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ABSTRACT

The Painlevé VI equation governs the isomonodromic deformation problem of both 2-
dimensional Fuchsian and 3-dimensional irregular types of linear systems of ODEs. Through
Harnad duality, this feature turns into a map between the two systems, which translates to
monodromy as a middle convolution operation.

This thesis studies the quantum algebraic manifestation of the systems’ monodromy data
by introducing a noncommutative analogue of the middle convolution functor. The Fuchsian
data are known to quantize as the CC) DAHA; we construct a quantization of the irregular
ones that match the E¢-type GDAHA, provided a specialization of the algebra parameters.

Both quantum data are then shown to exhibit an alternative realization in higher Teich-
miiller terms. In particular, this framework advances the GDAHA representation theory by
providing the first explicit representation of the universal GDAHA of type E,, which can be

reduced to the quantum irregular monodromy data by a new quiver-theoretical operation.
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INTRODUCTION

This thesis explores the quantum algebraic manifestation of two sets of monodromy data
connected with the Painlevé theory, through the lens of both a new quantum middle convo-
lution and the higher Teichmidiller toolkit.

The two sets of monodromy data, each consisting in a tuple of matrices, come from two
linear systems of ordinary differential equations (ODE), one 2-dimensional Fuchsian and
the other 3-dimensional irregular, that are intimately related to the Painlevé theory. Indeed,
the sixth Painlevé (PVI) equation gives the isomonodromic deformation condition for both
cases [20, 24, 32]. Moreover, for a specialization of the irregular system, the isomonodromic
problem is known to connect with the theory of Frobenius manifolds [11].

The link between monodromy matrices and quantum algebra in this Painlevé-based dif-
ferential framework was first explored in [33], for the Fuchsian case. Quantum algebras
are noncommutative and ‘quantum’ in the deformation sense: they depend on a parameter
whose so-called classical limit recovers the underlying algebra meant as the undeformed
object. They often play the role of coordinate rings for noncommutative spaces, provid-
ing a quantization framework for classical algebraic geometry. Influential examples include
quantum groups, Temperley-Lieb algebras, and double affine Hecke algebras (DAHA). In
particular, using classical Teichmiiller theory, the Fuchsian monodromy matrices quantize
to recover the DAHA controlling Askey-Wilson polynomials. Introducing a quantum version

of the middle convolution functor, this thesis completes the picture by extending the link to



the irregular case: the quantum algebra emerging from the irregular monodromy data is a
specialization of the generalized double affine Hecke algebra (GDAHA) of type E.

With both Fuchsian and irregular data promoted to the quantum algebraic realm, a new
connection with higher Teichmiiller geometry [15, 19] emerges. Higher Teichmiiller the-
ory extends the classical one beyond PSL,, with remarkable applications in representation
theory, quantum moduli spaces, topological quantum field theories (TQFT) and more [19].
This geometric framework provides an alternative realization of both quantum monodromy
data, with the bonus of advancing the GDAHA representation theory in the process.

After this preamble, we dedicate the Introduction to the setup and structure of the thesis,
including an overview of the main open problems the theory we develop fits in.

For pairwise distinct numbers u;,u,, us, 6;, 0, 05, 8, € C, we start by defining the two

types of linear systems of ODEs on the complex plane under consideration:

e Fuchsian 2-dimensional systems in the form

d [ A
ﬁq’—(z A—uk)q)’ .1

k=1

where each matrix A € sl,(C) has spectrum {:I:%}, and

1[ 0o O
2\ o -6,
e irregular 3-dimensional systems in the form
d e—-1
—p = (D + )\p (13)
dz Z

where D = diag(u,,u,,us), © has diagonal part {—6,,—6,,—6;} and the eigenvalues

py = 5(Te(0) + 0c5), iy = 3(Tr(©) — O,5), i3 =O.



The former is Fuchsian in that all four poles u;,u,,u;, ©0 are simple, while the irregular
nature of the latter stems from the pole of order two at co.
Their relationship is twofold. On the one hand, setting (u,, u,, us) = (0, t, 1) both isomon-

odromic deformation problems reduce to the celebrated sixth Painlevé (PVI) equation

A ) (B L)
“V“_z y y—1 y—t Ye t t—1 y—t i

y(y—l)(y—t)[ t t—1 t(t—l)]
+B— + , (L4
ea-1r PR o) O
2 2
for complex parameters a, 3,7, whose correspondence is given by a = @, p = —971,

2 _pn2
Y = 973, 6= %. In fact, this is an instance of Harnad duality [20]. On the other hand,

their conjugation classes are in bijection:

Theorem 1.1 ([32], Theorem 24) There exists a bijection between equivalence classes of 2x 2

systems (I.1) and equivalence classes of 3 x 3 systems (1.3), explicitly realized by the following

formulae:
1 akbk _a2
A= , <, (L5)
bi — a_% _akbk
_91 %(albz_azbl_elz_?_ezz_;) %(albg—a3b1+913—?—932—;)
= %(a2b1_a1b2_91%—92%) —0, %(a2b3—a2b2—922—2—932—§) ,
2 (a3b1 — by — 912—? B 932—;) 2 (a3b2 —ayb; — 922—2 - 932—2) —0,
(1.6)
where a;, and by, k = 1,2, 3, are constants such that
3 3 3 p2
agb, =—0 a2=0 - _p2=0. L7
D abi =0, D ai=0, > -0 a7
k=1 k=1 k=1 “k

Remark 1.2 Setting 6, = 0, = 6; = 0, © turns skew-symmetric and recovers the Dubrovin



differential operator [11], whose space of isomonodromic deformations coincide with that of

semisimple Frobenius manifolds.

Multi-valuedness for each of the solutions ®(A) and ¥(z) can be encapsulated in a set of

constant invertible matrices:

o four matrices M,, M,, M5, M, € SL,(C) for the Fuchsian system, generating a group
with relation

M, M,M;M,, = 1; (1.8)

e three matrices M%,S;,S, € GL,(C) for the irregular system, subject to
0 3

M;S,S, =1. (1.9)

The quadruple is made of genuine monodromy data while the triple, involving the pair of
Stokes matrices S;, goes by ‘generalized’ monodromy data.

In the Fuchsian case, the quantum algebraic manifestation of such matrix data is un-
derstood [33], for the canonical quantization of the monodromy group delivers a quantum

algebra isomorphic to the double affine Hecke algebra of type CC/’ :

Definition 1.3 The CC,’ DAHA is generated over C by four elements Vj, V,, Vy, Vi, subject to the

relations

(Vo— ko)(Vo + k(;l) =0,
(Vo —ko)(Vy + 7251) =0,
(Vl - k1)(V1 + kl_l) =0,

(i, — k) +k7H =0,

D=

ViViVoVp =q72,



where kg, ki, ko, ki,q € C* and q" # 1,m € Z.,.

Explicitly, Theorem 3 [33] gives quantum matrices M ih, i=1,2,3, 0o, whose classical limit
q — 1 recovers a special coordinatization of the monodromy group coming from classical

Teichmiiller theory:

P P P P P P P P

X T S e B BT
M= M=

! -s,—8L 193 o 2 Sy+E2 Sy+52 ’

\elz —e? —e 2 e>2t3 [
P P P P
s e B X o
= =q 2

M o | ML =g (MiMyME)

(1.10)

Remark 1.4 Matrices (I1.10) come from the canonical quantization of the Poisson bracket
{s;,8i1011=1, 1=1,2,3;i+3=i, (1.11)

where each variable p; is a Casimir element. Namely, we promote all the variables s; to operators

(done visually by capitalization) under the commutators
[S;,S;]1=ih{s;,s;}. (1.12)
By the Baker—Campbell-Hausdorff formula with q = e, one obtains the q-commutations
eSimeSi = qeSieSn, i=1,2,3; i+3=1. (1.13)
The resulting quantum algebra

=+ + =+
’]I‘Z = C(e™1,e™2 e 53)/(652651 —qe’re®?, e53e5 — qeSre%3, o515 — geSies) (1.14)



is an algebraic quantization of the 3-torus T3: its classical limit recovers the coordinate ring

C[TBJ — C[Xil,yil,zil].

In order to unravel the quantum algebra corresponding to the irregular case, we enhance
to the noncommutative realm a factorization result of Killing and a monodromy-compatible
map known as the middle convolution. Indeed, the irregular and Fuchsian systems come

together with their monodromy data to form the following commutative diagram:

Harnad

It
d 5 _ 3 Ay additive d v _ 3 By Laplace do o—1
ﬁ¢_(2k:1 )q) > ax —( k=1 2— )X > &W_(D-i_T)\P

A—uy middle conv. transform

l | |

iddl Killing
{MIJMZ,MBJMOO} e > {RlyRZ)RBJRoo} )), {Mé:’SlJSZ}

convolution

factorization

—

GDAHA functor

(1.15)
The upper row lives in the realm of systems; taking (generalized) monodromy through the
vertical arrows, we obtain its monodromic counterpart. Thus, the lower row prescribes the
recipe to send the Fuchsian monodromy data to the irregular ones by precisely composing
an action of the middle convolution with the Killing factorization. In particular, the middle
convolution can only map between Fuchsian monodromy matrices and the factorization is
needed to extract the irregular ones.

In light of this classical framework, our winning strategy consists in a full quantization
of the lower row: by composing quantum analogues of the two arrows, we construct a map
sending the known quantum Fuchsian data to a quantum realization of the irregular ones.
Namely, the image of the quantum matrices (I.10) is a quantum algebra whose generators
recover in the ¢ — 1 limit genuine generalized monodromy data for (I.3). As such, we
succeed in promoting the irregular data to the quantum algebraic world.

Mirroring the Fuchsian picture, the resulting quantum irregular data themselves recover

6



a known quantum algebra: it is Hy, the generalized double affine Hecke algebra (GDAHA)
of type E, provided a specialization of its parameters.

In total, there are four GDAHAs: one for each of the affine Dynkin diagrams D,, Eq, E, or
E,. Adding that C C/' is isomorphic to H p,> the GDAHA of type D,, our composition realizes
in the quantum realm a (functorial) map that sends the representation theory of Hp,, into
that of H Fe» hence the name of GDAHA functor (Figure 1.1).
quantum middle quantum Killing

Hy,

4

~_  convolution factorization _ -7
_

-~ —

6

GDAHA functor

Figure I.1: The quantum counterpart of the lower row in diagram (I.15).

Considering both the intrinsic quantum nature and representation-theoretic breadth, this
new functor is defined in purely quantum algebraic terms, with its monodromic role recast
as just one of the possible applications.

A natural yet ambitious open program is a full quantization of diagram (I.15), completing
the lower row given by the GDAHA functor. In a recent paper [41], a proposed quantiza-
tion of the irregular system (I.3) is given by the dynamical Knizhnik-Zamolodchikov (DKZ)
equation

Q
d— (77— +ad(u® 1)) dz,
Z

where Q € g®g is the Casimir element of g = sl5(C), u € h belongs to the Cartan subalgebra
h of g, and # is a formal parameter. The isomonodromic deformation equations of DKZ
match the Casimir equation, which is dual to the standard Knizhnik-Zamolodchikov (KZ)
equation [40]. The latter is the quantization of the isomonodromic deformation equations
of the 2 x 2 linear system (I.1) [37]. As observed by Harnad [39], this duality “is essentially
the ‘quantum’ version” of the duality between the isomonodromic deformation equations of

the linear systems (I.1) and (I1.3). As of yet, a complete proof of this statement, including

7



the quantization of the Fuchsian system (I.1), is still unknown.

? ?

? ————— d— ("2 +ad(u®1))dz

| ] |

quantum middle quantum Killing
Hp, Hy,

: ” — ’
- = convolution factorization ~_ _% 6

-~ -

~
(%)

GDAHA functor

Figure 1.2: The state of the art of a quantum analogue of diagram (I.15).

If the first half of the thesis has a marked algebraic flavour, the second half brings in the
geometric one. Indeed, both Fuchsian and irregular quantum data turn out to exhibit an
alternative genesis via higher Teichmiiller geometry.

Developed in a sequence of papers involving Fock, Goncharov and Shen [14, 15, 19],
higher Teichmiiller theory generalizes the classical one beyond PSL,, allowing for higher
rank groups. In particular, we recall both the recipes to coordinatize the underlying moduli
space and turn it quantum. The former assigns a set of Fock-Goncharov coordinates {Z,} on
a triangle, prescribing gluing rules to extend the coordinatization to any triangulation, while
the latter triggers noncommutativity via g-commuting relations Z,Zz = q"ZzZ,, m € Z.

These coordinates can be combined into transport matrices T; associated with directed
flows between two sides of the triangle. These matrices serve as multiplicative building
blocks: a single matrix can be assigned to any path running on a triangulation by reading
off the way it flows through the triangles. More precisely, we get a map assigning an element
of Mat,(X), i.e., n x n matrices over the quantum algebra X of the rank n Teichmdiller space,

to paths on a Riemann surface X:

Y3y — M e Mat,(X).

For the application to the GDAHA representation theory, the triangulation comes from

8



the dual of the surface’s fat graph and the (closed) paths are taken as representatives in the
fundamental group m;(X). By choosing n = 2 (classical Teichmiiller theory) and the four-
holed Riemann sphere, the resulting matrices match the representation of H, given by the
quantum Fuchsian monodromy matrices (I.10). More surprisingly, for n = 3 (true higher
Teichmiiller) and three holes, the machinery delivers an explicit representation of Hy_ under
no restrictions on its parameters. Let us highlight this is the first such representation in the
literature, a feature we stress by using the notion of universal GDAHA. Indeed, in contrast
with the well-understood representation theory of Hp, [28, 31, 34], for the other cases EW’S
only representations requiring special values of the parameters are available [17].

As one would expect, the quantum irregular data from the GDAHA functor—whose al-
gebra is isomorphic to a specialization of Hz —can be found inside our Teichmiiller-based
representation of the universal E¢-type GDAHA. This match happens through a new graph-
theoretical operation we call quiver seizure, and completes the anticipated realization of
both quantum monodromy data in higher Teichmdiiller terms.

A natural problem to attack next with this geometric machinery is the construction of
analogous explicit representations for the two remaining GDAHAs of type E7,8' In both
cases, we expect an increase in the rank of the Teichmiiller theory, and a consequent surge

in computational complexity to be tackled with efficient computer-aided symbolic calculus.

The thesis is organized as follows:

Chapter 1 recalls the well-known notions involved with the classical picture, starting from
the monodromy data;

Chapter 2 quantizes the diagram’s lower row by constructing the GDAHA functor and
computing its action on the quantum Fuchsian monodromy data;

Chapter 3 brings in the higher Teichmiiller toolkit to construct the representation of the

universal GDAHA, which is then reduced to the quantum irregular data via quiver seizures;



Appendix A describes the differential facet of the diagram’s upper row, with the explicit
formula (1.6) indeed obtained by Laplace transforming the action of an ‘additive’ middle
convolution for systems;

Appendix B studies in detail the proof behind the middle convolution’s Riemann-Hilbert
correspondence;

Appendix C lightens the reading by collecting the most involved formulae.

One last note: each section is meant to be self-contained, and the reader can follow the

overarching narrative via the introductory paragraphs at the beginning of each chapter.
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CHAPTER 1

THE MONODROMIC FACET

We start the chapter recalling the well-known genesis of the monodromy data for both
systems (I.1-1.3). While the Fuchsian case provides the natural framework, the irregular one
is more involved and requires the richer concept of generalized monodromy. We conclude
the chapter describing the classical building blocks, namely the middle convolution and the
Killing factorization, behind our main functorial construction of Chapter 2.

Both operations are deeply connected with monodromy theory: the former by design,

the latter by chance.

1.1 Monodromy data

Monodromy theory studies the behaviour of complex functions around singularities.
Monodromy phenomena are the by-product of the failure of certain functions to be single-
valued as we perform analytic continuation along a loop encircling a singularity. Such failure
can be characterized by a set of monodromy data that encode the transformations the func-
tion is subject to as we loop around its singularities.

Both the solutions ®(A) and W(z) are multi-valued in their respective punctured plane;
we are going to define their monodromy data starting with the simpler Fuchsian case, closely

following [32].

11



Remark 1.1.1 Dealing with systems of ODEs, we look for a fundamental (matrix) solution:
a square matrix whose linearly independent columns provide a basis in the vector space of all

solutions. As a consequence, monodromy data themselves are given by a set of matrices.

1.1.1 The Fuchsian case

The solution of the Fuchsian system (I.1) is multivalued analytic on the (genus zero)
four-holed Riemann sphere with no boundaries, namely %, := C\ {uy,uy,us, 00}

To define its monodromy matrices, we fix a basis v, y5, 75 of loops in 7, (20’4’0, oo) as in

Figure 1.1 and rely on the local theory at infinity:

Figure 1.1: In the A-plane, the branch-cuts y; connecting the finite singularities to oo together with
the counterclockwise loops y;. The decreasing order has been chosen without loss of generality.

Proposition 1.1.2 ([32], Proposition 15) For 8., ¢ Z, the Fuchsian system (I1.1) admits a

fundamental matrix solution in the form®
B (M)~ (1+OA))A 7> asA— o0, Ao 1= ols? (1.1.1)

The solution ¢, can be analytically continued on the whole universal covering of 3 4 o. For
any element y € 1, (20’4’0, oo), we denote the result of the analytic continuation of ®.,(A)

along the loop y by y[®.,(A)]. Being y[®.,(A)] and ®.,(A) two fundamental matrices in

1Choosing the logarithm’s branch-cut to be aligned with the common direction of the cuts y, x5, x3-

12



the neighbourhood of 0o, they must satisfy

T[Poo(A)] =20 ()M, (1.1.2)

for some constant invertible 2 x 2 matrix M, depending only on the homotopy class of y. In
particular, the matrix M, := M, _, for y, a simple loop encircling oo in the counterclock-
wise direction, is given by

M, = exp(2miA.). (1.1.3)

For the product of two loops y,¥ : [0,1] — X 4, defined as

) y(2t) 0<t<3,
ryit— (1.1.4)

f2at—1) 3<t<1,
the resulting monodromy representation is the anti-homomorphism

7'51(20,4,0:00) — SL,(C)

M.y —  M;M,.

The images M; := M, of the (counterclockwise) generators y;, j = 1,2,3, are the mon-
odromy matrices of the Fuchsian system. Since the loop y37,y; is homotopic to y_!, the

generators obey the cyclic relation
M;M,M;M, = 1. (1.1.6)

Fundamental solutions ®;(A4) are similarly defined near any of the poles u;:

Proposition 1.1.3 ([32], Proposition 16) For 9]- & 7, the Fuchsian system (1.1) admits a

13



fundamental matrix solution in the form

(M) ~G(1+0A—u))A—u)y asA—u,, (1.1.7)
where
%0
A= . (1.1.8)
o —Z

A.GTL.

and the invertible matrix G; is defined by A; = G;A; ;

Each of the solutions provided by the two propositions represents a distinguished base
near one of the punctures. They interact in the obvious way: continuing ®.,(A) to the

neighbourhood of u; yields the relation
for some invertible matrix C;. The so-called connection matrices C;, C,, C; are such that

M; = cj—leZ”fAfcj, j=1,2,3. (1.1.10)

Thus, for non-integer 6;s, the spectra of the monodromy matrices read as
eigen(M;) = exp(+mi6;). (1.1.11)

We can finally give the following

Definition 1.1.4 For non-integer parameters, the Fuchsian monodromy data are given by the

set of constant matrices {M;, M,, M5}.

Remark 1.1.5 M, is omitted as not independent, being uniquely determined by the cyclic

relation (1.1.6). Similarly, for each connection matrix via (1.1.10).
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For quantum algebraic purposes, we add M., and match the Introduction’s anticipated
quadruple
{M1:M27M3:Moo}' (1112)

1.1.2 The irregular case

We move to the monodromy data of the irregular system (I.3). This system has two poles,
a simple one at 0 and a double one at co. The solution ¥(z) is multi-valued analytic outside O
and oo: when analytically continued along paths encircling punctures, monodromy matrices
appear.

We start with the simpler local theory at zero, assuming a branch-cut between zero and

infinity has been defined along a fixed line y and a branch of logz accordingly selected.

Proposition 1.1.6 ([32], Proposition 1) There exists a gauge transformation

U =G(2)¥ = Z Gz

k=0

convergent near 0, with principal term G, defined by © = GouG,"', u = diag(u;, thy, ts),

mapping the irregular system (1.3) to the Birkhoff Normal form

d . —1 i
—xp:(“ +Z§szk_1)\11, (1.1.13)

dz Z =

where (Ry);; # 0 if and only if u; — u; = k. As a consequence, for R := D o1 Ry there exists a

fundamental matrix solution in the form
U,(2) ~ G(2)z" 12" asz — 0. (1.1.14)

As the number of possible integral differences between the eigenvalues of © is finite, only a

finite number of matrices 93, is non-zero and they all vanish in the so-called non-resonant

15



case, i.e., u; —u; € Z forall i,j = 1,2,3.
Given the form of ¥, the corresponding monodromy matrix for a counterclockwise loop

around the origin simply reads
M, = exp(2miu) exp(2mifR). (1.1.15)

The local theory near infinity is rather different, due to the order two pole. In general,
this leads to a twofold outcome: solutions around oo are only defined in sectors, instead of

discs, and have exponential growth, instead of polynomial.

Proposition 1.1.7 ([32], Proposition 4) There exists a unique formal power series
oo
P(z)= ) Pz, (1.1.16)
k=0

with P, = 1, whose formal gauge transformation ¥ = P(z)¥ brings the irregular system (1.3)

to the normal form

d%@: (D+ 9_1)&/, 0 := diag(—0,,—6,,—6,). (1.1.17)
Z

As a consequence, there is a unique formal fundamental solution in the form*
U, ~ P(2)z2° e asz— oo. (1.1.18)

This establishes only the existence of formal solutions: true ones require more machinery.

Definition 1.1.8 The half-line

vy = {z | Re[2(u; —u;)] =0, Im [2(u; — ;)] < 0} (1.1.19)

2Fixing the logarithm’s branch as in the previous section.
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oriented from zero to infinity is called a Stokes ray.

Definition 1.1.9 An oriented line y in the complex plane is called admissible with respect to

the points (uy, uy, us) if it is such that all the Stokes rays v;;, i > j, lie to the left of .

Lemma 1.1.10 ([32], Lemma 8) Fixed an admissible oriented line y, there exists € > 0, two

sectors I1; and I defined as

I, ={z:arg(y) —e < arg(z) < arg(y) + m + ¢},

(1.1.20)
I, ={z:arg(y) —m—e <arg(z) <arg(y) + ¢},
and two unique fundamental solutions ¥, (z) in II; and Wx(2) in 1, such that
U g~ (1 +O (2_1))29_16ZD as Iz >z — 00, (1.1.21)

Le., for all n € Z, and for z — o0 inside IT g,

lim 2" (U, — (1+ O (271))z% te®?) = 0.

Z2—0Q

In both of the narrow sectors

I, := {z | arg(y)—e < arg(z) < arg()()+e},

In_:= {z | arg(y)—m—e <arg(z) < arg()()—n+e},

obtained intersecting II; and II;, we have two fundamental matrices. Again, they must be

related by a constant invertible matrix:

U, (2) = WR(2)S,, zell,, (1.1.22)

U, (2) =Wr(2)S_, z€ll. (1.1.23)

17



Definition 1.1.11 S, S_ are called Stokes matrices (associated to the admissible line y).

Figure 1.2: Sectors I} z , _ and a counterclockwise loop around infinity starting from IT;.

Technically, S, are not monodromy matrices as the information they encode is not purely
topological: they cannot be singled out by looping a solution around the puncture at oo.
Passing to the richer concept of generalized monodromy allows to consider Stokes and stan-
dard monodromy matrices alike.

Summing up, we have built three distinguished bases in the space of solutions, ¥,(z)
near 0 and ¥; r(z) near oo depending on the choice of the admissible line y, and generated
three corresponding matrices M, and S, _, the first uniquely defined by u and 9.

To conclude, we define the connection matrices C, ; as in the Fuchsian case:
Uo(z) = "PL,R(Z)CL,Ra z € Il p.

We reduce the list of generalized monodromy data (u,fR,S,,S_, C;, Cg) taking advantage of
the cyclic relation

c's's.c =M, ",
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obtained performing the red loop in Figure 1.2 for ¥,:

W, > W, C, = WS _C, = ¥,S.'S C, = ¥,C; 'S 'S C, =M, . (1.1.24)

The last equality expresses a topological fact already used in (1.1.6), now adapted to C*:
a counterclockwise loop around infinity is homotopic to a clockwise one around the origin.

Similarly, Cr = S, C;.

Definition 1.1.12 The (generalized) irregular monodromy data are given by the set of con-
stant matrices

{u,],S,,C,}. (1.1.25)

In the non-resonant case we drop R from the set and, expressing all monodromy data
with respect to ¥, so that M, := C,M,C; ", the independent ones reduce to {M},S.*,S_}

subject to the cyclic relation M;S;'S_ = 1. Simply define S; :=S" and S, := S_ to match

the Introduction’s anticipated triple
{M},81,8,}. (1.1.26)

Moreover®, using the asymptotic behaviour (1.1.21), S, must be upper unitriangular while

—2mi(6—-1) _ e—27‘ci9

S_ must be lower triangular with e as diagonal part.

1.2 Middle convolution functor and Killing factorization

Katz [26] introduced the middle convolution functor .#, to prove an existence theorem
for irreducible rigid local systems, i.e., when the global behaviour of the solutions under
analytic continuation on the punctured Riemann sphere is just determined by the local one

at finite singularities and oo. Any such system was shown be obtained from just a one-

3See [1], proof of Theorem I adapted to our decreasing lexicographic order of the singularities.
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dimensional local system by applying iteratively a suitable (and invertible) sequence of mid-
dle convolutions and scalar multiplications, leading simultaneously to a classification and an
existence algorithm. Such functor preserves important properties like the index of rigidity
and irreducibility, but in general changes the rank and the monodromy group.

Following [10], we detail a purely algebraic analogue of this functor, whose properties

mimic those of .#,,. Such algebraic counterpart is defined as the endofunctor
M, : Mod(C[F,]) — Mod(C[F,]), (1.2.1)

where Mod(C[F,]) is the category of finite-dimensional (left) C[F,]-modules, F, denoting
the free group on r generators. In particular, objects in Mod(C[F, ]) can be viewed as couples
(M,V),M = (M;,M,,...,M,) € GL(V)" where each M, represents the action of the respective
generator on the vector space V. Thus, we can detail the functor algebraically as a map
(M,V)— (N,W), N e GL(W)", between r-tuples of matrices.

First, construct the object (6,(M), V") € Mod(C[F,]), 6,(M) = (N;,...,N,) € GL(V")":

fori=1,...,r,

[ 1 0 0 \

1
Ny=|AxM-1) ... AM_—1) AM; M ,—1 ... M.,—1|. (1.2.2)
1

0 o 1 )

The middle convolution is then obtained as a restriction of this enlarged tuple on the quotient
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space V' /(KC + L), where K :=@,_, K,

[ o0 )

Ki=| ker(M;—1) (i-th entry),

and

L =(\ker(N;,—1) =ker(N, ---N, — 1)

i=1

are (Ny,...,N,)-invariant subspaces of V.

Definition 1.2.1 The object (6,(M), V") is called the convolution of V with A. The object
(M, (M), V" /(K + L)) is called the middle convolution of M with A, where the matrix tuple
My(M) = (1\71, . ..,Nr) € GL(V" /(K + L))" has each N, induced by the action of the corre-

sponding element of 6,(M) on the quotient.

Remark 1.2.2 In general, dim(V" /(K + L)) # dim(V'); when the matrix tuple M comes from
monodromy, this mismatch allows to map between monodromy data of Fuchsian systems in

form (1.1) having different dimensions. Moreover, for A # 1,

[Mz"'MrV

MS...MrV
L= . veker(AM;---M,—1) and K+L=KeL.

Among its many properties, the functor is multiplicative, allowing for an inversion formula:
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Theorem 1.2.3 ([10], Theorem 2.4) Let A, A, € C* be such that A = A A,. If (M4, ..., M,)

generates an irreducible subgroup of GL(V) for at least two M;s different from the identity, then

'%11 O'/fllz = ‘//ZA' (123)

In particular;

Moo My =1d. (1.2.4)

For the core functorial construction of this thesis, we need to combine the middle convo-

lution with a classical factorization result that traces its origin back to Killing [7]:

Theorem 1.2.4 ([7], Corollary 3.4) Let R{,R,,...,R,, € GL(V) be pseudo-reflections of the
n-dimensional C-vector space V, i.e., R; = 1+¢; ® a;, {e;} forming a basis in V and a; € V*.

Then, their product can be uniquely factorized as”
RiR,---R,=U.'AU_, (1.2.5)

for U, U_ respectively upper and lower unitriangular, and A diagonal.

Remark 1.2.5 As pointed out by Boalch [3], this factorization connects the Stokes data of the

irregular system (1.3) with the monodromy matrices of the Fuchsian connection

d— 23: By (1.2.6)
A—u )’ o

k=1

where each B, € End(C®) is a rank 1 matrix. Appendix A.3 shows that such 3-dimensional
connection is obtained from the 2-dimensional Fuchsian system (1.1) via the additive middle

convolution.

“Due to our opposite (decreasing) lexicographic order of the singularities, formula (1.2.5) is the reversed
of the paper’s one.
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CHAPTER 2

THE GDAHA FUNCTOR

The Deligne-Simpson problem offers a natural link between monodromy and the family
of generalized double affine Hecke algebras (GDAHA). We thus start the Chapter introduc-
ing GDAHAs through such problem, providing full details for our two algebras of interest
corresponding to the affine Dynkin diagrams D, and E.

By introducing a quantum analogue of both Katz’s middle convolution and the Killing
factorization, we then construct a functor sending representations of the GDAHA of type D,
into representations of the E¢-type one.

As a direct application, we send the quantum Fuchsian monodromy data to a triple of
quantum matrices whose classical limit gives genuine (generalized) monodromy for the ir-
regular system, achieving the desired quantization of the irregular data.

The whole Chapter is an adaptation of the homonym section from the arXiv preprint

D. Dal Martello and M. Mazzocco. Generalized double affine Hecke algebras,
their representations, and higher Teichmiiller theory. arXiv:2307.06803v2, 2023.

Throughout the Chapter, Rep(.A) denotes the category of representations of the algebra
A: objects are pairs (p, V), for V a vector space and p : A — End(V) an algebra homomor-

phism, while arrows are homomorphisms of representations.
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2.1 Deligne-Simpson problem and GDAHAs

For any algebraically closed field k, let V be a n-dimensional k-vector space and fix a

d-tuple of scalars T = (7,,...,7,) € k%. An endomorphism M € End(V) has type 7 if

d
[ [M-71)=0, (2.1.1)
i=1

with corresponding dimension vector (n, = n,n,,...,ny_;,ng = 0) € Z*! collecting the

k
rank of the partial products nj = rank [ [(M — 7,1).
i=1
On top of being invariant with respect to conjugation, type and dimension vector together

uniquely fix a conjugacy class in End(V):
e M has type 7 if and only if its Jordan form has blocks J; ., r < #{k |1 < k < d, 7, = A};
e n;_; —n; counts the number of Jordan blocks J, ,, r =2 #{k|1<k <1, 7, = 7,;}.

After this preamble, we can formulate the Deligne-Simpson problem as follows:

“For a group G and conjugacy classes C; € G, i =1,...,r, find an irreducible
r-tuple of matrices M = (M, M,,...,M,), M; € C;, such that M; ---M, = 1.7

Here ‘irreducible’ means that the matrices have no common invariant subspace.

Remark 2.1.1 ([29]) Despite not emerging as a natural requirement, irreducibility has several
good reasons to be part of the formulation of the problem. E.g., for almost all types of the
conjugacy classes, the tuple is indeed irreducible and this feature eases the resolution of the

problem that depends now only on the Jordan normal forms of the classes.

As anticipated, the problem connects with both monodromy and quantum algebra. On
the one hand, data (1.1.12) are truly relevant only up to global conjugation: their cyclic
defining equation is manifestly neutral to such operation, and the whole monodromy de-

pends on the choice of base point. Therefore, it is natural to consider equivalence classes of
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matrices instead, and the resulting monodromy space coincides—up to irreducibility that is
almost always free from the formulation—with solutions to the Deligne-Simpsons problem
for G= SL,(C). On the other hand, the problem incorporates the classical representation
theory of a special family of quantum algebras known as generalized double affine Hecke
algebras (GDAHA).

To fully appreciate this second connection, let us introduce these algebras explicitly.

For any simply laced Dynkin diagram 2 with star-shaped affinization 4, GDAHAs were
introduced by Etingof, Oblomkov and Rains [12] as flat deformations of C[G,], the group
algebra of the 2-dimensional crystallographic group G, := Z, x Z?, for | = 2,3, 4, 6. In detail,
for any Dynkin diagram 2 € {D,, E¢, E,, Eg}, a family H,(t,q) of GDAHAs can be defined,
depending on parameters g € C* (not a root of unity) and a tuple t of non-zero complex
numbers.

For the monodromic purpose of this thesis, we focus on the two cases [ = 2,3, which

correspond respectively to D, and E.

~

Eg

Figure 2.1: All simply laced star-shaped affine Dynkin diagrams.

On the one hand, Hy,(t,q) is defined as the family of algebras depending on parameters

t1, to, ts, t4,q € C* by generators K, K,, K5, K, and relations
1 . —1/2
K—t)|Ki—— ) =0, i=1,234  KKKK,=q" (2.1.2)
i

On the other hand, Hg, (t,q) is the family of algebras depending on g, tlg ) e ci=1,2,3
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and j =1, 2, generated by J,, J,,J; subject to the relations

i

1

ORD)

1 1A

t

(J; — ) (5, — t?) (Ji — ) =0, i=1,23  JJlJ;=q" (2.1.3)

Figure 2.2: Affine Dynkin diagrams: D, on the left and Eg on the right. Each leg contributes a
generator and its length determines the order of the corresponding Hecke relation. These two cases
are special in that all legs have same length.

Remark 2.1.2 Denote by T the algebraic torus formed by the tuple t, namely T = (C*)* in the
case of Hp, and T = (C")® in the case of H £,- Then, each family of GDAHAs can be obtained by

+1/1

specializations of a universal algebra H,, over C[T]® C[q~ /'], in which q and all elements of t

are central.

From Definition 1.3, Hp, (t,q) coincides (up to rescalings by the imaginary unit) with C c/
so that the E-type families are meant as true generalizations of this DAHA.

By just looking at the definitions, irreducible representations of H,(t, 1) give solutions
to the corresponding G = SL,(C) Deligne-Simpson problem. E.g., for 2 = D,, all conjugacy
classes C;, i = 1,2, 3,4, share the same d = 2 and have 7, = 7:;1 = t;. In other words, the
classical limit of the GDAHA of type D, algebraically encodes the monodromic features of
the Fuchsian system (I.1).

The rest of the Chapter upgrades to quantum this dictionary between monodromy and

GDAHAs, encompassing the irregular case in the process.
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2.2 Quantum middle convolution

This section turns noncommutative the algebraic middle convolution of Section 1.2, tai-
loring to our GDAHA Hy, (t,q) case of interest.

For convenience, we rescale the generators in (2.1.2) as

-~ 1 o~
Ki == t_Ki, i= 1, 2, 3; K4 == tl t2t3K4, (2.2.1)

i

so that the Hecke relations can be written as follows:

. 1 .
(Kl_l)(Kl_?):OJ l:1,213;

- ti (2.2.2)
(K, — tt5t5t,) (Rzl_ 2 3) =0
ty
In doing so, the cyclic relation in preserved:
21.1?223_24 = qil/z. (2.2.3)

For an object (p,V) € Rep(HD4(t,q)), we denote p(Rj) by I?j, namely we use the same
notation for the generator and its representation K; € End(V).

Introducing the triple K := (K, Ky, K5), the first map we define is

¢ : End(V)®) — End(,V)?
(1?1,[?2:—’?3) = (N1,N2:N3)

where
K, K,—1 K;—1 1 0 0 1 0 0
N, = 1 0 |, ,=(K,—-1 K, Kz—1 |, Na=| 0 1 0
0 0 1 0o o0 1 K,—1 K,—1 K,
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Notice that (¢(K), @ V) no longer defines a representation of H ,(t;q)-
The algebra structure in End(ép, V) is given by the usual matrix multiplication, combined
with the algebra operations in Hp, (t,q). In particular, the ordering is dictated by that of
matrix multiplication.

The following operation is a ‘quantum’ quotient to a subspace encoding the Hecke-type

properties of K.

Lemma 2.2.1 The subspace W C @, V, defined as
3 —~
W = Pker(K; — 1), (2.2.4)
i=1

is invariant under the action of Ny, N, and Nj.

Proof. Forany v = (vy,v,,v3) €W, Ny(v) = (El(‘ﬁ)"‘(l?z_1)("2)"‘(1?3_1)("3); vy, V3). Since
v, is in the kernel of (K; — 1), (K, — 1)(v,) + (1?3 —1)(v5) = 0 while K,(v;) = v,. Analogous

computations can be repeated for N, and N;. O

The quantum middle convolution is the restriction of ¢ (K) to the quotient (P, V)/W.
To construct this quotient, we take advantage of the properties entailed by the Hecke rela-
tions. In particular, each operator I?i : V — V carries a natural direct sum decomposition of
V into eigenspaces:

v=vev?, (2.2.5)
where Vl(i) corresponds to the eigenvalue 1 and Vz(i) to the other eigenvalue tl._z.

Lemma 2.2.2 The operators e;, defined as

€ = 1_lt_2(f€1_1):

28



are idempotent and project onto the eigenspace Vz(i):

1
e = ?ei. (2.2.6)

2
&

oy (K, — ti_z) the complement idempotent element projecting onto

Moreover, denoting e; :=

Vl(i), the following relations hold for i = 1,2, 3:
ee;=ee; =0, e +e =1 2.2.7)

Proof. It all stems from the Hecke relation (K; — 1)(K; — t2) = (K, — ti_z)(l?i —1)=0:

tt t
2 i > 2 i ) =
l=—"1 (Ki—1)P=—(2-1DEK -1 =e,
; (1_ti2)2( i—1) (1_ti2)2(l K —1) =e;
~ t2 t? 1 1
_ i _ i _
i€ = TtizKi(Ki —-1)= Tt?t_iz(Ki —-1)= t_izei:
_ th o
ee; = _—(1 _ltz)z (K; —1)(K; — >)=0,
i
t2 t2 t2 1
- i i -2\ __ i _
ate=g KDt K-t = o =t .

Introducing the operator

E:i=e ®e,®e; € End(@ V),
3
we can finally give the following

Definition 2.2.3 Let VECT? be the arrow category of all vector spaces. The quantum middle

convolution is the map

M, :Rep(Hp,(t,q)) — VECT?

sending an object (K,V) € Rep(HD4(t,q)) to a triple (EN,, EN,, EN,) € End(E(V))?, where

E(V):=e (V)@ ey(V)®es(V).
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Proposition 2.2.4 ./, is a functor whose image consists of quantum pseudo-reflections.

Proof. Let us first characterize 6 (K) explicitly in End(E(V)): since I?i acts as the multiplica-

tion by tl._2 on e;(V), it is immediate to obtain the pseudo-reflection formulae

(62 (52— Der (52— 1De;
Ny =] 0 1 0 ,

) |
[ 1 0 o )

EN2| = (t72—1e, t;° (t5°—1Dey |> (2.2.8)

2
E(V)

\ 0 0 1
[ 1 0 0 )

EN3| = 0 1 0

E(V)
\(t2=De; (5;2—1e; ;2

\ 0 0 1

Now let (K, V), (K, V') be objects in Rep(HD4(t,q)) and ¢ : V — V’ be a homomorphism of

representations, i.e. for i = 1,2, 3 the following diagram commutes:

Kll l ; (2.2.9)

Since representations in the same category have the same parameters (q, t), ¢ also com-
mutes with the rescaled representations.

In order to define the functor on arrows, we first introduce the map

¢(p):=(Bey:(@Hvy-E@vy (2.2.10)
3 3 3
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as the arrow in VECT? making the diagram

6(v)
(BsV) — (BsV')
w05 | | (2.2.11)

@, VF =2 (@, V')

commute. E.g.,

K, 9K,—¢ 9oK;—¢ Ko Ko—¢ Keo—g¢
(2.2.9) /
Bew,=| o ¢ 0 =| o 0 0 |[=NEPy).
3 3
0 0 @ 0 0 @

(2.2.12)
Analogously, (D3 ¢)N; = N/(s ¢) holds for i = 2,3.

Since (B3 ¢)E = E'(P; ) given that ge; = e, the map (2.2.10) restricts to E(V)* as
M) = (D) : BV > EWVY,
3

defining the functor .#, on arrows. Indeed, the diagram

()
E(V)? 255 B(v')?

(EN;,EN,,EN; )l l(E’Nl’ JE'NJ,E'NJ) (2.2.13)

Mo(0)
E(VY =5 E(V')

commutes given that (2.2.12) restricts as

(D ¢)EN, = E'(ED v)N, = E'NJ(ED ). (2.2.14)
3 3 3

Functoriality is a straightforward consequence of the definitions: for the identityid : V — V,

the relation ./, (id) = id is obvious while given two arrows ¢ : V — V' and ¢ : V' —» V",
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M) = M () AM(p) follows from

P e) = (B Y)ED ¢) € Hom(E(V),E"(V")). O
3 3 3

Remark 2.2.5 In the language of Katz [26], Definition 2.2.3 is the quantum algebraic ana-

logue of M (00, F). It corresponds to quotient by only the KC subspace (equivalently, to assume

A generic and set it to 1 after the restriction is performed).

A quantum construction taking full account of the other subspace would be useless for our

purpose: for a nontrivial L, the image of such a quantum middle convolution would remain an

object in Rep(HD4(t, q)), with no hope of being mapped to a different GDAHA.

2.3 Quantum Killing factorization

The Killing factorization is readily extended to the noncommutative realm:

Lemma 2.3.1 For a noncommutative ring R with unit group R, let R;,R,,R; € Mat;(R) be

pseudo-reflections: for a;; € R,

a;; Qpy dq3 1 0 O
Rl = O 1 0 ) RZ = a21 a22 a23 5 R3 =

0 0 1 0O o0 1

Their product can be uniquely factorized as

R,R,R, =UL,

for U upper unitriangular and L lower triangular given by

L—(U'-1)=A4, (A)ij =q;
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Moreover, when a; € R*, R; is invertible in Mat;(R).

Proof. With the ordering in the entries induced by the matrix multiplication one, by direct

computation we obtain

ay1 T ay90y + Ay3A31 + 12093031 A120oy + Ay3d3zy T A1pda3dsy A3z + dpda3dss
RiRyR3 = a1 + dy3ds3 Ao t Ay3ds3y Qy3dss

as; dss dss

(2.3.4)
Multiplying this formula on the left by a suitable upper unitriangular matrix U™}, we obtain

a lower triangular result:

1 —ap —ap; a; 0 0
0 1 —ay |RiRR3=]ay, a,, O |- (2.3.5)
0 0 1 ds; 4z ds3

PO T

To calculate U, we use the fact that U™! is unipotent: (U~! —1)® = 0 implies

1 app ay3+aass
U=U?+3U"-31=|0 1 s . (2.3.6)

0 O 1
Assuming that a,, € R* and denoting by a}' its multiplicative inverse,

-1 _ -1 -1
a;, a;, a2 a;; 13

R'=| o0 1 0 (2.3.7)

0 0 1

and analogous formulae hold for R, and R;. When a;; € R* fori = 1, 2, 3, the triple product
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R;R,R; can be inverted too. Doing so via the factorisation, since U™ is known it suffices to

invert L:
a;) 0 0
L™= —a,) ayay;] a, 0 |- (2.3.8)
—U33 0310y Q333205 A5y —Qyyapdy, Ao -
Applying Lemma 2.3.1 to each R; = ENi| , the factorization (2.3.2) takes the form
E(V)
1 (t;2—1e; (t;°2—De; + (5> —1)(t5> = 1ese,
U=1]0 1 (t32—1e, ) (2.3.9)
0 0 1
t;? 0 0
L= (tl—z —1)e, tz_z o |. (2.3.10)

(t;72—1eg (t;2—1ey t;°

Moreover, defining h; := (t;%—1),

1

RiRyR; =
t72+hihyeie, +hhge (1 +hyey)es  t,%hae; +hohge (14 haey)es  t52hge; + t;2hohge e,
hye, + hyhsese, t;> 4+ hyhse,es t5hse,

-2
hies hyes ts

2.4 The functorial composition

Composing the noncommutative analogues of the Killing factorization and the middle
convolution provides a tool to construct representations of the E,-type GDAHA, provided a

special choice for some of its parameters:

Lemma 2.4.1 Given an object (p,V) € Rep(HD4(t,q)), let U and L be the quantum Killing
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1 3 5 ) ] ] - 1 L. .
factors of EN;EN,EN,, where (EN,, EN,, EN;) is the triple of pseudo-reflections (2.2.8)

Denoting by TI := (EN,; EN,EN,) ! the inverse triple product, the following relations hold:

U-DU-1)U-1)=0,
(L-?)(L-5*)(L-57) =0,

(H—l)(l’[—ﬁtﬂﬂﬁd(l’[—ﬁw) =0.

ty

In particular, the rescaled operators

1

T:=(t;t,t,)"L, Ti=—FTI,
(htats) q'3(ttyts)

satisfy the Hecke relations

T —4/3.2/3 23\ (T 2/3 —4/3.2/3\ (T 2/3 23 —4/3) _
(L_tl t, tg )(L_tl (S )(L_tl t, tg )_O>
1/3 ,1/3 ,1/3
~ 1 =~ 16, 1/3,1/3 1/3 = 1 tl t2 t3
(H—m)(n—q/éfl £y 'ty t,) H—q/ét— =0,
q 3t1 tz t3 4

together with the cyclic one

ULTl=q".

(2.4.1)

(2.4.2)

(2.4.3)

(2.4.4)

Proof. By construction, U LII = 1 and (2.4.4) follows immediately. As an upper triangular

matrix of operators, U automatically satisfies a Hecke relation with its diagonal entries as

parameters—which are forced to be unities by the quantum factorization. Being lower trian-

gular, L satisfies the analogous Hecke relation if and only if its diagonal is made of invertible

elements—which is the case for the factorization of (EN,, EN,, EN;), see (2.3.10).

To prove the remaining Hecke relation for I1, we use the basic (faithful) representation

of Hp,(t,q) [31]. This is given by the operators Ty, T;,Z acting on the space of Laurent
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polynomials f[z] € V := C[z*!] as follows:

(Zf)lz]:=zflz], (2.4.5)

(Ti(a, ) )fe]i= CFDEZ UL gy, Um0 oy (o)
(Tola, by, d)f iz = L 2CAT D2t D)) oy (=2d=2) poay (547
q—z2 q—z2

These operators satisfy the algebra relations

(Ty +ab)(T; +1)=0,

(To+q "ed)(To, +1) =0,

(2.4.8)
(T1Z +a)(T,Z +b)=0,
(qToZ ' +¢)(qTyZ ' +d)=0.
To put these relations in form (2.2.2), we set
= = ~15-1 % % 1 -1
K]_:_T]_, K2:_aT1 Z ) K3:_T0, K4:__TO Z,
av/q (2.4.9)
tzzi tZ:2 =91 =5,
L ab’ 24 35 cod’ +d

Notice that with this choice, among the new relations we have the cyclic one as (2.2.3).
Despite the fact that the operators K; act on the infinite dimensional C-vector space of Lau-

rent polynomials C[z*'], we can give an explicit characterization to their eigenspaces:

Lemma 2.4.2 ([27]) Let Sym denote the space of symmetric Laurent polynomials,
sym={f eClz*'1If[z]=f[z""1},
and Sym, denote the space of g-symmetric Laurent polynomials,

Sym, = {f € Clz*'11f[z] = flgz""1} .
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Then,
K.flz]=abf[z] <> f[z]€Sym,

Rfls1=Sfls] & fls=(bs—Dpls], plsleSym, (2.4.10)
I?Bf[z]=%f[z] — flz]eSym,

Thanks to Lemma 2.4.2, we have that
e (V)=Sym, e,(V)=(bz—1)Sym, e3(V)=Sym,,

allowing to give an explicit restriction of the triple of operators resulting from applying ./,
to (K, Ky, K3) from (2.4.9). The restricted operators act on a generic element in the quotient

(n 2], vol2],v3l2]) € E(V) =e1(V) @ e,(V) @ e5(V) as follows:

BN lzvalz)ala]) = (abwe] + 500 2]
d—
s (e D(bs = 1l (a8 2wl ol wla1)

(2.4.11)

b—1)(bz—
a(a (al—)(b)z 1)V1[Z]+%V2[2]

((a —2)vs[z] —2(az — 1)vs[z71]), vg[z]) , (2.4.12)

ENy(v1[5], v,[2], vs[5]) = (vl[z], _
(cd—q)(bz—1)
(a— D)1

ENy(w[=], [ walz]) = (wlz] vilz],
(ab—1)
(cd —q)(q —2?)

(a—b) - cd
+ b(ed — D) _ZZ)(q(c —2)(d —2)v,[qz ] — (cz — q)(dz — q)v,[2]) + ?vg[z]) :
(2.4.13)

(q(c —2)(z — dIvi[gz "1~ (cz — q)(dz — @)vi[2])
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It is immediate to put these operators in matrix form and read off their Killing factors as

explained in Section 2.3.
We obtain the following operators:

L [2), volz], volz]) = (abvl[z], alab= )bz =1) 19190,
a—b>b b

(ab—1) B B N B
cd—q)(q—22) (qlc —2)(d —2)vi[qz '] — (cz —)(dz — @Iy [2])
(a—>b) _ q
+ s (ale = =2l 1= er— )z —wle]) + vl

(2.4.14)

and

U1l wlz]) = (] + G nle]
@z bE), ),

Z

d—
q(ab(_cl)b(qz)z_1)(2((12_1)(1)25—1)1/3[2—1]
d—q)(bz—
2]+ EZ_ bq)lzl((;_ ii((a—z)w[Z] —z(az—1)v;[z71]), vg[z]). (2.4.15)

Moreover, we set IT = L™ 'U™!, where L™! and U™ are computed as prescribed in Section 2.3:

N2tz D) = (gpwile] + ST =D

(cd —q) B
+ ab(ab—1)q(z? — 1)((2 —a)(z — b)vs[z] — (az — 1)(bz — 1)vs[z7*]),
(ab—1)(bz—1) (bz—1)(b—2 + bz?)
a(a—b) ilz1+ abz V,l2]
(cd —q)(bz—1) .
a@—blg =1\ (@~ Dl 1 (@=2wel),
b— 2
acd(c(z —q)l()zq2 —q) (q;(c —2)(d —2)v;[qz7" ] —2(cz — q)(dz —q)vl[z])
—b 2
+ abcd(c(z —qi?zz _q)(z—z(bq —2)(c —2)(d —2)v,[qz 1] — 2(bz — 1)(cz — q)(dz — q),[2])
_ q(c—2)(d—2)(az—q)
acdz(z?—q)

—17_ 2(aq(d —z) +(ac + g —cz)(g —dz))
v5[qz 1]— aed@—) ) (2.4.16)
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The Hecke relations for L and U can be checked directly using formulae (2.4.14-2.4.15),
while U LTI = 1 holds by construction. Verifying the Hecke relation for II is a heavy com-
putation best performed with symbolic calculation [8].

This concludes the proof of formulae (2.4.1) with parameters (2.4.9). O

Theorem 2.4.3 The quantum Killing factorization of the quantum middle convolution gives a

functor of (faithful) representations

Z,: Rep(Hp(t,q)) — Rep(Hg(f,q),

(p,V) = (n,E(V)),

where

E(V):=e (V)@ ey(V) @ es(V),

with e; defined in Lemma 2.2.2, and n : H EG(E, q) — End(E(V)) is the algebra homomorphism

acting on the generators Jy,J,,J3 of Hg (£,q) as

nWJ)=U, n(J,)= Z: n(J;) = ﬁ,

with U, L and II defined in Lemma 2.4.1 and the parameters t given by

(1) _ z(2) _ (1) _ =4/3.2/3 .23 (2) 23, —4/3 2/3
tl —tl —1, tz —tl t2t3, —t t
- 2.4.1
~(1) _ q /s =(2) __ 1/6,1/3,.1/3 1/3 ( 4 7)
B = amzy 3 =4ttty
tl t2 t3

Proof. InLemma 2.4.1, we have already proven that Z, maps objects (o, V) € Rep(HD4(t, q))
to objects (n, E(V)) € Rep(HEﬁ(f,q)). The faithfulness of (1, E(V')) is proven with the very
same argument used in the proof of Theorem 3.2.3.

Now, let (p,V) and (p’,V’) be two objects in Rep(HD4(t,q)) and ¢ : V — V' a homomor-

phism of representations. The map of arrows defined in the proof of Proposition 2.2.4 carries
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through the factorization: for i = 1,2,3, Z,(¢) := s ¢ gives the commutative diagram

7.(9)
E(V) =5 E(V)

n(Ji)l ln/(Ji) (2.4.18)

Indeed, each Killing factor’s entry is a (linear combination of) composition of entries from
EN,,EN,, EN; and these suitably commute with ¢: as previously observed, ge; = el¢p.

To conclude, functoriality holds unaffected: for the identity id : V — V, Z (id) = id
manifestly while for 1) : V' — V" satisfying 1 p’(K;) = p”"(K)Y, Z,(¥¢) = @:(Y¢) =
(D ¥)(@: ¢) as maps in Hom(E(V), E”(V")). O

Remark 2.4.4 In principle, one can obtain a wealth of representations of H E6(f, q) by feeding
the functor #, with the representation theory of Hp, . We provide two examples of distinct nature
with the basic representation above and the quantum matricial one in the following section.

1 (2).

Notice also that t specializes only the two parameters t,’ and t,”: the remaining four are

free, as confirmed by the following inversion formulae

4/6%21)*1/2%1)*1/2’ t —1/6522)*1/2%1)*1/2, t —1/6Egl)l/ZEgZ)l/Zfél)*l/Z’ ~g1)1/25g2).

ty =4 2=q 3=( t,=1t
(2.4.19)
This specialization is deeply connected with monodromy, in that it achieves the unitriangular

requirement of the irregular data (see the last paragraph of Section 1.1.2).

2.5 Application: quantum irregular monodromy data

In this section, by applying the functor Z; to the quantum Fuchsian monodromy matri-

ces, we finally construct an explicit quantization of the irregular data (1.1.26).

40



As prescribed in Section 2.2, we start by rescaling the triple (I.10) of SLZ(TZ) matrices:

S1+p

. P " O e 1 1
K]. = —6 2 M]. = 5

—e 51 1+eh
N P B N e S
K, =—e> M2 = , (2.5.1)

—eS2tp2 —eS27P2

. - 1+ePs+e™ e 53
K3 = —e 2 M3 =

—1 —eP3 —53tPs _ oS3  _o~53

As our input to Z, is given by 2x 2 matrices, the map ¢ will produce 6x 6 matrices Ny, N, N;.

In order to perform concretely the quotient at the core of the quantum middle convolu-
tion, we need an explicit characterization of the eigenspaces Vz(l), Vz(z), VZ(B) (2.2.5) we have
to restrict to. Selecting a representation of 'JI‘SI’ on a vector space V, we fit the framework
of genuine representations on vector spaces developed in Section 2.2: indeed, this allows
to view the matrices K; as elements in End(V @ V), namely V := V @ V. Now, solving
for eigenspaces is more conveniently carried out by reading formulae (2.5.1) as arrows in
HomMod-’]I‘g(easz: ®,T>), where Mod-T; denotes the category of right T’-modules, namely
having the rescaled matrices act in the usual way on the columns in Matle(’]I‘;’). Indeed,

computing eigenspaces in ) @ } amounts to solving ']I‘z—linear equations.

Remark 2.5.1 The quantum n-torus, n € Z., is known to be an Ore domain [2] whose ring
of fractions Frac(’]I‘Z) is a division algebra. Therefore, 692’1[‘2 is well-defined as the free rank 2

Ts-module.

Proposition 2.5.2 As rank 1 ’H‘;’-submodules of GBZ’]I‘E, the eigenspaces Vz(i) read

v =( D7), P =(1-e D7), P =(-11+4eM)7). (252)
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Then,
EVeV)= <(esl, 1,0,0,0,0)7, (0,0,—1—e"%2,1,0,0)7, (0,0,0,0,—1,1 + eSB)T) (2.5.3)

Proof. It is a straightforward computation: e.g., looking for (a, b)” € GBZ’]I‘;’ such that

1+eP2+e5P2 1 teP2+e524e7%2 | [ a a
= el? , (2.5.4)
—e521P2 —eS27D2 b b
one immediately obtains a = —b — e™52b from the second equation and this tautologically

satisfies the first one. Notice that all three pairs of equations can be solved in ’]I‘Z’, providing
each a rank-1 submodule, due to the very special entries of the triple. In general, one must

resort to Frac(Tg) to invert generic entries. O

Reading ¢ (K) over the generators (2.5.3), we obtain a triple of pseudo-reflections (R;,R,, R3)

encoded by the following A matrix (see Section 2.3):

1+e S17P1(1+¢752) 1+e S517P1+4¢53
e’ A—e) =7 —  (A-e") g
_ e P24+(1+q%e51)e52 e P2+(eP2+¢52)eS3
A= (ePr—1) eP2—1 eP? (eP*—1) eP2—1
e™937P3 4651 (14q2e537P3) 1+e 52(1+q2e537P3)
(epl - 1) e—P3—1 (1 - ePz) e P3—1 ePs
(2.5.5)

We choose a more polished (R;,R,,R;) by performing a global diagonal conjugation, which

manifestly preserves the pseudo-reflection structure of the whole triple:

epl —1— (1 + esl+p1)eSZ _q_lesz — q—1651+p1 eSz(l + qzesg)
R,:=CR,C'=]| 0 1 0 ,

0 0 1
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( 1 0 0
EZ = CRZC_l = ep2 + e_Sl+p2 + qze_sl e_SZ ep2 _q_]- J— q(l + es2+p2)eSS
\ 0 0 1

( 1 0 0
Ry :=CR,C'= 0 1 o |,

\qe‘sﬁp3 +q(e™r+1)e2e™53 gePs(1+e752)+qeS2e™53 ebs

for C := diag(e® — e517P1, —e™52 + ¢7527P2 —ge™52 4 ge™S3tP2) € GL3(T2).

Remark 2.5.3 As fully detailed in Theorem 3.3.3, this special choice selects in the conjugacy
class of pseudo-reflections the triple allowing for a direct match with the representation from

higher Teichmiiller theory.

The quantum Killing factorization of R,R,R; reads

1 —1—(1+e5v"P1)e%2 g 1+ qe’ +q(1 + eP2 + e527P2 4 e51P1g527P2) 525

U=10 1 —q 1 —qe% — qeS2tP2eSs )
0 0 1
el 0 0
L = eP2 4 g~S1tP2 4 qze_sl e 52 eP2 o |,

q(e—52+P3 4+ e 52753 L o~51 6—526—53) q(€p3 4+ e S2tP3 4 6_526_53) ePs3

(2.5.6)
with inverse triple product IT = LU~ obtained by formulae (2.3.5-2.3.8), see [8].
Performing the rescalings (2.4.2), we obtain
L:= e_p?le_%ze_p?gL, M:= q_%e%e%e%ﬂ. (2.5.7)
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Proposition 2.5.4 The matrices U,L,Tl € SLB(T;’) satisfy the relations

U-HU-1HU-1)=0,
(—eir=#-51) (T —e ¥rin 1) (T - ¥ %+in1) =0,

(ﬁ _ q_%eTJ’?JFT 1) (ﬁ — q§6—§P1—§P2_§P3 e 51 e_Sze_s31) (2.5.8)
(fi—gie ¥+ ehemen1) =0,

UL =q 1.
The map J, = U, J, — I, J3 — I gives a faithful representation ofHEﬁ(f,qz).

Proof. The whole statement follows as a corollary of Theorem 2.4.3. All relations can be

checked directly in the Mathematica companion [9]. O

To conclude, the classical limit ¢ — 1 reads as
U—S;,, L—S, MO— M, (2.5.9)

proving that the triple (I1, U, L) gives the desired quantum realization of the (generalized)
irregular monodromy data. In particular [33], e? = ™%  confirming the diagonal part of

L matches the expected one of S,, and the eigenvalues of IT match the expected form as

eS1tsatss = e—ﬂi(91+92+93+9w) .
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CHAPTER 3

THE HIGHER TEICHMULLER APPROACH

We start the Chapter recalling the basics of higher Teichmiiller theory and the moduli
space of pinnings. We give a brief self-consistent summary of the Fock-Goncharov coor-
dinates for the moduli space of PGL,(R)-local systems and their extension to the moduli
space of pinnings due to Goncharov and Shen. We describe the so-called snake calculus,
detailing how to compute transport matrices and glue triangles by amalgamations. After
giving a recipe to represent fat graph loops by strings of transport matrices, we explain the
quantization of the Fock-Goncharov coordinates.

Using this toolkit, the Chapter’s main theorem constructs the first explicit representation
of the universal GDAHA Hg_ . As a primer to this theorem, we recast in cluster terms the
SLZ(Ts)—embedding (1.10), promoting it to the universal Hp, by replacing the quantum 3-
torus with a more general quantum algebra. This way, we rediscover the quantum Fuchsian
monodromy data through the lens of higher Teichmdiiller geometry.

After introducing the quiver seizure operation, we conclude the Chapter by showing that
the representation of the universal Hy can be reduced to recover the quantum irregular
monodromy data generated by the GDAHA functor.

The whole Chapter is an adaptation of sections 2, 3 and 4 from the arXiv preprint

D. Dal Martello and M. Mazzocco. Generalized double affine Hecke algebras,
their representations, and higher Teichmiiller theory. arXiv:2307.06803v2, 2023.
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Throughout the Chapter, we mainly deal with the three quivers Q,, Q,, Q5 in Figure 3.1.

Ql QZ Q3
° °
: ° :
Figure 3.1: The main quivers starring in this thesis. Q, 3 emerge from the rank n = 2,3 higher

Teichmiiller theory, respectively. Q; is a full subquiver of Q3, obtained by evaluating at 1 specific
central elements in X, 0, the quantum torus associated with Q.

3.1 Higher Teichmiiller theory

Let %, ; ,, be a genus g topological surface with s boundary components and m marked
points on the boundaries having negative Euler characteristic. In the absence of marked
points, the Teichmiiller space Jps|, (2, ), i.€., the moduli space of complex structures on
2, s 0 modulo diffeomorphisms isotopic to the identity, is identified with the space of discrete
faithful representations m,(%, ; y) — PSL,(R) modulo conjugation.

This moduli space admits a higher generalization, replacing PSL, with any split semisim-
ple algebraic group G, given by the moduli space of pinnings #(Z,  ,,) introduced by Gon-
charov and Shen [19]. The latter is defined as an extension by additional data of the moduli

space Zs(X, ;) of framed G-local systems, i.e., principal G-bundles with framed flat con-

&,S,Mm

nections defined by attaching an invariant flag to each marked point.

3.1.1 Combinatorial description of the moduli space of pinnings

In this section, we recall the main ingredients of the combinatorial description of the
moduli space Z;(%, ; ,,) and its quantization [6, 19], restricting to G = PGL,(R). We closely
follow the former paper as well as [22]: since notations have been tailored to our needs, for

the sake of the reader the exposition is self-consistent.
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In subsection 3.1.1, we describe the moduli space of framed PGL,(R)-local systems for
the disk with three marked points 1,2, 3 on its boundary. We picture such surface %, 5 as
the equilateral triangle A123 in Figure 3.9 and assign a clockwise orientation. In subsection
3.1.1, we introduce pinnings on A123 and explain how to glue triangles together to form

the moduli space & for any Riemann surface %, .
The snake calculus on a triangle

For a given n € Z.,, we cover A123 by its unique tessellation of n? identical equilateral
triangular tiles, arranged between upward and downward. Each vertex of this tessellation
is labelled by a triple of non-negative integers (i, j, k) by the minimum number of tiles con-
necting it to the sides of A123: i for side 23, j for side 31 and k for side 12 (Figure 3.2).

Since i + j + k = n, these triples are called barycentric coordinates. This coordinatization

1

3 2

Figure 3.2: n = 7 tessellation of A123 and barycentric coordinates (1,4, 2) for the vertex, with
colors highlighting the tile-counting ruling the coordinatization. The total n? tiles are all similar to
A123 and arranged between (";1) upward and (g) downward ones.

naturally extends to a tile by assigning a triple (a, b, ¢) to its center:

e a+b+c=n—1inthe upward case, where vertices appear in the form

{(a +1,b,c),(a,b+1,c), (a,b,c+ 1)};
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e a+ b+ c=n—2inthe downward case, where vertices appear in the form

{(a,b+1,c+1), (a+1,b,c+1), (a+1,b+1,c)}.

Remark 3.1.1 Let us highlight the resulting combinatorics: barycentric coordinates are as-
signed to vertices of the tessellation and centers of the tiles so that the type of object they label

can be detected by just inspecting the (integral) result of their sum.

Since any flat connection on the contractible A123 is trivial, Zpg| ()(A123) is identified
with the space of triples of invariant complete flags in R".

Snake calculus is a way to construct elementary change-of-basis matrices between pro-
jective bases of R" induced by a choice of flags in generic position. Let us detail the combi-

natorial features of this construction.

Definition 3.1.2 A complete flag F, in a vector space V is a collection of consecutively embed-
ded subspaces

{0=F,cF,c...CcF,_,CcF,=V}, dim(F)=Fk.

Let F!, F2,F2 be the (generic) complete flags in R" attached to the vertices of A123. To any
center (a, b, ¢) of a tile in the tessellation of A123, we attach the subspace F. NF?> , NF>
: aline A

«be for upward tiles and a plane 7 ;. for downward ones. By construction, a plane

abe
Tabe CONtains the lines A4 1ype> Aaep+1)c> Aab(e+1) attached to the three upward tiles adjacent
to the downward one it is attached to. Let us visually highlight this correspondence: after
labelling each center with its subspace, we stick on each plane a grey upward triangle whose
vertices match the three coplanar lines it contains. Figure 3.3 gives a step-by-step display of
the resulting configuration on A123.

For the rest of this section, we forget the tessellation focusing on these (g) grey triangles—

and the resulting ("gl) white downward ones among them—Ilooking at specific paths called
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(2,0,0) A200

1,0,1) 1,1,0) At01 A110

(1,0,2) (1,2,0)

‘e 001 010

(0, 0, 2) (0, 1, 1) (0,-2, 0) 002 Aot Aoz0

3 2 (0,0,3) (0,1,2) (0,2,1) (0,3,0)

Figure 3.3: For n = 3, from left to right: tessellation of A123, barycentric coordinates for vertices of
the tessellation and centers of the tiles, configuration of subspaces with the grey triangles (and one
white triangle enclosed by them).

snakes that run over their sides. Notice that the upward grey and downward white triangles

gives nothing but the n — 1 tessellation of a triangle connecting {A(,_1)00> Aon—1)0s Aoo(n-1)}-

Definition 3.1.3 A snake p is an oriented piece-wise path composed by exactly n — 1 sides of
grey triangles, which starts from a tile sharing a vertex with A123 and ends on a tile in contact

with the opposite side.

Notice that the length requirement implies no segment can be parallel to the snake’s target
side of A123. We call p,,, the unique snake running parallel to side IJ of A123, a J-snake.
Let Greek letters denote a generic triple of barycentric coordinates: e.g., A;j is equally
denoted by A,. As shown in Figure 3.5, each segment of a snake connects two vertices
a, 3 of a grey triangle. The corresponding lines A,,Ag are coplanar to A, where 7 is the
remaining vertex of the grey triangle. By coplanarity, a choice of vector v, € A, uniquely

determines vg € A4 by the following orientation rule

Vﬂ +Va, O
A, 5v, = (3.1.1)

Vg—V,, O.

Therefore, a snake inductively determines a projective basis of R": chosen the first vector
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A200

Aoo2

Figure 3.4: For n = 3, two snakes and a forbidden path. The green snake p;, has basis
{Vzoo,vl 10,V020} in Rs, whose vectors Satisfy V101 = V110 + V200> V011 = Vo020 + Vi10- The blue snake
has basis {vy09, V101, Vo11}, With V119 = V191 — V200, Voo2 = Vo11 + V101-

VgV, Vg Vg~ Va M:

Figure 3.5: Segments of two oppositely oriented snakes. The vertices of the grey triangle correspond
to 3 coplanar lines A,,4p,4, and v, = vg + v, depending on whether the segment is oriented
clockwise or counterclockwise with respect to its grey triangle.

and iteratively applying the rule, the resulting n vectors are defined up to a global scaling

factor. Their linear independence is a consequence of the flags being assumed generic.
Given any two snakes, a change-of-basis matrix maps between their corresponding pro-

jective bases. The snake calculus gives a simple recipe to write down these matrices: since

the elementary moves in Figure 3.6 suffice to decompose any snake transformation, they are

constructed out of the elementary building blocks in the following
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Aje

V, V
Brs1 At

V, XV
v, +V Vy Biesa A2

Figure 3.6: From left to right, elementary snake moves I, Il and III mapping red to blue segments of
a sample snake with v; € A,. Notice that move I can only be performed on the last segment of a
snake, i.e. when no subsequent segments can be affected. In this sense, move II can be thought of as
the extension of move I to any other segment.

Definition 3.1.4 Let E, be the matrix unit, i.e., (E,);; = 6,;0,;. For 1 denoting the identity

matrix, k € {1,...,n} and a parameter t € R.,, define the SL,(R.,) matrices

Ly =14 Eji1 (3.1.2)
n—k
H (t)=t" = diag(1,...,1,¢t,...,t), 3.1.3
(1) g( ) (3.1.3)
k times

and the SL,(R) antidiagonal matrix
(S); = (_1)n_i5i,n+1—j' (3.1.4)

Let us sketch the origin of this advantageous feature, adapting Appendix A in [22]. Move

I flips the last segment pivoting its source center across a grey triangle, by rule (3.1.1)

yielding:
‘fa1 ‘fa1 ‘fa1
. 1n—2 .
— = 1 0 . (3.1.5)
Vv Vv
Ap—1 Ap—1 Ap—1
11
L Van . _Van +van71_ ~ Lv ~ L Van .
n—1
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Move II flips any two non-parallel consecutive segments. Analogously to move I, sweeping

the grey triangle yields v, — vg =V,  +V, . However, this drags the second segment

Age+1
in a flip that pivots its target center: we expect the transformed 2-segment portion of the
snake to end on a different vector within the same line, i.e. vg o< v, . Denoting by Z

the proportionality constant,

Vo, Vo, Vg,
1 )
Ve Ve, 100 v,
Var | 7| Vi | T 110 Vo, | - (3.1.6)
Voo A/ 0 0 Z Vo,
\ 21, )
Va, Va, \

Since the elementary blocks L; and H;(t) commute for i # j, this change-of-basis matrix can
be factorized, inside PGL,(R), as L, H;,,(Z) and the move as a whole is well-defined. Finally,

move III, inverting a clockwise oriented d-snake, is unravelled tracking segment reversals:

Val Van B v 7
Va, Y,
— : =st| . (3.1.7)
Vo, (—1)2v,, V
v, (—1)" v, -

Notice that S = (—=1)""1Ss = ST.
There are (";l) type II moves, one for each downward white triangle, and the corre-
sponding proportionality constants are the so-called (positive) Fock-Goncharov variables.

Topologically, notice that Fock-Goncharov variables are in bijection with inner vertices of
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the tessellation of A;,5: there is exactly one such vertex inside any white triangle. We
thus denote them Z;;, by the barycentric coordinates of the unique corresponding vertex,
i,j,k €Z.,.

Taking advantage of this calculus, the general formula for the change-of-basis matrix

corresponding to the J-snake map p,, — p5; reads

n—2 j
PSL,(R)> Cyp,31 =S L4 l_[ [ﬁ [Ln—i—lHn—i(Zn—j—i,i,j)]Ln—l] . (3.1.8)

j=1 Li=1

Example 3.1.5 For n = 2, there are no inner vertices and formula (3.1.8) simplifies to

0 —1 10
C12—>31 - S L]_ - . (3.1.9)
1 0 1 1

For n = 3, there is just a single Fock-Goncharov variable Z,;;:

Cip31 =S LZLIHZ(ZIH)LZ

0 0 1\ftoo0)\ftoo0)lzf 0 0)\[100) ;0
={o -1 0oflo1of|l1 10|l 0 Z% o [|lo1o
1 0 o/\o11/loo1/\o o z~2)lo11

Transport matrices and amalgamation

In order to glue triangles together, we need to attach additional variables to the sides
of A123. This is formally done by extending Zpg (r)(A123) to the moduli space of pin-
nings PpeL, v)(A123), in which each oriented side of the triangle comes equipped with a 1-

dimensional subspace of R" in generic position to the corresponding pair of flags. A pinning
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\ L > LiH,(Zy1,) < L, / S /
—_— _— —_— _—

Figure 3.7: Sequence of snake moves factorizing Cy,_,3; for n = 3. At step 2, the tessellation’s only
inner vertex of barycentric coordinates (1,1, 1) labels the Fock-Goncharov variable Z;;;. At step 4,
the d-snake runs counterclockwise and an S matrix is needed.

on side IJ is given by the triple {F!, F/, A} with A ¢ R",dim(A) = 1. A choice of A equals a
choice of projective basis {v, ,...v, } in R", a vector for each vertex along I.J from the corre-
sponding line, via the condition Z?:l Vo, € A. Therefore, each oriented side IJ comes with
two projective bases, one from the pinning and the other from the corresponding J-snake
P1s, and the unimodular change-of-basis matrix between them takes the form l_[?:_l1 H,(t,).
These n—1 proportionality constants are thought of as additional Fock-Goncharov variables
Z;jx, labelled by the vertices on the interior of IJ. Adding these extra variables from all three
sides to the ones birthed by type II moves, we get a total of 3(n — 1) + (”gl) = W
Fock-Goncharov variables (Figure 3.8). As a whole, they parametrize Py (z)(A123) and

are in bijection with the tessellation’s vertices except 1,2, 3.

Remark 3.1.6 We impose all Fock-Goncharov variables to be strictly positive: this restriction
is known [6] to provide a parametrization of the moduli space describing its positive connected
component Py (R)(Z). In particular, this choice makes the transport matrices (3.1.11) genuine

elements of PSL,(R) € PGL,(R).

We finally define the transport matrices T; in Figure 3.9. They correspond to the special
change-of-basis matrices between the pinning-induced projective bases associated to the
oriented sides of A123. For example, T; maps the pinning of side 12 first to the snake p;,,
then maps the snake p,, to the snake ps;, and finally maps the snake p5; to the pinning of

side 31.
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Figure 3.8: From left to right, Fock-Goncharov variables Z, for Zpg,r)(A123) and Ppg), ) (A123).
Blue variables are associated with moves II and red ones with side pinnings.

1

(e
WA

3 2

Figure 3.9: The triple of transport matrices on the oriented triangle A123. T; corresponds to the
map of oriented sides 12 +— 31, T, to 23 — 12 and T5 to 31 — 23.

Definition 3.1.7 The transport matrices T;, T,, T5 are the following n X n matrices

n—1 _ _ n—2[ Jj _ 7 n—-1

Tl =S _Hn—k(Zk,O,n—k)_ Ln—l _Ln—i—lHn—i(Zn—j—i,i,j)_Ln—l Hk(Zn—k,k,O):
k=1 j=1 Li=1 k=1
n-1 ] 2 Jj i n-1

T,=S§ _Hn—k(Zn—k,k,o)_ L, _Ln—i—lHn—i(Zj,n—j—i,i)_Ln—l Hk(ZO,n—k,k);
k=1 j=1 L i=1 k=1
n—l - n=2 [ J - n—1

TS =S _Hn—k(ZO,n—k,k)_ Ln—l _Ln—i—lHn—i(Zi,j,n—j—i)_Ln—l Hk(Zk,O,n—k)-
k=1 j=1Li=1 4 k=l

(3.1.11)

Together with their inverses, T;, T,, T3 suffice to map between any two sides. Notice that the
permutation map o acts on matrices T(Z; ;) depending on Fock-Goncharov variables Z;;; as

oT(Z;) := T(Zy), so that we have T, = 0T, and Ty = o°T).
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We introduce the following shorthand notation:

— 1731 12
T =Hg,, Croz Hyy,

where

n—1
H2 =] [H(Zio), (3.1.12)
k=1
n—1 n—1
H, = DT = [ [[H Zond) | = S| ][ HackZionid 57 (3.1.13)
k=1 k=1

Remark 3.1.8 These diagonal factors modifying the change-of-basis matrix can be visualized
as passing from the side’s pinning to the inner d-snake and vice versa: H'> for the oriented side

12 the path crosses to enter the triangle (pinning-to-snake), H3!

o for the oriented side of exit

(snake-to-pinning).

Example 3.1.9 Explicitly, for n =2 and n = 3 we get

Y2 =1/ 2 1/
_2102121102 _Z102121120
T, =S Hy(Z191)L1H,(Z114) = , (3.1.14)

-1/2 ,—1/2
Z].Ol Zl 10 0

Ty =S Hy(Z102)H1(Z201) Ly L1 Ho(Z111) Loy H (Z210)H(Z120)

2/3 »-1/3 ,1/3 ,1/3 ,—2/3 2/3 -1/3 2/3 -1/3 ,1/3 ,1/3 2/3 52/3 52/3 51/3 ,1/3
21022111 212022012210 2102(2111 + Z].ll)Z].ZO 22012210 2102Z111212022012210

— -1/3 5-1/3 -1/3 ,1/3 ,—2/3 -1/3 5-1/3 5,-1/3 5,1/3 51/3
- _2102 lel ZlZO Z201Z210 _2102 lel ZlZO 22012210 0

-1/3 ,-1/3 ,—1/3 ,—2/3 ,—2/3
ZlOZ lel ZlZO Z201 ZZlO 0 0

(3.1.15)

Notice that, in both cases, no Fock-Goncharov variables from side 23 appear; in accordance with

the crossing of A123 associated with T,. Cyclically permute the indices once and twice to get
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the expressions for T, and Ts.

As anticipated, pinnings allow to amalgamate variables of two adjacent triangles, creating
the set of parameters describing the moduli space g (z)(0) of the quadrangle obtained
by gluing the pair along the common side. The amalgamation procedure orderly identifies
the two (n — 1)-tuples of vertices on the interior of the sides to be glued, assigning to each
resulting vertex a Fock-Goncharov amalgamated variable via the product of the parent ones:

if the identified vertices a,, a, result in the single vertex a, Z, := Z, Z,, (Figure 3.10).

@@ °_> @

Figure 3.10: Amalgamation example Z, = Z, Z,,, with the sides to be glued in blue.

This operation allows to parameterize Ppg (r)(S), for any (suitable) triangulated surface

S, by amalgamation of the moduli spaces of pinnings assigned to the individual triangles.

3.1.2 Fat graph loops via transport matrices

Using the machinery of Section 3.1.1, we here explain how to assign sequences of trans-
port matrices to loops running over a fat graph. In order to explain this transport matrix
factorization of fat graph paths, we assume a clockwise labelling of vertices from the set
{1,2,3} is chosen for each triangle coming from the dual fat graph Fg’,s)m of the surface
2, sm> where T, ¢ . is constructed following the recipe in [5].

One should picture a path as transporting an oriented side along the triangulation by
the action of transport matrices. In order to consistently compose two transport matrices—

that we defined as maps between the clockwise oriented sides of a triangle—a reversal of

the transported side must be performed. This is done by inserting a S block between the
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matrices.

D@
sTLST!

Figure 3.11: The blue path transports the oriented side indicated by the thick black arrow. When
constructing its representation, the transport composition rule prescribes the insertion of the S block
between the transport matrices. The orientation is explicitly indicated on those sides interacting via
the composition: the 31 oriented side of the right () triangle is reversed by S to match the 23 one
of the left (1) triangle. The leftmost S block performs a final reversal: without it, the path would flip
the side it is just allowed to transport.

In terms of Fock-Goncharov variables, this transport composition rule enforces the amalga-
mation, performed in the language of transport matrices by letting the diagonal pinning
factors multiply each other. Notice that the side reversal is exactly the operation needed to
absorb the leftmost S factor of a transport matrix and let the H blocks generate the amalga-

mated variable.

Example 3.1.10 For n = 2, the composition in Figure 3.11 is the amalgamation Z' := Z(()ll)lzig)l:
70 s T\ = SH, ()L, H,(Z$)) S SHy(Z$) L, H, (Z0)

l l r r
= =S H,(Z};0)L1 Hi(Zo0)H: (Z1g)) L Ha (213 (3.1.16)

Hl(Z(()ll)lzgg)l)
1 r
== Hl(Zil)o)LlHl(Z/)LlHl(Zglz) )

ie. H\(Z,,)H\(Z, ) =H:(Z, Z,,) = H\(Z,), for Z, the amalgamated variable. For n =3, the
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mechanism reads

Hl(Z/jz)Hz(ZaZ)Hz(Zal )Hl(Zﬁl) = H1(Z/522/51)H2(Za22a1)

= HZ(Zazzal )Hl(ZﬁZZﬁl) = HZ(ZQ)Hl(Zﬁ):

with Z,, Zg as the two amalgamated variables.

Remark 3.1.11 When dealing with loops, the amalgamation at the base-point cannot be cap-
tured by the mere factorization over transport matrices: the unavoidable choice of a starting
point prevents the composition between the first and last transport matrices from happening.
Nevertheless, this issue is easily fixed by a global conjugation. E.g., the path in Figure 3.11
can be closed into a loop conjugating its factorization S Tz(l)S Tl(r) byC=H 1(Z§;2)): denoting by

Z" = ZS%ZFI)O the new amalgamated variable due to the closure,
cSTST ¢ = Hy(Z)H, (28 Ly Hy (2L, Hy (Z5)HT N (Z24)) = Hy (2L, H, (Z))L
2 94 = H1{4q10)214010) 1t 1140y W) = 1 1

Notice that in this last factorization none of the variables forming Z" remains.

Summing up, once the sequence of transport matrices associated to the directed crossings of
triangles is read off, each loop’s matrix is assembled by transport compositions and finalized

by a global conjugation.

3.1.3 Quantization

The triangle’s moduli space of pinnings Ppq () (A123) is quantized by promoting the
Fock-Goncharov variables to generators of a quantum torus, with relations encoded by a
quiver constructed from the tessellation of A123. Provided the removal of 1, 2, 3, the quiver’s
vertices coincide with the tessellation’s ones and arrows are defined by consistently extend-

ing the clockwise orientation of A123 to the tiles: upward ones are clockwise and downward
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ones counterclockwise. Arrows from the sides of A123 are dashed. The resulting quiver is

displayed in Figure 3.12.

A \
/ \
/ \

/ \

/ \

/ )
\ < @

Figure 3.12: n = 3 quiver for A123.

The set of vertices of the quiver is in bijection with quantum Fock-Goncharov variables Z,,

and arrows rule their commutation relations: for a central invertible variable q,

ZpZy=q *ZyZy c@0—@p
ZﬂZa =q_IZaZﬂ a@----- NCYi] (3.1.17)
Zply=2ZyZp a® %

Denoting by Q the ruling quiver, the resulting noncommutative algebra, known as a quantum

X -torus [15], reads
Xg 1= Cla {25 (Zp2,~ a7 2,2)), (3.118)

where # counts the number of arrows from a to 3 (1/2 for a dashed one). It naturally carries

the Weyl quantum ordering: for any monomial Z, ---Z, , we denote it by double bullets

n

T Lot =02, 2y, W=D wy for Z,Z, =q™iZ, 7, . (3.1.19)
k=2
j<k
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A handy way to master rule (3.1.19) is to imagine the weight w;; = —w;; measuring a flow
carried by the arrows: —1 for an outgoing arrow a; — a; (outflow) and +1 for an incoming
arrow a; < a; (inflow), with dashed arrows corresponding to half flows. Notice that inside
the double bullets the order does not matter, e.g., Z,Zs. = .ZzZ,.. This is the very reason

this definition provides a well-defined ordering for quantum variables.

Remark 3.1.12 A quantum X-torus can be defined for any (weighted) quiver Q having no
loops or 2-cycles. In particular, Xg , Xo, and Xq, are the quantum tori for the three quivers

in Figure 3.1

Due to the normalized H; block, we need an extension of Xy containing n-th roots of Fock-

Goncharov variables:
3 a1, SRV PV VA
X =gz N (22 a2z,

The n* denominator is found by factorizing each Z, as ]_[?:1 Z;/ ", while the quantum ordering
formula remains valid.

Transport matrices are quantized following a straightforward recipe:

Definition 3.1.13 For the diagonal matrix (Q);; := qz_i_nn_zl, the triplet of quantum transport
matrices is given by

i=1,2,3, (3.1.20)

o’

T =Q.T;
where the Weyl quantum ordering acts linearly on each entry.
The matrix Q is uniquely defined by enforcing the quantum groupoid relation [6]

TIT)T] =1.

Within the framework of Section 3.1.2, this translates to the topological consistency visual-

ized by Figure 3.13. In the classical case, T; T, T; = 1 follows automatically from (3.1.11).
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Figure 3.13: Interpretation of the quantum groupoid relation for paths: being topologically equiva-
lent, blue and red must be assigned the same matrix, i.e. (qu )= Tzq qu .

Notice that the quantum correction introduced with the matrix Q causes the entries of the
quantum transport matrices not to be Weyl-ordered monomials. Moreover, interpreting this
correction as the quantization

S—S51:=QS,

we quantize the transport composition rule (Figure 3.11) by prescribing the insertion of a
S? block instead.

Finally, the quantum extension of the amalgamation procedure is straightforward: under
the simplest rule prescribing commutation for quantum Fock-Goncharov variables coming
from different triangles, a quantum amalgamated variable reads Z, := Z,,Z, | =Z, Z, =
Z4,Z,,- For the special self-gluing case where two sides of the same triangle are identified,
only the first equality holds and the amalgamated variable must be taken as the quantum

ordering.

3.2 GDAHAs from higher Teichmiiller theory

For a special pair of fat graphs, we prove that the matrix algebras resulting from the
transport matrix factorization provide embeddings of GDAHAs. The n = 2 case recovers
the known representation for type D, in the form of quantum Fuchsian monodromy data,

serving as both a showcase of the machinery developed in Section 3.1.2 and an appetizer
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for the more involved n = 3 one.

Our proofs are supported by the NCAlgebra extension for Mathematica [21]. This pack-
age allows to perform noncommutative multiplications and simplify symbolic expressions by
repeated substitution of a prescribed set of relations. All Mathematica-aided computations
can be found in [8].

In the following two sections, the notation drops the g superscript for better readability,

namely T; and S stay for the respective quantum matrices.

3.2.1 The matrix algebra for H,

For n = 2, the fat graph is chosen as the four-holed Riemann sphere %, ,,, which is
exactly the domain of the Fuchsian system (I.1).
The transport matrix (3.1.14), computed in Example 3.1.9, needs to be quantized and

multiplied by the quantum correction Q = diag(q"”*,q 7*):

* 512 -1/ *S12 ,1/2 1/2 »=1/2 1 12 51/2
_.21012110 . _-21012110. _Z1012110 _q221012110
I, =Q = . (3.2.1)
hd —-1/2 71/2. _1 -1/2 ,—1/2
10121104 0 q 221512110 0

Quantum T, and T; follow the same recipe.
The transport matrix factorization can be read off from Figure 3.14: denoting by O the
matrix corresponding to the ochre loop, B the matrix of the blue loop, G the one of the green

loop and P that of the pink one, we have

=—qSTST"s,
B=—q T s TV s T{V s T,
G=—q T sTV s TV 5T,

=.q T1(C)_1 S Tz(l)—l S Tfi(l)_l S T3(C)_1 S Tz(d)—1 S Téd)_l S Tz(c)—l S Tz(r)—1 S T3(r)—1 S,
(3.2.2)
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Figure 3.14: Fat graph Iy 4 o, its dual and relevant loops for n = 2, with the transported edge displayed
by the thick black arrow. The four triangles are labelled as follows: (c) for the central one, (r) for
the rightmost one, (1) for the leftmost one and (d) for the downmost one. For each triangle, the 1
indicates the choice of labelling and thus dictates its triple of transport matrices as in Figure 3.9.

where Tl.(a) stays for the quantum transport matrix T; in the Fock-Goncharov variables Zg‘)
of the triangle (a). The q and ,/q factors have been introduced in (3.2.2) to set the product
of each pair of Hecke parameters to the unit.
The base-point amalgamation is achieved conjugating formulae (3.2.2) by the diagonal
matrix
q 'z (-1 0

C= H(yqz") = He (3.2.3)
= 1 q 110 = . L.

1 (c)
0 q /42110

For a matrix M representing a path in a fat graph, we denote by M := CMC™' the one

conjugated by the C in (3.2.3).
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The final matrices O, B, G, P depend only on the amalgamated variables

Zo1 = qzﬂﬁzﬁé, Zo2 = Zicl)oz(();i’
Zp1 = qzigizﬁéi Zpy = Z(()Cl)lzt()ﬂ’ (3.2.4)
Ze1 = qzﬂ))lzill)O’ Zgy = 258)12811)17
whose algebra relations are encoded by the triangular-shaped quiver in Figure 3.15.
ZGl. .Zm
Zgo Zoa

N

B1

Figure 3.15: On the left, amalgamated pairs are highlighted in red, the shaded one triggered by the
global conjugation. No variables from the original four triangles remain. On the right, the resulting
quiver Q, of amalgamated variables. The variables Z,, Z3,, Zs; together with Zy,Z557;, generate
the subalgebra of Casimir elements.

Remark 3.2.1 On the one hand, being isolated vertices in the amalgamated quiver, the vari-
ables Zy,,7Z5,,Z5, are central elements. On the other hand, despite the transport matrices
involve square roots of Fock-Goncharov variables, no fractional Zy,,Zy, or Zg, appear in the

whole quadruple (O, B, G, P).

As anticipated, the next theorem recovers the Matz(Ts)—embedding of the D,-type GDAHA
found by the second author in [33]. This match is expected: the embedding was constructed

using classical Teichmiiller theory, which is exactly the case of n = 2.
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Theorem 3.2.2 Let Xy, be the quantum X'-torus with coordinates Zy1, Zo, Zg1, Zp2> Z615 Zga

and q-commutations encoded by the quiver in Figure 3.15. The SL,(X gj) matrices

1251
5 [ 0 ZOl 202
B 20z, 2Fvz ]
\_ 01402 o1 T 401
2y e el o e Va1, i
= [231 +Zpy t g Lyy Lyt gty Zpy + 2y Zpy
71/2 -1 —1/2 -1 ’
\ _ZBl ZBz _ZBl ZBz (3.2.5)
| zbezeziz,  zlz,
G= s
1/2 71/2 71/2 _ 1/2 1/2
\_ch_zm _ZGl ZG21_ZG12G2 _chsz
1 1 1
P= Q2o 2y Z s Zo2 2> Zi 0
- Z g g g1 |
—qz 4401 41 461 402482462
with
5 =(Zg1 = Zoy Vg 2l 253 Z oy + (Zgy — 25V 201 203 2
1 -1 -1 -1 1 1 1
(2= 702,07 70 7 + 22,7 7 00 70 7 (3.2.6)
1 1 -1 _ 1 -1 -1 1
+ ZO/lzzB/lzZGl/ZZOZZBZZGzl + ZO/IZZBI/ZZGl/zzOZZleszl’
satisfy the relations
(0-2411)(0-2,{"1) =0,
(B—2511)(B—25"1) =0,
(6-zl1)(G-z,/1)=0, (3.2.7)
— 12 5 1/2 1 = 12 512 5=1/2 51 1 ry—
(P_qu/fZB/lzZG/fZOZZBZZGzl) (P_qu1/ZZBl/ZZGl/ZZozlszlZczl1):0’

The map K, — O, K, —» B, K3 = G, K, = P, ¢ — q* embeds H), into Matz(ng).

66



Proof. Specializing the variables in C, this result was proved in [33], Theorem 3. For the

formulae to match, we need to replace our q by ,/q and perform the following substitutions:

6'—>Mf, E'—>M§, EHMQT, 5'—>MZO, (3.2.8)
as
Zoy— e, Zop e,
Zy e P2 Zpy e 2, (3.2.9)
Zg — e b3, Zgy > €3,

A direct computation in X gj of all four relations (3.2.7) can be found in the Mathematica
companion [8].

The parameters in the Hecke relations are manifestly central: as previously noticed, the
variables Z,,, Z3,, Z; are isolated vertices while Z,,Z5,Z, forms an isolated quiver cycle—
as it involves just one-in one-out vertices. Moreover, one easily checks that in X’ gj the Hecke
parameters of P multiply to the unit:

1 1 - -1 -1 —_ _ _
(qzcl)/fZB/lzZG/fZOZZBZZGZ)(qzoll/ZZBl/ZZG1/2202123212G21) =1.

Finally, notice that (3.2.9) evaluates the central variables Z,, Z3;, Z;; to the respective pa-
rameter e, setting all four matrices free from fractional coordinates (see Remark 3.2.1).

This evaluation indeed reduces to the quantum 3-torus ']I‘Z’ . O

3.2.2 The matrix algebra for Hg,

For n = 3, we take the fat graph shown in Figure 3.16; insights on this choice can be
found in Remark 3.3.4. The matrix algebra resulting from the transport matrix factorization
indeed delivers a representation of the universal E-type GDAHA.

The transport matrix (3.1.15), computed in Example 3.1.9, needs to be quantized and
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Figure 3.16: On the left: fat graph, triangles and relevant paths for n = 3, with the transported edge
displayed by the thick black arrow. The triangles are labelled as follows: (t) for the top one and (b)
for the bottom one. 1’s indicate the choice of labelling on the triangles. On the right: variables and
corresponding quivers for each triangle before any amalgamation is performed.

multiplied by the quantum correction Q = diag(q”®,q °,q¥°). We get the following for-

mula:
5 =13 52/3 5-2/3,1/3 5—1/3 13 -1/3 —1~2/3 2/3 52/3 »—1/3 2 52/3 52/3 S1/3 51/3 52/3
9°Z111 21002010 2o 2120 4] (2111 +q 2111)210222102120 9°Z1112102Z210Z 2012120
_ —U -3 -1/3 23 23 —3 Y3 573513 13 =13
L= —q 2 7Z,0,Z510 2001 —q °Z111 2102 Z210% 2014120 0

_19 71/3 71/3 72/3 72/3 71/3
q g lel 2102 ZZ]O ZZO]. 2120 O O

Quantum T, and T; follow the same recipe.
The matrices corresponding to the paths can be read off from Figure 3.16. Denoting by

the matrix corresponding to the yellow path, C the one of the cyan path and R that of the
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red one, we have
=q° ST” s T,
- q§ Tz(f) S Tl(b) S, (3.2.10)

R=q% T s TP s T,

with ' factors introduced to set the product of each triple of Hecke parameters to the unit.

We then glue together the two open edges in Figure 3.16, closing all paths into loops.
Notice that the fat graph now corresponds to % 3, the three punctured Riemann sphere. In
order to amalgamate glued triangle sides properly, we perform a global conjugation by the

following element in the Cartan subgroup (the so-called outer monodromy in [19]):

(t)2/3 ,(6)-1/3
ZZ].O ZlZO 0 0
diag(1, 4", q"")H, (Z§;,)Ha(Z}50) = 0 gz 7 0 :
1/3 7 (£)1/3 5 (£)2/3
0 0 q /32210 Z].ZO

(3.2.11)
the diagonal of g-factors chosen to simplify the resulting expressions.
The conjugated matrices, denoted with the overline notation, depend only on Z () 7

111> #1111

and the following amalgamated variables

— 7(t) »(b) — 7(0) (b) — 7(0) 5(b)
Zy1 = ZynZoors Zva = Zi0pZoizs Zyvs = 221021200
— 7(b) () — 7(b) (1) — 7(0) ()
Zc1 = ZonZogs Ze2 = 210220120 L3 = Za1021200

The algebra relations are encoded by the diamond-shaped quiver in Figure 3.17.

Before we finally state the main theorem of this Chapter by giving the explicit represen-
tation of the universal E¢-type GDAHA, let us anticipate that, unlike for n = 2, the matrix

entries involve fractional powers of all variables.
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lel

(b)
Zim

Figure 3.17: On the left, amalgamated pairs are highlighted in red, the shaded ones triggered by the
global conjugation. Only the inner variables survive the amalgamations, one from each triangle. On
the right, the resulting quiver Q4 of amalgamated variables: generators for the subalgebra of Casimir

Zgb% and all quiver cycles.

; (®)
elements are given by Z 1

111

Theorem 3.2.3 Let Xy, be the quantum X-torus with coordinates

(©) ()
Zy1, Zyy Zyss Zevs Zeas Zess 21115 Z111

and g-commutations encoded by the quiver in Figure 3.17. The SL;( X gj) matrices

113 7%/3 52/3 1/3 7 (£)2/3 1, (D)?/3 Yol Yol
Zc1ZcaZysZesZin Zim Ciz Cis
C = 1/3 5713 71/3 5 1/3 7 (£)71/3 -, (b)~1/3 Vol
¢c= 0 Zc1Zcy Zys ZesZin 2 Cas >
=23 ,71/3 713 5 72[3 o (£)71/3 , (b)71/3
0 0 Zcy Zey Zys Zes 2 2

(t)_l/3z(b)_l/3 0 0

—2/3 »—1/3 ,=2/3 ,—1/3
ZYl ZYZ ZY3 ZC3 lel 111

=
Il

= 1/3 5=1/3 51/3 =1/3 (£)-1/3 — (b)-1/3
Yo Zy1Zyy ZysZoy Z111 ' Zana 0 ’

v v /3 2/3 ,1/3 2/3  (t)2/3  (D)2/3
Y3 Y, ZleYZZYSZC3ZHl 2111

R=g"(@7)",
(3.2.12)
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whose entries are given by Appendix C and

s 1 /3 13 5-1/3 5 1/3 5 (£)-1/3 5 (b)-1/3 1/3( »=1/3 —152/3\ 513 51/3 5(t)2/3 »(b)-1/3
C'12__q3ZC1ZC2 ZY3 ZCBlel lel _ZC1(ZC2 +q ZCZ)ZYS ZCBlel lel

Y3 2/3 5=1/3 -, 1/3  (t)2/3 r, (b)2/3
_Zmzczzys 2032111 lel >
(t)%Z(bH/B

(7B 57 B Y3 s ()13, (b)Y V3( 3573 | %58, /3,72
ClS_(Zm tq32¢ )Zcz Zys Zes Zi1 ' 21 +Zc1(q3262 tq3Z )ZYB Zes Zay 2 s

Cc2

(t)*1/3Z(b)*1/3.

- _ _1 13 -2/3\ »=1/3 »—1/3 —2/3
C23 __(q 3ZCl +ZC1 )ZCZ ZY3 ZCS lel 111 >

(6)-Ys ()5

gy _ 1 1/3 —2/3 —1/3 1/3 —1/3
Yo = (qSZY1 +Zy )Zyz Zy3Zes Ziyy i s

v 1/3 L5=2/3\ =1/3 5 1/3 2/3  (t)-1/3 , (b)~1/3 1/3 -1/3 2/3\ 7 1/3 52/3 (t)-1/3 - (b)2/3
Y31_(ZY1+qBZY1 )Zyz Zy3ZoyZiny 2 +ZY1(qZY2 +ZY2)ZY3ZC32111 Z111 s

V. — 43 78353525 5 (6)Ys ,(b)Y/s Y3( % 571/3 3 72/3) 71/3 £2/3 5 (£)71/3  (b)2/3
Y32 =q°Zy1Zyy ZysZesZin - Zin +ZY1(qSZY2 +qBZY2)ZYSZC3Z111 Z1m

(023 7 (b)2f2,

1/3 52/3 ,1/3 2/3
+ZY1ZYZZY?>ZCBZ].11 111 >

satisfy the relations

(t)—1/3Z(b)—1/31

ral ~2/3 =13 =1/3 =2/3 (t)~1/3 (b)~1/3 - /3 5=1/3 »=1/3 1/3
(C_Zc1 Zcz ZY3 Zc3 2111 Z111 1) (C_Zc1Zc2 ZY3 ZCSlel 111 )

(t)2/3Z(b)2/31

- /3 52/3 52/3 /3 _
(C_ZCIZCZZYBZCBZIH 111 )—0,

()13 (b)~1/3
m - Zim 1)

v =23 =1/3 ,=2/3 »=1/3 (t)~1/3 ,(D)-1/3 v /3 7=13 ,1/3 »=1/3

(Y_ZYI Zyz ZY3 Zc3 2111 Z111 1) (Y_ZY1ZY2 ZY3ZC3 A
v Y3 52/3 1/3 23 5 (£)2/3 5 (b)2/34 ) _
(Y_ZYIZYZZYBZCBZIH Z111 1) =0,

(0-Ys 7 (b)1/3q

) =13 =2/3 =1/3 =23 - (t)~1/3 (b)-1/3 ) 13 ,1/35=1/3,1/3
(R_Zm ZYZ Zc1 Zcz lel lel 1) (R_ZYl Zyzzm ZC2Z111 111 )

) 2/3 1/3 52/3 5 1/3 - (t)2/3  (b)2/ _
(R_nyzyzschzcgzul 32111 31) =0,
CYR=q"1.
(3.2.13)

The map J, = C, J, > Y, J, — R, q — g% embeds Hy, into Mat, (X)),

Proof. Proving that Y,CandR satisfy relations (3.2.13) is a direct computation, which can

be reproduced in the Mathematica companion [8]. The Hecke parameters are central being
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products of pairs of variables having arrows with opposite directions. As an example, take

7 352/35,235,1/3,()2/3,(b)2/3 __ 2/3,2/3 1/3,1/3 (£)2/3 (b)?/3
Cll_ZClzczzYszcszlll lel _(Zczzys)(zmzcs)(zlu 2111 )

= (ZeaZys)"(Ze1 Z63) (28, 280y,

For each bracketed pair, arrows cancel out: e.g., the g-factors due to arrows Z., — Zfﬁ and

b)

Zoy Zﬁ)l are respectively absorbed by the ones due to Zy 5 « qu and Zy; — Z (£)

111°

The following inversion formulae, expressing central elements of X, in terms of the

tuple t, prove that this representation fully recovers the universal Hp, :

@
-1 _ t _ M. 2.2 _ (.2
ZerZyy = tgl)tgz}tgl)tgz): Zoolys =t 'ty ty, Zy1Zys=1t,°ty",

(3.2.14)

-1 _ 1 — +(1.(2)(1),(2) (1), (2) (1) (b)) _ 1
ZysZyy = 0@, ZesZys =ttty byt ty T, 22y = (22D

The fact that the map is an embedding can be proved by choosing a faithful represen-
tation of X’ g:, namely a vector space V and an algebra homomorphism p : X gj — End(V).
The resulting map § : H;, — Mat;(End(V)) gives a representation of Hy on (D3 V. Now,
the rank 1 GDAHA of type E is prime. Indeed, for generic values of parameters, it is Morita
equivalent to its spherical subalgebra, whose associated graded algebra is a twisted homo-
geneous coordinate ring of an irreducible curve, and therefore is a domain (Theorems 6.5,
6.10 in [12]). Furthermore, for g # 1 it has no finite dimensional representations and is in

fact simple’. This proves that § is injective, thus so is our map. O

3.3 Quiver seizure

We start the section introducing a new concept. It involves the choice of specific central
elements c; in X such that the quotient X/(c; — C§0)’ ey C— cl(o)) is given by Xy, where

the subquiver Q is obtained from Q by a new operation we name quiver seizure.

!Thanks to P. Etingof for clarifying this argument.
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Let us explain this operation. We call rhombus in Q a 4-cycle with vertices labelled
cyclicly by variables Z,, Z,, Z3, Z, € X such that the indegree and outdegree of both Z, and

Z, equal one, namely deg”(Z,) =deg (Z;)=1fori =2,4.

Definition 3.3.1 The quiver seizure at vertex Z; is the map
Q- Q\z,

where OQ\Z; C Q is the full subquiver obtained by removing Z; together with its two arrows.

This operation is illustrated in Figure 3.18.

Figure 3.18: A quiver seizure removing Z,.

Given a rhombus in Q, the monomial Z,Z, is automatically central in X5. Then, for any

¢® e C*, the assignment

—1 1
Z, — 2

(3.3.1)

extends to a quantum torus isomorphism X, /(Z,Z, —c®) = X, , where Q \ Z, is the
full subquiver of Q obtained by erasing Z, and the two arrows incident with it. Analogously,

we get Q \ Z, by resolving Z; ' instead.
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Remark 3.3.2 The monomial Z,Z, always allows for a seizure, but does not cover all the ways
a seizure can manifest: when the rhombus attaches to the rest of Q so that even Z,Z5 is central,

the whole monomial Z,Z,Z4Z, can be also chosen.

With the quiver seizure defined, we are now ready to show that the (scaled) quantum
irregular data (U, L, II), generated by the GDAHA functor, can be found within the repre-

sentation (C,Y,R) of H g, from our higher Teichmiiller machinery.

Theorem 3.3.3 Let Xy := XQB/I be the quotient by the ideal
b
I=(Z¢1Zes—1, Zﬁ)thiZczZyg —1)

and denote by (C,;,Y,,R,) the restriction of the triple (3.2.12) to Xg,. Then, provided the

dictionary (3.2.9) expressing the quantum irregular data in the Fock-Goncharov coordinates

{ZOD ZOZ: ZBlJ ZBZ: ZGl’ ZGZ};
(Eb?bﬁl) :‘U/LT(U,/E, ﬁ) (332)

via the entry-wise action of the following three maps:

e the algebra isomorphism

T XQ2—>XQ2

reversing q, i.e.,

T(Zm) =Z01, T(ZB1) = Zp1, T(ZGl) =Zs1,

T(Zoz) = Zo2» T(ZBz) = Zpy, T(Zcz) =Zgs (3.3.3)

T(@Q=q"
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e the algebra isomorphism

v T(Xg,) == X’Ql

given by
1 -1 -1 -2 —1
Zoy ™4 /32;1, Z5 =4 /3Zézzl//1 >
-1 -1 (t) -1 -2 (b) /(t)-1
ZBz —q /32/111’ ZBl —q /32/1112/111 ’ 3.3.4)

-1 5/3 71 -1 2300 i1,
Zoy Q7 2oy, Zoy = q Ly, oy

e the quantum cluster mutation
U Frac(X’Ql) — Frac(Xy,)

(b).
at vertex Zm.

/(b)y _ »(b)-1 ()N _ (1)
w(Zi) =23y s w(Z37) =213
—1\"1 _1y—1
wZ) =2 (1+q287Y), w(z),) =2y, (1+qZz57) (3.3.5)

b b
M(Zl//l) =Zy, (1 + qzili)’ “(Zéz) =Zcy (1 + qzili) .

Proof. We start by noticing that X is obtained by a well-defined quantum quotient: both
Ze1Zes and Z8) Z8) 7, Zy 5 are central in X,
These monomials in Xy, can be recognized as seizures for the quiver in Figure 3.17:

ZCl)Z(b)

the former at vertex Z., for the rhombus {Z (&) 1110

1110 Z:3}, the latter at vertex Zy, for

the rhombus {Zﬁ)l,ZYB, Zilf)l,Zcz} (see also Remark 3.3.5). By the seizure’s properties, the
q-commutations for Xy are encoded by the reduced quiver in which we have erased the
vertices Zy4 and Z5 together with their incident arrows. This is indeed Q,, labelled in two

equivalent shapes in Figure 3.19.
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Z(t)

(b)
Zim

Figure 3.19: The reduced quiver in two equivalent shapes. On the left, the diamond obtained erasing
the vertices Zy5 and Z3 directly in Figure 3.17. On the right, a rearranged star allowing for a better
visualization of the mutation’s action in Figure 3.20.

Therefore, the reduced triple (C,,Y;,R,) is obtained via the identifications

(b)*l/BZ(t)*l/3

1/3 -1/3 1/3 -1/3
Zey— 2 Zys = Zey Ly Loy s

Cc3 Cc1l >

and its entries only involve the six variables {Z,7, 25, "2, 213, Z\", Z)"*} generating X, .

It turns out that C, is free from fractional powers and thus a genuine element in SL;( X’ 0,):

_ — — b
1 —1—q"Z% g7, @+ 28 q+q7Z6,(q" +¢*Z28 + 97,28

¢i=|o 1 —q—q"Z¢
(3.3.6)

Notice that, by the very definition of the ideal I, all the diagonal elements are turned into
unities matching the diagonal part of U.

To push the match further, we need to take advantage of the cluster structure on the
X -space [15]. Indeed, to connect the quantum (cluster) torus XQl to the XQZ one of the
triple (U, L,10), we need the quantum mutation (3.3.5). In quiver terms, mutating at vertex

a translates to a 3-step recipe [16]:
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1. For each oriented two-arrow path i — a — j, add a new arrow i — j;
2. Flip all arrows incident with a;

3. Remove all pairwise disjoint 2-cycles.

(b)

Therefore, mutating at vertex Z;],

we turn the reduced quiver in Figure 3.19 from star-

shaped to box-shaped as in Figure 3.20.

/ ’
ZYl ZY2

1(t) 1(b)
21 Zm

’ ’
ZCl ZC2

Figure 3.20: Reduced quiver, before and after quantum cluster mutation.

As expected, this mutated quiver encodes the g-commutations in X’ él. On the corresponding
quantum tori, u acts as a quantum analogue of a pullback sending X’ /Ql to Xg, .

The gain in using p is made manifest by the algebra isomorphism (3.3.4). Indeed, ¢
reveals that the mutated quiver is equivalent to the triangular one in the right hand side of

Figure 3.15, provided all arrows are reversed. This is visually displayed in Figure 3.21.

ZGZ ZOZ

1(t) 1(b)
VA 111 VA 111 ﬁ

ZB2

®
Zp

Figure 3.21: The quiver counterpart of the isomorphism ¢. Highlighted are the 3-cycles identified
by the map, while we color-coded each isolated vertex on the right with the corresponding pair of

. _ ) i(b)—1
vertices on the left: e.g., 75, o< Z/(111Z/111 .

The quantum X'-torus counterpart of this arrow reversal is the T map (3.3.3).
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Now that quantum algebras agree, direct computations prove that the entry-wise action
of the composition utt on (U, L, II) matches the reduced triple (C,,Y,,R)).

Before we detail these computations, let us illustrate the phenomena allowing them
to run successfully. On the one hand, only Z,,,Zz;,Z;; make a fractional appearance in

(U, L,1I) and their image under ut does not involve the formal inverse of 1 + qzﬁ’i_l:

— - _ _ — b — _ _ _
Wz =q 20,251, w(z;)=qz0z807 ) w(zZh =q" 74,27 (3.3.7)

Therefore, no fractional powers of a formal inverse appear. On the other hand, (1+qZ ﬂ’i_l)_l

does appear through ut(Z 521) but its algebra relations are easily figured out: indeed, for a

formal power series f(x),
Zﬁza == qWZaZ/j > f(Zﬁ)Za = Zaf(qWZ/j). (3.3.8)

As a result, despite resorting to the fraction field for the mutation to act, the entry-wise action
of u delivers genuine elements in SL3(X513): using (3.3.8), each formal inverse simplifies.
Further theoretical evidence is given by the fact that, in the restricted quiver, Zl(ll’)1 is a 4-valent
node with alternating incoming and outgoing arrows: as proved in [38], mutations at these
special vertices preserve the transport matrix calculus.

We conclude the proof detailing the computations behind the correspondence U — C;.

Once U is given the Fock-Goncharov coordinatization via (3.2.9), it is easy to check that

- - - - b
el = ,u( —1—¢q I/SZ/(ltl)l +q 4/3Zé22'(1?1) =—1—¢q 1/32ﬁ)1 +q 4/3Zc2(1 + ngli)zﬁ)l

_ - — b
=—1-q"Zy) — ¢ *Za 2 (0 + 2y)

= (51)12;
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Uy =g +q " Zgy +q (L + Zy) + 25 25y + 25, 2,1 25, 2,V 7,1 7))

_ 23 oy y o5 (D) (O-1 | 1B | 2 i(B) N pi(6)
—,U/(q+q 3ZC1-|_q 3(1+q 3Z 1112 111 +q lel+q ZCZZ 111)Z lllzCl)

+ q—s/Bzézzl(b) Z/(t) )Zél)

— u(q + (q2/3 +q1/3zl(t) +q_1/3zl(b) +q_2/3zl(b) Z/(t) 11 11

111 111 111 111
_ _ b)— b)—1~N—
=q+ 611/3(‘11/3 + Z% +q 1Zczzﬁ)1)(1 +q 1Z§11 1)Zc1(1 + qzili H

(3.3.8)

q+q"(q" + 28 + 0726, 280) 2,1+ 20 H(1 + g2
=q+q"Ze,(q" +q*Z8), + 2,25,

= (51)13;

_ _ _ _ _ _ — b
wtUsy = pui(—q —q ' Zgy —q 2, 2,02 0) = w(—q — gz}, —q 2" 2 )

-1\ - b)—1 b)-1\"1
=—q—q"Ze,(1+qz3)")  —q Pz 2 (14920

=—q— q2/3201 (1 + qzﬁ)i—l)_l - qs/gzmzﬁ)fl (1 + qzﬂq_l)_l
=—q— qz/gzm
= (61)23-
Analogous operations prove that I matches Y; and IT matches R, . |

Remark 3.3.4 The process of reducing to the quantum cluster torus X can be seen as colliding
holes in the sense of [5]: we are breaking an edge in the fat graph and treating the two open
edges as marked points on the boundary. The resulting fat graph corresponds to % , , which,
according to the theory developed in [4], is precisely the surface of the connection behind our

irregular system (1.3).

Remark 3.3.5 We give further insight into the seizures making Theorem 3.3.3 happen. The one
at Z.5 has the natural central monomial of a rhombus, given by multiplying its two vertices not
incident with the rest of the quiver—whose product is always central. The other monomial has
two further factors instead, corresponding to the other two vertices of its rhombus: indeed, the

product Zﬁ)lZﬁ’i is central in the quantum X-torus encoded by the quiver in Figure 3.17. The
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reason why exactly these two monomials appear must be found in the need of setting diag(C) =
(1,1, 1) for the match (3.3.2) to happen: the very way the transport matrix factorization forms
this diagonal implies that the relations one must impose are those defining the ideal I, as one
can check in (3.2.12) by collecting variables with the same power. Figure 3.22 offers a visual

interpretation of this phenomenon.
N —@
; [ ] ;
/\
L L '\l

Figure 3.22: On the left, the n = 3 fat graph with the loop represented by C (the red segments
are identified). On the right, the only Fock-Goncharov variables involved by this loop. The transparent
closed ribbons highlight the way the central monomials of the two seizures in Theorem 3.3.3 are
formed as cycles, with the amalgamations bridging the gaps between the quivers of the two triangles.
E.g., the monomial Z-1Z-3 = (Zé%Zég)l)(Zéll’())ZE)o) corresponds to the outer ribbon while the inner
one, passing via the centers of the triangles, triggers the appearance of both Zﬁ)l and Zﬁ)i in the
monomial Zﬁ)lzﬁ’}zczzyg.
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APPENDIX A

THE DIFFERENTIAL FACET

This appendix complements the monodromic investigation of the thesis by detailing the
many differential aspects it entails. We only deal with the classical setting, as the quantum
one is mostly open (see Figure 1.2 and related discussion).

We start by detailing the connection between the Painlevé theory and our pair of systems.
Using the middle convolution counterpart for systems, we then give an explicit computation

of the correspondence between Fuchsian and irregular systems given by Theorem I.1.

A.1 Painlevé equations and isomonodromic deformations

The Painlevé equations were first encountered by Paul Painlevé in his search for new spe-
cial functions [35]. By then, it was known that many classical special functions were singled
out as solution to linear (e.g., hypergeometric functions) or nonlinear (e.g., elliptic functions)
ODEs with polynomial or rational coefficients. Unlike linear ODEs, whose singularities can
only come from the equation itself, nonlinear ones can spawn movable singularities.

Inspired by the elliptic framework, Painlevé’s search focused on the classification of ‘nice’

nonlinear ODEs in the form

Y =R(t,y,¥0), (A.1.1)

with R rational, in the sense that movable singularities are only allowed to be poles. This
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restriction goes by the Painlevé property, despite being first introduced by Sofia Kovalevskaya
in her own classification of integrable rigid bodies [30]. Most of Painlevé’s findings boiled
down to known elliptic functions, however six of them birthed new special functions now
known as the Painlevé transcendents. It took many contributions and almost a century to
prove these six nonlinear ODEs, labelled PI to PVI, indeed possessed the Painlevé property
and couldn’t be subsumed to known special functions.

Nowadays, solutions to an extraordinarily broad array of scientific problems, from neu-
tron scattering theory, fibre optics, transportation problems, combinatorics, random matri-
ces, quantum gravity to number theory, can be expressed in terms of the Painlevé transcen-
dents.

Actually, the full form of PVI was discovered by Richard Fuchs [18] studying monodromy

preserving deformations of special systems of ODEs

d — A
— o= L e A.1.2
da (Z A—ui) ’ ( )

i=1

now known as Fuchsian. Since there are generically many Fuchsian systems sharing the
same monodromy data, Fuchs studied isomonodromic deformations, i.e., deformations of
the system preserving prescribed monodromy data. These deformations are characterized
by the Schlesinger equations: the matrices A;(u), now depending on the poles’ positions,

must satisfy

i ] . . 04,
B , LF]; E
—Uu; ] uj

0. (A.1.3)

As mentioned in the Introduction, for our Fuchsian system (I.1) with (uy,u,,us) = (0,t, 1),
these equations are equivalent to PVIL.
The Schlesinger equations were then generalized by Jimbo, Miwa, Mori and Sato [25]

to include irregular singularities. For the Poincaré rank 1 case (order 2 pole) allowing an
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extra term © = diag(v,,...,v,), they read as

dA; =—> [A,A;]1d log(u; —u) — [A,duD) +E], i=1,...,m, (A.1.4)
Jj#i
for A; € Mat, (u, v) and the matrix-valued one form

B = (1 - 5rs) (ZAl) d IOg(Vr - Vs);
i=1

rs

and control the isomonodromic deformations of the differential operator

d A
a—(©+z7&_u). (A.1.5)

i=1 t

Remark A.1.1 Equation (A.1.4) manifestly generalizes the Schlesinger ones, which are easily

recovered by setting ® =0 =E.

Using moment maps on loop algebras, Harnad showed [20] that the two systems (I.1)
and (I.3) are dual to each other, in the sense that both isomonodromic deformations are
governed by the same equation (A.1.4), itself equivalent to PVL. For F,G € Mat,,,(u,v) of
maximal rank, this isomonodromic duality reads as a map of differential operators, sending

the rational one
d

—— G'(A—D)'F A.1.6

-~ (2+G' (A-D)'F) (A.1.6)
to its dual

d

— —(D+F(A—2)'GY). A.l.

d;x( (A—D)'G") (A.1.7)

The case of PVI is given by setting n = 2, m = 3, ® = 0 and D = diag(0, 1, t): indeed, the
swap (G',F) — (F,G") entailed by the duality allows the dual operators to live on different

rank bundles—2 and 3, respectively for the Fuchsian and irregular case.
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Another interpretation of this duality is given by the inverse Laplace transform, which is
known to send d, to A- and vice versa. Indeed, one can rewrite local solutions to (A.1.6) as
the system

0o .
48 =95+G'S,

(A.1.8)
(L—D)S =FS,
whose exchanges % A A % give
AS =DS +G'S,
(A.1.9)

d3_pd—
45— D5 =Fs,
ie., S solves the Harnad dual operator (A.1.7).

A.2 Additive middle convolution

The middle convolution functor exhibits a dual version for Fuchsian systems [10], the
two connected by a fundamental Riemann-Hilbert correspondence.

Let Fu, denote the n-dimensional Fuchsian system (A.1.2) defined by the m-tuple of
matrices A= (A,,...,4A,,) € (C"")™. The construction of the additive functor is similar: for

i=1,...,m, build the block matrices

[ o o)

Bi:=| A ...A_, A+ul A, ... A, |eC™™,

\o 0

each one zero outside the corresponding i-th block row.
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Then, take the quotient over two (B,...,B,,)-invariant subspaces of the vector space’

cmm.
=P,
i=1
for
[0 )
0
Ri=| ker(4) (i-th entry),
0
Lo
and

L= mker(Bi) =ker(B; +...+B,,).
i=1

Definition A.2.1 The tuple %J(A) := (By,...,B,,) is the additive convolution of A with u.
The tuple M := (By,...,B,) € C*!is the additive middle convolution of A with u, where

.9 m

each B, is induced by the action of the corresponding element of %;(A) on Cl ~C"™/(R+ £).

Remark A.2.2 In general, | # nm, allowing to map between Fuchsian systems of different

dimensions. Moreover, for u # 0,

veker(A1+---+Am+,u1)> and R+L=Re L.

Finally, the Riemann-Hilbert correspondence relating the middle convolution with its

!Meant as a column vector space, for the natural action of By, ..., B,,.
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additive version can be stated as follows:

Theorem A.2.3 ([10], Theorem 1.1) Let M = Mon(Fu,) = (M,,...,M,,) € GL,(C)™ be the
tuple of independent monodromy generators for Fu,, A = (A4,...,A,,) € (C™”™")™, u € C\Z

and A = e2™*. If M satisfies the condition of Theorem 1.2.3 and
rank(A;) = rank(M; — 1),
(A.2.1)
rank(A; +...+A,, + ul) =rank(AM,,---M; — 1),
then

Mon (Fu %;,AA)) = 4, (M). (A.2.2)

In other words, .4, is the map between the monodromy data of the corresponding
Fuchsian systems mapped by //ZJ The commutation of the left square in diagram (I.15)
follows as a direct consequence; playing such a foundational role in the thesis, this corre-

spondence is thoroughly inspected in Appendix B.

A.3 Application: explicit Harnad duality

In this section, we explicitly prove Theorem 1.1 using the additive middle convolution,
giving an alternative realization of the Harnad’s duality (A.1.6-A.1.7) in diagram (I.15).

First, our 2-dimensional system (I.1) is mapped to the 3-dimensional Fuchsian

d 2 B
—X = ko x A.3.1
da (Z A—uk) ’ ( )

k=1
where

B,=-E®©, e, (B);=—06;6u, (A.3.2)
and B, = —Zizl B, = ©. Notice that all four singularities are unaffected.

Now that dimensions agree, such Fuchsian system is mapped to the irregular one via the
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(inverse) Laplace transform

U(z) = 55 X(A)e*tda, (A.3.3)

convergent for a loop in the A-plane avoiding branch cuts. To see this, remember that D =

diag(uy, u,, us) and rewrite (A.3.1) as
(A—D)ix——é X (A.3.4)
dA - o0 . . .
Then, multiplying by e** both sides and integrating in A,

%M’e”dl — yf DX’ dA = yf —B.  Xe**dA = —B_ ¥, (A.3.5)

and after two integration by parts”

d . d Boo—1
WV —z—V+zgDV=—B V¥V — —U=|D+ v, (A.3.6)
dz dz Z

As for the explicit computations, we start from the 2-dimensional Fuchsian system

d A, A, A, )
—d = + + ¢ A.3.

having matrices A, in form (I.5) with

2 2 2
_albl_azbz_aSbg a1+a2+a3

(B-8)+(G-4)+(F-%) abi+abirabd
1 2 : (A.3.8)

1

matching form (1.2) under conditions (I.7).
We want the additive middle convolution to send the 3-tuple (A;,A,,A;) of 2 x 2 matrices

to the (B,, B, B;) one of 3 x 3 matrices. This is achieved by suitably tailoring the dimensions

2)X'e* = —Xe** —zAXe** and DX'e** = —zDXe** when integrating along a suitable loop.
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of the subspaces £ and £.
On the one hand, we fix dim(R) = 3 using an elementary shifting (functorial) operation:

the addition functor
adds : (A,...,A,) — (A, +06,1,...,A,+5,,1), (A.3.9)

dependent on a vector parameter 6 = (84,...,0,,). By choosing 6, = (%, %, %), each

shifted matrix becomes rank 1 in that

6
eigen (Ak + Ekl) ={0,6,}. (A.3.10)

Remark A.3.1 The addition functor admits a monodromic analogue via the Riemann-Hilbert

correspondence
adds «— mult,,,
for
mule,:  GL(V)"  — GL(V)™
(A.3.11)
(My,...,M,)) — (w;M,...,w,M,)
where the vector parameter w = e?™% := {e2™%1 .  ¢?™%n} Thus, the functor M) o add;

delivers a map between Fuchsian systems of prescribed dimensions, and the Riemann-Hilbert
correspondences ensure M ,zqiy © mult,ris is the map between the corresponding Fuchsian mon-

odromy data.

On the other hand, for u # 0 the characterization of Remark A.2.2 ensures that as long as
u ¢ eigen (A<>O — %(91 +6,+ 63)), dim(£)=0and R+ L=K L.
Summing up, precomposing add;, to /ﬂJ provided u ¢ {0, eigen (Aoo — % > Gi)}, the

quotient is exactly of dimension 3 = dim (C?*?) — dim(& ® £) = 6 — 3 as wished. Clearly,
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these are not the only values to craft a 3-dimensional subspace out of & + £; we’re going to
show such special choice recovers our target matrix © (1.6).

For an easy realization of the quotient, we build a basis out of the kernels

ker(a,+ 21 i 1
ez =-(amra))

suitably completed to match the exact form of ©. This change of coordinates turns out to be

a2
[ a b11+61 O O \

0 0 0
1 0 0 1 0 O
a3
o 0 T 0O 0 0 O
0 1 0 0 2 0
2
0 0 G _ 00 0
asbs+0;
\ 0 0 1 003—1]
3

with the first three columns being indeed a basis of K. We can thus perform the quotient by
just restricting to the 3 x 3 lowest diagonal blocks of the 3-tuple (C™'B,C,C~'B,C,C™'B,C),
where (By, By, B3) = 6,/ (add59(A1,A2,A3)).

The output reads

(6,+pu Hashy—arby+ 0,2 +0,2) 1(asb; —ayby— 6,2 + 6,2
B,:=| o0 0 0
\ 0 0 0 )
( 0 0 0 \
By=| 1(aby—ahy +0,2+0,2) 0,+p 1(ash,—aby+6,2+6,2)
0

\

0
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0 0 0
B;:= 0 0 0

1 1
Harbs—ashy + 0,2 +0,2) 1(aby—asb, + 6,2 +6,2) 6, +p

The resulting Fuchsian system

iX— B, + B, + B, X (A.3.12)
dA” \A—u;, A—u, A—u, ~

is in the anticipated form (A.3.1) with
Boo =—(B,+B,+B;)=0—pul. (A.3.13)

This means the Laplace transform maps it to the irregular system

dy- (D + @Ll_l) . (A.3.14)
dz Z

Notice there is a u-shift with respect to our target system (I.3), that can be readily absorbed

by the following Gauge transform:

U ¥ =gy, (A.3.15)
Indeed,
d . 1 e—ul—1 e—1).
B TR e (D+M—)\IJ:(D+ )\p (A.3.16)
dz Z Z Z

We have thus explicitly confirmed the additive middle convolution functor lies behind the

correspondence in Theorem I.1.

Remark A.3.2 One might try to avoid the Gauge performing a middle convolution with u = 0.

90



However, as already pointed out by Filipuk [13], this degenerate case leads to a 3-tuple of 2 x 2

matrices.

Supported by the Riemann-Hilbert correspondences, one could push these computations

to monodromy and send the Fuchsian data (1.1.12) to the irregular ones:

multezmge

M 2ri
(M1:M23M3) — (_ep_lels_epTZMZ:_e%M:%) =

(éla RZ: R3)

R1R2R325152

v

(Mt,s,,8,) (W)

u=0

v

(ML,s,,S,)
(A.3.17)

Nevertheless, all these triples can be obtained by taking the classical limit of the components

of the GDAHA functor. As such, their explicit matrices are omitted.
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APPENDIX B
MIDDLE CONVOLUTION’S RIEMANN-HILBERT

CORRESPONDENCE

This appendix studies in detail the correspondence (A.2.2) between the middle convolu-
tion functor and its additive counterpart. To fully understand the proof of Theorem A.2.3, we

first need a detour on both the Pochhammer double loop contour and the Euler transform.

B.1 Pochhammer contours and Euler transform

The Pochhammer double loop contour was originally devised [36] as an ingenious path
of integration allowing for an extended definition of the beta function on the whole of C2.

We recall that such special function was originally introduced in the integral form
1
By = [ ea-0d xyed B.1D)
0

for Re(x),Re(y) > 0, and made meromorphic on C*\ Z2  via analytic continuation by the

I' function:
_I(x)r(y)

B(X>J’) - F(X+y) .

(B.1.2)
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In fact, it can be made analytic on the whole of C2 by tweaking the above integral formulation

as

/ t*1(1—t)de, (B.1.3)

YPh

where yp;, is the Pochhammer double loop encircling O and 1 in the following figure:

YA
~N

N
0® ) 1@

AY

Figure B.1: The Pochhammer double loop contour

The integrand’s multi-valuedness manifests through monodromy phenomena when we
compute the integral along y,,: a counterclockwise loop around 1 induces a factor e2™”
while a counterclockwise one around 0 induces a factor e?™*. Using Cauchy’s theorem and
these monodromy data, we can freely collapse v, to a line from ¢ to 1 —¢ and small circles

C(0,¢),C(1,¢) of radius ¢ to get that

/ t* 1 (1—¢t)lde =
Yph

1—¢ £
/ t* (1 —¢)de +§l§ tx_l(l—t)y_ldt+ezmy/ t*1(1—t)de
€ C(1,¢) 1—¢

1—¢
+ e2ﬂfy§1§ 711 —t)’71dt 4 2T+ / (1 —¢) " tde
C(0,¢) €
£

+ eZm‘(x+y)% tx—l(l _ l')y_ldt + eZm’x/ tx—l(l _ t)y_ldt
c(1,¢) 1

—&

+ ezmy§ t*Y(1—t)'dt. (B.1.4)
C(0,8)
Since for Re (x),Re(y) > 0 we have that

171(1 — £)Y 1| = e@eb-Dloglel (Re()-Dlogle—1] 201, o) (B.1.5)
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taking the limit ¢ — O the circles’ contributions vanish, and we prove the integral (B.1.3)

extends the original beta definition:

1 0
lim€—>0/ tx_l(l — t)y_ldt :/ tx_l(]_ — t))'_ldt + eZNi}' / tx_l(l _ t)y_ldt
Yph 0 1
1 0
+621ri(x+y)/ tx—l(l . t)y_ldl' +627rix/ tx_l(l . t)y_ldt
0 1

— (1 _ eZﬂ:ix) (1 _ ezm“V)B(x,y),

(B.1.6)

Since the integral (B.1.3) converges for all x,y € C, such extension is indeed the analytic

continuation of the beta function on all C2.

Remark B.1.1 Notice that, even if the integrand is multi-valued, its scalar nature and the

double loop topology together leave its value unchanged after y py,.

We now move to the Euler transform: a solving method for special linear ODEs L,.(y) =0
of order n, in which the coefficient of each derivative y(") is a degree r polynomial. Over the
complex plane, those boundary contributions that are usually neglected when integrating
by parts deserve much more care due to monodromy phenomena. However, we anticipate
these very obstructions can be used to build a basis in the solution space.

Following [23], for a constant parameter u the method constructs solutions of L,.(y) =0

in the form

b
y(x) :/ (x — )" Ly(t)dt, (B.1.7)

v a function integrated against the so-called Euler kernel (x —t)"™*~! and a, b to be suitably
determined. The action of the differential operator L, on the kernel can be written, for some

ps<n,as

; ]
_ \ntu—1] _ — —-1) (x_t)u -
O e ) 2 e v iy ey

G.(t), (B.1.8)
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for each G, a polynomial of degree n —r. This is achieved with a special decomposition of

the operator, that recursively defines the polynomials G;. E.g., for n = 2,

L.[y]=Py(x)y” + P (x)y +Py(x)y

= Gyx)y" = (6,0 + HG()) '+ ( 6 + -+ DG () + o+ DG ) -

(B.1.9)
Out of these polynomials, we define the t-differential operator
dp dp1
M, = Go(t) 1+ Gi(t) g + ...+ Gy(1) (B.1.10)
whose crucial property, for a suitable constant c, reads as
L [(c— o)™ =M, [(x — e ], (B.1.11)

The outcome of this machinery is the potential reduction in the operator complexity due to
the swap from n to p.

Acting on the integral form (B.1.7), we get that

b b
Lx[y]=/ L, [(x—t)”“_l]v(t)dtzc/ Mt[(x—t)p“L“_l]v(t)dt, (B.1.12)

which vanishes if v is an integrating factor' for M,, provided the endpoints are accordingly
fixed. This involves the solution of a simpler equation known as the Euler transform of

L.[y]=0, formally defined as the adjoint equation of (B.1.10):

p—1

M,[v]:= (—1)P%(G0v) + (—=1)P! d (Gv)+...+G,v=0. (B.1.13)

dtr—1

!1.e., it makes the whole integrand an exact differential
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Indeed, for any function u, the Lagrange identity
— d
M, [u]v—uM, [v] = aZ(u,v) (B.1.14)
holds, for a (suitable) bilinear concomitant Z, showing that a function v solving the Euler

equation annihilates (B.1.12).

Remark B.1.2 The differential operator M, is called the adjoint of M,: rewriting the left-hand

side of (B.1.14) as

(M [ul,v) — (WM, [v]), (f.8):=f¢g (B.1.15)
the Lagrange identity can be seen as an adjoint property ‘up to an exact differential’.

When p = 1, the transform is just a first order ODE: one can explicitly solve for v(t) and

obtain a solution for the original differential equation.

Example B.1.3 (Legendre equation) For a parameter a, the Legendre equation reads

(1—x?)y”—2xy’+ala+1)y =0, (B.1.16)
ie.,
L —(1—x2)d—2—2xi+a(a+1) (B.1.17)
o dx2 dx ’ o

One can easily solve the operator decomposition imposingp=1<2=nas
Go(x)=1—x?% G,(x)=2(u+1)x, Gy(x)=0, (B.1.18)
for u € {—a—2,a—1}. Thus,
M, [u] =(1-1¢?) %u-l—Z(,u-i— Dtu, (B.1.19)
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and the first order Euler equation reads

M,[v] =—% [(1—t2)v]+2(,u+1)tv=0, (B.1.20)

which is indeed easily solved as v(t) = (1 — tZ)_M_Z. The bilinear concomitant is found by

explicit computation:
T 2 / / d 2
M, [ulv—M,[vlu=(1—t)W'v+uv')—2tuy = I ((1 —t )uv) . (B.1.21)

Therefore,

b b
L= [ - 10-e) a2 (oo -e)

=c [(x — ) (1— tz)_“_l]b ,

a

(B.1.22)

which vanishes setting a = —1,b = 1 provided that y = —a—2, a+1>0, |x| > 1. We have

thus found the solution

1
y(x) =/ (x—6) 1 (1-12)"dt, (B.1.23)
-1
known as the Legendre function of the second kind.

Let us now expand on the previous example to the general theory of the p = 1 case,
highlighting the crucial role played by Pochhammer contours.

Rewriting the differential operator for this special case as

1
Ly1=Q0)y™ —pQ )y P+ Zulu—1)y" 2 —..
(B.1.24)

—RO)y" V4 (u+ DR (2)y2 — ...
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the Euler transform assumes the compact form

(Q(t)v) =R(t)v, (B.1.25)
formally solved by v(t) = éef gdt Using (B.1.11), for any n we have that

Liy]=c / M, [(x — )" v(6)dt = c / (Q(t)%(x—t)~+R(t)<x—t)“)v(t)dr
Y Y

= c/% ((x — t)“ef%dt)dt.
14 ~~

/

(B.1.26)

Z

For the latter expression to vanish and make (B.1.7) a solution, we need to focus on the
path of integration, resorting to complex variables to take full advantage of monodromy
phenomena.

Now that we let it be a full-fledged path on the complex plane, y can either be chosen as
a closed contour, provided that the initial and final values of Z coincide, or as a curvilinear
arc such that Z vanishes at its end-points. As a rule of thumb, when Q is a polynomial with n
distinct zeroes, there are n corresponding loops of the first kind generating n distinct contour
integral solutions. If Q(z) has repeated zeroes or its degree is less than n, the deficit in the

number of possible distinct loops is filled by paths of the second type.

Denoting uy,...,u,, the m < n distinct zeroes of Q(z),
R(t) <~ o
= +S(t), (B.1.27)
Q(t) ; t—uy

for a polynomial S. Consequently,
Z(t) o< el S (e — ) | [t —u)” (B.1.28)
i=1

and its monodromy for each (counterclockwise) loop ¥ encircling a single pole u; is non-
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trivial and given by the scalar e*™:

. Therefore, the Pochhammer contour topology suffice
to ensure the net monodromy contribution after a double loop encircling any two different

u;s is trivial. Thus, we get a solution

edet l‘[:’;l(t _ui)oi i
Q

W (x) := / eyt (B.1.29)

Yph

(i)

for any Pochhammer double loop 7,

encircling u; and u;. With similar operations as in

(B.1.4), we get that

. . 1
W, = (1= )W, — (1—e*™)W;,, W, := /(k)(x — t)"*‘*‘laef%dfdt, (B.1.30)
Y

and consequently

(1—e* e )w; = (1—e*™ ) Wy — (1— ™ ) W (B.1.31)

For W, the solution corresponding to the Pochhammer contour encircling u; and x, the last
equation reads

(1= W,; = (1— ™) W, — (1 —e*™) W, (B.1.32)

and shows that any W;; integral can be expressed linearly in terms of these special integrals
W), proving no more than m independent solutions of Pochhammer type can exist.
For n distinct zeroes with o; ¢ Z?, the method successfully provides a basis in the space

of solutions, completely solving (B.1.24).

2If o, € Z, W; vanishes (its integrand is now analytic along y®) and W, = 0, so that the special integrals
fail to provide a basis and a complementary technique is needed.
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B.2 Proof of Theorem A.2.3

We are now ready to study the crucial steps of the proof in detail. In particular, Pochham-

mer contours will be used to build a fundamental solution to the Fuchsian system Fu+ @)
pa

in the same spirit of the p = 1 Euler transform method. The topological setting is given by

the a and f3 paths in Figure B.2.

Figure B.2: All possible paths a; and f3;

We start defining a Euler transform tailored to our needs:

Definition B.2.1 Let g := (g;;) be a matrix whose entries are (multi-valued) functions holo-
morphic on the punctured sphere X := C\ {uy,...,u,}. The path a,_, encircles an open neigh-

bourhood U of y,. The matrix valued function

@)= [ gty —x)idx, y e,
Ar41,Q4

is the Euler transform of g with respect to the Pochhammer contour [a,,,, ;] := .} a; ' a,

encircling u,,, and u;, and the parameter u € C.

Such operation is compatible with the additive convolution functor:
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. I,l, . .
Lemma B.2.2 Let g(x) be a solution to Fucgjl @) Then, I[;M’ai](g)(y) is a solution to Fuﬁw2 Ay

where y is contained in the open neighbourhood U of y, that is encircled by a, .

Proof. In the following, we omit the subscript [a,,;, ;] in the integral sign and use that

Fu%J(A) is equivalent, for %J(A) = (By,...,B,), to the Okubo normal form

0 =D)=-200) =Y B2, B2.1)
Y k=1

where D = diag(uy,...,Uy, Uy, v Usg,yenasUyy...,u,) and Z(y) = (z,(y),...,2,.(¥)). For y €
—_— —

n times n times n times

U,

(Y_D)%Ifiﬂ,aij(g) = (y—D)/%g(X)(y—x)“Z‘ldx
- / (& —x)+ (x—D))(%g(x)(y—x)“fl)dx

= W=Dl (&) + (k=1 / (x — D)g(x)(y — x)“2dx,

where one is allowed to differentiate under the integration sign as [a,,;, ;] is compact.

Since the monodromy of (x —D)g(x)(y —x)*>~! due to a,, is just a multiple of the identity,

the net monodromy after [a,,;,a;] is trivial®>. Therefore,

0= [ (= D))y —x+ ) dx = [ gy —xpdx+ [ (= D) )y = )
X

—(p—1) / (x— D)g () (y — x)?dx,
(B.2.2)

and

(1,-1) | (x=D)gC)y =) dx = [ gl =)=+ [ (x=D)g Cx)y =)=
(B.2.3)

3The Pochhammer contour plays here its essential role: in this special case of commuting monodromy ma-
trices, its topology suffice to ensure the integrand returns to its initial value.
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Given that g is a solution of Fu- (), we conclude that
b1

(‘y D)_ [a +1a](g) ( )I[a la](g)-l'l[a 10] (g)+/(X—D)g’(x)(y—x)“z_ldx

=D B2 (),
< (B.2.4)

for (By,...,B,) = ‘éljlw (A). O

For F a fundamental solution of Fu,, there exists a special solution for the (additive)

convolved system given by

FO)(x —uy)™
G(x):=

F(x)(x —u,)™
Indeed, the following holds:

Lemma B.2.3 The columns of G give a solution to Fug+ a) and

(G) =TI (G)1— &) —I* (G)(1—M)),

[a +1,0;]

where M, is the monodromy of G due to a;.

Proof. The first assertion is a straightforward check, while the second follows from compu-

tations analogous to those in (B.1.30). O
Corollary B.2.4 If u is a positive integer, then IFa N a_](G) = 0. If u = 0 or a negative integer,

()—EEG“%w(1+M)

[ar+1 (1

Proof. It follows from the above lemma and Cauchy’s integral formula. |
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Analogously to the Euler method, we build a fundamental solution out of a special set of

Pochhammer contours®:

Definition B.2.5 Let u € C. The matrix

=1 = (1 (OO, ()

Qry1 ,(11] Qry1 ’ar]

is called the period matrix.

The full-rank condition of the period matrix is part of the following result, which reformu-

lates Theorem A.2.3 in the language just introduced:

Theorem B.2.6 ([10], Theorem 4.7) Let M := Mon(Fu,) = (M, ..., M,) € GL,(C)" be the
tuple of monodromy generators for Fu,, for A= (A4, ...,A,) € (CY"), u € C\Z and A = e*™*,
If (M4, ..., M,) generates an irreducible subgroup of GL,(C) for at least two M,’s different from

the identity, then

1. The columns of the period matrix I"(y) are solutions of Fu-+ (A where y is contained
pl

in a small open neighbourhood U of y,

2. Forv;eker(M;—1),i=1,...,r, (v € ker(AM; --- M, — 1)) assume that the residue of
G(x)v; at u; (the residue of x* 'G(x)v at 00) is not identically zero. Then, the period
matrix I*(y), y € U, is full-rank and the tuple of monodromy generators of Fu.-+ @)

pa

with respect to I"(y) and the paths B4,..., 3, is €,(M), i.e.,

Mon (Fu,+ ) = €M)

3. Assuming that

rank(4;) = rank(M; —1) and rank(A;+...+A,+ul) =rank(AM, ---M,—1),

“Notice that y, plays here the role that x did for the Euler machinery.
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I*(y) gives rise to a fundamental solution I*(y), y € U, of the system Fu M (A The

tuple of monodromy generators of Fu_,+ @A) with respect to I*(y) and the paths f3, ..., 3,
pl

is M,(M), ie.,

Mon (FU%J_I(A)) = M,(M).

Proof. Point 1 follows from Lemma B.2.3 and Lemma B.2.2.

By definition of T [“a analytic continuation of the period matrix I*(y) along the path

r+l;ai]’

n

u .
ﬂk transforms I[aH],ai](G) nto I[ﬁk>ar+1,fjk>ai]

(G), where the action f3; > a; is the deformation
of the loop a; due to the movement of y, along b,. These deformations, for all loops a;, are

shown in Figure B.3.

0 0, ®

1

Figure B.3: Deformations due to by for, respectively top-down, ay, a,, k <p <r+1, and a,,,
where the appearing Pochhammer contour is highlighted. Notice that no deformation is imposed on
a;, fori < k.

Notice that the topological obstruction to deformations given by the punctures makes Pochham-
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mer contours crucially appear once more: forany k <i < r+1, a; = [ag, o, 1] o[ ar, a,1],
where [a;, a,,,] is a Pochhammer contour encircling u;, and y,.

Denoting [(a) :=1 “(G) and recalling that
I*(ap) = I"(a)Mon(B) + I"(B),
where Mon(3) is the monodromy of the transform’s integrand after a loop 3, we get that

(ala,1,Ble) = (I (@Mon([a, ., B1) + I*([aty41, 1)) Mon(e) + I (e)
= (I*(a)Mon(e) + I*(¢)) + I*([a,,,, B)Mon(e) (B.2.5)

= f“(ag) + TM([ar+17 ﬂ ])MOH(E),

using that Mon(a,,;) = ¢*™* =2 = Mon([a,,;,3]) = 1. Thus, fori <k,

f([ﬁk >QAi1s ﬂk > ai]) = f([(akar+1)_1ar+1akar+lﬁ ai])

= f(a:.,l.l[aksar+1]ai_1[ar+1:ak]ar+1ai) (B26)

=T[4, a DAM; — 1) +1([ a4, ;).

Similarly, for i =k
I > s, B> D) = I () ey, apJagary ) = 1[0t 1, e DAM,
and for i > k
I(B> ari, B> D) = 1Ly, e DIM; — 1) + ([ 11, 1)

This proves the second statement of point 2 by showing that the matrix describing this trans-

formation is exactly the k-th element of the r-tuple %, (M). Omitting the tedious and unen-
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lightening proof that I*(y) is invertible, point 3 follows from dimensional reasons. Indeed,
I*(y) is obtained cutting out the p x p lowest diagonal block from C~'I*(y), where C is a

change of basis whose first nr — p columns form a basis of 8 + £. This follows since

r

(y =D)€Y = Y (CT'BC) (CT1),
k=1
and the lowest blocks of (C™'B,C,...,C™'B,C) give exactly M (A). Tt is immediate to
check that the monodromy group is invariant under this Gauge transformation. Analogously,
one can perform the quotient at the monodromy level taking the lowest diagonal block of
I*(y)C’, for C’ now a change of basis whose first set of columns form a basis of K + L.
In turn, this transformation leaves the system untouched, and it’s enough for the lowest
blocks obtained by the two procedures to agree on dimension, which is ensured by the rank

conditions. O
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APPENDIX C

ENTRIES OF R

D — 23723513571 35723,(t)"1/3,,(b)"1/3
Ri1=¢q 3Zy1zyzzc1 Zcz Zm Z111 >

2

= 2/3 51/3 - —1/3 1 2 b)2 b)-1
R12 — q1/SZY/13ZY/QSZC1/SZC/§Z(O /3(Z( )2/3 + ql/Szili /3) + ql/SZY

1/3 o —1/3 —2 1 5 b1
111 111 1321//232(:1/32@2/3(611/32(0 sy 70 /3)2( ) /3’

111 m J4in
D Y3723 51357130 51/3 ~2/3y 5 (£)2/3 (b)-1/3 23 7130 1/3571/3.,1/3 2/3 7 1/3y > (£)2/3 ,(b)2/3
RlB_q/Szylzyzzm (Zey +9Zcy )20 21y, 7 a2y Zy5(q /SZC1 Loyt ZoyZey)liyy Zey1 s

1

R — 2373 L 3T 373 73 23 ()13 5 (D)3
Ry =—q"(Zy, + 972y, VZyyZoi Zey 211y 2y s

_ 1/3 52/3 51/3 =1/3 5 1/3 o (t)2/3 ¢ » (b)2/3 —1(b)-1/3 1/3 22/3 51/3 =1/3 =2/3 - (£)2/3 1/3 7 (t)=1/3y (b)-1/3
R22_—q/3ZY1ZYZZC1 ZogZyy (Zy)"—q 2y )—q/3ZY1ZYZZCl Zoy (Z17; +q/32111 )Z1)

2/3 7=Y3 5137 =13 =2/3  (t)2/3 /37713 =2/3 (t)-1/3 —1 573 ,1/3 5 (t)2/3y »(b)-1/3
—q"Zy| Zy(Zoy Zey Zy)y 47 Zey Zog Z)y G 2oy ZegZyyy )y

2/3 1 1

_ 1 1/3>=1/3 37713 1/3 ()23 (b)-1/3 235130 1/3,1/3 2/3 37(6)2/3 (b)2/3
Ry = _q/S(ZY1+q/SZY1 VZyoZey ZeaZayy 2111 —4Zy1Zyy q/ngl +Z01)ZcyZ107 Zin
G T T A

1

D — 53 Y353 =2/3N =13 ,=2/3  (t)~4/3 (b)-1/3 -1/3>2/3 ~1/3 37713 5=2/3 5 (t)"1/3 (b)-1/3
Ryy=q "Zy) (Zy, +qZyy )Zcy Zoy Zyyy 20y - +(qQ P2y + 2y )2y0Z 0y Zey Zyyy 2y,

D 7 V353,713,135 ()13 ~7/3 7 (£)2/3y (b)~1/3 =2\ 773 51/3 =13 =2[3  (t)-1/3 -, (b)~1/3
Ryy =qZy) ZyyZe) Zcy(Zyyy " +q P2y )20 "+ (A4 q )2y ZyyZey Zey 217y 20,
=5/322/3 71/3 =1/3 ,1/3 5 (£)2/3  (b)~1/3 (b)2/3 —5/3 77137 1/3 =2/3N 713 72/3 - (£)—4/3  (b)-1/3
+q /BZleyzzm ZoyZyy (Zy " +qZy,) +g /BZYl (Zy,+4Zyy )Ze) Zoy 2y 2y
1

—1/3¢ »=1/3 2/3 37713 =2/3 (t)2/3 ,(b)-1/3 137 2/3 ,1/3 —2/3 7713 =2/3\ ,=1/3 ,=2/3  (t)-1/3 r, (b)-1/3
+q P(Zy) +Zy)ZyyZe) Zy 211y Zyyy A (2 Zya +q P2y Zyy V0 Zey 201y Zhny s

D 733,730 2/3,,72/3 1/3y 7 (£)2/3 - (b)~1/3 ~2/372/3 71/3 =13 /3 =2/3y (£)2/3 (b)~1/3
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237130 1/3571/3 2/3N 7 1/3 5 (£)2/3 - (b)2/3 Y3135, 30 —1 5723 /3y 7 (£)1/3 (b)-1/3
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