Black-hole dynamics and their
environments

by

Daria D. Gangardt

UNIVERSITYOF
BIRMINGHAM

A thesis submitted to the University of Birmingham for the degree of
DOCTOR OF PHILOSOPHY

Institute of Gravitational Waves

Physics and Astronomy Department

College of Engineering and Physical Sciences
University of Birmingham

July 2024



UNIVERSITYOF
BIRMINGHAM

University of Birmingham Research Archive
e-theses repository

cl0Ele

This unpublished thesis/dissertation is under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0
International (CC BY-NC-ND 4.0) licence.

You are free to:
Share — copy and redistribute the material in any medium or format
The licensor cannot revoke these freedoms as long as you follow the license terms.
Under the following terms:

Attribution — You must give appropriate credit, provide a link to the license, and indicate if changes were
made. You may do so in any reasonable manner, but not in any way that suggests the licensor endorses you
or your use.

NonCommercial — You may not use the material for commercial purposes.

NoDerivatives — If you remix, transform, or build upon the material, you may not distribute the modified
material.

ONMC

No additional restrictions — You may not apply legal terms or technological measures that legally restrict others from
doing anything the license permits.

Notices:

You do not have to comply with the license for elements of the material in the public domain or where your use is
permitted by an applicable exception or limitation.

No warranties are given. The license may not give you all of the permissions necessary for your intended use. For
example, other rights such as publicity, privacy, or moral rights may limit how you use the material.

Unless otherwise stated, any material in this thesis/dissertation that is cited to a third-party source is not included in
the terms of this licence. Please refer to the original source(s) for licencing conditions of any quotes, images or other
material cited to a third party.


https://creativecommons.org/licenses/by-nc-nd/4.0/




Dedicated to my grandfather, Dr. Mikhail Gangardt. Thank you for

asking me about gravitational waves.
Iocesimaercs moemy genyike, Muxaunay Ianrapary. Cnacn6o, 9T0 Th

MEHs1 clIpallnBaJl 1IPO I'paBUTallMOHHDBIEC BOJIHDBI.






Abstract

Black holes are objects that induce extreme astrophysical phenomena. Several
avenues exist to explore how black holes form and how they evolve. In this thesis,
I explore the multi-faceted spin dynamics of binary black holes (Part I) and then
turn to active galactic nuclei, focussing on theoretical models for the discs around
supermassive black holes (Part II). Part I presents a new taxonomy for spin pre-
cession of binary black holes, and introduces a new scheme for uncovering different
spin precession parameters in gravitational-wave events. Five spin precession pa-
rameters are introduced in Ch. 3; one of these is the nutational amplitude which
is indicative of two misaligned spins in the black hole binary. A system where
the nutational amplitude is maximised is then shown to be recoverable by future
gravitational wave detectors in Ch. 4, meaning that spin-spin effects will soon be
constrainable. In Part II, I give an outline of active galactic nuclei theory and ob-
servations. Chapter 6 investigates two active galactic nuclei disc models by Sirko
and Goodman (2003) [1] and Thompson et al. (2005) [2]. Migration formulae are
applied to these disc models, recovering the presence of migration traps where
black hole capture is likely. The thesis is tied together by the want to understand

gravitational wave sources better, which I introduce in Ch. 1.
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Chapter 1

A general introduction

Summary

This thesis is effectively split into two parts. In the first part, Chapters 3—4, I
summarise work on detecting spin precession in black-hole binaries. In the second
part, Chapters 5—6, I summarise work on active galactic nuclei discs. The two topics
are intrinsically linked by a motivation to better understand gravitational wave sources.

Therefore, I introduce gravitational wave theory and current knowledge in Ch. 1 first.

1.1 A brief history of black holes

The idea of a black hole (BH), an object whose gravitational pull would be so great
that not even light can escape it, has existed in theory from as early as 1784-1798 [3, 4|
(see Montgomery et al. (2009) [5] for a review). Using Newtonian gravity, the equating

of escape velocity to that of the speed of light gives the radius of such an object as one
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proportional to its mass:
_2GM

c2

Ry ; (1.1)

where Ry is the Schwarzschild radius, M represents the object mass, G is the grav-
itational constant and c is the speed of light. However, a physical mechanism for
the formation of a black hole was not presented until the seminal work of Chan-
drasekhar (1931) [6]. In Chandrasekhar (1931) [6], it was proposed that if stars were to
gravitationally collapse inward, then the Pauli exclusion principle would create a coun-
teracting pressure due to electrons resisting existing in the same energy states. This
pressure, dubbed ‘electron degeneracy pressure’, could naturally form white dwarves
with degenerate cores, astrophysical objects far more compact than stars. Expanding
on this idea, Oppenheimer and Volkoff (1939) [7] showed analytically that above a
maximum limit, stable neutron stars would be unable to form, and would continue to
contract inwards. In Oppenheimer and Snyder (1939) [8], the endpoint of the massive
neutron star evolution was shown to be an object so dense, not even light could escape
it. The predictions of Oppenheimer and Volkoff (1939) [7], Oppenheimer and Sny-
der (1939) [8] were formed by going beyond Newtonian gravity and employing general

relativity.

In 1915, Einstein published his theory of General Relativity [9-11]. These historic
texts suggested that gravity is a result of the interconnectedness of space and time, a
warping effect from the presence of compact objects. A year later,

Schwarzschild (1916) [12] published the first exact solution to Einstein’s field equations
by assuming spherical symmetry in a vacuum. This solution presented a singularity at
r = 0 contained within an event horizon of radius R, which Einstein himself doubted
the possibilty of [13]. In Penrose (1965) [14], it was demonstrated that irrespective

of assumptions of symmetry, a gravitational collapse of matter under Einstein’s field
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equations will form a physical singularity- a black hole.

In general relativity, black holes are described as simple objects with only three in-
ternal properties (according to the No-Hair Conjecture)- their mass, spin and charge [15—
19]. When studying black holes, we are often more concerned with their mass and their
spins than their charge. This is because black holes that are charged are expected to
attract the opposite charge and become neutral. The event horizon of a non-spinning
black hole is given by the Schwarzschild radius (Eq. (1.1)), but if the black hole is spin-
ning then additional radii must be considered due to the presence of an ergosphere.
In Kerr (1963) [20], analytical solutions describing spinning black holes with angular
momentum S; = GM 2X:/c, where Y; is the dimensionless spin of the black hole, were

provided. In Boyer-Lindquist coordinates [21], the boundaries of the ergosphere, r,

ry = GCJQW (1 + \/1—7%) | (1.2)

If xv; = 0, we recover Eq. (1.1), i.e., the black hole is non-rotating and there is no

are given by:

ergosphere. At x; = 1, the ergosphere boundaries shrink to rx = R;/2, and we find
that objects can get closer to spinning black holes than to non-rotating black holes.
If the magnitude of the black hole spin goes above the Kerr limit (S; > GM?/c, or
Xi > 1), the black hole’s event horizon will be smaller than its radius, and a distant
observer would be able to see the centre of the black hole. This scenario, named a
“naked singularity”, is considered to be impossible according to the cosmic censorship
conjecture |22]; therefore, they are rarely considered when studying astrophysical black
holes.

In 1962 and 1963, extra-galactic observations using radio telescopes produced cata-
logues of “quasi-stellar” objects (quasars) [23]. The observational signatures of quasars

could only be explained if they were taken to be extremely luminous objects located
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at high redshift (z ~ 0.16 for the quasar in Schmidt (1963) [23|, but we now ob-
serve quasars as far away as z ~ 7 [24]). This high luminosity was then explained
as accretion onto extremely massive and compact sources - supermassive black holes
(SMBHs) [25, 26]. A strong radio source that seemed impossibly compact and un-
usually bright at the centre of the Milky Way Galaxy was reported in Balick and
Brown (1974) [27]. In parallel, the observational discovery of pulsars 28| confirmed
the work of stellar collapse astronomers- the rapid, regular electromagnetic signatures
of the signals were well-explained by assuming that their source was a rapidly spinning
neutron star [29]. In 1972, spectroscopic observations of the X-ray and radio source
Cygnus X-1 revealed it to be a star with an even more compact companion - a black
hole [30, 31]. More recently, by studying stellar orbits near our galactic centre, Ghez
et al. (1998) [32] and Genzel et al. (2000) [33] obtained observations of a massive object
(M > 10° M) in a small volume (r < 0.01pc) at the centre of the Milky Way. By the
2000s, black holes were no longer mythical subjects of general relativity, but instead

astrophysical objects that could be studied, albeit indirectly.

Direct imaging of black holes, or their event horizons, are difficult and costly. In
2019, the Event Horizon Telescope collaboration released pictures of the “shadow”
of the black hole at the centre of the galaxy M87 [34], and later in 2022, similar
pictures of our Galaxy’s central BH were released [35|. These images are compilations
of radio observations of the photon paths around a black hole from multiple telescopes
around the globe (effectively creating a very long interferometer). The images provide
direct evidence that supermassive black holes exist at the centre of the M87 and the
Milky Way galaxies. However, an even more direct method to study black holes exists:

gravitational radiation.
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1.2 Two black holes are better than one

1.2.1 Formation channels

Applying Einstein’s field equations to linearised gravity tells us that gravitational
radiation will travel as gravitational waves (GWs) whose amplitudes h are approxi-
mately given by:

h~—— (1.3)

which is an approximation of the quadrupole formula. For non-relativistic sources, i.e.
sources where v < ¢, maximising the compactness of a source (M /r) maximises the
amplitude of GWs. Thus, in order to detect GWs with our instruments, we must turn
to compact objects such as black holes, neutron stars and white dwarves. A proposed
powerful source is the merger of two compact sources. If two compact objects are close
enough to each other (within a few Rg), then the loss of gravitational radiation through
GWs will lead to their orbits shrinking and the two objects merging. Historically, the
initial separation was a point of contention - black holes would have to form relatively
close to one another so that the expansion of the Universe did not pull them apart.
Electromagnetic (EM) observations of stars, the proposed origin of compact sources,
did not have the resolution to determine if binaries could form at such small separations.

The task of gravitational wave astronomers became to determine formation chan-
nels for binary black holes (BBHs). Traditionally, there are two key categories of
formation channels - the isolated formation channel and the dynamic formation chan-
nel. For the isolated formation channel, the source of BBHs are stellar binaries. One
of the stars in the binary is expected to inflate as it becomes a red giant, introducing

a common envelope of gas into the system. This envelope swallows the second star,



1.2 Two black holes are better than one 5

and gaseous friction hardens the binary. Eventually, the two stars become compact
sources with a small enough separation that they can merge within Hubble time (the
pathways to this determine subchannels within the isolated formation channel) [36-41].
A key motivator for the isolated channel is that a significant fraction of stars in the sky
(~ 40% or more) are in binaries or multiple systems [42-44]. The isolated BBHs are
expected to be two slowly-spinning, spin-aligned black holes with masses subject to the
pair-instability gap [45-48]. Massive stars (M 2 130 M) are theoretically expected
to undergo pair-instability supernovae when runaway quantum and chemical processes
cause them to rapidly and violently contract under their self-gravity [49], causing sin-
gular pair-instability supernovae that blow the original stellar material apart, leaving
no BH remnant behind [50]. Stars that have masses greater than 2 100 M, (depending
on metallicity) will instead undergo partial contractions, losing their material gradu-
ally through violent pulses (the pulsational pair-instability process [50]) that eventually
leave behind BH remnants with smaller masses than expected for their original size.
With current GW observations, there is uncertainty in the pair instability supernovae

process [51, 52].

We turn our attention to a different formation channel for BBHs- the dynamical
formation channel. In this case, black holes are assumed to be in dense, dynamic
environments such as globular clusters or galactic nuclei. In both cases, it is expected
that black holes will migrate through their environments, typically sinking to their
centres. The high numerical density of black holes allows them to interact with one
another, forming binaries that can merge within Hubble time [53-62]. For dry (gas-
poor) environments such as globular clusters, it is expected that the two merging black
holes will have spins in random directions [59, 63—-65|. For wet (gas-rich) environments,

such as active galactic nuclei, the black holes are expected to generally align with
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the rotation of the accretion disc, thus introducing preferentially spin-aligned or spin-
antialigned BBHs [66, 67|. In both cases, the high density of black holes more easily
allows for merger products to merge with more black holes in the environment again
in a process known as hierarchical merging [68-73].

It is possible that black holes form from a mixture of both formation channels [74-
76]. To make such predictions, typically a process known as population synthesis,
which compares predictions from different formation channels to detected GW sources,
is used. The predictions from these formation channels are also what we use to inform

our parametric models of the BBH population.

1.2.2 Gravitational wave detection

On the 14" of September, 2015, the LIGO-Virgo collaboration obtained the first
detection of gravitational waves from the merger of two black holes [77]. The signal,
emitted by two distant and relatively massive black holes (total mass ~ 65Mg), had
a network signal to noise (SNR) ratio equal to ~ 26 and a significance of 5.10. In
this section, I describe the methods used to detect and verify GW150914 and the GW
events that followed it.

Gravitational waves have extremely small amplitudes, stretching space-time to peak
strains of h ~ 10722 in the case of stellar mass BBH mergers at a similar distance and
with similar masses to GW150914 [77]. In order to detect such small perturbations,
one needs long interferometers. LIGO consists of two interferometers, LIGO Hanford
and LIGO Livingston. The two interferometers are identical in design, each composed
of two 4km long arms optimised ‘to increase interaction time with a gravitational
wave’ [78]. Virgo 78] and KAGRA [79] are enhanced Michelson interferometers with

two 3km arms, located in Italy and Japan respectively. The two LIGO interferometers
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are more sensitive to gravitational waves than Virgo and KAGRA; however, Virgo and
KAGRA'’s locations allow them to help localise signals using triangulation. As well as
this, KAGRA is the most recently-built interferometer, and tests advanced instruments

that we expect to use for future detectors.

The detectors operate in runs, collecting measurements of laser phase shifts over
several months. The arm lengths of the detectors are the determining factor for the
frequency of GWs we are sensitive to. Figure 1.1 shows the LIGO and Virgo sensitivity
curves as shown in Abbott et al. (2023) [80], known as ‘sensitivity buckets’. For arm
lengths of several kilometres, the GW frequencies we measure best are in the 10 — 103
Hz range. Gravitational waves in this frequency range correspond to stellar-mass BBH
mergers (masses below ~ 2 x 102 M) and neutron star inspirals. From Fig. 1.1, it can
also be seen that the GW detectors are not equally sensitive across the frequencies.
The main limiting factors here are seismic noise for low frequencies and quantum noise

for high frequencies [81].

The data collected by the detectors are often dominated by instrumental noise;
this noise is typically modelled as stationary and Gaussian and removed from the
datasets. Noise artefacts, short transient bursts in the data called ‘glitches’ [82-84]
are also expected; these can tamper GW event results, even when identified in the
data [85]. Several other methods are then used to model instrumental noise, such as
hardware injections which test how the instruments react to a physically simulated
GW signal. Monitoring the noise curve during the observing runs aids in noise removal
during signal detection and the post-processing stage. For the first observing runs,
GW events were always detected by more than one GW detector; consistency between
the signals allowed for further removal of instrumental background noise in the strain

data.
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10_18_| 1 o vl 1 il L (-
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T

10 100 1000
Frequency (Hz)

Figure 1.1: Figure 2 from Abbott et al. (2023) [80], showing a snapshot of
the detectable GW strain for the three interferometers (LIGO Hanford (red),
LIGO Livingston (blue) and Virgo (purple)) during the third LIGO-Virgo
run in January 2020.

In order to identify GW merger events, matched filtering is used. Matched filtering
is the comparison of seconds-long snippets in the time series to a bank of waveform
templates, where highly correlated waveforms are retained and form the initial guess
for the source parameters and significance of the candidate event. Waveform templates
are simulated GW event waveforms, initially generated using effective one-body the-
ory, sometimes combining it with post-Newtonian theory and then calibrated using
numerical relativity [86, 87]. There are several matched filter analyses used within the
LIGO-Virgo-KAGRA (LVK) collaboration that are used for the GW events, including
PyCBC [88] and GstLal [89]. Different pipelines will have different success criteria
for detections, will use different waveform template banks and different methods es-
timating the background noise. The matched filtered analyses can therefore be used

independently; sometimes, GW events are found in one search pipeline only. Matched
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filtering provides a set of triggers, these are then further analysed and added to a cat-
alogue of GW events [80, 90-92| if they pass a certain criteria. The current events
reported in the Gravitational-wave Transient Catalogues (GWTCs) use the criterion
Pastro > 0.5 for the GW events used in detailed analysis (events designated with ‘GW’).
The parameter p.siro is the ‘probability of astrophysical origin’, a parameter that is
made more robust to data with significant marginal detections or non-detections by in-
cluding both the foreground and background events in its calculations [93, 94]. Groups
outside of the LVK collaboration have also performed their own analyses on the pub-
licly released strain data, forming independent GW event catalogues [95-99], which are
mostly in agreement with the LVK GW catalogues.

Once a set of candidate events is formed, the priority is to determine the source
parameters. Gravitational wave science uses Bayesian statistics to do so; the sparsity of
GW measurements and the wealth of information of GW signals makes this an obvious

choice. Below I list GW events of interest to this thesis and current population results.

1.2.3 Catalogues of binary black holes

The LVK collaboration is currently in its fourth observing run. Data are pub-
licly available for the first three observing runs, O1-O3, at Trovato (2020) [100]. A
new event from O4 was recently announced in The LIGO Scientific Collaboration
et al. (2024) [101]. The first run, O1, ran from 12/09/2015 until 19/01/2016, and
detected 3 BBH mergers with p.sio > 0.5. The second run, O2, ran from 30/11/2016
until 25/08/2017, and detected 7 BBH mergers and the first neutron star merger with
Pastro > 0.5. The third run started after an upgrade to the LIGO detectors, increasing
their sensitivities. The results from the third run were split into two sets, O3a and

O3b. The first half of the third run, O3a, ran from 01/04/2019 until 01/10/2019,
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initially reporting 39 confident GW events in Abbott et al. (2020) [91], with one event
with unusual masses making its source compact objects undeterminable [102]. A later
re-release of the O3a results, Abbott et al. (2024) |92], updated the confident compact
binary coalescence list, claiming 44 GW events with p,s;0 > 0.5 detected in O3a. The
second half of the third run, O3b, ran from 01/11/2019 until 27/03/2020, detecting
35 GW events with pasio > 0.5 [80]. The fourth observing run, O4, has been running
since 24/05/2023. The results from O4 are currently not publicly available except for
GW230529 [101].

As aforementioned, the first GW event reported by the LVK collaboration was
GW150914. This event, the merger of a 3573 My BH with a 3072 M, BH, had an
estimated network SNR of ~ 26, a False Alarm Rate (FAR) of 1/203000yr~!, and a
significance greater than 5.10 [77|. The low FAR legitimised GW150914 as a detection,
paving the way for GW data analysis. The signal was detected in the two LIGO
detectors. The total mass of the signal, 65 M, corresponds to a merger and ringdown
frequency of ~ 250 Hz, which places the event at the centre of the LIGO detectors’
sensitivity band (see Fig. 1.1); this coupled with the high significance of GW150914

made it perfect for tests of GR and studies of black hole ringdown [103-107].

The events detected in O1 and O2 were presented in one catalogue, GWTC-1. This
catalogue had 11 total events. Omne of the show-stoppers was GW170817, the first
detection of a merger between two neutron stars [108]. This event was detected by all
three available detectors at the time, the two LIGO detectors and Virgo. This allowed
for good precision in the event’s localisation (the signal’s 90% credibility region covered
only 16 deg”® across the sky), which aided the EM community in finding EM counter-
parts to the GW signal. The merger happened only 4077, Mpc away, giving it an SNR

of 32.4 and making it the closest GW event detected so far. The kilonova explosion
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that accompanied the merger is the first confident kilonova detection [109-115] (al-
though the GW170817 kilonova light curves confirm a posteriori that the first kilonova
detected using EM observations was in 2013, detailed in Tanvir et al. (2013) [116]), and
the association of the gamma-ray burst GRB 170817A with the GW signal provided key
insights into gamma-ray burst sources [115, 117-123]. The combined direct measure-
ments of the luminosity distance from the GW signature and the redshift from the EM
counterparts provided an independent measurement of the Hubble constant, Hy [124].
As more EM counterparts are associated to future GW signals, the error on H, mea-
sured using this method are expected to decrease [125]. An independent and accurate
method of measuring Hj is currently needed since the two main methods - standard

candle supernovae and the cosmological microwave background - disagree [126, 127].

The second GW catalogue, GWTC-2.1 (an updated version of GWTC-2), reported
the final findings from the first half of O3, i.e. events detected in O3a. This catalogue
(and GWTC-2 before it) revealed two events with improbable masses, GW190521 [128]
and GW190814 [102]. GW190521 is the merger of two black holes with large masses,
98132 Mg, and 57727 M, with the resulting black hole having a mass of 147712 M. Be-
fore the detection of GW190521, the maximum mass a stellar-origin black hole could
have was predicted to be near 65 Mg, depending on its metallicity [50]. This threshold
maximum stellar-origin BH mass is set by the pair instability supernovae (see Sec. 1.2).
The origin of observed supermassive black holes (M > 10* M) is elusive, making it dif-
ficult to predict the minimum supermassive BH mass. There are key relations between
supermassive black hole masses and the properties of their host galaxies. Extrapolating
these relations to smaller galaxies such as dwarf galaxies give us supermassive black
hole masses as low as 10* Mg, [129, 130], which still leaves an expected dearth of BH

masses in the range [~ 65 Mg ,~ 10*Mg]. Assuming these theoretical predictions for
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the upper BH mass gap, we see that the two component masses of GW190521 are clear
outliers; the primary mass (heavier BH) especially has a mass that is greater than that
predicted by the pair instability process in its region of 90% credibility. The mass of
the merger remnant, 142725M, is also the first direct observation of an intermediate
mass BH. Several theories have been put forward for the creation of the components
of GW190521 [131]: the two source BHs were possibly formed through hierarchical
mergers in a highly dynamic and dense environment [68-73], the two source BHs are
actually primordial BHs formed during the inflation of the universe and not stellar-
origin [132, 133], the parameter estimation mistook a highly eccentric merger of smaller
masses to be a quasi-circular merger of high masses instead [134, 135]. It is also possible
that the maximum mass limit of BHs given by the pair instability process is incorrect,

something explored in Farmer et al. (2020) [52] and Mapelli et al. (2020) [136].

On the other side of the BH mass spectrum is the lower mass gap, the gap between
the maximum predicted masses for neutron stars (~ 2.3 M, depending on the equation
of state of the neutron star [108, 137, 138|) and the statistically inferred minimum
mass of a BH (~ 5 Mg from X-ray binaries [139-142]). The detection of GW190814,
a merger of a 23%] My, BH with a 2.67)] M compact object challenges this predicted
mass gap [102]. The secondary mass could represent either a light black hole or a heavy
neutron star. The case of the secondary object being a heavy neutron star is currently
disfavoured; observations from GW170817, the confirmed neutron star merger event,
disfavour the neutron star equation of state necessary for neutron stars as heavy as
2.6701 M. The secondary mass being a black hole is preferred [143, 144]; if the merger
remnant of GW170817 is a black hole, its mass would be ~ 2.7 Mg, which is similar
to the mass of the secondary object of GW190814. If the secondary mass is a neutron

star, GW190814 would be the first detection of a neutron star-black hole merger.
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The third GW catalogue, GWTC-3, reported detections from the second half of O3,
i.e. results from O3b [80]. In this catalogue were the first two confident detections of
neutron star-black hole mergers, GW200105 and GW200115 [145]. These events have
light BHs (8.97]3 Mg and 5.9759 My, respectively) and standard neutron star masses
(1.9702 My, and 1.4703 M, respectively). No tidal deformation or tidal disruption of
the neutron stars was observed, which is not unexpected given that the mass ratios of
the events were ~ 0.21 and ~ 0.24 for GW200105 and GW200115 respectively - if the
masses were more equal, the two objects would spend more time orbiting one another,
and thus the black hole would have more time to deform the neutron star [146-149]. No
EM counterpart was detected for either of the two NSBH events; this was to be expected
- an EM counterpart for an NSBH is theorised to come from the tidal disruption of the
neutron star forming an accretion disc [150, 151] from which a relativistic jet can be

observed [152, 153].

The third catalogue also contains details for GW200129, a high SNR event (network
SNR ~ 26) with possible hints of spin precession [80, 148, 154]. Spin precession is the
tilting of the BBH orbital plane due to the spins of the black holes coupling. I further

discuss this event and spin precession in the following chapter, Ch. 2.

At the current date, the LVK collaboration is still in its fourth run, O4. However,
this run has already yielded another event with a mass in the lower mass gap with the
event GW230529 [101]. This event has a primary mass of 3.6795 M, and a secondary
mass of 1.4755 Mg, a standard neutron star. The signal is the first GW event where
the primary mass is in the lower mass gap. Crucially, the primary mass of GW230529
has a probability of being a BH of 99% [101], unlike the secondary mass of GW190814,

whose nature is still uncertain. GW230529 further contests the lower mass gap in the

astrophysical BH mass distribution.
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1.2.4 Gravitational wave detectors of the future

Data for the fourth LVK observing run have yet to be released publicly. The LIGO
detectors and Virgo detector were upgraded before their fourth observation run, some
upgrades being detailed in Abbott et al. (2020) [155] (but see Appendix A in The LIGO
Scientific Collaboration et al. (2024) [101] for more details). With this upgrade, the
sensitivity bucket of the LIGO detectors (Fig. 1.1) has become deeper, thus becoming
more sensitive to GWs. Advanced Virgo [156] has also joined the fourth observing
run, and will be aiding the localisation of compact object mergers. The GW detector
KAGRA was due to join the three interferometers with new cryogenic technology as
detailed in Kagra Collaboration (2019) [157]; however due to unexpected issues the
sensitivity of KAGRA to GWs is not as good as was originally predicted |[79]. There
are further plans for a new GW detector in India, LIGO-India, to be built within the
next decade [158], which will help with GW detection and localisation alongside Virgo
and KAGRA.

As aforementioned, LIGO is only sensitive to ~ 10 — 1000 Hz, so it is limited to
detecting mergers of neutron stars and black holes. In the 2030s, GW science will take
another leap forward as the Laser Interferometer Space Antenna (LISA) becomes oper-
ational. LISA will be a triangular laser interferometer in space, with an arm length of
2.5x 10% km [159]. This arm length means that LISA will be mostly taking information
in the 10~ — 1 Hz frequency window, making it sensitive to inspiralling white dwarves,

the mergers of SMBHs, and eccentric inspirals of stellar-mass BBHs [160].

A different way to measure gravitational waves exists in the pulsar timing array
method. By timing pulsars across the Milky Way, one can obtain a measurement for

the stochastic background signal from in-spiralling supermassive black holes (see Tay-
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lor [161] for a review). The longer the pulsars are timed, the better the signal. Several
collaborations exist under the umbrella of the International Pulsar Timing Array (PTA)
that gather gravitational wave data from pulsars, including: NANOGrav that in 2023
released their 15 years of data that showed evidence for a GW signal [162], the Euro-
pean PTA collaboration which combined their data with the India PTA data in EPTA
Collaboration et al. (2023) [163] and also found away from the null hypothesis of no
GW signal, and the Parkes PTA who report their results in Reardon et al. (2023) [164]
that agree with the other two claims. The Chinese PTA independently reported results
in Xu et al. (2023) [165] that are concurrent of evidence for a GW background signal
in pulsar measurements.

In the next century, there are further plans for developing top of the art gravita-
tional wave detectors. One of these is the Einstein Telescope [166, 167], whose longer
arm length of 10km and improved machinery will increase its sensitivity to gravita-
tional waves for a larger range of frequencies compared to that of LIGO. The other
is the Cosmic Explorer, the next evolution of LIGO-style detectors, with new tech-
nologies allowing for even higher sensitivities [168, 169]. These new features will allow
for several improvements to GW data: the two new interferometers will be able to
observe GWs from high redshifts (as high as z ~ 20 [168, 170, 171], but see Mancarella

et al. (2023) [172] for potential limitations), at high precision for a longer time [173].

1.2.5 A population of black holes

The population problem in GW science is a multi-faceted one. The hundreds of
events currently available for analysis can be statistically combined to obtain an ob-
served population; then, taking selection effects into account, we can reverse engineer

the GW detections into an astrophysical population of black holes and compact objects.
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As well as this, as the number of GW events increases, making general statements on
the properties of black holes will become more valuable than the specificities of indi-
vidual events. However, this assumes that the current detections are being combined
‘correctly’; the methodology behind black hole population studies is an active field in

GW science |76, 174-184].

Alongside every GW catalogue release, the LVK collaboration releases companion
publications on the BH and compact object populations [185-187]. In order to infer
population parameters, hierarchical Bayesian methods are used. This allows us to sta-
tistically marginalise results over individual event uncertainties. However, this method
requires parametric models, predictions in the population parameter spaces for how the
masses or spins or rates may be distributed. Individual GW events are then weighted
and statistically combined to form a posterior, from which distributions for the popu-
lation parameters are pulled. These are then compared to the priors, and conclusions

are then made about the population of BHs.

One of the key parameters one can measure from GW data is the rate of specific
merger events and its evolution with redshift. This information is a predictor of the
formation channels of BBHs [182, 188-190]. Knowing the rate of events can also moti-
vate expectations for future detections [188, 191]. If the rate of BBH mergers given by
LVK collaborations is correct, as future detector sensitivities increase we can expect
to measure thousands of BBH mergers in a single observing run. Current population
estimates of the BBH merger rate are in the range of 17.9 — 44.0 Gpc 2 yr~! taken
at redshift z = 0.2. This rate is thought to increase with redshift proportionally to

(1+ 2)*, where A = 2.9717 for z <1 [187].

In GWTC-1, the best fit to the mass distribution of BHs was the power law model, a

smooth distribution that inferred that 99% of BH source masses fall under 45 M, [185].
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High mass events such as GW190521 in GWTC-2 and GW200220 061928 in GWTC-
3 challenged this model, with current parametric models for the mass distribution
combining power laws with Gaussian features to account for mass build ups in the
distribution. As sensitivities increase for future detections, the distribution of BH
masses will have a larger sample size and higher resolution. This consequence has
lead to a call for more flexible models of the GW population of black holes, such as
Gaussian processes, non-parametric inference methods, and neural networks [75, 179,
183, 184, 192-200]. The most recent work by the LVK collaboration on the topic of
BH masses [187] showed that the population of BH masses is clumpy, with buildups
at M ~ 35Mg. Abbott et al. (2023) [187] also claimed no evidence of an upper mass
gap, instead finding that the mass distribution must decrease monotonically for masses
greater than 50 M. Masses are well measured in GW detectors, the total mass and
mass ratio being dominant terms in the GW phase and strain. Black-hole spins, on

the other hand, have a much more subtle effect on the waveform.
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Black holes and spin dynamics






Chapter 2

Spin precession

Summary

According to the no-hair theorem, black holes are described by three intrinsic prop-
erties only - their mass, their spin and their charge. The charges of black holes are
expected to be negligible, as a charged black hole would attract the opposite charge and
self-neutralise. However, black holes are expected to retain some angular momentum.
Spinning black holes in binaries induce an effect known as spin precession. In this chap-
ter, I describe the theory behind spin precession, the methods we use to detect them,
and the necessary spin precession equations needed to understand Chapters 3-4 further
along in this work. In this Chapter, I describe the precession-averaging formalism from
Kesden et al. (2015) [201], Gerosa et al. (2015) [202], which was more recently updated
in Gerosa et al. (2023) [203]. The spin precession taxonomy presented in Chapter 3,
along with the five parameters, were formulated using the old precession averaging
formalism of Kesden et al. (2015) [201], Gerosa et al. (2015) [202], and used the first

version of the Python package PRECESSION [204].
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2.1 Quantifying spin precession

Spin precession is an effect unique to general relativity. Unlike in Newtonian gravity,
the connected curvature of space-time allows for the spins of objects to couple and
interact during the inspiral. The coupling of the individual sources’ spins to one another
and its effect on the orbital motion of the two objects mean that spin precession is

detectable as a modulation of the gravitational wave strain.

Measuring spin precession does not guarantee measuring the individual spins of the
black holes in the binary. This is because the dominant effects of spin precession on
the waveform are mass-weighted combinations of the two spins. These combinations
are summarised using two parameters: the effective inspiral spin yeg [205] and the
effective precession spin xp [206]. The effective inspiral parameter xog is the mass-

-

weighted projection of the source spins onto the the orbital angular momentum L,

S S, L
_ L 2.1
Xeft = € <m1 + m2> GM'’ (2.1)

where S; is the spin angular momentum of black hole ¢, m; is the mass of black hole

defined as:

i and M = my + my is now the total mass of the binary (unlike in Ch. 1). The
heavier mass in the black hole binary is denoted by the subscript 1, the lighter by
subscript 2. The effective inspiral parameter is a useful quantity - this combination of
spins has been shown to remain constant during the inspiral in the weak gravitational
field regime 205, 207] (see Sec. 2.2 below for more details). Additionally, xes has been
shown to be correlated with the SNR [208] and to determine the signal length due to
the effect of orbital hang up [209]. From Eq. (2.1), it can be seen that if y.g # 0,

then at least one black hole in the system must be spinning. If y.g > 0, the total
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spin of the black holes will be aligned with the orbital angular momentum; if yg < 0
the total spin will be anti-aligned with L. If the black hole spins obey the Kerr limit,

-1 SXeff S 1.

The effective precession spin yp was designed to summarise the “amount of preces-
sion” in the binary. It is a parameter that ranges from 0 to 1, where yp = 0 means
the spins are either not present or are aligned with the orbital angular momentum,
and yp = 1 denotes a system with maximal precession. The definition of xp, as first

proposed in Schmidt et al. (2015) [206], is:

Q(4q + 3)
_ AN 2.9
Xp = max {Xl,i_a 4+ 3q X2,L ¢ ( )

where y; is the dimensionless component spin of black hole 7, x; ; is the component
of x; perpendicular to the orbital angular momentum E, and ¢ = mg/my is the mass
ratio of the black holes. Unlike x.q, xp does not stay constant during the inspiral [210)].
In order to control for this variation, Gerosa et al. (2021) [210] introduce a new xp,
the precession-average of which, (xp), can be easily applied to GW event data. This
generalised yp, (xp), has a range between 0 and 2 and controls for some of the variations
of xp. The value range 1 < (xp) < 2 can only be inhabited by binary black holes with
two spins misaligned with L. Due to poor constraints on spin precession in current
gravitational wave events, the two yp parameters currently give results that agree
with one another [210], but with better sensitivities the two parameters should become
distinguishable [211]. The yp of Eq. (2.2) is also insufficient in the strong-field regime

and a more appropriate parameter was suggested in Thomas et al. (2021) [212].
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2.1.1 Spin precession inference

We have already detected spin precession in compact object inspirals in pulsar
EM signals [213-217]. Pulsars are highly spinning neutron stars; if the spins of the
pulsar and its companion star are misaligned, it induces a change in the frequency
of pulses received on Earth. We typically observe pulsar pulse timings over longer
time periods than GW signals and are thus more sensitive to small changes in the
frequency. The spin precession we have detected so far from pulsars is caused by the
coupling of the orbital angular momentum with the spin of one of the objects, rather
than spin-spin coupling. Spin-spin coupling is unlikely to be detected through pulsar
observations: pulsars as we detect them exist in the weak gravitational regime, for
spin-spin coupling more compact objects like black hole binaries are necessary (see,

e.g., Reynolds (2021) [218]).

While the detection of a black hole spinning in a gravitational wave event was made
as early as the first LIGO-Virgo observation run with the event GW151226 [219], spin
precession in the form of xp > 0 in single-event analysis remains elusive. There are ~ 15
events with posteriors constrained away from x.g = 0 with 90% credibility listed in the
first three LVK GW catalogs; events with a xp posterior significantly constrained away
from xp = 0 are non existent. Spin precession has a subtle effect on the gravitational
waveform, and for confident detections we need events with several orbital cycles in-
band. Thus, in order to detect spin precession, an event with high SNR (such that
the GW signal can be distinguished from noise earlier in the inspiral) is necessary. In
Hannam et al. (2022) [148], it was claimed that GW200129, a gravitational event with
a network SNR ~ 26, showed significant spin precession (xp ~ 0.9702) when the event

was re-analysed using the NR surrogate waveform NRSur7dqd [148, 154]|. However,
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the evidence for spin precession in the signal is located in the data from the single
detector LIGO Livingston, and is undermined by uncertainties in glitch mitigation for
the detector, as discussed in Payne et al. (2022) [85]. The IMRPhenomXPHM analysis of
GW200129 also suggested a precessing system in contrast to the SEOBNRv4PHM analysis
which prefers a non-spinning system; we explore this further in Fig. 4.5 of Ch. 4. These
results show promise- spin precession in single events may very well be constrained in

future catalogs, when the sensitivity of GW detectors increases and events can be

detected with higher SNR.

A different avenue for spin precession detection is statistically combining the poste-
riors of the current GW events and predicting the spin precession of the astrophysical
BBH population. The uncertainties in population measurements decrease as more
events are detected. In the GWTC-3 and GWTC-2 population papers, it was shown
that the case of perfect spin-orbit alignment in binaries, cosf; = cosfy = 1, was ex-
cluded [186, 187|. Additionally, in GWTC-3, the distribution of yp is shown to be either
broad with a centre at yp = 0, or narrow with a median at xp ~ 0.2 [187] - demon-
strating that some of the BBHs detected by the LVK collaboration have misaligned
spins, and are precessing. There are still some limitations to the evidence for spin pre-
cession; for one, the population posterior shape of fig. 15 in Abbott et al. (2023) [187]
is replicated in fig. 2 in Mould and Gerosa (2022) [174| when using only the events from
GWTC-2 and including spin in selection effects. Additionally, there is a possibility that
spin precession detections are driven by the parametrisation of the prior population
models. These uncertainties can be reduced through the use of nonparametric models
such as the use of flexible spline functions, as was done for the primary mass model in
Abbott et al. (2023) [187]. Another level of uncertainty stems from the thresholds used

to determine a “GW event”. Currently, the LVK GW catalogs apply a threshold in
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Pastro fOr the events they consider confident. However, the GWTC-3 population paper
instead uses a more relaxed threshold of false alarm rate < 1 per year. Currently, the
GWTC-3 catalog contains a total of 35 GW events with pasiro > 0.5; the GWTC-3
population paper analyses over 70. Current GW events lack confident detections of
spin precession- the effect of different sample sizes, model choices and selection effects

will become more pronounced as sensitivities increase.

2.2 The post-Newtonian regime

Spin precession and its effects on the GW waveforms can only be accurately de-
scribed using complete solutions to the Einstein field equations. These solutions are ob-
tained using numerical relativity, a computationally expensive process. Numerical rel-
ativity solutions are used in the strong-field regime, where the compact sources of GWs
are close to merger and moving at highly relativistic speeds. There are only ~ 40 numer-
ical relativity simulations that extend to more than 50 orbits before merger [220]; these
are used for NR surrogate waveform calibration and for unusual merger cases [221]. A
different approach to using NR simulations that is less expensive and accurate up to
separations of r ~ 5R; is the post-Newtonian (PN) regime (see Blanchet (2014) [222]
for a review).

The post-Newtonian formalism starts from a metric and stress-energy tensor that
both assume a non-relativistic (v/c < 1) source that is self-gravitating ((Ry/R)Y? ~
v/c). One can then expand equations of motion in powers of (v/c)? (or equivalently
M /r), so-called PN ‘orders’, and obtain a GW waveform accurate up to the specified
PN order. By considering higher order PN terms, we introduce effects unique to gen-

eral relativity to the gravitational waveform, such as spin-orbit coupling and spin-spin
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coupling [223, 224] up to a measurable accuracy without needing numerical relativity.

Out of the detectable LVK GW sources, BBHs are the most massive type of source
translating to high SNR values. Additionally, tidal deformation, an effect which com-
petes with spin-spin coupling at the 2PN order [225], is expected to be negligible for
BBHs [226]. Thus, we can expect to constrain spin precession in the mergers of BBHs
best. However, a competing effect within BBH mergers and inspirals is orbital eccen-
tricity; some events assumed to be precessing such as GW190521 and GW200129 could
be eccentric instead [135, 227|. The distinguishability of eccentricity and spin precession
in a GW event has been explored in Romero-Shaw et al. (2023) [228]|. Currently, GW
events are assumed to be quasi-circular, justified by the fact that gravitational radiation
is efficient at circularising orbits (see, for example, Peters and Mathews (1963) [229]).
In Fumagalli and Gerosa (2023) [230], the spins of a BBH merger have been shown to
‘remember’ the eccentricity of a binary - this opens an avenue for inferring eccentricity
in circularised GW events [231]. In this thesis, I focus on spin precession in circular
binaries, assuming that the eccentricity is 0.

By working up to the 2PN order, we obtain analytic expressions for spin preces-
sion valid up to separations of r ~ 5 Ry [201-203]. These equations are built on the
PN work done by Apostolatos et al. (1994) [232], Blanchet et al. (1995) [233] and
Kidder (1995) [224].

2.2.1 Spin precession equations

We now work in geometric units, so that G = ¢ = 1. The parameter r is the
separation between the two black holes. In this framework, since G = ¢ = 1, the total
mass of the binary M can be used as a unit or scaling factor for our spin equations.

The motion of the black holes in the binary induces an orbital angular momentum,
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given by
L =nMY?\2[ (2.3)

where 17 = mymsy /M is the symmetric mass ratio. The black holes also have individual
spin angular momenta, denoted by S‘;, which are constrained to have magnitudes 5; <

m? (i.e., the Kerr limit applies). These angular momenta sum to a total angular

(2

momentum J = L + 5?1 + STQ Similarly, the total spin vector is defined as S = 571 + 52

Three timescales govern the motion of two merging black holes. These are:

1. the orbital timescale, t,,,,
2. the precession timescale, tpye,

3. and the radiation reaction timescale, tgg.

These three timescales have a different dependency on the orbital separation r. The
orbital timescale t.,, tracks the time it takes for a black hole to complete an orbit

3/2 Tt is the shortest timescale, and is

around the other and is proportional to ~ r
often averaged over to calculate global binary properties, such as the eccentricity of
the orbit. The precession timescale ¢, describes the timescale it takes the spins of
the black holes, 51,2, and the Newtonian orbital angular momentum, E, to precess
around the total angular momentum J. The precessional timescale ¢, is proportional
to ~ 1r°/2 (see Eqs. (2.5, 2.6) below). The longest timescale, tgg, tracks the decrease in
the binary’s separation r due to the binary losing energy through gravitational waves.
The radiation reaction timescale tgg is proportional to ~ 74

We can separate these timescales, and average over not only Z.,1 but also ty., as
proposed in Kesden et al. (2015) [201] and Gerosa et al. (2015) [202]. To separate these

timescales, one needs simply to enter a regime where r is very large (where r > M),

so that tgr > tpre > torp. Working in the PN limit allows us to do just that.
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In Gangardt and Steinle et al. (2021) [199], the aim was to study the evolution of
§172 and L during the inspiral, averaging over the precessional timescale. This requires
analytic expressions for the angular momenta on the precession timescale. To obtain
these expressions, we first restrict the number of degrees of freedom using constants of
motion. The BBH spin precession problem has nine degrees of freedom (each angular
momenta, 51,2 and E, has three), which are reduced to six when considering that
the direction and magnitude of J are constant on the precession timescale (these only
change on the radiation reaction timescale, or for rare configurations of the binary spins,
see Sec. 3.1). The magnitudes of 5’1,2 are constant when considering spin effects up to
2PN [224] and the magnitude of L also remains constant on the precession timescale

(see the dependence of L on 7 in Eq. (2.3)), leaving three degrees of freedom.

In Sec. 2.1, we introduced the projected effective spin parameter, y.g. As afore-
mentioned, this parameter has been shown to be conserved over all three timescales
at 2PN order [205, 207|. Equation (2.1) can be rewritten geometrically, breaking the

angular momenta into their vector components:

ot = qS7 cos By + Sy cos Oy
T gM(1+q)

where 6, (6,) refers to the angle between Sy (S,) and L. In Gerosa et al. (2015) [202],
the remaining two degrees of freedom are represented by the magnitude of the total
spin, S, and the angle ¢’. In the updated work of Gerosa et al. (2023) [203], the
remaining two degrees of freedom are ¢’ and the weighted spin difference [235]

X1 €0s 0y — qx2 cos by
oy = .
1+4+gq
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The extrinsic parameter ¢’ is defined as

@/:gl'(:gxg)
|§1X;§‘

)

where § is the unit vector orthogonal to the J-L plane. Following Gerosa et al. (2015) [202],

Xeff Can be rewritten as a function of S and ¢ only:

Xen(S,9) = e | (72 = I = SIS0 +0) = (SF = $(1 = ) -

— (1= ¢*)A(S)cos¢'|

where A(S) is a constant that vanishes when the magnitude S is at its minimum
(S = Smin) or maximum (S = Syax). Equation (2.4) forms a closed oval in the X — S
plane for any binary with defined values of ¢,S;,S,,r and J, which can be seen in
Fig. 2.1. The outer boundaries of this loop can be drawn by setting cosy¢’ = —1
for the upper boundary (which we label yeg.) and cosy’ = 1 for the lower boundary
(Xefi—)- Specific binaries will have a constant value of g, meaning that they will move
on horizontal lines within the closed loop of Fig. 2.1 during a precession cycle. The
turning points of each binary are labelled S_ and S,. The behaviour of ¢’ during a
precession cycle depends on where the turning points S4 lie on the loop, and are used

in Gerosa et al. (2015) [202] to define three spin morphologies:
1. if S, and S_ lie on Yy, ¢ oscillates about 7 and never reaches 0;
2. if Sy and S_ lie on xeg—, ¢’ oscillates about 0 and never reaches m;

3. if one turning point lies on Y.z, and the other on xeg_, ' will monotonically

move from —7 to 7.
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Figure 2.1: Left subplot from figure 2 in Gerosa et al. (2015) [202]. This
figure shows the “effective potential” drawn when considering the effective
inspiral parameter y.g as a function of the total spin magnitude S and the
angle ¢’. A binary with a defined xi, x2, ¢, M at a specific separation r
and value of J will move along a horizontal line within the potential in a
quasi-periodic fashion.

Moving away from the complicated geometric meaning of the angle ', three differ-
ent spin precession morphologies can be found in an E—aligned frame. In this frame,
the basis is formed on the direction of L (we label this direction 2’). The plane that
runs parallel to L and S is represented by the unit vector 2’ and a unit vector that
is the normal to the E—gl or Z’-2’ plane completes the set. The angle between 51 and

E, 01, is by formulation always in the Z’-z’ plane. The angle between Si and S, that
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is projected onto the /-3 plane, A®, is an azimuthal angle that tracks the motion of
S; and S, around L in a similar fashion to ¢'. In the E—aligned frame, a new set of

morphologies appears, identified by the azimuthal angle A®:

L. if AD(S}) = AP(S_) = 0, Ad oscillates about 0 and never reaches 7 (we label

this case ‘L0’, meaning ‘librating about 0’);

2. if AP(Sy) = AP(S_) = 7w, Ad oscillates about 7 and never reaches 0 (we label

this case ‘L7’, meaning ‘librating about 7’);

3. if A® = 0 at one of the turning points, and A® = 7 at the other turning point,
will circulate through the full range of —7 to 7 (we label this case ‘C’, meaning

‘circulating’).

A BBH with defined values of ¢,S7,S>,r and J will form a unique Y.g loop in
the xeg — S plane. Similarly to the ¢’ case, the A® morphologies will divide the loop
into three horizontal sections. A BBH with a constant y.g will precess in a singular
morphology during a precession cycle. However, unlike the ¢’ case, not all three A®
morphologies will necessarily be available to a binary defined by its ¢, S7, 52,7 and
J values. The available morphologies, and the divisions between them, will change
during the inspiral as r changes. The morphologies a binary is in can tell us about its
precessional dynamics without the need of the value of S [236].

In order to calculate the precession-averaged value of a parameter that is a function
of S only, we will need a method to integrate over values of S. To do so, one can use

eq. (26) from Gerosa et al. (2015) [202]:

dat 2q S L5

2 271 73\3 2
45 _ 301 =7) 55, (M) (1—”M 5) X sin 0y sin 6 sin A® . (2.5)
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Equation (2.5) vanishes when ¢ = 1, thus displaying the key problem of using S to
parametrise the precession cycle. Using the weighted spin difference dy does not have
the same problem (see Gerosa et al. (2023) [203]). The spin magnitude S and the spin
difference dx can be written as functions of one another when working in the precession
timescale, thus any quantity that varies on the precession timescale can be written as a
function of S or dx. The dynamics of the following Chapter parametrise the precession
cycle using the total spin S.

The ‘effective potential’ of y.g implies that S oscillates periodically between S_

and Sy. The frequency of this motion we define as w = 27/7, where:

S+ 48
=9 - 2.
7 / dS/dt] (2:6)

It is important to note that 7 is not equivalent, but is comparable to, the time it takes
for the orbital angular momentum L to complete its cone of motion around J. We can

now define the precession average of a quantity that varies on the precession timescale,

(X) = % /S ' ‘ d);%)t’ds. (2.7)

X(S5), as:

In this regime, the azimuthal frequency €1, = d®y,/dt, can be defined as a function of

S only [201, 202]:

J 3(1+¢
QL(S):2_7’3<1+(TQ)

M\ V2
1 — Xeff ?

X {1 +q—[J?—(L—-9)?(L+S)>?—J
(2.8)

x [4(1— @) L*(S7 - 85) — (1 + q)(J* = L* = 5%)

X (J? = L* — 5% — AnM’ L) | }) :
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During a period 7, L precesses by an angle a = (Qr)7 about J.

The polar angle between L and J is given by:

2 | 12 _ Q2
01,(S) = arccos (M) :

2JL (2:9)

The oscillation of S with period 7 leads to nutation of L with frequency w = 27 /7.
Having a procedure to find the precession average, one can then find an equation

for the precession averaged inspiral (see Gerosa et al. [202] for the full derivation):

aJ |
<d_L> = (P D (S, (2.10)
pre

which can be used to evolve binaries from large separations down to r ~ 10M where
the PN regime no longer applies. At large separations, BBHs are described by fewer
intrinsic parameters and the BBH dynamics are simpler. Large separations are defined
as the limit where r/M — oo, or equivalently where L/M? — oo, as L oc r'/2. In this

limit, it is simplest to define a parameter k, such that:

J2—L2

57 (2.11)

R =

Unlike J and L, k asymptotes to a constant at large separation, k... This can be shown

by combining Egs. (2.10, 2.11) to get:

dk (S?) pre

dL ~ 212

(2.12)

When L/M? — oo, Eq. (2.12) tends to 0, giving a constant x at large separations, as
required. It has been shown in Gerosa et al. (2015) [202]| that the constant in question

is the projection of the total spin onto the orbital angular momentum in the limit of



36 Chapter 2  Spin precession

large separations,

Uy
h

Koo = lim
r/M—o0

To find the value of  for a specific BBH, one needs only to integrate Eq. (2.12) to
r/M — oo. At these large separations, spin-orbit coupling dominates over spin-spin
coupling, and the black holes’ spins S: and STQ will precess in cones around the orbital

angular momentum L with constant opening angles:

— M2+ Roo(1 + q_l)

0o= lim S -L= , 2.13
cost1 r/]\ifriloo ! Sl(qfl — Q) ( a)
5 T M25 + "ioo(l + Q)
Ore = i Sy L = . 2.13b

These opening angles, along with the intrinsic parameters ¢, S; and Sy, are enough to
uniquely identify a single BBH without specifying a reference frequency or separation.
Using the previous equations, one can now evolve the spins and angular momenta of
any binary from infinitely large separations to separations of roughly 10M, where the

PN regime no longer applies.






Chapter 3

Nutation

Abstract

Binary black holes with misaligned spins will generically induce both precession
and nutation of the orbital angular momentum L about the total angular momen-
tum J. These phenomena modulate the phase and amplitude of the gravitational
waves emitted as the binary inspirals to merger. We introduce a “taxonomy” of
binary black-hole spin precession that encompasses all the known phenomenol-
ogy, then present five new phenomenological parameters that describe generic
precession and constitute potential building blocks for future gravitational wave-
form models. These are the precession amplitude (fy,), the precession frequency
(Qr), the nutation amplitude A6y, the nutation frequency w, and the precession-
frequency variation AQ;. We investigate the evolution of these five parameters
during the inspiral and explore their statistical properties for sources with isotropic
spins. In particular, we find that nutation of L is most prominent for binaries with

high spins (y 2 0.5) and moderate mass ratios (¢ ~ 0.6).
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Summary

This chapter is a reformatted version of my joint first-author paper, Gangardt and
Steinle et al. (2021) [199]. This work was a follow up on a summer project where I
studied wide nutations in black hole binaries, as suggested by Davide Gerosa after his
work on wide spin configurations in Gerosa et al. (2019) [237]. The summary of that
project can be found in App. A.1. At the same time, Michael Kesden and Nathan
Steinle were studying black-hole dynamics through the perspective of the angle 6y, as
opposed to the traditional spin precession angles (see Sec. 2.1). We then combined
our results and formulated a new spin precession taxonomy in Gangardt and Steinle et
al. (2021) [199]. The introduction was written by Nathan Steinle and Davide Gerosa.
The taxonomy was formulated by Davide Gerosa. The definition of the five spin pre-
cession parameters was given by Michael Kesden and Davide Gerosa. The leading
post-Newtonian behaviour was provided by Michael Kesden. I was responsible for Fig-
ures 3.3—3.6. The remaining figures were prepared by Nathan Steinle. I described
the results concerning Figs. 3.3—3.6, with editorial comments given by Davide Gerosa,
Nathan Steinle and Michael Kesden. Nathan Steinle wrote the rest of Sec. 3.3. The

conclusions were written by me, then edited by Davide Gerosa.

3.1 Introduction

In Sec. 2.1, I introduced the spin precession parameters y.g and xp. Whilst binary
black hole spin precession is often understood through the lens of these two parameters,
a variety of configurations where BBH spin dynamics result in peculiar phenomenologies

are now known, including transitional precession [232, 238|, spin-orbit resonances [202,
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Figure 3.1: Proposed taxonomy of BBH spin precession. Simple (transi-

tional) precession occurs when the direction of the total angular momentum

J is constant (varying). Simple precession is “regular” when the orbital angu-

lar momentum L precesses on a cone with fixed opening angle (i.e. Afy, = 0)

and frequency (i.e. AQp = 0) and is “generic” when nutation causes the

opening angle and frequency to vary (i.e. Afy, # 0, AQp, # 0). Examples

of regular precession include BBHs with a single spin, equal masses, and

the spin-orbit resonances of Ref. [239]. Transitional precession occurs for

small values of the total angular momentum (J < L) [232] or at nutational

resonances ((Q2,) = nw) [238].
239, 240|, dynamical instabilities [221, 241-243], emergence of new constants of motion
[244, 245|, and large nutation cycles [237, 246]. This paper attempts to incorporate
this richness into a single, comprehensive framework and presents five new parameters
that encode the most generic features of BBH spin precession.

Before delving into the details of this study, we introduce a new “taxonomy” of spin

precession which encompasses all of the known phenomenology. Our classification is

summarised in Fig. 3.1. Additionally, I include Fig. 3.2 which shows the new framework

with which we now look at the spin precession problem.

(1) Following Apostolatos et al. (1994) [232], we refer to precession as “simple” when

the direction of the total angular momentum J=L+S +8,is approximately
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Figure 3.2: The defined coordinate frame set by the assumed to be constant
total angular momentum vector direction, J. During a precession cycle, the
precession frequency {2r, will go from 0 to 2. If the total spin vector S does
not change, there is no polar motion of L and the precession angle 6, will
remain constant. If there is a change in the total spin of the system, L will
nutate with a nutation frequency w.

constant. In this case, the direction of L as it precesses about J can be specified

by the polar angle 6; and azimuthal angle ®; .

(a) If the total spin magnitude S = |S; 4+ S| is conserved on the precession
timescale, then 6, and the precession frequency €, = d®y /dt are also con-
stant on this timescale. We refer to this uniform precession of L on a cone

about J as “regular” following Landau and Lifshitz (1969) [247]

Cases of regular precession include:

(i) a single nonzero spin [232],

(ii) the equal-mass (¢ = 1) limit [232, 244],
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(iii) the spin-orbit resonances [239)].
(b) In the “generic” case when S is not constant on the precession timescale [201,
202, neither are 6y, nor €y, implying that L nutates as it precesses about
J.
(2) “Transitional” precession occurs when the direction of .J is not constant [232].

There are at least two different but related scenarios when this can occur:

(a) If the ratio of the magnitudes of the total and orbital angular momenta
is less than the ratio of the precession and radiation-reaction timescales

J/L < tyre/trr o (r/M)=3/2, the direction of .J tumbles [232].

(b) At a nutational resonance [238| where the mean precession frequency is an
integer multiple of the nutation frequency (i.e. (Qp) = nw), coherent GW

emission tilts the direction of J.

The vast majority of the binaries at a given separation r will undergo generic
simple precession (1b), as the other three cases are restricted to finely tuned (2a)
or lower-dimensional (1a, 2b) portions of BBH parameter space. However, as the
precession and nutation frequencies evolve during the inspiral, an order-unity fraction
of binaries will pass through one or more nutational resonances for comparable mass
ratios (¢ < 1) [238].

In this paper, we step back from current GW analyses and waveform models and
attempt to identify those parameters that most naturally characterise the essential
features of the more common simple precession.

Regular precession (la) of L on a cone about .J can be described by the precession
amplitude 6, and the precession frequency §2;, which are constant on the precession

timescale.
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However, in the generic case (1b), nonzero nutation implies that the precession am-
plitude and frequency oscillate about their precession-averaged values (€r) and (6r)
with nutation amplitude A6y, and precession-frequency variation Ay, at common nu-
tation frequency w. We stress that nutation is a generic feature of BBH spin dynamics
and as such deserves further attention. Our five parameters provide a new framework to
characterise configurations in which precession and nutation both significantly impact
the dynamics and allow us to isolate and analyse their respective contributions. We ex-
pect each of these five parameters to imprint a distinct observational signature because
of the dominant effect of the direction of L on the quadrupole waveform [232], but we
leave the characterisation of these signatures and the signal-to-noise ratios needed to
observe them to future work.

Our paper is structured as follows. Section 3.2 defines and details the five preces-
sion parameters we propose. Section 3.3 explores their behaviour using numerical PN
evolutions. Section 3.4 summarises our findings and future prospects. Some details are

postponed to Appendices A.1 and A.2. We use geometric units where G = ¢ = 1.

3.2 Five precession parameters

3.2.1 Precession parameters
This formalism highlights five promising parameters to describe simple precession:
(1) The precession amplitude given by the average (6,) or median 0y, = (fr+65._)/2.

(2) The precession frequency given by the average () or median Qp = (Quy +
Op)/2.

(3) The nutation amplitude Afy, = (O —60p-)/2.



44 Chapter 3  Nutation

(4) The nutation frequency w = 27/7.

(5) The precession-frequency variation AQy, = (Qpy — Qp_)/2.

The nutation amplitude Af;, and precession-frequency variation A, vanish for
regular precession (1a); 0y, and €y, oscillate with the same nutation frequency w because

S is the only intrinsic parameter varying on the precession timescale.

3.2.2 Leading PN behaviour

We can develop intuition about our five precession parameters by calculating their
values at leading PN order (r/M — o0). In this limit, 1.5PN spin-orbit coupling
dominates over 2PN spin-spin coupling [224|. The individual spins 5’1’2 precess regularly
on cones about the orbital angular momentum L with opening angles #,, and 05, and

frequencies

o = S () &)
Qs = %(%yw. (3.2)

Defining X | as the component of vector X perpendicular to the total angular

momentum J, the precession amplitude (A1) in the limit r/M — oo is

) =
9 1/2
_ X151 f100 g 2| M
_ {[( q )+<q><2 m)]?n}. (3.3)
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The precession frequency (€21,) is bimodal in the limit /M — oo and given by

Qoo it Si. > 5,
QL)oo = (3.4)
QZOO if Sll < SQL .

This result, expressed in a different notation, was first presented in Eqs. (46) and (47)
of Ref. [238]. For a population of BBHs with given values of ¢, x1, x2 and isotropic spin

directions, the fraction of sources with Sy, < Sy, is given by [238]:

2 _ 4.2
M= TG G e — o) it 8, > 5,

4 2
f<= | 2Q_X;i(22‘ (3.5)
%(sinhf@ + Hs) if Sl < 52,
1X2
where
-1 X1
HC = 2COSh (W) s (36)
_ s —1 X1
HS = 2Slnh (W) . (37)

The nutation amplitude Afy, in the limit /M — oo is similarly bimodal and given

by

1
Al = E(Su + So1 — |S1L — Sa1)

A\ M2
gx2 8in o, (—) it Si. >S5,
r

M 1/2
% sin 9100 <7) if SU_ < S2J_ .
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The nutation frequency w in the limit r/M — oo is

B 3 [(1—gq r o\ —5/2
Woo = Q200 — Qoo = W <m) (M) ) (3-9)

which is independent of the BBH spins and vanishes in the equal-mass limit ¢ — 1,
consistent with the constancy of S in this limit even at 2PN order [244]. This implies
that 0, and €2y, are also constant and that Eqgs. (3.3), (3.8), and (3.10) are invalid in

the precisely equal-mass limit.

The precession frequency Qr+ at S = S in the limit /M — oo is

0 _ X1 SN 0100100 £ q2X2 Sin 025082200 (3 10)
e X180 £ ¢?xosinba '

implying that the precession-frequency variation AQy, in the limit /M — oo is

1
AgzLoo = §<QL+OO_QL700)

2 . .
q°X1 51N 0100 X2 SN Oog
= —= 5 Weo - (3.11)
X7 Sin” 0100 — q* X35 Sin” oo

3.3 Numerical evolutions

We now explore the evolution and distribution of our five precession parameters.
Numerical integrations are performed with the PRECESSION code [204], which imple-
ments 2PN spin-precession equations [207] and 1.5 PN precession-averaged radiation
reaction [201, 202]. Sources are evolved from their asymptotic conditions at r/M — oo

down to r = 10M, taken as the threshold for the breakdown of the PN approximation.
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3.3.1 Individual sources
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Figure 3.3: Evolution of our five precession parameters for two representa-
tive inspirals. These are the precession amplitude (f1,) (dashed green, top),
the nutation amplitude Afy, (solid blue; top), the precession frequency (€2r,)
(dashed green, bottom), the precession-frequency variation AQy, (solid blue,
bottom), and the nutation frequency w (solid red, bottom). We also show
the medians 0, and Q, (solid orange), as well as the allowed ranges 6. and
Qs (gray curves and shaded areas). The two binaries shown in this figure
are characterised by the values of q, x1, X2, 0100, and 654, listed in the top
panels. The right (left) panels depict a case where sin; does (not) reach
0 at some point during the inspiral. This condition is marked by a vertical
black line (r ~ 27M for the binary on the right).

Figure 3.3 displays two representative cases for the evolution of our five parameters

as functions of the separation r. The key difference between these two systems is
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whether J and L align at some point during the inspiral. Because the function 01.(S)
given by Eq. (2.9) is monotonic, the condition sinfy,(S) = 0 can only be satisfied if
either S_ = |J — L| or Sy = J + L, which correspond to 0 = 0 and 6., = m,
respectively [238]. Appendix A.1 shows our proof that these two conditions cannot be
satisfied simultaneously, i.e. maximal nutations Af;, = 7 are forbidden. This is unlike
nutations of S; and S; which can have maximal amplitude 7 during a single period

7 [237]. The left panels of Fig. 3.3 show a binary for which 6, never reaches 0 or 7.

The average precession and nutation amplitudes (A1) and A#y, are approximately

proportional to (r/M)~1/2

as suggested by the leading-order behaviour given by Eqs. (3.3)
and (3.8), while the three frequencies (€21,), w, and Af), are nearly proportional to
(r/M)~/2 consistent with the leading-order behaviour given by Egs. (3.4) and (3.9),
and (3.11). The two precession averages () and (€y,) are well approximated by the

median values 0y, and €y, as one would expect at small nutation amplitude Afy, where

the oscillations are nearly sinusoidal.

The evolution of our five precession parameters is somewhat more complex if L and
J reach co-alignment at some point during the inspiral. The right panels of Fig. 3.3
show an example of such a binary where a cusp-like minimum 6, = 0 and a corre-
sponding cusp-like local maximum in the nutation amplitude A6y, occur at r ~ 27M.
If €2 is the precession vector, i.e. dE/ dt = Q X E, then the precession frequency of

Eq. (2.8) is
. dI_: jX EJ_
o dt L,

L :Q(j— EJ_COtHL). (312)

In Appendix A.2, we show that € - L, # 0 for misaligned spins, implying that the
second term in Eq. (3.12) diverges and thus Qp_ approaches +oo as 6, approaches

zero (or 01, approaches 7) during the inspiral. As L passes through alignment with
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f, l%l — —[?L and Qp_ goes to Foo according to Eq. (3.12). This can be seen in
the bottom right panel of Fig. 3.3, where €2, jumps from —oo to +o00 as the binary
inspirals through r ~ 27M at which 6;,_ = 0.

The precession-frequency variation A2y correspondingly jumps from +oo to —oo.
Integrating Eq. (3.12) with respect to time, we find that this discontinuity causes
the precession angle per nutation period a = fOT Qr, dt to jump by Aa = £27 and the
average precession frequency () = «/7 to jump by A(€2) = +w as explored by Zhao
et al. (2017) |238]. Careful examination of the dashed green curve in the bottom right
panel of Fig. 3.3 reveals this discontinuity in (€21,) at the vertical black line. Numerical

exploration did not reveal binaries with two or more of such L | J crossings.

3.3.2 Parameter-space exploration

The dependence of the five precession parameters at » = 10M on the mass ratio
q is shown in Fig. 3.4 for three values of the spin magnitudes y; = x2 = 1, 0.5, and
0.1. The binaries for which the nutation amplitude A6y, is largest have high spins but
moderate mass ratio ¢ ~ 0.6. This counterintuitive result constitutes one of the key
findings of this paper. Two-spin effects are, naively, maximised for comparable-mass
sources ¢ < 1 because the secondary’s spin S, vanishes for ¢ — 0. This is not the
case for nutations. The magnitude S becomes a constant of motion in both the ¢ — 0
and the ¢ — 1 limits, which implies Afy, = AQp, = 0. Nutation effects are set by the
variation of S and are more prominent for binaries with moderate mass ratios.

As expected, large values of A6y, are more likely for high y; and ., because large
spins can induce greater misalignments between the total and orbital angular momenta
(ie. J—L =35, +5,). Figure 3.4 also shows that the maximum value of Afy, occurs

at smaller ¢ if xy; = x» increases. This can be understood in terms of the spin-
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Aby,

q q

Figure 3.4: Distributions of the precession parameters Afy, (top left), (6y,)
(middle left), w (bottom left), AQy, (top right), and (Qr) (middle right) as
functions of the mass ratio ¢ for isotropic distributions of spin directions at
r = 10M. The solid orange, blue, and green lines show the median values for
spin magnitudes x; = x2 = 0.1, 0.5, and 1, while the shaded areas indicate
the 90% interval of each distribution. The bottom right panel shows the
fraction of binaries with A€, < 0 for the same BBHs.
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precession morphologies explored in depth in Refs. [201, 202|. Nutation is larger in
the circulating morphology than the two librating morphologies in which the spins
merely oscillate about the spin-orbit resonances (case la.iii of regular precession in our
taxonomy detailed in Sec. 3.1). To maximise the nutation amplitude A#;, at higher
Xi, the mass ratio ¢ must decrease to suppress spin-spin coupling and maintain a large

fraction of binaries in the circulating morphology.

The precession-frequency variation A€)p, also reaches its largest values at moderate
mass ratios. However, unlike for the nutation amplitude A6y, smaller spins produce
larger variations A);,. Comparing the leading PN behaviour given by Egs. (3.8) and
(3.11), we see that Afp is linear in the spin magnitudes, while AQp ., only depends
on their ratio y2/x1. This ratio is unity for all three spin distributions in Fig. 3.4, but
the weaker spin-spin coupling for smaller y; again implies a higher fraction of binaries
in the circulating morphology and thus larger variations A{,. The sharp decreases
in the lower boundaries of the shaded regions (the 5" percentile of each distribution)
approximately occur at the values of ¢ at which the fraction of binaries with AQp, < 0
reaches 0.05 (fan, <o = 0.05 in the bottom right panel of Fig. 3.4). In the limit that
spin-spin coupling is suppressed, this occurs at ¢ >~ 0.62 where f. = 0.05 according to
Eq. (3.5).

This fraction faq, <o increases with ¢ for x; = x2, consistent with the leading PN
behaviour given by Eq (3.11). This equation also shows that in the equal-mass limit
qg — 1, AQp is equally likely to be positive or negative, consistent with our numerical

result that fao, <o — 0.5 in this limit.

The fraction faq, <o is not necessarily maximised at ¢ = 1 for x; # x2. For example,

we find that faq, <o reaches a maximum of ~ 0.95 at ¢ >~ 0.65 for x; = 0.1 and x = 1.

The precession amplitude (A1) shown in the middle left panel of Fig. 3.4 decreases
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monotonically with ¢ and increases monotonically with x;. In the extreme mass-ratio
limit ¢ — 0, L — 0 and S — S, implying that (A1) — 7/2 for isotropic spin distribu-

tions.

As ¢ increases, the two spins can more effectively cancel each other in the vector
sum S = S; + S5 leading to smaller precession amplitudes 0, by Eq. (2.9). Larger spin
magnitudes lead to larger precession amplitudes both geometrically by Eq. (2.9) and
because enhanced spin-spin coupling increases the fraction of binaries in the precession
morphology in which the components of the spins in the orbital plane librate about

alignment and thus add constructively.

The average precession frequency (€2r,) is shown in the middle right panel of Fig. 3.4.
In the extreme mass-ratio limit ¢ — 0, J = §1 and therefore 2, oc x; according to
Eq. (2.8). The larger scatter in the distributions for larger spins in this limit follows
from the dependence of €)1, on the projected effective spin y.¢ in this equation which
spans a larger range —x1 < Xeg < +x1 for higher spins. As g increases, (€)1,) generally
increases as well, particularly for small spins where the leading PN approximation
of Eq. (3.4) is more accurate. For larger spins, two effects compete at small mass
ratios which determine the available )y, values: Qp oc x; and €, o —xeg. This
creates a ‘bottleneck’ feature in Fig. 3.4 for the large spin distributions in the ranges
of Qr. The sharp increases in the upper boundaries of the shaded regions (the 95
percentile of each distribution) are essentially the mirror image of the similar features
in the lower boundaries of the A2y, distributions in the top right panel. This follows
from the definitions of these parameters: AQp, = (Qy — Qp_)/2 and () ~ Qp, =
(s +Qp)/2.

The nutation frequency w decreases monotonically with ¢, consistent with the factor

of (1 —¢q)/(1+ ¢q) in Egs. (2.5) and (3.9). Its median value is largely independent of
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the spin magnitude, also consistent with Egs. (2.6) and (3.9). The widths of the w

distributions are roughly proportional to y;, which follows from the term proportional

to Xe in Eq. (2.5), similar to the scatter in (21) in the extreme mass-ratio limit.
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Figure 3.5: Precession parameters Afy, (0L), w, AQy, and (6y) (top to
bottom) at r = 10M as a function of the asymptotic spin misalignment
angles 0, and 65,,. Each column corresponds to a set of values of mass
ratio ¢ and spin magnitudes y;. For visualisation purposes, the shading
saturates above and below the thresholds indicated in the colour bars.

In Fig. 3.5, we explore how our five precession parameters at r = 10M depend on

spin orientation for five choices of mass ratio ¢ and spin magnitudes y; and ys. We
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parametrise the spin orientations by the cosines of the misalignment angles cos 6.,
and cosfy, in the limit r — o0; these parameters fully determine J and y.g at all
separations as discussed in Ref. [202] and can thus be used to calculate the precession
parameters as described in Sec. 3.2. Isotropic spin distributions remain isotropic as

they inspiral [248] and are thus specified by flat distributions of cos 6 and cos fgn..

The top row of Fig. 3.5 shows the nutation amplitude Af;,. The boundaries of
the plane (cosfi, = %1, cosby, = £1) correspond to the spin-orbit resonances [239]
that undergo regular precession for which Af;, = 0 (case la.ii of our taxonomy).
The nutation amplitude increases as one moves inwards from the boundaries and is
largest for the three distributions with ¢ = 0.5, consistent with Fig. 3.4. All three
of these distributions possess distinct crests of large Af;, that extend from near the
bottom right corner of each plot to the top right corner. A line tracing along this crest
corresponds to the set of binaries with 6, = 0 at » = 10M; by minimising 6;,_, these
binaries naturally have large values of the nutation amplitude Af, = (0, — 61,_)/2
(corresponding to the local maximum of the solid blue curve in the top right panel
of Fig. 3.3). We address the consequences of the condition .J || L in greater detail in
Sec. 3.3.3.

The second row of Fig. 3.5 shows the precession amplitude (fr). These plots appear
anti-correlated with those in the first row, a consequence of the contribution of #;_ to
these parameters: Afy, = (A, —0r_)/2 and (01) ~ 01, = (0, +601_)/2. The alternating
constructive and destructive addition in the vector sum S = §1 + §2 that maximises

Ay, suppresses the precession-averaged (6y,).

The precession frequency w shown in the third row of Fig. 3.5 has the weakest
dependence on spin orientation, consistent with the spin-independent leading-order

PN result of Eq. (3.9). The higher-order dependence on spin orientation can be largely
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explained through the term proportional to x.g in Eq. (2.5). Another feature of these
plots, also apparent in the second row, is the weak dependence on cos ., for small
mass ratio g or ys < x1.

The fourth and fifth rows of Fig. 3.5 shows the precession-frequency variation Ay,
and the average precession frequency (€). Both are correlated with the nutation
amplitude Af, shown in the top row because of the features associated with the set of

binaries with J || L at r = 10M.

3.3.3 Role of the J || L condition and the up-down configuration
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Figure 3.6: The nutation amplitude A#p, and precession-frequency varia-
tion AQp, at r = 10M as functions of the cosines of the asymptotic mis-
alignment angles cos 61, and cosfy, for ¢ = 0.5 and x; = x2 = 1. The
solid (dashed) black lines depict the asymptotic origin of binaries which are
found with J || L at r = 10M (r/M — oo). Binaries that precess through
the unstable “up-down” configuration (i.e. cosf; = —cosfy = 1) are located
on the dotted black line, with the binary in this configuration at r = ry4y
(r = 10M) in the bottom-right corner (white circle).

Figure 3.6 shows enlarged versions of the first and fourth rows of the fourth column

of Fig. 3.5.
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The dashed lines show binaries for which §,_ = 0 (J || L) as r/M — oo. This
condition can be expressed analytically by the hyperbola y;sinfio = ¢*x2sinfau.
The solid lines show binaries for which 6, = 0 (J || L) at = 10M.

These lines were determined by setting yisin€; = ¢*xasinfy, AP, = 7 at r =
10M, then integrating the precession-averaged radiation reaction backwards in time to
determine the asymptotic misalignment angles 6;.. It is fascinating how the gravita-
tional inspiral (in reverse) breaks the symmetry of this analytic condition.

We denote binaries as being in the “up /down-up/down” configuration if the primary-
secondary spin is aligned (“up”) or anti-aligned (“down”) with the orbital angular mo-
mentum L. The “up-up,” “down-up,” and “down-down” configurations remain stable
throughout the inspiral and can therefore be found at the top right, top left, and
bottom left corners, respectively, of the (cos @i, — cosfay) plane. However, for the
parameter choices in Figs. 3.5 and 3.6, the “up-down” configuration becomes unsta-
ble during the inspiral [221, 241-243|. The binary in the “up-down” configuration at

S =S5_at r =10M can instead be found on the conserved dotted line in Fig. 3.6,

(14 @)Xeft = X1 €08 b100 + qX2 COSbane = X1 — qX2 (3.13)

at the point denoted by the empty circle.

At this point, the “up-down” configuration is an unstable equilibrium point on the
precession time scale implying (A1) — 0 and w — 0; this can seen by the white shading
at the location of the empty circle in the second and third rows of the fourth column
of Fig. 3.5. The set of binaries with J || L and cosf; > 0 at S = S_ and r = 10M
is marked by the solid black curve connecting the unstable “up-down” configuration
(empty circle) to the stable “up-up” configuration in the top right corner.

The asymmetric inspiral also has the effect of driving binaries with J [ L and
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q | xi| x| faz
0211|002
0.5 1 0.5 0.06
0.5 05| 1 | 0.16
05| 1] 1015
095 1 | 1 | 040

Table 3.1: The fraction of binaries for which J || L at some separation
r > 10M during the inspiral for BBHs with the same mass ratio ¢ and spin
magnitudes xi 2 as those in Fig. 3.5.

costh < 0at S =5_at r = 10M into near complete anti-alignment of the primary
spin (cosfi, =~ —1) at r — oo. This makes the second black curve connecting the
“down-up” and “down-down” configurations nearly indistinguishable from the left edge
of the plots (the divergence in AQy, is slightly more pronounced in the third and fifth
columns of Fig. 3.5).

As they inspiral through r = 10M, all of the binaries on both of these curves

experience:
(1) a local maximum in the nutation amplitude Ay, ,
(2) a divergence in the precession-frequency variation A€y, and
(3) a jump in the average precession frequency (€r,) by fw.

These features, seen in the first, fourth, and fifth rows of Fig. 3.5, are the same as
those that occur at r =~ 27M for the binary in the right panels of Fig. 3.3. The
numerical results presented in this paper suggest that, when unstable, the “up-down”
configuration maximises the nutation amplitude A#y, as a function of spin orientation.

BBHs with isotropic spins are uniformly distributed in the (cos 01, —cos fa4,) plane.

As shown in Fig. 3.6, the set of binaries with J I L is denoted by two curves within
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this plane that evolve with binary separation from the dashed lines at r/M — oo to
the solid lines at » = 10M. The fraction of an isotropic population of binaries that
pass through such a configuration during the inspiral (and thus experience the three
phenomena listed by bullet points in the previous paragraph) is therefore given by the
fraction of the area of the (cos €. — cosfas,) plane bounded by the solid, dashed, and
dotted lines in Fig. 3.6. This fraction is given in Table 3.1 for each of the parameter
choices corresponding to the five columns in Fig. 3.5. Its increase with mass ratio q

can be explained by the following argument. The binary separation [241, 243

rar (VX VIG)
i e (3.14)

at which the “up-down” configuration becomes unstable increases with mass ratio ¢, as
does the slope of the line of constant x.g given by Eq. (3.13). This implies that the
solid curve in Fig. 3.6 with the white circle (denoting the “up-down” configuration at
r = 10M) as one of its endpoints can migrate further up and to the left, sweeping out
more area in the (cosfio — cosfys) plane and thus encompassing a higher fraction
of binaries. This is most noticeable in the fourth row, fifth column of Fig. 3.5, where
the endpoint of the curve marking divergences in A€}, has nearly reached the top left

corner of the plane.

3.3.4 Correlations

Fig. 3.7 shows the marginalised 1D and 2D probability distribution functions (PDFs)
for our five precession parameters at r = 10M for a population of BBHs with ¢ = 0.5,
X1 = X2 = 1, and isotropic spins. The 1D PDFs of the average precession amplitude

(A1) and precession frequency (€)r,) exhibit distinct bimodality, with subdominant peaks
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Figure 3.7: Correlations between the five precession parameters assuming
a set of BBHs with ¢ = 0.5, xy1 = x2 = 1, r = 10M, and isotropic spins. 2D
contour levels encompass 50%, 70%, and 90% of the BBHs. Medians and
90% intervals of the marginalised distributions are indicated with vertical
dashed lines. Long tails in the M A, distribution have been excluded for
clarity.

near the 5™ percentile of (f;) and the 95 percentile of (Qr). A comparison with the

second and fifth rows of the fourth column of Fig. 3.5 reveals that this subpopulation
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is the &~ 15% of binaries that have passed through alignment of the orbital and total
angular momentum (j | Z) during the inspiral. The jump in (Qr) by the nutation
frequency w as these binaries pass through this alignment is the primary factor that
sets this subpopulation apart from the rest of the distribution. The 2D PDFs of ()
with the other three precession parameters reveals that this subpopulation dispropor-
tionately contributes to the high Af;, and low w tails (like the unstable “up-down”
configuration which belongs to the subpopulation). It dominates the negative Ay,

tail, consistent with the behaviour seen in the bottom right panel of Fig. 3.6.

The main BBH population (those ~ 85% of binaries that never have .J || L during
the inspiral) exhibits many of the correlations previously noted in the discussion of
Fig. 3.5. There is a positive correlation between Af;, and A€, since both increase as
the amount of nutation increases. Both of these quantities are anti-correlated with the
precession amplitude (1), as nutation causes the spins to cancel out in the precession
average rather than coherently contribute to misalignment between J and L. The
nutation frequency w is anti-correlated with y.g according to Eq. (2.5), implying that
it is anti-correlated with J for our isotropic spin distributions. It is thus correlated with
(A1) according to Eq. (2.9) and anti-correlated with (€21,) according to Eq. (2.8). We also
note that the nutation amplitude A#f;, is anti-correlated with the nutation frequency
w and correlated with the average precession frequency (€2r,). This is primarily driven
by the binaries near the solid curve in Fig. 3.6 that have not quite reached J I L by
r = 10M. Like the unstable “up-down” configuration, such binaries have long nutation
periods (small w) during most of which €}, is large because of the smallness of the

factor [(L 4+ S)? — J?| in the denominator of Eq. (2.8).
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3.4 Conclusions

Spin precession is a prominent feature of the relativistic dynamics of BBHs and a
key signature of their astrophysical formation channel. While often simplified using the
term “precession,” the evolution of the direction of orbital angular momentum L is made
of a complex superposition of azimuthal (precession) and polar (nutation) motions
when defined with respect to a fixed axis such as the direction of the total angular
momentum J. In this work, we have shown that for generic BBHs with misaligned
spins, precession and nutation are deeply correlated and occur on the same timescale.
Nutation is suppressed only in lower-dimensional regions of the BBH parameter space.

In the construction of gravitational waveforms, the six spin degrees of freedom
are often modelled by a reduced set of parameters such as the projected effective
spin e [207, 249] and the effective precession spin xp [206, 210]. These parameters
aim to capture the dominant spin effects and reduce the computational cost of GW
data analysis. Motivated by the pioneering work of Apostolatos et al. (1994) [232] on
the effects of spin precession on gravitational waveforms, we choose a different set of
parameters that better characterise the precession and nutation of the orbital angular
momentum L with respect to the total angular momentum J. The five parameters we
propose are: the precession amplitude (fy,), the nutation amplitude Afy,, the precession
frequency (), the nutation frequency w, and the precession-frequency variation AQy,.
Reference [250] presented early predictions of the distribution of these parameters in
supermassive BBH mergers observable by the LISA mission.

Our numerical investigation indicates that the nutation amplitude A6y, is largest

for BBHs with:

(1) moderate mass ratios ¢ ~ 0.6,
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2> 0.5, and

Y

(2) large spin magnitudes x;
(3) spin orientations for which J || L at some point late in the inspiral.

Systems that satisfy condition (3) also experience a divergence in the precession-
frequency variation AQp. GW events from BBHs satisfying these conditions might
offer the best chance to distinguish the effects of precession and nutation and constrain
our five parameters observationally.

The next step is to test this hypothesis by exploring the effects of our five precession
parameters on the observed gravitational strain hA(t). Apostolatos et al. (1994) [232]
investigated how the changing direction of the orbital angular momentum L leads to
both frequency and amplitude modulation of the gravitational waveform.

Equation (28) of that paper shows that the time derivative of the precessional
correction to the orbital phase d®(t) is proportional to dl? /dt, which in our notation is
given by

df >

- = éL(cos GLI%L —sinfpJ) + Qy, sin@L(jx I%L) ) (3.15)

We see that nutation (fy, # 0) and precession (€, # 0) each provide corrections to the
orbital and hence GW phase. They also modulate the GW amplitude

by introducing time dependence into the factors of ZA?J and polarisation angle v
appearing in Eq. (19a) of [232].

In a complementary study, Cutler and Flanagan (1994) [251] investigated the de-
tectability of the lowest-order spin-dependent correction to the GW phase, shown by

Kidder et al. (1993) [223] to be proportional to
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19 Jcosb, — L n 25
6 M? 4

Xeff - (316)

Nutation causes 6y, to oscillate with amplitude Afy, and frequency w, imprinting
an additional signature on the GW phase distinct from that of precession. Although
one ultimately wishes to constrain the magnitudes and misalignments of the individual
BBH spins, we hypothesise that the five phenomenological parameters presented in
this study can be more tightly constrained because of their more direct connection to
the waveform amplitude and phase. We will explore these signatures of precession and
nutation in greater depth in an upcoming paper [252].

The possibility of measuring our five precession parameters in GW events provides a
rich opportunity to identify the astrophysical origin of these systems. Figure 3.7 shows
PDFs of these parameters for an isotropic spin distribution as would be expected for
BBHs formed in dynamical interactions in dense clusters. An upcoming paper [253]
will explore the distributions of these parameters for BBHs formed from isolated stellar
binaries [254|. As current and future GW observatories discover an increasing number
of BBH systems at higher signal-to-noise ratios, the effects of precession and nutation
will be detected unambiguously. We hope that our new precession parameters will aid

in the characterisation of these systems and help push the frontiers of GW astronomy.









Chapter 4

Nutations in gravitational wave events

Abstract

We investigate the detectability of sub-dominant spin effects in merging black-hole
binaries using current gravitational-wave data. Using a phenomenological model
that separates the spin dynamics into precession (azimuthal motion) and nutation
(polar motion), we present constraints on the resulting amplitudes and frequen-
cies. We also explore current constraints on the spin morphologies, indicating
if binaries are trapped near spin-orbit resonances. We dissect such weak effects
from the signals using a sequential prior conditioning approach, where parame-
ters are progressively re-sampled from their posterior distribution. This allows
us to investigate whether the data contain additional information beyond what
is already provided by quantities that are better measured, namely the masses
and the effective spin. For the current catalogue of events, we find no significant
measurements of weak spin effects such as nutation and spin-orbit locking. We
synthesise a source with a high nutational amplitude and show that near-future
detections will allow us to place powerful constraints, hinting that we may be at

the cusp of detecting spin nutations in gravitational-wave data.
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Summary

This chapter is a reformatted version of my first-author paper
Gangardt et al. (2022) [255] with corrections from Gangardt et al. (2023) [256]. The
idea for sequential prior conditioning was given by Michael Kesden. The results were
entirely compiled by myself, and the initial draft was written by me. Davide Gerosa,
Michael Kesden and Nathan Steinle gave suggestions for this work and its presentation.
The data for Fig. 4.10 were provided by Viola De Renzis. The paper received editorial
feedback from Davide Gerosa and Michael Kesden.

4.1 Introduction

In Chapter 2, I presented proposed alternative spin-precession estimators that stem
directly from PN dynamics [201, 202, 234|. In Gangardt and Steinle et al. (2021) [199]
(Chapter 3), we split the motion of the orbital angular momentum around the total an-
gular momentum into its nutational (polar) and precessional (azimuthal) components,
and used the resulting frequencies and amplitude as indicators of BBH spin precession.
In Refs. [201, 202| we illustrated how BBHs can be divided into mutually exclusive
“morphologies” based on the shape of their precession cones. These spin morphologies
reduce to the known spin-orbit resonances [239] in their zero-amplitude limit, thus gen-
eralising the more stringent co-planarity condition of the three spin vectors 5*172, and
L. Both the phenomenological amplitudes and frequency parameters [234] as well as
the spin morphologies [201, 202| have yet to be constrained using the data from current
GW event catalogues.

Much like the effective spins, our spin-precession estimators also depend on the
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masses and spin components of the BBHs in non-trivial ways. The resulting Bayesian
posteriors are highly correlated, which can make disentangling effects and interpreta-
tion of data somewhat challenging. This is especially true for weak observables such as
those due to spin precession, where the data are only mildly informative. A pertinent

question to ask in this context is therefore the following:

Are constraints on the precession parameters providing information beyond

what is already encoded in the other observables?

2022PhRvD.106b3019H We tackle this point using sequential prior conditioning. In
brief, constructing a conditional prior implies combining the posterior samples of the
parameter(s) we are interested in with the uninformative prior distributions of the
other parameters. An example of such a procedure in GW astronomy can be seen in
fig. 10 of Ref. [80], where the xp priors have been conditioned on yg. Prior condi-
tioning is an effective strategy to highlight parameter correlations and show to what
extent a given estimator uncovers new information from the data. A more common
approach to identifying features in the data is that of calculating odds ratios between
analyses where the putative features are included/excluded. While this readily allows
one to constrain the joint effect of spin precession and nutation (one needs to compare
inference runs with precessing spins against control cases where spins are assumed
to be aligned, e.g. [128, 257-259]), current signal models do not isolate one from the
other. Our approach aims to be complimentary and seeks to investigate if using more
phenomenological parameters can uncover additional information.

Among the intrinsic parameters of a GW event, we expect the BBH masses and
the effective spin parameter y.g¢ to have a large influence on our posteriors, with the
spin precession estimators providing a subdominant contribution. Therefore, events

with precession parameters constrained away from their priors conditioned on both the
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masses and yeg would provide smoking-gun evidence that new information about the
event is being revealed.

In this paper, we systematically employ sequential prior conditioning to investigate
if and how the dynamics-based estimators of Refs. [201, 202, 234] can be used to
constrain BBH spin precession measured in current GW data. In Sec. 4.2 we briefly
review the formulation of the precession/nutation amplitudes and frequencies, as well
as the spin morphologies. Section 4.3 details the methodology required to sequentially
condition priors on measured parameter posteriors. In Sec. 4.4 we present our results
using data from the current GW catalogue. Perhaps unsurprisingly, current evidence
is weak. In Sec. 4.5 we present a preliminary analysis from synthetic LIGO/Virgo
data and highlight prospects for future observations. Finally, in Sec. 4.6 we draw our

conclusions. Some more detailed results are postponed to Appendices A.3 and A 4.

4.2 Spin precession estimators

4.2.1 Five parameters from the decomposition of precession

and nutation

Our estimators rely on the PN precession-averaged approach first developed in
Refs. [201, 202| and explored at length by both ourselves and other authors [234,
235, 237, 238, 244, 260-263| (summarised in Ch. 2). In particular, the spin dynamics
are decomposed into the azimuthal (“precession”) and polar (“nutation”) motions of
the Newtonian orbital angular momentum L ) (see Ch. 3). We only tackle the sec-
ular evolution of the spins, which rely on orbit-averaged equations of motions [207].

This implies that we are not sensitive to the dynamics happening on the short orbital
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timescale (which itself includes nutations, see e.g. [264]).

The five spin-precession parameters are:

(i) The precession amplitude (6y).
(ii) The precession frequency (€2r,).
(iii) The nutation amplitude Afy,.
(iv) The nutation frequency w.

(v) The variation of the precession frequency A€y,

The astrophysical consequences of these five parameters are explored in Ref. [250] and

Ref. [253] for supermassive and stellar-mass BHs, respectively.

4.2.2 Spin morphologies

A complementary categorisation that stems directly from the precession-averaged
formalism is that of the spin morphologies. These generalise the notion of the spin-orbit
resonances |239], which are non-trivial configurations where nutation vanishes and the
four vectors Sy, Sa, L, and J remain coplanar (see Refs. [45, 236, 240, 265-268| for
some of the numerous explorations on the topic, and Ch 2 for more details). There are
two families of resonant solutions, characterised by the only two possible configurations
that define co-planarity: A® = 0 and A® = 7, where A® is the angle between the
projections of the two spins onto the orbital plane. Starting from these configurations
of regular precession, the entire parameter space of spinning BH binaries can be divided

into three mutually exclusive classes where:

(i) Binaries librate in the vicinity of the A® = 0 resonance (LO).



4.3 Dissecting information 71

(ii) Binaries circulate freely far from either of the two resonances (C).
(iii) Binaries librate in the vicinity of the A® = 7 resonance (L).

Crucially, not all morphologies are available to all binaries: the parameters that are con-
stant on the spin-precession timescale (g, J, S1, S2, 7, Xefr) can restrict sources to only
having certain morphologies [202]. The secular evolution of J and r on the radiation-
reaction timescale can cause transitions between the different classes. The spin mor-
phology is thus a quantity that classifies the spin dynamics while being constant on
the spin-precession timescale. In the LIGO-Virgo-KAGRA context, this feature could

potentially be exploited to probe BH binary formation channels [47, 253, 269].

4.3 Dissecting information

4.3.1 Conditional priors

GW parameter estimation is typically performed within the framework of Bayesian
statistics, which explicitly require assuming a prior distribution on the targeted pa-
rameters. The standard analyses [80, 90, 270| assume a prior that is uniform in the
redshifted component masses m; and msy (though with cuts in this 2-dimensional pa-
rameter space that are informed by the output of the preceding search pipelines),
uniform in the spin magnitudes y; and x2, and isotropic in the spin directions. This
is often referred to as the “uninformative” prior.!

Starting from these prior assumptions, stochastic sampling is used to obtain the
posterior distribution of the binary parameters. The posterior conveys our best knowl-

edge of the observed BHs. Using public samples from Refs. [80, 92, 270, 271|, we select

"'While we use this term for consistency with the literature on the topic, it is a misnomer because
the choices behind these prior assumptions are subjectively elicited.
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the BBH events that have a probability of astrophysical origin > 0.5. We include BBH
events with secondary masses above 2.2 M in the source frame; the chosen neutron
star threshold reflecting the mass distribution obtained from pulsar observations [272].
Where possible, we use the default samples that combine equally parameter estimation
results from the Phenom and EOB waveform families (cf. [80, 92, 270, 271] and refer-
ences therein). For events where such combined results are unavailable, we use samples
from the Phenom waveform family only. We use priors that are uniform in comoving

volume and source-frame time.

We re-cast prior and posterior distributions for each event in terms of the five
parameters of Ref. [234] and the spin morphologies of Ref. [202] using the PRECESSION
code [204]. The necessary quantities for this procedure are the masses, the spins (both
magnitudes and directions), and the PN separation of the binary r at the reference
frequency of the parameter estimation. LIGO/Virgo parameter estimation samples are
reported at a reference frequency of 20 Hz for all events except GW190521, which has
a reference frequency of 11 Hz. For each sample, we estimate the orbital separation r
using Eq. (4.13) of Ref. [224]; this conversion needs to be performed using detector-

frame masses.

When dealing with weak effects in Bayesian statistics, one needs to worry about
whether the observed features are data- or prior-driven (see Refs. [273, 274] for GW
explorations on this point). Inference on degenerate parameters prompts the question
on whether there is truly new information that can be extracted, or whether the data are
already saying everything there is to say. In our case, spin precession has a subdominant
effect on the waveform and some regions of the parameter space of the spin degrees of
freedom are only available to binaries with certain values of the parameters. We address

this issue with sequential prior conditioning, which increases the granularity between
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Figure 4.1: Prior and posterior distributions for the precession amplitude
(A1) and the spin morphology of GW190517 055101. In both cases we show
the uninformative prior, the prior conditioned on the masses, the prior condi-
tioned both masses and effective spin, and the posterior. For the case of the
continuous parameter (fy,), distributions are illustrated using kernel density
estimation (top panel). For the case of the spin morphology (bottom panel),
we show the fraction of samples in each of the three mutually excluding
classes L, C, and LO. In both cases, the prior conditioned on both masses
and y.g is nearly identical to the posterior distribution, indicating that mea-
surements of those parameters already constrain the precession estimators
almost entirely.

prior and posterior, hopefully highlighting where the targeted effects come into play.
Prior conditioning has been used in previous analyses when comparing the effective
precession parameter xp posteriors to priors conditioned on y.g [80, 90, 92, 270].

The masses are generically easier to constrain than the spins. Therefore, we first

condition our spin inference on the measured values of m; and my (or, equivalently, total

mass and mass ratio). This is straightforward to implement because the uninformative
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Figure 4.2: Numerical threshold when conditioning on masses and effec-
tive spin. The top panel shows the resulting precessional amplitudes (6y)
of GW190517 055101 for three different thresholds ¢ = 107! (blue), 1072
(orange) and 1072 (green). The bottom panel shows residuals against the
conditioned prior obtained with our default threshold (e = 1073).

prior assumes that masses and spins are uncorrelated [80, 90, 92, 270]. One can simply
take the marginalized posterior distributions of the two masses and combine them with

random samples drawn from the uninformative prior for the spins.

Next, it is well known that among the spin degrees of freedom, the combination
Xeft 205, 207] is better measured because it affects the length of the waveform. We thus
wish to build a prior that is conditioned on all three parameters my, mso, and x.g. The
implementation here is less trivial because the uninformative prior is posed on m; and S;

separately, resulting in a prior on y.g that depends on the event-based cuts. We adopt
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the following numerical approach. For each mass sample in the posterior distribution,
we extract a random draw from the uninformative spin prior and compute the resulting
Xei- We then compare this against the posterior’s y.g and accept the draw if their
absolute difference is below a specified threshold € = 1073. The process is iterated,
individually for each sample, until a matching draw is found.

We thus construct four distributions of our spin-precession estimators:

(i) The uninformative prior.

(ii) The prior conditioned on the m; and my posteriors.

(iii) The prior conditioned on the my, my and y.g posterior.

(iv) The posterior.

An example of such sequential conditioning is reported in Fig. 4.1 for GW190517 055101,
which is an event with a relatively high value of g (Yeg = 0.547013). We show prob-
ability distributions for two of our spin estimators, the precession amplitude (f;,) and
the spin morphology. This highlights what information on spin precession remains
present in the data as one goes from prior to posterior across the two conditionings -
we see for both estimators, the prior distributions become increasingly similar to the
posterior distribution.

Figure 4.2 shows a convergence study for the numerical threshold e. We test three
different thresholds for the nutational amplitude of GW190517 055101. The resulting
Xeff and mass conditioned prior distributions of (f1,) show differences of < 0.2 between
our two higher-resolution runs without evident systematics. We have also tested the

convergence of all the other estimators and report similar accuracy. GW190517 055101

is the event whose y.g posterior distribution is relatively well constrained furthest from
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Xef = 0 (where the uninformative priors tend to be the largest), thus we expect it to
be the most sensitive to thresholds in e, making results in Fig. 4.2 conservative and

justifying our chosen default threshold of Aye.g = 1072,

4.3.2 Distance between probability distributions

Some of the more common choices used to compute the difference between two
probability distributions include the Kullback-Leibler divergence, its symmetrized ex-
tension by Lin (1991) [275], and the Hellinger distance from Hellinger (1909) [276].
Here we employ the latter because it satisfies some very desirable properties including
symmetry and unit range (cf. Ref. [277| for a physicists summary). The Hellinger

distance between two continuous probability distributions p(x) and ¢(z) is defined as

d3; = 1—/dx\/p(x)q(:c). (4.1)

For the discrete case where p and ¢ can take N values (as is the case of the spin

morphologies) one instead has

Ay =1-> \/Dii- (4.2)

The Hellinger distance can take values in the range [0, 1] where dy = 0 for two identical
distributions and dy = 1 whenever the supports of p and ¢ do not overlap. For
comparison, the Hellinger distance between two identical normal distributions that are
offset by n standard deviations is d% = 1 — exp(—n?/8), which implies dy ~ 0.12 for

a 1-o difference.



4.4 Inference from current data 77

4.4 Inference from current data

We now examine the distributions of our estimators across the current GW cata-

logue. First, we concentrate on a single event for illustrative purposes.

4.4.1 Key behaviour of the nutation parameters

Figure 4.3 shows the distributions of the five precessional and nutational parameters
for GW190412 [278]. This is a BH merger with a mass ratio ¢ = 0.28702% that is
confidently constrained away from unity and an effective spin x.g = 0.25100% that is
confidently constrained away from zero. This makes GW190412 ideal to showcase our
sequential conditioning approach.

The precessional amplitude (f1,) has a prior distribution with more support for
smaller () values. This is partly because the uninformative priors on masses and
spins lead to a preference toward small values of (). Conditioning our priors on the
mass parameters results in a broader distribution, retrospectively showing that the
uninformative prior’s preference for lower (f;,) was indeed due to the uninformative
mass priors. Lower values of ¢ allow for larger values of () [234], which can be
seen in the broadening of the (f1,) prior once it is conditioned on GW190412’s mass
parameters. When we condition our priors on both the masses and y.g, the range of
the distribution becomes considerably smaller and is constrained away from () = 0.
GW190412 has a posterior distribution that prefers positive and non-zero values of x.g
and was reported to show mild evidence of spin precession [278, 279], in agreement with
a non-zero precessional amplitude. The marginalised (fy,) posterior is constrained away
from all three prior distributions, which can be accounted for by the relatively high

network signal-to-noise ratio (SNR) of the event (~ 19) leading to better parameter
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constraints of additional quantities beyond m; 2 and Xeg.

Similarly to (), the frequency (€2g,) also has a broad uninformative prior distribu-
tion. The mass conditioned prior prefers smaller (€r) values, confirming the near-linear
relationship between low mass ratio values and (€2r) explored in Ref. [234]. Condition-
ing the prior on y.g skews it back to the middle and makes it nearly identical to the
posterior distribution.

The behaviour of the nutation frequency w is qualitatively similar to that of (€p):
the posterior distribution is almost fully described by the information carried by the
massed and effective spin. Conditioning on the masses gives a distribution that prefers
higher values of w compared to the uninformative prior because, in general, lower values
of ¢ correspond to higher values of w [234].

For GW190412, the posterior and prior distributions of the nutational parameters
A6y, and AQ)y, are largely compatible, a result we observe for most events across the
entire dataset. Nutations are a two-spin effect and as such they are intrinsically harder

to measure 210, 280, 281].

4.4.2 Catalogue constraints

Our full results are reported in Table A.1 of Appendix A.4, where we list medi-
ans and 90% symmetric credible intervals of the uninformative prior, the conditioned
priors, and the posterior for all our estimators ((Ay), (1), AfL,w, AQy, and the spin
morphologies) for each BBH event in the current catalogue. We see across our table
that the posterior values typically have narrower credible intervals compared to their
prior counterparts, compatible with the non-zero Hellinger distances between the un-
informative priors and posteriors for each parameter. As is common practice in the

field, we use equal-tailed credible intervals, which, for bound parameters, exclude the
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extrema by definition. For events with high SNR, such as GW190412 and GW190814,
the 90% credible intervals decrease significantly between prior and posterior (from
widths of ~ 6 radians to ~ 2 radians) for well-measured parameters such as (fy),

tracing information gain from measurements.

In Fig. 4.4 we summarise the Hellinger distances between the marginalised prior
and posterior distributions of the various estimators. As expected, we find that the
distance dy decreases as the conditioning becomes stricter such that the posteriors and
conditioned priors approach each other. Events where this is not the case, such as the
Hellinger distances for A}, for the event GW200210 092255, are those where the prior
and posterior distributions are broad, leading to dy measurements that overestimate
the differences between the distributions. The Hellinger distances for the nutational
amplitude Afy, are small compared to the other four parameters, and conditioning the
priors does not affect the dy values of the events (except for GW190814, whose well

measured mass ratio significantly constrains the posterior of A#fy,).

The only parameters where the distance dy between the posterior and the prior
conditioned on my 2 and xer is > 0.35 for some events are (f1), (2L) and xp. This
should not be surprising: precession does not require spin-spin couplings and is thus
easier to measure than nutation. The nutation frequency w also shows cases with
dy > 0.25, but only between the uninformative prior and the posterior. Much like (6},
the frequency w has a strong dependence on the mass ratio ¢, but for this parameter
the leading PN order does not depend on the BBH spins [234]. Therefore, the distance
dy of the w marginals decreases substantially once the priors are conditioned on the

mass parameters.

The event GW200129 065458 has been shown to have hints of spin precession [80,

148, 154]; however, when using the combined posterior samples this spin precession
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parameters, spin morphologies, and the effective precession parameter yp,

comparing the three priors with the posterior for each GW event. Scatter
points indicate the distance between posterior vs. uninformative prior (blue

triangles), posterior vs. prior conditioned on m; o (orange circles), and pos-

terior vs. prior conditioned on both m; 5 and yes (green squares). Note that
the third from the top panel for Af and the bottom panel for the morpholo-

gies are scaled differently, reflecting the smaller dy values; GW190814 is an
outlier with a distance between posterior and uninformative prior of ~ 0.55

(arrow).
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is not evident. Figure 4.5 shows that spin precession is present in the samples from
the IMRPhenomXPHM waveform family, and is suppressed by the SEOBNRv4PHM waveform
samples, to a point of non-detection of spin precession when the samples are combined.
The IMRPhenomXPHM posterior is not only well-constrained away from its uninformed
prior in the case of xp and (f), but it also prohibits non-precession (i.e., xyp > 0
and (fL) > 0). In the case of the nutational amplitude, all three posteriors admit
non-nutation for this event (Afp, = 0), although the IMRPhenomXPHM posterior appears
to have a second peak at higher Af;, amplitudes of ~ 0.10 radians. The Hellinger
distances all decrease in value once the priors are conditioned on the masses of the

event.

The event GW190814 has the highest Hellinger distance dy values between its
uninformative prior and posterior for almost all estimators. Its high network SNR of 25
leads to tight constrains on the masses and spins of the two objects, which in turn meant
that conditioning our prior on these tightly constrained quantities gave significant
changes in the distributions and large distances. In particular, we report dy = 0.44
for (0r), dg = 0.65 for (Q), dg = 0.30 for Afy,, dg = 0.73 for w, dg = 0.05 for AQy,
dy = 0.28 for the spin morphology, and dy = 0.57 for xp, see Table A.1. GW190814 is
the only event with a dg measurement above 0.2 between the uninformative prior and

+0.01

posterior for the nutational amplitude Afy,; however, its low mass ratio of ¢ = 0.117;

and spin posteriors constrain it to have negligible spin precession and nutation.

Informed by the dy values listed in Table A.1 and Fig. 4.4, we select the ten events
with the highest (f1,) Hellinger distances between the posterior and the prior condi-
tioned on both m;, and y.s. These are highlighted in Fig. 4.6. Out of this subset
of events, only GW190521 has a (f,) posterior that prefers larger values compared

to the conditioned prior. GW190521 is an event with high masses (m; = 98.4753
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Figure 4.5: The left column shows the posterior distributions for the
three spin precession parameters yp, (A1), and Afy, compared to the un-
informed prior for the event GW200129 065458, showing results for the
IMRPhenomXPHM (purple) and SEOBNRv4PHM (brown) waveform families and
the combined samples (red). Median values for each distribution are dis-
played as the vertical dashed lines in the corresponding colour. The right
column shows the Hellinger distance dy for each of the three spin precession
parameters xp, (01,), and Afy,, comparing the three priors with the posterior.
Scatter points in the right column indicate the distance between posterior
vs. uninformative prior (blue triangles), posterior vs. prior conditioned on
my 2 (orange circles), and posterior vs. prior conditioned on both m; o and

Xeft (green squares).



84 Chapter 4 Nutations in gravitational wave events

du 0.37 0.29 0.23 0.22 0.63 0.23 0.22 0.32 0.36 0.22
1.4 i | T
131 — Uninformative prior

1ol — Conditioned on my s and Xeg

1.1
1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.0

—— Posterior

(01)

GW190412
GW190521
GW190814

GW191216 213338 /\

GW190917.114630
GW200210.092254
GW200316_215756

GW191129 134029 /\

GW190512_180714
GW190728.064510

Figure 4.6: Precessional amplitude for the ten GW events with the largest
Hellinger distance dy value between the posterior and prior conditioned
on both masses and effective spins. Posteriors (red) are shown on the left-
hand side of each violin plot, while the uninformative (blue) and conditioned
(green) priors are shown on the right-hand side. Dashed lines indicate the
median values of the corresponding distributions. The Hellinger distance
dy value between the posterior and prior conditioned on both masses and
effective spin is quoted above each event.

my = 57.27371), contributing to a high network SNR (p ~ 14). The high network
SNR leads to better parameter estimation and thus better-constrained posteriors.
While its effective spin was measured to be compatible with 0 (yeg = —0.141532),
meaningful constraints on the spin misalignments led to claims of spin precession,
quantified by an estimate of xyp = 0.687022 [128]. Evidence of spin precession for
GW190521 persists when xp is generalised to include all variation over the precession

timescale, (yp) = 0.70702¢ [210]. Similarly to GW190521, all of the events in Fig. 4.6

but GW200210 092254 and GW190917 114630 are reported to have network SNRs
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2 10. The lower SNR of GW200210 092254 leads to wider prior and posterior dis-
tributions. Like for GW190814 and GW190412, the low mass ratio (¢ = 0.121592) of
GW200210 092254 leads to a conditioned prior that prefers a large precessional ampli-
tude, while the posterior is somewhat constrained away from large (0y,); although the
lower SNR means that we are unable to place an upper bound on the precession of this
event unlike the ones placed for GW190814 and GW190412 (cf. Table A.1). The event
GW200129 065458 has the largest median xp value in the GW catalogues [80], but
after conditioning our priors on just the masses, we do not find significant constraints

placed on spin precession or nutation for this event.

Figure 4.7 shows two-dimensional priors and posteriors for the precessional ampli-
tude (A1) and the nutational amplitude (Afy,) for all BBHs in the catalogue. Colours
highlight some events that may be of specific interest. Overall, we find that (f) is
better constrained than Afy, for all of the events, highlighting once more that nutation
is harder to measure than precession. In particular, all events are consistent with a
nutational amplitude of 0 at 90% credible interval. Unlike the nutational amplitude,
most of the posteriors for () are constrained away from zero, something that is seen
best with GW190412, cf. Fig. 4.3 above. Current constraints on the nutational ampli-
tude are overall poor, and tend to exclude high values —this is best shown by the event
posteriors of systems with large SNR and small ¢ such as GW190412 and GW190814.
These constraints on the nutational amplitude are explained by the mass parameters
of the events, as the difference between the posterior and the prior conditioned on the
masses and the prior conditioned on xer and the masses is negligible (dg < 0.15). The
posterior of GW190521 does not show the same behavior in the nutational amplitude
because its less extreme mass ratio constrains it away from the single-spin limit that

forbids nutations [234, 244|, and thus makes large nutational amplitudes possible. The
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tional wave events, quoted at the 90% credible level. Some events with high
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event GW200308 173609 has a low SNR of ~ 7.1, and as a consequence its posterior
distribution does not move away from its prior even after they are conditioned on the
masses and the y.g of the event. In general, the gray lines representing the rest of the

GW events have posterior distributions that constrain the precessional amplitude (fy,)
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to be smaller than the distributions given by the uninformative prior. For most of the
population, the nutational amplitude posterior distribution remains unconstrained, in

agreement with the rest of our findings.

4.4.3 Spin morphologies

We now look at constraining the BBH spin morphology [201, 202]. Our results are
presented in Table A.1 and Fig. 4.8.

Events with mass ratios that significantly depart from unity (e.g. GW190412,
GW190814) are constrained to be fully in the circular morphology. This is because
the parameter space available to binaries in the two librating morphologies shrinks
rapidly as ¢ — 0 [202]. Some events present dy = 0.2 between their uninformed priors
and posteriors, but overall, we find that the morphology of a given event is largely
determined once we condition on both masses and effective spin. For events with
near equal masses, the uniform priors show an initial preference for the circulating
morphology, which is then constrained to be smaller in their posteriors.

Figure 4.9 illustrates the sensitivity of the spin morphologies to sequential prior
conditioning. When comparing the fraction of posterior samples in any of the two
librating morphologies (L0, Lm) to the same fraction in the uninformed prior (left
panel), for most events these fractions are constrained to be dissimilar, indicating that
binaries are somewhat compatible with libration. As expected [202], the fraction of
librating samples in the posterior is closely correlated with the mass ratio (color scale).
Events with mass ratios below (above) approximately 0.5 present a larger (smaller)
fraction of the librating samples in the uninformed prior compared to the posterior.
Once we condition the prior samples on the masses only (middle panel), for most events

the probability of libration is approximately the same for the conditioned prior and the
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The fraction of samples in each of the three spin precession

morphologies —librating about 0 (L0, blue), librating about 7 (L, red) and

circulating (C, green)— for all GW events.

Figure 4.8

For each event, the fractions

in the posterior distribution are shown by the most opaque, leftmost bar,
followed by the fractions in each morphology for the prior conditioned on the
masses and the effective spin g, then the fractions for the prior conditioned
on the masses distribution, and finally the fractions in the uninformative

prior to the left. Above each event, we quote the Hellinger distance between
the fractions in the uninformative prior distribution and the fractions in the

posterior.
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Figure 4.9: The fraction of samples f(L0, L) in either of the two librating
morphologies for all three priors against that for the posterior, progressively
increasing the conditioning from left to right. Events are colour-coded by the
median value of their mass ratio g. The diagonal grey line indicates the case
where the fraction of librating samples is the same for both distributions.
Events with a median effective spin parameter y.g posterior value higher
than 0.2 are represented by triangles, while the rest are shown as circles.

posterior. A similar correlation exists between the fraction of librating samples in the
posterior and the events’ y.g. When the event priors are conditioned also on x.g (right
panel), we see that events with y.g > 0.2 in the posterior (depicted by the triangles) are
pushed to the right, implying more event samples are librating in the prior conditioned
on both the masses and y.¢ than the prior conditioned on the masses alone. Once both
of these correlations are taken into account, the spin morphologies are fully described

by their mass and y.g measurements, and no outliers remain in the right panel.

4.5 Synthetic observation

Our investigations show that, overall, the SNR of the current GW catalogue is too
moderate to draw accurate constraints on our precession/nutation estimators. We now

present a pilot study on synthetic data, showcasing the potential of a putative “golden”
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event for spin dynamics —a hopeful prediction for the upcoming LIGO/Virgo/ KAGRA

observing run.

We fine-tune the parameters of a BBH such that spin nutations are manifestly
prominent. In particular, we set ¢ = 0.4 and spins of magnitude x;2 = 0.95 directed
into the orbital plane (0; 5 = 7/2) at a reference frequency of 20Hz. The angle between
the two black hole spins in the orbital plane is set as A¢ = 0.1. This results in an
injected signal with (fr) = 0.59, M(Qp) = 1.7x 1072 (i.e. 4.6 Hz in the detector frame),
Ay, = 0.20, Mw = 1.5 x 107 (4.0 Hz in the detector frame), and MAQ, = 4.8 x 10~*

(1.3 Hz in the detector frame), and belongs to the circulating morphology.

The total source-frame mass of the system is set to 70 M to maximise the number
of GW cycles in band, and the orbital-plane inclination is ~ 30°, close to face-on. The
source is placed at a luminosity distance of 500 Mpc; the sky location is (RA, DEC) =
(0.75,0.5). We assume noise curves for LIGO and Virgo that are representative of
the predicted detector performances during the upcoming the O4 observing run [282].
Signals are injected and recovered using the IMRPhenomXPHM waveform model [86]. The
injected signal has a SNR of about 45 in LIGO Livingston, 33 in LIGO Hanford, and
25 in Virgo. We sample the resulting posterior using parallel nested sampling [283] as
implemented in the BILBY pipeline [271, 284|, assuming their standard uninformative

priors.

Our full results are reported in Appendix A.3. The distributions of the nuta-
tional amplitude A#y, is highlighted in Fig. 4.10. In particular, the posterior is well-
constrained from all three prior distributions, providing a confident detection of spin
nutation. More specifically we find a dg = 0.55 between the posterior and the un-
informative prior, a dg = 0.89 between the posterior and the prior conditioned on

mi2, and a dg = 0.95 between the posterior and the prior conditioned on both m »
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Figure 4.10: Distribution of nutational amplitude A#f;, for a synthesised
signal designed to maximise the nutational amplitude. The posterior (red) is
well constrained from all the prior distributions (blue, orange, green), even
when these are conditioned on masses and effective spin. The vertical black
line represents the injected A6y, value.

and y.g. Unlike for the GW events in the dataset, as we condition our priors on the
masses and then on the masses and x.g, the distributions are pushed towards low A#f,
values. This is due to the priors on the spin magnitudes preferring low values, while
the injected source has x;2 = 0.95. Since we do not condition our priors directly on
the spin magnitudes but only on y.g, all our distributions but the posteriors present
many samples with low ;2. On the other hand, nutations require high spins, thus

pushing the posterior towards high Ay, values.

From our posterior distribution we report amplitudes (6;) = 0.597393, M(Qy) =

L7107 x 1073, Af, = 0.19700, Mw = 1557501 x 1073, and MAQL, = 45713 x 1074,
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and a 0.0007/0.9993/0.0 fraction of samples in the L0/C/Lm morphology, respectively.
The prior and posterior distributions of all five precessional parameters are shown in

Fig A.1.

While limited to a single case, this exercise serves as a proof of concept, indicating
that direct detection of spin nutations is not out of reach. For such a favourable event,
our estimators are indeed sensitive to additional information beyond the masses and

the dominant spin parameter Y.

4.6 Conclusions

Spin precession and nutation are both subtle effects on the waveform. While state-
ments such as “at least one of the component black holes has spin greater than 0.2” were
possible since the very first GW detections [219], detailed spin dynamics is much harder
to extract from the data. In this paper, we exploited previously developed estimators
of BBH spin precession and nutation [201, 202, 234] in conjunction with current GW
data.

Precisely because spin effects are subdominant, we tackled the interpretation issue
on whether indirect constraints from other, easier-to-see parameters are enough to
explain features in the data. To this end, we formalised and systematically applied a
sequential prior-conditioning approach.

Our analysis does not find strong evidence of either precession or nutation in any
individual event using our phenomenological estimators. These results are compatible
with those of Refs. [80, 90, 92, 270], which also find no compelling evidence for spin
precession in single events. Sequential prior conditioning indicates that, while compar-

isons between uninformative priors and posteriors could be used to claim evidence for
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spin precession, their differences are largely re-absorbed when one takes into account
measurements of masses and effective spins.

We also presented a pilot injection study, proving that favourable sources at cur-
rent sensitivities will indeed allow us to disentangle precession and nutation from the
coupled motion of the BBH spins. This showcases the potential of our spin estima-
tors parameters to uncover finer details from GW signals, paving the way to deeper

explorations in terms of both fundamental physics and astronomy [47, 250, 253, 269].



Chapter A

Appendix for Part I

Additional material for Chs. 3—4 is summarised.

A.1 Maximal L nutations are forbidden

In this Appendix, we prove that the nutation amplitude cannot be maximal, i.e.
Afy, < 7 for all BBH configurations. Our calculation mirrors that of Ref. [237] for 6, ».
The condition Ay, = 7 is possible only if cosf,_ = 1 and cosf, = —1.

In those cases, Eq. (2.9) implies
Sy =|J+ L.

If such a configuration exists, there needs to be values of the constant of motion J and
Xeft Which can simultaneously satisfy S_ = |J — L| and S; = J + L. Using Eq. (14) of

Ref. [202] (where xeg is indicated as ), these values are

(S = 95)(1 —q)

J2:L2+
I+4q

, (A1)
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and

r

Xeft = — (M)l/2 . (A.2)

Equation (A.2) violates the limit |xer| < 1 in the PN regime r > M, implying that

ABy, is strictly smaller than 7 for all physical BBH configurations.

A.2 ) diverges when L and J are aligned

At 2PN order, the precession vector is given by (e.g. [207])

—

A\ 2
4+3q — 3(1 + q)xest (7) ] S1

- . s NG (A.3)
e 2asona (V)] 8)-
7« r
In the limit 0, — 0 or T,
g[_:J_:O — _)2 EJ_:—S:['[_;J_ (A4)
It follows that
: -5 L M\
Q . LJ_ = —3< q )Sl L 1 — Xeff | — . (AS)
2qr3 r

For misaligned spins (gl L 1 # 0), this expression does not approach zero as 0y, — 0

or m, implying that the second term in Eq. (3.12) and thus Qp, diverges in this limit.
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A.3 Precessional and nutational parameters of the
synthetic signal

Figure A.1 presents the distributions of the five precessional and nutational param-
eters of the synthetic observation described in Sec. 4.5. The injected value of each
parameter is successfully recovered within the 90% credible intervals of the posterior

distribution.

A.4 Full results in tabular form

Table A.1 reports results for all distributions and all our estimators across the

current GW catalog.
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Figure A.1: Uninformative prior (blue), prior conditioned on the masses
only (orange), prior conditioned on the masses and on g (green) and pos-
terior (red) distributions of the five precessional and nutational parameters
for the synthetic event described in Sec. 4.5. The joint distributions rep-
resent the 90% and 50% credible levels. The black vertical and horizontal
lines show the injected system. The median value of the posterior for each
parameter is displayed above the marginalised distributions.
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Event Prob. (O0)[x107 1| M(QL)[x1074]| AL [x 10~ | Mw[x 10~4]|MAQ[x1074]| L0/C/Lm
GW150914 Uninformative Prior 1.8757 13.8+20-4 2.7%57 08187 6.77:2%% 1 0.1/0.85/0.05
Cond. on m1 2 1.6729 17.97%9 24778 0.4753 0.3%53F  ]0.29/0.58/0.13
Cond. on mi 2 and xeg|| 1.5719 17.8755 2.3779 04153 05759 ]0.28/0.62/0.1
. . 3.4 7.8 4 4.
Posterior 11158 17.7135 2.0173 0.3105 067528 10.24/0.68/0.08
GW151012 Uninformative Prior 1.8758 14.0730-3 2.7152 08752 6.874:%°  10.11/0.84/0.05
Cond. on m1,2 1.5722 6.7728 2.977°9 0.219¢ 1.97339  10.15/0.78/0.07
Cond. on m1 2 and xeg|| 1.4F722 6.8751 2.7173 0.215¢ 1.57389  10.14/0.8/0.05
Posterior 10738 6.873-2 2.3751 0.2152 1.5753-0 10.12/0.84/0.04
GW151226 Uninformative Prior 12759 2.7+22 2.0113 0.2757 1.67322  10.07/0.89/0.04
2.2 1.0 5.8 0.2 15.8
Cond. on m1,2 12722 21158 2.615°% 0.1192 1.07158  |0.11/0.85/0.04
Cond. on m1 2 and xeg|| 1.2758 2.2109 2.8%52 011701 0.8715%  10.11/0.85/0.04
. 4 0.8 .2 0. 3.
Posterior 1.1t 22108 2.6152 0.1131 1.01133  10.1/0.87/0.04
GW170104 Uninformative Prior 1.8758 13.97199 2.7158 0.8755 6.6T4a%"  10.11/0.84/0.05
Cond. on m1,2 17724 12.2749 3.57%8 0.575:¢ 3.77%%-2 10.15/0.78/0.07
Cond. on m1,2 and xeg|| 1.6733 121733 3.27%8 0.575¢ 3.57%%2  10.14/0.81/0.05
. 2.1 5.1 7.1 0.5 81.0
Posterior 14730 121159 3.0174 0.5 3.97550  10.12/0.84/0.04
GW170608 Uninformative Prior 1.0732 1.375:2 172 0.1+53 0.873%%  10.07/0.9/0.03
Cond. on m1 2 11788 1.879¢ 2471538 0.1%57 0.473%%  10.14/0.8/0.06
Cond. on m1 2 and xeg|| 1.0758 1.875:6 21755 | 0.0792, 037353 10.12/0.84/0.04
. 1 0.6 4.9 0.2 2.4
Posterior 0.8 1.815:¢ 1.8712 | 0.0t 037122 10.1/0.87/0.03
GW170729 Uninformative Prior 2.675°8 86.472347 3.703%0 | 507340 | 17.8%505 0 10.2/0.72/0.08
Cond. on m1 2 2.273:¢ 42.41225 4.0793 2.07%% 12,9728 10.17/0.75/0.08
Cond. on m1,2 and xeg|| 1.9723 49.57223 477101 18713 —0.0%323-2 10.22/0.65/0.13
Posterior 172! 50.3725°0 45798 1.8714 —0.9%3%6-1 10.21/0.68/0.12
. . . 5.8 20.2 6.9 4.5 121.9
GW170809 Uninformative Prior 1.8+58 14.0120-2 2.7152 08155 6.9752%2  10.11/0.84/0.05
Cond. on m1 2 17732 16.0759 3.4782 0.6757 3.1795% 10.18/0.74/0.08
Cond. on m1 2 and xeg|| 1.5722 16.7159 32156 0.5757 1.57192:3  10.18/0.76/0.06
. .9 .7 7.9 0.7 06.0
Posterior 1.215% 16.7157 2.8179 0.5107 1.5130% 0.15/0.8/0.05
. . . . .4 3. 4.4 .
GW170814 Uninformative Prior 1.8758 13.712% 2.7152 0.8753 6.6143%>  10.11/0.85/0.05
Cond. on m1 2 15719 14.0731 24777 0.3753 0.37347  10.28/0.6/0.12
Cond. on m1 2 and xeg|| 1.4717 145728 2.3159 0.3753 —-0.073>7  10.27/0.63/0.1
Posterior 15718 14.4%28 2.377°3 0.3753 —0.073%-3  10.29/0.61/0.1
. . . 5.8 20.6 6.8 4.5 121.8
GW170818 Uninformative Prior 1.8+58 14.1+20-¢ 2.7158 08155 6.6752%%  10.11/0.85/0.05
Cond. on m1 2 17132 187157 3.1753 0.670:5 167862 10.23/0.68/0.1
Cond. on m1 2 and xeg|| 1.8773 18.0152 3.0152 0.6757 2.87800 10.21/0.71/0.08
. 2.1 .9 7.6 0.6 60.3
Posterior 1.9731 17.9%39 31175 0.6108 311582 10.22/0.7/0.07
GW170823 Uninformative Prior 2.5757 84.1723%1 3.703%0 | 49y | 18.3T3 T 1 0.2/0.72/0.09
Cond. on m1 2 1.872¢ 26.475%2 3.3758 0.975 % 2971299 10.22/0.68/0.1
Cond. on m1 2 and xeg|| 1.7733 27.47308 32753 0.875:2 1.0T138-0 10.22/0.7/0.08
. 2.4 10.1 9.3 1.0 128.4
Posterior 17133 27.675% 32753 0.8%52 1119285 | 0.22/0.7/0.08
GW190403_051519| Uninformative Prior || 5.67}%3 | 183.37198%* | 27752 |20.2%221.3 | 140.37331%0 10.08/0.88/0.04
Cond. on m1 2 537539 | 102.0135%¢ 32755 | 1637139 | 79.575212  |0.06/0.9/0.03
Cond. on m1 2 and xeg|| 2.573% 153.71196:5 52195 8.87%1 | 102.271187-0 10.12/0.76/0.12
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: 3. 01.8 9.9 4.0 250.3
Posterior 22131 160.7130% 4.7799 82732 | 950112393 0.17/0.75/0.08
. . . . .7 . . 70.
GW190408 181802| Uninformative Prior 2.1152 8.91%0[_ 2.8159 0.8t32 6.27756 10.08/0.88/0.04
Cond. on m1,2 1.6723 10.87%> 3.27%0 0.375-3 1.67587  10.19/0.73/0.08
Cond. on mi,2 and xeg|| 1.5729 10.7758 2.9759 0.3753 177558 10.17/0.77/0.06
: 1.6 3.8 7.4 0.4 62.8
Posterior 1.3778 107453 2.6774 0.3105 1.8782-%  10.1/0.82/0.07
GW190412 Uninformative Prior 2.276-2 46733 247157 0.675% 4.3732¢  10.04/0.93/0.02
Cond. on my,2 3.075°3 4.0t72 23757 | 0.8%0 5373%"  ]0.01/0.98/0.01
Cond. on mi 2 and xer|| 29725 4.8107% 26759 0.779:3 587353 10.01/0.98/0.01
: 4 0.8 3.6 0.2 23.9
Posterior 21113 46708 2.713¢ 0.7t03 8.612% 0.0/0.99/0.0
. s . 7. .4 . . 7.
GW190413 _052954| Uninformative Prior 25173 22513254 3.3751 1.9736 15.24:}32'}3 0.1/0.86/0.04
Cond. on m1,2 19731 26.3715-8 3.8757 11783 7.47165-% 10.18/0.75/0.08
Cond. on m1 2 and xeg|| 1.9729 26.5717-2 3.6758 11753 6.671%5%  10.17/0.76/0.07
: 2.8 16.3 8.8 1.2 180.1
Posterior 17138 27.0718:3 3.515% 1152 5711508 ]0.16/0.77/0.07
. : . 7.6 201.4 10.0 11.6 661.6
GW190413 134308| Uninformative Prior 29778 96.4729%: 3.873% 7.2t 34.275508 10.15/0.78/0.07
3.5 27.0 9.7 2.7 307.0
Cond. on my 2 2.2132 51973579 4.0157 23137 12.31357-9 10.18/0.73/0.09
Cond. on m1 2 and xeg|| 2.2733 51.21382 3.9195 2.3123 14.073952 10.18/0.75/0.06
: 3.8 24.6 9.7 2.4 214.
Posterior 2.8738 52.0735% 4.0157 24124 13,5132 10.21/0.71/0.08
. . . 7. 39. .6 4. 56.
GW190421 213856 Uninformative Prior 26178 33.47593 3.518% 2.8754 20.87356-2 10.1/0.85/0.05
Cond. on my 2 2.0727 36.8715-2 3.3759 12738 3.4715%9  10.24/0.66/0.1
Cond. on m1 2 and xeg|| 1.972% 36.27168 3.275° 12735 4.371592  10.22/0.69/0.09
: 2.8 15.7 9.3 1.5 144.3
Posterior 2.0133 36.6715% 3.4153 1.2753 4471552 10.23/0.68/0.09
. : . 15.4 2961.6 10.7 501.6 3757.4
GW190426_190642| Uninformative Prior || 6.071%* | 493.17395% 3.473°%7 | 67.1150%% | 356.073757:4 10.1/0.85/0.05
Cond. on m1 2 29158 250.8T1519 | 39714 | 11.3%228 | 291111380 19.95/0.62/0.12
Cond. on m1 2 and xeg|| 2.5732% | 206.071939 | 4.2t;2% | 1117140 | 33713869 10.3/0.54/0.16
: 3.8 202.6 12.6 10.5 1179.1
Posterior 2.7138 298.577920 | 43112 11.3173%% | —3.17115% 10.34/0.52/0.15
. : . 7.4 26. . 3. 174.6
GW190503_185404| Uninformative Prior 25173 21.41395 3.2159 19731 14.0117%:%  10.09/0.87/0.04
Cond. on m1,2 1.973:0 25.0112-¢ 40187 11732 9.071%%-8  10.15/0.78/0.07
Cond. on mi,2 and xeg|| 1.9759 25.0715-7 3.775¢ 11751 8171782 10.14/0.81/0.05
Posterior 17738 25.21139 3.4783 11759 6.771253  10.13/0.82/0.05
GW190512_180714| Uninformative Prior 21753 76701 2.6759 0.775:2 5.07552  10.07/0.89/0.03
Cond. on m1 2 17139 6.4719 34757 047073 4.97273  10.07/0.89/0.03
Cond. on m1 2 and xg|| 1.4%3C 6.574-2 3.0152 0.4103 467335 10.06/0.91/0.02
. 4 4.9 5.8 0.3 87.8
Posterior 0.870% 6.6719 22158 0.4103 327808, 10.02/0.95/0.02
. : . 7.8 20.6 7. 2.6 145.1
GW190513_205428| Uninformative Prior 25778 18.07799 31173 17738 11.97155¢  10.09/0.86/0.04
Cond. on m1,2 2.0711 14.97107 3.77%¢ 1173 11.371329 10.09/0.87/0.04
Cond. on m1 2 and xeg|| 1.8739 16.17LL0 3.7759 1.079% 10.371557 10.09/0.87/0.04
: 2.0 10.9 7.4 0.7 202.0
Posterior 1.3739 16.513% 3.41701 1.0+5-7 10.612522  10.07/0.89/0.04
GW190514_065416| Uninformative Prior || 3.373%:2 60.379% 7 34753 | 62Tt | 34775233 10.1/0.86/0.04
Cond. on mi 2 2.013:2 38.971%-0 3.5193 14729 5812128 10.21/0.69/0.1
Cond. on m1 2 and Xeg|| 24734 35.2730-9 3.418% 16725 10.371726 10.2/0.71/0.09
: 3.5 20.9 8. 2.0 155.7
Posterior 2.3135 35.1772-9 3.515%2 1.6735 11.24%5-T 10.21/0.71/0.08
GW190517_055101| Uninformative Prior || 2.713%° 23.0732°3 2.975:2 2.3749 14.4718%-2 10.09/0.87/0.04
Cond. on m12 1.973:0 22.1110:2 3.875% 0.975% 6.7 1503 10.16/0.77/0.07
Cond. on m1,2 and Xer|| 1.67175 26.575% 4.875% 09757 ~3.3722:5 10.26/0.56/0.19
: 1.7 9.3 8.8 0.7 170.0
Posterior 167770 263753 45758 0.8107 —2.27778-0 10.27/0.54/0.2
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GW190519_153544| Uninformative Prior 31791 65.17533 3.87591 | 5.97%* | 42.0%537% [0.11/0.84/0.05
Cond. on m1 2 2.4738 63.773%7 5.0752 3.47%9 31474394 1 0.14/0.8/0.06
Cond. on m1 2 and xeg|| 21733 75.9730-8 617350 | 29718 9.17529-1 10.2/0.68/0.11
Posterior 2.073-9 77.21271 5.879% 2.9713 10.17855-% 10.19/0.68/0.12
GW190521 Uninformative Prior 2.877°3 55.6755% 3.975% 46753 37173398 10.11/0.84/0.05
Cond. on m1 2 2.2135 63.5725% 3757 2.4133 8.57330-2  10.23/0.67/0.1
Cond. on m1 2 and xeg|| 2.2732 65.5752% 3.77100 2.4128 7.2735187  10.23/0.67/0.1
Posterior 3.3759 67.1132:3 4.013% | 27728 6.471592  10.33/0.59/0.08
GW190521_074359| Uninformative Prior 2.6759 21.7119%8 31179 21738 14.57195-9 10.09/0.87/0.04
Cond. on m1 2 1.872% 27.675 70 3.5758 0.9758 2671358 10.23/0.67/0.1
Cond. on m1,2 and xe|| 1.77773 29.375°8 3.4753 0.875T —0.07135-2 10.23/0.69/0.08
Posterior 14715 29.675-2 31107 0.875:¢ -0.3%1354  [0.13/0.78/0.09
GW190527_092055| Uninformative Prior || 3.573%* 51.9775-2 3.075°3 5.8T1%8% | 30.67531%  10.08/0.89/0.04
Cond. on m1 2 2.0737 21.21300 3.718 11729 9.171552  10.14/0.8/0.06
Cond. on m1 2 and xeg|| 1.8731 2297321 3.8758 11737 7111852 10.14/0.79/0.07
Posterior 1.97%3 23.413%-6 3.8752 1157 6.271%5%  10.16/0.78/0.06
GW190602_175927| Uninformative Prior || 4.073%' | 99.471%68 3.2798 | 1178828 | 61315202 10.09/0.87/0.04
Cond. on m1,2 2.4738 82.373%-3 4.073%2 3.5139 15173329 10.21/0.69/0.1
Cond. on m1,2 and Xe|| 2173 g7.8t413 4.173%8 | 34731 5.87599-7  10.22/0.7/0.09
Posterior 2.0128 89.913%-0 4.1713%° 3.4730 3.67510%  10.2/0.71/0.09
GW190620_030421| Uninformative Prior || 3.3735° 62.87558 3.4753 6.571%3 | 36575798 10.09/0.86/0.04
Cond. on m1 2 23741 5157293 4.4%9° 2.7131 21,7388 10.16/0.78/0.07
Cond. on m1 2 and Xeg|| 2.0773 60.9729-0 5.3715,2 2.3719 4.3%3183 10.21/0.67/0.12
Posterior 1.8722 61.672%°S 4.9758 2.3718 497591 10.19/0.69/0.12
GW190630_185205| Uninformative Prior 24773 16.971%5 31177 16734 11.8733%8  10.08/0.88/0.04
Cond. on m1,2 1.7728 15.37%3 3.8752 0.6757 5175958 10.15/0.79/0.06
Cond. on m1,2 and Xe|| 1.6735 16.2752 3.6753 0.675:¢ 2.87108-0 10.14/0.81/0.05
Posterior 11708 16.4752 2.975°7 0.675:¢ 1.671352  0.08/0.87/0.05
GW190701 203306 Uninformative Prior 2.8152 41.3%282 3.5787 3.7158 24.973571 10.11/0.85/0.05
Cond. on mj 2 2.1+3:9 50.17350:2 3.675% 18731 6.372857  10.23/0.67/0.1
Cond. on m1 2 and xeg|| 2.27%1 48717323 3.479% 1.8731 8.573232  10.22/0.7/0.08
Posterior 2.0722 4891223 3.3793 1.8729 8.27236-1 10.2/0.72/0.09
GW190706_222641| Uninformative Prior 31752 85.614oL0 3.975% | 697140 | 45219519 ]0.13/0.81/0.06
Cond. on m1 2 2.7%4:8 81.415%3 4.97%! 49733 40.27532-9 10.15/0.79/0.06
Cond. on m1,2 and xe|| 2.3737% 97.3%755> 55143 | 43737 20.37779-2 10.19/0.7/0.11
Posterior 197735 10031826 1 51t104 | 41728 18.41707-9 10.19/0.7/0.11
GW190707_093326| Uninformative Prior 1.9758 21783 1.975:0 0.375:2 1.9787%5  10.04/0.94/0.02
Cond. on m1 2 1.2758 2.3108 2.7159 011701 077151 10.13/0.82/0.05
Cond. on m1 2 and xeg|| 1.1755 2.3109 2.3152 01101 0.67139  ]0.12/0.85/0.04
Posterior 0.875 % 2.375:9 1.9753 01751 0.671%:5  10.07/0.89/0.03
GW190708_232457| Uninformative Prior 21771 4.3729 2.3757 05759 3.6750%  10.05/0.92/0.03
Cond. on m1,2 1.3759 50717 2.9758 0.215-2 1.07292  |0.16/0.77/0.07
Cond. on m1,2 and Xe|| 1.2773 51707 2.5773 0.1+53 0.6755%  10.14/0.81/0.04
Posterior 0.8752 51708 2.015-7 0.1153 0.8731-%  10.06/0.9/0.05
GW190719_215514| Uninformative Prior 3.0193 64.9155-2 3.715% 5.8T0%% | 39.3%559-%  10.1/0.85/0.05
Cond. on m1 2 21148 25.07153 3.71%:2 15727 12.617183-%  10.13/0.82/0.05
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Cond. on m1 2 and xeg|| 1.97%7 29.0719:9 4.475% 13738 9.21225:5 10.15/0.75/0.1
Posterior 1.8728 29.3715-5 4.3785 13785 9.67295%  10.15/0.74/0.11
GW190720_000836| Uninformative Prior 2.0770 2.3755 2.0779 0.379§ 2.0775%  10.04/0.94/0.02
Cond. on mj 2 1.3738 2.3752 2.7158 0.1753 1.5719-3 10.09/0.88/0.04
Cond. on mi2 and xes|| 1.37272 2.5751 2.875-4 0.1%52 147188 10.09/0.88/0.03
Posterior 1.0758 25132 2.8158 0.1%92 1.7+2%-6 10.07/0.9/0.03
GW190725_174728| Uninformative Prior 1.976-2 18745 1.9719 0.275:8 1.575%0  10.04/0.94/0.02
Cond. on m1 2 14tt] 1.8%5L 2.3751 01794 137153 10.07/0.9/0.03
Cond. on m1,2 and xeg|| 1.3752 1.815% 2.2753 0.1754 1.37159  10.07/0.91/0.02
Posterior 12727 1.8753 2.2752 0.1753 1.371%8  10.08/0.9/0.02
GW190727_060333| Uninformative Prior 2.57¢7 29.173%°2 35753 2.47%9 19.272305 10.1/0.86/0.04
Cond. on mj 2 1.9727 34.37128 3.3789 11751 2.77123-6 10.24/0.65/0.11
Cond. on mi 2 and xes|| 1.8733 36.1113-8 3.3153 1oty 0.171525  |0.24/0.66/0.1
Posterior 1.8734 36.2+15:0 3.2755 1.070% 0.1%1059  ]0.26/0.64/0.1
GW190728 064510 Uninformative Prior 2.179-9 18783 18717 0.3753 17rI%0  10.04/0.95/0.01
Cond. on mi 2 1.3722 2.3739 2.615% 0.1%93 1.0715%  |0.11/0.85/0.05
Cond. on mi2 and xeg|| 1.272% 2.4759 2.7152 0.115-2 09717 10.1/0.86/0.04
Posterior 0.8753 24752 2.175-0 0.175-2 0.872-%  10.06/0.9/0.03
GW190731_140936| Uninformative Prior 3.0754% 39.0758-2 3.478% 3.97%3 24.67393-2 10.1/0.86/0.04
Cond. on mi 2 2.073-2 36.071%-9 3.7152 15718 7.372021 10.19/0.72/0.09
Cond. on mi 2 and xes|| 1.9737 38.01173 37153 14785 3.2%237:6  10.19/0.74/0.07
Posterior 1727 38.2716-8 3.519% 14753 4172298 10.16/0.76/0.08
GW190803 022701| Uninformative Prior 2.7150 30.1736-5 3.3183 2.7150 19.312580 10.09/0.86/0.04
Cond. on mi 2 1.9729 30.8713°7 3.4199 1152 4.84:122;;; 0.21/0.7/0.09
Cond. on m1 2 and xeg|| 1.97%2 30.971%9 3.4788 11754 4.87152%  10.19/0.73/0.07
Posterior 1.972:9 3111157 3.4783 11754 4.871559%  10.2/0.73/0.07
GW190805_211137| Uninformative Prior || 5.27353 98.0172545 24785 | 16.871%57 | 76.3765%-0  10.07/0.9/0.03
+3.9 +32.1 +9.6 +3.8 +336.5
Cond. on m 2 2.373:9 60.4752-1 41758 2.773:8 14.37336-5 10.19/0.72/0.09
Cond. on mi 2 and xes|| 2.0733 70.6133-9 47098 | 25739 —1.2%9389 10.24/0.6/0.16
Posterior 21736 7147332 4.8T3%6 1 25718 | —1.073524 [0.29/0.57/0.14
GW190814 Uninformative Prior 21758 9.1%2%4 24778 0.8752 3.1772%-° 10.11/0.85/0.05
Cond. on mi 2 57112 1.0797 0.8732 0.5701 0.7752 0.0/0.99/0.0
Cond. on my,2 and xer|| 3.0109 0.8707 08752 | 057590 11ti6t 0.0/1.0/0.0
Posterior 0.4758 0.873¢ 0875+ | 057590 7.37810 0.0/1.0/0.0
GW190828 _063405| Uninformative Prior 24772 16.97 580 3.27 %8 15735 1157350 10.09/0.87/0.04
Cond. on m1,2 17732 21.6757% 3.075% 0.675:¢ 0.978L-9  10.26/0.63/0.11
Cond. on mi 2 and xeg|| 1.6719 235755 31757 | 06107 | —1.07521  |0.27/0.62/0.11
Posterior 147310 23.415% 2.875°0 0.575% —-1.0%827 10.24/0.64/0.12
GW190828 065509| Uninformative Prior 22179 8.01%:2 2.5158 08735 567725 10.07/0.9/0.03
Cond. on mi 2 2.013-2 5.4743 3.2158 0.5708 6.0752L  10.04/0.94/0.02
Cond. on mi,2 and xeg|| 1.6753 56718 3.075°3 0.5754 6.175%%  10.03/0.96/0.01
Posterior 1.3738 5.575-0 2.5753 0.5754 6.17%1-3  10.02/0.97/0.01
GW190910_112807| Uninformative Prior 2.375-¢ 30.5138-8 3.75 7 21731 17.17325-2 10.12/0.83/0.05
Cond. on m1,2 1.9732 33517103 31758 1.079-2 1.67123%  10.26/0.63/0.12
Cond. on mi 2 and xes|| 1.7733 34.3715-8 3.075:9 0.975% 0471392 10.26/0.66/0.09
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Posterior 1.5t17 34,4497 .
=12 4101 2.8%5 +0.8
GW190915_235702| Uninformative Prior 9.3+6.6 157150 ;j? 08705 0.47132-5 ]0.19/0.7/0.11
C —-1.8 8.7 3.075 1.3+21 1113
Cond ond. on mi,2 I T R e A g;;-g 10253657 |0.09/087/0.04
. on m1,2 and Xes 1,71%-3 19 7+§j7 5 5;3? . ;(I)A(E)S 5.2710?.318 0.17/0.76/0.07
Posteri 2.7 -T2 9_3'3 0.7 +128.2
GW19091 = 2207 19.977-2 3.8+8:8 0 8*8:3 3'911802668 0.16/0.78/0.06
6 200658 Uninformative Prior 5.9t15.4 308821750 +—130'Z ©°—0.5 5.1760:7 0.18/0.76/0.06
50 B 2734 2.9710 +403.5
C cond. on .2 24170 | 37TAT508 55701 s 2269745575 |0.09/0.87/0.04
ond. onmp and x| 22705 | 428 STys | 28519 | 195050 10.13/081/0.06
Posteri 1 ©_24.5 4175 23127 +335.1 ’
erior 1.g+32 a7 -8 —~1.6 14.47 0.15
el —1.3 4317547 4,079+ g 3+2'5 269.4 .15/0.77/0.08
90917 114630| Uninformative Prior 9 4t12.2 0.5+0 6 ;27 ©—1.6 15.71-312:3 0.13/0.79/0.08
o2l 0_0.2 0.9732 +0.4 )
o ond: on 2 25738 | 0ar0 | 12727 e 04733 10.02/097/0.01
nd. on'maz and xerr|| 22175 0.470:3 T2'3 1oon 05%54  10.01/0.99/0.0
Posterior +311 T01 L2277 0.179:1 0.5T47
.27 0.4+1.0 0.1 51005 0.01/0.99/0
GW190924 L0 201 12038 | 0af] 8 /00
~ 021846| Uninformative Prior 2.5112.6 o —0- 09 57 0.0/0.99/0.0
C 022 10783 1+43 0.9+07 - :
. ond. on m1,2 1.2%39 1.070' p i 0282 0.877%  10.02/0.96/0.01
ond. —0. 27 1+0. :
nd. on mi2 and xer|| 1175 10107 ST S 'oi 0.752  10.06/0.91/0.03
Posterior 0.7+1:6 1 0+0:7 ;ég on 0‘7t2:§ 0.05/0.93/0.02
GW190925 0.6 Yo 1.6739 0.1+01 i .
_232845| Uninformative Prior 3.67143 7.5116.3 ;;5 —> 0.7 o7 0.03/0.96/0.02
sl 013 1.6+29 +6.3
. fOnd' on m1,2 Ll | ggii | g L6TPE | 60T [004/094/002
ond. on my,» and Xerr|| 13717 7.9723 Oozs | 020 13440 10.17/0.76/0.07
Posterior 19+L6 Tib 295507 0.2+54 o 7+42:6
GW1909 = 72013 2.7t7 1 | .gt03 Toseo |0-16/0.78/0.06
26_050336| Uninformative Prior 5 3t153 | 1390+7225 ;:; 201 0.77595  ]0.12/0.81/0.07
4.5 41117 25757 +156.7
. Jond onm2 24458 | gt | g 207587 | 992050 10.07/0.89/0.04
ond. ) U124 123 1.87¢ +214. ’
onmipand xer|| 23775 | 240756 |3 e a2 16.473616 [ 0.1/0.86/0.04
Posterior 99152 Taad P—3.3 192773 16.5123L9 19,09
—1.8 24.5 3.5+83 e 176.8 /0.87/0.04
GW190929 012149 Uni i . —18.5 ©-32 1.977 16.7+218:1
_ ninformative Prior 3.4+10:9 62,0934 oo 1.3 70,4 |0.09/0.87/0.04
28 9_us. 34713 +13. :
Cond. on mj 2 3.9+10.1 et —31 6.6743%3 36074536 | 0.1/0.8
Cond. on 3.3 43.00556 3.2*2'1 6.1767 +4g§-% 6/0.05
conmipand Xe|| 37737 | 43.37375 1e3 YT | 38070556 |0.06/0.91/0.03
Posterior 6.0+55 L2 32550 6.4732 36.0+394.4
GW1909 0735 | arstily | 39780 | 6styl 9 208 10.06/0.91/0.03
30 133541 Uninformative Prior 3.0713:0 5 0+2:8 ;j'g °-4.5 29-5_72'48 0.07/0.89/0.03
T e Y-o.9 1.3715§ +1.3
c dcc’“d' onm.2 13700 9.9+10 05738 05593 | LTI |003/096/0.01
ond. on mi, and Xenr|| 13730 9.3+11 L ren 0-1-01 1.1+155 10.09/0.87/0.04
Posterior Lo+l e 252503 01401 Lot154 109
GW19110 L= 232014 22758 0.1+0-4 s .09/0.88/0.03
3012549 Uninformative Prior 9 gt+13.1 1.8+2:9 ;Z'z —UL 13 148 0.06/0.91/0.03
24 810 1277 +1.5
oy ond: on 2 13753 | 23r08 | e 04%g3 | LT [003/0.95/0.01
ond. on mi o and Xerr|| 13757 2.4+0:8 0oz | Olood 0.9%1%%  |0.11/0.84/0.04
Posterior +1.5 S04 3.00575 017902 0.8117-4
117 2.4710-8 0.1 ©_12.8 0.11/0.84/0.0
GW191105 0.8 204 26755 | 01f0? 11855 05
_ 143521| Uninformative Prior 9.9+13:3 S 3taT ;4;‘ -0.1 097153 10.08/0.86/0.06
20 ©0_1.3 137 +1.8
. dcc’“d' on mi.2 1.2%55 9.1+08 06150 05%y5 | 18Ty [0.03/0.95/0.02
ond. on ma 2 and xerr|  11%gg 99108 ten 0-1 01 0.77135  ]0.13/0.82/0.05
Posterior 0.8+13 o 2.2757 017901 06145 | ]
GW19110 e 2201 1.87%4 0.1+0:1 s -11/0.85/0.04
9 010717 Uninformative Prior 5.1115.3 00.3+413.8 ;1;.7 —o 0-5_ 146 0.07/0.9/0.04
o4 5-70.3 24782 +97.7
Cond. on m1,2 22730 | 5877203 33| AT | 699045 | 007/0.9/0.03
Cond. on m1 o and 43.6 T-249 4175 9.212.0 0.3+293.7 '
. 2 Xef|| 3.0755 48.0*3‘5331 10+TT ) 91% . 12{1993 0.22/0.69/0.09
: —25. 0Ty 912 0.1
osterior 4,11%'2 48.91“21(;'(2] 4.5+§"g X 4J_ri:§ 22'91?8255 0.21/0.7/0.09
—L1 ~ 1.9 18.37 5059 |0.27/0.66/0.06
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GW1 .
91113 _071753| Uninformative Prior 5.1116.4 +26
Cond 4.6 5.07% 1'9 0.975-2 108
nd. on m1,2 3.319 35132 7-0.8 1.877% 34249 oo
Cond. on mq,2 and x 2 81?_‘2 L6 1~7J_r411'5 0.8109 Igi)?z :03/0.95/0.02
i off S 25 3.3751 17Ha2 76 3.5057 0.02/0.97/0.01
Posterior 1847 o) 1 0.9752 4.0+36:9 '
GW191126_115259| Uni —- 3109 L8t3E | 0919 095 |0:02/0.97/001
_ Uninformative Prior 3.3+13.9 —1.6 Y07 5.8152.6 0.01
o 315% 46197 L 4+56 —16.9 .01/0.98/0.01
ond. on mi,2 1_3+2‘2 2 ‘T’:lsé .4_1'3 10t351) 3-5+35'7 0
Cond. on mq,2 and X 1 3;}9 .870'7 2'7tgg 0.1+0‘3 1 ;213973 .04/0.94/0'02
” off S_0.9 3.0059 3,016 o1 AT55  0.11/0.84/0.05
Posterior 1.0+L3 113 0Z3s 0.1192 0.8120-0 :
GW191127_ 050227 i . 30 055 2.7152 0.1+0:2 8 160  |0-12/0.83/0.05
_ Uninformative Prior +15.3 =25 1755 0.81+26:5 0.0
c 5.27,°% 117.71624.2 o 587 —19.9 .09/0.86,/0.06
ond. on m1,2 2.819 % 587 | 18371393 | 86.178733
Cond 8o 37.4748 3.3+8. 0 1778375 10.07/0.89/0.04
nd. on m1 2 and Xef 9 4164 24.0 313 3.0188 90.31269.3
: e 4178 43.115%9 3.4+98 725 37 7g3’s  [0.12/0.84/0.05
Posterior 9.9+8:1 W 430 2.977°9 17.8+327:2 '
GW191129_134020| Uninformative Pri o751 | asetid | asthe | aofid | ieateme 0.12/081/0.07
. rmative Prior 2.81%20 Y gy —2.3 177957 ]0.15/0.78/0.07
formatve Prior || 280 | ATHE | L2 0| ey
Cond. on m1 2 and x 1 1;?;3 T 04 2.6755 0.1+0:1 o :03/0.95/0.01
. off “1-0.9 1,709 9 4158 o1 0.975s  [0.08/0.88/0.04
Posterior 0.7+1:2 +8-§ 41575 01701 0.8+13:8 :
GW191204_110529 i —0.5 L7000 1.9715 0.1+0:1 817 [007/0.9/0.03
_ Uninformative Prior 4.1t14.8 =7 1ooa 0~9+18'5 0.04/0
C +-3.5 19.01554 1.9+68 —15.5 .04/0.94/0.02
ond. on m,2 17+ 13 5 ORI I X U S -2 v
Cond. on mj 2 and x 1 61%:2 2243 3'2J—r§'0 0.5+1.9 ;?853 05/0.92/0.02
i eff D12 13.675:9 3.9+81 203 2.874y5  [0.17/0.76/0.07
Posterior Lg+25 Ta2 2730 0.4752 9.9+81:3 '
GW191204 171526 . —1.4 137245 3.378° 0.5+0:8 2lgg7  |017/0.77/0.06
- Uninformative Prior 2.9+13.3 —3.1 5103 201706 |9.22
c 975% 91129 | g3+a8 —49.2 .22/0.72/0.06
ond. on m1,2 1 oHLT ) 2;8;3 Bl 0.5752 Lt15.0 g
Cond. on my. 2 and x 1 1;?;2 £-0.5 2.8159 0.1+0-1 i :03/0.95/0.02
’_ eff 0.7 2.310:8 9 16.3 J0.1 09756 0.11/0.85/0.05
Posterior Lo+i2 0 9577 01101 0.6+16:3 '
GW191215_ 223052 ; =t 22 03 2.715% 0.110:1 621450 |0.11/0.85/0.04
_ Uninformative Prior +14.8 —2.5 .1701 1.0+18.6 0.05
o 3.975% 13.9134.6 18465 —14.0 .05/0.89/0.05
ond. on m; 2 Let? 0 55 8165 | ggfllo | q13tI0LT o
Cond. on mq 2 and x 1 1a3 A 3.37%9 0.4+0.6 1253 .05/0.93/0.02
g eff 5270 11.572-8 3.1+8.0 203 267555 [0.17/0.75/0.08
Posterior 1.8+25 Iig 1550 04t8g 9 5+73.1 ’
GW191216 213338 ; L 4755 3.1%7% 0.4+0-6 5lg25  |0:16/0.79/0.06
_ Uninformative Prior 9 g+13.1 —2.9 *-0.3 o 7t48.3 0.17
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Table A.1: Complete set of results. For each event, each estimator, and each of the
four sequential conditioning considered in this paper we indicate the median and 90%
credible interval. For the spin morphologies, we indicate the probability mass function
at each of the three discrete points.
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Active galactic nuclei and black holes






Chapter 5

Active galactic nuclei

Summary

Gravitational wave science is multifaceted. A key area of research are formation
channels and the environments that facilitate BBH mergers. One possible environment
for BBH formation are the discs of active galactic nuclei. In Ch. 5, I summarise
current knowledge of active galaxies, both from a broad EM observational point of
view and their role in the AGN formation channel, using some of the introduction of
Gangardt et al. (2024) [285]. Additionally, I discuss migration torques in gas discs,
which could work as a mechanism for accelerated merger rates. This chapter serves as

an introduction for Ch. 6.

5.1 Observations of AGNs

Scattered across the Universe are galaxies with supermassive black holes at their

centre, whose luminous signatures are powered by gas accretion onto the central BH as
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opposed to solely the radiation from their numerous stars. In 1993, Antonucci (1993) [286]
proposed the AGN unification model, hypothesising that a wide variety of objects, in-
cluding quasars and radio-quiet Seyfert galaxies, are all AGNs viewed from different
angles which obscured their features [286-288]. AGNs are traditionally identified by
the presence of narrow emission lines [289-293| from reprocessed AGN radiation by the
host galaxy gas. Additionally, Type I AGN show broad emission lines, thought to orig-
inate from the rapidly rotating circumnuclear gas (gas that is gravitationally coupled
to the AGN accretion disc). AGN with only narrow emission lines are instead labelled
Type II. Quasars are distant and luminous AGN signals; Seyfert galaxies, named af-
ter the pioneering work of [294|, are AGNs with high-excitation nuclear emission lines
but whose host galaxies are visible. Observations of AGN and their various features
now cover the entire EM spectrum [287, 295-305| (see Netzer (2015) [288], Padovani
et al. (2017) [306], Hickox and Alexander (2018) [307], and Bianchi et al. (2022) [308]

for additional broad reviews on AGN classification).

As briefly described in Ch. 1, the development of radio astronomy lead to large
catalogs of quasars, bright radio sources associated with optical point-like sources [309,
310] (see Shields (1999) [311] for a review on the history of AGNs). Their peculiar
spectra were shown by Schmidt (1963) [23] to be at relatively high-redshift, originating
from extremely bright galactic nuclei. The theory of how astrophysical objects could
produce such luminous signals from such distant locations was developed within a
year, simultaneously by Zel’dovich (1964) [26] and Salpeter (1964) [25], where it was
shown that accretion onto SMBHs was a possible cause of quasars. Nowadays, it is
widely accepted that most galaxies go through an AGN phase during their lifecycle,

motivating numerous population studies of AGNs and their host galaxies [312-321].

Observations of AGNs reveal them to be strongly correlated with the properties of
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their host galaxies, suggesting co-evolution of the centrally-located SMBH and its sur-
rounding gas and stars [292, 301, 322]. The SMBHs at the centre of AGNs have been
shown to correlate with the properties of the galaxy bulge [323-328|, implying a rela-
tionship between the SMBH and the galaxy stellar mass. AGN feedback, the process of
the AGN disc and its surrounding material interacting through winds and temperature
exchanges [322|, may also suppress star formation within its galaxy by expelling cold
gas from its bulge through accretion winds, or by heating up the interstellar medium
(ISM) to temperatures that can no longer collapse into stars [329, 330].

However, interactions of orbits in the galactic nucleus with the gas near the central
BH may lead to the shrinking of their orbits [331-338], thus sourcing a population of
stars and compact objects inside AGN discs. These pathways mean that despite star
formation being suppressed in AGNs, we can expect compact objects to be located

within their discs.

5.2 AGNs and GWs

The enriched AGN disc, now saturated with compact objects whose inclinations
shrink with respect to the AGN disc with every interaction [331-337]|, becomes a viable
formation channel for binary black hole and compact object mergers [66, 69, 335, 339—
344]. The dense gas in the disc can facilitate binary formation, harden the binary
and induce chains of hierarchical BH mergers. This makes AGN discs viable sites for
compact object mergers |69, 338, 339, 341, 342, 344-350.

Unlike the cluster formation channel or the isolated formation channel, uncertainties

in AGN properties and the dynamics of compact objects within AGN discs result in

merger rates that span from ~ 1072 Gpc™?yr~! [351-353] to ~ 60 Gpcyr—! [342, 349)].
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A key predictor of the AGN formation channel is the possibility of strong alignment
and anti-alignment of BBH spins, although the BBH may experience several dynamical
encounters which may broaden the spin distribution |67, 354-357|. Additionally, the
presence of gas in BBH mergers within AGN discs implies EM counterparts to compact
object mergers in AGN discs [358-361]; a possible EM counterpart was found in an
AGN galaxy for the high mass event GW190521 [362], although this claim is disputed
because the large localisation volume of the event made it likely to detect an EM
counterpart [363]. Another possible AGN formation channel identifier is a negative
q-Xefr relation in the population of BHs [356, 364]|. This identifier only manifests in
AGNs that have compact object migration in their disc, such that “migration traps”
(radial coordinates where the net migration torque is zero) can form. Hierarchical
merging in migration traps thus induces a negative q-y.g relation, which has been
observed in the LVK population results [365].

The occurrence of hierarchical mergers in AGN discs crucially depends on the pres-
ence of the so-called migration traps, namely locations in the disc where the migration

torque changes sign, which is still an open issue in AGN-disc modeling [342, 345, 366].

5.2.1 Migration torques in AGN discs

Migration in gas discs was first proposed based on formulae that considered how
spiral-wave structures can be sustained in galaxies [367-370]. An object orbiting in
a gas disc exchanges angular momentum with its surroundings, leading to changes in
its orbit and thus a net radial migration in the disc [371]. These migration torques
were predicted by Goldreich and Tremaine (1979) [369] and used for planets in pro-
toplanetary discs to explain the existence of hot Jupiter-like planets near their host

stars formally in Ward (1997) [372] (although see Ward (1986) [373], Ward and Houri-
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gan (1989) [374], Lin and Papaloizou (1993) [375] for some previous studies of radial
migration in protoplanetary discs). Migration in gas discs was primarily studied for the
case of planets [376-380]; semi-analytical prescriptions for the migration of protoplan-
ets were derived in Tanaka et al. (2002) [381], Paardekooper and Mellema (2006) [377],
Paardekooper et al. (2010) [379]. The planetary migration theory was then applied
to AGN discs [69, 331, 339, 345, 382-384]. A key phenomenon emerging from these
studies is the potential occurrence of migration traps — locations in the gas disc where
the net radial migration torque is zero. Depending on the mass ratio between the
migrator, the central object or the disc, the migrator may clear a gap (referred to as
Type II migration) or deplete material at the migration trap without clearing a gap
(Type I migration) [372].

Migration traps are an effective mechanism for merging stellar-mass BH binaries
embedded in AGN discs, especially in a hierarchical manner [66, 69, 345, 350, 356]
(see Gerosa and Fishbach (2021) [385] for a review). Earlier works by Bellovary
et al. (2016) [345] and Grishin et al. (2024) [366] showed that the the location of
migration traps does not depend on the properties of the migrating object. The loca-
tion of these migration traps turns out to be a non-trivial function of the AGN disc
parameters, ultimately set by the complex interplay of the gradients of the surface

density X, and temperature 7T

5.2.2 AGN discs

The phenomenology of AGN gas discs is uncertain, partially due to obscuration
from a dusty torus preventing direct observations of the discs. The accretion disc
and the gaseous material coupled to its dynamics are collectively referred to as the

AGN disc, which is expected to extend to separations of 1-10 pc [288]. Because of high
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obscurations and uncertainty in observations, the actual size of AGN discs is somewhat
unclear but tends to be larger than what is expected from theoretical models [386—
388]. Nevertheless, some properties of the AGN disc are known. Due to the deep
gravitational well surrounding the central BH, the gas in the accretion disc is expected
to reach temperatures of ~10° K and surface densities of ~10° g cm™2. As well as this,
AGN discs have been observed to have a rich phenomenology, including high-energy
jets, dusty torii, and accreting BHs (see Padovani et al. (2017) [306] and references
therein).

Early models of AGNs discs consist of one-dimensional, steady-state, semi-analytic
solutions utilising parametric prescriptions. Subsequent computational advancements
allowed for models capturing more complex physics, such as radiative transfer, gas
phase transitions, magnetic fields, and general relativity (eg., Refs. [389-395]). Nev-
ertheless, one-dimensional models remain highly valuable today due to their compu-
tational efficiency and insightful perspectives on the structure of AGN discs. This
makes them particularly useful in the study of interactions between compact objects
and BHs. The first of these one-dimensional approaches dates back to Shakura and
Sunyaev (1973) [396], who first model geometrically thin, optically thick discs around a
BHs. Building on this seminal work, two models are most commonly used in the field,
namely those by Sirko and Goodman (2003) [1] and Thompson et al. (2005) [2] (but see
also Refs. [366, 383, 397-402]). Both these models assume some heating mechanisms in
the disc that marginally support the outer regions from collapsing due to self-gravity
and formulate one-dimensional sets of equations for the AGN-disc profile as a function

of a number of parameters such as the mass of the central BH and the accretion rate.









Chapter 6

Active galactic nuclei disc models

Abstract

Models of accretion discs surrounding active galactic nuclei (AGNs) find vast ap-
plications in high-energy astrophysics. The broad strategy is to parametrise some
of the key disc properties such as gas density and temperature as a function of
the radial coordinate from a given set of assumptions on the underlying physics.
Two of the most popular approaches in this context were presented by Sirko and
Goodman (2003) [1] and Thompson et al. (2005) [2]. We present a critical reanal-
ysis of these widely used models, detailing their assumptions and clarifying some
steps in their derivation that were previously left unsaid. Our findings are imple-
mented in the pAGN module for the Python programming language, which is the
first public implementation of these accretion-disc models. We further apply pAGN
to the evolution of stellar-mass black holes embedded in AGN discs, addressing

the potential occurrence of migration traps.
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6.1 Summary

This chapter is a reformatted version of my first-author paper

Gangardt et al. (2024) [285]. In Gangardt et al. (2024) [285], I present the companion
paper to the Python package pAGN [403]. I was the first author of the paper, as
well as leading co-developer of pAGN with Alessandro A. Trani. Some of the coding
methodology for pAGN was directly provided by Clément Bonnerot. The paper was
written by me with editorial feedback from Alessandro A. Trani, Davide Gerosa and
Clement Bonnerot. The package pAGN is a Python implementation of two widely-
used AGN disc models developed by Sirko and Goodman (2003) [1] and Thompson
et al. (2005) [2], which is further applied to the migration torque problem described in
Ch. 5.

6.2 Introduction

The Sirko and Goodman (2003) [1] and Thompson et al. (2005) 2] accretion disc
models are widely used and underpin some of the key, qualitative results in the field of
AGN-disc physics. Despite that, the underlying parameters and methods are often left
unspecified. Achieving a stable numerical implementation of these disc solutions is not
straightforward and codes in this area have not been released in the public domain.
The goal of this paper is to critically re-analyse the AGN disc models by Sirko and
Goodman (2003) [1] and Thompson et al. (2005) [2]. In particular, we clarify the
model equations one needs to solve (and crucially the order one needs to solve them),
highlight the choices one has to make to obtain stable solutions, and provide a highly

customisable implementation. Our software is made publicly available in a Python
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package called pAGN (short for “parametric AGNs”, pronounced as “pagan”).

This paper is organised as follows. In Sec. 6.3, we lay out the equations for the
Sirko and Goodman (2003) [1] and Thompson et al. (2005) [2] models. In Sec. 6.4, we
explore some of the input parameter space for both models. In Sec. 6.5, we showcase
our implementation, looking in particular at the occurrence of migration traps in either
of the two disc models. In Sec. 6.6, we present the public code pAGN. In Sec. 6.7, we

draw our conclusions and present prospects for future work.

6.3 AGN disc models

We first summarise the AGN disc models by Sirko and Goodman (2003) [1] and
Thompson et al. (2005) [2]. We refer to the models as SG03 and TQMO05, respectively.
Both models consist of an inner, thin accretion disc extended to larger radii to explain
observed AGN luminosities. In the outer regions, the disc needs to remain marginally
stable against fragmentation. With respect to the Shakura and Sunyaev [396] thin-disc
solution, the SG03 model additionally assumes the existence of some heating mecha-
nism generating radiation pressure that can support the outer parts of the disc against
collapse. The TQMO05 model further modifies the SG03 model, with the most notable
change being that the mass advection is driven by non-local torques rather than local
viscous stresses. Furthermore, the Sirko and Goodman (2003) [1] accretion rate is con-
stant across the disc while that of Thompson et al. (2005) [2] varies because it directly
takes into account the mass lost to star formation.

We now introduce each model in closer detail and present the key equations one
needs to solve to build the resulting disc profiles. For clarity, the parameters entering

each model are reported in Table 6.1. A step-by-step guide on how the equations are
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Table 6.1: Key parameters entering the Sirko and Goodman (2003) [1] and
Thompson et al. (2005) [2] AGN-disc models. The third column indicates
whether the parameter is an input of the model (I), a fixed value for the
entire disc (F), or a profile parameter obtained by running the model (P).
The accretion rate M is a fixed parameter for the SG03 disc but a profile
parameter for the TQMO05 disc.

Symbol

Definition

I/F/P

M

R
Lgaa
Mgaq
X

Res

Cs
Pgas
Prad

Mass of the central BH
BH Schwarzschild radius
Eddington luminosity
Eddington accretion rate
Hydrogen abundance in disc
Electron scattering opacity
Radial distance from the central BH
Mass accretion rate
Inner edge of the disc
Midplane temperature
Midplane effective temperature
Midplane density
Height of disc from the midplane
Midplane surface density
Midplane total dynamical density
Gas fraction
Midplane optical depth
Midplane opacity
Midpane sound speed
Gas pressure
Radiation pressure

YUY YT Y~ S U~

Sirko and Goodman (2003) [1] parameters

Symbol

Definition

I/F/P

a
TIIIH.X
g

€s

b

Qs
14

Qg
B

Shakura-Sunyaev viscosity parameter

Outer edge of the disc
Disc Eddington ratio
Radiative efficiency

Switch for viscosity-pressure relation

Toomre stability parameter
Disc viscosity
Rotational velocity
Gas pressure to total pressure ratio

Iz BiavilavBiav BRI

Thompson et al. (2005) [2] parameters

Symbol

Definition

I/F/P

g
Tout
Mout
mr
€T

£

¥,

n

Qt
Qrp

Stellar dispersion velocity
Effective outer edge of the disc
Accretion rate at rout
Global torque efficiency
Star formation efficiency
Supernova radiative efficiency
Star formation rate
Star formation efficiency fraction
Toomre stability parameter
Rotational velocity

isvliaviiae Biaw BN RN I
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A17 lE s O €5, X7 Tmins Tmax; b
Calculate kes, LEqa to find M.
Calculate Qg to find T.g using Eq. (8).
T = T'min
Assume Qg > 1.
Guess values of ¢, T
Substituting Egs. (6), (10) and (11) into Eq. (9) gives p(cs, T').
Use p(cs, T) and k(p,T) to find 7 (cs, T).
Find ¢, T values which satisfy Egs. (10) and (12).
5 > 17
Guess values of ¢, T. @s
Rearranging Eqgs. (9), (10) and (11) gives p(cs)-
Use p(cs) and k(p, T) to find 7 (cs, T).
Find ¢, T values which satisfy Egs. (10) and (12). No
Guess values of Tog, T
Set QS =1.
No Qs > 17 Find p from Eq. (13).
s> L Rearranging Eq. (6), (9), (10) and (11) gives ¢(T).
Use x(T') and Eq. (11) to find 7 (T').
Find Tegr, T which satisfy Eq. (10) and (12).
No
Guess values of Tog, T'.
Yes Set Qs = 1.
Find p from Eq. (13).
Rearranging Eqs. (9) and (11) gives c.
Use #(T') and Eq. (11) to find 7, (7).
Find Tegr, T which satisfy Eq. (10) and (12).
r=r+Ar

Figure 6.1: Flowchart showing detailing our solution strategy for the SG03
model. Construction proceeds from the inner disc to the outer disc, with
initial guesses on the stability parameter (s which are then checked a-

posteriori.
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Figure 6.2:

a-posteriori.

No

Flowchart showing detailing our solution strategy for the
TQMO5 model. Construction proceeds from the outer disc to the inner disc,
with initial guesses on the stability parameter () which are then checked

Start

M, o, er, mr, &, Tmin, Tout

Calculate Q.
T = Tout

Assume Qr > 1.

Set M(r) = M(r + Ar) or M = My if 7 = Tout.
Rearrange Eq. (18) to find Teg-.
Guess values of T, p.
Rearrange Eqgs. (11) and (19) to find h(p).
Use h(p) and (T, p) to find (T, p).

Find T, p values which satisfy Eqgs. (10) and (20)

Qr > 17

No

Guess values of T, 7.
Set QT =1.
Find p from Eq. (23).
Set M according to Eq. (22).
Rearrange Eq. (19) to get h.
Use h and £(T) to find 7, (7).
Find T, n values which satisfy Egs. (24) and (25).

r=r—Ar
T = Tmin !
Yes

Finish
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solved is provided in Figs. 6.1 and 6.2.

6.3.1 Sirko & Goodman (2003)

Modeling strategy

In the inner regions, the SG03 model assumes a thin and viscous accretion disc to
be the source of AGN luminosity (as proposed by Pringle (1981) [404]), similar to the
disc model by Shakura and Sunyaev (1973) [396]. Such a self-gravitating disc cannot
be extended to large radii, where the gravitational pull in the vertical direction causes
disc fragmentation and star formation, thus depleting the disc of gas to sufficiently
fuel the inner regions. The SG03 model resolves this by assuming that some auxiliary
heating (i.e. heating that does not come from orbital energy) lowers the density of the
gas in the outer region gas, thus reducing the gravitational pressure. This heating is
most likely sourced by star formation, but this is left unspecified in the SG03 model.
The auxiliary heating process is prescribed so that gas supply from the marginally
gravitationally stable outer regions keeps fueling the hotter inner regions all under a
constant gas accretion rate M.

The stability of the disc is encoded by the parameter first defined by

Toomre (1964) [405] for circular Keplerian orbits

CSQS Q%
= ~ 6.1
@s TGY,  2nGp’ (6.1)
where ¢ is the speed of sound, Qs = /GM/r? is the angular velocity of the disc,

Ys = 2ph is the midplane mass surface density, p is the midplane mass density, and h
is the height from the midplane. The disc collapses and fragments whenever Qg < 1.

The SGO03 model is made of two regimes. In the inner region one has Q)g > 1: the
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angular frequency and temperature are high and there is no risk of fragmentation. The
outer region instead presents (s ~ 1: the disc is only marginally stable and auxiliary

heating sources become necessary to prevent vertical collapse.

The construction of the model proceeds from an inner boundary r,;, and assumes
a zero-torque boundary condition, see Fig. 6.1. Sirko and Goodman (2003) [1] approx-
imate the innermost stable circular orbit to be i, = Rs/4es, where Ry = 2G' M/ 2 is
the Schwarzschild radius of the BH and eg is the radiative efficiency of the BH, which
is set to eg = 0.1. For each gas ring at a cylindrical radius r from the central BH, one
first assumes that the ring is located in the inner regime where Q)s > 1. The equations
presented in Sec. 6.3.1 below are then solved to find €25 and p. In turn these are used
to evaluate Qs from Eq. (6.1). If Qs < 1, one switches to the Qs = 1 regime and solves
the equations from Sec. 6.3.1 instead. This process is then repeated for every value
of r until r = r.c. Unless specified, we set 7yax to the minimum between 107 R, and
1 pc. An unreasonably large value of r,., leads to a spectral energy distribution that

does not match observations (cf. Sirko and Goodman (2003) [1]).

The accretion rate of the SGO03 disc is parameterised by the Eddington ratio

M 2
Iy = =35 (6.2)
Lgaa

where Lgqq is the Eddington luminosity and the normalisation is set to the luminosity

of a non-self gravitating disc. In turn, the Eddington luminosity is

d7GMc
Lggqa = ——, (6.3)

es

where ke = 0.2(1 + X) cm?g™! is the electron scattering opacity for a fractional abun-

dance of hydrogen which we assume to be X = 0.7. The SG03 model thus depends on
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the mass of the central BH M through both the angular velocity of the disc g and

the accretion rate M.

The disc viscosity is prescribed using the Shakura and Sunyaev (1973) [396] dimen-

sionless parameter
v

o = Wﬁb s (64)

where

Pgas Pgas
b= = 6.9
pgas + Prad DProt ( )

is the fraction of gas pressure pg.s to total pressure pi; the latter contains contribu-
tions from both gas and radiation. The parameter b = {0,1} acts as a switch flag
to determine how viscosity and pressure relate in the disc. The two cases are often
referred to as a-disc (b = 0) and S-disc (b = 1), see e.g. Haiman et al. (2009) [398].

For the gas pressure, we use the ideal gas law

Pgas = m ’ (66>

where kg is the Boltzmann constant and my is the atomic-mass constant. The radiation
pressure is given by

OSBTv
Prad = 2—CTe4ff ; (6.7)

which is constructed such that in the optically thick regime it recovers py.q = 4057 /3c,
but retains a dependency on 7, in the optically thin regime [1]. The source of the radi-
ation pressure is not made explicit by Sirko and Goodman (2003) [1], but is assumed

to come from stellar processes such as supernovae and nuclear fusion in stars.
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Inner regime

For each value of 7, the model first assumes that there is no star formation (Qg > 1).
Each annulus is treated as a black-body with an effective temperature T.g. This is found

by equating the locally radiated flux to the viscous heating rate per unit area [396|:

302 . T'mi 302 .

Th ="M (1— /=) ="3M 6.8
ouaTy = ot (17 ) = T (68)
where ogp is the Stefan-Boltzmann constant and we have defined M’ = M (1—=/"min /7).
Equation (6.8) assumes that all material below r = ry;, falls into the BH and cannot

energetically interact with the rest of the disc.

Mass conservation relates the viscosity of the gas ring to the accretion rate [1]

M'Qg

b 2
Mo =
e 3T

, (6.9)

which gives two families of solutions: b = 0 (where the viscosity is proportional to total
pressure) and b = 1 (where the viscosity is proportional to the gas pressure only). The

sound speed in the disc is defined as

2 = Dot (6.10)

In this regime, for each value of r, we look for solutions in ¢; and 7" and rearrange all
other parameters as functions of ¢ and 7" only. The midplane height can be expressed

as a function of ¢; by assuming hydrostatic equilibrium

Cs
—— 11
h 0 (6.11)
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The value of the density as a function of ¢, and 7' is then given by substituting ¥, = 2ph,
Eq. (6.10) and Eq. (6.11) into Eq. (6.9) for the b = 0 case, and combining them with

the equation for the gas pressure [see Eq. (6.6)] for the b = 1 case.

The temperature profile in the disc depends on the optical depth 7, = kph, where
k(p,T) is the opacity. The latter is obtained using interpolated values by Semenov
et al. (2003) [406] when T" < 10*K and Badnell et al. (2005) [407] when T > 10K,
the set of which we refer to as the “combined” opacity. These are newer prescriptions
for the opacity compared to those by Iglesias and Rogers (1996) [408] and Alexander
and Ferguson (1994) [409] used by Sirko and Goodman (2003) [1]. The opacities in
Sirko and Goodman (2003) [1] are calculated for silicate grains; the effect of graphite
that is important at temperatures of ~2000 K and may be responsible for the broad
line region in AGN observations (see Baskin and Laor (2018) [410]) is ignored. The
inclusion of the effect of graphite in pAGN is left to future work. From the opacity
and effective temperature, we look for solutions in 7' by assuming the disc ring is in

radiative equilibrium:

3 11
T =(Zr,+-4+— | T¢ 6.12
(8T +2+4n) eff > (6.12)

where the functional form of the equation was chosen to match the temperature depen-
dence on T.¢ and 7, across both the optically-thick and optically-thin regimes, cf. Sirko
and Goodman (2003) [1]. Finally, one can look for solutions in ¢ and 7" by considering

Eq. (6.10).

The Toomre stability parameter ()s is calculated from the second expression in
Eq. (6.1). If this falls below 1, it is assumed that the ring is in the outer regime and a

different set of equations is used, which we present next.
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Outer regime

In the outer regions, the model expects the disc to be only marginally gravitationally
stable, i.e. Qs = 1. In this case, Eq. (6.8) no longer applies since there is additional
auxiliary heating. The density is then given by

2rG’

p (6.13)

which is a rearrangement of Eq. (6.1) where Qs = 1. In the inner regime we look for
solutions in ¢ and T'; in the outer regime we know the value of the density p and instead
look for solutions in 7" and Teg. This is done by rearranging Eq. (6.9) and substituting
in Egs. (6.10), (6.11) and (6.13) to obtain an expression for ¢ as a function of 7. In
the b = 0 case, ¢s can be independently determined for a given value of r; in the b =1
case, ¢ is a function of the temperature 7' [see Eq. (6.6)]. To find values for 7" and T,

we look for solutions that satisfy Eqs. (6.10) and (6.12) simultaneously.

Disc profiles

Figure 6.3 shows the radial profile of some key disc parameters in the SG03 model,
tailored to reproducing fig. 2 from Sirko and Goodman (2003) [1]. In particular, the
figure shows a 10®M, BH surrounded by a disc with o = 0.01, I = 0.5 and eg = 0.1,
presenting both the b = 0 and b =1 cases.

In fig. 2 in Sirko and Goodman (2003) [1], there are three different solutions for the
disc parameters from r > 5 x 105 R,. Our implementation recovers the same behaviour,
but we only accept the continuous, high-temperature, low-opacity solution. For this
case, the midplane temperature of the disc remains above 10? K and the opacity drops

to 1073 ecm?g ! in the outer regime, both of which affect the gas and radiation pressure
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Figure 6.3: Radial profile in the SGO3 disc model for the opacity «, the
mass density p, the pressure fraction [, the optical depth 7, the disc mass
Mgise, the sound speed c¢g, the temperature 7', the most unstable mass
M host unst., the Toomre stability parameter (Qg, the effective temperature
Teq, the surface mass density >, and the half-thickness h. All input values
are the same as in fig. 2 by Sirko and Goodman [1]: M = 10®M, a = 0.01,
lg = 0.5,es = 0.1. Blue (orange) curves indicate the case where b =0 (b = 1)
and the viscosity is proportional to total (gas) pressure.
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profiles, as reflected in the parameter 5. The transition between the inner and outer
disc regimes takes place at r ~ 10® R, which is consistent with the original results by

Sirko and Goodman (2003) [1].

Figure 6.3 also compares the b = 0 case with the b = 1 case for the same AGN disc.
The difference between the two is that the viscosity is assumed to be proportional to
the total and gas pressure, respectively. The b = 1 case remains in the optically thick
regime out to larger separations, thus also maintaining higher temperatures in those
outer regions. For this set of input parameters, the aspect ratio of the disc becomes > 1

at separations as small as r ~ 5 x 10* R,, which breaks the thin-disc assumption.

In the outer regime, the density scales as p oc Q% oc 773 [see Eq. (6.13)]. Further-
more, the condition r > ry,;, implies that M’ is approximately constant. Depending on
the value of b, one can use Eq. (6.9) to relate p, T" and €)s. By approximating the sys-
tem as optically thick (7, > 1), Eq. (6.12) gives T « 7,7%. Using Eq. (6.10), one can
then find simple power-law scalings for most parameters in the outer regime, as long as
the opacity & is kept constant. These are shown in Fig. 6.3 for the 103R, < r < 10°R;
region. In particular, one has T oc 7=3/* for b = 0 and T o< r~'/2 for b = 1. From
Eq. (6.10), we find that in the optically thick regime, ¢, is approximately constant when
b = 0 and proportional to /2 when b = 1. At r > 10°R;, one has x < 1 and both
discs fall back to the optically thin regime. In this case, Eq. (6.12) gives T* o< T /7y,
which from Eq. (6.10) gives T* o< pc?/72 for both b = 0 and b = 1. If we assume & to

be constant, then 7" will also remain constant for all values of r.

Figure 6.3 shows the “most unstable mass” M ost unst. = c;l / GQEg at a given radius.
This is the mass enclosed in protostellar clumps with a characteristic radius r. =
c2/G3, [405] and corresponds to the maximum mass that can be present in local

perturbations and is thus available for star formation. Figure 6.3 shows that, for both
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the b = 0 and b = 1 cases, Mpyostunst. has @ minimum at r ~ 103R;, corresponding to
high ¥, values and low ¢, values. Below this radius, where ) > 1 and star formation

ceases, the value of M o5t unst. N0 longer provides meaningful information.

6.3.2 Thompson et al. (2005)

Modeling strategy

Thompson et al. (2005) [2] proposes an AGN model for which the outer areas of
the disc are vertically supported against gravitational collapse by radiation pressure
from star formation by-products, dominated in the optically thick regime by dust
grains around massive stars. The angular momentum transport in the TQMO05 disc
is described by global torques instead of a local viscosity mechanism like in the SGO03
model, which provides rapid radial advection rates in the outer regions of the disc.

In the TQMO5 model, the angular velocity

GM o2

r3

is only approximately Keplerian and includes the effect of the dispersion velocity o.
The dispersion and the central mass are related by the M —o relation from observations.
Thompson et al. (2005) 2] used the expression by Tremaine et al. (2002) [324], while

we opted for an updated fit by Giiltekin et al. (2009) [325]:

o 1 M
1 - 1 ~8.12 6.15
8 200km/s  4.24 ( VA ) ’ (6.15)

which is taken from their full galaxy sample. We stress that both of these expressions

were obtained for surveys of non-AGN galaxies, meaning that they do not appropriately
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account for selection biases [411-413].

The TQMO5 model accounts for the star-formation rate per unit area:
¥, = ,Qp, (6.16)

which is parametrized using the fraction 7 of the disc dynamical timescale. By means
of ¥, the TQMO05 model explicitly tracks changes in the accretion rate M throughout
the disc due to star formation. The gas accreted onto the central BH is supplied by
material outside of a radius rqy; at a constant rate My, As Thompson et al. (2005) [2]
point out, the AGN disc for the TQMO05 model does not have a clear outer boundary
because the gas is expected to be fed to the central BH by the surrounding interstellar
medium. Unlike 7., in the SG03 model, which is a chosen value after which the gas is
expected to fragment into stars, here, rq, represents a transition point beyond which
the accretion rate is constant and within which the accretion rate varies due to star
formation. Opposite to the SGO3 case, in the TQMO05 model one integrates from the
outer boundary of the AGN disc r,,; down to the inner edge of the disc, here set to
Tmin = S Rs.

In the TQMO05 model, the Toomre (1964) [405] stability criterion is written as

KOCs 02

QT - WGEg - \/§7TGP’

(6.17)

where k3 = 402 +dQ3%/dInr is the epicyclic frequency. To first order in 1/r, Eq. (6.14)
gives dQp/dr &~ —Qg/r such that kg ~ V2. When Qr > 1, we expect conditions to
be unfavourable to star formation so that 2* and 7 are close to zero. In the outer area

of the disc where Q1 =~ 1, stellar feedback plays a key role in stabilizing the disc.



134 Chapter 6 Active galactic nuclei disc models

Much like the SG03 model,’ the TQMO5 one also has two regimes according to the
value of Qr, see Fig. 6.2. We initialize our numerical root finder at the outer boundary
assuming that the disc is optically thick to its own infrared radiation and that Qr =1,

thus obtaining initial values for T, p and n (see Appendix B.1).

Non star-forming regime

For every value of r under consideration, we first assume that there is no star
formation and that @t > 1. In this case, the accretion rate is constant and thus the
value of M is the same as that of the preceding separation, i.e. M(r) = M(r + Ar),
where Ar is the numerical radial resolution. At r = r,y, one has the boundary
condition M (Tout) = Mout. The gas ring at cylindrical radius r is assumed to radiate
as a black body with effective temperature:

302

O-SBTéff = 8_7]'M/7 (618)

which is the same as Eq. (6.8). The TQMO05 model assumes that the angular momentum
in the disc is transported by global torques, so that the radial velocity of the gas v, is

a fraction mr of the sound speed ¢g. The resulting accretion rate is

M = 4xrphv, = dxrphmrcs = 4rrQemyph? (6.19)

where we have assumed hydrostatic equilibrium, h = ¢;/Qr [see Eq. (6.11)]. Using
Eq. (6.19), one can compute the disc half thickness h as a function of the accretion

rate and density.

'For small values of r one has that Qr is approximately Keplerian and Qr ~ Qs. Since Qr is
expected to be > 1 near the BH, the factor v/2 is negligible.
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We then interpolate the opacity tables of our choosing to find the x(p,T'), which in
turn gives us the optical depth 7, = kph as a function of T" and p. Notably, Thompson
et al. (2005) [2] use the opacities by Semenov et al. (2003) [406] which are provided
for temperatures up to 7' ~ 10°K and extrapolate them to higher temperatures by
keeping x(p,T') constant; in the following we refer to this set as the “Semenov” opac-
ities. In pAGN, we instead use the combined set of opacities with values by Semenov
et al. (2003) [406] up to T = 10’K and then values by Badnell et al. (2005) [407] for

higher temperatures.

We look for solutions in 7" and p so that the gas ring is in radiative equilibrium
and the sound speed is consistently defined. The condition for radiative equilibrium
adopted by Thompson et al. (2005) 2] is

3 1
T4 — (ZTV + o + 1) T (6.20)

which is the same as Eq. (6.12) but doubled. The definition of the sound speed
Cs = Prot/p 1s almost identical to that given in Eq. (6.10) for the SG03 model. The
sound speed definition assumes hydrostatic equilibrium and the pressure definitions
Paas = pkpT /My, Prada = 0spTvTog/c. The additional factor of 2 in the TQMO05 model’s
definition of p..q ensures that in the optically thick regime using Eq. (6.20) gives

Praa =~ 4ospT*/3c.

Solutions for p and T are then found by balancing Egs. (6.10) and (6.20). One can
then compute Q1 once more using Eq. (6.17). If Q1 < 1, the ring at radius r is instead

assumed to be in the outer star-forming regime.
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Star-forming regime

In the case where there is star formation, the accretion rate is no longer constant.
Instead, it is calculated numerically by taking the difference between the initial Moy

and the integrated accretion rate from star formation down to the current ring:

M(r) = Moy — / A7rr phQrndr (6.21)
=~ . out — Z 47TTJp]hJQT’]7’]JA7°] y (622)

where the subscript j denotes that the given parameter is taken at r = r;. Like in the
SGO03 model, we assume marginal stability, i.e. Qr = 1. Rearranging Eq. (6.17) for

the mass density yields
_ %
P V221G’

(6.23)

The two parameters we are solving for in this case are the temperature 7" and the star
formation fraction n of the disc ring. One calculates h from Eq. (6.19), interpolates

the value of x(T) and finds 7,(T), finally calculating T4 (T') using Eq. (6.20).

We now look for solutions in 7 and 7' that balance the radiated flux
4 2 3 o2
ospThy = phQrnerc” + 8_M Or, (6.24)
7T

which now directly accounts for radiation from stars unlike Eqs. (6.8) and (6.18), while

assuming hydrostatic equilibrium. One has

pkBT
mu

ph*Q5 = + 2phnQrerc (% + f) , (6.25)
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where er and ¢ are free parameters describing the efficiency of star formation in the disc
and the radiative efficiency of supernovae, respectively. In this regime, it is expected
that the gas will be optically thin, and therefore radiation pressure from supernovae
is included through the ¢ parameter. Thompson et al. (2005) [2] sets er = 1073 and

¢ = 1. We seek the values of n and T" that simultaneously solve Eqgs. (6.24) and (6.25).

Accretion criterion

Unlike Sirko and Goodman (2003) [1], the Thompson et al. (2005) [2] model presents
an accretion rate M that changes as a function of the radial separation r. This naturally
means that if the accretion rate at the outer boundary is too low, not enough gas is able
to reach the central BH to maintain high temperatures and bright AGN luminosities,
which are expected to be in the 107 — 0.5 Lgqq range, see [414-417|. This introduces
a minimum threshold for M,,,. Thompson et al. (2005) |2] argue that accretion rates
of ~1 — 10 Muyr~! at the inner disc boundary 7, are sufficient to produce a bright
AGN when the central BH mass is ~10° M. This is equivalent to a minimum BH
accretion rate of M ~ 0.2 Mgaq = 0.2 Lgqa/(0.1¢?) at 7 = rpg,. Using eq. (47) in
Thompson et al. (2005) [2], we find that over a wavelength range of [10~®m, 1073 m],
setting 0.2 MEdd gives a disc bolometric luminosity of 2 x 10™* Lgqq.

There is no general expression that relates the accretion rate Mout and outer radius
Tout t0 the BH mass M that would ensure a bright AGN disc. Nonetheless, we can
attempt to find such a relationship by considering how the accretion rate at the outer
boundary Mout scales with the size of the disc r,,; and the central BH mass. Thompson
et al. (2005) [2] proposes a critical value M, obtained by equating the star formation
timescale 7, = 1/nQ) with the advection timescale T,qy = 7 /v, to determine whether

enough material reaches the central BH to form a luminous signal. From Eq. (6.19)
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we find

M, = 472 phnQy . (6.26)

Together with Eq. (6.26), this result can be used to introduce a dependence on 7y
and M to Mout. A BH with M = 10® M, surrounded by a TQMO05 disc that has
Fout = 95 PC, Moy = 320 Moyr™!, and o = 188 kms™ ' satisfies My > Mo(r = rou)
and has an accretion rate near the central BH of ~1.93 Myyr—! = 0.74Mpgaq (giving a
disc luminosity of 9.61 x 107 Lgqq). We use these values to keep the ratio of Mout / MC
constant. Using Eqs. (6.16), (6.14), (6.26), and assuming the optically thick regime
(see Appendix B.1), one can show that MC o« ro?. Therefore, we scale Mout with the

outer boundary of the disc and the dispersion velocity, i.e.

2
. _ Tout g
M. = 320M L . 6.27

’ 2 (95];)0) (188kms_1> ( )

However, for high masses, Eq. (6.27) is not enough to fulfill the the M, > M. criterion.
The inability of M, to accurately predict whether a bright AGN disc is formed is
not surprising, as it compares the timescales for only one value of r. In Thompson
et al. (2005) [2], it is stated that discs with My < Mc(r = rout) cannot form bright
AGNS.

We find that using M, from Eq. (6.26) as a threshold is too stringent and often omits
signals that produce bright AGN discs. In the following, we use Eq. (6.27) as an initial
guess for M,y but then make adjustments if the accretion rate is not large enough
to form a luminous AGN. Developing a full prescription is left to future work. As a
precaution to avoid setting an M,y that is too high, TQMO05 suggests a maximum
limit for My equal to Muyayx = 8mpho®r/erc = Lyi/erc®, where Ly is the limiting

Eddington-like luminosity below which a galaxy will not have momentum driven winds
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that are high enough to significantly reduce the gas in the disc [418|.

Other authors have used different values for M, and 7.,y. For instance, Stone
et al. (2017) [347] scale the AGN disc down to a Milky-Way type galaxy, using M =
3 x 105 M, Mout =15 MEdd, and roy = 10 pc, where the latter was motivated by the

radius of the dusty tori from AGN disc observations [419-422].

Disc profiles

Figure 6.4 reproduces fig. 6 in Thompson et al. (2005) [2], assuming either the
Semenov opacities (as was done by Thompson et al. (2005) |2]) or the combined opaci-
ties. The input parameters are o = 300 km s, M ~ 10° M, [instead of Eq. (6.15) we
use the M-o relation by [324] as was done by [2]], Mow = 320Mg yr—, roue = 200 pe,
m = 0.2, er = 1073, and £ = 1. Our results shown in Fig. 6.4 are generally in agreement

with those by Thompson et al. (2005) [2].

Our implementation results in disc profiles that diverge when the disc is close to
the central BH, around r ~ 1073 pc in this case; this follows from the r» — 7min
limit in the definition of M’. We report good agreement between the two opacity
implementations, with a noteworthy difference being the presence of the iron opacity
bump [423] at a radius of r ~ 2 x 1074 pc, seen only for the combined opacities. For
both sets of opacities, the disc profile presents a sharp feature at r ~ 5 x 107! pc
where the temperature becomes high enough to leave the so-called opacity gap (the
dip in & for temperatures 103K < T < 10* K, see Thompson et al. (2005) [2], Sirko
and Goodman (2003) [1]). Figure 6.4 shows that for this set of parameters the disc

profile is not sensitive to the choice of opacity tables.
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Figure 6.4: Radial profile in TQMO05 disc model for the temperature T', the
effective temperature T.g, the mass density p, the surface mass density >,
the gas pressure pg,s, the radiation pressure p,.q, the gas pressure fraction
B, the half-thickness of the disc h, the sound speed cg, the opacity x and
the optical depth 7,. The input values have been chosen to reproduce Fig. 6
in Thompson et al. [2: o = 300 km/s, e = 1073, m = 0.2, My =
320M yr~!, and roy = 200 pc. Models shown in blue use the opacities
by Semenov et al. [406], models shown in orange use the combined datasets
from Semenov et al. [406] and Badnell et al. [407].

6.4 Parameter-space exploration

We now present a brief exploration of the phenomenology predicted by the Sirko
and Goodman (2003) [1] and Thompson et al. (2005) [2] disc models.
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6.4.1 Mass dependency

We first investigate the behaviour of both models as a function of the mass of the
central BH. Figure 6.5 compares the SG03 and TQMO5 discs profiles of four output
parameters, namely the disc height from the midplane h, the mass density p, the
optical depth 7., and the temperature T, for three central BH masses: M = 10°, 108,
and 10 M. These five output quantities can be used to fully reconstruct an AGN

disc for both models. Results are presented using the combined opacity datasets.

For the Sirko and Goodman (2003) [1] model, we set a = 0.01, lg = 0.5, and only
consider the « disc (i.e. b = 0). For each disc, we find the solution up to a radius
of 10" R, with the M = 10% M, case having a maximum extension of ~1 pc, and the

M = 10" M, case extending to ~1 kpc.

The temperature of the SGO3 disc is higher at small separations for lower masses.
In particular, one has 7 < Ry oc M in Fig. 6.5, so that Qg oc M~/2, and thus T o< M3
in the inner region, cf. Eq. (6.12) for the optically-thick regime in the SG03 model.
In the outer regions of the SGO3 disc, all three models have the same temperature
T ~ 7.5 x 103K, which is reached at the separation where the disc becomes optically
thin (7, < 1). At large radii, if the disc is dominated by radiation pressure and the
gas is optically thin (T4 oc 7,7%), then from Eq. (6.10) we find that ¢? oc 72T*/p. If &
is independent of r, then 7, o< ph, which in hydrostatic equilibrium gives a constant 7'
independent of both r and M.

Figure 6.5 shows that the density p is lowest when the central BH mass is highest,
with p oc M? in the inner region of the SG03 disc. The model with M = 10'° M,
presents the thickest SG03 disc, reaching h/r > 1 at r = 10° Ry; this is outside the

regime of validity of our equations but only applies for large radii suggesting a diffuse
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envelope of gas around the AGN disc.

The Thompson et al. (2005) [2] model shown in Fig. 6.5 uses mt = 0.2, e = 1073
and ¢ = 1. In Fig. 6.5, we linearly scale the outer boundary of the disc ryy; using
the Schwarzschild radius so that r. = 107 Ry for all three BH masses. We calculate
Mout using Eq. (6.27) for all three BH masses, but find that for the M = 10'° M, case
the scaled Mout does not satisfy the Mout > Mc condition and the disc profile looks
significantly different from the AGN discs with smaller masses (the height ratio h/r
monotonically decreases and the temperature in the disc does not reach 10* K). Instead,
we opt for My = 1.5 x 108 Moyr~! when M = 10'° My, instead. Equation (6.27) gives
Mout = 0.37Mgyr—! when M = 10° M, and Mout = 322Mgyr~! when M = 10% M.
The AGN disc with M = 10® M, has an outer boundary of 100 pc, which is about half

the size of the model shown in Fig. 6.4.

The M = 10°M, case in Fig. 6.5 shows an AGN disc with an outer boundary
Tous &~ 1 pc and a BH accretion rate 0.37 Moyr~!. Its accretion rate M is higher than
both the star formation rate and M, for all values of 7, leading to temperatures as
large as T ~ 10K at r = 7, and a disc luminosity of 2 x 107° Lggqq. The radiation
pressure in such a high-temperature region leads to a thick disc, with h/r > 1 below
r ~ 5 x 10% R,. At this aspect ratio, the thin-disc approximation no longer applies and
caution must be applied when interpreting our results. In order to reduce h/r in the

inner regime, one can decrease M, or decrease mr.

We find that the model with M = 10'° M, also reaches h/r > 1 but at r > 10° R;.
This is due to a combination of low densities, a large optical depth, and a large accretion
rate which all increase the radiation pressure at the outer boundary. The M = 10 M
AGN disc extends out to 10 kpc and has an accretion rate of ~10 Moyr—! = 0.04 Mgad

at r = rum, giving a disc luminosity of 0.07 Lgqq. For the TQMO05 model with M =
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10 M, the optical depth 7y shows oscillations at r ~ 200 R (see Fig. 6.5) which are
due to the model switching between the inner and outer regimes back and forth when

close to the Q1 = 1 boundary.

6.4.2 Input parameters

The SGO03 model has five input parameters: the mass of the central BH M, the
luminosity ratio lg (or alternatively the accretion rate M), the disc viscosity «, the BH
radiative efficiency eg, and the pressure flag b = 0, 1. We consider a fiducial model with
M = 10®Mg €5 = 0.1, « = 0.01, Iz = 0.5 and b = 0. Of these parameters, Fig. 6.6
explores the effect of varying o and Ig.

The density p in the outer regime is largely independent of a and lg. The Shakura
and Sunyaev (1973) [396] parameter « relates the viscosity to pressure and accretion,
cf. Eq. (6.9). A larger « in the Sirko and Goodman (2003) [1] model implies a lower
density and lower temperature in the inner regime, cf. Fig. 6.6. In the outer regions,
the density is independent of the viscosity and thus independent of «.

We vary the Eddington ratio from Iy = 1073 to Iy = 1, capturing the range of ob-
served AGNs [414-417]. The Eddington ratio parameterises the accretion rate, which
plays a key role in the disc dynamics at all radial distances from the BH. Scaling re-
lations in the optically thick regime far from the disc (see Sec. 6.3.1) indicate that
the SG03 model maintains a constant temperature and density at r > 105 R,. Higher
accretion rates leads to higher effective temperatures [Eq. (6.8)], higher disc tempera-
tures overall [Eq. (6.12)], and higher total pressure in the disc [Eq. (6.9)], which also
implies that A must be higher to maintain hydrostatic equilibrium.

The TQMO5 model has six input parameters: the mass M of the SMBH from which

we get the velocity dispersion o using Eq. (6.15), the star formation efficiency er, the
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Figure 6.5: Aspect ratio h/r, mass density p, optical depth 7, and midplane
temperature T' as functions of cylindrical radius r for both the SGO03 (left)
and TQMO5 (right) AGN disc models. We vary the central BH mass M =
10° Mg, (blue), 108 M, (orange), and 10'° M, (green). For the SG03 case,
we set a = 0.01, I[g = 0.5, and b = 0. For the TQMO5 case, we set m = 0.2,
er = 1073 and & = 1. The outer radius roy and outer accretion rate Mout
are both scaled with the central BH mass such that r,,; = 95 pc and Mout =
320 Mguyr~! when M = 108 M, except for the M = 10'° M, disc which has
an outer accretion rate set to Mout = 1.5 x 106 Moyr~t .
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Figure 6.6: Model variations for the SG03 model, showing in particular
the aspect ratio h, the midplane mass density p, the optical depth 7, and
the midplane temperature 7. For both columns, we set M = 10® M and
b = 0. In the left column, we consider AGN discs with an Eddington fraction
lg = 0.5 and vary the viscosity with a = 0.01 (blue), o = 0.05 (orange) and
a = 0.1. In the right column, we consider AGN discs where o« = 0.01, and
vary the Eddington ratio lg = 0.001 (blue), g = 0.01 (orange), I = 0.1
(green) and lg = 1 (red). For each disc instance, the radius at which Qg = 1
is marked by a vertical line.
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efficiency of angular momentum transport mr in the disc, the supernovae radiative
fraction &, the outer boundary of the disc 7.4, and the accretion rate at this outer
boundary Moy Figure 6.7 assumes a fiducial model with M = 108 My, row = 107 Ry,
er = 1073, € = 1, mp = 0.2 and Moy ~ 312Mgyr~" from Eq. (6.27). Starting from
this set of parameters, we explore how the disc profile changes when varying either

Myt or M.

We consider three values of the accretion rate: M, = 15, 100, 300 Moyr~!. The
lowest accretion rate considered, M, = 15 Muyr~!, falls below the critical accretion
rate Mc ~ 21 Mgyr~! from Eq. (6.26) at r = roy. According to this criterion, this
model should not produce an AGN that is sufficiently bright. At r = r,;,, the accretion
rate for the Mout = 15Muyr~! case is ~ 0.58 Moyr—t = 0.22 MEdd, which is below the
1 — 10 Mgyr~! threshold indicated by Thompson et al. (2005) [2]. For this case, the
disc luminosity is 1.8 x 10™* Lgqq, which still falls in the range of Eddington ratios one
might expect for AGN discs. This further shows that M, is too strict a criterion for
determining whether a TQMO5 disc forms an AGN. The disc with such a low accretion
rate has a different structure compared to the other two cases, with temperatures that
are typically lower. As illustrated in Fig. 6.7, these low temperatures lead to low
radiation pressure that fails to effectively counteract the vertical collapse of the disc
and thus lower h/r values. On the other hand, for cases where the outer accretion rates
clear the M., criterion, we find that the profiles become identical when in the inner,
non-star forming regime, see the region left of the Q1 = 1 line in Fig. (6.7). For these
cases, the advection timescale and star formation timescale reach an equilibrium at the
opacity gap (Taqv = 7« when T~ 103 K). This leads to discs of the same temperature,

density, aspect ratio and accretion rate (M = 2.23Mgyr—! at r = 7, for both discs).

The global torque efficiency parameter mr is strongly correlated to the behaviour of
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the disc for all radial distances. Much like « for the SG03 model, here mr parametrizes
the relationship between the angular momentum transport and the accretion rate, cf.
Eq. (6.19). In the outermost regions of the disc, where the accretion rate M ~ Moy is
roughly constant and h/r ~ 1, the total pressure is inversely proportional to mr, see
Eq. (6.19) and the definition of ¢;. This gives a thinner TQMO05 disc, with lower values
of h/r for higher values of mr at the outer boundary. The density is constant in the
marginally stable outer region because of Eq. (6.17), but the low total pressure causes
some temperature deviations at r ~ 107 R, for each disc we consider. These variations
contribute to different initial conditions in 7, for each value of my. The TQMO5 disc
has similar behaviour for all three mr values once the solutions enter the opacity gap
at r ~ 10° R, though differences in the optical depth impact the disc profiles at small
values of r. In the innermost regions of the disc, we find that high mr values lead to
thick, low density discs due to low radiation pressure (which is proportional to 7, by

definition).

6.5 Disc migration

In Sec. 5.2.1 of Ch. 5, I introduce migration torques in gas discs. Several types of
migration exist, but in this work, we only consider the case of Type I migration (non
gap-forming). Migration traps are an ideal context to showcase our implementation of

the Sirko and Goodman (2003) [1] and Thompson et al. (2005) [2] disc models. Table

6.2 summarises all parameters used for this section.
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Figure 6.7: Model variations for the TQMO5 model, showing in particular
the aspect ratio h, the midplane mass density p, the optical depth 7, and
the midplane temperature. For both columns, we set M = 10® My, ep =
1073, € = 1 and 74y = 200 pc. In the left column, we consider AGN
discs with a global torque efficiency of mr = 0.2 and vary the accretion
rate My, = 15 Muyr~t (blue), My = 100 Muyr~! (orange) and My =
300 Muyr— (green, dashed). The M,y = 300 Myyr— case is dashed to show
that parameter profiles are identical to the those of the M,y = 100 Meyr—!
case close to the central BH. In the right column, we consider AGN discs
with an outer accretion rate My ~ 312 Mgyr~! and vary the global torque
efficiency mr = 0.1 (blue), mr = 0.2 (orange), and m = 0.3 (green). For
each disc instance, the radius at which Q1 = 1 is marked by a vertical line.
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Table 6.2: Summary of the parameter entering our treatment of disc mi-
gration explored in Sec. 6.5.

Symbol Definition

MBH Mass of the migrating object

q Mass ratio between migrator and central BH
Iy Normalization migration torque

Iy Type I migration torque

0l Adiabatic index

CL Lindblad torque

X Thermal diffusivity of the disc
Miherm Thermal torque

T Corotation radius of the migrator

A Size of the thermal lobes

L Migrator luminosity from thermal heating
L. Critical migrator luminosity

6.5.1 Torque implementation

In particular, we apply our AGN disc models to the methods by
Grishin et al. (2024) [366], adopting their migration torque and thermal torque expres-
sions. Grishin et al. (2024) [366] use a simpler AGN disc model where profiles are power
laws in M, r and accretion rate M. Their discs are relatively similar to the SG03 mod-
els with M = 10° M, and o = 0.01. When using migration torques by Paardekooper
et al. (2010) [379] which assume the disc is locally isothermal, Grishin et al. (2024) [366]
report the existence of migration traps. However, migration traps disappear when con-
sidering the updated migration torque formulas by Jiménez and Masset (2017) [424].
Grishin et al. (2024) [366] then add a new type of migratory torque, namely the ther-
mal torque by Masset (2017) [425], and find that migration traps are able to form in
their AGN disc model once more. We apply the same methodology and formulas to

our more complex AGN models.

Migration induces two over-dense spiral arms in the disc. Each arm will produce a
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torque acting on the migrating object with a magnitude [426|

h _3
[y = ¢*S,r'Q? <—> : (6.28)
r
where ¢ = mpy/M is the BH mass ratio and € is equal to either ) or {21 depending on

the AGN disc model. The net torque I'y acting on the migrator in a locally isothermal

limit is given by [379):

dlnyY, dlnT\ h
PI:(—O.85+O.9 N O )

dlnr + dlnr ;FO’ (6.29)

Jiménez and Masset (2017) [424] update the migration torque formula to

dln® dlnT h
Ty = |Cp+ (0464096528 ~ 18527 ) 41| 2y, (6.30)
dinr dinr r

where v = 5/3 is the adiabatic index. The parameter

dlnX® dInT X
— (234015278 g, (— 31
L ( A0 T 5d1nr)f” h29>’ (6:31)

is the Lindblad torque, where

_ @/ 41/
he) = a1

(6.32)

is a function that adds a dependence on the thermal diffusivity for the Lindblad torque
and can be approximated to 1/v in the case where the diffusivity is small [427]. The

thermal diffusivity of the disc is defined as

16307~ Do
B 3kp?h2Q?

(6.33)
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The thermal torque I'yperm Originates from the temperature build-up around the mi-
grating object due to lack of heat release during its orbital evolution. If heat is trapped
around the migrator, two cold and dense lobes are formed in the disc, which leads to
inward migration [428]. If the migrator is instead able to release heat back into the
disc around it, two hot and under-dense lobes form, leading to outward migration [429].

The total heating torque is [425]:

y—1lx. (L
oo = 1.61——=2¢ (= 1)1y, 34
th 6 5 )\(Lc )0 (6.34)

where x. is the corotation radius of the migrating object, A is the typical size of the

lobes, and L is the luminosity generated by the migrator through thermal heating, and

4drGgM
L, = 4mCGaMp

(6.35)
Y

is the critical luminosity. If L = L., the hot and cold torques acting on the migrator

balance out and I'ipern = 0. We approximate the luminosity of the migrator, L, to be

its Eddington luminosity [see Eq. (6.3), replacing the mass M with the mass of the

migrator mpp|. The size of the lobes A is given by [366]:

[ 2x
= ./ =2 6.36
3Q’ ( )

and the corotation radius is [366]:

h? d In peo
Te = _3_’W“ dinr . (637)

We approximate d In pyo;/d Inr by combining the equation for vertical hydrodynamical

equilibrium pyo; ~ ph?Q? with the definition of the sound speed ¢ = h*Q?, resulting
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in dpioi /dr & pc?/r.

The thermal torque given by Eq. (6.34) is expected to diminish in optically thin
discs. Following Grishin et al. (2024) [366], we multiply Eq. (6.34) by a factor of
1 — exp{—A7y/h}. Additionally, when the mass of the migrator exceeds the thermal
mass My, the thermal torque will be reduced Guilera et al. [430]. The thermal mass

is defined by:

Mth X

= 6.38
mMBH csRp’ ( )
where Rp is half the Bondi radius
GmBH
Ry = 2 (6.39)

In the regions where h < Rp we use the disc height h in place of half the Bondi
radius Rp. To correct for the critical thermal mass, we split Eq. (6.34) into its heating
component (the positive L/L. term) and its cooling component (the negative term),
which we label as I'therm, hot @0d I'therm,cold Tespectively. The total thermal torque is
described by Eq. (6.34) unless g, = myn/mpu < 1. In regions of the disc where
i < 1, the thermal torque is instead given by:

A1y, 2/ttn

I_‘therm = I‘therm, hot + I‘therm,cold
T+ 2p4n

6.40
[+ 4, (6.40)

which is an approximation of numerical fits detailed in Velasco Romero and Mas-

set (2020) [431] and used in Guilera et al. (2021) [430] and Grishin et al. (2024) [366].
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Figure 6.8: The absolute values of the migration torques for a mpy =
10 M, BH orbiting a M = 10° M, central BH in AGN discs. The left pan-
els show torque profiles for a SG03 disc with eg = 0.1, « = 0.01, Iy = 0.5
and b = 0. The right panels show torque profiles for a TQMO05 disc with
er =103, =1, m = 0.2, rous = 107 Ry and My = 1.5 x 1072 Mgyr—t. Mi-
gration torques, thermal torques, and their combination are shown in first
three rows from the top, respectively. The bottom panel shows the mid-
plane surface density of the disc for each case. For the Type I migration
torques considered in the top row, we show both results using prescriptions
by both Paardekooper et al. (2010) [379] (light curves) and Jiménez and
Masset (2017) [424] (heavy curves). Colours indicate the sign of the torque,
with blue referring to inward migration (i.e. positive torques) and orange re-
ferring to outward migration (i.e. negative torques). Vertical grey lines indi-

cate the migration traps for all torque prescriptions except for Paardekooper
et al. (2010) [379] in the top panel.
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6.5.2 Migration traps

Figure 6.8 shows the migration-torque profiles for a M = 10° M, SMBH in both
the Sirko and Goodman (2003) [1] and Thompson et al. (2005) [2] models. We use
es = 0.1, a = 0.01, Iy = 0.5 and b = 0 for the SG03 AGN disc and 7, = 107 R,
er =103, & =1, mp = 0.2, and Moy = 1.5 x 1072 Mgyr~! for the TQMO05 model.
The outer accretion rate Moy, was set to be smaller than the value given by Eq. (6.27)
in order to enforce h/r < 1 throughtout the disc, unlike the small mass case in Fig. 6.5.
Identifying a migration trap corresponds to regions of the disc where the net migration
torque is zero and goes from negative (i.e. inward migration) to positive (i.e. outward

migration) as r increases.

The top panel shows the migration torque using both Eq. (6.29) by Paardekooper
et al. (2010) [379] and Eq. (6.30) by Jiménez and Masset (2017) [424]. When using
the former, we find migration traps at r ~ 22 R, and r ~ 103 Ry for the SG03 model,
which is in line with the results reported by both Bellovary et al. (2016) [345] and
Grishin et al. [366]. When using the updated migration torque values by Jiménez and
Masset (2017) [424] for the SG03 model, we find that the migration torque is always
negative and thus the migrator moves across the disc without being trapped. This
result is in agreement with those by Grishin et al. (2024) [366]. Once the thermal
torque from Eq. (6.34) is added to the updated migration torque of Eq. (6.30), the
bottom panel in Fig. 6.8 shows that we again obtain migration traps. In the SG03
AGN disc, we find two migration traps for a M = 10° Mg central BH and a 10 M
migrator occurring at r ~ 1.4x 103 Ry = 1.4x10~* pc and r ~ 6.8 x 10* Ry = 6.5x 1073

pc.

When considering the Thompson et al. (2005) [2] model, we obtain a larger number
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of migration traps, irrespective of the torque prescriptions adopted and the inclusion of
the thermal torque contribution to the net torque. For the migration torque by Jiménez
and Masset (2017) [424] (the top panel in Fig. 6.8), we find migration traps form in
the TQMO5 disc when the gradient dIn,/dInr discretely changes values, as can be
seen in the lower panels of Fig. 6.8 at r ~ 2.5 x 103 Ry and r ~ 8.3 x 10° R;. When
both migration and thermal torques are considered, we find traps at r ~ 2.5 x 103 R,

7~ 8.4 x 10° Ry and r ~ 2.6 x 10° R, for the Thompson et al. (2005) [2] model.

6.6 Public implementation

Our implementation of both the SG03 and TQMO05 models is released publicly in
the pAGN module for the Python programming language.

PAGN is distributed under git version control at
github.com/DariaGangardt/pAGN (code repository)
The documentation is provided at
dariagangardt.github.io/pAGN (documentation)

together with a set of minimal examples.
Our pAGN module is available on the Python Package index. The code can be

installed with
pip install pagn

Packages numpy, scipy, and matplotlib are specified as dependencies. The package

is imported with

import pagn


https://github.com/DariaGangardt/pAGN
https://dariagangardt.github.io/pAGN
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and contains two main classes for the SG03 and TQMO05 implementation, respectively:

pagn.SirkoAGN

pagn.ThompsonAGN

In addition, the code distributions include opacity tables by Semenov et al. (2003) [406]
and Badnell et al. (2005) [407], as well as an interpolation routine. External opacity
tables can also be provided by the user. The overall solution strategy follows what is

presented in this paper as illustrated in the flowcharts of Figs. 6.1 and 6.2.

6.7 Conclusions

This work presents a critical re-analysis of the AGN disc models by Sirko and
Goodman (2003) [1] and Thompson et al. (2005) [2]. Our findings are implemented in
the public pAGN module for the Python programming language [403]. We presented the
equations from the original papers and emphasised their solution strategy. Compared
to the original model, our results consider updated opacity tables, relate some of the
input parameter (most notably the scaling of the outer accretion rate with the central
BH mass for TQMO5 case), validate AGN discs through limits on the accretion rate at
the disc boundaries, and investigate the limits of the thin-disc approximation. While
the parameter exploration presented in this work provides valuable insights, there is
room for further enhancement to fully explore the predictions of these models across
the entire parameter space. An example of such research, Ballantyne [432] presented an
observation-motivated study of how the TQMO5 input parameters affects the properties
of AGN discs in Seyfert-like galaxies with a particular focus on the “starburst” disc
regions with high star formation.

As a further example, in this paper we have applied our pAGN code to the disc-
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migration problem, reproducing the analysis by Grishin et al. (2024) [366] with the more
complex disc profiles by Sirko and Goodman (2003) [1] and Thompson et al. (2005) [2].
While we largely confirm previous findings for the SGO03 case, our TQMO05 disc shows
a large number of migration traps, with potential implications for the formation of
hierarchical merging stellar-mass BH binaries detectable with current gravitational-
wave detectors [385]. This is an interesting avenue for future work.
The AGN disc models by Sirko and Goodman (2003) [1] and

Thompson et al. (2005) [2| are widely used in the literature. We hope our full, public
implementation of these approaches, together with the details of the underlying evolu-
tionary equations, might facilitate further advances in this area while clarifying their
underlying limitations. Both the SG03 and TQMO05 models can be applied to various
problems and compared to newer AGN-disc modeling approaches. The goal of pAGN is
precisely that to aid further research in the growing field of AGN and gravitational-wave

science.



Chapter B

Appendix for Part 11

Additional material for Ch. 6.

B.1 Optically Thick Approximation in TQMO5

For the TQMO5 model, the case where the disc optically thick to its own infrared
radiation can be approximated analytically. We assume that the gas is a constant

fraction f, = X,/ of the total dynamical mass

0_2

mGr -’

Etot - (Bl)

These assumption function best at large scales (i.e., r > rqy) where the angular

frequency is dominated by the velocity dispersion, so that Qp ~ v/20/r. The mass

density from Eq. (6.23) reads
V202
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If f; is constant, then the mid-scale height is given by

h . ngT

PR (B:3)
and the sound speed is

Cs ngT

- == B.4

g (B-4)

At large values of r, the disc is mostly radiation-pressure dominated, so that p,.q =
4ospT?*/3c = osp, T /c. In the optically thick limit, the main contribution to Tug is

that of star formation

1 .
osplog = §€T2*02 : (B.5)

Combining these equations, one can then find the temperature

o (_3Qr "' ( f0? v (B.6)
2721rGogp r ’ '

and the star formation rate
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3.









Chapter 7

Conclusions

In this thesis, I have covered two broad topics in BBH dynamics - spin precession
of BBHs in a vacuum, and the AGN disc models within which BBHs may dynamically
form. The two fields are connected by GW astronomy, either by predicting BBH
merger signals or by using GW signals to inform their science. Even before the first
detection of gravitational waves, black hole physics was a field of great astronomical and
theoretical interest (see Ch. 1). Understanding how BHs form, how they evolve and how
they merge is essential for GW science. Only by bridging the gaps between astronomy,
astrophysics and general relativity, can we paint a full picture of our Universe.

The first chapter of this thesis covers the history of black hole astronomy, from
first derivations, to their indirect observations using EM instruments, to the direct
detections of black holes merging in GW interferometers. From the general introduction
presented in Ch. 1, I briefly explain how the LVK collaboration recovers GW signals,
and how these GW signals are used to inform astrophysical BH distributions. Finally,

I summarise key LVK results at the end of Ch. 1.

In the second chapter, I summarise the necessary theory to understand the re-
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search of Chs. 3-4. The spin precession formalism of this chapter is from Kesden
et al. (2015) [201] and Gerosa et al. (2015) [202], although more recently this was
updated in Gerosa et al. (2023) [203]. The theory presented in this chapter uses the
timescale hierarchy of spin precession in the post-Newtonian order in order to obtain
analytical equations for precessing BBHs. The formalism from this chapter, and its
updated version, have been used for parameter estimation [433], for phenomenological
waveform models [86, 261], and for the study of BBH dynamics (see Refs. [231, 434-436]

for some recent examples). It is also this formalism that we use for Chs. 3—4.

Chapter 3 is the article Gangardt and Steinle et al. (2021) [199]. Here, we used
the spin precession equations stated in Ch. 2 to define new precession parameters,
motivated by the motion of the orbital angular momentum around the total angular
momentum. These parameters also naturally separate spin precession in BBHs into
precession and nutation. We showed that a non-zero nutation amplitude implies that
both BHs in the binary are spinning (generic precession). We explored under what
conditions nutation can be maximised, and what that maximum value might be. The
paper clarifies precession dynamics in BBHs, through a precession taxonomy (Fig. 3.1)

and five parameters that best capture it.

Chapter 4 uses the five precession and nutation parameters from Ch. 3 and looks
for them in the GW events reported by the LVK collaboration for the first three runs.
It also searches for the spin morphologies defined in Ch. 2 in the same GW events. Our
results agree with current catalog results [80]; specifically, we identify the same events
that have significant yp measurements also have significant precession amplitude (f,)
measurements. We use sequential prior conditioning to identify how much of the pre-
cession/nutation information is constrained from our measurements of mass parameters

and Y. We then conclude with an idealised injection of a highly-nutating event, and
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demonstrate that with future detectors we would confidently constrain nutation (i.e.,

two spin effects) in GW data.

The work summarised in Chapters 3 and 4 has since its publication received some
follow up. Steinle and Kesden (2022) [253] explored the five spin precession parameters
for the isolated BBH formation channel, and in Johnson-McDaniel et al. (2023) [436]
the GW catalogues are also studied using the spin morphologies defined in Ch. 2. An
unexplored avenue is the independent detection of the five spin precession parameters.
As hinted at in the conclusions of Ch. 3 and Gangardt et al. (2021) [234], the five
precessional parameters may leave distinct imprints on the gravitational waveform -
constructing waveforms that, for example, include and exclude nutation (A6, = 0),
then running source parameter inference on a GW waveform using both waveform
families would extend the results presented in Gangardt et al. (2022) [255] by ro-
bustly identifying whether we can detect nutation or not. As a companion to the work
in Steinle and Kesden (2022) [253], a study exploring different dynamical formation
channels and their predicted distributions of the five spin precession parameters would

be complimentary and interesting work.

The second part of the thesis, Ch. 5-6, takes a step away from the dynamics of
BBHs and instead looks at the dynamical environment of active galactic nuclei. Chap-
ter 5 serves as an introduction to the field of AGNs, both from a broad observational

perspective and from a gravitational wave science point of view.

The thesis’ final chapter, Ch. 6, presents the theory behind the software package
pAGN [403]. We implement the equations behind two widely used one-dimensional
disc models, the Sirko and Goodman (2003) [1] and Thompson et al. (2005) [2] disc
models. These two models have multiple input parameters, which we study the effect

on the AGN disc profiles. We found that, as expected, the mass of the SMBH at
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the centre of the AGN plays a dominant role in the disc dynamics. We also apply
PAGN to the migration torque problem, studying how a stellar mass black hole would
move through the disc of a 10° M, SMBH. AGN disc theory is essential for predicting
compact object populations in AGN discs, and already the presence of a reliable Python
code that implements and clarifies the Sirko and Goodman (2003) [1] and Thompson

et al. (2005) [2] models has been used in a few articles 344, 437].

The package pAGN is a piece of software that must be maintained in order to guar-
antee its usefulness. Therefore, some next steps would be to update the customisability
of the code, and test it for different opacities. Applying updated opacity tables such as
the ones used in Baskin and Laor (2018) [410] and exploring their effects on the SG03
and TQMO05 AGN disc would be a simple next step for this work. The project was
initially motivated by a study of black hole orbits in AGN discs; using the package to
explore what BH populations may look like within AGN discs would be interesting. An
ambitious project would be to explore the spin precession dynamics of BBHs located
within either AGN disc, even more so by using the parameters of the first part of this

thesis.

Overall, this thesis, which can be considered in two parts, aims to demonstrate
some interesting areas of black hole dynamics. The first part explored using new
parameters to describe BBH spin precession and unravel it in current LVK data, the
second part looked at setting up a tool for the AGN formation channel and studies
of AGN discs. The field of GW science is rapidly advancing, and soon we’ll enter
the “big data” era of the field as we start detecting thousands of BBH mergers. This
will mean at least better population constraints on spin precession, if not more precise
individual event measurements. Alongside, the acceleration of GW science will also

tell us more about AGN discs, informing us about their fraction in the universe and
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some of their composition. Step by step, simulation by simulation, observation by

observation, we advance our knowledge of the observable Universe and the gravity that

holds it together.
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