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Abstract

This work investigates the proof complexity of multiple systems about deterministic
and non-deterministic branching programs (BPs and NBPs respectively). It is based
on work by Buss, Das and Knop, where they defined the systems eLpNqDT reasoning
with (N)BPs by using extension variables/axioms to represent the dag-structure, over
a language of (non-deterministic) decision trees.

We start by focusing on positive branching programs (PBPs) i.e. NBPs where, for
any 0-transition between two nodes, there is also a 1-transition. PBPs compute mono-
tone Boolean functions, much like negation-free circuits or formulas do, but constitute
a positive version of (non- uniform) NL, rather than P or NC1, respectively. We
introduce eLNDT`, the positive fragment of eLNDT, that reasons about PBPs by con-
sidering restrictions on the form of inference rules we consider. The main result is that
eLNDT` polynomially simulates eLNDT over positive sequents. Our proof method is
inspired by a similar result for MLK (␣-free LK) and LK by Atserias, Galesi and Pudlák.
Along the way we formalise several properties of counting functions within eLNDT` by
polynomial-size proofs and, as a case study, give explicit polynomial-size proofs of the
propositional pigeonhole principle.

Our second contribution aims at defining Prover-Adversary games bespoke to the
setting of branching programs. It builds upon work by Pudlák and Buss who defined
a game with Boolean formulas as queries that corresponds to Hilbert-Frege/LK i.e. the
canonical systems for reasoning about Boolean formulas. We adopt their definition to
fit in our setting and provide games that correspond to eLDT and eLNDT. While the
deterministic case is simple enough, the non-deterministic one requires simulating nega-
tions of NBPs for which, through a series of technical results, we formalize a (partial)
non-uniform version of the Immerman-Szelepcsényi Theorem: NL “ coNL.

The last part of this thesis presents the system o-eLDT, a specifically designed frag-
ment of eLDT that reasons about ordered BPs (OBDDs). These are BPs whose paths
only exhibit variables under a fixed order. Due to their ‘restricted’ nature, they posses
multiple nice properties, for example, easy checking for equivalence between OBDDs.
They have recently received wide interest in the literature with their proof (complex-
ity) theoretic analysis initiated by work from Atserias, Kolaitis and Vardi where they,
among others, defined the system OBDDp^,wq. We finish by comparing the expres-
sive strength of o-eLDT and OBDDp^,wq, concluding that the former polynomially
simulates the latter.
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Chapter 1

Introduction

Proof theory is the study of mathematical proofs treated as formal mathematical ob-
jects. This analysis was first necessitated by the rigorous formalization of the founda-
tions of mathematics occurring in the early 1900’s (Hilbert’s program) [1]. Proofs are
commonly represented linearly, as lists of statements or graphically, as trees or directed
acyclic graphs whose nodes are statements. There, the final statement of the list or the
root of the graph respectively serves as the conclusion of the proof. Informally, proof
systems are sets of initial statements called axioms and rules that enable ‘combining’
statements and adding new steps in the proof. Some of the most studied types of proof
systems are the Hilbert-Frege proof systems and Gentzen’s sequent calculus LK (for a
comprehensive introduction to proof theory see [21]).

Computational complexity is a field of interest to theoretical computer science. It
aims to determine and classify the complexity of problems regarding finite data struc-
tures and compare the relative efficiency of algorithms solving said problems. Some typ-
ical examples of such problems are the boolean satisfiability problem (SAT), reachability
of nodes in a graph, the travelling salesman problem (TSP) and prime factorisation of
integers.

Studying the complexity of Boolean functions finds application in several branches
of computer science. Researchers in general aim to understand the complexity of useful
basic algorithms tackling arithmetic problems like addition, multiplication, squaring,
division or counting which can be represented by Boolean functions. Some early works
serving as introduction to Boolean function complexity are [49] and a more extensive
one being [62].

Boolean circuits, Boolean formulas, decision trees and branching programs are well
known models of computation commonly used to (non-uniformly) compute Boolean
functions. They are commonly visualized as different types of acyclic graphs whose
nodes range over Boolean connectives, variables or constants. For a thorough intro-
duction to computational complexity see [48] and for an introduction to decision trees,
branching programs their many variations and properties see [63].

Material in this thesis finds itself in the intersection of the worlds of proof theory
and complexity theory. More specifically we study the complexity of proof systems
reasoning about formula representations of branching programs.

7



CHAPTER 1. INTRODUCTION 8

1.1 Proof Complexity

Proof complexity studies the size of formal proofs with respect to the theorem proved.
A well known result is that Gentzen’s sequent calculus is ‘polynomially equivalent’ to
Hilbert-Frege systems that is, a proof of some theorem in sequent calculus can be con-
verted to a proof of the same theorem in any Hilbert-Frege style system in polynomial
time and vice versa. The original motivation for the development of proof complexity
is due to a theorem by S. Cook and R. Reckhow [30]. Loosely stated, the theorem says
that finding superpolynomial lower bounds1 on the size of proofs for propositional logic,
directly implies P ‰ NP. This gave rise to ‘Cooks-program’: prove superpolynomial
bounds for increasingly stronger propositional proof systems until a general method is
found. Multiple kinds of ‘hard’-tautologies have been studied in the pursuit of gen-
eral superpolynomial bounds. Notable mentions are ‘Tseitin formulas’, clique-coloring
tautologies and the pigeonhole principle. Tseitin formulas [59], are conjunctions of
connectivity conditions between nodes in a given graph. They describe parity con-
straints corresponding to the structure of the underlying graph and are usually written
in conjunctive normal form (CNF). Clique-coloring tautologies are pairs of clauses that
express the property of a graph containing a clique of a certain size versus the prop-
erty of the graph being k-colorable for k some natural number. A common way to
understand the pigeonhole principle is as a propositional formula that expresses the
(unsatisfiable) property of mapping a set of n` 1 elements to a set of n elements in an
injective manner.

It is typical for systems in proof complexity to be parametrized by a complexity
class of interest whose nonuniform counterpart comprises the objects of reasoning for
the associated proof system. For example, Hilbert-Frege systems reason about boolean
formulas, the nonuniform counterpart of ALOGTIME [19]. For the class P the corre-
sponding system is extended Frege, employing ‘Tseitin extension’ to represent the dag
structure of circuits. Originally, Tseitin in [59] introduced the extension rule for resolu-
tion proof systems and it was later applied in the context of Hilbert-Frege systems by
Cook and Reckhow in [30]. A standard textbook in proof complexity is [44].

Monotone proof complexity

Monotone proof complexity investigates the complexity of propositional proof systems
under some notion of negation-freeness. Research in monotone proof complexity was
initially motivated by the famous lower bound result of Razborov [53, 54], showing that
the clique function is not computable by polynomial size negation-free circuits. As a
consequence of that, there has been substantial study of the negation-free fragment of
Gentzen’s sequent calculus LK, called MLK.

Starting from [7], the authors obtained quasi-polynomial upper bounds for the pi-
geonhole principle for n ` 1 pigeons and n holes (expressed as a monotone sequent in
MLK). Generalising this approach, in [8] they showed that MLK effectively simulates
LK proofs of monotone sequents, with quasi-polynomial increase in size while only poly-
nomial increase in the number of proof steps. It was years later in Jerábek’s work [39]

1Superpolynomial increase of a quantity w.r.t. original size N is not bounded by any polynomial
with input the size N . Quasi-polynomial increase is of the rate: nOpplognq

c
q for some constant c.
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where it was shown that under the assumption of existence of suitable expander graphs,
MLK polynomially simulates LK. Said assumptions were proven in [24] formalising the
expander-graphs from [39] used to construct the AKS sorting networks [4] and finally
showing that MLK polynomially simulates LK (on monotone sequents) and improving
the result of [8].

Proof systems of decision trees and branching programs

Decision trees are rooted ‘tree-like’ data structures commonly used to display algo-
rithms requiring multiple decisions and calculating event outcomes. They are subsumed
by branching programs (BPs), also called binary decision diagrams (BDDs) [63] which
are directed acyclic graphs (dags) and have more expressive power. BPs and their
many variations and corresponding properties have received increasing attention over
the years. They are typically pictured as directed acyclic graphs with two sink nodes
0 and 1, inner nodes labelled by propositional variables and one root node. A particu-
larly interesting class is the ordered binary decision diagrams (OBDDs) first introduced
by Bryant in [16] where he imposed a fixed order on the input variables of Boolean
functions. Essentially, OBDDs are deterministic branching programs in which variables
(labelling nodes) occur (only once) in the same relative order in each branch. They
enjoy many nice properties for example, under a certain ordering of variables, to each
Boolean function corresponds a unique OBDD of minimal size computing it. Decision
trees and branching programs have recently received proof theoretic treatments. We
mention some notable works in the following.

S. Cook in his unpublished work [27], designed specific ‘Prover-Adversary games’
(first introduced by [52]) where queries are deterministic branching programs. He essen-
tially constructed a proof system corresponding (non-uniformly) to the complexity class
logspace (L) by designing it to reason with deterministic branching programs instead
of the original approach of boolean formulas.

In [9], the authors aim to introduce natural ways of defining a proof system corre-
sponding to each constraint-satisfaction problem. As a case study they investigate the
proof system OBDDp^,wq which reasons about ordered binary decision diagrams (OB-
DDs); in it, a proof step can only be a ‘conjunction/join’ step on two previously derived
OBDDs or a ‘weakening’ step introducing a new OBDD that is semantically implied by
a previous one. They compared the strength of their systems to other well-known ones,
such as resolution, the Gaussian calculus, cutting planes, and Hilbert-Frege systems of
bounded alternation-depth (the definitions of these systems can be found in [42]).

Building on these results, in [23] it is shown that OBDDp^,wq can give exponen-
tially shorter proofs than (dag-like) cutting planes. They also added a reordering
rule that allows changing the variable order for OBDDs and proceeded to show that
OBDDp^,w, ordq is strictly stronger than OBDDp^,wq.

Recently, Buss, Das and Knop [22], proposed a proof complexity theory of L and
NL via first defining the systems LDT, LNDT reasoning about deterministic and non-
deterministic decision trees respectively. Utilizing formulas with extension, they intro-
duce the ‘extended’ versions of said systems, eLDT and eLNDT, reasoning about deter-
ministic branching programs (BPs) and non-deterministic branching programs (NBPs)
respectively. Proofs in these systems are parametrized by sets of ‘extension axioms’ and
‘extension variables’ to essentially abbreviate complex formulas corresponding to nodes
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in branching programs (in this manner ‘node sharing’ is permitted while preventing
repetitions and avoiding superpolynomial increase in the size of formulas expressing
BPs). The only logical rules in LDT, eLDT are right and left ‘decisions’ that introduce
an ‘if then else’ clause upon a propositional variable p written ApB:

Γ, AÑ∆, p Γ, p, BÑ∆
p-l

Γ, ApBÑ∆

ΓÑ∆, A, p Γ, pÑ∆, B
p-r

ΓÑ∆, ApB

A decision ApB should be understood as “if p then B else A”. The systems
LNDT, eLNDT also admit the standard rules for disjunction. While no system admits
conjunction natively, it is possible (under careful bookkeeping) to introduce complex
extended formulas expressing the conjunction of branching programs.

In [11], Barrett and Guglielmi introduced a proof system for classical propositional
logic that also reasons about decision trees. They do this by augmenting the standard
language for propositional logic with a ‘decision connective’ similar to what is seen in
[22]. Their approach is a generalisation of a method used in subatomic logic [60], where
literals are considered self-dual non-commutative connectives: 0a1 instead of a and 1a0
instead of a. Intuitively, these can be seen as simple decision trees and thus including
the more general case AaB in the language, was a natural choice. Their work has proof
theoretic motivations: first, enhancing the standard language for classical propositional
logic means their proof system admits more proofs, some of which are provably shorter
than any sequent calculus proof of the same tautology. Secondly, the inference rules
in their system are linear in the usual sense encountered in structural proof theory:
rules use the same variables in the premise and the conclusion, implying, that all rules
can be presented in a ‘medial shape’. This is then used to achieve a novel method of
eliminating cuts via a simple procedure.

1.2 Outline of contributions

We mostly work with sequent-type proof systems that reason about formula representa-
tions of branching programs within the framework introduced by Buss, Das and Knop
[22]. This thesis contains three main contributions: first we investigate the proof com-
plexity of a restricted version of the system eLNDT where rules and formulas in a proof
are ‘positive’, second we design Prover-Adversary games whose queries are e(N)DT
formulas characterising the systems eLpNqDT and third we introduce the fragment of
eLDT that reasons about OBDDs.

1. Positive proofs

Positive branching programs (PBPs) are non-deterministic branching programs where
for every 0-edge from a node u to a node v there is a 1-edge from u to v. They
compute monotone boolean functions, where flipping a 0 bit to a 1 bit in the input
cannot decrease the output value. The first part of this work, Chapters 3, 4 and 5
is dedicated to studying eLNDT` the ‘positive’ fragment of eLNDT, reasoning about
positive branching programs by requiring decisions to be in positive form, AppA_ Bq.
Naturally, the decision rules of eLNDT` are also adapted to have positive syntax. The
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main goal of this part is to show a polynomial simulation of eLNDT by eLNDT` over
positive sequents, where all decisions are positive. The method we use is inspired by [8]
where the authors showed quasi-polynomial equivalence of LK by its negation-free frag-
ment, MLK. They first defined a proof system polynomially equivalent to LK but with
negations ‘pushed’ to the atomic level. Following this, they define explicit monotone
formulas (pseudocomplements) which simulate negated atoms and ‘substitute’ them by
specific formulas in proofs. They crucially use (quasipoly-size) formula representations
of threshold functions Thn

k , monotone boolean functions which output 1 if and only if
at least k of the n input bits are 1 (their proof finishes with linearly many cut steps to
merge proofs and obtain the required result).

While we borrow some techniques and high level structure from [8], we need to
heavily adjust them due to the peculiarities of our setting. Firstly, the ‘non-duality’
of the positive decision rules makes ‘pushing negation to atoms’ hard. To resolve this
we define an intermediate proof system, an extension of eLNDT` which admits negated
literals but whose language has formulas only appearing in a ‘well behaved’ normal
form. Another issue is caused by the technicalities encountered when substituting
negated literals with extended formulas computing threshold functions: the systems
we work with do not permit decisions made upon complex formulas. We remedy this
by carefully defining new extension variables and axioms encoding positive decisions
made upon extended threshold formulas. We provide explicit proofs of all the ‘truth
conditions’ our formulas should satisfy which are crucial in obtaining the desired result.

2. Alternative approaches and gaming

In many of the aforementioned works along with this thesis, reasoning about (families
of) propositional proofs can be tedious and notationally heavy. This is frequent in proof
complexity and can be made worse when one employs extension to represent objects
with underlying dag structures as we do from Section 2.1.2 onwards. The subscripting
condition of such structures can be subtle and must be carefully controlled to maintain
well-foundedness, especially in cases where we substitute such structures into one an-
other, see Section 5.4. Using extension can also further complicate the techniques used
to handle equivalence or simulation between programs as will be required in Section 6.2.

A potential solution to these issues (that lies beyond the scope of this work) is
the program of bounded arithmetic [18, 43, 29, 42]. There, (very) weak theories of
arithmetic serve as uniform counterparts of propositional proof systems. We adopt a
different approach and employ Prover-Adversary games, a well known class of games in
the proof complexity literature. First formally described by Pudlák and Buss in [52] for
the case of boolean formulas, they were construed as a counterpart to LK. One of the
reasons they introduced these games is to prove lower bounds for Hilbert-Frege systems
and their restricted versions by investigating the relation of the number of rounds in
the game to the number of steps in LK (thus also Hilbert-Frege) proofs. They showed
that the minimal number of rounds in a ‘winning Prover-strategy’ is proportional to
the logarithm of the minimal number of steps in an LK proof.

These games involve two players, Prover asks queries (the objects of reasoning) and
Adversary answers by assigning a value to the query, 0 or 1. Prover wins if they can
force Adversary into a ‘simple contradiction’ induced by the corresponding proof system,
(which are commonly witnessed by polynomial-size proofs). This allows recasting proofs
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as strategies, whose depth (maximal number of rounds) is proportional to the logarithm
of the number of steps in the proof. Through this lens, such games can be seen as
canonical ‘balanced tree-like’ versions of their corresponding proof systems, [41].

Following Cook’s (unpublished) idea [27] and within the framework from [22], in
Chapter 6 we define the games DB,NB, which admit Boolean combinations of branching
programs, non-deterministic branching programs as queries respectively. The main
result of this part is the polynomial equivalence of eLDT with DB and eLNDT with
NB. While the deterministic case is straightforward, the non-deterministic one requires
simulating the negation of non-deterministic branching programs. We achieve this by
formalising a non-uniform version of the Immerman-Szelepcsényi theorem, coNL “ NL
[37, 58]. Our (partial) formalization is different in that, contrary to the original proof,
the inductive counting of our argument is not encoded into the NBPs we construct but
instead, in our proofs. That is, as seen in Chapter 6, we consider families of proofs
parametrised by a counter k and conduct our case analysis at the level of proofs. To
achieve this we rely on positive constructions akin to what was introduced in earlier
Chapters 3 and 4.

3. Systems for OBDDs

The last contribution of this work is involved with defining proof systems that reason
about OBDDs much like Hilbert-Frege/LK reasons about Boolean formulas. A natural
candidate to look into is the system eLDT which canonically reasons about deterministic
branching programs. We define its fragment, o-eLDT, a system about OBDDs by care-
fully crafting ‘leveled’ extension axioms sets that respect a fixed order on propositional
variables. This way, o-eDT formulas defined over leveled sets of extension axioms rep-
resent OBDDs and every OBDD can be represented (uniquely) by an o-eDT formula.
We finish this last part by comparing our newly defined system to previous work in the
literature, specifically the system OBDDp^,wq from [9] and [23]. Since our framework
is different that is, OBDDp^,wq is a resolution-like refutation system while o-eLDT is
a sequent calculus type of system, we define the necessary technical tools to be able
to ‘translate’ OBDDp^,wq refutations into o-eLDT proofs. Chapter 7 finishes with the
polynomial simulation of OBDDp^,wq by o-eLDT.

Previously published results

Chapters 2,3,4 and 5 heavily rely upon material from [31]. Chapters 6 and 7 contain
mostly unpublished material (at the time of submittal of this work).



Chapter 2

Preliminaries

In this chapter we lay out the necessary foundations for the rest of this thesis. Most
notions related to proof complexity are standard with slight deviations that better suit
our setting. Material pertaining to branching programs is defined akin to [22]. The final
part of the preliminaries is about Prover-Adversary games, where we provide definitions
and results from [52] and also introduce a more general version of the games in which
queries are not necessarily Boolean formulas.

Throughout this work we make use of a countable set of propositional variables,
written p, q etc., and two Boolean constants 0 and 1. Assignments are maps from
propositional variables to t0, 1u, the set of assignments is denoted by Ass. An assignment
α is extended to constants in the natural way, by setting αp0q “ 0 and αp1q “ 1.
We shall work with assignments that have finite support, i.e. being nonzero only on
variables occurring in a formula or proof of interest. For a fixed list of variables p “
p1, . . . , pn we write Assp for the set of assignments on p. Boolean functions will
come equipped with a list of propositional variables p and are defined to be maps from
Assp (the function’s finite domain) to t0, 1u. Boolean functions are often alternatively
defined as maps from t0, 1un ÝÑ t0, 1u for n P N. In this work we may consider either
definition taking care to be clear when doing so.

A polynomial-time function f is a function for which there exists a determin-
istic Turing machine M such that on input x, Mpxq “ fpxq and the length of the
computation takes time polynomial in the length of x.

2.1 Proof Complexity

Formal proof systems were first defined by S. Cook and R. Reckhow in [30]; the definition
we use is equivalent but slightly altered for better exposition. For Σ,Σ1 finite alphabets
and Σ˚,Σ˚1 the sets of finite words from Σ,Σ1 respectively, a proof system for a
language L Ď Σ˚ is a polynomial-time function P from Σ˚1 to L.1

Intuitively, the elements σ P Σ˚1 code proofs in the system, while P itself is a
(efficient) ‘proof-checking’ algorithm that verifies that σ is a correctly written proof
in which case, it returns its conclusion i.e. the theorem it proves. If not, it returns 1
(w.l.o.g. we consider 1 an element of L).

1In proof complexity proof systems reason about coNP-complete languages, motivated by [30].

13
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We write TAUT for the set of propositional tautologies over the basis t1,^,_,␣u
and in what follows, L “ TAUT (as is usually the case in proof complexity and in this
work). A (propositional) proof system P is called sound if the conclusion of any P proof
is valid i.e. a tautology, while P is called complete if for each tautology ϕ P TAUT,
there is a P proof concluding with ϕ.

Remark 2.1.1. Setting L to be TAUT ‘insists’ our proof systems be sound. Requiring
P to be surjective further implies that it is a complete proof system.

The following result from [30] shows the significance of this definition:

Theorem 2.1.2 (Cook-Reckhow). There is a propositional proof system with polynomial-
size proofs of each tautology if and only if coNP “ NP.

The above ‘Cook-Reckhow definition’ we use covers all well-studied proof systems for
propositional logic, under suitable codings. It is beyond the scope of this thesis to
provide any of these codings explicitly. Instead, we leave it implicit that the proofs
in the systems we consider are polynomial-time proof checkable in the way described
above, and thus constitute formal propositional proof systems as is standard in proof
complexity.

Definition 2.1.3 (Simulation). We say that a proof system P 1 polynomially simu-
lates a proof system P if there is a polynomial-time function f such that if π is a P
proof of some ϕ P TAUT then fpϕq is a P 1 proof of ϕ. If two proof systems polynomially
simulate each other we call them polynomially equivalent.

2.1.1 Branching programs

A deterministic branching program (deterministic BP or just BP) is a finite di-
rected acyclic graph G with up to two distinct sink nodes 0, 1 such that:

• G has a unique root node, i.e. a unique node with no incoming edges.

• Each non-sink node of G is labelled by a propositional variable.

• Each non-sink node has exactly two outgoing edges labelled by the constants 0
and 1 respectively.2

A more general notion is a non-deterministic branching program (NBP), a
branching program where non-sink nodes can have additional (i.e. more than two)
outgoing edges, labelled by 0 or 1. That is, a node may have multiple edges with the
same label. In this work, when represented graphically, 0-edges will appear dotted while
1-edges solid and NBPs may have multiple 1 and 0 sink nodes to ease readability, see
for example Figure 2.1.

A run of an NBP G on an assignment α is a maximal path beginning at the root
of G consistent with α. That is, at a node labelled by p, the run must follow an edge
labelled by αppq P t0, 1u. G accepts α if there is a run on α reaching the 1 sink. We

2The (trivial) BPs, 0 and 1, will be comprised of only one node (functioning as both sink and root)
labelled by 0 or 1 respectively.
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may extend α to a map from all NBPs to t0, 1u by setting αpGq “ 1 just if G accepts
α. In this way, each NBP computes a unique Boolean function α ÞÑ αpGq. Notice
that for NBPs, G accepts as long as there is a run reaching the 1 sink i.e. they employ
existential non-determinism.

Remark 2.1.4. The dual concept, universal non-determinism i.e. accepting just if all
runs reach the 1 sink would define co-non-deterministic BPs but these will not be
considered in this work.

An in depth introduction to many variants of branching programs and their prop-
erties can be found in [63].

2.1.2 Representation of NBPs by extended formulas

Our syntactic representation of NBPs proceeds similarly to [22] using ‘formulas with
extension’ when working with formal proof systems. In our case, it may be convenient
to consider multiple slightly different grammars depending on our setting.

First appearing in [22], deterministic decision tree formulas, or DT formulas,
written A,B etc. formally represent (deterministic) decision trees and are generated
from the following grammar:

A,B ::“ p | p | ApB | ApB (2.1)

where p is the dual of p. A decision, ApB, should be semantically interpreted as ‘if
p then B else A’. Including negative literals and not the usual constants 0 and 1, is a
stylistic choice made in [22] notice though, that one may identify 0 with ppp and 1 with
ppp. Furthermore a decision ApB is logically equivalent to BpA.

Non-deterministic decision tree formulas, or NDT formulas, written A,B etc.
formally represent non-deterministic decision trees and are generated from the following
grammar:

A,B ::“ p | p | ApB | ApB | A_B (2.2)

where disjunction _, has the usual meaning.
Extended deterministic decision tree formulas, or eDT formulas, written A,B

etc. are generated from the following grammar:

A,B ::“ p | p | ApB | ApB | e (2.3)

where e is an arbitrary element of a countable set of extension variables e0, e1, e2,
etc. which we require be disjoint from the set of propositional variables.

Similarly, extended non-deterministic decision tree formulas, or eNDT for-
mulas, written A,B etc. are generated from the following grammar:

A,B ::“ p | p | ApB | ApB | A_B | e (2.4)

The size of a formula A, written |A| is the number of symbols occurring in A.

Remark 2.1.5 (Restrictions on decisions). Note that extension variables are formally
distinguished from propositional variables for technical reasons. That is, we want to
restrict the expressive power of our decision connective and only permit decisions on



CHAPTER 2. PRELIMINARIES 16

literals. Thus, throughout this work and regardless of the choice of grammar used, we
forbid formulas of the form AeiB or ACB for C a complex (non-literal) formula. If
this were allowed, our grammars would be able to express boolean circuits succinctly,
whereas the current convention ensures that eDT, eNDT only express BPs and NBPs
respectively.

The semantics of non-extended formulas under an assignment are standardly de-
fined:

Definition 2.1.6 (Semantics of NDT formulas). Satisfaction written (, is a (infix)
binary relation between assignments and formulas defined as follows:

• α ( p if αppq “ 1 and α ( p if αppq “ 0.

• α ( A_B if α ( A or α ( B.

• α ( ApB if either αppq “ 0 and α ( A, or αppq “ 1 and α ( B.

• α ( ApB if either αppq “ 0 and α ( A, or αppq “ 1 and α ( B.

When including extension variables however, the interpretation is parametrised by
a set of extension axioms:

Definition 2.1.7 (Extension axioms). A set of extension axioms E is a set of the form
teiØ Eiuiăn, where Ei is a formula in our language that may only contain extension
variables among e0, . . . , ei´1.

With the use of extension axioms, eDT, eNDT formulas formally represent deter-
ministic and non-deterministic branching programs respectively. Intuitively, for an NBP
G, extension variables provide unique ‘names’ to the nodes of G.

G

p1

p2 p2

p3 p3 p3

p4 p4 p1 1

0 0 1 1

e11 Ø e21p1e22
e21 Ø e31p2pe31 _ e32q
e22 Ø e32p2e33
e31 Ø e41p3pe41 _ e42q
e32 Ø e31p3pe43q
e33 Ø e43p31
e41 Ø 0p40
e42 Ø p0_ e41qp41
e43 Ø 1p11

Figure 2.1: An NBP G and its representation by extension axioms on the right. eij
corresponds to the j-th node from the left on the i-th ‘level’ (top to bottom) of the
graph. They are ordered lexicographically i.e. eij ă elk just if i ă l or i “ l and j ă k.
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Definition 2.1.8 (Semantics of eNDT formulas). Satisfaction with respect to a set
of extension axioms E “ teiØ Eiuiăn, written (E , is a (infix) binary relation between
assignments and formulas over e0, . . . , en´1 that extends Definition 2.1.6:

• α (E p if αppq “ 1 and α (E p if αppq “ 0.

• α (E A_B if α (E A or α (E B.

• α (E ApB if either αppq “ 0 and α (E A, or αppq “ 1 and α (E B.

• α (E ApB if either αppq “ 0 and α (E A, or αppq “ 1 and α (E B.

• α (E ei if α (E Ei.

The subscripting condition for each ei ensures that it ‘abbreviates’ only formu-
las with ‘smaller’ (index wise) extension variables. This forces the underlying graphs
described by formulas over a set of extension axioms to be well-founded (contain no
cycles) and likewise ensures (E above is well defined. More formally there is an induced
induction principle on extended formulas over a set of extension axioms E :

Remark 2.1.9 (E-induction). Given a set of extension axioms E “ teiØ Eiuiăn we
may define the least strict partial order ăE on formulas over e0, . . . , en´1 satisfying:

• p ăE ApB, p ăE ApB and A ăE ApB and B ăE ApB.

• p ăE ApB, p ăE ApB and A ăE ApB and B ăE ApB.

• A ăE A_B and B ăE A_B.

• Ei ăE ei, for each i ă n.

Notice that ăE is indeed well-founded by the condition that each Ei must contain only
extension variables ej with j ă i. Thus we may carry out arguments about formulas
by induction on ăE , which we shall simply call ‘E-induction’.

We can now see Definition 2.1.8 above of (E as definition by E-induction. Hence,
by fixing some set of extension axioms E “ teiØ Eiuiăn, each eNDT formula A over
e0, . . . , en´1 computes a unique Boolean function f by α ÞÑ 1 just if α (E A. We may
then say that A computes f with respect to E .

Since many of our future arguments are based on E-induction we present an analysis
on its complexity:

Proposition 2.1.10 (Complexity of E-induction). Let A be an eDT or eNDT formula
over E “ teiØ Eiuiăn. Then |tB | B ăE Au| ď |A| `

ř

iăn

|Ei| and, if B ăE A, then

|B| ď maxt|A|, |E0|, . . . , |En´1|u.

Proof. If A is extension-free, then it is easy to see that |tB | B ăE Au| ď |A| since it
amounts to counting all distinct subformulas of A. Suppose instead there are extension
variables em, . . . , ek for m ă k ă n occurring in A. Then, counting the distinct sub-
formulas of each Ei, i ď k and summing them all together clearly suffices as an upper
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bound since, each Ei may only contain extension variables ej for j ă i. We thus obtain
|tB | B ăE Au| ď |A| `

ř

iďk

|Ei| which is itself upper bounded by |A| `
ř

iăn

|Ei|.

Now, if B ăE A, B is either a subformula of A in which case |B| ď |A| or B is
a subformula of some Ei such that eiØ Ei and ei occurs in A. In the latter case,
|B| ď |Ei|. Hence, |B| ď maxt|A|, |E0|, . . . , |En´1|u suffices as an upper bound.

2.1.3 The systems eLDT, eLNDT

The language of eLDT comprises of just the eDT formulas and similarly, the language
of eLNDT comprises of just the eNDT formulas. A sequent is an expression ΓÑ∆,
where Γ and ∆ are multisets of formulas. Commas are used to represent multiset unions
(interpreted conjunctively on the left hand side and disjunctively on the right hand side
of Ñ ). A sequent ΓÑ∆ is semantically understood as either a formula in Γ is false
or a formula in ∆ is true. More formally, under an assignment α we say that ΓÑ∆ is
true if either αpAq “ 0 for some A P Γ or αpBq “ 1 for some B P ∆. We call a sequent
valid if it is true under all assignments.

The semantic interpretation in 2.1.8 and 2.1.17 means that ApB is simultaneously
logically equivalent to pp ^ Aq _ pp ^ Bq and pp Ą Aq ^ pp Ą Bq where A Ą B is the
classical implication abbreviating ␣A_B. It is this observation which naturally yields
the decision rules in the following systems for eDT, eNDT formulas. We choose for
negative literals to appear positively on the other hand side of the sequent since later
on, negation-freeness will be of importance. See decision rules on p in Figure 2.2.

Definition 2.1.11. The system LNDT, is given by the rules in Figure 2.2 and its
language comprises of the NDT formulas. An LNDT derivation of a sequent ΓÑ∆
from hypotheses H “ tΓiÑ∆iuiPI is defined as usual: it is a finite list of sequents,
each either some ΓiÑ∆i from H or following from previous ones by rules of LNDT
and ending with ΓÑ∆.

An eLNDT, proof is just an LNDT derivation from hypotheses that are a set of
extension axioms, i.e. E “ teiØ Eiuiăn; where we construe AØ B as an abbreviation
for the pair of sequents AÑ B and BÑ A. The size of a proof is simply the number
of symbols in it. The depth of a proof is the maximum number of steps in a branch.

We note that most of the proofs in our systems will be dag-like: we must avoid
duplication of subproofs with the same conclusion as, if this were recursively applied,
it could lead to an exponential increase in proof size.

Remark 2.1.12 (Digression on using extension). It is (typically) required that conclu-
sions of eLpNqDT proofs are free of extension variables. This stems from a ‘tradition’ in
the proof complexity literature that systems utilising extension operate under the above
condition. For example in [30], Cook and Reckhow do not formally distinguish between
extension variables and propositional variables and, among others, restrict conclusions
of their proofs to be extension-free. This is done to provide for a ‘smooth’ soundness ar-
gument: truth assignments are defined on propositional variables and may be extended
to complex formulas in the usual way; additionally if eØ A is an extension axiom
used in a proof, then for any truth assignment α, αpeq “ αpAq. Therefore, a truth
assignment α that satisfies all previous lines in an extended Frege proof, also satisfies
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the conclusion since it is extension free. We may later though consider ‘intermediate’
proofs that conclude with formulas containing extension variables. In all such cases,
the underlying extension axiom set will be provided explicitly.

Initial sequents and cut:

id
pÑ p

id
pÑ p

lem-r
Ñ p, p

lem-l
p, pÑ

ΓÑ∆, A Γ, AÑ∆
cut

ΓÑ∆

Structural rules:

ΓÑ∆
w-l

Γ, AÑ∆

ΓÑ∆
w-r

ΓÑ∆, A

Γ, A,AÑ∆
c-l

Γ, AÑ∆

ΓÑ∆, A,A
c-r

ΓÑ∆, A

Logical rules:

Γ, AÑ∆, p Γ, p, BÑ∆
p-l

Γ, ApBÑ∆

ΓÑ∆, A, p Γ, pÑ∆, B
p-r

ΓÑ∆, ApB

Γ, A, pÑ∆ Γ, BÑ p,∆
p-l

Γ, ApBÑ∆

Γ, pÑ∆, A ΓÑ p,∆, B
p-r

ΓÑ∆, ApB

Γ, AÑ∆ Γ, BÑ∆
_-l

Γ, A_BÑ∆

ΓÑ∆, A,B
_-r

ΓÑ∆, A_B

Figure 2.2: Rules of the system LNDT

Definition 2.1.13. The respective deterministic system LDT is given by the rules in
Figure 2.2 excluding the ones for disjunction. The extended version eLDT is defined
akin to the way described above for the non-deterministic case. We may at times
slightly alter our exposition and permit context splitting cuts, omit structural steps or
consider cedents to be sets instead of multisets/lists. This (if and whenever it occurs)
will only be for improving the presentation of our proofs and arguments and has no
proof complexity theoretic significance.

It was shown in [22], that the system LNDT is adequate for reasoning about non-
deterministic decision trees and similarly, eLNDT adequately reasons about NBPs:

Proposition 2.1.14 (Soundness and completeness, [22]). eLNDT proves a sequent
ΓÑ∆ (without extension variables) if and only if

Ź

Γ Ą
Ž

∆ is valid.
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One sanity check here is that the set of valid extension-free eLNDT sequents is indeed
coNP-complete, and so comprises an adequate logic for proof complexity. This is shown
explicitly in [22], but is also subsumed by the analogous statement for the ‘positive’
fragment of this language that we consider in a later section, namely Proposition 2.2.14.

While LNDT supports a propositional identity, it will be quite useful to establish a
general identity rule:

Proposition 2.1.15 (General identity). Let E “ teiØ Eiuiăn be a set of extension
axioms. There are polynomial-size eLNDT proofs of AÑ A, for formulas A containing
only extension variables from E.

Proof. We construct dag-like proofs of the required sequent by E-induction. That is,
given eNDT formula A, we construct a proof of polynomial-size (on |A|`|E |) containing
sequents BÑ B for each B ďE A by E-induction on A.

• If A is a literal then we are done by the rule id.

• If A is an extension variable we extend the proof obtained by the inductive hy-
pothesis by adding the step:

E
eiÑ Ei

E
EiÑ ei

cut
eiÑ ei

where the premises are extension axioms from E .

• If A “ B _ C then we extend the proof obtained by the inductive hypothesis by
adding the derivation:

IH

BÑ B
w-r

BÑ B,C

IH

CÑ C
w-r

CÑ B,C
_-l

B _ CÑ B,C
_-r

B _ CÑ B _ C

• If A “ BpC then we extend the proof obtained by the inductive hypothesis by
adding the step:

IH

BÑ B
w-r

BÑ B, p

IH

BÑ B
w-l,w-r

p,BÑ B,C
p-r

BÑ BpC, p

id
pÑ p

w-l,w-r
p, CÑ B, p

IH

CÑ C
w-l,w-r

p, CÑ B,C
p-r

p, CÑ BpC
p-l

BpCÑ BpC

In all cases sequents marked by IH are obtained through the inductive hypothesis.
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With respect to the size of the proof provided, note that each step of the argu-
ment above, extends the proof by a constant number of lines, each of which has size
polynomial in |A| and |E|. Thus a polynomial bound follows by proposition Proposi-
tion 2.1.10.

Example 2.1.16 (A ‘medial’). Many classes of branching programs enjoy elegant sym-
metries w.r.t. permuting the order of nodes in the graph. Accordingly, in our eNDT
notation, we have validity of the following pair of sequents:

pAqBqppCqDq Ø pApCqqpBpDq

The above equivalence is visualised in Figure 2.3.

p

qq

C DA B

q

pp

C DA B

Figure 2.3: The ‘medial’ visualised. The two BPs compute the same Boolean function
despite the change on the order of nodes.

The name medial finds its origins in the ‘deep inference’ community, see for example
[2]. There, the medial rule permits ‘exchanging’ arguments that are ‘deep’ in the formula
between conjunction (^) and disjunction (_) connectives.

Alternative choices of grammar

It might be convenient to consider different choices for the grammar of our language.
For example we may choose to either not admit constants or propositional variables
natively but express them via complex formulas.

An alternative version of grammar 2.3 is the 0/1-extended deterministic deci-
sion tree formulas, or 0{1-eDT formulas, written A,B etc. which are generated from
the following grammar:

A,B ::“ 1 | 0 | ApB | e (2.5)

where e is again an arbitrary element of a countable set of extension variables
e0, e1, e2, etc. Within this grammar, we identify the propositional variable p with the
formula 0p1 and its ‘dual’ p with 1p0.

0/1-extended non-deterministic decision tree formulas, or 0/1-eNDT formu-
las, written A,B are generated from the following grammar:

A,B ::“ 1 | 0 | ApB | A_B | e (2.6)

Another convenient choice of grammar will be made when we later consider a spe-
cific type of NBPs called ‘positive branching programs’. m-extended deterministic
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decision tree formulas, or m-eDT formulas, written A,B etc. are generated from the
grammar for 0{1-eDT formulas but also admit propositional variables (from a countable
set) hence they are generated from:

A,B ::“ 1 | 0 | p | ApB | e (2.7)

m-extended non-deterministic decision tree formulas, or m-eNDT formulas,
written A,B etc. are generated from the following grammar:

A,B ::“ 1 | 0 | p | ApB | A_B | e (2.8)

Here, we identify p with 1p0.
The same syntactic restrictions apply in the alternative grammars namely, decisions

can only be made on literals and not complex formulas or extension variables.

Definition 2.1.17 (Semantics of 0/1-eNDT,m-eNDT formulas). Most cases are covered
by Definition 2.1.8 which we simply extend by considering the cases for constants:

• α *E 0 and α (E 1.

The systems 0{1-eLNDT, m-eLNDT

The language of the systems 0{1-eLNDT, m-eLNDT comprises of just the 0/1-eNDT
and m-eNDT formulas respectively. Sequents and syntax are defined akin to Defini-
tion 2.1.11.

Definition 2.1.18. The systems 0{1-LNDT, m-LNDT are given by the rules in Fig-
ure 2.4. We require that cut-rules can only introduce formulas specific to each gram-
mar. An 0{1-LNDT, m-LNDT derivation of a sequent ΓÑ∆ from hypotheses H “

tΓiÑ∆iuiPI is defined as usual: it is a finite list of sequents, each either some ΓiÑ∆i

from H or following from previous ones by rules of 0{1-LNDT, m-LNDT respectively
and ending with ΓÑ∆.

An 0{1-eLNDT, m-eLNDT proof is just an 0{1-LNDT, m-LNDT derivation from
hypotheses that are a set of extension axioms, i.e. E “ teiØ Eiuiăn; where we construe
AØ B as an abbreviation for the pair of sequents AÑ B and BÑ A.

The respective deterministic systems 0{1-LDT,m-LDT are given by the rules in Fig-
ure 2.4 excluding the ones for disjunction. Their extended versions 0{1-eLDT,m-eLDT
are defined akin to the way described above for the non-deterministic case.

Remark 2.1.19. The different choices of grammar are to some degree ‘practical’. The
grammar from 2.6 can be viewed as more ‘convenient’ when defining Prover-Adversary
games for NBPs (Chapter 6). That is because we avoid over-defining in our language:
the atom p is not natively available and instead is identified with the decision 0p1.
Doing this allows us to get away with defining smaller and less convoluted sets of
simple contradictions. The grammars from 2.8 and 2.3[22] may be preferable from
a proof theoretic perspective since cut-free proofs satisfy the subformula property in
the respective calculi. Furthermore, the grammar from 2.8 only permits decisions on
‘positive’ literals which accommodates the definition of positive branching programs, in
Section 2.2.3. On the other hand, the grammar from 2.3[22] may be thought as more
‘elegant’, since it avoids overdefining with respect to constants.
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Initial sequents and cut:

0
0Ñ

1
Ñ 1

id
AÑ A

id
pÑ p

ΓÑ∆, A Γ, AÑ∆
cut

ΓÑ∆

Structural rules:

ΓÑ∆
w-l

Γ, AÑ∆

ΓÑ∆
w-r

ΓÑ∆, A

Γ, A,AÑ∆
c-l

Γ, AÑ∆

ΓÑ∆, A,A
c-r

ΓÑ∆, A

Logical rules:

Γ, AÑ∆, p Γ, p, BÑ∆
p-l

Γ, ApBÑ∆

ΓÑ∆, A, p Γ, pÑ∆, B
p-r

ΓÑ∆, ApB

Γ, AÑ∆ Γ, BÑ∆
_-l

Γ, A_BÑ∆

ΓÑ∆, A,B
_-r

ΓÑ∆, A_B

Figure 2.4: Rules of the systems 0{1-LNDT,m-LNDT. The rule exclusive to 0{1-LNDT
is brown.

In this work we will make use of the grammars for 0/1-eNDT and m-eNDT formulas.
Polynomial equivalence between the systems eLNDT, 0{1-eLNDT,m-eLNDT is provided
in the next section.

2.1.4 Simple Simulation Results

Here for completeness, we provide the polynomial equivalence results between the sys-
tems of eLNDT, 0{1-eLNDT and m-eLNDT. We start by presenting an inductive trans-
lation (on formula structure) between eNDT and 0/1-eNDT formulas.

Remark 2.1.20. We observe that it is enough to show polynomial equivalence between
eLNDT and 0{1-eLNDT. One way to see this is by observing that in Figure 2.4, all rules
of m-eLNDT are also rules of 0{1-eLNDT while general identity can (as we will see
later) be polynomially simulated in m-eLNDT. More formally, we can define a ‘natural’
translation between eNDT and m-eNDT formulas that is subsumed by the following
translations in Definitions 2.1.21, 2.1.22. Hence, an equivalence result between eLNDT
and m-eLNDT would accordingly be subsumed by the equivalence result for eLNDT and
0{1-eLNDT, Corollary 2.1.25.

Definition 2.1.21 (From eNDT to 0/1-eNDT). We provide a (polynomial-time) trans-
lation from an eNDT formula A to a 0/1-eNDT formula Ab as follows:
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pb :“ 0p1
pb :“ 1p0

pApBqb :“ AbpBb

pApBqb :“ BbpAb

pA_Bqb :“ Ab _Bb

For a multiset Γ “ tA1, . . . , Anu, its ‘translated’ version Γb is tAb
1, . . . , A

b
nu. For a

set of extension axioms E “ teiØ Eiu we write Eb for tebi Ø Eb
i u where each ebi is a

fresh extension variable.

Definition 2.1.22 (From 0/1-eNDT to eNDT). We provide a (polynomial-time) trans-
lation from an 0/1-eNDT formula A to a eNDT formula Ap as follows:

0p :“ ppp
1p :“ ppp

pApBqp :“ AppBp

pA_Bqp :“ Ap _Bp

For a multiset Γ, its ‘translated’ version Γp is tAp
1, . . . , A

p
nu. For a set of extension

axioms E “ teiØ Eiu we write Ep for tepi Ø Ep
i u where each epi is a fresh extension

variable.

Next, we check that any LNDT proof of a sequent ΓÑ∆ can be simulated by an
0{1-LNDT proof of ΓbÑ∆b and vice versa.

Proposition 2.1.23. From an LNDT proof P for a sequent ΓÑ∆ we can in polyno-
mial time construct a 0{1-LNDT proof P b of the sequent ΓbÑ∆b. Similarly, from a
0{1-LNDT proof P for a sequent ΓÑ∆ we can in polynomial time construct an LNDT
proof P p of the sequent ΓpÑ∆p.

Proof. We proceed by induction on the structure of the proof and start by showing
polynomial simulation of LNDT by 0{1-LNDT. To do that, given an LNDT proof P of a
sequent ΓÑ∆, we obtain an 0{1-LNDT proof P b of ΓbÑ∆b with only polynomial
increase in size. Since both translations commute with connectives (excluding b on
ApB), the proof is straightforward.

• A left decision rule on a negative literal p:

Γ, p, AÑ∆ Γ, BÑ∆, p
p-l

Γ, ApBÑ∆

will be simulated by the following left decision:

Γb, BbÑ∆b, p Γb, p, AbÑ∆b

p-l
Γb, BbpAbÑ∆b

• A right decision rule on a negative literal p:

Γ, pÑ∆, A ΓÑ∆, B, p
p-r

ΓÑ∆, ApB

will be simulated by the right decision:

ΓbÑ∆b, Bb, p Γb, pÑ∆b, Ab

p-r
ΓbÑ∆b, BbpAb
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• A left decision rule:
Γ, AÑ∆, p Γ, p, BÑ∆

p-l
Γ, ApBÑ∆

will be simulated by the following left decision:

Γb, AbÑ∆b, p Γb, p, BbÑ∆b

p-l
Γb, AbpBbÑ∆b

• A right decision rule:

ΓÑ∆, A, p Γ, pÑ∆, B
p-r

ΓÑ∆, ApB

will be simulated by the right decision:

ΓbÑ∆b, Ab, p Γb, pÑ∆b, Bb

p-r
ΓbÑ∆b, AbpBb

• A right disjunction rule:

ΓÑ∆, A,B
_-r

ΓÑ∆, A_B

will be simulated by the right disjunction:

ΓbÑ∆b, Ab, Bb

_-r
ΓbÑ∆b, Ab _Bb

• A left disjunction rule:

Γ, AÑ∆ Γ, BÑ∆
_-l

Γ, A_BÑ∆

will be simulated by the right disjunction:

Γb, AbÑ∆b Γb, BbÑ∆b

_-l
Γb, Ab _BbÑ∆b

• If a cut-rule introduces a formula A

ΓÑ∆, A Γ, AÑ∆
cut

ΓÑ∆

it will be simulated by a cut-rule on the translated formula Ab with the translated
contexts:

ΓbÑ∆b, Ab Γb, AbÑ∆b

cut
ΓbÑ∆b
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• The four initial sequents:

id
pÑ p

id
pÑ p

lem-r
Ñ p, p

lem-l
p, pÑ

will be simulated respectively by instances of the general identity rule for A “

0p1, 1p0:

id
1p0Ñ 1p0

id
0p1Ñ 0p1

The following constant size derivation:

1,w-r
Ñ 0p1, 1, p

id,w-r
pÑ 0, p

p-r
Ñ 0p1, 1p0

And lastly:

0
0, 1p0Ñ p

id
p, 1, 1Ñ p

0
p, p, 0Ñ

p-l
p, 1p0, 1Ñ

p-l
0p1, 1p0Ñ

With this we conclude that the 0{1-LNDT proof P b is clearly polynomial-time com-
putable from P .

The other direction i.e. polynomial simulation of 0{1-LNDT by LNDT proceeds sim-
ilarly and is not explicitly provided. The only cases worth mentioning are for initial
rules. These are either simulated by LNDT derivations of constant size or derivations
employing general identity requiring proofs of polynomial size.

• The initial rules

0
0Ñ

1
Ñ 1

can be respectively simulated by LNDT derivations of fixed size with conclusions
pppÑ and Ñ ppp respectively:

id
pÑ p

l-lem
p, pÑ

p-r
pppÑ

l-rem
Ñ p, p

id
pÑ p

p-l
Ñ ppp

For a formula A, the generalized identity rule:

id
AÑ A
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in 0{1-LNDT is simulated by a derivation of the sequent ApÑ Ap of polynomial
size in LNDT. This follows by a more general result for the system eLNDT,
proved in Proposition 2.1.15. The required corresponding proof for LNDT would
be slightly simpler: the cases of extension variables need not be considered and
the proof would proceed by induction on the complexity of formulas instead of
E-induction.

Remark 2.1.24. We remind that to avoid ‘explosion’ in size our proofs are dag-like.
Furthermore, note that besides being a very natural property for our systems to satisfy,
general identity also implies that replacing a variable (not occurring deeply within
formulas) with a formula in a proof will only result in polynomial increase in size.3

This will in particular be of use later, for example in Chapter 3 and also in Chapter 6
while a slightly adjusted general identity result for a fragment of eLNDT will appear in
Chapter 5 .

From Proposition 2.1.23 we immediately obtain the same result for the extended
systems:

Corollary 2.1.25. The systems eLNDT and 0{1-eLNDT are polynomially equivalent.

Proof. To prove the statement it is enough to show that from an eLNDT proof P for
a sequent ΓÑ∆ with hypotheses from a set of extension axioms E “ teiØ Eiu, we
can in polynomial time construct an 0{1-eLNDT proof P b of the sequent ΓbÑ∆b with
hypotheses from Eb and vice versa.

The proof proceeds in the same way Proposition 2.1.23 does, with the addition that
in case an extension variable ei is occurring at some point in a sequent, it must be
accordingly substituted with its translation ebi . The other direction is done similarly
but replacing an extension variable ei with epi instead.

It is also easy to see that the same should hold for the deterministic fragments of the
systems since the rules for disjunction are ‘independent’ to other rules and vice versa:

Corollary 2.1.26. The systems eLDT and 0{1-eLDT polynomially simulate each other.

Proof. We make the observation that in the proof of Proposition 2.1.23, disjunction is
only used and required in disjunction steps. Hence, in the deterministic case, disjunction
is simply not considered while everything else remains the same.

Remark 2.1.27. In light of the results of this section we may freely reason within any
of the systems eLNDT,m-eLNDT, 0{1-eLNDT interchangeably. To avoid ambiguity, we
will make clear which grammar we are using at the beginning of each section and only
write eLNDT, eLDT afterwards.

3Since id rules at leaves of the proof will be replaced by polynomial size derivations of general
identity.
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2.2 Monotone functions and positive proofs

Several models of monotone computation have been proposed and utilized in the liter-
ature. Examples include negation free circuits and formulas, monotone span programs
introduced in [40] and positive branching programs which will be of use to us.

This section opens by recapping notions of monotonicity, regarding computation
and boolean functions. We introduce positive branching programs (PBPs) computing
monotone Boolean functions and define the system eLNDT`, a fragment of eLNDT that
restricts reasoning to only formulas representing PBPs. It is noted that we formally
distinguish ‘monotone’ and ‘positive’, reserving the former for semantics and the latter
for syntax.

2.2.1 Monotone Boolean functions and positive programs

Given x “ px1, . . . , xnq,y “ py1, . . . , ynq where xi, yi P t0, 1u, we write x ď y if each
xi ď yi, i.e. y may be obtained from x by flipping 0s to 1s. A Boolean function
f : t0, 1un Ñ t0, 1u is called monotone if, whenever some tuple y P t0, 1un is obtained
from tuple x P t0, 1un by flipping 0s to 1s, we have fpxq ď fpyq. It is more suitable to
our setting (accepting runs of NBPs) for the inputs of Boolean functions to be finitely
supported assignments. Under this convention, we consider the following alternative
definition:

Given a list of propositional variables p “ tp1, . . . pnu, for α, β P Assp, we write
α ď β if for all pi, we have αppiq ď βppiq. A Boolean function f : Assp ÝÑ t0, 1u is
monotone if for all α, β P Assp, if α ď β then fpαq ď fpβq.

The two definitions of monotonicity are equivalent and we may use either while
taking care to be clear when necessary.

Definition 2.2.1. [Positive BPs, e.g. [33]] A positive BP is an NBP such that for
every 0-edge in its graph from a node u to a node v, there is a 1-edge from u to v.

Proposition 2.2.2. Positive BPs compute monotone boolean functions.

Intuitively, this is easy to see, by Definition 2.2.1, any leaf that can be reached via
a path π with any number of 0-edges can also be reached by another path π1 which is
obtained by flipping some 0-edges in π to 1-edges. More formally:

Proof. Assume we are given two assignments α ď β and α is accepting for G i.e.
αpGq “ 1; it is enough to show βpGq “ 1. That αpGq “ 1 means there is an accepting
run r “ pr1, . . . , rm, 1q of G consistent with α where for i ă m, each ri is labelled by
some propositional variable pi. To finish the proof, from r we will inductively construct
an accepting run r1 “ pr11, . . . , r

1
m, 1q consistent with β. Since there is only one root

node in G, we must have r11 “ r1. Then, for each i such that αppiq “ βppiq, set r
1
i “ ri.

In the case when αppiq “ 0 and βppiq “ 1, by Definition 2.2.1, we know there will be
a 1-edge from node ri to node ri`1 and we set r1i`1 “ ri`1. We observe that r1 is the
same run as r and it is also accepting for β.
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2.2.2 Monotone complexity and positive closures

A family of NBPs (or circuits) tG0, G1, . . .u is called logspace (L)-uniform if there is
a L-Turing machine M such that for each n P N, Mpnq “ Gn. Textbook references to
circuit/branching program complexity include: [56, 61].

Grigni and Sipser in [33, 32] developed and studied a comprehensive theory of mono-
tone models of computation with the general goal of answering whether containment
relations between complexity classes also hold for their monotone versions. They defined
monotone4 non-deterministic Turing machines (MNTM), where if transition is possible
when reading 0, the same transition is also possible when reading a 1. They named the
class of languages decided by such machines with logarithmic size work-tape mNL and
additionally provide a non-uniform analogue to this class namely, L-computable families
of monotone non-deterministic logarithmic-width polynomial-sized leveled circuits.

Deterministic branching programs are a non-uniform analogue of L: for every
language L P L there is an L-computable family of BPs tG0, G1, . . .u (thus with size
polynomial w.r.t. input size) such that on input x of length n, Gn decides whether
x P L and conversely, the language E “ tpG, xq | Gpxq “ 1u is L-complete5 where G
is a BP and x an appropriate input. Comparably, NBPs are a non-uniform version of
non-deterministic logspace (NL). In this work we will provide a non-uniform analogue
to mNL by defining L-computable families of positive branching programs (PBPs).

To define PBPs we make use of a natural construction that is available in the setting
of BPs in contrast to Boolean formulas or circuits. That is, the ‘positive closure’ which
given a BP, constructs a ‘positive’ version of it by adding, for every 0-edge from a node
u to a node v, a 1-edge from u to v (if there is not already one). Formally:

Definition 2.2.3 (Positive closure of an NBP). Given NBP G, if the sets of 0-edges
and 1-edges of G are E0 and E1 respectively, then its positive closure G` is the NBP
with the same vertex set as G and 0-edges E0 but 1-edges E0 Y E1.

We may call edges parallel if they have the same starting and ending nodes. We
note that through the positive closure construction we always obtain a positive BP thus
giving us a ‘canonical’ positive version of an NBP.

There is a closely related semantic notion of closure for boolean functions, the ‘mono-
tone closure’.

Definition 2.2.4 (Monotone closure). For a Boolean function f : t0, 1un ÝÑ t0, 1u, we
define its monotone closure mpfq, by mpfqpxq “ 1 just if Dy ď x such that fpyq “ 1.
Alternatively, if we consider the inputs of f ranging over Assn, we define mpfqpαq “ 1
just if Dβ ď α such that fpβq “ 1 .

Remark 2.2.5. While it will not be of use to this work, we mention that one can define
the dual monotone closure of f by: mpfqpxq “ 0 just if Dy ě x such that fpyq “ 0.
It is the ‘greatest’ monotone function dominated by f and holds a similar relation with
‘positive co-NBPs’ Remark 2.1.4. That is, being given an NBP G computing f , we
consider its dual positive closure i.e. the positive co-NBP G`.

4They use the word “monotone” for both semantic and syntactic notions and reserve “positive” for
a class of monotone functions.

5Under NC1 reductions, see [28]
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The monotone closure of a function f essentially acts as a least monotone upper
bound for f . In many cases thanks to the monotone closure we can exactly characterise
the semantic effect of positive closures of NBPs. That is, there are specific classes
of NBPs for which the positive closure of an NBP G in that class, computes exactly
the monotone closure of the function computed by G. We call a (deterministic) BP
G read-once if each path of G contains at most one instance of each propositional
variable. Then:

Proposition 2.2.6 ([33]). If G is a read-once BP computing a Boolean function f then
G` computes exactly mpfq.

Proof sketch. Assume the nodes ofG are labelled by propositional variables from tpiu
n
i“1.

For one direction, if mpfqpβq “ 1 then by Definition 2.2.4, we know there exists some
assignment α ď β such that fpαq “ 1. Hence G accepts on α and consequently G`

accepts on α (since the same accepting run can be followed). Furthermore, similar to
the argument given in Proposition 2.2.2, since for every 0-edge in G` there is a parallel
1-edge, it is clear that G` also accepts on β. For the other direction, for any assignment
β such that G`pβq “ 1, we will show that mpfqpβq “ 1. If it holds Gpβq “ 1 then
also fpβq “ 1 and by Definition 2.2.4 we obtain mpfqpβq “ 1. Hence, the only case
to consider is that for some assignment β, G` has an accepting run r` , but G does
not. Since for any run of G there is an identical run in G`, it must be that r` follows
some of the 1-edges in G` that do not occur in G. Since every such 1-edge is parallel
to a 0-edge, there is an accepting run r in G corresponding to some assignment α ď β.
Hence fpαq “ 1 and by Definition 2.2.4 mpfqpβq “ 1.

A minimal counterexample of a BP G in which a repetition of a variable in a path
causes G` to fail to compute mpfq is illustrated in Figure 2.5.

p

p0

1 0

G

p

p0

1 0

G`

Figure 2.5: Why reading once matters. G computes the zero function but its positive
closure G`, does not since G`pp ÞÑ 1q accepts.

In particular, Proposition 2.2.6 holds when G is an ordered branching program
(usually abbreviated as ‘OBDD’) from ordered binary decision diagram, i.e. a BP
in which propositional variables appear in the same relative order in each run through
G. An example of this which will be useful later involves OBDDs calculating the exact
counting functions in Chapter 3.
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Example 2.2.7 (Monotone closure of Exact). A BP and its positive closure are given in
Figure 2.6. The upper graph G is an OBDD computing f , the Exact 2-out-of-4 function
(returns 1 iff exactly two input bits are 1) and below is G`, its positive closure. Since
G is read-once by Proposition 2.2.6 we know that G` is a PBP computing mpfq, the
Threshold 2-out-of-4 function (returns 1 iff at least two input bits are 1).

p1

p2 p2

p3 p3 p3

p4 p4 p4 p4

0 0 1 0 0

G

p1

p2 p2

p3 p3 p3

p4 p4 p4 p4

0 0 1 0 0

G`

Figure 2.6: Upper: OBDD for 2-out-of-4 Exact, lower: its positive closure computing
2-out-of-4 Threshold.

In [33, 32], Grigni and Sipser proved separation results for the monotone coun-
terparts of some well known complexity classes. Among others, they show that the
monotone version of the Immerman-Szelepcsényi theorem (NL “ coNL, [37, 58]) does
not hold: mNL is not closed under complementation.6 Their method starts by stating
that reachability between two nodes in a graph is in mNL (there is an L-computable
family of polynomial-size PBPs deciding it) and later show that the only monotone
co-non-deterministic BPs computing reachability will have exponential size, conclud-
ing that reachability is not in co-mNL implying mNL ‰ co-mNL. In light of the
Immerman-Szelepcsényi theorem: NL “ co-NL, [37, 58], they showed that mNL is
not the monotone fragment of NL. Since all monotone functions can be computed

6They defined positive monotone functions as we defined monotone functions in Subsection 2.2.1
and called their complements negative monotone functions. The set of monotone functions is the
union of positive and negative monotone functions. Only in this manner, considering the complements
of monotone complexity classes makes sense. See also Section 2.1 of [32]
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via PBPs the above can be understood as: there is no feasible notion of constructing
the positive closure of NBPs (i.e. maintaining polynomial-size) that succeeds in always
computing the monotone closure of boolean functions.

A corollary of their results is:

Theorem 2.2.8 ([33]). There are monotone functions computed by polynomial-size
families of NBPs, but only super-polynomial-size families of PBPs.

2.2.3 Representations of positive branching programs

We now revisit representing NBPs by extended formulas but specifically tailored to
PBPs. In this section and until further notice we use the grammar for m-eNDT formulas
from (2.8) and the appropriate semantics from Definition 2.1.17.

Definition 2.2.9 (Positive formulas). Positive extended non-deterministic deci-
sion tree formulas (eNDT`) are eNDT formulas such that for each of their subfor-
mulas of the form ApB, it holds B “ A _ C for some C. A set of extension axioms
E “ teiØ Eiuiăn is positive if each Ei is positive.

eNDT` formulas, under positive extension axioms are representations of PBPs, the
extension axioms given in Figure 2.7 represent a PBP computing the Threshold 2-out-
of-4 function.

p1

p2 p2

p3 p3 p3

p4 p4 p4 p4

0 0 1 0 0

e11 Ø e21p1pe21 _ e22q
e21 Ø e31p2pe31 _ e32q
e22 Ø e32p2pe32 _ e33q
e31 Ø e41p3pe41 _ e42q
e32 Ø e42p3pe42 _ e43q
e33 Ø e43p3pe43 _ e44q
e41 Ø 0p4p0_ 0q
e42 Ø 0p4p0_ 1q
e43 Ø 1p4p1_ 0q
e44 Ø 0p4p0_ 0q

Figure 2.7: Positive BP computing 2-out-of-4 Threshold, and representation by positive
extension axioms.

In particular a positive decision7 AppA_Bq is logically equivalent to the monotone
boolean formula A_pp^Bq. Thus, under the restriction that all decisions are positive,
eNDT` formulas over positive sets of extension axioms duly compute monotone Boolean
functions:

Proposition 2.2.10. Suppose E “ teiØ Eiuiăn is a positive set of extension axioms.
Each eNDT` formula A over e0, . . . , en´1 computes a monotone Boolean function with
respect to E.

7From now on we may use the term ‘general decision’ when referring to the decisions introduced in
Section 2.1.2 to distinguish them from positive ones.
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Proof. The proof proceeds by E-induction on formulas. It is immediate that proposi-
tional variables and constants compute monotone Boolean functions. Assume that by
induction hypothesis we have obtained that A,B compute monotone Boolean functions.
Given an eNDT` formula AppA_Bq, we recall it is logically equivalent to A_ pp^Bq
which, since we do not permit negative literals, is a monotone boolean formula. Hence,
AppA _ Bq must also compute a monotone Boolean function. An eNDT` formula of
the form A _ B, for A,B computing monotone boolean functions, also immediately
computes a monotone Boolean function since _ is monotone. The case of an extension
variable ei such that eiØ Ei is an extension axiom, is covered by the logical equivalence
of ei with Ei and invoking induction hypothesis on Ei since Ei ăE ei.

2.2.4 The positive fragment of eLNDT

Our goal is to define the proof system eLNDT` reasoning about formula representa-
tions of positive BPs. For this, we need to design new decision rules which are sound,
invertible, satisfy the subformula property and also have no ‘side changing’. That is,
apart from id and cut, in all rules of eLNDT` distinguished formulas are typeset on
only one side of the respective sequents. As we will see later in Proposition 2.2.15, the
invertibility property together with the subformula property imply completeness of the
positive decision rules and the system eLNDT`.

The semantic equivalence of AppA _ Bq and A _ pp ^ Bq motivates the following
‘positive decision’ rules:

Γ, AÑ∆ Γ, p, BÑ∆
p`-l

Γ, AppA_BqÑ∆

ΓÑ∆, A, p ΓÑ∆, A,B
p`-r

ΓÑ∆, AppA_Bq
(2.9)

These rules can be further justified by showing they are derivable by general deci-
sions, e.g. p`-l can be derived by only using p-l in combination with _-l and w-l.

Theorem 2.2.11. There are polynomial-size eLNDT derivations for the above rules
(2.9).

Proof. We can obtain the following derivation:

Γ, AÑ∆
w-l

Γ, p, AÑ∆

Γ, p, BÑ∆

Γ, AÑ∆
w-l

Γ, p, AÑ∆
_-l

Γ, p, A_BÑ∆
p-l

Γ, AppA_BqÑ∆

This derivation concludes with Γ, AppA _ BqÑ∆ with Γ, AÑ∆ and Γ, p, BÑ∆
as premises, the same ones as in the p`-l. This shows that p`-l can be derived by only
using p-l, _-l and w-l.

Similarly, we can obtain the derivation:

ΓÑ∆, p, A

ΓÑ∆, A,B
w-l,_-r

Γ, pÑ∆, A_B
p-r

ΓÑ∆, AppA_Bq

This derivation shows that that p`-r can be derived by only using p-r, _-r and w-l.
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By construction, none of the formulas A, p or B ‘change sides’ in the rules above,
making positive decisions indeed monotone. This is unlike general decisions, for which
p may change sides.

Remark 2.2.12. One may observe that contrary to the case of general decisions
(which are self-dual), the rules for positive decisions are not dual (for instance A is
‘duplicated’ only in the positive decision right rule). This can be seen in the process
of constructing them: in the case of the left positive decision rule, the three valid hy-
potheses occur because of a left disjunction step which, is not dual to a right disjunction
step. Accordingly, in the case of the positive decision right rule there are only two valid
hypotheses.

This happens because we use existential nondeterminism but not universal. If we
defined a new type of decision of the form: pA ^ BqpA we could, similarly to the case
above, define new left and right decision rules such that they would be the dual of the
previous positive decision rules.

We are now ready to define the positive fragment of eLNDT:

Definition 2.2.13 (eLNDT`). The system eLNDT` is defined like eLNDT, using the
rules for the system m-LNDT from Figure 2.4, except with replacing the p-l and p-r
rules by their positive counterparts from Equation (2.9). It is also required that all
extension axioms and formulas (in particular formulas introduced by a cut) in a proof
are positive.

A positive sequent contains only positive formulas under positive extension ax-
ioms.

It was shown in [22] for LDT (and in extension LNDT, eLDT, eLNDT) that the set of
valid sequents is expressive enough i.e. coNP-complete which makes their investigation
meaningful proof-complexity wise [30]. Their approach employs a well known result by
S.Cook and L. Levin [26, 45] that shows the validity problem for Boolean formulas in
disjunctive normal form (DNF) is coNP-complete. They then used decisions to define
DT formulas that simulated conjunctions and disjunctions, showing that lines in LDT
proofs can express DNF properties and thus obtaining the result. We provide a proof
of the equivalent statement for valid (positive) sequents in eLNDT`.

Proposition 2.2.14. The set of valid positive sequents (without extension variables)
is coNP-complete.

Proof. By [26, 45] we know validity of DNFs is coNP-complete. We start by expressing
conjunctions of propositional variables as eNDT` formulas. This is simple, observe that
a positive decision 0pp0_Aq is logically equivalent to p^A. We can recursively apply
this m-times to express an m-ary conjunction of variables as nested positive decisions:

m
ľ

i“1

pi ðñ 0p1p0_ 0p2p0_ p¨ ¨ ¨ 0pm´1p0_ pmq ¨ ¨ ¨ qqq (2.10)

Using the same notation as in [22], we write Conjpp1, . . . , pmq for the eNDT
` formula

on the right-hand side of 2.10.
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Now, fix a Boolean formula A “
n

Ž

i“1

Ź

li in DNF where li are lists of literals ranging

over propositional variables p1, . . . , pk and their negations. Then, obtain the lists pi by
substituting each negated literal lj “ pj in li, with a fresh one p1j and construct the
following positive sequent that is valid if and only if A is:

p1 _ p11, . . . , pk _ p1kÑ Conjpp1q, . . . ,Conjppnq

Intuitively, the left hand side of the sequent dictates the semantic behavior of p1j for
j “ 1, . . . k i.e. it forces the clauses to act as cases of ‘excluded middle’. Then, any
assignment satisfying the formula A can be extended to an assignment satisfying the
sequent and vice versa.

More formally: assume thatA is valid. Consider any assignment α1 on p1, p
1
1, . . . , pk, p

1
k

that satisfies the LHS of the above sequent i.e. α1ppj _ p1jq “ 1 for all 1 ď j ď k. We
need to prove that α1pConjppiqq “ 1 for some 1 ď i ď n. Since A is valid, if α is the
restriction of α1 on p1, . . . , pk, it will satisfy αp

Ź

liq “ 1 for some i and we claim that
α1pConjppiqq “ 1 as well. This is easy to see: for all pj in li, αppjq “ α1ppjq “ 1 since
α is the restriction of α1 on p1, . . . , pk. Furthermore, for all pj in li, it holds αppjq “ 1
hence, αppjq “ α1ppjq “ 0. Since it must be that α1ppj _ p1jq “ 1, we obtain that
αpp1jq “ 1 which concludes that α1pConjppiqq “ 1. For the other direction, assume the
sequent above is valid. Then, any assignment α on p1, . . . , pk, can be extended to an
assignment α1 on p1, p

1
1, . . . pk, p

1
k choosing α1pp1jq “ 1´αppjq. By definition, for some i,

α1pConjppiqq “ 1. Hence, αp
Ź

liq “ 1 and thus αpAq “ 1.

We next prove the ‘positive’ counterpart to Proposition 2.1.14 that is, soundness
and completeness for eLNDT`.

Proposition 2.2.15 (Soundness and completeness). Given a positive extension free
sequent ΓÑ∆, eLNDT` proves ΓÑ∆ if and only if

Ź

Γ Ą
Ž

∆ is valid.

Proof sketch. Soundness: soundness follows immediately by observing that for all
rules, validity (more so truth) of premise(s) implies validity of the conclusion and since
the initial sequents are all valid.

Completeness: We proceed by bottom-up cut-free proof search and without using
any extension variables. First note that all logical rules are invertible: validity of the
conclusion implies validity of premises. Moreover, due to the subformula property, the
premises must always be less complex than the conclusion: going bottom-up the number
of connectives is strictly reduced. In this way, by applying logical rules as necessary
we eventually reach sequents only containing propositional variables and constants.
Validity was preserved at each step so the sequents we have obtained must either have
a 0 on the left hand side, a 1 on the right hand side or the same variable p on both sides.
All such cases can be obtained via initial sequents with some additional weakening steps.

Remark 2.2.16 (Extended soundness and completeness). Conventionally, proofs us-
ing extension conclude with extension-free theorems. It is possible however to extend
Proposition 2.2.15 to proofs in which extension variables may appear as formulas in the
lines. Given a set of (positive) extension axioms E “ teiØ Eiuiăn for an assignment
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α, recall we defined α (E ei if α (E Ei. An eNDT` formula A over e1, . . . , en´1 is
E-valid if, for every assignment α, we have α (E A (see Definition 2.1.8).

In proving the completeness of eLNDT` w.r.t. positive sequents containing ex-
tension, the only difference with the completeness proof in Proposition 2.2.15 is that
we have to accordingly deal with extension variables: upon reaching (bottom-up) a
connective-free sequent with at least one extension variable ei, we use the correspond-
ing extension axiom eiØ Ei to unfold ei into the formula Ei in an ‘equivalence’ (Ø )
step. The proof then continues in the same manner and termination is guaranteed by
the complexity argument from Proposition 2.2.15 and also E-induction, since Ei ăE ei.

2.2.5 Some basic theorems

This section presents basic results of eLNDT` that will be necessary to carry out future
arguments while exemplifying tools and techniques we will frequently use.

It is natural to first show the positive version of Proposition 2.1.15 that is, a
polynomial-size proof of general identity for positive sequents.

Proposition 2.2.17 (General positive identity). Let E “ teiØ Eiuiăn be a positive set
of extension axioms. There are polynomial-size eLNDT` proofs of AÑ A, for positive
formulas A containing only extension variables among e0, . . . , en´1.

Proof. We proceed almost identically to Proposition 2.1.15, only difference being that
we are in a positive context. Given eNDT` formula A, we construct a (dag-like)
polynomial-size proof of AÑ A by E-induction. More precisely, for each such A,
we construct a polynomial-size proof containing sequents BÑ B for each B ďE A by
E-induction on A. We only mention the cases that differ from Proposition 2.1.15.

• If A “ 0 then we have:

0
0Ñ

w-r
0Ñ 0

• If A “ 1 then we have:

1
Ñ 1

w-l
1Ñ 1

• If A is an extension variable “ ei for some i ă n, we extend the proof obtained
by the inductive hypothesis by adding the step:

eiÑ Ei EiÑ ei
cut

eiÑ ei

where the premises are extension axioms from E .
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• If A “ BppB_Cq then we extend the proof obtained by the inductive hypothesis
by adding the step:

IH

BÑ B
w-r

BÑ p,B

IH

BÑ B
w-r

BÑ B,C
p`-r

BÑ BppB _ Cq

id
pÑ p

w-l,w-r
p, CÑ B, p

IH

CÑ C
w-l,w-r

p, CÑ B,C
p`-r

p, CÑ BppB _ Cq
p`-l

BppB _ CqÑ BppB _ Cq

In all cases sequents marked IH are obtained through the inductive hypothesis.

The same complexity analysis as in Proposition 2.1.15 takes place: at each step of
the argument above, we add a constant number of lines of polynomial size in |A| and
|E |, see Proposition 2.1.10. The proof must be dag-like to avoid exponential explosion
in size due to the possible repetition of sequents.

We next provide explicit proofs of ‘truth conditions’ of positive decisions as we will
make use of them in many simulation results.

Proposition 2.2.18 (Truth conditions). Let E “ teiØ Eiuiăn be a positive set of
extension axioms and let A and B be eNDT` formulas over e0, . . . , en´1. There are
polynomial-size eLNDT` proofs of the following sequents with respect to E:

1. AppA_BqÑ A, p

2. AppA_BqÑ A,B

3. AÑ AppA_Bq

4. p,BÑ AppA_Bq

Proof. We provide proofs for all four sequents:

1 :

id
AÑ A

w-r
AÑ A, p

id
pÑ p

w-l,w-r
p,BÑ A, p

p`-l
AppA_BqÑ A, p

2 :

id
AÑ A

w-r
AÑ A,B

id
BÑ B

w-l,w-r
p,BÑ A,B

p`-l
AppA_BqÑ A,B

3 :

id
AÑ A

w-r
AÑ A, p

id
AÑ A

w-r
AÑ A,B

p`-r
AÑ AppA_Bq

4 :

id
pÑ p

w-l,w-r
p,BÑ A, p

id
BÑ B

w-l,w-r
p,BÑ A,B

p`-r
p,BÑ AppA_Bq

where steps marked id follow from Proposition 2.2.17.
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Remark 2.2.19. We note that Proposition 2.2.18 could be proven in a more ‘high-level’
way, without providing explicit proofs for each sequent. Proposition 2.2.17 provides us
with polynomial-size proofs of general identity in eLNDT` and by Proposition 2.2.15
we know that eLNDT` is complete w.r.t. valid positive sequents. We then observe that
the sequents 1-4 are valid and consider their ‘atomic’ instances, i.e. A is replaced by
an atom a and B by an atom b. It is clear that these would have constant-size proofs
ending in identity steps. Substituting each a and b in these constant-size proofs with
the eNDT` formulas A,B respectively, would provide us with proofs ending in general
identity steps, each of which has size polynomial in A,B.

Example 2.2.20 (A positive ‘medial’). A positive version of Example 2.1.16, can be
obtained by taking the positive closures of the BPs by adding 1-edge parallel to every
0-edge. This would result in the following pair of sequents:

pAqpA_BqqpppAqpA_Bqq _ pCqpC _Dqqq
Ø pAppA_ CqqqppAppA_ Cqq _ pBppB _Dqqq

(2.11)

The validity of this equivalence can be seen by noticing that each side is semantically
equivalent to A_ pp^Cq _ pq^Bq _ pp^ q^Dq and the LHS and RHS are visualised
in Figure 2.8.

p

qq

C DA B

q

pp

C DA B

Figure 2.8: The positive ‘medial’ visualised. The two PBPs compute the same monotone
Boolean function despite the change on the order of nodes.

By completeness Proposition 2.2.15 and the substitution argument from Remark 2.2.19,
we have polynomial-size proofs of (2.11).

Finally, we will use the truth conditions from Proposition 2.2.18 to show that we
can substitute provably-equivalent formulas in a decision in a proof.

Corollary 2.2.21. Given hypotheses Γ, AÑ∆, A1 and Γ, BÑ∆, B1, there are poly-
nomial size eLNDT` derivations of

Γ, AppA_BqÑ∆, A1ppA1 _B1q

over any positive set of extension axioms that contains all extension variables occurring
in A,A1 and B,B1.

Proof. We explicitly provide the derivation:

Γ, AÑ∆, A1
Proposition 2.2.18.3

A1Ñ A1ppA1 _B1q
cut

Γ, AÑ∆, A1ppA1 _B1q

Γ, BÑ∆, B1
Proposition 2.2.18.4

p,B1Ñ A1ppA1 _B1q
cut

Γ, p, BÑ∆, A1ppA1 _B1q
p`-l

Γ, AppA_BqÑ∆, A1ppA1 _B1q
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Some structural rules have been omitted for simplicity, namely w-l,w-r on the right
premise above cut-steps necessary to match contexts. It will be typical for us to omit
similar steps and freely use ‘context splitting’ and ‘context sharing’ behaviour, under
structural rules.



Chapter 3

Counting

This chapter formally introduces the Boolean counting functions that appeared in our
earlier Example 2.2.7, provides canonical BPs computing them and presents the nec-
essary framework to represent said BPs in our proof systems, m-eLDT,m-eLNDT via
formulas with extension.

The Exact functions Exnk : t0, 1un Ñ t0, 1u are defined by:

Exnkpb1, . . . , bnq “ 1 ðñ

n
ÿ

i“1

bi “ k

I.e. Exnkpb1, . . . , bnq “ 1 if and only if exactly k of b1, . . . , bn are 1.
The monotone closures of these functions (see Definition 2.2.4), are the Threshold

functions Thn
k : t0, 1un Ñ t0, 1u defined by:

Thn
kpb1, . . . , bnq “ 1 ðñ

n
ÿ

i“1

bi ě k

I.e. Thn
kpb1, . . . , bnq “ 1 if and only if at least k of b1, . . . , bn are 1.

Staying consistent with the previous exposition from Chapter 2, given a list p “
p1, . . . , pn of propositional variables, we may construe Exnkppq,Th

n
kppq as Boolean func-

tions from Assp to t0, 1u, and writing Exnkppqpαq,Th
n
kppqpαq for their respective (Boolean)

outputs.

3.1 OBDDs for Exact and their representations as

eDT formulas

It is well-known that counting functions including those above, are computable by
OBDDs (see [63]).

We present a more general version of the OBDD computing the exact 2 out of 4
function seen in Example 2.2.7. That is, in Figure 3.1 we give an OBDD for the exact
k out of n function, Exnkpp1, . . . , pnq. Since OBDDs are by definition deterministic, they
can be formally represented by m-eDT formulas (i.e. _-free) by defining an infinite set
of extension axioms as follows:

40
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p1

p2 p2

p3 p3 p3
...

...
...

pn pnpn

0 0 1 0 0 0

. . .. . .

Figure 3.1: An ‘ordered’ BP/ binary decision diagram (OBDD) for the ‘standard’ order
of propositional variables. It computes the Exnkpp1, . . . , pnq, where only the k` 1th leaf
is a 1 and rest are 0.

Definition 3.1.1 (m-eDTs for Exact). For each list p of propositional variables , and
each integer k, we introduce an extension variable epk and write X for the set of all
extension axioms of the form (i.e. for all choices of p, p and k),

eε0 Ø 1
eεk Ø 0 if k ‰ 0
eppk Ø epkpe

p
k´1

(3.1)

where ε is used for the empty list.

While the extension variables (and the extension axioms) from Definition 3.1.1 do
not strictly follow the subscripting conditions from Definition 2.1.7, we may understand
them to be ‘names’ for the appropriate subscripting. It suffices to establish the well-
foundedness of ăX as done in Remark 2.1.9, which is clear by induction on the length
of the superscript of the extension variables. That is, a variable epk is ‘smaller’ than a
variable eql w.r.t. ăX if p is a suffix of q. Furthermore, one may extend this well-founded
partial order to a well-founded total order by setting epk ăX epl when k ď l.

Remark 3.1.2. Since proofs are parametrised by sets of extension axioms, we must be
careful about the amount of extra data we consider in particular, it should not be too
large (or infinite for that matter). However, X being an infinite set does not present us
with issues regarding proof complexity. In the case we use it as the underlying set of
extension axioms in proofs, only finitely many of the extension axioms will actually ever
be used as hypotheses in a particular proof. It is implicitly assumed here, that the sub-
scripts of the extension variables are appropriately small (to not contribute significantly
to proof complexity) and such that the subscripting condition from Definition 2.1.7 is
satisfied. Same applies to all other ‘well-founded’ sets of extension axioms we may de-
fine later. For example, in Section 6.6 we introduce extension variables with seemingly
large indices. This does not pose a problem in our setting though. That is because
we understand that a proof P in which extension variables have large indices could be
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‘substituted’ by a proof P 1 that is identical to P with only difference that the (finite)
set of extension variables/axioms it uses is considered under appropriate renaming so
that extension variables only have indices from t1, . . . , Su for some S P N.

Proposition 3.1.3. Let p “ pp1, . . . , pnq be a list of propositional variables. Then, epk
computes Exnkppq, with respect to X .

Proof. We show that α (X epk ðñ Exnkppqpαq “ 1 by induction on the length n of
the list p. If n “ 0 then Ex0kpεq returns 1 just if k “ 0, so the result is immediate from
the first two axioms of (3.1). For the inductive step we have:

α (X eppk ðñ α (X epkpe
p
k´1 by (3.1) and Definition 2.1.17

ðñ

#

α (X epk αppq “ 0

α (X epk´1 αppq “ 1

ðñ

#

Exnkppqpαq “ 1 αppq “ 0

Exnk´1ppqpαq “ 1 αppq “ 1
by inductive hypothesis

ðñ Exn`1k pp,pqpαq “ 1

3.1.1 Programs for Threshold via positive closure

Notice that since the Exact programs we considered were OBDDs, which are in partic-
ular read-once, the semantic characterisation of positive closure by monotone closure
from Proposition 2.2.6 applies. Looking back to Figure 3.1, the positive closures we are
after (as NBPs) are given in Figure 3.2.

Realising this directly as m-eNDT formulas and extension axioms we obtain the
following:

p1

p2 p2

p3 p3 p3
...

...
...

pn pnpn

0 0 1 0 0 0

. . . . . .

Figure 3.2: The positive closure of the OBDD for Exact from Figure 3.1, computing
Thn

kpp1, . . . , pnq. Again, there are k 0s to the left of the 1, and n´ k to the right.
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Definition 3.1.4 (Positive m-eNDT s for Threshold). For each list p of propositional
variables, and each integer k, we introduce an extension variable tpk and write T for the
set of all extension axioms of the form (i.e. for all choices of p, p and k):

tε0 Ø 1
tεk Ø 0 if k ‰ 0
tppk Ø tpkppt

p
k _ tpk´1q

(3.2)

Just as in the case of X in Remark 3.1.2, even though T is an infinite set, we shall
typically write eLNDT` proofs with respect to this set of extension axioms, understand-
ing that only finitely many are ever used in any particular proof. This finite subset will
not be explicitly computed , but such a consideration will be subsumed by our analysis
of proof complexity.

Note that the relation between the OBDD from Figure 3.1 and the PBP in Figure 3.2
is reflected by the respective extension axioms from X , T representing their graphs.
That is, the extension variables tpk and set of extension axioms T above, are just the
positive closures of epk and X earlier, within the m-eNDT setting. Thus, an immediate
consequence of Proposition 2.2.6 is that for each non-negative k, tpk computes exactly
the threshold function Thn

kppq with respect to T :

Corollary 3.1.5. If k ě 0, then tpk computes Thn
kppq, with respect to T .

We note that there are alternative ways of phrasing Definition 3.1.4. For k negative,
we could have alternatively set tϵk to be 1. We could have also simply set tp0 to be 1 for
arbitrary p. Instead, we have chosen to systematically take the positive closure of the
aforementioned Exact programs, to make our exposition more uniform.

3.1.2 Small proofs of basic counting properties

The main results we present later heavily rely on having small proofs of characteristic
properties of counting formulae. We provide said proofs in this section.

We start with a needed basic monotonicity property for our PBPs computing thresh-
old:

Proposition 3.1.6 (tpk is decreasing in k). There are polynomial-size eLNDT` proofs
of the following sequents over extension axioms T :

1. Ñ tp0

2. tpk`1Ñ tpk

3. tpk Ñ whenever k ą |p|

Proof. We proceed by induction on the length of p (and sub-induction on k). In the
base case, for p “ ϵ, all three sequents follow easily from T initial sequents, weakening
and cuts. For the inductive steps, we construct polynomial-size proofs as follows:
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1 :
Ñ tp0 by the inductive hypothesis
Ñ tp0ppt

p
0 _ tp´1q by Proposition 2.2.18.(3)

Ñ tpp0 by extension axioms T

2 :
tppk`1 Ñ tpk`1xpt

p
k`1 _ tpk q by extension axioms T

Ñ tpkppt
p
k _ tpk´1q by inductive hypotheses and Corollary 2.2.21

Ñ tppk by extension axioms T

3 :

tppk Ñ tpkppt
p
k _ tpk´1q by extension axioms T

Ñ tpk , t
p
k´1 by Proposition 2.2.18.(2)

Ñ tpk´1 by 2 and contraction
Ñ by inductive hypothesis

The proofs have size polynomial in the length of the list p and the number k: we perform
induction on the length of p and each time, we require k ` 1 instantiations of all the
sequents above, one for each choice of threshold i ď k. The same proof complexity
analysis will usually suffice for later arguments, in which case we shall suppress it
unless further justification is required.

Convention 3.1.7. The above proof is presented in ‘linear’ style instead of the usual
tree-like form. We consider the reasoning easier to follow when presented this way and
the proof is meant to be read by obtaining each sequent by the justification provided
in the right with maybe additional structural steps.

Convention 3.1.8. The second sequent requires using Corollary 2.2.21, which allows
us to apply previously proven implications or (Ø )-equivalences ‘deeply’ within a
decision formula. This ‘technique’ shall be used throughout this work without further
mentioning Corollary 2.2.21 to lighten the exposition.

A Boolean function is called symmetric if its value does not depend on the order
of its input bits, but only on the number of ones (or zeros) in the input i.e. the output
of f remains unchanged under a permutation of its input bits. Equivalently, if two
assignments α, β on a finite list of propositional variables send the same number of pis
to 1, then a Boolean n-ary function f is symmetric if and only if fpαq “ fpβq.

Counting functions are known to be symmetric [62]. In particular, the provable
symmetry of the formulas tpk computing threshold functions, will be essential later on.
We shall establish this property through a series of results, beginning by a ‘case analysis’
on a propositional variable changing places in a list. The proof serves as a prime
example within the eLNDT` framework as it involves many of previously established
results, general positive identity Proposition 2.2.17, positive medial Example 2.2.20 and
Corollary 2.2.21.

Lemma 3.1.9 (Case analysis). There are polynomial-size eLNDT` proofs of,

tpqqk Ø tqpqk

over the extension axioms T .
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Proof. We proceed by induction on the length of p. The base case, when p is empty,
follows immediately by general identity, Proposition 2.2.17.

For the inductive step we construct polynomial-size proofs as follows:

tppqqk

Ø tpqqk pptpqqk _ tpqqk´1q by T

Ø tqpqk pptqpqk _ tqpqk´1q by IH and 2.2.21

Ø tpqk qptpqk _ tpqk´1qppt
pq
k qptpqk _ tpqk´1q _ tpqk´1qpt

pq
k´1 _ tpqk´2qq by T

Ø tpqk pptpqk _ tpqk´1qqpt
pq
k pptpqk _ tpqk´1q _ tpqk´1ppt

pq
k´1 _ tpqk´2qq by Example 2.2.20

Ø tppqk qptppqk _ tppqk´1q by T

Ø tqppqk by T

Similarly to the proof of Proposition 3.1.6, the above argument should be read as
providing polynomial-size proofs ‘in both directions’, by the justifications given on the
right. Our use of Ø -equivalences necessitates that we restrict cedents to contain only
a single formula to avoid ambiguity of the comma delimiter. Polynomial proof size on
the length of p,q and k is, again, immediate by inspection on the number of lines.

The main result of this section is presented next. It states the naturally expected
symmetry property of our extension variables in T :

Theorem 3.1.10 (Symmetry). Let π be a permutation of p. Then there are polynomial-
size eLNDT` proofs over the extension axioms T of:

tpk Ø t
πppq
k

Proof. Write p “ p1 ¨ ¨ ¨ pn, πppq “ q1 ¨ ¨ ¨ qn and write pi,...,n for the list p with the
elements qi, . . . , qn removed, otherwise preserving relative order of the propositional
variables. We construct polynomial-size proofs by repeatedly applying Lemma 3.1.9 as
follows:

tpk Ø tqnpn

k by Lemma 3.1.9

Ø t
qn´1qnpn´1,n

k by Lemma 3.1.9
...
Ø tq1¨¨¨qnk by Lemma 3.1.9

Ø t
πppq
k by definition of q



Chapter 4

Pigeons

4.1 Pigeons, holes and their use in proof complexity

The rudimentary combinatorial principle that there is no one to one mapping from a
set of finite cardinality m into a set of cardinality n where m ą n, is known as the
pigeonhole principle. A common way to state it involves a number of m pigeons which
is to be put into n holes for m ą n , concluding that at least two pigeons will be put
together. The version of the pigeonhole principle we are going to work with involves
n ` 1 pigeons and n holes. It is usually encoded in propositional logic by a family
(parametrized by n) of ␣-free sequents of the following form:

n`1
ľ

i“1

n
ł

j“1

pijÑ
n

ł

j“1

n
ł

i“1

n`1
ł

i1“i`1

ppij ^ pi1jq (4.1)

Here it is useful to think of the propositional variables pij as expressing “pigeon i
nests in hole j”. In this way the left-hand side (LHS) above expresses that each pigeon
i P t1, . . . , n ` 1u, nests in some hole j P t1, . . . , nu, and the right-hand side (RHS)
expresses that there is some hole j occupied by two (distinct) pigeons i, i1. We remark
that this encoding allows the mapping from pigeons to holes to be ‘multi-functional’,
i.e. the LHS allows for a (dismembered1) pigeon to nest in multiple holes.

Propositional encodings of the pigeonhole principle have been utilized as ‘hard’ to
prove tautologies to examine the relative strength of different proof systems. Start-
ing from [30], Cook and Reckhow introduced propositional tautologies encoding the
pigeonhole principle and showed polynomial-size proofs in extended Hilbert-Frege sys-
tems while noting that the only then known non-extended Hilbert-Frege proofs were
exponential in size. In [34], it was shown that for sufficiently large n, resolution proofs
of the pigeonhole principle have exponential (on n) size lower bounds. 2Following this,
[20] improved the result of [30] by finding polynomial-size proofs for the pigeonhole prin-
ciple in Hilbert-Frege systems without utilizing extension. Later on in [3], Ajtai showed
superpolynomial lowers bounds for proofs of the pigeonhole principle in bounded depth
Hilbert-Frege systems. His method uses combinatorial/probabilistic elements and draws

1No pigeons were harmed in the making of this thesis.
2They use different tautologies encoding that n pigeons put into n ` 1 holes leaves a hole empty.

For a survey on the proof complexity of variations of the PHP see [55].
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ideas from Cohen’s forcing [25]. Ajtai first proved the result for a non-standard model
of Peano Arithmetic and then obtains it for standard values of natural numbers.

The same result was shown in [13], where Bellantoni et al. introduced the notion of
an approximate proof : inferences of such a proof may only be sound on a subset of the
possible truth assignments. Their use of approximate proofs ‘simplifies’ Ajtai’s result,
by eliminating the need of using a non-standard model of Peano Arithmetic.

This result was improved in [12], where the authors showed exponential lower bounds
on the size of bounded Hilbert-Frege proofs for the pigeonhole principle via a more
sophisticated version of H̊astad’s switching lemma [36]. More recently, in [7], the authors
obtained quasi-polynomial upper bounds for the propositional pigeonhole principle,
expressed as a monotone sequent in MLK. This bound was improved to polynomial in
[8], where the authors considered two well-known variants of the pigeonhole principle:
OPHPn`1

n and FPHPn`1
n . In these, the mapping from pigeons to holes is onto and

each pigeon is nesting in exactly one hole i.e. the mapping is not multifunctional,
respectively. They achieve polynomial size tree-like MLK proofs for OPHPn`1

n , FPHPn`1
n

and a perfect matching principle PMn, concluding that the pigeonhole principle from
[7] has polynomial size MLK proofs.

We draw a lot of inspiration from this last result, and adapt some of their techniques
(adjusted for our setting) to obtain the material in the following sections. At a high
level, what we develop next can be viewed as a case study of the more general simulation
result in Chapter 5. That is, we know eLDT polynomially simulates LK, see [22], and
thus there are polynomial size eLDT proofs of PHPn. We are going to exemplify the
expressive strength of eLNDT` by finding explicit polynomial size dag-like eLNDT`

proofs of PHPn.

4.2 Case study: Pigeonhole principle via positive

branching programs

The grammar for eNDT` formulas does not natively express conjunctions, so we adopt
a slightly different encoding to 4.1 that fits our setting. Since 4.1 is a sequent, the
outermost conjunctions on the LHS can simply be replaced by commas. When it comes
to the subformulas pij^pi1j on the RHS, we observe they may be encoded as 0pijp0_pi1jq

since they are logically equivalent. This can be justified within eLNDT` by the following
‘truth conditions’ :

Corollary 4.2.1 (Truth conditions for conjunction encoding). The following sequents
have polynomial-size eLNDT` proofs:

• p,BÑ 0pp0_Bq

• 0pp0_BqÑ p

• 0pp0_BqÑ B

Under these changes, we shall work with the following encoding of the pigeonhole
principle throughout this section:
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Definition 4.2.2 (Pigeonhole principle). PHPn is the following positive sequent:

#

n
ł

j“1

pij

+n`1

i“1

Ñ
n

ł

j“1

n
ł

i“1

n`1
ł

i1“i`1

0pijp0_ pi1jq

We write LPHPn and RPHPn for the LHS and RHS, respectively, of PHPn.

The results of this section culminate to proving polynomial-size proofs for the pi-
geonhole principle in eLNDT`:

Theorem 4.2.3. There are polynomial-size eLNDT` proofs of PHPn.

4.3 Summary of proof structure

Before providing an overview of our method, let us introduce some necessary notation:

Notation 4.3.1. We fix n P N throughout this section and write:

• pi for the list pi1, . . . , pin, and just p for the list p1, . . . ,pn`1.

• p⊺
j for the list p1j, . . . , pn`1j and just p⊺ for the list p⊺

1, . . . ,p
⊺
n.

The notation p⊺ is chosen to be suggestive since, construing p as an pn ` 1q ˆ n
matrix of propositional variables, p⊺ is just the transpose nˆ pn` 1q matrix.

At this point it might be helpful to recall the definitions of the extension variables
and axiom set T from Definition 3.1.4 since they will be useful next. Our approach
towards finding polynomial-size eLNDT` proofs for PHPn will be broken up into the
three smaller steps, proving the following sequents respectively:

1. LPHPnÑ tpn`1

2. tpn`1Ñ t
p⊺

n`1

3. t
p⊺

n`1Ñ RPHPn

Notice that, since p⊺ is just a permutation of p, we already have small proofs of
sequent 2 from Theorem 3.1.10. In the next two subsections we shall focus on sequents
1 and 3. There, being able to ‘merge’ and ‘split’ threshold formulas will be quite useful,
hence we provide the following lemma:

Lemma 4.3.2 (Manipulating threshold arguments). There are polynomial-size eLNDT`

proofs, over extension axioms T of the following sequents:

1. tpk , t
q
l Ñ tpqk`l (merging)

2. tpqk`lÑ tpk`1, t
q
l (splitting)

Proof. We proceed by induction on the length of the list p. In the base case, when p
is the empty list ε, we have two cases for 1 for which we provide short derivations:
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• if k “ 0 then tε0, t
q
l Ñ tql follows by id and w-l:

id
tql Ñ tql

w-l
tε0, t

q
l Ñ tql

• if k ‰ 0 then we have an axiom tεkÑ 0 from T , whence tεk, t
q
l Ñ tqk`l follows by

initial step for 0, a cut and a w-l:

0
0Ñ tqk`l tεkÑ 0

cut
tεkÑ tqk`l

w-l
tεk, t

q
l Ñ tqk`l

For 2, we have polynomial-size proofs of tqk`lÑ tql already from Proposition 3.1.6,
whence we obtain tqk`lÑ tεk`1, t

q
l by w-r.

For the inductive step we will find polynomial-size proofs for the sequents tppk , tql Ñ tppqk`l

and tppqk`l Ñ tppk`1, t
q
l for which we shall appeal to Corollary 2.2.21. First, for 1, by the

inductive hypothesis we already have a polynomial-size proof of the sequents:

tpk , t
q
l Ñ tpqk`l

tpk´1, t
q
l Ñ tpqk`l´1

Thus, we can derive,

tpkppt
p
k _ tpk´1q, t

q
l Ñ tpqk`lppt

pq
k`l _ tpqk`l´1q

from which we obtain the sequent tppk , tql Ñ tppqk`l by the extension axioms T .
For 2, by the inductive hypothesis we have a polynomial-size proof of:

tpqk`l Ñ tpk`1, t
q
l

tpqk`l´1 Ñ tpk , t
q
l

Thus, we can derive,

tpqk`lppt
pq
k`l _ tpqk`l´1qÑ tpk`1ppt

p
k`1 _ tpk q, t

q
l

from which we obtain the sequent tppqk`l Ñ tppk`1, t
q
l by the extension axioms T .

4.4 From LPHPn to pn` 1q-threshold

In this subsection we will give small proofs of the sequent 1 from Section 4.3.

Lemma 4.4.1. Let q “ q0, . . . , qk´1. For all j ă k, there are polynomial-size eLNDT`

proofs over extension axioms T of:

qjÑ tq1
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Proof. First we derive,
qjØ t

qj
1 (4.2)

as follows:

qj Ø 0qjp0_ 1q by Proposition 2.2.18, axioms and cut
Ø tε1qjpt

ε
1 _ tε0q by extension axioms T and Corollary 2.2.21

Ø t
qj
1 by extension axioms T

By repeatedly applying Lemma 4.3.2.1 we obtain polynomial-size proofs of,

tq00 , . . . , t
qj´1

0 , t
qj
1 , t

qj`1

0 , . . . , t
qk´1

0 Ñ tq1

However, we also have small proofs of Ñ t
qj
0 by Proposition 3.1.6.1, and so applying

k ´ 1 cuts we obtain a polynomial-size proof of:

t
qj
1 Ñ tq1 (4.3)

The required sequent now follows by simply cutting 4.2 against 4.3.

Intuitively, the above lemma can be explained as following: a threshold formula tq1 ,
computes the threshold function with input the list q and outputs 1 when at least one
of the elements of the list evaluates to 1. Hence for any choice of qj P q, the sequent
qjÑ tq1 is valid. Note that an explicit choice does not need to be made as long as at
least one of the variables is evaluated to 1. This is formally proven in the next lemma:

Lemma 4.4.2. There are polynomial size eLNDT` proofs of
Ž

piÑ tpi
1 .

Proof. Let i P t1, . . . , n` 1u. By 4.4.1 above, we have small proofs of,

pijÑ tpi
1

for each j “ 1, . . . , n. By applying n´ 1 left _ steps we derive:
ł

piÑ tpi
1 (4.4)

Proposition 4.4.3. There are polynomial-size eLNDT` proofs of 1, i.e.,

LPHPnÑ tpn`1

over extension axioms T .

Proof. Applying Lemma 4.3.2.1 n times (and using cuts), we obtain small proofs of:

tp1

1 , . . . , t
pn`1

1 Ñ tpn`1 (4.5)

Finally, by instantiating Equation (4.4) for each i “ 1, . . . , n` 1 and applying n` 1 cut
steps against Equation (4.5) we derive the required sequent:

ł

p1, . . . ,
ł

pn`1Ñ tpn`1
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4.5 From pn` 1q-threshold to RPHPn

Before deriving the final sequent 3 for our proof of PHPn, we will need some lemmas. In
particular the next one establishes expected ‘truth conditions’ between our threshold
formulas and the positive decisions 0qp0 _ qqi that we used to encode the conjunc-
tion q ^ qi. In the following, it may be convenient to write AÑ tBiuiăk instead of
AÑ B1, . . . , Bk´1.

Lemma 4.5.1. Let q “ q0, . . . , qk´1. There are polynomial-size eLNDT` proofs of,

q, tq1 Ñ t0qp0_ qiquiăk

over extension axioms T .

Proof. For each i ă k, by Proposition 2.2.18.4 we have a (constant-size) proof of,

q, qiÑ 0qp0_ qiq

and so by cutting against appropriate instances of 4.2 we obtain:

q, tqi1 Ñ 0qp0_ qiq

Instantiating the above for each i ă k and applying several w-r and _-l steps we obtain:

q,
ł

iăk

tqi1 Ñ t0qp0_ qiquiăk (4.6)

Now, by repeatedly applying Lemma 4.3.2.2 (under cuts) and _-r steps we obtain
polynomial-size proofs of:

tq1 Ñ
ł

iăk

tqi1 (4.7)

Finally, we conclude by cutting 4.7 above against 4.6.

Lemma 4.5.2. Let q “ q0, . . . , qk´1. There are polynomial-size eLNDT` proofs of,

tp2 Ñ t0qip0_ qi1quiăi1ăk

over extension axioms T .

Proof. We proceed by induction on the length k of q. In the base case, when q “ ε,
we have an axiom tε2Ñ 0 from T , whence we conclude by a cut against the 0-axiom
and w-r.

For the inductive step, we obtain by two applications of Lemma 4.3.2.2 the following
sequents:

tqq2 Ñ tq1, t
q
2

tqq2 Ñ tq2, t
q
1

Now we already have small proofs of tq1Ñ q from 4.2 and of tq2Ñ from Proposi-
tion 3.1.6.3, and so cutting against the respective sequents above we obtain:

tqq2 Ñ q, tq2 (4.8)

tqq2 Ñ tq1 (4.9)
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Finally, we combine these sequents using cuts as follows:

4.8

tqq2 Ñ q, tq2

4.9

tqq2 Ñ tq1

4.5.1

q, tq1 Ñ t0qp0_ qiquiăk
2cut

tqq2 Ñ t0qp0_ qiquiăk

IH

tq2 Ñ t0qip0_ qi1quiăi1ăk
cut

tqq2 Ñ t0qip0_ qi1quiăi1ăk

where the proof marked IH is obtained from the inductive hypothesis.

Proposition 4.5.3. There are polynomial-size eLNDT` proofs over T of 3, i.e. of:

t
p⊺

n`1Ñ RPHPn

Proof. Recall that p⊺ “ p⊺
1, . . . ,p

⊺
n, so by n ´ 1 applications of Lemma 4.3.2.2 (and

cuts) we have small proofs of:

t
p⊺

n`1Ñ t
p⊺
1

2 , . . . , tp
⊺
n

2 (4.10)

Now, instantiating Lemma 4.5.2 with q “ p⊺
j we also have small proofs of,

t
p⊺
j

2 Ñ t0pijp0_ pi1jqu1ďiăi1ďn (4.11)

for each j “ 1, . . . , n. Finally, we may apply n cut steps on 4.10 against each instance
of 4.11 (for j “ 1, . . . , n) and apply _-r steps to obtain the required sequent.

Remark 4.5.4. The reason we consider ‘threshold-2’ formulas like t
p⊺
j

2 is connected to
the form RPHPn has. Being on the right side of the sequent arrow, it can be equivalently
rewritten as:

n
ł

i“1

n`1
ł

i1“i`1

p0pi1p0_ pi11qq, . . . ,
n

ł

i“1

n`1
ł

i1“i`1

p0pinp0_ pi1nqq

or, alternatively:

t0pi1p0_ pi11qu1ďiăi1ďn, . . . , t0pinp0_ pi1nqu1ďiăi1ďn

Then, each bracket t0pijp0 _ pi1jqu1ďiăi1ďn corresponds to the formula t
p⊺
j

2 as seen in
Lemma 4.5.2; intuitively, each bracket ‘states’ that at least one pair of variables pij, pi1j

for 1 ď j ď n must be true.

4.6 Putting it all together

We are now ready to assemble our proofs for PHPn.

Proof of Theorem 4.2.3. We simply cut together the proofs of 1, 2 and 3 that we have
so far constructed:

Proposition 4.4.3

LPHPnÑ tpn`1

Theorem 3.1.10

tpn`1Ñ t
p⊺

n`1

Proposition 4.5.3

t
p⊺

n`1Ñ RPHPn
2cut

LPHPnÑ RPHPn
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Remark 4.6.1. One observes that differently to [7], we achieved polynomial size
eLNDT` proofs (w.r.t. number of variables) of the pigeonhole principle. The differ-
ence comes from the threshold formulas we considered: we used extension to represent
the dag-structure of our NBPs which, in Definition 3.1.4 permitted us to define eNDT`

formulas of size polynomial and hence also provide proofs of size polynomial. On the
contrary, the Boolean formulas they used in [7] are quasi-polynomial in size which
translated in quasipolynomial sized proofs. They are however able to get a size/depth
tradeoff, with their proofs being only logarithmic in depth.



Chapter 5

Simulation of eLNDT by eLNDT`

5.1 Positive simulation of non-positive proofs

In this chapter we consider the system eLNDT over the alternative grammar form-eNDT
formulas, (2.7). Hence, whenever we mention eLNDT one should keep in my that we
work with the system m-eLNDT. This poses no issues in light of the results in Sec-
tion 2.1.4.

In Chapter 4 we formalised counting arguments within the system eLNDT`, which
were then used to give polynomial-size proofs for the pigeonhole principle. The same
counting arguments will be of use in the next sections, where we provide the necessary
steps for a polynomial simulation (over positive sequents) of the system eLNDT by its
positive fragment eLNDT`. The main result of this chapter is:

Theorem 5.1.1. eLNDT` polynomially simulates eLNDT over positive sequents.

While the high-level structure of the argument is similar to that of [8], we must
make several specialisations to the current setting due to the peculiarities of decision
formulas and extension axioms.

5.1.1 Summary of proof structure

Before providing technical details, let us go over our strategy towards proving Theo-
rem 5.1.1. Our approach is divided into three main parts, which mimic the analogous
proof structure from [8].

In the first part, Section 5.2, we deal with the non-positive formulas occurring in a
eLNDT proof. The intuition is similar to what is done in [8] where they first reduced
all negations to the variables using De Morgan duality. In our setting formulas are no
longer closed under duality (general decisions are self-dual while disjunctions have no
dual connective). Nonetheless, we are able to devise for each formula A an appropriate
‘positive normal form’ A´ which, may contain negative literals (in particular as decision
variables), but all decisions themselves are positive.

We duly consider an extension eLNDT`´ of eLNDT` which admits negative literals
p and has two extra initial sequents: p, pÑ and Ñ p, p. The main result of the
first part is that eLNDT`´ polynomially simulates eLNDT over positive sequents (Corol-
lary 5.2.4). This is achieved by first proving Theorem 5.2.2 where being given a eLNDT

54
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proof P for a sequent ΓÑ∆ with Γ,∆ multisets of positive formulas, we construct an
eLNDT`´ proof P´ for Γ´Ñ∆´ where if Γ “ tA1, A2, . . .u then Γ´ “ tA´1 , A

´
2 , . . .u.

Then, employing Lemma 5.2.3 we derive ΓÑ∆ from Γ´Ñ∆´ by finding small
proofs for AØ A´, for each A appearing in Γ and ∆. Finally, the wanted result is
obtained by several cut-steps.

In the second part the aim is to ‘replace’ negative literals in an eLNDT`´ proof
by certain (eLNDT`) formulas computing threshold from Definition 3.1.4. This is the
same idea as in [8], but in our setting we must deal with some technicalities encountered
when substituting extended formulas in eLNDT`´ and eLNDT`. In particular, if a literal
occurs as a decision variable, then we cannot directly substitute it for an extension
variable (e.g. a threshold formula tpk ), since the syntax of eLNDT (and its fragments)
does not allow for this. To handle this issue appropriately, we introduce in Section 5.3 a
refinement of our previous threshold extension variables and axioms, defined mutually
inductively with eNDT formulas themselves, that accounts for all such substitution
situations (Definition 5.3.1).

For the remainder of the argument, in Section 5.4 we fix an eLNDT`´ proof P of
ΓÑ∆ over extension axioms E and propositional variables p “ p0, . . . , pm´1. We
define, for each k ě 0, systems eLNDT`k pP q that each have polynomial-size proofs P k of
ΓÑ∆ (Lemma 5.4.5). Morally speaking, this simulation is by ‘substituting’ negative
literals by threshold formulas and the consequent new axioms required in eLNDT`k pP q
are parametrised by the threshold k. The number k functions as a lower bound on the
number of variables in p that are required to be true in each case.

We point out that eLNDT`k pP q itself is tailored to the specific set of extension
axioms E and propositional variables p to facilitate the choice of threshold formulas
and required extension variables/axioms.

The final part, Section 5.5, essentially stitches together proofs obtained in each
eLNDT`k pP q for 0 ď k ď m ` 1. More precisely, using basic properties of threshold
formulas, we show that each eLNDT`k pP q proof of a positive sequent ΓÑ∆ can be
polynomially transformed into a eLNDT` proof of tpk ,ΓÑ∆, tpk`1, over appropriate
extension axioms (Lemma 5.5.2). We conclude the argument for our main result The-
orem 5.1.1 by simply cutting these together and appealing to Proposition 3.1.6.

5.2 Positive normal form of eLNDT proofs

In this section we will define the system eLNDT`´, an extension of eLNDT` that further
admits negative literals and permits positive decisions on negative literals.

For this reason for each propositional variable p, we consider its dual p, which we
shall also refer to as ‘negative literal’. The formulas in the eLNDT`´ system are given
by the following grammar:

A,B ::“ 1 | 0 | p | p | AppA_Bq | AppA_Bq | A_B | e (5.1)

The system eLNDT`´ is defined similarly to eLNDT`: all syntactic positivity con-
straints on decisions and extension axioms remain.
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The rules of eLNDT`´ include two additional initial sequents:

␣-l
p, pÑ

␣-r
Ñ p, p

and two additional positive decision rules on negated atoms accordingly.

Γ, AÑ∆ Γ, p, BÑ∆
p`-l

Γ, AppA_BqÑ∆

ΓÑ∆, A, p ΓÑ∆, A,B
p`-r

ΓÑ∆, AppA_Bq

Essentially, the system eLNDT`´ admits a ‘normal form’ of eLNDT proofs:

Definition 5.2.1. We define a (polynomial-time) translation from an eNDT formula
A to an eNDT`´ formula A´ as follows:

0´ :“ 0
1´ :“ 1
p´ :“ p
p´ :“ p

pA_Bq´ :“ A´ _B´

pApBq´ :“ 0pp0_ A´q _ 0pp0_B´q

For a multiset of formulas Γ “ A1, . . . , An we write Γ´ :“ A´1 , . . . , A
´
n . For a set of

extension axioms E “ teiØ Eiuiăn, we write E´ for te´i Ø E´i uiăn where te´i uiăn is
a fresh set of extension variables.

This section focuses on proving the following:

Theorem 5.2.2. Let P be a eLNDT proof of ΓÑ∆ over extension axioms E. There
is an eLNDT`´ proof P´ of Γ´Ñ∆´ over E´ of size polynomial in |P |.

Notice that, since the translation ´ commutes with all connectives except for decisions,
to prove the above theorem it suffices to just derive the translation of decision steps. For
this it will be useful to have another lemma giving us the appropriate ‘truth conditions’:

Lemma 5.2.3 (Truth conditions for ´-translation). Let E “ teiØ Eiuiăn be a set
of positive extension axioms and let A and B be formulas over e0, . . . , en´1. There are
polynomial-size eLNDT`´ proofs of the following sequents over E´:

1. pApBq´Ñ A´, p

2. pApBq´, pÑ B´

3. A´Ñ pApBq´, p

4. p,B´Ñ pApBq´

Proof. We give the proofs explicitly below:

0
0Ñ

2w-r
0Ñ A´, p

id
A´Ñ A´

w-l,w-r
p,A´Ñ A´, p

p`-l
0pp0_ A´qÑ A´, p

0
0Ñ

2w-r
0Ñ A´, p

id
pÑ p

w-l,w-r
p,B´Ñ A´, p

p`-l
0pp0_B´qÑ A´, p

_-l
pApBq´Ñ A´, p
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0
0Ñ

w-l,w-r
0, pÑ B´

␣-l
p, pÑ

w-l,w-r
p,A´, pÑ B´

p`-l
0pp0_ A´q, pÑ B´

0
0Ñ

w-l,w-r
0, pÑ B´

id
B´Ñ B´

2w-l
p,B´, pÑ B´

p`-l
0pp0_B´q, pÑ B

_-l
pApBq´, pÑ B´

␣-r
Ñ p, p

w-l,w-r
A´Ñ 0p, p

id
A´Ñ A´

2w-r
A´Ñ 0, A´, p

p`-r
A´Ñ 0pp0_ A´q, p

w-r,_-r
A´Ñ pApBq´, p

id
pÑ p

w-l,w-r
p,B´Ñ 0, p

id
B´Ñ B´

w-l,w-r
p,B´Ñ 0, B´

p`-r
p,B´Ñ 0pp0_B´q

w-r,_-r
p,B´Ñ pApBq´

The premises marked by id, are understood to follow from polynomial-size proofs by
a generalised identity result for eLNDT`´. We do not explicitly provide proofs of this
since they would be similar to that of Proposition 2.1.15 and Proposition 2.2.17

We are now ready to prove our polynomial-size interpretation of eLNDT within
eLNDT`´:

Proof of Theorem 5.2.2. We proceed by a straightforward induction on the length of P .
The critical cases are when P ends with decision steps, which we translate as follows.
A left decision step,

Γ, AÑ∆, p Γ, p, BÑ∆
p-l

Γ, ApBÑ∆

will be simulated by the following derivation:

Lemma 5.2.3.1

pApBq´Ñ A´, p

IH

Γ, A´Ñ∆, p
cut

Γ, pApBq´Ñ∆, p

Lemma 5.2.3.2

pApBq´, pÑ B´
IH

Γ, p, B´Ñ∆
cut

Γ, pApBq´, pÑ∆
cut

Γ, pApBq´Ñ∆

A right decision step,
ΓÑ∆, A, p Γ, pÑ∆, B

p-r
ΓÑ∆, ApB

will be simulated by the following derivation:

IH

ΓÑ∆, A´, p

Lemma 5.2.3.3

A´Ñ pApBq´, p
cut

ΓÑ∆, pApBq´, p

IH

Γ, pÑ∆, B´
Lemma 5.2.3.4

p,B´Ñ pApBq´
cut

Γ, xÑ∆, pApBq´
cut

ΓÑ∆, pApBq´

As a corollary of the above, the ´ translation gives rise to a bona fide polynomial
simulation of eLNDT by eLNDT`´ over positive sequents:
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Corollary 5.2.4. eLNDT`´ polynomially simulates eLNDT, over positive sequents.

Proof. From Theorem 5.2.2 above, it suffices to derive ΓÑ∆ from Γ´Ñ∆´. For
this we shall give short eLNDT`´ proofs of,

A Ø A´ (5.2)

over EYE´ when A is positive and free of extension variables. From this, we obtain that
ΓÑ∆ follows from Γ´Ñ∆´ by several cuts. We proceed by structural induction
on A, for which the critical case is when A is a decision formula (since ´ commutes on
other connectives). The two directions are proven separately.

First, note that we have polynomial-size proofs of the following sequents:

AppA_Bq Ñ A, p by Proposition 2.2.18.1 (5.3)

AppA_Bq Ñ A_B by Proposition 2.2.18.2 and _-r (5.4)

A Ñ pAppA_Bqq´, p by Lemma 5.2.3.3, IH and cut (5.5)

p,A_B Ñ pAppA_Bqq´ by Lemma 5.2.3.4, IH and cut (5.6)

We arrange these into a proof of the left-right direction as follows:

5.3 5.5
A-cut

AppA_BqÑ pAppA_Bqq´, p

5.4 5.6
A_B-cut

AppA_Bq, pÑ pAppA_Bqq´
p-cut

AppA_BqÑ pAppA_Bqq´

Next, note that we have small proofs of the following sequents:

A Ñ AppA_Bq by Proposition 2.2.18.3 (5.7)

p,B Ñ AppA_Bq by Proposition 2.2.18.4 (5.8)

pAppA_Bqq´ Ñ A, p by Lemma 5.2.3.1, IH and cut (5.9)

pAppA_Bqq´ Ñ A_B by Lemma 5.2.3.2, IH and cut (5.10)

We arrange these into a proof of the left-right direction as follows:

5.9 5.7
A-cut

AppA_Bq´Ñ AppA_Bq, p

5.10 5.7
A_B-cut

AppA_Bq´, pÑ AppA_Bq
p-cut

AppA_Bq´Ñ AppA_Bq

5.3 Generalised counting formulas

In [8], after ‘pushing’ negations to variables, they substitute negated literals occuring in
proofs of LK by explicitly given monotone formulas that compute threshold functions.
While this is entirely unproblematic in their setting (based on Boolean formulas), for
us it is more challenging. That is because we are dealing with extension variables that
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represent NBPs via extension axioms, and thus handling substitutions is much more
subtle and notationally heavy.

We do not treat this uniformly but instead specialise to substituting negated literals
for counting formulas. For this we start by carefully giving an appropriate mutually
recursive definition of formulas and extension variables.

Definition 5.3.1 (Decisions on thresholds). We introduce extension variables rAtpk pA_Bqs
for each list p of propositional variables, integer k, and formulas A,B that may contain
extension variables e which will be ‘smaller’ w.r.t. a partial order defined shortly in in
Remark 5.3.2.

We extend T to include all extension axioms of the following form, with p, k, A,B
ranging as just described:

rAtϵ0pA_Bqs Ø A_B
rAtϵkpA_Bqs Ø A k ‰ 0
rAtppk pA_Bqs Ø rAtpk pA_BqspprAt

p
k pA_Bqs _ rAt

p
k´1pA_Bqsq

(5.11)

Note that, the notation for rAtpk pA_Bqs is chosen to be suggestive but, formally speak-
ing, it is a single extension variable, not a decision on the extension variable tpk which
is not permitted in our setting. The square brackets are used to distinguish it from
other formulas, though we shall justify this notation by providing appropriate ‘truth
conditions’ shortly.

One should view the extension variables above and the notion of an eLNDT` formula
as being mutually defined, to avoid foundational issues. For instance, we allow an
extension variable rCtpk pC_Dqs, where C or D may themselves contain extension variables
of the form rAtqk pA_Bqs. By building up formulas and extension variables by mutual
induction we ensure that such constructions are well-founded. This is made formal in
the following remark:

Remark 5.3.2 (Well-foundedness of T ). Wemay define the extension variables rAtpk pA_Bqs
and eLNDT` formulas ‘in stages’ as follows:

• Write F0 for the set of all eLNDT` formulas over some base set of extension
variables E0 “ te00, e01, . . . u.

• Write Tn for the set of all extension variables tpk and of the form rAtpk pA_Bqs with
A,B P Fn.

• Write Fn`1 for the set of all formulas built from propositional variables, disjunc-
tions, positive decisions and extension variables from Tn, En and a fresh set of
new extension variables En`1 “ tepn`1q0, epn`1q1, . . . u.

Within each Tn we (partially well-)order extension variables by the length of the super-
script p, and within each En we (well-)order the extension variables eni by the subscript
i. We set En ă Tn ă En`1 (i.e. if e P En, t P Tn and e1 P En`1 then e ă t ă e1).
In this way T “

Ť

n Tn and the extension axioms from 5.11 (and 3.2) indeed satisfy
the required well-foundedness criterion. We may also admit further extension axioms
allowing elements of En to abbreviate formulas in Fn (satisfying the indexing condition
internal to En), preserving well-foundedness. We shall indeed do this later.
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Note, however, that the required order type on indices of these extension variables,
a priori, exceeds the ordinal ω. This causes no issue for us since, in any finite proof,
we will only use finitely many extension variables, and so may construe each index as a
(relatively small) natural number while preserving the aforementioned order. We shall
gloss over this issue in what follows.

As previously mentioned, our notation rAtpk pA_Bqs is designed to be suggestive and it
is justified by the following counterpart of the truth conditions from Proposition 2.2.18:

Proposition 5.3.3 (Truth conditions for threshold decisions). There are polynomial
size eLNDT` proofs over T of:

1. rAtpk pA_BqsÑ A, tpk

2. rAtpk pA_BqsÑ A,B

3. AÑ rAtpk pA_Bqs

4. tpk , BÑ rAtpk pA_Bqs.

Proof. We proceed by induction on the length of p and make use of previous results
including extension axioms from Equation (3.2). For the base case when p “ ε, we
have the following proofs:

1
Ñ 1

T ,cut
Ñ tε0

w-l,w-r
rAtε0pA_BqsÑ A, tε0

T
rAtε0pA_BqsÑ A_B

id,_,cut
rAtε0pA_BqsÑ A,B

id
AÑ A

w-r,_-r
AÑ A_B

T ,cut
AÑ rAtε0pA_Bqs

id
BÑ B

w-l,w-r,_-r
tε0, BÑ A_B

T ,cut
tε0, BÑ rAtε0pA_Bqs

For the inductive step for 1 we derive the following sequents:

rAtpk pA_Bqs Ñ A, tpk by IH
rAtpk´1pA_Bqs Ñ A, tpk´1 by IH

rAtpk pA_BqspprAt
p
k pA_Bqs _ rAt

p
k´1pA_Bqsq Ñ A, tpkppt

p
k _ tpk´1q by Corollary 2.2.21

rAtppk pA_Bqs Ñ A, tppk by T and 2cut

For the inductive step for 2 we derive the following sequents:

rAtpk pA_Bqs Ñ A,B by IH
p, rAtpk´1pA_Bqs Ñ A,B by IH and w-l

rAtpk pA_BqspprAt
p
k pA_Bqs _ rAt

p
k´1pA_Bqsq Ñ A,B by p`-l
rAtppk pA_Bqs Ñ A,B by T and cut
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For the inductive step for 3 we derive the following sequents:

A Ñ rAtpk pA_Bqs, p by IH and w-r
A Ñ rAtpk pA_Bqs, rAt

p
k´1pA_Bqs by IH and w-r

A Ñ rAtpk pA_BqspprAt
p
k pA_Bqs _ rAt

p
k´1pA_Bqsq by p`-r

A Ñ rAtppk pA_Bqs by T and cut

For the inductive step for 4 we derive the following sequents:

tpk , B Ñ rAtpk pA_Bqs by IH
tpk´1, B Ñ rAtpk´1pA_Bqs by IH

tpkppt
p
k _ tpk´1q, B Ñ rAtpk pA_BqspprAt

p
k pA_Bqs _ rAt

p
k´1pA_Bqsq by Corollary 2.2.21

tppk , B Ñ rAtppk pA_Bqs by T and 2cut

5.4 ‘Substituting’ thresholds for negative literals

For the rest of this chapter, let us work with a fixed poly-size eLNDT`´ proof P , over
extension axioms E “ teiØ Eipe0, . . . , ei´1quiăn, of a positive sequent ΓÑ∆ con-
taining propositional variables among p “ p0, . . . , pm´1 and extension variables among
e “ e0, . . . , en´1.

Recall that we have already obtained polynomial simulation of eLNDT by eLNDT`´
in Corollary 5.2.4. Hence, since we are aiming to give a polynomial simulation of eLNDT
by eLNDT` over positive sequents, our consideration of eLNDT`´ here suffices. We shall
also work with the extension axioms T from Definition 5.3.1 and will soon explain its
interaction with E from P .

Throughout this section, we shall write prx{pis for p0, . . . , pi´1, x, pi`1, . . . , pm´1, i.e.
for the list p but with pi substituted by x P t0, 1u. We also write pi for p0, . . . , pi´1, pi`1,
. . . , pm´1, i.e. for the list p with the variable pi removed. We will define an intermediary
family of systems eLNDT`k pP q, one for each k ě 0 and prove simulation results between
eLNDT`´ and each such eLNDT`k pP q. Before that, we need to introduce the following
translation of formulas.

Definition 5.4.1 (‘Substituting’ thresholds). We define a (polynomial-time) transla-
tion from an eNDT`´ formula A (over p, p and e) to an eNDT` formula Ak (over p,
some extension variables ek and extension variables from T ) as follows:

0k :“ 0
1k :“ 1
pki :“ pi
pki :“ tpi

k

eki is a fresh extension variable
pA_Bqk :“ Ak _Bk

pApipA_Bqqk :“ AkpipA
k _Bkq

pApipA_Bqqk :“ rAkt
pr0{pis
k pAk_Bkqs

We also define Ek :“ teki Ø Ek
i pe

k
0, . . . , e

k
i´1quiăn, and for a multiset Γ “ B1, . . . , Bl

we write Γk for Bk
1 , . . . , B

k
l .

Remark 5.4.2. The idea here is replacing the ‘unwanted’ negated literals with specific
eNDT` formulas, similarly to [8]. The reason replacing a literal pi, by a threshold
formula tpi

k for k ě 0 works is given later in Proposition 5.5.1. There, we prove the
necessary ‘truth conditions’ that show that in the context of exactly k of the literals in
pi being true (i.e. having tpi

k on one side and tpk`1 or tpk accordingly on the other side
of a sequent), we are able to simulate pi.
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Both this translation and the threshold decisions themselves may seem notationally
heavy. However, the underlying idea is quite simple at the level of branching programs:
to obtain the NBP represented by Ak, substitute each node labelled by pi in the NBP
represented by A, by the NBP represented by tpi

k . This is better visualised in Section 5.4.

A :

pi

pi

ÞÑ Ak :

tpi

k

tpi

k

Figure 5.1: Visualising the k-translation: the NBP represented by Ak is obtained by
substituting tpi

k for pi in the NBP represented by A.

Since in what follows, we shall work with the set of extension axioms T Y Ek, we
must justify its well-foundedness:

Remark 5.4.3 (Well-foundedness of T Y Ek). Following on from Remark 5.3.2, well-
foundedness of T Y Ek follows from a suitable indexing of the extension variables the
union contains. For this, we assign ‘stages’ to each formula Ak by E-induction on A,
using the notation of Remark 5.3.2:

• pki , 0
k, 1k P F0.

• pki P T0.

• eki P Em Ď Fm if Ek
i pe

k
0, . . . , e

k
i´1q P Fm, with index i (i.e., eki is emi).

• pA_Bqk P Fm if Ak, Bk P Fm.

• pApipA_Bqqk P Fm if Ak, Bk P Fm.

• pApipA_Bqqk P Tm Ď Fm`1 if Ak, Bk P Fm.

Note in particular that stages can grow even for formulas free of eki since we may have
nested decisions on negated variables pi.

Once again, in terms of proof complexity, we will gloss over this subtlety and sim-
ply count the number of propositional and extension variable occurrences in a proof,
assuming that each variable can be equipped with a ‘small’ index.

We are now ready to define our intermediary systems.
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Definition 5.4.4. For k ě 0, the system eLNDT`k pP q is defined just like eLNDT`, but
includes additional initial sequents,

t-l
pi, t

pi

k Ñ
t-r
Ñ pi, t

pi

k

(5.12)

and may only use the extension axioms T Y Ek.

Lemma 5.4.5. There is an eLNDT`k pP q proof of ΓÑ∆ of size polynomial in |P |.

Proof. We construct the required proof P k by replacing every formula occurrence A in
the eLNDT`´ proof P by Ak. Note that all structural steps, identities and cuts remain
correct. An extension axiom for ei from E is just translated to the corresponding
extension axiom for eki from Ek, and the initial sequents ␣-l and ␣-r from eLNDT`´ are
translated to the two new initial sequents t-l and t-r, respectively, from 5.12 above. It
remains to simulate the logical steps.

The simulation of _ steps is immediate, since the k-translation commutes with _.
Similarly for positive decisions on pi. A left positive decision step on pi,

Γ, AÑ∆ Γ, pi, BÑ∆
p`
i -l

Γ, ApipA_BqÑ∆

will be simulated by the following derivation:

Proposition 5.3.3.1

pApipA_BqqkÑ Ak, pki

Proposition 5.3.3.2

pApipA_BqqkÑ Ak, Bk Γk, pki , B
kÑ ∆

cut
Γk, pApipA_Bqqk, pki Ñ ∆k, Ak

cut
Γk, pApipA_BqqkÑ ∆k, Ak Γk, AkÑ ∆k

cut
Γk, pApipA_BqqkÑ ∆k

A right positive decision rule on pi,

ΓÑ∆, A, pi ΓÑ∆, A,B
p`
i -r

ΓÑ∆, ApipA_Bq

will be simulated by the following derivation:

ΓkÑ ∆k, Ak, pki

ΓkÑ ∆k, Ak, Bk

Proposition 5.3.3.4

pki , B
kÑ pApipA_Bqqk

cut
Γk, pki Ñ ∆k, Ak, pApipA_Bqqk

cut
ΓkÑ ∆k, Ak, pApipA_Bqqk

Proposition 5.3.3.3

AkÑ pApipA_Bqqk
cut

ΓkÑ ∆k, pApipA_Bqqk



CHAPTER 5. SIMULATION OF eLNDT BY eLNDT` 64

5.5 Putting it all together

We are now ready to assemble the proof for our main simulation result, Theorem 5.1.1.
Recall that we are still working with the fixed eLNDT`´ proof P of a positive sequent
ΓÑ∆ from Section 5.4, over extension axioms E “ teiØ Eiuiăn and propositional
variables p “ p0, . . . , pm´1. We continue to write pi for p0, . . . , pi´1, pi`1, . . . , pm´1, i.e.
p with pi removed.

Proposition 5.5.1. For k ě 0, there are polynomial size eLNDT` proofs of,

pi, t
pi

k Ñ tpk`1 (5.13)

tpk Ñ pi, t
pi

k (5.14)

over extension axioms T .

Proof. We derive 5.13 as follows:

tpi1 , t
pi

k`1 Ñ tpipi

k`1 by Lemma 4.3.2.1
pi, t

pi

k Ñ tpipi

k`1 by 4.2 and cut
Ñ tpk`1 by Lemma 3.1.9 and cut

We derive 5.14 as follows:

tpk Ñ tpipi

k by Lemma 3.1.9
Ñ tpi1 , t

pi

k by Lemma 4.3.2.2 and cut
Ñ pi, t

pi

k by 4.2 and cut

Lemma 5.5.2. For k ě 0, there are polynomial size eLNDT` proofs of,

tpk ,ΓÑ∆, tpk`1

over extension axioms T Y Ek.

Proof. By Lemma 5.4.5, we already have a polynomial-size proof eLNDT`k pP q proof P
k

of ΓÑ∆. Recalling the definition of eLNDT`k pP q (Definition 5.4.4), we may construe
P k as an eLNDT` derivation of ΓÑ∆ over extension axioms T YEk from hypotheses:

pi, t
pi

k Ñ (5.15)

Ñ pi, t
pi

k (5.16)

We obtain the required proof by adding tpk to the LHS of each sequent and tpk`1 to
the RHS of each sequent in P k. Each local inference step remains correct, except that
applying some weakening steps may be required to ‘repair’ identity steps.1 Finally we
replace occurrences of the hypotheses 5.15 and 5.16 above by the proofs of 5.13 and
5.14 respectively from Proposition 5.5.1.

1An id step pÑ p in P k will become p, tpkÑ p, tpk`1 which requires a w-l and a w-r to reach

(upwards) the desired id step pÑ p in the new eLNDT` proof.
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We are now ready to prove our main result, that eLNDT` polynomially simulates
eLNDT over positive sequents:

Proof of Theorem 5.1.1 . By Corollary 5.2.4, without loss of generality let P be an
eLNDT`´ proof of a positive sequent ΓÑ∆ over extension axioms E . By Lemma 5.5.2
we construct, for each k ď m`1, polynomial-size proofs of tpk ,ΓÑ∆, tpk`1, over T YEk,
and we simply ‘cut’ them all together as follows:

Proposition 3.1.6.1

Ñ tp0

Lemma 5.5.2

tp0 ,ΓÑ∆, tp1 ¨ ¨ ¨

Lemma 5.5.2

tpm,ΓÑ∆, tpm`1

Proposition 3.1.6.3

tpm`1Ñ
pm`2qcut

ΓÑ∆

The resulting proof is an eLNDT` proof of the required sequent, over extension axioms
T YE0YE1Y¨ ¨ ¨YEm`1. Note that this set of extension axioms is indeed well-founded,
since each Ek is only used in distinct subproofs.



Chapter 6

Prover-Adversary games for NBPs

Our goal in this chapter is to present Prover-Adversary games for the systems eLDT,
eLNDT similarly to how the Boolean formula game of Pudlák and Buss corresponds to
Frege [52]. While we work within the grammar for 0{1-eLNDT (2.6) from Section 2.1.3,
we will mostly write eLpNqDT for simplicity, as stated in Remark 2.1.27.

The chapter starts with a preliminary section where the original games from [52]
are discussed and a more ‘general’ framework is introduced. In Sections 6.2 and 6.3,
we set up the required technical tools for defining the respective sets of queries and
simple contradictions. Then, in Sections 6.4, 6.5 we define the games DB and NB for the
systems eLDT and eLNDT respectively and show that comparably to [52], proofs in these
systems can be translated to logarithmic depth strategies in the corresponding games
(see Theorem 6.5.1). Section 6.6 contains the main technical work of this chapter, our
non-uniform (partial) formalisation of the Immerman-Szelepcsényi theorem, coNL “
NL [37, 58]. Lastly, in Section 6.7 we use intermediate translations to obtain the
converse of Theorem 6.5.1 i.e. that from a strategy in DB, NB we can respectively
obtain an eLDT, eLNDT proof with exponential increase in the number of symbols as a
function of the depth of the strategy.

In what follows, we may write eLpNqDT, (N)BP etc. to mean we are ranging over
both deterministic and non-deterministic setting and whatever differences in the treat-
ment of each shall be properly discussed when necessary.

6.1 Preliminaries

6.1.1 Prover-Adversary Games

Prover-Adversary games are a well known class of games inspired by lower bound
techniques in complexity theory (adversary arguments) and certain game-theoretical
characterizations of circuit complexity measures [51],[64]. The typical version was first
formally presented in work by Pudlák and Buss [52]. One of the main reasons they
introduce these games is to try prove lower bounds for Frege systems and their restricted
versions by investigating the relation of the number of rounds in the game to the number
of steps in Frege proofs. They showed that the minimal number of rounds in a ‘winning
Prover-strategy’ is proportional to the logarithm of the minimal number of steps in a
Frege proof.

66
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The game from [52] admits Boolean formulas over the basis B “ t^,_,␣u as
queries and involves two players, the Prover and the Adversary. Prover’s goal is to
prove a formula Φ and the aim of Adversary is to pretend (for as long as possible) there
exists an assignment of variables so that Φ is false. The game starts with Prover asking
a formula Φ and Adversary answering 0. They then alternate turns, Prover asking other
formulas and the Adversary assigning values to them, 1 as true and 0 as false. A simple
contradiction bespoke to B, means that the Adversary gave answers contradicting the
truth table for some connective ˛ P B. For example, in case the Adversary answered
both ϕ1 and ϕ2 by 1 (true) but ϕ1 ^ ϕ2 by 0 (false). For ϕ a query we write ϕ ÞÑ 0 if
the Adversary has answered 0 to ϕ and ϕ ÞÑ 1 if 1.

A binary tree is called almost full if all non-leaf nodes have two outgoing edges
besides the root which has only one. A Prover-strategy for Φ can be visualized as
an ordered, almost full binary tree rooted at Φ. Its nodes are the queries of the Prover
and edges are possible answers of the Adversary. The only edge coming out of the root
Φ is labeled by 0. All other non-leaf nodes have two outgoing edges, one labeled by 0
and the other by 1, corresponding to the possible answers the Adversary can give. A
possible play in a Prover-strategy is a branch of the tree starting at the root. The size
of a particular (finite) play is the number of rounds in it i.e. number of nodes in that
branch. The depth of a strategy is naturally the depth of its corresponding binary tree
(which may be infinite).

The game is won by the Prover if there is a simple contradiction in the statements
of the Adversary. Else, because of the determinacy of the game, Adversary wins. A
winning Prover-strategy is a finite strategy whose plays lead to leaves that are simple
contradictions.

Remark 6.1.1. There is a winning Prover-strategy for Φ if and only if Φ is a tautology.

In general, if the queries of the game are over a functionally complete basis of con-
nectives, the above remark allows viewing the Prover-Adversary game as a propositional
proof system and strategies as proofs. With that in mind the authors continue to show:

Proposition 6.1.2 ([52]). The Prover-Adversary game is a complete (and sound) proof
system.

Proof sketch. Completeness: Assume Φ is a tautology over B. Starting from the
immediate subformulas of Φ, all the Prover has to do is to ask progressively less complex
subformulas of Φ until eventually for some connective ˛ P B, the values assigned to A˛B,
A,B contradict the truth table of ˛. We know Φ’s truth table has its rightmost column
populated only by 1’s and Adversary has answered Φ with 0. Hence, by the time all
the data to complete the truth table of Φ has been gathered, there must have been a
simple contradiction in the statements of Adversary.

Soundness: We will use contrapositive reasoning. If Φ is not a tautology it means
there is a falsifying assignment α for Φ. All the Adversary has to do is answer all queries
according to α and a simple contradiction cannot be reached.

Example 6.1.3. A winning strategy for the formula ␣␣pQ_␣Qq:
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␣␣pΦ_␣Φq

␣pΦ_␣Φq

s.c.␣ Φ_␣Φ

␣Φ

Φ

s.c.␣ s.c._

10
s.c._

10
s.c.␣

10

10

0

Figure 6.1: Leaves are simple contradictions (s.c.) w.r.t. the noted connective.

The authors of [52] proceed to establish a correspondence between Prover-Adversary
games and well known proof systems. For example, winning Prover-strategies in the
typical game, correspond to LK proofs with cut as the only rule besides the leaves which
will be proofs of simple contradictions with a constant number of steps.

Under this correspondence between winning strategies and proofs, a careful survey
on the relation between the minimal size of a possible play in a winning strategy and
the respective proofs results in:

Proposition 6.1.4 ([52]). The minimal number of rounds in the game needed to prove
a formula Φ is proportional to the logarithm of the minimal number of steps in a Frege
proof of Φ.

In other words, given a Frege proof ϕ1, . . . , ϕk, a winning Prover-strategy for ϕk such
that any possible play is of at most Oplog kq rounds can be constructed and vice versa.
Given a winning Prover-strategy for Φ, the proof constructed from it will be tree like.
By Proposition 6.1.4 one can then obtain:

Corollary 6.1.5 ([41]). A Frege proof can be transformed into a tree-like Frege proof
with at most polynomial increase in size.

It was observed that restrictions on the form of the queries can impose restrictions
on the formulas in the respective proof. For example, in the typical game, allowing only
queries of bounded depth corresponds to bounded depth LK proofs.

Another restriction they think interesting is queries to be monotone formulas i.e.
only using ^,_ connectives. Monotone formulas were considered due to results in
circuit complexity. In [53, 54], Razborov restricted circuits computing clique functions
to be monotone and proved superpolynomial1 lower bounds on their size while circuits
using negation had only linear lower bounds on size. As a parallel to that, in [52]

1Multiple papers have since improved these to exponential lower bounds, [6, 5, 35]
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they question if restricting queries in the typical game to be monotone, corresponds
to MLK proofs (monotone fragment of LKq and whether they could be used to show
polynomial simulation of LK by MLK. We note that the relationship of negation-free
games and MLK was unclear at the time and the result: MLK polynomially simulates
LK on monotone sequents, was yet to be proven, for more see Section 1.1.

6.1.2 Abstract Pudlák-Buss games

This section formalises a more general version of Pudlák and Buss’ games with arbitrary
queries and simple contradiction sets. In this manner both Pudlák and Buss’ original
presentation for Boolean formulas and the games of this work may be admitted in the
same abstract framework.

Definition 6.1.6. A game G is a pair pQ, Cq where Q is a set of queries and C is
a set of (simple) contradictions. A simple contradiction C P C is a (finite) set of
assignments to queries: expressions of the form Q ÞÑ 0 or Q ÞÑ 1 for Q P Q. The size
of a query is the number of connectives in it (bespoke to the grammar used to define
the query). The depth of query is the maximum number of nested connectives in it.

Gameplay: The game involves two players, Prover and Adversary. A state or spec-
ification S is a (finite) set of assignments to queries Q P Q and the game initializes at
a state I. A play from I proceeds with a sequence of rounds. In each round Prover
first asks a query Q and then Adversary answers with an assignment Q ÞÑ 0 or Q ÞÑ 1.

Winning (for Prover). Over the course of a play from I we construct the set S Ě I
extending I by all the assignments made by Adversary. If at some point of the game
there is a simple contradiction C in C and C Ď S, the game ends and Prover wins2.

Remark 6.1.7 (Winning for Adversary). An interesting consideration is whether and
how it makes sense for the Adversary to win. While out of the scope of this work, we
include a definition for completeness sake: Adversary wins if and only if Prover does
not, i.e. the play does not end but rather continues forever with the set of responses
never containing a simple contradiction.

Definition 6.1.8. Strategies (for Prover). A Prover-strategy from S is a rooted
almost full binary tree T such that:

• Each internal node of T is labelled by a query;

• The root node has one outgoing edge labelled by 0. Each internal node of T has
exactly two outgoing edges, labelled respectively by 0 and 1;

• The leaves of T are labelled by simple contradictions each of whose elements are
assignments to queries matching the labels of nodes and edges in the path to the
leaf.

2Hence, starting at a state I that contains a contradiction C P C means the game finishes immedi-
ately with Prover winning.
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If every maximal path of T is finite, i.e. ends at a leaf, then T is a winning Prover-
strategy.

Remark 6.1.9 (Winning every play). Observe that the notion of ‘winning strategy’ for
Prover above is consistent with how we defined ‘winning play’ for Prover and Adversary:
Prover wins if (after finitely many rounds) some simple contradiction C is found in the
set of assignments to queries given by the Adversary. In contrast, Adversary wins
just if the play never ends. That winning Prover-strategies are required to be finite
is essentially justified by contraposition on (weak) König’s Lemma: if Prover wins on
every play of a strategy T , then every play is finite, which means T is itself finite since
it is a binary tree.

Over the course of this work we shall (almost always) only concern ourselves with
finite (thus winning) Prover-strategies. On the same note, while strategies for Adversary
may be defined as (countably branching) trees in a standard way, we shall not concern
ourselves with them. Hence, when we say ”winning strategy” we leave it implicit that
it is a finite Prover strategy.

Games as proof systems

Our games can be seen as proof systems by construing winning strategies as proofs.
Formally, given a game G, a winning strategy from S is a G-proof of the sequent
ΓÑ∆ where:

• Γ “ tQ : Q ÞÑ 1 P Su

• ∆ “ tQ : Q ÞÑ 0 P Su.

A G-proof of a query Q is just a G-winning strategy from the state tQ ÞÑ 0u.

It is implicit here, in light of the Cook-Reckhow definition of propositional proof
system, that the sets Q and C we consider throughout this work will be polynomial-
time decidable.

Example 6.1.10 (Boolean formula game). We can now view the original game pre-
sented by Pudlák and Buss’ in[52] in light of our more general definition. They presented
a game B “ pQ, Cq with Q the set of Boolean formulas, and C the set of assignments
inconsistent with a row of the truth table of some connective, i.e. all sets of the form:

• tQ ÞÑ b,␣Q ÞÑ bu for b P t0, 1u.

• tP ÞÑ b, R ÞÑ c, P _Q ÞÑ du for b, c, d P t0, 1u with d ‰ maxpb, cq.

• tP ÞÑ b, R ÞÑ c, P ^Q ÞÑ du for b, c, d P t0, 1u with d ‰ minpb, cq.

What Pudlák and Buss showed in Proposition 6.1.4 [52] can be slightly rephrased
to fit the abstract framework: for a Boolean formula Q, there is a winning strategy
from initial state I “ tQ ÞÑ 0u of height OplogNq if and only if Q has a Frege proof of
OpNq-many steps. This immediately reduces the completeness of the game B, as a proof
system, to that of Frege and also establishes a strong form of polynomial equivalence
between the two systems. In this way we say that B corresponds to the Frege system.
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6.2 ‘Similar’ representations of branching programs

It is our intention to define Prover-Adversary games that reason about (N)BPs in the
same way the original game from [52] reasons about Boolean formulas. We repre-
sent (N)BPs by e(N)DT formulas which use extension to express the underlying dag
structure of (N)BPs. Hence, it is important that we address the matter of equivalent
representations of (N)BPs by syntactically different e(N)DT formulas. For example one
could use different ‘names’ for the extension variables but define isomorphic sets of ex-
tension axioms so that they represent the same (N)BP. This problem is particular to our
setting and it did not occur in the original work by Pudlák and Buss, [52] where queries
are Boolean formulas. This can be seen by representing Boolean formulas graphically:
they are binary trees and exhibit no dag-like behavior thus requiring no extension.

The games we will define are bootstrapped with native ‘winning conditions’ that is a
notion of equivalence, namely simulation of transition systems (refer to [10]) specialised
to our syntax.3 It is in this way that we can see our games as operating directly on
(N)BPs rather than their representations, equating branching programs simulating each
other.

A straightforward way to decide whether two (N)BPs are bisimilar is equality of their
unfolding as decision trees. While deterministic and non-deterministic BPs require
different treatments (which we will examine soon) the following definition applies to
general eNDT formulas.

Definition 6.2.1 (Unfolding). For an eNDT formula A over a set of extension axioms
E “ teiØ Eipejqjăiuiăn we define the eNDT formula UnfEpAq by :

• UnfEp0q “ 0, UnfEp1q “ 1.

• UnfEpA_Bq “ UnfEpAq _ UnfEpBq.

• UnfEpApBq “ UnfEpAqpUnfEpBq.

• UnfEpeiq “ UnfEpEiq for all i ă n.

Remark 6.2.2. Restricting the above to be _-free i.e. only on eDT formulas, makes
the notion of unfolding canonical: there is only one way for a deterministic BP to be
unfolded into a deterministic decision tree. On the contrary, the presence of disjunction
allows unfolding an NBP into a non-deterministic decision tree using different brack-
etings of _ under associativity and commutativity. We demonstrate this in Figure 6.2
where an NBP can be represented by either of the eNDT formulas: 1pp1_0q, 1pp0_1q.

There are further important distinctions between the deterministic and non-deterministic
setting: for BPs , equality of the unfolding of their respective eDT formulas implies
bisimilation and vice versa. On the contrary, two eNDT formulas representing NBPs
could ‘unfold’ into different trees while they are still accepting and rejecting on the same
assignments. That is because of the existential nature of non-determinism we consider.
Hence, a more general definition is necessary to capture the idea of equivalence we want
to include in our sets of simple contradictions:

3Intuitively, (N)BP G will simulate (N)BP F if every child-node of the root node of F is simulated
by a child-node of the root node of G and so on. A sink node labelled by a Boolean b simulates a sink
node labelled by b1 if and only if b “ b1
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Unfolds to
ÝÝÝÝÝÝÑ

p

01

Or

p

01 1

p

11 0

1pp1_ 0q 1pp0_ 1q

Figure 6.2: Under associativity and commutativity of _ an NBP may be unfolded into
a non-deterministic decision tree in multiple ways.

Definition 6.2.3 (Simulation). Let E “ teiØ Eiuiăn be a set of extension axioms.
We define the judgement A ÁE B, ‘A E-simulates B’, by:

A ÁE A

A ÁE C0 A ÁE C1

A ÁE C0 _ C1

A ÁE Ei

A ÁE ei

Aj ÁE B

A0 _ A1 ÁE B

Ei ÁE B

ei ÁE B

A ÁE C B ÁE D

ApB ÁE CpD

where j is either 0 or 1 and A ÁE B means that the (N)BP represented by A (wrt E)
simulates the (N)BP represented by B (wrt E), as transition systems. With the above
in mind, we plan to include simple contradictions of the form: rB ÞÑ 1, A ÞÑ 0s for
A Á B in our games.

In the following, we establish the connection between our notions of simulation for
formulas A,B with the proof theoretic notion AØ B and elaborate further on the
differences between the deterministic vs non-deterministic setting.

Deterministic branching programs

In the deterministic setting simulation between BPs is fairly simple. It reduces to
equivalence between BPs with the same unfolding as decision trees.

Proposition 6.2.4. Let A,B be eDT formulas over a _-free set of extension axioms
E. A ÁE B if and only if B ÁE A if and only if UnfEpAq “ UnfEpBq.

Proof. It is enough to show A ÁE B if and only if UnfEpAq “ UnfEpBq. Both directions
follow by E induction on A and B as needed. We only present theñ direction according
to Definition 6.2.3, ignoring disjunction cases.

• if A,B P t0, 1u the result is obvious since it must be A “ B.

• for A ÁE ei we use UnfEpeiq “ UnfEpEiq and UnfEpEiq “ UnfEpAq by inductive
hypothesis.

• for ei ÁE CqD we use UnfEpeiq “ UnfEpEiq “ UnfEpCqDq by inductive hypothesis.

• for ApB ÁE CpD, by inductive hypothesis we have: UnfEpAq “ UnfEpCq and
UnfEpBq “ UnfEpDq. Then, UnfEpApBq “ UnfEpAqpUnfEpBq “ UnfEpCqpUnfEpDq
“ UnfEpCpDq.

Note that for general eNDT formulas A,B over E , only one direction from Proposi-
tion 6.2.4 holds, namely: if UnfEpAq “ UnfEpBq then A ÁE B and B ÁE A.
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Proposition 6.2.5 (Cost of Unfolding). If A,B are two e(N)DT formulas over a set
of extension axioms E “ teiØ Eipejqjăiuiăn and UnfEpAq “ UnfEpBq then there are
polynomial size (on |A|, |B|, |E |) eLpNqDT proofs of the sequents AÑ B and BÑ A
with hypotheses from E.
Proof. We start by observing that for two eLpNqDT formulas A,B if UnfEpAq “ UnfEpBq
then either at least one of them is an extension variable or otherwise, they share their
outermost connective. For example, if A “ CpD then B would be of the form GpF
which would in turn require UnfpCq “ UnfpGq and UnfpDq “ UnfpF q. To prove the
result, it is enough to construct (dag-like) proofs for the sequent AÑ B by E-induction
on A and B simultaneously.

• Regarding constants, the only cases are when A,B are both 0 or 1:

• If A “ B “ 0 then we have:

0
0Ñ

w-r
0Ñ 0

• If A “ B “ 1 then we have:

1
Ñ 1

w-l
1Ñ 1

• If A “ ei for some i ă n, then we extend the proof obtained by the inductive
hypothesis as follows,

E
eiÑ Ei

IH

EiÑ B
cut

eiÑ B

• If B “ ei for some i ă n, the proof is extended in a similar manner to the above,

• If A “ C _ D, B “ G _ F and UnfpCq “ UnfpGq, UnfpDq “ UnfpF q then we
extend the proof obtained by the inductive hypothesis as follows,

IH

CÑ G
w-r

CÑ G,F

IH

DÑ F
w-r

DÑ G,F
_-l

C _DÑ G,F
_-r

C _DÑ G_ F

• If A “ CpD, B “ GpF and UnfpCq “ UnfpGq, UnfpDq “ UnfpF q then we extend
the proof obtained by the inductive hypothesis as follows:

IH

CÑ G
w-r

CÑ G, p

id
pÑ p

w-r,w-l
C, pÑ p, F

p-r
CÑ GpF, p

id
pÑ p

w-l,w-r
p,DÑ G, p

IH

DÑ F
w-l

p,DÑ F
p-r

p,DÑ GpF
p-l

CpDÑ GpF
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Where subderivations IH are obtained by the inductive hypothesis, and premises marked
by E are extension axioms from E .

Remark 6.2.6. It is important to note that in the case where a sequent appears
multiple times in the proof, we could end up with an exponential explosion in size.
Like previously, we treat this by considering only the number of symbols appearing in
distinct sequents in the proof, making our proofs dag-like.

Corollary 6.2.7 (Simulation in eLDT). Let A,B be eDT formulas over a _-free set
of extension axioms E . If A ÁE B, then there are polynomial size eLDT proofs of the
sequents AØ B.

Proof. Since A,B are eDT formulas over E which is _-free, the result follows by Propo-
sition 6.2.5 and Proposition 6.2.4.

Non-deterministic branching programs

NBPs can simulate each other in the sense of Definition 6.2.3 but without having the
same unfolding as decision trees i.e. we may have A ÁE B but UnfEpAq ‰ UnfEpBq.
Furthermore it may be that A ÁE B but not BÁEA.

4 For example, consider the graphs
in Figures 6.3 and 6.4.

A
p

qq

1 00 1

B
p

q

0 1

Figure 6.3: In the above, A ÁE B but not BÁEA

A
p

qq

1 00 1

B
p

qq

00 1

q

1 0

Figure 6.4: In the above, A ÁE B and BÁEA but UnfEpAq ‰ UnfEpBq

4In particular this happens due to the rule:
Aj ÁE B

A0 _A1 ÁE B
.
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Thus, we need a non-deterministic analogue to Corollary 6.2.7 for eNDT formulas:

Proposition 6.2.8 (Simulation in eLNDT). Let E be a set of eNDT extension axioms
and suppose A ÁE B. Then, we can construct polynomial-size eLNDT proofs of BÑ A
over E.

Proof. We proceed by E-induction according to the definition of simulation. The proof
is similar to that of Proposition 6.2.5 hence we omit most details.

• if b P t0, 1u, for b ÁE b the corresponding proofs have constant size.

• for A ÁE C_D we just use a _-left step from derivations of CÑ A and DÑ A
obtained by inductive hypothesis.

• for A ÁE ei we cut the extension axiom eiÑ Ei against a derivation of EiÑ A
obtained by the inductive hypothesis.

• for A0 _ A1 ÁE CqD we apply a weakening and _-right step to the derivation of
CqD ÁE Ai obtained by the inductive hypothesis.

• for ei ÁE CqD we cut the extension axiom EiÑ ei against the derivation of
CqDÑ Ei obtained by the inductive hypothesis.

• for ApB ÁE CpD we construct a derivation just like the one from Proposi-
tion 6.2.5:

IH

CÑ A
w-r

CÑ A, p

id
pÑ p

w-r,w-l
C, pÑ p,B

p-r
CÑ ApB, p

id
pÑ p

w-l,w-r
p,DÑ A, p

IH

DÑ B
w-l

p,DÑ B
p-r

p,DÑ ApB
p-l

CpDÑ ApB

where the subderivations IH are obtained by the inductive hypothesis.

6.3 Boolean combinations and negating NBPs

The next matter we must address is to some extent a design choice. To prove equivalence
of our games and eLpNqDT, first recall from Section 1.2 that games are essentially tree-
like versions of the inference system they correspond to, so we shall need to prove
some sort of closure under Boolean combinations, as in [41]. There, they work with
a specifically formulated grammar for LK for technical reasons. The main feature of
this grammar is admitting ‘big’ disjunctions

Ž

and conjunctions
Ź

of unbounded arity
and boolean combinations of thereof5. The reason we will need a similar convention
(adjusted for our connectives) comes from a technique used in showing polynomial
equivalence between LK and tree-LK (generally, polynomially simulating a dag-structure
by a tree-structure)

5Regardless of these differences this formulation of LK is polynomially equivalent to the usual LK
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Briefly explained, for an eLpNqDT proof P with conclusion ΓÑ∆, we construe
each line of P as a single query in the corresponding game. For a sequent ΓiÑ∆i,
this involves defining the conjunction of all formulas in Γi,

Ź

Γi, the disjunction of
all formulas in ∆i,

Ž

∆i and then considering the implication
Ź

Γi Ą
Ž

∆i. Under
De Morgan duality, this can be rewritten as ␣

Ź

Γi _
Ž

∆i. We then find a strategy
for ␣

Ź

Γ _
Ž

∆ by applying a divide-and-conquer method on conjunctions of lines
in P . This way, from a proof of N steps, we can construct a corresponding winning
Prover-strategy of at most OplogNq rounds whose queries are boolean combinations of
e(N)DT formulas.

Doing the converse i.e. translating strategies in Prover-Adversary games to eLpNqDT
proofs crucially requires defining negation of (N)BPs. This is not hard for the system
eLDT, mostly because the negation of a deterministic BP G is trivial: it is the same BP
but with all its leaves flipped (0 to 1 and 1 to 0). For eLNDT, due to non-determinism,
finding the negation of a formula A is much more involved, in particular requiring the
formalisation of a (nonuniform) version of the Immerman-Szelepcsényi Theorem: NL “
coNL. This could be carried out either within a game system or within an inference
system. However, doing so within games requires us to again be resource conscious of
the number of rounds, which must be logarithmic. It is not clear (to us) that this can
be duly carried out without further bootstrapping. Coupled with our intention that an
appropriate game system should serve as a feature-rich way of reasoning about eLpNqDT,
we choose to expand the queries of our game to be as expressive as possible, closing
them under Boolean combinations. This has the effect of simplifying the translation
from eLpNqDT-proofs to strategies, but rendering the converse more cumbersome.

Definition 6.3.1 (Boolean combinations). We write P,Q,R for Boolean combina-
tions of e(N)DT formulas (Bool(e(N)DT)-formulas), generated by:

P,Q,R, . . . ::“ A | ␣Q | pQ_Rq | pQ^Rq

where A is an eNDT formula. We use other Boolean connectives to denote their usual
abbreviations, for example P Ą Q :“ ␣P _Q.

The intended semantics of this extended class of formulas is again parametrised by
a set of extension axioms in order to interpret the extension variables in an e(N)DT-
subformula. Note that the syntax here is ‘two-tiered’: Boolean connectives may not
alternate with decisions and extensions (except _ in the case of Bool(eNDT)-formulas).
For example our grammar does not admit decisions of the form pP0_P1qqpR0_R1q for
Pj, Rj Bool(e(N)DT)-formulas. This is reflected by the use of different metavariables
(P,Q,R etc.) for Boolean combinations of branching programs. Later we consider
intermediate systems that extend eLpNqDT by (positive) Boolean combinations, inter-
polating the translation from strategies to eLpNqDT.

6.4 Games for (non-deterministic) branching pro-

grams

We briefly recall some of the material presented in Section 6.1.2. A game is given by
a set Q of queries and a set C of (simple) contradictions which are sets of Boolean
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assignments to queries. A state is a finite set of assignments to queries which we usually
denote by S and a strategy is binary tree whose inner nodes are labelled by queries and
leaves are simple contradictions. We usually denote a strategy by T . The mechanics
of the Prover-Adversary game are defined as follows: the game initialises at a state I,
then Prover asks queries, and Adversary assigns them a value, 0 or 1. During the game
additional assignments (Adversary’s answers) are added to I extending it to a state S.
If during a play the set S of accumulated assignments contains a simple contradiction
then Prover wins.6 A strategy (for Prover) from S is represented as an almost full
binary tree in the natural way. Furthermore, by viewing games as proof systems, we
call a winning strategy from state tA1 ÞÑ 1, . . . , Am ÞÑ 1, B1 ÞÑ 0, . . . , Bn ÞÑ 0u a proof
of the sequent A1, . . . , AmÑ B1, . . . , Bn.

Let us now present our games corresponding to the system eLpNqDT:

Definition 6.4.1. [(N)BP games] The game NB (wrt E “ teiØ Eiuiăn) is defined in
the following way:

• Queries are Bool(eNDT)-formulas.

• Simple contradictions consist of just:

– Decisions: tA0 ÞÑ b0, A1 ÞÑ b1, p ÞÑ i, A0pA1 ÞÑ c : c ‰ biu for b0, b1, i, c P
t0, 1u.

– Boolean connectives: all sets contradicting the row of a truth table for
␣,_,^.

– Contradictions for extension: tei ÞÑ b, Ei ÞÑ 1´ bu, for b P t0, 1u.

– Contradictions for similarity: tA ÞÑ 0, B ÞÑ 1 : A ÁE Bu

The game DB (wrt E) is defined the same way, only wrt Bool(eDT) instead of Bool(eNDT).

6.5 From proofs to strategies

This section focuses on proving the following result:

Theorem 6.5.1. If eLpNqDT has a proof of N-many steps for a sequent ΓÑ∆, there
is a OplogNq-round winning strategy for ΓÑ∆ in NB (or DB, resp.).

Thanks to the Boolean combinations we just defined, this direction of the corre-
spondence between NB and eLNDT , follows by essentially the same proof structure as
Pudlák and Buss in [52]. The idea, as explained before, is similar to the translation
of dag-like Frege proofs into tree-form [41]: each line is construed as a single query
by Boolean combinations, and the winning strategy searches for the first false sequent
by a divide-and-conquer search on conjunctions of lines. This process will eventually
contradict the soundness of some rule, which is again won in logarithmically many
rounds.

For the rest of this subsection we fix a set of extension axioms E over which all
proofs and strategies are formulated. We also may state definitions and results without
specifying the system eLDT or eLNDT since the exposition works for both.

6In this work, we do not concern ourselves with situations where Adversary wins.
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Long combinations: forcing and finding

For a list of formulas Γ we write
Ź

Γ for the conjunction of its formulas bracketed as a
(nearly) balanced binary tree. Formally, if Γ “ A1, . . . , Ak (and k ě 2) then:

ľ

Γ :“

tk{2u
ľ

i“1

Ai ^

k
ľ

i“tk{2u`1

Ai

Similarly for long disjunctions,
Ž

Γ. For the sake of legibility, we shall almost always
assume that such lists have length a power of 2, e.g. by repeating elements, at the cost
of at most doubling the length.

When describing strategies, we shall use some suggestive terminology:

• “force Q ÞÑ b (or win) from S in r rounds” is a (partial) strategy initialised at
state S of depth ď r where each leaf is either a simple contradiction or it has
incoming edge labelled Q ÞÑ b;

• “find α P T (or win) from S in r rounds” is a (partial) strategy initialised at state
S of depth ď r where each leaf is either a simple contradiction or it has incoming
edge labelled according to some assignment α in T .

We almost always omit ‘or win’ when using these phrases. We shall often expand out
‘α P T ’ according to the context, e.g. saying ‘find Q P Γ with Q ÞÑ b’.

For instance, from tQ0 _ Q1 ÞÑ 1u we can find Qi ÞÑ 1 in constantly many rounds
by:

• ask Q0; if Q0 ÞÑ 1 we are done; else,

• ask Q1; if Q1 ÞÑ 1 we are done; else,

• we have a simple contradiction tQ0 _Q1 ÞÑ 1, Q0 ÞÑ 0, Q1 ÞÑ 0u.

Also from tQ Ą R ÞÑ 0u we can force Q ÞÑ 1 and R ÞÑ 0 in constantly many rounds:

• ask Q and R; if both Q ÞÑ 1 and R ÞÑ 0 we are done; else,

• recalling that Q Ą R :“ ␣Q_R, if R ÞÑ 1 we have a simple contradiction against
Q Ą R ÞÑ 0; else,

• we have Q ÞÑ 0, so ask ␣Q;

– if ␣Q ÞÑ 1 we have a simple contradiction against Q Ą R ÞÑ 0; else,

– if ␣Q ÞÑ 0 we have a simple contradiction against Q ÞÑ 0.

The above two examples have corresponding strategies given in Figure 6.5:
A more interesting and useful example is:

Proposition 6.5.2. Let Γ be a list of queries of length n. From t
Ź

Γ ÞÑ bu we can:

• (b “ 0) find A P Γ such that A ÞÑ 0 in Oplog nq rounds.
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tQ0 _Q1 ÞÑ 1u

Q0

Q1

s.c. _ .

10
.

1
0

t␣Q_R ÞÑ 0u

Q

R

␣Q

s.c. ␣ s.c. _

10
s.c. _

10
R

. s.c. _

10

10

Figure 6.5: Simple strategies. Leaves labelled by “ . ” indicate we successfully forced
a desirable answer by the Adversary on the respective branch.

• (b “ 1) force A ÞÑ 1 for any A P Γ in Oplog nq rounds.

Dually from t
Ž

Γ ÞÑ bu, we can:

• (b “ 1) find A P Γ such that A ÞÑ 1 in Oplog nq rounds.

• (b “ 0) force A ÞÑ 0 for any A P Γ in Oplog nq rounds.

Proof. We will only prove the first two bullet points. The proof proceeds by divide-and-
conquer induction on n. Note that when n “ 0, 1 we are done in a constant number of
steps. Otherwise let Γ0 and Γ1 be the first and second halves of Γ, respectively.

For the case b “ 0:

• ask
Ź

Γ0 and
Ź

Γ1;

• if
Ź

Γ0 ÞÑ 0 find A P Γ0 with A ÞÑ 0, by inductive hypothesis; else,

• if
Ź

Γ1 ÞÑ 0 find A P Γ1 with A ÞÑ 0, by inductive hypothesis; else,

• we have a simple contradiction t
Ź

Γ0 ÞÑ 1,
Ź

Γ1 ÞÑ 1,
Ź

Γ ÞÑ 0u.

For the case b “ 1 and w.l.o.g. let A P Γ0:

• ask
Ź

Γ0;

• if
Ź

Γ0 ÞÑ 1 force A ÞÑ 1 by inductive hypothesis; else,

• ask
Ź

Γ1; any response b1 yields a simple contradiction including t
Ź

Γ0 ÞÑ

0,
Ź

Γ1 ÞÑ b1
Ź

Γ ÞÑ 1u.
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The respective strategies are the following where IH indicates ‘Induction Hypothe-
sis’:

t
Ź

Γ ÞÑ 0u

Ź

Γ0

IH
Ź

Γ1

IH s.c. ^

10

10

t
Ź

Γ ÞÑ 1u

Ź

Γ0

Ź

Γ1

s.c. ^ s.c. ^

10
IH

10

Querying inferences

Before polynomially simulating eLNDT, let us first state a relatively simple consequence
of the earlier forcing and finding strategies, similar to what appears in [52]:

Lemma 6.5.3 (Local soundness). Fix an inference step:

Γ1Ñ∆1 Γ2Ñ∆2
r

ΓÑ∆

where all Γ,∆,Γi,∆i have length ď n. Consider the following notation:

• L :“
Ź

Γ and Li :“
Ź

Γi;

• R :“
Ž

∆ and Ri :“
Ž

∆i;

• Q :“ L Ą R and Qi :“ Li Ą Ri;

for i “ 1, 2.
From tQ ÞÑ 0, Q1 ÞÑ 1, Q2 ÞÑ 1u there is a strategy winning in Oplog nq rounds.

Proof sketch. The proof is relatively simple and proceeds by case analysis on r. We
present some representative cases, the rest follow accordingly.

From Q ÞÑ 0 force L ÞÑ 1 and R ÞÑ 0 in (three) constant number of steps just like
in Figure 6.5.

Suppose r is an initial rule i.e. a 0-step a 1-step or an identity step. The premises
of this rule are empty and either a simple contradiction is immediate or we obtain one
by similarity from Definition 6.4.1. In the case it is an extension step, it will have only
one premise: a hypothesis from E . Then, we will again obtain a simple contradiction
by similarity from Definition 6.4.1.

Otherwise, if r has two premises, for i “ 1, 2 find either Ai P Γi for which we can
force Ai ÞÑ 0 or find Bi P ∆i with Bi ÞÑ 1 in Oplog nq rounds. If any such Ai occurs in
Γ or Bi occurs in ∆, then we can obtain a simple contradiction by forcing Ai ÞÑ 1 or
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Bi ÞÑ 0 respectively since we have forced L ÞÑ 1, R ÞÑ 0. Else, we either found Ai ÞÑ 0
and Ai R Γ or Bi ÞÑ 1 and Bi R ∆. Let us check the case for decision left:

Γ, AÑ∆, p Γ, p, BÑ∆
p-l

Γ, ApBÑ∆

The scenarios to consider are for A1 “ A or B1 “ p and A2 P tp,Bu. If we forced
B1 ÞÑ 1 and A2 ÞÑ 0 for A2 “ p, we obtain a simple contradiction by similarity. Else,
for the three following cases: B1 ÞÑ 1 and A2 ÞÑ 0 for A2 “ B, or A1 ÞÑ 0 and A2 ÞÑ 0
for A2 “ B, or A1 ÞÑ 0 and A2 ÞÑ 0 for A2 “ p we obtain a simple contradiction for
decision since we can force ApB ÞÑ 1.

Referring to Proposition 6.5.2, let us note that the proof of the first bullet point i.e.
the ‘finding’ strategy, actually establishes more than stated;

Proposition 6.5.4. From

"

Ź

iăk

Ai ÞÑ 0

*

we can find the least Ai with Ai ÞÑ 0 in

Oplog kq rounds, i.e. such that, for any j ă i, we can force Aj ÞÑ 1 after an extra
Oplog kq rounds.

We are now ready to prove the main result of this subsection.

Proof of Theorem 6.5.1. Fix a (dag-like) eLpNqDT-proof π : pΓiÑ∆iqiăn. For i ă n
we write:

• Li :“
Ź

Γi;

• Ri :“
Ź

∆i;

• Qi :“ Li Ą Ri

• Qi :“
Ź

jăi

Qi

We first construct a winning strategy from tQn´1 ÞÑ 0u as follows:

• find least Qi such that Qi ÞÑ 0 by Proposition 6.5.4;

• if ΓiÑ∆i is the conclusion of an inference step with premisses (among) ΓjÑ∆j

and ΓkÑ∆k, then we have j, k ă i so we can force Qj ÞÑ 1 and Qk ÞÑ 1 by
leastness;

• we can now reach a simple contradiction in logarithmically many rounds by
Lemma 6.5.3.

Now, from tA ÞÑ 1 : A P Γn´1u Y tB ÞÑ 0 : B P ∆n´1u we have a winning strategy:

• ask Qn´1; if tQn´1 ÞÑ 0u proceed as above; else,

• Qn´1 ÞÑ 1 so force Qn´1 ÞÑ 1 and find either some A P Γn´1 with A ÞÑ 0 or
B P ∆n´1 with B ÞÑ 1; either way we have a simple contradiction against the
initial state.
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6.6 Non-uniform version of Immerman-Szelepcsényi

We aim to provide a translation from DB,NB strategies to eLpNqDT proofs for which we
require simulation of negation of (N)BPs. This, while simple for the deterministic case
(flipping values of leaves of BPs), it is much more involved for NBPs. In this section
we will define and develop the necessary tools for our setting i.e. the system eLNDT, to
present a non-uniform (partial) formalisation of the Immerman-Szelepcsényi theorem,
coNL “ NL, that suffices for simulating non-deterministic negation of eNDT formulas.
There are two main differences in our result: first, the inductive counting within the
original proof [37, 58] is devolved to the level of eLNDT proofs simplifying the overall
argument. Second, our formalization of the Immerman-Szelepcsényi theorem is partial
in the sense that we present explicit constructions that (only) simulate the negation of
a non-deterministic branching program under the condition that exactly k formulas of
a given list are true. Hence, given an eNDT formula, we do not provide a single eNDT
formula computing its negation.

6.6.1 Working with positive decisions

It will be convenient in our construction to ‘stitch’ together branching programs using
positive decisions i.e. decisions of the form AppA_Bq, introduced in Section 2.2.3. We
recall that this imposed restriction on decisions induces what we called positive (non-
deterministic) branching programs (PBPs): NBPs where, for every 0-edge, there is a
parallel 1-edge.

In what follows, we shall ‘bootstrap’ our language with the capacity to make (cer-
tain) positive decisions on complex formulas (over a fixed set of extension variables),
and even recursively so. Until now however, the syntax of our systems only permits
decisions on literals and more specifically the grammars for m-eLNDT, 0{1-eLNDT only
allow forming decisions on non-negated literals. In any case, let us informally assume
that for eNDT formulas A,B,C we could express both ABC and ABpA_Cq as eNDT
formulas over some appropriate set of extension axioms. A good way to visualise ABC
is to consider the NBP consisted of A,B,C such that all 0-sinks of B are connected
to the root of A and all 1-sinks of B connect to the root of C. Similarly, one could
visualise ABpA _ Cq as the NBP where all the 0-sinks of B connect to the root of A
and each 1-sink of B is copied with one copy connecting to the root of A and the other
to the root of C. Note that ABpA_Cq it would compute exactly ‘if B then A_C else
A’. On the contrary, due to non-determinism general decisions are not as ‘well behaved’
i.e. if we could express ABC as an eNDT formula, it would not correctly compute ‘if B
then C else A’. As a counterexample consider the case where for some assignment of
variables a path in B evaluates to 1 but there is also a path to 0, C evaluates to 0 and
A evaluates to 1. It follows that ABC evaluates (wrongly) to 1. To avoid situations
like the above we will restrict ourselves to a semi-positive setting in this section: in
what follows we are in eLNDT but all decisions we define on complex formulas will be
positive.

More formally:

Definition 6.6.1 (Complex positive decisions). Let E “ teiØ Eiuiăn be a set of
extension axioms. For a finite list of formulas B over E and any B P B, we inductively
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generate extension variables ABpA _ Cq for each formula A and C.7 We define E`B to
extend E by all extension axioms of the form:

A0pA_ Cq Ø A
A1pA_ Cq Ø A_ C
AeipA_ Cq Ø AEipA_ Cq

ApB0 _B1qpA_ Cq Ø pAB0pA_ Cqq _ pAB1pA_ Cqq
ApB0pB1qpA_ Cq Ø pAB0pA_ CqqppAB1pA_ Cqq

The notation we have used is intentionally suggestive under interpretation by E`B ,
perhaps at the danger of ambiguity: we insist, for foundational reasons, that ABpA_Cq
are not complex formulas, but rather bona fide extension variables.

A result for the appropriate ‘truth conditions’ may be established by E-induction:

Lemma 6.6.2 (Truth for complex positive decisions). Fix a set of extension axioms
E and formula B over only those extension variables. There are polynomial size proofs
over E`B of:

ABpA_ Cq Ñ A,B
ABpA_ Cq Ñ A,C

A Ñ ABpA_ Cq
B,C Ñ ABpA_ Cq

Proof. The argument is standard E-induction on B. We will only present proofs for
B,CÑ ABpA_ Cq as the other sequents follow in a similar fashion.

Base cases for B “ 0, B “ 1 are a 0-step and an identity step with weakening steps:

0Ñ
w-l,w-r

0, CÑ B

CÑ C
w-l,w-r

1, CÑ A,C

Induction step: The case where B “ D _ E with D,E eNDT formulas over E is as
follows :

IH

D,CÑ ADpA_ Cq

IH

E,CÑ AEpA_ Cq
_-l

D _ E,CÑ ADpA_ Cq, AEpA_ Cq
E,_-r

D _ E,CÑ ApD _ EqpA_ Cq

The case where B “ DpE with D,E eNDT formulas over E`B is as follows:

IH
w-r w

C,DÑ p, p,ADpA_ Cq

pÑ p
w-l,w-r

C,D, pÑ p,AEpA_ Cq
E`,p-r

C,DÑ p,ApDpEqpA_ Cq

pÑ p
w-l,w-r

C, p,EÑ p,ADpA_ Cq

IH
w-l

C, p,EÑ AEpA_ Cq
E`,p-r

C, p,EÑ ApDpEqpA_ Cq
p-l

DpE,CÑ ApDpEqpA_ Cq

In the case that B is an extension variable ei such that eiØ Ei is an extension
axiom, we call the inductive hypothesis for AEipA_ Cq.

Remark 6.6.3. We may instantiate the above result to define connectives/formulas
we are interested in but are not natively available to our setting. Take conjunction ^

7This is a closure property: we also have extension variables of the form ABpA _ pCB1pC _Dqqq
and so on. Note that both B and B1 must be over the original set of extension axioms teiuiăn to
ensure well-foundedness.
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for instance, writing A^B :“ 0Ap0_Bq and using Lemma 6.6.2, it is simple to obtain
polynomial-size proofs of the expected ‘truth conditions’ A^BÑ A, A^BÑ B and
A,BÑ A^B.

Another interesting example that we shall use later is:

Definition 6.6.4 (Thresholds). Fix a list of eLNDT formulas B “ B0, . . . , BN´1 over
a set of extension axioms B. After generating B`B as in Definition 6.6.1 above, we may

introduce further new extension variables t
Bn

s
k for each segment Bn

s “ Bs, . . . , Bn of B
for s ď n ď N and k ď N and write T B for the extension of B`B by all extension axioms
of the form:

t
Bn

s
0 Ø 1

tϵk`1 Ø 0

t
Bn

s
k`1 Ø t

Bn
s`1

k`1 Bspt
Bn

s`1

k`1 _ t
Bn

s`1

k q (for s ă N)

It is not hard to see, by induction on k that, over T B, t
Bn

s
k is true just when at

least k of Bn
s are true. In fact we showed in Section 3.1.2, that this is the case when

Bn
s is a list of variables in eLNDT : there are polynomial-size proofs of the basic truth

conditions of threshold functions, in particular: Ñ t
Bn

s
0 and t

Bn
s

n´s`1Ñ .

Remark 6.6.5 (Differences with previous definition.). Definition 6.6.4 is slightly dif-
ferent to Definition 3.1.4: before k was any integer while now 0 ď k ď N and the
extension axioms had slightly different form. These changes are mostly for convenience
and it is easy to show (via polynomial size eLNDT proofs) that the two choices are
equivalent. Hence, eLNDT proofs of basic properties will proceed in the same fashion
as before.

We restate some results of Section 3.1.2 and Chapter 4 for our current setting:

Proposition 6.6.6 (t
Bn

s
k is decreasing in k). There are polynomial-size eLNDT` proofs

of the following sequents over extension axioms T B:

1. Ñ t
Bn

s
0

2. t
Bn

s
k`1Ñ t

Bn
s

k

3. t
Bn

s
k Ñ whenever k ą |Bn

s |

We want to be able to manipulate threshold arguments much like Lemma 4.3.2. Due
to our setting being slightly different we will consider ‘neighboring’ segments B0,B1 of
the list of formulas B (i.e. the concatenation B0B1 is a segment of B).

Lemma 6.6.7 (Merging and splitting). For a segment B0B1 of the list B there are
polynomial-size eLNDT` proofs, over extension axioms T B, of the following sequents:

1. tB0
k , tB1

l Ñ tB0B1
k`l (merging)

2. tB0B1
k`l Ñ tB0

k`1, t
B1
l (splitting)

Lemma 6.6.8. For any element Bi of the list B, there are polynomial size eLNDT
proofs over extension axioms T B of the following sequents:

BiØ tBi
1
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The proofs of the above results are very similar to the ones from Section 3.1.2 and
Chapter 4 but always w.r.t. the new set of extension axioms T B. From now on we will
mostly work with suffixes Bs “ Bs, . . . , BN´1 of the list B for s ď N .

6.6.2 Decider Construction

In what follows, we construct the ‘k-decider’, an NBP utilizing complex positive deci-
sions. Under the condition that k-many of the elements of B are true, it will compute a
complex general decision on eNDT formulas over an appropriate set of extension axioms.
For the rest of this section, we fix formulas B “ B0, . . . , BN´1 over a set of extension
axioms B. As before, for 1 ď s ď N ´ 1, we write Bs for the list Bs, . . . , BN´1. In our
definitions and statements, we feature the parameter k ď N which intuitively serves as
a meta-level ‘counter’ of the number of formulas among B that are true. Recalling the
threshold programs from Definition 6.6.4 over T B, the main result of this section is:

Theorem 6.6.9 (Immerman-Szelepcsényi, formalised). For all k ď N and formulas
A,C there are extension variables ABk

i C and an appropriate set of extension axioms
extending T B such that the following sequents have polynomial-size eLNDT proofs:

tBk , AB
k
i C Ñ A,Bi, t

B
k`1

tBk , AB
k
i C,Bi Ñ C, tBk`1

tBk , Bi, C Ñ ABk
i C, t

B
k`1

tBk , A Ñ Bi, AB
k
i C, t

B
k`1

The idea behind the sequents above is that, under the condition that exactly k of
the formulas in B are true, the ‘decider’ ABk

i C correctly computes a decision on Bi,
returning the value of A if Bi is false, and C if true. The appropriate set of extension
axioms extending T B will be explicitly constructed in the proof of Proposition 6.6.14
from which Theorem 6.6.9 follows as a special case. It is worth noting that expressing
the condition ‘exactly k- many of the elements in B are true’ could theoretically be done
by having fresh extension variables computing the exact-k function w.r.t. the list B on
the LHS, akin to Definition 3.1.1). This however, was done by using general decisions
which is not available to us since we want our k-decider to simulate general decisions
on complex formulas instead of decision literals. Instead, we opt for using the extension
variables tBk , t

B
k`1 computing threshold functions for k. Note that tBk`1 on the RHS is

semantically equivalent to having its negation on the LHS, and of course tBk ^␣t
B
k`1 is

true just when exactly k of B are true.
Our choice of notation ABk

i C is again suggestive, and we still insist, for foundational
reasons, that these expressions are not complex formulas, but rather fresh extension
variables. We call ABk

i C the k-decider of Bi (for A,C). It is visualised (over its corre-
sponding extension axioms) in Figure 6.6 as an NBP, in fact as a positive combination
of the programs B we started with and some leaves substituted by A,C accordingly.

Let us now define the k-decider formally and provide some results that will be
required later.

Definition 6.6.10 (Decision programs). We introduce extension variables di,Bs,k
m,l,b for

m ě s, i ě s,N ą m, l ď m ´ s and b P t0, 1u and then construct B` as in Defini-
tion 6.6.1 and T B as in Definition 6.6.4. From here we set DB to extend T B by all
axioms:
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B0 p0, 0q

B1 p0, 0q B1 p1, 0q

B2 p0, 0q B2 p1, 0q B2 p2, 0q

...
...

...

BN´1 pk ´ 1, 0q BN´1 pk, 1qBN´1 pk, 0q BN´1 pk ´ 1, 1q. . .

. . .. . . . . .

0 A 0 C 00

. . . . . .

Bi pc, 0q

Bi`1 pc, 0q Bi`1pc` 1, 1q

...
...

. . . . . .

Figure 6.6: The k-decider ABk
i C, visualised as an NBP. 0-edges are dotted and 1-edges

are solid.

di,Bs,k
N´1,l,0Ø 0BN´1p0_ 0q for l P t0, . . . , k ´ 2, k ` 1, . . . , N ´ 3u

di,Bs,k
N´1,l,1Ø 0BN´1p0_ 0q for l P t1, . . . , k ´ 2, k ` 1, . . . , N ´ 2u

di,Bs,k
N´1,k,0Ø ABN´1pA_ 0q

di,Bs,k
N´1,k,1Ø CBN´1pC _ 0q

di,Bs,k
N´1,k´1,0Ø 0BN´1p0_ Aq

di,Bs,k
N´1,k´1,1Ø 0BN´1p0_ Cq

di,Bs,k
m,l,0 Ø di,Bs,k

m`1,l,0Bmpd
i,Bs,k
m`1,l,0 _ di,Bs,k

m`1,l`1,0q for m ‰ i

di,Bs,k
m,l,1 Ø di,Bs,k

m`1,l,1Bmpd
i,Bs,k
m`1,l,1 _ di,Bs,k

m`1,l`1,1q for 1 ď l,m ą i

di,Bs,k
i,l,0 Ø di,Bs,k

i`1,l,0Bipd
i,Bs,k
i`1,l,0 _ di,Bs,k

i`1,l`1,1q

From here we set AB0
iC :“ A and, for 0 ă k ď N , the k-decider w.r.t. the list B is

ABk
i C :“ di,B,k

0,0,0 .

Remark 6.6.11. Looking back to Figure 6.6, note that each ‘node’ is actually a copy of
an NBP Bm P B, indexed by a pair pl, bq. Each variable di,Bs,k

m,l,b computes the subprogram

rooted at the node Bmpl, bq. Intuitively, the indices of an extension variable di,Bs,k
m,l,b have

the following purpose: i indicates the Bi we wish our construction to ‘decide’ upon, Bs

is the list of the formulas involved in our construction, k denotes the exact number of
formulas Bj P Bs true in the environment, m is the index of the formula labelling the
current node, l keeps count of the number of ‘right’ edges we have traversed at the level
of the graph (number of true Bjs along the path thusfar), while b is a Boolean flag that
flips from 0 to 1 if Bi is true along the path. In paths where exactly k of the B are true,
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this program correctly ‘decides’ Bi, calling A if it is false and C if it is true. Otherwise
the program may return erroneously, indicated by the orange 0 leaves.

In order to prove Theorem 6.6.9, we first need some intermediate results. The first
gives us relationships between nodes with differing values of k and l while fixing all
other parameters.

Lemma 6.6.12 (Monotonicity). There are polynomial size eLNDT proofs over DB of

di,Bs,k
m,l,b Ø di,Bs,k´1

m,l´1,b

di,Bs,k
m,l,b Ñ di,Bs,k

m,l`1,b for l ‰ k

Proof. Here the first line is a consequence of our simulation result, Proposition 6.2.8
since it is easy to check that di,Bs,k

m,l,b ÁDB di,Bs,k´1
m,l´1,b and di,Bs,k´1

m,l´1,b ÁDB di,Bs,k
m,l,b .

The sequent di,Bs,k
m,l,b Ñ di,Bs,k

m,l`1,b is proven by induction on N ´ 1´m and examining the
case for l “ k ´ 1 separately.

Base case: m “ N ´ 1.
By definition for l R tk ´ 1, ku the following is an extension axiom of DB:

di,Bs,k
N´1,l,bØ 0BN´1p0_ 0q

So for l R tk ´ 1, ku after a constant number of decision steps and cuts, one obtains a
polynomial size proof for

di,Bs,k
N´1,l,bÑ di,Bs,k

N´1,l`1,b

For l “ k ´ 1 by definition the following are extension axioms of DB:
di,Bs,k
N´1,k´1,0 Ø 0BN´1p0_ Aq

di,Bs,k
N´1,k,0 Ø ABN´1pA_ 0q

di,Bs,k
N´1,k´1,1 Ø 0BN´1p0_ Cq

di,Bs,k
N´1,k,1 Ø CBN´1pC _ 0q

Applying constant many decision and cut steps we obtain polynomial size proofs for

di,Bs,k
N´1,k´1,0Ñ di,Bs,k

N´1,k,0 and di,Bs,k
N´1,k´1,1Ñ di,Bs,k

N´1,k,1

Induction step: The following are axioms of DB:

di,Bs,k
m,l,0 Ø di,Bs,k

m`1,l,0Bmpd
i,Bs,k
m`1,l,0 _ di,Bs,k

m`1,l`1,0q for m ‰ i

di,Bs,k
m,l,1 Ø di,Bs,k

m`1,l,1Bmpd
i,Bs,k
m`1,l,1 _ di,Bs,k

m`1,l`1,1q for 1 ď l,m ą i

di,Bs,k
i,l,0 Ø di,Bs,k

i`1,l,0Bipd
i,Bs,k
i`1,l,0 _ di,Bs,k

i`1,l`1,1q

The sequent di,Bs,k
m,l,b Ñ di,Bs,k

m,l`1,b follows after a constant number of extension steps (for
each respective case from above), decision steps, disjunction steps and cuts before ending
the proof branch by invoking induction hypothesis or general identity.

The next result gives us relationships between nodes with different values of s in
terms of k and l (in a way adding extra elements in the list), fixing all other parameters:

Lemma 6.6.13. For i ě s, there are polynomial size eLNDT proofs over DB of:



CHAPTER 6. PROVER-ADVERSARY GAMES FOR NBPS 88

d
i,Bs´1,k
m,l,b Ø di,Bs,k

m,l,b

d
i,Bs´1,k
m,l,b Ø di,Bs,k´1

m,l´1,b

Proof sketch. Here the first line again follows by appealing to our simulation result,
Proposition 6.2.8 since d

i,Bs´1,k
m,l,b ÁDB di,Bs,k

m,l,b and di,Bs,k
m,l,b ÁDB d

i,Bs´1,k
m,l,b . The second follows

from the first line along with the first line of Lemma 6.6.12 above.

Now we obtain the following ‘truth conditions’, by induction on the length of Bs

and subinduction on k:

Proposition 6.6.14. The following sequents have polynomial size eLNDT proofs over
an extension axiom set extending DB:

tBs
k , di,Bs,k

s,0,0 Ñ Bi, A, t
Bs
k`1

tBs
k , di,Bs,k

s,0,0 , Bi Ñ C, tBs
k`1

tBs
k , Bi, C Ñ di,Bs,k

s,0,0 , tBs
k`1

tBs
k , A Ñ Bi, d

i,Bs,k
s,0,0 , tBs

k`1

Proof. We will perform induction on the length of the list Bs (i.e. N ´ 1 ´ s) and
subinduction on k. We present a proof of the sequent tBs

k , Bi, CÑ di,Bs,k
s,0,0 , tBs

k`1, the rest
follow similarly.

Base case for BN´1 “ tBN´1u: For k ą 1 there are polynomial size proofs of

t
BN´1

k Ø 0 by applying extension steps and positive decisions on the axioms given in

Definition 6.6.4. Hence, after a cut step, the sequent: t
BN´1

k , BN´1, CÑ d
s,BN´1,k
s,0,0 , t

BN´1

k`1

follows by a 0-step.
Else for k “ 0:

1. 1, BN´1, CÑ ABN´1pA_ 0q, BN´1 (id on BN´1 and w-steps)

2. t
BN´1

0 , BN´1, CÑ d
s,BN´1,0
s,0,0 , t

BN´1

1 (Ø steps over DB on 1. and Lemma 6.6.8)

Else for k “ 1:

1. BN´1, CÑ BN´1, 0 (id on BN´1)
2. BN´1, CÑ 0, C (id on C)
3. BN´1, BN´1, CÑ 0BN´1p0_ Cq, 0 (posdec-r on 1.+2.)

4. t
BN´1

1 , BN´1, CÑ d
s,BN´1,1
s,0,0 , t

BN´1

2 (Ø steps over DB on 3., Lemmas 6.6.6, 6.6.8)

Induction step: Assume by induction hypothesis we have short proofs of the sequents
tBs
k , Bi, CÑ di,Bs,k

s,0,0 , tBs
k`1 for all k ě 0. For Bs´1 “ tBs´1, Bs, . . . , BN´1u we let i first

range over ts, . . . , N ´ 1u, the case for i “ s ´ 1 is later covered individually. Since
in the induction step for Bs´1, k we will employ induction hypothesis for both Bs, k
and Bs, k ´ 1, the case for k “ 0 is not covered and must be done explicitly. We
observe that by an application of Lemma 6.6.8, multiple applications of Lemma 6.6.7
and cuts, we can obtain polynomial size eLNDT proofs of BiÑ t

Bs´1

1 . The sequent

t
Bs´1

0 , Bi, CÑ d
i,Bs´1,k
s´1,0,0 , t

Bs´1

1 then follows by constant number of weakening steps. Now
suppose k ą 0 and s ă N ´ 1. We present the reasoning below where lines 1. to 5.
conclude with t

Bs´1

k , Bi, CÑ d
i,Bs´1,k
s,0,0 , t

Bs´1

k`1 , Bs´1 and lines 6. to 15. conclude with

t
Bs´1

k , Bi, CÑ d
i,Bs´1,k
s,0,0 , d

i,Bs´1,k´1
s,1,0 , t

Bs´1

k`1 . Then, a last positive decision right step on

lines 5. and 15. obtains the conclusion: t
Bs´1

k , Bi, CÑ d
i,Bs´1,k
s´1,0,0 , t

Bs´1

k`1 . Some structural
rules may be omitted for brevity.
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1. tBs
k , Bi, CÑ di,Bs,k

s,0,0 , tBs
k`1 (IH on Bs)

2. tBs
k , Bi, CÑ d

i,Bs´1,k
s,0,0 , tBs

k`1 (by Lemma 6.6.13 on 1.)

3. tBs
k , Bi, CÑ d

i,Bs´1,k
s,0,0 , t

Bs´1

k`1 , Bs´1 (by Lemma 6.6.7 on 2. and w-r)
4. Bs´1, t

Bs
k´1Ñ Bs´1 (id on Bs´1)

5. t
Bs´1

k , Bi, CÑ d
i,Bs´1,k
s,0,0 , t

Bs´1

k`1 , Bs´1 (posdec-l on 3.+4. )

6. tBs
k´1, Bi, CÑ di,Bs,k´1

s,0,0 , tBs
k (IH on Bs)

7. tBs
k´1, Bi, CÑ d

i,Bs´1,k´1
s,0,0 , tBs

k (by Lemma 6.6.13 on 6.)

8. d
i,Bs´1,k´1
s,0,0 Ñ d

i,Bs´1,k´1
s,1,0 (by Lemma 6.6.12)

9. tBs
k´1, Bi, CÑ d

i,Bs´1,k´1
s,1,0 , tBs

k , tBs
k`1 (cut on 7.,8. and w-r)

10. Bs´1Ñ tBs
k`1, Bs´1 (id on Bs´1)

11. Bs´1, t
Bs
k´1, Bi, CÑ d

i,Bs´1,k´1
s,1,0 , t

Bs´1

k`1 (posdec-r on 9.+10. )

12. tBs
k , Bi, CÑ di,Bs,k

s,0,0 , tBs
k`1 (IH on Bs, same as 1.)

13. tBs
k , Bi, CÑ d

i,Bs´1,k
s,0,0 , tBs

k`1 (by Lemma 6.6.13 on 12.)

14. tBs
k , Bi, CÑ d

i,Bs´1,k
s,0,0 , t

Bs´1

k`1 (by Lemma 6.6.7 on 13.)

15. t
Bs´1

k , Bi, CÑ d
i,Bs´1,k
s,0,0 , d

i,Bs´1,k´1
s,1,0 , t

Bs´1

k`1 (posdec-l on 11.+14.)

16. t
Bs´1

k , Bi, CÑ d
i,Bs´1,k
s´1,0,0 , t

Bs´1

k`1 (conclusion, posdec-r on 5.+15. )

Where we write IH when invoking induction hypothesis.

The case for i “ s ´ 1 i.e. deciding upon Bs´1 is different. We recall what was
mentioned in Remark 6.6.3: while conjunction is not native in our systems, there are
ways to concisely express the conjunction of two formulas. By using Definition 6.6.1 , the
conjunction Bi^Bj can be expressed as the complex positive decision 0Bip0_Bjq over
the set of extension axioms B`B. We want to make use of this here but first consider the
complex positive decision F “ p0tBs

k p0_AqqBs´1pp0t
Bs
k p0_Aqq_0tBs

k´1p0_Cqq, defined
over the appropriate extension axiom set extending DB. Akin to what was done in
Definition 6.6.1, we can consider the extension axiom set pDBq

`

C where C “ BYttBs
l ulďk

which is sufficient for defining the complex positive decisions we need. Now, we make
the following observation: the graph of F , is isomorphic to the graph of d

s´1,Bs´1,k
s´1,0,0 . This

follows by careful inspection of the extension axioms/variables involved (essentially 1-1
correspondence of nodes and their immediate descendants between the graphs).

Then, by Proposition 6.2.8, it is enough to prove the result for the above complex
positive decision F . In addition, whenever we refer to Lemma 6.6.2 we understand the
result (truth conditions) to be ranging over pDBq

`

C . The proof proceeds as follows:

1. Bs´1Ñ 0tBs
k p0_ Aq, Bs´1 (id on Bs´1)

2. tBs
k , Bs´1Ñ t

Bs´1

k`1 (Lemmas 6.6.7, 6.6.8)
3. tBs

k´1, Bs´1, CÑ 0tBs
k´1p0_ Cq (Lemma 6.6.2, w-l)

4. t
Bs´1

k , Bs´1, CÑ 0tBs
k´1p0_ Cq, t

Bs´1

k`1 (posdec-l on 2.+3.)

5. t
Bs´1

k , Bs´1, CÑ 0tBs
k´1p0_ Cq, t

Bs´1

k`1 , 0tBs
k p0_ Aq (w-r on 4.)

6. t
Bs´1

k , Bs´1, CÑ 0tBs
k p0_ AqBs´1p0t

Bs
k p0_ Aq _ 0tBs

k´1p0_ Cqq, t
Bs´1

k`1 (posdec-r on 1.+5.)
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From here, Theorem 6.6.9 follows immediately as a special case of Proposition 6.6.14
above:

Proof. Simply consider Proposition 6.6.14 for for s “ 0.

6.7 From strategies to proofs

The main result of this section is the converse of Theorem 6.5.1:

Theorem 6.7.1. eLNDT (eLDT) poylnomially simulates NB (DB, resp.).

We remind that in the following sections (unless explicitly stated) we work within
the grammar of 0{1-eLNDT but for simplicity write eLNDT.

Remark 6.7.2. We only deal with the case of eLNDT and NB since the deterministic
case (eLDT and DB) is simpler and does not require the results of the previous section
i.e. Theorem 6.6.9. We remind that this is because the negation of a deterministic BP A
is straightforward to define: ␣A is simply the BP for A but with each leaf flipped from
1 to 0 and vice versa. Hence, the result would follow by simply defining conjunctions
and disjunctions of BPs using decisions in eLDT. For example, for A,B eDT formulas
A ^ B could be defined as a fresh extension variable alongside the extension axiom:
A^BØ 0AB and so on. The natural ‘truth conditions’ of such constructions are easy
to verify, similarly to Lemma 6.6.2.

In what follows we present a series of intermediate polynomial simulations which,
when composed, yield Theorem 6.7.1.

6.7.1 De Morgan normal form of strategies

Before translating strategies to proofs, it will be useful to work with strategies in ‘De
Morgan’ form: each query can only have negation (␣) in front of eNDT formulas.
This means that there cannot be conjunction (^) in the scope of a negation. We will
write NBDM for the fragment of NB according to this syntactic restriction on queries.
Formally:

Definition 6.7.3 (NBDM). The fragment NBDM of NB only admits queries given by
the following grammar:

L ::“ A | ␣A | Q^R | Q_R

where A is an eNDT formula.

Since it will be necessary to translate an NB strategy to an NBDM strategy, we need
to define a translation of queries by performing induction on the size of queries:

Definition 6.7.4 (DM-translation). For each NB-query Q we define an NBDM-query
QDM by:

ADM :“ A
p␣AqDM :“ ␣A

pQ^RqDM :“ QDM ^RDM

pQ_RqDM :“ QDM _RDM

p␣␣QqDM :“ QDM

p␣pQ_RqqDM :“ p␣QqDM ^ p␣RqDM

p␣pQ^RqqDM :“ p␣QqDM _ p␣RqDM
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Remark 6.7.5 (Structure of formulas preserved). Notice that the structure of the
binary trees of queries is preserved under the DM-translation. This can be made formal
by defining an isomorphism f between the nodes in the binary-tree TQ of Q not labelled
by ␣ and the nodes in its respective translation TQDM . The domain of f will be NpTQq

␣,
the set of nodes of TQ not labelled by ␣ and the codomain will be NpTQDMq, the set of
nodes in TQDM .

We define:
f : NpTQq

␣ Ñ NpTQDMq

u ÞÑ uDM

where the subformula QDM
u of QDM rooted at node uDM is the translation of the subfor-

mula Qu of Q rooted at node u if there is an even number of nodes labelled by ␣ in the
path of TQ from the root to u. If otherwise there is an odd number of nodes labelled
by ␣ in that path, QDM

u is the translation of ␣Qu. Similarly, a leaf Bi of TQ is either
mapped to Bi if there an even number of nodes labelled by ␣ on the path leading to
Bi or to ␣Bi if the number is odd.

Furthermore, a DM-translated query QDM and its ‘dual’ ␣QDM will have isomorphic
trees:

We construct an isomorphism:

NpTQDMq Ñ NpT␣QDMq

u ÞÑ u1

such that the label of u1 is the dual of u, each leaf Bi is mapped to ␣Bi and the
subformula QDM

u of QDM rooted at u and the subformula ␣QDM
u1 of ␣QDM rooted at u1

have the same size |QDM
u | “ |␣QDM

u1 |.

A well known result in Boolean-circuit complexity is Spira’s lemma. There have
been multiple results that either improve or generalize Spira’s lemma, for example in
[15] they provided sharper bounds and in [14] they presented a simplified version of
previous proofs. It will be useful to us and thus present and prove a version of it:

Lemma 6.7.6 (Spira’s lemma [57]). Let T be a binary tree. Then, there is a ‘mid-way’
node r such that the subtree Tr of T rooted at r has size |T|1

3
´ 1 ď |Tr| ď |T|

2
3
.

Proof sketch. To find r we start at the root of T and traverse downwards towards the
leaves. At each node v with edges e1, e2 leading to nodes v1, v2, we go along the edge
leading to the v1 if the subtree Tv1 of T, rooted at v1, has size larger than the subtree
rooted at v2 (and vice versa). Assuming we went towards v1, we observe that Tv1 will
have size (number of nodes) |Tv1 | ď |Tv|´1 and |Tv1 | ě p

1
2
¨ |Tv|´1q. We stop when we

have for the first time reached a node u such that the subtree Tu has size |Tu| ă
1
3
¨ |T|.

The node r we were looking for is the parent node of u.

The DM-translation will actually be lifted to strategies themselves but before achiev-
ing that, we need to prove some intermediate results. The first constructs a winning
strategy from a specification where the assignment is inconsistent with some substitu-
tion of queries:

Lemma 6.7.7 (Substitution). Let Q,Q1, S be NB or NBDM queries with Q1 a subquery
of S and S a subquery of Q, and let l P t0, 1u. From tQ ÞÑ b,QrQ1{ls ÞÑ 1 ´ b, S ÞÑ
t, SrQ1{ls ÞÑ tu there is a winning strategy with OplogpdepthpQqqq rounds.
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Proof. In a divide and conquer fashion, we perform induction on the length of the path
π1 starting at the root of Q and reaching the root of Q1 in Q and the identical path π2 in
QrQ1{ls. We write ‘S.C.’ for simple contradictions, and ‘IH ’ for inductive hypotheses.

Base cases: The length of π1 is 0. That means Q “ S “ Q1. From the specification
rQ ÞÑ b, l ÞÑ 1´b,Q ÞÑ l, l ÞÑ ls if b “ l we obtain a S.C. from rl ÞÑ 1´ ls else if b “ 1´ l
we obtain a S.C. from rQ ÞÑ 1´ l, Q ÞÑ ls.

The length of π1 is 1. For some formula G and ˝ P t^,_u, we have that Q is ˝pQ1, Gq
and QrQ1{ls is ˝pl, Gq. S could either be Q or Q1.
Assume S “ Q1. The specification rQ ÞÑ b,QrQ1{ls ÞÑ 1 ´ b,Q1 ÞÑ l, l ÞÑ ls obtains a
S.C for the truth table of ˝.
Assume S “ Q. Given the specification rQ ÞÑ b,QrQ1{ls ÞÑ 1 ´ b,Q ÞÑ l, QrQ1{ls ÞÑ ls
if b “ l we obtain a S.C from rQrQ1{ls ÞÑ 1´ l, QrQ1{ls ÞÑ ls. Else if b “ 1´ l we obtain
a S.C. from rQ ÞÑ 1´ l, Q ÞÑ ls.

Induction step: ask the formulas R1, R1rQ
1{ls respectively rooted at the nodes

serving as mid points of the paths π1, π2. If R1 ÞÑ d,R1rQ
1{ls ÞÑ d we invoke IH for

rQ ÞÑ b,QrQ1{ls ÞÑ 1 ´ b, R1 ÞÑ d,R1rQ
1{ls ÞÑ ds. Else, we invoke IH for rR1 ÞÑ

d,R1rQ
1{ls ÞÑ 1´ d,Q1 ÞÑ l, l ÞÑ ls.

In the above, we bounded the rounds of the winning strategy by referring to the
depth of the query Q which, we construe as is the maximum length of a path from the
root of Q to a (maximal) eNDT formula. Next, we use the fact that each binary tree has
a subtree of roughly half the size from Lemma 6.7.6, to construct a divide-and-conquer
strategy for De Morgan duality:

Lemma 6.7.8 (Duality). Given an NB-query Q there is a winning strategy in NBDM

from tQDM ÞÑ b, p␣QqDM ÞÑ bu with Oplogp|Q|q rounds.

Proof . We will perform (divide and conquer) induction on N , the size of QDM and
␣QDM.

Base case: QDM, p␣QDMq are B,␣B for B an eNDT formula. From the specification
rB ÞÑ b,␣B ÞÑ bs we obtain a S.C..

Induction step: by Lemma 6.7.6 on the trees of QDM and ␣QDM we find the respec-
tive ‘mid-way’ nodes r and r1. To be suggestive we name the subtrees rooted at r, r1:
QDM

2
, ␣Q

DM

2
and we know by Remark 6.7.5 that QDM

2
, ␣Q

DM

2
will be isomorphic.

We start by asking QDM

2
and ␣QDM

2
.

Case 1: If QDM

2
ÞÑ l, ␣Q

DM

2
ÞÑ l we invoke IH for N 1, the size of QDM

2
and ␣QDM

2
,

where 2N
3
ě N 1 ě N

3
.

Case 2: If QDM

2
ÞÑ l, ␣Q

DM

2
ÞÑ 1´ l we ask QDMr

QDM

2
{ls and ␣QDMr

␣QDM

2
{1´ ls.

If the Adversary answers: QDMr
QDM

2
{ls ÞÑ d,␣QDMr

␣QDM

2
{1´ ls ÞÑ d, we invoke IH

for N ´N 1 the size of QDMr
QDM

2
{ls and ␣QDMr

␣QDM

2
{1´ ls, where 2N

3
ě N ´N 1 ě N

3
.

If instead the Adversary answered: QDMr
QDM

2
{ls ÞÑ 1 ´ d,␣QDMr

␣QDM

2
{1 ´ ls ÞÑ d

we know that depending on whether b “ 1´ d or b “ d, one of the specifications:

‚ rQDMr
QDM

2
{ls ÞÑ 1´ d, Q

DM

2
ÞÑ l, QDM ÞÑ bs

‚ r␣QDMr
␣QDM

2
{1´ ls ÞÑ d, ␣Q

DM

2
ÞÑ 1´ l,␣QDM ÞÑ bs
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S

␣

˝

^ _

...

S.C.
S.C. tQ ÞÑ b,␣Q ÞÑ bu S.C.

DM-translation
ÝÝÝÝÝÝÝÝÝÑ

SDM
0

¯̋

_ ^

...

S.C.
S.C. tQDM ÞÑ b, p␣QqDM ÞÑ bu S.C.

Figure 6.7: Visualisation of an NB strategy (left) and its corresponding NBDM ‘pre-
strategy’ (right). ‘Leaves’ of the form tQDM ÞÑ b, p␣QqDM ÞÑ bu are not simple contra-
dictions of NBDM.

is inconsistent respectively. In either case we finish by applying Lemma 6.7.7.

Finally, by replacing each query of an NB-strategy by its De Morgan translation, we
can simulate simple contradictions for ␣ using the Lemma above, yielding:

Proposition 6.7.9. Given an NB strategy S over E from an eNDT sequent winning
in ď d rounds there is a NBDM strategy SDM over E for the same sequent winning in
Opd` logp|R|qq rounds, for R the largest query in S.

Proof. From an NB strategy S for an eLNDT sequent, we can obtain an NBDM ‘pre-
strategy’ SDM

0 for the same sequent by replacing each query Q by QDM. SDM
0 has

NBDM queries but not all leaves are simple contradictions yet in NBDM. This is done
by constructing a copy of the tree of S and replacing each query by its DM-translation.
Observe that there is only one schema of simple contradictions in the NB game not
present in NBDM: tQ ÞÑ b,␣Q ÞÑ bu where b P t0, 1u and Q is a (non-trivial) Boolean
combination of eNDT formulas (i.e. not an eNDT formula).

Finding OplogpdepthpQqqq strategies in NBDM for each leaf of SDM
0 of the form:

rQDM ÞÑ b, p␣QqDM ÞÑ bs provides us with a strategy SDM in NBDM which will inherit
the tree structure of SDM

0 . For these we appeal to Lemma 6.7.8, yielding the required
bounds.

The transformation is visualised in Figures 6.7 and 6.8.

6.7.2 From NBDM to Bool`peLNDTq

We now use our formalisation of Immerman-Szelepcsényi in order to translate De Mor-
gan strategies to proofs without negation. It will be useful to first translate to a version
of eLNDT with formulas closed under positive Boolean combinations.

Definition 6.7.10. Write Bool`peLNDTq for the extension of eLNDT allowing t_,^u-
combinations of eNDT formulas i.e. using the following grammar:

C,D, . . . ::“ A | pC _Dq | pC ^ Cq



CHAPTER 6. PROVER-ADVERSARY GAMES FOR NBPS 94

SDM

¯̋

_ ^

...

S.C.
S.C.

logp|Q|q

Ò

Ó

S.C.

Figure 6.8: Translated strategy SDM. The ‘leaf-strategies’ are instances of Oplogp|Q|qq-
depth strategies from rQDM ÞÑ b, p␣QDMq ÞÑ bs by Lemma 6.7.8

where A is an eNDT formula and admiting the following corresponding rules for the
connectives _,^:

Γ, P,QÑ∆
^-l

Γ, P ^QÑ∆

ΓÑ∆, P ΓÑ∆, Q
^-r

ΓÑ∆, P ^Q
ΓÑ∆, P,Q

_-r
ΓÑ∆, P _Q

Γ, PÑ∆ Γ, QÑ∆
_-l

Γ, P _QÑ∆

(6.1)

By appealing to the k-deciders from Section 6.6, in particular using the truth con-
ditions in Theorem 6.6.9, we can simulate negations in eLNDT and Bool`peLNDTq. As
a result we have:

Proposition 6.7.11. Let S be an NBDM strategy over B for some NDT formula B and
let B enumerate all the eNDT formulas occurring in S. For each k ď |B| there are
Bool`peLNDTq proofs of tBk Ñ B, tBk of size polynomial in |S|, over a set of extension
axioms extending DB cf. Section 6.6.2.

Proof. Idea: We proceed inductively on the structure of S. For each query Q write Qk

for the result of replacing each subquery ␣Bi by the respective decider 1Bk
i 0. The proof

will mostly contain cuts on the respective queries of the Prover: whenever S concludes
with a query Q we conduct a cut on Qk, while always maintaining the property that
formulas answered 0 by the adversary appear on the RHS of a sequent, and formulas
answered 1 appear on the LHS. We always keep tBk on the LHS and tBk`1 on the RHS.
In this way, any simple contradictions of S for ␣ correspond to sequents:

tBk ,Γ, Bi, 1B
k
i 0Ñ∆, tBk`1, tBk ,ΓÑ Bi, 1B

k
i 0,∆, tBk`1

for tBi ÞÑ 1,␣Bi ÞÑ 1u or for tBi ÞÑ 0,␣Bi ÞÑ 0u respectively. Both of these sequents
have polynomial-size proofs by Theorem 6.6.9. Any other simple contradictions also
translate to polynomial-size proofs, in particular of decision truth conditions (using the
decision rules), positive truth conditions (using the positive Boolean rules of (6.1)), ex-
tension axioms or similarity (using Proposition 6.2.8). The transformation is visualised
in Figure 6.9.
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Formally: We perform induction on the number of queries n of S. As mentioned
before, for each query Q of S we construe Qk as the result of replacing each subquery
␣Bi (where Bi is an eNDT formula) in Q by the respective decider 1Bk

i 0 defined over
the list of formulas B.

Assume that for a subtree T of S of size d rooted at B we have constructed an
Bool`peLNDTq derivation PT

k that has the sequent tBk Ñ B, tBk`1 as conclusion and the

sequents ttBk ,ΣiÑ∆i, t
B
k`1uiPI as assumptions where I is a set of indices enumerating

the maximal paths in T and Σi “ tQ P i : Q ÞÑ 1u, ∆i “ tQ P i : Q ÞÑ 0u.
Increasing the size of T by one, would w.l.o.g. mean adding a new non-leaf node
Qθ, θ P t0, 1u

˚ with outwards edges labeled with 0 to the left and 1 to the right. If Qθ

is added to the path i of T we add to PT
k a cut step introducing Qk

θ :

cut
tBk , Q

k
θ ,ΣiÑ∆i, t

B
k`1 tBk ,ΣiÑ∆i, Q

k
θ , t

B
k`1

tBk ,ΣiÑ∆i, t
B
k`1

with conclusion the sequent tBk ,ΣiÑ∆i, t
B
k`1 which was a hypothesis for PT

k . Our new

derivation P
T1

k corresponding to the subtree T1 “ TYQθ has t
B
k Ñ B, tBk`1 as conclusion

and the same hypotheses as PT
k besides the ones at path θ. There, the difference is that

the sequent tBk ,ΣiÑ∆i, t
B
k`1 is proven by the following new sequents:

tBk , Q
k
θ ,ΣiÑ∆i, t

B
k`1, tBk ,ΣiÑ∆i, Q

k
θ , t

B
k`1

which serve as new hypotheses. The derivation P
T1

k is one step larger than PT
k .

By induction hypothesis, from an NBDM-strategy rooted at B, we can construct a
family of Bool`peLNDTq derivations each proving tBk Ñ B, tBk`1 for k bounded by l.
This construction goes bottom-up until reaching the leaves of S and we observe that
each derivation is tree-like up to that point.
The leaves of S are simple contradictions in NBDM which in the derivation P S

k may cor-
respond to constant sized proofs of axioms, polynomial size dag-like proofs of sequents
A1Ñ B1 where A1, B1 have the same unfolding by Proposition 6.2.4 or polynomial
size proofs of the truth conditions in Proposition 6.6.14.

Complexity: From S, a NBDM-strategy for B of size n (number of queries) we
obtain a family of l “ lengthpBq many derivations, each with conclusion tBk Ñ B, tBk`1
for some k ď l. Each derivation has up to n ` Op1q steps and every step contains a
sequent with Opnq many formulas. Since the leaves of S also correspond to polynomial
size proofs, the size of each derivation is polynomial in n.

By simply cutting together |B| ` 1 many proofs, and appealing to short proofs of
Ñ tB0 and tB

|B|`1Ñ (cf. Definition 6.6.4), we have:

Corollary 6.7.12. Bool`peLNDTq polynomially simulates NBDM over NDT formulas.

6.7.3 From Bool`peLNDTq to eLNDT.

Recalling Section 6.6.1, note that we can already interpret positive Boolean combina-
tions (over a fixed set B of eNDT formulas and axioms) within eLNDT. In particular
note that A^B, over a set of extension axioms E , is equivalent to the extension variable
0Ap0_Bq, over E`B , cf. Definition 6.6.1. Thus we immediately obtain:
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ÝÑ

Qθ
0 1

tBi ÞÑ 1,␣Bi ÞÑ 1u
tBk , Bi, 1B

k
i 0Ñ tBk`1

B tBk Ñ B, tBk`1

..Ñ ..Qk
θ Qk

θ ..Ñ ..
cut

..Ñ ..

Figure 6.9: Visualisation of the translation from a NBDM strategy (left) to a
Bool`peLNDTq proof (right). ‘Leaves’ of the form tBk , Bi, 1B

k
i 0Ñ tBk`1 are not axioms,

but are rather justified by the formalisation of Immerman-Szelepcsényi, Theorem 6.6.9.
The dual situation, for simple contradictions tBi ÞÑ 0,␣Bi ÞÑ 0u is handled similarly.

Proposition 6.7.13. eLNDT polynomially simulates Bool`peLNDTq over NDT formu-
las.

Now, our main result Theorem 6.7.1, follows by Propositions 6.7.9 and 6.7.13 and Corol-
lary 6.7.12.



Chapter 7

Systems for OBDDs

Ordered binary decision diagrams (OBDDs) are deterministic branching programs in
which variables labeling nodes in a path occur w.r.t. some fixed order. The notion
was first introduced in works of Randal E. Bryant including [16] and later [17]. They
enjoy many interesting properties, for example they contain no ‘inconsistent’ paths
(containing both a 0-edge and a 1-edge coming out of nodes labelled by the same vari-
able) since each variable may occur only once in each path, see for example Figure 3.1.
Furthermore for a fixed ordering r of propositional variables p1, p2 . . . , pn and for each
Boolean function f with inputs from p1, p2 . . . , pn there is a unique (up to isomorphism)
r-OBDD (OBDD where occurrence of variables in each path is w.r.t. r) computing f
with minimal size. This canonical way of representing Boolean functions via minimal
r-OBDDs is achieved ([63] Section 3.3) by introducing two reduction rules, elimination
and merging that essentially omit ‘redundant’ nodes, they are illustrated in Figure 7.1.
This makes studying properties and relations between OBDDs efficient: checking for
satisfiability, tautological behavior (the OBDD has only 1-leaves) and the equivalence
between OBDDs is solvable in polynomial time [47]. Because of their many desirable
features, the study of OBDDs has seen widespread interest and applications in recent
years.

Studying OBDDs from a proof theoretic perspective was initiated in [9]. There,
one of the main goals of Atserias, Kolaitis, and Vardi was to present a natural way
of defining a proof system corresponding to each constraint satisfaction problem and
as a case study, they defined resolution-style proof systems based on OBDDs. More
specifically, for an unsatisfiable set of clauses C (alternatively an unsatisfiable Boolean
formula in CNF), they consider refutations as sequences of OBDDs that either compute
the Boolean function defined by a clause C P C or are obtained from OBDDs by using
the join (^) or the weakening (w) rules (system OBDDp^,wq). The join rule conjugates
two previously obtained OBDDs while the weakening rule introduces an OBDD that
is implied by a previously obtained one. They continued to compare the strength of
their systems with resolution and the Gaussian calculus concluding that these systems
are exponentially weaker than OBDDp^,wq which can polynomially simulate cutting
planes. Buss, Itsykson, Knop, and Sokolov expanded on these results in [23], where
they showed that OBDDp^,wq can give exponentially shorter proofs than (dag-like)
cutting planes. Proving that involved fixing a specific order for variables and showing
that Clique-Coloring tautologies have polynomial size proofs in OBDDp^,wq under said
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pi

pk pk

elimination
rule

pipi

pk pl

pi

pk pl

merging
rule

Figure 7.1: The reduction rules shown schematically cf. [63]. The direction of the
orange arrow indicates locally replacing the structure on its left with the one on its
right in the graph while maintaining incoming and outgoing edges.

order. Since it was already known from [50] that cutting planes has only exponential
size proofs of Clique-Coloring, the separation follows. They further considered the
rule ‘reordering’ (ord) (introduced in [38]), which allows changing the variable order
for OBDDs and proved that the extension OBDDp^,w, ordq allowing for reordering, is
strictly stronger than OBDDp^,wq. This was achieved by first showing that generally,
given a CNF A that has polynomial size OBDDp^,wq proofs under an order r and
superpolynomial size OBDDp^,wq proofs under a different order r1, they can define a
CNF T pAq which has polynomial size OBDDp^,w, ordq proofs but only exponential
size OBDDp^,wq proofs (that is, irrespective to the order used). More specifically, they
considered a family of CNFs that encoded specific instances of Clique-Coloring under
an order of variables which had poly-size OBDDp^,w, ordq proofs while only exponential
size OBDDp^,wq proofs.

Summary of our contribution

In this chapter we define a proof system for OBDDs (o-eLDT) as a fragment of eLDT.
We will use specifically tailored extension variables/axioms to account for our formulas
being ‘ordered’ so that they represent OBDDs. The system OBDDp^,wq is formally
given in Definition 7.2.1.1 Intuitively, given a CNF C, a derivation from C will be a
sequence of OBDDs either representing a clause of C or obtained by the ‘join’ (^) of
two previous OBDDs or the ‘weakening’ of a previous OBDD. One big difference in
our work will be the focus on syntax: the rules ‘join’ and ‘weakening’ in the system
OBDDp^,wq from [9] and [23] are semantically defined while we, provide syntactic ways
of defining the corresponding rules in our system and later provide polynomial size
proofs of their natural ‘truth conditions’. More concretely, we introduce the judgement
‘(i

E ’ parametrised by a ‘level’ i and a ‘leveled’ set of extension axioms E that, together
with the appropriate ‘truth conditions’, will function as the weakening rule in our

1Definition is adjusted to better fit our setting.
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setting. We will also define new sets of extension variables/axioms E^ extending E
that will permit admitting the join of OBDDs in our system i.e. A^B for A,B o-eDT
formulas. Finally, we compare the expressive strength of o-eLDT to OBDDp^,wq from
[23] and [9], showing that o-eLDT polynomially simulates OBDDp^,wq.

7.1 The ordered fragment of eLDT

In this section we are going to define a proof system that canonically reasons about
ordered binary decision diagrams just like eLDT reasons (more generally) about de-
terministic branching programs and Hilbert-Frege/LK reason about Boolean formulas.
Naturally, we intend this system to be a fragment of eLDT and want it to be consistent
with our previous exposition: lines in this system will be sequents of OBDDs all of
which abide by a certain fixed ordering r of propositional variables. This additional
constraint, that paths of OBDDs must display variables according to r, requires we
restrict ourselves to eDT formulas that, together with their subformulas, represent r-
OBDDs. A further complication arises, when ‘combining’ two r-OBDDs A,B i.e. when
considering their join. While the naive approach works, that is considering all possible
joins u ^ v as nodes in A ^ B for u, v nodes in A,B respectively, we must be careful
about node-labelling. The issue is that A^B has to also be an r-OBDD and assigning
the ‘correct’ propositional label to u ^ v is not obvious; for that we must take into
account differences in the way the variables p1, p2, . . . , pn occur in paths in A,B. For
instance, even though both A,B are r-OBDDs, some paths in A or B may skip mul-
tiple variables (i.e. A,B may not be complete [63]). This issue could be taken care of
in multiple ways, for example defining the extension axiom sets to be ‘leveled’ a notion
which would make sure that extension variables adhere to the ordering r. One way to
do that would be to construct the extension axiom set E so it only contains axioms of
the form: eiØ bpid for b, d P t0, 1u Y tejuj where pj ă pi w.r.t. the order r and ej P E .
We could then consider the formulas of our language to be given by the grammar

A,B ::“ 1 | 0 | e | bpid

for b, d P t0, 1u Y tejuj where pj ă pi w.r.t. r and e P E . In this way, it is clear
that any formula defined over E we might consider, expresses an OBDD w.r.t. r. This
however, would necessitate our proofs to conclude with sequents containing extension
variables contrary to our previous convention where conclusions of proofs were extension
free. Hence, our preferred way is to more generally define a notion of ‘level’ for eDT
formulas.

Without loss of generality, let us fix r, the inverse standard ordering of propositional
atoms: p1, p2, . . . , pn i.e. pi ă pj when i ą j. We choose our grammar to be the same
as (2.5) for 0/1-eDT formulas that is,

A,B ::“ 1 | 0 | ApB | e (7.1)

As before, due to Remark 2.1.27 from now on we may only write eLDT, eDT etc.
without causing any confusion. As mentioned, ensuring that our soon to be defined
system will correctly correspond to the fragment of eLDT reasoning only about OBDDs
requires some extra bookkeeping. To start with, all extension variables e will come
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equipped with a notion of ‘level’ denoted by levpeq, a natural number i that we may
write as a superscript ei that is meant to be an upper bound on the relative ‘depth’ (in
the graph) of the root of the OBDD ei represents. Then:

Definition 7.1.1. We define the level i of an eDT formula A (levpAq) recursively:

• levp0q “ levp1q “ 0

• if levpAq “ i, levpBq “ j and i, j ă k then ApkB has level k

We call a formula A leveled if it has a level. A set of extension axioms E “

telØ Elulăm is leveled if for all l ă m it holds levpElq “ levpelq.

Definition 7.1.2. The fragment of eLDT with only leveled eDT formulas over leveled
sets of extension axioms is denoted by o-eLDT (ordered eLDT). The subset of eDT
formulas that are leveled is denoted by o-eDT (ordered eDT formulas).

The system o-eLDT adequately reasons about OBDDs in the following sense: for
each OBDD G there is an o-eDT formula A over a leveled set of extension axioms E
that represents G and vice versa.

Remark 7.1.3. The choice of the grammar from (2.5) was simply to avoid having
to define the level of individual propositional variables and simply reduce it to their
index i.e. 0pk1 has level k. In addition note that this definition of level goes against
our previous convention: here OBDDs we represent have their root labeled by some
variable pn and the rest of the nodes labeled by variables pi for i ă n and so on. On
the contrary previously e.g. Figure 2.1, Figure 2.6 and Figure 3.2 among others, we
started drawing our BPs from the variable with the least natural number as index,
usually p1, and label the rest of the nodes with some pi for i ą 1. To some degree this
is stylistic, and our different choice in this chapter is meant to better accommodate the
intuition of ‘level’ where the closer you traverse to the leaves in a graph, the lower your
‘level’ should be matched by the index of the variable labeling the current node. More
importantly, this convention allows us to concretely bound the size of OBDDs for a
given set of propositional variables ordered by r, avoiding the need to relativize by size,
allowing us to concisely define the notion of level2, see for example Figure 7.2. In any
case, a simple change in the fixed order of variables we consider can make BPs in the
current setting look exactly like the ones from before e.g. graph G from Figure 2.6.

Remark 7.1.4. Like our previous systems, the proof complexity theoretic analysis of
o-eLDT is meaningful since the set of valid extension-free o-eLDT sequents is coNP-
complete. This is easy to see, each DNF can be represented as an o-eLDT sequent that
is free of extension variables. Equivalently (and more convenient for what will come
later) we consider proofs for sequents FÑ where F is a set of extension free o-eDT
formulas computing clauses (and joins/weakenings of clauses) of a CNF (essentially we
want to ‘refute’ CNFs). To canonically represent CNFs by o-eDT sequents, we first set

2Think off considering a new propositional variable pn`1. If a decision ApnB had level 1, we would
need to change all levels to make it so all decisions on pn`1 have (instead) level 1. In our convention
though, adding pn`1 can be done seamlessly as a decision on it will have level n` 1.
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p4

p3 p3

p2 p2 p2

p1 p1 p1 p1

0 0 1 0 0

Figure 7.2: An OBDD computing the 2-out-of-4 Exact w.r.t. the inverse standard order
r. The corresponding extension axioms can be defined analogously to the ones for the
OBDD G from Figure 2.6

the clauses in a CNF C “
Ź

sPS Cs to be ordered w.r.t. r, the inverse standard ordering
of propositional variables p1, p2, . . .. This way to each clause Cs “ qs1 _ qs2 _ . . . _ qsk
for sk ă . . . ă s2 ă s1 P S and each qsj a literal in tpsj , p̄sju corresponds a unique
extension-free o-eDT formula Co

s , computing the respective Boolean function. Co
s will

be of the form p. . . p0qsk1 . . .qqs21qqs11 which, since we can simulate a decision on a
negated literal Ap̄B by the decision BpA on the corresponding atom, will be expressed
as a decision on the atoms psj accordingly. In this way, CNF C can be represented by
a sequent of the form Co

1 , . . . , C
o
s Ñ .

7.1.1 Entailment of OBDDs

The following definition is our syntactic approach to define a notion that corresponds
to the weakening rule from [9]. We first introduce the judgement ‘(i

E ’ and, since we
want it to ‘behave’ as a logical entailment between OBDDs, provide polynomial size
proofs of the sequent AÑ B whenever A (i

E B.

Definition 7.1.5. Given a leveled set of extension axioms E “ telØ Elulăm define
the judgement A (i

E B read as ‘A i-entails B’ when levpAq, levpBq ď i as follows:

0 (i
E A A (i

E 1

ApjB (
i´1
E CpkD

j,kăi
ApjB (

i
E CpkD

A (i´1
E CpkD B (i´1

E CpkD
kăi

ApiB (
i
E CpkD

A (i
E El

A (i
E el

El (
i
E A

el (
i
E A

ApjB (
i´1
E C ApjB (

i´1
E D

jăi
ApjB (

i
E CpiD

A (i´1
E C B (i´1

E D

ApiB (
i
E CpiD

Thinking of the above as inference rules and given A (i
E B, one can obtain a polynomial

size dag-like derivation of A (i
E B. We may more generally, write A (E B if A (i

E B
for some i ě levpAq, levpBq and make the observation that A (E B is essentially
satisfaction adjusted for leveled eDT formulas, similar to Definition 2.1.8, which justifies
using the same notation.
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Proposition 7.1.6. If A,B are leveled formulas over a leveled set of extension axioms
E and A (E B, there are polynomial size o-eLDT proofs of AÑ B over E.

Proof. The proof proceeds by induction on the judgement (i
E .

3

Base case: if either

0 (i
E B

or
A (i

E 1

the proof immediately follows by either

0
0Ñ

or 1
Ñ 1

and a weakening right or left step respectively.

Induction step:

• if ApiB (
i
E CpkD for k ă i the proof proceeds as follows:

IH
w-r

AÑ pi, CpkD

IH
w-l

pi, BÑ CpkD
p-l

ApiBÑ CpkD

• if ApjB (
i
E CpiD for j ă i the proof proceeds as follows:

IH
w-r

ApjBÑ pi, C

IH
w-l

pi, ApjBÑD
p-r

ApjBÑ CpiD

• if ApiB (
i
E CpiD the proof proceeds as follows:

IH

AÑ , pi, pi, C
id
pi, BÑ pi, C

p-l
ApiBÑ pi, C

id
pi, AÑ pi, D

IH

Ñ pi, pi, BÑD
p-l

pi, ApiBÑD
p-r

ApiBÑ CpiD

The cases for A (i
E el and el (

i
E A immediately follow by the extension axioms

elØ El and induction hypothesis:

IH

AÑ El
E
AÑ el

IH

ElÑ A
E
elÑ A

3Similarly to how one may perform induction on the structure of a proof.
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7.1.2 Joins of OBDDs

Another important feature our systems must have present, is the ability to admit the
join i.e. the conjunction, of two OBDDs with the same order. Given two OBDDs G,F
with the same order r, their join G ^ F , must also have order r. While this is not
difficult to define, we need to take into account that we do not demand our OBDDs
go through all variables in each path and thus some variables in paths of G,F may be
skipped. Hence, we have to be careful to adjust our definition for the OBDD that ‘lags’
behind. This is done via defining new extension variables/axioms that correspond to
the join and considering several cases according to the relation between the levels of
each pair of extension variables. We formalise it in the following definition:

Definition 7.1.7. Given a leveled set of extension axioms E “ telØ Elulăm for all
o-eDT formulas A,B over E of levels i, j respectively, we introduce fresh extension
variables A^B of level maxti, ju and the following extension axioms:

A^ 0 Ø 0 0^ AØ 0 for A ‰ 0
A^ 1 Ø A 1^ AØ A for A ‰ 1

pApiBq ^ pCpiDq Ø pA^ CqpipB ^Dq
pApiBq ^ pCpjDq Ø pA^ pCpjDqqpipB ^ pCpjDqq for i ą j
pApiBq ^ pCpjDq Ø ppApiBq ^ CqpjppApiBq ^Dq for i ă j

el ^ A Ø El ^ A
A^ el Ø A^ El for A not an extension variable

We denote by E^ the set E extended by all instances of the above axioms (always for
leveled A,B).

To show that our definition indeed computes the join of two OBDDs we shall prove
the following ‘truth conditions’:

Lemma 7.1.8. Given a leveled set of extension axioms E and A,B o-eDT formulas
over E, there are polynomial size o-eLDT proofs over E^ of the following sequents:

A^B Ñ A
A^B Ñ B
A,B Ñ A^B

Proof. Assume A has level i and B has level j. The proof will proceed by E-induction
on A and B where at each step we must consider the different cases for i “ j, i ą j
and i ă j. For simplicity, we may omit some structural steps. The first two sequents
have similar proofs hence we only present the proof for A^BÑ A.

Base case: A or B is a Boolean.

0
0Ñ

E^,w-r
0^BÑ 0

0
0Ñ

E^,w-r
A^ 0Ñ A

1
Ñ 1

w-l
1^BÑ 1

id
AÑ A

E^

A^ 1Ñ A

Induction step: for i “ j the proof is as follows
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IH

A^ CÑ pi, pi, A
id
A^ C, piÑ pi, B

p-r
A^ CÑ pi, ApiB

id
pi, B ^DÑ pi, A

IH
p-r

pi, pi, B ^DÑ B
p-l

pi, B ^DÑ ApiB
E^, p-l

pApiBq ^ pCpiDqÑ ApiB

For i ą j the proof is as follows

IH

A^ pCpjDqÑ pi, pi, A
id
A^ pCpjDq, piÑ pi, B

p-r
A^ pCpjDqÑ pi, ApiB

id
pi, B ^ pCpjDqÑ pi, A

IH
p-r

pi, pi, B ^ pCpjDqÑ B
p-l

pi, B ^ pCpjDqÑ ApiB
E^, p-l

pApiBq ^ pCpjDqÑ ApiB

for i ă j the proof is as follows

IH

pApiBq ^ CÑ pj, ApiB

IH

pj, pApiBq ^DÑ ApiB
E^, p-l

pApiBq ^ pCpjDqÑ ApiB

The cases el^A or A^el for el an extension variable follow by the extension axioms
from E^ and invoking induction hypothesis:

IH

El ^ AÑ El
E^

el ^ AÑ el

IH

A^ ElÑ A
E^

A^ elÑ A

The proofs for A,BÑ A ^ B are also routine and follow by E-induction on A,B.
Hence we only include the base case and one representative case of the induction step
(for i “ j).
Base case:

0
0Ñ

w-l,w-r
0, BÑ 0^B

0
0Ñ

w-l,w-r
A, 0Ñ A^ 0

id
BÑ B

w-l,E^

1, BÑ 1^B

id
AÑ A

w-l,E^

A, 1Ñ A^ 1

Induction step: for i “ j the proof is as follows (presented linearly for space reasons):

1. C,AÑ pi, A^ C (IH ,w-r)
2. pi, DÑ pi, A^ C (id,w-l,w-r)
3. CpiD,AÑ pi, A^ C (pi-l on 1.+2.)
4. CpiD, pi, BÑ pi, A^ C (id,w-l,w-r)
5. ApiB,CpiDÑ pi, A^ C ppi-l on 3.+4. )
6. pi, A, CpiDÑ pi, B ^D (id,w-l,w-r)
7. pi, pi, B, CÑ pi, B ^D (id,w-l,w-r)
8. pi, pi, B, pi, DÑ B ^D (IH ,w-l)
9. pi, pi, B, CpiDÑ B ^D (pi-l on 7.+8. and w-r)
10. pi, ApiB,CpiDÑ B ^D (pi-l on 9.+6.)
11. ApiB,CpiDÑ pApiBq ^ pCpiDq (pi-r, E^ on 10.+5.)
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for i ą j and i ă j the proofs are simpler and they are similar in nature so we only
include the case for i ą j:

1. A,CpjDÑ pi, pi, A^ pCpjDq (IH ,w-r)
2. pi, B, CpjDÑ pi, A^ pCpjDq (id,w-l,w-r)
3. ApiB,CpjDÑ pi, A^ CpjD (pi-l on 1.+2.)
4. A,CpjD, piÑ pi, B ^ pCpjDq (id,w-l,w-r)
5. pi, B, CpjD, pi, Ñ B ^ pCpjDq pIH ,w-l)
6. ApiB,CpjD, piÑ B ^ pCpjDq (pi-l on 4.+5.)
7. ApiB,CpjDÑ pApiBq ^ pCpjDq (pi-r, E^ on 3.+6.)

The cases el ^A or A^ el for el an extension variable follow by using the extension
axioms from E^ and invoking induction hypothesis:

IH

El, AÑ El ^ A
E^

el, AÑ el ^ A

IH

A,ElÑ A^ El
E^

A, elÑ A^ el

Remark 7.1.9. We note that the construction given in Definition 7.1.7 is general
enough to define a multitude of connectives. This is done by simply changing the axioms
that determine the interactions with leaves and letting connectives be distributive over
decisions as before. For example, for an arbitrary connective ‹, one could set:

A ‹ 0 Ø A 0 ‹ AØ A for A ‰ 0
A ‹ 1 Ø 1 1 ‹ AØ 1 for A ‰ 1

pApiBq ‹ pCpiDq Ø pA ‹ CqpipB ‹Dq
pApiBq ‹ pCpjDq Ø pA ‹ pCpjDqqpipB ‹ pCpjDqq for i ą j
pApiBq ‹ pCpjDq Ø ppApiBq ‹ CqpjppApiBq ‹Dq for i ă j

el ‹ A Ø El ‹ A
A ‹ el Ø A ‹ El for A not an extension variable

Then, proving the appropriate ‘truth conditions’ for ‹ would show it behaves as the
disjunction (_) of two OBDDs. In a similar manner, one could define extension axioms
for other connectives, for example ‹ being ‘exclusive-Or’ p‘).

7.2 Comparison to OBDDp^,wq

One of the main goals of this chapter is to compare the strength of our system o-eLDT
to OBDDp^,wq from [9]. Since this is a simple refutation system, we will need to
accordingly translate refutations in OBDDp^,wq into proofs in o-eLDT. Let us now
take a slightly informal look into bridging the syntactic differences between OBDDp^,wq
refutations and o-eLDT proofs.

In [9] and [23] they rely on the unique representation of Boolean functions by minimal
size OBDDs computing them which, can be achieved by appealing to the reduction



CHAPTER 7. SYSTEMS FOR OBDDS 106

rules from Figure 7.1. Their semantic approach means that they can freely speak about
canonically representing clauses in a CNF C by OBDDs without any further syntactic
technicalities. We on the other hand, have to impose additional constraints on our
formulas to make sure they represent clauses canonically. If we aimed for minimality of
size of our o-eDT formulas, we could require our leveled sets of extension axioms are
structured accordingly to the reduction rules. Consider for example the elimination rule,
then for a leveled set of extension axioms E we could eliminate all extension axioms of the
form eijØ ei

1

j1pie
i1

j1 for j1 ă i and then substitute eij by ei
1

j1 everywhere in E . Restricting
E also w.r.t. the merging rule, would ensure we only express reduced OBDDs with
o-eDT formulas over E . This, while feasible, would unnecessarily introduce additional
complexity in our definitions and arguments. Instead, we opt for achieving uniqueness
of representation of Boolean functions via o-eDT formulas without minimality of size.
This is done by the simple trick seen in Remark 7.1.4: we consider literals in a clause
of C to be ordered according to r and then construct the appropriate o-eDT formulas
representing the respective functions computed by said clause. In what comes next, we
show that our system o-eLDT polynomially simulates OBDDp^,wq.

Let us first provide a formal definition of the system OBDDp^,wq, adapted into
our setting4. The difference is that, we represent OBDDs in the refutation by using
o-eDT formulas and the join of two OBDDs is given by the construction of ^ over E^
(Definition 7.1.7).

Definition 7.2.1 (OBDDp^,wq [9]). An OBDDp^,wq derivation D from a CNF C “
Ź

sCs is a sequence of o-eDT formulas R1, . . . , Rt such that: Co
1 , . . . , C

o
s (the o-eDT

formulas corresponding to the clauses C1, . . . , Cs) are defined over a leveled set E , each
Rj is defined over the leveled set of extension axioms E^ extending E and each Rj either
represents an OBDD computing some clause Cj of C (i.e. Rj is Co

j ) or is obtained by
the following rules:

• Join: Rj is the extension variable Rk ^ Rl (in E^) for k, l ă j i.e. Rk, Rl appear
earlier in the refutation.

• Weakening: there exists some k ă j such that Rk (E Rj.

The derivation concludes with Rt, the length of D is t and the size |D| is the
number of the symbols in it, i.e. the sum: |R1| ` . . . ` |Rt|. Naturally, the set E^
is adequate to reason about joins since it contains all axioms of the form given in
Definition 7.1.7, appropriately extending the leveled set of extension axioms E . An
OBDDp^,wq refutation R from C is an OBDDp^,wq derivation where Rt is 0.

Remark 7.2.2. In [23] they also consider an extension of OBDDp^,wq, the system
OBDDp^,w, ordq where a further rule ‘reordering’ is permitted that exponentially in-
creases the expressive strength of the system.

• Reordering: Ri is an ri-OBDD that is semantically equivalent to an rj-OBDD
Rj with j ă i.

4Additionally, akin to [38], we do not consider the rule ‘projection’ i.e. elimination of a variable
but treat it as a special case of the join pC _ pq ^ pD_␣pq applied before a ‘weakening’ rule deriving
C _D.



CHAPTER 7. SYSTEMS FOR OBDDS 107

We will however not concern ourselves with systems permitting reordering for the time
being and solely focus on simulating OBDDp^,wq.

The main result of this section, polynomial simulation of OBDDp^,wq by o-eLDT
then follows as a corollary of:

Theorem 7.2.3. Given an OBDDp^,wq derivation D over a leveled set of extension
axioms E^ of some formula F from some CNF C “

Ź

sPS Cs, there is an (dag-like)
o-eLDT proof PD of size polynomial in |D| over E^ for the sequent tCo

susPSÑ F .

Proof. The proof follows by induction on the structure of D.

• If F “ F1 ^ F2 and it is obtained by the join rule:

...

F1

...

F2
^

F1 ^ F2

this will be simulated by two cut steps and an application of Lemma 7.1.8:

IH

tCo
susPSÑ F1

IH

tCo
susPSÑ F2

Lemma 7.1.8

F1, F2Ñ F1 ^ F2
2cut

tCo
susPSÑ F1 ^ F2

• If instead F is implied by some previous formula, i.e. F 1 (E^ F then the weakening
rule:

...

F 1
(E^

F

will be simulated by a cut step and an application of Proposition 7.1.6:

IH

tCo
susPSÑ F 1

Proposition 7.1.6

F 1Ñ F
cut

tCo
susPSÑ F

• Lastly, if F is in tCo
susPS, we simply end the proof by a left weakening step and

an identity step:

id
FÑ F

w-l
tCo

susPSÑ F

Corollary 7.2.4. Given an OBDDp^,wq refutation R “ R1, . . . , Rt of size n over a
leveled set of extension axioms E^ for some unsatisfiable CNF C “

Ź

sPS Cs, there is an
(dag-like) o-eLDT proof PR of size polynomial in n over E^ for the sequent tCo

suÑ .

Proof. Follows by Theorem 7.2.3 for F “ 0 and a cut step.



Chapter 8

Summary and Future Work

8.1 Summary

We will now summarize the results presented in this thesis. There are three contri-
butions: first, the introduction of eLNDT`, the positive fragment of eLNDT that rea-
sons about positive branching programs and the polynomial simulation of eLNDT by
eLNDT` on positive sequents. Second, the construction of Prover-Adversary games in
the style of Pudlák and Buss [52] that, similarly to how the original game corresponds
to Hilbert-Frege/LK systems, correspond to systems of branching programs (and frag-
ments thereof). Lastly, the explicit definition of a fragment of eLDT that reasons about
OBDDs called o-eLDT and the polynomial simulation of a previously introduced system
for OBDDs, OBDDp^,wq [9] by o-eLDT.

8.1.1 Simulation of eLNDT by eLNDT`.

The first part of this thesis (Chapters 3-5) culminated in showing that eLNDT is polyno-
mially simulated by its positive fragment eLNDT` on positive sequents. Based on work
of Buss, Das, Knop [22], Chapter 2 (re)introduced the necessary preliminary material.
Starting with Section 2.1, we defined the systems eLDT, eLNDT reasoning about deter-
ministic and non-deterministic branching programs respectively. Next, Section 2.2 fo-
cused on monotone computation and reasoning, first monotone functions and monotone
branching programs are defined and later the system eLNDT`, the positive fragment of
eLNDT is presented. eLNDT` reasons about positive branching programs, NBPs which
at the level of the graph, for each 0-edge have a 1-edge parallel to it. This section fin-
ished with basic results for eLNDT` like generalised identity and truth conditions for the
positive decision connective. Next is Chapter 3 where the Exact and Threshold Boolean
functions are introduced alongside deterministic branching programs and their positive
closures computing them respectively and later, we provided their representations as
eDT, eNDT formulas w.r.t. appropriate sets of extension axioms. Chapter 4 contains
the first main result of this work: a case study of the expressive power of eLNDT` by
finding polynomial size proofs of the propositional pigeonhole principle. The statement
is first adjusted to fit our setting i.e. it is expressed as a sequent where conjunctions
are substituted by specific (logically equivalent) positive decisions. We continued by
introducing important technical tools in the form of lemmas and propositions that allow
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us to manipulate eNDT formulas computing threshold functions. The ‘proof’ is split
into three separate parts which when ‘cut’ together result in the proof of the pigeonhole
principle. In Chapter 5 we provided the polynomial simulation of eLNDT by eLNDT`

on positive sequents. While the high-level structure of our argument is similar to [8],
we had to tackle specific issues arising due to the peculiarities (using extension) of our
setting and for that, we split our strategy into three parts. First, in Section 5.2, we de-
fined eLNDT`´, a system intermediating eLNDT and eLNDT` where, while all decisions
must be in positive form, negative literals are permitted (also as decision literals). We
provided a polynomial-time translation from eNDT to eNDT`´ formulas and a polyno-
mial simulation of eLNDT by eLNDT`´. Afterwards, in Sections 5.3 and 5.4, we showed
how to substitute negated literals in an eLNDT`´ proof for our positive threshold for-
mulas. Since making decisions on complex formulas is not permitted in our setting, we
had to carefully craft new sets of extension variables and axioms for which we provided
the necessary ‘truth conditions’ that guarantee they behave appropriately. Then, we
defined teLNDT`k pP qukě0 a family of proof systems, each of which extends eLNDT` by
two initial sequents and show polynomial equivalence of eLNDT`´ by eLNDT`k pP q for
each k ě 0. This chapter ends with Section 5.5 where the proof of the polynomial sim-
ulation of eLNDT by eLNDT` is put together by assembling results from the previous
sections.

8.1.2 Games for Non-deterministic Branching Programs

Inspired by the work of Pudlák and Buss [52], where they defined Prover-Adversary
games corresponding to Hilbert-Frege/LK, the second part of this thesis (Chapter 6)
introduced specifically tailored Prover-Adversary games for eLDT, eLNDT and frag-
ments thereof. In Section 6.1 we presented preliminary material: definitions, basic
results and examples to familiarise the reader with Prover-Adversary games. Besides
the original games where queries are Boolean formulas from [52], we also provided a
more general version admitting arbitrary queries and simple contradiction sets. In this
way, the original game can be seen as an instance of the more abstract framework. In
Section 6.2 we discussed and solved the issue of equivalent representation of (N)BPs
via formulas with extension. In the deterministic setting, two BPs are bisimilar if and
only if their respective eDT formulas have the same unfolding into binary decision trees.
This is not the same in the non-deterministic case though. There, we needed to define
a notion of simulation between eNDT formulas parametrised by the set of extension
axioms they are defined over. We proceeded to show that our notions of equivalence
between two e(N)DT formulas A,B translate to short proofs of the sequents AØ B.
We later used this fact to justify our sets of simple contradictions when we formally
presented our games. In Section 6.3 we discussed a design choice we made. That is,
our games admit queries that are Boolean combinations of e(N)DT formulas making
them expressively powerful tools to reason about eLpNqDT. The only difficulty arose
in the non-deterministic setting because negations of NBPs are non-trivial to define.
Next, in Section 6.4 we defined the games DB and NB that correspond to eLDT and
eLNDT in the same manner the original game from [52] corresponds to LK: for every
eLDT, eLNDT proof of a sequent ΓÑ∆ of size N there is a OplogNq-round strategy
for ΓÑ∆ in DB,NB respectively and vice versa. This is the main result of this chapter
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and the ‘forward’ direction is shown in Section 6.5. Besides some technicalities, this is
easier than the converse and it mostly follows the same idea from [41] where dag-like
Hilbert-Frege proofs are transformed into tree-form with only polynomial increase in
size. The other direction i.e. from a given strategy obtain the corresponding proof, is
more involved and requires a non-uniform formalisation of the Immerman-Szelepcsényi
theorem, that NL “ coNL, to be able to simulate negations of eNDT formulas. This
is detailed in Section 6.6 where we first defined a framework that allows us to work
with positive decisions on complex formulas. As mentioned before, this is not allowed
in our setting and thus we had to carefully craft appropriate sets of extension variables
and axioms (much like in Section 5.4). The idea is that positive decisions on complex
formulas can be used to construct the ‘decider’, an NBP (parametrised by multiple
indices) that can simulate a general decision on complex formulas. After proving some
natural properties of the decider, we moved on to Section 6.7 which started by defining
the game NBDM. This is a fragment of NB whose queries are in De Morgan normal
form (negations only in front of eNDT formulas) and after some more technical results
we showed that NBDM simulates NB with only a logarithmic increase in the number
of rounds in a strategy. Next, we showed that from a strategy of NBDM of size N we
can obtain a proof of Bool`peLNDTq (an extension of eLNDT allowing ␣-free Boolean
combinations of eNDT formulas) with polynomial increase in size. We ended with pro-
viding a polynomial simulation of Bool`peLNDTq by eLNDT which ends the ‘chain’ of
simulations and provides the converse direction of the main result, Theorem 6.7.1, of
this Chapter.

8.1.3 Systems for OBDDs

Ordered binary decision diagrams (OBDDs) are deterministic BPs whose paths contain
variables ordered w.r.t. some fixed order. Under the restriction of a fixed order, OBDDs
of minimal size can canonically represent Boolean functions, a desirable feature that
further makes for easy checking of some of properties and relations between OBDDs.
They were given a proof theoretic treatment in [9] as a case study of proof systems
corresponding to constraint satisfaction problems. Multiple papers expanded on their
results including [38] and [23] introducing new systems extending the ones described in
[9] and comparing their relative strengths w.r.t. proof complexity.

It was a natural direction for this project to define o-eLDT, the fragment of eLDT
that canonically reasons about OBDDs similar to how Hilbert-Frege and LK reason
about Boolean formulas, and compare its expressive strength to the system OBDDp^,wq
from [9]. While not very hard, there were certain technicalities we needed to address to
restrict eLDT appropriately and obtain its OBDD fragment, o-eLDT. We started Sec-
tion 7.1 by defining the notion of ‘level’ ensuring that our sets of extension axioms and
formulas defined over them only represent OBDDs under a fixed order r. We proceeded
to define the system o-eLDT ensuring that for each OBDD there is an o-eDT formula
over an appropriate set of extension axioms representing it. The system OBDDp^,wq
uses the following rules: the ‘join’ A^B of two OBDDs and the ‘weakening’ where an
OBDD B can be obtained by a previous one A, if A logically implies B. We adapted
the definition of OBDDp^,wq to fit our setting and laid out the technical framework
needed to simulate the rules ‘join’ and ‘weakening’ in o-eLDT. More specifically, in
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Section 7.1.1 we introduced a judgement (E between o-eDT formulas that, together
with its ‘truth conditions’, is meant to simulate the weakening rule. Similarly, in Sec-
tion 7.1.2, we designed appropriate extension axiom sets which will be used to simulate
the join rule by essentially introducing a fresh extension variable A ^ B that behaves
like the conjunction of the o-eDT formulas A,B. Finally, in Section 7.2, we proved that
o-eLDT polynomially simulates OBDDp^,wq: given a refutation R in OBDDp^,wq of
size n of some CNF C, we can find an o-eLDT proof of CÑ of size polynomial in n,
Theorem 7.2.3.

8.2 Future Work

There are multiple future directions one could follow with respect to this project. Lit-
erature pertaining to branching programs is rich and many of their variants (beside
OBDDs) have seen research interest and had their properties studied. For example,
we could investigate read-once branching programs (ROBPs) which were introduced by
Masek in [46], a decade before OBDDs . They are non-deterministic branching pro-
grams whose paths only contains uniquely labelled nodes that is, for each i, a variable pi
may label at most one node in each path. Defining the fragment of eLNDT that reasons
about ROBPs would require constructing appropriate sets of extension axioms that
only represent ROBPs, akin to what we do in Definitions 7.1.1 and 7.1.2 for OBDDs.

A direct expansion of current results from Chapter 7, would be to strengthen Theo-
rem 7.2.3 by checking whether o-eLDT is a strictly stronger system than OBDDp^,wq.
On that end, it would be interesting to see if we can follow the approach of [23] and
study Clique-Coloring tautologies expressed via o-eDT formulas. Proving that there are
polynomial-size o-eLDT proofs of Clique-Coloring tautologies but only superpolynomial-
size proofs of the same tautologies in OBDDp^,wq (the slightly altered version from
Definition 7.2.1) would show that o-eLDT is separated from OBDDp^,wq.

An alternative and viable future-research direction would be to reason about branch-
ing programs by, instead of finding proofs in the calculus-like systems eLDT, eLNDT,
drawing winning strategies in the Prover-Adversary games defined in Chapter 6. The
purpose of working with games is to have an expressively rich way to talk about
eLDT, eLNDT and their fragments while avoiding the complexity of the syntax based
on extension. This thesis develops the necessary framework for games for NBPs, but
does not include a complete account of results being obtained through the game sys-
tems DB,NB. For example, all results in Chapters 3, 4 and 5 could be rewritten in
the context of games and furthermore, systems reasoning about different fragments of
eLNDT could be fully expressed via games.
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Expander construction in VNC1. In 8th ITCS 2017, January 9-11, 2017, Berkeley,
CA, USA, pages 31:1–31:26, 2017. doi:10.4230/LIPIcs.ITCS.2017.31.

[25] Paul J Cohen. The independence of the continuum hypothesis. Proceedings of the
National Academy of Sciences, 50(6):1143–1148, 1963.

[26] Stephen A. Cook. The complexity of theorem-proving procedures. In Proceedings
of the third annual ACM symposium on Theory of computing, pages 151–158, 1971.

[27] Stephen A. Cook. A survey of complexity classes and their associated propositional
proof systems and theories and a proof system for log space, 2001. Slides for
Edinburgh talk.http://www.cs.toronto.edu/~sacook/.

[28] Stephen A. Cook and Pierre McKenzie. Problems complete for deterministic log-
arithmic space. Journal of Algorithms, 8(3):385–394, 1987.

https://doi.org/10.1145/28395.28409
https://doi.org/10.4230/LIPIcs.CCC.2018.16
https://doi.org/10.4230/LIPIcs.ITCS.2017.31
http://www.cs.toronto.edu/~sacook/


BIBLIOGRAPHY 114

[29] Stephen A. Cook and Phuong Nguyen. Logical foundations of proof complexity,
volume 11. Cambridge University Press Cambridge, 2010.

[30] Stephen A. Cook and Robert A. Reckhow. The relative efficiency of propositional
proof systems. J. Symb. Log., 44(1):36–50, 1979.

[31] Anupam Das and Avgerinos Delkos. Proof complexity of monotone branching
programs. In Ulrich Berger, Johanna N. Y. Franklin, Florin Manea, and Arno
Pauly, editors, Revolutions and Revelations in Computability - 18th Conference on
Computability in Europe, CiE 2022, Swansea, UK, July 11-15, 2022, Proceedings,
volume 13359 of Lecture Notes in Computer Science, pages 74–87. Springer, 2022.
doi:10.1007/978-3-031-08740-0\_7.

[32] Michelangelo Grigni. Structure in monotone complexity. PhD thesis, 1991. URL:
http://www.mathcs.emory.edu/~mic/papers/thesis.ps.gz.

[33] Michelangelo Grigni and Michael Sipser. Monotone complexity. In Proceedings
of the London Mathematical Society Symposium on Boolean Function Complexity,
page 57–75, USA, 1992. Cambridge University Press.

[34] Armin Haken. The intractability of resolution. Theoretical computer science,
39:297–308, 1985.

[35] Armin Haken and Stephen A. Cook. An exponential lower bound for the size of
monotone real circuits. Journal of Computer and System Sciences, 58(2):326–335,
1999.

[36] Johan H̊astad. Computational limitations for small depth circuits. PhD thesis,
Massachusetts Institute of Technology, 1986.

[37] Neil Immerman. Nondeterministic space is closed under complementation. SIAM
Journal on computing, 17(5):935–938, 1988.

[38] Dmitry Itsykson, Alexander Knop, Andrey Romashchenko, and Dmitry Sokolov.
On obdd-based algorithms and proof systems that dynamically change order of
variables. In 34th Symposium on Theoretical Aspects of Computer Science (STACS
2017). Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik, 2017.
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[42] Jan Kraj́ıček. Proof complexity, volume 170. Cambridge University Press, 2019.

https://doi.org/10.1007/978-3-031-08740-0_7
http://www.mathcs.emory.edu/~mic/papers/thesis.ps.gz
https://doi.org/10.1016/j.apal.2010.10.002
https://doi.org/10.1109/SCT.1993.336536
https://doi.org/10.1109/SCT.1993.336536
https://doi.org/10.2307/2275250
https://doi.org/10.2307/2275250


BIBLIOGRAPHY 115

[43] Jan Krajicek et al. Bounded arithmetic, propositional logic and complexity theory,
volume 60. Cambridge University Press, 1995.
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