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ABSTRACT 

 

This thesis presents new synthesis processes for filters and multiplexers. It also demonstrates 

novel implementation of microwave filters using Selective Laser Melting (SLM) and Micro-

Laser-Sintering (MLS) based 3-D printing technologies. The thesis contains six projects.  

The first project proposes a synthesis and design approach for filters with multiple 

transmission zeros generated using dual/multiple dangling nodes. It starts with the synthesis of 

the general characteristic polynomials. An analytical method is proposed to derive the coupling 

matrix from the polynomials. Two third-order-two-zero bandpass filters (BPFs) are used to 

demonstrate the synthesis and design procedure. Two third-order-four-zero BPFs are then 

designed and prototyped using two pairs of mixed E/H-plane dual dangling nodes. The 

fabrication is enabled by 3D printing technology. Excellent agreement between the 

measurement and the design substantially verifies the synthesis and design approach and 

demonstrates the capability of the additive manufacture technology. 

The second project presents an iterative method to achieve a strong initial coupling matrix 

for triggering the subsequent matrix optimization of diplexers/multiplexers with all-resonator 

topologies. The method is based on the synthesis of a single channel filter in consideration of 

the estimated loading effect of other channels. The synthesis starts with the characteristic 

polynomials of each channel filter, obtaining corresponding input admittance, and extracting 

the equivalent circuit model. Seven examples are used to demonstrate the synthesis process and 

validate the proposed technique. For most topologies, the iterative method converges after less 

than 20 iterations. The proposed method provides good initial values of the coupling matrix 

which can substantially reduce the optimization time to seconds, even for complicated 

topologies. 

The third project demonstrates a narrowband third-order filter at 9 GHz with two 

transmission zeros generated using the non-resonating node (NRN) method. The filter is 

fabricated out of aluminium-copper alloy (A20X) using selective laser melting (SLM) 

technology. Without tuning, the measurements show promising results, but with a resonator 

detuning. Micro X-Ray CT imaging is performed to investigate the imperfection in the 



 
 

manufacture. Dimension measurement of the structure show the level of dimension offset and 

some evidence of excessive shrinkage from the small iris structures. 

The fourth project presents a fifth-order BPF for communication satellite feed systems, 

fabricated using 3D-printing with Titanium alloy Ti-6Al-4V or Ti64. Taking advantage of the 

alloy's high strength-to-weight ratio, the filter is printed with a wall thickness of only 1 mm and 

a weight of 40 g. Ti64 also has a much lower coefficient of thermal expansion (CTE) than 

aluminium. The filter was designed with modified rectangular cavity resonators with rounded 

corners, enabling monolithic printing of the structure in a lying-down position without any 

internal supports. The coupling irises are moved to one side of the filter to facilitate polishing 

and silver coating. The measured response of the as-printed filter showed a minimum insertion 

loss of 2.7 dB and a frequency shift of about 140 MHz. After silver plating, the insertion loss 

was significantly reduced to a minimum of 0.55 dB. The challenge with plating on the Ti64 

filter is discussed. 

The fifth project presents an irregular-hexagonal resonator geometry for additively 

manufactured microwave filters. This geometry allows closely packed resonators to form very 

compact filters of various topologies fulfilling transfer functions with transmission zeros. It also 

minimizes the overhangs and allows vertical printing along the direction of the input/output 

ports, without any internal support structure and with a much-reduced profile. The 

characteristics of the resonator and the trade-off between compactness and quality factor is 

analysed. Three BPFs are demonstrated. Two of them are designed with NRN topologies with 

fractional bandwidths of 5% and 1%, respectively, using the step-tuning technique. All three 

filters are fabricated using SLM technique. The performance of the fabricated filters is 

compared with the EM simulation. Very good agreement is achieved for all three filters. The 

effectiveness of tuning is also demonstrated. The resonator structure offers high printability and 

high level of modularity and flexibility in the design. 

Finally, in the sixth project, an E-band bandpass (81 – 86 GHz) filter has been demonstrated 

to show the effectiveness of surface treatments and a new electrochemical polishing technique, 

in particular, on the metal 3D-printed millimeter-wave waveguide device. The third-order filter 

is designed using a modified hexagonal resonator, a compact and self-supportive structure, and 

two samples have been printed monolithically using a high-precision micro-laser-sintering 

(MLS) technology out of stainless-steel. The effects of polishing and gold coating have been 



 
 

investigated. The coating improves the insertion loss by ~1 dB whereas the polishing step 

further reduces the loss by ~0.3 dB. This results in a very low insertion loss of only 0.14 dB for 

one of the two samples. This correlates with the 50% reduction in the surface roughness after 

polishing. The demonstrated end-to-end manufacture and surface treatment process shows great 

promise in addressing the surface quality issues with metal 3D printing for millimeter-wave 

devices. 
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1.1 Thesis motivation 

Microwave filters and multiplexers are widely used in telecommunication systems. They 

provide frequency selectivity by selecting or rejecting one or more parts of the frequency 

spectrum. They are also used as building blocks for multi-channel communication and sensing 

systems to combine or separate multiple frequency bands. One of the key industry areas that 

deploy such components is the satellite communication (Satcom). In recent years, the satellite 

industry has enjoyed rapid growth and demands more advanced microwave components. As 

the usual Satcom frequency channels get crowded, the need for high performance filters and 

multiplexers with high selectivity increases rapidly. This challenge requires the adoption of 

novel technologies in the synthesis and design process of such components. The research on 

synthesis methods of microwave filters and multiplexers has a long history. Some of the early 

fundamental works on the synthesis methods are presented in [1]-[6]. At Emerging Device 

Technologies (EDT) Lab at University of Birmingham, the research on advanced synthesis and 

design methods of filters and multiplexers began two decades ago. One of the resource books 

for synthesis and design of microwave components is co-authored by the founder of the EDT 

lab, Prof. Michael J. Lancaster [7]. Other popular works on the filters and multiplexers synthesis 

methods include those from [8]-[10]. 

Transmission Zeros (TZs) are often used to improve the selectivity of filters and multiplexers. 

In case of cavity-based filters, to the best knowledge of the author, all the direct synthesis 

methods in the literature limit the maximum number of TZs to the filter order. In case of 

multiplexers, there is no synthesis method in the literature for the all-resonator multiplexers, 

where TZs can be generated due to their topology without the need for adding specific TZ-

generating elements, such as dangling Non-Resonating Nodes (NRNs) and cross-couplings. 

The available synthesis methods for such multiplexers are based on optimisation, which are 

very time and memory consuming. This thesis presents two synthesis methods for filters and 

multiplexers. The new filter synthesis method allows the treatment of more transmission zeros 

than the in-band poles of the filter. The multiplexer synthesis method reduces the synthesis time 

for the coupling matrix of all-resonator multiplexer types to seconds.  

For Satcom applications, considering the launch cost, engineers are intensely interested in 

light weight and compact components, which highlights the need for advanced manufacturing 

and material engineering techniques. The emerge of additive manufacturing or 3-D printing 
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technologies was revolutionary for the microwave engineering industry, particularly to address 

the needs of Satcom [11], [12]. Examples of some of these components are reported in [11]-

[17]. Using 3-D printing technology for fabrication of passive microwave components has been 

investigated at the University of Birmingham over last few years. Many microwave filters 

operating over a frequency range from 0.5 GHz to 300 GHz are demonstrated [18]-[22]. Figure 

1.1 shows some of these devices. Figure 1.1(a) is a 3-D printed narrowband bandpass filter 

based on spherical dual-mode resonators operating at 11.5 GHz. The filter is fabricated using 

Selective Laser Melting (SLM) technology with Invar alloys of low thermal expansion 

coefficient [19]. Figure 1.1(b) shows a monolithic 3D printed twisted waveguide bandpass filter 

working at 60 GHz using Micro Laser Sintering (MLS) – a high-precision metal 3D printing 

method [21]. Figure 1.1(c) presents a D-band (110-170 GHz) diplexer fabricated using MLS 

technology using stainless steel [20].  

                             

(a)                                                              (b) 

               

(c)                                                                  (d) 

Figure 1.1 Photographs of some 3-D printed microwave filters designed at the University of 

Birmingham. (a) A narrowband bandpass filter based on spherical resonator in Invar [19]. (b) 

A monolithic 3D printed twisted waveguide bandpass filter [21]. (c) A D-band (110-170 

GHz) diplexer [20]. (d) A 180-GHz bandpass filters [18].  
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Figure 1.1(d) shows two 180 GHz bandpass filters fabricated using MLS technology [18]. More 

detailed review of the relevant works will be provided in the later chapters. The work in this 

thesis will demonstrate the design and implementation of compact filter structures enabled by 

additive manufacturing. The work will also investigate the use of different alloys for fabricating 

the microwave filters. Most of the filters designed in this work are within the X-band frequency 

range, whereas one filter operates at E-band.  

1.2 Main contribution and novelty claim 

The novelty and main contributions in the field of synthesis, design and fabrication of 

microwave filters are summarised as follows. 

• A synthesis and design approach for filters with dual/multiple dangling nodes is 

proposed. The dual/multiple dangling nodes generate more transmission zeros than the 

order of the filter. 

• A mixed E/H-plane structure is demonstrated that improves the out-of-band rejection 

of filters with dual-dangling nodes.  

• A method for synthesis of all-resonator multiplexers is proposed to reduce the coupling 

matrix optimisation time to seconds.  

• Two modified-resonator geometries are proposed, leveraging the free-forming 

capability of 3D printing techniques, to compactify the filter structure. 

• The capability of additive manufacturing is demonstrated by fabricating six bandpass 

filters with complex structures impossible or hard to be fabricated using conventional 

machining.  

• The use of different materials, i.e., titanium alloy, stainless steel, and aluminium alloy, 

in 3D printing process of filters is investigated. 

• The effect of gold/silver coating and polishing on the filter’s performance is 

investigated in the SLM and MLS fabrication processes.   

• A new polishing technique is tested on an E-band filter. The polishing has improved 

the insertion loss to a record low level.  
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1.3 Thesis overview 

The thesis will be presenter as a series of published and publishable papers following the 

University’s Alternative Format Thesis guidelines. It is formed of nine chapters covering six 

projects. A literature review will be provided for each of the project from Chapter 3 to 8 all 

presented in IEEE paper format. To suit the paper-based thesis format, each chapter contains 

its own references. Chapter 1 and 2 provides an overview and the background of the thesis 

whereas Chapter 9 is the Conclusion. They are organised as follows.  

• Chapter 1 presents the motivation of the work presented in this thesis. This chapter also 

provides an overview of the structure of this thesis.  

• Chapter 2 provides the theoretical background in terms of fundamental synthesis methods 

of filter networks, which will be used in this thesis. This chapter begins by describing the 

concepts of the microwave filter and filter transfer functions. It discusses the coupling matrix 

synthesis of filter networks for both N × N and N+2 coupling matrices, as well as the technique 

for the coupling matrix rotation for achieving different filter topologies. This chapter 

demonstrates the synthesis method of microwave filters using the equivalent lump circuit 

model. The method is used to synthesis the third-order filter with two transmission zeros 

discussed in Chapter 5. The chapter presents another advanced synthesis method of filters - the 

“non-resonating node” technique. This method inspired two of the works discussed in Chapter 

3 and Chapter 4. The step-tuning design technique for designing microwave filters and 

multiplexers is explained. This technique is used in all filters in this work.  

• Chapter 3 presents a new method for synthesis and design of waveguide-based filters with 

multiple dangling nodes that generate more transmission zeros than the order of the filter. It is 

used to synthesise a third-order X-band filter with four transmission zeros, which is impossible 

using the conventional synthesis methods. The filter is designed using rectangular resonators 

and has a very complex structure impossible to be fabricated in a monolithic part except by 

using the 3D printing technology.  

• Chapter 4 presents another novel synthesis technique for multi-port all-resonator based 

multiplexers with compact but complicated topologies. The main advantage of this method is 

that the loading effect of other filter channels are considered during the synthesis of each 

channel of a multiplexer and an iterative process is applied. This leads to a much faster and 
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more efficient synthesis of the coupling matrix than the conventional methods based entirely or 

largely on optimisation. The method is validated by synthesising several multiplexers and 

diplexers with different topology and complexity.   

• Chapter 5 presents the design and fabrication process of a third-order 10 GHz bandpass 

filter with two transmission zeros. The filter is synthesised using the non-resonating node 

technique and designed using the step-tuning method. The filter is fabricated using SLM 

technology using A20X material, and it is analysed using the X-ray imaging technology. The 

detailed results and analyses are demonstrated in this chapter. 

• Chapter 6 presents the design and fabrication of a fifth-order filter with one transmission 

zero operating at 11.7 GHz. The filter is synthesised using the non-resonating method. A 

modified rectangular resonator with rounded sides is used to accommodate the printing. The 

modified resonator offers wider iris opening and allows the structure to be printed without any 

tilt to the sides and without any internal supports. Titanium alloy Ti64 material is used to print 

the filter using the SLM technology. The pros and cons of using Ti64 is discussed in this 

chapter. A dimensional tolerance analysis is performed and the effect of fabrication errors on 

the performance is investigated.   

• Chapter 7 presents a new irregular-hexagonal resonator that compactified filters structure 

and allows them to be printed vertically without any internal support. This saves space on the 

printer platform allowing more structures to be printed in one go. The proposed resonator is 

compared with the conventional rectangular resonator. The modified resonator is used to design 

three filters with different topologies. All three filters operate at 10 GHz and are printed using 

SLM technology using A20X material.  

• Chapter 8 presents an E-band third-order filter operating at 83.5 GHz. The filter is designed 

using modified hexagonal resonators offering a more compact-low profile structure compared 

with rectangular resonators. The geometry allows closely packed resonators to be laid out in a 

low profile without requiring any internal support structures and without the need of tilting the 

build as in many rectangular cavity-based filters. Two samples of the filter are fabricated using 

the MLS technology using stainless steel. The first sample is gold coated as printed. The second 

sample is electrochemically polished using Hirtisation technique and then gold coated. The 

polishing technique significantly reduced insertion loss of the filter to a record low level. 
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• Chapter 9 provides the conclusion of the thesis. Suggestions for future work are also 

discussed in this chapter. 
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2.1 Introduction 

The significance of coupled resonator circuits lies in their pivotal role in the design of 

RF/microwave filters, particularly bandpass filters essential in various applications. Employing 

a coupling matrix approach enhances their versatility, allowing representation of a wide array 

of coupled-resonator filter configurations regardless of resonator type. This chapter elucidates 

the formulation of the coupling matrix, essential for analysing and synthesizing coupled-

resonator filter circuits, focusing on coupling coefficients and external quality factors. By 

expressing the circuit in matrix format, it becomes notably advantageous, facilitating matrix 

operations like inversion, similarity transformation, and partitioning. These operations 

streamline the synthesis, topology adjustment, and performance simulation of complex circuits. 

Moreover, the coupling matrix encapsulates information for each component of the practical 

filter, enabling unique identification of each matrix element with an element in the final 

microwave device. 

2.2 Characteristic polynomials 

For any two-port lossless Nth-order filter networks with inter-coupled resonators, the transfer 

and reflection functions can be defined as a ratio of two polynomials [1],[2]. 

𝑆11(𝜔) =
𝐹(𝜔)

𝜀𝑅𝐸(𝜔)
     𝑆21(𝜔) =

𝑃(𝜔)

𝜀𝐸(𝜔)
    (2.1) 

where ω is the frequency variable, related to the complex frequency variable s by s = jω. The 

parameters ε and εR are constants, normalizing S11 and S21 to the equiripple level. The 

polynomials F, P and E are the characteristic polynomials of the filters. P is created from the 

Transmission Zeros (TZs) of the filter and can be written as: 

𝑃(𝜔) = ∏ (𝜔 − 𝜔𝑛𝑧)
𝑁𝑡𝑧
𝑛𝑧=1                             (2.2) 

where ωnz is the TZ frequency and Ntz is the number of TZs. Similarly, the polynomial F is 

created from the Reflection Zeros (RZs) of the filter and can be written as: 

𝐹(𝜔) = ∏ (𝜔 − 𝜔𝑛)𝑁
𝑛=1                   (2.3) 

where ωn is the RZ frequency. For an equiripple filters, the location of RZs (roots of F) can be 

obtained using the well-known method in [1]. 
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roots(𝐹(𝜔)) = roots(𝑈𝑁(𝜔))           (2.4) 

where UN can be obtained through an iterative process from (2.5). 

𝑈𝑁(𝜔) + 𝑉𝑁(𝜔) = ∏ [(1 −
𝜔

𝜔𝑛
) + 𝜔′ (1 −

𝜔

𝜔𝑛
2)

1/2

]𝑁
𝑛=1                (2.5) 

where ωn refers to the prescribed TZs. UN and VN can be defined as: 

𝑈𝑁(𝜔) = 𝑢0 + 𝑢1𝜔 + 𝑢2𝜔
2 + ⋯+ 𝑢𝑁𝜔𝑁            (2.6) 

and 

𝑉𝑁(𝜔) = 𝜔′(𝑣0 + 𝑣1𝜔 + 𝑣2𝜔
2 + ⋯+ 𝑣𝑁𝜔𝑁)                         (2.7) 

where ω=( ω2-1)1/2. The iteration starts with the first prescribed TZ (including those at ωn = 

∞), i.e., by putting n = 1 in (2.5). Knowing P and F, ε and εR can be written as: 

𝜀 =
1

√10−𝑅𝐿/10−1
.
𝑃(𝜔)

𝐹(𝜔)
|
𝜔=1

                  (2.8) 

𝜀𝑅 = {
1          ,    𝑁𝑡𝑧 < 𝑁

𝜀

√𝜀2−1
  ,    𝑁𝑡𝑧 = 𝑁

          (2.9) 

in which RL is the prescribed return loss in decibels, and it is assumed that the polynomials P 

and F are normalized to their respective highest degree coefficients. Assuming a lossless 

network, we can write the unitary condition of the scattering matrix as: 

𝐸(𝑠) ∙ 𝐸∗(−𝑠) =
1

𝜀2 𝑃(𝑠) ∙ 𝑃∗(−𝑠) +
1

𝜀𝑅
2 𝐹(𝑠) ∙ 𝐹∗(−𝑠)                (2.10) 

Applying the spectral factorization technique [2], polynomial E can be obtained from its roots 

from (2.10). 

2.3 Deriving coupling matrix for a 2-port network 

The derivation of the N × N coupling matrix is based on Kirchoff’s voltage and current laws, 

explaining the magnetic and electric couplings in the lumped element model of coupled  
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(a) 

 

(b) 

Figure 2.1 (a) Lumped-element circuit model of magnetically n-coupled resonators. (b) 

Lumped-element circuit model of electrically n-coupled resonators. 

resonators, which is shown in Figure 2.1. Generally, a normalised matrix A, which refers to the 

normalised admittance or impedance matrix of the network, can be obtained through the 

Kirchoff’s voltage and current relations. The elements of A contain real parts, imaginary parts, 

and frequency variant parts. It is possible to separate these three parts of each element of A and 

put them into three matrices called [q] for real parts, [I] for frequency variant parts, and [m] for 

imaginary parts. [m] and [q] are referred as coupling matrix and external quality factor matrix, 

respectively. Hence, matrix A can be written as 

𝐴 =  

[
 
 
 
 

1

𝑞𝑒1
0 ⋯ 0

0 0 ⋯ 0
⋮ ⋮ ⋱ ⋮

0 0 ⋯
1

𝑞𝑒𝑛]
 
 
 
 

+ 𝑃 [

1 0 ⋯ 0
0 1 ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 1

] − 𝑗 [

𝑚11 𝑚12 ⋯ 𝑚1𝑛

𝑚21 𝑚22 ⋯ 𝑚2𝑛

⋮ ⋮ ⋱ ⋮
𝑚𝑛1 𝑚𝑛2 ⋯ 𝑚𝑛𝑛

]          (2.11) 

 

where qe1 and qen are normalised external quality factors (qe = Qe × FBW) of the filter, P is the 

complex lowpass frequency variable, mij is the normalised coupling coefficient (mij = Mij / 

FBW), FBW is the fractional bandwidth (FBW = (ω2 − ω1) / ω0), and the diagonal elements 

[q] [m] [I] 
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(mii) are the self-coupling of resonators. The value of [q] and [m] matrices can be obtained using 

the parameters so called g-values representing the circuit elements, i.e., the inductance, 

capacitance, resistance, and conductance, of the lowpass prototype filter.  

𝑀𝑖,𝑖+1 =
𝐹𝐵𝑊

√𝑔𝑖𝑔𝑖+1
, for 𝑖 = 1,… , 𝑁 − 1           (2.12) 

𝑄𝑒1 =
𝑔0𝑔1

𝐹𝐵𝑊
,          𝑄𝑒𝑁 =

𝑔𝑁𝑔𝑁+1

𝐹𝐵𝑊
                  (2.13) 

For a Chebyshev function, g-values can be obtained by  

𝑔0 = 1, 𝑔1 =
2𝑎1

𝛾
, 𝑔𝑘 =

4𝑎𝑘−1𝑎𝑘

𝑏𝑘−1𝑔𝑘−1
, 𝑘 = 2,3,4,… , 𝑁           (2.14) 

𝑔𝑛+1 = {
coth2(

𝛽

4
),          for 𝑁 even

1,                         for 𝑁 odd 
             (2.15) 

𝛽 = ln (coth (
𝐿𝐴𝑟

17.37
)) , 𝛾 = sinh (

𝛽

2𝑁
),   𝐿𝐴𝑟 = −10 log(1 − 10

−𝑅𝐿

10 ),          (2.16) 

𝑎𝑘 = sin (
(2𝑘−1)𝜋

2𝑁
) , 𝑏𝑘 = 𝛾2 + sin2 (

(2𝑘−1)𝜋

2𝑁
) ,         𝑘 = 1,2,3, … ,𝑁          (2.17) 

where RL is the return loss in the passband in decibels. The transmission and reflection 

scattering parameters are expressed in terms of the coupling matrix and the external quality 

factors as follows [1], 

𝑆21 =
2

√𝑞𝑒1𝑞𝑒𝑛
[𝐴]𝑛1

−1,                     (2.18) 

𝑆11 = ±(1 −
2

𝑞𝑒1
[𝐴]11

−1),            (2.19) 

As an example, the method is used to design a third-order Chebyshev filter with a centre 

frequency of 9 GHz, bandwidth of 0.5 GHz and return loss of 20 dB in the passband. The 

obtained coupling matrix of the filter is presented in (2.10). The g-values are calculated using 

(2.4) to (2.7): g0 = 1, g1 = 0.8516, g2 = 1.1032, g3 = 0.8516, g4 = 1. The filter response is shown 

in Figure 2.2. 

𝑀 = [
0 1.0317 0

1.0317 0 1.0317
0 1.0317 0

]            (2.20) 
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Figure 2.2 S parameters of a third-order Chebyshev bandpass filter. 

2.4 Deriving N+2 by N+2 coupling matrix for a 2-port network 

The N + 2 coupling matrix is the extended form of the N × N coupling matrix and addresses 

the coupling between the filter resonators and both the source and load. A N + 2 coupling matrix 

is shown in (2.21) [3].  

𝑀 =

[
 
 
 
 
𝑚𝑆𝑆 𝑚𝑆1 ⋯ 𝑚𝑆𝑁 𝑚𝑆𝐿

𝑚1𝑆 𝑚11 ⋯ 𝑚1𝑁 𝑚1𝐿

⋮ ⋮ ⋱ ⋮ ⋮
𝑚𝑁𝑆 𝑚𝑁1 ⋯ 𝑚𝑁𝑁 𝑚𝑁𝐿

𝑚𝐿𝑆 𝑚𝐿1 ⋯ 𝑚𝐿𝑁 𝑚𝐿𝐿 ]
 
 
 
 

(𝑁+2)×(𝑁+2)

           (2.21) 

The indexes S and L refer to the source and load. mS,i and mi,S are the coupling between the 

source and resonator i, mL,i and mi,L are the coupling between the load and resonator i and mS,S 

and mL,L are the self-coupling of the source and the load, respectively. The N + 2 coupling 

matrix is derived from the filter transformation and reflection functions. For a two-port lossless 

filter made from N coupled resonators, this is defined as [3] 

𝑆11(𝜔) =
𝐹𝑁(𝜔)

𝐸𝑁(𝜔)
, 𝑆21(𝜔) =

𝑃𝑁(𝜔)

𝜀𝐸𝑁(𝜔)
            (2.22) 

where FN, PN and EN are the characteristic polynomials of the filter explained in Section 2.2 

together with ε, which corresponds to the equiripple level of the passband. Having the 
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expression of polynomials EN, PN and FN, the elements of N + 2 coupling matrix can be obtained 

by the following equations 

𝑀𝑘𝑘 = −𝜆𝑘, 𝑀𝐿𝑘 = √𝑟22𝑘, 𝑀𝑆𝑘 =
𝑟21𝑘

√𝑟22𝑘
, 𝑀𝑆𝐿 = 𝐾0          (2.23) 

where K0 is 0 unless for the fully canonical filters, in which 

𝐾0 =
𝜀𝑅

𝜀(1+𝜀𝑅)
            (2.24) 

λk is the eigenvalue of the coupling matrix. r22k and r21k can be obtained by the following 

equations [1].  

If N is even, 

 𝑟22𝑘 = residue(𝑛1(s)/𝑚1(s))            (2.25) 

𝑟21𝑘 = residue(𝑃𝑁(s)/𝜀𝑚1(s))            (2.26) 

𝜆𝑘 = roots(𝑚1(s))                 (2.27) 

If N is odd, 

𝑟22𝑘 = residue(𝑚1(s)/𝑛1(s))            (2.28) 

𝑟21𝑘 = residue(𝑃𝑁(s)/𝜀𝑛1(s))            (2.29) 

𝜆𝑘 = roots(𝑛1(s))                 (2.30) 

in which 

𝑚1(s) = Re(𝑒0 + 𝑓0) + 𝑗Im(𝑒1 + 𝑓1)𝑠 + Re(𝑒2 + 𝑓2)𝑠
2 + ⋯         (2.31) 

𝑛1(s) = 𝑗Im(𝑒0 + 𝑓0) + Re(𝑒1 + 𝑓1)𝑠 + 𝑗Im(𝑒2 + 𝑓2)𝑠
2 + ⋯          (2.32) 

where, ek and fk are coefficients of polynomials EN and FN, respectively. It must be noted that, 

in the fully canonical case, it is necessary to multiply P(s) by j to satisfy the unitary conditions 

for the scattering matrix. The value of residues given in (2.25), (2.26), (2.28) and (2.29) can be 

easily obtained using the partial fraction technique. Similar to the N × N coupling matrix 

method, the matrix A is given as follows 

𝐴 =

[
 
 
 
 
1 0 ⋯ 0 0
0 0 ⋯ 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 ⋯ 0 0
0 0 ⋯ 0 1]

 
 
 
 

+ 𝑗𝜔

[
 
 
 
 
0 0 ⋯ 0 0
0 1 ⋯ 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 ⋯ 1 0
0 0 ⋯ 0 0]

 
 
 
 

+ 𝑗

[
 
 
 
 
𝑚𝑆𝑆 𝑚𝑆1 ⋯ 𝑚𝑆𝑛 𝑚𝑆𝐿

𝑚1𝑆 𝑚11 ⋯ 𝑚1𝑛 𝑚1𝐿

⋮ ⋮ ⋱ ⋮ ⋮
𝑚𝑛𝑆 𝑚𝑛1 ⋯ 𝑚𝑛𝑛 𝑚𝑛𝐿

𝑚𝐿𝑆 𝑚𝐿1 ⋯ 𝑚𝐿𝑛 𝑚𝐿𝐿]
 
 
 
 

    (2.33) 
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(a) 

 

(c) (b) 

Figure 2.3 A fully canonical fourth-order Chebyshev bandpass filter (a) The filter 

topology (b) S parameter of the filter. (c) The filter topology altered to the transversal 

topology using matrix rotation technique without any change in the S parameters. 

The scattering parameters are expressed as [3] 

𝑆21 = 2𝐴𝐿𝑆
−1             (2.34) 

𝑆11 = 1 − 2𝐴𝑆𝑆
−1      (2.35) 

Figure 2.3(a) shows the topology of a fourth-order transversal filter, whose N + 2 degree 

coupling matrix, obtained using the method, is presented in (2.36). The filter is considered fully 

canonical with four transmission zeros at -j3.7431, -j1.8051, j1.5699 and j6.1910 with a return 

loss of 22 dB in the passband. The S parameters of the filter can be seen in Figure 2.3(b). 

𝑀 =

[
 
 
 
 
 

0 0.3644 −0.3437 0.6678 −0.6537 0.0151

0.3644 1.3142 0 0 0 0.3640

−0.3437 0 −1.2968 0 0 0.3431

0.6678 0 0 −0.8042 0 0.6678

−0.6537 0 0 0 0.7831 0.6537

0.0151 0.3640 0.3431 0.6678 0.6537 0 ]
 
 
 
 
 

          (2.36) 

2.5 Matrix rotation 

Generally, all the elements of a coupling matrix M can have a non-zero value, which means 

coupling may exist between any pair of resonators. In most cases, such a coupling matrix will 
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be impractical. So, it is required to annihilate couplings between some resonators to make a 

feasible coupling matrix without affecting the transfer and reflection characteristics of the 

coupling matrix. The matrix rotation technique can fulfil such a requirement. Using the rotation 

technique, the coupling matrix of a 2-port filter can be converted to different topologies through 

certain rotation sequences. Rotation of a coupling matrix M is derived from multiplying M by 

a rotation matrix R and its transpose Rt as follows [3] 

𝑀𝑟 = 𝑅𝑟 . 𝑀𝑟−1. 𝑅𝑟
𝑡 ,     𝑟 = 1,2, … , 𝑟𝑛            (2.37) 

where rn is the total number of rotations and M0 and Mr are respectively the original matrix and 

the matrix after r rotations. The rotation matrix R is defined as a N + 2 degree matrix including 

a pivot of [i, j] (i ≠ j), which means elements Rii = Rjj = cos θr, Rji = -Rij = sin θr, (i, j ≠ 1, N), 

and θr is the angle of the rotation. All other elements of matrix R are zero except for the rest of 

principal diagonal elements, which are one. As an example, a 7th degree rotation matrix with a 

pivot of [3, 5] is presented in (2.38). 

𝑅 =

[
 
 
 
 
 
 
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 𝐶𝑟 0 −𝑆𝑟 0 0
0 0 0 1 0 0 0
0 0 𝑆𝑟 0 𝐶𝑟 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1]

 
 
 
 
 
 

    (2.38) 

in which, Cr and Sr are defined as cos θr and sin θr. θr is the rotation angle and can be obtained 

using the following equations 

𝜃𝑟 = arctan
𝑀𝑖𝑘

𝑀𝑗𝑘
,      for an element in row 𝑖                    (2.39) 

𝜃𝑟 = −arctan
𝑀𝑗𝑘

𝑀𝑖𝑘
,      for an element in row 𝑗           (2.40) 

𝜃𝑟 = arctan
𝑀𝑘𝑖

𝑀𝑘𝑗
,      for an element in column 𝑖            (2.41) 

𝜃𝑟 = −arctan
𝑀𝑘𝑗

𝑀𝑘𝑖
,      for an element in column 𝑗              (2.42) 

in which, k (≠ i, j) = 1, 2, 3, ..., N, Cr = cos θr, Sr = sin θr. The rotation technique is applied to 

the coupling matrix in (2.36) in order to alter the filter topology without changing  
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Table 2.1 Rotation sequences for annihilating the elements. “r” refers to rotation numbers, 

“P” is the pivot and “E” is the element to be annihilated. θr = arctan(cMkl/Mmn). 

r P[i,j] E k l m n c 

1 [3,4] MS4 in row S S 4 S 3 -1 

2 [2,3] MS3 in row S S 3 S 2 -1 

3 [1,2] MS2 in row S S 2 S 1 -1 

4 [2,3] M2L in column L 2 L 3 L 1 

5 [3,4] M3L in column L 3 L 4 L 1 

6 [2,3] M13 in row 1 1 3 1 2 -1 

 

the filter response. The sequence of annihilating the elements of the transversal matrix is 

presented in the Table 2.1 and the rotated coupling matrix is presented as (2.43). The resultant 

filter topology is shown in Figure 2.3(c).  

𝑀 =

[
 
 
 
 
 

0 1.0603 0 0 0 0.0151

1.0603 −0.0024 0.8742 0 −0.3258 0.0315

0 0.8742 0.0483 −0.8358 0.0341 0

0 0 −0.8358 −0.0667 −0.8722 0

0 −0.3258 0.0341 −0.8722 0.0171 1.0595

0.0151 0.0315 0 0 1.0595 0 ]
 
 
 
 
 

          (2.43) 

2.6 Extracted pole synthesis methodology 

Extracted pole filters [4],[5] are well known to generate the transmission zeros (TZ) by 

frequency-invariant elements rather than cross couplings. Benefiting from this feature, filter 

design with extracted pole techniques can have a more flexible layout. It is useful for many 

applications, especially when filter topologies cannot be realized because of the restricted 

mechanical configuration.  

Although coupling matrices rotation, discussed in Section 2.5, can treat a wide variety of 

useful filter configurations, there are certain topologies that are difficult or impossible to 

synthesize by coupling matrix operations alone. The topologies include any frequency-invariant 

elements are in this category. In this section, we use the circuit-based method for synthesizing 

the “extracted pole” section and its direct application in bandpass and bandstop filter design. 

The extracted pole network can be analysed by using the classical cascaded [ABCD] matrix 
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method. The overall admittance matrix [Y] is built up by the superimposition of the individual 

[y]2×2 submatrices. These submatrices themselves may make up more than one element and are 

formed by building the [ABCD] matrix of the element and then converting it to [y] parameters.  

2.6.1 Synthesis of extracted pole filters using [ABCD] matrix 

The [ABCD] matrices are helpful in constructing the filter equivalent circuit models. The 

[ABCD] matrix of any two-port filter circuit network can be created using the filter’s 

characteristic polynomials (F(s), P(s), E(s)) using the following expressions. 

[𝐴𝐵𝐶𝐷] =
𝜀

𝑃(𝑠)
[
𝐴𝑛(𝑠) 𝐵𝑛(𝑠)
𝐶𝑛(𝑠) 𝐷𝑛(𝑠)

]                         (2.44) 

where 

𝐴𝑛(𝑠) =
𝐸(𝑠)+

𝐹(𝑠)

𝜀𝑅
−(−1)𝑁(𝐸(𝑠)+

𝐹(𝑠)

𝜀𝑅
)∗

2
    (2.45) 

𝐵𝑛(𝑠) =
𝐸(𝑠)+

𝐹(𝑠)

𝜀𝑅
+(−1)𝑁(𝐸(𝑠)+

𝐹(𝑠)

𝜀𝑅
)∗

2
    (2.46) 

𝐶𝑛(𝑠) =
𝐸(𝑠)−

𝐹(𝑠)

𝜀𝑅
+(−1)𝑁(𝐸(𝑠)−

𝐹(𝑠)

𝜀𝑅
)
∗

2
    (2.47) 

𝐴𝑛(𝑠) =
𝐸(𝑠)−

𝐹(𝑠)

𝜀𝑅
−(−1)𝑁(𝐸(𝑠)−

𝐹(𝑠)

𝜀𝑅
)∗

2
    (2.48) 

The parameters ε and εR are constants, normalizing S11 and S21 to the equiripple level. The 

operator (*) refers to the complex conjugate term and the characteristic polynomials are 

obtained using the method explained in Chapter 2. In this section, it will be shown how to 

extract the filter circuit elements from the [ABCD] matrix. Figure 2.4 shows the prototype 

circuit model for a resonator section, a TZ producing section and a phase shifter element 

together with a circuit model of a Chebyshev filter with one TZ section.  The resonator section 

includes a capacitor shunt connected to a reactance. The TZ producing section consists of a 

frequency-invariant reactance connected in series to an inductor. Series of these three sections 

(resonators, TZ producing sections and phase shifters), which are shunt connected to each other, 

creates a network functioning as a filter.  
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(a)                                       (b)                                          (c) 

 

(d) 

Figure 2.4 (a) A TZ producing section. The TZ is located at s=s0. (b) A resonator section. (c) 

A phase shifter. (d) The circuit model of a third-order filter with one TZ.   

The circuit model of a third-order filter with one TZ is displayed in Figure 2.4(d). Having the 

[ABCD] matrix of a filter circuit model, the circuit element value can be obtained within a 

process called extracting. The procedure for extracting the elements is the reverse of building 

up the [ABCD] matrix from the individual elements of the circuit model. In order to extract a 

TZ producing section, following process can be adopted. First, a phase shifter is extracted using 

(2.49) and (2.50) and the matrix of the rest of the network is named [A’B’C’D’]. Second, the 

TZ producing element is extracted from [A’B’C’D’] using (2.51) and the resultant matrix is 

named [A”B”C”D”] obtained using (2.52). Third, a further phase shifter is extracted from 

[A”B”C”D”] using (2.49) and (2.50) and the resultant matrix is renamed similar to previous 

two stages. This is only to avoid confusion since this process may be adopted several times in 

a single synthesis process. 

𝜀

𝑃
[
𝐴′ 𝐵′

𝐶′ 𝐷′] =
𝜀

𝑃
[
𝐴 cos𝜑 − 𝑗𝐶 sin𝜑 /𝐽 𝐵 cos𝜑 − 𝑗𝐷 sin𝜑 /𝐽
𝐶 cos𝜑 − 𝑗𝐴𝐽 sin𝜑 𝐷 cos𝜑 − 𝑗𝐵𝐽 sin𝜑

]        (2.49) 

in which A ≡ A(s), B ≡ B(s), etc. The value of J is set to 1. Then, φ is obtained using (2.49). 

𝜑 = tan−1 𝐴

𝑗𝐶
|
𝑠=𝑠0

          (2.50) 

𝑏0 =
(𝑠−𝑠0)𝐷′

𝐵′ |
𝑠=𝑠0

          (2.51) 

c 

Phase φ 

Y0 = J  
b 

𝑏 =
−𝑠0

𝑏0
 

𝑙 =
1

𝑏0
 

−𝑠0

𝑏0
 

1

𝑏0
 

𝑏1 𝑏2 c c 𝐽0,𝜑0
 𝐽1,𝜑1

 𝐽2,𝜑2
 𝐽3,𝜑3
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𝜀

𝑃
[
𝐴′′ 𝐵′′

𝐶′′ 𝐷′′] =
𝜀

𝑃
[

𝐴′ 𝐵′

𝐶′ − 𝐴′𝑏0/(𝑠 − 𝑠0) 𝐷′ − 𝐵′𝑏0/(𝑠 − 𝑠0)
]  (2.52) 

The capacitor, which is denoted using a small-case c (the capital-case C belongs to the [ABCD] 

matrix), of the resonator section can be extracted using the following equations. 

𝑐 =
𝐷

𝑠𝐵
|
𝑠=𝑗∞

                   (2.53) 

𝐴rem = 𝐴                   (2.54) 

𝐵rem = 𝐵                               (2.55) 

𝐶rem = 𝐶 − 𝑠𝑐𝐴                       (2.56) 

𝐷rem = 𝐷 − 𝑠𝑐𝐵            (2.57) 

𝑃rem = 𝑃                   (2.58) 

The reactance of the resonator section can be obtained using the following equations. 

𝑏 =
𝐷

𝐵
|
𝑠=𝑗∞

                    (2.59) 

𝐴rem = 𝐴                    (2.60) 

𝐵rem = 𝐵                              (2.61) 

𝐶rem = 𝐶 − 𝑏𝐴                                    (2.62) 

𝐷rem = 𝐷 − 𝑏𝐵                        (2.63) 

𝑃rem = 𝑃                   (2.64) 

In case of having any cross-couplings with the value of Mij in the network, they can be obtained 

using the following relations. 

𝑀𝑖𝑗 = −
𝑃

𝐵
|
𝑠=𝑗∞

                       (2.65) 

𝐴rem = 𝐴                    (2.66) 

𝐵rem = 𝐵                                (2.67) 

𝐶rem = 𝐶 −
2𝑀𝑖𝑗𝑃

𝜀
+ 𝑀𝑖𝑗

2 𝐵      (2.68) 

𝐷rem = 𝐷                                 (2.69) 
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𝑃rem

𝜀
=

𝑃

𝜀
+ 𝑀𝑖𝑗𝐵               (2.70) 

Having the elements extracted, the admittance matrix [Y] and subsequently matrix [A] of the 

filter can be created. Where [A] = [Q] + [Y]. [Q] is a zero matrix with the same size as [Y] and 

q11 = qNN =1. These two elements refer to the loads that are attached to both sides of the network 

with admittance matrix of [Y] and are normalised to 1. Then the S parameters of the filter can 

be obtained using (2.34) and (2.35). In order to design the filter, the step-tuning method can be 

adopted. This method is explained in the next chapter. Then, the values of the capacitors (c) are 

scaled to 1. Consequently, the elements values change by the following relations. 

 𝑚𝑖𝑗 =
𝑀𝑖𝑗

√𝑐𝑖𝑐𝑗
         (2.71) 

where, mij refers to the normalised self-couplings (i = j) or normalised cross-couplings (i ≠ j). 

As an example, a fourth-order filter with two transmission zeros (a 4-2 filter) is synthesised 

using the described method. The filter topology together with the equivalent circuit model are 

shown in Figure 2.5. The two TZs are located at 1.6j and -1.6j with and the central frequency 

is 11.483 GHz and the bandwidth is 54 MHz with maximum return loss of 20 dB within the 

passband. The characteristic polynomials of the filter are obtained using the method discussed 

in Section 2.2.  

 

(a) 

 

(b) 

Figure 2.5 (a) The topology of a 4-2 filter. (b)The lumped element circuit model of the filter. 

The value of capacitors is normalised to 1. 
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The [ABCD] matrix is created based on the polynomials using (2.43) to (2.47). The coefficients 

of the characteristic and ABCD polynomials of the filter are obtained as listed in Table 2.2. The 

circuit elements of the network are extracted using the extraction methods discussed early in 

this section. The element values are listed in Table 2.3. As can be seen in Figure 2.5(b), the 

lumped circuit model of the filter is divided into five subsections, which are marked out using 

dash lines. It is noteworthy that the value of capacitors is 1. The admittance matrix of each 

subsection is obtained using the circuit element values.  

Table 2.2 The coefficients of the filter with ε = 1.6315. 

sn P(s) F(s) E(s) A(s) B(s) C(s) D(s) 

0 2.56j 0.1577 1.5770 0 1.7347 1.4193 0 

1 0 0 2.7994 2.7994 0 0 2.7994 

2 1j 1.0616 3.2007 0 4.2623 2.1391 0 

3 0 0 2.0684 2.0684 0 0 2.0684 

4 0 1 1 0 2 0 0 

 

Table 2.3 The circuit element values. 

J01 1.0170 J23 1.0170 φ3 -44.5º 

φ01 90º φ23 90º b02 1.2582 

b1 0 J1 1.1727 J2 1 

J12 0.8819 φ1 -14.3º φ2 48.8º 

φ12 90º b01 2.6262 b3 -1.7784 

b2 0 J3 1 b4 1.2521 
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Having the circuit elements, the admittance matrix [Y] of the network can be written as in (2.72). 

 

(2.72) 

   𝐴 = 𝑄 + 𝑗𝜔 ∗ 𝐼 + 𝑗 ∗ 𝑀                    (2.73) 

   𝐴 = 𝑌 + 𝑄              (2.74) 

Comparing (2.73) with (2.74), the coupling matrix [M] can be extracted by separating the 

frequency-invariant elements from (2.72). The resulting coupling matrix includes all non-

resonating elements together with any phase shifters within the structure. The S parameters of 

the filter is obtained by putting (2.73) in (2.34) and (2.35). The S parameters are displayed in 

Figure 2.6. 

 

Figure 2.6 The S parameters of the filter obtained using the admittance matrix [Y]. 
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2.6.2 Unified extracted pole technique  

The objective of the Unified Extracted Pole technique outlined in [6] is to advance synthesis 

methods and augment the adaptability of the extracted pole network. With this heightened 

flexibility, it becomes feasible to assign arbitrary values to parameters defining the TZ structure. 

The unified extracted Pole method extends the extracted pole approach, which may encounter 

challenges due to minimal coupling values between elements. To address this issue, the Unified 

extracted pole method permits the selection of arbitrary values for certain elements, thus 

mitigating the impact of small couplings. This technique is explained next using an example to 

synthesis the filter described in Section 2.6.1. It is assumed that all capacitor values are 

normalised to 1. According to Figure 2.5(b), the first element to be extracted from the ABCD 

matrix is 𝐽01, which can be obtained using the following formula [6] 

𝐽01 = lim
𝑠→∞

𝐷∙𝑠

𝐵
= 1.0342                 (2.75) 

According to [4], the reactance b1 and b2 can have any desired values without affecting the final 

result of the filter. In this case, b1 is assumed as 0 in order to ease the EM design process. After 

extracting the element J01, the rest of the ABCD matrix (ABCDnew) can be obtained through the 

following process. 

𝐴𝐵𝐶𝐷new = [
0 𝑗/𝐽01

𝑗𝐽01 0
]
−1

[
𝐴 𝐵
𝐶 𝐷

] = [
𝐴′ 𝐵′

𝐶′ 𝐷′]                  (2.76) 

Next step is derived from extracting J12 together with b2, which is also assumed to be 0 to 

simplify the filter’s lumped element circuit model. The value of J12 is obtained using (2.77). 

𝐽12 = lim
𝑠→∞

𝐷′∙𝑠

𝐵′ = 0.7220            (2.77) 

After extracting the elements J12, the rest of ABCDnew matrix can be computed similarly using 

(2.76). Then, J23 is extracted to prepare the network for extracting the first TZ. Another 

advantage of the unified extracted pole technique is the freedom of choice for the value of J23, 

which is assumed to be equal to J01 to create a symmetric subsection. ABCDnew is obtained 

again. In this stage, the first TZ should be extracted. First, the phase shifter θ1 can be obtained 

using the following formula [4].  

𝜃1 = tan−1 (
𝐵new(𝑠01)

𝑗𝐷new(𝑠01)
) = −18.1591°           (2.78) 
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After extracting the phase shifter and computing the rest of ABCDnew matrix, b01 can be obtained 

using. 

𝑏01 =
𝐴new(𝑠01)

𝐶𝑥(𝑠01)
= 2.1240            (2.79) 

where, Cx = C(s)/(s-s01). In order to extract the second TZ, the network need to be turned, 

meaning to simply replace the element of Anew(s) with Dnew(s). Then the phase shifter θ3 is 

extracted. The value of θ3 is obtained using (2.80). 

𝜃3 = tan−1 (
𝐵𝑛𝑒𝑤(2)

𝑗𝐷𝑛𝑒𝑤(𝑠02)
) = −44.5458°           (2.80) 

After obtaining the rest of ABCDnew matrix, b02 can be obtained using (2.81). 

𝑏02 =
𝐴𝑛𝑒𝑤(𝑠02)

𝐶𝑥𝑛𝑒𝑤(𝑠02)
= 1.2582              (2.81) 

Finally, the remaining ABCDnew matrix is a constant matrix, which is realised through the 

following process to get the values of remaining elements of θ2, b3 and b4. 

𝜃2 = sin−1(−𝑗𝐵𝑛𝑒𝑤) = 56.81°                 (2.82) 

𝑏3 =
𝐷𝑛𝑒𝑤−cos𝜃2

sin𝜃2
= −01.0313                 (2.83) 

𝑏4 =
cos𝜃2−𝐴𝑛𝑒𝑤

sin𝜃2
= 0.9120               (2.84) 

The values obtained using the unified extracted pole are compared with the normal extracted 

pole technique is Table 2.4. 

2.7 Non-resonating node circuits 

The foundational concept of synthesized pole extraction theory was initially formulated in 

[4], with further refinements suggested in [5]. Non-resonating node (NRN) synthesis techniques 

were developed in references [2], [7]-[14]. The equivalence between extracted pole and NRN 

synthesis methods is indicated in [16]. Recently, [15] introduced a methodology for creating 

cross-coupled networks incorporating both resonator nodes and NRN nodes. NRN synthesis 

serves as a sophisticated expansion of extracted pole and coupling matrix theories by 

introducing a new node element, particularly beneficial in comb-line filter design [16]. 
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Table 2.4 The circuit element values obtained from unified and normal extracted pole 

techniques. 

Unified extracted pole Extracted pole 

J01 1.0342 b01 2.6262 J01 1.0170 b01 2.6262 

φ01 90º J3 1 φ01 90º J3 1 

b1 0 φ3 -44.5º b1 0 φ3 -44.5º 

J12 0.7220 b02 1.2582 J12 0.8819 b02 1.2582 

φ12 90º J2 1 φ12 90º J2 1 

b2 0 φ2 56.8º b2 0 φ2 48.8º 

J23 1.0342 b3 -1.0313 J23 1.0170 b3 -1.7784 

φ23 90º b4 0.9120 φ23 90º b4 1.2521 

J1 1   J1 1.1727   

φ1 -18.2º   φ1 -14.3º   

 

An NRN essentially constitutes a node connected to ground via a frequency-invariant 

reactance. The quantity of NRNs within a given filter is flexible as it doesn't influence the filter's 

order. Integrating NRNs into cross-coupled configurations allows for highly modular filter 

design. This approach facilitates the creation of filters with maximal finite transmission zeros 

without direct source-to-load coupling. A crucial aspect in effectively designing these filters is 

extracting the circuit model's components. Previous works [17]-[19] presented prototypes 

featuring NRNs with one or two attenuation poles, extracted either at the input or output. While 

[17] and [18] employ a series of circuit transformations, the method in [19] is analytical and 

directly provides circuit elements. 

2.7.1 NRN in coupling matrix 

Figure 2.7 shows a general lumped element model of a dangling node, which consists of a 

NRN and a resonator corresponding to a TZ. Let’s assume that the dangling node is located at 

the Kth node of a Nth-order filter. The equivalent inductance seen from the dangling node is 

given in  

𝑦𝑖𝑛 =
𝐽𝐾
2

𝑗𝐵𝐾+
𝐽𝐾+1
2

𝑠+𝑗𝐵𝐾+1
+

𝐽𝐾+2
2

𝑦𝑖𝑛
′

              (2.85) 
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Figure 2.7 General lumped element model of a dangling node. 

The corresponding coupling matrix of the dangling node can be written as (2.86). 

[𝑀𝑁] =

[
 
 
 
 
 
0 … …
… …  𝐽𝐾
…  𝐽𝐾 𝐵𝐾

        

… … …
0 0 …

𝐽𝐾+1 𝐽𝐾+2 …

… 0 𝐽𝐾+1

… 0 𝐽𝐾+2

… … …
       

𝐵𝐾+1 0     …
0 …     …
… …      0]

 
 
 
 
 

            (2.86) 

Essentially, the value of inductances B corresponds to the self-coupling of each node and the 

value of J inverters correspond to the value of cross-couplings between different nodes. It is 

possible to multiplying the numerator and the denominator of (2.85) with an arbitrary number 

A without changing the input admittance of the dangling node. Consequently, the corresponding 

elements of the coupling matrix, in (2.86), can be changed as the following equations show. 

𝑦𝑖𝑛 =
𝐴2

𝐴2
(

𝐽𝐾
2

𝑗𝐵𝐾+
𝐽𝐾+1
2

𝑠+𝑗𝐵𝐾+1
+

𝐽𝐾+2
2

𝑦𝑖𝑛
′

) =
𝐽𝐾
2/𝐴2

𝑗𝐵𝐾/𝐴2+
𝐽𝐾+1
2 /𝐴2

𝑠+𝑗𝐵𝐾+1
+

𝐽𝐾+2
2 /𝐴2

𝑦𝑖𝑛
′

                  (2.87) 

[𝑀𝑁] =

[
 
 
 
 
 

0 … …
… …  𝐽𝐾/𝐴

…  𝐽𝐾/𝐴 𝐵𝐾/𝐴2
        

… … …
0 0 …

  𝐽𝐾+1/𝐴   𝐽𝐾+2/𝐴 …

…     0     𝐽𝐾+1/𝐴
…     0     𝐽𝐾+2/𝐴
…     … …

       
   𝐵𝐾+1          0        …

0         …        …
…          …         0]

 
 
 
 
 

           (2.88) 

 The process of extracting the dangling node circuit elements from its input admittance in 

(2.87) is discussed in Section 2.7.2. 
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2.7.2 NRN synthesis technique 

NRN synthesis technique is based on extracting filters lumped element circuit elements from 

its input or output admittance. These elements include resonators, admittance inverters (J 

inverters), and Non-resonating Nodes (NRNs). The resonators are represented by unit 

capacitors in parallel with frequency-independent reactance jb, which accounts for the 

frequency shifts in their resonant frequencies [2]. The admittance inverters Ji are the coupling 

coefficients between the nodes. The NRNs represent internal nodes connected to ground by 

frequency-independent reactance jBi without any parallel capacitance. The input (source) and 

the output (load) conductance are also considered GS = GL = 1. A resonator that is responsible 

for an attenuation pole at a normalized frequency of si = jωi is shown by a unit capacitor in 

parallel with a constant reactance jbi = −jωi. Such a resonator is only connected to an NRN and 

called a dangling resonator. For a N-order filter with NZ attenuation poles at finite real 

frequencies, there are NZ dangling resonators and N − NZ resonators along the path between the 

input and the output. Figure 2.8(a) to Figure 2.8(c) show a fourth-order bandpass filter with two 

attenuation poles (transmission zeros), which are arranged in three possible topologies. The 

synthesis approach derived from the reflection coefficient expression, which is written  

𝑆11(𝑠) = 𝑒𝑗𝜙11
𝐹𝑁(𝑠)

𝐸𝑁(𝑠)
               (2.89) 

where, ejφ11 is a real-value phase correction term that has no effect on the return and insertion 

losses of the filter. Since the source and load conductance are assumed normalized to unity, the 

input admittance can be written as. 

𝑦𝑖𝑛(𝑠) =
1−𝑆11(𝑠)

1+𝑆11(𝑠)
                        (2.90) 

If the first node from the input side of the network is a resonator, e.g., Figure 2.8(a), the input 

admittance is asymptotically equivalent to the unit capacitance of the resonator at the resonant 

frequency. In other words, when s → ∞, yin(s) → 0. Under these conditions, we have 

𝑒𝑗𝜙11 =
𝐹𝑁(𝑠)

𝐸𝑁(𝑠)
|
𝑠=∞

= 1              (2.91) 

otherwise 

𝑒𝑗𝜙11 =
𝐹𝑁(𝑠)

𝐸𝑁(𝑠)
|
𝑠=𝑗𝜔𝑛

               (2.92) 
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(a)                                                             (b) 

 

(c) 

Figure 2.8 A fourth-order band-pass filter with two transmission zeros of ωn, n = 1, 2. (a)-(c) 

are three possible arrangements of dangling nodes along the source and load. The black 

circles represent the resonators, and the hatched circles are the NRNs.  

in which ωn refers to the frequency of the TZ. With the reflection coefficient fully specified, 

the input admittance can be obtained, and the element extraction process begins. Assuming the 

first element to be extracted is a resonator (Figure 2.8(a)), the element can be extracted using 

the following approach. 

𝐽1
2 = 𝑠𝑦𝑖𝑛(𝑠)|𝑠=∞  →   𝑦rem(𝑠) =

𝐽1
2

𝑦𝑖𝑛(𝑠)
− 𝑠 = 𝑗𝑏 + 𝑦′(𝑠)   (2.93) 

where 

𝑏 = Im(𝑦′(𝑠)|𝑠=∞),       if the first node in y’(s) is a resonator                (2.94) 

𝑏 = Im(𝑦′(𝑠)|𝑠=𝑗𝜔𝑛
),       if the first node in y’(s) is a NRN                  (2.95) 

𝑦rem(𝑠) = 𝑦rem(𝑠) − 𝑗𝑏              (2.96) 
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Here, the extraction cycle of a resonator is completed and yrem is the new input admittance of 

the remaining of the network. Let’s call yrem the new yin. If the first element to be extracted from 

yin is a NRN (Figure 2.8(b)), the following process is adopted. 

𝐽1
2

𝑦𝑖𝑛(𝑠)
=

𝐽2
2

𝑠−𝑗𝜔𝑛
+ 𝑗𝐵 + 𝑦′(𝑠)                (2.97) 

Let’s assumed J1 = 1 for simplicity. Consequently, (2.97) gives the value of J2. 

𝐽2
2 = 𝐽1

2[residue (
1

𝑦𝑖𝑛(𝑠)
)|

𝑠=𝑗𝜔𝑛

]                             (2.98) 

𝑦rem(𝑠) =
𝐽1
2

𝑦𝑖𝑛(𝑠)
−

1

𝑠−𝑗𝜔𝑛
= 𝑗𝐵 + 𝑦′(𝑠)              (2.99) 

where 

𝐵 = Im(𝑦′(𝑠)|𝑠=∞),       if the first node in y’(s) is a resonator    (2.100) 

𝐵 = Im(𝑦′(𝑠)|𝑠=𝑗𝜔𝑛
),       if the first node in y’(s) is a NRN              (2.101) 

𝑦rem(𝑠) = 𝑦rem(𝑠) − 𝑗𝐵                         (2.102) 

This completes the extraction cycle, leaving an input admittance yrem(s). Extracting the 

resonators and NRN will continue based on the discussed process until the last node. If the last 

node is a resonator (Figure 2.8(a)), (2.103) to (2.106) must be used.  

𝑦in(𝑠) =
𝐽6
2

𝑠+𝑗𝑏+𝐽7
2                     (2.103) 

where J7 is the inverter connecting the last node to the load GL = 1.  

𝐽6
2 = 𝑠𝑦in(𝑠)|𝑠=∞                     (2.104) 

𝑦′(𝑠) =
𝐽6
2

𝑦𝑖𝑛(𝑠)
− 𝑠 = 𝑗𝑏 + 𝐽7

2      (2.105) 

𝑏 = Im(𝑦′(𝑠))     and     𝐽7
2 = Re(𝑦′(𝑠))   (2.106) 

Otherwise, if the last node is a NRN (Figure 2.8(b)), use (2.107) to (2.109). 

𝑦in(𝑠) =
𝐽5
2

𝑗𝐵+
𝐽6
2

𝑠+𝑗𝜔𝑛
+𝐽7

2
             (2.107) 

Then 
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𝐽5
2 = 1           and            𝐽6

2 = residue (
1

𝑦𝑖𝑛(𝑠)
)|

𝑠=𝑗𝜔𝑛

           (2.108) 

𝐵 = Im(
1

𝑦𝑖𝑛(∞)
)      and     𝐽7

2 = Re (
1

𝑦𝑖𝑛(∞)
)                  (2.109) 

by extracting all the resonators and NRNs from the input admittance, the elements of the filter 

are obtained. As an example, the method is used to synthesise a 3-2 passband filter with a 

bandwidth of 100 MHz and a central frequency of 9 GHz and return loss of 20 dB with two 

TZs, which are located at normalised frequencies of ±3j. The topology of the filter together 

with its coupling matrix are shown in Figure 2.9. Using the circuit element extraction process 

discussed early in this section, the elements of the filter topology are obtained as follows: J1 = 

1, J2 = 2.5285, J3 = 0.97, J4 = 1, J5 = 2.6069, J6 = 1.031, B1 = 2.329, b2 = 3, b3 = 0, B4 = -2.475, 

b5 = -3. Using these values, the coupling matrix of the filter can be written using the matrix 

mentioned in Figure 2.9(b). The S parameters of the filter is obtained using its coupling matrix 

and presented in Figure 2.10. 

        

(a)                                                          (b) 

Figure 2.9 (a) The topology of a third-order filter with two TZs. (b) The corresponding 

coupling matrix. 

 

 

 

Figure 2.10 The S parameters of the filter. 
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Having the coupling matrix of a filter, the electromagnetic CAD design process of the filter 

can be started. There are different techniques to find the physical dimensioning of a filter. One 

technique is based on comparing the internal and external couplings obtained from the coupling 

matrix elements with the couplings, obtained from the EM simulations. In other words, the 

physical dimensioning is performed by changing the dimensions of the filter, so that the external 

and internal coupling values match with the ones calculated [20]. Another technique is called 

step-tuning technique [21], in which the physical dimensioning is conducted by comparing the 

S parameters from the coupling matrix with the ones obtained from the EM simulation. For the 

filters with NRN topologies, which added more dimensional parameters (each NRN adds an 

extra resonator and iris) and complexity to the design process compared with the cross-coupling 

topologies (each cross coupling adds an extra iris only), the step-tuning method is found to have 

less hassle compared to other method. The step-tuning design technique is adopted in this work 

to design the filters. This technique is explained in detail in the next section. 

2.8 Step-tuning design technique 

The step-tuning technique starts with dividing the filter topology into different sections, each 

of which contain one resonator (with/without ports) or one dangling node (with/without ports). 

The step-tuning process is explained using an example, in which the filter synthesised in Section 

2.7.2 is designed. Figure 2.11 shows the topology of the filter, which is divided into three 

subsections.  

 

(a) 

 

(b) 

Figure 2.11 (a) The topology of the filter divided into three subsections outlined with dashed 

lines. (b) The corresponding coupling matrix divided to three sub-matrices. 
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Correspondingly, the coupling matrix is also divided into three sub-matrices, shown in Figure 

2.11(b). It is noteworthy that each section may have one or two internal couplings that are 

converted to external couplings. For example, in Figure 2.12(b), J3 and J4 in Figure 2.11 (a) are 

transformed into J3’ and J4’ using (2.110). 

𝐽𝑖
′ = 𝐽𝑖 × √𝐹𝐵𝑊

𝜋

2
(
𝜆𝑔

𝜆
)
2

                  (2.110) 

where Ji’ represents the external coupling of the submatrix, Ji is the internal coupling in the 

original coupling matrix, λ and λg are the free-space and guided wavelength, respectively.  

According to (2.110), the transformed coupling coefficient is proportional to 𝜆 and 𝜆𝑔, which 

can be determined using the following equations [22]. 

𝜆 =
𝑐

𝑓𝑐
              (2.111) 

𝜆𝑔 =
𝑐

𝑓

1

√1−(
𝑐

2𝑎𝑓𝑐
)
2
             (2.112) 

where, 𝑐, 𝑓𝑐 and 𝑎 are the light velocity, centre frequency of the filter and width of the resonator, 

respectively. The diagonal elements of the submatrix, which represent the self-coupling of 

either the resonators or ports, are also adjusted.  

 

 S 1 2 L 

S 0 1 0 0 

1 1 2.3290 2.5285 0.2080 

2 0 2.5285 3.0000 0 

L 0 0.2080 0 0 
 

(a) 

 

 S 3 L 

S 0 0. 2080 0 

3 0. 2080 0 0.2145 

L 0 0.2145 0 
 

(b) 

 

 S 4 5 L 

S 0 0.2145 0 0 

4 0.2145 -2.475 2.6069 1.0310 

5 0 2.6069 -3.000 0 

L 0 1.0310 0 0 
 

(c) 

Figure 2.12 The three subsections of the filter. (a) First subsection, comprising the NRN-1 

and resonator-2. (b) and (c) represent the rest of the subsections. 

J1 J3
’ 

J2 

J3
’ J4

’ 

J4
’ J5

’ 

J2 
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For instance, in the case of Figure 2.12(b), the diagonal elements corresponding to S and L are 

set to zero. This same process is applied to the other subsections. The design of each subsection 

is carried out utilizing CST Microwave Studio whereby the physical dimensions are optimized 

such that the S parameters match those obtained from the corresponding coupling submatrix. 

The response of the coupling submatrices is compared with the EM simulations. The 

comparison together with the CAD models are shown in Figure 2.13. 

 

 

(a) 

 

 

(b) 

 

 

(c) 

Figure 2.13 The three subsections of the filter designed in CST. 
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Finally, the five subsections are joined together, and a further optimization is carried out. The 

S parameter results of the designed filter and its comparison with the coupling matrix are shown 

in Figure 2.14. The optimized dimensions of the filter are: L1=29.3 mm, L2=16.4 mm, L3=14.9 

mm, L4=15.9 mm, L5=15.7 mm, L6=13.9 mm, W1=14 mm, W2=12.2 mm, W3=10.6 mm, W4=8.5 

mm, W5=8.5 mm, W6=9 mm, W7=11.6 mm. Iris thickness is set to 2 mm. As can be seen in 

Figure 2.13(b), the S parameters obtained from the coupling submatrix of the second subsection 

deviates significantly from the EM simulation. The reason is that the coupling between the 

resonator and the dangling node is not unique. In other words, the values of coupling submatrix 

in Figure 2.12(b) is not unique.  

 

(a) 

 

(b) 

Figure 2.14 (a) The designed structure. (b) Scattering parameters of the 3-2 filter. 
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The filter has two dangling nodes, each of which can be multiplied by a different number as 

explained in Section 2.7.2. (2.113) shows the filter coupling matrix, in which the elements 

corresponding to the first and second dangling nodes are multiplied with a factor A or B, 

respectively. 

𝑚7 =

[
 
 
 
 
 
 
 
0.0000 1.00/𝐴 0.0000

1.00/𝐴 2.32/𝐴2 2.52/𝐴
0.0000 2.52/𝐴 3.0000

     
0.0000 0.0000 0.0000
0.97/𝐴 0.0000 0.0000
0.0000 0.0000 0.0000

     
0.0000  
0.0000  
0.0000  

0.0000 0.97/𝐴 0.0000
0.0000 0.0000 0.0000
0.0000 0.0000 0.0000

     

0.0000 1.00/𝐵 0.0000

1.00/𝐵 −2.4/𝐵2 2.60/𝐵
0.0000 2.60/𝐵 −3.000

     
0.0000  
1.03/𝐵  
0.0000  

0.0000 0.0000 0.0000
   

     
0.0000 1.03/𝐵      0.0000

   
     

0.0000  
  ]

 
 
 
 
 
 
 

    (2.113) 

By choosing a suitable value for the factors, i.e., A=0.3030 and B=0.8333, the submatrix of the 

resonator can be modified to be closer to the EM simulation. The S parameters are compared 

in Figure 2.15. As can be seen, the responses are now almost identical. 

𝑚3 = [

0.0000 0.20/𝐴 0.0000
0.20/𝐴 0.0000 0.21/𝐵
0.0000 0.21/𝐵 3.0000

  ]                 (2.114) 

 

Figure 2.15 Comparison of the S parameters obtained from (2.114) versus EM simulation of 

central resonator of the 3-2 filter. 
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2.9. Summary 

This chapter discusses different methods for synthesising and generating the coupling matrix 

of a Chebyshev filter. The covered methods are the synthesis of a filter using the g-values, the 

(N+2) × (N+2) coupling matrix method, extracted pole and unified extracted pole techniques 

and the NRN synthesis method. A matrix rotation technique is also described in order to alter a 

(N+2) × (N+2) coupling matrix from a specific topology to its other equivalent ones. Some 

examples are demonstrated to verify the methods. In addition, the step-tuning design technique 

for EM modelling of the synthesised filters is briefly explained in this chapter using an example. 

This technique is adopted to the design of all filters in this work.  
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3.1 Introduction 

Microwave filters are widely used in terrestrial and satellite communication systems. 

Chebyshev filters with in-band equiripple feature, accompanied with high selectivity due to the 

sharp roll-off at the edges of the passband, offers a fair trade-off between the signal degradation 

and noise rejection. Introducing cross-couplings and non-resonating nodes (NRNs) provides 

the ability of creating transmission zeros (TZs) to increase the near-band rejection slope and 

therefore increase the frequency selectivity. This is highly desired in many applications because 

the frequency spectrum has become increasingly crowded. Moreover, the TZs can help reduce 

the required filter order and, therefore, minimizing insertion loss, mass and size as compared 

with higher order filters, achieving the same amount of passband roll-off. A key advantage of 

using NRNs over cross-couplings is that the NRN offers a high level of modularity in the design 

of filters [1]-[5]. It is known for a typical Chebyshev filter to have a maximum number of TZs 

equal to the order of the filter [1],[2]. In [6]-[15], filters with multiple extra TZs are presented. 

However, these filters are all planar structures, not suitable for the demanding high-performance 

application due to their high level of loss compared to cavity-based filters. 

Moreover, neither an analytical method for creating the coupling matrix with such extra TZs 

nor a design process are given in the literature. In [16], a technique for generating additional 

TZs in cavity-based filters is presented. The technique is based on cross-couplings, which 

reduces the design flexibility due to the multiple cross-couplings between the resonators and 

between the source and load.  

 

               

                                       (a)                         (b)                      (c) 

Figure 3.1 (a) A conventional NRN with a dangling node. (b) Proposed dual dangling node. 

All the nodes are considered as resonators. (c) A quad dangling node. 

Common node 

Dangling node 
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This paper presents a synthesis and design approach to generate a higher number of TZs than 

the filter order in cavity-based filters. The term “filter order” in this paper refers to the number 

of in-band reflection zeros (RZs). The method is inspired by the NRN technique. In the 

conventional NRN approach (Figure 3.1(a)), each dangling node attaches to a single NRN and 

creates one in-band RZ and one TZ [1],[2]. In a dual dangling node, on the other hand, all the 

nodes are considered as resonators. The common resonator (common node) creates an in-band 

RZ, and the two dangling nodes generate two TZs and two out-band RZs (Figure 3.1(b)) 

[17],[18]. In [11], a technique with similar dual dangling node, where two dangling resonators 

are attached to an NRN, is proposed. The technique is limited to two dangling nodes and only 

demonstrated for planar or lumped-element structures. Another technique for cavity-based 

filters with multiple-dangling nodes is presented in [19], based on the concept of bandstop 

resonator sections. The technique assumed the common node, to which the dangling nodes are 

attached, as a NRN without considering the real part of the RZs, which are generated by the 

multiple-dangling nodes. The proposed method in our work takes a very different approach. It 

is more general. It can be extended to the case of multiple dangling resonators (e.g., Figure 

3.1(c)), where conventional synthesis method becomes ineffective. The dual/multiple dangling 

node structure also leads to complexity of the filter structure and consequently fabrication 

difficulty. This paper will demonstrate that 3D-printing technology can remove the fabrication 

barrier of such structures. The first part of this paper describes a technique for generating the 

transfer and reflection polynomials. This is followed by a method to generate the coupling 

matrix of the filters with dual/multiple dangling nodes. Two third-order filters with two TZs, 

created by a single dual dangling resonator, are used to exemplify the synthesis and design 

process. Finally, two third-order filters with four TZs are prototyped. One of the prototyped 

filters is fabricated to verify the method.   

3.2 Polynomial synthesis 

For any two-port lossless Nth-order filter networks with inter-coupled resonators, the transfer 

and reflection functions can be defined as a ratio of two polynomials [1],[2]. 

𝑆11(𝜔) =
𝐹(𝜔)

𝜀𝑅𝐸(𝜔)
     𝑆21(𝜔) =

𝑃(𝜔)

𝜀𝐸(𝜔)
              (3.1) 

where ω is the frequency variable, related to the complex frequency variable s by s = jω. The 

parameters ε and εR are constants, normalizing S11 and S21 to the equiripple level. The 
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polynomials F, P and E are the characteristic polynomials of the filters. P is created from the 

TZs of the filter and can be written as: 

𝑃(𝜔) = ∏ (𝜔 − 𝜔𝑛𝑧)
𝑁𝑡𝑧
𝑛𝑧=1               (3.2) 

where ωnz is the TZ frequency and Ntz is the number of TZs. Similarly, the polynomial F is 

created from the in-band and out-band RZs of the filter and can be written as: 

𝐹(𝜔) = ∏ (𝜔 − 𝜔𝑛𝑝)𝑁𝑝
𝑛𝑝=1                          (3.3) 

where ωnp is the RZ frequency and Np is the number of RZs. For conventional equiripple filters, 

the location of in-band RZs can be obtained using the well-known method in [1]. However, 

when two or more dangling resonators are attached to a single resonator, the out-band RZs 

appear in the filter S parameters and the value of such RZs cannot be found using the same 

method, because the out-band RZs have real parts. In this paper, the polynomial synthesis 

process is triggered by the value of in-band RZs and the approximated value of out-band RZs. 

The in-band RZs are found using the method in [1]. The out-band RZs are not unique and 

approximated to be close to the TZs. This is discussed in Section 3.3.1. Knowing P and F, the 

ε and εR can be written as: 

𝜀 =
1

√10−𝑅𝐿/10−1
.
𝑃(𝜔)

𝐹(𝜔)
|
𝜔=𝜔𝑖

              (3.4) 

𝜀𝑅 = {
1          ,    𝑁𝑡𝑧 < 𝑁

𝜀

√𝜀2−1
  ,    𝑁𝑡𝑧 = 𝑁

              (3.5) 

in which RL is the prescribed return loss in decibels, and it is assumed that the polynomials P 

and F are normalized to their respective highest degree coefficients. ωi refers to the frequency, 

at which the return loss is required to be equal to the prescribed RL. For instance, for equiripple 

filters, ωi is equal to ±1. Assuming a lossless network, we can write the unitary condition of the 

scattering matrix as: 

𝐸(𝑠) ∙ 𝐸∗(−𝑠) =
1

𝜀2 𝑃(𝑠) ∙ 𝑃∗(−𝑠) +
1

𝜀𝑅
2 𝐹(𝑠) ∙ 𝐹∗(−𝑠)              (3.6) 

Applying the spectral factorization technique, polynomial E can be obtained from its roots from 

(3.6). It is also possible to adapt the iterative method, proposed in [17], for obtaining the 

characteristic polynomials of filters with dual/multiple dangling nodes. To do so, once F and 
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in-band RZs (roots of F) are obtained, the approximated out-band RZs are added to the roots of 

F. The number of out-band RZs depends on the number of dual/multiple dangling nodes added 

to the filter topology. Each dangling node corresponds to one extra out-band RZ. It is 

noteworthy that these extra out-band RZs have real parts. Then F is regenerated from the in-

band and out-band RZs and E is obtained using (3.6). The iteration starts with the initial value 

of the out-band RZs and continues by updating the out-band RZs until the constrains are 

satisfied at the location of TZs as explained in [17]. As an example, the characteristic 

polynomials of a third-order filter (3 in-band RZs) with four TZs and four out-band RZs are 

obtained using the same process and presented in Table 3.1. The RZs are located at 0.866j, 0, -

0.866j, in-band, and 0.22-3.5j, 0.22+3.5j, 0.42-4.5j and 0.22+4.5j outside the passband. The RL 

is set to 20 dB and the location of TZs are ±3j, ±4j. The S parameters derived from the 

polynomials are shown in Figure 3.2. As can be seen from Figure 3.2, the out of band rejection 

deteriorates due to the out-band RZs that lead to the peaks adjacent to the TZs. The deterioration 

worsens by increasing the number of dangling nodes attached to a common node. Such adverse 

effects can be partially mitigated by electromagnetic design and will be discussed later in 

Section 3.4. The level of the out-band peaks is largely defined by the real part of the out-of-

band RZs. Since the real part can have different values, the polynomials giving similar in-band 

behaviour are not unique. However, in practice, not all these different polynomials can be 

implemented as filters with dual/multiple dangling node topologies. It is not possible to adjust 

the real part while the imaginary part is fixed. The location of the out-band RZs can be 

optimized in order to maximize the out-band rejection. Some examples will be presented in 

Section 3.3.2 to demonstrate this.     

Table 3.1 Coefficients of characteristic polynomials  

n P(ω) F(ω) E(ω) 

0 144 0 27.78-654.41j 

1 0 -187.62+8.3j -916.97-38.93j 

2 -25 -0.3-12.62j -29.26+729.22j 

3 0 274.87-11.74j 407.35+14.98j 

4 1 0.4+17.63j 2.48-100.22j 

5 0 -33.67+0.9j -38.95-0.89j 

6 0 -1.08j 3.42j 

7 0 1 1 

𝜀𝑅 = 1 𝜀 = 0.2198 
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Figure 3.2 S parameters obtained from the characteristic polynomials in Table 3.1. 

3.3 Coupling matrix for multiple dangling nodes 

In this section, a method is presented in order to create the coupling matrix of filters with 

extra TZs using the characteristic polynomials. 

3.3.1 Coupling matrix synthesis of a multiple dangling node 

First, an analytical method for the synthesis of a multiple dangling nodes is presented using 

an example of a dual dangling node, displayed in Figure 3.3(a) together with its equivalent 

circuit model in Figure 3.3(b). Note that the common node is treated as a resonator rather than 

an NRN. The validity of this assumption is explained in the Appendix. The input admittance of 

a dual/multiple-dangling node can be written as 

𝑌𝑖𝑛 =
1−𝑆11

1+𝑆11
=

𝜀𝑟𝐸(𝑠)−𝐹(𝑠)

𝜀𝑟𝐸(𝑠)+𝐹(𝑠)
      (3.7) 

        

(a)                           (b) 

Figure 3.3 (a) Topology of a dual dangling node. (b) Equivalent circuit model.  
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in which, the value of circuit elements in Figure 3.3(b), i.e., b2, b3, BR, J1, J2, J3, J4, can be 

directly extracted from (3.7) using the following expressions [2] 

𝐽1 = √lim
𝑠→∞

𝑠𝑌𝑖𝑛             (3.8) 

𝑌𝑖𝑛
′ =

𝐽1
2

𝑌𝑖𝑛
− 𝑠              (3.9) 

𝐵𝑟 = Im(lim
𝑠→∞

𝑌𝑖𝑛
′ )             (3.10) 

𝐽4 = √Re (lim
𝑠→∞

𝑌𝑖𝑛
′ )            (3.11) 

𝐽𝑛 = √ lim
𝑠→𝑗𝑏𝑛

((𝑠 + 𝑗𝑏𝑛). 𝑌𝑖𝑛
′ ) for n=1,2, …           (3.12) 

where n refers to the index of the dangling nodes and Jn represents the value of the inverter 

(coupling) between the common node and the dangling nodes. For a dual dangling node, n=1, 

2. bn is the susceptance of the dangling nodes corresponding to the location of TZs. These circuit 

element values can be used to create the coupling matrix of the filter as follows: 

𝑀 =

[
 
 
 
 
0 𝐽1 0 0 0
𝐽1 𝐵𝑅 𝐽2 𝐽3 𝐽4
0 𝐽2 𝑏2 0 0
0 𝐽3 0 𝑏3 0
0 𝐽4 0 0 0]

 
 
 
 

     (3.13) 

The synthesis process described in this section can be used to analyse any multi-dangling nodes 

through the following steps:  

1) Pre-estimate the location of TZs to satisfy the out-band rejection and obtain the in-band 

RZs using the Chebyshev equations [1]. 

2) For each dangling resonator, one TZ and one out-of-band RZ are considered. The 

location of the out-of-band RZ should be set next to the TZ, away from the central 

frequency. This gives a good estimation of the out-of-band behaviour of the 

polynomials. If two or more TZs are next to each other, one out-of-band RZ is assumed 

between each pair of TZs. This is further discussed and verified in Appendix section. It 

must be noted that the out-of-band RZs have a real part, so the exact frequency of the 
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out-of-band RZs cannot be found, unless by means of weak input and output couplings. 

From experience with simulation, a good initial estimation of the out-of-band RZ 

location is ω = ωTZ ± 0.5, where ω and ωTZ are the normalized frequencies of the out-

of-band RZ and TZs, respectively. If the estimation ends up with deteriorated out-of-

band signal rejection, the location of out-of-band RZs can be optimized. Generally, the 

out-of-band rejection can be improved when the out-of-band RZs are farther from the 

adjacent TZs. 

3) Once the polynomials of the dual/multiple dangling node are acquired, the input 

admittance is derived from the polynomials using (3.7). 

4) The circuit elements can be directly extracted form Step 3 using (3.8) to (3.12). Finally, 

the coupling matrix can be constructed.  

3.3.2 Coupling matrix synthesis of the filters 

As explained Section 3.3.1, a multiple-dangling node generates out-band RZs in addition to 

in-band RZs and TZs. The out-band RZs have real parts, whose value are correlated with the 

value of imaginary parts, i.e., it’s not possible to change the value of the real parts while the 

imaginary part is fixed. The frequency of these out-of-band RZs is not unique. Hence, there is 

no unique synthesisable frequency response for a filter with dual/multiple dangling nodes. 

Therefore, a direct synthesis method is not feasible to synthesise such filters and one needs to 

assume an initial frequency for the out-band RZs and obtain the corresponding real part using 

either iterative method [17] or step-tunning method [20],[21]. Assuming, the dangling node 

analytically characterised as discussed in Section 3.3.1, we have adopted the step-tuning 

method to obtain the coupling matrix of filters. This is not a direct synthesis method but a 

practical one with good usability. In this method, the filter topology is divided into several 

subsections. For each subsection, an initial coupling submatrix is estimated. In our cases, the 

subsections are either dual/multiple dangling nodes or single resonators. To start with, an 

auxiliary filter, of the same order (number of in-band RZs) and return loss but without any TZs, 

is first defined. Its coupling matrix can be obtained using the method in [1]. The auxiliary filter, 

together with its coupling matrix, is also divided into several subsections and submatrices. For 

the main filter, the coupling submatrix of the dual/multiple dangling nodes is obtained using 

the method explained earlier in Section 3.3.1. It must be noted that the level of RL and ωi defined 

in a way that the in-band S parameter of the subsection matches the corresponding coupling 



53 
 

matrix of the auxiliary subsection. The coupling submatrix of the single resonators can be 

obtained in the same manner. The polynomials can be obtained like the dangling nodes. The 

only difference is that the number of dangling nodes is considered zero during the synthesis. 

Then, (3.8) to (3.11) can be used to extract the coupling submatrix elements. Finally, the 

submatrices are stitched together to create the coupling matrix of the filter. The resultant 

coupling matrix response has a similar in-band behaviour as the auxiliary matrix response. 

Figure 3.4(a) shows a third-order filter with two dangling nodes attached to the resonator 1. The 

TZs are at 9.9 GHz and 10.1 GHz. The central frequency is 10 GHz with a bandwidth of 100 

MHz. As discussed before, the dual dangling resonator is expected to have a pair of out-band 

RZs, one at a frequency close to but lower than the TZ at 9.875 GHz. Assume this RZ at 9.4 

GHz. The other out-band RZ is at a frequency close to but higher than 10.125 GHz. Assume it 

at 10.6 GHz. In Figure 3.4(a), the three red boxes indicate the three subsections in step tuning. 

Figure 3.4(b) presents the auxiliary third-order filter, also divided to three subsections. Figure 

3.4(c) - Figure 3.4(e) show the step-tuning process conducted on each subsection of the main 

filter. Figure 3.4(d) shows the obtained coupling submatrix for the second subsection is 

different from the corresponding auxiliary submatrix. The reason is that J4 in Figure 3.4(a) is 

fixed to the value obtained after acquiring the coupling submatrix of the first subsection, whilst 

J5 is also fixed after obtaining the submatrix of the third subsection. Therefore, there is no 

freedom in changing the external couplings of the second submatrix, hence the difference in the 

response shown in Figure 3.4(d).  However, this does not affect the response of the filter 

coupling matrix after attaching all coupling submatrices together. Figure 3.4(f) shows the 

response of the main filter after attaching all subsections together. The initial response shows 3 

dB return loss deviation from the specified value. This can be fixed by a quick optimization.  It 

is worth reiterating that the response of the filter, especially outside the passband, is not unique 

and can be adjusted by changing the location of the out-of-band RZs. Figure 3.4(g) shows the 

variation with different out-band RZs. The rejection level deteriorates if the out-band RZs are 

brought nearer to the TZs. The case with the highest out-of-band rejection is chosen for the 

design, whose coupling matrix is given in (3.14). Figure 3.4(h) compares the out-of-band 

rejection of two similar filters, in one of which the two TZs are generated using a dual-dangling 

node, whilst in the second filter, the TZs are generated using NRN method. It is shown that a 

dual-dangling node topology can achieve an improved level of out-of-band rejection compared  
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(a) (b) 

  

(c) (d) 

  
(e) (f) 

  
(g) (h) 

Figure 3.4 Step-tuning method for coupling matrix synthesis. (a) Topology of the main filter 

with a dual dangling node; (b) An auxiliary filter without any TZs; (c) – (e) Step-tuning 

method applied to the first, second and third subsection; (f) The result obtained from attaching 

all submatrices together; (g) Parameter sweep over the location of out-band RZs. (h) Similar 

filter with TZs closer to the passband compared with NRN method. 
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with the NRN method. The rejection improvement is more pronounced when the TZs are closer 

to the passband. 

[
 
 
 
 
 
 

0 2.4717 0 0 0 0 0
2.4717 0 2.6921 2.6921 2.4717 0 0

0 2.6921 2 0 0 0 0
0 2.6921 0 −2 0 0 0
0 2.4717 0 0 0 1.0037 0
0 0 0 0 1.0037 0 1.0531
0 0 0 0 0 1.0531 0 ]

 
 
 
 
 
 

            (3.14) 

3.4 EM design examples 

The third-order filter with two TZs (the 3-2 filter in Section 3.3.2) is first designed. A step-

tuning method is used again in the dimensioning of the filter. It starts with dividing the filter’s 

topology to several subsections, whose corresponding coupling matrices are extracted from 

(3.14) in Section 3.3.2 as shown in Figure 3.5. For the EM model, each subsection is optimized 

until its S parameters fit to those from the corresponding coupling submatrix. It must be noted 

that, in each subsection, one or two internal couplings are converted to external couplings. For 

example, in the case of Figure 3.5(b), the internal couplings J4 and J5 in Figure 3.4(a) are 

converted to the external coupling J4’ and J5’ using (3.15): 

𝐽𝑖
′ = 𝐽𝑖 × √𝐹𝐵𝑊

𝜋

2
(
𝜆𝑔

𝜆
)
2

                 (3.15) 

where Ji’ represents the external coupling of the submatrix, Ji is the internal coupling of the 

coupling matrix, λ and λg are the free-space and guided wavelength, respectively. The diagonal 

elements of submatrix, representing the self-coupling of either the resonators or ports are also 

adjusted. For example, in the case of Figure 3.5(b), the diagonal elements corresponding to 

source and load are set to zero. Similar process is applied to other subsections. Once each 

subsection has been designed, they are joined together and optimized. Figure 3.6(a) shows the 

filter with 1% FBW in an H-plane configuration, using WR90 waveguide (width: 22.86 mm, 

height: 10.16 mm). The dominant mode is TE101. Figure 3.6(b) shows the simulated response 

after optimization. It agrees with the response from the coupling matrix very well. When the 

out-of-band RZs are located closer to the TZs, which are generated by multiple dual/multiple 

dangling nodes in the filter topology, more pronounced out-of-band spikes will appear, which 

deteriorates the rejection. 
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 S 1 2 3 L 

S 0 2.4717 0 0 0 

1 2.47 0 2.6921 2.6921 0.3912 

2 0 2.6921 2 0 0 

3 0 2.6921 0 -2 0 

L 0 0.3912 0 0 0 
 

(a) 

 

 S 4 L 

S 0 0.3912 0 

4 0.3912 0 0.1711 

L 0 0.1711 0 
 

(b) 

 

 S 5 L 

S 0 0. 1711 0 

5 0. 1711 0 1.0825 

L 0 1. 0825 0 
 

(c) 

Figure 3.5 Coupling sub-matrix for: (a) the first subsection including a dual dangling node. J4 

is changed to J4’ using (3.15). (b) the second subsection. (c) the last subsection. 

This is demonstrated in Figure 3.7(a) and Figure 3.7(b) using an example of a 5% FBW filter 

with two out-of-band RZs close to the two TZs. One solution to improve the lower band 

rejection deterioration level is using a mixed E/H-plane design, with one of the dangling 

resonators attached on the E-plane as shown in Figure 3.7(c). 

 
W1=15.70 L1=W5 

W2=8 L2=18.35 

W3=5.41 L3=17.77 

W4=9.45 L4=17.62 

W5=11.70 L5=16.88 
 

 
(a) (b) 

Figure 3.6 A 3-2 filter with H-plane dual dangling node. (a) Air model. All dimensions are in 

mm. (b) The EM simulation results compared those from the coupling matrix. 

W1 W2 W3 

W5 

W5 

W4 
L1 

L4 

L5 
L2 L3
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W1=13.5 L1=W5 

W2=9.42 L2=16.87 

W3=8.95 L3=15.33 

W4=12.35 L4=20.01 

W5=12.61 L5=14.24 
 

 

(a) (b) 

 

 

(c) (d) 

Figure 3.7 (a) An H-plane 3-2 filter with the out-band RZs near TZs. (b) H-plane filter 

response. (c) 3-2 filter with mixed H/E plane dangling resonators. (d) Comparison of EM 

simulation results between this modified filter and (a). 

One solution to improve the lower band rejection deterioration level is using a mixed E/H-plane 

design, with one of the dangling resonators attached on the E-plane as shown in Figure 3.7(c). 

In Figure 3.7(d), the response of this modified filter is compared with the corresponding H-

plane structure (Figure 3.7(a)). The improvement of the lower-band rejection is evident, as a 

result of the enhanced isolation between the two dangling nodes because of their different 

polarizations. 

3.5 Results and discussions 

In this section, a third-order filter with four TZs (the 3-4 filter) is synthesized, designed, and 

prototyped using the proposed method. The specification of the filter is as follows: 

- fc = 10 GHz with a 5% FBW 

- Return loss, RL = 20 dB 

- TZs @ 9.0 GHz, 9.25 GHz, 10.75 GHz and 11 GHz. 

W1 W2 W3 

W5 

W5 

W4 
L1 

L4 

L5 
L2 L3
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Figure 3.8(a) shows the topology of the filter. Its coupling matrix is given in (3.16) and is 

divided to three subsections, as shown in Figure 3.8(b). The corresponding submatrices are 

obtained using the step-tuning method, as presented in Figure 3.8(c).   

[
 
 
 
 
 
 
 
 

0 1.25 0 0 0 0 0 0 0
1.25 0 1.27 1.27 1.15 0 0 0 0
0 1.27 3 0 0 0 0 0 0
0 1.27 0 −3 0 0 0 0 0
0 1.15 0 0 0 1.13 0 0 0
0 0 0 0 1.13 0 1.46 1.46 1.19
0 0 0 0 0 1.46 4 0 0
0 0 0 0 0 1.46 0 −4 0
0 0 0 0 0 1.19 0 0 0 ]

 
 
 
 
 
 
 
 

               (3.16) 

 

(a) 

 
 

 S 1 2 3 L 

S 0 1.25 0 0 0 

1 1.25 0 1.27 1.27 0.43 

2 0 1.27 -3 0 0 

3 0 1.27 0 3 0 

L 0 0.43 0 0 0 
 

 
 

 S 4 L 

S 0 0.43 0 

4 0.43 0 0.42 

L 0 0.42 0 
 

  

 S 5 6 7 L 

S 0 0.42 0 0 0 

5 0.42 0 1.46 1.46 1.19 

6 0 1.46 -4 0 0 

7 0 1.46 0 4 0 

L 0 1.19 0 0 0 
 

(b) (c) 

Figure 3.8 (a) Topology of the 3-4 filter. (b) Topology and air model of the subsections. (c) 

Coupling sub-matrices. 
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We have found it is desirable to dedicate each dual dangling resonator to two TZs from either 

side of the passband. For instance, if resonator 2 in Figure 3.8(a) corresponds to a lower-band 

TZ, the resonator 3 should be assigned to a higher-band TZ. Otherwise, some sharp out-of-band 

spikes will appear. Figure 3.9(a) compares the two scenarios when each dual dangling node is 

assigned to produce two TZs either at the same side or at both sides of the passband. In Scenario 

1, there is always one out-of-band RZ trapped in between each pair of TZs on one side of the 

passband. This leads to sharp out-of-band spikes. Figure 3.9(b) shows the variation of the out-

of-band responses with the changing location of the out-of-band RZs. This filter can be also 

realized using a single quad-dangling node as displayed in Figure 3.10(a).  

  
(a) (b) 

Figure 3.9 (a) Comparison of coupling matrix responses of two 3-4 filters with different TZs 

formation scenario. 1st scenario: Each dual dangling node produces a pair of TZs on one side 

of the passband; 2nd scenario: Each dual dangling node produces two TZs on either side of the 

passband. (b) Variation of out-and responses with different out-band RZs locations. 

 

 
(a) (b) 

Figure 3.10 (a) Topology of the 3-4 filter with a quad dangling node. (b) Variation of the out-

band responses with changing locations of the RZs. 
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It is synthesized using the same method. Figure 3.10(b) shows the variation of the out-of-band 

with the locations of the out-of-band RZs. The rejection next to the passband edges when a 

quad-dangling node is used in Figure 10(b) is worsen compared with Figure 3.9(b), in which 

two dual-dangling nodes are used to generate the TZs. Hence, we have chosen the dual dangling 

node for experimental verification. For the EM dimensioning, each subsection is designed 

separately. Once all subsections are attached to each other, a final optimization is performed. 

The designed H-plane filter is presented in Figure 3.11(a). The optimized S parameters and 

those from the coupling matrix are compared in Figure 3.11(b). The small discrepancy is mainly 

due to the estimation of the out-of-band RZs location and the cut-off frequency of the 

waveguide.  

 

 
(a)  (b) 

 

 
(c) (d) 

Figure 3.11 Realization of the 3-4 filters (BW = 500 MHz). (a) Filter with H-plane dual 

dangling nodes. The dimensions of the filter are in mm: W1=13.21, W2=9.35, W3=9.12, 

W4=12.92, W5=W6=12.66, W7= W8=12.82, L1=W5, L2=12.77, L3= W7, L4=12.24, L5=20.00, 

L6=13.50, L7=21.50.  (b) The EM simulation results for (a) compared with those from 

coupling matrix. (c) Filter with mixed H/E-plane dual dangling nodes. (d) The EM simulation 

results of Figure 3.10(c) compared with H-plane structure. 
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(a) (b) 

Figure 3.12 (a) Filter with mixed E/H-plane configuration with similar specifications as the 

filter in Figure 3.12 but a BW of 100 MHz). The dimensions (in mm) of the filter, in accord 

with Figure 3.12(a), are: W1=10.06, W2=5.76, W3=8.5, W4=12.2, W5=10.6, W6=6.5, W7=6.16, 

W8=12.6, L1=17.95, L2=18.73, L3= 16.47, L4=17.88, L5=21.69, L6=16.14, L7=20.7. (b) The 

EM simulation results compared with the coupling matrix. 

Figure 3.11(b) shows some sharp out-of-band spikes, which are undesirable. Significant 

improvement on the low band rejection can be seen once a mixed H/E plane configuration for 

the dangling nodes are used, as shown in Figure 3.11(c) and Figure 3.11(d). As another 

example, a similar filter topology but a 1% FBW is designed using the mixed E/H plane 

configuration. Figure 3.12 shows the filter and its EM simulation result, compared with that 

from the coupling matrix. The mixed E/H plane configuration would complicate the fabrication 

using conventional machining technique and require more than one pair of split blocks. 

However, by using 3D printing technique, the filter can be formed out of a monolithic block. 

The first example filter in Figure 3.11(c) is printed using the selective laser melting (SLM) 

technique with an aluminium-copper alloy (A20X) powder. The thickness of the structure wall 

and the iris is set to 2 mm. It is important to optimize the printing direction to avoid the internal 

overhangs and minimize the requirement for external support. Figure 3.13(a) shows the printing 

direction of the device with a 45° tilt. After printing, the unsintered powder is cleared out. 

Polishing is a very important stage. Based on our experience, mechanical polishing using a 

vibratory grinding machine is suitable for the X-band designs in this work. An image of the 

printed structure after polishing is presented in Figure 3.13(b). The S parameter of the filter has 

been measured and compared with the simulation in Figure 3.13(c). Excellent agreement can 

be observed without any tuning. The measurements show that the frequency of the TZs is 

slightly shifted by 30-50 MHz towards the central frequency. The bandwidth is reduced by 40 
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MHz compared to the simulation. There is no notable frequency shift observed for the central 

frequency. All TZs are reproduced. The measured insertion loss is 0.18 dB, which is 0.052 dB 

higher than the simulation result. The measured typical surface roughness and nominal 

electrical conductivity of A20X are around 3.5 µm and 1.9×107 S/m, respectively. These factors 

are used to obtain the material’s effective conductivity [22], which is around 5.6×106 S/m and 

used in the simulations. The results have verified the prototype design and the proposed 

synthesis and design method. It also demonstrated the capability of 3D printing in producing 

complex structures monolithically, which is difficult or even impossible for conventional 

fabrication technologies such as CNC machining.   

  
(a) 

 

 
 

 
(b) (c) 

Figure 3.13 (a) Printing direction of the 3-4 filter. (b) Photo of the 3D printed 3-4 filter. (c) 

Measurement results in comparison with EM simulation. 
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3.6 Conclusion 

In this paper, a method for the synthesis and design of filters with multiple TZs using 

dual/multiple dangling node topologies is proposed and verified experimentally. It addresses 

how a dual/multiple dangling resonator creates out-of-band RZs and how to synthesize the 

characteristic polynomials and the coupling matrix, dealing with RZs with a real part. The 

method is implemented and demonstrated on waveguide cavity resonator filters. The 

dual/multiple dangling node topologies shows out-of-band signal rejection deterioration due to 

the real part of the out-of-band RZs. This can be partly mitigated by optimizing the location of 

the RZs and partly by electromagnetic design using a mixed E/H plane dangling structure. Two 

third-order filters with four TZs are designed and prototyped. The dual dangling node structure 

presents the challenge in fabrication. This has been overcome by using 3D-printing technology. 

The work demonstrated this novel filter structure, which can be used to generate more TZs than 

conventional topology allows. It is also another example of applying additive manufacture 

technology to explore new possibility of filter topology and design flexibility.   

3.7 Appendix 

As mentioned in Section 3.3.1, the common node in a multiple-dangling node is treated as a 

resonator rather than an NRN. In this section, the EM simulation results are used to verifies the 

assumption as well as the synthesis process. Figure A1(a) shows a dual-dangling node discussed 

in Section 3.3.1 and its equivalent circuit model. Here, we use this topology to continue the 

assumption verification process. As explained in Section 3.3.1, the input admittance of the 

circuit model of the dual-dangling node can be written as follows: 

𝑌𝑖𝑛 =
1 − 𝑆11

1 + 𝑆11
=

𝑁(𝑠)

𝐷(𝑠)
=

𝜀𝑅𝐸(𝑠) − 𝐹(𝑠)

𝜀𝑅𝐸(𝑠) + 𝐹(𝑠)
= 

𝐽1
2[𝑠2+𝑗(𝑏2+𝑏3)𝑠−𝑏2𝑏3]

𝑠3+[𝐽4
2+𝑗𝐵𝑅+𝑗𝐵2+𝑗𝐵3]𝑠2+[𝑗(𝐽4

2+𝑗𝐵𝑅)(𝑏2+𝑏3)+𝐽2
2+𝐽3

2−𝑏2𝑏3]𝑠+𝐶
        (A1) 

where C is 

𝐶 = (𝐽4
2 + 𝑗𝐵𝑅)(−𝑏2𝑏3) + 𝑗𝐽2

2𝑏3 + 𝑗𝐽3
2𝑏2              (A2) 

From (A1), D(s) is a third-order polynomial. By writing the relation between S11 and Yin, it can 

be found that the numerator of S11, N(s)+D(s), is also a third-order polynomial, with three roots 
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corresponding to the three RZs corresponding to the three resonators in Figure A1(a). Typically, 

the arrangement of these three RZs is as one RZ in-band and two out-of-band, as shown in 

Figure A1(b). The lower out-of-band RZ is located at a frequency lower than the left TZ and 

the upper out-of-band RZ is located higher than the right TZ. In order to prove this claim, the 

number of critical points, at which the derivative of S11 is zero or infinite, will be obtained. The 

derivative as a function of N(s), D(s), N(s)’ and D(s)’ can be written as: 

𝑆11
′ = (

1−𝑦𝑖𝑛

1+𝑦𝑖𝑛
)
′

=
(𝐷′−𝑁′)(𝑁+𝐷)−(𝐷−𝑁)(𝑁′+𝐷′)

(𝑁+𝐷)2
                    (A3) 

 
 

(a) (b) 

 
 

(c) (d) 

Figure A1 (a) Topology of a dual dangling node. (b) Equivalent circuit model. (c) Air model 

of a dual dangling node resonator in WR90 waveguide. (d) Simulated responses compared 

with those from the coupling matrix in (A4). 



65 
 

Table A1 Coefficients of characteristic polynomials for the topology in Figure A1. 

n P(ω) F(ω) E(ω) 

0 9 3.5360j 15.3585+3.5360j 

1 0 10.8150 10.8150 

2 1 0.5250j 1.7065+0.5250j 

3 0 1 1 

𝜀𝑅 = 1 𝜀 = 0.5860 

where N’ and D’ represent the derivative of N(s) and D(s) with respect to s, respectively. As 

mentioned earlier, the term N ± D is a cubic polynomial. Consequently, the term N’ ± D’ is a 

second-order polynomial. As a result, the numerator of (A3) is a fifth-order polynomial, whilst 

the denominator is a sixth-order polynomial. Since the denominator is a linear polynomial, it 

cannot be infinite except for s=±∞, where the derivative of S11 tend to be zero. Therefore, the 

only finite critical points of (A3) are derived from the zeros of its numerator. These are the five 

roots. From Figure A1(b), these five points correspond to the two TZs and the three RZs. The 

out-of-band RZs cannot be between the TZs. Otherwise, S11 would have had seven finite critical 

points. Let’s assume the dual dangling node generates three RZs at ω=-3.4j, ω=3.2j and ω=-

0.325j. The two dangling nodes, i.e., TZ1 and TZ2, provide two TZs at ω=3j and ω=-3j. It’s 

worth mentioning that the number of dangling nodes (TZs) could be arbitrary in theory. Here, 

we consider two dangling nodes for clarity without losing generality. The characteristic 

polynomials of the dual dangling node are obtained using the method discussed in Section 3.3.1. 

The coefficients of the polynomials are given in Table A1. The corresponding S parameters are 

plotted in Figure A1(b) using the obtained characteristic polynomials. The input admittance can 

be expressed using the following equation.  

𝑌𝑖𝑛 =
1 − 𝑆11

1 + 𝑆11
=

𝜀𝑅𝐸(𝑠) − 𝐹(𝑠)

𝜀𝑅𝐸(𝑠) + 𝐹(𝑠)
 

=
14.33×(𝑠2+16)

𝑠3+(14.33−0.8𝑗)𝑠2+25𝑠+229.25−20𝑗
                    (A4) 

By comparing (A4) and (A1), the value of b2, b3, BR, J1, J2, J3 and J4 can be found. This leads 

to the expressions (11) to (15) in Section 3.3.1. These circuit elements create the coupling 

matrix of the dual-dangling node as follows: 
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𝑀 =

[
 
 
 
 
0 𝐽1 0 0 0
𝐽1 𝐵𝑅 𝐽2 𝐽3 𝐽4
0 𝐽2 𝑏2 0 0
0 𝐽3 0 𝑏3 0
0 𝐽4 0 0 0]

 
 
 
 

 

= 

[
 
 
 
 

0 0.9129 0   0 0
0.9129 −0.5 1.0499    0.8873 0.9129

0 1.0499 3    0 0
0 0.8873 0 −3 0
0 0.9129 0    0 0 ]

 
 
 
 

      (A4) 

The corresponding S parameters, derived from the coupling matrix in (A4), match those 

from the polynomials as shown in Figure A1(b). Physically, this dual dangling node can be 

implemented as shown in Figure A1(c) using rectangular waveguides. The structure is designed 

based on WR90 waveguide in CST and the EM simulation results are presented in Figure A1(d). 

The simulation result clearly depicts the three RZs and two TZs. The results from the simulation 

and the coupling matrix match excellently, especially in terms of the location of the poles and 

TZs. This verifies the assumption of the resonant common node. In other words, the two 

dangling nodes generate two out-of-band RZs, while the common node produces one in-band 

RZ. 
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4.1 Introduction 

Multiplexer, one of the most complex passive circuits, is critical part of many 

telecommunications systems, where multiple radio frequency (RF) signals need to be combined 

or a single signal needs to be divided into multiple channels, with different frequency ranges. 

Multiplexers are generally formed of multiple RF filters that can be combined using different 

configurations. The most common is the manifold structure that uses T-junctions [1]-[4].  

Circulator-coupled [5]-[7], hybrid-coupled [8], and star junction multiplexers [9]-[11] are other 

three available configurations. The advantage of such topologies is their ability to design the 

channel filters separately then combine them by a signal distribution network. However, the 

signal distribution elements increase the volume of the multiplexer without adding much to the 

selectivity of the multiplexers. Another multiplexer configuration based on all-resonator 

structures is also reported in literature [12]-[17]. It is a more compact topology where all 

resonators including those for signal distribution contribute to the selectivity of the network. 

The all-resonator topologies offer more flexibility in resonators’ arrangement and can induce 

signal cancellation at particular frequencies and thus generating transmission zeros (TZ) that 

enhance the selectivity [15],[17]. However, the all-resonator topologies are hard to synthesize 

especially for those with a large number of resonators. In fact, all the previously reported 

resonator-based multiplexers were synthesized by coupling matrix optimization. This usually 

relies on good initial values of the coupling coefficients to ensure the convergence of the 

subsequent optimization. This usually needs heavy computations, which could last for hours 

for complicated topologies. Therefore, this solution is often infeasible for multiplexers with a 

large number of resonators since the optimization algorithm may not converge. In [15] and [17], 

an optimization-based method is proposed for the synthesis of all-resonator multiplexers. The 

methods can take up to 20 to 30 minutes to converge, if a good initial point is provided. In [18], 

a synthesis method for coupling matrix using direct equations was reported for diplexers with 

T-junction topologies only. However, the method was not generalized to all-resonator 

multiplexer topologies.    

In this chapter, a new iterative synthesis process is proposed for generating a strong initial 

coupling matrix for all-resonator multiplexers. This renders fast optimization of the final 

coupling matrix even for a large number of resonators.  The process is derived from the 

characteristic polynomials of each channel filter together with an estimation of the loading 
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effect from other channels. The input admittance of each channel is obtained using the 

polynomials. The equivalent circuit elements of the corresponding channel are extracted from 

the input admittance in order to obtain the initial elements of the coupling matrix. Finally, the 

coupling matrix is optimized. The typical process lasts for less than 20 iterations, unless the 

topology is really complicated, or the channels are very close to each other. The optimization 

generally requires less than 30 seconds even using a low-end PC. In case of diplexers, the 

iterative process usually converges within 10 iterations and the optimization lasts less than 5 

seconds regardless of the complexity level of the diplexer. Examples are provided in this 

chapters to verify the method. 

4.2 Polynomial synthesis 

Figure 4.1 depicts a general architecture of an all-resonator multiplexer, for which the 

following characterization parameters are defined: channel number k; number of in-band 

reflection zeros (RZs) of kth channel nik; number of out-of-band RZs nok; number of transmission 

zeros (TZs) nzk; TZs’ frequency fzk; return loss level RLk; central frequency fck; and passband 

edges fLk and fRk. The channel, whose one of nodes are directly attached to the source port, is 

called “main branch”. All branches of the multiplexer can be connected to any nodes of the 

other branches as well as the main branch. The generated topology looks like a tree branches. 

For example, Figure 4.2(a) shows an all-resonator triplexer, whose three channels are 

distinguished by different colours, together with its S parameters displayed in Figure 4.2(d). 

Figure 4.2(b) and Figure 4.2(c) display the same triplexer but with two different channel 

arrangements. Their corresponding S parameters are presented in Figure 4.2(e) and Figure 

4.2(f), respectively. Depending on the channel arrangement, TZs may be generated without 

adopting any additional TZ-generating features such as dangling nodes or cross couplings. It is 

important to understand how, where and when the TZs are generated in an all-resonator  

 

Figure 4.1 An all-resonator multiplexer with k channels.  
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                                (a)                                      (b)                                        (c) 

 

                                 (d)                                        (e)                                       (f) 

Figure 4.2 An all-resonator triplexer: (a), (b) and (c) represent a same triplexer with different 

channel arrangements and (d), (e) and (f) are the corresponding S parameters. Colour of nodes 

corresponds to the channel’s colour in the graph. 

                 

                                   (a)                                                 (b) 

Figure 4.3 A diplexer with a single resonator in each channel: (a) The topology. (b) 

Equivalent circuit model. 

topology, because they must be considered during the synthesis process.  We start with looking 

at a core coupling structure in the all-resonator topology, a diplexer with only two resonating 

nodes, as shown in Figure 4.3, together with its equivalent circuit model. The J and b elements 

represent the J-inverters (i.e., cross-coupling values in the coupling matrix) and the susceptance 

(i.e., self-coupling values in the coupling matrix), respectively. The input admittance Yin, while 

port 2 is short circuit (SC), is written as: 
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𝑌𝑖𝑛1(𝑠) = 𝑌𝑖𝑛|port 2 is SC =
𝐽𝑆
2

𝑠+𝑗𝑏1+
𝐽12
2

𝑠+𝑗𝑏2
+𝐽1

2
              (4.1) 

Similarly, Yin, while port 1 is SC, can be written as: 

𝑌𝑖𝑛2(𝑠) = 𝑌𝑖𝑛|port 1 is SC =
𝐽𝑆
2

𝑠+𝑗𝑏2+𝑠+𝑗𝑏1+𝐽2
2            (4.2) 

Considering the relation between S21 and the channel’s input admittance, Yin1, it is clear that a 

TZ will be generated at the frequency of -jb2, which is located between the two channels’ central 

frequencies (in this example, the central frequency of each channel is equal to the resonant 

frequency of each resonating node). From (4.2), it is noted that Yin2 generates no TZ. In general, 

if any nodes of a multiplexer’s channel are connected to another channel in parallel, a TZ will 

be generated at a frequency between the two channels. If the multiplexer is symmetric, the TZ 

is located almost in the middle between the two channels. For instance, in Figure 4.2(a), there 

are two TZs between the middle channel (at port 2) and the other two, since the topology is 

symmetric and channels 1 and 3 are connected to the middle channel in parallel. If the first node 

of the multiplexer’s channel is cascaded to another channel, no TZ will be generated. Knowing 

the generated TZs, the synthesis process can be started by obtaining the in-band RZs of the 

multiplexer. To do so, based on the channel filter order and using the Chebyshev filter relation, 

the in-band RZs of each channel are defined. Then, the corresponding RZs of each channel will 

be mapped into the correct frequency defined by the channel specifications, i.e., central 

frequency (fc) and bandwidth (BW). One channel of the multiplexer is selected to be 

synthesized. The loading effect of other channels are involved in the synthesis of the selected 

channel by considering the first node of other channels. According to the synthesis results 

obtained using MATLAB, an acceptable estimation of the loading effect on corresponding 

channels is achieved by considering only the first node of other channels. While it is 

conceivable to include the loading effect of all nodes from other channels, this would 

disproportionately escalate the complexity and time consumption of the process, offering no 

significant enhancement to the efficacy of the synthesis. The in-band RZs of the chosen channel 

are determined using the Chebyshev filter relation. For every node associated with other 

channels, if the node is cascaded with the selected channel, an out-of-band RZ is appended to 

the existing set of RZs. Conversely, if the node is in parallel with the selected channel, both a 

TZ and an out-of-band RZ are added to the available sets of RZs and TZs. The out-of-band RZ 

is approximated at the central frequency of its respective channel. It is worth noting that the 
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out-of-band RZs has a real part, as indicated in [19],[20], will be determined in subsequent 

iterations. The position of the TZ is estimated between the central frequency of the selected 

channel and the out-of-band RZ. With the frequencies of both RZ and TZ identified, the 

characteristic polynomials—F(s), P(s), and E(s)—for the selected channel can be constructed 

as follows: 

𝐹(𝑠) = ∏ (𝑠 − 𝑠𝑖𝑘)
𝑁𝑘
𝑖=1 × ∏ (𝑠 − 𝑠𝑜𝑘)

𝑁𝑘
∗−1

𝑘=1             (4.3) 

where s is the complex frequency variable, related to the frequency variable ω by s=jω. Nk and 

Sik are the filter order and the in-band RZs of the selected channel, respectively. Nk
* and Sok are 

the number of the channels and the out-of-band RZs. P(s) is created from the TZs of the selected 

channel and can be written as: 

𝑃(𝑠) = ∏ (𝑠 − 𝑠𝑛𝑧)
𝑁𝑡𝑧
𝑛𝑧=1               (4.4) 

where snz is the TZ frequency and Ntz is the number of TZs. Assuming a lossless network, we 

can write the unitary condition of the scattering matrix as: 

𝐸(𝑠) ∙ 𝐸∗(−𝑠) =
1

𝜀2 𝑃(𝑠) ∙ 𝑃∗(−𝑠) + 𝐹(𝑠) ∙ 𝐹∗(−𝑠)               (4.5) 

where ε is given as: 

𝜀 =
1

√10−𝑅𝐿𝑘/10−1
.
𝑃(𝑠)

𝐹(𝑠)
|
𝑠=𝑠𝑗

                                (4.6) 

in which RLk is the selected channel’s return loss in decibels. sj refers to the frequency, at which 

the return loss is imposed to the prescribed RL. Figure 4.4 illustrates the assignment of the 

frequency sj, which is marked by a circle for each channel. Utilizing the spectral factorization 

technique, the polynomial E can be derived from its roots as indicated in (4.5). Subsequently, 

the synthesis process proceeds by constructing the input admittance of the selected channel 

through its characteristic polynomials.  

 

Figure 4.4 Location of frequency sj, where the return loss RLk is imposed. 



76 
 

It is assumed that the polynomials P, F, and E are normalized with respect to their highest 

degree coefficients. 

𝑌𝑖𝑛𝑘
=

𝐸(𝑠)−𝐹(𝑠)

𝐸(𝑠)+𝐹(𝑠)
=

𝑁(𝑠)

𝐷(𝑠)
              (4.7) 

Having Yink, the synthesis of the selected channel involves extracting the circuit model elements 

from (4.7). Ideally, after completing the element extraction from Yink, there should be no 

remaining residue, or any remaining residue should be relatively small. To achieve this 

objective, the real part value of the out-of-band RZs will undergo optimization until the residue 

of Yink becomes less than e, i.e., 10-3 or less. This marks the end of the iteration process for the 

first channel. The same iterative process will be iterated for all other channels. Convergence is 

typically reached within 10 iterations for simpler topologies. However, for more intricate 

topologies, the number of iterations required for convergence will vary depending on the 

complexity level. Finally, the multiplexer’s coupling matrix will be created using the circuit 

element values, i.e., J-inverters represent cross-coupling values and the susceptance represent 

self-coupling values in the coupling matrix and will be optimized using the gradient-based 

function fminunc in MATLAB without any constraints usually suffices. The typical 

optimization time is around a minute for complicated topologies, less than 30 s for triplexers 

and less than 5 s for diplexers. The S parameters can be obtained from the coupling matrix using 

the following formula: 

𝐴 = 𝑄 + 𝑠𝐼 + 𝑗𝑀, 

𝑆11 = 1 − 2𝐴−1(1,1),                                                 (4.8) 

𝑆𝑘1 = 2𝐴−1(𝑘, 1), 

where, Q is a zero matrix, is which the value of the first and the last elements are set to 1. I and 

M are an identity matrix and the coupling matrix of the multiplexer, respectively. The iterative 

process can be summarized into the following steps:   

1- Define a topology for the diplexer or multiplexer. Depict the equivalent circuit model 

of the multiplexer based on its topology. 

2- Based on the filter order for each channel, obtain the in-band RZs of all channels using 

the Chebyshev filter relation and map them to a new frequency range, according to the 
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specifications, using (4.9). 

𝑠𝑖𝑘 =
𝐵𝑊𝑘×𝑠𝑖

2
+ 𝑓𝑐𝑘,               (4.9) 

where sik, si, BWk and fck are the converted in-band RZs for the kth channel, the RZs 

obtained from the Chebyshev relation, the kth channel bandwidth and central frequency, 

respectively.   

3- Select one channel. Depending on the type of connection between the selected channel 

and the first node of other channels, the location of TZs and out-of-band RZs are 

estimated as explained earlier in this section.  

4- Create polynomial F using the in-band and out-of-band RZs, obtained from steps 2 and 

3, using (4.3). 

5- Create polynomial P from the TZs obtained from step 3 and the specifications using 

(4.4). 

6- Obtain polynomial E from (4.5) and use (4.6) to impose the specified RZk. 

7- Use (4.7) to create the Yink and extract the circuit element of the selected channel and 

the first node of the other channels. 

Check the residue of Yink. If this is less than e, go to step 3 and select another channel. 

Repeat this process until all channels are processed. If the residue is more than e, go to 

step 3 and change the location of the TZ(s) and the real part of the out-of-band RZ(s).  

8- End iteration. Use the elements value from step 8 to build the coupling matrix of the 

multiplexer. 

9- The matrix usually needs a short local optimization mostly on the level of the RL. 

To illustrate the synthesis process, an example of a triplexer with two third-order and a 

fourth-order filter channels is synthesized using the proposed method.  

Step 1: The topology of the triplexer is displayed in Figure 4.5(a). The corresponding 

equivalent circuit model of the triplexer is in Figure 4.5(b). The specification of the triplexer is 

as follows: 

- Low channel: channel filter order (N) = 3, normalized central frequency (ωc)= -1.75, RL = 20 

dB, BW = 0.85. 

- Middle channel: N = 4, ωc = 0, RL = 20 dB, BW = 1. 

- High channel: N = 3, ωc = 1.75, RL = 20 dB, BW = 0.85. 
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                            (a)                                                      (b) 

    

                                  (c)                                       (d)                                     (e) 

 

(f) 

 

(g) 

Figure 4.5 A triplexer with different channel filter order. (a) Topology. (b) circuit model. (c), 

(d) and (e) represent the scenario, in which channels P2, P3 and P4 are selected, respectively. 

(f) Two possible responses out of the iterative process. (g) S parameters. Colour of nodes 

corresponds to the channel’s colour in the graph.  
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Step 2: Map the in-band RZs using (9) as below: 

- Low channel: siP3 = [-2.1830i, -1.75i, -1.3170i]  

- Middle channel: siP2 = [-0.4620i, -0.1913i, 0.1913i, 0.4620i]  

- High channel: siP4 = [2.1830i, 1.75i, 1.3170i]  

Step 3: Firstly, the middle channel (P2) is selected and then the second channel (P3). Since 

the topology and the channel arrangements are symmetric, there is no need to repeat the process 

for channel P4, whose circuit elements are similar to P3 except for the sign of b8, b9 and b10, 

which are reverse of b5, b6 and b7. As illustrated in Figure 4.5(c), nodes 5 and 8 are connected 

in parallel to the selected middle channel P2. So, two TZs and two out-of-band RZs are expected. 

The TZs are between channels P2 and P3 and between P2 and P4. The out-of-band RZs are at the 

central frequency of the other two channels. Next, assuming P3 is selected, nodes 1 is cascade 

connected, whilst node 8 is in parallel. So, two out-of-band RZs are expected at the central 

frequencies of the other two channels. A single TZ is generated between channels P2 and P4. 

The out-of-band RZs have a real part, which are initially set to 0.5 in the iteration. The out-of-

band RZs are added to the RZs obtained from Step 2 for each channel as follows: 

If the low channel is selected (Figure 4.5(d)): 

- sP3 = [-2.1830i, -1.75i, -1.3170i, 0.5, 1.75i+0.5]  

- TZp3 = [0.8750i] 

If the middle channel is selected (Figure 4.5(c)): 

- sP2 = [-0.4620i, -0.1913i, 0.1913i, 0.4620i, 1.75i+0.5, -1.75i+0.5]  

- TZp2 = [-0.8750i, 0.8750i] 

If the high channel is selected (Figure 4.5(e)): 

- sP4 = [-1.75i+0.5, 0.5, 2.1830i, 1.75i, 1.3170i] 

- TZp4 = [-0.8750i] 

Step 4: The polynomial F is created based on the updated RZs in Step 3. The initial 

coefficients of F are obtained as follows: 

- FP3 = [1, -1+3.5000i, 0.4375-4.3750i, 4.4063+12.0313i, -11.0547-2.8437i, 4.4024-1.2578i]  

- FP2 = [1.0000, -1.0000, 3.5625, -0.2500, 0.8361, -0.0078, 0.0259]  
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- FP4 = [1, -1-3.5000i, 0.4375+4.3750i, 4.4063-12.0313i, -11.0547+2.8437i, 4.4024+1.2578i]  

Step 5: Polynomial P is created based on the TZs initialized in Step 3. These are: 

- PP3 = [1, -0.8750i] for the low channel 

- PP2 = [1, 0, 0.7656] for the middle channel 

- PP4 = [1, 0.8750i] for the high channel  

Step 6: Polynomial E is obtained using (4.5) as follows: 

- EP3 = [1, 2.0733+3.5i, 2.0868+6.3075i, -0.0314+14.9610i, -8.8629+9.8544i, -

4.2507+1.7803i]  

- EP2 = [1, 2.1252, 5.3207, 5.0105, 3.4250, 1.4419, 0.3586]  

- EP4 = [1, 2.0733-3.5i, 2.0868-6.3075i, -0.0314-14.9610i, -8.8629-9.8544i, -4.2507-1.7803i]  

Steps 7-10: The input admittance for each case is created using (4.7) and the circuit elements, 

according to Figure 4.5(b), are extracted. The initial values are as follows:  

For the lower channel: JS = 1.2396, J5 = 1.0743, J9 = 1.2790, J6 = 0.4238, J7 = 0.4463, J8 = 

0.8195, b1= 0.0241, b5= -1.4986, b8= 0.8750, b6= -4.6092, b7= -1.5879.  

For the middle channel: JS = 1.25, J5 = 0.5301, J9 =0.5134, J1 = 1.4879, J2 = 1.0752, J3 = 

0.5018, J4 = 0.4704, b1=0, b5= -0.8750, b8= 0.8750, b2= -0.0039, b3= -0.0060, b4= -0.0223.  

For the high channel: JS = 1.2396, J9 = 1.0743, J5 = 1.2790, J10 = 0.4238, J11 = 0.4463, J12 = 

0.8195, b1= 0.0241, b8= 1.4986, b5= -0.8750, b9= 4.6092, b10= 1.5879.  

The residues from the three channels after extracting all elements are 245.83+178.9i, -

0.1980+0.2089i and 245.83-178.9i, respectively. After 10 iterations for all three channels, the 

residues are reduced to less than 10-5. The values for the RZs and TZs are as follows: 

- sP3 = [-2.1830i, -1.75i, -1.3170i, 0.6363, 1.75i+0.5113]  

- TZp3 = [1.1430i] 

- sP2 = [-0.4620i, -0.1913i, 0.1913i, 0.4620i, 1.75i+0.5113, -1.75i+0.5113]  

- TZp2 = [-1.1430i, 1.1430i] 

- sP4 = [-1.75i+0.5113, 0. 6363, 2.1830i, 1.75i, 1.3170i] 

- TZp4 = [-1.1430i] 
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The value of generated TZ is shifted from ±0.8750i to ±1.143i within the iteration process. 

The synthesized values of circuit elements out of iterative process are:  

For lower channel selected: JS = 1.2973, J5 = 1.1921, J9 = 1.1584, J6 = 0.4958, J7 = 0.4944, 

J8 = 0.7316, b1= 0.0088, b5= -1.2805, b8= 1.1430, b6= -1.6542, b7= -1.6995.  

For the middle channel selected: JS = 1.2528, J5 = 1.0470, J9 =1.0470, J1 = 0.7777, J2 = 

0.3497,  

J3 = 0.4543, J4 = 0.7394, b1=0, b5= -1.1430, b8= 1.1430, b2= 0, b3= 0, b4= 0.  

For higher channel selected: JS = 1.2973, J9 = 1.1921, J5 = 1.1584, J10 = 0.4958, J11 = 0.4944, 

J12 = 0.7316, b1= 0.0088, b9= 1.2805, b5= -1.1430, b10= 1.6542, b11= 1.6995.  

The proposed method ends up with two or more possible values for circuit elements. For 

instance, for JS, J5 and J9 two sets of values of 1.2973, 1.1921, 1.1584, respectively (1st option) 

and 1.2528, 1.0470, 1.0470 (2nd option) are obtained. In order to choose the best values, each 

option is used to create a coupling matrix and then the responses, which are compared in Figure 

4.5(f). A more desirable response is selected to proceed with. In this example, option 1 is 

selected, and it was optimized in 2.79 s. The optimized response is compared with the initial 

coupling matrix in Figure 4.5(g). The coupling matrix elements before and after optimization 

are presented in Table 4.1. 

Table 4.1 Coupling matrix elements 

 Before After  Before After 

m(P1,1) 1.2973 1.2302 m(9,10) 0.4944 0.4325 

m(4,P2) 0.7394 0.7415 m(8,8) 1.2805 1.3732 

m(7,P3) 0.7316 0.6927 m(9,9) 1.6542 1.6886 

m(10,P4) 0.7316 0.6927 m(10,10) 1.6995 1.7450 

m(1,5) 1.1921 1.0500 m(5,6) 0.4958 0.4339 

m(1,8) 1.1584 1.0500 m(6,7) 0.4944 0.4325 

m(1,2) 0. 7777 0.7744 m(5,5) -1.281 -1.373 

m(2,3) 0.3497 0.3598 m(6,6) -1.654 -1.688 

m(3,4) 0.4543 0.4622 m(7,7) -1.699 -1.745 

m(8,9) 0.4958 0.4339    



82 
 

4.3 Results and discussions 

In this section, seven more examples of all-resonator diplexers and multiplexers are 

synthesized using the proposed method. The reason for providing several examples is to show 

the capability of the proposed method for synthesis of different topologies, to prove the time 

efficiency of the method and to show the effect of different channel arrangements in a topology 

on the multiplexer response. The iterative method is performed on a low-end laptop with i7-

2630QM CPU at 2 GHz and 8 GB RAM and the optimization is done on a desktop computer 

with i5-5600 CPU at 3.5 GHz and 24 GB RAM. All the coupling matrices for the following 

examples are compared before and after optimization and presented in the Appendix. 

Example 1: A diplexer with third-order channel filters. Its topology is depicted in the inset 

of Figure 4.6. The specification is N = 3, ωc = ±0.75, RL = 20 dB, BW = 0.5. The initial coupling 

matrix out of the iterative method is obtained and the corresponding S parameters are displayed 

in Figure 4.6. As can be seen in Figure 4.6, there is no TZs generated due to the topology. The 

reason is that by selecting either of the two channels for starting the synthesis process, the first 

node of the other channel is connected in cascade to the selected channel. Therefore, no TZs 

will be generated, as explained in Section 4.2. After an optimization of 0.6 s, the return loss is 

further improved as shown in Figure 4.6. The matrices before and after optimization are 

compared in the Appendix. The coupling matrix elements obtained out of the proposed 

synthesis method is fairly close to the one after optimization.  

 

Figure 4.6 Diplexer with two third-order channel filters. The red and black nodes belong to 

the lower and higher channels, respectively. 
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Figure 4.7 Same diplexer as Figure 4.6 with different channel connection. The red and black 

nodes belong to the lower and higher channels, respectively.  

Example 2: This is a diplexer of the same channel filter order as example 1 but using a 

different topology as displayed in Figure 4.7. In this topology, node 4 of channel P3 is 

connected in parallel to the channel P2. So, one TZ is expected between the two channels, when 

the channel P2 is selected for the synthesis. While in the topology in the example 1 (Figure 4.6), 

the first node of either of the two channels was connected in cascade with the other channel. 

So, no TZ was expected. The specification is N = 3, ωc = ±0.8, RL = 20 dB, BW = 0.4. The 

coupling matrix optimization took 1.1 s. The optimized response is compared with the response 

from the iteration process in Figure 4.7, in which a TZ around ω = 0 is evident. 

Example 3: These are two diplexers with a same topology and different channel filter orders 

and TZ locations. First diplexer has a second-order channel containing a non-resonating node 

(NRN) and a dangling node, generating a TZ, and a fourth-order channel. The topology of the 

diplexer is displayed in Figure 4.8(a). The white node represents the NRN. The specification is 

as follows: 

- Low channel: N = 4, ωc = -0.8, RL = 20 dB, BW = 0.4. 

- High channel: N = 2, ωc = 0.8, RL = 20 dB, BW = 0.4, TZ @ ω = 0. 

The coupling matrix optimization process lasted for 2.76 s. Figure 4.8(a) compares the initial 

response (after the iteration process) and the optimized one. The TZ on the low channel (red 

graph) is generated due to the parallel connection of node 5 with channel P2, when it is selected 

for synthesis. The TZ on the high channel (black curve) is generated by the dangling node. 
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Second diplexer has a same topology with an extra node added to the high channel as shown in 

Figure 4.8(b). The third-order channel generates a TZ at the edge of the low channel. The 

specification only differs from Figure 4.8(a) in that the high channel is a third-order and the TZ 

is assigned to ω=-0.6. The coupling matrix optimization process lasted for 2.6 s. Figure 4.8(b) 

shows the comparison between the initial response and the optimized one. These two examples 

show how a TZ, generated using NRN technique, together with a TZ, generated due to the all-

resonator topology, can improve the isolation between the two channels of a diplexer. 

Moreover, these examples show that there is almost no freedom in changing the location of the 

TZ, which is generated because of the topology. 

 

(a) 

 

(b) 

Figure 4.8 Diplexers with NRN in one channel. 
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Figure 4.9 A diplexer with one NRN in each channel. 

Example 4: Different from the previous examples, this is a contiguous diplexer with two 

fourth-order channels, each with a dangling node, generating a TZ at the edge of the other 

channel in order to enhance the isolation. The topology is displayed in Figure 4.9. The 

specification of the diplexer is: 

- Low channel: N = 4, ωc = -0.63, RL = 20 dB, BW = 0.74. TZ @ ω = -0.1238 

- High channel: N = 4, ωc = 0.46, RL = 20 dB, BW = 1.1, TZ @ ω = -0.2108. 

This is a very challenging example due to the channels, which are very close to each other, and 

the NRNs in each channel. The coupling matrix optimization process lasted for 3.8 s. Figure 

4.9 shows the comparison between the initial response and the optimized one. Although the S 

parameters before the optimization look far from the ideal response, but a very short 

optimization solved the issue. This is because the initial coupling matrix is a very good starting 

point and leads to a very quick convergence. 

Example 5: A triplexer is synthesized with fourth-order channel filters. The topology of the 

triplexer is displayed in the inset of Figure 4.10. The specification for the low, middle, and high 

frequency channels are N = 4, ωc = -0.7778, 0, 0.7778, RL = 20 dB, BW = 0.4444. The coupling 

matrix optimization process lasted for 4s. The optimized response is compared with the 

response before optimization (initial response) in Figure 4.10. Again, the good initial point 

generated by the proposed method leads to a quick optimization. 
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Figure 4.10 A triplexer with fourth-order channel filters. The nodes’ colour in the topology 

represents the corresponding channel in the S parameter graph with the same colour. 

 

Example 6: Two triplexers with third-order channel filters are depicted in Figure 4.11(a) and 

Figure 4.11(b). They have the same topology. The difference from Example 6 is the channel 

arrangements. For the first triplexer (Figure 4.11(a)), the channels are arranged such that P2 is 

the middle channel, P3 is the low-frequency channel and P4 is the high frequency channel. For 

the second triplexer (Figure 4.11(b)), P2 is the high-frequency, P3 is the low-frequency and P4 

is the middle channel. Both triplexers have the same specification: N = 3, ωc = -0.8, 0, 0.8, 

respectively for low, middle, and high frequency channel filters, RL = 20 dB, BW = 0.4. The 

coupling matrices are optimized within 5.58 s and 8.43 s, respectively. The corresponding S 

parameters are also displayed in Figure 4.11. As can be seen, by just changing the channel 

organization, the response of the triplexer, especially the location of generated TZs, changes. 

In general, synthesis of symmetric topologies, such as the one in the example 5, is easier than 

asymmetric one in this example. This is because the location of TZs and RZs are mirrored about 

the normalized frequency of 0. This would halve the iterations and optimization time. 

Moreover, comparing the S parameters between the example 5 and example 6, it seems that the 

channel isolation is better in the symmetric topology. 
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(a) 

 

(b) 

Figure 4.11 A triplexer with third-order channel filters. (a) First channel arrangement. (b) 

Second channel arrangement. 

 

Example 7: A quadruplexer is synthesized with fourth-order channel filters. The topology is 

displayed in Figure 4.12(a). The specification for the four channels is N = 4, ωc = -0.8750, -

0.2917, 0.2917, 0.8750, RL = 20 dB, BW = 0.25. The coupling matrix optimization process 

took 10.6 s. The optimized response is compared with the initial one in Figure 4.12. The same 

quadruplexer is synthesized within 20-30 min using an optimization technique [17]. Using our 

method, we can considerably reduce the computation time to seconds.  
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(a) 

 

(b) 

Figure 4.12 A quadplexer with fourth-order channel filters. (a) Topology. (b) S parameters. 

4.4 Conclusion 

In this paper, we present a quick synthesis method for all-resonator multiplexers using an 

iterative technique. The approach is rooted in the characteristic polynomials of each channel, 

taking into account the loading effect from other channels. The iterative process yields a highly 

effective initial coupling matrix for the multiplexer, enabling fast local optimization to attain 

the final coupling matrix. This marks a significant advancement over prior optimization-based 

methods [15],[17] , offering improved convergence and efficiency in determining the coupling 

matrix for intricate all-resonator multiplexer topologies. Through the examination of seven 

examples with varying topologies and complexities, our results demonstrate that the proposed 

method substantially reduces computational load and time. 
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4.5 Appendix 

The following tables present the elements of the coupling matrices before and after 

optimization for the presented examples in Section 4.3. 

Table 4.2 Coupling matrix elements for example 1 

 Before After  Before After 

m(P1,1) 0.9072 1.0069 m(2,2) -1.4065 -1.3906 

m(3,P2) 0.6560 0.7098 m(3,3) -1.4761 -1.4774 

m(6,P3) 0.6560 0.7098 m(4,5) 0.5323 0.5803 

m(1,4) 1.6249 1.6270 m(5,6) 0.3981 0.4493 

m(4,2) 0.5323 0.5803 m(5,5) 1.4065 1.3906 

m(2,3) 0.3981 0.4493 m(6,6) 1.4761 1.4774 

 

Table 4.3 Coupling matrix elements for example 2 

 Before After  Before After 

m(P1,1) 0.9309 0.9716 m(2,2) -2.0030 -1.9973 

m(3,P2) 0.6534 0.6772 m(3,3) -2.0250 -2.0087 

m(6,P3) 0.6961 0.6958 m(4,5) 0.5838 0.5887 

m(1,4) 1.9969 2.0150 m(5,6) 0.4275 0.4321 

m(1,2) 0.5565 0.5804 m(5,5) 1.9101 1.9164 

m(2,3) 0.3906 0.4046 m(6,6) 1.9797 1.9931 

m(1,1) -0.021 0.0556 m(4,4) 0.0238 0.1096 

 

Table 4.4 Coupling matrix elements for example 3 

 Figure 8(a)  Figure 8(b) 

 Before After  Before After 

m(P1,1) 0.6993 0.7192 m(P1,1) 0.6461 0.6584 

m(4,P2) 0.4448 0.4588 m(4,P2) 0.4519 0.4672 

m(6,P3) 0.7303 0.7624 m(8,P3) 0.4819 0.4753 
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m(1,5) 0.8937 0.8699 m(1,5) 0.7996 0.8107 

m(1,2) 0.2914 0.2728 m(1,2) 0.2535 0.2602 

m(2,3) 0.1363 0.1393 m(2,3) 0.1375 0.1396 

m(3,4) 0.1736 0.1803 m(3,4) 0.1769 0.1821 

m(1,1) 0.1328 0.1322 m(1,1) 0.0140 0.0368 

m(2,2) -0.802 -0.804 m(2,2) -0.802 -0.801 

m(3,3) -0.809 -0.807 m(3,3) -0.806 -0.805 

m(4,4) -0.864 -0.807 m(4,4) -0.806 -0.804 

m(5,6) 0.6356 0.6809 m(5,6) 1 1 

m(6,7) 1 1 m(6,7) 4.8823 4.8836 

m(5,5) -0.155 -0.131 m(7,8) 0.7389 0.7198 

m(6,6) -1.518 -1.563 m(5,5) 0 0 

m(7,7) 0 0 m(6,6) -17.99 -17.99 

   m(7,7) -0.600 -0.603 

   m(8,8) 0.7716 0.7718 

 

Table 4.5 Coupling matrix elements for example 4 

 Before After  Before After 

m(P1,1) 1.3283 1.4749 m(4,4) 2.8848 2.8869 

m(5,P2) 1.4615 0.9365 m(5,5) 3.5105 3.4488 

m(10,P3) 1.3784 1.1363 m(6,7) 1.0693 1.1245 

m(1,6) 1.6691 1.9140 m(7,8) 1 1 

m(6,2) 0.7731 0.8495 m(8,9) 0.8624 0.8056 

m(2,3) 1 1 m(9,10) 1.1924 1.3677 

m(3,4) 1.3016 1.2869 m(6,6) 2.3212 2.5870 

m(3,5) 1.2197 1.3610 m(7,7) 2.3980 2.2767 

m(1,1) 2.5774 2.5620 m(8,8) 1.5598 1.5805 

m(2,2) 3.5851 3.6839 m(9,9) 3.0848 3.0686 

m(3,3) -2.973 -2.947 m(10,10) 2.5204 2.7165 
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Table 4.6 Coupling matrix elements for example 5 

 Before After  Before After 

m(P1,1) 1.4125 1.2614 m(9,9) 1.3053 0.3458 

m(4,P2) 0.7610 0.7208 m(10,10) 1.6634 1.6476 

m(8,P3) 0.7676 0.7322 m(11,11) 1.7199 1.7175 

m(12,P4) 0.7676 0.7322 m(12,12) 1.7221 1.7336 

m(1,5) 1.1483 1.0887 m(5,6) 0.4801 0.4641 

m(1,9) 1.1483 1.0887 m(6,7) 0.3704 0.3627 

m(1,2) 0.8804 0.7814 m(7,8) 0.4835 0.4593 

m(2,3) 0.3572 0.3420 m(5,5) -1.305 -1.345 

m(3,4) 0.4686 0.4399 m(6,6) -1.663 -1.647 

m(9,10) 0.4801 0.4641 m(7,7) -1.719 -1.717 

m(10,11) 0.3704 0.3627 m(8,8) -1.722 -1.733 

m(11,12) 0.4835 0.4593    

Table 4.7 Coupling matrix elements for example 6 

 Figure 11(a) Figure 11(b) 

 Before After Before After 

m(P1,1) 0.8161 0.8395 0.8623 0.8293 

m(3,P2) 0.4848 0.4692 0.5628 0.4591 

m(6,P3) 0.4736 0.4858 0.4984 0.4837 

m(9,P4) 0.4529 0.4988 0.4847 0.4930 

m(1,2) 0.3975 0.3502 0.5000 0.3501 

m(2,3) 0.2064 0.1969 0.2590 0.1954 

m(1,4) 0.7566 0.6932 0.6735 0.6977 

m(4,5) 0.2532 0.2674 0.2548 0.2523 

m(5,6) 0.2014 0.2099 0.2153 0.2071 

m(4,7) 0.5373 0.5824 0.4628 0.4214 

m(7,8) 0.3037 0.3150 0.2153 0.2292 

m(8,9) 0.2042 0.2348 0.2104 0.2196 

m(1,1) -0.041 0.0016 -0.102 -0.012 
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m(2,2) 0 -0.003 0.8312 0.8083 

m(3,3) 0 -0.002 0.8702 0.8331 

m(4,4) 0.0360 -0.015 -0.192 -0.172 

m(5,5) -0.767 -0.755 -0.763 -0.764 

m(6,6) -0.791 -0.789 -0.787 -0.792 

m(7,7) 0.1686 0.1649 0.2139 0.0589 

m(8,8) 0.6745 0.6554 0 0.0249 

m(9,9) 0.7627 0.7552 0 0.0071 

 

Table 4.8 Coupling matrix elements for example 7 

 Before After  Before After 

m(P1,1) 0.9779 1.1387 m(14,15) 0.2455 0.2229 

m(7,P2) 0.6009 0.5679 m(15,16) 0.2957 0.2761 

m(10,P3) 0.5577 0.5689 m(1,1) 0.0676 0 

m(13,P4) 0.5577 0.5689 m(2,2) -0.055 0 

m(16,P5) 0.6009 0.5679 m(3,3) 1.0385 1.0767 

m(1,2) 1.7006 1.7402 m(4,4) -1.038 -1.076 

m(2,3) 0.9089 0.9598 m(5,5) 1.8514 1.9652 

m(2,4) 0.8993 0.9597 m(6,6) 2.0656 2.0782 

m(3,5) 0.5314 0.4169 m(7,7) 2.0755 2.0887 

m(3,8) 0.3437 0.3176 m(8,8) 0.7456 0.7290 

m(5,6) 0.2455 0.2229 m(9,9) 0.7063 0.7047 

m(6,7) 0.2957 0.2761 m(10,10) 0.7054 0.7036 

m(8,9) 0.2131 0.2137 m(11,11) -0.745 -0.729 

m(9,10) 0.2693 0.2753 m(12,12) -0.706 -0.704 

m(4,11) 0.3437 0.3176 m(13,13) -0.705 -0.703 

m(4,14) 0.5314 0.4169 m(14,14) -1.851 -1.965 

m(11,12) 0.2131 0.2137 m(15,15) -2.065 -2.078 

m(12,13) 0.2693 0.2753 m(16,16) -2.075 -2.088 
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In this chapter a narrowband third-order filter at 9 GHz with two transmission zeros is 

designed using the non-resonating node (NRN) method. The work is published in [1]. 

5.1 Introduction 

Additive manufacturing (AM) is an emerging technology for the fabrication of microwave 

devices. Thanks to the recent advances in rapid prototyping industry, AM is capable of 

producing low-weight microwave devices with complex structure. Besides, AM is able to 

fabricate the structures in a single part. This is an important advantage over the regular 

fabrication technologies such as CNC machining, where the structures are usually assembled 

from two or more separately manufactured blocks. As a result, lack of suitable surface contact 

between the split blocks leads to increase in loss and performance degradation. AM microwave 

components have demonstrated competitive performance at X-band [2]-[4] in comparison with 

CNC machining. AM includes different fabricating technologies such as selective laser melting 

(SLM), fused deposition modelling (FDM), polyjet printing, stereo-lithographic apparatus 

(SLA), and 3-D screen printing, etc. Each technology has its own limitation in terms of printing 

resolution, accuracy and achievable surface roughness. The SLM technology, capable of 

producing a minimum surface roughness of 1.5-2 µm, is an excellent candidate for printing 

metal waveguide devices [5]. However, printing parameters such as powder size, energy input, 

scan speed, heat treatment and printing direction all impact on the dimensional accuracy and 

surface quality of the printed parts and therefore RF/microwave performance [6],[7]. 

For narrowband filters, one design drive is to reduce the order of filters while maintaining 

sharp roll-off at the band edges, in order to not only reduce the insertion loss but also save mass 

and volume. Although cross coupling topologies can address such issues, they are relatively 

sensitive to fabrication tolerances [8],[9]. On the other hand, inline non-resonating node (NRN) 

filters are shown to be less sensitive to dimensional tolerance [10]. This is because of the 

modularity property of the NRN method, in which the location of the transmission zeros (TZs) 

can be adjusted independently [11]. 

In this chapter, a third-order X-band filter with two TZs is designed using the NRN method 

and fabricated using the SLM technology. The functional bandwidth of the filter is 100 MHz 

with 1.11% FBW. Comparing to the SLM fabricated filters in the literatures, the presented filter 

is among the narrowest band filters [12]-[15] and challenges the SLM printing capability. The 
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work will have a focus on examining the dimensional imperfection rendered by the SLM 

fabrication process. 

5.2 Synthesis, design, and fabrication  

The third-order bandpass filter, which has a central frequency of 9 GHz and bandwidth of 

100 MHz is designed. The filter has two TZs, which are located at normalised frequency of ω1 

= -3j and ω2 = 3j. The minimum return loss of the filter within the passband is set to 17 dB. 

Figure 5.1 shows the topology of the filter together with its equivalent circuit model. The filter 

synthesis is carried out using the NRN method [10] and the value of circuit elements in Figure 

5.1(b) is obtained as J1 = 1, J2 = 2.7574, J3 = 0.9458, J4 = 1, J5 = 2.9155, J6 = 1.0573, B1 = 2.770i, 

b2 = 3i, b3 = 0, B4 = -3.096i and b5 = -3i. All the capacitors’ value is normalised to 1. Applying 

the Kirchoff’s voltage and current laws on the equivalent circuit, the admittance matrix of the 

filter can be written as [Y] = [Q] + p[I] + j[M]. The matrix Q is a 7×7 zero matrix, in which 

Q(1,1) = Q(7,7) = 1. The matrix I is an identity matrix of size 7 and I(1,1) = I(2,2) = I(5,5) = 

I(7,7) = 0. The parameter p is the complex lowpass frequency variable. The matrix M represents 

the filter coupling matrix, which is expressed in (5.1). 

 S 1 2 3 4 5 L  

S 0 1 0 0 0 0 0 

    (5.1) 

1 1 -2.770 2.7574 0.9458 0 0 0 

2 0 2.7574 -3 0 0 0 0 

3 0 0.9458 0 0 1 0 0 

4 0 0 0 1 3.0964 2.9155 1.0573 

5 0 0 0 0 2.9155 3 0 

L 0 0 0 0 1.0573 0 0 
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(a)       (b) 

Figure 5.1 A 3-2 filter. (a) Topology of the filter. The black circles represent the resonators, 

and the white circles refer to the non-resonating nodes. The S and L are the source and load, 

respectively. (b) The equivalent circuit model of the filter. 

The design process starts with dividing the filter topology to three subsections, whose 

corresponding coupling matrices are extracted from (5.1). Figure 5.2 shows the three 

subsections together with their coupling matrix. Each subsection is designed separately. It must 

be noted that in each subsection, one or two resonators are replaced with the ports (S or L). 

Consequently, one or two internal couplings have to be converted to external couplings. For 

example, the resonator 3 (see Figure 5.1(a)) is replaced with the port L in Figure 5.1(a). As a 

result, the internal coupling J3 in Figure 5.1(a) must be converted to the external coupling J3’ 

in Figure 5.2(a). Such changes must be addressed in the corresponding submatrix elements. The 

diagonal elements of submatrix show the self-coupling of the corresponding components (either 

resonators, NRNs or ports) in the filters’ topology. The ports don’t have a self-coupling in this 

design. So, the self-coupling of those resonators, which are replaced with the port, must be 

changed to zero. For example, resonators 1 and 4 (see Figure 5.1(a)) are replaced with ports S 

and L, respectively, in Figure 5.2(b). So, the corresponding elements, i.e., the first and the last 

elements of the diagonal of the submatrix in Figure 5.2(b), are set to zero. Moreover, the 

corresponding internal couplings J3 and J4 in Figure 5.1(a) must be changed to the external 

coupling J3’ and J4’ in Figure 5.2(b) using the following equation [16]:  

𝐽𝑖
′ = 𝐽𝑖 × √𝐹𝐵𝑊

𝜋

2
(
𝜆𝑔

𝜆
)
2

                (5.2) 

where Ji’ represents the external coupling of the submatrix, Ji is the internal coupling of the 

coupling matrix M, λ and λg are the free-space and guided wavelength, respectively. The index 

i refers to the index of coupling J, i.e., i=1, 2, …, 6 (see Figure 5.1(a)). In the previous example,  
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 S 1 2 L 

S 0 1 0 0 

1 1 -2.770 2.7574 0.1825 

2 0 2.7574 -3 0 

L 0 0.1825 0 0 
 

(a) 

 

 S 3 L 

S 0 0.1825 0 

3 0.1825 0 0.1930 

L 0 0.1930 0 
 

(b) 

 

 S 4 5 L 

S 0 0.193 0 0 

4 0.193 3.096 2.915 1.057 

5 0 2.915 3 0 

L 0 1.057 0 0 
 

(c) 

Figure 5.2 The three subsections of the filter. (a) First subsection including the first resonator 

and NRN. J3 is changed to J3’ using (5.2). (b) Second subsection including the middle 

resonator. (c) Last subsection. 

the value of i is set to 3 and 4 to obtain the J3’ and J4’, respectively. Similar process is applied 

to other subsections, where a resonator is replaced by a port. After obtaining the submatrices, 

the EM design of each subsection begins in a way that the S parameters deriving from EM 

simulation must be similar to the S parameters of the submatrix. Finally, all the designed 

subsections are attached together to create the filter. Figure 5.3(a) shows the filter based on a 

H-plane configuration for the NRN, using the WR90 waveguide (width: 22.86 mm, height: 

10.16 mm). The dominant mode is TE101. Figure 5.4(a) shows the prototype filter, printed 

using SLM technology. The printing material is an Aluminium alloy, which is made from Al, 

Cu, Ag, Ti and Mg. The thickness of the structure wall and the iris is set to 2 mm. After the 

printing process, it is necessary to suck out the unsintered powder. To facilitate this and also to  
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(a) 

 
(b) 
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(c) 

 

(d) 

Figure 5.3 The bandpass filter with two TZs. (a) Simulated filter using CST software. (b) and 

(c) The measurement results compared with simulations. (d) The group delay measured and 

compared with simulation. 

  
(a) (b) 

Figure 5.4 (a) The fabricated structure. (b) The shrinkage effect over an iris section of the 

filter after fabrication. Black lines: Simulation. Red lines: Fabricated structure. As can be 

seen, due to the shrinkage, the iris width is increased whilst the thickness is decreased. 

reduce the accumulated stress over the structure, corners are rounded with a 1 mm radius. It is 

also expected the round corners would help with metal coating if required. 

5.3 Measurement and discussion 

The S parameters of the filter are measured and the results in comparison with the simulation 

are presented in Figure 5.3(b). The measurement results show a frequency detuning of 60 MHz. 

This is likely to be due to the printer tolerance as well as the shrinkage after printing. The 

measure insertion loss within the passband is about 0.52 dB. By comparing the bandwidth and 
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distance of the TZs from the central frequency between the measured and the simulated, it can 

be observed that the behaviour of the transmission response is almost identical to the simulation 

except for a frequency shift. The actual dimensions of the filter are measured using the micro 

X-Ray CT images post-processing and compared with the design value. The measured cavity 

hight, cavity width and iris thickness are around 10.22 mm, 22.9 mm and 1.7 mm, respectively. 

The measured cavities’ length and iris’ width are 200-300 µm longer and wider than the design. 

The results show that the cavities’ length, irises’ thickness and width are more affected during 

the fabrication. This is likely to be a result of shrinkage, especially for the small and isolated 

irises. During the printing process, the structure experiences a high-level thermal stress causing 

structural deformation or shrinkage. Figure 5.4(b) illustrates the possible reason for the smaller 

iris thickness after fabrication. Such shrinkage seems to be more pronounced around the small 

iris and can explain the band shift to lower frequency as well as the detuned resonators. The 

filter is re-designed with 250 µm increase in length of the cavities and 200 µm decrease in the 

thickness and width of irises in order to consider the shrinkage in the design. The S parameters 

are obtained and presented in Figure 5.3(b) and Figure 5.3(c). The results show a fair similarity 

between the re-designed filter and the measurement. The group delay of the filter is measured 

and compared with the simulation in Figure 5.3(d). The TZs are not appeared on the simulated 

group delay. This is because of the low resolution, low number of frequency samplings, in the 

simulation.   

In addition to the shrinkage, the effect of printing direction must also be taken into the 

account. It is important to optimise the printing direction in order to minimise the overhangs as 

well as the surface roughness. Figure 5.5 shows the printing direction of the device together 

with the cross-section X-Ray Micro-focus CT scan of the filter. The structure is tilted 45° in 

order to improve the surface roughness and avoid overhanging in the two dangling resonators. 

The effect of printing direction on the corners of the structure is visible in Figure 5.5(c). The 

corners highlighted with red circles are printed along the x axis (the laser scanning direction). 

As a result, the corresponding corners are flatted with large surface roughness. On the other 

hand,  
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(a) (b) 

 

 

(c) (d) 

Figure 5.5 (a), (b) Printing direction of the filter. The structure is printed in z direction (the 

staking direction). The blue portions are the supportive structure and removed after 

fabrication. (c), (d) Cross-section CT scan of the filter. Scale bars equal 10 mm. 

the corners highlighted with blue circles, which are printed along the z axis, have maintained 

their round shape. It is also observed that several small, rounded pores are concentrated on 

specific surfaces (~400 µm below the surface). The red boxes in Figure 5.5(d) indicate regions 

where pores are observed. Existence of such pores affect the material density. 

5.4 Conclusion 

In this chapter, a third-order bandpass filter with two TZs is designed using the NRN method 

and fabricated using the SLM technology. The filter has a centre frequency of 9 GHz with 

fractional bandwidth of 1.11%, which is relatively challenging for the SLM printing. The results 

show a 60 MHz frequency shift and resonators detuning. The CT scan of the structure and the 

dimensional measurements show a structural shrinkage, which can explain the reason of 
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frequency shifts. Moreover, the images show some pores inside the structure material and some 

corners, which are flatted due to the printing direction. All of the discussed factors should be 

considered during the design process in order to minimise the effect of the AM on the 

performance of microwave devices. 
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This chapter presents a fifth-order bandpass filter for communication satellite feed systems, 

fabricated using 3D-printing with Titanium alloy Ti-6Al-4V (Ti64). The work is published in 

[1]. 

6.1 Introduction 

The advent of additive manufacturing (AM) has greatly impacted the microwave engineering 

industry, particularly in the microwave filters. AM provides a solution to the manufacture of 

complex and compact waveguide devices with reduced mass and even in a single (monolithic) 

piece without the need of assembly. In recent years, AM has become increasingly popular for 

manufacturing microwave filters. However, the high surface roughness is a major drawback in 

additively manufactured all-metallic parts produced by powder-bed techniques such as 

selective laser melting (SLM). A monolithically printed part also faces the difficulty with metal-

coating of the internal surfaces, especially from those complex enclosed structures. These 

challenges can lead to high insertion loss (IL) level. Printing accuracy and dimension tolerance 

are also less known for 3D printed parts. This could cause unpredictable frequency detuning in 

filters. These issues can be addressed by optimizing the filter structure to cater for printing 

process and the print orientation [2]-[4]. It is suggested to minimize or eliminate any ceiling 

surfaces in the filter design as they tend to have poorer surface finish compared to other areas. 

Various modified resonators and filters are proposed [5]-[7]. It is also crucial to avoid any 

overhanging elements in the design as they can cause printing failure [2],[8],[9].  

The choice of the printing materials not only affect the filter's signal transmission/attenuation 

but also have a major impact on the filter temperature stability which is a key performance 

indicator for many high-power filters operating in harsh space environment [7]. Aluminium is 

widely used for its low density and high conductivity. Invar is used for its low coefficient of 

thermal expansion (CTE) (1-2 ppm/K versus 21-24 ppm/K for aluminium alloys). Titanium 

alloy Ti-6Al-4V (or Ti64), not used much in microwave filters, has some interesting material 

properties that sit between aluminium and Invar. Ti64 is a high strength alloy with excellent 

corrosion resistance [10]. It has a high strength-to-weight ratio. This allows the manufacture of 

thin-wall structures with light weight. It has a much lower CTE (around 8.6 ppm/K) than 

aluminium, which helps maintain its thermal stability over a wide range of temperatures. Ti64 

is also one of the most studied materials for additive manufacturing.  
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In this paper, we investigate the use of Ti64 in printing a filter for satellite feed systems. A 

modified rectangular resonator is proposed to allow the filter to be printed in a lying-down 

orientation on the platform without any tilt or internal support. The resonator is used to design 

a fifth-order filter with one transmission zero (TZ). It is synthesized using the non-resonating 

node (NRN) method. The filter is fabricated using selective laser melting technology with Ti64, 

silver coated, and tested. The next sections present the geometry of the resonator, the synthesis 

and design of the filter and the measured results. 

6.2 Concept of the filter 

The filter described in this chapter is a fifth-order Chebyshev filter, designed using modified 

cavity resonators in other minimise the structural support required for the fabrication. Figure 

6.1(a) shows the structure of the filter after SLM fabrication and polishing and silver coating 

process. Looking at Figure 6.1(b), filter is illustrated lying down on the printing platform 

without any side support structure.  

 

(a) 

 

(b) 

Figure 6.1 (a) Photographs of the fabricated filters with modified resonator geometry. (b) 

Illustration of the proposed filter lying down on the printer platform without any side 

structural support versus a similar filter designed with regular rectangular resonator. 
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Whilst a similar filter designed using a conventional rectangular resonator must be printed 45° 

tilted with side wall support during the printing process to avoid an internal rough surface, 

which ruins the insertion loss. Figure 6.2(a) shows the electric field pattern in a conventional 

rectangular WR75 resonator with inductive coupling irises attached to the input and output 

ports. The resonator is designed to resonate at 13.1 GHz with iris widths and thickness of 5.4 

mm and 2 mm, respectively. Figure 6.2(b) and Figure 6.2(c) display the proposed modified 

version also with a dominant TE101 mode and its electric field pattern, respectively.  

 

        

 

(a) (b) 

 

 

(c) (d) 

Figure 6.2 (a) E-field pattern in rectangular resonator. (b) and (c) Modified resonator and its 

E-field pattern. (d) Dangling resonator and the NRN. 
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The resonator’s corners are rounded with radiuses of R1 = 4.76 mm, R2 = 1 mm, and R3 = 5 mm 

for a smoother surface transition. The rounded corners also facilitate plating and cleaning the 

printing residue. The coupling irises are shifted to the upper part of the resonator, which reduces 

the discontinuities along the main waveguide section. This leads to wider irises, which not only 

reduces the sensitivity to dimensional tolerance but also facilitates the flow of liquid during 

cleaning, polishing, and coating of the filter. The modified resonator has approximately 50% 

wider iris and 28% longer length compared to the rectangular resonator. The computed 

unloaded Q factor (Qu) of the fundamental mode for the modified resonator is 8540, 16% higher 

than the rectangular resonator. The dangling resonator attached to an NRN, shown in Figure 

6.2(c), and used to generate the TZ, is further modified with a pointed roof of a 60° slope to 

minimize the ceiling surface, where surface finishing is expected to be worse. R4 of the NRN is 

8 mm. The dangling resonator is attached to the side of the filter. The dangling resonator can 

also be added to the top of the filter. However, this would increase the height of the part and 

increases the structure complexity.  

6.3 Synthesis, design, and fabrication  

The fifth-order filter with a single TZ is synthesized using the NRN method, as outlined in 

Chapter 2. The specifications of the filter are as follows: its central frequency (fc) is 13.1 GHz, 

with a fractional bandwidth (FBW) of 2.4%, and its transmission zero is located at 11.7 GHz. 

Its return loss (RL) is set to 23 dB. The topology of the filter is depicted in Figure 6.3, and the 

corresponding coupling matrix is given in (6.1).  

 

Figure 6.3 The fifth-order filter with one TZ, divided into five sections as boxed with red 

lines. The resonators are represented by dark circles and the NRNs by white circles. 
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𝑀 =

[
 
 
 
 
 
 
 
0 𝐽1 0 0 0 0 0 0
𝐽1 𝑏1 𝐽2 𝐽3 0 0 0 0
0 𝐽2 𝑏2 0 0 0 0 0
0 𝐽3 0 𝑏3 𝐽4 0 0 0
0 0 0 𝐽4 𝑏4 𝐽5 0 0
0 0 0 0 𝐽5 𝑏5 𝐽6 0
0 0 0 0 0 𝐽6 𝑏6 𝐽7
0 0 0 0 0 0 𝐽7 0]

 
 
 
 
 
 
 

                  (6.1) 

where, J1=1, J2=1.78, J3=0.87, J4=0.68, J5=0.66, J6=0.93, J7=1.08, b1=1.54, b2=2.19, b3=-0.04, 

b4=-0.07, b5= -0.03, b6=-0.02. The design of the filter employs the step-tuning technique, where 

the filter topology is divided into five sections, as depicted in Figure 6.3. Correspondingly, the 

coupling matrix is divided into five sub-matrices, shown in Figure 6.4. It is noteworthy that 

each section may have one or two internal couplings that are converted to external couplings. 

For example, in Figure 6.4(b), J3 and J4 in Figure 6.3 are transformed into J3’ and J4’ using 

(6.2). 

𝐽𝑖
′ = 𝐽𝑖 × √𝐹𝐵𝑊

𝜋

2
(
𝜆𝑔

𝜆
)
2

                (6.2) 

where Ji’ represents the external coupling of the submatrix, Ji is the internal coupling of the 

coupling matrix, λ and λg are the free-space and guided wavelength, respectively. The diagonal 

elements of the submatrix, which represent the self-coupling of either the resonators or ports, 

are also adjusted. For instance, in the case of Figure 6.4(b), the diagonal elements corresponding 

to S and L are set to zero. This same process is applied to the other subsections. The design of 

each subsection is carried out utilizing CST Microwave Studio whereby the physical 

dimensions are optimized such that the S parameters match those obtained from the 

corresponding coupling submatrix. Finally, the five subsections are joined together, and a 

further optimization is carried out. The S parameter results of the designed filter and its 

comparison with the coupling matrix are shown in Figure 6.5. The optimized dimensions of the 

filter are: L1=29.3 mm, L2=16.4 mm, L3=14.9 mm, L4=15.9 mm, L5=15.7 mm, L6=13.9 mm, 

W1=14 mm, W2=12.2 mm, W3=10.6 mm, W4=8.5 mm, W5=8.5 mm, W6=9 mm, W7=11.6 mm. 

Iris thickness is set to 2 mm. 
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 S 1 2 L 

S 0 1 0 0 

1 1 1.5422 1.7806 0.2097 

2 0 1.7806 2.1935 0 

L 0 0.2097 0 0 
 

(a) 

 

 S 3 L 

S 0 0. 2097 0 

3 0. 2097 -0.036 0.1645 

L 0 0.1645 0 
 

(b) 

 

 S 4 L 

S 0 0.1645 0 

4 0.1645 -0.071 0.1590 

L 0 0.1590 0 
 

(c) 

 

 S 5 L 

S 0 0.1590 0 

5 0.1590 -0.032 0.2242 

L 0 0.2242 0 
 

(d) 

 

 S 6 L 

S 0 0.2242 0 

6 0.2242 -0.023 1.0772 

L 0 1. 0772 0 
 

(e) 

Figure 6.4 The five subsections of the filter. (a) First subsection, comprising the NRN-1 and 

resonator-2. (b)-(e) represent the rest of the resonators. 
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(a) 

 

(b) 

Figure 6.5 Filter design. (a) Air model with perfect electric conductor walls. (b) Comparison 

of EM simulations with the responses from the coupling matrix. 

6.4 Measurement and discussion 

The filter was fabricated from a pre-alloyed Ti64 powder using SLM technique using a 

Reinshaw 500 printer. The printing orientation and picture of the printed structure are shown in 

Figure 6.6(a) and Figure 6.6(b), respectively. The tolerance analysis is performed on the 

designed model. The dimensional offset over resonator length and iris width are set to ±400 µm 

and ±200 µm, respectively. The results are displayed in Figure 6.6(c), in which the S11 graph 

tends to shift more towards higher frequency ranges. By exploiting Ti64's high strength-to-

weight ratio, the filter wall thickness was set to 1mm, achieving a lightweight filter design. The  

L1 L2 L3 L4 L5 L6 

W1 W2 W3 W4 W5 W6 W7 
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(a) (b) 

 

(c)  

Figure 6.6 3D-printed Ti64 filter and measurements. (a) Printing orientation. (b) Picture of 

the fabricated filter. (c) Tolerance analysis together with measurement results before and after 

heat treatment, compared with the EM simulation. 

filter weighs 40 g. The filter was printed with a laser power of 200 W, scan speed of 1500 m/s, 

exposure time of 60 μs and point distance of 90 μm. After the fabrication, the filter was chiselled 

from the substrate and polished for 6 hours using a Sharmic vibrator filled with silica particles. 

The filter is cleaned in ultrasonic ethanol bath for 1 hour. Then, the filter was exposed to a 

thermal treatment to release thermal stresses accumulated during the build. The heat treatment 

was at vacuum with a heating rate of 10° C/min from room temperature to 600° C, hold for 1 

hour and then cool down to room temperature with a cooling rate of 10° C/min. We measured 

the S parameters of the filter before and after heat treatment. As shown in Figure 6.6(c), after 

the treatment, the response shifts upward and to the rights very slightly. The average surface 

roughness of a block printed out of Ti64 is measured as 7 μm. This is used to obtain the alloy’s 

effective conductivity, which is 1.9×105 S/m. Using this effective conductivity in the 
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simulation, a minimum IL of 2.4 dB is obtained as shown in Figure 6.6(c). This is reasonably 

close to the measured minimum IL of 2.7 dB. The measurements show a frequency shift of 140 

MHz towards higher frequency. The location of the TZ, however, is in close agreement with 

the design. Plating on Ti64 is a more involved process than plating on aluminium or Invar. It is 

anticipated the dangling resonator is not easily accessible by the plating solution as it is attached 

to the side of the filter. This is later confirmed by inspecting the dissected filter. We have 

investigated the effect of the un-plated side resonator. As shown in Figure 6.7(a), three 

scenarios are simulated and compared: (1) Ti64 as the conductor (‘uncoated’); (2) Filter fully 

coated with silver (‘fully coated’); (3) All but the dangling resonator coated (‘coated’). It can 

be observed that the partial coating increases the IL slightly. The impact on the lower band edge 

is more pronounced, with a 0.5 dB increase. The effective conductivity of the corresponding 

materials, i.e., 1.9×105 S/m for Ti64 and 1.6×107 S/m for silver, is used in the three simulations. 

The effective conductivity of the silver is obtained using the average internal-surface roughness, 

which is measured as 4.4 μm after dissection.  

  

(a) (b) 

 

(c) 
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Figure 6.7 (a) Investigation of the effect of partial silver plating on the Ti64 filter. (b) 

Measurement results of the silver-coated filter compared with the uncoated version. (c) The 

measured S parameters over the wide band frequency range compared with simulation. (d) 

The measured group delay compared with the simulation.  

 

The Ti64 filter is plated with silver and re-measured. In Figure 6.7(b), measurement shows the 

minimum insertion is significantly reduced to 0.55 dB from 2.7 dB. However, this is still 0.16 

dB higher than the predicted IL of a partially coated filter (Figure 6.7(a)). The S parameters of 

the coated filter are measured over the wide frequency range and compared with the EM 

simulation in Figure 6.7(c). The measured group delay compared with the simulation is shown 

in Figure 6.7(d), which clearly shows the frequency shift after fabrication. Attempt to add 

tuning screws failed due to the difficulty in drilling on the curved Ti64 wall. Instead, we have 

done simulation-based analyses to identify the cause of the frequency. Because the location of 

the transmission zero is correct, we assume the dangling resonator’s dimensions are as 

expected. We adjust the in-line resonators to try to match the measured responses. As shown in 

Figure 6.8, simply reducing the length of L1, L3, L4, L5 by 0.25 mm and L6 by 0.2 mm would 

match the simulation result very well with the measurement. The actual dimension errors are 

more complex and harder to ascertain from the curved cavities. However, the analyses seem to 

suggest the main errors lie in the in-line resonator, likely along the length direction. The filter 

was halved using electrical discharge machining (EDM) to measure surface roughness and to 

examine the surface finish and quality of the silver coating. One half of the filter, along with  

 

(d) 
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Figure 6.8 Fitting of the measurement response with the simulation by reducing L1, L3, L4, L5 

by 0.25 mm and L6 by 0.2 mm. The inset: Dissected half of the filter with the surface 

roughness profile from three cavities. 

 

the surface roughness profiles, captured using Alicona optical system for three resonators, is 

depicted in the inset image of Figure 6.8. Upon closer inspection of the dissected parts, the 

silver coating appeared suboptimal in the lower parts of the cavities, resulting in dark spots 

visible in the inset image of Figure 6.8 due to the Ti64 background being partially uncovered 

by silver. This could be the cause of the 0.16 dB higher IL than the simulation. 

6.5 Conclusion 

The chapter investigates the application of Titanium alloy Ti64 in satellite-feed-system 

filters. A fifth-order filter is designed using modified resonators and iris alignment, offering a 

continuous ceiling surface and 50% wider iris. The modified resonator provides a 16% higher 

Qu factor and 28% longer cavity compared to a rectangular resonator. It enables filters to be 

printed lied down on the printer platform without any internal support. The filter was fabricated 

using SLM technology with Ti64, with a thin 1 mm wall thickness with a light weight of 40 g. 

The filter was coated in silver to improve the IL by 2.15 dB to 0.55 dB, which is still 0.16 dB 
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higher than the simulation. The S parameters show a 140 MHz frequency shift, and a simulation 

matched with the measurement indicates that a 0.2-0.25 mm reduction in the length of the inline 

resonators may be the cause. The filter is halved, and inspections reveal a suboptimal silver 

coating on the bottom of cavities and the dangling resonator. The low-quality silver coating 

contributes to the 0.16 dB higher IL compared to the simulation. 
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This chapter an irregular-hexagonal resonator geometry is proposed for additively 

manufactured microwave filters. The work is published in [1]. 

7.1 Introduction 

The emergence of additive manufacturing (AM, also known as 3D-printing) was a turning 

point in the manufacturing industries due to its unique capability of building complex structures 

with reduced need of assembly or even in one piece. In microwave engineering, AM offers a 

promising solution to the increasing demand for more compact, complex, and lighter structures, 

especially in satellite communicating systems. One widely used device that has benefited most 

from the new manufacturing technique is the filter. In recent years, there are numerous studies 

on high performance filters and multiplexers fabricated using various AM technologies such as 

fused deposition modelling (FDM) [2],[3], polyjet printing [4], stereolithographic apparatus 

(SLA) [5],[6] and selective laser melting (SLM) [7]-[11].  

While 3D printing brings about many innovation opportunities in filter design and 

manufacture, it is not a technology without challenges. The printability and the printing quality 

are highly dependent on the relationship between the geometry and printing direction. Figure 

7.1 illustrates the formation of the internal surfaces, which often concern microwave parts most, 

from the layer-by-layer manufacture process using the SLM as an example. The staircase effect 

makes the 3D printed surfaces much rougher than machined surfaces. The up-skin areas face 

along the printing direction, whereas the down-skin areas face against the printing direction. 

The down-skin surfaces form on un-sintered powder in SLM so they have higher surface 

roughness. These are also referred to as the overhang, described by the angle d. To ensure the 

integrity of the structure, this angle should normally be kept below 45° [12]. The larger the 

overhang angle is, the rougher the down-skin surface will be. For microwave filters where 

surface roughness significantly impacts the insertion loss, d is preferred to be less than 30°. 

The region marked out as ‘E’ in Figure 7.1, with large overhang angles, should really be 

avoided. The region B, with a large angle u but in the up-skin area, can be readily formed with 

good quality but the staircase effect would make the hatch pattern of the laser visible on the 

surface. One of the main considerations in designing such filters for 3D printing is to avoid or 

minimize the overhang problems, avoid excessive surface roughness and therefore reduce the 

risk of structural failure or significant performance degradation [13]-[16].  
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Figure 7.1 An illustration of the surface texture/roughness in relation to build orientation, u 

and d, for the up-skin and down-skin surfaces. 

 

Figure 7.2 Some typical self-supportive cavity structures used in 3D printing. 

 

This makes self-supportive geometries highly desirable for cavity resonators/filters. Some of 

these geometries can be found in Figure 7.2. The rounded structures are good choice. But the 

north- pole area may be modified to avoid any flat ceiling structure. The self-supportive 

geometries also give the opportunity to design filters to be printed vertically, which saves 

footprint on the printing platform for more parts to be printed in one go. One caveat is the 

moderately increased risk in building tall structures when instability of the printer platform 

during long print could disrupt or fail the parts. So, it is often desirable to design the structures 

as compact as possible in both scanning (horizontal) and printing (vertical) directions. In [17], 

a filter based on spherical resonators is printed vertically using SLM technology. The resonators 

are stacked upon each other. The ceiling of the spheres is removed to create the coupling irises 

while avoiding overhangs. If the spheres are staggered sideway, the pole ceiling may have to 

be modified. The triangular resonator [17] is good for printing but not the most suitable for 
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stacking up. Conventional rectangular resonators must be tilted in printing, e.g., by 45˚. The 

rhombus shape resonator with d < 45˚ offers a good balance in the printability, internal surface 

finishing and flexibility to create a compact stack and layout. The adjacent resonators can be 

attached diagonally rather than on top of each other. As with the triangular shape, it has sharp 

corners which may present some difficulties with surface coating, if required.   

In this chapter an irregular-hexagon shaped resonator is proposed and used. This structure 

reduces the overhangs and enhance the printability and modularity of the filters. The geometry 

allows closely packed resonators laid out in a low profile and in various topologies to realize 

transmission zeros in the transfer function. It also enables the filters to be printed in a vertical 

sitting direction along the direction of the ports, without requiring any internal support 

structures and without the need of tilting the build as in many rectangular cavity-based filters. 

The resonator structures and the filters formed of them are highly suitable for 3D printing.  

7.2 Resonator geometry 

First, we will introduce the self-supportive resonator structure for 3D printing. Figure 7.3(a) 

shows the primary model of the resonator. The resonator side walls are narrowing towards the 

ceiling at a slope angle, d against the vertical axis. This angle is adjustable but preferentially 

set at 30˚ to reduce the risk of overhang-associated excessive surface roughness [19]. The side 

walls are also narrowing at an angle of u towards the bottom of the resonator. This angle can 

be more flexibly chosen but set to be equal to d in order to create a symmetric geometry. 

Similar resonator is presented in [20], in which the resonators not only have sharp corners but 

also stack on top of each other. In this work, the sharp corners are rounded, and the resonators 

are staggered to make a very compact layout and to realize transmission zeros using dangling 

nodes, while still being printed vertically with minimum overhang. Figure 7.3(b) shows the 

resonator with corners rounded by R1=1 mm, R2=5 mm and R3=5.08 mm. The modified 

resonator structure is shown in Figure 7.3(c). Its Qu for the first two modes is compared with 

two other variations (with different d values) and the rectangular resonator in Table 7.1. 
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(a)                                      (b)                              

                      

(c)                   (d)                            (e) 

Figure 7.3 (a) Primary and (b) modified model of the proposed resonator. (c), (d), (e): Three 

types of resonators with varying d of 30˚, 45˚ and mixed 30˚/45˚. 

Table 7.1 Resonant frequency and Qu comparison between the proposed resonators and 

rectangular resonator 

 Resonant frequency (GHz) / Qu 

d 30˚ 45˚ 30˚/45˚ Rec. 

Mode 1 10/7007 10/8562 10/7848 10/7794 

Mode 2 13.1/9153 14.9/10865 15/9850 15.1/9749 

 

All resonators are designed to have their fundamental resonant mode at 10 GHz. The Qu of the 

proposed resonator with d = 30˚ is 10% lower than the rectangular resonator. The lower Qu 

could be caused by the fact that the 60˚ side wall slope (d = 30˚) creates sharper sides in the 

cavity. This confines the field and increases the current density. This reduces the efficiency of 

the resonator and lead to a lower Qu factor compared to cavity resonators with smooth, rounded 

geometries. The sharp corners in a cavity resonator can also encourage the excitation of higher-

order modes in the resonator. The volume and length of the resonator is also 4.8% and 66% 

bigger than the rectangular version, respectively. The Qu can be increased by increasing the d 

to 45˚ (Figure 7.3(d)).  
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(a)                                                                   (b) 

Figure 7.4 Field patterns of the proposed hexagonal resonator with d  = u = 30˚. (a) H-field. 

(b) E-field. 

However, this would reduce the finishing quality of the internal downward surfaces. It would 

also increase the total height of the filters, which may be unfavourable as the increased printing 

height also means more powder to fill the printer tank as well as increased risk of instability. A 

resonator with a mixed d of 30˚ and 45˚ (Figure 7.3(e)) could offer slightly higher Qu than the 

rectangular resonator. This geometry may be suitable for inline filters but becomes inconvenient 

when dangling resonators are used. On balance, we have adopted d as 30˚ for the resonators in 

the designs. Its electrical and magnetic fields patterns are displayed in Figure 7.4. Figure 7.5(a) 

and (b) show a single resonator coupled to two ports and is compared with its counterpart 

rectangular resonator. An elliptic coupling iris is used as shown in Figure 7.5(c). The coupling 

can be adjusted by changing the major and minor axes of the ellipse. The ports are based on 

WR90 waveguide. For both source and load irises, d1 and d2 are 9.8 mm and 6 mm, respectively. 

For the hexagonal resonator, l is 28 mm. h and w are equal to the standard WR90 waveguide, 

i.e., 22.86 mm and 10.16 mm, respectively. For the regular rectangular resonator, h is 16.9 mm. 

The rest of the dimensions are based on WR90. The source and load irises’ length and width 

are 8.9 mm and 10.16 mm, respectively. The proposed resonator has a higher cut-off frequency, 

but slightly lower second-order mode frequency compared with the rectangular resonator. The 

compactness of the hexagonal resonator is evident as shown in Figure 7.5(b). The resonator can 

be printed vertically, unlike the conventional rectangular resonators, which must be printed with 

a 45˚ tilt. Cross-coupling extracted pole and non-resonating nodes can all be implemented using 

the proposed resonator model. In this work, the non-resonating node designs are chosen. 
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(a)                                                                                      (b) 

 

(c) 

Figure 7.5 A single resonator and the coupling structure. (a) Side view. (b) Comparison with 

a rectangular resonator that has the same resonance frequency and loaded Q. (c) The elliptical 

iris structure. 

7.3 Synthesis, design, and fabrication of filters 

Three bandpass filters, narrowband and wideband, are designed and fabricated to 

demonstrate the capability of the proposed resonators over the rectangular resonators. They are 

fabricated with aluminium-copper alloy (A20X) using Concept Laser M2 based on selective 

laser melting (SLM) printing technology. The fabricated filters are polished using vibratory 

grinding machine to reduce the surface roughness. The measured typical surface roughness and 

the nominal electrical conductivity of A20X are around 3.5 µm and 1.9×107 S/m, respectively. 

These are used to obtain the effective conductivity, which is around 0.56×107 S/m and used in 

the simulations to obtain insertion loss. The first and second designs are a third-order filter each 

with two transmission zeros realized using dangling nodes. The filters are different in their 

bandwidth (1% and 5% FBW) and topology. Both filters are designed using the non-resonating 

node method [21],[22]. The third design is a third-order Chebyshev filter. 

 

60˚ 
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7.3.1 A third-order wideband filter with two transmission zeros 

Figure 7.6 shows a third-order filter topology with two transmission zeros (TZs) together 

with its equivalent circuit model. The specification of the filter is: fc = 10 GHz, BW = 500 MHz, 

Return loss (RL) = 20 dB, and TZs at 9.25 GHz and 10.75 GHz. The filter is synthesised using 

the non-resonating node method and the values of circuit elements in Figure 7.6(b) are obtained 

as J1 = 1, J2 = 2.5285, J3 = 1, J4 = 2.8878, J5 = 1.1078, J6 = 1.0685, b1 = 2.0154j, b2 = 3j, b3 = -

3.1887j, b4 = -3j and b5 = -0.3411j. All the capacitances are normalized to 1. The coupling 

matrix is acquired from the circuit elements and presented in (7.1).  

[
 
 
 
 
 
 
0 1 0 0 0 0 0
1 2.0154 2.5285 1 0 0 0
0 2.5285 3 0 0 0 0
0 1 0 −3.189 2.8878 1.1078 0
0 0 0 2.8878 −3 0 0
0 0 0 1.1078 0 −0.341 1.0685
0 0 0 0 0 1.0685 0 ]

 
 
 
 
 
 

             (7.1) 

The filter is designed using the step-tuning technique, in which the filter’s topology is 

divided to three subsections (Figure 7.6(a)), whose corresponding coupling matrices are 

extracted from the main coupling matrix in (7.1). Figure 7.7 shows the three subsections and 

their coupling matrix. Each subsection is designed separately by optimization so that its S 

parameters match those from the corresponding coupling submatrix. It must be noted that, in 

each subsection, one or two internal couplings must be converted to external couplings.  

      

(a)                                                          (b) 

Figure 7.6 A third-order filter with two transmission zeros. (a) Topology, which is divided 

into three subsections using three red rectangles. Dark and white circles represent resonators 

and NRNs, respectively. (b) Equivalent circuit model. 
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 S 1 2 L 

S 0 1 0 0 

1 1 2.0154 2.5285 0.3713 

2 0 2.5285 3 0 

L 0 0.3713 0 0 
 

(a) 

 

 S 1 2 L 

S 0 0.3713 0 0 

1 0.3713 -3.189 2.8878 0.411 

2 0 2.8878 -3 0 

L 0 0.4114 0 0 
 

(b) 

 

 S 3 L 

S 0 0.4114 0 

3 0.4114 -0.341 1.0685 

L 0 1. 0685 0 
 

(c) 

Figure 7.7 A The three subsections of the filter. (a) First subsection including NRN 1 and 

resonator 2. J3 is changed to J3’ using (7.2). (b) Second subsection including the NRN 3 and 

resonator 4. (c) Last subsection. 

For example, in the case of Figure 7.7(b), the internal couplings J3 and J5 in Figure 7.6(a) are 

converted to the external coupling J3’ and J5’ using the following equation: 

𝐽i
′ = 𝐽i × √𝐹𝐵𝑊

𝜋

2
(
𝜆g

𝜆
)
2

                 (7.2) 

where Ji’ represents the external coupling of the submatrix, Ji is the internal coupling of the 

coupling matrix, λ and λg are the free-space and guided wavelength, respectively. The diagonal 

elements of the submatrix, representing the self-coupling (for resonators, NRNs or ports), are 

also adjusted. For example, in the case of Figure 7.7(b), the diagonal elements corresponding 

to S and L are set to zero. Similar process is applied to other subsections. EM design for each 

subsection is achieved by dimensioning and optimization to fulfil the S parameters of the 

submatrix.  
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(a)                                                                                               (b) 

Figure 7.8 The wideband filter. (a) Layout. (b) EM simulation results compared with the 

responses from the coupling matrix. 

For the dimensioning process, the values of R1, R2, R3 (for resonators) and minor axis (for irises) 

are fixed as defined in Figure 7.5. The only two parameters that control the resonant frequency 

and the coupling are l and the major axis, respectively. By controlling the value of l and the 

major axis, each subsection is designed to match the corresponding coupling matrix frequency 

response. Finally, all the subsections are joined together and optimized. Figure 7.8 shows the 

filter based on an E-plane configuration, using WR90 waveguide. The dominant mode is 

TE101. The designed structure can be seen in Figure 7.8(a). The filter is designed with 5×M2 

tuning screws on the side wall (see Figure 7.3(a)) of each resonator and the NRN to fix the 

frequency detuning. The screws are designed to be inside each cavity by half of the cavity’s 

length. The dimensions of the filter are as follows: dS1 (major axis of the elliptical iris between 

source and resonator 1) = 16.02 mm, d12 = 14.35 mm, d13 = 14.86 mm, d34 = 17.2 mm, d35 = 

13.39 mm, d5L = 15.17 mm, l1 (length of resonator 1) = 20.28 mm, l2 = 19.95 mm, l3 = 24 mm, 

l4 = 24.44 mm, l5 = 22.39 mm. The minor axis of all elliptical irises is 6 mm and is fixed for the 

next two designs. The size of the filter is 57.7 mm × 31.4 mm × 24.44 mm and the volume are 

1.91×104 mm3. A similar filter designed using rectangular resonators would have a total length 

and volume of 71.10 mm and 2.41×104 mm3, respectively, which are 23% longer and 26% 

bulkier. The EM simulation of the filter compared with the coupling matrix response can be 

seen in Figure 7.8(b). There are two spurious peaks out of band in the simulation. These are 

found to be strongly associated with the wide bandwidth of the filter. The strong coupling (and 

therefore large irises) allows resonances to establish at the lower and the upper bands. These 

are not seen in the narrow band filter to be presented later in Section 7.3.2.  
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(a)        (b) 

 

(c) 

Figure 7.9 The wideband filter prototype. (a) Printing direction. (b) Fabricated filter on the 

printing platform. The net shape segments are supportive structures. (c) Measurement results 

compared with EM simulation. 

Figure 7.9(a) shows the printing direction of the wideband filter. This printing direction is 

adopted in the next two designs. An image of the printed structure on the printer substrate with 

external supporting structures is presented in Figure 7.9(b). The tuning screw holes are drilled 

afterward. The thickness of the structure’s outer walls and irises are set to 2 mm and 1 mm, 

respectively. The S parameter of the filter, without tuning screws, is measured and compared 

with the simulation in Figure 7.9(c). The measurements show about 150 MHz frequency shift 

towards the higher frequency. Five M2 tuning screws are added as can be seen in Figure 7.10(a).  
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(a) (b)    

 
(c) 

Figure 7.10 The wideband filter after tuning. (a) (Top) Tuning screws on the front wall. 

(Bottom) Same filter with tuning screws on the side walls. (b) Tuned results compared with 

EM simulation. (c) The measured group delay compared with the EM simulation. 

The tuning screws could also be implemented on the front walls (marked out in Figure 7.3(a)) 

of the cavities. The side wall tuning screws are capable of correcting larger frequency shift 

whereas the front-wall tuning is more suitable for fine tuning. The latter is adopted in this 

design. The tuned response of the filter is compared with simulation in Figure 7.10(b). The in-

band insertion loss is measured 0.21 dB compared to the simulation, which is 0.16 dB. The 

simulation is performed using the material effective conductivity, which is obtained using the 

nominal electrical conductivity and the surface roughness of the material. The filter bandwidth 

is reduced by 87 MHz compared to the simulation. The frequency of the lower out of band peak 
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is reduced by almost 150 MHz. The achieved return loss is 23 dB. The group delay of the tuned 

filter is measured and compared with the simulation in Figure 7.10(c). 

7.3.2 A third-order narrowband filter with two transmission zeros 

The second design is another third-order filter with two TZs, but with a much smaller FBW 

of 1%. The TZs are at 9.85 GHz and 10.15 GHz. Figure 7.11 shows the filter topology together 

with its equivalent circuit model. In order to demonstrate the capability of the resonator to 

implement various topologies the two dangling nodes are located at the first and last resonator 

rather than next to each other as in the first example. The same synthesis method is used and 

the value of circuit elements in Figure 7.11(b) are given as J1 = 1, J2 = 2.5285, J3 = 0.9700, J4 = 

1, J5 = 2.6069, J6 = 1.0310, b1 = 2.329j, b2 = 3j, b3 = 0, b4 = -2.4755j and b5 = -3j. The coupling 

matrix of the filter is 

[
 
 
 
 
 
 
0 1 0 0 0 0 0
1 2.3290 2.5285 0.9700 0 0 0
0 2.5285 3 0 0 0 0
0 0.9700 0 0 1 0 0
0 0 0 1 −2.475 2.6069 1.0310
0 0 0 0 2.6069 −3 0
0 0 0 0 1.0310 0 0 ]

 
 
 
 
 
 

                  (7.3) 

 

Figure 7.12(a) shows the filter structure, designed using the step-tuning method as the previous 

example. Five M3 tuning screws are located on the front wall of and halfway into each cavity.  

                   

(a)                                                             (b) 

Figure 7.11 A third-order filter with two transmission zeros. (a) Topology. (b) Equivalent 

circuit model. 
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(a)                                                                  (b) 

Figure 7.12 The narrowband filter. (a) Layout. (b) EM simulation results compared with 

those from the coupling matrix. 

The dimensions of the filter are as follows: dS1= 13.87 mm, d12 = 12.2 mm, d13 = 9.69 mm, d35 

= 9.05 mm, d34 = 12 mm, d5L = 21.71 mm, l1 = 20.6 mm, l2 = 24.7 mm, l3 = 26.17 mm, l4 = 29.88 

mm, l5 = 26.85 mm. The general dimension of the filter is 57.72 × 38.48 × 29.88 mm3. The EM 

simulation results is compared with the coupling matrix in Figure 7.12(b). The filter is 

fabricated with the same thickness for walls and irises as the previous design. The tuned 

response and group delay are compared with simulation in Figure 7.13, which shows an 

excellent agreement. The in-band insertion loss is measured as 0.63 dB, which is almost equal 

to the simulated loss of 0.65 dB. The fabricated filter is compared with other 3D printed filters 

reported in the literature in Table 7.2. Different geometries are used in designing filters in 

different frequency ranges. Each geometry offers different Qu and printing direction. The 

spherical resonator filters have the highest Qu and suitable for narrow-band filtering. The 

proposed filter made from hexagonal resonators with rounded corners shows a modest level of 

Qu. The proposed hexagonal resonator is optimised for better surface finishing after 3D printing 

by minimising the ceiling surface compared with the spherical and ellipsoid resonators. Except 

for the rectangular resonator, the hexagonal, spherical, and ellipsoid resonators can offer more 

freedom in filter cavity arrangement. The resonators can be attached next or diagonal to each 

other. The proposed hexagonal resonator offers more compactness level compared to the other 

resonators by minimising the gap between cavities, when they sit next to each other. 
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(a) 

 

(b) 

 

(c) 
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Figure 7.13 (a), (b) Tuned results of the narrowband filter compared with EM simulation 

using effective conductivity of the A20X. (c) Group delay of the tuned filter compared with 

the EM simulation. 

Table 7.2 Comparison with previously reported filters 

Ref. 
Cavity  

geometry 

Printing 

direction 

BW 

(MHz) 

fc 

(GHz) 

IL 

(dB) 
Qu Cond. Tech. 

T.W. Hexagonal Vertical 100 10 0.63 3400 A20X SLM 

[7] Spherical Vertical 500 8.2 <0.4 5700 A20X SLM 

[10] Rectangular 45º tilted 
10 

GHz 
90 1 NA copper MLS 

[13] 
super-

ellipsoid 

Lying 

down 
250 14.1 <0.2 4600 silver SLM 

[14] 
super-

ellipsoid 

Lying 

down 
250 12.9 <1 4400 silver SLM 

[17] Spherical Vertical 54 11.5 1 5800 silver SLM 

[20] Hexagonal Vertical 500 13 0.58 1000 PLA FDM 

 

7.3.3 A third-order wideband filter 

The third example is a third-order filter, which is synthesised and designed using the well-

known method in [23]. The specification of the filter is similar to the first design but without 

any TZs. The coupling matrix of the filter is given in (7.4). Figure 7.14(a) shows the topology 

of the filter. 

[
 
 
 
 

0 1.0825 0 0 0
1.0825 0 1.0303 0 0

0 1.0303 0 1.0303 0
0 0 1.0303 0 1.0825
0 0 0 1.0825 0 ]

 
 
 
 

                (7.4) 

The filter is designed as displayed in Figure 7.14(b) with dimensions of l1 = 24.81 mm, l2 = 

27.9 mm, l3 = 24.79 mm, dS1=14.3 mm, d12 = 9.97 mm, d23 = 9.96 mm, d3L = 14.24 mm. The 

overall size of the filter is 56.24 mm × 17.24 mm × 27.9 mm and the volume are 1.44×104 mm3. 

There are no tuning screws adopted in the design.  
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(a)                                   (b) 

  

(c) 

 

(d) 

Figure 7.14 (a) Filter topology. (b) Layout. (c) The measured results compared with the EM 

simulation. (d) The measured group delay compared with the simulation. 

 

A filter with similar specification using rectangular resonators would have a total length and 

volume of around 78.26 mm and 1.72×104 mm3, respectively, which are 28% longer and 15% 

bulkier. The S parameter and group delay of the filter are measured and compared with the 
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simulation in Figure 7.14(c), showing very good agreement without any tuning. The 

measurements show 52 MHz frequency shift towards the higher frequency. Simulation-based 

investigation shows that the frequency discrepancy could be because the length of resonators is 

around 300 µm less than the design. Moreover, there are some defected surfaces observed 

around the irises. This could also contribute to the frequency shifts. The in-band insertion loss 

is measured at 0.12 dB, while it is 0.15 dB in the simulation. 

7.4 Conclusion 

A resonator structure, self-supportive for 3D printing, is presented to allow compact layout 

of coupled resonator filters with dangling nodes for generating TZs. The resonator provides a 

compact design compared to the regular rectangular resonators. For a resonator with a resonant 

frequency of 10 GHz, using the proposed resonator, the height of the structure is reduced by 

36% compared with the rectangular resonator. The resonator offers a good modularity for the 

filter structure. The Qu of the proposed resonator is 10% less than rectangular resonators. It is 

shown that the Qu can be improved by choosing a different d, i.e., d = 45˚ or mixed 30˚/45˚. 

Three different filters are designed using the proposed resonator model and fabricated using 

SLM technology to verify the feasibility and capability of the resonator. The measurements 

show frequency shift after fabrication. This is corrected by tuning. The side wall tuning is more 

suitable for the wideband filter, whilst the front wall tuning is effective for the narrow band 

filter. 
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8.1 Introduction 

Additive manufacturing is a revolutionary fabrication technology for passive microwave 

components. Thanks to its capability of fabricating complex structures with reduced or no 

assembly requirement, AM plays an increasingly important role in size, weight, and power 

(SWAP) reduction, especially for satellite applications. Various microwave devices have been 

demonstrated using different AM technologies such as fused deposition modeling (FDM) 

[1],[2], polyjet printing [3], stereolithographic apparatus (SLA) [4],[5] and selective laser 

melting (SLM) [6],[7].  

Taking advantage of AM, microwave engineers are able to make more compact, monolithic 

and lightweight components, which is hard or impossible to achieve using conventional 

machining [8]. However, it demands a careful design-for-manufacture approach. For example, 

it is critical to optimize the component geometries to avoid overhangs in order to reduce the 

risk of printing failure, or to ensure structure integrity and surface quality of the as-printed parts. 

Any downward-facing surface with a slope less than 45° should be avoided [9]. Sharp corners 

or trapped cavity structures may be avoided to facilitate surface post-processing. Surface finish 

of the printed components using SLM is generally much poorer than CNC machining. This is 

due to some intrinsic limitations such as the particle size of the metal powder and the laser spot 

size. Surface roughness can be a significant issue for filters, especially for millimeter-wave 

(mm-wave) applications [10]. When the skin depth becomes comparable with the surface 

roughness, the effective conductivity of the surface can be significantly reduced, causing 

increased insertion loss (IL). One method to improve the surface finish is through post-

processing such as polishing and plating. For X and Ku band filters, mechanical polishing [11] 

and electropolishing [12],[13] have been shown to be effective to some extent. However, both 

have their limitations. Generally, it is difficult for mechanical polishing to access internal 

surfaces. While vibratory grinding has been shown to reduce internal surface roughness from 

around 12 µm to 5-7 µm [14], it is almost impossible to reduce the roughness further due to the 

size limit of the polishing agents and the reduced impact inside the metal cavities. 

Electropolishing could be more effective in reducing the surface roughness, but it is more 

difficult to control and often aggressively erodes fine internal features.  

The printing and polishing for millimeter-wave waveguide filters are exponentially more 

difficult due to their small size (down to 100s or even 10s of microns) and sensitivity to 
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dimensional offset as a result of printing tolerance. Hence, an accurate 3D printing technology 

and an effective and controllable plating and polishing process are highly desired to meet the 

needs from mm-wave devices. From the open literature, we have not seen any effective 

polishing techniques applied to high mm-wave metal 3D-printed filters.        

In this work, we have established an end-to-end manufacture process from metal 3D printing, 

polishing, to plating, demonstrated in an 3D printed monolithic E-band filter. A modified 

hexagonal shaped resonator is used to construct the filter to be printed in one piece using a high-

precision laser powder bed fusion technique – micro laser sintering (MLS) [10],[15],[16]. This 

structure reduces the overhangs and enhances the printability of the filters. The geometry allows 

closely packed resonators to be laid out in a low profile without requiring any internal support 

structures during printing and without the need of tilting the build as in many rectangular cavity-

based filters. This high-precision metal printing technique has been used to produce mm-wave 

filters before [20]. However, in this work, for the first time we will demonstrate a polishing 

technique, which is effective in reduce the surface roughness to 1.95 µm without detrimentally 

eroding the internal coupling structures. This much improved surface quality results in 

significantly reduced insertion loss of the filter to a record low level. 

8.2 Filter design 

The filter has a Chebyshev response, a central frequency of 83.5 GHz and bandwidth of 5 

GHz. The return loss level within the passband is 23 dB. Figure 8.1(a) and (b) show the topology 

of the filter together with its equivalent circuit model.  

      
(a)                                     (b) 

          
(c)            (d) 

Figure 8.1 (a) Filter topology. (b) Equivalent circuit model of the filter. (c) and (d) Air model 

of the filter in different views. 
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(a)                                            (b) 

Figure 8.2 (a) Resonator geometry. (b) Elliptical iris geometry. 

             

          (a)                                 (b)                                            (c) 

Figure 8.3 Evolution of the resonator geometry: (a) The primary shape, h = 3.2988 mm and w 

= 1.5494 mm. (b) After intersection with a hexagonal prism (light grey). (c) After rounding by 

radius of 0.1 - 0.5 mm. 

The circuit element values are obtained as JS = 1.0825, J1 = 1.0303, J2 = 1.0303, JL = 1.0825, 

b1 = b2 = b3 = 0 using the well-known method in [17]. The filter is designed using the step tuning 

method, in which the filter topology and the coupling matrix are divided to three subsections. 

Each subsection is optimized separately so that its S parameters from the EM simulation match 

the one from the coupling submatrix. The optimized subsections are connected to each other to 

form the filter structure before a final optimization. Details of this process can be found in [18]-

[20]. The designed filter is shown in Figure 8.1(c) and (d). Modified hexagonal resonators and 

elliptical irises are used. The resonator and the iris geometries are shown in Figure 8.2. w and 

h are fixed to 1.549 mm and 3.099 mm (standard dimensions of WR12 waveguide), 

respectively, for all resonators. The steps of creating the modified resonator are shown in Figure 

8.3. The 83.5 GHz resonator has a volume of 8.9 mm3, which is 57% smaller than the 

rectangular resonator at the same resonance frequency. Its compactness, however, reduces its 

Q-factor to 2666. This is around 1000 less than the rectangular resonator. A trade-off has been 

made. The dimensions of the designed filter are: dS1 (major axis, d1 in Figure 8.2(b), of the 

elliptical iris between source and resonator 1) = d3L = 2.05 mm, d12 = d23 = 1.63 mm, l1 (length 

l 
h 

w 

120˚ 

60˚ 
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of resonator 1) = 2.81 mm, l2 = 3.25 mm, l3 = 2.81 mm. The minor axis (d2 in Figure 8.2(b)) of 

the elliptical irises is fixed to 0.3 mm.  

8.3 Fabrication and measurement 

8.3.1 Printing 

Figure 8.4(a) shows the initial CAD model of the filter with the standard flanges. The 

modified hexagonal shaped resonators are self-supportive. This allows the resonators to be built 

along the direction of the long axis of the resonator. However, for the rectangular waveguide 

feed, the narrow wall would be a downward facing surface. To avoid this overhang structure, 

the narrow wall of the feed waveguide has been modified into a pointed roof structure as shown 

in Figure 8.4(b). To reduce the printing height (and therefore the cost), a portion of the flange 

was removed. This does reduce the reliability of the flange interconnection but without 

impacting much on the laboratory verification. It should also be noted that the holes on the 

flanges have been modified into a waterdrop shape, again to avoid overhang. The outer profile 

of flanges was changed into a wavy shape to relieve potential thermal stress. Furthermore, the 

flanges must have sufficient bending stiffness at the joint with the main body of the filter so 

that they do not collapse during the printing process. Otherwise, additional support struts should 

be added to the flanges. Figure 8.4(b) shows the final design for fabrication. The overall 

dimension of the filter is 19 mm × 8.6 mm × 12.5 mm. Two samples of the filter are fabricated 

by the powder bed based additive manufacturing technology, known as MLS, out of stainless-

steel material.  

            

(a)                                                (b)                                      

Figure 8.4 (a) Initial CAD model with full flanges. (b) Modified final model and the printing 

direction. 
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MLS offers much higher manufacture accuracy than conventional SLM/SLS. It handles metal 

powders of a particle size, D90, of 5 µm (this is typically 50 µm for SLM/SLS). The printer uses 

a laser with 50 W laser average power. During the process the laser spot diameter was focused 

down to 30 µm and operates in continuous wave mode. The layer thickness is around 7 µm. 

This printing technique renders a manufacture tolerance of 5-10 µm, while most other metal 

3D printers (used to produce microwave components) have a tolerance of around 25-100 µm. 

The as-printed surface roughness achieved from MLS is also much lower than other metal 

printing techniques. We have measured this to be around 2-5 µm [10],[15],[21]. Other metal 

3D printing usually results in a surface roughness of ~10 µm [6],[22],[23]. It should be born in 

mind that on the downward facing surfaces, the surface roughness is usually much higher than 

this, due to the lack of support during printing.    

8.3.2 Polishing 

Due to the small opening of the monolithic structure, mechanical polishing is not feasible. 

We have experimented with an electrochemical polishing process – the so-called Hirtisation® 

[24]. We have not seen any previous application of this process or similar to such small 3D-

printed mm-wave parts. For the stainless-steel parts, the medium used was SS-Auxilex. It has 

been found that this polishing process is less aggressive and more controllable than 

conventional electrochemical processes. A material removal of about 30 µm was specified. 

Dimensional metrology shows a removal of about 25±5 µm. The measured surface roughness 

on the outer surface of the filter, using an Alicona Infinitive Focus SL 3D microscope, before 

and after the polishing is summarized in Table 8.1. The roughness is halved by Hirtisation. This 

has been consistently achieved with other MLS printed parts we have experimented too. These 

values are used to obtain the effective conductivity [25] of the stainless steel and gold, as given 

in Table 8.1. Using these effective conductivity values, the simulated insertion losses are given 

in Table 8.1. Later we will show this improved surface roughness also results in much improved 

RF performance from the measurements. Figure 8.5(a) and (b) compares the microscopic 

profile of a flange surface after wire cutting and a 3D-printed surface after polishing. Although 

the latter is still much rougher than the machined surface, the Hirtisation process provides clear 

smoothing effect on the printed surface. 
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Table 8.1 Measured surface roughness and insertion loss of the filter before and after 

Hirtisation® surface treatment. 

 Sample-1 (Unpolished) Sample-2 (Polished) 

 Uncoated coated Uncoated coated 

1Sa (µm) 4.35 2.90 1.95 2.00 

2eff  (S/m) 3.6×105 1.03×107 4.4×105 1.04×107 

Sim. min IL (dB) 1.37 0.274 1.24 0.27 

Meas. min IL (dB) 1.5 0.43 1.14 0.14 

1Sa represents the surface roughness evaluated with filtering, which removes the waviness 

effect. 2eff is the effective conductivity taking into account the measured surface roughness. 

8.3.3 Plating 

Stainless-steel has a poor electrical conductivity and therefore has to be coated with high-

conductivity metals, such as gold in this case, especially on the internal surface. This is not 

straightforward for a monolithically built structure with cavities not in a line-of-sight 

configuration. See Figure 8.4(a). A proprietary electroless plating process was used. This was 

discussed in [8],[10] and will not be repeated here.  Sample-1 is gold coated without polishing, 

whereas Sample-2 is polished before gold coating, in order to investigate the effect of the 

polishing process. After gold coating, the surface roughness was measured again, as given in 

Table 8.1. 

8.3.4 Measurements 

The insets of Figure 8.5(c) shows Sample-1 (unpolished) filter before and after gold coating. 

Measurements were carried out using a Keysight PNA-X N5247B Vector Network Analyzer 

with a pair of VDI WR12 (60-90 GHz) frequency extension modules. Before the measurements, 

through-reflect-line (TRL) calibrations were performed. The corresponding measured 

responses are compared with the EM simulation. The measured insertion loss of the uncoated 

filter is 1.5 dB, which is 0.13 dB more than the estimated insertion loss from the simulation 

taking into account the measured surface roughness. After gold coating, the insertion loss is 

reduced to 0.43 dB. The frequency shift is measured around 1.2 GHz and 400 MHz before and 

after coating, respectively. Based on the simulations, it is estimated that the frequency shift  
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(c) 

Figure 8.5 (a) A flat flange surface after electrical discharge machining (EDM) and polishing, 

Sa = 0.27 mm; (b) A curved 3D-printed surface after polishing, Sa = 1.95 mm; (c) Sample-1 

(insets, unpolished): S parameters comparison before and after gold coating. 

could be a result of 4 µm thick coating deposited inside the cavities. There is a noticeable 

degradation in the S11 performance due to the manufacturing tolerance. Unfortunately, it is not 

yet feasible to tune such small cavity structures. Figure 8.6(a) compares the responses of two 

uncoated stainless-steel filters before and after polishing. Polishing reduces the insertion loss 

by 0.36 dB to 1.14 dB. The insertion loss is 0.1 dB lower than the simulation result. Figure 

8.6(b) and (c) compares the S parameters of the two gold-coated samples – Sample-1 

(unpolished) and Sample-2 (polished). After polishing, the measured insertion loss is further 

reduced by 0.29 dB to 0.14 dB. This is 0.13 dB lower than the simulation result. The better-

than-expected ILs in both polished cases seem to suggest the achieved surface roughness may 

be even lower than 1.97/2.00 µm. The measured insertion losses for both samples are compared 

with the simulations in Table 8.1. Polishing causes a shift of the central frequency by 800 MHz 

as a result of material removal. Simulation shows that an increase in cavity dimensions by ~20 

µm and size of irises by ~30 µm would cause a similar level of frequency shift. This is consistent 

     (a)  

Sa = 0.27 mm 

     (b)  

Sa = 1.95 mm 
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with the specified 30 µm material removal from the Hirtisation process. This indicates a good 

control of the polishing process parameters. After gold coating, the frequency shift has been 

improved to 1.6 GHz as the deposited gold compensates for the removed material during the 

polishing process. Table 8.2 provides a comparison of measured insertion loss of filters that are 

fabricated using different types of manufacturing technique. The group delay of the polished 

and coated filter is measured and compared with the simulation in Figure 8.6(d).     

  

(a) (b) 

  

(c) (d) 

Figure 8.6 S parameters comparison between the two samples (a) before gold coating and 

(b) after gold coating. (c) The same graph of Figure (b) but in the whole frequency band. 

(d) Measured group delay of the polished and coated filter compared to simulation. 
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Table 8.2 Comparison with other waveguide bandpass filters 

Ref. fc (GHz) FBW (%) IL (dB) Manufacturing technique 

[21] 88.34 12.1 1.94 MLS 

[21] 89.1 11.1 1 MLS 

[26] 87.5 11.5 0.3-0.5 SLA 

[27] 75.5 5.3 8 SLM 

[28] 92.6 4.53 0.5 CNC 

[29] 92.5 20 0.6 CNC 

T.W. 83.5 6 0.14 MLS 

 

8.4 Conclusion 

In this paper, a metal 3D printed E-band bandpass filter is used to demonstrate the 

effectiveness of the surface treatment using the Hirtisation® polishing process. The filter is 

designed using the modified hexagonal resonator. Two samples are fabricated using MLS-

based high-precision metal 3D printing technology out of stainless steel. Sample-1 is gold 

coated after printing, while sample-2 is electrochemically polished using Hirtisation process 

and then gold coated. The effects of polishing and coating have been investigated by 

comparison of the measured S parameters. It shows the gold coating improves the insertion loss 

by about 1 dB whereas the polishing step further reduces the insertion loss by about 0.3 dB. 

This results in an impressively low insertion loss of only 0.14 dB for sample-2. Surface 

characterization shows that the Hirtisation process halves the surface roughness of the as-

printed stainless-steel parts. From the measured frequency shifts, it can be inferred (estimated 

by simulation) that the gold coating thickness is about 4 mm whereas the material removal by 

polishing is about 20 µm. These are both in reasonable agreement with the expectation. It should 

be noted that the material removal rate in the Hirtisation process can be adjustable. A larger 

removal rate (e.g., 100 µm) can usually be better controlled so that even lower surface 

roughness may be achieved. This work shows the effectiveness of the polishing process. 

Together with the coating process, this could be a viable surface treatment technique that is 

highly anticipated for metal 3D printed mm-wave waveguide devices.   
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9.1 Conclusion 

This thesis focused on proposing novel synthesis methods of filters and multiplexers, 

modified design techniques, and fabrication of microwave filters using different materials. 

Chapter 2 describes different methods for synthesis a coupling matrix of Chebyshev filters. 

These include the synthesis using g-values, the (N+2) × (N+2) coupling matrix, the extracted 

pole, the unified extracted pole, and the non-resonating node synthesis method. The step-tuning 

design technique of filters is also briefly explained. In Chapter 3 a new synthesis method is 

proposed for filters with multiple-dangling nodes, which generates more transmission zeros 

than the number of in-band poles (filter order number). The work shows the effect of out-of-

band complex reflection zeros with non-zero real part, which is generated due to the multiple-

dangling nodes. This deteriorates the out-of-band signal rejection. A mixed E/H-plane 

dangling-node structure is used to improve the rejection. A sample filter is designed, and the 

fabrication is enabled by 3D-printing technology. Chapter 4 presents a new synthesis method 

for diplexers and multiplexers with all-resonator topology. The method generates a more 

accurate and robust initial coupling matrix for multiplexers by considering the loading effect of 

different channels. The method reduces the synthesis time of such topologies to seconds. 

Chapter 5 presents a third-order X-band filter designed using the non-resonating node method 

and fabricated using selective laser melting technology. The X-Ray imaging of the filter shows 

the effect of shrinkage due to the fabrication process. Without any tuning, the filter S parameters 

show a promising result. However, a frequency deviation and resonator detuning are evident. 

Chapter 6 investigates the pros and cons of using a titanium alloy Ti64 in fabrication of a fifth-

order X-band filter. Taking advantage of Ti64 properties, the filter is designed with 1 mm wall 

thickness leading to a very light weight filter. In this chapter a modified rounded rectangular 

resonator is used to build the filter. The modified structure allows the filter to be printed without 

any tilted printing direction and no internal support. The coupling irises are moved to one side 

of the filter to ease the polishing and silver coating. A frequency shift and resonator detuning 

are visible on the measured S parameters. Chapter 7 proposes an irregular-hexagonal cavity 

resonator for compactifying filter structure. The resonator offers high printability, flexible 

designs and allows the filters to be printed vertically without any tilt against the printer platform. 

The compact size and the vertical printing direction led to having more room for other 

components on the printer platform. However, the proposed resonator has a lower Q factor 

compared to a rectangular resonator. Three filters are designed using the irregular-hexagonal 
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resonator and fabricated using selective laser melting technology. Very good agreement is 

achieved for all three filters. Chapter 8 presents an E-band filter designed using a modified 

hexagonal resonator to improve the printability and compactify the filter structure. Two samples 

of the filter are printed using micro laser sintering technology and then gold coated. The coating 

improves the insertion loss by ~1 dB. The second sample is electrochemically polished using 

Hirtisation process before gold coating. This polishing technique reduces the surface roughness 

to 1.95 m without detrimentally eroding the internal coupling structures and significantly 

reduces insertion loss of the filter to a record low level of 0.14 dB. However, due to the amount 

of material removed during the polishing, the frequency deviation is bigger compared to the un-

polished sample.  

9.2 Future Work 

Some possible future work based on what is presented in this thesis are given below.  

i. Improving the synthesis method of multiple-dangling node filters 

In the proposed method in Chapter 3, the out-of-band signal rejection is highly 

sensitive to the real part of the out-of-band reflection zeros leading to deterioration 

in the signal rejection level. A further study is worthwhile to reduce the sensitivity 

on the real-part of the out-of-band reflection zeros. 

    

ii. Improving the synthesis method of all-resonator multiplexers 

As mentioned in Chapter 4, the proposed method generates a robust initial coupling 

matrix that can reduce the matrix optimisation time to seconds. However, the 

iterative process of the method is not fully automated and has the capacity to be 

improved. Moreover, the method still requires a final quick optimisation. The theory 

behind the method can be further developed to remove the need for optimisation.   

 

iii. Developing a software for the synthesis of all-resonator multiplexers 

In Chapter 4, the proposed method is validated with several examples with different 

topologies and specifications. The method can be used as a semi-automated software 

tool to synthesise the all-resonator multiplexers. 

 

iv. Improving the proposed modified resonator geometries 
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The modified resonators discussed in Chapter 6, Chapter 7, and Chapter 8 have 

lower Q factor compared to a rectangular resonator. This can be improved by further 

structural modification without losing the printability offered by the proposed 

geometries.  

 

v. Tuning the E-band filter 

The measurement results of the E-band filter in Chapter 8 shows a frequency 

deviation and resonator detuning comparted with the simulations. According to the 

simulations, it is possible to compensate the resonator detuning of the filter by 

adopting three 0.5 mm diameter tuning needles. However, tuning at such high 

frequencies is not straightforward. A systematic study on the tuning of such filters 

should be worthwhile.   


