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Abstract

This Thesis is concerned with the qualitative properties of nonlinear non-local reaction
diffusion equations. We begin by establishing minimum and comparison principles for

solutions to inequalities involving the integro-differential operators

Plu] = Z 0,2, U + Z b0y, u + cu + dJu — dyu, on Qp,

ij=1 i=1

and

Qlu] = Z ijOpia;u + f (-, Vu,u, Ju) — du, on Qr,

ij=1
respectively, with Ju denoting the convolution of v with an appropriately chosen integral
kernel . The minimum and comparison principles are established under a variety of
assumptions on the coefficients a;;, b;, ¢, d and growth/decay rates of u. Next, we demon-

strate that the Cauchy problem associated with
Ou = Au+ f(u,Ju), on Qr,

is well-posed, locally in time, when the nonlinear non-local term f is locally Lipschitz
continuous. Additionally, we prove the existence of solutions when f is locally Holder
continuous (obtaining the existence of maximal and minimal solutions when f is assumed
to be non-decreasing with respect to Ju). Afterwards we treat the non-local analogue
to a problem arising from fractional-order autocatalysis (by taking f(u, Ju) = (Ju)%, for
p € (0,1)) and show its well-posedness (locally in time). We accompany our analysis
with numerical simulations, demonstrating the conditional converges of the finite differ-
ence scheme, and large-t asymptotics. Finally, we consider potential generalisations and

extensions of the results presented in the text.
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LIST OF SYMBOLS

The following list describes the notation that is used within the body of this document.

Here, X denotes a subset of an n—dimensional Euclidean space, with its elements denoted

by (z1, 2, ...

]

Vu, Au

HUHLoo(X)
||u||LP(X)
Hunkm(X)

el x)

Whee(X)

, Tp), unless stated otherwise.

(>, |x7;|2)1/2 for x € R™, unless specified otherwise.

Let Q be an open domain in R™. If w € C*(Q2) then Vu = (0,,u, ...,
Oy, u). If additionally u € C%*(Q), then Au = 0y, + -+ + Oy 0, U
esssup{|u|}, for u € L®(X).

(fx |u|p)%7 for p € [1,00) and u € LP(X).

>tk 105Ul oo (x5 f(l)r u € Whe(X).

(Srarce 1050l )" for p € [1,00) and u € Whe(x),

For u € WFP(X), withp € [1,00], k €N, g + -+, = || <k, and
a; € Ny (for all i =1,...,n), then, 0fu = 93! ... 03 u.

The space of all functions with domain X and codomain R.

The open ball centred at z (or Og») with radius R.

The space of all continuous functions in R(X).

The subspace of R(X) containing all Lebesgue measurable functions
with bounded essential supremum and infimum.

The subspace of R(X) containing all Lebesgue measurable functions
u € R(X) such that [, |ul’ < oo, for p € [1, 00).

The subspace of R(X) containing all functions such that for every

multi-index o = (aq,...,q,), with |ag + -+ + a,| < k, the mixed



WP (X)

Ctm(X)

C'(X)

partial derivative 02u exists, in the weak sense, with bounded essential
supremum and infimum.

The subspace of R(X) containing all functions such that for every
multi-index o = (ay, ..., a,), with |a; + - - + a,,| < k, the mixed par-
tial derivative 0w exists, in the weak sense, in LP(X), i.e. ||05u/r(x) <
oo, for p € [1, 00).

The subspace of C(X) such that 97 u(x,t) and Ofu(x,t) exist and
are continuous on X for all j < [ and k < m, with 5,k € N and
1=1,...,n.

The subspace of C(X) such that 07 u(x) exist and are continuous on

X forall j <lwithjeNandi=1,...,n.



CHAPTER 1

INTRODUCTION

Reaction-diffusion equations have been extensively used for modelling population densities
as far back as the 1930s following the works of Fisher and Kolmogorov-Petrovskii-Piskunov
(see [KPPI1]). Even though models based on these FKPP equations have been instru-
mental in providing insight on population dynamics, they do not always capture the full
picture. The study of non-local nonlinear second order parabolic partial differential equa-
tions, has attracted much attention over the past 35 years. In the pioneering works of Ei
[Ei87] and Britton [Bri90, Bri89], evolution equations containing a convolution term ¢ *u
(to account for temporal, spatial or spatio-temporal delay) were considered in the context
of population densities which evolve with observable dependence on the local population
density.

To motivate our consideration on such reaction diffusion equations, the focus of this
Thesis, we begin by formally deriving a population model (in manner extensively based
on that presented in [GVA06, Volll] and [BKUV22]). Different instances of this model
will be will be subsequently recalled in later chapters both as examples for applications to
the theory illustrated therein and as to highlight the limitations of our results. Next, we
briefly describe other types of non-local interactions present in the literature that are not
considered herein. Finally, we provide the structure of this Thesis with comments on the
novelty of the results presented, contrasting them with classical results and in particular

results that hold for local reaction diffusion equations.



1.1 A derivation of a non-local model

Consider a 2-dimensional spatial region with euclidean coordinates, (x,y) € R?. Let t >0
denote the time difference from an initial value set at ¢ = 0. Now, let u denote the density
of individuals at the point (z,y,t) € R? x [0, 00). Suppose individuals move randomly in
any direction, without bias for any particular direction. Set p(r)dr to be the probability
of an individual displacing themselves by a distance between r and r + dr, from (z,y)
during a generation which we denote by 0t > 0. We denote p; to be the i-th moment of

p(r), namely

pi = / r'p(r)dr, for i € N,
0

and we assume that for ¢« < 4 that p; is bounded; note that py = 1; denote |/p; as the
mean square displacement of the individuals during one generation.

Now, assume that the displacement of individuals, within a generation, is independent
of the rate of their birth and death. Then the local change of the population density u at
(x,y) from ¢ to t + 0t is given by

Sulz,y,1) = ( / ey 2 ') — ey 1)+ P y,w) 5, (L)

with r = \/(z — 2/)2+ (y — v/)? and F denoting the local rate of growth/decay in the
population. By further assuming that u is sufficiently smooth, we perform a Taylor

expansion of u(z’,y/,t), centred at (z,y,t), to obtain

u(@', Y t) = u(z, y,t) + (@' — 2)uy(x, y,t) + (¥ — y)uy(x,y,t)

I 2 r 2
Ty + YO

+(x —2")(y — ¥ )ugy(z,y,t) + ... (1.2)

Uyy (7,9, 1)

where we also consider third and fourth order terms. On substitution of u(z’,y/,t) in

(1.2), into (1.1), we note that the first and third order terms integrate to 0 via symmetry.



Moreover, provided that p, is much larger than p, we can neglect fourth order terms in

(1.2) and, after integrating, obtain
Ou = %Au + F(u,-) on R? x (0,00). (1.3)

The function F, for simplicity, is often considered to be independent of (x,y,t). To
incorporate core features concerning the creation and removal of the population, F' can

be expressed in the form
F(u) = (B(u) - D(w)u’, (14)

where B denotes a ‘birth’ function, D a ‘death’ function, and u*, for s = 1,2, is a
reproduction factor®.

Note that by considering s = 1, B(u) = b, the constant birth rate, and D(u) = d + ku
(with d denoting the constant natural death rate and k the increase in deaths due to
competition), (1.3) becomes the local FKKP equation, as discussed in [Volll, GVAO0G].

More generally; suppose that individuals consume resources in some neighbourhood

of the point they are located, then D can be expressed as

t
D(U,, Ty, t) =b+ k/ ’Qb(l’ - xla Y= y/at - t,)u(xlv yla t/)d‘r,dy/dtla
0 JR?

where the function ¢ shows how individuals at (z’, 4, ') influence resources at the point
(x,y,t). Recalling that the timescales of interest (e.g. reproduction, death etc.) are much
larger than the characteristic timescales of the renewal of resources, we may assume that

the influence of v is concentrated at ¢’ =t and write

w(x - l’l, Yy — yla t— t/) - SD('CE - I,7 Yy — y/)é(t - t/)v

!The values of s denote asexual and sexual reproduction respectively.




where 6 denotes the Dirac ¢ function. Substituting v, into D we obtain

D(u,z,y,t) =d+ k/ o(x — 2y —y (', t)d' dy’
R2

=d+ kJu(z,y,t), (1.5)

where ¢ denotes a non-negative summable function that takes into account the movement
of individuals around (z,y) in order to consume resources'. Assuming again that B(u) =

b, upon substitution of (1.5) into (1.3)-(1.4), we obtain
O = dAu + u*(c + kJu), on R? x (0,00). (1.6)

For s = 1, (1.6) is the non-local FKPP equation (see Remark 2.4.4) and for s = 2 a
generalised FKKP type equation (see end of Section 3.3).

Concerning the birth term, alternatively, we may take into account the search for
mating partners in a localised region by considering a non-local reproduction rate function,
given as a function Ju.

To consider more general birth and death terms, as well as more general semi-linear
terms, we focus our attention on equation (1.3), throughout this Thesis, with F' being a
general function of (u, Ju), subject to regularity requirements.

We note that non-local reaction-diffusion equations have also been used to model
many propagation phenomena that echo the situation present in the non-local FKPP
equation (see for instance ([VP09, HR14, BNPR09]). Examples include: modelling the
evolution of species and viruses (see [BBM*20, BRBV18| and the references therein);
epidemiological models (see [AH05, Rua07] and the references therein); cell migration
and tumour growth (e.g [CPSZ19, RTSG21]); Lotka-Volterra diffusion competition system

(see [HWD20, NB23] and the references therein); and many more.

1Often, ¢ is assumed to be probability density function over the entirety of the spatial domain, centred
at zero with bounded variation.



1.2 Non-local differential equations of other type &
the scope of this Thesis

Within the wider mathematical literature, there exist many instances where the term
‘non-local’ is used. Often those instances arise in the context of boundary value problems
for ordinary differential equations or partial differential equations. A non-exhaustive list
includes: problems with p—Laplacian terms which are used to model non-local diffusion
(eg. [AMRTO8]); delay differential equations (eg. [GSWO04]); differential equations with
spatially non-local non-linear terms where the non-locality is represented as average of
the function taken over the entire domain (eg. [KS18]); and, non-local Branching Markov
Processes (eg. [HK23]). We note that these topics are not considered herein.

Here, we consider non-local problems where we take spatial averages of the solution to
a reaction-diffusion equation in a neighbourhood of a point (frequently this is represented
by the convolution of the solution u with an appropriately chosen integral kernel ).
Concerning the non-local theory we treat in this Thesis, we refer the reader to [Fre98,
GSW04, TV20] and references therein as well as the concluding remarks of [Voll1] for an
in depth discussion of the historical development of this research area.

Moreover, we do not consider real-world applications of non-local reaction diffusion
equations herein. For instance, a very reasonable and frequent assumption on the integral
kernel ¢ is to be of compact support with ||p||;, = 1 (see eg. [TLZ17, BN22]). This
often arises from a modelling standpoint (eg. resources can only be gathered from a
bounded region within a time interval), and in this case ¢ usually denotes a probability
density function, centred at zero, with finite variance (assumptions one expects to hold
in a biological setting since ¢ represents the interactions of individuals close to their
neighbourhood). We will typically avoid such assumptions here as we aim to establish
results without unnecessary restrictions. As such, we use the already established non-
local reaction diffusion equations as a starting point to formulate a general theory on the

subject and illustrate it’s limitations.



1.3 Motivation and structure of the Thesis

From a mathematical standpoint, a general theory for non-local nonlinear reaction diffu-
sion equations is, at present, incomplete. In many cases, solutions to Cauchy problems
involving non-local reaction diffusion equations, can be obtained by adapting arguments
present in [Fri08] and [LSUG8| and other methods that can be utilised to obtain solu-
tions for boundary value problems for non-local reaction-diffusion equations are available
in [Voll1]. However, the lack of maximum/minimum and comparison principles in the
general case, make global bounds on solutions and global well-posedness results signifi-
cantly more difficult to establish when non-local rather than local interaction terms are
included. This motivated the investigation conducted in Chapter 2, concerning minimum
and comparison principles, and the theory concerning the well-posed of non-local Cauchy
problems that follows.

For reference, general local well-posedness results, using semigroup methods for the
existence and uniqueness of mild, strong and classical solutions, for non-local reaction-
diffusion equations, are given in [Bys91, BMT19] for problems posed on bounded spatial
domains' and finite time blow-up phenomena were considered in [Sou98]. Existence and
uniqueness of steady state solutions are discussed in [Yam15].

Before we describe the structure of this Thesis, we note that, in the introductory
sections of Chapters 2-4, we provide a detailed discussion of the results presented therein,
and, in the concluding sections, we discuss direct implications and extensions of the main
results, as well as, place the results in a wider context. The structure of this Thesis
follows.

In Chapter 2, we focus on establishing minimum and comparison principles for differ-

ential inequalities associated with the integro-differential operators

Plu] = Z ijOr0, U + Z b0y, u + cu+ dJu — Oy on Qp, (1.1)
i=1

1,j=1

IThese results motivate the analysis with non-local interactions on unbounded domains with weaker
assumptions on the nonlinear non-local term using fundamental solutions present in Chapter 3.



and

Qlu] = Z ijOpia;u + f(-, Vu,u, Ju) — du  on Qr, (1.2)
ij=1
with
Ju(z,t) = / o(x —y)u(y, t)dy, V(x,t) € Qrp, (1.3)
Q

for ¢ : R" — R and u : 27 — R appropriately chosen so that Ju is well-defined, and
a;j, bi,c,d and f appropriate functions. We start by establishing a conditional minimum
principle for integro-differential operators given by (1.1), utilising suitable weight func-
tions, which allow for distinct growth/decay rates on the coefficients. We then demon-
strate how to obtain minimum principles under certain assumptions, such as boundedness
of u and summability of the second moment of the (non-negative) integral kernel ¢. These
principles are established without regularity assumptions on the coefficients in the integro-
differential operator. Following this, an alternative approach is presented, which relies on
integral representations of solutions to integro-differential inequalities. This approach es-
tablishes a minimum principle with weaker conditions on the non-local term, but imposes
regularity and boundedness restrictions on certain coefficients of the integro-differential
operator. These minimum principles are then used to establish comparison principles for
super-solutions and sub-solutions for a semi-linear integro-differential operator, under ap-
propriate regularity assumptions. The results present here generalise previous minimum
and comparison principles established in [Vol11] (by considering a broader class of coeffi-
cients, having weaker assumptions on ¢, and generalising the result to R") and extend to
the non-local setting results and techniques present in [MN14]. At the same time, they
explore the interplay between the regularity of the coefficients of the operators involved,
the growth/decay of the solution and the integrability of the integral kernel. It should
also be noted that for all the minimum principles established in this chapter, the condi-

tion d > 0, i.e. the coefficient of the non-local term in (1.1), is shown to be necessary.

10



Consequently, for the comparison principles established, a necessary condition for f in
(1.2), is to be non-decreasing with respect to Ju. Examples are provided to illustrate the
applications and limitations of those principles. All the results presented in this chapter
are novel.

In Chapter 3, qualitative properties of solutions to the Cauchy problem for the n-
dimensional heat equation are established. These are used as motivation to establish
similar qualitative properties for solutions to Cauchy problems for semi-linear non-local

reaction diffusion equations of the type

Owu = Au+ f(u,Ju) on Qr, (1.4)

for f being a locally Lipschitz continuous function. Notably, we establish that the Cauchy
problem associated with (1.4) is well-posed locally in time, assuming appropriate condi-
tions for both the initial data and the nonlinear non-local interaction term given by f. In
particular, the existence and uniqueness of solutions to the Cauchy problem associated
with (1.4) follow from standard techniques that are utilised in the local setting (see for
instance [Fri08, LSUGS]) and we present them here for completeness. The local-in-time
continuous dependence of solutions with respect to initial data and with respect to inte-
gral kernels “close enough in the L!'-norm” is a novel addition in the literature for classical
solutions. These results are utilised in Chapter 4 where we generalise our assumptions on
fin (1.4) to be locally Holder continuous. We additionally highlight how different classes
of regularity for the initial data affect a priori bounds on solutions to the aforementioned
Cauchy problems, and their derivatives. The chapter concludes by providing higher or-
der derivative bounds for solutions to Cauchy problems for nonlinear non-local reaction
diffusion equations that are subsequently utilised for the conditional convergence of the
numerical scheme presented in Chapter 4. It should also be noted, that no assumptions
are made in this chapter on the monotonicity of f.

In Chapter 4, we first consider the Cauchy problem for nonlinear non-local reaction

11



diffusion equations, with non-local nonlinear terms given by locally Holder continuous
functions'. We establish the local existence of solutions to these problems and show that
solutions can be extended indefinitely, or, until a finite-time T; 4 x, where blow-up occurs.
These solutions are constructed from the limits of sequences of Cauchy problems where
the nonlinear terms are Lipschitz continuous and tend to the Holder continuous non-linear
term in the limit. Our approach generalises the results for the local case in [MN15a] and
require no monotonicity conditions on f. Moreover, since solutions to the Cauchy problem
are constructed via our approach, they can subsequently be utilised to obtain maximal and
minimal solutions to the Cauchy problem. Namely, under the additional assumption that
the nonlinear, non-local term is non-decreasing with respect to Ju, comparison principles
established in Chapter 2 can be applied. When comparison principles can be applied, the
local existence of maximal and minimal solutions is established (these can then potentially
be utilised to show global existence of solutions). Next, we consider an analogue to the
source problem arising in isothermal autocatalytic chemical kinetics (see [NK93]), with
the localised nonlinear term replaced by a non-local Holder continuous nonlinear term of

power-type, i.e.

Oru = Au + max{0, (Ju)}*, on Qr, (1.5)

for p € (0,1). We establish that the related Cauchy problem is locally well-posed in time,
and has a unique global solution for all 7" > 0. Since max{0, (Ju)}? in not Lipschitz
continuous for p € (0, 1), uniqueness of solutions in this case is not straightforward. We
establish the uniqueness of solutions via a problem-specific comparison principle, under
sufficient assumptions on the initial data and the integral kernel (based on the approach
in [AES87] and a similar analysis in [MN15a]). We compliment this analysis with a finite
difference approximation to the above problem. This finite difference approximation is
shown to satisfy appropriate bounds; and, be conditionally convergent as the mesh spacing

tends to 0. We utilise the numerical scheme to illustrate the consistency of a concise

T.e. (1.4), with f being locally Holder continuous.

12



large-t asymptotic approximation for solutions to the Cauchy problem associated with
(1.5). The large-t approximation is based upon a linearisation around the lower bound
for solutions to the Cauchy problem and the method is further used to infer conditions
for the global well-posedness for the Cauchy problem associated with (1.5). From the
large-t approximation we infer information pertinent to global in time well-posedness of
the Cauchy problem. All results in this chapter are novel.

In Chapter 5, we conclude with a discussion of potential extensions to the results

established throughout Chapters 2-4, that were not considered therein.

13



CHAPTER 2

COMPARISON PRINCIPLES FOR A NONLINEAR
INTEGRO-DIFFERENTIAL OPERATOR

2.1 Introduction

In this chapter we consider integro-differential operators, of second order linear parabolic
partial differential type, with nonlinear terms of semilinear type, which include non-local
zeroth order quantities; which we will henceforth refer to as ‘integro-differential operators’
for brevity.

We begin by providing a conditional minimum principle, conditional on the existence
of any suitable weight function, which is then used to establish minimum principles with
growth/decay rates on solutions of integro-differential inequalities involving (2.2.4). These
extend the results in [MN14] by taking into account non-local terms and more general
bounds on coefficients. This is achieved with the use of appropriate weight functions that
allow for distinct growth/decay rates on the coefficients in (2.2.4) and ¢ in (2.2.1). Next,
we demonstrate how one can obtain minimum principles under the assumptions that wu is
bounded and the second moment of ¢ is summable, extending the result in [Voll1l, Ch.
9]. These minimum principles are established without regularity assumptions on the coef-
ficients in the integro-differential operator (2.2.4). Using an alternative approach, relying
on integral representations of solutions to integro-differential inequalities, we establish a

minimum principle, where the condition on the non-local term is reduced to the kernel

14



being summable, albeit at the cost of imposing regularity and boundedness restrictions
on a;j, b; and ¢ in (2.2.4). This complements the aforementioned results.

Using these minimum principles we establish associated comparison principles for
super-solutions and sub-solutions for the operator in (2.2.5), under appropriate assump-
tions on the regularity of f. We then contextualise our results with two examples, which
demonstrate: the limits of; and how to apply, the minimum principles and comparison
principles discussed herein. These minimum and comparison principles, as presented here,
are utilised in Chapters 3 and 4 to obtain bounds on solutions to reaction-diffusion equa-
tions that are then used to prove the local in time well-posedness of the Cauchy problems
associated with them. To conclude, we place our results in a wider context, and, comment

on potential extensions.

2.2 Preliminaries

Let 2 be an unbounded domain of R™. In relation to €, for any 7' € (0, 00), we denote

the following sets:

Qr=0x(0,7] and 0Qr = (2 x{0})U (02 x (0,7)).

The open ball in € of radius R > 0, with respect to the euclidean norm, centred at
zo € Q (g = Ogn) is denoted by BE (Bf). We denote the closure of Q7 as Qr. Here,
(x,t) = (z1,...,2n,t) € R" x [0, T] denotes an (n+ 1)—dimensional vector. Moreover, we
denote (-, -) to be the euclidean inner product in R™ and | - | to be its induced norm.

For o € (0,1], and X C R™ x [0, 00), the set H,(X) denotes the set of all u € C(X)

that satisfy the spatial Holder condition

|u(zy,t) — u(wg, t)| < kg lxy — 22|* for all (z1,t), (z2,t) € X

for some constant k, € [0, 00).

15



We also define the following sets and operators that will be used throughout this

chapter. For a measurable function 6 : Qp — (0, 00) we define
Eo(Qr) ={u:Qr > R:ub € L=(Qr)}.

Moreover, for any summable ¢ : R® — [0,00) we define the integral operator' Jp :

E@(QT) — LOO(QT) given by
Jou(z,t) = /Q@(x — )0y, t)u(y, t)dy V(x,t) € Qpr and u € Ep(Q7). (2.2.1)

Furthermore, let L : C*'(Q7) — R(Qr) be a second order linear parabolic partial differ-

ential operator given by

Llu] = Z ijO;z,U + Z b0y, + cu — Qyu on Qp (2.2.2)

i,j=1 i=1

for all uw € C*'(Qr) with a;;, b;, ¢ : Q7 — R such that:

Awin [n]* < Z aijnin;  on Qp, Vn € R, (2.2.3)

1,7=1

for some constant A, € [0, 00). Following (2.2.1) and (2.2.2) we define a linear non-local

integro-differential operator Py : C*(Qr) N Ep(Qr) — R(Qr) to be
Pylu] = Z 3Oz, U + Z biOp,u + cu + dJgu — Oyu := Llu] +dJyu on Qp, (2.2.4)
ij=1 i=1
for allu € C*1(Qr)NEy(Q7) with d : Qr — [0,00). When 6 = 1 we adopt the conventions:

Jiw=Ju and Pifu] = Plu] on Q.

The motivation of using this auxiliary function € is to obtain the contradictions neces-

Note that, if 2 = R", then Jyu denotes the spatial convolution product ¢ with (6u).
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sary to establish minimum principles. Moreover, we note that with the exception of the
conditional minimum principle in Lemma 2.3.1, the function # is only used in the proofs
and not in the theorem statements and plays no role in the statement of the results.
However, we include 6 here, in the operator in (2.2.2), so that the domain of definition of
the operator, is at all points clear.

For comparison principles we will also consider the semi-linear analogue of Py, namely

Qolu] = Z ijOpia;u + f(-, Vu,u, Jou) — Ou on Qr (2.2.5)

ij=1
for u € C*1(Q7)NEy(Q7), with f: Qp x R"™? — R. The function f satisfies a constrained
local Lipschitz condition in u (and analogously in v or w) on Qp x K if for any compact

set K C R™2 there exist constants kx € [0,00) and 8 € [0,1) such that
kx
|f(z,t,w,ug,v) — f(x, t,w,ug,v)| < t_5|u1 — Uy, (2.2.6)

for all (z,t) € Qp and (w,uy,v), (w,uz,v) € K. Moreover the function f satisfies a
constrained local upper Lipschitz condition in u on Q7 x K if for any compact set K C R"*2,

there exist constants kg € [0,00) and § € [0, 1) such that

>

flz, t,w,ug,v) — flx, t, w, ug,v) < t—K(ul — Ug), (2.2.7)

for all (z,t) € Qr and (w, uy,v), (w, ug,v) € K with uy > us. If = 0in (2.2.6) or (2.2.7)
we say that f satisfies a local Lipschitz condition in u or upper local Lipschitz condition

in u (or v, w) respectively.

2.3 Minimum principles

Maximum and minimum principles are widely used to establish qualitative properties

of solutions to boundary value problems involving second order linear parabolic partial
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differential operators (e.g. uniqueness, continuous dependence, and regularity). For a

historical development of this area, see [PW84].

2.3.1 Conditional minimum principle

Here we present a lemma that will be utilised throughout this section to prove minimum
principles under various assumptions on the growth (or decay) rate of solutions to the

integro-differential inequality
Plu] <0 on Q. (2.3.1)
We adopt an approach used in [Wal70] and [MN14] to establish a conditional minimum

principle, which is conditional on the existence of a suitable weight function.

Lemma 2.3.1 (Conditional minimum principle). Let § € C*'(Qr) N C(Qr) be positive,
u € C*(Qr) N CQr), Ju be well-defined on Qr, and P be an operator defined as in

(2.2.4). Furthermore, suppose:

Plu) <0 on Qr; (2.3.2)
u>0 on 0Qr; (2.3.3)
|xl‘iinOO Zg: 2 = 0 wuniformly with respect to t € [0,T]; (2.3.4)
# is bounded above on Q. (2.3.5)

Then uw > 0 on Q.

Proof. We define the auxiliary function v : Q7 — R to be

V(IE, t) € QT,

and note that v € C*'(Qr) N C(Qr). Via (2.3.3) it follows that v > 0 on Q7 and via
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(2.3.4) it follows that

lim v(z,t) =0, (2.3.6)

|z| =00

uniformly with respect to ¢ € [0,7]. Furthermore, via (2.3.2), v satisfies the linear non-

local integro-differential inequality

Z ijO,z;V + Z bi0p,v + v + dJpv — 0w <0 on Qp, (2.3.7)
ij=1 i=1
with
- = 0,0
bl = bz + ; (aij + &ji) 0 on QT;
Lo
c= % on Qr; (2.3.8)
- d
d= 5 on QT. (239)

Now, let w : Q7 — R be given by

w(z,t) =v(z, t)e™ Y(z,t) € Qp, (2.3.10)

for some non-negative constant v, which exists via (2.3.5), for which

# <v on . (2.3.11)

Note that via (2.3.10) and (2.3.6) it follows that
lim w(z,t) =0, (2.3.12)

|z|—o00

uniformly with respect to ¢t € [0, T]. Moreover, via (2.3.7), w satisfies the linear non-local

19



integro-differential inequality

Pylw] = Z ijO;;W + Zgﬁxiw + (- v)w+dJpw — dhw <0 on Q. (2.3.13)

ij=1 i=1

Upon inspection of (2.3.8)-(2.3.9), via (2.3.5) and (2.3.11), it follows that
_ - PO
Pl =c—v+dJyl = %—l/<0 on Q. (2.3.14)

Next, for any € > 0, via (2.3.13)-(2.3.14), the function w : Qr — R given by w = w + ¢

on Qp satisfies
Pylw] = Pylw] +eB[1] <0 on Qr. (2.3.15)
Moreover, via (2.3.3), w > € on 0Qr. Furthermore, via (2.3.12) it follows that

lim w(z,t) =¢
|z| =00

uniformly with respect to t € [0,T]. Therefore, there exists a sufficiently large constant

R > 0 such that
w >0, on (Q\BF) x(0,T)].

It remains to establish that w > 0 in (2N B%f) x (0, T]. For a contradiction, suppose that
there exists (z,t) € (2N B®) x (0,T] such that w(z,t) < 0. Since w > 0 on J(Q2 N BE) x
[0,T] and w € C(Qr), there exists (z*,t*) € (2N Bf) x (0, T] such that w(z*,t*) = 0 and
w > 0on (QNBE) x [0,¢*). Additionally, Vw(x*,t*) = 0, dyw(z*,t*) < 0 and the Hessian

matrix D*w(z*, t*) = [0,5,w(z*, t*)] is positive semi-definite. Consequently, from (2.2.3)
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with the Schur product theorem (see, for example, [HJ85, Theorem 7.5.3]) we obtain that

Plw](@", %) = a3j0p,0,w(x*, %) + d(a*, 1) Jyw(a*, 1) — Ouw(z*,£*) > 0
i,j=1

which contradicts (2.3.15). Therefore, w > 0 on Q. Letting ¢ — 0 establishes that w > 0

on Qr, and hence, u > 0 on Qr, as required. O

For functions u : Qp — R we consider a variety of conditions on their growth (and

decay) as |z| tends to infinity, detailed in the following definition.

Definition 2.3.2. Let o, A € (—o0,0]. We denote that u € FE,,(Qr) if u € C*(Q7) N

C(Qr) and there exist ki, ky > 0 such that
u(z, )| < ki exp{—k2 (142 (1 + (1 + W))'”} Y(z,t) € Qr.  (2.3.16)

Similarly, for a, A € [0,00), we denote that u € E,\(Qr) if u € C*1(Qr) N C(Qy) and

there exist kq, ko > 0 such that
u(z, t)] < ki exp{kzg (1+ )" (1 + (1 + |x|2))*} V(z,t) € Or. (2.3.17)

Note that the following inclusions hold: for a; < g, E, A(€2r) is a subspace of
Eoy A(Q7); for Ay < Ao, E,z, (2r) is a subspace of E, 5, (7). Also note that Eqo(Q2r) =
CQ’I(QT) N C(QT) N LOO(QT)

Remark 2.3.3. In the remainder of this section we will frequently use a class of func-
tions, presented in [Cos80] and [MN14, Section 3], to highlight a connection between the
restrictions placed upon w in (2.3.16)-(2.3.17) with the conditions on the coefficients of P
in (2.2.4) in associated minimum principles. For completeness we present them here. Let

¢ :]1,00) = [1,00) be given by

£(s) = sl 1+ Ins)? Vs e [1,00), (2.3.18)
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for a, A € R. Provided that o and A are not both zero, it follows that

£'(s) > 0; (2.3.19)
s€'(s) < (laf + [ADE(s); (23.20)
s€"(s) < (ol + [ADE(s)E'(s), (2.3.21)

for all s € [1,00).

We now present three minimum principles concerning solutions u : Qp — R to the
linear integro-differential inequality (2.3.1) with P as in (2.2.4). We separate those results
with respect to conditions on u as follows: w grows as in (2.3.17), as |z| — oo (see
Proposition 2.3.4); u decays unconditionally, as |z| — oo (see Proposition 2.3.5); u decays,
as in (2.3.16), as |z| — oo (see Proposition 2.3.6). The following propositions highlight
complementary assumptions on the coefficients of P as well as the integral kernel ¢ that
are sufficient in order to obtain such minimum principles. We establish these results by

applying the conditional minimum principle, with suitable weight functions.

Proposition 2.3.4. Let (o, \) € [0,00)% \ {(0,0)}, u € E,(27) and P be an operator

as in (2.2.4) (i.e. 0 =1). Furthermore, suppose:

Plu] <0 on Qr; (2.3.22)

u>0 on 0Qr; (2.3.23)

n

A & _
> aile, < o5 (1+ ) (1 (1 + |2?) T V(a.t) € Qr, n e RY;

ij=1

(2.3.24)
D bila,t)w < = (14 [2f*)  V(,t) € Qr; (2.3.25)
=1 v
C «a A
cat) < (L+ 2" 1+ (1 +1]2*)" Y(z,t) € QO (2.3.26)
supp p C BY; (2.3.27)
D eFs+z?) o oy A

22



for constants A, B,C,D >0, R >0, 8 € [0,1), and k > ko for ks as in (2.3.17), and

with € as in (2.3.18) . Then, u > 0 on Q.

Proof. Since u € C(Qr), via (2.3.27), Ju is well-defined on Q7. Now, let 6 : Q7 — R be

given by

1-8 —
O(x,t) = PO+ Ty 1) € Qy,

with

¢ given by (2.3.18), and

o 4A(2k +1)(a + N2+ 2(nA+ B)(a+ ) + C/k + D||p||1®n)/k + 1
N (1-5) '

(2.3.29)

(2.3.30)

We observe that 6 € C(Qg, )NC*'(Qr,). We next define the auxiliary function v : Qp, — R

to be

u(z,t)
O(x,t)

vz, t) = V(z,t) € Q.
Upon substituting (2.3.23) into (2.3.31), it follows that
v>0 on dy,.

Moreover, since u € E, x(S2r), via (2.3.17) and (2.3.31), it follows that

lim v(z,t) =0,

|z| =00

(2.3.31)

uniformly with respect to ¢ € [0,7p]. For 6 and £ given by (2.3.29) and (2.3.18) respec-

tively, we have
00(x,t) = O(x, ke " (1 + |2|2)(1 = B)t P p) ;
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0y, 0(x, 1) = O(x, ke ™" (26'(1 + |2]P)z:) ; (2.3.33)

Oria; B, 1) = O, ke " (4" (¢/(1+ [af?) iz

HAE" (1 A+ [a*) iy + 26,5 (1 + []?)) (2.3.34)
for all (z,t) € Qp,. Now, via (2.3.27), it follows that

10(a.t) < [ ol = b0y
= /BR p(y)0(z —y,t)dy

< sup {0(x — y,To)} e(y)dy
yeBR R

< sup {62k5(1+\x—y|2)}||¢||L1(Rn)
yeBR

IN

]| 1 (rmy €2 (=42 (2.3.35)

for all (z,t) € Qr,. Substituting (2.3.32)-(2.3.35) into P : C%1(Qz) — R(Qr), as in
(2.2.4), and using the bounds in (2.3.24)-(2.3.28) and (2.3.30), it follows that

# <0 on Q. (2.3.36)

By an application of Lemma 2.3.1 it now follows that v > 0 on Qg,. By replacing v in

(2.3.31) with

B u(z,t + Tp)

v(x,t) = 0 Y(z,t) € Qr, (2.3.37)

it follows, via the argument as above, that u > 0 on Q7. Repeating this argument

finitely many times establishes that u > 0 on Qy, as required. O]

Proposition 2.3.5. Let u € Eyo(S2r) and P be an operator defined as in (2.2.4) (i.e.
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0 =1). Furthermore, suppose:

Plu) <0 on Qp; (2.3.38)
u>0 on dQr; (2.3.39)
|acl\i£>noo u(z,t) = 0 uniformly with respect to t € [0,T7; (2.3.40)
c(z,t) < t% V(x,t) € Qr; (2.3.41)
d(n,1) < t% (o, t) € Or, (2.3.42)

for constants C, D >0 and B € [0,1). Then u >0 on Q.

Proof. Since u € L=(Qr) and ¢ € L'(R"), it follows that Ju is well-defined on Q7. Now,

let 6 : Qp — R be given by

0(z,t) =" V(x,t) € Qp, (2.3.43)
with
C + Dol 1(0)
= . 2.3.44

We observe that 6 € C(Qr) N C%1 (7). Via (2.3.40) it follows that

lim 40 _

uniformly with respect to ¢t € [0, 7. Utilising (2.3.41), (2.3.42) and for # as in (2.3.43), it

follows that

Pl 1
%25(09—&59—1—d{]9)§0 OHQT.
By an application of Lemma 2.3.1 it follows that u > 0 on Qp, as required. O]

Proposition 2.3.6. Let (o, A) € (—00,0]2\ {(0,0)}, u € E,(Q27) and P be an operator
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as in (2.2.4) (i.e. 0 = 1). Furthermore, suppose:

Plu] <0 on Qr; (2.3.45)
u>0 on 0Qr; (2.3.46)
- A 2\ 1ol o - 2 n
Z a;i(z, t)nn; < 5 (1 + |z| ) (1 + ln(l + |z )) In|~ V(z,t) € Qr, n€R";

ij=1

(2.3.47)
D bl )z > == (14 |2*)  V(z,1) € On; (2.3.48)
=1 ¢
c(e,t) < & (@ 12D (1 (4 2P Vi) € O (2.3.49)

) — tﬁ ) T, cJ.
Deks1+[z]?) la A

d(,t) < ——5—— (L+ 2" T+ +|2)%)"  V(x,t) € Qr, (2.3.50)

for constants A, B,C,D >0 and § € [0,1) and 0 < k < ko, for ks as in (2.3.16). Then,

u>0 on Qp.

Proof. Since u € L>(Qr) and ¢ € L'(R"), it follows that Ju is well-defined on Q7. Now,
let 6 : Q7 — R be defined to be

7,u,tl_’8 j—
0(x,t) = e FE0F)e V(z,t) € Qg (2.3.51)

with

¢ given by (2.3.18), and

4A(laf + [AD? + 2B(Jaf + [A]) +2C/k + 2D||¢| | @ /K + 1
o= i=p L& . (2.3.52)

We observe that 6 € C(Qg,)NC*1(Qr,). We next define the auxiliary function v : Qp, — R

to be

Y(z,t) € Q. (2.3.53)




Upon substituting (2.3.51) into (2.3.53), it follows that
v >0 on dy,.
Moreover, since u € E, x(S2r), via (2.3.17) and (2.3.31), it follows that

lim v(x,t) =0,

|z|—o00

uniformly with respect to ¢t € [0,7p]. For 6 and £ given by (2.3.51) and (2.3.18) respec-

tively, we have

00(x,t) = O(x, ke " (6(1 4 |2)(1 — B)t 1) ; (2.3.54)
0, 0(x, 1) = —0(x, )ke " (26 (1 + |2*)a;) ; (2.3.55)

Oree, 0 1) = O, ke ™" (ake™ " (€ (1 + o) asay

—4¢" (1 + |z )zix; — 2658 (1 + [)?)) | (2.3.56)

for all (z,t) € Qp,. Also note that

JO(x,t) 1

0(z,t) Oz t)/ﬂw(ﬂf—y)Q(y,t)dy

1
< n
= 9($,t) ||90||L1(R )

< [lepll 1 gy 260+ (2.3.57)

for all (z,t) € Q. Substituting (2.3.54)-(2.3.57) into P : C*(Q7) — R(Qr), as in
(2.2.4), and using the bounds in (2.3.47)-(2.3.50) and (2.3.52), it follows that

PO
%<0 ODQTO.

By an application of Lemma 2.3.1 it now follows that v > 0 on Qg,. By replacing v in
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(2.3.53) with

u(z,t +1p)

ol t) = =40

V(IE, t) € QTO,

it follows, via the argument as above, that u > 0 on Q7. Repeating this argument
finitely many times establishes that u > 0 on Qp, as required.

]

When a decay condition as |x| — oo on bounded solutions of the non-local integro-

differential inequality

n n
Z al-j(‘?xixju + Z bl&gzu 4+ cu+dJu — (9tu < 0 on QT7
ij=1 i=1
is not imposed (e.g. if one relaxes (2.3.40)), and, an estimate on the regularity of the co-
efficients a;;, b; is not available, one can instead impose further restrictions on the integral

kernel ¢ to establish a minimum principle, as illustrated in the following proposition.

Proposition 2.3.7 (Weak minimum principle). Let u € C*'(Qr) N C(Qp) N L2(Qr), P

be an operator defined as in (2.2.4) (i.e. 0 =1) and 1p : R" — R be given by

Y(r) = p(x)|z]* Vo e R™ (2.3.58)
Furthermore, suppose:
Plul <0 on Qp; (2.3.59)
u>0 on dQr; (2.3.60)
= A
> ay(atma; < 51+ [al) l* V(1) € Q, n e R (2:361)
ij=1
> bi(w, )z < S +1af) V(z,t) € Or; (2.3.62)
i=1
C
() < o5 W(a,t) € O (2:3.63)
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0<d(z,t) <

<o

V(z,t) € Qy; (2.3.64)

Y € LYR"), (2.3.65)

for non-negative constants A, B, C" and D and B € [0,1). Then, u> 0 on Qr.

Proof. Since u € L=(Qr) and ¢ € L'(R"), it follows that Ju is well-defined on 7. Now,

let 6 : Qp — R be given by
0(z,t) = (1+ |z)e" ™", V(x,t) € Qr, (2.3.66)

with
nA+ 2B+ C + 3D(||o|| 1@y + U]l L1 @ny) + 1
1-06 '

It follows from (2.3.66) that # € C(Qr) N C*1(Qr), and

= (2.3.67)

HU”LOO(QT)

O(z,t)

lim u(z, )

IN

=0
uniformly with respect to t € [0,7]. Moreover, via (2.3.61)-(2.3.63) and (2.3.67), for 6 as

given by (2.3.66) it follows that

% <0 on Qrp. (2.3.68)

Now, using (2.3.65) we demonstrate that 3.J6 is bounded on Q7. Observe that:

0(z,1) o, t) = 0(z,1) /QW —y)0(y, t)dy

2
— 1
/ |z ;J| +1,
Rn lz|” + 1
2 2
x| =2, y) +yl” +1
Z/sa(y)H ) + [y dy
R

n 2 + 1

#oa) ()
< 1+ + d
< [ew el (S5) + b (e ) o

(el @ey + 19l r@ny)  V(w,t) € Q. (2.3.69)

<

w

29



Now, via (2.3.67), (2.3.68), (2.3.64), and (2.3.69), it follows that

%<0 ODQT.

By an application of Lemma 2.3.1 it now follows that « > 0 on Qp, as required. O]

Remark 2.3.8. Note that by the argument above we have relaxed the restriction on
¢ in [DMV11, Theorem 5], where supp(y) is compact. Here, we allow ¢ to decay as
|z| — oo, albeit with the decay rate constrained by the integrability of . In addition,
upon comparing Proposition 2.3.7 with 2.3.5 we see that the assumption on the decay on

u can be “transferred” on the integral kernel ¢.

By combining Proposition 2.3.7 with a strong minimum principle for second order
linear parabolic partial differential inequalities (see, for instance, [Fri08, Chapter 2]), we

obtain

Corollary 2.3.9 (Strong minimum principle). Suppose that the conditions of Proposition
2.3.7 are satisfied. Furthermore, suppose that for any o € Q@ and R > 0, a;;,b;,¢c €
L>(BE x (0,T)). Then, either u=0 on Qr oru >0 on Q.

Proof. By Proposition 2.3.7, u > 0 on 2. Moreover, since ¢ > 0 on {2 we have

Z 3Oz, U + Z b0y, u + cu — Ou < —dJu <0 on Q. (2.3.70)
ij=1 i=1
Therefore, for any R > 0, the inequality (2.3.70) holds on B x (0,T]. Via the strong

minimum principle for linear parabolic partial differential inequalities [Fri08, Chapter 2]

the result follows, as required. O]

Remark 2.3.10. By applying the standard strong minimum principle for linear parabolic
partial differential inequalities, the assumption on ¢ of Corollary 2.3.9 cannot be relaxed
to the assumption on ¢ in Proposition 2.3.7 (see [NM15, Section 3|). However we note

that one can establish a sharper strong minimum principle than Corollary 2.3.9, requiring
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alternative conditions on ¢, using the regularised distance functions constructed in [Lie85],

within a standard strong minimum principle argument.

2.3.2 Integral case

In Section 2.3.1 we showed that, without requiring assumptions on the regularity of co-
efficients of the linear non-local integro-differential operator P, we were able to establish
minimum principles. Notably, we imposed conditions on the behaviour of ¢ or u as
|| — oo instead of requiring regularity on coefficients of P. In this section, utilising
a different approach (similar to that presented in [Fri08, Ch.2]) we will show that by
assuming additional regularity as well as boundedness on the coefficients of P, we can
establish a minimum principle for P without any further restrictions placed on ¢, or on
u as |z| — oo. For simplicity, we restrict attention to 2 = R", and discuss the case when
() is an unbounded domain in R™ in the concluding remarks.

Let L : C*1(Qr) — R(Q7) be given by (2.2.2). We suppose that for some o € (0, 1],

the coefficients a;j, b;, ¢ : Qr — R in L are such that
Qij, bi, CcE LOO(QT) N HQ(QT). (2371)
Furthermore, a;; = a;; on 7, and

Amin|n|2 S Z aij(xat>77i77j S Amaa:|77|2 V(QT,t) c ﬁT, n € Rn, (2372)

2,j=1

for some constants A,.;n, Amer € Ry, and
|(ll'j<£ll'1, t1> — aij(l'g,tgﬂ S ]Ca(‘llfl — $Q|(l + ’tl — t2|a/2) (2373)

for all (z1,t1), (22,t2) € Qp for some constant k, € R,. Note that, in order to apply the
theory presented in [Fri08], we require the coefficients to be continuously extendable onto

0Qr. Alternative conditions on a;;, b; and ¢ to those presented here (which are sufficient to
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establish the existence of fundamental solutions for L) are discussed in [LSUGS, p.356-414]

and [BS23, ZC22]. We now state

Lemma 2.3.11. Let L be an operator as in (2.2.2) and suppose that (2.3.71)-(2.3.73) are
satisfied. Then, there exists a fundamental solution for L denoted by T'(z,t;&,7) : QU — R
with

OF = {(z,;6,7) € Qr x Qr:0<7 <t < T}
Specifically, for any fized (£,7), as a function of (z,t), T’ satisfies:
o LI =0 onQx(r,T].

e For every f € C(Q) N L=(Q)

lim [ D(e,t:6,7)/()dE = f(x) Va € Q.

t\ﬂ' QO

Proof. See [Fri08, Theorem 10, p.23]. ]

To proceed, we also require the existence of a fundamental solution for the adjoint
operator of L, denoted by L* : C*'(Qr) — R(Qr). To define L*, we require that the

coefficients of L also satisfy
(9zkzlaij, &Ekaij, &Ekbl c LOO(QT> N Ha(ﬁT)a (2374)
for i,5,k,l =1,...,n. Specifically, the adjoint operator of L is given by

L*v] = Z Oz, (i5V) — Z Oy, (bjv) + cv + 0w on Qr,

ij=1 =1
for all v € C%!(Qr). We can now state

Lemma 2.3.12. Let L be the operator defined as in (2.2.2) and suppose that (2.3.71)-

(2.3.73) and (2.3.74) are satisfied. Then, there exists a fundamental solution for L*,
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denoted by I'* : Q1" — R with
QU ={(2, 6,7 €QrxQr:0<t <7 <Th
Specifically, for any fizved (&, 7), as a function of (x,t), I'* satisfies:

o L*[I*] =0 on Qx(0,7).

o For every f € C(2) N L>®(N)

lim | T(o, 66,7 (€)dE = f(a) Vo e,
TJQ

Additionally,
D(z,t;&,7) =T (& ma,t) Yz, €,7) € Q.

Proof. See [Fri08, Theorems 14 and 15, p.27-28].
We also require the following qualitative properties of I' and I'*, stated in
Lemma 2.3.13. For all (z,t;¢,7) € QF, T satisfies:
oo (A=),
A4(t — 1)

(41 Az — €J2
T(a,t:6,7)] < w(t - A=)
0a. T, 16, 7)| < wlt —7)7 2 eXp( it-r) )

N3

0<T(z,t;¢,7) <k(t—71)"

and for all (z,t;€,7) € QU , T* satisfies:

I3

0<T*(z,t;&,7) < k(T —1) 2exp <_Z‘(x7_—__i‘;) ’
0,1 (a,1:6,7)| < w(r — )7 exp (_Z!(fi_—_ftli) |

for some constants k € (0,00) and A € (0, Apin)-
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(2.3.77)

(2.3.78)

(2.3.79)



Proof. For the upper bounds in (2.3.76)-(2.3.79) see [Fri08, p.24 and p.28]. For the posi-
tivity of I' and I'* see [Fri08, Theorem 11, p.44] and (2.3.75). O

We now establish a weak minimum principle for P as in (2.2.4), with § = 1.

Proposition 2.3.14 (Weak minimum principle). Let u € C(Qp)NC*Y(Qr)NL>(Qr) and
P be an operator as in (2.2.4) (i.e. 0 = 1). Suppose that the coefficients a;;, b; : Qr — R
satisfy (2.3.71)-(2.3.73) and (2.3.74) and ¢,d : Qp — [0,00) are bounded functions.

Furthermore, suppose

Plu] <0 on Qr; (2.3.80)
u>0 ondQr. (2.3.81)
Then, u > 0 on Q.
Proof. We rewrite (2.3.80) as
Liul +cu+dJu<0 on Qp, (2.3.82)

with L denoting the second order linear parabolic partial differential operator given by

Llu] = Z ij O,y u + Z b0y, u — Opu on Qp, (2.3.83)

ij=1 i=1
for u € C*1(Qr). Now, for R € N we define I';; : Q1" — R to be

FE(:% S;xat) = F*(y75;x>t)HR(y - iL’) V(y,s;x,t) € Qr*a (2384)

with I'* the fundamental solution for the adjoint operator of L in (2.3.83). The existence
of I'* is guaranteed since the conditions of Lemma 2.3.12 are satisfied. The function

Hp € C*(Q) used to define I'}; in (2.3.84) satisfies the following properties:
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1, yeBY
Hr(y) = (2.3.85)

0, yeQ\B

0< Hg(y) <1 Vye (2.3.86)
> 10y Hrl + Y 10y, Hrl <M on B!, (2.3.87)
i=1 i,j=1

for a constant M > 0 independent of R € N. Upon multiplying (2.3.82) evaluated at
(y,s), with I'%(y, s;z,t), and integrating over X [g1,t — 9] with e1,e5 € (0,/2), we

obtain

t—eo

0> / IRy, s;2,t)(Lu] + cu+ dJu)(y, s)dyds
Byt

t—eo
=[] TR s Ll sy

€1 Bf“

t—eo
+ / / I'%(y, sz, t)(cu + dJu)(y, s)dyds. (2.3.88)
€1 B?+l

Via Green’s identity for L and L* [Fri08, p.27], the divergence theorem, and Lemma

2.3.12, the first integral in (2.3.88) is given by

t—eo
/ / Iy, 5: 2, ) L[u](y, s)dyds
€1 B§+1

t—e2
N / /BR+1 (uL*[I] = Os(ul'R))(y, s; 2, t)dyds

t—eo n
+ /61 /B§+1 (Z 0y, [Thaij(9,,u) — uai(9,,Ty) — UFE(%%)}) (y, s;x,t)dyds

i=1 j=1

l—e2 n
+/€1 /Bf‘“ <Z ayi(biul—‘}(%)> (y, s;x,t)dyds

i=1
(2.3.89)
t—eo

: (2.3.90)

s=eq

t—eo
- / / Ay, s 2, t)uly, s)dyds — / Dh(y, 512, Duly, )dy
€1 Bf+1

BE+1
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where, via the divergence theorem and (2.3.85)-(2.3.87), the second and third integrals in
(2.3.89) vanish for all (x,t) € Qr and A : Q; — R is given by

n

A('? R t) = Z (ayj (aijr*>ayiHR + ayi<aijr*)ayjHR>

wel i (2.3.91)
+ Z aii T (0,9, Hr) — > bT"(9,, Hp),
4,j=1 =1

on ) for all (z,t) € Qp. Via (2.3.85)-(2.3.86) we have

t—eo t—eo
/ / Ay, s, yuly, s)dyds = / / Ay, ;, tyuly, s)dyds.
€1 Bt €1 BfN\BE

Using (2.3.71)-(2.3.73), (2.3.74), (2.3.87), (2.3.91) and Lemma 2.3.13, it follows that there

exists a sufficiently large constant C' > 0, independent of €; and R, such that

Ay, sz, t)u(y, s)dyds

BE+I\BE

t—eo
< — .
Sl [ [ A5 Ol duds

t—eo
<Ml [ [
1 x T

Z 8?/]' (aij(y7 S)F* (y> ST, t)) + ayi(aij<y7 5>F*<y7 $Z, t))

ij=1

+ Z az] y,s y7 $Z, t + sz(ya S)F*(y,s;x,t) dyds
7,0=1 =1
t—eo n
< C/ / 0y I (y, s52,t)| + [T (y, 552, t)| dyds. 2.3.92
A . ; I )|+ I )| ( )

Via Lemma 2.3.13, the Fubini-Tonelli theorem and several changes of variables, we obtain

[ e
n-2-1 )\|x—y|2 -z )‘|$_y|2
/ /BR“\BR n(t—s)” exp( U= s) + (t—s) 2 exp 10— dyds

—m// 1+— in M dydrt
BRI\ BR T2 4T
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¢ n 1 ar B SNV A
= /€|3n| /52 (1 + F) 7_—% /\41%2 e (T) (E) dzdt
n A(R+1)2
_ Klsal (4)2 [ n o m
— 5 (X) /;2 (1 F) dr /;\41%2 e fz2 dz
Klsal (4\2 [ n L n

< 5 (X) /52 (1+F>d7/ﬁe z2 dz

o 42 AR?
< “lg | (X) (T+2n\/T) T (g E) (2.3.93)

where A > 0, |s,,| denotes the surface area of the unit n—sphere and I, : (0,00) x R — R
denotes the upper incomplete Gamma function (see for instance [AS64, p.260]). Upon

substituting (2.3.93) into (2.3.92) it follows that

t—eo
/ / Ay, s;z, t)u(y, s)dyds — 0 as R — oo, (2.3.94)
1 BEtI\BE

uniformly for all (z,t) € Qp and ¢, € (0,%). Thus, via (2.3.90), (2.3.94) and letting

2

R — o0, the differential inequality in (2.3.88) reduces to

t—e2 t—eo
+/ /F*(y,s;a:,t)(cu—l—dJu)(y,s)dyds.
s=¢e1 €1 Q

(2.3.95)

02— [Tty s)dy
Q

Via Lemma 2.3.12 and by letting £1,e9 — 07 in (2.3.95) we obtain

u(z,t) Z/F*(y,O;x,t)u(y,O)der/ ™ (y, s;2,t) (cu + dJu)(y, s)dyds (2.3.96)
0

Q¢

for all (z,t) € Qp. Via (2.3.81), the first integral in (2.3.96) is non-negative and thus we
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have

—ﬂmﬂézfﬂwwwk%QFWW$@%+zfﬂ%&%WMJNFWW$@%

for all (x,t) € Qp. Define v : Q7 — R to be
v =—u on Qp,
and additionally, define ¥ : [0,7] — R to be

¢Uﬂ=g§mwwwﬁﬂﬂ vt € [0,T].

(2.3.97)

(2.3.98)

We note that vf € L'([0,T]) (for details, see [MN15a, Ch. 7]). Thus, via (2.3.78),

(2.3.98), the boundedness of ¢,d and the integrability of ¢, it follows that inequality

(2.3.97) becomes

U(x,t) g/Q (y, s;x,t)c(y, s) max{(y, s), 0}dyds

" / I (g, 5; 2, £)d(y, 5)(J max{sb, 0})(y, s)dyds
Q4

< [ s ) (Fellimv o) + oy [ ol = 0o(ehas ) duds

o (8) (jg:ﬁ

< (lellsmion + dlimonlellon) [ G225 e (35—
2v/m\" [*
< (lell=an + Il=apliello) (25) [ vzeas

t
= [ viiss
0
for all (z,t) € Qp, with the constant D given by

2v/7\"
D = & (Iellzman) + Idlima elsen) (25 )
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Since the right hand side of (2.3.99) is independent of z € 2 and non-negative, it follows

that
¢
w0 <D [ wi(s)ds on 0.T)

0
Via (2.3.81) and (2.3.98) it also follows that

1h5(0) = 0.
Therefore, via the Bellman-Grénwall inequality [MN15a, Proposition 5.6], we have that

Yt =0 on[0,7T]. (2.3.100)

Thus, from (2.3.98) and (2.3.100) we obtain that u > 0 on Qr, as required. O

2.4 Associated comparison principles

A natural application of the weak minimum principles established in Section 2.3 are
comparison principles for solutions to semi-linear integro-differential inequalities involving
the operator @y, defined in (2.2.5). To utilise the Lipschitz properties discussed in Section

2.2, we introduce the following notation. For u,w € C**(Q7)NC(Qr)NL>®(Qr), we denote

Ko =

inf min{@, u}, sup max{, g}] X [inf min{Ju, Ju}, sup max{Ju, Jg}] . (24.0)

Qr Qr T Qr

Further assuming that u,u € W' (Qr) we also define

Ky =

inf min {0,,%, Oy,u}, sup max {0,,u, 0,,u, } (2.4.2)
Qr i=1,...,n 9 i=1,...,n
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and

K= ’Cl X IC(). (243)

We now establish a comparison principle based on an application of Proposition 2.3.7,

specifically, we have

Theorem 2.4.1 (Comparison principle 1). Let u,u € C*(Qr) N C(Qr) N L= (Q7) N
Wht2(Qr), Q be as in (2.2.5) (with § = 1), ¢ : R* = R be given by (2.3.58), and K as

in (2.4.3). Furthermore, suppose:

Qlu] > Qa] on Qr; (2.4.4)

u<u on r; (2.4.5)
- A 2 |12 n

S gl < SO+ B Vw0 €0 ne Ry (240

ij=1

Y € LYR™), (2.4.7)

for non-negative constants A and 8 € [0,1). Moreover, suppose that f(x,t, Vu,u, Ju):

satisfies a constrained local Lipschitz condition in Vu on Qr X IC; (2.4.8)
satisfies a constrained local upper Lipschitz condition in u on Qr X K, (2.4.9)
satisfies a constrained local Lipschitz condition in Ju on Qr X IC; (2.4.10)
is mon-decreasing with respect to Ju on Qp x K. (2.4.11)

Then, u < w on Q7.

Proof. Let w : Q7 — R be given by

w(x,t) =u(r,t) —u(x,t) Y(x,t) € Qp. (2.4.12)

Then w € C(Qr) N C*(Qr) N L®(Qr) NWES(Qr), w > 0 on 97, and w satisfies the
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integro-differential inequality

Z ijOpia,w + (f (-, VU, 4, Ju) — f(-, Vu,u, Ju)) — dw <0 on Q.

ij=1

Also note that, there exist by,...,b,,c,d : Q7 — R such that

FC V@ Ja) = £, Vu,u, Ju) =Y bidew + cw + dJw  on Qr,
=1

with b1, ...,0,,c and d given by:

d(z,t) = <

(

\

, O u(x,t) # Op,u(x,t),
(1)

0, axzﬂ(x7 t) = 83512(557 t)a

f('7 '7VQ7ﬂ7 Jﬂ) - f(? ) Vya@y Jﬂ)

;e t) # ule,t),
(1)

0, u(x,t) = u(x,t),

f('7 '7vﬂ>ga Jﬂ) - f(7 'anaga Jg)

Ti = Ja . Ju(x,t) # Ju(x,t),

(1)
0, Ju(z,t) = Ju(zx,t),

for all (z,t) € Qr, where w;, w, : Qr — R are given by

a$].g(£(],t), for ] < iu ) axjﬂ(xa t)v for j < Z.a

w(x,t) = pow(a,t) =

Oy, u(w,t), for j >i, Oy, u(x,t), for j > i,

(2.4.13)

(2.4.14)

(2.4.15)

(2.4.16)

forall j =1,...,n and (x,t) € Qp. Since f satisfies (2.4.8)-(2.4.11) and all the points

where f is evaluated lie in Q0 x K, it follows that by, ..

(2.3.62)-(2.3.64).

., by, c and d satisfy the conditions

Therefore, w in (2.4.12) and the linear integro-differential operator

obtained from substitution of (2.4.14) into (2.4.13) satisfy the conditions of Proposition

2.3.7. Therefore, w > 0 on Q7 and hence u < @ on Qr, as required.
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Analogously to Theorem 2.4.1, utilising Proposition 2.3.5 instead of Proposition 2.3.7,

we also obtain

Theorem 2.4.2 (Comparison principle II). Let u,u € C*'(Qr) N C(Qz) N L=(Qr) N
Whe(Qr), Q be as in (2.2.5) (with § = 1) and K as in (2.4.3). Furthermore, suppose:

Qlu] > Q] on Qr;
u<u on 0,

lim wu(x,t) = lim @(z,t) = 0 uniformly with respect to t € [0, T,

and conditions (2.4.9)-(2.4.11) are satisfied. Then, u < U on Q.

Proof. The proof follows the same approach as that of Theorem 2.4.1, and hence, is

omitted. O

A companion comparison principle to Proposition 2.3.14 with the non-local, non-
linear function f present in (2.2.5) is obtainable! albeit, for ease of illustration we restrict
attention to f without a dependence on Vu, i.e. f(-,u,Ju). We now introduce the

non-local operator Q : C>*(Q7) N L®(Qy) given by

Qlu] = Z 3Oz, U + Z biOp,u+ f(-,u, Ju) — Qu  on Qp (2.4.17)
ij=1 i=1
and obtain the following comparison principle.

Theorem 2.4.3 (Comparison principle I1I). Let u,@ € C*>(Qp)NC(Qr)NL¥(Qr), Q be
as in (2.4.17) and Ko as in (2.4.1). Suppose that the coefficients a;j,b; : Qr — R satisfy

(2.3.71)-(2.3.73) and (2.3.74). Moreover, suppose that f(x,t,u, Ju):

satisfies Lipschitz conditions in u and Ju on Qp X Ko; (2.4.18)

is non-decreasing with respect to Ju on Qr X K. (2.4.19)

1As long as an assumption on f similar to (2.4.8) for the term involving Vu is made, so that the
regularity conditions on b; in (2.3.74) are satisfied.
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Furthermore, suppose that

Qlu] > Q@ on Q; (2.4.20)
u<u on (2.4.21)
Then, u < w on Q7.
Proof. Let w : Q7 — R be given by
(2.4.22)

w=(T—u)fd on Qr,

with 6 : [0,7] — (0, 00) given by

O(t) = e Yt [0,T],

where k is a Lipschitz constant for f on Qr x Ky, guaranteed to exist by (2.4.18). It

follows immediately that w € C*'(Q7) N C(Qr) N L=(Q7) and, from (2.4.21) that

w >0 on d7.

Via (2.4.17) and (2.4.20), w satisfies

Z ij Oz, W + Zbi&viw + (f(-, @, Ju) — f(-,u, Ju))d + kw — dyw <0 on Q.
=1
(2.4.23)

ij=1

Analogously to (2.4.15)-(2.4.16), via (2.4.18)-(2.4.19), it follows that there exist functions

c,d € L>®(Qr) such that
(2.4.24)

(f(,a, Ju) — f(-,u, Ju))0 + kw = cw + dJw on Qr.
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Moreover, via (2.4.18)-(2.4.19) and a sufficiently large choice for k, it follows that
c,d>0 on Qrf.
Therefore, we may rewrite (2.4.23) as

Z 0Oz, W + Z b0, w + cw +dJw — dw <0 on Q. (2.4.25)

i,j=1 i=1

Observe that w, given by (2.4.22), and the non-local integro-differential operator defined
by (2.4.25) satisfy the conditions of Proposition 2.3.14. Therefore, w > 0 on Qp and

hence, @ > u on €r, as required. n

Remark 2.4.4. A condition analogous to (2.4.19) is illustrated to be required in Theorem
2.4.3 via the following initial-boundary value problem. The initial-boundary value prob-
lem was chosen due to the pathological behaviour of travelling wave solutions of (2.4.29),
as illustrated in [Bil20] and [NBLM23].

Let Q=R and P : C*'(Qr) N L>®(Q7) — R(7) be given by
Plu] = DOypu+ f(u, Ju) — 0w on Qr, (2.4.26)
for all u € C*1(Q7) N L>®(Qr) with: D a positive constant; f : R? — R given by
flu, Ju) = u(l — Ju) V(u,Ju) € R?; (2.4.27)
and with
p € L"R)NC(R), ¢ >0, ¢ iseven on R, and |l¢||rir) = 1. (2.4.28)
The initial-boundary value problem is given by:

Plu =0 on Qp; (2.4.29)
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u(z,0) = up(x) Vo e, (2.4.30)

with P as in (2.4.26)-(2.4.28); and ug € C*(€2) such that

(

1, x € (—00,0);
uo(r) = ¢ n(z), zel0,1]; (2.4.31)
0, z € (1,00),

with 1 : [0,1] — [0, 1] a sufficiently smooth decreasing function. Now consider @ : Q7 — R
given by 4 = 1 on Q7 and u : Q7 — R to be the unique solution to (2.4.29)-(2.4.31).
Since f is locally Lipschitz continuous in R? the existence of u is established by Theorem
3.3.16. It follows, from the smoothness of the initial data (see Propositions 3.3.6, 3.3.8

and Remark 3.3.10) that u € C*'(Qr). Now we have:
Plul =0=1—[l¢|p® = Plu] on Qrp,
and
u<wu on 0Qr.

Further note that d;,f(1,1) = —1 < 0. Thus, P,u and @ satisfy all of the conditions
of Theorem 2.4.3, except the non-decreasing condition in (2.4.19). However, since u €

C%1(Qr), and Ju(0,0) € (0,1), it follows that

0= lim (DOppu +u(l = Ju) = O)] =0,
— D,uu(0,0) + 1(1 — Ju(0,0)) — du(0,0)

> —3&(0, 0)
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which implies that

8,u(0,0) > 0.

Therefore, there exists (z*,¢t*) € R x (0,7") such that u(x*,t*) > 1 = u(z*,t*), violating

the conclusion of Theorem 2.4.1.
We now provide an application of the comparison principles stated above.

Remark 2.4.5. Consider the initial-boundary value problem (2.4.26), (2.4.28), (2.4.29)
and (2.4.30) with f : R? — R given by

f(u, Ju) = max{(Ju)(1 —u),0} V¥(u,Ju) € R? (2.4.32)

and vy € C*(R) N L®(R), with 0 < ug < 1 on R. Note that f is locally Lipschitz
continuous in R? as in Remark 2.4.4, there exists a unique solution v € C*!(R x [0,7])N
L>*(R x [0,T]), for a sufficiently small T > 0, to this initial-boundary value problem.
Since

Ou — DOypu = f(u, Ju) >0 on Qr, (2.4.33)

it follows from the minimum principle for the heat equation that

u>0 on Q. (2.4.34)

Now, for any 7' > 0, define u =u on Qp, u=1on Qp and g : R — R to be

g(v) = HuHLOO@T) max{l —v,0} VveR.

Then:

O — DOppu = max{Ju(l —u),0} < g(u) on Qr; (2.4.35)
ot — DO, u=02>g(uw) on Qr, (2.4.36)
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and

u<u on JNr. (2.4.37)

Thus, via (2.4.35)-(2.4.37), it follows from Theorem 2.4.3 with ¢ = 0 and f = g, that

u <% on Qp and hence, on recalling (2.4.34), we conclude that

0<u<1 onQy. (2.4.38)

This a priori bound on the solution of the initial-boundary value problem provides suf-
ficient information to conclude that the initial-boundary value problem has a global so-
lution u : Q5 — R (i.e., the solution is extendable on Qg for any T > 0), for each
ug € C*(Q) N L*>®(Q2)." Since solutions to the initial-boundary value problem are unique
and bounded between 0 and 1, f in (2.4.32) can be replaced by f(u, Ju) = Ju(l —u) for
all (u, Ju) € R% Notably, f € C'(R?) and d;,f > 0 on [0, 1]

Now, consider two cases of the the initial-boundary value problem, with respective

initial data uj,ud : Q — R, that satisfy

1 2
ug < ug  on .

Then, we may apply Theorem 2.4.3, to conclude that the corresponding solutions u’ :

Qo — R, for i = 1,2, to the initial-boundary value problem satisfy

u' <u? on Q.

"'We will expand upon this topic in Chapter 3.
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2.5 Conclusion

It is widely known that solutions to boundary value problems for second order linear
parabolic partial differential equations in unbounded domains, need not be unique if
growth restrictions (as |z| — oo) are not imposed. Indeed, even for the homogeneous heat
equation in R™ x [0, T, uniqueness fails if one does not assume a boundedness condition

similar to

T
/ / u(z, t)| exp (—plz|?) dzdt < oo,
0 n

for any constant p > 0 (see [Fri08, p.29-31] and [Hay78]). In this regard, the condi-
tions in the minimum principle Proposition 2.3.4 complement these uniqueness and non-
uniqueness results. It should also be noted that weak minimum principles, with slightly
augmented conditions to those presented here, can be obtained for particular cases of
(a, A) if one uses a different &, as discussed in [MN14, Section 3].

For the initial-boundary value problem for the heat equation in R™ x [0,7T], sharp
growth conditions on u as |z| — oo, for which uniqueness/non-uniqueness of solutions
applies, are known (see [Hay78] and the references the therein). Such non-uniqueness
results highlight conditions, which if violated, preclude maximum/minimum principles
and comparison principles. Counter-examples that highlight the limitations of maxi-
mum /minimum principles for semilinear parabolic differential operators (as those dis-
cussed in [MN14, Section 3]), are not readily available in the non-local setting discussed
here. Construction of such counter-examples for this non-local case would provide further
clarity on the limitations of comparison theory for nonlinear non-local integro-differential
operators.

In Proposition 2.3.6 we note that conditions can be improved on d via a more refined
estimate on the integral in (2.3.57), by using the decay of 0 as |y| — oc.

In Section 2.3.2 we assumed that 2 = R™. However, we may also consider €2 to
be an unbounded domain which is a strict subset of R", with 02 sufficiently smooth.

The existence of derivative estimates for fundamental solutions to second order parabolic
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partial differential equations on such domains are discussed in [LSUG8, Chapter IV] and
[Fri08, Chapter 1]. Unfortunately, such derivative estimates are not established therein.
To establish minimum principles using the approach in Section 2.3.2 would require these
derivative estimates to bound derivative terms as |x| — oo. For such domains, a theorem
similar to Proposition 2.3.14 (and the associated Theorem 2.4.3) can be established via the
same argument. This statement applies, under the proviso that, compatibility conditions
for w = (u — w)f and T, in a neighbourhood of 92 x [0, 7], are specified so that the

application of the divergence theorem in (2.3.89), yields

t—eo
/ /F - hdSdt > 0, (2.5.1)
€1 S

for all (z,t) € Qp, with S = 9Q N BE. Here, the i—th component of F : Q7 — R is

given by

Z [F*aij (6ij) — way; (8ij*) —wl™* (8yjaij)] + (b;wI™)  on Qr,

j=1
for i = 1,...,n, and 7 is the outward normal vector to S = 9 N Bf. Moreover, the
error term arising from the integral over 9Q N (BE+1\ BE) is required to decay sufficiently
rapidly as R — oo.

We note that, the results in Section 2.4, namely the comparison principles for semi-
linear integro-differential operators, can be extended, using the approach adopted by Hopf
(see [PW84] or [Wal70]) to establish comparison principles for fully nonlinear second
order parabolic partial differential inequalities, with non-local zeroth order quantities.
Additionally, minimum principles with integrability conditions on u, rather than the point-
wise bounds on functions in E, x(£2r), can in principle, also be established (see for example
[AB66] and references therein). Moreover, one can accommodate a degree of coefficient
blow-up in the interior of Q7 and still establish minimum principles (see [Mey22] where
these type of blow-up conditions are considered in the elliptic case). We note that the focus

in results presented in this chapter concerned conditions on the coefficients as |z| — oo,
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and for brevity, these additional technicalities discussed above were not presented.

A natural application for the theorems in Section 2.4 is to establish uniqueness for
solutions of initial-boundary value problems. However, as Remark 2.4.4 demonstrates, the
solution to an initial-boundary value problem for a nonlinear non-local integro-differential
equation, can be unique, without the operator satisfying a comparison principle. Results
concerning uniqueness, and continuous dependence with respect to initial data, are often
established via the Bellman-Gronwall inequality, see for example Lemma 3.3.3, Corollary
3.3.4 and Proposition 3.3.5. This approach to establish uniqueness does not require a
monotonicity condition, such as condition (2.4.11), but merely regularity conditions on f.

Finally, we note that, depending on the conditions placed upon solutions, the regu-
larity of the non-local nonlinearity f and the actual coefficients of the integro-differential
operator, we have demonstrated that there are a variety of options available, if mini-
mum or comparison principles are required. However, for the non-local reaction-diffusion
equations we most frequently encounter, we work with u € L>(Qy), uniformly parabolic
integro-differential operators with coefficients of class C'*°, no other a priori assumptions
on the growth/decay rate of u, and integral kernel ¢ € L'(R™). This makes Proposition
2.3.14, and the associated comparison principle Theorem 2.4.3 the related results we most

often utilise.
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CHAPTER 3

WELL POSEDNESS OF THE NONLINEAR
NON-LOCAL REACTION DIFFUSION EQUATION

3.1 Introduction

In this chapter we illustrate qualitative properties of solutions to the Cauchy problems
for the n—dimensional heat equation (HE) and the nonlinear non-local reaction diffusion
equation (CP). In Section 3.2 we show that (HE) is well-posed (globally) in the Hadamard
sense by specifying appropriate initial data. Specifically, we prove that if the initial data
is continuous and bounded, then there exists a unique solution to (HE) that is of class
C?! on Qp, which is continuous with respect to the initial data. Furthermore, we provide
derivative bounds for the solution u of (HE) and highlight the differences in qualitative
results if the initial data uy € L>=(Q) N C(Q) and uy € W2*°(Q2) N C%(Q).

This is done as a motivation and exposition for the techniques that are utilised in
the following section, where we shift our focus to the Cauchy problem for the non-local
reaction-diffusion equation, with the nonlinear non-local term satisfying a local Lipschitz
condition. In particular, in Section 3.3, utilising the results of Section 3.2, we establish
that (CP) is well-posed (locally in time) in the Hadamard sense by specifying appropriate
conditions for both the initial data and the nonlinear term f. Additionally, we highlight
the differences in qualitative results if the initial data uy, and the nonlinearity f are of

different classes of regularity. We conclude this section by providing higher order derivative
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bounds for the solution u to (CP). In both cases we utilise the fundamental solution to
the heat equation to represent our solutions.

Results established in this chapter are utilised in Section 4.2 in the construction of so-
lutions when the nonlinearity f satisfies a local Holder condition. Moreover the derivative
estimates established here are instrumental in proving the convergence of the numerical
scheme described in Section 4.4. Lastly we note that the continuous dependence results
are used in Section 4.4 to enhance the discussion concerning the computations.

In this chapter, unless otherwise specified, 2 = R™ and no monotonicity restrictions

are placed on the nonlinearity f.

3.2 The n—dimensional heat equation

We consider the Cauchy problem

(
oyu = Au, on Qr;

u(z,0) = ug(z), V€ (HE)

u € LOO(QT> N C(QT) N 02’1<QT),

with prescribed initial data ug € L*°(2) N C(Q2). Henceforth, unless stated otherwise,
when we refer to (HE), we assume all the conditions mentioned above. We will show
that (HE) is well-posed, in the Hadamard sense (see [Had07]), on Qr for any 7" > 0.
The results presented in this section have been previously established (see for instance

[Eval0]) and are proved here in the context of our work.
Theorem 3.2.1 (Uniqueness). (HE) has at most one solution on Qp for any T > 0.
Proof. Let uy,us : Q1 — R be solutions to (HE) with the same initial data uy. Define
w:Qr — R as

w=Uuyp — Uz On QT-
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It follows that w; — Aw = 0 > 0 on Qr and w = 0 on 0Q27. Therefore, via the weak

minimum principle (see Proposition 2.3.7),

w>0 on Qp.

Via a symmetrical argument, it also follows that

—w>0 on Q.

Thus, w = 0 on Qr, or equivalently, u; = us on Qr, as required. O

For what follows, we provide a definition for the free-space fundamental solution to
the heat equation. Let Dg = {(z,t;7,5) € Qr x Qr:0<s<t < T} and G: Dg — R

be the function given by

) — 1 |z —y|?
G(z,t;y,s) = CNORETE exp (—m>, (3.2.1)

for all (z,t;y,s) € Dg. The function G is the fundamental solution for the heat equation
in R™ x [0, T and is consistent with the definition provided in the previous chapter. Now,

we consider the function u : Qr — R given by

[ Gty 0y, (1) o
u(zx,t) = " (3.2.2)

uo(z), (x,t) € 0Q.

Since ug € L*(Q2) N C(2) we also have the following alternative representation for u

obtained via a change of variables

_ 2

€ _d: V(x,t)€Qp, (3.2.3)

N

u(z,t) = /" up(z + 2v/t2)

with 22 = 2 - 2, for all z € R™.

Now we establish the following standard result.
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Theorem 3.2.2 (Global existence and uniqueness). (HE) has a unique solution on Qr

for any T > 0. This solution is given by u : Qp — R in (3.2.2) and (3.2.3).

Proof. First note that, for each y € R", 0,(G(z,t;y,0)up(y)) and A(G(z,t;y,0)uo(y))

exist and are continuous on Q7. By direct calculations® it follows that u € C%!(Qr) and:

r —yl|? — 2nt
e t) = | Gl iy, 0)ug(y) T YL =20t

. e dy = div(Vu(z,t)) = Au(z,t)

for all (z,t) € Qp. Additionally, since ug € L>*(2) N C () it follows from the uniform

convergence of the integral in (3.2.3) and the continuity of wug, that

P

lim u(z,t) = lim ug( + 2V/t2) ‘

=0+ =0+ Jgn Ve

e
= 1i 24/t
Ant;fauo<x+ Vi)

_/n uo(x)f/;dz

=ug(x) (3.2.4)

dz

dz

for all z € R™. Also, since ug € L®(2) N C(Q2), applying Holder’s inequality to (3.2.3)

yields
[l oo iy < Nluoll o) on Q. (3.2.5)

Thus, u € L®(Qr) N C(Qr) N C*1(Qr) for any T > 0 and solves (HE). Since T' > 0 is
arbitrary, the solution u given by (3.2.2)-(3.2.3), with (3.2.1), can be extended onto Q.

The uniqueness of u follows from Theorem 3.2.1. O

Theorem 3.2.3 (Continuous dependence). Let u,v : Qpr — R be solutions to (HE)

with initial data ug, vy € L®(Q) N C(QL) respectively. Then, for every e > 0 there exists

!This follows from the continuity and uniform convergence as |z| — oo of the derivatives of all
integrands arising from (3.2.2). Derivative formulae then follow from the Leibniz rule.
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d =0d(e) > 0 such that if

o — voll Lo () < 9,

then

||u — /U”Loo(ﬁT) < E.

Proof. Via (3.2.3) we have that

22

ju(e,t) = v )| < [ fuole+ W1z) — vola + 2\/%2)|%dz

S ||U0 — UOHLOO(Q) <0 V(l’,t) < ﬁT‘

By setting § = ¢ the result follows, as required. O

To establish derivative estimates on Qp, we assume that uy € W2>(Q) N C?(), and
begin our analysis by noting that (following differentiation under the integral sign in
(3.2.3), a change of variables, integration by parts and another change of variables) the

following identities hold:

Oue,t) = | 0ol + 2VE)d - [ Gltn0dumd. 320

R”\/_

for all (z,t) € Qr and

8xi:cju(Ia t) = :c xju0($ + 2\/_Z)d2 - / G(Zlf, l; Y, 0)8yiyju0(y)dyv (327)

n

R \/_
for all (x,t) € Q. Following this observation and noting that ||G(z,t;-,0)||L1 ) = 1 for
any (z,t) € Qp, we infer the following result.

Theorem 3.2.4 (Derivative estimates). Let u : Qp — R be the unique solution to (HE).
Further assume that ug € W2>(Q) N C%(Q) and positive constants mg, My, my, M}, m{

and M exist such that

mo < ug < My,  my < Ogug < My,  my < Oyypig < My on Q,
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fori,j=1,...,n. Then,

mo <u< My, my<pu< M), my<0ya,u< M onQrp,

fori,5=1,...,n. Furthermore,

nmy < ug < nMj  on Q.

Proof. Since u is a solution to (HE) this follows from (3.2.6) and (3.2.7). O

By assuming no more than ug € L>(2) N C(£2) on the initial data, the derivative

estimates in Theorem 3.2.4 are adapted in the following propositions.

Proposition 3.2.5. Let u: Qr — R be the solution to (HE). Then,

HU0||L°<>(Q)

vt

|0z, u(z,t)| < V(x,t) € Qr, (3.2.8)

fori=1,....n

Proof. By (3.2.2), by differentiating under the integral sign and following changes of

variables we have:

Onant) = [ (2m; (‘(””;t‘ y”) o)y

1
= 7l \/_ zzuo(x+2\/_z)

for all (x,t) € Qp. Via the triangle inequality and Hélder’s inequality we obtain

2

10,,u(z, 1)| < [ollz=ey [ e Nzl dz

Vi Jee VT
|UOHLOO / 0., (—e” dzz

o ||Uo||L°°

vt

V(z,t) € Qr, (3.2.9)
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as required. N

Proposition 3.2.6. Let u: Qr — R be the solution to (HE). Then,

||U0||L°°(Q)

|8$i$ju(x7 )] < / )

V(z,t) € O, (3.2.10)

fori,j=1,...,n.

Proof. By (3.2.2), for all (z,t) € Qr, by differentiating under the integral sign, following

changes of variables and via the triangle inequality and Holder’s inequality we have:

2
5.
|21z = =

dz
2

||’LLOHL°°(Q) / e *
amm >t < n
] s ]u(x )| < ; i \/_

< |uollLoe (o) (/
= t .

with &;; denoting the Kronecker delta notation'. Bounding the remaining integral, as in

2 1
C |zl lde + -> V(z,t) € Q.
T 2

(3.2.9) yields (3.2.10), as required. ]

3.3 Non-local reaction diffusion equations

In this section, we consider the following Cauchy problem

Ou = Au+ f(u, Ju), on {r;
u(z,0) = up(x), Vo € O; (CP)
uwe L=Qr) N C Q) N C* (),

with prescribed initial data ug € L>*(Q) N C(Q), with Ju : L®(Qr) — L>®(Qr) as in

(2.2.1) given by the convolution product (with argument u),

Julw ) = [ pla = pulytidy Yw.t) € O

1, if i = j;
e 0, =14 ’
¢ Oig {0, if i # j.
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with (prescribed) integral kernel p € L'(R™), and (prescribed) nonlinearity f : R? — R
which is locally Lipschitz continuous, i.e. for any compact U C R? there exist Ly > 0

such that

| f(ur,v1) = f(uz,v2)| < Ly(Jug — vi] + |ug — va),

for all (uy,vy), (ug,v2) € U. Henceforth, unless stated otherwise, when we refer to (CP),

we assume all the conditions mentioned above. We further define ' : Qr — R to be
F(z,t) = f(u(z,t), Ju(z,t)) Y(z,t) € Q. (3.3.1)

We begin by showing that (CP) has a local solution.

Theorem 3.3.1 (Local existence). (CP) has a solution on Qs, for

1
2K +2[£(0,0)] +1

5 (3.3.2)
with

K = Ly(1+ [elle@m) (3.3.3)
and Ly > 0 is a Lipschitz constant for f on

U= [+ llellr@n) @lluolz=@ + 1), (1 + llell r@e) 2lluoll (@) + DI

Proof. Let B be the closed and bounded subspace of L>(€;5) N C(Qs), equipped with the

supremum norm ||| o q,) = [|llo0;' S0 that

B = {U : 55 —R:ve Loo<ﬁg) N C(ﬁ(;) and HU”OO < 2HUOHLOO(Q) —+ 1}. (334)

Tn this proof we use this shorthand notation for ease of presentation.
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We note that (B, || - ||) is a Banach space (given that it is a closed and bounded subspace
of L=(€;) N C(Qs)). By applying a Duhamel principle to (CP), we obtain the mapping
S : B — L>=(95) N C(Qs) such that

S(0)| @) =

tz)dz

v(x 4+ 2Vt — sz, s), Ju(z + 2Vt — sz, s5))dzds,

n

for all v € B and for all (x,t) € Qs. First we will show that Im(S) C B. For v € B, via

(3.3.2) - (3.3.4) it follows that

15 ()l o < Nluollzoe o) + 811 (v, Jv) [l
= [luoll o=@y + 01| f (v, Jv) + f(0,0) — f(0,0)][
< ol =) + (Lo (vl + l@ll 2@ llvllo) + [£(0,0)])
= [luoll =0y + (K ||v]l o) + [£(0,0)[)

< uoll () + 6 (K (2[|uol| o=@y +1) + [£(0,0)))
K (2]|uol| oo ) +1) + 1/(0,0)]

= lluollz= 2K+2\f(0 0) + 1
2||U0||Loo + ]_ 1
< ||uol| ey + ) +35

Therefore, S : B — B. Next we show that S is a contraction mapping. For v,w € B and

K asin (3.3.3), via (3.3.2) we have,

|S(v) = S(w)||,, = sup {//n\/_n|f (x + 2Vt — sz,8), Ju(x + 2Vt — sz, 5))

(z,t) GQ(;

— flw(z + 2Vt — s2,5), Jw(z + 2Vt — sz, s))|dzds}

< K sup {/ - \/_n|v(x+2\/ —52,8)

:EtGQ(;
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—w(z + 2Vt — sz, 5)|dzds}

5 -
< Kljo— w||oo/ /
e

= Kél||v — w||oo
K

= lv = wlloo

2K + 2|£(0,0)] + 1
1

§||v_w||00'

dzds

IN

Therefore,
15(v) = S(w)]

< v - wl

oo —

for all v,w € B. Hence, via the Banach fixed-point theorem?, there exists u* € B such

that

= [ o F2)d

/ R" \/_n
— /Rn Gz, t;y,0)uo(y)dy

T+ 2Vt — sz, 8), Ju"(z + 2Vt — sz, 8))dzds

t
4 / Gz, by, 5)f(u* (g, 5), Ju*(y, 8))dyds V(. t) € Ty,
0 R7

To complete the proof, from the regularity of f and u*, by using the results in [Fri08, Ch.
1], it follows that u* € L>(Q5) N C(Qs) N C*1(Qs), and moreover, that u* is a solution to

(CP) on s, as required. O

Remark 3.3.2 (Global existence). Now, following the approach described in [MN15a,
Theorem 6.4], and by assuming that a solution to (CP) is a priori bounded on Q7% we

may extend u* up to any t < T i.e, u € L=®(Qr) N C(Qr) N C%H(Qyr) as given by

U(fv,t)Z/HG(:v,t;y,O)uo(y)dyﬂL/Ot - Gz, t;y, s)f(uly,s), July,s))dyds  (3.3.5)

'For details see [Sau06, Theorem 1.19].
2L.e, there exists a uniform bound for a solution to (CP) for all ¢t < T..
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for all (z,t) € Qr, is a solution to (CP). If u is a priori bounded on Qr for all T' > 0,
then there exists a solution to (CP) on Q.. We further note that although comparison
theory is widely used to establish a priori bounds for the local instance of (CP), it is
not applicable in the general (non-local) instance of (CP) we consider. However, if f is
non-decreasing with respect to Ju with ¢ > 0, then the comparison theory developed in

the previous chapter can be applied to establish the uniqueness of solutions to (CP).

For the remainder of this section we assume that solutions to (CP) exist on Q7. We

now establish a result which will yield uniqueness and continuous dependence for (CP).

Lemma 3.3.3. Let u,v : Qp — R be solutions to (CP) with initial data ug,vo, and

integral kernels ¢, § respectively, and identical nonlinearity f : R? — R. Then,
lu(z,t) — v(z, )| < (|luo — vollze(a) + Cit)e?  V(x,t) € Qr, (3.3.6)

with Cy = Ly |l —@|| L2 @ lull oo @y, C2 = Lu(1+ 1@l 1 mn)) and Ly a Lipschitz constant
for f on U = Uy x Uy with

Uy = [— max{||ull oo gy 101 oo @ b max{||ul] oo @y 101 oo @i}
and
Uy = [— max{|[Jul| oo qa, ) 10| oo @y b max{ || Jul| oo @, 0] oo g -

Proof. Via (3.3.5) we have that

u(x,t):/nG(x £9,0 dy+/ / Gla t:y, ) f (u(y, s), Ju(y, s))dyds:

0 R”
o(w,t) = [ Gla, iy, 0)uoly)dy + / / Gl t:, 5)f (v(y, ), Joly, s))dyds,
Rn 0 Rn
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for all (x,t) € Qp. Therefore

lu(z,t) —v(z,t)|
< luo — vol| e (o)

. ) (3.3.7)
[ Gty ) a9, Tutus)) = F(wly.5). ol ) ldyds,

for all (x,t) € Q. Since f is locally Lipschitz continuous, and J, J are linear operators.

it follows from (3.3.7) that

lu(z,t) — v(x,t)|
< o= wllmio [ [ Gt Lo(ut09) = o(09)
+ [July, s) — Ju(y, s)|)dyds
< o=l + [ [ Glotio)Lolluty.) vl s)
+ | July, s) — July, s)| + | July, s) = Ju(y, s)|)dyds
= o = voll o // (@ t539) Loy s) = (3. )
100 = Ty, )| + [ (uly,5) = v(y, $))dyds
< o = oo + | / (@.t:.9) Lol 5) = () lo~co
1l = Bll sl ey + 18l 1 gl ) = 00, )l oy
< = ooy + [ Lol 9) = ol + e = llsgonlallimar

(3.3.8)
+ @l @y lul-, s) — v(-, 8)[[Lee())ds,

for all (x,t) € Qr, where (3.3.8) follows from Holder’s inequality and

||G(ZL‘,t, . 3)||L1(Q) = 1
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Now, we define ¢ : [0,7] — [0, 00) to be
(1) = lult) = o( Ol poeey V2 € [0, 7). (3.3.9)
On taking the supremum over all z € R™ in the inequality (3.3.8), using (3.3.9), we obtain,
t
D(t) < o = ol ) + Lulle = Pll [l oo @yt + Lo (1 + |1 21 ) /0 b(s)ds,

(3.3.10)

for all t € [0,7]. Via an application of the Bellman-Gronwall inequality to (3.3.10) we

have
ﬂ)(t) S (HUO — U0||Loo(Q) + LUHCP — @”Ll(Rn)||U||Loo(QT)t)eLU(l-FH@”LI(]Rn))t Vt c [O, T],

which implies (3.3.6), as required. m
Corollary 3.3.4 (Uniqueness). For any T > 0 there ezists at most one solution to (CP).

Proof. Let u,v : Q7 — R be solutions to (CP) with vy = ug on Q, § = ¢ on R”, and
identical nonlinearity f. Then, via Lemma 3.3.3, it follows that |u(x,t) — v(x,t)| = 0 for

all (z,t) € Qp. Therefore, u = v on Qr, as required. ]

Proposition 3.3.5 (Continuous dependence). Suppose that u : Qp — R is a solution
to (CP) for fizted T > 0. Then, for each € > 0 there exists § > 0, that only depends on
e, T, ||ull oo @gy: 1]l L1(rny and a Lipschitz constant for f, such that, if for initial data vo

and integral kernel ¢ satisfying the conditions of (CP), we have
[uo = voll ooy <6 and | — @lliwny <6, (3.3.11)

then, there exists a solution v : Qpr — R to (CP) with initial data v, integral kernel ¢
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and nonlinearity f, such that
lu =Vl oo @y < (3.3.12)

Proof. Since u : Qp — R is a solution (CP) it follows that ||ul| oo @y < 00. Without loss

of generality, suppose that e < 1. Let U C R? be given by U = [—a,a] x [—b,b] with
a = [ull ooy + 1 and b = ([[ollLr @) + D([Jull oo @,y +1)-

We define f : R2 — R such that

- flu,w), on U;
flu,w) = (3.3.13)

f(u',w"), onR*\ U,

where (u/,w') € U is the closest point to (u,w) € R*\ U (with respect to the Euclidean

norm on R?)!. Note that, since f is locally Lipschitz continuous, by construction, f is

Lipschitz continuous on R? and bounded, i.e. there exists L > 0 such that
f(ulawl) - JF(U27UJ2) < L(|ug — ug| + |wy —wal),  V(ur,wr), (ug, ws) € R?,

and,

[, w)] < W f ooy, V(uw) € R (3.3.14)

Now, consider the problem (CP), denoted by (CP), with initial data vy, kernel ¢ and
nonlinearity f given by (3.3.13) with [jug — Vol ooy < 1, and [jo — @||p1wny < 1. Note
that, via Corollary 3.3.4, when uy = vy and ¢ = @, the unique solution to (CP) on Qr is

given by u (the unique solution to (CP)).

1To visualise: we partition R? in 9 ‘boxes’, the central, bounded box being U and 8 infinite boxes
for each point of the compass. In the N, E, S and W boxes, f is constant on lines perpendicular to the
adjacent edge of U. In the NE, SE, SW and NW boxes, f is constant with value equal to f evaluated at
the adjacent corner of U.
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Additionally, for any solution v : Q7 — R to (CP), such that v, and ¢ satisfy the
hypotheses of (CP), it follows from Remark 3.3.2, (3.3.13) and (3.3.14) that

[0/l oo @y < w0l ooy + TS| oee2)

< ||u0||L°°(Q) + 1+ T||f||Lo<>(U)-

By applying Lemma 3.3.3 to two solutions of (CNP), specifically, u in the hypothesis, the

solution to (CP), denoted by v as above, we have

(- 8) = v(, )| ooy < (o = vollzoe@ar) + Llle — @l lull o, ) e 1P,

for all ¢ € [0, T, with L being a Lipschitz constant for f on U. Therefore, via (3.3.11)

||U — UHLOO(QT) S (HUO — UO”LO"((‘?QT) + LHQO — (/N?HLl(Rn)||u||Loo(QT)T)eL(l-f—”@HLl(Rn))T

<8 (14 Llfullm @y ) X0+ 2en)T,
Thus, if § satisfies

0<d<e ((1 + L||u||LOO@T)T) eL@W“LuRn))T)l , (3.3.15)
then it follows that

To verify that v : Q7 — R, the arbitrary solution to (CP) in (3.3.16), is also a solution

(CP), it suffices to show that f(v, Jv) = f(v,Jv). Indeed, since ¢ < 1, it follows that

0] e @y < Ml poe @y +€ < lullpe@yy + 1 (3.3.17)
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and

170, < N2l < (el + Dlull ey +D- - (33.18)

Hence, via (3.3.17), (3.3.18) and (3.3.13), f(v, Jv) = f(v, Jv) on Qr. Therefore v : Qp —
R is a solution to (CP) with initial data vg, integral kernel ¢ and nonlinearity f. Finally,
since ¢ in (3.3.15) is independent of the specific choice of vy and @, the bound in (3.3.16)

establishes (3.3.12), as required. O

For the remainder of this section we provide several results concerning derivative es-
timates for the solution of (CP) that depend on the regularity of the initial data ug and

the nonlinearity f.

Proposition 3.3.6 (0,,u estimates). Let u : Qp — R be the solution to (CP) and suppose
that ug € WH>(Q) N CH(Q). Then

211/ (u, Ju)| o, VE

NZ3

|0z, u(, t)| < |0, u0|| oo () + V(z,t) € Qr, (3.3.19)

foralli=1,...,n

Proof. By differentiating under the integral sign in (3.3.5), permitted via the regularity

of f(u, Ju) and the integrability of G, and after a change of variables, via (3.3.1) we have:

|0y, u(x, t)| = &Eluo(a:—i—Q\/_z dz—{—/ / (04, G(z,t;y,5))F(y, s)dyds

Rn \/_

< (|, o] +// Ty Ul p(y, $)ldyd
. Uo || oo .S s
i QO[] Lo°(Q) . t—S)n/Q 2( ) Yy Y

< /|0, () + =zl | F(x + 2 dzd

< 19 oll (o / = | el 2V, o)l dzds

20|.f (t, Ju) | ooy VE
< |0, s L
< |0z, uol| L () + Jr
for all (x,t) € Qr, as required. O
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Proposition 3.3.7. Let u: Qp — R be the solution to (CP). Then

ol 20| f (u, Ju) || ooy VE

V(IE, t) S QT,

foralli=1,... n.

Proof. The proof follows that of Proposition 3.2.5 for the term involving ug and that of

Proposition 3.3.6 for the term involving the nonlinearity f. m

Proposition 3.3.8 (9,,,,u estimates). Let u : Qp — R be the solution to (CP) and

suppose that ug € W»°°(Q) N C*(Q). Then'
O,y (2, )] < (|0, 0| o) + AL K || VulloVE V(a,t) € Q, (3.3.20)
foralli,j=1,...,n, with K = Ly(1 + ||¢||L1n)), Lu a Lipschitz constant for f on
U= [—”U”Loo(m)a ||U||Loo(ﬁT)] X [—HJU”Loo(ﬁTy ||JU||Loo(§T)]
and I;; is given by

i dz.

]
ZZ‘Z]' — 9

e’
L= =l
5=, Sl

Proof. As in the proof of Proposition 3.3.6, by differentiating under the integral sign

(3.3.5), and following a change of variables, we have:

|0, Oz U0 (T + 2\/zz)dz

e’
o
t
- ( / / G(x,t;y,s>F<y,s>dyds)
0 n

< ||a70i90ju0HL°°(Q)

t
+ | O (// G(x,t;y,s)F(y,s)dyds) . Y(z,t) € Qp.  (3.3.21)
0 n

u(z,t)] <

iTj

Here, we utilise the shorthand notation ||Vu||s to mean max;—; w110z, ull Lo @y }-
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The last term in (3.3.21) can be estimated as follows:

t
. (/ / G(x,t;y,S)F(y,S)dde>
0 n
t —2? .. —
_ / / e (Zizj—éﬁ) F(x +2t Sz’s)dzds
0 n \/77_11 2 t—s

t —z2 .. _ —
/ / e (Zizj B %) F(x 4 2Vt — sz,s) — F(x, S)dzds
0 Jrn VT

2 t—s

t - 6\ F
/ / c (zizj — —J) mdzds
0 n ﬁn 2 t—s

t —z2 .. _ —
/ / e (Zizj B 5ﬂ) F(x 4 2Vt — sz,s) — F(z, S)dzds
0 Jrn VT

IN

_|_

2 t—s

t —2 8| | F 2T — —F
< / / |, = | Bl 52,8) = F@ 9)| 1o (3.3.22)
0 n \/En 2 t—s
for all (z,t) € Qp. Let &; : R® — R, be given by
6_2'2 ..
&ii(2) = NG 2z — 7f VzeR"and i,j=1,...,n. (3.3.23)

Recalling that f is locally Lipschitz continuous and J is linear with respect to u, it follows

that (3.3.22) is bounded above by

t—s

N |J(u(z + 24/t — sz,5) — u(x, s))|) d=ds,

t—s

/t &i(2) Ly ('u(x PV v s) ules)

(3.3.24)

for all (x,t) € Qp. Via Proposition 3.3.6, by applying the mean value theorem to the

numerators of the fractions appearing in (3.3.24), we obtain

lu(x + 2Vt — sz,5) —u(z, s)| < ||Vul| 2Vt — s|z] (3.3.25)
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and

|J(u(z + 2Vt — sz,8) —u(z,s))] < /n o) |u(x +2vVt — sz —y,s) —u(z —y, s)|dy

< [l Vull  |212vE = s, (3.3.26)

for all (z,t) € Qp. Substituting (3.3.25)-(3.3.26) into (3.3.24) and recalling the definitions
of K and I;;, (3.3.22) is further bounded above by

b 2K ||Vl s

1, 2080V e o a g K[Vl oVE VE € [0, T 3.3.27
L=y ds= Ay IVl vt [0, 7] (3.3.27)
Finally, substituting (3.3.27) into (3.3.21) yields (3.3.20), as required. O

Proposition 3.3.9. Let u: Qr — R be the solution to (CP). Then

Uo|| Lo (02
|8$i$ju(x, t)| S % + HUOHLOO(Q)Q\/E]Z]K + 2\/EIUK||f(U, JU)HL"O(ﬁT)t? (3328)

for all (z,t) € Qr, foralli,j=1,...,n, with K, Ly,U and I;; as in Proposition 3.3.8.

Proof. The first term of the right hand side of (3.3.28) is estimated as in (3.2.10). The
second and third terms of the right hand side of (3.3.28) are estimated similarly to the
terms of the right hand side of (3.3.20). In particular, via Proposition 3.3.7, recalling
that f is locally Lipschitz continuous and J is linear with respect to u (following the same

steps used to produce the bound in (3.3.27) for (3.3.21)) we have!

O, (/ RnG x,ty, s)f (uly ’S)J“(y,é’))dyds)‘
/ Gyl )K”V“( 8)|l ool 4+ 2vE — 52 —

t—s

/ [ B (Wl | W),
. m ﬁ VT

KHUOHLoo

|dzds

ds

/ . 4IUK||f(u7 ‘]u ||L°° (Qr)
m\f VT

'Here, ||[Vu(:, s)||so denotes max;—1,... n{||0z,u(-, 8)|| L)}
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(3.3.29)

QIinHUOHLOO(Q)B (1 1> AL K| f(u, JU)HLw(ﬁT)tB (3 1)

VT 272 N 22

for all (z,t) € Qp, with &; : R® — R as in (3.3.23) and B : R2 — R the Beta function
defined as

L'(2)C(y)

Vi, y > 0.
Iz +y) HY=

1
B(z,y) = / N1 — 1) dr =

0
Substituting the evaluations of Beta function in (3.3.29) yields (3.3.28), as required. [

Remark 3.3.10. Using Proposition 3.3.8 it follows that the solution u : Q7 — R to (CP),

with ug € W2°(Q) N C?(R), satisfies

B, O < Y (10,0,u0l| () + 4L K| VuullooVE) + [1f (0, Ju) | o,y V(1) € O

i=1

Remark 3.3.11. Using Proposition 3.3.9 it follows that the solution u : Q7 — R to (CP),

satisfies

— ([uoll =0
|Opu(z, 1) < Z (f() + |’U0||Lw(9)2ﬁ[iiK +2Vrli K| f (u, JU)HLw(ﬁT)t
i=1

1w Ju)l[ e @y, V(2:1) € Q.

Remark 3.3.12. On examining the proofs of Proposition 3.3.6 and Proposition 3.3.8,
it follows that if ug € W2°(Q) N C?(Q), then, for the solution u : Q7 — R to (CP),
it follows that d,,u and 0,,,,u are continuous on Qr. Hence, as seen by the differential

equation in (CP), u; can be continuously extended from Q7 onto Q7 and therefore
u € LOO(QT) N 0271(§T)~

Assuming higher regularity for both ug and f we acquire the following result.

Proposition 3.3.13. Let u : Q7 — R be the solution to (CP) and let k € N satisfy k > 3.

Further assume that 0ug € L>(2) NC(R2), for all multi-indexes o such that |o| < k and
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feCkU), with
U pumm

QT ﬁT QT ﬁT

infu,supu] X [inf]u,sup Ju] .

Then, for all multi-indeves o such that |a| < k + 1, 0% exists on Qr. Moreover, for

la| < k the derivatives satisfy the bounds
|Ogu(e, )] < [|05uol| o) + 05 f (u, Ju)|| po g,y  V(@,t) € Qr. (3.3.30)

Furthermore, for o such that |o/| = k + 1 and « such that |o| = k, u satisfies the bound

19z uoll=y 2/102 f (u, Ju) || o @iy VE
Vit N

10" u(z, )| < V(z,t) € Qr. (3.3.31)

Proof. We define g : Q07 — R to be

V(Zﬂ, t) € Qr.

Note that g € L'(Q7) N C®(Qr). Let * : LY(R™) x L>°(R") — L°°(R") be the standard

convolution product on R" given by
(@0 = [ oo =)y = [ awla— )iy vee R
Thus, we may write the solution u : Qr — R to (CP) as
t —
u(z,t) = (g(-, 1) * uo(-))(x) +/ (g(-,t =) * flu(, ), Ju(:,5))(x)ds  V(z,t) € Q.
0

Denoting Ju = v, following two applications of the chain rule, for any 7,5 = 1,...,n,

it follows that

Ovia; f (U, V) = O f (1, 0) O, w0, 1 4 Oy f (1, V) Oy U + O f (U, 0) O, 00y, u
(3.3.32)

+ Oun f (1, V)03, U0,V + Oy f (U, 0) 0,005, v + Oy f (U, V) Oy, v,
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on Qp. Since Opu, Op,e;u € L®(Qr) N C(S27), it follows that 0,,v = JOp,u and Op,;v =
JOp,z,u, and furthermore JO,,u, JOp,u € L>(Qr) N C(Qp). Therefore, via (3.3.32),

f(u,v) € L>®(Qr) N C(Qr). Consequently, since

aziwju<x7t) = (g('7t) * azzz]uo())(x) + /0 (g('7t - S) * a’rzxjf(u<7 5)7 JU(, 8>)<$)d8,

(3.3.33)

for all (z,t) € Qr, it follows from 9,,9 € L'(Qr) for i = 1,...,n, for |a| = 3, that 9%u
exists on Qr, and moreover, that 9%u € L=(Q7) N C(Qr).

Now, suppose that, for some a with |a| = 3,...,k—1, we have 9%u € L=(Qp)NC(Qr).
Repeated applications of the chain rule show that 0% f(u,v) is a multivariate polynomial
in 02 f(u, ) |uu, Pu and 8%v = JO%u (for a multi-index B such that |8] = 1,...,|a]).
This implies that 0% f(u,v) € L=(Qr) N C(Qr). Recalling that g € L'(Qr) N C>®(Qr),

following a similar argument to that used to produce (3.3.33), we have

/0 (g(,t —s) %03 f(u(-,s), Ju(-,s))(z)ds (3.3.34)

is continuously differentiable with respect to x; on Q0 for ¢« = 1,...,n. Furthermore, since

D%up € L=(Q)NC(Q) for all |a| < k and g(-,t) € L*(R™) N C(R™), for ¢ € (0, T], we have

that

(g(-,1) * Oguo(-)) () (3.3.35)
is continuously differentiable with respect to z; on Qp for i = 1,...,n. Therefore, %u
exists for each || = |a|+1. Moreover, on recalling the approach used to prove Proposition

3.3.6 and (3.3.34) and (3.3.35), it follows that %u € L>(Qr) N C(Qr). Thus it follows
from mathematical induction, on recalling the regularity of the initial data, that 0%u
exists on Qr and 9%u € L®(Qr) N C1(Qyr) for all |a| = 3,... k.

Now, using the differentiation properties for convolution products and utilising (3.3.1),
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for || = 3,..., k, we obtain:

t

u(x,t) = 97 (g(-, 1) *uo(-)) (@) + [ 07(g(- = 8)* (-, 5))(x)ds

= (9( 1) % Fuo()) (@) + [ (g(,t =) * O f(ul-, 8), Ju(:,5)))(x)ds, (3.3.36)

/
I

for all (z,t) € Qp. Thus,

t
0%z, )] < 190+ )l g 100 L oe ey + / 19t = )21y 12t T ey
0
t
= (10 uol| ey + / 102 £t J0) | oy
%ol sy + 0% £ (1 T0) | oy,

for all (z,t) € Qp. Finally, to obtain (3.3.31) we apply the same steps used to prove
Propositions 3.3.6 and 3.3.7 starting from (3.3.36). O

Remark 3.3.14. Assuming the conditions of Proposition 3.3.13 and recalling that g(z —

y,t —s) = G(x,t;y,s) is the fundamental solution to the heat equation, it is readily

k

established, on further examination of the proof, that « € W>(Qr) N o L5 ) Q7).

Remark 3.3.15. Note that the bounds in (3.3.30)-(3.3.31) solely depend on

0% uoll @y T Null ey llllsqeny amd 1105 fll o) (3.3.37)

Specifically the bounds in (3.3.30)-(3.3.31) do not depend on the lower derivatives of u and
Ju in Qr, since these are also bounded by terms solely dependent on the terms in (3.3.37).
Thus, Proposition 3.3.13 can be used to bound higher order derivatives of solutions to

(CP) provided that the relevant quantities in (3.3.37) are bounded.
We compile the results regarding the well-posedness for (CP) in the following theorem.

Theorem 3.3.16. Suppose that (CP), with ¢, f and uy prescribed, is a priori bounded

on Qp for 0 < T < oo and let € > 0. Then, there exists a unique solution u : Qp — R to
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(CP). Moreover, for all initial data Gy and integral kernels ¢ which are sufficiently close
to ug and ¢ in the L>® and L' norms respectively, the unique solution i : Qp — R to

(CP) with ¢,y and [ exists, and satisfies [|u — | oo (q,) < €.
Proof. This follows directly from Theorem 3.3.1, Corollary 3.3.4 and Proposition 3.3.5. [

Theorem 3.3.16 is interpreted as a local in time well-posedness result for (CP). To
establish global in time well-posedness results for (CP), knowledge of the asymptotic
behaviour for solutions to (CP) as t — oo is required.

We now provide an illustration of the application of Theorem 3.3.16 on the non-local
Fisher-KPP problem considered in [LCS20] and [BN22]. Consider the following Cauchy

problem: let €2 = R and suppose that:

O = Oppu + u*(1 — Ju) on Qp; (3.3.38)
u(z,0) = ug(x) Vo € (3.3.39)
u € L=(Qr) N C(Qr) NC*HQyp), (3.3.40)

with prescribed non-negative initial data ug € L*(£2) N C(§2). Further assume that the

integral kernel ¢ has positive mass on a closed ball containing 0 and satisfies

¢ € L'R), |l¢llpiwm =1and >0 onR. (3.3.41)

Via [LCS20, Theorem 1.1] it follows that any solution u to (3.3.38)-(3.3.40) is a priori
bounded on Q7 with bound independent of T > 0, i.e. u € L>®(Q)." Thus, via Remark
3.3.2 and Corollary 3.3.4 a solution to (3.3.38)-(3.3.40) exists and is unique. Furthermore,
via Proposition 3.3.5 for any finite time 7', solutions to (3.3.38)-(3.3.40) depend continu-

ously to initial data (and integral kernels). We note that to consider whether solutions to

For completeness we summarise the techniques the authors of [LCS20] utilise to obtain bounds on
solutions of (3.3.38)-(3.3.40). First they obtain L”—bounds on solutions of (3.3.38)-(3.3.40), that depend
on the exponents of the creation and removal terms of (3.3.38) (here 2 and 1 respectively), [[uo|| (g, the
spatial dimension, and, the mass of the integral kernel around 0. Subsequently, via an iterative argument
over p they manage to obtain L estimates on the solution that depends on the aforementioned quantities.
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(3.3.38)-(3.3.40) depend continuously on the initial data on Q,, knowledge of the large-t

structure of solutions is required.

3.4 Conclusion

In this section, motivated by results concerning (HE), we obtained local in time well-
posedness for (CP), as well as derivative estimates for the solutions to (CP). We high-
light that Theorem 3.3.1 will be used to provide approximating functions for solutions
to Cauchy problems associated with non-local reaction-diffusion equations with non-
Lipschitz nonlinear terms f. Specifically, see the proof of Theorem 4.2.2.

It should also be noted that the well-posedness results and methods presented in
Section 3.3, can be adapted to provide related well-posedness results for systems of non-
local reaction-diffusion equations, where the solution is represented by the vector valued
function u : Q7 — R™. For example, in [NB23] the authors consider the predator-prey

system

Oyu = D0 + u(l — Ju — av);

0w = DyO0ppv +v(1 — Jv — fu),

where the integral kernel ¢ is a top-hat function and appropriate initial data is consid-
ered. Another recent example (of an SIR type model), containing a system of non-local
integro-differential equations, that the theory developed here can be applied is seen in
[WZ23]. Natural extensions for the scalar case include: generalising the linear differential
part of the integro-differential operator, by utilising fundamental solutions for second or-
der linear parabolic partial differential operators, as discussed in in the previous chapter
(see for instance [Fri08, LSUGS]); considering spatial domains other than R”; and alter-
native non-local interaction terms. More specifically, by assuming sufficient regularity

on the coefficients in the linear part of the integro-differential operator and nonlinearity,
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one can use the parametrix method (as described in [Fri08, Ch. 1]) to obtain integral
representations of solutions to related Cauchy problems. Utilising these integral represen-
tations with a similar methodology to that presented here one can obtain results similar
to Theorem 3.3.16. Further discussion is provided in the final chapter.

The higher derivative estimates on solutions to (CP), illustrated in Theorem 3.3.13
can be useful, for example: to bound the truncation error of finite difference schemes used
to approximate solutions to (CP), as used in Section 4.4, [NBLM23], and as illustrated in
[DMR22]; and in justifying the existence of higher order terms in asymptotic approxima-
tions of solutions to u in various space-time limits (see, for example the general approach

illustrated in [LN03]).
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CHAPTER 4

ON THE CAUCHY PROBLEM FOR THE
NON-LOCAL REACTION DIFFUSION EQUATION
WITH HOLDER CONTINUOUS REGULARITY &

APPLICATIONS

4.1 Introduction

Let Q = R% Consider the following Cauchy problem:

Ou = Au + f(u, Ju), on Qr;
u(x,0) = ug(x), Vi € Q; (CP)
u € LOO(QT) N C(QT) N Cz’l(QT),

with prescribed uy € L*(Q) N C (), with Ju : L>(Qr) — L*(Qr) given by the convolu-

tion product (with argument u),

Julz,t) = / pla— ypuly Dy V(r1) € Or,

with (prescribed) integral kernel ¢ € L'(R?), and (prescribed) nonlinearity f : R? — R
which is locally Holder continuous of degree a € (0, 1), i.e. for any compact subset K of

R? there exists a non-negative Holder constant Cy such that
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|f(ur,v1) = f(uz,ve)] < Cre(Jur — ug|™ + Jvg — v2|*) V(ug,v1), (ug,v2) € K. (4.1.1)

When (4.1.1) holds, for brevity, we write that f € H,. Henceforth, unless stated other-
wise, when we refer to (C'P), we assume all the conditions mentioned above.

In Section 4.2 we demonstrate that (C'P) admits solutions up to a time §, (see Theorem
4.2.2). Moreover, we establish how one can extend such a solution until either ¢t = 7" or a
blow-up occurs (see Corollary 4.2.4). The solutions are constructed by first constructing
solutions to sequences of Cauchy problems where the nonlinearity are Lipschitz continuous
and tend to the f of (C'P) (from above or below); to achieve this, we utilise results in
Chapter 3. Those methods allow for regularity estimates to be obtained, that in turn
can be applied to inductively construct a solution to (C~P). If moreover we assume that
f is non-decreasing in Ju, and that ¢ > 0 we subsequently illustrate that constructed
minimal and maximal solutions to (C'P) exist up to a time t = § (see Theorem 4.2.3).
Similarly these can be extended until ¢ = 7" or until blow-up occurs (see Corollary 4.2.4).

In Section 4.3 we utilise the results presented previously to demonstrate that the scalar
non-local analogue to the source problem arising in isothermal autocatalytic chemical
kinetics is locally well-posed (for details on the local case, see [MN15b, NK93]). Namely,
we consider the Cauchy problem associated with (C'P) for the case when Q = R and
f(Ju) = (Ju)h, and note that here f is non-decreasing in Ju. We refer to this Cauchy
problem as (C'P), and establish that it is locally well-posed in time. Existence of global
solutions is established via a priori bounds and the results in Section 4.2. To demonstrate
the uniqueness of solutions to (C'P)y, we establish comparison principles following the
overall approach of [AE87] that ultimately allows us to also demonstrate the local in time
continuous dependence of (C'P);.

In Section 4.4 we consider a finite difference method to approximate the solution to

a problem related to (C'P),. Specifically we establish the conditional convergence of the
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solution of the finite difference scheme to the solution of (C'P),, as dx,t — 0.

In Section 4.5 we establish a formal large-t asymptotic approximation of the solution
to (C'P);. This shows that the lower bound of the solution to (C'P), is asymptotically
stable for p € (0,1/3) and unstable for p € (1/3,1), under specified assumptions on the
initial condition and the integral kernel. The formal results presented here are shown to
be in excellent agreement with the numerical simulations that are provided. These are

used to infer the conditions for which global well-posedness in time holds for (C'P).

4.2 Local existence

We begin by providing the definition of maximal and minimal solutions.

Definition 4.2.1. Let f € H, for some a € (0,1), ¢ € L'(R?), and suppose that

ug € L>*(2) N C%*Q). Let

S ={u:Qp = R:uis a solution to (CP) on Qp}. (4.2.1)

A function @ : Qp — R is said to be a mazimal solution to the given (C'P) if @ € S and,

for all w € S we have

u(x,t) > u(x,t) Y(z,t) € Qr. (4.2.2)

Similarly, a function u : Qp — R is said to be a minimal solution to the given (CP) if

u € § and, for all u € S we have

u(x,t) <wu(x,t) Y(x,t) € Q. (4.2.3)

It follows that for a given (C'P), when @ = u on Qp, then (C'P) has a unique solution

on Q7. We now state the main results of this section.
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Theorem 4.2.2 (Local Holder existence). Consider (C'P) with f € H,, for some a €
(0,1), ¢ € LY(RY), and up € L>(Q) N C(Q). Then, there exists a solution u : Qr — R to
(C'P) on Qp, with T = § given by

’ Y
5:mm{m°fa,m“, } (4.2.4)
c c
with
mo = (1 + [|oll L1 (ray) |uol| oo () + 1 (4.2.5)
a' = inf ug(z) —1/2, V' = supuo(z) +1/2, (4.2.6)
z€R TzeR
and

inf f(&n)—1

(&,m)€[—mo,mo]?

sup  f(§,n) +1

(&,m) €[=mo,mo)?

J

d = max{ } . (4.2.7)

Theorem 4.2.3 (Local Holder existence of minimal and maximal solutions). Consider

(C'P) with f € H, for some o € (0,1) such that f is non-decreasing in Ju, ¢ € L'(RY)
and ¢ >0, and, ug € L>®(Q)NC (). Then, there exist minimal and mazximal solutions to
(C'P) on Qp, with T =6 as in (4.2.4). In addition, with u, 7 : Qs — R being the minimal

and mazimal solutions of (C'P) respectively, we have

max{[|ul| oo ), [Tl oo @,y b < m0- (4.2.8)

The proof of Theorems 4.2.2 and 4.2.3 will be illustrated in the remainder of this
section.

Global solutions, be they minimal, maximal or other, can be constructed by glueing
together solutions of (C~P), by repeatedly applying Theorem 4.2.2 or 4.2.3, as described
in [MN15a, Remark 8.4] and Remark 3.3.2. Heuristically, glueing solutions together is

described as follows: suppose, without loss of generality, that 7' > 28 and u' : Q5 — R is
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a solution to (C'P). Consider the analogue to (C'P) on Q x [, 28], equipped with initial
data ugo(z) = u'(z,0), for all z € Q. Via Theorem 4.2.2, this Cauchy problem has
a solution u? : Q x [0,20] — R on Q x [§,20]. Moreover, as noted in Remark 4.2.19,

u? € L>(Q x [6,20]) N C*1(Q x [§,28]) and
u?(z,0) = u'(x,6), ou’(x,8) = Ot (x,9),

ainQ(x,é) = axiul(a:,é), &cixqu(a:,(S) = @cixjul(a:,d),

for all x € Q (derivatives with respect to t are in fact taken as right and left limits which
coincide). Hence, the concatenation of u! with u? is, by construction, a solution to (C’~P)
for all t € [0,26]. If CP is a-priori bounded on Qr, we may repeat this argument to
construct a solution to (CNP) on Qp. Otherwise, we can repeat this argument to construct
a solution to (C’~P) on Qo for any 1" < Thyax, where as t — T, , the solution blows-up.

For clarity, we have:

Corollary 4.2.4. Consider (CP) with f € H, for some a € (0,1), ¢ € L*(R%), and
suppose ug € L>2(Q) N C(Q). Then, the local solution u : Qp — R to (CP) in The-
orem 4.2.2 can either be extended to a global solution to (CP) on Qu, or there exists
Triax, such that u cannot be extended onto Qp- for any T* > Tyax. In the latter case,
[, )| pooi) = 00 as T —= Ty ux. Moreover, if f is non-decreasing with respect to Ju

and ¢ > 0 the conclusion holds similarly for solutions to (C’~P) provided by Theorem 4.2.5.

To apply known results about (C~P) where f is Lipschitz continuous, we require the

following density result.

Proposition 4.2.5 (Lipschitz density). Consider f € H, with a € (0,1). Let Cx be a
Holder constant for f on K C R?, with K = [a,b)? for a <b. Then, on K, for any e > 0,

there exists a Lipschitz continuous function g : KK — R such that

|f(z,y) —g(z,y)| <&, V(z,y) €K, (4.2.9)
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where g is also a Holder continuous function of degree v on IC with Hoélder constant 5Cic.

If additionally, f is non-decreasing in y, then g as above, is also non-decreasing in y on

K.

Proof. Let ¢ > 0 and Cx > 0 be a Holder constant for f on K. We set  to be

5= (ﬁ)i . (4.2.10)

Then, for all (&1,m1), (§&2,m2) € K such that |§; — &| < 6 and | — 12| < 0, we have
F&m) = f&m)] < 5 (42.11)
Since K = [a,b]* C R? we set N = [(b— a)/d] and partition K as follows:
Zrm = [Tn_1,Z0] X [Ym—1, Ym), (4.2.12)

foralln,m=1,2,..., N, with

(b—a)
N

Tp =Yp=0a+ n, Yn=0,1,...,N. (4.2.13)

Then, for any n,m =1,2,..., N, we define ¢,,, : Znm — R to be the bi-linear interpolant

Gnm (T, y) = C ]_Va)Q [f(xm Ym) (@ = Tn1)(Y — Ym—1) + f(@n-1,Ym) (@0 — 2) (Y — Ym-1)

 F @ Y1) (= T0) W = 1) + F @t Yt 0 = 2) = ).
(4.2.14)

for all (z,y) € Z,, and define g : K — R as

g(l’, y) = gnm(xa y)? V(m, y) € Znm, (4‘2‘15)
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for each n,m =1,2,..., N. It now follows that

OGnm N . _ . _
T LG ym)y = Ymt) = Sty gy = ) (4.2.16)
+ f (@ Y1) Y = Y) = [ @1y Y1) (Y — 9)],
and
agnm _ N? T xr—x T Ty —T
oy ) = oy L @ ym) (@ = ) £ f (s y) (0 — ) (4.2.17)

- f(xna ymfl)(l’ - xnfl) - f(xnfb ym71>(xn - CE)],
for all (z,t) € Zpm, and n,m = 1,2,..., N. It follows from (4.2.16) and (4.2.17) that

N
(b—a)

[!f(wn,ym) = f@n—1,Ym)| + | (@0, Ym—1) — f(ajnfhym*l)”

OGnm
<
' e (x,y)’ <

(4.2.18)

for all (x,y) € Z,m and, analogously,

Uf(xn: Ym) = (@ Ym-1)| + | f (@01, Ym) — f(Tn-1, qu)u,

(4.2.19)

<
‘ Oy (xay)’

~ (b—a)
for all (z,y) € Zpm, and each n,m = 1,2,..., N. From (4.2.18) and (4.2.19) it follows

that ¢ as defined by (4.2.15) and (4.2.14), is Lipschitz continuous with Lipschitz constant

given by

N
L;C = 1%323\[{ b—a Uf(xmym) — f(@n1,Ym) | + 1 (@0 Y1) = F(Tn1, Y1)
1<m<N

~—

1T @) = S @ )|+ 1T @) = @ )] -
(4.2.20)

Moreover, via (4.2.17), if f is non-decreasing with respect to y, then ¢ is also non-

decreasing with respect to y.
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We now demonstrate that g, as constructed, is within ¢ distance of f on K. For
each (z,y) € K, there exists (n,m) such that max{|z — z,|, |y — ym|} < J. Thus, via

(4.2.10)-(4.2.11) and (4.2.14), we obtain

|f(z.y) — 9@, 9)| < [f(2,y) = f(@n, y)| + [f (@0, ym) — 9(z, y)]|
< ’f($7y> - f(xn;ym” + |g<xn7ym) - g<x7y)|
e €
—+ - =c. 4.2.21
<3 + 5=¢ ( )
To show that g is Holder continuous, with Holder constant equal to 5C, independent of
n,m € N, we first consider (z,y) € Z,m, for 1 <n,m < N. Recall that g = f at (x,, ym)
and from (4.2.14) it follows that
0

‘gi(x,y)' < sup {

y€[m—1.m]

’f(wmy) - f(xnfby)‘ }
(Tp — Tp_1)
< |f (@ Ym) = F(@n—1,ym) | + [ (@0 Y1) — f(@n—1, Y1)
N (Tn — Tn-1)
Cilrn — xp_1|* + Cxlzn — Tp_q|®

(Tp — Tp—1)

= 20 |7y — 21|, (4.2.22)

and similarly

0
’a—z(as, y)‘ < 2Ck|Ym — Ym-1

|o¢—1‘

Using the mean value theorem with (4.2.22), we obtain

92, y) — g(2’,4)] < [Vg(0) - ((z,y) — (2", ¢))]
< |52 1o = a1+ 50| -1

=2Ck (lz = 21"+ ly = ¢/|%), (4.2.23)

for all (x,y), (¢',y') € Zum, for some 6 € Z,,,. Now, assume that (z,y) € Z,, and
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(2',y) € Zyy for k,l =1,2,....N, Zpm # Zp. If Zp, and Zy; have a common edge we
may choose (z*,y*) to be the intersection of the line segment connecting (x,y) and (z’,y’)

with this edge and, following the same steps as those used to produce (4.2.23), obtain

l9(z,y) — g(2", )| < lg(z,y) — g(z,y")| + lg(z", y*) — g(«", )]
(4.2.24)

< ACk(lz — 2'|* + |y — ¥'|*).

If Z,n, and Z;; do not have a common edge, then the line connecting (z,y) and (2/,y')
intersects the nearest edges of Z,,,, and Zy;. Denote these intersection points in 7, and

Zy as (g, y-) and (2, 1y, ) respectively. Then, using (4.2.23) and f € H,, it follows that

9(z,y) — g(z',y)| < lg(x,y) — 9(xr, yr)| + [9(2r, Yx) — 9(27, Y|
+19(@, yx) — 9(@h v + 19(2%, v) — g(2', )|
<20k (|2 — 22| + |y — y|®) + 3Ck (|2 — 27|*)
+3Ck (|yx — y|®) +2Ck (|2, — 2'|* + |y, — ¥/|*)

=5Ck(lx — 2'|* + |y — ¥/|%). (4.2.25)

Thus g, via (4.2.23)-(4.2.25) is Hélder continuous of degree «v in K, with Holder constant

5CY. This completes the proof, as required. n

Note that the Stone—Weierstrass approximation theorem provides a polynomial func-
tion g : [a,b]*> — R that is ‘e-close’ to f in the L°°-norm. However, for such g, the
Stone-Weierstrass approximation theorem doesn’t provide an upper bound on the Hélder
constant of g, for fixed Holder degree equal to that of f. Hence the need for Proposition
4.2.5.

Proposition 4.2.6. Let f € H, for a € (0,1), K = [a,b]* and Cx be a Holder constant
for f on K. Then, there exist sequences {f, }nen and {in}n€N7 such that for every n € N
the functions ?min : R? — R satisfy:

(a) f, and /f, are Lipschitz continuous on every compact subset of R?;
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(b) f. and in are Holder continuous on every compact subset of R?, with Hélder constant

5CYk, independent of n € N;
(c) f., — f and S, = [ asn— oo uniformly on KC;
(d) ngfgfn on K for all n € N;

(e) {fn(&,0)}nen is decreasing for all (€,n) € K, and {f (&) }nen is increasing for all
(&m) € K;

(f) if f(§,n) is non-decreasing with respect to n, then f (§,m) and f.(€,m) are also non-

decreasing with respect to n;

(9) IIf N2y = IIf Mooy and || £, lloe@2y = [1Full ey

Proof. The proof follows closely that of [MN15a, Proposition 8.9]. In particular, let
K = [a,b]* C R? and denote g, : R* — R as g in Proposition 4.2.5 with ¢ = 27", for each

n € N. Then define f, : R> = R to be

_ Guoa€n) + 5 (E) €K
fol&m) = (4.2.26)

Guea€1) + 57 (€0) #K

for each n € N where (£*,7*) the nearest point in K to (§,n) ¢ K, with respect to the
Euclidean distance. The functions f are defined analogously'. Now, (a), (b) and (g)
follow immediately via (4.2.26). Statement (c¢) follows after an application of the triangle
inequality. After establishing (c), statement (d) follows trivially. Statements (e) and
(f) follows via (4.2.26) with Proposition 4.2.5. The details are left as an exercise to the

reader. O

For the remainder of this section we suppose that the functions f, ¢ and ug are fixed,
and {f, }nen, {/, }nen described in Proposition 4.2.6, are defined using K = [—my, mo)?

where my is given by (4.2.5).

T.e., with the + signs in (4.2.26) replaced by — signs.
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Remark 4.2.7. We will henceforth consider instances of (C'P) with the reaction functions
£, and f . with initial data uo+1/(2n) € L*(Q)NC(2) and ug—1/(2n) € L*(Q)NC(Q?)
respectively and fixed integral kernel ¢. These sequences of problems will be referred to
s (CP)* and (CP)! respectively, with the superscripts ‘u’ and ‘1’ denoting upper and
lower.
We further note that, for G : Dg — R as given by (3.2.1) the solution u,, : Qr — R

o (CP)! is represented by

u,,(x,1) =/ G(x,t; y,o)( o(y) — %) dy
/ /Rd 2,6y, 8) [, (w,(y, 8), Ju,(y, s))dyds

:/ \/—n(uo(x—i-Z\/—z)—%) dz
/ /R [ (x4 2vE = s2,8), Ju, (2 + 2Vt — 52, 5))d=ds

(4.2.27)

(4.2.28)

for all (x,t) € Q. The solution to (CP)* can be expressed similarly.

Proposition 4.2.8. For all n € N, the unique solutions ,,u,, : Qr — R to (CP)" and
(CP);

n

respectively, exist on Qr (for any T > 0). Moreover,

—dt+d < min{u,(v,t), 0, (2, 1)} <max{u,(x,t), U, (2, 1)} <t+V V(z,t) € Qr,

(4.2.29)

for any T > 0, where a’, V/ and ¢ are given by (4.2.5)-(4.2.7). Furthermore, if f(&,n), is

non-decreasing with respect to n, and ¢ > 0, then

w, (z,t) <u,(x,t) Y(x,t) € Qp. (4.2.30)

n —

Proof. Consider v,7 : Qp — R given by

v=a —ct, V(z,t) € Qr; (4.2.31)
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=V +t, V(z,t) € Q. (4.2.32)

Let P : L=(Q7) N C(Qr) N C*1(Qr) — R(Qr) be given by
Pilv] = Av+d — 0w Yov e L=(Qp) N C(Qr) NC*H(Qr). (4.2.33)
Then via (4.2.31)-(4.2.33), and (4.2.7), upon recalling \in], |f,| < c onR? it follows that

P ] > 0> P lu,);

P ] > 0> P [un];

(4.2.34)
Pylu,) > 0> Pyl
Pyla,) > 0> Py ],
on Q7. Additionally, via (4.2.31)-(4.2.32) and (4.2.6) it follows that
v<u, <u,<v  on Q. (4.2.35)

The inequalities of (4.2.29) now follow from the comparison principle for the inhomoge-
neous heat equation (see for example, [MN14]).
Now suppose that f(£,n) is non-decreasing with respect to n. Via Proposition 4.2.6,

£, is Lipschitz continuous and non-decreasing with respect to Ju. Since

0= Aty + f,,(Un, JUy) — Oty < Au, + f,(u,, Ju,) — Ou, on Qr, (4.2.36)

if ¢ > 0, an application of the comparison principle, provided by Theorem 2.4.3, yields
(4.2.30). The existence and uniqueness of u, and 7, follow from the a priori bounds in

(4.2.29) and Theorem 3.3.16. This completes the proof, as required. O

88



Corollary 4.2.9. For § > 0 given by (4.2.4), it follows that
lu,| < mgy and |a,] < mg on Qs, (4.2.37)
for all n € N. Moreover, if f is non-decreasing in Ju and ¢ > 0, then
—my < u, <u, < mg on Qs, (4.2.38)

for all n € N.
Proof. Follows directly upon substitution of (4.2.4) into Proposition 4.2.8. [

Note that that the bounds on %, and wu, in Proposition 4.2.8 are independent of
n € N. For the remainder of this section we will only present results for u,,, noting that

to establish the full result in Theorem 4.2.3 that w,, can be treated in the same manner.

Proposition 4.2.10 (Derivative estimate I). Let u, : Qs — R be the (unique) solution

o (CP)! , forn € N. Then,

ugl| 700 2c\/t
l|lwoll L @ Vit

” iU ( )HL () \/E ﬁ ( )
forallt € (0,0],1=1,2,...,d and ¢ is as in (4.2.7).
Proof. The result follows directly from Proposition 3.3.7. [

Proposition 4.2.11 (Derivative estimate II). Let u,, : Q5 — R be the (unique) solution

o (CP)! , forn € N. Then,

HUOHLoo(Q)

100,00 (- ) | L) < + K+ Fo()o° (4.2.40)

for allt € (0,6] andi,j =1,2,...,d where

K||ug||F oo
K, — H\jli (Q)B<1_a Oc>;
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K2% _ r« o
Ky =—=B (5 +1,5);
2= o \g T

K = 1;;o2°5Ck (1 + ||l 71 @n));

2

—z S
]ij,oz:/ e_d 2iz; — —r | 12]%dz,
Rd /T 2
with Cx a Holder constant for f € H, on K = [—mqg, ml?.

Proof. The first term of the right hand side of (4.2.40) is estimated as in (3.2.10); for the

second and third terms we proceed as follows. Denote F : Q5 — R to be

F(x,t) = f (u,(2,1), Ju,(2,1)), V(z,t) € Qs

By differentiating under the integral sign the second integral of (4.2.27), noting that the
improper integrals and their derivatives are well-defined, following a change of variables

we obtain:

t
Onya, (/ / G(z,ty, s)F(y, S)dde)‘
0 n
t —22 . _
_ / / e i (zizj—éﬂ) F(x +2t Sz’s)dzds
0 JRd ﬁ 2 t—s

/t/ e—zZ (Zizj B 5ij) F(x 4 2Vt — sz,s) — F(x, S)dzds
0 JrE /T

IN

7 t—s

t _ .2
z i\ F(z,
/ / e_d(zizj__a) LG
0 Rdﬁ 2 t—s

/t/ e—sz (zizj—%) F(I+2\/t—sz,s)—F(x,s)dzds
0 JRE /T

+

2 t—s
¢ - S| | F 2T — —F
< / / e—d ZiZj — = (CE i it S) (:E7 S) dZdS, (4241)
0 JRd ﬁ 2 t—s

for all (z,t) € Qs. Let &; : R? — [0,00) be given by

67'22 0;4
§ij(2) = Vi )

VzeR¥andi,j=1,...,d.

™
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Via Proposition 4.2.6 that in is locally Holder continuous, with Holder constant 5Cy on

KC. Moreover, since J is linear with respect to u, it follows from (4.2.41) that

t
Ora, < / / G, sy, 5) o, s)dyds)
0 n

< /Ot - &ij(2)5Cx (’@n(m +2VE = 52,5) — (@, 8)[ (4.2.42)

t—s

+ “]Qn<$+2\’t_tsz7s) B J?_Ln(x7s)’ )dZdS,
— S

for all (z,t) € Q5. By applying the Mean Value Theorem and via Proposition 4.2.10 we

have!
Uy (T + 2V = 52, 8) — u, (2, 5)| < [V, (-, s)[|2vE — sz, (4.2.43)
and, via (4.2.43),

[T+ 2VF = 52,5) = Ty, 9)] < [ 0)|V 9] 2VE s eldy
R

< leller @V, (- 8)ll 2Vt — 5]z, (4.2.44)

for all (x,t) € Qs, z € R and 0 < s < t. Substituting (4.2.43) and (4.2.44) into (4.2.42),

upon recalling (4.2.39) and the definition of K, we obtain

t
Oz, (// G(x,t;y,S)F(y,S)ddeN
0 n

t
< A /]Rd gZJ(Z>5CIC2a(]_ —+ ||§0||%1(R”))|Z|a\|vﬂn(, S)Hgo(t _ S)E_IdZdt

t
= L3aCk2 (14 ) [ IV 9L = 9% et
“uolley  2¢4/5|” N
<K = t—s)5tdt
Kl|uo||7 t . Koo(dye [t
S M S_Q(t_S)Q_ldS—f——(z)/ s5
e 0 N 0

'Here, we again utilise the shorthand notation ||Vu(, s)||oc to mean max;—1..,{||0z,v(-, 8)|| Lo () }-

(t—s)2"lds
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_KHUOH%OO(Q) ' a a_

L a KQOc(c/)a 1 o o
= 521—321ds+—ata/ s2(1—s)2"1ds
VT 0 ( ) VT 0 ( )

KHUOH%OO(Q) a K2% _ ra o

_ Bl () ooy K2 oy e
NG 2 2) P Blgthg) @)

for all ¢ € (0, 0], which yields (4.2.40), as required. O

Utilising Proposition 4.2.11 we obtain the following time derivative estimates.

Remark 4.2.12. Let u,, : Q5 — R be the (unique) solution to (CP)} for n € N. Then,

T (ol
[0k, (-, 1) [ Lo () < Z (+(Q) + Ky 4+ Ky(d)*t™ | + ¢, (4.2.45)
i=1

for all t € (0,0], with K; and K5 as in Proposition 4.2.11 and ¢ as in (4.2.7).

Note that the bounds on the derivatives of u, in Propositions 4.2.10 and 4.2.11 as
well as in Remark 4.2.12 are independent of n € N. Now, using the uniform bounds
on solutions of (CP)! obtained in Proposition 4.2.8 and the uniform derivative estimates
in Proposition 4.2.10 and Remark 4.2.12, we can use the equicontinuity of {u, }nen on

compact subsets of {25. Then, we may apply the Arzeld-Ascoli Theorem to obtain

Lemma 4.2.13. There exists a function u € L>(Qs) N C(Qs) such that for all M > 0
and 0 < §' < 6, the sequence of functions {u, }nen, has a convergent subsequence {gnj }ien

that satisfies
Uy,; = u, as j — oo uniformly on [—M, M) x [6',0]. (4.2.46)

Proof. Let M > 0 and 0 < ¢’ < §. Then, via Corollary 4.2.9, Proposition 4.2.10 and

Remark 4.2.12, it follows that
|gn(l‘7t)|7 |a$1gn(m7t)|7 |at@n(x7t)| <K V(ZL‘ﬂf) < [_Ma M]d X [5,7 5]7 (4247)

forallm € Nand i =1,...,d, with K independent of n € N and M > 0. Thus, {u, }nen is

uniformly bounded and uniformly equicontinuous on [—M, M]¢ x [§’, §]. Therefore, via the
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Arzeld-Ascoli compactness theorem (see [REF68, Section 10.1 |), there exists a subsequence

{u, }ien and a function v € L>(Qr) N C(Qr) such that

w, — u™ uniformly on [—M, M]? x [¢',4]. (4.2.48)

Uz

By repeating this argument, with M replaced by M +1, ¢’ replaced by ¢§'/2, {u,, } replaced
by {w,.}, and {w, } replaced by {w,. }, an induction argument establishes the existence
J

of u : Q5 — R which satisfies (4.2.46), as required. ]
Using Lemma 4.2.13, and by setting u(z,0) = ug(z) for all x € Q, we can define u on
the entirety of 5. Moreover, for u : Qs — R, it follows that
ll o iy < 0 0on Q. (4.2.49)
To complete the proof of Theorem 4.2.2 we will construct u as a limit of u,, using the
the (equivalent) integral equation of (C'P) and (CP) .

Lemma 4.2.14. The function u in Lemma 4.2.13 satisfies

2

u(z,t) = /Rd f/_zduo(ac +2Vtz)dz

(4.2.50)

m

t 22

+ / / C Flule + 2VT =52, 5), Ju(z + 2V/F — 52, 5))dzds,
0 Jr /T

for all (x,t) € Q5. Moreover, u is a solution to (CP) on Qs.

Proof. For all n € N, by construction, u,, : Qs — R is a solution to (CP)! on Q;. It also

follows via Remark 3.3.2 that

2

u, (2,1) = /R f/;d (uo(x L ovEz) - %) d

¢ 2
+/ ‘ Sf (U, (z + 2Vt —s2,8), Ju, (v + 2Vt — sz, 5))dzds
0 Jrd /T "
=, (,t) +w,(z,t), V(zx,t) € Qy, (4.2.51)
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with v, w,, : Q5 — R. First note that

2 2

lim v,(z,t) = lim / c duo(:lr—l-Q\/%z)dz—/ ‘ Sdz
n—00 n—00 Rd \/7_1' Rd 2nﬁ

2
€

Rd ﬁ
= v(z,t), V(r,t)€ Qs (4.2.52)

up(z + 2V'tz)dz

with v : Q5 — R. Now, let w : Q5 — R be given by

w(z,t) = /Ot /Rd (j/—;df(g(x + 2Vt —sz,s), Ju(x + 2Vt — sz, s))dzds, (4.2.53)

for all (z,t) € Qs. Fix M. > 0, 6, € (0,6) and € > 0 and set M > 0 and & > 0 such that

—M2d €
— 4.2.54
e < 650/7 ( )
and
' < min {5
5 < mm{65d,5c}. (4.2.55)

Now, via Lemma 4.2.13, there exists {u, }jen € L=([=M, M]* x [¢',6]) N C([—M, M]* x

[¢",6]) such that w, — u uniformly on [—M, M]% x [§, 6] with
M = M, + 2V M. (4.2.56)

Additionally, via Lemma 4.2.13 and Proposition 4.2.6 there exists N € N such that for

all n; > N

g
< —. 4.2.57
‘LOO([—M,M]dX[(S’,(S]) 30 ( )

Hf(u, Ju) = f, (w,, Juy,))
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Now, for (x,t) € [—M,, M.]% x [d.,d], it follows that

’(w—wnj)(%t)(
< / t / d ﬁ (£l ) = £, (1, Tty )+ 2V~ 52,5)

t 22
oL
& J[—,p)d \/7_rd
bl 22
e
L
0 J-mmp /T
t
oy
0 J(R\[-M,M])

Via (4.2.57), the first integral on the right hand side of (4.2.58) is bounded above by

-
s J[—M,M]d ﬁd
e [ e
< — dzd
35/0 /Rd \/7_Td a8

€

=3 (4.2.59)

dzds

(flu, Ju) = [ (w,, Ju, ) (@ + 2Vt = sz, 3)’ dzds

(f(u, Ju) — inj (U, Juy, ) (@ + 2V — sz, s)‘ dzds (4.2.58)

dzds.

(f(u, Ju) — znj(gnj, Ju, ))(x + 2Vt — sz,s)

e’
V!

‘f(u, Ju) = f, (U, Ju,)

‘LOO([—M,M]dx[d’,(S})

Moreover, via (4.2.55), the second integral on the right hand side of (4.2.58) is bounded

above by

& 22
/ / € oddeds < 28 < <. (4.2.60)
o Ji—mmp /T 3

Furthermore, via (4.2.54), the third integral on the right hand side of (4.2.58) is bounded

above by

.2

t e z ) efcz d
/ / d2c'dzds = 24+1d§ —dC
0 J®\[-MM))E /T M VT

(4.2.61)



Therefore, via (4.2.58)-(4.2.61), it follows that w,, — w, as j — oo, on [—M_, M4 x 6., 4],
and thus, via (4.2.52), (4.2.53) and (4.2.51), it follows that (4.2.50) is satisfied for (z,t) €
[—M., M.]* x [5.,6]. Given that M,,d. > 0 were arbitrary, it follows that (4.2.50) is
satisfied on 5. Further noting that w — 0 uniformly for € R? as t — 0%, since
ug € L=(2) N C(NQ), establishes (4.2.50) on Q5 as well as the continuity of u on ;.
Finally, since f € H,, it follows, as described at the end of the proof of Theorem 3.3.1,
that u € C>'(Qs) NC(Qs), and moreover is a solution to (C'P). This completes the proof,

as required. N
The proof of Theorem 4.2.2 is now complete.

Remark 4.2.15. Note that the sequence {u,, }nen of solutions to (CP). | can be replaced
by the sequence {1, }nen of solutions to (CP)¥ in each result from Proposition 4.2.10 up
to and including Lemma 4.2.14, where u should also be replaced by, a potentially distinct,

u.

For the remainder of this section we will further assume that:
f(&,m) is non-decreasing with respect to n and ¢ > 0. (4.2.62)

We will establish the convergence of u,, and %, to respective minimal and maximal solu-

tions of (C'P).

Proposition 4.2.16. Let u,,u,,, : Qs — R be the (unique) solutions to (CP)., and

(CP)L., respectively, and suppose (4.2.62) is satisfied. Then, for alln € N
u, <u,,q  on Qs (4.2.63)
Proof. Let Q : L=(Qs) N C(Qs) N C%1(Q5) — R(Qs) be given by

Q] =Av+ f (v, Jv) — vy, (4.2.64)
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for all v € L>=(5) N C(2s) N C*1(Qs). Observe that via Propositions 4.2.6 and 4.2.8 it

follows that

Qlu, 1] < Qlu,] on s, (4.2.65)

and

Upyy > U, 0N O (4.2.66)

n

Hence, via (4.2.62), (4.2.65) and (4.2.66), by applying the comparison principle, Theorem
2.4.3, yields (4.2.63), as required. ]

Proposition 4.2.17. Suppose that (4.2.62) is satisfied and let u, : Qs — R be the

(unique) solution to (CP)! on Qs. Further assume that v € L= () N C(Qs) N C*1(Qs)

satisfies
Av+ f(v,Jv) — 0w <0 on Qy, (4.2.67)
and
up(z) < wv(z,0) Ve Q. (4.2.68)
Then,
u, <v on Q. (4.2.69)
Proof. The proof follows directly from Theorem 2.4.3. m

Remark 4.2.18. Proposition 4.2.17 implies that, if u : Q5 — R is any solution of (C'P),
then u, < u on ;. Thus, if (4.2.62) is satisfied, it follows that u, as given in Lemma

4.2.14, is a minimal solution to (C'P), as described in Definition 4.2.1. By considering
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{Tn }nen, it is similarly established that there exists a maximal solution to (C'P) on Qj,

denoted by .
The proof of Theorem 4.2.3 is now complete.

Remark 4.2.19. Propositions 3.3.6 and 3.3.8 can be directly generalised for the case
where the function f is locally Holder continuous. Therefore, as in the Lipschitz case
(illustrated by Remark 3.3.12), if ug € W2>=(Q) N C2(R), then, for a solution u : Q5 — R

to (C’~P), it follows that 0., u, O,,;u and Jyu are continuous on Qs, i€

u € Loo(ﬁ(s) N 02’1(55).

4.3 The Cauchy problem with f(Ju) = (Ju)t for p €
(0,1)

We consider 2 = R throughout this section. We introduce f : R — R, given by f(v) =

(v)h= (max{v,0})?, for all v € R. Now consider the Cauchy problem given by

;

ou = Au+ (Ju)t, on Qr;

u(z,0) = uo(x), Vz € Q; (4.3.1)

u e LOO(QT) N C(QT) N 02’1<QT),

with prescribed ug € L>(Q2) N C (), with Ju : L>(Qr) — L¥(Qr) given by

Ju(z,t) :/ o(x —y)u(y,t)dy V(z,t) € Qr, (4.3.2)
with (prescribed) ¢ € L'(R) such that

¢>o0 on[—0,0 and ¢ >0 onR, (4.3.3)
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for constants 0,0 > 0 and p € (0, 1), and further assume that
ug is a non-identically null, non-negative function on €. (4.3.4)

We denote the Cauchy problem given by (4.3.1)-(4.3.4) as (C'P);. Henceforth, unless
stated otherwise, when we refer to (C'P),, we assume all the conditions mentioned above.
In the remainder of this section we will demonstrate that (C'P); is well-posed locally in

time.

For ug € L>*(2) N C(R2) as in (4.3.1) that satisfies (4.3.4) we define the following:

po = inf ug(x) and My := sup ug(x).
xeQ) zeQ

Proposition 4.3.1. Let u € L=(Q7) N C(Qr) N C*Y(Qr) be a solution to (CP),. Then
o < () < 7+ ol (1= p)T, Wwt) €Ty (435)

Proof. The lower bound on u in (4.3.5) follows from an application of the comparison
principle for the heat equation, after noting that (Jv)% > 0 on Q7.

To obtain the upper bound on u in (4.3.5) we proceed as follows: define f:R—Rto
be

(Ju)?, Ju > ||l p1 () Mo;
F(Ju) = « (4.3.6)

lelfr Mg, Ju <l o) Mo,

and note that f is locally Lipschitz continuous and non-decreasing on R. Next, let v :

Q7 — R be given by

1

vz, t) = (M1 Pl e (1 —p)t) T Y(x,t) € O, (4.3.7)
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and define P : L>(Qr) N C*(Q7) — R(Q7) to be
Plw] = 0w + f(Jw) — 0w, Yw € L=(Qr) N C*(Qp). (4.3.8)
It now follows, from (4.3.1), (4.3.6) and (4.3.7), that
Plu] = f(Ju) — f(Ju) > 0 = P[v] on Qr. (4.3.9)
Moreover, from (4.3.7) we have
v>u  on JQyp. (4.3.10)
Via (4.3.9) and (4.3.10), an application of the comparison principle, Theorem 2.4.3, implies

the upper bound in (4.3.5). This completes the proof, as required. O

Thus it has been established, via Proposition 4.3.1 that (C'P), is a priori bounded on

Qr for all T > 0. We therefore have

Theorem 4.3.2 (Existence). There exist global minimal and mazimal solutions to (C'P)

denoted by u, T : Qs — R, respectively. Moreover,

1

1o < u(z,t) <z, 1) < <Mg*p Il gy (1~ p)t) T Y(e,t) € Q. (43.11)
Proof. Since f € H, and ug € L>(2) N C(2), the result follows directly from Corollary
4.2.4 with the a priori bounds in Proposition 4.3.1. O

Remark 4.3.3. If u : Q7 — R is a solution to (C'P),, then v : Qp — R given by

v(x,t) = ku(z,t) V(z,t) € Qp

for any constant & > 0, is a solution to (C'P), with initial data vy = kug, and integral

kernel ¢, = k0=P)/Pp. Therefore, without loss of generality, if required, one can always
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set [lollrie) = 1.
In what follows we will utilise the following lemmas:

Lemma 4.3.4. Let F : R — R be given by

z+0
F(z) = / e’ﬁdey e B P yy ¢ R, (4.3.12)
z—9

where B and 0 are positive constants. Then F(x) >0 for all z € R.

Proof. Since F' is an even function of x we restrict our attention to x € [0, 00). First note

that F'(0) > 0 since
J 2 52 52
/ e P dy > 207 > e > 0. (4.3.13)
-5

Next note that

F'(z) = 6_5526_ﬂx2(6_25(sx — P 4 986%),

for all x € [0,00), and that F'(z) < 0 for > 0. Finally, by noting that

lim F(z) =0

T—r00

it follows that F' > 0, as required. n

In what follows, we use the semigroup notation S,v(zx) , for 7 € (0,00) to denote

Srula) = (amr) 2 [ ey

— 00

for each v € L>*(Q) N C () and (z,7) € Q. Additionally, throughout this section, we

regularly use the following result: for all ug, vy € L>®(Q2) N C(9), if

ug > vg on €
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then

Srug(x) > S;ug(x), Vo €.

We further note that this notation is consistent with the fundamental solution notation

used in previous chapters, and is used here for brevity.

Lemma 4.3.5. Let up € L>®(Q) N C(Q) and satisfy (4.3.4). Moreover, suppose that

u € L®(Qr)NC Q) NC*(Qr) is a non-negative function on Qr and
u(z,t) > Spug(x / Si—s(Ju)P(x, s)ds (4.3.14)
for all (x,t) € Qp, with Ju as in (4.3.2)-(4.3.3) and p € (0,1). Then
w(z,t) > (e6)P(1 —p)t) ™ Y(z,t) € Q. (4.3.15)
Proof. We first consider the case when
up(z) > ce™ ™ vz e R, (4.3.16)
for constants ¢, a > 0. Note that the following identity holds
S, <e“|$‘2> — (14 dat) et V() € Qo (4.3.17)
Since u > 0 on Q7 and ¢ > 0 on R, via (4.3.14) and (4.3.17) it follows that

—alz|?

u(z,t) > Siug(x) > S (ce_“|x|2) = c(1 +4at)” 2eTrer (4.3.18)

for all (z,t) € Qp. Substituting (4.3.18) for u into (4.3.14), recalling that uy > 0 and ¢

satisfies (4.3.3), and using Lemma 4.3.4, we additionally obtain

t 00 —aly p
u(z,t) > / Si_s </ o(x —y)e(l + 4as)” 2€1+|4a‘5 dy) ds
0 —00
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=

t 00
/ Si—s <c(1+4a5)2/ o(y)e - dy) ds
0 —o0
t 46 —alyl? p
> / Sis (ca(l + 4&3)2/ e THias dy) ds
0 x—6

t o
> / P (00)P(1 + 4as)? el+4as Si_s€ e dyds, (4.3.19)
0

Jun

for all (z,t) € Qp. Utilising (4.3.17), inequality (4.3.19) can be re-written as
! 1-p —aps? 1 —apla®
u(z,t) > / P(00)P(1 + 4as) 2 eTHies (1 4 4as + dap(t — s)) 2eTFastiat==1ds, (4.3.20)
0
for all (z,t) € Qp. Furthermore, for p € (0,1), 0 < s <t < oo and k € Ny we also have
1+ 4ap™™t < 1+ dap®s + dap™™ (t — 5) < 1+ 4ap®t. (4.3.21)

Using (4.3.21), with k£ = 0, and (4.3.20) we update the bound of u to be

t
u(z,t) > cp(aé)p/ (1+ 4as) 2 61+4as (14 4at)” Ze i ds (4.3.22)
0
1 —aplz|? t ap
— @(06)P(1 + dat)~ 3o T / (1 + das) 3 e e ds (4.3.23)
0
> P(ad)P(1+ 4at)_%te o Y(z,t) € Qr. (4.3.24)

Now, substituting (4.3.24) into (4.3.14), after using Lemma 4.3.4 and (4.3.17), we obtain

t e8] 2 p
u(z,t) > / St—s (cp(aé)p(l + 4a3)_§s/ ol —y)e i dy> ds
0 —00
t &0 —aply|?
= / & (06 (1 + das) 575, (/ oz —y)e i dy) ds
0

—00

—ap 252 —ap |z|2

t
Z / Cp2 (0_6)p2+p(1 + 4(1,8) 2 Spe 1+4aps St s€ 1+4aps ds
0

|2

t —a 252 a_sap Lz2 t—s
_ / Cp2<05)p2+p(1 n 4a5)7§8p€ T (1+ 4ap8)261+4 ps+4ap? (t—s) s,
0 (1 + daps + dap?(t — 5))2
2.2
t 3 o taor? G
> Cp2(05)p2+pe_“p252/ (1+—4aps> sP i -ds (4.3.25)
o \(1+4as)r (1 + 4aps + 4ap?(t — s))2
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for all (z,t) € Q. By applying (4.3.21), with k = 1, and the reverse Bernoulli inequality
to (4.3.25) we obtain the bound

1 —ap?|z|? _
w(z, t) > & (o) TPe= W (1 4 4apt)_%?tp+le St Yz, t) € Qp. (4.3.26)
P
By iterating this procedure, for every k € Ny and (z,t) € Qr we hence obtain that

kg2
u(z,t) > cp'““(05)p’“+1+p’“+..-+pck(1 + 4apkt>—%e—kap’““62tp’“-i—p’“’l-s-...-s—le fﬂpk‘t‘ (4.3.27)

where

k= (14p+-+p)  Atp+-+p )7 (14p) 7"
k—1 [k—j -p’
:H(Zﬂ) Vk € N.
j=0 \ =0

To show that ¢ is is bounded below uniformly in & we take logarithms and obtain that

k k—j k—1
logcy = —» p’log (Zpl> >log(1—p) > p' > T log(1-p),
: : —p
j=0 1=0 Jj=1
and thus,
> (1—p)TF  VkeN (4.3.28)

Using (4.3.28) and allowing k to go to infinity, we obtain (4.3.15) for the case when
ug(z) > ce~* (the strict inequality follows from the fact that Syug > 0), as specified.
If however, a,c > 0 do not exist such that uy > ce~e for all z € R, then, since ug is
continuous and satisfies (4.3.4), it follows from the strong maximum for the heat equation

that there exist constants as, ¢; > 0 (dependent on t) such that
w(z,t) > e Y(z,t) € Q. (4.3.29)
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Using (4.3.29) and the previous argument, the result follows on considering wuy(z) =

u(z, to) and letting to — 0. This completes the proof, as required.

]

Corollary 4.3.6. Suppose that the conditions of Lemma 4.3.5 are satisfied. Then,

1

u(z,t) > <||<p||1£1(9)(1 _p)t) = Y(a,t) € Or.
Proof. Let ty € (0,T). Consider v : Qr_;, — R given by
'U(ZL‘,t) :U($,t+t0), V(l",t) eﬁT—tm

and define f;, : R — R to be

(Jo)”, Jv > ||l 1) ((F0)P(1 — p)to) 7

fto(*]v) =

(4.3.30)

(4.3.31)

(4.3.32)

[l ((@d)P(1 = p)to) =7, Jv < |[ellLre)((00)7(1 = p)to) =

Note that f;, is Lipschitz continuous and non-decreasing on R. Since u satisfies (4.3.14),

via Lemma 4.3.5 and (4.3.32), on denoting v(z,0) = vg(x), for z € Q, it follows that v

satisfies

v(x,t) > Sp(x) —i—/o Si—s(Jv(z, s))Pds

> ((00)°(1 - p)to) ™7 + / S—vfio (J(x, 5))ds,

for all (x,t) € Qr_y,. Now consider w : Qr_y, — R given by

1

w(z,t) = (@01 (1= p)to + ¢l 01 = p)t) ™, ¥(a,1) € Dry,

and note that

w(z,t) < ((00)P(1 —p)tg)ﬁ +/0 Si_sfio(Jw(x,s))ds, V(x,t) € Qp_y,.
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Additionally, via (4.3.31) and (4.3.34)
v>w on O _y,. (4.3.36)
Via (4.3.33), (4.3.35), (4.3.36), and the comparison principle of Theorem 2.4.3, we have
v>w on Qr_y,, (4.3.37)

or equivalently

1

u(x,t—l—to)Z((aé)p( Plto+ 9112 (1—p)t>1_p, V(r,t) € Dpy. (4.3.38)

By letting ¢y — 01 in (4.3.38) we obtain (4.3.30), as required. O

To show that the Cauchy problem (4.3.1) admits a unique solution we will employ the

following comparison principle.

Proposition 4.3.7. [Comparison principle] Let u,v € L>(Q7) N C(Qr) N C*1(Qr) be

non-negative and satisfy

u(z,t) > Spug(x) + / Si—s(Ju(x, s))Pds; (4.3.39)

v(z,t) < Spo(x / Si_s(Ju(z, s))Pd (4.3.40)

for all (z,t) € Qp, with Ju and Jv as in (4.3.2)-(4.3.3) and p € (0,1), and up,vy €
L>(Q2) N C(2) satisfy (4.3.4) and

uy > vy on €. (4.3.41)

Then u > v on Q.
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Proof. Define ¢ : Qp — R to be

g(x,t) =v(z,t) —u(z,t) Y(z,t) € Qr. (4.3.42)
We will show that g, =0 on Qp. Via (4.3.39)-(4.3.41), it follows that

gz, t) < Si(vo(x) — uo(x)) + /OtSts(Jv(ﬂf,S)p—Ju(ﬂf,S)p)ds

S
/ i s(Ju(z, )P — Ju(x, s)P)ds

s(Ju(z,s) — Ju(x, s))"ds

IN

IN

/ Si—s(Jg(z, s))hds, (4.3.43)

0

for all (x,t) € Qp. By taking the positive parts of both sides of (4.3.43) it follows that!
5e@) < el [ N2Cmods Vnt e (4340
and hence,
t
g2, Dllmto) < el [ o Coodmds ¥t € 0.7 (4.3.45)

Via a non-linear Gronwall type inequality (see [MPF91, Theorem 1, p. 360-361]) it follows

that

g (o)l 2oy < (lela gy (1 = p)E) =, (4.3.46)

for all t € [0,7]. Additionally, via the mean value theorem, for each (z,s) € Qy, there

Note that the integral in (4.3.44) is well-defined via an application of the monotone convergence
theorem (see e.g. [Apo74]).

107



exists 7 = 1, s between Jv(z,s) and Ju(z,s) we have
(Ju(x,s)) — (Ju(x,s)) = p(Jo(x,s) — Ju(x, )" = pJg(x, s)nP~ L. (4.3.47)
When u < v, utilising Corollary 4.3.6, we obtain
02 Ju(z,s) 2 ¢l lel o) (1 —p)s) ™5 V,s) € Q. (4.3.48)

Substituting (4.3.48) into (4.3.47) yields

s U= us)
((Ju(z, $))P — (Ju(z,s))P)s < Tele (=) , (4.3.49)

for all (z,s) € Qp. Now, via (4.3.49) it follows that

/0 S o(Jo(w, 8))” — (Julx, $))7)sds < /0 St_spi[];ﬁ;:(ﬁ;(f’p?)slds Wz, t) € Or.

(4.3.50)
Upon recalling (4.3.43), inequality (4.3.50) implies that
t ps!
gi(z,t) < / Si—sJgs(x, s)ds, (4.3.51)
’ o llelloi@ @ —p)
from which we obtain
p
o (0w < [ 125 g 9miads ¥t € 0,71, (43.52)
0
Now, consider G : [0,7] — R to be
D t
G(t) = 2= [ 57 g (o o)lmads. Vi€ 0.7, (43.59)
—PJo
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noting that, via (4.3.44), G is well-defined. Using (4.3.53), (4.3.52) can be re-written as

<

t=1, vt e (0,T). (4.3.54)
For any ¢ € (0,7, it follows from integrating (4.3.54) that
G(t) < G(e)e ot 1w, (4.3.55)
for all t € [e,T]. Note that, via (4.3.46) and (4.3.53), it follows that
<P / Sl ey (1 = )T 75T5ds = pllgl| gy (1 — p) 75675, (4.3.56)
for all € > 0. By substituting (4.3.56) into (4.3.55) we obtain
G(t) < pllolaty (1 — p) ee T5t1%s = pllolTiry (1 — p)T5ti5e,  (43.57)

for all ¢t € [¢,T]. Letting ¢ — 0 shows that G = 0 on [0,7] which, via (4.3.53) and
(4.3.42), yields

u(z,t) > v(x,t), V(x,t) € Qrp, (4.3.58)

as required. N

Corollary 4.3.8. Let u,v € L=(Q7) N C(Qr) N C*L1(Qr) be non-negative and satisfy

Ou > Oppu + (Ju)?,  on Q; (4.3.59)
O < Opzv + (JU)P,  on Qr; (4.3.60)
u(z,0) = ug(x) > vo(z) = v(z,0), Ve, (4.3.61)

where Ju, Jv are as in (4.3.2)-(4.3.3), ug,v9 € L>®(Q) N C(R) and satisfy (4.3.4) and
€ (0,1). Then, u>v on Qr.
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Proof. Via a Duhamel principle, if u and v satisfy (4.3.59)-(4.3.61), then they satisfy the

conditions of Proposition 4.3.7, from which the result follows, as required. O
Additionally we have

Corollary 4.3.9. Let u: Qo — R be a global solution to (CP),. Then

1 1

(B + 11l o (1 = 2)t) ™ <l t) < (Mo + Il ) (1 —p)) 7, (43.62)

for allt > 0.

Proof. The upper bound on u follows directly from Proposition 4.3.1 and Corollary 4.3.8.
If j19 > 0, then, the lower bound on u follows on considering the sub-solution v : Qp — R

given by

1

v, t) = (" + el (1= pt) ™ V(t) € Or,
for any T' > 0 and by applying the comparison principle of Corollary 4.3.8. Note that if
to = 0, then, the lower bound follows from Corollary 4.3.6. ]
Theorem 4.3.10 (Uniqueness). (C'P), has a unique global solution.
Proof. Let uy,us : Q. — R both be solutions (C'P), with initial data ug and integral
kernel . Via Corollary 4.3.8 it follows that

ur(z,t) < ug(x,t) <uy(w,t), VY(z,t) € Qp,

for all T > 0. Hence u; = uy on Q. as required. O
We now demonstrate local-in-time continuous dependence for solutions to (C'P)..

Theorem 4.3.11 (Local-in-time continuous dependence). Let u : Qq, — R be the solution

o (CP),. Moreover, let @i : Qs — R be the solution to (CP), with initial data iy €
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L= (Q)NC(Q) and integral kernel ¢ € L'(Q). Then, for alle > 0 and T > 0, there exists

0 > 0 (that is independent of @) such that, whenever
||U0 — ﬂOHLO"(Q) < 5, and ||Q0 — ¢||L1(Q) < 57 (4363)

then

Proof. Let ¢ > 0. Without loss of generality suppose that ||@||L1q) < [|¢llLi@). Via
(4.3.63), for 6 < ||¢llr1(@)/2, it follows that ||P|lLi) = [J¢llzi@) — ¢ > 0, and hence

@]l 21 (n) can be controlled by [|¢|11(q). Denote

M = max{lull ey [l

and observe, via (4.3.63) by considering § < 1, that M can be seen to be bounded by a
term only dependent on |ug||z~), T, ||¢|| 1) and p, via Corollary 4.3.9.
Since f : R — R is uniformly Hélder continuous, via Lemma 4.2.14 and (4.3.63) it

follows that

lu(,t) — th]<(5+// —‘Jux—l—?x/—szs) jﬁ(x+2\/t_—SZ’8)P

<6—|—/ / —‘Ju (x4 2Vt — s2,5)P — Ju(x 4+ 2Vt — sz, 5)P| dzds

/ / — ‘Ju (z 4 2Vt — s2,8)F — Ji(z + 2Vt — s2,5)

[
AL

— Nu(z 4+ 2Vt — sz, s))p dzds

J(u — @) (z + 2Vt — sz, 5)

dzds, Y(z,t) € Qr,

(4.3.65)
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where .J denotes .J in (4.3.2) with ¢ replaced with @. It follows that

t
(-, 8) — -, )| gy < 6+ / I = 10 1 ) 2y s

(4.3.66)
/ N2 (- 8) = e, )y .
for all ¢ € [0,T]. Recalling (4.3.63), (4.3.66) becomes
) = T oy <6+ MOT + g0y [ )= )y, (4367

for all ¢ € [0,7]. Applying the non-linear Gronwall’s inequality to the inequality in
(4.3.67) further yields

1

(- ) — A, t)|[Lo@) < ((5 + 6P MPT)' P + || @[ ) (1 — p)t) = (4.3.68)

for all ¢t € [0, T]. In particular, for all sufficiently small § we introduce

§ + 0P MPT)
0= 0+ ) € (0,7, (4.3.69)
121y (= P)
for which, we have
() — (-, t) || o) < 277 (6 + 8" MPT), 'Vt € [0, ). (4.3.70)

Furthermore, via the mean value theorem, and utilising the lower bound from Corollary

4.3.9, we have

Ju(, ) = Talg. )
~ip IR =l .
<2 (1111~ D) 5Bl 16Nyl 6) =, D)l ey

Ju(-,t) = a(, )|l Le@ ", V(7)€ Qr. (4.3.71)

_p
(1-p)
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We now consider t € [ty, T]. Substitution of (4.3.69)-(4.3.70) into (4.3.65) yields

Hu(v t) - {L('? t)HL‘X’(Q)

to N t N N
<+ M+ [ ) s + [ 1T = T 8) s
0 to

2755 (§ + P MPT to N
<5+ P MPT + ( {k )+]/‘H@hf-Jﬂ@(»sthandS
= \
t
;:c+/HQM—ﬂm@@mwwm (4.3.72)
to

for all ¢ € [0, T for C = Cs a1 given by

2755 (§ + 0P MPT)

C =0+ 6" MPT +
I—p

(4.3.73)

Note that, for fixed M, T and p, we have C' = O(6?), as § — 0 . Substitution of (4.3.71)
into (4.3.72) yields

Hu(wt)—-ﬂ(7ﬂHL«%n)55C7+‘T%;5LZ:HU(35)—-ﬂ(nS)HLwan3_1d$7 (4.3.74)
for all t € [to,T]. Define g : [to, T] — R to be
g(t) = |lu(-,t) —al-,t)| Loy, Vt € [to, T (4.3.75)
After substituting (4.3.75) into (4.3.74), via Gronwall’s inequality we have
g(t) < CtT5e, 7 < OTT58, 77, Vit € 1o, T). (4.3.76)

Upon substitution of (4.3.69) into (4.3.76), it follows that

9(t) < CUIGIE oy (1 = P)T) T3 (5 + P MPT) ™, (4.3.77)
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for all ¢ € [to, T]. Thus, via (4.3.73), it follows from (4.3.77) that
g(t) = O(6" P, as § — 0F, (4.3.78)

uniformly for ¢ € [ty, T]. By letting 6 — 07 in (4.3.69), it follows from (4.3.78), (4.3.75)
and (4.3.70) that there exists § > 0, sufficiently small, so that (4.3.64) holds, as required.

[l
Theorem 4.3.12. (C'P) is well-posed, locally in time.

Proof. Follows directly from Theorem 4.3.10 and Theorem 4.3.11. O

4.4 Numerical approximation of (CP).,

For illustrative purposes, we consider the qualitative properties of the solution to (C'P).

with

0<po= inﬂf{ ug < supug = My and ug € WH(R) N C*(R), (4.4.1)
TE z€ER

and integral kernel ¢ = ¢, given by

o, if |z < 5;

0o (x) = (4.4.2)
0, otherwise,

and note that ||| 1g) = 1.

By taking any kernel that is sufficiently close to ., the continuous dependence result
Theorem 4.3.11 implies that solutions will be sufficiently close to one another. A similar
conclusion is valid for initial data that are sufficiently close to each other.

For a boundary value problem related to (C'P), we establish that its explicit finite dif-
ference approximation scheme converges, and hence, can provide a uniform approximation

to the solution to (C'P), on a truncated domain.
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Let u : Qo — R be the solution to (C'P), and @, u : Qs — R be the upper and lower

bounds of u, respectively, as given in Corollary 4.3.9. Now, define v : Q. — [0, 1] to be

V= — on Q. (4.4.3)
u—u
It follows immediately that
v € L™(Qs) N C (o) N C*H Q) (4.4.4)
and moreover, that
U~ Var = = i " [(J(v(@—u)+uw)’ —u? —v@ —uP)], on Q. (4.4.5)

Moreover, for vy : R — [0, 1], we have vy(z) = v(z,0), for all x € R, and assume that

supp vy C [~Xo, Xo] and v, € C*(R), (4.4.6)

for some Xy > 0. In this scenario, we have the following proposition.

Proposition 4.4.1. Let v : Qp — R satisfy (4.4.4)-(4.4.6). Then,

lim v(x,t) =0, (4.4.7)

|z]—o0
uniformly fort € [0,T].

Proof. Observe that, via the mean value theorem, for each (x,t) € Qr, there exists a

0 € (u,u+ (w—u)Jv) such that

T (@ —w) +w)" =" =@ — )]

= _L[pGP‘l(ﬂ —u)Jv — (W — u")]

< pu~'Jv. (4.4.8)
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Hence via, (4.4.5) and (4.4.8), it follows that

U+ Vgp —puP ' Jv <0 on Qp.

Moreover, consider 7 : Q7 — R given by

with

p 5 2
k=28 14— d =14+ X5.
o (4 dmey) o o=t

We note that 7 € L>(Qr) N C(Qr) N C*L(Qr) with

Uz, t) = kv(z,t);

Vpe(z, ) = V(2,1 ( s2” 2 ) :

(1+22)2  1+a?

for all (z,t) € Qp. Observe that

1

w1 yl|2z — |
<acekt/ +
B R TR (e (RN D

1
_ 2 lyl[22 — y]
= t 1+ -—=————"dy,
01}(:{;,)/21 +1+(:1:—y)2y

(4.4.9)

(4.4.10)

(4.4.11)

(4.4.12)

(4.4.13)

(4.4.14)

for all (x,t) € Qp. For |x| < o~!, the integral on the right hand side of (4.4.14) is bounded

above by

1
% lyl[2z — y 1 5
1+ dy<—[1+ —
/210 +1+(a:—y)2 ¥y=5 +402 ’
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and, for |z| > o7, by noting that |y| < (20)~' < |z|/2, the integral on the right hand

side of (4.4.14) is bounded above by

1
& lyl[22 — y| 1 5
1+ ———dy<—(14+—). 4.4.16
/ +1+(:B—y)2y_a +20 ( )

1
20

Via (4.4.15)-(4.4.16), it follows from (4.4.14) that

Jo(x,t) < (1 + L) u(z,t), (4.4.17)

2min{o, 0%}

for all (z,t) € Qp. Thus, via (4.4.12)-(4.4.13), (4.4.17) and (4.4.11) it follows that
Uy — Ugy — puP~ 1 JT >0 on Qp. (4.4.18)
Moreover, via (4.4.11) it follows that
v>wv on 0. (4.4.19)

Therefore, via (4.4.9), (4.4.18) and (4.4.19), by applying the comparison principle of

Theorem 2.4.3, it follows that
v<7T on QT,

and hence (4.4.7) is satisfied, as required. O

We now consider a numerical approximation of (4.4.5)-(4.4.7) by considering the grid

{(zitj)) eER*: ;= —X+(i— 1)z, t;=(j—1)6t, i=1,...,N,, j=1,...,N;},
(4.4.20)

for

2X T

ox = and Ot =
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On the grid we denote the numerical approximation as vf . To impose property (4.4.7) on

the approximation, we consider X to be sufficiently large and set

v]=vl =0 V1<j< N, (4.4.21)

We represent the initial data with compact support on [—X, X] as v} € [0,1], for all

1 <i < N,. The integro-differential equation (4.4.5) is approximated with

. - vl — 2

2
o (4.4.22)

5t T o
([Fo@ — ) + 0P — " — o] (@ ),

+ —
w —

forall 1 <i< N, and 1 < j < N, with: @ and %’ the functions u and u evaluated at tj,

respectively; Jij v given by

: I
Jlv = Z (%) dzo, (4.4.23)
with

1 1
Xi:{ZEZ: —2—§—X+(l—1)5$—$¢§—}7

o 20

where we denote vf =0ift<lori> N, and 1 <j < N; and we ensure that

L e, (4.4.24)

20

for some M € N, so that ||@s|/z1®) = 1 is precisely represented in the numerical approxi-

mation. We now establish bounds on Uf )

Proposition 4.4.2. Let v] be the solution to (4.4.21)-(4.4.24). Then, v} € [0,1] for all
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1<i< N, and 1< 5 < Ny, provided that

2 ,1-p
ot < {(5i’,u0 }
4 2p

(4.4.25)

Proof. We establish the result via mathematical induction, namely, we consider the state-

ment P(j) given by

0<v/ <1 V1<i<N,,

for each 1 < j < N,. Via the initial condition on v} it follows that P(1) is true. Now,

suppose that P(j) is true for some 1 < j < N;. Then, via (4.4.25)

' ; ot , . . St
Ui“ <l + w(vf_l — 2] +ul )+ S

L i - ;

SUt ﬁ(vi—l —2v] +ulyy) +otpy” (1 —vy)

x

o0t , , 1 .

<uvl + W(”le —2u] +ul )+ 5(1 —v))
(1 260t , S5t 1

_ j j

— (5 5) btz

(@ —u")(1 )

(4.4.26)

for all 1 <4 < N,. Via (4.4.25) the coefficients of v/, v/, and v_, on the right hand side

19 Vit

of (4.4.26) are non-negative, and hence

) 1 1
It < - Ny - <
wh S maxtu g st

Similarly, via (4.4.25)

Bzl sl 24 ) - T
>0l 4 2l — 2] ) — g
S LN Y R .
>l (5 - 55) + Ol + s

(4.4.27)



—_

> 2 mi J
> 5 min {vj}

Y
o

(4.4.28)

It follows from (4.4.27) and (4.4.28) that P(j + 1) is true. The result now follows via

mathematical induction, as required. O

We note that in the practical implementation of this method we can ensure vf tle 0, 1]

0t < mi or*
mins§ ——, —
4 "2p )"

if solving using using the known values of vf .

provided that

J

Before we establish the conditional convergence of v/ as dt,dx — 0, we note the

truncation error of (4.4.22) in the following proposition.

Proposition 4.4.3. Let v : Qp — R be the solution to (4.4.4)-(4.4.6), and let ] denote

v(x;, t;) for each 1 <i < N, and 1 < j < N;. Then

~j A ~J
, 4 v, — 20 + U
~j+1 N —1 1
Uqur _vzq (5t< 7 i i+ )

2
o (4.4.29)

ot

W —u

([Fo@ — o) + )P — " — 0] (@ — /")) + o

79
with the truncation error o? such that
07| < emin{6t?, 6226t}

with ¢ dependant on |070]| oo qpys 10501 oo aiys 10501 Loy and fo .

Proof. First note that for f : (0,00) — R given by
Flw) = w? Ve (0,5),

it follows that f € C'*°((0,00)). Moreover, by recalling (4.4.1), it follows from Proposition
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3.3.13 and Corollary 4.3.9 that
O*u, 2u, Otu € L= (Qr) N C(Qr),
and hence, via (4.4.3), it follows that
Ov, 0%v, 02v € L™(Qr) N C(Qr). (4.4.30)

Using (4.4.30), (4.4.29) follows by applying Taylor’s theorem to v, centred at (z;,t;), on
noting that the truncation error for the trapezium rule in (4.4.23) is bounded by cdz? with

constant ¢ depending on [|07v]| ;o (q,y and o. This completes the proof, as required. [

We can now establish the following convergence result.

Theorem 4.4.4. Let ¢ > 0, v : Qp — R be the unique solution to (4.4.4)-(4.4.7), 0] =
v(xi,t), vl be the solution to (4.4.21)-(4.4.24) and e} = 0] —v]. Then, there exists X > 0

such that
el <e V1<i<N,and1<j <N,

for all sufficiently small éx and

Sa2 ,ulfp
§t < min {— 0 } . 4.4.31

Proof. Via Proposition 4.4.1, for any ¢ > 0, we can choose X sufficiently large so that

el], |€g\7x| < ¢'/2, for all 1 < j < N;. Moreover, we denote

/

j =
w’ = max 1 lel], = ¢,

1<i<Ng 2

and note that w! = &'/2, by setting v} = ¢}. Now, via (4.4.22) and Proposition 4.4.3, it
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follows that

. St S
et = ¢l 4 W(e _1—2el +€el,)
St S S o .
7w [(Jo@ — o) + )P — (Jo@ — ) + )P — el (@ — ") + o]
; 20t ot , ot , - , e 4
= ¢ <1 52T o (W — ”)) + ﬁ( el +el,) + Jestphl” T o,

(4.4.32)

for 1 <i < N, and 1 < j < N,, with 6/ given via the mean value theorem. Via (4.4.31),
the coefficients of ¢/, €]_,, e/, | and J/e, on the right hand side of (4.4.32) are non-negative.
Hence, via (4.4.31) and Proposition 4.4.3 we obtain

" — ud? - .
e > min {e!} (1 — 6t—. + 0tpb? ) + o]

K 1<i<Ng

> (1+ Otp ) 6224t (4.4.33)

Mo

forall 1 <i¢ < N, and 1 < j < N, for a constant ¢ independent of ¢ and j. Proceeding

as in (4.4.33) it also follows that

et < (1 Lo ) + cd226t, (4.4.34)
Mo

forall 1 <i < N, and 1 < j < N;. Combining (4.4.33) and (4.4.34) it follows that

Stp
1—in + coz?6t, (4.4.35)

Ko

w]+1 < w’ +

for all 1 < j < N;. Summing (4.4.35) for j =1,..., N — 1 < NN, it follows that

| /\

[ 6t
Z ( P j) + 622T. (4.4.36)

Now, by applying the discrete Gronwall inequality to the inequality in (4.4.36) (see [Hol09,
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Figure 4.1: An approximation of y = v(z,t). Here p = 0.1, T = 500, X = 150, N, = 1501,
Mo = 1, M() = 2, g = 1/2 and Uo(.%') = ]]_[_10710}(1’).

Section 5]) we obtain

N-1
ot T
wh < (w' + cd2*T) exp Z li < (w' + c62*T) exp ( pl_ > , (4.4.37)
j=1 :uO H P
for each 1 < N < N;. By selecting
T /
e = gexp (—pl—_p> and dz < ;—T,
L c
it follows, from (4.4.37) that
wh <e
for all 1 < N < Ny, which completes the proof, as required. O

Remark 4.4.5. We note that the approach utilised here to establish conditional conver-
gence is standard and illustrated in the local case in [LST94]. Moreover, as in [LST94],
Von-Neumann type stability can be considered, albeit, we omit the details here for brevity.

We also note that in all other simulations we have considered, with: initial data of

the form 1(_, ); and various parameters p, 19, My and o in their respective ranges, the
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0.3

0.25¢

0.2

=0.15¢

0.05¢

0
-150 -100 -50 0 50 100 150

Figure 4.2: A comparison of numerical approximations of v(z,500) for p = 0.1, 0.5 and
0.9 (from lowest to highest respectively). The other parameters are as in Figure 4.1.

0.35

0.3~

0.25—

0.2~

0.1+

0.05—

150

Figure 4.3: A comparison of numerical approximations of v(x,500) for My = 2, 10 and
100 (from lowest to highest respectively). The other parameters are as in Figure 4.1.
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numerical simulations produced results similar in appearance to that depicted in Figure
4.1. We note that Figures 4.2 and 4.3 indicate a structural dependence of v upon p, pg

and M, for large-t, which we explore in the next section.

4.5 Large-t structure of (CP).

In Section 4.3 we have seen that w and u are the maximal and minimal solutions to
(C'P),. The numerical analysis in Section 4.4 and the theory for the local case of (C'P).,
in [MN15a, Chapter 9.2], indicate that the solution u : Qo — R to (C'P), converges to
u, as t — oo, for sufficiently small values of p € (0,1) when uy and ¢ are of compact
support. In addition to the assumptions on ug and ¢ described by (C'P),, in this section

we further assume that
ug € L®(R) and ¢ € L'(R) are even and have compact support,
and begin by formulating the linearised initial value problem. We write,
u(z,t) = u(z,t) +ew(x,t), V(z,t) € Qx[1,00), (4.5.1)
with € < 1 and, upon recalling 1o = 0 and ||¢||1@n) = 1, it follows that
ue,t) = (1= PV, V(at) € Q.

On substituting (4.5.1) into the integro-differential equation of (C'P), by neglecting terms

of O(g?), as € — 0, we obtain an evolution equation for w given by

wi(x, 1) = wee(x,t) + /Rgo(y)w(x —y,t)dy, Y(z,t) e Qx[l,00), (4.5.2)

p
(1-p)t
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with the associated initial condition given by
w(z,1) =w(z), Vreq, (4.5.3)

with wy :  — R such that w; € C?*(Q) NW2*°(Q), and we further suppose that w; is an
even function and wy(x) — 0, at least exponentially, as |z| — oo.
Utilising known results from Fourier analysis, the evolution equation (4.5.2) has a

general solution of the form
w(z,t) = / F(t,k)e*dk, ¥Y(z,t) € Qx [1,00), (4.5.4)
R

for some F : [1,00) x R — C, to be determined. In order to determine F, we substitute

the elementary solution
w(z,t) = F(t, k)e™*, (4.5.5)

into (4.5.2) and obtain the linear ordinary differential equation

Fi(t, k) = (M — kz) F(t,k), V(t,k) e (1,00) xR, (4.5.6)

(1-p)t

with initial condition, obtained by inverting the transformation in (4.5.4) when evaluated

at t = 1, which is given by

F(1,k) = % /Rwl(g)e—ifkdg =y (k), (4.5.7)

with w; denoting the Fourier transform of wy, and $(k) = fR ©(&)e~*ed¢ denoting the non-
unitary Fourier transform of . Note that @; and ¢ are well-defined since wy, p € LY().

It now follows that the solution to (4.5.6)-(4.5.7) on [1,00) x R is given by
F(t, k) = iy (k)e (B2 ®st)  yiy k) e [1,00) x R. (4.5.8)
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Via the conditions on w; it follows that w; € C(R) and (k) = O(k™2) as |k| — oc.
Hence, it follows that the solution to (4.5.2)-(4.5.3), obtained by substitution of (4.5.8)

into (4.5.4), is given by
w(z, t) = /R in (k)e~ (Rt eMlost) gike g vz 4) € R x [1, 00). (4.5.9)
Recalling that w; and ¢ are even, from (4.5.9) it follows that
w(z, b)) <2 /0 i () (BT RE) gk g 1) € R x [1, 00). (4.5.10)

Since ¢ € C*(R) upon recalling that ¢(0) = ||¢|| 1) = 1, via Taylor’s theorem, it follows

that

1 9
= 5(0) + #(O)k + T2
=1—Kky(k), VkeR, (4.5.11)

where 6 is between 0 and k, and v € C(R)N L>(R). Thus, utilising (4.5.11) and following

the change of variables k = /s, (4.5.10) can be re-written as

logt

w(z,t)] < Qtlp”/ [y (k) e~ (0225 555) g,
0

_ tlfp/ [0V a2 5) g () e R x [1,00). (4.5.12)
oV
Note that |i1(1/s)|/+/s is absolutely integrable on [0, c0), and
logt

7(\/5)%7 — 0, uniformly on [0, 00) as t — cc. (4.5.13)
-P
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Thus it follows that for each ¢ € (0, %), there exists a sufficiently large T, > 0 such that

/OO |7~D1(\/§)|eftS(H'y(\/E)ﬁlotgt)ds < /OO Me*ts(l’a)ds Vi > T.. (4.5.14)
0 Vs 0 Vs

Provided that w,(0) # 0, it follows from the continuity of w; that w; is one-signed on
[0, X), for some X > 0. It follows that |w; (k)| is three times continuously differentiable
on [0, X') and moreover, we note that @} (0) = 0. Hence via Taylor’s theorem, | (/)|
is once continuously differentiable on [0, VX ). Thus, by utilising the method used to

establish Watson’s lemma (see for instance [Mil06, Chapter 2]), it follows that
00 [, r 1
/ —lwl(\/g)‘e_ts(l_e)ds = |@D1(O)|—(2) + O(t_3/2), as t — oo. (4.5.15)
0 Vs (I1—e)t
By substituting (4.5.15) into (4.5.12), we obtain

PO TE), ast— oo, (4.5.16)

By considering w(0,t) in (4.5.9), it follows as in (4.5.10)-(4.5.12) that

* wl(\/g) 7ts<1+'y(\/§)ilogt
—F€
0 Vs

w(0,t) =t 2 )ds, Yt € [1, 00). (4.5.17)

By treating cases when w;(0) is positive and negative separately, it follows as in (4.5.13)-
(4.5.16), albeit bounding the exponential term in (4.5.14) from below rather than from

above, that for each ¢ € (0, %) we have,

P4 O(tl—p_%), as t — o0. (4.5.19)
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Thus it follows from (4.5.16) and (4.5.19) that, provided that ,(0) # 0, we have
1w (-, )| (@) ~ @1 (0)[D(2)ET7 72, ast — oo. (4.5.20)

The estimate in (4.5.20), when substituted into (4.5.1), indicates that for sufficiently

small values of p € (0,1) we have

To numerically investigate the exponent of ¢ in (4.5.21), we consider local and non-
local instances of (C'P),. Specifically, for p € (0,1) we approximate v, as described in
Section 4.4 with p1o = 0.001, My = 1.001, vo(x) = Lj_19,10)(x), considering @i, to be the
Dirac ¢ function for the local case, and

3, i |z <1

p(r) =
0, otherwise,

for the non-local case, on sufficiently large discretised spatial domains, with sufficiently
small dz > 0, for ¢ € [0,2000].

From the numerical approximations, we estimated g(ty) = |lu(,tk)|| o (q) for tx =
1000 + 50k for £ = 1,...,20. A Pearson correlation coefficient was used to verify a
linear correlation between log(ty) and log(g(tx)). Finally, regression was used to estimate

b=b(p) in:
(- t) = w() gy = (@ = W) (-, 8)]| o) ~ at’,  as t — oo (4.5.22)

The numerical approximations for b(p) in (4.5.22) are illustrated, along with the asymp-
totic estimate for b(p) arising from (4.5.21), in Figure 4.4. We observe that the asymptotic

and numerical estimates for b(p) in (4.5.22) are in excellent agreement.
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Figure 4.4: Here we illustrate y(p) = b(p) for b as in (4.5.22) with p € (0,1) above and

p € (0,3/5) below. The numerical approximation from the local and non-local numeri-

cal solutions to (C'P) are shown by the blue crosses and red circles respectively. The
3p—1

asymptotic approximation (dashed curve) is given by y(p) = 55—
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Remark 4.5.1. Let u : Q,, — R be the solution to (C'P), with initial data ug € L=(f2)
and integral kernel p € L'(2). Moreover suppose that uy and ¢ are of compact support

and HSOHU(Q) = 1. Then, for all p € (0,1/3)

3p—1

u(z,t) = ((1— p)t)ﬁ + O(t2=»), ast— oo, (4.5.23)

and hence,

Jutt = (@ =y

— 0, ast— oo.
L>(Q)

Moreover, for p € (1/3,1) it follows that

-+ 0, ast— oo. (4.5.24)
L>(Q)

a0 = (1 =ty

Alternatively, from (4.5.23) and (4.5.24), it follows that for (C'P),, the lower bound
((1—p)t)ﬁ is asymptotically stable as t — oo for p € (0,1/3) and unstable for p € (1/3,1)

as t — oo. Furthermore, we infer that (C'P) is globally well-posed in time if p € (0, 1/3).

4.6 Conclusion

In Section 4.2 we assumed throughout that ug € L>(Q)NC(Q). If uy € W2>(Q)NC(Q),
then the derivative estimates in Proposition 4.2.10 and Proposition 4.2.11 are improved,
to be bounded on Qg, similarly to those in Proposition 3.3.6 and Proposition 3.3.8 (the
latter differing due to the assumption that f is locally Holder continuous and not locally
Lipschitz continuous). One can potentially relax the Hélder condition on f to a Dini
condition (as given in [BS23]). To establish this, using the approach herein, one would
need to extend the related derivative estimates for f and the Lipschitz density result.

In Section 4.2 we opted for a construction to show the existence of solutions to (C'P).
It should be noted that a solution can also be obtained by the use of the Leray-Schauder

fixed-point theorem (assuming one can show that the conditions of the theorem are sat-
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isfied at a sufficient convex and closed subset of L>®(Qr) N C*1(Qr) for the equivalent
integral equation associated with (C'P), (see [Fri08, Chapter 7])). However, this method
doesn’t readily support the construction of maximal and minimal solutions for (C'P) that
the method herein accommodates.

All the results presented in Section 4.3 are presented for 2 = R. Changing (4.3.3) so
that ¢ has positive mass on a closed ball centred at 0 and then adapting Lemma 4.3.4
(taking the integral over the closed ball and obtaining a similar bound) would allow for
all results present in Section 4.3 to extend directly to R?. Moreover, ideally, the condition
that ¢ has a positive mass centred at 0 can be relaxed to ¢ having positive mass centered
somewhere in ). This relaxation however, adds technicalities to the proof of the lower
bound in Lemma 4.3.5, that require some care to address. To prove global in time well-
posedness for (C'P), for p € (0.1/3), one could potentially consider compactly supported
initial data and then establish an upper bound for the solution to (C'P),, of the form
(1 — p)t)ﬁ + O(t%), as t — oo, for some a < 0, similar to that established for the local
case in [MN15a, Section 9.2]. More broadly, the approaches illustrated in [GV12] could
similarly be used to establish the stability of ((1 — p)t)ﬁ as t — oo, which could inform
on the well-posedness or ill-posedness results for (C'P),.. We note that the numerical
approximations for @ in (4.5.22) were not observed to be in agreement with I'(1/2)[w,(0)|
in (4.5.20). This is likely due to the large times required to ensure the term in (4.5.13)
is insignificant when applying Watson’s Lemma, but also, for applicable linearization
theory for this class of nonlinear evolution equations to take effect. However, for the
purpose of inferring stability properties of the linearization of (C'P)., and the stability
of u for (C'P), we reiterate that the computations leading to (4.5.20) which dictate the
dependence on t, suffice.

A more detailed estimate for w(z,t) in (4.5.9) which incorporates the spatial structure
in x would also be of interest. To achieve this, one could use the method of stationary
phase to estimate (4.5.9). In the setting described in Section 4.5 one would need to take

care to consider the poles of ¢, which is possible to address with specific instances of ¢,
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but nontrivial to address with ¢ as considered therein.
We finally note that the results in Section 4.4 are readily extended for the problem
(CP), considered with Q = R? however, in practice the computational complexity grows

exponentially with d, making this not ideal for d > 3.
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CHAPTER 5

CONCLUDING REMARKS

In this short chapter we discuss possible extensions to the results presented in Chapters
2-4, as well as related results which have not been considered herein. We note that even
though, the results presented in Chapters 2-4 are not necessarily useful in ‘real-world
applications’ in the wider context of the theory of PDEs they provide insight on how one
treats problems of this class of non-local problems. Furthermore, the results highlight the
similarities and differences with the local theory established (see [MN15a]) one can expect

when working on generalising results from the local setting.

5.1 General remarks and extensions for Chapter 2

Recall the t—blow-up, as t — 07, of the coefficients of the integro-differential operator
discussed in Chapter 2, i.e., for any compact subset X C €, the coefficients are O(t=#), as
t — 0" for x € X. It is understood that 8 = 1 is, without further spatial constraints on
the coefficients, a limiting case. It would be of interest to consider if greater t—blow-up
would be permitted, provided that further constraints are imposed on solutions to the
integro-differential inequalities or the coefficients of the operators considered.

As discussed in the conclusion of Chapter 2, we expect that Proposition 2.3.14 holds
in more general (unbounded) domains than R™. Notably, in Proposition 2.3.14, if Q = R"”

is relaxed to 2 C R", where 2 is unbounded, with sufficiently smooth boundary (e.g. 92
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is C?), then provided that (2.5.1) is satisfied accordingly, then one can likely establish a
related minimum principle.

Additionally note that the weak minimum principle of Proposition 2.3.14 was estab-
lished under the regularity condition (2.3.74), restricting the coefficients of a;;, b;, and
their derivatives, to be bounded and Holder continuous functions as well as having ¢ and
d be continuous and bounded functions. These conditions were imposed to define the
fundamental solution for adjoint equation, and hence it is worthwhile to inquire:

What are the weakest reqularity conditions one can impose on the coefficients of P as
in (2.2.4) and still be able to define fundamental solutions for the adjoint equation?

Answering this question would allow for a natural generalisation of Theorem 2.4.3.
The recently published results in [BS23| provide a starting point to what may be an

optimal result of this type.

5.2 General remarks and extensions for Chapter 3

A natural extension to the well-posedness theory presented in Chapter 3 is to systems of
integro-differential equations. Utilising the ideas presented in Chapter 3 we can obtain
a theorem analogous to Theorem 3.3.16, where the unknown function is represented by
a vector valued function. The changes required to establish such a result are illustrated
here.

Let Q = R” and suppose that u : Qp — R™ is given by
u = (up, Us, ..., Uy,) on Qr, (5.2.1)
with u; € L=(Qr) N C(Qr) N C*(Qr) for all i = 1,2,...,m. We also denote:

ou = (Oyuy, Oyua, . .., Oy,)  on Qr; (5.2.2)

Au = (Auq, Aug, ..., Au,,) on Qp. (5.2.3)
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Furthermore, for 4,5 =1,2,...,mand k = 1,2,...,p, and @;jx € L'(R™) we define

Ju= (J'u, J*u,...,J™u) on Qr (5.2.4)
with
Wil * U1 P2 kUL L. Pilp KU
Ju = : : : on Q7. (5.2.5)
Piml * Um  Pim2 ¥ Um - - . Pimp * Um

Moreover, for f : R™ x R™*™*P — R™ we denote

f(u,Ju) = (fi(u, J'), fo(u, J?u),. .., fu(uw, J™1)) V(u,Ju) € R™ x R™™*? (5.2.6)

where for all ¢ = 1,2,...,m, f; is assumed to be locally Lipschitz continuous in the

variables (u, J'u). Now, consider the Cauchy problem,

(

ou = Au + f(u,Ju), on {r;

u(z,0) = up(x), Vo € (CP¥)

u; € LOO<§T> N C(QT) N 02’1(QT),

with prescribed initial data ug; € L®(Q2) N C(Q), for all i = 1,2,...,m. For the i

equation in (CP*) we have
Oy = Aug + fi(u, J'u) on Q. (5.2.7)

In this setting, and by following the same steps used to obtain Theorem 3.3.16 the

following statement holds.

Theorem. Suppose (CP*), with ¢, f and vy prescribed, for all i, = 1,2,...,m and

k=1,2,...,p, is a priori bounded on Qp for 0 < T < co. Then, there exists a unique

136



solution u : Qp — R™ to (CP*). Moreover, for all € > 0, there exists § > 0 such that, for
all initial data Gy and kernels @, which are within § distance of uy and ;j, in the L™
and L' norms respectively (for all i,j, k), the unique solution @ : Qp — R to (CP*) with

Gijk, Qo and f exists, and satisfies [0 — Ul oo (q,) < €

Alternatively, let Qr = R" x (0,77 and a;;,b;, f - Qr - Rfor 1 < i,j < n be such
that: a;; satisfies (2.2.3); and a;;, b; and f satisfy sufficient regularity and boundedness
conditions. Then, using the methods described in [Fri08] or [ZC22] to construct classical

solutions to the Cauchy problem

n

Opu = Z 0,2, 0 + i biOyu+ f on Qf;

ij=1 i=1

u(z,0) =up(x) Vo e R",

one may obtain the (local in time) well-posedness for the following Cauchy problem

( n n
8151,1/ = Z aijaxixju + Z bzaa:lu + f(u, Ju), on QT,
,j=1 i=1

u(z,0) = up(x), Vo € Q; (CP*)

| U € LOO(QT> N C(QT) N Cz’l(QT),

with prescribed initial data ug € L*(2) N C(2) and with Ju : L>®(Qr) — L*(r) as in

(2.2.1).

5.3 General remarks and extensions for Chapter 4

In Chapter 4 we utilised the comparison theory developed in Chapter 2 to produce a
priori bounds for u. Using those bounds, we were able to demonstrate the local existence
of solutions to (C~P). Ideally, criteria on f, which would allow one to ascertain uniform-
in-time a priori bounds on solutions to (CNP), that do not rely on the monotonicity of f

with respect to Ju could be established. We recall that such problem-specific uniform-in-
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time a priori bounds for non-local Fisher-KPP-type equations (see [LLCS20, Penl8]) are
somewhat technical, and not necessarily readily generalised.

We note that in the local existence result for (C'P), if f is not non-decreasing with
respect to Ju, then the existence of maximal and minimal solutions is not established. We
highlight that an example of (C'P) for which it is demonstrated that maximal and minimal
solutions do not exist would be a welcome addition to the literature. An analogous, non-
local, problem to that considered in [MN17] would seem to provide a natural starting
point to address this.

A more comprehensive treatment with an aim of determining the large—t structure of
the solution to (C'P); can potentially be achieved. A first step in this direction would
be making the formal analysis in Section 4.5 rigorous. Then, the influence of the spatial
dimension d (for € replaced with R?) and the initial data (see Figures 4.2-4.3), could
also be investigated. Following this, a comparable result to Remark 4.5.1 could provide
additional insight on whether or not pattern formations can occur in the large—t structure
of u.

Concerning the numerical approximation in Section 4.4, we highlighted that the ap-
proximation cannot be practically implemented for large spatial dimension d. However,
using recently developed methods (see for example [BHJK23]), potentially a numerical
approximation can be achieved for higher spatial dimensions d, at the cost of the || - ||

error estimates being replaced by || - ||, norm estimates.
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