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Abstract

In the first chapter of this thesis we define a block-by-block version of Isaacs and Navarro’s
chain local condition and then prove that the Alperin—-McKay conjecture is equivalent to
a certain function on groups having this property. We then go on to prove several other
block-by-block versions of results from Isaacs and Navarro’s paper. The results in this
chapter have also been published in [35].

The second part concerns automorphisms of partial groups, specifically which groups
can arise as automorphisms of different types of partial group. We show that for any
finite group one can construct a finite partial group that has this finite group as an
automorphism group. We also prove an analogous result for groups and objective partial
groups as well as a partial result for finite groups and finite objective partial groups.
Lastly we show that there are no automorphism groups of localities that do not arise as
automorphism groups of groups, a rephrasing of the same result for fusion systems.

This thesis is split into two entirely self-contained chapters.
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CHAPTER 1

LOCAL FUNCTIONS ON BLOCKS

1.1 Introduction

We define an integer-valued function, f, on pairs (G, B), where G is a group and B is a

p-block of G, to be block chain local if

S (=D f(Ge,b) =0,

CeR b|Be

where the first sum runs over representatives of G-orbits of chains of p-subgroups in G,
G is the stabiliser group of C', B¢ is a sum of blocks of Go—which we will define later—
and b is a summand of Bs. This definition is motivated as a block-by-block version of
the definition of local functions given by Isaacs and Navarro [31]. In their paper they
show that the McKay conjecture is equivalent to a function on groups having this local
property and here we extend this result to show that the Alperin—-McKay conjecture is
equivalent to a function on pairs being block chain local.

As Isaacs and Navarro note, their work is not the first occurrence of a local-global
conjecture being restated as a condition on chains of subgroups. This is partially as a
result of the local-global conjectures’ resistance to being proved in full generality, with the
exceptions being Brauer’s height zero conjecture [34] and the McKay conjecture, a proof

of which has been announced by Spéth. Effort has therefore been directed towards finding



equivalent statements to the conjectures. Perhaps the most well-known example of this
is Knorr and Robinson’s restatement of Alperin’s weight conjecture [33, Theorem 3.8],
which in our language is equivalent to 1(G, B), the number of irreducible Brauer characters
in B, being block chain local. They also show that k(G, B) —1(G, B) is, in our language,
block chain local [33, Corollary 4.3] and thus k(G, B), the number of irreducible ordinary
characters in B, being block chain local is dependent on Alperin’s weight conjecture
holding. We extend some of the ideas in their work to show that the Alperin-McKay
conjecture can also be restated in a similar way.

In order to do this we first begin by introducing the concepts within modular repre-
sentation theory that are fundamental to understanding the rest of this chapter, namely
blocks and the Brauer correspondence. We then introduce chains, an involution on the
set of chains and normalising triples. These are defined by Isaacs and Navarro [31] but
we define them here so that this chapter can be read independently of their paper. We
can then go on to define what we mean by block chain local and introduce the Alperin—
McKay function. We then prove that this function is block chain local if and only if the
conjecture holds. This proof method has much the same structure as [31, Section 4] but
note that most results will be different as we are considering blocks.

The final section of this chapter is dedicated to proving several other block-by-block
versions of results from Isaacs and Navarro, namely sufficient conditions for functions to
be block chain local and that the function ky, counting characters of defect one in a block,
is block chain local.

Throughout this chapter GG will be a finite group with order divisible by a prime p

and k will be an algebraically closed field of characteristic p unless stated otherwise.

1.2 Block theory

Many of the definitions and results in this section can be given for an arbitrary algebra

A over k, but one has to be slightly more rigorous in their constructions than we are. For



brevity we have just considered group algebras of finite groups.

1.2.1 Brauer characters

Before we discuss blocks we must first define Brauer characters. Recall that when k& = C
we can associate to each irreducible module a class function, called a character, and these
characters form a basis of the space of class functions. Details of this standard set up can
be found in any introduction to representation theory course. From now on we shall call
these characters ordinary characters as we are going to define their counterparts when k
is of characteristic p, Brauer characters. As with many objects in modular representation

theory we cannot construct these Brauer characters in the same way as if £ = C.

Definition 1.2.1. Let G,., denote the set of elements of G’ with order not divisible by
p and let p: G — GL, (k) be a representation of G. The Brauer character corresponding

to p is the map
Y, Greg — C,

given by mapping the eigenvalues of p(g) into C, and then summing, for all ¢ in G,.,.
This is done by fixing a bijection from |G,¢4|th roots of unity in k to |G,e4|th roots of

unity in C.

From this definition we see how these relate to ordinary characters and how they avoid
the problem that characteristic p gives, namely that if we were to take just the trace of p(g)
we would lose information. Much like ordinary characters, Brauer characters are called
irreducible when the corresponding module is irreducible. We can also write any Brauer
character as a sum of irreducible Brauer characters, again as with ordinary characters.
What is less clear is how to find these irreducible Brauer characters, but fortunately we
do not need to consider that problem. More detail on work in this area can be found in
[16, Section 2.2].

Given an irreducible ordinary character x of G, if we restrict x to G,., we still have

a class function, so we obtain a Brauer character. We denote this by x", and because of
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our above discussion we have

X = dyyt,

¥

where the sum runs over all irreducible Brauer characters of G and each d, 4 is in C. We
call these d, 4 decomposition numbers.

This is as far as our discussion of Brauer characters needs to go. Crucially we have
a way to connect the irreducible ordinary characters of G with the irreducible Brauer
characters of GG, using these decomposition numbers. This will further allow us to link
irreducible ordinary characters with other aspects of the local representation theory of G.
This skeletal introduction to Brauer characters follows that of [16, Section 2.2], where a

much more detailed explanation of the theory can be found.

1.2.2 Blocks

Many results of local representation theory have two versions: block-by-block or block-

free. As we will be working with the former it makes sense to start by defining what a

block is.

Definition 1.2.2. The group algebra kG has a decomposition into a direct sum of inde-
composable two-sided ideals

kG =B, ®---® B,.

Each B;, for 1 < i <mn, is called a block of kG.

These are the fundamental components of local representation theory and allow us
to partition the representation theory of a group algebra kG. Before we discuss that in

more detail we quote the following result.

Theorem 1.2.3 (See [2, Theorem 13.1)). The decomposition of kG into its blocks is

unique up to the ordering of the decomposition.

The proof of this is relatively simple and can be found in all introductory books on the

subject. We have omitted it for this reason and point the reader to [2, Theorem 13.1] if
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they need the proof. We can now begin to discuss what we mean by the blocks partitioning

the representation theory of a group algebra.

Definition 1.2.4. We say a module, M, of kG lies in the block B; of kG if B;M = M and
B;M = 0 for all j # i. We say a Brauer character x lies in a block B, if its corresponding

module does.

We see that this condition implies that submodules and quotients of modules lying in
a block also lie in the same block. Furthermore direct sums of modules in a given block

also lie in that block. The following result gives us the significance of this definition.

Proposition 1.2.5 (see [2, Theorem 13.2]). If M is a finite-dimensional kG-module then

M has a unique direct sum decomposition

M=M®®&---®M,,

where each M; lies in B;.

Again we have omitted the proof but one is given in [2, Theorem 13.1]. This result
now shows how the blocks of kG partition its representation theory. In fact one can go
further and show that the simple modules of kG are partitioned among the blocks and
thus so are the irreducible Brauer characters. Further details of this can be found in |2,
Section 13].

We can extend this idea of belonging in a block to irreducible ordinary character as
well. Let x be an irreducible ordinary characters of G. We say x belongs to the same
block as some Brauer character ¢ if d, , is non-zero. This is in fact well-defined as
the other irreducible Brauer characters of G with non-zero decomposition numbers with
respect to y also belong to the same block as 1. A proof of this can be found in [20,
p.147]. This is why we needed to define Brauer characters, to provide this link between

irreducible ordinary characters and block through the decomposition numbers.



1.2.3 Primitive central idempotents

What we have described in the previous section is not the only way to characterise the
blocks of a group algebra. In order to discuss another way we must first recall the

definition of an idempotent, a non-zero element e in kG such that e* = e.

Definition 1.2.6. We say an idempotent e in kG is central if it commutes with all other
elements in kG, in other words ea = ae for all a in kG. It is primitive if it cannot be
written as the sum of two idempotents e; and ey where ejes = 0. A primitive central

idempotent is primitive with respect to only central idempotents.

One should easily see from the definition that any central idempotent can be written
as the sum of primitive central idempotents.

Now we will explore the significance of these primitive central idempotents in relation
to the block decomposition of kG. From the block decomposition we see that the identity
in kG splits into a sum

l=e+-+en,

where each e; is in B;. As each B; is a two-sided ideal we have that e;e; is in the

intersection of B; and B;, so is zero, for all 7 # j. Further as 1 is an idempotent we have

=1 =1

n n 2 n
> (3a) ~ro1-e
so each e; is an idempotent. As 1 is central in kG we see that

n n
Zeiazl-a:a-lzzaeu
i=1

=1

for all ¢ in kG. However as e; is in the two-sided ideal B; we have that e;a and ae; are

both in B; and are the only elements in each sum with this property. Therefore e;a = ae;



and e; is central. This also gives us that e;kG = B; as

szl-szzn:eikG,

=1

but e;kG C B; so we must have equality. Lastly to see that e; is primitive among central
idempotents we suppose that it is not, in other words e¢; = e + ¢ where e and €' are

non-zero central idempotents and ee’ = 0. However this implies
kGe @ kGe' = B; = ekG @ €'kG.

As e and €' are central we have kGe = ekG and kGe' = ¢’kG. Thus they are both two-
sided ideals which is a contradiction as B; is indecomposable among two-sided ideals.
So what we have shown is that the decomposition of 1 among the blocks of kG gives
us a set of primitive central idempotents with each one corresponding to one block of kG.
One can go further and show that in fact these are all the primitive central idempotents

of kG as the following result details.

Theorem 1.2.7 (See [15, Proposition 2.3]). There is a bijection between the set of blocks

of kG and the set of primitive central idempotents of kG given by e — ekG.

A proof of this result, in slightly more generality, is given in [15, Proposition 2.3]. We
will call the primitive central idempotent corresponding to a block B the block idempotent
of B. While this correspondence often means authors can use block to refer to both the

2-sided ideal and the corresponding idempotent, we will try to avoid doing this.

1.3 The Brauer correspondence

We can now move on to discuss one of the most fundamental results of local representation
theory, the Brauer correspondence. This result allows us to determine a global property

of the representation theory of kG using only local information. It may be of no surprise
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then that the Brauer correspondence forms the basis of the many local-global conjectures
within the field. We will introduce two of these here, namely the McKay and Alperin—

McKay conjectures.

1.3.1 The Brauer morphism and Brauer pairs

In order to discuss the Brauer correspondence we first need to define several fundamental

objects that are also attributed to Brauer. The first of these is the Brauer morphism.

Definition 1.3.1. For @) a p-subgroup of G, the Brauer morphism is the k-linear map
given by
Brg : kG — kCq(Q) ; Zagg — Z Qgyg.

g€eG 9€Cc(Q)

One can easily see that the Brauer morphism is a surjective map. As well as being
very useful in defining Brauer pairs and the defect group, the Brauer morphism will
continue to be useful throughout this chapter. This is because, in vague terms, it gives us
a way to link blocks of a subgroup of G to blocks of G by looking at their idempotents.
We will start to explore that with Brauer pairs; however, first we need to discuss several
properties of the Brauer morphism.

This requires us to define what it means for an element of kG to be -stable. We say
x in kG is Q-stable if for all ¢ in () we have x? = x, in other words z is fixed under the
conjugation action of (). If we restrict the Brauer morphism to just these elements we

obtain the following result.

Proposition 1.3.2 (See [15, Propostion 2.12]). For @ a p-subgroup of G, the Brauer

morphism Brg is multiplicative when restricted to QQ-stable elements of kG.

A proof of this is given in [15, Propostion 2.12]. We can now use this to prove the

property of the Brauer morphism we require.

Corollary 1.3.3 (See [15, Corollary 2.13]). If Q is a p-subgroup of G and e a block

idempotent of kG then Brg(eg) is a sum of block idempotents of kCq(Q).

11



Proof. As ep is a block idempotent then it is central in kG and thus commutes with all

of Q). Hence ep is (-stable. Since Brg is multiplicative on ()-stable elements
Brg(ep) = Brg(ey) = Bro(es)?,
and thus Brg(ep) is also an idempotent of kCq(Q). Note that kCq(Q) is @-stable so
Brg(es) = Bro(ef) = Brg(z) " Bro(eg) Bro(x) = Brg(es)”

for all z in kCg(Q), meaning Brg(ep) is in Z(kCe(Q)). Thus as Brg(ep) is a central

idempotent it is a sum of block idempotents by definition. m

Crucially this corollary means that, given a block of kG, the Brauer morphism gives us
a set of blocks of kCg(Q) related to that block through the image of its idempotent. This
connection will be fundamental in many of the arguments we make later in the chapter,
including the definition of a B-Brauer pair which follows in this section. However, first

we must define a Brauer pair.

Definition 1.3.4. Let G be a group with order divisible by p. A Brauer pair is a pair

(@, e) where @ is a p-subgroup of G and e is a block idempotent of £Cq(Q).

Although useful in some settings in their own right, we only require the definition of

Brauer pairs in order to define B-Brauer pairs.

Definition 1.3.5. If B is a block of kG with block idempotent eg then we define a B-

Brauer pair to be a Brauer pair (@, e) with the additional condition that Brg(eg)e = e.

This is where we see the usefulness of the Brauer morphism. What the condition
Brg(ep)e = e tells us is that e is one of the block idempotents in the sum of block
idempotents that is Brg(ep). So for (Q,e) to be a B-Brauer pair we require the block

corresponding to e to be related to B through the Brauer morphism.
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1.3.2 The defect of a block

The main purpose of B-Brauer pairs for us in this chapter is to use them to define the
defect and the defect group of a block. Note that this is not the only way to define these;
however, we hope that this way is easier to follow for someone unfamiliar with block
theory. An alternate explanation, using vertex modules, is given in [3].

We say that a B-Brauer pair (D, e) is mazimal if | D| is maximal among all subgroups

of G that appear in B-Brauer pairs. We can now define the defect group of a block.

Definition 1.3.6. A subgroup D of G is a defect group of a block B of kG if there exists
a maximal B-Brauer pair (D, e), by inclusion, for some e. We say that a block B has

defect d where |D| = p? and D is a defect group of B.

What this means is that to each block of kG we associate a set of p-subgroups of G
which will prove crucial in the following sections. By the definition it is clear that the
defect groups of a block B all have the same order, namely p?, where d is the defect of B.
In fact one can show that the defect groups of a block are even more intrinsically linked

than that.

Theorem 1.3.7 (See [15, Theorem 2.27)). All the defect groups of a block B of kG are

G-conjugate.

We will not prove this here as the proof involves using the relative trace map which
we have avoided defining for brevity. A proof of this is given in [15, Theorem 2.27]. This
is why, in this chapter, we will often say a defect group of B is the defect group of B, as
we will generally be working up to G-conjugacy.

The fact that all defect groups of a block are conjugate in G may remind the reader of
another set of p-groups in G that are conjugate, namely the Sylow p-subgroups. In fact
one can show these groups are the defect groups of a block of kG, namely the principal
block of kG or the block containing the trivial module. To show this let us first state the

following result.
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Theorem 1.3.8. The defect of a block B is the smallest non-negative integer d such that
p?~? divides x(1) for all x an irreducible character in B, where a is the power of p in the

p-part of G.

This is how the defect of a block is defined in many texts. We have avoided this
definition as it leads to a definition of the defect group which is more opaque than our
own. A proof that these definitions are equivalent is given in [39, Theorem 4.6].

However, this equivalent definition makes our prior observation more clear. As the
principal block contains the trivial module, it also contains the trivial character, in other
words the character where x(z) = 1 for all z in kG. So for p®~? to divide x(1) = 1 we
require a = d, in other words the order of the defect group of the principal block is the
same as the order of a maximal p subgroup of G. Thus the defect groups are precisely
the Sylow p-subgroups.

Now that we have defined the defect of a block we can use this to define a property
of the irreducible ordinary characters of G which will be useful in stating conjectures in

the following sections.

Definition 1.3.9. Let x be an irreducible ordinary character of G lying in a block B.

The height of x is given as the exact power of p dividing

where a is the power of the p-part of G and d is the defect of B.

1.3.3 Brauer’s first main theorem

We have now given sufficient definitions for us to encounter one of the more significant
results of local representation theory, Brauer’s first main theorem. Giving rise to the
Brauer correspondence this result will be the first indication of the local control that is

exerted on the representation theory of G.
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Theorem 1.3.10 (Brauer’s First Main Theorem). Let G be a finite group with D a p-
subgroup. There is a bijection between the blocks of kG with defect group D and blocks
of Ng(D) with defect group D given by the map Brp, the Brauer morphism at D, on the

block idempotents.

Originally proved by Brauer [7, 8, 9] this result, along with Brauer’s two other main
theorems, formed the backbone of early work in local representation theory. We have not
introduced the necessary apparatus to prove it here as much of it is not useful in achieving
our final goal. A proof is given in [15, Theorem 2.30] which, because this chapter uses

this book as a source, should be the easiest for a reader to follow.

1.3.4 The McKay and Alperin—McKay conjectures

The crucial significance of the Brauer correspondence will become abundantly clear with
its use throughout this chapter. However in short it is most important as it gives us a
vehicle in which to relate properties of subgroups of G with properties of G itself. This is
why it forms the basis of many of the so-called local-global conjectures, which in turn is
where much of the current focus for research in this field is found. We will be exploring
one of these conjectures in this chapter, namely the Alperin—-McKay conjecture. However,

first we will introduce its predecessor, the McKay conjecture.

Theorem 1.3.11 (McKay conjecture). Let S be a Sylow p-subgroup of G. The number
of irreducible ordinary characters of G with degree prime to p is the same as the number

of irreducible ordinary characters of Ng(S) with degree prime to p.

The original conjecture was formulated by McKay [36, 37] but only referred to Sylow
2-subgroups. This more general case was first explicitly given by Alperin [1] but was
initially suggested by Isaacs [30]. Much progress has been made towards proving this
since its inception and now a proof of the final cases has been announced by Spéath. We
have stated this conjecture in the format that it is most commonly given, however if we

rephrase it, the fact that the Alperin—-McKay conjecture relates to it becomes more clear.
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Recall that, as all these characters have degree prime to p, they all lie in blocks where
the defect is maximal, by Theorem 1.3.8. We can also see that they will be of height
zero in those blocks and in fact will be all the irreducible characters of height zero in
these blocks. Also note that because these blocks have maximal defect they all have the
same defect groups, the Sylow p-subgroups of G. We can therefore restate the conjecture
as the following: the number of height zero irreducible ordinary characters in the blocks
of G with maximal defect is the same as the number of height zero irreducible ordinary
characters in the blocks of Ng(.S) with maximal defect, where S is a Sylow p-subgroup
of G.

The McKay conjecture links the two sets of blocks through the Brauer correspondence.
However, it crucially considers a set of blocks of G and their set of corresponding blocks.
This is where the Alperin—-McKay conjecture is stronger than the McKay conjecture, it

considers blocks of G individually.

Conjecture 1.3.12 (Alperin-McKay conjecture). Let D be a p-subgroup of G. The
number of irreducible height zero ordinary characters of a block B of kG is the same as
the number of irreducible height zero ordinary characters of the block B' of Ng(D) with

defect group D, where B’ is the Brauer correspondent of B.

First given by Alperin [2], the Alperin-McKay conjecture not only splits up the McKay
conjecture block-by-block but also postulates the same result for blocks that are not of
maximal defect. It is easy to see from this that the Alperin—-McKay conjecture implies
the McKay conjecture but the Alperin—-McKay conjecture could still fail to hold on blocks
of maximal defect even though the McKay conjecture is true.

At the time of writing only the Alperin-McKay conjecture remains open although
much progress has been made towards proving it is true in certain cases. Several reduc-
tion arguments have also been made. For further details of these, as well as reduction
arguments for the McKay conjecture, see [16, Section 4.2]. We will however state one

reduction of the Alperin-McKay conjecture which we will rely on later in this text.
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Theorem 1.3.13 ([32, Proposition 5]). If G is a minimal counterezample to the Alperin—
McKay conjecture, then O,(G) = 1.

This result is due to Kessar and Linckelmann [32, Proposition 5]. We have omitted

the proof as again it requires apparatus we do not have the space to define.

1.3.5 Block induction

We now wish to extend the idea of the Brauer correspondence to relating blocks of G to
blocks of any subgroup of G. We do this in the following way. Let H be a subgroup of

G and define the map

sy L(kG) — Z(kH) ; Zagg — Zozgg,

geG geH

in a similar fashion to the Brauer morphism. Let b be a block of H and let y be an
irreducible ordinary character of b. To x we can associate a unique central character
wy @ Z(kH) — k. The details of this are rather convoluted and have been omitted,
a complete construction can be found in [38, Section 3.6]. We have kept our notation
consistent with theirs. The idea is that these characters are the objects we want to keep
track of when we restrict from elements of Z(kG) to elements of Z(kH). First we note
that the central character w}, much like x, is uniquely associated to the block b, so it is
also denoted wy. In fact for any choice of x in b we get the same central character w} so
this notation is well defined. This is [38, Theorem 3.6.2(ii)], where a proof can also be
found.

The composition wj o s3; @ Z(kG) — k, is a k-homomorphism. If it is a k-algebra
homomorphism then there exist a block B of kG such that w; o s3; = wp. If this is the
case we write B = b¢ and say b“ is defined. We call this process block induction. This
type of induction is often called Brauer induction to distinguish it from the several other

definitions of induction that are not equivalent. Further details of Brauer induction can

be found in [38, Section 5.3] and details of these other definitions are give in Breuer and
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Horvéth [10]. We have chosen to not fully detail the method used to construct the central
characters as we do not use them again in the text. One can follow the rest of this chapter
by understanding block induction as a well defined way to relate blocks of a group and
its subgroups.

We can now give some basic results relating to block induction.

Lemma 1.3.14 (See [38, Lemmas 5.3.3 and 5.3.4]). Let H be a subgroup of G and b a
block of kH with defect group D.

(i) If b€ is defined then D is contained in a defect group of b.
(ii) If H is a subgroup of some p-subgroup K of G and the blocks b" (bK)G and b are
defined then b¢ = ()€

We will not prove this result here and instead a proof can be found in [38]. The most
significant of these is (ii) as it shows that block induction is transitive. We will make use

of this property later in the chapter.

1.4 Chains of subgroups

Here we introduce what we mean by chains, an involution on the set of chains and
normalising triples. These are all defined by Isaacs and Navarro [31] but some of the

results here differ from theirs.

1.4.1 Chain stabilisers

Definition 1.4.1. Given a group G we say a chain C' in G is a totally ordered set of
p-subgroups, C' = { Q; ‘ 0<i<n }, with ordering @y < Q1 < --- < @, and where Qg

is the trivial group.

We define the length of C, denoted |C|, to be the number of non-trivial groups in C,

in other words for C' as above |C| = n. Our requirement that Qo = {1} means all our
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chains will have non-negative length. Note that this is not universal and other authors
may not require {1} to be in the chain.

These chains are the same as those used by Isaacs and Navarro [31, p.2] and Knorr
and Robinson [33, Definition 2.1]. Our choice to use chains of arbitrary p-subgroups is
not universal and in fact a result by Knorr and Robinson [33, Proposition 3.3 shows that
for many purposes normal chains, chains of radical subgroups and chains of elementary
abelian subgroups can be used. Recall a p-subgroup P of G is said to be radical if
P = 0,(Ng(P)) and elementary abelian if it is abelian and all non-trivial elements have

order p.

Definition 1.4.2. The chain stabiliser, G, of a chain C'in G is the set of elements of G
that stabilise all elements in C' under the conjugation action. In other words G¢ is the

intersection of the normalisers of each @); in C.

The chain stabiliser subgroups are what Isaacs and Navarro use to define chain local
and with that obtain many results. As we are working with blocks we also need to
introduce a way to check when a block of kG inducts up to a block of kG.

Let B be a block of kG. We define B¢ to be Brg, (eg) kG¢, where ep is the central
idempotent corresponding to B and Brg, is the Brauer morphism at @),. Note that
Brg, (ep) is either zero or is a central idempotent of kG¢, as Ca(@r) < Ge < Ng(Qn),
and thus B¢ is either zero or a sum of blocks of G¢. This sum of blocks was defined by

Knérr and Robinson [33], who proved the following result.

Lemma 1.4.3 ([33, Lemma 3.2]). Let C' be a chain in G. If b is a block of kG¢ we have

that b€ is defined and further b = B if and only if b is a summand of Be.

We write b | B if b is a summand of Be. Thus we can now link blocks of kG¢ to

blocks of G.
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1.4.2 An involution on the set of chains

Let P < G be a non-trivial p-subgroup. Consider the set of all chains of p-subgroups of
G where either P normalises every group in C', for each C in this set. We can define a
permutation on the set of chains as follows.

Let C = { Qi | 0<i<n } be in this set and note that as P ¢ Qo there is a maximal
m such that 0 < m < |C] and P € Q,,. Thus Q,, < QP and Q,,P C Q; for all
m+1 <i <n. Now we consider two cases: if @,,,P is in C, we set C* = C'\ {Q,,P} and
otherwise, if @,, P is not in C' we set C* = C U{Q,,P}.

The chain C* depends on the group P as well as on C', however the P in question will
generally be clear from context so we do not include it in the notation for C*. We can

now state a few basic results about this permutation.

Lemma 1.4.4 ([31, Lemma 4.1]). If C, P and G are as above, then the following prop-

erties hold:
(i) Either C C C* and |C*| = |C|+1 or C* C C and |C*| =|C| — 1;
(ir) (C*)" =C;
(iii) Every subgroup of G contained in Go and normalising P is also contained in Ges.

All parts of this lemma should be easy to see from our construction.

1.4.3 Normalising triples

Definition 1.4.5. Let C' be a chain of p-subgroups of G. Let P be a non-trivial p-
subgroup of G¢ and let X be a non-empty subset of Go N Ng(P). We call (C, P, X) a

normalising triple.

Again these are first defined by Isaacs and Navarro [31, p.16]. We have a well-defined
action of G on the set of normalising triples given by conjugation of C', P and X by some ¢

in G. Let O be an orbit of normalising triples under this action. All chains that form the

20



left-hand component of triples in O have the same length so we can set s(0) = (—1)!°!,
where C' is the first component of a triple in O. If R is a set of representatives of the
orbits of chains of p-subgroups of G under conjugation then one can see that for each
orbit O exactly one member of R appears as the first component in a member of O.

Notice that as P is contained in G¢ it can be used to define C*. As X is contained
in Ng(P) and Gg, it is also in Ge«. Thus (C*, P, X)) is also a normalising triple uniquely
determined by (C, P, X). This gives us a permutation on the set of normalising triples,
namely (C, P, X)" := (C*, P, X).

We can extend the idea of this permutation as follows. If O is a G-orbit of normalising
triples, then set

O :={(C",P,X)| (C,P,X)€O}.

The set O* is an orbit of normalising triples as ((C, P, X)) = ((C, P, X)")? for all g in
G. Additionally s(O) = —s(O*) so O # O* but |O| = |O*|. Finally note that (O*)* = O
and we say that O and O* are paired.

We now quote a further result by Isaacs and Navarro [31, Lemma 4.4] that describes

sets of normalising triples.

Lemma 1.4.6 ([31, Lemma 4.4]). For G a finite group, let T be a set of normalising
triples in G, invariant under the action of G. Let C' be a chain in G and Q be the set of

pairs (Q,Y) such that (C,Q,Y) isin T. Let U be a Gg-orbit on Q and let

S={(C,QY)|(QY)eU}.

There exists a unique G-orbit O on T such that S is contained in O. Furthermore the
map T, where we set T(U) = O, is a bijection from the set of Gg-orbits on Q onto the

set of G-orbits O on T such that C is the first component of some triple in O.

Note that this makes sense because Q is G-invariant as well as G-invariant. The
proof of this result is again due to Isaacs and Navarro [31, Lemma 4.4]. The following

result gives us some properties of a normalising triple provided X = Ng.(P).
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Lemma 1.4.7. Let G be a group and B a block of kG. If (C, P, X) is a normalising
triple where X = N¢ . (P), then the following hold:

(Z) X = NGC* (P);

(ii) If P is a defect group of the block b of kG with positive defect and b“ = B then

there is a unique block b* of Gg- associated to b with defect group P and (b*)¢ = B.

Proof. Part (i) is due to Isaacs and Navarro [31, Lemma 4.3(a)]. For part (ii) first we
note that as N¢ . (P) = Ng.(P) we can apply the Brauer correspondence twice to get
from blocks of G¢ with defect group P to blocks of G+ with defect group P. Thus the
block of kG¢+ corresponding to b is the block b* where Brp(ey-) = Brp(ep,) and we know
this is unique by the Brauer correspondence. Also, as either C* C C or C C C* we
have that either (b*)“¢ = b or b“c* = b* again by the Brauer correspondence. Thus by

transitivity of block induction, as stated in Lemma 1.3.14, we have (b*)¢ = B. O

Notice that the reason we need to exclude blocks of defect zero in (ii) is because they
have trivial defect group and normalising triples with trivial second component would

not make sense.

1.5 Block chain local functions

In order to prove an equivalence for the Alperin—-McKay conjecture we first needed to
define a block-by-block version of chain local, which we have called block chain local.
This section follows the general structure of [31, Section 4], but the results themselves

and their proofs are original, unless stated otherwise.

1.5.1 Functions on blocks

We will consider a collection of pairs (G, B), where G is a finite group of order divisible

by p and B is a block of kG, which we will call a family, denoted F. We require that if
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(G, B) is in F then for all H < G and b a block of H with b% = B defined we have (H, b)
is in F. We can define maps from F to an abelian group U, which in most cases in this
text will be Z. We require that if there exist pairs (G, B) and (H, B’) in F such that
there exists an isomorphism ¢ : G — H with ¢(B) = B’ then each of these maps f must
have the property f(G, B) = f(H,B’). We call functions with this property isomorphism
constant. Note that these pairs in general are not Brauer pairs.

Isaacs and Navarro [31] considered a family consisting of just groups and functions on
that family. From there they defined chain local and used it to show certain functions
were locally determined. We wish to do something similar, but with functions on our
family F. In order to do this, we define block chain local, a block-by-block version of
chain local. Lemma 1.4.3 allows us to determine which blocks of G¢ induce up to G,

which will be very useful.

Definition 1.5.1. An isomorphism-constant function f on F is block chain local if for

all pairs (G, B) in F we have

S (=D f(Ge,b) =0,

CeR b|Bc

where R is a set of representatives of G-orbits of chains of p-subgroups of G and B¢ is

as defined above.

We will also sometimes say a function is block chain local on just a pair (G, B), in
which case we are referring to the smallest family F containing (G, B). In other words
F is (G, B) and all pairs (H,b) where H < G and b“ = B. We will call the double sum
above the alternating chain sum. It is easy to see that sums and integer multiples of
block chain local functions with values in an abelian group are also block chain local. We

now prove a further property of block chain local functions.

Lemma 1.5.2. Let f and g be block chain local functions on some family F. If we have
that f(H,b) = g(H,b) for all subgroups H of G with O,(H) > 1 and blocks b of kH with
bY = B, then f(G,B) = g(G, B).
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Proof. We may assume that O,(G) = 1 as otherwise the result holds trivially. As f and

g are block chain local we have

D (=DNY T f(Go,b) =0="> (1) " g(Go,b),

CeR b|Bc CeR b|Bc

where R is a set of representatives of G-orbits of chains of p-subgroups. Notice that the
trivial chain Cj is always in R and that for the trivial chain we have G¢, = G. When
G¢ = G we have Bo = B and thus B is trivially the only summand of B¢,. Also note
that, as O,(G) = 1, the trivial chain is the only such chain where Go = G. We can

therefore rearrange the left-hand side of the above to be

f(G,B)=—= Y (=1 f(Go,b),

CER\{Co} b|Bo

as |Co| = 0. We can also do the same with the right-hand side. Note that for C' in
R\ {Cy} we have O,(G¢) > 1 so

> F(Go,b) =D g(Ge,b).

b|Bc b|Bc

Summing over all of R \ {Cy} we obtain

fGB) == > (=DNY f(Gob)=— D (=)D g(Ge,b) = g(G, B).

CeR\{Co} b|Be CeR\{Co} b|Be
O

We can also, using our involution on chains, prove a strong result about all conjugacy-

constant functions on pairs.

Proposition 1.5.3. If G is a finite group such that O,(G) > 1 and B is a block of kG,
then every conjugacy-constant function on (G, B) and pairs (H,b), where H is a subgroup
of G and b® = B, is block chain local.

Proof. If P = O,(G) > 1, then for any chain C' in G we have that P is normalised
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by every group of (', and thus C* is defined with respect to P. We therefore obtain a
bijection from the set of chains of odd length to the set of chains of even length given
by sending C' to C*. Each of these sets is invariant under G-conjugation. Also note that
we have (C9)* = (C*)? for all g in G, and thus Go« = G¢. Further, we must also have
Be+ = Be.

Let R be a set of representatives of G-orbits of even-length chains in G and notice

that R* = { C*

C € R }. Thus for f a conjugacy-constant function on (G, B) and pairs

(H,b), where H is a subgroup of G and b“ = B, we can write the alternating chain sum

as
S DY f(Gob) + (=1)CT Y f(Ge-,b)
CeR b|Bc b| B+
Because |C*| = |C| £ 1, the pairs of terms cancel and the sum above goes to zero.

We therefore have that f is block chain local on (G, B) and pairs (H,b), where H is a
subgroup of G and b¢ = B. [

This means from now on when proving a conjugacy-constant function is chain local

we need only consider groups G in F where O,(G) = 1.

1.5.2 The Brauer correspondence and block chain local func-
tions

In this section we will explore a specific condition for when a function is block chain local,

arising from the Brauer correspondence. To do this we define several functions on pairs

and show that they are block chain local. The proof of this result will follow roughly the

same structure as the proof by Isaacs and Navarro of Theorem D in [31, Section 4].

Let G be a finite group and B be a block of kG with positive defect. Let P be a
non-trivial p-subgroup of G and X a subset of G. For all subgroups H of G and blocks b
of kH with b“ = B, define w(p,x)(H,b) to be the number of H-orbits of pairs (Q,Y’) that
are G-conjugate to (P, X), where @ is a subgroup of H, Y = Ny (Q) and Q is a defect

group of b.
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Proposition 1.5.4. Let G be a group and B a block of kG with positive defect. The

function wip xy is block chain local on (G, B).

Proof. Consider H = G, the stabiliser of a chain C' of p-subgroups in G. By definition
Y normalises ) and both Y and @ are subsets of G¢. Thus (C,Q,Y) is a normalising
triple. Let T be the set of normalising triples (C,@Q,Y") such that (Q,Y) is G conjugate
to (P,X), Y = Ng.(Q) and @ is a defect group of b, where b is a block of kG¢ and
b¢ = B. For a triple (C,Q,Y) in T note that (C,Q,Y)* is also in 7 by Lemma 1.4.7(ii).
By their definitions one can see that w(p x)(Gc,b) is the number of Ge-orbits of pairs

(@Q,Y) such that (C,Q,Y) lies in T and @ is a defect group of b. Thus we see that

> wipx)(Ge,b)

b|Bc

is the number of G-orbits of pairs (Q,Y) such that (C,Q,Y) lies in 7. We can therefore
apply Lemma 1.4.6 to show that this is also the number of G-orbits O of elements of T
such that C' appears as the first component of a triple in O. Recall that, as C'is the first

component of a triple in the G-orbit O, by definition (—1)I°! = 5(0) and we have

(=D wipx)(Ge,b) = s(0),

b|Bc o

where the sum on the right is over all G-orbits O in T that contain a triple with first
component C'. If we now consider the set R of representatives of G-orbits of chains in GG
then for each O in T there is exactly one C' in R and b in B¢ such that C' is the first

component of a triple in @. Thus if we sum over R we have

D DY wipx(Go,b) =) s(0),

CeR b|Bo o

where now the sum on the right is over all G-orbits O in 7. As we have established,

every G-orbit O in T is paired with a unique G-orbit O* which is also in 7. Thus, as
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s(0) = —s(O*) we see that the above sum is zero and w(p x) is block chain local on the

arbitrary pair (G, B), where B has positive defect. m

We can now define the next function. Let N and G be finite groups and B a block of
kG with non-trivial defect group P. Define Qn (G, B) = 1if Ng(P) = N and Qn (G, B) =

0 otherwise.
Corollary 1.5.5. The function Qy is block chain local.

Proof. If O,(N) = 1 then Qy is identically zero and hence this case is trivial. Hence
we may assume O,(N) > 1. Let S be a set of pairs of subgroups (P, X) of G such that
P 9 X and X = N. Let w denote the restriction of Qy to pairs (H,b), where H is a
subgroup of G and b = B. We proceed by showing all the restrictions w are block chain
local on the arbitrary pair (G, B), which in turn will show that Q is block chain local.

Let H be a subgroup of G with order divisible by p and b be a block of kH such that
b“ = B. By definition we have w(H,b) = 1 if Ny(Q) = N where Q is a defect group of
b and w(H,b) = 0 otherwise. Since all defect groups of b are H-conjugate, w(H,b) is the
number of H-orbits on the set P of pairs (@), Y) such that Y = Ny (Q), @ is a defect group
of b and Y = N. Further, every member of each H-orbit on P is G-conjugate to some
unique (P, X) in §. The total number of H-orbits on P whose members are G-conjugate
to some given member (P, X) of S is wip x)(H,b), where w(p, x) is as in Proposition 1.5.4.

Thus
w(H,b) = Z werx)(H,b),

(P,X)eS
and as w(p x) is block chain local w is as well. Thus as w is block chain local and, as (G, B)

in F was arbitrary, we have that {25 is block chain local for any finite group N. m

Theorem 1.5.6. Let [ be an isomorphism-constant function on a family F with values in
an abelian group. If, for all (G, B) in F, we have f(G,B) = f(N,b), where N = Ng(P),
P is a defect group of B and b is the Brauer correspondent of B, then f is block chain

local for all pairs (G, B) where B has positive defect.
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Proof. We make use of the function €2;, which we proved is block chain local for any
finite group M in Corollary 1.5.5. Let G be a group in F and let B be a block of that
group with positive defect. Let N be the normaliser of a defect group of B, so (N, B’) is
in F and f(N, B’) is defined, where B’ is the Brauer correspondent of B. We have that

f(G, B) = f(N, B"). However note that we can also write
F(N,B)=>"Qu(G,B) Y f(M,V),
[M] 4

where the left sum runs over all isomorphism classes [M] of groups in pairs in F and the
right sum over all blocks &' of M such that '“ = B. This is because (G, B) = 0 unless
M = N in which case Q/(G, B) = 1 and the only block of kM where '“ = B is B'.

If we now consider a chain C' in G with stabiliser G- and b a block of kG~ we have

F(Goyb) = Qu(Ge,b) > F(M,Y),

[M] v

where the left sum is as above and the right sum is over all ¥’ of M where ¥“¢ = b. Now,

for R a set of representative of G-orbits of chains, we have

D (DAY f(Gob) = D (=D N Qu(Go,b) Y F(M,Y)

CeR b|Bc CeR b|Bc [M]
=3 DD Qu(Geb) | DT F(MLY)
[M] \CeR b|Bc b
pr— 0’

as (27 is block chain local for all M in pairs in . Thus as G and B were arbitrary we

have that f is block chain local on all pairs (G, B) where B has positive defect. O]
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1.5.3 The Alperin—McKay function

Recall the Alperin-McKay conjecture states that for a group G' the number of irreducible
height zero characters in a block B of kGG with defect group D is the same as the number
of irreducible height zero characters of the Brauer correspondent B’ of B in Ng(D). We

can rephrase this in terms of a function on F. Let fay be the function given by

fam(G, B) := # of irreducible height zero characters of B,

for (G, B) a pair in F. This function is obviously isomorphism-constant and maps to
the integers. The Alperin-McKay conjecture is the statement fam(G, B) = fam(V, B'),
where N = Ng(D) and D is the defect group of B and B’ is its Brauer correspondent,
for all (G, B) in the family F and F being arbitrary. We now have everything necessary

to state our motivating result.

Theorem 1.5.7. The Alperin—-McKay conjecture holds if and only if the Alperin-McKay

function is block chain local on all pairs (G, B) such that B has positive defect.

Note we do not need to consider blocks of defect zero as the conjecture is vacuous for

blocks with normal defect group, in particular defect zero.

Proof. The forward direction is a clear result of Theorem 1.5.6: recall that the Alperin—
McKay conjecture can be stated as fam(G, B) = fam(N, B') for all G a group and all
B a block of kG where N = Ng(P), P is a defect group of B and B’ is the Brauer
correspondent of B.

Now let us consider the other direction, in other words suppose that the Alperin—
McKay function is block chain local and show this implies the Alperin—-McKay conjecture
holds. We do this by contradiction. Let (G, B) be a minimal counterexample to the
conjecture, so fam(G,B) # fam(N,B’). This implies that N # G and thus |G| is
divisible by p. By a result of Kessar and Linckelmann [32, Proposition 5] we have that if

(G, B) is a minimal counterexample to the Alperin-McKay conjecture then O,(G) =1,
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so we can assume this as well.

Define f2,; on the pair (X,b) in F to be the isomorphism-constant function given by
setting [ (X,0) = fam(M, '), where M is the normaliser of the defect group of b and
V' is the Brauer correspondent of b. By definition f9,,(X,b) = fam(M, V) = flu(M, V),
for all (X,b) in F, so by Theorem 1.5.6 f3,; is chain local.

Note for X < G with O,(X) > 1 this implies X is a proper subgroup of G as
O,(G) = 1. As G is minimal we have fay(X,0) = fam(M, V') = fly(X,b), where b is a
block of kX such that b% = B and M and ' are as before. By Lemma 1.5.2 we therefore
have that fam(G, B) = fau(G, B) = fam(N, B’), where N is the normaliser of a defect
group of B and B’ is a block of kN such that B'Y = B. This is a contradiction and the

result is proved. O

The proof in itself relies heavily on the result of Kessar and Linckelmann [32, Propo-
sition 5] as without this information about a minimal counterexample our method would
not work.

This new way which we have written the Alperin—-McKay conjecture as an alternating
sum will hopefully help with setting this conjecture in a more general context. Although

this might not directly lead to a proof it may help with a theoretical proof in the future.

1.5.4 Sufficient conditions for block chain local

Here we collect several more results that are also adapted from those given by Isaacs and

Navarro. We start with a direct corollary of Theorem 1.5.6.

Corollary 1.5.8. A constant function f is block chain local on all pairs (G, B) where B

has positive defect.

Proof. As f is constant for all pairs (G, B) in F we have f(G,B) = f(N,b) where b is
the Brauer correspondent of B and N is the normaliser of a defect group of B. Thus

Theorem 1.5.6 applies and the result follows. O
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The next two results tell us about functions that are entirely described by the values

they take on p-subgroups and their block.

Theorem 1.5.9. Let f be a conjugacy-constant function from some family F to an

abelian group U such that
f(G,B) =) > h(Na(@),b),
Q b

where the first sum runs over a set of representatives of G-orbits of p-subgroups, the
second sum runs over all blocks b of Ng(Q) such that b¢ = B and the function h is an

isomorphism-constant function on F. Then f is block chain local.

This theorem is the block chain local version of Theorem F(b) in [31]. Our proof
follows the same structure as theirs and thus in order to prove it we need to introduce
one of the functions that they use.

Let N be a finite group. For any group G, let gn(G) be the number of conjugacy
classes of non-trivial p-subgroups @ of G such that Ng(Q) = N. Isaacs and Navarro

prove that this function is chain local [31, Corollary 4.6], in other words we have

ZQN<GC) =0,

ceP

where G is any group with order divisible by p and P is a set of representatives of G-orbits

of chains in G.

Proof of Theorem 1.5.9. Using the function gy from above we see that for all pairs (G, B)

in F we can write f as
f(G7B) = ZQN(G)Zh(Nv bl)?
[N] v

where the first sum runs over isomorphism classes of normalisers of non-trivial p-subgroups

of G and the second sum runs over all blocks b of Ng(Q) such that b = B. If we now
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consider the alternating chain sum of the arbitrary pair (G, B) then we obtain

SN G =33 gn(Ge) ZhNb’

CEeP b|Be CEPb|Be [N]
=22 on(Ge) D 3 h(N.Y),
[N] CeP bBe v

where are sums are defined as before. As gy is chain local [31, Corollary 4.6(b)] we have
that Y ..p gn(Ge) = 0 for all groups N. Thus for each [N] in the first sum everything

is zero and so

> f(Geb) =0,

CeP b|Be

for all pairs (G, B) in F. O

This gives us a further sufficient condition to determine when a function is block chain
local along with Theorem 1.5.6. There is a third such result we can adapt from Isaacs

and Navarro [31, Theorem F(c)].

Theorem 1.5.10. Let f be a conjugacy-constant function from some family F to an

abelian group U such that

FIG,B) =Y "> h(Na(Q),b
Q b

where the first sum runs over a set of representatives of G-orbits of radical p-subgroups,
the second sum runs over all blocks b of Ng(Q) such that b = B and the function h is

an isomorphism-constant function on F. Then f is block chain local.

The proof of this result has exactly the same structure as that of Theorem 1.5.9;
however, instead of using the function gy it uses ry, also from Isaacs and Navarro. For
N a finite group and G a finite group with order divisible by p we define ry(G) to be
the number of conjugacy classes of non-trivial radical p-subgroups ) of G such that
Ng(Q) = N. This function is also chain local [31, Corollary 4.6(c)] and thus the proof

follows in the same way.
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1.5.5 Blocks with defect one

Here we offer a block-by-block version of a result by Isaacs and Navarro [31, Theo-
rem E(d)]. Let F be a family of pairs of the form (G, B) and let k; (G, B) be the number

of irreducible ordinary characters in B with defect one.
Theorem 1.5.11. The function ki is block chain local.

Proof. First note that if B a block of defect zero it contains only one irreducible ordinary
character and it has degree divisible by the order of a Sylow p-subgroup of G [7], so
ki(G,B) = 0. From here we assume B has non-zero defect. By Lemma 1.3.14(i) all
blocks b of subgroups of G where b = B have defect less than or equal to B. Thus for
all pairs (G¢, b) in the alternating chain sum for (G, B) we have that b has defect zero, so
ki (G¢,b) = 0. The alternating chain sum is therefore zero and k; is block chain local on
pairs where the block has defect zero. Additionally Brauer showed that if a block contains
an irreducible ordinary character of defect one then all irreducible ordinary characters
have defect one [6, Theorem 3]. Thus for all blocks B with defect greater than one we
obtain ki (G, B) = 0 and k; is block chain local in this case, by Corollary 1.5.8.

We now only need to consider blocks B of kG with defect one as these are the only
blocks where irreducible ordinary characters of defect one lie. Also only irreducible ordi-
nary characters of defect one lie in these blocks. Let D be the defect group of B. Dade
showed in [17, Theorem 1(i)] that the number of ordinary irreducible characters of a block
with defect one are entirely determined by the defect group. Thus, as B and b have the
same defect group, we have ki(G, B) = ki(Ng(D),b). Then, by noticing that B and b
are Brauer correspondents, we can apply Theorem 1.5.6. Therefore k; is block chain local

on pairs (G, B) where B has defect one and therefore is on all pairs. ]
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CHAPTER 2

SOME AUTOMORPHISMS OF PARTTAL GROUPS

2.1 Introduction

Partial groups were introduced by Chermak [11] with the goal of providing a more work-
able language in which to generalise of the p-structure of a finite group than fusion
systems. In part this goal has already been realised in several papers and preprints by
Henke and other authors [25, 26, 27, 28, 29] and work is continuing in these areas. These
results will in turn hopefully help in the programme to understand all simple saturated
fusion systems which itself is expected to form part of a new classification of finite simple
groups.

The main idea of a partial group is to generalise the idea of a group by considering a set
with an operation that is not defined on all words in letters in this set. Inverses still exist
everywhere but because multiplication is not defined everywhere associativity does not
hold in general. Partial groups themselves do not in general have much useful structure
so Chermak introduces a hierarchy of definitions, each adding some further structure.
Objective partial groups have a set of subgroups through which the multiplication in the
partial group is defined and then localities restrict this set to p-subgroups and add a
maximal p-subgroup to it, for p some prime. This gives an object with a fusion system
structure on it. The final step in this hierarchy is a linking locality which is rather difficult

to define but results in an object with a unique saturated fusion system associated to it.
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This is why partial groups and localities are useful in work with fusion systems.

One way to investigate a category is to look at which groups can be automorphism
groups of objects in this category. When every finite group is the automorphism group
of some object in the category we say it is finitely universal. One of the most well-known
examples of a finitely universal category is the category of simply connected finite graphs.
This is due to a classical result of Frucht [24]. At the other end of the scale one of the
most well-known categories that is not finitely universal is the category of finite groups.
There are many finite groups that do not arise as the automorphism group of a group
but one of the most well-known families is C,,, for n > 1 odd. With partial groups, and
other objects in Chermak’s hierarchy, being defined as weakening some of the axioms and
structure of a group, it is natural to see if these categories are finitely universal or if they
share the same exceptions as the category of groups does.

This question has already been answered by Diaz, Molinier and Viruel [19] for one
category, that of partial groups. However, while they show this category is universal, the
partial groups they construct are almost always infinite. As one of the interests of partial
groups is their relationship to fusion systems, it is therefore beneficial to just consider
finite partial groups. We begin by showing the category of finite partial groups is finite
universal. We then consider the next step in the hierarchy: objective partial groups.
Although we are not able to show finite objective partial groups are finite universal, we
find a family of finite objective partial groups each containing one object isomorphic to C,
for each n > 1 odd which suggests this category may be finite universal. We do however
show that the category of infinite objective partial groups is universal. Lastly we consider
localities and show that one cannot construct a locality with automorphism group C,, for
any n > 1 odd. Thus we find when objects in the hierarchy has too much structure
for this family of groups to arise as automorphism groups. In addition to checking if
categories are universal and finite universal we also give examples showing that the finite
partial groups and finite objective partial groups we construct are not unique with respect

to their automorphism groups.
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This chapter will mainly discuss the objects in this hierarchy below a linking locality,
namely partial groups, objective partial groups and localities. Here we assume a graduate-
level knowledge of finite group theory as well as a very basic knowledge of graph theory
and formal language theory. Any standard text in each of these fields would provide
a suitable reference. Some understanding of fusion systems would also help the reader
motivate much of the discussion in this chapter. A good introduction to the theory can

be found in either Aschbacher, Kessar and Oliver [4] or Craven [15].

2.2 A short introduction to the theory of partial
groups

Partial groups are relatively new objects and therefore there are no standard books setting
out their theory. On two separate occasions Chermak [11, 13] and once with Henke [14]
lays out the framework of this theory. We will give a much abridged version of this,
only including results that are necessary for later discussion, but if the reader wishes for
a more complete introduction they can look at any one of these papers. We will most

closely follow [13].

2.2.1 Partial groups

We begin with the object in the hierarchy with the least structure, partial groups. First
let us introduce some notation. Let £ be a set and W (L) be the set of words in letters in
L. We will consider £ as a subset of W(L) and denote the concatenation of two words

v and w in W(L) as vow. Let () denote the empty word.

Definition 2.2.1. Let £ be a non-empty set and D C W(£) with two maps [I: D — £

and an involutionary bijection - 7! : £ — £ that extends to
LWL — W) s g e gt g
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for all g1,...,gx in L. We say L is a partial group with the above product and inverse if

for all u,v,w in W(L) we have

(P1) LC D and if uowv in D then v and v are in D;

(P2) II restricts to the identity on L;

(P3) If uovowisin D then uwoll(v) ow is in D and II(u o v ow) = I(u o [I(v) o w);
(P4) If wis in D then w™' ow is in D and II(w™! o w) = 1 where 1 := T1(().

We will call D the set of allowed words. We do not in general require £ to be finite
and in fact we will consider both finite and infinite partial groups in this text. However,
much of the theory related to partial groups requires finiteness and certainly when one
relates this to fusion systems it makes sense for £ to be finite as much of the work in
fusion systems considers just finite fusion systems.

This definition in itself is rather opaque and it is not necessarily clear what properties
this product map possesses and what conditions we have on D. However with not much
work one can unpack several more expected properties. For example, by applying (P4)

1

to any word w in D we have that w™' ow is in D and then applying (P1) we have that

w~!is in D as it is a subword, so D is closed upon taking inverses. The following lemma

gives several more examples of where this is the case. We include the proof as it is a good

opportunity for the reader to familiarise themselves with the notation.

Lemma 2.2.2 ([13, Lemma 1.4]). Let L be a partial group. The following hold for all

words w,v,w in D;

(i) 11 is D-multiplicative, in other words if uowv is in D then Il(u) o II(v) is in D and

II(uow) = I(II(u) o II(v)).
(11) 11 is D-associative, in other words if wovow is in D then
I(IT(uwov) ow) =T(uowvow) =TII(uoIl(vow)).
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(i1i) wov in D if and only if uolov in D and if this is the case then Il(uov) = Il(uolow).

(iv) If uowv is in D then both utouov and uovov™ are in D and II(utouowv) = II(v)

and M(uovov™t) = TI(u).

(v) If uowv and wow are in D then I1(v) = II(w) if and only if Tl(u o v) = I(u o w).
The same holds for right cancellation.
(vi) We have u™" in D and T(u)~" = T(u™t).

Proof. (i) We have uov = owuowvolf) so applying axiom (P3) from Definition 2.2.1

twice we obtain

(uov) = H(ouovol) = T(BeIl(u)ovol) = H(Poll(u)ol(v)ol) = I(II(u)oTI(v)).

(ii) Similarly we can add the empty word to either end of wovow and apply (P3) again

to obtain

Huovow)=T(ouovow)=T(Qoll(uowv)ow)=T(Il(uowv)ow),

Huovow)=T(uovowol) =T (uoll(vow)od) =T(uoll(vow)).

(iii) Using (P3) it is clear that if uov = uofowv is in D then so is uoIl(f)ov = uolow.
Suppose w o 1 ov is in D. If u is empty then we have uov = () o v = v which is in
D, by (P1), as it is a subword of uwo 1 o v. We therefore assume u is non-empty so
u = uox, where z is an element of £. Thus uoll(zo1)ow isin D by (P3) and we

have

Mzol)=Tl(zolol)=T(xoII(@) o @) =TI(zoB o) =1(x) =,

again by (P3). Lastly, it is easy to see by (P3) that we have

Muolow)=M(uoll(P)ov) =(uoBov)=TI(uowv).
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1

(iv) If uowv is in D then so is v ou™t owu o v, by (P4), and thus so is u™! ou o v, by

(P1). Using part (i) of this lemma we have

(u™ owov) = I(II(u" ou)olI(v)) = II(LoII(v)) = I(BoIl(v)) = I(Bov) = II(v).

1

We also have that v ou~! is in D so, by (P4), we have uovov™tou™! in D and

thus, by (P1), so is uowvowv™!. In a similar fashion to above we apply part (i) of

this lemma to obtain

M(uovov™) = M(II(u)oM(vov ™)) = II(I(u)o1) = I(I(u)oP) = M(uol) = I(u).

(v) Suppose both uov and uow are in D. If we have [I(vov) = II(uow) then applying

part (iv) of this lemma along with part (ii) gives us

II(v) = I(u " ouov) = I(u " oll(uov)) = I(utoll(uow)) = M(u"touow) = M(w).

If we now let II(v) = II(w) then we have

(w0 v) = I(II(u) o I(v)) = II(I1(u) o IT(w)) = II(u o w),

by applying part (i) of this lemma. A similar argument holds for right cancellation.

(vi) As already discussed u™! is in D if u is. As u='ow is in D, by part (i) of this lemma
so is I(u™') o II(u). But as II(u) is in D, we have II(u)~" o II(u) in D by (P4).
Therefore, as TI(IT(u"!) o (u)) = I(II(u)~! o IT(u)), we apply right cancellation
from part (v) of the lemma.

]

From this point onward we will not be as rigorous in stating which axioms and which
parts of this lemma we use but we do it here to demonstrate how more expected properties

of a product arise from the axioms. We see from this lemma that inverses behave entirely
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as they would in a group. It also appears that we have associativity as we would with a
group but one needs to be careful. If we have v ov and II(uov) o w in D one would like
to assume we have u o II(v o w) and even II(II(u o v) o w) = II(u o II(v o w)) but this is
not in general the case. In fact we do not even necessarily have u o v ow in D. Thus we
have that associativity holds on triples where the multiplication is defined and does not
hold in general.

We have already stated that in some sense partial groups are a weakening of the idea
of a group. If this is the case it is natural to consider whether partial groups are ever
also groups and if this is the case under what conditions. The following lemma gives us

precisely when this is the case.

Lemma 2.2.3 ([13, Lemma 1.3]). If L is a partial group then L is a group if and only if
D = W(L).

The proof of this has been omitted for brevity but can be found in Chermak’s paper.
However from our discussion so far it should not be hard to convince oneself this is true;
we have seen that associativity holds for all triples where the multiplication is defined,
that there is an identity element and that inverses in partial groups behaves as they do
for groups. Thus we have associativity on all possible triples if and only if D contains all
possible triples. What is somewhat less obvious is how the binary operation of a group
translates to the product map on words in a partial group. However this is just a case
of carefully redefining each map, the details of which can be found in Chermak [13]. We

now give, as an example, the smallest partial group that is not a group.

Example 2.2.4. Certainly £ must contain 1 and another element not equal to 1, which
we call a. If a=! = a then we have something isomorphic to Cy so let a=! and a be
distinct. We now construct D. Note that, by (P4), we need a~! oa to be in D as a needs
to be in D, by (P1). But then we see that, again by (P4), we need a~'oaca™'oa to be in
D and thus we need D to contain all words (e oa)”, with n in N. But by (P1) we need

D to be closed under taking subwords, thus D must be precisely all words of alternating
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a and a~!. The sets £ and D now satisfy (P1) and (P4) so we turn our attention to the
remaining axioms. It is clear we must define I1(a) = a and II(a™!) = a! to satisfy axiom

(P2). Lastly if we let u be an empty word v = (a~! 0o a)") for n in N, and w = a~* then
Muol(v)ow) =Tl(Poll((atoa)"))oa)=HBoPoa)=M(a")=a".

Thus to satisfy axiom (P3) we need II((a 'oa)"oa™!) = a~! and repeating this argument
again we see that II(a o (™! 0 a)") = a and we have satisfied all axioms. Therefore the

set, of allowed words is
D={ao(a"oa)",ao(aca™)"|neN}uU{d}.

Note that any word containing a o a is not in D and therefore multiplication with these
words is not defined. If a o a is included in D then applying all the axioms gives the free
group on one letter. Hence this partial group is sometimes called the free partial group

on one generator.

Now we define some structures of partial groups that are analogous to common struc-
tures of groups. When one is introduced to groups the first definition that follows is that

of a subgroup, so next we shall define a partial subgroup.

Definition 2.2.5 ([13, Definition 1.7]). A subset H of L is a partial subgroup if it is

closed under the inverse map and II(w) in H for all w in D N W(#H).

Notice that this is more similar to the idea of full subcategory than subgroup. Given
a subset H we need to include all possible multiplication that exists in £ for H to be a
partial subgroup, but it can still be a partial group without including all multiplication.
We denote this in the same way as we do for groups, in other words H < L. Notice that
H forms a group if W(H) C D and in such case we call it a subgroup of L. Furthermore
we call H a p-subgroup of L if it is a p-group. The following lemma details some properties

of partial subgroups that are again similar to those of subgroups.
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Lemma 2.2.6 ([13, Lemma 1.8]). Let H be a partial subgroup of a partial group L.
(i) If K is a subset of H then K is a partial subgroup of H if and only if it is a partial
subgroup of L.
(i1) If K is a subgroup of L then H N K is a subgroup of H and of K.
(i1i) If { H; } i € I} is a collection of partial subgroups of L, then (\,c; H; is also a
partial subgroup of L.

The proof of each of these is simply a case of applying the definition of partial subgroup
several times and can be found in Chermak [13, Lemma 1.8].
In order to define any further substructure of partial groups we need a notion of

conjugation. For g in £ set
D(g) ::{xeﬁ‘g_loxogeD},

in other words the set of all x in £ where 29 is defined, where here we use 29 to denote

(g~ oxog). We now state several properties of D(g).

Lemma 2.2.7 ([13, Lemma 1.6]). Let £ be a partial group and g some element of the

set L.

(i) We have 1 in D(g) and 19 = 1.
(11) For all x in D(g) we have x71 is in D(g) and (z~1)9 = (z9)~1.

(iii) Conjugation by g gives a bijection from D(g) to D(g™') and its inverse is conjuga-

tion by g~'.
(iv) D(1) = L and ' = z for all z in L.

The proofs of these are relatively simple, and follows from applying the definition of
a partial group and Lemma 2.2.2 so are omitted. For some subset X of D(g) we define
X9 = { 9 ’ reX } We now quote two small results that tell us conjugation behaves

as expected, where it is defined.
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Lemma 2.2.8 ([13, Lemma 1.5)). Let £ be a partial group and let x and y be in L.

(i) Let xoy and yox be in D with Il(x oy) =1l(yox). If x is in D(y) then we have

¥ =x.
(i1) If x is in D(y) and oY = x, then y is in D(x), [I(z oy) = I(y o x) and y* = y.

Note that we have to be a little more careful here, we only have z¥ = x is equivalent
to II(x o y) = Il(y o ) when all the necessary words are in D. This highlights another
general difficulty with partial groups; we can only multiply by an element on both sides of
an equality, be it on the left or the right, if the resulting words on both sides are defined.

With this discussion of conjugation we can go on to define a notion of normality.

Definition 2.2.9 ([13, Definition 1.7]). Let A be a partial subgroup of £. We say N is

a partial normal subgroup of L if n? is in N for all g in £ and all n in N'N D(g).

Where conjugation is defined this definition is equivalent to that of a normal subgroup,
so it is the natural generalisation of normality to the setting of partial groups. We denote
it in the same way as we do for groups, N' < L. A partial subgroup H is subnormal if
there exists a chain of normal subgroups from H to £. We have the following immediate

properties of partial normal subgroups.

Lemma 2.2.10 ([13, Lemma 1.8)). If N is a partial normal subgroup of L and if H is
a partial subgroup of L then N N'H is a partial normal subgroup of H. If additionally H
is a subgroup of L then N'NH is a normal subgroup of H. Furthermore the intersection

of partial normal subgroups is a partial normal subgroup.

The last structures we shall define for general partial groups are analogues of nor-

malisers and centralisers. For X a subset of £ set
Ne(X):={geL|XCD(g) and X9 =X}

and

Ce(X):={geLl|XCD(g)and 2’ =z forallz € X }.
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Again these sets only make sense when we have conjugation defined and again they
are the generalisations of centralisers and normalisers of subsets of groups. In general we
cannot say anything meaningful about N, (X) without returning to the setting of group
theory. We certainly have Nz(X) non-empty as 1 is in N.(X), by Lemma 2.2.7(iv). We
also have that N, (X) is closed under taking inverses. If g is in Nz(X'), then for all x in

1

X we have g ' oz ogisin D and 29 is in X. Thus by applying Lemma 2.2.2(iv) twice

lozogog'isin D and (29)9 ' = z. As any 2/ in X is the image of

we have g o g~
g~ o x o g under the product map, for some z in X, we have ¢! is in Nz(X). Where
N (&) fails to be a partial subgroup is closure under the product map for every word in
DNW(N,(X)); it is not true in general for w in D NW (N, (X)) that w oz ow is in D
for arbitrary x in X'. The normaliser, however, will be more useful once we have defined
what we mean by an objective partial group.

Similarly, in general C,(X') does not have any meaningful structure. It should be easy
to see that again this fails to be a partial subgroup in the same way N(X') does. For w

Loz ow in D so w may not be in

in DNW(C,(X)) we again do not necessarily have w™
C,(X) even if each letter in w is. This is the case regardless of whether X is a subgroup,
partial subgroup or just a set. Again once we add more structure to our definitions the

centraliser will become more useful. We shall also define Z(L) = C.(L) to be the centre

of L.

2.2.2 Objective partial groups

We now move on to define the next step in the hierarchy of Chermak, objective partial
groups. As the name suggests these have objects associated to them and these are used

to define the product map of the partial group.

Definition 2.2.11 ([13, Definition 2.1]). Let £ be a partial group with set of allowed
words D and let A be a non-empty set of subgroups of £. We define (£, A) to be an

objective partial group if
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(O1) The set D = Da, where DA is the set of all words g o -+ 0 g, in W(L) for
which there exists a chain of groups Xj, ..., X, each in A with X; ; C D(g;) and

X7, =X, forall<i<n.

(O2) For X and Y in A and ¢ in £ with X9 a subgroup of Y then all subgroups of YV

containing XY are also in A.

Here we call A the set of objects of the objective partial group. Axiom (O1) allows us
to conjugate between subgroups if there exists a chain of conjugate subgroups between
them. Axiom (O2) just makes sure we include all non-trivial subgroups of subgroups
where conjugation is defined. Note that A need not be unique and one can construct
objective partial groups where there are multiple sets of objects that define the same D .
With that in mind we will often just refer to an objective partial group as £. We still
do not require £ to be finite for any of the results in the section but note that in most
texts, including Chermak [13], it is assumed that objective partial groups are finite.

The additional structure afforded to us by defining multiplication through conjugation
means we can go back and say something more meaningful about the centraliser and

normaliser of specific subgroups of an objective partial group.

Lemma 2.2.12. Let (£, A) be an objective partial group. If X is in A then Nz(X) and
Cr(X) are both subgroups of L.

Proof. Let X be in A. We have already discussed how both normalisers and centralisers
are in general non-empty and closed under taking inverses. To show that N, (X)) is closed
under the product of £ and all words in letters in Nz(X) are in D note that for every

1

word w = g10gg0---0g, in W(N,(X)), we have that w™' oz ow is in DA by definition

of Da. By applying axiom (P3) several times we have that II(w ™! oz o w) is

(g, o -oll(gy 'oll(g; 'wogi)ogs)o- - -0g,) = II(g, ' o---oll(g; ' oxi0gs)0- - -0gy,) = T,

where each x; is in X. Thus N.(X) is a subgroup. Furthermore, as W(C,(X)) is a
subset of W(N,(X)), certainly C(X) is also a subgroup. O
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Lastly we will quote an important structural result for objective partial groups. For
some S in A and w = g;0---0g, in W(L) define S, to be the set of all z in S such that

wlozxowisinD and z¥ is in S.

Proposition 2.2.13 ([13, Corollary 2.6]). Let (£, A) be an objective partial group and
let S be in A. For some w in W(L) we have S, is a subgroup of S and is in A if and

only if w is in D.

2.2.3 Localities and fusion systems

We now move to the next step in the hierarchy: localities. In some sense this is where
partial groups begin to have useful applications, as localities can be associated to fusion
systems, but it is also where they become less interesting for our purposes as they have

too much structure.

Definition 2.2.14 ([13, Definition 2.8]). Let (£, A) be an objective partial group and p
be a prime. We say (£, A,S) is a locality if A is a set of p-subgroups of £ that contains

S, where S is the maximal p-subgroup of £ under inclusion.

Again we will often only use £ to refer to a locality with the rest of the structure being
implicit. Note that, because of axiom (02), A must be closed upon taking p-overgroups.
The structure added by this definition means that localities are much closer to groups.
The following result gives us a sufficient condition for a locality being a group which may
be familiar to the reader if they have worked with fusion systems as it is a restatement

of Burnside’s fusion theorem.

Lemma 2.2.15. Let (£, A, S) be a locality. If S is abelian then L = Nz (S). Furthermore

L is a group.

Proof. If £ = S then this is trivial so let a be in £ but not in S. For a~!oa to be defined
there must exist an X and Y in A such that X* =Y. However, as X9 = X for all g in

S, we have that a=! o g o v is defined through Y, X, X, Y. Furthermore, for any natural
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number n, (o' o goa)?" is also defined by p™ copies of Y, X, X followed by a Y. By the

definition of II we have that

II((a togoa)?") = II(a toll(goll(aoa ™ )o. . .ogoll(avoar ) og)oa) = II(a toll(g”")oa),
which is 1, for some suitable n, so g is an element of p-power order and thus generates a
p-subgroup of £. But by definition .S contains all p subgroups of £ so ¢® is in .S. Hence «

is in N(S) and as o was arbitrary £ = Nz(S) and, by Lemma 2.2.12, £ is a group. [

We have mentioned the connection that localities have with fusion systems several

times so far. We will now explore this connection, but first let us define a fusion system.

Definition 2.2.16. Let S be a p-group. A fusion system F on S is a category with objects
p-subgroups of S and, for all P and @ objects in F, Homz (P, ) contains injective group
homomorphisms with composition given by composition of group homomorphisms such

that:

(F1) For each g in S such that PY is a subgroup of () we have the map given by conju-

gation by ¢ is in Homg (P, Q);

(F2) For any morphism ¢ in Homz (P, )) the isomorphism induced from P to its image
is in Homgz (P, ¢(P)) and its inverse is in Homz (¢(P), P).

If P and @ are groups in JF such that there exists a ¢ : P — @ in F that is an
isomorphism then we say P and ) are F-conjugate. This convention comes from the fact
that fusion systems are considered generalisations of fusion within groups so much of the
language comes from this context.

If we consider a locality (£, A,S) then we denote by Fs(L) the fusion system on S
which has morphisms given by all isomorphisms from S, to S,-1, which is defined by
conjugation by ¢ in £, and all inclusion maps of subgroups. By Proposition 2.2.13 we

can describe all isomorphisms in Fg(£) as follows. For all w in D and @ a subgroup of
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Sw we have an isomorphism from () to Q", a subgroup of S,,-1 given by applying the

conjugation isomorphism corresponding to each letter of w successively.

2.2.4 Proper localities and saturated fusion systems

This general definition of fusion systems is not that useful to group theorists so we
introduce more structure to give us objects that correspond to so called saturated fusion
systems. We include a brief discussion of this for completeness, but note that these
objects will not be discussed further in this text. For further information the reader is

directed to Chermak and Henke [14]. First let us define a saturated fusion system.

Definition 2.2.17. Let F be a fusion system on a p-group S. We say F is saturated if

every F-conjugacy class of subgroups of S contains a group P such that:

(S1) Every isomorphism ¢ : @ — P in F can be extended to the set of all g in Ng(Q)

such that there exists h in Ng(P) with ¢(Q)" = ¢(Q9);
(S2) Autg(P) is a Sylow p-subgroup of Autz(P).

This definition gives fusion systems the additional structure needed for them to be of
interest to group theorists and also topologists. Information on these applications, and
more detail about this definition, can be found in either Aschbacher, Kessar and Oliver
[4] or Craven [15].

We now go on to define a proper locality. For a group P in a fusion system JF on a
p-group S we define P to be fully F-normalised if, for all () conjugate in F to P, we have
INg(P) | < |Ng(Q)]. Also recall O,(G) denotes the unique maximal normal p-subgroup
of G. We say a subgroup P in a fusion system F is F-centric if for all () conjugate in
F to P we have Cg(Q) < @ and we call P F-radical if Oy(Nx(P)) = P. Let Fs(L)*"
denote the set of centric radical subgroups of the fusion system Fg(L), in other words the
subgroups P < S that are both F-centric and F-radical. We say a finite group G is of
characteristic p if Co(O,(G)) < O,(G).
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Definition 2.2.18 ([12, Defintion 2.4]). A locality (£, A, S) is objective characteristic p
if Nz (P) is of characteristic p for every P in A. A locality (£, A, S) is a proper locality if

it is of objective characteristic p and Fg(L£)" C A.

In the literature these are sometimes called linking localities. In Chermak and Henke
[14] and much of Henke’s papers they are defined to be localities whose fusion system
is saturated, the following result of Chermak shows that this definition is equivalent to

ours.

Proposition 2.2.19 ([12, Corollary 6.5]). The fusion system of a proper locality is sat-

urated.

These are the objects in the hierarchy of partial groups which have been found to
have the most fruitful application, mainly in place of fusion systems as this novel way
of phrasing a saturated fusion system appears to be more intuitive. In this area Henke
has made much progress [26, 27, 28, 29] and has not only greatly expanded the theory of

proper localities but has proved many novel results for saturated fusion systems.

2.2.5 Morphisms and categories of partial groups

Up until this point we have not yet given a way to map from one of the objects we have
defined to another. We will now amend that by introducing morphisms between partial
groups.

Let £ and £ both be partial groups with corresponding products II : D — £ and

Il : D — L. If there exists a map ¢ : L — L on sets then we have an induced map

¢ : W(L) — W(L) on words given by ¢*(fi o ---0 fu) = ¢(f1) 0 - 0 6(fo).

Definition 2.2.20. A map ¢ : £L — L on sets is a homomorphism of partial groups if
¢*(D) C D and ¢(I1(w)) = II(¢*(w)), for every w in D.

The kernel of a homomorphism ¢ : £ — £ is the set of ¢ in £ such that #(g) =1 in

L. We now quote several lemmas due to Chermak that show homomorphisms of partial

groups in many cases behave as homomorphisms of groups.
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Lemma 2.2.21 ([13, Lemmas 1.13, 1.14 and 1.15)). Let ¢ : £ — L be a homomorphism

of partial groups. The following hold.

(i) The image of the identity of L is the identity ofE and ¢ commutes with the inverse

map.
(ii) The kernel of ¢ is a partial normal subgroup of L.
(11i) If H is a partial subgroup of L then ¢(H) is a partial subgroup of L.

The proofs of these are a straightforward application of the appropriate definitions
and can be found in [13]. A homomorphism ¢ is an isomorphism if ¢*(D) = D and ¢ is
a bijection of sets. It is easy to see that this is an equivalent condition to the map on
sets ¢~ L—L being a homomorphism of partial groups and ¢! o ¢ and ¢ o ¢! being
the identity on £ and L respectively. We write Aut(L) for the set of isomorphisms from
L to itself, the automorphisms of L.

We have a category Part with objects partial groups and morphisms homomorphisms
of partial groups, with composition of morphisms given by composing homomorphisms
as expected. This category structure also means Aut(£) has a group structure. It should
also be easy to see that if we restrict the objects to finite partial groups and allow all
possible morphisms we obtain a full subcategory of Part, which we shall denote FinPart.

These categories have some ‘nice’ structure as shown by Salati.

Proposition 2.2.22 ([41, Theorem Al). The category Part is complete and cocomplete,
i other words all limits and colimits exist. Furthermore FinPart is finitely complete

and finitely cocomplete.

The category Part was first given by Chermak and has also been explored in [41] and
[19]. What has not been investigated, or even defined, is a category of objective partial
groups. We will now attempt to do this.

One might be tempted to consider objective partial groups as pairs (£, A), where A is

part of their definition, so if A and A are suitable sets of objects for £, (£, A) and (£, A)
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are different objective partial groups. Now if we wish for the image of a morphism to be
objective and in this category we must define a morphism ¢ : (£, A) — (L', A’) to be a
homomorphism of partial groups where the set of objects of ¢(L) is a subset of A’. This
however has other issues; given a partial group £ with two potential sets of objects A and
A’ where A is a subset of A" we clearly have a morphism (£, A) — (£, A’) but not one in
the other direction. Hence these two objects would not be isomorphic even though they
are both the same sets with the same multiplication. This may end up being a useful
definition for a category of partial groups but we wish for objects to be isomorphic if and
only if they have the same underlying set and multiplication as this seems like the more
natural option.

The objects should therefore be objective partial groups in any potential category
but we have several choices for what morphisms we allow. Let OPart denote the full
subcategory of Part with objects all objective partial groups, in other words we allow
all homomorphisms of partial groups between objects. This however is not a very useful
definition of morphisms between objective partial groups. In general the image of a
homomorphism of partial groups from an objective partial group is not objective. We
therefore seek to restrict what is a morphism in our subcategory.

Now consider the case where we only include morphisms of partial groups, £ — L',
that map a set of objects of £ to a subset of a set of subgroups of £'. Unfortunately this

also does not guarantee the image is objective as the following example shows.

Example 2.2.23. Consider G = (a), the free group on one generator, which as an
objective partial group can be considered to have set of objects {1}. Consider £ =
{1,a,a™ '}, the free partial group on one generator, as defined in Example 2.2.4, which
is clearly a subset of G. The map ¢ : G — L given by ¢(a") = a, ¢(a™") = a~! and
(1) =1, for n in N is clearly a homomorphism of partial groups with image £. It also
maps {1} to {1} so the image of a set of objects is a set of subgroups of £. However £
is clearly not objective, it only contains one subgroup {1} and if this were in the set of

objects for £ all words in @ and a~! inverse would be in D so we would have £ = G.
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We therefore settle for the category OPart with objects objective partial groups and
morphisms of the form ¢ : £ — L’ where ¢ is a homomorphism of partial groups, ¢(L)
is an objective partial group and has a set of object that is a subset of a set of objects
of £'. This category has all the nice properties we require so is the best candidate for a
category of objective partial groups. Note that it is certainly not a full subcategory of
Part.

Ultimately it is not clear what the ‘correct’ definition for the category of partial groups
is and what is suitable for this text may not be suitable for other authors investigating
other properties of objective partial groups. Fortunately we can take some solace in
the following result, which shows that in fact the choice of category does not matter
when it comes to considering automorphisms, so long as we do not consider objective
partial groups as pointed objects. As we will only be considering automorphisms for the

remainder of this text either category definition is suitable for us.

Lemma 2.2.24. Let £ and L' be objective partial groups. If ¢ : L — L' is an isomorphism

of partial groups then L and L' are isomorphic in OPart.

Proof. We simply need to show that ¢ is also a morphism in OPart. Clearly ¢(L) = L' is
objective so it is just a case of showing the image of a set of objects of L is a set of objects
of L' If A is a set of objects of L then clearly ¢(A) is a set of subgroups of L. As ¢
extends to a bijection from D, to D, we have that the image of any multiplication defined
by conjugating an element of A is defined by conjugating an element of ¢(A). Thus ¢ is
a morphism in OPart and as it was arbitrary so is its inverse and their composition is

the identity. O]

For each of these categories we obtain the corresponding full subcategory by consid-
ering just finite objective partial groups as our objects, denoted by the prefix Fin.
For localities a sensible definition for morphisms between them would be one that

agrees with the definition of morphisms of fusion systems.

Definition 2.2.25. Let F and F’ be fusion systems on groups S and S’. A morphism of
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fusion systems is a functor ® : F — F’ such that there exists a group homomorphisms
0:S — S with 0(Q) = ®(Q), for all @ a subgroup of S, and for ¢ : @ — R a morphism
in F we have ®(¢) o6 = 0 o). We say 6 induces the morphism F to F' and that it is

the underlying group homomorphism of ®.

Definition 2.2.26. Let (£,A,S) and (L', A’,S") be localities. A homomorphism of
localities is a homomorphism of partial groups ¢ : £ — L' such that ¢|g : S — 5 is a

group homomorphism.

Lemma 2.2.27. Let (L,A,S) and (L', A';S") be localities and let ¢ : L — L' be a

homomorphism of localities. The maps

o : ]:S([') — ./—"5/ (ﬁl),
Q— 0(Q),
(@ = Q") — (6(Q) = (Q)"™),

where w is a word in D, are a functor. Furthermore ¢|s and ® is a morphism of fusion
systems.

Proof. First note that, because ¢ is a homomorphism of partial groups, we have ¢oll, =
I 050 p(Q)*™) = $(Q™). As ¢|s is a group homomorphism both ¢(Q) and ¢(Q") are
subgroups of S’ s0 ¢(Q) — ¢(Q)*™ is a morphism in Fg (L) and hence ® is a functor.

By definition ®(Q) = ¢|s(Q) for all @ a subgroup of S. Let ¢ : Q — Q¥ — R, for w

in D, be a morphism in Fg(L). Thus it is clear that

(y) 0 9ls(Q) = (¥) 0 $(Q) = ¢(R) = ¢|s(R) = d[s 0 P(Q),

and ¢|s and @ is a morphism of fusion systems. n

Lastly this means we have a final pair of categories, Loc and FinLoc. The first of

these has objects localities and morphisms homomorphisms of localities and the second
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has objects finite localities and morphism all homomorphisms of localities. Again FinLoc
is clearly a subcategory of Loc and they are respectively subcategories of FinOPart and
OPart.

The richer structure of the category of localities means we can define an analogous
idea of inner automorphism for localities. Recall an inner automorphism of a groups G

is an isomorphism ¢ : G — G such that ¢(g) = ¢" for some h in G.

Definition 2.2.28 ([13, Defintion 2.15]). Let £ be a locality and let 1) be an automor-
phism of £. We say v is inner if it is given by conjugation by some ¢ in £, in other
words for all z in £ we have g-'ozxogin D and ¥(z) = 29 and if 71 0... 0z, in D then

xjo...oxd is also in D with II(z{ o...029) =TI((x1 0...0x,)9).

As with groups we use Inn(£) to denote the set of inner automorphisms of £. We
now quote a few expected results about Inn(L). Proofs of these can be found in Chermak

[13].
Proposition 2.2.29 ([13, Proposition 2.17]). Let £ be a locality.
(i) The set of all g in L such that (- )? is in Inn(L) is a subgroup of L.

(i1) We have that Inn(L) < Aut(L) and any automorphism of L can be factored into

an inner automorphism and an automorphism that leaves S invariant.

2.3 Some further preliminaries

This final section of preliminaries contains some more miscellaneous background informa-
tion necessary for the sections that follow. The first of these is a discussion on universal
categories that gives details of the property which we will be showing our categories pos-
sess and the second of these is a brief introduction to graph theory in order to avoid any

ambiguity in our definitions.
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2.3.1 Universal categories

We now introduce the concept of a universal category. Universal, when used to describe
categories, has several different meanings depending on the context. The following defi-

nition details what we mean when we call a category universal.

Definition 2.3.1. Let C be a category. We say that C is universal if, for any group G,
there exists an object X in C such that Aut(X) = G. It is finitely universal if we restrict

G to any finite group.

A much more complete discussion of the property of universality can be found in [5].

We shall now give one of the more quoted examples of a universal category.

Example 2.3.2. The category of simple connected undirected graphs is universal. The
proof in the finite case is down to Frucht [24] and the infinite both Sabidussi [40] and De

Groot [18, Theorem 6].

This is arguably the most useful example of a universal category and has been used
to show other categories themselves are universal, for example the category of field ex-
tensions. The proof, due to Fried and Kollar [22, 23], takes a graph with a given auto-
morphism group and constructs a field from this. In general most proofs of universality
follow this method.

We can now quote the result that motivated this work.
Theorem 2.3.3 ([19, Theorem 5.3|). The category Part is universal.

The proof of this follows the method mentioned above: from each graph they construct
a partial group with the same automorphism group. Note however this result only holds
for the category of all partial groups and in fact necessitates infinite partial groups be
included even for finite automorphism groups.

In contrast the category of finite groups is one of the most common examples of a
category that fails to be universal. The following result demonstrates just one family of

objects that cause this category to fail to be universal.

95



Theorem 2.3.4 (see 21, Theorem 1(ii)]). If G is a finite group then Aut(G) is not

tsomorphic to C,, for any n > 1 odd.

There are many other classes of groups for which the category fails to be universal:
however these groups are in some way the most basic for which is fails and crucially Cj is
the smallest. The class of groups C,,, for n > 3 odd, are therefore very useful when trying
to see if some category containing the category of groups is universal. These are the
easiest groups to check if they appear as automorphisms of objects. We will repeatedly

consider this class throughout this chapter.

2.3.2 Some basic graph theory definitions

As a result of the previous subsection’s discussion we will make considerable use of graphs
in this text and because this is an algebra text we include some basic definitions from
graph theory so as to avoid any ambiguity. We define a graph I' to be a pair (V, E)
consisting of a set of vertices, V', and a set of edges, E, where each edge has an associated
pair of vertices. All graphs here will be undirected so the ordering of vertices associated
to an edge is not important. We will also only be considering finite simple connected
graphs, in other words graphs with finite edge and vertex sets, graphs with only one edge
between a pair of vertices and no edges from a vertex to itself, and graphs with only one
connected component.

We will characterise edge sets in two different ways throughout this text depending on
the construction they will be a part of. Given some v and u in V' we will either consider
the edge joining them to be the word uv or a singleton e,, indexed by u and v. Note that
in both cases, as our graphs are undirected we have uv = vu or ey, = €,, in E. For the
following two definitions we will use the first characterisation but note that everything

discussed can be adapted to the second characterisation.

Definition 2.3.5. We define a walk in I to be an ordered list {vy, ..., v,} of V such that

viv;pq isin B foreach 1 <i<n —1.
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Definition 2.3.6. We define a path in I" to be a walk with the additional condition that

v; # v; for each i # j.

We will often abuse notation slightly and identify walks and paths with the corre-
sponding ordered set of edges rather than vertices. However, it is easy to see these are in

bijection.

2.4 Finite partial groups

Diaz, Molinier and Viruel showed in [19] that the category Part is universal and thus the
natural next step would be to show that FinPart is finite universal. Unfortunately their
construction necessitates the use of infinite partial groups, even for graphs with finite
automorphism groups. In this section we therefore introduce a new construction that
gives us a finite partial group from each finite graph and therefore shows that FinPart
is finite universal. We then go on to show that there is in fact a non-isomorphic family
of finite partial groups associated to each graph with the same automorphism group as

each graph.

2.4.1 The category of finite partial groups is finite universal

Let I" be a simply connected finite undirected graph. Notice that I" can be entirely and
uniquely described by just considering the vertex set V and the edge set E. Given two
vertices v; and vy in V' connected by an edge we identify the words vyvy and vevy in F.
We will now construct a finite partial group using these two sets. Let Lr = V U E and

define D to be the set

{ g00q 2P gRea - g2Bn gp2ang fo - gaog2Brg2en 2B | py € B, ay, B € N, n € NU {0} } .
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Let IT: D — L be given by

r if ag odd, By even,
y if ag even, 5y odd,
H(xaoy251x2a1 o yQBnI.QanyBO) =
xy if ap odd, £y odd,

1 if ag even, [y even,

and

x if oo + 60 Odd,
H($a0y261$2a1 N .y25"l’ﬁo) —

1 if ag + By even.
This is a neat and easy characterisation of II to write down but is not so useful for proofs.
We therefore give the following result showing it is equivalent to applying the product to
pairs. First note that we can write any word w in D in the form w = x1 o - - - o x; where

each x; is a vertex in V and [ is in N.

Lemma 2.4.1. If w =z, 0---0x; is an arbitrary word in D, where each x; is in V and

[ is in N, then Il(w) = II(- - - II(II(z1) 0 23) - - - 0 ;).

Proof. We shall do this by induction. First when [ = 1 the assumption holds vacuously.
Let [ = 2, then we have two cases to consider: zx; and zy where xy is an arbitrary edge
in £/. Note that as E is symmetric we can assume every word starts with x. This again
holds vacuously as II(II(z) o ) = II(z o ) and II(II(z) o y) = II(z 0 y).

Now suppose the assumption holds for length [ —1 and let w’ be a word of this length.
We will consider all possible cases. First suppose II(w') = x: then all the y terms in w’
have an even power and either w’ ends in a y and the first term has an odd power or the
sum of the first and last powers of x is odd. Note that in both cases w’ o x is in D and
consider II(II(w") oz) = (zox) = 1. The word w’ o x now starts and ends in a power of
x and the powers of these sum to an even number so II(w' ox) = 1. Now suppose w’ oy is

in D and we have II(II(w')oy) = II(zoy) = xy. For w’ oy to be in D we require w’ to end
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in a y or an even power of x, thus the first term of w’ must be an odd power. Therefore
w' oy starts with an odd power of z and ends with an odd power of y so II(w' o x) = xy.

If II(w') = y then w' starts with an even power of x and ends with an odd power
of y. Thus w' oz is not in D and we only need to consider w’ o y. We have that
I(TI(w") oy) = II(y oy) = 1. The word w’ oy starts with an even power of x and now an
ends in an even power of y so I[I(w' oy) = 1.

Next, if II(w') = xy then w’ starts with an odd power of x and ends with an odd
power of y. Again we have that w’ o x is not in D so we only consider w’ oy in D. We
have that II(II(w") o y) = I(xy o y) = x. The word w’ o y starts with an odd power of x
and ends with an even power of y so II(w' o y) = .

Lastly suppose II(w') = 1. Therefore w’ either starts with an even power of z and
ends with an even power of y or it ends with a power of x and the sum of the first and
last power is even. Consider II(II(w’) o ) = II(1 o ) = z. The word w' o x now ends
with a power of x and the sum of the first and last power is odd so II(w’ o ) = z. Now
suppose w’ oy is in D and consider II(TI(w") oy) = TI(1 0y) = y. The word w’ oy is in D
if w’ starts with an even power of x and ends with an even power of y or x. Thus w’ oy
ends with an odd power of y and IT(w’ o y) = y. Thus if we suppose our hypothesis holds

for all words of length [ — 1 then it holds for all words of length [ and we are done. [

We need to show one additional property of I before we proceed, that it is associative

on Lr.

Lemma 2.4.2. For any u, v and w in Lr such that wovow is in D we have Il(uov)ow
and v o II(v o w) are in D and II(II(u o v) o w) = (u o II(v o w)), in other words the

product 11 is associative on Lr

Proof. The proof is just a matter of considering several cases. Let xy be in E. Then the

set of triples in D we need to consider are

{ﬁoxox,$O$Oyaxoyoyaxoxofyaxoyoyxaxofyo%
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TOoTYOoOYr, TYoyox, rTYoy oy, rY o yr o T, xyoyxoxy}.

Note that because L and D are symmetric we only need to consider all possible words

starting in x. Applying the product to all cases we obtain

M(I(zox)ox)=T(lox) =z =T(xo1) = I(z o I(z o x)),
M(I(zox)oy) =1l(loy) =y = H(x oxy) = H(x o Il(z 0 y)),
I(Il(z o y)oy) = M(zy o y) = z = U(z1) = U(z o Il(y 0 y)),
(Il(z 0 x) o zy) = II(1 0 xy) = zy = I(z o y) = I(x o I(x o zy)),
(II(z 0 y) o yz) = H(zy o yz) = 1 = I(z o ) = (o I(y o yx)),
I(II(zozy)oy) =(yoy) =1 =I(zoxz) =I(zoll(zyoy)),
I(I(z 0 zy) o yz) = M(y o yz) = & = M(z 0 1) = I(z o I(zy o yz)),
M(I(zyoy)ox) =(zox) =1 =T(zyoyz) = H(zy o I(y o z)),
(II(zy o y) oy) =(zoy) =ay =U(zy o 1) = (zy o l(y 0 y)),
M(I(zy o yz) ox) = (lox) =z = (zy o y) = M(xy o M(yz o x)),

M(I(zy o yx) o zy) == II(1 o zy)zy = Il(xy 0 1) = l(zy o Il(yx o xy)).

Note that it is clear that II(uov)ow and uoll(vow) are in D in each of the above cases.

Thus, as zy in E was arbitrary, we have that II is associative on Lr. [

Lastly we need to define the inverse map on Lr. For z in V we set 7! = x and for
ry in E we set (xy)~! = yx which we note is also in £ by definition. We then extend

this to W (Lr) in the standard way.

Proposition 2.4.3. Let I' be a simply connected finite undirected graph. The set Lr is

a finite partial group with product map 11 and inversion -—1.

Proof. Consider first for arbitrary zy in E, the word z®0gy2f1 5201 .. .28 g20n b0 in D, If

we set n =0, Sy = 0 and oy = 1 then we see that x is in D and as I' is connected then
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for all = in V' there exists a y in V' such that xy is in E. Thus V is a subset of D. If we
now set n = 0, By = 1 and ay = 1 then we have xy is in D and as this is true for any
edge in E we have that F/, and further Lr, are subsets of D. It should also be clear from
the definition of D that if a word is in D any of its subwords are also in D as one can
always remove letters one at a time from the start or end of a word and still have a word
in D.

For any = in V' we have that II(x) = x and for any xy in E we have that II(zy) = zy
by definition of II. Thus II is the identity on Lr.

Let zy be in £ and let wov ow be in D in letters x and y. We will consider all
possible cases for II(v). Note without loss of generality we can assume v starts with z.
First if [I(v) = y then v starts with an even power of z and ends with an odd power of
y. Thus w either starts with an odd power of y, is just a power of y or is empty. So
II(v) ow = y ow either starts with an even power of y or is just a power of y. As v starts
with an even power of z, u must either end with an even power of x or y, be just a power
of z or y or be empty. In all of these cases it is easy to see that uoIl(v) ow =uoyow
is in D. Now if II(v) = zy then v starts with an odd power of x and ends with an odd
power of y. Thus w either starts with an odd power of y, is just a power of y or is empty.
So II(v) o w = xy o w starts with an odd power of x followed by a word starting with
an even power of y or is just a power of y. As v starts with an odd power of z, u must
either end with an odd power of x be just a power of x or be empty. In each case one
can again see that v oIl(v) ow = woxyow is in D. Next let [I(v) = z. If we assume
v starts with an odd power of x then it ends with either an even power of x or y or is
just an odd power of . Thus u must either end with an odd power of z, be just a power
of x or be empty. Thus u o II(v) = u o x either ends with an even power of z or y or is
just a power of . As v ends in an even power or is just a power of x, w either starts
with an even power of x or y, is just a power of x or y or is empty. In each case we have
uoll(v)ow =wuoxowisin D. If we now assume v starts with an even power of x then

it must end in an odd power of x. Thus w either starts with with an odd power of x, is
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just a power of = or is empty. Thus II(v) o w = x o w either starts with an even power
of x or is just a power of x. Similar to above, as v starts with an even power, u must
either end with an even power, be just a power of  or y or be empty. In each case we
have u o II(v) ow = woz ow is in D. Lastly suppose II(v) = 1. If we assume v starts
with an even power of x then it ends with an even power of either x or y. Thus u must
either end in an even power of x or y, be just a power of x or y or be empty and w must
either start with an even power, be just a power of x or y or be empty. In all cases we
have uoIl(v) ow =wuolow =wow is in D. Similarly if v starts with an odd power of
x it must end with an odd power of . Thus v must either end with an odd power of z,
be just a power of x or be empty and w can either start with an odd power of x, be just
a power of x or be empty. In each case again we have uoll(v)ow =uolow =wuow is
in D. Thus for wovow in D arbitrary we have v o II(v) o w is in D.

In order for us to show that Lr obeys the rest of the third axiom we use the fact that
IT is associative on L where it is defined, as shown in Lemma 2.4.2. As already discussed,
we can write uovow = u; 0+ 0URL OV O+ 0V O Wy O -+ - 0 Wy, Where each u;, v; and w;
is a vertex in V and k, [ and m are the length of u, v and w in letters in V' respectively.
Thus, from Lemma 2.4.1, we have II(uowvow) =TI(-- - TI(TI(u1) o ug) - - - 0 wy,). As we

have that II is associative on Lr we can rewrite this as

(- - - TI(TI(uy ) oug) - - -owyy,) = H(ugo- - -ougoll(vyo- - -ov;)owy o - -ow,y,) = H(uoll(v)ow).

Thus II(u o vow) = I(u o II(v) o w) for all words uwovow in D. Also note that as
IT is associative on Lr, by Lemma 2.4.2, each time we swap the order of a product the
resulting concatenation of elements of Lr is in D if it was before swapping, so as uovow
is in D then so is u o II(v) o w.

Now let zy in E be arbitrary and consider w = x®0y?%1 2201 ... ¢20ng20nyf0 in D. We
also have yz in F by definition so w™! = yfog2any?Pn ... g2019281290 ig also in D. As 2aq

1

is even we have that w™!ow is in D and, because 20 is even, II(w™ ow) = 1. For words
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of the form w = x®0y?P1 g2 ... 2Py in D it is clear that w™! = z@oy?Bn ... g2019201 0

L'ow in D and

is also in D. Therefore, as both 2ay and 20, are even, we have w~
M(w™! ow) = 1. Thus Lr is a partial group with product IT and inversion -~!. Lastly
it is easy to see that Lr is finite as I is finite by definition so both V and E are finite

sets. O

~

Theorem 2.4.4. If T is a simply connected finite undirected graph then Aut(I)
Aut([{‘).

Proof. 1f ¢ is in Aut(T") then ¢ is a bijection on V' and F so induces a bijection on the set
Lr. As the image of any edge zy in F is also a unique edge ¢(xy) = ¥ ()9 (y) in E then
the image of any word w in D in letters z and y is a unique word in D in letters 1(z) and
¥ (y). Thus v extends to a bijection on D. Additionally in ¢(w) all the powers of ()
and v (y) will be the same as = and y respectively so II(¢(w)) = ¥ (II(w)). Thus ® is an
automorphism of Lr. Now let ¢ be in Aut(Lr). As the set V' contains exactly all the
elements of L that are self-inverse ¢ must be a bijection on V' and thus also a bijection on
E. Consider z and y in V with 2y in E. We have that II(¢(z)o¢(y)) = ¢(Il(zoy)) = ¢(xy)
so for every pair of vertices in V' connected by an edge their images under ¢ are also

connected by an edge and ¢ is in Aut(I'). Thus Aut(I") = Aut(Lr). O
Corollary 2.4.5. The category FinPart is finitely universal.

Proof. By Frucht’s theorem [24], we have that for any finite group G there exists a simply
connected finite undirected graph, I' such that Aut(I') = G. Theorem 2.4.4 gives us that
Aut(T") = Aut(Lr) so Aut(Lr) = G and as G was an arbitrary finite group then category

of finite partial groups is universal. O]

2.4.2 A family of non-isomorphic partial groups for any graph,
each with the same automorphism group

We will now construct a finite partial group, this time using the vertices and all paths of

length less than or equal to some n, in N, of a simply connected finite undirected graph
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I'. For each n this partial group will have the same automorphism group as I'. Let
Pn:{vl...vn v, € Viorl<i<n,vvy € Eforl<i<n-—1v#v; fori;éj},

in other words the set of all words of length n in vertices of I' where adjacent letters are
joined by an edge and no vertex appears more than once. We shall call this set the paths

of length n. Notice that E is the same as P, and V' the same as P;. Let

n

Lrn,=VU|JP,

=2

and define D,, to be the set of all words of the form

i 2ar-1—1 20, 20ar41—1 2a5-1—1 20, 20541—1 2at—1—1 oy

Tyl x T T X T 0T Ty Xy

where 1 < ¢; < m, for 1 < j <[, each ; is in N and z;...2,, is a path in P, for
all 2 < m < n. The set D,, can be thought of as walks back and forth along paths in
P,,, for each 2 < m < n. If we think of each walk taking an amount of time measured
in intervals we will call ‘ticks” and on the ith tick we record the ith vertex in the walk.
The walk is allowed to ‘wait’ at the first and last vertices for any number of ticks, at any
vertex where it changes direction for an even number of ticks and at any other vertex for
an odd number of ticks. From this characterisation it is easy to see that for any word in
D,, all of its subwords are also contained in D,,. By definition we have that Lr, contains
Lrj and D,, contains Dy, for all £ < n.

Note that if we set n = 2 then we have that Lro =V U E = L from Section 2.4.1.
Furthermore words in Dy can only be constructed from paths of length 2. For zy in F
we have that any word starting with any power of x then followed by alternating even
powers of y and x and ending in any power of x or y is in D5 so it is easy to see that we
also have Dy = D, where D is the set from Section 2.4.1.

Now we define a map 7 on certain pairs of elements in Lr ,, provided both elements
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are subpaths of an arbitrary path p = v;...v,, in P,, for any m < n, or the path
traced in reverse. Let v;...v;y; be an arbitrary subpath of p, possibly of length 1, so

1 <i,i4+ 7 <m. First we define 7 on any path and the empty word as

(Vi Vigs) =7V V0 0) = v vy =T(Dowv; .. vgy).

Next we define the product applied to this path and any subpath of p of the form
Vigjgl - - Vigjph, for 0 +7 <m—1and 1 <k <m —1i — j, or any subpath of p traced in

reverse of the form v;y; ... vy, for 0 <k <i4 j — 1. In the first case we set

W(Ui c oo Vigj O Vjgjgr - ~Uz'+j+k> = Vi Vigjtk,
and in the second case we set

Vi Vigj—k—1 if k£ < j,
7T(UZ‘ oo Vitj OVjgj e - - vi—l—j—k) = 1 if k= j’

Vi—1 - Vitj—k if £ > j

\

Note that the product of any two subpaths of p or p traced in reverse is also a subpath of

p or p traced in reverse. From this definition we can show that 7 is associative on Lr,.

Lemma 2.4.6. The product 7 is associative on Lr,,, in other words for any w, v and w

in Lr, such that wovow is in D,, we have m(u o m(vow)) = 7(w(uowv)ow).

Proof. As with the proof of Lemma 2.4.2 we proceed by considering all possible cases.
Let p = vy...v, be an arbitrary path in P, for any m < n and let v;...v;;;, with
1 <4,i4 7 < 'm, be an arbitrary subpath of p. As Lr,, is symmetric, we can assume this
is the first word of any allowed triple of subpaths of p and p traced in reverse. Thus the

only triples we can have are

Vi« Vitj OViqj41 -+ Vitjtk © Vigjtk+1 - - - Vitjtk+l, (241)

65



for1<i+j<m-—-21<k<m-i—j—land1<I<m—i—j—k,

Viww Vit OViqjt1 - - Vigjtk © Vijtk « - - Vitjtk—1, (242)

for1<i+j<m-1,1<k<m-i—j—2and0<I<i+j+k—1,

Vioo Vi OVjqj oo  Vigj—k O Viqj—k + - - Vidj—k+1, (243)

for1<i4+j<m,0<k<i+j—land1<I<m-—1—j+k, and

Viwo Vit OViqj .o - Vigj—k O Viqj—k—1 -+ Vitj—k—1, (244)

for 1 <i+j<m 0<k<i+j—2and0<[<i+j—k—1. The first of these
cases, (2.4.1), is trivial as the product each time is simply the concatenation of the two
paths and it does not matter which order these concatenation are made, so we obtain
Vj ... Vitjrk either way.

Similarly if we consider the (2.4.2) we have that the product of the first two words is
just their concatenation, so if we apply the product to the first two and then the third

we obtain

Vi oo Ui jtk—1—1 if | < 7+ k’,
W(Ui oo Viggtk © Vigjtk - - -Ui+j+kfl) =351 ifl=7+k,

Vi—1 -+ Vigjtk—1 if > ] + k.

\

If we apply the product to the second pair in this triple we obtain

Vigjgl -+ Vigjyh—i—1 i 1<k —1,

T(Vigjat -+ Vigjrk © Vigjrk - - - Vigjrk—1) = § 1 ifl=k—1,

Vigj - - Vigjtk—i ifl>k—1.
\
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So for | < k — 1 then clearly | < j 4+ k and we obtain

7T(Ui c o Vigjtk O Vigjtk - - - Ui+j+k—l) =V . Vipjtk—1-1 = 71'(’Ui c e Ui OUjpgyr - v vi+j+k—l)-

Now if | = k — 1, then again we have [ < 7 + k and

(Vi - Uitk © Vidjks -+ - Vi jrhmt) = Vi ... Uiy = T(V; ... V45 0 1).

If welet I >k — 1, then 7T(U7;+j+1 v Vigjtk OVigjtk - - - Ui+j+k—l) = Vi4j -+ - Vi jtk—1 and we
have

Viwo Vigj—k—i—1 if | < 7+ k‘,

(Vi -+ Vigj O Vigj - Vigjrh-1) = {1 ifl=7+k,

Vie1 - Vigj—k—l if [ > J+ k?,
\

so clearly (v . .. Vit j4kOVigjth - - - Vigjrh—t) = T(Vi .. VisjOVip; ... Viyjpr—t) for all choices
of [ and thus associativity holds for (2.4.2).

In (2.4.3) the product of the first two paths is

Vi oo Vigj—k—1 if k < j,
W(Ui'uvi—&—jOvz’—i-jw-vi—kj—k):< 1 1fk:]’

Vi1 .- Vitj—k if £ > J-

\

If £ < j or k = j then taking the product of this with the third path is just concatenation
and we obtain v; ...V j_ g4 OF v;...v;q respectively. If k > j then taking the product

of this with the third path is

Viel - Vigjkpip1 I <k—7—1,

W(Ui—l co Uik O Vigj—k - - -Ui—i-j—k—i-l) =351 ifl=k—j—1,

Ui wo o Vigj—k+l 1fl>k’—]—1
\
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Similarly if we compute the product of the second and third path in (2.4.3) we obtain

Vigj -+ Vigjbpiyr i 1<k,

W(Ui_;,_j e Vig ok OVigjf - Ui+j—k+l) = 1 if | =k,

Vitjt+1 - - - Vitj—k+l if I > k.
\

If | = k orl > k then taking the product with the first path gives v; ... v j or v; . . . Vigj_p4

respectively. In the case where [ < k we have

Vicg - Vigjppin HI<k—7—1,

W(Ui~--vi+jOUi+j---Ui+j7k+l+l): 1 ifl=k—j—1,

'UZ'...'Ui+j7k+l 1fl>k—]—1
\

Now we just compare for different values of k£ and [. If kK < j and k # [ then we have

W(Uz‘ « o Vigj—k—1 9 Vitj—k - - - Ui+jfk+l> =V Vigj—ktl = 7T<Ui < Vi OVigjgt - - - Ui+j—k+l)7

and if £k = [ then we have

7T(UZ' e Vigj—k—1 0] Vitj—k - - - Ui+j—k+l) =V;...Vipj = 7T(1)i c oo Vigj e} 1)

For k = j and k # [ then we have

7T(1 OViqj—k--- Ui+j—k+l) =Vi...Vi41 = 7T(Ui « oo Vit OVigjq1 - - Ui+j—k+l)7

and if £ = [ then we have

7T(]_ OVitj—k--- Ui—l—j—k:—‘rl) =Vi...Viyy; = 7T(Ui <. Virj; O ]_)
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We now consider the cases when k > j. If [ = k£ then we have

7T(UZ‘_1 e Vit j—k O Vigj—f + - - Ui-i—j—k;—H) =V;... V45 = 7'('(1),‘ - Vitj; O 1),

and if [ > k£ we have

T(Vie1 -+ - Vigj—k © Vigjmk - - - Vigjmkt) = Vi -+« Vigj—pot = T (Vo Vi O Vi1« + - Vig k) -

In the case where both £ > j and [ < k we have clearly have that [ > k — j — 1 hence we

have

7T(Ui e Vi j—k—1 O Vjyj—k - -+ Ui+j—k+l) =V Uikl = 7T(UZ' c oo Vigj O Vjgj - - Ui+j—k+l+1)7

again. Thus associativity holds for (2.4.3).
Lastly we consider triples of the form (2.4.4). Notice that the product of the second
and third path is just concatenation so if we take that product first then the product

with the first path we obtain

Vivo Vigj—k—i—1 ifl+k< 7,

(Vi Vi O Vigj -+ Vigjht) = 4 1 ifl+k=j,

Vi1 -+ Vjpj—k—1 ifl+ k> j
\

If we now consider the product of the first two paths in (2.4.4) we again obtain

(

Vi Vigj—k—1 if k< j,
7T(UZ' oo Vi O Vjgj - UZ'Jrj,k) = 1 if k= 7

Vi1 ---Vitj—k if k> ]

\

When k£ = j and k& > j the product of this with the third path is just concatenation so
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we have v;_;...v;_; and v;_1 ... v;qj_p—; respectively. If k = j then certainly [+ k > j so

we have

7T(1 O Vitj—k—1--- UiJrj,k,l) =Vj—1...-Vj—|] = 7T(Ui co Vg OVigj - UiJrj,k),

and similarly for £ > j we have

7T(%‘-1 v Vigj—k O Vigj—k—1 - - -Uz'—'rj—k—l) = Vi—1-- - Vigrj—k—I

= 7T(Ul‘_1 v Ui j—k O Vigj—k—1 - - - Ui—l—j—k)-

When k£ < j the product of the first two paths with the third is

p
Voo Vi j—k—1—1 if | < j— ]C,

(Vi -+ Vigjok—1 O Vi jo—1 -+ - Vijk—1) = { 1 ifl=j—k,

| Vi—1 - Vitj—k—1 if [ > j — k.

Thus we see that 71'(1)1' e Uiy j—k—10Vigj—f—1--- Ui—i-j—k—l) = T(Ui o Vit O Vg - Uz‘+j—k—l)
for all choices of j, k and [ in this case. Hence associativity holds for (2.4.4) and as we

have now considered all cases we have that 7 is associative on Lr,. O

We can restrict the definition of 7 to just be on pairs of elements in V' as a subset of
Lr,. Let zy be in P, = E and then we have 7(zx) = 1 and 7(zy) = zy. We will also
consider it on pairs where the first in the pair is a subpath of an arbitrary path vy ... v,

in P,, and the second is in V and their concatenation is in D,,. We do this as follows

7T(Ui «e e Uigj—10 Ui—i—j) =V1...Vi4j-1Vi4y,

7T(UZ‘ c e Ui j—1Vi45 © Ui—i—j) =V1...Vi4j-1,

for1<i<m-—1,1<j7<m—1and all m > 2. Thus for w in D,, note we can write
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w = 1x0---0x,, where each x; is in V. We then define

for w an arbitrary word in D,,. First we need to show that this second characterisation

is well-defined on D,,.

Lemma 2.4.7. Ifw =x10x50---0x; 15 a word in D,,, where each letter is a vertex of
I then II(zy ... xp—10x) 0 Xy 0---0xy, foralll <k <mn, isin D, and Il : D, — Lr,

15 a well-defined map.

Proof. We shall prove this by induction on k. Let v; ... v,, be the path in P,, correspond-
ing to w, for m < n. The case where k = 1, is trivial so consider kK = 2. Note that both
D,, and P,, are symmetric, so we may assume that there are only two words of length 2
that we need to consider in D,;: v; ov;41 and v; o v;, where v;v; 41 is any length 2 subpath
of vy ...vy,. If we first consider v; o v;1 then we see that II(v; o v;41) = v;v;41 so if these
are the first two letters of w and w is in D,, it is clear that applying II to the first two
letters results in a word in D,,. Similarly, note that II(v; o v;) = 1 so if w starts with
these letters then the word resulting in applying II to the first two letters of w is in D,
as it is a subword of a word already in D,, and we have discussed that it is clear D,, is
closed upon taking subwords. Lastly we have that I1(v; o v;) and II(v; o v;11) are both in
Ly, by definition of II.

Now suppose that w’ = II(zj0---oxp_1)oxo---ox;isin D,, and that [I(zj0---oz)_1)
is in Lr, for some k < 1. Let II(z10---0xy_1) = v;v;41 ... v, a subpath of vy ... v, and
without loss of generality we assume ¢ < j. If we have v;v;41...v;0x,0--- 02, in D,
then there are three potential choices for zy, either v;_i, v; or v;4q. First, if 2, = v;_,

then we have

(10 0x_1) 0L O+ 0X = V... Vj_1Vj OVj_1 O Tp41 O -+- 01
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which is not a word in D,, as the subword v;_,v;v;_; is not allowed to occur.

Now, if x, = v; then clearly

I(II(xq 0+ 0omp_q1) oxy) = H(v;...vj005) =v;... 01

which is in Lr,. By our assumption we have that w’ = v;...v; 0ovj 0o xp4q0--- 01y is
in D,, so again we have three options for zj41. If 441 = v, and is followed by an odd

number of v;_;s then the next different vertex in w’ must be v; and we have that

II(v;...0j0Vj) OLyy1 0+ 0L =0V;...Vj_g0Vj_10-+-0Vj_10V; 00,
N >

odd Izlzmber
where the word is unaltered after v;. Thus this word is still in D,,. If xp41 = v;_; is

followed by an even, possibly zero, number of v;_;s then the next different vertex in w’

must be v;_, and we have that

H(v;...vj0Vj) 0Tpy1 0+ 0Ly =V;...Vj_g0UVj_1 0+ 0Uj_10Uj_30 -0y,

Vv
even number

where the word is unaltered after v;. Thus this word is again still in D,,. We proceed in

a similar way for the case where x;1; = v;. If it is followed by an odd number of v;s then

the next letter has to be v;_; for w’ to be in D,,. Thus

I(v;...vj00j) 0Ly 0+ 0L =0;...Vj_1 OV; O+ O0VjOVj_1 O-+-0 1y,
~——

even number

where the word is unaltered after the second v;_;, so it is still in D,,. If it were instead

followed by an even number of v;s, possibly zero, then the next letter would have to be

vj41 for w' to be in D,,. Thus

H(’UZ'...U]'OUj)0$k+1O"'O.Z'l:'UZ' -.V;—10V;0++-00;0V0j41 0"+ 0Ty,
———

odd number

72



where the word is unaltered after v;;4, so it is still in D,,. The last of the three cases to
check is when x4, = vj;;. Here we quickly reach a contradiction as w' = v;...v;_qv; o
Vj 0 Vj11 O Tpyo O -+ -0 xy and vj_lv]?vjﬂ is not an allowed word in D,,.

Finally we move to the case where z; = v;11. We have II(II(z1 0 -+ o xp_1) o zy) =
H(v;...vj 0vj41) = v;...vj41 which is in Lp,. By our assumption we have that v’ =
Vj...Vj 0Vjq1 O Tpyr O+ 0y isin D, so now we consider the three choices for x;y;. If
Zp+1 = v; then we have w' = v;...vjov;410vj0x4490- - -0x;. This is not in D,, regardless
of our choice of xj12, 50 T441 cannot be v;. If we have x4 = v;4;1 then notice that we
recover the three cases we have when x;, = v;, as j is arbitrary. Thus we only need to
consider x4 = vjyo. If 244 is followed by an odd power of v;; then for w’ to be in D,,

we have that the next letter must be v;1;. Thus

I(v; ... 0 0Vj41) O X1 O+~ OX = Vj...Vj41 OVjy 0 -+ 0Vjpg0Vj41 O -+ 0Ty,
o

vV
even number

where the word remains the same after the second v;i;, is a word in D,,. Lastly, if
Tp41 = V12 is followed by an even number of v; o8, then we must have the next letter of

w’ be v;,3 for w’ to be in D,,. Therefore

H('UZ‘...UjOUjJrl)OkarlO'--OSL’l:’UZ‘...UJ'JrlOUJ'JFQO'--OUj+QOUj+3O-~~O$l,

odd number

where the word remains the same after the second v;yq, is a word in D,. We have
therefore checked all cases and provided w' = II(zy 0---oxp_1)oxp0---0ox is in D,
and that II(zy 0---oxy_q) isin Ly, then II(zy0---0xy) 0 xp4q 0---0xy is in D,, and
II(xy 0---0mxy) is in Lr,. Thus by induction the hypothesis holds for all £ and thus all

words in D,,. N

We can now show the two products we have defined agree on pairs of elements in Lr,

where both definitions make sense.

Lemma 2.4.8. If u and v are elements of Lr, such that uov is in D, and we write
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UOV=2T10--0Ty,, where each x; is in V, then Il(uowv) = m(uov).

Proof. If uw o v is in D,, then there exists some path p = v;...v,, in P, for m < n
such that u is a subpath of p and v is either a subpath of p or p traced backwards. If
U =;... V4, for 1 <i,i4j <m, then either v = v 11 ... Vipjpp, for 1 <it+j <m-—1,
1<Ek<m—i—j,0rv="u4;...0qj_p for 1 <i4+j<m,0<4k <i+j. Thefirst case is
trivial as m(uow) is just their concatenation and Il(uov) = w(- - - w(mw(x1) 0oxgy)0 -+ )oxy,)

is the concatenation of each vertex in turn. When v = v,y ... v;4;_ we have

(

Vi Vigj—k—1 if k< j,

7T(UZ' oo Vi O Vjgj - UZ'Jrj,k) = 1 if k= 7

Vi1 ---Vitj—k if &> 7.
\

Our other definition of II is the same as the first case for the first j vertices, each vertex

is added to the end of the resulting path so we obtain

M(uov) =m(--m(m(- - m(m(vi) © Vi) *+ 0 Visj) © Vinj) ** © Vigjp),

is equal to 7(---m(v;...vi4; © Vigj)--- 0 vi4;_i). Each subsequent application of the
product shortens the path by one vertex. If k, the length of v, is less than 7, the length
of u then the resulting path is v; ... v;j_r—1. If they are the same length then the result
is the empty path and lastly if £ > j the resulting path is v;_; ... v;;_; which is in the

other direction. Thus both definitions of the product agree on Lr,. O

Our two characterisations of the product are therefore equivalent on Ly, and we will
use them interchangeably from now on.

Notice that, for n = 2, this characterisation of II is the same as in Section 2.4.1. Hence,
as the sets that II maps between are the same in this case, we have that II : Dy — Lo
is the same as II from Section 2.4.1.

Now that we have a well-defined product map from D,, to Lr,,, we need to define an
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inverse map. For any v in V we set v = v} and for a general path v, ...v,, in P,, we set
(V1. V)" = vy .. vy, for any m < n. We then extend this to D,, in the natural way.

We will now show this inverse map behaves in the expected way.
Lemma 2.4.9. Let w be in D,,, then w™ ow is also in D, and M(w™' ow) = 1.

Proof. If w is a word in D,,, then we can characterise w as a walk back and forth along
some path p = vy...v,, in P, for m < n, stopping at vertices where it does not change
direction for an odd number of ticks and where it does for an even number. Say this walk
starts at v; and ends at v;. By the definition of -~ extended to D,, we have that w™!
can be characterised as the same walk in reverse stopping at each vertex for the same

Low is the walk w! followed by the walk w and as it certainly

number of ticks. Thus w™
waits at v;, when it passes from w™! to w and changes direction, for an even number of
ticks it and waits at all other vertices for the same number of ticks as in both subpaths

1

we have w™' ow is in D,,.

If v is an arbitrary vertex that occurs in w then it must occur in w™! o w an even
number of times as it occurs in w and w™! the same number of times by definition. From
Lemma 2.4.7 we have that II maps elements of D,, to Lr,,, which is the set of all paths in
I' of length less than or equal to n. Thus in each element of Lr,, v occurs at most once.
By the first part of this proof w™ o w is in D,, so [I(w™" o w) is in Lr,, and v occurs

Lo w an even number of times

at most once in IT(w™' o w). However, v occurring in w™
means it must occur in IT(w~! o w) an even number of times as well. This is because
[(v?*~ 1) = v and [I(v?**) = 1, for « in N, by definition of IT. Hence v does not occur in

(w™! ow) and as v was arbitrary we have II(w™' o w) = 1. O

Before we show that Lr, is a partial group we will show that the first part of the
third axiom, Definition 2.2.1(P3), holds.

Lemma 2.4.10. Ifuowvow is a word in D,, then uoll(v) o w is also in D,.

Proof. Let p = t;...t,, be the path in the P,, corresponding to v o v ow in D,,. First

note this statement holds vacuously for v the empty word so we assume it is non-empty.
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We can also assume both u and w are non-empty because, as discussed, D,, is closed
upon taking subwords. Thus if we show woIl(v) ow is in D,, then certainly u o IT(v) and
[I(v) o w are also in D,,.

If I(v) = 1 then v is of the form y; oy; ' o-+- oy, 0y, !, where each y; is a word in
D,, and [ is in N. Let v = y; oy; " and assume y; is just a power of one vertex. Without
loss of generality set y; = t¢, for some 1 < i <[ and « in N. Hence v = ¢?* is an even
power of a single letter and w o v ow and u o II(v) o w = u o 1 o w both have either odd
powers of ¢; or even powers of ¢; at the end of u. Hence the direction of the walk along p
corresponding to u o v o w is preserved in u o II(v) ow and wo Il(v) o w is in D,,.

Note that by our definition of II, if we write v = a 0 b then II(v) = II(Il(a) 0 b). So in
the case when v starts with an even power 2« of any vertex, say t;, we can set a = {2

and then
uwoll(v) ov=wuoll(Il(t¥*)ob)ov=uoll(lob)ov =uoIl(b) ow.

Furthermore, from above, we have that uwoIl(a) obow =uobow is in D,, so it suffices
to assume that from this point onward v starts with a single ¢; as we can always remove
an even power of t; from the start of v.

Now suppose that y; has at least two different vertices in it, and without loss of
generality we may assume it starts with ¢; followed by some power of t;.1, as D,, is
symmetric. Thus v = ¢t ...t t;, for some a in N. We need to consider all possible
endings of u and starts of w such that w ovow is in D,. Note that at most we only
need to know the last two vertices in the word u and the first two in w and the powers
of the last and first respectively as we only need to know that the direction of the walk
uovow is preserved when we apply II to v. We therefore consider all the possible ways

u can end such that w o v is in D,. These are t*,t”" and ¢J't’*,, for 5; even in both
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i1t; , for By odd in both cases. For the first two letters of w we

cases and £)",t7" | and ¢

have the same four options but with the order of the letters reversed; ¢t and t2 72,
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for B, even in both cases and ¢2 172, and tfztﬁl, for 3, odd in both cases. Now it is
just a case of checking all sixteen combinations to see if u o II(v) ow = wow is in D,, in
each. When f; and $3, are both even then we have the cases uow = ... ] #7722

wow = .. ANt 0 wow = AT P2 and wow = M TP L

which are all words in D,,. If 5, is even and (5 odd then we have the cases uow =

R R wow = T TR wow = T2, and wow =
AP 722 which are all in D,,. If §; is odd and $, even then we have the cases
wow = APt uow = AT wow = TR
and wow = ... t]L 72 £]* ... again all words in D,,. Lastly if both 8; and f, are
odd then we have the cases wow = ... t]t7 7242, wow = 0t
wow = .. . 7Lt 2, and wow = ... 7L 7 T2 . which are all words in D,,.

Thus, if v = t;t%,, ... t¢t;, we have that u o II(v) o w is in D,,.
We now have that the hypothesis holds for any v of the form y; oy !, where y; is any

word in D,,. Suppose v =y, oy; o---0y; 0 yl_l, for [ in N. From above we have

uoH(yloyfl)onOyglo---oyloyl_low:uonOyQ_IO---oyloyl_low

is in D,,. Thus we can apply II to , 0 i, ' and again remain in D,. Repeating this
times we have that u o II(v) ow = wow is in D,, for any v such that II(v) = 1.

Suppose now that II(v) is a single vertex, without loss of generality ¢;. If v does not
start with ¢; then it starts with something of the form y; oy; o+ oy 0 Y ! followed by
a single t;. Thus from the above discussion we can assume v starts ¢;. Assuming v = t;,
it is clear that u o Il(v) ow = wovow is in D,,. Thus our hypothesis holds for all words
of the form y; oy, o+ oy 0y, ' ot,.

If v is now arbitrary such that II(v) is not the identity, and without loss of generality
it starts with ¢;, then there exists an occurrence of ¢; in v such that this ¢; becomes the
first letter of II(v). The subword of v, which we shall denote a, that precedes this must

have the property I1(a) = 1. Hence a is of the form y; oy, ' o+ 0oy, 05, . If we denote
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the remainder of v after the occurrence of this ¢; as b then we have v = a o t; o b and
uoll(aot;)obow = uot;obow is in D,, from above. If we write b = byo- - -oby,, where each b; is
in V', then by definition of IT on D,, we have that I1(t;0b) = II(- - - II(II(¢;0b; ) 0bg) - - -0 by,).
Note that, by our assumption, each time we apply II here the t; remains at the start of
the word and is never cancelled. Thus II(¢; o b) = t;I1(b) and we can therefore write
uoll(v)ow = wot; oll(b) ow. We have that uot;obow is in D,, so if we relabel uot; as
u’ we have v/ obow is in D,,. As bis an arbitrary word then I1(b) = 1 and we are done or
I1(b) is non-trivial and we are in the same situation as the start of this paragraph. This
process can therefore be repeated and as v is finite will terminate. Thus for any choice
of u, v and w such that uovow is in D,, we have w o II(v) o w in D,,. O

Proposition 2.4.11. Let I be a simply connected finite undirected graph and let n be in

N. The set Lr,, is a finite partial group with product map II and inversion -~*.

As already discussed Lr s with product IT : Dy — L5 is the same as that described
in Section 2.4.1 so we have already shown this proposition holds for the case n = 2 in

proving Proposition 2.4.3. The following proof, however, holds for all n > 1.

Proof of Proposition 2.4.11. Clearly Lr,, is contained in D,,; just take the set of all walks
in D,, that do not wait at any vertices or change direction. We have also already discussed
how D,, is closed under taking subwords, as clearly removing a letter from either end of
an arbitrary word in D,, results in a word in D,,.

By the definition of II on pairs in Ly, we have that, for p in Lr,,

[l(p) =(pol) =1l(1op) =p.

Thus II is the identity on Lr,,.

If u, v and w are words in D,, such that v ov o w is in D,, then from Lemma 2.4.10
we have that u o II(v) ow is in D,,. We can write uovow =u;0+--0uU 0V 00V 0
wy o - -+ o w,y,, where each u;, v; and w; is a vertex in V and k, [ and m are the lengths

of u, v and w in letters in V respectively. Hence, by the definition of II on D,,, we have
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M(uovow)=TI(---II(II(u) o ug) - - - o w,,). As we have that II is associative on Ly,

by Lemma 2.4.6, we can rewrite this as

(- - - TI(IT(uy ) oug) - - -ow,y,) = M(ugo- - -ougoll(vio- - -ovy)ow;o- - -ow,,) = (uoll(v)ow).

Thus II(u o v o w) = I(u o II(v) o w) for all words uovow in D,,.
We already have that Lr, satisfies the final axiom by Lemma 2.4.9. Therefore, as
it satisfies all axioms, Lr, is a finite partial group with product map II and inversion

— [

Notice we have not set a maximum value for n dependent on the longest path length
in I'. This is because for all n greater than this maximum length, M, we have that Lr,
and D,, are the same as Lr ) and D), respectively. Thus the products are the same so

we have that Lr,, = Lr ) as partial groups for any n > M.

Theorem 2.4.12. If " is a simply connected finite undirected graph then Aut(I') =

Aut(Lr,,) for alln > 1 in N.

Proof. If 1 is in Aut(T") then 1) is a bijection on V', and on each P,, for m < n, so induces
a bijection on the set Lr,. As the image of any path p =v;...v,, in P, is also a unique
path ¥(p) = ¥(vy)...¢¥(vy,) in Py, the image of any word w in D,, corresponding to
p is a unique word in D corresponding to ¥ (p). Thus ¥ extends to a bijection on D,,.
Additionally in ¢ (w) all the powers of each ¢ (v;) will be the same as v;, for 1 <i <m
so II(¢(w)) = ¢(II(w)). Hence v is an automorphism of Lr,,.

Now let ¢ be in Aut(Lr,,). As the set V' contains exactly all the elements of L, that
are self-inverse ¢ must be an a bijection on V' and thus also a bijection on P,,, for each
m < n. Consider z and y in V with zy in E. We have that I1(¢(x)op(y)) = ¢(Il(xoy)) =
¢(zy), so for every pair of vertices in V' connected by an edge their images under ¢ are

also connected by an edge and ¢ is in Aut(I'). Thus Aut(I') = Aut(Lr,,). O
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2.5 Objective partial groups

Another way to extend the result of Diaz, Molinier and Viruel is to consider the cate-
gories of objective and finite objective partial groups and attempt to show versions of
these results in each case. Recall, by Lemma 2.2.24, that in both OPart and OPart iso-
morphisms, and thus automorphisms, are the same, It therefore does not matter which
of the two we consider in the following sections.

We begin by investigating finite objective partial groups as these are the more useful
objects that correspond to finite localities and thus fusion systems. Showing this category
is universal has been elusive however we have succeeded in finding a family where each
member has automorphism group some C, for all n > 3. When n is odd there does
not exist a finite group with automorphism group C,, so this shows that finite objective
partial groups can have automorphism groups that groups cannot and is the first step
towards showing the category is finite universal. We also construct a second family of
examples of objective partial groups with cyclic automorphism groups, showing our first
family was not unique in having this property. Lastly we consider all objective partial

groups and in this case arrive at a result showing these categories are universal.

2.5.1 A family of finite objective partial groups with cyclic au-
tomorphism group

We will now construct an objective partial group with automorphism group C,, for n > 3
an integer. Note that the groups C3 and C3 are finite objective partial groups with
automorphism group C; and C respectively. We therefore still have an objective partial
group with automorphism group C), for all n but just not in the family we will describe.

Following from the ideas in the previous section one would hope to start with a
graph with automorphism group C,,, for n > 3 odd, and then construct a finite objective
partial group from it. If we use the same idea of setting each vertex to be a copy of

C5 and then keep track of conjugation by drawing an edge whenever one can conjugate
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between two groups by an element of £ we unfortunately reach a problem. If any two
vertices in this graph are connected by a path then there exists a word in DA that
conjugates between them however this word must map to a letter in £, by the definition
of objective partial group, and thus an edge must connect these two vertices. Thus if we
start with a connected graph we end up having to make it complete to satisfy the axioms
of an objective partial group. One also may be drawn to considering directed graphs
as a directed cycle has a cyclic automorphism group. However, although conjugation is
directed, if we can conjugate from one group to another we must be able to conjugate back
by conjugating by the element’s inverse. Having exhausted these more familiar approaches
we choose to start our construction with an objective partial group with automorphism
group S, 1 Cs and then add structure so that an n-cycle is the only remaining symmetry.
We will describe how this construction intuitively arises and then rigorously define it and
show that it forms an objective partial group with the desired automorphism group.

If one starts with two sets of subgroups { (¢;) |1 <i<n }and { (u;) ’ 1<i<n},
each isomorphic to Cy, with a further set of elements { x; ! 1<i<n }, where z? = 1,
such that we have conjugation defined by t7* = w;, for each ¢, then it is easy to see that this
system has at least symmetry group S,, 1 C5. We can permute indices in any way and the
map given by ¢; — u; and x; — x; is an involution. In order to disallow any permutation
of indices we include another set of groups { (v;) ‘ 1<i1<n }, each isomorphic to Cf,
and define conjugation u; ™" = v;. Thus we can now no longer arbitrarily permute indices,
and the only maps permuting indices that preserve the current structure are ¢ — 7 +m
for all 2, where m in N and indices are considered modulo n. It is not hard to see that
this forms a n-cycle. However we do still have one unwanted symmetry that means the
current system has symmetry group Ds,. This is the map ¢; — v; and x; — ;1. In order
to exclude this we add a final set of subgroups { (w;) ‘ 1<i<n }, again all isomorphic
to U, and a final element 2z such that we have conjugation defined by v; = w;, for each
1. It is easy to see that we no longer have the involution from above and we will later

show that this system only has automorphisms of the form ¢ — ¢ + m.
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Z; Tit1 z

Figure 2.1: Words in Da are defined as those admitted by n copies of this automaton.
Each state is both a start and end state and is labelled by the element of A on which
conjugation by a word starting at that state is defined.

Now that we have described the general idea and motivation for the construction
we shall now more rigorously construct the objective partial group. First set (t¢;),
(u;i), (v;) and (w;), for 1 < i < n, to each be isomorphic to Cy and let A =

{ (t:;), (ui),(vi),(w;) |1<i<n}. Define £, to be the union of the sets

A: {tla Uiy Uiy Wiy Tgy 2 ‘ 1 S 1 S n}J
B = {tzﬂ?z‘, Uiy Wilig1s Vilig1s ViZ, WiZ, TiTigls Tit1Tis LiTilig1, Viliy1Tiy Tit12,

2T, Wilig12, WiZTis1, TiTit1Z, 2Tit1T4, LiTiTip12, Wizxip2; | 1 <4 < n},

with the set {1}. Next we define the set Da and the product IT as follows.

Let DA be the set of all words admitted by n copies of the automaton in Figure 2.1,
one for each 1 < ¢ < n. We define our product, II, on this set but note that L, o L,,
the set of all concatenated words consisting of two elements of £,, that are admitted by
an automaton, is a subset of Dn. We begin by moving along a word w in D from left
to right deleting any occurrence where a letter appears next to itself. If a pair is deleted
the next two letters that now become adjacent are checked to see if they are the same
before checking subsequent letters to the right. Once the end of the word is reached we
have a word w’ containing no adjacent copies of the same letter. We shall call w’ partially
reduced. One then checks w’ again starting from the left. This time pairs of letters in the
ith and (7 4+ 1)th position are checked and certain pairs are replaced if they occur. The
pair x;t; is replaced with w;z;, x;u; with t;x;, r; 1u; with v;x; 1, x;0v; with wx, 1, 2v;

with w;z and zw; with v;z. The letter in the (¢ — 1)th position is then checked in case
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it is now the same as the ith letter, in which case both are deleted and the new pair of
adjacent letters are also checked until no more can be deleted, we say ¢ pairs were deleted.
If ¢ < 2 then the letter in what was the (i 4 1)th position, now the (i 41— 2¢)th position,
is checked with the (i + 2 — 2¢)th letter and adjacent pairs are deleted if need be until
no more can be deleted. One then checks back along the word from left to right seeing if
any of the swaps can be applied at each letter and repeating the steps that follow. Once
the final letter at the right-hand end of the word has been reached without making any
further swaps the word is completely reduced.

We first must show that this algorithm to reduce words still gives us words admitted

by one of the automaton.

Lemma 2.5.1. The above algorithm for reducing words gives a well-defined map

H:DA—>DA.

Furthermore, for w a word in Da, w and II(w) both have the same set of possible start

states and the same set of possible end states.

Proof. By the definition of the algorithm it is clear there is only one way to reduce a word,
so II is a well-defined map. Now note that any subwords that are just two of the same
letter must start and end at the same state, so deleting these pairs means the resulting
word is still admitted by an automaton. Moreover, if we delete any pairs at the start or
end, the start or end states remain the same. Similarly, any one of the subwords that is
substituted by another subword in the algorithm has the same set of possible start states
as the word it is replaced with and the same set of possible end states. Thus by making
one of these substitutions in a word we still obtain a word admitted by an automaton,
and if we make a substitution at the start or end of a word the start state and end state
remain the same. As each step of the reduction results in a word still in D with the
same set of start states and end states as before, any reduction we have that II(w) is in

D, for all w in Da and both words have the same set of start states and the same set of
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end states. O

The set L, o L,, can be thought of as consisting of all words in Da of the form a o 3
where a and [ are in £,,. We now show that the image of this set under II is a subset of

L,.

Lemma 2.5.2. For any « and § in L,, where ao f is in Da we have that Il(co ) is in

L,.

Proof. First notice for a given 1 < ¢ < n we do not have any concatenation defined
between letters with this index and letters with another index with the exception of x;, 1,
which can be concatenated with any letter with index ¢. We can therefore fix an ¢ and just
consider words containing letters with this index and x;,; in £,,. From here it is simply
a case of concatenating all pairs of words in this subset of £,, which can be multiplied
together based on the automaton in Figure 2.1 and then reducing these words using the

algorithm given. This was done using the Magma code in Appendix A.1. O

The map that we have defined using this algorithm has a further useful property on

the subset L, 0 L, o L, of Da that we will require later.

Lemma 2.5.3. The product 11 is associative on L,,; in other words for all o, 5 and v in

L, we have TI(II(awo B) oy) = (o (B o 7)).

Proof. Again we can consider each index separately so first fix some 1 < ¢ < n. By
Lemma 2.5.3 [I(a o 8) o~y is in Da if and only if o o II(5 o ) is, and by Lemma 2.5.2
we have that both II(TI(cv o 8) o 7) and (o TI(S 0 4)) are in £,. Now it is simply a
case of checking all triples of words in £, that have the index ¢ and x;,; in them and
can be multiplied together. For each of these triples we apply the multiplication in both
possible ways and then checking they simplify to the same element of £,,. This was done

using the Magma code in Appendix A.1. ]

Tit1

We can restate II as performing a set of conjugation relations: t;" = u;, u;"™" = v;

and vy = w;, for each 7. Finally we have 2? = 22 = 1, for 1 < ¢ < n. There is no
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multiplication defined between any subgroups in A. One can easily verify that each one
of these relations is equivalent to exactly one of the switches in the definition of II and
that the deletion of pairs is equivalent to all words of length 1 having order 2. This
way of describing Il is much more intuitive; however, the algorithm we have gives us a
well-defined order in which to apply relations to reduce word, which these relations do
not necessarily do.

Using the conjugation relations we can now recharacterise Da as the set of all words
that result from conjugating between groups in A. One should be able to see this from
the automaton in Figure 2.1. The list of states visited by tracing out a word corresponds
to the series of subgroups in D, that defines the multiplication. We now show that any

of these words can be reduced to a word in L,,.
Lemma 2.5.4. The image of Da under the map 11 is a subset of L,,.

Proof. Note that any word w in the set DA can be thought of as the concatenation of
words in £, as certainly it is true that it is a concatenation of words of length 1 in £,,.
If we first move from left to right deleting any pairs of the same letter in the w then we
now have a partially reduced word w’ which is still the product of words of length 1 in
L,. Write w' = a1 0 g 0 --- 0 a,,, for m the length of w’ and where each «; is a word
in £,, of length 1. The first step of the algorithm is to check if the first two letters can
be swapped, this is the same as II(a; o ay). If they can be swapped we then delete the
second letter and third letters if they are the same and then the first and now-second
letter if they are the same. Note that doing just one or both of these steps will mean
we have to check if we can switch the first two letters again. Thus we can either keep
swapping the first two letters and deleting pairs until we have a word of length 1 — which
we know must be in £,, — or we arrive at a pair that cannot be swapped or there is no
pair deleted. So without loss of generality we assume that the second and third letter
are not the same and we cannot swap «; and ay. Now we have a word of length 2 at
the start of w’ in £,, by Lemma 2.5.2. Suppose now we have a word of length i at the

start of w’ in £, and the next letter to the right is a;,;. Checking from left to right
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along w’ for switches, if we reach «;,; without making any switches then we already
have a reduced word and w’ starts with a word of length ¢ + 1 in £,, by Lemma 2.5.2,
and we are done. Therefore suppose we make a switch. This happens at the ith letter
in w’. If no pairs can be deleted after this, by Lemma 2.5.2, we are again done. If the
(¢ — 1)th letter and the ith letter can be deleted then we obtain a word that has length
less than ¢ so by induction this will reduce to a word in £,,. Thus, by induction, we have

M(w) = I(II(- - - TI(TT(cv © crg) 0 @3) -+ - ) © vy) and T(w) is in £, for all w in Dn. O

We also need to define an inversion on £,,. For o in A or the identity set a~! = a.

For the remaining set we have ordered them in pairs of inverses, so the first two in each
set are inverses of each other and so on. Note that a has the same set of start states as
a~! has end states, for all « in £,,. Tt should also be easy to see that Il(aoa™') =1 for
all a in £,,. This has also been verified by the Magma code by checking every element of

L, and its inverse simplify to the empty word. This naturally extends to the map

Tt W(ﬁn) — W(cn) ; (al ©-+-0 am)_l — O‘;Ll 0:--0 051_17

where each «; is in £,, and m in N is the length of w in words in L,.

Proposition 2.5.5. The pair (L,,A) is a finite objective partial group with product map

I1 and inversion -~ 1.

Proof. First note we have £, C Dan C W(L,) and that for any word in Da all of its
subwords are in D as well. By Lemma 2.5.4, we have that II(D,) is contained in £,.
The map IT also restricts to the identity on £,. This was verified using the Magma code
to check that none of the elements of £,, can be simplified further. For any word v in
DA we have that v and II(v) both start at the same state and end at the same state, by
Lemma 2.5.1. Thus, for u, v and w in Dy, if uovow is in Da then woIl(w)ow is in Da
as it is still accepted by an automaton. We can write each word u, v and w as a list of

subwords in £,, of length 1, u;0---ouy, v10---0v; and wy o---ow,y,, for k,I,m in N the
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length of u, v and w respectively. As the product is associative on L,,, by Lemma 2.5.3,

we have that

M(uowvow)=TI(II(-- - TI(ug 0 ug) -+ 0ug) 0vL) -0V QW)+ OWy)
:H(UIO--.OukOH(Ulo-.aOUZ)OU)IO.cnme)

= I(u o I(v) o w).

Therefore IT : Do — L, is a product. Now consider w again, but this time we write
W = @ 0--+0q,, where o; is in L,,, not necessarily length 1, and m is in N. Thus we
have that the inverse of w is a;;' o--- 0 a;'. First note that, as the set of end states of

1

Q,, 18 the same as the set of start states for a; !, we have that wow™! is in Da. Again

using associativity of Il on £, by Lemma 2.5.3, we have

1

Mwow™ ') =M(ayo---oauoa, o---oal),

which when we delete pairs of inverses, gives II()) = 1. Thus (L, Da,II,-7!) is a
partial group. Furthermore £, is finite and by construction D = Da where A is a
set of subgroups each isomorphic to Cy. Thus the second axiom of objectivity, Defini-

tion 2.2.11(02), holds vacuously and L, is a finite objective partial group. O

We therefore have that (£,,, A) is a finite objective partial group and we will now prove
that its automorphism group is C),. First note that the sets making up £, partition
it by element order. The set A consists of all order 2 elements and B all elements
with no defined order, in other words they cannot be multiplied with themselves as the
multiplication is not defined. It is clear that any automorphism must restrict to a bijection
from each of the two sets to itself.

We will now give two results which show what certain elements of £,, are mapped to

under an automorphism.

Lemma 2.5.6. Any automorphism of (L,, A) maps z to itself. Furthermore, for 1 <i <
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n, it must map x; to some x;, where 1 < j < n.

Proof. Suppose 1 is an automorphism of £,. From the above discussion we have that
¥(2) is in A. We shall consider the number of elements in A that can be conjugated by
z to show that ¥ (z) can only equal z for ¢ to be an automorphism. It is clear that we
require H acA ‘ a® € Dp }} = |{ acA | a¥?) € Dy }‘ for ¢ to be an automorphism
of (£,,A). There are 2n + 1 elements of A can be conjugated by z, namely v; and w;
for each 1 < ¢ < n and itself. If we now consider the other elements of A we see that for
each i, only t;, u;, u;_1, v;_1 and x; can be conjugated by z; and for each generator of
a group in A we see that only one element of A can be conjugated by it, namely itself.
Thus the only possible candidate for ¥(z) is z. Furthermore 1 (z;) must be an element

that can conjugate five elements of A and thus must be z; for some 1 < j <n. O]

Lemma 2.5.7. For any 1 < i <n, any automorphism of (L,,A) maps w; to w;, where

1<j<n.

Proof. Suppose 9 is an automorphism of £,. From Lemma 2.5.6 we have that ¢ must

fix z. Consider, for some fixed 17,

Y(vi) = (zwiz) = Y(2)Y(wi)P(2) = 29 (wi)z,

so (w;) must be either v; or w;, for arbitrary 1 < j < n, as these are the only elements

of A that can be conjugated by z, other than z itself. If ¢)(w;) = v; then ¢(v;) = w;, and

w(uz) = w(%ﬂ?}il’iﬂ) = ¢(%+1)¢(wi)¢($i+1) = ¢($i+1)wj¢(l’i+1)-

From Lemma 2.5.6 we have that ¢) can only map z; to an xj for some k. However, there
is no multiplication defined between w; and an x of any index. We therefore reach a

contradiction and ¢ (w;) = w; for some j. O

Now we have restricted what z, z; and w; can map to under an automorphism we can

now prove that the automorphism group must be C,,.
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Proposition 2.5.8. Any automorphism of (L,,A) is of the form i — i+ m, for all i

and some 1 < m < n, in other words indices are increased modulo n.

Proof. Suppose 9 is a automorphism of £,,. From Lemma 2.5.6 we have that ¢) must fix
z. Furthermore, from Lemma 2.5.7, we have that ¢ (w;) = w1, where 1 < m < n. We

can combine these results to obtain

Y(vy) = Y(zw;2) = 2Wismz = Vigm.

Now consider

¢(Uz) = ¢($i+1vixz’+1) = ¢(%+1)Uz‘+m¢(l‘i+1)-

By Lemma 2.5.7 we have that ¢(z;41) = z;, for some 1 < j < n. However the only z;
where 2 ;w;,,x; is defined is @ 4y, +1, SO we have ¥(2;41) = Ziyms1 and thus Y (w;) = wipm.
Similarly we have

Y(ti) = Y(Tivirs) = Y(@)uiym¥ (i),

so (x;) is either z; ., or x;\,11 however z; ., is already mapped to so ¥(z;) = T

and ©(t;) = tiym. We now consider

Y(vim1) = V(Ti—125) = Tigm WV (Ui—1) Tigm,

so ¥ (u;_1) can be either v;ym_1, Uitm—1, Vitm OF Ujr,. The latter two have already been
mapped to so we instead suppose 1(u;—1) = Vi1m—1 and thus ¥(v;_1) = wj4m—1. But this
means

Y(wim1) = PY(2032) = 2Uipm—17,

which is not defined, so we reach a contradiction. We therefore have ¥ (u;_1) = tj1m_1,

Y(vi—1) = Vigm—1 and thus Y(w;—1) = Y(wiym-1). Notice that ¥(w;_1) = wiym_1 is
Y(w;) = Wiy with 1 subtracted from each index. Thus repeating the same steps above

will give us the same results for i — 1 as we have for i. The final step will give ¢(w;_5) =
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Witm—o2. Thus repeating this process m times we have that for any index 1 increases
that index by m. Thus there are no automorphisms of (£,,A) that are not of the form

i+ 1+ m, for all 7 and some 1 < m <n. O

2.5.2 A subsequent family of finite objective partial groups with
cyclic automorphism group

We will now construct another family of finite objective partial groups with cyclic auto-
morphism group and show that, for each n, our construction is not isomorphic to that
in Section 2.5.1. The motivating idea for this construction was again to start with an
objective partial group with automorphism group 5, ! Cs and then add structure so that
an n-cycle is the only remaining symmetry. The construction is much the same as in
Section 2.5.1, but here we also allow commuting between letters that are alphabetically
adjacent. As one will see this results in a much larger set £,, and therefore showing this
is an objective partial group is considerably more arduous.

First set (t;), (u;), (v;) and (w; ), for 1 <1 < n, to each be isomorphic to Cy and
let A= {(t;),{w),(vi),(w;) | 1<i<n}. Next define £, to be the union of the

sets

A= {t“ Ui, Uiy Wiy, Ty 2, tiui, U;V;y VW5, tzule, U;V;T541, V;W; 2, tﬂ)iti, U; Wi U4, tiuiviti,
WUV Wi Uiy TV T3, Ui LUy, 2UZ, ZUWUZ, LiT0;T5, LU T80, W22,
wizuwuz |1 <1 < n},

B = {ti%‘, Uiy UiTig1, Viliyl, V2, wiz | 1 <@ < n},

C = {tivi, Vils, UsW;, Wilks, ULV Tq, TVt Tq, ZUW; 2, V; 2U 2 ‘ 1< < n}

D = {tiuivi, uiviti, U; VW5, ViW;U4, tiuixivi:vi, tll'ﬂ)ltzl'“ W;2U; W 2, VWi 2Ui2 | 1 S 7 S TL},

E = {viw, 2vi, tvis, 20ts, wimivi, Vit Gt wiwvits, wiva, G, Lo,

L Vg, Uit Ty, T vits, Tiugvit g, tiugxvgt;,

UiTit1, Wilit1, LiViTip1, WWiTig1, ViliTip1, WilliTip1, GUitiTip1, UiWiUTiqq,
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LT, ViWiTit1, LUUL 41, WOWTi1, UiVitiTiq1, VWil Tip1, LU0t T,
’LLZ‘UZ'IUZ'UZ‘ZL‘Z‘+1, Ui 2y ZUsy U W2, ZU;W;, Wili2, ViZUs, U WU 2, ZU;Wi UG, UiV 2, WiZUq,
U; VWi 2, Wi U W5y VWi UL, VWi 2U5, UiV W UL, Wi ZU; Wi UG,

TiZig1y Tit1Tiy LiiZiq1, Vilip1%, WiliTiy1, Wikip1X4, UL, ViWiTit1 T4,
TiViTi41, UWili1Tiy LiliViTi41, UV 1Tiy UiiViXiq1, UiWiTip1 X4, TiVitiTiq1,
Wil Tip1 T4, LU T0T541, UiViWiTi1 Ty L0 Ti41, VWL 1Tq, Ui UiliTi4,
UW U T4 1 T4, LU T 08001, Ui WUT 41 T4,

Tit12, ZTit1, LiTit12, ViZTig1, Uilip1Z2, WiZTit1, Vilip12, ZUiTit1, tiUiTip12,
VW 2541, UiV 12, WiZUiTiq1, LU 412, ZUWiTiq1, ViliTig12, ViZUiTiq1,
LU 12, WiZUWiTiq1, Wi0tiTi1 2, ViWiZWiTipy, LiUitiTip1 2, Z2UWiU; T,
Liu Ut i1 2, WiZU WU T 1,

TiTip12, ZTip1 T4, LT 12, WiZXip 125, UiliLip12, ViZTip1 T4, LU XX 2,

ViW; 254105, L0412, ZUT1 T4, L0041 2, WiZUiTi41 T4, UiLiViTip1 2,
ZUW;Ti41 %5, TV L4012, ViZUiTip1 X4, LU UiXi1 2, WiZUWiT 4104,

LUl X012, Vi ZWiTip1 Tiy UiTiVitiTi1 2, 2UW UL 4105, L0412,

W; ZUW; U T i1 T ’ 1< < n},
with the set {1}, when n # 3 and

A= {t“ Uiy, Uiy Wiy Ty, 2, tiui, U; Vs VW5, tZUZZL‘Z, U; VL5415, VW52, tﬂ)iti, tivitiviti, Uiti?}i,
U Wity U WU W55, Wil Wi, LUty Tuvlvits, witivvit;, wvwu;, 0w uwity,
VW Ui Wy, TV L5, Ui LUl iy U0 60,625, T0;0,0;%5, 2Ui2, 2UAWU 2, 2UAWU; WG 2,
ZW;U;W; 2, tia:ivia:i, tzu,xlvztzx,, tlu,xmztlvztzxz, til'i’Uiti’Uil’i, W; 2U; 2,

Wi ZU; Wi 2, Wi ZU WU WU 2, VW, ZUW5 2 | 1< < n},

B = {timi, Uilsy UiTip1, Vilivl, ViZ, WiZ ‘ 1< < n},
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C= {tﬂ}i, Uitz‘, tivitiviy vitiviti, U; Wiy Wik, U W;U;W5, WU Wi Usy Ui L;V;T05, ZL‘iUz‘tiZEi,
W T V80,5, 080,60, ZUiW; 2, V;2Ui 2 ZU W U5 2, Ui 20 wiu 2, | 1 <1 < n}

D = {tiuvi, wivit;, tiugvitiv, wivtivits, Uvw;, VWi, UG, VAU, LUV,
timivitixi, tiUiZL'iUiti’UiiL'i, tzxzvltzvltm, W; ZU;W; 2, VWi 2UGZ
W, ZU; WU W5 2, VW 2u; w2z, | 1 <1 < n},

E = {viz;, mv;, tvims, m0its, toitvims, moitivit, vt wrvitivg, vt wn;,
Liviti i, wxvits, LUdvt s, wixvitvits, v, XUt v, WU, Tixvg,
Liu vy, Txsvits, Tiuvt vy, 1005, wvitvitxg, T vitvg, wvitxg, Tiux;v;,
Liwvitiwg, Liuvgd;, Liuvdivtie;, tiuxvtvit;, wodve, tixvdvg,
LiTip1, Wity GiUTig1, UiWiTipy, LUG0Ti1, WWilW;Tig, Vit0itiTiq,
WU WU Ty 1, ViliTip1, WilliTiq, GO, WiliWikiyy, tvitvidiTipy,
U WU WU Ty 1, Vit Vi1, UgWilliTig 1, TiUiTip1, ViWiZiyt, LUy, Ui WiTiq1,
Lt Vit Vi1, WiV WU Tiq1, UiV 0 T4, VWU Wil T 1, WiVitiTig1, VWL,
tiuivitixiﬂ, VWU W; Ty, tiuivitivitixiﬂ, uiviwiuiwiuixiﬂ, uivz-tivixiﬂ,
Ui VWU L1,
Uiz, ZU;y U W2, ViZUsy, Ui WiUW 2, Vi 2U;WiU;, Wil WU 2, ZU;W; U W5, W;UZ, ZU;W;,
U WU 2y ZU;W; UG, U WU WU 2, ZU;W;U; Wi U5, Wil W2, Vi ZUW;5, UiVi2, WiZUy,
UiV, W 25 VWi 2Upy UiV W UW5 2, VWi ZUs Wi Ug VWU WU 2, Wi ZU;W;U; W5, VW UL,
W; 2U; W5y Ui VWU 2, Wi ZU; Wi U5, Ui VW U WU 25 Wi U W U Wi U5, VW U;W5 2,
Vi W; ZU; Wy
TiZit1s Tig1Tiy LiTiTig1, Vilip1%4, WiliZig1, Wilip1Tq, LiUiTTiq1, VWL Ty,
TiVTig1, Uilip1Tq, LU, WU 1T, Ui U&iq1, UiWiTip1 Ty UiVt 0T 41,
UWUW T4 1Ty TVt Ui Tiq1, WilliWiliTig1Tq, T0iTiq1, Willi%ip1Tiy LiUiT0;Ti41,
UVWiTi 41 T4y LU L0805 41, UiV Wil Wi T i1 T4, X 008:0441, VWU Wil Ty Ty,

L Uit i1, VWU T Ty, Ui Uit Wil WL 124, Ui Ti0T0tT441,
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u; : : w; w;

Figure 2.2: Words in Da are defined as those admitted by n copies of this automaton.
Each state is both a start and end state and is labelled by the element of A on which
conjugation by a word starting at that state is defined.

U W UW U T4 1 Ty Ti008541, WWiUi T Tiy LU0t T4, VWU WL 1 Ty,

Lt TVt Ui T, WU U471 Ty TV 0, T4, Wi VWU Tip1 Ty

Tig12, 2Tit1, Lilip12, ViZTit1, Wilit1Z, WiZTip1, Viliy12, 2UiTip1, LiUiTit1Z,

VWi ZTi41, UUiLiq12, WiZUiZiq1, LiUTi412, 2UWiTiq1, LUt U% 412, 2UWiUW; T4,
VUil 2, ViZWWU 41, Vit 12, 2WilliTig1, LiUiUiZip12, WiZUiWiTiq,

Liu Ut 0T34 1 2, Wi ZU WU W54 1, UiV 412, VW ZU Wil Ty 1,

UVt Ti12, VWi ZUi L1, LiUitiTi12, ViZUwiTipy, vt viti T 12, 2UWil Wit Tiq 1,
VliViTi112, ZUWWTit1, LwUitiTip1 2, Vi ZUWiTiq, tiuvitiviti i 2,

Wi ZU; W U WU T, UVt 0 L5412, Wi ZU WU Ty,

TiTig12, ZTip1%4, GT412, WiZXi1 T4, UiLiTig12, ViZTip1 L4, LT 2,

ViW; 234184, TiVTi412, ZUiLip1Tq, LiTi0iTi412, WiZUiLip1 L, WiliViXip12,
ZUW;Ti41 T, WiTiVitiViTit1 2, ZUWUWTi 4185, TiVlUli 412, ViZU WU 54104,
TiVitiTit12, ViZUiZip1%4, UL 0T412, WiZUWiTip 124, L0041 2,

Wi ZUW U W Ty 1 gy G T0;608054012, VW 2UW 0 T541 %5, 40125412,

VW ZWiTip1 T4, WiliViliTig12, ViZUWWiLip1Ti, Wi UitiUliTig12, 2UWUW U Ti41 T,
LU0 412, ZUW UL 4185, LU Ti00; 041 2, Vi 2UWiTi41 X4, iU T30t 02541 2,

Wi ZUW U WU T 15, L0041 2, Wi 2U Wit Ty | 1 <00 < n},

with the set {1}, when n # 5. Next we define the set Da and the product II as follows.
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Let D be the set of all words admitted by n copies of the automaton in Figure 2.2,
one for each 1 < ¢ < n. We then define our product, II. We begin by moving along a
word w in DA from left to right deleting any occurrence where a letter appears next to
itself. If a pair is deleted the next two letters that now become adjacent are checked to
see if they are the same before checking subsequent letters to the right. Once the end of
the word is reached we have a word w’ containing no adjacent copies of the same letter.
We shall call w’ partially reduced. One then checks w’ again starting from the left. This
time pairs of letters in the ith and (7 + 1)th position are checked and certain pairs are
replaced if they occur. The pair z;t; is replaced with w;z;, z;u; with t;z;, x;11t; with
W;iTir1, Tiv1; With vz, x; 00 with vz, x;w; with 2,01, zv; with w; 2z, zw; with
vz, ugt; with t;u;, viu; with w;v; and w;v; with v;w;. The letter in the (7 — 1)th position is
then checked in case it is now the same as the ith letter, in which case both are deleted
and the new pair of adjacent letters are also checked until no more can be deleted, we
say ¢ pairs were deleted. If ¢ < 2 then the letter in what was the (i + 1)th position,
now the (i + 1 — 2¢)th position, is checked with the (i + 2 — 2¢)th letter and adjacent
pairs are deleted if need be until no more can be deleted. If the ith and (i + 1)th letters
cannot be replaced then the triple of letters starting at the ¢th is checked. The triple
zu;v; is replaced with w;zu;, x;vu; with tx,0;, vit;u; with wvt;, wu;v; with v;w;u; and
in the case when ¢ = 3, v;t;v; with t;v;t; and w;u;w; with w;w;u;. The same process is
then applied as after a pair is switched, the (i — 1)th and ith are checked and if they
are the same they are deleted and the new adjacent pair are checked until no more pairs
are deleted. If ¢ < 3 then the letters that were in the (i + 2)th and (i + 3)th position
before any deleting, now the (i + 2 — 2¢)th and (i + 3 — 2¢)th position, are checked and
pairs deleted until no more can be removed. Lastly, only in the ¢ = 5 case, if no swaps
have been made the letters in the ith to (i + 4)th position are checked and w;u;w;u;w;
is replaced with w;w;u;w;u; and v;t;vst;v; with t;v;tv;t;. Again the next step is to check
the (i — 1)th and ith letter and delete adjacent pairs until none can be deleted, then, if

¢ < 5 check the (i + 5 — 2¢)th and (i + 6 — 2¢)th letters and delete any pairs necessary.
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From here one moves left along the word checking for first two-letter swaps, then three
letter swaps then, for ¢ = 5, five letter swaps at each letter to the left of the (i — ¢)th.
One then checks back along the word from left to right seeing if any of the swaps can be
applied at each letter and repeating the steps that follow. Once the final letter at the
right-hand end of the word has been reached without making any further swaps the word
is completely reduced.

We first must show that this algorithm to reduce words still gives us words admitted

by one of the automaton.

Lemma 2.5.9. The above algorithm for reducing words gives a well-defined map

HIDA—>DA.

Furthermore, for w a word in Da, w and II(w) both have the same set of possible start

states and the same set of possible end states.

Proof. By the definition of the algorithm it is clear there is only one way to reduce a word,
so IT is a well-defined map. Now note that any subword that is just two of the same letter
must start and end at the same state, so deleting these pairs means the resulting word is
still admitted by an automaton. Moreover, if we delete any pairs at the start or end, the
start or end states remain the same. Similarly any one of the subwords that is substituted
by another subword in the algorithm has the same set of possible start states as the word
it is replaced by and the same set of possible end states. Thus by making one of these
substitutions in a word we still obtain a word admitted by an automaton and if we make
a substitution at the start or end of a word the start state and end state remain the same.
As each step of the reduction results in a words still in D with the same set of start
states and end states as before any reduction we have that [I(w) is in Da for all w in D

and both words have the same set of start states and the same set of end states. O

The set L, o L,, can be thought of as consisting of all words in D of the form a0 8

where o and 3 are in £,,. We now show that the image of this set under II is a subset of
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L,.

Lemma 2.5.10. For any o« and § in L, where ao ( is in Da we have that II(a o §) is

m L,

Proof. First notice for a given 1 < ¢ < n we do not have any concatenation defined
between letters with this index and ones with another index with the exception of z;,1,
which can be concatenated with any letter with index 7. We can therefore fix an ¢ and
consider just words containing letters with this index and z;;; in £,,. From here it
is simply a case of concatenating all pairs of words in this subset of £, which can be
multiplied together based on the automaton in Figure 2.2 and then reducing these words

using the algorithm given. This was done using the Magma code in Appendix A.2. [

The map that we have defined using this algorithm has a further useful property on

the subset £,, 0 £,, 0 L,, of DAa.

Lemma 2.5.11. The product 11 is associative on L, ; in other words for all o, § and

in L, we have II(TI(ao B) oy) = (o II(S o 7)).

Proof. Again we can consider each index separately, so first fix some 1 < i < n. By
Lemma 2.5.11, II(cvo ) oy is in Dy if and only if av o II( 0 y) is, and by Lemma 2.5.10
we have that both II(II(cvo 8) o) and (a0 II(S 0 7)) are in £,. Now it is simply a
case of checking all triples of words in £, that have the index ¢ and x;;; in them and
can be multiplied together. For each of these triples we apply the multiplication in both
possible ways and then checking they simplify to the same element of £,,. This was done

using the Magma code in Appendix A.2. m

We can restate II as performing a set of conjugation relations: ¢ = t;, t)" = v;t;v;,

7=, 6T = wy, ult = wiuwg, wg T = v, uf = 2wz, vt = v, v = v and

v = wy, for each . Finally we have 22 = 22 = (t;v;)? = (vw;)? = 1, for 1 < i < n and
q in {3,5} with ¢ # n. There is no multiplication between t; and w; or any subgroups

in A with a different index. We do however have that alphabetically adjacent pairs of
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the same index in A commute, which is where this construction differs from the one in
Section 2.5.1. One can easily verify that each one of these relations is equivalent to exactly
one of the switches in the definition of II and that the deletion of pairs is equivalent to all
words of length 1 having order 2. Again this way of describing II is much more intuitive;
however the algorithm we have gives us a well-defined order in which to apply relations
to reduce words, which these relations do not necessarily do.

Using the conjugation relations we can now recharacterise Da as the set of all words
that result from conjugating between groups in A. One should be able to see this from
the automaton in Figure 2.2. The list of states visited by tracing out a word corresponds
to the series of subgroups in D, that defines the multiplication. We now show that any

of these words can be reduced to a word in L,,.
Lemma 2.5.12. The image of Da under the map Il is a subset of L,,.

Proof. Note that any word, w in the set Da can be thought of as the concatenation of
words in L, certainly it is true that it is a concatenation of words of length 1 in £,. If
we first move from left to right deleting any pairs of the same letter in the w then we
now have a partially reduced word w’ which is still the product of words of length 1 in
L,. If we write w' = ay oago---0a,,, for m the length of w’' and where each «; is a
word in £,, of length 1. The first step of the algorithm is to check if the first two letters
can be swapped, this is the same as II(a; o ap). If they can be swapped we then delete
the second letter and third letter if they are the same and then the first and now second
letter if they are the same. Note that doing just one or both of these steps will mean
we have to check if we can switch the first two letters again. Thus we can either keep
swapping the first two letters and deleting pairs until we have a word of length 1, which
we know must be in £,,, or we reach a pair that cannot be swapped or there is no pair
deleted. So without loss of generality we assume that either the second and third letter
are not the same or we cannot swap «; and ay. Now we have a word of length 2 at the
start of w’ in £,,, by Lemma 2.5.10. Suppose now we have a word of length 7 at the start

of w' in L, and the next letter to the right is a;,1. Checking from left to right along
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w’ for switches, if we reach the ;1 without making any switches then we already have
a reduced word and w’ starts with a word of length i + 1 in £,,, by Lemma 2.5.10, and
we are done. Therefore suppose we make a switch. This either happens at the (i — 3)th
letter in w’, only in the case ¢ = 5 and i > 3, the (i — 1)th letter in w’, when ¢ > 1, and
the ith letter in w’. If no pairs can be deleted after this, by Lemma 2.5.10 we are again
done. If the first letter of the swap and the letter to the left of that can be deleted then
we obtain a word that has length less than ¢ so by induction this will reduce to a word in
L,. Similarly if the ith and (i + 1)th letters are the same and we delete them, and any
subsequent pairs that are the same then we obtain a word shorter than ¢ as well. Thus,
by induction, we have TI(w) = II(TI(- - - TI(TI(c; © ag) 0 cx3) - -+ ) © ) and I(w) is in L,

for all w in D,. O

We also need to define an inversion on £,. For o in A or the identity set ! = a.
For the remaining sets we have ordered them in pairs of inverses, so the first two in each
set are inverse of each other and so on. Note that a has the same set of start states as
a~! has end states, for all @ in £,,. It should also be easy to see that Il(aoa™') =1 for
all a in £,,. This has also been verified by the Magma code by checking every element of

L, and its inverse simplify to the empty word. This naturally extends to the map

LWL, — W(L,) ; (a1o-oa) v ajto-oart

where each «; is in £,, and m in N is the length of w in words in L,,.

Proposition 2.5.13. The pair (L,,A) is a finite objective partial group with product

map II and inversion -—*.

Proof. First note we have £, C Dan C W(L,) and that for any word in Dx all of its
subwords are in Dx as well. By Lemma 2.5.12; we have that II(Da) is contained in £,.
The map II also restricts to the identity on L, as verified by the Magma code to check
no elements of £, can be further simplified. For any word v in DA we have that v and

II(v) both start at the same state and end at the same state, by Lemma 2.5.9. Thus, for
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u, v and w in Da, if uovow isin D then uoll(w)ow is in Da as it is still accepted by
an automaton. We can write each word u, v and w as a list of subwords in £,, of length
l,upo0---oug, v10---ov; and wy o --- o0 w,,, for k,I,m in N the lengths of u, v and w

respectively. As the product is associative on £,,, by Lemma 2.5.11, we have that

M(uovow)=TIII(-- - T(ug o ug) -+ 0ug) 0vy) - 0V) OWy)+-+0Wy)
:H(ulo"'oukon(vlo"'O/Ul)owlo"'owm)

= I(u o [I(v) o w).

Therefore I1 : Do — L, is a product. Now consider w again, but this time we write
W= Q0 -0 qQ,, where o; is in L,,, not necessarily length 1, and m is in N. Thus we
have that the inverse of w is a;;! o--- o aj'. First note that, as the set of end states of

1

Q,, is the same as the set of start states for a; !, we have that wow™! is in Da. Again

using associativity of Il on £,, by Lemma 2.5.11, we have

Hwow™ ) =M(ayo---oaoa,o---oal),

which when we delete pairs of inverses gives II(#)) = 1. Thus (L, Da,II,-7!) is a partial
group. Furthermore £, is finite and by construction D = Da where A is a set of
subgroups each isomorphic to Cs. Thus the second axiom of objectivity holds vacuously

and L, is a finite objective partial group. m

We therefore have that (£,,, A) is a finite objective partial group and we will now prove
that its automorphism group is C),. First note that the sets making up £, partition it
by element order. The set A consists of all order 2 elements, B all order 4 elements, C'
all order ¢ elements, D all order 2¢g elements and E all elements with no defined order,
in other words they cannot be multiplied with themselves as the multiplication is not
defined. It is clear that any automorphism must restrict to a bijection from each set to

itself.
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We will now give a series of three results which show what certain elements of £, are
mapped to under an automorphism. These are analogous to Lemmas 2.5.6 and 2.5.7 in

the previous section.
Lemma 2.5.14. Any automorphism of (L., A) maps z to itself.

Proof. Suppose v is an automorphism of £,,. From the above discussion we have that ¢ (z)
is in A. We shall consider centralisers of elements in A to show that ¥(z) can only equal
z for 1) to be an automorphism. It is clear that we must have |C,, (2)| = |Cr, (¥(2)) |-
It should also be clear that the number of elements of any given order in each centraliser
must be the same. From the table in Figure 2.3 we see that the only order 2 element

that is centralised by exactly 2n + 1 order 2 elements is z, so ¥(2) = z. [

Lemma 2.5.15. For any 1 <i <n, any automorphism of (L,,, A) maps xz; to x;, where

1<j<n

Proof. First fix some index 1 < ¢ < n. We proceed in a similar fashion to the proof of
Lemma 2.5.14. Suppose 9 is an automorphism of £,,. We consider the candidate elements
in A that commute with the same number of elements of A as x; does. From the table
in Figure 2.3 we see that the only elements in A with the same-sized centraliser in A as
x; are tju;, u;v; and vjw;, for any 1 < 7 < n. Now consider the set B. No elements in B
commute with x;, but ¢;u;, u;v; and v;w; commute with ¢;x;, u;x;41 and v,z respectively,
for each j. Thus 1 (z;) can only be z;, for some 1 < j < n. ]
Lemma 2.5.16. For 1 < i < n, any automorphism of (L,,A) maps w; to w;, where

1<j<n.

Proof. Suppose 1 is an automorphism of £,,. From Lemma 2.5.14 we have that ¢ must
fix z. Consider, for some fixed i, ¥ (zw;) = z¢(w;). As zw; is an element of order 4 we
have that ¢ (zw;) must be in B, so ¢(w;) is either v; or w;, where 1 < j < n is arbitrary.

If (w;) = v; then we have that

P(v;) = P(zw;z) = Y(2)P(w)Y(2) = 2v,2 = w;.
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acA Ca(a) |Ca(a)]
k k
t; tis Wiy titly, Ti0i%4, Ui (Li0;) s, tixsvims, tiuwy(tivi) s, ‘ 2<k<qg—-1| 2¢+1
k k
U; ti, Uiy Vi, tiui, U; V5, tl(tl’l)l) y (tzul(tlvl) |2 S k S q— 1 2(] +1
k k
U4 Ui, Vi, Wi, Ui, VWi, i (uw;)F v (uw;)* |2 <k < g —1 2q+1
w; Viy Wi, VW;, 22, 2w (uiwg) Rz, wizuiz, wizug(uiw;)F 2 | 2<k<qg-1 2q+1
Z; Ty Lillyy Uim1Vi—1, LiUiT4, Uim1Vi—1T; 5
z vW;, 2, vyw;z |1 <1 <n 2n+1
tiu; iy Ugy Ty, TiUg, LU, 5
Ui V; Uy Viy Tit1, UiViy UiV Ti41 5
Vi W; Vi, Wi, ViW;, Z, V;W;2 5
tiuw; Ty Lillg, LiUGT4 3
UV Tiq1 Tip1, Wi, UsVTiq1 3
VWi Z Z, ViW;, VW2 3
k k k
ti(tivs) wi, ti(tvs)", tiug(tivg) 3
k k k
wi (usw;) iy wi(uiw;)”, uiv (ugw;) 3
k k k
tiu (tiv;) ug, ti(t0i)", tiug(tiv;) 3
k k k
w;v; (U w;) Vi, wi(wgw;)”®, wivi (uw;) 3
VT4 Liy Ti0T4, L2024 3
i) b (b, tavg(tiv) 3
ulxl 'Lvl x'L (3] u'Lxl ’LU'L ‘xlﬂ lulml Zvl 1’2
U2 Wi, ZUZ, Wi ZU 2 3
s )E (w2 wszs (s ) 3
zu (uw;)* 2 wi, zu;(uw;)" z, wizu; (uw;) 2
12,0 iy Ti0iTs; tT;0;%; 3
tiugz; (tv;) P ti, wizs (tv;) P ay, tougag (tivg) o a; 3
'Lulxl Z’UZ xZ 19 ulxl 74’U74 x747 Zulxl Z/UZ xl
W; 2U 2 Wi, ZUZ, WiZUG 2 3
o (wws o (w2 ws s () 3
w;zu; (u;w;)" 2 wi, zw;(wiw;)"z, wzu;(u;w;) "z

Figure 2.3: The centralisers in A of each element of A, where 1 <i <n and
2 <k < q—1 in the left-hand column and the indices are the same in the second

column unless stated otherwise.
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Next consider ¥ (z;v;x;) = ¥(x;)w;j(x;). From Lemma 2.5.15 we have that ¢ can only
map x; to an xy, for some k. The only index where the above relation is defined is 7 + 1.
So Y(x;) = xj41 and Y(xvx;) = xjwix;4 = t;. However this gives us a contradiction
as t; and z;v;z; do not commute with the same number of elements in A, as shown in
the table in Figure 2.3. Thus ¢(w;) cannot be v; for any 1 < j < n so we have that

(w;) = w; for some j. O

Now we have restricted what z, z; and w; can map to under an automorphism we can

now prove that the automorphism group must be C,,.

Proposition 2.5.17. Any automorphism of (L,,A) is of the form i +— i+ m, for all i

and some 1 < m < n, in other words indices are increased modulo n.

Proof. Suppose 1 is an automorphism of £,,. From Lemma 2.5.14 we have that @ must
fix z. Furthermore, from Lemma 2.5.16, we have that 1 (w;) = Wiy, where 1 < m < n.

We can combine these results to obtain

V(v;) = (2wi2) = 2Wiemz = Viem.

Now consider

U(t;) = V(i1 wirig1) = Y(Tig1)Wism (Tig1).

By Lemma 2.5.16 we have that ¢(z;41) = z;, for some 1 < j < n. However the only z;
where x;w; 2 is defined is @441, so we have ¥(2;41) = Zitm11 and thus Y(t;) = tipm.

Thus it is a simple case of using the relations to compute the rest. We have

?,U(Uz) = ¢(%+1Ui$i+1) = Titm+1Vi4+mTi+m+1 = Witm-

To compute 1(z;) consider

V(t:) = V(wiuiw;) = Y(:)UirmP(Ti) = tivm.

102



Hence the only z; that satisfies ©ju;1mx; = tivm IS Titm, 50 Y(x;) = Tiym. Now consider

Y(tio1) = Y(@wi—12;) = Tigm(Wi1)Tigm.

By Lemma 2.5.16, again, we have that ¢(w;_1) = w; for some 1 < j < n and the only
w; where the above conjugation is defined is wj4,—1. Thus ¢(w;—1) = W;4n—1 and also
¥(ti—1) = tixm—1. Notice that ¥ (w;—1) = Wiym-1 is Y(w;) = w;i, with 1 subtracted
from each index. Thus repeating the same steps above will give us the same results for
i — 1 as we have for i. The final step will give ¢(w;_3) = w;1m_2. Thus repeating this
process n times we see that for any index 1) increases that index by m. Thus there are
no automorphisms of (£,,A) that are not of the form i — i + m, for all i and some

1<m<n. ]

We have now constructed, for each n > 3, a finite objective partial group and we note
that each example is not isomorphic to the examples in Section 2.5.1. This can been seen

by simply considering the order of the sets £,, in each section.

2.5.3 Infinite objective partial groups

We will now, given any simply connected graph I', construct an objective partial group
with the same automorphism group as I'. Unfortunately this objective partial group will
almost always be infinite.

Let V' be the vertex set of I' and let E be the edge set. If x and y are in V with
an edge between them then we label that edge as e;, in £. Note that this convention
is different from that previously used to label elements of E. Also note that because I
is undirected we identify e,, in E with e,,. To each v in V' we associate a copy of (5
such that v* = 1. We also do the same with each edge in E, in other words e, = 1 for
all x and y in V connected by an edge. Let Ar be the set of all copies of Cy associated
to vertices in V. For ease we will abuse notation somewhat and identify v in V with

the group associated to it so we will often think of having Ar = V. We will now define
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conjugation of our elements of Ar. Certainly they can each be conjugated by themselves,
but we also define 2% = y for all x and y in V' connected by an edge.

We can characterise the set Da r by constructing the following automaton from I'.
We allow each vertex in I' to be both a start and end state labelled in the same way as
the vertex, and add a directed edge from each vertex to itself, again labelled with the
vertex label. We then replace each edge in I' by a pair of directed edges, one going in
each direction, both labelled by the edge they replace. Thus Dap is the set of words
admitted by this automaton. An example automaton can be seen in Figure 2.4, in this
case for the graph K3, the complete graph on three vertices. It is easy to see that this
characterisation of Da r is correct; any walk in the automaton corresponds to a chain
of elements in Ar, given by the chain of states that the walk passes through. When an
edge occurs in a path on the automaton this is the same as conjugating from one vertex
to another, and when a vertex occurs this is conjugating from one vertex to itself. Note
that any element w in DA r corresponds to a walk in I' given by just the list of edges in
w. We will often refer to this, as well as the set of vertices in w.

We can now define IT and Lp. Given w in Da r we define II(w) as follows. If there are
an odd number of vertices in w then II(w) starts with the vertex that w starts at, and
otherwise there is no vertex present in II(w). For the edges in II(w), we consider the walk
that w takes and remove any edges that are traversed in both directions consecutively.

More precisely we define the algorithm for reducing a word in Da r as follows. If w
is of length 1 it remains unchanged. Otherwise we replace the first two letters of w as
follows: eg,y — ey, ro and egye,, are replaced by the empty word and ze,, and egye,.
remain the same, where x, y and z are arbitrary vertices of I'. If the first two letters of w
are changed then this step is repeated until the resulting word is either length 1, or the
first two letters are the same upon applying the step. One then considers the next letter
to the right. If it is a vertex and the first letter of the word at this stage is a vertex then
remove both from the word. If the first letter of the word at this stage is not a vertex

then remove the vertex and add a vertex at the start of the word corresponding to the
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start state of the word. Otherwise, if the next letter to the right is an edge and it is the
same edge as the letter to the left of it delete both letters otherwise leave them. One now
considers the next letter to the right of this and repeat. Note that, because letters are
deleted, this next letter might now be the second letter in w, in which case you return
to the step where you consider just the first two letters. Otherwise you repeat the above
process. Once the last letter on the right-hand end of the word has been checked and any

deleting done the word is considered fully reduced..

Example 2.5.18. If w = e,,y%e,.e,.0%€e,€,.2%¢,, is a word admitted by the automaton
in Figure 2.4, then II(w) = ze,ye,.€,.€4,. If w had one more, or fewer, occurrence of a

vertex anywhere in it then we would have II(w) = e,y e,.€,.€,, instead.
Lemma 2.5.19. If w is in DA then w and II(w) have the same start and end states.

Proof. At each step the algorithm corresponding to II can change w in two ways; either
change where vertices occur in the word, or remove two copies of the same edge. Vertices
in w map from one state to itself so by adding or removing a vertex from w one either adds
another occurrence of the same vertex to the list of states w passes through or removes
one of a pair of the same vertex from the list of states. If this happens either at the start
or end of w it is clear that the start or end states do not change. If we remove a repeat
of the same edge, say e,,, then the states w passes through go either from ..., z,y,z,...
to...,x,...or...,y,x,y,...to ..., y,.... In both cases it is clear that if this happens at
either end of w the start and end states stay the same. As II(w) is obtained by applying
both of these steps a finite number of times we have that both w and II(w) have the same

start and end state. O

We define Lr to be the image of Da p under II, in other words all walks on I' with no
doubling back on themselves either with or without the vertex of the start state at the
front of the word. We can think of the walk in I' corresponding to II(w) as the shortest
walk on I' that is homotopy equivalent with fixed endpoints to the walk corresponding

to w, under the topology on I' induced by the standard distance metric.
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Y

Figure 2.4: The automaton associated to K3, the complete graph on three vertices,
with vertices labelled x, y and z.

The algorithmic definition of this product will be useful for some purposes but we
also wish to characterise it in another way. To do this we define a map 7 on pairs in
Ly where the first word ends at the same state that the second starts at. Let vj"'p; and
vy?pe be arbitrary elements of Lr, so a; and ay are either 0 or 1, p; is either an empty
walk or of the form ey ...e; and ps is either an empty walk or of the form e, ... exryy,
for k and [ in N. If the end state of v{'p; is the same as the start state for v5?ps, and
for v > 0 the largest such integer where ey_...er = €pyyy1...€x11, define the map

7 Dar|zrocr — Lr as follows

UL et lpr] 41 - - €kl if v = [p1] — 1 and v # |pa| — 1,
vlﬁel...ek,|p2| 1f7: ‘p2‘ —1 and’)/# ’pl, _17
T(vipr o vy’ pa) = § of if v =|po| =1 =|ps| — 1,

U1'8€1 R NI C VT S R [p2| — 1 and v # |p1] — 1,

vlﬁ P1D2 if no such v exists,
\

where f = oy + ag mod 2 and |p;| denotes the length of p;. Again here we use Lr o Ly

to denote the set of all words in Da r that are the concatenation of two elements of Lr.
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We now need to show that this map agrees with our other product where they are both

defined.

Lemma 2.5.20. If wy and wy are arbitrary elements of Lr such that wy o wy is in Dap

then II(wy o wy) = m(wy o wy).

Proof. We characterise elements of Lr as before, in other words let w; = v{"'p; and
wy = vg*py are arbitrary elements of Lr, so oy and ay are either 0 or 1, p; is either
an empty walk or of the form e;...e, and ps is either an empty walk or of the form
€kt1---€xeg, for k and [ in N. First note that if wy is empty then it is clear both maps
are just constant on wy. If wy is empty then v; = vy and again both definitions agree.
We therefore assume both words are non-empty.

If wy = vy, then if apy = 0 both maps are just constant so agree. If ay = 1 then II
deletes both vertices at the start of w; ows and leaves the rest constant so IT(w;owsy) = po
which agrees with 7, as p; is empty and a3 + as = 2. Now let w; = ey, in other words
k=1and a; = 0. If ag = 0 and e; = ey then II deletes this pair and II(w; o wy) =
es...e41, which agrees with 7, where here v = k — 1. If ap = 0 and e; # ey then
IT leaves this constant and II(w; o we) = e1pe, which agrees with 7 as no v exists. If
oo = 1 then II replaces the first two letters of wq o wy with vie; and either e; = ey and
[I(wy o wg) = vyes...eqq or II(wy o wy) = vieype. In both cases this agrees with 7, the
first we have v = k — 1 and the second we have v does not exist.

Now let w; have length greater than or equal to 2. If we suppose as = 0 and e, is
different from ey, then II leaves this constant and II(w; o wy) = v{*p1ps which agrees

with 7 as v is not defined. If we instead suppose e, = €11, then II deletes this pair and
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any subsequent pair that are the same. If we suppose it deletes another ~ pairs then

(

(R B ify=k—1andy#1—1,

viter ... epy ify=I0l—1andy#k—1,
T(wy o wy) =

vyt ify=1-1=k—-1,

viter ... ey 1€hpyto ..k My Fl—Tland vy # k-1,

\

which agrees with 7 in each case. If ap = 1 then the first step of applying II deletes
vo and, if ay = 0, adding v; at the start of the word otherwise, if a; = 1, removing v,
from the start of the word. Thus the power of v; at the start of the word is 8 = a1 + a»
mod 2. Now the next step of II is to check e against e, and we note that we arrive
at the same case we considered above, however this time v; is to the power of § not «;.
Thus IT and 7 agree in this case and we have II(w; o wy) = 7(wy 0 wy) for all wy and we

where w; o wy are in Da p. O

This alternative characterisation of II will be very useful in showing that II is asso-
ciative where defined. In order to do this we need to define the inverse map -~!, first on
Lr. For each vertex or edge in Lr we have already defined them to be self-inverse. Now
consider some walk w in Lr with at least two edges in it and without a vertex at the
start of it. We can write w = ey ... e,,, where each e; is in E' and m is the length of w in
edges. Define w™! = e,,...ey, in other words the walk traced in reverse. If w now starts
with a vertex, so is of the form w = ve; .. .e,,, then we define w™! =Tl(e,, ...e;v). One

can see that this is the walk w traced in reverse with the suitable vertex at the start. We

then extend this map to Ar in the natural way.

Lemma 2.5.21. If wy, wy and ws are in Dap such that wy o wy o ws is also in Dap

then 7T(7T(w1 ©) wg) e} U}g) = 7T(w1 e} 7T(w2 e} U)3))

Proof. The proof of this is a matter of considering all cases. Write w; = v{"p1, wy = v5%py

and w3 = v53ps for arbitrary elements of Lr, so a;, as and as are either 0 or 1, p; is
3 3 M3 ) ) 3 )
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either an empty walk or of the form e ...eg, ps is either an empty walk or of the form
€kt - - - €prg, and ps is either an empty walk or of the form ey 1 ... €x1m for k, [ and
m in N. Note that, by Lemma 2.5.20, II(w; o wy) = 7(w; o wy) and, by Lemma 2.5.19,
we have that II(w; o wy) and wy o wy have the same start and end state so if wy o wq 0 w;
is in DA then so is m(wy o wy) o ws. As w(wy o wy) is in Ly by definition of 7 then
7(m(wy o wy) ows) is well-defined. A similar argument gives us that 7(w; o m(wsy 0 ws)) is
also well-defined.

Let By = a1 + a3 mod 2, B3 = as + a3 mod 2 and 3 = a3 + as + a3 mod 2. Also
let 71 + 1 denote the overlap between p; and po, 4; + 1 denote the overlap between the
walk corresponding to m(w; o wy) and p3, dy + 1 denote the overlap between py and ps
and 75 + 1 denote the overlap between p; and the walk corresponding to m(ws o w3).

We now compute all cases for m(m(w;q o wg) ows). If vy =k —1 and 77 # 1 — 1 then

we have 7(m(wy o wy) o ws) = '/T(/Ulﬂler+1 ... €k 0 w3) is equal to

(v’f3ezl+1 e Clhilem ifo=—k+1—1and 6; #m —1, (2.5.1a)
’U/f362k-+1 e Chilm if 0y #—k+1—1and 6y =m—1, (2.5.1b)
vl if 6 =—k+l—1=m—1, (2.5.1c)

Uf3€2k+1 e Clt =61 —1Ck+H1+8142 - - - Ck+l+m if (51 75 —k + l—1 and (51 # m — 1, (251d)

\Uf3€2k+1 ... €hD3 if no such ¢; exists. (2.5.1e)

If i #k—1and 3 =1 — 1, then m(m(wy 0 ws) o ws) = w(v ey ... ex_y 0 ws)) is equal to

(0P e0it .. Chitim if6,=k—Il—1land & #m—1, (2.5.2a)
vPer .. eniom if 6, #k—l—1land 6, =m—1, (2.5.2b)
o ifo,=k—1—1=m—1, (2.5.2¢)

Ulﬁgel v Ch—1—651—1Ck+1+61+2 « -+ Ek+l+m if 51 7& k—1—1and 51 75 m — 1, (252d)

Lver .. ep_ips if no such 4, exists. (2.5.2¢)
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Ifvy=k—1=1—1 then

7(m(wy 0 wy) o ws) = w(VF" 0 ws) = vps. (2.5.3)

If vy, # k—1and v, # [—1, then 7(7(w;ows)ows) = ﬂ(vflel e €l 1€kt 42 - - - EfpIOWS)
is equal to

vf:s €2k4+21—271 —1 - - - Cktltm if 6 =k+1—2y; —3and 61 #m — 1, (2.5.4a)
VBl ep g 1€kt 42 Chtlom i) £k+1—2y1 -3, 60 =m—1landd; <l—n~3 —2, (2.5.4b)
oBer . en_qy 1 66 Ahk4+1—2y1 —3,61=m—landd =1 —~1 —2, (2.5.4¢)
vBer . epiiomonqy—2 61 £k+1—2v1 —3, 61 =m—1and 61 >l —~1 —2, (2.5.4d)
o3 if6 =k4+1—2y1 —3=m—1, (2.5.4¢)

Uf3el €k — 1€k 42 Ckl—61 —1€k4I+81 42 - - Chtl4m f 01 Fk+1—-2y1 —3,01 #m —1landd <l—~v1 -2, (2.5.4f)

3 .
U§351<-'6k—'y1—15k+21—71'~5k+l+m ifd1 #k+1—2v1 —3,81 #m —1land 6§y =1 —~v; —2, (2.5.4g)
OB el ekt gy 5y 1€k Sy 1 - - Sl £, Ah+1—2y; —3,61#m—Tland s >1—~1 —2, (2.5.4h)
’Uf?’EI €k — 1€k +2 - - k4IP3 if no such §; exists. (2.5.4i)

If no such v exists, then m(m(wy o ws) 0 ws) = (v p1ps 0 ws) is equal to

( Ufsegk_i_gl_i_l c e Cpalam if 51 # m — 1 and 51 =k + [ — 1, (255&)
viter .. hrim if 6, =m—1land & #k+1—1, (2.5.5h)
o ifo =k4+1l—1=m—1, (2.5.5¢)

01’3361 e o6, 1Ckt 118142 - - Chrtam O AL+ k—Tand 6y #m—1, (2.5.5d)

|07 p1paps if no such 4, exists. (2.5.5¢)

We now go through each of the cases for m(m(w; o ws) o w3) and show which cases of
m(wy o m(wy 0 wy)) it pairs with.

First consider (2.5.1a) and notice that in this case we have k > and m > [ — k. We
also have that p; is equal to the last k edges of p,' and the first [ — k edges of p3 are
equal to the first [ — k edges of p;*. If §, =1 — 1 # m — 1 then the first [ edges of ps are
equal to p, ', of which the last k are equal to p;. Therefore we have 7(w; o m(w; 0 ws)) is

given by

B2 _ B3 _ .58
7T('U}1 O Vg™ €k420+1 - - - ek+l+m) =UV1°€1...€kCL42+1 - - - Chtl4m — VU1 €2041 - - - Cktltm-
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If we now suppose 9y # [ — 1 and d3 = m — 1, then the last k — [ + m edges of ps are
the same as the first k — [ +m edges of p,', and hence the first k& — [ 4+ m edges of p;, as
k+m > 1. Thus 7(w; o m(wq 0 w3)) is equal to
B2 _ B3 _ B3
71'(2[)1 OVy €41 €k+l—m) =V17€1.. . Chl4+mCk+20+1 - + - Cht+l+m = U1 €241 - - - Cktltm-
By our assumption we have that k+m > [ so we do not have the case oo =1 —1=m—1.
Instead consider when o # [ — 1 and &3 #% m — 1. This implies the first d, + 1 edges of

! and the first 8, + 1 edges of p;. By our

ps are the same as the first d, + 1 edges of p;
assumption of 9y =1 — k — 1 we have that 6y > [ — k — 1 so first suppose do =1 — k — 1.
It is clear that 79 = £ — 1 and the second application of the product will cancel all of p;

and all that remains of po, leaving U’f3€2[+1 .. €priem as required. If 09 > 1 — k — 1 then

7(wy o m(wg 0 ws)) is equal to

B2 _ B3
77(7~U1 O Uy €yl -+ - Cktl—0o—1Ck+14+02+2 - - - 6k+l+m) = V1 €1 €54 k—1+1Ck+I+62+2 - - - Cktl4m,

which after relabelling edges is Uf3621+1 .. €gairm. Lastly from our assumption it is not
possible for ds to not exist. We have therefore considered all cases that correspond to
(2.5.1a). The proof proceeds in a similar manner for each of the remaining 24 cases,
however some of these cases are considerably more concise.

Consider (2.5.1b). In this case it is clear that d, is also equal to m — 1 and 7y is k — 1.
Thus 7(w; o m(wq 0 w3)) = m(wy o U§2€k+1 e Chtlem) = vf3egk+1 e Chilom-

In (2.5.1c) we have a similar situation to (2.5.1b). As d; is m — 1 then d, must also be
m—1= —k+1—1 and hence v5 = ;. Thus 7(w;om(weows)) = 7(w; ov§2ek+1 e Chtlom)
and both remaining paths cancel with each other leaving v;®.

Case (2.5.1d) is also relatively straightforward. The cancellations from both times we

apply m do not meet so we again have that v, = 75 and d; = d9. Thus m(w; o T(ws 0 w3))
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is given by

B2 _ B3
7T(7~U1 OUVUy €kl -+ ChH1—6—1Ck+1+5+2 - - - 6k+l+m) = V1 €2k41 -+ Cltl—6-1Ck+14+64+2 + - - Ck+l4m-

In (2.5.1e) there is no §; and hence no d,. We therefore must have v; = k — 1 = 7,

and thus

m(wy o m(wy 0 wz)) = m(w; 0 v§2p2p3) = U1’83€2k+1 o Chtltm-

We now consider (2.5.2a), (2.5.2b), (2.5.2¢c) and (2.5.2d) together. In each the last {
edges of p; are equal to p,! and §; is defined, so at least the first edge of ps is the same
as the (k — [)th edge of p;. In each of these cases if d5 is defined then this means the first
edge of ps is equal to the last edge of p,. However, as these edges are the same as the
(k — I)th and (k — [ + 1)th edges of p; this gives a contradiction as w; is assumed to be
in Lr so therefore p; does not contain any pairs of the same edge. We therefore have 9,
not defined for each of these cases, in other words m(wy 0 w3) = vg2p2p3. Also note that
in each we have 7, = 7; 4+ d; and hence associativity holds for each of these cases.

Now consider (2.5.2¢). Here we simply have that the last [ edges of p; are the same
as py . If we suppose 8y = [ — 1 # m — 1 then the first [ edges of ps are equal to p, ' and
thus in turn equal to the last [ of p;. The second application of 7 gives no cancellation

as this would mean w; and ws would not be in Lr. Thus 7(w; o m(wy 0 w3)) is equal to

B2 _ B3 _ B3
T(W1 0 Vg €hyari1 - - - Chtitm) = V) P1CRA2041 - - - Chlim = V] €1 ... CLP3.

Now suppose 6, = m — 1 # [ — 1, then ps is equal to the first m edges of p,* which itself

is equal to the (k —l)th to (k — [+ m)th edges of p;. We therefore have

7(wy o w(wy o ws)) = w(wy o vgzekﬂ e Chtlem) = vf?’el e Chlm = vf3el ... €L_ID3.

Now, if §, =1 — 1 =m — 1 then ps = p, ' and both of these are equal to the last [ edges

of p1, 80 p1 = e1...ex_ps and m(wy o T(we 0 w3)) = vf361 ... €,_p3. Suppose 0y £ [ —1
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and 0, # m — 1. Then the first d, + 1 edges of ps3 are the same as the first d5 + 1 edges of
py ', and thus the (k —[)th to (k — [+, + 1)th edges of p;. Therefore 7(w; o 7(wy 0 w3))

is given by

B2 _ ,,Bs
W(wl OVy €kl - Chtl—60—1Ck414+62+2 - - - €k+l+m) =V1°€1...€k|—65—1Ck+1+62+2 - - - Cktl4m,)

which after relabelling is v{’e; ... ex_ps. Lastly if no d9 exists then it is clear that we
have 7(wy o 7(ws 0 ws)) = 7(wy 0 V22 paps) = vy .. . en_ips.
Consider now (2.5.3), in other words we have p; = p,*. If 6 =1 —1 # m — 1 then

the first [ edges of ps are the same as p, " and therefore p;. Hence

(wy 0 w(ws 0 w3)) = (W1 0 VS €zt - - - Epiam) = VI Ps.

Note no cancellation happens in the second application of the product as this would imply
ws was not in Lp. If §3 = m — 1 # [ — 1 then ps is the same as the first m edges of p,*

and hence the first m edges of p;. Thus

7(wy o m(wy 0o w3)) = w(wy o U§2€k+1 e Chtlem) = vf3el - v’fSpg.
Again no cancellation happens in the second application of the product as this would
imply w3 was not in Lp. If § =1 — 1 = m — 1 then p3 = p, ', which in turn is equal to
p1, and hence m(w; o w(wy 0 ws)) = m(wy 0 v5?) = vPps. If &, is equal to neither I — 1 or
m — 1 then the first d; + 1 edges of p3 are equal to the first 65 + 1 edges of p,, and hence

the first 9o + 1 edges of p;. Thus 7(w;y o w(ws 0 w3)) is given by

B2 _ B3
T(W1 O VY Chy1 -+ - Chpl—5y 1€k 145542 - - - Chtlm) = U1 €1 - - Chgy 1€kt 16242 - - - Chtltms

which is simply vlﬁ ®pg after relabelling. No cancellation happens on the second application

of m for the same reason as above. Lastly we have that if no dy exists then we must have
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Yo =71 and thus 7(w; o 7(ws 0 w3)) = w(wy 0 VS paps) = vps.

Now consider (2.5.4a), (2.5.4d), (2.5.4¢) and (2.5.4h). We will reduce each of these
using the following argument. In each the last v, + 1 edges of p; are the same as the last
71+ 1 edges of p; ' and the (k —~; — 1)th edge of p; concatenated with the last [ —~; — 1
edges of p, are the same as the last [ —~; edges of p;'. In each of these cases this implies
that we have 0o > 1 —~ — 1. If 9 +1 > [ —~; — 1, then the (I — 71)th edge of ps is the
same as the (7, + 1)th edge of ps, which is also the same as the (k — v;)th edge of p.
But we have that the (I —v;)th edge of p3 is also the same as the (k — ~; — 1)th edge of
p1, SO p; has two copies of the same edge adjacent to each other and thus w, is not in
Lr. This gives a contradiction so we conclude that d, +1 =1 —~v; — 1 in each of the four
cases. If we now consider just (2.5.4a) with do +1 =1 —; — 1 it is clear that we will

have 79 = k — 1. Thus m(w; o 7(ws 0 w3)) is equal to

B2 _ .53
7T(7~U1 OV €k+1 -+ - Chtl—62—1Ck+1+02+2 - - - €k+l+m> = Uy €2k4265+3 - - - Ck+l+m,

which is 1€ 9129, 1 - - - €ks1em With relabelling. Similarly (2.5.4d) with 0, +1 =1 —

71 — 1 means that v = — +m — 205 — 3 and m(w; o w(wq 0 w;3)) is given by

B2 _ ,.Bs3
W(wl OUg €kt1 -+ - Chtl—3—1Ck+14+5242 - - - ek+l+m) = U1 €1...€k_|—m+262+2;

which, when edges are suitably relabelled, is v’f €1 ... €hti—m—2y,—2. If we consider (2.5.4e)
with 0y = [ — v, — 2 then v = m — [+ 27v; — 1, which one should see is also equal to £ — 1

and thus we have

m(wy o w(wy o ws)) = w(wy o vgzekﬂ e Ry 1€k 14092 « - - Chtlim) = vf?’.

The last case we consider with 0o = [ —~; — 2 is (2.5.4h). Note that this implies that
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Yo =1 + 61 + 1 and we have m(w; o m(wy 0 ws)) is equal to

B2 _ B3
7T(w1 O Uy €kt1 -+ - Cktl—02—1Ck+1+02+2 - - - 6k+l+m) =V €1 Clrmy1Ckty4+25242 - + - Chtltm,

or 1)15361 c e Chyy— 61 —2Ck4 20—~y 48, +1 - - - Ekti+m after relabelling edges.

Next we consider cases (2.5.4b) and (2.5.4c¢) together. In each note that as §; = m—1
and we must have d; > d; so we have 65 = m — 1. We therefore also have that 7, = ¥5 in

both cases, and

m(wy o w(wy o ws)) = w(wy o U§2€k+l+1 e Chtlem) = vf361 e Chony— 1€kt 42 - - - Chtlom

and

m(wy o w(wy o ws)) = w(wy o vgzekHH e Chilom) = v'fsel e €l -2,

respectively.

Case (2.5.4f) is relatively straightforward. It is clear that d, must equal d; and thus also
Y2 = 71, and hence the two regions where cancellation occurs do not overlap. Therefore
the order does not matter.

Now consider (2.5.4g) and notice that we have v; + d; +2 = [. We also have that the
last v, + 1 edges of p; are the same as the last ; edges of p,* and the first [ — v, — 1
edges of ps are the same as the first [ —; — 1 edges of p,*. Again we must have d, > §;,
so we consider first the case when 0, = — 1 # m — 1. This implies the first [ edges of p3

1

are the same as p, and hence the last v; edges of p; are the same as the (I — ~;)th to

Ith edges of p3. Thus 7(w; o m(wy 0 w3)) is equal to

B2 _ B3
W(w1 O Uy " Cky2141 - - - €k+l+m) =V1€1.-..CkCLy2I41 - - - Chtltm,

which is v]®e; . .. €x_vy,—1€k+204, - - - €ktirm after relabelling. If we now let oy = m — 1 #
[ —1 then ps is equal to the first m edges of p, ' and thus the (I —~;)th to the mth edges of

ps are the same as the (k—~;)th to the (k—[+m)th edges of p;. Thus 7(w; om(wyows))
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is given by

B2 _ .83 _ .,B3
(W1 O V3 €pt1 -« - - Chpimm) = V) €1 .. €h—fm = VI €1 . . €y — 1€kt 2=y - - - Ehtlbm-

If we have 0, = — 1 = m — 1 then p3 = p, ', so the last v, + 1 edges of ps are the same

as the last v, + 1 of p;. Hence m(wy o m(wq 0 ws)) is

m(wy o UQﬂQekH e Chalom) = vf?’el — Ulﬁ361 €5y — 1€k 2=y - - - Ehtlbm-
When 63 # 1 — 1 and 9 # m — 1 then we have two further cases: d, = d; and 9y > ;.
If 65 = 61 then clearly we also have v, = 7; and the result follows trivially. If 6, > 4,
then the first 5, 4 1 edges of ps are the same as the first d, + 1 edges of p,* and thus the
(k — v )th to (k — 1 + 05 + 1)th edges of p; are the same as the (k + 2] — v1)th to the

(k+ 1+ 92+ 1)th of p3. Thus m(wy o w(wy 0 ws)) is given by

B2 _ ,.Bs
(W1 O VG €hy1 - - - Chplom) = V] €1 - - €15y 1 1Ck 4145542 - - - Chtltm;

which is v’f%l C e Ch—§—1Ck+ 20—y - - - Chti+m after relabelling.

Case (2.5.41) is straightforward; as there is no §; there must also be no d, and thus
v9 = 71 as well. The result then follows trivially.

In case (2.5.5a) we have §; = k+ [ — 1 so we must have o = — 1 and v, = k — 1.
Thus m(w; o m(wq 0 w3)) = m(wy o U2'826]€+25+1 e Chalam) = vf362k+21+1 e Chilim-

Consider now (2.5.5b). As §; = m — 1 we must have either 05 = m — 1 or dy # m — 1.

If 0o = m — 1 then 7, is not defined and we have

m(wy o m(wy 0 ws)) = w(wy o ngGkH e Chtlem) = Uf3€1 e Chilm.

If 63 # m — 1 then 63 = [ — 1 and the last m — [ edges of p; are the same as the last m — [
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edges of p3'. Thus 75 = m — [ — 1 and we have

7(wy o w(wy o ws)) = m(wy o U2626k+2l+1 e Chtlim) = vf361 e Chitlm-

Case (2.5.5¢) is similar to the previous case, but as 6 = m —1 =k + [ — 1 we have

that 0o =l —1land o, =k—1=m —1[— 1. Thus

7(wy o w(wy 0o w3)) = w(wy o v2626k+2l+1 e Chalam) = vlﬂ‘“’.
Case (2.5.5d) is the final case that is not completely trivial. As d; can be greater than
[ — 1 we have either that d5 = §; or 61 > [ — 1. In the case where d9 = §; it is clear that
~v9 must not be defined and the result follows. When §; > [ — 1 then we have 6 =1 — 1

and thus v, = §; — [ and

_ B2 _ B3
m(wyom(wgows)) = T(W1 0V €211 - - - Chtitm) = V1 €1 -+ Chihd, 1€k tlsdy 12 - - - Chtitm-

Lastly we consider (2.5.5e) which is trivial as v; and d; not being defined means o

and d, are not either and we are done. O

We now have enough to show that what we have constructed is an objective partial

group.

Proposition 2.5.22. The pair (Lr, Ar) is an objective partial group with product map

IT and inversion 1.

Proof. 1t is easy to see that Lr is contained in Da r as Da r contains all walks on I' and
all walks with a vertex at the start of them. It is also clear that if w is in Dar then
all subwords of w are in Da r; we can remove vertices or edges from the end of a word
admitted by the automaton and still obtain a word admitted by the automaton as all
states are start and end states.

It is clear by definition of Lr that II is the identity on this set. All walks p of just
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edges in Lr by definition do not double back on themselves, so II(p) = p. Moreover if we
have a vertex followed by a walk, vp, then we have an odd number of vertices, so II(vp)
starts with a vertex. Hence II(vp) = vp.

Suppose u o v ow is a word in Da pr. By Lemma 2.5.19 the walks in the automaton
corresponding to v and II(v) have the same start and end states so if v ends at the same
state that v starts at then it ends at the same state that [I(v) starts at. Similarly if w
starts at the same state that v ends at then it must start at the same state that I1(v)
ends at. Hence uoll(v) ow is a word in D r. We then invoke an argument used several
times already in this text, namely in Propositions 2.4.3, 2.4.11 and 2.5.5. We can write
each word u, v and w as a list of subwords in £,, of length 1, uy o---owug, vy0---01
and wy o -+ 0wy, for k,I,m in N the length of u, v and w respectively. The map 7 is
associative on £,,, by Lemma 2.5.21, and we have that II and 7 agree on pairs in Lr by

Lemma 2.5.20. Thus

[(wovow) = m(r(- m(uy o uz) - 0 u) 0 vy) -+ 0 v) 0wy) - - 0 wy),
— r(r([(w 0~ o uy) o I(vg 0 - o)) o T(wy 0 -+~ 0 w,y),
:H(u1o"'O'U/kOH('U10"'O'Ul>Owlo"'owm>7

= II(u o II(v) o w).

Hence IT(u o v ow) = I(u o I(v) o w).
If w is a word admitted by the automaton associated to I' then, as every path between

states can be retraced, it is easy to see that w™! is also admitted by the automaton.

1

As w™! ends at the same state that w starts at it is clear that w™' o w is admitted

1

by the automaton and thus is in Dap. Certainly w™" o w contains an even number of

vertices, as both w™! and w contain the same number, so II(w ™! ow) contains no vertices.

1

Furthermore as the walk on the automaton that corresponds to w™" is by definition w

1

traced in reverse it is clear that the walk corresponding to w™" o w doubles back on itself

entirely. Thus II(w™' ow) = 1.
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We therefore have (Lr, Ar) is a partial group and as, by our construction, Do = Da

it is also objective. Hence (Lr, Ar) is an objective partial group. O]

Theorem 2.5.23. Let I' be a simply connected graph and let (Lr,Ar) be constructed
from T'. Then Aut(I') = Aut(Lr).

Proof. 1f 1 is in Aut(I") then v is a bijection on V and the set of walks of any length
on I" so induces a bijection on Lr. Furthermore, as it is a bijection on both these sets it
induces a bijection on Da . Let v{"p; and v5°ps be arbitrary elements of L such that
v p1ovy?pe is in Da p. Then it is easy to see that ¢ (7 (v]* p1ovy?ps)) = m (Y (vi' provs?ps))
and thus ¢ must commute with II on all of D ;. Therefore ¢ is an automorphism of
(Lr, Ar).

If ¢ is in Aut(Lr) then ¢ is a bijection on Lr and certainly must be a bijection on the
set of all order 2 elements in this set, namely the set V' U E. However, from this set only
elements of V' can be conjugated by an element other than themselves, they can also be
conjugated by edges that connect to them. Thus ¢ is a bijection on V' and therefore also

on E. Hence ¢ is in Aut(I") and Aut(I") = Aut(Lr). O
Theorem 2.5.24. The categories OPart and OPart are universal.

Proof. First note that by Lemma 2.2.24 isomorphisms in both categories are the same.
By the infinite version of Frucht’s theorem, [40] and [18, Theorem 7], we have that for
any group G there exists a simply connected undirected graph I' such that Aut(I') = G.
Theorem 2.5.23 gives us that Aut(I') = Aut(Lr) so Aut(Lr) = G and as G was an

arbitrary group then both categories of objective partial groups are universal. O

2.6 Localities

We now move on to consider localities, in other words objective partial groups where

there is a maximal p-subgroup S in A such that every p-subgroup of L is a subgroup of
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S, and A is closed upon taking overgroups. In the hierarchy of definitions that Chermak

gives this is the next step in adding structure from an objective partial group.

2.6.1 Automorphisms of localities

We will show here that the additional structure of a locality already means localities have
too much structure to have automorphism groups that are cyclic of odd-order. In order

to do this we first recall a basic result of group theory.

Lemma 2.6.1. If G is a finite group with Inn(G) cyclic then G is abelian.

Proof. Suppose Inn(G) = G/Z(G) is cyclic. We can write any ¢ in G as 2™h for (x) a
representative of Inn(G) in G and h a element of Z(G). Thus

gi1gz2 = x"hlxth = $n+mh1h2 = $mh21’nh1 = g201,

for g1 and g9 arbitrary elements of G. Hence G is abelian. O
We now prove a couple of useful lemmas about automorphisms of localities.

Lemma 2.6.2. If (L,A,S) is a locality then every automorphism in Inn(S) extends
uniquely to an automorphism in Inn(L). Furthermore there is a subgroup of Inn(L)

isomorphic to Inn(95).

Proof. Let v be an element of S such that conjugation by ~ is a non-trivial element of
Inn(S). Let g1 ... g, be aword in Da, so there exists a list of subgroups of S, X, ..., X,,
such that X7*' = X; ;. As ~y isin S there exists a Y_; in A such that X] = Y_; and
a'Y, in A such that X} =Y,. Thus (¢1...9,)" = 7 'g1...gn7y is in D by the list of

subgroups Y_1, Xo, ..., X,,, Y,. By the definition of IT we have that
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so conjugation by v commutes with II. Thus conjugation by ~ is a homomorphism of
partial groups and as y was arbitrary so is all of Inn(S). Conjugation by y~! is therefore
also a homomorphism of partial groups and it is clear that composing the two morphisms
in either way gives the identity on £. Thus conjugation by ~ is an automorphism of L.
Consider ¢, ...¢g, and Xj,..., X, again and note that for each X; we have a Y;
such that X7 = Y;_; because v is in S. Thus g/ ... g} =7y 'g1v...7 g,y is in Da by

Y 1, Xo, Yo, ..., X,,Y,. Furthermore, again by the definition of II, we have

Iy gy g2 o9y gny) = Uy Iy g2 - - Ty Dgny) = T(v g1 - - . gn),

hence conjugation by + is an inner automorphism of £. It is clear that the group structure
of Inn(S) is preserved in extending to L so there is a subgroup of Inn(£) isomorphic to

Inn(S). O

A version of this result exists for fusion systems but not in the language of localities.

We now have enough to prove the main result of this section.

Proposition 2.6.3. If (L, A,S) is a locality then Aut(L) is not isomorphic to C,, for

any n > 1 odd.

Proof. By Lemma 2.2.15, we have that if S abelian then £ = N,(5) and L is a group.
Thus, by Theorem 2.3.4, Aut(£) cannot be a non-trivial odd-order cyclic group. We
therefore assume S is not abelian. But in this case Inn(9S) is non-trivial. Furthermore,
by Lemma 2.6.1, S being not abelian means Inn(.S) is not cyclic. Thus, by Lemma 2.6.2,
we have Inn(S) is a subgroup of Inn(£) which in turn is a subgroup of Aut(L), by
Proposition 2.2.29(ii). Thus Aut(£) cannot be cyclic. We therefore have that given any

locality Aut(L£) is not isomorphic to C,, for any n > 1 odd. O
Corollary 2.6.4. The category FinLoc is not finite universal.

Proof. By Proposition 2.6.3, we have that there does not exist a locality with automor-

phism group C,, for n > 1 odd. Thus the category is not finitely universal. O]
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Note that this result also clearly implies that one cannot construct a proper locality
with automorphism group C,,, for n > 1 odd. Thus, in Chermak’s structural hierarchy;,

localities are the natural place to stop when looking for universality.
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APPENDIX A

CODE

A.1 Code pertaining to 2.5.1

Each of the following arrays of strings is an element of £ where the first string is the
element, the second is the set of potential start states of the element in A, when considered
as a walk on the automaton in Figure 2.1 and the third is the set of potential end states
of the element in A, when considered as a walk on the automaton in Figure 2.1. Note
that as elements of different index cannot be multiplied together, with the exception of

x;11 and elements of index ¢, we consider some fixed index ¢ and relabel z;,; to y.

- — b b ” 2 b b 7 b b b b b b b b b ” b b 99 b 99 b 99

A:={[7t7,)7¢7 787 ], [7u” )7 u” )7 u ][OV 0T T W )W e
b)) b)) 7 b)) b2l 2 2 b)) bM) 2 2 b)) b)) b b)) b)) 2 b)) .

["x”,)7tu” Put” ] [Ty v v ] [Tz ) vw? T wvT )

B - —_ b t 7 b t 7 2 7 b 7 7 b 7 t b b b 2 b 7 b b b 7 b 7 b
*{[ X, 7u]7[ ux-, u, ]7[ uy , u ,°V ]7[ vy Vv 7u]7
b)) b)) ” b)) b2l b)) b)) b)) b2l b)) b2l 7 2 b)) b)) b)) b)) bkl 7 ” b)) b2l b)) b))

["vz”? )"V "W ] [Pwe” W VT ] [T xy? e T ] [T ey LT 0T
7 7 b 7 b 7 7 b 7 b 7 b b b 7 b 7 99 7 7 b 7 b 99
[Tyx” VT T ] [T vyxT VT e [Ty W ] [Tayz” T W
k)] 2 7 b)) 9 b)) k2] 2 b 99 b bh b bl ” b bh 99 7 bh b bh b 99
["zy”? "W 7w ] [Pway” w7 ] [P xyz” 007w [T txyz” 07 W
7 7 7 99 7 b b 7 b 99 b 7 .

["zyx” ,)"w” 267 ] [T wzyx” w767 ] )

The following function concatenates two elements if they can be multiplied and removes

any double letters that appear as a result of the concatenation.

function Prod(X,Y)

L[y vy v .
Ans:=[77 77 77 ],
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for i in {1..4X/3]} do
for j in {1..#Y/2]} do

if (X[3][i] eq Y[2][j]) then

while (Min(£X/1],#Y[1]) gt 0 and X[1][#X[1]] eq Y[1][1]) do
X[1]:=Prune (X[1]);

if (1 eq #V[1]) then Y[1]:="7;

else Y[1]:=Substring (Y[1], 2, #V/[1] 1);

end if;

end while;

Ans[1]:= X[1] cat Y[1];

Ans[2]:=Ans[2] cat X[2][i];

Ans[3]:=Ans[3] cat Y[3][j];

end if;

end for;

end for ;

if (#Ans[1] gt 0) then return Ans;

else return 0;

end if;

end function;

The following function checks to see if the first two letters can be swapped and swaps if

they can, and then simplifies.

function Flip (X)

FLIP:=[["xt” ,”ux” ] ,[”xu” ,”tx" | ,[7yu” ,”vy” | ,["yv",uy” ],

vt ] Lo v ]

for i in [1..#FLIP] do

if (#X[1] gt 1 and Substring (X[1], 1, 2) eq FLIP[i][1]) then
if (#X[1] eq 2) then X[1]:=FLIP[i][2];

else

Y:=FLIP[i][2];
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Z:=Substring (X[1], 3, #X[1]—-2);
while (Min(#Y,#Z) gt 0 and Y[#Y] eq Z[1]) do
Y:=Prune(Y);

if (1 eq #2) then Z:="7;

else Z:=Substring (Z, 2, #7-1);
end if;

end while;

X[1]:=Y cat Z;

end if;

end if;

end for;

return X;

end function;

The following function checks to see if the nth and n + 1th letters can be swapped and

swaps if they can, and then simplifies.

function Flipn(X,n)

c:=0;
FLIP::[[” Xt” ’77 UX” ] ,[”XU” ,77 tX” ] , [77 yu77 ’77 Vy” ] , [77 yV” ’77 uy77 ] ,
[7’ ZV” ,”WZ”:I 7[”ZW” ’?7 VZ?’ ] ] ;

for i in [1..#FLIP] do

if (#X[1] gt n and Substring (X[1], n, 2) eq FLIP[i][1]) then

if (#X[1] eq n+1) then X[1]:=Substring (X[1], 1, n—1) cat FLIP[i][2];
else X[1]:=Substring (X[1], 1, n—1) cat FLIP[i][2] cat

Substring (X[1], n+2, #X/1]—1-n);

end if;

Y:= Substring (X[1], 1, n—1);

Z:=Substring (X[1], n, #&X[1]-n+1);

while (Min(#Y,#Z) gt 0 and Y[#Y] eq Z[1]) do

c:=c+1;
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Y:=Prune(Y);

if (1 eq #Z) then Z:=77;

else Z:=Substring (Z, 2, #7-1);

end if;

end while;

X[1]:=Y cat Z;

if (¢ 1t 2 and #Z gt 2-c) then

A:=Y cat Substring(Z, 1, 2—c);
B:=Substring (Z, 3—c, #Z-2+c);

while (Min(#A4,#B) gt 0 and A[#A] eq B[1]) do
A:=Prune(A);

if (1 eq #B) then B:=77;

else B:=Substring (B, 2, #B-1);

end if;

end while;

X[1]:= A cat B;

return Append (X, IntegerToString(c));
end if;

end if;

end for;

return Append (X, IntegerToString(c));

end function;

The following function moves along a word and applies Flipn each time until it swaps

letters and then moves back down applying Flipn.

function Flips (X)
Y:=Flip (X);
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if (i gt 1 and not Flipn(Y,i)[1] eq Y[1]) then
7:=Y;

c:=StringTolnteger (Flipn(Z,i)[4]);

Ji=1;
d:=c;
e:=c;

while j—d gt 2 do

7:=Y;

Y:=Flipn(Z,j—1-d)[[1,2,3]];
d:=StringTolnteger (Flipn(Z,j—1-d)[4]);
e:=e+d;

ji=j1d;

end while;

Y:=Flip(Y);
end if;
i:=i4+1-2xe;

end while;
return Y;

end function

The following multiplies all elements of SET together that can be and simplifies, then

checks if the resulting element is in SET and only prints it if not.

SET:=A join B;

a:=0;

ANS:= {};

for X in SET do

for Y in SET do

if (Type(Prod(X,Y)) eq SeqEnum and not Prod(X,Y) in SET) then

if (#Prod(X,Y)[1] gt 0 and not Prod(X,Y) in ANS then ANS:=ANS join
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{Prod (X,Y) };
a:=a+1;

end if;

end if;

end for;

end for;

a;

b:=0;

ANS2:={};

for i in [1..2] do
ANS2:=ANS;
ANS:={};

for X in ANS2 do
if (#Flips(X)[1] gt 0 and not Flips(X) in ANS2 then ANS:= ANS join
{Flips (X) };

end if;

end for;

end for;

ANS;

The following checks associativity on all triples and only prints triples that are not asso-

ciative.

ANS:={};
for X in SET do
for Y in SET do

for Z in SET do

A:=0;
B:=0;
C:=0;
D:=0;
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if (Type(Prod(X,Y)) eq SeqEnum and Type(Prod(Y,Z)) eq SeqEnum) then
if (#Prod(X,Y)[1] gt 0 or #Prod(Y,Z)[1] gt 0) then

A:=Prod (X,Y);

B:=Prod (Y,Z);

for i in [1..2] do

if (#A[1] gt 2 and Flips(A) ne A) then

A:=Flips (A);

end if;

end for;

for i in [1..2] do

if (#B[1] gt 2 and Flips(B) ne B) then

B:=Flips(B);

end if;

end for;

if (Type(Prod(A,Z)) eq SeqEnum and Type(Prod(X,B)) eq SeqEnum) then
if (#Flip (Prod(A,Z))[1] gt 0 or #Flip(Prod(X,B))[1] gt 0) then
C:=Prod (A,Z);

D:=Prod (X,B);

for i in [1..2] do

if (#C[1] gt 1 and Flips(C) ne C) then

C:=Flips (C);

end if;

end for;

for i in [1..2] do

if (#D[1] gt 1 and Flips(D) ne D) then

D:=Flips(D);

end if;

end for;

if (C[1] ne D[1]) then

ANS:= ANS join {[C,D]};
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end if;
end if;
end if;
end if;
end if;
end for;
end for;

end for;

A.2 Code pertaining to 2.5.2

Sets A, B, C, D and F for ¢ = 3. Each of the following arrays of strings is an element
where the first string is the element, the second is the set of potential start states of the
element in A, when considered as a walk on the automaton in Figure 2.1 and the third
is the set of potential end states of the element in A, when considered as a walk on the

automaton in Figure 2.3. Again we consider with respect to a fixed index i and relabel

Zit1 to y.

A::{[”t” ’77tu77 ’77tu77:| 7[”11” ’77tuv77 7”tuV”:| 7[7’V” ’”uVW” , 77uVW77] ,

[77tuX77 ,77tu77 ,77 ut”} ,[77 uvy” ,77uv77 7”Vu”:| 7[”VWZ” , VW , WV??] ,

[77 XVX?’ ,771:77 ,”t”] ,[”ZUZ” ,”W” ,”W”] ,I:”tXVX” ,77t77 ,”t”] ,[”WZHZ” ,”W” ,”W”] ,
[77 tvt” ,77 u?? ’77 u??] 7[77L1‘R71177 777\777 777‘/,77] , ,[77tuvt77 777 u77 777 u”] ’I:”uVWu” , v , V??] ,
[77 UXVtX” ’7’ t” ,”t”} ’[’7 ZUWUZ” ,”W” ,”W”] ’[’7tuxth” ,”t” ,”t”] ,

[77 WZUWUZ” ’77W77 ,77W77 ] } ;

B::{[”tx” ’77tu77 7’7ut77] ’[’7uX77 77’tu’7 ’77ut77:| 7[77uy77 777uv77 7”Vu”] ,

[7? Vy” ’77 UV” ,77 Vu)’ ] , [77 V7 , VW , WV ] , I:”WZ , VW , WV” ] };
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C::{I:”tV” ’77u77 ,77u77:| 7[77Vt77 ,77u77 ,77u
R ” R ” R 2 2 R 2 R 2
["xvtx” )77 787 ] [T uxvx” 767 )7t

[77 VZUZ” 777W77 ,77W77 ] };
D,_{[?’ tuV” 2 u” 7 u” ] [77 uvt” R u”

c T ) ) ) ) )
[77ku77 777 V’? ’77 V’? ] , [77 tXVtX” 777 t?’ 777 t

P a—))

9 (9
W,

[7’ WZUWZ” , W } 7[” VWZUZ” 77’W77 ,

E::{[”VX” ’77u7’ 7”t”] ’I:”tVX” ,’7u77 ’77

[77 tVtX” ,77u77 777t77:| ’I:”uVX” , ’77‘;77

[77 tthX” ’77u77 ’77 t77

[77 uXVt?? 777t77 777u77 ]

[77 tuxvt” ’77 t?? ’77u77

”»
te,
, 7 t 7

R 7 2 2 2 ” ” ” R 2 R 2
["vyx” )"v? 787 ] [T wyx” v 7

[77 U_VyX” ,”V” 777t77:| ’I:”uWyX” ,77 V” ,77t

[77 uvaX” ,”V” ,”t”] ,[”VWqu” ,”V” ,

[77 uVWqu” ’77V77 ,77t77] 7[77 yz77 ,77u77 7”W

[7’ VyZ” ’77u77 7”W”] 7[”tuyz” ’77u’7 ,”W”

2

[77 VtyZ” ’77u ’77 ” ”

”
u )

W77 ] , I:”tuVyZ” ,

” 2

7
u )

7 b

["tvtyz”, w’ ], [7tuvtyz” ,"u

b)) 7 b)) 99 b)) ” 2 9 b))
["vzy” )"w” ) "u” ] [T wzy”

W” , 9 u77 ]

W” ] , [77 thyZ” ,

77] ,[77uw77 ’77V77 777V77] 7[77‘7\71177 777V77 777V77] ,

9

77] 7[77quZ77 ,”W , W”] ,

b

77u” ] ,[”U.VW” ,”V , V?’ ] ,

77] ’[”tUXVX” ’77t77 ’77t77:| ,

”W”]}.
?
t??] ,[”VtX”,”u”,”t”],

7

u

] 7[77tuVX77 , 7 777t77:| ’I:”thX” ,77u7’ 777t77

] ,I:”UXV” ,771:77 ,77u77] ,[”th” ,”t” ’”u”] ,

”

9
, u

] ,[77tuXV77777t77 ] ’[77tXVt77,77t77777u77

9

|, [7tvy” 7w,

”V”] ,[”Vty” 77’u77 ,”V”:I ,

2

] 7[”tuvy” 7”u I

”

|, [7uvty” ,”u”,

b

] ,[”uwy”,”v , ,[”Wuy”,”v”,”u”],

] 7[7’ UVWY” ’”V” ,

b ”

|, [7uwz” v,

9,0

|, [7uvwz” v

2 9

|, [7zaw” "W |

R}l

|, [ wzuw” 7w |

] [ ” th77 2 t ” 7 V?? ]
9 9 9

] , [7’ txvy” 7’7t77 ,

V)’] ,[”tXVty” ,”t” ’? v

—

7

9 9 9 IR )
7V]7[ yxo o, v,

b 9 9,0 N LM
9 [ VWyX ) v ) t ]

77] 7[77Wqu” 777‘/,77 ’77t77:| ,

”t”] ,[”UWU}/X” ,”V” ,”t”:l ,

) 7 ” ”

9
, W

] ,[77tyz77 777u

9 447

b v
u )

] ,[7uvyz”, w

” ”

u,

777W” ] , [7’ Zy”

b 9 9 )
9 [ Zuy Y w 9
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b b 7 99 7 7 7 7 7 99 7 b b 7 b 7
wany” W] [Py W] [Py e e

[77 quWy” ,”W” ’77u77 } ’[77 szuy” ,”W” ’77u77 ] ,[”leWlly” ,”W” 7771‘177] ,

” b b2 b)) 2 ” ” ” b ” ” b)) 2 ” 2 ” 2 b))
["wzuwuy” ,"w” ) 7u” | [V xyz” 067 0w ][V txyz” 067 W

b WML N v b WML N b MM L » 99 xr0?
[ quZ Y t ) w ] 7[ tquZ 9 t ) w ] 7[ vaz ) t ) w ] )

vl

I:”tXVyZ” ’77t77 ’77W77} 7[77 uXVyZ” ’77t77 7”W ] 7|:77 XVtyZ” ’77t77 ’77W77j| ,

[”tuXVyZ” 777t” 777W7’:| 7[77txvtyz7’ ,”t” 7’7W77:| 7[77 uXVtyZ” 7’7t77 7’7W77] ,

99 v

” »oMLn » ” » o ” 4 ” NN ML
[tllXVtYZ ot aW]a[ zyx”,"w’ "t ]7[WZyX WLt ]7

” ” ” 9 ” b)) b)) ” b)) 9 7 b2 2 ” b2 b)) 2 ”
["vzyx” ) ?w? 767 ] [T vwzyx” w767 ] [V zuyx” 0w LT

v v

[77 WZqu” ,”W ’77 t” } , [”Zuwa” ,”W ’77 t?? ] , [77 VZqu” ,”W” ’77 t” ] ,

9

[77 WZUWyX” ’77W77 ,77 t?? ] , [77 VWZqu” ,”W ’77 t?? ] , [77 ZuWqu” 777W77 777 t?? ] ,

[ ” WZUWLlyX” , ” W , ” g9 ] }

The following function concatenates two elements if they can be multiplied and removes
any double letters that appear as a result of the concatenation. This function is also used

in the ¢ = 5 case.

function Prod(X,Y)

Ans:=["7 7777 ]

for i in {1..4Y/3]} do

for j in {1..#Y/[2]} do

if (X[3][i] eq Y[2][j]) then

while (Min(#X[1],#Y/[1]) gt 0 and X[1][#X[1]] eq Y[1][1]) do
X[1]:=Prune (X[1]);

if (1 eq #Y[1]) then Y[1]:="7;

else Y[1]:=Substring (Y[1], 2, #Y/[1] 1);
end if;

end while:

Ans[1]:= X[1] cat Y[1];

Ans[2]:=Ans[2] cat X[2][i];
Ans[3]:=Ans[3] cat Y[3][j];

end if;
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end for;

end for;

if (#Ans[1] gt 0) then return Ans;
else return 0;

end if;

end function;

The following function checks to see if the first two letters can be swapped and swaps if
they can, and then simplifies. It then checks if the first three letters can be substituted
and if they can it substitutes and simplifies and repeated letters. It then checks for two

remaining subwords and replaces these if they occur.

function Flip (X)
FLIP::[[”Xt” ’”uX”:I ,I:”Xu” 777t:><77:| ’[77yt77 7”Wy”:| ’[77yu7? ’”Vy”] ’[77yv77 ’77uy77:| ,

I:”yW” ’77ty77] ,[”ZV” ,”WZ”:I ’I:”ZW” ,”VZ”:I 7[77 ut?? 7”1}1,1”] 7[?7vu77 77711‘]77} ,

v ]
FLOP:=[["zuv” ,"wzu” | ,["xvu” ,”txv” | ,[7vtv” 7 tvt” |, ["wuw” ,”uwu” |,
["vtu” " uvt” |, [Pwuv” [ "vwu” | ];

for i in [1..#AFLIP] do

if (#X[1] gt 1 and Substring(X[1], 1, 2) eq FLIP[i][1]) then
if (#X[1] eq 2) then X[1]:=FLIP[i][2];

else Y:=FLIP[i][2];

Z:=Substring (X[1], 3, #X[1]—2);

while (Min(#Y,#Z) gt 0 and Y[#Y] eq Z[1]) do

Y:=Prune(Y);

if (1 eq #Z) then Z:=77;

else Z:=Substring(Z, 2, #7-1);

end if;

end while;

X[1]:=Y cat Z;

end if;
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end if;
end for ;

for i in [1..#4FLOP] do

if (#X/1] gt 2 and Substring(X[1], 1, 3) eq FLOP[i][1]) then
if (#X[1] eq 3) then X[1]:=FLOP[i][2];

else X[1]:=FLOP[i][2] cat Substring(X[1], 4, #X/1] 3);

if (X[1][3] eq X[1][4]) then

if (#X[1] eq 4) then X[1):=Substring (X[1], 1, 2);

else X[1]:= Substring (X[1], 1, 2) cat Substring(X[1], 5, #X[1] 4);
end if;

end if;

if (#X[1] gt 2 and X[1][2] eq X[1][3]) then

if (#X[1] eq 3) then X[1]:=X[1][1];

else X[1]:= X[1][1] cat Substring(X[1], 4, #£X[1]3);

end if;

end if;

if (AX[1] gt 1 and X[1][1] eq X[1][2]) then

if (#X[1] eq 2) then X[1]:="7;

else X[1]:=Substring (X[1], 3, #X[1]2);

end if;

end if;

end if;

end if;

end for

if (#X[1] gt 3 and Substring(X[1], 1, 4) eq "vezuw”) then

if (AX[1] eq 4) then X[1]:="zuwu”;

else Y:="zuwu”;

Z:=Substring (X[1], 5, £X[1] 4);

while (Min(£Y,#Z) gt 0 and Y[#Y] eq Z[1]) do

Y:=Prune(Y);
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if (1 eq #Z) then Z:="7;
else Z:=Substring(Z, 2, #7-1);

end if;

end while;

X[1]:=Y cat Z;

end if;

end if;

if (#X[1] gt 4 and Substring (X[1], 1, 5) eq "vwzuw”) then
if (#X[1] eq 5) then X[1]:="wzuwu”;

else Y:="wzuwu” ;

Z:=Substring (X[1], 6, #X[1]-5);

while (Min(#Y,#Z) gt 0 and Y[#Y] eq Z[1]) do
Y:=Prune(Y);

if (1 eq #2) then Z:="7;

else Z:=Substring (Z, 2, #7-1);

end if;

end while;

X[1]:=Y cat Z;

end if;

end if;

return X;

end function;

The following function checks to see if the nth and n + 1th letters can be swapped and
swaps if they can and simplifies. It then checks if the nth to n + 2th letters can be

substituted and if they can it substitutes and simplifies any repeated letters.

function Flipn(X,n)

c:=0;
FLIP = [[’7 Xt” ’77 uX” ] , [77 Xu?’ ,77 tX” ] , [77 yt” 777Wy77 ] , [77 yu77 ’7’ Vy” ] , [7’ yV” ’77 uy77 ] ,
I:”yW” ’77ty77 ] , [77 ZV” 7”WZ” ] , [77ZW77 ’77 VZ” ] , [77 ut” ’77tu77 ] , [77 Vu” 777 uV?? } ,
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I:”WV” ’77VW” ]] ;

FLOP:=[["zuv” ,"wzu” | ,["xvu” ,”txv” | ,[7vtv” 7 tvt” ] ,["wuw” ,”uwu” | ,
["vtu” ,7uvt” | [7wuv” [ "vwu” | ];

for i in [1..#FLIP] do

if (#X[1] gt n and Substring (X[1], n, 2) eq FLIP[i][1]) then
if (#X[1] eq n+1) then X[1]:=Substring (X[1], 1, n—1) cat FLIP[i][2];
else X[1]:=Substring (X[1], 1, n—1) cat FLIP[i][2] cat
Substring (X[1] ,n+2, #X[1/—1-n);

end if;

Y:= Substring (X[1], 1, n—1);

Z:=Substring (X[1], n, #X[1]-n+1);

while (Min(#Y,#Z) gt 0 and Y[#Y] eq Z[1]) do

c:=c+1;

Y:=Prune(Y);

if (1 eq #Z2) then Z:="7;

else Z:=Substring (Z, 2, #7-1);

end if;

end while;

X[1]:=Y cat Z;

if (¢ 1t 2 and #Z gt 2—c) then

A:=Y cat Substring(Z, 1, 2-c¢);

B:=Substring (Z, 3—c, #Z-2+c);

while (Min(#A4,#B) gt 0 and A[#A] eq B[1]) do

A:=Prune(A);

if (1 eq #B) then B:="7;

else B:=Substring (B, 2, #B-1);

end if;

end while;

X[1]:= A cat B;

return Append (X, IntegerToString(c));

136




end if;

end if;

end for;

for i in [1..#LOP] do

if (#X[1] gt n+1 and Substring (X[1], n, 3) eq FLOP[i][1]) then
if (#X[1] eq n+2) then X[1]:=Substring (X[1], 1, n—1) cat FLOP[i][2];
else X[1]:=Substring (X[1], 1, n—1) cat FLOP[i][2] cat
Substring (X[1], n+3, #X[1]-2-n);

end if;

Y:= Substring (X[1], 1, n—1);

Z:=Substring (X[1], n, #X[1]-n+1);

while (Min(#Y,#Z) gt 0 and Y[#Y] eq Z[1]) do

c:=c+1;

Y:=Prune(Y);

if (1 eq #Z2) then Z:="7;

else Z:=Substring (Z, 2, #7-1);

end if;

end while;

X[1]:=Y cat Z;

if (¢ 1t 3 and #Z gt 3—c) then

A:=Y cat Substring(Z, 1, 3—c¢);

B:=Substring (Z, 4—c, #Z-3+c);

while (Min(#A4,#B) gt 0 and A[#A] eq B[1]) do
A:=Prune(A);

if (1 eq #B) then B:="7;

else B:=Substring (B, 2, #B-1);

end if;

end while;

X[1]:= A cat B;

return Append (X, IntegerToString(c));
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end if;

end if;

end for;

return Append (X, IntegerToString(c));

end function;

The following function moves along a word and applies Flipn each time until it does flip

and then moves back down applying Flipn.

function Flips (X)

Y:=Flip (X);

if (i gt 1 and not Flipn(Y,i)[1] eq Y[1]) then
7:=Y;
Yi=Flipn (7,1 )[[1,2,3]];

c:=StringTolnteger (Flipn (Z,i)[4]);

ji=i;
d:=c;
e:=c;

while j—d gt 2 do

7:=Y;

Y:=Flipn(Z,j-1-d)[[1,2,3]];
d:=StringTolnteger (Flipn(Z,j-1-d)[4]);
e:=e+d;

jimjo1d;

end while;

Y:=Flip(Y);
end if;
i:=i4+1—-2xe;
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end while;
return Y;

end function;

The following multiplies all elements of SET together that can be and simplifies, then
checks if the resulting element is in SET and only prints it if not. This is also the same

for the ¢ = 5 case using the appropriate functions.

SET:=A join B join C join D join E;

a:=0;

ANS:={};

for X in SET do

for Y in SET do

if (Type(Prod(X,Y)) eq SeqEnum and not Prod(X,Y) in SET) then
if (#Prod(X,Y)[1] gt 0 and not Prod(X,Y) in ANS then ANS:=ANS join
{Prod (X,Y) };

a:=a-+1;

end if;

end if;

end for;

end for;

a;

b:=0;

ANS2:={};

for i in [1..2] do

ANS2:=ANS;

ANS: = {};

for X in ANS2 do

if (#Flips(X)[1] gt 0 and not Flips(X) in ANS2 then ANS:= ANS join
{Flips (X)};

end if;
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end for;
end for;

ANS;

The following checks associativity on all triples and only prints triples that are not asso-

ciative. This is also the same for the ¢ = 5 case using the appropriate functions.

ANS:={};
for X in SET do
for Y in SET do

for Z in SET do

A:=0;
B:=0;
C:=0;
D:=0;

if (Type(Prod(X,Y)) eq SeqEnum and Type(Prod(Y,Z)) eq SeqEnum) then
if (#Prod(X,Y)[1] gt 0 or #Prod(Y,Z)[1] gt 0) then
A:=Prod(X,Y);

B:=Prod(Y,Z);

for i in [1..2] do

if (#A[1] gt 2 and Flips(A) ne A) then

A:=Flips(A);

end if;

end for;

for i in [1..2] do

if (#B[1] gt 2 and Flips(B) ne B) then

B:=Flips(B);

end if;

end for;

if (Type(Prod(A,Z)) eq SeqEnum and Type(Prod(X,B)) eq SeqEnum) then

if (#Flip (Prod(A,Z))[1] gt 0 or #Flip(Prod(X,B))[1] gt 0) then
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C:=Prod (A,Z);

D:=Prod (X,B);

for i in [1..2] do

if (#C[1] gt 1 and Flips(C) ne C) then
C:=Flips (C);

end if;

end for;

for i in [1..2] do

if (#D[1] gt 1 and Flips(D) ne D) then
D:=Flips(D);

end if;

end for;

if (C[1] ne D[1]) then
ANS:= ANS join {[C,D]};
end if;

end if;

end if;

end if;

end if;

end for;

end for;

end for;

ANS;

Sets A, B, C, D and E for ¢ = 5. What follows this is a version of each of the functions
given above but for ¢ = 5. Each function therefore includes a further set of subwords

that can be substituted.

A::{[” t” ’77tu77 ,77tu77 ] , [77u77 ,77tuv77 ’”tUV” ] , [77V77 ’”uVW” , ”UVW” ] ,

7 Yol ” 7 7 7 b 7 7 7 7 2 2 7 7 2 7 7 ” 2 b2 ” 2 ””
["w” ) 7vw” Pvw” ] S [TxT 7t Pt ] [Ty a7 va” ] [ 727 ) vw? T wvT
[77 tu” ’77tu77 777tu77 ] , [77 uV” ’77 uV” ’77 uV’? ] , [77VW77 777 2 ’”VW” ] ,
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[77tuX77 ’77tu77 777 ut”} ,[77 uvy” ,77uV77 ,”Vu”:l 7[”VWZ” ’”VW” 777WV77] ,

[77 XVX?’ ’77 t?? ’77 t?? ] , [?7 Zuz’? ,”W” ,”W” ] , [7? tXVX” ’77 t?? ’77 t?? ] , [?7 WZUZ” ,”W” ,”W” ] ,
[77 tvt77 777 u?? ’77 u??] ’[77 tVtVtﬂ ,77 u?? 777 u??] ,[77 VtV” 777 u77 ,77 u??] ’I:”uWu” ’77V77 ’77V77:| ,
LA bR b R

[”UWUWU”, v’y ]’[n W”,”V”,”V”] ,[”tuvt”,”u”,”u”],

”

[77 tthVt” ’77u77 77711”] 7[77 thV” , u77 ’77u77:| 7[77uku77 , v , V?’] ,

[”UVWUWU” ’77V7’ ,77 V”:I 7[77 UW” 77’V77 777V’7:| ,I:” uXVtX” 7”t” 77’t77] ,
99 xp?? ”
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SET:=A join B join C join D join E;

function Flip (X)

FLIP::[[UXt?? 77711)(77] 7[77Xu77 777t)(77:| 7|:77},t77 777Wy77] ’[77yu77 777‘]3/,77] ’[77yv77 ’77uy77:| ,

9 b ”o»

[”yW” ,”ty”:l ,I:”ZV , WZ’?] ,[”ZW , VZ”] ’[77 ut?’ ,”tu”] 7[”Vu” 777uv77} ,

[77WV77 ’77VW77 ]] ;

FLOP:ZH”ZUV” ,”WZU” ] , [77 XVU” ,”tXV” ] , [”vtu” ’77 th” ] , [”WUV” 7wku7a ]] 7

FLAP:=[["wuwuw” ,”uwuwu” | ,[” vtvtv” " tvtvt” |];
for i in [1..#FLIP] do

if (#X[1] gt 1 and Substring(X[1], 1, 2) eq FLIP[i][1])
if (#X[1] eq 2) then X[1]:=FLIP[i][2];

else

Y:=FLIP[i][2]:

Z:=Substring (X[1], 3, #X[1]—-2);

while (Min(#Y,#Z) gt 0 and Y[#Y] eq Z[1]) do
Y:=Prune(Y);

if (1 eq #Z) then Z:=77;

else Z:=Substring (Z, 2, #7-1);

end if;

end while;

X[1]:=Y cat Z;

end if;

end if;

end for;

for i in [1..#FLOP] do

if (#X[1] gt 2 and Substring (X[1], 1, 3) eq FLOP[i][1])
if (#X[1] eq 3) then X[1]:=FLOP[i][2];

else

Y:=FLOP[i][2];

Z:=Substring (X[1], 4, #X[1]—-3);
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while (Min(#Y,#Z) gt 0 and Y[#Y] eq Z[1]) do
Y:=Prune(Y);

if (1 eq #Z) then Z:=77;

else Z:=Substring(Z, 2, #7-1);

end if;

end while;

X[1]:=Y cat Z;

end if;

end for;

for i in [1..#FLAP] do

if (#X[1] gt 4 and Substring (X[1], 1, 5) eq FLAP[i][1]) then
if (#X[1] eq 5) then X[1]:=FLAP[i]][2];

else

Y:=FLAP[i][2];

Z:=Substring (X[1], 6, #X[1]-5);

while (Min(#Y,#Z) gt 0 and Y[#Y] eq Z[1]) do
Y:=Prune(Y);

if (1 eq #Z) then Z:=77;

else Z:=Substring(Z, 2, #7-1);

end if;

end while;

X[1]:=Y cat Z;

end if;
end for:

for i in [1..#FLAP] do

if (#X[1] gt 4 and Substring(X[1], 1, 5) eq FLAP[i][1]) then
if (#X[1] eq 5) then X[1]:=FLAP[i][2];

else
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Y:=FLAP[i][2];

Z:=Substring (X[1], 6, #X[1]—-5);

while (Min(#Y,#Z) gt 0 and Y[#Y] eq Z[1]) do
Y:=Prune(Y);

if (1 eq #Z) then Z:=77;

else Z:=Substring(Z, 2, #7-1);

end if;

end while;

X[1]:=Y cat Z;

end if;

end if;

end for;

if (#X[1] gt 5 and Substring (X[1], 1, 6) eq "vzuwuw”) then
if (#X[1] eq 6) then X[1]:="zuwuwu”;

else Y:="zuwuwu” ;

Z:=Substring (X[1], 7, #X[1]—-0);

while (Min(#Y,#Z) gt 0 and Y[#Y] eq Z[1]) do
Y:=Prune(Y);

if (1 eq #Z) then Z:=77;

else Z:=Substring(Z, 2, #7-1);

end if;

end while;

X[1]:=Y cat Z;

end if;

if (#X[1] gt 6 and Substring (X[1], 1, 7) eq "vwzuwuw”) then
if (#X[1] eq 7) then X[1]:="wzuwuwu”;

else Y:="wzuwuwu” ;

Z:=Substring (X[1], 8, #X[1]-7);

while (Min(#Y,#Z) gt 0 and Y[#Y] eq Z[1]) do
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Y:=Prune(Y);

if (1 eq #Z) then Z:=77;

else Z:=Substring (Z, 2, #7-1);
end if;

end while;

X[1]:=Y cat Z;

end if;

end if;

return X;

end function;

function Flipn(X,n)

c:=0;
FLIP = [[’7 X.t” ”7 uX?’ ] , [77 Xu?’ ’77 tX” ] , [7’ yt” 7’7Wy77 ] , [77 yu” ’7’ vy” ] , [7’ yv’7 ’77 uy77 ] ,
I:”yW” ’77ty77 ] , [77 ZV” 7”WZ” ] , [77ZW77 ’77 VZ” ] , [77 ut” ’77tu77 ] , [77 Vu” ’77 uV’? } ,

FLOP:=[["zuv” ,”"wzu” | ,["xvu” ,”txv” ] ,[7vtu” ,”uvt” | ,["wuv” ,”vwu” | | ;
FLAP: =[[”wuwuw” ,”uwuwu” | ,["vtvtv” 7 tvtvt” |];

for i in [1..#FLIP] do

if (#X[1] gt n and Substring (X[1], n, 2) eq FLIP[i][1]) then

if (#X[1] eq n+1) then X[1]:=Substring (X[1], 1, n—1) cat FLIP[i][2];
else X[1]:=Substring (X[1], 1, n—1) cat FLIP[i][2] cat

Substring (X[1], n+2, #X[1/]-1-n);

end if;

Y:= Substring (X[1], 1, n—1);

Z:=Substring (X[1], n, #X[1]-n+1);

while (Min(#Y,#Z) gt 0 and Y[#Y] eq Z[1]) do

c:=c+1;

Y:=Prune(Y);

if (1 eq #2) then Z:="7;
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else Z:=Substring (Z, 2, #7-1);

end if;

end while;

X[1]:=Y cat Z;

if (¢ 1t 2 and #Z gt 2-c) then

A:=Y cat Substring(Z, 1, 2—c);

B:=Substring (Z, 3—c, #Z-2+c);

while (Min(#A4,#B) gt 0 and A[#A] eq B[1]) do
A:=Prune(A);

if (1 eq #B) then B:=77;

else B:=Substring (B, 2, #B-1);

end if;

end while;

X[1]:= A cat B;

return Append (X, IntegerToString(c));

end if;

end if;

end for;

for i in [1..#FLOP] do

if (#X[1] gt n+1 and Substring(X[1], n, 8) eq FLOP[i][1]) then
if (#X[1] eq n+2) then X[1]:=Substring (X[1], 1, n—1) cat FLOP[i][2];
else X[1]:=Substring (X[1], 1, n—1) cat FLOP[i][2] cat
Substring (X[1], n+3, #X[1]-2-n);

end if;

Y:= Substring (X[1], 1, n—1);

Z:=Substring (X[1], n, #X[1]-n+1);

while (Min(#Y,#Z) gt 0 and Y[#Y] eq Z[1]) do

c:=c+1;

Y:=Prune(Y);

if (1 eq #Z2) then Z:="7;
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else Z:=Substring (Z, 2, #7-1);

end if;

end while;

X[1]:=Y cat Z;

if (¢ 1t 3 and #Z gt 3—c) then

A:=Y cat Substring(Z, 1, 3—c);

B:=Substring (Z, 4-—c, #Z-3+c);

while (Min(#A4,#B) gt 0 and A[#A] eq B[1]) do
A:=Prune(A);

if (1 eq #B) then B:=77;

else B:=Substring (B, 2, #B-1);

end if;

end while;

X[1]:= A cat B;

return Append (X, IntegerToString(c));

end if;

end if;

end for;

for i in [1..#FLAP] do

if (#X[1] gt n+3 and Substring (X[1], n, 5) eq FLAP[i][1]) then
if (#X[1] eq n+4) then X[1]:=Substring (X[1], 1, n—1) cat FLAP[i][2];
else X[1]:=Substring (X[1], 1, n—1) cat FLAP[i][2] cat
Substring (X[1], n+5, #X[1]—4—n);

end if;

Y:= Substring (X[1], 1, n—1);

Z:=Substring (X[1], n, #X[1]-n+3);

while (Min(#Y,#Z) gt 0 and Y[#Y] eq Z[1]) do

c:=c+1;

Y:=Prune(Y);

if (1 eq #Z2) then Z:="7;

150




else Z:=Substring (Z, 2, #7-1);

end if;

end while;

X[1]:=Y cat Z;

if (¢ 1t 5 and #Z gt 5-c) then

A:=Y cat Substring(Z, 1, 5-c);
B:=Substring (Z, 6—c, #Z-5+c);

while (Min(#A4,#B) gt 0 and A[#A] eq B[1]) do
A:=Prune(A);

if (1 eq #B) then B:=77;

else B:=Substring (B, 2, #B-1);

end if;

end while;

X[1]:= A cat B;

return Append (X, IntegerToString(c));
end if;

end if;

end for;

return Append (X, IntegerToString(c));

end function

function Flips (X)
Y:=Flip (X);

if (i gt 1 and not Flipn(Y,i)[1] eq Y[1]) then
7:=Y;
Y::Flipn(zvi)[[17273”;

c:=StringTolnteger (Flipn(Z,i)[4]);
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while j—d gt 2 do

Z:=Y:

Y:=Flipn(Z,j—1-d)[[1,2,3]];
d:=StringTolnteger (Flipn(Z,j—1-d)[4]);
e:=e+d;

ji=j—1=d;

end while;

Y:=Flip(Y);
end if;
i:=1+1-2xe;

end while;
return Y;

end function
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