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ABSTRACT

In the present work, we are concerned with two underlying topics, which at first seem inherently
disjoint, but are connected in a non-obvious way.

The first topic we study is the behaviour of non-linear quotient mappings whose domain is
the plane; we pay particular attention to Lipschitz quotient mappings of the plane. This forms
the underlying material in Chapters [2] and [3|

In Chapter |2l we correct a mistake from Johnson et al. [17]. Namely, we give a valid proof
of the statement that for a fixed complex polynomial P in one complex variable there exists a
homeomorphism of the plane h such that P o h is a Lipschitz quotient mapping of the plane.
Further, we introduce the notion of strong co-Lipschitzness, and prove the logical equivalence
between the long standing conjecture that all Lipschitz quotient mappings from R” to itself are
discrete and the necessity for every Lipschitz quotient mapping from R" to itself, n > 3, to be
strongly co-Lipschitz.

Chapter [3|is dedicated to improving the lower estimates for the ratio of constants L/c for
any 2-fold planar Lipschitz quotient mappings in polygonal norms.

Chaptersd]and 5| concern the existence of inscribed equilateral polygons in centrally symmet-
ric convex bodies. We investigate the extremal inscribed equilateral polygons and determine,
for a large class of norms, when such polygons are essentially equivalent.

Finally, we consider the level sets of uniformly continuous, co-Lipschitz mappings defined on
the plane; this forms Chapter [6f We show for any uniformly continuous, co-Lipschitz mapping
f:(C,| - |I) = R, where |- || is any norm of the plane, that the maximal number of components
n(f) of the level sets of f is intimately related to weak Lipschitz and co-Lipschitz constants of
f as well as the maximal possible edge length, in terms of || - ||, over all inscribed equilateral
polygons. Further, we obtain a sharp bound for a certain class of norms || - || which possess a

particular separation property.
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CHAPTER 1

INTRODUCTION

To begin this chapter we introduce the main objects of study, namely Lipschitz quotient map-
pings. We provide some motivation as to why the investigation into such mappings is important,
and recall many results for such mappings in, typically, finite dimensional spaces.

The remainder of the chapter is devoted to the development of many of the tools that will
be used throughout this thesis, paying particular attention to fundamental properties of planar

norms.

1.1 Motivation of the problems

The widely known Lipschitz condition was first introduced by Rudolf Lipschitz when investi-
gating the convergence of the Fourier series of periodic functions in [19]. Since this introduction
many variants of such mappings have been introduced and studied, see, for instance, [6], [22]
and [27]. The body of this work mainly focuses on Lipschitz quotient mappings which are
Lipschitz mappings that possess a stronger dual property, namely the co-Lipschitz condition.
Co-Lipschitz, and moreover co-uniform, mappings originate from the study of general uniform
spaces, cf. [12], [16], [3§], but were first systematically studied in [1] and [17]. Lipschitz quo-
tient mappings were introduced as non-linear analogues for the standard continuous, linear,
surjective operators between Banach spaces, otherwise known as linear quotient mappings; the
Open Mapping Theorem, see |32, Theorem 2.11], yields linear quotient mappings are inherently

open.

Definition 1.1.1. Let X = (X,dx) and Y = (Y, dy) be metric spaces. A map f: X — Y is



called a Lipschitz mapping if there exists L > 0 such that

dy(f(z), f(y)) < Ldx(z,y) forallz,y € X.

If such a constant L > 0 exists we say f is L-Lipschitz. In other words, if f is not a constant

mapping, we require a positive constant L such that
f(BX(z)) € B],(f(z)) forallz € X and r > 0.

Here BZ(z) denotes the open ball in (Z,dz) with radius s > 0 centred at 2 € Z, where
Z = X,Y. If f is Lipschitz, then the infimum of all such constants L is called the Lipschitz
constant of f, and is denoted Lip(f).

Similarly, we say f is a co-Lipschitz mapping if it is continuous and there exists a positive

constant ¢ > 0 such that
BY (f(z)) C f(Bf(z)) forallz € X andr > 0.

If such a constant ¢ > 0 exists we say f is c-co-Lipschitz. If f is co-Lipschitz, then the supremum

of all such constants c is called the co-Lipschitz constant of f, and is denoted co-Lip(f).
Finally, if f : X — Y is both a Lipschitz and co-Lipschitz mapping, we say f is a Lipschitz

quotient mapping.

Remark 1.1.2. Observe we have included the additional condition that co-Lipschitz mappings

need be continuous. This is to ensure the existence of the co-Lipschitz constant since, assuming

the axiom of choice, one can show that there exist functions, for example from R to R, which

are surjective to R on every non-empty open subset, cf. [3].

Example 1.1.3. Let (X, ||-|lx) be a normed space over F, a € F\ {0} and b € X, where either
F=RorF=C. Consider f: X — X given by f(x) = ax +b. Then f is a Lipschitz quotient

mapping. Moreover, Lip(f) = co-Lip(f) = |a| since for every x € X and r > 0,
F(BX(x)) = aBX(2) + b= BY,(az) + b= B, (ax + b) = B, (f(x).

As stated in [17], and proved in Lemma [1.2.22| of the present thesis, non-trivial examples of
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Lipschitz quotient mappings are f, : C — C defined by f,(re?) = re™® n € N. Mappings f,
may also be considered as Lipschitz quotient mappings R? — R?, via the obvious identification

of R? with C.

- I

Figure 1.1: The image of a ball B'{'(z) under the mapping fs. This mapping is 2-Lipschitz and
1-co-Lipschitz.

The first systematic study of Lipschitz quotient mappings of the plane is attributed to
|17], where the results support the aforementioned notion that Lipschitz quotient mappings are
nonlinear analogues for linear quotient mappings between Banach spaces. They also provide
the far-reaching result [17, Theorem 2.8 (i)], see also Theorem of the present thesis,
which states that Lipschitz quotient mappings from the plane to itself can be viewed as a
reparametrisation of a complex polynomial. As a consequence, the cardinality of each point
preimage is bound above by the degree of such polynomial. Note, the boundedness of fibres
under planar Lipschitz quotient mappings was first shown in , and along with a powerful
result of Stoilow proves such a composition exists.

When considering linear quotient mappings X — Y the point preimages preserve dimension
in the following sense: for each x € X, the point preimage of x is an affine subspace of X with
dimension d := dim(X) — dim(Y"). In [21] it is shown for Lipschitz quotient mappings between
finite dimensional spaces, if the constants ¢ and L are sufficiently close then point preimages
cannot be (d + 1)-dimensional.

Such regularity, however, is not guaranteed for Lipschitz quotient mappings between Eu-



clidean spaces of different dimensions with sufficiently small ratio of constants ¢/ L. For example,
in [5] an example of a Lipschitz quotient mapping f : R* — R? is constructed such that f~1(0)
contains a plane. However, in the case of Lipschitz quotient mappings from R? to R [30] provides
comprehensive results regarding the structure of the level sets of such mappings. Further, [23]
provides estimates for the maximal ratio of constants ¢/ L for such Lipschitz quotient mappings,
in the case of the Euclidean norm on the domain; for results in other norms see Chapter [6]
Furthermore, little is known concerning the structure of Lipschitz quotient mappings between
Euclidean spaces of the same dimension greater than 2. Interestingly, for Lipschitz quotient
mappings f : R® — R™, for n > 3, it is not even known if f~!(y) is discrete for each y € R",
see Conjecture [1.2.39]

It can be shown that Lipschitz quotient mappings between spaces of the same dimension
behave almost identically to mappings known as quasireqular mappings, as highlighted in |1} pg.
1124]. Quasiregular mappings were introduced as a means to generalise the geometric aspects
of the theory of analytic functions in the plane to higher dimensional Euclidean spaces; cf. |31}
Chapter 1] for definitions and further results. By a deep theorem of Reshetnyak, which has been
presented in [31], quasiregular mappings are branched covers, i.e. are both open and discrete.
Unfortunately the techniques used to prove the discreteness of the level sets of quasiregular
mappings cannot be extended to the class of Lipschitz quotient mappings between spaces of
the same finite dimension.

One may conclude further investigation into planar Lipschitz quotient mappings is necessary
to highlight the key properties of the underlying geometry which admits the existence of such
comprehensive results. This investigation then may provide certain avenues one may consider
to try and answer this long-standing conjecture.

The first such avenue considered in the present work concerns questions related to the struc-
ture of planar Lipschitz quotient mappings. Namely, we investigate converses of the following

theorem, [17, Theorem 2.8 (i)].

Theorem 1.1.4. Let f : C — C be a Lipschitz quotient mapping. Then f = P o h, where

h : C — C is a homeomorphism and P is a complex polynomial of one complex variable.

Note that in Theorem we did not specify the norms associated to the domain and

co-domain. This is justified since passing to an equivalent norm preserves whether a mapping
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is a Lipschitz quotient; hence in the finite dimensional setting there is no need to specify the
norm considered. We also highlight here that the original statement of Theorem in [17]
is given for Lipschitz quotient mappings from R? to itself. The restatement in Theorem m
follows due to the natural identification of R? with C, which is required in the definition of the
polynomial P in any case.

This far-reaching result shows that every planar Lipschitz quotient mapping can be viewed
as a reparametrisation of a complex polynomial. In Chapter [2] we investigate whether every
homeomorphism A : C — C and every complex polynomial P : C — C admits a Lipschitz
quotient mapping. In doing so we introduce a stronger notion of co-Lipschitzness and prove its
equivalence to the standard pointwise notion under certain conditions.

The next direction in which we investigate the underlying geometry of planar Lipschitz
quotient mappings is the extension of the results of [25]. In [25] the ratio of constants ¢/L
for planar Lipschitz quotient mappings were investigated under norms whose unit sphere is
isomorphic to a regular equilateral polygon, centred at the origin. We improve the upper
bound for the ratio of constants ¢/ L when the point preimages of the planar Lipschitz quotient
mapping are at most two.

We then move onto our second titular topic. The work on inscribed equilateral polygons
starts by extending the well understood notions of regular equilateral polygons inscribed in a
circle. That is, fixing a point on the boundary of this circle, one can find n — 1 other points,
for some n > 3, such that the Euclidean distance between adjacent pairs of these n points are
equal, see Figure [£.1]in Chapter dl The aim is to extend such a notion to an arbitrary centrally
symmetric convex body of the plane, where the distance is measured in the norm induced by
this convex body. This has already been considered in [8]. However the statement, and hence
proof, of [8, Lemma 2.4] is incorrect. We correct this statement and provide an independent
proof of the result in Chapter {4 see Theorem and Lemma of the present thesis.

We proceed by investigating the extremal equilateral polygons that can be inscribed in a
centrally symmetric convex body; by extremal we mean in terms of the edge length, i.e. the
distance between the adjacent vertices. We show in Chapter [4] that these extremal equilateral
polygons always exist and prove that either the set of possible edge lengths is a single value or

a closed interval of positive length, hence is uncountable. The former happens, for instance, in



the Euclidean norm. We investigate whether this property is solely observed via the Euclidean
norm. In Chapter [5| we provide a countable collection of norms where if the number of vertices
is sufficiently large, then every equilateral polygon has the same edge length.

Even though the topics of planar Lipschitz quotient mappings and inscribed equilateral
polygons seem disjoint at first, there is an underlying relation between the two. When consid-
ering Lipschitz quotient mappings from the plane to the line, we determine an upper bound
for the ratio of constants ¢/L. For a particular class of planar norms, we can use the existence
of an equilateral polygon of largest side length to produce a Lipschitz quotient mapping which

attains this maximal ratio of constants. This is investigated at the end of Chapter [0

1.2 Basic properties of Lipschitz quotient mappings

Our main object of study is Lipschitz quotient mappings, as defined in Definition In this
section we introduce many regularity properties of such mappings, paying particular attention
to Lipschitz quotient mappings from the plane to itself, known as planar Lipschitz quotient
mappings. We will first, however, recall standard results regarding Lipschitz quotient mappings;

for proofs of the following results see, for example, [37, Section 1.2].

Lemma 1.2.1. Let (X, |- |x), (Y,|| - |ly) be normed spaces and f : X — Y be a Lipschitz
quotient mapping. Suppose |||-|| and |||y are norms on X and Y, respectively, such that |||z
is equivalent to ||-||,, for Z = X,Y. Then the mapping f, viewed as a map from (X, ||-[|y) to

(Y, [l lly-), is a Lipschitz quotient mapping.

Proposition 1.2.2. Let (X, |- ||x) and (Y, || - ||y) be normed spaces, where X is finite dimen-
sional, and ¢ > 0. Then f : X — Y is c-co-Lipschitz if and only if f satisfies the following

condition:

Ez (f(x) C f (Ef(m)) for each x € X and each r > 0.

The following simple lemma concerns transformations of Lipschitz quotient mappings.

Lemma 1.2.3. Suppose (X, || - |x), (Y,] - |ly) are normed spaces, f : X — Y, 25 € X and

Yo €Y. Let fi, fo : X = Y be given by fi(x) = f(x) + yo and fo(x) = f(x + xo). If:

(i) fis L-Lipschitz for some L > 0, then both f;, f; are L-Lipschitz, also;

6



(ii) f is c-co-Lipschitz for some ¢ > 0, then both f;, f> are c-co-Lipschitz, also.

In particular, if f is a Lipschitz quotient mapping, then both f; and f; are Lipschitz quotient
mappings, where Lip(f) = Lip(f1) = Lip(fs) and co-Lip(f) = co-Lip(f1) = co-Lip(f2).
Proof. (i) This follows trivially by the definition of the mappings f; and fo and by the

definition of a Lipschitz mapping.

(ii) Fix z € X and r > 0. To see f; is c-co-Lipschitz, note that as f is c-co-Lipschitz,

B, (fi(x)) = By (f(2)) + 90 € f (B} (2)) +yo = f1 (B} (2)) .

Similarly, to see fs is c-co-Lipschitz, observe that

B, (f2(x)) = By, (f(z +20)) © f(B; (v + 20)) = f (B} () + x0) = f2 (B (x)).

[]

As observed in [21], the maximal cardinality of point preimages under planar Lipschitz
quotient mappings proves to be intimately related to how much the co-Lipschitz and Lipschitz
constants may differ. We recall the definition for N-fold mappings from [25]. First, we introduce

some standard notation which will be used throughout.

Notation 1.2.4. Let X be a topological space and S C X. We let 0S represent the boundary
of S and Int(S) denote the interior of S. Moreover, if S is finite we let card(S) represent the

cardinality of S.

Definition 1.2.5. (|25, Definition 1.2]) A mapping f : X — Y is called N-fold, N € N, if
max,cy card (f1(y)) = N, i.e. card (f~'(y)) < N for each y € Y and there exists yo € Y such

that card (f~'(yo)) = N.

Lemma 1.2.6. Suppose X and Y are vector spaces, g € X, yp € Y and f : X — Y is an
N-fold mapping for some N € N. Let fi, fo : X — Y be given by fi(z) = f(x) + yo and
fo(z) = f(x + x0). Then f; and fo are N-fold mappings.

Proof. As f is N-fold, card (f; '(y)) = card (f™'(y — y)) < N for each y € Y. Moreover,
if y € Y is such that card (f~'(y)) = N, then y + yo € Y is such that card (f; ' (y +vo)) =
card (f~(y)) = N. Hence, f; is N-fold. One may argue similarly for fs. O

7



The standard planar Lipschitz quotient mappings f,(z) = |z|e™*#(*) see Lemma ,
are centralised in the sense that they map the origin to itself and their associated polynomials,
which are obtained via the decomposition in Theorem [1.1.4] are monomials: one may take
h(z) = |z|'/"e'*#) and P(z) = 2", so that f,(2) = P(h(z)). This, in some sense, allows such
Lipschitz quotient mappings to be as ‘efficient’ as possible in terms of having the optimal ratio
of constants, cf. |21, Theorem 2]. Therefore, one would hope that investigating such centralised
mappings would provide some enlightenment about the maximal ratio of constants of general
planar Lipschitz quotient mappings. Unfortunately, when considering N-fold Lipschitz quotient
mappings where N > 3, this class of centralised mappings does not reflect the global behaviour
of planar Lipschitz quotient mappings. However, when N = 2, the below result shows that
every 2-fold planar Lipschitz quotient mapping can be associated to a centralised 2-fold planar

Lipschitz quotient mapping.

Theorem 1.2.7. Let f: (C,|| - ||) = (C,||-|l) be a 2-fold Lipschitz quotient mapping. There
exists a homeomorphism H : C — C such that H(0) = 0 and F' : (C,| - ||) = (C,]|-]l]), given

by F = H?, is a Lipschitz quotient mapping which satisfies the following properties:
e there exist zg, 2, € C such that F(z) = f (2 + z0) + 21 for each z € C;
e co-Lip(F') = co-Lip(f) and Lip(F') = Lip(f).

Proof. By Theorem there exists a complex polynomial P(z) = az? + bz +d, a # 0, and
a homeomorphism h : C — C such that f = P o h. Define hy, P, : C — C by hy(z) = v/ah(z)
and P;(z) = 2% + (b/+/a)z + d; here y/a represents the principal square root of a € C. Observe

hy is a homeomorphism and for each z € C,

(Prohn) (2) = (Vah(z))* + % (Vah(z)) +d = (P o h)(=) = f(2).

Thus f = P, o hy. Next define hy, P, : C — C by hy(2) = hi(2) + b1/2 and Py(z2) = 2% + dy,
where by = b/y/a and d; = d — (b1)?/4. Then h, is a homeomorphism and for each z € C,

(PQ o hg) (Z) = (hl(Z) + %) + d1 = (Pl o hl) (Z) = f(Z)

Thus f = P, o hy and hy : C — C is a homeomorphism.

8



Define 2z := hy*(0) and H : C — C to be the homeomorphism H(z) = hy(z + 2). Then
H(0) = hy(z0) = 0. Further, letting F' = H?, note for each z € C,

F(z) = (H(2))* = (ha(z 4+ 20))* = f (2 + 20) — d.

Thus Lemma yields F is a Lipschitz quotient mapping such that Lip(F) = Lip(f) and
co-Lip(F') = co-Lip(f). O

Such a result motivates the following definition for the aforementioned class of centralised

mappings.

Definition 1.2.8. We say a mapping f : C — C is an N-centred mapping, N € N, if there

exists a homeomorphism h : C — C such that 2(0) = 0 and f = h".

Observe that N-centred mappings are naturally N-fold. Moreover, N-centred Lipschitz
quotient mappings possess many qualities which one cannot assume about general Lipschitz
quotient mappings. Let us first recall the definition of the index (or winding number) of a curve

about a point as in [34, Section 7].

Definition 1.2.9. Suppose v : [a,b] — C\ {0} is a path. We define the winding number w(~, 0)

of the path v about the origin to be

where 0 : [a,b] — R is a continuous choice of argument along 7.

If zp € C and v : [a,b] — C is a path which does not contain 2y, then the winding number
of v about zy is w(7y, z9) = w(T',0), where I' = v — z.

Finally, if v is a closed path it can be shown that the winding number, or index, of v about

2o is given by:

2w J, 2 — 29

1 dz
Ind.yy = w(v,20) = —f
.
With this in mind, we recall |25 Theorem 2.8].

Lemma 1.2.10. ([25, Theorem 2.8]) Let N € N and f : (C,| - ||) — (C,|||-||) be an N-fold

Lipschitz quotient mapping which preserves orientation. There exist positive constants M and



R such that, for any p > R,
Indof (0B)1(0)) =N and £ (2B)1(0)) cC\ By, (0),

where M = max {||z|| : f(z) = 0}.

The following improves the above lemma when we consider only centred Lipschitz quotient

mappings.

Corollary 1.2.11. Let N € N;e¢>0and f: (C,|-||) = (C,||-||) be a continuous, N-centred,

c-co-Lipschitz mapping which preserves orientation. Then, for any p > 0,
Indof (0B!1(0)) =N and  f(9B)1(0)) cC\ BLI(0).

Proof. For each p > 0,let I', ;== h <8B,|)|'H(O)>. Then note IndoI", = 1 since h(0) =0 and h is a
homeomorphism. So,

Indof (0B)1(0)) = IndoT, - Indgz™ = N,

since IndyzY = N.
Now observe f(z) = 0 if and only if z = 0 since f is N-centred. Moreover, as f is c-co-

Lipschitz, it follows by Proposition that if z # 0, then

0 € Biji (F(2) € f (BW(Z /2 >>‘

Therefore there exists = € BH]U( jj/e(2) such that f(z) = 0. Hence = 0 and so |z| <

)1/ e O

We turn our attention now to various local notions of Lipschitzness and co-Lipschitzness.

Definition 1.2.12. Let (X, dx) and (Y, dy) be metric spaces, f : X — Y and 2o € X. We say

that f is locally Lipschitz at xzq if there exist constants r, L > 0 such that

dy (f(y), f(2)) < Ldx(y,z) for all y,z € B (). (1.2.1)

If such constants exist, we say that f is locally L-Lipschitz at xg.

10



Similarly, we say f is pointwise Lipschitz at xq if the Lipschitz condition (|1.2.1)) is satisfied
for all y € B,.(z9) and z = xy. Equivalently, we say f is pointwise Lipschitz at xq if there exist

positive constants L, p such that

[ (BX(x0)) C BY, (f(z)) forallr e (0,p).

In such a case, we say f is pointwise L-Lipschitz at xq. We define the radius of pointwise

L-Lipschitz (for f) at xy, denoted r{ (x,), to be

rg(xo) = sup {7“ >0:dy (f(y), f(xg)) < Ldx(y,xo) forallye Bf(m)} )

Finally, we say f is pointwise co-Lipschitz at xq € X if there exist positive constants c, p

such that

BY (f(x)) € f (BX(ao) for all r € (0, )
In such a case, we say f is pointwise c-co-Lipschitz at x;.

Naturally mappings which are locally L-Lipschitz at xy are pointwise L-Lipschitz at xq, but
the reverse implication need not hold in general. For example, for each d > 1, there exists
f:R% — R such that f is pointwise 1-Lipschitz at the origin, but is not locally Lipschitz; the
cases d > 2 can be seen by extending the case d = 2 in |10, Example 2.7].

Such examples become possible since for these mappings the pointwise Lipschitz constant is
not uniformly bounded. A standard result about Lipschitz mappings, see Lemma [I.2.17] below,
states that a mapping between normed spaces which is pointwise L-Lipschitz on a convex
domain, is in fact L-Lipschitz, also.

Unfortunately, without this convexity assumption this may fail to remain true. However,
if we impose the condition that the radius of pointwise L-Lipschitzness is uniformly bounded
then the notions of being everywhere pointwise and locally Lipschitz are equivalent, even for
mappings between metric spaces. If the global lower bound on the radius of pointwise Lips-
chitzness is removed, however, then the mapping may fail to be locally Lipschitz; to see this

consider the mapping in [10, Example 2.7] and the point zg = 0.

Lemma 1.2.13. Let (X,dx) and (Y, dy) be metric spaces, L > 0 and f : X — Y. Suppose f

11



is pointwise L-Lipschitz at each 2 € X and r{(z) be the radius of pointwise L-Lipschitz for f

at x for each x € X. If inf,cx rg(x) > 0, then f is locally L-Lipschitz at every x € X.

Proof. Define rq := $ inficy ri(t) > 0. Fixz € X and y,z € BX(x). Then,
dX<y7Z) < dX(l',y) + dX(l’,Z) < 2700 = t]n)f(i?“(];(t) < T(J)c(y)
€

As dx(y, z) < ri(y), we note dy (f(y), f(2)) < Ldx(y, 2). O

The rest of Section appears in [15] Section 2|, with the exception of the proof of
Lemma [1.2.22]

Planar mappings which have a structure similar to that of a planar Lipschitz quotient
mapping, i.e. a composition of a complex polynomial and a homeomorphism, are locally injective
outside of a finite set. This was claimed in [37, Proposition 1.2.9]. However, the proof given in

[37] contains a mistake, so we provide a shorter, independent proof below in Proposition|1.2.15]

Definition 1.2.14. Let X, Y be metric spaces. A mapping f : X — Y is locally injective at

x € X if there exists r = r(z) > 0 such that f‘BX(ac) is injective.

Proposition 1.2.15. Let h: C — C be a homeomorphism and P : C — C be a non-constant

complex polynomial. There exists a finite set £ C C such that P o h is locally injective at each

x € C\ E, where E = h7'(S(P")) and S(P') ={z € C: P'(z) = 0}.

Proof. Fix zy € C\ E, i.e. h(zo) & S(P’'). Since P'(h(xg)) # 0, by |11, Theorem 7.5], there

exists an open neighbourhood Nj(y,) of h(zg) such that P} Natee) is injective. Hence, P o h is
z

injective on the open neighbourhood G = h™(Nj(z,)) of o.

Thus, Poh is locally injective outside of E. Since P’ is a non-zero polynomial, card(S(P’)) <

deg(P) — 1. As h is bijective, card(F) = card(S(P’)). O
Recall the following standard result regarding Lipschitz mappings.

Lemma 1.2.16. Let X, Y be metric spaces, A C X densein X and L > 0. If f: X - Y isa

continuous mapping such that f ‘ 4 is L-Lipschitz, then f is L-Lipschitz.

The following lemma ensures that a mapping which is pointwise Lipschitz everywhere, with
a uniform constant, is necessarily Lipschitz, with the same constant. However, for this we need

the linear structure induced by normed spaces.
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Lemma 1.2.17. Let X, Y be normed spaces, U C X open and convexand L > 0. If f: X —Y

is pointwise L-Lipschitz at each x € U, then f |U is L-Lipschitz.

Recall [5 Section 4] and |25, Lemma 2.3] which introduce a result analogous to Lemmal(l.2.17

for co-Lipschitz mappings in the case U = X =Y = C.

Lemma 1.2.18. Let ¢ > 0. If f: (C,||-|)) = (C,]||-||) is continuous and is pointwise c-co-

Lipschitz at every x € C, then f is (globally) c-co-Lipschitz.

Remark 1.2.19. It is claimed in [5, Section 4] that if a mapping is pointwise c¢-co-Lipschitz at
every point of a normed space, then the overall mapping is c-co-Lipschitz. However the proof is
not fully correct. It is shown, in |37, Proposition 1.2.7], that if the domain is finite dimensional,
then the corresponding statement to Lemma is correct. The proof heavily relies on the
compactness of the unit sphere in the domain. The question whether such a result holds for

arbitrary normed spaces is still open.

Homeomorphisms between two metric spaces preserve pointwise co- and Lipschitzness of

such mappings and their inverses in the following manner.

Lemma 1.2.20. Let X,Y be metric spaces, h : X — Y be a homeomorphism, zq € X and
¢ > 0. Then h is pointwise c-co-Lipschitz at z, if and only if ™! is pointwise (1/c)-Lipschitz
at h(xg).

Proof. Since h is pointwise c-co-Lipschitz at zy there exists ry > 0 such that BY (h(z)) C

h (BX (o)) for each r € (0,79). Therefore,
W (B (o)) € B (h (B (0))) = B (o) = B (™" (o))

for each r € (0,r). Hence, h™! is pointwise (1/c)-Lipschitz at h(zg) on distances smaller than

cro. The reverse direction follows similarly. O

We now introduce a quick lemma regarding the composition of pointwise co-Lipschitz func-

tions.
Lemma 1.2.21. Let X,Y and Z be metric spaces and f : X — Y, ¢g:Y — Z be functions.

Suppose f is pointwise a-co-Lipschitz at x € X and g is pointwise b-co-Lipschitz at f(z) € YV

for some constants a,b > 0. Then g o f is pointwise (ab)-co-Lipschitz at x.

13



Proof. As f is pointwise a-co-Lipschitz at x € X, there exists py > 0 such that f (Bf( (:B))

U

BY (f(xz)) for each r € (0,py). Similarly, there exists p, > 0 such that g (BY(f(z))) 2

BZ (g(f(x))) for each r € (0, p,). Define p := min(py, p,/a). Then, for each r € (0, p),

(g0 f) (B (2)) 2 9 (B, (f(2))) 2 By (90 )(2)) -

Hence, g o f is pointwise (ab)-co-Lipschitz at x. ]

The traditional examples of planar Lipschitz quotient mappings f,, see Lemma [1.2.22]
possess sharp constants, in the sense that the ratios of constants ¢/L for such mappings are

maximal, cf. [21, Theorem 2].

Lemma 1.2.22. For each n € N, define f,, : C — C to be given by f,(z) = |z|e"™*%( . Then
fn is a Lipschitz quotient mapping; namely, f,, is n-Lipschitz and 1-co-Lipschitz with respect

to the FEuclidean norm.

Proof. To see f, is n-Lipschitz, we need to show that

inarg(z

IEE ) — |y|emarg(y)| <n|lz—y| foreachy,zeC. (1.2.2)

Note ((1.2.2)) is trivially satisfied if y = 0 or z = 0. Suppose that y, z # 0. By the homogeneity
of ([1.2.2)), it suffices to prove

|pe™ — 1] <n|pe” —1| for all p € (0,1] and all § € (—m, 7). (1.2.3)

Fix p € (0,1] and 0 € (—m, w|. By squaring (1.2.3]), we need to show that p*> — 2pcos(nf) + 1 <

n? (p? — 2pcos(f) + 1). That is,

(p—1)? + 4psin <%9> < n? <(p —1)% + 4psin® (g)) :

which follows since |sin(nf/2)| < n|sin(6/2)| for § € [0,7]; this can be seen by a simple
inductive argument. Hence f,, is n-Lipschitz.

Now we shall consider the co-Lipschitzness of f,,. We begin by showing that f,, is pointwise
1-co-Lipschitz at z = 1. Indeed, let » € (0,1) and y € B,(f.(1)) = B.(1). Define z :=
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|ly|e?2&W)/m  Observe that = # 0 and f,(x) = y. So, to conclude f, is pointwise 1-co-Lipschitz
at z = 1, it suffices to show « € B,(1). Since r < 1, note |arg(y)| < m/2 and so cos(arg(x)) =

cos(arg(y)/n) > cos(arg(y)). Hence, as o] = |y,

lx — 17 = 1+ |z|* — 2|z| cos (arg(x)) < 1+ |y|> — 2|y cos (arg(y)) = |y — 1]> <>

So, z € B,.(1) and thus f, is pointwise 1-co-Lipschitz at z = 1.
Fix z € C\ {0} and let p = p(2) = |z|. Let r € (0,p) and y € B,(f.(2)). Since f, is
pointwise 1-co-Lipschitz at zy = 1,

y
z

ez’(arg(y)—narg(z)) c BT/|Z\(1> C fa (Br/\zl(l)) ,

since r/|z| < 1. Hence there exists 2’ € B, (1) such that f,(z/) = |y/z|ei(re)—nare(z),
Define x := 2’z and note both |2'| = |y/z| and f,(x) = y. Moreover, as &’ € B,/(1), then
|zr—z| =|z|-|2" — 1] < r. Thus x € B,(2) and so B,.(fn(z)) C f. (B,(z)). Hence, f, is pointwise
1-co-Lipschitz at each z € C\ {0}.

Finally as B,(f.(0)) = B,(0) = f, (B.(0)) for all » > 0, we conclude f,, is pointwise 1-co-
Lipschitz at all z € C and thus, by Lemma fn is 1-co-Lipschitz. O

We highlight that in Corollary below we prove that f, satisfy properties which are
stronger than 1-co-Lipschitzness.

The following lemma concerns the Lipschitz property of variants of the standard Lipschitz
quotient mappings f, introduced in Lemma [1.2.22] Note here and throughout the rest of the

thesis, if £ € N we use [k] to denote the set {1,...,k}.

Lemma 1.2.23. Let n > 2 and k € [n — 1]. For each ¢ > 0 there exists D = D(g,k,n) > 0

such that g, : C\ Bp(0) — C defined by gj.,(z) = |z|*/"e*22() is e-Lipschitz on C \ Bp(0).

Proof. Fix € > 0 and consider f, as in Lemma [1.2.22| Define hy(t) = t*/" for t > 0. Let T' > 0
be such that hy, is (¢/2)-Lipschitz on [T, +00) and let R > 0 be such that (k+1)/R'™*" < ¢/2.

Define D := min {7, R} and fix 21,25 € C\ Bp(0). Then,
’gk,n(zl) _ gk,n(22)| < |gk,n(21) - |22|k/neikarg(z1)‘ + |22’k/n |€ikarg(zl) . e’ikal‘g(ZQ)‘ ) (1.2.4)
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As |z1],|22] > D > T and as hy is (¢/2)-Lipschitz on [T, +00),
. € €
[Gen(21) = 2ol 1| = [ ([2a]) = Bl(zal)] < S|l = el | < Sloa =zl (125)
Further, since |23] > D > R,

’22’k/n |€zk arg(z1) ezk’ arg(zz)‘

< |Zg|k/n _ |21| . |22|(k/n)—1 + |Zl| . |22|(k/n)—1€ikarg(z1) . |Zz|k/n6ikarg(zg)

1fil) = filz2)])

B 1
= W < 21| — |22

g
S §|Zl _Z2|7

where the last inequality follows by our choice of R > 0 and Lemma [1.2.22] Substituting this

and ([1.2.5]) into (|1.2.4)) we obtain

|gkn(21) — gen(22)| < €lz1 — 22].

By the arbitrariness of z, zo € C\ Bp(0) we establish the Lipschitzness of g . O

The next lemma provides a sufficient property for a mapping between metric spaces to be
pointwise co-Lipschitz at a given point. To be able to conveniently refer to this property, we

first introduce the following notion.

Definition 1.2.24. Suppose (X, dx) and (Y,dy) are metric spaces and ¢ > 0. We say a

function f : X — Y is strongly c-co-Lipschitz at xy € X if there exists p > 0 such that:
(i) f(zo) € Int (f (B;((xo)));
(il) dy(f(x), f(xo)) > cdx(x,x0) for all x € B;((xo).

If we do not need to specify ¢, we shall simply write f is strongly co-Lipschitz at x.

Lemma 1.2.25. Let (X, dx) and (Y, dy) be metric spaces and ¢ > 0. If f: X — Y is strongly

c-co-Lipschitz at xy € X, then f is pointwise c-co-Lipschitz at xy.
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Proof. Let p > 0 be as in Definition [1.2.24] By property (i) of Definition [1.2.24] there exists
R € (0, p) such that

By, (f(w0)) € Int (f (B; (x0))) € [ (B (x0)) - (1.2.6)

Define 7 := £ > 0, let s € (0,7) and fix y € BY,(f(x)). Note cs < cr < R. Thus (1.2.6)
implies y € f (B (xo)). Hence, there exists 2 € B (20) such that y = f(z). As 2 € B, (z)

and y € BY, (f(x)), it follows by property (ii) of Definition [1.2.24] that

cs > dy (y, f(zo)) = dy (f(z), f(x0)) = edx (7, 20) -

Hence, z € BX(zo) and so y = f(z) € f (BX(x0)). Since y € BY(f(z0)) was arbitrary, we

deduce that BY, (f(z0)) C f (B (z0)), and thus f is pointwise c-co-Lipschitz at zo. O

Corollary 1.2.26. Let (X,dx) and (Y, dy) be metric spaces. Suppose f: X — Y is an open
map, o € X and there exist positive constants ¢ and rq such that dy (f(x), f(zo)) > cdx(x, zo)

for each x € Bfg(:vo). Then, f is pointwise c-co-Lipschitz at .

Remark 1.2.27. When proving pointwise or strong co-Lipschitzness of mappings defined in
Chapter , we will often consider X to be an open subset of C. In such cases, instead of B (z),
we will consider balls centred at x € X and open in the Euclidean metric. To be able to use the
definition of a co-Lipschitz mapping or Definition and subsequent results about strongly
co-Lipschitz mappings, it is enough to ensure r is sufficiently small so that the Euclidean ball

of radius r around x coincides with BX(z).

Remark 1.2.28. Using the notion introduced in Definition [1.2.24] the following implication
follows by Lemma [1.2.25}

strongly c-co-Lipschitz at o = pointwise c-co-Lipschitz at xy. (1.2.7)

One may naturally ask the question whether a reverse implication holds. In Lemma (1.2.29
below, we show only property (ii) of Definition [1.2.24] needs to be verified for a pointwise

co-Lipschitz mapping to be strongly co-Lipschitz.
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Lemma 1.2.29. Let (X, dy), (Y, dy) be metric spaces, f : X — Y, 2o € X and ¢ > 0. Suppose
f is pointwise c-co-Lipschitz at . If there exists pg > 0 such that dy (f(z), f(z0)) > cdx(x, zo)

for all x € ng (x0), then f is strongly c-co-Lipschitz at .

Proof. 1t is enough to prove (i) of Definition [1.2.24] is satisfied for some p < py. Indeed, as f
is pointwise c-co-Lipschitz at g, there exists ro > 0 such that f (B (o)) 2 BY.(f(z0)) for all

r € (0,79). Define p := $ min (rg, py). Then,

f(zo) € B, (f(x0)) C f (B (20)) -
Hence, as B}, (f(x9)) is open, we deduce (i) is satisfied. Thus, f is strongly c-co-Lipschitz at
xo. ]

The reverse implication of ((1.2.7)) can easily be seen in the case when the function is locally

injective, as we show in the following lemma.

Lemma 1.2.30. Let (X, dx), (Y, dy) be metric spaces, o € X and ¢ > 0. Suppose a mapping
f X — Y is both pointwise c-co-Lipschitz and locally injective at x3. Then f is strongly

c-co-Lipschitz at xg.

Proof. Since f is pointwise c-co-Lipschitz at z, there exists o > 0 such that

BY (f(z0)) € f(BX (o)) for all 7 € (0,7). (1.2.8)

As f is locally injective at z(, there exists r; > 0 such that f is injective. Define

p = £ min(rg,71). By Lemma [1.2.29] it suffices to show

BX (z0)

dy (f(x), f(zo)) > cdx(x,z9) for all x € Bf(:z:o). (1.2.9)

This is trivially satisfied for z = xq. Suppose, for a contradiction, that ((1.2.9) is not satisfied, i.e.
there exists = € B, (o) \ {zo} such that dy (f(z), f(x0)) < edx(x,20). Define r := dx (z, xo),

so 0 < r < p <ry. Hence,

(@) € By, (f(w0)) C f (B (20)) ,
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where the inclusion follows by (1.2.8]). So, there exists z € BX (o) such that f(z) = f(x).

Therefore, as f|B§(JC0 is injective and r < p, x = 2z € B;j{(mo). It then follows that r =

)

dx(x,x0) < r, providing contradiction. Hence ([1.2.9)) is satisfied. ]

Corollary 1.2.31. Suppose X and Y are metric spaces, f : X — Y is a mapping which is

locally injective at o € X and ¢ > 0. Then,
f is strongly c-co-Lipschitz at xy <= f is pointwise c-co-Lipschitz at xg.

Remark 1.2.32. We highlight the relevance of Corollary in the context of mappings
with the inherent structure of planar Lipschitz quotient mappings. Indeed, Proposition [1.2.15
identifies at which points of the plane a composition P o h of a polynomial P and a homeo-
morphism A is locally injective, hence where the notions of strongly co-Lipschitz and pointwise
co-Lipschitz agree. In Corollary below, we show that these two notions automatically
agree for any planar Lipschitz quotient mapping. However, as mentioned in Section [2.1] not all

mappings with this underlying structure P o h are Lipschitz quotient.

Further, we are able to show the equivalence between the two notions of pointwise co-
Lipschitz and strongly co-Lipschitz for discrete co-Lipschitz mappings. To see this we follow

the method presented in [20, p. 2091]. Let us first recall the definition of a discrete mapping.
Definition 1.2.33. Let XY be topological spaces and S C X. We say:

e S is a discrete set if for each x € S there exists a neighbourhood U of x such that

UnsS ={z};
o [: X — Y is a discrete mapping if f~1(y) is a discrete set for each y € Y.

Lemma 1.2.34. Suppose (X,dx), (Y,dy) are metric spaces and f : X — Y is a discrete

c-co-Lipschitz mapping for some ¢ > 0. Then f is strongly c-co-Lipschitz at every x € X.

Proof. Fix z € X and define A, := f~!(f(x)). Since f is a discrete mapping there exists
ro > 0 such that B3 () N A, = {z}. Fix z € By () \ {z} and let r := dx(z,2). Then

BX(z)N A, =0 and so f(z) & f(BX(z)). Since f is c-co-Lipschitz, f (BX(z)) 2 BY.(f(z)).
As f(z) € f (B (2)), this implies dy (f(z), f(2)) > cr = cdx(z, z).

19



Observe that dy (f(x), f(2)) > cdx(x,z) is trivially satisfied when z = x. Therefore, by

Lemma [1.2.29] we conclude f is strongly c-co-Lipschitz at x. O]

We highlight that Lemma [1.2.30] and Lemma |[1.2.34] are the strongest possible, in the sense
that there exist Lipschitz quotient mappings which are 1-co-Lipschitz, but not locally injective,

not discrete and not strongly co-Lipschitz at any point. We show this in the following example.

Example 1.2.35. Let n,k > 1 be integers and f : R"** — R” be the standard projection,
where both spaces are equipped with the Euclidean norm. Then f is 1-Lipschitz and 1-co-
Lipschitz. This trivially follows since f(B,(z)) = B, (f(z)) for all r > 0 and x € R""*,
Further, it is clear that f is not discrete. Moreover, f is neither locally injective nor strongly

c-co-Lipschitz, for any ¢ > 0, at any y € R"** as f~!(y) is a k-dimensional hyperplane.

Using Lemma [1.2.34] we deduce the following two corollaries. First we show that planar
Lipschitz quotient mappings, or any continuous co-Lipschitz planar mappings, are necessarily

strongly co-Lipschitz at every point.

Corollary 1.2.36. Suppose f : C — C is a continuous c-co-Lipschitz mapping for some ¢ > 0.

Then f is strongly c-co-Lipschitz at each x € C.

Proof. By [1, Proposition 4.3], or equivalently [17, Proposition 2.1], f is discrete and so
Lemma [1.2.34] yields the result. [

Corollary 1.2.37. For every n € N, let the function f, : C — C be defined by f.(z) =
|z|e™28(2) as in Lemma |1.2.22 Then f, is strongly 1-co-Lipschitz at every z € C.

Following Corollary [1.2.36, one may ask the following question.

Question 1.2.38. Suppose n > 3 and f : R® — R" is a Lipschitz quotient mapping. Is f

strongly co-Lipschitz at each xy € R"?

We note the following logical equivalence between Question [1.2.38 and a long-standing

conjecture from [1, p. 1096]. Namely:

Conjecture 1.2.39. Suppose n > 3 and f : R® — R" is a Lipschitz quotient mapping. Then

f is a discrete mapping.
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Remark 1.2.40. There are no known Lipschitz quotient mappings f : R — R? such that
f~Y(y) is infinite, for at least one y € R? where d > 3. However by considering the higher
dimensional analogues of the winding maps, namely f¢ : C x R¥2 — C x R42 given by
f3 = f, X idga—> where f, is defined in Lemma , one may note that no global constant
N = N(d) exists such that card(f~!(y)) < N for all Lipschitz quotient mappings f : R — R4

and all y € R?, where d > 3.

First we note that a positive answer to Conjecture [1.2.39| implies, via an application of
Lemma [1.2.34] that every Lipschitz quotient mapping f : R* — R™, n > 3 is strongly c-co-
Lipschitz everywhere, where ¢ = co-Lip(f), providing a positive answer to Question [1.2.38|

Conversely, a positive answer to Question [1.2.38] i.e. every Lipschitz quotient mapping
f : R™ — R" is strongly co-Lipschitz everywhere, implies Conjecture [1.2.39] This implication

is proved in the following simple lemma.

Lemma 1.2.41. Let (X,dx), (Y,dy) be metric spaces and y € Y. If f: X — Y is strongly
co-Lipschitz at every element of f~1(y), then f~1(y) is a discrete set.

In particular, if f is strongly co-Lipschitz at every x € X, then f is a discrete mapping.

Proof. To show f~1(y) is discrete we require to show for each x € f~(y) that there exists a
neighbourhood U, of z such that U, N f~(y) = {z}.
Fix z € f~!(y). Since f is strongly co-Lipschitz at z, there exist positive constants c, and
Pz such that
dy (f(w), f(x)) > cpdx (w,x)  for each w € B;i(x). (1.2.10)

Define U, := BX(z) and let 2 € U, N f~1(y). Since z € B;i(x) and f(z) =y, by (1.2.10) it

Px

follows that

0=dy (f(2), f(z)) = cadx(z, 7).

Thus 2z = z since ¢, > 0 and so U, N f~'(y) = {z}. Since x € f~!(y) was arbitrary, we conclude

f~Yy) is a discrete set. o

1.3 Basic properties of planar curves

First we recall the definition of a simple, closed curve.
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Definition 1.3.1. Let X be a normed space and ® C X. We say that ® is a curve if there
exists a continuous mapping ¢ : [a,b] C R — X, a < b, such that ® is the image of ¢. We say
that ¢ is a parametrisation of ®.

If in addition ¢ is injective, we say that ® is a simple curve. If however ¢‘[a7b) is injective

and ¢(a) = ¢(b), then we say that & is a simple, closed curve.

Trivially, one may consider parametrisations of a curve only for [a, b] = [0, 1], as we typically

do. Further, note ® is compact by the continuity of ¢.

Remark 1.3.2. For ease of notation, if ¢ is a parametrisation of a curve ®, we may refer to ¢

for both the parametrisation and the curve.
We now recall the definition of the n-dimensional Hausdorfl measure.

Definition 1.3.3. Let (X, | - ||) be a normed space and E C X. The n-dimensional Hausdorff
measure of E is defined in the following way:

For each 0 > 0, define

M (B) = inf {Z (diam(C))" : E € ] €y, diam(C;) < 5} :

where diam(C;) denotes the diameter of the set C.

Define the n-dimensional Hausdorfl measure to be

5o I

If it is clear from context, we simple write H"(E). In this thesis, we will be interested in Hﬁ,”.
Definition 1.3.4. Let ¢ : [a,b] — R? be a locally injective parametrisation of a curve ® and

18

let P = {tg,...,t,} be a partition of [a,b] such that t, = a, t, = b, t; < t;11 and gb\(t, )
7%

injective for each j € [n — 1] U {0}. The length of ¢ is

n—1
lengthy (6) =} Hj <¢‘<tj,tj+1)> ‘
j=0

If the norm || - || is clear from context we simple write length(¢).
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Remark 1.3.5. The value length)(¢) is not dependent on the partition chosen; cf. [37]
Remark 1.3.8].

Lipschitz mappings behave well when considering the length of curves under their images.
Indeed, if (X, - |x) and (Y| - ||y) are normed spaces and f : X — Y is an L-Lipschitz

mapping, then for each £ C X, note
diamy, (f(E)) < Ldiam, (E).

Hence, Hj/, (f(E)) < L™H, (E) for each n € N, and so if f is locally injective and ¢ is a

parametrisation of a curve, then

length ., (f o ¢) < Llength (¢).

We now recall two standard results concerning the length of curves.

Lemma 1.3.6. Let || - || be a norm on R? and g, yo € R? be two distinct points. The length

of any locally injective curve ¢ between xy and yq satisfies lengthy. ;¢ > ||z — yol|.

Lemma 1.3.7. Let || - || be a norm on C and ¢ : [0,1] — C be a closed curve. If there exist

R > 0 and n € N such that [[¢(¢)|| > R for all ¢ € [0,1] and Indg¢ = n, then length (¢) >

nH, (aB}L;“(O))

For a given norm || - || on the plane, the unit sphere is homotopy equivalent to the Euclidean
sphere S'. As such, it follows that there exists a continuous parametrisation of the unit || - ||-
sphere, which has increasing argument; for example, the standard arc-length parametrisation
as in [37, Lemma 1.3.3]. Utilising this, it is clear that there exists a parametrisation of the unit

sphere whose image has index one about the origin.

Notation 1.3.8. Let || - || be a norm on C, z := dB!1(0) N[0, +00) and Iy : [0,1] — 8B (0)

be a parametrisation of 8B|1|'”(0) in the anticlockwise direction such that F1’(0 N is injective,

Fl(O) = Fl(]_) = 20 and Ind0F1 =1.
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Let s € (0,1) be such that I'y(s) = —z. Define 81 : [0,1] — 9B (0) by

Ty (2st), if t €[0,1/2);
ol (1) =
~Ty(2s(t—1/2)),  ifte[1/2,1].

This mapping @'l is a parametrisation of the unit sphere whose restriction 4ll'l ’ 0.1) is injec-

tive.

Lemma 1.3.9. Let || - || be a norm on C. Then 0l is a parametrisation of aBllHl(O) such that
9“.”’(0,1) is injective, §11(0) = 0I1l(1) = 2z, IndpfI'l = 1 and O (t 4 1/2) = —0lll(#) for each
tel0,1/2].

We now introduce a family of parametrisations of the unit sphere 8Bﬂ'”(0).

Notation 1.3.10. Let || - || be a norm on C and 6l be a parametrisation of 9B} 1(0) as
defined in Notation m For each z € 8B|1|'”(0), let t, € [0,1) be the unique value such that
gIl(¢,) = z. Define 61 : [0,1] — 0B (0) by

oIl (t +¢.), if t € 0,1 — t,];
N LAICRS itt (0,11
oIt — (1 —1t.)), if t € [1—t,,1].
If it is clear from context, we suppress the superscript || || from the above notation. Observe

that 6,, = 0 and in general parametrisations , preserve many of the properties of 6.

Lemma 1.3.11. Let || - || be a norm on C and z € 8B|1|'H(O). Then 6, is a parametrisation of

8Bﬂ'”(0) in the anticlockwise direction such that Gz‘( is injective, Indgd, = 1, 0,(0) = 0,(1) =

0,1)

z,0,(1/2) = —z and, in general,
0,((t+1/2) (mod 1)) =—-0,(t) foralltel0,1]. (1.3.1)

Remark 1.3.12. Note for each z € 8B|1|'H (0) that any parametrisation 6, satisfying (|1.3.1]) is not
unique. In general, this does not affect our considerations. However, when the non-uniqueness

becomes an issue we consider a fized parametrisation 6,, see (4.3.2) of Theorem |4.3.5|

Next we introduce further notation concerning unit vectors in the plane.
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Notation 1.3.13. Let || - || be a norm on C and z,y € (9B|1|'”(0).
(i) Let £ [0,1] = [0,2] be defined by fI(r) .= Heg'c"”(t) - xH

If the norm is clear from context we suppress it in the notation and write f,.

(ii) If « # y, let [z, y]).| denote the closed arc of 8B|1|'H(0) formed by = and y, starting at z

and traversed in the anticlockwise direction, ending at y.
Analogously, we define [z, y)|., (@, y]j. and (z,y)).-
We now introduce two simple results concerning arcs of spheres in the plane.

Corollary 1.3.14. Let || - || be anorm on C, z € 83‘1"”(0) and t; € [0,1]. f 0 <t <ty <t3<
1+ ¢4, then
o'l (t, (mod 1)) € (6, (t; (mod 1)),6, (ts (mod D)y -

In fact, each parametrisation 6., when restricted to (0, 1), defines a homeomorphism.

Corollary 1.3.15. Let || - || be a norm on C and z € 8B|1|'H(0). Then ©, := 92‘(0 Y 0,1) —

8Bﬂ’”(0) \ {z} is a homeomorphism.

Proof. By Lemma it suffices to verify the openness of ©,. Let U C (0,1) be non-empty
and open. Suppose, for a contradiction, that ©,(U) is not open in 88‘1"”(0) \{z}. Let y € U
be such that ©,(U) does not contain an open neighbourhood of O,(y) and let € > 0 be such
that V := (y — e,y +¢) C U. Define V} := (y —¢,y] and V4 := [y,y +¢). As V, V] and Vj
are connected and ©, is continuous, W := 0,(V) and W, := 0,(V}), j = 1,2, are connected in
0B, (0) \ {2} = ©.((0,1)).

Consider a homeomorphism ¢ : 9BJ1(0)\ {2z} — (0,1). Define Z := (W) and Z; = p(W;)
for each 7 = 1,2. Since W C ©,(U) does not contain an open neighbourhood of ©,(y),
note this implies Z, Z; and Z, are (connected) intervals in (0,1) which do not contain an
open neighbourhood of a := ¢(0,(y)) C (0,1). Hence, without loss of generality, Z = [a, ),
Zy = la,by) and Zy = [a,by) where b,by,b2 € (0,1) and ) represents either an open or closed
end to the intervals. Observe that Z = Z; U Zy, a € Z; N Zy and b = max(by, by). Therefore
either Z; C Zy or Zy C Z;. Further, by the injectivity of ¢ 0 ©,, Z; # {a} for each j = 1,2.
Thus Z; N Zy # {a} and so

PO ((y—¢e,))Né (0. ((y,y+e)) #0,
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which contradicts the injectivity of ¢ o ©, on (0, 1).
Therefore W is open in (9B|1H|(0) \ {z} and hence ©, is an open map, and so defines a

homeomorphism. O

We now focus on some simple, yet useful, properties of arcs contained in the unit sphere of

a fixed planar norm.
Lemma 1.3.16. Let || - || be a norm on C and z,y,v € aBﬂ’”(O) be distinct. Then:
(i) « € (v, —v)) if and only if v € (=, z)).;
(ii) if z,y € [v,—v) and y € (2, x).| for some z € (—v,v]) it follows that = € (y, —v)|.;
(ili) = € (y,v)y if and only if v € (x, y)).;
(iv) = € (y,v)) if and only if —z € (—y, —v)).-

Proof. Part (i) of the present lemma follows from Notation[1.3.13[(ii)] For (ii), given §, : [0,1) —
83‘1"”(0), find t,, € (0,1) such that 6,(t,) = w for each w € {z,y, —v}. Since z,y € [v, —v)|,
0 <ty t, <t_,=1/2. Asy e (z ) observe that ¢, < t,. Hence, by Corollary (1.3.14}

x=0,(ts) € (ev(ty)»gv(l/Q))”.H = (¥, —v)||-

For (iii) and (iv), suppose = € (y,v)|.. Given 6, : [0,1) — 8B|1|'H(0), find ¢, € (0,1) such
that 0,(t,) = w for w € {v,2}. As x € (y,v)) and v # y, note 0 < ¢, < ¢, < 1. Hence,
v=0,(t,) € (0,(t),0,(1)), | = (z,y)yy- For (iv), 1/2 <, +1/2 <t, +1/2 < 3/2. Therefore,
by Lemma and Corollary [1.3.14]

—r=0,((t:+1/2)  (mod 1)) € (6,(1/2).6, ((t. +1/2) (mod 1)), = (~y, —v), -

The reverse directions of (iii) and (iv) follow by the arbitrariness of x,y, v. O

Lemma 1.3.17. Let || - || be a norm on C and x,y, z € dB!"1(0) be distinct vectors such that

Yy e (—JI,ZL’)”.H and z € (l‘, —ZL’)”.H. Let U = (y,Z)”.” N (—Z, _y>||'H‘ Then,

U=y =y)11 0 (=2 2))- (1.3.2)
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Moreover,
(i) if —z € [y,x)H.”, then U = (—Z, —y)”.H; (ii) if —z Q [y,x)”.H, then U = (y, Z)H.”.

Proof. Consider a parametrisation 6_, from Notation [1.3.10, For each v € {y, z, —y, —z}, let
t, € (0,1) be such that 6_,(t,) = v.

Suppose first that —z € [y, x)|.. Thus, as y € (—z,x), 0 < t, <t_, <t, = 1/2. Hence,
0<t,<t,<1/2<t_,<t, <l (1.3.3)

Thus, (—z, —y)|. € (y,2)) and so U = (—z, —y).- Further, follows via ([1.3.3]).

Suppose now that —z & [y, z). As 2 # —x, —z € (z,y)|.|- Now as z € (x, —x).|, we have
—z € (—z,2)) by Lemma, so0<t_,<1/2<t, <1 Similarly, as y € (—z,2),
0<t,<1l/2<t_,<1. As—ze€ (z,y)) andt_.,t, € (0,1/2),

O<t_,<t,<l/2<t,<t_, <l (1.3.4)
Thus, (v, 2)). € (=2, —y)| and so U = (y, 2)j- Finally, (L.3.2)) follows via (1.3.4). O

1.4 Basic properties of planar norms

We first recall the notion of a strictly convex norm.

Definition 1.4.1. Let (X, || -||) be a normed space. We say that || - || is a strictly convex norm

if [tz + (1 —t)y|| < 1 for all distinct z,y € 83'1“'(0) and t € (0,1).

The following result is canonically referred to as the Monotonicity Lemma and is attributed
to many different authors, including Griinbaum [13]. However, following [26], Proposition 31],

we apply this result in the particular case of unit vectors, and include a ‘reverse’ application.

Lemma 1.4.2. [Monotonicity Lemma] Let || - || be a norm on C, z € dB!'(0), y € (x, —z]|

and w = (y — x)/|ly — =[|. If z € (z, )|, then:

(i) |l —z|| < ||z —y||, with equality if and only if 8B|1"”(O) contains the straight line segment

[w, 2];
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(i) ||y —z|| < |ly — ||, with equality if and only if 8B|1|'”(0) contains the straight line segment

[—w, 2].

Proof. We only include a proof of the second statement. Consider first when y € (z, —x).,
ie. y # —x. Let Ly and Lo denote the segments given by ¢tz and tx + (1 — t)y, t € [0,1],
respectively. First note that Ly and L, are not parallel since y € (x, —z) and z € (z,y)).,
so z # (x —y)/|lz — y||. Moreover, Ly N Ly # 0. Let p € E!'”(O) be such that p € Ly N Ly.

Now, as 0, z,p € Ly and z,p,y € Ls, note that

121+ lly = zll = (= = pll + llpl) + (ly = pll + llp — 1)

= (llpll + llz = pll) + (lp = yll + 1z = plD) = [l=]l + lly = =II

Since ||z]| = ||=||, the inequality ||y — z|| > ||y — z|| follows.
Let us consider the case of equality. Indeed, by |26, Proposition 1], equality occurs if and

only if both the straight line segments

T — — z— :
el ) <ot

However note that (¢ —p)/llz —pl = (p —y)/llp —yll = (z —y)/llx —yll and p/|lpl| =

(z—p)/||z = p|| = z. Thus, the claim for equality follows.

We now consider the case when y = —z. Note in this case that —w = z/||z|| = . In the
case y = —ux, the inequality ||y —z|| < ||y — x| follows naturally since ||y —z| = 2. Suppose now
that ||y —z|| = |[y—x| = 2. Fix an arbitrary s € (x, 2)|.. Then, by the previous case as y # —s,
ly — s|| > |ly — || = 2. Hence, |jy — s|| = 2 since s € dB!1(0). Therefore, ||y — s|| = ||y — 2|
and so the straight line segment [(s —y)/||s — y|, 2] € B}1(0), for each s € (z, Z)|- Since z
is fixed and 83‘1"”(0) is closed, by letting s — x we get that (9B|1|'”(0) contains the straight line
segment [—w, z].

Suppose now that the straight line segment [—w, 2] = [z, 2] € B)1(0). Consider now the

vector s == x+ (2 —12)/2 = (x+2)/2. Observe that s € [z, 2] € dBI1(0). Therefore, as y = —z,

2=ls = (=9l = llz + 2l = lz = wll

28



Hence ||z — y|| = 2, so the equality ||y — z|| = ||y — x|| holds. O
The following is an application of the Monotonicity Lemmal[l.4.2]to four distinct unit vectors.

Lemma 1.4.3. Let || - || be a norm on C, x € aB!"(0) and w € (x, =zl oy, z € (x,w))
with y € (z,2))., then ||z —w|| > ||y — z||. Further, if ||z — w|| = [y — z||, then aB|1|'H(0)

contains the straight line segments [z, y], [z, w].

Proof. By the Monotonicity Lemma [1.4.2} ||z — w|| > ||z — z||. Further, as z € (z, —z);.|, note
x € (—2,2)) by Lemma Since y € (z, 2)|.|, the Monotonicity Lemma [1.4.2] implies
Iz =yl < llz — 2.

Suppose now ||z —w|| = ||y —z||. Then, by the Monotonicity Lemma[l.4.2] ||z—n[| = ||z—z||
for every n € [z,y)). and so [p,n] C 8B|1|'”(0) where p = (z — 2)/||x — z||. Therefore, as p is
fixed and 8B|1|'”(0) is closed, [z,y] C 8B|1|'H(0).

Finally, to see that [z, w] C 83‘1"”(0), note that by the Monotonicity Lemma , ly—w|| =

|y — n|| for every n € (z,w], and so we can apply the same methodology as above. O]

Another immediate consequence of the Monotonicity Lemma[l.4.2l and the continuity of f.,

as defined in Notation [1.3.13] is the following property of strictly convex norms.
Corollary 1.4.4. Let || - || be a strictly convex norm on C, z € aB‘ll'”(O) and s € (0,2]. If:

(i) s € (0,2), then there exist a unique wy € (2, —2)) and a unique wy € (-2, 2)). such

that ||z — wi|| = ||z — ws|| = s;
(ii) s =2, then ||z — w| = s = 2 for some w € 83'1"”(0) if and only if w = —=.

Recall Notation|1.3.13 .

Corollary 1.4.5. Let ||-|| beanorm on C, = € (9B|1|'”(0) and T, € [0,1] be such that f,.(7T,) = 2.
Then f, is continuous on [0, 1] and is increasing on [0, 7], but is decreasing on [T, 1].
Further, if || - || is strictly convex then T, = 1/2, f, is strictly increasing on [0,1/2] and

strictly decreasing on [1/2,1]. Moreover, g, : :10,1/2] — [0,2] is a homeomorphism.

- fx‘[O,I/Q]

Proof. The continuity of f, follows by the continuity of 6, in Lemma|l.3.11} The monotonicity

of f, on [0,7,] and [T}, 1] then follow via the Monotonicity Lemma [1.4.2]
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Suppose now || - || is strictly convex. Then by Notations [1.3.10} and Corollary [1.4.4]
note T, = 1/2 and f, is strictly increasing/decreasing on [0, 1/2]/[1/2,1].

To see that g, is a homeomorphism, note g, is surjective as g, is continuous, ¢,(0) = 0
and ¢,(1/2) = 2. Further, g, is injective as it is strictly increasing. Therefore g, is bijective.
Finally note ¢, ! is continuous since every strictly increasing, surjective mapping between non-

degenerate intervals is continuous. O

Example 1.4.6. If || - || is not a strictly convex norm on C, then g, is not necessarily strictly

increasing. Indeed, let N : C — [0, +00) be defined by

gk if 2J¢] > |sl;
N(s+it) =9 L(|s|+[t)),  if [s| > 2[t| and s # 0;
0, ifs=t=0.

Now let z =3,y =2+iand 2z =1+i. Note N(z) = N(y) = N(2) =1 and y,z € (x,—2)N.
Further, s —y=1—diand c —2=2—1. So, N(x —y) = N(z — z) = 1. Thus, as y € (z, 2)n,

fz is not strictly increasing.

Corollary 1.4.7. Let || - || be a norm on C and z,y, 2 € 83‘1"”(0) be such that a < b where
a = |ly—z| and b := ||z—z||. Then, for each ¢ € [a, b] there exists w € I' such that ||w—z| = ¢,

where I' = [2,y]y if @ € [y, 2]y and ' = [y, 2]y if = € [z, 9]

The following result concerns unit vectors which have maximal distance from a fixed unit

vector.

Lemma 1.4.8. Let || - || be a norm on C and z € 83'1"”(0). Then f,!(2) is a non-empty, closed

interval contained in [0, 1].

Proof. Note, by Lemmal[1.3.11] f71(2) # 0 as f.(1/2) = ||0.(1/2) — 2| = || — 2 — z|| = 2| z|| = 2.
Observe f;1(2) C [0, 1] is closed, hence compact, by the continuity of f,. Let s; := inf (f;(2))
and sy :=sup (f71(2)). Then f71(2) C [sy, s9] C [0, 1].

Fix to € [s1, s2] and consider the following two cases. Suppose that 0.(to) € [6.(s1), —2]) -

Then, by the Monotonicity Lemma [1.4.2]

2 = ||0=(s1) — 2l < [10:(to) — 2| < 2.
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Hence f.(to) = 2 and so ty € f71(2).

Suppose now that 6,(ty) € [—z,0.(s2)]. Then, by the Monotonicity Lemma [1.4.2]
2 = ||6=(s2) — 2 < 10:(to) — 2| < 2.

Hence f,(to) = 2 and so to € f,*(2). Therefore f;1(2) D [s1, so] and thus f,(s) = [s1,s9]. O

1.5 Basic properties of polygonal norms

This section quotes some results from [25], which we then extend to proceed with our inves-
tigation into centred Lipschitz quotient mappings in polygonal norms in Chapter [3] We first

introduce the definition of a polygonal norm.

Definition 1.5.1. For each even integer m > 4, any norm in C whose unit ball centred at the
origin is a regular m-gon is called a polygonal m-norm. A polygonal m-norm whose unit ball

has a vertex at z = 1 will be denoted by || « |-

Throughout this section, and the rest of this thesis, when considering the polygonal m-norm,
we refer to the arc (z,y)|.),, by (Z,¥)m, the ball Blll'”m and the sphere 83!”’"(0) by B}*(0) and
0B (0), respectively. Moreover, for any locally injective parametrisation ¢ we denote its length
by length,,(¢) instead of the usual lengthy. ().

First we introduce some notation that will be used throughout the rest of this thesis.

Notation 1.5.2. Let m > 4 be an even integer and vy, vs,...,v, € 0B]*(0) denote the
vertices of the unit sphere of || - ||, ordered in the anticlockwise direction, where v; = 1; that is,
v; = cos(2(j —1)m/m)+isin(2(j — 1)w/m) for each j € [m]. Let £, = m||vy —v1||,, denote the
Hﬁ,”m—length of the unit sphere B7*(0). In what follows, we shall consider all indices modulo
m.

For each j € [m] and integer N > 1, let v, = v; + £ (v;41 — v;), where k € [N] U {0}. For
any r > 0, let Dj = [r, +oo)v; and D" = U;.:Ol Dj; for brevity, we write D instead of D°. Let

D; = Ryv; and let U; denote the interior of the convex hull of the set D; U D;,;.

We now recall a few results from [25] which are foundational to the results presented in

Section B.3]
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Figure 1.2: Example of Notation when m = 8 and N = 3.

Lemma 1.5.3. ([25, Lemma 3.6 (1)]) Let m > 4 be a multiple of 4 and » > 0. Then,

| Vg1 — Vgllm = 27 tan(mw/m) for each k € [m)].

Lemma 1.5.4. ([25, Lemma 5.1]) Suppose m > 4 is a multiple of 4, 7 > 0 and 0 < a < %, /m.
Let Py € [rvg, rvg1] and Py € [rug 1, rugre] be such that [Py — 1ok ||m = || P2 — roksi|lm = a

for some k € [m]. Then, ||P, — P||,, = 2a cos*(m/m).

Lemma 1.5.5. (|25, Lemma 5.5]) Let m > 4 be a multiple of 4, u > 0, p € D; and ¢ € D;.

Consider ag = ucos(2m/m), a; = usec(2w/m) and a € [ag, a;]. Then:

(i) avs belongs to the (2 + 1)th side of D := 9B/" (uvy), that is the edge of D which

4 [luvi —ava||m

is a translation and scaling of the straight line segment [v1 /4, Voim/4l;
(i) [luvr = gllm = [Juvr — ava|[m if [lg|[m = a.

Proposition 1.5.6. (|25, Corollary 5.6]) Let m > 4 be a multiple of 4 and r > 0. If p € D},

and g € Dy, for some k € [m], then ||p — q||n > 7.2, /m.
In a similar manner, we have the following lemma.

Lemma 1.5.7. Let m > 4 be a multiple of 4. If p > Rsec(2r/m) > 0, then we have

| Rvi, — pvgs1l|m > Rtan(2m/m) for each k € [m)].

Proof. Recalling Lemma [L.5.5] (ii), consider u = R, a = a; = Rsec(27/m) and ¢ = pv,. Since

p > Rsec(2m/m), note p > usec(2r/m) = a; = a and so [|q||, = ||pva||m > a. Therefore, by
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Lemma [L.5.5] (ii),
[Rvr — pva|lm = [[uvy = qllm > [luvr — ava|[m = [[Rvr — a1v2]|m.-

As a; = Rsec(2m/m), we note [Ruvy, ajvs] is a vertical segment, and thus ||Rvy — ajvs||y, =
|Rvy — aqvs| since m is divisible by 4. Finally, by considering the right-angled triangle with

vertices 0, a1vq, Req, one can observe that |ajve — Ruy| = Rtan(2w/m). O

Before we proceed with recalling the final result from [25], we need to introduce some further

notation.

Notation 1.5.8. For j € [m] and k € [N — 1] U {0}, let w(_1)n4k := vjr. Moreover, denote

the angle between R, w; and Ryw; 1 by ay.

Lemma 1.5.9. (|25, Lemma 5.3, Lemma 5.4]) Let m > 4 be a multiple of 4 and N > 2 be an
integer. Suppose r > 0 and let s = s(r) > 0 be such that sw, is the intersection between the

vertical line through rv; and the line R, w,. Then:
i) s =r(1+ tan(m/m)tanay);

ii) |lrvr — swsllm = rtanag for each k € [m];

2 tan(m/m)
N + (N — 2) tan?(w/m)’

iii) tanay =

The next lemma allows one to determine the polygonal distance between two points on
adjacent rays, and this can be seen to be analogous to the case of || - || = || - ||4; the only caveat

is we require some constraints on how far the norms of these two points may vary.

Lemma 1.5.10. Let m > 8 be a multiple of 4 and ro,7; > 0 be such that max(rg,71) <

min(rg, 1) sec(27/m). Then,
|r1vke1 — ToVk||lm = (ro + r1) tan <1> for each k € [m].
m

Proof. Let dy := ||rivks1 — Tovk||m. Since rotating 0B (rovx) by an integer multiple of 27 /m
maps it to B (rov1), we may assume without loss of generality that k = 1. Let d = d;. Now,
as 0B]"(0) is symmetric with respect to the ray starting at the origin which contains (v, +vs)/2,

we may further assume that ro < rq, that is, 0 < ro < r; < rgsec(27w/m).
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Consider the sphere S = 0BJ'(rov1) and note rjve € S. Let O denote the origin, A = ryv;
and B denote the (% + 1)th vertex of S. Observe by Lemma that C = rjvqg lies on the
(% + 1)th edge of S. Further, let D denote the intersection of the horizontal line through
C' and the segment [A, B]. Similarly, let £ denote the intersection between the vertical line

through C' and the positive real axis; see Figure [1.3] below.

27

9] m

\ " A :‘rnvl

Figure 1.3: The construction used in the proof of Lemma |1.5.10}

Observe that as the acute angle between the segments [0, C] and [O, E] is 27/m,

2 2
|A—D|=|E—-C|=|C-0lsin (-”) = 7, sin (—”) (1.5.1)
m m
Similarly,
2
IC—D|=|E—Al=|A—0| - |E — 0| =ry—r cos (%) . (1.5.2)

Now, as the angle ZCBD = 7/2 — n/m, ZDCB = w/m. Hence, by (1.5.2)),

2
|B— D| =|C — D|tan <1> = rotan <1> — 71 COS (1) tan <£>
m m m m

— 1o tan (%) - (sin (%) — tan <%>) (1.5.3)

Finally, as m is a multiple of 4, note d = ||ryvy — rov1||m = |A — B|. So combining (1.5.1]) and

34



(1.5.3) we obtain
d=|A—B|=|A-D|+|B-D|= (r0+r1)tan(1).
m

]

We now provide an explicit formula for the polygonal m-norm of those vectors which have

sufficiently small argument.

Lemma 1.5.11. Let m > 4 be an even integer, r > 0 and z = t + is € [rvy,, rvi] U [rog, rog].
Then,

m
r=|z||m =t+|s|tan (—) :
m

Proof. Consider the right-angled triangle with vertices z, z; = tv; and 23 = rv;. Observe that

Lz1zz9 = m/m and so r — t = |s|tan(7w/m). O

Remark 1.5.12. If m > 4 is an even integer, which is not divisible by 4, then for any k € [m]
and z,y € [vg, vgr1], it follows that ||z — y||.m = |x — y| since x — y is parallel to a segment
connecting the origin to one of the vertices of 9B7*(0).

Similarly, if m is divisible by 4, then for any &k € [m] and x,y € [vg, vg11], it follows that
|z —y||m = sec(m/m)|x—y| since x —y is parallel to an apothem of 0B{*(0) which has Euclidean
length cos(m/m), see |25, Lemma 3.6(i)].

Hence, in any case, if in addition x € (y, vg41) then ||z — Vg1 |lm < |y — Vi1 || m-

Provided m = 2 (mod 4), any two unit vectors on adjacent edges of the || - ||,,-unit sphere

provide equality in the triangle inequality in the following manner.

Lemma 1.5.13. Let m > 6 be an even integer, which is not divisible by 4, and z,y € dB*(0).

If © € [vg, Vpy1] and y € [vgy1, Vgro] for some k € [m], then

12 = Yllm = ll2 = vsgallm + Y = Okiallm-

Proof. First note if © = y = wvp,1, then this result is vacuously true. Hence, suppose that
r € [Ug,Ugt1) and y € (Ugy1,Ugso). Since rotating the unit sphere an integer multiple of

27 /m defines an isometry, we may assume without loss of generality that [vy, vx.1] denotes the
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Figure 1.4: Construction in the proof of Lemma [1.5.13

edge of OB7*(0) that is horizontal and below the real-axis. For ease of notation, let A := v,
B := v4; and C := vj49. Note B = sin(r/m) — cos(n/m)i. Define € := ||x — B||,, and note,

by Remark [1.5.12] ¢ = | — B|. Hence,

= n(Z) o) e (2

Consider now the vector y. Define D to be the intersection of the straight line containing [A, B]
and the vertical line through y; see Figure . Let € := ||y — B||;» and thus £ = |y — B|. By
considering the right-angled triangle with vertices B, D and y, note /DBy = 27/m. Thus,
|B — D| = ¢ cos(2m/m) and |y — D| = {sin(2m/m). Therefore,

y= (s (Z) + coos () ) i (g (22) - con (2.
v = (e gcos (21)) wigsin ()

Note, as 0 < ZBzy < 27/m, (y — x) /||y — &||m € [v1,v2]. Thus, by Lemma |1.5.11}

ly — 2||lm = | €+ &cos 2—7T + & sin 2—7T tan<£>
m m m

_ (s+5 (1 — 2in? (%))) + 2 sin? (%) —e+ &=z = Blm+ |y — Bllm.

Hence,

]

Unfortunately, this does not extend to the case when m is not divisible by four as can be

seen in the following example.
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Example 1.5.14. Consider m > 4 to be a multiple of 4. Let x € [v1,v2) and y € (vq, v3] be
such that |x — ve| = |y — va|. Then, as  — y is parallel to a segment connecting the origin to a

vertex of B}*(0) note ||x — y||m = |x — y|. Since Zvyvovg = m — (27/m), by Remark [1.5.12]

m ™
& =yl = |2 = 9l = 2l — vl cos () = (l& = vallm + lly = vallm) cos® (=)
m m

Fortunately, we are able to produce a formula similar to that provided in Lemma [1.5.13| for

the cases when m is a multiple of four.

Lemma 1.5.15. Let m > 4 be a multiple of 4 and let x,y € 9B(0). If x € [vg, vk41] and

Y € [Ugs1, Upyo] for some k € [m], then

21 .
1z = yllm = max ([lz = vesi o, [y = vkrallm) + cos | — Jmin ([l = visallm [[y = vesallm)

Proof. By rotating the unit sphere by an integer multiple of 27 /m, we may assume without
loss of generality that k = 3m/4. Let € := ||z — vgy1||m and & := ||y — vgy1||m- Note x — vyq

and y — vg4; are parallel to apothems of 0B7"(0) and thus, by [25, Lemma 3.6 (i)],

|z — vgp1| = e cos <1> and |y — vgy1| = & cos (1> )
m m

Therefore,

™ ™ .. ™
T = Vgy1 + €COS (—) (— cos (—) +2s1n (—)) ,
m m m
™ ™ .. ™
Y = Uy + £ cos (—) (cos (—) + 2 sin (—)) :
m m m
Hence,

y—x = (£ +¢)cos® (%) + (£ — g) sin (%) cos (1) i

m

Observe that (y — z)/|ly — z||m € [Um, v2]m and thus, by Lemma [1.5.11}

Hy—x||m:(5+5)‘3082< )+|§—5Ism<ﬂ>cos<%>tan<%>
:(f+€)0082< >+\§—5|31 ( )

= max (§,¢) + min (§, & cos( >
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[]

Below we show, for m > 6, that || - ||, behaves similarly to a strictly convex norm, cf.

Corollary [1.4.4]

Lemma 1.5.16. Let m > 6 be even and z € 9B7"(0). Then for each s € [0, ZH' (0B]*(0))]

there exists a unique wy € [z, —2),, such that ||z — wg]|;m = s.

Proof. Without loss of generality, assume z € [v1,v2). Note as m > 6 that cos(2r/m) > 0.

Hence by Lemmas|1.5.13[and [1.5.15] note by denoting v, = cos(27/m) if m is a multiple of 4,

and v,, = 1 otherwise, that
1 1 m
12 = v3llm = llv2 = v3llm + Y V2 = 2|, > lv2 — V3|l = EH (0B7"(0)).

Hence, by the Monotonicity Lemma m, it suffices to show ¢, : (z,v3)m — [0,2] given by
g-(w) = ||z — w||,, is strictly increasing, in the sense that if py, ps € (2,v3);, with p; € (2, p2)m,

then g.(p1) < g:(p2).

Case 1: m is not divisible by 4. Assume first that p;,ps € (z,v9] with p; € (z,p2). Then,

by Remark [1.5.12] g.(p1) < g.(p2). Now, if py, pa € [v2, v3] with p; € (v2, p2), then [|vy — pol|m >
|ve — p1||;m. Hence, by Lemma |1.5.13]

9:(p2) = |2 = p2llm = |2 = v2llm + [lv2 = p2llm > 12 = vallm + [[v2 = prllm = |2 = Pllm = g:(p1)-

Finally, suppose that p; € (z,v2) and py € [vg,v3). Then, by Remark [1.5.12f and the Mono-

tonicity Lemma [1.4.2]

9:(p1) = 12 = prllm < [Iz = v2llm < g2(p2)-

Therefore g, is strictly increasing on (z, v3],.

Case 2: m is divisible by 4. Assume first that py,ps € (2,vs] with p; € (2,ps). Then, by

Remark [1.5.12} g.(p1) < g.(p2). Now if p; € (2,v5] and py € (vq, v3], then by the collinearity of
z,p1, U, Lemma [1.5.15] and since both z # vy and py # s,

9:(p1) < |2 = vallm < max([|z = vallm, P2 = vallm)
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21 .
< max (2 = 0l [p2 = vall) + cos (;) i (12 = vallms [Pz = vall)

= gz(p2)>

as cos(2m/m) min (||z — va||m., [[p2 — v2|lm) > 0.
Suppose now pi,pa € (va,v3] and pi € (ve,p2). Hence, |p1 — vallm < |lp2 — vallm. If

lp2 — vallm < ||z — v2|m, then ||p1 — val|m < ||z — v2|lm. Therefore, by Lemma [1.5.15]

2w 2T
9-(p1) = ||z — val|;m + cos o [p1 — vallm < ||z — val|sm + cos o P2 — v2llm = g=(p2)-

One can argue similarly if ||z—va||;, < ||p1—v2||m. Finally, if [|[p1—va||m < [|2—v2||m < [[P2—v2]|m,

then

27 21
9:(p1) = ||z — val|;m + cos o [p1 — vallm < [|p2 — v2[|m + cos oy |2 = v2llm = g.(p2)-

Thus, as in all cases g,(p1) < g.(p2), we conclude g, is strictly increasing on (z, v3),. ]

We now determine the exact constants of equivalence between a fixed polygonal norm and

the standard Euclidean norm.

Lemma 1.5.17. Let m > 4 be even. Then, |z| < ||z||m < sec <£> |z| for each z € C.
m

Proof. The result follows trivially if z = 0. So suppose z € C\ {0}. If arg(z) = 2kn/m for
some k € [m] then ||z||,, = |z| and so the result follows trivially. Since rotations by an integer
multiple of 27/m define an isometry in || - ||,,, we may assume without loss of generality that
arg(z) € (0,27 /m).

Let ¢, := arg(z), O be the origin, A = ||z||,v1 and B = z. Consider the triangle with

vertices O, A and B. Note that ZOAB = 7 — = and so ZOBA = 7 + = — ¢.. Hence,

o
m
™

oG Ie) L w(Zos)

12 e = —— 7|
(2T con (T)
2 m m

= (cos(gbz) + tan (%) sin(@)) |z|.  (1.5.4)

Let f : [0,27/m] — R be given by f(¢) = cos(¢)+tan ( ) sin(¢). Note, as cos(¢) # 0 and m >

o
m

39



4, f'(¢) = 0 if and only if ¢ = 7/m. Now, f(0) =1 = f(2nr/m) and f(n/m) = sec(w/m) > 1.
Therefore, 1 < f(¢) < sec(m/m) for all ¢ € [0,27/m]. Thus, as ¢, € (0,27/m), the claim of
the lemma then follows by (1.5.4)). O
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CHAPTER 2

THE STRUCTURAL DECOMPOSITION OF PLANAR
LIPSCHITZ QUOTIENT MAPPINGS

In this section we focus on converse statements to the groundbreaking result of |17] concerning
the structure of planar Lipschitz quotient mappings; namely Theorem [I.1.4. We mainly focus
on the question of whether for a fixed non-constant complex polynomial in one variable P does
there exist a planar homeomorphism h such that P o h is a Lipschitz quotient mapping.

The research presented in this chapter is joint work with O. Maleva. The present author

contributed to all results. The work has been accepted for publication, see |15].

2.1 Introduction

This chapter focuses on converses to Theorem restated below.

Theorem 1.1.4. Let f : C — C be a Lipschitz quotient mapping. Then f = P o h, where

h : C — C is a homeomorphism and P is a complex polynomial of one complex variable.

The authors of [17] pose questions regarding the uniqueness of the homeomorphism h ob-
tained from the decomposition of a planar Lipschitz quotient mapping and whether a converse
statement to Theorem holds also. It is shown that, up to a linear transformation, the
homeomorphism obtained via the decomposition of a Lipschitz quotient mapping is unique, see
17, p. 22].

In connection to the structural decomposition of planar Lipschitz quotient mappings, we

may ask the following questions concerning converse statements to Theorem [1.1.4]
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Question 2.1.1. (a) Can every planar homeomorphism h : C — C be obtained via a de-
composition of a Lipschitz quotient mapping? In other words, is it true that for every
homeomorphism h : C — C there exists a non-constant complex polynomial P such that

P o h is a Lipschitz quotient mapping?

(b) Can every non-constant complex polynomial P be obtained via a decomposition of a
planar Lipschitz quotient mapping? In other words, is it true that for every non-constant
polynomial P there exists a homeomorphism h : C — C such that P o h is a Lipschitz

quotient mapping?

We begin by considering Question . We provide a planar homeomorphism A such
that P o h is not Lipschitz quotient for every non-constant complex polynomial P. Indeed,
consider the homeomorphism h : C — C given by h(z) = |z|2¢?®8(). Observe that P o h is not

Lipschitz for every non-constant complex polynomial P. This follows simply as

lim |P o h(R) — P oh(0)] .
R—+o00 R

The main motivation of this chapter is to consider Question 2.1.1][(b)] as the authors of [17] do.
The authors claim to answer this in |17, Proposition 2.9] in the positive, and provide a sketch

proof of the following statement.

Theorem 2.1.2. Let P be a non-constant polynomial in one complex variable with complex
coefficients. Then there exists a homeomorphism A of the plane such that f = Poh is a

Lipschitz quotient mapping.

However, as we show in Section [2.3] the construction of their mapping h is not in fact a
homeomorphism of the plane. In this chapter we prove Theorem [2.1.2, To do so we follow the
framework provided in [17] but correct oversights in the original sketch. We heavily rely on the
new notion of strongly co-Lipschitz defined in Definition [1.2.24] Moreover, with this notion of

strongly co-Lipschitz, we consider the following question.

Question 2.1.3. For a fixed homeomorphism h : C — C does there exist a non-constant

complex polynomial P such that P o h is not a Lipschitz quotient mapping?

We answer Question [2.1.3|in the positive in Theorem [2.2.1
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2.2 Preliminaries

We begin by answering Question [2.1.3]in the positive. Formally, we prove the following.

Theorem 2.2.1. Let h : C — C be a homeomorphism. Then there exists a complex polynomial

P in one complex variable such that P o h is not Lipschitz quotient.

Naturally Theorem [2.2.1]is a consequence that squaring planar Lipschitz quotient mappings

never produces a Lipschitz mapping. We prove this in the following.

Lemma 2.2.2. Suppose f : C — C is a Lipschitz quotient mapping. Then g(z) = (f(z))* is

not Lipschitz.

Proof. Suppose f is cg-co-Lipschitz and L-Lipschitz and, for a contradiction, suppose g is L-
Lipschitz. Let us assume, without loss of generality, that g/ f are Lipschitz/ Lipschitz quotient
with respect to the Euclidean norm. Now Lemma [1.2.10| provides the existence of a positive
constant R such that

|f(z)] > cf(|z] — M)  whenever |z| > R. (2.2.1)

Here M := max {|z| : f(z) = 0}; note M exists since card (f~'(0)) is at most the degree of the
polynomial of P in the decomposition of f obtained via Theorem Fix zg € C such that
|20 > R+ M + Lg/(203c). By Corollary [1.2.36| f is strongly c-co-Lipschitz at 2z, and so there
exists ro > 0 such that whenever w € B, (%), it follows that |f(z0) — f(w)| > ¢f |20 — w|. As

g is Lg-Lipschitz,

cslzo —w| - |f(z0) + f(w)] < [(f(20))* = (f(w))*] = g(z0) — g(w)| < Ly|20 — wl,

whenever w € B,,(z). Hence, for any w € B, (20) \{20}, | f(20) + f(w)| < Ly/cs. Thus, by the

continuity of f, | f(z0)| < Ly/(2¢s). However, by our choice of zy and (2.2.1)), | f(20)| > Lg/(2¢y),

providing contradiction and so g is not Lipschitz. O

The rest of this section now focuses on the preliminary results needed in the construction

in Section 2.3l First we shall introduce some notation.

Notation 2.2.3. For any non-constant complex polynomial P in one complex variable and
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a > 0 we define the closed set

vP= |J Bl (2.2.2)

ZjES(P/)

where P’ is the derivative of P and S(P') = {z € C: P'(z) = 0}.

We now state properties of particular functions which are important in the judicious choose
of r > 0 which we are making in Claim [2.3.5] First, let P be a fixed non-constant complex
polynomial of one complex variable, P’ be its derivative and z; € S(P’). Of course if P is
non-zero and linear, then S(P’) = (). Define the polynomial

P(z) - P(%)

Qi(z) == = (2.2.3)

where m; > 1 is the multiplicity of z; as a root of the polynomial P(z)— P(z;). Note, for future

reference, that P(z) = (2 — 2;)"Q;(2) + P(z;). Further, by the maximality of m,,

Q;(z) # 0. (2.2.4)

We define the expansion of the polynomial (); about z; by

Qi(2) = Y ai(z—z) (2.2.5)

=0

where n = deg(P) and ¢;; € C. Thus (2.2.4) implies ¢y ; = Q;(2;) # 0 for each j such that
Zj € S (P I).
We now define a function which proves useful in the construction of the Lipschitz quotient

mapping in Section 2.3l For each m > 1, let A,, C C x C be defined by

Ay ={(z,w) eCxC: |z|etmare(z) —£ |w|eimarg(“’)} U{(w,w) e CxC:weC\{0}}.
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Now, for each m > 1 and [ € [m] we define the mapping ®;,, : A,, = C by

( |Z|Z+Tm€i(l+m) arg(z) _ |w|l+7m6i(l+m) arg(w) f .
|Z|eimarg(z) — |w|€imarg(w) ) I z 7£ w;
Pl (2.2.6)
! .
ﬂ|w|%ellarg(u))7 N
N\ m

Lemma 2.2.4. Let m > 1 and | € [m]. For each w € C\ {0}, there exists p > 0 such that
B,(w) x {w} C A,, and

lim D) (2, w) = Oy (w, w).
z€By(w)

Proof. Note for w € C \ {0} fixed that there exist finitely many points z € C such that
(z,w) € A,,; namely this happens exactly when z # w but |z| = |w| and e™?8(2) = eimarg(w),
Hence, there exists p > 0 such that B,(w) x {w} C A,,.

I£ 2 € By(w)\ {w}, then ®yu(z,w) = (9(F()) — g(f()))/(F(=) — f(w)) where f,g: € > C
are given by f(2) = |z|e™*8() and g(z) = z(+™/™ As w is fixed, f is continuous at w and g

is differentiable at f(w), observe that

lim ®,,(z,w) = lim g (f(w)) = Py (w,w).
ZEZB_Z,l(Uw) ZeZB—:“(Uw) f(Z) - f(w>

Corollary 2.2.5. Let m > 1 and [ € [m]. For each w € C\ {0} and £ > 0 there exists p > 0

such that B,(w) x {w} C A,, and whenever z € B,(w),

Qi (2, w) | < €+ [P (w, w)] - (2.2.7)
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2.3 Construction of the Lipschitz quotient mapping

Recall the function h : C — C given in [17, Proposition 2.9] (for some large R > 0):

(
2R — — ,
h(Z) = < ( RR |Z’|Z‘ + |Z|R R|Z’1/n> ezarg(z)’ if R< ‘Z’ < ZR, (231)
klz‘l/neiarg(z), if ‘Z’ 2 2R,

The authors of [17] claim first this is a homeomorphism from C to itself and go on to provide a
sketch for a proof of Theorem However it is clear that h is not injective whenever n > 2
by observing that for R > 2Y/(=1 the curve 0Byr(0) is mapped under A inside the open ball
Br(0) where the mapping remains fixed. Further, the authors introduce an amendment to the
function h which may further provide points at which A is not injective. They describe how
to change the function h defined by on a finite collection of open balls. However they
neglect the fact the prescribed radii of these balls are potentially very small and hence will
require a ‘scaling’ to ensure the function is necessarily injective, as indicated by the r'=(/m)
term in . Finally, the authors state the co-Lipschitzness of the function h outside of
the union of these balls, but do not verify the co-Lipschitzness on their boundaries, which is
intricate.

Below we give a correct construction, for a fixed polynomial P, of a homeomorphism h of the
plane to itself such that Poh is a Lipschitz quotient mapping. The proof of Theorem will
be split into many claims, which verify the pointwise co- and Lipschitz property of the required
functions, and remarks, which utilise earlier lemmata to conclude co- and Lipschitzness on
specific regions. To highlight the end of the proof of a claim we use the symbol <>, whereas the

end of the proof of the proposition is highlighted by the usual 1.

Proof of Theorem[2.1.9. Fix n € N. We may assume without loss of generality that P is a
monic polynomial of degree n. Indeed if P is not monic, let a # 0 denote the leading coefficient
of P. One can apply the present Proposition to the monic polynomial @ := P/a to find
the homeomorphism h such that f(z) = (Q o h)(z) is a Lipschitz quotient mapping. Then
(Poh)(z) =af(z) is a Lipschitz quotient mapping.

Therefore, assume P(z) = 2" + a, 12" ' + -+ + a12 + ap. If n = 1 define h(z) := z and
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then f(z) = (Poh)(2) = z+ ag is 1-co-Lipschitz and 1-Lipschitz.

Suppose n > 2. The structure of the proof is as follows: we begin by defining a homeo-
morphism h; of the plane, let F; = P o h; and show that Fj is Lipschitz on C and pointwise
co-Lipschitz on C with the exception of a small neighbourhood W of finitely many points.
Namely, W contains a neighbourhood of the set of roots of the polynomial P’, the derivative of
P. We use this to show F7 is strongly co-Lipschitz at each z € C\ V, where V2 W. We then
proceed by defining an amended homeomorphism hy which coincides with hy everywhere out-
side of V', define the new function F5 = Pohy and prove F3 is pointwise co- and Lipschitz at the

remaining points. Let us introduce some notation which will be important in the construction.

Notation 2.3.1. If a # 0 let Dy, = D (1/(2n]ax|), k,n) be provided by Lemma [1.2.23] such
that g.(2) = |z|*/me*2¢() is 1/(2n|ay|)-Lipschitz on R? \ Bp, (0); otherwise if a; = 0, let

D, = 0.

Let R > 1 be such that
(a) the roots of the derivative P’ lie inside the open ball of radius R centred at the origin;
(b) R>max{Dy:0<k<n-—1}

Define hy : C — C by
hi(2) = ¢(|2])e’ 5,

where

: if + > 2"R";

o(t) = (i'f‘R), if R<t<2"Rm

£ if0<t<R.

Since ¢ : [0, +00) — [0, +00) is a continuous, piecewise C* strictly increasing function, hy is
bijective and continuous. Further we note h;'(z) = ¢~!(|z])e’®8() which is continuous. Hence
hy is indeed a homeomorphism of C to itself. Finally, let U; := Bonpgny;(0) for j = 1,2. Define
Fy, = Poh,.

Claim 2.3.2. Fj is Lipschitz on Us,.
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Proof. We first show that hy is Lipschitz on U;. Note that hy is pointwise 1-Lipschitz at each
2o € Bgr(0), since if r > 0 if sufficiently small such that B,(z9) C Bg(0), then hy (B, (20)) =
B, (z0) = By (h1(20)).

To see that hy is pointwise Lipschitz at each zg € Uy \FR/Q(O), first note that ¢ is Lipschitz
on [R/2,2"R™ + 2]. Moreover observe that ¢'®2() = z/|z| is Lipschitz on C\ Bg/(0), as if

z,w € C\ Bg/»(0), then

1
|2 - |wl

z w

4
T Tl (lwl- Iz = vl + ] - o] = [2]] ) < Iz = wl.

|‘§

Thus, hi(z) = é(|z])e’®#) is the product of two bounded Lipschitz functions on the bounded
domain A = {2z € C: R/2 < |z| < 2"R" + 2}. Therefore, hy|, is L-Lipschitz for some L > 0.
In particular, we conclude that h; is pointwise L-Lipschitz at each z € U, \ER/Q(O).
Therefore Lemma implies Ay is max (1, L)-Lipschitz on the convex, open set U,. Now,
F; = Pohjy is the composition of P, a polynomial, which is Lipschitz on the bounded set h(Us)

and hq, which is Lipschitz on Us. Therefore, F} is Lipschitz on Us. &
Claim 2.3.3. F) is Lipschitz on C\ Uj.

Proof. To see F, is Lipschitz outside of U; note for z ¢ U; that F 1(z) takes the specific form
n—1
Fl(z) = ap + fn(z) + Z akgk,n(z)a (232)
k=1

where f,, is defined as in Lemma and g, as in Lemma for each k € [n — 1].
Hence, as f,, is n-Lipschitz on C by Lemma , to show F} is Lipschitz on C\Uj it suffices

to show for each k € [n — 1] that apgy, is Lipschitz on C\ Uy; this follows by Lemma

and the choice of R and Dy, in Notation (b). Hence Fy is Lipschitz on C\ U;. &

Remark 2.3.4. Recall by Claims [2.3.2] that F} is Lipschitz on both C\ U; and Us.
Therefore Lemma yields that there exists Ly > 0 such that F} is L;-Lipschitz on C.

Claim 2.3.5. Recall (2.2.2)-(12.2.5)) from Notation and the choice of R from Notation2.3.1}

There exists r € (0, 1) such that:

(i) the balls By, (z;) around roots z; € S(P') of P’ are pairwise disjoint;
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(ii) Vi, € Br(0);

(iii) » < min e;7, where for each z; € S(P') we define ¢; > 0 by
Jizj€S(P")

n—m;
|Q] Z])| ’ ifn > m; and Z |Ck:,j| # 0,
k=1

n J

€j 1= ( ) g |Ck7j|

1, otherwise.

(iv) 1Q;(%)]/2 < |Q;(y)| < 2|Q,(2;)| for each y € B,(z;) such that z; € S(P’).

Proof. Property is easy to satisfy as there are only finitely many distinct roots in S(P’).
Next, property is satisfied for sufficiently small » > 0 since S(P’) € Bgr(0) and Bg(0)
is open. Property follows naturally by ([2.2.4) since each ¢; is positive and there are only

finitely many of these terms. Finally, it is possible to satisfy property since each polynomial
(); is continuous on C and Q;(z;) # 0 by (2.2.4] - &

For the rest of the proof of Theorem [2.1.2] we fix r € (0, 1) provided by Claim [2.3.5 Recall
(2.2.2)), and define the closed sets W and V' to be the following:

w=v), v=v" (2.3.3)

r

Claim 2.3.6. There exists ¢g > 0 such that F} is pointwise c¢yp-co-Lipschitz at each z € Uy \ W.

Proof. We first show that there exist positive constants L and £ such that h; is pointwise
(1/L)-co-Lipschitz at each z € U, and the polynomial P is pointwise &-co-Lipschitz at each
z € hy (Uy \ W). Then we appeal to Lemma to conclude that F} is pointwise ¢ := (%)—
co-Lipschitz at each z € Uy \ W.

By arguing similarly to the proof of Claim , namely as h;'(z) = ¢ (|z])e’ @8 is the
product of two bounded Lipschitz functions, there exists L > 0 such that h;! is pointwise L-
Lipschitz at hy(z) for each z € Uy. Thus Lemma and the arbitrariness of z € U, implies
hy is pointwise (1/L)-co-Lipschitz at each z € Us.

Observe by Claim that S(P') C W C Bg(0). Therefore, as hy is the identity
on Bg(0) and since |hi(2)] > R for |z| > R, we conclude that hy(Us \ W) N S(P') = 0. As
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P’ is a polynomial, hence continuous, |P’| assumes its minimal value 2§ > 0 on the compact
set hy(Uy \ W). In particular for each z € hy(Us \ W) note P'(z) # 0 and thus, by [11,
Theorem 7.5], there exist open neighbourhoods Np(,y C Fy (U \ W) and N, C hy (U \ W) of
P(z) and z respectively such that P : N, — Np(. is a continuous bijective open mapping,
hence a homeomorphism. Further, (P~!)(P(z)) = 1/P'(z). Therefore for each z € hy (Uy \ W)
it follows that |(P~1)(P(2))] < 1/(2¢). Hence P~' is pointwise %—Lipsehitz at P(z). By
Lemma and Remark we hence conclude P is pointwise &-co-Lipschitz at z since
P : N, — Np(, is a homeomorphism, N, and Np(,) are open subsets of C and z € N,. We
conclude P is pointwise £-co-Lipschitz at each z € hy (U \ W).

Now h; is pointwise %—co—Lipschitz at each z € Uy \ W and P is pointwise &-co-Lipschitz
at each hi(z) € hy (Uy \ W). Therefore by Lemma we conclude F) is pointwise co-co-
Lipschitz at each z € Uy \ W where ¢ = £/L > 0. &

Remark 2.3.7. Since (U, \ W) Nh 1 (S(P')) = 0, by Proposition [1.2.15, F} is locally injective
at each z € U, \ W. Further, U, \ W is open. Therefore Remark [1.2.27, Corollary and
Claim imply F} is strongly cg-co-Lipschitz at each z € Uy \ W. In particular, for each
z € Uy \ Int(V) there exists p = p(z) > 0 such that B,(z) C U, \ W and

|F1(2) — Fi(z)| > ¢o|z — x| forall x € B,(z). (2.3.4)

Claim 2.3.8. I is %—pointwise co-Lipschitz at each z € C\ U.

Proof. Fix any zy € C\ U;. Recall Fj = P o h; where P is a non-constant polynomial of
one variable, so is an open map, and h; is a homeomorphism. Therefore F} is open. By
Corollary and Remark [1.2.27, as C\ U, is open, to check that F} is pointwise (1/2)-co-
Lipschitz at zg, it is enough to verify of Definition is satisfied; that is, to show that

there exists p = p(zo) > 0 such that

|z — 20|

|Fi(x) — Fi(z0)] > for each z € B,(2o). (2.3.5)

Recall by Corollary [1.2.37] that f,, is strongly 1-co-Lipschitz at z;. Hence there exists p; =
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p1(z0) > 0 such that
|fn(20) = fu(z)| > |20 — 2| for each x € B, (20). (2.3.6)

Choose p = p(z9) > 0 sufficiently small such that p < p; and B,(z) C C\ U;. Let x € B,(2)

and put s = |z — 2| < p. Recall [2.3.2), that is F = ag + fo + >t~ @xgkn, and so

i
L

|Fi(z) = Fi(z0)] = |(fn(20) = fu(2)) +

(]

ak (grn(20) = Grn(T))

|
=l

n

> [fulz0) = fu(@)] = D _ lak] gk (20) = grn ()] (2.3.7)

—_

> 5= > |ar] [grn(20) = grn(@)], (2.3.8)
1

3

i

where the last inequality follows from (2.3.6). We show

(2.3.9)

[N VA

n—1
> larl |grn(20) = gen(@)] <
k=1

Combining (2.3.9) with (2.3.8) implies (2.3.5) which proves Fy is pointwise 3-co-Lipschitz at z

as claimed.

To see recall Notation ‘ in particular, recall @ As R > Dy, by Lemma [1.2.23]
Gk 1s 1/(2n]ag|)-Lipschitz on C\ Bg(0) for those k € [n — 1] where a;, # 0. Hence

n—1 -1 n—1
|20 — x| s s
a n(20) = Grn( — < -,
;\ &l 19k (20) — g, ; ;271 5

O

Remark 2.3.9. Recall by Claim that F} is pointwise cy-co-Lipschitz at each z € Uy \ W
and by Claimmmat F} is pointwise (1/2)-co-Lipschitz at each z € C\U,. Therefore defining

€1 := min {co, %} we conclude ¢; > 0 and
Fy is pointwise ¢;-co-Lipschitz at each z € C\ W. (2.3.10)

We continue by defining the amended homeomorphism h; : C — C, which coincides with
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hy on C\ V, and prove the pointwise co- and Lipschitz properties of the amended function

5 = P o hy. Indeed, define hy : C — C via

hi(z), if 2 V;
ho(2) = (2.3.11)

1 ,
2 T |2 =z Mmaetastma) i |2 — 2] <, 25 € S(P).

See Notation for the definition of m;. To check that hy is a homeomorphism first note that

):hl )andh2

is continuous for each z; € S(P’), thus hy is continuous.

ha }(C\Int(V ‘C\Int(v ‘E(Zj)

Further, as hy(B,(2;)) = hi(B,(z;)) = B,(z;), both hy and hy are bijective, and

|§,«(zj) |(C\Int(V)

hao(C\ V)N he(V) =hi(C\ V)N hy(V) =0, we conclude that hy : C — C is bijective. Finally

as hy is continuous for each z; € S(P') and hy we conclude hy

1 1 g1
|§r(zj) ‘(C\Int(V) - hl |(C\Int(V)’
is a homeomorphism of the plane to itself.

Recall that P(w) = (w — 2;)™Q;(w) + P(z;) and so Fy(z) = P(h2(z)) has the following

form:

Fy(z) = S ey (2.3.12)

P(zj) + 17 o (2 = 2)Q5(ha(2)),  if |2 — 2| <7, 25 € S(P),

where [, is defined as in Lemma [1.2.22]

Clearly, Fi(z) = Fy(z) for each z € 0V as hy ) for all z; € S(P'). Moreover,

|aBT(zj) - hzl@Br(z
since P is a complex polynomial, hence an open map, and as hs is a homeomorphism, we

conclude that F5 is an open map.

Remark 2.3.10. If m; = n for some z; € S(FP’), then P(z) = P(z;) + Q;(2;)(z — z;)"
where Q;(z;) # 0. Therefore, S(P') = {z;} and so Fy(z) = P(z;) + Q;(z;)r"  fu(z — z;) for
z € B,(z;). Hence, in such a case by Lemma|1.2.22] F; is pointwise (|Q;(z;)|r"')-co-Lipschitz

and pointwise (]Q;(z;)| nr"')-Lipschitz at each z € B,(z;).

Claim 2.3.11. For each z; € S(P’) there exists d; > 0 such that F' = Fy| (=, 18 dj-Lipschitz

when considered as a function from B,(2;) to Fo(B,(z;)).

Proof. Fix z; € S(P'). We shall show that F; is pointwise d;-Lipschitz at each z € B, (z;) for

some d; > 0; the claim then follows by applying Lemma [1.2.17] followed by Lemma [1.2.16]
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If m; = n, then by Remark [2.3.10| it follows F; is pointwise (|Q,(z;)|nr™ !)-Lipschitz at
each z € B,(z;).
Suppose that m; < n. If x = z;, then for each y € B,(2;), as Fy(z) = Fy(2;) = P(z;) and

| fm; (Y — 25)| = |y — 2,
|Fy(x) — Fa(y)| = ™7 HQ(ha(y))] - [y — 21 = 7™ 71 Q;(ha(y))] - |2 — yl.

Since hy (B,(z;)) = B,(z;), by Claim 2.3.5[[(iv)] F> is pointwise (2r™~1|Q;(z;)|)-Lipschitz at
T = zj.

Suppose now that x € B,(z;) \ {#;}. Let p; > 0 be such that B, (x) C B,(z;). Further, for
each [ € [n —m;], let po; > 0 be given by Corollary , where w =z — z; # 0, so that for

each z € B, (w), ®ipm,;(2,w) is well-defined and
‘(I)l,mj (Zaw)‘ < 1+ ‘q)l,mj (w,w)‘ . (2313)

Define p; := min po; and p := min(py, p2). Note if y € B,(z), then z = y — z; € B,(w).

le[n—my]

Considering (2.2.5)), (2.3.11)), (2.3.12)) and Lemma [1.2.22| we deduce that if y € B,(z), then

Faly) = Fa@) = Fa (5 + ly = 5[ 5079) = By (5 + [ = 5[e 7))
n—m;

I(mj—1)
= 1" (fin; (2) = fony (w)) (Co,j YTy By, (Zaw)> : (2.3.14)
=1

where z = y — z; and w = z — 2;. To see that F, is pointwise Lipschitz at x, as f,,; is Lipschitz
and |z — w| = |y — x|, it suffices to observe that |®;,, (z,w)| are uniformly bounded over

z € B,(w) and |w| = |z — z;| < r < 1. Indeed, by (2.3.13)) as [ € [n — m;], observe that

,,,.l/mj

[ .
|®17mj(z,w)| <1+ |w|l/mj% <1+ ' <1+n.

j m;

Hence, we conclude that there exists d; > 0 such that F5 is pointwise d;-Lipschitz at each

x € B,(z;), which as explained above, implies the statement of Claim [2.3.11} &
Claim 2.3.12. There exists L > 0 such that F5 is L-Lipschitz on C.
Proof. Recall Remark [2.3.4] Since Fi(z) = Fy(z) for z € (C\ V) U 9V we conclude Fj is
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pointwise L;-Lipschitz at each z € C\ V and, moreover,
|Fy(z) — Fy(w)| < Ly|z —w|  for z€ 0V and w e C\ V.

Therefore, by Claim Claim [2.3.11] and by defining L to be the maximum of L; and
max;...es(p) dj, we conclude Fy is pointwise L-Lipschitz at each z € C. Hence Lemma

implies that F; is L-Lipschitz on C. &
We now turn our attention to the co-Lipschitzness of F5.

Claim 2.3.13. For each z; € S(P’) and z € B,(z;), the mapping F} is pointwise a;-co-Lipschitz

at z, where «; is defined in ([2.3.15]).

Proof. Fix z; € S(P’) and define

™ Q4 ()| '

5 (2.3.15)

Oéj =

If m; = n, then by Remark it follows that, as a; < r"71Q;(z;)|, F» is pointwise a;-co-
Lipschitz at each z € B,(z;).

Suppose that m; < n. By we have that a; > 0. To show Fj is pointwise o -co-
Lipschitz at each 2z € B,(z;) we first show for each 2z € B,(z;) that there exists p = p(z) > 0
such that

|F2(2) = Fa(y)| = aj |z =y (2.3.16)

for each y € B,(z) N B,(z;). We emphasize that (2.3.16]) holds not only for 2z € B,(z;) but also
for z € 0B,(%;), and this fact is used later in the proof of Claim [2.3.15
Consider first when z = z;. Let p =17 and y € B,(z). From (2.3.12)), we deduce that

[Fa(2) = Fa(y)l = ™My — 21|Q;(ha(y))].

Since hy(B,(z;)) = B,(2;), by Claim [iv)l we conclude that F, satisfies (2.3.16) when
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Fix z € B,(z;) \ {z}. Let p1 = p1(2) > 0 be defined by

T, if z € 0B,(z;);
p1(z) = (2.3.17)
r—|z— zl, if z € B, () \ {z}-

By Corollary [1.2.37} since f,,, is strongly 1-co-Lipschitz at (2 — z;) € B,.(0) there exists p, =

p2(2) > 0 such that for any x € B,,(z — z;) it follows that

| finy (@) = fon, (2 = 2)| 2 |2 = (2 = 2;)]. (2.3.18)

Further by Corollary [2.2.5) for each [ € [n —m;], let p3; > 0 be such that for each y € B, (2),
J » P31

Dy m; (y — 25, 2 — 2;) is well-defined and

I .
‘q)l,mj (y—zj,2 — ZJ)‘ < pt/mi 4 |z — zﬂ”mﬁﬂ. (2.3.19)
m;
Define p3 := l min }p37l and let p = p(z) > 0 be given by p = min (py, ps, p3). We claim for
Enfmj
y € B,(2) N B,(z;) that
|Fo(y) — Fa(2)] = | fn, (v = 25) = fon; (2 — 27)] - (2.3.20)

Fix y € B,(2) N B,(z;). By using y € B,(z;) for Fy(y), z # z; and y € B,(z) for the
well-definedness of ®;,,, (y — 2;, 2 — z;) and recalling (2.3.14)), it follows that

[Fx(y) — Fa(2)] 2

n—mj; k(m;—1)
" ool = max .}‘(I)l,mj (=2 z=2) Y ™ ekl

Therefore, since r < 1, see Claim [2.3.5] to show (2.3.20) it suffices to prove, as co; = Q;(2;),

that for all [ € [n — mj],

iy Q:(z;
B, (=502 — )] 3 lawgl < (252 2321)
k=1



This is trivial when Y7 |ex;| = 0. Suppose > ,_;“|ck;| # 0. By property |(iii)| of

Claim [2.3.5 which refers to the inequality (2.2.7) of Corollary [2.2.5] since |y — z;| < p < ps,

z € B,(z;), m; > 1 and [ < n — mj, note that

| @, (y — 2,2 — 25)| <7V + |2 — 2] —
J

by (Z319)

< (1+ n)rl/mj

S IC by Claim E35][G)

2 >0 lery]
k=1

Thus (2.3.21)) follows and so ([2.3.20)) is satisfied, as claimed.
Since p < py and y € B,(z) it follows (y — 2;) € B,,(z — z;). Therefore, by ([2.3.18)),

[, (Y = 2) = fomy (2 = 25)| 2 [y = 25) = (2 = )| = [y — 2.
Hence, combining this with ([2.3.20)) yields
[Fa(y) — F2(2)] 2 o fin, (Y = 25) = fin, (2 = 25)| = aly — 2],

Thus we deduce that for each z € B,(z;) there exists p > 0 such that (2.3.16) holds for all
y € B,(2) N B,(z).
If z € B,(z), by (2.3.17) and since p < p; we note B,(z) C B,(z;). Hence for each

y € By(z), (2.3.16) is satisfied. Therefore, since F, = Pohs is an open map, by Corollary|1.2.26,
Remark |1.2.27| and since B,(z;) is open in C, we conclude that F; is pointwise a;-co-Lipschitz

at any z € B,(z;). o

Remark 2.3.14. Taking ¢z := min_ cgpry a; > 0 we deduce
F, is pointwise cp-co-Lipschitz at each z € Int(V). (2.3.22)

Claim 2.3.15. There exists ¢3 > 0 such that F, : C — C is pointwise c3-co-Lipschitz at each

z e JV.

Proof. Let c3 := min(co, c3), where ¢y > 0 is given by Claim and ¢y > 0 is given by
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Remark [2.3.14] Since F, is an open map, it suffices by Corollary [1.2.26| to show for each

z € OV there exists p = p(z) > 0 such that if 2 € B,(z), then
|Fy(2) — Fy(z)| > 3|2z — x| (2.3.23)

Fix z € 0V and let j be such that z € 0B,(z;). Let p; > 0 be such that B, (z) C U and
B,,(2) NV C B,(z;); note such p; > 0 exists by Claim . Since OV C U, \ Int(V') and

Fl‘UQ\Im(V) = F2|U2\Int(V)’ by (2.3.4) and c3 < ¢y there exists py € (0, p1) such that (2.3.23)) is
satisfied for each x € B,,(2) N (Usz \ Int(V)) = B,,(2) \ B,(%;).

Further, by (2.3.16) there exists p € (0, p2) such that (2.3.23)) is satisfied for each = €
B,(2) N B,(z;) since c3 < ¢y < a;; see Remark [2.3.14
We then conclude that (2.3.23)) is satisfied for each x € B,(z). As F, is an open map,

Corollary [1.2.26| implies the statement of Claim [2.3.15] &

Claim 2.3.16. There exists ¢ > 0 such that Fy is c-co-Lipschitz on C.

Proof. Let ¢ := min(cy, cq, c3), where ¢; is given by Remark o is given by Remark [2.3.14

and c3 is given by Claim [2.3.15, Recall by (2.3.10)) of Remark that F} is pointwise ¢i-co-
Lipschitz at each z € C\ W. As Fi(z) = F(2) for € C\ V and W C V, we conclude

F, is pointwise c-co-Lipschitz at each z € C\ V. (2.3.24)
Also, Remark [2.3.14] implies that

F, is pointwise c-co-Lipschitz at each z € Int(V). (2.3.25)

From Claim [2.3.15] (2.3.24)) and (2.3.25)), we conclude that Fy is pointwise c-co-Lipschitz at

each z € C. Hence an application of Lemma [1.2.18 implies F} is c-co-Lipschitz on C. &

Finally, Claims [2.3.12 and [2.3.16| together imply that f := F» = P o hy is an L-Lipschitz

and c-co-Lipschitz mapping of the plane. O

In this chapter we have shown that for any fixed non-constant complex polynomial P in

one complex variable there exists a planar homeomorphism /& such that P o A is a Lipschitz
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quotient mapping, proving a converse statement to Theorem [[.1.4 Using the foundational
Theorem [1.1.4] Maleva in [21] and [24] was able to introduce a relation between the ratio of
constants of a planar Lipschitz quotient mapping and the degree of the polynomial obtained via
such a decomposition. In the next section we investigate the sharpness of such a scale, when

considering polygonal norms on the plane and improve the estimates obtained in [25].
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CHAPTER 3

IMPROVED CONSTANTS OF PLANAR LIPSCHITZ
QUOTIENT MAPPINGS IN POLYGONAL NORMS

This chapter focuses on the maximal ratio of constants for planar Lipschitz quotient mappings
in polygonal norms. We follow closely the framework in [25] but consider this in the context
of centred Lipschitz quotient mappings, see Definition [1.2.§. In doing so, we introduce an

improved estimate for such a ratio of constants for 2-fold mappings.

3.1 Introduction

In [21], Maleva discovered a natural relationship between the maximum cardinality of point pre-
images of planar Lipschitz quotient mappings in the Fuclidean norm and the ratio of its co- and
Lipschitz constants. Later, in [22] this ratio was generalised to the setting of an arbitrary planar
norm, see Theorem below; further extensions have been considered in [37, Theorem 2.7]

where the domain and co-domain are equipped with distinct norms.

Theorem 3.1.1. ([22, Theorem 1]) Suppose f : (C,|| - ||) — (C,|| - ||) is an N-fold mapping

which is L-Lipschitz and c-co-Lipschitz. Then, ¢/L < 1/N.

Such a bound invited the question whether there exist mappings for which the maximal
ratio of constants is attained. When considering || - || = | - |, the Euclidean norm, the answer
to this question is positive; one may consider the non-trivial winding maps f, as defined in
Lemma [[.2.22]

However, when the norm considered is not the Euclidean norm this question no longer has

such an obvious answer. It was claimed in [22] that if the norm was polygonal, then one may
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construct a similar winding map to that in the Euclidean setting to be able to attain such
bounds for the ratio of constants. Unfortunately, this claim is not entirely correct.

The claim is true when | - || = || - |l» and m is not a multiple of 4, as shown in [25]
Corollary 4.4]. However, in [37, Proposition 3.1.3], it is shown that if || - || = || - ||+ then such
a 2-winding map is actually 1-co-Lipschitz, but 3-Lipschitz. Upon further investigation, in 25|,
Theorem 5.12], it is shown that if || - || = || - ||, and m is divisible by 4, then any N-fold L-
Lipschitz and c-co-Lipschitz mapping f : (C, ||-||m) = (C, || ||:») can never attain such bounds,
see Theorem [3.1.2 below.

Theorem 3.1.2. Let m > 4 be a multiple of 4 and N > 2 be an integer. If f: (C,| - ||n) —
(C, || - |lm) is an N-fold mapping which is L-Lipschitz and c-co-Lipschitz, then ¢/L < 1/N.
In light of such a result, and with the conjecture that the optimal ratio of constants should

be attained by considering these winding maps, one may suggest the following.

Conjecture 3.1.3. Suppose [ : (C,||-]l4) = (C, |- ||l4) is a 2-fold mapping which is L-Lipschitz
and c-co-Lipschitz. Then ¢/L < 1/3.

This conjecture forms the motivation for the work presented in this present chapter. A
partial progress towards answering this conjecture is provided. We utilise the methodology
presented in [25] and apply it to the class of N-centred Lipschitz quotient mappings, to show
that for a 2-fold Lipschitz quotient mapping f : (C, ||-|l4) = (C,|| - ||4) which is L-Lipschitz and
c-co-Lipschitz, then L/c > 2 + (1/38). We then generalise this result to N-centred Lipschitz

quotient mappings which are equipped with a polygonal norm || - ||,, where m is divisible by 4.

3.2 Preliminaries

We first introduce a simple result containing the distance to rays in polygonal norms. Recall

Notation [L5.2

Lemma 3.2.1. Let m > 4 be a multiple of 4, ¢, p > 0 and z € C be such that Re(z), Im(z) > 0.

Then, dist,, (cz, D{") = cdist,, (z, DY).

Proof. Suppose first that Re (¢z) > ¢p. Then, Re(z) > p and so, as m is a multiple of 4,

dist,, (cz, DY) = |cz — Re(cz)| = ¢ |z — Re(z)| = cdist,, (2, DY) .
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Suppose now that Re(cz) < c¢p, so Re(z) < p. Observe, for each s € (0,|cz — cpvi||m),
that dB™(cz) N DY = (). Moreover, ||cz — t||, > ||cz — cpvi||m for each ¢t € Di’. Therefore,
dist,, (cz, Di*) = ||cz—cpv1||m. Since Re(z) < p, the argument above shows that dist,, (z, Df) =

|z — pv1||m. Thus, as ¢ > 0, dist,, (cz, D}*) = cdist,, (z, D). O

The following notion is similar to that considered in Notation [I.3.8] but will be used specif-
ically for the unit sphere of polygonal norms. Such a parametrisation exists by considering the
standard arc-length parametrisation, for example.

Definition 3.2.2. Let m > 4 be even and r > 0. We define the standard parametrisa-
tion of OB"(0) to be the 1-Lipschitz parametrisation v, : [0,7%,] — 0B(0) such that
Y ((k — 1)rZ,/m) = ruy for each k € [m] and so that v, is linear on [(k — 1)r.%,,,/m, kr £, /m]
for each k € [m].

Remark 3.2.3. Observe that ~, is the arc-length parametrisation of 0B]"(0). Moreover,
7 (0) = rvy = r and Indgyy, = 1.

In a similar way, we define the standard argument parametrisation for the image of the
sphere 9B (0), similar to the continuous choice of argument as described in Definition [1.2.9]
Definition 3.2.4. Let m > 4 be even and f : (C, || - ||l.,) = (C,|| - ||;m) be a Lipschitz quotient
mapping and r > 0 be such that 0 ¢ f(9B/*(0)) and |arg(f(y.(0))| < 27/m, where 7, is
the standard parametrisation of dB!*(0). Define ¢, : [0,7.Z,,] — R to be the non-decreasing,

continuous function such that ¢,(0) = arg (f(rv1)), ¢, (r%n) = ¢-(0) + 2N7 and, in general,

or(t)  (mod 27) = arg (f (y,(t))) for each t € [0,r.%,),

where N = Indgf (0B*(0)). We refer to ¢, as the standard argument parametrisation of
f(9B;"(0)).
Remark 3.2.5. Note that if f is an N-centred planar Lipschitz quotient mapping, then 0 &

f(0B(0)) for all » > 0. Moreover, if f is an N-fold planar Lipschitz quotient mapping, there
exists Ry > 0 such that 0 ¢ f (0B;*(0)) for all r > Ry, cf. Lemma|1.2.10|and Corollary [1.2.11]

We finish this section by introducing a class of points which prove to be prudent in de-
termining an improved upper bound for the ratio of constants for planar Lipschitz quotient

mappings in polygonal norms. Recall Definition and Definition [3.2.4
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Definition 3.2.6. Let m > 4 be even, N > 1 be an integer and f : (C,|| - |m) = (C,| - [|m) be
a continuous mapping such that Indof (0B]"(0)) = N and 0 & f (0B"(0)) for some r > 0.
Let 4, be the standard parametrisation of dB™(0), assume |arg(f o~,)(0)| < 27/m and let

¢, be the standard argument parametrisation of f o~,. For each j € [mN]\ {1}, define

2(j — D

b =swp e 0] = T R/ = 166D,

If arg(f o 7)(0) = ¢.(0) < 0, let t1(r) = sup{t € [0,7%Z,] : ¢ (t) = 0}, otherwise let
ti(r) = sup{t € [0, L] : ¢, (t) = 2N}, Define R{(r) = || f(3(t1(r))llm-

For each j € [mN] we refer to Rf (r)v; as an (f,r)-primitive point. Finally, we highlight the
following relation:

f(t;(r)) = R;-t(r)vj for each j € [mN].

Remark 3.2.7. If f is a N-centred mapping and |arg(f o~,)(0)| < 27/m for some r > 0 then

the (f,r)-primitive points exist. Moreover if f is a continuous c-co-Lipschitz mapping, then by

Corollary[1.2.11} then RI(r) > cr for all 7 > 0 and each 7 € [mN], where N = Indyf (0B™(0)).
J T

Remark 3.2.8. Let m > 4 be a multiple of 4 and f : (C,|| - ||.n) = (C,|| - ||m) be a Lipschitz
quotient mapping. Suppose, for some r > 0, that |arg(f o 7,)(0)] < 27/m. Let a > 0 and

g:(C,|| - lm) = (C,|| - |lm) be given by g = af. Observe that |arg(go~,)(0)] < 2w/m and

RY(r) = g0y (t; ()l = all f (3o (8 ()l = aR}(r) ~ for each j € [mN].

Lemma 3.2.9. Let m > 4 beeven, N > 1 be an integer, r > 0 and f : (C, ||-||n) = (C, ||-||m) be
an N-centred Lipschitz quotient mapping. Let v, be the standard parametrisation of 9B (0),

assume | arg(fo7,)(0)] < 27/m and let ¢, be the standard argument parametrisation of f o-,.

Then:
(i) t;(r) is well-defined for each j € [mN];

(i) ¢ (t;) = 2(j — )w/m < @, (t) for all t € (¢;,r%,] for each j € [mN]\ {1}. Also, if
©r(0) <0, then ¢,(t;) = 0 and ¢,.(t) > 0 for all t € (¢1,r.%,]. Otherwise, ¢, (t1) = 2N«
and @,(t) > 2N~ for all t € (t1,r.Z,].
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(i) 0 < ty < -+ < tpny < 1%,. Further, if ¢,.(0) < 0, then 0 < ¢; < t5. Otherwise,

toony <t < ij.

Proof. The proof is a simple, repeated application of an Intermediate Value Theorem type

argument, since f o, is closed and connected. O]

3.3 Improved ratio of constants

This section follows closely the framework introduced in [25], but applied to centred Lipschitz
quotient mappings. We determine an upper bound for the ratio of the co-Lipschitz and Lipschitz
constants for 2-centred Lipschitz quotient mapping. We then apply Theorem to conclude
the same upper bound holds over all 2-fold Lipschitz quotient mappings.

The first result in this section shows that for a centred Lipschitz quotient mapping, the
images of all spheres which are centred at the origin behave similar to the images under the
standard winding mapping, in the sense that corners of the sphere of || - ||, are mapped ‘close’
to corners of the appropriate sphere, up to some estimate that grows linearly with respect to
the radius of this sphere.

Following [25, Remark 2.7], in the rest of this section we assume implicitly that the home-
omorphism h from the decomposition of the Lipschitz quotient mapping f : (C,| - ||m) —
(C,|| - |lm) is orientation preserving. We only mention this comment here and do not repeat

this condition in the subsequent results.

Lemma 3.3.1. Let m > 4 be a multiple of 4. Suppose f : (C,||-||m) = (C,||-|lm) is an

N-centred Lipschitz quotient mapping for some N € N. Then, for each R > 0,

dist,, (f (Rvg), D) < 221(11122;/077]\?7))1[{

for each k € [m], (3.3.1)
where ¢ = co-Lip(f) and L = Lip(f) and D% is defined in Notation m

Proof. By Theorem the right-hand side of (3.3.1)) is positive. Since f is N-centred, there
exists a homeomorphism h : C — C such that h(0) = 0 and f = k", see Definition m By
Corollary [1.2.11| note that Indy f (0B7;(0)) = N for each R > 0.
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Fix R > 0 and k € [m|. Define dj, := dist,, (f (Rug) ,]D)CR). Observe that if d, = 0, we are
done. Suppose dj, > 0, i.e. f(Ruvy) € D Let R := ||f(Rvg)|lm- As f(Ruvy) € Us for some

s € [m], that is f(Ruvy) € (R'vs, R'vst1), it follows that

. 1 R
0 < dy < min ([[f(Rop) = B0yl - [1f (Bog) = Bogall,) < 5 1B 01 = Rl = ollva=01lm-
As f(0) = 0 and f is L-Lipschitz,

R = [|f(Rop)llm < L||Rogl[m = LR.

Therefore, 0 < dy < (LR/2)|lva — v1|m.-

Define ay, := dj/L. Note 0 < ay < R||vg—v1]|m. Let Pi € [Rug_1, Rug] and Py € [Rug, Rvg1]
be such that [P — Rug|lm = ||P> — Rugllm = ag. Let v be a 1-Lipschitz parametrisation of
0B%(0) such that v(0) = Py, v(ax) = Rvg, v(2a;) = P, and Indyy = 1; for example, consider
the arc-length parametrisation of 0B%(0) starting at P;.

Then, Indy(f ov) = Indy (f (0BE(0))) = N. Since, by Corollary [L.2.11], || f(2)|lm > ¢||z]lm

for all z € C, the curve f o~ does not intersect B5(0). In particular,
R = |[f(Rop)llm = cl|Rogllm = cR  and  [[f(P)llm = cl|Pjllm = cR  for j=1,2.
Let g; := f(P;) for j = 1,2. As f is L-Lipschitz, it follows by Lemma , that
lar = @allm < LIIPy = Pollm = 2ax L cos®(m/m). (3.3.2)
Define U := U, \ B74(0). For any t € [0,2ay], as f o is L-Lipschitz,
1F(v(2) = f(Roe)l[m = [[f (7)) = f(v(ak))lm < LIt — ar| < Lag = d.

Since || f(y(t)) — f (Rug)||,, < di for all t € [0,2ay], f(Rv;) € Uy and by definition of dj, note
f(y(t) €U, for all t € [0,2a;]. Moreover, as f is c-co-Lipschitz and N-centred, ||f(v(t))||m >

cR for all t € [0,2a;]. Hence, (fo7)([0,2a;]) € U. By the convexity of U, note [q1,¢2] =
[(f ©7)(0), (f o) (2ax)] € U.
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Let ¢ : [0,2ax] — [q1, ¢2] be an affine parametrisation, and define

o(1), if 0 <t < 2ay,
I'(t) =
(foy)(t), if 2a, <t < RZ,.
q2
— \\\
F(Ruy)
P2 \‘\
E R’Uk a1

Figure 3.1: The curve of the parametrisation I'(¢).

Recall that Indo(f o) = N. Since (f ov)([0,2ax]) C U and ||[I'(t)||,, > cR for all ¢t €

[0, RZ,,], we infer by Lemma that
length, ., T" = ||¢g1 — q2||m + length,, ((f o 7)‘[2%R$m}> > cNRYZ,,.
As f o~ is L-Lipschitz,
length, (( fo 7)|[2ak7R$m]) < L(R%p —2a3).
Combining these two inequalities we obtain, via ,

L(R%,, — 2a;) > length,, ((f ) > cNR%, — lar — @2|lm

°©7) ‘ [2ak,R-Lom]

> cNR%,, — 2a;,L cos*(m/m).
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As dj, = ai L, rearranging (i3.3.3]) we obtain
(L — ¢N)RZ,, > 2dy, (1 — cos®(m/m)) = 2dj, sin® (7w /m).

Since %, = 2mtan(m/m), see Lemma [1.5.3] we conclude that

(L—c¢N)RZ, _ (L —cN)Rmtan(r/m) 2m(L —cN)R

0<ds 2 sin®(m/m) sin®(m/m) - sin(2m/m)

]

The result below further defends the notion that centred Lipschitz quotient mappings ap-
proximately map spheres to spheres. It shows that provided one corner of the sphere is mapped
sufficiently close to one of the rays D;, then the ‘midrays’ are mapped sufficiently close to the

primitive points, similar to how the winding map behaves. Recall Notation [1.5.8|

Lemma 3.3.2. Let m > 4 be a multiple of 4 and f: (C, || - ||,n) = (C, || - ||;n) be an N-centred
mapping which is L-Lipschitz and c-co-Lipschitz for some N € N and ¢, L > 0. Then for each

T > 0 there exists a positive constant Py such that if
dist,, (f(pwy), D) < T

for some p > Py, then

Hf(pwk) _R£<P)Uka <T+2p(L—cN)tan <£) max (k —1 m — k— 1) :

m N’ N
for each k € [mN].

Proof. By Corollary note Indyf (0B,(0)) = N for all » > 0. Consider the N-centred
Lipschitz quotient mapping g = % f; note that g is (L/c)-Lipschitz and 1-co-Lipschitz. For the
majority of this proof we will work with g, rather than f.

Let Py > 0 be given by

T/c

Po=1+ cos(m/m) tan(w/(2m))’

Fix any p > Py and suppose dist,, (f (pwy),D?) < T. Thus dist,, (9(pwy),D]) < T/c by
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Lemma . Let v, be the standard parametrisation of 9B)'(0) with v,(0) = v, (pZ) =
pvi = pwi; see Definition [3.2.2] Consider ¢ := arg(g o 7,)(0). As g is 1-co-Lipschitz and
N-centred, it follows by Corollary and Lemma that
(0] cos () Nl cos () sl = cos () p 2 os (2) o> s
Hence ¢ = arg(g(p(wy))) € (=7/(2m),7/(2m)) C (—27/m,27/m), using that the Euclidean
distance from g(pw;) to Dy is less than or equal to dist,, (¢(pw1),D}) < T/c.

By Corollary , Indo(goy,) = N. Let R} (p)vy denote the (g, p)-primitive points, as in
Definition [3.2.6] such that R{(p) = [|g(7,(tx(p)))|lm = p, by Corollary [1.2.11]

As p > 0 is fixed, for brevity, in the sequel we simply write R} and t;. Recall for each
k € [mN], (g 07,)(tx) = Rivy € Dy. Without loss of generality, suppose that arg(g o ~,)(0) €

(—m/(2m),0]. Hence, t; exists and ¢t; > 0. Now, for each k € [mNN — 1], we claim that

PLm

. (3.3.4)

L

= (tess — 1) = length,, ((g © %) I[tkﬁtkﬂ]) =z

Since g o7, is (L/c)-Lipschitz, it suffices to only show the second inequality in ([3.3.4) holds.
Fix k € [mN — 1]. Since, by Corollary |1.2.11], ||g(2)|lm > ||z||m for each z € C, note that

The claim then follows via an application of Proposition [1.5.6]

As disty, ((g 07,)(0), D7) < T/c it follows by Corollary [1.2.11| and Proposition that

L

C

L

m

T
(0L = tuy) 2 lengthy, (90, ) 2 - (3.3.5)

Let 7 € [mN]. If j > 2, by summing (3.3.4) over k € [j — 1], since t; > 0 and as g o, is
(L/c)-Lipschitz,

L : pLm
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Similarly, summing (3.3.4]) over j <k < mN — 1 with (3.3.5)),

L , pL, T
= (pZ, —tj) > length,, ((g o %)‘[tj,pfm]> >(mN —j+1) — (3.3.7)

Rearranging (13.3.6)) and (3.3.7)), note for each j € [mN] that if s; = (j — 1)pZ£,,/(mN), then

. c(j—DpLn cN

> .
bz—— 1 L 57

(mN —j+Vept, T cN cNs; T

< - Lo (1o L

t < pLm mL T )t

Note by Theorem 1—(eN)/L > 0. Hence,

N N T
—<1—%)Sj§tj—8_7§ (1—%) (pfm—sj)—i—z

and so, by the definition of s;,

Note 7,(s;) = pwy for each k € [mN] by Definition [3.2.2] Since (g o ,)(tx) = Rjv, € Dy,

Yo(sk) = pwy, and g o, is (L/c)-Lipschitz, note
L
lg(pwi) — Rivgllm < E’tk — sg| for each k € [mN],
implying that

T L L ) — 1 ) —1
lg(pwi) — Ryvkl],, < —t (Z - N) PLm rhax <] m—? ) for each k € [mN].

m N 7’ N

Finally, as f = 1g, by Remark , note Ri = cR] for each k € [mN]. Hence,

1f (pwi) = Rlogllm = cllg(owe) = Rivelm,

from which the result follows, since .Z,, = 2m tan(w/m) by Lemma [1.5.3] O
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Our first improvement follows now, but only in the case when || - || = || - ||4; we present this

now.

Theorem 3.3.3. Suppose N > 2 is an integer and f : (C,|| - ||4) = (C,| - ||l4) is an N-centred

mapping which is L-Lipschitz and c-co-Lipschitz. Then,

1 N(N -1
where ¢gg ( )

< = .
— N+¢ 24N? —9N — 2

o

Proof. Suppose, for a contradiction, that L/c < N + e9. Without loss of generality, suppose
¢ = 1. Hence, by Theorem [3.1.2) L = N + ¢ for some ¢ € (0,¢y). By Corollary [1.2.11} as f is
1-co-Lipschitz, || f(2)]|4 > ||z||l4 for each z € C. By Lemma [3.3.1],

disty (f (Rvy) ,DR) <8R foreach R > 0.
That is, for each R > 0 there exists j = j(R) € [4] such that
disty (f(Ruv1), Djig)) < 8eR. (3.3.8)

As rotations by integer multiples of 7/2 are isometries under the polygonal 4-norm, we can
assume without loss of generality that j(1) = 1. Note the edge length of dB;(0) is 2p and,

as g < 1/8, that 2p > 2. 8ep for every p > 0. Let g(t) = f(tvy). Since %, = 8 and

g|(0’+oo) : (0,400) — C is continuous, one may conclude by (3.3.8) and Proposition |1.5.6| that

Jj(p) =7(1) =1 for all p > 0, i.e. disty (f(pv1), D]) < 8ep for each p > 0.

By Lemma there exists Py > 0 such that if p > By and k € {2N,2N + 1}, then

k—1 2e(k—1)p
Hf(ﬂwk) - Rg(ﬂ)vk‘L < 8ep+2ep (4 - T) = 16ep — ———-

Fix r > Py and let s = s(r) > r be as in Lemma [1.5.9[i)] Then, by Remark and using the

property of || - ||4 that ||aven + bvans1]ls = |a| + |b] for all a,b € R,
[ RYni1(8)van+1 — Rin(r)van|ls = Riy,1(s) + Riy(r) > s+,

By Lemma [L.5.9[)|fiii)} we get s = rN/(N — 1). Taking k = 2N, then wy, = wan = v2, so since
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rotation by 7/2 is an isometry of || - |4, we may apply Lemma to get

r
N-—-1

(3.3.9)

[rwy — swiials = rtanag =
Hence,

|f (swry1) — flrv)la

> HR£+1(3)UI€+1 - R;{(T>Uk‘|4 — || f(rwg) — Ri(r)kaz; — || f(swrg1) — R£+1(S)Uk+1u4

> (s+7r)— (16er — W) - (1655 _ %]\i\f)s)

2
=(r+s)— (1257’ + %) — 12es

:(7‘4—3)(1—128)—2%
= NT_ . ((1 —126)(2N — 1) — 2¢ (1 —~ %)) . (3.3.10)

By the choice of gy, note (1 — 12¢)(2N — 1) — 2¢(1 — (1/N)) > N + . Therefore, as f is
(N + ¢)-Lipschitz, using (3.3.9)) and (3.3.10)), we get

| f(swan 1) — f(rwan)|la > NT_ : ((1 —12¢)(2N — 1) — 2¢ (1 _ %))

> (N +2) 57— = [ f(swanss) = f(rewa) o

N

This contradiction then implies the result. O

Corollary 3.3.4. Suppose f : (C, || -||4) = (C,]| - ||l4) is a 2-fold mapping which is L-Lipschitz

and c-co-Lipschitz. Then,

c . 1
L= 2+ (1/38)
Proof. This follows by Theorem and Theorem [3.3.3 O

Our aim now is to produce a similar estimate for centred Lipschitz quotient mappings, but
in general polygonal norms || - ||,,, rather than simply || - ||4. The first obstacle occurs from the

constraints in Lemma [[.5.10l

Lemma 3.3.5. Suppose m is a multiple of 4, N > 1 is an integer and f : (C, ||-||n) = (C, || ||m)
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is an N-centred mapping which is 1-co-Lipschitz and (N + ¢)-Lipschitz, where € € (0,£;1) and

tan?(m/m)
m(1 — tan?(mw/m))’

&1 =

Let 7 > 0 be such that |arg(f o~,)(0)| < 2w/m. Then, for each k € [mN], either,

21 2T

Ru(r) < Rin) < Ralr)see (2)or Ra(r) < Ralr) < Bl s (22).

where R;(r) = R;-[ (r) is defined in Definition .

Proof. For brevity, as r > 0 is fixed, we simply write R; instead of R;(r) = R; (r) for each
j € [mN]. Fix k € [mN] and suppose, without loss of generality, that R, < Ry.;. Suppose, for a
contradiction, that Ry > Ry sec(2m/m). By Corollary[1.2.11] Lemma[l.5.7 and Remark [3.2.7]
observe that || Rx+1vk+1 — RiVk||lm > Ritan(27/m) > rtan(27/m).

Also, as Rj, R;+1 > r for each j € [mN], it follows by Lemma and Proposition [1.5.6]

that
r m ‘
| Rjs1vj41 — Rjvj|m > Eiﬂm = 2rtan <E> for each j € [mN].
Therefore,
R T 2m
length,,, (f (9B,(0))) = S [|R; 410541 — Ryvjllm = 2r(mN — 1) tan <E> +rtan (E)

J=1

—2rtan (7Y (v + G

m 1 — tan?(m/m)

However, as f is (N + ¢)-Lipschitz and € < ¢,

length,,, (f (9B,(0))) < (N +&)rZ, = 2(N + )rm tan (%)

< 2rtan (%) <mN+ tan’(r/m) ) ,

1 — tan?(mw/m)
providing the required contradiction. O

Corollary 3.3.6. Suppose m is a multiple of 4, N > 1 is an integer and f : (C, | - |lm) —

(C,|| - ||m) is an N-centred mapping which is 1-co-Lipschitz and (N + ¢)-Lipschitz, where
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e € (0,e1) and
tan?(7/m)
m(1 — tan?(mw/m))’

&1 =

Let r > 0. If |arg(f o v,)(0)| < 27/m, then

|Rjs2 ()51 = By(r)slln = (Ri(r) + By () tan (=) for all j € [mAN),

where R;(r) = Rf (r) is defined in Definition W
Proof. This follows simply by Lemma [1.5.10| and Lemma [3.3.5] O

Following the framework of the proof of Theorem [3.3.3] we now need to be able to find a
lower bound for ||Rgi1(s)vgr1 — Re(r)vk||lm, in particular, to obtain a better estimate for this
than the trivial estimate we obtain via Proposition [1.5.6 To obtain such a bound, we first

estimate the size of the norm of primitive points of a centred Lipschitz quotient mapping.

Lemma 3.3.7. Let m be a multiple of 4, N > 1 be an integer and suppose f : (C,| - ||n) —
(C, || - |lm) is an N-centred mapping which is 1-co-Lipschitz and (N + ¢)-Lipschitz, where

e € (0,e1) and
tan?(7/m)
m(1 — tan?(mw/m))’

g1 =

Let p > 0 and 7, be the standard parametrisation of 9B}"(0). Suppose | arg(fo7,)(0)| < 27/m.
Then,

p < Rip(p) < (1+me)p for each k € [mN],

where Ry(p) = RI(p) is defined in Definition m

Proof. For ease of notation, and since p > 0 is fixed, we shall simply write ¢, and Ry instead
of t;(p) and R£ (p), respectively. As f is N-centred and 1-co-Lipschitz, note by Remark [3.2.7
that Ry = Ri(p) > p for each k € [mN]. By Corollary for each k € [mN — 1],

™
length,, ((f © %)‘[tk,tkﬂ]) > || Ri1ve1 — Rievgllm = (Ri + Ry1) tan (E) : (3.3.11)

Summing (3.3.11)) over 0 < k < mN — 1,

mN—1

length,, (f o~,) > Z length,, ((f o 7")|[tk,tk+1}> + || RN Vmn — R1v1||m
k=1
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> ~ (Ri + Ry41) tan (%)

= 2tan (%) :ZZ]?Rk.

3

>
I
—

As fis (N + ¢)-Lipschitz and since .%,, = 2mtan(mw/m), see Lemma |1.5.3, observe that
length,, (f 0v,) < (N + ¢)length,, (8B}'(0)) = (N +¢) - 2mptan <1> :
m

Hence, 7N Ry, < (N + &)mp. Let K € [mN] be such that R, < Ry for every k € [mN].

Then, as Ry > p,

mN
> Ry=Rix+ > Rp>(mN—1)p+ Ry
k=1 k#K

Therefore, Ry < Rx < (N +¢&)mp — (mN — 1)p = (1 + me)p for each k € [mN]. O

We are now able to obtain an estimate for || Ry.1($)vgs1 — Ri(7)vk||m. However, we can only
produce such an estimate when the ratio between the Lipschitz and co-Lipschitz constants is

sufficiently close to V.

Lemma 3.3.8. Suppose m is a multiple of 4, N > 2 is an integer and » > 0. Let s > 0 be
as in Lemma [L.5.9[)} and let 7, and 7, denote the standard parametrisation of dB™(0) and
0BI*(0), respectively. Suppose f : (C,| - ||m) = (C, || - |lm) is an N-centred mapping which is
1-co-Lipschitz and (N + e5)-Lipschitz, where

_ 2 tan?(r/m)
m (N + (N —2) tan?(7/m))

€2
Suppose |arg(f o v,)(0)], |arg(f o v5)(0)] < 27/m. Then, for each k € [mN],

| Rier1(8)vks1 — Ri(r)oell,,, = (Ri(r) + Ri+1(s)) tan (%)
> (24 s et ) ()

Proof. Suppose Lip(f) = N + ¢ for some ¢ € (0,e2). We first show that Rg(r) < Rii1(s).
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Recall, by Lemma [1.5.9] (i),(iii), that

s=r <1 + tan <%> tan a0> =r (1 + N (?\:?12&2;’?(%/”1)) )

Since N > 2 and tan?(7/m) > 0, note 2(1 — tan?(7/m)) < 2 < N + (N — 2) tan?(7/m). Hence,

2 tan?(w/m) - tan?(w/m)

°s m (N + (N —2) tan?(7/m)) = m(1 — tan®(w/m))’

Therefore the condition € < 1 of Lemma [3.3.7] is satisfied. Hence,
r < Rp(r) <r(14+me) and s < Rpii(s) < s(1+4 me).

Thus,
2 tan?(m/m) -
N+ (N -2) tan2(7r/m)) r=s< Ripyi(s).

Re(r) < (1 4+ me)r < (1 +
We next show that Ryy1(s) < Ry (r)sec(2m/m). Indeed, since € < g9 and N > 2,

2 tan?(r/m) tan?(mw/m)
CELINEN Dl = m

Observe that cos?(m/m) > 2 cos?(m/m) — 1 = cos(27w/m), and so

sec(2m/m)

sec2(r ) > Se¢ (m/m) = tan’(m/m) + 1.

Hence, ¢ < = (=1 4 sec(2mw/m)/ sec?(m/m)). Therefore,

(14 me) (1 + tan? <%)> = (1 + me) sec” (%) < sec (%) :
So, as N > 2,

s(14+me) =r(1 +me) <1 + N (?vtaiingQZZ)(w/m)) < r(1+ me) <1 + tan? (%))

()
<rsec|—|.
m
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Finally,

Riea(s) < s(1 4+ me) < rsec (2—”) < Ry(r) sec (21> |

m m

By Lemma [1.5.10} as Ry(r) < Rgi1(s) < Ri(r)sec(2m/m), it follows

| Ris1(s)vrs1 — Ru(r)vell, = (Ri(r) + Res1(s)) tan (%) for each k € [mN].

Now, as Ry(r) > r and Ry.1(s) > s, we obtain the result via Lemma [1.5.9] O

With these estimates now in place, we are able to follow the framework of the proof of
Theorem to obtain an improved estimate for the upper bound of the ratio of constants of

Lipschitz quotient mappings in polygonal norms.

Theorem 3.3.9. Let m > 8 be a multiple of 4, N > 2 be an integer and f : (C,| - ||n) —

(C, || - |lm) be an N-centred mapping which is ¢-co-Lipschitz and L-Lipschitz. Then,

1o
IA

=

_|_

3\.

where 17 = min(eq,€3) and

_ 2 tan?(w/m)
m(N + (N — 2) tan?(mw/m))’

_ N(N — 1) tan?(7/m)
2N +mN(N + (N — 1) tan?(7/m)) (1 + cosec?(w/m)) + (N — 2) tan?(7w/m)’

.63

Proof. Suppose, for a contradiction, that L/c < N +n and ¢ = 1, i.e. by Theorem [3.1.2} that
L = N + ¢ for some ¢ € (0,n).
By Lemma [3.3.1} for each R > 0 there exists j = j(R) € [m| such that

2meR

dlstm (f(R’Ul),DJR(R)> § W

(3.3.12)

As rotations by integer multiples of 2w/m are isometries in the polygonal m-norm, we may
assume without loss of generality that j(1) = 1.

To proceed, we first show that e < L sin®(w/m). Consider first when N > 3. Note as
e < ey that it suffices to verify that e5 < Lsin’(7/m) when N > 3. This is equivalent

to showing that 2 < N — 2sin®*(m/m), which is satisfied since m > 8. Suppose now N =
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2. We claim e5 < Lsin’(7/m) in such a case. This is equivalent to showing that m <
2 cos?(m/m) 4+ m (cos®(w/m) + 2/ sin®(7/m)), which is satisfied since m > 8. Therefore, in
either case ¢ < Lsin®(m/m).

Note by Lemmamthat the edge length of 9B]"(0) is 2p tan(m/m). So, ase < = sin®*(w/m),
observe that 2p tan(m/m) > 4mep/ sin(2w/m) for all p > 0. Since g|(0’+oo) : (0, +00) — C given

by g(p) = f(pv1) is continuous, we conclude by (3.3.12)) that j(p) = j(1) =1 for all p > 0, i.e.

2mep

dist,, (f(pv1), DY) < sin(2m/m)

for all p > 0. (3.3.13)

N N
Now, by Lemma |3.3.2| there exists Fy > 0 such that if p > F and k € {mT, 1+ mT}, then

k _
15 000) = BLp)uel < 2 22ptan (1) (m - —1) |

sin(27/m
We claim that |arg(f o 7,)(0)] < 27/m for all p > Fy. Indeed, note that as N > 2,

tan?(7/m) < tan (27 /m) sin(27/m) cos(m/m)

< ey < , (3.3.14)

m - 2m

where the final inequality follows by considering the function h(y) = 4y® — 4y + 2 where
y = cos(m/m) € [0,1], and showing that h(y) > h((2/5)'/3) > 0 for all y € [0, 1].
Therefore, as ¢ = 1 note by Corollary [1.2.11] and Lemma that

T

(F 2%) (0] = cos (=) (£ 2,) (0)],, = peos ().

So, if p > Py it follows by (3.3.13)), (3.3.14)) and since the Euclidean distance from f(pv;) to Dy

is at most dist,,(f(pv1), DY), that

1 2mep 2me

2
tan (arg(f 0 7,)(0))] < _ S < (_) |

= peos(r/m) sin(27/m)  cos(w/m)sin m

Therefore |arg(f 0 7,)(0)| < 2m/m provided p > .

Fix r > Py and s > 0 as in Lemma [1.5.9, Then, as € < 5 and as f is 1-co-Lipschitz we
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conclude by Lemma and Lemma that

2 tan?(r/m) 7r
f f
HR1+(mN/2)(5)v1+(mN/2) - RmN/z(T)UmN/sz >r (2 + N+ (N —2) tan®(z/m) tan <E> .

Let t,, Sm and ¢, represent tan(mw/m),sin(mw/m) and cos(w/m), respectively. Let k = mN/2,

then

1f (swir) = f (rwp) ||
> | Ry (8)vren = RLI) vkl — 1 (rww) = RE) el — |1 (sw1) = R (8)0rsllm
> ot 4+ 2rt3, MmEr o, (™ n 1 mes ;

Tt — — 261t | — — | — — MESTy,
- N+ (N =2)2  sucm 2 N SmCrm

2rt,, (N + (N — 1)t2) 1 2erty,
= mZ_ tm _

Nt (v et et N

using for the last equality Lemma [} [iD)] from which we deduce that

(48t + AL 14—
r+8) | tmt+——1|= — .
25mCm, N+ (N —2)t2, 252,

Note as k is an integer multiple of N, that w; = vp 2. As rotation by ((m/2) — 1)27/m,

mapping vy to vy, 2, is an isometry of || - ||,,, we may use Lemma to get

2rt,
N+ (N —2)t2,

lrwe — swiit|lm = rtanay =

As fis (N + ¢)-Lipschitz, it follows that

2rt,,
(501140 = Sl < (V4 &) st = il = (N +8) g g
However, as ¢ < 3, this contradicts (3.3.15]). O

Corollary 3.3.10. Let m be a multiple of 4 and f : (C, ||-||,n) — (C, |- ||:n) be a 2-fold mapping

which is c-co-Lipschitz and L-Lipschitz. Then,

—_

_ 2 tan?(m/m)
4+ 2m(2 + tan?(7/m)) (1 + cosec?(w/m))’

1o
VAN

[\

_|_

&

,  where &3
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Proof. This follows by Theorem and Theorem [3.3.9 O

In this section we improved the best known estimate for the ratio of constants for planar
Lipschitz quotient mappings in polygonal norms, when the number of edges is a multiple of four.
The next section concerns a different topic altogether, that of inscribing equilateral polygons in
centrally symmetric convex bodies in the plane. This topic is then related back to the context

of Lipschitz quotient mappings in Chapter [6]
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CHAPTER 4

EQUILATERAL POLYGONS IN CENTRALLY
SYMMETRIC CONVEX BODIES

In this section we move away from the study of planar Lipschitz quotient mappings and concern
ourselves with the existence of equilateral polygons in centrally symmetric, convex bodies. We
show that in the boundary of any norm in C one may inscribe equilateral polygons, i.e. those
whose sides all have equal length, and get results about sets of all possible side lengths of such

polygons.

4.1 Introduction

Let X be a normed space and K C X. We say K is a conver body if it is a compact,
convex set with non-empty interior. The Minkowsk: functional of K is the function py : X —
[0, +00) U {400} where

pr(z) =inf{r>0:2 € rK};

here we use the convention that inf() = +oo. Note that for every norm a closed ball of unit
radius centred at the origin is a centrally symmetric, convex body. Moreover, if K is a centrally
symmetric, convex body then K = {x € X : px(z) < 1} and px defines a norm on X; cf. [9,
Chapter 5]. Therefore there is a one-to-one correspondence between the collection of centrally
symmetric, convex bodies in X and the collection of norms on X.

It may seem natural to extend certain geometric notions from the Euclidean setting, where
we consider the standard ball as the centrally symmetric, convex body, to a wider class of

bodies where one uses the induced norm for any questions on distance. A simple first example
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to consider, in the Euclidean setting, is the following question: for each unit vector and each
n > 3, can one find a sequence of n — 1 other unit vectors such that the distance between
adjacent vectors is constant? Indeed, if z € 6B|1"(O) and n > 3, one can consider the tuple

P = (21,...,2,), where z; = e?0t20-D7/n and ¢, = arg(z); see Figure |4.1 below.

V3 i
5 t 3.

Figure 4.1: Example of P when n =5 and 2z =
The rest of this section focuses on the question of finding similar tuples for boundaries of
different centrally symmetric convex bodies in the plane. We first proceed by formally defining

what we mean by polygons inscribed in a centrally symmetric convex body in the plane.

Definition 4.1.1. Let || - || be a norm on C, n > 2 and P = (21,...,2,) € C" be an n-tuple
of distinct unit vectors, in || - ||, ordered in the anticlockwise direction on 6B|1|'H(0). For each
J € [n] we say that x; is a vertez of P and the pair [z}, 2,41] is an edge of P, where we identify
Tp+1 with xq, and has edge length ||z;4+1 — x;]|. We say (P, - ||), or simply P, is an inscribed
polygon in || - ||.

Somewhat abusing notation we sometimes treat P as an ordered set of vertices; if z; is a
vertex of P we write z; € P and we consider polygons with vertices P \ {z;}, for example.

If P is an inscribed polygon such that |P| = n, i.e. P has n distinct vertices, then P is said
to be an (inscribed) n-gon. If n = 3 or n = 4, we say that P is a triangle or quadrilateral,
respectively.

We say a polygon Q = (wy,...,w,) is equivalent to the polygon P = (z1,...,2,), denoted
P~ Q, if the set of vertices of P and @ coincide, i.e. there exists k € [n] such that w; =

Z(j+k) (mod n) for each j € [n].
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Define

FHl'.={P € C™: P is an inscribed n-gon in || - ||}
to be the collection of all inscribed n-gons for a fixed norm || - ||. We say that P € s an

|| - || -equilateral polygon if every edge of P has the same edge length, i.e. ||z;41 — ;|| = [|x2 —21]]

for all j € [n]. Define
Ell:={PeFI:Pisan| - |-equilateral polygon} .

For each P € ENI let e(P,|| - ||) denote the edge length of (P, || - |

).
We will often consider equilateral polygons inscribed in the unit sphere of a polygonal norm.

For the set of these polygons we will simply write £ instead of Ellm and E¢® instead of Elll

If the norm is clear from context, we simply write n-gon, equilateral n-gon, F,,, £, and e(P).

Remark 4.1.2. More restrictive structures have already been considered in |4], [28]. They
define a regular m-gon to be a cyclically ordered set py, ..., p, in R™ such that ||p; — il =
|Dj+1 — Ptil|oo for all j, k, 1 € [m], where indices are considered modulo m. Questions regarding

the existence of such structures are then investigated.

Observe ~ is an equivalence relation. Therefore, when we consider the uniqueness of

equilateral n-gons in || - ||, we consider uniqueness up to the equivalence classes as determined
by~
When considering inscribed 2-gons in a norm || - || on C, observe that any such polygon

is automatically equilateral. Further, any two vertices contained in the unit disc form an
equilateral 2-gon. The interesting cases only arise when we consider n > 3. Thus throughout
the rest of this thesis, we generally do not concern ourselves with the trivial n = 2 case.

In the standard Euclidean geometry, for each n > 3 and every z € (9B|1'|(0) there exists a
unique, up to equivalence, P € F,, such that z € P; for this P we have e(P,|-|) = 2sin(7/n).
The aim of this chapter is to understand when such a framework may exist for a general norm
||-|| on C and is motivated by the following observation. Suppose ||| = ||*||cc, P = (1,4, —1, —0)
and Q = (144, —1+i,—1—4,1—i). Then P,Q € E3°, but e(P) = 1 and e(Q) = 2; see Figure[4.2]
below. Therefore the situation as described by the Euclidean norm is not universal over all

norms on C.
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i —1+1 141

-1 qp': ) ®]
—i 1 1—i
(P - o) =1 e(@; | - [loo) = 2
Figure 4.2: Two equilateral 4-gons inscribed in || - || which have different edge lengths.

4.2 General properties of inscribed polygons

As a consequence of the Monotonicity Lemma [1.4.2] we can show that if a vertex and its
neighbouring two vertices in an inscribed polygon have maximal edge length, then all vertices

have maximal possible length from the initial vertex, also.

Corollary 4.2.1. Let || - || beanorm on C, n > 3 and P = (x1,...,2,) € Fl 1 |z1 — 22| =
|21 — 2,]| = 2, then ||z — x| =2 for all 2 < j <n.

In particular, if P € E and e(P) = 2, then |z; — x| = 2 for each j # k.

Proof. If n = 3 the result is vacuously true, hence suppose n > 4. If j = 2 or j = n the result
follows by the hypothesis, so suppose 3 < j < n — 1. Note, if x; € (x1,—x1]). then by the
Monotonicity Lemma and since ||z — y|| < 2 for all z,y € dB!1(0),

2> flay — a1 > lles — 2]l = 2,

S0 ||z; — 1| = 2. Similarly, if x; € [—x1,21)), then 2 > |lz; — 21|| > ||z, — 21]| = 2 and so

||$j—$1” =2 O

Next we prove the intuitive notion that the minimum distance between any two vertices of
an inscribed polygon will be attained by two adjacent vectors, which can be readily verified in

the Euclidean case.

Corollary 4.2.2. Let || - || be a norm on C and P = (z1,...,x,) € FI n > 2. Then there
exists jo € [n] such that

min z; — il = lljor1 — 250 -
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Proof. Note for each fixed j € [n]| that mingcp, ||z; — 2| = min {||z; 41 — 2|, [|z; — 21|} by
k#j
the Monotonicity Lemma [1.4.2 O]

The following result shows that the collection of equilateral polygons is preserved when

considering norms which differ by a linear transformation.

Proposition 4.2.3. Let || - || and [|-]| be two norms on C, n > 3 and T': C — C be a linear
transformation such that 7' (83‘1"”(0)) = 6Bw'”|(0). Then there exists a bijection h = hrp :
eV B Moreover, e(h(P),||I-lIh) = e(P, || - ||) for every P € EN

Proof. Since 0 ¢ T <GB|1|'H(O)>, ker(T') = {0}. Moreover, as T is surjective, T is invertible and
so 77! <8B|1"'|”(0)> = 8Bﬂ'”(0). Without loss of generality, suppose T is orientation preserving.
Define hy : BV — EM by by (21, ... 20)) = (T(x1),...,T(z,)). To see h = hy is well-
defined, let P = (z1,...,2,) € EVl. Note as T (0B‘1"”(0)> = OB!H”(O) that h(P) € Fil
Further, by the homogeneity of 7', ||T(z;) — T'(xx)|| = ||7(x; — zx)|| = ||lz; — zx|| for each
jik € [n]. Thus, h(P) € B’ and e(A(P), [I]I) = e(P ]| - )

The injectivity of h follows by the injectivity of T" acting component-wise on P € EN 1o
see h is surjective note for each @) € ENl we can consider P = hr-1(Q), then P € ENl and

hr(P) = Q. []

Remark 4.2.4. In the above proof of Proposition we assume E) # (). In fact, in
Theorem , we show that E! £ () for all norms || - || and » > 3. However, even without

this fact, it is clear that if Bl = @, then Bl = ¢, also.

An important, albeit problematic, class of norms which we shall consider is the collection

of rectilinear norms.

Definition 4.2.5. A norm ||-|| on C is rectilinear if the unit sphere 8B|1|'H (0) is a parallelogram,
i.e. there exists a linear transformation 7" : C — C such that 83'1“'(0) =T <8B|1|'”°°(0)).

The following results provide sufficient conditions for a planar norm to be rectilinear.

Lemma 4.2.6. Let || - || be a norm on C and z,v € 0B|1|'”(0). If both [z, v], [z, —v] C aB!"0),

then || - || is rectilinear and [z, v], [z, —v]| are non-parallel segments of 8B|1|'”(O).

Proof. First observe that x # v, as otherwise 0 € [v, —v] C aB!"1(0). Similarly, z # —v. Now

observe that [—x, —v], [—x,v] C aBﬂ'”(O). Therefore 8B|1|'H(0) is a parallelogram. O
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Corollary 4.2.7. Let ||-|| beanormon Cand P = (A, B,C) € E;L"”. If there exists v € 9B!1(0)
such that P is a subset of the closed arc [—v,v]|.|, then || - || is rectilinear. In particular, if

e(P) < 1 then || - || is rectilinear.

Proof. Since A, B and C' are distinct and ||A — BJ| = ||A — C]] it follows, by the Monotonicity
Lemma that the straight line segment [V, B] C 8Bw(0) where V = (C — A)/||C — A]|.
Similarly, since ||C — B|| = ||C — A||, [-V, B] € 8B!(0). Therefore, taking # = B and v =V’
in Lemma [4.2.6, we conclude || - | is rectilinear.

If now e(P) < 1, observe there exists v € {£A, =B, £C} such that P C [v, —v]|.. Suppose,
for a contradiction, this is false. Then, P € [A,—A]j. Hence, C € (—A, A)) and so,
by Lemma —C € (A, =A). Now, if B € (=A,A)|, then P C [-A A]), a
contradiction. Therefore B € (A, —A]|. Hence, B & (A, —C]. as otherwise P C [C, =C].
So, B € (—C, —A];|- But then, by the Monotonicity Lemma|l.4.2| ||[A+C| < [|[A—B| = e(P).
Therefore,

2=2|A|l < |[A+C[+[|A-C| <2e(P) <2,
providing contradiction. O]

Next we introduce the notion of an n-rectilinear pair. Such pairs will play a fundamental

role in our considerations that follow; in particular 3- and 4-rectilinear pairs.

Definition 4.2.8. We say a pair (||-||,n) is an n-rectilinear pair if n > 3 and || -|| is a rectilinear

norm.
The next results determine which equilateral polygons may have maximal edge length.

Lemma 4.2.9. Let || - || be a norm on C and n > 4. Then there exists P € EM such that

e(P) = 2 if and only if (|| - ||, ») is a 4-rectilinear pair.

Proof. Tf || - || is rectilinear and n = 4, then the four vertices of the unit sphere form a polygon
P € E, such that e(P) = 2. Now suppose there exists P € E for some norm | - || on C such
that ¢(P) = 2 and n > 4. Then by a classical result of Petty, see [29, Theorem 4], as 1P is an

equilateral set it then follows that n = 4 and || - || is rectilinear. O

Example 4.2.10. Observe Lemma fails if n = 3, in the sense that there exist non-

rectilinear norms || - || and equilateral triangles P € EZLJ'” such that e(P, || - ||) = 2. Indeed,
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consider || - || = || - |6, the polygonal 6-norm, and the equilateral (Euclidean and || - ||¢) triangle

to be given by three vertices vy, vs, v5, see Notation , of the sphere 8B|1|'H6(0).

Lemma 4.2.11. Let || - || be anorm on C, n > 3 and P = (z1,...,x,) € EMN T 2y = —2 or
x, = —x1, then (|| - ||,n) is a 3-rectilinear pair.

Proof. We shall prove (|| -||,n) is a 3-rectilinear pair when x9 = —x1; the proof when z,, = —x;
follows similarly. Note as xo = —x; that e(P) = 2. We claim this implies ||z3 — 21| = 2.

Indeed, as x3,...,x, € (—x1,21)|, it follows by the Monotonicity Lemma that
2=e(P) = [lzn — 2] < [lzs — 1] <21 = (—20)[| = 2.

Thus ||z3 — z1|| = 2 and so Q = (1, 29,23) € E3 with e¢(Q) = 2. Hence, by Corollary 4.2.7]
|| - || is rectilinear.
Further, as P € E,, o = —x1, e(P) = 2 and || - || is rectilinear, observe n = 3 and P is

formed of three vertices of 9B1(0). O

We now introduce some simple notation about the minimal and maximal edge length of an

inscribed polygon.
Notation 4.2.12. Let || - || be a norm on C, n > 2 and P = (z1,. .., 2,) € Fil. Define:
i) d*(P) = max [ays — oyl i) d-(P) = min floges — a3
Jj€ln] S

The next result determines the position of vertices of two inscribed polygons which share a

common vertex.

Lemma 4.2.13. Let || - || be a norm on C and n > 3. Suppose P = (x1,...,2,) € FI and

Q= W1, - Yn) € FI share a common vertex x =y If:
a) Tp1 € (g, —2k))) and Yrs1 € (Y, —yil| for each k € [n — 1]; and

b) d*(P) <min ([ly2 = wll, llys = vall, - lyn = ynall);

then zy € (21, yx)|. for each k =2,...,n.
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Proof. We shall argue recursively; first we show that x, € (21,¥2)).|- Indeed, by a) and as

T1 = Y1, T2,Y2 € (@1, —x1]). Furthermore, by b),
[z — 21| < dT(P) < lly2 — pall = lly2 — 21

Hence x5 € (x4, yg)H‘”, as otherwise this contradicts the Monotonicity Lemma m
Suppose x € (z1,yx)) for some k € {2,...,n — 1}. For a contradiction, suppose that
Tr1 € [Yrt1,21)|- Consider a parametrisation 6,, : [0,1) — (3B|1|'H(0) and find ¢, € (0,1) such

that 0,, (t.) = z for each z € {Tk, Yr, Tpt1, Yrt1, —2x ;. Note as xy, € (21, yp)| that 0 < 1, <t,,.

Similarly, as Tp11 € [Ykt1, T1)|s tyers < tapy, < 1. Further, by a), yrr1 € (Y, —yily and
Tpy1 € (@k, —xk))). Moreover, yri1 € (Ui, ¥1)j| = Wks 1)) and Tp41 € (g, 1)) Hence,
ty, < ty,.,. Therefore, 0 < t,, < t, < t,., <ty <1 Thus yp,ysp1 € (Tk, Tepa]) S
(@, =)

If Tk 41 # Ykt1, then by Lemma for x =y, y = Y, 2 = Yry1, W = Tpy1, and b),
yksr = yell < lwner — 2l < d7(P) < llgnrr — well,

a contradiction. Similarly if ;1 = yk+1, then by the Monotonicity Lemma and b),
d*(P) < k1 = vell = llzrs — gall < o — zll < d7(P),

a contradiction. As in either case we obtain a contradiction, we conclude that xj11 & [Yk+1, Z1)|-|»
i.e. Trp+1 € (x17yk+1)H~||- ]

It is natural to consider the maximal possible edge length of an equilateral polygon. Here

we provide a trivial upper bound for such.

Proposition 4.2.14. Let || - || be a norm on C and n > 2. If P € EN then e(P) <
Lyt (08)1(0)).
Proof. Consider P = (z1,...,%,) € E,. Note length | ((a:k,a:kﬂ)ﬂ.”) > ||zge1 — xk|| = e(P) for

each k € [n] by Lemma [1.3.6] Hence,

241 (aB|1|'H(())> = Z]engthw (($k>xk+1)||-||) > TLG(P),

k=1
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from which the result follows. ]

Remark 4.2.15. This bound is not sharp in general, for example consider || - || = | - | the
Euclidean norm. However, if || - || is a polygonal m-norm where m = 2 (mod 4) and n is a
multiple of m, then it is readily verified that the (Euclidean) equilateral n-gon which contains

all vertices of the sphere attains such a bound.

We now introduce the notion of strict acute visibility, where an inscribed equilateral polygon
possesses this property if each vertex ‘sees’ the next vertex in the same half of the unit sphere
as itself. To motivate the nomenclature, recall that for an equilateral polygon P € EY with
n > 5 each side of P is subtended by an arc smaller than a quarter-circle, so angles subtended

by these arcs are acute.

Definition 4.2.16. Let || - || be a norm on C, n > 3 and P € I We say P has acute
visibility if P N [—v,v) # 0 for every v € aB{Hl(O). Further, we say P has strict acute

visibility it PN (—v,v) # 0 for every v € 9B)1(0).

Provided (|| - ||,n) is not a 3-rectilinear pair, we show that any equilateral n-gon inscribed
in || - || has strict acute visibility.
Lemma 4.2.17. Let || - || be a norm on C and n > 3 be such that (|| - ||, n) is not a 3-rectilinear

pair. If P = (xq,...,2,) € EN then P has strict acute visibility. Moreover, for each k € [n],
Trp+1 € (UO, —UO)”.H for each Vg € [xk,l’k+1)||.||. (4.2.1)

Proof. Part 1: We begin by showing that P has acute visibility. For a contradiction suppose
there exists vy € 88%”(0) such that P N [—vg,vo) = 0, i.e. P C [vg, —v9))- Reordering
if necessary, let us assume that the first vertex which lies closest to vg is x1. Hence, by the

Monotonicity Lemma [T.4.2]
e(P) = [loy = mif| < g —an | < - <l — || = e(P).

Hence, ||z — x1]| = e(P) for each k = 2,...,n. In particular, this implies Q = (1, x2, 3) € E3

and @ C [vg, —1p)|.- By Corollary this implies || - || is rectilinear.
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Since (|| - ||,m) is not a 3-rectilinear pair, we conclude that n > 4. From above, for each
k=2,...,n—1, |lz1 — 2]| = ||zx — z441]|. Therefore, by the Monotonicity Lemma [1.4.2]
for each k = 2,...,n — 1, the straight line segments [py, zx], [—pr, zx] C aB|1|'H(O) where p, =
(@1 — 1)/ T — 2]

Let V' denote the collection of the four vertices of the unit sphere 83'1"”(0); recall || - || is
rectilinear. Note that as x; lies in the intersection of two non-parallel straight line segments
[Pk, k] and [—py, x| which are both contained in 8B|1|'H (0), then z, € V foreach k =2,...,n—1.
Since n > 4, in particular it follows that zo, x5 € V. Thus, as || - || is rectilinear, note e(P) =
|23 —22|| = 2. So, by Lemmal[4.2.9] (||-||,n) is a 4-rectilinear pair. But then asn =4 and z, € V
note P is formed by the vectors in V. In particular, note that P then satisfies P Z [v, —v)|
for all v € aBM(O), contradicting the existence of vg. Hence, P has acute visibility.

Part 2: We now prove P has strict acute visibility, by proving . Without loss of
generality suppose k = 1. We shall consider two cases: vy = x1 and vy € (21, Z2)|.-

First suppose vg = x; and suppose, for a contradiction, that zo & (z1,—z1)), i.e. 22 €
[—x1,21)).|- Note by Lemma that zy # —x1. Therefore z,..., 2, € (—x1,21)). Let
w € (—x1,22)|. be arbitrary. Then, w € (—x1,xx)|. C (=21, 21)). for each k =2,...,n. So,
by Lemmawith r =2 y=wandv = —x; = z,note xy, ..., T, € (W, r1)|. Further,
as w € (=1, %)) € (—21,21)), note 1 € (w,—w)| by Lemma Therefore,
P C [w,—w).|, which contradicts Part 1 of the present lemma. So holds for vy = z.

Consider now when vy € (x1,22). and recall a parametrisation 6,, of 9B;(0) from No-
tation [1.3.10[ For each z € {vg, s, —vp, —22}, let ¢, € [0,1] be such that 6,,(t.) = z. As
vy € (w1, 22)) note 0 < t,, < ty,. Further, by the case vg = x1, note xy € (1, —21)|. So

ty, < 1/2. For z € {vg, x2}, recall t_, =t, 4+ 1/2 and thus

1
0 <ty <oy <5 <towg <togy < 1.

Hence, To = 9:131 (tCUZ) S (0:1;1 (t'UO)7 9$1 (t_UO)>”H - (UO, _UO)”H D
Remark 4.2.18. Observe the above result fails to hold when n = 3 and || - || is rectilinear. In
particular, suppose || - || = || - ||c and P. = (14 (1 — ¢)i, 1 + 4, (1 — ¢) +7) for ¢ € (0,1]. Then

P e E:';J.HOO with 6(Pc) =c¢, but P. C [1, —1)H.||.

Note both Lemma 4.2.17| and the present remark show that having strict acute visibility for
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every P € E)V is equivalent to (Il - ]I, ») not being a 3-rectilinear pair. Later in Lemma m,
we correct [8, Lemma 2.4] and prove the uniqueness of the edge length over all equilateral
polygons containing a fixed vector, and we rely heavily on the strict acute visibility of equilateral

polygons.

We continue by introducing a result of a similar nature. This result states that if a polygon
has acute visibility, then adjacent vertices need to lie in the corresponding halves of the unit

sphere.

Lemma 4.2.19. Let || - || be a norm on C and n > 3. If P = (2y,...,2,) € FI has acute

visibility, then xy41 € (z, —4]) for each k € [n].

Proof. Fix k € [n] and suppose &1 € (—xk, Tg)|.|- Let v € (—xk, Tp41)). be arbitrary. Then,

by Lemma [L.3.16[(iv)} —v € (zx, —p41))- As PO [—v,0) # 0, note there exists j € [n] such

that z; € [—v,v)|.|. Therefore, as —v € (xg, —@p41)|.| and as v € (=T, Tr+1)||,
2 € (T, V) € (Ths Tht1) |5

a contradiction. ]
Recall Notation 4.2.12] for the minimum and maximum edge length of an inscribed polygon.

Lemma 4.2.20. Let || - || be a norm on C and n > 3. If P = (zy,...,2,) € FI and

Q= Y, ..,yn) € FI both have acute visibility and x; = vy, then
d (Q) <d"(P) and d (P)<d"(Q).

Proof. Tt suffices to prove that d=(Q) < d*(P). Suppose, for a contradiction, d~(Q) >

d*(P). By Lemma {4.2.13, z, € (x1,yx)y = (v1,ur)) for each k& € [n]. In particular,

Tn € (Y1,Yn)||- Also, since P and @ have acute visibility, 1 € (Zn, —Zn]|| O (Yns —Unl|-|)-

Thus, by Lemma [1.3.16 Ty, Yn € [=Y1,¥1)|- Moreover, as x, € (y1,y,)|. it follows by
Lemma 1.3.16that Yn € (@, y1))- Hence yp, € (25, y1) ) N [=¥1, 41))-)- By the Monotonic-
ity Lemma [1.4.2] [ly1 — yull < |ly1 — 2| and so

d*(P) < d™(Q) < llyn — w1ll < llzn — 1l = [l20 — m[| < d7(P),
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providing contradiction. 0
Corollary 4.2.21. Let || - || be a norm on C and n > 3. Suppose P = (z1,...,2,) € FI has
acute visibility. Then, for each Q € EN!l where PN Q + ),

d™(P) < e(Q) < d™(P).

Proof. Suppose Q = (y1,...,yn) € E, is such that PN Q # (. Then, by Lemma ,
e(Q) =d"(Q) = d (P) and e(Q) = d~(Q) < d*(P). O

We finish this section by identifying a region in which one may perturb a vertex of an
equilateral polygon to ensure the new polygon maintains the acute visibility property, which
the original polygon has due to Lemma [4.2.17} We also determine for most norms || - || on C
and n > 3 when this radius is strictly positive, provided the quantity e(P) is constant over all
peEgll containing a fixed unit vector.

The condition e(P) is constant over all equilateral polygons P containing a fixed vector is
proven to be true for all norms ||- || on C and n > 3, provided (|| - ||, n) is not a 3-rectilinear pair.
This is shown in Lemma [4.3.6] without any dependency on the results proven in this section

using this condition as an assumption.

Lemma 4.2.22. Suppose ||-|| is a norm on C and n > 3 is such that (||-||, ) is not a 3-rectilinear
pair. Let P = (z1,...,2,) € EN and ro := min (1, e(P), |22 + 21|, || + 21]|). Then o > 0
and Q, = (y,T2,...,2,) € FI1 has acute visibility for each y € BJJ(;H(xl) N OB|1|'”(O).

Proof. Note by Lemma [4.2.11| that ro > 0. Let U := Bl«l(;”(xl) N 8B|1|'H(0). We shall first prove

that

U C (T, —Tn) ) N (—T2, T2)- (4.2.2)

Indeed, let w € U be arbitrary. Observe that |[w — z1]| < ro < e(P). By Lemma [4.2.17

and Lemma |1.3.16 , note xo € (x1, —x1))| and z, € (—x1,21)).. Hence w € (x,,x2)) as
otherwise by the Monotonicity Lemma one can conclude that ||w — ;|| > e(P). Similarly,

as [|w— x| < 1o < min(||ze + 21|, [|[2n + 21]|), note w € (=2, —2,)| since —x2 € (=1, 1)

and —x, € (21, —1))|. Thus, by Lemma 1.3.17]

W € (n, Z2) ) N (T2, =Zn)j) = (Tn, =Zn) ) O (=22, Z2)) -
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The arbitrariness of w € U proves (4.2.2)).

Fix y € U. To see ), has acute visibility, it suffices to show that
Q,N[v,—v) #0 for all v € 9B} 1(0). (4.2.3)

The proof is split into four cases; namely, if v € [z}, 2;41)) for some j € [n — 1], v = z,,
v € (Tn, 1)) NU orif v e (xn, 1)) \U.

Case 1: Suppose v € [x;,2;j41)|| for some j € [n — 1]. By Lemma , Tit1 € (v, —v))
and so x4 € @, N (v, —v)|.|. Hence is satisfied in such a case.

Case 2: Suppose v = x,. Then, by , y € U C (zn, =) = (v, —v) and thus
is satisfied in such a case.

Case 3: Suppose v € (xn,21))) N U. Then, by (#2.2), v € U C (—a2,z2)). So, by
Lemma , ry € (v,—v)|.. Therefore, as x5, € Q,, (4.2.3) is satisfied in such a case.

Case 4: Suppose v € (@, 21)|| \ U. Observe U is an open, connected subset of aB|1|'H(0)
and x; € U. Thus, there exist a,b € 8B;|L|'”(O) such that U = (a, b)) where a € (—x1, 1))

and b € (1, —x1).; note a,b # —x; since g < 1. Now, as v € (x,,21)). \ U note x,, # a. So,

by (4.2.2), a € (x,,x1)) and thus
V€ (Tn, 1) \ U = (@, 1)) \ (@, D)) = (@, -

Let 6_,, be a parametrisation of aB|1|'H(O) defined in Notation |1.3.10, Let ¢, € (0,1) be such
that 0_,,(t.) = z for each 2z € {z,,v,a,21,b, —xn, —v}. As x, € (—x1,21)), note 0 < t,,.

Further, as v € (2, a]).| and a € (=1, 21))|,
1
0<t, <t,<t,<ty = 7 (4.2.4)

Since ||z1 — (=x,)|| > 70, b € (21, —2,)) as otherwise this contradicts the Monotonicity

Lemmam. Thus, as v € (2, 1)), it follows by Lemma 1.3.16that —V € (=T, —T1) |-

Therefore,

=ty <ty <t_,, <t_,<l (4.2.5)
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Combining (4.2.4) and (4.2.5)), we obtain
0<ty, <t, <ty <ty <tp<t_, <t_, <L

Hence,

U= (ab)= (97x1<ta)a‘97x1(tb))||.|| - [ef:vl(tv%9%1(15711))”.“ = [v, _U)H.”-

Thus, y € U C [v, —v) and so (4.2.3) is satisfied in such a case. ]

Lemma 4.2.23. Let ||-|| be a rectilinear norm on C, z € 8B|1|'H(0) and A, = {Q € EJJ'” cx € Q}.
Suppose A, # () and e(Q) is constant over all @ € A,. Then P, ~ P, for each P, P, € A,.
Moreover, for each P € A,, we have e¢(P) € [1,2] and e(P) = 2 if and only if P is formed by

the four vertices of dB)1(0).

Proof. Without loss of generality, by Proposition , |- = - |lc. Since 8B|1|'H°°(O) is
invariant under rotations by 7 /2 and under reflections in the axes, we may further assume that
x = —n+ i for some n € [0, 1].

Define P, := (—n+1,—1 —ni,n —i,1 + ni) =: (1,22, x3,24). Observe that P, € A, and
e(P)) = 1+mn € [1,2]. We claim that any Q) € A, satisfies ) ~ P,. To proceed, consider
Q = (y1,Y2,y3,y1) € A, where y; = x = z1. Then, e(Q) =e(P,) =1+1.

Consider first the case when n = 1, i.e. y; = 21 = —1 4+ i. By Lemma [£.2.17, yo €
(—=1+4,1—14)).. Hence, as [|y2 — 31|l = e(Q) = e(P1) = 2, note yo = { — i for some £ € [—1,1).
Arguing similarly and utilising Lemma we obtain y4 = 1 + ei for some € € (—1,1].
Now as e(Q)) = 2, the Monotonicity Lemma yields |ly; — yk|]| = 2 for each j # k. In

particular, ||ys — y2|| = 2. Therefore,
2= [lys — g2l = max{l + €1 ¢}

So, 1 € {¢,—¢}. Without loss of generality, assume £ = —1 and so yo = —1 — 4, as otherwise

one may consider the reflection of the equilateral polygon in the line containing the segment

[—1+4,1—14]. By Lemma{4.2.17, ys € (=1 — 4,1 +4)). As |lys — 1ol =e(Q) =2, ys =141

for some v € [—1,1). Since y3 € (y2,y4)|.| We conclude v < e. But then, 2 = [jys — y3|| =€ —
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and so e =1 and v = —1. Thus, y3=1—1¢ and y, = 1 + 7. Hence, Q) = P;.
The case when ) = 0 follows by a similar case analysis. Now let us consider when 7 € (0, 1).

Observe, in such a case,

OBL= (1) N (=n +iyn — )y = {~1 — ni},

hence by Lemma it follows that y5 = —1 — ni. Similarly, as
OBY (y2) N (=1 =i, L)y = {n — i},
it follows via Lemma that y3 = n — 4. Finally, as
OBY = (ys) N (1 — i, —n + 1) = {1 +ni}

we conclude by Lemma |4.2.17| that y, = 1 4 n¢ and hence @ = P,. O]

We end this section by determining a uniform lower bound for the radius in which one may

perturb an equilateral polygon to ensure it maintains its acute visibility.

Lemma 4.2.24. Let || - || be a norm on C and n > 3 be such that (|| -||,n) is not a 3-rectilinear
pair. Suppose inf,_pi. e(Q) is finite and positive. Then there exists ¢ = ¢(n, || - ||) > 0 such

that for any P = (21, ..., 2,) € EV it follows that
min {e(P), ||z2 + z1||, ||zn + 21|} > ¢
Proof. First note for any c € (0,infpep, e(Q)] that if P € E,, then

> 1 >
e(P) > QlélEfn e(Q) > c>0.

Therefore it suffices to find ¢ € (0, infgep, e(Q)] such that for any P = (z1,...,2,) € E,, we
have

min {||z2 + 21|, |zn + 21]|} > ¢

Suppose no such constant ¢ > 0 exists. Then there exists a sequence of vectors {x]"}>_, C
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m

dB!"1(0) and a sequence of corresponding polygons Py, = (z, . ..,2™) € E, such that
min{||z3" + 21|, [l + 27|} = 0 as m — +oo.

Via a compactness argument, there exists a subsequence P, = (z1",...,z") € E, such that
both min{|lz5™ + 1" ||, [z + 27"*||} — 0 and P,,, — P = (z1,...,2,) € E, as k — .
Passing to a further subsequence, if necessary, we may assume without loss of generality

that ||z5"* + 2]™| — 0 as k — oco. Hence,
s+ axll = lim o + a7 = 0.

Therefore 5 = —z; and so Lemma [4.2.11] implies (|| - ||,n) is a 3-rectilinear pair, providing

contradiction. ]

Remark 4.2.25. In Lemma we show that inf,_,1e(Q) > 0 whenever (n, || - [|) is not a

3-rectilinear pair.

4.3 Existence of equilateral polygons

In this section we show for each norm || - || on C, n > 3 and z € 83‘1"”(0) there exists P € E)
such that x € P. This result was already claimed in [8, Lemma 2.4], but the statement in
[8] is not entirely correct. It is first claimed that for every norm || - || on C, n > 3 and every
unit vector x in || - || that there exists P € ENV such that & € P. We verify this is indeed
correct in Theorem but provide an independent proof. They claim further that for any
two equilateral polygons P, @ € EL! that if PN Q # 0, then e(P,]| - ||) = e(@,] - ||)- This is
false in general. Indeed, consider P, := (1+(1—c¢)i,1414,(1—c)+1i) € Ei!'”“‘ for each ¢ € (0, 2],
as in Remark [£.2.18) Observe that 1 +i € P, for every ¢ € (0,2], but e(P,, | - ||) = ¢, see
Figure [4.3] In Lemma [4.3.6] we prove that such phenomena may only occur in the particular
cases when (|| - ||,n) is a 3-rectilinear pair.

First, we introduce the following notation.
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%1+ (1—c)

e(F, H : ||OO) =cC

Figure 4.3: Equilateral triangles P, inscribed in || - ||» with distinct edge lengths, but share a
fixed vertex.

Notation 4.3.1. Let || - || be a norm on C, z € 8B|1|’H(0) and n > 2. Define
a(z,n, |- ||) =sup{d (P):z € Pand P € ]-“7!'”} ,

Via a standard compactness argument, it can be readily shown there exists an inscribed

polygon for which this quantity is attained.

Proposition 4.3.2. Let || - || be a norm on C, z € 03‘1"”(0) and n > 2. There exists P € F)/|

such that z € P and d™(P) = a(z,n,| - ||).

Proof. For brevity, we write « instead of a(x,n, || - ||). For each k € N, let P, = (2F,...,2%) €

s Ty
FI be such that % = z and d~(P,) > a — 1/k.

Since 8B|1|'H(0) is compact and {xé}:;l C 03‘1"”(0) there exists a convergent subsequence
{x;@’j}kw such that 25> — z, € OBV1(0) as ky; — oco. Similarly, there exists a convergent
subsequence {xlgs’j}k&j of {x?’j}klj such that x§3‘j — 23 € 0B (0) as ks ; — oo. Continuing

recursively, we obtain P = (z1,...,x,) € .7-"7‘1"” such that xy = x.

We claim that d=(P) > «. Indeed, fix [ € [n] and € > 0. Let Ky € N be such that

. ki kn.; €
min <H:pl — ZL‘ZH, )mlﬂ — :cl_HH) < 3 whenever k, ; > K.

Take K > max(Ky, 3/¢) and note for each k,,; > K that

En,;

k .
a1 = aill = |25 - o

kn,j kn,j -
— Hle — leH — Hxl - le >d (ij) —— >a—c.
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Since € > 0 was arbitrary, note ||x;41 — ;|| > «a for each [ € [n|. Hence d~(P) > «, and thus

by the definition of «, d~(P) = «a. O

Moreover, we may assume this minimum is attained on the first edge of the inscribed
polygon, and is necessarily attained on an edge which contains the fixed vertex x that is of

interest.

Proposition 4.3.3. Let || - || be a norm on C, z € aBﬂ’”(O) and n > 2. There exists P € F'

such that x; = z and d~(P) = ||z2 — 1| = alx,n, || - |]).

Proof. For brevity, we write « instead of a(x,n,|| -||). By Proposition there exists Q =

(Y1, Yn) € FI such that y; = = and d=(Q) = a. If |ly2 — 11|| = a, then let P = Q.
Suppose ||y2 — y1]| > «a, hence n > 3. Let Y € (yi,¥2)). be such that ||y1 — Y| = o

note such Y exists by Corollary . Consider P = (y1,Y,y3,...,Yn) € FI To see that

d™(P) = «a, note it suffices to verify |ly3 — Y| > «. Indeed, if y3 € (Y, =Y., then by the

Monotonicity Lemma as y2 € (Y, u3) |
lys =Y = llys — vall =

Suppose now y3 € (=Y, Y ). AsY € (y1,92))1 € (v1,ys)).| note by Lemma [1.3.16 that
y1 € (Y3, Y ) € (=Y, Y. Hence, by the Monotonicity Lemma [1.4.2]

lys = Y| = flyn =V =

Thus [|ys — Y| > @ and so d=(P) = ||Y — || = a O

Below we prove the existence of a ‘near equilateral” inscribed n-gon. We show that for each
unit vector x one can construct an inscribed n-gon for which n — 1 edges have edge length

precisely a(z,n, || - ||).

Lemma 4.3.4. Suppose || - || is a norm on C, z € 8B|1|'H(0) and n > 3. Let

Pop ={P = (21,...,3,) € FHl s 2y = 2,d=(P) = ||y — k|| = o for all k € [n — 1]},
(4.3.1)
where o = a(z, n,|| - ||). Then, P, # 0.
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Proof. For brevity, we write « instead of a(x,n,| - ||). By Proposition there exists
P = (zy,...,x,) € F, such that z; = x and d~(P) = ||z2 — x1]| = a. If a = 2 then, by
Corollary 4.2.1) P € E, and e(P) = a. So, P € Py .

Suppose o < 2 and recall Notation Let y; := z1 and P, := P. Arguing recursively,

for each k € [n — 1], let yy+1 = 6y, (7%), where

T, =min{t € [0,1/2] : f,,(t) = a}.

Ifk <n—1,let Poyq:= (1,Y2, - -, Ykt 1, Tha2y - - - T) and, if k = n—1,let P, = (x1,y2, -+ -, Yn)-
By construction, ||yx+1 — yk|| = « for each k € [n — 1].

To conclude P, € P,,, we need only show that ||y, — z1|| > «. Indeed first note, as
a < 2, that yey1 € (yk, —yx)|| for each k € [n — 1]. We claim that y, € (x1,x)). for
each k € [n]. Indeed, if & = 2 note yo € (1, x2)).| by the Monotonicity Lemma [1.4.2, since
|22 — 21]| = . Fix k € [n — 1] and suppose y; € (z1, k]| I Zr1 € (=Y, Yy N (@, 1))
then yr1 € (21, Tpga])) @S Yres1 € (Wi, —Yn)||- SO, suppose Tp11 € (Y, —Ye)|1| N (@k, T1)|-
IF yrr & (@1, 2ppapys then yrir € (@ren, @) O W —Yk)j- AS Tria € (Yr, —yn)) and
d~(P) = a, it follows by the Monotonicity Lemma [1.4.2] that

a < ||xk+1 - xk” < Hyk - l‘k+1H < Hyk+1 - yk“ = Q.

Thus, |lyx — Tk+1]| = @ But, Txy1 € (Yk, Ye41))) which contradicts the definition of y41.
Therefore, yri1 € (1, Tt |-

So, Y € (1, x4 for each k € [n] and in particular y, € (z1, ). Now, if y,, € (21, —21])
note by the Monotonicity Lemma that |ly, — z1|| > [ly2 — 21| = a. Alternatively, if
Yn € (=21, 1)) then as y, € (21, ,])., by the Monotonicity Lemma ,

[Yyn = 21[| = [0 — 2] = d”(P) =«

So, in either case, ||y, — z1]| > a and so P, € P,,. O

We are now able to prove the existence of an equilateral polygon containing a fixed unit

vector.
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Theorem 4.3.5. Let || - || be anorm on C, z € (9B‘1"|| and n > 3. There exists P € El such

that x € P and e(P) = a(z,n, || - ||). In particular, gl £ 0.

Proof. For brevity, we write a instead of a(x,n,| -||). If @« = 2, then the result follows by

Corollary and Proposition 4.3.3] Suppose @ < 2. Let us fix a parametrisation 6§ = 0, :

0,1] — dB!"1(0), as in Notation [1.3.10, see also Remark [1.3.12 By Lemma m there exists
P = (z1,...,2,) € Pyn, defined in (4.3.1), such that z; = z and x,, = 6(t*), where

t* =sup{t €[0,1) : there exists Q € P,, such that 0(t) € Q} . (4.3.2)

To see such a polygon exists and t* € (0, 1), recall the definition of Py, # 0 and then
the existence of P as above follows via a compactness argument.

We claim that P € E,,. To see this, we need to show that ||z,, — z1|| = a. Note it suffices to
verify that ||z, — x| < a since P € P,,, and so d~(P) = «a. For a contradiction, suppose that
|zn — 21| > . If @, € (21, —21)|), let 2z, = —x1, otherwise find 2, € (T, 1)) N (@, =)
such that ||z, — z,|| < a < ||z, — x1]|; such z, exists by Corollary

Let S, := {t € (0,1/2) : f. (1 —t) = a} and observe, since « < 2, that S,, # () by the
monotonicity and continuity of f, (1 —t). Define 2,1 := 0, (1 —supS,).

We claim that 2,1 € (2n_1, 2,)|.|. Observe this is true if x,_; € (2, —2,]|.|. So suppose
Tp-1 € (—2n, Zn)|-|- If Zn1 & (Xn_1, 2n)|.| it follows by Lemmathat |z — Zn_1|| = a since
|zn — 2n_1|| = ||2n — 2n-1]| = @. Thus, taking Q1 := (x1,...,2,-1,2,) We observe ()1 € P,
and z, € (x,, 1)), which contradicts our choice of P € P, since 0=(z,) > 07 '(z,). Hence,
Zn-1 € (Tn—1, Tn) ||| N (—2n, 20)|-||-

Arguing recursively, suppose 2, € (g, Zp+1)|| N (—2k+1, Zk41)|-| has been defined for some
ke {3,...,n}. Define S :={t € (0,1/2) : f.,(1—t) = a}; observe Si # 0 by the monotonicity
and continuity of f,,. Let z;_; := 6,, (1 — sup Sk).

We claim z,_1 € (2r—1, 2)|| N (—2k, 2&) |- Observe this is true if x,_y € (25, —2x)- So
suppose Z_1 € (—2k, 2)|.|- Insuch a case, if 2,1 & (x_1, 2¢)|.| it follows by Lemma that
|2x — 2k—1]] = . Hence, define Qqi1y—k == (#1,...,Tk—1, 2k, .- ., 2n) and observe Qui1)—x €
Pom and 2, € (xn,21)). This contradicts our choice of P € P, as z, € Q41)—r and
01 () > 07 (). Hence, 2,1 € (wh—1, 26) ) N (—2k, 28)|-|-

This implies [|z; — 21]] > . Indeed, if 2z, € (21, —x1) then as 2z, € (w2,23)) and
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Ty € (21, —x1)).|, this implies by the Monotonicity Lemmathat |z —z1|| > ||x2—21|| =
Conversely, if zp € (—x1,21))|, then z,, € (=21, 21)) and thus as 25 € (21, Zp—1)|| € (@1, Zn) ||
it follows by the Monotonicity Lemma that ||z — 21| > [|2) — 21| = o

Moreover, ||ze — x1|| > « as if ||ze — z1|| = @ one may define Q,, := (x1, 22, ..., 2,) and note
Q € Pup, but 2, € (2, 21)).| which contradicts our choice of P € P,,.

Since ||zo — 21]] > a, find wy € (22, 22)). N (=23, 23).| such that ||wy — z1|| > «; see
Corollary This implies ||wy — z3|| > ||z2 — z3|| = « by the definition of z,. Arguing

recursively, if n > 4, suppose that wy, € (T, 2&) || N (=241, Zk41)||-| satisfies ||wy, — 2x41]| > o for

some k = 2, e, — 2. Find Wg+1 € ($k+1, Zk‘-i-l)ll-H N (—Zk+2, Zk+2)||'H such that ||wk+1 —'LUk“ >«
by Corollary since ||wy — zg41]] > a.
Define P’ := (x1,wsq,...,Wp_1,2,). To see that d=(P’) > «, note it suffices to verify

|wn—1 — 2|l > . This follows as w,—1 € (¥p—1, 2p—1)|.| and so the Monotonicity Lemmam
implies, via the definition of z,_1, that |[w,—1 — z,|| > ||zn_1 — 2a]| = @. Thus, d~(P’) > «,
x =x; € P' and |P'| = n, which contradicts the definition of .

As in either case we obtain a contradiction, we conclude that ||z, — z1]] = « and hence

Pec L, [l

In the above theorem we have shown, independently of [8], that there exists an equilateral
polygon containing a fixed unit vector. However, in [8], it is also claimed that the edge length
of an equilateral polygon containing a fixed unit vector is constant over all such equilateral
polygons. We have already provided, at the beginning of the present section, examples where

this is not true. Below we show that this is true whenever (|| - ||, n) is not a 3-rectilinear pair.

Lemma 4.3.6. Let || - || be a norm on C and n > 3 be such that (|| - ||,n) is not a 3-rectilinear
pair, and let = € 3B|1|'”(0). Then e(P) is constant over all P € EV such that z € P.
Moreover, if || - || is strictly convex there exists a unique equilateral polygon, up to equiva-

lence, P € E!'l such that z € P.

Proof. Suppose there exist two polygons P = (x1,...,2,) € E, and @ = (y1,-..,Yn) € E,
such that z; = y1, but e(P) < e(Q). Since P,Q € E,, note e(P) = d*(P) and e(Q) = d~(Q).

So, by Lemma {4.2.13| and Lemma {4.2.17}, x,, € (21, yy)||. Further, by Lemma |4.2.17]

21 =y1 € (Tn, =) ) N Wns —Yn )|
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Thus, by Lemma [1.3.16 , Ty, Yn € (=21, 21)|- So, by Lemma [1.3.16((iii), y» € (2, z1)) N

(=1, 21)).|- Hence, by the Monotonicity Lemma [1.4.2]

e(P) = [lzn = 1]l 2 [lyn — 21l = llyn — 0]l = €(Q) > e(P),

a contradiction.
If || - || is strictly convex, then by the first part of the present lemma and Corollary the

uniqueness follows. O

4.4 Extremal equilateral polygons

In Theorem we have shown for any norm || - || on C and n > 2 that EN £ 9. This section
concerns to what extent the edge length of such equilateral polygons may vary.

To begin, we observe the following equality.

Lemma 4.4.1. Let || - || be a norm on C and n > 3. Then,

Proof. Let A == {a(z,n,|-|) : 2 € dB1(0)} and B := {e(P) : P € E,}. Note if (|| - ||,n) is
not a 3-rectilinear pair then by Theorem and Lemma it follows that A = B.
Suppose now || - || is rectilinear and n = 3. Then observe that a(x,3,] - ||) = 2 for every
T € 83‘1"”(0); one needs to consider the inscribed (equilateral) triangle formed from x and the
vertices of (9B|1|'”(0) which lie on the opposite edge to z. Hence sup(A) = 2. Similarly, by
considering any equilateral polygon formed by three vertices of the sphere 83‘1"”(0) we deduce

that sup(B) = 2, also. O

Remark 4.4.2. Following from Lemma , let A = {a(x,n,| ) :z € (9B|1|'”(0)} and
B = {e(P) : P € E,U'H}. Observe that inf A # inf B, in general. Indeed, if (|| - [|,n) is a
3-rectilinear pair then inf A = 2 since a(z, 3, - ||) = 2 for each z € 8B|1|'H(0). However, if for
example || - || = || - ||oo, by considering P. = (1+ (1 — ¢)i,1+1i,(1 — ¢) +14) € EI™ we deduce
that inf B = 0. This is only possible when (|| - ||, ) is a 3-rectilinear pair, however; one may

conclude via Theorem and Lemma that A = B whenever (||-||,n) is not 3-rectilinear.
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To avoid the technicalities as described in Remark [£.4.2] we shall introduce the following

definition for the smallest and largest possible edge lengths for equilateral polygons.

Definition 4.4.3. Let ||-|| be a norm on C and n > 2. Define the upper || ||-reqularity constant

to be
a(n, |- ) =sup {a(@,n, |- ) = € 9B (0) } = sup {e(P||- ] : P e E}},
and the lower || - ||-regularity constant to be
B(n, || - |)) = inf {e(P,|| - |) : P € E}T}.

We have the following characterisation of when the lower regularity constant is minimal.

Lemma 4.4.4. Let || - || be a norm on C and n > 3. Then «a(n, || - ||) > 0 and
B(n,||-]) =0 ifand only if (|- |,n) is a 3-rectilinear pair.

Proof. We first show that 3(3,| - ||) = 0 if and only if || - || is rectilinear. Indeed, if || - || is
rectilinear we may assume, by Proposition [4.2.3] that ||-|| = |- ||ec. Let P. = (1+(1—1/¢)i, 1+
i,(1—=1/c)+1i) € E for each ¢ € (0,1]. Then e(P.) = ¢ and so 3(3,] - ||) = 0.

Suppose now that 5(3,| - ||) = 0. Find a sequence P,, € Ejs such that e¢(P,) — 0 as
m — +o0o. Hence there exists M € N such that e(Py) < 1. Therefore, by Corollary
applied to Py, we conclude that || - || is rectilinear.

We now show that S(n, || - ||) > 0 whenever n > 4. Indeed, for a contradiction, suppose
that there exists a norm || - || on C and n > 4 such that B(n,|| - ||) = 0. For each k € N find
P, = (af,...,2F) € E, such that e(B,) < 1/k. Then, by Lemma as n > 4, Py has acute

visibility. However, for each k € N and j € [n],

n

]x - x1|| < Z Hxlﬂ fo =(j—De(P) < P

thus P C B! /Hk( ¥). Hence taking k sufficiently large we obtain a contradiction with the acute

visibility of P.
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Thus B(n, || - ||) = 0 if and only if (|| - ||, n) is a 3-rectilinear pair. Therefore, if (|| - ||,n) is
not a 3-rectilinear pair, a(n, || - ||) > B(n,|| - ||) > 0. Now, if (|| - ||,n) is a 3-rectilinear pair,
consider P = (v1,v9,v3) € E3, where v; are the vertices of 83‘1"”(0). Then e(P) = 2 and so

a3 =2>0. =

Remark 4.4.5. Note, via the compactness of aBlll'H(O), there exists P € Ell such that e(P) =
a(n, | -||). Therefore,

a(n,| -]]) = max {e(P): P € EJ‘L'”} :

Similarly, if (]| - ||, ) is not a 3-rectilinear pair, there exists Q) € EN such that e(Q) = Bn, |-
and so

B(n,||]]) = min{e(P): P e EIl}.
Let us introduce the following notation.

Notation 4.4.6. Let ||-|| be a norm on C and n > 3 be such that (|| -||,n) is not a 3-rectilinear

pair. Define Il : 0BT — (0,2] by il(2) = e (P,), where P, € El is such that z € P,

Observe by Theorem [£.3.5] Lemma [£.3.6) and Lemma that 1,, is well-defined. We now

show that [,, is 1-Lipschitz continuous.

Theorem 4.4.7. Let || -|| be a norm on C and n > 3 be such that (|| -||,n) is not a 3-rectilinear

pair. Then g 1-Lipschitz.

Proof. We split the proof into two parts: we first show that [,, = s pointwise 1-Lipschitz at
each x € 0B|1|'H (0) and then utilise Lemma to conclude the Lipschitzness of [,,.

Part 1: Fix z € 83'1“'(0) and find P = (z1,...,2,) € E, such that z; = z and e(P) = [,(z).
Define

ro = ro(x) = min {1, e(P), |z + 1], 2 + 2]}

Note by Lemma [4.2.22| that rq > 0. Moreover, by (4.2.2)), recall
S BJJ(')H(x) N 8B'1|'H(0) C (2, —ZEn)”.H N (—xg,:BQ)”_” =: (.

Therefore G # (). Next, as P € E,, and (]| -||, ) is not a 3-rectilinear pair, by Lemmal4.2.22| the

inscribed n-gon Q, = (y, %2, ...,%,) € F, has acute visibility for each y € Bl noBl(0).
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In particular, note for each y € Bl (z) naBI1(0),

d™(Qy) < max {|ly — z2|, [ly — anll, e(P)} < e(P) + |z — yll = ln(2) + [l — y].
Hence Corollary applied to ), and an equilateral polygon () containing x implies

h(y) = e(Q) < d*(Q,) <lu(z) + |z —y| forall y € BLI () naBy!(0). (4.4.1)
Arguing similarly yields d=(Q,) > l,(z) — ||z — y||. Hence, by Corollary [4.2.21]

n(y) = e(Q) = d™(Qy) = ln(z) — |z —y||  for all y € BlI(z) naB}(0). (4.4.2)

Combining (4.4.1) and (4.4.2)) yields |l,,(x) — 1, (y)| < ||z —y|| for all y € Bqln'(;H(x) ﬂ@Blll'”(O) and
hence I, is pointwise 1-Lipschitz at = € 9B 1(0).

Part 2: For each x € 8B|1|'H(O), let P, = (x1,...,2,) € E, be such that z; = z. Define
R, = min {||xg + 1|, ||xn + x1||, e(Py:) } -

By Part 1 of the present theorem, |l,,(z) — I,(y)| < ||z — y|| whenever y € Bq'ﬂl(;‘(m) (z) N oBl(0),
where ro(z) = min{1, R, }. However, by Lemma [4.2.24] there exists ¢ > 0 such that R, > c.
Therefore,

inf  ro(x)= inf min{l,R,} > min(1,¢)> 0.
zcaB!'l(0) zcaB!'(0)

Let X = 83!'” (0) and Y = [0, 1], where X is equipped with the metric induced by the norm ||-||
and Y is equipped with the metric induced by the Fuclidean norm. Then, by Lemma (1.2.13] [,,
is locally 1-Lipschitz at each x € X. Recall a function which is everywhere locally 1-Lipschitz

on a compact metric space is 1-Lipschitz; see, for example, |33, Theorem 2.1]. Hence [, is

1-Lipschitz. O

Finally, as a consequence of the continuity of /,, we can deduce that generally the set of
possible edge lengths over all equilateral polygons inscribed in a fixed planar norm forms a
closed, possibly degenerate, interval.

Corollary 4.4.8. Let || - || be a norm on C and n > 3. For each d € (B(n, || - ||),a(n, | - )]
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there exists P € Ell such that e(P) = d. Moreover, if (|| - ||,n) is not a 3-rectilinear pair, there

exists Q € E) such that e(Q) = Bn, | - D.
Proof. This follows immediately by Remark and Theorem [4.4.7 O

Remark 4.4.9. It is not true that when || - || is strictly convex, then a(n, || -||) = B(n, || - ||) for
each n > 3, as in the Euclidean case. Indeed, consider the norm lf, on C given by lf)(x +1y) =
(lz|P + |y|*)"/" for some p > 2. Then let P = (1,i,—1,—1) and Q denote the quadrilateral

formed by the intersection of 88;”(0) and the lines y = 2. Then, P,Q € Eff’ and

B4,12) < e(P)=2"P < 2170/P) = ¢(Q) < a(4,12).

Figure 4.4: Existence of two equilateral polygons in a strictly convex norm with distinct edge
lengths.

This section was focused on the generalised concept of equilateral polygons in centrally
symmetric convex bodies in the plane, and aimed to correct a statement of [8] and provide
an independent proof. We have shown in Corollary that if the upper and lower norm
regularity constants differ then there are uncountable many equivalence classes of equilateral
polygons. The next section is devoted to determining when the upper and lower regularity

constants for polygonal norms are different.
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CHAPTER 5

NORM REGULARITY CONSTANTS IN POLYGONAL
NORMS

This section is devoted to the investigation of when the upper and lower norm regularity
constants for polygonal norms, see Definition [1.5.1] and Definition [4.4.3] are different. In doing
so, we formalise the notion of ‘rotating’ equilateral polygons in a fixed polygonal norm and
show that for polygonal norms where the number of edges is not a multiple of four, then such
norms behave in a manner that is similar to the Euclidean norm.

For ease of notation, when considering two equivalent equilateral polygons P, () € E]" in
some polygonal norm || - ||,,, we will simply write P ~ Q.

Recall Notation Throughout this chapter vy, ..., v, will always denote the vertices

of 0B7*(0) ordered in the anticlockwise direction, where v; = 1.

5.1 Rotating equilateral polygons in polygonal norms

Before we consider the construction of such aforementioned rotated equilateral polygons, we
first show that equilateral polygons in polygonal norms behave similarly to those inscribed in

a strictly convex norm, in the sense of uniqueness of polygons; see Theorem 4.3.5|
Lemma 5.1.1. Let m > 6 be even, n > m and P,Q € E™. If PNQ # (), then P ~ Q.

Proof. Let P = (x1,...,2,) € E" and Q = (y1,...,yn) € EJ" be such that 1 = y;. Then, by

Lemma [1.5.16, Proposition [4.2.14] and Lemma [4.3.6} as e(P) = e(Q) < =H' (dB(0)), there

exists a unique z € (x1, —21),, such that |z; — 2|, = e(P). Therefore, as ||z3 — z1||m =

ly2 — z1||m = e(P) and z2,y2 € (x1,—21), by Lemma [4.2.17, we conclude that xo = ys.
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Continuing recursively, x; = y; for each j € [n] and so P = Q). O]

Remark 5.1.2. The above lemma fails when m = 4. Indeed consider, for each r € [0, 1] the

equilateral polygon P(r) € Ed given by

P(r) 1—i1+z’—1+i< 1+r> T, —1+r 1+r.
r)= — ===, =+ —| =+ = ;
2 727 2 7 2 27\ 2 2 2 2 '

Figure 5.1: Polygons P(1/4) and P(3/4) which both contain = (1—i)/2 but are not equivalent.

The following lemma improves on the inherent strict acute visibility of any equilateral

polygon P € EJ" where n > m.

Lemma 5.1.3. Let m > 4 be even, n > m and P € E™. Then P N [vj,v;11) # 0 for each
j € [m].

Proof. We show the following sufficient statement: for each j € [m], if P N [v;,vj41) # 0, then
P N [vj41,vj42) # 0. Without loss of generality, suppose j = 1 and P N [vy,v2) # 0. Define
x € PN [vy,v2) to be such that

|t — vo|lm = min ||z — vg|m.
zGPﬁ[m,vg)

Consider first the case when m = 4. For a contradiction, suppose that P N [vg, v3) = (). Then
by Lemma [4.2.17| and either the Monotonicity Lemma [1.4.2]if y = v3 or Lemma if y # vs,

one can conclude for each y € PN (z, —x),, that ||z — y||m > ||va — vs]|m = 2. Hence e(P) = 2.
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However, by Lemma, and Lemma [4.2.23| P ~, (v1,v2,v3,v4) and thus v, € P, providing

a contradiction.

Now, if m > 6 and P N [vy,v3) = (), by Proposition |4.2.14] Lemmata [1.5.13], [1.5.15] |4.2.17]

and since n > m, there exists y € P N (z, —z),, such that, if H = H' (0B]"(0)),
H
= llvs = vaflm <l = yllm = e(P) < aln || - [lm) <

providing contradiction. O

Now we introduce some new notions which allow one to utilise the underlying symmetry of

polygonal norms.

Notation 5.1.4. Let m > 6 be even and n > m be fixed. For every ¢ € [0, ZH! (0B]*(0))]
and z € [v1,v9] such that ||z — vi||m = ¢, let P, = (21(¢),...,2,(t)) € EM™ be the (unique)
equilateral n-gon such that z,(t) := x € P,.

The following notation of z;, L;, X;, Y¥; and ¢; is introduced for the important special
case of t = 0, i.e. 1(0) = x = vy. Let Py = (21,...,2,) where z; = v;. For each j € [m]
let L; :== {k€n]:z €vj,v4:1) N F}. Further, let X;,Y; € [v;,v;41) N By be defined by

X = Zminz, and Y = Znay ;. Finally let, for each j € [m],

cos(2m/m), it [ Xje1 = gsillm = 1Y) = 0]l
¢ = (5.1.1)

sec(2m/m), i Yy — vyl > 151~ 1l

We identify ¢, = cg, ¢ae1 = €1, Cao = Ca, etc.

25 = Y3 = —u; 21 =X1 =1

Figure 5.2: Example of Notation for P € ES.
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Remark 5.1.5. The coefficients ¢; are used when we ‘rotate’ equilateral polygons Py € E" in

Theorem [£.2.5
Note that L; # 0 for every j € [m] by Lemma [5.1.3] Moreover, Y; # v;4; for every j € [m].

Definition 5.1.6. For each even m > 4 let L,, denote the dihedral group of isometries of

0B (0). For each n > m, define the positive constant

p(n,m) :=sup{p>0:P;NI(Py) =0 for each s € (0,p) and each I € L,,,} .

Notation 5.1.7. Let m > 4 be even. For each j € [m], let R; € L,, denote the rotation of
the sphere 0B7*(0) such that R;(v;) = v; and let S; € L, denote the reflection of the sphere

0BT (0) such that S;(vy) = vj.

Remark 5.1.8. To clarify, by R; we mean the identity isometry, id, and by S; we mean
complex conjugation, i.e. S1(z) = Z for each z € C.

Observe, for each even m > 4, L,, = {R;}7-, U{S;}JL,. Hence card (L,,) = 2m. Moreover,
the vertex set {vq, ..., vy} is invariant under each I € L,,, i.e. for each I € L,, and each j € [m]
there exists k € [m] such that I(v;) = v;. Next observe for each I € £,, and each P € E* that
I(P) € E™ with e(I(P)) = e(P). Furthermore, for each I € L,, there exists I~ € L,, such
that I7tol =Tol ! =id.

Note p(n,m) > 0 is well-defined since card ({z € OB{*(0) : z € I(F) for some I € L,,,}) <
2nm as card(I(Fy)) = n for each I € L, and card(L,,) = 2m. Thus there exists p €
(0, LH' (0B}(0))) such that P, N I(Py) = 0 for each s € (0, p) and each I € L,,.

Finally note that p(n,m) = sup{p > 0: I(Ps) N Py = ) for each s € (0, p) and each I € L,,}.
This follows since P, N I(FPy) = 0 for some s € (0,p) and I € L, if and only if I~ (P)N Py =0

and I~! € L,,, also.

Remark 5.1.9. Observe that if v; € Py for some j € [m], then R;(Fy) ~ Fy and S;(%) ~ P.
Moreover, these three conditions are equivalent. First to see R;(Fp) ~ Py and S;(F) ~ B
note, by definition R;(v1) = S;(v1) = vj, and so v; € PyN R;(Py) N S;(Fy). Hence Lemma [5.1.1]
yields the equivalence. To see these three notions are in fact equivalent it suffices to show that
either S;(Fy) ~ Py or R;j(FP) ~ P, implies v; € Py; we only show the former since the latter

follows almost identically. Suppose that S;(Fp) ~ FPy. Then v; = S;(v1) € S;(Fy) ~ Py and so
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UjEP().

The following lemma concerns how the collections {X;} and {Y;} are invariant under the

isometries I?;.
Lemma 5.1.10. Let m > 6 be even and n > m. If v; € F, then for each integer @ > 0 and
each s € [m],

(Rfl)a (Us) = Us—a(j—1)7 (R.il)a (Xs) = Xs—a(j—l) and (Rfl)a (}/s) = )/s—a(j—l)'

J

In particular, R$(Fp) ~ Fo.

Proof. The first equality follows via the definition of I2;. We only prove the condition concerning
X since the equivalent condition for Y follows similarly. Fix a € N and s € [m]. Observe that
it suffices to verify that

(By)* (Xamag-1)) = X (5.1.2)

Indeed, as X;_q(j—1) € [vs,a(j,l),vsﬂ,a(j,l)) then R (Xs,a(j,l)) € [vs,vs11). Observe that
Py ~ R;(Py) since R;(v1) = v; € Fy. Hence Py ~ R$(Fy). Suppose there exists z € Py ~ R$ ()

such that HR?(J?) — vsH < HR;” (Xs,a(j,l)) — USH. Then, as R} € L,,, this implies that,
|2 = vemag-n | = [lo = (B7")" (@a)[| < [[Xemag-1) = (B;")" (W)|| = [| Xima(i-1) = Va1

which contradicts the definition of X,_,(;_1). Therefore, (5.1.2)) is satisfied. O

Lemma 5.1.11. Let m > 6 be even, n > m and F, € E]" be such that v; € F. Suppose
A={j:1<j<mandv; € P} # 0 and ko := min A. Then m is a multiple of ko — 1.

Moreover, v; € Py for some j € [m] if and only if j =1 (mod ko — 1).

Proof. Let t :== |m/(ko —1)] and J := (m + 1) — t(ko — 1). If m is not a multiple of (kg — 1),
then J > 1. Hence, 1 < J < kg — 1. So, v; € (v1, vk )m. However, by Lemma and
Lemma , vy = R (Ums1) = Ry (v1) € R,/ (Py) ~ Py, contradicting the definition of kq,
as 1 < J < k.

Since R (Fo) ~ P for each a > 0,if j = 1 (mod ko —1) then v; € Fy. Suppose now j € [m]

is such that v; € By. Find integers @ > 0 and b € [ky — 1] such that j — 1 = a(ko — 1) + b.
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Then, by Lemma [5.1.10 followed by Lemma vy = R (v;) € R (Fy) ~ FPo. Hence,
as 1 < b+ 1 < ky, it follows by the definition of ky that b = kg — 1. Therefore, j — 1 =

a(ko —1) 4+ (ko — 1). So, j =1 (mod ko — 1). O

We now show that each of the functions x,, defined in Notation [5.1.4, which prescribe
the path followed by the vertices of each equilateral n-gon, are in fact continuous. First, we

introduce a simple proposition concerning convergence in compact metric spaces.

Proposition 5.1.12. Let X be a compact metric space, {x,}22,; C X and = € X. If every

convergent subsequence of {z, }5°, converges to z, then {z,}>°  is convergent and lim z, = x.
n—oo

Proof. Let € > 0 be fixed and for a contradiction suppose that lim, ,., x, # x. Then there
exists a subsequence {x,, }7>, of {z,}°2, such that d (x,,,x) > ¢ whenever £ > 1. But then, as
X is compact, there exists a convergent subsequence {z,, }r_; of {zy, }72,, hence of {x,}72,,

such that lim,, ,. d (xnkm , :U) = 0, providing contradiction. O

Lemma 5.1.13. Let m > 6 be even and n > m. For each k € [m], xy : [0, |[va—v1]|:m] — OB(0)

1S continuous.

Proof. Let d := ||vg — v1||m. We first show that x; is continuous at each ¢ € [0,d]. Indeed, fix
t € [0,d] and let € > 0 be given. If s € [0,d] is such that |s — t| < ¢, then by the collinearity of

x1(t), z1(s) and vy,
[21(s) =21l = ([[22() = 0rllm = [[21(5) = 0rllm| = |5 = 1] <&

Hence the function z; is continuous at ¢.

Suppose now that zj is continuous at t for some k& € [n — 1]. We claim that zj, is
continuous at ¢, also. Indeed, let € > 0 be given and let (s;) C [0, d] be such that s; — t. Recall
Theorem [4.4.7 and let Ny € N be such that |l,(zx(s1)) — ln(x(t))| < £/2 for each | > Nj. Take
Ny € N to be such that ||zg(s;) — zk(t)||m < €/2 whenever [ > Ny. Define N := max(Ny, N2)

and note for each j > N that

l2x41(50) = k(@) llm < l2nra(s)) = 2rlsi)llm + [2k(s1) = 20Ol < ln(2 (1)) + €.
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Similarly ||zx11(8;) — k()| > la(zk(t)) — € whenever [ > N. Hence

i (g1 (1) = 26(8) o = L ((0).

Consider any convergent subsequence x11(s;;); such a sequence exists by the compactness of
0B7(0). Thus, by the continuity of || - ||, || Bmj 4o Tr+1(81,) — T4 (t)|lm = ln(2k(t)). Moreover
as Tpy1(s1;) € (wr(sy,), —2r(sy,))), by Lemma , and since xx(s;;) — xx(t) we observe
that lim;_, o T441(51,) € [2x(t), —2x(t)]m. By [36, Theorem 4.3.6] note that H' (9B*(0)) < 8.
Therefore, by Proposition and as n > m > 6, it follows [,(z4(t)) < ZH (9B7(0)) <
8/6 < 2. Therefore lim; , o T11(5;;) # —2x(t), so by Lemma , limy 400 Tppr(sy,) =

z+1(t). Hence by the compactness of 9B]*(0) and Proposition [5.1.12]it follows llim Tri1(s1) =
—-+o00

zj41(t). Therefore xy, 4 is continuous at t. O

We provide an alternate definition for the constant p(n,m), see Definition [5.1.6} this allows
one to conclude the existence of an isometry I € £,, which maps P, ,) to the fixed polygon

F.

Proposition 5.1.14. Let m > 6 be even and n > m. Then p(n,m) = p*, where

pr=min{||I(2) —vi|m:2 € Py, I € L, and I(2) € (v1,va]}. (5.1.3)

Moreover, there exists j € [m] such that R;(Fy) ~ Ppnm)-

Proof. For brevity, we write p instead of p(n,m). To begin observe that Py N (v1,vs] # 0, by
Lemma Lemma and Proposition since e(Fy) < a(n, || - ||m) < [|lv1 — val|m
and as n > m. Next, we note that Iy(Fy) N Py # () for some Iy € L,,, since by definition of
p* there exist Iy € L,, and z € P, such that Iy(2) € P,-. Moreover, this implies p* > p by
Definition [5.1.6 To see p > p* it suffices to verify for each s € (0, p*) and each I € L,, that
I(Py) N Py = (. Suppose, for a contradiction, that there exist s € (0,p*) and I € L,, such
that I(Py) N P; # 0. By Lemma as n > m > 6 this implies I(F) ~ P;. Hence there
exists z € Py such that I(z) € [v1, vo] with ||I(2) —v1]|,, = s € (0, p*). This contradicts (5.1.3)).
Therefore p > p* and with p* > p this implies p* = p.

Hence there exists Iy € L, such that Io(Fy) ~ Pynm). Observe that either Iy = R; or
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Iy = §; for some j € [m]. Suppose the latter holds. Then, v; = Sj(vi) = Io(v1) € Ponm)-
Thus, as v; € R;j(FPy) N Pyn,m), we conclude by Lemma that R;(Fy) ~ Pognm)- H

Next we show that, in fact, every equilateral polygon inscribed in the unit sphere of a

polygonal norm contains a vertex which is within p(n,m) of a vertex of the sphere.

Lemma 5.1.15. Let m > 6 be even and n > m. Then for each P € E" there exists j € [m)]

and x € P such that ||z — vj||,, < p(n,m).

Proof. Recall Notation for x4 (t), k € [n] and t € [0, |lvg — v1|m]. For each k € [n] let
gr(t) == minjepm [|2x(t) — vjllm and let f(t) := mingepn) ge(t). By the continuity of x; and of
the norm || - ||,, we conclude that gj is continuous for each k € [n], hence f is continuous.
Observe that f(0) = f(p(n,m)) = 0 since v1 € Py and since Py, m) N {v1,...,vn} # 0 by

Proposition [5.1.14] Furthermore observe that

ft) < g1(t) < llea(t) —orllm = ¢

for each t € [0, ||vg — vy ||;n]. We show that in fact 0 < f(t) < p(n, m) for each ¢ € [0, ||vg —v1]|m]-
Suppose, for a contradiction, that there exists t € (0, ||ve — v1]|;m] such that f(t) > p(n,m).
Define

to:=1inf{t > 0: f(t) > p(n,m)}.

By the continuity of f, observe that

p(n,m) < f(to) < to, (5.1.4)

so in particular ty > 0. We claim that f(ty) = p(n,m). Indeed, if ¢, = p(n,m) this follows
via (5.1.4). Suppose that ty > p(n,m) and consider an increasing sequence {t;} C (p(n,m),to)
such that t, " to. Observe, as t;. < to, that f(tx) < p(n,m) for each k. Thus, by the continuity

of f, we conclude that

f(to) = lim f(tx) < p(n,m).

Hence combining this with (5.1.4)) we conclude that f(ty) = p(n,m).
As f(ty) = p(n,m) note there exist k € [n] and j € [m] such that ||z (to) — vj||m = p(n, m).
So, for one of I = R; or I = S;, it follows that I(zy(to)) = x1(p(n, m)). Hence, by Lemmal5.1.1]

112



P

onm) ~ 1(Py,). Let J € [m] be such that v; € P, m); the existence of such J follows via

Proposition [5.1.14, Therefore v; € I(P,,) and so ["'(v;) € P,. Hence, as {vi,..., vy} is
invariant under isometries of the sphere, we conclude that 0 = f(ty) = p(n, m) which contradicts
the definition of p(n,m).

Hence f(t) < p(n,m) for each t € [0, ||vy — vy]|m]- O

Corollary 5.1.16. Let m > 6 and n > m. If P € E", then there exists [ € £,, such that

P ~ I(P,) for some p € [0, p(n,m)).

We proceed by introducing a result which determines the regularity of equilateral polygons
inscribed in any polygonal norm, except for || - ||4; this exception follows simply by the non-

uniqueness of equilateral polygons as shown in Remark [5.1.2]

Proposition 5.1.17. Let m > 6 be even, n > m and P = (z1,...,2,) € E". If Im(z,) =0,

then for each k € [n],
Re(z) = Re (Z(ni2-x) and  Im(zy) = —Im (2(ni2)-k) -

Moreover, if n is even, then

Re (zr) = —Re (x(%ﬁ)fk) and Im (z;) =Im (x(%ﬁ)fk) :

Proof. Consider the isometry I = S; € L,,,. Then Q = (I(x1),I(z,),...,I(x2)) € ET. As
I(x1) = x1, note y € PN Q. Therefore, by Lemma [5.1.1, P = @. In particular, for each
k € [n],

e = I (Tni2)-k) = Taro)+-

For the second part, we first show that if n is even, then —x; € P. Indeed, by the previous
part, for each k € [n] there exists j € [n] such that z; = 7;. Hence, as n is even and since
xry = T, counting corresponding vertices of P in both (x1, —21),, and (—z1, x1)m, this implies
T(n/2)41 = T(nj2)11- Hence Im(2(,/9)41) = 0 and as 2,241 # 21, this implies —z1 = 2(,/2)41 €
=

Now let us consider the isometry J € L, given by J(z) = —Z. Consider the equilateral

polygon R € E" formed of the vertices J(zy), k € [n]. Then as J(z1) = —z1 € PN R, by
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Lemma [5.1.1) P = R. In particular, for each k € [n],

5= (2(g0)0) = T
O

Recall Notation We introduce a further notion of symmetry observed by the equilat-

eral polygons F.

Definition 5.1.18. Let m > 6 be even, n > m and j € [m]. We say that P, € E" is
(4, n, m)-vertex symmetric if || X; — vj||lm = ||Yj=1 — vj||m, where v; is a vertex of dB7*(0).
We write P is (n, m)-vertex symmetric, if the value of j does not matter for our considera-

tions.

Example 5.1.19. Observe if m = 8 and n = 12 then F is (j, 12, 8)-vertex symmetric for each

Jj=2,4,6,8, see Figure 5.3

Figure 5.3: The equilateral polygon Py(12,8) is vertex symmetric.

As a corollary to Proposition [5.1.17] we can deduce in most cases when the fixed equilateral

polygon Fj, is vertex symmetric.
Corollary 5.1.20. Let m > 6 be even and n > m. If either:
i) n is odd, or ii) n =2 (mod 4) and m =0 (mod 4),

then F, is vertex symmetric.
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Proof. Let Py = (x1,...,x,). Suppose first that n is odd. Then, by Proposition , observe
that oy (n-1y/2) = S1(T14((n—1)/2))- Further, by Lemmanote T14((n—1)/2) € [Um/2, V14(m/2))
and Tot((n-1)/2) € [V14+(m/2); V2+(m/2)). Thus, as Py ~ S1(F) by Lemma we conclude that
Yz = T1a(m-1)/2), X1+(m/2) = Tor((n-1)/2) and [|[Z11(m-1)/2) = V14my2) lm = T2+ ((n-1)/2) —
V14(m/2)||m- Therefore Py is (14 (m/2),n, m)-vertex symmetric.

If now m = 0 (mod 4) and n = 2 (mod 4), one can argue similarly to deduce that P, is

(14 (m/4),n, m)-vertex symmetric. O

Lemma 5.1.21. Let m > 6 be even, n > m and j € [m|. If By is (j,n, m)-vertex symmetric,
then v; & Py and vy;_1 € Fy. Moreover, if jo = min{j € [m] : P is (j, n, m)-vertex symmetric},

then 250 —1 <m+1 and v, € P, for each 1 < k < 259 — 1.

Proof. 1f v; € Py then X; = v;. But then, by Remark 5.15] || X; — vj[lm = 0 < [|[Yj=1 — vj|lm,
thus 1 is not (j, n, m)-vertex symmetric. Hence v; € Py and ||.X; — vj||m = [|Yj=1 — vj||m. Thus
S9i—1(X;) =Y;_1 and so Py ~ Sy;_1(F) by Lemma Hence, vg;_1 = Ss;_1(v1) € B.

Consider now jo as defined in the present lemma. Note that j, > 2 since v; € Fy. Also, by
the first part of the present lemma, v;, € Fy. First note that jo < 1+ (m/2) since By ~ S1(F)
as v = z1 = S1(21). Therefore 2j, — 1 < 1+ m. Suppose now, for a contradiction, there exists
k € [2jo—2]\ {1} such that vy € P,. Without loss of generality, we may assume that 1 < k < j
since k # jo and if k > jo as Py ~ Sy;,—1(F) then it suffices to consider the vertex given by
Sojo—1(vk) € Py. Note as k < jo that [|X; — vl|m # |Yi—1 — vi||m for each [ € [K].

Find integer @ > 0 and b € [k — 1] such that jo — 1 = a(k — 1) + b. Then observe, by
Lemma [5.1.10] that X;, = (Ri)*(Xp+1), Yjo-1 = (Rx)*(Ys) and vj, = (Ry)*(vp41). Then, as
Ry € L, and b+ 1 € [k], note

X0 = Viollm = 1 Xb41 = vorallm 7 1Yo = Opsallm = Y01 = vjollm.

contradicting our choice of jj. O]

Proposition 5.1.22. Let m > 8 be divisible by 4 and n > m. If there exists an even J € [m)]

such that v; € Fy, then P, is not vertex symmetric.

Proof. Let ko := min{k : 2 < k < m, kis even and v, € Py}. First note that if ky = 2, then

v; € By for all j € [m], so Py is not vertex symmetric. So suppose that ky > 4 and, for a
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contradiction, that Py is (j,n, m)-vertex symmetric for some j € [m]. Since Py ~ R "(Fy) for
any a > 0, we may assume without loss of generality that j € [ko]. Note j # 1 and j # kg, so
2<j<ko—1

As Py is (j,n,m)-vertex symmetric, observe by Lemma that Py ~ Syi_1(Fo) as
Soi1(Yio1) = X, If j < ko/2, then 25 — 1 < ko and vyj_1 = Syj_1(v1) € Py. Let Iy ==
min {/:2 <[ <m, [ is odd and v; € Fy}. Note [y is well-defined since vy;_1 € P, 25 — 1 is odd
and 1 <2j —1 < kg < m. Since o < 25 — 1 < kg, we also get [y = min{2 < s<m:vs € Py}.
Therefore, by Lemma [5.1.11] as vy, € Py, we conclude that ko = 1 (mod [y — 1). However, as
lp is odd, this implies that kg is odd also, contradicting that kg is even.

As ko/2 is an integer, if j < ko/2 does not hold, then j > 1+ (ko/2); this implies that
27 — ko > 2. Note that 25 — ky < ko in any case, as j < kg — 1. Moreover, as vy, € F,
Voj_ky = SQ_jl_l(ka) € SQ_jl_l(PO) ~ Py. Using that 2 < 2j — kg < k¢ and since 2j — kg is even,
this contradicts the definition of k. n

We have the following characterisation of when the equilateral polygon F, is necessarily

vertex symmetric.

Lemma 5.1.23. Let m > 6 be even, n > m and Fy € E]" be such that v; € F. Suppose
ko :=min{j : 1 < j < m and v; € P} is well-defined. Then, F is (j,n, m)-vertex symmetric

for some j € [ko] if and only if kg is odd and j = (ko + 1)/2.

Proof. By Proposition [5.1.22] we observe that P, is not vertex symmetric whenever kj is even.
So, let us suppose now kg > 3 is odd. We first show that Py is ((ko — 1)/2,n, m)-vertex
symmetric. Indeed, as vy, € Py, note by Lemma that Py ~ Sy, ([y). As v; € Fy for all
2 < j < ko — 1, this then implies that || Xkot1)/2 = Vikot+1)/2]lm = || Yiko—1)/2 = V(ko+1)/2||m- Hence
Py is ((ko + 1)/2,n, m)-vertex symmetric.

Finally, for a contradiction, suppose there exists j € [ko] \ {(ko + 1)/2} such that P is
(7, n, m)-vertex symmetric. Note 2 < j < ky—1. We may assume without loss of generality that
J < (ko +1)/2 since S, (Py) ~ Py and Sk, (V(kg+1)/2) = U(ko+1)/2- But then, as Sy;_1(F) ~ Py
this implies that ve;_1 = Syj_1(v1) € Py, contradicting the definition of kg as 25 — 1 < kq. So,

Py is not (j,n, m)-vertex symmetric for any j € [ko] where j # (ko + 1)/2. O
We now prove a relation between the coefficients ¢, as defined in ([5.1.1]), which utilises the
inherent symmetry of the unit sphere dB}*(0). Recall Notation [5.1.4]

116



Figure 5.4: Example of the equilateral 15-gon Py € FEj? where ky = 5 is defined as in

Lemma @

Lemma 5.1.24. Let m > 6 be even and n > m. If v, € By for some k € [m] \ {1}, then

cp—1 = sec(2m/m). Moreover, if 3 < k < m and v; ¢ B, for each 2 < j < k — 1, then:

(a) if k is even, c¢;jcp—1—; = 1 for each j € [k — 2];

k—1
(b) if k is odd, ¢jep_1—; = 1 for each j € [k — 2] \ {T}

Proof. From Notation [5.1.4] it follows that if v, € Py then X, = vi. So, by Remark [5.1.5]
| X% — villm = 0 < || Vi1 — Uk||m. Hence cx_1 = sec(2w/m).
Suppose now that v; & Py for each j € [k — 1]\ {1}. By Lemma [5.1.1] Py ~ Si(F) as

v = Sk(v1) € Py. Note that for each j € [m], Sk(v;) = vkr1-;. So, as X;,Y; € [v;,v,41), note
Sk(XJ),Sk(Y;) € (Uk_j,vk+1_j] for all] S [m]

Hence, as X;,Y; € (v;,v;j41) for each j € [k — 1] \ {1}, it follows that Si(X,) = Y,_; and
Sk(Y;) = Xi—;. Note by Lemma [5.1.23| that || X; — v; |, = ||Yj—1 — vj|m if and only if k is odd
and j = (k +1)/2. So, by Notation it follows that c¢;cy_1—; = 1 whenever k is even, or
whenever k is odd and j # (k —1)/2. O

We provide an interesting property for vertex symmetric equilateral polygons.
Lemma 5.1.25. Let m > 6 be even and n > m. Then

Py(n,m) € E" is (n, m)-vertex symmetric if and only if ¢; ... ¢,—1 = cos(2m/m).
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Proof. Suppose first that Py is vertex symmetric and recall Notation |5.1.4] Let jo € {2,...m}

be the minimal index such that Py is (jo, n, m)-vertex symmetric, i.e.

||Xj - UjOHm = Hon—l - Ujo”m‘ (515)

Consider first when jo = 1 + (m/2). Hence, || X;11 — vjt1llm # ||Y; — vj41llm for each
J € [(m/2) = 1] and || X14(m/2) — Vitm/2)llm = |Ym/2 = V1+(m/2)|lm- Moreover, as v; € Py and
S1(v1) = v1 note, by Lemma [p.1.1] that Py ~ S1(Py). Hence, || X1 — vjiillm # |7 — visillm
for each j # m/2. Thus, ¢jc,,—; = 1 for each j # m/2. Hence, ¢ ... Cp_1 = Cpy2 = cos(2m/m),
by of Notation [5.1.4] since Py is (14 (m/2), n, m)-vertex symmetric.

Suppose now jo # 1+ (m/2). Hence vq;,—1 € P and 2j, —1 < m + 1, by Lemma .
Moreover, as 2j; — 1 is odd and m is even, we have 2jo — 1 < m — 1. As jy # 1, we get
1 < 2jo—1 < m. Define ¢ := 2j, — 2 and let kp :=min{l < j <m:v; € By}. Since v41 € P,

ko is well-defined and ky < ¢ + 1. We show that in fact

ko=q+1=2j,— 1. (5.1.6)

Suppose that ky < g = 2jy — 2. We claim this implies that ky < jo — 1. First note that kg # jo
since v;, € Py by Lemma(5.1.21} Moreover, observe that as vy, € P and since Py ~ .| Saj,-1(F)
it follows that that vy := Syj,—1(vk,) € Pp and 1 < d < 2jp — 1. From the minimality of k; we

have kg = min(ko, d) < jo. Our choice of j, implies, by Lemma [5.1.21

1 = vjllm # [1Yj—1 = vjllm for cach j € [jo - 1]. (5.1.7)

Find integer a > 0 and b € [ky — 1] such that jo — 1 = a(ky — 1) + b. Hence observe by

Lemma [5.1.10}
on = (Rk())a (Xb+1) ) Y}()*l = (Rko)a (YE?) and Vjo = (Rko)a (UbJrl)‘

Now as Ry, € L,, is an isometry of the unit sphere and since b+ 1 < kg < jo — 1, this implies
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by (5.1.7),
1 X560 = Vjollm = [ Xos1 — Vos1ll,n Z 1Yo — Vssillm = [[Yjo—1 — Vjo ||m;

a contradiction. Therefore ((5.1.6) is satisfied.

As vy, vy, € Py we conclude Py N Ry, (Fy) # (0, by Lemma . So Py ~ Ry, (P); note that
the minimality of ky and Lemma imply that m is a multiple of kg — 1, which is equal to ¢
by (5.1.6). Moreover note, by Lemma , as Urgr1 = (Ryy)"(v1) € Py that g, = sec(2m/m)
for each k > 0. Furthermore, for each k > 0, ¢rgy1 ... Chp1)g—1 = C1...Cq—1. Therefore, to see
€1 ...Cm—1 = cos(2m/m) observe that it suffices to verify that ¢; ...c,—; = cos(2m/m).

Indeed, if jo = 2 then ¢ = 2 and thus ¢;...¢;-1 = ¢1 = cos(2m/m) by since Py is
(2,n, m)-vertex symmetric and so || Xo — va|l; = ||Y1 — v2|m. If now jo > 3, since vy5,-1 € Fy
and v; & Py for each j € [2jo — 2] \ {1} observe that, by Lemma [5.1.24][(b)] ¢; = 1/¢aj,—j—2 for

each j € [jo —2] = [((ko —1)/2) — 1] and thus ¢; ... -1 = C(ry—1)/2 = Cjo—1 = cos(2m/m), where

the latter follows from ([5.1.1]) and (5.1.5)).

Suppose now that Py = (21, ..., 2,) is not vertex symmetric. We shall show that ¢; ...c,, 1 #
cos(2m/m). First note that if n were odd then, by Corollary [5.1.20, Py is vertex symmetric.
Hence n is even. Thus, by Proposition observe that —v; = 2,241 € . Define again
ko := min{l < j < m : v; € Fy}; note ko is well-defined as —vy = vgnja41 € Fo. If kg = 2,
then Py ~ Ra(Fp), that is, v; € Py, and thus ¢; = sec(2r/m), for each j € [m]|. Hence
C1...Cm1 =sec™ 121 /m) > 1> cos(2w/m). Therefore suppose that ky > 2.

Then ko is even by Lemma [5.1.23] so kg > 4. This implies that c¢;...cx-—2 = 1 by
Lemma . Therefore as vy, € Py we conclude that ¢ ...cg—1 = cg—1 = sec(2m/m), by
Lemma [£.1.23

Moreover as kg, such that vy, € Fp, is minimal, note by Lemma that m is a multiple
of kp —1and B :={j € [m] : v; € Po} = {1, ko,2ko — 1,...,m — ko + 2}. In particular, this
implies ¢;...Cj1hg—2 = €1...Cpo—1 for each j € B and so ¢1...¢po1 = (c1.. .cko_l)m/(ko_l) =
sec™ o=V (27 /m) > 1 > cos(27/m).

Therefore if Py is not vertex symmetric then ¢; ... c,,_1 # cos(2m/m). O

We finish this section by introducing a rather trivial condition for an equilateral polygon

inscribed in a polygonal norm to be, under an isometry, equivalent to F, provided the latter is
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vertex symmetric.

Lemma 5.1.26. Let m > 8 be a multiple of 4 and n > m be such that F, is vertex symmetric
and P = (z1,...,x,) € EJ". Suppose there exists j € [n] and k € [m] such that ||z;41 — x|/ =

e(Py) and ||z; — vgllm = ||Zj+1 — Vgllm. Then there exists I € L, such that PN I(F) # 0.

Proof. Suppose Py = (z1,...,2,) where z; = v1. As P, is vertex symmetric note, by Lemmall.5.15]
there exists [y € [m] such that || X}, — vy, ||m = e(Fo)/(1+¢) where ¢ = cos(27/m). Similarly, as
|2 = vkllm = [[2j+1 —vk|lm and since |[zj41 —2;{|lm = e(F) it follows [|2; —vk[|lm = e(Fo)/(1+c¢).
Let I € L, be given by I = Ry o R;''. Then note I(v,) = vz and I(X;,) = ;. Hence

z; € PNI(Py). 0

5.2 When do the polygonal norm regularity constants
differ?

We now determine for a fixed polygonal norm || - ||, and fixed n > m under what conditions
a(n, || - |lm) = B(n,] - |lm). We shall consider the cases when m is a multiple of four or not
separately.

Polygonal m-norms where m is not divisible by 4

Interestingly, in polygonal norms where the number of edges is not divisible by four it follows
that for every inscribed polygon, provided it is sufficiently separated, then the sum of the edge

lengths is equal to the length of the unit sphere.

Corollary 5.2.1. Let m > 4 be an even integer which is not divisible by 4 and n > m. If

P=(xy,...,2,) € Flm s such that PN [Uk, vg11] # O for each k € [m], then

D g = zjllm = H' (0B(0)) .
j=1
In particular, if R € E™, then e(R) = *H! (0B™(0)).

T n

Proof. Let ) € F,, be the polygon formed by the vertices PU{v; : 1 < j <m} =: {y,: 1<
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k <n'}. Then,

YoMz = 25l =D lgksr = el = D llvgs1 = v5llm = H' (OB7(0))
j=1 k=1

i=1

where the first equality follows by Lemma [1.5.13]

It R € E]" then Lemma implies, via the first part of the present corollary, the claim. []

Corollary 5.2.2. Let m > 4 be an even integer which is not divisible by 4. Then

om s
a(n, || [lm) = B0, || - lm) = 2msin(r/n) for each n > m.
n
Proof. This follows by Corollary and |25, Lemma 3.6 (2)]. O

Polygonal m-norms where m is divisible by 4

We begin our analysis of regularity constants in the case when the number of edges in || - ||,
is a multiple of four by proving the strict inequality of the norm regularity constants whenever

the number of vertices n of the equilateral polygon is a multiple of m.

Theorem 5.2.3. Let m > 4 be divisible by 4. Then B(n, || - ||n) < a(n, || - ||m) for each n > m

which is a multiple of m.

Proof. We prove there exists a positive constant § such that if wy, wy € [v1,v2], ||w; —vi|lm < 0
( = 1,2) and wy # wy then for equilateral n-gons P,,,P,, € E" such that wy € P,,, wy € P,,
one has e(P,,) # e(P,,). By Definition this implies the statement.

Let d := ||[vg — v1]|m, ¢ = cos(2m/m) and

0=

((1—1—%)—1—(1—%)0)_ (1+0)+= (1-0) 2_(1—(;)(1—%)'
(5.2

Further, let « € [vy, v5] be such that ||z — vy]],, < and

m d m d m d
n n n

e=e(x):=—(d—(1—=0)|x—vi|m) (5.2.2)

s[3
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For each k € [ }, define

n
m

Vg — U1

1= v+ (o = viflm + (k= 1)e) - =

We claim that zj € [v1,v9] for each k € [ ]; to see this it suffices to show ||z, /m — v1|lm < d.

n
m

Observe that

I d = (1= )|z = vilm)

(1- c)) . (5.2.3)

n
[0 m — v1] |z —v1l|m + (m

m m
:d<1——)+|]:v—v1|]m <c+—
n n

However, by (B2.1), [l — vyl < 2 -d/ (c+ (1 — ©)), and thus by F23), |20/ — vl < d.

Now,

n
[aim = v, = o1 = volln = [20/m = w1l = d = flz = w1l = (- = 1) e (5.24)

Next for each k € [n/m] and each j € [m], let z;_nn p = jofl)(xk). Define P :=
(X1,...,2,) € Flm  Notice that 2; = x and further to see that P, € Em™ it suffices to verify

that Hx(n/m)ﬂ — xn/mHm = ||zo—21||;n = e. First we show that ||, /m)+1—02|[m < |T0/m—02||m-

Indeed, note that by (5.2.1)), (5.2.2)), (5.2.3) and (5.2.4)),

w2 = vell,, = ez — v, = [lzz = v, = llz = will,,
=d =2l — vl — (1= ) (@ = (1= e~ vall)
- %d— = 01| ((1 to)+ %(1 - c))
> %d—&((l—l—@—l—%(l—c}) ~ 0.

Therefore, by Lemma [1.5.15} (5.2.2), (5.2.3) and ((5.2.4)),

lemmyr = Tapmllm = [[oz = vall, +cllza v,
= [lT@/m) = v2llm + cllz = v1]lm
n
—d—(1— )|z — v]fm — (E - 1) e

=d— (=l —vilu— (1= ) (@ = 1 =llr —vill)
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m m
=i (1 — 01l = €.
R (1= 0) = il = e

Thus, P € E" and ly{”m@) = e(P) = e(z). It is clear from (5.2.2) that e(w;) # e(ws) for

distinet w; € [v1, vo] with [Jw; — vi|m <6, j =1,2. O

Below we complete our analysis in the particular case of the rectilinear norms by providing
a classification of when the regularity constants are equal. Later in Theorem [5.2.10| we extend
this to determining when the norm regularity constants of any polygonal m-norm are equal for

any n > m.

Theorem 5.2.4. Let n > 4. Then, a(n, || - ||4) = B(n,| - ||4) if and only if n is not a multiple

of 4. Moreover, if n is not a multiple of 4, a(n, || - ||l4) = B(n, | - ||l4) = 2/([n/4]).

Proof. By Theorem note if n = 4k then B(n, | - ||l4) < a(n,| - ||4). Suppose now n is not
a multiple of 4. For this we show for each x € [vy, v5] the existence of an equilateral n-gon P
such that € P and e(P) = 2/ [n/4]. We claim that it suffices to provide the construction in
the specific cases n = 4k + 3 for some k € N. This follows since, for a given « € [vy, v5], we shall
construct an equilateral (4k + 3)-gon, Pyii3 = (1,...,%as3) such that x; = x, Tope = v3,
T3prs = Vg and such that ||zoprs — Topy1lla = || 23614 — Taksalla = 2/(k + 1). Therefore we may
define Pyyio := Pypys \ {vs} and Pupqq := Pigyo \ {va}, see Figure - Thus Pypi1 € Efpyr,
Puyeis € Efy o, @ € Pags1 N Pyeo and e (Pyi1) = e (Paggo) = 2/(k + 1).

Hence suppose n = 4k + 3 for some k € N and x € [vq, v2]. Suppose first that ||z — vq]|s <
2/(k+1). Now, for each j € [k+1], let z; = x+(j—1)-27-25%. Observe that 2441 € [v1,v2] and
|25 41—v2lls < 2/(k+1). Next, for each j € {k+2,...,2k+2} let z; := vo+(j— (k+1)) 127 - 252
Foreach j € {2k+3,...,3k+3} let x; := v3+(j (2k+2))kJrl vt Finally, for each j € {3k+

4,...,4k+3} let z; := v4+(j— (3k+3))- 557 - 252 Now, tosee that P = (21, ..., Za43) € Ejy s
with e(P) = 2/(k+1) it suffices to note ||zg12—Zk11]l4 = ||Taprs—x1|la = 2/(k+1). This follows
since both ||z1—vy||4, |Trr1—v2]ls < 2/(k+1) and both ||xgro—vs|ls = ||Tagrs—v1]ls = 2/(k+1).
Hence P € Ej,_ 4 with vy, v3 € P and e(P) =2/(k +1).

If ||z — v1]| > 2/(k + 1) consider the largest positive integer J € N such that
2J Vg — U1

xr — : € (vy, va].
Pl ool © 00
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Let y :=ax — J(vy —v1)/(k + 1) € (v1,v9] and observe that ||y — v1]|s < 2/(k + 1) as otherwise
this contradicts the maximality of the index J. Using the previous part of the present theorem,
construct an equilateral polygon P € FEyj.3 such that y € P and e(P) = 2/(k + 1). Observe
that as x € (v1,v2), ||y —z|ls =2J/(k+ 1) and e(P) = 2/(k + 1) then x € P.

Therefore for each z € 9B;{(0) there exists P € Fyy3 such that z € P and e(P) =

2/(k+1). O

Tok+2 = U3

T3k+3 = V4

Figure 5.5: The construction of Py 3 in the proof of Theorem when k& = 2. The polygons
Py yo and Py are then given by Pyiio = Pyas \ {va} and Pyry1 = Piio \ {v3}.

Recall Notation m For a fixed m > 8 even and n > m, suppose Py = (z1,...,2,) € E"

is such that z; = v;. Now for each p € [0, p(n,m)], j € [m] and each k € L;, define

#lp) =z +p [t (5.2.5)

st v — il

Finally, let Qnm(p) == (Z1(p), ..., Zn(p))-
The following theorem provides a sufficient condition for @), ., (p) to define an equilateral n-
gon inscribed in the unit sphere of ||-||,,,. Later, in Lemma 5.2.6| we show for each p € [0, p(n, m)]

that Zx(p) = zx(p) for every k € [n] whenever the norm regularity constants are equal, see

Notation B.1.4

Theorem 5.2.5. Let m > 8 be a multiple of 4 and n > m. There exists §; > 0 such that for

each p € (0, do]:

124



(i) @nm(p) € F; (i) [|Za41(p) — Zr(p)llm = € (Fo) for each k € [n —1].

Moreover, if Py(n,m) is (n, m)-vertex symmetric then dy can be chosen such that p(n,m) < dy

and for each p € (0, do):

(a) Qn,m(p) € ErT? (b) G(Qn,m(p)) = €<P0)§ (C) Qn,m<p) = PP'

Proof. Recall Notation |5.1.4} Let Py = (21,...,2,) and d := ||vg — v1||,n. For each j € [m], let

Aj={keLj:k+1¢€Ljy and ||z — vjt1lm > |2e1 — Vjs1llm}-

Observe that n € A, since z, € L,, and ||z, — Ums1llm = |20 — v1llm > 0 = ||z21 — v1]|m-
Moreover note for each j € [m] that either A; = () or there exists k € [n] such that A; = {k}

and 2z, = Y;. Let

jeim] 1 jeim]

d — . . _ .
01 := min 2 UJHm and dy := min { = UJHHm ks UJH”m ke A]} .
kGLj

-1 oo+l a
(5.2.6)
Observe that §; > 0 since ||z — vj||, < d for each j € [m] and k € L;. Further, d, > 0 by the
definition of A;. Finally, define the positive constant dy := min(dy, dz).
Fix p € (0,dp]. To show (i) we shall show ||Zx(p)||, = 1 for each k € [n]. Indeed, fix k € [n]
and let j € [m] be such that £ € L;. As p < 6y, note

Jj—1

1Z4(p) = vjllm = [lz& = vjllm + PHCz <d, (5.2.7)
=1

which, by (5.2.5), implies Zx(p) € [v;, vj11]. Hence @, m(p) € Fi.

To see (ii) note we need to show for each k € [n — 1] that

1Zr11(p) = Zu(P)lm = || 241 — 2kllm- (5.2.8)

Note if k € [n — 1] is such that both k,k + 1 € L; for some j € [m] then (5.2.8) is satisfied
by (5.2.5)). Hence it suffices to consider k& € [n — 1] such that k € L;, but k +1 € L;;;. Fix

k € [n — 1] such that k € L; and k+ 1 € L;;; for some j € [m]. We shall consider two cases:
(A) X1 = vjgallm = Y5 = vjallm; (B) [1Y; = vjsallm > [ X1 = vjgallm-
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Note that Y; = 2, and X1 = 2z41. Consider (A). In such a case, note
1Zk11(p) = visillm = N2k — vigallm 2 12 — vigallm 2> 12x(p) — vjs1llm-
Moreover, by (5.1.1)), ¢; = cos(2m/m). Thus, by Lemma [1.5.15

- - - 2\ | .
[11(0) = 350l = [2010) = 31l + 05 (22 ) 1(5) = vl

(szﬂ vyl +pHcl> +( ) (sz vyl — pHc,>

=1

21
~lstrs = psalln -+ 008 (20 ) = vl = ks = el

Hence ([5.2.8)) is satisfied.
Consider (B), i.e. A; # (). Note as p < J, that

7j—1
1Z1(p)=vjs1llm = Iz =0 lm—p [ [ e = sz+1_vj+1Hm+pHCl_ [Zk41(0) =Vj1llm- (5.2.9)
=1 =1

Moreover, by (5.1.1)), ¢; = sec(2w/m). Thus, by Lemma [1.5.15|

~ N N 21 B
[Zrs1(p) = T (p)lm = Zk(p) — vj1llm + cos (E) [Zr4+1(p) = Vjsallm

7j—1
27
<sz = Vjsiflm — PHQ) + cos <m) <sz+1 — Uj1llm + PHCI>

=1

2T
~ st = sl + 005 (22 ) Bt = vl = ks = 1l

Hence, in either case, is satisfied. Thus ||Zg1(p) — Z(p)||lm = e(Py) for each k € [n — 1]
proving (ii).

Suppose now that Py is vertex symmetric. To prove (a), note by (i) and (ii), it suffices
to verify ||Z,(p) — Z1(p)|lm = ||zn — 21||m- In such a case, we first show that [|Z,(p) — v1|lm >
|Z1(p)—v1|m. Indeed, by Lemmal[5.1.25] the definition of 85 in 6)) and since both p < §p < 09

and z; = vy,

m—1
1Zn(p) — villm — [|21(p) — villm = |20 — villm — p (H o+ 1)
=1
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m—1 m
> |20 — 01| — 02 (HCZ+HCZ) > 0. (5.2.10)

=1 =1

Hence, by Lemma [1.5.15| and Lemma [5.1.25] it follows, using again z; = vy,

N N N 2 B
120() = 21(0) I = [|En(p) = vl + cos (a) 121(0) = o1l
2
= (lzn — 21l|m — pc1 - - - ¢m—1) + cos (E) p (5.2.11)

= HZn - Zle

Thus is satisfied in such a case and thus (a) is proven. Moreover by (ii) and since
|Zn(p) — Z1(p)|l;m = e(Fp) this implies (b), also.
To see (¢), note Qum(p) € EX and ||Z1(p) —v1|m = p. Thus, by Lemmalp.1.1] Qp.m(p) = P,.
Finally to see p(n,m) < dy, since Q,.,(do) = Ps, by (iii), by Definition it would be

enough to show:

There exists I € L, such that I (Q,m(d)) N Py # 0. (5.2.12)

Suppose first that §; < 0y, i.e. 69 = d;. Let j € [m] and k € L; be such that the minimum for 4
in is attained. Then observe that in equality is attained, i.e. ||Z5(do) — vj|m = d.
Hence Z4(0y) = vj+1. Now observe that, as vj41 = Rj1(vy) if Iy := R}y, then Iy (#(0)) = v
and thus 11 (Qn.m(d0)) N Py # 0.

Suppose now that d; > g, i.e. §o = d2. Let j € [m] and k € A; be such that the minimum for
Jdy in ((5.2.6)) is attained. Then observe that in equality is attained, i.e. ||Z4(00) —vj11||m =
| Zk41(d0) — vjt1|lm. Since Py is vertex symmetric, and since ||Zx+1(d0) — Zx(do) || = €(Fp) this

implies, by Lemma [5.1.26] there exists Iy € £, such that I5(Q,..(d)) N Py # 0. ]

We now show that the equilateral polygons P, and Q,, ., (p) are in fact equivalent whenever
p is sufficiently small and the norm regularity constants a(n, || - ||,) and B(n,| - ||») are equal,

even if P is not vertex symmetric.

Lemma 5.2.6. Let m > 8 be a multiple of 4 and n > m be such that a(n, || ||.) = B(n, || ||m)-
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Then there exists pg > 0 such that for any p € [0, po],

Zr(p) = xk(p)  for each k € [n],

where xj and 7} are defined in Notation and (5.2.5)), respectively.

Proof. Since a(n, || - ||m) = B(n,|| - ||m) note that e(P) = e(F) for all P € E™. Let p; :=
min(do, ||ve — v1||m) Where &y is given by Theorem [5.2.5. Consider py € (0,p;) such that

120 (p0) = villm = [1Z1(po) — v1llm; note such py exists since, by (5.2.5),

T [70(t) = il = e(P) > 0 = lim [1(8) = 1]

Fix p € [0, po] and consider P, = (x1(p),...,xzn(p)) € EI* as in Notation [5.1.4 Observe, by
definition, that Z;(p) = z1(p). To see that zx(p) = Zx(p) for every k € [n], we shall argue by
induction. Suppose Zx(p) = zx(p) for some k € [n — 1]. By Lemma there exists a unique

w € (21(p), =2k (p))m such that [lzx(p) — wllm = e(Fy). However Zyi1(p) € (zr(p), —2k(p))m
too, since p < py < ||va — v1||m, and by Theorem [5.2.5]

l24(p) = Ter1(P)lm = 1Z1(p) = Trsr(p)llm = e(Po) = [lzx(p) = Tor2(p)|Im-

Thus, zg41(p) = Zr+1(p)- u

We now can show that the norm regularity constants for polygonal m-norms where m is a

multiple of four are equal if and only if the initial equilateral polygon F is vertex symmetric.

Corollary 5.2.7. Let m > 8 be divisible by 4 and n > m. Then:
an,| - |lm) = B(n,| - ||m) if and only if Py(n,m) is (n, m)-vertex symmetric.

Proof. Suppose first that By is vertex symmetric. To see a(n, || - ||m) = B(n, || - [|m), We require
to show that

e(P) = e(F,) for each P € E". (5.2.13)

Let P € E" be any equilateral n-gon. By Lemma [5.1.1] and Lemma [5.1.15| there exist p €
[0, p(n,m)) and I € L, such that P ~ I(P,). We therefore conclude by Lemma that
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e(P)=e(I(P,)) =e(P,) = e(Py), where for the last equality we used Theorem [.2.5] (b),(c).
Suppose now that a(n, || - ||.) = B(n,|| - ||m)- Then note for each P € E™ it holds that
e(P) = e(Fy). By Lemma there exists pg > 0 such that xx(pg) = Zx(p) for all k € [n]. Let

p1 € (0, pg) be such that ||Z,(p1) — vi||m > |Z1(p1) — v1]|m; note such p; exists since, by (5.2.5)),

T 7(t) = villn = e(P0) > 0 = Tim [71(8) = w3l

As e(P) = e(Fp) note

12 (p0) = Z1(p0)llm = [lzn(p0) = x1(po)llm = e(P) = e(Fy).

However as ||Z,(po) —v1|lm > ||Z1(po) —v1||m, by Lemma|l.5.15{and recalling both Notationm
and ((5.2.5)), it follows that

- - 2m
o) = (gl = 20 = 2l o (05 (22) =cx.emr )

Hence ||Z,(po) — Z1(po)|lm = €(Po) = ||2n — 21||m if and only if ¢; ... ¢, 1 = cos(2w/m). This,

by Lemma [5.1.25] in turn implies F is vertex symmetric. O]

Before we can conclude for which pairs (n,m) the initial equilateral polygon Py, € E™ is

vertex symmetric, we introduce the following notation and lemma.

Notation 5.2.8. For each j € N, let 15(j) € NU {0} denote the power of the prime 2 in the
prime factorisation of j, i.e. the largest positive integer such that j/2"2(j) € N. We will also

denote s,, s,, to be the integers such that n = 2™ (1 4 2s,,) and m = 2"(™ (1 + 2s,,).

Lemma 5.2.9. Let m > 8 and n > m be such that M := min(vs(n),vs(m)) > 1. Then

V14 (m/2r) € I for each k € [M].

Proof. Let Py = (x1,...,2,) € E" be such that x; = v;. As 1p(n) > 1, hence n is even,

Proposition [5.1.17] implies that

Ti4(n/2) = —L1 = —VU1 = Vi4(m/2)-

Hence, v14(m/2) € Fy. Suppose, for some k € [M — 1], that vy (,,/or) € Fy. Then, as v, € Py,
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note Py ~ Sii(msom(Fo). Hence either vy, ety € Fy or Py is (1 + (m /281 n, m)—vertex
symmetric. Suppose, for a contradiction, the latter holds. Let [} = (Ul,U1+(m/2k+1))m and
I, = (vH(m/QkH),vH(m/Qk))m. Then as P is (1 + (m/25 1), n, m)—vertex symmetric, observe
that vy ort1y € Fo. Using Py ~ S14 (/2% (Fo), we conclude that card(FPyN1;) = card(FyN1a).

Therefore,

card ([vi, vy ) N Py) =1+card (UL U {ormoen }) N R) = 1+ 2card (I 1 Ry).
Moreover, as Py ~ Ry (/00 (Fo), this implies

22" (1 + 2s,) = n = card(Py) = 2"card ([v1, Vim/ary41)) = 27 (1 + 2card (I; N ). (5.2.14)

As k < vy(n), (5.2.14) yields a contradiction. Therefore vy, o1y € Fo. O]
We are now ready to prove the statement which extends Theorem [5.2.4]

Theorem 5.2.10. Let m > 4 be even and n > m. Then a(n, || - ||.) = B(n, || - ||m) if and only

if exactly one of the following is satisfied:
(a) min (ra(m), a(n)) < 1; (b) va(m) > va(n) > 2.

Proof. The case when m = 4 follows by Theorem Suppose now that m > 6 and m = 2
(mod 4). Then by Corollary we obtain that a(n, || - ||lm) = B(n, || - ||m) for each n > m.

For the remainder of the proof suppose m > 8 and m = 0 (mod 4), i.e. v5(m) > 2. We shall
show that each of the conditions (a) and (b) yields a(n, || - |lm) = B(n, || - ||m). Then we show
that whenever v,(n) > vo(m) > 2 that a(n, || - ||m) # B(n, || - ||m). Let Py = (21, ..., 2,) where
z1 = v1. We show that if 15(n) < 1 or if 2 < 1y(n) < vo(m), then P, is vertex symmetric. By
Corollary [5.2.7] this would imply that a(n, | - |lm) = B(n, || - [|m). Indeed if vo(n) = 0, i.e. n is
odd, note by Corollary that Py is vertex symmetric. Similarly, if v5(n) = 1, i.e. n = 2
(mod 4), then by Corollary we conclude that Fj is vertex symmetric.

For ease of notation, let k, = v5(n) and k,, = vo(m). Assume now that 2 < k,, < k,, are
such that n = 2%»(2s,,4+1) and m = 2% (2s,,+1). Observe by Lemma that vy (m/omm) € Fo
and 1+ (m/2%) is odd. Hence Py ~ Sit(myorn)(Fo) and Py ~ Ry (s 260y (Fy) by Lemma .

Moreover, card(FPy N [v1, V14 (m/2kn))m) = 1 + 28p.
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Since Py ~ S 2t0)(Fo) note either Py is (14 (m/281), n, m)-vertex symmetric or that
Uly(my2rtntty € FPo. We claim the former holds. Indeed, for a contradiction, suppose that
V14 (m/2kn+1) S PO and let [1 = (Ul,U1+(m/2kn+1))m and [2 = (Ul+(m/2kn+1)7U1+(m/2kn))m- As

Py ~ Si4(m/2xn)(Fo), note that card(Fy N I;) = card(Fy N I3). Hence,

card (P() N [’Ul, Ul+(m/2kn))m) = card (PO N (Il U ]2 U {?)1} U {Ul+(m/2kn+1)}))

:2(1+Card(P0ﬂ11)),

which contradicts the fact that card (PQ N [Ul, va/an)m) = 1+2s, is odd. Thus vy (m/omm+1) €
Py and so Py is (1 + (m/2T1) n,m)-vertex symmetric.

Finally, let us consider the case when vy(n) > v5(m) > 2. To conclude that a(n, || - ||n) >
B(n, |||lm) by Proposition[5.1.22/and Corollary [5.2.7]it suffices to show there exists jo € [m] such

that jo is even and v, € Fy. Note by Lemma m that 1 + m/2km = 28, + 2, 80 Uy, 12 € F.

Thus Fy is not vertex symmetric, and hence a(n, || - ||n) > B(n, || - |lm)- O
We have now shown that the polygonal norms || - ||, where m is not a multiple of four
behave similarly to that of the Euclidean norms, in the sense that a(n, | - ||m) = B(n, | - [|m)

when n > m; the same is not true when m is a multiple of four. A similar discrepancy in the
behaviour of polygonal norms can be observed when considering the optimal ratio of constants
for planar Lipschitz quotient mappings in polygonal norms, as in Chapter

Further investigation is required into the cases when n < m. It is a simple exercise to
determine that a(3,] - |l¢) = 2 but B(3,|| - |ls) < 3/2, see Figure [5.6] and thus it is not true
in general that the regularity constants are always equal for polygonal norms whose number of

edges is not a multiple of four.

e(P - lle) = 2 e(@, [ - [ls) = 3/2

Figure 5.6: Two || - ||¢-equilateral triangles, with distinct edge lengths.

131



In the next section we return to the study of uniformly continuous, co-Lipschitz mappings.
We obtain an upper bound for the ratio of constants for such mappings from (C, || - ||) to R, in

terms of the upper || - ||-regularity constants. We investigate when such a bound is optimal.
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CHAPTER 6

UNIFORMLY CONTINUOUS, CO-LIPSCHITZ
MAPPINGS FROM THE PLANE TO THE LINE

This chapter extends and generalises |23] to the case of an arbitrary norm ||-|| on C. Namely, we
obtain an upper bound for the ratio of constants of uniformly, continuous co-Lipschitz mappings
from (C, ||-]|) to R, in terms of constants a(n, || ||) which depends solely on the norm and n, the
maximum number of components over all fibres. Further, we prove that, provided the norm ||- ||
satisfies some ‘separation property’, then this upper bound is in fact sharp. Historically, this
study of the uniformly continuous co-Lipschitz mappings C — R motivated our investigation

of equilateral polygons inscribed in 8B|1|'H (0) presented in Chapters |4 and .

6.1 Introduction

We first introduce the definition of co-uniformly and uniformly continuous mappings as well as

non-linear quotient mappings as in [1].

Definition 6.1.1. Suppose (X, ||-||x) and (Y, ||-||y) are normed spaces. A mapping f: X — Y
is said to be uniformly continuous if there exists a continuous, subadditive, monotone function
Qs :]0,400) = [0,400) such that Qs(r) — 0 as r — 0 and

f(BX(z)) C B?;f(r) (f(x)) for each x € X and all r > 0.

r

Similarly, a mapping f : X — Y is co-uniformly continuous if there exists a continuous,
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monotone function wy : (0, +00) — (0, 4+00) such that ws(r) > 0 for all » > 0 and
Bf:f(r) (f(z)) C f(BX(x)) foreach z € X and all 7 > 0.

A surjective mapping f : X — Y issaid to be a uniform quotient mapping if it is both uniformly

and co-uniformly continuous.

Remark 6.1.2. The above definition of uniformly continuous mappings is equivalent to the
standard definition when considering normed spaces; see |2, pg. 11].

As one may observe, Lipschitz mappings may be considered as those uniformly continuous
mappings f such that Q¢(r) < Lr for some L > 0 and all » > 0. In an analogous manner,

one may define co-Lipschitz mappings as a subclass of continuous co-uniformly continuous

mappings.

Moreover, any uniformly continuous mapping between two normed spaces f : (X, || - || x) —
(Y, || - ||y) is ‘Lipschitz for large distances’ in the sense that for each € > 0, there exists r > 0
such that

Q(r)

r

1f () = FW)lly < (I+e)lle—ylx i flz—ylx =r/g

cf. [2, Proposition 1.11]. Further, for each o > 0, the set {Q(r)/r : 7 > 1o} is bounded, since
1y is subadditive. Moreover, since {); is continuous and sub-additive, we may define the weak
Lipschitz constant of a uniformly continuous mapping f to be
Qe(r
L} == lim —f( )
r—00 r
Remark 6.1.3. Note the limit L} exists due to Fekete’s lemma, see for example [14, Theo-
rem 6.6.1], since ¢ is continuous and sub-additive. However, for our purpose, one may define

L} = limsup,_, ;. s(r)/r, which exists due to the boundedness of the set {€;(r)/r : 7 > 1o}

for all 7o > 0. The proofs only require the existence of the limit superior.

This section concerns uniformly continuous, co-Lipschitz mappings from C to R and inves-
tigates the bound for the ratio of constants of L} and c, similar to that considered in [23].
The work in [23] is motivated by the comprehensive results of [30] which provides answers to

two questions posed in [17] concerning the structure of level sets of uniform quotient mappings
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from R™ to R. In particular, [30, Theorem 4.11, Theorem 5.1] states for a given uniformly

continuous co-Lipschitz mapping f : C — R the following holds:

(i) for every ¢ € R every connected component K of f~!(¢) has a representation of the

following form:

#e(F71(1))
K=Ku |J K;
=1

j_
where Ky is a compact tree with #e (f~1(¢)) ends, each K; is a closed, unbounded set
ef £-1
that is homeomorphic to [0,+00), the collection {Kj};tl(f ) is pairwise disjoint and
each K intersects Kj in exactly one point which is an end point of K, and is the end

point of Kj;

(i) there exists n € N such that for each t € R,

#e (f71(1)) = 2n;

that is, for each ¢t € R there exists Ry > 0 such that for every R > Ry, f~(¢) \ B(0, R)

has exactly 2n unbounded components;
(iii) the maximum number of connected components of f~1(t), over all t € R, is equal to n.

Using these comprehensive results Maleva, in [23, Theorem 1], provides a scale of values

0<--- < pg? < < pg? < 1 such that if f: C — R is a uniformly continuous, co-Lipschitz

mapping, where the domain is equipped with the Euclidean norm, and the ratio ¢/ L > pgﬁ)

then e (£71(1)) = n(f) < m.
This scale is, in fact, given by pgﬁ) = sin(w/(2m + 2)) and Maleva provides examples of

Lipschitz quotient mappings &, : C — R such that

-1
e/ L, = pgqf ) and n(&m) = m.
The aim of this chapter is to determine such a scale for uniform quotient mappings f : (C, ||-||) —
R where [|-]| is any norm on the plane, and investigate the sharpness of such a scale. In doing so,
we provide a class of planar norms || - || where one can construct an explicit Lipschitz quotient

mapping f : (C,| - ||) — R such that this scale is sharp. We show that this is intimately tied
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to the existence of inscribed equilateral polygons.

6.2 Preliminaries

This short preliminary section recalls and extends some foundational results in the context of
convex, planar geometry. Such results will be implemented in the construction of the family of

Lipschitz quotient mappings in Section [6.4]
Notation 6.2.1. Let (X, || - ||) be a normed space, A, B C X, x,w € X and a € A. We define:
(i) disty(z, A) = inf {[lx —y|| 1 y € A};
(ii) Nyyla, A) ={z € X : [la — z[| = dist(z, A) };
(i) Dy (A, B) = {y € X : dist (y, A) = disty (y, B) };
(iv) [w,z) ={2€ X : z=w+r(x —w) for some r > 0} = w + R (z — w), provided w # .

If the context is clear, we may drop the sub- or superscript || - ||, i.e. write dist(z, A), N(a, A)

or D(A, B) instead.

Lemma 6.2.2. Let (X, ||-||) be a normed space and A, B C X be non-empty. Then D (A, B)

is a non-empty, closed subset of X.

Proof. Let z € A and y € B. If dist(z, B) = 0 or dist(y, A) = 0, then D(A, B) # (. Suppose
that dist(z, B),dist(y, A) > 0. Define f : X — R by f(z) = dist(z, A) — dist(z, B). Then f is

Lipschitz continuous and

f(z) = —dist(z, B) < 0 < dist(y, A) = f(y).

Hence, restricting f to [x,y] implies the existence of z € [z,y]| such that f(z) = 0, that is
z € D(A, B). To finally conclude that D(A, B) is closed, one need only observe that D(A, B) =

f=H{op). m

We now recall a foundational result of Klee, which concerns points where the distance to a
closed, convex set is attained. The proof presented in |18] only considers the Euclidean norm.

However, it may be trivially extended to a general norm defined on R™.
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Lemma 6.2.3. ([18 p. 248]) Let || - || be a norm on R*, L C R", p € R" and ¢ € L be such

that [|p — ¢|| = inf {||[p — =|| : # € L} = disty(p, L). Then,
|z — q|| = disty. (2, L) for each z € [p,q|. (6.2.1)

If L is convex, then ([6.2.1)) is satisfied for all z € [q, p).

Using this result of Klee, we show the attainment result of Lemma|6.2.5. First, we introduce

the following notation.

Notation 6.2.4. Let Ly, Ly be two distinct half rays in C which have their end-point as the
origin. Define Ry, 1, to be the open region in C enclosed by the half rays L, and Lo, starting

at L, and traversing in the anticlockwise direction.

Lemma 6.2.5. Let || - || be a norm on C and L = [0,¢) for some t € C\ {0}. Suppose
Ly = [0,t;) and Ly = [0,9) for some distinct ¢1,t5 € C\ {0} such that L\ {0} C Ry, ,.
Then for each z € L\ {0} there exists py(z) > 0 such that for every r € (0, po(z)] there exist

M € Rp, N Bﬁ'll(z) and v, € Ry, N Bll'”(z) such that
disty.(v;, L) = ||y — 2||  for j =1,2.

Proof. Fix z € L\ {0}. Let py = po(z) > 0 be such that ng‘(‘)(z) C Ry, 1, Fix r e (0, po],

wy € Ry, 1N BJJ'H(Z) and we € Ry, 1, N BJJ'H(Z). Let vy, vy € L be such that
disty.(w;, L) = ||lw; —v,|| for j =1,2.
Define v; := w; + z —v; for j = 1,2. Note v, € B,U'H(z) since z,v; € L and so
s = 2l =l = 5l < g = 2] < v (622

Further, observe that v, € B,U'”(z) for each j = 1,2 and ~; is a translation of w; in a direction
parallel to L. Therefore, v, € Ry, 1 and v2 € R 1,.

For each j = 1,2, let s; € L be such that dist(y;, L) = ||v; — s;||. Let a; :== s; +w; — ;.
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Note, as z € L, by (6.2.2)

llaj =20l < llw; = ajll + [Jw; = 2l = |7y = sl + lw; = 2] = dist(v;, L) + [[w; — 2]

<l = 2l + [Jw; = =] < 2r.
Therefore, as a; = s; — z + v;, we conclude that a; € L. Hence,

distyg (17, L) = g — sl = llwy — g} > sty L) = ffwy — vl = s — 2|1

So, as z € L, we conclude that dist(y;, L) = ||z — ;][ O
Recall Notation [6.2.11

Lemma 6.2.6. Let || - || be a norm on C and Ly, Ly be two rays such that L; N Ly, = {0} and
z e D||.||(L1, Lg) \ {O} Then,

[yl

dist(y, L;) = Izl

———dist(z, L;) for each y € [0,2) and j = 1,2.

Moreover, if ; € L; is such that dist(z, L;) = ||z — v;||, then dist(y, L;) = ||y — (lly||/]|]])7;]|-

Proof. The result is trivial if y = 0. Therefore assume y € [0, z) \ {0}. For j = 1,2, let w; € L;
be such that dist(z, L;) = ||z — wjl|. Define w} := [ly||w;/[|z]|. Note as y,z € [0,2) \ {0} € C

that y = [[y]|2/|[|] and so

[yl

lyll . [yl
—w;|| = B ”dst(z L;).

O O
[ERE

= z
2]l

— :]

Since w} € Lj, note dist(y, L;) < (|[yll/||z|])dist(z, L;).

Next, let 7 € L; be such that dist(y, L;) = |ly —7j||. Let v; = [|z]|v;/llyl| and note v; € L;.

Moreover,
[ T | o 4
Iz =l = | FE = | = ot ).
’ T2 1 e | ]
Thus dist(z, Ly) < (2] llyl)dist(y, L) s

Corollary 6.2.7. Let || - || be a norm on C and Ly, Ly be two rays such that L; N Ly = {0}.

Then Dy (L1, Lz) N Ry, 1, is a non-trivial cone with vertex at 0.
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Remark 6.2.8. Note when || - || is a strictly convex norm, then Dy, r, N Ry, 1, is exactly one
ray which passes through the origin. It is unknown if this extends to the cases when || - || is not

strictly convex.

6.3 Generalised upper bound for the ratio of constants

We begin by recalling the notation used in [23] which we shall adopt throughout this section.

Notation 6.3.1. Suppose f : (C,| -||) = R is a uniformly continuous, co-Lipschitz mapping
and t € R. Then:

i) Let D; = {d >0: 7))\ Bc‘ll'”(O) has exactly #e (f~(t)) = 2n ends} and © (f71(t)) :=
inf (D;) + 1.

ii) Denote the unbounded components of f‘l(t)\Bgyf_l(t))(O) by C1(f7(t)), ..., Con (f7H(1))

so that arg(z) < arg(w) for any z € C; (f(¢)) mE'g'('ffl(t))(o) and w € Cjq (f7H(E)) N

Pg‘(‘fﬂ(t))(o) for each j € [2n — 1].

Remark 6.3.2. For Notation [6.3.1| i), observe that C; (f~*(¢)) N Egyf_l(t))(O) need not be

a singleton, as in the Euclidean case. However, by |30, Theorem 4.11, Theorem 5.1], it is

guaranteed that C; (f~1(¢)) N Cj41 (f71(t)) = 0 for each j € [2n — 1].

Corollary 6.3.3. (|23, Corollary 2]) Let f : (C,| - ||) — R be a uniformly continuous, co-
Lipschitz mapping, K be an unbounded component of <C \ Bg”(O)) \ f71(¢) for some t € R
and d > O (f~'(t)). Then for any ¢ < ¢ there exists R(¢) > 0 such that if r > R(¢), then there

exists y € K where ||y = r and |f(y) —t| > ¢[|y||.

Theorem below generalises |23, Lemma 4], which establishes the Euclidean scale of
)

(m—
values py;

= sin(w/(2m + 2)), to the case of uniformly continuous co-Lipschitz mappings
f:(C,]-]) = R, where || - || is any norm on C. For this we need to recall the definition for
the upper norm regularity constants, as in Definition 4.4.3] First, we need this quick lemma

concerning the lack of disjointness of closed balls with sufficiently large radii.

Lemma 6.3.4. Let || -|| be a norm on C, n > 2 and P = (z1,...,3,) € Fi'l. For each j € [n],

let D;j:={z€C:|z;—z|| <a(n,]| ]])/2}. Then there exists j € [n] such that D; N D, # (.
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Proof. Suppose, for a contradiction, that D; N D,y = () for all j € [n]. Then observe that
|41 — 4] > a(n,]|| - ||) for each j € [n]. Therefore, recalling Notation [4.2.12] Notation [4.3.1]
and Definition [4.4.3],

a(n, || -[) 2 alzr,n, || ) 2 d7(P) = min [l — 2] > aln, || - ),

providing contradiction. O

Theorem 6.3.5. Let f : (C,| - ||) — R be a uniformly continuous, co-Lipschitz mapping
such that L} < 1, n = n(f) denotes the maximum number of components of any fibre and

a(2n, ]| -]|) # 2. Then for each t € R there exists Ry = Ry(t) > 0 such that

min max |f(x) —t| < for all r > R,.

a@n, || - |)r
j€2n] €T (r) - 2

Here I';(r) are the arcs of aBJ«"”(O) defined in the following way. For each r > © (f~!(t)) we
fix #e (f~1(t)) = 2n points A;(r) € C; (f~(t)) N oBI1(0) and by L';(r), j € [2n], we denote
the closed arc going counter clockwise along B! (0) going from A;(r) to Aj11(r), considering

indices modulo 2n.

Proof. Since L} < 1 there exists R > 0 such that Q(r) < r for each r > R. For brevity, we

write a instead of a(2n, || - ||). Define

By e 25,2 <f1<t>>> |

a 2 —«

Suppose, for a contradiction, that there exists r > Ry such that for each j € [2n] it follows
that maxer,( | f(z) —t| > ar/2. Since ar/2 > R note ar/2 > Q(ar/2) and hence as
|f(x) —t| < Qp ((dist(z, f71(t))) for all x € C, it follows for each j € [2n] that

zleri“?fi) Qy (dist (z, f71(1))) > (%) .

Therefore, as Q is an increasing function, max,er, () dist(z, f~(t)) > ar/2 for each j € [2n].
Thus, for each j € [2n], there exists x; € T';(r) such that D; N f~1(¢) = @ where D; = {y € C :

|y — ;|| < ar/2}. Hence D; is in the same component of C\ f~1(¢) as x;.
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Now, as r > Ry and « # 2, note r — ar/2 > O (f~1(t)) and so D; is contained in the same
component of (C \ Bgl‘f,l(t))(())) \ f~(t) as x;. In particular, D; N Dy, = @ for any j # k. This
contradicts Lemma [6.3.4] O

We are now in a position to provide a result analogous to |23, Theorem 1].
Corollary 6.3.6. Let f : (C,| - ||) = R be a c-co-Lipschitz, uniformly continuous mapping
and let n = n(f) denote the maximal number of components of f~!(¢). Then,
o ol
f
Proof. Let a = a(2n, || - [|). If a = 2, the estimate follows trivially as ¢ < L}. Hence, suppose
o # 2, that is a € (0,2). For a contradiction, suppose that c¢/L} > a/2. Without loss of
generality, we may assume that L} <1 and ¢ >« /2.

Consider ¢ := «/2. Then ¢ > ¢ Thus, by Corollary , for each unbounded com-
ponent Kj, j € [2n], of (C\ Be(-1()+1(0)) \ f~'(0) consider R;(¢) > 0. Then, for each
T > maxjejz, R;j(C) there exists y; € K, j € [2n], such that |ly;|| = and |f(y;)| > ¢|ly;|| = ér.
Therefore, for each r > max;cpn R;(€),

. - ar
min max )| > cr = -,
j€2n] €T (r) |f( )| 2

which contradicts Theorem [6.3.5] O

6.4 A uniformly continuous co-Lipschitz mapping which
attains the optimal ratio of constants

We recall the scale a(m, |-|) = 2sin(7w/m) is shown to be sharp in [23, Section 2|. This section is
devoted to the question whether there exist uniformly continuous co-Lipschitz mappings which
prove the scale a(m, || - ||) is sharp, where || - || is any norm on the plane. We show this in the
positive for a particular class of norms of the plane. First, we introduce a family of mappings

analogous to those defined in [23].

Notation 6.4.1. Let || - || be a norm on C and m € 2N. Define &,, : (C,|| - ||) — R in the

following way:
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Let P = (z1,...,2m) € ELI be such that e(P) = a(m, | - ||) and for each j € [m] let
L; = [0,7;) and let R; = Ry, 1, , denote the open region enclosed by the half rays L; and
Lji1, starting at L; and traversed in the anticlockwise direction.

Define &, : (C,||-||) — R by

(

min (dist(z, L;),dist(z, L;j+1)) , if z € R; and j is odd;
&m(2) = § — min (dist(z, L;),dist(z, Lj+1)) , if z € R; and j is even;
0, if z € L; for some j € [m].

\

Remark 6.4.2. Observe that &, is 1-Lipschitz. Moreover, to see that Lip(¢,,) = 1, consider
z € R; for some j € [m] and let v € L; U Lj;; be such that [{,(z)] = ||z — 7||. Then, as
&m(7) =0,

[Em(2) = Em(N] = l&m(2)] = [l2 = 7I-

Let us now introduce a particular class of planar norms.

Definition 6.4.3. Let m > 2 be even. We say a norm || - || on C is m-separated if for every
j € [m],

m, | - 1)

diSt(Z,Lj) > ||Z||a( B for all z € D||||(L],LJ+1)

The rest of this section is devoted to the following result, which then shows the scale
a(m, || - ||)/2 is sharp provided the planar norm is m-separated. In particular, we prove the

following theorem.

Theorem 6.4.4. Let m > 2 be even and || - || be an m-separated norm on C. Then &, is a

Lipschitz quotient mapping with Lip(§,,) = 1 and co-Lip(&,,) = a(m, || - ||)/2.

We shall first show that &, is pointwise 1-co-Lipschitz at each z € C\ U;n:l D(L;,Lji1),

regardless of whether the norm is m-separated or not.

Lemma 6.4.5. Let ||-|| be anorm on C and m > 2 be even. Then &, is pointwise 1-co-Lipschitz

at each z € C\ Uj~, Dy (L, Ljy1)-

Proof. Consider first z € R;\ D(Lj, Lj+1) for some j € [m]. Without loss of generality, suppose

that &, (z) = dist(z, L;), then &, (2) > 0. Since R; \ D(Lj, L;j41) is open in C, there exists
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ro > 0 such that
Bﬂ(’)”(z) C R \D(Lj,Lijt1), 10<&n(z) and &,(y) =dist(y,L;) forall y € BJJ(')H(z).

Fix r € (0,r9) and t € B (Em(2)) = (Em(z) =1, &n(2) + 7). To see that &, is pointwise
1-co-Lipschitz at z it suffices to show there exists 5 € Bﬂ'”(z) such that &, (8) = t.

Since L; C C is closed, there exists v € L; such that &,,(2) = dist(z, L;) = ||z—~||. Consider
N(v,L;) = {w € C: dist(w, L;) = |w —~||}. By Lemma[6.2.3 R = [y,2) C N(v,L;).

Fix 7 € (0,7) such that t € [¢,,(2) — 7, &, (2) + 7). Note by the Jordan Curve Theorem that
Int (83!” (z)) is bounded. Hence any ray which has its end point at z and which non-trivially
intersects C \F!”(z) must necessarily intersect (‘9B7U'”(z) at least once. Thus, as v ¢ E';'.H(Z),
the straight line R = [, z) necessarily intersects 8B!H(z) at least twice.

Let 41,0, € RN 8B7|:|'H(z) be such that ||0; — || < |02 —||. Then, by the collinearity of z,~y
and d;, k=1, 2,

Em(0r) = dist(Or, L) = |0k = 7] = Iz =l + (=1)¥[|2 = &l = [lz = 7l + (=1).

Now, as §m|[ is continuous and &,,(0x) = &n(2) + (=1)7, k = 1,2, there exists 3 € [0y, do] C

51,62
Eﬂ"‘(z) C BJJ'H(,Z) such that &,(8) = t. Therefore, &, is pointwise 1-co-Lipschitz at each
2 € R\ D(Lj, Lj11), j € [m].

Let us now consider z € L; \ {0} for some j € [m]. Let o > 0 be such that ry <
min(||z||, po(2)), where po(z) is given by Lemma where we take Ly = L;j_y, L = L; and
Ly = Lj;1. Recall Notation [6.4.1] Let r1 € (0,70) be such that that [&,(w)| = dist(w, L;) for
all w e BJJiH(z); note C\ (D(Lj_1,L;) U D(Lj,Lj11)) is open and so such r1 > 0 exists. Let
lt| < ry and r € (0,71) be such that t € [&,,(2) — r,&n(2) +r] = [—r,r]. Suppose, without
loss of generality, that &, (w) = dist(w, L;) if w € Eﬂ'u(z) N R; and &, (w) = —dist(w, L;) if
w e Elrl,'H(z) NR;_.

By Lemma there exists z; € 8B,U'”(z) N R; such that &,,(z1) > 0 and r = ||z1 — 2| =
dist(z1, Lj) = &n(21). Similarly, there exists zo € 8B7|«|'”(z) N R;_; such that &,(22) < 0 and

—r = —|lzo — 2| = —dist(22, L;) = &n(z2). Hence, as &n| is continuous, there exists

[#1,22]

B € [z1,2] C Bqlnl'H(z) such that &,,(8) = t. Therefore, &, is pointwise 1-co-Lipschitz at
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z€ L\ {0}, j € [m]. O

If we now assume the norm is m-separated, which is exhibited by the Euclidean norm, for
example, we can then show the mapping &, is pointwise (a(m, || - ||)/2)-co-Lipschitz at the

remaining points z € D(L;, Lj;1).

Lemma 6.4.6. Let m > 2 be even and || - | be an m-separated norm on C. Then, &, is

pointwise (a(m, || - ||)/2)-co-Lipschitz at each z € Ui~, Dy (Lj, Lj+1)-

Proof. For brevity, we write a instead of a(m, || - ||) and recall a € (0,2]. Fix j € [m]; without
loss of generality, let us assume that j = 1. Fix z € D(Ly, L)\ {0} and observe that &,,(z) > 0.
Let 7o > 0 be such that B! € Ry and ry < Em(2). Observe that ry < 2,,(2)/a. Fixr € (0,10)
and t € [6n(2) — (a/2)r, Em(2) + (a/2)7]. Let 21, 22 € OBV (2) N[0, 2) be such that ||z]| < ||z];
one may argue via the Jordan Curve Theorem and the connectedness of 5’B7|~|’H(z) to conclude
the existence of such zi, 2o € 8B7|~|'”(z). Then, by Lemma 21,22 € D(Ly, Ly) and for each

k=1,2, using ||zx|| = ||2]| + (=1)%r,

Em(2) = dist(zp, L1) = dist(zg, Lo) = %dist(z, Ly) = (1 +(=1)" H_ZH) Em(2).

Hence, as || || is m-separated, &, (z1) < &n(z) — (a/2)r and &, (22) > &n(2) + (a/2)r. Therefore,

by the continuity of &, |, there exists B € |71, 22 C Eﬂ"l(z) such that &,,(8) =t.

’[zl,zg
Consider now z = 0, r > 0 and t € [—ar/2,ar/2]. Let z; € D(L,,, L) N aBI1(0) and
29 € D(Ly, Ly) N 8B7|~|'H(0). Then, as || - || is m-separated, &, (z1) < —ar/2 and &,,(22) > ar/2.

Hence, as §m|[21 ., s continuous, there exists § € [21, 2] such that &, (5) = t. O
We are now in a position to prove Theorem [6.4.4

Proof of Theorem [6.4.4. We have already verified that Lip(¢,,,) = 1 in Remark Combin-
ing Lemma [1.2.18] Lemma and Lemma we conclude that &, is (a(m, | - ||)/2)-co-
Lipschitz on C, since a(m, ||-||) < 2. Hence, co-Lip(&,,) > a(m, ||-||)/2. Now, by Corollary

as Lip(&,,) = 1, it follows that co-Lip(&,) < a(m, || -||)/2. O

The question is now which planar norms || - || are m-separated. We observe the following

sufficient property.
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Let P = (x1,...,2Zy) € Ell be the polygon from which &, is defined, that is such that

e(P) = a(m,| - ||). If for every j € [m] and every z € D(L;, L;1,) it follows that

dist(z, L) = Hz — 2l , (6.4.1)

= (| = Nzl
then || - || is m-separated. Indeed, if (6.4.1)) is satisfied, then for each z € D(L;, L;41),

dist(z, L;) = || = 2]z,

= a(m, || - Dllz]l — dist(z, L;)-

> all - oy = a5l = || = = Izl

Therefore, any norm || || on C which satisfies for each j € [m] and every z € D(L;, Lj11)
is necessarily m-separated.

In particular, if p =2 (mod 4) and m > p is a multiple of p, it can be readily verified that
| - ||, is m-separated. However, it is not satisfied in general. Indeed, consider || - || = || - ||4 and
m = 4. Then a(4, || - |[4) = 2, which is attained at P = (1,i,—1,—i) € EI'l*. Let 2, = 1, 2 = i

and x = (1+14)/2. Then x € D(Ly, Ls), but

a4, |-l

diSt(I, Ll) = 5

<1l=

N | —

One may conjecture that, in general, the bound obtained in Corollary is not optimal. The
main issue with the above example where || - || = || - ||4 is that the distance to the rays is not
attained at the scaled equilateral polygon, but rather outside of the closed sphere centred at
the origin. Potentially, one may be able to define a new constant v in Theorem [6.3.5| for which
maxer, () dist(z, f~(t)) > vr still provides a valid contradiction, without having to revert to

the context of equilateral polygons.
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CHAPTER 7

FINAL COMMENTS AND FURTHER WORK

In Chapter [2| we answered a couple of converse questions to a groundbreaking result of [17],
see Theorem of the present thesis. In particular, we showed that for each planar complex
polynomial P : C — C in one complex variable there exists a planar homeomorphism A : C — C
such that Poh is a Lipschitz quotient mapping. In doing so, we introduced the notion of strongly
co-Lipschitz mappings and noted the correspondence between the discreteness of Lipschitz
quotient mappings f : R® — R™, n > 3 and the existence of a Lipschitz quotient mapping
f : R" — R™ which is not strongly co-Lipschitz at a some zy € R”. Further investigation into
continuous, strongly co-Lipschitz mappings between spaces of the same finite dimension could
lead to some progress into the long-standing conjecture of [17], see also Conjecture of
the present thesis.

We then turned our attention to questions concerning the optimal ratio of constants for a
planar Lipschitz quotient mapping in polygonal norms. This was presented in Chapter [3| In
Corollary such an estimate is provided, and in particular we show that if f : (C,||-||4) —
(C, || - |l4) is a 2-fold L-Lipschitz, c-co-Lipschitz mapping, then L/c > 2 + (1/38). This is a
partial progress towards answering Conjecture |3.1.3]

It is unlikely that the improved estimate in Corollary is optimal. As discussed in [37,
Chapter 5] there exist large classes of Lipschitz quotient mapping f : (C,|| - [|«) = (C, | - ||o0)
for which L/c > 3.

Another avenue one may utilise to approach fully answering Conjecture|3.1.3|in the positive,
is to further investigate the relations of N-fold Lipschitz quotient mappings to the standard
N-winding maps. For each m > 4 let us denote f,, 2 to be the 2-fold winding map in || - ||, as

defined in 25, Notation 3.12]. It can be shown that f,, 2 is necessarily 2-centred and that any
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2-centred Lipschitz quotient mapping f : C — C can be viewed as a reparametrisation of the
standard 2-winding map, in that there exists an appropriate homeomorphism h : C — C such
that f = f,,2 0 h. Supposing the conjecture that the optimal ratio of constants of a planar
Lipschitz quotient mapping in polygonal norms will be attained by the associated winding map,
investigating such a decomposition of centred mappings may prove to be useful.

One may note that for any two non-zero, distinct vectors z,w € C such that the straight
line segment containing both z,w is parallel to either the real or imaginary axis, then it follows
that || f12(2) — fa2(w)|ls = 3||z — wl|4, exhibiting the maximum possible ‘growth’ as shown by
fa2. Therefore, one avenue that may be worth exploring is to consider preimages of the spheres
837‘1"”("’(0), r > 0, under centred Lipschitz quotient mappings, or even under the homeomor-
phism h as above.

The framework in Chapter [3| does not readily extend to the question of the optimal ratio
of constants for general N-fold planar Lipschitz quotient mappings in polygonal norms. For-
tunately, it is possible to show that for every N-fold Lipschitz quotient mapping f there exists
a corresponding N-centred mapping f;, not necessarily Lipschitz quotient, that does not vary

too much from the initial mapping:
(I—=o)|itz)] <lf)| < X +¢)||fi(2)|l whenever ||z| is sufficiently large.

This suggests that there is potentially some underlying relationship between the class of cen-
tred N-fold Lipschitz quotient mappings and the standard /N-fold Lipschitz quotient mappings,
whenever N > 3. Further investigation into this is required, and hopefully such an avenue will
allow one to apply Theorem to be able to improve the current known estimates for the
ratio of co- and Lipschitz constants for general planar Lipschitz quotient mappings in polygonal
normes.

Chapters (4] and [5| concerned the existence and certain structural properties of equilateral
polygons inscribed in planar norms, in particular in polygonal norms. In Theorem and
Lemma we correct a statement of 8] concerning the existence of such equilateral polygons
and the uniqueness of the edge of equilateral polygons containing a fixed vector. This was
shown to not be true in general, due to the exceptional class of rectilinear norms; in particular,

due to the existence of 3-rectilinear pairs.
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We proceeded by investigating the extremal edge lengths exhibited by equilateral n-gons
inscribed in a fixed planar norm. We show in Corollary [4.4.8|that the collection of possible edge
lengths is either a single value, or fills a closed interval of positive length, hence is uncountable.
The former is satisfied by the Euclidean norm for all n > 3 and the latter is satisfied by any
rectilinear norm whenever n > 4 is a multiple of 4, for example.

In Chapter [5] we investigated to what extent the regularity constants, see Definition [4.4.3,
of polygonal norms || - ||,, behave similarly to the regularity constants of the Euclidean norm.
In Theorem [5.2.10| a classification is provided for when the regularity constants of polygonal
norms are equal. Further investigation is required to determine the behaviour of the regularity
constants a(n, || - ||») and B(n, || - ||m), whenever n < m. As mentioned in Chapter |5 when
m = 6 it is possible to show that 5(n, || - ||¢) < a(n,| - ||¢) for n = 3,4,5. We conjecture that
whenever m > 4 is even and n < m, where n # 6, then a(n, || - [|,) > B8(n, ||« ||m)-

At first, the exclusion of the case n = 6 may appear to be unexpected. However, there is
a standard result regarding the existence of equilateral hexagons in Minkowski planes, cf. [26],
Proposition 34|, which states that (6, ] - ||) = 5(6,]| - ||) = 1 for any norm || - || on C.

Ongoing joint work of the author with S. Dewar investigates the collection of planar norms
for which their regularity constants coincide. We were able to show that there exists a comeagre
collection of planar norm D C K, so that for every | - || € D and every n > 3, where n # 2
(mod 4), we have a(n, ||-||) > B(n, ||-]|). Here Ky denotes the collection of all planar norms. The
topology we assign to Ky is the metric topology stemming from the Hausdorff metric applied
to the centrally symmetric, convex bodies provided by the unit spheres centred at the origin,
cf. |7, Section 4]. The techniques used rely heavily on Rigidity Theory, and follow closely the
exposition in [7, Chapter 6]. Unfortunately, the current techniques cannot be extended to the

cases when n # 2 (mod 4). Nonetheless, we conjecture that:

i) There exists a comeagre collection of planar norms D C Ky so that for every | - || € D
and every n > 3, where n # 6, we have a(n, || - ||) > 8(n, | - ||),
ii) For || - || € Ky, a(n,| -]) = B(n,| - ||) for all n > 3 if and only if there exists a linear

transformation 7' : C — C such that T’ <8B|1|'”(0)) = 8B|1"(O), where | - | is the standard

Euclidean norm.

Our final topic of discussion, in Chapter [6] was that of uniformly continuous, co-Lipschitz
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mappings f : (C,| - ||) — R, where || - | is any norm on C. We provide an upper bound,
see Corollary [6.3.6] for the ratio of the co-Lipschitz and weak-Lipschitz constants for such
mappings. This, surprisingly, is related to the upper norm regularity constant of the norm
| - || We then proceeded by, for a particular class of planar norms, providing an example of
a family of Lipschitz quotient mappings which attains this maximal ratio. Unfortunately, this
was not applicable to all planar norms. Further investigation into an optimal ratio of constants
is required. One may notice that the reason why the construction provided does not attain the
maximal ratio of constants in all norms stems from Theorem [6.3.5 If one is able to identify
a new constant, say v(2n, | - ||), such that 2y(2n,| - ||) < a(2n,|| - ||) and for any j € [2n] it
follows that max,er, dist(z, f7'(t)) < ry(2n,| - ||) holds true for all mappings f, then the
same methodology would be applicable to conclude that ¢/L% < v(2n, ||-[|). This is still ongoing

work.
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