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Abstract

We introduce control algebras, which are algebras of two operations called call/cc and abort.
The two operations are natural ones among programs that manipulate their plan of work. The
significance of the formulation is that it is operationally natural, yet the notion of algebras is
equivalent to the established notion of monad algebras, where the monad is the continuation
monad.

We also consider the control effect and the state effect from the perspective of Beck’s monadic-
ity theorem. In particular, we notice connections between operationally meaningful objects in
the two effects and coequalisers of Beck’s pair; the latter are important ingredients in Beck’s
monadicity theorem. In the case of control, Beck’s coequaliser is the set of continuations of the
algebra in concern; in the case of state, that coequaliser is the set of determined elements, i.e.,
elements in the algebra where preceding with update operations would have no effect.
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Chapter 1

Introduction

1 Spotting similarity between state and control

The work here can be traced back to research in call-by-push-value languages, introduced by
Levy |47, 56}, |75]. The language is devised for the study of effects, including state and control
(|56] §5.4, §7.8 for control). Levy observes that there is similarity between operations of state
and controlE| Specifically, the letstk operation (‘let stack’) in control can be compared with
the lookup operation in state; and the changestk operation (‘change stack’) in control can be
compared with the update operation in state.

State Control
lookup  letstk
update  changestk

An informal description of the operators is as follows. To run a program with the state effect,
we need to accompany that program with a variable (in the mathematical sense, outside of the
program), whose value is understood as the current state, or simply the state; it is only accessed
by the two state operations, lookup and update.

e ‘lookup x’ declares a new identifier x; the operation reads the current state and present the
value as an identifier 2Pl

e update takes a state as an argument; ‘update s’ puts s as the current state.

To run a program with the control effect, we accompany the program with a (frame) stack. It is
a bookkeeping variable (in the mathematical sense, outside of the program); it remembers what
the program needs to do after it finishes a small piece of work at handE| The value of the variable
is called the current stack, or by the same name as the variable, the stack.

o ‘letstk o’ declares a new identifier «; the operation reads the current stack, and presents it
as the identifier a.

e changestk takes a stack as an argument; ‘changestk K’ changes the current stack to K.

1By personal communication.

2We try to avoid the term ‘read’ in a formal description, as it is the name for the interactive input operator.
But using it informally shall be acceptable given that the context is clear.

3This corresponds to the frame stack in sequential, procedural programming, hence the name.



The similarity that Levy sees can be phrased as follows: in the control effect, we may consider
the current stack as the ‘state of control’, then letstk reads the state of control, and changestk
changes it. For readers familiar with Crolard’s operators catch and throw [44], we shall mention
that Levy’s letstk and changestk are catch and throw formulated in the call-by-push-value setting.

That similarity between state and control is intuitive, but it is not obvious how to make that
precise. A more formal statement of our eventual goal is as follows.

The state-control similarity problem. Find a suitable presentation for algebras of letstk and
changestk. Find some algebraic structure common to lookup-update algebras and letstk-changestk
algebras; explain the similarity with that common algebraic structure.

In this work we make a start towards the problem. We shall do the following:

1. Work out algebras for control similar to those of state, possibly with a different choice of
control operators.

2. Look for common features of state and control on the semantic side.

The first line of work leads us to control algebras. In the second line of work, we take a close
look into monadicity, and make some observations in the instances of state and control.

A guide to the rest of the introduction

We have made the eventual goal clear in the opening section. In the following section, we
shall explain the two specific research problems. Section [3] is on methodology. We aim to
show awareness of the Lawvere theory approach to effects, and explain our choice of the monad
approach. We do not intend to reinitiate an argument of superiority between the two approaches;
rather, it is my wish that readers see the usefulness of both, and adopt any method where their
sharpness applies. Section [ is a brief overview to control operators; it is meant to serve as a
preview to chapter |2l That way readers who do not intend to go over the details could still get
some idea about relevant control operators. Such readers may return for more details when time
is ripe. A guide to other chapters is provided in the end of this chapter.

2 An Overview of the two research problems

The two research problems are about control algebras and monadicity. For monadicity, our
interest is in the two instances related to state and control respectively.

Research problem 1: control algebras

We motivate the problem by an introduction to the state case.

State algebras

Moggi introduced monads to the study of computational effects around 1990 [27]. Monads were
associated with effects, thus providing interpretations for call-by-value languages with effects.
One thing remained to be addressed: effects should be characterised with their natural-occurring
operations. To be more precise, we should define an effect by presenting their natural-occurring
operations, together with equations that characterise those operations. In other words, we should
define algebras for each effect. About a decade later, Plotkin and Power came up with algebras
for the state effect [53]; they found equations for lookup and update operations that characterise



the state effect. About a decade later, Melliés reduced the number of equations to three |73} VI],
giving a satisfying presentation of the algebras. In this work we only consider the case where
the state is held in a single cell. That is a simplification from the original work, but the change
is inessential for our purposeE| The formal definition of such algebras is given below. To keep
the introduction straightforward, we present algebras over the base category Set. Let S be a set.
For the following definition, we shall call it the set of states.

Definition (Plotkin & Power, Melliés). A state algebra consists of a set X and two functions
X955 X (SxX X
such that the following equations hold:

C(s, &()) =<(s, f(s)) for any s € S and f € X° (1.1)
(s, ¢(s' ) =¢(, @) for any s, s’ € S and z € X. (1.2)

We call X the carrier, £ the lookup operation, and ( the update operation.

An intuitive reading of the equations is as follows. The f € X in may be considered as
a function on S. The equation reads: an update followed by a lookup can be reduced to a single
update, with the resulting value given by fs, i.e., feeding the new state s to f. Equation
reads: two consecutive updates can be reduced to one; the latter update (the inner one) overrides
the earlier. The two equations are also called the update-lookup equation and the update-update
equation, respectively.

We have mentioned that the equations characterise the state effect. The precise meaning of
that is given in the following theorem.

Theorem (Plotkin & Power, Melliés). The category of state algebras is isomorphic to the cate-
gory of algebras of the state monad.

That is, we have a one-to-one correspondence of state algebras and algebras of the state monad.
In Plotkin and Power’s paper, they appeal to Beck’s monadicity theorem to argue that algebras
of lookup and update are essentially algebras of the state monad. Usually in applications of the
monadicity theorem, we are content with an equivalence, i.e., the category in consideration being
equivalent to the Eilenberg-Moore category. (It could well be that equivalence is the best we can
get.) However, an equivalence here is an understatement. Although we can use a strict version of
the monadicity theorem to obtain the isomorphism, the direct way is to construct the structure
map of the corresponding Eilenberg-Moore algebra, and verify the unit and multiplication laws
by calculation. Plotkin and Power’s argument actually carries the needed calculation. The point
we would like to make is the following: state algebras and algebras of the state monad only differ
in presentation. That is quite different from the usual situations where we consider to apply the
monadicity theorem [

4In the original work, the state may be held in multiple cells. Semantically, the set of states is considered as a
power VI, where V is the set of values, and L is the set of locations. That is the origin of the term lookup: the
operation shall look up a value at a particular location.

5Category theorists may find it evil to speak about isomorphisms between categories. Although this is true
for the development of category theory, it is less so for specific instances, like the one we are facing here. It is
significant that a state algebra and the corresponding Eilenberg-Moore algebra only differ in operations, but share
the same carrier.



The control case

With state algebras sorted, we look for algebras of the control effect, with natural-occurring
operations. This is a more difficult problem than in the state case. For the control effect,
operations are more subtle, and there are a few natural-occurring operations to choose from. Let
us state the research problem first, then explain how we get there.

Research Problem 1. Find suitable equations for control operators call/cc and abort. Such
equations should characterise the control effect presented as the continuation monad, much like
how equations of state algebras characterise the state effect.

Operations for the control effect are often called control operators in a programming language
setting. Here we tend to use ‘operations’ if we are speaking of them in an algebraic setting, and
we tend to use ‘operators’ if we are speaking of them as programming language constructs.

We have said that operations in the control effect is more subtle than those in the state effect.
One may ask where the subtlety is. Informally, the subtlety comes from the higher-order nature
of operations and their arguments: they are often functionals. In the category Set, a functional
is a function whose arguments are again functions. For example, an element in the set REY is
a functional; an argument of such a functional is an element in R¥, i.e., a function X — R.
In an algebra of the continuation monad (over Set), the structure map 6: RE™ 5 X is also a
functional, whose arguments are elements of RRX; this time 6 is a higher-order functional, as its
arguments are again functionals. Due to the higher-order nature, equations of control operations
take more effort to formulate and understand. For readers who would like more details, we offer
the following exercise. The interest is in steps (i)—(iil) are meant to serve as a ladder to
that. Readers who are more used to diagrammatic reasoning may also want to take a look at
the Eilenberg-Moore equations in The functions-and-elements style allows an operational
reading, which we will consider in Chapter [2}

Exercise. Work in the base category Set. Fix a set R.

(i) For any function f: A — B, define R : R® — R# as precomposition with f, i.e., Rf(g) =
go f, where g € RE. Verify that this is the curried form of a function, namely the obvious
function R® x A — R given by f, and curried at A. Verify that the definition extends the
exponential R(~) to a functor Set — Set°P.

ii) Verify that the functor R(7) is self-adjoint{’| the unit and counit are both the evaluation
J
function evy: X — RE, 2 Ab€R™ k(). [

(iii) By the general theory of monads, the self-adjoint functor R(~) gives a monad. This is
called the continuation monad. By the general theory, the multiplication of the monad can
be constructed from the counit. Instantiate that to obtain the multiplication in this case,
namely

X
Revax: RE™  gRY

6For pedantic readers, we are abusing the language here in a benign way. From a functor F': C — D we can
define a functor F°P: C°P — DP. Thus we should have said the functor R(~) is adjoint to (R(~))°P to be very
precise. There is a similar abuse of language in the description of the counit, where the precise description would
be the function corresponding to evx in the opposite category.

"Readers new to programming language theory should note that the A\ here is not a variable, but a piece
of notation that introduces the new variable immediately following it. Thus for some z € X, the expression
)\keRx.k(x) reads: a functional that given any element k¥ € R¥X (a function), produces the value k(z) € R. The
A-notation is a convenient way to introduce anonymous functions. In a more conventional notation, the function
evy can be defined as evx(x)(k) = k(x). Although we introduce A as an alternative notation, it does have
mathematical substance. Specifically, it is part of the internal language for cartesian-closed categories. Interested
readers may look at P. J. Scott and Lambek |22, and literature mentioned there.



(iv) From the general definition of Eilenberg-Moore algebras, calculate the definition for the
continuation monad on Set, with equations written in the usual functions-and-elements
style (as opposed to a diagrammatic style). In other words, verify the following statement.
An Eilenberg-Moore algebra of the continuation monad on Set can be formulated as follows:
it is a set X together with a function 6: RE* 5 X such that the following equations hold:

z=0(evx(z)) for any x € X
OO @k 00)) =6 (M @(evpx (k)  for any &€ R

(In later text we shall introduce conventions to simplify the notation; for the moment we
shall be content with this presentation.)

The last step of the exercise concerns with the structure map of a monad algebra. One
may say, the Eilenberg-Moore algebra equations already characterise structure maps as control
operations. Why are we not content with them? Our answer is, although the structure map is
associated with some natural-occurring operations (e.g., Felleisen et al.’s C and Parigot’s u; see
Section [4] in this chapter and Chapter , we are interested in operations like letstk-changestk
(Levy’s control operators, as mentioned in Section 1), and call/cc-abort, partly because they are
more convenient in programming practiceEI At this point we shall ask the obvious question: we
begin with an interest in letstk and changestk, how come they become call/cc and abort in the
research problem? Our answer is as follows. If we try to formulate an algebraic presentation of
letstk and changestk, then we will notice that to capture them needs further idea than to do so
for call/cc and abort. We are not in a good position to explain it right now, but we can say more
towards the end of Chapter As I see it, we shall consider call/cc and abort as the stepping
stone towards letstk and changestk.

Such a choice of control operators follows Jaskelioff and Moggi |72, Example 3.8]. In the
relevant example, they choose call/cc and abort as the operators of the control effect. They
present the two operators for free algebras, defining them as A-terms, but equations for general
algebras are not stated. To my knowledge, there seems no explicit description of equations for
call/cc and abort in the literature. It may seem contradictory that we can define operations for
free algebras yet do not have equations for all algebras; after all, for a monad, free algebras are
prototypes of all algebras. The explanation is as follows. Although operations of free algebras can
be defined explicitly, say as A-terms, operations of a general algebra can only be characterised by
equations (e.g., compare the multiplication of a monad and the structure map of an Eilenberg-
Moore algebra). Also, by ‘not having equations’ above, we really mean not having a suitable
set of equations. On one extreme, we have equations of Eilenberg-Moore algebras, which we are
not content with. On the other extreme, we may take all equations that call/cc and abort are
supposed to satisfy. That does not provide more understanding eitherﬂ

We have explained why the research problem may be a non-trivial exercise, and why we are
not content with the existing description. We have also mentioned that the research problem is

8This also occurs in the state case. The structure map of an algebra of the state monad can be considered as
the combination of a lookup followed by an update. (To be precise, the combination is £ 0 ¢5: (S x X)¥ — X,
where £: XS — X is the lookup operation, and ¢: S x X — X is the update operation.) We may say that lookup
and update are defined by the Eilenberg-Moore algebra equations, but we are certainly not content with such a
set of equations. If that does not seem obvious, then the reader may consider the case of groups. It is known
that groups can be defined by divisions alone (see Manes |9, 1.2 Definition| for a presentation). A division may
be considered as the combination of a multiplication and an inverse, but we rarely define groups that way.

9nformally, we may say equations that characterise call/cc and abort in a general algebra (as opposed to a
free algebra) are all those equations that are satisfied by call/cc and abort of free algebras, but do not mention
freeness. Obviously, even if we make that precise, such a generic description does not offer much understanding
of call/cc and abort.



an intermediate step towards the eventual goal, and brought up where the choice of the control
operators come from. Our answer to the research problem is the definition of control algebras
(Chapter |3). The justification for that is the following theorem.

Theorem. The category of control algebras is isomorphic to the category of algebras of the
continuation monad.

Chapter [3] is devoted to control algebras and their correspondence with Eilenberg-Moore
algebras. We shall present the proof there.

Research problem 2: monadicity
Motivation

In the previous section, we point out that the category of state algebras is isomorphic to the
category of Eilenberg-Moore algebras of the state monad. We also mention that it is not necessary
to use monadicity theorems in the argument. Nevertheless, Plotkin and Power’s mentioning of
monadicity raises our interest of the topic. Although monadicity theorems are not necessary in
the argument of such isomorphisms, they are the right tools if we consider natural resolutions
of the state and continuation monads. By those natural resolutions, we mean the adjunction
S x (=) 4 (=)% (for a non-empty set S), and the self-adjoint R(~) (for a set R consisting of at
least two elements). Here we take Set to be the base categorym My interest on the topic stems
from the following thought.

The two adjunctions just mentioned are known to be monadic (see the brief intro-
duction to background below). Given that we are interested in specific instances of
monadicity, rather than the general theory, shouldn’t we also pay attention to rele-
vant data in those two cases, and not just the conclusion? After all, if monadicity
is an important property, then there should be a good chance that the relevant data
is significant for state and control as well. What could such data say about the two
effects?

Guided by the above thought, and by our wish to find common features between state and control,
we take a close look at monadicity arguments of the above two adjunctions. Our research problem
can be stated as follows.

Research Problem 2. Study monadicity in the cases of state and control. We shall
(i) Identify common structure of the monadicity arguments.

(ii) Pay attention to data. More specifically, we consider Beck’s pair (to be explained below),
and possible operational interpretation of it.

101deally we would like to be more general. For the base category, we would like to take a cartesian-closed
category, or even a monoidal-closed category, possibly with additional properties and structures. However, in
terms of monadicity, such generalisations are not completely trivial. For the case of state, Mesablishvili |66] §4]
generalises the base category to a cartesian-closed and Cauchy-complete category. For the case of control, I am
not aware of further generalisation in the literature. Paré’s monadicity theorem [6] requires the base object R to
be the subobject classifier, and the monadicity of control we use here works in Set |67]. It seems that we need a
suitable abstraction from both works for a generalisation in the control case.



Background and Beck’s pair

Classically, monadicity concerns whether the comparison functor of a given adjunction is an
equivalence. If we call the codomain category of the left adjoint the left category, then monadicity
concerns whether objects in the left category may be considered as algebras, in the sense of
Eilenberg-Moore algebras. Popular conditions of monadicity consider diagrams of particular
shapes. For example,

(@) Mac Lane considers split coequalisers |40, VI §6, 7]. This version is named ‘Beck’s theorem’
in the book. Other variants can also be found (see §7 exercises; the last paragraph before
exercises serves as an overview).

(b) Johnstone considers reflexive pairs [51, Al.1, Theorem 1.1.2]. A textbook treatment can
be found in Riehl’s book |74, Proposition 5.5.8]. For motivation of the terminology, one
may see Pedicchio and Rovatti [62, §1.2].

Let us consider the adjunctions S x (—) - (—)® (for a non-empty set S), and the self-adjoint
R (for a set R consisting of at least two elements). We shall call monadicity of them the
monadicity of state and of control respectively. The monadicity of state with the base category
Set seems to be a folklore. Métayer’s notes [61] presents a proof. Although Beck’s theorem is
mentioned in passing, the proof in this case is given from scratch. For monadicity of control,
Hyland et al. present a proof with the reflexive coequaliser condition, also with Set as the base
category [67) §4.1]. Given that there are many versions of monadicity theorems, it would be good
if we can have a somewhat canonical condition, at least for state and control. It would be even
better if the condition has semantic meaning in each case. It seems Beck’s original approach has
ingredients we need. One may wonder, there are many later versions of monadicity theorems
(like the ones we have mentioned above), why not take one of them? My short response is, the
parallel pair that Beck looked at is a particular one, as opposed to a class of parallel pairs with
certain diagrammatic properties (e.g., split coequalisers and reflexive pairs mentioned above);
importantly, Beck’s pair is semantically significant in state and control. We briefly introduce
Beck’s pair below. We will say more about its semantic meaning later, towards the end of this
introduction to monadicity.

Let F' 4 U be an adjunction with counit €. We shall adopt the following terminology.

Terminology. We call the domain category of the left adjoint the base category, and the
codomain category the left category.

The adjunction defines a monad, whose functor part is T = UF'. For an Eilenberg-Moore algebra
of the monad, say (X, 6), the structure map 6 is a morphism 7X — X in the base category. It
is mapped by the left adjoint to the morphism Ff: FTX — FX in the left category. On the
other hand, at the object F.X in the left category, the counit is epx: FUFX — FX, where
FUF = FT. Thus for each Eilenberg-Moore algebra (X, ) of the monad, we have a parallel
pair

Fo

FTX —— FX in the left category.

EFX
That is the parallel pair that Beck uses in the original proof of his monadicity theorem [3, §1,
Theorem 1]. We shall call it Beck’s pair. There is a more symmetric way to formulate Beck’s
pair, but we shall leave it to Chapter [

If for every Eilenberg-Moore algebra, the coequaliser of Beck’s pair exists, then such co-

equalisers define a functor, which is the left adjoint to the comparison functor |3} loc. cit.]. It can
be shown that the existence of such coequalisers is necessary for monadicity, and we propose to



emphasise adjoint equivalence rather than mere equivalence in monadicity. With that in mind,
we phrase the following variant of the monadicity theorem, which centres around Beck’s pair.
To concentrate on the overall narrative, we choose to leave some technical details unspecified in
the statement. They will be made clear later in Chapter [4]

Theorem. Let ' 4 U be an adjunction with counit €. If, for every algebra of the induced
monad, Beck’s pair has a coequaliser (consisting of a quotient object and a quotient-forming
morphism to that object), then the quotient objects of chosen coequalisers define a left adjoint to
the comparison functor, as pointed out by Beck. The corresponding quotient-forming morphisms
form a natural transformation; call it 7. If furthermore,

(i) Components of m have U-sections, natural in a particular way (to be made precise in
Chapterl|4), and

(ii) For any object A in the left category, the counit €4 is a coequaliser of the evident Beck’s
pair (defined with the algebra that A is sent to, by the comparison functor),

Then the comparison functor becomes an adjoint equivalence. In that case, the data of this adjoint
equivalence can be further described as follows.

1. The unit of this adjoint equivalence consists of homomorphisms in the FEilenberg-Moore
category. It can be written in terms of w, the quotient-forming morphisms. A component
of the inverse can be written in terms of the corresponding U -section in together with
the structure map of the involved algebra.

2. The counit and its inverse are given by the universal property of w’s components.

Our variant is slightly more specific than Beck’s original argument, in particular in condition
and the description of the inverse of the unit. Mesablishvili |66, 2.1. Theorem| formulates
Beck’s overall argument as a detailed statement (the only such formulation in the literature I am
aware of ). That formulation also presents Beck’s pair (without explicitly naming it), and speaks
about an adjoint equivalence rather than mere equivalence. For the difference, the reader may
compare our condition |(i)| here to the condition (ii) in Mesablishvili’s formulationB I hope to
convince the reader, at least those interested in state and control, that our formulation here is
not driven by an artificial interest in inessential reformulations. In general, it’s usually good to
know what exactly the isomorphisms are for the purpose of applications (whereas such data is
often not relevant for general category theory); and in our case, the U-sections we mention here
do have correspondence in the cases of state and control. We leave details to Chapter [

Other expository material of monadicity includes Borceux |34, §4.4], MacDonald and Sobral
(60, §2], and Barr and Wells |15, §33HE|

Beck’s pair in state and control

The coequaliser of Beck’s pair has meaningful reading in each case of state and control.

(a) In the state case, the quotient object of such a coequaliser coincides with the set of de-
termined elements. These are elements that would not be affected by preceding updates.
This seems well-known among researchers familiar with the state effects. For example, it is

111t seems that Mesablishvili’s formulation confuses the conditions for the unit and counit of the adjoint equiv-
alence. The condition (i) there should be about counit (exactly our condition [(fi)), whereas the condition (ii)
there should be about the unit.

12Barr and Wells’ introduction also mentions alternative terminology, e.g., descent type and effective descent
type. That could be quite helpful, as that terminology seems widely used in other subjects, say algebraic geometry.



explained in Métayer’s notes [61], without using that terminology. We notice that the set
is also the set of global points of the monad algebra in consideration. (In the category Set,
an element of a set X can be viewed as a function 1 — X, where 1 is a chosen singleton
set. A global point is a generalisation of that formulation, to any category with a terminal
object. The terminal object takes the role of the singleton set 1.)

(b) In the control case, the coequaliser diagram of Beck’s pair is the formulation of a partic-
ular set of homomorphisms. As before, we still assume Set as the base category; and by
homomorphisms, we mean homomorphisms between Eilenberg-Moore algebras. Readers
should note that the left category in this case is the opposite category of Set, hence we are
actually considering an equaliser diagram in Set, which is a comprehension. We shall omit
details of those homomorphisms for now. The important point is that this formulation
gives us a new semantic view on continuations. In this view, continuations are seen as
homomorphisms (see Chapter ., ‘the homomorphism principle’). We also see
that the Eilenberg-Moore equations of the continuation monad suggest such a view as well
(see later part of that same section). In the case that the unit of the monadicity adjunction
is an isomorphism, we can even take this view further, and state that all continuations can
be viewed as such homomorphisms.

Similar to the state case, we notice that homomorphisms defined by Beck’s pair are exactly
global copoints, of the algebra that the Beck’s pair is defined with. (Global copoints are
the dual notion of global points.)

This is probably as much as we can say for a non-technical overview. Interested readers may
follow Chapter [ for details. So far we have introduced both research problems. In the next
section we turn to methodology. It is of theoretical interest; readers interested in the control
effect may skip it for the first reading, and come back if such theoretical interest arisesH

3 Approaching effects via Lawvere theories and monads

Effects can be studied as algebras. This can be done via monads, which is applicable to all
effects, or via Lawvere theories, which is applicable to many of them. We study algebras of
the control effect with the monad approach. This choice of methodology is a necessity: for a
technical reason, usual Lawvere theories do not apply to the control effect. We shall give more
details later. Although the choice is clear, it is still useful to have an overview of both approaches.
The Lawvere theory approach has had a good development in the past two decades or so, and
an overview shall give us a better sense of how the current work fits into the broader research.
To make sense of the overview, we need to understand at least the definitions of monads and
Lawvere theories. In contrast to monads, Lawvere theories are less likely to be on one’s learning
path. So we present definitions of Lawvere theories and their algebras below, in the hope that
the overview be more accessible.

Lawvere theories and their algebras Lawvere theories are universal algebras formulated in
a categorical way. We consider theories rather than their instances (e.g. the equational theory of
monoids rather than specific monoids). Thus operations here only have a formal presence. We
only speak about how many inputs they accept, and what equations they satisfy. At least for
the definition, we do not distinguish basic operations from other operations; all operations are
considered, and they have the same status. Similarly for equations: we do not distinguish axioms

131 am tempted to say it is also of metatheoretical interest. It is about ‘what is algebra’ and ‘how to do algebra’,
as well as particular algebras.

10



from other equations; all equations are considered, and they have the same status. Choosing
basic operations and suitable axioms is a matter afterwards.

Definition. A Lawvere theory is a category that consists of a countable set of distinct objects
1, u, u?, ..., u’, ..., where i in each u’ is a natural number, u’ is the i-th power of u, with
u’=1and u! =u.

We call morphisms with the codomain u formal operations, or simply operations if confusion
is unlikely. Morphisms with codomains u™ where m > 1 can be considered as an m-tuple of
operations. We call equalities within a homset equations. It shall be obvious that the object u
only has a formal presence. It is only formal, and may be considered as a placeholder for possible
carriers. For example, when we consider the equational theory of monoids, it does not matter
what the carrying set is, although it has to be non-empty in this case.

Example. Let us take a closer look at monoids. The theory of monoids consists of a constant—
the unit, considered as a nullary operation, and the multiplication, which is a binary operation.
They satisfy the unit and associativity laws. Correspondingly, the Lawvere theory of monoids
has operations e: 1 — u and m: u? — u. Other morphisms can be derived using composition
and the universal property of powers. The equations on e and m rephrase the corresponding
laws in an element-free style:

(right unit) idy = mo (idy, e o1 {))
Similarly for the left unit law,

(associativity) m o (pry,mo (pry,prs)) = mo (mo (pry,pry),prg): u®— u.

The morphism (): u — 1 (the empty tuple) is the unique morphism given by the terminal object
1, and the subscript 1 in e o1 () means to compose at the object 1. The morphisms pr; are the
i-th projections. Except for e o; (), compositions (those not decorated) are at u?. Our point
is certainly not about insisting on a particular style of notation. With the categorical language
understood, we shall be happy to write down equations in the usual style, while keeping in mind
that it is a convenient notation for the categorical formulation.

Algebras are defined as follows.

Definition. Let £ be a Lawvere theory and C be a category with finite products. An algebra of
L in C is a finite-product preserving functor £ — C.

Example. We continue with monoids. Classically, a monoid can be defined as a functor from
the Lawvere theory of monoids, to the category Set. The formal carrier u is associated to a set
(the carrier), say X; the operation e is mapped to a function 1 — X that designates the unit,
and the operation m is mapped to the multiplication. We may also say that the functor is a
model of the Lawvere theory, and that u, e and m are interpreted as the corresponding set and
functions.

It is also useful to have the notion of terms, in particular terms with arguments.

Definition. Fix a Lawvere theory and a set X, and let f be an n-ary formal operation, i.e., a
morphism f: u” — u. Then for any tuple x € X™, we call the pair (f,z) an n-ary term with
arguments in X, or simply an n-ary term on X. We usually write it as f(z), mimicking the
function notation [

MStrictly speaking, we shall say a term is a triple (n, f, ), so that the arity number is also part of the data.
We have striven for a balance in formality here. For the definition above, the point of introducing some formality
is to distinguish the syntactic part from the rest in the convenient notation, and not to be completely formal. In
practice the arity number is often left implicit.
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The customary notation in the definition extends further. In the case that the operation
is unary and it is the identity morphism, we simply write the term as z. In the case that the
operation is nullary, we simply write the term by the operation (see the monoid example below).
In the case that the operation is a composition, say

foum (t1,...,tpm): U™ = u,

where f is an m-ary operation, and the m operations t1, ..., t,, are all n-ary, we simply write
f(t1(2),. .., tm(x)) for the term (f o (t1,...,tm), ).

Example. Let us continue with the Lawvere theory of monoids, where e, m are the unit and
multiplication operations respectively. Let X be a set.

a. Any tuple z € X™ can be viewed as an n-ary term on X. It is the customary notation for
the term (idyn, x).

b. The unit e can be viewed as a nullary term on X. It is the customary notation for the
term (e, *), where = is the sole element of X° = 1.

c. For any x € X, -z can be viewed as a unary term on X. It is the customary notation for
the term (m o (idy, idy), :C), and we also use the infix notation - in place of m.

Thus we can simply write terms z, e, x -y, (x - y) - z, etc., as we are used to.

Similar to our earlier comment, here we have a formal definition of terms and a customary
notation for them. Once the definition is understood, we are happy writing terms in the conve-
nient way. In the above monoid example, if we consider the binary terms (m o (pry, pry), (z, y))
and (m, (y, x)), then we would naturally want to identify them, so that y - £ may denote both.
That identification touches on a construction; given a Lawvere theory, the construction produces
its corresponding monadlEI We shall not look into details here. Interested readers can learn from
the literature, e.g., Borceux [34] §3.3, Pedicchio and Rovatti [62], Robinson [54], and Hyland and
Power [68]. Our presentation here has drawn inspiration from them. The original formulation
is in Lawvere’s thesis |1], Chapter II. There, algebraic theories are defined by presenting the
accommodating category altogether (Def. ‘the category T of algebraic theories’).

Literature We present literature of the two approaches below. It is grouped into themes; a
brief description of them is as follows.

a. Associate algebraic structures to effects. One may ask, why we would like to do so? And,
why this kind of algebraic structures (monads, resp. Lawvere theories)? Literature in
this group answers these questions. It is probably not too much over-interpreting, that
by answering those questions, literature in this group also proposes answers to the basic
question: what is an effect? For the monad approach, the proposal is ‘an effect is a monad’;
for the Lawvere theory approach, the proposal is ‘an effect with only finitary operations is
a Lawvere theory’.

15The terms we introduced here is one way to associate a Lawvere theory with a monad. This corresponds to
the ‘concrete way’ in Robinson’s exposition |54, after Def. 1.5], and the construction can be written as a coend
formula, as shown in Hyland and Power’s survey |68, Prop. 4.1]. There is an alternative approach, as explained
in Robinson’s exposition. The equivalence of the two approaches is captured in the bijection

JTER0 L(n, 1) x X 2 [(X, 1)

when X is a natural number. See Hyland and Power’s survey for the notation used in the bijection.

16The finitary condition can be relaxed, so long as those arities (each being a cardinal) are bounded. For
example, a similar proposal can be, ‘an effect whose operations all have countable arities is a countable Lawvere
theory’.
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b. Characterise effects with their natural-occurring operations. This problem is more visible

for the monad approach. One may say, an Eilenberg-Moore algebra has exactly one oper-
ation, i.e., the structure map, whereas an effect’s natural-occurring operations are usually
not the structure map. How shall we address the difference? For Lawvere theories, tension
is on the form of an operation. A Lawvere theory operation takes a (homogeneous) tuple
as the argument, i.e., f(z1,...,z,) where all z; come from the same carrier set, when the
base category is Set. Can all operations be formulated this way? And, for operations that
can be so formulated, what are the equations? E Literature in this group answers the
above questions. Maybe unexpectedly, sometimes one answer responds to questions from
both approaches (Plotkin and Power [53]).

. Characterise effect operations. This only needs to be done on free algebras, as they are
prototypes of all algebras. Here we ask, what is an effect operation? Literature in this
group proposes its answers.

d. Combine effects. Effects can coexist, and the theory needs to address that.

Those problems, together with the emergence of monads and Lawvere theories themselves,
and with further developments, form a line of development in the algebraic study of effects. We
list literature below, organised into a table.

Table 1.1: Literature of the two approaches

Monads Lawvere theories
Emerge From homology and homotopy in From Lawvere’s 1963 thesis [1],
late 1950s—mid 1960s. with the intention to develop a
See Mac Lane [40] Ch. VI Notes, category theory of universal
Lawvere [1] Author’s comments, algebra in the broad sense (op.
Barr & Wells [15] §3.8, Hyland & cit., §A.1).
Power [68] etc. for details and
historical notes.
Linton in mid 1960s, showed that Lawvere theories induced monads
(and more). See Hyland & Power [68], §4] for references and an
exposition.
Associate Moggi [27] around 1990, observed ~ (Moggi [27] also mentioned
algebras to the connection of effects and Lawvere theory in passing
effects monads via the sequencing [following remark 2.1].)

construct, in a call-by-value
setting.

Plotkin & Power [48] in early
2000s, introduced n-ary effect
operators f(x1,...,2,).

Continued on next page

17The short answer to the first half is no. This is due to certain operations of the control effect. For example,
the call/cc operation is not an n-ary operation for any cardinal n. We shall say a few more words after presenting
the literature. Some operations can be reformulated into this form, which may be less natural for such operations.
These include, for example, the output operation of interactive input-output, and the update operation of the

state effect.
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Monads

Table 1.1: Literature of the two approaches (Continued)

Lawvere theories

Present effects
with their
natural-occurring
operations

Algebraic
operations
(call-by-value)

(Moggi |27, [23] around 1990,
mentioned lookup and update of
the state effect with multiple
locations.)

Plotkin & Power [48] in early
2000s, formulated nondeterminism
and probabilistic nondeterminism
as binary operations.

Plotkin & Power [53] in early 2000s,
established lookup-update algebras.

Mellies [73] in 2010; simplified
lookup-update algebra equations.

(Moggi [37] in late 1990s,
Jaskelioff & Moggi |72] around
2010; took call/cc and abort as
operations for the control effect.)

Our work on control algebras
may be placed here in terms of
problem and approach.

Plotkin & Power [53] also
formulated raising exceptions and
interactive I/O as operations.
Local state, i.e., local variables was
also treated in detail. Plotkin &
Power [52}, 57| summarised known
examples, including partiality that
involves order [52]. The Lawvere
theory approach does not apply to
operations of control in the same
way as other effects.

Plotkin & Pretnar [70] in late 2000s,
modelled exception handlers.

(Moggi |23 Notation 4.1.2] around

1990s, considered operations in
very permissive form.)

Jaskelioff [69] §4, Def. 15],
Jaskelioft & Moggi [72, Def. 3.1]
around 2010, introduced algebraic
operations. They were considering
lifting operations of an effect to

settings that combine other effects.

The key idea was actions on
monoids, i.e., morphisms

A® M — M in a monoidal
category. Here M is a monoid,
and the morphism was required to
satisfy associativity.

Plotkin & Power [49, 52, 57| in
early 2000s, defined algebraic
operations. They were looking for
suitable conditions to put on
natural transformations

(TX)" — TX, so that the natural
transformations may be seen as
operations come from some effect.
The key idea was naturality
respecting strength.

It seems that Jaskelioff [69] and Jaskelioff & Moggi [72]| chose the same
name partly because their definition generalised that of Plotkin &
Power’s, at least in the non-enriched setting (Jaskelioff, op. cit., §4,
Remark 16; Jaskelioff & Moggi, op. cit., Remark 3.7; also see Plotkin &
Power [49], §2-3). Obviously the techniques that followed remained
different, and led to results with different concerns.
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Table 1.1: Literature of the two approaches (Continued)

Monads

Lawvere theories

Combine effects

Moggi |23, Ch. 4], Cenciarelli &
Moggi [77], Moggi [37] in late 1980
and 1990s, proposed monad
transformers (under the name
‘monad constructors’ in

Moggi [23]). This is termed the
‘incremental approach’ in this line
of work. It is ‘incremental’ in the
sense that one starts with an
existing effect, then takes a second
effect into account. One considers
the addition of the second effect as
a function that maps existing
effects to combined ones.

(The corresponding method in the
Lawvere theory approach would be
the sum and tensor of Lawvere
theories. See below. The difference
is that sum and tensor are
commutative, i.e., one does not
need to distinguish which is the
base theory, and which is the
theory to be added. This is in
contrast to the incremental
approach.)

Power [38|, Power & Rosolini [41] in late 1990s, proposed a more
general approach than monad transformers (consisting of an algebraic
structure and an identity-on-object functor). The approach led to
consideration of Lawvere 2-theories, and enriched Lawvere theories [45].

Jaskelioff & Moggi |72] in around
2010, rephrased monad
transformers in the context of
monoidal categories. The
corresponding notions were called
monoid transformers. As in the
case of monad transformers, the
definition per se imposed no
coherence requirements
(naturality, functoriality, etc.).
The point was, if a monoid
transformer has enough coherence,
then one can lift a broad class of
operations.

15

Hyland, Plotkin & Power [65] in
the 2000s, studied sum and tensor
of Lawvere theories. Sum (+) is
the disjoint combination of
theories, and tensor (®) is a
combination where operations
from one theory commute with
those from the other. They also
defined operation transformers,
which lift operations of a
standalone effect to the combined
setting.

Hyland, Levy, Plotkin &

Power [67] investigated combining
control with other effects, in the
call-by-value setting. They
approached the problem via large
Lawvere theories.

Continued on next page



Table 1.1: Literature of the two approaches (Continued)

Monads Lawvere theories

Further Levy |47, 56| 55} 64} [75] in early Plotkin & Power [49] also defined
developments 2000s, introduced generic effects along with
call-by-push-value. The language algebraic operations (§5).

decomposed monads into Informally, an n-ary generic effect

adjunctions in the study of effects. is an n-ary operation symbol.

Overview Hyland, Plotkin & Power 65|
Hyland & Power [68] in the 2000s.

Occasionally there are typos in the literature. They do not hinder experienced readers, but
some of them may pose confusions for those new to the subject. Here are some corrigenda that
I think could be helpful.

1. This note applies to the preprint version of Plotkin & Power [53], available from Plotkin’s
homepage (publication no. 64)@ In the introduction, on generic effects, the sentence is
meant to be ‘...e.g., to give a generic effect e: n — T'm is equivalent to giving n(-many)
m-ary algebraic families of operations, ... .

2. This note applies to the preprint version of Plotkin & Power [52| (Plotkin’s publication
no. 66). In the explanation before Example 2.4, there is a mismatch between the effect
equation and the program assertion. The effect equation is an update-update equation,
whereas the program assertion corresponds to an update-lookup equation.

3. This note applies to the preprint version of Hyland, Levy, Plotkin & Power [67] (Plotkin’s
publication no. 71). Before Theorem 2, when C)T{EJrT first appeared, its codomain is meant
tobe (Tg+T)X = T(E+ X). In the syntax after Theorem 2, the operation raise is meant
to be a nullary operation. One may write it as raise, ., i.e., an operation for each type o
and each exception e. In later terms, raise(e) was a convenient way to write raise, .. In

RZ+SX

Example 1 of §3.1, the isomorphism is meant to be Z = R
4. In the ‘further developments’ theme, we mention generic effects in the Lawvere theory
approach. Formally, a generic effect is a morphism 1 — T'n in the base category, where T
is the monad corresponding to the Lawvere theory. In Set, we consider T'n as the set of
n-ary operation symbols; that is the basic idea in the correspondence of Lawvere theories
and finitary monads. This correspondence is explained in Robinson’s exposition [54], for

example. The following corrigendum applies to the preprint version of that exposition. In
the proof of Lemma 1.8, first bullet, the equation is meant to be

[TO) (D1, ym) = f(O(z1), -, 0(xn))-

Here the natural number n is identified with the set of variables {z1,...,z,}, and similarly
for m, which may be identified with {y1,...,ym} to go with the above corrected equation.

18The series of papers on Lawvere theories and effects, coauthored by Plotkin, Power and others, often have
similar titles. On Plotkin’s webpage, he organises his publications into a numbered list, in chronicle order. It
seems convenient to refer to those papers by their numbers in the list.
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The two approaches complement each other We have mentioned that usual Lawvere
theories do not apply to the continuation monad RE™ We shall fill-in some details here. Usual
Lawvere theories do not apply in this case for a technical reason: on Set with a not-too-small R
(having at least two elements), the monad does not have a rank. (See the expository literature
mentioned on for the definition of a rank; similarly for filtered diagrams and filtered colimits
below.) A less technical way to say the above is, if we attempt to describe the monad by
throwing-in enough n-ary operations, then we would need operations of any arity, i.e., arity of
any cardinal. A proof of that may be found in Robinson’s exposition [54], near the end of §1.
The following is a special case that allows an elementary reading, yet preserves the basic idea of
the argument.

Proposition. Let |R| > 2 but finite. Then the continuation monad RET on Set is not finitary.

Proof. We consider the category of natural numbers and injections. This is a filtered category,
and the colimit is the countable infinite cardinal Xy. Now consider its image under RR(_), with
|R| > 2 but finite. We can verify that the functor R(=): Set — Set°P preserves monomorphisms,
so the monad preserves injections. The sets in the image of RE are all finite but unbounded,

so the colimit under the monad is also Ry. However, RE™ s larger than Ng. Thus the monad
does not preserve the filtered colimit in this case, i.e., not finitary. O

The basic idea of the correspondence of a Lawvere theory and its monad T is the following:
for any set X, the value TX may be considered as the set of X-ary operations. Thus we have
the following interpretation of the above argument. To describe the continuation monad in
this setting, we need uncountably many Ny-ary operations, |RRNO |-many to be precise. The
cardinality means we must have proper Ng-ary operations other than essentially finitary ones.
By essentially finitary operations, we mean those Ng-ary operations that only use finitely-many
of its arguments, and there are only countably-many of them. The existence of proper Ngp-ary
operations is in contrast to Lawvere theories, where finitary operations suffice. In a Lawvere
theory, all Ng-ary operations should be essentially finitary. That is the interpretation of the
above argument. We have been careful in saying that usual Lawvere theories do not apply. The
unusual Lawvere theories hinted at are large Lawvere theories. Those are used in Hyland, Levy,
Plotkin and Power |67, introduction and §4]. However, the large Lawvere theory of a monad is
the opposite of the Kleisli category. That essentially brings us back to the monad approach.

We end this overview with some observations. Before going further, I would like to stress
the following: the Lawvere theory approach has shown its penetrating power, in particular in
analysing combinations of effects. With that put forward, I express softly the following feeling:
in some cases the capability of the monad approach seems underestimated, whereas the role of
Lawvere theories seems over-emphasised.

(a) Plotkin & Power [53] show that the state effect can be defined by the lookup and update
operations. More precisely, they present equations for lookup and update, and show that
the category of such lookup-date algebras is monadic, i.e., equivalent to the Eilenberg-
Moore category. We observe that the Lawvere theory presentation of lookup and update
is orthogonal to the argument of monadicity. We may consider lookup and update simply
as morphisms X° — X and S x X — X (with a carrier X for example), and essentially
the same calculation applies. Moreover, the calculation can show that the monadicity is
an isomorphism: the correspondence between a lookup-update algebra and an Eilenberg-
Moore algebra is a correspondence between two structures defined on the same carrier.

(b) The operations call/cc and abort define the non-delimited control effect, as we shall show
in a later chapter. This is in much the same way as in the state case: we have an isomor-
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phism between the category of call/cc-abort algebras and the category of Eilenberg-Moore
algebras.

(¢) Plotkin and Pretnar explain exception handlers in the setting of Lawvere theories [70]. We
may give an alternative description with Eilenberg-Moore algebras. Consider the exception-
handling term

v FX handle {e — xeFX}eeE: A

(‘handle exceptions raised within v by {e — x.}.cr’). Here we type the term in the call-
by-push-value style: FX is the computation type whose terms either return a value of X
or raise an exception, and A is a computation type with UA = UFX. The type FX is
interpreted as the free Eilenberg-Moore algebra on [X] as usual. To interpret the term and
the type A, we recall the following fact of the Eilenberg-Moore adjunction: let f: X — Y
be a morphism in the base category; if we add to Y an Eilenberg-Moore structure ¢, then
f extends to a homomorphism, from the free algebra on X to the algebra (Y,d). With
that in mind, ‘handle {e¢ — x.}.cr’ can be interpreted as a homomorphism from the free
algebra on [X]: it is a homomorphism that extends the unit nyxy: [X] — T[X], and
the Eilenberg-Moore structure given on T'[X] is defined by the exception-handling table
{e = z.}ecr. That Eilenberg-Moore algebra on T[X] also interprets the computation
type A.

(d) Lookup-update algebras have a combinatorial nature, as seen in Melliés’ analysis |73} VI].
The combinatorial nature can be summarised in a sentence: any combination of lookup
and update can be equivalently reduced to a lookup followed by an update, with a suitable
transformation of the argument. This is similar for call/cc-abort algebras as well, with
more subtle combinations than lookup-update ones. We shall present more details in the
conclusion.

In summary, we approach algebras of the control effect with monads, and this choice of
methodology is more than necessity. The monad approach and the Lawvere theory approach
complement each other.

4 Control operators

We are interested in control operators C, call/cc, A in the C setting; control operators p, catch,
abort, throw in the p setting; and letstk, changestk in the call-by-push-value setting. Control
operators need to be formulated based on some language facilities, and the ‘C setting’, ‘i setting’
and ‘call-by-push-value setting’ refer to specific language settings. The C setting operators were
formally described by Felleisen, Friedman, Kolhbecker and Duba, and Felleisen and Friedman in
a series of three papers |17} |16} [20]. It was an untyped description, and the typing was given
by Griffin later |25], by drawing an analogue to classical logic. Felleisen et al.’s description was
remarkably precise given that the subtle typing was unknown at the time. The control operator
1 was introduced by Parigot with an interest in intuitionistic logic [31]. Crolard formalised catch
and throw in the p setting [44], and presented operational descriptions of them along with p.
Selinger 50|, Streicher & Reus [42] each considered categorical aspects of u. Selinger considered
both call-by-value and call-by-name cases of u. Streicher & Reus studied both C and p in the call-
by-name evaluation strategy, made a connection to classical logic, and derived an operational
description of C and p using the Krivine machine. The operators letstk and changestk were
defined by Levy in the study of control effect [56, §5.4, §7.8]. The study was carried out with
the call-by-push-value language, which was discovered by careful observations on the semantics
of various effects, and has adjunctions as the core idea.
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Some operators in different settings correspond to each other, either roughly or precisely.
They can be organised into a table as shown below. The essence of these operators can be
described by operations in some algebraic structures. For convenience, we assume that the
algebras are carried by sets, and accordingly, the operations are formulated as functions.

C setting p setting CbPV setting In an algebra with carrier X

C I — 0: RE" & x
call/ce catch letstk ¢ RE S X

A (abort) - (:R—X

— throw changestk Gv:RY XY = X

The blanks (—) indicate that such operators are not considered in the literature, or we are less
interested in them here. In particular, a blank does not mean that such an operator-language
combination cannot exist. For example, it is easy to formulate an operator that corresponds to
C and p in the call-by-push-value setting.

We shall give a quick and informal explanation of the operators. The central notion to all
control operators is that of current continuations. Current continuations are planned future
work of a program, or one may say the rest of a program. Current continuations are only
‘planned work’, as they may be changed by control operators, and that is how control operators
deviate a program’s evaluation from its planned route. A piece of work that may be assigned as
future work is a continuation. Thus in evaluating a program with control operators, the state of
evaluation is determined by two parts: a program term that are being worked on, and the current
continuation. The C and p operators work as follows: they take the current continuation, feed
that to a subterm, and leave an empty continuation which will be current in the next evaluation
state. For the C operator, the transition can be written as

CM , k ~ Mk , nil.

Here CM is the term we are working on, k is the current continuation, ‘~~’ means ‘transits to’,
and Mk is the term to work on in the new state; the continuation, current in that new state,
will be ‘nil’; which means the empty continuationE Thus C and p incorporate planned future
work into the term we work on, and consider that all the work we need to do. The operators
call/cc, catch and letstk are similar to C and u, but with the notable difference that they leave
the current continuation intact. In the case of call/cc, the transition will be written as

call/cc M , k ~ Mk , k.

The operators A and abort discard the current continuation, and consider the subterms they
lead are all the work to work on. The transition of A can be written as

AM |k ~ M, nil.

We have bracketed the abort operator in the table. This is because it was not in the literature,
but we define it to exhibit the same idea in the p setting parallel to the C setting. The operators
throw and changestk also discards the current continuation, but they also install a new one,
together with a term to work on. In the throw case, the transition can be written as

throw M K,k ~~ M, K.

19The formal name of such evaluation states is ‘configurations’. We are also using the term ‘state’ by its informal
meaning here.
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That is, the current continuation k is discarded, and for the next evaluation state, we will install
the continuation K and consider it current. The term to work on will become the term M.

Our interest is to get to the algebraic presentations of those control operators. For conve-
nience, we shall work in the category Set. We fix a set R, and call it the set of responses@
Then R is the continuation monad with the response set R. The essence of C and p is the
structural map of an Eilenberg-Moore algebra, say 6: REY 5 x ,on a set X, of the continuation
monad. The essence of call/cc, catch, and letstk is an operation £: X R*_, X. To form an alge-
bra, the operation £ needs to be paired with a second operation, namely (: R — X, which is the
essence of A and abort. The two operations &, (, together with equations they need to satisfy,
form a control algebra on a set X. There is a good correspondence between control algebras
and Eilenberg-Moore algebras of the continuation monad, and that is one thing we would like to
show in this work. That result can be seen as the theoretical formulation of some observations
on the control operators: the control operator C and the pair call/cc-and-A can be expressed in
each other; so do the operator p and the pair catch-and-abort.

On the other hand, catch can be paired with throw, and letstk is paired with changestk
(Crolard [44], Levy |56 §7.8). The essence of throw and changestk is an operation (y : RY xY —
X with a parameter Y, also a set. From existing experience with such operators, we expect that
operations ¢ and (y also form an algebra, with suitable equations. This is yet to be proved. It
is beyond the scope of the current work.

Even not considering delimited control (to be mentioned next), there are other interesting
control phenomena that we do not study here. There are Thielecke’s CPS calculus and control
operators inspired categorically [39]. There is Escardo’s selection monad X — X & [71], whose
algebras have the £ operation described above as structural maps, and they corresponds to
call/cc, catch and letstk. Remarkably, this is a common feature between state and control:
there is a smaller monad (the reader monad, the selection monad) that resides in the bigger
monad (the state monad, resp. the continuation monad), and, the structural map of an algebra
of the smaller monad is one operation in the two-operation algebra of the bigger monad (lookup-
update algebras, resp. control algebras). There is also Plotkin and Pretnar’s algebraic analysis
of exception handlers [70]; the practical significance of the analysis is quickly recognised.

Delimited control Delimited control is closely related to the understanding of the control
effect, but it is out of the scope for this thesis. Some early papers that originate the research
include the following: Felleisen 21| proposed the prompt operator; Sitaram and Felleisen con-
sidered practical aspects of the delimited C (there named control) and prompts |26]; Danvy and
Filinski introduced control operators shift and reset, which are similar to Felleisen’s prompts and
F (the operator C in the delimited setting) [24]. We shall say a few more words in the next
chapter.

5 An outline of other chapters

In Chapter[2] we introduce continuations and a few control operators in detail, including Felleisen
et al.’s C, Parigot’s p, call/cc and the abort operator A, and Crolard’s catch. We consider
operational equations of them, in particular those equations that correspond to the defining
equations of a control algebra. We use this chapter to motivate the defining equations of a
control algebra, from an operational perspective. Then in Chapter we introduce control
algebras. We give the definition, and consider intrinsic control algebras as example. We also

20 R was considered as the set of system states in early work on the semantics of the ‘goto’ command and on
continuations. See, e.g. Strachey and Wadsworth [7].
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look into homomorphisms, and propose that continuations may be defined as homomorphisms to
the result set algebra. The isomorphism theorem is about the isomorphism between the category
of control algebras, and the Eilenberg-Moore category of the continuation monad. By establishing
the isomorphism, we show that our definition of control algebras are correct. The proof of the
isomorphism is split into two part. The first part is about the main line of argument, whereas
the second part is about an intermediate step that takes some effort to make. In Chapter [4] we
explain Beck’s pair, and show that the set of continuations, and the set of determined elements,
are each the coequaliser of Beck’s pair in their own setting. We also explain the viewpoint of
global copoints and global points, on continuations and on determined elements respectively.
Finally, we summarise results of the thesis, and explain future work.
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Chapter 2

An operational and comparative
introduction to control operators

The chapter is about operational origins of control algebras. In principle we can regard control
algebras as a pure mathematical theory, ignoring any operational consideration. That could be a
reasonable approach once we have made the initial step of abstraction; such a step brings us from
basic observations (operational observations in this case) to ideal models (semantic equations in
this case). Before that initial step, we are rightful to question whether the symbol game has any
meaning at all. For the study of programming languages, a large part of such meaning comes
from operational descriptionE] For example, we encounter many higher-order functionals in the
study of control (e.g., see explanation in Chapter |1, ‘Research problem 1’; Chapter [3| on control
algebras is spread with higher functionals). The interest to such functionals would become quite
mysterious if the operational origins are completely ignored. Similarly, if operational origins
are ignored, then significance of control algebra equations could hardly be appreciated, as we
already have equations of Eilenberg-Moore algebras. Thus to provide some motivation, we give
an introduction to control operators here, tailored to our algebraic view.

As it happened, I obtained the equations of control algebras by drawing inspiration from
the state case; some equations (the multiplication ones) were mysterious to me initially. It was
afterwards that I eventually saw the operational reading. However, for a clear exposition, we
may leave that historical incidence aside, and consider an alternative line of development. In this
alternative development, we know what operational equations are significant; we observe them,
and associate them with corresponding equations of relevant algebras (i.e., Eilenberg-Moore
algebras and control algebras). That shall motivate us for Chapter [3[ on control algebras.

A guide to the chapter The chapter serves multiple purposes. It is an extended literature
review on continuations (§1)) and some well-known control operators ( It draws informal
analogues between operators C, u and the structure map (§2), and between call/cc etc. and op-
erations of a control algebra ( The latter analogue helps us build some intuition of control
algebras, and get us prepared for Chapter The current chapter also brings up the homo-
morphism view of continuations (§2.3] ‘Continuations as homomorphisms’, g44)), and tries to
explain the difficulty of our eventual goal in more detail ( Among the sections, Section |1| on

1Personally I take it a little further. I tend to think operational description provides the golden standard or
ground truth of semantic work.

2Chapter [3] is logically self-contained. However, readers may find the mathematical development more inter-
esting if they have some operational intuition, especially at the very beginning of the chapter.
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continuations should be helpful to readers new to the control effect. Later part of Section [1| and
sections [2| and [3| have more technical details. The central analogy I hope readers pay attention
to is the one between operational equations and equations of algebras (either Eilenberg-Moore
algebras or control algebras). Section 4| mentions control operators whose control-changing effect
is bounded, as opposed to control operators we study in detail here. Those control operators
are out of scope for this thesis, but they are more general, more useful, and semantically more
challenging.

For readers with limited time, there are the following reading options. If they are new to
the subject, the beginning of Section [I| (on continuations) should still be an easy read. If time
permits, they may want to be aware of the ‘Continuations as homomorphisms’ principle ()
Although reading that without knowing earlier material may leave them with some questions,
it should still be beneficial to have the idea in mind. For readers new to the subject, getting to
know call/cc and abort with sufficient detail may take some time; for a while, they may have
to treat control algebras in Chapter [3as a purely mathematical subject, taking for granted that
the equations are operationally motivated. They may pick up operational descriptions in this
chapter along the way, bit by bit. For readers familiar with control, they may want to read the
‘Continuations as homomorphisms’ principle, and our analogy of equations for call/cc and abort
(presented in . I imagine that for such readers, other parts of the chapter should become
trivial by now, with the description given aboveE|

For readers new to the subject and have the time to read the chapter, I do hope that it serves
as a reasonable tutorial, complemented with literature mentioned in the text.

1 Continuations

We study the control effect. At the centre of this study is the notion of continuations, and
in particular, the notion of the current continuation in an operational setting. Informally, the
current continuation is the work that a program needs to continue with. It is also said to be
‘the rest of a program’. Then a continuation is work that may be the rest of some program, not
necessarily current. Without bringing in any formal setting, we make a compromise and describe
its basic idea in an analogy.

Example. Suppose that we have a task that needs three steps, and suppose we have finished
step 1. Then the rest of the task, steps 2-3, may be considered as the current continuation. The
steps 1-3, 2-3, and the step 3 alone can all be regarded as continuationsEI

The concept of continuations is useful. It helps understand jumps in imperative programs in
a precise manner, where these jumps include goto’s, labels, function and procedure returns (|7],
also see the monograph |10} §1.5], and textbook treatments [18) |11} [12, 28E|). The key idea there
is that we can describe a working state extensionally. In the analogy above, we can describe
the state after finishing step 1 by saying, if we proceed with steps 2-3 and finish them, then we
will finish the task successfully. If we are able to do so for any steps that we can proceed with,
together with the corresponding new states we shall arrive at, then we fully describe the state

3] hesitate to say that there may be minor novelty in the presentation here and there.

4Mathematicians should note that there is no technical connection, between continuations here and continua-
tions in complex analysis. The terminology is a coincidence. One analogy that could help is the notion of dual
space in the subject of vector spaces. Informally, we may think of continuations as functionals in some dual space.
That analogy is technically wrong but quite useful initially. Once we see typing and interpretations of control
operators, that analogy will no longer be needed.

5Despite being decades old, these are probably still the only textbook treatments on the topic. Other textbooks,
e.g. Gunter’s |29] and Winskel’s |33] have their own strengths and emphases.

23



after finishing step 1. In later part of this introduction, we shall formulate continuation-passing
style translations, which formalise that idea in a simple setting.

On the other hand, continuations can be manipulated to deviate a program from its planned
route. With the same analogy above, suppose that after finishing step 1, we find the outcome
good enough so that step 2 can be skipped. Then we drop the original plan, which is to continue
with steps 2—-3, and replace it with a new one, i.e., to continue with step 3. That replacement can
be considered as a manipulation of continuations. In functional programming languages, control
operators can be added to achieve such manipulations. For example, Common Lisp’s catch and
throw can be used to skip planned work |13, §7.10 Dynamic non-local exits|; Scheme’s call-with-
current-continuation (call/cc) can be used for the same purpose [14], but is more powerful than
the usual exit in an imperative language [46]. Example uses of such control operators can be
seen in Felleisen and Friedman’s motivating example in an analysis of a different operator |16],
Thielecke’s motivating examples in his thesis [39], and literature mentioned in those two pieces
of work. On the theoretic side, Landin’s J [2| and Reynolds’ escape [5] are early but influential
control operatorsﬁ Thielecke gives an introduction to Landin’s original paper later, putting the
work in context, i.e., with modern understanding of control [43]. Reynolds’ historical survey
traces the discovery of continuations [32].

Manipulating continuations is also a way to implement concurrency. This is an interesting
topic, and it is a potential application of the theory of control. Nevertheless, it is beyond the
scope of our study, and we shall not get into details.

Operational descriptions Continuations have different presentations in different operational
formalisms. We list three formalisms: CK-machines, deterministic reduction with applicative
contexts, and continuation-passing style translations. In the call-by-value variants, there is a
distinction of values and computations. A variable x and a abstraction Az.M may be considered
as a value or a computation. Applications M N are always considered as computations. In the
description of CK-machines and deterministic reduction systems, we reserve the meta variable
V for terms that may regard as values.

(a) In a CK-machine, continuations are presented as stacks. We describe CK-machines below,
adapted from [76]. A CK-machine consists of configurations and a partial endofunction on
them. Each pair in the graph of the function is called a transition.

(i) A configuration is a pair (M, K) where M is a term and K is a stack.

(ii) A stack is a finite list where the only ways to manipulate the list is either to prepend
an element (e :: K for an element e and a list K), or to remove the first element
from a non-empty list. By convention, we write an empty stack by nil. Exactly what
elements can be added to the stack depends on the variant of the machine. This can
be given together with the definition of transitions.

(iii) We write a transition from (M, K) to (M', K') as

M,K~ M K.

6To understand Landin’s operator, it may be more efficient to start from Felleisen’s description [19]. There the
transition rules are presented in a concise format, which is easier to understand and is also conventional by now.
The reformulation also incorporates a clarification to the original transition algorithm, attributed to Burge. As I
understand, the issue in the original algorithm is as follows. If J is considered as an operator, not an identifier,
then there is no branch to push J to the stack. Thus the existing branch to look for J in the stack would not
happen. If J is considered as an identifier by the machine, then there should be an entry in the environment
that binds the operator to itself. Felleisen’s reformulation solves the issue by considering J as an operator. The
corresponding corrected algorithm is included in Thielecke’s introduction to the original paper, mentioned below.
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In a CK-machine, a stack is considered as a continuation.

Call-by-value The call-by-value CK-machine has two variants, depending on whether
the function or the argument is handled first in applications.

(i) For the function first variant, the transitions are as follows.

MN ,k~~M,N: K
V,N:K~ N, V[[|: K
V,QaM)[]:: K ~ M[V/z], K.

Thus stacks are, inductively
nil N:K V[]:K
where K is a stack.
(ii) The argument first transitions are

MN ,k~ N, M[]:K
V.,M[]:K~~M,V:K
Ae. M,V K~ M[V/z], K .

Thus stacks are, inductively
nil M[]:K V:K

where K is a stack.

Call-by-name The call-by-name transitions are as follows.
MN, K~ M, N:K
Ax.M N :: K~ M[N/z]: K .

Thus stacks are, inductively
nil N:K

where K is a stack.

Continuations In this formalism, continuations are stacks. With a configuration in
consideration, the current continuation is the stack of the configuration.

In a deterministic reduction system, continuations are presented as evaluation contexts.

Call-by-value Like in the CK-machine case, we shall distinguish the function-first vari-
ant and the argument-first variant. Fvaluation contexts are, inductively,

function-first variant: [|] CN VC
argument-first variant: [] MC CV,

where [] is a distinguished free variable, called the hole of the context, C is an evaluation
context, N is any term, and V is any term that may regard as a value. In either case, we
verify that
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Lemma. A closed term is either Ax.M for some M, or there is a unique evaluation context
C such that the term is
Cl(Az.M)V]

for some M and, some V' that may regard as a value.

Then we can define a partial endofunction on terms by defining
ClAz.M)V] = C[M[V/x]].
We call the partial function the call-by-value reduction system.
Call-by-name In this case, evaluation conterts are, inductively,
] oN

where C' is an evaluation context, and N is any term. We verify that

Lemma. A closed term is either Ax.M for some M, or there is a unique evaluation context
C such that the term can be written as

C[()\x.M)N],
where M, N are any terms.

Then we define a partial endofunction on terms by defining
C[(Az.M)N| — C[M[N/]] .
We call the partial endofunction the call-by-name reduction system.

Continuations In this formalism, continuations are evaluation contexts. In order to
speak about current continuations, we need to recover the notion of configurations. Fix
a variant of the reduction system introduced above. we shall say that a configuration is
a pair (M,C) where M is a term and C is an evaluation context. The arguments that
establish the the lemmas above also show that starting from a configuration (M,[]), we
can recover transition rules in analogue to those of CK-machines. Then, with a configu-
ration in consideration, a current continuation is the evaluation context component of the
configuration.

In a continuation-passing style translation, continuations are presented as the free variable
k passed to a translated term [M].

Call-by-value The call-by-value continuation-passing style translation is as follows. Since
there is a distinction between values and computations, there are two kinds of translations:
one for value, [—], and one for computation, [—], defined by a mutual induction.

1. Value translations are

[[x]]v =z

[Ae.M],nh = (Az.[M]h)n

[In the translation of abstractions, the free variable h is considered as a continuation.]
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2. Computation translations are

[x]k = k[x]»
[MNe.M]k = k[Ax.M],
[M](Am.[N](An.mnk)) function first
= {[[Nﬂ (An.[M](Am.mnk)) argument first

In the translation [M N], either translation can be used, so long as the choice is
consistent. [In all clauses [M]k, the free variable k is considered as a continuation to

Call-by-name For the call-by-name translation, we need some preparation. We adopt a
suitable coding for pairs and projections, i.e.,

<J\47 N> =€eVyM N = )\ffMN
m P = P(Az.\y.x)

and similarly for mo. It is obvious how to define currying and uncurrying. Then the
translation [—] is defined inductively as follows:

[x]k = zk
[Az.M](n, k) = (Az.[M]k)n
[MNTk = [MI(IN], k).

In the translations [z] and [M N7, the free variable k is considered as a continuation. In the
translation [Az.M], the pair (n, k) is considered as the continuation to Ax.M, whereas in
the translated term, in the subterm [M]k, the free variable k is considered as a continuation
to M.

Some comments follow.

1. In the literature, the translation is often given in a form that uses successive appli-
cations, and does not use pairs. We use pairs as this form generalises to the typed
case.

2. Here we use the call-by-name translation where an abstraction is natively a computa-
tion, described by Hofmann and Streicher [36, §4.4] (mentioned in Selinger [50]), and
by Streicher and Reus [42, §1|. This is an improvement to Plotkin’s original trans-
lation, where an abstraction is natively a value, but turned into a computation that
returns that value |8, p153] (also see Streicher and Reus’ description |42, §1]).

Continuations In the untyped continuation-passing style translations, continuations are
assumed and used, but the concept is not explicitly defined. For example, in [M]k, the free
variable k is supposed to bind to some continuation. This is resolved in the typed setting,
where types of continuations are explicitly formulated. This flexibility contains a subtle
difference between continuations in continuation-passing style translations and those in a
CK-machine or evaluation-context descriptions. Namely, continuations in a CK-machine or
evaluation-text descriptions have definite ends, whereas those in the continuation-passing
style have indefinite ends in usual formulations. It is probably not fruitful to attempt an
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explanation in the untyped setting, so the above note serves as a confirmation to the reader
that there is some difference here.

Nevertheless, the basic idea that a continuation is ‘the rest of some program’ still stand,
and here is a useful view that connects continuation-passing style translations with previous
operational descriptions. In working with continuation-passing style translations, we may
consider the expression [M]k as an interpretation of a configuration. In this configuration,
M is the term in consideration, and k refers to a current continuation.

For convenience, we have introduced continuations in an untyped setting. We shall consider
typed continuations with control operators added.

2 The operator C and the operator p

There are only a few basic control operator ideas. We shall introduce the following ones, organised
according to the corresponding algebraic structures.

1. Felleisen et al.’s C and Parigot’s u. They are related to the structure map RE™ 5 X of
an Eilenberg-Moore algebra, of the continuation monad with the answer object R. We use
this as the basic case to build up understanding for later operators and algebras.

2. The operator call/cc, which appears in programming languages Scheme and ML, Crolard’s
catch and Levy’s letstk. All of these are related to the operation X R* 5 X in a control
algebra, and we shall refer to it as the call/cc operation. The operators here and the
abort-like operators below are our main interest, and we would like to pay attention to the
syntactic equations that correspond to control algebra equations.

3. The operator abort as in Scheme and Felleisen et al.’s A. They are related to the operation
R — X in a control algebra, and we shall refer to it as the abort operation.

4. Crolard’s throw, and Levy’s changestk. They do not directly relate to operations in a con-
trol algebra. Existing studies suggest that pairing the call/cc operation with the operation
similar to throw or changestk should give us an algebraic structure that is essentially the
same as a control algebra (e.g. Levy’s language with letstk and changestk [56]). This is the
‘whisper in the wind’ that we mention at the very beginning of the thesis.

We shall address Felleisen et al.’s C and Parigot’s p in this subsection, then address other control
operators in subsequent ones.

There are other control operators, e.g. Thielecke’s categorical combinators: force, ¢, = and
thunk [39, §1.2, §4.1]|. Thielecke is interested in categorical structures that efficiently organise the
knowledge of continuation-passing style, e.g. ®—-categories (§4.3), but we are mainly interested
in one particular presentation of Eilenberg-Moore algebras, namely call/cc and abort.

2.1 The operator C

Contents Operational descriptions Equations of C Typing C
Semantics[32]  Summary[33]  The type L as a type variable [33]
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Operational descriptions In a series of papers |17} |16} 20], Felleisen, Friedman, Kohlbecker
and Duba introduce the control operators C and A in an untyped setting. The operator C
captures the current continuation, whereas the operator A discards it. Later studies include
Griffin’s work on typing, which drew an analogue from classical logic |25]. De Groote linked a
variant of the operators to a variant of Parigot’s u [35] (note Crolard’s comments on the difference
to the original p operator [44]), and Streicher and Reus connected the operators with classical
logic and abstract machines [42]. Here we shall concentrate at the operator C, as it is related
to the structural map of an Eilenberg-Moore algebra. Our introduction to the abort operator A
will come later.

Definition. The language of C is obtained by adding new term constructions CM to the untyped
A-calculus. That is, terms of the new language are, inductively,

z \xx.P MN CM

where z is any variable, and P, M, N are terms of this language[]

In CM, the term M is intended to take a continuation as an argument. In an untyped setting,
that intention is not visible from the syntax, but only from operational descriptions. Regardless
of the formalism and the evaluation strategy, the operational intention of the control operators
are as follows.

1. Suppose we would like to evaluate CM, where the current continuation is k. Depending on
the formalism, such k£ may be a stack in an abstract machine |16} §3, the CK-machine], a
suitable term context (|20, Definition 2.2], also see de Groote’s description [35]), or simply
a free variable in continuation-passing style translations. The operator C turn the current
continuation into an argument for M, and clear the current continuation.

2. Eventually, some \ abstraction will pick up the argument.

3. Further into the future, £ may be used as a function and applied to some term N. At
that point, the continuation current at that moment will be replaced by k, and evaluation
continues with V.

We put this description into three formalisms, all adapted from Felleisen et al’s papers.

(a) In a CK-machine formalism, the above description may be presented as the following tran-
sition rules:

CM ,k ~» M, coerk ::nil (2.1)
V,coerk[]: ko ~ V., k call-by-value, any order (2.2)
coerk ,N i ko ~ N,k call-by-name. (2.3)

Here k, kg are stacks, nil is the empty stack, and a:: k is the result of pushing a to the stack
k; coerk is k considered as a term, which may be regarded as a value, coerk|[-] is similar
but used as a function; M, N are terms of a suitable extension of the language, to include
terms coer k F]

(b) In a deterministic reduction formalism, the reduction rules may be:

CICM] — M coerC

"Felleisen et al. named the language Ac.
81n Felleisen and Friedman [16|, the notation for coerk was (p, k).
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C[coerDN| — D[N].

Here C, D are suitable evaluation contexts, e.g. call-by-value or call-by-name applicative
contexts; C[M] is the term obtained by filling the hole of the context with M, coerC is the
context C considered as a term, to distinguish the term ‘M coerC’ from the context MC
(coer binds tight). We shall extend the language accordingly to incorporate new terms
coerC.

The continuation-passing style translations are as follows. Recall the coding of pairing
<]\47 N> =€eVM N = )\ffMN
and projections. For any term K, we define the continuation-function coercion of K as

Ax.Akg.Kx  call-by-value
(K] =
Mz, ko).xK  call-by-name]

Then the translation clauses are
[CM]k = [M]evyyx = [M]([k],T),

where [—] is the translation function from A. to the A-calculus, k is a free variable, and
I is the identity combinator Ax.xz, considered as the trivial continuation. In the two pre-
sentations of [CM], the one with ev argument generalises to typed call-by-value case, and
the other with pair argument generalises to typed call-by-name case. For the non-effectful
clauses, the call-by-value translation is as usual, whereas the call-by-name translation uses
pairs. See the introduction to continuations at the beginning of the section.

Some comments follow. The call-by-value and call-by-name translations of C differ only in
the definition of coercion. For the similarity, both variants discard the continuation kg that
would receive the remainder of the program current at that moment, as K is taken as the
new continuation. The difference is in the use of K. It is consistent with the translations
of free variables:

kx call-by-value
[=]k =
zk call-by-name.

This difference is only due to what the free variables refer to in the target language, and
is irrelevant to the control operator. (In call-by-value, a free variable in a translated term
refers to a value, and it is fed to a continuation; in call-by-name, a free variable refers to a
computation, which applies to some continuation.)

(End of operational descriptions)

Equations of C We are interested in operational equations that correspond to Eilenberg-Moore
algebra equations, of the continuation monad. For different formalisms, the congruences that
occur in the equations may be different, but we need them to satisfy at least the following

conditions.

9The notation [K] is inspired by Parigot’s notation [a]M in the Au-calculus. The intended meaning wasn’t
explicitly stated there, and we could only speculate that coercion might be the intention. We shall use the notation
sparingly to avoid confusion with the hole-in-context notation [-].
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(a) For the CK-machine description, the congruence should identify terms M, N such that,
paired with the same stack K, the configurations (M, K) and (N, K) eventually reach the
same configuration.

(b) For the deterministic reduction description, the congruence should identify terms M, N
such that, in the same context C, terms C[M] and C[N] eventually reduce to the same
term.

(¢) For the continuation-passing style description, the congruence should be Sn-equality of the
translated A-terms. That is, M, N are identified if [M]k =g,) [N]k for any free variable k.

Let us write ~ for such a congruence. We expect the following equations to hold, regardless of
the operational description, and for both call-by-value and call-by-name variants:

M ~CMk.kM k does not occur free in M
CM\k.P[kCM] ~ CAk.P[MK].

In the second equation, P is any A.-context that does not bind k, and M is any A.-term. We
may consider the equations transcribe those of Eilenberg-Moore algebras. In Set with the result
set R, and on an algebra (X, 0), the equations are

= 0ev,

ONe.D(K 0 0) = ONk.B(evy,)

where z € X, ev,(k) = kz for any k € RX, the k in the multiplication equation ranges in RX,
and @ is any function RE* R.

As our purpose is to formulate the operational equations for the sake of motivation, we shall
not get into further details, i.e. to formulate the correct notions of congruence, or to attempt
proofs of the equations for each operational description. However, some cases are easy to check.
For example, the unit law can be easily verified for continuation-passing style descriptions, for
both call-by-value and call-by-name. Also, taking special cases of M and ®, the equations may
be verified for the CK-machine and deterministic reductions as well.

The operational equations appear in literature in some way, although not in the view of
Eilenberg-Moore algebras.

1. Griffin gives typing rules for C and A [25]. He notices that with types taken into account,
the reduction rule for C needs to be wrapped in a context C Ak.[ |. He writes (§3, before
the definition of the reduction rules —; and Definition 1),

Instead of evaluating an expression M* with the ., rules [The untyped reduction
rules|, the expression C(Ak™*.kM) is evaluated with the rules of —,, being applied
only inside of the expression C(Ak.---). The rules now make “type sense” since
the body of the A-expression [refering to kM] is of type L.

This could be seen as an implicit use of the unit law, i.e. the first operational equation.

2. Felleisen et al. seems also interested in equality related to the second equation, but for the
relation between the rewriting semantics and reductions. They say (|20, p231], following
Corollary 4.9),

Informally, these results mean that the C-machine is characterised by a standard
computation function (and sequence) of a calculus modulo some syntactic differ-
ence. In order to eliminate the difference, we would have to change the standard
reduction function [Definition 3.9, pp220-221] in such a way that a term K(CM)
evaluates to M K for a continuation K.
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Typing C The language A, is introduced as an untyped language by Felleisen et al.. Griffin
gives typing rules for a subset of the language, and the typing rules for C and A correspond to
the ‘reductio ad absurdum’ and ‘ex falso’ rules of classical logic [25]. Although the observation
is remarkable, we shall interpret it with care:

1. Semantic understanding, e.g. from continuation-passing style translations, shows that the
corresponding logic shall be viewed as the result of the negative translation. We shall see
that in more detail below.

2. Once we have the typing rules, we shall see that we can derive A and ——A from each other;
the term constructions are A\k~4.k[-] and C respectively. However, the derivations are not
reversible. In particular, the operational equation

MNe™ A KCM ~ M

is the one in trouble, e.g. in the call-by-value setting, with the continuation-passing style
translation. We shall not get into the details.

The typing of C is as follows.

(i) We assume a type constant L, and there is no constant of this type. We abbreviate A — L
by —A. (Taking | as constant may be too weak for our intention, but it is the original
formulation. We shall be content with it and comment later.)

(ii) The typing rule of C is
-M:—--A
'-CM: A

We refer to Griffin’s analysis for the reasoning that leads to the rule |25, §3]. We shall not
characterise the typable sublanguage according to the rule, only to note that some terms, like
CAk.k, are untypable under such typing rules, yet they can still be useful [46].

Semantics With the typing rule added, we can type the operational descriptions. We shall only
consider the continuation-passing style translations, as the typing of them is more informative.
Although the translations are standard |36} 50, [56], we still give enough detail for convenience.
The translations are as follows.

1. For call-by-value, we translate to simply-typed A-calculus; for call-by-name, product types
are also needed.

2. We define translations of types. For call-by-value, we define inductively, value translations
[-]v, negative translations [-],, and computation translations [-J; for call-by-name, we define
negative translations [-], and computation translations [-]. In both cases, the negative
translation [A],, is the type of continuations from A. We list them in the following table.

Call-by-value Call-by-name
[G]l. =G
[G]n=G— L
[[A]]n = [[Aﬂv -1
[A] = [A]n — L

[A— Bl, = [A]. = [B]  [A— Bl = [A] x [Blx
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3. Then, for a judgement
THEM: A,

call-by-value translates a free variable z;: A; in T’ by the value translation, into z;: [A;];
the conclusion M : A is translated as a computation, into [M]: [A]. Call-by-name trans-
lates all types by the computation translation.

4. Translations of terms are suitably typed versions of the untyped formulations. It may take
some calculation to work out the details, e.g. translations of [-—A], the type of evyy ; and
the type of ([k],I), but they are all straightforward.

(End of translation)

With the translations formulated, we are also able to explain the connection of C and the
structural map of an Eilenberg-Moore algebra. This seems not in the literature, but it is along
the line of our narrative. Suppose we work in some cartesian-closed category, say Set to be
specific, to model the targeting A-calculus in the continuation-passing style translations. We also
choose a set R to interpret L in the target language. Then the operator C can be interpreted as a
function [-—A] — [A], whose detail depends on call-by-value and call-by-name, and can be read
out from the translations. This typing suggests we may consider possible connections with the
structural map of an Eilenberg-Moore algebra. This turns out to be correct, and we only need to
factor out the part depending on call-by-value or call-by-name. We shall omit the details, but it
is a fact that each computation interpretation [A] carries an Eilenberg-Moore algebra, say with
the structural map 64: RE — [[A]] Then the interpretation of C can be factored into two
parts:

[--A] — RE™ 245 4] (2.4)

The first part is a natural transformation depending on call-by-value and call-by-name, and the
second part is the structural map. We may come to the following view: the core part of C is
interpreted by the structural map, and the rest is reorganising data.

Summary In the above, we introduce the operator C, from its operational descriptions, to
operational equations that hold or are expected to hold, and to typing. We note that

1. We expect operational equations that correspond to the Eilenberg-Moore algebra equations
to hold. Conversely, we may consider reading the structural map as a control operator.
We have not given the argument for the latter, but we shall do so in the explanation of
monadicity.

2. We may consider the structural map as the essential content of C.

We can now give a critical comment on C. It is an economic formalism, as only one new term con-
structor is needed in the language. Compared to the operator u, which is to be considered later,
the interpretation of C varies between call-by-value and call-by-name. This could be considered
as a defect.

The type | as a type variable In the typing part, we mention that taking 1 as a type
constant may be too weak for our intention. An alternative is to consider 1 as a type variable.
We may follow Griffin, and consider the evaluation rule

DICM] — McoerD .

10This algebraic viewpoint is due to Levy’s call-by-push-value [56].
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Here the context D may vary, so the type of D[CM] and ‘M coer D’ may vary as well. Thus when
we say the type of M is (A — 1) — L, we intend to say an open type expression (A — R) — R,
where R is a free type variable. It may be worth noting that the operator u, the operator that
we shall look into next, was originally introduced in a second-order setting. Nevertheless, we are
deviating from the main narrative and shall stop here.

2.2 The operator p

We have pointed out a theoretical shortcoming of C, namely its interpretation involves a varying
part depending on call-by-value or call-by-name. Technically, the immediate cause of this problem
is its explicit inclusion of the type L. However, the real tension is that we intend to describe
continuations with indefinite ends, but actually formulate them with definite ends, denoted by
L. Tracing the problem further, we see that the source of the problem is that we hope to stay
within facilities provided by the existing language, only adding a new control operator. The
consequence is that continuations are presented as functions in the source language, rather than
given their own place. Thus economic formulation, a merit of C, is also the source of its problem.
In the following, we formulate the control operator u. We shall introduce different variables
for continuations, and make some room for continuations with indefinite ends. With the above
fundamental issues sorted out, we may describe the operator u as the result of combining CA,
i.e., combining the control operator C with a binder of continuations.

The p operator is introduced by Parigot, as a term calculus for the natural deduction of
second-order classical logic |31]. In the literature, the calculus is usually referred to by its first-
order part. One significant difference from Felleisen et al.’s C is that the language distinguishes
control variables that hold continuations. The operator is later studied by many, including
Hofmann and Streicher [36], de Groote [35], Crolard [|44], Selinger [50] among others. With some
modification, de Groote compares it to a variant of C, and Crolard relates it with the operator
catch (op. cit. for both).

Operational descriptions of ;1 The language of Parigot’s Au-calculus is as follows

Definition (Parigot [31], with a simplification in notation). The language of Au-calculus makes
use of two sets of variables: A-variables (z, y, ...) and p-variables (a, 8, ...). The Au-terms
are, by a mutual induction,

(i) Unnamed terms
r MN XM paQ

where x is any A-variable, M, N are any unnamed Au-terms, « is any p-variable, the
symbol g binds «, and @ is any named Ap-term.

(ii) Named terms
alM

where « is any p-variable, and M is any unnamed Au-term. We say o names the remainder
of M.

We also call A-variables ordinary variables and p-variables control variables.

By definition, terms starting with u can only be in the forms poa.aM and pa.BM. Cro-
lard uses those terms directly in the definition, combining the p construction and the naming
construction into two constructions pa.aM and po.SM [44]. Separating the two constructions
makes operational descriptions easier, and the language remains the same so long as we retain
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the restrictions on named and unnamed terms in term constructions. The change in notation is
writing aM instead of [a]M. We shall explain more in the typing part.

Regardless of the formalism, and regardless of call-by-value and call-by-name, the operational
intention of y and naming are as follows.

a. Suppose we would like to evaluate pua. M, with current continuation k. Then the next step
is to evaluate M [k/a] with the trivial continuation. In a formal description, we shall extend
the language to incorporate continuations.

b. Eventually, we may come to evaluate kM with current continuation h, where k is a con-
tinuation. Then the next step is to evaluate M with the continuation k.

We put the intention into the same formalisms as in the case of C.

(a) In the CK-machine formalisms, the transitions for p and naming are

ua. M, k ~~ M[k/a], nil (2.5)
kM, h ~ M, k (2.6)

where k, h are stacks, and nil is the empty stack. We shall extend the language to incorpo-
rate stacks. The rules are simpler than in the C case, because we explicitly declare variables
bound to continuations. The transition rules are adapted from Parigot’s comments [31] the
ending comment §3.5.2] and Crolard’s description [44].

(b) In the deterministic reduction formalism, the reduction rules are

Clpa.M] — M[pC/a]
ClpDM] s D[M]

where C', D are suitable evaluation contexts, and p C' encodes the context C to be used as
a term.

(¢) In the continuation-passing style formalism, the translation clauses are

[uo. Mk = (Aa.[M])k (2.7)
[aM] = [M]o (2.8)

where the target language is A-calculus, k is a free variable, and « in the target language
is an ordinary variable. The translation is the same for both call-by-value and call-by-
name. This is an improvement over the C case, essentially due to the distinction of control
variables. The translation is adapted from Selinger’s with a change [50| §6.1, §7.1]. Here
we do not need the identity combinator I. We shall see in the typing part that we leave
out the type L in the source language, and introduce indefinite judgements instead. This
gives us a better typing where no I is needed.

Equations of y As in the case of the C operator, we need a congruence. Let ~ be a suitable
congruence derived from the operational descriptions. We expect the following equations to hold,
regardless of formalisms, for both call-by-value and call-by-name:

M ~ po.aM « does not occur free in M

pre. Plapf. Q) =~ pa. P[Q[a/B)].
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In the second equation, P is a context that does not bind «, and P[N] is named if N is so,
is any control variable that is not «, and @ is any named term. We can verify that the first
equation holds using the CK-machine formalism and continuation-passing style translations. For
the second equation, we can at least verify that the equation holds for some context P, e.g. when
P is the trivial context.

As in the case of C, we may consider the operational equations correspond to the Eilenberg-
Moore equations

r=0ev,
ONk.D(kof) =O\k.Devy,

X
for an algebra (X, ), where x € X, ® is any function in RE"" , and k ranges over RX. Infor-
mally, we may consider u in the operational equations correspond to A in the Eilenberg-Moore
equations. For the first equations, the correspondence should be obvious. For the second equa-
tions, we may see the correspondence in special cases. For example, we may take P as the trivial
context in the operational equation, and ® as evy in the Eilenberg-Moore equation, where 1 is

L X .
some function in R". Then the second equations become

pa.apB.Q = po.Qla/p
O Nk k(ONR.pR) = O Nk .k .

The correspondence should be obvious in this case. In view of the correspondence, we shall also
call the operational equations the unit law and the multiplication law, respectively.
The two operational equations occur in literature in some way.

1. The unit law appears in the literature as we present here, and is usually viewed as the n-law
for p. For example, it appears as Parigot’s additional reduction rule |31} §3.1 Remark], as
Crolard’s reduction ruled called the ‘simplification rule’ |44, §2], as Hofmann and Streicher’s
p-n law [36, Def. 2.1] and similarly Selinger’s 7, axiom [50, §6.4, §7.4]. As a side point,
we consider the 7n-law as an expansion, i.e. from M to Ax.Mz, and from M to Aa.aM.
This is in analogue with the unit of adjoint functors: the right adjoint takes the role of the
introduction rule, the left adjoint for the elimination rule, the unit for the n-law, and the
counit for the f-law. For this reason, we have been consistently writing the operational
equations and Eilenberg-Moore equations with such a direction in mind.

2. The multiplication law does not appear in the literature in the form we present. The
essence of the law is the substitution of Q[a/3] for auB.Q, and the substitution appears as
a reduction rule or an equation. This essential equation is often viewed as the -law for u.
For example, it appears as Parigot’s renaming rule (§3.1), so as in Crolard’s reformulatioin;
it appears as Hofmann and Streicher’s p-3 law, and similarly Selinger’s §,, axiom (see the
unit law case for citations).

Typing i We type p below. Informally, the feature of such typing is that, continuations are
of types of a different nature; a continuation from a type A should, be of a type dual to A. We
have been very careful by putting ‘informally’ in the previous sentence. That is because, at least
in the literature, dual types are only meta-theoretical; they are not explicitly formulated. In
other words, dual types do not exist in the syntax. (This is the norm in the literature; we shall
list some in comments.) The dual nature of continuations is only suggested by typing rules (of
terms). The reader may pay attention to that peculiarity below, and we shall comment on it
after the definition.
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Definition. The language of typed Au-calculus is defined as follows.

(i) Types are as before. They are, inductively,
G A— B
where G is any ground type, and A, B are types of the language.

(ii) There are two disjoint sets of variables: ordinary variables and control variables. They are
typed. We name ordinary variables by x, y, ..., and control variables by «, 3, ....

[Control variables are intended as variables of continuations. As we have hinted at, for
control variables, a: A should read: the control variable « is of type A, dually; or, «
is a continuation from AE Obviously the word ‘dually’ needs to be supported by the
type theory. This is done in judgements |(iv)| where control variables are given a separate
context, and in typing rules of terms Readers shall continue with the definition and
see comments that follow.|

(iii) Accordingly, there are two kinds of contexts. An ordinary context is a finite list of ordinary
variables, i.e. x1: By, ..., xn: Bn. A dual context is a finite list of control variables, i.e.
ar: Ay, oo, ot A

(iv) There are two kinds of judgements: definite and indefinite. Definite judgements are in the
form

I'sAEM:C

where I' is an ordinary context, and A is a dual context, M is the term of the judgement,
and C' is an ordinary type. Indefinite judgements are in the form

' AEM

where all components are the same except for the omission of the conclusion type C.

[The intended reading of the indefinite judgement is, assuming ordinary variables I' and
control variables A, we have term M, of some type we do not mention.]

(v) Terms are constructed as follows. Rules from A-calculus are kept and suitably adapted:
judgements involved are each expanded with a dual context, but the dual context is not
used by the rules; also, terms involved in the rules are now terms of the new language.
New rules are rules for ;4 and naming. These new rules use the dual context only; we list
them below.

T';AEM: A
';AFaM
F;Al,OtZA,Agl_M
LA Agkpa? M: A

(naming) a: Ain A

(1)

[The naming rule can be compared with the application rule in A-calculus; the control
variable « takes the role of a function. We may read oM by ‘a names the remainder of
M’ or ‘apply a to M’. The p rule can be compared with the abstraction rule in A-calculus;
o is the binder, taking the role of A. In the binding ua?, we have decorated the control
variable a with its type A. As before, we shall say, « is dually of type A.|

1T feel reading the word ‘dually’ explicitly is quite important, as least for new comers. From a logical point of
view, we may also say ‘negatively’ in place of ‘dually’.
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(End of definition)

Some comments follow.

1. As we have said, for control variables, the intended reading of a: A is, ‘a is dually of
type A’. We may say that the typing colon (:) here is different from those typing colons
of ordinary variablesE Historically, it took some steps to evolve into the formulation
above; we leave that to the next comment and the comment [} Here, let us see that the
dual reading (or ‘negative reading’ from the logical perspective) is consistent with the type
theory. Firstly, it is possible to make a distinction between the two kinds of colons, because
control variables are given a separate context. Then we consider typing rules for naming
and p. To make the argument easier, let us consider the simplest possible instances, as
shown below (the two rules to the left). In such instances, ordinary contexts are empty,
and the dual context is either empty or only contains the relevant control variable.

(naming) st AEM: A AR A
& s AR aM A
st AFM ;A
(:u) A B
i Fpat .M A i FA

To each rule, we also accompany it with a further abridged rule to the right: variables and
terms are left out, leaving only types. In the abridged rules, judgements may be considered
as sequents, and the rules may be considered as derivation rules of those sequents. Here
the consequence of each sequent is assumed to have at most one proposition (when there is
no proposition in the consequence, we consider the consequence to be falsum). Our bottom
line is simple: the derivation rules should be valid. If we understand propositions obtained
from the dual context negatively, then the abridged naming rule is a rule for contradiction;
and the abridged p rule is ‘reductio ad absurdum’. Apparently, with the same ‘types as
propositions’ analogy, there is no way we can read those propositions positively.

2. From a logical perspective, it is rather unusual that we think of negations of propositions
but choose to leave the negations to the ambient structure; yet that is the case here (for
formulations in the literature, see e.g., Hofmann and Streicher [36], and Selinger [50]). To
see how that comes to be, it may be helpful to take a historical perspective. The origin of
the convention is in Parigot’s original work on p [31], where the typing appears as a term
calculus for natural deductions. There, sequents are in the form

Al,...,An}_O;Bl,...,Bm.

On the consequence side, the semicolon and commas are all considered as disjunctions as
usual. As a term calculus, C' is the proposition that the proof term is aiming at, and B; are
assumptions, witnessed by control variables. It is not hard to see the tension here: if we
understand the consequence as a big disjunction, then the consequence should consists of
only one proof term, without the addition of any variables; moreover, the proof term should

12We may call such a colon ‘the inhabitant-of predicate’; but a less formal name seems more convenient for
both the writer and the reader.

13Readers should beware that if the dual context consists of multiple types, say ‘A, B’, then it is to be read
as ‘not A and not B’, rather than ‘the negation of A and B’. If the reader have doubts about the typing itself,
and not just the reading (such doubts are understandable), they can be assured by considering the operational
description. The typing here allows a decoration of types for the operational description we have introduced
earlier.
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aim at the following statement: ‘it is either C', or By, ..., or By, . Apparently that is not the
case (and we agree with Parigot’s intention for the term calculus). To phrase it differently:
in the sequents presentation, B; are part of the consequence, and they are understood
positively; whereas in the term calculus presentation, B; are part of the premises, and
they are understood negativelyE In later study, some authors move control variables to
the premises side (as we follow here), while keeping the negative reading implicit (see the
same papers |36, [50] as mentioned above). Thus it shifts the tension between the sequent
calculus and the term calculus, as in Parigot’s work, to the tension within the sequent
calculus itself (i.e., implicit negations).

3. Despite being unusual from a logical point of view, leaving negations to the ambient struc-
ture can be justified by categorical semantics, at least in the call-by-name case. Quoting
Hofmann and Streicher almost word-by-word, the crucial observation is that ‘R4 x B is an
exponential of B by A in the category Cg which has the same object as C and homsets
given by Cr(X,Y) = C(RX,RY) (]36], near the end of §3, before Theorem 3.3). Thus
the dual context may be interpreted in the category Cg, using the notation of Hofmann
and Streicher. We shall not deviate into a discussion of semantics here, but refer the reader
to the original paper. Selinger [50| also explains categorical semantics, for both call-by-
value and call-by-name. Fiithrmann and Thielecke [59] also consider relevant categorical
structures, but they work in the context of Felleisen et al.’s C operator, call-by-value.

4. An alternative to the implicit negations is to make them all explicit. This is not a popular
idea, and we shall not look any further for the purpose of expositionE

5. It is easy to see that the definiteness of judgements formulates the same restrictions on the
language as in the untyped case, where we distinguish named and unnamed terms. Thus,
if we erase typing information from typed Ap-terms, then we get back the same language
of the untyped Ap-calculus. The indefinite judgements we use here is inspired by Levy’s
non-returning command judgements |56, §7.2].

6. Hofmann and Streicher, following Ong, introduces a type constant L in their variant [36].
There, ordinary types are the only types defined explicitly, and with the addition of L,
definite judgements are the only judgements. As a consequence, the immediate subterm
of p need not be named, e.g. pa.(Azx.8M)zx. Thus the restriction on named and unnamed
terms is relaxed, and the variant is different from Parigot’s original one. Crolard notes this
in the study of catch-throw operators [44]. His comment that Hofmann and Streicher’s
variant ‘does not define catch and throw’ should probably be understood as ‘there is more
in that variant than catch and throw’.

141t is conceivable that Parigot might have considered putting the dual context to the left of the turnstile sign
(F), thus making the relevant propositions assumptions; but then he would see the unusual implicit negation
we have just explained. Then, to make the sequents and their derivations more conventional from the logical
perspective, it seemed natural to lean towards his actual choice.

15Some researchers don’t like this idea, probably partly because it does not survive Occam’s razor, and partly
because it oversteps, ruling out such categorical abstraction given by Hofmann and Streicher (cited above).
Nevertheless, it may be useful to mention Crolard’s work here. Crolard has written about subtractive logic and
its connection with p-calculus [58|. Using subtraction types, continuations would be given subtraction types like
T — A. For this particular case (typing ), my personal preference of the terminology is ‘logarithm types’. My
argument is that by monadicity, a computation type can be interpreted as an exponential, where the exponent is
the interpretation of the dual type. I beg the reader for excuse if the last few sentences seem rather mysterious.
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Reversible derivations With the typing above, we observe reversible derivations

T 3 Al s AQ HA
. o] .
AL A A AT T por.[]
They are given by the operational equations
M ~ pa.aM (n-law)
Bua.M ~ M[B/a] , (renaming)

with the usual restriction that 8 does not occur free in M. This is an improvement over the C
case. The reason is that continuations are properly typed, and the L type is left implicit by the
introduction of indefinite judgements.

Semantics We shall start from continuation-passing style translations.

1. The target language is the same as in the C case, i.e., we fix a type constant R; for call-
by-value, we translate to simply-typed A-calculus; for call-by-name, product types are also
needed.

2. We translate ordinary types as in the C case (page . Additionally, we interpret types
in the dual context by negative interpretations [A], . A useful equality to keep in mind is
that for both call-by-value and call-by-name, the computation interpretation [A] is defined
as [A], — R in the target language.

3. Ordinary contexts are translated as in the C case, i.e., the call-by-value translation of an or-

dinary context x1: By, ..., 2z, : B, is a context of value translations 1 : [B1]y, ..., Zn: [Bn]o-
The call-by-name translation of the same ordinary context is a context of computation
translations x1: [B1],...,zn: [Bn]. A dual context ay: Ay,...,qm: Ay, is translated as
a context aq: [A1]n, .-, an: [Am]n-

4. For both definite and indefinite judgements, a context I' ; A is translated as [I'], [A], the
concatenation of the two translated contexts. For both call-by-value and call-by-name, a
definite judgement I" ; A+ M : A is translated as a judgement

[TD, [A] = [M]: [A]-

That is, the concluding ordinary type is translated with the corresponding computation
interpretation. For both call-by-value and call-by-name, an indefinite judgement I"'; A = M
is translated as a judgement

[T], [A] F [M]: R.

5. Translation of terms are as in the untyped case, page [35 For
[na®.MJk = (Aol [M]) K,

the variable k is of type [A],. Recall that the intended meaning of [A],, is the type of
continuations from A. In

[aM] = [M]a,
suppose that M is of type A, so that « is dually of type A, and aM is a term of an indefinite
judgement. Then on the right hand side, [M] is of type [A] = [A], — R, and « is of type
[Aln.
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(End of translations)

From the continuation-passing style translations, we can derive interpretations of the language
into any cartesian-closed category. Let V be the cartesian-closed category of choice. Then modulo
contexts, the control operator i 4 that binds continuations from A is interpreted as the currying

V([Ala, R) = V(1, RIAI") = v(1,[A]).

Since [A] = RIAIn | we know that it carries an algebra of the continuation monad (with parameter
object R). It has the structure map

[Aln
. pRt Al
04 = R®14In: R — R4

Here evpyj, is the obvious evaluation morphism. Then, the connection of ;1 and the structure
map may be formulated by the following commutative diagram:

curry

V(R R) =, (1, RE™Y)

V([A]., R) — 5 v(1,[4]) = V(1, RIAT") |

Summary By properly typing continuations and leaving the L type implicit, the Ay-calculus
avoids issues we have seen with C. It has reversible derivations as expected, and the meaning
of p is the same under call-by-value and call-by-name interpretations. (We shall emphasise that
the p operator was not formulated to improve on C. It has its own logical origin, and we have
mentioned that origin in the introduction to the operator, ) We have also compared p with
C to bring out the connection to the Eilenberg-Moore structure map.

Elegant as it is, the calculus is not very convenient for our analysis. Namely, it is not easy
to extract a suitable definition of algebras from operational equations of . For example, merely
interpreting p and the operational equations won’t give us exactly the defining equations of
Eilenberg-Moore algebras (the reader may want to give it a try). It is probably for this reason
that p is not often studied together with the structural map of the continuation monad. This is
also part of the reason that formulating algebras for letstk and changestk is not straightforward:
like the p case just described, transcribing the operational equations won’t give us an imme-
diate answer (the reader may also want to give it a try). Nevertheless, the result from such a
transcription may still serve as a good hint.

What will be a convenient language for our analysis, such that we can read from it a definition
of algebras? We need C but with one adaptation: we shall leave the 1 type implicit, and use
indefinite judgements. Unavoidably, we lose the reversible derivations. We shall not formulate
such a language explicitly here, but we will approach the operation-algebra connection from a
different direction: Instead of seeing the Eilenberg-Moore equations from operational equations,
we shall read the Eilenberg-Moore equations operationally. In the following, we shall first sum-
marise the connection of C and p with the structure map, then try an operational reading of the
Eilenberg-Moore equations.

2.3 C, i and the Eilenberg-Moore structure map

Relating C and p to the Eilenberg-Moore structure map From previous analysis of C
and u, we see that both operators relate closely to the structure map of an Eilenberg-Moore
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algebra. We shall summarise the relevant equations and interpretations below, to emphasise
that close connection.

Equations In the case of C, we consider the following operational equations:

M ~CNk. kM k does not occur free in M
CAk.P[kCM] ~CM\k.P[ME]. (2.10)

In both call-by-value and call-by-name, we know that the first equation holds, and the second
holds at least for a trivial context P. As for p, we consider equations

M ~ po.aM a does not occur free in M
pa. PlapB.Q) = pa. P[Qla/B]). (2.11)

Similarly, the first equation holds, and the second holds at least for a trivial context P. In the
category Set, for an Eilenberg-Moore algebra (X, ), the defining equations are

x=0ev, (2.12)
OXk. D(koB) =0Mk.Devy (2.13)

X
where z € X, ® is any function in RRRR, and k ranges over RX.

The equations are similar, but we do not expect the reader to grasp that at one glance. For
all cases, in the second equation, the two sides of the equality have much in common. Within
that common part, there is an expression that does not play much role in the equation: the
contexts P in the cases of C and p, and the function ® in the Eilenberg-Moore equations. Those
repetitive parts obscure the equations. As an attempt to reduce the noise, we introduce the
following abbreviations. We shall abbreviate as follows: under C Ak,

kECM ~ Mk for any M. (2.14)
Similarly, we abbreviate (2.11)): under pc,
apf.Q ~Qa/B] for any @ and any control variable 8 # «. (2.15)

In both abbreviations, we make an announcement of a common binding context (CAk, pa),
leave out some context in the middle (the context P in both cases), and put the subterms under
attention in one equation. We formulate that in a more formal manner below. The reader should
keep in mind that this is after all a convenience of speech, and formality is never the purpose.

Convention. Let C, be a context that binds a variable . Let M, N be terms. We may say:
under C,,, M ~ N. By that we mean, for any suitable context P that does not bind =z,

C.[P[M]] ~ C, [P[N]].

By a suitable P, we mean a context that makes the two sides are well-formed. We shall call C},
the binding context, P the padding context, and M, N terms under attention.

Meticulous readers will notice that we also leave out the notation of the hole, i.e. [-]. For
example, we write ‘under C Ak’ rather than ‘under CAk.[-]” etc.. This is because the place of the
hole is obvious.

Similar to the above abbreviations, we may abbreviate equation as follows: under
ONER,

kol =evy
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or, under GAkRX,
k(OM) = Mk for any M € RE" (2.16)

Thus, we make an announcement of the common context 9)\/<:RX, leave out ®, and put the
expressions we pay attention into an equation. For readers who feel compelled to see the detail,
we include a formulation of the rule below. Other readers may want to skip this, or come
back later. We will use the abbreviation again when we motivate equations of control algebras

(page [50).

Convention. Let X, R, B, Y be sets. Let 8 be a function BE* 5 X. Let fr, gk Y — R be
functions with parameter k € RX. We may say: under O\k RX,

fe = gk
or frM=g,M forany M eY.

By that we mean: for any function ®: RY — B,
ONEE™ D f) = MR Dy, .

Although not in a syntactic setting, we shall borrow terminology from the previous convention.
We call OAkE” the binding context, ® the padding function, and the two sides in the abbreviated
equation terms under attention.

In the case above, we have B = R and Y = RE™ Thus 0 is a function RF" — X, fx, gr are
X
functions R — R and ® is a function RF" — R. The definitions of fr and gj are obvious.
With the abbreviations, similarity among (2.14)), (2.15) and (2.16)) should become obvious.
For convenience, we shall list the equations together, in a form suitable for comparison. For the
C case, the equations are

M ~CMk.kM k does not occur free in M
kCM ~ Mk under CAk, for any M.

For the p case, they are

M ~ pa.aM  « does not occur free in M
apB.Q ~Q[a/f] under pa, for any Q.

And for an Eilenberg-Moore algebra (X, 6),

z =0\ ka
k(OM) = Mk under 6 Ak RX, for any M € RE”,

Interpretations The interpretation of C factors through the structure map (formula (2.4), p33]).
The interpretation of p and the structure map can be compared in a commutative diagram

(diagram (2.9), pAT).

In view of such a close connection to the structural map, we propose to call both operators p
and C Filenberg-Moore control operators. Apart from emphasising the connection to the structure
map, this is also a convenient way to distinguish them from other control operators like call/cc-
abort, and catch-throw.
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A priori, there could be other control operators that are similarly related to the structural
map, and we would also consider them as Eilenberg-Moore operators. However, it seems p and
C are all there can be. To put it more carefully: modulo variations that are non-operational in
nature, the operational ideas presented by p and C are all there can be for Eilenberg-Moore control
operators. To justify such a claim we need a formal set-up, in particular a formal definition of
Eilenberg-Moore control operators. I do not have such a set-up here (partly because it seems not
obvious how to do that, and partly because that deviates from the main narrative of this work).
Nevertheless, I can offer the following observation, which should serve as the key argument if
we have the needed formality. First of all, by previous analysis, we shall come to the agreement
that L shall not appear in the language, that is, we shall have indefinite judgements. This gives
us a variant of C (we have mentioned this variant to the end of the analysis of y, p4l]). Then
the claim is that with indefinite judgements, any Eilenberg-Moore control operator is either u
or that variant of C with indefinite judgements. The place we shall look at, is how continuations
are typed. More specifically, we shall consider

Whether continuations are typed coarsely or precisely.

By coarsely typed, we mean continuations are typed as [A] — R under continuation-passing style
translations. By precisely typed, we mean continuations are typed as [A], under continuation-
passing style translations. If we decide to type continuations coarsely, then we shall end up with
a calculus with C; if we decide to type continuations precisely, then that would be a calculus with
. Since we do not have the necessary formal set-up here, we shall not get into further details.
However, motivated readers may want to experiment with the idea to see that this is the case.

Continuations as homomorphisms As we have said before, the overall goal of this analysis
of C and p is the connection between Eilenberg-Moore algebras and the operators. In the above
analysis, we try to establish the connection from one direction, i.e., to see Eilenberg-Moore equa-
tions in operational equations. In the following, we would like to approach the other direction,
namely, to read Eilenberg-Moore equations operationally. In that reading, we will consider the
structure map of an algebra, say 6, as a control operator. For that to work out, we need an
assumption: to consider continuations as homomorphisms. That assumption is suggested by the
Eilenberg-Moore equations (the multiplication one in particular), by continuation-passing style
translations (the negative interpretation of types in particular), and by other semantic study
(call-by-push-value interpretation of stacks in particular).

For convenience, we shall work in the category Set. The same reading will work for any
cartesian-closed category with equalisers. (To be precise, we do not need all equalisers, only
those that allow the comparison functor from the adjunction formed by the self-adjoint R(~) to
have a left adjoint. That is not our concern here.) Let (X,6) be an Eilenberg-Moore algebra.
We define,

Continuations from (X, ) are homomorphisms from that algebra to the canonical algebra
on R.

When spelt out, the homomorphism equation is as follows: k € RX is such a homomorphism if
k(OM) = Mk for any M € R®". (2.17)

This is a semantic viewpoint of continuations, and we shall call it the homomorphism prin-
ciple. This viewpoint shall be natural if we have enough experience about the structure map.
For the moment, we may also consider the following evidence.
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1. The homomorphism equation ([2.17)) is the inner part of the multiplication equation (equa-
tion abbreviated as[2.16) . From our comparison of operational and Eilenberg-
Moore equations, we see that the function & € RYX, which occurs in the multiplication
equation, corresponds to a continuation in operational equations. This suggests a possible
connection between continuations and homomorphisms.

2. Then we have the following solid evidence. Consider continuation-passing style translations,
both call-by-value and call-by-name (e.g. p32). For the purpose here, we take a further
step and interpret the translated types and terms in Set, i.e. as sets and functions. For
both evaluation strategies, we have the following statement: for any type A, we have an
injection

[A], = hom(RI!% R) = hom([A], R).

This is admittedly a terse statement, and we shall expand it in words. Here, hom means
the homset between Eilenberg-Moore algebras, and RI4l» carries a canonical algebra whose
structure map is R°". (RHAH" is considered as a power of the canonical algebra on R.) Given
an element k € [A],,, the evaluation function ev maps it to evy, i.e. to evaluate at k, which
is a function R[4~ — R. This ev function is an injection. Moreover, we can show that
for any set X and = € X, the function ev, is a homomorphism from R¥, the power of the
canonical algebra on R, to the canonical algebra on R. Thus in the injection, we can trim
the codomain, from the set of all functions RI4l» — R to the set of homomorphisms, i.e.
hom(R[[A]]" , R). We recall that the negative interpretation [A],, is the set of continuations
from A, thus we arrive at the following reading of the injection:

Every continuation can be considered as a homomorphism.

Up to here, we already understand the nature of continuations. Checking against the
homomorphism principle, the remaining question is whether continuations are all homo-
morphisms. That is less important from the viewpoint of applications, and it is more of a
mathematical question of its own. (To be more specific, we are looking at one isomorphism
of the monadicity equivalence, i.e. the isomorphism X 2 hom(RX, R). The monadicity is of
the self-adjoint functor R(~), with the base category Set. We shall not get into monadicity
here.) The short explanation is that the distinction between continuations (defined opera-
tionally) and homomorphism is very thin, so that in common cases they are the same. (In
our case the base category is Set. If the result set R has more than two elements, then we
can show that continuations are indeed all homomorphisms from [A] to R.)

3. We also have circumstantial evidence from similar studies. In call-by-push-value languages,
we interpret type constructors F' and U by a pair of (strong) adjoints; closed stacks of a
CK-machine are interpreted as morphisms in the left category (the codomain category of
the left adjoint) [64]. If we choose the Eilenberg-Moore adjunction as the pair of adjoints,
then closed stacks of a CK-machine are interpreted as homomorphisms between Eilenberg-
Moore algebras. In the paper [64], our setting is the monad example, with the continuation
monad in particular.

(End of motivation)

Reading the Eilenberg-Moore equations operationally With the homomorphism prin-
ciple, we can try an operational reading of the Eilenberg-Moore equations. Continue with the
same setting, we work with the base category Set, and let (X, §) be an Eilenberg-Moore algebra
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of the continuation monad. The structure map 6 is a function REY 5 X. The operational
reading of 6 is as follows:

We read 6 as a control operator. In particular, we read it as a non-binding one, much like
C. In reading OM, where M € RRX7 we consider 6 takes the current continuation, and
feeds it to M. Since continuations are defined as homomorphisms, to be more precise, we
shall say 6 feeds the underlying function of the current continuation to M.

Let us read the Eilenberg-Moore equations this way. The equations are

(unit) z =0Tk
(multiplication) k(OM) = Mk under 6 Ak RX, for any M € REY,

(Formulated on and the multiplication equation is in the abbreviated form.)

(i) Consider the unit equation, and suppose the current continuation is h. In Ok R, kx, the
operator 6 takes the current continuation h, and feeds it to Ak.kx. The result is hx, the
same as feeding z to the current continuation h.

(ii) Consider the multiplication equation, and suppose the current continuation is h. Consider
0 as an operator. It takes the current continuation h, and feeds it to Ak.k(OM) and k. Mk
respectively. Thus under Ak, all k£ should be considered as the current continuation h.
Then the equality k(M) = ME is the defining equation of k being a homomorphism. Its
operational reading is described in the general principle.

In the reading of either equation, we have added into the assumption a current continuation. This
is mathematically sound when we work with the base category Set. In this case, the self-adjoint
functor R(~) is monadic. In such an operational reading, we are using one isomorphism of the
monadicity equivalence, namely (X, 6) & Rhom((X ’9)’3), in the Eilenberg-Moore category. (We
have mentioned the other isomorphism when giving evidence to the homomorphism principle,
namely the evidence ) Assuming the homomorphism principle, hom((X ,0), R) provides the
continuations we use in the operational reading, with the help of an uncurrying.

In the end of the above introduction to u, we considered a language that has a variant of the
C operator but also has indefinite judgements. If we work with that language, then we will be
able to formulate operational equations that exactly match the Eilenberg-Moore equations. This
is worth knowing, even though we do not have to actually do that.

By now, we have built up a good understanding of C and p towards control algebras. We see
that C and p are closely related to the structure map of an Eilenberg-Moore algebra, and we have
examined some evidence that supports such a claim. If we would like to uncover the structure
map and the Eilenberg-Moore equations with control operators in the literature, then that is as
close as we can get. We also see how to read the Eilenberg-Moore equations operationally. That
is very useful, especially when equations get more involved. That is as much as we would like
to say about C and p by themselves. In the following, we shall break them into other common
control operators. We shall break C into call/cc and A, and break u into catch and abort.

3 The operators call/cc with A, and catch with abort

In the following we shall break C and p into other control operators. In particular, C is equivalent
to call/cc paired with the operator A; the operator p is equivalent to the operator ‘catch’ paired
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with the operator ‘abort’. The operator A is the abort operator in the C settingm However,
to avoid confusion, we shall usually refer to it by the original notation A. The name ‘abort’
will refer to the p-setting operator without further explanation. The operator call/cc appeared
in the second revised report of Scheme [14]. It was formalised by Felleisen et al. |[17][16]]20],
where the main interest was C. The origin of the catch operator can be traced back to Lisp. The
formulation that we shall introduce here is due to Crolard [44]. These two pairs of operators
motivate control algebras.

The untyped languages and operational descriptions We shall formulate call/cc and
A first, following Felleisen et al. (see the citations above). As in the formulation of C, the
new operators coerce continuations into functions in the language. When typed, such coercion
requires an explicit L type, and continuations are typed as functions to L. In the analysis of C
(and contrasted in p), we have seen that such a setting is economic in the language facilities, as
no new syntax is needed except the introduction of new term constructors. The trade-off is that
the theory is less satisfactory. Nevertheless, we will make other improvements in the following
presentation, and for that reason we decide to retain the coercion. That way the connection to
the existing treatment remains recognisable.

Definition. The language with call/cc and A have the following terms,
x dx.M MN call/eceM AM

constructed inductively. Among them x is any variable, and M, N are terms of this language.

For call/cc M, the intention is that M expects an argument; and for AM, the intention is that
M expects no argument. This is invisible in the untyped setting, but operational descriptions
below will clarify. It is tempting to replace the notation ‘call/cc’ with a single symbol for
convenience. However, since there are already enough notations and variants around, we leave
the bold act for future authors and in informal occasions.

The intended operational meaning of call/cc and A are as follows. In call/cc M, the operator
call/cc duplicates the current continuation, say k, and feeds it to M, and the current continuation
remains. The computation continues with Mk, and with the the same current continuation k. In
AM, the current continuation is discarded, the computation continues with M, with an empty
continuation. Formal descriptions are as follows.

(a) In the CK-machine formalism, the relevant transition rules are

call/ccM , k ~> M , coerk :: k
AM , k ~ M ,nil

together with transitions that use coerk, as in the definition of C (transitions (2.2)), (2.3),
page . Also as in the C case, the language shall be suitably extended, and coer k may
be regarded as a value in the call-by-value description.

(b) The continuation-passing style translations are as follows.
[M]eviyr call-by-value
[M]{[k], k) call-by-name
[AM]k = [M]I.

[call/cc Mk = {

L6For example, Griffin [25] calls it the abort operator. The work is in the C setting.
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Here evy), means to feed [k] and k subsequently, [k] is the coercion of continuations
to functions, whose definition depends on call-by-value and call-by-name, (—,—) is an
encoding of an ordered pair, and I is the identity combinator. In the untyped setting,
evy . is the same as (z, y), but the different presentation allows generalisation to the typed
setting. These notations are defined in the introduction to continuations (page , and in
the introduction to C (page . The reader may refer there for details. The need for the
coercion [k] and the identity I is the consequence of having an explicit L type.

(End of operational descriptions)

We shall formulate the typing later. We will see that the typed language has coarsely-typed
continuations, with explicit result type L. In contrast, The catch operator is based on the same
operational idea, but has precisely typed continuations in the typed setting. We will pair ‘catch’
with an operator abort. The only difference between this abort and A is the following: when
typed, the language with A has explicit L type. We have kept the operator names as they occur
in the references. For convenience, we shall refer to A as the abort operator in the functionalised-
continuation setting. In the typed setting, if we use indefinite judgements, then the difference of
the two abort operators vanishes.

Definition. The language of catch and abort has two disjoint set of variables: there are ordinary
variables, written as x, y, etc. and control variables, written as «, 3, etc.. The language has
unnamed terms and named terms, defined by a mutual induction. Unnamed terms are

z Ax.M MN catcha.M abort P

where x is any ordinary variable, a is any control variable, M, N are unnamed terms, and P is
any named term. The operator catch is a binder of control variables. Thus in catch a. M, catch
binds a. Named terms are

aM

where M is an unnamed term. As in the case of y, we may say « names the remainder of M.
The term catch . M is read as ‘catch the current continuation as «, in M’.

The intended operational meaning of the two operators are the same as in the call/cc and A
case. We shall give formal descriptions directly.

(a) In the CK-machine formalism, the relevant transition rules are as follows, for both call-by-
value and call-by-name:

catcha.M , k ~~ Mk/a] , k
abort M | k ~» M ,nil

together with the use of continuations, as formulated in the p case (transition rule (2.6)),

page .

(b) The continuation-passing style translations are as follows, for both call-by-value and call-
by-name:

[catch a.M]k = (Ae.[M]k)k
[abort Mk = [M]

together with the translation of @M, as in the p case (translation clause (2.8)), page .

(End of operational description)
This finishes the definitions of call/cc, A, catch and abort.
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The relation with Eilenberg-Moore control operators From the above definitions, we
see that call/cc and A share the same language facilities as C, so do ‘catch’, ‘abort’ and p. Thus
for the purpose of comparison, we may put C, call/cc and A into one language, and the same for
u, ‘catch’ and ‘abort’.

Using both the CK-machine and continuation-passing style translations, we verify that call/cc
and A can be expressed in C, for both call-by-value and call-by-name:

call/cc M ~ C \k.k(MEk) (2.18)
AM ~ CAk.M  k not free in M. (2.19)

The calculations are straightforward, although some patience may be needed, e.g. the call-by-
value continuation-passing style translation. We leave the details as an exercise to the reader,
or to proof assistants. Due to these operational equivalence, the equalities are also taken as
definitions of call/cc and A. The equations can be seen in Felleisen et al.’s work for example. See
the references mentioned earlier. Conversely, we can verify that C may be expressed in call/cc
and A:

CM ~ call/cc k. A(MK).

Thus, the language with C and the language with call/cc and A are equivalent.
For p, catch and abort, we have similar translations. The operators catch and abort can each
be expressed in u:

catch . M ~ po.aM (2.20)
abort P >~ pa. P« fresh. (2.21)

Conversely, p can be expressed in catch and abort:
pa. P~ catch . abort P .

Thus, the language with 1 and the language with catch and abort are equivalent.

These equivalence results express the same structural fact: from an Eilenberg-Moore algebra
we can construct a corresponding control algebra, and vice versa. and the constructions give an
isomorphism. The constructions can be formulated as follows. We shall not present the defining
equations for control algebras here, only to say that for a control algebra (X, &, ), the operations
have the following forms respectively:

XX R X
From an Eilenberg-Moore algebra (X, 6), we can construct a control algebra (X, ¢, (), where
EM = OB k(ME)
Cr=0\eB"p

Conversely, given a control algebra (X, £, {), we can construct an Eilenberg-Moore algebra (X, 0),

where N
OM = ENLT.C(ME).

We omit calculations that show the isomorphism here. Some details will be given in the chapter
on control algebras.
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Equations of call/cc with A, and catch with abort With the new operators understood,
we present candidate operational equations that correspond to defining equations of control
algebras. In each case, say call/cc paired with A4, and catch paired with abort, we have one unit
equation, and one multiplication equation for each operator. The unit equations are the same
as before, only by expressing C, and respectively pu, in the new operators. In the call/cc and A
case, we expect the following equations to hold. The unit equation is

M ~ call/cc A\k. A(kM) k does not occur free in M.
The multiplication equations are, under call/cc Ak,

kcall/cc M ~ k(ME) for any term M (2.22)
kAM ~ M for any term M. (2.23)

We are using the abbreviating convention introduced in the summary of C and p (pj42} egs. [2.14
and the convention that follows). We shall also explain typing later; regarding that typing,
the simplest typable instances have A[-] as the padding context, i.e. the part left out by the
abbreviation (see the convention mentioned above). We can verify that the following instances
hold, using CK-machine and continuation-passing style translations:

call/cc Mk . A(k call/cc M) ~ call/cc Mk . A(k(MEk))
call/cc Mk . A(k(AM)) ~ call/cc k. AM .

Similarly, in the catch and abort case, we expect the following equations to hold. The unit
equation is
M =~ catch a.abort aM « does not occur free in M.

Multiplication equations are, under catch «,

acatch .M ~ a(M[a/B]) for any term M and control variable 8 # « (2.24)
a abort Q ~ Q for any named term Q. (2.25)

Hypothetically, had we known those are the equations to look at, then we shall come to the
following equations for a control algebra (X, ¢, ). The unit equation is

x = MR (k).
The multiplication equations are, under £ Ak RX,
k(M) = k(Mk) for any M € X®
k(Cr)y=r for any r € R.

The three equations are exactly the defining equations of a control algebra (X, ¢, ().
In presenting the multiplication equations, we have applied an abbreviation similar to that
in an Eilenberg-Moore algebra (equation page [43)). The full forms of the equations are,
RX RX xRX
EXET B(kof) =Xk . D(koevxy) for any ®: R — X
XN W (ko () = Xk W(idR) for any W: RF— X
In the same place we abbreviate the Eilenberg-Moore equations, we also formulate an abbrevia-

tion rule (page . Here we take B =X, Y = XE" and 9 = ¢ for the multiplication equation
of &; keeping B = X and 0 = £, we take Y = R for the multiplication equation of (.
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Typing call/cc, A, catch and abort We have seen that these new operators can be expressed
in C or p (eqgs.[2.18 [2.19] [2.20} [2.21] p49)). By inspecting these equations, we can derive the typing
rules of the new operators. Alternatively, we may obtain the same rules by considering the new
operators only. Such derivations use the multiplication laws (egs. eqs.
. As the laws are operational equations, we can say that the typing rules are supported
by operational considerations. In the original work [25|, Griffin motivated the typing rules
by drawing an analogy to logic. We would like to show that operational considerations alone
suffices, and the connection to logic emerges afterwards. We take this operational approach here.
It should be noted that the derivations below are plausible reasoninglzl

We first type call/cc and A. We follow Griffin on the setting: there is a type L, and contin-
uations are typed as functions to L. For example, a continuation from A is typed as A — 1,
abbreviated as —A. Strictly speaking, continuations are coerced into functions. The study of C
and p has shown that the theory is smoother if continuations are not considered as functions in
the language (cf. summary of C, introduction to p and summary of p, and resp.).
Semantic analysis suggests more specifically that they should be homomorphisms (the homomor-
phism principle, p44)). Nevertheless, we follow the original setting here. The only deviation is
that we are more specific in the typing of call/cc. We will make it precise when we get there.

In call/cc M, the term M expects an argument, so it is typed as a function. Putting typing
contexts aside, we are looking for a typing rule

M:C—B
call/cc M : A

where the relation of A, B, C' is to be determined. Consider the multiplication law (2.22] p50]):
under call/cc Ak,

kcall/cc M ~ k (Mk) for any term M.
A B C

(A, B, C are added to type the subterms to the right.) Looking at the equation, we see that B
has to be the same as A, whereas C types continuations. In this setting, a continuation from A
is coerced into a function A — 1, abbreviated as =A. Thus the full typing rule is

'FM:-A— A
Fl—call/ch:A.

(2.26)

If we only display relevant types, then the rule is

F-A— A
FA '

This may be seen as a special case of Peirce’s Law: ((A — B) — A) — A, with B taken as L.
Fixing B to be L is a stricter requirement than Griffin’s original formulation (|25] §5, written as
KC). There the continuation argument of M would be typed as A — B rather than A — L, so
that the typing rule would correspond to Peirce’s Law in its full generality@

17¢Plausible reasoning’ as described by Polya (Mathematics and Plausible Reasoning, Vol. 1. Preface.). However,
as usual in programming language theory and category theory, definitions, axioms and constructions are often
forced upon us. What we may consider as guesses can often be obtained by performing some calculation. The
typing rules here are such examples.

18Griffin’s formulation is a good idea, but it probably requires delimited control to work out. Interested readers
may try to formulate a full language with such a typing of call/cc, together with an operational description. The
question to consider is: do all terms involving call/cc have a well-typed operational description?
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For the operator A, we look for a rule

M: B
AM: A’

with the relation of A and B to be determined. Consider the multiplication law (2.23] pb0)):
under call/cc Ak,

kAM ~ M for any term M.
1A B
As a continuation, k is typed as a function to L. We conclude that B should be L. Thus the

full typing rule is
'EM: L

F'FAM: A
The rule corresponds to the ex falso rule in logic. In Griffin’s formulation, the rule is obtained
by reducing A to C. The typing rule of C is obtained by drawing an analogy to logic [25, §3]. We
remark that there could be better call/cc and A, just as there could be a better C (cf. summary
of u, .

Next we type ‘catch’ and ‘abort’. The typing adapts from previous work on p (Streicher &
Reus 42|, Selinger [50]). The set-up is the same as in u: we have two kinds of contexts, one for
ordinary variables and the dual context for control variables; we also have definite and indefinite
judgements (p36]). The deviation from the literature is also the same (comments on typing of
1, PB8): we do not use the L type; a term that would otherwise be typed L is defined in an
indefinite judgement here, where no type is assigned. Terms defined in definite judgements are
also called unnamed terms, whereas those defined in indefinite judgements are also named terms
(the terminology is from the untyped case, .

For the catch operator, we need to fill-in missing type information in

abFM
Fcatcha. M -~

(2.27)

The variable « is a control variable, so it is of a type in the dual context, say C. The typing rule

should look like
;a: CHM: B

; Featcha.M: A

where the relation of A, B, C' is to be determinedm As in the call/cc case, we look at the
multiplication law (2.24] , and conclude that C, B should both be A. Taking other typing
context into consideration, the typing rule is
;A1 a: A, A FM: A
I'; A, AsFcatcha.M: A ’

(2.28)

If we only display the relevant types, then the rule is
;AFA
i FA

Viewing A in the dual context as the negation of A, we may also consider the rule a variant of
Peirce’s Law.

9Recall that in the typing of i, we separate the two kinds of contexts by a semicolon (;). We retain the same
notation here. Also, for this particular argument, we choose to include no ordinary variables (thus the ordinary
context is empty) and no control variables other than the relevant one; those variables are inessential for the type
inference.
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For the abort operator, we need to fill-in the missing type information in

I S
abort P °

The term P is named; named terms are defined in indefinite judgements, without being assigned
any particular type. On the other hand, ‘abort P’ is unnamed; it should be assigned a type.
Operational consideration (say, the multiplication law of abort, eq. suggests that it can be
of any ordinary type. Thus the typing rule is: for any ordinary type A,

r;ArP
[:AFabort P: A

(2.29)

The typing rules motivate operations
XX GRoX

for a control algebra on X. The operation £ corresponds to call/cc and catch, and ¢ corresponds
to A and abort.

4 Delimited control

Delimited control is a natural next step in the development of control operators. It is not part
of the thesis, but we shall still say a few words. The description here is informal.

In the introduction to continuations ( , we mention that there is a subtlety in the
understanding of continuations. In the CK-machine formalism, continuations are defined as
(frame) stacks. The far end of such a continuation is equivalently the bottom of the stack, and it
is reachable. By the far end being reachable, we mean that if the continuation is not discarded,
such as in an abort operation, then overtime, the stack that presents it will eventually become
empty. In the contrary, a continuation in a continuation-passing style translation has a far end
that cannot be reached. That is visible in the typed setting: to obtain satisfying semantics, we
are led to abandon the bottom type L and adopt indefinite judgements (see the analysis of ).
In view of such a difference, we say that continuations in a CK-machine have real ends, whereas
continuations in a CPS transform have imaginary ends@

Our semantic experience seems to suggest that continuations with imaginary ends are more
fundamental. Importantly, the imaginary end of such a continuation need not (probably should
not) exhibit as a type in the language. We have tried to convey that in the analysis of C and
u. However, in the reduction-relation formulation of C, if CM is considered as a full term (as
opposed to a proper subterm), a special reduction rule applies, and it reduces CM to MTI (I
being the identity combinator Az .x) |20]. From our viewpoint, the need for such a special rule is
a manifestation of the subtle difference between continuations with real ends and with imaginary
ends. Nevertheless, the problem can also be viewed syntactically (Felleisen [21], where C is
written as F for the convenience of later development in the paper). In the above reduction-
relation formulation of C, the boundary of a continuation is implicit; to a subterm CM, the
continuation it sees can be understood as the evaluation context it is in. Thus in D[CM| where
D is an evaluation context, the continuation to C is D; but if we wrap it in further evaluation
contexts, say E[D[CM]], then the continuation also extends to E[D][-]]. Felleisen saw that the
unannounced, moving boundary may be the source of the problem, and a place to change.
In the same paper [21], Felleisen showed that setting boundaries for continuations leads to a

20Levy calls them idealised stacks |75).
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satisfying reduction theory. He introduced a new term constructor to mark the boundary of
continuations (written as #, an analogy to the prompt character in an interactive dialogue),
and had the C operators respect that boundary (written as F). Then continuations have their
boundary explicitly announced, and are said to be delimited. With suitable reduction rules, the
new control operators give a satisfying reduction theory. From a semantic viewpoint, I think
prompts work because they reserve places in the syntax where imaginary ends can be introduced
in an interpretation. That introduction resolves the tension between real and imaginary ends.
To make that statement precise is work for the future. After prompts were introduced, Sitaram
and Felleisen considered practical aspects of the delimited C (there named control) and prompts
|26].

Danvy and Filinski introduced control operators shift and reset, which are similar to Felleisen’s
F and prompts [24]. The operators are compared in the paper (§5).

5 Catch-throw (letstk-changestk), and a difficulty in formu-
lating them as algebras

Catch-throw [44] and letstk-changestk |56, §5.4][75] are two pairs of control operators that are
essentially the same. Catch and throw arise from the study of p, whereas letstk and changestk
are the corresponding operators in Levy’s call-by-push-value setting. Recall that our long-term
goal is to describe common features between state and control (the motivation of this work, .
Formulating algebras for catch-throw is an intermediate step towards that goal. We have seen
the operator catch (definition of catch and abort, typing of catch, . We shall introduce
throw, then explain what makes the formulation problem non-trivial.

Definition. The language of catch and throw has two disjoint set of variables: there are ordinary
variables, written as x, y, etc. and control variables, written as «, (3, etc.. Terms are

xr .M MN catcha.M throw o M

where z is any ordinary variable, « is any control variable, and M, N are terms of the language.
The operator catch is a binder of control variables. The term ‘throw a M’ is read as ‘throw M

to a’PEl

In the language of catch and throw, there is no distinction of unnamed and named terms
(see the definition of catch and abort, . Conceptually, all terms are unnamed; in a typed
setting, they are all defined in definite judgements, and are each assigned an ordinary type. The
intended meaning of ‘throw o M is as follows: in evaluating such a term, all planned future work
is discarded, and the computation turns to M, with the continuation being that referred to by
«. The formal descriptions are as follows, for both call-by-value and call-by-name.

(a) In the CK-machine formalism, the transition rule of the throw term is

throw K M,k ~ M | K. (2.30)

Here K is a stack term, and we shall extend the language accordingly to incorporate
stack terms. We have a stack term K here instead of a control variable «, because in a
closed term, an occurrence of a control variable must be encapsulated by a catch term that
binds that variable. By the time we come to evaluate the throw term, o must have been
substituted by a stack term (cf. the operational description of catch, .

21'We have made a change to punctuation in the syntax. In Crolard’s formulation, the catch term is written
as ‘catch o M’, whereas we have added a dot (.) following the bound variable a. This is consistent with other
writing convention involving bound variables, say Az. M, Jx.¢ etc..
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(b) The continuation-passing style translation for the throw term is
[throw oo M] k = [M] cv. (2.31)

Here the target language is the untyped A-calculus. The variable o on the left hand side is
a control variable in the language of catch and throw, whereas a on the right hand side is
a variable in the A-calculus.

Other CK-machine transitions and CPS translations remain the same (cf. operational description
of catch and abort, p48|).

The relation of catch, throw and p  The operators catch and throw can each be expressed
in u. We have seen catch expressed in p (eq. g49). For the throw term, we have

throw o M ~ pfB.aM (S fresh). (2.32)

(Crolard [44] §2.1, defines catch and throw from p.) Here § is a fresh control variable that
does not occur free in M. Similar to what we have done before (expressing catch in p, ,
we combine the language of catch and throw, together with the language of u, so that we can
compare them directly. In the combined language, we define the catch terms and throw terms
as unnamed terms@ Also as before, this is an operational equivalence. It means that

(i) In the CK-machine formalism, for any context C' so that the two sides under C' are closed,
the closed terms evaluate to the same configuration, when paired with the same initial
continuation k;

(ii) Under the continuation-passing style interpretation, the two sides translate to the same
A-calculus term up to Sn-equivalence.

As p can be expressed in the catch-abort pair, the throw operator can also be expressed in
catch-abort:
throw o M ~ catch 5.abort aM (8 fresh). (2.33)

Conversely, i1 can be expressed in the catch-throw pair. We have
pa. BM ~ catch «.throw 8 M. (2.34)

(Crolard, loc. cit..) Here 3 is a meta-variable of arbitrary control variables, including «. Note
that the left hand side pa.BM is the general form of a p term. This is because in ua.P, the
subterm P is required to be named by definition.

Equations of catch and throw The unit equation is
M ~ catch a.throw o« M (« does not occur free in M). (2.35)

(Levy [56], §7.8.3, Fig. 7.11, pl163, second to last of the n-laws; Crolard [44], Def. 2.1.1, as a
consequence of reduction rules 7 and 8.) Counterparts of multiplication equations are more
subtle. Recall that in the language of catch and abort, the multiplication equation of catch is

221t may be tempting to consider only oM on the right hand side. However, recall that oM is named, whereas
the throw terms are intended as unnamed. Thus the dummy pf is necessary. The intention will be clearer when
we look at typing, where throw terms are assigned types, but not aM in the language of p (typing rules for terms

in the language of pu, .
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as follows (eq. also follow the cross reference there for the abbreviation ‘under ...’):
under catch «,

acatch B. M ~ a(M[a/B]) (8 # ).

However, in the language of catch and throw, we do not have named terms oM. An analogue
of that would be a throw term. Thus an approximation of the multiplication equation of catch
would be: under catch «,

throw a catch 8. M ~ throw o (M[a/B]) (B # ). (2.36)

(Crolard loc. cit., reduction rule 6; Levy loc. cit., second to last of the S-laws.) Similarly, the
multiplication equation of throw may be: under catch «,

throw « (throw 3 M) ~ throw 3 M. (2.37)

Here 3 is a meta-variable that could be « or other control variables. (Crolard’s reduction rule 7,
loc. cit.; Levy’s last S-law, loc. cit..) We know that these equations hold, but the interesting
question is whether they are complete, i.e., suffice to derive all equations involving consecutive
uses of catch and throw (e.g., Crolard’s reduction rule 4, 7, 8, loc. cit.; in Levy’s equational
theory, the three equations [2.35] [2:36] 2:37] we propose here are all equations regarding letstk
and changestk only, loc. cit.). On the semantic side, the corresponding problem is to find a good
set of equations that define some algebras, whose operations correspond to catch and throw. We
shall see in a moment that there is a more fundamental difficulty in formulating such algebras.
We shall consider typing of the throw operator first.

Typing the throw operator To obtain a typing rule for throw terms, we need to fill-in the

missing typing information in
at M

F throw o M

The basic setting is that we have a context for ordinary variables, and a dual context for control
variables; we have only definite judgements I'; A = M : A (cf. the typed language of p, . We
first assume that the control variable o has some type C, dually. Putting other parts of typing
contexts aside, the typing rule should be

;a: CHM: B
b throwa M: A

The relation of A, B and C is to be determined. We consider the CK-machine transition rule

(eq. p54]), decorated with types:

throw K M,k ~~ M | K.
¢ B 4 B(=C)

In the configurations, the type under the separating comma (,) is the type of a configuration (A,
resp. B). It is the type of the term to the left (‘throw K M’, resp. M), as well as the type that
the stack is from (k, resp. K). Other decorations indicate types of the subterms to the right:
K is dually of type C, and M is of type B, as we have assumed (K taking the place of a)@

23Note that in CK-machine transition rules (of closed terms), when a throw term is the left configuration, the
subterm that immediately following ‘throw’ must be a stack term. That is because, by the time the throw term
becomes the left configuration, the control variable that originally following ‘throw’ would have been substituted.
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Considering types of the two K’s on each side, we infer that B must be the same as C'. On the
other hand, since the original stack k is discarded, it does not matter what type A is; in other
words, A can be arbitrary, with no particular relation to B or C. Therefore the full typing rule
of throw is: for any ordinary type A and B,

I';Ay,a: B,As-M: B
;A1 Ay throwa M: A

A difficulty in formulating algebras for catch and throw We consider formulating alge-
bras for catch and throw, say in the category Set. We already know that on a set X, a catch
operation is a function X RY 4 X (cf. operations catch and abort, . The typing of throw
suggests that for a set X, an operation for throw should look like

Gv:RY xY = X

for any set Y. Here Y takes the role of the type B, and X takes the role of A. An attempt to
formulate catch-throw algebras may look like the following:

A catch-throw algebra is a set X together with a function
&: XB L x (the catch operation)

and for every set Y, a function
C(y: RY xY = X, (the throw operation at Y)

such that some naturality condition is satisfied for (y in Y, and the functions &, (y satisfy
certain equations, say a transcription of the unit and multiplication equations we have

formulated earlier (egs. 2.36] [2.37)).

In such a formulation, we have only requested the parameter Y in (y be sets without asking for
further structure, but that may need some consideration:

(i) In the catch-throw language, the term M in ‘throw o M’ may use catch and throw inside.
Thus, if we choose to interpret M as an element in Y, then Y should also carry a catch-
throw algebra. However, if we did refer to other catch-throw algebras in the definition, then
we would have to define all catch-throw algebras together. In other words, the definition
would start with: the category of catch-throw algebras consists of ...’ .

(ii) If we let Y be sets as in the attempt, then we need to convince ourselves that sets are
sufficient. As a consequence, in the naturality condition of (y, we would be talking about
functions and not homomorphisms. Would that be too stringent?

I presume that we are more willing to follow (ii) and see what we get. The expectation is that
catch-throw algebras form a category isomorphic to that of control algebras (algebras of catch
and abort, so to speak). At the very least, all control algebras should be catch-throw algebras
(see below). In any case, the answer is not obvious.

One may try to bypass the question altogether, and propose that we define catch-throw
algebras by mandating the following: the functions (y are in the form

RY xy &y p S x

where the first morphism is the evaluation morphism, and the second morphism is the abort
operation ¢, which comes from a control algebra (X, ¢, (). This is possible, but we seem to miss
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some interesting mathematics here. The language of catch and throw seems to suggest that catch
and throw give rise to an algebraic structure on their own.

Formulating catch-throw algebras is beyond the scope of the current work. However, once
the definition is sorted out, we will be at a good position to consider common features of state
and control, i.e., our eventual goal.
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Chapter 3

Control algebras

1 Motivation and an overview to the chapter

Our main objective is to present the definition of control algebras (Definition and justify
it. Control algebras are defined in the category of sets and functions; and the definition is justified
by showing that the category of control algebras is isomorphic to the Eilenberg-Moore category
of the continuation monad (The isomorphism theorem, . If we give a rather brief and plain
description of them, then the chapter may seem rather unremarkable: a control algebra consists
of merely two operations and three equations; and, the justification of the definition is essentially
a very long calculation. Indeed, for readers who merely want to register notable results of the
chapter, it suffices to read the definition and note the isomorphism. But for readers who can
afford some leisure, I would like to take the effort to motivate the algebras.

Why we would like to present the definition of control algebras and its justification to some
detail? My answer is the following understanding (that I barely dare to say):

I consider the definition here a good candidate for ‘the definition’ of algebras of
control, much like the three-equation definition of lookup-update algebras may be
considered ‘the definition’ of algebras of state. The proof of isomorphism is not
completely trivial; and, along the way, we see some laws of control algebras.

Obviously, whether a definition may be considered canonical is quite subjective, and I have no way
to justify the canonicity formallyﬂ Nevertheless, if the reader is willing to accept the canonicity
of the three-equation definition of lookup-update algebras (which we shall recall below), then we
can compare the defining equations of control algebras and those of state algebras, and point out
the resemblance. That is what we shall do in the remaining part of this motivation. However,
some readers may not be familiar with the state effect, and such a motivation would not make
much sense. Then, such readers may consider the subject as a purely mathematical one, and
take the defining equations as unmotivated. It may well be a good excursion nonetheless; I see
elegance and beauty from the equations and the isomorphism proof, and I think such merits
persist even without operational understandingﬂ

11 feel it possible that others find some way to characterise the canonicity, say for the definitions of state
algebras and control algebras mentioned here. It would be great if that is the case.
2If I chat with peer researchers, I would probably say the equations are wonderful (and still a bit mysterious).
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Motivating the definition of control algebras We shall work in the category of sets and
functions, and fix a set R with at least two elementsﬂ On a carrier set X, a control algebra
consists of two operations: functions

ﬁ:XRX—>X and a: R— X.

They may be considered as the ideal semantic counterparts of control operators call/cc (that
B corresponds to) and abort (that « corresponds to). In what sense do 8 and « correspond to
them? Let us quickly review what call/cc and abort do, then come back to explain in more
detail [

Informally, to run a program with control effect, the environment keeps track of two pieces
of information: what the program is focusing at hand, and what is still to be done; the latter is
called the current continuationﬂ It is probably not hard to see that if one manipulates what is
still to be done, then they can deviate the program from its planned route (also see the example
on . We consider that the aim of the program is to produce some result, taken from the set
R that we have fixed beforehand. Then, the current continuation, i.e., the remaining work to be
done, is considered as a function towards R.

e The control operator call/cc is used in a term ‘call/cc M’, where the subterm M is the
operand of the operator. What call/cc does, is to take a copy of the current continuation,
say k, and make k available to M by feeding it as an argument. (In view of 8, the current
continuation k may be considered as an element of RX; the subterm M may be considered
as an element of X Rx, the domain of 5.) Then at some later moment, the subterm M can
make k the current continuation of that moment; and by doing that, reset the remaining
work of the program to that of an earlier moment.

e The operator abort is used in a term ‘abort N’, where the subterm N is the operand,
and may be considered as an element in R. What abort does, is to discard the current
continuation, and produce N as the result.

The above is an operational description, and a precise formulation of that requires setting up
some formalism (see for the formulation, and the definition of CK-machine in for the
formal set-up). How do equations on 8 and « express that? Actually, the control algebra
equations only hint at the operational description, in a rather implicit way. The three defining
equations for a control algebra are:

(i) the unit law,
(ii) the contextual call/cc-homomorphism law, and
(iii) the contextual abort-homomorphism law.

For the purpose here, we can leave the unit law aside, and consider the second one, the contexual
call/cc-homomorphism law. In a colloquial form, the contextual call/cc-homomorphism law may

be formulated as follows (recall that : X R¥_, X is the operation that corresponds to call/cc):

3We shall consider exponentials with base R, i.e., R(~). For R with fewer elements, those exponentials
degenerate; with the minimum size requirement on R, we have monadicity for the self adjoint functor R,

4We have described call/cc and abort formally in We recall them here briefly, and in an informal
way, so that the reader can continue with the upcoming explanation after this short refreshment. It is also hoped
that readers who have not read through the formal description can still get a reasonable idea of the two control
operators.

5We are using the term ‘environment’ informally. Formally, what we are describing here are configurations.
We give formal definitions of them in Chapter EI, for different variants of control operators.
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RX
For any C € XRY , and under 5)\kERX. C(-), the two expressions ko 8 and
X
AN €X™° k(NE) are equal.

RX
The more conventional way to say that is, for any C' € X R* ,
BARERS (ko B) = BARERY .OANEX™ k(NE).

In the colloquial form, if we apply both expressions k o 3 and AN €X RX. kE(Nk) to some element
N e XRX7 then we get k(BN) and k(Nk). If we consider k to be some current continuation, and
consider £ as call/cc, then by comparing k(8N) and k(Nk), the implicit call/cc-homomorphism
law hints at the operational description. We say such a hint is rather implicit, because to make
an equality, we have to wrap the two expressions into some context, i.e., A k.C(—). We shall
not look into the contextual abort-homomorphism law here, as that is similar.

Are such hints adequate? Maybe surprisingly, they are. There are instances of control alge-
bras, where the operations 8 and a can be defined explicitly; moreover, those explicit definitions
rephrase the operational description quite faithfully. Such instances are the intrinsic control
algebras (Example, J66). With the set R containing at least two elements (as we have assumed),
the self-adjoint functor R(~) is monadic (a known result, not proved in this chapter); it follows
that any control algebra is isomorphic to a (specific) intrinsic control algebra. In other words,
any control algebra may be seen as an intrinsic one, and in that sense, 5 and a behave as the
operational description of call/cc and abort.

We have also motivated the equations in §2|3] in programming language settings.

Comparing control algebra equations with state algebra ones I shall make an attempt
to convince the reader that, the control algebra equations we have here is a good candidate for
‘the definition’ of algebras of the control effect, where an operational reading is apparent. This is
in much the same way as that, the three-equation definition of a lookup-update algebra may be
seen as ‘the definition’ of algebras of the state effect, where an operational reading is apparent.
We compare the two below.

Let us review the state algebras first. We again work in the category of sets and functions,
and assume a set S which has at least one element. We shall call S the set of states. Then,

A state algebra is a set X, together with two functions

XY 5 X
(:SxX—=X,

such that the following three equations are satisfied (Plotkin & Power [53] came with
five equations, then simplified by Melliés [73]):

(i) For any = € X,
= EAsSY . ((s,2); (the unit law)

(ii) For any (s, f) € S x X%,
C(s,6f) = (s, [s); (update-lookup)
(iii) For any (s, (t,z)) € S x (S x X),

C(s,C(t,2)) = (¢, ). (update-update)
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We shall call £ the lookup operation, and ( the update operation.

The terminology ‘lookup’ and ‘update’ has an operational origin. Informally, to run a program
with the state effect, we shall keep track of two pieces of information: an element taken from S,
which shall be called the current state, and the program itself. The current state may change as
we evaluate the program. In this programming language setting,

e The ‘lookup’ operation is used in a term ‘lookup M’, where the subterm M expects a state
as an argument. What ‘lookup’ does, is to make a copy of the current state, say s, and
make it available to M, by feeding s to it. Hence this operation ‘looks up the current
state’ 0]

e The ‘update’ operation is used in a term ‘update s, M’, where s is a state, and M is a
subterm. What ‘update’ does, is to make s the current state (thus altering the state), and
continue with M.

Informally, we can read the defining equations operationally, as if € is ‘lookup’, and ( is ‘update’.
For example, the update-lookup equation reads, an update followed by a lookup, say ((s,&f),
is the same as one update, but we shall feed the new state s to lookup’s operand subterm f E]
(Similarly to the control case, we can also consider intrinsic state algebras, whose carrier is in
the form A°, where A is any set. It is known that the currying adjunction S x (=) = (=) is
monadic; the monadicity implies that every state algebra is isomorphic to an intrinsic one. Hence
the informal operational reading is sound.)

How do control algebra equations compare with the state algebra ones? We match up state

operations and control operations in the following way:

state  control
lookup £ 8 call/cc

update ¢ aocev  throw (in terms of ‘abort’)

Then we list the equations side by side.

state control
x=E&Xs.((s,x) x=BMk.(aoev)(k,x)
C(s,6f) = C(s, f5) BMk.CAN .ev(k, BN) = BMk.CAN .ev(k, Nk)
C(s, C(t,x)) =((t,x) ﬁ)\k.w)\r.ev(k;, (oo ev)(idR,r)) = BAk.YpAr.ev(idg,r)

We have slightly paraphrased the control algebra equations so that the similarity becomes more
obvious. In particular, we have been writing explicit evaluations, say ev(k, 3N), rather than
writing them implicit as usual, e.g., k(8N) in this case. We have also underlined the parts in
the control algebra equations that should be compared to the state counterparts. We see that,

(i) The unit laws match up precisely; a state s matches up with a continuation k.

6Plotkin and Power’s original setting is more general, where we may keep track of multiple states, indexed
by natural numbers, say. The setting models an ideal computer’s memory that consists of multiple cells, each
capable of storing a state. Then the ‘lookup’ operation looks up the current state of a particular cell, whose index
shall also be given as an argument to ‘lookup’.

7The reader may notice a peculiarity about expressions of effect operations: the expressions are composed
from inside towards outside, whereas the effect operations happen from outside towards inside. This is the case
for effects in general, including state and control.
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(ii) The second and third equations also match well, only that the control equations are
wrapped in additional contexts, and we shall pay attention to the underlined parts. For
the second equations, the state case equation describes an update followed by a lookup,
whereas the control case equation describes a throw followed by a call/cc.

(iii) For the third equations, the state case equation describes consecutive updates, whereas the
control case equation describes consecutive throws.

Readers may have noticed that in three occasions in the control case (two in the second equation
and one in the third), we are reading a throw operation from a mere ‘ev’ rather than an ‘aoev’.
We have not overlooked the discrepancies; the explanation is as follows. On those occasions, the
control algebra that ‘ev’ results in has the set R as the carrier (R is the parameter set we fix
beforehand), and the abort operation in that case is the identity on R. Thus ‘@ o ev’ on those
occasions are exactly ‘ev’. Now similarity between equations of control algebras and those of
state algebras should be clearly visible, and we come to the bottom line:

If we are willing to accept the three-equation definition of state algebras as ‘the
definition’ of the state effect, then there is a good reason to consider the definition of
control algebras here as ‘the definition’ of the control effect, given that such control
algebras equivalently rephrase the Eilenberg-Moore ones.

An overview of the chapter I hope the motivation has fuelled the reader with enough drive
for the mathematics ahead.

o In Section [2| we define control algebras, and look at the intrinsic ones (we have mentioned
them on p61). Intrinsic control algebras serve as important examples of control algebras.

e In Section [3] we consider homomorphisms between control algebras. We are interested
in the special cases where the homomorphism ends in the canonical control algebra on
R (the result set). It is our proposal that continuations may be interpreted as such ho-
momorphisms. Continuing from our attention to intrinsic control algebras, we look at
homomorphisms from them; we would like to show that such homomorphisms are all in a
special form, namely appointed evaluations (to be explained there).

e Finally, in Section [} we prove the isomorphism theorem, i.e., the isomorphism between
the category of control algebras and the category of Eilenberg-Moore algebras. The proof
goes through several steps, and we shall provide a more detailed overview there.

2 The definition of control algebras

Let R be a set. In view of programming language applications, we shall call it the set of results.
and an element in R may be called a result. For the moment we do not make any assumption
on R. For example, R may be empty. Later we shall assume R to be not too small (having at
least two elements; we will explain that), but it does not concern us now.

Definition 1. A control algebra is a set X together with functions

g XR 4 x
a:R— X

such that the following three equations hold:
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(i) For any z € X,
z = BN a(ka).

(ii) For any C € xr*" (read xR )),
X
BAKER C(k o B) = BALER.CAN X" |(Nk).

(iii) For any ¢ € xR
BAKER ap(k o o) = BALER idp.

We call 8 the call/cc operation, and call « the abort operation; the set X is called the carrier as
usual. We call equation |(i)| the unit law, call equation |(ii)| the contextual call/cc-homomorphism
law (‘call/cc’ refers to the 5 inside C'), and call equatio the contextual abort-homomorphism
law (‘abort’ refers to a)ﬁ

The names of the equations may seem mysterious for the moment; we can only give a very
brief explanation at this point. The unit law here corresponds to the unit law of an Eilenberg-
Moore algebra; this shall become clear once we see how to compose 8 and « into a structure map
(of the corresponding Eilenberg-Moore algebra; Section . Other two laws are each wrapped in
a common context: ‘BAk.C(—) in equation and ‘BAk.y(—) in equation If we ignore
those contexts, then each law expresses a homomorphism condition for the variable k (an element
of RX | which may be considered as a function X — R). For example, ko 3 = AN .k(Nk) would
express that k is call/cc-homomorphic, whereas k o @ = idg would express that k is abort-
homomorphic (we shall explain these conditions in the next section). However, due to the
existence of common contexts, such homomorphism statements become contextual, hence the
extra modifier.

The current notation may still be uneasy for efficient communication of the equations, either
verbally or in writing. We shall introduce some helpers to make it easier.

(i) We first introduce the notation for appointed evaluations; they appear often enough that
deserve a specific shorthand. Let X be a set and « € X. Define ev, as the following
function:

evy: RX 5 R

k— kx.

We shall read ev,k as ‘evaluate k at ', or ‘feed = to k’; and we shall call all such evaluations
appointed evaluations. For example, using appointed evaluations, the unit law above may
be written as

x = B(aocevy).
This may be easier to recall for readers not interested in operational reading of the law.

For convenience, we have fixed R as the base in the ‘ev,’ notation. From time to time, it
may be useful to have appointed evaluations with other bases. In that case, we will make

81t may be helpful to explain our convention in expressions like BAEk(...). When a A-expression is an argument
to some function, and this argument ends the whole expression, then we tend to omit parentheses around the
A-expression, since there can be no ambiguity. Thus the unit law may also be written as x = ﬁ()\k.a(k’x)). It is
easy to read expressions written in such convention: once we see S ..., we know the rest is a A-expression, and
it is an argument to 3.
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the base explicit by putting it as an extra subscript. For example, let a be an element of
some set A. Then evy , denotes the function

evx, gt X4 5 X

f— fa.

We shall also call them appointed evaluations. For example, let k& € RX, then ev X,k is the
X
function AN€X" .Nk, and

X X
ANEX™ B(NE) = ko ANSX"_Nk)
=ko eVX k-
Thus the equation in the contextual call/cc-homomorphism law may be written as

BAKER™.C (ko B) = BALER.Ckoevy ).

(ii) The second helper aims to ease communication of the two contextual laws; it does so by
separating the common contexts from the equations. The general idea is as follows: suppose
that we have some equation

Cf=0Cg;
then we may say, under C, f is the same as g; or we may write, under C,
f=g

In actual use, we allow f and g to take a parameter which is bound in the context C.
This is better given by examples. For instance, the equation in the contextual call/cc-

homomorphism law may be written as, under ﬂ)\keRx.C (-),
koB=koevx,y.

Here the context is BAI{;ERX.C’(—), and it binds &, which is referred to by the two sides of
the equation. Similarly, the equation in the contextual abort-homomorphism law may be
written as, under Bx\k‘ERX.z/)(—),

koa= idR .

We shall refer to an equation expressed in this ‘under ...’ convention the colloquial form
of the original equation.

Let us list the laws again with helpers applied.
A control algebra (X, 3, ) satisfies the following equations:
(i) For any = € X,
x = Blaocevy). (the unit law)

X
(ii) For any C € xax" , and under 5)\k€RX.C(7) ,

koB=koevxy. (the contextual
call/cc-homomorphism law)
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(iii) For any v € XE" and under 5)\k€RX‘w(—),

koa=idg. (the contextual
abort-homomorphism law)

The new formulation should be less challenging to fit into the mind. Although we will not use
colloquial forms in calculations, communicating with them shall be more convenient, as they
make the structure of the equations apparent.

Let us look at some concrete control algebras. The following control algebras we shall intro-
duce are intrinsic control algebmﬂ As explained in the chapter introduction ( ‘Are such
hints adequate?’), in the case that monadicity of the self-adjoint functor R holds, every con-
trol algebra is isomorphic to some (specific) intrinsic control algebra. As we usually work with a
big-enough R so that the mentioned monadicity holds, we may consider intrinsic control algebras
as all control algebras[[]

Example. Let A be a set. Define functions 54, ay as follows.

A
Ba: (RHE" - RA
N = M evy(Nevy),

aA:R—>RA

r—= a4 r.

In the definition of aq, Aa.r € R4 may be seen as the constant function A — R whose value is
always r. This may also be written as const, H We can verify that

Ba and ay satisfy control algebra equations on carrier RA.

These are routine calculations: for the contextual call/cc-homomorphism law, both sides reduce

to
)R e

A
At .C (ANEED™ Nev,a)a € RY;

for the contextual abort-homomorphism law, both sides are equal to ¢ idg € RA. For any set
A, we shall call the control algebra (R“, 84, a4) the intrinsic control algebra in A, and simply
write it by the carrier R4,

(End of Example)

In the Chapter introduction, we have mentioned that the explicit definitions of intrinsic con-
trol algebras rephrase the operational description quite faithfully. It needs little extra explanation
to see that. We shall explain, that for any a € A, ev, is a control algebra homomorphism, from
the intrinsic control algebra in A, to the canonical control algebra on R (to be explained in the
next section); And, by the homomorphism principle (‘Continuations as homomorphisms’,
rephrased as a definition by Definition (3| p72), ev, shall also be understood as a continuation

9My terminology. Such control algebras (or algebras of the continuation monad) don’t seem to receive a name
in the literature.

10T make it easier to refer to, we shall also call the adjunction formed by the self-adjoint R(~) the swapping
adjunction. To see the choice of the name, consider a function f: X — RY. Under the adjunction, the adjunct
of f is a function ¢g: Y — RX, and g(y)(z) = f(x)(y); hence the name ‘swap’. This convenient name is on a par
with the terminology ‘currying adjunction’ for the adjunction S x (=) 4 (=)5.

11 We suppress mentioning of the domain A in const., to make the notation simpler. This should be acceptable
as any argument to the constant function is discarded.
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from the intrinsic control algebra in A. Also, under a mild condition, {ev, | a € A} are all
homomorphisms from the intrinsic control algebra in A, to the canonical control algebra on R;
hence they are all continuations from the intrinsic control algebraE Thus 4N behaves in the
way of ‘call/cc N

e Suppose the current continuation is ev, (the outer occurrence); then $4 makes a copy of
it, and feeds it to N. The result of the computation is obtained by applying the current
continuation to that intermediate value.

For the a4 case, we need to be aware of the following fact (also to be explained later): assuming
monadicity of the swapping adjunction, for any set A, we have the isomorphism

A =hom(R* R).

By hom(R#4, R), we mean all homomorphisms from the intrinsic control algebra in A to the
canonical algebra on R. Operationally, the homomorphisms should be understood as continua-
tions from the intrinsic control algebra in A. With that explained, we shall see that a4 r behaves
as ‘abort r’:

e Suppose the current continuation is a continuation that corresponds to a € A. Assuming
the same mild condition as above, we may say the current continuation is ev,. Then we
consider the result of the computation, ev, (aar).

ev,(aar) = aara = const,a =r,
essentially discarding the current continuation.

The existence of examples assures us that the theory of control algebras is a meaningful one.
Of course we still need the isomorphism theorem to be sure that the theory is correct. (By the
isomorphism theorem, we mean the isomorphism between the category of control algebras and
the Eilenberg-Moore category of the continuation monad.) We shall note that intrinsic control
algebras are not merely some useful examples of control algebras; with a suitable condition on
the result set R, they are essentially all control algebras. To be more precise, when R has at
least two elements, every control algebra is isomorphic to an intrinsic one. This is given by
monadicity of R(~) and the isomorphism theorem we have just mentioned. The fact means,
once we establish the monadicity of R(~) for a suitable R, intrinsic control algebras may serve
as a way to verify candidate equations. For example, suppose we encounter the diagonalisation
principle ( but we are uncertain about its validity. Then we may check it using intrinsic
control algebras (Exercise, . As the result is positive, we know that for a not-too-small R,
the diagonalisation principle holds for any control algebra.

Readers familiar with category theory may see that intrinsic control algebras come from
the comparison functor, from the swapping adjunction. Put differently, under the isomorphism
theorem (between the category of control algebras and Eilenberg-Moore algebras), an intrinsic
control algebra in A corresponds to an Eilenberg-Moore algebra on R4 ; that Eilenberg-Moore
algebra can be obtained by applying the comparison functor to the set A. We shall not elaborate
on that here, but leave it till we present the definition of the isomorphisms (P76} Exercise).

12We shall explain this in the next section. For readers not interested in operational descriptions, they only
need to pay attention to homomorphisms.
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3 Homomorphisms between control algebras

Any study of algebraic structures needs to consider homomorphisms. In our case, we will show
that the category of control algebras are isomorphic to the category of Eilenberg-Moore algebras
(Section ; in this aspect, control algebra homomorphisms are indispensable. However, for our
mathematical exploration, there is not much we can say about general control algebra homomor-
phisms. For any algebraic structure defined by a carrier and some operations, the definition of
homomorphisms can be obtained mechanically: we consider corresponding operations of domain
and codomain algebras, and for each operation symbol, require commuting of an obvious square,
formed by those operations and the candidate homomorphism. We shall do so below (Definition
2); and, to make it more useful for our setting (sets and functions), we shall carry out some easy
calculation to obtain a more explicit formulation (p69).

Besides general definitions, what shall we pay attention to? We shall note that the result set
R carries a canonical control algebra, and pay attention to control algebra homomorphisms to it
(Theorem [1] [2). Recall that we propose the ‘homomorphism principle’ in Chapter 2] (‘Continua-
tions as homomorphisms’, :

Semantically, continuations shall be defined as homomorphisms to the canonical con-
trol algebra on R.

We shall formulate these homomorphisms explicitly (Theorem . Then, to see concrete exam-
ples, we consider such homomorphisms from intrinsic control algebras. We shall see that when
R has at least two elements, such homomorphisms are exactly appointed evaluations (Theorem
. From this incidence, we shall see that in the case of intrinsic control algebras, the homo-
morphism principle and semantic instances of continuations agree (p72). Given the significance
of homomorphisms to the canonical control algebra on R, we shall give them a name; in view of
the homomorphism principle, we propose to name them ‘continuations’ (Definition .

We first consider general control algebra homomorphisms. Following the general idea in
defining homomorphisms, we define homomorphisms between control algebras as follows.

Definition 2. Let (X, 8, @), (Y,&, () be control algebras. We say a function h: X — Y is
(i) Call/cc-homomorphic, if diagram (i) commutes;

(ii) Abort-homomorphic, if diagram (ii) commutes.

AN i R
di ¢ RN
X " sy X " 4y

(i) (ii)
We say h is homomorphic, or a homomorphism from (X, 8, «) to (Y,§,(), if it is both call/cc-

and abort-homomorphic.

Since we work in the category of sets and functions, we can give a more concrete formulation
of the function A" : XB* — YR” (the top morphism in diagram (i)). For any N € XRX, we may
consider it as a function RX — X. Then h®" N is an element of YRY7 which may be considered
as a function RY — Y. The expression hE" N can be equivalently written as

A €RY (ho N)(j o h).
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(The h in h o N is the one at the base, whereas the h in j o h is the one in the exponentlE[) To
see this, we calculate

hE"N = ho(NoR")
= ho AR N(R"j)
— hoXj€R . N(joh)
= NjEF" (ho N)(j o h).
(The calculation is nothing more than the definition of the post-composition ¢(7), the pre-
composition (—)/ and, for the second and the last step, the A\-notation. If the reader finds the

steps on pre- and post-compositions unclear, then the exercise on may be useful.) With the
concrete formulation of th, we may rephrase the definition of homomorphisms as follows.

A control algebra homomorphism from (X, 8, «) to (Y,€,() is a function h: X — Y
such that

(i) For any N € XEY
h(BN) = EXjER (ho N)(joh); (call/ce-homomorphic)
(ii) For any r € R,
har) =(r. (abort-homomorphic)

As said in the section overview, we next introduce the canonical control algebra on R, and
consider homomorphisms to it.

Theorem 1. The result set R together with functions

€Vidp RRR—>R
idrp: R— R

form a control algebra. [

We shall call it the canonical control algebra on R, or simply the result set algebra (so that
we do not repeat R too often in certain contexts). We may simply refer to the control algebra
by R, if it is clear that we are referring to a control algebra.

In the above concrete formulation of homomorphisms, we take the control algebra (Y,¢, ()
to be the result set algebra, i.e., (R,evidy,idr), then we obtain the following formulation of
homomorphisms in this special case.

Theorem 2. Let (X, 3, a) be a control algebra. A function k: X — R is a homomorphism from
that control algebra to the result set algebra if and only if

(i) For any N € xR,
k(BN) = k(NE),

(ii) And, for any r € R,
klar)=r.

13Generally, we may say that ngN ‘post-composes g to N, and applies that to the argument pre-composed
with f’. We omit the precise set-up of the statement and the calculation, but the calculation would be quite

similar to that of thN below.
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Proof. This is a routine calculation. We calculate that

5)\j€Ry.(/€ oN)(jok)=evi, /\jGRR~(k o N)(jok)
= (ko N)k = k(Nk). -

The two equations in the condition can be equivalently formulated in a point-free style, i.e.,
k: X — R is a homomorphism if

{kOB—k‘oevxyk

koa=1idpg.

(The definition of evx j is explained in helper in simplification of control algebra equations,
d64f.) We can compare the formulation in Theorem [2] with the two contextual homomorphism
laws in the original definition (Definition .), and compare the point-free style formulation
above with the simplified contextual homomorphism laws ( It shall be apparent that those
laws are indeed homomorphism laws put into contexts, hence we name them ‘contextual call/cc-
and abort-homomorphism laws’.

As in the explanation of control algebras, we turn to examples after considering general
definitions. In particular, we continue with the interest in intrinsic control algebras, and look at
homomorphisms from them to the result set algebra.

Theorem 3. Let A be a set. For any a € A, the appointed evaluation
evy: R* > R
is a homomorphism from the intrinsic control algebra in A to the result set algebra.

Proof. Let a € A, and recall the definition of the intrinsic control algebra in A, namely (R4, 84, a4)
(Example, . By routine calculations we verify that

evy 0 84 = €V, 0eVRa oy,

evaoozA:idR.

A
For the first equation, for any N € (RA)RR , functions on both sides maps N to Nev, a. O

The converse also holds, if we assume that R has at least two elements, or the set A has
at least one element. We are interested in the former condition; however, our plan is to first
verify the latter, then point out that, when R has two elements but A is empty, there is no
homomorphisms as stated. To show the converse when A has an element, we need to argue

indirectlyE

Theorem 4. Let A be a set with at least one element. Any homomorphism from the intrinsic
control algebra in A to the result set algebra is an appointed evaluation, i.e., evq: RY — R for
some a € A.

Proof. A homomorphism as stated is a function R4 — R. Suppose some function k: R4 — R
is not an appointed evaluation; we shall show that it is not a homomorphism from the intrinsic
control algebra in A, to the result set algebra. As A has at least one element, we may take some

141n view of potential categorical generalisation, I am more interested in proofs that are calculational in nature.
Hence I try to mark a classical proof if I am aware of it (although I don’t aim to be comprehensive). For the
purpose of developing a semantic theory, a place where classical proofs seem unavoidable is a sign that we may
need a definition.
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a € A (arbitrarily). By definition, a function f: R4 — R is an appointed evaluation if and only
if, for some ag € A,
fe = cag for any ¢ € R4,

Since k is not an appointed evaluation, then for the previously chosen a € A, we may take some
d € R4, such that
kd#da € R.

We take a note of d and a for later use.
Suppose in addition, k is abort-homomorphic; we shall show that k cannot be call/cc-

A
homomorphic. That is, we claim that there is an N € (R4)R™"| such that
K(BAN) # k(NE).

(Ba is the call/cc operation of the intrinsic control algebra in A.) With that claim in mind,

we define a functional N: RE" — RA as follows, using excluded middle. N takes functions
RA — R as input; depending on whether the input is an appointed evaluation, the functional
gives different values in R4, which are carefully crafted with the a € A and d € R* we have
previously chosen:

N: RE' & pA

s A\z€4.da if h: RA — R is an appointed evaluation,
d otherwise.

Then we have

Nevyb=da foranybe A, (evy isan appointed evaluation)
Nk =d. (whereas k is not)

Using the first case, we calculate

E(BAN) = kAbSA. evy(Nevy) (a)
= kX4 da (Nevyb = da)
=da. (b)

Step (a) applies the definition of 84; Step (b) applies the abort-homomorphism condition for k:
for any result r € R (da in this case),

Elaar) =7 ie., kA7) =r.

On the other hand, we have the second case Nk = d. Thus

k(BaN) = da
k(Nk) = kd.

By the choice of a and d, kd # da, so
k(BaN) # k(Nk),

i.e., k is not call/cc-homomorphic. We conclude that if & is not an appointed evaluation, then it
cannot be a homomorphism from the intrinsic control algebra in A, to the result set algebra. [
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Now let us add the corner case. Suppose R has at least two elements, but A is empty; then
any function k: R4 — R cannot be homomorphic. This is because in this case, R* becomes a
singleton, and k € RE" ~ Rt may be considered as a function 1 — R; such a function singles
out one particular element in R. In that case, the abort-homomorphism condition

kXa€4r =71 foranyrec R

can never be satisfied: the left hand side can only take one fixed value in R, whereas r on the
right hand side may vary. With the above argument added, we have the following conditional
converse to Theorem [3] as stated earlier.

Theorem 5. Let R be a set with at least two elements. Any homomorphism from an intrinsic
control algebra to the result set algebra is an appointed evaluation.

Why have we put some effort into these homomorphisms? Apparent reasons are that these
homomorphisms are related to intrinsic control algebras, our main examples of control algebras;
that these homomorphisms are concrete, where we can write down expressions for them; and
that such expressions are rather special, i.e., they are appointed evaluations. One other reason
is, we can see how the ‘homomorphism principle’ fits in the case of intrinsic control algebras (the
principle is introduced in ‘Continuations as homomorphisms’, ) Since intrinsic control
algebras are representative (in the informal sense), looking at these homomorphisms shall add
some weight to the homomorphism principle in general

Recall that the homomorphism principle states that, semantically, a continuation should be
identified as a homomorphism, from a control algebra to the result set algebra. In our case here,
the domain control algebras are the intrinsic ones. If we write hom(R“, R) for homomorphisms
from the intrinsic control algebra in A to the result set algebra, then our analysis around the
last few theorems show that, for a big enough R, we have the identity

hom(R*, R) = {ev, | a € A}

i.e., between the homomorphisms we are interested in, and the relevant appointed evaluations.
On one hand, the homomorphism principle states that continuations from R“ should be the
hom to the left, whereas on the other hand, our operational reading of intrinsic control algebra
operations suggests, that continuations from R4 should be the appointed evaluations to the right
(see for the operational reading). Thus the homomorphism principle and the operational
reading do agree in this case.

Regardless of my justification to the homomorphism principle, the set of all homomorphisms
from a control algebra to the result set algebra is an important one. In particular, these sets give
the inverse to the comparison functor, in the argument of monadicity of R(~) (we shall see that
in the monadicity chapter). For that reason, homomorphisms to the result set algebra deserve a
name. In view of the homomorphism principle, I propose to call them ‘continuations’.

Definition 3. A continuation is a control algebra homomorphism to the result set algebra.

Historically, continuations originated as a semantic notion (Strachey & Wadsworth 1974
|7], see Reynolds’ essay [32]), though the terminology was (and still often is) used in a more

15Ultimately, the mathematical justification should be, we interpret continuations defined in Chapter [2| with
these homomorphisms, and prove adequacy for the languages there. However, as I have gained experience overtime,
for example in the call-by-push-value language of Levy, I have convinced myself the principle is reasonable; and
since there are other aspects of the theory that are of higher priority than carrying out that argument in all the
details, I have not walked through the argument myself. As suggested between the lines, I expect no surprise
here.
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permissible Waym Syntactic definitions of continuations (like those in Chapter [2]) came later
(e.g., Felleisen & Friedman 1986 [16]). For that reason, I feel that we do not need extra modifiers
before ‘continuation’ in the above definition. In case we need to distinguish the two kinds of
continuations, we may qualify them by ‘syntactic’ or ‘semantic’ respectively.

Although I find the terminology here well-supported, readers should note that it deviates
from the literature: although some writers use the terminology in a more permissive way (as
mentioned in footnote , others may use it in a more specific way. For example, in Levy’s
call-by-push-value monograph [56], continuations are defined as homomorphisms from a free
algebra.

4 The isomorphism theorem

We shall establish the isomorphism theorem, i.e.,

The category of control algebras is isomorphic to the Eilenberg-Moore category of the
continuation monad. (p81))

It is by this theorem that we know we get control algebras right. In order to stay on the main nar-
rative, we choose to leave a gap in this section (the special contextual abort-homomorphism law,
; it will be filled-in in the next section. To establish the isomorphism, we need constructions
in both directions:

the category of the category of
control algebras ompox algebras of the
& <———— continuation monad

decompose
(X8, ) e.g., (X,0).

We shall emphasise that constructions in either direction preserve the carrier; in other words,
the constructions are on structures onlyﬂ

e From a control algebra, using the operations 3, a, we can obtain the structure map 6 of
the corresponding monad algebra. We call this construction the compose construction, i.e.,

composing # and « to obtain 6 (Definition p[75)).

e Conversely, from an algebra of the continuation monad, using the structure map 6, we can
construction the two operations of the corresponding control algebra, say 5 and . We call
the two constructions in this direction the decompose constructions, i.e., decompose 6 to (8

and « (Definition [4{ii))).

A notable fact about the isomorphisms is that they are simple constructions that can be
formulated in elementary operations (by that we mean function compositions, natural transfor-
mations that can be written as A-expressions). As such, their definitions do not make use of
equations, of control algebras or algebras of the continuation monad. In other words, they can
be defined between unrestricted structures, i.e., magmas. To be precise, we say

e A control magma is a set X together with two functions

B: XR 5 X, a:R— X,

16Whereas we are more explicit, and restrict to homomorphisms from a control algebra (X, 8, a) to the result
set algebra, writers usually just say ‘a continuation from X to R’, etc.. It should be obvious that I am certainly
not complaining about the historical use.

17Some may say the isomorphism is between concrete categories.
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We shall call them the pseudo call/cc operation and the pseudo abort operation for con-
venience. The modifier ‘pseudo’ is only added to remind ourselves that the functions may
not satisfy the control algebra laws.

e A magma of the continuation monad is a set X together with a function
6: R® = X.
We shall call it the pseudo structure map.

Our plan is as follows.

(2)
(4) CtAlg ——= Alg (5
(3)
N N

comps
CtMag ——— Mag

decomp
1)

(1) Define the compose and decompose constructions for magmas (Definition . In the dia-
gram, ‘CtMag’ is the category of control magmas, and ‘Mag’ is the category of magmas of
the continuation monad. (It is easy to see that they are categories; we will also explain

that on p76])

(2) Restrict the compose construction to algebras (Theorem [7} 78)). We shall assume the
special contextual abort-homomorphism law (Theorem, p7§)).

(3) Restrict the decompose construction to algebras (Theorem @ 079)).

(4) Show that the compose-decompose round trip on control algebras is an identity (Theorem
H80).

(5) Establish the isomorphism theorem, by showing that the decompose-compose round trip
on algebras of the continuation monad is also an identity (p81).

We shall define the constructions below. Note that control magmas form a category that
includes the category of control algebras, and similarly for magmas of the continuation monad;
also, the constructions we shall define are actually functors. Nevertheless, for the definition
below, we do not need to consider the categorical structure. We may simply consider control
magmas as a class, and so for magmas of the continuation monad; the constructions are defined
as class functions between them. After that, we shall add the categorical structure, and arrive
at the following picture:

comps
CtMag ——— Mag
decomp
i.e., the category of control magmas (‘CtMag’), the category of magmas of the continuation
monad (‘Mag’), and two functors between them (the compose construction ‘comps’, and the
decompose construction ‘decomp’). After that, we will restrict the constructions to algebras.

Definition 4. The compose and decompose constructions are mappings between control magmas
and magmas of the continuation monad, defined as follows.
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(i) (Control magmas — magmas of the continuation monad) Let (X, 8, «) be a control magma,
i.e., a set X together with functions

. vR¥ .
B: X" - X, a:R—X.
We can define a function
BoaRX:B(QO(—)): R® & x (3.1)

(aRX : RE™ — XB" is the function that post-composes «); for any ¢ € RRX, the function
produces

(Boa™ )p=Blaog) = BAEE" .a(eh).

Then (X,8 0 aRX) is a magma of the continuation monad. We call this construction the
compose construction.

(ii) (Magmas of the continuation monad — control magmas) Conversely, let (X, ) be a magma
of the continuation monad, i.e., a set X together with a function

0: R*" 5 X.
We can define two functions,

ONRERT k((—)k): X5 X fe. N 0M SR k(NE)
OARER (<) R—X ie 1m0 0,

Then X together with the above two functions form a control magma. We call this con-
struction the decompose construction.

(End of definition)

In formulating the decompose construction, we stretch the notation a little too much, and the
formulation may seem more complicated than it actually is. For the first function (the pseudo
call/cc operation), we may separate the following function to make the formulation easier.

For any set X, we define a function

drinkery : XR* . RR”

N 5 Me €2 B(NE).

(This is a component of the monad morphism from the selection monad to the con-
tinuation monad, see [71]; the name ‘drinker’ is taken from the ‘drinker sentence’ in
logic.)

With the drinker function, the first function may be written as fodrinkerx . In the second function
of the decompose construction (the pseudo abort operation), Ak.r is the constant function const,
(see the example for its definition). Thus we can write the second function as 6 o const@
With the new notations, we may formulate the decompose construction as follows:

8By convention, we usually write const, rather than const(r)
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(ii) For any magma (X, ) of the continuation monad,
(X, 0 odrinkerx, 6 o const) (3.2)

is a control magma. We call the construction the decompose construction.

Now that the constructions are clear, impatient readers may be ready to prove the isomor-
phism theorem themselvesﬂ as mentioned in the section introduction, before they start, they
may want to look at the statement of the special contextual abort-homomorphism law (the un-
numbered theorem on , or the diagonalisation principle (p87).

This is also a good time that we fulfil a promise made earlier. Towards the end of Section [2]
we mention that intrinsic control algebras can be obtained from the comparison functor (p67]).
We can now verify that. We give it as an exercise.

Exercise. Intrinsic control algebras may be obtained from the comparison functor, of the self-
adjoint R(7), as follows.

(i) Recall the general definition of the comparison functor. That is, given an adjunction with
the right adjoint U, show that for any object A in the left category (the domain of U),
(UA,Ue,) is an Eilenberg-Moore algebra of the induced monad. Here €4 is the counit of
the adjunction at the object A.

(ii) Instantiate the general definition to the self-adjoint R(~). Note that the left category is
the opposite category. What is the counit here?

(iii) Apply the decompose construction defined above to the algebra obtained from Verify
that it is the intrinsic control algebra in A, where A is the object in the left category that
we have started with.

As we have said before defining the constructions, control magmas form a category, so do
magmas of the continuation monad. Morphisms in each category are homomorphisms between
the magmas; we shall say a few words here. We note that for algebraic structures, the definition
of homomorphisms only make use of the operations, but not equationsﬂ for that reason, the
definition of homomorphisms between algebras are actually that between magmas. Thus we
already have the definition of homomorphisms between control magmas, and between magmas
of the continuation monad; among those homomorphisms between magmas, there are identities,
and homomorphisms compose. That makes control magmas a category, as well as magmas of
the continuation monad. Then we consider the two constructions. Routine calculations will
show that each construction preserves homomorphisms; so both constructions extend to functors
between the magma categories. Thus we arrive at the diagram mentioned previously:

comps
CtMag ——— Mag

decomp

Our next step is to restrict the constructions to algebras (Theorem 7, Theorem @7 so that
we arrive at the following diagram:

CtAlg —— Alg.

decomp

19With pen and paper, or their favourite proof assistant.
200ne may say homomorphisms are only about the structures, but not properties on them.
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Here ‘CtAlg’ is the category of control algebras, and ‘Alg’ is the category of algebras of the
continuation monad. After that, we shall show that the two round-trips are each an identity
on the respective algebras, so that we have the isomorphism. Thus we need to carry out four
arguments, i.e., two restrictions and proofs of the two identities. All of them are given as
calculations, but the calculation for the first is more subtle (‘given a control algebra, the compose
construction produces an algebra of the continuation monad’). We shall point out that subtlety
first (Theorem, , but take it for granted; then we carry out all four arguments and prove the
isomorphism theorem. When all is done, we come back to concentrate on the subtlety. That way
we stay oriented when working towards the main proof, and better concentrate on the subtlety
later.

We now work towards the main proof. We first consider restricting the compose construction
to algebras, i.e., we shall show that given a control algebra, the compose construction produces an
algebra of the continuation monad. Recall the three defining laws of a control algebra (X, 3, )

(69):
The unit law For any z € X,

x = B(aoevy).

RX
The contextual call/cc-homomorphism law For any C € X" , and under ﬁ)\kERX. C(-),

koB=koevxy.

The contextual abort-homomorphism law For any ¥ € XRR, and under 5)\k€RX.¢(—) ,

kOOz:idR.

We shall also recall the defining laws of an algebra of the continuation monad. Let (X,60) be
such an algebra (6 is a function REY X); then, the unit law is, for any x € X,

r=0ev,,

X
and the multiplication law is, for any ® € RRRR , and under 0 \k eRX.<I>(7),
kol =evyg.

To verify that the compose construction produces continuation monad algebras, we need to
establish the unit law and the multiplication law of a monad algebra. The unit law is trivial:
suppose § = (a0 (—)) is the function given by the compose construction, then the monad unit
law

x=0ev, isexactly z=f(aoevy),

the unit law of the control algebra. The multiplication law needs more effort. The non-trivial
step is to establish the following equation for control algebras.

The special contextual abort-homomorphism law. Let (X,f,«) be a control magma.
X

R
We say it satisfies the special contextual abort-homomorphism law, if for any D € X R™ , and
under ﬁ)\kERx.D((—) oevy),
koa=idg.

7



Here evy is an appointed evaluation REY R, as defined before ( the helper . It
takes some effort to establish this law; we shall take it for granted for now, and come back
after we finish explaining the isomorphism theorem. The only difference between this special
variant and the original contextual abort-homomorphism law is in the context. In the original
law ( , the context is BAkeRX.¢(—), with ¢ being any element of X&"; here, (=)
becomes D((—) o evy). At first glance, this new variant may be mistaken as an instance of the
original law, but it is not. The issue is the occurrence of k in D((f) o evk). Suppose we attempt
to instantiate the original contextual abort-homomorphism law, in order to obtain the special
variant; the first thing we shall do is to define ¥». We immediately run into trouble here: if we
let it be D((—) o evg), then we need to refer to k, which is not available until we announce the
context BAk.... Note that we are not saying that the special variant does not follow from the
control algebra equations. It does, but that takes some work. We shall take it for granted for
this section.

Theorem. The special contextual abort-homomorphism law holds for any control algebra.
We continue with the ‘control algebras — monad algebras’ argument.
Lemma 6. Suppose a control magma satisfies
(i) the contextual call/cc-homomorphism law, and
(i) the special contextual abort-homomorphism law.

Then the compose construction produces a magma of the continuation monad that satisfies the
multiplication law.

Proof. Let (X, B3, «) be such a control magma, and 6: RE® 5 X be the function given by the
X

. RrR
compose construction. For any ® € RE™ |

ONLER" Dk 0 0) = BARET a(BAGER" (ko B)(ao¢))

= BAKERY a(¢A¢€R koevXk)(aoqb)) (a)
:5/\keR a( koaoevk))
:5)\keR .a(@evk) (b)

— ONEEY Devy.

Step (a) applies the contextual call/cc-homomorphism law; the following step is trivial calculation
of the \¢ expression. Step (b) applies the specialised contextual abort-homomorphism law,
taking the variable D = a0 ®. The resulting equality is the multiplication law of a continuation
algebra. O

Combine the above lemma and the previous argument about the unit law (H77] before in-
troducing the special contextual abort-homomorphism law), then we may restrict the compose
construction as needed:

Theorem 7. The compose construction restricts to a functor CtAlg — Alg. [
It is more straightforward in the opposite direction; we prove it below. Once that is done, we

will have the diagram
comps



Before looking into the proof, it is useful to be aware of a more convenient form of the mul-
tiplication law, of algebras of the continuation monad. We shall call it the parameterised
multiplication law. The point of this variant is that the variable ® may take a parameter k
that is bound in the context. See the statement below.

RX
Lemma 8. Let (X,0) be an algebra of the continuation monad. For any ®; € RE" , where j
is a parameter taken from RX, and under Ok ER™ Dp(—),

kol =evy.

rX
Proof. Let ®; RE™ be an element as stated. We have the following calculation:

ONE SR 0y (k 0 0) = 0N SR @0p0en (K 0 0) (@)
=0k eRX.(Dcvkocv EVg (b)

— ONERT By evy.

Step (a) applies the unit law of the continuation monad algebra. Step (b) applies the multipli-
cation law. |

Theorem 9. The decompose construction restricts to a functor Alg — CtAlg.

Proof. As we have argued earlier, the construction preserves homomorphisms ( before the
CtMag = Mag diagram); so we only need to argue that, given an algebra of the continuation
monad, the decompose construction produces a control algebra. Let (X, 6) be an algebra of the
continuation monad, and (X, 3, ) be the control magma given by the decompose construction,
ie.,

[ =60 odrinkery and « = #6oconst

(see p75). We need to verify the unit law of a control algebra, the contextual call/cc-homomorphism
law and the contextual abort-homomorphism law. For the unit law, we have the following cal-
culation.

Blaoev,) = (6 odrinkerx)(f o const o ev,,)

= MR (kofoconstoev,)k (a)
RX

=0k . (ko 0)consty,

= 9)\ka.er const iy (b)

=fev,

=z.

Step (a) is the definition of the drinker function (fg75)); step (b) is the parameterised multiplication
law of the algebra (X,6). The last step is the unit law of (X, 6).
For the contextual call/cc-homomorphism law, we have the following calculation. For any

xRX
CeXxt |

BAKER™ C(koB) = OMER" (ko C)(k o6 o drinkerx) (a)
= AL SR (ko C)(evy o drinkerx) (b)
= AR (ko C)(koevy.y)
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= BALERT Ckoevyy). ()

Steps (a) and (c) apply the definition of 8. Step (b) applies the parameterised multiplication
law. The calculation for the contextual abort-homomorphism law is similar. O

With Theorems [7] and [9] we show that the compose and decompose constructions restrict to
algebras. Thus we have the following diagram

CtAlg —— Alg.

decomp

To establish the isomorphism theorem, we only need to show that the two round trips of the
constructions are both identities. We first look at the control algebra side.

Theorem 10. Given a control algebra, if we carry out the compose construction, then decompose
the resulted algebra of the continuation monad, then we get back the same control algebra. In
other words, we have equations:

B = 6 o drinker x (3.3)

a = 6 o const 3.4)

where 6 = Bo ol = B(ao(-)): RE™ 5 X,

Proof. We have the following calculation for the first equation (the equation on (). For any
N e XB*,

AN = p(acevpgy) (a)
= BMEEY (aokoB)N
= BALSEY (aokoevy )N (b)
=pB(ao Ak ERY (koevxy)N)
= B(a o drinkerx N).

Step (a) applies the unit law of a control algebra, where the variable x is taken to be SN. Step
(b) applies the contextual call/cc-homomorphism law; the variable ® is taken to be (a o (—))N .
In the last step, the expression « o drinker x N should read a o (drinkerx N); by convention, we
assume the composition operation (o) has low precedence. To verify the equation on «, we can
adapt the above calculation; we change SN to ar (for any r € R), and apply the contextual
abort-homomorphism law at step (b). O

The two equations in the above theorem are important in an algebraic understanding of the
operations. When we study an algebraic theory, we often consider different combinations of the
operations. For example, if we consider symmetries of geometric shapes, we may consider com-
binations such as ‘first a reflection, than a rotation’, or the other way around; we are interested
in how such combinations relate to each other. We also have combinations here, where the op-
erations are call/cc (8) and abort («), rather than reflections or rotations. The difference here
is that there is more flexibility in the combination of operations. For example, let us consider
putting an o before 8. One such combination is 8o a®" : RE* — X, which is the compose
construction. However, there is one more such combination, namely

BoXR" = BAKER ()(koa): XR" = X.
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The detail of this combination is not important here; our point is that there are two places to
choose if we would like to put an « before 5. In other words, if we consider putting operations
before 8, then the resulting combinations are not like words (not in a linear shape), but like
trees@ We can write down an inductive definition of all combinations of § and «, each of
which is a function to X (the detail is regrettably omitted here); among those combinations, we
consider g oo™ as the normal form. This is because, it can be shown that any combination can
be written as 3 ool ot x, where t is a natural transformation, and ¢x is its component at the set
X (the proof is also omitted here, regrettably). Then, the two equations , in the above
theorem are instances of this normalisation. In particular, in , the natural transformation
is drinkerx : X R* RRX, where as in , that natural transformation is const: R — RE" .
Thus we shall call equations , the normalisation of call/cc, and the normalisation of
abort, respectively.

The isomorphism theorem. We have an isomorphism between the category of control alge-
bras, and the category of algebras of the continuation monad; the isomorphism is given by the
compose and decompose constructions.

Proof. After the previous theorem, we only need to show that the other round trip, on algebras
of the continuation monad, is also an identity. That is, given an algebra of the continuation
monad, if we decompose it into a control algebra, and compose the operations again according
to the compose construction, then we get back the same algebra of the continuation monad.
To verify that, suppose (X,0) is an algebra of the continuation monad, and let 8, a be the
operations decomposed from 6 (i.e., 8 = 6 o drinkerx and o = 6 o const). Then we have the

following calculation: for any ¢ € RRX,

B(a o ¢) = (6 o drinkerx ) (6 o const o ¢)

= t9)\k€RX.(ko(9)(3onst¢,;€ (a)
= OB vy, const g (b)
— 0.

Step (a) applies the definition of 8 and «. Step (b) applies the parameterised multiplication law.
Thus, the round trip on algebras of the continuation monad is also an identity, and we have the
stated isomorphism between the two categories. O

We have now established the isomorphism theorem, assuming the special contextual abort-
homomorphism law.
5 The diagonalisation principle

We left a gap in the proof of the isomorphism theorem, which is the special contextual abort-
homomorphism law. We shall fill the gap here. The stepping stone is a law which we call the

21 A5 a personal notation, I write the two combinations as Bé and 5%, respectively. The rationale is that the
set R is fixed and, since the control algebra is chosen, so is the carrier X; thus we don’t need to write them
explicitly, only to distinguish the two places we would like to put . The idea of my notation is to straighten the

X
X
exponential notation, i.e., & in place of af*” ; then I borrow the fraction notation to take away R and X (replaced
by the division line and 1), writing é Finally, I omit the composition symbol o between 3 and the fraction,
ending up in Bé Admittedly, this is not a perfect notation as there is no division here; nevertheless, the up-side
1
is that the fraction notation allows us to write combinations like ﬁ%
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diagonalisation principle. We shall motivate the law by considering how the special contextual
abort-homomorphism law relates to the original contextual abort-homomorphism law. Impatient
readers may skip it and jump to the main development (p34)).

We first show that the special contextual abort-homomorphism law implies the original one.
Recall the special contextual abort-homomorphism law (stated on :

Let (X, 3,a) be a control magma. We say it satisfies the special contextual abort-

RX
homomorphism law, if for any D € XR" , and under B)\kERX.D((—) o evk),
koa=idg.
(A control magma consists of a carrier and two operations as in control algebras, but without
requiring any equations. See in the previous section for a definition.)

Theorem 11. If a control magma satisfies the unit law and the contextual call/cc-homomorphism
law, then the special contextual abort-homomorphism law implies the original one.

Proof. Let (X,B,a) be a control magma that satisfies the unit law, the contextual call/cc-

homomorphism law, and the special contextual abort-homomorphism law. We need to show
R

that the original contextual abort-homomorphism law holds, i.e., for any ¢» € X%, and under

BARERY (),

koa=1idg.

We see that the equalities within contexts are the same for the two laws (both being koa = idg);
thus for the implication to hold, we only need to consider the contexts. We shall show that for

RX
any ¥ € X RR, we can find some Dy, € X R , such that the context

BAEE" Dy ((=) o evi) = BALER 4p(—). (%)

The right hand side is the context we need in the original contextual abort-homomorphism law.
We claim that the D,, we need may be defined by

rX
Dy = )\K €R™ (K o const).

Here ‘const’ is the constant function R — RRX, const, = M€Y r. We note that for any
k € RX, the expression ‘evy, o const’ is the identity on R. Then, for any k € X®, and j € R,

Dy (j o evi) = ¥(j o evy, o const)
=17
We see that it gives us the equality (x). 0

Let us consider the converse, i.e., given any control algebra, we consider whether the special
contextual abort-homomorphism law holds. In order to show this converse, we need to construct

RX
a suitable vp € X R from any D € X R , such that when we apply the original contextual
abort-homomorphism law, the context

BAMER" (=) = BAREET . D((=) o evy,)

which is the context used in the special contextual abort-homomorphism law. A priori, the
variable ¢ p should not depend on k, which is bound in the context ‘G Ak ..."; an obvious attempt
is likely to result in the following law, which is a compromise of what we need. We shall analyse
it and see the need for the diagonalisation principle.
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RX
Theorem 12. Let (X,,«) be a control algebra. For any j € RX, D e XR" , and under
BALERT D((=) oevy),
koa =idg.

RX
Proof. We define, for any j € RX and D € XR" ,
eRr”? RF
'(/)ij =\h .D(hOer) e X .
Then the context in the original contextual abort-homomorphism law is
BMER" (=) = BAKERT . D((=) o ev;)
as needed. O

Maybe surprisingly, the special contextual abort-homomorphism law does follow from this
compromised version. That is, j can be taken to be k, which is bound in the context. We
may ask ourselves, can this be a general phenomenon? What is the most general form of the
implication we can possibly ask for? If we give it a try, then we may come up with the following
statement. Consider any control algebra, with carrier set X and the call/cc operation 8. It
would be good if the following holds:

Let v, w be elements of (XRX)RX, i.e., functionals that take two arguments in RX,
consecutively. If for all j € RX, and under BNk R (—)jk,

T=w,

then under Bk R . (=)kk,
v =w.

We shall call it the diagonalisation principle@ It should be obvious how we intend to use
the law: let

vjk = D(koaoev))

wjk = Dev;y,
then we have the statement that the compromised version of the special contextual abort-
homomorphism law implies the uncompromised one.

There is a different way to read the diagonalisation principle. Here is an equivalent formula-
tion of the law:

Let v;, wj be elements of XRX, where the parameter j is taken from RX. If for all
j € RX, and under Bk €™ . (—)k,
Vi = Wi

then under the same context,
Yk = Wk -

221 choose this name because it is a diagonalisation process on the two arguments j, k, of the functionals v and
w. If we make a table with values of vjk, where the column header enumerates j and the row header enumerates
k, then vkk are values at the diagonal.
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In other words, the law effectively allows variables 7, w to take a parameter k that is bound in
the context. Once we have the law, we can also give an alternative proof of the parameterised
multiplication law (pg79)). We will look into that later.

Readers may notice that the abort operation does not appear in the diagonalisation principle.
That is a valuable observation, although we shall only give a very brief explanation here. In fact,
the diagonalisation principle already holds in a smaller algebraic structure included in a control
algebra, namely an algebra of the selection monad. The selection monad is a remarkable monad
whose functor is X — X&" on objects. We refer to Escardé & Oliva [71] for details; but readers
may already note the two occurrences of X in the output value of the functor, which is the
source of its unusual character. It is explained in Escard6 & Oliva that the selection monad is
related to the continuation monad by a monad morphism; the monad morphism is the drinker
function@ An algebra of the selection monad consists of a carrier X together with a single
operation 3: X R* X , the call/cc operation (my terminology). We shall call the unit law of
such an algebra the unit law of call/cc (we will give the formulation later); the multiplication
law has more details than we need here, and we omit its formulation. One can show that for any
control algebra (X, 8, «), the carrier X together with the call/cc operation 5 form an algebra of
the selection monad; we can also show that the diagonalisation principle holds for any algebra of
the selection monad@ Thus the diagonalisation principle may be seen, as a law originated from
algebras of the selection monad, and control algebras inherit it. Nevertheless, looking into the
selection monad would be a diversion (albeit an impressive one), and we do not chase it further
here.

The diagonalisation principle may seem too good to be true. We may consider the following
exercise, which may serve as an assurance, and as a break to this long motivation.

Exercise. Recall that the intrinsic control algebra in a set A has carrier R*, and the call/cc
operation B4 is defined as

A
BaN = Xa* .ev,(Nev,) where N € (RA)RR .

Show that intrinsic control algebras satisfy the diagonalisation principle. That is, let v, w be

A pRA
functionals in ((RA)RR )R ;if for all j € RR* | and under the context

Ba Nk er™ (=)ik = Xa®* .eva((—)jeva),

we have v = w, then under the context

A
BarkER" J(=)kk = )\aeA.eva((—)evaeva),
we also have v = w.

In the rest we prove the diagonalisation principle, then use it to prove the special contextual
abort-homomorphism law (Theorem . It takes three steps to establish the diagonalisation
principle:

1. Establish the call/cc unit law (Theorem we have mentioned it when explaining algebras
of the selection monad, before the exercise).

2. Use it to establish the consecutive call/cc law (Theorem [15).

23Escardo6 & Oliva works in cartesian-closed categories. We shall stick to the category of sets here.
24Use Theorem The consecutive call/cc law we need follows from the multiplication law, of an algebra of
the selection monad.
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3. Establish the diagonalisation principle as a consequence of the consecutive call/cc law

(Theorem [16)).

We start from the call/cc unit law. For the statement of this law and some following laws,
it is convenient to have a name for the following structure: a set X together with a function
6: X R* X , but without any requirement on the equations that § shall satisfy. We shall call
such a structure a call/cc magmaﬁ The formulation of the call/cc unit law is as follows.

The call/cc unit law. Let (X, ) be a call/cc magma. We say the call/cc unit law holds for
the magma, if for any z € X,
x = Bconstx z,
where constx , is the constant function RX — X defined as consty .k = x.
We say that a control magma (X, 5, ) satisfies the call /cc unit law if the law holds for (X, 3).
(In the future, if we formulate a law for call/cc magmas, then we say a control magma satisfies
the law if the call/cc magma in it does.) To show that control algebras satisfy the call/cc unit

law, it is helpful to explicitly formulate naturality of ‘ev’, the evaluation function. The naturality
diagram of the function is

Yy — RR”
fl lRRf
X —y RRY,
(We have chosen to leave the parameter set X implicit in the notation ‘ev’, because we would

like to reserve the subscript for the base set, i.e., evy is a function X4 — X for some parameter
set A@ To say that the diagram commutes is the same as to state the following: for any y € Y,

evyy = )\keRX.evy(k of).
It only takes a mental calculation to see that the equation does hold.

Theorem 13. If a control magma satisfies the unit law of a control algebra and the contextual
call/cc-homomorphism law, then it satisfies the call/cc unit law.

Proof. Let (X, 8, a) be a control magma as stated, and let = 5o aft™ (i.e., the function given
by the compose construction). We have the following calculation.

Beonsty » = 0evgconstx o (2)
= OMEF eveonsty . (k0 B) (b)
— OMER eVeonsty . (k0 evx k) (c)
=fev,
@

Steps (a), (d) apply the unit law of a control algebra. Step (b) applies naturality of ev. Step (c)
applies the contextual call/cc-homomorphism law. O

25 An alternative name would be a magma of the selection monad. Since we do not study the selection monad
here, I have opted for the name above.

26We may use superscripts for the parameter set, but we need to make sure that we remember the meanings
of superscripts and subscripts, and that we can distinguish the exponential operation from other uses of the

superscript. For example, if we use the superscript for the parameter set, then we need a way to determine

X

whether ev®* means the evaluation function X — RRX (where X is the parameter set), or the post-compose

A
function AX — (RE")X | f s evo f for some parameter set A (where X is the exponent).
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Thus the call/cc unit law holds for any control algebra.

Our next step is the consecutive call/cc law. However, before looking into it, it is useful to be
aware of the following convenient form of the contextual call/cc-homomorphism law. It is similar
to the parameterised multiplication law (Lemma , which is a convenient form of the original
multiplication law. Again, the point of the convenient variant is that the variable C' may take a
parameter k which is bound in the context. See the formulation below.

The parameterised contextual call/cc-homomorphism law. Let (X,3) be a call/cc
magma. We say that (X, ) satisfies the parameterised contextual call/cc-homomorphism law, if
X

R
for any C; € XB* , where j is a parameter taken from R, and under Sk GRX.C’k(f),
koB=koevx,y.
Lemma 14. If a call/cc magma satisfies the call/cc unit law and the contextual call/cc-homomorphism

law, then it satisfies the parameterised contextual call/cc-homomorphism law.

X
Proof. Let (X, ) be a control magma as stated in the assumption. Let C; € XRXR with
parameter j € RX. We have the following calculation.
X X
BAEERT Cp(k o B) = BAEER" . Crogoconst (k 0 B) (a)
:5)‘kERX~CkoeVX‘koconst(koeVX,k) (b>
= BALERY Ch(koevx.p).

Step (a) applies the call/cc unit law. Step (b) applies the contextual call/cc-homomorphism
law. [

From the previous theorem, any control algebra satisfies the call/cc unit law; thus by the
lemma, the parameterised contextual call/cc law holds for any control algebra. We shall use this
convenient variant when we establish the consecutive call/cc law below.

The consecutive call/cc law. Let (X, ) be a call/cc magma. We say the consecutive call/cc
law holds for (X, B), if for any v € (XE )R™
BN AR gk = BATE .
As before, we shall say that a control magma satisfies the consecutive call/cc law if the call/cc

magma in it does.

Theorem 15. If a control magma satisfies the unit law of a control algebra and the contextual
call/cc-homomorphism law, then it satisfies the consecutive call/cc law.

Proof. Let (X, 8, ) be a control magma as stated in the assumption. We need to show, for any
7 e (X,
:cRX ER* _ - ceRX s
BAG=T L BARST vk =BAET g7
The left hand side may also be written as 5(5 o ); this alternative form is more convenient for
the calculation below. By the previous theorem, we know the control magma satisfies the call/cc

unit law; then by the above lemma, the control magma satisfies the parameterised contextual
call/cc law. Then we have the following calculation

ﬁ(ﬁoy):ﬂ)\kERx.(aokoﬁoy)kj (a)
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:BAkERx.(aokoevxkafy)k (b)
= BMEEY (o ko NjER yjj)k
= BN i (c)

Steps (a), (c) are normalisations of call/cc; the normalisation law uses both laws mentioned in
the assumption. In particular, we use the the following form of the normalisation:

BN = BAk.(aokoN)k.

See the equation (3.3)), for the original formulation. Step (b) applies the parameterised
contextual call/cc homomorphism law. O

The consecutive call/cc law may be compared to the consecutive lookup law in the state
case. Let S be the set of states, and let (X, &,(¢) be a state algebra (¢: X — X is the lookup
operation). Then the consecutive lookup law is stated as follows: for any v € (X*)%,

EXsET ENET st = EXsE yss.

The operational idea of the consecutive lookup law is the following: the state does not change
spontaneously; the results of two consecutive lookups must be the same. The operational idea
of the consecutive call/cc law is similar: the current continuation may be considered as a state,
and this state does not change between consecutive call/ cc%ﬂ

For interested readers: for an algebra of the selection monad, the consecutive call/cc law
follows from the multiplication law of the algebra (with the help of the call/cc unit law, i.e., the
unit law of the algebra).

To be precise, let us state the diagonalisation principle formally.

The diagonalisation principle. Let (X, /) be a call/cc magma. We say it satisfies the
diagonalisation principle if the following implication holds: For any ~, w € (XRX)RX7 if for all
j € RX, and under Bk R (=)jk,

V=W,
then under Sk €B™ . (—)kk,

v =w.
Theorem 16. If a call/cc magma satisfies the consecutive call/cc law, then it satisfies the

diagonalisation principle.
Proof. Let (X, 3) be a call/cc magma as stated in the assumption. Suppose that for all j € R,
BAER™ v ik = BAERT Wik
This is equivalent to
foy=pfow,
and it follows that
B(Boy)=pB(Bow).

Apply the consecutive call/cc law on both sides, then we have

BMERY ykk = BARER wkk. O

27We need to be careful here. The current continuation does change as the program evaluates; nevertheless, it
remains the same between two consecutive call/cc’s.
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By Theorem the consecutive call/cc law holds for any control algebra, then by the previous
theorem, it follows that the diagonalisation principle also holds.

Theorem 17. The diagonalisation principle holds for any control algebra. [
Corollary 18. The special contextual abort-homomorphism law holds for any control algebra.
Proof. We only need to walk through the argument in the motivation again ( following

Theorem . Recall that we have the compromised version of the special contextual abort-
X

R
homomorphism law: Let (X, 3, a) be a control algebra; for any j € RX, D € XE" , and under
BALEET D((=) o evy),

koa=1idg.

The equation part is equivalent to, under Sk €E . (-),
D(koaoev;) = D(idroev;).
We apply the diagonalisation principle; in particular, we take

vjk =D(koaoevj)
wjk = Dev; (discards k).
Then we obtain the special contextual abort-homomorphism law. O

We have filled the gap in the proof of the isomorphism theorem. Finally, we note that the
diagonalisation principle may be used to derive the parameterised laws. We leave it as an exercise.

Exercise. Using the diagonalisation principle, show that for any control algebra, the following
parameterised laws hold.

(i) The parameterised multiplication law (of the corresponding algebra of the continuation
monad);

(ii) The parameterised contextual call/cc-homomorphism law, and
(iii) The parameterised contextual abort-homomorphism law (formulated below).

The parameterised contextual abort-homomorphism law. Let (X,/5,«) be a control
magma. We say that it satisfies the parameterised contextual abort-homomorphism law, if for
any ¢; € XRR, where j is a parameter taken from R¥, and under B)\keRX.@/;k(f) ,

koa=1idg.

A list of equations
We have seen many control algebra laws in this chapter. We compile them into a list below.

Many equations are presented in the colloquial form (i.e., the ‘under ...’ convention); see
‘the second helper’ for details.
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Equations of control algebras The following equations hold for any control algebra (X, 3, «).
If we encounter a candidate equation not in the list, try intrinsic control algebras (Example, .

1. The unit law of a control algebra (p65) For any =z € X,
x=p(aoev,).

X

R
2. The contextual call/cc-homomorphism law ob For any C € XR* , and under
BAERT.C(-),
koB=koevxy.

We may allow C' to take a parameter & € RX that is bound in the context ( the
parameterised contextual call/cc-homomorphism law).

3. The contextual abort-homomorphism law ( For any ¢ € XRR7 and under
BARERT (),

koa=idg.

We may allow v to take a parameter k € RX that is bound in the context ( the
parameterised contextual abort-homomorphism law).

X
4. The special contextual abort-homomorphism law (f77, p88)) For any D € XRRR and
/4 P Yy s
under B)\kERX.D((—) oevy),
koa=idg.

5. Normalisation of call/cc ( Eq. For any N € XRX,
BN = BAERT a(k(NE)).
(Or equivalently, 8 = f odrinkerx, where § = So o™ . See the referenced page for details.)
6. Normalisation of abort ( Eq. For any result r € R,
ar = BALER ar.

(Or equivalently, 8 = 6 o const, where § = S o ot . See the referenced page for details.)

7. The call/cc unit law (pP85)) For any z € X,

r = [consty.
8. The consecutive call/cc law o@i For any v € (XRX)RX,
BN BARER ik = BA < .

9. The diagonalisation principle ( For any v, w € (XRX)RX7 if for all j € RX, and
under Bk R (=)jk,

then under Bk €R™ . (—)kk,



Equations of algebras of the continuation monad The following laws hold for any algebra
of the continuation monad, (X, 6).

1. The unit law (a defining law) For any = € X,

Tz =10ev,.

rX
2. The multiplication law (a defining law)  For any & € RE" , and under O \k €RX.<I>(7),
kol =evy.

We may allow ® to take a parameter k € R, which is bound in the context ( the
parameterised multiplication law).
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Chapter 4

Back to Beck: continuations and
determined elements

Beck’s monadicity theorem concerns whether a given adjunction is equivalent to the Eilenberg-
Moore one. Of course, by the Eilenberg-Moore adjunction, we mean the one that shares the
same base category with the given adjunction (i.e., the domain category of the left adjoint), and
compose to the same monad as the given adjunction. A typical diagram is as follows, where

F +U is the given adjunction:
F D
K; K
pr KFQ

C )
SO
U DT
In the diagram, T is the monad derived from the given adjunction, i.e., T'= UF'. It is a general
construction that we always have the comparison functor K from the left category of the given
adjunction (the codomain of the left adjoint) to the Eilenberg-Moore category (the category of
monad algebras). The given adjunction is said to be monadic, or we may also say the right
adjoint U is monadic, if the comparison functor K is an equivalence. In Beck’s treatment |[3],
the first step towards monadicity is to construct a left adjoint to K (Theorem 1, op. cit.). We
have named it @ (for ‘quotient’) in the diagram.

The construction of @ is as follows. Let (X, 0) be an algebra of the derived monad 7. In the
left category, we consider the parallel pair in the left half of the following diagram:

Fo
FUFX — FX - Q(X,0). (4.1)

EFX

If for all algebras (X, 8), we have a chosen coequaliser (Q(X ,0), 77), then those coequalisers give
the definition of @, i.e., a left adjoint to K. (See Beck’s presentation.) The rest of the monadicity
theorem then deals with how to make the adjunction Q 4 K into an adjoint equivalence. In view
of the importance of the above pair, we shall name it Beck’s pair.

Beck’s monadicity theorem is well-known since early on, and it is considered as a basic fact
among category theorists. However, when the theorem is used to develop general category theory,
researchers tend to be satisfied with establishing the equivalence (or sometimes isomorphism),
and usually need not consider details of relevant data. For example, it is often fine to leave the
coequaliser Q(X, 6) unspecified, as they may be given by the structure of the left category (say
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when the left category has all colimits). Eventually that becomes an accustomed way of using
the theorem[T]

As there is close connection between programming language semantics and category theory,
monadicity theorems are also well-known in the semantics community. For example, it is well-
known that the self-adjoint R(~) and the currying adjunction S x (—) - (—)® are monadic under
suitable conditions on R and S (e.g., see Hyland et al. |[67] for R(~) case and Métayer |61] and
Mesablishvili [66] for the state case). However, even though in some of the cases the intended
application is clear, the usage of monadicity theorems stays unchanged as in developing general
theories; very little attention is given to relevant data. I feel that there is a gap between the
way monadicity theorem is used in semantics, and the concrete applications. That leads me to
consciously look for potential notions in applications that may serve as data in the monadicity
theorem. I share the results below: the set of continuations from an algebra of the continuation
monad, and the set of determined elements in an algebra of the state monad; they are coequalisers
of Beck’s pair in the corresponding setting (Corollary Theorem . Between the
two, I see the control case by myself, whereas the state case is documented by Métayer (and I
have tried to put some effort into the presentation). The viewpoint of copoints and points are
my own (around Theorem for the control case, and Theorem for the state case).

1 Beck’s pair and the instances in control and state

In describing an adjunction, it is convenient to have the term left category, which is defined to
be the codomain of the left adjoint. That is, for an adjunction

F
the left category is D. The rationale is that, if we write down the defining isomorphism of the

adjunction, namely
D(FX,A) > C(X,UA)

then the left category appears on the same side as the left adjoint. We may similarly use ‘right
category’ for the codomain of the right adjoint, but in our setting, we usually just call it the base
category.

In the following we will explain Beck’s pair, its coequaliser, and instances of them in the cases
of control and state. Without further comments, when we explain Beck’s pair and its coequaliser,
we usually work with a general base category; whereas when we explain the instances, we usually
work with the base category Set.

Definition 1. Let F 4 U be an adjunction with counit £. For any algebra (X, 0) of the derived
monad, Beck’s pair at the algebra is the following parallel pair in the left category:

Fo
FUFX —3 FX.

EFX

Beck’s pair may also be presented in a more symmetric way. In the notation of the definition,
let T' be the monad derived from the adjunction. Then the Eilenberg-Moore adjunction may be
written as 7 4 U™, and the counit may be written as ¢”. Here FT is the free functor and U7

L Although I am going to say that knowing the details of relevant data can sometimes be useful, I do understand
the reason of the custom. For the development of a general theory, it is often not worth to look into all details
and keep track of them. We only bring them up when that is worth the effort.
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is the forgetful functor; at any algebra (X, 0) of the derived monad, 5&79) is the structure map
0, considered as a homomorphism from the free algebra in X to the algebra (X, 6). Then, among
functors from the Eilenberg-Moore category to the left category, we have FTUT and FUT, and
we have the following parallel pair of natural transformations:

p FUTET T
FTU" —= FU".
eFUT

Beck’s pair at an algebra (X, ) is a component of the above pair, namely the component at that
algebraf|

Example 1. Let us consider Beck’s pair in the control case. For the self-adjoint R(~), the left
category is the opposite category (of Set in our case). Thus we shall consider the opposite Beck’s
pair in Set. In this case, both F and U are the functor R(~), and the counit e is the evaluation
function ev: X — RE™ (formulated in Set rather than in the opposite category). Thus the
opposite Beck’s pair is the parallel pair

RX 2 gt
ev
Example 2. We consider Beck’s pair in the state case. Let S be a the set of states, i.e., the
parameter set in the currying adjunction S x (=) - (=)°®. For the currying adjunction, the
left category is the same as the base category Set. The counit ex is the evaluation function
S x X% — X, which we shall denote by ‘e’. (We shall omit the parameter X in the notation
‘e’; when the exponent is S, we also omit it, otherwise we write the exponent as the subscript,
i.e., e4 is the evaluation function A x X4 — X for some X. We shall make that X clear in the
context.) For an algebra of the state monad, say (X, 0), Beck’s pair is the parallel pair

SS><9
Sx(SxX)” — SxX.

In both cases, from an operational point of view, the structure map 6 is not the most natural
operation in an algebra. For the control case, the operationally more natural operations are
call/cc and abort; for the state case, they are lookup and update. We may adjust the formulation
of Beck’s pair accordingly, using the isomorphism theorem in each case (Theorem, and the
isomorphism theorem, .

2The symmetry may be better seen in a larger diagram

FTUTeT
—_—
¢<FTnUT - FUTST}
FTTUT —puuT— FTUT ¢pquT~ FUT
T _ 4
<FnTU FUT
eFTUT

where 7, p are the unit and multiplication of the derived monad 7. The diagram may be further simplified and
presented as

d,
- d
—so— 0

—
[2] —di— [1] 50— [0].

—sS1— dy

d

2

The last diagram is the opposite of the simplicial category A. (We are using the A notation as in Mac Lane &
Moerdijk [30|, which is the opposite of May’s |4].) Beck’s pair corresponds to the pair do,di: [0] = [1] in that
diagram. We omit the details of the simplicial category here, as well as how exactly the two diagrams correspond.
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We get back to the examples below. In the examples, we will consider the following compo-
sition of natural transformations
eFoFf: FH — F.

Here F' is the left adjoint of a fixed adjunction, where the right adjoint we shall name by U,
and ¢ is the counit; H is an endofunctor on the base category, and f is a natural transformation
H — UF'. Tt is a basic property that the composition is the natural adjunct of f. The meaning
of the last sentence is the following: let C be the base category, and D be the left category, then
under the natural bijection of the adjunction

C(Y,UFX) = D(FY,FX) naturalinY, X,

every component of f, say fx: HX — UFX, corresponds to the composition epx o Ffx (we
take Y = HX in the bijection); also, naturality is preserved. We shall not explain the details
here, as the statements can be easily checked by routine calculations. Readers who find the
above description too abstract need not be put off; in each examples we can carry out concrete
calculation of epx o F'fx, which may be conceptually easier.

We shall now get back to the examples, and consider Beck’s pair for the operationally more
natural variants of the algebras, i.e., control algebras and state algebras.

Example 1 (continued). We first consider Beck’s pair for control algebras. By the isomorphism
theorem, we may consider corresponding algebras of the continuation monad. Let (X,6) be
an algebra of the continuation monad. Recall that by the decompose construction (, the
corresponding call/cc and abort operations are given as

B = 6 o drinker

« = 6 o const.

Then we may adjust the formulation of Beck’s pair as follows:

X
R drinker RXR
RY x
RX — 3 RE"
ev \
Rconst RR

That is, we post-compose R 4ker and Rt to the pair, making it a span of parallel pairs. For
R?, the post-composition results in R?, R*. We then consider the post-composition to ev. We
recall that ‘ev’ here is the counit epx if we work in the opposite category. Also, the natural
transformations we would like to post-compose, namely Rker and Rt are the results of
applying the left adjoint R(~) to the corresponding natural transformations, if we work in the
opposite category. Thus we are composing morphisms in the form

EFX Ofol FHX — FUFX,

and the basic property mentioned above applies. (The endofunctor H is X R* in X for ‘drinker’,
and the constant R for const.) The adjunction here is the self-adjoint R, or we may call it the
swapping adjunction. The natural bijection of the adjunction is the following operation: from
a function f: Y — RX that takes two arguments consecutively, produces an alternative form of
the function, f’: X — RY, where the order of the two arguments are swapped, i.e.,

flyx = fay.
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The bijection is the same in both directions. We shall fix the prime sign (') as the notation for
this natural bijectionﬂ Then, by the basic property, we have

) ] ,
Rdrinker o oy — drinker

R8st ey = const’.

Readers who prefer concrete calculations may try the following. Let A be any set, and f be a
function A — RRX, we can show that, for any k € RX and a € A,

(Rfoev)ka = fak.

The equalities about ‘drinker’, const and ev result in the following diagram, which is Beck’s pair
for a control algebra (X, 8, «):

w R
/d'rinker/
RX o
\R
o RE.

const’

(We have kept the spanning pairs on the right side of R¥, because we would like to reserve the
left side for the equaliser. We will describe that later.)
(End of Example 1)

Example 2 (continued). Let us consider Beck’s pair for a state algebra (X, ¢, (). Here ¢ is the
lookup operation, on X*, and ¢ is the update operation, on S x X. We start with an algebra
of the state monad, say (X, 0). There are also compose and decompose construction in the state
case, which are similar to the control case. We define a function ‘presv’ (for ‘preserve’) as follows:

presv: X% = (S x X)%, N — As.(s,Ns).

The intended meaning is that the function preserves the input state. We also write ‘const’ for
the constant function S x X — (S x X)* E| Then the decompose construction is defined as

& = 0o presv (4.2)
¢ = 6 o const. (4.3)

Then we can obtain Beck’s pair for the corresponding state algebra as follows, by pre-composing
a cospan of S X presv, S x const to the parallel pair:
S x XS S X presv
Sx6
Sx (SxX)S P S x X
e

S X (S X X) S X const

For S x 6 in the pair, the pre-composition results in S x & and S x (. We then consider the
pre-composition to e. It shall be obvious that we are again composing morphisms in the form

erx o Ffx: FHX — FUFX,

3A rather convenient aspect of the notation is that we have f”/ = f by definition.

4Qur convention for omission in the state case has the same rationale as in the control case; but since the state
case is about power (i.e., (—)°), whereas the control case is about exponential (i.e., R(7)), the actual rules are
different. For the constant function, we shall always omit the base set (S x X in this case); when the exponent
is S, the set of states, we also omit that, otherwise we write the exponent into the subscript.
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and the basic property mentioned above applies. (This time the endofunctor H is X for ‘presv’,
and S x X for const, both in the variable set X.) In this case, we are interested in the following
natural bijection, as given by the adjunction:

o

Set (A, (S x X)%) — Set(S x 4, S x X).

It is the uncurry operation. For any function f: A — (S x X)®, we shall write f~ for the
uncurried form, i.e., for any s € S and a € A,

f7(s,a) = fas.
Using the notation, we may write the pre-composition as

eo (S X presv) = presv_

eo (S X const) = const ™.

Thus we obtain Beck’s pair for a state algebra (X, &, () as the following cospan of parallel pairs:

S x XS Sx¢
presv
Sx¢ SxX.
S X (S X X) 4nst_

(End of Example 2)

2 Continuations, determined elements, and the coequaliser
of Beck’s pair

Let f be a function X — Y. We have the functional
R®': RR" 5 RR”

whose explicit formulation may be calculated as follows. Recall that the functional R : RY —
RX is the operation ‘precompose with f’ (see Exercise, for some explanation). Then for any
N e RRX, we calculate that

R¥N=NoR/
= AR (N oR)j
= Me€RT N(j o §).
We may again consider RE as a functional. We define

RRX
b

ty = REC . vX o (RE)

that is, for any f € YX,

RX Y
ty f = R® = ANSE™ \j€R N(jo f). (4.4)
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We shall call this functional the internal functor (of the continuation monad) in Y. E| As a
convention, when the base set Y is the result set R, we may leave it out in the notation, i.e., t is
a functional R®* — RE" for some parameter set X. This is consistent with the convention we
have been using, say, in the notation ‘ev’.

Theorem 1. Let (X, 0) be an algebra of the continuation monad. Continuations from the algebra
form the equaliser of the parallel pair

X X
R, (evig, " ot): RX = RE" .
Proof. By definition, continuations from (X, #) are homomorphisms (X, 6) to the result set al-

gebra R. That is, they are function k: X — R such that the following diagram commutes:

RrRF R
RX £, RR

Ol J{evidR

X —* R

The diagram may be written as an equation
ko6 =evig, ORRk.

We may rewrite the equation as follows. The left hand side may be reformulated as Rk, i.e.,
precomposing k with 6. The right hand side may be reformulated as ‘post-composing RE" with

y .
€Vidg 'y 1.€.,
X

evia, B (R = evia BT (6k) = (evia, B o t)k.
Therefore the set of continuations may be expressed as
(ke RX | R% = (evia, ™" o t)k 1.
That is exactly the equaliser of the parallel pair
R, (evia, ™ o t): RX = RF" 0

For any algebra of the continuation monad, say (X,#0), let us write ctn(X, ) for the set of
continuations from the algebra. Then the above theorem states that the diagram

ctn(X,§) —s RX i RE™

5T am thinking in enriched category theory here for the terminology. By an internal functor, I mean the natural
transformation that comes with an enriched functor. Here Set is self-enriched, and the exponentials are internal
homs. This notion of internal functors does not seem to receive a name, although it certainly deserves one; for
example, the notion is unnamed in the classical text by Kelly |63]. Given that we have three essentially equivalent
ways to formulate enrichment, i.e., the enrichment itself, by tensors, and by cotensors, I feel that it would be good
that the equivalents of the internal functors all bear the same base name, and distinguished by some modifiers. For
example, I am tempted to call the notion of internal functors in the three settings by functorial strengths, tensorial
strengths (as conventional), and cotensorial strengths, respectively. Also, as before, we leave the parameter set X
implicit in the notation, and reserve the subscript for the base set (Y in the case of the definition). See footnote

@ [@ for the rationale.
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is a coequaliser diagram. However, a more transparent way to read the theorem, is that the
coequaliser diagram is the internal description of continuations from the algebra (X,0), in the
sense that such a continuation is a homomorphism to the result set algebra. The term ‘internal’
is taken from enriched category theory. Here we consider Set as a self-enriched category, and
consider sets . .
R R R
RX, (RFH®" and RE
as the internal presentations of the homsets
Set(X,R), Set(RE",R®") and Set(RE",R)

respectively. Thus the morphism ctn(X,6) — R¥X in the equaliser shall be understood as a
forgetful map, which forgets that the continuations are homomorphic. We shall show that the
above coequaliser diagram is exactly the coequaliser diagram of Beck’s pair at the algebra (X, 6).
The formulation of Beck’s pair only refers to data related to the adjunction and an algebra;
however, in this case, the coequaliser diagram suggests we work in the mindset of enriched
category theoryﬂ

From here it only takes a small step to arrive at Beck’s pair. We note that the composition

X X
eviq RRR ot in the equaliser diagram may be reduced to the evaluation function ev: RX — RE™,
We may see that by the following calculation. For any k € R,

RrEX

X
(evidR o t) k= eVidRRR (tk)

=evigzo tk

X
= ANEE" (eviq, 0 tk)N
= AN.tkNidg (%)
— AN.Nk

= eVg.

Step (x) applies the definition of t, eq. (4.4). With the equality, we may redraw the equaliser
diagram as

RRY

RB
ctn(X,0) — RX —= R (4.5)

That is exactly the coequaliser diagram of the corresponding Beck’s pair, in the opposite category.
Let us phrase it as a corollary.

Corollary 2. For any algebra of the continuation monad, continuations from that algebra form
the coequaliser of the corresponding Beck’s pair. [

Let us wind back to the homomorphism diagram

RF R
RX Ly RE

Ol lev;dR

X —* R

There is a different reading of the diagram. We can show that, in the category of algebras of
the continuation monad, the result set algebra is initial. Thus the diagram describes a global
copoint: the continuation k picks a global copoint from the algebra (X, ), in the category of
algebras.

60bviously this is due to the adjoint R(~), which is about exponentials. Nevertheless, it still caught me with
surprise when I first saw it.
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Theorem 3. The result set algebra is initial in the Filenberg-Moore category of the continuation
monad. In particular, for an algebra (X, 0) of the continuation monad, the unique homomorphism
from the result set algebra is the abort operation in the corresponding control algebra, i.e.,

a = 0 o const,

as given by the decompose construction (pr5)).

Proof. We first show the necessity, i.e., if there is ever a homomorphism from the result set
algebra to an algebra of the continuation monad, then it can only be the abort operation of the
corresponding control algebra. By the isomorphism theorem (7 a function is homomorphic
between algebras of the continuation monad if and only if it is homomorphic between the corre-
sponding control algebras. In the case here, if a function f: R — X is homomorphic between the
monad algebras, then it is necessary that it is abort-homomorphic between the corresponding
control algebras. By definition, the latter means the diagram

R

VAN
R—— X

has to commute. It follows that f = «. Thus if there is ever a homomorphism from the result
set to the algebra (X,6), then it has to be the abort operation a. We now show that « is
homomorphic. This homomorphism requirement can be given as the diagram

eVidRJ/ lt‘)

R—— X.
By normalisation of abort (, we may write the lower-left leg composition as
6 o const o eviqy.

By normalisation of abort and the multiplication law, we may right the upper-right leg compo-
sition as

0 o Rconst'

We only need to show that the factors before ¢, namely const o eviq, and RC"“St', are equal. We
calculate that, for any N € RE™ and k € RX,

(const o eviq, ) Nk = const(evia, N)k

= const yiap k

= Nidp
and

R™Y Nk = (N o const’) k

= N(const'k)

= Nidg.
Thus const o eviq, and Reonst’ are equal, so are their pre-compositions to 6, and the homomor-

phism diagram commutes. Therefore the abort operation « is a homomorphism from the result
set to the algebra (X, 6). O
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How about the state case? In the state case, the notion that plays the same role as continu-
ations are determined elements. We shall assume the set of states, S, has at least one element.
However, we won’t use that assumption until we prove that the set of determined elements is the
coequaliser of Beck’s pair (Theorem .

Definition 2. Let (X, ) be an algebra of the state monad. A determined element of the algebra
is an element = € X such that for any state s € 5,

((s,z) = x.

Here ( is the update operation of the corresponding state algebra, defined as ( = 6 o const: S x
X — X, as given by the decompose construction (Eq. (4.3)), p95). We shall write de(X,6) for
the set of determined elements of that algebra.

Operationally, a determined element is an element that won’t be changed when preceding
with updates. By the consecutive update law

C(S,C(t,m)) =((t,x) foranys,t€ S and z € X,

any updating element ((¢, z) is determined. In fact, they are all determined elements, as we shall
briefly describe below!']

We first describe the set of determined elements by a universal property. In order to do that,
it is convenient to have the following variant of an equaliser.

Definition 3. Let F' be a functor. We shall call its domain the base category, and its codomain
the target category. Let X be an object in the base category, and, in the target category, let A
be an object, and a,b: FFX = A be a parallel pair of morphisms.

(i) In the base category, let Y be an object and f: Y — X be a morphism. We say that (Y, f)
equalises the pair a, b under F (or F-equalises the pair), if F'f equalises them in the target
category (see the diagram below);

(ii) In the base category, let E be an object and e: E — X be a morphism, we say (E, ) is an
equaliser of the pair a, b under F (or an F-equaliser of the pair), if it is terminal among
(Y, f) that equalises the pair.

A diagram that depicts the definition is as follows, in the target category:

Fy — ™ L px == 4
C P -
Fu 4 Fe
FE

(The unusual positioning of the equaliser and the equalising morphism is on purpose. That
arrangement fits better with our later diagram in the state case.)

We will look into the set of determined elements as an example; but before that, it is useful
to note the following equivalent description, when F' is a left adjoint. In that case, the definition
can be phrased succinctly by equalisers in the usual sense. Suppose F' has a right adjoint, say
U, and let ¢ be its defining natural bijection, from the left category to the base category to be
specific. Then, using the same notation as in the definition,

"The consecutive update law can be easily proved, using normalisation of update, and the multiplication law
of an algebra of the state monad. Obviously this is aided by the isomorphism theorem in the state case.

100



(i) (Y, f) equalises a parallel pair a, b under F if and only if it equalises the parallel pair under
the natural bijection, i.e., pa, pb: X = UA, in the usual sense (see the diagram below).

(ii) (E,e) is an equaliser of the pair under F' if and only if it is an equaliser of the parallel pair
under the natural bijection, in the usual sense.

A diagram that depicts the equivalent formulation is as follows, in the base category:
f _re,
— X T/ UA

;\ " /!e »b
E

We now describe the set of determined elements as a universal object. Let us write ‘pr’ for
the projection S x X — X (as usual, we omit the parameter set X in the notation). Let (X, 6)
be an algebra of the state monad. We have in mind the following guiding diagram, which will
be justified below:

Sx¢

¢
Sx (S xX) SxX —3X. (4.6)

N pr
Sxm N\ /S‘xz‘

S x de(X,0)

Here ( is the update operation of the corresponding state algebra, and i is the inclusion de(X, ) C
X.

Theorem 4. Let (X,0) be an algebra of the state monad. Then de(X,0), the set of the deter-
mined elements, (together with the inclusion to X ,) is the equaliser of the pair
¢
SxX =X
pr

under the left adjoint S x (—). As usual, ¢ is the update operation of the corresponding state
algebra.

Proof. By definition, the set de(X,0) is

{z e X | ((s,2) = pr(s,z)
for any s € S}.

Then the universal property is obvious. O

Theorem. The update operation  equalises the parallel pair (,pr: S x X = X under the left
adjoint S x (—).

(Confer the guiding diagram before the previous theorem.)

Proof. This is exactly the consecutive update law: for any s, t € S and = € X,

C(S,C(t,x)) = ((¢t,x). O

By the previous theorems, we have obtained the guiding diagram (4.6)); given that the set
of determined elements is the equaliser under S x (—), there is a unique function from S x X
to that set, and by 7 we refer to that mediating function (following Beck in his monadicity
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theorem, which is for adjunctions in general). The explicit description of 7 is simple: it is the
same function as ¢, except for a different codomain (or we may say 7 has the same graph as ().
Now let us curry the guiding diagram, to obtain

¢ BN
SxX X — XS.
Tr\\\,i /z( P

de(X, 0)

Here ¢ and prt are the curried form of the corresponding functions. By our general comments
after the definition of equaliser under a functor, we know that this is an equaliser diagram of
de(X, 0), together with its universal property applied to the update operation ¢. At this point
we can finally exhibit the full picture. It is a diagram in Set (both the base category and the left
category), obtained by pre-composing with the corresponding Beck’s pair (Example :

Sx6 ¢t
Sx(SxX)S$XS><X < X = x5 (4.7)
N S

de(X,0)

As readers may expect, the only missing fact from the diagram is the coequaliser of Beck’s
pair, as stated in the following theorem. (This is documented in Métayar [61].)

Theorem 5. Let (X,0) be an algebra of the state monad, and 7: S x X — de(X,6) as the
function defined as above. Then de(X,0), the set of determined elements, together with m, form
a coequaliser of the corresponding Beck’s pair.

Before proving the theorem, we need two lemmas.
Lemma 6. The update operation ¢ of the state algebra coequalises the corresponding Beck’s pair.

(See the above full picture for a diagram.)

Proof. Normalise the update operation, then apply the multiplication law. (Compare this with
the proof that the abort operation of a control algebra is a homomorphism from the result set
algebra to that control algebra. It is the latter part of the proof to Theorem [3 ‘the result set

algebra is initial’, g99]) O
For any sg € S, we denote by ‘tagsg’ the tagging function
X—>8xX, xze (sg,).

As a benign abuse of notation, we shall also denote by ‘tagsg’ the composition

de(X,0) — X e

(inclusion)

Sx X.

Lemma 7. Let sg € S. We have the following split coequaliser diagram:
Sx6
Sx(SxX)® —=23 9xX

tMt A\\t
tag so de(X, ).

In the diagram, we have placed sections (in curved arrows) next to their corresponding retracts.
The set that is not presented in the composition tagsg o const is (S x X).
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Proof. Since m and ( are essentially the same function, by the previous lemma, we know that m
also coequalises Beck’s pair. Then it remains to show that

(i) tagso is a section to m;
(i) tagso o const is a section to e, and

(iii) The following diagram commutes:

Sx(SxXx)5 220 9x x

tagspo constT Ttag S0

S x X —5— de(X,0).

These are all routine calculation. For the commuting square in we need to note the decom-

posing construction (Eq. (4.3), p95). O

We forget about the splitting structure, then obtain Theorem [5| i.e., for an algebra of the
state monad, the set of determined elements is the coequaliser of Beck’s pair. Early in the
explanation, we mention that every updating element ((s, z) is a determined element (H100] ‘the
consecutive update law’). We can now complete the other half of the statement. By being the
morphism in the coequaliser, 7: S x X — de(X, ) is surjective, thus updating elements are all
determined elements. (This is also in Métayer’s note.)

Finally, we explain the viewpoint that determined elements are global points of the algebra.
We note that the parallel pair

C+
X —/— X5,
prt

is isomorphic to the parallel pair

(S x X)5x1 .
% RN

X! X0 X5%1, (4.8)

Here 1 is the terminal object, i.e., the singleton set; () is the unique morphism to 1, i.e., the
empty tuple; and t is the internal functor of S x (—), defined as

Au.z = A(s,u).(s, ).

The equaliser diagram of the latter parallel pair is the internal formulation of the set, consisting
of all global elements x: 1 — X such that the following diagram commutes:

Sx1 2% g% X

al Ik

11— X,

We note that 1 is the terminal algebra with the evident operations (all being the unique mor-
phism ()). Thus the commuting of the above diagram means z is an update homomorphism
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from the terminal algebra to the algebra (X,0). On the other hand, the corresponding lookup
homomorphism diagram is

15 =22, xS
0] I
1 —2 5 X.

The diagram commutes for any global point z. Thus a coequaliser of the parallel pair is
the set that consists of all global points x in Set, which is a homomorphism from the terminal
algebra to the algebra (X, 0). In other words, such a set is the set of global points of the algebra
(X, 0) in the category of algebras. We have proved the following theorem:

Theorem 8. For any algebra of the state monad, determined elements are in bijection with
global points of the algebra in the category of algebras. [
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Chapter 5

Conclusion

1 A summary of the thesis

We shall first review the main results of the thesis. We have begun the work by raising the
following research problems:

Research Problem 1. Find suitable equations for control operators call/cc and abort. Such
equations should characterise the control effect presented as the continuation monad, much like
how equations of state algebras characterise the state effect.

Research Problem 2. Study monadicity in the cases of state and control. We shall
(i) Identify common structure of the monadicity arguments.

(ii) Pay attention to data. More specifically, we consider Beck’s pair (to be explained below),
and possible operational interpretation of it.

We have solved research problem 1, and made some progress on research problem 2. For research
problem 1, our answer is the definition of a control algebra (Deﬁnition also see . The
definition is justified by the isomorphism theorem ( The significance of the definition is that,
it is formulated using natural control operators, namely call/cc and abort, while it is equivalent
to algebras of the continuation monad. Control algebras play the same role for the continuation
monad as state algebras do for the state monad. Historically, Plotkin & Power discover the first
formulation of state algebra due to their emphasis on operationally natural operations [53]. Here
we do the same for the continuation monad, although less emphasis is put on Lawvere theories
compared to their approach. (This is partly due to technical reasons; see the Lawvere theory
section ( in the introduction chapter for more details.)

Apart from the definition of control algebras and the isomorphism, I would like to mention
the homomorphism viewpoint of continuations as a piece of contribution. This viewpoint is
suggested in the two contextual homomorphism laws in the definition of a control algebra. Using
it to interpret programming language structures works well. (We have not shown such examples
in this work, but readers may try to interpret Levy’s call-by-push-value with letstk and changestk;
in particular, the type of a control identifier may be interpreted as the set of continuations from
the corresponding algebra.) As readers can easily see, I consider this viewpoint important, thus
phrasing it as a principle, and eventually define continuations this way (Definition .

The second research problem is more open in nature. What we have done here is to identify
the set of continuations as a signature object in terms of monadicity. By that we mean, for an
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algebra of the continuation monad, the coequaliser of Beck’s pair is exactly the set of continuation
from that algebra. Similarly, in the state case, the signature object in terms of monadicity is
the set of determined elements. This is already noticed by other researchers (Métayer [61] for
example, although not giving such elements a name). These signature objects encourage us to
pay attention to data involved in categorical statement, especially in application. Besides, we
also notice the global copoint description of continuations and the global point description of
determined elements. The similarity between the two descriptions is evident. It may be seen
as an instance of commonality of state and control, from the monadicity perspective. This is
one attempt to look for commonality between the two effects; one eventual goal of the effort
is to gather enough ingredients to understand algebras defined by control operators letstk and
changestk (or similarly, catch and throw).

In the global copoint and global point description, relevant diagrams are read as internal
descriptions of some homomorphism condition. I think this is a notable fact. It suggests, gener-
alisation of the description may need to use enrichment.

Let us collect the important results below. At this point, we may have more freedom in the
formulation and explanation, which may not be available earlier.

Definition. A control algebra is a set X together with functions

B xR x
a:R—X

such that three equations, namely the unit law, the contextual call/cc-homomorphism law, and
the contextual abort-homomorphism law hold. The precise formulation of the laws are as follows:

(i) For any z € X,
x = PBlaocev,). (the unit law)

(ii) For any C € xr*" , and under BAKER™ (=),

koB=koevxy. (the contextual
call/cc-homomorphism law)

(iii) For any ¢ € X", and under SALEE™ (-,

koa=1idg. (the contextual
abort-homomorphism law)

In the definition, the operation § corresponds to the call/cc operator, whereas the operation
« corresponds to the abort operator. The unit law here is exactly the unit law of an algebra of
the continuation monad; this can be readily seen from the compose construction, which gives the
structure map 0 = B(a ) (—)) from the two operations. In the other two laws, S k.C(—) and
BAk.(—) are contexts of the equations; it means when interpreting the equality in a law, we
shall first wrap both sides of the equation with the corresponding context. (See Definition
for the full forms.) The key parts in those two laws are about the homomorphism condition. In
particular, if the contexts were removed, then the equalities state the following homomorphism
diagrams:

RX kRk RE
X" —— R

R
T A
X —% 4R
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The diagrams require that k& be both call/cc-homomorphic and abort-homomorphic. However,
we do have contexts in the laws, thus the way to read them is that under those contexts (which
declare k), k may be seen as call/cc- and abort-homomorphic. That is how the names of the
laws come to be.

We note that there are following similarities between equations of a control algebra and of a
state algebra: they each have a unit law that is the same as that of the corresponding monad
algebra; in the other two laws, one is about the copying operation, i.e., call/cc and lookup, and
the other is about the discarding operation, i.e., abort and update. However, what is interesing
is the difference: for a control algebra, it is the call/cc operation that appears in both non-unit
laws, whereas for a state algebra, the common operation is update. Now with the experience in
contexts, we may look at the defining equations of a state algebra in a different way. Recall that
the update-lookup and the consecutive update laws are as follows:

We may rephrase them in the following way:

(i) For any s € S, and under ((s, —),
& =evs.

(ii) When restricted to elements (¢, x) (i.e., the updating elements),
¢=pr.

Isn’t that close to how we would explain to a colleague, say in a short walk? In words, expresses
that after an update, a lookup feeds the new state to its subterm; expresses that, prior to
an update, any update works as if it discards the accompanying state (i.e., the update becomes
useless). This new formulation is in the same spirit as the two contextual homomorphism laws, in
the colloquial form. In the control case, we describe the k in S Ak: it behaves like a continuation;
in the state case, we describe the update operation: what happens if we lookup afterwards, and
what happens if we update before.

One remarkable aspect of the control algebra definition is that it carves out the set of continu-
ations from a rather coarse description of it (R*). This feature makes it particularly interesting.

The definition of control algebras is justified by the isomorphism theorem (p81)):

The isomorphism theorem. The category of control algebras, and the Eilenberg-Moore cat-
egory of the continuation monad, are isomorphic; the isomorphism is given by the compose and
decompose constructions (Definition [i] p74)).

In its proof, the step that once posed most difficulty was the diagonalisation principle (p87):

The diagonalisation principle. Let (X, ) be a call/cc magma. It satisfies the diagonalisa-
tion principle if the following implication holds: For any v, w € (X RX)RX7 if for all j € R, and
under Bk €RY . (=)jk,

then under Bk SR (=)kk,
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However, as the quote says, ‘In mathematics, it is either unknown or trivial.” I probably will
not make a fuss about it now, but I still think it is a key step in the proof of the isomorphism
theorem. Also, readers should keep in mind that they can use the two contextual homomorphism
laws in quite a liberal way; namely, the open variables of the laws can take a parameter k that

is bound in the context (the parameterised laws: p38|).
Our results related to monadicity are the following.

Theorem (Corollary . For any algebra of the control monad, the set of continuations is
the coequaliser of the corresponding Beck’s pair.

Theorem ( A continuation from an algebra of the control monad is a global copoint of the
algebra.

Theorem (p104)). A determined element of an algebra of the state monad is a global point of
the algebra.

There is a minor aspect that I would like to mention in passing. When R has at least two
elements, the exponential functor R(~) is monadic. We have

ctnRA= A and R0 = (X ¢)

for any set A and any algebra of the continuation monad, (X, ). Here we write R* for the
(algebra of the continuation monad that corresponds to the) intrinsic control algebra in A, and
ctn(X, 0) is the set of continuations from (X,0). By the two isomorphisms, it seems justified
to understand ctn(—) as logarithm. It would be good if we can write ‘log’ for that, and the
isomorphisms

logR* >~ A and R0 ~ (X ¢)

looks so much more natural. Similarly, when S has at least one element, the power functor (—)°
is monadic, and we have

deAS = A and (de(X,0))" = (X,0)

for any set A and any algebra of the state monad, (X,6). Here A° is the algebra given by the
comparison functor from (—)“, which we may as well call it the intrinsic state algebra in A;
de(X, 0) is the set of determined elements of the algebra (X, 0). It seems justified to understand
de(—) as the S-th root. It would be so much more natural if we can write

YA5>~A and (X0 =(X,0).

2 Future work

Algebras of letstk and changestk As we have mentioned in the introduction chapter, we
consider the definition of control algebras as a stepping stone towards our eventual goal, which is
to define the algebra of the letstk and changestk operations (in Levy’s setting), or the catch and
throw operations (in Crolard’s setting). As explained in the introduction, the difficulty lies in the
fact that a definition of such algebras shall never mention the result set R. The consequence is
that equations that take place of the contextual abort-homomorphism law must inevitably draw
in other such algebras. That means we may have to define all such algebras together, rather
than defining each one separately. Here is my first attempt.

Definition. The category of stateful control algebras consists of
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(i) A cartesian-close category C,

(ii) Two functors
H:CxC—C E:CxC®—=C

(iii) For any Y, X in C, a morphism

CY,X: EYY —- X

(iv) Pairs (X, 8) where X is an object in C, and S is a morphism
HXX — X.

The pairs should satisfy suitable equations involving the set X, the morphism £ and mor-
phisms (y, x.

We think H as the functor HX X = XRX7 and F as the functor EXX = X x RX. A solution
to the problem should open a door to the modelling of more subtle control behaviours.

Properties of call/cc and abort During the investigation of control algebras, I get the
impression that they are of considerable depth, and there seems many remarkable properties yet
to be documented. For example, here is one:

Theorem. Take any control algebra, say with carrier X and the call/cc operation 3. For any
N, M € XRX, if they are identical on continuations from the control algebra, then BN = M.

Apart from those properties, there are some simple definitions and facts that I have to left
out here due to a lack of time. Among those are combinations of call/cc and abort, and a
normalisation theorem. As we mention in passing, combinations of call/cc and abort are unlike
combinations in the state case; combinations of call/cc and abort are tree-like, rather than word-
like. Nevertheless, we can still prove a normalisation theorem as in the state case. The theorem
states that any combination of call/cc and abort can be normalised into the one given by the
compose construction, and in a unique way. This should be an universal method in showing that
some equation about call/cc and abort does hold. Other than that, the normalisation theorem
is also interesting from the perspective of algebraic theory in general.

Generalising control algebras to categories other than Set We have developed the theory
of control algebras in Set. It can be readily seen that most of the calculations only need cartesian-
closedness to work out. We hope that control algebras can be generalised to other categories,
say, the category of cpo’s, so that recursion can also be included.
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