraction

of the largest error on any element in the triangulation Tk.

We can vary θ in order to control how aggressively we want to pursue marking of elements at

each iteration. For higher values of θ, relatively few elements will be marked, and as θ → 1,

the number of elements marked will decrease towards 1 (the element with the largest error

indicator). Conversely, for lower values of θ, more elements will be marked at each iteration,
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and in the limiting case θ → 0, we have

lim
θ→0

|Mk| = |Tk|,

so that this strategy begins to resemble uniform refinement for small θ.

We can also attempt to define our marked set more explicitly on the principle of distributing

the error evenly. This yields the ‘equidistribution’ strategy, which we begin to motivate using

the proposition below.

Proposition 2.8. Assuming that the error was equidistributed (that is, the indicators µk(K) have the

same error), the resulting marked set is of the form

Mk :=

{
K ∈ Tk : µk(K) >

θε√
|Tk|

}
(2.55)

where θ > 0, and ε is a tolerance indicator.

Proof. Assuming the error indicators were equidistributed, we would have that ∃ c > 0 such

that

µk(K) = c, ∀K ∈ Tk.

Squaring both sides and summing over all elements K ∈ Tk, we then have

∑
K∈Tk

µ2k(K) = c2 |Tk|.

Suppose that ε is a desired tolerance for the quantity set out in definition (2.25). We have that

on a triangulation Tk achieving this tolerance,

µ2k(K) =
ε2

|Tk|

from which it follows that we can define a threshold value

µ̄k :=
θε√
|Tk|

for some θ > 0, and mark elements with error larger than this threshold value. The marked set

(2.55) follows.

Thus, the motivation for this strategy is very clear; however, the idea set out in marked set (2.55)

has one major problem. Specifically, the presence of ε means that this set is not invariant under

30



2.5. MARKING STRATEGIES

scaling of the problem. Hence, in practice, a sufficiently small tolerance parameter will lead

to almost every element being marked on coarse grids. A possible modification to set (2.55),

which improves on the above proposition, involves substituting ε for an indicator-dependent

quantity. This yields the marked set

Mk :=

K ∈ Tk : µk(K) > θ

√∑
K∈Tk µ

2
k(K)

|Tk|

 , (2.56)

which represents a more sensible choice for a marking strategy.

We also have the ‘equilibration’ or ‘Dörfler’ marking strategy, presented in [15]. This strategy

involves continuously adding elements K ∈ Tk to the marked set Mk, in order of size, until

such a point that ∑
K∈Mk

µ2k(K) ⩾ θ
∑
K∈T

µ2k(K) (2.57)

holds for some pre-selected θ ∈ (0, 1). Note that while θ takes the same range of values as in

marked set (2.54), increasing and decreasing θ actually has the converse effect – that is, large

values of θ yield a large set Mk and smaller values lead to very few elements being marked.

This method of marking is exceptionally useful as it leads to useful results about convergence

of adaptive algorithms, as mentioned, for example, in [16, 19] and others.

Finally, we have one last possibility for our marked set. We may also choose a percentile-based

‘hybrid’ strategy that can be applied in conjunction with some of the previously outlined

strategies. The theoretical motivation for such a strategy is not immediately obvious; however,

such a motivation is given in [72] for a phenomenon that can occur in many convection

dominated problems amongst others.

In these problems, it will be the case that there are some elements with smaller errors, and some

elements of large errors, as in other scenarios; however, there may also be a very small number

of elements with errors of an even greater order of magnitude. The result of this is that while

we want to refine the elements in the second set (those which still have relatively large errors),

they will not be refined due to the existence of the small number of elements with extremely

large errors. Clearly, this leads to an inefficiency in our algorithm. To rectify this, we can choose

a parameter ε ∈ (0, 1), although this value will typically be around ε = 0.05. Then define the

marked set as

Mk := M+ ∩M− (2.58)
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(a) (b)

Figure 2.3: Examples of triangulations which are not conforming triangulations. Note, in

particular, the hanging node in example (b).

where
M+ := {K ∈ Tk : ∃ K = {K1, ...,Km} with µk(K) > µk(Ki) ∀Ki ∈ K} ,

m := ⌈|Tk|(1− ε)⌉,

and M− is a marking set obtained from another strategy, such as (2.54), applied to the set

Tk \M+. In other words, we take a small fraction, ε, of the elements with the largest errors and

mark them first, before applying a different marking strategy to the remaining set of elements.

2.6 Mesh refinement

In producing successive triangulations, there are two key features that we need to maintain.

The first of these features is a conforming triangulation – that is, for a given triangulation, T, we

require that the intersection of any two simplicies must be a non-empty ‘sub-simplex’. In 2

dimensions, this will either be a single vertex or a single edge (see Figure 2.3).

Another property of our triangulation that we must control throughout the adaptive process

is the fact that the elements in our triangulation must maintain their shape. We let individual

elements have diameter hK , and we also associate with our elements the quantity ρK , defined

as

ρK = sup {2r : Br ⊂ K},

where Br refers to a ball of radius r. A given triangulation Tk is shape regular, if ∃ ϑk > 0 such

that the quantity

Sk := max
K∈Tk

{
hK
ρK

}
< ϑk.
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(a) (b)

Figure 2.4: Measurements associated with the simplex K1 and degenerate simplex K2. A

triangulation with K2 has lost shape regularity.

In order to maintain shape regularity throughout the entire adaptive algorithm, we require that

the sequence (Sk)
n
k=0 is bounded uniformly by a constant ϑ > 0. In this case, we refer to the

sequence of triangulations (Sk)
n
k=0 as being uniformly shape regular. Practically speaking, this

necessitates that we avoid creating new elements in refined triangulations that are increasingly

long in comparison to their width (see Figure 2.4). We also note that the quantity maxK∈Tk {hK}

is often referred to as the mesh width, or mesh size, of a given triangulation, T.

There are a different ways for us to refine a given element. We will mainly focus on bisection

refinement techniques due to the fact that they are commonly used, and allow for local

refinements without any major difficulties.

To illustrate the idea behind bisection, consider a conforming triangulation Tk, and suppose

that we have an element K ∈ Tk (or an edge belonging to this element) that has been marked

for refinement. We bisect an edge belonging to K by connecting the opposite vertex to the

midpoint of the edge. When we have bisected all of the edges required by our marked set

Mk, we may have hanging nodes left by this process. We therefore complete the procedure by

bisecting edges opposite hanging nodes in order to restore the conformity of the triangulation.

We must be careful as to how we select the edges that we wish to bisect, however. Depending

on our choice of edges, we could potentially continually perform a bisection routine in

such a way that we would lose shape regularity for our triangulations (see Figure 2.5 for a

demonstration).

We must therefore bisect our elements in a way that prevents this from happening. One
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Figure 2.5: A poor choice of edges when bisecting elements during successive iterations can

lead to a loss of shape regularity.

Figure 2.6: The result of a longest edge bisection procedure, assuming that we eventually want

to bisect the red edge. The new vertices and edges we generate in the process are marked in

green.

possible way of resolving any potential issues is by invoking a procedure known as newest

vertex bisection. For this technique, the edge that is subject to refinement is always placed

opposite the newest vertex produced via previous refinement. An initial vertex of each element

in the initial triangulation, K ∈ T0 must be chosen. After this, however, the newest vertex,

and hence, the edge that is selected for refinement, is inherited automatically by this rule. A

comparison between this technique and other mesh refinement methods may be seen in [78].

Note also that this method is always guaranteed to terminate, and that we are never required to

continue bisecting ad infinitum to, for example, resolve issues pertaining to mesh conformity.

For a proof of this, see [79].

Another potential refinement strategy is a method known as longest edge bisection. This

procedure, which is a variant of newest vertex bisection, selects the longest edge in a particular

element to be the refinement edge (and the newest vertex is chosen to be opposite this edge).

The motivation for doing this is that the largest angle within an element will be bisected, and

this in turn will preserve shape regularity in the process.
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A demonstration of a potential outcome from this procedure is given in Figure 2.6. Note that

in this example, the designated edge for bisection for the element K is the diagonal edge. We

must apply the bisection recursively in order to refine edges which are not currently the longest

edge for a given element. Either one, two, or three bisections can be performed in this way.

Work has been done on the complexity and general practicalities of refinement, including the

following result, which gives us an upper bound on the size of the number of elements in our

triangulation after k iterations.

Proposition 2.9. [18] Using a suitably well-defined newest edge bisection process, there exists a

sequence of conforming triangulations T0,T1, ...,Tk that satisfy the property that ∃ C > 0, depending

only on T0 such that

|Tk| ⩽ |T0|+ C
k−1∑
i=1

|Mi|. (2.59)

The above result is useful as it ensures that we can provide some form of control over the

number of elements in a triangulation given a certain number of iterations. We can therefore

guarantee that we will not produce new elements ad infinitum during the refinement step and

we still have a tractable discretisation for our next iteration.

Of course, in order to produce an optimal final triangulation, we must also employ mesh

coarsening routines alongside our refinement procedure (see [17, 18]). There are additional

complications involved with transient problems due to the fact that singularities may not be

located in the same position at different points in the time domain being studied, a point which

is noted in [72] amongst others. Hence, mesh coarsening has seen some usage, particularly in

the context of parabolic problems, for example in [80] and [81]. However, this complicates our

adaptive routine beyond what is necessary for the discussion of the material in this thesis and

is not as important for elliptic problems due to their stationary nature. We will therefore omit

this from the remainder of our discussions.

2.7 Implementation via T-IFISS

In this section, we will briefly discuss the MATLAB-based software T-IFISS (Triangular

Incompressible Flow and Iterative Solver Software), as first presented in [82]. This is a toolbox
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that is designed to solve problems of the form seen in equation (2.10) – that is, two-dimensional

steady-state diffusion problems.

A given test problem is selected, and the algorithm then proceeds to the main driver for these

problems, adiff_adaptive_main. This driver acts as the central part of the adaptive loop, and

all of the major functions required for the different modules in the adaptive algorithm are called

via this script. The script begins with some further initialisation, including the selection of

estimation strategies and initial mesh size, amongst other parameters. After an initial domain

has been generated, we begin with the while loop that contains the core part of the adaptive

algorithm.

As discussed previously, the solution step is implemented first in our adaptive loop. This stage

is implemented in the usual way, with the generating of a linear system to be solved consisting

of the stiffness matrix, A, and right-hand side vector, F . The required entities are computed

locally in a loop over a set of Gaussian points to allow for non-constant diffusion coefficients.

The local contributions to the global matrices and source vector can then be assembled. The

solution is then found by calculating u = A−1F to find the coefficients in representation (2.20).

In the case of linear (P1-based) approximations to the solution of a given problem, we have

a choice of three different estimation strategies. The first strategy is a local hierarchical

error estimation variant that is calculated by using basis functions that have been localised

to sub-elements (elements that would be obtained under uniform refinement) in order to

resolve element-wise residuals. This technique, which is explained further in [83] allows for

a choice of piecewise linear or piecewise quadratic basis functions. This estimation technique

is implemented via the function diffpost_p1_with_p1 or diffpost_p1_with_p2 (dependent

on the choice of basis functions). The implementation of this estimate proceeds by assembling

an element-wise stiffness matrix from sub-element contributions. Following this, per-element

right-hand side vectors are created by comparing element-based and edge-based residuals.

A matrix system is therefore produced, which can be solved to produce element-wise error

estimates.

A second approach that has been employed is a standard global hierarchical estimator (see [75])

that uses piecewise linear basis functions associated with sub-elements. This time, however,

a sparse linear system corresponding to the global residual problem must be resolved. The
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result can then be localised to yield either element-based or edge-based error indicators. The

implementation is contained in the function diffpost_p1_with_p1_linsys.

The final strategy is a two-level error estimate that, at least in the case of piecewise linear

approximations, utilises basis functions associated with edge midpoints of elements in the

triangulation. Like with the previous strategy, we can derive both element-based and

edge-based indicators from this estimation technique, which is performed via the function

diffpost_p1_with_p1_2level. More details on this estimate can be found in [84] and others.

For quadratic (P2-based) approximations to the solution of a given problem, the first of the

above three techniques has typically utilised, except for the fact that the local hierarchical

estimator uses piecewise quartic basis functions corresponding to midpoints of sub-elements.

A two-level error estimation technique for use with quadratic approximations has also recently

been implemented.

After the estimation process has completed, we save the data that has been collected about the

current iteration. In particular, we know the global error estimate at this point in the adaptive

loop, and we can therefore decide to terminate the algorithm if necessary. Following this, the

marking and refinement stages proceed in a way that has been described in Sections 2.5 and

2.6. In the T-IFISS software, the maximum strategy and equilibration (or Dörfler) strategy have

both been implemented. The function marking_strategy_fa contains the marking strategies

and assists us in determining what our marked set Mk will be. The refinement step proceeds

via the function mesh_ref, which uses the longest edge bisection procedure.

If the global estimated error is not below the required error tolerance, we return to the start of

the adaptive loop. If we have achieved the required tolerance, then after some post-processing,

the final data associated with the problem is displayed. This data includes a visualisation of

the solution, and the final estimated error across the domain. We can also see the a plot of the

convergence rate, the final mesh, and other data concerning the solution (for example, time

elapsed or the final estimated energy of the error). A plot of effectivity indices as calculated

using definition (2.26) can also be obtained.
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2.8 Goal-oriented error estimation

We recall the weak formulation that we described using problem (2.11). Specifically, we know

that the solution that u ∈ V satisfies

B(u, v) = F (v), ∀ v ∈ V. (2.60)

Of course, we can solve this problem to obtain the solution u ∈ V ; however, in practice, this

may not be our final objective. Instead, we may be interested in some other quantity that is

related to the solution, but that is not the solution itself. Obviously, if this is the case, we can

simply use the solution from our original problem in order to evaluate the quantity that we

are interested in. That being said, if we have a priori knowledge of the quantity we want to

evaluate, it is sensible to modify our approach in order to obtain an adaptive procedure that

is specifically designed to estimate this quantity to a given accuracy as fast as possible. This is

the purpose of goal-oriented error estimation.

We begin by letting Q(u) describe a solution-dependent, bounded, linear goal functional or

quantity of interest. We assume that, like with the right-hand side functional F , we have

Q : V → R. In general, we have a wide degree of flexibility as to what we want to choose

for our quantity of interest. The mean of a solution over a small region within the domain of

the original problem, for example, is a suitable candidate, and can be written as

Q(u) :=
1

|D0|

∫
D0

u(x) dx (2.61)

for some sub-domain of interest, D0 ⊂ D.

We can also use the goal-oriented framework for point-wise estimation; however, our method

of doing so is not as obvious as in our previous example. Suppose that we want to estimate

solution to our original problem at given point x0 ∈ D. It may be tempting to define a quantity

of interest such as

Q(u) := u(x0). (2.62)

The issue, as noted in [47], is that as a consequence of the Sobolev Embedding Theorem, the

above linear functional is not, in general, bounded. Indeed, we recall from formulation (2.11)

that u ∈ H1(D) = W 1,2(D); however, in 2 or more dimensions, this is insufficient to prove

u ∈ C0(D̄), so the pointwise value u(x0) may not be well-defined. (A more comprehensive
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discussion of the relevant Sobolev inequalities may also be found in [64].) We therefore

introduce the functional

Q(u) :=

∫
D
u(x) · qr(x− x0) dx, (2.63)

where we define

qr(x) :=


C exp

(
|x|2

r2
− 1

)−1

, if |x|< r,

0, if |x| ⩾ r.

(2.64)

We select the constant C in such a way that it satisfies∫
D
qr(x− x0) dx = 1 (2.65)

for a selected radius, r > 0. In practice, there is some flexibility over our choice r; however, we

will not vary this parameter during the experiments presented in later chapters of this work.

The function qr is known as a mollifier, and may be viewed as a weighted average of u over a

neighbourhood of the point of interest, x0. Note that if u is constant in the ball B(x0, r) ⊂ D,

then we have Q(u) = u(x0). Furthermore, we have the property

lim
r→0

Q(u) = u.

Importantly, the newly defined functional (2.63), unlike the quantity (2.62), is now a bounded

linear functional on H1(D) and is therefore a more suitable candidate for our quantity of

interest. There are other compactly supported L2 approximations of the Dirac delta function

that can be utilised in place of definition (2.64), such as the cone described by the function

qr(x) :=


C

(
1− |x|

r

)
, if |x|< r,

0, if |x| ⩾ r.

(2.66)

Again, the constant, C, must be chosen so that condition (2.65) is satisfied. In the case of

definition (2.64), we find thatC ≈ 2.1436
r2

, whereas for definition (2.66), we instead haveC = 3
πr2

.

We note that the mollifier described by definition (2.64) is convenient to use due to its property

of being infinitely smooth. While different approximations of the Dirac delta function can be

utilised, this function is not more difficult to implement than other, simpler alternatives. This

choice is also used in other works pertaining to goal-oriented adaptivity, such as [47], and will

be utilised in later chapters of our work for the purposes of pointwise estimation.

In order to begin with our goal-oriented estimation strategy, we introduce a new problem

formulation that involves this goal functional in our work:
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Find z ∈ V such that

B(v, z) = Q(v), ∀ v ∈ V. (2.67)

We refer to this new problem as a dual problem. The original weak formulation described by

equation (2.60) is often referred to as a primal problem. Of course, this new problem will admit

a new solution, and this new solution is denoted z ∈ V .

Many of the same techniques that we discussed with respect to dealing with problem (2.60) can

also be applied to problem (2.67). We immediately observe, for example, we can write discrete

formulations associated with both of these problems. This yields Galerkin approximations

satisfying

B(uT, vT) = F (vT), ∀ vT ∈ VT ⊂ V,

B(vT, zT) = Q(vT), ∀ vT ∈ VT ⊂ V,
(2.68)

respectively.

At this point, we can use the formulations given in problems (2.67) and (2.68), as well as

linearity of the bilinear form to proceed. Using these, as well as orthogonality, and finally,

the Cauchy-Schwarz inequality:

|Q(u)−Q(uT)| = |B(u, z)−B(uT, z)|

= |B(u− uT, z)|

= |B(u− uT, z − zT)|

⩽ |||u− uT||||||z − zT|||.

(2.69)

Hence, if we can control the error for the primal and dual problems with indicators

|||u− uT||| < µ, |||z − zT||| < η,

then the error in the approximation of our quantity of interest g(u) can be controlled by the

product µη. The three estimators described in Section 2.4 are amongst the techniques that may

be utilised in this framework, with the estimation for the dual problem being done in the same

way as for the primal.

With the solution and estimation steps of our procedure complete, we have a global estimate

for the error in the goal functional. However, if we wish to proceed with an adaptive algorithm,

we still need a marked set that represents elements or edges that will be selected for refinement.

In our case, we now have two different marked sets – one representing our primal problem,
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and the other representing our dual. Suppose that our marked sets for the primal and dual

problems are Mu and Mz , respectively (for brevity, we omit the references to the number of

iterations that we saw in Section 2.5). We require a rule in order to amalgamate these sets to

obtain a single marked set M. To this end, there are a few different sensible choices that we can

make.

The first choice of combining rule is a fairly obvious choice: we simply define M := Mu ∪Mz .

This simple ‘union’ rule is intuitive, although it has the similarly intuitive disadvantage that

there is the potential for over-refinement at each iteration in the adaptive algorithm.

Another potential choice of rule is the ‘aggregation’ rule defined in [85]. This rule is similar to

the union rule above, although it truncates whichever of the two original marked sets is larger

in order to mitigate the potential for unnecessary refinements. The procedure, in full, begins

with us examining whichever of the two marked sets is smaller, defining:

M− =


Mu, |Mu| ⩽ |Mz|

Mz, |Mu| > |Mz|.

Let the remaining set be denoted as M+, and suppose that local error indicators are defined by

ηE for each edge or element E ∈ Mu∪Mz . We now describe a truncated set, M′
+, that satisfies

the following properties:

1. M′
+ ⊂ M+,

2. |M′
+| = |M−|,

3. E ∈ M′
+ =⇒ E+ ∈ M′

+, ∀ E,E+ ∈ M+ s.t. ηE+ > ηE .

We then define M := M− ∪M′
+.

A third possible choice would be a ‘minimum cardinality’ rule, suggested in [50], which

reduces the size of the marked set even further than the aggregation rule. In this instance,

we simply define M := M−; that is, we take whichever of the two sets is smaller to be the

marked set. While this requires disregarding either the primal or the dual problem over a single

iteration, over many iterations of an adaptive algorithm, both the primal and dual problems

will eventually be taken into account as required. It is expected that this may take more
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iterations to accomplish, although the conservative refinement could lead to fewer degrees

of freedom being required to attain a certain tolerance in some cases. After obtaining the

final marked set M, we can proceed to refine the elements within this set as needed, and our

adaptive algorithm proceeds as before.

2.9 Dual-weighted residuals

An alternative to the goal-oriented approach based on the hierarchical products of estimates

is a residual-based approach, as seen in [72, 86] and others. We recall the primal and dual

formulations,

B(u, v) = F (v), ∀ v ∈ V,

B(v, z) = Q(v), ∀ v ∈ V,

and their respective discretisations,

B(uT, vT) = F (vT), ∀ vT ∈ VT ⊆ V,

B(vT, zT) = Q(vT), ∀ vT ∈ VT ⊆ V.

We now observe that for arbitrary ψT ∈ VT , we can use orthogonality to obtain

Q(u− uT) = B(u− uT, z)

= B(u− uT, z − ψT)

= F (z − vT)−B(uT, z − ψT)

= : R(uT)(z − ψT).

(2.70)

The residual R [uT] (·) is a functional V , and can be estimated using a standard residual based

approach (i.e., integrating by parts element-wise, in a similar manner to what is shown in

Section 2.4.1). After doing this, we obtain:

Q(u− uT) = R [uT] (z − ψT)

=
∑
K∈T

(∫
K
(f +∇ · (a∇uT)) (z − ψT) dx−

∫
∂K\∂D

a
∂uT
∂n

(z − ψT) dx

)

=
∑
K∈T

(∫
K
(f +∇ · (a∇uT)) (z − ψT) dx+

∫
∂K\∂D

a

2

s
∂uT
∂n

{
(z − ψT) dx

)
,

(2.71)
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where the jumps J·K are defined as before. By defining appropriate element and jump residuals

as we have done previously, we have:

rK := f +∇ · (a∇uT),

jK :=
a

2

s
∂uT
∂n

{
.

We can then use the Cauchy-Schwarz inequality to obtain

|Q(u− uT)| ⩽
∑
K∈T

ρKωK ,

where ρK are localised residuals, and ωK are associated weights, which are given by:

ρK :=

(
||r||2K + h−1

K ||j||2∂K
)1/2

,

ωK :=

(
||z − ψT||2K + hK ||z − ψT||2∂K

)1/2

,

respectively, where the per-element diameters hK represent scaling factors for the edge

contributions.

There are two things for us to consider in the above calculation. Firstly, we do not know the

true solution z ∈ V , and we must therefore find a way of approximating this. Secondly, as the

function ψT ∈ VT is arbitrary, we must find a sensible choice for this function ourselves.

With respect to approximating z ∈ V , we cannot, for example, choose z ≈ zT ∈ VT due to

orthogonality. Replacing z by zT in equality chain (2.70) leads to the approximation of the error

in the quantity of interest by the residual

R [uT] (zT − ψT) = B(u− uT, zT − ψT)

= F (zT − ψT)− F (zT − ψT) = 0,
(2.72)

rendering the approximation useless. Indeed, we cannot, in general, approximate z by any

function in VT , and we must therefore consider some form of higher-order approximation. This

can typically be a higher-order polynomial (for example, for linear finite elements, we need

at least quadratic-based approximations), or a higher resolution mesh (that is, we can choose

z ≈ pzT ∈ pVT , recalling our work from Section 2.4.3).

Recalling our discussion of error estimation in the non-goal-oriented setting, we recognise that

these approximations may be undesirable due to the high computational expense associated

with them, although this additional cost can often be avoided. In the case where a refinement
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of the spatial mesh is chosen for the purposes of computing an approximation to the dual

solution, we observe that there are no restrictions on the choice of arbitrary function ψ ∈ VT .

Hence, by making the obvious choice ψ := zT ∈ VT , we obtain weights, ωK , that are in terms of

differences pzT − zT . From here, we can apply similar ideas to Sections 2.4.2 and 2.4.3 in order to

generate more easily computable estimates and localised error indicators.

If higher-order polynomials are utilised for the approximation of z ∈ V instead, there are

also options for reducing computational expense. These include calculating a higher-order

polynomial approximation on a coarser grid, qT, in comparison to the original triangulation, T.

For example, if our original dual solution approximation is piecewise linear, we can compute

the residual using the function space S20(
qT), and then perform a defect correction procedure, as

suggested in [86].

With the above noted, we also briefly note the potential exploitation of symmetry while using

this method. In particular, we have, for example:

Q(u− uT) = B(u− uT, z)

= B(u− uT, z − vT)

= B(u, z − vT)

= F (z − vT).

(2.73)

We will discuss the implications of this style of approach, and its role in establishing results

involving primal weights, in Chapter 5.

Finally, we describe the effects of this method on our adaptive algorithm. In practice, we

want to maintain the sharpness of global error estimates if possible. We may therefore want to

place additional consideration on how we proceed after calculation (2.71), and in particular, the

difference between our approach at the global level and at the local level. During the marking

stage, we do not, in general, have the same issues as those encountered with the norm-product

based approach described in Section 2.8. In particular, we note that there are only one set of

indicators, and as a result of this, only one marked set M. We therefore do not require any

additional procedure to combine marked sets with this method. The remainder of the adaptive

algorithm proceeds as we have described previously.
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Chapter 3

Parametric PDEs and Stochastic Collocation

FEM

Previously, we restricted our attention to the deterministic setting in order to describe the

fundamental ingredients of the finite element algorithms that we will be utilising throughout

this work. As we alluded to in our introduction, however, contemporary mathematical

descriptions of various phenomena often now attempt to model uncertainty in some way.

There are multiple reasons for this becoming a topic of greater interest in recent years. On

the theoretical side, a greater understanding of the surrounding subject matter naturally leads

us to use more comprehensive models that incorporate intricacies associated with underlying

phenomena that we are attempting to model. In addition, with improvements to computational

power that have occurred in recent decades, our ability to perform complex calculations has

also increased. As a result of this, practical impediments to solving problems that incorporate

uncertainty have also been significantly reduced.

In order to introduce some form of uncertainty into our models, we are required to formulate

our problem in terms of random variables defined on an appropriate probability space. We

begin this chapter by recalling some of the required probabilistic concepts before introducing

the formulation of our elliptic model problem. Different methods of solving this problem are

then briefly discussed, before we proceed to set up the stochastic collocation FEM framework

that will be of primary interest for the remainder of this thesis.
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3.1 Parametric problem formulation

For the purposes of our work, we will extend problem (2.10) into a settings that admits

parameter-dependent inputs. As before, we will assume D ⊂ R2 to be a connected,

bounded, and Lipschitz domain, with boundary denoted ∂D. We now also introduce a

random (or uncertain) parameter domain, which we define by a finite-dimension hypercube,

Γ =
∏M

m=1[−1, 1].

Following from the standard theory as set out in [87] and others, we denote the probability

space for our problem by (Γ,B(Γ), ρ). Here, ρ : Γ → [0, 1] represents a probability measure

which is absolutely continuous with respect to the Lebesgue measure. We assume that

ρ(y) =
∏M

m=1 ρm(ym), where each ρm constitutes a Borel probability measure on Γm. Each of

the random parameters, ym, is an image of an independent random variable with cumulative

distribution function ρm(ym) and probability density function ϱm(ym) = dρm(ym)/ dym. The

corresponding joint probability density function is denoted by ϱ(y) = dρ(y)/ dy.

The event space, B(Γ), is the Borel σ-algebra for our sample space, Γ; that is, B(Γ) is the

collection of all sets that can be formed on Γ, such that B(Γ) remains closed under complements,

countable unions and countable intersections. Practically speaking, this set represents the set

of all possible events in our sample space, Γ, that we can assign a probability to.

We further define a (possibly non-affine) parameter-dependent diffusion coefficient a(x,y)

which is bounded away from zero and infinity. Specifically, we assume that this coefficient

satisfies the condition that ∃ a♭, a♯ > 0 such that for almost all y ∈ Γ,

0 < a♭ ⩽ ess inf
x∈D

a(x,y) ⩽ ess sup
x∈D

a(x,y) ⩽ a♯ <∞, (3.1)

Here, we denote x := (x1, x2) ∈ D by convention (that is, we omit the reference to x being a

vector) to emphasise the dependence of variables on different random parameter components.

We will consider a parametric model problem which defines u : D × Γ → R as the unique

solution to:
−∇ · (a(x,y))∇u(x,y) = f(x), x ∈ D, y ∈ Γ,

u(x,y) = 0, x ∈ ∂D, y ∈ Γ.
(3.2)

where f ∈ H−1(D) represents a scalar ‘source’ or ‘forcing’ term. This quantity will remain

independent of random parameters as in the previous chapter (although problems involving
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parameter-dependent source terms can be considered, as in [34, 88], amongst others). We also

note that in this formulation, that ∇ := ∇x (that is, that the differentiation associated with this

operator is with respect to the spatial parameters only).

In order to turn this model problem into a weak formulation, we may pursue a similar approach

to the deterministic case; however, problem (3.2) now involves a parameter-dependent domain

that we must contend with. This naturally leads to the consideration of function spaces known

as Bochner spaces.

In a similar manner to [89], we define the Bochner space V := Lp
ρ(Γ;V ) for 1 ≤ p < ∞ by a set

of equivalence classes of functions which satisfy:

||u(x,y)||Lp
ρ(Γ;V ) :=

(∫
Γ
||u(x,y)|| pV dρ(y)

)1/p

<∞. (3.3)

The Bochner norm defined above may also be denoted ||·||V, or by ||·||Γ;V , with the latter

convention carrying over to Bochner-type norms over spaces other than V. We may also

establish a ‘sampled’ weak formulation corresponding to problem (3.2) via integration over

the spatial domain. By viewing the solution as a map u : Γ → H1
0 (D) =: V , we have:

Find uȳ(x) := u(x, ȳ) ∈ V such that∫
D
a(x, ȳ)∇uȳ(x) · ∇v(x) dx =

∫
D
f(x)v(x) dx, ∀v ∈ V, ρ-a.e. in Γ. (3.4)

We can write this in the compact form

Bȳ(uȳ, v) = F (v), ∀v ∈ V, ρ-a.e. in Γ (3.5)

where:
Bȳ(uȳ, v) :=

∫
D
a(x, ȳ)∇uȳ(x) · ∇v(x) dx,

F (v) :=

∫
D
f(x)v(x) dx,

(3.6)

with the ȳ subscript on the bilinear form being used to denote the sampling of the diffusion

coefficient. We denote the energy norm induced by the bilinear form as |||·|||ȳ. Alternatively,

we may integrate over both the spatial and parameter domains to obtain a ‘complete’ weak

formulation. By considering our solution as an element of the Bochner space L2
ρ(Γ;V ) =: V, we

obtain:
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Find u ∈ V := L2
ρ(Γ;V ) such that

B(u, v) = F(v), ∀v ∈ V (3.7)

with:
B(u, v) :=

∫
Γ

∫
D
(a(x,y)∇u(x,y)) · ∇v(x,y) dx dρ(y), ∀v ∈ V,

F(v) :=

∫
Γ

∫
D
f(x)v(x,y) dx dρ(y), ∀v ∈ V.

(3.8)

The bilinear form B induces an energy norm, defined by |||v||| := (B(v, v))1/2. In practice, the

question of which of the above formulations may be useful to us will depend on our strategy

for solving the original problem.

3.2 Numerical methods

How we proceed from the above problem formulation, in terms of the discretisation and other

solution aspects, will in general, depend on the method we choose to solve our model problem.

We will briefly discuss three possibilities, outlining the key ideas and potential advantages and

disadvantages for each.

3.2.1 Monte Carlo methods

Named after the famous casino in the Principality of Monaco, the first method we will describe

is the widely used ‘Monte Carlo’ method, as given in [90] and others. The Monte Carlo method

is a form of stochastic sampling method that relies on utilising the practical implementations

for the underlying deterministic problems. As a result of being a sampling based method, our

natural starting point is the sampled weak formulation given in problem (3.4). It works by

selecting N points, {yn}Nn=1, in order to sample the parameter space Γ, and then producing a

number of simulated outcomes, uN ∈ VN , where the approximation space VN will depend on

the nature of the underlying deterministic problem.

Each simulated solution can be obtained using a standard adaptive finite element method, and

the results can be averaged to obtain the Monte Carlo approximation. Specifically, we will
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obtain an approximation of the form

uN
(
x, {yn}Nn=1

)
=

1

N

N∑
n=1

uN (x,yn), ∀ x ∈ D. (3.9)

An advantage of this method is how easy it is to adapt the underlying deterministic principles

to this scenario. Notably, the underlying code needs little modification to be used for

the required purposes (hence why Monte Carlo methods are often referred to as being

non-intrusive). This advantage makes it both easy to implement, and to parallelise the

computations. In addition, the performance of the Monte Carlo method itself is not dependent

on the dimension of the problem being investigated, and there are no functional dependencies

on parameters. This therefore allows a wide range of applications.

There are, however, some drawbacks to the method, one of which is the slow rate of

convergence. As noted in [91], a typical Monte Carlo methods yield errors of order O(1/
√
N),

which is a consequence of the Central Limit Theorem. Hence, an exceptionally large number

of sample points are required to be assured of accurate solutions. In addition, the information

that is obtained from Monte Carlo methods is not always as useful as we would like to be.

For example, the information that we do obtain is only in terms of statistical moments, such

as an expectation – we do not obtain information about the explicit functional dependence

on the random parameters. Lastly, if we want to estimate a solution given certain values

for our parameters, and these parameter values were not sampled, then a certain amount of

post-processing is required to obtain an estimate which takes time and produces another area

for potential inaccuracies.

Different techniques have been introduced in order to mitigate some of the above issues. One

such way of obtaining improvements over the standard approach is to modify how the sample

points used for representation (3.9) are generated. In particular, we recall that the standard

Monte Carlo method uses samples that are generated entirely randomly. This can be done in

M -dimensions, for example, by taking a random sequence, and constructing vectors by taking

M consecutive terms at a time. However, the randomness that we have by using this approach

often leads to uneven distributions of sample points, as can be seen in Figure 3.1(a).

By contrast, ‘Quasi-Monte Carlo’ methods, as described in [92], use points from so-called

low-discrepancy or quasi-random sequences. Samples generated from these sequences have the

appearance of being random, but the sequences themselves are entirely deterministic, and
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(a) (b)

Figure 3.1: A plot of N = 300 samples produced in the hypercube Γ = [−1, 1]M , with M = 2

for (a) Monte Carlo, and (b) Quasi-Monte Carlo.

chosen to be far more evenly distributed than random sequences. Popular quasi-random

sequences for generating samples include Sobol sequences [93] and Halton sequences [94], the

latter of which has been used to generate the example shown in Figure 3.1(b). We note that

unlike with random samples, the constructions of the quasi-random samples described here

are explicitly dependent on the dimension of Γ. The improved distribution of samples means

that the errors for Quasi-Monte Carlo simulations is typically of order O(ln(N)M/N).

The above convergence result immediately informs us of an important advantage, and a

disadvantage associated with this method. In optimal situations, given the slow growth

of the logarithm, we have an error of O(1/N1−ε) with ε > 0. However, the exponential

dependence on the dimension means that for large M , this ‘asymptotic’ behaviour becomes

insignificant and this method will struggle to outperform standard Monte Carlo procedures

without an exceptionally large number of samples, N . That being said, if we want to refine an

existing approximation by adding more samples, the use of the aforementioned quasi-random

sequences allow us to maintain a favourable distribution across the parameter domain. This

is something that is not achieved by, for example, a uniform lattice, which loses its even

distribution on adding a small number of points, nor by use of random samples, which lack an

even distribution to begin with.
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Other variants and techniques for standard Monte Carlo methods worth mentioning include

‘Multi-level Monte Carlo’ methods (see, for example [27, 95]). These can be used to compute

expectations by utilising random sampling combined with a series of successive discretisations

of increasing precision. In particular, we can define a nested sequence of finite element spaces

V0 ⊂ V1 ⊂ ... ⊂ VL ⊂ V , with approximations ul ∈ Vl for each level of spatial discretisation,

l ∈ {1, ..., L}. By defining u0 := 0, we immediately obtain the telescoping sum:

uL =
L∑
l=1

(ul − ul−1). (3.10)

From the linearity of expectation, we have

E[uL] = E

[
L∑
l=1

(ul − ul−1)

]

=

L∑
l=1

E[ul − ul−1].

(3.11)

Each of the terms in this sum can be estimated by a number of samples corresponding to each

level. We can therefore estimate each of these expectations via

E[ul − ul−1] ≈
1

Nl

Nl∑
n=1

(u
(l,n)
l − u

(l,n)
l−1 ) (3.12)

with the double superscript being used to denote the fact that independent samples are

chosen for each of these levels of approximation. At each level, the number of samples used,

Nl, is optimised in order to reduce the overall computational expense of the calculation in

comparison to basic Monte Carlo methods. In particular, larger quantities of samples are

utilised for coarser spatial meshes, while comparatively few samples are taken at the more

precise levels where, for each sample, the resulting linear system is expensive to solve.

The above concept was originally used in [96] in the context of stochastic ordinary differential

equations. Here, the number of samples at each level was chosen to minimise the variance

of the multilevel estimator, which was then utilised to guarantee an upper bound on the mean

square error on the estimator. In the context of finite element analysis, [95] balances the number

of samples with the resolution of the spatial triangulation at each level in order to equilibrate

the statistical and spatial discretisation errors, respectively. The result is that, for the multilevel

Monte Carlo estimate given in that paper, the optimal number of samples at each level used in

the computation of the estimate is proven to be inversely proportional to a power of the mesh

width.
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3.2.2 Stochastic Galerkin method

The stochastic Galerkin method takes a different approach to what we have just seen. In

particular, rather than being a sampling based method, this is an intrusive method that utilises

a discretisation associated with the complete weak formulation (3.7). In order to motivate the

full discretisation, we note that a useful property of the Bochner space L2
ρ(Γ;H

1
0 (D)) is that it is

isomorphic to the tensorised product H1
0 (D)⊗ L2

ρ(Γ).

For this method, the diffusion coefficient in the bilinear form associated with problem (3.7)

is often taken to be linear, but can depend on an infinite number of parameters in the

parameter domain (as in [54], for example). That is, we can define our parameter space by

the infinite-dimension hypercube Γ := [−1, 1]∞, with the coefficient

a(x,y) = a0(x) +
∞∑

m=1

ymam(x). (3.13)

By doing this, we are required to establish conditions that ensure the convergence of the above

series. In particular, we modify condition (3.1) so that we assume that ∃ a♭, a♯ > 0 such that

0 < a♭ ⩽ a0(x) ⩽ a♯ <∞, (3.14)

with
1

a♭

∞∑
m=1

||am||L∞(D) < 1. (3.15)

Allowing for the possibility of an infinite number of random variables in representation (3.13)

suggests a relaxing of the assumptions implied by the original problem formulation given

in Section 3.1, despite the introduction of conditions (3.14) - (3.15). However, the use of an

affine diffusion coefficient, and the assumption of a bounded parameter space, describe strong

restrictions that preclude the use of, for example, log-normal distributions.

Using the weak formulation (3.7), we can imitate our original idea of constructing a discrete

approximation space by defining this finite element space as VXP := X ⊗ P. In this case,

X corresponds to the spatial discretisation, and follows naturally from the discretisation we

made when defining problem (2.15) in the purely deterministic setting. We also have an

approximation space corresponding to a discretisation for the parameter space; this will be

defined by P, which consists of a finite number of basis functions ξj ∈ P, each of which is a

product of functions from an orthonormal basis of the space L2
ρ[−1, 1].
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We can then obtain a fully discretised version of problem (3.7). We have the following

formulation:

Find uXP ∈ VXP such that

B(uXP, vXP) = F (vXP) ∀ vXP ∈ VXP ⊂ V. (3.16)

for which we will seek a solution of the form

uXP =

NX∑
i=1

NP∑
j=1

uijφi(x)ξj(y). (3.17)

The functions φi represent basis functions in X, and the functions ξj represent basis functions

in P with the total number of degrees of freedom in each case given byNX = |X| andNP = |P|.

We note that the stochastic Galerkin approach allows us to obtain more quantitative and

qualitative information about the solution to the original problem than Monte Carlo methods.

In particular, the stochastic Galerkin method, by construction, reveals information about the

solution’s dependence on random parameters in a way that Monte Carlo methods do not. This

allows us, for example, to evaluate quantities related to the solution which do not directly

depend on statistical moments. Furthermore, if we want precise information about the solution

for given parameter values, we can immediately evaluate the solution at those parameter

values without incurring additional inaccuracies through post-processing.

Another advantage of the stochastic Galerkin framework is that, under certain assumptions

with regards to the regularity of the problems we attempt to solve, we can see quicker

convergence for this method than for Monte Carlo methods. On the other hand, due to the

problem being reformulated as a full discretisation, legacy code for the deterministic case has

to be redesigned for the purposes of this method.

Furthermore, it should be noted that because dim(VXP) = dim(X) × dim(P), selecting a

large number of random variables to represent the parameter domain Γ leads to this method

becoming computationally expensive very quickly. Part of the reason for the computational

expense associated with approximations via this method are the large sizes of coupled linear

systems that need to be solved. The computational time associated with these linear systems

can be reduced, for example, by use of carefully selected truncation pre-conditioners that solve

the underlying systems more efficiently, as discussed in [97].
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We also recall that we assumed a linear diffusion coefficient, as in representation (3.13). This

is a somewhat restrictive condition; however, stochastic Galerkin FEM based approximations

involving arbitrary diffusion coefficients are often very expensive to compute. That being said,

some progress has been made for problems involving non-affine coefficients. For example,

tensor decompositions have been successfully used in [98] to make problems involving

log-normal diffusion coefficients tractable, while more general forms of the coefficient are

considered in [99].

3.2.3 Stochastic Collocation method

The final method that we will review for the purposes of solving our original problem will be

a stochastic collocation method, as previously described in [30, 29, 37]. Like the Monte Carlo

method, this approach also proceeds along the lines of a spatial semi-discretisation, following

from problem (3.4). However, we then use a grid of sample points to seek a solution uXP ∈

VXP ⊂ X⊗P, that has explicit functional dependence on the random parameters.

In particular, let X be a standard finite element approximation space, and let P := P(Γ), a

polynomial-based subspace of L2
ρ(Γ). After a spatial semi-discretisation of problem (3.4), we

are tasked with finding uX : Γ → X such that∫
D
a(x,y)∇uX(x,y) · ∇vX(x) dx =

∫
D
f(x)vX(x) dx, ∀ vX ∈ X (3.18)

almost everywhere in Γ. Note that unlike with the stochastic Galerkin method, we retain a

truncated parameter space of the form Γ = [−1, 1]M . We then consider a number of sample

points (or collocation points) within the parameter space Γ, defined by the set Y = {y1, ...,yN}.

This will enable us to construct an approximation of the form

uSC(x,y) :=
∑
ȳ∈Y

uȳLȳ(y) (3.19)

with the Lȳ representing elements of an appropriate set of polynomials, P(Γ) ⊂ L2(Γ), that

have the property that uX(ym) ∈ X solves problem (3.18) with y = ym.

There are advantages associated with the stochastic collocation framework that distinguish it

from both of the previous two methods. Firstly, this collocated-based approach is immediately

amenable to the idea of obtaining full approximations to our original problem, with arbitrary
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diffusion coefficients. The other methods we have described can also be used with non-affine

diffusion coefficients; however, in the case of stochastic Galerkin methods, some novelty

is typically required in order to make the resulting calculations tractable. Furthermore,

with stochastic collocation FEM, we obtain an approximation that has explicit functional

dependence on the random parameters involved in our problem, which is not the case with

Monte Carlo methods.

Secondly, due to the fact that we are only required to solve decoupled problems that are

deterministic in nature, we are able to heavily utilise deterministic solvers in a way that we

could not for the stochastic Galerkin implementation. This can also be said of Monte Carlo

methods; however, as noted in [37], the stochastic collocation method allows for the possibility

of exploiting the regularity of the solution (with respect to random variables) to yield much

faster convergence rates in certain cases.

However, there is some cause for concern with respect to our choice of samples within the

parameter domain. In particular, we could choose a series of points on the interval [−1, 1] and

then tensorise this across a finite dimensional truncation of the parameter space Γ. The issue

with this approach is the so-called curse of dimensionality. Simply taking a tensor grid in this

manner leads to the number of sample points in the resulting grid increasing exponentially

with the dimension, M , of the truncated parameter space. This then presents significant

problems with respect to computational expense. More recently, alternative strategies for

generating sample points are utilised, particularly those that incorporate a sparse grid structure,

as introduced by [32]. In the sections that follow, we will describe this sparse grid, as well as

the resulting interpolant that constitutes our approximation to the solution of problem (3.4).

3.3 Sparse grid interpolation

Having outlined three key approaches to solving our parametric PDE problem, we noted that

in the case of the stochastic collocation method, we could exploit a sparse grid structure to

construct an interpolant-based approximation. Of course, sparse grids have been utilised in

various scenarios prior to their usage in the stochastic collocation FEM setting. For example,

sparse tensor products have seen use in finite element methods for problems with multiple

scales in [100], where simulation of the multiscale problem using a coarse finite element
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approximation is used to avoid the requirement for analytical homogenisation. Nevertheless,

in this instance, our objective will be to generate a stochastic collocation FEM approximation by

constructing an interpolant which utilises the nodes associated with sparse grids. We proceed

to outline the details of the construction here, along with some relevant concepts and results

which will be important for the purposes of understanding both the sparse grid structure, and

the resulting approximation.

3.3.1 The Smolyak sparse grid interpolant

We begin with some notation conventions for vectors in RM . Firstly, for two vectors, uuu,vvv ∈ RM ,

we denote:

uuu ⩾ vvv ⇐⇒ uk ⩾ vk, ∀k ∈ {1, ...,M},

and use the analogous convention for strict inequality. In addition, given uuu,vvv,www ∈ NM we

introduce the similar notation
www∑

uuu=vvv

:=

w1∑
u1=v1

...

wM∑
uM=vM

with other operators and operations defined similarly. We also use the absolute value to denote

the sum of components of a vector; that is, we set

|uuu| = |u1 + u2 + ...+ uM |, ∀ u ∈ RM

Lastly, we say that a set, I ⊂ RM , is monotonic, or downward-closed, if

iii ∈ I =⇒ iii− eeek ∈ I, ∀ k ∈ {1, ...,M} with ik > 1.

where eeek ∈ NM is the usual elementary basis vector corresponding to dimension k ⩽ M .

Now, recall that our problem involves a parameter space described by the M -dimensional

hyper-cube:

ΓM :=
M⊗

m=1

Γm = [−1, 1]M .

In order to construct our interpolant in this parameter domain, we use multi-index vectors in

NM ⊂ RM to describe the data points that we use for the interpolation procedure. Define

iii = (i1, ...., iM ) ∈ NM to be multi-indices. We note that ik defines an index in each dimension,

k ∈ {1, ...,M}.

The number of nodes, or collocation points, for each index ik, is determined by pre-defined

rule. Typically, this rule sets the number of nodes according to a strictly increasing function
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mi = m(i) : N → N which satisfies m(0) = 0. Using this rule, we note that for each direction,

k ∈ {1, ...,M}, we can describe a set of points for interpolation using the set:

Y ik := {y(ik)1 , ..., y(ik)mik
}.

This leads to a full tensor interpolation operator defined by:

(U i1 ⊗ ...⊗ U iM )[u](y) :=

mi1∑
j1=1

...

miM∑
jM=1

u(y
(i1)
j1

, ..., y
(iM )
jM

)(L
(i1)
j1

(y1)× ...× L
(iM )
jM

(yM )), (3.20)

where L(i)
j is a Lagrange polynomial of degree mi − 1 satisfying the usual Kronecker delta

property L
(i)
j (y

(i)
l ) = δjl, ∀ j, l ∈ {1, ...mi}. Using our previously described conventions for

collating indices, we can write the above in a more compact form:

M⊗
k=1

U ik [u](y) =

miii∑
jjj=111

u(y
(iii)
jjj )

(
M∏
k=1

Lik
jk
(yk)

)
(3.21)

(In a similar fashion, miii refers to a vector consisting of element-wise evaluations of the entries

in iii ∈ NM .) It is clear that the above operator requires us to use the set of nodes YM :=
∏M

k=1 Y
ik

which leads to |YM | =
∏M

k=1mik different function evaluations. It is clear that this set,

and the corresponding number of function evaluations, will grow rapidly with the number

of dimensions, M . Hence, due to the associated computational expense, we want to avoid

calculations involving this set of nodes.

An alternative to the above approach is Smolyak sparse grid interpolation [32], which uses

a linear combination of products, but considerably fewer points for interpolation. This

is achieved by describing a framework of hierarchical surplus operators constructed from

one-dimensional Lagrange basis functions. For a given index in a single dimension, i ∈ N,

we define:

∆i = U i − U i−1, ∀ i ∈ N (3.22)

with

U i :=


mi∑
j=1

u(y
(i)
j )L

(i)
j (y), i ∈ N

0, i = 0.

(3.23)

Then, with an index set I ∈ NM , containing indices iii = (i1, ..., iM ), we may define the operator

∆iii by a tensor product of the one dimensional operators above. Doing this, we have:

∆iii :=
M⊗
k=1

∆ik =
M⊗
k=1

(U ik − U ik−1).
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The above operator has a number of properties, one of which we demonstrate with our next

result:

Lemma 3.1. The operator ∆iii can be re-written as:

∆iii := ∆i1 ⊗ ...⊗∆iM

=
∑

ααα∈{0,1}M
(−1)ααα(U i1−α1 ⊗ ...⊗ U iM−αM ).

(3.24)

Proof. This can be demonstrated by induction on the dimension, M . Of course, the case of one

dimension is trivial, but beyond this, we will want to start expanding the surplus operators.

For M = 2, it is clear that

∆iii = ∆i1 ⊗∆i2

= (U i1 − U i1−1)⊗ (U i2 − U i2−1)

= (U i1 ⊗ U i2)− (U i1 ⊗ U i2−1)− (U i1−1 ⊗ U i2) + (U i1−1 ⊗ U i2−1)

=
∑

ααα∈{0,1}2
(−1)|ααα| (U i1−α1 ⊗ U i2−α2).

Under the assumption that equality (3.24) holds for M , our inductive step proceeds by

calculating:

∆i1 ⊗ ...⊗∆iM+1

=
(
(U i1 − U i1−1)⊗ ...⊗ (U iM − U iM−1)

)
⊗ (U iM+1 − U iM+1−1)

=
∑

ααα∈{0,1}M
(−1)|ααα|(U i1−α1 ⊗ ...⊗ U iM−αM )⊗ (U iM+1 − U iM+1−1)

=
∑

ααα∈{0,1}M
(−1)|ααα|(U i1−α1 ⊗ ...⊗ U iM−αM ⊗ (−1)0 U iM+1)

+
∑

ααα∈{0,1}M
(−1)|ααα|(U i1−α1 ⊗ ...⊗ U iM−αM ⊗ (−1)1 U iM+1−1)

=
∑

ααα∈{0,1}M+1

(−1)|ααα|(U i1−α1 ⊗ ...⊗ U iM+1−αM+1).

This concludes the proof.

Using the above operator and the index set I , we define the Smolyak sparse grid interpolant

by:

SI [u](y) :=
∑
iii∈I

∆iii[u](y). (3.25)
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(a) (b) (c)

Figure 3.2: Representations of index sets I ⊂ N2. In (a), we see I , RI (red) and MI (blue and

red). The index set in (b) is non-monotonic. The index set in (c) represents the nodes that have

to be added to the set in order to make it monotonic.

The set of collocation points associated with the above operator is given by:

Y :=
⋃
iii∈I

(Y i1 × ...× Y iM ) (3.26)

We note here that many sources, such as [101], define a sparse grid setup explicitly using the

level of refinement associated with the index sets. This is a somewhat useful tool for proving

core properties of the index sets and related quantities; however, this is not required for the

purposes of understanding the functioning of the sparse grid. Furthermore, representing the

theory in this way does not help us with the intricacies of adaptive refinement that we will

consider later.

Another index set that we will introduce here, related to

(

I , is the reduced margin set. For a

monotonic index set, I , we define its margin, MI , by

MI := {iii ∈ NM \ I : ∃ k ∈ {1, ...,M} s.t. iii− eeek ∈ I}, (3.27)

and the reduced margin RI by:

RI := {iii ∈ NM \ I : iii− eeek ∈ I, ∀ k ∈ {1, ...,M}}. (3.28)

We give an example of the above definitions in Figure 3.2.

The form of the sparse grid interpolant given with definition (3.25) is a compact representation

of the operator. However, we would prefer this to be written in a more useful form that is
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typical for interpolation operators, and that is easier to construct for practical computations.

The theorem below addresses this subject.

Theorem 3.2. If the multi-index set I is monotonic, then the Smolyak Sparse grid interpolant SI , as

defined in 3.25, may be written as

SI [u](y) :=
∑
mmm∈

(

I

u(ymmm)Lmmm(y), (3.29)

where
Lmmm(y) :=

∑
iii∈I

m(iii)⩾mmm

ciii

(
L(i1)
m1

(y1)× ...× L(iM )
mM

(yM )
)

=
∑
iii∈I

m(iii)⩾mmm

ciii

(
M∏
k=1

L(ik)
mk

(yk)

)
,

with

(

I := {mmm ∈ NM : ∃ iii ∈ I s.t. mmm ⩽ m(iii)},

and

ciii :=
∑

ααα∈{0,1}M
ααα+iii∈I

(−1)|ααα|.

Proof. By definition of our hierarchical surplus operator, we have

SI [u](y) :=
∑
iii∈I

∆iii[u](y).

Having established an alternative representation for the expansion of the surplus operator in

Lemma 3.1, we may write our sparse grid interpolant as:

SI [u](y) :=
∑
iii∈I

∑
ααα∈{0,1}M

(−1)|ααα|
(
U i1−α1 ⊗ ...⊗ U iM−αM

)
[u](y).

We now seek to re-write our double summation. Firstly, we define jjj := iii − ααα with iii ∈ I and

ααα ∈ {0, 1}M . It is at this point that we use the fact that the multi-index set I is monotonic. In

particular, we observe that, provided that iii − ααα ⩾ 111, we have iii ∈ I =⇒ jjj = iii − ααα ∈ I . This

yields the result:

SI [u](y) :=
∑
jjj∈I

∑
ααα∈{0,1}M
ααα+jjj∈I

(−1)|ααα|
(
U j1 ⊗ ...⊗ U jM

)
[u](y).
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Using the form of the full tensor interpolation operator given in definition (3.21), the sparse

grid interpolant is:

SI [u](y) :=
∑
jjj∈I

∑
ααα∈{0,1}M
ααα+jjj∈I

(−1)|ααα|
mjjj∑
mmm=111

u(y
(jjj)
mmm )

(
M∏
k=1

L(jk)
mk

(yk)

)

=
∑
jjj∈I

mjjj∑
mmm=111

∑
ααα∈{0,1}M
ααα+jjj∈I

(−1)|ααα|u(y
(jjj)
mmm )

(
M∏
k=1

L(jk)
mk

(yk)

)

=
∑
jjj∈I

mjjj∑
mmm=111

cjjju(y
(jjj)
mmm )

(
M∏
k=1

L(jk)
mk

(yk)

)
,

with

cjjj :=
∑

ααα∈{0,1}M
ααα+jjj∈I

(−1)|ααα|.

Finally, we swap the order of the sums above:

SI [u](y) :=
∑
mmm∈

(

I

∑
iii∈I

m(iii)⩾mmm

ciii

(
M∏
k=1

L(ik)
mk

(yk)

)
u(y

(iii)
mmm ),

with

(

I := {mmm ∈ NM : ∃ iii ∈ I s.t. mmm ⩽ m(iii)}.

The result follows.

One corollary of the above theorem is that the functions Lmmm ∈ P(Γ) ⊂ L2(Γ) are not only linear

combinations of Lagrange basis functions, but also Lagrange basis functions themselves, in the

sense that they satisfy the Kronecker delta property across collocation points. In particular, we

note that the multi-indices iii ∈ I can correspond to multiple collocation points ȳ ∈ Y ; however,

the multi-index set

(

I is isomorphic to the collocation point set Y (as we will see when discussing

different types of collocation point rule later in this section). The issue of exactness is discussed

in [101] and others, while we have

SI [Ln](y) =
∑
mmm∈

(

I

Ln(ymmm)Lmmm(y) (3.30)

and the trivial result

Ln(y) =
∑
mmm∈

(

I

δmmmnLmmm(y) (3.31)

from which the required result follows.

61



CHAPTER 3. PARAMETRIC PDES AND STOCHASTIC COLLOCATION FEM

Another consequence is the use of the interpolant for the purposes of quadrature formulae.

Define Qi as quadrature formulae derived from integrating the 1D Lagrange interpolant – that

is,

Qi[u](y) :=


mi∑
j=1

u(y
(i)
j )

∫ 1

−1
L
(i)
j (y) dρ1(y), i ∈ N

0, i = 0.

(3.32)

The Smolyak quadrature formula can be given analogously to formula (3.25), so that

Q[u](y) :=
∑
iii∈I

∆iii
Q[u](y) (3.33)

where, in a similar manner to the interpolant, we define the quadrature surplus operator,

∆i
Q = Qi −Qi−1, ∀ i ∈ N. (3.34)

An alternative to the above would simply be to integrate representation (3.29) to obtain the

equivalent formula

Q[u](y) :=
∑
mmm∈

(

I

u(ymmm)

∫
Γ
Lmmm(y) dρ(y). (3.35)

Quadrature-like calculations are useful for calculating moments of the stochastic collocation

FEM approximation. Furthermore, we can use quadrature formulae to approximate other

difficult to compute quantities, which we will see more of in Chapters 4 and 5.

3.3.2 Collocation point indexing rules

Of course, we need to relate the above multi-indices, iii ∈ I and mmm ∈

(

I , to the locations of

collocation points in our M -dimensional hypercube. We recall that in order to do this, we must

introduce a pre-defined rule that defines a strictly increasing function mi = m(i) : N → N.

Suppose that i ∈ N is one of the indices contained in one the multi-indices from the set I .

One possible choice is the rule first described by Leja in [102]. For this rule, we set

mi := i (3.36)

and then, determine the values of nodes using the expression

argmax
y∈[−1,1]

j−1∏
k=1

∣∣∣y − y
(i)
k

∣∣∣. (3.37)
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Sequences of Leja points described using this expression are not, in general, unique. The

maximiser in the above definition does not yield unique values, and the initial starting value,

y
(1)
1 , can be set arbitrarily on the interval [−1, 1]. Hence, we specify an initial value and take the

minimum possible value across all maximisers in order to create a unique sequence. This leads

to the recursive definition

y
(i)
j :=


1, j = 1

min

{
argmax
y∈[−1,1]

j−1∏
k=1

∣∣∣y − y
(i)
k

∣∣∣}, j ∈ {2, ...,mi}.
(3.38)

With quantities uniquely defined by the above definition, we generate a sequence of nested

points with values (to 4 decimal places where appropriate):

y
(1)
1 = 1

y
(2)
j = {1,−1}

y
(3)
j = {1,−1, 0}

... ...

y
(9)
j = {1,−1, 0,−0.5774, 0.6587,−0.8393, 0.8700, 0.3056,−0.3217}

... ...

We also note that the sequence we have described lacks symmetry on the interval [−1, 1],

although the nodes appear to be relatively well-distributed. A version of this scheme that

introduces symmetric points have been described in [103]. In this version, the maximiser given

by expression (3.37) is ignored when k is even, and instead, we set y(i)k := −y(i)k−1. This, of

course, does not comport with definition (3.38), nor is it a Leja sequence more generally.

A key feature of this rule is that we have a nested sequence of points that can be refined by only

adding one node at a time to our interpolant. This can be useful for the purposes of reducing

the number of function evaluations necessary in our sparse grid to achieve a prescribed error

tolerance. However, in comparison to Gaussian-type rules, they do not tend to be particularly

efficient. Work has also been done here to establish results for Leja points with weightings

applied to the maximiser function; that is, the maximiser given by expression (3.37) becomes:

argmax
y∈[−1,1]

√
v(z)

j−1∏
k=1

∣∣∣y − y
(i)
k

∣∣∣ (3.39)

for some continuous, positive weight determined by the function, v : [−1, 1] → R+. The results

of doing this are discussed in [104].
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Another popular choice for the collocation point indexing rule is that which was proposed by

Clenshaw and Curtis [105]. This ‘Clenshaw–Curtis’ rule defines collocation points according to

the roots of Chebyshev polynomials. For this rule, the quantity of collocation points per-index,

mi ∈ N, is given by:

mi :=


i, i = 0, 1,

2i−1 + 1, i ∈ N \ {1}.
(3.40)

The locations of the points are then defined by:

y
(i)
j :=


0, mi = 1, j = 1

− cos

{
π(j − 1)

mi − 1

}
, mi > 1, j ∈ {1, ...,mi}.

(3.41)

Using definition (3.41), we can evaluate the positions of the resulting nodes:

y
(1)
1 = 0

y
(2)
j = {0,−1, 1}

y
(3)
j = {0,−1, 1,−0.7071, 0.7071}

y
(4)
j = {0,−1, 1,−0.7071, 0.7071,−0.9239,−0.3827, 0.3827, 0.9239}

... ...

As with Leja points, the Clenshaw–Curtis scheme produces a nested set of points. This scheme

also provides a clear closed-form expression for the positions of nodes, as opposed to the

iterative formula outlined previously for the Leja points.

The disadvantage of the Clenshaw–Curtis rule is that, as described with definition (3.40), we

are required to double the number of nodes at each level of refinement, which in theory, could

make it harder to fine-tune the number of function evaluations required for a certain error

tolerance. Despite this lack of granularity, however, it has been suggested in [103], as well

as [106], that numerical results for Clenshaw–Curtis points appear to be comparable to those

of Leja points, with slight performance improvements for quadrature-based calculations, and

slight performance degradation for interpolation–based calculations.

3.3.3 An Illustrative Example

We now demonstrate some of the aforementioned concepts with an illustrative example.

Specifically, to connect the ideas involved with the collocation point rules to Theorem 3.2, we

64



3.3. SPARSE GRID INTERPOLATION

Figure 3.3: The locations of the collocation points in this example.

evaluate the Lagrange polynomials Lmmm for a given index set I , with the positions of nodes

determined by the Clenshaw–Curtis rule.

In 2 dimensions (that is, Γ = [−1, 1]2), we take the multi-index set given by:

I = {(1, 1), (1, 2), (2, 1), (3, 1)}. (3.42)

From the definition of the Clenshaw–Curtis scheme, this leads to a set of 7 collocation points

(recalling that for each index, i, in the multi-index, the number of points in that direction is

mi = 2i−1 + 1 whenever i > 1). In particular, using the framework of the representation given

in Theorem 3.2, we calculate that with iii ∈ I defined as above, we have the set:

(

I = {(1, 1), (1, 2), (1, 3), (2, 1), (3, 1), (4, 1), (5, 1)}, (3.43)

which corresponds to the collocation point set:

Y =

{
(0, 0), (0,−1), (0, 1), (−1, 0), (1, 0),

(
− 1√

2
, 0

)
,

(
1√
2
, 0

)}
. (3.44)

We plot these collocation points in Figure 3.3. Applying to the definition of the Lagrange basis

functions, Lmmm, we calculate each of these via:

Lmmm(y) =
∑
iii∈I

m(iii)⩾mmm

ciii

(
L(i1)
m1

(y1)× L(i2)
m2

(y2)
)
. (3.45)

To work out the relevant terms in the summation for each collocation point multi-index,mmm ∈

(

I ,

we construct the following table:
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mmmk ∈

(

I {iii ∈ I : m(iii) ⩾mmmk} ȳ ∈ Y

mmm1 = (1, 1) {(1, 1), (1, 2), (2, 1), (3, 1)} (0, 0)

mmm2 = (1, 2) {(1, 2)} (0,−1)

mmm3 = (1, 3) {(1, 2)} (0, 1)

mmm4 = (2, 1) {(2, 1), (3, 1)} (−1, 0)

mmm5 = (3, 1) {(2, 1), (3, 1)} (1, 0)

mmm6 = (4, 1) {(3, 1)}
(
− 1√

2
, 0
)

mmm7 = (5, 1) {(3, 1)}
(

1√
2
, 0
)

For each of the iii ∈ I , we also require the coefficients ciii, which again, can be calculated using

the definition provided in Theorem 3.2:

iii ∈ I
∑

(−1)|ααα| ciii

iii = (1, 1) (−1)|(0,0)| + (−1)|(0,1)| + (−1)|(1,0)| -1

iii = (1, 2) (−1)|(0,0)| 1

iii = (2, 1) (−1)|(0,0)| + (−1)|(1,0)| 0

iii = (3, 1) (−1)|(0,0)| 1

These coefficients multiply the appropriate products of 1D Lagrange polynomials, L(i)
j , which

are given by:

Basis function L(i)
j (y) Resulting Polynomial Position yj

L
(1)
1 (y) 1 0

L
(2)
1 (y) 1− y2 0

L
(2)
2 (y) y2/2− y/2 -1

L
(2)
3 (y) y2/2 + y/2 1

L
(3)
1 (y) 2y4 − 3y2 + 1 0

L
(3)
2 (y) y4 − y3 − y2/2 + y/2 -1

L
(3)
3 (y) y4 + y3 − y2/2− y/2 1

L
(3)
4 (y) −2y4 +

√
2y3 + 2y2 −

√
2y −1/

√
2

L
(3)
5 (y) −2y4 −

√
2y3 + 2y2 +

√
2y 1/

√
2
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(a) (b)

(c) (d)

Figure 3.4: Representations of some of the calculated basis functions. In (a), (b), (c) and (d), we

have Lmmm1 , Lmmm3 , Lmmm4 and Lmmm7 , respectively.
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Applying all of what we have above, we deduce that:

Lmmm1(y) = c(1,1)

(
L
(1)
1 (y1)× L

(1)
1 (y2)

)
+ c(1,2)

(
L
(1)
1 (y1)× L

(2)
1 (y2)

)
+ c(2,1)

(
L
(2)
1 (y1)× L

(1)
1 (y2)

)
+ c(3,1)

(
L
(3)
1 (y1)× L

(1)
1 (y2)

)
= − 1 + (1− y22) + (2y41 − 3y21 + 1),

= 2y41 − 3y21 − y22 + 1

Lmmm2(y) = c(1,2)

(
L
(1)
1 (y1)× L

(2)
2 (y2)

)
= y22/2− y2/2,

Lmmm3(y) = c(1,2)

(
L
(1)
1 (y1)× L

(2)
3 (y2)

)
= y22/2 + y2/2,

Lmmm4(y) = c(2,1)

(
L
(2)
2 (y1)× L

(1)
1 (y2)

)
+ c(3,1)

(
L
(3)
2 (y1)× L

(1)
1 (y2)

)
= y41 − y31 − y21/2 + y1/2,

Lmmm5(y) = c(2,1)

(
L
(2)
3 (y1)× L

(1)
1 (y2)

)
+ c(3,1)

(
L
(3)
3 (y1)× L

(1)
1 (y2)

)
= y41 + y31 − y21/2− y1/2,

Lmmm6(y) = c(3,1)

(
L
(3)
4 (y1)× L

(1)
1 (y2)

)
= − 2y41 +

√
2y31 + 2y21 −

√
2y1,

Lmmm7(y) = c(3,1)

(
L
(3)
5 (y1)× L

(1)
1 (y2)

)
= − 2y41 −

√
2y31 + 2y21 +

√
2y1.

By inspection, one can readily see that each of these modified Lagrange basis functions does

indeed satisfy the delta property over the 2D collocation point set (3.44).

3.4 Stochastic Collocation FEM

Having discussed the setup of our sparse grid, as well as its corresponding interpolant and

associated basis functions, we now move to describing the broader stochastic collocation

framework. We recall our original formulation given in problem (3.2), as well as the ‘sampled’

weak formulation described by problem (3.4), which introduced a solution as a mapping

u : Γ → H1
0 (D) =: V which satisfies∫

D
a(x, ȳ)∇uȳ(x) · ∇v(x) dx =

∫
D
f(x)v(x) dx, v ∈ V, ρ-a.e. in Γ.
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We know from [30] that the above problem is well-posed and therefore admits a unique

solution for each y ∈ Γ. In particular, this unique solution exists for a prescribed set of

collocation points Y ⊂ Γ. Hence, across our set of collocation points, this represents a series

of distinct, deterministic and decoupled problems that we can discretise and solve in a similar

manner to what was discussed in Chapter 2.

At this stage, we will now explicitly note the dependence of discrete quantities on the different

levels of refinement that are achieved at different iterations within the context of an adaptive

algorithm. In particular, we use the bullet subscript (‘•’) as a placeholder which denotes the

fact that this dependence exists, but that the specific iteration does not affect our calculation.

In doing all of the above, we obtain sampled approximations, denoted by u•ȳ ∈ V•ȳ ⊂ V ,

which for each collocation point ȳ ∈ Y•, solve the deterministic problems:∫
D
a(x, ȳ)∇u•ȳ(x) · ∇v(x) dx =

∫
D
f(x)v(x) dx, v ∈ V•ȳ. (3.46)

Here, the spaces V•ȳ represent finite element spaces associated with the spatial mesh for each

collocation point. In a similar manner to definition (2.14), we set V•ȳ := S
p
0(T•ȳ) for each ȳ ∈ Y•.

For the purposes of this work, we will typically consider the case p = 1 for practical purposes

(that is, piecewise linear finite element approximations); however, many of the ideas discussed

are also implementable for polynomials of higher degree.

Another assumption that we will make is that at a given level of refinement, we will assume

the same triangulation for each collocation point within our set. In other words, we define

T• := T•ȳ and V• := V•ȳ, ∀ ȳ ∈ Y•. Approximations that are based on calculations involving

this assumption are typically called single-level approximations. Again, this assumption is

not strictly necessary within the context of stochastic collocation, and the topic of multi-level

collocation has been studied in [42]; however, for reasons that will be alluded to in Chapter 6,

we do not deem this to be necessary for our work here.

With the above assumption, we can, for each y ∈ Y•, represent the semi-discrete formulation

given by Problem 3.46 in the compact form:

Bȳ(u•ȳ, v•) = F (v•), ∀ v• ∈ V•, (3.47)
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where
Bȳ(u•ȳ, v•) =

∫
D
a(x, ȳ)∇u•ȳ(x) · ∇v•(x) dx,

F (v•) =

∫
D
f(x)v•(x) dx.

Upon solving each of these problems as we did in Chapter 2, we can write our full stochastic

collocation FEM approximation as

uSC• (x,y) =
∑
ȳ∈Y•

u•ȳ(x)Lȳ(y) (3.48)

where, following our discussion of Theorem 3.2, Lȳ(y) ∈ P(Γ) are multivariate Lagrange basis

functions, which satisfy the delta property for our set of collocation points, Y•. That is, we have

Lȳ(ȳ
′) = δȳȳ′ , ∀ ȳ, ȳ′ ∈ Y•, and

uSC• (x, ȳ′) =
∑
ȳ∈Y•

u•ȳ(x)Lȳ(ȳ
′) =

∑
ȳ∈Y•

u•ȳ(x)δȳȳ′ = u•ȳ′(x).

We note the omission of • in our description of the Lagrange basis functions. For the purposes

of our work, this can be done without ambiguity, and it is further understood that these

functions will be dependent on (and often appear in sums over) the underlying collocation

point set, Y•, so that the dependence is described implicitly in any case.

In addition to calculating the solution approximation (3.48), we can also calculate quantities

that are derived from this. The expected value (or mean) of uSC• is given by

E
[
uSC• (x,y)

]
=

∫
Γ

∑
ȳ∈Y•

u•ȳ(x)Lȳ(y) dρ(y)

=
∑
ȳ∈Y•

u•ȳ(x)

∫
Γ
Lȳ(y) dρ(y).

(3.49)

The variance of the approximation is given by

V
[
uSC•

]
:= E

[(
uSC• − E[uSC• ]

)2]
= E

[(
uSC•

)2]− E
[
uSC•

]2 (3.50)

which can be calculated using

V
[
uSC•

]
=

∫
Γ

∑
ȳ∈Y•

u•ȳ(x)Lȳ(y)

2

dρ(y)−

∑
ȳ∈Y•

u•ȳ(x)

∫
Γ
Lȳ(y) dρ(y)

2

=
∑

ȳ,ȳ′∈Y•

u•ȳ(x)u•ȳ′(x)Vȳ,ȳ′
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where

Vȳ,ȳ′ =

∫
Γ
Lȳ(y)Lȳ′(y) dρ(y)−

∫
Γ
Lȳ(y) dρ(y)

∫
Γ
Lȳ′(y) dρ(y).

We can also consider more exotic quantities, such as the expectation of some other feature of

the solution, rather than just the solution itself. This is, of course, a core topic of this thesis, and

we will see much more of this in Chapters 4 and 5.

3.5 Adaptive Algorithms

Naturally, we wish to estimate the error associated with our stochastic collocation FEM

approximation, and use our estimates to drive an adaptive algorithm. This task is now made

more difficult by the fact that we have approximation errors associated with both the spatial

discretisation and the sampling of our parameter domain. If one of these components is of too

great a magnitude, then reducing the errors in the other component will be of little use to us

for the purposes of reducing the total error.

We wish to use our usual adaptive loop in order to drive the errors associated with our

approximation below a prescribed tolerance, tol = ε.

3.5.1 Error Estimation

Having previously discussed aspects of the stochastic collocation FEM approximation, we

begin by discussing approaches to error estimation.

One possible strategy is a residual-based technique, which has been described in [37]. In

Section 2.4.1, we saw how this could be implemented in the deterministic setting. The

hierarchical approach proceeds in a similar manner here, with the main theoretical additions

including the interpolation property associated with the sparse grid interpolant and the

decomposition of integrals into sums over collocation points or indices. The core result that

is established as a result of this is stated below, although it specifically applies to affine

diffusion coefficients (as given in representation (3.13)), rather than the more general diffusion

coefficients that we wish to consider in this framework.
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Theorem 3.3. Let u : Γ → V satisfy the sampled weak formulation (3.4), and let uSC• ∈ V•ȳ ⊗P(Γ) be

the stochastic collocation FEM approximation formed by discrete approximations u•ȳ : Γ → V•ȳ which

solve problem (3.47) for each y ∈ Y•, with Y• computed using the index set I•. Define element-based

and edge-based residuals by:

rK(u•ȳ(x)) := f(x) +∇ · (a(x, ȳ)∇u•ȳ(x))

jK(u•ȳ(x)) :=
a(x, ȳ)

2

s
∂u•ȳ(x)

∂n

{

Then we have that ∃C♯, C♭ > 0, dependent only on the shape regularity of the triangulation T•, such

that for any p ∈ N ∪ {∞}, ∣∣∣∣u− uSC•
∣∣∣∣
V
⩽

1

C2
♭

(C♯µ• + τ•), (3.51)

where

µ• :=
∑
y∈Y•

µ•ȳ||Lȳ(y)||Γ, µ•ȳ :=

∑
K∈T•

µ2•ȳ,K

 1
2

(3.52)

with

µ•ȳ,K := h2K ||rK ||2K +
∑

E⊂∂K

hE ||jK ||E , (3.53)

and

τ• :=
∑

iii∈MI•

∣∣∣∣∣∣∆m(iii)(a∇uSC• )
∣∣∣∣∣∣
Γ;D

. (3.54)

There are a few observations to be made about the above. Each of the µ•ȳ defined in definition

(3.52) are entirely deterministic and adopt the rule of controlling the spatial error for each

collocation point ȳ ∈ Y•, where the norms of the Lagrange basis functions ||Lȳ(y)||Γ act as

weights for these spatial errors. As a result of this, the estimate µ• corresponds to an estimate

for the error in the finite element approximations – that is, it is a measure of the ‘spatial’ error.

By contrast, the τ• corresponds to the error in the stochastic collocation procedure and therefore

corresponds to the error in the parameter domain.

We also note that the components in the expressions for µ•, τ• can easily be used as localised

indicators for the purposes of driving adaptive refinement. In addition, as µ•ȳ,K is specifically

a per-element and per-collocation point quantity, this approach can easily be extended to the

setting of multi–level adaptivity, where different spatial meshes can be used for each collocation

point.
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Finally, in definition (3.54), we observe that the summation over multi-indices only occurs over

the margin, MI• , of the index set I•. This is only made possible by the fact that the diffusion

coefficient has an affine dependence on the random parameters, and represents a significant

drawback with this estimation result. Whether this approach can be adapted to the case of

non-affine diffusion coefficients or not remains an open question.

Another possible approach to error estimation in this framework is a hierarchical framework,

as discussed by [41]. In order to pursue this type of strategy, we want to begin by introducing

some form of enhanced, or refined, solution of our approximation. At this point, however,

there are two different ways we can enhance our solution - we can refine the spatial mesh, as

we did before, or we can refine our sparse grid.

We begin by defining new formulations, we find solutions û•ȳ ∈ pV• and ũ•ȳ ∈ V• which satisfy

the relations:

Bȳ(û•ȳ, v•) = F (v•), ∀ v• ∈ pV• ⊃ V• (3.55)

and

Bȳ(ũ•ȳ, v•) = F (v•), ∀ v• ∈ V•, (3.56)

respectively. In a similar manner as before, equations (3.55) and (3.56) are solved as separate

problems for all collocation points ȳ ∈ Y• and ȳ ∈ Ỹ• ⊃ Y•, respectively. The refined collocation

point set, Ỹ• should be determined by a monotone index set Ĩ• ⊃ I•, for example, Ĩ• := I•∩RI• .

These formulations lend themselves to the refined stochastic collocation FEM approximations:

ûSC• :=
∑
ȳ∈Y•

û•ȳ(x)Lȳ(y), (3.57)

and

ũSC• :=
∑
ȳ∈Ỹ•

ũ•ȳ(x)L̃ȳ(y), with ũ•ȳ = u•ȳ, ∀ ȳ ∈ Y• ⊂ Ỹ•. (3.58)

where L̃ȳ are the Lagrange basis functions corresponding to the new set Ỹ•. Note that, in

general Lȳ(y) ̸= L̃ȳ(y), even for the original set of collocation points Y• ⊂ Ỹ•. We want a way

of accurately representing the difference between discretisation errors for a given spatial mesh

and for the sparse grid utilised for the collocation procedure. We therefore define an enhanced

solution:

uSC⋆ := ûSC• +
(
ũSC• − uSC•

)
. (3.59)

This is immediately useful to us, as it yields the trivial result:

uSC⋆ − uSC• =
(
ûSC• − uSC•

)
+
(
ũSC• − uSC•

)
, (3.60)
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with the first of these brackets representing the a deterministic error component, and the

second bracket representing a stochastic error component. Then, provided that the saturation

assumption, ∣∣∣∣u− uSC⋆
∣∣∣∣ ⩽ κ

∣∣∣∣u− uSC•
∣∣∣∣, (3.61)

holds for some κ ∈ (0, 1), we have that∣∣∣∣u− uSC•
∣∣∣∣
V
⩽

1

1− κ
∣∣∣∣uSC⋆ − uSC•

∣∣∣∣
V

⩽
1

1− κ
(∣∣∣∣ûSC• − uSC•

∣∣∣∣
V
+
∣∣∣∣ũSC• − uSC•

∣∣∣∣
V

)
.

(3.62)

From here, we can then derive estimates for each of the two norms
∣∣∣∣ûSC• − uSC•

∣∣∣∣
V

and∣∣∣∣ũSC• − uSC•
∣∣∣∣
V

. These norms represent estimates for the spatial and parametric components

of the total discretisation error, respectively. Analysis of these norms yields the upper bounds

provided in the theorem below.

Theorem 3.4. Suppose that the stochastic collocation FEM approximations uSC• and ûSC• are given

as in definitions (3.48) and (3.57), respectively. Then we have that ∃ C > 0, depending only on the

regularity of the triangulation T•, such that

µ• :=
∣∣∣∣ûSC• − uSC•

∣∣∣∣
V
⩽
C

a♭

∑
ȳ∈Y•

µ•ȳ||Lȳ(y)||Γ (3.63)

with

µ•ȳ :=

∑
K∈T•

µ2•ȳ,K

1/2

where a♭ > 0 is the constant from condition (3.1), µ•ȳ,K are per-collocation point, per-element two-level

error indicators analogous to those discussed in Section 2.4.3.

Further, suppose that ũSC• is given by definition (3.58). Then we have

τ• :=
∣∣∣∣ũSC• − uSC•

∣∣∣∣
V
⩽

∣∣∣∣∣∣
∣∣∣∣∣∣
∑

iii∈Ĩ•\I•

∑
ȳ∈Ỹ•iii

(u•ȳ(x)− uSC• (x, ȳ))L̃ȳ(y)

∣∣∣∣∣∣
∣∣∣∣∣∣
V

(3.64)

where the set Ỹ•iii is the set of collocation points that are (uniquely) generated by an individual

multi-index iii ∈ Ĩ• \ I•.

Firstly, we briefly note that other types of hierarchical estimation strategies exist and were

discussed in the same paper from which the above result is taken. The two-level error

estimation strategy is of particular significance, however, due to the lack of a requirement of
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solving linear systems resulting from the strategy. We will briefly provide some numerical

comparisons of these different strategies in Section 3.7.

We also observe that these estimates lend themselves to natural indicators that can be used

for local refinement. In the case of the contribution to the error from the parameter domain,

we specifically re-wrote a set of collocation points Ỹ• in terms of the underlying indices which

induce them. The associated summands can then be used as per-index indicators. The sets Ỹ•iii

satisfy

Ỹ• \ Y• =
⋃

iii∈Ĩ•\I•

Ỹ•iii, and Ỹ•iii ∩ Ỹ•iii′ = ∅, ∀ iii, iii′ ∈ Ỹ• \ Y• s.t. iii ̸= iii′, (3.65)

and we will see these again in subsequent chapters of this thesis.

Secondly, we note that the results above, in contrast to the residual estimate given in

Theorem 3.3, apply to non-affine representations of the diffusion coefficient. Furthermore,

as discussed in Section 2.4, hierarchical approaches (including the two-level estimator) have

innate relevance to the concept of reductions in errors yielded by specific local refinements.

This usefulness carries over to the stochastic collocation FEM setting. One potential issue with

this approach that carries over from the deterministic framework is the use of the saturation

assumption (3.61), which is not guaranteed to be satisfied.

With respect to error estimation in general, we also observe, as we did in Chapter 2, that it

is entirely possible to use the ideas of this section to generate indicators associated with both

elements, K ∈ T•, as well as edges, E ∈ E•. That being said, we will typically continue to refer

to indicators and marked sets associated with elements for the theory described in this chapter,

as well as subsequent chapters.

One more thing that we will note is that instead of using the approximation defined by

representation (3.56), we can also define

uSC⋆ := ûSC• − (ũSC•0 − uSC•0 ), (3.66)

where

uSC•0 :=
∑
ȳ∈Y•

u0ȳ(x)Lȳ(y), (3.67)

and

ũSC•0 :=
∑
ȳ∈Ỹ•

ũ0ȳ(x)L̃ȳ(y), with ũ0ȳ = u0ȳ, ∀ ȳ ∈ Y• ⊂ Ỹ•, (3.68)
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so that we are using the coarse mesh T0, rather than T•, to perform these calculations. The

constant, C > 0, in Theorem 3.4, will then depend on the mesh T0 instead. This modification

is easy to implement, and the use of a coarse has the obvious advantage of reducing the

computational expense associated with the calculation.

3.5.2 Marking and Refinement

We now move to the subject of obtaining a marked set for the purpose of refinement. Before

we decide how to generate marked sets, we first need to decide what type of refinement we

wish to pursue; the generation of a marked set of elements, is not necessary, for example, if

we only decide to perform parametric refinement. To this end, we can compare the spatial

and parametric estimates µ• and τ•, and choose to perform spatial refinement if µ• ⩾ τ•, and

parametric refinement if this is not the case.

We note that computing these estimates at each iteration will quickly become computationally

expensive, and we may therefore choose some amalgamation of the local indicators their place

to determine whether spatial or parametric refinement is necessary. In particular, for the

two-level estimate discussed in Theorem 3.4, the upper bounds given by inequalities (3.63)

and (3.64) would be appropriate.

We typically refer to these amalgamations of indicators as ‘indirect’, or ‘cumulative’ error

estimates, to be denoted by µ̄• and τ̄•. These estimates are less computationally expensive

than the corresponding ‘direct’ estimates, µ• and τ•, although they represent coarser bounds,

and are therefore not particularly desirable with respect to being used as part of a termination

criterion.

Having selected whether to pursue spatial or parametric refinement, and after generating

localised per-element spatial indicators µ•ȳ,K , and per-index parametric error indicators τ• iii,

we now must discuss how the generation of the marked sets will function.

In the case of spatial refinement, the per-element indicators µ•ȳ,K can be used to produce

marked sets for each collocation point. we can use the Dörfler marking strategy, or a similar

strategy described in Section 2.5, in order to accomplish this. These sets can then be combined

into a single marked set, xM•, by taking a simple union of all of the marked sets.
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(a) (b)

Figure 3.5: The procedure for refinement of an index set, I using the margin MI . The boxed

indices from the sets RI (red) and MI \ RI (blue) are selected for refinement in (a) and (b),

respectively. Circled indices are not marked, but must be added to obtain the monotonic set Ĩ•.

In the case of parametric refinement, we observe that for both the residual and two-level

approaches, we wrote upper bounds for our parametric errors contributions in terms of indices

from a new index set. Doing this, rather than simply writing these contributions in terms

of collocation points, ȳ ∈ Y•, is critical for the purposes of refinement, as our refinement

procedure does not necessarily add individual collocation points at a time. Instead, this

procedure will consist of adding new multi-indices iii ∈ NM \ I• to our index set to generate

a new monotone index set, Ĩ•, for the next iteration of the adaptive algorithm. We can use the

same strategy that we did for spatial refinement in order to achieve this.

With respect to the practicalities of the refinement step, the refinement of the spatial mesh

was something we discussed in Chapter 2. In particular, we can use longest edge bisection,

or similar variants of newest edge bisection routines, in order to obtain new triangulations,

xT• := refine (T•, xM•). The key observation to make here is that a specific refinement rule is

required in order to obtain a refined spatial mesh. As with the deterministic case, this means

that the refined triangulation will typically contain more elements and/or edges than those

that we marked in the previous step of the algorithm.

On the other hand, if we consider indices from the reduced margin, RI• for marking, the

enrichment of our index set induces no such complications. We can add marked indices from

our index set individually, and the resulting set, Ĩ•, will itself be monotonic. If we were to use
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the full margin, MI• , as is required by the residual-based approach, then we need to introduce

an additional procedure for whenever indices selected for refinement are in the set MI• \RI• in

order to ensure that the new set, Ĩ• := refine (I•,M̃•), remains monotonic. We illustrate this

idea in Figure 3.5.

On refining either the spatial or parametric domains, we can move to the next iteration of

the adaptive algorithm. In the case where we have just performed spatial refinement, we are

required to re-solve problems on the new spatial mesh and proceed from there. Where we

have completed parametric refinement, our next stochastic collocation FEM approximation will

resemble definition (3.58). In particular, as the sets of collocation points that will be utilised

throughout the algorithm are nested, many of the required sampled solutions have already

been computed in the previous iteration. Hence, we are only required to solve problems for

the new set of collocation points ȳ ∈ Ỹ• \ Y•.

We continue through successive iterations, until we arrive at an iteration where we have

calculated a direct error estimate, and this estimate is lower than our stopping criterion. At

this point, we can terminate the adaptive loop and proceed to post-processing without any

further refinements. It is at this stage that we have a final approximation uSC∗ , as well as a

corresponding error estimate that is smaller than the error tolerance that was originally set for

the adaptive process. The key points of the algorithm are summarised in Algorithm 3.1.

3.6 Implementation via a Stochastic Collocation FEM toolbox

We now turn to aspects of implementation via MATLAB. For this, we use the code that was

previously utilised in order to generate results in [41], but has since been modified to create

the Adaptive ML-SCFEM toolbox. Running the software requires us to call the main driver,

singlelevelSC, which contains all of the components in our adaptive loop, and other aspects

of processing that are required to allow our algorithm to function.

We begin our algorithm with an initialisation stage. This is largely accomplished with the

script stochcol_adaptive_global_settings, which allows choices for the type of diffusion

coefficient, random variable, estimation strategy, as well as other features. We set a unit

right-hand side for the purposes of simplicity, although the associated quantity can be modified
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Algorithm 3.1: Stochastic Collocation FEM algorithm
Data: Initial spatial mesh, T0, initial index set I0 = {111}; error tolerance tol = ε; problem

parameters, including marking criteria and a refinement procedure.

Result: Stochastic collocation FEM approximation uSC∗ ; corresponding error estimates

satisfying µ∗ + τ∗ ⩽ ε.

Set iteration counter k = 0; iteration factor l ∈ N.

while µl + τl ⩾ ε do
Obtain the approximations, ukȳ ∈ Vk by solving problem (3.56) for each ȳ ∈ Yk.

For each ȳ ∈ Yk,K ∈ Tk, compute spatial error indicators µkȳ,K , and for each

iii ∈ Ĩk \ Ik, compute parametric error indicators τk iii.

Use the indicators to determine indirect estimators µ̄k and τ̄k.

For each ȳ ∈ Yk, determine the marked spatial set xMk :=
⋃

ȳ∈Yk
xMk,ȳ and the marked

index set M̃k.

if k = jl, j ∈ N then
Compute the direct error estimates µl, τl.

end

if µl + τl ⩾ ε then

if µ̄k < τ̄k then

Define Ik+1 := refine (Ik,M̃k), and set Tk+1 := Tk.

else

Define Tk+1 := refine (Tk, xMk) and set Ik+1 := Ik.

end

Set k → k + 1.;

end

end

Set uSC∗ := uSCl , µ∗ := µl, τ∗ := τl.
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if necessary. After setting the initial mesh and retrieving the initial index set, we proceed to our

first major step of the adaptive loop.

For the solution step, the fact that we are solving distinct, decoupled problems at each

collocation point implies that the solver we used in the deterministic setting can, in no small

part, be repurposed here. Further, the collocation approach lends itself to the parallelisation of

parts of the procedure across the set of collocation points. For the first iteration, this obviously

makes no difference to our calculation, as I0 consists of a single collocation point, but at latter

iterations, it is known that the use of parfor-based statements will yield reductions in CPU

time associated with computationally intensive tasks.

Hence, we run a parallelised code which calls the function stochcol_fem_solver to solve

problem (3.47) at each collocation point, y ∈ Y•. In the same loop, we use the function

stochcol_fem_estimator to provide local estimation of errors associated with each of the finite

element approximations, and generate per-collocation point marked sets associated with the

spatial mesh.

As we do not wish to be restricted to the use of affine diffusion coefficients, Theorem

3.3 is of limited use to us for the purposes of error estimation, and we instead prefer to

proceed with hierarchical strategies. In particular, three different choices of hierarchical

estimation strategy are given in our estimation function, with the implementations for each

of these being described for the deterministic setting in Chapter 2. These strategies, when

applied in the stochastic collocation FEM setting, use the same functions that were utilised

in the T-IFISS toolbox discussed in that chapter. The two-level estimator, which we recall is

implemented via the diffpost_p1_with_p1_2level function, is part of Theorem 3.4, while the

other implemented estimators are also discussed in [41]. These constitute components of the

indirect spatial estimate, which is assembled in the main driver.

The per-index parametric estimates are calculated using information about estimates for

finite element solutions at prospective nodes corresponding to the reduced margin, RI . This

information is computed using a variety of functions, including the solver, and a function for

calculating vectors of multivariate Lagrange polynomials, L̃ȳ, while the indirect estimate itself

is computed in the function stochcol_est_parametric.

The last key estimation function is stochcol_direct_estimator, which is used to compute
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the estimates that will be used to determine whether the stopping criterion has been met. If it

has not, then a refinement of the spatial or parametric domain is computed as required, using

stochcol_mesh_refine or stochcol_get_grid, respectively, in order to achieve this. Then the

adaptive loop continues until the stopping criterion has been met, at which point, a series of

post-processing steps are completed, including the calculation and plotting of the mean and

variance of the final approximation.

While not part of the main driver, the script reference_SC can also be run in order to compute

a ‘reference’ solution that can be used for additional analysis of the performance of our

estimation strategy. We will describe the details of this in the next section.

3.7 Experiments

We conclude this chapter with some illustrative examples that will demonstrate the concepts

that we have described in previous sections of this chapter.

We begin with a simple experiment involving the computing of a stochastic collocation FEM

approximation on a unit square domain, D = (0, 1)2. We set f(x) = 1 in equation (3.4), and let

the diffusion coefficient represent a truncated affine expansion of M = 4 random parameters,

so that

a(x,y) = a0(x) +

M∑
m=1

ymam(x). (3.69)

We must also define the different expansion coefficients, am. Following [107] (and others), we

use coefficients that describe planar Fourier modes of increasing total order, so that a0(x) := 1,

and

am(x) := Am−σa cos (2πβ1(m)x1) cos (2πβ2(m)x2) , m = 1, ...,M. (3.70)

Here, we take

β1(m) = m− k(m)(k(m) + 1)

2
, β2(m) = k(m)− β1(m), (3.71)

with k(m) = ⌊−1/2 +
√
1/4 + 2m⌋. The parameters of this expansion can be varied; however,

for the purposes of this experiment, we set σa = 2, and A = 0.547.

The values above indicate a slow decay of the mode amplitudes, and are common choices, not

least because they can also be used in the stochastic Galerkin FEM setting. Indeed, with these
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values, we know that

A ζ(σa) = 0.547
π2

6
< 1,

where ζ is the Riemann zeta function. This is sufficient to ensure that even condition

(3.14) is satisfied, and that the equivalent problem in the stochastic Galerkin FEM setting

is well-posed with a convergent diffusion coefficient expansion. For this example, the

random variables themselves are assumed to be uniformly distributed, with probability density

function ϱm(ym) = 1/2, for each m = 1, ..., 4.

(a) (b)

Figure 3.6: Diagrams pertaining to the spatial domain involved with the first test problem: the

initial mesh T0 in (a), and the mesh at T20 in (b).

Our spatial error estimation will be done initially with the element-wise residual variant, and

it is from this test that we produce the associated plots in Figures 3.6 and 3.7. The initial spatial

mesh is given in the first of these, consisting of a total of 128 elements, arranged into 16 blocks

of 8 elements each. For the parameter domain, we begin with the collocation point set induced

by the mutli-index set I0 = {111}; that is, Y0 consists of a single collocation point at the origin.

For index sets more generally, we will use the Clenshaw–Curtis rule to determine the number

and location of the resulting collocation points.

We will also adopt Dörfler marking techniques with associated spatial and parametric marking

parameters of θx = 0.3 and θy = 0.3, respectively, with edge-based marking (rather than

element-based marking) for the spatial mesh. We take the iteration factor l = 1 in Algorithm

3.1 to recover more data about the performance of our estimation routine at each iteration, and
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will continue to do so during other experiments.

(a) (b)

Figure 3.7: The mean of the solution for our first test problem in (a), and the final set of

collocation points in the first two dimensions in (b).

We run our algorithm to a tolerance tol = 6e − 3, and obtain an approximation with

estimated error lower than this required tolerance after 25 iterations, at which point, we have

N = 214, 149 degrees of freedom resulting from 32, 456 elements and 13 collocation points.

The adaptive process correctly identifies weak singularities in the corners of the domain,

hence the refinement pattern in Figure 3.6 (b). Furthermore, the final index set, given by

I25 = {(1, 1, 1, 1), (1, 1, 2, 1), (1, 2, 1, 1), (2, 1, 1, 1), (2, 2, 1, 1), (3, 1, 1, 1)}, is indicative of greater

refinement in earlier parameters than in the latter ones (with no refinement at all in parameter

4). Given the form of our diffusion coefficient in representation (3.70), this is entirely expected.

We now turn to the estimates of the errors admitted by our solution. With Figure 3.8 (a), we

highlight the interplay between spatial and parametric refinement. The total indirect error is in

black, with the spatial contribution in blue and the parametric contribution in red. On each of

the five occasions where the parametric contribution to the indirect estimate is greater than the

direct estimate, a single index has been added to our index set, which allows for the associated

error to be decreased further. Meanwhile, Figure 3.8 (b) reveals the importance of estimating

the total error directly, rather than through an indirect procedure involving summation of a

set of indicators. In particular, we see that whenever a parametric refinement occurs, the total

indirect error estimate actually increases at the following iteration. This causes a deterioration
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(a) (b)

Figure 3.8: Error estimates associated with the first test problem: spatial and parametric

contributions to the indirect estimate in (a), and a comparison between direct and indirect

estimates in (b).

in the rate of convergence, and leaves us with a more coarse estimate as a result. The magenta

line that represents the direct error estimate, by contrast, experiences no such deterioration,

reproducing the converge rate of around O(N−1/3) found in [41].

From here, we now seek to examine the performance of the estimator itself, and compare this

with the performance of the two other hierarchical estimation implementations described in

Section 2.7, and later alluded to in Section 3.6. We conduct further experiments with the same

selection of parameters, to the same tolerance.

On comparing the three types of hierarchical spatial estimation, we find that they are

comparable in terms of their performance, although the element-wise residual-based approach

performed more slowly, and required additional degrees of freedom to achieve the required

tolerance, as shown in Table 3.1. The two-level error estimator occasionally requires fewer

iterations to complete, and the lack of a requirement for solving linear systems also assists us

in terms of computational expense.

While requiring fewer iterations could provide advantages in terms of computational expense

over the entire adaptive process, this could also lead to unfavourable consequences. In

particular, if the penultimate step of the adaptive progress leads to an estimate that is just

above the set error tolerance, this could increase the likelihood of more degrees of freedom
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Method Element-wise Assembled Two-level

Error Estimate (Direct) 5.5536e-03 5.1185e-03 5.0220e-03

Degrees of Freedom 214, 149 184, 059 202, 096

Collocation Points 13 17 17

Iterations 25 24 21

Parametric Refinements 5 6 6

Time Elapsed 103.45 sec 83.85 sec 83.98 sec

Table 3.1: Data corresponding to different types of hierarchical estimator after running the first

test problem to a tolerance of tol = 6e− 3.

being required in a solution that does achieve the required tolerance, when compared with

other strategies. Further experiments reveal that this is something that does occasionally

arise in minor modifications of the setup for this test problem (for example, by adjusting the

error tolerance, or aspects of the diffusion coefficient). The error decays associated with this

particular setup are displayed in Figure 3.9 (a).

(a) (b)

Figure 3.9: A comparison of different hierarchical estimation strategies, with estimated errors

in (a) and effectivity indices in (b).

In each case, we also compare the effectivity indices associated with this method. This requires

a comparison between our error estimates and the corresponding ‘true’ error in the Bochner

norm,
∣∣∣∣u− uSC•

∣∣∣∣
V

. In practical applications, we would not compute this ‘true’ error; however,
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we do this here for the purposes of verifying the quality of our estimate. Of course, this is not

something we can calculate per-se, as we do not know the true solution, u ∈ V.

As a substitute for the above, we calculate a proxy of the true error. This is generated using

a reference solution uref ≈ u, which is computed on a finite space that constitutes a uniform

refinement of both the spatial and parametric domains at the final iteration of our adaptive

algorithm. In this case, we utilise a piecewise-quadratic approximation on a uniformly refined

spatial domain, and we add the entire reduced margin to the current index set to get the

reference index set. From this, we obtain a significantly more accurate surrogate approximation

for the true solution such that the relative error admitted by the approximation

∣∣∣∣u− uSC•
∣∣∣∣
V
≈
∣∣∣∣uref − uSC•

∣∣∣∣
V

is sufficiently low at each iteration.

On completing this approximation, and comparing this to our error estimate, we can generate

the effectivity indices given in Figure 3.9 (b). We can see that the effectivity indices produced

by each error estimation strategy are similar, in each case remaining between 1 and 1.5 for the

entirety of the adaptive process. These results appear to be representative of the behaviour

of these estimation strategies, and while minor modifications to this test problem can adjust

the values of the effectivity indices, these modifications not appear to significantly alter the

conclusion that the estimation strategies behave similarly.

For our second experiment, we will look at an aspect of the parametric contribution to our

algorithm, namely the rule for determining collocation points. For this setup, we will introduce

a second test problem, where we maintain our definition of the right-hand side functional from

the previous example, as well as the unit square domain, D = (0, 1)2.

However, we modify our definition of the diffusion coefficient, so that it has a non-affine

dependence on random parameters. In particular, with am defined as in equation (3.70), we

define a quadratic expansion

a(x,y) =

(
a0(x) +

M∑
m=1

ymam(x)

)2

, (3.72)

where we setM = 4, so that our expansion consists of four random variables, as in the previous

example. We now assume that these random variables are distributed according to a truncated
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normal (or Gaussian) distribution, with probability density function

ϱm(ym) :=
σρ√
2π

erf

(
1√
2σρ

)
e
− 1

2

(
ym
σρ

)2

(3.73)

for each m = 1, ...,M . For this example, we set the standard deviation, σρ = 1.

(a) (b) (c)

Figure 3.10: Diagrams computed for the second test problem: the mesh at T20 in (a), and the

final set of collocation points in the first two dimensions for Clenshaw–Curtis points in (b), and

for Leja points in (c).

We mark edges in the spatial setting, using a two-level error estimation strategy. For marking

in the spatial and parametric domains, we retain our Dörfler marking strategy with threshold

parameters θx = 0.3 and θy = 0.3, respectively. We also keep the same initial mesh T0, and the

same initial index set, I0, from our previous example. Our adaptive algorithm was run to the

same tolerance as the first test problem, i.e., tol = 6e− 3.

The mean of the solution to this problem, which we do not plot here, is very similar to our first

problem. We do plot the mesh T20, which is taken from running the adaptive algorithm with

the Clenshaw–Curtis rule being used to determine the quantity and locations of collocation

points. We also plot the final sets of collocation points in the first two dimensions, along with

the set that is obtained after using the Leja rule.

For the Clenshaw–Curtis rule, our adaptive process completed in 154.3 seconds, and yielded

an approximation involving 464, 535 degrees of freedom. By contrast, when using Leja points,

the number of degrees of freedom for the final approximation was significantly higher, at

1, 534, 000, while the process as a whole took 466.0 seconds to run. Both approximations, as

with the previous test problem, exhibited considerable degrees of anisotropy with respect to
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Method Leja Clenshaw–Curtis

Error Estimate (Direct) 5.9093e-03 5.8042e-03

Degrees of Freedom 1, 534, 000 464, 535

Collocation Points 50 27

Iterations 34 21

Parametric Refinements 22 9

Time Elapsed 465.99 sec 154.30 sec

Table 3.2: Data corresponding to different collocation point rules after running the second test

problem to a tolerance of tol = 6e− 3.

the final index sets, with earlier dimensions containing more collocation points than later ones.

We also include additional data concerning the results for our second test problem in Table 3.2.

There are a few observations that we can immediately make about our results. Firstly,

we observe that our adaptive algorithm required additional parametric refinements when

our collocation points were determined via the Leja rule, which is unsurprising as only

a single collocation point is added with each index. The ancillary effect of this is excess

computations are performed with Leja abscissas that in order to motivate the inclusion of

additional quantities of collocation points that would already be generated (albeit in slightly

different locations) by the Clenshaw–Curtis rule. Indeed, running the same experiment for

our first test problem yielded 17 collocation points after 6 parametric refinements in the case

of Clenshaw–Curtis nodes, but in the case of Leja points, 11 parametric refinements (some

involving the addition of multiple indices from the reduced margin simultaneously) were

required to achieve a total of 18 collocation points.

That being said, this is not the only phenomenon that is occurring here, as is demonstrated by

the results corresponding to this second test problem. In particular, for the approximation

that used Leja points, the associated adaptive process not only required more parametric

refinements, but it also resulted in more collocation points in the approximation, despite

the fact that the Clenshaw–Curtis rule, on average, added more collocation points for each

parametric refinement.

Hence, our main conclusion is that, at least for our purposes, increased granularity of Leja
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points did not lead to a decrease in the total degrees of freedom required in an approximation

with an estimated error that was below our tolerance threshold. In fact, surprisingly, the total

degrees of freedom associated with our final approximation was significantly higher than the

equivalent approximation using Clenshaw–Curtis nodes. This is a trend that is replicated with

both of the test problems described, and with minor modifications to each of these.

(a) (b)

Figure 3.11: A comparison of Clenshaw–Curtis nodes and Leja nodes, with estimated errors in

(a) and effectivity indices in (b).

In order to investigate why this appears to be the case, we compare the convergence of the error

estimates using Clenshaw–Curtis and Leja rules. Furthermore, we also compare the effectivity

indices for each of these rules using a reference solution, as previously described for the first

test problem.

Our calculations for the error estimates, given in Figure 3.11 (a), reveal that both rules lead to

the expected convergence rate of O(N−1/3), so that, at the very least, the use of Leja points does

not lead to a deterioration in the order of convergence. However, the error decay associated

with the approximation using Clenshaw–Curtis nodes appears to be more stable, and the error

estimate itself is consistently lower throughout the entire adaptive procedure. Furthermore,

despite the fact that effectivity indices were higher for our approximation using Leja points,

our proxy for the true error associated with the final iteration was 0.005255 to 6 decimal places,

compared with 0.004977 for the Clenshaw–Curtis rule. In other words, the use of Leja points

for the duration of the algorithm did not produce a more accurate numerical approximation,

despite the additional computational expense induced by this choice.
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Finally, we perform some experiments in which we compare the use of the reduced margin with

the full margin to describe the enhanced set of collocation points associated with parametric

marking and refinement. As alluded to in Section 3.6, we typically use the reduced margin for

this purpose, and have done so in our previous experiments; however, we use this opportunity

to investigate whether having access to more collocation points at each refinement step yields

any additional benefit to us. For this, we introduce a third test problem, with an L-shaped

domain, D = (−1, 1)2 \ (−1, 0]2.

We retain the unit right-hand side from our previous test problems, and choose another

non-affine diffusion coefficient. Specifically, we choose the exponential diffusion coefficient

a(x,y) = exp

(
a0(x) +

M∑
m=1

ymam(x)

)
, (3.74)

with, again, M = 4, and the individual coefficient components am defined as in the previous

two examples. We also take the underlying random variables to have uniform probability

distributions.

For the purposes of the adaptive algorithm, we continue with our use of two-level spatial error

estimation, with edge-based marking. We also continue our use of a Dörfler marking strategy

with parameters θx = 0.3 and θy = 0.3. Further, the Clenshaw–Curtis rule will be used with

respect to determining our collocation nodes.

As with all of our previous experiments, we take an initial index set I0 = {111}, and our initial

spatial mesh is a mesh consisting of 96 elements, arranged in blocks of 8 in the same way as the

initial mesh we saw in the previous test problem. In addition to this, we also plot the spatial

mesh, T20, associated with our test involving the reduced margin. For the test involving the

reduced margin, after running our adaptive algorithm with a tolerance tol = 6e − 3, we end

up with the solution plotted in Figure 3.12 (a), which has 137, 790 degrees of freedom associated

with it. By contrast, our approximation with the full margin being used for our enhanced index

set yields a final approximation involving 220, 968 degrees of freedom.

We first note the features associated with our approximation. In particular, most of the heaviest

areas of refinement are located in the corners of the domain, including re-entrant corner, at

the origin. These heavier levels of refinement are entirely expected and are consistent with

deterministic setting, where use of this domain induces similar geometric singularities.
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(a) (b)

(c) (d)

Figure 3.12: Diagrams pertaining to the third test problem: the solution in (a), the spatial

mesh at T20 in (b), and the final set of collocation points in the first two dimensions for

Clenshaw–Curtis points in (c), and for Leja points in (d).
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Method Reduced Margin Full Margin

Error Estimate (Direct) 5.9783e-03 5.9144e-03

Degrees of Freedom 137, 790 220, 968

Elements 23, 386 16, 049

Collocation Points 5 27

Iterations 23 20

Parametric Refinements 2 3

Time Elapsed 69.89 sec 135.45 sec

Table 3.3: Data corresponding to different collocation point rules after running the third test

problem to a tolerance of tol = 6e− 3.

The refinement of the parameter domain, however, is where our results become interesting.

We find that use of the reduced margin results for this problem leads to an index set that is not

particularly developed, with 2 parametric refinements across the adaptive procedure leading

to the final approximation using just 5 collocation points. The approximation involving the full

margin requires a similar number of parametric refinements, but ends up with 27 collocation

points.

We immediately hypothesise that the reason for this is that during some of the marking steps,

we end up marking indices from the margin, which forces us to add additional indices to ensure

that the resulting index set is monotonic. For this setup, this does indeed occur at iteration 19,

where the indices (2, 2, 2, 1) and (2, 1, 2, 1) are added together.

Further experimenting shows that running this comparison with our first setup (that is,

with a square domain and an affine coefficient) yields an even more egregious example, as

indices from the margin are sometimes chosen in such a way that multiple additional indices

from the reduced margin must be added in order to create a monotonic index set at the

next step of the adaptive algorithm. In that specific case, the adaptive algorithm that uses

the reduced margin completes in around 88 seconds, with the final approximation using 17

collocation points. By contrast, the full margin requires 580 seconds to complete, and the

resulting approximation ends up utilising 135 collocation points. The data associated with

this additional sub-experiment is given in Table 3.4.
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Method Reduced Margin Full Margin

Error Estimate (Direct) 5.0220e-03 5.8588e-03

Degrees of Freedom 202, 096 504, 900

Elements 23, 386 7, 266

Collocation Points 17 135

Iterations 15 21

Parametric Refinements 6 5

Time Elapsed 88.33 sec 580.83 sec

Table 3.4: Data corresponding to different collocation point rules after running the first test

problem to a tolerance of tol = 6e− 3.

(a) (b)

Figure 3.13: Error decays corresponding to two test problems: the third test problem, with an

exponential coefficient and an L-shape domain in (a), and the first test problem, with an affine

coefficient and a unit square domain in (b).
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Part of the reason for the additional computational expense of running the adaptive procedure

can be seen when looking at the decay of the estimated error. In Figure 3.13, we plot the

estimated errors associated with the two setups that we have discussed and provided data

for. For both of these cases, and for others, we see evidence of sub-optimal parametric

over-refinement, which leads to a temporary, but significant deterioration in the rate of

convergence. This, in turn, leads to the associated error estimates being much larger for the full

margin, which then clearly has ancillary affects on both the time required to run the algorithm,

and total degrees of freedom in the final approximation.

In this instance, we have revealed the necessity of part of the adaptive strategy described for

the residual estimate in [37]. Where additional collocation points must be added, the adaptive

algorithm as described in this work does not factor in the additional cost of adding further

indices to the approximation. This is not as likely to be an issue when considering only the

reduced margin, as comparatively few indices will be added at a time. This is particularly true

when considering either Leja points, or earlier levels of refinement for Clenshaw–Curtis points.

In the case of the full margin, however, a multi-index outside of the reduced margin may have

a larger contribution to the error estimate, but many collocation points may need to be added

to generate a new monotonic index set. The result of this is that particular indices may not

provide improvements to the approximations that are significant enough, relative to the cost

of adding them, for their addition to be worthwhile. We therefore emphasise that without

some consideration of the per-collocation point profits associated with adding indices, the full

margin should not be used for the purposes of adaptively refining index sets.
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Chapter 4

Goal-Oriented Adaptivity

In the previous chapter, we provided an explanation of the stochastic collocation FEM

process, including the problem setup, the form of the solution, and the associated algorithm.

Furthermore, we provided novel interpretations and proofs of existing results, as well as

examples and experiments which demonstrated the underlying concepts which are utilised in

this process. In Section 2.8, however, we discussed the fact that we may not just be interested in

the underlying solution, but instead, in some underlying quantity of interest, or goal functional,

related to that solution. We then gave an account of the goal-oriented framework in the

deterministic setting. This chapter will be focused on extending goal-oriented error estimates

to the stochastic collocation FEM setting.

We begin by setting out the framework of our problem in the goal-oriented setting. We then

proceed to examine potential approaches to estimation using an enhanced solution splitting

with a view to recovering the product-based estimate from Section 2.8. Ancillary results are

proved in Section 4.2, along with an estimation result that, for reasons we will explain, should

be considered sub-optimal for the purposes of our work. After this, we will introduce the

correction term, as well as the resulting estimation strategy, which will be the main feature of

this chapter.
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4.1 Problem formulation

Naturally, we recognise that we must begin by introducing a goal functional. We assume that

instead of the solution u ∈ V, we seek a quantity dependent on a linear goal functional Q : V →

R. In particular, we assume that like with the deterministic setting, we have a continuous goal

functional Q : V → R, and we then define Q to be the mean value:

Q(u) :=

∫
Γ
Q(u(x,y)) dρ(y). (4.1)

Again, the underlying functional, Q, can be range of quantities, for example, the average of the

solution across the sub-domain, or a flux-based quantity.

Mirroring the complete primal problem (3.7), the linear goal functional Q lends itself to a

complete dual problem, which requires us to find z ∈ V such that:

B(v, z) = Q(v), ∀v ∈ V, (4.2)

where, we recall that

B(v, z) =

∫
Γ

∫
D
(a(x,y)∇v(x,y)) · ∇z(x,y) dx dρ(y)

We also have an equivalent sampled dual formulation, corresponding to (3.4), that can be

written in compact form. Given ȳ ∈ Γ, we have:

Bȳ(v, zȳ) = Q(v), v ∈ V, ρ-a.e. in Γ (4.3)

where:

Bȳ(uȳ, v) :=

∫
D
a(x, ȳ)∇uȳ(x) · ∇v(x) dx. (4.4)

We note that, in a similar manner to the ‘sampled’ primal problem (3.4), we can write

Q(v) :=

∫
D
q(x)v(x) dx (4.5)

as we did with F in definition (3.6); however, this is not typically necessary for the development

of our theory, and we may desire ulterior representations of the goal functional Q.

We can then perform a spatial discretisation of problem (4.3). The result of this is that we obtain

the ‘semi-discrete’ form:

Bȳ(v•, z•ȳ) = Q(v•), ∀ v• ∈ V•, (4.6)
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which can be solved for each collocation point ȳ ∈ Y•. With our dual problems defined, we can

generate the stochastic collocation FEM approximation associated with our dual formulation

in the same way as for our primal approximation, given with representation (3.48). Doing this

yields

zSC• (x,y) =
∑
ȳ∈Y•

z•ȳ(x)Lȳ(y). (4.7)

Our objective will then be to estimate the error in our approximations to the quantity of interest,

Q(u).

4.2 Explicit hierarchical error estimation

With the formulations (3.7) and (4.2), we want to estimate the quantity Q(u) − Q(uSC• ). The

goal-oriented approach in the deterministic setting would typically involve us exploiting

orthogonality, so our calculation would proceed as follows:

Q(u)− Q(uSC• ) = Q(u− uSC• )

= B(u− uSC• , z)

= B(u− uSC• , z − zSC• )

⩽
∣∣∣∣∣∣u− uSC•

∣∣∣∣∣∣ · ∣∣∣∣∣∣z − zSC•
∣∣∣∣∣∣.

There is a significant problem with this argument, however. We recall that our method is a

sampling based method, and the final approximation that we generate is an interpolant, not

a projection onto some combined finite dimensional space. As a result of this, and in contrast

to the stochastic Galerkin framework, the stochastic collocation framework setting lacks global

orthogonality. Hence, in general, we have B(u−uSC• , z) ̸= B(u−uSC• , z−zSC• ), so that the above

argument does not hold. We must therefore seek alternative ways of estimating the error in the

quantity of interest.

To gain information about the spatial and parametric components of the error, we decide to

assume the splitting that we described in Section 3.5. With the enhanced approximation as

defined by 3.59, we recall that this immediately yields:

uSC⋆ − uSC• = (ûSC• − uSC• ) + (ũSC• − uSC• ) (4.8)

We can use the linearity of the goal functional Q to write

Q(uSC⋆ − uSC• ) = Q(ûSC• − uSC• ) +Q(ũSC• − uSC• ) (4.9)
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so that we have contributions to the error in the goal functional from distinct spatial and

parametric components. The first term can be dealt with by observing

ûSC• − uSC• =
∑
ȳ∈Y•

û•ȳ(x)Lȳ(y)−
∑
ȳ∈Y•

u•ȳ(x)Lȳ(y)

=
∑
ȳ∈Y•

(û•ȳ(x)− u•ȳ(x))Lȳ(y),
(4.10)

so that

Q(ûSC• − uSC• ) =
∑
ȳ∈Y•

{Q(û•ȳ(x))−Q(u•ȳ(x))}Lȳ(y). (4.11)

We must now seek an alternative way of dealing with the second term in equation (4.9). Our

strategy for doing this involves rewriting the parametric contribution to the total error. After

this, we can apply the properties of our goal functional in order to rewrite the parametric

contribution so that it is in a form which is conducive to our goal of generating estimates and

localised indicators. We address the first of these two tasks in the following lemma.

Lemma 4.1. Suppose that uSC• , ũSC• are the approximations given by representations (3.48) and (3.58),

respectively. Then we have:

ũSC• − uSC• =
∑

ȳ∈Ỹ•\Y•

(u•ȳ(x)− uSC• (x, ȳ))L̃ȳ(y). (4.12)

Proof. We begin by utilising representations (3.58) and (3.48), as well as the fact that that Ỹ• ⊃ Y•

as a result of the underlying multi-index sets I• and Ĩ• are monotone. This yields:

ũSC• − uSC• =
∑
ȳ∈Ỹ•

ũ•ȳ(x)L̃ȳ(y)−
∑
ȳ∈Y•

u•ȳ(x)Lȳ(y)

=
∑
ȳ∈Y•

u•ȳ(x)

(
L̃ȳ(y)− Lȳ(y)

)
−

∑
ȳ∈Ỹ•\Y•

ũ•ȳ(x)Lȳ(y).

(4.13)

We now recall that the relevant Lagrange basis functions above satisfy:

Lȳ(ȳ
′) = δȳȳ′ , ȳ, ȳ′ ∈ Y•,

L̃ȳ(ȳ
′) = δȳȳ′ , ȳ, ȳ′ ∈ Ỹ• ⊃ Y•.
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These imply that given any collocation point y′ ∈ Ỹ•, we have:

ũSC• (x, ȳ′)− uSC• (x, ȳ′)

=
∑
ȳ∈Y•

u•ȳ(x)

(
L̃ȳ(ȳ

′)− Lȳ(ȳ
′)

)
+

∑
ȳ∈Ỹ•\Y•

ũ•ȳ(x)L̃ȳ(y)

=



∑
ȳ∈Y•

u•ȳ(x)

(
δȳȳ′ − Lȳ(ȳ

′)

)
+

∑
ȳ∈Ỹ•\Y•

ũ•ȳ(x)δȳȳ′ , ȳ′ ∈ Ỹ• \ Y•

∑
ȳ∈Y•

u•ȳ(x)(δȳȳ′ − δȳȳ′) +
∑

ȳ∈Ỹ•\Y•

ũ•ȳ(x)δȳȳ′ , ȳ′ ∈ Y•

=


−
∑
ȳ∈Y•

u•ȳ(x)Lȳ(ȳ
′) +

∑
ȳ∈Ỹ•\Y•

ũ•ȳ(x)δȳȳ′ , ȳ′ ∈ Ỹ• \ Y•

0, ȳ′ ∈ Y•

=


−uSC• (x, ȳ′) + u•ȳ′(x), ȳ′ ∈ Ỹ• \ Y•

0, ȳ′ ∈ Y•

On the other hand, by substituting this back into the form implied by equation (4.13) yields

representation (4.12).

This result simplifies the parametric component of the error for the stochastic collocation FEM

approximation into a single sum over the set of new collocation points Ỹ• \ Y•. While we are

not directly interested in the error of the approximation, there is an immediate consequence for

the parametric contribution to the error in the goal functional that follows from this.

Corollary 4.2. With the linear goal functionalQ : V → R, as well as the solutions uSC• , ũSC• as defined

previously, we have:

Q(ũSC• − uSC• ) =
∑

ȳ∈Ỹ•\Y•

{
Q(u•ȳ(x))−Q(uSC• (x, ȳ))

}
L̃ȳ(y) (4.14)

Proof. Via Lemma 4.1, we have:

Q(ũSC• − uSC• ) = Q

 ∑
ȳ∈Ỹ•\Y•

(u•ȳ(x)− uSC• (x, ȳ))L̃ȳ(y)

 .

From here, we use the linearity of the goal functional, and the fact that Q is deterministic so

that it is independent of the random parameter vector y ∈ Γ, and the result follows.
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Theorem 4.3. Let Q : V → R be a linear goal functional as previously described, and let uSC•

be the original stochastic collocation FEM approximation given in definition (3.48). Suppose that

ûSC• , ũSC• , uSC⋆ are the enhanced approximations as given in definitions (3.57) – (3.59), and that for

some κ ∈ (0, 1), we have ∣∣Q(u)− Q(uSC⋆ )
∣∣ ⩽ κ

∣∣Q(u)− Q(uSC• )
∣∣. (4.15)

Then ∣∣Q(u)− Q(uSC• )
∣∣ ⩽ 1

1− κ
(µ• + τ•), (4.16)

where

µ• :=
∑
ȳ∈Y•

{Q(û•ȳ(x))−Q(u•ȳ(x))}
∫
Γ
Lȳ(y) dρ(y), (4.17)

and

τ• :=
∑

ȳ∈Ỹ•\Y•

{
Q(u•ȳ(x))−Q(uSC• (x, ȳ))

}∫
Γ
L̃ȳ(y) dρ(y). (4.18)

Proof. We have, via the triangle inequality∣∣Q(u)− Q(uSC• )
∣∣ ⩽ ∣∣Q(u)− Q(uSC⋆ )

∣∣+ ∣∣Q(uSC⋆ )− Q(uSC• )
∣∣ (4.19)

so that using inequality (4.15),∣∣Q(u)− Q(uSC• )
∣∣ = 1

1− κ
∣∣Q(uSC⋆ )− Q(uSC• )

∣∣. (4.20)

Then, using the triangle inequality again,∣∣Q(uSC⋆ )− Q(uSC• )
∣∣ ⩽ ∣∣Q(ûSC• )− Q(uSC• )

∣∣+ ∣∣Q(ũSC• )− Q(uSC• )
∣∣ (4.21)

Using representation (4.11), and then, by observing that the solution samples are deterministic,

we have
Q(ûSC• − uSC• ) =

∫
Γ
Q(ûSC• − uSC• ) dρ(y)

=

∫
Γ

∑
ȳ∈Y•

{Q(û•ȳ(x))−Q(u•ȳ(x))}Lȳ(y) dρ(y)

=
∑
ȳ∈Y•

{Q(û•ȳ(x))−Q(u•ȳ(x))}
∫
Γ
Lȳ(y) dρ(y)

We also have via Corollary (4.2),

Q(ũSC• − uSC• ) =

∫
Γ
Q(ũSC• − uSC• ) dρ(y)

=

∫
Γ

∑
ȳ∈Ỹ•\Y•

{
Q(u•ȳ(x))−Q(uSC• (x, ȳ))

}
L̃ȳ(y) dρ(y)

=
∑

ȳ∈Ỹ•\Y•

{
Q(u•ȳ(x))−Q(uSC• (x, ȳ))

}∫
Γ
L̃ȳ(y) dρ(y)
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Combining these with inequality (4.20) yields the required result.

We can also produce localised indicators associated with the above results as components of

µ•, τ• that can be calculated quickly. Recalling our problem formulations, it is clear that we

can utilise local Galerkin orthogonality, followed by the Cauchy–Schwarz inequality in order

to obtain:
Q(û•ȳ)−Q(u•ȳ) = Bȳ (û•ȳ, ẑ•ȳ)−Bȳ (u•ȳ, ẑ•ȳ)

= Bȳ (û•ȳ − u•ȳ, ẑ•ȳ)

= Bȳ (û•ȳ − u•ȳ, ẑ•ȳ − z•ȳ)

⩽ |||û•ȳ − u•ȳ|||ȳ|||ẑ•ȳ − z•ȳ|||ȳ

(4.22)

which can then be bounded above by estimates for these quantities. We also note that using the

Cauchy–Schwarz inequality, we could also bound the integrals of the Lagrange basis functions

Lȳ, using the elementary result∣∣∣∣∫
Γ
Lȳ(y) dρ(y)

∣∣∣∣ ⩽ (∫
Γ
L2
ȳ(y) dρ(y)

)1/2(∫
Γ

dρ(y)
)1/2

=

(∫
Γ
L2
ȳ(y) dρ(y)

)1/2

= ||Lȳ(y)||Γ

(4.23)

although this isn’t strictly necessary. If we utilise all of these results together, however, our

outcome is an upper bound of the form

Q(ûSC• − uSC• ) ⩽
∑
ȳ∈Y•

∑
K∈T•

µ2•ȳ,K ||Lȳ(y)||Γ

1/2∑
K∈T•

µ2•ȳ,K ||Lȳ(y)||Γ

1/2

(4.24)

where µ•ȳ,K , µ•ȳ,K are local error indicators (for example, two-level error indicators) that can

be used for single-level or multi-level routines. For the parametric component, we have, via

Corollary 4.2:

Q(ũ•ȳ(x))−Q(uSC• (x, ȳ)) = Q(ũ•ȳ(x)− uSC• (x, ȳ))

= Bȳ(ũ•ȳ(x)− uSC• (x, ȳ), z̃•ȳ(x))

⩽
∣∣∣∣∣∣ũ•ȳ(x)− uSC• (x, ȳ)

∣∣∣∣∣∣
ȳ
|||z̃•ȳ(x)|||ȳ

(4.25)

so that

Q(ũSC• − uSC• ) ⩽
∑

iii∈Ĩ•\I•

∑
ȳ∈Ỹ•iii

τ•ȳσ•ȳ (4.26)
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with

τ•ȳ :=
∣∣∣∣∣∣ũ•ȳ(x)− uSC• (x, ȳ)

∣∣∣∣∣∣
ȳ

∣∣∣∣∣∣L̃ȳ(y)
∣∣∣∣∣∣1/2
Γ

(4.27)

and

σ•ȳ := |||z̃•ȳ(x)|||ȳ
∣∣∣∣∣∣L̃ȳ(y)

∣∣∣∣∣∣1/2
Γ

(4.28)

and we are therefore able to retrieve local indicators associated with multi-indices that

contribute to the set of collocation points in our parameter domain.

Despite this apparent success, there are a few significant problems with the results given above.

Firstly, while Theorem 4.3 reveals a certain amount of information about the ‘error reduction’,

it does not yield any further information unless inequality (4.15) holds. This can be thought

of as a modified saturation assumption for the goal functional, and is likely to be even more

contentious than the saturation assumption in the standard setting.

Furthermore, the crude upper-bound embedded within inequality (4.25) has an even more

undesirable effect that will inevitably appear in the final result. The underlying idea of the

deterministic goal-oriented setting is that there is a ‘symmetry’ in the final result with respect

to the primal and dual problems. In particular, we ended up with a product of two norms

that are dependent on some form of solution differences. As each of these norms converge at a

certain rate, the rate of convergence for the quantity of interest is then at twice the order of the

solution itself.

The parametric component of this estimate does not have this symmetry property, and it

instead includes the norm of an enhanced dual solution by itself, which does not provide any

benefits for the purposes of convergence rates. This result motivates the use of an alternative

approach in an attempt to induce some form of symmetry in the final estimates.
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4.3 The corrected goal functional

If we attempt to proceed using the goal-oriented approach in the deterministic setting, we use

the weak formulation (3.7) and the linearity of B to obtain

Q(u)− Q(uSC• ) = Q(u− uSC• )

= B(u− uSC• , z)

= B(u− uSC• , z − zSC• ) +B(u− uSC• , zSC• ).

Now, while a lack of global Galerkin orthogonality means that B(u − uSC• , zSC• ) ̸= 0, we can

at least find alternative ways of dealing with this bilinear form. We proceed by incorporating

this bilinear form into the quantity of interest as a ‘correction term’ which compensates for

the lack of orthogonality in the stochastic collocation setting. A similar approach based on the

same principle has been previously been utilised in [58] for the purposes of estimating integral

functionals in the deterministic setting. We define a new ‘corrected’ quantity of interest:

Q̄(uSC• , zSC• ) := Q(uSC• ) +B(u− uSC• , zSC• ), (4.29)

Re-writing this using the linearity of B, as well as problem (3.7), we have

Q̄(uSC• , zSC• ) := Q(uSC• ) +B(u, zSC• )−B(uSC• , zSC• )

= Q(uSC• ) + F(zSC• )−B(uSC• , zSC• ).
(4.30)

Note that with the above simplifications, this ‘corrected’ goal functional is computable. In fact,

we can simplify this even further using a result that we give below.

Lemma 4.4. Let F,Q : V → R be the right-hand side and goal functional quantities given in problems

(3.7) and (4.2), with uSC• , zSC• being the stochastic collocation FEM approximations to each of these

problems, respectively. Then Q(uSC• ) = F(zSC• ).

Proof. Using the dual and primal formulations (4.6) and (3.47), we deduce that

Q(u•ȳ) = Bȳ(u•ȳ, z•ȳ) = F (z•ȳ). (4.31)

We then use the definitions of uSC• , zSC• , as well as the fact that using the fact that F,Q are
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deterministic to deduce

Q(uSC• ) =

∫
Γ
Q(uSC• ) dρ(y)

=

∫
Γ
Q

∑
ȳ∈Y•

u•ȳ(x)Lȳ(y)

 dρ(y)

=
∑
ȳ∈Y•

Q(u•ȳ(x))

∫
Γ
Lȳ(y) dρ(y)

and
F(zSC• ) =

∫
Γ
F (zSC• ) dρ(y)

=

∫
Γ
F

∑
ȳ∈Y•

z•ȳ(x)Lȳ(y)

 dρ(y)

=
∑
ȳ∈Y•

F (z•ȳ(x))

∫
Γ
Lȳ(y) dρ(y)

Using equation (4.31), we conclude

Q(uSC• ) =
∑
ȳ∈Y•

Bȳ(u•ȳ(x), z•ȳ(x))

∫
Γ
Lȳ(y) dρ(y) = F(zSC• ) (4.32)

as required.

With regards to the above lemma, we remark that the lack of orthogonality means that the

expression given in equation (4.32) is not equal to B(uSC• , zSC• ). If it were, the above calculation

would both be elementary, and in any case, make the correction term redundant, a fact which

will become relevant when discussing how to calculate the correction term. Our ‘corrected’

goal functional can now be represented by

Q̄(uSC• , zSC• ) = 2Q(uSC• )−B(uSC• , zSC• ). (4.33)

In addition to this, we have

Q(u)− Q̄(uSC• , zSC• ) = B(u− uSC• , z − zSC• )

⩽
∣∣∣∣∣∣u− uSC•

∣∣∣∣∣∣ · ∣∣∣∣∣∣z − zSC•
∣∣∣∣∣∣

≲
∣∣∣∣u− uSC•

∣∣∣∣
V
·
∣∣∣∣z − zSC•

∣∣∣∣
V

≲ (µ• + τ•)(η• + σ•)

(4.34)

for some error estimates µ•, τ•, η•, σ• that we recall from the standard stochastic collocation

FEM framework (such as Theorem 3.4, with η•, σ• representing spatial and parametric error

estimates obtained from applying the same result to the dual problem).
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We should emphasise that now, with this approach, the quantity Q(uSC• ) is no longer the

estimate that we will use for the quantity of the interest. Instead, what we have deduced is

that the approximation of the quantity of interest Q(u), is best done using the corrected goal

functional Q̄(uSC• , zSC• ), which depends on both the primal and dual responses by virtue of the

bi-linear form, B(uSC• , zSC• ). Further, we note that in the context of an adaptive algorithm,

where we have continual refinement of the finite dimensional spaces, u → uSC• , so that

B(u − uSC• , zSC• ) → 0. This being said, we do not know how fast this convergence occurs

in comparison to the rate at which Q̄(uSC• , zSC• ) converges to Q(u).

4.4 Calculation of the correction term

In calculating the corrected goal functional, there are now two components that we are

required to compute – namely, the goal functional Q(uSC• ), and the bilinear form B(uSC• , zSC• ).

The calculation of the goal functional is performed easily enough using equation (4.32). In

particular, this functional has been split into a sum of products of deterministic bilinear

forms and integrals of Lagrange basis functions. The deterministic bilinear forms can be

evaluated using the stiffness matrices associated with the sampled bi-linear forms at each

y ∈ Y•, while the stochastic integrals can easily be directly calculated after using the underlying

setup described in Theorem 3.2 by by evaluating products of appropriate 1D Lagrange basis

functions.

Calculating the bilinear form is more difficult, as it does not necessarily involve a sum of

separable products. Indeed, by expanding the stochastic collocation FEM approximations, we

obtain:

B(uSC• , zSC• ) =

∫
Γ

∫
D
a(x,y)∇uSC• (x,y) · ∇zSC• (x,y) dx dρ(y)

=
∑

ȳ,ȳ′∈Y•

∫
Γ

∫
D
a(x,y)∇u•ȳ(x) · ∇z•ȳ′(x)Lȳ(y)Lȳ′(y) dx dρ(y).

The diffusion coefficient’s dependence on both spatial and random parameters proves to be a

prohibitive obstacle, and it transpires that writing each term in the above sum as a product

of spatial and parametric contributions is only possible for specific cases of the diffusion

coefficient.

Suppose that our diffusion coefficient a(x,y) consists of an affine expansion of random
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parameters, as in equation (3.69). Using this expansion of the diffusion coefficient, and by

expanding the stochastic collocation FEM approximations, we obtain

B(uSC• , zSC• ) =
∑

ȳ,ȳ′∈Y•

∫
Γ

∫
D
a(x,y)∇u•ȳ(x) · ∇z•ȳ′(x)Lȳ(y)Lȳ′(y) dx dρ(y)

=
M∑

m=0

∑
ȳ,ȳ′∈Y•

∫
Γ

∫
D
ymam(x)∇u•ȳ(x) · ∇z•ȳ′(x)Lȳ(y)Lȳ′(y) dx dρ(y)

=
M∑

m=0

∑
ȳ,ȳ′∈Y•

(∫
D
am(x)u•ȳ(x) · z•ȳ′(x) dx

)(∫
Γ
ymLȳ(y)Lȳ′(y) dρ(y)

)
.

where we define y0 := 1. From here, we can calculate the spatial integrals using the standard

procedure involving stiffness matrices, as we did for Q(uSC• ). The parametric integrals, while

a little more complicated than for the goal functional, are still computable using pre-computed

tensors involving weighted products of integrals involving Lagrange basis functions in a single

dimension.

In a similar manner to the linear case, we can assume a quadratic diffusion coefficient of the

form given in representation (3.72), which we can expand out as (again, defining y0 := 1):

a(x,y) =
M∑

m,l=0

ymylam(x)al(x), (4.35)

From this, we may establish that

B(uSC• , zSC• ) =
M∑

m,l=0

∫
Γ

∫
D
ymylam(x)al(x)∇uSC• (x,y) ·∇zSC• (x,y) dx dρ(y)

=

M∑
m,l=0

∑
ȳ,ȳ′∈Y•

∫
Γ

∫
D
ymylam(x)al(x)∇u•ȳ(x) ·z•ȳ′(x)Lȳ(y)Lȳ′(y) dx dρ(y)

=
M∑

m,l=0

∑
ȳ,ȳ′∈Y•

Bm,l(u•ȳ, z•ȳ′)

(∫
Γ
ymylLȳ(y)Lȳ′(y) dρ(y)

)
where

Bm,l(u•ȳ, z•ȳ′) :=

∫
D
am(x)al(x)∇u•ȳ(x) · ∇z•ȳ′(x) dx (4.36)

We also note that for practical purposes, rather than using equation (4.35), we may calculate

the above using the diffusion coefficient in the form

a(x,y) =

M∑
m=1

ymam(x)

(
ymam(x) + 2

m−1∑
l=0

ylal(x)

)
(4.37)

in order to offer a small optimisation in terms of computational expense. Theoretically,

exact representations of the element residual norm exist for any diffusion coefficient that has
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polynomial expansion in terms of random parameters given by:

a(x,y) =

(
a0(x) +

M∑
m=1

ymam(x)

)n

, n ∈ N

or any similar variation thereof. In practice, however, calculating these quantities becomes

computationally expensive very quickly, and so, even for higher order polynomial expansions,

it may be prudent to seek an alternative, inexact representation of our required bilinear form.

Nevertheless, we note that the above result is useful as it gives us a non-affine example that

can be computed exactly. The result of this can then be used for comparison purposes, with

regards to both computational expense and accuracy.

In addition to higher order polynomials, we may wish to consider other non-affine expansions

of the diffusion coefficient. For these purposes we consider a quadrature rule. We begin by

observing that, using a quadrature rule with Y•, we obtain the approximation:

B(uSC• , zSC• ) =

∫
Γ

∫
D
a(x,y)∇uSC• (x,y) · ∇zSC• (x,y) dx dρ(y)

=
∑

ȳ,ȳ′∈Y•

∫
Γ

∫
D
a(x,y)∇u•ȳ(x) · ∇z•ȳ′(x)Lȳ(y)Lȳ′(y) dx dρ(y)

≈
∑

ȳ,ȳ′,ȳ′′∈Y•

ωȳ′′

∫
D
a(x, ȳ′′)∇u•ȳ(x) · ∇z•ȳ′(x)Lȳ(ȳ

′′)Lȳ′(ȳ′′) dx

=
∑

ȳ,ȳ′,ȳ′′∈Y•

ωȳ′′

∫
D
a(x, ȳ′′)∇u•ȳ(x) · ∇z•ȳ′(x)δȳȳ′′δȳ′ȳ′′ dx

=
∑
ȳ∈Y•

ωȳ

∫
D
a(x, ȳ)∇u•ȳ(x) · ∇z•ȳ(x) dx

where deducing the associated quadrature weights, ωȳ, is simply a matter of recognising that

we have a calculation of the form:∫
Γ
W (x,y) dρ(y) =

∫
Γ

∑
ȳ∈Y•

Lȳ(y)W (x, ȳ)

 dρ(y)

=
∑
ȳ∈Y•

W (x, ȳ)

∫
Γ
Lȳ(y) dρ(y),

which yields weights

ωȳ =

∫
Γ
Lȳ(y) dρ(y).

This, in turn gives us the result

B(uSC• , zSC• ) ≈
∑
ȳ∈Y•

Bȳ(u•ȳ(x), z•ȳ(x))

∫
Γ
Lȳ(y) dρ(y). (4.38)
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Recalling equation (4.32), this implies

B(uSC• , zSC• ) ≈ F(zSC• ) = Q(uSC• ),

so that

Q̄(uSC• , zSC• ) ≈ Q(uSC• ), (4.39)

which is hardly surprising, but nevertheless makes our use of the correction term redundant.

We must therefore use an enhanced collocation point set Ỹ• ⊃ Y•. If we do this, we obtain the

result

B(uSC• , zSC• ) =

∫
Γ

∫
D
a(x,y)∇uSC• (x,y) · ∇zSC• (x,y) dx dρ(y)

=
∑

ȳ,ȳ′∈Y•

∫
Γ

∫
D
a(x,y)∇u•ȳ(x) · ∇z•ȳ′(x)Lȳ(y)Lȳ′(y) dx dρ(y)

≈
∑

ȳ′′∈Ỹ•

ωȳ′′
∑

ȳ,ȳ′∈Y•

∫
D
a(x, ȳ′′)∇u•ȳ(x) · ∇z•ȳ′(x)Lȳ(ȳ

′′)Lȳ′(ȳ′′) dx

=

 ∑
ȳ′′∈Y•

+
∑

ȳ′′∈Ỹ•\Y•

ωȳ′′
∑

ȳ,ȳ′∈Y•

Bȳ′′(u•ȳ(x), z•ȳ′(x))Lȳ(ȳ
′′)Lȳ′(ȳ′′)

=
∑

ȳ′′∈Ỹ•\Y•

ωȳ′′ B̃ȳ′′(uSC• , zSC• )

with

B̃ȳ′′(uSC• , zSC• ) :=


Bȳ′′(u•ȳ′′ , z•ȳ′′), ȳ′′ ∈ Y•,∑
ȳ,ȳ′∈Y•

Bȳ′′(u•ȳ, z•ȳ′)Lȳ(ȳ
′′)Lȳ′(ȳ′′), ȳ′′ ∈ Ỹ• \ Y•.

and the associated quadrature weights

ωȳ′′ =

∫
Γ
L̃ȳ′′(y) dρ(y).

This means that we have now generated an approximation

B(uSC• , zSC• ) ≈
∑

ȳ′′∈Ỹ•\Y•

B̃ȳ′′(uSC• , zSC• )

∫
Γ
L̃ȳ′′(y) dρ(y) (4.40)

which will therefore induce a more appropriate approximation of the corrected goal functional

(4.33).

We can see that the computation of this bilinear form is expensive in comparison to the

uncorrected goal functional, which is cheap due to the fact that we already obtain most of the

required quantities from other parts of the adaptive algorithm. Despite this, the additional
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computational expense associated with calculating the bilinear form is not prohibitive, as

the correction term forms part of the quantity we are estimating, and not the estimates and

indicators that are being computed at each iteration. As a result of this, the bilinear form

computation only needs to be done when we need to estimate the goal functional, and outside

of demonstrative examples, this will typically be at the end of the adaptive algorithm, and not

during each iteration of the adaptive loop.

4.5 Adaptive algorithm

Having discussed the key aspect of estimating the error in the quantity of interest, we wish

to examine how this functions in the context of an adaptive algorithm. In particular, we must

examine what changes we need to make from the standard framework in order to obtain an

approximation for the quantity of interest with an estimated error which is less than a given

tolerance ε.

The solution step is conducted in the same way as we discussed in Chapter 3, with the

difference being that we must solve two problems at each collocation point for any given

iteration. Specifically, we solve problems (3.56) and (4.6) for each ȳ ∈ Y• at each iteration.

By inequality (4.34), we know that to estimate the error in the quantity of interest, we need error

estimates associated with the primal and dual problems. These can, in principle, be computed

in exactly the same way as we have done previously. With two sets of solutions and error

estimates to compute, the computational time required for these steps of our goal-oriented

algorithm will be doubled when compared with non-goal-oriented strategies. Despite this, in

a similar manner to the deterministic setting, we can also reasonably expect that the quantity

of interest will converge at up to twice the order, which will make this procedure a worthwhile

trade-off.

In the context of our adaptive algorithm, the marking stage will need to accomplish two

key aims. Firstly, we need to select whether we are proceeding with spatial or parametric

refinement at a given iteration, and secondly, we must obtain a single marked set that is

associated with that refinement type.
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The first of these objectives was trivial in the standard setting. Indeed, we only had 2 sets

of indicators, one of which could be assembled into an indirect spatial error estimate, with

the other being assembled into an indirect parametric estimate. The choice of refinement type

was then determined by whichever of the two indirect estimates was largest. Our problem in

the goal-oriented setting is that our error estimation step provides us with four distinct sets

of indicators, as we now have spatial and parametric indicator sets corresponding to both the

primal and dual problems. We must therefore identify a way of successfully combining these

to identify the correct refinement type.

Suppose that µ̄• and η̄• represent indirect spatial estimates for the primal and dual problems,

respectively. Suppose also that τ̄• and σ̄• represent similar parametric estimates. We propose

three different rules for determining the refinement type, each of which has their own

motivating principle.

The first option is a simple maximum rule, where we simply refine based on the largest quantity

of the four quantities, so that our refinement type is dictated by max{µ̄•, η̄•, τ̄•, σ̄•}. Specifically,

we can define our refinement type as a boolean, 1M, satisfying:

1M :=


1, max{µ̄•, η̄•, τ̄•, σ̄•} ∈ {τ̄•, σ̄•},

0, max{µ̄•, η̄•, τ̄•, σ̄•} ̸∈ {τ̄•, σ̄•},
(4.41)

with an output of 1 implying parametric refinement and an output of 0 implying spatial

refinement. The motivation for this approach is that at the very least, it guarantees the

refinement of whichever of the four possible sets of indicators admits the largest errors. That

being said, it ignores the fact that, for example, we may have a situation where µ̄• > τ̄• ≈ σ̄• ≫

η̄•, and this approach will select spatial refinement, where parametric refinement may have

been more preferable.

As a potential alternative, we see that on expanding inequality (4.34), the products µ• η•

and τ• σ• represent the most significant spatial and parametric contributions to the estimated

error in the quantity of interest. Motivated by this observation, we suggest a modification

of definition (4.41), so that the choice of refinement type is determined by the expression

max{µ̄•η̄•, τ̄•σ̄•}. This rule naturally compensates for the issue associated with the maximum

rule; however, we obtain other difficulties when, for example, one of the four indirect estimates

becomes close to zero much faster than the other three.
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We therefore propose one final alternative that does have a clear theoretical motivation. We

recall that the error in the goal functional is bounded above using inequality (4.34). By

expanding this product, we obtain the obvious result:

(µ• + τ•)(η• + σ•) ⩽ (µ̄• + τ̄•)(η̄• + σ̄•)

⩽
1

2

(
(µ̄• + τ̄•)

2 + (η̄• + σ̄•)
2

)
⩽ (µ̄2• + η̄2•) + (τ̄2• + σ̄2•),

(4.42)

from which we infer a criterion based on the expression max{µ̄2• + η̄2•, τ̄
2
• + σ̄2•}. The incentive

for this ‘sum-of-squares’ rule is clear, although the bounding above of our original product

estimate does mean that the relationship between that estimate and the criterion we suggest

here is a little looser.

Of course, other approaches are available, including other combinations of the four indicators,

or even, hybrid approaches. For example, one could choose the refinement type based

on whether a spatial or parametric argument is maximised in at least two of the three

aforementioned rules.

Regardless of this, it is evident that we can find a way of deciding whether we wish to proceed

with spatial or parametric refinement. As we are only focusing on refinement relating to

a source of errors that pertains to two sets of indicators, we can use the strategies that we

employed in Section 3.5.2 to obtain two marked sets corresponding to the type of refinement

that has been selected. These two sets will correspond to the primal and dual problems,

respectively.

We can then follow one of the approaches suggested in Section 2.8, utilising a simple union, an

aggregation-based rule, or a minimum cardinality rule in order to obtain a single marked set

for the purposes of refinement, corresponding to either the spatial domain or the parameter

domain. A possible marking strategy resulting from the above ideas is summarised in

Algorithm 4.1. We recall our remark from Section 3.5.1 that we are primarily describing the

marking of elements for the purposes of this theoretical work, although this can also easily be

applied to the marking of edges using edge-based indicators.

Having now completed our objectives of choosing a refinement type and selecting a suitable

marking set, we move to the refinement step, which functions in exactly the same way as the
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Algorithm 4.1: Marking algorithm for goal-oriented stochastic collocation FEM
Data: Spatial indicators, µ•ȳ,K (primal) and η•ȳ,K (dual); parametric indicators, τ• iii

(primal) and σ• iii (dual); marking parameters, 0 < θx, θy < 1.

Result: A choice of spatial or parametric refinement; a single marked set, either xM•

(spatial) or M̃• (parametric).

Use indicators to calculate indirect estimates µ̄•, η̄•, τ̄•, σ̄•.

Determine boolean, 1M, corresponding to spatial (0) or parametric (1) refinement.

if 1M = 1 then

Determine marked sets xM•u, xM•z , of minimum cardinality, such that

θy
∑
iii∈Riii

τ• iii||Lȳ||Γ ⩽
∑

iii∈M̃•u

τ• iii||Lȳ||Γ, θy
∑
iii∈Riii

σ• iii||Lȳ||Γ ⩽
∑

iii∈M̃•z

σ• iii||Lȳ||Γ

Define M̃• := M̃•u ∪ M̃•z (or use a similar criterion to combine the sets).

else

For each y ∈ Y•, determine marked sets xM•u, xM•z , of minimum cardinality, such that:

θx
∑
ȳ∈Y•

∑
K∈T•

µ•ȳ,K ||Lȳ||Γ ⩽
∑
ȳ∈Y•

∑
K∈xM•ȳu

µ•ȳ,K ||Lȳ||Γ ,

θx
∑
ȳ∈Y•

∑
K∈T•

µ•ȳ,K ||Lȳ||Γ ⩽
∑
ȳ∈Y•

∑
K∈xM•ȳz

η•ȳ,K ||Lȳ||Γ

Define xM•u :=
⋃

ȳ∈Y•
xM•ȳu and xM•z :=

⋃
ȳ∈Y•

xM•ȳz .

Define xM• := xM•u ∪ xM•z (or use a similar criterion to combine the sets).

end
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Algorithm 4.2: Goal-oriented Stochastic Collocation FEM algorithm
Data: Initial spatial mesh, T0, initial index set I0 = {111}; error tolerance tol = ε; problem

parameters, including marking criteria and a refinement procedure.

Result: Goal functional Q̄(uSC∗ , zSC∗ ) ≈ Q(u); corresponding error estimates satisfying

(µ∗ + τ∗)(η∗ + σ∗) < ε.

Set iteration counter k = 0; iteration factor l ∈ N.

while (µl + τl)(ηl + σl) ⩾ ε do
Obtain the approximations, ukȳ, zkȳ ∈ Vk by solving problems (3.56), (4.6) for each

ȳ ∈ Yk.

For each ȳ ∈ Yk,K ∈ Tk, compute spatial error indicators µkȳ,K , ηkȳ,K and for each

iii ∈ Ĩk \ Ik, compute parametric error indicators τk iii, σk iii.

Use the indicators to determine indirect estimators µ̄k, η̄k, τ̄k, σ̄k.

Use the indirect estimators to determine the refinement type boolean 1M.

For each ȳ ∈ Yk, determine the marked spatial set xMk :=
⋃

ȳ∈Yk
xMk,ȳ and/or the

marked index set M̃k.

if k = jl, j ∈ N then
Compute the direct error estimates µl, τl.

end

if (µl + τl)(ηl + σl) ⩾ ε then

if 1M = 1 then

Define Ik+1 := refine (Ik,M̃k), and set Tk+1 := Tk.

else

Define Tk+1 := refine (Tk, xMk) and set Ik+1 := Ik.

end

Set k → k + 1.;

end

end

Set uSC∗ := uSCl , zSC∗ := zSCl , µ∗ := µl, η∗ := ηl, τ∗ := τl, σ∗ := σl.

Calculate the goal functional Q̄(uSC∗ , zSC∗ ).
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standard setting discussed in the previous chapter. Our algorithm will continue to proceed

until such a time that the direct, product-based estimate from inequality (4.34) falls below our

required error tolerance. When this happens, we will exit the adaptive loop, and will have

primal and dual stochastic collocation FEM approximations, uSC∗ and zSC∗ , as well as an error

estimate for the corrected goal functional computed using these quantities.

Of course, we have not yet actually calculated this corrected goal functional; however, we have

all of the necessary quantities required to accomplish this task, which allows us to proceed

along the lines discussed in the previous sections of this chapter. A summary of the process, in

its entirety, is given in Algorithm 4.2.

4.6 Implementation via the ‘goafem’ sub-toolbox

As with our previous chapters, we will now briefly discuss the structure of the software that

will be used to implement the adaptive algorithm set out above, and to test the theoretical

ideas that furnish it. In this case, we utilise the existing stochastic collocation FEM software

discussed in Chapter 3, with an additional goal-oriented sub-toolbox that has been created to

work in conjunction with the existing code to produce the results we require.

In a similar manner to the standard setting, the central components of our implementation

are housed in a single main driver, goafem_singlelevelSC, which calls all of the major

functions and scripts that are required for running the algorithm. The first step that

this driver accomplishes is initialisation, which is done predominantly via a self-contained

script, goafem_stochcol_adaptive_global_settings, for initialisation of all of the required

quantities, including types of diffusion coefficient, probability density function, and others.

One feature of the initialisation that we highlight is the bespoke quantity generation driver

goafem_stochcol_qtychoice. Rather than forcing the use of specific test problems, this driver

uses cell-array structures to facilitate the selection of any implemented right-hand sides and

quantities of interest with any other combination of initial variables, including the domain.

This allows for a wider variety of tests to be performed than previous implementations outside

of the goal-oriented framework, and is easily expandable to allow for further domains and

quantities of interest to be defined at later stages.
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The adaptive loop then proceeds in a similar manner as it did in Chapter 3. As in the standard

setting discussed in the previous chapter, we can perform our calculations in parallel due to

having distinct, decoupled problems at each collocation point. Hence, the solution step, as well

as the generation of indicators, are parallelised across the set of collocation points, as they were

before. In this case, we solve the primal and dual problems associated with each collocation

point together using the function goafem_stochcol_fem_solver. Each of these is solved in the

same manner as previously; we consider piecewise linear finite element approximations here,

although higher order approximations can be utilised, as was done in the standard setting.

Our next step is to use the goafem_stochcol_fem_estimator function in order to call a spatial

error estimation strategy. New functions have been provided to allow for different estimation

strategies to be called with the primal and dual problems sequentially, although the focus of

our implementation will be the two-level estimation strategy, which is implemented via the

goafem_diffpost_p1_with_p1_2level function.

At this point, we also have the quantities required to, at negligible expense, compute the

deterministic goal functional, Q(u•ȳ), at each collocation point, using the bilinear form in

equation (4.31). As with the standard setting, our main driver then computes additional

information required by our estimates, such as the enhanced collocation point set, and the

norms of Lagrange polynomials. After we have assembled the spatial error indicators, the

function goafem_stochcol_est_parametric computes the indirect parametric estimates.

The choice of whether to perform spatial or parametric refinement is decided by a new function,

goafem_indicator, where all three of the different procedures discussed in Section 4.5 are

implemented. The implementation of our direct error estimates is similar to the standard

framework that we discussed in Chapter 3, as is the execution of the the refinement routines

which follow. With the remainder of our adaptive algorithm retaining the structure that we

have utilised previously, we proceed through our adaptive loop until our given stopping

criterion is reached.

The last major difference in the code is the calculation of the corrected goal functional.

This is mostly computed in the main driver, but the bilinear form B(uSC• , zSC• ), whose

computation was discussed at length in Section 4.4, is computed in the newly designed

goafem_doBilinearForm function. As in the non-goal-oriented setting, we can run a reference
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script, goafem_referenceSC, to understand more about the performance of the adaptive

algorithm.

4.7 Experiments

We introduce a number of experiments that are designed to test different features of our

approach to goal-oriented estimation. All computations in this chapter were performed with

an Intel i7-9700K CPU @4.80GHz with 48GB of RAM. In what follows, we will assume the

Clenshaw–Curtis rule for sets of collocation points with all of our tests, as well as an initial

index set of I0 = {111}, leading to a single collocation point at the origin.

In terms of the spatial contribution to our error estimate, we calculate error indicators

corresponding to element edges at each iteration using a two-level error estimation strategy.

For the purposes of evaluating the parametric contribution, we use indicators emanating

from indices associated with the reduced margin of the current index set. Further, we adopt

Dörfler marking techniques with spatial marking parameter θx = 0.3 and parametric marking

parameter θy = 0.3.

Our first test problem in this chapter consists of a simple experiment that is designed to

demonstrate the computing of the expected average of a solution to a given parametric PDE

problem over a small subdomain. To this end, we set our spatial domain to have an L-shaped

geometry, D = (−1, 1)2 \ (−1, 0]2, with subdomain D0 = (0.25, 0.75)2.

For the primal problem, we take f(x) = 1 in the right-hand side functional given in problem

(3.7), while the goal functional for this problem is given by

Q(u) =
1

|D0|

∫
Γ

∫
D
χ0(x)u(x,y) dx dρ(y), (4.43)

with the characteristic function χ0 : D → {0, 1} defined by

χ0(x) :=


1, x ∈ D0,

0, x ∈ D \D0.

(4.44)

This region is denoted in red in Figure 4.1 (a).

For the diffusion coefficient, we assume the affine representation of the diffusion coefficient
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(a) (b)

Figure 4.1: Diagrams pertaining to the spatial domain involved with the first test problem: the

initial mesh T0 and subdomain D0 in (a), and the mesh at T15 in (b).

given by equation (3.69), with the number of random variables, M = 4. The expansion

coefficients am describe the same Fourier modes that we utilised in Chapter 3, with the same

parameter values. We assume that each random variable admits uniform probability density

function, so that ϱm(ym) = 1/2 for each m = 1, ...,M .

In terms of parameters that are specific to adaptivity, we adopt a minimum cardinality rule

for combining primal and dual marked sets and the sum-of-squares rule for determining

refinement type. Our initial mesh given by Figure 4.1 (a), and we run our algorithm to a

tolerance tol = 1e− 5.

We attain our required tolerance after 50 iterations, at which point, we have 13, 902, 030 degrees

of freedom involved with the problem, resulting from 1, 027, 463 elements and 27 collocation

points. We first note the refinement pattern exhibited by the adaptive refinement procedure,

which can be seen in the plot of the spatial mesh at iteration 15, given in Figure 4.1 (b). In

particular, we retain the heavier areas of refinement in the corners of the domain that we

observed with our experiments in Chapter 3, including the geometric singularity induced by

the re-entrant corner located at the origin. We further notice, however, that there are also heavy

levels of refinement around the edges of the subdomain D0, which represents a singular region
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induced by the dual problem. What we can observe from this is that our adaptive algorithm

successfully identifies the singularities emanating from both the primal and dual problems.

(a) (b)

Figure 4.2: The mean of the primal solution (a) and dual solution (b) associated with our first

test problem for this set of experiments.

The final set of collocation points in the first two dimensions is also shown in Figure 4.1. In

particular, the index set is more significantly evolved in the earlier parameters than in the

latter ones, although this is expected as well, given the form of our diffusion coefficient in

representation (3.70). The mean of the solutions that corresponds to this setup are given in

Figure 4.2, and the estimated value of the quantity of interest is Q̄(uSC• , zSC• ) = 0.124119 to 6

decimal places. Of course, qualitatively, we can see that this resembles a sensible estimate if

we look at the magnitude of the primal solution in Figure 4.2 (b). We observe the dual solution

exhibits a more concentrated peak around the region of D0, which is also entirely predictable

given the formulation of the dual problem is concentrated around this subdomain.

We now turn to the errors admitted by our solution. In particular, we begin by describing

the plot given in Figure 4.3 (a). In this plot, we give our actual (direct) error estimate at

each iteration in magenta, whereupon we have the error for the final iteration just below our

stopping tolerance. For this setup, our adaptive algorithm reliably reduces the error estimate

at each iteration. Furthermore, this error estimate appears to decay at around order O(N−2/3),

where N represents the total degrees of freedom associated with the approximation.
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(a) (b)

Figure 4.3: The error decay associated with the first test problem in (a), with the error estimate

(magenta), the uncorrected goal error (blue) and the corrected goal error (red). In (b), we show

the effectivity indices.

These results appear to validate inequality (4.34), which predicts that the order of convergence

for the quantity of interest should be doubled in comparison to the equivalent results for

SCFEM approximations in the standard, non-goal-oriented setting. Hence, the convergence

rates obtained here are consistent with the experiments performed in Chapter 3, as well

as previous work in the non-goal-oriented setting, where we typically see error decays of

around half the order (described as order O(N−0.35) in [41]). Furthermore, our findings also

match similar results for the deterministic setting, where matters of convergence are more

theoretically well-understood.

As with the non-goal-oriented setting, we want to determine how efficient our error estimation

strategy is. Indeed, inequality (4.34) holds for the estimate that we have plotted, but without a

lower bound, we do not know how sharp this inequality is in practice. This issue is particularly

relevant to the goal-oriented setting given that our strategy involves a product-based estimate,

which means that we expect the order of magnitude of the effectivity indices will be roughly

doubled in comparison to the standard setting.

Therefore, as we have done previously in Chapter 3, we use reference solutions uref ≈ u,

zref ≈ z, to examine the ‘true’ error in the quantity of interest. As previously, we employ

a piecewise quadratic approximation on a uniform refinement on our final spatial mesh to
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calculate per-collocation point samples, and we enhance our final index set by its reduced

margin to obtain the ‘reference’ index set. Our final result will be numerical approximations

that satisfy ∣∣Q(u)− Q̄(uSC• , zSC• )
∣∣ ≈ ∣∣Q(uref )− Q̄(uSC• , zSC• )

∣∣.
On doing all of the above, we can then plot the error in the uncorrected goal functional,∣∣Q(uref )− Q(uSC• )

∣∣, and the corrected goal functional,
∣∣Q(uref )− Q̄(uSC• , zSC• )

∣∣, which are given

by the blue and red lines respectively. From this, we make a few observations. We immediately

note the disparity between the error in the corrected goal functional and the error in the

uncorrected goal functional, which is rather more erratic by comparison. Our conclusion is

that the newly defined correction term provides additional stability to the decay in the true

quantity of interest, protecting it against sudden dips or rises.

In addition to guarding against sudden fluctuations, we see that the error decay in the corrected

goal functional far more closely matches our error estimate. The associated effectivity indices,

Θ, are given in Figure 4.3 (b), and confirm this observation further. The effectivity indices for

the error in the uncorrected goal functional undergo considerable fluctuations, peaking at over

100. Furthermore, given the best theoretical result that we obtained for the uncorrected goal

functional was inequality (4.2), there is no indication that these indices could not fluctuate even

more at lower error tolerances. This is a significant contrast when compared with the far more

stable effectivities for the corrected goal function, which average at around 4.40 and remain

consistently well below 10, which represents a positive result in this setting.

As a variant on the experiment we have discussed, we also consider the above setup, with

the number of random variables M , increased to 8. While this problem is predictably

more computationally intensive, in terms of memory requirements and CPU time, with

23, 773, 926 degrees of freedom required to achieve our required tolerance, the overall results

are remarkably similar. We note the more stable error decay of the ‘true’ error in the

corrected goal functional, with effectivity indices averaging around 4.3 for the entire process,

but consistently remaining below 6. We further observe the possible deterioration of the

convergence rate for the uncorrected goal functional towards the end of the adaptive process.

With the results plotted in Figure 4.4, we deduce from our experiments that adjusting the

number of random variables does not significantly affect our results in terms of convergence

rates, or the efficiency of our estimate.
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(a) (b)

Figure 4.4: The error decay associated with a modification of the setup to include 8 random

variables in (a), with associated effectivity indices in (b).

For our second experiment, we will introduce something new. Up until now, we have

assumed at various points that we had a simple representation of the right-hand side and

goal-functional, with the underlying functionals F,Q being of the forms described in equations

(3.6) and (4.5), respectively. We now modify these representations slightly, and write our

functionals in the form:

F(v) =

∫
Γ

∫
D
f0(x)v(x,y) dx dρ(y)−

∫
Γ

∫
D
f(x) · ∇v(x,y) dx dρ(y) (4.45)

Q(v) =

∫
Γ

∫
D
q0(x)v(x,y) dx dρ(y)−

∫
Γ

∫
D
q(x) · ∇v(x,y) dx dρ(y) (4.46)

We note that these are common representations of the right-hand side functionals in the

goal-oriented setting (see [50] and [85], amongst others). Further, the additional vector

f := (f1(x1, x2), f2(x1, x2)) allows us to introduce non-geometric singularities to our problem

without significantly altering the overall structure of our work; indeed, we have∫
D
f(x) · ∇v(x,y) dx = −

∫
D
v(x,y)∇ · f(x) dx+

∫
∂D

v(x,y)f(x) · n dS (4.47)

using Green’s first identity.

We now define our problem using these modified representations. For our spatial domain, we

introduce the square domain,D = (−1, 1)2. This represents a simpler geometry than that of our

first test problem which will enable us to isolate the singularities that we will introduce in our

problem. These singularities are induced by representations (4.45) and (4.46), where we define
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f0(x) = q0(x) = 0 and f(x) = (χf (x), 0), q(x) = (χq(x), 0), with the characteristic function

χf : D → {0, 1} defined by

χf (x) :=


1, x ∈ Df ⊂ D,

0, x ∈ D \Df ,

(4.48)

and the characteristic function χq : D → {0, 1} defined similarly with the subdomainDq, rather

than Df . In this instance we take the subdomain Df to be the triangle defined by the points

(−1,−1), (−1, 0), (0,−1), and Dq to be the triangle defined by the points (0, 1), (1, 0), (1, 1). Via

equation (4.47), we have

F(v) = −
∫
Γ

∫
Df

∂v

∂x1
(x,y) dx dρ(y), (4.49)

Q(v) = −
∫
Γ

∫
Dq

∂v

∂x1
(x,y) dx dρ(y). (4.50)

The regions Df , Dq are illustrated on the diagram given in Figure 4.5 (a), in green and red,

respectively.

(a) (b) (c)

Figure 4.5: Diagrams pertaining to the discrete domains involved with the second problem: the

initial mesh T0 and characteristic functions subdomains in (a), the mesh at T15 in (b), and the

mesh that would be produced without a goal-oriented procedure in (c).

We consider the quadratic expansion (3.72), with the underlying coefficients am representing

the same planar Fourier modes of increasing order that we utilised for representation (3.70),

in our first test problem. We also retain the same uniform probability density function as the

previous problem.

As before, we use a sum-of-squares rule for determining the type of refinement, and combine
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primal and dual marked sets using a minimum cardinality rule. Our initial mesh takes on the

same resolution as our previous problem, and is given by Figure 4.5 (a).

This time, running our algorithm to a tolerance tol = 1e − 5, our algorithm terminates

after 53 iterations, whereupon we have 1, 073, 114 elements and 67 collocation points in our

approximation, producing 36, 024, 761 degrees of freedom. The final estimated functional value

is Q̄(uSC• , zSC• ) = −0.00642726 to 8 decimal places. Given the form of our right-hand side and

goal functional, the refinement pattern associated with this problem is of particular interest.

Indeed, the primal solution yields a singularity along the line x2 + x1 = −1, while the dual

solution exhibits a singularity along the line x2 + x1 = 1.

In particular, we see a far more stark contrast between refinement associated with the primal

problem and the dual problem in comparison to our first test problem, due to the subdomains

Df and Dq being at opposite ends of domain of our problem formulation, D. This leads to

particularly heavy refinement in regions close to singular lines associated with the subdomains

of interest, which we observe in Figure 4.5 (b). The refinement pattern that we see in

this figure mirrors the deterministic goal-oriented setting, as is the fact that the standard,

non-goal-oriented, framework cannot identify the non-geometric singularity induced by the

dual problem at all. This latter fact is demonstrated with Figure 4.5 (c).

(a) (b) (c)

Figure 4.6: The mean of the primal solution (a) and dual solution (b) associated with our second

test problem, along with the final collocation point set for the first two dimensions (c).

The mean of the primal and dual solutions associated with this problem are given in Figure

4.6. These solutions, which peak along the singular lines associated with the primal and

dual problems respectively, are unsurprising, and represent similar results to the deterministic
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(a) (b)

Figure 4.7: A comparison for different methods of calculating the corrected goal functional,

with the error of the quadrature rule in (a), and the time taken to compute Q̄(uSC• , zSC• ) in (b).

goal-oriented setting.

The final set of collocation points in the first two dimensions is also shown in Figure 4.6

(c), where the corresponding index set exhibits high levels of anisotropy. The final index

set reached the fourth level in the first random variable (recalling definition (3.40), this

corresponds to 9 collocation points when paired with any other indices), but only the second

level (corresponding to 3 points) in the others. Naturally, this demonstrates the importance of

adaptivity in the parameter domain.

For this experiment, the effect of computing the correction term discussed in Section 4.4 is

of particular interest, due to our use of a nonlinear diffusion coefficient that admits an exact

representation. The corresponding result for the affine diffusion coefficient appears simple

enough to warrant its use in any case; however, higher-order constructions of the bilinear form

are increasingly intricate, and it is not immediately clear whether there are significant benefits

to having an exact representation, rather than simply applying a quadrature rule. We therefore

seek to examine the balance between the potential for an increase in computational cost against

our desire to calculate the correction term as accurately as possible. The quadrature-based

implementation of the bilinear form calculation, in all cases, will be performed using an

enhanced collocation point set emanating from the reduced margin associated with the current

index set at any given iteration.
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Some of the results of this comparison are given in Figure 4.7. We first note that, to our relief,

the quadrature-based calculations are easily accurate enough for our purposes. Observing the

trends in Figure 4.7 (a), we see that, for the duration of our experiment, the error admitted by

the quadrature rule remains consistently around an order of magnitude or more below that of

the calculated error in the goal functional using the reference quantity. This is significant, as it

means that the use of the quadrature rule does not meaningfully affect our numerical results.

Despite this, we notice that the error decay for the quadrature rule does not appear to be as

fast as the error in the goal functional. While the error in the quantity of interest decays at

the expected rate of O(N−2/3), the error in our quadrature rule appears to decay at around

O(N−1/3). This means that if we were to run our algorithm to finer tolerances that require

around 108 degrees of freedom or more, it may be prudent to utilise a quadrature rule with a

larger set of collocation points.

One notable surprise, however, is that the computational expense associated with the exact

representation of the bilinear form is lower than that of the quadrature-based representation.

After around 1e5 degrees of freedom, the time required to compute the goal functional

appears to be bounded above by O(N) for the exact implementation. The quadrature

calculation exhibits a similar growth in computational expense, although the total time remains

consistently higher than the time required to perform the exact calculation. While it is possible

that different implementations could alter these results, it appears that, based on our own

rudimentary implementations, an exact implementation for the quadratic expansion of the

diffusion coefficient is at least comparable with use of a quadrature rule.

To ensure that our results were not due to a lack of parallelisation for the computation of

the bilinear form in the correction term, we also verified these results against a parallelised

implementation of the quadrature rule. Notably, representation (4.40) allows our calculation

of the deterministic coefficients to be parallelised over the set of collocation points in the

quadrature rule. Parallelisation of the quadrature calculation was originally overlooked due

to the first few iterations being comparatively expensive in comparison to the non-parallelised

computation. On further examination, however, we find that this trend begins to reverse at

around 1e5 degrees of freedom, which we demonstrate with Figure 4.7 (b).

We hypothesise that during the first few iterations, due to the fact that the required calculations

are not sufficiently data-intensive, the advantages of parallelisation do not outweigh its initial
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(a) (b)

Figure 4.8: The error decay associated with the second test problem. In (a), we show the

interplay between primal and dual, and in (b), we show the error estimate (magenta), the

uncorrected goal error (blue) and the corrected goal error (red).

overhead costs. However, as we proceed through our algorithm, our calculations will become

significantly more data-intensive. At this point, the ability to perform different iterations of

a loop simultaneously will confer a significant advantage in terms of computation time. This

new trend fully materialises at around 1e6 degrees of freedom, at which point, the parallelised

calculation was, on average, around 46% faster than the standard for-loop. However,

our original conclusion remains the same – despite the modest improvements yielded by

parallelisation at later stages in the adaptive algorithm, the exact implementation still appears

to be faster than our quadrature-based implementation.

We now use the same procedure as we did for the first test problem in order to plot the true

error in the goal functional alongside the error estimate at each iteration in Figure 4.8. On

doing this, we see somewhat similar results to the first test problem. The error decay appears

to exhibit a little more instability than for our first test problem. Nevertheless, the overall rate

of O(N−2/3) appears to be the same.

The effect of the correction term is also clearly visible, with the true error decay in the corrected

goal functional appearing to be more stable than that of the uncorrected goal functional. The

corresponding effectivity indices are not plotted here, but examining on Figure 4.8 (b), they

appear to be significantly larger for this problem, even for the corrected goal functional. Further
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calculations reveal that the average of the effectivity indices is around 100. Based on additional

experiments that were conducted in order to measure the loss of efficiency in our estimate, it

is hypothesised that the sharpness of the Cauchy–Schwarz inequality for our product-based

estimate has some relation to the size of the subdomains on which our problems are posed.

As this problem is constructed specifically to show the interplay between primal and dual, we

include a demonstration of this with Figure 4.8 (a). Specifically, we see that the direct primal

and dual estimates each decay at a rate of O(N−1/3), which leads to the product decaying at

order O(N−2/3) as expected. This contrasts with the results that we would expect if we fail to

account for the dual problem. By inequality (4.34), we know that the error decay in the goal

functional for a non-goal-oriented will be bounded between O(N−1/3) and O(N−2/3).

The upper bound on the rate of convergence is obvious. The reason why the rate may be greater

than O(N−1/3), however, is that refining based on indicators only associated with the primal

problem will still induce general improvements in the spatial mesh that can benefit the dual.

As an illustration of this, we recall Figure 4.5 (c). While it is clear that the heaviest refinement

is concentrated at the singular region for the primal, we observe that even at iteration 15, the

spatial refinement has started to propagate through the rest of the domain far away from this

region. Hence, when we actually achieve our required tolerance, there will be refinements

everywhere in the domain, which means that the error associated with the dual problem will

also decrease. It is also worth mentioning here that reductions in the parametric contribution

to the error will also benefit both the primal and the dual.

However, our observation that the rate of convergence for this problem is similar for both

goal-oriented and non-goal-oriented procedures overlooks the importance of our adaptive

algorithms here for multiple reasons. Firstly, on the theoretical side, even if the error estimate

associated with a quantity of interest does decay at a relatively fast rate for a given problem,

we could not possibly know this a priori, as the exact rate will depend on the precise nature

of the problem. In particular, we do not know how refinements will propagate throughout our

domains, and how and when this will affect the errors in the dual problem. Furthermore, we

cannot even evaluate the ‘true’ convergence rate a posteriori without computing a reference

goal, which does not itself represent a realistic scenario for practical attempts to estimate

quantities of interest. More importantly, notwithstanding the above objection about knowing

the ‘true’ error decay for a given problem, the only way of obtaining any sort of reasonable
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estimate of the error in the quantity of interest necessarily involves some form of error

estimation, which we do not have without a goal-oriented procedure.

For our final experiment, we examine a setup involving point-wise estimation. We consider the

crack domain D := (−1, 1)2 \ ([−1, 0] × {0}). One observes that this domain is not Lipschitz,

and so contradicts the assumptions made for our model problem. It is known, however, that

the domain Dδ = (−1, 1)2 \ Tδ is Lipschitz, where Tδ being the closure of triangle formed by

the set of vertices {(−1,−δ), (0, 0), (−1, δ)}. We can therefore interpret this domain, and the

resulting elliptic problems on this domain, using the limit Dδ as δ → 0. For practical purposes,

we set the slit size δ = 0.005.

We now consider the same right-hand side as the first test problem, taking f(x) = 1 in

definition (3.6). For the goal functional, we let

Q(u) =

∫
Γ

∫
D
q(x)u(x,y) dx dρ(y) (4.51)

with the weighting function q(x) is taken to be the mollifier described by definition (2.64) with

radius r = 0.15, centred at the location x = (0.4,−0.5).

In this setting, we take the exponential diffusion coefficient described by equation (3.74) with

M = 4. The expansion coefficients am is set to be defined by a0 = 1, and

am(x) =
√
λmϕm(x), m = 1, ...,M (4.52)

where {(λm,ϕm)} are eigenpairs of the integral operator∫
D

Cov[a](x, x′)ϕ(x′) dx′ (4.53)

with a synthetic covariance function

Cov[a](x, x′) = σ2a exp

(
−|x1 − x′1|

l1
− |x2 − x′2|

l2

)
. (4.54)

With these choices, our diffusion coefficient can be written in the form

a(x,y) := exp (d(x,y)) , d(x,y) = E[d](x) +
M∑

m=1

√
λmϕm(x)ym,

so that a(x,y) is a exponentiated truncated Karhunen–Loève-type (KL) expansion of a

second-order random field with covariance given by definition (4.54). In particular, a0 is

the mean of a stationary random field d(x,y), with ym representing images of pairwise

uncorrelated random variables with zero mean.
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Here, σa is the standard deviation, and l1, l2 represent correlation lengths, although we set

l1 = l2 = 1 for our work. The underlying distribution of the random variables is assumed

to be the same truncated Gaussian distribution described by definition (3.73). The purpose of

this KL expansion is that it represents an optimal approximation of an infinite expansion for

a diffusion coefficient that is obtained when that infinite expansion is truncated to the first M

terms. A more comprehensive view of the theory surrounding Karhunen–Loève expansions

may be found in [21].

This choice of the diffusion coefficient is significant for both theoretical and practical purposes.

Firstly, the use of the exponential enforces the condition that the underlying random field is

required to be positive. For our particular case, our choice of the KL expansion with random

variables defined by (3.73) represents a truncated log-normal random field (we refer the reader

to [108] for more details).

(a) (b) (c)

Figure 4.9: Diagrams pertaining to the discrete domains involved with the third problem: the

initial mesh T0 and mollifier region in (a), the mesh T28 in (b), and the mesh T15 produced

without a goal-oriented procedure in (c).

From a practical perspective, as with the previous test problem, we are utilising a non-affine

diffusion coefficient, which, as we know, are typically more difficult to obtain numerical

results for. However, unlike with the previous test problem, there does not exist an exact

representation of the diffusion coefficient that can be implemented, and we are therefore

reliant on the use of the quadrature-based calculation of the correction term. That being said,

our previous results give us confidence that even for non-affine diffusion coefficients, this

quadrature calculation is sufficiently accurate to yield results that are representative.
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For the purposes of our experiment, we will vary the standard deviation associated with the

covariance function (4.54), beginning with the value σa = 0.5. We will also continue our use

of a sum-of-squares rule for determining the type of refinement, and the minimum cardinality

rule to generate the required combination of primal and dual marked sets. Our initial mesh

takes on the same resolution as our previous problems, and is given by Figure 4.9 (a).

(a) (b)

Figure 4.10: The mean of the primal solution (a) and dual solution (b) associated with our third

test problem.

We run our adaptive algorithm to a tolerance tol = 1e−5, and end up with 1, 020, 695 degrees

of freedom after 46 iterations, emanating from 187, 235 elements and 59 collocation points. The

value of our corrected goal functional, an estimate of the point-wise value of the primal solution

at x = (0.4,−0.5), is Q̄(uSC• , zSC• ) = 0.054643 to 6 decimal places. This appears to be a sensible

estimate based on the plot of the primal solution that we have in Figure 4.10 (a).

The primal solution unsurprisingly peaks around the domain away from the boundary ∂D,

which includes the crack inserted into the left-hand side of the domain. The dual solution,

on the other hand, only exhibits notable behaviour around the region of interest, where the

mollifier is located. The peak occurs at the centre of the mollifier, and is the location of the

point-wise value we want to estimate for the primal problem. (Note that the value of the dual

solution here is zSC• = 0.143180 to 6 decimal places, which is of course, not equal to the goal

functional at this point).
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Figure 4.9 (b) shows particularly heavy refinement around the singularity introduced by the

crack in the domain, D, as well as around the region of interest for the mollifier. This, once

again, successfully reflects the interplay between primal and dual problems for this setup. A

similar mesh produced without a goal-oriented procedure is shown in Figure 4.9 (c). Both of

these spatial meshes are designed with around 5, 000 elements.

(a) (b)

Figure 4.11: The error decay associated with the third test problem, with σa = 0.5 in (a), with

effectivity indices in (b).

The associated convergence rates are given again in Figure 4.11 (a). We see a very stable error

decay associated with our error estimate, with a strictly decreasing error estimate after some

pre-asymptotic behaviour at the first few iterations (around 100 degrees of freedom). The effect

of the correction term is also significant. While the true error decay in the uncorrected goal

functional appears to exhibit a considerable amount of instability, the corrected goal functional

is much more consistent with its convergence rate, and like the error estimate, exhibits strictly

monotonic decreasing behaviour after the first few iterations. In fact, the corrected goal

functional, in general, tracks exceptionally closely with the error estimate, admitting average

effectivity indices of just 2.29, which is a very pleasing result for a goal-oriented procedure.

We also investigate what happens if we modify the standard deviation of the KL expansion

defined by the coefficients in equation (4.52). In particular, we assume a more volatile

expansion, taking σa = 1.5. Running the adaptive process to a tolerance tol = 4e − 5, we

require 5, 558, 331 degrees of freedom to achieve our desired tolerance in 46 iterations, with a

final approximation of Q̄(uSC• , zSC• ) = 0.060807 to 6 decimal places.
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(a) (b)

Figure 4.12: The estimated errors associated with the third test problem with σa = 1.5 in (a),

with effectivity indices in (b).

With respect to the convergence results, we observe from Figure 4.11 (b) that we consistently

require more degrees of freedom to achieve a required tolerance. This is also reflected in the

CPU time required to attain our final tolerance, with the adaptive procedure taking 4217.15

seconds, as opposed to requiring 1139.06 seconds to hit the same tolerance for the case when

we set σa = 0.5. Despite this, we see that (in a similar way to when we changed the number of

random variables for our first test problem) the rate of convergence is exactly the same, with

the error estimate decaying at a very consistent rate.

The disparity between the corrected and uncorrected goal functionals is of particular note here,

for multiple reasons. Of particular note is the fact that in this experiment, the uncorrected

goal functional appeared to behave even more erratically than in the same experiment with

the value σa = 0.5. Despite this, however, the error decay associated with the corrected

goal functional remains remarkably stable, and again, tracks very closely with the error

estimate, with average effectivity indices of around 2.73. We conclude that on increasing the

volatility to σa = 1.5, the correction term proves to be even more vital for the purposes of

stabilising the error decay. The consistency of our results is a particular highlight again with all

effectivity indices remaining between around 2.15 and 3.63 after the first iteration. From these

experiments, we conclude that that the correction term introduced in Section 4.3 is imperative

for parametric PDE problems involving highly volatile input data.
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Chapter 5

Dual-Weighted Residuals

Previously, we discussed an extension of stochastic collocation FEM approximations and their

associated adaptive algorithms to the goal-oriented framework. We now return to the origins

of the goal oriented framework and consider another approach involving a corrected goal

functional along the lines of the residual method discussed in Section 2.9.

In the first part of this chapter, we utilise the same technique for generating a correction term

that we have in the previous chapter, as well as the same splitting, to obtain estimates for

the spatial and parametric contributions to the total error. We then proceed to discuss minor

variants of this approach, as well as how the adaptive algorithm we discussed previously must

be modified to incorporate our new error estimation strategy.

5.1 Dual-weighted residuals

Given arbitrary ψ• ∈ V, we use the complete weak formulations (3.7) and (4.2), as well as the

linearity of the underlying bilinear form, B, in order to deduce

Q(u− uSC• ) = B(u− uSC• , z)

= B(u− uSC• , z − ψ•) +B(u− uSC• , ψ•)

= B(u− uSC• , z − ψ•) + F(ψ•)−B(uSC• , ψ•).

(5.1)
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We therefore have

Q(u)− Q̄u(u
SC
• , ψ•) = B(u− uSC• , z − ψ•)

= F(z − ψ•)−B(uSC• , z − ψ•)

= :R
[
uSC•

]
(z − ψ•)

(5.2)

where

Q̄u(u
SC
• , ψ•) := Q(uSC• ) + F(ψ•)−B(uSC• , ψ•). (5.3)

We begin to analyse the two terms in equation (5.2), using a residual-based approach. Using

the description of our right-hand side functional given in definition (3.8), we have

F(z − ψ•) =

∫
Γ

∫
D
f(z − ψ•) dx dρ(y). (5.4)

Further, using Green’s first identity to integrate by parts element-wise leads to∫
K
a∇uSC• · ∇(z − ψ•) dx = −

∫
K
(z − ψ•)∇ · (a∇uSC• ) dx+

∫
∂K

(z − ψ•)a∇uSC• · n dS

= −
∫
K
(z − ψ•)∇ · (a∇uSC• ) dx+

∫
∂K

(z − ψ•)a
∂uSC•
∂n

dS.

Combining this with equation (5.4), and invoking the idea of element jumps given in definition

(2.28), we use the same approach as with the residual estimator given in Section 2.9 to obtain

R
[
uSC•

]
(z − ψ•) =

∑
K∈T•

(∫
Γ

∫
K

(
f +∇ · (a∇uSC• )

)
(z − ψ•) dx dρ(y)

+

∫
Γ

∫
∂K\∂D

a

2

s
∂uSC•
∂n

{
(z − ψ•) dS dρ(y)

)
.

(5.5)

We must now turn our attention to the finer details of the above representation, in a similar

manner to how we proceeded with deterministic dual-weighted residuals. The obvious issues

we must immediately address are the lack of knowledge of the dual solution z ∈ V, and our

choice of ψ• ∈ V. In the deterministic setting, we chose an approximation, and our arbitrary

function, with the intention of inducing weights that represented an approximation error that

could be calculated or bounded above by some other quantity. In this instance, we wish to

induce similar weights, but also use this as an opportunity to distinguish between spatial and

parametric contributions.

One sensible choice would be to recapitulate the splitting that we first described in equation

(3.60), but for the dual problem, rather than the primal. Following this idea, we invoke an

enhanced dual solution

zSC⋆ := ẑSC• +
(
z̃SC• − zSC•

)
. (5.6)
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with refined dual approximations

ẑSC• :=
∑
ȳ∈Y•

ẑ•ȳ(x)Lȳ(y), (5.7)

and

z̃SC• :=
∑
ȳ∈Ỹ•

z̃•ȳ(x)L̃ȳ(y), with z̃•ȳ = z•ȳ, ∀ ȳ ∈ Y• ⊂ Ỹ•. (5.8)

Following these definitions, we make the assumption that z ≈ zSC⋆ , and set ψ• := zSC• , so that

we obtain the approximation

z − ψ• :≈ zSC⋆ − zSC•

=
(
ẑSC• − zSC•

)
+
(
z̃SC• − zSC•

)
.

(5.9)

which decomposes the residual (5.5) into 2 distinct components:

R
[
uSC•

]
(z − ψ•) ≈ R

[
uSC•

]
(ẑSC• − zSC• ) +R

[
uSC•

]
(z̃SC• − zSC• ). (5.10)

We first deal with the spatial contribution, R
[
uSC•

]
(ẑSC• − zSC• ). In analogous fashion to

equation (4.10), we have

ẑSC• − zSC• =
∑
ȳ∈Y•

(ẑ•ȳ(x)− z•ȳ(x))Lȳ(y). (5.11)

We define the residual quantities

r|K := f +∇ · (a∇uSC• )

j|∂K :=


a

2

s
∂uSC•
∂n

{
, ∂K ⊂ ∂D,

0, ∂K ∩ ∂D = ∅,

(5.12)

and write

pzȳ := (ẑ•ȳ(x)− z•ȳ(x))Lȳ(y) (5.13)

for brevity. Here, we have omitted any references to the iteration (that is, using ‘•’ notation) on

r and j. We will continue to do so on other residual and weight quantities for brevity, as this

can be done without any ambiguity. Then, using the Cauchy–Schwarz inequality, we have on

each element ∫
Γ

∫
K
rK(ẑSC• − zSC• ) dx dρ(y) ⩽

∑
ȳ∈Y•

||r||Γ;K ||pzȳ||Γ;K

for the element residual integral, and similarly,∫
Γ

∫
∂K\∂D

j∂K(ẑSC• − zSC• ) dx dρ(y) ⩽
∑
ȳ∈Y•

||j||Γ;∂K ||pzȳ||Γ;∂K
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for the edge residual integral. This leads us to the conclusion

R
[
uSC•

]
(ẑSC• − zSC• ) ⩽

∑
K∈T•

∑
ȳ∈Y•

(
||r||Γ;K ||pzȳ||Γ;∂K + ||j||Γ;∂K ||pzȳ||Γ;∂K

)
⩽
∑
K∈T•

∑
ȳ∈Y•

(
||r||2Γ;K + h−1

K ||j||2Γ;∂K
)1
2
(
||pzȳ||2Γ;K + hK ||pzȳ||2Γ;∂K

)1
2

(5.14)

where the element diameter hK describes a scaling factor for the edge residual contribution.

We also observe that the first bracket in the above is independent of the sum over collocation

points emanating from the dual solution.

We now turn to the parametric component of the residual, given by R
[
uSC•

]
(z̃SC• − zSC• ).

Applying the result of Lemma 4.1 to the dual approximations allows us to obtain

z̃SC• − zSC• =
∑

ȳ∈Ỹ•\Y•

(z•ȳ(x)− zSC• (x, ȳ))L̃ȳ(y). (5.15)

Recalling definitions (5.12), we proceed by bounding the integrals for the element and edge

residual contributions. Defining

z̃ȳ := (z•ȳ(x)− zSC• (x, ȳ))L̃ȳ(y), (5.16)

while applying the Cauchy–Schwarz inequality in a similar manner to what we did above

yields, on each element∫
Γ

∫
K
rK(z̃SC• − zSC• ) dx dρ(y) ⩽

∑
ȳ∈Ỹ•\Y•

||r||Γ;K ||̃zȳ||Γ;K

for the element residual and∫
Γ

∫
K
j∂K\∂D(z̃

SC
• − zSC• ) dx dρ(y) ⩽

∑
ȳ∈Ỹ•\Y•

||j||Γ;∂K\∂D||̃zȳ||Γ;∂K\∂D

for the edge residual. It then follows that the upper bound

R
[
uSC•

]
(z̃SC• − zSC• ) ⩽

∑
ȳ∈Ỹ•\Y•

∑
K∈T•

(
||r||Γ;K ||̃zȳ||Γ;K + ||j||Γ;∂K ||̃zȳ||Γ;∂K

)

⩽
∑

ȳ∈Ỹ•\Y•

∑
K∈T•

(
||r||2Γ;K + h−1

K ||j||2Γ;∂K
)1
2
(
||̃zȳ||2Γ;K + hK ||̃zȳ||2Γ;∂K

)1
2

(5.17)

holds for the parametric residual. The result for this residual is written in terms of collocation

points, although we recall that refinement of sparse grids is typically driven using multi-indices

from the margin, MI , or reduced margin, RI , of an index set associated with the current sparse

grid. In any case, we must write our sum in terms of an index sets, Ĩ• \ I•, that used to
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enhance the current sparse grid, and group collocation points in the set Ỹ• \ Y• according to

their associated indices iii ∈ Ĩ• \ I•. This will require us to utilise the sets Ỹ•iii that we briefly

invoked in Chapter 3 when discussing error estimation. Putting all of this together, we have

now established the following result.

Theorem 5.1. Denote by u and z the unique solutions to problems (3.7) and (4.2), respectively, with

F being dependent on the deterministic quantity, F , represented by the form given in definition (3.6).

Let uSC• , zSC• , zSC⋆ , ẑSC• , z̃SC• be the approximations given by definitions (3.48), (4.7) and (5.6) – (5.8)

respectively. Suppose also that the residual quantities r|K , j|∂K are as given in definition (5.12) and

that the quantities pzȳ, z̃ȳ are as given in definitions (5.13) and (5.16). Then:

R
[
uSC•

]
(zSC⋆ − zSC• ) ⩽

∑
K∈T•

ρuKpω
u
K +

∑
iii∈Ĩ•\I•

∑
K∈T•

ρuK ω̃
u
K,iii

 (5.18)

where

ρuK :=

(
||r||2Γ;K + h−1

K ||j||2Γ;∂K
) 1

2

,

pω u
K :=

∑
ȳ∈Y•

pω u
K,ȳ, pω u

K,ȳ :=

(
||pzȳ||2Γ;K + hK ||pzȳ||2Γ;∂K

) 1
2

,

ω̃ u
K,iii :=

∑
ȳ∈Ỹ•iii

(
||̃zȳ||2Γ;K + hK ||̃zȳ||2Γ;∂K

) 1
2
.

(5.19)

In the bound given by inequality (5.18), we know that the first sum represents an estimate

for the spatial contribution to the error, while the second sum corresponds to an estimate for

the parametric contribution. Furthermore, despite the slightly unorthodox appearance of the

latter of the two sums (where the weights are not written purely per-index), the writing of the

inequality in this form allows for the easy decomposition of each sum into terms that can be

used as local indicators. For each elementK ∈ T•, the spatial indicator is given by ρuKpω
u
K , while

for each index iii ∈ Ĩ• \ I•, the parametric indicator is the sum
∑

K∈T• ρ
u
K ω̃

u
K,iii.

5.2 Symmetric dual-weighted residuals

We mentioned the possibility of exploiting the symmetry of our formulations in equality (2.73),

and we now discuss this topic here. Recalling our complete weak formulations (3.7) and (4.2),

we observe that

Q(u) = B(u, z) = F(z), (5.20)
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and we further recall Lemma 4.4. Using these results, we conclude from the linearity of F and

Q that F(z − zSC• ) = Q(u− uSC• ). As a result of this, we have that for an arbitrary φ• ∈ V,

Q(u− uSC• ) = F(z − zSC• )

= B(u, z − zSC• )

= B(u− φ•, z − zSC• ) +B(φ•, z − zSC• )

= B(u− φ•, z − zSC• ) + Q(φ•)−B(φ•, z
SC
• ).

(5.21)

We can therefore write the error in the goal functional in the same way that we did with

equation (5.2). Doing this yields

Q(u)− Q̄z(u
SC
• , ψ•) = B(u− φ•, z − zSC• )

= Q(u− φ•)−B(u− φ•, z
SC
• )

= Rz

[
zSC•

]
(u− φ•),

(5.22)

where

Q̄z(φ•, z
SC
• ) := F(zSC• ) + Q(φ•)−B(φ•, z

SC
• ). (5.23)

For now, we restrict our attention a simple goal functional, dependent on a Q of the form given

in representation (4.5). This is of a similar form to the right-hand side, and we stress that while

changing this assumption will affect parts of the calculations, both the right-hand side and goal

functional representations can be modified, as we will see in Section 5.3. Applying integration

by parts per-element yields∫
K
a∇(u− φ•) · zSC• dx = −

∫
K
(u− φ•)∇ · (a∇zSC• ) dx+

∫
∂K

(u− φ•)a
∂zSC•
∂n

dS,

which, combined with our previous assumptions gives us

Rz

[
zSC•

]
(u− φ•) =

∑
K∈T

(∫
Γ

∫
K
(u− φ•)

(
q +∇ · (a∇zSC• )

)
dx dρ(y)

+

∫
Γ

∫
∂K\∂D

(u− φ•)
a

2

s
∂zSC•
∂n

{
dS dρ(y)

)
.

(5.24)

Mirroring our previous approach, we now invoke the splitting set out in equation (3.60) to

write

Rz

[
zSC•

]
(u− φ•) ≈ Rz

[
zSC•

]
(ûSC• − uSC• ) +Rz

[
zSC•

]
(ũSC• − uSC• ). (5.25)
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We deal with the spatial and parametric contributions in turn, with residual quantities defined

by

rz|K := q +∇ · (a∇zSC• )

jz|∂K :=


a

2

s
∂zSC•
∂n

{
, ∂K ⊂ ∂D,

0, ∂K ∩ ∂D = ∅.

(5.26)

We further use equation (4.10) to write the quantity ûSC• − uSC• in terms of the summands

puȳ := (û•ȳ(x)− u•ȳ(x))Lȳ(y) (5.27)

and do the same, using Lemma (4.1), to the quantity ũSC• − uSC• , leading to us defining

ũȳ := (u•ȳ(x)− uSC• (x, ȳ))L̃ȳ(y). (5.28)

which leads to the upper bounds:

Rz

[
zSC•

]
(ûSC• − uSC• ) ⩽

∑
K∈T•

∑
ȳ∈Y•

(
||rz||Γ;K ||puȳ||Γ;∂K + ||jz||Γ;∂K ||puȳ||Γ;∂K

)
⩽
∑
K∈T•

∑
ȳ∈Y•

(
||rz||2Γ;K + h−1

K ||jz||2Γ;∂K
)1
2
(
||puȳ||2Γ;K + hK ||puȳ||2Γ;∂K

)1
2

for the spatial contribution, and

Rz

[
zSC•

]
(ũSC• − uSC• ) ⩽

∑
ȳ∈Ỹ•\Y•

∑
K∈T•

(
||rz||Γ;K ||ũȳ||Γ;K + ||jz||Γ;∂K ||ũȳ||Γ;∂K

)

⩽
∑

ȳ∈Ỹ•\Y•

∑
K∈T•

(
||rz||2Γ;K + h−1

K ||jz||2Γ;∂K
)1
2
(
||ũȳ||2Γ;K + hK ||ũȳ||2Γ;∂K

)1
2

for the parametric contribution. This leads us to concluding the following results.

Theorem 5.2. Denote by u and z the unique solutions to problems (3.7) and (4.2), respectively, with Q

being dependent on the deterministic quantity, Q, as represented by the form given in definition (4.5).

Let uSC• , zSC• , uSC⋆ , ûSC• , ũSC• be the approximations given by definitions (3.48), (4.7) and (3.57) – (3.59)

respectively. Suppose also that the residual quantities r|K , j|∂K are as given in definition (5.12) and that

the quantities puȳ, ũȳ are as given in definitions (5.27) and (5.28). Then:

Rz

[
zSC•

]
(uSC⋆ − uSC• ) ⩽

∑
K∈T•

ρzKpω
z
K +

∑
iii∈Ĩ•\I•

∑
K∈T•

ρzK ω̃
z
K,iii

 (5.29)
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where

ρzK :=

(
||rz||2Γ;K + h−1

K ||jz||2Γ;∂K
) 1

2

,

pω z
K :=

∑
ȳ∈Y•

pωz
K,ȳ, pωz

K,ȳ :=

(
||puȳ||2Γ;K + hK ||puȳ||2Γ;∂K

) 1
2

,

ω̃ z
K,iii :=

∑
ȳ∈Ỹ•iii

(
||ũȳ||2Γ;K + hK ||ũȳ||2Γ;∂K

) 1
2
.

(5.30)

Corollary 5.3. Suppose that the assumptions required for Theorems 5.1 and 5.2 hold, with all relevant

quantities being defined as they are in those theorems. Then we have

Q(u)− Q̄(uSC• , zSC• ) ⪅
1

2

∑
K∈T•

(ρuKpω
u
K + ρzKpω

z
K) +

1

2

∑
iii∈Ĩ•\I•

∑
K∈T•

ρuK ω̃
u
K,iii + ρzK ω̃

z
K,iii

 (5.31)

where Q̄ is given by equation (4.33).

Proof. Substituting ψ• := zSC• and ψ• := zSC• into equations (5.3) and (5.23) gives us

Q̄u(u
SC
• , zSC• ) = Q̄(uSC• , zSC• ) = Q̄z(u

SC
• , zSC• ). (5.32)

Further, using equations (5.2) and (5.22) yields

Q(u)− Q̄(uSC• , zSC• ) ≈ R
[
uSC•

]
(z − zSC• ) (5.33)

and

Q(u)− Q̄(uSC• , zSC• ) ≈ Rz

[
zSC•

]
(u− uSC• ). (5.34)

Taking the average of the above two equations and applying the upper bounds in Theorems

5.1 and 5.2 completes the proof.

We denote the approach which utilises Corollary 5.3 as the symmetric dual-weighted residual

method for the stochastic collocation FEM setting. Of course, we can take any weighted average

of the residuals in inequality (5.31), and calculate an upper bound for the expression

αR
[
uSC•

]
(z − zSC• ) + (1− α)Rz

[
zSC•

]
(u− uSC• )

for some α ∈ R, although without any a priori knowledge of the problems and their solutions,

α = 1/2 represents a sensible choice. Of course, with this symmetric method, we must, in

effect, calculate and then take the average of two residuals and sets of indicators, increasing

the computational expense associated with this approach. That being said, we are, at least, not

140



5.3. ALTERNATIVE REPRESENTATIONS OF THE RIGHT-HAND SIDE

required to calculate two separate correction terms (which can be expensive to compute) given

the observation made in equation (5.32).

While the standard dual-weighted residual method uses weights to factor the dual problem

into our calculations, the interaction between primal and dual problems does not appear, prima

facie, to be as obvious as for the approach based on products of norms that we discussed in

Chapter 4. This symmetric method can alleviate this concern, and guarantee more predictable

behaviour when looking at the error indicators to ascertain the distribution of errors across our

domains.

5.3 Alternative representations of the right-hand side

In our results for dual-weighted residuals so far, we have assumed the right-hand side

functionals are of the forms given in definitions (3.6) and (4.5). However, for the second

test problem that we discussed in the previous chapter, we described a modification of this

approach, representing our functionals using representations (4.45) and (4.46). In particular,

with the representation (4.45), we have

F(z − ψ•) =

∫
Γ

∫
D
f0(z − ψ•) dx dρ(y)−

∫
Γ

∫
D
f · ∇(z − ψ•) dx dρ(y) (5.35)

so that, we modify equation (5.5) to

R
[
uSC•

]
(z − ψ•) =

∑
K∈T•

(∫
Γ

∫
K

(
f +∇ · f +∇ · (a∇uSC• )

)
(z − ψ•) dx dρ(y)

+

∫
Γ

∫
∂K\∂D

(
a

2

s
∂uSC•
∂n

{
+ f · n

)
(z − ψ•)dS dρ(y)

)
,

(5.36)

which follows from equation (4.47). By applying the same ideas as previously, we can conclude

that Theorem 5.1 holds with the element and edge residual quantities defined as:

r|K := f +∇ · f +∇ · (a∇uSC• )

j|∂K :=


a

2

s
∂uSC•
∂n

{
+ f · n, ∂K ⊂ ∂D,

0, ∂K ∩ ∂D = ∅.

(5.37)

141



CHAPTER 5. DUAL-WEIGHTED RESIDUALS

Alternatively, we can also use a similar application of Green’s first identity to (4.46) to modify

equation (5.24) to

Rz

[
zSC•

]
(u− φ•) =

∑
K∈T

(∫
Γ

∫
K
(u− φ•)

(
q +∇ · q +∇ · (a∇zSC• )

)
dx dρ(y)

+

∫
Γ

∫
∂K\∂D

(u− φ•)

(
a

2

s
∂zSC•
∂n

{
+ q · n

)
dS dρ(y)

)
.

(5.38)

and Theorem 5.2 then holds with residual quantities defined by:

rz|K := q0 +∇ · q +∇ · (a∇zSC• )

jz|∂K :=


a

2

s
∂zSC•
∂n

{
+ q · n, ∂K ⊂ ∂D,

0, ∂K ∩ ∂D = ∅.

(5.39)

The consequences of the symmetric variant discussed in Corollary 5.3 then also follow. Perhaps

unsurprisingly, other minor modifications can be made to either the right-hand side functional

for problem (3.7), or the goal functional in problem (4.2), without it significantly altering the

results of the theory.

5.4 Evaluation of the associated quantities

Having discussed the theoretical results in the previous sections, we must now discuss more

practical considerations, such as the computation of the residual norms and associated weights.

In a similar manner to what we saw in Chapter 4, we have additional difficulties with

calculating some of these quantities due to the diffusion coefficient.

In particular, the residual quantities, as with the corrected goal functional, can be calculated

exactly for polynomial expansions of the diffusion coefficient, although the calculations become

increasingly intricate for higher-order polynomial expansions. This is a fact which is not helped

by the square appearing in the integrands, and a quadrature-based approach may therefore

be preferable in almost all cases. That being said, we include representations for linear and

quadratic expansions of the diffusion coefficient, if only to provide exact quantities that are

implementable for the purposes of comparisons with quadrature-based calculations.
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5.4.1 Evaluation of the element residual

We turn to the evaluation of the residuals, beginning with the element residual norm ||r||Γ;K .

To simplify the calculations that follow we assume that the element residual norm we want to

calculate is given by

||r||Γ;K =

(∫
Γ

∫
K

(
f +∇ · (a∇uSC• )

)2
dx dρ(y)

)1/2

. (5.40)

If we want to utilise the representation of the right-hand side given in equality (4.45), then we

observe that by comparing definitions (5.12) and (5.37), we may replace f by f0 +∇ · f in what

follows.

In order to obtain an exact representation for the diffusion coefficient, we want to obtain an

integral that is separable into a sum over products of deterministic and spatial components.

We can expand the integrand above, which leads us to three integrals,

I1 :=

∫
Γ

∫
K
f(x)2 dx dρ(y),

I2 := 2
∑
ȳ∈Y•

∫
Γ

∫
K
f(x)∇ · (a(x,y)∇u•ȳ(x))Lȳ(y) dx dρ(y), (5.41)

I3 :=
∑

ȳ,ȳ′∈Y•

∫
Γ

∫
K
∇ · (a(x,y)∇u•ȳ(x))∇ ·

(
a(x,y)∇u•ȳ′(x)

)
Lȳ(y)Lȳ′(y) dx dρ(y).

Trivially, we have

I1 :=

∫
K
f(x)2 dx

∫
Γ

dρ(y), (5.42)

independently of the diffusion coefficient. If our diffusion coefficient is an affine expansion of

random parameters, as in representation (3.69), then by defining y0 := 1, we have the remaining

integrals given by

I2 := 2
M∑

m=0

∑
ȳ∈Y•

∫
Γ

∫
K
f(x)∇ · (am(x)ym∇u•ȳ(x))Lȳ(y) dx dρ(y)

= 2

M∑
m=0

∑
ȳ∈Y•

∫
K
f(x)∇ · (am(x)∇u•ȳ(x)) dx

∫
Γ
ymLȳ(y) dρ(y)

(5.43)

and

I3 :=
M∑

m,l=0

∑
ȳ,ȳ′∈Y•

∫
Γ

∫
K
∇·(am(x)ym∇u•ȳ(x))∇·

(
al(x)yl∇u•ȳ′(x)

)
Lȳ(y)Lȳ′(y) dx dρ(y)

=
M∑

m,l=0

∑
ȳ,ȳ′∈Y•

∫
K
∇·(am(x)∇u•ȳ(x))∇·(al(x)∇u•ȳ′(x)) dx

∫
Γ
ymylLȳ(y)Lȳ′(y) dρ(y)

(5.44)
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which can all be directly calculated. For a quadratic diffusion coefficient of the form given

in representation (3.72), then the calculations become more complex. We again expand the

diffusion coefficient to write it in the form (4.35), which yields

I2 := 2
M∑

m,l=0

∑
ȳ∈Y•

∫
Γ

∫
K
f(x)∇ · (ymam(x)ylal(x)∇u•ȳ(x))Lȳ(y) dx dρ(y)

= 2
M∑

m,l=0

∑
ȳ∈Y•

∫
K
f(x)∇ · (am(x)al(x)∇u•ȳ(x)) dx

∫
Γ
ymylLȳ(y) dρ(y)

(5.45)

and (with the intermediary stage omitted for brevity),

I3 :=
M∑

m,l,n,k=0

∑
ȳ,ȳ′∈Y•

∫
K
∇ · (am(x)al(x)u•ȳ)∇ · (an(x)ak(x)u•ȳ′) dx

×
∫
Γ
ymylynykLȳ(y)Lȳ′(y) dρ(y),

(5.46)

As with the calculation of the corrected goal functional in Chapter 4, we can also approximate

equation (5.40) using a quadrature rule. If we use a collocation point set Y•, then expanding

the stochastic collocation FEM solution and using the delta property of the underlying basis

functions,

||r||2Γ;K =

∫
Γ

∫
K

f(x) +∇ ·

a(x,y)∇ ∑
ȳ∈Y•

u•ȳ(x)Lȳ(y)

2

dx dρ(y)

≈
∑
ȳ′∈Y•

∫
K

f(x) +∇ ·

a(x, ȳ′)∇
∑
ȳ∈Y•

u•ȳ(x)Lȳ(ȳ
′)

2

dx ωȳ

=
∑
ȳ∈Y•

∫
K
(f(x) +∇ · (a(x, ȳ)∇u•ȳ(x)))2 dx ωȳ

so that

||r||2Γ;K ≈
∑
ȳ∈Y•

||rȳ||2K
∫
Γ
Lȳ(y) dρ(y), (5.47)

where the sampled residual

rȳ|K := f(x) +∇ · (a(x, ȳ)∇u•ȳ(x)) . (5.48)
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Alternatively, with an enhanced collocation point set Ỹ• ⊃ Y•, we obtain

||r||2Γ;K =

∫
Γ

∫
K

f(x) +∇ ·

a(x,y)∇ ∑
ȳ∈Y•

u•ȳ(x)Lȳ(y)

2

dx dρ(y)

≈
∑
ȳ′∈Ỹ•

∫
K

f(x) +∇ ·

a(x, ȳ′)∇
∑
ȳ∈Y•

u•ȳ(x)Lȳ(ȳ
′)

2

dx ωȳ′

=
∑
ȳ∈Y•

∫
K
(f(x) +∇ · (a(x, ȳ)∇u•ȳ(x)))2 dx ωȳ′

+
∑

ȳ′∈Ỹ•\Y•

∫
K

f(x) +∇ ·

a(x, ȳ′)∇
∑
ȳ∈Y•

u•ȳ(x)Lȳ(ȳ
′)

2

dx ωȳ′

so that, substituting in the appropriate quadrature weights,

||r||2Γ;K ≈
∑
ȳ∈Ỹ•

||r̃ȳ||2K
∫
Γ
L̃ȳ(y) dρ(y), (5.49)

where the sampled residual

r̃ȳ|K :=


rȳ, ȳ ∈ Y•,

f(x) +∇·

a(x, ȳ)∇ ∑
ȳ′∈Y•

u•ȳ′(x)Lȳ′(ȳ)

 , ȳ ∈ Ỹ• \ Y•.
(5.50)

We note that analogous results exist for the element residual corresponding to the dual

problem, if it is our objective to invoke a symmetric dual-weighted residual approach.

5.4.2 Evaluation of the edge residual

We now turn our attention to the edge residual norm ||j||Γ;∂K . For the right-hand side assumed

in equality (4.45)

||j||Γ;∂K =

(∫
Γ

∫
∂K\∂D

(
a

2

s
∂uSC•
∂n

{
+ f · n

)2

dS dρ(y)

)1/2

. (5.51)

If we seek an exact representation of the above, we want to calculate the following integrals:

J1 :=

∫
Γ

∫
∂K\∂D

f · n dS dρ(y),

J2 :=
∑
ȳ∈Y•

∫
Γ

∫
∂K\∂D

a(x,y)

s
∂u•ȳ(x)

∂n

{
Lȳ(y)f · n dS dρ(y),

J3 :=
1

4

∑
ȳ,ȳ′∈Y•

∫
Γ

∫
∂K\∂D

a(x,y)2
s
∂u•ȳ(x)

∂n

{ s
∂u•ȳ′(x)

∂n

{
Lȳ(y)Lȳ′(y) dS dρ(y).

(5.52)
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We note that for the simplified version of the right-hand side we saw in Section 5.1, we have

J1 = J2 = 0, and we are not required to calculate these integrals. Irrespective of the diffusion

coefficient, we trivially have

J1 =

∫
∂K\∂D

f(x) · n(x) dS
∫
Γ

dρ(y) (5.53)

As with the element residual integrals, we expand the diffusion coefficient and separate the

variables to write J2 and J3 in terms of sums over products of calculable integrals. For affine

expansions of the diffusion coefficient, we have

J2 =

M∑
m=0

∑
ȳ∈Y•

∫
Γ

∫
∂K\∂D

am(x)ym

s
∂u•ȳ(x)

∂n

{
Lȳ(y)f(x) · n(x) dS dρ(y)

=
M∑

m=0

∑
ȳ∈Y•

∫
∂K\∂D

am(x)

s
∂u•ȳ(x)

∂n

{
f(x) · n(x) dS

∫
Γ
ymLȳ(y) dρ(y)

(5.54)

and similarly,

J3 =
1

4

M∑
m,l=0

∑
ȳ,ȳ′∈Y•

∫
∂K\∂D

am(x)al(x)

s
∂u•ȳ(x)

∂n

{ s
∂u•ȳ′(x)

∂n

{
dS

×
∫
Γ
ymylLȳ(y)Lȳ′(y) dρ(y).

(5.55)

For quadratic expansions of the diffusion coefficient,

J2 =
M∑

m,l=0

∑
ȳ∈Y•

∫
Γ

∫
∂K\∂D

am(x)ymal(x)yl

s
∂u•ȳ(x)

∂n

{
Lȳ(y)f(x) · n(x) dS dρ(y)

=

M∑
m,l=0

∑
ȳ∈Y•

∫
∂K\∂D

am(x)al(x)

s
∂u•ȳ(x)

∂n

{
f(x) · n(x) dS

∫
Γ
ymylLȳ(y) dρ(y)

(5.56)

and

J3 =
1

4

M∑
m,l,n,k=0

∑
ȳ,ȳ′∈Y•

∫
∂K\∂D

am(x)al(x)an(x)ak(x)

s
∂u•ȳ(x)

∂n

{s
∂u•ȳ′(x)

∂n

{
dS

×
∫
Γ
ymylynykLȳ(y)Lȳ′(y) dρ(y).

(5.57)

Alternatively, using a quadrature rule we can estimate the entire edge residual. Doing so with

the collocation point set Y•, yields, via the usual procedure,

||j||2Γ;K =

∫
Γ

∫
∂K\∂D

a(x,y)
2

∑
ȳ∈Y•

s
∂u•ȳ(x)

∂n

{
Lȳ(y) + f(x) · n(x)

2

dS dρ(y)

≈
∑
ȳ′∈Y•

∫
∂K\∂D

a(x, ȳ′)

2

∑
ȳ∈Y•

s
∂u•ȳ(x)

∂n

{
Lȳ(ȳ

′) + f(x) · n(x)

2

dS ωȳ′

=
∑
ȳ∈Y•

∫
∂K\∂D

(
a(x, ȳ)

2

s
∂u•ȳ(x)

∂n

{
+ f(x) · n(x)

)2
dS ωȳ
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so that, substituting in the appropriate weights,

||j||2Γ;∂K ≈
∑
ȳ∈Y•

||jȳ||2∂K
∫
Γ
Lȳ(y) dρ(y), (5.58)

where the sampled residual

jȳ|K :=
a(x, ȳ)

2

s
∂u•ȳ(x)

∂n

{
+ f(x) · n(x). (5.59)

Alternatively, with an enhanced collocation point set Ỹ• ⊃ Y•, we obtain

||j||2Γ;K =

∫
Γ

∫
∂K\∂D

a(x,y)
2

∑
ȳ∈Y•

s
∂u•ȳ(x)

∂n

{
Lȳ(y) + f(x) · n(x)

2

dS dρ(y)

≈
∑
ȳ′∈Ỹ•

∫
∂K\∂D

a(x, ȳ′)

2

∑
ȳ∈Y•

s
∂u•ȳ(x)

∂n

{
Lȳ(ȳ

′) + f(x) · n(x)

2

dS ωȳ′

=
∑
ȳ∈Y•

∫
∂K\∂D

(
a(x, ȳ)

2

s
∂u•ȳ(x)

∂n

{
+ f(x) · n(x)

)2

dS ωȳ′

+
∑

ȳ′∈Ỹ•\Y•

∫
∂K\∂D

a(x, ȳ′)

2

∑
ȳ∈Y•

s
∂u•ȳ(x)

∂n

{
Lȳ(ȳ

′) + f(x) · n(x)

2

dS ωȳ′

so that

||j||2Γ;∂K ≈
∑
ȳ∈Ỹ•

||̃jȳ||
2

∂K

∫
Γ
L̃ȳ(y) dρ(y), (5.60)

where the sampled residual

j̃ȳ|K :=


jȳ, ȳ ∈ Y•,

a(x, ȳ)

2

∑
ȳ′∈Y•

s
∂u•ȳ(x)

∂n

{
Lȳ′(ȳ) + f(x) · n(x), ȳ ∈ Ỹ• \ Y•.

(5.61)

As before, if we want to use a symmetric dual weighted residual, we can utilise a similar result

for the edge-based residual associated with the dual problem.

5.4.3 Evaluation of the residual weights

We finally discuss the calculation of weights. We recall the quantities pzȳ, z̃ȳ from definitions

(5.13) and (5.16). These quantities already represent products of spatial and parametric

components so that the norms in question are immediately calculable. For the spatial

contribution to the residual, the associated element-localised norm for the weight is

||pzȳ||Γ;K = ||(ẑ•ȳ(x)− z•ȳ(x))Lȳ(y)||Γ;K

= ||ẑ•ȳ(x)− z•ȳ(x)||K ||Lȳ(y)||Γ
(5.62)
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and for the parametric contribution, we have

||̃zȳ||Γ;K =
∣∣∣∣∣∣(z•ȳ(x)− zSC• (x, ȳ))L̃ȳ(y)

∣∣∣∣∣∣
Γ;K

=
∣∣∣∣z•ȳ(x)− zSC• (x, ȳ))K

∣∣∣∣∣∣∣∣∣∣L̃ȳ(y)
∣∣∣∣∣∣
Γ

(5.63)

with equivalent results for the edge-localised norms.

This norms can themselves be calculated directly, or in the case of the spatial norms within

each of the above products, these can further be estimated, both theoretically, and practically

speaking, using similar techniques to those that are involved in the element-residual based

estimators devised in [75].

We also note that in the case of symmetric dual-weighted residuals, we also require weights

corresponding to the primal problem, although, as with the residuals themselves, these can be

calculated in exactly the same manner.

5.5 Adaptive algorithm

We must now turn our attention to how the error estimation strategies discussed previously are

used in order to furnish an adaptive algorithm. In particular, there are differences between this

approach and both of the previous adaptive algorithms we have described, for the standard

setting, and for the goal-oriented setting where a hierarchical product estimation strategy is

used.

Unsurprisingly, one aspect of our adaptive algorithm that does not change is the solution step.

As with our work in the previous chapter, we require the solution of both problems (3.56) and

(4.6) for each ȳ ∈ Y• at each iteration.

Our precise estimation step, and the quantities that we are required to compute, will depend

on which variant of the dual-weighted residual method we are utilising. Nevertheless, the

procedures to calculate the appropriate quantities for Theorem 5.1 or Corollary 5.3 are given in

Section 5.4.

It is at this point that the dual-weighted residual approach begins to simplify our procedure

in comparison to the hierarchical product-based procedure. We recall that our marking step
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requires us to choose between spatial and parametric refinement, and to produce a single

marked set corresponding to that refinement type.

In the dual-weighted residual setting, we obtain two, rather than four, distinct sets of indicators

associated with localised spatial and parametric contributions to our total error estimate. This

is because the dual problem is already incorporated into our estimation via the weightings

of the residuals, and we therefore do not require separate estimates and sets of indicators

corresponding to the primal and dual problems. Hence, our marking step here starts to more

closely resemble the standard, non-goal-oriented setting.

Assuming that we are using the first approach to dual-weighted residuals that we discussed,

we have by Theorem 5.1 that estimates for the spatial and parametric contributions to the error

are given by

µ̄• :=
∑
K∈T•

ρuKpω
u
K , τ̄• :=

∑
iii∈Ĩ•\I•

∑
K∈T•

ρuK ω̃
u
K,iii. (5.64)

Here, we continue to avoid any references to the iteration on the residual and weight quantities

for brevity, and because there is no requirement to retain this information beyond a given

iteration of an adaptive algorithm in any case. Our choice of whether to perform spatial or

parametric refinement can be simply determined by which of µ̄•, τ̄• is largest. Further, we

recall from Section 5.1 that the quantities µ•K := ρuKpω
u
K may be used as spatial indicators

for each K ∈ T•, while τ• iii :=
∑

K∈T• ρ
u
K ω̃

u
K,iii can be used as parametric indicators for each

iii ∈ Ĩ• \ I•.

In terms of generating direct error estimates, µ• and τ•, if required, we can use the working

that precedes the statement of Theorem 5.1 to obtain these; for example, a combination of the

work in inequalities (5.14) and (5.17) would suffice here, although alternative bounds can be

considered.

There are a few differences between this chapter and previous chapters when it comes to the

practicalities of generating indicators and the resulting marked set. Firstly, unlike in previous

chapters, we restrict our attention of element-based indicators. In theory, one could attempt

to generate quantities which are edge-dependent by combining the residual jump component

first described in defintition (5.12) with an equidistributed element component; however, this

suggestion lacks sufficient theoretical motivation to warrant its implementation.
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Algorithm 5.1: Dual-weighted residual Stochastic Collocation FEM algorithm
Data: Initial spatial mesh, T0, initial index set I0 = {111}; error tolerance tol = ε; problem

parameters, including marking criteria and a refinement procedure.

Result: Goal functional Q̄(uSC∗ , zSC∗ ) ≈ Q(u); corresponding error estimates satisfying

(µ∗ + τ∗) < ε.

Set iteration counter k = 0; iteration factor l ∈ N.

while (µl + τl) ⩾ ε do
Obtain the approximations, ukȳ, zkȳ ∈ Vk by solving problems (3.56), (4.6) for each

ȳ ∈ Yk.

For each K ∈ Tk, compute residuals ρuK and spatial weight contribution pω u
K , and for

each K ∈ Tk and iii ∈ Ỹkiii, the parametric weight contributions, ω̃ u
K,iii

Use the residuals and weights to determine indirect spatial and parametric estimates

µ̄k, τ̄k.

Determine the marked spatial set xMk and/or the marked index set M̃k.

if k = jl, j ∈ N then
Compute the direct error estimates µl, τl.

end

if (µl + τl) ⩾ ε then

if τk > µk then

Define Ik+1 := refine (Ik,M̃k), and set Tk+1 := Tk.

else

Define Tk+1 := refine (Tk, xMk) and set Ik+1 := Ik.

end

Set k → k + 1.;

end

end

Set uSC∗ := uSCl , zSC∗ := zSCl , µ∗ := µl, τ∗ := τl.

Calculate the goal functional Q̄(uSC∗ , zSC∗ ).
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Secondly, there is no requirement for us to calculate marked sets of elements per-collocation

point in the single-level stochastic collocation FEM setting, as the spatial component in

inequality (5.18) is already written without any sum over collocation points. With the

availability of per-index indicators for the parameter domain, our marking strategy here is

similarly obvious.

Our refinement stage is also performed in the same way as in previous chapters, with our

algorithm proceeding through subsequent iterations until such a point that our estimate in

inequality (5.18) falls below our required tolerance threshold, ε. At this point, we can use our

final stochastic collocation FEM approximations uSC∗ , zSC∗ , to calculate our final estimate of the

goal functional by computing the required correction term, as we did with the hierarchical

product estimation strategy. We summarise the modifications we have made to our adaptive

process in Algorithm 5.1. In order to simplify the pseudo-code, we consider the standard

dual-weighted residual procedure that we previously described in Section 5.1.

5.6 Implementation

To provide the final link between our algorithm and the resulting experiments, we describe the

process of implementing our algorithm in MATLAB. We attempt to provide a similar structure

to what we have outlined in previous chapters, and in the process, utilise many of the same

tools that we have used for the implementation of the algorithms that we have described in

previous chapters.

The main components of the adaptive process are contained in the dwr_singlelevelSC driver,

with the initialisation performed using the dwr_stochcol_global_settings. We maintain

the quantity cell-array structure to provide flexibility with regards to computing numerical

examples corresponding to problems with various features that are desirable for testing

purposes. We consider the same underlying test problems as we did in Chapter 4, and we

therefore may utilise the same quantity generation driver as we did previously, namely the

goafem_stochcol_qtychoice script.

There are no significant changes to the implementation of our solution step, and we utilise

the same solver, goafem_stochcol_fem_solver, as we did in the previous chapter. As before,
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we are utilising this solver to compute piecewise linear approximations to solve deterministic

problems corresponding to each collocation point in a parallelised loop. By contrast, the

construction of error estimators is now performed later in the code. Due to some of our

calculations requiring all of the per-collocation point solution data, this precludes us from

computing it in the same parallelised loop as before. The residuals and weights are now

calculated in two separate functions that are housed in the main driver.

All of our required residual quantities are calculated in the dwr_stochcol_diffpost function.

The first task that this function completes is the collation of all of the required function data for

the purposes of calculating the residuals. For example, we require a significant number of cross

multiplications of coefficient products, such as definition (5.43), for exact calculations an affine

coefficient. We also require a significant number of stochastic integrals, including for exact

representations, or for quadrature-based implementations. We organise all of these integrals

here as well. Where possible, symmetry is considered in order to reduce computational expense

associated with this process.

From here, the two functions dwr_stochcol_intres_p1 and dwr_stochcol_edgeres_p1 are

designed to calculate element and edge residual contributions respectively. If we are utilising

the symmetric variant of the dual-weighted residual method, then residuals associated with

the dual problem are also calculated here.

The weights corresponding to our residuals are subsequently calculated via another function

in the main driver, dwr_stochcol_weights. This calculates estimates of the norms required

associated with both the spatial and parametric contributions to the total error estimate. The

former is done via the construction in [75], while the latter is done using the same indirect error

estimation procedures associated with parametric enhancements in other settings, including

those we have alluded to in previous chapters.

Direct error estimation procedures follow this if required, and are designed to follow along the

lines previously suggested in Section 5.5. The required calculations are performed together

in the dwr_stochcol_direct_estimator function. Marking and refinement are performed

exactly as in the non-goal-oriented framework, with no significant new functions required to

begin subsequent iterations of the adaptive procedure.

When we achieve our required tolerance, we use the same routine as for the hierarchical
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product estimation strategy to compute the corrected goal functional, using the function

goafem_doBilinearForm to calculate the quantity B(uSC• , zSC• ). As with our algorithms

discussed in previous chapters, we can then use the reference script dwr_referenceSC to

produce additional results that can be used to evaluate the performance of the algorithm we

have used.

5.7 Experiments

We now complete this chapter with a couple of experiments that are designed to test our

algorithm’s performance against the results that we attained in the previous chapter. We adopt

many of the initial parameters from our experiments in the previous chapter. We maintain the

Clenshaw–Curtis rule for generating collocation points associated with our sparse grid, with

an initial index set I0 = {111}. Furthermore, we use Dörfler marking techniques with spatial

marking parameter θx = 0.3 and parametric marking parameter θy = 0.3. Throughout our

work, we will utilise quadrature-based rules to calculate the residuals that we require.

We begin with a familiar example that corresponds to our first test problem that we studied

in the previous chapter, namely the computation of the mean of the solution over a small

subdomain. We recall that this test problem involves an L-shape domain, D, with subdomain

D0 = (0.25, 0.75)2, while the right-hand side functional in (3.7) admits the input f(x) = 1,

with the quantity of interest given by equation (4.43). We further retain the affine diffusion

coefficient (3.69), with M = 4, and the random variables satisfying a uniform probability

density function. We also utilise the same initial mesh, as plotted in Figure 4.1 (a).

To test the competitiveness of the DWR method, we opt to run our adaptive algorithm

until our approximation requires around the same number of degrees of freedom as our

final approximation from the corresponding result in the previous chapter. Specifically,

we terminate our algorithm when N = 1e7 in order to see how accurate the resulting

approximation of our goal functional is. We attain this target after 80 iterations, at which point,

our final approximation has exactly 12, 342, 915 degrees of freedom, resulting from 912, 111

elements and 27 collocation points.

The high iteration count is a reflection of the fact that we add comparatively few elements at
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(a) (b) (c)

Figure 5.1: The mesh T40 for the DWR method in (a), and the symmetric DWR method in (b).

The final set of collocation points, in the first two directions, for the symmetric DWR method,

is given in (c).

each iteration with this method. The additional iterations do cause additional computational

expense, and the overall adaptive process takes longer to run than the algorithm utilising

the estimator product as a result. Further experimentation, however, shows that this can

be mitigated by adjusting the Dörfler marking parameters, particularly the spatial marking

parameter, from θx = 0.3 to some higher value, which would result in more aggressive spatial

refinement.

The primal and dual solutions (which are not plotted here) adopt the same qualitative features

as they did when they were calculated in the previous chapter. Of course, this is unsurprising,

as our solution step remains largely the same. Of some interest, however, is the resulting mesh

and collocation point index set. We plot some examples of these in Figure 5.1.

The refinement patterns exhibited by the standard dual-weighted residual and its symmetric

variant are very similar, which is reassuring, as both methods should, to an extent, account for

both the primal and dual problems. However, we notice that the symmetric variant of the DWR

method appears to produce refinements that are more smoothly distributed, in comparison

to the refinement pattern for the original variant, which is more clustered and concentrated

by comparison. The symmetric DWR method, theoretically speaking, describes an averaging

of the results from taking primal residuals and dual weights, and dual residuals and primal

weights, so this apparent smoothing of the resulting refinement pattern is not necessarily a

surprise.
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(a) (b)

Figure 5.2: A comparison of results for the symmetric DWR method with the results for the

estimator product using two-level error estimators, involving the first test problem with 4

random variables in (a), and 8 random variables in (b).

We now consider our primary motivation for this set of experiments, namely, the

approximation of the quantity of interest. The approximation we obtain from the symmetric

dual-weighted residual is given by 0.12411806 to 8 decimal places (compared with the

approximation that we obtained of 0.12411857 in the Section 4.7). This estimate for the goal

functional is calculated as having an error approximately equal to 2.3994e− 6. The error decay

in the corrected goal functional is given in Figure 5.2, which we compare with our results

from using a two-level error estimation technique to furnish the estimator product strategy we

described previously.

The error in the corrected goal functional appears to decrease monotonically, with the only

minor cause for concern being the small (relative) rise for the corrected goal functional at

around 106 degrees of freedom. It is hypothesised that the reason for this is a sub-optimal

choice of refinement, possibly resutling from overly coarse estimates of the spatial and

parametric contributions to the total error. That being said, our strategy results in an overall

convergence rate of O(N−2/3), meaning that it matches the results obtained from the estimator

product strategy, with it being competitive throughout most of the adaptive process. We also

note, yet again, the stabilisation effect of the correction term, which mirrors what we observed

from our results obtained using the estimator product strategy.
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Finally, we also plot equivalent results obtained by increasing the number of random variables,

M , to 8. As we can see, our conclusions remain the same, with the same convergence rate,

and the correction term successfully stabilising our approximation of the goal functional that

is obtained using the dual-weighted residual strategy.

For a second experiment, we invoke the second test problem that we described in the previous

chapter. This test problem was posed on a large square domain (−1, 1)2, and used the alternate

representations of the functionals for the primal and dual problems given by definitions

(4.45) and (4.46), respectively. Adopting the same definitions of the right-hand side and goal

functionals for this specific test problem, we have the functionals (4.49) and (4.50), respectively.

We further retain the quadratic diffusion coefficient (3.72), with random variables being

described by a uniform probability density function. We also use the same initial mesh, as

given in Figure 4.5 (a).

(a) (b) (c)

Figure 5.3: The mesh T40 for the DWR method (a), and the symmetric DWR method (b). The

final set of collocation points, in the first two directions, for the symmetric DWR method, is

given in (c).

Motivated by the final approximation obtained in Section 4.7, we run our algorithm until we

obtain an approximation with N = 3e7. The procedure utilising the standard dual-weighted

residual method terminates after 72 iterations, where our approximation involves 669, 560

elements and 95 collocation points, with 31, 852, 265 degrees of freedom in total. The symmetric

dual-weighted residual method, meanwhile, produces an algorithm which terminates after

71 iterations. In this instance, the approximation involves 36, 024, 761 degrees of freedom,

emanating from 734, 601 elements and 67 collocation points. Again, the primal and dual
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solutions are not plotted due to them exhibiting the same qualitative features as what we

obtained from the equivalent results in Section 4.7.

For comparison purposes, we plot the meshes for algorithms using the standard dual-weighted

residual and the symmetric version, at iteration 40, in Figure 5.3. We observe that, as expected,

there is significant refinement on the lines corresponding to non-geometric singularities

corresponding to the primal and dual problems, although the refinement here is heavier,

relatively speaking, in comparison to the equivalent meshes corresponding to the procedure

we utilised in the previous chapter. There is also a significant contrast between the meshes

here, with the asymmetry of the mesh produced using standard dual-weighted residuals

being particularly noticeable. Use of symmetric dual-weighted residuals yields, as expected,

a refinement pattern with rotational symmetry, with a slightly more evenly distributed

refinement pattern.

In the case of both the standard dual-weighted residual method and the symmetric variant, the

number of collocation points is a reflection of the development of the underlying index set. As

can be seen from Figure 5.3 (c), the final index set exhibits a high degree of anisotropy, reaching

the fourth level of refinement in the first random parameter, but only reaching the second level

in subsequent parameters (this occurred for both the standard and symmetric variants).

(a) (b)

Figure 5.4: A comparison of results for the decay of the error in the goal functional. We compare

the dual-weighted residual method with estimator products in (a), while we compare different

dual-weighted residual methods in (b).
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Our estimates for the goal functional, to 10 decimal places, are −0.0064272164 for the algorithm

driven by standard dual-weighted residuals, and −0.0064272492 for the algorithm driven by

the symmetric dual-weighted residuals. The calculated errors for these are approximately

1.2607e− 7 and 9.3046e− 8, respectively. Recalling that our estimate from the previous

chapter was −0.0064272497 (again, to 10 decimal places), we see that the estimates we have

generated from these algorithms are suitably accurate.

In Figure 5.4, we look at the error decay in the goal functional for the algorithms driven by

standard and symmetric dual-weighted residuals, respectively. We also plot, for reference

purposes, the equivalent results attained in the previous chapter. As we can see, the overall

error decay appears to be O(N−2/3) for the standard and symmetric variants, with both being

able to consistently match the results that we obtained in the previous chapter. Figure 5.4 (b)

shows that error exhibited by the symmetric dual-weighted residual appears to be consistently

slightly lower than that of the standard variant.

We note that the error decay, in general, appears to contain similar small oscillations that were

obtained with the estimator product strategy. Despite this, these oscillations seem to be smaller

with the algorithms driven by the dual-weighted residual estimates. While the error in the goal

functional is not strictly decreasing, it, at the very least, appears to be a little more stable than

the error calculated from using the estimation product.

The correction term assumes the same role that it has done in our previous examples for both

the estimator product and the dual-weighted residual strategies, namely, the stabilisation of the

error decay. The stabilisation effect appears to be more significant in places for the symmetric

dual-weighted residuals, although the reason for the additional instability in the uncorrected

goal functional is unknown. In any case, we see that these results that we obtain here are

comparable with those obtained for the algorithm utilising the estimator product strategy.
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Concluding Remarks

In recent times, mathematical models involving random or uncertain parameters have become

increasingly prominent due to new theoretical knowledge and computing advances. As a result

of this, strategies for developing accurate numerical approximations to solutions of parametric

PDE problems have also become increasingly important. In this setting, efficient procedures

are compulsory in order to minimise the fast-growing computational expense associated with

solving problems involving large numbers of random variables. Many contemporary works

attempt to mitigate this ‘curse of dimensionality’ through adaptive algorithms designed to

approximate the solutions of these parametric PDEs [109, 110].

With this work, we have considered a steady state parameter-dependent diffusion equation

in order to demonstrate a number of results in the stochastic collocation FEM setting. In

providing these new results, we have broadened our understanding of adaptive algorithms

associated with this method. Our findings include the superiority of using Clenshaw–Curtis

abscissas to construct the stochastic collocation FEM approximations used in our work. This is

particularly important given the advantages already associated with Clenshaw–Curtis points

for quadrature rules, which have increased relevancy within the goal-oriented framework (for

example, with the calculation of the correction term). We have also revealed the importance,

in some instances, of using a profit-based (or weighted) criterion for refinement of the sparse

grid in the context of a parametric adaptivity. In particular, this quickly becomes imperative

when the margin of an index set, rather than the reduced margin, is used for the purposes of

enriching the sparse grid associated with the stochastic collocation FEM approximation.
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Furthermore, while other works have made contributions to goal-oriented error estimation for

problems involving parametric PDEs, we have provided significant novelty with our results

in this area. To our knowledge, we are the first to make use of reliable compartmentalised

spatial and parametric hierarchical indicators from the equivalent non-goal-oriented setting to

furnish a newly devised adaptive algorithm in the goal-oriented setting. By doing this, we

fully reveal the interplay between primal and dual problems, as well as spatial and parametric

contributions to the total error estimate, throughout an adaptive process, in a way that has not

been achieved before.

In particular, the novel correction term that we introduced in Section 4.3 reveals the impact

of a lack of global orthogonality on goal-oriented error estimation techniques for stochastic

collocation FEM. In turn, employing this correction term produces a stabilising effect on the

estimate of the goal functional that appears to become more significant for parametric PDE

problems involving high levels of volatility.

The algorithms we have described are versatile, with applicability to PDE problems involving

coefficients with affine and non-affine parameter dependence. Moreover, we found no

deterioration to our convergence results when applying our adaptive strategies to problems

which varying numbers of random variables, probability distributions, domains and goal

functionals. While we have merely considered a simple elliptic problem here, there are

many minor modifications that we can make that allows our findings to be applied to other

parametric PDE problems. We highlight some of the modifications and extensions that may be

made to our work below.

Throughout our work on goal-oriented adaptivity, we have assumed that the goal functional

is linear. Despite this apparent limitation, it is possible to extend our work to a much larger

class of goal-functionals Q : V → R, including non-linear goal functionals. Non-linear

goal functionals have been considered in the deterministic setting previously, with optimal

convergence rates recently proved for quadratic goal functionals in [111], and this represents

an important area to expand our current research in the parametric PDE setting. In

terms of non-intrusive methods, multilevel Monte Carlo methods have been utilised in the

consideration of Frechét differentiable nonlinear functionals in [112]. For intrusive methods,

goal-oriented adaptivity for nonlinear functionals has also recently been performed in the

stochastic Galerkin setting in [113].
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We suggest a similar approach to the stochastic Galerkin setting, considering sample-wise and

complete weak formulations which are dependent on the corresponding primal formulations.

In the stochastic Galerkin setting, the resulting estimate for the error in the quantity of interest

can be written in the form∣∣Q(u)− Q̄(uSC• , zSC• )
∣∣ ≲ (µ2• + τ2• )

1/2(µ2• + τ2• + η2• + σ2•)
1/2, (6.1)

for suitable error estimates µ•, τ•, η•, σ•. While the precise result in the stochastic collocation

FEM setting may differ, we hypothesise that it is possible to deduce a similar relationship

between primal and dual estimates, and their contribution to the error in the quantity of

interest.

We have previously suggested that our work could be expanded to other classes of parametric

PDE problem. Indeed, many of the principles described here will extend to a variety

of problems that can be written in terms of the sampled weak formulations (3.4) and

(4.3), as well as the complete weak formulations (3.7) and (4.2). Some of the possible

areas for consideration include problems where the underlying PDEs are more intricate.

Time-dependent advection-diffusion processes with dependence on uncertain parameters have

been recently considered in the stochastic collocation FEM setting with the work done in [114],

for example.

The opportunity to extend the results of our work further is also provided by the incorporation

of uncertainty into other inputs of the PDE problem. As noted in Chapter 3, the possibility

of using uncertain source terms in the problem formulation has been explored before in

[88], as well as others. Further, a number of recent works have investigated parametric

PDE problems involving parametrised domains, such as [115] and [116]. These parametrised

domains are typically considered as perturbations of Lipschitz ‘reference’ domains and a

strategy involving diffeomorphisms, Φ(y) : D → D(y), (see [117]) is then invoked to map

the parameter-dependent domain to the reference domain. The additional cost of having more

random parameters to contend with is not an obstacle to us, because, as we noted for our

experimental results in Section 4.7, increasing the number of random parameters does not affect

our conclusions.

Another aspect of complexity we can consider is the introduction of parameter-dependent

spatial features into the problem, which, as we suggested in the introduction, can be dealt

with using efficient multilevel approximations. For our specific setup (with piecewise linear
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approximations, which are the limiting factor here), the optimal convergence rate is O(N−1/2)

in the non-goal-oriented setting. It is known that when applied to problems such as the ‘one

peak problem’ seen in [42] (and originally introduced in [118] to test adaptivity in the Monte

Carlo setting), multilevel adaptivity can achieve this optimal rate. In the case of the estimator

product strategy, the general principles described in [42] can easily be applied to our work

with minor modifications to the adaptive algorithm. In the case of the dual-weighted residual

approach, small modifications are also required to some of the theoretical developments (such

as the distributing of sums over collocation points into the residual in inequality (5.18) to

obtain indicators that are collocation point dependent), although this does not pose a significant

challenge.

There are still some open problems related to our work on goal-oriented adaptivity that must be

addressed. Firstly, for the purposes of our theoretical work, we have focused on proving upper

bounds for the error in the quantity of interest. Our work on efficiency has been restricted to the

demonstration of effectivity indices, as we do not have any theoretical proof of lower bounds

associated with our error estimation strategies. In fact, as evidenced by our second test problem

from Section 4.7, and the surrounding discussion, there are some classes of problems that are

difficult to estimate efficiently. Further, as noted in [72], we know that even in the deterministic

setting, a goal functional may satisfy Q(u) − Q(uh) = 0 when u ̸= uh. We similarly observe

from inequality (4.34) that we can obtain Q(u) − Q̄(uSC• , zSC• ) = 0 with u ̸= uSC• , so efficiency

for goal-oriented procedures is likely to be very difficult to quantify precisely from a theoretical

perspective.

Another area where work is sorely is needed on the establishing of convergence results for

adaptive algorithms in the stochastic collocation FEM setting. As noted in the introduction,

convergence is relatively well understood in the deterministic setting, and given the results

of [42], it is expected that when multilevel adaptivity is used, the optimal rate of O(N−1)

can be recovered in the goal-oriented setting for certain problems. Despite this, more general

theoretical results remain elusive and will necessarily be a subject for future works in this area.

On the other hand, the algorithm analysed in [43] represents a very close non-goal-oriented

analogue to our procedures. Although this work does not reveal information about optimal

rates, the general results that are demonstrated here can also be adapted to our work.
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Appendix A

Glossary of Mathematical Notation

In this appendix, we present a list of notation in alphabetical order, with definitions and the

section in which each symbol is introduced. For ease of use, and brevity, we omit some symbols

which are only introduced temporarily, or are otherwise easy to recognise using rules and

conventions established for other symbols and notation.

Symbol Definition First Introduced

1(·) Boolean quantity Section 4.5

|·| Absolute value (real numbers), component sum (vectors),

area (domains), or cardinality (sets)

Section 2.3

a.e. Almost everywhere (with respect to a given measure) Section 3.1

∗ Final quantities from an adaptive algorithm (e.g. the final

approximation u∗T ∈ V ∗
T )

Section 2.3

B(·, ·) Bilinear form associated with deterministic weak

formulations (see also: F (·), Q(·))

Section 2.2

Bȳ(·, ·) Sampled bilinear form taken with sampled diffusion

coefficient a(x, ȳ)

Section 2.2

B(·, ·) Bilinear form associated with complete weak formulations

(see also F(·), Q(·))

Section 3.1

B(Γ) Borel σ-algebra of Γ (event space) Section 3.1

J·K Jump of a function in S∞0 (T) Section 2.4
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(̄·) Quantities produced by modifications of other quantities Section 2.2

• Discrete quantities1 (reference to the underlying

triangulation (e.g. T) is used in Chapter 2)

Section 3.4

C∞(D) Space of continuously infinitely continuously differentiable

functions

Section 2.1

C∞(D) Subspace of functions in C∞(D) with compact support Section 2.1

χ(·) Characteristic function Section 4.7

D Spatial domain, typically Lipschitz (see also: ∂D) Section 2.1

D(y) Parametrised spatial domain Section 6.0

dx Lebesgue measure Section 2.1

∆iii Surplus operator constructed from 1D Lagrange

interpolation operators (see also: Uiii)

Section 3.3

δij Kronecker delta corresponding to indexed quantities i, j Section 2.3

E Edges contained within a triangulation (see also ET) Section 2.4

ET Skeleton, or set of edges in a triangulation T Section 2.4

ess sup
P

(·) Essential supremum (supremum a.e. where ‘P’ is true, also

ess inf
P

(·) for the essential infimum)

Section 2.1

η Global (spatial) error estimate corresponding to a dual

problem (see also: µK)

Section 2.8

ε A small quantity (esp. an error tolerance), ε≪ 1 Section 2.3

F (·) Right-hand side source/forcing functional associated with

deterministic weak formulations (see also: B(·, ·))

Section 2.2

F(·) Right-hand side source/forcing functional associated with

complete weak formulations (see also: B(·, ·))

Section 3.1

Γ Parameter domain Section 3.1

H1(D) Sobolev space of L2-functions with square integrable weak

derivatives (see also: V )

Section 2.1

H1
0 (D) Subspace of functions inH1

0 (D) with compact support inD Section 2.1

x(·) Quantities related to e.g. spatial refinement (similarly, |(·)

for coarsening)

Section 2.4

I Sparse grid index set (also I• et al.) Section 3.3

K Elements of a conforming spatial triangulation, T Section 2.2

1sometimes omitted for brevity; this is noted where necessary

174



Lmmm Lagrange basis functions associated with with collocation

points (later denoted Lȳ)

Section 3.3

L2(D) Lebesgue space of square integrable functions Section 2.1

Lp
ρ(Γ;V ) Bochner space of ρ-measurable functions v : Γ → V Section 3.1

N Set of natural numbers (by convention, excluding 0 Section 2.2

N0 Set N ∪ {0} (the natural numbers and 0) Section 2.2

M Parameter space dimension (see also: Γ) Section 3.1

M Marked sets generated using local indicators (also M•) Section 2.3

MI Margin of an index set I (see also: RI ) Section 3.3

µ Global (spatial) error estimate corresponding to a primal

problem (also µ• et al.)

Section 2.3

µK Local spatial error indicators corresponding to a primal

problem (all other indicators defined analogously with

relevant subscripts)

Section 2.3

N(·) Set of nodes associated with an underlying spatial object

(e.g. a triangulation, T, or an edge, E)

Section 2.3

NT Total number of degrees of freedom associated with a

triangulation, T

Section 2.3

n Outward unit vector (also nE , nK) Section 2.4

∇ Gradient operator Section 2.2

||·||D L2 norm where D is a spatial domain Section 2.1

||·||Γ;V Bochner norm for the space Lp
ρ(Γ;V ) (alternatively, e.g. ||·||V

for the Bochner space V)

Section 3.1

|||·||| Energy norm induced by a bilinear form Section 2.2

ωK Weights for dual-weighted residuals (see also: µK) Section 2.9

ωȳ Weights associated with a quadrature-based calculation Section 4.4

φj Finite element basis function corresponding to a node j for

a given spatial discretisation

Section 2.3

ψT Arbitrary function, ψT ∈ VT (also ψ• ∈ V•) Section 2.9

∂D Boundary of a spatial domain, D Section 2.2

Q(·) Goal functional associated with a dual problem (see also

(B(·, ·)) and F (·))

Section 2.8
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Q(·) Goal functional associated with a complete dual

formulation

Section 4.1

Q̄(uSC• , zSC• ) Corrected goal functional Section 4.3

R Set of real numbers (also Rn for n-dimensional vectors) Section 2.1

R Residual-based quantities Section 2.4

RI Reduced margin of an index set I (see also: MI ) Section 3.3

ρ(y) Probability density function Section 2.4

ρK Localised per-element residual indicators (also ρuK , ρ
z
K ; see

also: µK)

Section 2.9

SI Smolyak sparse grid interpolant Section 3.3

S
p
0(T) Space of piecewise polynomials degree p (piecewise on

pieces K ∈ T)

Section 2.2

S∞0 (T) Space of piecewise continuous functions in H1
0 (D)

(piecewise on pieces K ∈ T)

Section 2.2

σ• Global parametric error estimate corresponding to a dual

problem (see also: µK)

Section 4.5

σ· Standard deviation (subscript denotes the relevant

quantity)

Section 3.7

T Spatial mesh triangulations (also T•) Section 2.2

τ• Global parametric error estimate corresponding to a primal

problem (see also: µK)

Section 3.5

Θ Effectivity indices (also Θ•) Section 2.4

θ Marking parameters (also θx, θy) Section 2.5

(̃·) Quantities related to e.g. parametric refinements Section 3.5

⊗ Tensor product Section 3.2

V Linear vector space (associated with spatial domains) Section 2.1

u Solution to (primal) problem formulation Section 2.2

uSC• Stochastic collocation FEM approximation for a primal

problem (also uSC et al.)

Section 3.2

uSC⋆ Enhanced stochastic collocation FEM approximations (use

of ⋆ not to be confused with ∗)

Section 3.5

u•ȳ Sampled finite element approximations u•ȳ ∈ V•ȳ ⊂ V Section 3.4
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Uiii One-dimensional Lagrange interpolant corresponding to a

given index iii ∈ N

Section 3.3

V ′ Dual space of linear vector space, V Section 2.1

VT Discrete finite element space (deterministic setting) Section 2.2

V Finite space associated with the complete weak formulation

(see also Lp
ρ(Γ;V ))

Section 3.1

x Spatial variable (also x, in Chapter 2 only) Section 2.1

Y Collocation point set (also Y• et al.) Section 3.2

y Random variable in Γ Section 3.1

ȳ Random sample or collocation point (from Y, Y• et al.) Section 3.1

z Solution to dual problem (see also: u; replacing u by z in

most definitions yields a dual-related quantity, e.g. zSC• )

Section 2.8
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