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Abstract

Classification problems represent a major subject in machine learning, and
addressing them requires solving underlying optimisation problems. Optimis-
ing the 0-1 loss function is the natural pathway to address the classification
problem. Because of the properties of 0-1 loss, which are that it is non-convex
and non-differentiable, 0-1 loss is mathematically intractable and classified
as non-deterministic polynomial-time hard (NP-hard). Consequently, the 0—
1 loss function has been replaced by surrogate loss functions that can be
optimised more efficiently, where their optimal solution is guaranteed with
respect to these surrogate losses. At the same time, these functions may not
provide the same optimal solution as the 01 loss function. Indeed, the loss
function used during the empirical risk minimisation (ERM) is not the same
loss function used in evaluation; the mismatch of the loss functions leads to
an approximate solution that may not be an ideal solution for 0-1 loss. Thus,
an additional source of error is produced because of this replacement.

In this thesis, optimising 0-1 loss directly is discussed from three per-
spectives. First, the consequences of replacing the 0—1 loss function with
surrogate functions from the theoretical perspective for linearly separable
data are outlined, showing that hinge loss is an exact minimiser for 0-1
loss under this setting. Second, in the case of overlapping, it is determined
that the surrogate functions do not provide an exact solution. Therefore, we
compared the actual time complexity of existing 0-1 loss optimisation algo-
rithms based on the following second-order factors: dimensionality of data

and amount of overlap between classes. In addition, a new heuristic 0-1 loss



optimisation algorithm was introduced that can optimise 01 risk exactly in
practical way in O(\/ﬁlog(%)]\/ %) polynomial complexity class. A new al-
gorithm, called testing all pairs of points (T-PP), as well as its prioritised
version, was introduced; the prioritised version has actual time complexity
that is less than T-PP, and it is referred to as prioritising the search by
support vectors (PS-SVs). T-PP and PS-SVs can terminate before the time
limit, whereas the time taken by other direct 0-1 loss optimisation algorithms
depends on second-order factors when the data size is fixed. Third, a new di-
rection of ERM is discussed in a simple classification algorithm, which is the
canonical K nearest neighbour (KNN) algorithm that still dominates by the
conventional ERM. The interpolated local KNN is our new algorithm, which
works on modern interpolation ERM view. The interpolated local KNN aims
to fit the training points locally using a set of local K parameters that are
determined by a pre-defined confidence score. The mechanism used in the
interpolated local KNN helps to define the noise and overlap points and then
isolate them from being used in predicting unseen points, whereas the iso-
lated points have their own decision boundary that can be used to predict
them correctly. Thus, we can have zero empirical risk and low generalisation
risk compared with the canonical KNN.

These contributions show the possibility of optimising the 0—1 loss directly
in polynomial time for linearly separable data using a surrogate loss function;
for overlapping data, our new algorithms T-PP and PS-SVs can be used.
Ultimately, we introduce a first interpolation version for the canonical KNN
algorithm. This thesis focuses on the binary classification problem; our main

focus in the future will be to extend this work to multiclass classification.
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Chapter 1

Introduction

1.1 Context of work

Machine learning focuses on building algorithms to emulate human intelli-
gence by learning from a given dataset. One of the main tasks of machine
learning is classification, defined as grouping a set of objects under a partic-
ular category according to a given label: each object x, is associated with
a label y,. Classification is used in real-life applications, such as customer
behaviour prediction, document classification, spam filtering and credit card
fraud detection. It contributes to solving a wide range of problems that hu-
mans cannot solve due to the large volumes of data that need to be analysed.
Moreover, some business operations depend on making immediate decisions
in response to specific or unusual behaviour. For instance, financial transac-
tions need to be verified to avoid fraudulent activity based on a customer’s
transaction history. Thus, classification is of critical importance for numerous

applications.
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Improving classification accuracy requires solving an optimisation prob-
lem known as empirical risk minimisation (ERM). ERM aims to find the op-
timal function f* that can classify given points, M = {(x1,y1), ..., (Tn, Yn) }¥
with the lowest empirical risk functional }%l( f*,M). The canonical 0-1 loss
function is the original classification loss function, which counts the number
of misclassified points.

The difficulty of minimising the empirical risk depends on the properties
of the loss function [II, 2]. The properties of the 0-1 loss function, which are
non-convex and non-differentiable, make the optimisation of the original loss
function difficult to handle mathematically [3, 4, [5]. In binary classification,
to find the optimal solution, we conduct a search in a solution space of size
2N for N points [5, 6, [7]. In fact, the intelligent heuristic search strategy
can be used to optimise the current solution iteratively and cut off possible
solutions that have worse objective values than the current one, which helps
to reduce the search space significantly [8]. Despite, the search process can be
accelerated, method-based heuristic searches are still not a practical solution
in some cases [9].

A possible optimisation solution is to replace the 0—1 loss function with
a convex loss function [10, 1], 12]. This is usually referred to as convex
relaxation, turns a non-convex problem into a convex one and finds an ap-
proximate solution [I3] [I4]. Convex relaxation has the advantage of solving
a problem in polynomial time [T1], [13]. However, it is a modification of the
original problem; therefore, the solution provided may not be exact solution.

Furthermore, convex relaxation introduces issues that do not exist in

the original problem, such as sensitivity to outliers, and imbalance label
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problem [I5], 16 17, 18] 19 20], which are common issues in classification.
In fact, convex loss functions provide a real loss value for any misclassified
point depends on how far the point from the decision boundary. The loss
value increases as the distance of the misclassified point increases. This
makes the resulting decision boundary dominated by outliers. In addition,
the classified points close to the decision boundary contribute to the total
sum of the loss values, therefore if the density of points for any class varies
greatly around the decision boundary, then the decision boundary obtained
from minimizing the convex function is pushed toward the minority class in
order to reduce the total loss values. In these issues, convex loss functions
provide an approximate solution, not an exact solution. Moreover, although
convex relaxation has received considerable attention in the machine learning
field, few studies have attempted to optimise the original classification loss

directly [21} 22 23], 24].

1.2 Motivation

This thesis aims to contribute to optimising the original classification loss
function. The difficulty of optimising the canonical 0-1 loss function means
that few tools are available for minimising it directly. To understand the
consequences of replacing the canonical 0-1 loss function with a surrogate
loss function, we need to measure the difference between minimising the 0-
1 loss directly and indirectly by comparing the empirical 0-1 risks of the
optimal functions resulted from minimising the surrogate loss function and

the 01 loss function. If both functions have the same 0-1 risk, the surrogate
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loss function provides an exact solution for the 0-1 loss; if not, the surrogate
loss function provides an approximate solution not exact. This thesis aims
to provide a theoretical and empirical evidence for the use of the surrogate
loss function in the ERM that can be easily verified in practice.

Convex loss functions cannot minimise the 0-1 risk in the presence of
noise and overlapping data [22]. In such cases, it is necessary to optimise
the canonical 0-1 loss directly. The existing algorithms for minimising the
0-1 risk are quite limited, and their theoretical and actual time complexities
have not been compared. Such a comparison can determine which algorithm
is characterised by less time complexity and is thus suitable for minimising
the 01 loss directly. Moreover, a polynomial time algorithm is needed to
avoid the errors introduced by replacing the original 0-1 loss with surrogate
loss functions. As has been shown in the previous studies, surrogate loss
functions provide an approximate solution in the presence of outliers, overlap
and imbalance label [15] 16, 17, 18, 19} 20|, thus an additional source of error
is produced due to this replacement.

It has recently been suggested that minimising the empirical risk to ex-
actly zero does not negatively affect generalisation performance. This view
has long been marginalised due to the dominant conventional ERM paradigm
in the machine learning community. The canonical K nearest neighbour
(KNN) algorithm still works under the conventional view of ERM. Therefore,
understanding the performance of this simple algorithm under the modern
view of ERM could reveal the reasons behind the success of interpolation

classifiers.
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1.3 Thesis outline

This thesis consists of six chapters. Chapter 2 describes the basic properties
of general loss functions and explains how they can be optimised mathe-
matically. It then defines ERM, which drives the classification optimisation
process. Subsequently, it presents the current exact 0—1 loss minimisation
algorithms and the common classification algorithms that optimise surrogate
loss functions. Finally, it discusses the conventional and modern ERM views.
Chapter 3 investigates the optimality of the canonical 0-1 loss function in-
directly in linearly separable data by optimising surrogate loss functions.
Chapter 4 introduces the new heuristic direct 0-1 loss minimisation algo-
rithms: T-PP and PS-SVs which work in polynomial time complexity. It
then discusses the theoretical and actual time complexities of exact 0—1 loss
minimisation algorithms and determines the best and worst time complex-
ities based on second-order factors using a set of overlapping synthetic and
real datasets. Chapter 5 investigates the performance of the canonical KNN
algorithm under the conventional and modern ERM views. It then intro-
duces a new interpolated local KNN algorithm. Subsequently, it compares
the performance of the canonical KNN algorithm with that of the interpo-
lated local KNN algorithm using a double descent curve. Finally, Chapter
6 summarizes this work in terms of main findings and contributions, and

suggests future research directions.
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1.4 Contributions and research questions

The main contributions of this thesis and the related research questions are

as follows:

e Chapter 3

Contributions

— Studying the consequences of replacing the 0—1 loss function with
surrogate loss functions in linearly separable data. The existing
theoretical proof is not practically applicable. Therefore, we sim-
plify the relationship between optimising the 0-1 loss function
and surrogate loss functions by comparing the optimal function

produced by each using the same measure.
— Proving that minimising the hinge risk is equivalent to minimising
the 0-1 risk in linearly separable data.

Related research questions

1. Does optimising a surrogate loss function instead of the canonical
0-1 loss function affect on choosing the optimal empirical function

for linearly separable data?

2. Can optimising the empirical risk for the hinge loss provide the

same empirical risk for 0-1 loss for linearly separable data?
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e Chapter 4

Contributions

— Introducing a new heuristic direct 0-1 loss minimisation algorithm
based on linear function for overlapping case that works in poly-
nomial complexity class O(\/Elog(%)]\f 3), called testing all pairs
of points (T-PP) algorithm.

— Reducing the actual time complexity of T-PP by introducing a
prioritised version, called prioritising search by support vectors

(PS-SVs). The search space of T-PP is reduced based on minimis-

ing the hinge risk, which is the upper bound of the 0-1 risk.

— Comparing the best and worst actual time complexities of the
existing direct 0-1 loss minimisation algorithms based on second-

order factors.
— Determining the time complexity class of the prioritised combina-
torial search (PCS) algorithm.
Related research questions
1. What are the theoretical and actual time complexities of the ex-
isting direct 0—1 loss minimisation algorithms?

2. Can the optimal function for the 01 risk be found by enumerating

all pairs of points?
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e Chapter 5
Contributions
— Studying the performance of the canonical KNN in interpolation
and U-shaped regimes.

— Introducing a first new KNN algorithm that works under the mod-

ern ERM view, called the interpolated local KNN algorithm.
— Investigating the performance of the canonical and interpolated
local KNN algorithms on image datasets.
Related research questions
1. Can the interpolation 1 nearest neighbour (INN) classifier achieve
a lower generalisation risk than KNN for K > 17
2. How can the canonical KNN be interpolated for K > 17

3. Does interpolating image data without feature extraction/reduction

cause overfitting and then, bad generalization?



Chapter 2

Background review

This thesis focuses on optimising 0-1 loss in a classification problem. This
chapter provides an overview of how 0-1 loss is optimised in two different
ways, directly or indirectly. Direct optimisation uses the 01 loss function for
minimising the classification error, whereas indirect optimisation uses surro-
gate loss functions as a proxy for minimising the classification error. Follow-
ing that, an overview of the two main views of empirical risk minimisation,
commonly named as a conventional wisdom view and modern interpolation

view, is presented.

2.1 Foundations of mathematical optimisation

The loss function plays an important role in developing machine learning
algorithms for classification. This section discusses the main properties that
are important in optimising the loss function in a classification problem.

Minimising the loss function requires solving an optimisation problem. The
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optimisation algorithm is chosen according to the characteristics of the loss
function, which are differentiability and convexity. Therefore, based on these
properties, the common loss functions used in the literature have been clas-
sified into four groups: convex and smooth losses, convex and non-smooth
losses, non-convex and smooth losses and non-convex and non-smooth losses
[1, 11} [14), 25] 26]. This can be described as follows.

Convexity is an important requirement for solving an optimisation prob-
lem. The matter of convexity derives from the fact that finding a global solu-
tion is guaranteed and can be achieved by any local search [26]. The optimal
minimum /maximum solution of f (z) must have zero gradient Vf (z) = 0
in each dimension if the optimisation variable x is a vector [11]. Any point
has Vf () = 0 is a critical point, where f can have several critical points.
Therefore, the second derivative should be tested. If the result is positive
for all critical points, then the function is convex, and if we only have one
critical point, the function is strictly convex, see Figure 2.1.1] If the second
derivative of the critical points is not all negative or positive, then f is not
convex [20], see Figure [2.1.2

To determine whether the function is convex, a convexity condition should
be tested. This condition states that for any pair of points x; and z; in the
domain of f, and « € [0, 1], the following inequality condition should be

satisfied:

flazi+(1—a)x;) < af (z) + (1 - a) f (z)) (2.1.1)



CHAPTER 2. BACKGROUND REVIEW 11

(a) Convex function (b) Strictly convex function

Figure 2.1.1: Difference between convex and strictly convex functions. Figure
[2.1.14) the global optimal solution is a set of local minimum solutions which
leads to making a solution not unique. Figure there is only one local
minimum solution; therefore, the global solution is unique.

(a) Convex function (b) Non-convex function

Figure 2.1.2: Difference between convex and non-convex functions. Figure
Convex function with one critical point, and Figure non-convex
function, which has several critical points and the second derivative of these
local points is positive in local minimum points and negative in local maxi-
mum points.
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Figure 2.1.3: Convexity condition: the solid green line joining the two points
pi = (@i, f (x;)) and p; = (z;, f (z;)) lies entirely inside the curve, and never
comes out of any part of the curve. For any input point xs between the two
selected z; and z;. f (xs) = f (ax; + (1 — ) x;) should be less than or equal
to the sum of the separated outputs of af (z;) and (1 — ) f (z;).

in the case of a strictly convex function, the sign < is replaced by < when
x; # x; and 0 < o < 1 [I3] 26]. For further explanation, please see Figure
2. 1.3l

The second important property is differentiability. The differentiable
function is a function whose gradient exists everywhere in the f domain.
Each differentiable function is continuous and smooth [11, 12, 27|, which
means that f does not contain any breaks, corners, vertical lines or cusps,
see Figure [2.1.4]

f is differentiable if it has a unique tangent line in the case of a single
variable or a tangent hyperplane in the case of multiple variables [26]. If the

gradient of any point in the f domain is the same from the left and right
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Figure 2.1.4: Different types of functions, where some gradients of f do not
exist, such as in [2.1.4a] are undefined and have infinite slope like or
contain cusps or corners like [2.1.4c/ and [2.1.4d; the slope at the corner point
(or cusp point) is not unique.
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points, then the function is differentiable. Formally, f is differentiable at z,,
if the limit of the right and left sides exists and gives the same value [I1],

such as:

(2.1.2)

Therefore, the degree of difficulty in optimising any loss function can be

identified from convexity and differentiability properties.

2.2 Loss functions, empirical risk and empirical
risk minimisation (ERM)

Here, we define the data set space M = X x ) where X is the feature space
and ) = {—1,1} is the space of binary class indicators. The goal of clas-
sification is to find an optimal classification function f* € F which maps
elements of the feature space to binary class indicators, f : X — ). The
optimality of the classification function on a given data set M comprising
a set of N points z, € X and class indicators y, € Y forn = 1,2... N,
is measured using the risk functional R; parameterized by a loss function
l. A loss function, | : R X Y — Ry, quantifies the (non-negative) cost of
misclassification for a given predicted class indicator y and known class indi-

cator y by evaluating [ (7,y). Multiple loss functions are in widespread use
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in machine learning and will be discussed in this chapter.
The empirical risk functional R+ Fx M — R parameterized with
respect to loss [, non-constant with respect to f, is defined as the following

empirical average:

~

Bo(f M) = 5 S0 () ) (2.2.1)

The essential question is how optimal prediction function f* can be found
based on the given data. This question was addressed using a foundational
framework presented in [28], named empirical risk minimisation (ERM). Be-
cause the underlying distribution is unknown, minimising the true risk over
the population can be approximated by minimising the empirical risk over a

given finite set of points. The ERM formula can be expressed as follows:

fr = argmin R, (f, M) (2.2.2)
feF

The basic idea of using empirical risk as a measure of the goodness of f
originates from the law of large numbers theorem [29, B0]. It is a theorem
that simply states that the mean of variables that have been drawn randomly
and independently from a probability distribution P numerous times should
be close to the true mean. As long as the number of repetitions increases,
the average of the results becomes closer to the true value [29]. By applying
the law of large numbers theorem to the empirical risk and true risk, we can

see that the average loss of points (empirical risk) converges to that over all
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points (the true risk) as the data size reaches infinity:

N

Ri(f M) = DU (@) o) = R=E[1(D.9)] for N = oo

n=1

==

(2.2.3)

From this perspective, the use of empirical risk is justified and conditioned
on the size of the training points. In practice, the optimal function is chosen
such that it can minimise the empirical risk; therefore, the performance of
machine learning algorithms varies depending on how the empirical risk is
minimised, where the difference between them depends on the loss functions
used in optimising the empirical risk. In fact, this is a very difficult problem
and how close we can come to this ideal will depend upon many factors but

crucially, it will depend upon how we measure classification risk.

2.3 The canonical 0—1 loss for classification and
current optimisation algorithms

The natural approach to evaluate the performance of classifiers is to count
the number of misclassified points. In statistics, the 0—1 loss function reflects
the real performance of any classification algorithm, which penalises the mis-
classified points equally, and minimising this function during the learning
process is equivalent to minimising the classification error [3] [13] B1]. How-
ever, this property makes the 0—1 loss to be NP-hard for global minimisation

[6, [7]. Therefore, the 0—1 loss function is replaced by surrogate loss functions.
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Figure 2.3.1: The 0-1 loss curve. The gradient of 01 loss is zero everywhere,
and we have an infinite slope from 1 to 0.

Generally, surrogate loss functions produce a real continuous loss rather than
discrete loss, which offers convexity and smoothness properties that are de-
sirable in solving optimisation problems [2]. The 0-1 loss function for any

given function f € F can be expressed as:

X L ynfn <0
lor (GnsYn) = (2.3.1)

0 Ynn >0

where 7,, = w'z,, + b, in which w! and b are classifier parameters of f. The
misclassified point yy < 0 takes the loss value of 1 and 0 when the point is

correctly classified, see Figure [2.3.1]
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2.3.1 Combinatorial search method for 0—1 loss optimi-

sation
2.3.1.1 Brute-force search for 0—1 loss optimisation

The global optimal solution can be found by evaluating all possible solutions
and return the optimal one. This process is known as a brute-force search
or exhaustive search [32]. Brute-force search is a simple algorithm to imple-
ment; to find a global optimal classifier, we should pass through all possible
combinations of labels (all assignments) that have size LY, where N indicates
the number of points and L indicates the number of labels. In a binary clas-
sification problem, we have 2V possible labelling. In fact, brute-force search
is an exponential search that is not efficient in solving large problems; it is
typically used when the candidate solutions are limited [32, B3]. The com-
plexity of the brute force increases exponentially according to the number of
training points and the number of labels. Recently, some studies have pro-
posed the use of heuristic techniques to reduce the search space and obtain

the best possible solution in reasonable time [9, 22} [34].

2.3.1.2 Branch and bound for 0-1 loss optimisation

The branch and bound (BnB) technique is a global optimisation technique
used for solving combinatory, discrete and general mathematical optimisation
problems [35]. In general, for a given problem, BnB aims to explore the
search space in intelligent way considering all solutions and return an optimal
one. BnB is based on a divide and conquer strategy, which breaks down the

problem into subproblems over a tree structure. Each node corresponds
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to a subproblem, and the process of dividing a node into subproblems is
called branching. The bounding process is used to avoid useless branching;
therefore, at each node, the objective value is computed and the current node
is bounded according to this value. If further branching does not achieve
a better objective value than the previous one, the branch is pruned (or
fathomed). In addition, branches can be pruned if we obtain an infeasible
solution, which occurs when there is no solution satisfies the constraints of
the problem [36], 37].

As mentioned above, BnB can be used to solve discrete problems; there-
fore, it is formulised in the 0-1 loss optimisation setting [21] 22]. The objec-
tive function aims to reduce the sum of individual losses and can be written

as:

N
min » 1 [yndn < 0] (2.3.2)

n=1
where 1[.] is an indicator function that gives 1 if the condition is ture and 0
otherwise.

Thus, we need to find the optimal assignments that achieve the min-
imum sum of losses. f can be obtained by solving linear programming
(LP). LP is a mathematical optimisation that requires to find the opti-
misation variables that achieve the best value for the objective function
(which can be maximisation or minimisation) and satisfy all given constraints
[38]. For example, if we have three points, p;, p; and pg, whose loss values
l;,ljand Iy, are {1,0, 1}, then LP should find f that satisfies these constrains
{vi9: < 0,y;9; > 0,y < 0}

In fact, BnB requires a suitable heuristic strategy to avoid exponential
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worst-case performance. Therefore, a good initial assignments can help to
prune a large portion of assignments that have empirical risk larger than
initial one, which helps to accelerate the search. For instance, points that
are far away from the decision boundary produced by the initial solution
should be selected first for branching, and they should be assigned the same
initial losses in the tree; only points that are close to the decision boundary
are more likely to be changed.

A part of the heuristic strategy proposed in [22], refers to checking the
feasibility of solution. A forward checking is used; each point belonging to
the convex hull of previously assigned points should have the same label,
otherwise, the current node will produce an infeasible assignment.The actual
time complexity of BnB depends on the heuristic strategy and the initial

solution that is followed.

2.3.1.3 Prioritised combinatorial search

Prioritised combinatorial search (PCS) is another combinatorial algorithm
which was designed to find a hyperplane that has a minimum 0-1 loss by

checking all hyperplanes that pass through D selected points for a given

N

data. This means that the size of the search space is ( D

) and the optimal
one will be one of the (g) hyperplanes, see Figure [2.3.2

PCS works as follows: select a subset of points Pp € M and find a
hyperplane that passes through these selected points Pp; each point should

satisfy the following equation:
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label 1
X label -1
-------- PCS decision boundary
— Optimal decision boundary

Figure 2.3.2: Plot showing the main concept of PCS. Solid line is the decision
boundary that optimally separates two classes, and dashed line is the decision
boundary obtained from PCS, which goes through two points and gives the
same prediction as the optimal one.

f=w'z,+1=0 Ve, ePp n=12...D (2.3.3)

The above equation can be written as w'A = —1, where A = {x1,...,2p}
is a matrix and —1 is a unit vector. PCS sorts the points based on the initial
solution in ascending order, in which points nearest to an initial solution are
combined first. For each solution, 0—1 loss should be calculated and returned
f that achieves a minimum 0-1 risk. Points lie on the decision boundary are

classified into both labels and the label with the lowest 0-1 risk is selected.
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2.3.1.4 Combinatorial search approximation

Combinatorial search approximation (CSA) is a prioritised version of PCS,
with the main difference being that PCS goes through all combination of D
points. CSA starts the search process from the points nearest to an initial
solution and terminates when there is no more combination of D points left.
The combination of D points depends on their distance to the initial solution;
the nearest points will be selected first. In CSA, the search process is split into
two stages. First, the search space is reduced to m points nearest to the initial
hyperplane, where m is the value specified by the user. Second, the optimal
combination obtained from the first stage is swapped between two points
x; and x;, where x; is in the current combination and x; is any point that
does not belong to the current combination. Then, the f that corresponds to
the new combination is found and evaluated. If the new combination achieves
a better 0-1 loss, then the current combination is updated [22]. PCS and
CSA can only work when N > D. In addition, PCS is an intuitive direct

0-1 loss minimisation algorithm that has not been proven theoretically.

2.3.2 Local derivative-free descent techniques

Derivative-free local optimisation is an alternative approach of using local
optimisation techniques when the derivatives of a function are unavailable. In
fact, there is no systematic way to find the gradient amount and the direction
of descent in which a small change in the classifier parameters can lead to a
massive jump in the loss value [39]. Derivative-free local techniques, such as

gradient descent and coordinate descent, have been used in [24] 40|, 4T, [42].
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Perceptrons by coordinate descent (PCD) [40], is a derivative-free co-
ordinate descent, which uses the perceptron algorithm to update a single
coordinate at each step. Perceptron is a binary classification algorithm
that uses the perceptron learning rule (PLR) [43], to update w, when the
prediction over some points is wrong. Let w be a classifier parameter,
wPt = (W wh, ..., wP), w® be a bias term and w’ be a weight associ-

ated with each dimension of the features. Only misclassified points are used

to adjust a single coordinate w' which can be achieved as follows:

wi,, =w, +a(yz') (2.3.4)

where « is a learning rate that determines the step size. PCD is applied
repeatedly until all training points are correctly classified.

In [41], [42], stochastic gradient descent (SGD) was used instead of coordi-
nate descent. SGD is a local technique that updates all classifier parameters
at once, where the update depends on a small portion of randomly selected
training points. If the selected points are classified correctly, then no change
will be made to the current classifier parameters; otherwise, the classifier pa-
rameters will be updated according to only misclassified points. The pocket
strategy is combined with the perceptron to solve the stability problem in
[41], if the data are not quite linearly separable. The pocket strategy pre-
serves the best-till-now classifier parameters that incur a small training error
during iterations. This means that the classifier parameters will be updated
as long as we have misclassified points; however, the best classifier parame-

ters among all these updates will be saved and used to predict unseen points.
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In [42], the voted-perceptron algorithm (V-PSGD) was proposed, which re-
tains all classifier parameters w,—; 2 r that have been produced during the
training process and assigns a weight to each w,. The weight value v is
calculated from the number of iterations over which the current classifier pa-
rameters have not changed. This means that a higher weight v is assigned
to the classifier parameters that predict most of the training points correctly
before change. For prediction, each unseen point should be classified by all
weighted classifier parameters, and the final label is assigned based on the

sum of votes such as follows:

R
7 = sign (Z Uy sign(wf,x + wff)) (2.3.5)

r=1

Another method that uses perceptron is random coordinate descent (PRCD)
[24]. PRCD is slightly different from the previously described algorithms, in
which the descent direction and descent step are different. PRCD does not
use misclassified points to update the classifier parameters. The descent di-
rection yx in the is replaced by the randomly generated d vector; thus,
PLR can be described as follows:

W4, = W, + ad (2.3.6)

where, variable d is generated randomly by a gaussian distribution. Each

component in vector d is obtained randomly in the range of the feature mean
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and variance.
PRCD does not use a fixed descent step «, which should be determined at
each iteration. For a given d, the optimal « is found by solving the following

optimisation problem:

min 1 |y sign| d'z; W +a) | <0 (2.3.7)
acR o 4 56 ‘ diz; o o

The inner product of sign((w + ad, z)) is equivalent to sign (dt:vi (1’;:;”1 + a) ) :

thus, « is treated as a bias term in (2.3.7)), and d and a € R.

We can conclude that method-based local derivative-free descent tech-
niques can minimise the 0-1 risk for linear separable data; however, for non-
separable cases, the global optimal solution is not guaranteed to obtain by
these techniques [44], even though the obtained solution in the linear sepa-
rable data is not unique, as there are an infinite number of hyperplanes that
yield the same training error. In addition, derivative-free local techniques are
probably stuck in a local solution, and the right direction cannot be known.

This makes the behaviour of local techniques wiggly and unstable.

2.4 Surrogate loss functions and associated op-
timisation algorithms

The current sophisticated machine learning classification algorithms comprise
a surrogate loss function and an optimisation algorithm. In this section, the
most commonly used loss functions as a relaxation of 0-1 loss, as well as

their optimisation techniques, are discussed.
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Figure 2.4.1: Loss value that will be allocated to any misclassified point
for lperceptron. Compared to lo1, lperceptron assigns a real loss > 0 for the
misclassified point.

2.4.1 Perceptron loss function

Perceptron loss, proposed by Frank Rosenblatt [129], is a piecewise function
that penalises the misclassified point according to its distance from the deci-
sion boundary. The formula of the perceptron loss function can be expressed

as follows:

R _yn?jn yngn S 0
lperceptron (yna yn) - (241)

0 YnUn > 0
For a given point z, and any measurable continuous function f, a per-
ceptron loss will be zero if sign (9,) = vy, and real positive if sign (9,)# yn.

Figure shows the loss value with respect to the predicted label.

The loss value of the misclassified point is not bounded, and the larger
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the distance, the greater is the loss value. The principle of perceptron loss
is simple and easy to understand; moreover, it is continuous, convex and
differentiable everywhere unless at the corner at point zero. These properties
make perceptron loss more efficient and preferable in optimisation than the
basic classification loss. The gradient of the non-differentiable point is a set of
sub-gradients, usually referred to as sub-differential. Each point should have
a single tangent line to be differentiable; if the point has several tangent lines,
then this point has infinite sub-gradients, all of which satisfy the following

inequality condition [46], 47]:

fx) = f (n) + q(x — 20) (2.4.2)

The right hand side of is a tangent line at point x,; the line that
passes x, should be below the curve of function [26]. ¢ is a gradient (also
known as a slope). In the case of perceptron loss, the gradient at yg = 0 is
a set of sub-gradients in the range [0, —yz|. Figure provides a visual
explanation of the sub-gradients of a non-differentiable point (i.e. yy = 0).
In practice, it is sufficient to find any one sub-gradient g € ¢, and g = —yx

is usually considered.

2.4.1.1 Perceptron algorithm

The perceptron algorithm is a simple machine learning algorithm that op-
timises the perceptron loss through the SGD optimisation algorithm. The
starting point can be any random initial point. It requires the gradient of

loss function to be known; thus, finding a global minimum point is straight-
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Figure 2.4.2: Difference between differentiable point in Figure and
non-differentiable point in Figure 2.4.2b] yy = 0 has several tangent lines
(shown in blue), and each tangent line has a different slope.

forward. The classifier parameter w and bias b are updated, as follows:

) —yx yy <0
V (y) = (2.4.3)
0 yy > 0

Vi (y3) = —y
Wiyr = wy +aV (yy)
bitr = by +aV, (yy)

(2.4.4)

where wy, indicates the classifier parameters obtained after updating, and
w,., b, only changes if yy < 0.

The perceptron algorithm finds the decision boundary that can classify
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datasets with minimum training error. It does not have any constraint on
choosing the decision boundary. The model obtained by the perceptron algo-
rithm sometimes exhibits poor generalisation performance on unseen points.
This is due to the lack of a technique for finding the optimal unique solution
such as optimising the separation distance of two classes. For more details

on the perceptron algorithm, please refer to [44] [4§].

2.4.2 Hinge loss function

Hinge loss is a common loss used in support vector machine (SVM) algorithm;
it was introduced in [49]. Compared to perceptron loss, hinge loss is more
robust and generalises well on unseen points. It helps to find the optimal
decision hyperplane from an infinite number of hyperplanes. The optimal
decision hyperplane can be defined as a hyperplane that separates the points
of different labels and maximises the distance between their two closest points
[49]. Not only does this provide a unique solution for the training set, but
maximising the margin between two labels over the training set also leads
to better classification performance on unseen points [9]. Hinge loss can be

described as:

lhinge (an yn) = max <07 1 - yngn) (245>

It clearly shows that hinge loss penalises points that have margin less than

one even if correctly classified, whereas in perceptron loss, only misclassified

points are penalised. Figures [2.4.1 and [2.4.3| show that perceptron loss and
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Figure 2.4.3: The loss function curves for lhinge and loi. lhinge i an upper
bound for [y;.

hinge loss have the same curve, and the only difference lies in the threshold
value used for the punishment.

SVM is considered a powerful binary classification algorithm that provides
an optimal and unique approximate solution for 0—1 loss if the data are free
from noise [I8, 19]. The optimisation problem of SVM is to find a linear
separable hyperplane that can separate the points of different labels with a
minimum sum of hinge loss, where the distance between the closest points
from either label to the hyperplane is maximised. The optimisation problem

can be formulated as follows:

1
minimize §||w||2 (2.4.6)

subject to Yy, >1, n=12...N
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This formula is hard-margin SVM, where the points satisfying
YnYn = 1 are referred to as support vectors (SVs), which are used to deter-
mine the hyperplane position, and deleting any of these SVs will change this
position.

In real-world datasets, hard-margin SVM with a non-separable dataset
is infeasible. The possible solution is to relax the constraint in and
let some points lie on the margin or even on the wrong side of the decision
boundary. This can be achieved with a slight change in the objective function
by introducing the slack variable . Thus, the optimisation problem

can be reformulated as follows:

N
L Ay
minimize §HwH + ; Cn (2.4.7)

subject to v,y >1—C,, n=12...N

G20

The above formula is soft-margin SVM, where A is the parameter that con-
trols the trade-off between minimising the misclassification error (we should
define a small value of \) and maximising the margin (we should define a
large value of \). ¢, takes 0 value for a correctly classified point and a pos-
itive real value if the point is far away from the right marginal hyperplane.

A marginal hyperplane is one that passes through support vector points.
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SVM can be formulated as a primal or a dual optimisation problem. The
former problem should be solved over the feature space; the number of pa-
rameters that need to be optimised should be equal to the feature dimensions
D plus the bias term b. In contrast, the latter problem should be solved over
the input space; the number of parameters that need to be optimised should
be equal to the number of points IV, and the b term becomes a constraint that
should be satisfied during the optimisation process. In some dual optimisa-
tion algorithms, the b term is included implicitly by increasing the feature
space by one dimension filled with one value [50]. Here, we will describe only

the primal optimisation problem.

2.4.2.1 Primal optimisation algorithm

The primal objective function can be solved as an unconstraint optimisation

problem, where (2.4.7)) can be simplified as:

N
A

minimize §HwH2 + Zl max (0,1 — y,9y) (2.4.8)

The Pegasos algorithm (shorthand of Primal Estimated sub-GrAdient

SOlver for SVM) was proposed to solve (2.4.8) [5I]. It is very simple and

quite similar to the perceptron algorithm. The gradient and updating step
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of (2.4.8) can be descried as follows:

Vu, = w—1[yyg < 1] yx (2.4.9)
Vi, = —1lyg <1y
Wyry1 = Wy + avwr

br+1 = br + avbT

where « is defined as % in the Pegasos algorithm, where r is the current
iteration number.
The primal optimisation problem is preferred to be used when the number

of points is very large and the feature dimensions are relatively small.

2.4.3 Logistic loss function

Logistic loss (or log loss function) is a loss function that was introduced with
logistic regression (LR) [52], and has been extensively used in deep learn-
ing algorithms in several applications, such as image classification, object
recognition/detection and multimedia applications [15], 53], 54, [55]. The LR
minimises the negative logistic likelihood. The negative logistic likelihood
function takes the predicted probability as input, where its value should be
between zero and one, and outputs a loss value within [0, c0). Therefore, to
minimise the logistic loss, we must maximise/minimise the predicted proba-
bility of a 1/0 label. The logistic loss function formula can be expressed as

follows:
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hog (Ins Yn) = —[Yn l0g (Pn) + (1 — yn) log (1 — py)] (2.4.10)

where y,, € {0,1} is the true label (instead of {—1,1}), p, is obtained from

1

a transformation function such as the sigmoid function p, = o5

LR is a desirable algorithm for creating a conditional probability model,
in which some applications, such biostatistical applications, need to quantify
the probability of a particular disease to happen or the possibility of its
occurrence in the future [56]. To find the optimal LR model, we must update
the classifier parameters based on the predicted probability of points for the
current classifier. The misclassified point is determined differently from SVM
or the perceptron algorithm, in which if p, < t and y, = 1 or p, > t and
Yn = 0, where t = %, is a prediction threshold value, then the point is
misclassified. In addition, correctly classified points contribute to the total
loss as long as the loss value > 0 [54].

Logistic loss has suitable properties that facilitate its easy optimisation
using any unconstrained optimisation technique. The gradient descent (or
SGD) is used to identify the optimal classifier parameters, where the classifier
parameters are iteratively updated based on the gradient of the logistic loss

function, which can be computed as follows:

Ve = [Pn = Yn) Tn (2.4.11)

~

Vb'r =DPn — UYUn
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Figure 2.4.4: Logistic loss and 0-1 loss curves. The distant correctly classified
points contribute to the total loss.

Although the logistic loss function is easy to optimise and maximise the
probability of correct classification, the loss value is calculated more inten-

sively than hinge loss, and it is very affected by the outliers, see Figure [2.4.4

2.4.4 Smooth 0—1 loss

The 0-1 loss function can be smoothed using a modification of the sigmoid
function, where the degree of smoothness is controlled by a smooth parameter

k. Smooth 0-1 loss (SL) can be expressed as:

1

_— 2.4.12
1+ ekaynyn ( )

lsl (gn7 yn) =

A small value of k yields a very smooth approximation of 0-1 loss with

one local minima, whereas a large k produces a sharp approximation of 0-1



CHAPTER 2. BACKGROUND REVIEW 36

loss with several local minima (Figure . k is a hyperparameter that
should be chosen properly for a better approximation. SL was proposed
to limit the loss value that is assigned to the outliers. Smooth 0-1 loss
approximation (SLA) is a classification algorithm that optimises SL by a
combination of optimisation techniques: coordinate decent and hill climbing
[22]. Both techniques belong to the family of local search, and due to the non-
convexity of SL, an exhaustive search can be made to avoid getting stuck in
the local solution. Coordinate decent was described in the previous section,
and hill climbing will be described in the following subsection. SL can be

derived as follows:

V= A
(1 + ekaynyn)2

(2.4.13)

Wyi1 = Wr — aVy,

2.4.4.1 Hill climbing optimisation technique

Hill climbing is an iterative algorithm that starts with an initial arbitrary
solution and then uses a heuristic search to find the best solution by making
an incremental change to the current solution. If the change achieves a better
solution, then the current solution is replaced with the best one, and so on,
until no further improvement can be identified [57]. Hill climbing can get
stuck in the local minimum solution. The local minimum solution is the
best among the nearest solutions but is not a global optimal solution. This

means that a small change in the local minimum solution cannot produce
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Figure 2.4.5: [2.4.5af degree of smoothness with respect to the k parameter,
where a small value yields a smooth curve and a large k creates a sharp curve.
Loss value that will be assigned to the point based on the prediction
margin 7.

any improvement. Therefore, if the current solution cannot improve after r
specified increment changes, then another initial solution is created to find
another best solution. Finally, all local minimum solutions are compared, and
the best solution is selected. Hill climbing can perform parallel local search by
generating several initial solutions simultaneously, and then performing local

search with respect to each initial solution. Finally, the best local minimum

solution among them is considered the best solution [58].

2.5 Competing views of ERM

In fact, ERM depends on two main factors: the loss function used and the
capacity of the hypothesis space [59]. The capacity of the hypothesis space

is managed by a trade-off between bias and variance, which has recently
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become a controversial topic based on two main views: the conventional
wisdom view and the modern interpolation view. These are described in the

following subsection.

2.5.1 ERM-based conventional wisdom view

The conventional view is widely accepted in the machine learning commu-
nity and is based on the bias—variance trade-off. The conventional classifiers
rely on managing the model complexity to obtain a low generalization error.
The Model complexity refers to how the training model captures the relation
between the features set and the label [60]. It has been observed empiri-
cally, a training model that learns everything in the training set has a bad
performance on the unseen points, this is known as overfitting. Overfitting
occurs when the learning model is very complex and captures everything in
the training data [60], 61]. Classifiers based on conventional view prevent
overfitting by avoiding fully fitting the training data.

In fact, there are several factors cause overfitting, such as the presence
of noise, the amount of training data is insufficient and the complexity of
classifiers [60]. To mitigate the effects of overfitting, various strategies are
suggested, such as early stopping, pruning, regularisation and ensemble tech-
nique. Early stopping is used to monitor the performance of the algorithm
during training. This technique is widely used in neural networks, as by
training the neural network and updating the classifier parameters, the val-
idation error is calculated on a separate set called validation set. We keep

tracking the validation error during the training process and terminate the
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training process when the validation error stops decreasing or starts increas-
ing. The classifier parameters with respect to the minimum validation error
are used for prediction. This technique shows a higher generalisation level
and guarantees that the fitted model will not overfit or underfit [62].

Pruning has the same objective and is generally used in the decision tree.
Rather than creating a model that fits all training points, where each leaf
node contains a single point or points with a single label, we limit the num-
ber of leaf nodes or prune the nodes according to the specified threshold
parameter [63], [64]. Another way to avoid overfitting is regularisation, which
is commonly used to reduce the model’s complexity. It helps to shrink the
classifier weights of unwanted features; this helps to have a model capture
the essential features for classification and simplify the model [65, 66]. To
achieve this, a regularisation parameter should be set properly to find a better
balance between overfitting and underfitting. The ensemble technique is an-
other good strategy to prevent overfitting through combining the predictions
of multiple models trained on a subset of training set [67, [68]. Combining
several classifiers does somewhat smoothen these decision boundaries and
produce a new well-generalised decision boundary [6§].

In contrast, underfitting occurs when the model is very simple and cannot
capture the underlying relationship between the features and label, resulting
in poor prediction on test set [69]. Sometimes, this can result in avoiding
overfitting; to reduce the model complexity, we may produce a weak model
[70]. In addition, underfitting can also be attributed to poor hyperparameter
selection [7I]. To avoid underfitting, we might need to increase the model

complexity, which can be achieved by avoiding early stopping or increasing
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Figure 2.5.1: Training and test errors with respect to the conventional view
regime. The test error usually has a U-shaped curve and training error always
has a decreasing curve, where the highest risk lies with underfitting and lowest
risk lies with overfitting. Excessively increasing the model complexity leads
to overfitting, whereas excessively decreasing the model complexity causes
underfitting. Managing the model complexity is a very difficult task. The
sweet spot shows the optimal balance between underfitting and overfitting.

the number of predefined hyperparameters of the model [69, [70, [72]. Un-
derfitting or equivalently high bias can be easily recognised when empirical
risk is very large. The conventional view relies on finding a better balance

between variance and bias; see Figure for further explanation.

2.5.2 ERM-based modern interpolation view

The modern interpolation classifiers have shown that the training model can
achieve zero empirical risk on the train set and high accuracy on the test set

[73, [74], [75]. The interpolation view can be described as a regime in which
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the train set is classified correctly, and when the parameter of the model
complexity increases, the generalization risk decreases. The state-of-the-art
machine learning algorithms based on modern interpolation view include a
deep-structured neural network, random forest (RF) and adaptive boosting
(AdaBoost). Minimising the empirical risk to have exactly zero has been
avoided in the conventional view because of the training model practically
having poor generalisation on the test set. The justification of this is the
model with zero empirical risk is highly complex, capture the noise, memo-
rise the training points and cannot estimate the true function that links the
points to their true label [60] 61, 69]. However, classifiers based on modern
interpolation view show different generalization performance that conflicts
what has been observed with conventional classifiers. Despite the conven-
tional classifiers showed that the training model that fits the noise points has
a bad performance on the unseen points, the interpolation classifiers showed
that the fit of the noise points does not degrade the ability of the classifier
to predict the test points [75, 89]. In fact, increasing the model complexity
after reaching overfitting peak and having zero training risk help to decrease
the generalisation risk, this has been observed in the modern interpolating
regime, see Figure

Recently, several contributions have attempted to understand the success
of interpolation algorithms. One of these attempts has been to understand
the role of margin in the interpolation model [76] [77, [78, [79]. AdaBoost
is a common algorithm whose success is likely attributed to its ability to
increase the margin of points. This was observed in practice when AdaBoost

was run for several iterations, and the generalisation error decreased even
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when the empirical risk was zero [80]. This is justified as decreasing the
generalisation error is attributed to increasing the prediction margin of the
points. However, it is not clear how AdaBoost maximises the margin. In
the optimisation theory, there is no explanation regarding why the training
error is zero, and still the test error continues to decrease [8I]. Based on
this finding, several investigations were conducted. Breiman [76] took a step
to investigate whether there is a relationship between the generalisation risk
and margin. They designed an algorithm called Arc-gv, which explicitly
maximises only the smallest margin of the training points. Arc-gv is different
from AdaBoost, where the prediction coefficient changes according to the
minimum margin of the training points [76].

They concluded that there is no relationship between increasing the mar-
gin and generalisation risk reduction. In fact, the generalisation risk of Arc-gv
is worse than that of AdaBoost [76]. Since then, several contributions have
been made to increase the margin of the points |77, 79, 82] 83]. All these
contributions follow the same way, which updates the prediction coefficient
with respect to the margin of the selected points; however, the margin was
calculated differently in their work. Increasing the margin of the selected
points results in a worse performance than AdaBoost. This finding was in-
terpreted in [77] as the main reason why AdaBoost’s success more likely relies
on the margin of entire data is maximised, not just focusing on maximising
the smallest margin of the training points (i.e. Arc-gv) [76], or a subset of
the training points [77, [79, 82], 83]. In fact, the success of AdaBoost’s per-
formance is linked to the margin intuitively, and the role of the margin in

reducing the generalisation risk remains an active area of research.
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In addition, the success of deep-structured neural networks is attributed
to over-parameterisation [73], 84, 85, 86]. As long as the structure of the
neural network increases, the number of parameters increases, thereby in-
creasing the model complexity. In [87] showed that increasing the struc-
ture of neural networks is related to the complexity of data, more layers are
needed if the data is more complex. However, in [88] pointed out that over-
parameterisation is necessary to have a smooth boundary that is robust to the
slight noise added to the original features. Recently, it has been shown that
deep neural networks are able to fit the training set exactly even if the data
is corrupted by a high noise level [75, 89]. There is no clear understanding
regarding why deep learning is successful; the complex structure of deep neu-
ral networks makes the predictive model less understandable. Even though
several empirical studies have shown the role of over-parameterisation in re-
ducing the generalisation risk and empirical risk, there are significant gaps in
our understanding, and there is no rigorous explanation for the generalisation
performance in the interpolation regime |73, [74], [75].

RF is an interpolation classifier that combines several decision trees,
where each tree is trained on a subset of points with random feature se-
lection. RF uses a decision tree as a base classifier, it fits the training data
exactly by constructing deep decision tree without using pruning strategy;
however, compared to a single decision tree built by using all features set
(which is based on a conventional view), RF achieves superior performance
and low generalisation risk, which makes it an off-the-shelf classification al-
gorithm for many applications [90, 91]. The success of RF as a good inter-

polation classifier is attributed to the self-averaging mechanism, which helps
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Figure 2.5.2: Training and test errors with respect to the modern interpola-
tion regime. The test error decreases in the modern regime after reaching an
overfitting peak (interpolation threshold) and continues to decrease until the
test error in the modern regime is less than that in the classical (conventional)
regime.
to smoothen the prediction results [90]. Adaboost, deep learning, and RF
have been shown that they have a double descent curve. Any classifier has a
double descent curve is considered as a modern interpolation classifier.
Despite the superiority of these interpolation classifiers, it is possible that
the reason behind the success of these classifiers does not depend on a spe-

cific factor and may have several factors that can be combined to produce a

powerful interpolation classifier.

2.6 Inadequacies of previous work

Two different ways to optimise the 0-1 risk were described. In addition, we

discussed the ERM views that have conflicting opinions. In this section, we
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will highlight the limitations of the existing works.

Minimising the convex surrogate loss functions is attractive due to the
efficient method of finding the global optimal solution using numerous exist-
ing optimisation methods. However, the convexity property makes the loss
value unbounded, thereby, increasing sensitivity to outliers and the amount
of overlap between labels, as well as further issue produced for the imbalance
label problem [15]. In real-world data, these issues are often present. In this
context, the attention is focused on solving these issues by mitigating the
outlier effects through the application of detection and removal strategies
[18, 19] or limiting the loss value assigned to the unwanted point by intro-
ducing a robust non-convex surrogate loss function [3, 22]. To address the
imbalance label problem, resampling and sampling weights are the common
strategies [20, 02, O3]. In these cases, when the surrogate loss function is
not a good approximation of the 0-1 risk function, directly optimising the
0-1 risk is required [22]. This is because the 0-1 loss provides a constant
loss value (not continuous real value like surrogate loss functions) for any
distant misclassified point, therefore it is robust in the presence of noise. In
addition, correctly classified points do not contribute to the total sum of the
loss values, 0—1 loss only penalizes the misclassified points, therefore 0-1 loss
does not affect by the imbalance label problem.

The difficulty of directly solving the problem led to the limit of 0—1 risk
minimisation algorithms. BnB solves the combinatorial optimisation prob-
lem relatively faster than the Brute-force algorithm [94]. However, its actual
time complexity, in terms of the best and worst cases, varies from one dataset

to another, with the reasons behind this variance remaining unknown. More-
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over, the PCS algorithm is considered a direct 0-1 risk minimisation algo-
rithm, while its complexity class is unknown [22]. Methods based on the local
derivative-free descent techniques do not have limited solution space (such
as BnB or PCS), therefore, the optimal global solution is not guaranteed as
these methods do not enumerate all solutions and select the optimal one.
There is no provably exact algorithm for 0-1 classification loss minimisation
in polynomial time.

The second part of this thesis discusses the ERM views. The modern
interpolation ERM view has recently appeared [73]. However, the main
factors that participate in creating an interpolation classifier without de-
grading the generalisation performance remain to be elucidated |75, [77, [95].
Empirical studies have failed to unravel the reasons for AdaBoost’s success
[77, 79, [82), 83]. While the success of RF has only been practically demon-
strated [90], the success of deep neural networks is tied to several explanations
[73, [75, 87, 88]. Notwithstanding, the complex structure and the huge num-
ber of parameters of deep neural networks make it difficult to find a rigorous
explanation [96].

Some algorithms still function according to the ERM-based conventional
wisdom view and have not been examined under the ERM-based modern
interpolation view, such as the KNN algorithm for K > 1 [74, 97, 08]. Un-
derstanding the success of the interpolation classifier depends on the com-
plexity of the algorithm’s structure. KNN is easy to implement and simple.
Therefore, developing a KNN algorithm and studying its performance under
the modern interpolation view is definitely a field of opportunity to cover this

knowledge gap and contributes to understanding and analyzing the success
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of interpolation classifiers.

2.7 Summary

In this chapter, the general characteristics of loss functions in terms of con-
vexity and differentiability are presented. These properties are important
in determining the optimisation algorithm that should be used, where the
degree of optimisation difficulty can be determined from these properties.
The loss function can be classified into convex and smooth, non-convex and
smooth, convex and non-smooth and non-convex and non-smooth functions.
All these functions have been discussed in this chapter, along with their pos-
sible optimisation algorithms. The common machine learning algorithms are
based on ERM, where the loss function used in ERM is different. Recently, a
new approach of optimising ERM has appeared, and fitting the data perfectly
no longer has a negative effect on the generalisation risk. It can achieve zero
emoirical risk as well as low generalisation risk. The reasons behind this are

still under investigation.
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Exact canonical 0—1 loss on

linearly separable data

Surrogate loss functions are used as a proxy for optimising the canonical 0-1
loss indirectly; however, the consequences of this replacement have been stud-
ied in the literature by introducing classification-calibrated loss functions.
The guarantee of exact minimisation of the canonical 0-1 loss was proved
under the conditional surrogate loss function. However, the true conditional
probability is not given, which verifies that the classification-calibration the-
orem is not practically applicable. Therefore, we studied the canonical 0-1
loss and surrogate loss function based on ERM; if both losses have the same
0-1 empirical risk, then surrogate loss is the exact minimiser for 0-1 loss —
otherwise, it is not. In addition, we proved that optimising hinge risk is the
same as optimising 0—1 risk in the linearly separable case; therefore, it can

be used as the exact minimiser for the 0-1 loss in linearly separable data.

48
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3.1 Introduction

Although, the capacity of combinatorial search is exponential — the number
of assignments for NV points in the binary classification problem is 2V not all
these assignments can be separated by linear function. Cover [99] provides an
interesting measure that counts the number of learnable functions that can
separate the data linearly into two classes. The number of assignments that
can be partitioned by a linear function for N points in D dimensional space
is given by a quantitative measure: 221.';0 (le ) for N > D. This measure
helps to reduce the capacity of combinatorial search space to much less than
2N, However, Cover did not provide an algorithm that could find all these
linearly separable assignments or define the expected complexity of such an
algorithm. So far, there is no provably exact, polynomial time algorithm for
0-1 classification loss minimization.

Alternatively, the convex loss function l; is commonly used. Due to
this replacement, a fundamental question was raised in the machine learning
community: Does optimising the surrogate loss function ly on behalf of the
canonical 0-1 loss lg; have statistical consequences for choosing an optimal
function with respect to the original problem ¢ [100), 101, 102, T03]. The
difficulty lies in finding how the two different measures are related to each
other in a way that ensures that the optimising [, leads to choosing the op-
timal function with respect to lp;. This has been addressed by introducing
classification-calibration [100]. [, is said to be classification-calibrated if the
optimal function f7 results of optimising the conditional surrogate risk pro-

vides the same sign as the Bayes function fg = sign(n(X) — 1), where n(z,)
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is the conditional probability of a single point x,, and n(z,) € [0,1]. In
other words, the condition sign(f}(X)) = sign(n(X) — 5) should be fulfilled
in order to say that [, is classification-calibrated. The conditional surrogate

loss is defined as follows:

C(lg,n) = n(@)le(f(x)) + (1 = n())le(—f(2)) (3.1.1)

The above equation simply states that C'(ls,7) has a large penalty when
the sign of f(xz) differs from the sign of Bayes classifier; therefore, minimising
the surrogate loss function according to the conditional probability always
leads to f3(x)(n(z) — 3) > 0 for all z € X, n(z) # § and f € F, which is
referred to as ‘Fisher consistent’ [9].

If I, is Fisher consistent and convex, the sequence of measurable functions

fi + X — R implies the following:

Ry(fi(X)) = R = Roi(fi(X)) — Ry, (3.1.2)

Therefore, [, can be the exact minimiser for the 0-1 loss on linearly sepa-
rable data if it has the following properties: Fisher consistency, differentiabil-
ity and convexity. Pointwise Fisher consistency states a sufficient condition
to have a Bayes consistency. However, the classification-calibration theorem
cannot be verified in practice because the conditional probability is unknown.

Moreover, the optimality of l4 is linked to the Bayes rule, which is never at-
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tained in practice due to the limited data size. In fact, we are interested in
the fj obtained from ERM. Therefore, the main contributions in this chapter

are as follows:
e Simplifying the optimality of /; based on ERM (section [3.2)).

e Proving that hinge risk provides the same 0-1 empirical risk (section

53).

3.2 The optimality of the canonical 0-1 loss in
the surrogate losses

There are multiple alternative functions ¢ which are typically used as surro-
gates for the 01 loss. In particular, the hinge loss, a defining component of
the SVM is a convex, piecewise linear, upper bound on the 0-1 loss. Simi-
larly, the convex logistic loss, which is differentiable everywhere and also a
upper bound on the canonical 0-1 loss. The optimal function f} with re-
spect to the choice [ needs to be found by solving the optimisation problem.
When the minimum is not unique and leads to a set of functions, we break
ties by choosing one of them arbitrarily. Optimal classification functions are
unavoidably specialized to that risk/data combination, as captured in the

following theorem.

Theorem 1. Let [, f; € F be the optimal classification functions under the

empirical risk functionals Rm,_ﬁi¢ respectively where ¢ is not the canonical
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0-1 loss. Then the following inequality holds:
Ry (f31, M) < Roy (5, M) . (3.2.1)

Equality is only obtained when fg (v) = f} (z) for all x € X.

Proof. By the definition of f, we have Ro (f&, M) < Ro (f', M) for all
f" € F, and since f} is one of those functions f’, then the inequality part
of (3.2.1) holds. If the risk functional }% has the same minima with respect

to f as Rop, then f (z) = fs (z) for all ¥ € X so that the equality part of

(3.2.1)) holds. O

To paraphase, this simple theorem says that, for a given fixed data set M,
the only prediction functions which are guaranteed to minimise the canonical
0-1 loss, are those which are optimal under that 0-1 loss. No other surrogate
loss ¢, however mathematically convenient, can achieve a better empirical
risk. The inequality is not strict however, so there are indeed special cases
where a function f7 optimal for a surrogate loss ¢ can achieve the same risk
as the 0-1 loss; but this is not the case in general and is not something which
is easy to arrange as it depends upon properties of the data set which may
be unknown. We will discuss the important special case of this where the
hinge loss and linear classification functions for linearly separable data later,
for example.

What these results mean is that the common practice in machine learning
of changing the risk function during evaluation of classification performance,
or substituting a surrogate loss function for the 0-1 loss for mathematical

convenience, loses the optimality guarantee provided by([2.2.2]). One part of
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this thesis is about trying to retain this guarantee to improve the quality of

classifiers.

3.3 The hinge loss selects the 0—1 loss optimal
linear model for linearly separable data

Hinge loss is an upper bound loss for 0-1 loss that can minimise R exactly
under a certain circumstance. Optimisation algorithms that are used to
reduce it are effectively able to minimise the 0-1 loss exactly and find the
unique optimal ff .., where fii . = fg;, only if fg; is unique, otherwise
Jhinge € F31, where Fg is a set of functions that provide the same optimal 0-
1 risk. Here, we will prove that optimising the hinge loss selects the optimal

linear model for the 0-1 loss.

Theorem 2. For linearly separable data and linear classification models:

ROl (f517 M) = R301 (f}tinge? M) =0 (331>

Proof. To begin, note that, for given, linearly separable data M, f can be

obtained by solving a constraint satisfaction problem, formulated as:

Find f (3.3.2)

subject to Y,y >1, n=1,2...N

Similarly, for given data M which is not linearly separable, f can be obtained
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by solving a modification of the above, the following constrained optimisation

problem:

N
minimize Z Cn (3.3.3)
n=1

subject to  y,Un >1-¢,, n=1,2...N

G =0

Because the classification model is linear and the data is linearly separable,
all N constraints of the constraint satisfaction problem are satisfied.
This implies that we must have y,y, > 1 for all n = 1,2... N. Next, we
note that the variable ¢ can be expressed equivalently using the hinge loss,
¢ = max(0,1 —yy). By substituting this into (3.3.3]), we convert this into an
unconstrained optimisation problem, then the minimization problem can be

written as:
N
minimize > max(0, 1 — yn ) (3.3.4)
n=1

Now, (i) since all the constraints in the satisfaction classification problem are
satisfied, then Rot (fo1, M) = 0, therefore the optimal value for ¢ in the con-
strained optimisation problem will be (,, = 0 for all n = 1,2... N. Further-
more, (i) as ¢ = max(0,1— ), then we must have 3>~ max(0,1—y,3,) =
0. Finally, combining (i) and (ii), we have Ro (f,, M) = Ry (fﬁinge, M) =0,

thus proving theorem [2] O
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To summarise, the hinge risk can be optimised to have exactly zero value
for linearly separable data. This also means that the 0-1 loss can be replaced
by the hinge loss in linearly separable case. It is possible to show that other
surrogate loss functions (i.e log loss) have zero empirical risk under their
measure on certain conditions such as the minimum prediction margin > a
specified threshold value, where the specified threshold guarantees to have

zero surrogate empirical risk.

3.4 The empirical risk R in practice

Proving theorems[I| and [2| practically is just straightforward. A simple exper-
iment can be done on a single dimensional data, X is generated randomly,
where X€ R' and Y={-1,1}, y;={1 : Vo; > 0 and —1 : Vo; < 0}. We
use a simple classification rule: f (z;w;b) =w'z + b = §J, where w and b € R
are the parameters to be optimized for determining f* over a given M and
[. The optimal w} and b; depend crucially on a chosen loss function [. To
figure out whether the optimal f} produced by minimising ﬁi¢ is equivalent
to the optimal fj; produced by minimising Ry in linearly separable data and
Roy ( fﬁinge) = Ry (f2,) = 0. Figure shows the result of minimising R

based on ly;,lhinge and liog.
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Figure 3.4.1: shows the curves of surrogate loss ¢ and 0-1 loss. The horizontal
dotted line shows the optimal f* that minimise the R, with respect to ly.
The optimal f§; is not unique based on lo1, and lpinge finds f7;, that exactly
achieves the same the optimal solution. Optimal solution is the solid black
line.

3.5 Summary

In this chapter, we discussed the optimality of the canonical 0-1 loss function
in the linearly separable case. In practice, we only have access to the training
set. The optimal function with respect to the surrogate loss functions can
be assessed in terms of the original empirical 0-1 risk. If the same empirical
risk is achieved, then surrogate loss is the exact minimiser for the 0-1 loss.
In addition, optimising the empirical hinge risk always leads to the same

empirical risk for 0-1 loss in a linearly separable case.



Chapter 4

Direct 0—1 risk minimisation on

overlapping data

Abstract

Algorithms based on optimising 0-1 loss directly are compared in terms of
theoretical and actual time complexity in this chapter. T-PP and PS-SVs
are the abbreviations for our new direct 0-1 risk minimisation algorithms,
which aim to solve the combinatorial problem in polynomial time. There
are second-order factors, which are dimensionality of data and overlap width
that have an influence on increasing the search space, thereby increasing
the execution time. According to our study, the theoretical and actual time
complexity levels of PCS and CSA increase as the dimensionality of data
increases, whereas in BnB, the time taken to minimise the 0-1 risk depends
on the degree of overlap between classes. The best case is when there is a

small overlap between classes, and the worst result is with a large overlap.

o7
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The actual time of T-PP is constant and is not affected by the dimensionality
of data or the overlap width. PS-SVs reduces the search space of the T-PP
algorithm, making its actual time complexity much better than that of T-PP.
These findings are obtained from extensive experiments conducted on eight

small synthetic and five real datasets.

4.1 Introduction

There are combinatorial problems that are thought to be much more difficult
than polynomial complexity, under the hypothesis that P # NP [104] [105].
For those problems that are shown or suspected to be NP-hard, prioritising
the search process may be useful in practice. Prioritising the search for a
non-convex problem highly depends on the initial solution and the heuristic
strategy [4]. For instance, different starting points may result in different
final solutions, and the gap between the initial solution and the global opti-
mal solution can increase the solution time [4, 106]. In real-world data, it is
difficult to compute the gap unless a global solution is given. This usually
happens on artificial data, where the optimal solution is known, and evalua-
tion will be carried out on a set of different initial solutions to find the best
one with the minimum gap. For this kind of problem, a good initialisation
strategy can help start the search in a more promising area [107].

The second key factor is the heuristic strategy that will be followed after
the initial solution. The heuristic search refers to intelligent search method-
ologies that are designed to accelerate the search process for solving com-

putationally hard combinatorial problems when the capacity of search space
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is huge and the exact algorithm cannot find an optimum solution within a
reasonable amount of time [I08]. The heuristic strategy that obtains the
best local minima among other heuristic search strategies can be translated
into the best heuristic strategy to obtain the global minima solution [108].
Thus, finding a good initial solution and a good heuristic strategy contribute
to speeding up the search process for combinatorial optimisation problems.
BnB is a prioritised version of the Brute-force algorithm, and CSA is designed
to reduce the search space of the PCS algorithm [22]. The main contributions

in this chapter can be summarised as follows:

e Defining the complexity class of PCS (subsection {4.3.3)).

e Proving that the hinge loss is an upper bound of 0-1 loss (subsection

13.1).

e Studying the actual time complexity based on second-order factors on

small synthetic and real datasets (section [4.4).

e Introducing a new direct 0-1 loss minimisation algorithm, T-PP, and

its prioritised version, PS-SV (section and subsection 4.3.2.1)).

4.2 Testing all pairs of points (T-PP) algorithm

T-PP is our new heuristic algorithm designed to minimise the 0-1 loss exactly
in practical way in polynomial time complexity. However, there is no rigorous
theoretical proof for its exactness in minimising the 0-1 loss at this moment,
instead, we provide a heuristic strategy to find the optimal solution in a

practical way. The basic idea behind T-PP is that a global optimum function
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f01 can be identified by the closest pair of points, each pertaining to a different
label. The pair of points closest to the decision boundary of fj; can be
defined as the optimal pair p*. The T-PP algorithm simply functions by first
searching for p* and then fg;.

To find p*, going through all the pairs of points is required. In the clas-
sification problem, each point is associated with a label. Therefore, it is
sufficient to select only one pair of distinct points (one point from each la-
bel). This reduces the number of combinations of points needed to test to

(3

)? pairs. In the worst case scenario, half of N points in each class, then,
the total number of pairs equals half of V.

The main challenge in T-PP lies in finding f{;, because there is an infinite
number of decision boundaries that fit between a pair of points, where not
all of them necessarily represent the same 0-1 risk. However, we are only
interested in a set of functions that make a pair of points closest to the
decision boundary, and have the same 0-1 risk (see Figure .

To find f;; for a given p* or the best possible function for other not optimal
pairs, other points should be included when fitting the decision boundary

between a pair of points. This is achieved by performing two separately

incremental procedures.
First incremental procedure

A single point per time is added. The points are in descending order de-
pending on their absolute margin from the initial decision boundary, which
is fitted between only one pair of points. After adding a single point, the

current decision boundary is adjusted according to the newly added point.
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If the updated decision boundary makes the 0-1 risk lower than the previous
one, it is replaced by the new one. To ensure that the selected pair of points is
still the closest to each adjusted decision boundary, constraints that prevent
other points from being closer than the given pair must be set. The linear

function fy; can be found by solving LP under the following constraints:

Find f
subject to vy, ;0;; =1, i,j€p (4.2.1)

Ynn > 1, n=12...J

where the equality constraint is set for a pair of points to have a restricted
margin equals to 1, whereas non-strict inequality constraints are used for the
rest of the points to have a margin > 1; J is the number of the previously
added points that satisfy the constraint and the newly added point, and
J < N. It is possible to have more than two points closer to the decision
boundary. Therefore, non-strict inequality constraints are set for the other
points.

Additionally, points between the pair of points and outliers that do not
satisfy the constraints in (4.2.1) will not be included in the fitting of the
decision boundary. LP should be solved after adding each point. This in-
cremental procedure is repeated until no more points are left. Figure [4.2.2]
presents the T-PP procedure. This procedure is described in Algorithm
from line 15 to 28.

After concluding the first incremental procedure, we need to confirm

whether all points belong to a particular label or not. Two cases should



CHAPTER 4. DIRECT 0-1 RISK MINIMISATION ON OVERLAPPING DATA 62

be considered, one of which must be met. First, if there are no points with
an absolute margin smaller than the absolute margin of the pair, then all
points belong to a particular label, where the pair of points is the closest to
the decision boundary of fy;. Second, if there are points located between a
pair and have an absolute margin smaller than the absolute margin of the
pair, then these points are not assigned to any label because they are not
included in the fitting of fy;. Then, the decision boundary obtained from
the first incremental procedure is adjusted using the second incremental pro-
cedure to label the points in the margin (see Algorithm from line 29 to
34).

The second incremental procedure

In this step, the constraints are relaxed to assign the points within the mar-
gin. In this case, it is not necessary for a pair of points to have a margin
yy = 1 as stated in [£.2.1] The purpose of the second incremental procedure
is to optimise the heuristic search to find the best possible function or the
optimal one even when the selected pair of points is not the optimal. The
decision boundary must be adjusted to correct the prediction of misclassified
points within the margin by adding a single point per time, starting from the
misclassified point closest to the current decision boundary. A new fy; can

be obtained by solving LP under the following constraints:

Find f

subject to  y,U, >0, n=1,2...J (4.2.2)
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Figure 4.2.1: Main concept of the T-PP algorithm. All these decision
boundaries pass between the optimal pair of points p* (coloured points with
black circles), which not all have the same 0-1 risk. The optimal
function fg; can be found under the constraint that no points closer more
than the p* to the decision boundary of f};. The optimal and T-PP decision
boundaries have the same 0-1 risk.

where, .J is the number of points that are correctly predicted by the function
obtained from the first incremental procedure including the newly added
point.

If the new fp; reduces the 0—1 risk, the current function is replaced by
the new fy;. Figure |4.2.3] shows the second incremental procedure. This
procedure is described in Algorithm from line 2 to 13.

The two incremental procedures take O(2N) in the worst case, and the
complexity of solving LP is O(v/Dlog(2)), where € represents the maximum
tolerable duality gap in an interior-point LP solver [26]. Then, the total
complexity of T-PP is O(v/Dlog(2)N?), which belongs to the polynomial

complexity class of order 3. T-PP is described in Algorithm
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® Label 1 Label 1
X Label -1 08l X Label -1
QO Pair of points Q Pair of points
— — Initial DB o5k — — Initial DB

-------- Frequent modification of DB 1
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Figure 4.2.2: The steps of T-PP algorithm for finding the optimal function f*
between the optimal pair of points p*. The initial decision boundary
is fitted between only two points. [£.2.2b] The initial decision boundary is
modified frequently through an incremental procedure; a single point is added
per time, and then the decision boundary is modified accordingly. fris
obtained by fitting the decision boundary between p* and a subset of points.
The T-PP decision boundary and optimal decision boundary belong
to the same equivalence class.
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Figure 4.2.3: The second incremental procedure of T-PP algorithm aims to
prioritise the search for finding the best possible function or the optimal one
even when the pair of points are not close and have a large margin, as shown
in [4.2.3a. [4.2.3b] All points in the margin cannot satisfy the constraints of
the first incremental process. Thus, we need to adjust the T-PP decision
boundary to find the best possible decision boundary, not necessarily the
optimal one. To do this, we keep the assignments of correctly classified
points as in [4.2.3¢, and only need to adjust the T-PP decision boundary
incrementally for misclassified points starting from the nearest point to the
T-PP decision boundary. We may obtain an optimal solution, as in [£.2.3d]
or a new decision boundary that is better than the previous T-PP decision
boundary.
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Algorithm 4.1 T-PP algorithm
Input: Training data(X,Y)
Output: fj, and [;_;

1: function T-PP(X,Y)

2: 16_1 <— 00

3: P* <« find points with positive label

4: P~ « find points with negative label

5: for i in P* do

6: Ti < ij

7 for j in P~ do

8: Tj 4 X -

9: S I“p.;?j

10: C + add equality constraint

11: fal < fit a decision boundary between x; and x;
12: Y for(X;w;b)

13: L + sort N points in descending order |Y|
14: ming_; < Y 7£ Y

15: while L is not empty do

16: S <z, add new point

17: C < add constraint for x

18: f < solve (S,C) LP problem (4.2.1)
19: loss Y #Y

20: if loss < ming_; then

21 Joo < f

22: ming_; < loss

23: else

24: Delete zp,, from S

25: Delete the constraint of z, from C
26: end if

27: Delete zp,, from L

28: end while

29: Y for(X;w;b)

30: if min(Y) < 1 then

31: Q < Find point YY <0

32: S < Find point YY >0

33: f, ming_; < Incremental-assignment (S,Q, ming_)
34: end if

35: if ming_q < l6—1 then

36: f& < fo

37 [§_1 < ming_;

38: end if

39: end for

40: end for
41: end function
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Algorithm 4.2 Incremental-assignment

Input: Training data(X,Y)
1: function INCREMENTAL-ASSIGNMENT(Assignedg,Unassignedg,ming_1)
2: for i in Unassignedg do

3: P <+ XAssignedS

4: T < XUnassignedqi

5: f < LP(P,x;) find f by solving LP(4.2.2)
6: Y — f(X;w;b)

7: loss Y #Y

8: if loss < ming_; then

9: Jor < f

10: ming_; < loss

11: Add Unassigned,, into Assignedg vector
12: end if

13: end for

14: return fo;, min,

15: end function
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4.3 Prioritising the search for the optimal canon-
ical 0—1 loss

Minimising the empirical 0-1 risk is discussed in the subsections that follow
from the perspectives of the initial solution, heuristic search and theoretical

time complexity.

4.3.1 Initial solution based on hinge risk

It is possible to limit the search space and eliminate a large portion of worst-
case solutions. This can be done if the initial solution is obtained from
minimising the surrogate upper bound risk. Hinge risk is an upper bound
on the 0-1 risk; therefore, starting the combinatorial search from the initial
solution obtained by minimising the hinge risk helps to narrow down the
search and finds solutions with 0-1 risk values that are less than the initial
one. Here, we show that hinge risk is an upper bound on the 0-1 risk.

To compare the 0-1loss l1(7,y) = 1 [yg < 0] and the hinge 10ss lhinge (¥, y) =
max [0, 1 — yy|, without loss of generality, we can restrict attention to the
quantity yy € R for y = 1. There are three critical regions on the real line
where the hinge loss intersects with the 0-1 loss—namely, A; = (—o0, 0], Ay =

(0,1) and A3 = [1,00). For each of these regions, based on A; we have:



CHAPTER 4. DIRECT 0-1 RISK MINIMISATION ON OVERLAPPING DATA 69

Al :l01<g7 1) =1 S 11— :g = lhinge(gv 1)
Ay lo1(9,1) =0 <1 — 9§ = lhinge(9, 1) (4.3.1)

As 3101(?)7 1) =0

IN

0 = lhinge (ga 1)

therefore, we have lp1(9,1) < lninge(9,1) for all y € A3 U Ay U A3 = R.
The case y = —1 is the same but with the sign reversed. It follows that
101(9,1) < lhinge(7,1) for all y € R and y € {—1,1}.

Now, inserting these loss functions into the empirical risk, we have:

Roi(f, M) Zlm

< %; ing (f (0), ) (4.3.2)

== Rhinge(fa M)

this incorporates the point that for each term in these summations, lo1 (f(x,), yn) <

Ihinge (f (), yn), as well as the commutativity of addition.

4.3.2 The heuristic strategy

The heuristic strategies of PCS, CSA, and BnB are explained in more detail in

[2.3.1.3] 2.3.1.4] and [2.3.1.2l However, the pseudo-codes for these algorithms

are described in Algorithms [4.4] and [£.5. A prioritised version of the

T-PP algorithm is given below.
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4.3.2.1 Prioritising the search by support vectors (PS-SVs)

PS-SVs is a fast version of T-PP that limits the number of pairs that need to
be tested. To reduce the actual time complexity of T-PP and speed up the
search process, pairs of points must be chosen wisely. For instance, points far
away from the overlap area can be discarded because they will be far from
the optimal decision boundary. In fact, the optimal solution is somewhere in
the overlap area. Thus, we can confine the region in which the optimal pair
of points exists. This region can be defined by minimising the hinge risk.
Optimising hinge risk requires minimising the sum of the slack variables,
which penalises the points in the margin much less than those out of the
margin. In the case of small overlap, the SVM margin is definitely not large
because increasing the SVM margin will increase the hinge risk. Thus, the
selection of the pairs will be restricted to the support vector points obtained
from minimising the hinge risk. PS-SVs have two main stages—mnamely, post-
assignment and incremental assignment. Post-assignment can be achieved by
testing all pairs of SVs, whereas incremental assignment depends on the post-

assignment. Both are described in more detail as follows:

e Post-assignment strategy

This strategy helps to reduce the number of steps needed to perform
the first incremental procedure as described in[4.2] The pair of SVs and
non-SVs points (correctly classified points based on the initial solution
and have margins larger than the pair) are combined to find fy; by
solving LP as in (4.2.1)), where J is the number of non-SVs points. All

points between the pair of SVs and non-SVs are assigned simultaneously
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without the need to adjust the decision boundary incrementally as in
the T-PP algorithm; thus, the search for the optimal function can be
accelerated. The pair of SVs points is chosen in ascending order based
on their absolute prediction margins resulting from the initial solution,
in which each SVs point that has a positive label will be trained with
all SVs points that have a negative label. Algorithm (from line 2 to
5) shows how the SVs points are defined. Figure demonstrates the

post-assignment strategy, and Algorithm describes how it works.

It is necessary to check whether the resulting fy; makes the pair of
points closer to the decision boundary of fy; more than other points or
not. This is performed by calculating the absolute prediction margins
for all points; if they are larger than the margin of the pair, then there
is no need to further update the function. Nevertheless, if some points’
absolute prediction margins are smaller than the pair, then, fy; should

be incrementally updated, see Algorithm [4.7] from line 32 to 37.

For the pair of points that are not optimal and not close to each
other, the best possible function can be found through an incremental-
assignment strategy.

e Incremental-assignment strategy
This is exactly the same as the second incremental strategy used in the

T-PP algorithm (Algorithm and described in Figure m

PS-SVs is described in Algorithm [4.6]
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Algorithm 4.3 PCS
Input: Training data(X,Y")
Output: fj, and min,
1: function OPTIMAL 0-1 Loss PCS(X,Y)

2: f « Get initial solution f for (X,Y)

3: [ < 0-1 loss vector produced by f

4: ming, + SN 1,

5: K < get the points in ascending order based ‘ f(x)
6: p < the initial combination of D points from K
7: while p # ¢ do

8: (f,lo1) + Get Solution(p)

9: if lp; < min,;,, then

10: (f*mingg, ) = (f.lo1)

11: end if

12: p < next combination of points

13: end while

14: return f* AND min;,

15: end function

—_
=]

: function GET SOLUTION(p)

17: A p”

18: w < find w by solving Aw = —1
19: if loy(w, 1) < lp1(—w, —1) then
20: [ (w,1)

21: lon  lo1(w,1)

22: else

23: f <« (—w,—1)

24: lor < lo1(—w,—1)

25: end if
26: end function
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Algorithm 4.4 CSA
Input: Training data(X,Y), M
Output: fj; and min,,,
1: function OPTIMAL 0-1 Loss CSA(X,Y)

2: f « Get initial solution f for (X,Y)
3: [ + 0-1 loss vector produced by f
4: minlm A 27]:[:1 Z”
5: K <« get the points in ascending order based ‘ f(xn)
6: V < get first M points from K
7: (f, p, miny,, ) < Optimal combination for 0-1 Loss(V, miny, )
8: (f*, p*, miny, ) < Swapping process (p,N, min,,, )
9: return f* AND min;,
10: end function
11: function OPTIMAL COMBINATION FOR 0-1 Loss(V, min, )
12: p < the initial combination of D points from V
13: while p # ¢ do
14: (f,lo1) < Get Solution(p)
15: if l()l < minlm then
16: (f*ming, ) < (f,lo1)
17: P p
18: end if
19: p < next combination of points
20: end while
21: end function
22: function SWAPPING PROCESS(p,N, miny,, )
23: for + in N do
24: for j in D do
25: p < remove z; from current combination p and replace by z;
26: (f,lo1) + Get Solution(p)
27: if lp; < min,,, then
28: (f*mingg, ) = (f.lo1)
29: pF—p
30: end if
31: end for
32: end for
33: end function
34: function GET SOLUTION(p)
35: A p”
36: w < find w by solving Aw = —1
37: if loy(w, 1) < lo1(—w, —1) then
38: f < (w,1)
39: lor  lo1(w,1)
40: else
41: f+ (—w,—1)
42: lor < lo1(—w,—1)

43: end if
44: end function
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Algorithm 4.5 BnB
Input: Training data(X,Y)
Output: fj; and min,,,
1: function OPTIMAL 0-1 L0OsS MODEL(X,Y)
2: f « Get initial classifier f for (X,Y)
3 [ < 0-1 loss vector produced by f
4 ming, + SN 1,
5: lz < initial unassigned 0—1 loss vector
6:  BnB(ly, [, 1)
7
8
9

: end function 3
: function BNB(ly, [, M)
if all components of [, are assigned then

10: f* < get LP solution for Iy

11: ming, 25:1 sign (f*(X,)) # Y,

12: [ + 0-1 loss vector produced by f*

13: ly < initial unassigned 0—1 loss vector
14: BnB(ly, 1,1)

15: else

16: n $— arg max f(xm)’

17: ly, < I,

18: if S 15, < min, then

19: BnB(ly, [, m+1)

20: else

21: ly + Feasibility(ly, n, 1 —1,,)

22: if S 15, < min, then

23: BnB(ly, [,m+1)

24: else

25: Infeasible solution, start a new branch BnB(ly, [,m-i)
26: end if

27: end if

28: end if

29: end function

30: function FEASIBILITY (I, 1, )

31y 1,

32: y < targets prediction vector implied by Iy
33: Let ® convex hull of {xy | 9x # Un}

34: if x, € ® AND ¢, # 9, then

35: lg, + 00

36: end if

37: end function
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Figure 4.3.1: The pair of SVs (coloured points with black circles) and non-
SVs (coloured points) are used to fit the decision boundary between the
pair. Therefore, all points inside the label region (black coloured points) are
assigned simultaneously without using incremental procedure, this helps to
speed up the assignment process. Panels (a) and (b) show different selections

of pairs of SVs points.

Algorithm 4.6 PS-SVs

Input: Training data(X,Y)
Output: fj; and min,,,
1: function FIND SV POINTS(X,Y)

return SVs,, SVs_
6: end function

f « Get initial solution f for (X,Y)
Find SVs, < yy; <1 and y; = 1 sorted in ascending order
Find SVs_ < y9; <1 and y; = —1 sorted in ascending order

7. miny,, f§, < Post-assignment function(SVs;,SVs_)
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Algorithm 4.7 Post-assignment

Input: Training data(X,Y)
1: function POST-ASSIGNMENT(SV's;,SV's_)

2:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
42:
43:
44:

l5_4 < o0
for 7 in SVs, do
Ti < XSVs+i
for j in SVs_ do

xj ¢ Xsvs_;
S + X,on—svs find non-SV points for the pair of points
f « LP(S,z;,x;) find f by solving LP(4.2.1)
ming_; < 00
Y — f(X;w;b)
loss Y #£Y
if loss < ming_; then
Joo < f
ming_; < loss
end if
L + |Y| < 1 sort the point in descending order
S [v]>1
while L is not empty do
S <z, add new point
C < add constraint for x
f + solve (S,C) LP problem (4.2.1)
loss Y #Y
if loss < ming_; then
Joo < f
ming_; < loss
else
Delete zp,, from S
Delete the constraint of z, from C
end if
Delete zp,, from L
end while
Y for(X;w;b)
if min(Y) <1 then
Q < Find point YY <0
S « Find point YY > 0
f, ming_; < Incremental-assignment (S,Q, ming_1)
end if
if ming_q < l6—1 then
fo < Jou
[§_; < ming_;

end if

end for
end for
return [5_,, fo1

45: end function
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4.3.3 Theoretical time complexity

The existing combinatorial search algorithms differ in their complexity classes.
BnB belongs to exponential complexity class; in the worst-case scenario. BnB
can find the corresponding solution for N assignments by solving LP in poly-
nomial time. On the other hand, the complexity class of PCS is not deter-
mined. In this section, we analyse the asymptotic computations of PCS and
CSA algorithms. In [22], the PCS complexity formula is O(D?(Y)), where D
is the dimensionality of data and (][V)) is the number of functions (capacity of
the search space). For CSA, the time complexity is not given. To determine
the complexity class O, we need to simplify the factorial term (g) N,D e N
and 1 < D < N, then :

(5) - =y (43.3)

since D > 1, then following inequality holds:

N N
(N—D)D! ~ (N =D)!

=NN-1)...(N=-D+1) (4.3.4)
<NxNx...xN

= NP,

Based on (4.3.4), PCS belongs to the polynomial complexity class of
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Figure 4.3.2: Time complexity of different D values. The time increases as
the value of D increases.

order D, O (D3ND). The CSA algorithm is quite similar to PCS; however,
the search process is divided into two stages. The first stage is the same
as the PCS, where the difference is that the capacity of the search space is
reduced by a pre-defined parameter S and the second stage is the swapping
process. For the swapping process, each point x, € N will be swapped
with D points in the best combination of size D; this means that x, will
be swapped D times, and the swapping process takes O(DN). Thus, the
computational complexity of CSA is O (D3 (g) + D*N ), where S < N and
S > D. The computational complexity of PCS and CSA depends on D, in
which the greater the value D, the greater the computational complexity.
However, in the classification problem, the dimensionality of data is often
much lower than the number of points, D < N (see Figure 4.3.2)). Figure

[4.3.3] shows the computational complexity of the algorithms.
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Figure 4.3.3: Number of computations when the number of points is increased
for BnB, PCS,CSA, and T-PP on 2D data.

4.4 Experiments

4.4.1 Experiments parameter setup

A set of binary synthetic datasets was generated based on a different number
of dimensions, D = {2,4,6,8,10,12,14,16} and a fixed number of points,
N=80. The strategy we followed to generate these normally distributed data

was as follows:

1. We defined two clusters, C7 and C_1, corresponding to label 1 and -1,

respectively.

2. The centre point C, of each cluster was generated randomly based on
uniform distribution, and their features were distributed over different

intervals depending on the number of dimensions, in which the cen-
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tre of the cluster was generated in the interval [0,1] for D = {2,4},
[0,0.75] for D = {6,8}, [0,0.50] for D = {10,12} and [0,0.25] for
D = {14,16}. The sigma value associated with each centre point grad-
ually increased from 0.1 to 1 when D = {2,4,6} and from 0.3 to 1 when
D = {8,10,12,14,16}. Increasing the sigma value gradually helps to

increase the overlap.

3. The points were Gaussian distributed with a mean based on the feature
values of centre point ), and sigma value. Each label had the same
number of points. The time limit for all comparative algorithms is

1.080 x 10%* seconds.

The number of points used in the first stage of CSA was 40%, whereas in
the second stage, all training points were included. The time limit of CSA
was divided into 90% for the first stage and 10% for the second stage. The
initial solution was obtained by minimising the hinge risk. In addition, this
experiment was applied to small real datasets taken from the University
of California, Irvine (UCI) machine learning repository [I09]. The general
information for the real datasets used is presented in Table [d.1], and the time
limit was 1.440 x 103 minutes. All comparative algorithms were implemented
using MATLAB 2020 running on a 2.3 GHz quad-core 10th-generation Intel
core i7 processor and 32 GB RAM, and the original source code of algorithms
was obtained from the author [I10]. All datasets used in the experiment were
normalised to have zero mean and unit variance for each feature, because the
initial solution obtained by minimizing the hinge risk is affected if all input

features do not have the same range.
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’ | Number of points (N) | Dimension of dataset (D) |

Haberman 306 3
Bupa 345 6
Heart 270 13

Cleveland 303 14

House votes84 435 16

Table 4.1: Information on datasets used in the experiment.

4.4.2 Results and discussion

Figures [4.4.1] [4.4.2] and [4.4.3|show the effect of increasing the overlap width

on the time taken to reduce Ry;. BnB and PS-SVs were both affected by the
amount of overlap between labels, whereas PCS, CSA and T-PP exhibited
constant their time costs. The best and worst time complexities of BnB
depend on the amount of overlap in the data, as the overlap width increases
as the actual time complexity increases, reaching the time limit. PS-SVs
depends on the number of SVs points; thus, it is clear that as the overlap
width increases as the number of SVs points increases. PCS, CSA and T-PP
were not affected by the amount of overlap because their search space was
constant and did not change by changing the overlap width.

Obviously, The time complexity of PCS and CSA was only affected by
the dimensionality of data, as shown in Figures [{.4.1] £.4.2] and [4.4.3] The
time complexity increases consistently as the dimensionality of data increases,
and both reach the time limit when D > 6. The same finding observed with
BnB could be due to the number of parameters that need to be optimised
increasing as long as the features space is expanded. The complexity of T-PP
and PS-SVs was not affected by the dimensionality of data as their solution

spaces do not depend on the dimensionality.
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In some cases, BnB and PCS could not terminate before the time limit;
therefore, we cannot guarantee that the global optimal solution was obtained.
In contrast, T-PP terminated fast and before the limit and achieved the same
R when the other comparative algorithms terminated independently, as well
as better Ry, if the other algorithms terminated because of the time limit.
This clearly shows that T-PP and its prioritised version PS-SVs can both
find the global optimal solution in polynomial time.

We obtained the same finding when we compared the time taken to reduce
Rg1 on the real datasets, as presented in Table . PCS and CSA could only
return the global solution when D was small enough (i.e. Haberman data).
BnB terminated before the time limit when the 1%01 was very small (i.e.
House votes84). In contrast, T-PP and PS-SVs achieved the same Ry as the
other algorithms for the Haberman, House votes84 and Heart datasets, as

well as a better f?m for the rest.



CHAPTER 4. DIRECT 0-1 RISK MINIMISATION ON OVERLAPPING DATA 83

R Al e 0.3

107 El 0.25
B S &
D <
g 101k = 0.15
& BnB
109 @PCS 0.1
—_CSA ©PCS
B O e e O O -Q—PS-SVS 00g ——CSA ||
£+ T-PP &) g PS-SVs
- - Time limit T-PP
‘0-20.1 0.2 0.3 D.‘A ﬂ‘.5 ﬂ.‘S 017 0.8 0.9 1 OOAI OJZ 0.‘3 0.‘4 015 0.‘6 D‘.7 D.‘B ﬂ‘.S 1
Overlap width Overlap width

(a) The time taken by algorithms to minimise the (b) The Ro; achieved by algorithms across different
Ry across different overlap rates, 2D. overlap rates, 2D.

j 0.25
I e
0.2
10°
§ 10:S $ $ $ 0.15
= DAY
o Wt =
g 10! . ~
) M BnB o1
©PCS I
‘U< ——CSA & > PCS
. $-Ps-svs o5t K8 ——CSA 1
10 -£2-T-PP E gPS-SVS
K o |-~ Time limit - o W T-PP
10 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 00.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Overlap width Overlap width

(c) The time taken by algorithms to minimise the (d) The Ry, achieved by algorithms across different
Ro1 across different overlap rates, 4.D. overlap rates, 4D.

D BB BB BB BB D
0.2
103
.
1 =
Z 1o
e BnB ”
100F @PCS
——CSA oos
o gPS-SVS 1 :
T-PP
72‘ L L L L L - Time Ilmit 1 1 L L L L
1o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 DD.I 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
Overlap width Overlap width

(e) The time taken by algorithms to minimise the (f) The Ro; achieved by algorithms across different
Ry across different overlap rates, 6D. overlap rates, 6D.

Figure 4.4.1: Computational time for minimising the Ry with gradually
increasing overlap rates for 2D, 4D and 6D Gaussian distributed data.
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Ro1 Time (min)
BnB | PCS | CSA T- PS- BnB PCS CSA T-PP | PS-
PP SVs SVs
Haberman| 0.216| 0.216| 0.216| 0.216| 0.216| 1.44 17.8 2.6 1.74 26.5
x103 x10?

Bupa 0.246 | 0.252 | 0.246 | 0.241| 0.241| 1.44 1.44 1.44 3.47 | 64.7
x10° x10° x103 x 102
Heart 0.089| 0.111 | 0.107 | 0.089| 0.089| 1.44 1.44 1.44 1.32 3.6
x10° %103 x103 x102
Cleveland | 0.145 | 0.172 | 0.172 | 0.139| 0.139| 1.44 1.44 1.44 1.52 4.4
x10° %103 x103 %102
House | 0.012] 0.030 | 0.014 | 0.012| 0.012| 0.21 1.44 1.44 5.84 | 0.20
votes84 x10° x103 %102

Table 4.2: Ry and the actual time taken by the BnB, PCS, CSA, T-PP,
and PS-SVs algorithms until termination or reaching the time limit. Bold
text indicates that the algorithms obtain the same ROl. The underlined text
indicates that the algorithms reach the time limit.

4.5 Summary

In this experiment, direct 0-1 risk optimisation algorithms were compared
in terms of time complexity. Their actual time complexities were examined
under two factors: when the dimensionality of data and overlap width were
increased. To summarise the main findings based on the empirical study,
PCS, CSA and T-PP are not affected by the amount of overlap between two
classes, because their solution space is constant and does not increase by
expanding the overlap width. However, BnB and PS-SVs are affected by the
amount of overlap, due to their solution space depends on the initial solution
obtained by minimizing the hinge loss. In fact, the hinge risk increases
with the increase of the overlap width. For PCS and CSA, it was clear

that their time complexity depended highly on the dimensionality of data,
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because their solution space increases with the increase of the dimensionality
of data. T-PP and PS-SVs are our newly proposed algorithms, in which PS-
SVs is a prioritising version of T-PP. Both could minimise 0-1 risk exactly
in polynomial time and terminate before the time limit; in contrast, in most

cases, BnB, PCS and CSA could not terminate independently.



Chapter 5

The interpolated local KNN

algorithm

The current explanations for the success of interpolation classifiers are not
fully understood. Understanding the success of interpolation classifiers re-
quires understanding how they work. One of the simplest classification al-
gorithms is the canonical K nearest neighbour (KNN); however, its perfor-
mance is still dominated by the conventional ERM view. Therefore, the first
new interpolation version of the KNN is introduced in this chapter; this al-
gorithm achieves zero empirical risk and better generalisation performance
compared with the classic KNN. The interpolated local KNN fits the training
set exactly, even in the presence of noise and class overlap, where the noise
and overlap points are defined during the training process and isolated from
being used in predicting unseen points. Based on the experiments, the inter-
polated local KNN significantly outperforms the canonical KNN when the

size of the dataset is large. In addition, the performance of the interpolated

88
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local KNN is studied on three image datasets without any pre-processing or
feature reduction/extraction process to ensure that the interpolation classi-
fier performance does not overfit even with complex high-dimensional data.
It is concluded that the interpolated local KNN outperforms the canonical
KNN on the MNIST, CIFAR-10 and Fashion-MNIST datasets.

5.1 Introduction

The double descent curve is a phenomenon that was first noticed in [80] and
overridden without a clear explanation or definition of why this curve ap-
peared. With the recent development of the modern neural network, this phe-
nomenon has attracted more attention in terms of the definition, depiction
and study of the algorithm performance under two different generalisation
regimes through which the double descent curve is formed; this interesting
work was done by [I11]. It has also been shown that the double curve is not
specific for deep learning; it can be seen with other classification algorithms
[111].

The double descent curve consists of two generalisation regimes—namely,
the classical U-shaped regime and the interpolation regime. The classical
U-shaped regime represents the classic view of the bias—variance trade-off.
To avoid high variance (overfitting) and high bias (underfitting), the model
complexity needs to be managed carefully to obtain an intermediate point
that yields optimal performance. This can be done by tuning model param-
eters that act as regularisers to avoid fitting the data in favour of a smoother

boundary [95]. This view has been studied in several models ranging from
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a simple non-parametric model (i.e. KNN ) to a complex parametric model
(i.e. neural networks), concluding that a classical U-shaped curve appears in
all models [112].

The interpolation regime represents a modern generalization view. Based
on practical observation, the generalisation performance in the interpolation
regime is better than the generalisation performance in the classical U-shaped
regime [I11l 113]. Some contributions have shown the connection between
the classical U-shaped and interpolation through a double descent curve,
so far the algorithms in which the double curve has been shown are RF
[111], AdaBoost [90], and deep neural networks [I13|, however the rigorous
explanation for the superiority of such interpolation classifiers is still under
investigation.

The KNN algorithm is one of the simplest classification algorithms; how-
ever, its performance has only been discussed in references the classical U-
shaped generalisation view, whereas its performance under the modern in-
terpolation system has not been studied. In addition, the KNN is no longer
interpolating for K' > 1 due to the result of the majority vote for K > 1
is not guaranteed to achieve zero empirical risk in general [74], 07, ©O8|. The
basic principle behind the KNN algorithm is simple: points are classified into
a particular class based on the common class of their nearest points. The
nearest points can be found by a distance metric T'; here, the number of near-
est points is managed by the K parameter, which controls the bias—variance
trade-off in the classical U-shaped regime. The main contributions in this

chapter can be summarised as follows:

e Analysing and comparing the performance of the canonical KNN al-
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gorithm ( K > 1) and 1 nearest neighbour (INN) with/without the

presence of noise and overlapping classes (section [5.2)).

e Introducing the first interpolation KNN algorithm, the interpolated
local KNN algorithm (section [5.3)), and comparing the performances of
the canonical KNN and the interpolation version of KNN on a set of

real datasets, where the double descent curve is shown clearly (section

5).

e Studying the performance of the interpolated local KNN on three im-
age datasets without any pre-processing or feature extraction to see
whether the success of the current interpolation classifiers is a result of
the feature extraction used or whether it can perform well using raw,

complex, high-dimensional data (section .

5.2 The canonical KNN in the classical U-shaped
and interpolation regimes

The 1NN rule is an example of an interpolating model that has been avoided
in use because it has the worst generalisation performance of overfitting
[114, 115]. Interpolating the training data to have zero training error can
be done easily for any given training set, but interpolating the training data
to have a small generalisation risk is a difficult task in general. This is be-
cause, the unseen points are not used in the training process, then improving
their prediction is a challenge. Deep neural networks use a huge number of

parameters, although the result of the over-parameterised model does not
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cause overfitting; moreover, it was shown in [88] that over-parameterisation
is necessary to have a smooth decision boundary. This could be a reason
for the good performance of deep neural networks. In contrast, maximising
the margin while interpolating the data yields a small generalisation risk,
as suggested in [I16]. In addition, the robustness of the local interpolation
classifier in isolating and mitigating the influence of noise points helps to
interpolate the data with a minimum generalisation risk, as shown in [90].
The 1NN rule does not consider any of these mentioned factors, whereas the
KNN algorithm can create a smooth decision boundary by increasing the
K parameter [I17] and reducing the noise effect through the majority vote
process [118]. Unfortunately, KNN is not an interpolated classifier. There-
fore, the performance of KNN for K > 1 was studied in three cases—namely,
noise-free and overlap-free, 5% noise and overlap-free and noise-free and 10%

of overlap in classes.

5.2.1 The effect of noise and overlap on the interpola-
tion regime

A simple experiment was conducted on non-linear binary synthetic datasets.
The synthetic datasets were generated from the MATLAB script file given
by [119], assuming the margin width and the density of points were vari-
ant at different local regions. This is a realistic assumption and reflects the
most common non-linear real dataset. The generated data were free from
noise and overlap in classes. The snapshot for the synthetic datasets used

in this comparison is shown in Figure [5.2.1l To study the performance of
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KNN in the presence of noise, 5% noise was added to the training set via
random label-flipping of the training points. In the overlap case, the bound-
ary points were determined by nearby points that had a different label; after
that, label-flipping was performed on these points, and 10% of the training
points overlapped. Figure[5.2.2]shows the dataset under the three cases. The
performance of the interpolated classifier represented by 1NN and the non-
interpolated classifier represented by KNN for K > 1 are discussed below.

We are interested in studying the generalisation curve in the absence of
influencing factors (i.e. noise and overlap). We ask the following question:
Can the 1NN, as an example of the interpolation classifier, achieve a lower
test error compared with KNN for K > 17 Based on the results presented
in Figure [5.2.3] the best test error was observed in the interpolation regime,
which shows the performance of INN. All synthetic datasets follow the same
trend; the test error increases consistently with increasing complexity param-
eter K. This indicates that the 1NN outperforms the KNN for K > 1 when
the data are free from noise and overlap in classes.

It is generally agreed that 1NN implies overfitting in the presence of noise
and overlap [29, 117, T18]. To emphasise this common agreement on the INN
and to show that the U-shaped curve can only appear in the presence of

influencing factors, the performance of KNN for K > 1 is shown in Figures

[5.2.4] and [5.2.5l The test error curve has the same trend in these cases;

to avoid bad performance, increasing K reduces the effect of overfitting,
resulting in better generalisation.
This gives us the insight that despite the presence of influencing factors,

the superiority of the current interpolation classifiers could be related to their
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Figure 5.2.1: Snapshots of the synthetic datasets. The data have the unique
label M — i for the purpose of referencing.
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or overlapping between
classes exists.

(b) Noisy data

(c) Overlapping data

Figure 5.2.2: Snapshots of the clean, noisy and overlapping data.

ability to self-identify the noise and overlap area and then interpolate them

locally in a way that prevents them from being used to classify unseen points.

To verify this argument, a local interpolated KNN algorithm is proposed

based on this point of view.
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Figure 5.2.3: Average training and testing error reported on 10 random splits
of the data. The data used are free from noise and overlap. The complexity
of the model is measured as %; it decreases when the complexity parameter
K increases. As clearly shown, both curves have the same trend, and the
risk of misclassification increases as the K parameter increases.
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Figure 5.2.4: Average training and testing error reported on 10 random splits
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Figure 5.2.5: Average training and test error reported on 10 random splits of
the data; 10% of the training points overlap. The overlap was done on the
boundary points. The classic U-shaped curve clearly appears.
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5.2.2 Challenges of interpolating the KINN algorithm

The canonical KNN uses a single K parameter selected globally by a cross-
validation process. The decision boundary is determined by K nearest points
without considering the spatial distribution or local density of the points.
Since the local density of points is variant for a fixed value of K, the num-
ber of nearest points required to classify the selected training point correctly
varies with the variety of the local density. It is expected that regions with
low density may need a small value of K because of the low similarity between
nearby points; they may not have the same label. To create an interpolated
model by KNN, the K parameter must be defined locally for each training
point considering the label of K nearest points. However, the main chal-
lenges are finding the optimal local K parameter for each training point and
determining the value of local K for unseen points.

A few contributions have proposed improving the performance of the
canonical KNN algorithm using a hybrid of K parameters; however, none of
these studies have discussed the performance of local KNN in the interpo-
lation setting [120] 121) 122} 123], and none of them have shown significant
improvement on the canonical KNN except [123]. In [123], the local K pa-
rameter is determined for each training point via a complex cross-validation
process, and the local K for an unseen point is the same as the local K of
its first nearest point; in other words, it is not determined independently.
In general, to find the optimal parameter among a set of pre-defined values,
a validation process (i.e. cross-validation) is used; however, in defining a

local parameter, the validation process usually does not provide a good es-
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timate because of the limited number of points that will be trained locally
and the computational complexity that will arise from training several local
parameters for each point. In addition, training and optimising the local
model separately may result in a solution that is not unique locally, which
means that there is a set of local models that have the same optimal value, in
which picking a random model may have a negative effect on global accuracy.
Therefore, it is important to evaluate the global model after aggregating the
local models, each of which uses different K parameters to see how these
different local parameters interact with each other and maximise the overall
accuracy. The optimal global model is the one that has the maximum accu-
racy; therefore, the optimal local K parameter for each point can be defined
with respect to the performance of the global model.

Despite the challenge of defining the local K parameter for the training
points under the guarantee that the combination of these local K parameters
can produce an interpolation model, the biggest challenge lies in finding the
local K parameter for unseen points under the guarantee of good generali-
sation performance. To achieve the dual objectives (fitting the training data
perfectly and achieving a good generalisation of unseen data), we proposed
a measure that computes the level of confidence in fitting the training point

locally.
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5.2.3 The relation between the confidence level and in-

terpolation

The confidence of prediction counts the degree of certainty that the point will
be in a particular class. The certainty of prediction can be calculated from a
single point until its K nearest points, in which the level of confidence changes
with the change of the K value, starting with a high level of confidence at
K =1 and decreasing with increasing K, K — N. The level of confidence of

a training point z,, for a given K nearest points can be measured as follows:

Cov(z,, K) = %Z[ [Yn = i) (5.2.1)

where, I'[.] is an indicator function that return 1 if the condition inside [.]
is true, and 0 otherwise. Cov(z,, K) represents the confidence level of a
particular point z,, for a given K, in which the confidence level is positive
real value bounded as follows 0 < Cov(x,, K) < 1.

For a fixed K, the level of confidence can vary from one point to another
depending on the local density of points and the number of nearest points
that have the same label for a point of interest. The rate of change in the level
of confidence also varies from one point to another. For instance, the level of
confidence for the points close to the decision boundary may change faster
than that for the points far away from the decision boundary. Therefore,
to interpolate the data, the level of confidence should be considered when

determining the local K for each point. To do this, the local K increment
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is coupled with a pre-defined confidence score; we prevent the local K from
increasing if the result of this increment is a low confidence.

To ensure that the data are interpolated globally, we need to keep the
overall confidence of points at a high level. An obvious example of this con-
cept is INN, which is an interpolated algorithm where the level of confidence
is 1 for all training points. For the canonical KNN, where the K is selected
globally, the level of confidence of the training points is variant and low;
therefore, there is no guarantee to interpolate. Figure [5.2.6 shows the rela-
tion between the level of confidence and the interpolation score (calculated
as 1 — R ) across different K values for the canonical KNN algorithm on 2

D synthetic data taken from [124].

5.3 The interpolated local KNN classifier

This section explains the interpolated local KNN algorithm for training a
set of local models, where these local models are combined to predict unseen
points. In training, the local K parameter should be found for each training
point x,, based on a given confidence score C'. In the prediction, the K
parameter is not used to define the number of nearest points; the K nearest
points are defined locally and independently based on a new rule that uses
1 distance obtained during the training process, this process is described in
Algorithm from 6 to 9.

There are two main steps in fitting the training data. First, each training

point should have a local K in which the average voting of the K nearest
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(a) 2D synthetic data are used to represent
the relation between the level of confidence
and the interpolation score. The local den-
sity of points and the margin width are var-
ied in this data.
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Figure 5.2.6: Relationship between increasing the global K parameter and
the interpolation, as in where the interpolation cannot be achieved
if the level of confidence associated with each point is less than or equal to
0.50, as shown in To interpolate the data for K > 1, the level of
confidence of each point should be >50, and the relationship is shown in
A smaller K value results a larger interpolation score, therefore in
order to achieve a large interpolation score the confidence level of all training
points should be large. These relations have been computed for [5.2.6a which
has properties that represent most real-world data.
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points does not exceed the pre-defined confidence score. The confidence level
of each training point based on the K value can be computed in and
compared with a given confidence score C'. For instance, the given confidence
score is 0.90, and we have to compute the confidence level of the training
point z,, when K = 5, the label of 5 nearest points is y = {1,1,1, -1, —1};
here, the confidence level of x,, is 0.60, which is < 0.90. Thus, we reject the
local K value of 5 and make K = 3, because 3 makes the confidence level of
x, > 0.90.

We do not optimise the local K model for each training point separately.
In fact, we optimise the global model. The global model combines all these
local models, where each local model is for a single point. Therefore, the
global K value is used to calculate the confidence level of all training points. If
the current global K value makes the confidence level of some of the training
points less than required, we set the previous value of K that does not exceed
the required confidence score as a local K for a point. This means a global
K value is used to set a local K value for each training point, where the
local K value should make the confidence level of the training point > the
given confidence score. Then, all these local models are combined to form
the global model that will be evaluated on the validation set to find the best
global K value. Algorithm (from line 5 to 12) describes how the local K
parameter can be found for the training points.

Second, because determining the local K parameter for unseen points
will be challenging since their label is not known, we cannot calculate the
confidence level of classifying the query point into the true class. However, we

can determine the local K parameter in another way by finding the number
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of training points where their distance from a unseen/query point is < the
1 distance associated with each training point. The ), is a radius of the

confidence area determined by the distance between the training point z,

k

and its kth point z).. This means that during the training process, the ¥
must be known to use it in the prediction process. The global model should
be evaluated on the training set by v distance. This helps to define the
training points that cannot be predicted correctly, even if they belong to the
confidence area of other points. These points are more likely noise or in the
overlap area. Thus, the use of these points may negatively affect the accuracy
because they are useless when it comes to defining the decision boundary or
predicting unseen points. Therefore, useless points are interpolated locally
by setting K = 1 and the corresponding 1) distance to 0, Algorithm (lines
6-13) describes how this process can be done. This means that all training
points with a local K = 1 are only allowed to predict themselves and no
point will be in their confidence area due to ¥ = 0.

In prediction, the local K for the test point will be determined depending
on the training points in which the test point is located inside their confidence
area, defined by . For instance, if a query point x, belongs to five areas,
then z, will be predicted by the five nearest points, where the final label is
assigned to x, based on the majority vote. Algorithm describes how the

unseen set is predicted.
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Algorithm 5.1 Local K parameter

Input: Training data(X,Y’), a set of K, Confidence level C
Output: Confidence area defined by
1: function FINDING THE CONFIDENCE REGION OF (X,Y)

2: D <+ Get pairwise distance of X

3: D « Sort D in ascending order

4: Y < Get the label of the NN as sorted in ascending order
5: for j in K do

6: for i in N do

7: Compute ¢; as in (5.2.1) based on K; and Y;
8: if ¢; > C then

9: wl — DKj

10: end if

11: end for

12: end for

13: return v

14: end function

Algorithm 5.2 The evaluation process on the training set.

Input: Training data(X,Y), ¢
Output: Modified 1, local K
1: function EVALUATION PROCESS (X,Y)

2: D < Get pairwise distance of X

3: D « Sort D in ascending order

4: Y « Get the label of the NN as sorted in ascending order
5: ¥ + Get the 1 of the NN as sorted in ascending order
6: for jin N do

7 l; < Get the labels of points from }7] if Jj < z/;j

8: y; < Do majority vote for [,

9: if ij 7é Y; then

10: ’(/)j «—0

11: K; +1

12: end if

13: end for

14: return ¢, K
15: end function
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Algorithm 5.3 The prediction process on unseen set.

Input: Training data(X,Y),Testing data(X,Y), ¥

Output: Predicted label Y
1: function CLASSIFICATION PROCESS FOR A GIVEN (X,Y))
: D < Get the distance between X and X

2

3 D <« Sort D in ascending order

4 Y «+ Get the label of the NN as sorted in ascending order
5: ¥ + Get the 1 of the NN as sorted in ascending order

6: for jin N do

7 l; < Get the labels of points from }7j if ljj < w}

8 y; < Do majority vote for [;

9 end for

10: return YV

11: end function

5.4 Experiments

5.4.1 Experiments setting

A set of real datasets of different sizes was used in this experiment, and they
can be found in UCI machine learning repository [109]; their general infor-
mation is presented in Table 5.1 The dataset was split randomly 10 times
into a 70% training set and a 30% testing set. The training model was chosen
through a cross-validation process, where 10-fold cross-validation was used
for N <5 x 10% and 5-fold cross-validation for N > 5 x 10%. The Euclidean
distance was used as a metric distance, and the K parameter was chosen
from a pre-defined set, K € {1,2,...,60}. The confidence level C' was defined
in advance as well, where C' € {0.95,0.85,0.75}. All data were normalised to
have zero mean and unit variance. The experiments were conducted using a
virtual machine reserved in Amazon EC2. The configuration of the instance

is 256 GiB memory and 32 vCPUs; its name is r6i.8xlarge. To compare the
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|

| Number of points (N) | Number of features (D) |

Breast cancer 569 30
ILPD 583 10
CMC 1473 9

Employee 3305 4
Spambase 4597 57
Pulsar data 9273 8
Phishing 10922 30
Magic 19020 10

Table 5.1: General information for the real datasets used in the experiment.

Canonical KNN

Interpolated local KNN

Training error Test error Training error Test error P-value (test
error)
Breast cancer | 0.023 £ 0.010 | 0.042 £+ 0.010 0.00 £ 0.00 0.039 £+ 0.013 0.479
ILPD 0.276 £ 0.015 | 0.296 £ 0.035 0.00 £ 0.00 0.294 £+ 0.035 0.583
CMC 0.291 £ 0.026 | 0.346 £+ 0.014 0.00 £ 0.00 0.340 £+ 0.016 0.249
Employee 0.00 £ 0.00 | 0.064 £ 0.010 0.00 = 0.00 0.060 £+ 0.010 0.022
Spambase 0.034 £+ 0.037 | 0.096 £ 0.010 0.00 £ 0.00 0.077 + 0.010 | 1.47x107°
Pulsar data | 0.020 £ 0.001 | 0.024 £ 0.002 0.00 £ 0.00 0.022 £ 0.002 0.021
Phishing 0.00 £ 0.00 | 0.078 £ 0.005 0.00 £ 0.00 0.078 £+ 0.005 0.343
Magic 0.136 £+ 0.007 | 0.161 £ 0.005 0.00 £ 0.00 0.151 + 0.005 1.28x107¢

Table 5.2: Training and test errors of the canonical KNN and interpolated
local KNN. There is a significant difference in performance if the P-value
< 0.05. Bold text indicates that the algorithm outperforms other algorithm,

with a statistically significant difference in performance.

algorithm performance statistically, a paired t-test was used to compute the

P-value.

5.4.2 Results and discussion

Table represents the experimental results of the real data. There was

no statistically significant difference in the performance on small data (i.e.
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Double descent curve of the canonical KNN and interpolated

local KNN on breast cancer, ILPD and CMC data. The 1NN algorithm is an
intersection point. The interpolation regime starts when the training error
reaches zero, and the classic U-shaped regime appears when the training error
> (0. The complexity of KNN classifier is best measured as %, so that as K
increases, the complexity of the boundary decreases.
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Figure 5.4.2: Double descent curve of employee, spambase and pulsar data
connects the classic U-shaped regime (showing the performance of the canon-
ical KNN) and the interpolation regime (showing the performance of the
interpolated local KNN) via the INN algorithm.
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Figure 5.4.3: Double descent curve of phishing and magic data. The same set
of K parameters was used in the canonical KNN and interpolated local KNN.
The training and testing errors show the performance of the two algorithms,
one based on the classic view of bias—variance trade-off and the other based

on the interpolation view of fitting the training set exactly.
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breast cancer, ILPD, CMC). Although the training set was fitted exactly, the
interpolated model showed no overfitting. The superiority of the interpolated
local KNN was observed when the size of the data, N, exceeded 3 x 103. This
could be because increasing the number of points contributes to increasing
the local density of points and thus contributes to finding a finer decision
boundary. The best performance of employee and phishing data was achieved
when K = 1, indicating that these data are free from noise and overlap,
because the performance of the 1NN is destroyed in those cases. In contrast,
the interpolated local KNN outperformed 1NN for employee data, and the
same performance was achieved for phishing. Increasing K leads to reducing
the complexity of the decision boundary and making it smoother, which
positively reflects on the generalisation risk, this can be seen on employee
data. A better interpolated classifier is the one with a smoother decision
boundary, as pointed out in [90]. However, if the margin width is narrow,
then a small value of K may yield a small test risk. This could be why there
is no difference in the performance between 1NN and interpolated local KNN
on phishing data.

Figures [5.4.1} [5.4.2] and show the training and testing curves of the
canonical KNN and the interpolated local KNN on the same set of K values.
The U-shaped curve appeared in the classic regime for most of the datasets
(except employee and phishing); the testing error increased dramatically af-
ter reaching the minimum value in most of the data. However, increasing
the K in the interpolation regime led to different generalisation behaviours:
reducing the test error (i.e. spambase), maintaining its value for a subset of

K values (i.e. ILPD, CMC and breast cancer) and increasing the test error
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slowly after passing the minimum (i.e. magic, phishing and employee data).
However, the behaviour of the test error curve differs from the behaviour of
the test error curve of the current interpolation classifies in such that increas-
ing the complexity parameter contributes to decreasing the test error until
reaching to a stable test error value.

The possible analysis of the behaviour of the test error curve in the inter-
polation regime could depend on the data itself in terms of the local density
of points. If the local density of points is high for both classes, then increasing
K leads to an increase in the confidence area of both classes. Thus, the con-
fidence of prediction could increase, thereby decreasing the test error value.
However, if the local density of points is low for any class, then increasing
K leads to an increase in the confidence area of the high density of points,
whereas the confidence area of the low density of points does not increase,
due to the limited number of local points that have the same class. There-
fore, increasing the K value makes the confidence area of the high density of
points intersects with the confidence area of low density. The consequence
of this is, that the test points belonging to the intersection area will be pre-
dicted to the class that has more local points, which could increase the test
error after reaching the minimum value, and as we can see the amount of the
increase in the test error is small, because the misclassified test points may
come from the low density region.

It can be observed that the optimal K value in the interpolated local
KNN was larger than the canonical KNN. According to our investigation in
subsection[5.2.1] the canonical KNN chooses K > 1 if there is noise or overlap

(or both). However, the strategy used in the interpolated local KNN prohibits
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including these points in prediction, thereby obtaining a wide margin as a
result of isolating overlap points. For a wide margin, the low test error in
the interpolation regime can be reduced by making the decision boundary

smoother, which could be done with a large K value.

5.5 The canonical KNN and the interpolated
local KNN classifiers in image classification

Digital image classification is a core problem in computer vision. Recently,
a great development has been witnessed in terms of improving algorithms to
be able to classify images into the correct class with high precision. A digital
image is a photograph taken by a camera; its content is represented by a
matrix of pixels arranged in fixed rows and columns. Each cell in the matrix
represents the pixel, which is the discrete integer value ranging between 0
and 255. The value of the pixel represents the colour depth, which can be a
single value (grayscale) or a set of values (colour scale) [125]. For the purpose
of classification, we convert the image into a single vector containing pixel
values.

Despite the numerous classification algorithms that have shown superior
performance over tabular real data, algorithms’ performance in image clas-
sification relies on their ability to extract discriminant features, which have
underlying non-linear complex relationships by nature [126], [127]. Therefore,
the construction of a training model requires considering the spatial correla-

tion of pixel values; thus, current algorithms should be adapted for accurate
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classification [12§].

Until now, the best and most accurate interpolation algorithm has been
convolutional neural networks (CNNs). CNNs are state-of-the-art deep neu-
ral networks that are commonly used in image classification because of their
superiority in achieving a low generalisation error and perfect fitting of the
training set |88, [116]. The complex architecture of CNNs makes it difficult to
understand how they work and why they succeed in the interpolation setting.
In addition, the number of hyper-parameters required to build the CNNs is
large and necessitates a validation process to adjust a set of hyper-parameters
in favour of a good generalisation. Increasing the number of layers affects
the generalisation error, in which the number of layers should be increased
with the increase of the complexity of data [87].

In fact, a clear understanding has not been established of whether the suc-
cess of the interpolation classifier depends on the feature extraction /reduction
process or whether it can perform very well without it, where the role of fea-
ture extraction /reduction is to reduce the complex representation of the data,
thereby reducing the test error significantly [129].

The success of canonical KNN in image classification is highly related to
the complexity of the data [130]. This can be seen from the large contrast in
KNN performance between classifying grayscale images and colour images.
To obtain a good performance on the image data, it is necessary to find
a good representation of the data before feeding it to the KNN algorithm
[130, 131]. In addition, the canonical KNN is a more flexible algorithm that
can work on linearly and non-linearly separable data without the need to map

the data into higher dimensions or increase the number of layers to fit non-
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linear data. No training process is required, and minimal hyper-parameters
are needed for tuning [132].

Our goal is to evaluate the performance of the interpolated local KNN
without any kind of pre-processing step (i.e. normalisation) or feature extrac-
tion/reduction technique (i.e. filter) to see whether the interpolation classifier
outperforms the non-interpolation classifier on image data, which are by na-
ture complex and high-dimensional data that can be easily overfitted. We are
interested in answering the following question: Does interpolating image data
without feature extraction/reduction cause overfitting and then, bad general-
ization? Answering this question can help to elucidate whether the success
of CNNs as interpolation classifiers is somehow related to the algorithm or
whether its success is related to the feature extraction/reduction used dur-
ing training the data [73], [87]. If the interpolated local KNN does not overfit
and achieve better generalisation performance than the canonical KNN does,
then combining the feature extraction/reduction with the interpolated local
KNN could produce a classifier that is competitive with CNNs without the
need for tuning a huge number of hyper-parameters and training the model

for a long time.

5.5.1 Benchmark image datasets and the experimental

setting

Three image benchmark datasets are used in our experiment. A brief de-
scription of each dataset is given below, and Figure gives snapshots of

the image datasets.
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1. The MNIST image dataset

MNIST is a multiclass grayscale image dataset introduced by [133]; it
consists of 7 x 10* handwritten digits with 6 x 10* for training and 10*
for testing. The size of the digital images is 28 x 28 pixels, converted to
a matrix with 784 features, where each vector x,, is labelled by a digit

number y, € {0,1,..9}.

2. The CIFAR-10 image dataset

CIFAR-10 is a multiclass colour-scale image that consists of 6 x 10%
images of 32 x 32 RGB pixels; it was created by [134]. Each image
is represented by a row in a matrix, where the number of features
is 3.072 x 10® and assigned a single class from a set of 10 classes,
y € {0,1,..9}. In addition, 5 x 10* images are used for training and 10*

for testing.

3. Fashion-MNIST image dataset

Fashion-MNIST is a multiclass grayscale image dataset created by
[135]. It consists of 7 x 10* fashion products categorised into 10 classes.
The image size is 28 x 28 pixels, converted to 784 features. The training

set has 6 x 10* data points, and the testing set has 10* data points.

The distance metric used in this experiment is the Minkowski metric, where
p = 3 (also known as L3 distance), which has been found to have a low
test error in practice [I36]. A set of K parameters, K € {1,2,...,200},
and a set of confidence scores, C' € {1,0.90,0.80, ...,0.0} are included. The

performances of the canonical KNN and the interpolated local KNN across
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Figure 5.5.1: Small points for the image data used in the experiment.

all these hyper-parameters are represented by a set of figures.

5.5.2 Results and discussion

It is well known that the KNN algorithm is affected by the curse of dimen-
sionality, then interpolating this sort of data without feature manipulation
could have a negative effect on the generalization performance, however this
is not what was observed when comparing the canonical KNN and inter-
polated local KNN. The interpolated local KNN outperforms the canonical
KNN on all three images. This means that interpolating high-dimensional
data to achieve zero empirical risk does not have a harmful effect on the gen-
eralization. Based on the double descent curves presented in Figure [5.5.2]

the best test error was observed in the interpolation regime. MNIST and

CIFAR-10 had the best performance for the canonical KNN when K = 1;
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the test errors were 0.028 and 0.681, respectively, for these datasets, while
it was 0.152 for Fashion-MNIST when K = 5. The performance of the
interpolated KNN classifier did not overfit even without doing any sort of
feature extraction/reduction; the best test errors for MNIST, CIFAR-10 and
Fashion-MNIST were 0.021, 0.608 and 0.136, respectively.

Figures [5.5.3 [5.5.4 and show the descent test curve by changing
the confidence score; here, decreasing the confidence score yields a better
test error, as shown in Figure [5.5.6] This observation is different from what
was observed with real data; the best test error was obtained for the real
data when the confidence score was at least > 0.75. This could be due
to the high-dimensionality of image data, in which the points were spread
out in the large feature space. If the confidence score is large, then it may
be that the confidence areas for the training points do not intersect; thus,
unseen points may be predicted by one or a few training points. To improve
the classification accuracy, the confidence areas of the training points need
to be intersected to obtain more confidence in prediction. To achieve this
goal in the high-dimensional data, the confidence scores may be varied. For
instance, points close to the margin of other classes may need a confidence
score > (.65, whereas points far away from the margin may have a confidence
score of 0.75. This can be done implicitly when the confidence score is low,

as shown in Figure |5.5.6]
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5.6 Summary

In this chapter, a new interpolated local KNN was introduced that can
achieve a low generalisation error compared with the canonical KNN algo-
rithm on a set of real datasets and image data. The strategy used in the
proposed interpolation algorithm was measuring the level of confidence for
the training points while increasing the K parameter, where the confidence
level for each training point should not exceed the pre-defined confidence
score. A global interpolated model resulting from aggregating all local mod-
els is used to determine the noise and overlap points to isolate them from
the use in the classification process. After evaluating the global interpolated
model on the training set, it can be used on the unseen points. Therefore,
overfitting does not occur because of the use of noise, and overlap points in
classification are prevented. This could be the reason for the superiority of
existing interpolation classifiers.

The interpolated model outperformed the non-interpolated model when
the data were relatively large. Despite the nature of image data, which
always exhibits high dimensionality and complexity, interpolation without
pre-processing or feature extraction/reduction can produce a double descent

curve, where the best generalization is achieved in the interpolation regime.



Chapter 6

Conclusion and future work

6.1 Summary of work

This thesis discussed the optimality of 0-1 loss for classification problems in
three different situations—mnamely, the optimality of the 0-1 loss based on
the use of surrogate loss functions on linearly separable data, minimising the
0-1 loss directly on overlapping data and studying the performance of the
new interpolation local classifier based on the modern ERM.

The main focus in chapter 3 was on the use of the surrogate loss functions
as an alternative loss for minimising the 01 loss. In previous studies, it was
shown that surrogate loss functions provide an optimal solution for 0—1 loss
under the guarantee of minimising the calibrated loss functions, which works
as a link between 0-1 loss and the surrogate loss function. In practice,
we cannot minimise the calibrated loss functions because the conditional
probability of classifying the point into the true class is not given; therefore,

it is difficult to verify the theorem in practice. We introduced a simple
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theory in which minimising the surrogate loss functions yielded minimising
the 0-1 loss function if the optimal functions had the same 0-1 empirical
risk. In addition, we proved that minimising the hinge risk is equivalent to
minimising the 0-1 risk if the data are linearly separable.

In chapter 4, we compared the current direct 0-1 risk minimisation al-
gorithms in terms of their theoretical and practical time complexity. The
practical time complexity of these algorithms was compared in terms of the
dimensionality of data and amount of overlap between classes. PCS and
CSA both belong to the polynomial complexity class of order D, whereas
BnB has exponential time complexity in the worst-case scenario. Based on
the experimental results, the actual time of PCS and CSA increased as the
dimensionality of data increased, whereas the actual time of BnB depended
on the amount of overlap between classes, in which the best runtime was
achieved on a small overlap.

We introduced a new heuristic direct 0-1 risk minimisation algorithm
that we considered to return the global optimal solution in O(v/D log(£)N?)
polynomial time. T-PP aims to find the optimal solution by fitting a decision
boundary between each pair of points, each in a different class. Based on the
results, T-PP and its prioritised version PS-SVs find the same empirical risk
as the other algorithms if the other algorithms terminated before the time
limit, and they find a better empirical risk if the other algorithms reached
the time limit. T-PP has a constant time when the dimensionality of data or
overlap width increases, whereas PS-SVs is affected by increasing the overlap

width, although it is still better than T-PP in terms of actual time.
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Our understanding of minimising the empirical risk has changed after in-
troducing a new modern generalisation view. Zero empirical risk does not
cause overfitting, and the intuition behind the success of the classification
algorithm under this view is still unclear. The main contributions in chapter
5 were understanding the interpolation model for the canonical KNN, intro-
ducing a new interpolation local classifier based on KNN and comparing the
generalisation performance of the canonical KNN that works in the classic
generalisation view and interpolated local KNN that works in the modern
generalisation view. This was done on a set of real data and three common
image datasets.

The conclusions that were obtained through the experiments showed that
INN has better generalisation than KNN for K > 1 if the data are free from
noise and overlap. The classical U-shaped generalisation curve does not
appear in this case, whereas the presence of noise and overlap in the data
negatively affects INN, and the classical U-shaped generalisation does appear
in these cases. However, in the interpolation setting, the interpolated local
KNN showed superior performance on large real data and achieved better
performance on small data without significant improvement.

Moving to a more complex situation in which the raw image data is
interpolated without any process of the features, the current interpolation
algorithms conducted feature extraction/reduction on the image data, leaving
a question of whether feature extraction is mandatory for interpolating the
image data. Based on the experiment, image data interpolated by a simple
algorithm that is highly sensitive to the variance in the feature values and

the number of features. Interpolated classifier does not cause overfitting; the
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test error can be minimised, while the empirical risk is exactly zero. The

interpolated local KNN minimised the test error across all confidence scores.

6.2 Future research directions

There are still open directions that need to be investigated to optimise the
0-1 loss directly. Little theoretical development was provided in this thesis;
the main focus of the study was to prove the feasibility of optimising the 0-1
loss directly in a practical way. In addition, optimising the 0-1 loss func-
tion was previously ignored because of the difficulty of solving this problem.
Through the experiments done in this thesis, the ability to optimise 0-1 loss
in polynomial time complexity was proven empirically, which is an important
step in solving classification problems using its original loss function rather
than surrogate loss functions. The proposed research directions that need

more attention are as follows:

e The theoretical part related to the 0-1 loss function was dealt with
in the literature by proving that 0-1 risk minimisation is NP-hard.
Then, Cover’s theory [99] provided a measure to count the number
of assignments that can be separated by a linear function. However,
Cover did not provide an algorithm that could find all these linearly
separable assignments or define the complexity of such an algorithm.
Based on our proof of the complexity of PCS, it can be seen that the
time complexity of going through all linearly separable assignments
given by Cover’s measure is also a polynomial of order D. The intuition

behind PCS allowed us to classify PCS as a direct 0—1 loss minimisation;
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however, this has not been proven theoretically. This means that there
is a gap between theory and practice in terms of finding an exact 0-1
risk minimisation algorithm based on Cover’s theorem and proving the

PCS algorithm is an exact 0-1 risk minimisation theoretically.

e We introduced T-PP as a heuristic algorithm to minimise the 0-1 risk

directly; however, this has still not been proven theoretically.

e Despite the theoretical time complexity of PCS being polynomial, its
heuristic strategy does not use the time effectively. Even in its pri-
oritised version, CSA cannot terminate before the time limit in most
cases; therefore, we suggest restricting the search space for CSA to SVs
points obtained from minimising the hinge loss. This means that the
search space of PS-SVs and CSA will be the same, with the difference

relating to the approach finding the optimal function.

e In image classification, the success of interpolation classifiers is more
likely related to their ability to reduce the dimensionality of the data,
in which the abstract features describe the given training set 100% ac-
curately without losing any information. To improve the performance
of interpolated local KNN in image classification, a good data repre-
sentation should be considered, in which better performance results
of better data representation. Therefore, it would be interesting to
study the role of extracting abstract features from image data on the

performance of the interpolated local KNN.
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