
TRANSPORT IN PERIODIC POROUS
MEDIA: BEYOND HOMOGENISATION

By

Yahya Farah

A thesis submitted to

the University of Birmingham

for the degree of

DOCTOR OF PHILOSOPHY

School of Mathematics

College of Engineering and Physical Sciences

University of Birmingham

April 2022



 
 
 
 

 
 
 
 
 

University of Birmingham Research Archive 
 

e-theses repository 
 
 
This unpublished thesis/dissertation is copyright of the author and/or third 
parties. The intellectual property rights of the author or third parties in respect 
of this work are as defined by The Copyright Designs and Patents Act 1988 or 
as modified by any successor legislation.   
 
Any use made of information contained in this thesis/dissertation must be in 
accordance with that legislation and must be properly acknowledged.  Further 
distribution or reproduction in any format is prohibited without the permission 
of the copyright holder.  
 
 
 

UNIVERSITYDF 
BIRMINGHAM 



ABSTRACT

The dispersion of scalars (or heat) inside a fluid flowing through a porous medium

is often examined using the theory of homogenisation. Homogenisation theory provides

a coarse-grained description of the scalar at large times and predicts that it diffuses with

a certain effective diffusivity, so the concentration of the scalar is approximately Gaus-

sian. This thesis improves on this by developing a large-deviation approximation which

also captures the non-Gaussian tails of the scalar concentration through a rate function

obtained by solving a family of eigenvalue problems. We demonstrate this on two dis-

tinct examples of idealised porous media. The first example is a medium composed of a

periodic array of impermeable cylindrical obstacles. We focus on the classical problem of

diffusion and examine the dilute and dense limits, when the obstacles occupy a small and

large area fraction, respectively. We derive asymptotic approximations for the rate func-

tion that explain the validity of the Gaussian behaviour in the dilute limit and capture

the non-Gaussian behaviour in the dense limit. We use finite-element implementations

to solve the eigenvalue problems yielding the rate function for arbitrary obstacle area

fractions and an elliptic boundary-value problem arising in the asymptotics calculation

in the dense limit. Comparison between numerical results and asymptotic predictions
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confirm the validity of the latter. The second example is a periodic network composed

of one-dimensional edges along which fluid flows with uniform velocity. We focus on

networks generated from Bravais (triangular and square) and non-Bravais (hexagonal)

lattices. We derive a set of transcendental equations from where the rate function can

be extracted, yielding the effective diffusivity tensor that governs the Gaussian approx-

imation as a byproduct. The dependence of dispersion on the underlying geometry and

topology is determined by examining a set of asymptotic approximations for the effective

diffusivity tensor and the rate function in a variety of physical regimes.
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Chapter One

Introduction

The transport and mixing of scalars (passive tracers ∗) e.g. nutrients, heat, etc., is a

problem that appears in many geophysical and industrial applications from ground water

hydrology [9] to filtration. In all of these examples scalars are confined between solid

(usually impenetrable) obstacles that separate spaces (pores). A principal challenge is to

predict the distribution of scalars as a result of the interplay between advection, diffusion

and geometry of the porous media. This is particularly the case at long times (t " 1)

when the range of scales involved is large.

At this point upscaling methods (which exploit the natural separation of scales)

are usually employed to find the effective form of the scalar distribution for large times.

These methods (e.g., volume averaging, homogenisation [68], and method of moments

[80]) provide an effective description of the pore scale problem valid at the observational

scale. In the case of passive scalar transport they approximate the pore scale description

given by an advection-diffusion equation by a diffusion equation, in which an effective
∗A passive tracer is a species that does not modify the flow by which it is advected.
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diffusivity replaces the molecular diffusivity. The effective diffusivity characterises the

phenomenon of scalar dispersion describing the spread of scalar distribution. Thus its

value is crucial and has been obtained for various physical problems. Original work on

this can be traced back to Maxwell and Rayleigh [59, 72] who obtained the effective

(conductivity) diffusivity of dilute suspension of spheres, in the absence of advection.

However the first theoretical work considering flow were conducted by Taylor and Aris

[83, 10]. They calculated the effective diffusivity for shear flows inside a long thin channel.

This was later extended to describe scalar dispersion inside porous media [22].

The diffusive description and the characterisation of dispersion for t " 1 by an

effective diffusivity describe the bulk behaviour of the scalar distribution. It holds for

distances of Opt1{2q from the centre of mass. However the tails of the scalar distribution

are not adequately represented by the diffusive approximation. The precise form of

the scalar distribution was recently obtained by Haynes and Vanneste [40, 41]. They

developed a large-deviation approximation that is valid at distances of Optq rather than

Opt1{2q that captures the tails of the scalar distribution. This was presented in the

context of scalar dispersion due to shear and cellular flows; and later extended to describe

scalar dispersion in a square network in Tzella and Vanneste [87]. As a result of this

method new dispersion phenomenons related to tails of scalar distribution where obtained.

These include anisotropic dispersion and finite propagation speeds for small molecular

diffusivity.

A natural step is to employ large-deviation approximation to describe scalar dis-

persion in porous media. In this thesis we use this approximation to describe scalar
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dispersion in periodic porous media. Periodic systems constitute a well characterised

idealisation of heterogeneous media. Unlike in disordered media, they allow for a rig-

orous calculations to be made without the necessity of ad hoc assumptions. After-all

some important mechanisms of dispersion depend only upon the geometry of the porous

media. Additionally the study of periodic systems allows us to identify which transport

properties are a consequence of periodic constraints. Motivated by this we focus on two

distinct classes/models of periodic porous media. The first is characterised by circular

obstacles arranged on a lattice. The second are regular networks composed of edges and

vertices.

In the remainder of this introductory chapter, we present the fundamental equa-

tions of scalar transport in Stokes flows (§1.1). In the following §1.2 we present a classifi-

cation of the most common periodic structures, and we introduce the two periodic media

that are going to be studied in this thesis. In the final §1.3 we focus on scalar dispersion.

We report the diffusive approximation by classical homogenisation theory and we recount

classical results. We then introduce the large-deviation approximation that is to be used

throughout this thesis.

1.1 First principles: transport and flow

In a porous medium, the spatial and temporal evolution of a passive scalar is governed by

an advection-diffusion equation, describing advection by a flow and mixing by molecular

diffusion. For a flow of constant density ρ, the velocity field upx, tq rLT´1s is incompress-
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ible i.e, ∇ ¨ u “ 0 , where ∇ “ pB{Bx1, . . . , B{Bxnq is the n-dimension vector differential

operator. In this case, the typical form of this equation is

Btθ ` u ¨∇θ “ κ∇2θ, x P Ω, (1.1.1a)

where θpx, tq rmolL´3s is the scalar (molar) concentration with initial condition

θpx, 0q “ θ0δpx0q, (1.1.1b)

representing a sudden localised release, where x0 is a general point within the pore space

Ω. Here, we have assumed that the diffusivity κ rL2T´1s is constant (i.e., diffusion is

isotropic). Equation (1.1.1a) needs to be supplemented by boundary conditions at the

interface between the pores and solid obstacles. There are a number of models describing

scalar exchanges between the pores and solid boundary. The most basic model corre-

sponds to an impenetrable boundary for which no-flux (Neumann) boundary conditions

apply i.e.,

n ¨∇θ “ 0, on B (1.1.1c)

where n denotes the outward unit normal to the boundary of Ω.

In the absence of advection, Equation (1.1.1) reduces to a classic diffusion equation

whose solution is nonetheless highly complex due to the geometry of the void phase of

the porous medium. The complexity is further compounded by advection by flow. The

associated flows have typically very small velocities [53, 70], and are characterised by low

Reynolds number Re “ U`{ν ! 1, where U and ` are respectively a characteristic flow

speed and length scale. Under these conditions, the flow may be described by the steady
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Stokes equations,

ν∇2u´
1

ρ
∇p “ 0, (1.1.2a)

where ppxq is the fluid pressure. Since the flow is divergent free then Stokes equation

can be reduced to ∇2p “ 0. Impenetrability of the solid obstacles together with no slip

boundary conditions lead to (Dirichlet) condition at B i.e.,

u “ 0 on B. (1.1.2b)

The resulting flow is based on a considerable simplification which neglects inertial and

transient effects. Nevertheless, the resulting flow can be complex due to the geometrical

constraints imposed by the impenetrable solid obstacles [43].

1.2 Periodic media

Naturally occurring porous media usually do not possess long-range order and are difficult

to treat in relative completeness. A major simplification can be achieved by assuming

that the porous medium is spatially periodic. Periodic systems are simpler to model

mathematically, since in such systems their exists a periodic element (elementary cell),

whose properties are representative of the entire system. Their study was initiated in the

19th century by Maxwell [59] and Rayleigh [72] to describe various transport properties

of periodic arrays of spheres and cylinders with the results applied to describe electrical

conduction, a problem directly relevant to the scalar diffusion investigated here.

5



1 a1

a2

`

1

a1

a2

`

2 1

a1

a2

`

Figure 1.1: A section of the (left) square, (centre) triangular and (right) honeycomb

structures. In all cases the elementary cell (shaded grey area) is spanned by the vectors

a1 and a2.

1.2.1 Symmetries and Bravais lattices

Periodic media are based on Bravais lattices. A typical Bravais lattice may be described

by a translation vector, given by

r
pmq
` “ `

d
ÿ

i“1

miai, m “ pm1, . . . ,mdq, (1.2.1)

where ai are primitive lattice vectors spanning an elementary cell (whose choice is not

unique), ` is a scaling factor (or the period of array), and mi are integers used to index

the position of lattice points and d denotes the dimension of space. A key feature of

Bravais lattices is that they are translationally invariant.

In two dimension, there exist five fundamental lattices [81]. These can be defined

in terms of the following set of primitive vectors

a1 “ γe1, (1.2.2a)

a2 “ pcosα e1 ` sinα e2q , (1.2.2b)
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Topology General function Restriction

Square ϕp1, π{2q ´

Rectangle ϕpγ, π{2q γ ‰ 1

Triangular ϕp1, 2π{3q ´

Rhombic ϕpγ, arccos γ{2q γ ‰ 1

Oblique ϕpγ, αq γ ‰ 1, α ‰ π{2

Table 1.1: General definition of the five fundamental Bravais Lattices are expressed by the

function ϕpγ, αq, since any two-dimensional lattice be uniquely defined by the asymmetry

ratio γ and angular component α [57]

.

where e1, e2 are the Cartesian basis vectors and γ, α are the asymmetry ratio and the

orientation of cell edges, respectively. The latter are used to parametrise a general func-

tion ϕpγ, αq which can be used to describe all five lattices with restrictions given in Table

1.1 [57]. Of these, we focus here on the two uniform Bravais lattices (in which the asym-

metry ratio γ “ 1) corresponding to the square and triangular lattices (see Figure 1.1).

They can be generated by the primitive vectors where a1 “ e1 and a2 “ e2 for the

square lattice (for which α “ π{2), and (upon rotation by π{3) a1 “ p1{2 e1 `
?

3{2 e2q

and a2 “ p1{2 e1 ´
?

3{2 e2q for the triangular lattice (for which α “ 2π{3). In three

dimensions the number of fundamental lattices is fourteen [81].
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1.2.2 Perforated media

Any periodic media can be constructed by a lattice of repeating cells. To this end, it is

convenient to introduce a reference point which can be used to describe the elementary

cell of the periodic media. In the simple case of a periodic medium with arrangement of

points forming a Bravais lattice, it is sufficient to describe the position of the elementary

cell by the position of a reference point (labelled 1 in Figure 1.1 for the square and

triangular lattices) given by the lattice vector rpmq` in (1.2.1). However, in cases where the

arrangement of points forming the periodic medium is not a lattice (e.g., the honeycomb

structure in Figure 1.1), the reference point is used as a basis to obtain the position of all

other points inside the elementary cell. For example, the honeycomb structure shown in

Figure 3.1, has the reference point (labelled 1) which forms a (triangular) lattice whose

primitive vectors are

a1 “ p
3

2
e1 `

?
3

2
e2q, (1.2.3a)

a2 “ p
3

2
e1 ´

?
3

2
e2q. (1.2.3b)

The position of this reference point is given by rpmq` . The second point (labelled 2) inside

the elementary cell has position given by the vector

r
pmq
2 “ r

pmq
` ´ `e1. (1.2.4)

The simplest and most commonly studied periodic media are based on the uniform

square, triangular and honeycomb structures [84]. They can be used to build two distinct

classes of simplified periodic porous media. The first class is generated by replacing

points with identical impenetrable circular obstacles B`apr
pmq
` q of radius `a centred at
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Figure 1.2: A section of the (left) square, (centre) triangular and (right) honeycomb

perforated porous media in the dense limit.

Figure 1.3: Hexagonal network formed from the honeycomb structure (see Figure 1.1).

Retrieved from [38].

these points. The size of the circles determine the solid area fraction σ whose value is

limited by when the circles touch. Figure 1.2 shows perforated media built from the

three configurations shown in Figure 1.1 in the dense limit when the circles are close to

touching. It can be shown that the largest solid area fraction is achieved for the triangular

packing arrangement whilst the smallest solid area fraction is achieved for the honeycomb

packing arrangement.
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1.2.3 Network model

The second class of simplified porous media corresponds to networks. These arise as an

approximation for highly dense porous media for which the solid area fraction approaches

the upper-bound (see for examples [78, 84, 70]). It is shown that the network model

becomes increasingly accurate in the limit the gaps between the obstacles vanish. In this

case, the perforated media described above are characterised by pores whose widths are

much smaller than their lengths (see Figure 1.2). The pores may then be replaced by

channels of length ` and width w ! ` with channels merging at each intersection. For the

square, triangular and honeycomb structures there are respectively 4, 6 and 3 channels

merging at each intersection (see e.g., Figure 1.3 for the case of honeycomb structure).

We associate a network with edges representing channels and vertices representing the

intersection of channels. Figure 3.1 shows the square, triangular and hexagonal networks

arising from the three cases shown in Figure 1.1. These networks can be visualised as

large impenetrable square or hexagonal obstacles in the triangular square and hexagonal

lattices. Our analysis in Chapter 3 assumes a simple perfect mixing [2, 28, 51] rule at

the vertices. This is the most common of mixing rules which simply assumes no bias in

which channel the scalar enters upon exiting an intersection. A detailed review of the

various mixing rules in network models is provided in [30].
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1
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Figure 1.4: A section of the (left) square, (centre) triangular and (right) hexagonal net-

works. In all cases the elementary cell (shaded grey area) is spanned by the vectors a1

and a2. The unit vectors tbiu3i“1 describe the direction of the network edges connecting

the vertices.

1.3 Effective descriptions

1.3.1 Diffusive approximation

The study of scalar dispersion can be traced back to the pioneering work of G.I. Taylor

[83] who examined the influence of a shear flow u “ pupyq, 0q on the evolution of a

passive scalar inside an infinite channel domain R ˆ r0, `s. Using heuristic arguments,

Taylor obtained an upscaled version of (1.1.1) that captures the effective scalar behaviour

at the macroscale x " ` and is given by the one-dimensional advection-diffusion equation,

Btθ ` xuyBxθ “ κeffB
2
xxθ, (1.3.1)
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where xuy and κeff are both constant. This result indicates that at leading order, the vari-

ations of the concentration in the direction perpendicular to the channel are subdominant

and therefore the channel geometry maybe replaced by the real line. This is made possible

by the natural separation of length scales occurring between the channel width and obser-

vation scale. Equation (1.3.1) involves the effective coefficients xuy and κeff . The former

corresponds to the average fluid velocity across the channel, i.e., xuy “
ş`

0
`´1upyqdy. The

latter corresponds to the effective diffusive coefficient. Its value is crucial since it controls

the spread of the scalar concentration. Taylor found that as κÑ 0, the effective diffusive

coefficient obeys an inverse law, κeff Ñ aκ´1, where a is a positive constant dependent

on the exact geometry and flow structure. Thus, counterintuitively, when κ is small the

value of the effective diffusion is enhanced by some orders of magnitude in comparison to

its molecular value, κ. This phenomenon is generally referred to as “Taylor dispersion"

and was later derived by more rigorous means by Aris [10] using the method of moments.

Thereafter Taylor-Aris dispersion theory received considerable attention. It was

used to tackle a variety of flows, including periodic and random flows, and domains, and

periodic porous media [22]. However, initial applications of Taylor-Aris theory to the

study of dispersion in porous media were either specific to certain problems or consisted

of various ad hoc assumption. These studies assumed for instance that in general the

geometry of the pore space can be modelled by network of capillaries and that the local

fluid flow u is every where parallel to the average fluid velocity xuy [75, 76]. As discussed

in [22] these assumptions overlook the generally complex geometrical characteristics of

the pore space and the fact that the fluid motion are not always locally unidirectional

(as is the case for shear flows in a channel). Concurrently rigorous theories emerged
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considering dispersion in porous media starting from pore scale phenomena in the form of

advection-diffusion and then upscaling through averaging over the entire porous media.

A unifying principle underlying these theories is the decoupling of the average system

behaviour from the pore-scale dynamics. At first, the theories were based on the method

of moments [22] and volume averaging techniques [91, 90]. However these methods are

limited to specific problems and are not pertinent to dealing with problems involving

large scales (e.g. velocity fields with a wide range of excited length and time scales). A

more substantial theory that is applicable to a variety of settings is discussed next.

1.3.2 Homogenisation

A crucial advancement was achieved in the 70’s when a standardised rigorous approach

termed “Homogenisation theory" was systematically developed and applied to a vari-

ety of periodic problems [16, 47, 15, 12, 13, 14, 79]. This multiscale asymptotic analysis

(reviewed in [68]) formed a unified approach in upscaling a diverse range of physical prob-

lems in which a large separation of scales naturally occurs. The outcome is a macroscale

description in the form of an effective ‘homogenised’ equation parameterised by constant

coefficients. The microscale details are incorporated into the effective equation through

the coefficients. These coefficients represent intrinsic properties of the medium and are

determined via a solution of a periodic closure problem defined on a representative cell,

characterising the underlying structure of the medium.
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Homogenisation framework

To introduce the concept of homogenisation consider a medium whose properties vary

rapidly compared to the macroscale. Let L denote the macroscopic length scale and let l

denote the characteristic length scale of the heterogeneities of the medium. Assume now

a scale of separation is present so that ε “ l{L ! 1 is a small parameter. The system of

equations describing a physical quantity θε (e.g. concentration field) of the system can

generally be expressed in terms of a partial differential operator Lε of the form

Lεθε “ f, (1.3.2)

where f represents a source term. Under appropriate assumption of periodicity and in

the physical limit corresponding to when the heterogeneities vanish, i.e. ε Ñ 0 it can

be shown that θε converges, in an appropriate sense, to θ, which solves the homogenised

equation:

L̄θ “ f, (1.3.3)

where L̄ is the homogenised operator. The homogenised equations (1.3.3) and its coeffi-

cients can be derived by taking a formal perturbative expansion of the solution to (1.3.2),

in the form of

θεpx, tq “ θ0px,
x

ε
, tq ` εθ1px,

x

ε
, tq ` ε2θ2px,

x

ε
, tq ` . . . , (1.3.4)

where θipx,y, tq, i “ 0, 1, . . ., are periodic in y “ x{ε. A unifying theme of homogenisa-

tion is to assume all terms in the expansion depend explicitly in both the slow (macroscale)

variable x and fast (microscale) y variables. In exploiting the scale of separation a leading-

order approximation θ0 “ θpx, tq is sought which is independent of y, in the limit εÑ 0.
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Therefore the homogenised solution θpx, tq describes the leading-order behaviour of θε.

The calculation of the homogenised solution which is parametrised by constant coefficients

requires the solution to a periodic cell problem (related to the first-order correction term

θ1) which then allows for the construction of the effective coefficients. The homogenised

problem (1.3.3) unlike (1.3.2) is independent of the small parameter ε and thus rapidly

oscillating coefficients. It is therefore responsive to direct rigorous analysis, numerical

solutions or exact solutions in certain cases.

In addition, homogenisation theory (which is viewed as a manifestation of central

limit theorem) can be made rigorous by proving the solution θε of (1.3.2) converges to the

homogenised solution θ of (1.3.3) in the limit εÑ 0. Rigorous convergence proofs includ-

ing error estimates justifying the homogenisation results for varying partial differential

equations can be obtained in multiscale expansion[16], two scale convergence [3, 4, 67],

oscillating test function [82] and perturbed test functions [32]. An additional benefit of

this theory is that in practice higher-order corrections to the effective coefficients are

attainable through solving higher-order cell problems (for shear flows see [64, 25, 24, 92]).

Homogenisation applied to scalar dispersion

In the context of scalar dispersion, applying homogenisation theory by use of perturba-

tion expansion (1.3.4) to the advection-diffusion equation (1.1.1a) results in an effective

diffusive description for the scalar concentration of the form

Btθ ` xuy ¨∇θ “ ∇ ¨ pκeff ¨∇θq. (1.3.5)
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As before the mean flow xuy is the periodic velocity field averaged over a representative

cell and where this time the effective diffusivity κeff is a tensor determined from an

appropriate cell problem. For a localised initial condition (1.1.1b), the solution to (1.3.5)

is described by a Gaussian, given by

θ „ exp

˜

´px´ xuytqT ¨
κ´1

eff

4t
¨ px´ xuytq

¸

. (1.3.6)

The derivation of the diffusive approximation (1.3.5) using homogenisation can be found

in [61, 33, 34]. These results notably confirm Brenner prediction which were obtained

without any appeal to homogenisation in the case of steady flows. Assuming here for

convenience a diffusive time scale which is suitable to problems where the advective

effects associated to u average out, i.e. xuy “ 0, usually a result of the symmetries of the

problem. The effective diffusivity tensor expressed as a multiple of the identity tensor is

pκeffqij “ κ δij ` κ x∇χi ¨∇χjy. (1.3.7)

The vector field χ related to the first order correction θ1px,y, tq “ ´χpyq ¨ ∇xθpx, tq

solves the periodic cell problem

κ∇2χ´ u ¨∇χ “ u. (1.3.8)

The symmetric properties of κeff is known to depend on the symmetric properties of the

flow field u [48]. In this diffusive time scale the effective behaviour is purely diffusive

and the effective diffusivity in enhanced over molecular diffusion. If the mean flow does

not vanish the problem is then scaled differently to see effective advective behaviour. In

essence there are two time scales to the problem a diffusive time scale and an advective

time scale. The ratio between these two times is the dimensionless Péclet number, Pe “
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U`{κ, measuring the relative strength of advection to diffusion. The form of the effective

description for varying Péclet limits were deduced for a variety of periodic and random

flows [56] and porous media [11, 43]. In [73] it was established that homogenisation theory

reduces to Taylor-Aris theory in the special case of a porous media composed of straight

parallel tubes.

We have so far focused on the diffusive description (1.3.5) with u a prescribed

periodic field. Such periodic flows can be generated by the Stokes equations (1.1.2),

provided that the host medium is itself periodic. The effective description of (1.1.2) was

first discovered empirically by Darcy [27] who found that the macroscale flow xuy inside

a porous media is proportional to the applied pressure gradient, and at leading order

satisfies Darcy’s law

xuy “ ´
K

µ
¨∇xpy, (1.3.9a)

∇ ¨ xuy “ 0. (1.3.9b)

Here xpy is the macroscale pressure that is independent of the microstructure of the

medium. The coefficient K is the effective permeability tensor that is dependent only

on the geometry of a representative cell of the medium and is obtained from solving an

appropriate cell problem. Hence, given the pressure gradient ∇xpy at the macroscale,

(1.3.9) provides the effective flow inside the periodic medium. Darcy’s law is cruicial to

various practical fields including in groundwater hydrology and petroleum engineering.

Equation (1.3.9) as essential as it is lacked rigorous justification until in the late 60’s when

S. Whitaker obtained Darcy’s law through volume averaging techniques. Darcy’s law was

later justified through homogenisation [11] by starting from Stokes equations (1.1.2) at
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the pore scale. The same theory can be used to show the leading order structure of the

flow is periodic and therefore readily used to upscale.

1.3.3 Effective diffusivity results

In general, the cell problem determining κeff can rarely be solved analytically, except if

the order of the problem can be reduced to a one-dimensional problem (for example in

special cases of shear flows [56], network models [2] and in layered materials [66]). In

most cases however the cell problem and thus κeff can be approximated in asymptotic

limits or otherwise bounds on the magnitude of the effective diffusivity can be obtained.

Such approximations are essential as they provide an insight into the physical mecha-

nisms responsible for scalar dispersion. We now review for porous media both exact and

asymptotic approximations of κeff in terms of the non-dimensional Péclet number . In

particular we present results as it applies to the two classes of periodic porous media

introduced in §1.2. A review of effective diffusivity results due to flows is provided in

[56]; it transpires that the effective diffusivity is dependent on the topology of the fluid

velocity field u.

For the pure diffusion problem (Pe “ 0) applied to the first class of porous media,

corresponding to the problem of impermeable obstacles arranged in a periodic lattice.

This problem has a long history, dating back to Maxwell [59] and Rayleigh [72], and

has relevance to a broad range of applications that include constituent dispersion, heat

conduction (with θ the temperature) and (with suitable re-interpretation) electric con-

duction and electrostatics, in porous media and in composite materials (see e.g. Ch. 2
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of [18] for a survey). It was shown in [59, 72] that κeff accounts for the effect of the

obstacles. This effect results from two competing mechanisms: obstacles reduce the area

available to the scalar, which enhances dispersion, but they also reduce the scalar flux,

which inhibits dispersion. The second mechanism is dominant so that κeff ď 1 (see e.g.

Ch. 1 of [44]). Explicit asymptotic results, valid when the obstacles occupy a small or

large area fraction σ, are particularly valuable. For small area fraction – the dilute limit

– Maxwell and Rayleigh’s results [59, 72] yield

κeff
κ
„ 1´ σ as σ Ñ 0. (1.3.10)

Higher order corrections to (1.3.10) were obtained by Perrins et al. [69] for circular

obstacles using multipole methods. More general asymptotic expressions have since been

obtained for different lattices [62, 60]. For near-maximal area fractions – the dense limit –

and for circular obstacles in the configuration of a square lattice was first studied by Keller

[46] who noticed that Maxwell’s approximation (1.3.10) is not valid approximately for σ

greater than σc{3 [18]. For large values of σ, the concentration flux between neighbouring

obstacles is localised in the small gap between the obstacles; Keller [46] obtained that

the total concentration flux within the gap is conserved. By approximating the circular

boundary with a parabola, Keller [46] obtained the total flux, from where he deduced

that

κeff
κ
„

2pπ{4´ σq1{2

π3{2p1´ π{4q
as σ Ñ π{4. (1.3.11)

The result was extended to spheres on cubic lattices [46]. Between the dilute and dense

limits, the value of κeff can be computed numerically [69]. For the second class of periodic

porous media described by a network model (see Figure 3.1) the cell problem defining κeff

is amenable to analysis. This is because the transport equations (1.1.1) degenerate into
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linear systems which are comparatively easier to solve. The problem was considered by

Torquato et al., [85] (in the context of conductivity of cellular solids) who showed that

κeff

κ
“

1

2
, (1.3.12)

for all three networks. However (1.3.12) is not a unique to regular networks - it was

shown that various networks achieve the same effective diffusion [85, 39].

In the presence of advection (Pe ą 0), the asymptotic behaviour of κeff was cal-

culated by Koch et al., [50] for the first class periodic porous media. They identified two

mechanisms of dispersion for high Péclet numbers: Taylor dispersion where the effective

diffusion scales like Pe2 or enhanced molecular diffusion where it scales like κ. Interest-

ingly these regimes become active depending on the orientation of the average flow. It

was further shown by Koch and Brady [49] that additional mechanisms are present in

disordered media. For the second class of porous media described by a network model

explicit calculations of κeff were obtained by Adler and Brenner who assumed perfect

mixing at the intersection of channels [2] and advection dominant transport in the chan-

nels. Using a combination of graph theory and method of moments they identified similar

mechanisms of dispersion present in transport in networks. Similar results were obtained

in [38] for purely advective transport whilst assuming time dependent pressure gradient

on the network. Dorfman and Brenner [30] built on earlier work by relaxing the rule

of perfect mixing at the intersections of channels whilst also incorporating molecular

diffusion within the channels.
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1.4 Aim of the Thesis

The thesis is motivated by the recognition that, for the initial-value problem (1.1.1),

the diffusion approximation (1.3.5) predicted by homogenisation and the corresponding

Gaussian distribution of the scalar concentration have a limitation, specifically they apply

only to the core of the scalar distribution, |x ´ x0| “ Op
?
tq, and fail in the tails,

|x ´ x0| "
?
t; where the concentration has a non-Gaussian behaviour that depends on

the specific flow and geometry configurations. This mirrors a corresponding limitation of

the central-limit theorem, which underpins homogenisation (see e.g.[44, 68]) and similarly

does not apply to the tail probabilities. This limitation is particularly significant for

applications in which low concentrations are critical, such as the migration of radioactive

elements from underground nuclear water repositories which has been examined using

homogenisation [5, 8]. Our aim, therefore, is to develop a coarse graining of (1.1.1) that

goes beyond homogenisation and captures the tails of the scalar distribution.

1.4.1 Large-deviation approximation

A significant advancement was made quite recently in this direction by Haynes and

Vanneste [40]. They applied the theory of large deviations [37, 36] (see also [86]) to

transport in periodic fluid flow to capture the behaviour of the concentration θpx, tq

θpx, tq “ φpx, ξ, tq e´tgpξq, where ξ “
x´ x0

t
P R2 (1.4.1)

that is valid for |x ´ x0| “ Optq, thus improving on homogenisation. Here g P R

corresponds to the rate (or Cramér) function. It provides a continuous approximation
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for the most rapid changes in θ. It is well known that g is positive, convex, and has

a single minimum and zero located at say, ξ “ ξ˚. Subdominant corrections involve φ

which possess the same periodic dependence in x as the lattice i.e.,

φpx` r
pmq
` , ξ, tq “ φpx, ξ, tq, (1.4.2)

Expression (1.4.1) introduces variable ξ that capture the behaviour at the macroscale.

On the other hand x describes variations on the microscale. The rate function is readily

determined via a solution of a family of eigenvalue problems which can be regarded as a

generalisation of the cell problem that appears when homogenisation is used to compute

κeff (e.g.[68]).

Homogenisation and the corresponding diffusive approximation (1.3.5) can be re-

covered from the more general large-deviation approximation (1.4.1) by taking an expan-

sion of g for small ξ. Taking a Taylor expansion of g around ξ˚ we obtain

gpξq „ gpξ˚q `
1

2
pξ ´ ξ˚q

T
¨H´1

g ¨ pξ ´ ξ˚q ` . . . , (1.4.3)

where Hg “ ∇ξ∇ξgpξ˚q is the Hessian of g evaluated at ξ˚. Introducing (1.4.3) inside

(1.4.1) and comparing with the diffusive (Gaussian) approximation (1.3.6) yields,

xuy “ ξ˚ and κeff “
H´1
g

2
. (1.4.4)

Haynes and Vanneste [40] made clear the relationship between the large-deviation ap-

proach and homogenisation can be made completely explicit by noting that a pertur-

bative solution of the family of eigenvalue problems (obtained from the large-deviation

approximation (1.4.1)) in the limit |ξ| Ñ 0 recovers, at leading order, the cell problem

of homogenisation (1.3.8) that determines κeff . Pursuing the expansion to higher orders
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in |ξ| yields corrections to gpξq that correspond to improvements to homogenisation in-

volving diffusion-like operators of degrees higher than 2 [64]. See §2.3 of [40] for details

of this expansion in the context of advection–diffusion.

Explicit expressions for the rate function were obtained for both shear and cellu-

lar flows [40]. The approach was then developed for a square network in [87] and quite

recently for the classical problem of diffusion in circular obstacles on a square lattice

[35]. In all these problems it was shown that the rate function generalises classical re-

sults on effective diffusivity. These include new phenomena relevant at the tails of the

scalar concentration such as anisotropic dispersion, for small molecular diffusivity finite

propagation speeds and a regime where the scalar concentration is controlled by single

shortest-distance paths. The effectiveness of the large-deviation results for moderately

large t were demonstrated through Monte Carlo simulations. Owing to its recent de-

velopment, the large-deviation approximation is yet to be applied to scalar dispersion in

porous media. This is achieved in this thesis for periodic porous media and demonstrated

on the two distinct classes of periodic media introduced in §1.2.

The large deviation ideas used in this thesis can be readily generalised to consider

more complex systems. For instance, owing to the close connection between large de-

viations and chemical-front propagation in the Fisher–Kolmogorov–Petrovsky–Piskunov

(FKPP) model (e.g.[36]), the family of eigenvalue problems obtained from the large devi-

ation approximation (1.4.1) also determines the speed of these fronts [17] (see for example

[58, 6] for linear chemical reactions in periodic geometry). Another context in which large-

deviation ideas are potentially applicable are to non-diffusive models of dispersion such
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as continuous-time random walks which have been proposed for complex, non-periodic

media (e.g.[29]).

1.5 Outline

The focus of this thesis is to employ the large-deviation approximation to study scalar

dispersion on two models of periodic media introduced in §1.2. The thesis itself consists of

two research chapters: Chapter 2 concerns the first model corresponding to periodically

perforated media. We specifically study the classical square lattice model. We obtain

a cell eigenvalue problem whose solution determine the rate function. We focus on the

dense limit and derive asymptotic approximation for the rate function in this limit, valid

uniformly over a wide range of distances. We use finite elements to calculate the rate

function for arbitrary obstacle area fractions and an elliptic boundary-value problem

arising in the asymptotics calculation. These reveal an interesting transition of g as the

solid area fraction increases. The results contained in this chapter are in collaboration

with Daniel Loghin and Jacques Vanneste. Published in Proceedings of The Royal Society

A [35].

Next, Chapter 3 focuses on the second model which consists of the three regular

networks (see Figure 3.1). We obtain a cell eigenvalue problem. Their solution is provided

in terms of a transcendental equation. The rate function is thereafter determined and

contrasted amongst the three networks. We examine the varying asymptotic limits of the

rate function g for all networks and compare this against g obtained numerically from the
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transcendental equations. We obtain a diffusive description of the scalar dispersion and

deduce explicit expressions for the effective diffusivity tensor K. We study the asymptotic

behaviour of K for all three networks with respect to both the strength and orientation

of flow. Finally we study the behaviour of the rate function outside the region of validity

of the diffusive description. In particular we study both the strong flow asymptotic

behaviour of the rate function and the tail behaviour of g.

In chapter 4, we draw together some concluding remarks, and then discuss several

directions in which our results could be extended using the framework developed in this

thesis.
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Chapter Two

Diffusion in Arrays of Obstacles

2.1 Introduction

In this chapter, we consider the diffusion of a passive scalar inside a two-dimensional ho-

mogeneous medium interrupted by an infinite number of impermeable obstacles Bprpmqq

(e.g., perforations) arranged in a periodic lattice rpmq (see Equation (1.2.1)), as illustrated

in Figure 2.1 for the case of circular obstacles. The scalar concentration θpx, tq satisfies

the diffusion equation (1.1.1) with u “ 0. Taking ` as reference length, `2{κ as refer-

ence time and θ0 as the reference concentration, the non-dimensional scalar concentration

evolves according to

Bθ

Bt
“ ∇2θ, x P Ω, (2.1.1a)

with no-flux (Neumann) conditions on the boundaries B of the obstacles

n ¨∇θ “ 0 on B, (2.1.1b)
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ω
ω1

2a

2ε

2π
x

y

Figure 2.1: Square lattice of circular obstacles indicating the problem’s geometric pa-

rameters and the two alternative elementary cells ω and ω1 used in the analysis. The

obstacles have radius a and are separated by gaps of width 2ε, hence a “ π ´ ε.

Here the pore space is defined as

Ω “ R2
z
Ť

m

B̄prpmqq. (2.1.1c)

We are interested in the initial-value problem corresponding to the instantaneous

release of the scalar at some location x0 outside the obstacles, and assume that the so-

lution decays at infinity. Our aim is to provide a coarse-grained description of θpx, tq,

that goes beyond homogenisation and captures the tails of the scalar distribution. This

can be achieved by applying ideas of large-deviation theory (e.g. [86]), adapting the ap-

proach developed by [40] for transport in periodic fluid flow to the diffusion with obstacles

(2.1.1). We first introduce the approach in §2.2. This yields a family of eigenvalue prob-

lems whose solution provides an approximation to the concentration θpx, tq that is valid

for |x ´ x0| “ Optq, thus improving on homogenisation. We next study the eigenvalue

problems numerically using the finite element method in §2.4.1.
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In §§2.4–2.7, we focus on circular obstacles in the geometry of Figure 2.1 and

obtain explicit results demonstrating the value of the large-deviation approach. We first

solve the family of eigenvalue problems numerically for different obstacle area fractions σ

(§2.4.2). The results show that diffusion with κeff provides a satisfactory approximation of

the concentration tails only in the dilute limit σ Ñ 0; for general σ and, most markedly

in the dense limit σ Ñ π{4, the tails are much fatter than predicted by the diffusive

approximation and display some anisotropy, unlike the Gaussian core of the distribution.

To explore this further, we examine the dense limit in detail in §2.7, where we develop

an asymptotic theory which extends Keller’s result (1.3.11) to the large-deviation regime.

This theory, based on a matched-asymptotics treatment of the large-deviation eigenvalue

problems, recovers and subsumes a more straightforward extension, which replaces the

continuous geometry by that of a network [18] and captures part of the concentration

tails. We assess the ranges of validity of the various approximations and test them against

numerical solutions of the eigenvalue problems. We conclude the chapter in §2.8.

2.2 Large-deviation approximation

Our goal here is to obtain an approximation for the concentration θpx, tq for long times

t " 1. This can be achieved by the theory of large deviations [37, 36, 86] applied to

periodic environments which indicates that it takes the two-scale form (1.4.1) [40, 87]

repeated here for convenience

θpx, tq “ φpx, ξ, tq e´tgpξq, where ξ “
x´ x0

t
P R2 (2.2.1)
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and x0 is the location of the initial scalar release, such that θpx, 0q “ δpx´x0q . Here g

is a rate (or Cramér) function which provides a continuous approximation for the most

rapid changes in θ. It is non-negative, convex, and has a single minimum and zero located

at ξ “ 0 that yields the maximum of θ in the limit of t Ñ 8. The (positive) correction

term φ (with lnφ “ optq as tÑ 8) has the same periodicity as the lattice,

φpx` rpmq, ξ, tq “ φpx, ξ, tq, (2.2.2)

where rpmq (see equation (1.2.1)) denotes the positions of the centroids of the obstacles.

Equation (2.2.1) introduces the vector ξ “ pξ, ηqT defined on the whole of R2

which captures variations on scales large compared with the size of the lattice cells. The

vector x, in contrast, is defined on the multiply-connected domain obtained by excising

the obstacles from R2 and captures variations on the scale of single lattice cells. The

large separation between the two scales allows x and ξ to be treated as independent. We

now employ (2.2.1) inside (2.1.1) using the chain rule to replace the time derivative and

spatial gradient by

B

Bt
Ñ

B

Bt
´

1

t
ξ ¨∇ξ and ∇Ñ ∇x `

1

t
∇ξ. (2.2.3)

Equation (2.1.1a) is now

`

∇2
x ´ 2∇ξg ¨∇x ` |∇ξg|

2
´ ξ ¨∇ξg ` g ´ Bt

˘

φ

`t´1
´

pξ ` 2∇x ´ 2∇ξgq ¨∇ξ ´∇2
ξg
¯

φ` t´2∇2
ξφ “ 0 (2.2.4a)

while the boundary conditions (2.1.1b) become

n ¨ p∇x ´∇ξg ` t
´1∇ξqφ “ 0 on B. (2.2.4b)
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Substituting the expansion

φpx, ξ, tq “ t´1
`

φ0px, ξq ` t
´1φ1px, ξq ` t

´2φ2px, ξq ` . . .
˘

, (2.2.5)

with the prefactor t´1 motivated by mass conservation [40], into (2.2.4) gives

∇2
xφ0 ´ 2p ¨∇xφ0 ` |p|

2φ0 “ fppqφ0, x P ω, (2.2.6a)

at leading order, where we have defined

p “ pp, qq “ ∇ξgpξq and fppq “ ξ ¨∇ξgpξq ´ gpξq. (2.2.6b)

Here ω corresponds to the pore space inside the elementary cell. The associated boundary

conditions are deduced from (2.2.4b) as follows:

n ¨ p∇xφ0 ´ pφ0q “ 0 on B. (2.2.6c)

Using (2.2.6d),

φ0px` r
pmq, ξ, tq “ φ0px, ξ, tq. (2.2.6d)

Equation (2.2.6) defines a family of eigenvalue problems parameterised by p “

pp, qq, which determine a discrete spectrum of eigenvalues fppq. The eigenfunctions can

be thought of as functions φ0px,pq, using the one-to-one correspondence between ξ and

p. The eigenvalue problems can alternatively be rewritten in terms of

ψ “ e´p¨xφ0. (2.2.7)

Substituting (2.2.7) inside the eigenvalue equation (2.2.6a) we obtain

pfppq ´ |p|2qep¨xψ “ ∇x ¨ pe
p¨x
pp`∇xqψq ´ 2ep¨xp ¨ pp`∇xqψ

“ ep¨xp|p|2 ` 2p ¨∇x `∇2
xqψ ´ 2ep¨xp|p|2 ` p ¨∇xqψ, (2.2.8a)
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At the same time,

n ¨ pep¨xpp`∇xqψ ´ pe
p¨xψq “ 0. (2.2.8b)

Upon simplification, (2.2.8a) and (2.2.8b) combine to become the modified Helmholtz

problems

∇2
xψ “ fppqψ, x P ω, (2.2.9a)

n ¨∇xψ “ 0 on B, (2.2.9b)

involving Neumann conditions on the obstacles boundaries. It is important to note that

unlike the function φ, ψ is not periodic in x but instead is a ‘tilted’ periodic function of

x. That is

ψpx` rpmq,pq “ e´p¨r
pmq

ψpx,pq. (2.2.10)

We focus on the principal eigenvalue fppq of (2.2.6) or (2.2.9) , that is, the eigen-

value with maximum real part, with associated eigenfunction φ0px,pq (unique up to

multiplication). The Krein–Rutman theorem [52] implies that this eigenvalue is unique,

simple and real. Moreover, f ě 0 and convex. The rate function g is then deduced

from f by Legendre transform since (2.2.6b) together with convexity implies that fppq

and gpξq are Legendre duals. Thus solving the family of eigenvalues problems (2.2.6) or

(2.2.9) provide all the elements of the large-deviation approximation (2.2.1) of the scalar

concentration.

The eigenvalue problem (2.2.6) or (2.2.9) cannot be solved analytically, even for

simple obstacle shapes. A useful lower bound on g can however be obtained by multiplying
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(2.2.6a) by φ0, integrating by parts over an elementary cell ω

fppq

ż

ω

φ2
0 dx “

ż

Bω

φ0n ¨∇xφ0 dl ´

ż

ω

|∇xφ0|
2 dx´ 2

ż

ω

φ0p ¨∇xφ0 dx` |p|
2

ż

ω

φ2
0 dx.

(2.2.11)

Using the boundary (2.2.6c) and periodicity (2.2.6d) conditions gives

fppq

ż

ω

φ2
0 dx “ ´

ż

ω

|∇xφ0|
2 dx` |p|2

ż

ω

φ2
0 dx. (2.2.12)

Thus, we may deduce that

fppq ď |p|2. (2.2.13)

Taking the Legendre transform of (2.2.13) we obtain that

gpξq ě
1

4
|ξ|2. (2.2.14)

Recall that gpξq “ 1{4|ξ|2 corresponds to the case of a uniform environment (i.e. in the

absence of obstacles). Thus the presence of obstacles hinders dispersion [17, Th. 1.3]

(note that f and therefore g may not vary monotonically with respect to the size of the

obstacles [17, Th. 1.4]).

2.3 Relation between the effective diffusive approxima-

tion and the large-deviation approximation

The relationship between the large-deviation approach and homogenisation can be made

completely explicit by noting that a perturbative solution of the eigenvalue problem

(2.2.6) obtained by expanding for small p, recovers at leading order, the cell problem of
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homogenisation that determines κeff . Assuming that the eigenvalue problem is sufficiently

symmetric (the case for the four-fold symmetry of the lattice assumed here) we take a

regular series expansion in powers of |p| for the eigenvalue fppq, given by

fppq “ αp0q ` αp1qpp̂q |p| ` αp2qpp̂q |p|2 `Op|p|3q, as |p| Ñ 0, (2.3.1a)

and eigenfunction φ0, given by

φ0px,pq “ φ0,0pxq ` φ0,1px, p̂q |p| ` φ0,2px, p̂q |p|
2
`Op|p|3q, as |p| Ñ 0. (2.3.1b)

Introducing (2.3.1) into the eigenvalue problems (2.2.6) yields a series of problems in

increasing powers of |p|. At leading order we obtain

∇2
xφ0,0 “ αp0qφ0,0, x P ω, (2.3.2a)

n ¨∇xφ0,0 “ 0 on B, (2.3.2b)

φ0,0px` r
pmq
q “ φ0,0pxq. (2.3.2c)

At Op|p|q we obtain

∇2
xφ0,1 ´ 2p̂ ¨∇xφ0,0 “ αp0qφ0,1 ` α

p1qφ0,0, x P ω, (2.3.3a)

n ¨ p∇xφ0,1 ´ p̂φ0,0q “ 0 on B, (2.3.3b)

φ0,1px` r
pmq
q “ φ0,1pxq, (2.3.3c)

where p̂ “ p{|p|. At Op|p|2q we obtain

∇2
xφ0,2 ´ 2p̂ ¨∇xφ0,1 ` φ0,0 “ αp0qφ0,2 ` α

p1qφ0,1 ``α
p2qφ0,0, x P ω, (2.3.4a)

n ¨ p∇xφ0,2 ´ p̂φ0,1q “ 0 on B, (2.3.4b)

φ0,2px` r
pmq
q “ φ0,2pxq. (2.3.4c)
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Integrating (2.3.2a) over an elementary cell ω gives

ż

ω

∇2
xφ0,0 dx “

ż

B

n ¨∇xφ0,0 dl “ αp0q
ż

ω

φ0,0 dx, (2.3.5)

where the first equality is obtained by using the divergence theorem together with (2.3.2c).

The Neumann boundary conditions (2.3.2b) imply that αp0q “ 0. This means the problem

at leading order is a Laplacian problem and by the maximum principle it has a solution

that is constant in x. Without loss of generality we normalise φ0,0 by taking φ0,0 “ 1.

Equation (2.3.3a) now reduces to

∇2
xφ0,1 “ αp1q. (2.3.6)

Integrating (2.3.6) over the elementary cell we obtain

ż

ω

∇2
xφ0,1 dx “

ż

B

n ¨∇xφ0,1 dl ´ p̂ ¨

ż

B

n dl “ 0 “

ż

ω

αp1q dx “ αp1qσ. (2.3.7)

We once more use divergence theorem and periodicity (2.3.3c) to obtain the first equality.

We then use (2.3.3b) to obtain the second equality. The last equality holds for all simply

connected obstacles. This yields αp1q “ 0. We may express φ0,1 as

φ0,1 “ ´p̂ ¨ χ, (2.3.8)

where χ is periodic in x. Then the problem at Op|p|q becomes

∇2
xχ “ 0, x P ω, (2.3.9a)

n ¨∇xχ` n “ 0 on B, (2.3.9b)

which we recognise as the cell problem in homogenisation (or equation (1.3.8) when u “ 0,

see e.g. [68], for derivation). Integrating equation (2.3.4a) we obtain

∇2
xφ0,2 ´ 2p̂ ¨∇xφ0,1 ` 1 “ αp2q, (2.3.10)
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and using (2.3.4c),(2.3.4b) together with (2.3.9) we obtain after simplification

αp2q “ 1` p̂T x∇xχyp̂, (2.3.11)

where x∇χy is the spatial average of ∇χ of the elementary cell. Thus

pκeffqij “ δij ` x∇xχijy, (2.3.12)

reproducing the standard homogenisation result. Explicit expressions for κeff only exist

for limiting cases (see §1.3).

2.4 Circular obstacles in square lattices

We now focus on the solution to the eigenvalue problems for the particular case of a square

lattice configuration. We first focus on the numerical method that we use to approximate

the eigenvalue problems. We then present numerical results followed by results obtained

using asymptotic analysis.

2.4.1 Numerical method

We here obtain a numerical solution to the eigenvalue problem (2.2.6). We focus on the

simple geometry of Figure 2.1, with circular obstacles of radius a arranged in square

lattices with sides 2π, so that

rpmq “ 2πpm1e1 `m2e2q, (2.4.1)
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where m1,m2 are integers denoting the positions of the centroids of the obstacles. Then

the solid area fraction σ, satisfies

σ “
a2

4π
ď σc “

π

4
, (2.4.2)

where σc is the critical value obtained for a “ π, corresponding to when the obstacles

touch. Observe Bω is composed of two boundaries: the boundary of the circle B and the

square boundary.

The finite element method [54, 45, 19] is widely employed in boundary value prob-

lems involving complex geometries for which closed form solutions are inaccessible. It

allows for efficient and accurate approximations. The essence of the method requires

to use a weak formulation of the eigenvalue problem (2.2.6). An approximation to the

latter is then sought in the space of continuous piecewise linear polynomials defined on a

quasi-uniform triangular subdivision of the domain obtained using Matlab’s PDE Tool-

box. This results in a large, sparse generalised matrix eigenvalue problem which is solved

using the Shift-and-Invert method [74].

Weak form of the eigenvalue problem

A weak form of the eigenvalue problem (2.2.6) is readily obtained by considering ϕ to be

a general test function (square-integrable, including its derivatives) satisfying the same

periodicity condition (2.2.6d) as φ0. Multiplying (2.2.6a) by ϕ and integrating over ω we

get

pfppq ´ |p|2q

ż

ω

φ0ϕdx “

ż

ω

p∇2
xφ0 ´ 2p ¨∇xφ0qϕdx. (2.4.3)
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Integrating by parts and using Green’s identity gives

pfppq ´ |p|2q

ż

ω

φ0ϕdx “

ż

Bω

n ¨∇xφ0ϕdl ´

ż

ω

∇xφ0 ¨∇xϕdx

´

ż

ω

p ¨∇xφ0ϕdx´

ż

Bω

p ¨ nφ0ϕdl `

ż

ω

p ¨∇xϕφ0 dx. (2.4.4)

We now use the periodicity of both φ0 and ϕ to deduce that

ż

Bω

n ¨∇xφ0ϕdl “

ż

B

n ¨∇xφ0ϕdl, (2.4.5)

since contributions along opposing edges of the square boundary cancel. Similarly

ż

Bω

p ¨ nφ0ϕdl “

ż

B

p ¨ nφ0ϕdl. (2.4.6)

Inserting (2.4.5) and (2.4.6) into (2.4.4) we get

pfppq ´ |p|2q

ż

ω

φ0ϕdx “

ż

B

pn ¨∇xφ0 ´ p ¨ nφ0qϕdl ´

ż

ω

∇xφ0 ¨∇xϕdx (2.4.7)

`

ż

ω

p ¨∇xϕφ0 dx´

ż

ω

p ¨∇xφ0ϕdx. (2.4.8)

Upon application of the boundary (2.2.6c) condition on B, we obtain that

pfppq´|p|2q

ż

ω

φ0ϕdx “ ´

ż

ω

∇xφ0 ¨∇xϕdx`

ż

ω

p¨∇xϕφ0 dx´

ż

ω

p¨∇xφ0ϕdx. (2.4.9)

It is convenient to define apφ0, ϕq and mpφ0, ϕq where

apφ0, ϕq “ ´

ż

ω

∇xφ0 ¨∇xϕdx`

ż

ω

p ¨∇xϕφ0 dx´

ż

ω

p ¨∇xφ0ϕdx, (2.4.10a)

and

mpφ0, ϕq “

ż

ω

φ0ϕdx. (2.4.10b)

Then the variational formulation of the eigenvalue problem reads:

apφ0, ϕq “ µmpφ0, ϕq, (2.4.11)

where µ “ fppq ´ |p|2.
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Finite element approximation

Our next task is to construct a discrete approximation to the solution of the variational

problem (2.4.11). To that end we introduce a mesh on the domain ω. Let Th denote

a quasi-uniform subdivision of ω into simplices Kj, where j “ 1, . . . , n. We choose

these to be non-overlapping triangles Kj such that no vertex of one triangle touches

the edge of another. To define the mesh parameter h (measuring how fine the mesh is)

we introduce the notion of the local mesh size hKj
, defined as the area of the triangle

Kj. Then h “ maxtKjPThu hKj
. The vertices of the triangles coincide at points or nodes

Ni “ px
piq, ypiqq, where i “ 1, . . . ,M of the mesh. Here M is the total number of nodes

of the mesh. We assume that parallel sides of the square domain are equally subdivided.

This allows periodicity to be incorporated in a straightforward manner. A quasi-uniform

triangular subdivision is in practise achieved using Matlab’s PDE Toolbox.

We here use the Ritz–Galerkin method [54, 45] to convert the weak formulation of

the eigenvalue problem (2.2.6) into a discrete matrix formulation. We approximate φ0pxq

and ϕpxq by continuous piecewise linear functions φ0,hpxq and ϕhpxq, both of which share

the same periodicity as φ0pxq. Thus, (2.4.11) takes the discretised form

apφ0,h, ϕhq “ µmpφ0,h, ϕhq. (2.4.12)

The finite element approximation φ0,h is computed by expressing it as a linear combination

of the basis functions tφjuMj“1 such that

φ0,h “

M
ÿ

j“1

ujφj, (2.4.13)

for which there are M unknown constants uj to be determined. Here φj are the nodal
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basis functions, defined by

φjpNiq “

$

’

’

’

’

&

’

’

’

’

%

1 i “ j

0 i ‰ j

i, j “ 1, 2, . . . ,M. (2.4.14)

As a result the basis functions has local support on the set of triangles sharing the node

Nj. Similarly the test function ϕh can be written in terms of the same set of basis

functions. Inserting (2.4.13) into (2.4.12), we find that the function apφ0,h, φiq becomes

apφ0,h, φiq “ ´

ż

ω

∇xφ0,h ¨∇xφi dx` p ¨

ż

ω

`

∇xφiφ0,h ´∇xφ0,hφi
˘

dx

“ ´

ż

ω

∇x

¨

˝

M
ÿ

j“1

ujφj

˛

‚¨∇xφi ` p ¨

¨

˚

˝

∇xφi

¨

˝

M
ÿ

j“1

ujφj

˛

‚´∇x

¨

˝

M
ÿ

j“1

ujφj

˛

‚φi

˛

‹

‚

dx

“

M
ÿ

j“1

uj

ˆ

´

ż

ω

∇xφj ¨∇xφi dx` p ¨

ż

ω

`

∇xφiφj ´∇xφjφi
˘

dx

˙

, i “ 1, . . . ,M,

(2.4.15)

and mpφ0,h, φiq becomes

mpφ0,h, φiq “

ż

ω

φ0,hφi dx “

ż

ω

¨

˝

M
ÿ

j“1

ujφj

˛

‚φi dx “
M
ÿ

j“1

uj

ˆ
ż

ω

φjφi

˙

dx, i “ 1, . . . ,M.

(2.4.16)

Now using the notation

Aij “ ´

ż

ω

∇xφj ¨∇xφi dx` p ¨

ż

ω

`

∇xφiφj ´∇xφjφi
˘

dx, i, j “ 1, . . . ,M (2.4.17)

Mij “

ż

ω

φjφi dx, i, j “ 1, . . . ,M, (2.4.18)

we find that (2.4.12) becomes a generalised algebraic eigenvalue problem of the form

Au “ µMu. (2.4.19)

with A,M P RMˆM entries defined by (2.4.17) and (2.4.18), respectively. As is convention

A is called the stiffness matrix and M is called the mass matrix and u P RM is a vector
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holding the nodal values of φ0,h. In practise they are constructed by the assembly of the

elemental matrices AKl and MKl which determine contributions from each triangle Kl

for l “ 1, . . . , n. For the stiffness matrix this process is represented as

A “
n
ÿ

l“1

´

ż

Kl

∇xφj ¨∇xφi dx` p ¨

ż

Kl

p∇xφiφj ´∇xφjφiq dx “
n
ÿ

l“1

AKl , (2.4.20)

and for the mass matrix

M “

n
ÿ

l“1

ż

Kl

φjφi dx “
n
ÿ

l“1

MKl . (2.4.21)

Notably the entries of Aij,Mij ‰ 0 if and only if the nodes Nj and Ni are vertices of

triangle Kl i.e. the local support of φj and φi overlap in Kl. There are three non-zero

basis functions on each triangle. Therefore for each elemental matrices AKl andMKl only

a small 3ˆ 3 local element matrix are formed for storing their non-zero entries.

The computation of AKl and MKl is aided by mapping the triangles Kl to the

canonical triangle K̄ with nodes at p0, 0q, p1, 0q, p0, 1q. Consider a single triangle Kl with

nodes with position Ni for i “ 1, . . . , 3. A coordinate transformation implies that the

elemental mass matrix may be expressed as

MKl “

ż

Kl

φjφi dxdy “

ż

K̄

ϕjϕi|J | dx̄ȳ, (2.4.22)

where ϕipx̄, ȳq “ φipxpx̄, ȳq, ypx̄, ȳqq are the canonical basis functions (or shape functions)

defined for linears as

ϕ1px̄, ȳq “ 1´ x̄´ ȳ, ϕ2px̄, ȳq “ x̄, ϕ3px̄, ȳq “ ȳ. (2.4.23)

Then the Jacobian of the transformation J “ Bpx, yq{Bpx̄, ȳq has a determinant which can

be shown to be |J | “ 2|Kl| where |Kl| is the area of triangle Kl. Similar construction
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applies to the elemental stiffness matrix AK . Finally the integrals of the local element

matrices AKl and MKl are computed using the Gauss rule [71]. They are then added to

the appropriate entries of the global matrices A and M .

We finally enforce periodic boundary conditions on the system (2.4.19) by cou-

pling nodes on opposing edges of the square boundary through constraint equations. We

demonstrate periodicity on the eastern and western edges of the square boundary. Now

consider the eigenvalue problem (2.4.19) and rewrite as
»

—

—

—

—

—

—

—

–

Aww Awi Awe

Aiw Aii Aie

Aew Aei Aee

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

—

–

uw

ui

ue

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ µ

»

—

—

—

—

—

—

—

–

Mww Mwi Mwe

Miw Mii Mie

Mew Mei Mee

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

—

–

uw

ui

ue

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, (2.4.24)

where uw, ue are the nodal values of φ0,h on the western and eastern edges of the square

boundary and ui are the remaining nodal values on ω. Adding the first row to the last

and applying periodicity (i.e. ue ´ uw “ 0) we obtain
»

—

—

—

—

—

—

—

–

Aww Awi Awe

Aiw Aii Aie

Aew ´ Aww Aei ´ Awi Aee ´ Awe

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

—

–

uw

ui

0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ µ

»

—

—

—

—

—

—

—

–

Mww Mwi Mwe

Miw Mii Mie

Mew ´Mww Mei ´Mwi Mee ´Mwe

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

—

–

uw

ui

0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

(2.4.25)

Now we can eliminate the final column of the matrices to obtain a reduced system given

by
»

—

—

—

–

Aww Awi

Aiw Aii

fi

ffi

ffi

ffi

fl

»

—

—

—

–

uw

ui

fi

ffi

ffi

ffi

fl

“ µ

»

—

—

—

–

Mww Mwi

Miw Mii

fi

ffi

ffi

ffi

fl

»

—

—

—

–

uw

ui

fi

ffi

ffi

ffi

fl

. (2.4.26)

In a similar fashion we apply periodicity constraints to the corner nodes and to the south

and north edges of the square boundary. The periodicity constraints imply that all four
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corner nodes are identical. The periodicity constraints reduce the overall size of the mass

and stiffness matrices to pM ´ s{2q ˆ pM ´ s{2q and the vector u to pM ´ s{2q where s

denotes the number of nodes on the square boundary of ω.

We now determine the principal eigenfunction of (2.4.19). The problem is simu-

lated using MATLAB and its PDE Toolbox (see [55] for the numerical code). The large

sparse matrices involved call for a single vector iteration scheme, i.e. involving a single

sequence of vectors [74]. These standard methods include the power method which is the

simplest single vector technique which converges to the principal eigenfunction. There is

also the shift-and-power method which generalises the previous method to include a shift

parameter. The shift parameter is suitably selected so that it maximises the asymptotic

convergence rate. Therefore this method can converge more efficiently than the power

method. We use the shift-and-invert method which is an adaptation of the previous two

methods. This method uses the inverse of the system matrix to perform iterations. It is

best suited to our generalised eigenvalue problem (2.4.19) since it has a high convergence

rate [74]. The computation relies on a good initial guess for the principal eigenvalue. We

first focus on small values of |p| e.g. p “ p0, 0.001q and use fp0q “ 0 as an initial guess

for e.g. fp0, 0.001q. We then iterate over a range of values of p using the previously

determined solution as an initial guess to find the next solution. We anticipate a linear

dependence of f on p for large |p| and a quadratic dependence of f on p for small |p|

(both behaviours are obtained asymptotically, see sections 2.6 and 2.7). For this reason,

we carry out the computation on a non-uniform grid p with step size 0.001 for |p| ă 0.01,

step size 0.01 for 0.01 ď |p| ă 1 and step size 0.1 otherwise. We then determine g as a

function of ξ by using finite differences to approximate the Legendre transform.
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2.4.2 Numerical results

We now present our numerical findings and compare against the effective diffusivity ap-

proximations. We consider the three obstacle radii a “ 0.01, π{2 and π ´ 0.01. The

value a “ 0.01 is representative of the dilute limit a ! 1, the value a “ π ´ 0.01 of the

dense limit π ´ a ! 1, with the area fraction close to the maximum σ “ π{4 allowed

by the lattice arrangement. For these configurations we construct meshes generated via

triangulation of ω which is utilised for the finite element procedure. We control the

mesh refinement parameter h by choosing the maximum area of the triangular elements

in ω. For the three obstacle radii considered and in order of increasing radius we take

h “ 0.06, 0.01 and 3.4 ˆ 10´4, respectively. Note that for the dense case we need to use

a very fine mesh to capture the large gradients for φ0 localised in the thin gaps between

neighbouring obstacles. We justify the choice of mesh refinement by noting that further

reducing h only introduces small relative errors in f . For example in the dense case

reducing the value of h by a 1{4 results in a relative error of 0.09%.

Figure 2.2 shows the eigenfunction φ0 for the three obstacle radii and ξ “ |ξ|p1, 1q{
?

2

for |ξ| “ 0.01, 1 and 2. As expected, for all three cases φ0 remains approximately uni-

form for small |ξ| (see left column in Figure 2.2). In the dilute case (Figure 2.2a), φ0

departs from uniformity in the small region surrounding the obstacle. It behaves as

a dipole centred at the obstacle centre. This behaviour is consistent with results ob-

tained using homogenisation theory [69]. In the dense case (Figure 2.2g), φ0’s departure

from non-uniformity takes place inside the small gaps of neighbouring obstacles wherein

the gradients are uni-directional and transversely uniform. This behaviour is consistent
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paq pbq pcq

pdq peq pfq

pgq phq piq

Figure 2.2: Normalised eigenfunctions φ0 obtained numerically on the domain ω for

square lattices of circular obstacles with radius (bottom) a “ 0.01, (middle) π{2 and (top)

π´0.01 (gap half width ε “ 0.01) are shown along the direction p1, 1q for |ξ| “ 0.01 (left),

1 (centre) and 2 (right). The magnified insets focus on the boundary layer behaviour.
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paq pbq pcq

Figure 2.3: Rate function g plotted as a function of ξ for square lattices of circular

obstacles with radius (left) a “ 0.01, (middle) π{2 and (right) π ´ 0.01 (gap half width

ε “ 0.01). Selected contours (with values 0.01, 0.1, 0.5, 1 and 2) compare g (black) with

its quadratic (Gaussian) approximation (white) with the effective diffusivity κeff given by

the Maxwell formula (1.3.10) (left), a best-fit estimate (middle) and the Keller formula

(1.3.11) (right).

with Keller’s prediction developed by essentially using homogenisation theory [46]. In

the dilute case, the eigenfunction remains approximately uniform beyond the small-|ξ|

regime (top row in Figure 2.2). This is no longer the case for the intermediate and

dense cases. This is particularly true for the dense case. Figure 2.2i shows that large

uni-directional and transversely uniform gradients continue to take place inside the small

gaps of neighbouring obstacles. Away from these gaps, the behaviour becomes increas-

ingly non-uniform with ξ. This behaviour is distinctly different to expected behaviour

obtained using homogenisation theory.

Figure 2.3 shows the rate function obtained for the same three obstacle radii for ξ in
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the first quadrant (the other three quadrants are obtained from symmetry). The figure

illustrates interesting features, such as anisotropy, which is absent for small obstacles

(Figure 2.3a) but very marked for the largest obstacles (Figure 2.3c). As expected, the

quadratic approximation (1.4.3) of gpξq with effective diffusivity given by the Maxwell

formula (1.3.10) in the dilute limit (Figure 2.3a) or the Keller formula (1.3.11) in the

dense limit (Figure 2.3b) is accurate near ξ “ 0. In the intermediate case, the quadratic

behaviour also holds near ξ “ 0 with an effective diffusivity that can be inferred from our

results by contour fitting as an alternative to solving the cell problem of discretisation

theory [69]. Remarkably, in the dilute case, the quadratic approximation is excellent

beyond the small-ξ neighbourhood and applies to the entire range of ξ shown. In general

and most strikingly in the dense case, g is a more complicated function of ξ for |ξ| “ Op1q.

The physical implications of the above results are that homogenisation and the

corresponding quadratic approximation (1.4.3) underestimate passive scalar transport.

The phenomenon is most dramatic in the dense limit but negligible in the dilute limit.

This is illustrated in Figure 2.4 which focusses on two dense-limit cases: a “ π ´ 0.01

and π´ 0.001. It shows the (normalised) concentration θpx, tq in logarithmic scale along

the diagonal x “ |x|p1, 1q{
?

2 obtained at five consecutive times multiple of 4π2{κeff .

This choice ensures that the time is sufficiently long for the large-deviation approxi-

mation (2.2.1) to apply. The figure compares the concentration obtained from the large-

deviation approximation with its Gaussian, diffusive approximation (1.4.3) obtained with

effective diffusivity given by the Keller formula (1.3.11). Clearly the discrepancy between

the large-deviation approximation and its Gaussian, diffusive approximation is largest at

early times, in the tails of θpx, tq and for the largest of the two radii. As time increases,
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the Gaussian, diffusive approximation describes the bulk of the scalar concentration in-

creasingly better.

-5 -4 -3 -2 -1 0 1 2 3 4 5
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Figure 2.4: Normalised concentration θpx, tq{θ˚ (in logarithmic scale) where θ˚ “

maxxθpx, tq plotted against x{p2πq for x in the direction p1, 1q at dimensionless times

κefft{p4π
2q “ 1, 2, 3, 4 and 5, with the arrow pointing in the direction of increasing t, for

obstacles of radius a “ π ´ 0.01 (left) and π ´ 0.001 (right) (corresponding to gap half

width ε “ 0.01 and 0.001). Numerical results (solid lines) obtained by solving (2.2.6) are

compared with the Gaussian approximation obtained from (1.3.6) with effective diffusiv-

ity κeff given by the Keller formula (1.3.11) (dashed lines).

2.5 Asymptotic analysis

In the remainder of the chapter we provide asymptotic approximations in of both the

dilute and dense limits. For the dilute case we explain the validity of the quadratic

approximation (1.4.3) with effective diffusivity κeff given by the Maxwell formula (1.3.10)

throughout the range of ξ. We achieve this by taking a as a small parameter in (2.2.9).
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In the dense limit where the limitations of the diffusive approximation, non-Gaussianity

and anisotropic behaviour are most prominent, we use the gap half width ε “ π ´ a ! 1

as small parameter.

2.6 Dilute limit

We now use matched asymptotics to obtain an approximation to the eigenvalue problem

when a ! 1 and |p| “ Op1q. The regular expansion of the eigenvalue fppq,

f “ f0 ` opaq (2.6.1)

is sought in parallel to the asymptotic expansion of the eigenvector ψpxq in the singularly

perturbed domain ω. We construct two asymptotic expansions of ψpxq valid in different

regions in ω. The first is written in terms of the unscaled variable r “ |x| “ Op1q and is

called the outer (far-field) expansion it is subject to the boundary condition applied to

the outer boundary of the elementary cell ω,

∇2ψ “ fψ, x P r´π, πq2 (2.6.2a)

ψpx` 2πejq “ e´2πp¨ejψpxq, where j “ 1, 2. (2.6.2b)

The second is the inner (near-field) expansion subjected to the Neumann boundary con-

dition and is written with the scaling R “ |X| “ r{a,

∇2
XΨ “ a2fΨ (2.6.3a)

n ¨∇Ψ “ BRΨ “ 0, R “ 1. (2.6.3b)
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The outer expansion approximates ψ in a domain excluding a small neighbourhood

of the obstacle and thus captures the periodicity of the cell ω. Meanwhile, the inner

expansion can be used to approximate ψ in a small neighbourhood of the circular obstacle,

capturing the boundary layer phenomenon.

Leading-order solution

We begin by constructing an expansion of the outer problem valid outside the boundary

layer. We assume a series expansion of the form,

ψpxq “ ψ0 ` opaq (2.6.4)

The leading-order outer problem or the unperturbed problem, is

∇2ψ0 “ f0ψ0, x P r´π, πq2 (2.6.5a)

ψ0px` 2πejq “ e´2πp¨ejψ0pxq, where j “ 1, 2 (2.6.5b)

which we obtain by inserting the ansatz (2.6.1) and (2.6.4) into problem (2.6.2). To solve

the Helmholtz equation (2.6.5a) we assume a general solution of the form,

ψ0 “ a0e
´p¨x

` b0e
p¨x, (2.6.6)

were a0 and b0 are constants of integration. Applying the periodic boundary condition

(2.6.5b) yields

ψ0 “ e´p¨x and f0 “ |p|
2, (2.6.7)

where without loss of generality we normalise ψ0 by taking a0 “ 1.

The inner problem concerns the boundary region surrounding the circular obsta-

cles. As a result we conveniently express variables in polar coordinates pr, ϕq. We suppose
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the thickness of region is r “ Opaq (which can be verified using the principal of dominant

balance), and introduce the stretched coordinate R “ r{a “ Op1q. In order to understand

the form of the series expansion in ΨpR,ϕq we first match the inner and outer expansions

using Van Dyke’s matching rule [26, 31]. Writing the vectors x “ rpcosϕ, sinϕq and

p “ |p|pcosα, sinαq in polar coordinates, through matching we obtain

ΨpR,ϕq “ 1´ a|p|R cos pϕ´ αq as RÑ 8. (2.6.8)

Guided by this we assume a series expansion,

ΨpR,ϕq “ Ψ0 ` aΨ1 ` opaq. (2.6.9)

Substituting this into problem (2.6.3), yields the leading order inner problem

∇2Ψ0 “ 0 (2.6.10a)

n ¨∇Ψ0 “ BRΨ0 “ 0, R “ 1. (2.6.10b)

The general solution to the harmonic function Ψ0 is written in polar coordinates as,

Ψ0pR,ϕq “ a00`c0 lnR`
8
ÿ

n“1

a0nR
n cos pnϕq ` b0nR

n sin pnϕq ` c0nR
´n cos pnϕq ` d0nR

´n sin pnϕq

(2.6.11)

and imposing Neumann condition (2.6.10b) applied at the interface R “ 1 we obtain

BRΨ0

∣∣
R“1

“ c0 `

8
ÿ

n“1

npa0n ´ c0nq cos pnϕq ` npb0n ´ d0nq sin pnϕq “ 0. (2.6.12)

For non-trivial solutions we set: c0 “ 0, a0n “ c0n and b0n “ d0n. Then the harmonic

solution to the inner problem is uniquely determined as,

Ψ0 “ a00 `

8
ÿ

n“1

a0npR
n
`

1

Rn
q cos pnϕq ` b0npR

n
`

1

Rn
q sin pnϕq. (2.6.13)
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Matching with the outer problem we obtain that: a0n “ b0n “ 0 @n ě 1 and a00 “ 1.

The solution to the leading order inner problem simplifies to

Ψ0 “ 1. (2.6.14)

The inner problem at Opaq is,

∇2Ψ1 “ 0 (2.6.15a)

n ¨∇Ψ1 “ BRΨ0 “ 0, R “ 1, (2.6.15b)

which we note is of the same form as the inner problem at Op1q. The solution to (2.6.15)

is, given by

Ψ1 “ a10 `

8
ÿ

n“1

a1npR
n
`

1

Rn
q cos pnϕq ` b1npR

n
`

1

Rn
q sin pnϕq. (2.6.16)

Matching with the outer problem we obtain that a10 “ 0, a1n “ b1n “ 0 @n ě 2,

b11 “ ´|p| sinα, a11 “ ´|p| cosα. Thus,

Ψ1 “ ´|p|pR `
1

R
q cos pϕ´ αq. (2.6.17)

The term in R´1 is crucial: through matching it carries the effect of the obstacle into the

outer region, at Opa2q.

The leading-order inner and outer solutions may be used to obtain a higher-order

correction to the eigenvalue fppq. We multiply (2.2.9) by ep¨x and integrate over the

elementary cell ω: consisting of a square r´π, πq2 minus the obstacle with radius a ! 1

centred at the origin
ż

ω

ep¨x∇2ψ dx “

ż

ω

fep¨xψ dx, (2.6.18)
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Then integrating by parts twice (2.6.18) becomes

ż

Bω

ep¨xn ¨∇ψ dl ´
ż

Bω

ep¨xn ¨ pψ dl “ pf ´ |p|2q

ż

ω

ep¨xψ dx. (2.6.19)

We use the ‘tilted’ periodicity condition (2.2.10) to deduce that exppp ¨ xqψ and exppp ¨ xq∇ψ

are periodic and therefore contributions along opposing edges of the square boundary can-

cel. We demonstrate this by focusing on the contributions obtained on opposing edges

x “ ´π and x “ π. On these edges the second integral becomes

ż π

´π

e´πq1eyq2q1ψ
∣∣
x“´π

dy ´

ż π

´π

eπq1eyq2q1ψ
∣∣
x“π

dy “ 0, (2.6.20)

since ψ1

∣∣
x“´π

“ e´2πq1ψ1

∣∣
x“π

. Similarly the first integral gives contributions of the form,

ż π

´π

e´πq1eyq2Bxψ
∣∣
x“´π

dy ´

ż π

´π

eπq1eyq2Bxψ
∣∣
x“π

dy “ 0, (2.6.21)

since Bxψ1

∣∣
x“π

“ e´2πq1Bxψ1

∣∣
x“´π

. After applying the boundary condition (2.2.9b), Equa-

tion (2.6.19) becomes

pf ´ |p|2q

ż

ω

ep¨xψ dx “ ´

ż

B

ep¨xn ¨ pψ dl. (2.6.22)

We use ψ „ ψ0 “ e´p¨x to approximate the left-hand side of (2.6.22) and

ψ|r“a “ Ψ|R“1 „ Ψ0p1, ϕ; aq ` aΨ1p1, ϕ; aq “ 1´ 2a|p| cospϕ´ αq ` opaq, (2.6.23)

and

ep¨x “ 1` a|p| cospϕ´ αq ` opaq (2.6.24)

to approximate the right-hand side of (2.6.22). Carrying out the integrations gives

4π2
pf ´ |p|2q “ a

ż 2π

0

p1´ a|p| cospϕ´ αqq|p| cospϕ´ αq dϕ “ ´a2π|p|2. (2.6.25)

52



We finally obtain an approximation for fppq given by

fppq „

˜

1´
a2

4π

¸

|p|2 as aÑ 0. (2.6.26)

Alternatively, in terms of the solid area fraction the approximation is given by

fppq „ p1´ σq|p|2 as σ Ñ 0. (2.6.27)

Taking the Legendre transform (2.6.27) we obtain that the rate function gpξq is approx-

imated by

gpξq „
|ξ|2

4 p1´ σq
as σ Ñ 0. (2.6.28)

Thus, to leading order, the large-deviation approximation reproduces the results of clas-

sical homogenisation. In other words, the tails as well as the core of the distribution are

Gaussian.

We finally note that the quadratic approximations (2.6.27) and (2.6.28) hold in

the dilute limit for obstacles of arbitrary shapes, because on the far-field, dipolar form of

the inner solution matters at leading order.

2.7 Dense limit

2.7.1 Discrete-network approximation

An intuitive way to understand the dense limit is to consider a discrete network model as

a simplified analogue to the continuum model (2.1.1). The building block of this model is

Keller’s asymptotic solution leading to (1.3.11) [46]. This relies on the observation that

53



pm,n` 1q

pm´ 1, nq pm,nq pm` 1, nq

pm,n´ 1q

Figure 2.5: Models of diffusion in square lattice of circular obstacles: (left) continuum

model and (right) discrete network model.

the scalar concentration θpx, tq is nearly constant away from the small gaps separating

neighbouring obstacles and changes rapidly along the gaps. The scalar flux is then lo-

calised in the gaps, unidirectional and approximately uniform in the direction transverse

to the gaps. For a gap in the x-direction, for example, the total scalar flux is given by

F “ 2hεpxq
Bθ

Bx
, (2.7.1)

where hεpxq denotes the gap half width. For ε small, hεpxq can be approximated as a

parabola centred in the middle of the gap: hεpxq « x2{p2πq`ε. Dividing across by 2hεpxq

and integrating in the region enclosed by the gap gives

∆θ “ F

ż π´ε

´pπ´εq

π

x2 ` 2πε
dx “ F

c

π

2ε
tan´1

px{
?

2πεq
∣∣∣π´ε
´pπ´εq

, (2.7.2)

where ∆ is not to be confused with the Laplacian. The integral converges so we can

extend the integration range to x P p´8,8q [46]. Taking a Taylor expansion of the

tan´1 term as |x| Ñ 8 in (2.7.2) we obtain at leading order

∆θ “ F

c

π

2ε
tan´1

px{
?

2πεq
∣∣∣8
´8
„ F

c

π

2ε
π. (2.7.3)
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Rearranging (2.7.3) we obtain the relationship

F “ α∆θ, where α “
a

2ε{π3, (2.7.4)

between the total scalar flux and the difference ∆θ in concentration between the two sides

of the gap. This makes it possible to approximate (2.1.1) by a discrete network in which

regions away from the gaps are represented as vertices and the gaps between them as

edges (see the right panel of Figure 2.5). The (near-uniform) concentration θpm,nq inside

the region centred at πp2m` 1, 2n´ 1q then evolves in response to the sum of the fluxes

in (the four) adjacent gaps, leading to

A
dθpm,nq

dt
“ αpθpm`1,nq

` θpm,n`1q
` θpm´1,nq

` θpm,n´1q
´ 4θpm,nqq, (2.7.5)

where A “ π2p4 ´ πq is the approximate area of the region. A rigorous justification of

model (2.7.5) can be obtained using the techniques in [18].

It is easy to determine the long-time behaviour of (2.7.5). The diffusion approxima-

tion is recovered by taking the continuum limit of (2.7.5), approximating the right-hand

side by 4π2α∇2θ to obtain the effective diffusivity

κeff “ 4π2α{A “ α{p1´ π{4q (2.7.6)

which is readily shown to match Keller’s expression (1.3.11) using that σ “ π{4´ ε{2`

Opε2q. However, the diffusive approximation is limited. Further information can be

obtained from the rate function which appears in the large-deviation approximation

θpm,nq „ t´1 exp
´

´tgdpr
pm,nq{tq

¯

of solutions of the network model (2.7.5). Substitut-

ing into (2.7.5) gives

A fdppq “ αpe´2πp
` e´2πq

` e2πp
` e´2πq

´ 4q (2.7.7)
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Figure 2.6: Rate function g plotted against |ξ| for obstacles of radius (left) a “ π ´ 0.01

and (right) π´0.001 (corresponding to gap half width ε “ 0.01 and 0.001) in the directions

p1, 1q (black) and p1, 0q (blue). Numerical results (thick solid lines) obtained by solving

(2.2.6) are compared with the quadratic (Gaussian) approximation (1.4.3) (dashed lines)

with effective diffusivity κeff given by the Keller formula (1.3.11) and the discrete-network

approximation (2.7.9) (dashed-dotted). The insets focus on small values of |ξ|.

and simplifying this we obtain an explicit relation for the Legendre transform fdppq of

gdpξq, namely

fdppq “
4α

A

´

sinh2
pπpq ` sinh2

pπqq
¯

. (2.7.8)

Taking the Legendre transform of (2.7.8) then yields

gdpξq “
2α

A

`

Spβξq ` Spβηq
˘

, (2.7.9)

where Spxq “ 1 ` x sinh´1
pxq ´

?
1` x2 and β “ A {p4παq. Figure 2.6 shows that

the rate function (2.7.9) is an improvement to the quadratic (Gaussian) approximation.

Nevertheless this improvement is limited to small values of |ξ|. This is because a key

assumption of the network model, namely that the concentration is nearly uniform outside
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the gaps, breaks down for |x| large enough that |ξ| is not small. We now carry out

an asymptotic analysis that yields an approximation to rate function that is valid for

|ξ| “ Op1q and recovers (2.7.9) as a limiting case.

2.7.2 Asymptotics

We apply matched asymptotics to obtain an approximation to the solution of the eigen-

value problem (2.2.9) for ε ! 1 that is valid in the distinguished regime |p| “ Op1q. The

analysis is conveniently carried out in the translated elementary cell ω1 shown in Figure

2.1. This is centred on the star-like region which we will (inaccurately) refer to as ‘astroid’

in the limit εÑ 0, when the gaps close to form four cusps (see Figure 2.8).

We first consider the solution inside a representative gap, in the the positive x-

direction, that for convenience we refer to as west of the centre of ω1. The gap boundaries

are given by

y “ ´π ˘ hεpxq, where hεpxq “ π ´
`

pπ ´ εq2 ´ x2
˘1{2

, 0 ď x ď π ´ ε. (2.7.10)

This form suggests an outer region where x, y ` π “ Op1q in which case (2.7.10) may be

approximated as the boundary of the astroid,

y “ ´π ˘ h0pxq `Opεq where h0pxq “ π ´
?
π2 ´ x2, 0 ď x ď π, (2.7.11)

and an inner region where X “ x{
?
ε “ Op1q and Y “ py ` πq{ε “ Op1q in terms of

which (2.7.10) is approximately given by

Y “ ˘HεpXq “ ˘H0pXq `Opεq where H0pXq “
X2

2π
` 1, 0 ď X ă 8, (2.7.12)
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Inner region

Inside the inner region, the modified Helmholtz problem (2.2.9) becomes

εBXXΨ` BY Y Ψ “ ε2fΨ, (2.7.13a)

for the eigenfunction ΨpX, Y q “ ψpx, yq, with the Neumann boundary condition approx-

imated by

˘ BY Ψ´ ε

˜

X

π
BXΨ˘

X2

2π2
BY Ψ

¸

`Opε3{2
q “ 0 at Y “ ˘H0pXq `Opεq. (2.7.13b)

We now introduce the expansions

ΨpX, Y q “ Ψ0pX, Y q ` ε
1{2Ψ1pX, Y q ` εΨ2pX, Y q `Opε

3{2
q (2.7.14a)

and

fppq “ f0ppq ` ε
1{2f1ppq ` εf2ppq `Opε

3{2
q (2.7.14b)

of the eigenvalue and eigenfunction into (2.7.13) to obtain, at Op1q and Opε1{2q,

BY Y Ψi “ 0 with BY Ψi “ 0 at Y “ ˘H0pXq pi “ 0, 1q (2.7.15)

and thus Ψ0 “ Ψ0pXq and Ψ1 “ Ψ1pXq i.e., they are transversely uniform. The key

equation appears at Opεq. Using the Y -independence of Ψ0 it simplifies to

BY Y Ψ2 “ ´BXXΨ0 with ¯ BY Ψ2 “
1

π
XBXΨ0 at Y “ ˘H0pXq. (2.7.16)

Integrating (2.7.16) for Y P r´H0pXq, H0pXqs we find that BXpH0pXqBXΨ0q “ 0, hence

Ψ0 “ A1

ż X

0

dX 1

H0pX 1q
`B1 “

?
2πA1 tan´1

ˆ

X
?

2π

˙

`B1, X “ x{ε1{2, (2.7.17a)

for constants A1 and B1 to be determined by matching with the outer solution. Similarly,

using symmetry, the solution inside the gaps to the south (in the negative y-direction),
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east (in the negative x-direction), and north (in the positive y-direction) of the centre of

ω1, are

Ψ0 “ A2

?
2π tan´1

ˆ

Y
?

2π

˙

`B2, Y “ py ` 2πq{ε1{2, (2.7.17b)

Ψ0 “ A3

?
2π tan´1

ˆ

X
?

2π

˙

`B3, X “ px´ 2πq{ε1{2, (2.7.17c)

Ψ0 “ A4

?
2π tan´1

ˆ

Y
?

2π

˙

`B4, Y “ y{ε1{2, (2.7.17d)

introducing additional constants Ai and Bi for i “ 2, 3, 4. The constants are constrained

by the ‘tilted’ periodicity condition (2.2.9), giving

pA3, B3q “ e´2πp
pA1, B1q and pA4, B4q “ e´2πq

pA2, B2q. (2.7.18)

Outer region and matching

In the outer region we assume the expansion

ψ “ ψ0 ` ε
1{2ψ1 ` εψ2 `Opε

3{2
q. (2.7.19)

To leading-order ψ0 satisfies

∇2ψ0 “ f0ψ0, n¨∇ψ0 “ 0 on y “ ´π˘

$

’

’

’

&

’

’

’

%

h0pxq for 0 ď x ă π

h0p2π ´ xq for π ď x ă 2π

. (2.7.20a)

Additional boundary conditions are obtained by matching the solution near the cusps of

the astroid with the inner solutions (2.7.17). Near the cusp to the west of the centre,

ψ0 satisfies the approximation Bxph0pxqBxψ0q “ 0 to (2.7.20a) (obtained following similar

steps as in §2.7.2), hence

x2
Bxψ0 „ C1, as xÑ x1 “ p0,´πq, (2.7.20b)
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Figure 2.7: Functions Di pi “ 1, 2, 3q defined by (2.7.23) against f0. The numerical

estimates (solid lines) are compared with the asymptotic approximation (2.7.28) for f0 ! 1

(dashed line).

where C1 is a constant to be determined. The behaviour is similar near the other three

cusps located at x2 “ pπ,´2πq, x3 “ p2π,´πq and x4 “ pπ, 0q involving constants Ci for

i “ 2, 3, 4.

Canonical boundary-value problem. Exploiting the four-fold symmetry the solu-

tion to (2.7.20) can be written as the linear combination

ψ0px, yq “ C1ψ
˚
px, yq`C2ψ

˚
py`2π,´xq`C3ψ

˚
p2π´x,´y´2πq`C4ψ

˚
p´y, xq (2.7.21)

of the solution ψ˚ of the canonical boundary-value problem

∇2ψ˚ “ f0ψ
˚, on y “ ´π ˘

$

’

’

’

&

’

’

’

%

h0pxq for 0 ď x ă π

h0p2π ´ xq for π ď x ă 2π

, (2.7.22a)
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with Neumann boundary conditions on the astroid except on the western cusp where

x2
Bxψ

˚
Ñ 1 as xÑ x1. (2.7.22b)

The key point is that solving (2.7.22) determines four functions Dipf0q, pi “ 1, . . . , 4q

defined by

ψ˚ „ ´
1

x
´D1pf0q as xÑ x1 and ψ˚ „ ´Dipf0q as xÑ xi for i “ 2, 3, 4.

(2.7.23)

Thus, these functions describe the leading-order behaviour of ψ˚ once the singular con-

tribution ´1{x at x1 is subtracted out. By symmetry

D4pf0q “ D2pf0q. (2.7.24)

We obtain the functions Dipf0q by solving (2.7.22) numerically for a range of

values of f0 using a standard finite-element discretisation. The difficulty associated with

the singular shape of the astroid is avoided by trimming off the cusp regions with four

straight segments placed a small distance δ away from each cusp. Figure 2.7 shows

the results obtained for a range of values of f0. These results have been checked to be

insensitive to the value of δ as well as to the resolution of the finite-element discretisation

(δ “ 0.01 for the figure). Figure 2.8 shows the form of ψ˚ for different values of f0.

Clearly, larger values of f0, corresponding to larger values of p, lead to higher contrasts

in ψ0, reflecting the fact that the asymptotic analysis goes beyond the hypothesis of

near-uniform concentration assumed for the discrete-network approximation of §2.7.1.

The asymptotic behaviour of Dipf0q for small f0 is useful for later reference. In
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Figure 2.8: Logarithm log10 |ψ
˚| of ψ˚pxq defined as the solution to the canonical

boundary-value problem (2.7.22) obtained for (left) f0 “ 0.01, (middle) 1 and (right)

10.

this limit, the solution ψ˚ may be expanded according to

ψ˚ “ f´1
0 ψ˚0 ` ψ

˚
1 `Opf0q, f0 ! 1. (2.7.25)

Substituting (2.7.25) into (2.7.22a), we obtain that

∇2ψ˚0 “ 0 and ∇2ψ˚1 “ ψ˚0 , on y “ ´π ˘

$

’

’

’

&

’

’

’

%

h0pxq for 0 ď x ă π

h0p2π ´ xq for π ď x ă 2π

.

(2.7.26a)

Additionally, from (2.7.22b) we have that ψ˚0 and ψ˚1 satisfy Neumann boundary condi-

tions on the astroid except on the western cusp where ψ˚1 satisfies

x2
Bxψ

˚
1 Ñ 1 as xÑ x1. (2.7.26b)

Thus, ψ˚0 “ c where c is a constant. The value of c may be determined by integrating the

second equation in (2.7.26a) and using (2.7.26b) to obtain

A c “

ż

ω1
∇2ψ˚1 dx „ ´ lim

δÑ0

ż δ2{p2πq

´δ2{p2πq

Bxψ
˚
1 |x“δ dy “ ´

1

π
, (2.7.27)
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with the area A defined in (2.7.5). Therefore

Dipf0q „
1

πA f0

for f0 ! 1 pi “ 1, ¨ ¨ ¨ , 4q. (2.7.28)

Figure 2.7 confirms the validity of (2.7.28).

Figure 2.9: Rate function g plotted against |ξ| for square lattice of circular obstacles

with radius a “ π ´ 0.01 (left) and π ´ 0.001 (right) (corresponding to gap half widths

ε “ 0.01 and 0.001) obtained by solving the eigenvalue problem (2.2.6). Selected contours

(with values 0.1, 1, 2.5 and 5) compare the numerical g (black) with the asymptotic

approximation deduced from (2.7.30) (pink).

Matching. The leading-order approximation to the eigenvalue fppq is obtained by

matching the solution in the inner and outer regions. Comparing (2.7.17) with (2.7.21)

63



using (2.7.23) and (2.7.24) leads to

C1 “ ´2π
?
εA1, ´C1D1pf0q ´ pC2 ` C4qD2pf0q ´ C3D3pf0q “

a

π3{2A1 `B1,

(2.7.29a)

C2 “ ´2π
?
εA2, ´pC1 ` C3qD2pf0q ´ C2D1pf0q ´ C3D4pf0q “

a

π3{2A2 `B2,

(2.7.29b)

C3 “ 2π
?
εA3, ´C1D3pf0q ´ pC2 ` C4qD2pf0q ´ C3D1pf0q “ ´

a

π3{2A3 `B3,

(2.7.29c)

C4 “ 2π
?
εA4, ´pC1 ` C3qD2pf0q ´ C2D3pf0q ´ C4D1pf0q “ ´

a

π3{2A4 `B4.

(2.7.29d)

We now use (2.7.18) to reduce (2.7.29) to a homogeneous linear system for two of the

constants, e.g., A1 and A2. Non-trivial solutions exist provided that the determinant of

the associated matrix vanish. After some manipulations using (2.7.24) this gives

`

D3pfq coshp2πpq ´D1pfq ´ p2παq
´1
˘ `

D3pfq coshp2πqq ´D1pfq ´ p2παq
´1
˘

´D2
2pfq

`

coshp2πpq ´ 1
˘ `

coshp2πqq ´ 1
˘

“ 0

(2.7.30)

with α “
a

2ε{π3 as defined in (2.7.4) and we omit the subscript of f0.

Equation (2.7.30) is the central result of this paper. It is a transcendental equation

for the Legendre transform f of the rate function g as a function of the gap half width ε.

Once the functions Dipfq have been tabulated, it reduces the determination f and hence

g to an algebraic problem. The transcendental dependence of f on ε reflects the uniform

validity of our approximation across a range of values of p, including in particular a

regime where
?
εe2π|p| “ Op1q as well as the discrete-network regime of §2.7.1.
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We solve (2.7.30) numerically for a range of p “ pp, qq to obtain fppq and gpξq

by Legendre transform. In practice, it is convenient to express p “ |p|pcosϕ, sinϕq in

polar form and, for fixed angle ϕ, solve for |p| as a function of f using a nonlinear

solver such as Matlab’s fzero. The computation needs a good first guess which we

obtain by noting that, when ϕ “ 0, i.e. for p “ |p|p1, 0q, (2.7.30) reduces to |p| “

1{p2πq cosh´1
ppD1pfq ` α´1q{D3pfqq. We then iterate over increasing values of ϕ using

the value of |p| determined previously as an initial guess for the next solution.
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Figure 2.10: Cross-section of the rate function g in Figure 2.9 in the directions p1, 1q

(black lines) and p1, 0q (lines). Numerical results obtained by solving (2.2.6) (thick solid

lines) are compared against the asymptotic approximation derived from (2.7.30) (thin

solid lines) and from the discrete-network approximation (2.7.8) (dashed-dotted). The

insets focus on small values of |ξ|.

Figure 2.9 compares the asymptotic prediction for gpξq deduced from (2.7.30) to

that obtained by finite-element solution of the full eigenvalue problem (2.2.6) for ε “ 0.01
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and 0.001. The agreement is excellent throughout the range of |ξ|, showing that our

approximation captures the scalar concentration deep into the tails. This is more clearly

demonstrated in Figure 2.10 which displays cross-sections of gpξq for ξ along the ξ-axis

and along the diagonal ξ “ η and for a very wide range of values of |ξ|. While some

discrepancies between asymptotic and numerical solutions are visible for ε “ 0.01 the

solutions match perfectly for ε “ 0.001.

For very large |ξ|, the concentrations are exceedingly small, of course. It is

nonetheless interesting to note that gpξq is then controlled by an action-minimising tra-

jectory as predicted by the Friedlin–Wentzell (small-noise) large-deviation theory [37].

This gives the asymptotics gpξq „ d2pξq{4 and hence θ9e´d
2px´x0q{p4tq where dpxq “

πpx` yq{4` p1´ π{4q|x´ y| is the distance along the shortest path (made up of quarter

circles and a line segment (horizontal if x ą y, vertical if x ă y) joining x0 to x while

avoiding the obstacles. Thus, at very large distances, one recovers a diffusive behaviour

with the molecular value of the diffusivity but a non-Euclidean distance determined by

the obstacle geometry (see [87] for a similar phenomenon in a different geometry).

We conclude by checking explicitly that our asymptotic analysis recovers the

discrete-network approximation (2.7.8). This approximation arises from the transcen-

dental equation (2.7.30) in the limit of small f : introducing the small-f asymptotic

approximation (2.7.28) of the Di into (2.7.30) gives

`

coshp2πpq ´ 1´A f{p2αq
˘ `

coshp2πqq ´ 1´A f{p2αq
˘

´
`

coshp2πpq ´ 1
˘ `

coshp2πqq ´ 1
˘

“ 0, (2.7.31)

which simplies as f “ fd with the network expression (2.7.8) of fd. The corresponding
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rate function gd is compared with the asymptotic and numerical estimates of g in Fig-

ure 2.10 which demonstrates the superiority of our asymptotic result over the network

approximation.

2.8 Concluding remarks

This chapter revisits the classical results of Maxwell, Rayleigh, Keller and many others

on the impact of an array of obstacles on the diffusion of scalars in an otherwise homoge-

neous medium. Homogenisation theory predicts that, at a coarse-grained level, a scalar

released instantaneously simply diffuses with a (computable) effective diffusivity. A basic

observation is that this conclusion is restricted to the bulk of the scalar distribution and

that the more general tool of large-deviation theory is necessary to capture the tails of the

distribution. Focusing on the case of a square lattice of circular obstacles for simplicity,

we show that the non-diffusive behaviour is leading to tail concentrations that are much

fatter than predicted by the effective diffusion approximation. This effect is strongest

in the dense limit, when the obstacles are nearly touching and large-scale dispersion is

strongly inhibited. We examine this limit using a matched-asymptotics approach which

reduces the computation of the large-deviation rate function – requiring in general the so-

lution of a family of elliptic eigenvalue problems – to the algebraic equation (2.7.30). The

rate function that is obtained in this way captures the scalar concentration over a wide

range of distances from the point of release and encompasses several physical regimes:

the diffusive regime with Keller’s effective diffusivity [46], a closely related regime associ-

ated with a lattice random walk, all the way to the extreme-tail regime where the scalar
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concentration is controlled by single shortest-distance paths.
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Chapter Three

Dispersion in Networks

3.1 Introduction

In this chapter, we consider the evolution of a passive scalar inside networks composed

of an infinite number of vertices connected by (one-dimensional) edges of equal length

`. We focus on three types of networks: triangular (with vertex degree 6), square (with

vertex degree 4) and hexagonal (with vertex degree 3) networks, illustrated in Figure

3.1. The networks are generated by periodic lattices. These are Bravais lattices for the

case of triangular and square networks but not for the hexagonal network. The position

of the vertices are obtained from linear combinations of the vectors `a1 and `a2 (see

Equation (1.2.3)) which span the elementary cell. In triangular and square networks,

the elementary cell n “ pn1, n2q P Z2 consists of a single vertex (see the left and middle

panels of Figure 3.1) whose position is given by Equation (1.2.1), repeated here

rpppnqqq “ `pn1a1 ` n2a2q, (3.1.1)
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so that rppp0qqq “ 0. For triangular networks the (lattice) basis vectors are

a1 “
1

2
p1,
?

3qT and a2 “
1

2
p1,´

?
3qT , (3.1.2a)

while for square networks the (lattice) basis vectors are

a1 “ p1, 0q
T and a2 “ p0, 1q

T . (3.1.2b)

In contrast, in hexagonal networks, the elementary cell consists of two vertices (see the

right panel of Figure 3.1). Their positions are given by (3.1.1) and rpppnqqq ´ p1, 0qT where

this time

a1 “

?
3

2
p
?

3, 1qT and a2 “

?
3

2
p
?

3,´1qT . (3.1.2c)

The position on the network may be generated from the corresponding lattice via

x
pnq
i “ `ibi ` r

pnq, (3.1.3)

where bi for i “ 1, . . . , N is a unit vector that denotes the direction of the ith edge with

N the total number of edges inside an elementary cell. For square networks, N “ 2 while

for triangular and hexagonal networks, N “ 3 (see Figure 3.1). The distance along the

ith edge is measured from rpnq by `i P r0, `q. For all networks,

bi “ ai, i “ 1, 2, (3.1.4a)

where ai are obtained from (3.1.2a) for the triangular and hexagonal network and (3.1.2b)

for the square network. We also have

b3 “ p1, 0q
T and b3 “ ´p1, 0q

T , (3.1.4b)

for the triangular and hexagonal networks, respectively.
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1

a1 “ b1

a2 “ b2

U1

U2

b3

U3

1

1

a2 “ b2

U2

U1

a1 “ b1
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1

Figure 3.1: Triangular (left), square (middle) and hexagonal (right) networks and their

associated elementary cell (shaded grey area). These are spanned by vectors a1 and a2

while the unit vectors b1, b2 and b3 describe the direction of the network edges connecting

the vertices (black and white dots). Fluid flows with velocity Ui “ bi ¨U for i “ 1, . . . , N

along edges of unit length.

Taking ` as reference length and and `2{κ as reference time with κ being the

diffusivity constant, the (one-dimensional) advection–diffusion equation for the scalar

concentration θ is given by

Btθ
pnq
i ` UiB`iθ

pnq
i “ B

2
`i`i
θ
pnq
i , (3.1.5)

for `i P r0, 1q, where θ
pnq
i p`i, tq :“ θpx

pnq
i , tq denotes the concentration along the ith edge in

elementary cell n. Here, the parameters Ui :“ bi ¨U`{κ are the projection of the uniform

velocity field U “ pUx, Uyq along the ith edge. They correspond to (local) Péclet numbers

measuring the strength of advection relative to diffusion. For the triangular and hexagonal

network we have additionally that U3 “ U1 ` U2 “ Ux and U3 “ ´pU1 ` U2q “ ´Ux,

respectively.

Complementing (3.1.5) are boundary conditions applied at the vertices. These are
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obtained by assuming continuity of the concentration and a zero net concentration flux at

each vertex. For the triangular and square networks, the boundary conditions are given

by

θ
pnq
i

∣∣
`i“0

“ θ
pn´ejq
j

∣∣
`j“1

, (3.1.6a)

for i, j “ 1 . . . N and
N
ÿ

i“1

B`iθ
pnq
i

∣∣
`i“0

´ B`iθ
pn´eiq
i

∣∣
`i“1

“ 0. (3.1.6b)

Here, the vectors e1 “ p1, 0q
T , e2 “ p0, 1q

T and e3 “ p1, 1q
T are used to define elementary

cells adjacent to n. For the hexagonal network, the corresponding boundary conditions

are given by

θ
pnq
i

∣∣
`i“0

“ θ
pnq
j

∣∣
`j“0

, and θ
pn´eiq
i

∣∣
`i“1

“ θ
pn´ejq
j

∣∣
`j“1

, (3.1.7a)

for i, j “ 1 . . . N and

N
ÿ

i“1

B`iθ
pnq
i

∣∣
`i“0

“

N
ÿ

i“1

B`iθ
pn´eiq
i

∣∣
`i“1

“ 0, (3.1.7b)

where this time e1 “ p1, 0q
T , e2 “ p0, 1q

T and e3 “ p0, 0q
T .

Given an initial condition, the scalar concentration is completely determined by the

system of equations (3.1.5) together with boundary condition (3.1.6) or (3.1.7) (depending

on the type of network). It can be solved numerically using finite differences or Laplace

transforms [28, 51, 42] or Monte Carlo simulations [87].

We are once more interested in the initial value problem corresponding to the

instantaneous release of the scalar at some location inside the network which without

loss of generality we take to be the origin so that θpnqi p`i, 0q “ δp`iqδpnq. Once again

we assume that the solution decays at infinity. Our aim is to obtain a coarse-grained
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description of the concentration at large times, in the large-deviation regime. We achieve

this by extending the approach in [87] for dispersion in square and rectangular networks

to tackle more general two-dimensional periodic networks based on both Bravais and non-

Bravais lattices. The approach, which is introduced in §3.2, provides the rate function

g in terms of the solution to a set of transcendental equations which are easy to solve

numerically. Their quadratic approximation, which we obtain in §3.3, determines the

effective diffusive approximation for the concentration with the effective diffusivity tensor,

K explicitly obtained and analysed in the limits of small and large Péclet. At large

distances from the centre of mass, the behaviour of the concentration, described §3.3

can greatly differ from the effective diffusive approximation. Throughout the chapter the

focus is to determine how dispersion depends on the the geometry (associated with the

orientation and length of the edges) and topology (associated with the connectivity of

the network vertices) of the networks considered. We conclude the chapter in §3.5.

3.2 Large deviations

We use the theory of large-deviations [37, 36, 86] now applied to periodic networks to

approximate the concentration at long times t " 1 by the two-scale form (1.4.1) [40, 87,

35], repeated here for convenience

θpx
pnq
i , tq “ φpx

pnq
i , ξ, tqe´tgpξq, where ξ “

x

t
P R2. (3.2.1)

Once more the rate function g is a continuous function of ξ describing the most rapid

changes in θ. It is non-negative, convex and has a single minimum and zero located at
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ξ “ ξ˚, where ξ˚ corresponds to the centre of mass of θ. Higher order corrections are

captured by φ . This is supported on the network so that φ is only non-zero at xpnqi where

x
pnq
i is given by (3.1.3). We assume that φ inherits the same periodicity of the network

so that

φpx
pnq
i ` rpnq, ξ, tq “ φpx

pnq
i , ξ, tq, (3.2.2)

where xpnqi is given by (3.1.3).

Following the same steps as in Chapter 2, we expand φpxpnqi , ξ, tq according to

φpx
pnq
i , ξ, tq “ t´1

´

φ0px
pnq
i , ξq ` t´1φ1px

pnq
i , ξq ` t´2φ2px

pnq
i , ξq ` . . .

¯

. (3.2.3)

Changing variables using (3.1.3), and letting φ
pnq
i :“ φ0px

pnq
i , ξq we arrive, at leading

order at

B
2
`i`i
φ
pnq
i ´ pUi ` 2bi ¨ pqB`iφ

pnq
i ` pUibi ¨ p` pbi ¨ pq

2
qφ
pnq
i “ fppqφ

pnq
i , (3.2.4)

for i “ 1 . . . N , where we have defined

p “ ppx, pyq
T
“ ∇ξg and fppq “ ξ ¨ p´ gpξq. (3.2.5)

Note for convenience we have changed notation from p “ pp, qq (used in previous chapters)

to p “ ppx, pyq.

Equation (3.2.4) is supplemented by boundary condition applied at each vertex.

For the triangular and square networks, these are inferred from (3.1.6) from where we

obtain that

φ
pnq
i

∣∣
`i“0

“ φ
pn´ejq
j

∣∣
`j“1

, (3.2.6a)

N
ÿ

i“1

B`iφ
pnq
i

∣∣
`i“0

´ B`iφ
pn´eiq
i

∣∣
`i“1

“ 0, (3.2.6b)
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for i, j “ 1 . . . N . For the hexagonal network, the boundary conditions are inferred from

(3.1.7) from where we obtain that

φ
pnq
i

∣∣
`i“0

“ φ
pnq
j

∣∣
`j“0

and φ
pn´eiq
i

∣∣
`i“1

“ φ
pn´ejq
j

∣∣
`j“1

, (3.2.7a)

N
ÿ

i“1

B`iφ
pnq
i

∣∣
`i“0

“

N
ÿ

i“1

B`iφ
pn´eiq
i

∣∣
`i“1

“ 0, (3.2.7b)

for i, j “ 1 . . . N . Equation (3.2.4) together with the boundary condition (3.2.6) or

(3.2.7) as well as the periodicity condition (3.2.2) define a family of eigenvalue problems

which determine a discrete spectrum of eigenvalues fppq. We once more focus on the

principal eigenvalue fppq which is unique real and isolated with a sign-definite associated

eigenfunction tφpnqi uNi“1 [52]. Moreover, f is a convex function of p. Together with (3.2.5)

this implies that fppq and gpξq are Legendre duals.

The solution to the eigenvalue problem (3.2.4) together with boundary condition

(3.2.6) or (3.2.7) is a transcendental equation in fppq. We next solve the eigenvalue

problems.

3.2.1 Triangular and square networks

We first focus on the case of triangular and square networks. We use the first boundary

condition (3.2.6a) to deduce that the value of φpnqi at all the vertices is the same. Let

A be the value of φpnqi at `i “ 0, 1 for i “ 1 . . . N . We use (3.2.4) to obtain an explicit

expression for φpnqi

φ
pnq
i “

Aeµi`i

sinh νi

`

sinh νip1´ `iq ` e
´µi sinh νi`i

˘

, (3.2.8)
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for i “ 1 . . . N where the variables µi and λi are defined as

µi “ bi ¨ p`
Ui
2
, νi “

c

U2
i

4
` fppq. (3.2.9)

Substituting (3.2.8) inside the second boundary condition (3.2.6b) yields

N
ÿ

i“1

νi
sinh νi

pcoshµi ´ cosh νiq “ 0. (3.2.10)

Equation (3.2.10) is a transcendental equation whose solution determines f as a function

of p.

3.2.2 Hexagonal networks

We follow a similar procedure for the hexagonal network. Using the first boundary

condition (3.2.7a) we let φpnqi

∣∣
`i“0

“ A and φ
pnq
i

∣∣
`i“1

“ B for i “ 1 . . . 3. Then, solving

(3.2.4) yields

φ
pnq
i “

eµi`i

sinh νi

`

A sinh νip1´ `iq `Be
´µi sinh νi`i

˘

, (3.2.11)

for i “ 1 . . . 3 with µi and νi defined in (3.2.9). Substituting (3.2.11) inside the second

boundary condition (3.2.7b) and using
řN
i“1 µi “ 0 yields a linear system of equations,

expressed in matrix form as

Ta “ 0, (3.2.12a)

where

T “
3
ÿ

i“1

»

—

—

—

—

–

´νi coth νi νie
´µi csch νi

´νie
µi csch νi νi coth νi

fi

ffi

ffi

ffi

ffi

fl

, a “

»

—

—

—

–

A

B

fi

ffi

ffi

ffi

fl

. (3.2.12b)
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For a non-trivial solution of (3.2.12), the matrix must be singular i.e. |T| “ 0. This leads

to the transcendental equation

3
ÿ

i,j“1

νiνj
sinh νi sinh νj

pe´µieµj ´ cosh νi cosh νjq “ 0. (3.2.13)

The transcendental equations (3.2.10) and (3.2.13) for fppq are the main results of

this chapter. Their solution provides f as a function of p which can be used to determine

the rate function g as a function of ξ. It is then easy to show that fp0q “ 0. For p ‰ 0

the number of solutions are infinite. We focus on the unique real solution corresponding

to the principal eigenvalue.

The principal eigenvalue cannot be analytically obtained except in the absence of

a flow when Ux “ Uy “ 0. In this case, the principal eigenvalue is given by

fppq “

¨

˚

˝

cosh´1

¨

˝

1

N

N
ÿ

i“1

coshpbi ¨ pq

˛

‚

˛

‹

‚

2

, (3.2.14a)

for the triangular and square networks. While for the hexagonal networks, the corre-

sponding expression is

fppq “

¨

˚

˚

˝

cosh´1

¨

˚

˝

1

3

g

f

f

e

3
ÿ

i,j“1

epbj´biq¨p

˛

‹

‚

˛

‹

‹

‚

2

. (3.2.14b)

However, an explicit expression for their Legendre transform cannot be calculated. For

arbitrary Ux, Uy, the principal eigenvalue can be obtained numerically using MATLAB’s

fsolve, then using finite differences to carry out a numerical Legendre transform to deduce

g. We now proceed to analyse the behaviour of f and g in the homogenisation regime,

when the diffusive (Gaussian) approximation holds.
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3.3 Effective diffusivity

The diffusive (Gaussian) approximation can be recovered from the large-deviation approx-

imation (3.2.1) by determining the quadratic approximation of g around its minimum,

ξ˚:

gpξq „
1

4
pξ ´ ξ˚qTK´1

pξ ´ ξ˚q, |ξ ´ ξ˚| ! 1. (3.3.1)

Upon substitution of (3.3.1) inside (3.2.1), the large deviation approximation reduces to

the diffusive (Gaussian) approximation

θpx, tq „ e´px´ξ
˚tqT K´1px´ξ˚tq{p4tq, t " 1, (3.3.2)

where K “ 2p∇ξ∇ξgpξ
˚qq´1 corresponds to the effective diffusivity tensor (see §1.4.1).

To achieve this we first expand f in power series of p around p “ 0. This is because from

the Legendre transform p “ ∇ξgpξ
˚q “ 0 corresponds to the minimum of g, hence

ξ˚ “ ∇pfp0q. (3.3.3)

At the same time, taking the gradient of p “ ∇ξg with respect to ξ at ξ˚ gives

∇ξ∇ξgpξ
˚q “ ∇ξppξ

˚q. Taking the gradient of ξ “ ∇pf with respect to ξ gives

I “ ∇p∇pf ¨ ∇ξp where I is the identity matrix. Evaluating at ξ “ ξ˚ and p “ 0

yields the standard relation for the effective diffusivity tensor in terms of the Hessian of

f [87]:

K “
1

2
∇p∇pfp0q. (3.3.4)

Explicit expressions for ξ˚ and K are obtained by introducing the expansion

f “ ξ˚ ¨ p` pTKp`Op|p|3q, (3.3.5)
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(recalling that fp0q “ 0) inside (3.2.10) and (3.2.13) and expanding in power series of

p. We use Mathematica, a symbolic algebra package, to solve at Op|p|q from where we

obtain ξ˚ and at Op|p|2q from where we obtain K.

We can alternatively determine ξ˚ and K by seeking a perturbative solution of

the eigenvalue problems (3.2.4) together with the boundary condition (3.2.6) or (3.2.7),

in the limit |p| Ñ 0. This approach recovers, at leading order, the cell problem of

homogenisation. However, the corresponding calculation, are significantly more involved,

particularly for the hexagonal case (see §3.3.1). Thus, the large-deviation approximation

not only provides the rate function but also an easier calculation of ξ˚ and K.

For all three networks, we obtain that

ξ˚ “
1

N

N
ÿ

i“1

Uibi “
1

2
pUx, Uyq. (3.3.6)

In the case of triangular and square networks, the components of K satisfy

K11 “
1

2N

N
ÿ

i“1

1

Ui

˜

4ξ˚xbi ¨ e1 ` pξ
˚
x ´ Uibi ¨ e1q

2 coth
Ui
2
´ 2

ξ˚2
x

Ui

¸

, (3.3.7a)

K12 “
1

2N

N
ÿ

i“1

1

Ui

˜

2bi ¨ pξ
˚
ye1 ` ξ

˚
xe2q ` pξ

˚
x ´ Uibi ¨ e1qpξ

˚
y ´ Uibi ¨ e2q coth

Ui
2
´ 2

ξ˚xξ
˚
y

Ui

¸

,

(3.3.7b)

where K21 “ K12 and K22 is obtained from K11 by taking e1 ÞÑ e2 and ξ˚x ÞÑ ξ˚y . Ex-

pression (3.3.7) generalises the expression for the effective diffusivity tensor obtained for

square networks in [87].

For hexagonal networks the corresponding calculation become cumbersome. We
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instead work with the matrix equation (3.2.12). We expand T according to

T “ Tp0q `
2
ÿ

j“1

T
p1q
j plj `

2
ÿ

j,k“1

T
p2q
jk pljplk `Op|p|

3
q, as |p| Ñ 0, (3.3.8)

where the labels pl1, l2q correspond to px, yq and the matrices Tp0q, T
p1q
j and T

p2q
jk for

j, k “ 1, 2 are independent of p and tracefree (since T is tracefree although not necessarily

symmetric). In order to calculate K we need to determine the determinant of T. This

can be expressed as a power series in |p| given by

|T| “ |Tp0q| `
2
ÿ

j“1

pTrpTp0qqTrpT
p1q
j q ´ TrpTp0qT

p1q
j qqplj `

2
ÿ

j“1

p|T
p1q
j | ` TrpTp0qqTrpT

p2q
jj q

´ TrpTp0qT
p2q
jj qqp

2
lj
` pTrpT

p1q
1 qTrpT

p1q
2 q ´ TrpT

p1q
1 T

p1q
2 q ` TrpTp0qqTrpT

p2q
12 q ´ TrpTp0qT

p2q
12 qqpl1pl2 .

(3.3.9)

Equation (3.3.9) significantly simplifies using the tracefree property of the matrices to-

gether with equation (3.3.6):

|T| “ pTMp, (3.3.10a)

where

M “

»

—

—

—

—

–

ˇ

ˇ

ˇ
T
p1q
1

ˇ

ˇ

ˇ
´ TrpTp0qT

p2q
11 q ´

1

2
pTrpT

p1q
1 T

p1q
2 q ´ TrpTp0qT

p2q
12 qq

´
1

2
pTrpT

p1q
1 T

p1q
2 q ´ TrpTp0qT

p2q
12 qq

ˇ

ˇ

ˇ
T
p1q
2

ˇ

ˇ

ˇ
´ TrpTp0qT

p2q
22 q

fi

ffi

ffi

ffi

ffi

fl

. (3.3.10b)

We now determine Tp0q, T
p1q
j and T

p2q
jk for j, k “ 1, 2. With the aid of Mathematica, we

find that

Tp0q “
1

2

˜

3
ÿ

i“1

Ui coth
Ui
2

¸

»

—

—

—

—

–

´1 1

´1 1

fi

ffi

ffi

ffi

ffi

fl

, (3.3.11)
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and

T
p1q
j “

1

2

3
ÿ

i“1

Ui
´1

»

—

—

—

—

–

ξ˚lj apUiq c´pUiqpbpUiqξ
˚
lj
´ U2

i bi ¨ ejq

c`pUiq
´

bpUiqξ
˚
lj
` U2

i bi ¨ ej

¯

´ξ˚lj apUiq

fi

ffi

ffi

ffi

ffi

fl

, (3.3.12)

for j “ 1, 2. The components of T
p2q
jk are:

pT
p2q
jk q11 “

1

2

3
ÿ

i“1

dpUiqKjk ` epUiqξ
˚
lj
ξ˚lk `K11δ1k, (3.3.13a)

pT
p2q
jk q12 “

1

2

3
ÿ

i“1

c´pUiq

¨

˝

Uipbi ¨ ejqpbi ¨ ekq

2
`
bpUiq

Ui

˜

Kjk ´
bi ¨ pejξ

˚
lk
` ekξ

˚
lj
q

2

¸

` fpUiqξ
˚
lj
ξ˚lk

˛

‚,

(3.3.13b)

pT
p2q
jk q21 “

1

2

3
ÿ

i“1

c`pUiq

¨

˝

Uipbi ¨ ejqpbi ¨ ekq

2
`
bpUiq

Ui

˜

Kjk `
bi ¨ pejξ

˚
lk
` ekξ

˚
lj
q

2

¸

` fpUiqξ
˚
lj
ξ˚lk

˛

‚,

(3.3.13c)

for j, k “ 1, 2 where pTp2qjk q22 “ ´pT
p2q
jk q11 and δjk is the Kronecker delta function. Here,

we have defined the functions

apxq “ x coth2
px{2q ´ 2 coth

`

x{2
˘

´ x, bpxq “ 2´ x coth
`

x{2
˘

,

c˘pxq “ ¯e
˘x{2 csch

`

x{2
˘

, dpxq “ p1´ x´1 sinhxq csch2
px{2q,

epxq “ psinhx` x´ x2 cothx{2qx´3 csch2
px{2q,

fpxq “
´

´2´ x coth
`

x{2
˘

´ x2
p1{2´ coth2

px{2qq
¯

x´3.

We now determine K. This is achieved by using (3.3.10) to solve for |T| “ 0 to

obtain

K “ Kphq
`

1

3

˜

3
ÿ

i“1

Ui coth
Ui
2

¸´1

»

—

—

—

—

–

2
ˇ

ˇ

ˇ
T
p1q
1

ˇ

ˇ

ˇ
´TrpT

p1q
1 T

p1q
2 q

´TrpT
p1q
1 T

p1q
2 q 2

ˇ

ˇ

ˇ
T
p1q
2

ˇ

ˇ

ˇ

fi

ffi

ffi

ffi

ffi

fl

, (3.3.14)
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where Kphq is given by (3.3.7) with tbiu3i“1 provided by (3.1.4) and (3.1.2c), representing

the hexagonal network geometry. The form of effective diffusivity tensor (3.3.14) is there-

fore different from the form of the corresponding tensor (3.3.7) obtained for the square and

triangular networks. The additional matrix in (3.3.14) involving T p1qj for j “ 1, 2 arises

due to the topological differences between the hexagonal network and the triangular and

square networks.

3.3.1 Effective diffusivity via perturbative expansion

In the limit of |p| Ñ 0 (corresponding to the limit |ξ ´ ξ˚| Ñ 0), we take the quadratic

approximation for fppq given by (3.3.5) and the quadratic approximation for the eigen-

function

φ
pnq
i “ φ

pnq
i,0 ` φ

pnq
i,1 |p| ` φ

pnq
i,2 |p|

2
`Op|p|3q, as |p| Ñ 0. (3.3.15)

We first consider triangular and square networks. We introduce (3.3.5) and (3.3.15) inside

the eigenvalue equation (3.2.4) and the boundary condition (3.2.6). At leading order we

obtain

B
2
`i`i
φ
pnq
i,0 ´ UiB`iφ

pnq
i,0 “ 0, (3.3.16a)

and

φ
pnq
i,0

∣∣
`i“0,1

“ A, (3.3.16b)

N
ÿ

i“1

´

B`iφ
pnq
i,0

∣∣
`i“0

´ B`iφ
pnq
i,0

∣∣
`i“1

¯

“ 0, (3.3.16c)

for i “ 1 . . . N . The general solution to (3.3.16a) is

φ
pnq
i,0 “ C0 `D0e

Ui`i , (3.3.17)
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where C0 and D0 are constants of integration. Then using the continuity condition

(3.3.16b) it follows that φpnqi,0 “ 1, where we have let A “ 1 without loss of generality.

Using φpnqi,0 “ 1 the problem at Op|p|q now reduces to

B
2
`i`i
φ
pnq
i,1 ´ UiB`iφ

pnq
i,1 ` Uibi ¨ p̂ “ ξ

˚
¨ p̂, (3.3.18a)

and

φ
pnq
i,1

∣∣
`i“0,1

“ 0, (3.3.18b)

N
ÿ

i“1

´

B`iφ
pnq
i,1

∣∣
`i“0

´ B`iφ
pnq
i,1

∣∣
`i“1

¯

“ 0, (3.3.18c)

for i “ 1 . . . N , where p̂ “ p{|p|. We now average (3.3.18a) over the elementary cell from

where we obtain

ξ˚ ¨ p̂ “
1

N

N
ÿ

i“1

ż 1

0

pB
2
`i`i
φ
pnq
i,1 ´ UiB`iφ

pnq
i,1 ` Uibi ¨ p̂q d`i. (3.3.19)

Applying (3.3.18b) and (3.3.18c) we recover (3.3.6) for the centre of mass velocity. The

solution to (3.3.18a) is given by

φ
pnq
i,1 “

C1

Ui
eUi`i `D1 ´

`i
Ui

`

ξ˚ ´ Uibi
˘

¨ p̂, (3.3.20)

for i “ 1 . . . N , where C1 and D1 are constants of integration. Employing the continuity

condition (3.3.18b) yields

φ
pnq
i,1 “

`

ξ˚ ´ Uibi
˘

¨ p̂

UipeUi ´ 1q

´

eUi`i ` p1´ eUiq`i ´ 1
¯

, (3.3.21)

for i “ 1 . . . N . At Op|p|2q using (3.3.21) the problem is

B
2
`i`i
φ
pnq
i,2 ´UiB`iφ

pnq
i,2 ´2bi ¨ p̂B`iφ

pnq
i,1 `Uibi ¨ p̂φ

pnq
i,1 `pbi ¨ p̂q

2
“ ξ˚ ¨ p̂φ

pnq
i,1 ` p̂

TKp̂, (3.3.22a)

and

φ
pnq
i,2

∣∣
`i“0,1

“ 0, (3.3.22b)

83



N
ÿ

i“1

´

B`iφ
pnq
i,2

∣∣
`i“0

´ B`iφ
pnq
i,2

∣∣
`i“1

¯

“ 0, (3.3.22c)

for i “ 1 . . . N . Averaging (3.3.22a) and using (3.3.22b) and (3.3.22c) we obtain

p̂TKp̂ “
1

N

N
ÿ

i“1

˜

pUibi ´ ξ
˚
q ¨ p̂

ż 1

0

φ
pnq
i,1 d`i ` pbi ¨ p̂q

2

¸

. (3.3.23)

We use (3.3.21) to obtain that

p̂TKp̂ “
1

2N

N
ÿ

i“1

2pbi ¨ p̂q
2
´

1

2U2
i

´

pUibi ´ ξ
˚
q ¨ p̂

¯2´

2´ Ui coth
Ui
2

¯

, (3.3.24)

and (after simplifying the right-hand side) we recover expression (3.3.7) for the effective

diffusivity tensor.

For the hexagonal network, the calculation is not as straightforward therefore we

use Mathematica to solve the eigenvalue problems at Op|p|q and Op|p|2q. Introducing

(3.3.5) and (3.3.15) to the the eigenvalue equation (3.2.4) together with the boundary

condition (3.2.7), at leading order we obtain

B
2
`i`i
φ
pnq
i,0 ´ UiB`iφ

pnq
i,0 “ 0, (3.3.25a)

and

φ
pnq
i,0

∣∣
`i“0

“ A and φ
pnq
i,0

∣∣
`i“1

“ B, (3.3.25b)
N
ÿ

i“1

B`iφ
pnq
i,0

∣∣
`i“0

“

N
ÿ

i“1

B`iφ
pnq
i,0

∣∣
`i“1

“ 0, (3.3.25c)

for i “ 1 . . . N . The general solution to (3.3.25a) is

φ
pnq
i,0 “ eUi{2

´

C0e
`iUi{2 `D0e

´`iUi{2
¯

, (3.3.26)

where C0 and D0 are constants of integration. Employing the continuity condition

(3.3.25b) yields

φ
pnq
i,0 “

e`iUi{2

sinh
`

Ui{2
˘

´

A sinh
`

p1´ `iqUi{2
˘

`Be´Ui{2 sinh
`

`iUi{2
˘

¯

. (3.3.27)
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Introducing (3.3.27) into (3.3.25c) yields a linear system of equations, from which we

obtain |Tp0q| “ 0, where the matrix Tp0q is given by (3.3.11). The problem at Op|p|q is

B
2
`i`i
φ
pnq
i,1 ´ UiB`iφ

pnq
i,1 ´ 2bi ¨ p̂B`iφ

pnq
i,0 ` Uibi ¨ p̂φ

pnq
i,0 “ ξ

˚
¨ p̂φ

pnq
i,0 , (3.3.28a)

and

φ
pnq
i,1

∣∣
`i“0

“ 0 and φ
pnq
i,1

∣∣
`i“1

“ 0, (3.3.28b)

N
ÿ

i“1

B`ipφ
pnq
i,0 ` φ

pnq
i,1 |p|q

∣∣
`i“0

“

N
ÿ

i“1

B`ipφ
pnq
i,0 ` φ

pnq
i,1 |p|q

∣∣
`i“1

“ 0, (3.3.28c)

for i “ 1 . . . N . The solution to (3.3.28a) is given by

φ
pnq
i,1 “

eUi`ipUi`i ´ 1qpUibi ` ξ
˚q ¨ p̂pB ´ Aq ´ Ui`ipUibi ´ ξ

˚q ¨ p̂peUiA´Bq

p´1` eUiqU2
i

`
eUi`i

Ui
C1`D1,

(3.3.29)

where C1 and D1 are constants of integration. Then using continuity condition (3.3.28b)

it follows

φ
pnq
i,1 “

`

p1´ `iqB ` Ae
Ui`i ` ppB ´ Aq`i ´Bqe

Ui`i
˘

bi ¨ p̂

p´1` eUiq

`
peUi`i ´ 1qp2eUiA´ p1` eUiqBq ´ peUi ´ 1qppeUi ` eUi`iqA´ p1` eUi`iqBq`i

p´1` eUiq2Ui
ξ˚ ¨ p̂.

(3.3.30)

Applying (3.3.28c) to (3.3.30) we obtain

2
ÿ

j“1

pTrpTp0qqTrpT
p1q
j q ´ TrpTp0qT

p1q
j qqplj “ 0, (3.3.31)

where T
p1q
j for j “ 1, 2 are defined in (3.3.12). Solving (3.3.31) we recover (3.3.6) for the

centre of mass velocity. At Op|p|2q the problem is

B
2
`i`i
φ
pnq
i,2 ´UiB`iφ

pnq
i,2 ´p2B`i´Uiqbi ¨ p̂φ

pnq
i,1 `pbi ¨ p̂q

2φ
pnq
i,0 “ ξ

˚
¨ p̂φ

pnq
i,1 ` p̂

TKp̂φ
pnq
i,0 , (3.3.32a)

and

φ
pnq
i,2

∣∣
`i“0

“ 0 and φ
pnq
i,2

∣∣
`i“1

“ 0, (3.3.32b)
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N
ÿ

i“1

B`ipφ
pnq
i,0 `φ

pnq
i,1 |p|`φ

pnq
i,2 |p|

2
q
∣∣
`i“0

“

N
ÿ

i“1

B`ipφ
pnq
i,0 `φ

pnq
i,1 |p|`φ

pnq
i,2 |p|

2
q
∣∣
`i“1

“ 0, (3.3.32c)

for i “ 1 . . . N . The solution to (3.3.32a) is given by

φ
pnq
i,2 “

1

2p´1` eUiq2U4
i

p2U2
i pξ

˚
¨ p̂qpbi ¨ p̂qpp´A`Bqe

Uip1``iqp2` Uip´2` `iq`iq ` Ui`ippA´Bqe
Ui`i`i

` pB ´ AeUiqp2` p´1` eUiq`iqqq ` p´1` eUiqU2
i p2p̂

TKp̂ppB ´ AeUiqUi`i

` p´A`BqeUi`ip´1` Ui`iqq ` Uipbi ¨ p̂q
2
pUi`ip2B ` p´B ` Ae

Uiq`iq

` eUi`ip2B ` Ui`ip´2B ` p´A`Bq`iqqqq ` pξ
˚
¨ p̂q2p´2pA´BqeUi`ip´1` eUiq

` Uip2e
Ui`ipB ` p´2A`BqeUiq ` `ip2p´1` eUiqp´B ` AeUi ` pA´BqeUi`i

` Uip´2pB ` p´2A`BqeUiqp´1` eUi`iq ` p´1` eUiqp´B ` AeUi ` p´A`BqeUi`iq`iqqqqqq

`
eUi`i

Ui
C2 `D2,

(3.3.33)

for i “ 1 . . . N , where C2 and D2 are constants of integration. Then using continuity

condition (3.3.32b) we find

φ
pnq
i,2 “

1

2p´1` eUiq3U3
i

p2p´1` eUiqU2
i pξ

˚
¨ p̂qpbi ¨ p̂qpBp1` e

Uiqp´1` eUi`iq ` 2pB ´ AeUi

` pA´BqeUip1``iqq`i ` p´1` eUiqpB ´ AeUi ` p´A`BqeUi`iq`2
i q

` pξ˚ ¨ p̂q2p2p´1` eUiqppB ` p´2A`BqeUiqp´1` eUi`iq ` p´1` eUiqp´B ` AeUi

` pA´BqeUi`iq`iq ` UippB ` 2p´2A` 3BqeUi ` p´4A`Bqe2Uiqp´1` eUi`iq

` p´1` eUiqp´2pB ` p´2A`BqeUiqp1` eUi`iq ` p´1` eUiqp´B ` AeUi

` p´A`BqeUi`iq`iq`iqq ` p´1` eUiqU2
i p2p̂

TKp̂pp´B ` p2A´BqeUiqp´1` eUi`iq

` p´1` eUiqpB ´ AeUi ` p´A`BqeUi`iq`iq ` p´1` eUiqUipbi ¨ p̂q
2
p´B ` 2B`i ´B`

2
i

` AeUi`2
i ` e

Ui`ipB ´ 2B`i ` p´A`Bq`
2
i qqqq,

(3.3.34)
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for i “ 1 . . . N . Applying (3.3.32c) to (3.3.34) we obtain

2
ÿ

j“1

p|T
p1q
j | ´ TrpTp0qT

p2q
jj qqp

2
lj
´ pTrpT

p1q
1 T

p1q
2 q ` TrpTp0qT

p2q
12 qqpl1pl2 “ 0, (3.3.35)

where T
p2q
jk for j, k “ 1, 2 are given in (3.3.13). Finally solving (3.3.35) we recover expres-

sion (3.3.14) for the effective diffusivity tensor.

It is clear that performing a perturbative expansion of the eigenvalue problem is

feasible thus allowing us to recover the centre of mass velocity and the effective diffusivity

tensor. However, the approach is rather inefficient, requiring the calculation of φpnqi,0 ,φpnqi,1

and φ
pnq
i,2 which is rather intensive when compared to the calculation of φpnqi which is

straightforward (see (3.2.8) or (3.2.11)).

3.3.2 Asymptotic regimes

We now have a complete description of dispersion in the effective diffusion regime. The

explicit expressions (3.3.6), (3.3.7) and (3.3.14) describe the complex interaction between

advection and diffusion controlling scalar dispersion in periodic networks. Figure 3.2

shows ellipses of constant xTK´1x (which corresponds to a constant concentration), ob-

tained for a range of positive values of Ux and Uy in the U -plane (other regions in the

plane are obtained by exploiting the symmetries of the networks). It demonstrates that

scalar dispersion can vary significantly between the three networks in both magnitude

and direction. The figure illustrates interesting features, such as anisotropy, which is

weak for triangular networks but can be very pronounced for square networks. For small

Ux, Uy or equivalently, for all i “ 1 . . . N , |Ui| is small (i.e. all Péclet numbers are small),
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Figure 3.2: Ellipses of constant xTK´1x representing the effective diffusivity tensor K

as a function of Ux and Uy for the square network (red), triangular network (blue) and

hexagonal network (green). The results for the square network have been reproduced

from [87].

we use the asymptotic formulas

cothx “ 1{x` x{3`Opx3
q, apxq “ ´2x{3`Opx3

q, bpxq “ x{6`Opx3
q, as xÑ 0,

(3.3.36)

inside (3.3.7) and (3.3.14) from where we obtain that, for all three networks, when |Ui| !

1, the effective diffusivity tensor may be approximated by

K11 „
1

2
`

1

12N

N
ÿ

i“1

pξ˚x ´ Uibi ¨ e1q
2, (3.3.37a)

K12 „
1

12N

N
ÿ

i“1

pξ˚x ´ Uibi ¨ e1qpξ
˚
y ´ Uibi ¨ e2q, (3.3.37b)

where K22 is obtained from K11 by taking e1 ÞÑ e2 and ξ˚x ÞÑ ξ˚y . Thus, in this limit,

the three networks share the same leading-order effective behaviour, which corresponds
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to the leading-order effective behaviour obtained in the absence of advection [85]. From

(3.3.37) it is easy to see that higher-order corrections to the leading-order behaviour are

Op|Ux|
2, |Uy|

2q and therefore the effect of advection is very weak in this limit (see Figure

3.2).

For large Ux and Uy, the behaviour of the effective diffusivity tensor depends on

the orientation of the flow relative to the network (see Figure 3.2). We can distinguish

two cases. The first case corresponds to when for all i “ 1 . . . N , |Ui| " 1 (i.e. all Péclet

numbers are large). In this case, the components of the effective diffusivity tensor are at

leading order linearly dependent on Ui. Dimensionally this corresponds to components

that are independent of the molecular diffusivity κ corresponding to a regime termed

geometric [20] or mechanical [77, 49] dispersion. For triangular and square networks we

use the asymptotic formula cothx „ x{|x| as |x| Ñ 8 inside (3.3.7) to obtain that at

leading order

K11 „
1

2N

N
ÿ

i“1

|Ui|
´1
pξ˚x ´ Uibi ¨ e1q

2, (3.3.38a)

K12 „
1

2N

N
ÿ

i“1

|Ui|
´1
pξ˚x ´ Uibi ¨ e1qpξ

˚
y ´ Uibi ¨ e2q, (3.3.38b)

where K22 is obtained from K11 in the same way as before. For the hexagonal networks

we use the additional asymptotic formulas

apxq „ ´2x{|x|, bpxq „ 2´ |x|, c˘pxq „ ¯2ep˘x´|x|q{2x{|x|, as |x| Ñ 8, (3.3.39)

inside (3.3.12) to determine a leading order expression for tTp1qj u2j“1 from where we deduce

89



that

|T
p1q
1 | „

ÿ

i,Uią0
j,Ujă0

pξ˚x ´Uibi ¨e1qpξ
˚
x ´Ujbj ¨e1q, |T

p1q
2 | „

ÿ

i,Uią0
j,Ujă0

pξ˚y ´Uibi ¨e2qpξ
˚
y ´Ujbj ¨e2q,

(3.3.40a)

and

TrpT
p1q
1 T

p1q
2 q „ ´

ÿ

i,Uią0
j,Ujă0

pξ˚x´Ujbj ¨e1qpξ
˚
y´Uibi¨e2q`pξ

˚
y´Ujbj ¨e2qpξ

˚
x´Uibi¨e1q. (3.3.40b)

Employing (3.3.40) inside (3.3.14) yields, at leading order,

K11 „
1

6

3
ÿ

i“1

1

|Ui|
pξ˚x ´ Uibi ¨ e1q

2
`

2

3
ř3
i“1 |Ui|

ÿ

i,Uią0
k,Ujă0

pξ˚x ´ Uibi ¨ e1qpξ
˚
x ´ Ujbj ¨ e1q,

(3.3.41a)

K12 „
1

6

3
ÿ

i“1

1

|Ui|
pξ˚x ´ Uibi ¨ e1qpξ

˚
y ´ Uibi ¨ e2q `

1

3
ř3
i“1 |Ui|

ÿ

i,Uią0
j,Ujă0

pξ˚y ´ Uibi ¨ e2qpξ
˚
x ´ Ujbj ¨ e1q

` pξ˚x ´ Uibi ¨ e1qpξ
˚
y ´ Ujbj ¨ e2q,

(3.3.41b)

where K22 is obtained from K11 as before.

For the square and hexagonal networks, the effective diffusivity tensor K is singular

to leading order in Ui. This corresponds to an effective diffusion that is strong in one

direction and weak in another direction (see Figure 3.2). For the triangular networks, K

is not singular at leading order and both eigenvalues are of the same order. This explains

the nearly isotropic behaviour observed in this regime. The direction along which effective

diffusion is strong or weak (obtained by analysing the eigensystem) differs between the

square and hexagonal networks. For the square networks, effective diffusion is strong
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in the direction p´Ux, Uyq and weak along the direction of the flow. For the hexagonal

networks effective diffusion is strong along the direction p2Uy, 1´U2
y {Uxq and weak along

the perpendicular direction. This explains the nearly diagonal and horizontal alignment

of the effective diffusion observed respectively for square and hexagonal networks when

Ux „ Uy " 1. Contrasting the two networks, it is easy to see that effective diffusion is

strongest for the square network and weakest for the hexagonal network (see also Figure

3.2).

Figure 3.3: Maximum effective diffusivity as a function of the flow orientation θ. Results

are shown for square (red solid line), triangular (blue solid) and hexagonal (green solid)

networks and for flows: (left) pUx, Uyq “ 10pcos θ, sin θq and (right) 50pcos θ, sin θq. These

are compared against the asymptotic approximations (3.3.38) or (3.3.41) (dashed-dotted

lines) and (3.3.42) (dotted lines).

The behaviour of effective diffusion changes drastically when the flow becomes

nearly perpendicular to one of the network edges. Employing the asymptotic formulas
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(3.3.36) and (3.3.39) inside (3.3.7) and (3.3.14) we obtain that for all three networks,

K11 „
1

48N
U2
x , K12 „

1

48N
UxUy, K22 „

1

48N
U2
y , (3.3.42)

where the magnitude of Ux and Uy depends on the type of network. For the square

network, this case is achieved when Ux " 1 and Uy ! 1 (i.e. when the flow angle θ „ 0)

or Ux ! 1 and Uy " 1 (i.e. when the flow angle θ „ π{2). This corresponds to a

mostly longitudinal or latitudinal diffusivity with a κ´1 scaling characteristic of Taylor

dispersion [83]. For the triangular and hexagonal networks, this is achieved when Ux ! 1

and Uy " 1 (i.e. when the flow angle θ „ π{2) or Ux „
?

3Uy " 1 (i.e. when the flow

angle θ „ π{6). In both cases the diffusivity is mostly oriented along the same direction

as the flow. Using (3.3.42) it is easy to see that at leading order, effective diffusion is

strongest for the square network and weakest for the triangular and hexagonal networks,

achieving the same magnitude irrespective of the flow orientation.

We now compare the asymptotic results obtained for large Ux and Uy against

numerical results. We focus on the maximum effective diffusivity corresponding to the

maximum eigenvalue of (3.3.7) and (3.3.14) and consider two flow strengths both in

the strong flow regime. Figure 3.3 shows that the agreement is very good only for the

stronger flow in the mechanical dispersion regime. This is expected because higher order

corrections to (3.3.42) are OpUx, Uyq and (3.3.38) and (3.3.41) are Op1q. Thus, a better

agreement at moderately strong flows and both regimes can only be achieved when higher

order corrections are included.

In all cases of large Ux and Uy, effective diffusion is weakest for the triangular

network. This is expected because the triangular network has the largest vertex connec-
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tivity. However, the results show that connectivity alone cannot explain why effective

diffusion is strongest for the square network which has a larger vertex connectivity than

the hexagonal network. Thus both geometry and topology have a role in determining

the dispersive properties of networks. Their combined effect can be captured by random-

walk models with correlation time determined by advection in the geometric regime and

molecular diffusion in the Taylor regime [51]. These models can be used to understand

why in both geometric and Taylor regimes, effective diffusion is strongest for the square

network.

3.4 Rate function

For a complete description of dispersion we analyse the rate function g. Figure 3.4 focuses

on g obtained for Ux “ Uy “ 0 and 5 and contrasts its behaviour against the quadratic

approximation (3.3.1) associated with the diffusive (Gaussian) approximation (3.3.2). For

values of ξ near ξ˚, the quadratic approximation with circular contours for Ux “ Uy “ 0

(top row) and elliptical contours for Ux “ Uy ‰ 0 (bottom row), perfectly matches with

g. Beyond this neighbourhood of ξ˚, the difference between the quadratic approximation

and g can be significant (corresponding to an exponentially large difference between θ

and (3.3.2)). For Ux “ Uy “ 0, the difference is most marked for the square network

for which g is highly anisotropic (except for ξx “ ξy in which case g coincides with its

quadratic approximation [87]) and least obvious for the triangular network for which g

remains nearly isotropic for a larger range of values of ξ. The small range of validity of the

diffusive (Gaussian) approximation is further highlighted Figure 3.5. For the triangular
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Figure 3.4: Rate function g for (left) triangular (middle) square and (right) hexagonal

networks calculated numerically using equations (3.2.10) and (3.2.13), respectively. These

are shown for (top row) pUx, Uyq “ p0, 0q and (bottom row) p5, 5q. Selected contours

(with values 0.1, 1, 2.5 and 5) compare g (black) with its quadratic approximation (white)

corresponding to the diffusive (Gaussian) approximation (3.3.2). This approximation

is clearly valid near the minimum ξ˚ of g. The results for the square network are in

agreement with those obtained in [87].

network the difference only becomes significant for larger distances from the centre of

mass (not shown).
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Figure 3.5: Cross sections of the rate function g for (left) triangular, (middle) square and

(right) hexagonal networks, for flows (top) pUx, Uyq “ p0, 0q and (bottom) p5, 5q. The

large-deviation (3.2.1) (solid lines) is compared against the diffusive (Gaussian) approx-

imation (3.3.2) (dashed lines) along the directions p1, 0q (blue), p1, 1q (red) and p1,´1q

(yellow), and large Péclet approximation derived from (3.4.12) and (3.4.14) (dashed-

dotted) along the directions p1, 1q for the square network.

3.4.1 Tail regime

The large-ξ behaviour of gpξq can be obtained by considering the large-p behaviour of f .

We focus on the distinguished scaling tUiuNi“1 “ Op|p|q, which from (3.2.9) implies that

tµiu
N
i“1 “ Op|p|q. For the triangular and square networks, f is given by (3.2.10) which in

this limit reduces to
N
ÿ

i“1

νi
`

2 coshµie
´νi ´ 1

˘

„ 0. (3.4.1)
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A solution to (3.4.1) exists only if supt|µi| ´ νi : i “ 1, . . . , Nu „ 0. Using (3.2.9), this

constraint becomes

supt|bi ¨ p` Ui{2| ´
b

U2
i {4` fppq : i “ 1, . . . , Nu „ 0 (3.4.2)

which can be shown to further simplify as

fppq „ suptpbi ¨ pq
2
` Uibi ¨ p : i “ 1, . . . , Nu, (3.4.3)

thus generalising expression (15) in [87]. For the hexagonal networks f is given by (3.2.13)

which for large p reduces to

3
ÿ

i,j“1

νiνjp4e
´µi`µj´νi´νj ´ 1q „ 0. (3.4.4)

The constraint for a solution to (3.4.4) to exist is now given by suptµj ´ µi ´ νi ´ νj :

i, j “ 1 . . . , 3u „ 0. Using (3.2.9) the constraint becomes

suptpbj ´ biq ¨ p` pUj ´ Uiq{2´
b

U2
i {4` fppq ´

b

U2
j {4` fppq : i, j “ 1, . . . , 3u „ 0

(3.4.5)

which after expanding to Op|p|q simplifies according to

fppq „
1

4
suptppbj ´ biq ¨ pq

2
` pUj ´ Uiqpbj ´ biq ¨ p : i, j “ 1 . . . , 3u. (3.4.6)

The expressions for Legendre transform for (3.4.3) and (3.4.6) are unwieldy except

when tUiuNi“1 “ 0. In this case, (3.4.3) and (3.4.6) respectively become

fppq „

$

’

’

’

’

&

’

’

’

’

%

psupt|bi ¨ p| : i “ 1, . . . , Nuq2, for triangular and square networks,

p1
2

supt|ai ¨ p| : i “ 1, . . . , 3uq2, for hexagonal networks,

(3.4.7)
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where a1 and a2 are given by (3.1.2c) and a3 “ a2´a1. (the same result can be obtained

from (3.2.14). Equation (3.4.7) may be viewed as the square of a polygonal norm ‖p‖2

(which for the square network case corresponds to the square of the `8-norm) with unit

ball centred at the origin, corresponding to a regular hexagon for the triangular and

hexagonal cases and a square for the square case. The Legendre transform of a norm

squared is proportional to the dual norm squared (see [21], example 3.27 ) where the dual

norm is given by ‖ξ‖
˚
“ suptξ ¨ p | ‖p‖ ď 1u. Thus,

gpξq „
1

4
‖ξ‖2

˚
“

$

’

’

’

’

&

’

’

’

’

%

1
4

`

supt|bi ¨ ξ| : i “ 1, . . . , Nu
˘2
, for triangular and square networks,

1
4

`

supt|ai ¨ ξ| : i “ 1, . . . , 3u
˘2
, for hexagonal networks,

(3.4.8a)

where taiu3i“1 and tbiuNi“1 denote the position of vertices of the polygon ‖p‖ “ 1. For the

triangular network, the vertices are

b1
“

1
?

3
p
?

3,´1qT , b2
“

1
?

3
p´
?

3,´1qT , and b3
“

2
?

3
p0, 1qT (3.4.8b)

while for the square network they are

b1
“ p0, 1qT and b2

“ p1, 0qT . (3.4.8c)

Finally, for the hexagonal network the vertices are

a1
“

2

3
p1,
?

3qT , a2
“

2

3
p1,´

?
3qT and a3

“
4

3
p1, 0qT . (3.4.8d)

Equation (3.4.8) implies a concentration θ „ exp
´

´‖x‖2
˚
{p4tq

¯

. It can be interpreted

as a generalised form of diffusion with the Euclidian distance replaced by a polygonal

norm (which for the square case corresponds to the `1-norm). It can be shown that the

polygonal norm is the distance along the shortest path on the network between x and

the origin (where the shortest path is not unique).
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Figure 3.6: Rate function g calculated numerically from (3.2.10) and (3.2.13) in the

absence of a flow for (left) triangular (middle) square and (right) hexagonal networks

calculated numerically using equations (3.2.10) and (3.2.13). Selected contours (with

values 5, 10 and 15) compare g (black) against the large-|ξ| leading order approximation

(3.4.8) (white) and higher-order correction (red) extracted from (3.2.14).

Figure 3.6 shows that the leading-order approximation (3.4.8) captures the dia-

mond and hexagonal shaped contours of g obtained for the square and hexagonal network

even for moderate values of ξ; it provides an excellent approximation except along the

directions of taiu3i“1 and tbiuNi“1 where (3.4.8) overestimates g (and thus underestimates

θ). For the triangular network, the approximation is only effective for values of ξ larger

than 15 (not shown). A higher-order correction to (3.4.8) can be obtained by expanding

(3.2.14) to Op|p|q and carrying out a numerical Legendre transform. Figure 3.6 shows

that the higher-order correction is excellent for the moderate values of ξ considered.
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For large tUiuNi“1, the leading-order term in (3.4.3) and (3.4.6) respectively become

fppq „

$

’

’

’

’

&

’

’

’

’

%

supt|Uibi ¨ p| : i “ 1, . . . , Nu, for triangular and square networks,

supt1
4
|Viai ¨ p| : i “ 1, . . . , 3u, for hexagonal networks,

(3.4.9)

where V1 “ U1 ´ U3 and V2 “ U2 ´ U3 and V3 “ U2 ´ U1. This time the leading-order

behaviour depends linearly on a polygonal norm ‖p‖. The Legendre transform of a norm

is the indicator function of the dual norm unit ball (see [21], example 3.26 ). Thus,

gpξq „

$

’

’

’

’

&

’

’

’

’

%

0, ‖ξ‖
˚
ď 1,

8, otherwise.

(3.4.10)

For the square network case, it is easy to find that ‖ξ‖
˚
“ |ξx{Ux| ` |ξy{Uy|. Equa-

tion (3.4.10) implies that the concentration vanishes for ‖ξ‖
˚
ą 1, reflecting a finite

propagation speed of the scalar that exists when molecular diffusion is neglected against

advection.

3.4.2 The large-Péclet regime

We last focus on the large-Péclet behaviour of gpξq when ξ “ Op1q. This is obtained

by considering the behaviour of f for Ux, Uy " 1 with tUiuNi“1 ‰ 0 and p “ Op1q. For

the triangular and square networks, f is given by (3.2.10) using sinhx „ x
|x|
e|x|{2 and

coshx „ e|x|{2 as |x| Ñ 8, (3.2.10) is approximated by

N
ÿ

i“1

νi

´

e|µi|´νi ´ 1
¯

„ 0. (3.4.11)

Using (3.2.9) with νi „ |Ui|{2` f{|Ui|, equation (3.4.11) becomes

N
ÿ

i“1

|Ui|
´

epUibi¨p´fq{|Ui| ´ 1
¯

„ 0. (3.4.12)
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For the hexagonal networks, f is given by (3.2.13) which for large tUiuNi“1 and p “ Op1q

reduces to
3
ÿ

i,j“1

νiνjp4e
´µi`µj´νi´νj ´ 1q „ 0 (3.4.13)

or, equivalently, upon using (3.2.9),

3
ÿ

i,j“1

|Ui||Uj|p4e
´pbi´bjq¨p´Ui{2´|Ui|{2`Uj{2´|Uj |{2´f{|Ui|´f{|Uj | ´ 1q „ 0. (3.4.14)

Expanding (3.4.12) and (3.4.14) for small p recovers and subsumes the diffusive approx-

imation in the geometric or mechanical dispersion regime i.e. with effective diffusivity

tensors given by (3.3.38) and (3.3.41) (calculations not shown). From (3.4.12) and (3.4.14)

it is clear that f “ OptUiu
N
i“1q and thus independent of molecular diffusivity. Therefore

the notion of geometric or mechanical dispersion generalises to the large-deviation regime.

Equations (3.4.12) and (3.4.14) cannot be solved analytically. We instead seek

for their numerical solution using MATLAB’s fsolve, then taking a numerical Legendre

transform to deduce an approximation for g in the large-Péclet regime. Figure 3.5 (bot-

tom row) shows that the approximation for g provides an improvement to the diffusive

approximation for ‖ξ‖
˚
ă 1 (see (3.4.10)) which for the square network case (bottom,

middle panel) corresponds to |ξx| ` |ξy| ď 5.

3.5 Concluding remarks

In this chapter, we have considered scalar dispersion in two dimensional uniform periodic

networks. We have extended the large-deviation approach developed in [87] for the square

network to obtain a macroscale description of the scalar concentration at large times. The
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extension is straightforward in the case of the triangular network and more subtle for the

hexagonal network. The reason for this is that the vertices of the square and triangular

networks are translationally invariant; a property that does not hold for the hexagonal

network. The vertex arrangement of the square and triangular networks form a Bravais

lattice, thus it is possible that other periodic networks characterised by a Bravais lattice,

have similar macroscale behaviour encapsulated by (3.2.10) (with the upper number in

the sum modified accordingly).

The main quantity of interest is the rate function g (the Legendre transform of

the principal eigenvalue f) which is able to describe scalar distribution at large distances

from the centre of mass including at the tails. We obtained for each network a tran-

scendental equation for f p3.2.10q or p3.2.13q by solving a family of eigenvalue problems.

We then determined the behaviour of g both numerically and asymptotically identifying

various physical regimes: near the centre of mass we recover the diffusive (Gaussian)

approximation characterised by a centre of mass velocity and effective diffusivity tensor.

In this regime we show that for weak flows at leading order all three networks share

the same effective behaviour. For strong flow, depending on the orientation of the flow

we have Taylor dispersion or mechanical dispersion in which the effective diffusivity is

respectively independent or inversely proportional to the molecular diffusivity κ. In both

cases effective diffusion at leading order can be described by random walks on a lattice

which highlights the strength of effective diffusion is related to both the geometry and

topology of the networks. We find that effective diffusion is most enhanced for the square

network.
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For large distances from the centre of mass, the diffusive approximation overesti-

mates or underestimates g in large portions of the ξ - plane. The discrepancy however

is least pronounced for the triangular network. For very large |ξ| (corresponding to the

tails) and in the absence of flow, at leading order we find dispersion is controlled by a

shortest path distance function between the elementary cells of networks. The effective-

ness of which is dependent on the connectivity of the network. Finally for strong flows

scalar concentration is at leading order independent of κ and can be described by a lattice

random walk generalising mechanical dispersion to the large-deviation regime.
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Chapter Four

Conclusion

This thesis develops a framework for the application of large deviation theory to the

problem of scalar transport in porous media. This approach allows us to go beyond the

scope of homogenisation theory and uncover various physical regimes relevant to the tails

of the scalar concentration. We present the framework on two commonly studied models

of periodic porous media; the first examined in chapter 2 is characterised by an array

of impermeable obstacles arranged on a lattice and the second examined in chapter 3 is

on regular networks composed of edges and vertices. It is useful to now highlight the

shared dispersive properties of both models and to then conclude by mentioning several

directions in which our results could be extended.

We observe that in both models of periodic porous media that large deviation ef-

fects lead to anisotropic behaviour that results in tail concentrations that can significantly

differ from the diffusive approximation by exponential factors. This discrepancy is most

evident in the dense limit in the first model and for networks with a small vertex degree
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in the second model. In both models the large deviation rate function deduced from a

family of eigenvalue problems describes the scalar concentration over vast distances from

the point of release and identifies various physical regimes: the diffusive regime with

effective diffusivity usually obtained by homogenisation theory, a closely related regime

associated with a lattice random walk, all the way to the extreme-tail regime where the

scalar concentration is controlled by single shortest-distance paths. We emphasise that

results obtained in both models exemplify a general phenomenon, relevant to a broad

range of applications in porous media, composites and metamaterials, which takes its full

significance when low concentrations are critical. This is the case in the presence of chem-

ical reactions, as the example of the FKPP model makes plain. This adds the logistic

term αθp1´θq, with α the reaction rate, to the right-hand side of the transport equations

(2.1.1a) and (3.1.5). It leads to the propagation of fronts with speed cpeq in the direc-

tion of the unit vector e. This speed can be deduced from the rate function by solving

gpcpeqeq “ α or equivalently from its Legendre transform as cpeq “ infpą0

`

fppe
˘

` αq{p

[36, 88]. This provides an explicit example of a macroscopic manifestation of the tail

behaviour of the scalar concentration.

There a various natural directions the classical problem of diffusion applied to

the first model (arrays of obstacles) in chapter 2 can take. A first direction is to adapt

our approach to consider different, more complex obstacle geometries, with extension

from the square lattice to other Bravais lattices and from two to three dimensions, e.g.

with spherical obstacles. A second direction would incorporate the effect of a steady,

incompressible flow. The impact of the flow on dispersion is determined by solving the

appropriate family of eigenvalue problems which include advection by a specified velocity
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field. This velocity field, driven for instance by a large-scale pressure gradient, can be

obtained as part of the solution of a homogenisation problem posed for a fluid model such

as the Stokes or Navier–Stokes models. One expects that the interaction between the

inhomogeneity in the flow and in the domain will lead to interesting dispersion regimes,

dependent on the size of the obstacles and the intensity of the flow (see e.g. [63, 11]

for the corresponding homogenisation regimes in the case of a Stokes flow). A third

direction concerns the nearly periodic case, introducing modulations in the arrangement

and size of the obstacles over long spatial scales (see [23] for corresponding homogenisation

results). A fourth direction is to examine random distributions of obstacles such as those

considered in [44, 84] or models of dispersion in complex media more sophisticated than

simple diffusion [29, 65]. The fifth and final direction we suggest is the transfer of the

tools of large-deviation theory from the (parabolic) diffusion equation to the (hyperbolic)

wave equation, with applications to acoustics and photonics. Results are available about

the effective wave speed (the analogue of the effective diffusivity) in media with obstacles,

including in the dense limit [89]; it would be desirable to extend these to capture wave

propagation over very large distances and to apply large deviations to go beyond simple

dispersive corrections to homogenisation [1].

Future extensions to the advection-diffusion problem applied to the second model

(periodic networks) studied in chapter 3 are: generalisation to three-dimensional net-

works, in particular to three dimensional Bravais lattices is immediate. Another possible

extension is to consider the case of random arrangement of vertices. A further extension

is to consider a time dependent periodic pressure gradient on a Newtonian incompress-

ible flow (see [38] for effective diffusion results). A very interesting problem is to consider
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dispersion of active tracers in periodic networks using large-deviation estimates. The

effective diffusivity was analysed in [7] in periodic porous media finding a competition

between active dispersion and Taylor dispersion depending on the strength of flow. We

expect the periodic networks considered in this chapter will aid in clarifying the depen-

dence of dispersion on both geometry and strength of flow and highlight further dispersion

regime, particularly at the tails of the distribution.
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