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Abstract

In this thesis, we study the representation theory of truncated current Lie algebras asso-
ciated to Lie algebras of reductive groups. After giving the necessary preliminaries, we
begin by considering the representation theory of these Lie algebras in characteristic 0
by defining a generalisation of the Bernstein—Gelfand—Gelfand category O for reductive
Lie algebras and using this to study the problem of computing composition multiplicities
of Verma modules. In particular, we give an inductive procedure to compute these mul-
tiplicities in terms of the composition multiplicities of Verma modules for reductive Lie
algebras, which are famously given by the Kazhdan—Lusztig polynomials. These results

have been published in [7] and [8].

We then move on to consider the representation theory of truncated current Lie alge-
bras in prime characteristic. Here, after proving some elementary structural results such
as the classification of semisimple and nilpotent elements, we tackle three main problems.
The first is on upper and lower bounds for the dimensions of simple modules; we give an
upper bound on the dimensions of simple modules for all p-characters and a lower bound
for certain p-characters. Then we classify simple modules for certain p-characters. Finally,
we finish by computing the composition multiplicities for projective modules for the re-
stricted enveloping algebras of truncated current Lie algebras, and show they can be given
in terms of the composition multiplicities of baby Verma modules for the corresponding

reductive Lie algebra. These results are the subject of the preprint [9].
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CHAPTER 1

INTRODUCTION

In this thesis, we study the representation theory of a class of Lie algebras called truncated
current Lie algebras, sometimes also known as (generalised) Takiff Lie algebras. These
Lie algebras are of the form g,, := g®@Xk[t]/(#™!) where g is the Lie algebra of a reductive
group over an algebraically closed field k. They first appeared in work of Takiff [51]
who showed that in the m = 1 case they have polynomial rings of symmetric invariants;
these results were subsequently generalised to all m by Rais—Tauvel in [45] and then more

recently to the case of truncated multicurrent algebras by Macedo-Savage in [31].

The representation theory of truncated current Lie algebras in characteristic 0 was
first studied in detail by Wilson in [56], in which the theory of highest weight modules
for g,, was developed. Subsequently, in the g = sly, m = 1 case several generalisations of
the BGG category O were investigated by Mazorchuk—Soderberg in [34]; one of the main
objects of study in this thesis is a generalisation of one of their definitions to all choices
of g and m. The g = sly, m = 1 case was further explored by Zhu [58] and [59] in which

several families of simple modules were described.

On the other hand, the representation theory of truncated current Lie algebras in prime
characteristic, and indeed of non-reductive Lie algebras in general, is less explored. There
are many results in the reductive case that it is widely believed should hold more generally,
for example the Kac—Weisfeiler conjectures made in [55] and subsequently generalised

in [28]. Truncated current Lie algebras provide an excellent proving ground for such



conjectures since they are sufficiently closely related to reductive Lie algebras that one
can often exploit the reductive case to obtain information about the truncated current

case.

Truncated current Lie algebras, and in particular the results on symmetric invariants,
also have applications to the theory of vertex algebras. More specifically, in the problem
of determining the centre of the critical level affine vertex algebra associated to g, the
semiclassical limit of the centre decomposes as a direct limit of the algebras S(g,,)%"
discussed above (see [15, §3.4] and [37, §6]). There are also relationships to the theory
of W-algebras; for example this result on the centre of the affine vertex algebra together
with techniques involving affine W-algebras were used by Arakawa—Premet [2] to solve
Vinberg’s problem for centralisers. Finally, we also mention work of Kamgarpour [29]
which discusses connections between truncated current Lie algebras and the geometric

Langlands program.

1.1 Main results

We now discuss the main results of the thesis. Some of the notation used here will not
be introduced formally until Chapter 2, although we will keep the use of such notation to
a minimum. The characteristic 0 results were first published in a special case in a paper
of the author [7] and then subsequently in full generality in joint work of the author and
Lewis Topley [8]. The prime characteristic results can be found in the preprint [9], also

joint work of the author and Lewis Topley.

In characteristic 0, our main focus is on generalising several results on the repre-
sentation theory of Lie algebras of reductive groups to the truncated current case. In
particular, we give a generalisation of the definition of Verma modules to truncated cur-
rent Lie algebras, and aim to answer the question of their composition multiplicities. Fix
g the Lie algebra of a reductive algebraic group, h C g some maximal torus, and b C g

a Borel subalgebra containing h. We consider the representation theory of the truncated



current Lie algebra g,, defined earlier. We first introduce in §3.1 a generalisation of the
BGG category O to truncated current Lie algebras. We then decompose this category
into direct summands denoted O, where p = (1, ..., tm) € (h*)™. By proving sev-
eral equivalences between these O we are able to reduce to the problem of computing
composition multiplicities of Verma modules to the u,, = 0 case. The first of these is a

parabolic induction style result:

Theorem 1.1.1. Let = (1, ..., ftm) € (h*)™ be such that the coadjoint stabiliser gt =

[ is in standard Levi form. Then the categories OW(L,,) and O™ (g,,) are equivalent.

This is proved in §3.2. The second equivalence is a generalisation of an equivalence
via twisting functors for reductive Lie algebras described in §2.3.3, which will be the main

focus of §3.3.

Theorem 1.1.2. Let « be a simple root and p € h* not orthogonal to . The categories

OW and OG«W) gre equivalent.

See Theorem 3.3.11 for a precise description of the functors inducing this equivalence

of categories.

The equivalences given in Theorems 1.1.1 and 1.1.2 allow us to reduce the problem of
computing composition multiplicities of Verma modules to the subcategory O®. Since
Verma modules for truncated current Lie algebras are in general not finite length modules,
we first make a short digression in §3.4.1 to give a satisfactory definition of composition
multiplicities for infinite length modules in O. We then compute the composition mul-
tiplicities of Verma modules in O© via a direct calculation, which yields the following

result:

Theorem 1.1.3. The composition multiplicities of a given Verma module for g,, can be
given in terms of the composition multiplicities of certain Verma modules for l,,_1, where

[ C g is some Levi factor of g.

A precise formula can be found in Corollary 3.4.8. In particular, applying this result

inductively the composition multiplicities of Verma modules for g, can be given in terms
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of those of Verma modules for some reductive Lie algebra [, which as we discuss in §2.4.3

are given by the Kazhdan—Lusztig polynomials.

In the prime characteristic chapter of the thesis, we begin in §4.1 by proving some
basic results on semisimple and nilpotent elements in truncated current Lie algebras. We
then prove various Morita equivalences between certain reduced enveloping algebras in
§4.2. These results are vital to proving the results in the remainder of Chapter 4. In §4.3,
we investigate the Kac—Weisfeiler conjectures described in §2.4.3 for truncated current Lie

algebras. The two main results in this section are as follows:

Theorem 1.1.4. The first Kac—Weisfeiler conjecture holds for g,, where g is the Lie

algebra of a reductive algebraic group under the standard hypotheses.

Proposition 1.1.5. Let g be the Lie algebra of a reductive algebraic group under the

standard hypotheses. Then for g,,, we have:

(i) The second Kac—Weisfeiler conjecture holds for all homogeneous p-characters.

(ii) The second Kac—Weisfeiler conjecture holds for all semisimple p-characters.

We also give a family of examples of Lie algebras which are not the Lie algebras
of reductive algebraic groups where the second Kac—Weisfeiler conjecture holds for all

p-characters.

Proposition 1.1.6. The second Kac-Weisfeiler conjecture holds for (sly),, in character-

istic greater than 2.

In §4.4, we give a partial classification of the simple modules for truncated current Lie
algebras. We deal in particular with the case where the p-character x is homogeneous and
its nilpotent part is in standard Levi form; see §4.4.1 for more detail on these assumptions
and why they are necessary. Under these assumptions we obtain a complete classification

of simple U, (g,,)-modules.



Finally, in §4.5 we compute the Cartan invariants for the restricted enveloping algebra
Uo(g.m); that is, the composition multiplicities of the projective Uy(g,,)-modules. We

obtain the following result (see Theorem 4.5.9 for a precise formula):

Theorem 1.1.7. The Cartan invariants for Uy(g.,) are given in terms of the composition

multiplicities of certain Uy(g)-modules, known as (restricted) baby Verma modules.



CHAPTER 2

PRELIMINARIES

2.1 Notation and conventions

In this section, we introduce some basic definitions and notation that we will use through-
out the thesis. Throughout, we work over an algebraically closed field k. In §2.3 and
Chapter 3 our field will have characteristic 0, while in §2.4 and Chapter 4 our field will
have characteristic p > 0; elsewhere we make no assumptions on the characteristic unless

explicitly stated.

We assume familiarity with basic notions from the theory of k-algebras and modules
such as the definition of Noetherian and Artinian modules, see for example [20]. Unless
otherwise specified, all algebras in this thesis are unital but not necessarily commutative.
In addition, we assume elementary definitions from category theory such as adjoint func-
tors, left and right exact functors, and full subcategories; again these can be found in
for example [20]. We will in particular often use the language of abelian categories and
definitions such as projective and injective objects in abelian categories. We also assume
basic notions from the theory of algebraic groups such as the definition of reductive and

semisimple groups, see e.g. [49], and some very basic algebraic geometry.

We now define some module theoretic notation we will use throughout the thesis. Let

M be a finite length module over an algebra A, and let 0 = My C My C --- C M = M be



a composition series for M. Then for a simple A-module L, the composition multiplicity
of L in M, denoted [M : L] is the number of quotients M;/M; ; in the composition
series that are isomorphic to L. Note that by the Jordan-Holder Theorem [M : L] is
independent of the choice of composition series.

Let A be an algebra over a field k, and let M, N be respectively right and left A-
modules. Then the tensor product of M and N over A, denoted M ®4 N, is the vector
space spanned by elements of the form m ® n for m € M and n € N, subject to the

relations:

(mi+ma)@n=m @n+ma@n
m® (ng+mng) =men; +me ng
(m-r)@n=m®a (r-n).

Note that this is just a vector space over k with no inherent action of A. However for any
k-algebra B, a left B-action on M induces a left B-action on M ®4 N via b- (m ®n) =
(b-m) ® n. Similarly a right B-action on N induces a right B-action on M ®4 N via

(m®n)-b=m® (n-b). Unadorned tensor products are always considered to be over k.

We now define Lie algebras, certain examples of which will be the main objects of

study in this thesis.

Definition 2.1.1. A Lie algebra g over k is a k-vector space equipped with a bilinear map

[—,—]:gxg—g

called the Lie bracket on g, such that for all x,y,z € g we have:

{l’,y] = —[y,l’]

and

[z, [y, 2]] + [y, [z, 2]] + [ [z, y]] = 0.



Example 2.1.2. The main classes of Lie algebras we consider in this thesis are all ex-
amples of Lie algebras of linear algebraic groups; these are often referred to as algebraic
Lie algebras. Let G be a linear algebraic group over k. Then g = Lie(G), the Lie algebra
of G, can be described in the following way. Let Der(k[G]) be the set of derivations on
the ring of functions of G. A derivation D € Der(k[G]) is said to be left-invariant if
D(g-f)=g-D(f) for all g € G and f € k|G]. Here G acts on k[G] via left translation,
ie. (g-f)(y) = f(g'y). If Dy, Dy are two left-invariant derivations, then the commutator
[Dy, D3] = Dy o Dy — Dy o Dy is another left-invariant derivation, and the set g = Lie(G)
of such derivations carries the structure of a Lie algebra. For example, if G = GL,, then
Lie(G) = gl,,, which can be viewed (under a suitable identification) as the Lie algebra

consisting of all n X n matrices with Lie bracket given by [A, B] = AB — BA.

The two main classes of Lie algebras that will appear in this thesis are Lie algebras
of reductive groups (see §2.2) and their corresponding truncated current Lie algebras (see
§2.5). We will be particularly interested in studying modules over these Lie algebras,

which are defined in the following way:

Definition 2.1.3. Let g be a Lie algebra over k. Then a g-module is a k-vector space M

equipped with an action of g such that for all x,y € g and m € M we have:

r-(y-m)—y-(v-m)=[z,y]-m

Just as one can define the group algebra of a group, one can define an associative
algebra U(g) called the universal enveloping algebra of g. This is an associative algebra
such that modules for the Lie algebra g are equivalent to modules for the associative

algebra U(g). It is defined in the following way:

Definition 2.1.4. Let T(g) be the free tensor algebra on g. Then

Ulg) =T(9)/(z®@y—y®@z—[z,y]: z,y € g)



Finally, we note that if g is a finite-dimensional Lie algebra (as all Lie algebras con-
sidered in this thesis will be) then U(g) is a Noetherian algebra. In particular, for a
finite-dimensional Lie algebra g, all finitely generated U(g)-modules are Noetherian.

Two important representations of g are the adjoint and coadjoint representations.

These are defined as follows:

e The adjoint module has underlying vector space g, with action given by z-y = [z, ]

for all x,y € g.

e The coadjoint module has underlying vector space g*, the linear dual of g, with

action given by (z - x)(y) = —x([z,y]) for all z,y € g and x € g*.

For most classes of the Lie algebras considered in this thesis these modules are iso-
morphic, although this need not be the case in general. We define the centraliser g* of an
element = € g to be the Lie subalgebra g* := {y € g : y-x = 0} C g. Analogously, the
coadjoint stabiliser gX of x € g* is the Lie subalgebra g¥ = {y € g : y - x = 0}. We then
define the indez of g to be ind(g) := min, ¢y dim g*.

Similarly, if G is an algebraic group and g = Lie(G), then G acts on g and g* via
respectively the adjoint and coadjoint actions as follows, where we view g as the set of

left-invariant derivations of k[G]:

e The adjoint module has underlying vector space g, with action given by (g-D)(f) =
D(g- f) for all g € G, D € g C Der(k[G]), and f € k[G].

e The coadjoint module has underlying vector space g*, the linear dual of g, with
action given by (g-x)(D) = x(¢9'-D) forall g € G, y € g C Der(k[G]), and y € g*;

here G acts on g via the adjoint action.

The adjoint actions of both G and g = Lie(G) on g then extend naturally to actions on
both U(g) and S(g). We will sometimes refer U(g) equipped with the adjoint action of g
as giving U(g) the structure of an ‘ad(g)-module’ to distinguish the adjoint action from

the action of g on U(g) by left or right multiplication.

9



2.2 Reductive groups and their Lie algebras

In this thesis, two classes of Lie algebras we will be concerned with are Lie algebras of
semisimple groups and Lie algebras of reductive groups; see e.g. [26, Chapter 11.1] for a
slightly more detailed and general introduction to much of the material of this section.
An algebraic group G is said to be semisimple if its solvable radical R(G) is trivial and
reductive if its unipotent radical R,(G) is trivial. Since R,(G) C R(G) all semisimple

groups are automatically reductive.

Example 2.2.1. Some examples of reductive groups are as follows:

e Any simple algebraic group is semisimple; this includes for example SL, (k), SO, (k),

and Sp,, (k) (see [32, Table 9.2] for a full classification of the simple algebraic

groups).
e The group GL, is reductive, but not semisimple.

e The direct product of copies of G,,, the multiplicative group of the field k, is reduc-
tive. If H is an algebraic group isomorphic to such a direct product of copies of G,,

we call H a torus.

We now fix some notation which we shall use throughout the thesis. Fix a reductive
group G, let g = Lie(g), and choose some maximal (with respect to inclusion) torus H
inside G. Let h = Lie(H) C g. Then b is an abelian subalgebra of g whose adjoint action
on g is semisimple; we call such a subalgebra a toral subalgebra or just a torus of g (in
positive characteristic we also insist that a torus is closed under the map (0)[7”} that we
will discuss in §2.4.1). In fact, since H is a maximal torus of G, it follows that h is a
maximal torus of g. Under the adjoint action of GG all maximal tori in G' are conjugate,

as are all maximal tori of g.

We write X*(H) for the character group of H, the group of homomorphisms of al-
gebraic groups H — G,,. The Lie algebra g is then graded by the action of H as

9= D nex(a) Bar Where go = {z € g: h- 2 = a(h)z for all h € h}; here H acts on g via

10



the adjoint action. We write ® = {a € X*(T) : go # 0} \ {0}. This root decomposition

of g has the properties that go = h and dim(g,) = 1 for all @ € P.

Remark 2.2.2. Given an element a € X*(H), one can differentiate to obtain an element
da € b*. If x € g,, then one can easily show that x also lies in the da eigenspace for the
adjoint action of h on g.

In characteristic 0, the homomorphism of abelian groups d : X*(H) — b* is injective,
so in Chapter 3 we will usually abuse notation and write a instead of da. We then view
® as a subset of h* rather than of X*(H). On the other hand, in prime characteristic the
map d is no longer injective, so in Chapter 4 we will always distinguish between elements

of X*(H) and elements of h*.

Now we make a choice of positive roots @+ C ® which gives a corresponding choice
of simple roots A C ®. In everything that follows we assume that we have made some
fixed choice of maximal torus b, positive roots ®*, and simple roots A. This choice of
positive roots gives rise to a partial order on b* given by A < p if p— X € Zso®*. We
now fix a basis for g as follows. For each o € ®T, we choose some e, € g, \ {0} and
some f, € g_, \ {0}; we also sometimes adopt the convention that e_, = f,. We then set
ha = [€q, fo] for all & € ®T, and by rescaling e, and f, if necessary we may assume that
(s €a] = 2e4 and [hy, fo] = —2fa. Theset {eq :a € PTYU{h, i a € AYU{f, : € T}
is then a basis for g provided G is semisimple. If G is reductive then we extend this to
a basis for g by adding additional basis elements to the set {h, : @ € A} to extend it to
a basis of h. In characteristic 0 these additional elements can always be chosen to lie in
3(g), the centre of g.

The choice of positive roots yields a triangular decomposition of g in the following
way: let n* = @ o+ 9o and let 17 = P, g\ g+ 8o Then by the previous paragraph
g=n"®hdn". We also write b = n™ @ h for the Borel subalgebra of g corresponding

to this choice of torus and positive roots.

The Weyl group W of G with respect to a choice of torus H is defined to be W :=

11



N(H)/H where N(H) denotes the normaliser of H in G. Since H is self-centralising,
w € W acts on H by choosing some lift w € N(H) of w and acting by conjugation. This

then induces actions on X*(H), h = Lie(H), and b* in a natural way.

For many purposes, a more useful choice of action of w on h* is actually a shifted
version of this action, denoted e, defined as follows. Let w € W and A € h*. Then
we\:=w(A+p) —p, where p= 1> .. a. In the characteristic 0 case, there is also a
W-invariant inner product on h* which we denote (-, -); see for example [23, §0.2] or [22,
§9]. For A € h* and o € ® we then define (A, a) = (A, a"), where a¥ = 2a/(a, o). This
bracket (-,-) plays an important role in the representation theory of g; see for example

[23, Theorem 2.5] and §2.3.3 below.

Example 2.2.3. Let G = SL, and assume the characteristic of k does not divide n
(we will discuss why we make this assumption in more detail in §2.4.2). Then g = sl,,
the Lie algebra of traceless n x n matrices. The natural choice of torus H C SL, is
H = {determinant 1 diagonal n x n matrices}, and the corresponding maximal torus of
g is h = {traceless diagonal n x n matrices}. The Weyl group W is isomorphic to the
symmetric group on n elements. With respect to this choice of torus the root system ®
of g, when viewed as lying in b*, is given by ® = {¢; —¢; : 1 < i,j < n,i # j}, where
€; € h* is given by

Ei(dia’g(‘rly Lo, ... 7mn)) = &

For ¢; — ¢; € @, the corresponding root space g, is spanned by the elementary matrix
E;j. There is a natural choice of positive roots ot = {e; — g:1<i<y< n} and simple
roots A = {¢; — €;41 : 1 <1 <n— 1}. The triangular decomposition of s, in this case is

given by:

12



0 =% x % x 0 00 0 0 0

00 * 0 = 0 x 0 0
nt = : h= : n =

0 0 = 0 * 0 * 0 0

0 0 0 0 0 0 = * ok x 0

2.3 Category O for reductive Lie algebras

2.3.1 Definition

We now proceed to give a brief overview of the theory of category O for Lie algebras
of reductive groups, following [23]. Let G be a reductive group over C, let g = LieG,
and retain all notation from the previous section. The category U(g)-mod of all U(g)-
modules is difficult to study since it does not display certain nice homological properties.
On the other hand, if we only consider finite-dimensional representations of g the problem
becomes much easier. For example, if G is semisimple, then the finite-dimensional repre-
sentations of g are always semisimple and the simple modules are easy to classify (see for
example [23, Theorem 1.6]); the general reductive case is not much more difficult. It is
therefore natural to ask if there is some category of U(g)-modules which includes some of
the infinite-dimensional modules but is still well-behaved. Such a category was introduced
by Bernstein—Gelfand—Gelfand in the 1970s. This category, known as the BGG category

O, is defined as follows:

Definition 2.3.1. The category O is the full subcategory of U(g)-mod whose objects are

the modules M satisfying the following conditions:
(O1) M is finitely generated.

(O2) The Lie subalgebra by acts semisimply on M.

13



(O3) The Lie subalgebra w acts locally nilpotently on M.

We now briefly list some basic properties of this category, all of which can be found

for example in [23, §1-3].
e The category O is abelian.

e The category O is Noetherian, and Artinian, i.e. every object in O is both Noethe-

rian and Artinian. In particular, all modules in O have finite length.
e The category O is closed under taking submodules, quotients, and finite direct sums.

e Any indecomposable module in O admits a generalised central character y. Hence
there is a direct sum decomposition O = @X Ox, where OX is the full subcategory

of O whose objects are the modules with generalised central character .
e Each category OX contains only finitely many simple modules.

e Each category OX contains enough projectives and injectives, i.e. every M € OX
is (isomorphic to) a quotient of a projective object in OX and a submodule of an

injective object in OX.

The simple modules in the BGG category O can be constructed as follows. First, we
define a class of modules called the Verma modules. Let A € h*. Then the Verma module

of weight A, denoted M ()), is defined by:

M(A) == U(g) ®@u) Ca

where C, is the one-dimensional U(b)-module where h € § acts by A(h) and n™ acts by 0.
Furthermore, we have (see for example [23, Theorem 1.2(f) & Theorem 1.3]) the following

theorem:

Theorem 2.3.2. Each M(X) has a unique mazimal submodule and hence a unique simple
quotient. Write L(\) for this unique simple quotient. Then the L()\) are pairwise non-

isomorphic, and any simple module in O is isomorphic to some L(\).
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2.3.2 The Kazhdan—Lusztig conjecture

We now continue from the previous section to describe an important result in the theory of
category O, the famous Kazhdan—Lusztig conjecture. This was conjectured by Kazhdan—
Lusztig in 1979 [30] and proved independently by Beilinson—Bernstein [5] and Brylinski—
Kashiwara [6] in 1981.

To motivate this result, we first define the notion of the formal character of a module.
This will use the fact that by (02), any module M € O is (as a vector space) a direct
sum M = @, . M* where M* = {v € M : h-v = A(h) for all h € b}, the \ weight

space of M. These weight spaces have the following properties, see for example [23, §1.1]:

Lemma 2.3.3. Let M € O. Then
(i) Each M* is finite-dimensional.

(ii) If M is indecomposable then the set {\ € h* : M* # 0} is bounded above with respect

to the partial order on h* described earlier.

We can now give the following definition:

Definition 2.3.4. The formal character of M is the function

ch M b* — ZZO

A = dim(M?)

These formal characters are related to composition multiplicities via the following

lemma:

Lemma 2.3.5. Let M € O. Then there exist unique non-negative integers k,, such that

chM =5 . kychL(p). Furthermore, k, = [M : L(u)] for all i € h*.

Hneh*

Proof. To show existence, observe that for N C M € O we have ch M = ch N+ch(M/N).

Applying this to a composition series 0 = My € M; C --- C My = M, we see that
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chM = Zle ch(M;/M;_y) so the character of M is indeed the sum of characters of
simple modules. Uniqueness follows from the fact that L(x)* = 0 unless A < p and the
fact that dim(L(p)*) = 1. O

One motivation for the Kazhdan—Lusztig conjecture was the problem of computing
the formal characters of simple modules in category O. In particular, it is easy to show
that [M(A) : L(p)] = 0 unless A > p and that [M(X) : L(A)] = 1, so by inverting
a suitable matrix one obtains an expression for ch L(x) in terms of the [M(\) : L(u)]
and the ch M (). Since the characters of Verma modules are easy to compute, to find
the characters of simple modules it suffices to compute the composition multiplicities
[M(X) : L(u)] of the Verma modules. This motivated the following result, known as
the Kazhdan—Lusztig conjecture and proved by Beilinson—Bernstein [5] and Brylinski—

Kashiwara [6].

Theorem 2.3.6. The composition multiplicities [M(X) : L(p)] are given by the values of

certain polynomials, called Kazhdan—Lusztig polynomials, at 1.

For a detailed constriction of the Kazhdan—Lusztig polynomials via the Hecke algebra
we refer the reader to [23, §8.2]. We also remark that the precise statement only applies to
composition multiplicities in the principal block O°; however there exist various category
equivalences that allow us to reduce to this case. For our purposes, the precise definition
of the Kazhdan—Lusztig polynomials is not so important; what is important is that these
composition multiplicities [M(X) : L(p)] are in principle computable and are given by

these polynomials.

2.3.3 Twisting functors on category O

There are several types of equivalences between direct summands of the BGG category
0. The most relevant such family of equivalences for the purposes of this thesis are the
twisting functors. These were first defined by Arkipov in [4]; see also work of Andersen—

Stroppel [1] and the overview given in [10, §2]. We begin by fixing a simple root «, and
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define a U(g)-U(g)-bimodule in the following way. Consider the localisation U, of U(g)
with respect to the multiplicative subset generated by f,. This is in particular a U(g)-
U(g)-bimodule, and contains U(g) as a sub-bimodule in a natural way. We also define
an automorphism ¢, of g by lifting s, € W = N(T)/T to an element of N(T') C G
and conjugating by this element. The bimodule S, we are interested in is then given by
Sa = ¢a(Ua/U(g)), where for a given U(g)-U(g)-bimodule M we let ¢,(M) denote the
bimodule obtained by twisting the left action (but not the right action) on M by ¢,.

There is then a right exact functor:

T,: U(g)-mod — U(g)-mod

M —  Sa QU (g) M

In fact one can define functors T, for each w € W by declaring that for w =

o---0T,

Sa1Say - - - Say, @ Minimal length expression for w, the functor T, := T, o T S

k Sag

Alternatively, there is a more sophisticated (but equivalent) way to define T, directly; see
for example [1, §2].

Although these functors T, are defined as functors U(g)-mod — U(g)-mod, they
in fact descend to equivalences between certain direct summands of O. To make this
precise, we introduce the notation of a block of category . These are subcategories of
the categories OX defined earlier. Define an equivalence relation ~ on h* by setting A ~ p
if there exists a non-split extension of L(A) by L(u) and extending this to an equivalence
relation. The block of O corresponding to an equivalence class [A] under this relation is

the full subcategory of O containing precisely the modules whose composition factors are

all of the form L(v) for v € [A].

Definition 2.3.7. Let p = 3> .o+ @ and define

Do = {A € " : (A4 p,a”) ¢ Z<° for all a € B,
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the set of dominant weights in h*. Then for X\ € b} .., we define Oy to be the block of O
corresponding to the equivalence class [N]; as X ranges over b, ., these Oy form a complete

irredundant list of blocks of O.

The category O decomposes as a direct sum O = G}/\eh; O,; see for example [23,
§1.13]. Twisting functors then yields equivalences between these blocks by the following

result; a proof can be found in [10, Theorem 2.1].

Theorem 2.3.8. Let i1 € b, and oo € A be such that (u, ") ¢ Z. Then Ty, : O, —

Os,. . 15 an equivalence of categories.

2.4 Restricted Lie algebras

2.4.1 Definition

We now move on to discuss some preliminaries for the chapter of the thesis dealing with the
representation theory of truncated current Lie algebras over fields of prime characteristic.
For §2.4-§2.5 and the entirety of Chapter 4, we fix k an algebraically closed field of
characteristic p > 0; all Lie algebras, associative algebras, vector spaces etc. will be over
k. The first important concept we will need is that of a restricted Lie algebra. Let g be a

Lie algebra over k. Then a p”* power map on g is a map
(o)F:g—g
such that the map ¢ : g — U(g) given by £(x) = 2P — 2! satisfies:

£(z) € Z(g)
E(x+y) =&(w) +E(y)
{(ax) = a”é(x)
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for any z,y € g and o € k. A Lie algebra g equipped with such a map is called a restricted
Lie algebra. In addition, we write Z,(g) C Z(g) for the image of £ and refer to it as the

p-centre of Ul(g).

Example 2.4.1. Let g be the one-dimensional Lie algebra, and let 0 # x € g. Then for

any A € k, there is a p™ power map on g given by (ax)Pl = aP\x.

Example 2.4.2. Let G be an algebraic group over k. Then there is a natural restricted
structure on g = Lie(G) given by viewing g as invariant derivations on G (as described in
§2.1) and taking 2P to be the p™" power of x as a derivation (which in characteristic p will
again be an invariant derivation). In the case G = GL,, SL,,, SO,, or Sp,,,, the p'" power
map on g obtained in this way is the same as the map given by taking the p™® matrix

power, where we view g = gl,, sl,,, 50, 5p,,, as subalgebras of gl,, or gl,, in the usual way.

Any p'" power map (o)l allows us to define a notion of semisimple and nilpotent

elements for any restricted Lie algebra in the following way:

Definition 2.4.3. Let g be a restricted Lie algebra. Then an element x € g is:
o Semisimple if x € span{zl”' : i > 1}
e Nilpotent if P = 0 for sufficiently large i.

We can then give a notion of ‘Jordan decomposition’ in any restricted Lie algebra via

the following result.

Lemma 2.4.4. Let g be a restricted Lie algebra and let x € g. Then there exist unique

s,m € g such that s is semisimple, n is nilpotent, x = s +n, and [s,n] = 0. Furthermore,
g = (g)"

Proof. Such s and n exist by [50, Theorem 2.3.5]. To see that g* = (g*)", we use the
general fact that there always exists a faithful restricted representation g < gl(V") and by
the classical Jordan decomposition we have gl(V)* = (gl(V')*)". The result then follows

by taking the intersection of both sides with g. O]
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2.4.2 The standard hypotheses for reductive groups

In small characteristics, many families of Lie algebras of reductive groups exhibit very
different behaviour from the characteristic 0 or large characteristic cases. For example, in
general sl,, is a simple Lie algebra but if p divides n then it has a one-dimensional centre.
To exclude these cases, in the prime characteristic portion of this thesis we impose the

following conditions on our reductive groups G-

(S1) The derived subgroup of G is simply connected.

(S2) The characteristic p is ‘good’ for each irreducible component of the root system of
G. This is defined in the following way: make a choice of simple roots {ay, ..., o},
and write the highest root o as a sum of simple roots a# = 3 k;a;. Then p is

good for an irreducible root system if it does not divide any k;.

(S3) There is a non-degenerate G-invariant bilinear form s on g = Lie(G).

These conditions are called the standard hypotheses and we will refer to a reductive
group G satisfying (S1) — (S3) as a standard reductive group; we briefly mention that this
definition is slightly stronger than the one sometimes used elsewhere in the literature (see
the remarks in [36, §4] for a more detailed discussion of the various notions of ‘standard

reductive groups’).

Remark 2.4.5. The condition (S3) ensures the existence of an isomorphism f : g — g*

between the adjoint and coadjoint modules given by (f(x))(y) = k(z,y)
Example 2.4.6. The ‘bad’ primes for each irreducible root system are as follows:
e Type A,: None.
e Types B,,,C,,,D,: p=2.
o Types Eg, B7, Fy,Go: p =2, 3.

e Type Eg: p=2,3,5.
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Furthermore, if G is almost simple and (S1) and (S2) hold, then in addition (S3) holds

unless G is of type A, for n such that p divides n + 1.

In this thesis we will primarily be concerned with the Lie algebras of standard reductive
groups as opposed to the groups themselves. These Lie algebras can be classified in the

following way (see for example [27, §2.9] or [44, §2.1]):

Proposition 2.4.7. Let G be a standard reductive group and let g = Lie(G). Then g is

a direct sum of Lie algebras of the following forms:
o Simple Lie algebras of types B,C, D, E, F,G in good characteristic.
e sl, where p does not divide n.
o gl where p divides n.

e Restricted tori, i.e. abelian Lie algebras equipped with a bijective p-th power map.

2.4.3 Representation theory and the Kac—Weisfeiler conjectures

We now discuss a few relevant features of the representation theory of restricted Lie
algebras which will use later in Chapter 4. The first of these is the following result, which
first appeared in [13, Theorem 5.1] and illustrates some of the differences between the

characteristic 0 and prime characteristic settings.

Proposition 2.4.8. Let g be a Lie algebra over an algebraically closed field of character-
istic p > 0. Then the simple U(g)-modules are all finite-dimensional, and the dimensions

of the simple modules are bounded above.

Remark 2.4.9. In the case g is restricted, this result will follow from the discussion

below; however it is true in general even without the restricted hypothesis.

Remark 2.4.10. This result is in contrast to the characteristic 0 case, where any non-

abelian Lie algebra has infinite-dimensional simple modules. For example, if g = sly(C)
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then for most values of A the Verma module M ()\) described in §2.3.1 is an infinite-
dimensional simple module. Even if we restrict our attention to finite-dimensional simple
5l (C)-modules, there is (up to isomorphism) exactly one simple module of any positive

integer dimension and hence the dimensions of finite dimensional simple modules are not

bounded.

Now, if g is a restricted Lie algebra and M is a simple U(g)-module, then for all x € g
the element 2?7 — zlPl acts on M by scalars since it lies in Z(g). Using the axioms of a p'®
power map, one can deduce that in fact there exists y € g* such that 2P — 2 acts on M
by x(x)P for all x € g; we call this y the p-character of the simple module M. Hence M
can also be viewed as a simple module for the algebra U, (g) := U(g)/(a? — 2P} — x(z)P),
dim

which is a finite-dimensional algebra of dimension p@™(®) referred to as a reduced enveloping

algebra.

By Proposition 2.4.8 the simple modules for a restricted Lie algebra are all finite-
dimensional of dimension less than some fixed upper bound. It is not hard to show (see
e.g. [24, Remark 2.8]) that this upper bound is at most p% dim(g) - On the other hand,
finding a precise value for this upper bound is much more difficult. One can also ask
more generally what the possible dimensions of simple modules are. These questions led

Kac—Weisfeiler to make the follow conjectures in [55].

Conjecture 2.4.11 (KW1). Let g be a restricted Lie algebra. Then the maximal dimen-

sion of a simple U(g)-module is p2(dim(@)-ind(@)

Theorem 2.4.12 ([40], KW2). Let G be a standard reductive group, and let g = Lie(G).
Then for any p-character x and any simple U, (g)-module M, we have that p%(dim(g)’dim(gx))
divides dim M .

Remark 2.4.13. The statement of (KW1) still makes sense even if g is not restricted,;

however there exists a counterexample in this case (see [54]).

Remark 2.4.14. Although (KW2) was proved by Premet in [40], Kac later conjectured
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in a review of Premet’s paper [28] that it holds for any algebraic group G under certain

mild conditions on the characteristic.

Outside of the case where G is a standard reductive group, very little is known about
classes of groups for which (KW2) holds. On the other hand, there are several classes of

Lie algebras for which (KW1) is known to hold; these include:

e Any restricted completely solvable Lie algebra [55].

e Any restricted Lie algebra g such that there exists x € g* with g¥ a torus [43]. In

particular, this includes all Lie algebras of standard reductive groups.

e Any centraliser (gl,,)¢ of a nilpotent element e in gl,, [53, Theorem 4].

In addition, a result of Martin—Stewart—Topley [33, Theorem 1.1] states that for any
fixed n, there exists py such that (KW1) holds for any restricted subalgebra of gl,, over
an algebraically closed field of characteristic greater than py (although their methods do

not yield an explicit bound on py).

2.5 Truncated current groups and Lie algebras

The main class of Lie algebras we study in this thesis are the truncated current Lie

algebras, which are defined as follows:

Definition 2.5.1. Let g be a Lie algebra. Then the m™ truncated Lie algebra on g,

denoted @,,, is:

g = g @ K[t]/ (")

where the Lie bracket on g, is given by

@ty t] =,y @t
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If G is an algebraic group and g = Lie(G), then the following result (see for example
[38, Appendix|) shows that g,, is also the Lie algebra of an algebraic group G,, called
the group of m-jets on G. It also provides an alternative characterisation of truncated
current Lie algebras via jet schemes; for our purposes we usually only need the existence

of the group G,,, so we will not discuss the theory of jet schemes in detail here.

Theorem 2.5.2. Let G be an algebraic group and let g = Lie(G). Write G,, for the group
of m-jets on G. Then g,, = Lie(G,,).

Remark 2.5.3. In the case m = 1, the group GG can be viewed as the semidirect product
G x g, where G acts on g via the adjoint representation and we view g as a group under
addition. Similarly, the Lie algebra g; can be viewed as the semidirect product g X gap
where g.;, is the Lie algebra with the same underlying vector space as g but the abelian
Lie bracket. In the case m > 1, one can still view G, as G x g™ where G acts diagonally
on g™ via the adjoint action, but here the group structure one endows g” with is more

complicated then just addition.

We will be interested in truncated current Lie algebras in the case g is the Lie algebra of
a reductive group (under the standard hypotheses when we work in prime characteristic).
Fix a reductive group G with Lie algebra g and recall the notation of §2.2. We now define

some notation used throughout the thesis.

The associative algebra k[t]/(t™!) has a natural grading given by letting t* lie in
degree 4, and this grading induces a grading on the Lie algebra g,, by letting  ® ¢ lie in
degree ©. We write gﬁﬁ? for the i'" graded piece of g,,, and similarly write g,%i) and gS,f g
for the sums of the graded pieces of degrees > i and < i respectively.

When writing elements of g, of the form x ® t*, we will often omit the tensor product

sign and simply write xt’. Additionally, for o € ®* and 0 < i < m, we set:
Cayi = et

haﬂ‘ = h,ati
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fa,i = fati

Theset {eq; : v € 7,0 <i <m}U{hai:a € A0<i<m}U{fa;:ac®",0<i<m}
is then a basis for g,, provided G is semisimple; again if G is reductive then we extend

this to a basis by adding additional elements of h.

At several points we consider linear functions on g,, and b,,. Given A € b, we set:

i

)\Zi:)\

i

We may view \; as an element of h* by identifying hg,? with b, and we often identify b}
with (h*)™*! by identifying A with (Ao, ..., An). We will also sometimes write elements of
b%, in the form (), u) for A € b* and p € (b5 ")*, where b* @ (b5 )" is identified with b,
in the natural way. Furthermore, we will also sometimes view A € h* as an element of g*
by declaring that A(n) = A(n~) = 0, for instance when we wish to consider the coadjoint

stabiliser g* of an element \ € h*.

If K : g xg— kis a non-degenerate G-invariant bilinear form on g then there is a

non-degenerate G,,-invariant bilinear form x,, on g given by:

"im<xti7 ytj> = i—l—j,m’%(‘ra y)

Hence if g is the Lie algebra of a reductive group in either characteristic 0 or prime
characteristic under the standard hypotheses, we have an isomorphism of g,,-modules

gm = g;, by the same argument as in Remark 2.4.5.
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2.5.1 Symmetric invariants and the centre of the enveloping al-
gebra

We now describe the structure of the symmetric invariants S(g,,)%" and of the centre
Z(gm) of the enveloping algebra U(g,,) of a truncated current Lie algebra. We begin by
defining a collection of divided power operators 9*) on S(g,,) as follows. Set 9 = idg(,.),
and then for 1 < k < m we define inductively:

j j—k . .
a(k)(xtj) _ (k)xt if j >k,

0 otherwise,

oM (fg) =Y 9909 (g).

i+j=k

for any 0 < j <m, x € g, and f, g homogeneous elements of S(g,,).

Now, by the Chevalley Restriction Theorem, S(g)“ is a graded polynomial algebra
generated by rank(g) algebraically independent homogeneous elements. Choose such ele-
ments pi,...,p,. There is an inclusion map S(g) < S (g,(%n )) given by extending the map
g ggf” ) which sends z — z@t™. By considering the action of GG, on gfﬁn ), this map then
descends to an inclusion S(g)¢ — S (gSJ? ))Gm. Abusing notation, view the p; as elements
of S(gy)%™ via this inclusion.

The following result was proved in characteristic 0 by Rais—Tauvel [45, §3], and in a
slightly different form in prime characteristic by Arakawa—Topley—Villareal [3, Theorem
4.4].

Theorem 2.5.4. The symmetric invariants S(g,)¢™ form a polynomial algebra in (m +
1)rank(g) variables, generated by the algebraically independent elements {9%)(p;) : 1 <

J<r0<k<m}.

Now, for 0 < k < m, we define another map d® : S(gsﬁn)) — S(gm) by setting

1) =3 () Jom

m
T

26



where the sum is taken over the basis of g fixed in §2.2 and we write z; as shorthand
for x @ t'. Here by df /dz,, we mean that we view f as a polynomial in our chosen basis

elements of g ® t" and then differentiate with respect to x,,. For example, if x,y are

2

m?

two basis elements of g and f = 22 y,,, then df /dx,, = 22,y and df /dy, = =

SO

The following corollary with be useful at several points. In characteristic 0 it was
proved in [45, Lemma 3.2(ii)], but the same argument is still valid in prime characteristic;

in any case we shall only need it in characteristic 0.

Lemma 2.5.5. For any 1 < j < r,0 < k < m, there exists qj(.k) € S(g%nfkﬂ)) such that

O®p. = d®p, 4+ ).

Although the map d® does not preserve G, invariants, we do have the following result

which we shall use later:

Lemma 2.5.6. The map d*®) preserves ad(b) invariants, where b is viewed as a subalgebra

of gm via the natural inclusion g — 952).

Proof. The ad(h)-invariants in S(g,,) are just the zero weight space for the action of ad(h),

but d®) preserves ad(h) weight spaces by definition. ]

We now seek to use this description of S(g,,)“™ to describe Z(g,,), the centre U(g,,).
For now we assume that we are in characteristic 0, the only case that we require in
this thesis, although we will later make some brief remarks on the situation in prime
characteristic. By [14, §2.4], there is an isomorphism w : S(g,) — U(gn) of ad(gm)-

modules, called the symmetrisation map. Explicitly, this map is given by setting

for any elements x1, ...,z € g,, and extending linearly. We have Z(g,,) = U(g,,)®" and

since we are in characteristic 0 by exponentiating the action of g,, to an action of G,, this
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is equal to U(g,,)%". Hence w descends to an isomorphism S(g,,)%" — Z(g,,). We then

obtain as an immediate corollary of Theorem 2.5.4 the following;:

Corollary 2.5.7. In characteristic 0, Z(g,,) is a polynomial algebra generated by the

(m + 1) rank(g) elements {w(0®(p;)) : 1< <r,0<k<m}.

Remark 2.5.8. In prime characteristic the definition of the map w given above is no
longer valid. However, by [16, Theorem 1.2] the existence of an isomorphism of g,,-
modules U(g,,) — S(gn) is equivalent to the splitting of the inclusion g,, < U(g,,) of
gm-modules. Under the assumptions on g given in §2.4.2, this inclusion does indeed split;
we will show this later in §2.5.3. A further problem is that it is no longer the case that
Z(gm) = U(gm)“™, since the action of the Lie algebra g,, can no longer be exponentiated
to an action of the group G,,. This can also be seen by observing that Z(g,,) contains
the p-centre Z,(g,,) described in §2.4.1, which in general is not contained in U(g,,)"™.
In fact, one can show that Z(g,,) is isomorphic to the tensor product of U(g,,)%" and

Z,(gm) over their intersection.

2.5.2 Indices of truncated current Lie algebras

Recall that in §2.1 we defined the index of a Lie algebra g to be the minimal dimension
of a coadjoint stabiliser in g. We now discuss these quantities for truncated current Lie

algebras. The following result is [45, Theorem 2.8(i)].

Theorem 2.5.9. Let g be any Lie algebra over a field of characteristic 0. Then ind(g,,) =

(m +1)ind(g).

Most of the arguments from [45] are still valid in prime characteristic, but a crucial
step fails if m > p. We give a proof in this case when g is the Lie algebra of an algebraic

group satisfying the hypotheses of §2.4.2.

Theorem 2.5.10. Let g be the Lie algebra of a reductive group over an algebraically

closed field of characteristic p > 0 satisfying the standard hypotheses. Then ind(g,,) =
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(m+1)ind(g).

Proof. Let h™¢ denote the set of elements of fh which are regular as elements of g (i.e.
that have minimal dimensional centraliser), and define h® := {3 z;t* € b,,, | o € h™8}.
Observe that if zy € ™8 then g™ = h. For x € b8 it is easy to check that g7 = b,,;
the inclusion C follows from the fact b is commutative, while the inclusion D can be
shown by considering an arbitrary element Y y;t' € g% and using the fact xy € h™8 to
inductively show that each y; € h. Furthermore since [h,g] C n~ & n* we have that
B, 9m] C . @ nt. By considering dimensions, we deduce that ad(z)g,, = n,, @ nl for
x € bhe.

Now consider the morphism

0 :Gm X by = gm

given the restriction of the adjoint action map G,, X g — @m. By [52, Lemma 1.6] the

differential d »)¢ : gm X B — g is given by

d(l,x)gp(l% ’U) = {l’, U} +v.

For x € b} we see that the image of d( ;)¢ is n,, Bl B by, = g, 1€ d(1,) is surjective.
It follows that G,, x b/ — g,, is a dominant morphism. Hence the conjugates of h)-®
are dense in g,,. The set of regular elements of g,, is open dense and so intersects the
conjugates of h°® non-trivially. Hence there is a regular element whose centraliser is
conjugate to h,,, which has dimension (m + 1)rank(g) = (m + 1)ind(g). The existence
of the isomorphism g,, = g, of g,,-modules then implies that ind(g,,) = (m + 1) ind(g),

completing the proof. O

29



2.5.3 Support varieties in the truncated current case

The final preliminary we shall need for the prime characteristic chapter of the thesis is the
notion of the support variety of a module. Let M be a U, (g)-module for some restricted
Lie algebra g and x € g*. Then the support variety of M, denoted V,(M), is an algebraic
variety which reflects in certain ways the properties of the module. We will not give
a definition of V4(M) here; instead we refer the reader to [17, Definition 6.1] and only
mention the properties we require. Before moving on to the main results we shall use, we
mention two other interesting properties of support varieties. Firstly, the dimension of
V;(M) is equal to the growth rate of a minimal projective resolution of M in the category
U, (g)-mod [17, Remark 6.3], and secondly there is a close relationship between support
varieties and rank varieties [17, Theorem 6.4]. Their main use to us however will come
from the following result, which is [17, Proposition 6.2 & Proposition 7.1]. This result

gives a condition for certain modules to be projective, which will be useful later.
Theorem 2.5.11. Let M be a U,(g)-module. Then:

(1) M is projective as a U,/(g)-module if and only if V(M) = 0.

(ii) If L C g is a restricted subalgebra, then V(M) = V(M) N L.

One can also define the support variety of the category of U, (g)-modules, denoted

Vg(X)» by:
Volx) = V(M @ - - @ My,

where M, ..., My form a complete set of irreducible U, (g)-modules. By [41, Theorem
2.1(v), (vii)], we have that V4(M) C V,(x) for any U, (g)-module M.

We now state a result on support varieties in the truncated current case which we will

need later. To prove this result we first need the following lemma:

Lemma 2.5.12. Let g be the Lie algebra of a standard reductive group in characteristic

p > 0. Then the inclusion of ad(g,)-modules g, — U(gm) splits.
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Proof. First consider the case g = gl,. In this case (gl,)n can be identified with the
Lie algebra of m x n matrices with coefficients in k[t]/(t™*!). We then obtain a map
U((gl,,)m) — (gl,)m which sends the PBW monomial x; ® 5 ® - - - ® xy to the product of
matrices x1xs . ..x, which gives the required splitting.

Now let g be the Lie algebra of a standard reductive group. By [18, Theorem A], g
satisfies Richardson’s property, i.e. there exists a faithful representation p : g — gl,, and
an ad(g)-submodule M C gl,, such that gl, = g& M as ad(g)-modules. This then extends
to a faithful representation p,, : gm — (gl,)m such that (gl,)m = gm ® (M @ k[t]/(t™T))
as ad(g,,)-modules. The desired splitting is then given by the composition U(g,,) —
U((gl,)m) — (gl,,)m — @m, where the first map is induced by p,,, the second is the the
map given in the previous paragraph, and the third is projection along the decomposition

(@l,)m = gm © (M @ K[t]/ (™). O
By [16, Theorem 1.2] this is equivalent to the following corollary:

Corollary 2.5.13. As ad(g,,)-modules U(g,,) and S(g,,) are isomorphic.

This enables us to give the following description of the support variety of the category

of U, (g )-modules:

Proposition 2.5.14. Let g be the Lie algebra of a standard reductive group in character-
istic p > 0. Then for any x € g%, we have V,, (x) = NWP(gX,), where NP (gX) denotes

the set of elements in gX, annihilated by the p™-power map on gY,.

Proof. The argument from [43, Proposition 6.3] applies for any restricted Lie algebra [
admitting an isomorphism U ([) = S([) of ad(l)-modules, so the desired result follows from

Corollary 2.5.13. m
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CHAPTER 3

ORDINARY REPRESENTATION THEORY OF
TRUNCATED CURRENT LIE ALGEBRAS

3.1 Category O for truncated current Lie algebras

3.1.1 Definition and first properties of O

Throughout this chapter, we work over C (although all our results will be valid over any
algebraically closed field of characteristic 0). Recall the notation for reductive groups and
their Lie algebras introduced in §2.2 and for truncated current groups and Lie algebras
introduced in §2.5. Our overall aim in this chapter is to generalise some of the results in
the reductive case described in §2.3 and to state and prove a precise version of Theorem
1.1.3.

We begin by stating our definition of category O for g,,, which is a generalisation of
the g = sly, m = 1 case treated in [34]. We note that in the case m = 0, the category

O(go) we obtain is precisely BGG category O for gy = g.

Definition 3.1.1. The category O(g,,) is the full subcategory of U(g,,)-mod with objects
M satisfying the following:

(O1) M is finitely generated.

(02) b acts semisimply on M.
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(03) hieY @ nt acts locally finitely on M.

Since U(g,,) is a Noetherian algebra, by (O1) every M € O(g,,) is Noetherian. Fur-
thermore, it is not hard to see that O(g,,) is closed under submodules, quotients, and

finite direct sums.

Remark 3.1.2. It is perhaps more natural to insist that all of b, acts semisimply on M

rather than just bSS). However, in the category defined by this stronger condition every

module can be obtained by taking a module in the BGG category O for g and letting
(=1)

gm ~ acting trivially; see for example the case g = sly, m = 1 dealt with in [34, Corollary

5).

Let M € O(g.,) and A € h*, which we identify with (552))* in the natural way. Define

the A\ weight space of M to be
M*:={ve M| h-v=Ah)v for all h € hO}.

By (02) we have M = @, . M* as vector spaces, and this is in fact a module grading
of M where U(g,,) is equipped with the natural grading of the root lattice. The elements
of M* are called weight vectors of weight A € h*. If v € M?* is a weight vector satisfying

nt - v =0 then we say that v is a mazimal vector of weight .

Now let u € by, and recall that p; := p We say that v € M*#0 is a highest weight

bl

vector of weight p if v is maximal of weight p and

h-v = p(h)v for all h € b,,.

The following basic properties of weight spaces of M € O(g,,) can be shown using the

same argument as in BGG category O, see for example [23, §1.1]:

Lemma 3.1.3. For any M € O(g,,), we have dim(M?) < oo for all A € b*. In addition,
{Aeb: M £ 0} C Uy (A= Zo®T) for some finite subset I C b*.
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We also have the following useful corollary, which allows us obtain highest weight

vectors from maximal vectors.

Corollary 3.1.4. Suppose that M € O admits a nonzero maximal vector of weight A € h*
in M. Then M admits a nonzero highest weight vector of weight v for some p € b,

satisfying po = .

Proof. Let V' be the space of maximal vectors of weight A. This is finite-dimensional
since it is a subspace of M?*, which is finite-dimensional by Lemma 3.1.3. Now, the action
of f)%l) preserves weight spaces (since h%l) commutes with h%?)) and maximal vectors
(by considering the commutation relations in U(g,,)) and hence b acts on V. But
since hsnzl) is commutative there exists some common eigenvector v € V' for this action.
Then by definition v is a highest weight vector of weight (A, p1, ..., pum) € b, for some
{1, -t € b* where, as mentioned earlier, we identify b* with (h*)™*! in the natural

manner. O

3.1.2 Highest weight modules

We say M is a highest weight module of weight A € b, if M is generated by a highest
weight vector of weight A\. The following result on highest weight filtrations is analogous

to a result for BGG category O, see for example [23, Corollary 1.2].

Lemma 3.1.5. Let M € O(g,,). Then M has a finite filtration 0 = My C M; C --- C
My, = M such that each M; 1/M; is a highest weight module. We call such a filtration a

highest weight filtration of M.

Proof. By (O1) and (02), there exists a finite set {vy, va, ..., v,} of weight vectors which
generate M. Let V be the U(n,, ® h,(nzl))—module generated by the v;, which is finite-
dimensional by (O3), and proceed by induction on dim(V'), observing that if m is maximal,

then so is (ht') -m for any h € h and 0 < i < n:
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If dim(V') = 1, then any non-zero element of V' is a highest weight vector and generates
M, so M is highest weight. If dim(V") > 1 then pick some A maximal among the weights of
V. Then any vector of weight A\ in V' is maximal, so by a similar argument to the proof of
Corollary 3.1.4 there is some v € V* which is a highest weight vector generating a highest
weight submodule of M. Let M; be the highest weight submodule of M generated by
v. Now consider M = M /M, which is generated by the image V of V in M/M,. Since

dim(V) < dim(V') we are done by induction. O

For A € ¥, we define the Verma module of weight A, denoted M (), to be

M(X) := U(gm) @u(s,,) Cx

where C, is the one-dimensional U (b,,)-module on which b,, acts via A, and n,, acts by 0.
The Verma modules are universal highest weight modules in the sense that every highest
weight module is a quotient of a Verma module. They have the following properties

generalising the classical case:

Lemma 3.1.6. Let A € b’,. Then:

(i) dim M(\)* = 1, and hence dim M* = 1 for every highest weight module M of

weight X € b,

(ii) Every highest weight module M admits a central character which depends only on
its highest weight X\. In other words, for any X\ € b, there is a homomorphism
X : Z(gm) = C such that for any highest weight module M of highest weight A\ we

have z - v = x\(2)v for all z € Z(g,,) and all v € M.

(111) M(X) admits a unique mazximal submodule and a unique simple quotient, which we

denote L(\).

(iv) Every simple object in O(g,,) is isomorphic to precisely one of these simple modules.

Thus the modules
{LA) [ A eny,}
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give a complete set of representatives for the isomorphism classes of simple modules

in O(gm)-

Proof. The proofs of all four parts of this lemma are very similar to the classical case (see
for example [23, Theorem 1.2]); we include them for the reader’s convenience. For part
(i), first observe that M(A) has a basis of the form {[[,co+ g<jcm f;“]J ® 1) lay € Z>o},
where this product is taken over some fixed ordering on ®* x {0,1,...,m}. The fact
that dim M (\)* = 1 then follows from the fact that [Loca+ o<j<m f;f]" ® 1, has weight
Ao = D laja. Now since M(A) lies in O which is closed under taking submodules, all
submodules of M(\) are weight modules for the action of h&‘?. Since 1 ® 1, generates
M()), for any proper submodule N C M()\) we have N* = () and hence for any highest
weight module M := (M()\)/N) we have dim M*° = 1 as required.

Part (ii) follows from the fact that Z(g,,) C U(gy)? and hence any z € Z(g,,) preserves
M? and hence acts on any v € M by a scalar (using part (a)). But every element of
M is of the form u - v for some v € M* and u € U(g,,), so since z - (u-v) = u- (z-v) the
result follows.

For part (iii), observe that since any non-zero element of M (\)*® generates M()), any
proper submodule of M(\) must be weight (as observed in part (i)) and lie in a sum
of weight spaces whose weights are strictly less than Ag. Hence the sum of all proper
submodules of M () must again lie in a sum of weight spaces whose weights are strictly
less than A\g and so is still proper, and is therefore the unique maximal submodule of
M(N).

Part (iv) follows from Lemma 3.1.5 since it implies that any simple module must be
highest weight and hence must be a quotient of some Verma module M (), but the only

such simple quotient is L(\). O

36



3.1.3 Decomposition of category O

A standard technique in studying the BGG category O is to consider modules with a fixed
central character for U(g). This refinement is also useful in our more general setting (see
Theorem 3.2.2), but it will also be convenient to instead decompose O(g,,) by decomposing
modules M € O(g,,) into generalised eigenspaces for the action of hieY.

Fix M € O(g,,) and p € (b%”)*. We define the generalised eigenspace of eigenvalue

i to be
M® ={v e M| (h—ph)*v=0forall k>0, hephZV}

This definition then allows us to state the following lemma:

Lemma 3.1.7. Each M € O(g,,) admits a direct sum decomposition:

M = @ M®

ey
and each MW is a U(g,,)-submodule of M.

Proof. Since b, preserves the weight spaces of M and each of these weight space is finite-
dimensional, it follows that each M* decomposes into generalised eigenspaces for f)gl).
Therefore M admits a decomposition of the claimed form and it suffices to show that
each summand M® is a U(g,,)-submodule of M. In turn, it is then enough to show that
z-veM® forallv e M® and x = €ais Pais OT foi

If = hgy, then [z, (ht? — u(ht?))"] = 0 for any h € h, 1 < j < m and n > 0, so
(Rt — (Rt - (z-v) = 2+ ((ht? — p(ht?))™-v). But since v € M ™ this is 0 for sufficiently
large n and hence z - v € M@ We now deal with the case x = €qi; the case © = f,; is

very similar. In the case i = m, since e,,, and ht/ commute for j > 1 the same argument
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as above shows ey, - v € M ) for any v € M®. Otherwise, observe that:

lea, (ht? — u(ht?))"] = Y _(ht! — p(ht!))*[eas ht! — p(ht?)](ht! — pa(ht? )"+~

3
—

it
= o

(ht? = p(ht?))Fa(h)eq (bt — p(ht?))" !

e
i
o

Hence for v € M we have:

(7 — p(Rt))" - (€ - v) = €ai - (B = pu(ht?))" - )

—_

= SOt — (b)) Ea(R)ea s (Bt — p(ht))"

3

B
Il

By induction, eq 4, -v € M () for j > 1, so for sufficiently large n this expression is 0 and

hence e, ; - v € MW, O

Now we define the Jordan block of O(g,,) of weight € ( 7(7121))* to be the full subcate-

gory O™ (g,,,) of O(g,,) whose objects are the modules M € O such that M = M®W. We
remark that these are not blocks in the sense of Definition 2.3.7 but are somewhat larger;
however they play a similar role in the structure of category O. The following direct sum
decomposition of O(g,,), which we refer to as the Jordan decomposition of O(g,,), is an

immediate corollary of Lemma 3.1.7.

Corollary 3.1.8.

O(Qm): @ O(M)(gm)

Remark 3.1.9. It is not hard to see that if A € b, and p = )\\h@l) then both M(\)
and L()) lie in O®(g,,). Combining Corollary 3.1.8 with the fact that Verma modules
have unique maximal submodules and are therefore indecomposable, it follows that L(\)

cannot occur as a subquotient of M (v) unless A>; = v>;

Let g, — gm_1 be the natural quotient map with kernel gffln ), and consider the pull-
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back functor

b: O(Qm—l) — O(gm)
induced by this map.

Lemma 3.1.10. Let A € b}, _, and define v € b, by v(h;) = A(h;) fori=10,...,m —1
and v(hy,) =0 for all h € . Then p(L(\)) = L(v) as g.,-modules.

Proof. This follows immediately from the observations that p(L(\)) is a simple highest

weight module of weight v, and that L(v) is the unique such simple module in O(g,,). O

Now we state and prove an easy equivalence between Jordan blocks of O(g,,) which
arise by twisting by an automorphism of U(g,,). We write g’ = [g,g] for the derived
subalgebra of g. Note that (g,,) = (¢')m, and so we may write g/, unambiguously.

For A € b, we recall the notation A>; = A'h%”' Any such A\ can be extended to an
element of g*, by declaring that A\(nf) = 0, and we may abuse notation by identifying b,

with a subspace of g7 .

Lemma 3.1.11. Suppose that \,v € b, are such that N|g = v|y . Then the categories

OW=1(g,.) and OV=1)(g,,) are equivalent.

Proof. Since v — XA is 0 on ¢/, and g,, = ¢, ® 3(gm), we can define an automorphism
¢ of U(gm) by declaring ¢(z) = x — (v — A)(z) for all x € g and then extending to all
of U(gn). Twisting by ¢ then defines an autoequivalence of U(g,,)-mod, and since ¢
preserves U(h,,), U (hﬁf?), and U(n) it also defines an autoequivalence of O(g,,). Finally,
suppose M € OP>1)(g,,), and that (z — A(x))" - v = 0 for some v € M, z € g, and n > 0.

Then writing - for the untwisted action and -4 for the twisted action, we have
(& = V(@) v = (@ — A@))" -0 =0

and hence ¢(M) € OW=1(g,,). It is then clear that twisting by ¢ defines an equivalence

between O*>1)(g,,) and O">1)(g,,) with quasi-inverse given by twisting by ¢! O

39



3.2 Parabolic induction

In this section we aim to prove the following theorem (a more precise version of Theorem
1.1.1), which allows us to relate the category O™ (g,,) to a Jordan block of O(l,,) for a
suitable Levi subalgebra [ C g. Recall that if v € h* then we extend v to an element of g*
by setting v(n*) = 0 and write g” for the coadjoint stabiliser of v viewed as an element

of g*.

Theorem 3.2.1. Let A\ € b*,. Suppose that the stabiliser | = g™ is in standard Levi

form, let p := [+ nt = [ @ v be the standard parabolic subalgebra with Levi factor |

containing b, and write v for the nilradical of p. Set p = As1 € ( %1))*. Then the

categories OW(1,,,) and O™ (g,,) are equivalent, and the functors inducing the equivalence

are parabolic induction and t,,-invariants. The first is given by:

U(gm) QU (pm) (o) : O(M)([m) — O(M)(gm)

sending M +—— U(gm) Qup,) M, where we inflate a U(ghm)-module M into a U(p,,)-

module by letting ¢, act by 0. The second is given by
OE OW (gm) — (f)(u)([m)

sending M —— M*™, where M* ={v e M : v, -v=0}.

We first observe that U(g.,) ®u(p,.) (@) is left adjoint to ()™ since for M, N lying in

the appropriate categories we have inverse isomorphisms
0
Homy,, (M, N*") 7=——= Homy,, (U(gm) @u(p,.) M, N)
n

given by 0(f)(u® v) =u- f(v) and n(g)(v) = g(1 ® v) for u € U(g,,) and v € M.
In order to show that the adjoint functors U(gm) ®u(p,,) (¢) and ()™ are equivalences

we consider the unit and counit of this adjunction. Let 1. denote the identity endofunctor
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of a category C. The unit is the natural transformation v : 1o(g,.) = (U(8m) @u(p,) (®))"
obtained by applying 6 to the identity map N — N whilst the counit is the natural
transformation ¢ : U(gm) @u(p,,) (®)" — Log,,) obtained by applying 1 to the identity
map U(gm) Qup,) M — U(gm) Qup,y) M. In particular, for M, N in the appropriate
categories we that have 1y : M — (U(gm) Qu(p,,) M) is given by v — 1 ® v and that
on : U(gm) ®up,) N — N is given by u @ v — u - v.

To prove Theorem 3.2.1 it therefore suffices to show that ¢ and ¢ are both natural
isomorphisms. The proof is given in Section 3.2.2 and depends heavily on the exactness
of the functor (e). The proof the exactness of this functor requires a careful study of

the central characters of highest weight modules, which we now discuss.

3.2.1 Central characters

The main step in proving the exactness of the functor ()™ is the following result which
leads to a vanishing criterion for extensions. The proof relies on the well-known fact that
if two U(g.,)-modules admit different generalised central characters then there do not

exist any non-split extensions between them.

For v € h*, we define @, := {o € & : v(h,) = 0} C P, the root system of the stabiliser
g”. We also recall the notation y, for central characters introduced in Lemma 3.1.6(ii).

The main theorem we prove in this section is the following:

Theorem 3.2.2. Let A\, X' € b, such that As; = Xy, and g is in standard Levi form.

Then xx = xx if and only if \g — A\, € CD,,,.

Before proceeding to the proof of this theorem, we state the following corollary, which
will be a key ingredient in the proof of Theorem 3.2.1.

Corollary 3.2.3. Let p € ( %1))* be such that gt is in standard Levi form, and let

M € OW(g,,) be indecomposable, Then there is a unique coset =y € h*/C®,. — such
that if N 1is a highest weight subquotient of M of weight X\ € b, , then A>1 = p and

Mo+ CP,, =y
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Proof. By Lemma 3.1.7 along with Remark 3.1.9, all subquotients of M must lie in the
Jordan block O (g,,) and hence A>; = p. Since M has finite-dimensional weight spaces
by Lemma 3.1.3 and is indecomposable it admits a generalised central character, i.e.
there is a unique maximal ideal m of Z(g,,) such that m*A = 0 for £k > 0. Thus all
of the highest weight subquotients have the same central character by Lemma 3.1.6(ii).

Corollary 3.2.3 now follows from Theorem 3.2.2. O]

Remark 3.2.4. Later we shall see that Theorem 3.2.2 and Corollary 3.2.3 hold even
without the standard Levi type hypothesis; this will follow from Theorem 3.3.11. However
since the the proof of the latter theorem will use Theorem 3.2.2 we retain this hypothesis

to keep these dependencies clear.

We now proceed to prove Theorem 3.2.2. We begin by recalling several facts from
§2.5.1. First recall that the symmetric invariants S(g)? are generated by r = rank(g)
algebraically independent homogeneous elements py,...,p.. Furthermore, we also recall
the definitions of the maps 9V, d\W) : S(gfff)) — S(gm). As discussed in §2.5.1 there is
an embedding S(g)? < S(g,,)%"; we will often abuse notation by identifying py, ..., p,
with their images under this embedding. We then have that S(g,,)%" is generated by the
r(m 4 1) elements 0Wp;, i = 1,...,r, j = 0,...,m. Finally, there is an isomorphism
w: S(gm)* — Z(gm). The elements of the centre that we are interested in are:

()

27 = w(@Wp) fori=1,...,randj=0,...,m

Now let U(g,,)" be the invariant subalgebra under the adjoint action of b, and let U (g,,)n;,
be the left ideal of U(g,,) generated by n} . The intersection U(g,,)n; NU(g,,)" is an ideal
of U(g,,)", and it is not hard to see that the quotient by this ideal is isomorphic to U(b,,).
This yields a map 7’ : U(g,,)" — U(h,,) which can be described in the following way. Let
x be a PBW monomial with the respect to the ordered basis of g,, defined in §2.5; in
particular the order on this basis is compatible with the choice of Borel subalgebra b C g.

Then 7’ sends z to itself if x € U(h,,) and 0 otherwise. The observations of [23, §1.7] are
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still valid in our situation, and so we see that y, coincides with the composition

U(gm)" = U(h) = Clhz,] < C

m

where the function ev) is the extension of A € b’ to a map C[h%,| = S(h,,) — C. This

allows us to view xy as a function not just from Z(g,,) to C but from U(g,,)" to C.

Now for u € (h%l))* we define two maps §,,7, : h* = C". For v € h* we write (v, )
for the element of b}, which restricts to v on hﬁﬁ) = b and to p on f)v(nzl). The first map &,

is given by:
&) = (X 0w o d™)p1, ..., (X owod™)p,) € C"
whilst the second map 7, is given by:
() = (v 0 d™ om)py, ..., (ev(u o d™ om)p,) € C".

Here 7 denotes the composition S(g) — S(h) < S(g), where the map S(g) — S(h) is

given by restriction along the triangular decomposition g =nt G bhdn~.

Example 3.2.5. Consider the case g = sly and m = 1. We let {e, h, f} be the standard
basis of sl, and write z; for v®#'. The algebra S(sl,)°L? is a polynomial algebra generated

by the element p = $h? + 2ef. Now, we can compute &,(v) as follows:

u0) = (eviu o 0w 0 dV) (L +2¢/)
= (eV(y) o™ o w)(2hohy + 4eo f1 + 4 foer)
= (eVuuy 0 ') (2hohy + 2e0 f1 + 2 f1e0 + 2foer + 261 fo)
= (ev(,u o ™) (2hoht + 4 foer + 4f1eq + 4hy)
= ev(y (2hohy + 4hy)

=2v(h)u(h) + 4p(h)
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Similarly, we can compute 7, (v):

1
(V) = (¥ 0 dV o m)(5h? + 2ef)
1
= (eviyu o d(l))(§h2)
= ev(y,u)(2hoh1)

= 2w(h)u(h)

In particular, two Verma modules M (v, 1) and M (v, 1) lying in the same Jordan block
have the same central character if and only if {,(v) = £,(¢’). But by the above calcu-
lations, this is true if and only if 7,(r) = 1,(v'), and we see this occurs precisely when

either u =0 orv="1"

Our approach to determining when Verma modules have the same central character
in the general will follow the same approach as the example above. We start with the

following lemma:

Lemma 3.2.6. £,(v) — n,(v) depends only on i, and in particular does not depend on

V.

Proof. 1t suffices to show that if we take any PBW monomial z € S(g)" and identify it

with an element of S(g,,)" via the inclusion S(g) < S(g,) the following holds:
d™r(z) — 7'wd™ (z) € U(HI™).

This is because we can then apply ev(,,,) to both terms to see that &,(v) —n,(v) depends
only on fy,.

Let € S(g)" be a monomial in the standard PBW ordering; we then consider four
cases:

Case (1): # € S(h). In this case, n(z) = z and since d™(z) € S(h,,), we have

d™7(z) = d™(z) = 7'wd™ (x) since the restriction of 7’ o w to S(h,,) is the identity
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map.

Case (2): x is of the form fsha, ha, - - - ha, €, in which case:

d™ (w(x)) = d™(0) =0
7 (wd™ (2)) = 7' (W(F3.mhay mPagm - - - Rey.m€8.0 + PaymPagm - - - oy m€B.m 3.0
+ Z fﬂ,mhal,mhag,m cee haj_l,mhcx]-+1,m cee hak,meﬂ,mhaj,O))
J

1 1
= 5hoémJme o hag mhgm + §ha17mha27m o hoymhgm +0

= hahmhamm s hak,mhﬁ,m'

The first equality follows from the definition of d"™. To show the second equality, we
first observe that 7’ and w are both linear. Considering the first term, we see that for any

0 <i<j <k, we have:

T (haym - - - Pagm€sola, 1 m - - - Pe; mfambasim - haym)
= W/(hoq,m e hai,meﬁ,ohai+1,m e hak,mfﬁ,m)
= W/(hoq,m Ce haijhaj_H’m P hak’m[eg’o, fﬁ,m]

+ Z hoq,m T haz7m[6570’ haz+1,m]haz+2,m s hammf@m

>
+ fomharmhagm - - hak,mefJ’,O)
= 7 (haymhagm - - - Rogmhsm

+ Z B(hanﬁhal,mhaz,m e hak,meﬁ,m

>4
+ fﬂ7mha17mha27m SR hak7m€570)

= ha17mh'a27m s h'ak,mhﬁ,m
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and

/
n (hal,m s hai,mf,b’,mhaiﬂ,m s haj,meﬂohaﬁhm s hakﬂ”)
/
=7 (f@mhoq,m ce haj,meﬁ,ohajﬂ,m S hahm)

=7 fomharm - - hayml€s0: hayyy )Py o - - aym

1>
+ famharmhasm - - - Naymes,0)

=7 B(ha,) fsmbarmhasm - - Poy.m€sm

1>j
+ fomhar,mhasm - - - hay.m€s,0)

=0.

Now, w(fs.mhay mhasm - - - haym€po) is a sum of (k+ 2)! terms. Half of these terms are of

the form

1
mhdhm Ce hai,meﬁ,ohai+1,m Ce ha]-,mf,@,mhaj_»,_hm e hakvm

and half are of the form

1
mh(th Ce hozi,mfﬁ,mh‘ai+1,m Ce harme,g’(]hawrl,m Ce hak,m

so 7(w(famhas mhasm - - - Pa,m€s0)) = %hoq,mhag,m - hoy mhgm. Similar arguments for

the other terms show that

1

T (W(hay mPagm - - - Ragm€pmfa0)) = ih%mh%m o hay mhgm

and

' (W(famhoamhasm - - Po; s mbajiim - - haymesmba;0)) = 0.

Case (3): z is of the form f,, ... fa,hs, ... hge, where n > 1 and v = Y «; (s0 in

46



particular v > «; for all 7). In this case:

d™ (7 (z)) = d™(0) = 0

o (wd™ () = 7' (WO farm - foarrmFaprm - - Fowanhprm - - hpy €y far.0
7
+ Z fal,m ce fan,mhﬁhm R hﬁjfl,mhﬁ’frl,m s hﬁk,me%mhﬂj,o
j

+ fal,m e fanvmhﬁl7m et hﬂlmme'y:()))

=0+0+0

Case (4): x is of the form fo, ... fo, hg ... hgey ... €y, Where n > 1,p > 1 and

> @i =Y Y. In this case:

d™ (x(z)) =d™(0) = 0

' (wd™ () = 7"(WO farm - Farrmarrm - Fanmhgym - Mg mCym - €xpm far0
7
+ Z foq,m s fozn,mhﬂl,m s hﬁjflzmhﬁj+1:m <. hﬁkyme’h,m s e'Yp:thj:O
J

+ § Jorm -+ Janmhgim - P m€ym - - i1, mCyp,m - - €7p7m€7k70))
l

=0+0+0 [l

Lemma 3.2.7. For u € (h%l))* and v,V € b*, we have X, = X if and only if

X(V,u)(zz(m)> = X(w,u)(zi(m)) fori=1,...,r.

Proof. Since the centre Z(g,,) is generated by the elements w(9®p;) it follows that
X(vu) = X(v,u) if and only if the characters coincide on these elements. Thus it suffices to
show that X(Vﬁﬂ)(zi(j)) = X(,,/,u)(zi(j)) forall j=0,...,m—1.
We have p; € S(gm)) and it follows from the description of 9 in §2.5.1 that 9Vp; €
(=m—j) ()

S (g%mfj )). Hence we have zz-(j leuU (g 7’) and therefore x(,,(2;”") only depends on

p. Hence X(l,,u)(zi(j)) = X(,,/,u)(zl-(j)) for all j < m, completing the proof. O
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We now apply Lemmas 3.2.6 and 3.2.7 to prove Theorem 3.2.2:

Proof of Theorem 3.2.2. Let A\, X satisfy the assumptions of the theorem. Thanks to
Lemma 3.2.7 we must show that the given condition on Ay, Aj is equivalent to the condition
that (™) = yx (z'™) for all i.

Using Lemma 2.5.5, we have 2™ = w(d™p;) + w(¢™). Since ¢'™ € S(gz!) it

follows that x(z™) = xx (2™ if and only if x» o w o d™ (p;) = xx 0w o d™ (p;) for all
1 =1,...,7. We note that this second equality is well-defined because by Lemma 2.5.6

d™) sends h-invariants to h-invariants and w is b,,-equivariant.

Setting p 1= A>1 = AL, we can apply Lemma 3.2.6 to see that the central characters x
and x coincide if and only if 7,(Ag) = 1,(Xj). Let 7 : h* — bh*/W = C” be the quotient

map. It follows from the Chevalley restriction theorem [11, 3.1.37] that we can write

this in coordinates as w(v) — (p; p-(v)). Now it is easy to see by a direct

(V) pr
comparison of the two definitions that 7,()¢) coincides with the differential dy,,m()\) of
the quotient map .

We now claim that kern, = kerd,,m = C®,, . This implies that 7,(\g) = n,(A\j) if
and only if A\ — A\j € C®,, = completing the proof.

To see that kerd, m = C®, , first observe that it follows from Chevalley’s restriction
theorem and a result of Richardson [46, Proposition 1.2] that dimkerd,, m = dimbh —
dim3(g*). Note that C®,,  has a basis consisting of simple roots a such that h, €

(g™, g*], so we have dim C®,,, = dimker dy, 7 = dim ker 77, and so the claim will follow

if we can prove the inclusion C®, , C kern,.

Let A, be a system of simple roots for @,  andlet o € Ay . Then it is easily verified
that f,., ® 1, is highest weight of weight (Ao, 1), and hence M (g, u) and M (g + «, 1)
have the same central character. Therefore a € kern, for any o € A, and hence

Co,,, C kern, as required.
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3.2.2 The parabolic induction functor

Fix a standard parabolic subalgebra p of g such that b C p with corresponding Levi
decomposition p = [ @ t. In this section we prove that for u € (hgnzl))* such that gt = I
the functor ()" is an exact functor from O™ (g,,) to O™(1,,), and then use this to prove

Theorem 3.2.1. First we need the following lemma.

Proposition 3.2.8. Let M € OW(g,,) be an indecomposable module and let =y €
h*/CD,. be the coset determined by M as in Corollary 3.2.3. If | = gt™ is a standard

Levi subalgebra then

M= 5 M.

VEE M
Proof. First observe that since M is indecomposable, then the weight A of any highest
weight subquotient of M must satisfy \,, = p,,,. We also note that since gt is the Levi
factor of a standard parabolic, we have v = span{e, : « € 7\ @, }. By Lemma 3.1.5 we
have a finite filtration 0 C M; C --- C My, = M such that M;/M;_; has highest weight

A9 € p* . By Lemma 3.1.3, the weights of M lie in the set
k .
U = Zs02* .
i=1

Furthermore, by Corollary 3.2.3 we have )\éi) + C®,,,, = = for all ¢. It follows that the

weights of M actually lie in the set A + Co,,., — Zﬁe¢+ Z >y, for any choice of i.

In particular if v € h* satisfies v € )\éj) +Co,, . for some j, then for any « € &\ @, |

we have that v + « does not lie in )\(()i) — Z>o®™ for any i. Therefore t,, - MV = 0.

Conversely, suppose v € M'™ is of weight v € bh*. Since b,, acts locally finitely
and preserves weight spaces we can find a common eigenvector for b,, of weight v in
U(b,,) - v. Suppose the eigenvalue of this eigenvector is A € b (which by assumption
satisfies \j; = v). Then a quotient of M()\') occurs as a submodule of M. All highest
weight modules are indecomposable since they admit unique maximal submodules, so

the generalised central character of M must be xy. Now Theorem 3.2.2 implies that
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ve X +Co, . By Corollary 3.2.3 we see that for all 7, \j and )\éi) lie in the same coset

of h* modulo C®,, and sov € )\(()i) +Co,, =Eu. O

Corollary 3.2.9. Suppose that pu € (b%l))* such that gt = [ is a standard Levi subalge-

bra. Then the functor (e)' : OW(g,,) — OW (gkm) is eract.

Proof. Let 0 — L LM % N = 0 be a short exact sequence in OW(g,,). Since f is
injective, the restriction of f to L' is still injective. If m € ker(g) N M™, then m = f(I)
for some | € L and for any r € t,,, we have f(r-1) =7r-m =0,sor -1 € ker(f) = 0.
Hence | € L', and therefore 0 — L™ Ly Mem & Nem s exact, i.e. we have left exactness
of ().

To complete the proof, we need only to show that g : M* — N is surjective, and
by Theorem 3.2.2 it suffices to consider the case where M and N both have filtrations by
highest weight modules of weights (\;, 1) where \; — A\; € Z®,, for all 4, j. Let v € N
have weight A\. By Proposition 3.2.8, we must have A € \; + Z®,,, for any A;. There
then exists some w € ¢g~!(v) which is also of weight A, so it is enough to show that any
element of M of weight A € \; +Z®,, is in M™. But the weight of any element of M lies
in J(A\; = Z5o®"). In particular, if « € @\ @, and A € \; + C®P,_, then A+« £ \; for
any \;, so M = 0. Hence if v € M is of weight A\ € \; + C®,,,, then for any eqm € vy

we have e, - v € MM =050 v € M*™ as required. O
Now we have exactness of ()™, we can finally prove Theorem 3.2.1.

Proof of Theorem 3.2.1. Recall from the discussion following the statement of Theorem
3.2.1 that it suffices to show that the maps ¥n : M — (U(gm) Qu(p,,) M)™ sending
v = 1@vand oy : U(gm) @u(p,,) N™ — N sending u®uv — u-v are always isomorphisms.

The PBW theorem implies that U(g,,) is free over U(p,,) and hence U(gn) ®u (., (®)
is an exact functor. Furthermore (o) is exact by Corollary 3.2.9. It is therefore enough
to check that ¢y and ¢y, are isomorphisms on highest weight modules, since a standard

argument using the length of a highest weight filtration from Lemma 3.1.5 will allow
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us to conclude that oy and 1y, are in fact isomorphisms for all N € OW(g,,) and all
M e OW(ghr)

The map 1, is an isomorphism for highest weight modules M thanks to Proposition
3.2.8. Now suppose that N € O®(g,,) is a highest weight module with highest weight
generator v. Since t,, - v = 0 it follows that v lies in the image of ¢y and so py is

surjective. To prove injectivity, let K = ker(yy) and consider the short exact sequence
0= K < U(gm) @un) N™ 3 N — 0.
By Corollary 3.2.9 we have another short exact sequence
0= K™ <= (U(gm) Qu(p,) N™)™ — N™ = 0.

Now set M = N~ which is a highest weight U(g/™)-module generated by v. The map
(U(gm)@uvp,yM)'™ — M is a U(gm)-equivariant map uniquely determined by 1@m — m.
Therefore it is the left inverse of 1,,, which we already know to be bijective. It follows
that K = 0, but since every nonzero object in O(g,,) admits a nonzero highest weight
vector, it follows that K = 0 and so ¢y is an isomorphism for all highest weight modules

N, completing the proof. ]

3.3 Twisting Functors

3.3.1 Definition of twisting functors

Now we proceed to state and prove a precise version of Theorem 1.1.2. Throughout this

section we fix a simple root a € A and write U := U(g,,) for the sake of brevity.

Recall that a right Ore set S in a non-commutative ring R is a multiplicatively closed

subset such that for all » € R and s € S there exist ' € R and s’ € S such that rs’ = sr’.
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A left Ore set is defined dually. In order for R to admit a right ring of quotients with
respect to S it is necessary that S be a right Ore set. When R has no zero divisors this
condition is also sufficient, and if S is both a right and left Ore set the left and right

quotients are isomorphic; see [35, §2.1].

Also recall the notation e, ;, ha,i, fo; from Section 2.5. Let F,, be the multiplicative
subset of U generated by {fa.0,- .., fa.m} and note that these elements are pairwise com-

mutative.

Lemma 3.3.1. F}, is both a left and right Ore set in U.

Proof. We show that F, is a left Ore set; the proof that it is a right Ore set is almost
identical. Let x € g, C U, fixn =0,...,mand let 7 > 0. It is easily verified by induction

that

7 .
Lo =3 (1) o)1

k=0
But ad(f,.) is nilpotent, so there exists [ such that (ad f, )" = 0. Hence for sufficiently
large j, we have fI @ = u;fI! for some u; € U. Applying this repeatedly, we see that
given a PBW monomial v € U and some 7 > 0, we can find v € U and 7 > 0 such
that fgmv =u fC’m But U is spanned by such monomials v, so we have shown that
{fi, :i>0}is aleft Ore set. Combining these statements for n = 0,...,m it follows

that F), is a left Ore set since F}, is commutative. O

Now let U, be the localisation of U with respect to F,,. We wish to explicitly describe

a basis for U,. We introduce the following notation: Let
a:®t x {O,l,...,m}—)ZZO

b:AX{O,l,...,m}%ZZO

c:® "\ {a} x{0,1,....,m} = Zsg
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be arbitrary maps of sets, and define

o= (I ) (AT (T 1 s2) v

=0 Bed+ i=0 BeA i=0 ped+\{a}

where we take the product with respect to some fixed choice of ordering on the basis of g.
These elements can also be described as precisely the PBW monomials in U which have

no factor in F,.

Lemma 3.3.2. Let a, b, ¢, and v(a,b,c) be as above. Then
(i) A basis for U, is given by the elements f2,--- fin v(a,b,c) where i; € Z.

(ii) A basis for U, is given by the elements v(a, b, c)fao co fim where i; € Z.

a,m

Proof. Note that U, is spanned by unordered monomials in g,, and the f, ! Using
the left Ore condition we can rewrite any such monomial as a span of monomials of
the form described in (i). Furthermore, if there is a linear dependence between the
latter monomials, we can left multiply by appropriate elements of F, to obtain a linear
dependence between PBW monomials in U, which must be zero. This proves (i), and (ii)

follows by a symmetrical argument. O

We now give more precise relations between certain generators of U,, which will be

useful later.

Lemma 3.3.3. For any i,j € Z, the following relations hold in U,, for any h € b and

any B € ®1\ {a}:
(Z) [ea,ivfozjl'] = f az—l—j 2fa foc,i—i-Qj-
(ii) [hzaf;,}] = a(h)fojjfa;i-‘r]"

(1) [es.is f;Jl] = rlf;?eg_wﬂ + 7"2]60756,8—204,1'4-2]' + TBf(;?@ﬁ—Ba,i-i-?;j

for some 11,719,753 € C. We adopt the convention that e,; =0 if v ¢ ® orif i > m.
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Proof. These relations can be verified by multiplying by powers of f,; to obtain an
expression which holds in U. We give an explicit calculation for part (i); the other
relations can be proved similarly (in part (iii) we require the general fact that § — 4o is

never a root for any roots a and ). Using the relations in U we have:

604 K fa ]eoc zfa,j foa,jhoz,i-‘rjfoc,j - 2fo¢,i+2jfo¢,j-
We then multiply on the left by f and on the right by f to obtain (i). O]

Let V,, C U, be the span of the monomials appearing in Lemma 3.3.2(i) such that

i; > 0 for some j = 0,...,m. We then have the following lemma:

Lemma 3.3.4. V, is a U-U-sub-bimodule of U,,.

Proof. We first show that V,, is a right U-module. Let 7;, j; be such that at least one 7, > 0
and all j; > 0, and let v = v(a,b,c) and v' = v(d', ¥/, ') for appropriate functions a, b, ¢
and @/, ¥, . Then by the PBW theorem we have v 2, ... fim v = > (fk"”0 . fatm,) for

some kp, > 0, and v, = v(ayp, by, ¢,) for suitable functions a,, b,, c,. Hence:

. . . . . k k
Fio - B (- i) = (0 Fima £ fiieoy)

p

ZC'—f—kp() Zm+kp7n
= E ( - Jam " 0p)

In particular this expression lies in V,,. But U is spanned by elements of the form
2. fimv' so V, is a right U-module.

We now claim that V,, is a span of monomials of the type appearing in 3.3.2(ii) with

i; > 0 for some j; once we have this, it follows that V,, is a left U-module by a similar

argument to above. In general, if ig,... 4, € Z and v = v(a,b,c) for appropriate a,b, c

then using the fact that F,, is an Ore set, in U, we have:

: : )
v Zm _ PO m/Up
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where i,, > 0 and the v, are of the same form as v. In fact, we see that if 7; > 0, then

ip; = 0 for all p, so in this case vff;jo ... flm, € V. Hence

Vo, 2 span{v(a,b,¢) ... fim. | at least one of the i; > 0}.
The inclusion

Vo C span{v(a, b, c)f(ifo ... flm. | at least one of the i; > 0}

follows by a similar argument, completing the proof. O

We now consider the U-U-bimodule S, := U,/V,. First we observe the following

consequence of Lemma 3.3.2.

Corollary 3.3.5. S, has a basis given by

{ffgo . é%v(a, b,c)|i; <O forall j}
and another basis given by:

{v(a, b, c)fgfjo . éf"m | i; <0 for all j}

We will abuse notation slightly and usually denote an element of U, and its coset in
S, by the same symbol. At several points we will use the fact that in S, the element
f;(jo ... fim, is zero if any i; > 0.

Now we pick a special automorphism of g,,. Just as in §2.3.3, the simple root a we
fixed earlier gives rise to a reflection s, € W = Ng(bh)/h. We lift s, arbitrarily to an
element of Ng(h), which gives an automorphism of g via the adjoint representation. We
denote this automorphism by ¢,. Note that ¢, permutes the root spaces as s,, i.e. it

sends gs to g,,(s) and preserves hh. Furthermore, after rescaling e, and f, if necessary,

we may assume that ¢,(e,) = fo and ¢o(fa) = €o. We extend ¢, to an automorphism

95



of g,, using the rule ¢, (xt') = ¢, (x)t* for all z € g; by abuse of notation we also denote
this automorphism ¢,,.

If M is a left U-module, we let ¢,(M) denote the module obtained by twisting the
left action on M by ¢, and write -, for this action. More precisely, if v € M and u € U
then u o v := ¢o(u) - v. Similarly, we can also twist the action on M by ¢, and we use

the notation -,-1 for the twisted action in this case.

Now let C be the full subcategory of U-mod whose objects are the h-semisimple mod-

ules.

Lemma 3.3.6. O(g,,) is a Serre subcategory of the category C.

Proof. By Corollary 3.1.8, it suffices to show that for all u € (h%l))* and all My, M, €
OW  we have that My, M, € C and any h-semisimple extension M between M; and M,
lies in O™, By the definition of O™, if M; € O™ then M; must be h-semisimple and

hence lie in C. On the other hand, to show M € O™ we must show that:
(i) M is finitely generated.

(ii) For all h € h and 1 < i < m, h; — u;(h) acts locally nilpotently on M (where we

recall that we use h; as shorthand for h ® t*).
(iii) The subalgebra b(>1) acts locally finitely on M.
(iv) The subalgebra n,, C g,, acts locally nilpotently on M.

For (i), let X; be a finite generating set for M; and let X, be a finite generating
set for M,. Let X) be a set containing a choice of preimage for each element of X,
under the surjection M — M,. Then X; U X/ is a finite generating set for M. For
(i), let v € M. Then for some j > 0, (h; — pu;(h)) - (v + M) = 0 € M/M; = M,
so (h; — pi(h)) - v = v € My, and for some k > 0, (h; — p;i(h))* - v = 0, so we have
(hi — wi(h))?** - v = 0. Finally, we have that dim(M?*) = dim(M;') + dim(M3') for any
A € b*, so in particular the weight spaces of M are finite-dimensional and bounded above.

Hence (iii) and (iv) hold. O
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Let H : U -mod — C be the functor given by letting (M) be the sum of the h-weight

spaces in M, and then define two endofunctors of C by setting:
ToM := ¢o(Se @u M)

GoM = H(Homy(S,, ¢, (M))).

Note that the action of U on G, M is given by
(u-f)(s)=f(s-u)foruel, feG,M, secS,.

Also note that if M, N € C and x € Hom¢(M,N), then T,(x) : ToM — T,N and
Ga(x) : GoM — G, N are given by:

To(x)(s®m) =s® x(m) for s € S,, me M

Ga(X)(p) = x 0 p for p € Homy (Sa, ¢, ' (M)))

In order to see these functors are well defined, the only non-trivial conditon to check
is that T,M € C for any M € C. For M € C, we have that T,M is spanned by
{fo. foim®@w:i;>0,we M}, and so T,M € C will follow from:

Lemma 3.3.7. For any w € M*, we have

fold o S @ w € (TyM)*eN -l tima,

@,
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Proof. For w € M* and h € h we have

hea(fof - Jam @ 0) = (sa(W) fa - fau) @ w
= fold o faim(sq(h) = (io+ -+ +im)a(h)) @ w
= fold o faim @ (sa(h) = (ig + -+ + im)(h))w
= fold o faim @ (sa(A) = (i + -+ + i) (R)w

= (3a(A) = (i +++ +im)a)(A)(for - - farm @ w).

and the desired result follows. O]

The following result, characterising weight elements of G, M, will be very useful later.

Lemma 3.3.8. Let g € Homy(S,, ¢, (M)). Then g has weight X € b* if and only if
g(fol ... foim) has weight X+ (io + - - - +im)a in ¢ (M) for all i, ... iy € Lo, i.c. if

and only if this vector has weight so(\) — (ig + + -+ + im)a in M.

Proof. First assume that g has weight A. Then for any h € § and i; > 0:

M) G(fad - o) = (- 9)(fay® - o)
= 9(fad - Jamh)
= g((h = (i + - +im)a(h) foi - - fau)

= (h—(io+ -+ im)a(h)) - g(fold faim)

50 g(fald .. falm) has weight A + (ig 4+ -+ + im)a in ¢;' (M), and hence has weight
Sa(A) = (g + -+ - + i) in M.
On the other hand, suppose g(fq( ... fiin) has weight so(X) — (ig + -+ + i) in

a,m

M for all ¢; > 0. Then for any h € b,i; > 0, u = v(a,b,c) for functions a,b, c of the
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appropriate form we have:

(h-g)ufaiy - fami) = 9ufog - famh)
=uw-g(fai - Famh)
=u-g((h—=(io+ -+ im)alh) foif - fau)
=u-(h—(ig+ - +im)a(h) 9(fog - fam)
=u-APg(foi - Fam)

= M)g(ufag - fam)

and hence g has weight . O]

We then obtain the following corollary:

Corollary 3.3.9. Let g € Homy(Sa, ¢ (M)), Then g is a weight vector if and only if
g(f_’é0 o falm) is a weight vector for all i; > 0. In particular, any element of Go(M) is

« a,m

the direct sum of such weight vectors.

Proof. Suppose g € Homy (S,, ¢, (M)) is such that g(f&éo ... [2imY is a weight vector for

a,m

all i; > 0. Since eqp a1 9(fald - faim) = g(fado . fod ™ foim), in ¢ (M) we have

Q,

that wt(g(fof .. faim)) + o = wt(g(for - .. f_jjﬂ - fam)) for all 0 < k < m. Hence if

a, a, «

in ¢, (M) the weight of g(f,g... foL) is X', we have that the weight of g(f ... f,im)

a,m

is N —2a+ (ig + -+ + ;). Applying Lemma 3.3.8, we see that g is indeed a weight

vector. OJ

The following easy lemma is the first step in our ultimate goal of showing that the

functors T, and G, are equivalences between appropriate Jordan blocks of O.

Lemma 3.3.10. T, is right exact and G, is left exact.

Proof. For any module M € U -mod, we have

¢Q(Sa ®U M) = (ba(Sa) ®U M
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and since ¢,(S5,) ®u (e) is right exact, T, is also right exact.

Similarly, G, is a composition of two left exact functors Hom (S,, ¢, ' (e)) and H and

so is left exact. ]

3.3.2 Twisting functors between blocks of category O

We now observe that the Weyl group action on h* extends naturally to an action on (h=!)*
by letting W act diagonally through the identification (h=')* = (h*)™, and this vector
space parameterises the Jordan blocks of O(g,,). Retaining the notation of the previous

section, we can now state a precise version of Theorem 1.1.2.

Theorem 3.3.11. Let p € (h2')* be such that p(ham) # 0. The functors T, and G,

restrict to functors

T, O(u)(gm) —>O(Sa(u))(gm)

G, O(Sa(u))(gm)ﬁo(u)(gm)

which form a quasi-inverse pair of equivalences.

The proof of Theorem 3.3.11 is broken down into a series of lemmas which we record
and prove over the course of this section. The theorem will follow directly from combining

Lemmas 3.3.12, 3.3.19, 3.3.22, 3.3.23 and 3.3.24.

For the rest of the section we keep a € A fixed and let p € (h=!)* be such that

t(ham) # 0. The following result is the first step in the proof of Theorem 3.3.11.
Lemma 3.3.12. T, restricts to a functor O¥(g,,) — QLW (g, .
Proof. For M € OW(g,,) let (M) denote the minimal length of a filtration 0 = M, C

M, C .- C My_y € My = M such that the sections M;/M; 1 are all highest weight

modules; such a filtration exists by Lemma 3.1.5. We have an exact sequence:

0= M —-M— M/M; -0
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and since T, is right exact, we have another exact sequence
ToMy — ToM — To(M/M;) — 0

Using Lemma 3.3.6 and the fact that T, M; is a highest weight module, we can reduce
the claim that T, (M) € OW(g,,) to the case where [(M) = 1, i.e. M is a highest weight

module.

Since T, M is h-semisimple and a quotient of a highest weight module is still highest
weight, by induction and Lemma 3.3.6 it suffices to show that if M is highest weight of
weight (A, g1, ..., fim), then T, M is highest weight of weight (X, sa (1), ..., Sa(ptm)) for
some \ € bh*.

For the rest of the proof, fix M highest weight of weight A € b , and let v € M be

a highest weight generator of M. We aim to show that f_ o Ja. L ® v is highest weight

and generates T, M, which will complete the proof of the lemma.

To see that f;(l) . g}n ® v is maximal, we use Lemma 3.3.7 to see that for any ¢ > 0,
the element e, ; f,, o o, I ®wv € T, M lies in an h-eigenspace whose weight is not a weight
of T,M. To see that it is a genuine highest weight vector, one can use Lemma 3.3.3(ii)

to show that h; acts via s, (h;).

To see that f(;(l) e f;}n ® v generates T, M we use the fact that Uv = M and the
two bases of S, from Corollary 3.3.5, to check that every element of T, M lies in the
submodule generated by the set {f;go - faim®u | ix > 0}. Let L denote the span of this
set. Note that it is an (sly),-module, where (sl3),, is the truncated current Lie algebra on
(sl5)o := (€a, ha, fo). To complete the proof we show that L is a simple (slz),,-module.

Let t,,, C (sl2),, denote the span of hq,. .., ham and let v = |, € &, give the action
of t,, on f, o o, L @wv. If M(v) denotes the Verma module of highest weight ~ then there
is a nonzero homomorphism M (vy) — L and the dimensions of the weight spaces are the
same. Therefore it remains to show that the Verma module M (7) is simple. By Lemma

3.3.3(ii) we see that Y(ham) = (Sa)(ham) # 0 and so we can apply Theorem 3.2.1 to see
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that ©0=1)((sly),,) is equivalent to O0=1)(t,,). In the latter category, all highest weight

modules are simple, and so it follows that M () is simple as required. O

Our next steps towards proving Theorem 3.3.11 are to prove the following results
on the invariants of a module M € O™ with respect to a certain subalgebra of g, and

then prove a result on elements of the tensor product S, ®y M. Throughout, we let

(5[2)a = <€oc> haa fa> - g.

Lemma 3.3.13. Let u € (h21)* be such that pi,(he) # 0, let M € OW | and let a =
(fais-- s fam) C @m. Then M is free as a U(a)-module, and any basis of M (¢a0r-eam)

as a vector space is a free generating set for M.

Proof. 1t suffices to consider only the case where M is indecomposable. First consider
the case where g = sl, and M is a Verma module. In this case, M (¢a0-~€am) is one-
dimensional, spanned by any highest weight vector of M. But by definition M is generated

freely by this as a U(n,,)-module, and in this case a = n, so the lemma holds.

If g = sl, and M is indecomposable but not a Verma module, then by Lemma 3.1.5
and [56, Theorem 7.1] M has a filtration 0 = My C M; C --- C My_1 C My = M such
that each quotient is a Verma module. To show any basis of M {¢@0:-¢am) freely generates
M as a U(a)-module, it suffices to check one choice.

Choose = WU {v}, where U is a basis of M ™ and v € M(Ca0ream \ M,_ ;.
Let M" C M be the U(a)-submodule generated by 2. Then observe that M /M, is a
Verma module with highest weight generator v + My_;. Hence for any w € M, there is
some w’ € M’ such that w —w' € Mj_;. But ¥ C ), and by induction ¥ generates Mj,_,
as a U(a)-module, so My,_1 C M’'. Hence w —w' € M', and so w € M’ for any w € M,
ie. M =M.

Now we show that Q generates M freely, i.e. that the set ' = { féfo~~ fimov
Q0y .-y im > 0,0 € Q} is linearly independent. We already know that €’ spans M, so it
is enough to show that the number of f;fo e fémmv of weight X\ is equal to the dimension

of M for any X € h*. Now, every quotient M;/M;_, is isomorphic to the same Verma
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module M (), i) and hence all v € Q have weight A and also dim(M*) = k dim(M (X, u)).
These two facts together imply that the number of fé‘fo e fgjlmv of weight )\’ is equal to

the dimension of M*', so Q generates M freely and the lemma holds in the case g = sls.

Finally, we deal with the case where g is any reductive Lie algebra. Let T be a basis

of M{eaorcam) Tet v € M and let N be the ((sly)q)m-submodule of M generated by v.

generation follow from the fact M € O, while by definition /V is generated by one element.
Hence we can apply the lemma in the sl; case to see that v =3 fgjg .. fé%”vk, for some
ijr > 0 and vy € Nfaormeam) C Dfleaorcam) = spanY, so v is in the U(a)-module
generated by T.

Suppose T does not generate M freely as a U(a)-module. Then } . fcljg e fozfln"bj =0
for some 7, > 0 and b; € Y. But since this sum is finite, we can let N be the ((sl3)q)m-

module generated by {b1,...,b;} and obtain a contradiction to the sly case. Hence the

lemma holds. O

Corollary 3.3.14. Again, let u € (h21)* be such that pn,(he) # 0, let M € OW | and let
Ny be a finitely generated ((sls)a)m-submodule of M. Then there exists a U(a)-submodule
Ny of M such that M = Ny @& Ny, where again a = (fa0, ..., fam)-

Proof. Let ¥ be a basis for Nfe“’o ””” e“”"), which freely generates N; as a U(a)-module by
the previous lemma. Since Nfe“’o’”'ea”"> C M{ea0cam) we can extend U to a basis Q for
M (ea0seam) g0 if we let Ny be the U(a)-module generated by Q\ ¥ then by the previous

lemma we have M = N; @ N,. O

We now recall the following general result about tensor products. Let R be a ring,
and let M and N be right and left R-modules respectively, and let V' be a C-vector space.
We say a C-bilinear map ¢ : M x N — V is R-balanced if for any v € M, w € N, and
r € R, we have p(v - r,w) = (v, - w). We then have the following standard result on

the tensor product M ®pr N:
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Lemma 3.3.15. The element v®@w of M @r N is zero if and only if for any vector space

V' and R-balanced map ¢ : M x N — V', we have that (v, w) = 0.

We observe that if we set a = (fa, ..., fam) as above and set A = span{f, ... foim

iy .-y im > 0} C S,, which is a U(a)-U(a)-sub-bimodule of S, then we have (by consid-

ering the two bases of S, from Corollary 3.3.5) that as U-U(a)-bimodules:
Sa = U ®u(a) 4,

and as U(a)-U-bimodules:
S, =2 A QU (a) U.

In particular, for any left U-module M, we have that as left U(a)-modules:

Sy @u M = (A®U(a) U) ®UM§A®U((1) M.

The following lemma, which we will prove using Corollary 3.3.14, Lemma 3.3.15 and

the above observation, we be very useful in next part of the proof of Theorem 3.3.11:

Lemma 3.3.16. Suppose i € (h%”)* is such that p,(he) # 0 and let M € OW. Let

v € M*\ {0} for some X € b*. Then the following are equivalent:
(a) InT,M, we have f ... foim @ v =0.
(b) For any vector space V and U(a)-balanced map ¢ : A x M — V we have that
P(fad - Fammsv) =

(c) There exist vy, ... v, € M such that v = fé?o-vg—l—---%— L

a,m

Proof. We first note that (a) and (b) are equivalent by the above observation and Lemma
3.3.15. Also, if m = féoo-vo—l—- <o flm U, for some vy, . . ., vy, € M, then f;éo L famQu =
fald o Sl @ [l gt A fr 0 faim @ fin v = [0 o @t A fal? o [ ®

Um = 0, so certainly (c) implies (a), and in fact this is true for any M € U-mod (which
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we will use later). To show (b) implies (c), suppose v € M cannot be written in the
form f(ioo v 4+ flm - vy We seek a U(a)-balanced map ¢ : A x M — V such that

©(fao i o Ja im v) # 0. It suffices to consider the case where M is indecomposable.

First consider the case where g = sly and M is the Verma module M (A, 1, ..., fim)

where g, # 0. Let v € M. Then v = >k fob - fam @ 1, where all but finitely

ag;,.--,am J o,

many of the kq, ., are zero. Observe that v is of the form v = ffjjo v i U

for some vy, ..., v, € M if and only if ky, ., = 0 for all a; < i.

Now suppose v is not of the form v = f;(:()'UO‘l" . -+f’m “Uy,. Then pick some 0 < ai < i
such that ki,—ay. ip—a, # 0. We can define a U(a)-balanced map ¢ : A x M — C by

setting:

. , . , 1 ifip—gp=aiforall0 <k <m
O(fad - fams fao- - fim, @ 1) =
0 otherwise

and extending bilinearly. By construction we have that ¢ is a U(a)-balanced map such
that @(fo (... faim, v) # 0.

Now we consider the case where g = sly and M is indecomposable. If M is a Verma
module, we are done by the above. If not, let 0 = My C M; C --- C M1 C M, =M
be a filtration of M such that each section is a highest weight module. In fact, by [56,
Theorem 7.1], in this case each Verma module is simple, so each section is in fact a Verma
module. Let v € M be such that v cannot be written as f;?o vg+- -+ fim v, Consider

the quotient M /M;. We have one of two cases:

(1) If v+ M; cannot be written as f 00 vo+- -+ fim v, + M, then by induction on k we
can find a U(a)-balanced map ¢ : A x (M/Ml) — C such that o(f, ... falm, v+

M) # 0. We can then lift this to a U(a)-balanced map @ : A x M — C by setting

P(u,v') = p(u,v" + M), which clearly satisfies gp(f o foim v) # 0.
(2) Ho+M; = fL v+ fim v, +M, thenlet w = v— f2 -v)—- - -— m o, € M.
Now w cannot be written as f 00 wo+- -+ fim -w,y, or else we could take vy = v{+wy

65



and obtain a contradiction. But M; is a Verma module, so we have already shown

there exists a U(a)-balanced map ¢ : Ax M; — C such that gp(f_m oo [T w) #£ 0.

CXT)’L’

Now by Corollary 3.3.14, there exists a U(a)-submodule M’ of M such that M =

M, @ M'. Hence
(p®0): AXxMEAXx (MioM)=(Ax M))®(Ax M) —C
is a U(a)-balanced map such that:

(p@®0)(fof .- ;iz",v)=<soea0)(f;é°-- i w A [0 vy A fim )

= @(fad - fam w) #0

Finally, let g be an arbitrary reductive Lie algebra, let M € O™ and let v € M be
such that v cannot be written as v = fé(jo cvg+ -+ é’fm - V. Let My be the ((sl2)a)m-
module generated by v, and let M, be a U(a)-module such that M = M; @ M, as in
Corollary 3.3.14. By the sly case, we have a U(a)-balanced map ¢ : A x M; — C such
that o(fo .. faim,v) # 0. Then

(QO@O)AXMgAX(Nl@Ng)g(AXNl)@(AXNQ)—)C

is a U(a)-balanced map such that (¢ @ 0)(f;6° L frimw) = @(f L fim ow) £ 0 as

a,m «, a,m

required. O

In the applications for which we need this lemma, the following corollary will often be

sufficient:

Corollary 3.3.17. Retain the setup of the previous lemma and let A € b*. Then there is
some k € N such that M M+ = 0. Furthermore for any such k and any v € M>, we have
that f;’g ;77’;@1) =0 of and only if v=0.

Proof. The existence of & € N such that M**** = 0 follows from Lemma 3.1.3. By
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Lemma 3.3.16, we have that f;’g e fa_fn ® v = 0 if and only if there exist vy, ..., v, € M
such that v = fio Vgt f(ljm -Um. Replacing vy, . .., v, with their projections onto the

A\ + ka weight space if necessary, we may assume v, ..., v, € MA* =0, sov=0. O
Finally, we need one more lemma:

Lemma 3.3.18. Let M € U-mod. Then any element of So ®u(g,,) M can be written in

the form f;éo...fozi’f®v, for some ig,... %y, >0 and v € M.

Proof. Certainly any element of S, ® M can be written as a sum of elements of the form
s®@m for some s € S, and m € M. We have that any s € S, is the sum of elements of the
form fOZé’O. .. faimu, where u = v(a, b, c), and fo:éo o fatmu@v = f;’éo o Sk @ (u - v)
for any v € M, so any element of S, ® M can be written as the sum of elements of the
form foro. .. foim ®w.

Now let x € S, ® M, and write z =), f;éo’“ . fa_l#?“ ®v,. Let ji, = max, tg,4. Then:

xr = Z(fa,z)(]’a .. fa,irT’“ X 'Ua) = Z<fa,éo .. fa7%” ® i(jo 0,a o g:;n ’Lm,a,Ua>

a a

= ol L @) (fe L fimimay,)
a

]

We can now complete the next step in the proof of Theorem 3.3.11, which is to show

that there is an isomorphism between M and G,71T,M.

Lemma 3.3.19. For any M € OW(g,,), the map r : M — G T,M defined by

Yar(v)(s) = s ® v is an isomorphism.

Proof. First observe that v, is certainly a homomorphism since for any v € M, u € U
and s € S,, we have (u- ¥y (v))(s) = Uy (v)(s-u) = (s-u)@v =5 (u-v) = Yy (u-v)(s).
To see that vy, is always injective, let M € O™ and let v € M be a non-zero weight

vector of weight A say. Then, applying Corollary 3.3.17, there exists k£ € N such that
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MA ke = 0 and ¢M(v)(f(;’g...foj,,’fn) = fozlg...f(;fn®v = 0 if and only if v = 0. Hence

¥y (v) = 0 if and only if v = 0. Since M and G,T, M are both h-semisimple, this suffices

to show that 1), is injective.

We now show that 1), is surjective. Let g € G, T, M. This g is a map S, — S, ® M,
and we may assume g is a weight element of G, T, M, of weight A say. We first use Lemma
3.3.18 to see that, for all i, ... %, > 0 we can find 7, ;.; > 0, and v;, ;. € M such
that g(folo ... foim) = folomim® | pidiowinm g,

If 4 > Jiy,...im.1» then we can replace m;, . ;. with f,il_jio """ it Mg, im a0d s€t Jip 4 =

i;. Hence we may assume that ¢ < 7, ;... On the other hand, suppose 4 < ji,.. im.-

tm,

Then since g is a U(g,,)-homomorphism, we have:
)
_rip —ig —i 7 Jigye im0 —Jig,erim, i i —Jig,.eeyim,m
O—fa,z'g(fa,o --'fa,én)—fao o Sal oo Jaym & Vi, ... im

By Lemma 3.3.16 we have that v, = f20™" . vf 4 - fromiTh gy

Jigsees im / ’ /
am ™ ol for some vy, ..., vl € M. Hence:

9(Fald -+ Jamit) = fag® " o fad? @
(fg:% AAAAA im0 ’U(/) + . _|_ fi:(l) AAAAA im L U . U; + . + fii%“,im,m . U;n)

—Jigseerim,0 —i —Jig,e e yim,m /
= ---fa,z---aﬁm ®

so, replacing v;, ;. with vj, we may assume that j;, = 1.

m "7im7l

Since g has weight A, we have that for any h € b,

A G(fald - famm) = (h- @) (fald - fam) = 9(fal . faimh)
= g((h— (o + -+ im)a(R) fold .- faim)
= (h—(io+ -+ im)a(h) - g(fald - faim)
SO g(f(;go o fimY) = f;éo . fg;;y ® vy, 4, has weight X\ + (ig + -+ + i), But by

a,m
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a similar calculation as Lemma 3.3.7 (but using the untwisted action on S, ® M rather
than the twisted action used there), if v € M has weight ', then f_m. fatm @ v has

weight X' + (ig + - - + i) in S, ® M. Hence the v;, ;. all have weight A in M.

aim

Now we choose k such that M*T** = (0. Then for any 4o, ..., %m > k, we have
- ~ - - - » L
fa,lg" cxm®vk ..... k—g(fa,§-~-fa,51):f$0 é,mk'g(fa,go"'fa,;m)

_ r—k —k
- fa 0-Jam ® /Ui()r"vi'rn

)

SO (;0 fam ® (V... — Vig....i) = 0. But, again applying Corollary 3.3.17, we must
have vy — iy, i, = 0, le. vk = v Let v = vg, . Then we argue that
f"o. falrgh@v_f : f ® Vig,...in TOr all 29, ..., %y, > 0: if 4y..., 7, > k we have

just seen this, and if not then we can use that fact that

o - St o @ Vi = Jad - 9 fa) = 9o Sl ™ fa)

= oj,éo . f_zlJrl f n @ Vig,ij—1,..im
Since S, is generated by {fo(* ... faim :ig,...,im > 0}, we conclude that g = 1y (v) for
this v chosen above, completing the proof that 1, is surjective. O

The next result is an easy but useful consequence of Frobenius reciprocity.

Lemma 3.3.20. Let M be a U-module, and let A C S, and a C g,, be as in Lemma
3.3.13. Let ¢ : A — M be a U(a)-homomorphism. Then ¢ extends uniquely to a U-

homomorphism ¢ : S, — M.

Proof. Frobenius reciprocity states that for algebras R C S, an R-module N and an
S-module M, there is an isomorphism Homg (S ®p N, M) = Hompg(N, M) given by the
restriction map ¢ — @|igr. Setting R = U(a), S = U, and N = A, the result follows

from the earlier observation that S, = U ®y(q) A as left U-modules. ]
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The next result is a technical result which will be used later to construct certain

elements of G, M.

Lemma 3.3.21. Let M € OW(g,,) and let T be a subset of Z™' satisfying:

(1) (ig,...,im) € T whenever any iy < 0.

(2) If (igy ... im) €L, then (ig,...,ix —1,...,iy) €Z for any 0 < k < m.
and let {vi, 4, € M : (ig,...,im) € L} be a collection of elements of M satisfying:
(i) vi.....i, = 0 whenever any iy < 0.
(i) €ak - Vig.....ims = Vig...ix—1,...im, Whenever (ig, ... ,iy,) €T
Then there exists a U(a)-homomorphism ¢ : A — ¢ (M) such that o(fy ... faim) =

a,m

Vi, which by Lemma 3.3.20 extends to a U-homomorphism ¢ : S, — ¢ (M). More-

yeenylm 2

over, if there exists A € b* such that the weight of v;, is A — (ig + -+ + im) for all

----- im

(10, .-, im) € I, then we can choose ¢ to also be weight and hence lie in G, M.
Proof. We construct elements v;, ;. for (i, ..., i,) € VSR \ Z inductively such that the
Vig.....in, Satisfy conditions (i) and (ii) above for any (ig, . . ., %,) € Z™"!. Then observe that

(i) and (ii) ensure that setting @(fo - .. fair) = vi,...i,, defines a U(a)-homomorphism ¢ :

a,m

A — ¢71 (M), since it is enough to check that vy, i, 1.0 = fak ot @(fo ... frim) =

a, a,m
Tk "a—1 Vig....ivs = Cak * Vig....im, for any 0 < k < m and (ig, . .., %,) € Z™.

To construct such v;, ;. let (ig,...,im) € Z™ \ T be such that i + -+ + iy, is
minimal among elements of Z™™! \ Z. Then in particular, (ig,...,ix — 1,...,%,) € Z for

each 0 < k < m. Recall that (sly)s := (€a, ha, fa) and let N be the ((slz)q)m-module
generated by {viy i, 1., 10 <k <m}, s0 N € OW(((sly)a)m). Here we make a slight
abuse of notation, identifying p with its restriction to b, N ((sl2)a)m. Then we use the

following claim to construct v;,, ;. € N C M such that ey - Vig... i, = Mg, ir—1,...sin-
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Claim (x). Consider the maps:
N i> Nm+1 & N%m(m+l)

given by 61 ($) = (ea,O Ty >€a,m : $) and 62(:[/07 s 7ym) = (ea,k Y — ea,l : yk)0§k<l§m'
Then ker(6) = im(0;). Furthermore, if (yo,...,Ym) € ker(6y) and y, € N N M* for all

0 < k < m, then there exists x € M*~ such that 6;(z) = (yo, .-, Ym)-

We now proceed to prove this claim. First observe that 6y o #; = 0, so certainly
ker(6y) O im(6;). Hence we only need to show that im(6;) O ker(fy). Throughout the
proof of this claim, we write e for e, ; and fj for fu .

We first deal with the case where m = 1 and N = M(y) is a Verma module. In this
case, we consider the restriction of these maps to certain weight spaces in the following
way (for any A € bh*):

N)\ 61 (N)\+oc)2 02 N)Hr?a

Now, either dim(N**®) = 0, in which case im(f;) = ker(,) automatically, or the
dimensions of these weight spaces satisfy dim(N*) = m + 1, dim(N**®) = m, and
dim(N*2%) = m—1. Hence by considering dimensions and the fact that ker(fy) 2 im(6,),
it is enough to show that 6; is injective and 6, is surjective. We can compute that e,

acts on the basis vectors f&lfio ® 1 by:
car (Fonfan® V) = wifanfon @1 =G = DS fag @1

so by considering 6,(z, 0), we see 5 is surjective using an inductive argument. We also see
that eq,1-v = 0 if and only if v = f? | ® 1. Since pu # 0, we can show that e, - f{ ® 1 # 0,
so 0, is injective as required.

We now deal with the case where m > 1 and N = M()\) is a Verma module in
OW(sly),,), s0 As; = p. We use the following facts, which can be verified by computing

the action of e, on the basis elements fi° ... fim ®1 of M()) and recalling that (hs) # 0:
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(a) e, - N = N, which can be shown by an inductive argument using a computation

similar the g = sl, Verma case.

(b) em - v = 0 if and only if v € span{fi*... fim @ 1 : 4y,...,i, > 0}. The lat-
ter is isomorphic as a U({ey, ..., €mn_1))-module to the Verma module M(y) over

span{eq i, Pais fai |1 =0,....m — 1} = ((sl3)0)m—1 where y(ha;) := p(hait1)-

(c¢) Applying (b) repeatedly, we see that for any k > 1, we have that ¢; - v = 0 for all

kE<l<mifandonlyif v e span{f;m_*k’ji N o N N A SO S ()

To ease notation slightly we will write agy = (eo, ..., €;), write (sl)(;) for the Lie algebra
((slz)a); and () for the character of span{ha,- .., o} given by v (ha,j) == p(Pam—i)-

Now let (yo,...,ym) € ker(0s), ie. ex -y —e; - yp = 0 for all 0 < k,I < m. By fact
(a), there certainly exists an x,, such that e,, - ,, = ¥,,. We then inductively construct
xp for 2 < k < m such that ¢; -z =y, for all £ <1 < m. The cases k = 0,1 will be dealt
with by an additional argument immediately afterwards, and we will then obtain some

xo such that 61 (zo) = (Yo, -, Ym)-

Suppose we have constructed x;,; such that e; - x5 1 =y, for all k+1 <1 < m. For
any k+1 <1 <m, consider €;- (e Tpr1—Yr) = €x- (€1 Tpr1) — €1 Y = €k -y — €1+ Y. = 0.
Hence by fact (c), we have e - Tpy1 — yp € span{ ;f‘:kk R B R T O T
0}. But as a U(ag)-module, this is isomorphic to M(yx)), so by fact (a) there exists
z) € span{ ;m:,f v fim @1ty gy, iy > 0} such that ey - z), = eg - Tpy1 — Yk, and
by fact (c¢) e -x}, = 0 for all K +1 < [ < m. Setting zp = xp41 — ), we see that
€k Tk = €k Thy1 — € Th = € - Ty1 — (€ - Tp1 — Yg) = Yk, and for k+1 <1 < m we
have e, - xp = €, - Tp41 — € - ¥, = y; — 0. Hence we have constructed z;, with the desired
properties.

Now consider y; = e1 - 23 —y; and y, = €9 - 2 — yo. For 2 < [ < n, we have
er-yp =e-(e1-T2—1) =e -y —e -y = 0, and similarly e; - 5 = 0, so y5,y; €
span{ f" fim @ 1 ¢ ipm_1,4y > 0} which is isomorphic to M(vqy), the Verma module

over (sly)1), as a U((eg,e1))-module. In addition, since (yo,...,ym) € kerf we have
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eo Yy —e1 -y, = 0, so we can apply the case where N is a Verma module and n = 1,
proved earlier, to find 2’ such that ey -2’ =), e1 -2’ =y, and ¢, - 2’ =0 for 2 <1 < n.
Then setting xg = x5 — 2’, we have that 01(x¢) = (Yo, .-, Ym)-

If N is not a Verma module, let 0 = Ny C N; C--- C N1 € N, = N be a filtration
of N such that each quotient is a highest weight module. Since p(ha,,) # 0, all these
highest weight modules must in fact be Verma modules by [56, Theorem 7.1|. Then, given
(Yo, - - -, Ym) € ker(fy), in the quotient N/Nj_; we have that there exists x € N such that
e T+ N1 =y +Np_1 forall 0 <1l <m. Hence ¢; - x —1y; € Np_q for all 0 <[ < n.
Butey-(e-x—y) =e-(ey-x—yy) for all 0 < [,I',< m, so by induction on k, there
exists ©' € Ni_1 such that ¢; - 2/ = ¢; - x — y; for all 0 < [ < mn. Note that in this final
argument we have used the fact that y, := e, -z — y; gives a collection of elements lying in
the kernel of 8, which allows us to apply the inductive hypothesis. Hence ¢; - (z —z') = y;
for all 0 <1 < m, so im(6;) 2 ker(fs) as required.

Finally, if yo, ..., ym € M*NN, then given z € N C M such that 6;(z) = (Yo, - -, Ym),
by considering weight spaces we may replace z with its component 22~ in the A—« weight
space and 0;(x) = 0, (), proving the final part of Claim ().

Since gk Vig,..i~1,...im = Vigysig—1,siy—Lyoviin = Cal Mg, ig—1,..im fOr all 0 <k <1 <'m,
this claim then allows us to pick v;, . ;

such that e - Viy...i,. = Vig,..ix—1,..ir, fOT all

m im

0 <k <m,and if vy, i —1.., has weight X for all 0 < k < m, then we can choose
Vig....im t0 have weight X — «. Hence applying this inductively, we can construct for all

(igy .-+, im) € Z™ " elements vy, ;. € M satisfying conditions (i) and (ii).

-----

Suppose there exists A € h* such that wt(m;, ;.) = A — (ip + -+ + iy for all

(igy---,im) € Z. Then by construction v;, ;.. is weight for all (ig, ..., ;) € Z™", so by

m

Corollary 3.3.9 the function we have constructed is a weight vector. O

We are now ready to establish the main remaining ingredient needed to finish the

proof of Theorem 3.3.11.

Lemma 3.3.22. For any N € O« (g, the map ex : ToGoN — N given by ex(s ®
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g) = g(s) is an isomorphism.

Proof. First we show ey is a homomorphism. Let u € U, let s € S,, and let g € G,N.
Then

u-en(s®g) = u-g(s) = ¢, Pa(u) 9(s) = g(da(u)5) = en((da(u) 5)®g) = ex(u-(s®g))

so €y is certainly a U-homomorphism.

Now let v € N be a weight vector, and choose ay,...,a, such that ei’fk -v = 0 for

each k. Let

T ={(ig,...,im) : i < 0 for some k or i), < a; for all k} C Z™*!

_ _ap—ig A —1 o
Vigooviim = Can - o v il i <y, for all k

Viy,....im = 0 otherwise.

Then we can use Lemma 3.3.21 to construct g € Homy (S, ¢, (M)) which is a weight
vector and therefore in G, N such that g(f,¢° ... fonm) = v. Hence en(fo 0" - - - famr®g) =

v, SO €y 18 surjective.

We now show €y is injective. By Lemma 3.3.18 any element of T,,G, N may be written

as CZEO o foim®g for some g € GoN. Suppose eN(fO:éo o falm@g) = g(f(;éo o fokm) =
0. We may assume g is weight (i.e. an h-eigenvector). If not, we may write g as a sum of
gr € (GoN)*, which by considering weight spaces must all satisfy g,\(f(;f)“ . fojm) =0,
and then apply the following argument to each g,.

Observe that g(f;éo o foidm) = 0 if either jp < 0 for some 0 < k < n or all j;, < iy,

cJam
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and choose

jkgz'kforallogk;gm—lorjmgim}

I:{(jo,...,jm)ezm“: c zm+!

or jr <0 for some 0 < k <m
Vjgrogm = 9(fadl o fadm) if jy <dpforall 0 <k <m—1

« a,m

Vjorjm = 01 Jy <'ip, o1 3 < 0 for some 0 < k < m.

Then applying Lemma 3.3.21 to this, we construct g,, € Homy(S,, ¢ (M)) which is a

weight vector (and hence in G,N) such that:
(@) gm(Fad) - fad) = 0 f jon < im
(B) gon(Fad - fode) = 9(fad - fodw) i b < iy for all 0 < b < m— 1

Note that these two conditions are not mutually exclusive but they are consistent by our

earlier observation.

By (a), we can define ¢/, € G,N by setting

I (Fad - Samd Faiit ™) = gl - Fadi')
and 50 g, = fin - g By (b) we have (g — gm)(fod ... faim) = 0 if either some jz < 0

orif jp <ipforall 0 <k <m—1.

We now construct g, € G, N inductively by setting

Je <ipforall 0 < k<s-—1

IZ{(jO?"'ij)EZm+12 }gzm“rl

or js < igor jr <0 for some 0 < k<m

Voo = (9= Gm =+ = Goi1) (fadl o fodm) if ji < forall 0 < k< s—1

Vijg,im = 01f Js <ig or jp <0 for some 0 <k <m

Again, these two conditions are not mutually exclusive, but they are consistent.

These g, satisfy:
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(a) gs(fold ... fodm) = 0if j, <
(b> gs(fO:%Of(;%”):(g_gm__gerl)(f;éofoz%n) lf]k < i fora110§k§3—1

By (a), we can write this g, in the form g, = fZ, - g, for some g, € GoN. By (b) we have
that (¢ — gm — - - —gs)(f;g]of;%”) =0if jp < i foral 0 <k < s—1. Hence we

seethatg:f;60~g[’)+-~+ a‘yf;{‘~g§nforsomeg[’),...,gjnEGQN,sof;éo...fC;jg(gg:

Z(f;go [y ® f(i’jkg; = 0. Hence ey is injective. O

a,m

The last main step in proving Theorem 3.3.11 is to show that G, genuinely a functor

between appropriate blocks of O(g,,) as claimed.
Lemma 3.3.23. G, restricts to a functor O=W)(g,) — OW(g,,).

Proof. Let N € O Let 0 = Ny C Ny C --- C Nj,_; € Ny = N be a filtration of N

such that each section is a highest weight module. We have a short exact sequence
00— Ny — N— (N/N;) =0
and hence, since G, is left exact, an exact sequence
0 = GoN1 = G N — Go(N/Ny).

Hence G, N is an extension of a submodule of G, (N/Ny) by G,N;. Since G, N is automat-
ically h-semisimple and Q=) is closed under taking submodules, we can use induction
on k and Lemma 3.3.6 to reduce to the case where N is a highest weight module of weight
(st - s saitm).

Let v be a highest weight generator of N. By Lemma 3.3.21, we can find g, € G, N
such that gv(fozé e f;}n) = v and g, is a weight vector. We aim to show that g, is a

highest weight generator of G, N of weight (s,(A) — (m + 1)a, p1, ..., fry). By Lemma

3.3.8, we certainly have that g, is a weight vector of weight s,(\) — (m + 1)a.
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Let 8 € @7\ {a}. Then egy - g, has weight s,(\) — (m —1)a+ , so by Lemma 3.3.8,
(egn9o) ([l - falm) has weight A—(ig+- - -+ipm — (m+1))a+5,(B). Now, since s,(3) €
dt\{a}, A= (ig+- - +im— (m+1))a+s.(8) £ A and so NA~lot+im=(miD)atsa(F) = (),
In particular, (egy - gv)(f;f)o . foj;’l") = 0 for all i,...,%, > 0, so egy - g, = 0 for all
0<k<m.

To see that eq . - g, = 0, first consider the ((5l2)a)m-module @, N> e Since N
is highest weight, this is generated as a ((sl2)4),-module by v, which is highest weight of
weight (A(ha), Sa (1) (Ra)s - -+ Sa(ftm) (ha)). Hence since s (ptm)(ha) # 0 and this module

is clearly non-zero, by [56, Theorem 7.1] this module is isomorphic to

M(A(ha); $a(p1)(ha)s - - - Sa(fim) (ha))

and so in particular the only elements z € @,V A=le such that eqy - @ = 0 for all
0 < k < m are scalar multiples of v. Now suppose that e, - g, # 0. Then we have a
non-zero element g € (GoN)*™=me By Lemma 3.3.8, g(fs5-- . fam) = © must have
weight A —ma. But also e, ;-2 = 0 for all 0 < k& < m, so by the above observation z is a
scalar multiple of v and so has weight A. Hence x = 0, and we can now show inductively
by a similar argument that g(f_’0 oo fTim) =0 for all 4g,...,i, > 0, so g = 0 giving a

M

contradiction.

Finally, let 2 € h and let 1 < k < m. Then hy, - g, € (GoN)*M=(m+De We have:

(hk’gvxfo:(l) f_l)_gv(f famhk)
= go(hifog o fam+alh) Y fabe Sl fk - fam)

0<i<m—k

= gv(hkfa_,(l) s fajyln)

= hy-v = pg(h)v

Now suppose hg-g, # pr(h)g,. Let (ig, ..., 7,) be such that ig+- - - 41, is minimal subject

to @ == (hy - go — tr(R)gu)(fall - faim) # 0, and note that (i, ..., im) # (1,...,1) by

77



the calculation above. Then by the minimality of ig + - - 4 %,,,, we have e, - © = 0 for
each 0 < k < m. But by Lemma 3.3.8, we have x € NA~(otFim=(mth)e which gives
a contradiction by the earlier observation that the only elements z € @,y N A=l guch
that eqar - = 0 for all 0 < k£ < m are scalar multiples of m. Hence hy - g, = px(h)gy,
completing the proof that g, is highest weight of weight (s, (\) — (m+ 1), g, . -, fhn) as
claimed.

Now, by 3.3.22, there is an isomorphism €y between T,G,N and N, and furthermore
this isomorphism takes f;(l) e fa_,ln ® g, to gv(f(;é . f(;}n) = v. Hence fa_(l) o foj}n ® gy is
a highest weight generator of T,G,N. Now let L be the submodule of G, N generated by
Jv, and consider the inclusion ¢ : L — G,N. We wish to show that ¢ is an isomorphism,
which will complete the proof that N is highest weight and therefore the proof that G,

is a functor from Q% ® to OW . First we compute that for any [ € L,s € S,:

((Galen) 0 GaTa(v) 0 ) (1))(s) = ex((GaTa(e) 0 ¥r)(1)(s))
= en(Ta(e) o (l)(s))

= en(Ta(t)(s ®1))

The first and second equalities hold since by the definition of G, if ¥ € G, T,G,N
and p is a map from T,G,N to either N or L, then G,(p)(x) = po x. The final three
equalities hold by the definitions of ¢, T,(¢), and ey respectively.

Hence « = G,(en) 0 GoTo(t) o ¢p. Since L is highest weight, by Lemma 3.3.19 the
map ¢, is certainly an isomorphism. Similarly, by Lemma 3.3.22, the map ey is an
isomorphism, so G,(€eyx) is also an isomorphism. Hence to show ¢ is an isomorphism it
suffices to show G,T,(¢) is an isomorphism, and to show this it suffices to show T,(¢) is

an isomorphism. We can also conclude from this calculation that G,7,(¢) is injective.

Now we consider T,(1) : ToL — ToGoN. We have that (Ta(0))(fag - - - fam @ 90) =
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o, o o I ®g, which as discussed above generates T,G, N, so T, (1) is certainly surjective.

Let K = ker(T,(¢)) and observe since that K is a submodule of T,L € O™, we have

K e oW,

We have a short exact sequence:
0= K 5T,L Y 7,6G.N =0

and so since G|, is left exact, we have an exact sequence:

0— G.K Y q 1%k

But G,T,(¢) is injective, so im(G4(¢)) = 0 and hence G, K = 0. Now, if K # 0 then
since K € OW we can use Lemma 3.3.21 to construct a non-zero element of G, K, so
K =0, i.e. T,(¢) is injective. Hence T, (¢) is an isomorphism, so by the earlier discussion

¢ is an isomorphism, so G, N is highest weight as required. [

Finally, to complete the proof of Theorem 3.3.11 we need a small argument to check

that 1 and € are both natural transformations:

Lemma 3.3.24. The transformations
w : idOW)(gm) — GaTa

and
€ : ToGo = idpam) (g,

are natural.

Proof. To show 1 is natural, we must show that for any M, N € O™ and f: M — N

that ¥y o f = G, T, f oty Using that G, (p)(x) = po x, we see that for any s € S, and

79



veE M:

(GaTaf 0 (v))(s) = GaTaf(s ©v)
=Taf(s®v)
=s5® f(v)
= ¥n(f(v))(s)
= (Yo f)(v)(s).

To show € is natural, we must show that for any M, N € O« and f: M — N that

foey =enyoT,G,f. This holds since for any s € S, and g € G, M, we have:

(ev 0 TaGaf)(s ® g) = en(s @ (Gaf)(9))
=en(s®(foyg))
= f(g(s))
= flem(s © 9))

= (foem)(s®yg)

]

Theorem 3.3.11 now follows by combining Lemmas 3.3.12, 3.3.19, 3.3.22, 3.3.23, and

3.3.24.

We end this section by remarking that Lemma 3.1.11, Theorem 3.2.1, and Theorem

3.3.11 can be combined (together with a small result on the action of the Weyl group on

this in more detail later during our calculation of composition multiplicities in §3.4.2. For

now, we illustrate this via the following example:

Example 3.3.25. Let g = sl and m = 1, let & = {a, f,a + B} be the positive roots
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of sl3 labelled in the usual way, and consider the Jordan blocks O ((sl3),) as p ranges

over h*. The possible stabilisers (sl3)* are:

Xk ok * 0 0 x *x 0
b= 1% % x|, =10 % 0], =% % 0
x ok X 0 0 = 0 0 =

* 0 0 * 0 %

Lb=10 % x|, =10 % 0

0 * = * 0 %

We then have the following cases:

e If (sl3)* = [; then = 0 so we are already in the Jordan block O©((sl3);).

o If (sl3)* = I, = b, then (sl3)* is the Levi factor of the standard parabolic p = b.

Then by Theorem 3.2.1 and Lemma 3.1.11 we have that O™ ((sl3);) = O©)(p,).

o If (sl3)" = I3 or (sl3)* = I4 then is it the Levi factor of a standard parabolic p3 or

p4 respectively, where:

¥ ok % ¥ k%
ps=1x x x|, Pa=10 % =«
0 0 = 0 * =%

Hence we can again apply Theorem 3.2.1 and Lemma 3.1.11 to show that O ((sl3);) =

(’)(0)((9[2)1)7 since [3 = gl, = 1.

e If (sl3)" = [5 then there is no parabolic subalgebra p; containing b whose Levi factor
is [5. Hence we cannot directly apply Theorem 3.2.1. Instead, we first use Theorem
3.3.11 to obtain an equivalence OW((sl3);) = OG=)((sl3);) via the twisting functor

T,. Then one can check that g* = [, so by the previous case we see that

OW((sl3)1) = OO ((gly)1).
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3.4 Composition multiplicities of Verma modules

3.4.1 Definition of composition multiplicities

Let M € O(g,,). As in the reductive case covered in §2.3.2, we define the character of M
to be the function ch(M) : h* — Zsq which sends A to dim(M?), and the support of M,
denoted supp(M), to be the set supp(M) = {\ € b* : M* # 0}.

Since modules in O(g,,) need not have finite length, we require an alternative way
to define composition multiplicities. We do this using the using the following result,

generalising the case g = sly, m = 1 treated in [34, Proposition 8].

Lemma 3.4.1. Let p € (b%l))*. For any M € OW(g,,), there exist unique {kx(M) €

Zso : A € bk As1 = u}, which we refer to as composition multiplicities, such that

ch(M) = 3" k(M) ch(L(A )

Proof. We first show uniqueness. Suppose we have

ch(M) = 3 aych(L(\ 1) = 3 bach(L(A, )

Aeh* Aeh*

for some ay, by € Z>o, and ay # by for some A € h*. Then we let X = {\ € h* : a) > by},

Y =supp(M) \ X, and

X =3 (ax—b)ch(L(A, p) =Y (by — ax) ch(L(A, )

AeX AeY

Since ay # by for some A, we have that y # 0. Let v € bh* be such that x(v) # 0
but x(v') = 0 for all v/ > v. Now, if v € X, then the coefficient of ch(L(v, 1)) in the
second sum must be 0, and since x(v') = 0 whenever v/ > v, so must the coefficients of
L(v', ) for v/ > v. Hence x(v) = 0 giving a contradiction. If instead v € Y we obtain

contradiction by an identical argument.
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To show existence of the ky(M), we use induction on n =, dim (M), which is

finite by Lemma 3.1.3. If n = 0, then in particular M* = 0, so we must have ky(M) = 0.

Now, let I' be the set of non-negative integer sums of positive roots, and choose
v € A+ I such that v is maximal subject to the condition that M" # 0. Then there
must exist a highest weight vector of weight v in M, generating a highest weight sub-
module K of M. Consider the quotient map M(v,u) — K, and let K’ C K be the
image of the unique maximal submodule N(v,u) € M(v,u) under this quotient map.
Both » 55y dim(M/K)* and > v dim(K")Y are < n, so we have already constructed

kx(M/K) and kx(K'). We then set:

[]

We now give another interpretation of these quantities k(M) which is closer to the

notion of composition multiplicities in Artinian categories.

Lemma 3.4.2. Let i € (h21)* and M € OW(g,,). Then there exists T C (Z>¢)™ and a
descending filtration of M indexed by I with the lexicographic ordering, such that:

(CL) [f(i17---7ik717ik7~--;im> € 1 with i > 0 then (il,...,ik,bik — 1,0,...,0) el.
im—1)/Mir,....ina) 15 simple.
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im) 1S trival.

----- im

Furthermore, for any such filtration L(X\) appears as a quotient Mg, . ;. —1)/Mg,,. in)

precisely ky(M) times.

Proof. First observe that by Theorems 3.2.1 and 3.3.11 we may reduce to the case

1(h7) = 0. Suppose m = 1. In this case M has a filtration M D g\ M 2 (g{")2M D - ..
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Each quotient (g\")iM/(gi")*1M lies in BGG category O for g and hence has finite
length, so this may be refined to a filtration satisfying (a) and (b).
For m > 1 consider the filtration M D gg,T)M D (gﬁ,T))QM D .... Each quotient
(a9 Y M /(g )+ M lies in the category O™ (g,,_1), where we identify ;¢ with an element
(m)

of (h71,)* in the obvious manner, so we may set Mo o) = (gm )'M and argue by

induction that this may be refined to a filtration satisfying (a) and (b).

To show this filtration satisfies (c), it is enough to show that whenever u(h%n )) =0
every M € OW(g,,) has the property that ﬂizo(g%))il\/f = 0. By considering weight
spaces, this property is preserved by taking quotients and extensions, so it is enough to
verify this in the case where M = M(\) is a Verma module. Since \,, = p,, = 0 this
Verma module is graded: we place a grading on U(g,,) by setting, for x € g,

degn 0 ifi=0,...,m—1,
1 ifi=m.
We transfer the induced grading on U(n; ) to M(\) via the isomorphism of n, -modules
U(n,) = M()\). Now M(A) is a positively graded g,,-module and ﬂizo(ggﬂ))iM()\) is
contained in the intersection of all graded components, which is zero.
We claim that (gq(qT))iM()\,ul, oy fim—1,0) = {u(ve, ..., Vin) ® 1 ¢ |Vim| > i}, where

u(Vo,. .., Vi) = [[ folg - - - I fam for vo,...,vim € Z%, which immediately implies that

ﬂ(gggn))lM(A7 M1y ooy bm—1, 0) =0.

1>0

We prove this claim by induction; it clearly holds when i = 0. Suppose

("N M, s - -y pme1,0) = {u(vo, ..., Va) @ 1 : |V| > i}

Then (97(72”))”1]\/[()\, [1s - -y fm—1,0) is spanned by elements of the form z,,-u(vo, ..., vy)®

1, where x = e,, fa, O hy. But z, - u(vo,...,vn) ® 1 = fo, 02mu(ve',...,vn) @ 1 +
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[z, foylnu(Ve', ..., Vvin) ® 1, where |vq'| = |vo| — 1, so by induction on |vo| we may assume
that vo = 0. Now =z, commutes with u(0,vy,...,vy), so if x = e, or h, then z,, -
uw(0,...,vyp)®1 =0, while if z = f, then x,, - u(0,...,vy)®1 liesin {u(ve,...,vm)®1:
|Vm| > @+ 1}. Hence the claim holds.

Finally, we observe that ch(M) = >~ o ch(M;,

.....

..... im ) EL im >

uniqueness part of Lemma 3.4.1 the final part of the Lemma holds. O

This result justifies the use of the terminology composition multiplicities, for ky(M).

From now on we use the notation [M : L(\, p)] := kx(M) for M € OW,

Corollary 3.4.3. The parabolic induction and invariants functors and the twisting func-

tors T,, G, preserve composition multiplicities.

Proof. Let M = My 2 M; O M, O --- be a filtration of M of the form described in
Lemma 3.4.2, and let F' be T,, GG, or a parabolic induction or invariants functor. Then
F(M) = F(My) 2 F(M;) D F(My) 2 --- is also a filtration of this form, and for all i we
have F(M;)/F(M;y1) = F(M;/M;1), so [M : L(A\, u)] = [F(M) : F(L(X\, pn))]. O

3.4.2 Computation of composition multiplicities of Verma mod-
ules

We now wish to compute the composition multiplicities [M(A) : L(v)]. Thanks to Lemma
3.1.7 and Lemma 3.4.2 we know that [M () : L(v)] = 0 unless \,, = v,,, and so, using a
combination of twisting functors and parabolic induction functors, we can reduce to the
case A\, = v, = 0.

Let p : Zso®t — Z>o be Kostant’s partition function. For o € Z® we write o € b¥,_4
to be the element satisfying ag(h;) = 0 for i > 0 and ag(ho) = a(h), where h € h. Also,

for any \ € b}, we identify A<,,—; with an element of b, _; in the obvious manner.

Lemma 3.4.4. If M(A<pp—1 — a0)(@m—1) is the Verma module of weight A<p,—1 — o for
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Om_1 then

h M) = > pla)ch(M(Acm-1 = a0)(gm1)).

aEZzlo‘b+
Proof. Note that ch M can be defined for any semisimple h-module M that has finite-

dimensional weight spaces. Let C,, be the h-module of weight \y. Since M(\) = U(n_ ) ®

m

C,, as h-modules the lemma follows from the facts:
(i) The character of U(n,) is equal to the character of S(n_).

(ii) S(n;) is a free module over S(n, ;) and, for a € Z>o®", there are p(«) basis

vectors of weight —a. O

Corollary 3.4.5. If \,v € b, satisfy Ay, = Vi, = 0, and A>1 = v>1, and L(V<pm—1)(8m-1)

denotes the simple g,,—1-module of highest weight v<,,—1 € b then

(M) L) = Y p@)MAzn-1 = @0)(@m-1) : Lzm—1)(@n-1)]-

OJEZZO(I)+

Proof. By Lemma 3.1.10 we have ch L(v) = ch L(v<,,—1) for all v € b, satisfying v, = 0,

and so the claim follows from Lemma 3.4.4. OJ

We now introduce the notation u,, € b*, and write gh™ | := ("™ )m-1 = (Gm-1)"".

Corollary 3.4.6. Let u € ( %1))* such that gt is the Levi factor of a standard parabolic.

Then for any \,v € b, such that A\>1 = v>; = 1 we have

(M) LW = Y p@)MAcmr = a0) (@) + L(vem—1) (@)

CVGZZO(I)+

Proof. 1t can be verified that the functors in Lemma 3.1.11 and Theorem 3.2.1 send highest
weight modules to highest weight modules of the corresponding weight. The result then

follows from said Lemma and Theorem along with Lemma 3.4.2, and Corollary 3.4.5. [

To complete the computation of composition multiplicities for all Verma modules we

must show that for any Jordan block O™, we can apply twisting functors to obtain a
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Jordan block @) such that g is the Levi factor of a standard parabolic. This is possible

thanks to the following result:

Proposition 3.4.7. Let u € h*. Then there exists w € W and a Levi factor | of a
standard parabolic p such that g°™ = (. Furthermore, if w is chosen to be of minimal

length subject to this condition and w = Sa, Sa, 4 ---Sa; 1S @ reduced expression for w,

then for each 1 <1i <n, we have ((Sa;_; - - - Say )1t) (ha;) 7 0.

Proof. By [12, Lemma 3.8.1], we can certainly find w = s, Sq4,_; ---Sa, and [ the Levi
factor of a standard parabolic subalgebra satisfying g = . Now, suppose that w has
minimal length such that ¢*¥) = [ and that for some i we have ((s4, , = - - Sa, )it) (ha,) = 0.
In general, if pu(h,) = 0 for some a € & then s,(u) = p — p(ha) = p, so in particular,
if W' = Sa, - Saii1Sas 1 - - - S, then w(p) = w'(y) and so [ = g = g¥' W But w’ has

shorter length than w, giving a contradiction. O]

We now define an action e, of W on h* by w e, A := w(A + mp) — mp where p is
half the sum of the positive roots. Note this generalises the dot action of W on h*, which
corresponds to the case m = 0, and which controls the central characters of gy (see [23,
§1.9]). We remark that this m-dot action first appeared in the work of Geoffriau [19] on

the centre of the enveloping algebra of g,,.

If o is any simple root, then since s,(a) = —a and s, permutes the other positive

roots we have that s,(p) = p — a. We then have:

Sa .m)\: Sa(>‘+mp) —mp
= 54(\) + mp — ma —mp

= 54(A) — ma.
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We extend this to a W-action on b, by setting

(So ®m Ai)(h;)  fori=0
(sai)(hi) for i # 0.

(50 ®m A)(hi) =

By the proof of Lemma 3.3.12, the twisting functors T, take highest weight modules
of weight A € b to highest weight modules of weight s, e,, A\, and hence take M (X) to
M (s, @, A\) and similarly take L()\) to L(s, e, A). Applying Corollary 3.4.3 again we

obtain the following.

Corollary 3.4.8. Let \,v € b, be such that A\>1 = v>;. Let w € W have a reduced

exTPTesSiON W = Su, Say,_, * ** Say fOT stmple reflections s,, such that:
(a) g“#m) is the Levi factor of a standard parabolic.
(b) For each 1 <i <m, we have ((Sa;_, - Say )1t) (ha,;) # 0.
Then we have

[M(X\) : L(v)] = [M(w e, \) : L(w e, V)]

= 2 P@)M((wen Nmt = a0)(@5 7)) L((w om ¥)<m1) (857

a6220q>+
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CHAPTER 4

MODULAR REPRESENTATION THEORY OF
TRUNCATED CURRENT LIE ALGEBRAS

4.1 Structure theory

We now consider truncated current Lie algebras in positive characteristic, starting with
some structural results and then moving on to consider their representation theory. Fix
an algebraically closed field k of characteristic p > 0. Recall from §2.4.1 the definition
of a restricted Lie algebra, that is, a Lie algebra g equipped with a map (e)Pl : g — g
satisfying certain conditions. If g is a restricted Lie algebra, then the corresponding

truncated current Lie algebra g,, has a natural restricted structure given by:

for x € gand 0 < ¢ < m. If g is the Lie algebra of an algebraic group G this restricted
structure can be also be obtained from the group G,, described in Theorem 2.5.2. We
abuse notation slightly and write ()Pl for both the p'™® power map on both g and on g,,.
From now on, we fix a standard reductive group G with Lie algebra g which carries a

natural restricted structure (see §2.4.2).

Recall from §2.5 that there is a non-degenerate GG,,-invariant symmetric associative
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form on g,, defined by

Fm © @m X 0m — Lk,

at', yt! — Oipjmhi(T, Y).

where £ : gxg — k is the nondegenerate form from axiom (H3) of the standard hypotheses
(see §2.4.2). Using this non-degenerate pairing we can define an isomorphism of U(g,,)-

modules:

~

Em * Om > O

T —> Kp(z, ).

Note that this isomorphism preserves the gradings on these modules: it sends homoge-
neous elements = € g%) to linear functions which vanish on € ki g%). We call such

elements of g* homogeneous with support in degree m — 1.

Using Definition 2.4.3, we obtain from the p** power map ()" a notion of semisimple
and nilpotent elements. Our first step in studying the representation theory of g, is to

classify such elements. We start with the semisimple elements:

Proposition 4.1.1. Every semisimple element of g,, s conjugate under G,, to a semisim-

ple element of 952).

Proof. By [21, Corollary 15.3], since g,, is the Lie algebra of the algebraic group G,,,
any two Cartan subalgebras of g,, are conjugate under the adjoint action of G,,. Fur-
thermore, observe that b, is one such Cartan subalgebra; it is nilpotent, and since b is
self-normalising in g it follows that b,, is self-normalising in g,,. Now, any semisimple
element s is contained in some maximal torus, whose centraliser is a Cartan subalgebra
(see [50, 2.4.2]) and so s is conjugate to an element >_:"  h;t* of ,,. But since b is abelian,
we see that the Jordan decomposition of Y " h;t" must be hg+ > ;| h;t" (using the fact
(>1)

that g, consists of nilpotent elements). Since this is conjugate to the semisimple ele-

ment s, the nilpotent part of this decomposition must be 0 and so we see that in fact we
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must have h; = 0 for ¢ > 0. Hence s is conjugate to hg which is a semisimple element of

97(3). O

Proposition 4.1.2. The nilpotent elements of g,, are precisely those elements of the form

m
1=1

where xg is a nilpotent element of g and x1,...,x, € g.

Proof. Let x € g be of the form above. Using the axioms of a restricted Lie algebra
inductively, along with the fact that g%l) is a nilpotent ideal we see that zP' = 0 for

sufficiently large 4, so x is nilpotent.

Now suppose that x is not of the form above and assume for a contradiction that
x is nilpotent. Then writing = = > " z;t" we see that zp = z§ + 2 is the Jordan
decomposition of zj in gﬁ,?) =~ g with z # 0. According to [50, Theorem 2.3.4] there
exists a k > 0 such that zlP" is a semisimple element, and hence we must have 2P =0
since z is nilpotent. However since ggl) is a nilpotent ideal which is stable under the
p" power map it follows from the axioms for restricted Lie algebras that if we write

. k k
zlPl* = Z;io x; ,t" then $g’] = xo,. However x[f] # 0 for any k > 0 since we assumed

that xy was not nilpotent, giving a contradiction. O]

Remark 4.1.3. The isomorphism &, : g, — ¢, allows us to transport the notations
of semisimple and nilpotent to p-characters x € g;, and define the Jordan decomposition

X = Xs + Xn Of x; we shall often make use without further comment.

4.2 Some Morita equivalences

We now proceed to prove several Morita equivalences between certain reduced enveloping

algebras U, (g,,). Fix 0 < k < m. We say that x € g* is supported in degree less than or
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equal to k if

v(a57) =o.

Using the isomorphism &,,, every y € g* can be expressed uniquely as &,,(x) for some

x € g; x is then supported in degree less than or equal to £ if and only if x € g%m_k).

The following result will be useful the classification of simple U(g,,)-modules.

Proposition 4.2.1. Let x € g, be supported in degree less than or equal to k, and let

Y = Xlq. € 05, where we identify gy, with ggk) C g, as vector spaces.

(i) The full subcategory of U, (gm)-mod whose objects are the modules annihilated by
97(;19) is equivalent to Uy(gi)-mod. This subcategory contains all simple U, (gm)-

modules.
(i) dimg,, — dim gX, = dim g; — dim g\

Proof. Let Ij, be the ideal of U, (g,,) generated by g,(;k). Using the PBW theorem for
reduced enveloping algebras, we observe that the map g, — U,(g)/x factors through
Om — @ and induces an isomorphism Uy (gi) = U, (g )/Ix. Furthermore, Iy is generated
by nilpotent elements and so since U, (g,,) is Artinian I is contained in the Jacobson
radical by [35, Theorem 0.1.12]. Hence every simple U, (g,,)-module is annihilated by I},
completing the proof of part (i).

Now observe that g£n> ") is an ideal of gm on which y is 0, so g£n> ®) C gX and hence

g5+t = gm. Now dim(g,,) = dim(g},+g% ") = dim(gX)+dim(gs") —dim(gXNgs ™),

so it is enough to show that gX N ggk) = g}f (where we again identify gy with g&%’“)). But

this follows from the fact g,,/ g£n> ") o g, and the definition of ¢, completing the proof. []

We now prove a parabolic induction theorem for g,, analogous to Theorem 3.2.1,
which allows us to reduce the problem of classifying U, (g,,)-modules to the case where x
is nilpotent. It is very similar in spirit and proof to a famous result of Friedlander and
Parshall [17, Theorem 3.2] for reductive Lie algebras. We start with the following result,

which is easy to prove but vital to our later reductions.
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Lemma 4.2.2. Suppose x € @&, is such that x([gm,8m|) = 0. Then the categories

Uy (gm)-mod and Uy(g,,) -mod are equivalent.

Proof. Let A € g%, be the unique linear function satisfying x(z)? — x(zP!) = A\(z)? for all
T € gm. This A certainly exists; for all € g,,, set A(x) to be the unique p-th root of
x(x)? —x(zP)). Since [g,, gm) is a restricted Lie subalgebra, it follows that A([gm, gm]) = 0
and so A defines a one dimensional U(g,,)-module k) with p-character y. The functor
M — M ®ypq,,) kx is then an equivalence Uy(gy,) -mod — U, (gy,,) -mod with quasi-inverse

M— M ®U(gm) lk_)\. ]

Suppose x is a p-character with Jordan decomposition x = xs + x». By Proposi-
tion 4.1.1, after conjugating by an element of (,, we may suppose that y, vanishes on
bis™ @nE . The stabiliser g* is a Levi subalgebra of g and, since y, is supported on gin”,
we have that (g,,)X* = (gX°), and hence we may write gXs unambiguously.

Let p = g¥* @ v be a parabolic subalgebra of g with nilradical v. Note that x(t,,) =0
by Lemma 2.4.4, and so U, (gXs)-modules can be naturally inflated to U, (p,,)-modules by

letting v, act trivially.

Consider the functors

U (8m) Qo) (0) = Ux(g)y) -mod — Uy (gm) -mod,
M — Uy (9m) QU (pm) M.
(o) Uy(g)-mod — U, (gl)-mod,
M — M.

Theorem 4.2.3. The functors Uy(gm) Qu, (.. (®) and (8) are quasi-inverse equivalences

of categories.

Proof. Our approach is very similar to [24, §7.4], in which the m = 0 case is proven.

We first show that each U, (g)-module M is free as a Up(t,,)-module. By Proposition

2.5.14 we have V,, (M) C NPl(gX) N, = 0, and hence M is projective as a U, (t,,)-
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module. Furthermore since x([t, tm]) = X(tq[fl]) = 0, the argument from [24, Corollary

7.2] shows that that in fact M is free as a U, (t,,)-module.

It now follows that both functors are exact. The algebra Uy(v,,) is a Frobenius alge-
bra by [17, Proposition 1.2] and hence has a simple socle, so dim Uy(t,,)" = 1. Since
dim(cr) = dim(g/p), we have that dim M = p?™* dim M and dim(Uy(gm) @v, (pm)
N) = pim*dim N. In particular dim M = dim(Uy(gn) Qu, () M™) and dim N =
dim(Uy (9m) @v,(p,) N)™-

To complete the proof we must show that the unit and counit of this adjunction are
natural isomorphisms. In particular, we wish to show that the maps ©as : Uy (gm) ®u, (o)
M — M and ¢y : N = (Uy(gm) @uv,(pn) N)™ given by @p(u ® m) = u-m and
Yn(n) =1 ® n are isomorphisms. We first observe that 1y is certainly injective, and so
by considering dimensions is an isomorphism. Now we show that ¢, is an isomorphism for
M simple: it must be surjective as it has non-zero image, and so considering dimensions
once again it is an isomorphism. Since our functors are exact and these categories are all

Artinian, a standard argument using the short Five Lemma shows ¢, is an isomorphism

for any M. O

Corollary 4.2.4. If x is a reqular semisimple p-character then

Ux(gm) = Matp@;_—l)(dim(g)—ind(g)) UO(hm)

Proof. Using [42, Theorem 2.3(ii)] and Theorem 4.2.3 we have the isomorphism U, (g,,) =
Matpm;rl) (dim(a)—ind(a)) Uy (h.,). This requires the notion of a y-admissible subalgebra (which
we discuss later in §4.3), but in the case x is regular semisimple the conditions for a

subalgebra to be y-admissible reduce to the subalgebra consisting of nilpotent elements.

In particular, n,, is a x-admissible subalgebra of g,, of dimension " (dim(g) — rank(g)).

>~

The equivalence described in Lemma 4.2.2 then induces an algebra isomorphism Uy (b, )

Uy (Brm)-

U

We now describe the simple and projective modules over Uy(bh,,). Since b,, is com-
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mutative we have that the simple modules are the 1-dimensional modules ky for \ € h*
such that A(h)? = A(hP)), where b acts by A and h'5" acts by 0. Note that there are
pd™®) such A. Each simple module ky then has a unique projective cover in the cate-
gory Uy(h,,)-mod, which we denote Q"()), and these Q" (\) form a complete set of

irreducible projective modules for Uy(h,y).

Proposition 4.2.5. The only composition factor of Q" () is ky, which occurs with

multiplicity p™ ).

Proof. Consider the module P(\) := Up(h,) ® ky. As a Uo(f)%l))-module this

Uo(hin)
is isomorphic to Uy( L%”) and so, since bgl) is p-nilpotent, P()) is indecomposable by
24, Corollary 3.4]. Hence dim(Q""(\)) > dim(P())) = pmdm®). But plm+)dimb) —
dim(Up(hm)) = 32, dim(Q" (X)) = 32, dim(P(X)) = p™™®pmaim® 5o in fact Q™ () =
P()\). Hence b9 acts by A on Q" (\) so the only composition factor of Q"= ()) is ki,
and since dim(Q"()\)) = dim(P(\)) = p™4m® it must occur with multiplicity p™4m®)

as required. O

4.3 The Kac—Weisfeiler conjectures in the truncated
current case

Recall from §2.4.3 the following conjectures, originally made in [55]:

Conjecture 4.3.1 (KW1). Let g be a restricted Lie algebra and let M(g) be the maximal

dimension among simple U(g)-modules. Then M(g) = pz(dm(@-ind(@)

Theorem 4.3.2 ([40], KW2). Let g be the Lie algebra of a reductive group G under
the standard hypotheses. Then for any p-character x and any simple U,(g)-module M,

p2(dimg—dimgX) gipidee dim M.

Most of the known results on (KW1) mentioned in §2.4.3 do not apply to truncated

current Lie algebras. The major exception is the case g = gl,; here (as observed in
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[57]) if e is a nilpotent element in 9l(mi1)n corresponding to the rectangular partition
(m+1,m+1,...,m+1) then (gl,,41),)* = (gl,)m. Hence by [53, Theorem 4] (KW1)
holds for (gl,,)m. The result [33, Theorem 1.1] also implies that if we fix g and m, then
in sufficiently large characteristic (KW1) holds for g,,, without giving an explicit bound.
We give a proof of (KW1) for g,, which is valid where g the Lie algebra of a reductive

group G with no assumptions beyond the standard hypotheses.

As mentioned in §2.4.3, Premet proved (KW2) in [40], subsequently giving other proofs
in [42, §2.6] and [43, Theorem 5.6]. In [28], Kac conjectured that the statement (KW2)
holds for all Lie algebras of algebraic groups, but very little is known about this statement
outside the standard reductive case. We show that (KW2) holds for certain classes of p-
characters of the truncated current Lie algebra g,,, and also give a proof for all p-characters

of (sly),, in characteristic greater than 2.

4.3.1 The first Kac—Weisfeiler conjecture

Recall that earlier in the proof of Theorem 2.5.10 we defined h®® := {> z;t' € b, | 7 €
breg}.

Proposition 4.3.3. Let x = R, (h) for some h € hi8. Then the algebra U, (gm) has
(up to isomorphism) precisely pk(0) simple modules and the same number of projective
indecomposable modules. The simple modules have dimension p%ﬂ(dim(g)_rank(g)) while the

projective indecomposable modules have dimension meH(dim(g)“ank(g))_rank(g).

Proof. Let h = 3"  a;t'. Observe that the Jordan decomposition of h has semisimple
part o and nilpotent part > " x;t’, so by Theorem 4.2.3 we obtain an equivalence
between U, (g,,) and U, (h,,). Furthermore, by Lemma 4.2.2 together with Proposition
4.2.5 and the preceeding discussion, the simple modules for U, (h,,) are 1-dimensional, the
projective modules are p™ *k(0)_dimensional, and there are p'#%©® of each. Now, from
the proof of Theorem 4.2.3, for any U, (b,,)-module N we have dim (U, (gm) ®@v, (6,,) IV) =

m+1

pdimbm dim N = p™3 (dim(g)—rank(9)) qimy N and the desired result follows. O
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Corollary 4.3.4. The first Kac—Weisfeiler conjecture holds for g,, where g is the Lie

algebra of a standard reductive group.

Proof. By the proof of Theorem 2.5.10, the conjugates of h& are dense in g,,. Recall
that we defined M(g,,) to be the maximal dimension of a simple U(g,,)-module. By [43,
Proposition 4.2(1)] the set of p-characters x such that all simple U, (g,,)-modules have
dimension M (g,,) is non-empty and open, and so in particular intersects the conjugates
of A (hie8) non-trivially. Now by Proposition 4.3.3, if x is conjugate to an element of

Fom (572), then all simple U, (g, )-modules have dimension p™~ (4im(s)-rank(g

)) which is equal

to pz(@im(en)=ind(en)) 1y Theorem 2.5.10. Hence M (g,,) = p2(dim(gm)—ind(gn)) O

4.3.2 The second Kac—Weisfeiler conjecture

We now investigate the second Kac—Weisfeiler conjecture for the case of truncated currents
on the Lie algebra of a general standard reductive group. In particular, although we do
not show the statement holds for all p-characters, we give several families for which it does
hold. Following [42, §2.3], for x € (g,»)* a nilpotent p-character, we define a x-admissible

subalgebra of g,, to be a subalgebra m satisfying:

(i) m consists of nilpotent elements.
(ii) x([m,m]) =0, where a denotes the [p]-closure of a subalgebra a C g.

(iii) V,, (x) Nm = 0.

By [42, Theorem 2.3(ii)], if there exists a x-admissible subalgebra m such that dim(m) =
:(dim g,, — dim g,) then (KW2) holds for y.

Proposition 4.3.5. Let g be the Lie algebra of a standard reductive group. Then for g,

we have:

(i) (KW2) holds for all homogeneous p-characters.
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(i) (KW2) holds for all semisimple p-characters.

Proof. These two claims follow directly from Proposition 4.2.1 and Theorem 4.2.3 respec-
tively, since these results allow to reduce to the y = 0 case and in this m = 0 is clearly a

x-admissible subalgebra of the correct dimension. O

Proposition 4.3.6. The second Kac- Weisfeiler conjecture holds for (sly),, providedp > 2.

Proof. First observe that by Theorem 4.2.3 we may reduce to the reductive case. Let
x =)L xit! where x; # 0 be a nilpotent element of (sly),,, and let x = f,,(x). Choose
a nilpotent yo € sly such that [z;,y0] # 0; this is always possible since p > 2. We
claim that n; = span{yet® : 0 < k < 1} is y-admissible for any | < m — i and that
dim((sl2),,)X) > 2i +m + 1, which by our earlier discussion implies that (KW2) holds for
(sl3),,. By Proposition 4.1.2 we have that condition (i) holds, and since n is commutative
condition (ii) also holds. Now, by Proposition 2.5.14, we have Vig,),. (X) = NP (((s12)n)¥)
so to show condition (iii) it suffices to show that 37" \eyot® & ((sl2)m)X for any scalars
Ae € k. But [z, y0t*] = [i, yolt™™* + 27", [, yolt/TF # 0, so by considering the smallest
k such that A\ # 0 we see this holds. Hence n; is indeed x-admissible for any [ < m — i.

Finally, observe that

((5l3),,) =™~ @ span{z it TR0 <k <m— i} C ((sly)m)X
=i

and so dim((slz),,)X > 2i +m + 1 as required. O

4.4 Classification of simple modules

4.4.1 Baby Verma modules and their simple quotients

The aim of this section is to classify the simple U, (g)-modules for p-characters x which

are homogeneous and nilpotent of standard Levi type.
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In order to justify our restrictions on p-characters we make some basic observations
about the role of baby Verma modules. In the case m = 0 they are one of the main
tools for explicit construction of simple modules. Our approach here is to pick a Borel
subalgebra b C g, inflate one dimensional U, (b,,)-modules to U, (b,,)-modules and then
induce. Note that this is only possible if we can choose a GG,,,-conjugate of y which vanishes
on n,, where n C b is the radical. When m > 0 this is not always the case; consider, for
example, the case where g = sly and m = 1, and let {e, h, f} C sly be the standard basis.

Then for x = &,,(e + ft) there is no choice of b such that x(n,,) = 0.

Now assume there exists a choice of Borel subalgebra b such that x(n,,) = 0 and fix
such a choice. Then we can define the baby Verma modules. Let b = h @& n where § a

maximal torus of g. Define

Ay ={hebr At — M(MHP) — x(ht')? =0:h € h,0 <i<m} Ch,

Then for any A € A,, the baby Verma module M, (X) for U, (g,,) is given by

My (A) := Uy (8m) Bu, (6,) K

where k is the 1-dimensional module on which b,, acts by A and n,, acts by 0.

Lemma 4.4.1. Let b be a Borel subalgebra of g with nilradical n, and let x € g* be such
that x(n) = 0. Then every simple U, (gm)-module is isomorphic to a quotient of M, (\)

for some A € A,.

Proof. The proof of the analogous statement [24, Proposition 6.7] is still valid here, re-

placing n, b and n~ with n,,, b,, and n,, respectively. O

We consider the case where m > 0 and yx is a nilpotent homogeneous p-character of
degree k, i.e. where x(€D,;, 8(¢)) = 0. In this case, we can always find a Borel b such that

X(b,,) = 0. In fact by Proposition 4.2.1, without loss of generality we can assume that
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k = m so let x = Rp,(x) for some = € g = gﬁ,ﬁi). Then by Theorem 4.2.3 and Proposition

4.1.2 we can also assume that z is a nilpotent element of g.

We focus in particular on the case where y = &, (e) for some e € g of standard Levi
type. This means e is a regular nilpotent element of some Levi subalgebra of g, see [24,

§10] for more detail.

For the rest of this section, we fix such an e € g and y = &,,(e). We can choose a
maximal torus h = Lie(H) C g, let ® be the root system with respect to H, and choose a
set of simple roots A such that the minimal Levi subalgebra containing e has root system

generated by a subset of A.

Pick root vectors e, for o € ® such that e = Zael eq for some I C A. Let b™ C g be
the Borel subalgebra corresponding to this choice of simple roots, b~ the opposite Borel

corresponding to —A, and n~, n their respective nilradicals.

Finally, we let g; be the Levi subalgebra h@© @ ., ga of g corresponding to the subset
I C A, and let v and v~ be the nilradicals of the parabolic subalgebras g; + b and g; + b~

respectively.

Proposition 4.4.2. Let x = ky,(e) for some e € g in standard Levi type, and fix a toral
basis {h1,...,h,} of b. Then A, = {\ € b* : A(h'7") = 0,A(h;) € F, C k}.

Proof. Consider first the equation A(ht*)? —\((ht")P))—x(ht')P = 0 in the case i = m. Here
there is a unique solution A(ht™) = x(ht™) = 0 since (ht')P) = 0. We then see inductively
for i =m —1,m —2,...,1 that A((h")P)) = 0 and so again A\(ht') = x(ht') = 0. Now,
if h € b is such that hlP! = h then since x(h) = 0 we have that A(h)? — A\(hlPl) =

A(h)P — A(h) = 0. Hence A(h;) can be chosen to be any value in F, for all 1 < j <r. O

In light of this, from here on we regard elements of A, as elements of h* rather than
of h*. For x in standard Levi form, we have the following result analogous to [24,
Proposition 10.2] which gives a relationship between the baby Verma modules and the

simple U, (g,,)-modules.
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Lemma 4.4.3. Let x € g* be nilpotent and in standard Levi form. Then each M, (\) has

a unique mazximal submodule and hence a unique simple quotient Ly (\).

Proof. Just as for Lemma 4.4.1, the proof of the analogous statement [24, Proposition

10.2] is still valid here, replacing n, b and n~ with n,,, b,, and n_ respectively. O

4.4.2 Simple modules

By Theorem 4.2.3, along with Lemmas 4.4.1 and 4.4.3, to classify the simple U, (g,)-
modules for x in standard Levi form supported in degree m it suffices to determine when

Ly (X) =2 L,(p) for A\, p € A,. We first consider the case I = A, i.e. when e is a regular

nilpotent element of g and g; = g.

Proposition 4.4.4. Let x = Ry,(e) for e € g regular nilpotent. Then M, (X) is simple for
all X € A,

Proof. Letting m = n, and observing that gX, Nn_ = 0, we can apply Proposition 2.5.14
to see that m is a y-admissible subalgebra (note that y vanishes on [m, m| since we have
assumed that e is in standard Levi form). It follows by the same argument as used
in the second paragraph of the proof of Theorem 4.2.3 that any U, /(g,,)-module is free
as a Uy(m,,)-module. Now let N be a U,(gy,)-submodule of M, ()). By dimensional
considerations N is free of rank 0 or 1 over U, (m,,), and hence N =0 or N = M, (A), i.e.

M, (N) is simple. O

Proposition 4.4.5. Let x = kp(e) for e € g regular nilpotent. Then L, (\) = L, (u) if

and only if Al = ply)-

Proof. Fix some A € A, and a € A, and consider the element f,t™ ® 1, € M, (\) for
some f, € g_o. This element is highest weight since if x € n,, then [z, f4t™] € (by,)"™,
SO T+ (fat™ @ 1)) = foat” @ (x- 1) + 1 @ ([z, fat™] - 11) = 0. Furthermore, it generates
M, (X) since (fot™)P~1 - (foat™ @ 1)) = x(fat™)? @ 1, and x(fat™) # 0. Hence we have a
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surjective homomorphism from M, (A — da) to M, (A), which by considering dimensions
must in fact be an isomorphism. But we also have that A, ()) is simple for all A € A,
by Corollary 4.4.4, so Ly(\) = M,(A). Hence it suffices to show that spang {da : a €
A} = {X € A : A = 0}, but this can be verified by a case-by-case computation on

each irreducible component of the root system .

On the other hand, if Al # ptl;) then 3(gm) acts on Ly () and L, (u) by different

scalars, so they have different central characters and hence must be non-isomorphic. [

The following Lemma, analogous to a result [24, Proposition 10.7] in the reductive
case, allows us to extend this classification of simple modules to p-characters x = k,,(e)

for any e € g of standard Levi type.

Lemma 4.4.6. There is a bijection between simple U, (g,,)-modules and simple Uy ((g1)m)-
modules sending M to M. This bijection takes the simple U, (g )-module L, (X) to the
simple Uy ((gr)m)-module Ly (X).

Proof. The first part follows from general results on graded modules, namely Corollary
1.4 and Theorems 1.1 and 1.2 in [48]. To apply these results, we require only the fact
that v, and v, act nilpotently on the baby Verma modules (and hence on their simple
quotients) which follows from the definition of M, ()\) and the fact that x(t;,) = 0. The
second part follows easily once we observe that if we take a highest weight generator of
weight A for the U, (g,,) module L, (X), then this element lies in M*™ and generates it as
a Uy ((gr)m)-module. O

Theorem 4.4.7. L, (\) = L, (n) if and only if X,y = l5(ar)-

Proof. By Lemma 4.4.6, L, (\) = L, () if and only if the corresponding simple U, ((g1)m)-

modules are isomorphic. But by Proposition 4.4.5 this occurs precisely when Al;q,) =

N’a(gz)' [
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4.4.3 The general linear algebra

Here we explain how the results of the previous section give a complete classification of

simple U(g,,)-modules with homogeneous p-characters when g = gl,,.

Suppose y € g* is homogeneous. Then by Proposition 4.2.1(i) we may assume that x is
supported in degree m. Decomposing y into semisimple and nilpotent parts as x = xs+Xn,
we consider the stabiliser (g,,)X* = (¢%*),,. Note that gX¢ is a Levi subalgebra of gl,,, and
therefore it is isomorphic to [ = gl, x --- x gl, for some Zle n;and 1 < k < n.
Furthermore x([ly, I;m]) = 0.

The classification of simple U, ([)-modules follows easily from the classification of the
simple UX|g[ni (gl,,) modules for 7 = 1,...,k and so we have now reduced the problem to
classifying simple U, (g,,)-modules, where the semisimple part of x is supported on the
centre of g,,. Using Lemma 4.2.2 we may assume that x is nilpotent and supported in
degree m. But every nilpotent x € (gl,,)* can be placed in standard Levi form, and so

the classification of simple U, (gl,)-modules can be deduced from our earlier results.

Remark 4.4.8. This classification can even be applied in the case where the semisimple

and nilpotent parts are each homogeneous but are supported in different degrees.

Remark 4.4.9. Outside type A not all nilpotent elements have standard Levi type,
so the above classification breaks down. If p > 2 and g is simple of type B, C or D
then the nilpotent orbits are still classified by partitions (although in type D certain
partitions correspond to two distinct orbits). The partitions corresponding to standard

Levi nilpotent orbits are as follows; see for example [27, §1]:

e Type B: All parts of the partition occur with even multiplicity, with the exception

of one odd part which can occur with odd multiplicity.

e Type C: All parts occur with even multiplicity, with the possible exception of one

even part which can occur with odd multiplicity.
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e Type D: There are 2k parts which occur with even multiplicity, say A;,, ..., A The

Jok *

final two parts of the partition have sizes 2n — Z?L Aj, — 1 and 1.

If the nilpotent part of a homogeneous p-character y corresponds to a partition satisfying
these properties, we obtain a classification of simple U, (g)-modules from the above results

in the same manner as in the type A case.

4.5 Cartan invariants for the restricted enveloping
algebras

Recall that for any finite dimensional algebra A with simple modules L, ..., Ly there is
for each L; a unique (up to isomorphism) projective cover P;. These P; form a complete
set of indecomposable projective A-modules. The composition multiplicities of the P, are

known as the Cartan invariants of A.

In Corollary 4.2.4 and Proposition 4.2.5 we calculated the Cartan invariants of U, (g, )
whene y is regular semisimple. In this section we deal with the opposite extreme; the

case where y = 0.

Recall from earlier that we have a triangular decomposition g = n~ @ b @ n™, where
h = Lie(H) for some choice of torus H C G,,. We consider baby Verma modules Z(\)
for the restricted enveloping algebra Uy(g,,). Since x = 0 is fixed, from now on we omit
the subscript in the notation for baby Verma modules and instead write Z(\). We also

define Z9(\) to be the baby Verma module for Uy(g):
Z%(A) = Uo(8) ®uq(e) ka

where k) is the 1-dimensional b module on which h acts by A and n acts by 0.

(=

We can inflate this to a Uy(g,,)-module by letting g Y act by 0; by abuse of notation
we also label this module Z%(\). Now observe that by Proposition 4.2.1, the simple

Uo(gm)-modules are just the simple modules for Uy(g) with g%l) acting by 0. As with
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the baby Verma modules, these modules are labelled by Ay, so again abusing notation we
write L(A) for both the simple Uy(g)-module of weight A and the simple Uy(g,,)-module
of weight A\. Here as in the previous section that we may view Aj as a subset of h* using

Proposition 4.4.2.

Recall that if N is a Up(g,,)-module, then we write [N : L(\)] for the composition
multiplicity of L(\) in N. Similarly, if {M () : A € Ag} is a family of Uy(g,,)-modules
and N admits a filtration such that each section is isomorphic to some M (A), then we
write (N : M(\)) to denote the number of times M () occurs as a subquotient in the
filtration. Of course, the quantities (V : M (X)) may not be well-defined in general;

however, whenever we use this notation we shall show that they are.

The following proposition is not difficult to prove and is useful in the computation of
composition multiplicities.
Proposition 4.5.1. If (N : M(u)) exists, then for any X € Ay we have [N : L(\)] =

D pene N = M(u))[M () = L(A)].

Proof. Let 0 = Ny C N; C --- C N = N be a filtration of N in which for all u € Ay,
M (p) appears as a quotient NV;/N;_; precisely (N : M(u)) times. Then refining this
filtration to a composition series we see that [N : L(A)] = S35 [N;/Ni_1 : L(\)] and the

desired result follows. O

4.5.1 Graded Uy(g,,)-modules

We now wish to compute the composition multiplicities of projective Uy(g,,)-modules.
One tool we will use in doing so is a grading on Uy(g,,) and a category of graded Uy(g,,)-
modules, generalising a well-known technique in the m = 0 case, see for example [24,
§11].

We grade Uy(g,,) by X*(H), the character lattice of the maximal torus H C G, in the
following way. First define a X*(H)-grading on U(g,,) by letting g,t' lie in grading «,

B lie in grading 0, and extending this to all of U(g,,). Then we observe that the kernel
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of the quotient map U(g,,) — Uop(gm) is generated by homogeneous elements, so this
grading descends to an X*(H) grading on Uy(g,,). We consider a category C of certain
X*(H)-graded Up(g,,)-modules whose gradings are compatible with the action of action
of h in the following sense. Let M = €D, (s M, be an X*(H)-graded Up(g;»)-module.
Then the objects of the category C are all X*(H)-graded Uy(g,,)-modules such that b acts
on M, by dy for all v € X*(H). The observations of [24, §11.4] actually show that this

special case allows one to understand the category of all X*(H) graded Uy(g,,)-modules.

For M € C, we write ch M, the character of M, for the function X*(H) — Z>o which
sends v € X*(H) to dim M, (analogously to the definition given in the characteristic 0
case given in §3.4.1). We use the same notation for composition multiplicities in C as in the
ungraded case. We emphasise that graded and ungraded composition multiplicities are
not the same, since a shift by py in the grading of any module in C yields a non-isomorphic
graded module with isomorphic underlying ungraded module.

Let v € X*(H). Then we define the graded baby Verma module Z(7) to be the module
Z(dv) with grading given by letting [](fat")™ ® 14, lie in grading v — > amq,. As
noted above, if § € X*(H), then 2(7) and 2(7 + pp) have isomorphic module structures

but different gradings. We also define 29(7) in a similar way.
Lemma 4.5.2. For ally € X*(H), Z(v) € C and Z%(y) € C.

Proof. The first claim follows immediately from the observation in 7 () that hfn,?) acts on

[T(fat)) ™ @ 14y by dy — > (da)my;, and a similar argument applies for 29(7). O

By Lemma 4.4.3 and standard results on graded modules, we also see that Z () has

a unique simple quotient L(~) which is isomorphic to L(dy) as a Up(gn)-module.

Proposition 4.5.3. The E(fy) form a complete set of isomorphism classes of simple
objects in C, and the ch Z(’y) form a basis for the additive group of linear functions
X*(H) — Z. Hence the graded composition multiplicities of any module M € C are

determined by ch M.
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Proof. By [25, §1.5], the argument from which still applies here, all simple objects in C
are simple as Up(gm)-modules and by Theorem 4.4.7 we have a classification of simple
Uo(gm)-modules. Let M € C be a simple object isomorphic as a Upy(g,,)-module to L(\)
for some A € Ag. For any grading on L(\), the element 1 ® 1, must be homogeneous and
so must lie in grading « for some v € X*(H) such that dy = A\. Then by considering the
X*(H) grading on Uy(g,,) and module structure of L()\), we must have M = L(v). The
second assertion follows from the observation that Ch(Z(v))(y) =1 and Ch(i(v))(ﬁ) =0

unless g < 7. O]

4.5.2 Composition multiplicities of restricted baby Verma mod-
ules

We now use the graded versions of the simple modules just introduced to compute the
composition multiplicities of the baby Verma modules, which is a vital intermediate step
towards our goal of computing the Cartan invariants for Uy(g,,). The following formula
allows us to express these in terms of the composition multiplicities for the baby Verma

modules for the original reductive Lie algebra g.

Theorem 4.5.4. For any A\, u € Ay, we have:

lﬂp%(dim(g)frank(g))*rank(g) if Ms@) = i)
[Z(A) : L(p)] =

0 otherwise

where I, = Y2 [Z2%(v) : L(p)]. In particular, these composition multiplicities depend

only on Alyg)-

Proof. We first prove a relationship between the characters of the families of graded
modules Z(7) and Z8(v). This will then allow us to deduce a relationship between their
composition multiplicities in the category C of graded modules introduced in the previous

section, from which the theorem follows by forgetting the gradings everywhere.
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Start by defining a generalisation of Kostant’s partition function p,, : X*(H) — Z>o
by

pm(7> = H(mi,a)aeqﬁ‘,lﬁiﬁm . Zami,a =7, 0 S m; o S b — 1}'

and observe in particular that p,,(y) = 0 if (dv)|;q) # 0. Let I = {((mia)aco+ 1<i<m :
0<mjo <p-—1}and fix y € X*(H). For each m € I, we can define an X*(H)-graded
subspace Zm = {[] freT1(fat)™ i @1, : 0 < ng <p—1} of Z(7), and furthermore we
have a decomposition Z(v) = DBncs Ze. Now observe that ch Zy, = ch Z%(y — am;q).
Hence we obtain the formula ch 2( ) = D gex+qn Pm(y — B)ch Z8(B), and can then
immediately deduce that [Z(7) : L(5)] = > sex-(m Pm(y — B)[Z9(B) : L(0)]. Forgetting

the gradings on these modules, we then see that:

[Z(dy) - L)) = Y puly = H)[Z°(dB) : L(dD)].
peX*(H)

Set A = dvy, p = dd, and v = dB. If A|;q) # ;) then for all 3 € X*(H) either
pm(y — B) = 0 or [Z%v) : L(u)] = 0, so [Z(A\) : L(p)] = 0. On the other hand, if
M) = Hls), then using the fact that df = d(B8 + p§) for any £ € X*(H) we have
[Z(A) : L(1)] = X sexc(mry P (Y = P6) D pen, [2°(V) : L(,u)]. Hence it remains only to show
that for any v € X*(H), we have Z&eX* )pm(v po) = p’z (dim(g)—rank(g))—rank(g)

Let S, = U(SeX*(H){(mz"a)a€q>+,1gigm sy ami, =7 —pd,0 < m;, <p-—1}. Then

observe that for any 5 € ®* there is a bijection f : S, — S,45 given by

Mo ifi>0o0ra#p
f(m)i,oc:
Mio+1modp ifi=0and o=/

Hence [S,| = [Ss] for all 7,0 € X*(H). Now, observe that > . ppm(7) =

p? (dim(@—rankl®) and we have pk(® distinct sets S,, so for any v € X*(H), |S,| =

> s X ( pm(W pd) = pz (dim(e)—rank(g))—rank(s) - completing the proof. O

Corollary 4.5.5. If 3(g) = 0 then the composition multiplicities [Z(X) : M (\)] are inde-
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pendent of X, so all baby Verma modules have the same composition factors and multi-

plicities.

The fact the composition multiplicities depend only on Al; is analogous to a result
that states that for a the Lie algebra of a reductive group, restricted baby Verma modules
with linked weights all have the same composition factors. The difference in this case is
that the only condition for our weights to be linked is that they take the same values on
3(g). This bears some similarity to Theorem 3.2.2 in the characteristic 0 case. For the

following corollary, we recall the definition of a block from §2.3.3.

Corollary 4.5.6. Let A\, ;1 € Ng. If M) = pls), then L(X) and L) lie in the same

block of Uy(gm). In particular, if 3(g) = 0 then Uy(g,) has only one block.

Proof. Suppose Al;g) = tl;). Then by Corollary 4.5.5 we have that [Z()) : L())] and
[Z(A) : L(p)] are both non-zero, and by Lemma 4.4.3 we have that Z(\) is indecomposable.
Hence L(A) and L(u) lie in the same block. O

Remark 4.5.7. Theorem 4.5.9 will imply that the condition Al;q) = fil;() is also necessary
for L(\) and L(p) to lie in the same block. More generally, it is easy to see that the number

of blocks of Uy(gy,) is plims@m) = plm+1)dims(g),

4.5.3 Cartan invariants for Uy(g,,)

Recall the notation Q% ()\) from Proposition 4.2.5. We define the following families of

Up(gm )-modules:

Zproj(X) = Uo(8m) ®pyoy @™ (V)
DZ(\) = (Uo(gm) Qo (b7) (kr)")”

where for Z,.,;(\) we inflate Q" (\) to a Uy(b;;)-module by letting n/ act by 0, and
for DZ(X) we inflate (ky)* to a Uy(b,,)-module by letting n act by 0. Here the module

structure on the dual M* of a Uy(l)-module M for some Lie algebra [ is given by (z-f)(m) =
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—f(z-m) forx €1, f € M*, and m € M. Finally, we write Q(\) for the projective cover
of L(\).
These definitions allow us to state the following theorem, which is a special case of

[39, Theorem 1.3.6].

Theorem 4.5.8. For all A\, u € Ay, we have (Q(N) : Zpoj(pt)) = [DZ (1) - L(N)].

This theorem is the key ingredient in the proof of the following result, which gives a

formula for the Cartan invariants of Uy(g,n ).

Theorem 4.5.9.

I\l pm @ —rank(e) if x|« o = il (q)
[Q(A) : L(p)] =

0 otherwise

where again Iy =Y, [Z%(v) : L(A)].

Proof. We aim to find formulae for [DZ(p) : L(N)] and (Zpwo;(p) @ Z(X)); the result will
then follow by Theorem 4.5.8 and several applications of Proposition 4.5.1. First, we
claim that given v € X*(H) such that y = dvy we can construct an X*(H)-grading on
DZ(u) such that the graded module l/)?(v) € C has the same character as 2(7); it is
then immediate that [DZ(u) : L(N)] = [Z(n) : L(N)] for all A\,u € Ag. Observe that
(k)" = k_,, so we can define an X*(H)-grading on Up(gm) @y, ) (ku)* by letting
[T(eat")™ i @ 1_, lie in grading —y + > amg;.

Now, for any finite-dimensional M € C we can choose a basis {1, ...,z } such that x;
lies in grading d;, and then define a grading on the dual module M* by choosing a dual basis
{f1,..., fr} and letting f; lie in grading —d;. The resulting graded module M* also lies
in C, and we see that ch M*(d) = ch M(—4). Applying this to M = Uy(gm) @y, ) (ku)”
equipped with the grading described earlier, we obtain a graded module DZ () such that
ch 52(7) — ch Z(7) as required.

Next, we observe that Uy(g,,) is free as a Uy(b;} )-module and hence the functor
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Uo(9m) @y ety (—) 1s exact. Hence by Proposition 4.2.5 we see that (Z,.0;(A) : Z(n)) =

m rank

O pup (®) . We can then apply Proposition 4.5.1 to compute:

Q) L(w)] = D (QN) = Zproj (11)) [ Zprog (1) = L(p)]

v1€Ag

= D QO 2 Zproj (1)) (Zpros(1) = Z(12))[Z(v2) : L()]

1/1,11261\0

= > [Z() : L (Zproj (1) : Z(12))[Z(v2) + L(p)]

v1,v2€AM0

= D [Z) L O [Z(v) « L(w))

vEAQ

I\, pm dim(e)—rank(g) jf M@ = Hl39)

0 otherwise

]

Remark 4.5.10. It is possible to the use results of [47] along with the theory of translation
functors to deduce that for p > 2h — 1 these Cartan invariants can actually be calculated

in terms of the machinery of p-Kazhdan—Lusztig polynomials.
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