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Abstract

This thesis focuses on the construction of Gibbs measures, their invariance under the
flows of Hamiltonian partial differential equations, and their application in understand-
ing macroscopic properties of these partial differential equations. The presentation of
these focuses will be carried out through the example of Gibbs measure for the fractional
nonlinear Schrodinger equations posed on the torus.

In Chapter [2 we consider the Cauchy problem for the cubic nonlinear fractional
Schrodinger equation (FNLS) on the circle, considering initial data distributed via the
Gibbs measure. By reformulating the local theory via the random averaging operator
theory from Deng-Nahmod-Yue [34], 85], we construct global strong solutions with the
flow property for FNLS on the support of the Gibbs measure in the full dispersive range,
thus addressing a question proposed by Sun-Tzvetkov [105]. Additionally, we prove the
invariance of the Gibbs measure and the sharpness of the result. This chapter mainly
comes from [70].

In Chapter [3| we study the Gibbs measures for the focusing mass-critical fractional
nonlinear Schrodinger equation on the torus T¢ = (R/(27Z))%. We identify the critical
nonlinearity and optimal mass threshold for normalisablity and non-normalisability of the
Gibbs measures for the fractional nonlinear Schrodinger equation on the multi-dimensional
torus, which extends the works of Lebowitz-Rose-Speer [68], Bourgain [2], and Oh-Sosoe-
Tolomeo [85] on the nonlinear Schrodinger equations on one-dimensional torus T. To
achieve this purpose, we prove an almost sharp fractional Gagliardo-Nirenberg-Sobolev

inequality on the multi-dimensional torus. This chapter is from [69].
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CHAPTER 1

INTRODUCTION AND PRELIMINARIES

In modern mathematical physics research, Gibbs measures play a significant role. Over
the past decades, there have been tremendous advances in the application and mathemat-
ical research of Gibbs measures across a variety of fields, including statistical mechanics,
constructive quantum field theory, quantum many-body systems, plasma physics, nonlin-
ear optics, and dynamical systems. The problem of constructing and verifying invariant
measures for dispersive partial differential equations is one of the most classical problems
in the area of nonlinear dispersive equations with random initial data. This dissertation
delves into constructing Gibbs measures, their invariance under the evolutions of some
Hamiltonian partial differential equations, and using them to analyze the macroscopic
behaviors of these partial differential equations.

The dissertation mainly consists of published or pre-published results [69] [70], which

are listed below

e Rui Liang, Yuzhao Wang. Gibbs measure for the focusing fractional NLS on the
torus, SIAM. J. Math. Anal. 54 (2022), no. 6, 6096-6118. ]

e Rui Liang, Yuzhao Wang. Gibbs dynamics for the weakly dispersive nonlinear

Schrédinger equations, arXiv:2306.07645 [math.AP].

I also acknowledge the contribution of my collaborator Yuzhao Wang.

2Permission to include this paper has been obtained from the Editor-in-Chief of SIAM Journal on
Mathematical Analysis.



1.1 Zakharov’s question

At the Sixth I. G. Petrovskii Memorial Meeting of the Moscow Mathematical Society in
January 1983, V. E. Zakharov asked, “Numerical experiments demonstrated that some
dispersive equations possess the ‘returning property’, i.e., solutions appear to be very close
to the initial state, after some time of rather chaotic evolution. How can this phenomenon
be explained?” See [42].

To explain the returning phenomenon, we need to refer to the Poincaré recurrence
theorem for measure-preserving transformation. In the following, let us go over the def-
inition of measure-preserving transformation, the Poincaré recurrence theorem and their

application to the Hamiltonian systems.

Definition 1 (Measure-preserving transformation). Given a probability space (X, %, m),

a transformation T : X — X is called measure-preserving if T is measurable and

m(T~'[B]) = m(B) for all B € #.

One property shared by all measure-preserving transformations is recurrence. Let us

recall the following Poincaré recurrence theorem. See [114] Theorem 1.4].

Theorem 1 (Poincaré recurrence theorem). Let T : X — X be a measure-preserving
transformation of a probability space (X, %, m). Let E € % with m(E) > 0. Then
almost all points of E return infinitely often to E under positive iteration by T (i.e.,
there exists F C E with m(F) = m(FE) such that for each x € F there is a sequence

ny < ng < ng < --- of natural numbers with T" (z) € F for each i).

To answer Zakharov’s question, we need to understand the measure-preserving prop-
erty of a flow of dispersive partial differential equations. Before discussing the dispersive
partial differential equation, let us recall the finite-dimensional Hamiltonian system to see

how the Poincaré recurrence theorem is used. A finite-dimensional Hamiltonian system



is given by the following ordinary differential equations:

. oOH
qgi = 5.
Op: i=1,2,-.d, (1.1)
s OH
Pi = —%4

where H(q1, -+ ,qa;p1,- - ,pa) is called the Hamiltonian. We assume that ((1.1]) has a
unique global-in-time solution ®(¢, (¢(0), p(0))), satisfying ®(0, (¢(0), p(0))) = (¢(0), p(0))

and the following flow property

O(ty, Bty ) = Bty + 11, ) (1.2)

for all t1,t, € R.

Given w in C*°(R), from (1.1), we know that

. / 1 0H oH
G(H(1) = w (H(D)) ; (a 0 a_mp’>
/ “COHOH OHOH (1.3)
=w (H(t)) ZZI: (8(1@ 8pi B 3}% aQZ)

=0,

where H(t) :== H(q(t),- -+ ,qa(t); p1(t), -+, pa(t)).
Let us recall the Liouville theorem which claims the invariance of some measures. For

a proof of Liouville theorem, we refer the reader to [108, Theorem 1.5].

Theorem 2 (Liouville). Denote by dz the Lebesgue measure on R?, let g € C*(R%; [0, +00)),
and let F; € C®(R%). The solution map ®(t,-) (assume it exists for all t in R with
D(0,20) = mo for all zg in R and ®(ty, ®(t1,-)) = ®(ty + t1,-) for all t1,ty € R) of the

following ordinary differential equations

G (1) = Fy(a(t), -+, za(t)),
ZL’(O) = Zo,



preserves the measure gdx for all t € R of and only if

d

div(gF) := Z 88% (gF;) =0. (1.4)

=1

Let us now verify that the finite-dimensional system ([1.1)) obeys the condition of

Theorem [} From (L.1)) and (1.3)), we know that

(on)aH) 0 (<on)aH))

— \0q; ( ap:)  Op; dq;
d
0 OH 0 OH
= Z (wo H) — (wo H)
— <8qz pi  Op; an‘> (1.5)
0
— ; <8ql(wo H)g; + 5 l(on)pl>
d
(D) =0

where w € C®(R; [0, +00)) (w = 1 gives the Lebesgue measure wdz, and w = e # gives
the Gibbs measure wdx). Note that means that is satisfied for the Hamiltonian
system . Therefore, an application of Theorem [2] proves that the solution map ®(¢,-)
of preserves the measure

m = (wo H)dx

for all t € R. Namely
m(®(t,-)7'[A]) = m(A) (1.6)

for all m-measurable set A in R??.
(1.6) implies that ®(1,-) : R** — R2? preserves the measure m. Therefore, an

application of Theorem (1] yields the following “returning” property.

Theorem 3. Letw € C®(R; [0, +00)). Assume that H € C(R??) is such that the ordinary
differential equations (1.1)) has a unique global-in-time solution ®(t,x) = (q(t),p(t)) for all
initial data v = (q(0),p(0)). (Here q(t) := (q1(t),- - ,qa(t)), p(t) := (p1(t),--- ,pa(t)).)

We further assume that the solution map ®(t,-) satisfies the flow property (1.2)). Let

4



m = (wo H)dx. Then, for any m-measurable set of E with m(E) > 0, there exists F C E
with m(F) = m(E) such that for any x € F there is a sequence ny < ng < nz < --- of
natural numbers with

(I)(TLZ,$) eF
forallie Z,.

In Theorem , the global existence is used for ®(n;,z) to be well-defined. The flow

property is used in the following way:

From the above example, we see that to apply the Poincaré recurrence theorem, it

suffices to verify

e the flow property,
e global existence of the solution m-almost every,

e the invariance of the measure m under the flow.

So far, we have considered the finite-dimensional Hamiltonian system. Now, we move
to the dispersive equation, which can be viewed as an infinite-dimensional Hamiltonian

system. Consider the nonlinear Schrédinger equation (NLS) given by
10/ + Opeu = ul*u, (t,7) € R x T, (1.7)
where T = R/(277Z). The associated Hamiltonian to the equation (|1.7)) is

1 1
H(u) = §/T\8xu]2dx+ Z—l/T]u|4d:U.

Then (|1.7) can also be written as

OH
= —i—. 1.
@u léﬂ ( 8)



Let uy, denote the Fourier coefficients of u, i.e. u(z) =Y., uxe™ and py and g be given
by
qr = Re Uk ),
(1) (1.9)
pr = Im(uyg).

Denote by
1 1 20112 2y, 1 k]!
Hp.q) = SH() = 7 S kPl + pef®) + 5 [ D (g +ip)e™| do.
keZ T kez

Then the equation ([1.7]), namely ([1.8]), can be written as the following infinite-dimensional

Hamiltonian system:

. _ OH
T Y
. OH
Pk = g

In a seminal work [2], Bourgain constructed the Gibbs measure dp formally written as

dp = e_ﬁH(“)du,

and proved the dp-almost everywhere global well-posedness of , the flow property and
the invariance of dp under the flow of . As a byproduct, the “returning property” of
follows from Theorem , thereby answering Zakharov’s question for NLS.

Since Bourgain’s work, the subject has attracted substantial attention [1T0} BT] 24,

67, 90, 96l T06], 62, ’7, 34, 10]. See the next Section for further discussion.



1.2 Historical reviews

1.2.1 Dispersive equations with random initial data

One-dimensional case

Friedlander [42] considered the one-dimensional wave equation with cubic nonlinearity

Ut — Ugy +u> =0, (1.10)

and proved the invariance of Gibbs measure. Utilising the invariance of Gibbs measure
as a substitute for the invariance of Lebesgue measure established by Liouville’s theo-
rem, Friedlander derived the “returning property” by applying the Poincaré recurrence
theorem, thereby addressing Zakharov’s question mentioned in Section for the nonlin-
ear wave flow (L.10). Then Zhidkov [I15] extended Friedlander’s result to more general
nonlinearities.

The invariance of the Gibbs measure for the cubic nonlinear Schrodinger equation
was obtained by Bourgain in [2]. Bourgain’s impetus [59] was to solve a problem raised
by Lebowitz-Rose-Speer’s paper on Gibbs measure associated to nonlinear Schrodinger
equation on T with quintic nonlinearity [68]. The problem was finding a flow of a spatially
periodic nonlinear Schrodinger equation which is on the support of the Gibbs measure and
proving the invariance of the Gibbs measure under the flow. At that time, a significant
challenge was the absence of a relevant local-in-time theory on the torus. Bourgain [I]

then addressed this by developing almost sure local-in-time dynamics for the equation:

Wy + Upp + Ul ?u =0, (t,z) ERxT

with 4 < p < 6 by using Fourier restriction norm method and improving Strichartz
estimates on the torus by applying analytic number theory results. Later on, Bourgain [2]

extended the almost sure local-in-time dynamics globally by using invariance of truncated



Gibbs measure (Bourgain’s invariant measure argument) and proved the invariance of the
Gibbs measure for the nonlinear Schrédinger equations on one-dimensional torus, which

solved the problem raised by Lebowitz-Rose-Speer [6§].

Bourgain’s probabilistic argument

The equations studied in [42] T15] 2] are all in one spatial dimension. The advantage of the
one-dimensional case lies in its deterministic local well-posedness theory. This means that
the spatial regularity of the support of the Gibbs measure is above the threshold needed
for deterministic well-posedness. Consequently, one can fix the sample point and treat the
initial value problem as a deterministic problem. However, in the case of the nonlinear
Schrodinger equation on the two-dimensional torus, the initial data in the support of
Gibbs measure almost surely falls within H°~(T?) := (), _, H°(T?) which is rougher than
the deterministic critical regularity s, = 0 and consists of generalised functions rather
than just regular functions. A milestone of the subject is [3] where Bourgain considered
the following renormalised nonlinear Schrodinger equation with cubic nonlinearity

10+ Au =: |ul*u:, (t,z) € R x T?
(1.11)

u(0) = g

where g is in the support of the Gibbs measure and : |u|?u : is an appropriate renormali-
sation of |u|?u. A renormalisation of |u|?u is needed here as a cubic power of a generalised
function might not be defined. In (1.11]), uo is almost surely in H°~(T?), which is rougher
than the deterministic well-posedness threshold. Hence, one cannot treat the problem
as a deterministic problem. Bourgain overcame the difficulties by applying Da Prato-
Debussche trick and exploiting the probabilistic smoothing in some multilinear estimates.

(1.11) is a Hamiltonian partial differential equation with Hamiltonian

1 1
H(u) := 3 /|, |Vu|*dz + Z/Ez Cul* : da,



where : |u|* : denotes the renormalisation of |u|*. The Gibbs measure associated with the

Hamiltonian partial differential equation ([1.11) is formally given by

1 .
e HWdy = exp <_Z_L/ ul* dx) o~z fr2 [VulPde gy, (1.12)
'JTQ

where du is an infinite dimensional Lebesgue measure that does not exist. Given that
the Hamiltonian is a conserved quantity, the invariance of Gibbs measures becomes a
potential replacement for the Liouville theorem (Theorem , thereby necessitating the
study of invariance of Gibbs measures. The Gibbs measure in is called (complex) @3
measure in the constructive quantum field theory community. Because the Gibbs measure
in (1.12)) is absolutely continuous with respect to the Gauss measure o3 2 Vul?dzqy,,

choosing the initial data in (1.11]) as the following random Fourier series:

wie) = (o) = Y L (113
kezZ2\{0}
where {gx}rez2\j0) is a sequence of standard complex-valued independently identically
distributed centred Gaussian random variables, it can be seen that this random initial
data falls into the support of the Gibbs measure. Furthermore, a direct computation
shows that the random Fourier series in belongs to H°~(T?)\ L*(T?) which contains
the support of the Gibbs measure in (1.12)). To overcome the difficulty that the random
initial data are below the deterministic threshold in terms of regularity, Bourgain proposed

decomposing the solution as

u(t) = e ul +v(t). (1.14)

(The above decomposition is now known as Bourgain’s trick or Da Prato-Debussche trick
[37]). Then the first term in (1.14)) is in H%~(T?) for fixed ¢, and the second term in (1.14)

satisfies the following equation:

i, + Av =: e 4+ o2 (e Puf +v) :,  (t, 1) € R x T?



where : [e"2ug +v|?(e®u¥ +v) : denotes renormalisation which is needed to interpret the

nonlinearity. Despite the roughness of e*2u¥, its explicit random structure allows control

over the nonlinear interactions between e®u¥ and el**u%, as well as between e!**u% and
v. Then by utilising some smoothing effects, Bourgain proved that the Duhamel term in

the first Picard iterate
t . . .
uM(t) = / lt=98 .+ |ellt=9)Ayw 26i(t=9)8 0 g (1.15)
0

is in X2zt ¢ C([-T,T); Hz~(T?)) which allows applying contraction mapping argu-
ment for v in X227,

After Bourgain’s introducing this subject to the dispersive PDE community, we have
seen a tremendous mass of advances in this area of research over the last decades [110, 31,
241, 67, 90, 96], 106, [62], 87, [34], 10]. See also Bényi-Oh-Pocovnicu’s survey on the subject

[20].

Random averaging operator argument

There is also a series of important studies on the partial differential equations with stochas-
tic forcing. In the parabolic setting, key contributions are Hairer’s theory of regular-
ity structures [53, B4L [55, 56] and the para-controlled calculus developed by Gubinelli-
Imkeller-Perkowski [44, 45]. Additionally, an approach utilising Wilsonian renormalisa-
tion group analysis was independently introduced by Kupiainen in [60]. For the nonlinear
wave equation with stochastic forcing, see [47, 48] [49]. Especially, in [49], the authors
introduced the para-controlled operator.

Inspired by the para-controlled calculus [44], 45, @, 49] and Bringmann’s work [7],
Deng-Nahmod-Yue [34] developed the theory of random averaging operators. As we have
discussed, the initial data in is in H°(T?)\L?*(T?), which is rougher than the
deterministic well-posedness threshold s, = 0. Then, it naturally arises to ask what

the threshold for well-posedness is for the random initial data problem. The notion

10



of probabilistic scaling s, was introduced by [34]. In the same paper they introduced
the theory of random averaging operators. The probabilistic scaling for the nonlinear

Schrodinger equation
0+ Au =: [u|*u:, (t,x) € RxT? (1.16)

18

See [34]. The deterministic well-posedness threshold for ([1.16]) is

=1 1.1
se=1-- (1.17)

which is greater than s,,. It is also proven in [3] that «(!) in does not belong to
X3+ for all s > % in the two-dimensional setting. However, from ((1.17)), we know that
the space X 373+ s still supercritical with respect to deterministic scaling for d = 2 and
r > 2. Therefore, a naive Bourgain’s trick as in is not sufficient for solving ([1.16|)
for d =2 and r > 2 in H°(T?) which contains the support of the Gibbs measure. Also, a
higher-order Picard iterate does not help either, as the remainder will still be in X SRR
To move on, we observed that the bad regularity of the first Picard iterate u(!) is only

coming from high-low interactions:

Y = Z tei(t_s)A C AU - | Tleyul® @ (s)ds, (1.18)

N:dyadic VY
where Ay := F 1 (1jynF () and ey := F ! (Ljyy«nF(-)) are the standard frequency
projectors. A noteworthy observation made by Bringmann [7] is that by exploiting inde-
pendence between high-low interaction one might be able to apply some stronger proba-
bilistic tools and improve the estimates. Deng-Namhod-Yue replaces 1o yu in by

u«n which is the solution with initial data I« yug; and hence the high frequency part

and the low frequency part become independent. As a result, large deviation estimates

11



become applicable for these terms, for example.
Later on, inspired by their previous work [33], Deng-Nahmod-Yue considered the fol-

lowing random averaging operator:

t
PNL s Z / =92 Ajw - Ju<p|* : (s)ds, (1.19)

N:dyadic V0
with L < N and proved estimates for their operator norms and Hilbert-Schmidt norms by
induction. By removing the high-low interaction given by the random averaging operator

(1.19), Deng-Nahmod-Yue considered the following ansatz for the solution:

_ R ML (4 vy ‘
uﬂv(ﬂ-%: +) 0> () +%: (t), (1.20)

N 1=L<N paralinear term

where the random tensor h™¥:I' is given by the random averaging operator P™L via (2.36)
and ([2.38). Although the high-low interaction is poor in terms of regularity, the good
news is that it is paralinear. Therefore, if we can estimate the operator norm and Hilbert-

Schmidt norm for the random averaging operator ([1.19)) in the following way:
[P¥Hllop S L7, [P+ lus S N#FL7%,

where 0 < §; < §y < 1, then we can estimate the paralinear term in ((1.20)), by which
Deng-Nahmod-Yue proved that the spatial regularity of Y in (1.18) is similar to e!**u%

and put the remainder in a favourable space.

Random tensor theory

Deng-Nahmod-Yue then developed a theory of random tensors [35], known as a dispersive
counterpart of the theory of regularity structures developed by Hairer [54]. The theory of
random tensors is served as a local-in-time theory for subcritical problems above the prob-
abilistic scaling, and aims to propagate the initial data’s randomness predominantly in

para-multilinear manners. An ansatz for the solution is constructed inductively. Depend-

12



ing on the extent the problem is subcritical, they eliminated many multilinear evolutions
of the initial data to make the remainder as smooth as they want, leaving many multilin-
ear evolutions of the initial data treated as random tensors acting on Gaussians in some
multilinear ways. Careful dyadic frequency decomposition and precise adjustments are
made to ensure the independence of random tensors from the input Gaussian variables.
The analysis involves estimating tensor norms that are more refined than the Hilbert-
Schmidt norm, to inductively prove the estimates of the random tensors. Furthermore, a
selection algorithm is utilised to determine the specific order of random tensors required
to prove the merging estimates.

Let us briefly go over some aspects of the theory of random tensors here. In using the
random averaging operators, Deng-Nahmod-Yue [34] considered the high-low interaction
by with L < N'7° for some 0 < § < 1. However, high-low interaction given
by L < N'79 is still not very bad, thereby wasting some high-intermediate interaction.
In [35], Deng-Nahmod-Yue considered the high-low interaction by with L < N°.
Then, they iterate the ansatz into the nonlinearity of the equation for a tremendous
mass of times, thereby forming some plants (see [35], Definition 3.2] and [72), Definition 2.2]
for the definition of plants). Also, instead of describing the high-low interactions in terms
of paralinear terms, they describe the high-low interactions in terms of para-multilinear

interactions. Precisely, they considered the following ansatz:

(un)e=, >, > /d/\V B (v, W) < [ [ Am(uo)it T TR ) + (e

plant S ki ,ky leud fey N

N J/
-~

para-multilinear term

(1.21)
where bfku (ky, Ay) are some random tensors. When the size of the plants exceeds §°°,
they end the iteration. Hence, by removing a tremendous mass of the poorest high-low
interaction from the remainder, the remainder can be made as smooth as they want. In

fact, in the remainder, they can accumulate > §°° many gains from the high-intermediate
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Interactions

Gl < [TV < (W)™)T< N and N, > N,
nes
thereby making the remainder as smooth as they want, and viewing the remainder zy
as a negligible remainder. Through the ansatz , they propagate the randomness
of the initial data predominantly in some para-multilinear manners. ¢ will be chosen
to be closer to zero, corresponding to how close the probabilistically subcritical problem
approaches the probabilistic critical threshold, thereby proving the existence of almost

sure local-in-time strong solution above the probabilistic scaling.

1.2.2 Fractional nonlinear Schrodinger equation

Fractional nonlinear Schrodinger equation (FNLS)
i0u — D = +|u|P"*u, (t,x) ERxT (1.22)

has also attracted significant attention. Here, D* = (v/—A)®/2 is defined by F,(D* f)(k) =
|k|*(F.f)(k). Plus sign (+) on the right-hand side of stands for the defocusing case,
whereas minus sign (—) stands for the focusing case. When « = 2, the equation is
the nonlinear Schrodinger equation mentioned previously. FNLS has some backgrounds
from fractional quantum mechanics [64], water wave problems [57], and so on. For the
one-dimensional case, it can also be viewed as the continuum limit of lattice interaction
[61]. In [6I], the authors considered the following discrete generalisation of the FNLS

with 0 < h <« 1:

d up(t, hm) — uy(t, hn
1d—uh (t,hm)="h Z n o — hn’hl(Jrs ) + |up (t, hm) [Pup (t, mh). (1.23)

n#m
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When 1 < s < 2, corresponds to long-range interaction, and in the limit when
h — 07 it recovers the FNLS equation with parameter « = s € (1,2). When s > 2,
corresponds to short-range interaction, giving classical nonlinear Schrodinger equation
(ie. a=2).

The order of the derivative a also measures the strength of the dispersion. For the
one-dimensional case of , there is no dispersion when @ = 1 (the half-wave case),
weak dispersion when a € (1,2), and strong dispersion when o > 2.

We also review some deterministic well-posedness results for both defocusing and
focusing case of with cubic nonlinearity (that is p = 4). In the case when a = 2,
Bourgain [2] proved the local well-posedness in L?(T); then some ill-posedness results
below L? are obtained [26, [73| 51]. When o € (1,2), [29] proved local well-posedness
result in H*(T) for s > 22¢ and ill-posedness result in H*(T) for s < 23¢. For the case
when o > 2, see [75], 05, [1§].

We now turn to some probabilistic well-posedness results of posed on the one-
dimensional torus with p = 4. When a = 2, Bourgain [2] proved the almost sure global
well-posedness in H %_(T), and recently Deng-Nahmod-Yue proved the almost sure local
well-posedness in H _%+(']I‘). For the case when o > 1, there are some results answering
Zakharov’s question mentioned in Section [1.1} Precisely, Demirbas [32] established the
flow property for the case a > %. Then Sun-Tzvetkov [104] improved Demirbas’ result
by proving flow property for the case a > g. Subsequently, Sun-Tzvetkov [105] improved
their own result to the range a > %ﬁ by applying the theory of random averaging

3=v233  However, despite these

operators, thereby answering Zakharov’s question for o >
advancements, they did not fully address the range o > 1 in terms of proving the flow
property. Therefore, it remains to prove the flow property for the range o > 1, which was
an question proposed by [105].

Recently, Liang-Wang [70] addressed this question (see Chapter [2). Also, Liang-Wang-

Yue [72] proved the almost sure local well-posedness of nonlinear half-wave equation (case

when o = 1) for all probabilistically subcritical cases (above its probabilistic scaling).
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1.2.3 Gibbs measures

Apart from the problem of invariance of Gibbs measures under Hamiltonian flow, the
construction of Gibbs measures has its own interests in constructive quantum field theory.
Gibbs measure construction has a far-reaching root from Euclidean field theory. See [46].
The most successful models in constructive field theory are the ®4—models, which are
constructed in Bourgain’s work [2] [3] for d = 1,2. One way to construct Gibbs measure is
constructing Gibbs measure dynamically (stochastic quantisation) [97]. The construction
of ®) measure via stochastic quantisation was done in [37]. The construction of &3
measure via stochastic quantisation had been an open and difficult problem until Martin
Hairer’s theory on regularity structures [54] was invented. Apart from the theory of the
regularity structures, other methods for construting Gibbs measures rely on Gubinelli’s
theory on paracontrolled distributions [44], and higher order paracontrolled calculus [9],
and so forth. In Chapter [3] instead of constructing measures dynamically, we will focus
on Barashkov-Gubinelli’s approach to constructing Gibbs measures [17].

Let dyg be the Gaussian measure over distributions on T¢. When d = 1, a function in
the support of du = dy;y is in LP(T) by Sobolev embedding, and consequently the measure
d®! given by

dPd¥(u) := Z_le_%”u”i”(“r)du(u), (1.24)

where Z is a normalisation constant, is absolutely continuous with respect to the Gaussian
free field. The measure d®} is called ®} measure.
When d = 2, note that the support of dusy is below L? and thus the elements in the

support of dus are not functions but generalised functions (distributions).
14
ddi(u) = z- e 1Mt qpuy (u) (1.25)

is not a well-defined measure and one needs to introduce renormalisation. In order to

resolve this issue, we consider an appropriate renormalisation via frequency truncation in
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the Fourier side. Precisely, for a given dyadic number N, let oy be given by
%
oN = (/ / \HNu(:U)Idedug(u)) ~ log N,

HO—(T2) JT2

where Il is defined by (IIyu), = 1(y<nuk, and define the renormalisation by
D Hyult = |Tyul* — don|Tyul? 4 20%. (1.26)

Then we consider the following truncated ®3 measure

d@;{N = Z’le’%fT2:|HN“|4:dxd,u2(u).

In [92], in the complex-valued setting, the authors apply white noise functional to prove

‘/ :|HNU|4:dx—/ Cul* s de
T2 T2

where the functional [, : [u|* : dz is a symbol of the LP () limit of [i, : [TIyu|* : dz for

that

— 0, (N — o0) (1.27)
LP(p2)

1 < p < oco. The limit in ([1.27)) also claims the measurability of the limiting functional
G(u) :== }Lfm : |ul* : dz with respect to dus. For the proof of the convergence in (1.27)),
see also [93] 52), B1].

Then, by utilising Nelson’s estimate [76], [92] one can show that

1
exp (_Z /2 st dx)
T

for 1 < p < oo. Also, let us remark that we can prove ((1.28) by using the Boué-Dupuis

sup
NeN

<(Cp,< o0 (1.28)
Lr(dpz)

formula [14] [I7, 113] which is the main tool being used in the thesis. With the bound
(1.28), one can apply Prokhorov’s theorem to obtain weak convergence of the measure
and thus we can define the ®3 measure by the limit of its truncated version d®j . Also,

3 measure can be constructed by Nelson’s estimate and Ornstein-Uhlenbeck semi-group.

See [46, 02, 98, 102].
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Note that the Radon-Nikodym derivatives in ([1.24)) and (1.25) are bounded, and we
call them defocusing measures. For the focusing case, there are many literatures [68 [2]
27, 21, 84, [, 16, 51, 85, 99, 12], I, 69, [66], [71]. For the one-dimensional case, [68] studies

the following focusing Gibbs measure.

1
dpp7K = exp (Z; / |u|pdx) 1{||u||L2(T)§K}dpJ(u). (1.29)
T

See also [2], [85]. When the spatial dimension is two, inspired by the Berlin-Kac spheric

model, Brydges-Slade proves that the ®3 measure below is non-integrable [21]:

X (/ ul? dx) exp ()\/ ul* dx) dpa, (1.30)
T2 T2

where x decays exponentially. As a generalisation of result in [21], Oh-Seong-Tolomeo
[84] recently proves that

lim lim inf (/ s ul? dx) emin(L”\de:|u‘4:dx>dug J(u) =400 (1.31)
Td 2

L—oco N—oo

for any A > 0 and any d. In the same paper [84], the authors prove the integrability of the
focusing measure in (1.31)) with p = 3 which is a generalisation of Jaffe’s construction of
two-dimensional case [6]. For three-dimensional case, [4] studies the focusing Hartree-type
Gibbs measure. The method that [84] considers to prove is the finite-dimensional
Boué-Dupuis formula [14] [17, 113], 84] 811, 89, 91, 69}, 1011, 38}, [71].

It was Lebowitz-Rose-Speer who proposed to study the focusing Gibbs measure
in [68]. Then Bourgain and Oh-Sosoe-Tolomeo obtained results regarding normalisability
or non-normalisability of [2, B5]. We summarise Lebowitz-Rose-Speer, Bourgain,
and Oh-Sosoe-Tolomeo’s results [68, 2, 85] in the Table [1.1]

In Table [I.1] @ is the unique optimiser of Gagliardo-Nirenberg-Sobolev inequality on
the real line with |Q||76 &) = 3[1Q"[|72)-

Oh-Sosoe-Tolomeo’s result in the critical case (p = 6) with K = ||Q|| (g, is surprising.
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2<p<6 p==6 p>6

K <@l 2@ normalisable normalisable non-normalisable
K =1Q)| L2(R) normalisable normalisable non-normalisable
K > |||l 2 normalisable non-normalisable non-normalisable

Table 1.1: Normalisablility and non-normalisability of Gibbs measures dp, k-

The methods they used to obtain this surprising result are among others coordinate

transformations, spectral analysis of second order ordinary differential operators.
Recently, Liang-Wang [69] generalised the results shown in Table to fractional

nonlinear Schrodinger equations in higher dimensions, except the optimal mass threshold

at the critical nonlinearity. Stablishing this result will be the main goal in Chapter

1.3 Preliminaries

In this section, we collect some results that will be used throughout the thesis.

1.3.1 Tensor norms

In this subsection, we define some norms that will be used in the thesis.
We first recall the operator norms and Hilbert-Schmidt norms defined on a Hilbert

Space. To simplify the notation, we consider the Hilbert space to be
%
2@ = {o = ez Illo = (Tl < oo}
keZ

that is the space of square-summable complex-valued sequences. Recall that, for the given

bounded operator H : £ — (%, the operator norm of H is

[Av]|e

|Hllor = sup {—
Tolle

:U#O,veﬁ}.

Denote {e;;i € Z} be the canonical orthonormal basis of ¢%; see (1.36). Then, we may
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identify the operator H with its kernel { Hg,k, } £, koez, Where
Hkle = <H€k1,€k2>, fOI’ kl,kg EZ.
With the above notations, we define

HHklkzulﬂHkQ = ”HHOP

The other important norm in this thesis is the Hilber-Schmidt norm given by

1Hlfs =D I Hewllf = Y [Hiol,

kEeZ k1 )k2

where {Hj,p, brikoez is the kernel of H under the canonical basis of £2. Similar to the

operator norm, we denote ||H ||us by ||Hk ks, |51k, that is

%
1 Hallines = [ s = (Z |Hk1k2\2)

k1,k2

to simplify the notation. In what follows, we shall extend the above notations for the
operator norm and Hilbert-Schmidt norms to higher dimensions.

Given a positive integer 7, a tensor H = {Hg,..k, }k,... kcz is a function from Z" to
C with variables (ky,..., k). By abusing notation, we also call Hy,..,, a tensor. For an
explanation of how a function from Z" to C is related to the concept of tensor (multilinear

map), see Remark [2| In what follows, we assume H € (*(Z"), i.e.

N

|H e = 1Hio g = (3 Hien ) <o, (1.32)
k1, or

where (*(Z") denotes the set of all complex-valued functions H on Z" such that ((1.32)
holds, and the summation is over ki, ..., k. € Z. In the following, the summation over

k; is always assumed to be over Z, unless otherwise stated. For brevity, in the thesis, we
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will adopt the following notation convention:

[ Hpy otk = [ Hpyorlle

The support of H is the set of (kq,..., k) such that Hy, ., # 0. If 1 < s <r, then

the tensor norm ||Hy, ... |lz = 2 is given by
ky-ks kgy1-kr

2
||Hk1...kr||?i1“’ksﬁzi e T sup{ Z Z Higooghogir by Zher ok | Z |2 |2 = 1}.
e ot onkis

Koy 1yomkr | For ks
(1.33)
For brevity, we also adopt the following notation convention in the thesis:
[t s ominote = MHpwen Nl e
Let us remark that
[ [kybgsbigsreder = [ H kgt —srebe < VH |y, (1.34)
Let f € ¢*(Z*) be a function f : Z° —s C such that [|{f(ki,..., ks)ia,.hoezlle < oo
ks

We may use H to define an operator, and still denoted by H : ¢*(Z*) — (*(Z"*), given
by
H[f)(kosr - k) = D Hiyookgbwsroke S (k1y oK),

ki,...,ks

Then the tensor norm ||H||x, ..k, k. -k defined in (1.33) can be recast as an operator

norm.
HI;} = || H]|; = HIfII7 .
[eA N |’4i1~»ks—’5is+1»-»kr ||f(k1,~-~,l§3\]i,g » | H[f] Hzgsﬂmkr
ky-ks
Remark 1. Given a finite index set A := {1,...,r}, we also adopt the notation convention
that

fea = (kuy o k) = ky oo ke
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A tensor Hy, .., can be written as Hy, for brevity. In this notation, we rewrite ((1.32)) as

1

2
|l = (3 1Hi,2)* < oo.

ka

If (B, C) is a partition of A, namely BNC = & and BUC = A, the tensor norm defined

in (L.33) can be rewritten as ||H ||x,—k, such that

I, e = s { 3

ko

E HkAZkB
kp

2

DNl = 1}'
kp

(1.34) can be rewritten as

We remark that if C' = @, then B = A and we adopt the convention that || H||x,—k. =

[ [

Remark 2. Recall the concept of tensors. By a tensor of rank r, we mean a multilinear

map
H:Px - - x?—C, (1.35)
%/._/
I8 COpleS
such that

Hiau® + B0, u® ... u®) = aH@®,u®, .. ) 4 BHD,u®, ... u®);

H(fu/(l)7 au(Z) _'_ /31)(2)7 o e ,u(r)> — &H(u(l)’u(z)’ P 7u(r)) + 5H(u(1),v(2), PR 7u(T)>;

H(u(l)’ ru(2)7 P ,Oéu(r) + /B/U(T)> — aH(u(l)’ u(2)’ “ . 7u(T)) + 6H('U(1), U/(Q), PR 7u(7‘)>7

hold for all u™ u® ... 4™ M @ ... ) € ¢? and a, B € C. Here and elsewhere, C
is the vector space consisting of all complex numbers, endowed with the usual addition

and scalar multiplication as the linear structure.
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Then we consider the following basis of ¢2:
{ej;7 € Z}. (1.36)

such that (e;), = 1if i = k and (e;)r = 0 if ¢ # k, where (e;);, is the k-th component of
the sequence e;.

Then, we denote by
Hkl“'kr = H(ek17 e 76k‘r)7

which is the components of tensor H under the basis (1.36). We see that Hg, .., is a
complex number indexed by r many integers. Therefore, from this point of view, by

abusing notation, we can regard a tensor ((1.35)) as a mapping from Z" to C:
H:7" — C.
Also, we can write the action of H as

1 r
Hu®, - Z Hp,. bu’(ﬂ) . ](CT),
k17 '7

where u,(;l) is the k;-th component of the sequence u¥ = {ul(c?}kiez‘

1.3.2 Function spaces

In the study of dispersive equations, one of the most important tools is the Fourier re-
striction norm method introduced by Bourgian [I] (see also [58]). Given s,b € R, we
define the space X**(R x T) to be the completion of functions that are smooth in space

and Schwartz in time equipped with the following norm:

||U|XSbR><']T - H T+|kj|>b}-t$( ) ’k)HLZZi(RXZ)’ (137)
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where F; , is the time-space Fourier transform. We shall also use the following formulation

of the Fourier restriction norm. Let

u(t,x) = Z ug(t) %,

kEZ

where ug(t) = F,(u)(t, k) is the spatial Fourier transform of u. For any b € R, we denote
by
X" = L*(T; H(R)),

where H*(R) = (V)~°L?*(R). We define the Fourier restriction norm of u (in the interac-

tion picture) by

o = [ (1 anr)ldr = [ (7 3 (o) P

It is easy to see that the above definition coincides with the following Sobolev norm

lullxe = K00 ull sz, = Ilull 2 -

We call || - || x» Fourier restriction norm because it corresponds to the Fourier restriction

norm (1.37) in the following sense: let v := e™P"y be the interaction representation of

u; see also ([2.21]) for the motivation, which implies
[ullxe = [l vl xo = (0 e vl 2, = (T + [K][*) 0]l 22 = [[0]] xo0-

In what follows, we shall mainly use the norm X° which works well with the iteration
argument in the main part of our analysis.

For a time-dependent operator #H(t) given by its kernel H(t) = { Hyp (t) }ri, that is

WO = Y (X M )

keZ “KeZ

24



Denote by L(V;, V3) the set of all bounded linear maps from normed space V; to normed
space V5. We define
Y= L(LX(T), X"),

and the operator norm ||H||y+ is given by

Iy =14 Hiw (1)l 222,

(e

= sup [[H@)[f]]lxe-
I£1l2=1

) fw| d

)é;; ful? = 1} (1.38)

We also define
2" = HS(L*(T), X") = {H € L(L*(T), X"); | » < o0}

where the Hilbert-Schmidt norm [|H|| 2 is given by

il = (| <T>2‘>||mk/<f>||zkldr)5:( [ Y ) |dr)1. (139)

kK

Now we consider an operator P over space-time functions given by

-2 L

kEZ

Z/Pkk/ 7, 7 Vg (T )dT) (tr+ko) q 7.

k'€l

where Fk;(T, 7') is the double temporal Fourier transform given by

—_— 1 : ! -1
Pkk’(Ta 7'/) = / Pkk’ (t, t/)e_l(t7+t T )dtdt/.

(@) J

We define
v = (XY, X
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and the operator norm ||P||ys.» is defined by

1Pl =) (7)™ P (7, 7 )12 2, 12,

= sup (/
lull g =1

= sup [Plulllxe.

lull o =1

Pkk’ 7‘ 7‘ uk/ )dT

2 \z
' dT) (1.40)

We also define
7 = HS(XY, Xb) = {P € L(XY, X*); | P|| porr < o0}
where the ||P|| s.» norm of the operator P

||P||2zb,b’ = /]R2< V2 (T lez |Pkk/ 7, 7)[Adrdr. (1.41)

kK

For any finite interval I, define the corresponding localised norms
HUHXb(I) := inf {HUHXb;U e X’ and v =u on [}

and similarly define Y* (1) and Z""(I). By abusing notations, we will call the above v
an extension of u, and will denote v by u. We will use X to denote X°(I) for simplicity

unless otherwise specified.

1.3.3 Linear estimates

To conclude this section, we record some basic estimates from [33], [34]. Define the original

and truncated Duhamel operators

To(t) = /0 LoV, () = o) /0 Cp(Eyo()ar,
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where 7(t) is a smooth cut-off function, such that n(¢) = 1 for [¢| < 1; and 7n(t) = 0 for

|t|] > 2. We have the following kernel estimates. See [33, Lemma 3.1] for a proof.
Lemma 1. We have the formula

—

To(\) = /R KO N)o(N)dN, (1.42)

where the kernel IC satisfies the following pointwise estimates

KON+ kO S, (35 + 5o ) o & ooy (49

We also need the following short-time bound on Fourier restriction norm (see [34]

Proposition 2.7]).
Proposition 1 (Short time bounds). Let n be any Schwartz function, and nr(t) = n(T~'t)
for T > 0. Then for any u € X" we have

HnT : U”X” 577 Tb17b|’uHX”17

provided either 0 < b <b; <1/2, or ux(0) =0forall k € Z and 1/2 < b <b; < 1.

1.3.4 Bilinear tensor estimates

In this subsection, we recall some bilinear tensor estimates from [35, Proposition 4.11],

which serve as “nonlinear” estimates for operator norms of tensors.

Proposition 2. Given finite sets A; and A,. Consider two tensors h,(::l and h,(sz, where

ATNAy=C. Let AJAA; = AE] and define the semi-product

1 2
Hyi, = > bl b2
ko

1A1AA2 = (A1 U AQ)\(Al n AQ)
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For any partition (X,Y) of A, let XN A, =: X;, Y NA; =Y, for i = 1,2. Then, we have

|‘HH1€X4>ICY < Hh(l)“kxluchH ) Hh(z)HkXQ%kchQ'

For notation convention used in the statement of Proposition [2, we refer the reader to
Remark 1]

The following estimate for special tensor semi-products can be proved using Propo-
sition [2] However, we demonstrate a fundamental proof to showcase the idea of proving

Proposition

Lemma 2. The following holds.

1 2 1 2
ks P i < B Lo g 1 -

Proof. By using the definition of the tensor norm ((1.33)), we have

(1) 22 _
Hhklk’l hkgk’l‘|k/1—>k1k2 = Sup
||ak’1Hk/1:1

kikz

(1) 2(2)
’ Z hkl 4 hk‘2k’1 gy
k1

1 2
< g sup B ang g,
! | At | k= '

1 2
:Hh’(ﬁ)"fiHk/lﬁkluhgcz)k'l"k’l»kg- 0

We conclude this subsection with a weighted estimate. We refer the reader to [34,

Proposition 2.5] for its proof. See also [36, Proposition 2.9].

Proposition 3. Suppose that matrices b = hyr, A1) = h,(clk), and R = h,(f/,)g,, satisfy that
hkk// == Z h]({:?/h]g;g//,
kl

and h,%g), is supported in |k — k'| < L, then we have

k— k"
H(”%) i

1 |k’/ . k?”| K 9
e O

4 14

2 2
kk!! k! k!
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1.3.5 Random tensor estimates

In this subsection, we collect some probability results. We start with the Wiener chaos

estimate (see [102, Theorem 1.22]).

Lemma 3. Let {g,}n.en be a sequence of independent standard real-valued Gaussian
random variables. Given k € Zx, let { P;};en be a sequence of polynomials in § = { g, }nez

of degree at most k. Then, for p > 2, we have

<(p-1)
LP(Q)

> Pi(g)

jeN

> Pi(g)

jEN

L2(Q)

We recall the definition of A-certain.

Definition 2. Given £ > 0. If some statement S for a random variable holds with prob-

ability P(S) > 1 — C.e™* for some A > 0, we say that this statement S is A-certain.

For a complex number z we define z* and 2z~ by 2zt = 2z and 2= = z. For a finite

index set A, we also use the notation z% for {(;};ea with ¢; € {£}.
Definition 3. Given a finite set A. We say that a pair (k;, k;) for i, j € A is a pairing in
ka, if ki = k; and (; + ¢; = 0. We say a pairing is over-paired if k; = k; = k, for some
e A\{i,j}.
Definition 4. Let (£, F,P) be a probability space. Given a finite set A, a tensor hy, (w)
that depends on w € € is called a random tensor.

We also recall the following Large deviation inequality for multilinear Gaussians. It is
a special case of [34, Lemma 4.1]. We give a simpler proof for completeness.
Lemma 4. Let £ C Z be a finite set, a = ay,..,(w) be a random tensor such that the
collection {ay,..r, } is independent with the collection {gy(w);k € E}. Let (; € {£} and

assume that in the support of ag,..y, there is no pairing in {ky,--- , k.} associated with

the signs ¢;. Given a random variable

X(w) = Z Al key H??kj(w)gj’

kv, kr
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where 1y, € {gk,, |9x;|> — 1}. Then, for any A > |E|, we have A-certainly that

X@)P <A’ Y g @) (1.44)

ki, ke

Proof. By using Lemma [3| we have

2rp

E| X[ S p 2 (BIX)S.
Due to the no-pairing assumption and independence, we have

E[XP 2| }

*TTElm, @)

> amen, [ L (@)®
. j=1

[

= > ak.,

klv“' ak'r

5 Z ‘a’kl"'kr’27

ki, kr

where we used that E[|gx|?] = 1 and E[|(|gx|*> — 1)|*] = 2. Thus we have shown that

p

2rp 2
Enxmspz( 3 ||) .

ki, kr
Then, (1.44) follows by a standard Nelson’s argument ([112, Lemma 4.5]). O

Now we are ready to state the random tensor estimate, whose proof can be found in

[35, Proposition 4.14]. See also [36], footnote 39] and [10] for related discussions.

Proposition 4. Let A be a finite set and hpe,, = hper, (w) be a tensor, where each k;
and (b,c) € Z? for some integer ¢ > 2. Given signs (; € {£}, we also assume that
(b—"0o), (c—co) S M and (k;) S M for some fixed by, ¢y € Z and all j € A, where M is a

dyadic number, and that in support of hy., there is no pairing in k4. Define the tensor

Hye = Z Pk 4 H 77%., (1.45)
ka

jEA
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where we restrict k; € E in (1.45), E being a finite set such that {fpe, } is independent

with {ni; k € E}, and ny, € {gx, |gr,|* — 1}. Then T~'M-certainly, we have

||Hbc||b—>c < T~ 6M6 (Hl%,aC}g ||h||bk3—>ckc7

~Y

for some 0 < T' < 1, where (B, C') runs over all partitions of A.

For notation convention used in the statement of Proposition [4] we refer the reader to

Remark [11

Remark 3. In what follows, we may ignore the constant 7-?M?, as these constants may
be absorbed by choosing 0 < # < 1 to be small in our analysis. For instance, the factor
T~ can be absorbed by Proposition [1| by choosing § < b; —b. See also [35],[36] for similar

arguments.

1.3.6 Gagliardo-Nirenberg-Sobolev inequality

We first recall the definition of the homogeneous Sobolev space H*(R?) defined by the

norm:

|

b = [ JEPROPE (1.46)

The optimiser for the Gagliardo-Nirenberg-Sobolev inequality with the optimal constant:

p—2)d 2=2(25—d)
HuHLp R4) < Cans(d, p, s )”uHHs (RY) HUHL2 RY) (1.47)

plays an important role in the study of the focusing Gibbs measures. We recall the

following result.

Theorem 4 (Theorem 2.1, [16]). Let d > 1 and let (i) p > 2 if d < 2s, and (ii)
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2<p< =% 25 if d > 2s. Consider the functional
24-B-= P 23 d)
. ol e 55 -
Tl
on H*(R?). Then, the minimum
Corns = Cans(d,p, )™ :i= inf  J™P*(u) (1.49)
u€H*(R%)
u#£0

is attained at a function Q € H*(RY).

Remark 4. It is easy to see that functions u(z) := cQ(b(x — a)) for all ¢ € R\{0}, b > 0,

and a € RY, are minimisers of the functional ((1.48]). Therefore, we may assume that

QN p2(ee) = ||Q| s ()
||Q||§{s(Rd - ||Q||LP(Rd

(1.50)

Under this specified scaling, we have Hga(Q)) = 0, where Hya is the Hamiltonian functional

Hpga(u / |D*u| dx——/ |u|Pd.

Furthermore, this ) solves the following semilinear elliptic equation on R%:

given by

(p —2)dD*Q + (45 + (p — 2)(2s — d))Q — 4s|QP2Q = 0. (1.51)

In the following, we restrict ourselves to ({1.50|) unless specified otherwise. In particular,

we have

Cans = L1QI %t (152)

The uniqueness (in some sense) of this @) for fractional value s is a very challenging

problem, which is only proved for some special cases. See [43] for the case d = 1 and
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s € (0,1].

1.3.7 Fernique’s theorem

In this subsection, we recall the following simple corollary of Fernique’s theorem [41]. See

[39, Theorem 2.7] and [85, Lemma 4.2].

Lemma 5. There exists a constant ¢ > 0 such that if X is a mean-zero Gaussian process

with values in a separable Banach space B with E[||X||5] < oo, then
o IXI%
/e EIXIED? dP < oo.
In particular, for any ¢t > 1,

ct?
(1l 20 S o [ - o]

1.4 Notation conventions

Throughout the thesis, we will denote by A < B, A <, ... o, B and A < B any estimate
of the form A < CB, A < C,,...,, B and A < ¢B respectively, where C' > 1 is an absolute
constant, Cy, ... 4, is a constant that only depends on parameters a;,--- ,a,, and ¢ > 0 is
a small constant. We also denote by A ~g, ..o, Bif A Say .0, B& B Sa 4, A holds.
We also use a+ (and a—) to mean a + ¢ (and a — ¢, respectively) for arbitrarily small
e > 0. We denote by

(k) == /14 [k[%

[6] == (1 + |K]*)V/e.

(1.53)

We denote by z the complex conjugate of z.
In this thesis, we adopt the convention of equipping the d-dimensional torus T¢ =

(R/(27Z))% with the normalised Lebesgue measure dwra = (27) 9dz. This approach
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allows us to bypass the need to consider the factor 27 in various calculations. To streamline
our notation, we employ dz to represent both the standard Lebesgue measure on R? and
the normalised Lebesgue measure on T¢.

We also use (F,f)(k) to denote the Fourier coefficients of f, i.e.

(Fuf) (k) = / f(a)e o,

which will be abbreviated as fy, i.e.

We may also abuse notations and write f = (f;). With this notation, the inverse Fourier

transform formula rewrites as follows

f(l’) _ kaeika:‘

Let u = u(t, z) be a space-time distribution. We denote uy(t) := F,(u(-,t))(k) to be the
spatial Fourier coefficient of u(-,t). Given k € Z, the Fourier coefficient uy(t) is still a

function of time. We use u;, to represent the temporal Fourier transform of u only, i.e.

(1) := Fir(ug)(7) = % /Ruk(t)e_i”dt.

We use t,t to denote temporal variables and 7,7, 7; denote Fourier variables of time.
When we work with space-time function spaces, we use short-hand notations such as
CrH: = C([0,T]; H*(T)).

Let N; > % for i = 1,2, 3 be dyadic numbers. We use Nyax, Nmed, and Ny, to denote
the largest, second largest, and smallest number among N;, N,, and N3, respectively.

Denote also by knay the k; such that N; = Npay. Similarly, we define kyeq and k. We

use a A b and a V b to denote min(a,b) and max(a, b), respectively. We denote by #S or
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|S| the cardinal number of the set S. We also use the indicator function 15 defined by

1, xe€ B;
1 = (1.54)

0, otherwise.

Let X; for i = 1,2 be normed space equipped with norm || - ||x,. Then we define

l2llxinx, = l2llx + ll2llx,, =€ Xin X,

and

2| x,ux, = min(||z]|x,, |z x,), =€ X1UXs.

We define analogously norms on the intersection of more than two normed spaces.
For any N, we denote by B<y the o-algebra generated by the random variable {gy}
for (k) < N.
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CHAPTER 2

GIBBS DYNAMICS FOR WEAKLY DISPERSIVE
NLS

2.1 Introduction

In this chapter, we will consider with p = 4 and d = 1, the fractional cubic nonlinear
Schrodinger equation (FNLS) on the one-dimensional torus T:

i0u — D = Flu|?u,

(t,x) e Rx T, (2.1)

u(0) = uy,
where D* = [0,|* is defined the Fourier multiplier F,(D%u)(k) = |k|*ug. Recall that
we use the symbol F to indicate the type of nonlinearity in FNLS (2.1]), which can be
either defocusing (+) or focusing (—). Recall also that the parameter a > 0 measures the
dispersion effect in FNLS . The dispersion becomes stronger as « increases. Recall
also the following backgrounds. When o = 2, FNLS reduces to the well-known cubic
nonlinear Schrédinger equation (NLS), which models nonlinear phenomena in optics and
plasma physics, see [103] for more details. When « # 2, FNLS arises in fractional
quantum mechanics [64], and also in the water wave models [57]. Moreover, it is shown in
[61] that FNLS describes the continuum limit of lattice interactions when a € (1, 2].
Specifically, the case when 1 < a < 2 corresponds to the long-range lattice interactions,

while the case when a = 2 corresponds to the short-range or quick-decaying interactions.
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We also note that the cubic nonlinear half-wave equation (o = 1) has various physical
applications, such as [74], [30] and gravitational collapse [40]. However, when o = 1, the
equation ([2.1)) is no longer dispersive. also known as Majda-McLaughlin-Tabak
(MMT) model [74], 30] in the study of wave turbulence. In this thesis, we focus on FNLS
for « € (1,2), where the dispersion is weaker than that of the cubic nonlinear
Schrodinger equation (NLS) (for (2.1) with a = 2).

Recall that the equation (2.1)) is a Hamiltonian PDE with the conserved Hamiltonian:

Eﬁu):iA;(%[Wﬂqu:imﬁ)dx. (2.2)

The dynamics of the equation (2.1)) also preserves the L*-norm:

zwwzéAwwx (2.3)

The well-posedness of FNLS in the low regularity setting has been extensively stud-
ied. If o = 2, is well-posed in L?(T) in the deterministic sense [1]. However, when
a < 2, where the equation is less dispersive, the deterministic local well-posedness in
L*(T) is not available. Nevertheless, it has been proved in [32, 29] that FNLS with
1 < a < 2 is locally well-posed in H*(T) for s > %T“. The main purpose of this thesis
is to study FNLS from a probabilistic point of view. In particular, we focus on the
invariance of the Gibbs measure under the flow of , where the Gibbs measure is
a probability measure on distributions on T. See Subsection for a precise definition.

The existence and invariance of Gibbs measures for nonlinear PDEs are fascinating
topics that have attracted a lot of attention in recent years on this topic. We would like
to acknowledge the pioneering works of [42], 68| 2, 3], 4} 110, T11], 77, [78) 111, 12} [13], ’5,
341, 135, 36], 911, 88|, 104], 105] 69, 10]. Here we did not aim to cover all the relevant litera-
ture on this topic. We would like to acknowledge that the pioneering works of Bourgain
[2, 3] inspired many subsequent studies on the invariant measure for Hamiltonian PDEs,

especially those by Tzvetkov [I10] 111, 22, 23], that popularised this line of research. One
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of the main motivations for studying such measures is to understand the long-time be-
haviour of solutions to nonlinear PDEs, especially those that exhibit chaotic or turbulent
phenomena. One such example is the famous question posed by Zakharov mentioned in
Section [1.1} The key ingredients to explain “returning” phenomenon are the existence of
an invariant Gibbs measure and the flow property of the dynamics, which enable the use
of Poincaré recurrence theorem. However, proving the existence and invariance of such a
measure is highly nontrivial, as it requires overcoming several analytical and probabilistic
challenges. See [42] 68, 2], 3], 10] and references therein for further discussion. We also
refer readers to [79] for a nice review of other invariant measures.

For the NLS case, i.e. with @ = 2, Lebowitz-Rose-Speer [68] considered the
Gibbs measure of the form

dp = Z7le PHWqy (2.4)

where H(u) is the Hamiltonian given in , and Z is a normalisation constant. In
particular, they showed that the Gibbs measure is a well-defined probability measure
on H'/2=(T) for the defocusing case; while for the focusing case, as explained in Subsection
, their result only holds with the L2-cut-off 1{||u||L2(T)§ iy for some K > 0. Bourgain
[2] proved that the Gibbs measure (2.4]) is invariant under the flow of NLS and global
well-posedness almost surely on the statistical ensemble.

For the fractional NLS with a € (1,2), the invariance of the Gibbs measure and
the “returning” property of the dynamics are not yet fully understood apriori to our recent
work [70]. When o > %, these problems can be settled by using the deterministic theory
[32, 29] since the local well-posedness holds on the support of the Gibbs measure. To go
beyond the threshold %, Sun-Tzvetkov [104] exploited a probabilistic argument, where they
managed to handle the case a > g. When o € (1, g}, they also proved the convergence of
the Galerkin approximation scheme for the FNLS by using the Bourgain-Bulut approach
[T, 12, 13]. However, this argument is insufficient to show the flow property of the
limiting dynamics, thus preventing us from applying the Poincaré recurrence theorem.

Recently, Sun-Tzvetkov [105] further improved their results in [104] by using the random
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averaging operator introduced by Deng-Nahmod-Yue [34], and extended the range of «
to a > %ﬁ. They also conjectured the existence of global strong solutions to for
all @ > 1 (see [105, Question 1.1]).

The main goal of the Gibbs dynamics part of the thesis is to affirmatively answer
Sun-Tzvetkov’s question and conclude this line of research. Specifically, we build strong
solutions, satisfying the flow property, to FNLS in the full range o > 1. The range
a > 1 is also expected to be optimal. As a matter of fact, we shall show that there is a
dramatic change in the regularity of the second Picard iterate between o > 1 and o = 1.
See Theorem [7] for further discussion.

Before proceeding, we recall the notion of Gibbs measure.

2.1.1 Gibbs measures

The Gibbs measure, denoted by dp, can be formally written as
dp = Z7te  HW-M gy, (2.5)

where Z is a normalisation constant, H(u) and M (u) are the Hamiltonian and mass of
given in and , respectively. As both Hamiltonian and mass are conserved
along the dynamics of , it is expected that Gibbs measure is invariant under the
dynamics of . By adding the mass term to (2.5]), we avoid some technical issues at
zero frequency. We may define the Gibbs measure dp as an absolutely continuous measure

with respect to the following massive Gaussian free measure:

a/2

dp = e~ e Pul sy, — TT e 1l oy, (2.6)
kEZ
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where uy, is the Fourier coefficient of u. The above Gaussian measure given in ([2.6)) is the

induced probability measure under the map

wr— ug(x) = £nﬁ(W)eik‘”. (2.7)

Here [k] := (1 + |k|*)s and {gx}rez is a sequence of independent standard complex-
valued Gaussian random variables on a probability space (€2, F,P). Typical elements on
the support of 1 can be represented as the random Fourier series given in (2.7)). An easy

computation shows that

ug € (| HYT)\ H*Z (T) (2.8)
s<0‘771
almost surely.
With the above notations, the defocusing Gibbs measure p can be recast as the fol-

lowing weighted Gaussian free measure
dp = Z e i lluldzqy, (2.9)

When o > 1, we note that ||ul/ sy < oo almost surely with respect to the Gaussian
measure p. Thus, the defocusing Gibbs measure is a well-defined probability measure
on H*(T) for s < "‘T_l, absolutely continuous with respect to the Gaussian measure .
When o <1, one has |[u||,+(r) = 0o almost surely, thus a renormalisation is needed. We
refer the readers to [104] for further discussion. On the other hand, the focusing Gibbs

measure formally given by

dp = Z leilh |“|4dxd,u

cannot be normalised as a probability measure since

E, [e% h |“|4dﬂ = 0.
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Inspired by Lebowitz-Rose-Speer [68] and Oh-Sosoe-Tolomeo [85], In Chapter [3, we con-

sidered the following focusing Gibbs measure with a cut-off,
dp = 27 juj g <m0, (2.10)

associated with the focusing FNLS (2.1]). In particular, the authors showed that the Gibbs
measure (2.10) is a probability measure for any finite cut-off size K, provided o > 1. See

[69] for further discussion.

2.1.2 Gauge transform

Given a solution v € C([-T,T]; L*(T)) to (2.1), we introduce the following invertible
gauge transform

u(t) — Gu)(t) := et luldzy 4, (2.11)

A direct computation with the mass conservation shows that the gauged function, which

we still denote by u, solves the following renormalised FNLS:

i0yu — D% = (]u|2 - 2/ ]u|2d:c> u. (2.12)
T

Note that the gauge transform G in (2.11)) is invertible in C([-T,T]; L*(T)). In particular,
we can freely convert solutions to (2.1)) into solutions to (2.12]) and vice-versa as long as

they are in C([-T,T]; L?(T)). By rewriting (2.12)) in the Duhamel formulation, we have
t

u(t) = St — i / S(t — )N (u)(¢)dr, (2.13)
0

where S(t) = e "P" denotes the linear evolution and

N(u) = (|u|2 _ Q/T ]u|2dx> "
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We decompose the nonlinearity N (u) into non-resonant and resonant parts i.e.

N(u) = Qu,u,u) + R(u,u,u),

where the trilinear forms are defined as

Q(u,v,w)(t,x) := Z Z ey ()08 (D)0 ()i k1 k2 ko).

kEZ T(k)

R(u,v,w)(t,x) := Z g, (1) v (D) wy (1) e*?.

kEZ

(2.14)

Here wuy, vy, wy, denote the spatial Fourier transform of u, v, w respectively, and I'(k) de-

notes the hyperplane of Z?3,
F(k) = {(kl, kz, kg) € Zg, k= kl — kQ + kg and kl, ]fg 75 kQ} . (215)

When all the arguments are the same, we simply denote by Q(u) = Q(u, u,u) and R(u) =
R(u,u,u). The term Q(u) denotes the non-resonant part of the renormalised nonlinearity

N (u), and R(u) denotes the resonant part. Then, we have
N(u) = Q(u) + R(u).

Remark 5. When a > 1, the solution to we construct will be in H*(T)\H = (T)
for any s < O‘T’l, almost surely. See Theorem |5 below. Thus the solution to lies
in L?(T), where the gauge transform G is invertible, i.e. the renormalised FNLS is
equivalent to the original FNLS . The use of gauge transformation removes
some troublesome resonances, which improves the main counting estimates in Lemma

and thus the tensor estimates in Lemma [12]
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2.1.3 Main results

In what follows, we consider the Cauchy problem of defocusing FNLS (2.12)) with Gaus-
sian random data w4 given in (2.7). Let N € 2220 U {1/2} be a dyadic number, define

projections Iy such that

(In e = Luy<n - fr (2.16)

and Ay := IIy — Iy/s. In particular, we note

We start with a truncated version of (2.12]), with truncated random initial data

i@tuN - DaU,N == HN [(|UN|2 — 2f’JT |UN|2CL'E) UN] s

. (t,x) € R x T. (2.18)
UN(O) = HNUJB‘) = Z(k)gN [[g’:]](:j)zelkx,

From ([2.17)-(2.18]), we also note that

U1/2 =0.

In this thesis, we call the unique limits of solutions to that satisfy the flow property
the strong solutions to (2.12). It follows from [104, Theorem 7] (or see [104, Theorem 4])
that is globally well-posed almost surely.

Our first goal is to construct local-in-time solutions to almost surely with respect

to the random initial data (2.7), which is addressed in the following theorem.

Theorem 5. Given o > 1, there exists € > 0 such that the followings hold. Let uy be as
in (2.7) and uy be the solution to the truncated system (2.18)). Then for 0 < T < 1, there
exists a set Qp C Q with P(Q%) < Cee™ " where € > 0 is independent of T, such that for

a—1

w € Qr, the sequence {un} converges to a unique limit u in C([=T,T]; H =z ~(T)). The

limit u(t) solves (2.12)).
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Remark 6. In proving Theorem , we will assume « € (1,2). For the case when o > 2,
[32, 104], [105] have already given a proof. In particular, Theorem [5| has been shown for
o > %ﬁ ~ 1.124 in [105] by using the theory of random averaging operators developed
by Deng-Nahmod-Yue [34], with a precursor [7]. The random averaging operator can
be seen as the dispersive version of the well-known paracontrolled distribution method
developed by Gubinelli-Imkeller-Perkowski [44]. The key observation is to decompose the
solution into a combination of linear, para-linear, and nonlinear parts, such that the para-
linear term (or para-controlled term) possesses a randomness structure and the nonlinear

part is smoother.

Remark 7. The main difficulty in establishing Theorem [5] comes from the weak dispersion
when « is small. Besides the random averaging operator, we need to exploit several new
ideas and techniques to overcome the difficulty arising from the weaker dispersion. First
of all, we employ the random tensor introduced in [35] 36], which allows us to simplify
the multilinear estimates and exploit more refined counting results. See Subsection [2.2.2]
Subsection[2.5.1] and Subsection [2.6.1]for more details. Secondly, we improve the counting
estimates by exploiting some key properties of the random structure. In particular, we
show that the worst-case scenario of bad countings does not happen when considering the
interaction between high and low frequencies, which is one of the crucial observations.
We make crucial use of the decay fact in the basic counting Lemma [8] This enables us
to reduce two dimensions in our key counting estimates; see Lemma |10l This contrasts
sharply with the half-wave equation, where at most one dimension can be reduced. See
Theorem [7] We also use the I'-condition to enhance some of the counting arguments.
See Subsection for further discussion. Last but not least, we take advantage of the
crucial cancellation that arises from the conservation structure of the random averaging
operator, namely the unitary property. See Subsection for further discussion. It
is important to note that the counting arguments become more complicated in higher
dimensions. Specifically, the ['-condition does not eliminate the impact of high-frequency

terms due to the inner product structure. We plan to address these issues in our future
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work.

Theorem 5| shows that the FNLS is almost surely locally well-posed with the
random initial data . To extend the local solution globally, one may adapt Bourgain’s
invariant measure argument [2, 3]. See also [34], Section 6] for a detailed argument in the
random averaging operator setting. More precisely, we use the invariance of the fractional
Gibbs measure under the finite-dimensional approximation of the FNLS flow to obtain
a uniform control on the solutions and then apply a PDE approximation argument to
extend the local solutions to obtained from Theorem |5 to global ones. The proof
of Theorem [5] using a random averaging operator approach, also implies the stability of
the truncated solution map. See [34, Section 5]. As a consequence, we obtain the group

property of the flow map and the invariance of the fractional Gibbs measure under the

resulting global flow of the FNLS (12.1]).

Theorem 6. Let o > 1. Then, the defocusing renormalised FNLS (2.12)) on T is globally
well-posed almost surely with respect to the Gibbs measure p in (2.9). Moreover, the flow

maps satisfy the usual group (flow) property and keep the Gibbs measure dp invariant.

Once we have Theorem [5], the proof of Theorem [f is standard by now, and thus we
omit the proof. See Deng-Nahmod-Yue [34] Section 6] for a proof of the 2D NLS case; also
see Bourgain [2] 3], Deng-Nahmod-Yue [36], and Sun-Tzvetkov [104] for more discussion.
The crucial point is that, in the proof of Theorem [f, we established a probabilistic local
well-posedness result with a fine structure of the solution of . See Subsection m

for further discussion. In what follows, we shall focus on the proof of Theorem [5]

Remark 8. The above results are for FNLS (or (2.12))) with the defocusing nonlin-
earity |u|?u. The local-in-time theory still holds if we replace the defocusing nonlinearity
with the focusing one —|u|*u. In the focusing case, to use Bourgain’s invariant measure ar-
gument extending local-in-time dynamics globally, one needs to construct the associated

focusing Gibbs measure. The authors [69] constructed the focusing Gibbs measure for
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(2.1). See also [100] for a new construction of the focusing Gibbs measure from quantum

many-body mechanics.

As pointed out by Sun-Tzvetkov [105], the second Picard’s iteration enjoys some
smoothing effect when o > 1. We further observe that the high-high interaction of
the second Picard iterate exhibits an even stronger smoothing property, see Theorem [7]
(i) and also Subsubsection [2.6.2] which plays an important role in our analysis. However,
when a = 1, the second Picard iterate fails to gain any smoothing, see Theorem [7| (ii).
To illustrate these ideas, we consider the following truncated version of the second Picard

iterate of high high interaction. Given N € N, define the following Picard second iterate

Z20) = /0 tei<”>DanN[<|zN(t')|2 _9 /T |ZN(t/)|2dx>zN(t')] at’ (2.19)

where

an(t) = Z gx(w) oit|k|* +ike

/2
N1-0<k<N [[k]]
is the truncation of the random linear solution. In (2.19), we only see the high-high
interactions, i.e. Nyeqa = N1-9. The following theorem shows a sharp contrast of the

smoothing property of (2.19) for @ > 1 and for a = 1, respectively. More precisely, we

have the following result.

Theorem 7. With the above notation and |t| < 1, we have
(i) When o > 1, we have ||Z](\?)(t)||L2(T) < N2
(i) When o = 1, we have HZ](\?)(t)HLz(T) > (log N)3.

Remark 9. Theorem [7| shows a dramatic change in the regularity of the second Picard
iterate between a > 1 and o = 1. In particular, Theorem [7] quantifies the phase transition
of the smoothing effect for Picard’s iterates at & = 1. As the smoothing property of the
second Picard iterate plays a crucial rule in the proof of Theorem [5, Theorem [7] also

implies that the strategy in proving Theorem [5| does not work for the half-wave equation,

ie. (2.12) with a = 1.
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Remark 10. Picard’s iterate’s lack of smoothing property has been also observed for
other weakly dispersive models. Oh [80] considered the Szegé equation and proved that
the first nontrivial Picard’s iterate does not gain regularity compared to the initial data.
See also Camps-Gassot-Ibrahim [28] for a similar observation for the cubic Schrodinger

half-wave equation.

2.1.4 Main ideas

We explain the key ideas in proving Theorem [f i.e. how to construct local-in-time
solutions to with initial data distributed according to the Gibbs measure. We note
that the Gibbs measure dp in (2.9)) (or in (2.10))) is absolutely continuous with respect to
the Gaussian free measure dy in (2.6). Therefore, to prove Theorem [5] it only suffices to
consider (2.1)) with initial data distributed according to du, i.e. u|i—o = u§ given in (2.7)).
The main difference between the weakly dispersive case « € (1,2) and the standard case

a = 2 comes from the counting estimates. For instance, the values of

[Fa|® = Iaf* =+ [Ks ™ — [R]*

may be dense in an interval of size 1, under the constraint of (ki, ko, ks3) € I'(k). This

causes the loss of regularity in establishing linear and multilinear estimates regarding

solutions to ([2.12]).

The ansatz

In this subsubsection, we recall the random averaging operator approach. The idea is
to include the high-low interactions in the ansatz, and write them as a low-frequency
operator applied to the high-frequency. See [34] for further discussion.

To construct the solution to locally, we introduce a time cut-off. Let n be

any Schwartz function such that n(¢) = 1 for |t| < 1 and n(¢t) = 0 for |t| > 2. Define
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ns(t) = n(67') for § € R,. To simplify the notation, we will denote

K0y =)= () (220

for some T' < 1 to be determined later. Applying the interaction pictureﬂ to the unknown
up(t), still denoted by uy(t),

un(t) < P uy(t), (2.21)

the Duhamel formulation of (2.18)), restricted to [t| < T', becomes

un(t) :X(t)HNug—iX(t)/o HNM(uN)(t’)dt’+iX(t)/0 HNR(uy)(t)dt, (2.22)

where R is as in (2.14) attaching a factor x(t), and M(u) = M(u,u,u) is the trilinear

form defined by

Mu,v,w)i(t) = x(t) Y "y, ()T (E)w, (1), (2.23)
k1—ko+ks=k
ko#{k1,ks}
where
O = |k | — |ka|® + |ks|™ — |K|”. (2.24)

In what follows, we focus on the formulation (2.22)) in proving Theorem . We also note
that Ul/g =0.
Let yn be as

YN = UN — UN/2- (2.25)

Tt is a terminology from quantum mechanics. In quantum mechanics, when dealing with interaction,
one usually linearly evolves the observables and evolves the state (wave function) by the remaining
perturbation Hamiltonian. It is also called “Dirac picture”.
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Then from (2.22)) we see that yy in (2.25)) satisfies

yn () =x(t)Fy =1 D x(#) /0 tHNM(yNUyNz?yNs)(t,)dt/

Nmax=N

—1 Z X(t) /() ANM(yNU YNos yN3)(t/>dt/ (226)

Nmax<N/2

+ix(®) [ (R ux) = MyaR ) ()

where

FN = AN’LL(()J = HNUB) - HN/QUBJ, (227)

with u§ defined in (2.7) and Nyax = max(Ny, Ny, N3). To construct yx perturbatively,
the main difficulty comes from the low-low-high interactions of the second term in (2.26)).
To remove this bad interaction, we introduce a random averaging operator. To be more

precise, let 0 < 0 < 1 be determined later, and denote
Ly = L(N) := max{L € 2%;L < N'7°}. (2.28)
We define 9y 1, to be the solution to the linear equation
t
wN,LN (t) = X(t)FN — 21X(t>/ HNM(’LLLN,ULN, wN,LN)(t/)dt,> (229)
0

which is expected to consist of all bad interactions from yy. We then further decompose
yn into

Yn = UnLy + 2N (2.30)

It is therefore expected that the remainder zy behaves better than yy. From (2.26)),
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(2.28), (2.29), and (2.30]), we note that the remainder zy satisfies

ZN(t) =—1 Z X(t) /Ot HNM(le, YN, yNs)(tl)dt/

Nmax=Nmnea=N

t
— 2 Z X(t) / HNM(le,yNQ, ZN)(t/)dt,
0

N1,N2<N/2

-2 Y X / N M(Yn s Yng, v,y ) () dE

LN<NmedSN/2 0

X [ MM ) (0 (231)

N1,N3<N/2

—1 Z X(t)/oHNM(lea¢N,LN7yN3)(t,)dt,

N1,N3<N/2

t
—1 Z X(t)/ ANM(leayN2ayN3>(t/)dt/
0

NmaxSN/2

+ IX(t)/O (HNR(UN) — HN/QR(UN/Q))(t/)dt/.

The equation will be our main concern when constructing zy. The main advantage
of this formulation is the appearance of the lower bounds of Nq in the third term of
the right-hand side of , ie. Ly < Npea < N/2. Therefore, there is essentially no
low-low-high interaction from this formulation. This lower bound of Ny,.q comes from the
removal of ¢y 1, from yy. In what follows, we shall construct zx in an induction manner.

See Section [2.3] for further discussion.

The random averaging operator

Let us have a closer look at ¢ 1, defined in (2.29). For any 0 < L < N/2 of dyadic

L € 2720 J {0}, consider the linear equation for W:
0,0 (t) = —2Ay M (up, ur, U)(t), (2.32)

where uy, are solutions to (2.22) with N being replaced by L, and M is the trilinear form
given in (2.23]). We remark that ur(t), the solution to (2.18]), uniquely exists for ¢ € R.
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If (2.32)) has initial data ¥(0) = Wg, then we can rewrite (2.32)) as

U(t) — x()To = PVH[T)(1), (2.33)
for |t| < T, where PNL : X8 (J) — X%(J), for J = [T, T], are the linear operators
defined by

t
PN (t) = —2ix (1) / Ty M (us, us, U)(#)d?. (2.34)
0

Here the space X% (J) is the projection of X°(J) to its finite Fourier mode, i.e. (k) < N.
The operator PV-F is known as the random averaging operator, which roughly acts as

averaging over low-frequency objects. Once the operator P! is properly controlled, as

in Definition [, we can solve (2.33)) and get
U(t) = H™ () ol (1), (2.35)

where

HVL = (1 —PNVE)~L (2.36)

We denote H,);" the kernel of HN* in the following sense, for a function u : R x T — C,

FHYE () = [ S HN i (7)dr

Rk/

Then, the solution (2.35)) can be expressed as

W(t, ) =H" [ () Wo(t,

x)
:C/RZ,; [zk: (/RIZCJE\L(T T’)X(T’)df’) (Wo)w

ei(kx—HT)dT.
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In what follows, we set the initial data W = Fjy defined in (2.27)), and we denote ¢y 1, to

be the corresponding solution, i.e.
¢N,L(t7 ZL’) :HNyL[X(')FN] (ta l‘)

—c I?N\,L 7, 7R (7 dT/) I gika+tm) g
(2], 2 ([mPemse) i

N(ky<N

(2.37)

From (2.33)) and ({2.34), we note that ¢y 1 defined in (2.37)) coincides with that in (2.29)
when L is chosen to be Ly in (2.28). We define the operator

GVl = YN N2 (2.38)

By denoting (N := ¢, — N 12, We have

NV =N — Unne = BV X () Fyl. (2.39)

We also define the flow map version of the operator H"*', denoted by HN L (t) and defined

as

HYE (1[0 () == HVF [x Z e Z Hyi (6w, (2.40)
where { HoF (1) }ra is the kernel of the operator HN-L. Then denote
bV () = HYVE () — HY (), (2.41)
whose kernel is given by
h (t) = Hyp"(t) — HoH (). (2.42)

One of the key observation is that hkk, and H ,?,Q’,L are Borel functions of {gi(w)} <z, and
are thus independent of the Gaussians Fly given by ([2.27)) and (2.7]). Such an independent
structure enables one to use probabilistic tools to exploit the high-moment cancellation

structure of Fy, see Proposition [4]
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The solution structure

We note that, from (2.30), (2.39), and the fact that ¢y /2 = Fy, we have the following

formal expansion of yy on [T, T].

yn(t) =x()Vn,Ly (t) + 2n (1)

=xX()Fx+ > V() + an(t)

1<L<LyN

=X(O)Fx+ > bV X)) + 2n(t)

1<L<Ly

=x(O)Fn+ Y HVFEN](E) + 2n(8).

1<L<Ly

(2.43)

We will construct zy and h™¥, for all N > % and 1 < L < Ly, by an induction argument.
As a matter of fact, the random averaging operator h™-* in for L < Ly only depend
on (ur)r<«n, and thus (yr)r<«n due to (2.25). Then, from (2.30)), we see that (y.)r<n
are again determined by (zr/)1<p<z and (h""®)pcp pro(pyi-s. In all, we see that h™F is
determined by (zp/) <« n and (F)L/*R/)L/,R/«N. On the other hand, from , we see that
zy depends on (zy/)n<n and (B¥F) yicy po(vryi-s. See Definition [5| for further details.

Finally, from (2.25)), (2.43), and the fact that u,/, = Fy/» = 0, we arrive at:

u(t) = x@ug + Y > VN + D an(®), (2.44)

Ne2Pz0 ISL=Ly Ne2">0

provided the summations converge in a proper sense. From (2.44)), we see that the ex-

pected solution u in Theorem [5 has the following structure
u = random linear term + random average term + smoother term.

The random average term bridges the random linear term and the smoother term. On the
one hand, it records all quasilinear roughness from u, thus guaranteeing the “smoother

term” has higher regularity. On the other hand, it preserves the independent structure of
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the initial data, such that we may apply probabilistic arguments.

2.2 Preliminary

2.2.1 Counting estimates

Counting estimates are crucial in our analysis. In this subsection, we shall show some
almost sharp counting estimates of solutions to some fractional Diophantine equations.
To be more precise, given dyadic numbers N, Ny, Ny, N3 > 0 and some fixed number

m € R, define the set

S ={(k, k1, ko, k3) € Z4; ko & {k1,ks}, k= ki — ko + ks,
[ = kol + [kl — [kI” = m+ O(1), f] < N, Jhy] < ; for j € {1,2,3}}.

(2.45)

which is a subset of the hyperplane k = k; — ks + k3 in Z*. Denote by S, the set of

(ky, ko, k3) € Z3 such that (k, ki, ko, k3) € S when k is fixed. It is easy to see that
S C F(k),

where T'(k) is the hyperplane of Z* defined in . Similarly, we can define Sk, Sk,
Skkiks, and etc. For a set A, we use |A| or #A to denote its cardinality. If A is a finite
set, then |A| denotes the number of elements of A. The main purpose of this subsection
is to count the cardinality of these sets defined above.

We start with a basic counting estimate from [105, Lemma 2.6].

Lemma 6. Let I, J be two intervals and ¢ be a real-valued C'! function defined on I.
Then, we have

/1
. < T e
{kelnZ;o(k)e JH <1+ infeer |¢/(€)]
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In this thesis, we will focus on a special function ¢. Let
Po () = [x]* £ [z = b|*, (2.46)
where a € (1,2) and b € R. Then, we see that ¢+ € C! for @ > 1, and we have
O+ (2) = a(sgn(w)|z[*" £ sgn(x — b)jz — b|*7). (2.47)

Then, we have the following elementary estimate.

Lemma 7. Let ¢ 1 be as in (2.46)).

(i) Let o € (1,2). Then, we have
[0}, (2)] Zo min([b]|z]*7, [b]*7) (2.48)

provided z # 0.

(ii) Let a € (1,2) and |b| > 1. Then, we have

|0+ ()] Za 6] (2.49)

for |20 — b| > b. For |2z — b| < |b| if we further assume that |27 — b| > |b|'~2, we
have

[0+ ()] Za B]2 7 (2.50)
Proof. (i) We first consider b < 0, for which we use (2.47) to get

a(=lz|*™ [z = b|*7h), x € (—o0,b];
b-(@) = al=le[* — [z —0]*"), @€ (b,0);

alz[*7! = |z = b]*7),  z € (0, +00).
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When z € (b,0), it is easy to see that
|0h—(2)] = a(jz*" + o = 0]*71) Za [B]*7,

due to the fact that o > 1, which is sufficient for (2.48). We turn to the case when
x € (—00,b] U (0, +00), where we have that z and = — b have the same sign. Therefore,

by the Fundamental Theorem of Calculus, we have

0
/ lz — b+ 5| 2ds
b (2.51)

o bl - min([z]*7%, |2 — 5|77,

|6, (2)] = ala —1)

where we used the fact that « — 2 < 0. If x € (—o0,b], then |z — b] < |z| and thus
min(|z|*%, |z —b|*"%) = |z|*~2, which, together with (2.51)), gives (2.48). In the following,
let us assume that x € (0,00). Then we have |z — b| > |z|. If we further assume that
|z — b| ~ ||, then min(|z|*72, |z — b|*~2) 2 |z|*2, which is again sufficient for (2.48). It
remains to consider the case |z — b| > |x|, which implies |z| < |b| and thus |z — b| ~ |b].
Therefore, we have min(|z|*72, |z — b|*™?) = |z — b|*"2 ~ |b|*"2, which, together with
(2.51)), gives again. Thus we finish the proof of for b < 0. The proof for the
case when b > 0 is similar and therefore omitted.

(ii) We only consider the case b < 0, as the proof for the case b > 0 is similar. From

(12.47), we have

a(—|z]*7t —Jz —b]*7"), @ € (—00,b];
Oy (1) = 4 al(=|z[*" 4 |z =], z € (b0); (2.52)

a2t + o —boL), € (0,400).

When x € (—o00,b] U (0, 00), from ([2.52) we have

|6+ ()] = allz[*™" + 16— 2|*7F Za [b]*7,
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since @ > 1. From now on, we assume x € (b,0]. From ([2.52)), we have

|6+ ()] =allz]*™" — o — b]*7|

0 x—b
/ 2724t — / ta_th‘
x 0

=a(a—1) ’/Z_b t‘“_th‘

>a(a —1)[2z — bl[p|* %,

=a(a—1)

(2.53)

where we used the facts that |z|, |x — b < |b|. It is easy to see that (2.53) implies (2.49)),

provided |2z — b| > |b|. On the other hand, if |2z — b > |b]'~%, we have

aa = 1)2z — blIb=2 2 o)1, (2.54)
which, together with (2.53)), gives (2.50). Thus we finish the proof of (2.50)). O

Now we are ready to show our main counting estimates.

Lemma 8. Let a € (1,2) and 1 < Ny, Ny, N3 < N. Then we have the following counting

estimates

|Skk1| §<N2 AN N3)2_a<]€1 — ]{7>_1 + 1,
|Sts| S(N1 A No)?~(k — kg) ™" + 1 (2.55)
|Skuks| SN (k1 — ko) ™' + 13

|Sk2/f3| 5 N12_a<k2 - k:3>_1 + 1)

where (k) = (1 + |k|?)Y/? is given in (1.53).

Proof. We start with the bound for |Sk,|. We first note that ko & {k1, k3} is equivalent
to ko & {ki1,ks} on the hyperplane k = k; — ko + k3. Moreover, on this hyperplane, for
fixed (k, k1) (such that |k| < N, |k1| < Ny, and k # ky), once we further fix k3, then ky is
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uniquely determined. Therefore, we have

‘Skkl‘ :’{ki’) € Z7 k3 7& ka ‘k3| < N37 ’kl + kd - k’ < N27
|ks|® — [k + ks — k|* = [k[* = [k1]* —m + O(1)}]
=[{ks € Z; ks # k, |ks| < N3, |ky + ks — k| < Ny,

Dkt~ (k3) = [K|* = [ka|* —m + O(1)}],

where ¢y_j, — is given in (2.46) with b = k—Fk;. We now apply Lemma@ and then Lemma

[7 to get

1
Sk | <1+ -
TR v ]
<1+ (min( inf |k — ky||ks|*72 |k — kg [*7Y) 7 (2.56)
|k3|<N3

S+ (k= k)TN,

where we use k # ki and o € (1,2).

By swapping ks and k3 in the above argument, we have

|Sk:k1| :|{k2 € ZLiky # ky, |k52| < Ny, |k31 — ko — ]f| < N3,
|ko|® — |ky — ko — K|* = [ky|* — |K|* + m + O(1)}
=|{ks € Zy ko # k1, |ka| < Na, [k1 — ko — k| < N3,

Oty —k,— (k2) = [ka|* — [K]* +m + O(1)}].

Then by the same argument as in (2.56)), we get

Skt | S 14 (b — k) NG (2.57)

Thus we finish the proof of (2.55)) for the bound Sy, by combining (2.56)) and (2.57]).
The proof for the rest of (2.55) is similar; thus, we omit their details. O

We point out that the decay like (k — k;)~! in (2.55) plays a crucial role in our later
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analysis. We have the following estimates as a consequence of Lemma [§|

Corollary 1. Let a € (1,2) and 1 < Ny, Ny, N3 < N. Then, we have

|Sk| Smin((Ny A N3)* *log Ny + Ny, (N7 A Ny)?~“log N3 + N3);
Sk | SN “log No + Ns

(2.58)
’Skz‘ Smin(N??_a logNl + N17 N12_a logNS + NS);

| Sk 5N127a log Ny + Ns.

Proof. We start with bound for |Sk|. We first note that

|sk\5min( > 1Skl > |skk3\). (2.59)

|k1| SNy |k3|<N3

By using Lemma [§] we have

> Sk SINa AN > (k= k) + Y1

k1 |<Ny k1| <N k1| <N (2.60)

g(NQ A Ng)Qia IOg N1 + Nl,

and similarly,

> 1Skl SIMAN)T D (k—ks) '+ > 1

k3| <N3 k3| <N3 |k1|<Ns (2.61)

S(Nl A NQ)Q_Q IOg N3 + Ng.

Therefore, the first bound in (2.58)) follows from (2.59)), (2.60)), and (2.61)).

By a similar argument, we have

’Sk1|§ Z |Sk1k2’

|k2| <N2

SN DY (—h) '+ )L

|k2| <N2 |k2| <N2

< Ng_a log Ny + Ns.
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Thus, we finish the proof for the second estimate of (2.58)).
The proof for the rest of (2.58) can be handled similarly. Thus, we omit them. O

For the countings of |Sk,k,| and |Skk,|, the argument in Lemma |8 is not sufficient in
dealing with low-high-low interaction. See Subsection[2.6.4, We need the following further

decomposition.

Spad = {(k, k2) € Skiks; |2k — (k1 + ks)| < k1 + ksl };
St = {(k, k2) € Stk |2k — (ky + ks)| 2 [ + k| };
Sped = {(k1, k3) € Sy |2k1 — (k + ko)| < [k + Ko}
S50t = {(k1, ks) € Skryi |2k1 — (k + K2)| 2 |k + kel }.

(2.62)

For low-high-low interaction that we will encounter in Subsection k and ko must

have different signs, which results in the following improved countings estimates.

Lemma 9. Let a € (1,2). Then we have the following counting estimates

od od
|SI§ZQ |7|Sl§fk2| 517
[Siel Sk + ka7 +1; (2.63)

|Spe | Sl + ksl 72 + 1.

Proof. We start with the estimate of ]S,fzsd\ with k + kg # 0. Similar as in the proof of

d
Lemma , we may recast the set Si)°° as

| S8 =[Sy N {(K1, k3) € Speys b = Ky — ko + K,
2k1 — (K + k2)| 2 [k + Kal}|
=|{k1 € Z; k1 # k, [k1| < Nu, [k1 — ko — k| < N3,
Drthos 4 (k1) = [K[* + [k2|* = m + O(1),

12k — (k + k2)| 2 |k + k2| }],

where ¢y, + is given in (2.46]) with b = k + k,. Thus by using Lemma@ and then ([2.49)),
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we have

1
geoody <y 2 <
Sk | S 1+ ot S

since k + kg # 0. Thus, we finish the proof of the bound for |S,§Z§d|.

Now we turn to |Spad|. We distinguish two cases. We first consider the case when

12k; — (k + ky)| < |k + ko|'~2, for which we have the crude estimate

ISP V{1 Ka) € St 201 = (k -+ )| < [k + kol 5]
< |{k1 € Z; |12k; — (k + k2)| < |k + ko|' "2} (2.64)

NIRRTt

which is sufficient for our purpose. From now on, we assume |2k; — (k+ko)| > [k +ko|' "2,

Similar to the above, we may rewrite

S {(kr, k3) € Skigi k= ki — ko + ks, [2k1 — (k + ka)| > |k + ko' 2}
= Siky N {(k1,k3) € Skrys k = k1 — ko + ks,

k4 ko' 72 < |2k — (k4 ko)| < |k + kal},

thereby getting

’Sl?l?;i N{(k1, k3) € Skips k= k1 — ko + k3, |21 — (k4 ko)| > |k + k2|1_%}’
= [{k1 € Z; k1 # K, [ka| < Ny [ky — ko — k| < N3,
Drthy (k1) = [K|* + [k2|* —m 4+ O(1),

k4 k|5 < 12k1 — (K + ko)| < |k + Ko}

Then we may apply Lemma[6] together with (2.14), to get

| SR (K, ks) € Skigi k= ky — ko + ks, [2k1 — (k + k)| > |k + ko|' "2} (2.65)

Sk + k'8 + 1,
which is again sufficient for our purpose. By collecting ([2.64)) and ([2.65)), we proved the
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estimate for [Spad.

The proof for the rest of (2.63) is similar and thus omitted. O

Corollary 2. The following bounds hold.
|S]]€32;1| 5 (Nl/\N3)1_%; |S}€)f}(33| 5 (N/\N2)1_%7

where Sprd and Sp are defined in (2.62)).

Proof. We only consider the estimate for [Sp2d|, as the proof for the bound of SPal is

similar. We first note that for (ki, k3) € Spid, we have
12ks — (k + k2)| = |2k — (k + k)| < |k + ko,

which implies that
k1| ~ [k + ka| ~ |ks]. (2.66)

Then recall that [k| < Ny and |ks] < Ns, which together with Lemma [9] and (2.66)),

implies

1SP29) < |k 4 k|5 41 < min(N, 2,

n[R
=

[N]})
~—

Thus we finish the proof. U

Remark 11. As a consequence of Lemma [ and Corollary [2| we have shown that

S| S (N1 AN3)' "2, Sty S (VAN 2.

With this improvement, we may reduce further upper bounds for |S, | and |Sk,| as follows

Sl SNy (NAN)YT2, S| < Ny(N ANy 2 2.67
11 ~ 3

Finally, we are ready to estimate the size of |S|.
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Lemma 10. Let S be given in (2.45) with a € (1,2) and 1 < Ny, Ny, N3 < N. Then, we

have

|S| Smln(N??_o‘(Nl/\NQ)log(Nl\/NQ)—{—NlNg, (2 68)

NP*(Na A N3)log(Na V N3) + NoNy).

Proof. We first observe that

151 < min ( S Sl 3 \s@ks\). (2.69)

k1,k2 ko,ks3

We shall estimate the right-hand side of (2.69) term by term. From (2.55), we have

D 1Skl SNGEY (ki —ko) T+ > 1

kl,kQ kl,kQ k1 ,k2

SN DT (k= k)T 4 NN, (2.70)
|k1|<N1 k2| <N2

< NZT¥(Ny A Ny)log(Ny V Ny) + NiNs.

Similarly, we have

> ISkoks| S NTT(N2 A N3)log(Na V N3) + NN (2.71)
ka,ks

Then (12.68) follows from (2.70) and (2.71)). O

Another structure that we shall exploit is the so-called I'-condition. To be more

precise, if there exists a positive number I' such that
| kmax| < T < [Kl,

where k. is the frequency corresponding to Ny, then we call that S given in ([2.45)
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satisfies the I'-condition. To simplify the notation, let

BF = {(k, kl, k’g, k‘g) c S, |kmax‘ § r < ’/{’} (272)

From the fact that k = k; — ko + k3, we see that

I' <|k| <T + 2Npeq;
(2.73)
I'— 2]\/vmed S |kmax| S I.

Thus, both |k| and |kpax| locate in an interval of length 2Nyeq.

With the I'-condition, we can improve the previous counting estimates. Denote by B
the set of (ky, ks, k3) € Z? such that (k, ki, ko, k3) € Br when k is fixed. Similarly, we can
define BR, BF2 Bk and Bfminfmed Tt is easy to see that

Br C S, B{E - Sk, B]F% C Ski, Bllfminkmed C Sk &

minfmed *

(2.74)

Lemma 11. Let S be given in (2.45) with a € (1,2), Br be as in (2.72)), and 1 <
Ny, Ny, N3 < N. Then, we have

’BF’ 5 NminNmed; (275)

9 med — L4, .
|Brl, |BE | SN, for i=1,2,3 (2.76)
|B?minkmed 5 Nmed (277)

Proof. The key observation is that under the I'-condition ({2.73)), both |k| and |kya.x| are

confined in some intervals of size 2N,,.q. We first prove (2.75)). Recall from Lemma [§] and
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B73) that

(Br| < min (Z BE S B S Bl S \B{f?’“s\)

k,k)l k,k3 kl,kQ k27k3

<min (Z((A@ AN~k — k)™ 1), ) (N AN (k= ks) ™' + 1), (2.78)
k,k1 k,k3

SONE A~ da) 1), S (N — ) 1)),

k‘l ,kg k2 7k'3

where the summations are under (2.73)). We then distinguish three cases. If Ny = Npyn,
then from (2.73) and (2.78)) we have

[Br| S J((Na A N3)> (ks — k)" + 1)

k.1

N [(N2 A N3)2_a 10g Nied + Nied]
kzl (2.79)

5 NminN27a log Nmed + NminNmed

med

5 NminNmed7

where we used the I'-condition (2.73]) in the first step when summing over k. Thus we
finish the proof for the case Ni = Npy. If N3 = Np, the argument is similar and
thus omitted. In the following, we assume that Ny = Ny,. If we further assume that

N3 = Npeq, then similar computation as in (2.79)) yields

Br| S (N3 (ky — ko)™ + 1)
k1,k2

S (N2510g Nimea + Ninea)
ko

,S NminNQ_a IOg Nmed + NminNmed

med

5 NminNmed-

It remains to consider the case when Ny = Ny, and Ny = Nyeq. Then, from (2.73) and
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(2.78) we have

Br| S (NP (ky — ks) ™' + 1)

ka,ks

5 Z Nieg lOg Nmed + NminNmed

< lenN2 i IOg Nmed + lenNmed

med

,S NminNrned-

Thus we finish the proof of (2.75).
Now we consider (2.76)). We first note that

BY| < min (Z B Y |B{f’f3|)
S min (S0 ANl = 17+ 1, (AN~ ) 1)

Z NZos (k= Fmea) ™ 1) S N228™ + Niea < Ninea:

med med

med

Similarly, we have

BRI S 1B
ko
< Z ((Ny A N3)2=(ky — k)L + 1)

Z Nr?ne((ix > 1+1)5Nmeda

where in the last step, we used (2.73)), which suggests the summation over kj is at most

over an interval of size Npeq. The rest of (2.76) follows similarly.
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Finally, we turn to (2.77)). From (2.74), we note that

Kkmink
| B minfmed
N

= | Skuinkmea N {(2.73)}]

< [{kmax range in an interval of size at most 2Nyeq }|

S 2]\/vmed-

Thus, we finish the proof of (2.77]). O

2.2.2 Tensor norm estimates

This subsection will introduce the base tensor operator and then discuss its operator norm
estimates. Given m € Z, a € (1,2), and dyadic numbers 1 < Ny, Ny, N3 < N, we define

the base tensor TP as
Tb’m = TE}CTkaS - 1S(ka kla k?a k3)7 (280)

where 1g is the indicator function defined in ((1.54), and S is the subset of Z* given in
(2.45). Here with a slight abuse of notation, we will not distinguish the tensor operator

TP™ and its kernel TZkaz gy From (2.45) we see that

g\ 1 1
Kkikoks — Lh—ki+ko+ks=0 * Lkog{hi ks} = L{Iklo— ki |t kz|o — k| o =m+O(1)}
3

x e - | ] Lo
=1

Recall the operator norms defined in ((1.33). For example,

b7 b7
||Tkk7:lk2k3||ik1k2k3 = Z |Tkkrfk2k3|2 = |S|’ (281)
k.k1,ka,ks

or

b,m
E , Tm koks Fkk1

k.k1€Z

2
; Z |Zkk1|2 = 1}-

k,k1€Z

b7
HTkk’T:Lk‘Qk3 Hi‘kl—)kng = sup { Z

ko,k3s€Z
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Now we are ready to state the estimates for tensor norms, which are the main tools of
our later analysis. We start with the Hilbert-Schmidt norm estimate of the base tensor

operator T”™, which is a consequence of Lemma .

Lemma 12. Let T>™ be the base tensor defined in (2.80). Then we have

H kklkgkgukklkgkg Nmm(NQ a<N1 A Nz) log(Nl \ NQ) + N1 Ny,

(2.82)
Nfia(Nz A Ng) lOg<N2 V Ng) + NgNg).
Proof. The estimate (2.82) is a consequence of (2.81)) and Lemma . O
Lemma 13. Let T"™ be the base tensor defined in (2.80). Then we have

b,m —apT2—a
TR s s ko (N2 A Ng) N7,
b,m —apnT2—a

T Rt ks ke (N1 A No)? N3, (2.83)

HTkklkzkg,”kkz—mlkzg S(NE A N3 T2(N ANy

Proof. We start with the first estimate of (2.83)). By the Schur’s test, we have

b, b
HTkkaZk;;Hih—)kgkzg S ( sup Z ’Tkklkgkg‘) ( sup Z |Tkka2k3‘>‘

kki€L ) sz ka,ks€Zy ey,

which gives the first estimate of (2.83)) by using Lemma . Same argument as above works
for the second estimate of (2.83)). For the third estimate, we use Remark [11] instead of

Lemma 8 O
Lemma 14. Let T"™ be the base tensor defined in (2.80). Then we have

HTkkllcgkngaklkgkg Smin((Ny A N3)*~*log Ny + Ny, (Ny A No)*~*log N3 + Ns);
|'T kklkgk‘g“klﬁ\kkgkg Nmm(N2 “log Na 4 Na, N3(N A N2) ), (2.84)
HTkklek;;”kgﬁkklkg len(N2 “log N1 + Ny, N2 “log N3 + N3);

||Tkk:1k2k3“k3ﬁkk1k2 <min(N;7 *log Ny + Ny, N1 (N A No)'™ )
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Proof. Similar to in the proof of Lemma the estimates of ([2.84]) are consequences of
(2.58). We only show how to get the first estimate, as others follow similarlyﬂ.

By the Schur’s test, we have

b,m b,m b7m
HTkklkgkg,”zaklkgkg S (SUP Z |Tkk1k2k3|) X ( sup Z’Tkk1k2k3|)~ (2.85)

€L 1\ ko ksl kv ko ks€Z Y oy

We note that once ky, ko, k3 are fixed, then & is uniquely determined provided (k, k1, k2, k3) €
S, where S is given by ([2.45]). Therefore, we have

b,m
sup Y | Tpitl < 1. (2.86)

k1,k2,k3s€Z ke,

On the other hand, for fixed k € Z, from ([2.80]) and (2.58)) we note

Y Tkl = 154
k1 ko k3 €7 (2.87)

§ m1n((N2 VAN Ng)Qia IOg N1 + Nla (Nl VAN N2)27a lOg N3 + Ng)

Then, the first estimate of (2.84)) follows from ([2.85)), (2.86)), and ([2.87)). O

We will need some estimates of the base tensor T»™ subject to further restrictions,

for which we expect better estimates.

Lemma 15. Let T"™ be the base tensor defined in (2.80). Then we have

b,m 2 .
H1|kl+k3|<|k2\Tkk1k2k3Hkk:lkgkg S NiNs;

b, —a
H1|k1+k3\<|k2|Tkka2k3Hikg—ﬂclkg S(Nl A N3)1 2]
(2.88)

bvm 2 .
H 1|k1+k3‘<|k2|Tkk1k2k‘3 Hk14>kk’2k3 S N37

b,m 2
H 1|k1+k3‘<|k2|Tk3k21k2k‘3 ‘|k3~>kk1k2 S Nl'

'For the second and fourth estimates, we may need to use (2.67) as well.
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Proof. We start with the first bound in (2.84)). We have

b,m 2 _ b,m 2
||1|k1+k3\<\klekk1k2k3||kk1k2k3 = E E |1\k1+k3|<|k2|Tkk1k2k3|
k1,k3 k,k2

(2.89)
=D [Suks N {IK1 + ksl < [Ral}.
k1,k3
We observe that under the condition |k; + k3| < |kz|, we have
12k — (k1 + k3)| = [2ke — (k1 + k3)| > 2|ko| — k1 + k3| > k2| > k1 + ks,
which, together with (2.62)), implies that
Staks N {1 + k3| < [Ka|} C SEopL. (2.90)

Thus, from (2.87)), (2.86), (2.89). (2.90) and Lemma [J] we get

b, d
k1,ks3

which finishes the proof of the first estimate of (2.84)).

. b7m 2 . . 5
We turn to the estimate of [|1k, 4 ry\<ka Tik koks liky sk BY @ similar Schur’s test

argument as in (2.85)), we have

b7
|| 1|k1+k3|<‘k2|Tkka2k3 ||ik2—>k1k3

b, b,
N ( sup Z |Tkka2k3|) X < Sup Z |1|’f1+"33|<|’“2T’f’€Tk2’f3|)

k,ko€Z k1,k3€Z k1,ks€Z k ko

= (sup [Swl) - (smp_[sEd)),

k,ka€Z k1,ks€Z

which, together with Lemma [0 gives the desired bound.

. . b7m 2 . .
For the third estimate || 1k, &s|<[ka| T s koks 1y s kkoks» W Proceed similarly as the above
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to get

b,m 2 b,m
Ly ks <ol T ks | oy s hbiaks S SUD E |11y ks <] T s ks |
1EZ
k,ko,ks€Z

< sup Z |S,§TZ: N3,

k1€Z k3€Z

(2.91)

where we used (2.90) and Lemma [9]
The last estimate of (2.88]) can be handled similarly as in (2.91). Thus, we omit the
details. O

We also record the following result, which is a consequence of Lemma |11}

Corollary 3. Let T>™ be the base tensor defined in ([2.80])). Then we have

b?
118 T ks ekikaks < Niin Nimed
115, kk1k2k3||k1—>kk2k3 S Nieds
b,
|| 1Br Tkkang ”ig—ﬂckle 5 Nied,

b,
|| 1BFT]€’€T]€2]€3 I|i2%kk1k3 S./ Nmed

2.3 Induction argument

As explained in Subsubsection [2.1.4] we shall proceed with an induction argument. To
be more precise, to construct the solution u(t) to with the formal expansion ,
we need to (i) construct zy and hMF with 1 < L < N'79 for each dyadic N > 1; (ii)
show the convergence of in a proper space. Now we illustrate how to construct

H™L in an induction manner. We first note that II, /2 = (ﬂ, which implies that

zy and
Uy = Y12 = Fijg = 2172 — 0, HN1/2 =TI, and Yy 172 = X(t)Fn. Then we move to z;.

We note that from (2.30) that

=Yr12+2a=F+ 2. (2.92)
Here we used the fact that {k € Z; (k) <1/2} =&
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From ([2.31)) and (2.92)), it follows that
z1(t) =w(t) — F
t
= —ix(?) (/ LM (ys, y, v1) (t)dt +/
0 0
t t
= —iy(t) > < / LM (wy, w), w!) ()t + / HIR(wl,w’l,wi’)(t’)dt’)
0 0

wy,wi,wy €{F1,z1}

t

nlmyl)(t’)dt')

(2.93)

which can be solved, provided T < 1, as Il is the projection to zero frequency. Given
z1 solved from , we obtain gy, from and vy 1/ = F1, and thus u; by .
Next, we can use to construct vy, which is a linear equation that can be solved
locally for small ¢, where we used w; that we obtained earlier. By plugging v, and y;
into , we can solve for zﬂ. Similarly, we can get y, from and then usy from
. We repeat the above process to construct ¥y o using and uy. By iterating

this procedure, we obtain a sequence of {z1,ur, ¥y} for all dyadic numbers L, N, such
that L < N'~°. To show point (ii), which is the convergence of (2.44]) in some space, we
need to show that each term in the sequence {2, ur, ¥ n 1} satisfies some proper bounds,

which we elaborated in the following definition.

Definition 5. Given 0 < T < 1, b > % sufficiently closed to %, and let J = [-T,T] and
X(t) = nr(t). For any dyadic number M, consider the following statements, which we call
Local(M):

(i) For the operator h ™2 defined in (2.41)), where L < min(M, N'=%), we have

15 lye < L%, p¥H |10 < NEFRLS, (294)

Y

as well as

SN (2.95)
Z

k= KN x
e

I1'We will show this can be done later.
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Here the Y and Z° norms are defined in (1.38)) and ((1.39)), respectively.

(ii) For the terms zy, where N < M, we have

2wl xo ) < N7z, (2.96)

(iii) For any dyadic numbers L, Ly < M < N the operators P* defined by

PRI = P, o)) = ixtt) [ Ty My, s )0
0 (2.97)

P[)(t) = Py 1,1, [01(8) = —ix(2) / Iy M (g2, b, o) ()7

whose kernels P, (t,t') have Fourier transform P, (7,7'), which satisfies [k — k| <

L.x and

max ?

7)20=0) (=20 pt (- )12 drdr < 720 6% 2.98
R2 kk k—k ~
[ I B (r drdr STENTRLL (209
RQ

2(1—b) / 1\ —2b k= K1\" + '
[ (1) Bl

where Ly = max(Lq, Ls).

2

drdr’ < T*N?, (2.100)
kk'

In the above definition, we choose the parameters 0 < ¢ K § € 7 K 7 <K Jp € a — 1

and x> 1.

Now we are ready to state the main a priori estimate, which is the key ingredient in

proving Theorem [5]

Proposition 5. Given 0 < 7" < 1, the probability that Local(}/2) holds but Local(M)

does not hold is less than C’ge*(TflM)e for some 6, Cy > 0.

The proof of Proposition [5] will occupy Section [2.5 and Section [2.6

73



2.3.1 Reformulation

As explained at the beginning of this section, the main strategy is to proceed via induction.
Recall that IT;, = 0, and thus uip = yijp = Fijp = 212 = 0, HV/? = Iy, and
YN = X(t)Fn. Therefore, Local( ) holds trivially.

In what follows, let us assume Local(M’) holds for all M’ < % for some M > 1.
Then, the aim is to show that Local(M) holds with large probability, i.e. the probability
of Local(M) does not hold is less than Cye™ T "M’ for some 6, Cy > 0.

Before proceeding to show Local(M ), let us reformulate the estimates given in Local (&).

From Local (%), we have (2.94), (2.95), and (2.96) with N < &L and L < min(%, N*~°).
This together with ([2.43]) implies that

y(t) =xOFL+ > BPF() + 2(t), (2.101)

1<R<L1-6

is well-defined for all L < & and ¢t € J = [T, T]. To show that Local(M)-(ii) holds,
that is, , we substitute y, for L < X4 from into and then solve for
zyr- Likewise, to show that Local(M)—(iii) holds, that is, , (2-99), and with
Ly, Ly < N < M, we substitute y;, from into the random averaging operators P+
in (2.97). To simplify the notations, we can assume that y;, is either x(¢)Fp, fN)L’R[FL],
or zr,, depending on the decomposition . In particular, we assume the input wy, is

one of the following three types:

e Type (G):
gk(w)

(wr)w(t) == 1rj0gh) <L[[k]]a/2x(t>

e Type (C):

gk’
Z hi (t [[k’]]a /2, (2.102)

with ;¥ being supported in the set {(k,&'); L/2 < (k') < L}, B<g-measurable for
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some R < L', and satisfying the bounds

K g (Dl 22—,y SR
v (2.103)

—_

1 _1
1) R (D122, SL2P°R ™2,

for some b > % Moreover, from (2.95) we may assume that hé,’f is supported in

{lk = K| S L*R} for 0 < ¢ < 1 that only depends on k.

e Type (D): (wy)y is supported in {k € Z; (k) < L} and satisfies
lwr|lxe S L7277, (2.104)

for some b > %, provided 1 < L < %

Remark 12. By letting hf,’;/Q = 110« ky<rli=r - X(t), we can view type (G) input as a
special case of type (C). Therefore, we will only consider type (C) and type (D) in what

follows.

2.4 Unitary property

In this section, we prove a crucial cancellation property of H™-* originated from the L2

conservation of the linear equation (2.32)). We first show that the operator HNL given in
(2.36) and ([2.40|) is well-defined provided

IPNE |y < 1. (2.105)
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Here the operator norm Y*? is given in (1.40). From ([2.36]), (2.40)), and (2.105]), we have

IH [ Woxe = 1Y () ol = [1(1 = PYH) 7 () Wo | e

<) ollxs + D 1PMH)" () o[ o

n>1

< IXC)Wollxe + D IPH5ms X () ol xe,

n>1

which implies that HYL is well-defined under the assumption (2.105). Since b > 3, by
the Sobolev embedding, we have that HN LWy € OrL2. We have the following group
property on [—T,T], i.e

U(to, U(ty)) = U(t; + ta, ¥(0)),

where W(t, W) is the solution to (2.33) with initial data Wy = W. Thus HVL(t) is
invertible since ﬁN’L(t) o ﬁN’L(—t) = Id. Finally, we note that (2.105)) is guaranteed by

(2.98). See (2.157). As a consequence, we also have the following unitary property.

Lemma 16. Given M > 1, assume Local(M) holds. For L < min(M, N'7%), there exists

T < 1 such that for each |t| < T, the matrix HNE(t) = {HNF(t)}re is unitary, i.e.

ZHéY;f HYE(t) = 6, (o) (2.106)

where HVL is the linear mapping defined in (2.40)).

Bourgain [4] first observed this property in the context of Hartree-type NLS. See also
[36]. Here we give a proof for reader’s convenience.

Proof. From (2.32)), we know that

Z U, |2 = ZZRe (0,0,9;,) = 4Im (Z > e (ug)y, (uL)kQ\p_kq/kS).

k  ki—kotks=k
ko@#{k1,k3}

By swapping (k, ki, k2, k3) +— (ks, ko, k1, k) in the summand, we see that we are taking
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imaginary part of reals, which gives zero. Namely
0,y Wi =0,
k
for [t| < T'. It then follows that
19 ()| Z2(ry = %ol Z2(), for all [t < T.

This shows that 72 (t) is isometric on L? for ¢t € [T, T]. Furthermore, given ¢ € [T, T},
we know that HM-E(¢) is invertible and thus surjective. Therefore, for fixed t € [T, T,

the linear operator HNL(t) is unitar, Le.
(V@) H (1) = HOH () (- ()" = 1d,

for |t| < T, which finishes the proof. O

We have the following corollary of Lemma [16]

Corollary 4. With the same assumption as in Lemma [16] we have

N,L NL N,L NL 1 1
Z Z hklklhk2k2 IU{;]]OC/Q — Z Z hklklhk2k2 (Hk]]a/Q _ Hkﬂ]a/?) (2107)

k L1,L2<L k Li,Lo<L
provided [t| < T and ki # k.

Proof. From (2.32)), we know that

DRl =H (), (2.108)

L;<L

for ¢ = 1,2. Then it follows from (2.106) and (2.107)) that

PN O Z%m (YL () = 61, (k)

Li,L<L k

LA linear map is unitary if it is surjective and isometric.
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for |t| <T. Thus (2.107)) follows. O

Remark 13. Without loss of generality, we may assume that

NL1 NLQ NL1 NLQ 1 1
thlk kgk [[k]]a/Q thlk hkzk ) ([[k]]oz/Z o [[kl]]a/Q) ’

in our later analysis. The reason is that from Corollary 4] we can always add

0= > Ml

k  L1,L2<L

for ki # ko from the beginning of our analysis.

2.5 The random averaging operators

This and the next section will be devoted to the proof of Proposition [f| The plan of the

proof is as follows; we first further reduce the problem to a time-independent problem

in Subsection [2.5.1} then we prove (2.98)) - (2.100)) of Local(M) in Subsections and

2.5.3} in Subsection [2.5.4 we verify (2.94) and ({2.95)) of Local(M). We defer the proof of
(2.96) to the next section.

2.5.1 Further reduction

To make the proof more clear, we can recast the estimates (2.98)) - (2.100) in a simpler

way. The key point is that the main solution space X° for b > % embeds in C; in the

temporal variable, so we can ignore the ¢ variable in most of our analysis.
Recall the operators P+ defined in (2.97). Due to the factor x(t) = n(7T~'t) and

b > 1/2, by Proposition , we can gain a small factor 7%. Recall that P,i,(T, 7') is the

temporal Fourier transform of the kernel Pg,(t,¢') of P* in (2.97), i.e.,

Piz/; Z/ kkz/Tka' T)dr
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We know that

|k - k/| - |k1 - k2| 5 Lmaxu

where L., = max(Li, Ls). We consider a low modulation cut-off

k" = K1) S Ly (2.109)

max*

For the high modulation part ||k|* — |k'|*| > L% .., we can gain considerable smoothing.

max’

Thus, we merely consider the low modulation part. Note that for the low modulation

part, if we further assume that k # £/, then we have by Taylor expansion that

a @ a k—k1"
I = g = e = [ 2
k—E|

> aipe =K

Z O[|k’/|a_1,
which, together with (2.109)), gives

] S Lizak. (2.110)
Likewise, we can also obtain

k| S Liak. (2.111)

Also, when k = k', the base tensor hyy, ki does not depends on k and k&’. Therefore, we

know that when we apply Proposition , we only lose a factor L? . not NY.

max’

We start with the operator P=. By using (2.23)), (1.42), and (2.97), we may rewrite
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the temporal Fourier transform of the kernel as

Ek;k’@—? 7—,)
= —i Z / (1@ +7" + 7 —7) - T2k (1) - (U531 (T2)dTid T

k1—ko=k—k'
kot (k1 k') (2.112)

= —iZ/ K(r,m+®—[®]+7"+71 — )
m RQ
X Tyt )k, (T1) + (UL )k (T2)dT1d 7o,

where ® is defined in (2.24)), [®] is the integer part of ®, and the base tensor T®™ is given
by (2.80)). Then by Minkowski inequality, (2.112), and (1.43]), we have

HP+H§/147,M 5 /]R2 <T>2(1ib)<7'l>72b/HP&,(T, TI)Hiak’deT/

< Lo (5 Lo

meZ

x[r—m+@—10] -7 -+

2
XY Toir - ()00 )k (71) - ((72) 01 ) (72) . k,dﬁdﬁ) drdr’
k1 ks -
5/ ()2 (7 2b’<z/ F—m =1 =74 7) M ) )
R? me7Z
2
[ S TR - ()b () - (72) T s (72) Mdﬁda) drdr’,
k1,k2

(2.113)

where b > b > % To deal with the summation over m in (2.113)), we need to localise the
frequencies k, k1, ko, k. To be more precise, if m = [®] € Z ranges over an interval of size

R, then from our construction, we have

Z<7‘—m—7‘l—7'1—|—7'2>_1 Slog(l+ R). (2.114)

m

In what follows, we shall use some special cases of (2.114). Recall ® = |k|* — |ka|* +

80



|K'|%— |k|* from (2.24)) and the relation k = ky — ko + &', If we assume |ky| < Ly, |ko| S Lo,
and (2.109)), then we have a refined bound

Z(T —m—7 =1+ 7) " <log(l + L) (2.115)

m

By using (2.115) and Cauchy-Schwarz inequality in 71, 7» integrations, we may bound
(2.113) by

2

(log(1 + Linax))? (2.116)

> T (0PI i (71) - (72) 0 ks (72)
L2 (k—k')

k)l 7k2 T179

where we used that b, 0 > % From the discussion in Subsection , we proceed with
estimating by replacing yr, with an input wg; of either type (C) or type (D),
respectively.

From the definition of type (C), type (D), and (2.11€]), we may further simplify the
estimate (2.98) to a time-independent estimate. To be more precise, to prove , it
suffices to showl]

1l S Lt (2.117)

max ?

where %, 7, is the time-dependent random matrix given by

D = Z Tkk1k2k’ (wr, ), (WL s - (2.118)
k1,k2

Here wy, for j € {1,2} are of the following two types, with a slight abuse of notation, we

still call them type (C) and type (D).

e Type (C), where
Z thR gk; ((,d)
kjk; Hk}]]a/2’

with hkjl’ﬁ,j supported in the set {£7; L;/2 < (k}) < L;} and B<p;-measurable for

LStrictly speaking, to reduce (2.98)) to (2.117)), one needs to use a standard meshing argument used in
[34, Lemma 4.2, Claim 5.4], [35, Proposition 6.1], and [36, Subsection 3.4, Subsection 4.1].
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some [7; < le-_‘s, and satisfying the bounds

I i Nl S R;™, o110
2.119
Kk, Ekjkj, ~ j j

for 0 < 6 < 70 K v <K Jp € a — 1. Moreover, from (2.95) we may assume that

hk];c’ 7 is supported in {|k; — Ki| S L5R;} for any € > 0.

e Type (D), where (wg,)x; is supported in {k; € Z; (k;) < L;}, and satisfies

_1_
lwe,)i;lle S L2 (2.120)

~J

A similar argument allows us to reduce (2.99) to
1
1%t ke S NFFF L™, (2.121)

where %7, is as in (2.118) and 0 < &’ < 1.
The same argument as above also works for the estimate (2.98) with the operator P~

for which we only need to prove the following time-independent random matrix estimates.

1 ki S Lo, (2.122)
1% e S N3 F Loz, (2.123)

where the corresponding random tensor %, is given by

Yw = Z Tkklkgk’ (WL )iy (Wrg s (2.124)
k1,ko

Here wy, and wy, in (2.124)) are of either type (C) satisfying (2.119)), or type (D) satisfying
@.120).

The proof of (2.117), (2.121)), (2.122)), and (2.123)) will be detailed in Subsections [2.5.2]
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and [2.5.3. The above argument yields the following conditional proof of (2.98)) — ([2.100))

in Local(M).

Proof of (2.98) — (2.100) in Local(M). Given Local (%), we may decompose y;, into

wy, of type (C) or type (D) for L; < % From the above argument, we have seen that

(2.98) and ([2.99)) follows from (2.117)), (2.122]), and (2.123). Finally, the estimate ([2.100))
follows from ([2.99) and the fact |k — k'| < Liax- O

We conclude this subsection by recording a consequence of (2.98]) — (2.100)).

Corollary 5. Given Local(M) and the above notations, we have

IP=llyes STOLL, (2.125)
2~ _1_
1P| o0 STON*S Lo ™, (2.126)
k—E\" =
H(1+ | 7 |> P, 5 <T“N, (2.127)
max Zb,

provided b > £ and close to 3, where Y** and Z"" are defined in (1.40) and (1.41),

2

respectively.

Proof. From (1.40) and (2.98)), we have that
%
P4l < ([ D MR pdrar) STOLE, (29
for some b > % We recall that
t
PO = —ix(t) | Ty M(un,, v, )00
0

It then follows that

PRI x ~ IPTI Oz, -r21xm) + N0P T 22, (-7 5m)

S Loz, Lo l[yca e [ 9] x0 S Ligae [l x0,

(2.129)

where we used that y;, = up — up/ is Fourier supported in [—7, 7], and that u;, =
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> <p Yo satisfies [|[yr|[x» < L' due to the induction argument. In particular, (2.129)
implies that
|PE]y10 S L (2.130)

max

By using Holder inequality in 7 and 7/, we have

1
— 2
1P lvs = ([ 1) 2B ) )

N[

1 _
2b

< ( [ oy R T'>Hzﬁk/drdr')
R2

. -5
X ( [ o IR T'>||z%/dfdf')
RQ

1 4 91
= 1Pl IPEI

s

which together with (2.128) and ([2.130]) implies ([2.125)).
We turn to the proof of (2.126]). By using ((1.43) and Minkowski inequality, it follows

that

1)) P77

sy [

k1—ko=k—k’'
S [ G )l Nl drde

< L12

max*

1
(T T —T1+10—1 —®)

) (T2 (70) (T3 )1y (72) [ A d o
L2,

Thus by summing over |k|, |k'| < N we conclude that

|PE| 70 S N2LE (2.131)

max
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Then by using Holder inequality in 7 and 7/, we have

P4 = ([ (1) X Pt
R2

kK

< ([ 0wy S Bt rparar

kK

) ( / ()Y [P, T’)|2d7dr’>1_21”

kK

[~

N
[NIES

b

1 4 91
= 1P eI P= [ 0k

which, together with (2.99)) and (2.131)), gives (2.126)).
The proof for (2.127)) is similar; thus, we omit it. 0

In the next two subsections, we will establish (2.117)) and (2.121]) for the low-low-high

random matrix %, given in (2.118)); and (2.122)) and (2.123) for the low-high-low random
matrix %, given in (2.124).

2.5.2 Low-low-high random averaging operators

In this subsection, we focus on the low-low-high random matrix %}, given in ([2.118)), and

establish (2.117) and (2.121]). We consider (2.118) with input (wp,,wy,) of types (a) (C,

Case (a): (wg,,wr,) of type (C, C)
In this case, the matrix (2.118)) can be written as

@-&- _ E Tbﬂn . § hL1,thL2,R2 9ky Ik},
kk’ kkikok' klk‘ll k'QkIQ [[k/l]]a/Q[[ké]]a/Q

K1,k Kk

where hLifi = {hfj,fj} (7 € {1,2}) are either identity map over L;/2 < (k;) < L; or

satisfy ([2.119).

We first consider the non-pairing case, i.e. k] # ki, for which we apply Proposition
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followed by Proposition [2| to get

_ b b
1 sk S(La L) ™ 2T g s et + TR g o)
. (2.132)
o TRt it koot + I TR o) T 137

which is enough for our purpose. When L, = Lo, (2.132) follows from Proposition |4 and
then Proposition [2| as k] # kb. In what follows, we only consider (2.132) for the case

where Ly # Lo. Suppose L; < Lo (the case Ly < L; is similar). Then the coefficients

hﬁ;{b may not be independent of (gx; )z, /2<(x;)<z,- Therefore, we cannot use Proposition
I 4l to k] and kY directly. To overcome this obstacle, we first use Proposition {4| only with

respect to kj to obtain a bound for h,?,’f? Then we use Proposition [2| to get

1t ko S Ly

E, E: L1,R17 L2,R2 kll
Tkklkzk/ hklk' hkgké [[k/]]a/Q

k1,k2

(kky—k )N (k—ky k')

g (2.133)

/2 Ly,Ry 9k La,R

< L : Z Tkk‘lkzk” Z hk;llk’ ' [[k']]a/z Hhk;k' ’ Hk2—>k’2
(kka—k")N\(k—kak')

where ||-||xny = ||-]|x+]-|]y- Then, we note that the tensor TE;Z,Q,C, hkllé, ! is independent

of (gr; )11 /2<(kt)<L,, Which enables us to apply Proposition 4] again with respect to &1,

b,m Li,R gk
> Ttk D M ZARE

o K, (kka—k")N(k—k'ks)
—a/2 b Li,R
S L o E :Tkkagk’hk 11;' ' (2.134)
o 1 (kkak!, —k) (kK| —kak!) N (kka—k, k)N (k—k, kak')

< L a/Q ||Tkk1k-2k’ || k’k‘lkz—)k‘/)ﬂ(k‘]ﬂ—)kzk’)ﬂ(kk:g—)klk’)ﬂ(k—)klkzk/) || hilll.;?l ||k1 *}k’l .

By collecting (2.133]) and (2.134]), we conclude (2.132) for L; < L,. By Lemma ,
Lemma , with Ny = Ly, Ny = Ly, and N3 = N, so that Ny A Ny = min(Ny, Ny) = Ly
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and Ny A Ny = min(Ns, N3) = Ls, we obtain

||Tkk1k2k/ || kkgklA)k:’)r‘l(kk’l*)k’gk/)ﬂ(kk‘gg)klk‘/)ﬂ(k‘ﬁklkgk/)

= || kklkgk’||kk1—>k2k’ + ||Tkk1k2k’||kk2—>k1k’

+ ||Tkk1k2k'Hkk1kz—>k’ + ||Tkk1k2k’”’€—>k1k2k’ (2.135)

w\Q

1—-

<L L LI L S (log Do) 4 L2 4 L F (log L1)E 4 L2

AN

(LyLy)'2.

From ([2.132)), (2.135)), and (2.119)), we conclude that

a—1

H%k’”k—)k' (L1L2) a/2L2L2 < Lmax y

which is sufficient for (2.117)) since a > 1 and g < a — 1.

A similar argument as above also gives

L;,R
H kk/”kk’ (L1L2) a/2||Tkk1k2k’||kklk2k' “hk k/Jijﬁk‘
J

< (LyLy) 2 (N'- $L2. (1ongaX)5+(L1L2)%)

min

2+6

< (L1 Ly)~ W2NBLE [E < NY[LETE

~ min"~max ~v

where 0 < e < 1, Ly, = min(Ly, Ls), and Ly, = max(Ly, L), which gives (2.121)).

Now we consider the pairing case, i.e. k; = ky. Note that Ly = L, = L. In this case,

we have

+ E E Li,R1 7 L1,Rs ‘gk |

%k}' - Tkklkzk‘/ hklk’/ hkzk‘ll [[k/j[la
k1, k2 K}

1

Li,R17.L1,R2
- Z Tkk‘lek‘/ Z hk1lk/ lhkzlk’/ ’ [[k/]]a
k1k2 K (2.136)
b,m Li,R L,R|gk|_1
+ Z Tookes ko Z i Ty ’ [k e
K1 k2 K,

1 2
=) + 9.
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We first consider the term %(161/) By using Proposition , and then Lemma , we have

Li1,R17 L1,Ry
||g/kk/ ||k—>k’ Z Tkk1k2k/hk1lk’ 1hkglk’ ’
kl,kg,k’/ k—k'
—a b, b, Li,Ri7 L1,Ry
SL mln(HTkkaQk’||kk1k2—>k’7 ||Tkk7?k2k’ [P kllk’ lh'kglk’ ’

k1ko

- b, b, L1i,R Li,R
SL® mln(HTkkaQk’||k/€17€2—>k’7 ||Tkka2k’||k—>k1k2k’)||hkllk’ ' ||k1—>k ||hk2k, ’ ||k2k’1

<Lt L%)L%—MO < [lmotn,

(2.137)

which is sufficient for (2.117)) provided v < a— 1. For the term @k(,f,) in (2.136)), we apply
Proposition {4 with ny = |gk | — 1, then Lemma [2| and Lemma , to get

[EAVI NS

T hLl,R1 hLl,RQ A
kk‘lekl klk/ kgk/ ! Mo
k1,k2 k| [[k ]]

b,m L1,R17 L1,Ry
Z : Tkklkgk’h’klk' hkgk/
k1,k2

k—k'

<[«

~Y

(kK — k)N (k=K k') (2.138)
2

(HTkklkgk’Hkkl]Q—)k' + ||Tkk1k2k/||k—>k1k2k’ H Hhk K o ||k —k

M\H

SL2e,

which is sufficient for (2.117)).

We proceed to consider the estimate (2.121]) for the pairing case, where %} is given
by (2.136). We begin with %(kl,) in (2.136]). Here we have to use the cancellation that
arises from the unitary property of H ,ZC’/L, namely Lemma . Specifically, by Corollary

and Remark , we can redefine %(kl,), keeping the same notation for %(kl,), as

L,R17 LRy 1 1
k:’ - Z Tk’k koK’ thlk/ hkzk)’ <[[kl]]a [[kl]]a 9

k1,k2

since ky # ky and Ly = Ly = L. From (2.95), we may assume that |k — k}| < LRy,
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which implies that

Y

‘[[k;ﬂa - [[ki]]“

Then, a similar argument as in (2.137]) together with (2.139)) yields

< LMER). (2.139)

128 e L7 R,

b,m Li,R17 L1,Rs
Z : Tkklkzk"hklkll hk‘gkll

Nray? kk! (2.140)
o b, L1,R L1,R:
<L 1+5R1HTkkaQk/Hkklkgk'Hhkfkfl1Hklk’1Hhk21k'12H’f2—>’f’1'

By Lemma and (2.119)), we get

a 1
1D |l L0 Ry (N84 LE 4 L)L+ 0R;

(2.141)
5Nl—%+eL§—a+s+w0 4 [t
which is sufficient for the estimate (2.121]).
Finally, we turn to %(,3,) Proceeding as in (2.138]), we have
(2) - b,m LR L,R
1D e SL Z Tkk1k2k’hk1k'11hk2k/12
K o (k! —k{)N(kK k] )
- b, L,Ri} LR
SL™° (||Tkka2k/ [P (v el PV
b, LR . LR (2.142)
o T it I B s

— b, L,R L,R,
SL @ HTkkagkl Hkkﬂczk/ Hhklkfll Hk’1—>k1 Hh']@k;’f Hk’1—>k2

SL*(X(]\[lf%JrsL% —|—L) ’S le%ﬂ-:L%fa _i_Llfoz’

which is again sufficient for (2.121]).

Finally, by collecting (2.136]), (2.137)), (2.138)), (2.141)), and ([2.142)), we finish the proof

of (2.117) and (2.121) for Case (a).
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Case (b) and Case (c): (wg,,wr,) of type (C, D) or (D, C)

Without loss of generality, we only consider that (wg,,wr,) are of type (D, C). The
random matrix (2.118)) can be written as

+ b,m La,Ro gkIQ
Ditr = > Triare (WL ke 'Zh’”ké k4]’
k1,k2 k5

where wy, satisfies (2.120)) and hL2f2 = {hiz,fz} are either identity map over Ly/2 <

(ko) < Lo or satisfying (2.119). We apply Proposition [2] to get

Lo 9k
|25 o < \ th;k; T lwe)elle ,  (2143)
[%3] (k—k1 k) U(kk1 —k') !
where || - || xuy = min(]| - |x, || - ||y)- Recall that the tensor TZ}ch2k/h£21;' ? is independent

of Fy,. We can apply Proposition [4] to (2.143]), and then apply Proposition [2| to get
_a IR
125 ki S Ly ® min (|| ZTkklek/hkjk/ ek, ea k)R ks k) 5

b Ta.
HZTkl;nkgk’hk;k’ ey ks =) ) 1 (w2 ) ez,

e (2.144)
S Ly [ [ ka -y, min (T W oa ey ) o o

||Tkk1k2k’ | kklkﬁk/)m(kkﬁkgk')) (W, )k ||ez1

—5 111 Lo, R b,
S Lo ey ko ks T icieo ol hta ko ky ik oty | (@020 ks Nl 2 -

By Lemma 13| and Lemma [14] we have

b
HTkklek/H (kk1ka—k))N(kky —kok!) = HTkklek/Hkth—)k’ 1T e it ey o

S./ Ll_i(IOg LZ)% + L2§ + Ll_§L2_5 S Li_%LS,
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which together with (2.144]), (2.119)), and (2.120)), implies that

_ Lo R 1—a 1
1%l S L I g Ly~ L3 1wz, i

1-2 -1y L2 1_a
ST S ()b

which proves (2.117)) since §p < o — 1.

Now we turn to the estimate (2.121)). Similar computation as in (2.143) and ([2.144])
yields

1Z el < [(we )n lleg

(k1K) U(kk'—k1)

E hL2 ,R2 ky
k‘klek/ kgk,‘é [[k,/j[la/2

th Ro
kk1 kak' koKl

bl

(k1 kb k) (kky k' —k)

hL27R2
kkl kok!" ko k'

))u<wL1>klu@l (2145)

(kk!y k! =k ) (kk! ke kb

- Lo R . b,
5 L2 z ||hk22k’ ’ ||k2%k'2 mln(HTkkazk’||(kk1k2k’)ﬂ(kk1k’—>k2)a
b7
||Tk$k2kf | (kkzk'»kl)m(kkwklkz)) | (we, )k ||e§1

—2 LR
S Ly i ko, T ko =)t o) | (W, )y lez -

By Lemma 13| and Lemma [14] we have

b,m b,m
||Tkk1k2k’|| (kkok! —k1)N(kk' —ki1ke) — ||Tkk1k2k/‘|kk2k’—>k1 + ||Tkk1k2k/||kk’—>k1k2
< N'"3(logLy)t + L + Lo N3 (2.146)

Nl‘EL 7 L LE NS

min

By collecting (2.144)), (2.119)), (2.120]), and (2.146)), we conclude that

II%LIIWSLFHhLz’RQIIkZ%I(Nl‘%Lf + L, 2Nl")ll(le)mlle2

kakl, min

<(NV3L,7 + LN )L, R0

min

(2.147)

[un
Jun

SN-SLEL R g NS AR

2

pp—-1
SN2 Linax,
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which is sufficient for (2.121)).
Therefore, we finish the proof of (2.117)) and (2.121)) for Case (b): type (C, D). The

proof for Case (c): type (D, C) follows similarly.

Case (d): (wy,,wr,) of type (D, D)

In this case, the random matrix %}, in (2.118)) can be written as

Do = Z Tkklkgk’ (wr ke - (WL )by,

k1,k2

where wy, and wy, satisfy (2.120). By using Proposition , followed by Lemma 13| and

(2.120)), we obtain

1 st S T oo | (w0 i e | (0T s L
S(LaLo)' "8 (LyLo) 27

5L%—7 < [ 4%

which is sufficient for (2.117]), provided §y < av — 1.

Similarly, we have

15t e ST ok —steaten | (w0 Ve e |1 (@5 ) s N

SNVS L (LiLy) 27

min

gNl—*Lmax” < N3 L,

which again proves ([2.121]).
Therefore,we have finished the proof of (2.117) and (2.118) for Case (d).

2.5.3 Low-high-low random averaging operators

In this subsection, we consider the low-high-low random matrix %/, defined in (2.124)),
and prove (2.122)) and (2.123)). We follow a similar strategy as in the previous subsection,
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and consider four cases for depending on whether (wg,,wr,) are (a) (C, C), (b)
<C7 D)7 (C) (D7 0)7 (d) (D7 D)'

Case (a): (wy,,wr,) of type (C, C)

In this case, the matrix (2.124)) can be written as

E ’ T § hLl,Rl th,Rs 9k Ik
k‘k‘/ - k‘k‘lklk‘g klk/ kgké [[k/]]a/Z [[k,/]]a/Q
k1,k3 [ZA

where hli-fti = {hk k,]} (7 € {1,3}) are either identity map over L;/2 < (kj) < L; or

satisfying (2.119)). Similar argument as in Subsection yields

||%k'||k—>k’ (LlLB) a/Q(HTkklk/kngm—m’ks + ||Tkk1k’k3||k—>/€1k’k3

b7
+ ||Tkk1k’k3||kk1—>k’k’3 + ||Tkka/k3||k_>k1k/k3) (2148)

Hhﬁf/ﬁ“kﬁk thg,kﬁdnkg—mg-

By using Lemma [13, Lemma with Ny = Ly, N, ~ N, and N3 = L3, we obtain

b7
T s iis T omsais + | T pemones etk s+ | T, s
< (L1Ls)"% + Linad (10g Lugin)® + L2, (2.149)

S (LiLs)?.

where Ly, = min(Ly, L3) and L. = max(Lq, Lg). Thus it follows from ([2.148)), (2.149)),

and (2.119), that

1-o
1D lkon S (LaLg) ™ 0° Ly* < Lus,

which is sufficient for (2.122). A similar argument also gives

b»
H%k’”klﬁ' (L1L3) Q/Q(HTkkm’kngk'ksﬁkl + ||Tkk7?k/k3”kk1k’%k3

b,m
+ ||Tkk1k'k3||kk1k’k3 A Ty g [ R a5 (2.150)

L1,R Ls,R
™ s i s
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By using Lemma , Lemma with Ny = Ly, Ny, ~ N, and N3 = L3, we obtain

b b b
T trmamsen + 1T s+ I T oo a1 T ks

(=1
2

D=

<Ly 2(logN)? + N2 + Ly 2 (log N)? + Lina? (Lunin log N)? + (Lyia V)2 (2.151)

5 N%Lr%nln
By collecting (2.150]) and (4.40), we conclude that

1 ke < (LyLg)~2NYV2LY2 < N2 a2

max ?

from which by choosing 79 < o — 1 we finish the proof of (2.123)).

Case (b) and Case (c): (wy,,wr,) of type (C, D) or (D, C)

Without loss of generality, we only consider (wr,,,wr,) is of type (D, C). Thus, the random

matrix (2.124]) can be written as

- L3,R3 gké
D = E :Tkklkgk/ (Wi, )k, hkgkg ZACEE
k1,ks K, 3

where wy, satisfies (2.120) and hfs:fs = {hﬁf%} are either identity map over L3/2 <
(k%) < Lg or satisfying (2.119)). Similar argument as in Subsubsection yield

- —a/2y 1. Ls,R
||Z]/kk'||k—>k’ SL?, o/ ||hk;k/ 3||k3—>k’ ||Tkk1k’k3|| kklksﬁk/)ﬂ(khﬂksk’)||<wL1)k1||£§1
_1_ _a _a -
S Ly Ly (Linad (108 Lunin)? + Ly, + (LiLg)'™%)

[e3

,l,,y —« 1—2 17777
SLy? L3?(LiLs) 2 S Linay’

Y

which is again sufficient for (2.122) provided dp < o — 1.
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Similar computation as in (2.145)), (2.146)), and ([2.147) yields

_ —a/21. L3,R b,
125 e S Ls® 1 Prear,  Wis =i | Ty | ot syt s ko) | (L D [l

~2 —3 -5 1 1 1_ o 1«
<L "Ly (L *(logN)2 + N2 + L2, 1 N2 %)

min

3o

SNFLY Lo [T N e N LR

1 —l—'\/
5 2
SN2 Lk

which is sufficient for (2.123)) as vy < 7. Here we used that « € (1,2).

Therefore, we finished the proof of (2.122]) and ([2.123)) for Case (b): type (C, D). The

proof for Case (c): type (D, C) follows similarly.

Case (d): (wy,,wr,) of type (D, D)

In this case, the matrix (2.124)) can be written as

_ b,
@kk/ - Z Tkjka/kg ’ (wL1>k‘1 ’ (wL3>k37
k1,k3

where wy, and wy, satisfy (2.120)). By using Proposition , followed by Lemma 13| and

(2.120]), we obtain

_ b,
12 ki ST e e ik tea ks Wz D [y (WL s [ s

1

S (N Lypin) 25 (L1 L) 7277

1

1_ o -1« RN =Y
SN2 4 Lnde SN2Lmic ',

where we used that N > L., which proves ([2.123]).

Therefore, we have finished the proof of (2.122)) and (2.124)) for Case (d): type (D, D).
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2.5.4 Random tensors

The main purpose of this subsection is to prove ([2.94) and (2.95)) in Local(M) by assuming

Local (%) Let

pNoL — pN.L _ pN.L/2, (2.152)

where PYF be the linear operator defined in (2.34). Recall from (2.36]) and (2.152)) that

HVE = TIy(1 — PV =TTy + 2(731\%)”7 (2.153)

n=1

and thus the operator h™% in ([2.38) has the following expansion,

bl =Y (— 1) (NN RN (2.154)

n=1

Recall the operator P+ := Py | from (2.97). We have from (2.34) that

PVEy] = ~2ix(1) / My M(ug, g, ) (£

= -9 Z X(t)/o HNM(yL17yL27¢)(t/)dt, (2155)

Ly,Lo<L

:PN7%¢+ Z p]J\;thLZw’

Lmax=L

where x(t) is the time localisation given in (2.20). Recall that Py, ;. satisfies the

estimates (2.98)-(2.99)), which implies that p™’ also satisfies the estimates (2.98) and
(2.99) but with a logarithm loss coming from the summation over L;. This logarithm loss

is harmless since it can be absorbed. Namely, from (2.152)), (2.155)), and Corollary |5, we
have

[N xo s xe S TOL720(log L)%
(2.156)

PN o S TN L2700 (log L)?,
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which together with (2.152)) implies

[PYH lyoe = [PYH ]| xomx0 S T,
(2.157)
[PYE| s S TONEH
for some ¢ > 0.
From the definition of the operator norm, we note that
JABllyus = [AB] xoxr < [ All oo Bl oo (2.158)
which together with (2.153]) and (2.157)) implies that
”HML - HN||Xb—>Xb = H Z(,PN’L)nHXb_)Xb < Z ||<PN7L)nI|Xb—>Xb
= = (2.159)

o0
< P e S IPY o Y (CTO) ST
n=1

n>1

Also, note that [Ty || xe(—xe(s) S 1. In particular, we conclude from (2.159) that

H,HN’LHX"%X*' S

~J

L,

which together with (2.154]), (2.158)), and (2.156)), implies

o0 o0
L S [ e PR e e

n=1 n=1

S ||pN’L||Xb—>Xb Z Cn+1(T00L—5o)n—l 5 TCGL—507

n=1

which gives the first bound in (2.94)) by choosing T" < 1.

We also note that

IABI| 7o < min (|| All o x0 1Bl| 700, [| Al zoo 1Bl 0 x0)
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which together with (2.154]) and (2.157)) implies

[oe)
155 e < S NHY RN EY 2N

n=1

[eS)
< IHMFIRES el 1L, ol [P 200
n=1

< HpN,LHZM Z Cm—H (TCQL—%)n—l

n=1

< TON>t0L73,

provided T' < 1, which completes the proof of the second bound of ([2.94)).

Finally, from Proposition [3| we have

(5

< ||~A||X”—>Xb
Zbb

Y

Zbb

k= K\"%
(1 + 7 By

which, together with a similar argument as above, gives

=K\ v
|5

provided 0 < T' < 1, which proves ([2.95]).

< TN,
VAR

2.6 The remainder terms

In this section, we continue the proof of Proposition . We have shown , ,
(2-99), (2.99), and of Local(M) in Section 2.5 It remains to prove (2.96]), which
will be the main focus of this section. To be more precise, we shall prove the bound
with N = M, i.e.,

lznllxoiy < M7270 (2.160)

by assuming Local (%) The main strategy of this section is to show ([2.160|) by a conti-

nuity argument, with the help of (2.94)), (2.95)), (2.98), (2.99), and (2.100) of Local(M).
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Recall that z; is given by the equation ([2.31]), whose right-hand side can be written as

the combination of the expressions

t
A (W, Wy, Wy ) (T) = X(t)/ Iy M(wn,, wn,, Wy, )(s)ds, (2.161)
0
and
t
Blww, ww,, ) (1) = v(1) / AnM(wn, w, wy, ) (5)ds, (2.162)
0

where wy, are of either type (C) or type (D) defined in Subsection [2.3.1] In particular,
we can grouped the right-hand side of (2.31)) as follows

(I) & (wn,, wn,, wn,) with wy, for j € {1,2,3} of any type and Nmea = Nmax = M.

(II) o (wn,,wn,,wn,) with wy, for j € {1,2} are of any type and N; < M/2 for

Jje{1,2}.

(III) o (Wi, Wiy, Yas,zy,) With wy, for j € {1,2} are of any type with Ly, < max(Ny, Ny) <
M)2.

(IV) o/ (wn,, zum, wn,) with wy, for j € {1,3} are of any type and N; < M/2 for j €

(1,3).

(V) @ (wn,, ¥arLyy, way) where wy, for j € {1,3} are of any type with max(Ny, N3) <
M)2.

(VI) B(wn,, wn,, wn,) with wy, for j € {1,2,3} are of any type and Nyax < M/2.

(VII) The term

t
/ R(wn, wy, ww) ()t
0

with wy of any type and N € {M, M/2}.
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Our goal in this section is to recover the bound for z,; in (2.160]) for each of the terms
(I)=(VII) above, i.e.

o7 (wy, Wiy, wivy) o S M2, (2.163)

| B (wn, Wiy w0 S M2, (2.164)

for all possibilities types of (wy,, wn,, wn,) as above.

2.6.1 Preparation of the proof of (2.96)

We first see that

3
||%(wN17wN2>wN3)HX1 5 ||M(ZUN1,U}N27U}N3)HL%2 5 M2H ||wNi||Xb 5 MM,

i=1

Therefore, to prove (2.163f), from interpolation, it suffices to show
17 (wx,, Wiy, iy )| x1-0 S M2, (2.165)

provided b — 1 < 7y. By (2.23)), (1.42), and (2.161]), we have
2

«Ft,x<d(wN17wN2> wN3))(7_> k)

E— Z /R3IC(T,<I>—|-71—TQ—|—73)
k

k1—ko+kz=
ko {k1,k3}

X (T s (71) (o (72) (T )iy (73) A (2.166)

= —12/3 Y K(rm+®— [0+ 71— 7o+ 75) x TRl

R k1,k2,k3

X (N iy (T1) - (0N Dby (T2) - (0N s (7) A dmadlTs,

where @ is defined in (2.24)), [®] is the integer part of ®, and the tensor Tz;g‘k? g, 15 the
base tensor given in (2.80). We note that ® — [®] = O(1). Then from (2.166)), (1.43]), and
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Minkowski inequality, we obtain

”%(le, WNy ng)H%(l—b

5/<>(;/

(T—m+0(1) =1 + 7 —7'3)_1

3 2
XY () ) ) T [ (@8) )k (72) d71d72d73) dr
k1,k2,ks3 =1 f%
S (S [ r—m—ntn—m) ) ) )
R2 m R3
3 2
| X e T (@00 n ()| dndndn) ar
k1 ko ks i=1 a2
where (1, (3 = + and (; = —. Due to the fact that |ki|* — |k2|* + |ks|* — |k|* — O(1) = m,

we see that |m| < N%, which leads to

Z(T—m—Tl+TQ—T3>_1Sl—l—logN.

meZ

Therefore, similar to the argument used in (2.113))-(2.116)), in order to prove (2.165)), it

suffices to show

3

S [T (@w) ) ()

k1,k2,k3 i=1 L2 .02l

<Mz (2.167)

Y

where wy, are of types (C) or (D). In view of (2.103) and (2.104)), we may further reduce
(2.167)) to the following estimateﬂ

| Zilla S M2, (2.168)

where % is given by

1Strictly speaking, to reduce (2.167) to (2.168), one needs to use a standard meshing argument used
in [34, Lemma 4.2, Claim 5.4], [35 Proposition 6.1], and [36, Subsection 3.4, Subsection 4.1].
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b,m _
L= Totor (Wx)ky - (T8)ks - (Wi ), (2.169)
k1,k2,k3

and wy;, are of either of the following two types (with a slightly abuse of notation, we still

call them type (C) and (D)).

e Type (C), where
L gk’( )

(wNj)kj = k]k; Hk/]]a/Q’

k/
with hk Jk, J( ) supported in the set { 5 < (K}) < N;}, %<1, measurable for some
L; < le 9 and satisfying the bounds

N:,L;
I g e, L%

P

(2.170)
L; §+ _%
[N e, SN7TUL,

kk’N J

for 6 < 7 < v <K dy < a — 1. Moreover using ([2.95) we may assume hk k/ 7 s
supported in |k; — K| S N°L;.

e Type (D), where (wy;, )i, is supported in {|k;| < N;}, and satisfies

ICwn, )Nz < Ny = (2.171)

~Y

We will now analyze the terms (I)-(VII) in the expression of 2}, given by (2.169). We
will consider eight possible scenarios, based on the possible types of (wy,,wn,,wy,) in
(2.169), ie. (a) (C, C, C), (b) (C, C, D), (¢) (C, D, C), (d) (D, C, C), () (D, D, C), (f)
(C, D, D), (g) (D, C, D), and (h) (D, D, D).

2.6.2 High-high interactions

In this subsection, we focus on the scenarios where Npeq > N0 > M'=9 for a small

max n~v

positive constant 0 < § < 1. In particular, these scenarios cover terms (I) and (III)
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from the previous section. As we have seen before, the base tensor T”™ is defined by
(2.80)), which is essentially the indicator function of the set (2.45) with the constraints

and Nyeq = N0

max-*

Case (a): (wn;, WN,, WN;) of type (C, C, C)

First, let us consider the non-pairing cases, where k| # kb, k), # k5. In this case, we have

_ b,m . N1,L1 3 N2,Laq N3,L3 gki%gké
%k = kkzk Tkk1k2k3 k,kz/k, h/k‘lkll hkzklz hkz3ké [[kﬂ]a/Q [[ké]]a/Q [[k'g]]o‘/Z (2172)
1,k2,k3 A

K k) kKl
where h]k\;jk’fj = hgj}f’fj (w), satisfies (2.170) and T>™ is defined in (2.80).

Applying Proposition , Remark , and Proposition yieldﬂ

2l SOMNaND) ™2 ST T B G R

Y AL AL N
k1,k2,k3

kk! kK,
(2.173)

3
_ b, N;.L
S(NI N2 N3) TR o likakoks | | 1P My

j=1

Then from (2.170)) and Lemma , we can continue with

| Zille SNy NyN3)~2 min( N2~ (Ny A Ny) log(Ny V No) + NiNo,

NZ*(Ny A N3)log(Ny V N3) + NyN3)
(2.174)

<(N1NoN3) 2 NY2 (log Nypax ) /2N

max min

1_ « [
=—24c &
SNhiax® Nye

med’

which is sufficient for (2.168)) since Nyeq = N2

~ max?

provided €,0,v < a — 1.

Secondly, we will consider the case when k| = ki (the case when £ = k% is similar,

Here we only consider the case Nyin = Nmayx for simplicity. When Npin < Npax, we need to apply
Proposition 4| and Propostionrepeatedly as in Subsubsection [2.5.2] as where h7'L7 may depend on gy

kK
for i # j.
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and we omit its proof), where we have N; = N,. For this case, we have

- 2
2 = Tb,m th,Lth2,L2hN3,L3 |gk'1| Ik
k E : kk1kaks E : kiky koki "kskl FARCARE
ki ko ks k) K, 13

_ Z Tbm Z p V1L g Na Lo p N3, Ls (|gkg|2 - 1)%!3
kkikaks kiki "koki "Ckskl Hkiﬂaﬂkéﬂaﬂ

k1,k2;ks3 LA (2.175)
+ E Tb,m E th,Ll hN2,L2 hNS’LS A
kki1koks k:lk’ll kzkll kgk’é [[k/]]a[[k/]]a/Q
Y 1 3
k1,k2k3 AN

_a (1) (2)
2,0+ 2.

For the term %’k(l), we can apply Proposition @ with n;, = (\gkflP — 1), mk, = gry, OF

M, = | gr, |29k/1 for over paired cases, and then similar argument as above, to get

(1) —anT S Z b,m N1,L17 N2,La 3 N3,Ls
H%k Hk SNl N3 Tkk1k2/€3 ’ h h h

kk Yokl Thak
k1,k2,k3

o
SN NG 2 (T arg libkons I i s g e g i (2.176)

A

3
_ — % 1mb, N:,L;
SNI OZN3 ’ ||Tkka2k3||kk1kzk3 H ||hkj]k;, ! ||k]-—>k;.>
j=1
where we used Lemma [2 in the last step. By using the same estimate as in (2.174), we
have

1l _a,. _a
12,0k S Nt N2 (2.177)

med’

which is again sufficient for (2.168)). Now we turn to the second term in (2.175)). By using
the unitary property of H ,i\,i’,LN in Lemma (also see Corollary 4| and Remark , we
may redefine %(2) as follows, still denoted by %(2),

]. 1 gk‘/
%(2) _ E b.m . E { _ th’/Lth2’,L2hN3’/L3 3
S T v ) S O B A N CARE
1,k2,K3 k3

. b,m Ni,L1p N2,Lag N3,L3 ks 2.178
E Ttk kot E :hklkz’l hl@k’l hkgk’l ZARE (2.178)
ki 2,k K 3

21 22
::%C( )_'_%;C( )
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Recall that the support of hﬁlk’,fl is in |ky — k]| < NfL,. Therefore,

‘ 1 1

- < Njotlter 2.179
"l Tal ! (2.179)

~ "1

Let us consider 3&”,;21) and 3&”,522) one-by-one. Let us first consider %(21) first. From

(2.178]) and ([2.179)), we apply Proposition {4 and Proposition [2| to get

12,8V 5 SNTOH Ly Ny

2 : b,m § : Ni1,L13 N2,Lay N3,L3
Tkkl koks hkl k’l hkg k"l hk‘g ké
ki

kl,kg,kg 3
5 (2.180)
—a— —a/2mb,m N1,L Ny, Lj
SNt Ny ||Tkk1k2k3||kk1k2k3||hk11k/1 w, H ||hkjjkgj||kj—>k;.,
=2
which together with Lemma [12| and (2.170]) implies that
_a 1 1o _1 _o 1.1
1232 e S Nyt Ly Ny 2 NN 2 N L2 S NP ON E NGISLE L (2.181)

which is sufficient for (2.168) again since Ny, N3 > N~9 For the second term of (2.175)),

~ max*

by applying Proposition [4] and Proposition [2] similarly as above, we obtain

(22)) « Z b,m Z Ni,Li Na,Lzp Ns,Ls _ 9k}
H‘%‘k Hk ~ Tkk1k2k3 hklk‘/l hk‘zkll hk3k‘/1 IUC/]]%"
k1,k2,k3 K} 1 k
3a —_—
— 2 b,m Ni,L13 N2,L2 3 N3,L3
SNmak Z Tkklkzkzg'hklk/l hkgk’l hkgk/l (2.182)
Kk,

k1,k2,k3

3
_3a b, N;,L;
SNmai ||Tkka2k3 Hkklkzkg H ||hkjjk3_ ’ ||ch—>k}a
j=1

where we used Lemma [2| twice in the last step. By using Lemma |12] and (2.170f), from
(2.182)) we get

3a

12552 | S Nk N (2.183)

max’

where we used N; = Ny = N3 = Ny, which is again sufficient for (2.168]).
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Finally, by collecting (2.175)), (2.177)), (2.178]), (2.181)), and (2.183]), we conclude that

| Zille S Nk S M3
Thus we finish the proof of (2.168§]).

2.6.2.2 Case (b): (wn,,Wn,, Wn;) of type (C, C, D)

First, consider the non-pairing case when k] # kj. In this case, we have

b, Ni,L1 3 No,L 9r: Gty
C%'k - Z Tkka2k3 Z hlﬂlk’l 1hk22k’2 ’ [[k/]]a/; [[];/]]a/z H(wN?,)k3 “k37
k1,k2,ks k! k! 1 2
17K

NjLj _ , NjL; : . m
where hk]?k;_ I = hkj]k; ?(w) satisfies (2.170), (wny )k, satisfies (2.171)) and T',i’;,ﬂ,w,c3 is defined
in (2.80). From Proposition [2] we have

[ 2l < (W eyl (2.184)

k—)k3

Tb,m th,Ll hNQ,LQ gkll gké

E: kkikoks E: k1K) "Tkokl [[k/]]a/g[[k,/]]a/z
) 1 2

k1,k2 A

Then we apply Proposition 4| and Proposition [2] repeatedly as in Subsubsection to

the right-hand side of (2.184]) to get

_a b, b,
| 2l SINTN2) ™2 (| TR ks ks ke —sks =+ 1T s ks ks

b, b,
+ ||Tkka2k3||kk1—>kzk3 + ||Tkka2k3||kk2—>k1k3) (2.185)

2
N;,L;
o [ ool P ([ T 199
j=1

Then by using Lemma [14] and (2.170)), from (2.185)) we obtain

1 2l S(NINS) "3 N, 277 (N) 72 N5 4+ NZ + (N; A Ny)' "3 NS + N

=

o & o 1 _ «a
4 (Ny AN3) 8N, 72 4 (Ny AN)2 5N 1)

_a Ly 12
S(NiN2) 72N ® Ny,

min

1
N1121ax,
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which is sufficient for our purpose since Nyeq = N122 and €,6,7 < o — 1.

Let us turn to the pairing case, i.e. ki = kj (which implies Ny = N;). By using

Lemma (16| we may consider

k1,k2,ks

Ni,L17 N1,La (|gk | )
+ Z Tk)k1k?2k3 Z hkllkll 1hk21k‘/ 2W(U)N3)k3
k1,k2,k3 K} 1

1 1
b,m Ni,L17 Ni,Ly
T 2, T 2 (R~ ) P P

::%'k(?)) + ‘%9(4)
Similar argument as in (2.180]) gives

12| SNTO1L,

Ni,L17 N1,Lo
E : Tqukglcg E :hklk’l hy, K, (W )k
k1,k2,k3 4

k

Ni,L Na,L

NN o 1+€L1 HTkk1k2k3 Hkk1k2%k3 Hh/ﬂlk,l ' Hk1k/1 Hhk;klz i Hk’z—>kz’2 H (wN?’)kS Hks
< N-e-ltep N%N%—WOL_%N_%_W

~4iV1 14V7 1 1 3

<Nt 3Heta0 =3

3 )

where we used N; = N,, which is sufficient for our purpose since Ny, N5 > N!~9 For

~/ max-*

term %;4), by Proposition df with n = |gx | — 1, we have

Ni,L N,L (|gk ?—1)
||<% ||k:— Z Tkklkgkg thllkfl k;k’zw(w%)k:s

k1,k2,ks

o

k

E Ni,L17 Ni,Lo
Tkklkgkg hklk,” h’kzk/
k1,k2

Kk, —sk3

Ni1,L17 Ni,Lo
E :Tkklkgkg oo Poegir
k1,k2

)il

k—k! ks
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Then similar argument as in (2.185)) together with Lemma (14 and Lemma [2| yields

4 _
12 e =N Tk ik —sis + T, oo kikaks)
Ni,L17 N1, Ly
||hk11k’ WY kg <t I (W ) ks Il s -

NN

which is again sufficient for our purpose.
The proof for Case (d): (D, C, C) is similar to that of Case (b) (C, C, D); we omit

the proof.

Case (¢): (WnN;, WN,, WN,) Of type (C, D, C)

In this case, there is no pairing. Therefore, we have

Ni,L1 7 N3, L 9k; Gkl
Z Tkk1k2k3 wN2 ko Z h/ﬂlk’ lhk;k/ 3 [[k?/]]a/2 [[k/]]a/Q’

k1,k2,k3 AN

where h,~C J,;, = h,C v 59 (w ) satisfies (2.170)), (wn, )y, satisfies (2.171]) and Tkk ko 15 defined

in (2.80). Applying Proposition {4|and Propostion [2[similarly as in the previous subsection
(2.80). Applying Prop p y p :

we have

”'%k“k S (N1N3) %(||Tkk1k2k3||’€k1/€3—>/€2 + ||Tkk1k2k3||k‘k1—>k2k3
TRk lis ks -+ 1T, hshokaks)

Ni,L Ns,L
X ey ™ g e 1Py ™ el (0 s [ -

Then by using Lemma , (2.170), and (2.171)), we get

1

o 1—-< 1
| Z3llk S (N1N3) 2N, 27N 2 N,

which is sufficient for our purpose since Nyeq > N17% and €,v,0 < a — 1.

max

108



Case (e): (WN17WN2>WN3) of type (D’ D7 C)

In this case, we have

b, . Ns,L k!
‘%{3 = Z Tkkaka ) (le)kl (wNQ)kQ hk;’ké 3 [[ké]]i/z’

k1,k2,ks A

where h; 3k, * satisfies (2.170), (wn, )k, and (W, ), satisfies (2.171)), and the base T],Z}ZZMS
is defined in (2.80)). From Proposition and Proposition [2| we have

ba
H%ch 5 (HTkklkngHRk:&%hb + HTkkang”k‘)klekfli)

Ns,L
X Hhk;’k' : Hkg%ks H (wN1)1€1 ||k1 ” (wN2)l€2 sz
Then by using Lemma , (2.170), and (2.171]), we have

_ o o a l
1 Z3lle S Ny 2 (NiN2) ™2 ((Nawin Nomaw) ™% 4 (N1 A No)'=% (log Ny) 2 + N2),

which is again sufficient for our purpose since Nyeq = N0,

The proof for Case (f): (C, D, D) is similar to that of Case (e): (D, D, C); we omit

the proof.

Case (g): (WnN;, WN,, WN;) Of type (D, C, D)

In this case, we have

T NaLz
Z Tkklkzks (wn)m Z hk;k'z 2 [[/f/]]a/z (WN3 ks

k1,k2,ks

where hi\i’,fz = hi\fk’,f?(w) satisfies (2.170), (wn, )k, and (wp, )k, satisfies (2.171)), and the

base tensor T,t;;kaQ r; 18 defined in (2.80). From Proposition 4 and Proposition |2 we have

2
||‘%}€Hk S/ a/ (‘|Tkk1k2k3|’kk1k2‘>k’3 + ||Tkk1k2k3|’kklﬁk‘2k3>
. (2.186)
1 Pieyry g =stea | Convy Doy e [l (v s s -
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Then by using Lemma [13| Lemma [14] ([2.170)), and (2.171)) to get
| Zille S Ny * (NuNg) 7377 (N} 2 (log Na)? + N5 + (N Noa)' %),

which is again sufficient for our purpose since Nyeq 2 N, 1-0

~ max*

Case (h): (wn,, WnN,, Wn;) of type (D, D, D)

In this case, we have

b, S
‘%ﬂ = § : Tkkagkg ’ (le)kl(wN2>k2(wN3>k3?
k1,k2,k3

where (wy, )x, for j € {1,2,3} satisfies (2.171]), and the base tensor TZ%Tkag is defined in

(2.80). By applying Proposition , we obtain

3

: b, b,
| 25l S i (TR oo koo 1T R s —siais) | T 11w, s 1, -
j=1

By using Lemma |13| and (2.171)), we get

o

| Zille < (N1 NaN3) ™2™ (Nonin Noned) 2,

which is sufficient for (2.171)).

2.6.3 Random averaging operator

In this section, we estimate terms (II) and (IV), which correspond to P* and P~ of
(2.97)), respectively. We only consider the term (II) since the argument for the term (IV)
is similar. To show (2.163) for the term (II), it suffices to show

1P [zar] |0 < M2, (2.187)
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We see from the definition of terms (II) that Npeq = max(Ny, Ny) since both Ny and N
are smaller than N3 and Ns is approximately equal to M. The case where Nyeq > M0
corresponds to the high-high interaction, and we have already established ([2.187) for this

case in the previous subsection. Therefore, we will only concentrate on the case where

Niea < M'~* in the following discussion. Applying (2.125) and (2.171]), we obtain
’|Pi[ZM]||Xb 5 ”PiHyb,bHZMHXb 5 M_%_'Y‘

This completes the proof of (2.163]) for this case.

2.6.4 Low-high-low interations

This subsection shows that the term (V) satisfies the bound (2.165). It suffices to show
. We may assume that N, N3 < Ng"s; otherwise, it has been dealt with in
Subsection [2.6.2] As wy, is of type C', we only need to consider the cases for the types
of (wn,,wn,,wy,) are (a) (C, C, C), (b) (C, C, D), (d) (D, C, C), (g) (D, C, D). We set
Ny = M in this subsection.

Before proceeding, let us recall that

§ : b, No, Ly 9k (w)
‘%.k = Tkkang : (wN1>k1 : hk22k’2 ? [[k/g]]a/g ' (wN3)k3 (2188)
k1,k2,k3 K 2

where we may take that Ny, N3 < N; ~° with hgzé,fz (w) supported in the set {(k, k3); 22 <
(kb)) < Ny, |ky — k| < N5Ls}, B<r, measurable for some Ly < Nj~°, and satisfying the
bounds (2.170). We note that |ko — k5| < N5Ly < N§/2N21’5, which together with
(k) > N5/2 implies that |ko| > No/4, provided N is sufficiently large. Furthermore,
from Ny, N3 < NQI_‘S, we have

|k1 + k3| < |kal. (2.189)
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From ([2.49) and (2.189)), we have that
12k — (k1 + k3)| = [2ke — (k1 + k3)| 2 |k1 + ks3],

which, together with (2.62)), implies that the summand of (2.188]) is non-zero only for
those (k, k1, ko, k3) such that
(k. k2) € ST (2.190)

where S,ffzj is given in (2.62)). The above observation will be crucial in our later analysis.

In particular, instead of (2.188)), we will consider the following

§ : b,m No. Lo Ik, (w)
Ly = Tkk1k2k3 ’ (le)kl ’ hk;]@é ’ [[k/z]]a/2 ’ (sz)ks' (2'191)
k1,k2,k3 K, 2
|k1+k3|< k2]

Now, let us consider (2.191]) with the restriction (2.189)) (or (2.190))) case-by-case.

Case (a) : (Wny, WN,, WN;) Of type (C, C, C)

There is no pairing since N1, N3 < Ny = M. So we have

L = Z Tb:m . Z pVLL1 g No,La g N3, Ls 9k; Ik Gk
kk1koks k1K koKl k3kl [[k,/ ]] % [[kl ]] % [[k/ ]] % .
k1,ka ks K} K kG 1 2 3
|k1+E3|< k2|

Same argument as in Subsubsection followed by Proposition [2land Lemmall5] yields

b,m Ni,L1 3 No,L2 3 N3,L3
E : Thakoks hklk’l hkgk; hkgkg
k1,k2,k3

[k14-k3| < k2|

| 23 llk S (N1 N2N3)~2

Kk, kY,

3
< (N1 N2 N3) ™21ty il Thi s g, LT P07
j=1

—_&
2

SN

[NIES

S (N1N2N3)7% (N1 N3)

)

which is sufficient for our purpose.
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Case (b) : (Wn,, WnN,, WnN,) Of type (C, C, D)

Similar to the above, there is no pairing since N; < Ny = M. From (2.191)), we have

Gk gk’

_ b,m N1,Lag, 7 No,Lo
%C - Tkklkzkg hklk/ kgk/ k;/ k 7( NS)kiS?
Py ;; CHEE
|k1+ks|< k2|

where hgjéfj for j = 1,2 satisty (2.170), (wn, ), satisfies (2.171]) and Tkk joky 15 defined
in (2.80). By a similar argument as in ([2.185]) together with (|1.34)), we have

b, NoLiTNala 9K 9k
105 |5 T XA ]l
k1,ko K, K 2 k—ks
|k1+ks|< k2|
S (NiN2) ™ H1|k1+k3|<|k2\Tkk1k2k3 Hkkl]@]% H ||hk K Hk K, [ (wng ) eg s -

7j=1

Then we apply Lemma , together with (2.170f) and (2.171)), to get

@

| Z3lle S (NiNo) 5N, 2 (N1 Ng)2 SN, 2,

o
2

which is enough for our purpose.
The proof for Case (d): (D, C, C) is similar to that of Case (b): (C, C, D); we omit

the proof.

Case (g) : (WnN;, WN,, WN;) Of type (D, C, D)

In this case, we consider

b, No,L Gk,
%k - Z Tkka2k3 ) hk;k’z ’ Hk/ ﬁ% (le )/ﬁ (wN3)k3'
k1,k2,k3 Kb 2

|k1+k3| < k2|
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By a similar argument as in (2.186)), we have

-2 b,m Na,L2
| Zklle S N ||1|k1+k2\<|k3|Tkk1k3k2Hkkmkthka’Q

K, —sko H(le)kl ||k1 H (wN3)k3 ||k3

Then from Lemma , (2.170), and (2.171)), we have
_a 1 _1_ b,m
23l S Ny 2 Ny 2 Ny 2 || Lk aal<ties T s
< Nt vkt < ot
S M Ny * Ny NfNg SN, 2,

which is again sufficient for (2.168]).

2.6.5 The ['-condition case

In this subsection, we consider (2.164)), which shows that the term (VI), defined at the

beginning of Section [2.0] satisfies the bound
B (Wi, W, W) llxe S M, (2.192)

where Z is given in (2.162). Same argument as in Subsection reduces ([2.192) to the

the following estimate

| Zille S M7, (2.193)

where 2, is given in (2.169)).

To prove , we make several assumptions. To make the term (VI) non-trivial,
we should have Nya, = M. If Ny 2 M, then term (VI) can be handled in the same
way as the terms (IV) and (V). Therefore, we only need to consider the cases that N; or

N3 2 M. Due to the symmetry between wy, and wy,, we may assume N3 2> M in what

follows. To prove (2.193)), it only suffices to show

_1l_3
125l S N 27 (2.194)
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where 2}, is given in . We may further assume that Ni, Ny < N31_5 as otherwise it
has been dealt with in Subsection[2.6.2, Furthermore, we may assume that wy, = ¥n; Ly,
otherwise, it can be handled by using the random averaging operator as in Subsection
2.06.0]

Due to the projections Ay (& < [k] < M), the requirement Ny.e < % in the

definition of the term (VI), we observe that
M2

> (k) = 4 > () - 1)1/2 > [ks| = [k — k1 4+ kol > || — 2N

—> |ks| + 2Nimea > [k] > T > |ks],

(k)>¥

where I' := ((M/2)?—1)"/2. Therefore, to make 2}, is non-trivial, we need (k, k1, ko, k3) €
Br, where Br is given in (2.72)).

With the above argument, we focus on (2.194)) with

b,m __ Na,L k!
%]f = Z 1BF (ka kla kQa k3)Tkk1k2k3 . (le)kl . (U}Nz)]@ . hk‘;k;é 3 [I:k/ﬁ% s (2195)
k1,k2,ks3 ke, 3

where Ny, Ny < N3. In the following, we distinguish several cases for the possible types
of (wn,,wn,): Case (a) (C, C), Case (c) (C, D), Case (d) (D, C), Case (e) (D, D).

Case (a) : (Wn,;, WN,, WN;) Of type (C, C, C)

We start with the non-pairing cases. Same argument as in Subsubsection [2.6.2, followed
by Corollary [3] yields

o
2

g b apd o
| Zoclli S (N1N2N3) 2 | Lp TR o sk S (NiN2M)T2N2Z N2 4 S Ny 2,

min* ‘med ~o

which is sufficient for (2.194]).
We turn to the pairing cases. Similar as in Subsubsection [2.6.2] we can write ([2.195])
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(note wy, and wy, are both of type (C)) as

_ E b,m E N1,L17 N2,La 3, N3,Ls |gk/| 9k,
%k - 1BFTkk’1k2k‘3 ’ hklk, hkzk/ hk‘gk, [[kl]] [[k, ]]2
Ky ko, ks K, £k,

Ni,L17 Na,La 7 N3, L (|gk | - 1)gk’
= Z 1p.T kk1k2k3 Z hkllk/ 1hk22k’ Qhk;k/ SW
ki,k2,ks K} £k}

2 : b,m § : N1,L17 Na,Lo N3, Ly IRz gk/
+ 1BFTk‘k1k‘2k‘3 ’ hk'lk:/ thk‘/ hk‘sk/ [[kl]] [[k H 5
k1,k2,k3 k) £kl

_ ‘%k(l) + ‘%k@)'

For the first term %, k(l), we follow the computation in (2.176)) and use Corollar [3| to get

H‘%c(l)”k S NfaN;%||1BFT2]€Tk2k3||kk1k2k3 H Hhk K Hk k) N Nfa+1N;%’

which is enough for our purpose. As to the second term %, k@), we follow the computation

in (2.178]), (2.180), and (2.182) to get

H’% ||k NN o 1+6L N : ”]-Br kk1k2k3}|kk1k2k3“ fc\ilk”Ll”klk’ H Hhk K Hk —k

3a
—5 +1l+e
+ N,
3a
—a+e+0 3 A2 2 -5 +lte
<N N Nmedeln + N )
which is again sufficient since Nyijn = Nmea = V7.

Case (b) : (WN,, WN,, WnN,) Of type (C, D, C) and Case (c) : (WnN,, WN,, WN;) Of
type (D, C, C)

We consider Case (b) only as the argument for Case (c) is similar. In this case, we can

write (2.195) as

— b,m Ni,Lip Ns,Ls 9K 9k}
= 2 W Tiln, (@), D i gy LARICAES
k1,k2,ks [N 3
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By a similar argument as in Subsubsection [2.6.2, we obtain

N1,Ly N3,L3

[ Zklle S <N1N3)_%||1BFT2;ZL]€3/€2Hkklkgkthlﬁk'l ||k'1—>k1Hhk3k§

kl—sks ||(wN2)k2 sz

Then by using Corollary 3| and (2.170])-(2.171)), we get

_’Y(NminNmed)% 5 N3 )

NI
NIS)

| Zille S (N1N3)"2 Ny
which is sufficient for our purpose.

Case (d) : (wn,,WnN,,WnN,) of type (D, D, C)

Similar argument as in Subsubsection from (2.195]) we have

| Zrlle S N;% HlBFTz;sTkskzHkklkzkthfC\ggk’fv,L3

ky—ks ||(wN1)k1 ||k1 ||(wN2)k2 ||k2

S (N1N2)7%77N3_%HlBFTZkT/%kQHkklkgkg

=3 =3
2 2

< (N1N2) "2 "Ny ? (NypinNimea)? < Ny 2,

where we applied Proposition [2|in the second step, which is again sufficient for (2.193)).

2.6.6 Resonant case

Finally, we estimate term (VII), the resonant case. In this case, we may assume M =

Ny = Ny = N3. If (wy,, wn,, wy,) are of type (D, D, D), then we have

IX(VID e S 1R (wny, iy, wivg) (8] 22,

- (/Rzk: |(wN1)k(wN2)k(wN3)k|2dt) L

_3_
5 H ||le||X?1§ 5 H ||wNi||Xb 5 M~z 37’

=1 =1

~

where we used ([2.103)), which is sufficient for (2.96|).
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If (wn,, wn,, wn,) are of type (C, C, C), i.e. Case (a). We have

IX@)(VID|Lxo S IR(wn, ;s wiy, wi) (@) |22,
where wy is given by (2.102]). We only consider the non-pairing cases, i.e.

(R(IUM s Wy, ng) (t)) k

9! G’ Gk
=X(1) D Thkiho he O (4 P (£ e 2t
Mzk kkzk L T N IHAH AR

kg ¢k k)

Then, from Proposition [4 and then Proposition [2], we have

[R(wny, Wiy, Wiy ) () HL%x

_3a N1,L17 N2,La 3 N3, L
S M HX(t)hkkl’l e 3||L%(kk’lk/2k§)

STEM ™ BN | o ooy P 22 e o) | P ™ | e sy

kK, Kk, kK,
e T v o
5 —=x b j g b 5
STzM™> 1_[1 1) hkjk;J(T” LR, [(7) hksgkg3<7)} L35, )
J:

a 1
<TeM-ENZT <TaM,

where we used the fact b > % and (12.103)), which is sufficient for (2.96)).

All the intermediate cases, from Case (b) to Case (g), can be controlled similarly.

2.7 Proof of Theorem [5

We are ready to prove Theorem [5] by using Proposition [5]

Proof of Theorem [5l From Proposition 5] it follows that T-certainly, the event
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Local(M) holds for any M. Recall the decomposition (2.43)) that

yv =x(OFn + > BV () F] + 2n(t)

1<L<Ly

=X(OFv+ Y OVF[EN]+2n(D)

1<L<LyN

(2.196)

where Fy is given in (2.27)), b and hN-L are the operators given in ( - and - and
zy is the solution to (2.31)). From the definition of Local(M), we see that for each N, the

decomposition of yx in the above is well defined, i.e. both h ™% and zx are well-defined.
To prove the local well-posedness part of Theorem [3] it suffices to justify the convergence

the summation ) yy in some proper sense.

From . and - we see that

uy = Z Fx  converges in H%_(T). (2.197)

N>1

From ) and - we also have that
ikx gk’
g e E hkk/ [[kl]]a/Z’ (2.198)

where hkk, the kernel of h™F given in 0) and - is independent of {gw } n/2< (k)<

Therefore, by using Proposition {4 (as well as Remark , we obtainﬂ

2

1™ E (] 20, = / (r)? dr

N,L 9K
thk’ ( )[[k/]]a/2
SV [ PR + IR OI)

N DMy + 15 1)

<N—aL—260 + Nl—a+2’ygL—1

G

(2.199)

1—a+2 —26
SN 'VOL 07

'Here, strictly speaking, to use Proposition one needs to use a standard meshing argument used in
[34, Lemma 4.2, Claim 5.4], [35, Proposition 6.1], and [36] Subsection 3.4, Subsection 4.1].
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where we used (2.94]) in the second to last step. Then from (2.95)), by choosing k > 1
large enough, we have |k — k| < LN® for some 0 < ¢ < 1. This together with (2.198)
implies that the Fourier support of hN"[Fy] is N/4 < |k| < 2N. Therefore, from (2.199)

we have that

pRURCLN| IR el i A
1<L<Ly CYH, ? 1<L<Ly X”(J)
a—1_ ~
SNz 77 Z 5™ [Fn]llxe )
1<L<Ly
<N,

where we used the fact that b > % Also, recalling that 79 < v, we thus conclude that

Z Z HNLIx(-)Fn] converges in C(J; HQT_I_V(']I‘)) C C(J; L*(T)) (2.200)

N>11<L<Lpn

by choosing v < 1.

From ([2.96)), we see that

Z zy  converges in Xzt b, (2.201)
N>1

and thus in C(J; Hz+7(T)).

Finally, by collecting (2.196), (2.197)), (2.200]), and (2.201)), we conclude that the se-

quence
N

un = E Ym
M=1

converges in C(J; H ~(T)) which is a subset of C(.J; L%(T)), i.e. there exists a unique
uwe C(J; H 2 ~/(T)). O
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2.8 Proof of Theorem [T

This section proves Theorem EI, which claims that the second Picard iterate Z](\?) given in
(2.19) converges in H 2t almost surely when a > 1, while fails to converges in L? almost

surely when o = 1.
We start with Theorem [7] (i). This part actually follows from Subsubsection2.6.2] To

see this, we note that the interaction representation of ZJ(\?) is

S(=1) 2 (t) = x(1) / ()S(—)TTy K'ZN“'>'2 - gﬁ |ZN<tf>|2dx) ZN@] at
= x(t) /0 t Iy M(Fy, Fy, Fy)(s)ds (2.202)

:%<ﬁN7ﬁN7ﬁN)a

where &7 is given in (2.161) and Fly is similar to the Fy given in (2.27) but with large

support, i.e.

Fy = Z oike &C‘Q .
N1=0<k<N [[k]] ’
We note that (2.202) is a special case considered in Subsubsection [2.6.2] i.e. the high-high
interaction with Nyeq = N1-¢ and wy,, wy,, wy, are of type (G). Then from (2.163), it

~Y max

follows that
1282 xos = 1/ (Fiv, Fo, Bl N

which finish the proof of Theorem [7] (i) since b > 3.

Now we turn to Theorem [7] (ii), i.e. the case when a = 1. We can rewrite

_ 3
(2) k1 ks Gks
(ZN (t>)k = Z 1 1 1 1(k)<N H 1N1*5<kj<N . @(ta (I)),
kr—katke—k 1] 2 [R2] 2 [Rs] 2 i=1
kod{k1,k3}

where

t
O(t, ®) — vs(t)e ¥ / st ¥y
0
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and

(k) = [kr| — |ka| + |Ks| — [K].

We observe that if £ > 0 and k; > 0, then ®(k) = 0 on the hyperplane k = k; — ks + k.

We also note that [©(t,0)| = xs(¢) fot xs(t")dt' for |t| < d. Then it follows that

(BN 0l21)’
- o, ®)[* :
= Z Z kml(k)<NglNl—5<kj<N

kEZ k1—ko+ks=

ka@{k1,k3}
O(t,0))? -
2 —1 <k<N 1 1-6 .
;klk;%:k Y 11 A (2.203)
kag{k1,ks},
Z 10(t,0)]? > (N1 N2 N3) ™

N175<N1,N2,N3§N/4

3
X (Z Z 1ogngH1Nj/2<kj§N]->,

k  ki—kotks=k =1
ko {k1,k3},

where N7, Ny, N3 are dyadic numbers and Sy is the set given by

SN - {(kvkla kQa k?)) € Z4;]€1 - k? + k:3 - k7k2 Q {kla k?)}a

0<k< N,k € (N;/2,N;)},

such that N1=% < Ny, Ny, N3 < N/4. Then it is easy to see that
|Sn| = }{(klak%k:ﬂ) € L% ko & {ki, ks}, k; € (Nj/27Nj)}’ 2 N1N;y N3,

which together with (2.203) implies

EIZ200:]) zl1000F Y 1zl

N1=8<Ny,No,N3<N/4

This finishes the proof of Theorem [7] (ii).
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CHAPTER 3

FOCUSING GIBBS MEASURES

3.1 Introduction

Gibbs measure for the fractional Schrédinger equation posed on the torus T¢ = (R/(277Z))<,

is formally given by

1
Aoty = 20 (£ [ Jade ) it (3.1)
T

for p > 2, where Z, 4, is a normalisation constant and f, is the Gaussian measure

formally given by

dftea(u) = Z; e~z Jra D Puldeqy = 7+ aIle 2 M1 g (Rewy )d (Tmuy, ), (3.2)
k0

where Z, 4 is a normalisation constant, D2 = (/—A)*/2 is the spatial fractional deriva-
tive defined as the Fourier multiplier F,(D%?u)(k) := |k|*/?uy, and uy := (Fyu)(k) is
the k-th Fourier coefficient of u. In , the plus sign in the exponent stands for the
focusing case; whereas the minus sign stands for the defocusing case. In this chapter, we
merely focus on the focusing case in the measure construction part of this thesis. When
a = 2, the measure dy, 4 represents the massless Gaussian free field on T¢. The Gaussian

measure dj, 4 given in (3.2) can be defined as the law of the distribution-valued random
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variable

viw e u?, (3.3)

with u* given by the following random Fourier series:

u¥ (gj) _ gk(w) eilmc’ (34)

where {g;} reza\{o} denotes a sequence of independent standard complex-valued Gaussian

random variables on a probability space (2, F,P). By the law of the random variable ~
given by (3.3)-(3.4)), we mean P o y~1. Namely,

dptaa (A) :==Pory ' (A) =P(y'[4]),

for all subsets A of the set of distributions on T¢. When d = 1, the series represents
the mean-zero Brownian loop when o = 2 (namely u(0) = u(1)), and the mean-zero
fractional Brownian loop when 1 < a < 3. See [80], Section 5]. It can be proven that for
any 1 < ¢ < ooand o < %% uin belongs to W“’q(Td)\WaTﬂi’q(']I‘d) almost surely.
Here a statement holds almost surely means that the statement holds with probability

one; and W?4(T?) denotes the (complex-valued) homogeneous Sobolev space
W4 .= {u;u is a distribution on T¢ such that [wllyirea(ay < 00}

with

[ullyiro.a(ray = 1D ull Lacray = 1 (1517 wk) | ooy

See [19] for details. When o > 0, u € W?4(T?) is a function, while it is merely a
distribution when o < 0. Therefore, the series in (3.4]) is a function if & > d, and is a
distribution when o < d. For the latter case, the potential energy jzzl7 fw |u[Pdx in (3.1)
does not make sense as it stands and hence renormalisation is needed. In this thesis, we

focus on the case o > d where the typical elements in the support of d, 4 are functions.
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The Hamiltonian (energy functional) associated with the Gibbs measure dp, 4, in

(3.1)) is given by

1 1
H) =+ [ [Do72u2de + & / lufPda. (3.5)
P Jrd

2 Jpa
The construction of the Gibbs measure is interesting not just in the subject of mathe-
matical physics, including areas such as constructive Euclidean quantum field theory, but
also holds significance in the study of Hamiltonian PDEs [68], 2], [3], [82], [83], 8T, 84, 85]. An
important example of Hamiltonian PDEs corresponding to the Hamiltonian is the

following fractional nonlinear Schrodinger equation:
i0u — D% = 4|ulP2u, (3.6)

where D% = (v/—=A)? is the spatial fractional derivative defined as the Fourier multiplier
Fo(Du) (k) := |k|*ug. The equation represents the nonlinear Schrédinger equation
(NLS) for a = 2 ([2, 3]), the biharmonic NLS for aw = 4 ([93, 86} ©94]), and the nonlinear
half-wave equation for v = 1 ([50} [70]). In the seminal work [2] 3], Bourgain proved that
the local-in-time dynamics of can be extended globally in time by employing the
Gibbs measureﬂ as a replacement of a conservation law. Over the last decade, there has
been tremendous progress in the study of this subject. For a survey on the subject, see
[20].

The main challenge in constructing the focusing Gibbs measure dp, 4, in arises
from the potential energy being unbounded from above. Indeed, given (3.4) and the fact

that ¢*(Z%) C (P(Z?), we see that

. /2 LillP lgg 1P
E,, [0 79") 5 B, [ ] > ] E[er] — oo
kezZd\ {0}

IStrictly speaking, we need to modify the massless fractional Gaussian free field dj, 4 in (3.2) by the
massive one to avoid an issue at the zeroth frequency. See Remark
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for p > 2, where FLP(T¢) represents the Fourier Lebesgue space defined by the norm

1/p
I (Z \um) .

kezd

To overcome this difficulty, in a seminal work [68], Lebowitz-Rose-Speer proposed to

consider a mass cut-off for the focusing Gibbs measure:

. 1
dp2ipk = Za1 e L{llul 200 <K} OXP (5 / !U\pdﬂf) dpiza(u). (3.7)
T

In [68, 2, B5], Lebowitz-Rose-Speer, Bourgain, and Oh-Sosoe-Tolomeo proved that the
focusing Gibbs measure on the circle T is normalisable for (i) 2 < p < 6 and all
K > 0 and (ii) p = 6 and all 0 < K < [|Q||z2r), Where @ is the (unique) minimiser
of the Gagliardo-Nirenberg-Sobolev inequality on R (see Section with HQHGLG(R) =
3||Q'||%2(R), while it is non-normalisable for (iii) p > 6 and (iv) p = 6 and K > ||Q||z2(r)-
See also Table L1l

The main purpose of the measure construction part of the thesis is to extend the
results in [68, 2, 85] to higher dimensions. To this purpose, we gain some smoothing

effects by moving to fractional setting and consider the following focusing Gibbs measure

(as a generalisation of (3.7)):

_ 1
Apadpsc = Zo g1 Llull o pay <K} OXP (]; /Td |U|pd$) dptaa(u), (3.8)

with o > d (such that the random Fourier series in defines a function). Our goal is
to identify the sharp condition on (v, d, p, K') such that dp,qp x can be normalised as a
probability measure for @ > d. More specifically, for the subcritical case (i.e. 2 < p <
270‘ +2), we show that the focusing Gibbs measure dpq 4, x in is normalisable for any
K > 0, while we show its non-normalisability for any finite K > 0 for the supercritical
case (i.e. p > 270‘ + 2). For the critical case (i.e. p = 270‘ + 2), we then prove the existence

of an optimal mass threshold, given by an optimiser for the Gagliardo-Nirenberg-Sobolev
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inequality on R? (see Subsection . Below this optimal mass threshold, the focusing
Gibbs measure dp, qp & is normalisable, while it becomes non-normalisable above it. See
Theorem [8| See [84] for the case a = d. We refer the reader to [85] and the references
cited therein for additional context and further background.

We now state our main result for this chapter.

Theorem 8. Letd > 1, a > d, and p > 2. Given K > 0, define the partition function
Za,d,p,K by

1 u|Pdx
Za7d7p7K = Eﬂa,d |:ep de' ‘ 1{||u||L2(']1‘d)§K} Y (3'9)

where K, , denotes an expection with respect to the law piqq of the random Fourier series

in (3.4). Then, the following statements hold:
(i) (subecritical case) If 2 < p < 2 =+ 2, then Zgqpx < 00 for any K > 0.

(i) (critical case) Let p = 2% 4 2. Then, Zaapx < o0 if K < ||Qr2may, and Zagpx =
oo if K > ||Ql|2aey. Here, Q is the optimiser for the Gagliardo-Nirenberg-Sobolev

inequality on RY such that HQHLP(Rd §|\D°‘/2Q\|L2(Rd
(iii) (supercritical case) If p > 2% + 2, then Zy px = 00 for any K > 0.

We summarise the result in Theorem & in the Table B.1l

2<p< +2 p——+2 p>—+2
K <|Q] r2rey  hormalisable normalisable non-normalisable
K = Q|| 2gay normalisable — non-normalisable

K> Q] r2rey  Dormalisable  non-normalisable non-normalisable

Table 3.1: Normalisablility and non-normalisability of Gibbs measures dpg,qp k-

Remark 14. The sharpness of @ > d comes from a comparision with [84]. In [84], the
authors proved that, in the case a = d, the corresponding focusing Gibbs measure is non-

normalisable even after renormalisation. Also, the condition o > d is needed, as otherwise,
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the potential function in (3.8)) is ill-defined and we need to introduce renormalisation,

which changes the Gibbs measure.

As mentioned above, Theorem [§ extends the one-dimensional results in [68] 2, [85] to
d > 1 and a > d. We continue to provide a brief summary of the known results in the
one-dimensional case. When o = 2 and d = 1, [68] proved the non-normalisability in
Theorem [ (the non-normalisability of for the supercritical case and the critical case
with the mass cut-off size K > [|Q||;2r)). The argument in [68] was based on a Cameron-
Martin type argument and the sharp Gagliardo-Nirenberg-Sobolev (GNS) inequality (See
Subsection [1.3.6):

P <C ES [ 3.10
[ellze gy < Cansllwl g gy llull 22wy (3.10)

where Cgns is the optimal constant. [68] also proves the normalisability in Theorem
for the subcritical case in Theorem [§| essentially but with a gap, and then Bourgain [2]
gives the correct proof. Bourgain [2] also proves normalisability in Theorem [ for the
critical case with sufficiently small K. In [2], Bourgain’s argument to obtain this result
is based on dyadic pigeon hole principle and the Sobolev embedding theorem. Recently,
Oh-Sosoe-Tolomeo [85] refined Bourgain’s argument and used the sharp GNS inequality
to prove the normalisability part in Theorem |8 (ii), thus identifying the optimal mass
threshold at the critical mass nonlinearity. In the same paper, Oh-Sosoe-Tolomeo also
proved the normalisability of the focusing Gibbs measure at the critical mass threshold
K = ||Q| 2r) when o = 2 and d = 1 with p = 6. See Remark .

The main difficulties in proving Theorem 1.1 stem from the non-local nature of the
fractional derivatives D*? = (y/—A)*/? and the non-integer critical exponent p = 2 +
2. In particular, the non-local derivative causes extra difficulty in localising the GNS
inequality, initially on RY, to the torus T?. Inspired by [19], we utilise a characterisation
of the H*/ 2(R%)-norm based on high order difference operators ([3.18)). We then proceed
to prove an almost sharp GNS inequality on the torus T? (with the sharp constant Cgoxg

in (3.10))) by applying this new characterisation. See Proposition @
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With the almost sharp GNS inequality on the torus T¢, our proof of Theorem |8 is
based on the variational approach developed by Barashkov-Gubinelli [17] and is different
from those in [68] 2, 85], thereby providing an alternative proof of the results when d = 1
and o = 2. We first represent the partition function Z, 4, x in as a stochastic
optimisation problem, by applying the Boué-Dupuis variational formula (Lemma .
We then prove the normalisability part of Theorem [§| by using the almost sharp GNS
inequality on the torus T¢. As for the non-normalisability part, the main task is to
construct a sequence of drift terms along which the partition function diverges. Our
construction of such drift terms is based on a scaling argument, similar to that in |68} [85].
We point out that our proof of Theorem 8] based on the variational approach, is essentially
a physical space approach, rather than the Fourier side approach in [2 85]. It is thus
expected that our method is more flexible in geometric settings. See also Appendix B in
[84], where the variational approach was used to prove Theorem |8 (i) with a > d and

p=4.

Remark 15. The key idea in proving Theorem [§| lies in controlling the potential energy

2

1
;HUH He/2(Td)

) by the kinetic energy ] under the constraint ||ul|p2rey < K. From

P
Lr(Td
Gagliardo-Nirenberg-Sobolev inequality Proposition [6], we see that the subcritical case
2<p< 270‘ + 2 corresponds to weaker potential energy. The critical exponent p = 270‘ +2
leads to the equivalence of potential and kinetic energy, where a restriction on the size K

is needed to guarantee the normalisability. However, for the supercritical case p > 27“ +2,

the kinetic energy losses control of the potential energy no matter how small the mass is.

Remark 16. As in [85], Theorem [§ also applies when we replace the mean-zero fractional

Brownian loop in (3.4) by the fractional Ornstein-Uhlenbeck loop:

w _ I6(W) ke
u”(z) _;Zd <k>a/2ek , (3.11)

where (k) = (1 + [k|*)"/? and {gi}yeze is a sequence of independent standard complex-

valued Gaussian random variables. See Remark 4.1 in [85]. The law dji, 4 of the fractional

129



Ornstein-Uhlenbeck loop in (3.11]) has the formal density
~ 7—1 *%”“”2 /2 rd
dfia,qg = Z(Lde HA2(Th) dyy.

As seen in [2], the measure dfi, q is a more natural base Gaussian measure to consider for
the (fractional) nonlinear Schrodinger equation due to the lack of the conservation
of the spatial mean under the dynamics.

Note that Theorem [§] also holds in the real-valued setting (i.e. with an extra assump-
tion that g, = g in (3.4)). For example, this is relevant to the study of the dispersion

generalised KdV equation on T:
O+ D*Opu = 0, (uP™h).

Remark 17. We point out that Oh-Sosoe-Tolomeo [85] also showed the normalisability
of the Gibbs measure at the critical mass threshold when o =2, d = 1 and p = 6.
This result is quite striking in view of the presence of the minimal mass blowup solution
(at this critical mass) for the focusing quintic NLS on T. We will not pursue this question
for the fractional focusing Gibbs measure (|3.8)), as their argument is beyond the scope of

the framework developed in this thesis.

Remark 18. Since a > d, Theorem |8 only considers the non-singular case, namely, the
measures di g and dp,qpx are supported on functions. One of the reasons for only
considering the non-singular case is that the bifurcation phenomena at the critical mass
(Theorem [§] (ii)) are only possible when a > d. As soon as a < d, we need to introduce a
proper renormalisation to define the potential energy % de |u[Pdx, which necessitates p to
be an integer. When a = d, it was shown in [211 [84] that the renormalised focusing Gibbs
measure dpa ;4 (with p = 4, critical), endowed with a (renormalised) mass cut-off, is not
normalisable. It was also shown in [84] that with the cubic interaction (p = 3, subcritical),
the renormalised focusing Gibbs measure dp%’d’&  endowed with a renormalised mass

cut-off is indeed normalisable. When d = 2, this normalisability in the case of the cubic
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interaction was first observed by Bourgain [6]. When d = 3, it has recently been shown
that the cubic interaction (p = 3) exhibits phase transition between weakly and strongly

nonlinear regimes. See [89] for more details.

Remark 19. While the construction of the defocusing Gibbs measures has been exten-
sively studied and well understood due to the strong interest in constructive Euclidean
quantum field theory (see [102] [40]), the (non-)normalisability issue of the focusing Gibbs
measures, going back to the work of Lebowitz-Rose-Speer [68] and Brydges-Slade [21],
has not been fully explored. See related works [99] 111, 27, 81, 85 84 89 109] on the
non-normalisability (and other issues) for focusing Gibbs measures. In particular, recent
works such as [88, 89] employ the variational approach developed in [I7] and establish

certain phase transition phenomena in the singular setting.

3.2 Gagliardo-Nirenberg-Sobolev inequality on the torus

In proving Theorem [§, we need the almost sharp Gagliardo-Nirenberg-Sobolev inequality
on T

For a function u defined on T¢, we define the H*(T¢) norm via

[ A S i (T (3.12)
kezA\ {0}
Due to the scaling invariance of the minimisation problem ([1.48]), it is expected that the

GNS inequality ((1.47)) also holds on the finite domains T? with the same optimal constant.

Proposition 6. Let d > 1 and let (i) p > 2 if d < 2s, and (i) 2 < p < 24 if d > 2s.

Then, for sufficiently small § > 0, there is a constant C' = C(§) > 0 such that

24 B 2 (25—d)

el pay < (Cans(d, p, )+5)|IUIHS Td)ll I5aczz = + CO)lulla e (3.13)

for u € H*(T?), where Cgns is the constant defined in (1.49) and (1.52)).
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The main difficulty in showing Proposition [6] is due to the non-local nature of the
fractional derivatives. To circumvent this difficulty, we will use the characterisation of the
H*(R%) norm (1.46) based on the L?-modulus of continuity. We will continue to recall

this characterisation. Notice that when 0 < s < 1, one has

) WP g, [ [ M)
—————dad dad
/Rd/Rd \x— ‘d+25 e Rd JRd |yl 2 B
(e [y it pag
= —_ u .
R4 N

Denote the inner integral, a convergent improper integral for 0 < s < 1, by

2miy-§ 1|2 |627riac1 _ 1‘2
d, s) = [¢]7% |e—d :/ ————dz |, 3.15
ad o) =1 [ S (= [ ). @)

which is a constant, i.e. independent of . From ({3.14]) and (3.15)), we have the following

(3.14)

characterisation of the H*(R?) norm in (T.46) (see for example [19]),

ju(z) — u(y)P
il = o)™ [ [ |x_y|d+23 Jule) = ww)l gy, (3.16)

We remark that on the torus T the H*(T%) norm defined in has a similar equivalent
characterisation. See [19, Proposition 1.3]. However, the identity as fails for the
torus case due to the lack of rotational invariance.

By using high-order difference operators, we may generalise to the cases s > 1.

In particular, we have

lull

[Aju(z
Fo(Rd) = = ¢x(d, s) /Rd /Rd |y|d+2 dxdy, (3.17)

where A’yf is the k-th forward difference operator with spacing y defined by

Abu(z) = S (-1 ICu(x + jy), (3.18)

Jj=0
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where CY are binomial coefficients, and

(d ) / |627riz1 o 1|2kd (3 19)
c s) = ——dx. .
kA%, R | |42

The proof of (3.17)) is similar to that of (3.16]). We thus omit the details.

Now we are ready to prove Proposition [6]
Proof of Proposition [6] For the pedagogical purpose, we present the proof for the case
0 < s < 1 before demonstrating the general case s > 0, as the former is less complex in
terms of notation.

We first consider 0 < s < 1. Let ¢ € C§°(B(0, 3)) be a bump function with |[¢[|r: =1
and ¢s(z) = 6-%)(%). Define ¢5(z) = L 14951 a5 x1)s(x). Then the following properties
hold

(i) ¢5 € C5o(T7),

(i) ¢s(x) =1 for z € [~ + 35,1 — 3],
(iii) ¢s(z) =0 for x € ([~ + 0,1 — d]%)°,
(iv) |Ds¢s(z)] < 6° for all z € RY.

Let

_1 11d.
u(;(x) _ ¢5(SL’)U(Q}), S [ 27 2] ) (320)
0, otherwise.

First we claim there exists C'(d) > 0 such that for any u € LP(T?) there exists x, € T¢

satisfying the following

HuHip(qrd) < (14 C(d)6)|ds(-)ul- + xO)Hip(Rd)- (3.21)
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From the definition of ¢s, it suffices to show

[l pay < (1 C(d)8) u(- + o) 17, (3.22)

([-1+36,3-30]%)"

We show (3.22)) inductively. Recall that § << 1. When d = 1, we may split the interval

[—3, 3] into k = [g5] many equal subintervals. Then, from the pigeonhole principle, there

must be a subinterval, say the j-th subinterval [—3 + j%l, -3+ %], such that

which implies

1 1
1 [ 2j — 1
]u(x)\pda:<(1+—)/2 *u(a+ 2 )|a
T ko) i 2k

1_35 .

2 27 — 1\ P
< P
_(1+125)/_1+35‘u<$+ o > dz,

2

provided ¢ is sufficiently small. Thus we conclude (3.22)) for d = 1. Let us assume ((3.22)
holds for all 1,2,---,d — 1 dimensions. Then for x € T¢, we may write = (2, 74) such
that 2/ € T?! and x4 € T. Then, from our assumption, there exist 29 € T and zj, € T¢"*

such that

\u(aj)|pdx:/</ \u(m’,xdﬂpdx')dajd
T T \ Jrd-1
1-35
< (1+C9) / </ lu(z', zq + x2)|pda:’> dzy
Td-1

1
—1+35

135
2
(/ lu(z!, xq + x2)|pdxd) da’
d=1 NS 3436

§(1+05)/

T
1
5'—36

< (14 C8)(1+C(d 1)) / (/ ula’ + 5, g + 2Pz d,
—1+306,4-36]9-1 —1+35

where we used the assumption in the second and fourth steps. Thus we finish the proof
of ([3.22)) for d dimension by taking zy = (zf,2%) and C(d) = 1 + (C(1) +2C(d — 1))
provided C(1)6 < 1.
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From ({3.16)) and (3.21), for the translated u(- + zy), still denoting by uﬂ, we have

HuHLp (T4) < (1 + C(S)HutSHLp Rd)

2+7 2s—d)
< (1+C6)Cans(d, p, )HustHs Rd)HuéHLz Ri)
| WP, N
U5 — Us 4s 2(25—d)
< (14 C6)Cans(d,p, s )<01 (d, s) /]Rd /Rd - _y|d+28 dx dy) |u HLQ(W) )

To prove (3.13)), since p > 2, it suffices to show that

u
[ [ = gy < (14 Ol + COlalies: (2

Since the integrand % in (3.23)) is supported on (z,y) € (T4 x R?) U (R? x T9),
lz—y| 9+

we have

|us(x) — us(y) / / |us (@
LHS of (3.23)) < d d C ————dxdy. .24
50 ~ Jra J1a |9U — |d+28 v Tdye JTd |x - |d+28 Y (3 )

For the second term in ((3.24)), since |z — y| > ¢ in the integrand, we have

Jus(@)[* 1 o
/’JT y’d+23dxdy 5 (>3 ’y|d+2sdy Hu(SH%Q(Td) S 0 2 Hu”%Q(Td)? (325)
Yy

dye JTd ’13 —

which is sufficient for (3.23)). Now we turn to the first term in (3.24]). We note

Jus(z)—us(y)|* = [ds(z) (w(z) — u(y)) + (ds(x) — Ps(y))u(y)|*
= |¢5(2) (u(@) — u(y))]* + [(¢s(x) — 5(y))u(y)l”
+2¢5(2)(¢5(x) — ds(y)) (ulx) — uly))u(y).

'We note that (3.13)) is invariant under translation.
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Thus we have

[ [, [ R,
T4 JTd |$—y|d+2s td Jra T — y|dt2s
/ [95(2)(95(x) = ¢s(y)) (ul) — ul))u®)l 4,

o — gl (3.26)
o (o)l

M—M”%

= A + Ay + As.

For the term A;, we have

) —u(z + 2)?
A dzd
' /]l‘d/02 2|2 )

) ’627rix~n _ 1|2 N N
= 3 (0 [, o

neza\ {0}

(3.27)

where B(0,2) C R? is the ball centered at 0 with radius 2. It is easy to see that

) |827r1x-n - 1|2 ) |e271'1:1:-n 112
In|” S/B(Oz) de <I|n|” S/Rd de = c(d, s),

which together with (3.27)) shows the contribution from A; is bounded by the right-hand
side of ([3.23). For the term Aj, since s < 1, we have

_2 2
A < o /’]I‘d Td ’x ’d+2s dedy S—/ 0 HUHLQ(’]I‘d)a (328)
which is sufficient for our purpose. For Ay, by Young's inequality we have
1
Ay < 0A; + 51437 (3.29)

which is again acceptable. By collecting (3.26)), (3.27)), (3.29)), and (3.28)), we finish the
proof of (3.23)) and thus (3.13]) when 0 < s < 1.

In the following we consider the case s > 1. Assume s € [k — 1, k) for some k € Z,.
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Similarly to (3.23) in the case 0 < s < 1, it only needs to show

|Aku<s 2 ) ,
/Rd /R T d dz < (14 C8)ci(d, s)|[ull}e ey + C )|t 327a)-

Similarly to (3.25) and (3.27)), we may reduce (3.30) to

‘Akué 2 ) )
L1, s < (1400, Dl + OOl

In the following, we prove (3.31]). First note that

k

Abus(z) = Ap(es(x)ulz)) = Y CLAT s(@) Aula + (k = j)y)-

J=0

Therefore, we have

/ / [Byus@F | o
ydx
Td J B(0,k) |y|dt2s

/ / | 2o LAY Ts(x) Al + (k = j)y)?
1 J B(0,k)

|y|d+2s

|ths () Abu(x)[?
dyd
/]l‘d/ B(0,k) |y|d+28 !

CLAY s(n) Aju(e + (k= j)y)
dyd
L. i

|y|d+2s

dydx

J;,gg y’d+25

= By + By + Bs.
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/ / Ci AL Ipy(2) Aule + (k — J)y) CLAE () Alula + (k — O)y)
Td J B(0,k) |

(3.30)

(3.31)

dydx

(3.32)



For the term B in (3.32)), we have

B / / | il d dz
Y
' T J B(0,k) |?J|d 2

‘e2myn o 1|2k

— 2
5 o S 0

nezd

< al(d,s) Y nl*ful,

neza

where ¢ (d, s) is defined in (3.19)). Thus the contribution of Bj is bounded by the right-

hand side of (3.31]). Similarly, we can control Bs in (3.32)) as

- o . o
Ak~ ANz + (k —
3252// |A; 7 s(2) Al u(z + (k= 7)y)| dyde
- Td J B(0,k)

47
Adu(z + (k= j)y)?
2(h— | y
N Z o2k / B0 |y|d+25—2(k—j) dzdy

| 2

e 3.34)
<Y ) / / e dyda (
jzo B(0,k) |y|d+28 2k

k-1

S Z 6_2(k_])||u| 12ﬁ1s—k+j('ﬂ-d)
j=0

S 5||U| Hs(T4) + C(é)“uH%?(’H‘d)?

where in the last step we used the interpolation between L*(T%) and H*(T%). This shows
that the contribution of B, is acceptable.
Finally, we turn to Bs in (3.32). When j < k and ¢ < k, by Holder’s inequality we

have

Ll Ay a(a)Ajule + (k = DCEAy s(@) Nyt + (k= Oy) o
Td JTd

’y‘d+23

which is bounded by ([3.34). Without loss of generality, we only consider the case j = k.
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Then we have ¢ < k. By Young’s inequality we have

K N ¢ -
/ Ps(@) Ayu(a) Cp Ay s () Ayu(x + (k g)y)dxdy S 6B1 + C(0) By,
Td JTd

’y|d+23

which is again sufficient for our purpose in view of (3.33)) and ([3.34]).
This finishes the proof of (3.31]) as desired. O

Remark 20. Let u be a function defined on R%. With a slight abuse of notation, we also

use u to denote its restriction onto T¢. It follows from (3.17) and (3.19) that

|e27riy-n o 1|2k .
o= 2 (], Wdy -

nezd

Ak
! / / | dydz (3.35)
Td JRd |?J|d+25
; x)[?
— y
= % /]Rd/]Rd |y\d+25 dady = [lul

where k = [s] is the largest integer less than s.

7

Hs(R4)

3.3 Proof of Theorem

In this section, we prove Theorem [8, which provides sharp criteria for the normalisability

of the Gibbs measure ([1.29)) with focusing interaction.

3.3.1 Variational formulation

In order to prove Theorem [ we recall a variational formula for the partition functional

Zoapx asin [85]. Let W (t) denote a mean zero cylindrical Brownian motion in L*(T¢)

W(t)= > Bu(t)e"”

nez\{0}
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where { B, },eza\ j0} is a sequence of mutually independent complex-valued Brownian mo-

tions. Then define a centered Gaussian process Y, (t) by

By(t)

e (3.36)

Yolt) =DPW(t) = Y

neZ4\{0}

We note that Y, (t) is well-defined and

nezd\ {0} nezd\{0}

i = 3 SR - 3 e

provided oo > d. In particular, we have
Law (Y,(1)) = ta.a, (3.37)

where 11, 4 is the massless Gaussian free field given in (3.2)).

Let H, be the space of drifts, which consists of mean zero progressively measurable
processes belonging to L*([0, 1]; L*(T?)), P-almost surely. One of the key tools in this
thesis is the following Boué-Dupuis variational formula [I4] [113| [14]. See also [15] for the

infinite dimensional setting.

Lemma 17. Let Y, be as in (3.36) with o > d. Suppose that F : Hand*(’]I‘d) — R is

measurable and bounded from above. Then, we have

_logE[@—F(Ya(l))] = inf E[F(Ya(l) + 1,(6)(1)) +%/01 ||0(t)||%%dt}, (3.38)

0eH,

where [,(0) is defined by

I,(0)(t) = /0 t D=2 0(7)dr

and the expectation E = Ep is with respect to the underlying probability measure P.

'E[|Y4(1)|?] is constant in z.
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Since we only consider the non-singular case a > d, then Y, (t) and ,(0)(1) enjoy the

following pathwise regularity bounds.

Lemma 18. (i) Given any o > d and any finite p,q > 1, there exists C,, > 0 such that
E (Yo oza)] < EYaD)I]w )] < Cap < 00. (3.39)
(ii) For any 0 € H,, we have

TRGI - / 10(t) 2t (3.40)

Proof. Part (i) follows from Hoélder’s inequality, Sobolev embedding, Minkowski’s in-
equality, and Wiener chaos estimate [20, Lemma 2.4] with & = 1. As for Part (ii), the

estimate (3.40)) follows from Minkowski’s and Cauchy-Schwarz’s inequalities. O

3.3.2 Integrability

In this subsection, we demonstrate the proof of the integrability part of Theorem [§
Namely, we prove the boundedness of Z, 4, x (i) for all K > 0 when 2 < p < 2‘” + 2
and (i) for all K < ||Q||r2rey when p = 2 4 2, where Q is the optimiser for the GNS
inequality on R%.

Proof of Theorem (8| - (i) and the first half of (ii). It suffices to show the following
bound

Zavdvva = E/La,d [eXp(Rp(u)) ’ 1{||u||L2(Td)SK} < 007 (341)

where R,(u) is the potential energy denoted by

Ry(u) = ]19 /T uldz (3.42)
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Observing that
i [eXP(Rp(u)) ' 1{||u||L2<Td>SK}} < B {exp (Rp(U) - 1{||u||L2(Td)SK}>] )
then the bound (3.41)) follows once we have

Lo [eXp (Rp(u) : 1{||u||L2(Td)§K}> < 00. (3.43)

From (3.37) and the Boué-Dupuis variation formula Lemma it follows that

—logE,, [exp (Rp( ) {||u||L2(Td)sK})]
= - logE[exp (Rp ) Lgvaa >||L2(Td)§f<})]

1 [t )
ZelenH{aE[ Ry (Yo (1) 1))'1{||Ya(1)+1a<e>(1)||L2(Td)<K}+5/0 ||0(t)||L§dt}a

(3.44)

where Y'(1) is given in (3.36). Here, E,, , and E denote expectations with respect to the
Gaussian field p14 4 and the underlying probability measure [P respectively. In the following,
we show that the right-hand side of has a finite lower bound. The key observation
is that (i) in the subcritical setting, we view Y,(1) as a perturbation with finite L?(T%)
norm; (ii) in the critical setting, we have “Y, (1) = II<nY,(1)+ a perturbation” for large
N > 1, where the perturbation term is small under L?(T%) norm with large probability.

We, therefore, distinguish two cases depending on subcritical /critical interactions.

Case 1: subcritical p < = + 2. In this case, we prove (3.43|) with a mass cut-off of any
finite size K. We first recall an elementary inequality, which is a direct consequence of

the mean value theorem and the Young’s inequality. Given p > 2 and € > 0, there exists

C. such that

’21 + 22|p S (1 + 5)’21|p + C€|Zg|p (345)

142



holds uniformly in 21, 25 € C. From (3.42), (3.45)), Proposition |§|, and the fact

{IYa(®) + La(@) (Dl 2wey < K} C {Ha(@) (D L2(re) < K+ [Ya(Dll L2},

we obtain

Ry (Ya(1) + La(0)(1)) - 1(1ya )+ 1a 0) (1) 22 <)

< (14 )Ry (1a(0)(1)) - Ln. o))
< 1+¢

I 20y SE+1Ya Wl 2 ey} + CeBp(Ya (1))

P=2(n_ (e
(Cans +0) (K + ||Ya(1>||L2(Td)>2+T( d)HIa(@)(l)HHQ%(Td)

+ Cs(K + [[Ya(D) [l z2(r0))” + CeRp(Ya(1)).
Noting that (p=2)d 2) < 2 in this case, we apply Young’s inequality to continue with

2a(p—2)

2+2a p—2 1
< O+ OIYa(D)ll g™ + 1O Faaipay + CIYa(DFapay + CRp(Ya(1))

(3.46)

where C'is a constant depending on €, d, p, d, s, ||Q|| 12, and K. By collecting (3.44]), (3.46)

and Lemma we arrive at

—logE,, , [exp <Rp(u) : l{uLg(Td)gK}>]

|
> jnf B[ - € - CIGIET - CIY) gy ~ CRL(D)
1
= MO0 iy 5 [ 10O
|
> jnf B[ - € - CIMOIGET = Yoy ~ YDl
1
+3 [ o]
2““25&((2 22))01
> E| = C = CIYa)ll s = CIYa(Dll sy = CIYaDll i ™|

> —C —2CC,, —CC ., sapp-2 > —00,

2+ 2a—(p—2)d
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where C, ;. is defined in Lemmal[I8](i). Thus we finish the proof of (3.43) in the subcritical

case.

Case 2: critical interaction p = 27“ + 2. We shall prove below the critical mass
threshold K < ||Q|| 24y To get the sharp mass threshold, we view Il>yY,(1) as a
perturbation instead. It turns out that as NV is getting larger, the probability of ITs v Y, (1)
being large shrinks exponentially to zero. See ([3.55)).

Since a > d, it follows that
Aim (T Yo (D)l 22(pa) = 0,

almost surely. Therefore, given small ¢ > 0, for w € 2 almost sure, there exists an unique

N, := N.(w) such that
ML, 2 Yo (D) 2 (pay > € and [T n, Yo (1) p2(pe) < e (3.47)
Similar argument as before with , Proposition @ and , yields that
Ry (Ya(1) + La(0)(1)) * 1ya()+ 1)V 2 pa) <K}

< (1 + )Ry (Ten, Ya(1) 4+ Lo (0)(1)) - Lijnne . va(1)+1a(0)(1)
1+¢

ey <+e} + CeRp(Ya(1))

< (Cans + ) (K + )" *(IM<n. Ya (D)l fror2(ray + Ha(O) (D) frorz(ra))?

+ C.R,(Ya(1)) + Cs(K +¢)P

1+ ¢)? ~
< B2 (Clons + (K + 2101 s + O Vel Dl

+ C.R, (Yo (1)) + Cs5(K + )P,
(3.48)

where C' is a constant depending on €, 4, p,d, o, ||Q||z2, and K. Since Cgns = p||Q||L2 :
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K < [|Q||z2(rey and p > 2, there exist n,e,d > 0 such that

(L+e) (Cans + 0)(K + )72 < I_T” (3.49)

By collecting (3.44), (3.48), (3.49), and Lemma L8] we arrive at

—logE,, , [exp <Rp(u) : 1{|uL2(Td)§K}>:|

1-—
> gt B[ = S O sy~ O Yol — G 2
- R a0) + 5 [ 1001

> inf E{ Cs(K +¢)P — CR,(Ya(1)) — C€||H§N5Ya(1 Fra/2(Td) / 16(¢ Hdet}

E[ — Co(K + )" = CRy(Ya(1)) = Clllen, YalD)laggo

> _Oé(K + 5)p - CECa,p - OaE[HHSNsYa(l)||§;a/2(qrd)]v

where C,, is given in (8.39). We remark that Y, (1) ¢ H*/?(T?) almost surely. Therefore,
to prove ([3.43)), it still needs to show that

E[|[M<n, Ya(1 )||Ha/2 Td] 00, (3.50)

where N, is a random variable given by ([3.47]).
Noting Y, (1) is a mean-zero random variable, we may decompose 2 (by ignoring a

zero-measure set) as

o=Jaw, (3.51)
where
Oy = {w €0 N.() € [g,N)}. (3.52)

145



By (3.51)) and Holder’s inequality, we have

E[Ten. Ya(Dl Far2(ra)] <Y E[|TanYa(l M erzqra) - Law]

N>1

< Z NO‘E“\HgNYa(l)H%?(W) ‘1q, ]

Mt . (3.53)
@ 2 1
<> N (E[a)lla]) - B(2)?
N>1
<cz, > NP(Qy)?,
N>1
where C, 4 is given in (3.39). By a direct computation, we have
E I Ya(D)lf2a(0a] ~ N2, (3.54)
It then follows from ({3.47)), (3.52), Holder’s inequality, Lemma [5, and (3.54]), that
P(Qy) < P({ M xYa(D)lz2 > €})
c 2
< exp { — c( ) }
(TS A
, (3.55)
< exp { — ( c }
DTS AIN
< e—éE2Na7d
where ¢ and ¢ are constant. By collecting (3.53)) and ({3.55]), we conclude that
a _7&.2 a—d
[||H<Ns (1 )||Ha/2 (T4) ] < 054 Z N N < oo,
N>1
which finishes the proof of (3.50)), and thus (3.43)) in the critical case.
Therefore, we finish the proof of Theorem [§]-(i) and the first half of (ii). O
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3.3.3 Non-integrability

In this subsection, we prove the rest of Theorem , i.e. the non-integrability part of (ii)

and (iii). In particular, we show that the partition function

Za,d,p,K = E'ua’d [GXp(Rp(U))1{||u||L2(Td)§K}:| = 0 (356)
under either of the following conditions

2
(i) critical nonlinearity: p = 704 +2and K > ||Q|| z2(ra);
o (3.57)
(ii) super-critical nonlinearity: p > i + 2 and any K > 0.

Here @) is the optimiser of the GNS inequality given in Theorem 4] and Remark [ To
prove ({3.56)), we construct, within the ball {||u[|;2rey < K}, a sequence of drift terms
given by perturbed scaled “solitons”, along which the variational formula ([3.38)) diverges.

The existence of such a sequence of scaled solitons is guaranteed by the following lemma;

Lemma 19. Assume (3.57) holds. Then, there exist a series of functions {W,},~¢ C
H*/?(T4) N LP(T?) such that

(i) Hra(W,) < —A1p %7,
.o _@
(i) (Wl sy < Aop™ %7, (3.58)
(i) W, |l oray < K — 1,

(IV) HOWp 5 1,
where Hra is the Hamiltonian functional given in (3.5)) for the focusing case, i.e.

1 1
Hra(u) = D 2ul?dz — = [ |u|Pda.
2
D Jrd

2 ).
and Aj, Ag, A3, n > 0 are constant uniformly in sufficiently small p > 0.

In the next lemma, we construct an approximation Zp; to Y, (1) in (3.36]) through
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solving a stochastic differential equation. These Z,; act as controllable stochastic per-
turbations in defining the drift terms. See (3.63) and (3.64) in the following. Similar

approximation has appeared in [84].

Lemma 20. Given o > d and a dyadic number M ~ p~! > 1, define the Zy,(t) by its

Fourier coefficients (Zar),(t). Let (Znr)n(t) for 0 < |n| < M be as follows:

A(Zar)n(t) = |n|=*2M2((Ya)u(t) = (Zar)u(t))dt

(3.59)
(ZM>n‘t:0 = 07
and (Zyr)n(t) =0 for n = 0 and |n| > M. Then the following holds:
d—a _dy\p

B[ Z00(1) — Ya(Dy o] S max(M5° M49%, forp> 1, (3.60)

E HDSdZ (t)’2 < max(M 5%, M3+) (3.61)
— max :
At "M e erey | ~ . ’ ’

for any M > 1.

The proofs of Lemma and Lemma will be postponed to the next subsection.

Now we are ready to prove the rest of Theorem [8]
Proof of Theorem |8 - the second half of (ii) and (iii). We shall prove (3.56]) under
conditions (3.57)). Observing that

B | PR (1)) * Loy <8 | 2 B 50 (Rl - Lo ey ) | = 1.
then (3.56) follows from

Eu. . [exp (Rp(u) . ].{||u||L2(Td)§K}>:| = Q. (3.62)

To apply Lemma , we construct the series of drift terms as follows. Let W, be as in
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Lemma and

o) € | - DS%ZM(t) +DW,} (3.63)

where p < 1 and M ~ p~! is a dyadic number. From (3.63)), we have

I(6)(1) = / 1 DT 00(t)dt

0

= [ W, - L Zuo)ar (3.64)

= LW, — Zy(1).
Thus, from Lemma [17] (38.63), and (3.64) we have

—log E,ua,d {eXp (Rp(u) ) 1{”u”L2(Td)SK}>:|

. 1
= inf E{( = Rp(Ya(1) + Ta(0)(1)) - 1y )+ La(0)(0) 20y <K} T 5/0 HG(QHiZ(W)dtﬂ

0cH,,
< 0<i£}£<1E {( - Rp(ya(l) - ZM(1> + H?SOWP) ) l{IIYa(1)—ZM(1)+H¢0Wp||L2(Td)§K}
1t d
Sl )dt
+ 2/0 dt m(t) 1 frasz (e }

0<pkl

— inf E[( — ByWy) + W, e )
+ (B(W,) = By (110,
+ (Rp(H#OWp) — 1, (Ya(1) = Zu (1) + H;son)> “ LY (1) Zas (AT W | 20y <K
+ Bp(Hz0W,) - Ly (1)~ Zar ()10 Wy | 2 0y > K}

1t d 2 d
- 2< Zar(t), W, > )dt
+ 2/0 F/2(Td) dt (), W, Fe/2(Td) ]

— —Zuylt

P m(t)

= inf (A+B+C+ D+ E).
0<pkl

(3.65)

In what follows, we consider these terms one by one for 0 < p < 1.
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For term (A), from (3.58)) - (i), we have
_dp
A= = By(W,) 4 S Wyl = HaalW,) S —p %+

For term (B), from (3.58) - (iv) and the mean value theorem, we have

1
B = _/ (|Wp|p - |Wp - HOWp|p>dx
D Jrya
S [ (oWl + ot W, p~")do

< 1+ ”W HLp 1(Td)»
Then, by interpolating (3.58) - (ii) and (iii), we obtain
d(Pz—l) +d.

B<p

For term (C), by using the mean value theorem we see that

/d (|H#0Wp’p - ‘Ya<1) - ZM(l) + H#pr’p)dx
T

S [ (V) = Zu(OP + Ya(1) = Zu (DIl )do

which together with Lemma [20| and Lemma [19| gives

(3.66)

(3.67)

C=E [(Rp(H;éOWp) — Ry(Yo(1) = Zn(1) + H;ﬁon)> “LYa ()~ Za (AWl 2 ra) <K}

& / (B[IYa(1) = Zu(DF] + E[[Ya(1) = Zur (D[] oWV, ") da

< max(M T2 M55 4 max(M ™72 M~2%)3|[TL,W, |2,

Lr— 1('[[‘d)
S UMLaoWll7 b oy = Wl s pay) + Wl
<Sp T,
(3.68)
where in the last step, to bound (||ILzW, ||Lp L 14y — ||[W, ||Lp 1 (14 ), we used a similar
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argument as in estimating term (B). Now we turn to term (D), by using Chebyshev’s

inequality, (3.58)) - (iii), (3.60]), and (3.67)), we have

D = E[Ry(I2oWp) - Ly (1) 23 () 4o Wyll 2 0, > K]

< Rp(ILaoW) B[ 1, (1)~ Zas ()] 2.0y > K- Wil 2.0}
E[Ya(1) = Zu (D172 ga)]
(K = (Wl L2(re))?

< R,(ILWV,) (3.69)

d d—«
< 1077p+d max<MT, M*%‘F)

Y

_d(p—1)—«a
2

< max(p p T

) )

where in the last step we use the relation M ~ p~!. For term (E), from (3.59)) and (3.61)),

we have

1 /[t d
E— - E‘——Z ¢
2/0 { ai Z2u )

where we used the fact that Z,;, removing the zero frequency, is a mean zero Gaussian

i dt <max(p T, p ) (3.70)
ma. .
. Cz/2( d) ~Y Y )

random variable. By collecting estimates (3.66)), (3.67), (3.68), (3.69), and (3.70]), we

conclude that
A+B+C+D+ES—p 71 (3.71)

where we used (3.57)) and the assumption o > d.

Finally, the desired estimate ([3.62]) follows from ([3.65)) and (3.71)). We thus finish the
proof of Theorem [§ O

3.3.4 Proof of the auxiliary lemmas

It remains to prove Lemmas[I9 and [20] which is the main purpose of this subsection. We

first present the proof of Lemma [19]
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Proof of Lemma Define W, € H*(T?) by

W,(x) = ap™25(2)Q(p " x), (3.72)

where ¢; is the same as in Proposition[6] a > 0 is to be determined later and @ is given in
Theorem {4 and Remark . Then (iv) follows directly from [|[W,||11(ra) S [[Wpll r2(rey. We

only consider (i) — (iii) in what follows. We distinguish two cases based on the conditions

in (857
Case 1: critical nonlinearity. In this case, we have p = %S +2>2and K > Q| r2(ra)-

Fix oo > 1 such that
[aQl|L2rey = al| Q|| L2y = K —n, (3.73)
where 7 is given in (3.58). Recall that Hga(Q) = 0 from Remark [l We then have
Hao(0Q) = / ID*Q[2dz — —/ QPdz < 0.

Then, it follows from Remark [20] that

Hyu(W, /WD@@VM——/wa@AWM
STWWQM%M_?AMMWMWM

where @, = p2Q(p~'x). By the fractional Leibniz rule [63, 65] and Sobolev embedding,

we may continue with

a?+e, . aP
< B ID QPH%?(Rd) - ? /Td |05(2)Qp () |Pdz + O||Qp||%/l/0+,2,
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then by interpolation we can continue with

o +2 af _ap,
p

< I Qs — o [ [6s(pr)Qa) P + CIQu e

we have [i.|0s(pz)Q(z)|Pdz > L [o.]|Q(z)|Pdz, provided that p is sufficiently small.
Thus, combining with (1.50) and the fact 2s = % —d from (3.57) - (i), we may continue

with

a?+2 aPf®
< (- ) Qo + Qe

which finishes the proof of (3.58) - (i) by choosing ¢ small enough and setting

oP~¢ a? + 2
m:(p - )@MW

As to (3.58) - (ii) and (iii), we note that
HW HLP ’]1‘d < ap 72+dHQHLP Rd A2p79,
IWoll p2pay < all@pllre(rey = | Qllr2may = K —n,

with Ay := a®(|Q]|7, (R4) and 7 being the one in (3.73)). Thus, we finish the proof.

Case 2: super-critical nonlinearity. In what follows, we assume p > 7 1+ 2. It only needs
to prove (3.58) - (i) and (iii), since (ii) follows the same way as that of Case 1. Given
K >0, we choose v < 1 in ([3.72) so that

IWoll zoipay < IWollp2@ay = al| Q| p2(ray < K =,
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which gives (3.58]) - (iii). Similar computation as in the previous case, we have

HTd( / ’DS ¢5Qp> le’ — —/ ’(%Qp‘pdl'
o? —|—2€ 9 oﬂ"
< 5 #[D*Q|17: ®) ~ ) +d||Q|| () T CllQ,lz- ()

for sufficiently small p and §. Also, note that p > 22 7 + 2 implies —2s > —% + d. Thus,

recalling ([1.50f), we may continue with

o’ +2e . 041’_5 _a
(2 = ) 1M + QU

<_A1)0 2+d

for sufficiently small p > 0 and some constant A; > 0. Thus, we obtain (3.58)) - (i). We
finish the proof of Lemma [19] U

Next, we present the proof of Lemma [20]
Proof of Lemma Let

Xo(t) = (Ya)u(t) — (Za)a(t), 0 < |n| < M. (3.74)

Then, from (3.36) and (3.59)), we see that X,,(¢) solves

dX,(t) = —|n|*M2 X, (t)dt + |n|~*dB,(t)

X,(0) =0

for 0 < |n| < M. Solving the above stochastic differential equation yields

t 4
X, (1) = n|"* / olnmie-rgp (1) (3.75)

0
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Then, from (3.74) and ({3.75]), we have

(Za)n(t) = (Ya)u(t) = \n\s/o e ap, (1), (3.76)

for 0 < |n| < M. In what follows, we show that Z,; approximates to Y, as M ~ p~!

tends to infinity. From ([3.76]), the independence of { B, },cz4¢, and Ito’s isometry, we have

t '
B|Zu() = Ya(OF) = 3 ol [ et tar e 37 o
0

0<|n|<M |n|>M

< ST M M (3.77)

~Y

0<|n|<M

< max(M~5*s, M~2%),

which is sufficient for (3.60) with p = 2.
When p =1, (3.60) follows from (3.77)) together with Holder’s inequality
3
E[1Zu(1) - Y] S (B[ Zu(1) - Ya(D)]) .
Then the case for 1 < p < 2 follows from interpolation. When p > 2, we note that

Zy(1) = Y,(1) € Hy, homogeneous Wiener chaoses of order 1. Then, by using Wiener

chaos estimate [102, Lemma 1.22], we obtain

[S]4S)

E[|Zu(1) — Ya()F] SE[1Zu(1) = YaF] S (E[1Z(1) - Ya(DP]) ",

which together with (3.77)) implies (3.60) for p > 2.
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Finally, we turn to (3.61]). From (3.59) and (3.74]), we have

d 2
E HDS—Z t’ — M E[|X, (1)
ool | = T Eixop)
0<|n|<M
t
vt Y [ty
0<|n|<M 0

<MY T ME
0<|n|<M

d

< max(M?*, M2).

We finish the proof of (3.61]) and thus we conclude this lemma.
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CHAPTER 4

FURTHER RESEARCH

In this chapter, we will discuss further results related to this thesis and explore some

questions that arise from the results of this thesis.

4.1 Half-wave equation above the probabilistic scal-
ing
In [72], the author of the thesis, together with Yuzhao Wang and Haitian Yue, studies

the nonlinear half-wave equation of the one-dimensional torus:

(10, — [0:))u = Jufu,
(t,z) e R x T, (4.1)

where T = R/(277Z) and |0,| = \/—02 is defined by the Fourier multiplier 7, (|0, |u)(k) =
|k|(Fpu)(k). Here, u§ is random initial data on an underlying probability space (€2, F,P),
w € Q. In the context of almost sure local well-posedness, the random initial data is given
by

ug = Z % ek, (4.2)

keZ
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where { g }rez is a sequence of independent standard centered normalized (complex) Gaus-

sian random variables, and « is chosen as
1
a=s+ 2 5> 5pr 1= 0. (4.3)

Here, the value sy, is the critical regularity for the probabilistic scaling. The random initial
data ug defined by is in H*(T) := Ny H*(T) almost surely. In [72], we prove
the almost sure local well-posedness of with random initial data , in the sense
that some appropriate canonical smooth approximations converge to a unique limit. The
result can be interpreted as almost sure local well-posedness in H*~(T) with respect to
the canonical Gaussian measure—the law of ug§ defined by —for any s > sp. = 0,
i.e., in the full probabilistically subcritical regime.

In proving the almost sure local well-posedness of above its probabilistic scaling,
we exploit the theory of random tensors developed in [35]. Due to the non-negativity
of probabilistic scaling, the pairings can be viewed as perturbations, streamlining the

framework of the theory of random tensors to some extent.

4.2 Further applications of the theory of random ten-
sors

Further applications of the theory of random tensors might facilitate further developments
within the dispersive community. More precisely, it is likely that this theory can be used
to show almost-sure local well-posedness (in the sense that some appropriate canonical
smooth approximations converge to a unique limit) for some equations with initial data
that are above the probabilistic scaling criticality (or high-high-to-low criticality). Ex-
amples of equations where the theory of random tensors may yield almost-surely local

well-posedness include (among others) the following models:
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(i)

(iii)

The nonlinear Schrédinger equation:

i0, — A)u = u?,
(16, = 4) (t,z) € R x T¢,

where u$ is as defined in (4.2)) and « is greater than some criticality.

The Schrodinger equation with Hartree-type nonlinearity:

(10, + A)u = (Jul? * V)u,
(t,x) € R x T?,

u(O) = u‘é’,

where ug is as defined in (4.2) with « = 1 and IV (k)| < (k)™ with 8 smaller than

the [y required in (hence extending the result in) [36].

The nonlinear Dirac equation
(170, — Du = N ()

with some appropriate random initial data. Here {y*}, is the basis for some Clifford

algebra and N (u) denotes the nonlinearity.

The study of the applicability of the theory of random tensors to show almost-surely local

well-posedness for the above models will be carried out in the future.

4.3 Other Research Proposals

In [35], the theory of random tensors is developed to study the local-in-time solution (in

the sense that some appropriate canonical smooth approximations converge to a unique

limit) to the Cauchy problem of the Schrédinger equation with random initial data in

the full probabilistically subcritical regime. Due to the roughness of the initial data, the
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nonlinearity requires renormalisation. However, in [35], Wick renormalisation suffices,
rendering some of the more complicated algebraic structures unnecessary. As the theory
of random tensors is a dispersive counterpart of parabolic theory, where in particular the
theory of regularity structures has been proven to be fruitful in the study of algebraic
structures (see [25]), we might also hope that some interesting algebraic structures can

be added to the theory of random tensors for some suitable models.
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