
Constrained Machine Learning
Methods for Biomedical Data

Analysis

By

Dominic Danks

A thesis submitted to
the University of Birmingham
for the degree of
DOCTOR OF PHILOSOPHY

Institute of Cancer & Genomic Sciences
College of Medical and Dental Sciences

University of Birmingham

January 2023



 
 
 
 

 
 
 
 
 

University of Birmingham Research Archive 
 

e-theses repository 
 
 
This unpublished thesis/dissertation is copyright of the author and/or third 
parties. The intellectual property rights of the author or third parties in respect 
of this work are as defined by The Copyright Designs and Patents Act 1988 or 
as modified by any successor legislation.   
 
Any use made of information contained in this thesis/dissertation must be in 
accordance with that legislation and must be properly acknowledged.  Further 
distribution or reproduction in any format is prohibited without the permission 
of the copyright holder.  
 
 
 



ABSTRACT

In recent years, machine learning (ML) methods have shown great promise in a variety

of application settings, with ML-based systems now representing the state of the art in a

wide variety of intelligence-based computational tasks ranging from image classification to

natural language processing. Their impact in health data science is also becoming more

tangible, with ML-based systems beginning to be adopted as genuinely attractive prospects

by clinicians and health professionals as tools to improve disease understanding and clinical

pathways. The importance of such models is also likely to continue to grow as health settings

become increasingly data-aware and data-driven.

However, the field of ML-based health data science is far from fully developed, with

many clinically relevant settings not yet fully explored and with limited efforts to consider

how general ML methodology can be tailored to the health data science setting. In this

thesis, we show that by considering the constraints relevant to health-based ML problems and

explicitly involving these in our models, it is possible to derive novel approaches which tend

to retain the performance synonymous with machine learning whilst offering the plausibility

and interpretability of model outputs typically associated with more traditional statistical

approaches.

This thesis demonstrates this approach in three health-relevant settings. We begin by

considering the problem of pseudotemporal modelling, where we highlight that it is often the

case that some prior knowledge is present about the pseudotemporal trajectory which can
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be exploited to aid learning and reduce human burden. Next, we consider the problem of

time-to-event modelling (survival analysis) from a novel machine learning perspective and

demonstrate that by suitably constraining a neural network it is possible to model general

survival functions and in turn obtain strong model performance with little model tuning or

computational difficulty. Finally, we consider the problem of survival analysis in the presence

of longitudinal data and present a series of approaches which derive from our constrained

general survival model and offer various benefits over established methods.
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Chapter One

Introduction & Background

Due to the focus of this thesis being on the development of machine learning methodology

for a variety of health-based problem settings, a variety of background content is required

to fully contextualise the core novel content in Chapters 2, 3 & 4. This chapter provides

this background content, in turn facilitating the reader’s understanding of later chapters

and reducing the need for repetition of fundamental content within such chapters. It also

attempts to motivate the development of the methodology presented in later chapters.

This introductory chapter is split into three parts, each of which introduces one of

the three core themes around which the novel contributions of the thesis are based, namely

Latent Variable Modelling, Ordinary Differential Equations (ODEs), and Survival Analysis.

While this chapter does not contain novel contributions per se, efforts have been made to

produce a concise yet didactic introduction which is hopefully of value to those interested in

the themes in question or looking to pursue research directions in the area.
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Introduction & Background

1.1 Latent Variable Modelling

Latent Variable modelling is a core theme of Chapters 2 & 4, within which new latent

variable-based models are introduced (BasisDeVAE and NODESurv). This section first

introduces the motivations for latent variable models (LVMs) at a high-level (Section 1.1.1).

It then moves on to define such models in a more formal mathematical way (Section 1.1.2).

Following this (Section 1.1.3), the notion of Variational Inference (the technique used for

performing inference for Latent Variable Models utilised within future chapters) is introduced

and explained. The chapter is then concluded (Section 1.1.4) by introducing a particular

type of LVM — the Variational Autoencoder (of which BasisDeVAE is an extension). This

acts as an example of a modern realisation of an LVM and serves as a valuable grounding

when approaching Chapter 2.

1.1.1 Motivations

Many forms of data are inherently high-dimensional. For example, it is not unusual

for single-cell RNA Sequencing (scRNA-seq) experiments to target multiple thousands of

genes (g ⇡ 5000). Whilst data in this raw format contains information and is often useful

in a computational context, it is difficult for humans to interpret. More concretely, it is

difficult for a human to look at a spreadsheet of such data, which may be a table of size

10000 (cells) ⇥ 5000 (genes), and infer from that, say, which cells have a similar expression

pattern. Latent variable models exploit the fact that this high-dimensional data can often

be modelled as arising from a structured process which may be lower-dimensional or more

interpretable.

An early example of such an approach can be found in Spearman (1904), where

(potentially high-dimensional) test score data is modelled as resulting from a transformed

2



Introduction & Background

low-dimensional latent “intelligence” variable. Extensions of this idea are the basis of

psychometric tests still in use today — high-dimensional data from detailed questionnaires is

projected to a low-dimensional latent variable argued to encode various forms of intelligence

or personality traits. This provides those interested in the subject with a low-dimensional

vector characterising their responses, rather than raw individual questions and answers. It

is important to note that the extent to which such latent variables actually describe what

we mean by intelligence or personality is hotly debated. This highlights a crucial but often

overlooked aspect of latent variable modeling, namely that the role of a statistical latent

variable model is to extract latent variables which explain the variation of the observed data

in a way consistent with the modelling assumptions. It is not the role of the latent variable

model to assign meaning beyond that to such latent variables. Concretely, in the case of

psychometric tests, it is not the validity of the latent variable model which is questionable —

it is true that there exist latent variables which capture the variation and correlation in test

scores very well — it is rather questionable that those latent variables are what we really mean

by “personality” or “intelligence”. Such ambiguities can be reduced by appropriate constraints

within the latent variable model and with careful use of language when interpreting the latent

variables, which we endeavour to do in this thesis.

However, latent variable models can be extremely useful even if their latent variables

are not necessarily semantically meaningful. For example, one may encounter a setting with

very high-dimensional data and simply wish to represent such data in a low-dimensional

latent space, in turn making the modelling problem at hand less computationally demanding.

It should also be noted that whilst the latent variables argued to correspond to personality

or intelligence in psychometric tests are typically continuous, discrete latent variables are

also often valuable. For example, returning to the scRNA-seq setting, it is often useful to

cluster cells demonstrating similar expression behaviours. This can be done by modelling

each cell as being associated with a discrete latent variable, with the value of that latent
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variable denoting the cluster most suited to that cell’s observations. The net result of running

a suitable latent variable model is therefore the assignment of each cell to a cluster, with

each cell in that cluster demonstrating similar expression patterns. Such approaches have

been known to, for example, uncover cell subtypes which respond heterogeneously to cancer

therapies (Hu et al., 2020).

1.1.2 Mathematical Formalism

Further insight into latent variable models can be gained by viewing them from a mathematical

perspective. For the sake of brevity and focus we restrict our attention to the form of LVMs

relevant in later chapters. These are LVMs of the form

zi ⇠ p(zi), i = 1, . . . , n

xi|zi ⇠ p✓(xi|zi).

Intuitively, this model posits that each observation xi is obtained by first sampling the latent

variable zi associated with that observation from the prior p(z), and then sampling xi from

the conditional distribution p✓(xi|zi), parameterised by ✓.

Two instructive examples of such models are Probabilistic Principal Component

Analysis (Tipping and Bishop, 1999) and the Mixture of Gaussians model, presented in turn

below.

Example: Probabilistic Principal Component Analysis (PPCA)

In PPCA, z 2 Rp and the generative model for x 2 RD
(p < D) is

zi ⇠ N (0, Ip), i = 1, . . . , n

xi|zi ⇠ N (Wzi, �
2ID).
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In this context, ✓ = (W, �
2
).

Example: Mixture of Gaussians (MoG)

In a MoG model, z 2 {0, 1, . . . , K} and the generative model for x 2 RD is

zi ⇠ Categorical(⇡), i = 1, . . . , n

xi|zi ⇠ N (µzi ,⌃zi).

In this context, ✓ = {(µj,⌃j) 8j 2 {0, 1, . . . , K}}.

1.1.3 Variational Inference

In order to apply LVMs in practice, we must also provide an inference scheme, that is

how estimates for parameters ✓ and potentially the (distributions over) the latent variables

themselves can be calculated given data. Concretely, given data X = {xi}i=1,...,N , we would

like to be able to derive an appropriate estimate for ✓ given X . We may also like to target

the latent variables Z = {zi}i=1,...,N given X .

A purist Bayesian approach would be to target the posterior distribution

p(✓|X ) =
p(X|✓)p(✓)

p(X )
, (1.1)

or indeed

p(✓,Z|X ) =
p(X|✓,Z)p(✓,Z)

p(X )
, (1.2)

however this is generally challenging in the machine learning setting as the integrals

p(X|✓) =

Z
p(X ,Z|✓) dZ

p(X ) =

Z
p(X|✓)p(✓) d✓

5
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are intractable. One can partially circumvent this by performing MCMC on (1.2), however

this does not scale well for large dataset size or parameter dimension.

In machine learning settings, where dim(✓), dim(X ) and dim(Z) are typically large, it

is common to accept a point estimate of ✓ in return for an expressive model and efficient

computation. In simple settings, such as PPCA, the log-likelihood

L(✓;X ) = log p(X|✓)

can be computed in closed form, allowing L(✓;X ) to be maximised using e.g. gradient

ascent. However, due to p(X|✓) being intractable in typical ML-based models, variational

methods, which avoid the need to compute this integral, are typically employed. To derive

such methods, consider the log-likelihood to be maximised with respect to ✓, i.e.

L(✓;X ) = log

Z
p(X ,Z|✓) dZ,

and insert an identity factor q(Z)/q(Z), where q(Z) is a distribution over Z:

L(✓;X ) = log

Z
p(X ,Z|✓)

q(Z)

q(Z)
dZ

= logEq


p(X ,Z|✓)

q(Z)

�
.

Applying Jensen’s inequality to the above expression yields

L(✓;X ) � Eq


log

p(X ,Z|✓)

q(Z)

�

| {z }
:= L̃(✓, q;X )

.

We have therefore shown that there exists an objective function

L̃(✓, q;X ) := Eq


log

p(X ,Z|✓)

q(Z)

�

which is a lower bound on the log-likelihood. L̃(✓, q;X ) is often referred to as the Evidence

Lower Bound (ELBO), a term that is derived from applying similar ideas in the context of

model selection, where one attempts to maximise the evidence.
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Note that by writing L̃(✓, q;X ) as

L̃(✓, q;X ) = L(✓;X ) � KL [q(Z)kp(Z|X ,✓)] ,

one can see that if q(Z) is set to the posterior p(Z|X ,✓), then the bound is tight, i.e.

L̃(✓, p(Z|X ,✓);X ) = L(✓;X ).

It is natural to ask why L̃(✓, q;X ) is a useful concept. In short, it is because rather than

attempting to optimise L(✓, q;X ) with respect to ✓ directly, which is in general difficult, one

can instead either alternatingly or jointly optimise L̃(✓, q;X ) with respect to both ✓ and q,

which is typically easier.

For example, in some models, computing p(Z|X ,✓0) and minimising L̃(✓, p(Z|X ,✓0);X )

with respect to ✓ is straightforward — in the MoG model it can be done in closed form.

Hence the full likelihood L(✓, q;X ) can be (locally) maximised by alternating optimisation

with respect to q and ✓. In practice, this becomes repetition of the following two step

iteration process: Let ✓est be the current estimate of the maximum point of ✓. In step

1, define u(✓,✓est) = L̃(✓, p(Z|X ,✓est);X ) — this is akin to optimisation over q. In step

2, set ✓est = arg max✓ u(✓,✓est) — this is optimisation over ✓. This approach is known as

Expectation-Maximisation (EM) (Dempster et al., 1977), with step 1 known the E-step, as it

involves taking expectations, and step 2 the M-step, as it involves explicit maximisation.

In complex latent variable models, closed form EM updates may not be possible as

the posterior p(Z|X ,✓);X ) may be intractable. In particular, standard EM is typically used

for LVMs involving exponential family distributions, e.g. PPCA, Factor Analysis, MoG,

Hidden Markov Models and Kalman Filters. However, the notion of L̃(✓, q;X ) being a

useful proxy for L(✓;X ) remains. Specifically, if one is faced with a model where the exact

posterior p(Z|X ,✓) is intractable, one can introduce an approximate variational posterior

with parameters �, i.e. q�(Z). L̃(✓, q;X ) can then be treated as L̃(✓, �;X ). An approximate
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form of EM can then be applied — in the E-step, one optimises L̃ with respect to � keeping

✓ fixed and in the M-step one optimises L̃ with respect to ✓ keeping � fixed. One can

also abstract away from the original EM approach and simply perform gradient ascent on

L̃(✓, �;X ) jointly.

This concept of optimising a lower bound of the log-likelihood via approximate

variational posteriors is at the heart of inference in modern machine learning-based latent

variable models. In the next section, we demonstrate how this abstract concept can be

applied to learn a practically useful machine learning-based latent variable model, namely

the variational autoencoder, which is the basis of the novel contributions of Chapter 2.

1.1.4 Variational Autoencoders

The original VAE framework (Kingma and Welling, 2014) is constructed from a latent variable

model with the generative process for observation xi given by

zi ⇠ p(zi),

xi|zi ⇠ p✓̃(xi|zi).

Here zi 2 Rp is the latent variable corresponding to the data point xi 2 Rd in the dataset

X = {xi}i=1,...,N . Draws are assumed independent and identically distributed (i.i.d.) over

data points i = 1, . . . , N . The conditional likelihood p✓̃(xi|zi) is modelled via a deep neural

network f✓ (the decoder), typically such that E [xi|zi] = f✓(zi). For example, in the case of

a Gaussian conditional likelihood, p✓̃(xj|zi) = N

⇣
xj|f

(j)
✓ (zi), �2

j

⌘
, with j denoting output

dimension, ✓ representing neural network parameters and ✓̃ =
�
✓, {�

2
j}
�
. The prior p(zi) can

be chosen to match the problem of interest but is generally restricted to distributions which

are easy to sample from. In this thesis, we set zi ⇠ N (0, Ip) throughout.

Parameter inference for ✓̃ is based on maximum likelihood estimation, however the
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log-likelihood
NX

i=1

log p✓̃(xi) =

NX

i=1

log

Z
p✓̃(xi|zi)p(zi)dzi (1.3)

is in general intractable and cannot be optimised directly, hence an approximate variational

posterior is introduced as described in Section 1.1.3. In the VAE setting, amortised variational

inference is performed, meaning that the posterior’s distributional parameters (e.g. mean and

covariance for a Gaussian) are computed directly from xi by a neural network mapping h�(xi)

referred to as the encoder. We denote this variational posterior q�(z|x). In this context, the

ELBO takes the form

ELBO(✓̃, �;X ) =

NX

i=1

E
zi⇠q�(zi|xi)

[log p✓̃(xi|zi)] �
NX

i=1

KL [q�(zi|xi)kp(zi)] . (1.4)

Inference in the VAE framework therefore reduces to minimisation of the loss

L(✓̃, �;X ) = �ELBO(✓̃, �;X ),

with respect to the decoder parameters ✓̃ and encoder parameters �. This minimisation is

typically performed jointly over (✓̃, �) using variants of stochastic gradient descent and the

reparameterisation trick (Kingma and Welling, 2014; Rezende et al., 2014) with a Gaussian

variational posterior such that q� (zi|xi) = N
�
zi|µ� (xi) , �

2
� (xi)

�
in order to facilitate the

calculation of � gradients.

1.2 Ordinary Differential Equations (ODEs)

The DeSurv and NODESurv time-to-event models introduced in Chapters 3 and 4 respectively

involve the use of Ordinary Differential Equations (ODEs). This section provides the reader

with the background content underlying the novel contributions of that methodology. In

particular, it covers what an ODE is (Section 1.2.1), how they are managed in computational

settings including how ODE parameters can be estimated (Section 1.2.2), and research
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directions in machine learning involving ODEs and how our contributions relate to these

(Section 1.2.3).

1.2.1 Fundamentals

ODE-based models represent the dynamics of a variable of interest x(t) via specification of

its derivatives. More precisely, an ODE of order n expresses the n
th derivative x(n) of a state

vector x(t) with respect to an independent variable t in terms of x, t, derivatives x(m) with

m < n, and possibly parameters ✓. That is, it expresses that x(n)
(t) = f✓(x(n�1)

, . . . ,x(1)
,x, t),

where f✓ is a vector-valued function parameterised by ✓. As one can always rewrite an n
th-

order ODE as n coupled first-order ODEs, attention can be restricted to first-order ODEs of

the form

ẋ(t) = f✓(x(t), t) (1.5)

without loss of generality, as is done in the remainder of this thesis. In order to ensure a

unique solution to (1.5), an initial condition of the form x(t0) = x0 is required. Because

ODEs explicitly model the derivative of a function, rather than its actual value, an additional

“ODE solving” step is required when using such models in practice. This additional step is an

important consideration and can add significant complexity to the modelling process.

1.2.2 Computational Aspects of ODEs

ODE Solvers

Generating numerical solutions to ODE equations of the form of (1.5) is the role of computa-

tional ODE solvers. These are routines which take as input a derivative function f✓(x(t), t)

10
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corresponding to an ODE system

ẋ(t) = f✓(x(t), t),

along with an initial condition x(t0) = x0 and time teval, and output an estimate of x✓(teval;x0),

denoted x̂✓(teval;x0). Comprehensive treatments of ODE solvers can be found in e.g. Butcher

(2016) or Shampine (2018). When considering ODE solvers in the context of ML models, it is

sometimes useful to refer to the notion of an ODE solver abstractly by defining the ODESolve

operation. In the context of how an ODE solver was described above, this operation is defined

such that

x̂✓(teval;x0) = ODESolve(f✓,x0, t0, teval).

The simplest example of such a solver is the Euler method. This separates the interval

[t0, teval] into n subintervals {[ti, ti+1] | i 2 {0, 1, 2, . . . , n � 1}} with ti=0 = t0 and ti=n = teval,

and the solution estimate is computed using the recurrence relation

x̂✓(ti+1;x0) = x̂✓(ti;x0) + (ti+1 � ti)f✓ (x̂✓(ti;x0), ti) .

The Euler method is a first-order solver, meaning a O(h
2
) error is introduced with each step

of size h and an O(h) error is introduced over multiple iterations, however only one function

evaluation is required per step. A wide array of more sophisticated ODE solvers exist. Many

of these achieve much-improved error bounds, e.g. O(h
4
) for fourth-order Runge-Kutta, at

the cost of multiple function evaluations per step. Additional accuracy can often be achieved

via adaptive step size, that is varying the size of interval [ti, ti+1] as a function of t depending

on the complexity of the function around t. The most commonly used high-order, adaptive

solvers are typically adaptive high-order Runge-Kutta-based approaches, particularly the

Dormand-Prince-Shampine method of order 5.
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ODE Parameter Estimation

The application of ODE-based models in ML settings typically requires parameter estimation,

that is to infer the most appropriate value of or distribution over ✓ given data believed to be

consistent with the ODE model in question. More formally, given data D = {(ti,yi)}i=1,...,N ,

where yi are noisy x(ti) observations for a known underlying f✓ and x0, we would like to

infer the ✓ most consistent with the observations and any prior knowledge. As with any

form of parameter estimation, there are two distinct approaches that can be taken, namely

point estimation and Bayesian estimation. Point estimation targets a single parameter

value which is optimal in some sense, and any parameter uncertainty estimation either

occurs as a by-product of the chosen technique (e.g. covariance matrix approximation from

Levenberg-Marquardt optimisation, see e.g. Press et al. (2007)) or is performed via post-hoc

bootstrapping (see e.g. Chernick et al. (2011)). Bayesian estimation, instead targets the

posterior, p(✓|D), and therefore inherently quantifies parameter uncertainty. In this thesis,

we are generally interested in the application of ODEs to machine learning models where ✓ is

high-dimensional and sample sizes are large. Full Bayesian estimation methods struggle to

scale to these settings and are hence largely avoided in the context of ODE-based machine

learning. Accordingly, we focus on point estimation in this thesis.

If one approaches ODE parameter estimation from a point estimation viewpoint, then

the parameter estimation task becomes an optimisation problem, with the desired point

estimate of the parameters, ✓⇤, arising as

✓⇤
= arg min

✓
L(✓;D),

where L(✓;D) is a suitable loss function measuring the discrepancy between observed data

D and corresponding model predictions with parameter setting ✓. The approach which

immediately presents itself in this setting is that of explicitly solving a model’s ODE system

and comparing the resulting trajectory with available trajectory observations. For example in
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the case of L(✓;D) being the squared loss, for N noise-corrupted state variable observations,

Y 2 RN⇥d, made at times {ti}i=1,...,N we have

LSq(Y, Ŷ(✓)
) =

NX

i=1

���Yi,· � Ŷ(✓)
i,·

���
2

, (1.6)

where Ŷ(✓)
2 RN⇥d represents the corresponding state variable predictions obtained by solving

the ODE system with parameters ✓. i.e. E✓. In standard machine learning settings, e.g. neural

network regression, Ŷ(✓) can be computed in closed form and differentiated with respect to ✓

via automatic differentiation, allowing the optimisation of L via gradient-based optimisation.

The fact that in the ODE context the loss cannot generally be expressed in terms of simple

analytic functions complicates the optimisation process as it means that computing the loss

requires a (potentially computationally expensive) numerical integration routine to be called

and that calculating the derivative of the loss for gradient-based optimisation is non-trivial.

To convey the complexity of general calculation of the required gradients for optimisation in

this setting, we pursue the example of attempting to minimise (1.6).

The core requirement for the application of ML-friendly gradient-based optimisation

procedures such as stochastic gradient descent, Adam (Kingma and Ba, 2014) and RM-

SProp (Hinton et al., 2012) is the ability to compute @L
@✓ , which for the above is of the

form
@LSq

@✓
= 2

NX

i=1

JT
i

⇣
Ŷ(✓)

i,· �Yi,·

⌘
, (1.7)

where [Ji]mn =
@Ŷ

(✓)
i,m

@✓n
. Methods to compute this derivative in the ODE setting can be roughly

split into three categories, namely finite differencing, continuous sensitivity analysis (CSA)

and discrete sensitivity analysis (DSA). Whilst finite differencing is conceptually simple and

easy to implement, its relative inaccuracy makes it unsuitable for this setting. CSA and DSA,

however, are more effective.

CSA methods (forward-mode and adjoint CSA) compute the desired derivatives by

solving additional differential equations which can be derived from the original ODE system.
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Forward-mode CSA utilises the sensitivity/variational equations (Dickinson and Gelinas,

1976). Given a first order initial value problem

dx(t)

dt
= f✓(x(t), t), x(t0) = x0, (1.8)

these express the Jacobian Jij =
@xi
@✓j

, i.e. that appearing in (1.7), via the ODE

dJ

dt
=

@f✓
@✓

+
@f✓
@x

J. (1.9)

Note that these sensitivity equations (1.9) are straightforwardly derived by differentiating

the ODE in (1.8) with respect to ✓ and assuming symmetry of second derivatives. The

appropriate initial conditions from which to solve (1.9) are

Jij = 0 8 i, j, (1.10)

as ✓ does not influence the value of x at t = t0. The solution of the ODE system defined by

(1.9), (1.10) at time ti is then the desired Ji present in (1.7).

Observe that the terms in (1.9) are in general dependent on x and t, hence when

implementing forward-mode sensitivity analysis to compute (1.7), ODEs (1.8) and (1.9) are

solved simultaneously by forming the (d + dp)-dimensional ODE for [x,J]. Forward-mode

sensitivity analysis therefore involves one (d+dp)-dimensional ODE solve for each computation

of the derivative @LSq
@✓ if x 2 Rd

,✓ 2 Rp. Furthermore, the accuracy with which this derivative

is computed can be specified via the tolerance of the chosen ODE solver.

Whilst forward-mode CSA is used to calculate J, which can then be fed into a formula

of the form of (1.7) to compute the desired quantity @L
@✓ , adjoint CSA can be used to compute

@L
@✓ directly. For a typical loss of the form

L(✓;D) =

NX

i=1

L (x(ti);Di) , (1.11)

i.e. a sum over observations i of discrepancies between observed data and ODE solution x(t),
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adjoint CSA defines the adjoint

a(t; t
0
) =

dL(x(t
0
);Dt0)

dx(t)
,

which should be read as the rate of change of the loss value at t
0 (evaluated with t

0 data)

with respect to the value of the ODE solution at time t. Furthermore, ✓ is treated as a (in

reality constant) function of t so that

a✓(t; t
0
) =

dL(x(t
0
);Dt0)

d✓(t)

can be defined. The motivation for defining such quantities is that it can be shown (see e.g.

Chen et al. (2018b)) that they obey the ODE

daaug(t; t
0
)

dt
:=

2

64
da(t;t0)

dt

da✓(t;t0)
dt

3

75 = �

2

64

⇣
@f✓
@x(t)

⌘T
a(t)

⇣
@f✓
@✓(t)

⌘T
a(t)

3

75 , (1.12)

and

a✓(t0; t
0
) =

@L(x(t
0
);Dt0)

@✓

represents the derivative we desire. Note that a(t
0
; t

0
) can be calculated analytically for the

relevant loss function as it is just the derivative of the component loss function with respect

to its main argument. Furthermore, a✓(t
0
; t

0
) = 0 as changing the ODE parameters at only

t = t
0 would not affect the ODE solution at t = t

0. This means that our desired a✓(t0; t0) can

be calculated by solving the ODE (1.12) backwards in time from t = t
0. Therefore, by solving

(1.12) backwards in time from tN to t0 (ti are labelled such that t0  t1  t2  · · ·  tN ), the

values {a✓(t0; ti)}i=1,...,N can be obtained and then summed to yield @L
@✓ as desired.

This procedure appears attractive as it seems to involve one (d + p)-dimensional ODE

solve (c.f. one (d + dp)-dimensional solve for forward-mode CSA). However, this does not

consider the fact that the computation of ȧaug(t) in (1.12) in general requires x(t) values. One

approach to address this would be to perform a forward solve of (1.8) every time an x(t) value

was required by the reverse solver of (1.12), however the computational demand of this scheme
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makes it totally infeasible. A suggestion to lessen this burden would be to first execute a

single d-dimensional forward solve of (1.8) to obtain x(tN ), before running the backward solve

on (1.8) alongside (1.12), i.e. solving a (2d + p)-dimensional ODE system. This is the scheme

used by Chen et al. (2018b) to learn the parameters of neural ODEs, where it appears to work

well. However, in general this method is unstable. This is because the reverse-solved x(t)

will not in general follow the trajectory of the forward solve and can often drift significantly,

leading to inaccurate adjoint computations and hence derivatives (Hindmarsh et al., 2005).

This instability can be reduced at a cost of higher memory usage by adopting methods

which use the forward solve to create an interpolation scheme which can be called upon

for accurate computation of x(t) during the reverse solve (Hindmarsh et al., 2005; Wang

et al., 2009). These methods therefore offer a compromise, aiming to combine the lower

computational cost of adjoint CSA’s lower dimensional ODE solve and the numerical stability

of forward-mode CSA, and this approach is indeed formidable in the case of ODEs with many

parameters (Rackauckas et al., 2018).

The process of computing the desired derivative using CSA methods is also referred to

as the differentiate-then-discretise approach (Zhang and Sandu, 2014), as one first expresses

the desired derivative via ODEs by differentiation and then attempts to solve these ODEs

using a numerical solver with discrete steps. DSA methods instead adopt a discretise-then-

differentiate approach by first representing the ODEs’ solutions by their discrete approximation

and then computing the derivative of this function. An apparent drawback of this approach

is that a specialised implementation must be created for each numerical integration routine

to calculate the relevant derivatives. However, this can be avoided by instead implementing

each numerical integration routine in an automatic differentiation (AD) framework. In this

setup, the computation of L(✓;D) defines a computational graph upon which forward- or

reverse-mode AD can be applied. Applying forward-mode AD corresponds to a forward-mode

DSA approach of computing @L
@✓ , whilst applying reverse-mode AD corresponds to an adjoint
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DSA approach.

Rackauckas et al. (2018) provide a detailed comparison of the performance of the

various forms of sensitivity analysis for loss function derivative calculation using the Julia

language (Bezanson et al., 2017), with their main conclusion being that forward-mode DSA

is most appropriate for small systems (. 100 parameters), whilst adjoint CSA (with the use

of interpolation methods) is most appropriate for larger systems. This motivates the use of

adjoint CSA in modern machine learning settings involving neural networks (Chen et al.,

2018b).

Quadrature

As seen by the volume of content above, the process of parameter estimation in ODE systems

is in general non-trivial and can be computationally expensive. If the system being modelled

in a given problem is genuinely described by an ODE of the form (1.8), then there is little

that can be done to avoid these considerations. However in some machine learning settings,

we may instead be able to posit a model involving an ODE of the form

dx(t)

dt
= f✓(t), x(t0) = x0,

i.e. where the derivative at time t is specified in terms of only t, not also via x(t). This form

of ODE implies that x(t) can be computed via the integral

x(t) = x0 +

Z t

t0

f✓(⌧) d⌧

Importantly, it is generally much more computationally tractable to compute integrals of this

form reliably and also to compute their ✓ derivatives as one can employ quadrature methods

rather than via full ODE solvers. Given an integral

A =

Z b

a

f(x) dx ,
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these methods compute the estimate of A as a weighted sum of n evaluations of f :

Â =

nX

i=1

wif(xi),

with the weights {wi} and evaluation points {xi} dependent on the form of quadrature chosen.

Perhaps the simplest form of such a method is the trapezoidal rule. In this setting, the

interval [a, b] is split into n � 1 (usually equally spaced) subintervals {[xk, xk+1]}
n�1
k=1 with

xk = a + (k � 1)�x, where �x = (b � a)/(n � 1). The area under f(x) over the interval

[xk, xk+1], i.e.

Ik =

Z xk+1

xk

f(x) dx ,

is then approximated by the area under the linear interpolation of f(x) over the same region,

i.e.

Ik ⇡ Îk = �x ·
f(xk) + f(xk+1)

2
.

The overall approximation of A is then taken as

Â =

n�1X

i=k

Ik =

n�1X

k=1

�x

2
(f(xk) + f(xk+1))

=

nX

i=1

wif(xi)

with wi = 1/2 for i 2 {1, n} and wi = 1 for i 2 {2, . . . , n � 1}, and xi = xk as defined above.

The trapezoidal rule asymptotically approaches the true integral as n ! 1 but

typically requires large n for satisfactory performance. As computational complexity scales

with n, we would like a method with good performance for relatively small n. This is offered

by Gauss-Legendre quadrature. Gauss-Legendre quadrature applies to integrals of the form

I =

Z 1

�1

g(x)dx.

The idea behind it is to approximate the integrand g(x) with a high-order polynomial and

output the integral of this polynomial as the estimate of the actual integral I. More precisely,

18



Introduction & Background

Gauss-Legendre quadrature of order n approximates I as

I ⇡ Î =

nX

i=1

wig(xi),

where wi are weights computed using

wi =
2

(1 � x
2
i ) [P 0

n (xi)]
2 ,

with Pn the n
th Legendre polynomial with Pn(1) = 1 and xi as the roots of the n

th Legendre

polynomial. Gauss-Legendre quadrature of order n is exact for polynomials of order 2n � 1

or less.

The standard way to numerically evaluate an integral of the form

I =

Z b

a

h(x)dx

using Gauss-Legendre quadrature is to first write it as
Z 1

�1

g(x)dx

with

g(x) =

✓
b � a

2

◆
h

✓✓
b � a

2

◆
x +

✓
a + b

2

◆◆

and apply a Gauss-Legendre quadrature to the resulting integral

I =

Z 1

�1

g(x)dx.

This is how integrals are computed in the models posited in the DeVAE, BasisDeVAE and

DeSurv models of Chapters 2 & 3.

The true benefit of quadrature-based estimation of x̂✓(t;x0) over full ODE solves

in the context of parameter estimation becomes clear when the following is realised: to

calculate x̂✓(t;x0) via a full ODE solver, x0 is iteratively updated, and the value of x̂✓(ti;x0)

is required to compute x̂✓(ti+1;x0), coupling computational steps and frustrating concurrency.
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However, in quadrature, the estimate x̂✓(ti+1;x0) consists of n independent terms, each of

which can be performed concurrently before being summed, allowing quadrature to be heavily

parallelised. We capitalise on this aspect in our work by performing such computations on a

GPU, significantly accelerating computations relative to full ODE solvers.

1.2.3 ODEs in Modern Machine Learning

Neural ODEs

In recent years, interest in ODE-based modelling has significantly increased within the

machine learning community. Much of this interest was piqued by the introduction of Neural

ODEs (Chen et al., 2018b). These are models which utilise neural networks to model the

derivative function f✓(x). In their original form, Neural ODEs are a mapping x 7! y via a

neural network-based ODE. Specifically, y = z(T ), with

dz(t)

dt
= f✓(z(t), t); z(0) = x (1.13)

and f✓(·) a neural network. Note that if f✓ is autonomous and an Euler solver with step size

1 is applied to this ODE, the computation of y is iterative, with a series of steps of the form

zi+1 = zi + f✓(zi),

which is a ResNet (He et al., 2015) update. Applying other solvers to the fundamental

ODE (1.13) generates other known architecture formats (Lu et al., 2017), e.g. applying

(approximate) backward Euler gives PolyNet (Zhang et al., 2016) and applying Runge-Kutta

gives FractalNet (Larsson et al., 2016).
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ODERNN

Neural ODEs are particularly useful in temporal settings as they are compatible with the con-

cept of continuous-time modelling. A good example of this is within the ODERNN (Rubanova

et al., 2019), utilised in Chapter 4. The ODERNN is an adaptation of the standard Recurrent

Neural Network architecture which posits that the hidden state evolves according to a learnt

neural ODE in the absence of observations. More formally, in a standard RNN, the value of

the hidden state for time ti = ti�1 + �t at which an observation xi is made is computed via

hi = RNNCell (hi�1, �t,xi) ,

with h(t) undefined or considered constant for values of t not in the set of observed times

{ti}
nobs
i=1 . However, in an ODERNN, if the most recent observation was at ti�1, h(t) is computed

via an ODE solve of ḣ = f✓(h(t), t) from ti�1 to t, i.e.

h(t) = ODESolve (f✓, hi�1, ti�1, t) ,

where the ODESolve operator is as defined in Section 1.2.2. At observed values of t, i.e.

t 2 {ti}
nobs
i=1 , the hidden state is updated by observed xi via

hi = RNNCell (h
0
i,xi) ,

with

h
0
i = ODESolve (f✓, hi�1, ti�1, ti) .

This formalism improves the ability of RNNs to reliably output predictions for t /2 {ti}
nobs
i=1 ,

proving useful in settings with irregularly sampled data.

Latent Neural ODEs

ODERNNs offer an immediate way to perform autoregressive modelling of data in a more

continuous-time way than a standard RNN. However in some settings it may be of value to
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take a latent variable-based approach rather than an autoregressive approach. The latent

neural ODE model Rubanova et al. (2019) addresses this scenario.

The latent neural ODE model posits that there is a continuous latent variable z(t) which

underlies time series data x(t), with the generative model for some observation xn := x(tn)

taking the form

z0 ⇠ p(z0)

zn = ODESolve(f✓, z0, t0, tn)

xn ⇠ p�(xn|zn),

where
dz

dt
= f✓(z, t),

f✓ is a neural network with parameters ✓ and � represents NN parameters mapping z to

x. In a setting with N trajectories, with trajectory i having Ni measurements at times

Ti = {ti1, ti2, . . . , tiNi}, we denote the measurements as Xi = {xij}j=1,...,Ni . The likelihood
PN

i=1 log p(Xi|✓̃) with ✓̃ = (✓, �) is intractable but amortised variational inference as in-

troduced across Sections 1.1.3 & 1.1.4 can be applied, with the ELBO taking the form

L =
PN

i=1 Li, with

Li(✓̃) = E
z
(i)
0 ⇠q�(z

(i)
0 |Xi)

h
log p✓̃(Xi|z

(i)
0 )

i
+ KL

h
q�(z(i)0 |Xi)kp(z(i)0 )

i
.

As in the case of a VAE, the parameters (e.g. mean and covariance for a Gaussian) of

the variational posterior q�(z(i)0 |Xi) are computed by passing Xi through a neural network

encoder, however due to the longitudinal nature of the observations, more thought is required

to design a suitable architecture. Rubanova et al. (2019) make use of the ODERNN concept

to design such an architecture. More specifically, the posterior parameters are calculated

by running an ODERNN backwards in time, taking in Xi in the order [xNi ,xNi�1, . . . ]. The

hidden state at t = 0, h(0), is then transformed via e.g. a linear transformation to obtain
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Figure 1.1: Diagrammatic representation of the Latent Neural

ODE model (Rubanova et al., 2019).

the posterior parameters. Rubanova et al. (2019) found that this ODERNN-based encoder

outperformed a standard RNN-based equivalent. A pictorial representation of the latent

neural ODE model is shown in Figure 1.1, with the left hand side depicting the encoder

portion and the right hand side depicting the decoder portion (the generative model).

Other work

Whilst the aforementioned concepts are those most relevant to this thesis, there exists an

abundance of additional work in various related areas. For example, significant work has been

carried out to extend the idea of Neural ODEs to different forms of differential equations.

Notably, Kidger et al. (2020a) introduces Neural Controlled Differential Equations, which

allow for continuous integration of observed data into a neural differential equation’s hidden

trajectory, allowing for flexible modelling of irregularly sampled data. Additionally, Neural

Stochastic Differential Equations (Tzen and Raginsky, 2019; Kidger et al., 2021) have been

introduced which can be thought as a generalisation of Neural ODEs within which noise is

injected into the latent trajectory at each infinitesimal time step. Neural SDEs have also

been considered in a latent variable framework by Li et al. (2020), where it can be seen that

they can be considered an infinite-dimensional form of variational autoencoder.
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Increased interest in the area has also led to notable efforts to improve the availability

of quality software to support ODE-based modelling. Work within the Julia (Bezanson et al.,

2017) community has led to a suite of automatic differentiation-aware differential equation

solvers, namely DifferentialEquations.jl (Rackauckas and Nie, 2017b). This can be paired

with companion packages, e.g. DiffEqFlux (Rackauckas et al., 2019) and DiffEqSensitivity to

support numerous different differentiation methods, including explicit forward- and reverse-

mode AD and various forms of the adjoint method (Rackauckas et al., 2018). Efforts have

also been made within the Python community to increase support. For example, the modern,

fast python-based ML framework of JAX(Bradbury et al., 2018a) is having its differential

equation functionality added to via e.g. Diffrax (Kidger, 2022) and jax.experimental.ode.

Furthermore, torchdiffeq (Chen, 2018), the original framework introduced by Chen et al.

(2018b) in the context of Neural ODEs, has been extended to support Neural CDEs (Kidger,

2021a) and Neural SDEs (Kidger, 2021b), allowing neural differential equations to be easily

embedded within other pytorch-based ML models. Whilst other frameworks were used in

prototyping, due to HPC support and open source model availability we make use of the

Python/Pytorch ecosystem for the work presented in this thesis.

Only recently has the community begun to realise the potential of ODEs to improve

ML-based modelling and that it is computationally possible to work with ODEs in large-scale

ML settings. Given the significant developments of the area in this time it is exciting to

consider how the area and its application settings may continue to expand.

1.3 Survival Analysis

Chapters 3 & 4 introduce novel survival analysis approaches. This section (1.3) facilitates

the reader’s understanding of these chapters by providing the necessary background to these
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contributions. It begins by introducing the general concept of single-risk survival analysis —

the most basic time-to-event modelling setting — in both a qualitative and mathematical

sense (Section 1.3.1). It then moves on to describe the competing risks setting, where patients

are at risk of multiple event types which compete to first affect the patient (Section 1.3.2).

Following this, it introduces the ubiquitous Cox Proportional Hazards model (Section 1.3.3)

before covering the concept of joint longitudinal-survival modelling (Section 1.3.4), a core

focus of Chapter 4.

1.3.1 Single-Risk Survival Analysis

Single-risk survival analysis considers the problem of modelling time-to-event data when all

outcomes are considered either “event” or “no event”, with “event” corresponding to some

terminal outcome. A canonical example of this would be a simple clinical trial on advanced

cancer patients where one is interested in the efficacy of a drug on death prevention. In this

context, death would be the event and a single-risk model could be argued to be appropriate.

Typical survival analysis of this kind assumes that a single baseline measurement is made for

each patient i, denoted x(i), and this is in some way informative about the amount of time

that they will survive for. In the clinical trial context, x(i) may include various biomarkers

(the effect of which should be controlled for via randomised controlled trial methodology) as

well as the potential treatment. Fitting a single-risk survival model to the data then allows

for the quantitative analysis of the effect of such a treatment.

An important consideration in single-risk survival analysis, and indeed survival analysis

in general, is the presence of censoring. Censoring in general refers to the idea that a patient

may experience an event at a time outside of the observation window of a given study.

Most relevant for our modelling purposes is right censoring. This is when a patient can be

considered as part of the study but does not record an event within the observed time window.

25



Introduction & Background

A good example of this would be a patient surviving the observation follow-up window in the

advanced cancer clinical trial. For a model to be appropriate for the survival analysis setting,

it must consider such cases.

More mathematically, single-risk survival analysis considers data which for N subjects

takes the form D = {s
(i)

,x(i)
, k

(i)
}
N
i=1, where s

(i) denotes event time, x(i) denotes subject

covariates and k
(i) denotes event type. In the single-risk setting, k

(i)
2 {?, 1}, with k

(i)
= 1

implying the event of focus (e.g. death) occurred at s
(i) and k

(i)
= ? implying right

censorship (as described above). The aim of a survival model is to learn from this data the

association between covariates x(i) and event risk and/or to be able to predict the time-to-

event distribution for an unobserved test patient. A commonly targeted quantity in single-risk

survival analysis is the survival function, S(t) ⌘ P (T > t) ⌘ 1� P (T  t) ⌘ 1� F (t), where

F (t) is the cumulative distribution function (CDF) corresponding to the random variable T .

1.3.2 Competing Risks Survival Analysis

Competing risks survival analysis refers to the setting within which one is not just interested

in whether an individual experiences an event, but is rather also interested in the subtype of

event that occurred. For example, in the medical setting, if one is considering a cardiovascular

cohort, it is also likely that some members of the cohort have other morbidities, e.g. kidney

disease. It may therefore be desirable to consider death due to each of these diseases or

groups of diseases as separate event types. In this setting, kidney disease is referred to as

a competing risk, as it competes with the primary process of interest, i.e. cardiovascular

disease, to kill the patient. A competing risk model allows the modelling of the cause-specific

risk of an event in a setting such as this, therefore allowing greater granularity, and therefore

utility, in a clinical setting.
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Therefore, in the competing risks setting, survival data again takes the form D =

{s
(i)

,x(i)
, k

(i)
}
N
i=1, but now k

(i)
2 {?, 1, 2, . . . , K} for K event types of interest. In the above,

these event types would correspond to “death associated with disease k”. In the competing risks

setting, the overall survival function is still of interest, however the quantity P (T  t, k), i.e.

the probability of experiencing event k before time t accounting for the presence of competing

risks, becomes of interest, and is referred to as the Cumulative Incidence Function (CIF).

1.3.3 Cox Proportional Hazards

Perhaps the most well-known and widely applied survival analysis method, which also forms

the basis of many modern approaches, is the Cox Proportional Hazards model (Cox, 1972).

To appreciate this and related methods, one must define the hazard function. Mathematically,

the hazard function �(t) is defined as

�(t) = lim
dt!0

Pr{t  T < t + dt | T � t}

dt
.

Qualitatively, �(t) expresses the probability per unit time (i.e. risk) of experiencing an event

at time t given that an event has not occurred prior to time t.

The Cox Proportional Hazards model posits that the hazard function �(t|x) for an

individual with covariates x can be expressed as

�(t|x) = �0(t) exp
�
�
Tx
�
, (1.14)

where �0(t) is a baseline hazard function and � are learnable parameters. Note that this

assumes that the hazard function of all individuals has the same shape over time but is

scaled by a person-dependent multiplicative factor exp
�
�
Tx
�
. At first glance this may

seem an arbitrary approach to the survival problem, but assuming this form of model has

useful implications for downstream modelling. In particular, it can be shown that the full

log-likelihood associated with the model can be well approximated by a so-called partial
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log-likelihood which is independent of �0(t). Therefore, appropriate values of � can be learnt

without having to be concerned with �0(t). Furthermore, if one considers the hazard ratio,

that is the ratio between the hazard of patient i and patient j, it is found that

�(t|xi)

�(t|xj)
=

�0(t) exp
�
�
Txi

�

�0(t) exp(�Txj)
= exp

�
�
T
(xi � xj)

�
,

which again does not involve �0(t) and is additionally completely independent of t. This

allows practitioners to make easily understood statements of the form “Patient A is twice

as at risk of death as patient B” without having to involve time-dependence or additional

caveats, which is particularly valued by those performing medical statistical analysis on study

data.

Whilst the Cox model is valuable in many settings, it is important to be mindful of its

limitations. Firstly, the form of hazard posited in (1.14) could be considered quite restrictive.

For example, it assumes that the time evolution profile of risk for all patients is the same up

to a multiplicative factor. In reality it is likely that patients will not behave this uniformly. It

also assumes a relatively restrictive functional form for the covariate-dependent multiplicative

factor exp
�
�
Tx
�
. Furthermore, it should be noted that the time-independence of hazard

ratios in the Cox setting, which allows statements such as ‘Patient A is twice as at risk of

death as patient B” to be made, arises from model assumptions. In reality, the true hazard

ratio may be time-dependent, but this cannot be captured by a Cox model.

1.3.4 Joint Longitudinal-Survival Modelling

In the longitudinal survival analysis setting, data takes the form D = {s
(i)

,x(i)
0 ,X(t)(i), k(i)

}
N
i=1,

where s
(i) denotes event time, x(i)

0 denotes subject covariates at baseline, X(t)(i) 2 Rd⇥T

denotes subject covariate measurements x(t) at times t = [t0, . . . , tT ], and k
(i)

2 {?, 1}

denotes event type (we assume a single-risk setting here). The goal of a joint longitudinal-

survival model is to simultaneously model the longitudinal variables x(t) alongside the event
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times s, thus allowing one to perform predictions on either variable at test time and to

understand the relationship between longitudinal variables and survival time.

To proceed, it is typically assumed that there exist two models: a longitudinal model

for x(t) and a survival model for s, each of which may involve parameters, here denoted ✓.

These are then coupled by assuming shared dependence on a set of random effects b.

For example, in the most basic and commonly used form of this model, a linear mixed

effects model is posited for the longitudinal part and a Cox proportional hazards model is

used for the survival part. The longitudinal part therefore takes the form

xi(t) = �Tui(t) + bT
i zi(t) + "i(t)

with bi ⇠ N (0, D) and "i(t) ⇠ N (0, �
2
). It is common to set � = [�0 �1]

T, ui(t) = [1 t]
T

and bi = [b
(0)
i b

(1)
i ]

T, zi(t) = [1 t]
T. This means that each subject’s xi(t) is derived by

adding Gaussian noise to a straight line with intercept �0+b
(0)
i and slope �1+b

(1)
i . Meanwhile,

the hazard is given by

hi (t) = h0(t) exp

n
�
>
x
(i)
0 + ↵mi(t)

o
,

where mi(t) denotes the mean of xi(t), i.e.

mi(t) := �Tui(t) + bT
i zi(t).

A key goal in this context is to infer ✓ = (�, �, ↵), as these parameters convey the mean

longitudinal behaviour of the data, the association between baseline covariates and survival

time, and the association between longitudinal covariates and survival time respectively. It

may also be of interest to target the posterior over a subject’s random effects bi in order to

understand individual subject behaviour.

Performing maximum likelihood inference for ✓ on a joint longitudinal-survival model

of this form equates to maximising a log-likelihood of the form

L(✓|D) =

NX

i=1

log p(s
(i)

, k
(i)

,X(t)(i)|x(i)
0 ,✓), (1.15)
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with

p(s
(i)

, k
(i)

,X(t)(i)|x(i)
0 ,✓) =

Z n
p(X(t)(i)|x(i)

0 ,✓,bi)p(s
(i)

, k
(i)
|x(i)

0 ,✓,bi)p(bi)

o
dbi . (1.16)

Note that this resembles the log-likelihood format often encountered in latent variable settings

(see Sections 1.1.3 & 1.1.4), with bi here playing the role of the variable typically denoted

zi in latent variable treatments. The log-likelihood in (1.15) is therefore amenable to the

same methods as discussed in the context of latent variable models, in particular Expectation

Maximisation and its derived algorithms.

1.3.5 Metrics

In Chapters 3 & 4, we evaluate various survival models with respect to some metrics largely

specific to the survival setting. We define these metrics below for reference.

Time-dependent Concordance Index (Antolini et al., 2005): We define the

Cause-specific Time-dependent Concordance Index for event k so that the metric is immedi-

ately applicable to the competing risks setting. Replacing CIF with CDF in what follows

provides the single-risk version. Consider two patients i and j. Suppose patient i experiences

event k
(i) at time s

(i) and that patient j outlives patient i so that s
(i)

< s
(j). Then, the

time-dependent concordance represents the probability that the predicted CIF of patient

i for event k
(i) exceeds the same event’s predicted CIF for patient j. The time-dependent

concordance for event k, denoted C
(k)
td , is therefore formally defined via

P
⇣
F̂k

⇣
s(i) | x(i)

⌘
> F̂k

⇣
s(i) | x(j)

⌘
| s(i) < s(j), k(i) = k

⌘
.

In practice, it is empirically estimated via

C(k)
td ⇡

P
i 6=j Ak,i,j · 1

⇣
F̂k

�
s(i) | x(i)

�
> F̂k

�
s(i) | x(j)

�⌘

P
i 6=j Ak,i,j

,

where Ak,i,j := 1
�
k
(i)

= k, s
(i)

< s
(j)
�
. Note that C

(k)
td 2 [0, 1], with values closer to 1

representing stronger discriminative performance. The intution accompanying C
(k)
td is that if
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a model is good, the predicted cumulative risk at time s
(i) should be greater for patient i

who experiences the event at that time than for a patient j that remains alive beyond s
(i).

Integrated Brier Score (IBS): The Brier score (BS) is a metric which measures

the ability of a classifier to predict binary outcomes. Given N binary observations yi 2 {0, 1}

and N predictions p̂i from a binary classifier for p(yi = 1), the BS is
P

i(yi � p̂i)
2
/N . In the

survival analysis setting, a Brier score, BS(t) can be obtained for N patients at time t by

considering the Brier score of the binary variable Ui which is 1 for patients who live beyond t

and 0 for those that experience an event before t.

More specifically, at time t, let Ui denote the random variable which takes value 1 if

s
(i)

 t, i.e. if patient i has experienced an event, and 0 if s
(i)

> t, i.e. if patient i is alive at

t. The Brier Score associated with this variable over all patients i = 1, . . . , N is

BS0(t) =
1

N

NX

i=1

⇣
1 � F̂

�
t | x(i)

�⌘2
1
�
s
(i)

 t, k
(i)

= 1
 

+ F̂
�
t | x(i)

�2
1
�
s
(i)

> t
 �

.

In the presence of random censoring the terms are reweighted as

BS(t) =
1

N

NX

i=1

2

64

⇣
1 � F̂

�
t | x(i)

�⌘2
1
�
s
(i)

 t, k
(i)

= 1
 

Ĝ (s(i))
+

F̂
�
t | x(i)

�2
1
�
s
(i)

> t
 

Ĝ(t)

3

75 ,

where Ĝ is the Kaplan-Meier estimate of the censoring survival function P (C > t) (see Graf

et al. (1999) for details). Numerically integrating BS(t) over the range of test times and

dividing by the interval provides the Integrated Brier Score (IBS), i.e.

IBS =
1

t2 � t1

Z t2

t1

BS(s) ds ,

for which smaller values indicate better classification performance (Graf et al., 1999).

Integrated Negative Binomial Log-Likelihood (INBLL): Following on from the

above IBS discussion and definition, we can define the negative log-likelihood of the variable

U = {Ui}
N
i=1 as

NBLL0(t) = �
1

N

NX

i=1

h
log
h
F̂
⇣
t | x(i)

⌘i
1
n

s(i)  t, k(i) = 1
o

+ log
h
1 � F̂

⇣
t | x(i)

⌘i
1
n

s(i) > t
oi

.
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Applying the same censoring weighting as previously provides

NBLL(t) = �
1

N

NX

i=1

2

4
log
h
F̂
�
t | x(i)

�i
1
�
s(i)  t, k(i) = 1

 

Ĝ
�
s(i)
� +

log
h
1 � F̂

�
t | x(i)

�i
1
�
s(i) > t

 

Ĝ(t)

3

5 .

This can be integrated as in the IBS case as

INBLL =
1

t2 � t1

Z t2

t1

NBLL(s) ds

to obtain the Integrated Negative Binomial Log-Likelihood (INBLL) metric for which smaller

values indicate better classification performance (Kvamme et al., 2019).

Mean Absolute Error (MAE) and Root Mean Square Error (RMSE): These

represent the MAE and RMSE between the mean of a model’s patient-specific time-to-event

distribution and that patient’s observed event time calculated across all (non-censored)

patients.

Mathematically, the MAE is therefore

MAE :=

P
i

��s(i) � ŝ
(i)
�� · 1

�
k
(i)

= 1
�

P
i 1 (k(i) = 1)

,

where s
(i) and ŝ

(i) denote the observed event time and mean of the predicted survival

distribution respectively for patient i.

Meanwhile the RMSE is

RMSE :=

sP
i (s

(i) � ŝ(i))
2
· 1 (k(i) = 1)P

i 1 (k(i) = 1)
,

where s
(i) and ŝ

(i) denote the observed event time and mean of the predicted survival

distribution respectively for patient i.
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Chapter Two

Interpretable Simultaneous

Dimensionality Reduction and

Feature-Level Clustering with

Derivative-Based Variational

Autoencoders

This chapter presents two novel latent variable models: DeVAE and BasisDeVAE. DeVAE

performs prior knowledge-aware VAE-based dimensionality reduction via derivative-based

methodology. BasisDeVAE extends this notion by additionally performing feature clustering

simultaneously. The core content of this chapter is based on work published in the Proceedings

of The Thirty-eighth International Conference on Machine Learning (ICML 2021) as Danks

and Yau (2021).

The structure of this chapter follows the natural pattern for presenting such models.

It begins by introducing the need for the model and how it relates to other modern methods
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in the literature (Section 2.1) before proceeding to introduce the idea of constraining decoder

outputs of a VAE via derivative-based modelling (Section 2.2). It then covers how this

idea can be used to additionally cluster features based on their behaviour (Section 2.3).

Experimental results on synthetic and real world data are then presented (Section 2.4), before

a discussion section (Section 2.5) summarises the key contributions of the work, how they

complement various other research directions and how they could be naturally extended in

future work.

2.1 Introduction

Variational Autoencoders (VAEs) (Kingma and Welling, 2014) have become ubiquitous in

modern machine learning and are applied in a wide range of settings, including the generation

and disentangled latent coding of images (Gregor et al., 2015; Higgins et al., 2017; Kumar

et al., 2018), text generation (Bowman et al., 2016a; Xu et al., 2020) and semi-supervised

learning (Kingma et al., 2014; Maaløe et al., 2016). They have also played an important

role in interpreting high-dimensional biological data, such as that produced in genomics

settings (Lopez et al., 2018; Simidjievski et al., 2019; Qiu et al., 2020).

2.1.1 Extensions of VAEs

The standard VAE integrates Bayesian latent variable modelling, deep neural networks (DNNs)

and variational inference, the combination of which results in a probabilistic encoder which

maps a (high-dimensional) input onto a (low-dimensional) latent space and a corresponding

probabilistic decoder which maps each position in the latent space onto a distribution in the

observation space.
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Many variants of the standard VAE have been developed, including the conditional

VAE (cVAE) (Sohn et al., 2015) which conditions the behaviour of the encoder and decoder on

additional fixed inputs, the neural decomposition VAE (Märtens and Yau, 2020) which imposes

a functional ANOVA structure on the decoder, and the beta-VAE (Higgins et al., 2017) which

incorporates additional regularisation to encourage latent variable disentanglement. Recently,

an approach that combines dimensionality reduction and feature-level clustering within a

VAE framework (BasisVAE) has been developed (Märtens and Yau, 2020). BasisVAE groups

subsets of features together whose behaviour is similar over the latent dimensions. This type

of model is of particular utility on tabular datasets where each feature may have a distinct

standalone meaning (e.g. it represents a protein, gene or age).

Figure 2.1 demonstrates the overall pipeline of simultaneous dimensionality reduction

and feature-level clustering — given an observed data matrix X 2 R
N⇥d (N observations, d

features; leftmost item in Figure 2.1) as input, a mapping from a latent variable z to each

dimension of the d observation dimensions is learnt, and these profiles are clustered according

to their behaviour (lower-right plot in Figure 2.1). Standard VAEs lack the feature clustering

element (upper-right plot of Figure 2.1). Values of the latent variable z corresponding to each

observation x are also assigned and structure can be seen by arranging samples (rows within

X) by z-value (upper-middle plot of Figure 2.1) if feature clustering is not performed. If

feature clustering is also performed, we can also group columns by their clustering assignment

(bottom-middle of Figure 2.1). Hence it can be said that the application of dimensionality

reduction via a standard VAE uncovers structure only in the rows (samples) of tabular data

X 2 RN⇥d, whereas simultaneous dimensionality reduction and feature-level clustering aims

to uncover structure in both the rows (samples) and columns (features).

The aforementioned VAE developments recognise the benefit of introducing additional

structure into the flexible VAE framework in order to encourage desirable model behaviour.

However, specifying particular functional characteristics with current VAE decoders remains
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Figure 2.1: Simultaneous dimensionality reduction and feature-

level clustering. Given an observed data matrix X 2 RN⇥d, we would like

to i) learn a low-dimensional representation z (dimensionality reduction)

and ii) cluster features according to their behaviour as a function of z

(feature-level clustering). The standard VAE framework allows us to

perform only i). With our proposed BasisDeVAE model we can perform

both tasks simultaneously and guarantee interpretability of the inferred

cluster assignments.

an open challenge. For example, BasisVAE allows us to identify features which share exactly

the same functional shape or dynamics, but it does not provide a mechanism to define a

broader group of shared patterns among features, e.g. to cluster together all monotonically

increasing functions. The ability to characterise certain functional behaviours is important in

applications where a priori knowledge or physical laws constrain feature dynamics.
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Figure 2.2: Modelling biological progression. If the dominant source

of variation in a cross-sectional dataset is associated with biological or

disease progression, we can use a VAE to encode and map the samples onto

a one-dimensional latent space (pseudotime) and decode to understand

the feature-level variability with pseudotime.

2.1.2 Contribution

In this chapter, we present two novel VAE models, namely DeVAE and BasisDeVAE, which

model feature-level behaviour x in terms of derivatives with respect to the latent dimensions

z, i.e. @x
@zj

= f
(j)
✓ (zj), where f

(j)
✓ is a DNN. Note that defining @x

@zj
so that it does not depend

on x removes the risk of chaotic behaviour and enables the use of quadrature rather than full

ODE solves, as expanded upon later in this chapter.

We show how use of this approach allows for greater control over decoder behaviour

in settings where certain forms of a priori knowledge and/or physical constraints, such as

monotonicity and transience, are desirable without having to explicitly define parametric

functional forms.

This work is particularly motivated by modelling disease or biological progression

from cross-sectional data. In this problem, a cross-sectional collection of input samples is

projected onto a one-dimensional latent space. If the dominant latent source of variation

in the cross-sectional data is temporal, the positioning of samples in the latent space then
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corresponds to relative ordering in time or pseudotime. This type of analysis has been

used to determine temporal patterns associated with biological processes, such as cellular

differentiation and cancer progression, where longitudinal time series data may be difficult or

impossible to collect directly. Figure 2.2 provides a pictorial representation of this modelling

context.

We demonstrate the real-world utility of DeVAE and BasisDeVAE by applying them

to synthetic data, image-derived brain pathology biomarkers from the OASIS-3 dataset (La-

Montagne et al., 2019) and large-scale single-cell RNA sequencing data (Ernst et al., 2019).

2.1.3 Background: BasisVAE

BasisVAE (Märtens and Yau, 2020) enables simultaneous dimensionality reduction and

feature-level clustering within the VAE framework (see Section 1.1.4 for VAE background).

It achieves this by modifying the form of the decoder function, introducing additional cluster-

associating latent variables into the generative model and devising an efficient collapsed

variational inference scheme for learning.

The generative model of BasisVAE, in the case of a Gaussian conditional likelihood,

takes the form
zi ⇠ N (0, I)

⇡|↵ ⇠ Dirichlet(↵)

�
w

j1
, . . . , w

jK
�
|⇡ ⇠ Categorical (⇡1, . . . , ⇡K)

x
(j)
i |wj

, zi, ✓̃ ⇠ N

 
KX

k=1

w
jk

�jkf
(k)
basis (zi + �jk) , �

2
j

!
,

where ✓̃ = (✓, {�jk}, {�jk}, {�j}). Here �jk and �jk are parameters representing the amount

of translation and scaling respectively associated with feature j and component k, and a

Dirichlet prior is introduced on ⇡ to induce sparse cluster assignments. It is therefore a
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mixture model where each feature is assigned to one of K basis functions f
(k)
basis.

Inference is carried out on this model using collapsed variational inference (Hensman

et al., 2012; Hensman et al., 2015) by introducing a categorical variational posterior

q⇠(w) =

dY

j=1

q⇠(w
j
) =

dY

j=1

Categorical (⇠j1, . . . , ⇠jK)

over cluster assignments, and a variational lower bound on the marginal log-likelihood is

derived by repeated application of Jensen’s inequality and by additionally marginalising out

⇡ (see Appendix A of Märtens and Yau (2020) for details). The resulting loss function is

L(✓̃, �, ⇠) = �

NX

i=1

Eq�(zi|yi)Eq⇠(w) log p✓̃ (xi|zi,w) (2.1)

� �(log B(n + ↵) � log B(↵)) (2.2)

+ �Eq⇠(w) log q⇠(w) (2.3)

+ �

NX

i=1

KL [q� (zi|yi) kp (zi)] (2.4)

�

dX

j=1

KX

k=1

[log (N (�jk|0, 1) � (�jk|0, 1))] (2.5)

where

B(↵) =

QK
i=1 �(↵i)

�
�PK

i=1 ↵i

�

is the multivariate beta function. Term (2.5) arises from priors on the translation and scale

parameters (these are estimated via MAP), and � and � are hyperparameters allowing the

relative importance of the prior p(z) and sparse clustering prior to be edited in the case of

large d and/or N (Higgins et al., 2017). Inference in the BasisVAE setting therefore equates

to minimising L jointly over the decoder parameters ✓̃, posterior cluster assignments ⇠ and

encoder parameters �, which is performed via mini-batch gradient descent.
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Figure 2.3: Feature behaviours. Schematic representations of the mono-

tonically increasing, monotonically decreasing and transient feature be-

haviours often present within biological data that BasisDeVAE aims to

capture.

2.2 Derivative-Based VAE (DeVAE)

The functional form of the decoder in a standard VAE is challenging to control due to its

specification as a DNN and training being performed in the DNN’s weight space. In our

biological progression modelling applications, biomarkers often only exhibit a limited number

of high-level behaviours, namely monotonic increases, monotonic decreases or a time-limited

transient signal (see Figure 2.3). While a standard VAE could “learn” these behaviours given

a sufficiently large number of low-noise samples, we would like to be able to robustly enforce

such structures in low-sample or high-noise settings while still maintaining flexibility to model

complex feature behaviours.

In order to do this, we introduce DeVAE. DeVAE specifies the decoder via its derivatives

with respect to the latent variable z. Formally, we model

@x

@zp
= f

(p)
✓ (zp), (2.6)

with f
(p)
✓ (zp) a neural network-based function. Note that the range of values output by a

neural network is easy to control. For example, setting the final activation of f
(p)
✓ to be a
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softplus function ensures positivity of the derivative and hence monotonicity of x(zp), whilst

a sigmoid-based final activation of f
(p)
✓ limits short-scale variation of x(zp).

This derivative-based specification leads to the overall decoder output being expressed

via the integral

x(z) = x0 +

Z z

0

f✓(z
0
) · dz0, (2.7)

where x0 = x(0) and [f✓(z)]p = f
(p)
✓ (zp). The form of (2.6) implies that the integral in (2.7)

decomposes into a sum of dim(z) one-dimensional integrals of the form

I✓(z) =

Z z

0

f✓(z
0
)dz

0
.

which can be rewritten as

I✓(z) =
z

2

Z 1

�1

f✓

⇣
z

2
(u + 1)

⌘
du

and evaluated using Gauss-Legendre (GL) quadrature. The explicit calculation of I✓(z) using

GL quadrature of order n (we use n = 15 throughout) is

I✓(z) =
z

2

nX

i=1

wif✓

⇣
z

2
(ui + 1)

⌘
,

with ui, wi the order n GL quadrature nodes and weights computed via Legendre polynomials

(see e.g. Press et al. (2007) for details), implying that the overall computation of the decoder’s

output becomes

x(z) = x0 +

X

i,p

zp

2
wif

(p)
✓

⇣
zp

2
(ui + 1)

⌘
. (2.8)

The final form of the decoder computation (2.8) therefore reduces to a weighted sum of neural

network evaluations. Hence, backpropagation through the decoder is straightforward and

the computation is fully parallelisable over data points, p, and i during optimisation using

mini-batch gradient descent. We provide a GPU-aware PyTorch (Paszke et al., 2019a) imple-

mentation of our approach at https://github.com/djdanks/BasisDeVAE and demonstrate its

application to multiple settings in Section 3.5.
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2.3 Basis Derivative-Based VAE (BasisDeVAE)

We next embed DeVAE within the BasisVAE framework to perform simultaneous feature-level

clustering and dimensionality reduction with control over the behaviour of the feature clusters.

Let g
jk

✓̃
(z) be the DeVAE-derived behaviour of feature xj(z) given cluster k. The generative

model of BasisDeVAE is then

zi ⇠ N (0, I)

⇡|↵ ⇠ Dirichlet(↵)

�
w

j,1
, . . . , w

j,K
�
|⇡ ⇠ Categorical (⇡1, . . . , ⇡K)

x
(j)
i |wj

, zi, ✓̃ ⇠ N

 
KX

k=1

w
j,k

g
jk

✓̃
(zi), �

2
j

!
,

which is obtained by starting with the BasisVAE generative model (see Section 2.1.3) and

inserting g
jk

✓̃
(zi) in place of f

(k)
basis (zi + �jk). Intuitively, this equates to removing the notion

of feature j being obtained via the translation and scaling of one of K underlying basis

functions and replacing it with the idea that feature j is described by a function from one of

K families, each with interpretable properties specified via their derivatives.

2.3.1 BasisDeVAE: Example

In order to illustrate our approach in the context of the running example (Figure 2.3),

let k = 1 and k = 2 correspond to monotonically increasing and decreasing behaviour

respectively, and let k = 3 correspond to Gaussian-like transient behaviour. Additionally,

let f✓ : R 7! Rdim(x)⇥K be a neural network with a softplus output layer. Then g
j1

✓̃
(zi) and

g
j2

✓̃
(zi) can be modelled as

g
j1

✓̃
(zi) = [x0]j +

Z zi

0

[f✓(z)]j1 dz

g
j2

✓̃
(zi) = [x0]j �

Z zi

0

[f✓(z)]j2 dz.
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Note that if g
j1

✓̃
(zi) or g

j2

✓̃
(zi) as defined above are mapped through a monotonically increasing

function, their monotonicity properties are retained. One can therefore constrain the output

range of these decoder constituents (e.g. by passing through a scaled sigmoid function) in

addition to their monotonicity within this framework.

Next, for the transient component (k = 3), we define a Gaussian-like transient to be

any function of the form Gt0(t) = A exp(�[ht0(t)]
2
) with A > 0, ht0(t0) = 0, and ht0(t) a

monotonically increasing (or decreasing, but we restrict attention to the former without loss

of generality) function. The motivation for this comes from the fact that ht0(t) (under these

constraints) can be thought of as a natural generalisation of the function (t� t0)/(
p

2�) which

would feature within a parametric Gaussian representation of a transient, motivating our use

of the term “Gaussian-like transient”. More formally, Gt0 will only have one stationary point,

namely a unique maximum point at t = t0 and the function will decay away from this point.

The conditions on ht0(t) are met by the derivative-based function

ht0(t) = (t � t0) ⇥ softplus

✓
c +

Z t

0

(⌧ � t0)f(⌧)d⌧

◆
,

where f(⌧) is any (locally) integrable function with positive range (see below for more

details and a proof). Note that we use softplus for concreteness and due to its immediate

availability within typical deep learning frameworks, but it could be replaced with any smooth

monotonically increasing function u : R 7! R>0 without invalidating the proof provided

below.

We utilise this observation to define

h
j3

✓̃
(zi) = (zi � z0)softplus

✓
c +

Z zi

0

(z � z0) [f✓(z)]j3 dz

◆
(2.9)

and

g
j3

✓̃
(zi) = Aj exp

✓
�

h
h
j3

✓̃
(zi)

i2◆
,
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Figure 2.4: Example Gt0(t) transients. Left: ht0(t) of the form (2.9)

with f(⌧) a random feature-dependent constant. Middle: ht0(t) of the

form (2.9) with f(⌧) a Xavier-initialised neural network. Right: Same

functional form as the middle panel, but after training on the Ernst et al.

(2019) data via BasisDeVAE.

hence providing our Gaussian-like transient component. Examples of these g
j3

✓̃
(zi) transients

for different h
j3

✓̃
(zi) in the context of the Ernst et al. (2019) spermatogenesis data (see

Section 2.4.3) are shown in Figure 2.4, where it can be seen that this formalism allows a

wide range of transient behaviours to be captured via the training of the neural network

f(⌧) (right panel).

Inference in the BasisDeVAE model is carried out using the collapsed variational

inference scheme applied to BasisVAE, noting the removal of the necessity to learn the

translation and scale parameters � and �.

Before concluding this section with the aforementioned ht0(t) proof, we emphasise

that it is the derivative-based approach of DeVAE that has allowed us to specify monotonic

components without having to adopt parametric constraints (e.g. linearity, sigmoid-like

models) or neural network weight constraints. It has also allowed us to specify a general

form of Gaussian-like transient component. The BasisDeVAE framework has then enabled

the data-driven learning of cluster assignments, linking each feature with an interpretable

behaviour cluster.
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Proof: ht0(t) satisfies ht0(t0) = 0 and ht0(t) monotonically increasing

Previously, we specified

Gt0(t) = A exp
�
�[ht0(t)]

2
�

with i) ht0(t0) = 0 and ii) ht0(t) a monotonically increasing function to be a Gaussian-like

transient and stated that a representation of the form

ht0(t) = (t � t0) ⇥ softplus

✓
c +

Z t

0

(⌧ � t0)f(⌧)d⌧

◆
,

with f(⌧) an integrable function with positive range, satisfies i) and ii). Here we formalise

and prove this result.

Let a < 0 < b and t, t0 2 (a, b). We would like to show that for any positive-range real

function f : (a, b) 7! R>0 which is locally L1 integrable, the function

ht0(t) = (t � t0) ⇥ softplus

✓
c +

Z t

0

(⌧ � t0)f(⌧)d⌧

◆
(2.10)

satisfies i) h(t0) = 0 and ii) ht0(t) is monotonically increasing.

Condition i): Evaluating h(t0) gives

ht0(t0) = (t0 � t0)| {z }
=0

⇥softplus

✓
c +

Z t0

0

(⌧ � t0)f(⌧)d⌧

| {z }
:=g(t0)

◆
,

implying that condition i) is satisfied iff g(t0) is finite. As c is finite, this is equivalent to the

requirement that

I(t0) =

Z t0

0

(⌧ � t0)f(⌧)d⌧

is finite. As t � t0 is absolutely continuous and f(⌧) is locally L1 integrable, integration by

parts with u(⌧) = ⌧ � t0 and v(⌧) =
R ⌧

0 f(x)dx can be applied to obtain

I(t0) = u(t0)v(t0)| {z }
=0

� u(0)v(0)| {z }
=0

�

Z t0

0

v(⌧)d⌧,
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which is finite as v(⌧) is continuous due to its integral definition. ⌅

Condition ii): To prove that ht0(t) is monotonically increasing, we would like to

show that d
dtht0(t) > 0 8 t, t0 2 (a, b). Differentiating (2.10) gives

dht0

dt
= softplus

✓
c +

Z t

0

(⌧ � t0)f(⌧)d⌧

◆

+ (t � t0)
2
f(t)softplus

0
✓

c +

Z t

0

(⌧ � t0)f(⌧)d⌧

◆
.

Noting that f(t), softplus and softplus
0 have positive range, the result follows. ⌅

2.4 Experiments1

2.4.1 Synthetic data

We first illustrate the performance of BasisDeVAE via synthetic data experiments. We

generate a dataset with N = 500 samples and d = 50 features. Thirty features are randomly

translated and scaled Gaussians, and the other 20 are randomly translated and scaled

monotonic functions specified using softplus functions, with 10 positive and 10 negative (see

Figure 2.5, upper-left panel). Each feature is also corrupted with Gaussian noise (� = 0.1).

Ground-truth pseudotimes were drawn uniformly to produce the data but withheld from

analyses. Note that both models are well-specified with respect to this data.

Figure 2.5 shows a comparative analysis of BasisVAE and BasisDeVAE fits to the data.

We see that BasisDeVAE faithfully recovers both the pseudotemporal trajectories and cluster

assignments. In contrast, while BasisVAE captures the overall pseudotemporal behaviour, it

loses accuracy at the extremities of the latent dimension and produces erroneous clustering.
1
All computations were performed on a Linux (Ubuntu) desktop with an Intel i7-4790K 4GHz CPU and

NVIDIA GTX 980 GPU (4GB VRAM).
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Figure 2.5: Synthetic data. BasisVAE and BasisDeVAE are applied to

synthetic data with the ground-truth trajectories and clusterings shown in

the upper-left panel. BasisDeVAE infers both feature behaviour and cluster

assignments correctly (bottom left), whereas BasisVAE learns degenerate

basis functions (bottom right), frustrating clustering performance (top

right).

This behaviour is explained by examining the basis functions learnt by BasisVAE (Figure 2.5,

bottom-right panel), which do not appear to properly distinguish the monotonic and transient

characteristics, instead merging the behaviours in each of the clusters.

In real-world settings, one may not observe a set of samples which spans the entire

range of pseudotime. Furthermore, the observed region may vary between experiments.

It is therefore of interest to test whether clustering performance agrees across different

pseudotemporal segments. As an empirical example, we segment the synthetic data into two
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Table 2.1: Synthetic data clustering performance. Adjusted Rand Index (ARI)

values associated with the clusterings learnt from the “low z” (Cl) and “high z” (Ch)

datasets (see Section 2.4.1 text). GT represents the ground-truth clustering.

BasisVAE BasisDeVAE (Ours)

ARI(GT, Cl) 0.381 0.524

ARI(GT, Ch) 0.102 0.455

ARI(Cl, Ch) 0.258 0.280

(overlapping) datasets. The first, referred to as “low z”, contains only x values associated

with t < 1 in the ground-truth dataset (plotted in the upper-left panel of Figure 2.5). The

second, referred to as “high z”, contains only x values associated with t > �1. Each dataset

therefore totally excludes one-third of the complete trajectory. Table 2.1 shows the Adjusted

Rand Index (ARI) values associated with the feature clusterings obtained by BasisVAE and

BasisDeVAE on the “low z” and “high z” datasets, with GT denoting ground truth. It can

be seen in Table 2.1 that the clusterings inferred by BasisDeVAE from the restricted data

are more consistent with the ground truth than those of BasisVAE (rows 1 and 2), and

that there is more consistency between each dataset’s clusterings within the BasisDeVAE

framework (row 3). These observations suggest that the presence of an underlying structured

decoder model can improve extrapolation capability compared to the purely data-driven

decoder approach of BasisVAE.

2.4.2 OASIS

The Open Access Series of Imaging Studies (OASIS) is a project led by the Knight Alzheimer

Disease Research Center of Washington University to collect and openly release anonymised
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Figure 2.6: OASIS regional brain volumes. Inferred pseudotemporal

profiles of 4 regional brain volumes. DeVAE extracts the monotonically

decreasing pseudotemporal trajectories associated with cognitive decline.

patient data originating from a number of studies carried out there over the past 30 years.

We use OASIS-3 (LaMontagne et al., 2019) which is the latest iteration of released data

and contains entries from over 2,000 MRI sessions of patients at various stages of cognitive

decline.

It is well known that cognitive decline is associated with the reduction of regional

brain volumes (Fox and Schott, 2004). We would therefore like the decoder of a VAE-

based pseudotime model applied to tabular regional brain volume data to be monotonically

decreasing, as can be easily defined within our DeVAE framework.

To test whether the explicit specification of negative monotonicity aids performance,

we extract the MRI sessions with associated FreeSurfer volume segmentations to create a

tabular dataset of size N = 2047, d = 13 (see Appendix A.1 for details on the preparation of
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Table 2.2: OASIS performance metrics. Test set predictive log-likelihood and

ELBO values for the OASIS-3 data.

Method log p(X|Z, ✓⇤) ELBO

Linear VAE -4929.1 -5798.9

VAE -4903.7 -5779.9

DeVAE (Ours) �4879.6 �5749.6

the data and meaning of each feature) and train: i) a linear VAE, ii) a standard VAE and iii)

a monotonically decreasing DeVAE. Each model is trained for 50 epochs using Adam (Kingma

and Ba, 2015) with a 5⇥10
�3 learning rate and employs a Gaussian conditional log-likelihood

in the decoder. The neural networks within the VAE and DeVAE have the same architecture

apart from the final layer of the DeVAE network applying a negative softplus to enforce

negative monotonicity. The pseudotemporal trajectories inferred by DeVAE for features

associated with atrophy in the hippocampus, caudate, frontal lobe and thalamus are shown

in Figure 2.6.

We quantitatively evaluate the performance of each model by performing 10 train-

evaluate iterations. Each iteration consists of i) randomly partitioning the data into an

80%/20% train/test split, ii) training on the training data and iii) evaluating two metrics

on the test data. The first metric is the conditional log-likelihood log p(X|Z, ✓
⇤
), where X

is the test data, ✓
⇤ are the learnt decoder parameters and Z = {zi} with zi the posterior

mean latent variable value associated with test point xi. The second metric is the ELBO,

i.e. the quantity given in (1.4), evaluated over the test data, which acts as a lower bound on

the marginal log-likelihood log p(X|✓
⇤
). We report the mean value of each metric calculated

across the 10 runs in Table 2.2, where it can be seen that DeVAE outperforms the linear

VAE and VAE with respect to both metrics. DeVAE also had the highest metric on each of
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the 10 runs.

2.4.3 Single-cell expression analysis

We next demonstrate the utility and scalability of our BasisDeVAE model by analysing a

single-cell RNA sequencing (scRNA-seq) mouse spermatogenesis dataset Ernst et al. (2019)

that was also used for testing BasisVAE in Märtens and Yau (2020). The data consists of

the expression values of d = 5, 216 genes measured across N = 8, 509 cells. The analysis task

on such data is to i) recreate a representation of the temporal variable via a one-dimensional

latent pseudotime z and learn the gene expression profiles with respect to z, and ii) to group

features with similar expression profiles into interpretable clusters (Figure 2.1). These two

tasks can be performed simultaneously within the BasisVAE and BasisDeVAE frameworks.

As is common in scRNA-seq analysis, we utilise a zero-inflated negative binomial

conditional likelihood model in the BasisVAE and BasisDeVAE decoder Risso et al. (2018);

Lopez et al. (2018). For BasisVAE, we utilise the loss as described by (2.1)–(2.5) with

K = 3. For BasisDeVAE, we replace the �, � in term (2.5) with the generalised Gaussians’

z0s and scale factors respectively but otherwise use the same loss. In both models we use

� = 10, � = 1,↵ = 0.1 and optimise using Adam with a 5 ⇥ 10
�3 learning rate. We apply

linear KL-annealing (Bowman et al., 2016b) to (�, �) over the first 20% of 100 training

epochs.

We have found that within the standard BasisVAE framework it is often necessary to

place hand-tuned constraints on the values of the translation and scale parameters �, � in order

to prevent collapse to a single basis function with regional behaviours. To demonstrate the

effect of such constraints, we train two full BasisVAE models, one with the default constraint

on � specified within Märtens and Yau (2020)’s implementation, namely �jk 2 [0.25, 1.75],
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Figure 2.7: Dependence of BasisVAE cluster predictions on trans-

lation parameter �. Variation of the appearance of BasisVAE1 (top) and

BasisVAE2 (bottom) components with � = 1.5 (solid lines) and � = �1.5

(dashed). If the clustering were optimal, each plot would display qualita-

tive similarity between same-colour lines and distinct behaviour between

different-colour lines. This is not seen, supporting the observations made

during synthetic data experiments that BasisVAE’s basis functions can

i) demonstrate multiple qualitatively different behaviours within a single

basis function and ii) collapse such that each cluster’s basis function has a

very similar appearance.

which we denote BasisVAE1, and another with a looser �jk 2 [0.1, 3] condition, which

we denote BasisVAE2. We also train BasisVAE with a linear network using the same

hyperparameters and default constraints to serve as a baseline. We train on a randomly

sampled 90% portion of the data and reserve the remaining 10% for test-set evaluation.

Using our derivative-based specification within BasisDeVAE allowed us to specify the

meaning of each feature cluster, namely monotonically increasing/decreasing and Gaussian-

like transient, making BasisDeVAE cluster behaviours immediately interpretable. Figure 2.7

shows that the interpretability of BasisVAE1 and BasisVAE2 clusterings is less clear. In

particular, it shows the behaviour of inferred BasisVAE1 and BasisVAE2 components with
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Figure 2.8: Single-cell spermatogenesis data. Inferred clustering and

pseudotemporal gene expression trajectories of eight genes from Ernst et al.

(2019) with BasisVAE1, BasisVAE2 and BasisDeVAE. BasisDeVAE provides

a superior fit to observed data as well as greater cluster interpretability.

� = 1, � = ±1.5. In the case of BasisVAE1, we see that changing � leads to qualitatively

different behaviour in components k = 1 and k = 2, meaning e.g. that both monotonic

gene upregulation and monotonic gene downregulation could be attributed to component

k = 2. Meanwhile, for BasisVAE2, we see a distinct qualitative similarity between each of

the components, limiting the interpretability of a feature’s cluster assignment.

Figure 2.8 visualises the pseudotemporal trajectories of 8 genes highlighted in Ernst

et al. (2019) according to (from top to bottom) the BasisVAE1, BasisVAE2 and BasisDeVAE

models. BasisDeVAE clearly clusters the 8 genes into the three distinct behaviours: mono-

tonically increasing (red), transient (green) and monotonically decreasing (blue). It is less

clear that the clusters identified by BasisVAE are necessarily plausible. For example, Dmrtb1

is clustered with Tex101 and Ly6k by BasisVAE1 but with Stra8 and Sohlh1 by BasisVAE2.
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Table 2.3: Single-cell data performance metrics. Training time and model fit

metrics for the simultaneous dimensionality reduction and feature-level clustering

methods applied to the Ernst et al. (2019) scRNA-seq data.

Method ttrain/epoch (s) log p(X|Z, ✓⇤) ELBO

Linear 7.42 ± 0.19 �2.55 ⇥ 106 �6.86 ⇥ 107

BasisVAE1 9.24 ± 0.15 �2.54 ⇥ 106 �6.82 ⇥ 107

BasisVAE2 9.32 ± 0.13 �2.54 ⇥ 106 �6.81 ⇥ 107

BasisDeVAE (Ours) 4.67± 0.04 �2.51⇥ 106 �6.71⇥ 107

In Table 2.3, we show the training time per epoch, predictive log-likelihood and ELBO

for each of the VAE models. Our results indicate that BasisDeVAE is more computationally

efficient than BasisVAE and is also able to achieve superior model fits in terms of log-

likelihood and ELBO metrics. We also note that BasisDeVAE tends to converge more

readily than BasisVAE, achieving BasisVAE-level metric scores after less than half of the

100 utilised training epochs. This is likely caused by the enforced behavioural separation of

BasisDeVAE’s clusters making the learning problem less difficult. The lower training time

per epoch for BasisDeVAE can be explained by noting that in BasisVAE, the computation of

�jkf
(k)
basis (zi + �jk) for N datapoints, d features and K clusters requires NdK evaluations of a

DNN with K outputs, compared with Nn evaluations of a dK-output DNN to compute the

corresponding BasisDeVAE quantity.
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2.5 Discussion

We introduced DeVAE and BasisDeVAE, two novel VAE models with decoders specified in

terms of their derivatives with respect to the latent variable z. We demonstrated that the

derivative-based construction of the decoder employed in these models allows the specification

of functional forms with both expressivity and interpretability, showing in particular how to

specify monotonicity and transience in the context of pseudotemporal models of biological

progression. We achieved state-of-the-art performance on both synthetic and real-world

data examples for the problem of simultaneous dimensionality reduction and feature-level

clustering.

Our work is complementary to a number of ongoing research areas. It has immediate

links with other works which attempt to introduce additional structure into the VAE, such

as the conditional VAE (Sohn et al., 2015), beta-VAE (Higgins et al., 2017) and functional

ANOVA VAE (Märtens and Yau, 2020). Our demonstration of BasisDeVAE in the context of

pseudotemporal analysis of single-cell data can be seen as a generalisation of Campbell and

Yau (2018) capable of capturing any form of monotonic or Gaussian-like transient behaviour,

not just sigmoidal or parametric Gaussian profiles. It also automatically assigns features to

interpretable clusters without having to rely on pre-assigned genes as in Campbell and Yau

(2018) or on a fully data-driven forward model as in Märtens and Yau (2020).

Our work can also be seen as another example of how the incorporation of derivative-

based approaches into models can lead to improved utility and performance. The application

of ODEs within machine learning has grown significantly since the widespread attention of

the Neural ODE approach of Chen et al. (2018a), particularly in the contexts of irregularly

sampled time-series modelling (Rubanova et al., 2019; Kidger et al., 2020b) and, more similarly

to this work, in scientific machine learning Rackauckas et al. (2020). With significant volumes

of related work continuing to emerge and increased attention on the development of associated
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software (Rackauckas and Nie, 2017a; Bradbury et al., 2018b; Chen et al., 2018a), it is likely

that this will remain an active area and may lead to further contributions related to ours in

the context of VAEs.

The specification of functional constraints has typically been easier to adopt in a

Gaussian Process (GP) framework due to the comparative ease with which one can specify

functional properties relative to working in the (generally uninterpretable) weight space of

a DNN. For example, Kazlauskaite et al. (2019) and Ustyuzhaninov et al. (2020) perform

constrained-warp unsupervised learning of sequence alignments in a GP framework. However,

our work here shows that by operating in the derivative space we can impose certain such

functional constraints with relative ease within a DNN framework.

Natural extensions of this work include formulating derivative-based decoder specifica-

tions involving higher order derivatives, as well as the consideration of the case in which @x
@zp

is allowed to depend on features x.
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Chapter Three

Derivative-Based Neural Modelling of

Cumulative Distribution Functions for

Survival Analysis

This chapter presents a novel survival analysis approach which uses derivative-based modelling

and neural networks to flexibly model the survival function, removing restrictions and

approximations present in previous models. The presented approach (DeSurv) is also capable

of modelling in the competing risks setting in a general way, something which is not widely

considered in the literature. The core content of the chapter is published in the Proceedings

of The 25th International Conference on Artificial Intelligence and Statistics (AISTATS 2022)

— see Danks and Yau (2022).

This chapter, much like Chapter 2, is structured in the natural way to present the

model and the corresponding experimental findings. It begins by covering why the model is

necessary and how it is related to and improves other models (Section 3.1). It then introduces

the idea of modelling Cumulative Distribution Functions (CDFs) via neural networks (DeCDF,

Section 3.2), before detailing how this can be applied to the general survival analysis setting,
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including competing risks (Sections 3.3 & 3.4). Various experiments are then presented

which demonstrate the model’s performance on synthetic and real-world data in the single

and competing risks settings. The chapter is then concluded with a discussion of how the

approach links with other research directions, how it is part of a growing movement to work

with the exact likelihood in survival analysis and how it could be extended. We explore

additional extensions in Chapter 4.

3.1 Introduction

3.1.1 Background

Survival analysis, also known as time-to-event analysis, is of fundamental importance to a

wide variety of applied fields. In finance it is used to estimate default risk over time (Green

and Shoven, 1986; Baesens et al., 2005; Dirick et al., 2017; Blumenstock et al., 2020), whilst

in manafacturing and operational settings, estimating components’ time-to-failure allows for

maintenance planning and yield prediction (Ma and Krings, 2008; Susto et al., 2015; Ozturk

et al., 2018). However, perhaps the most prominent application of survival analysis - and

that which is the focus of this paper - is prognosis prediction in healthcare settings. In this

context, the problem of interest is to predict the personalised survival distribution of a patient

given their recorded covariates, in turn providing prognostic value to clinicians (Figure 3.1).

Although survival analysis has long been applied to medical data, increased availability of

healthcare data, in particular via personalised electronic health records (EHRs), has led to

growing interest from the machine learning community.
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Figure 3.1: Competing Risks Survival Analysis (CRSA). Given

a patient’s covariates x(i), CRSA provides a personalised risk profile for

each disease event, for example death due to cancer, cardiovascular dis-

ease (CVD) or neurological disease (ND).

3.1.2 Motivation

In many real-world settings, patients often suffer from a number of diseases simultaneously (co-

morbidities) which all pose prognostic risk. To correctly capture survival behaviours in this

context, these competing risks must be explicitly accounted for, however few survival analysis

models actively address this problem. Furthermore, those that do tend to have undesirable

aspects, e.g. misspecification issues (Austin et al., 2021), discrete time (Lee et al., 2018) or

restrictive parameterisations (Fine and Gray, 1999).

Many of these aspects are introduced into the models due to the challenge of continu-
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ously and generally modelling the survival functions (or equivalently cumulative distribution

functions) involved. In this paper, we provide a method suited to this challenge by using the

fact that the governing constraints on the functions of interest are naturally expressed via

deep neural network-based ordinary differential equations. We then show how this in turn

provides an unrestricted approach to competing risks survival analysis.

3.1.3 Contribution

Established approaches to survival analysis typically either i) do not generalise to competing-

risk settings, ii) require the discretisation of time or iii) involve restrictive parameterisations.

In this paper, we use the fact that survival analysis is an area in which flexible models of

cumulative distribution functions (CDFs) are of critical importance in order to develop a new

class of deep survival analysis model capable of dealing with competing risks in continuous

time.

More specifically, our contributions are to: 1) Demonstrate how general time-to-event

CDFs can be intuitively modelled via neural networks (NNs) and ordinary differential equa-

tions (ODEs) (DeCDF). (Sections 3.2.1–3.2.4). 2) Demonstrate an equivalence between

DeCDF and certain normalising flow models. (Section 3.2.5). 3) Show how DeCDF can

be immediately applied to allow for continuous-time, single-risk, deep learning-based sur-

vival analysis. (Section 3.3). 4) Show how DeCDF can be extended to model cumulative

incidence functions (CIFs) and therefore perform competing-risk survival analysis (DeSurv).

(Section 3.4). 5) Demonstrate our models in the single- and competing-risk settings using

synthetic and real-world examples, showing strong empirical performance whilst allowing for

both competing risks and continuous time within the same framework. (Section 3.5).
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3.1.4 Related Work

In recent years, healthcare-based survival analysis has seen increased attention from numerous

disciplines, including machine learning. Such ML-based methods have taken a variety of

approaches to attempt to improve classical methods. One common continuous-time approach

for single-risk data, instigated by Faraggi and Simon (1995), is to build upon the Cox

proportional hazards (CPH) model (Cox, 1972). Faraggi and Simon (1995) replaced the

linear log-risk function of the standard Cox model with a simple neural network but found

insignificant performance benefit. Katzman et al. (2018) revisited this approach and found

that by employing improved modern deep learning machinery, their similar model (DeepSurv)

could outperform the linear CPH model. Kvamme et al. (2019)’s Cox-Time model retains

the Cox formalism of DeepSurv (Katzman et al., 2018) but introduces non-proportionality in

the hazard function by involving time in the log-risk function. Kvamme et al. (2019) also

approximate the standard Cox partial likelihood loss to allow for greater compatibility with

gradient descent-based learning. Yousefi et al. (2017) and Zhu et al. (2016, 2017) apply

NN-based Cox methodology to genomic and imaging data respectively. Other works to

apply ML methods to continuous-time single-risk survival data include piecewise-constant

hazard models (Friedman, 1982; Fornili et al., 2014; Kvamme and Ørnulf Borgan, 2019), Deep

Exponential Family models (Ranganath et al., 2016), Random Forest models (Breiman, 2001;

Ishwaran et al., 2008; Mogensen et al., 2012; Dietrich et al., 2016).

Many survival analysis approaches discretise time into intervals, allowing the imple-

mentation convenient use of fixed and finite model outputs to compute risk at each designated

time step. For example, the Logistic Hazard (Brown, 1975), PLANN (Biganzoli et al., 1998)

and Nnet-Survival (Gensheimer and Narasimhan, 2019) models parameterise the conditional

hazard (the probability of an event in an interval given survival up to that interval) at each

time step in this manner. Meanwhile, the (N-)MTLR (Yu et al., 2011; Fotso, 2018) and
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DeepHit (Lee et al., 2018) models target the probability mass function (PMF) for event

occurrence directly.

Apart from DeepHit (Lee et al., 2018), the aforementioned models do not consider

competing risks. Furthermore, proper treatment of competing risks is not typical in the

wider survival analysis literature, and it has been noted that greater attention should be

to this aspect of survival data (Koller et al., 2012). Whilst it is technically possible to

apply single-risk methods to competing-risk data by considering only one event type a

valid event and other event types as censoring, notable bias is introduced (Austin et al.,

2016). The most prevalent approach to perform competing risks analysis is the Fine-Gray

subdistribution hazard model (Fine and Gray, 1999; Austin et al., 2016), however, similarly

to the standard Cox model, this involves restrictive assumptions on the hazard’s functional

form and its covariant dependence. Furthermore, the model has problematic aspects such as

outputting potentially invalid overall time-to-failure CDFs capable of exceeding 1 (Austin

et al., 2021). Some recent works have addressed competing risks from a modern ML point

of view. For example, DMGPSA (Alaa and van der Schaar, 2017) expresses patient hitting

times with respect to each event type via Deep Multi-Task Gaussian Processes (Damianou

and Lawrence, 2013). Meanwhile, DeepHit (Lee et al., 2018) addresses competing risks

by explicitly parameterising the joint PMF over failure time and event type using a large

softmax-based neural network architecture.

The objective of our work (DeSurv) is to provide a natural, continuous time-based

model that permits flexible modelling of survival functions whilst also allowing for both single-

and competing-risk settings. It can therefore be thought of as an extension of DeepHit to

incorporate continuous time, or as an extension of a method such as DeepSurv to incorporate

competing risks.
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3.2 Neural CDF Modelling: DeCDF

In this section, we describe how a cumulative distribution function can be naturally represented

in terms of neural networks and ordinary differential equations.

3.2.1 Problem Setup

Let T be a random variable representing time to failure with support R�0 and denote its

probability density function (PDF) and cumulative distribution function (CDF) by f(t) and

F (t) respectively. F (t) is a valid CDF if it satisfies

1. F (0) = 0

2. F (t + a) � F (t) 8a > 0

3. limt!1 F (t) = 1.

Condition 1 can be considered an initial condition, whilst condition 2 is a monotonicity

condition. Both are naturally expressed in the language of ordinary differential equation (ODE)

initial value problems (IVPs). More specifically, specifying F (0) = 0 as an initial condition

and enforcing dF
dt � 0 in an IVP will ensure condition 1 and 2 are satisfied. The simultaneous

satisfaction of condition 3 is a matter of practitioner choice.

3.2.2 DeCDF

Our approach, which we denote DeCDF, is to model an underlying strictly monotonic function

u(t) as an integral, i.e. to express its derivative in terms of t only, and then apply a suitable

transformation to u(t) to obtain F (t). Perhaps the most immediate ML-aware example of
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Figure 3.2: Modelling Distributions with DeCDF. DeCDF allows

flexible modelling of general time-to-event distributions. Left: Example

CDFs and corresponding PDFs modelled by DeCDF. Right: An example

of DeCDF learning to model a rich distribution from data, in this case a

Mixture of Gaussians (MoG) distribution.

this is to let g(t) be a neural network with positive range and set F (t) = H(u(t)), where

du

dt
= g(t); H(x) = tanh x and u(0) = 0. (3.1)

Within this formalism, du
dt does not depend on u, only on t, hence u(t) can be computed using

Gauss-Legendre (GL) quadrature of order n (we use n = 15 throughout) via

u(t) =
t

2

nX

i=1

wig

✓
t

2
(ui + 1)

◆
,

with ui, wi the order n GL quadrature nodes and weights respectively, computed via Leg-

endre polynomials (see e.g. Press et al. (2007) for details). This computation has defined

computational complexity and can be readily backpropagated and parallelised for efficient

implementation in a variety of frameworks. Examples of DeCDF distributions are shown

in the left panel of Figure 3.2. Details on the generation of this panel are given below in

Section 3.2.4.
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3.2.3 Distribution Estimation From Data

DeCDF in this form can be immediately employed to perform univariate density estimation.

In this setting, DeCDF with a parameter setting � takes in x and outputs a valid CDF

F�(x). The density associated with this CDF is f�(x) =
dF�

dx which, assuming a DeCDF

setup, can be calculated as f�(x) = (1 � F�(x)
2
)g�(x), where g�(x) represents the underlying

positive-output NN.

Given N independent and identically distributed samples D = {xi}
N
i=1 from a continu-

ous distribution P , the negative log-likelihood under the DeCDF model is

L(�;D) = �

"
NX

i=1

log
�
1 � F�(xi)

2
�

+ log (g�(xi))

#
. (3.2)

Minimising this with respect to � provides an estimate for the distribution P .

3.2.4 CDF & PDF Estimation From Data via DeCDF: Example

To demonstrate how DeCDF can be used for distribution estimation in practice, we consider

estimation of a Mixture of Gaussians distribution from sampled data (right panel of Figure 3.2).

Specifically, we draw 1000 samples from the following (Mixture of Gaussians) generative

process

zi ⇠ Bernoulli(p); xi ⇠ N (µzi , �
2
zi),

with p = 0.35, µ0 = 2, µ1 = 4 and �1 = �2 = 0.4. The loss in (3.2) was then optimised for

1000 iterations using Adam (Kingma and Ba, 2014) with a 10
�3 learning rate. The obtained

DeCDF model has the density shown in the right panel of Figure 3.2, which can be seen to

match the ground truth and Gaussian Kernel Density Estimate (KDE) well. The displayed

Gaussian KDE is obtained via the default use of the scipy.stats.gaussian_kde function.
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The left panel of Figure 3.2 shows additional examples of DeCDF distributions. To

generate this figure, 1000 samples were drawn from each of 3 distributions, namely A) a

Gaussian with µ = 3, � = 0.6, B) a Weibull with k = 1.5, � = 1, and C) a Weibull with

k = 1, � = 1. The parameters of DeCDF were trained using the loss above to begin to

emulate these distributions. The aim of this procedure was not to optimise for and test

DeCDF’s ability to emulate distributions, but rather to demonstrate illustrative example

outputs which can arise from the model.

3.2.5 Normalising Flow Viewpoint

The form of (3.1) arises intuitively when considering how to model a CDF in terms of its

derivatives, however it is natural to ask which functions could be used in place of tanh and

whether there are any shortcomings in the generality of this specification. In fact, tanh can

be replaced with any strictly increasing CDF on R�0 and the method is able to model any

well-behaved time-to-event distribution. This can be seen by considering the problem from

the perspective of normalising flows.

Normalising flows (Rezende and Mohamed, 2016; Kobyzev et al., 2020; Papamakarios

et al., 2021) model rich distributions of a random variable X by considering X to be the result

of applying a learnt transformation T to an underlying random variable Z which follows a

simple distribution. This in turn defines the density of X in terms of the density of Z and T .

When performing normalising flow analysis, one chooses to model T (the generative direction)

or T
�1 (the normalising direction). Modelling T allows for straightforward sampling of

X, whilst modelling T
�1 allows for straightforward density evaluation of X. It has been

shown (see e.g. Papamakarios et al. (2021)) that normalising flows are capable of capturing

arbitrarily complex X distributions using arbitrarily simple Z distributions.
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To elucidate the link between normalising flows and DeCDF, first note that (3.1)

implies a density on T of

pt(t) =
dF

dt
= H

0
(u(t))

du

dt
= H

0
(u(t))g(t). (3.3)

Now let pz(z) denote the PDF of the random variable Z with support R�0 and let T �1
(t) =

u(t), with u(t) as in (3.1). Applying change of variables provides the density on T as

pt(t) = pz(u(t))
du

dt
= pz(u(t))g(t). (3.4)

Comparing (3.3) and (3.4), we see that H
0
(u(t)), that is the derivative of the transformation

function in the DeCDF context, can be seen as the base distribution PDF in a normalising

flow viewpoint. H(x) can therefore be taken to be any strictly increasing CDF function on

R�0 and (3.1) remains valid. Meanwhile, the underlying monotonic function, u(t), which is

transformed by H in the DeCDF context can be seen as T
�1 in normalising flow language.

This means that u(t) could be modelled via established normalising flow invertible functions

to achieve similar functionality to our approach. We return to this point in the discussion as

a recommendation for future work. Furthermore, the above relationship demonstrates the

general expressivity of DeCDF and hence its suitability for flexible time-to-event distribution

modelling.

3.2.6 Alternative Derivative-Based Parameterisations

Above, we present DeCDF as the natural way to employ derivative-based methodology to

CDF modelling. However, there exist other derivative-based approaches which could be

investigated.

One immediate suggestion, which we refer to as AutoCDF due to the autonomous

nature of the governing ODE, is to let g(F ) be a function with range R>0 (e.g. a neural
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network with appropriate output activation) and let

dF

dt
= (1 � F )g(F ) with F (0) = 0. (3.5)

The main drawback of this approach compared to DeCDF is that the computation

of F (t = t
⇤
) via (3.5) requires a full ODE solve (not just t-domain quadrature) from t = 0

to t = t
⇤. Whilst not infeasible, for g(F ) a neural network ODE solves can introduce

implementational and computational complexity. Using adaptive ODE solvers results in a

forward operation with an a priori unknown computational complexity which is not readily

parallelisable. Furthermore, we will require gradients of this forward operation, and whilst

these can be estimated using the adjoint method reintroduced by Chen et al. (2018b), this

approach does not necessarily compute good approximate gradients (Gholami et al., 2019).

Moreover, popular open-source implementations do not typically offer both robust neural

network functionality and fully autodiff-aware ODE solvers able to reliably calculate gradients

in all settings (see e.g. Rackauckas et al. (2018) for method comparisons). The primary

framework at the time of writing which attempts this is Julia’s SciML initiative (Rackauckas

and Nie, 2017c) and is under ongoing development. These issues must be considered if

modelling via (3.5) is performed.

3.3 DeCDF for Single-Risk Survival Analysis

3.3.1 Problem Setting

Survival analysis in the presence of a single risk considers data which for N subjects takes the

form D = {s
(i)

,x(i)
, k

(i)
}
N
i=1, where s

(i) denotes time-to-event, x(i) denotes subject covariates

and k
(i) denotes event type. In the single-risk setting, k

(i)
2 {?, 1}, with k

(i)
= 1 implying

the event of focus (e.g. death) occurred at s
(i) and k

(i)
= ? implying right censorship, that
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is the subject being lost to follow up, often for an unknown reason. Given training data

Dtrain = {s
(i)

,x(i)
, k

(i)
}
N
i=1, the goal is to learn a model which is capable of providing accurate

personalised prognostic cumulative distribution functions of the survival time for test subjects.

That is, given covariates of a test subject, x, be able to provide an accurate estimate of

F (t|x) = P (T  t|x).

3.3.2 Applying DeCDF

Given DeCDF’s ability to model CDFs, we can directly utilise its methodology for this

modelling purpose by simply adding x as an additional input to the model. More specifically,

we let g�(x, t) be a neural network with parameters � and positive output range (enforced

via softplus) and set F̂ (t|x) = tanh(u(t|x)), where

du

dt
= g�(x, t) with u(0) = 0.

Note that, by the argument of Section 3.2.5, tanh could be replaced by any valid CDF on

R�0.

The negative log-likelihood for data D = {s
(i)

,x(i)
, k

(i)
}
N
i=1 and parameters � is

L = �

NX

i=1

 �
k
(i)

= ?
�
log

⇣
1 � F̂ (s

(i)
|x(i)

)

⌘
+

�
k
(i)

6= ?
�
log

⇣
F̂

0
(s

(i)
|x(i)

)

⌘�
.

We use this as our training loss and apply minibatch gradient descent via Adam (Kingma

and Ba, 2014) to optimise the neural network parameters �.
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3.4 Extending to Competing Risks: DeSurv

3.4.1 Problem Setting

In the competing risks setting, survival data again takes the form D = {s
(i)

,x(i)
, k

(i)
}
N
i=1, but

now k
(i)

2 {?, 1, 2, . . . , K} for K event types of interest. Typically, these event types code

for “death due to cause k”. For example, in a study of cancer patients, some participants may

suffer from comorbidities such as cardiovascular disease (CVD) and may die due to these

competing risks rather than cancer itself.

Whilst the overall survival time CDF, F (t|x), is of interest in the competing risks

context, the quantity of greatest interest is the cumulative incidence function (CIF), Fk(t|x),

associated with each event type. This is defined as Fk(t|x) = P (T  t, k|x), and therefore

encodes the probability of experiencing event k before time t accounting for the presence of

competing risks. Marginalising out the event type provides the overall survival time CDF as

F (t|x) =
PK

k=1 Fk(t|x).

3.4.2 DeSurv

DeCDF can be adapted to the competing risks setting by noting that each cumulative

incidence function is a scaled CDF as Fk(t|x) = P (T  t, k|x) = P (T  t|k,x)P (k|x)

where the conditional CDF, P (T  t|k,x), which we denote F̃k(t|x), is a valid CDF and

P (k|x), which we denote ⇡k(x), satisfies
PK

k=1 ⇡k(x) = 1. The CIF can therefore be captured

by simultaneously modelling {F̃k}
K
k=1 via a DeCDF approach and {⇡k(x)}

K
k=1 via a neural

network with softmax activation. We refer to this model as DeSurv. The architecture for

DeSurv is shown in Figure 3.3.
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Figure 3.3: DeSurv Model Architecture. DeSurv flexibly models the

cumulative incidence function of each event by performing elementwise

multiplication between the outputs of a DeCDF block and a softmax neural

network block. In the absence of competing risks, only the DeCDF block

is required.

The negative log-likelihood for data D = {s
(i)

,x(i)
, k

(i)
}
N
i=1 and parameters � is

L = �

NX

i=1

"
�
k
(i)

= ?
�
log

 
1 �

KX

k=1

Fk(s
(i)
|x(i)

)

!
+

�
k
(i)

6= ?
�
log
�
F

0
k(i)(s

(i)
|x(i)

)
�
#
.

As in the single risk case, we take this to be our loss and optimise via Adam (Kingma and Ba,

2014) to learn the parameters � of the neural networks describing the {F̃k}
K
k=1 and {⇡k}

K
k=1

mappings.
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3.5 Experiments

3.5.1 Reproducibility

In this section we demonstrate the behaviour of DeSurv and other related approaches on

real and synthetic datasets from single-risk and competing-risk settings. For fair comparison,

we utilise the same neural network architectures for each method as far as possible and

provide all hyperparameter settings in the supplementary material. We attach a complete

PyTorch-based (Paszke et al., 2019b) implementation of our DeSurv approach along with the

code used to assess our model in the context of related methods. We also include data and

licenses in the supplementary material where it is permitted. Train/Validation/Test splits

are 64%/16%/20% in all cases. Table entries are provided as mean ± std and are calculated

by re-running experiments (including data partitioning) in their entirety 10 times, each time

with a new random seed drawn from a seeded RNG. The computational requirements of all

involved algorithms were relatively low, with all experiments able to run within hours on a

2.7 GHz Quad-Core i7 processor.

3.5.2 Single-Risk Survival Analysis

We evaluate our model in the single-risk setting alongside various single-risk benchmarks

discussed in section 3.1.4 on two anonymised real-world medical datasets: METABRIC and

SUPPORT.
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Table 3.1: Survival Datasets. Details of the datasets used to demonstrate model

performance.

Dataset Observed Censored Features

Event time Censoring time

Mean Max Mean Max

METABRIC 1103 (58%) 801 (42%) 9 100 355 160 337

SUPPORT 6036 (68%) 2837 (32%) 14 6.85 64.8 35.3 67.6

Synth
Cause 1 5699 (19%)

15000 (50%) 12
0.080 0.988

0.043 1.28
Cause 2 9301 (31%) 0.086 1.11

SEER
BC 116170 (19%)

442685 (74%) 23
57.8 311

112.1 311
CVD 39639 (7%) 95.4 311

Datasets

The METABRIC dataset contains gene expression profiles and clinical covariates of breast

cancer (BC) patients for the purposes of BC subgroup identification. We follow the practice

of Katzman et al. (2018), and utilise 9 features, namely 4 gene indicators (MKI67, EGFR, PGR,

and ERBB2 ) and 5 clinical covariates (hormone treatment indicator, radiotherapy indicator,

chemotherapy indicator, ER-positive indicator and age at diagnosis). SUPPORT (Knaus

et al., 1995) is a larger dataset derived from a prognostic study of seriously ill patients and

contains 14 covariates. We prepare the dataset as in Katzman et al. (2018). Further dataset

details are provided in Table 3.1.
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Table 3.2: METABRIC Performance Metrics.

Method Ctd IBS INBLL MAE RMSE

Cox 0.621 ± 0.035 0.176 ± 0.009 0.523 ± 0.021 75.60 ± 4.86 87.76 ± 4.86

Cox-CC 0.634 ± 0.012 0.177 ± 0.007 0.522 ± 0.017 74.15 ± 4.54 86.99 ± 4.10

DeepSurv 0.634 ± 0.019 0.175 ± 0.006 0.519 ± 0.014 74.45 ± 4.65 87.36 ± 4.98

Cox-Time 0.664 ± 0.019 0.175 ± 0.005 0.518 ± 0.016 66.59 ± 2.90 78.60 ± 3.07

DeepHit 0.673± 0.013 0.188 ± 0.006 0.549 ± 0.013 88.3 ± 5.05 100.11 ± 4.90

DeSurv (Ours) 0.660 ± 0.022 0.172± 0.008 0.509± 0.020 54.76± 2.14 65.5± 2.44

Metrics

We evaluate the models on each test set using five metrics: i) Time-dependent Concordance

Index (Antolini et al., 2005) (Ctd), ii) Integrated Brier Score (IBS), iii) Integrated Negative

Binomial Log-Likelihood (INBLL), iv) Mean Absolute Error (MAE) and v) Root Mean

Square Error (RMSE). Full mathematical definitions and detailed explanations of these

metrics are provided in Section 1.3.5 of Chapter 1. We evaluate the metrics using the pycox

library (Kvamme et al., 2019).

3.5.3 Competing Risks Survival Analysis

We evaluate DeSurv in the competing risks setting using the methodology of Section 3.4 on

real and synthetic data alongside the state-of-the-art deep learning-based competing risks

model, DeepHit (Lee et al., 2018), which provides discretised time output.
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Table 3.3: SUPPORT Performance Metrics.

Method Ctd IBS INBLL MAE RMSE

Cox 0.562 ± 0.005 0.211 ± 0.003 0.609 ± 0.006 8.05 ± 0.17 10.86 ± 0.31

Cox-CC 0.600 ± 0.007 0.200 ± 0.004 0.588 ± 0.013 8.11 ± 0.16 10.85 ± 0.29

DeepSurv 0.603 ± 0.006 0.199 ± 0.004 0.585 ± 0.013 8.09 ± 0.17 10.85 ± 0.29

Cox-Time 0.612 ± 0.008 0.200 ± 0.004 0.586 ± 0.010 7.94 ± 0.21 10.84 ± 0.32

DeepHit 0.619 ± 0.010 0.216 ± 0.002 0.622 ± 0.004 20.37 ± 1.08 21.73 ± 1.14

DeSurv (Ours) 0.622± 0.010 0.199± 0.003 0.583± 0.010 7.86± 0.17 10.75± 0.22

Datasets

The Surveillance, Epidemiology, and End Results Program (SEER) dataset contains anonymised

survival data from cancer patients in the United States. We extract breast cancer (BC)

patients from the database and select those patients that either i) were right censored, ii)

died from BC or iii) died from cardiovascular disease (CVD) (see Appendix B.1 for further

details), yielding data with censorship and two competing risks (see Table 3.1).

We also generate a synthetic dataset of the style of that in Lee et al. (2018) with

N = 30, 000 examples drawn from the generative process

x(i)
1 ,x(i)

2 ,x(i)
3 ⇠ U [0,1]

T
(i)
k ⇠ Exp

✓⇣
�T
3 x

(i)
3

⌘2
+ �T

k x
(i)
k

◆
⌘ Exp

⇣
�
(i)
k

⌘
,

for k = 1, 2 with (�1,�2,�3) = (0.5,2,1) and applied random censoring to 50% of exam-

ples (see Table 3.1).
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Table 3.4: Competing Risks Performance Metrics.

SEER Synthetic

Method Ctd
(BC) Ctd

(CVD) Ctd
(1) Ctd

(2)

DeepHit 0.844± 0.001 0.885± 0.002 0.611 ± 0.009 0.570 ± 0.004

DeSurv 0.826 ± 0.002 0.879 ± 0.002 0.629± 0.009 0.587± 0.005

Table 3.5: Additional Competing Risks Metrics.

Dataset Method RMSE(1) RMSE(2) BCE Acc.

SEER
DeepHit 97.86 ± 6.28 103.65 ± 5.77 1.330 ± 0.004 75.01 ± 0.83

DeSurv 47.46± 0.53 76.82± 1.17 1.150± 0.006 79.73± 0.33

Synthetic
DeepHit 0.0956 ± 0.0030 0.1032 ± 0.0013 1.396 ± 0.001 62.02± 1.04

DeSurv 0.0944± 0.0022 0.1013± 0.0016 1.389± 0.003 61.78 ± 0.91

Metrics

We evaluate the models using Time-dependent Concordance Index (Ctd), Integrated Brier

Score (IBS), Integrated Negative Binomial Log-Likelihood (INBLL), Mean Absolute Er-

ror (MAE) and Root Mean Square Error (RMSE), all as defined in Section 1.3.5. In the

competing risks case we also consider the binary cross entropy (BCE) and accuracy (Acc.) val-

ues associated with the task of predicting which event type occurred for those that experienced

an event.
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3.5.4 Results Discussion

Tables 3.2 & 3.3 show that DeSurv outperforms alternative single-risk methods overall

on both the METABRIC and SUPPORT datasets. DeepHit does demonstrate a higher

concordance than DeSurv on METABRIC and a comparable concordance on SUPPORT,

however its performance is notably poorer with respect to other metrics, suggesting poor

calibration. Visual inspection of the survival functions associated with DeepHit relative

to those associated with the performant Cox-Time and DeSurv models confirms this (see

Figure 3.4). In particular, it can be seen that whilst the models generally agree on the

ranking of patient risk (reflected in concordance values), the survival functions associated with

DeepHit exhibit a lack of patient-level variation relative to those of DeSurv and Cox-Time,

leading to poor calibration and the large MAE and RMSE metrics observed in Table 3.2.

This highlights the importance of looking beyond solely concordance values during model

evaluation and comparison.

DeSurv also extends successfully to the competing-risk setting, outperforming Deep-

Hit on the synthetic dataset and performing competitively with DeepHit with respect to

concordance on SEER. In Appendix B.2, we also demonstrate that increasing the density

of DeepHit’s discretisation does not significantly improve its performance on the synthetic

data. Visualisations of SEER patient CIFs suggest that DeepHit’s tendency to lack trajectory

separation is also present in the competing risk case, whereas DeSurv captures a variety

of risk patterns (Figure 3.5). Additional visual comparisons of survival functions and CIFs

across the models and datasets are provided in Appendix B.3. Further insight can be gained

via the additional evaluation metrics shown in Table 3.5, namely the RMSE for each of

the competing risks as well as the binary cross entropy (BCE) and accuracy (Acc.) values

associated with the task of predicting which event type occurred for those that experienced

an event. DeSurv again demonstrates a strong calibration performance relative to DeepHit,
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Figure 3.4: METABRIC Survival Functions. 25-year survival trajec-

tories for five random test patients according to three of the considered

models. Note that whilst the models agree on patient risk ranking, DeepHit

has limited trajectory separation.

particularly on SEER, despite demonstrating similar concordance performance, again high-

lighting the importance of considering a variety of metrics when evaluating overall survival

model performance.

3.6 Discussion

We have shown how general time-to-event CDFs can be modelled naturally in the language

of derivative-based models, yielding a general model for such functions, DeCDF. We have

also demonstrated how DeCDF can be applied immediately to single-risk survival analysis

and developed a novel DeCDF-based survival analysis method, DeSurv, capable of flexibly

modelling competing-risk survival data in continuous time. DeSurv can be seen as an

extension of DeepHit (Lee et al., 2018) to continuous time or an extension of work such as
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Figure 3.5: SEER CIFs. 25-year cumulative incidence functions for five

random test patients according to DeepHit and DeSurv. As in the single-

risk case (Figure 3.4), whilst the models agree on patient risk ranking

DeepHit has limited trajectory separation.

DeepSurv (Katzman et al., 2018) and Cox-Time (Kvamme et al., 2019) to the competing-risk

setting.

Our work also highlights a link between DeCDF and normalising flows, namely that

the ODE solution and transformation function in DeCDF can be thought of as a normalisa-

tion direction transformation and base CDF respectively in normalising flow language (see

Section 3.2.5). In this paper, we drew upon this equivalence to reinforce the expressivity of

DeCDF. A natural extension of our work would be to explore this link further, for example by

investigating the effect of flow-based transformation parameterisation and base distribution

on performance. Another possible avenue for further work would be to investigate alternative

ODE-based CDF parameterisations, an example of which is provided in Section 3.2.6. It

would also be of interest to apply DeCDF to CDF-based problems in other application

settings.

We also note that whilst we and others stress the importance of predictive performance

of survival analysis models in prognostic settings, it is also of interest to understand how the

personalised survival functions output by our model and others such as DeepHit (Lee et al.,
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2018) depend on covariates and hence which covariates are most associated with disease

prognosis. The required sensitivity analysis for this work can be readily carried out on DeSurv

and other deep learning models via automatic differentiation and would also represent a

valuable contribution.

Limitations and potential negative societal consequences: A key potential use

case for deep survival analysis models such as DeSurv is to provide prognostic information

to clinicians making critical decisions. Applying poorly performing models in this context

would clearly adversely affect patient care and would represent a particularly negative social

consequence. Hence, significant validation testing including human-computer interaction

elements would have to be performed on any model hoping to deploy in a clinical setting.

Additionally, whilst a significant benefit of models such as DeSurv is their ability to learn

complex dependencies between patient covariates and event risk profiles from data, this can

also act as a limitation. In particular, if trained blindly on well-curated retrospective data,

these models will inherit any biases which may be present, meaning they may not generalise

well to the everyday clinical setting. When training deployment-stage models, training should

be carried out in a bias-aware way in order to avoid systemic algorithmic inequality such as

the racial bias recently shown to exist in a U.S. healthcare management algorithm (Obermeyer

et al., 2019).
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Chapter Four

Neural ODE-Based Longitudinal Survival

Analysis

This chapter considers the problem of longitudinal survival analysis, that is the modelling

of the time-to-event given multiple observations of each patient over time, from a machine

learning perspective. In doing so, it introduces three novel approaches to the problem which

introduce various benefits over typically employed methods. The methods presented in this

chapter were inspired by working within the OPTIMising therapies, discovering therapeutic

targets and AI assisted clinical management for patients Living with complex multimorbidity

study (OPTIMAL) project, led by Prof. Krishnarajah Nirantharakumar (University of

Birmingham) and are currently being used within the project. During the PhD, work was

also carried out to apply standard joint longitudinal-survival models to prostate cancer data

and was published as Stavrinides et al. (2021). This is not included in this chapter due to its

fully applied rather than methodological focus.

We begin the chapter by introducing the context for our work and the contributions it

provides (Section 4.1). We then present the challenges associated with hazard-based modelling

in the longitudinal setting (Section 4.2). Following this, in Section 4.3, we introduce three
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ways in which a traditional longitudinal survival model can be extended: In Section 4.3.1, we

show how DeSurv can be included within the joint longitudinal-survival model formalism to

increase the flexibility of the survival component; In Section 4.3.2, we show how latent neural

ODEs can be utilised to avoid the scaling limitations of the standard joint model formalism;

In Section 4.3.3, we show how discriminative modelling of the survival time can be performed

using recurrent architecures and DeSurv, in turn simplifying inference relative to random

effects-based models. We then present experiments involving these models on synthetic and

real-world data in Section 4.4 before concluding with a discussion of the key contributions of

the work and how they can be and are being extended (Section 4.5).

4.1 Introduction

4.1.1 Motivation

In much of the survival analysis literature, the most canonical form of survival analysis is

considered, within which it is assumed that each patient provides a measurement at baseline

and predictions are made given this information. This is a useful form of survival analysis —

for example, it may be useful to estimate a prognosis for a patient given baseline information

upon admission to hospital. It is also highly applicable in the context of clinical trials, where

treatment protocols are assigned at baseline and recorded alongside clinical measurements

— it is indeed common for such methods to be used to statistically argue for or against the

efficacy of a given drug.

However, in modern health settings it is common to regularly record patient measure-

ments over time with the aim of complementing or updating a patient’s prognosis assessed

upon admission or entry into a study. This setting, referred to as longitudinal survival analy-
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sis (see Figure 4.1), is becoming increasingly important as healthcare becomes increasingly

data-driven but remains underexplored by the machine learning community. In this work, we

approach longitudinal survival analysis from a machine learning perspective and utilise the

links between generative latent variable modelling, as often considered in machine learning

settings, and longitudinal survival models to introduce novel approaches capable of extending

the models currently considered in the literature.

4.1.2 Background

In the longitudinal survival analysis setting, data takes the form D = {s
(i)

,x(i)
0 ,X(t)(i), k(i)

}
N
i=1,

where s
(i) denotes time-to-event, x(i)

0 denotes subject covariates at baseline, X(t)(i) 2 Rd⇥Ni

denotes subject covariate measurements x(t) at times t = [t0, . . . , tNi ], and k
(i)

2 {?, 1}

denotes event type (assuming a single-risk setting). In this work, we consider the primary

target variable of interest to be the event time s, i.e. we would like to use covariates x0,X(t)

to model survival time.

The canonical approach to performing survival analysis of data of the form D is the

joint longitudinal-survival model. This form of model targets the joint distribution over

longitudinal and survival variables, typically by choosing a longitudinal model for x(t) and a

survival model for s, each of which may involve parameters ✓, and then coupling these by

assuming shared dependence on a set of random effects b (see Section 1.3.4 for more details).

A linear mixed model of the form

xi(t) = �Tui(t) + bT
i zi(t) + "i(t)

is often assumed for the longitudinal part (with one-dimensional x for simplicity), whilst a

Cox model of the form

hi (t) = h0(t) exp
�
�Tx0 + ↵

T
mi(t)

 
, (4.1)
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Figure 4.1: Longitudinal Survival Analysis. Longitudinal survival

analysis aims to understand the relationship between time-to-event and

time-varying covariates x(t) in the presence of repeated time-labelled

measurements.

is assumed for the survival part, where mi(t) denotes the mean of xi(t), i.e.

mi(t) := �Tui(t) + bT
i zi(t). (4.2)

4.1.3 Contributions

The standard joint model considered above is useful in many settings but can be extended in

various ways to more flexibly model a wider range of data. In this work, we present various

ways in which insights from generative machine learning models and recent work in the

survival analysis setting Danks and Yau (2022) can be used to provide more general models

in the longitudinal survival setting. More specifically, we:

1. Present how adopting a hazard-based approach can be problematic in the longitudinal

survival setting (Section 4.2).

2. Show how DeSurv can be embedded within the joint longitudinal-survival formalism to
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allow for increased flexibility in the survival component (Section 4.3.1).

3. Demonstrate how Latent Neural ODEs can be used to flexibly model both the longitudi-

nal and survival components of joint longitudinal-survival models and how they improve

scaling with respect to data dimension and trajectory complexity (Section 4.3.2).

4. Show how survival time can be modelled directly in the longitudinal setting, allowing

some of the complexities inherent to inference in random effects-based models to be

circumvented (Section 4.3.3).

5. Demonstrate the properties of these models on synthetic and real-world examples (Sec-

tion 4.4).

4.2 Hazard-Based Modelling in the Longitudinal Setting

The popularity of the Cox Proportional Hazards model in the canonical baseline, single-risk

setting, leads many to consider it natural to develop models centred around the notion of the

hazard function in the longitudinal setting. Indeed, as a natural extension of the Cox model

to the longitudinal setting, a model of the form (4.1) is often employed when performing

joint longitudinal-survival analysis. However, it should be noted that hazard-based models

of this form can be problematic, particularly in the longitudinal setting, further motivating

the consideration of models that utilise DeSurv’s notion of directly targeting the survival

function.

The problems associated with hazard-based models in the longitudinal setting are best

seen by expressing the survival function via the cumulative hazard function, i.e.

S(t) = exp{�⇤(t)},
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with

⇤(t) =

Z t

0

�(s) ds (4.3)

and � the hazard function. Note that for S(t) to be a valid survival function, it must satisfy

limt!1 S(t) = 0, in turn implying that the associated cumulative hazard ⇤(t), i.e. the

integral (4.3), must diverge for t = 1. In the non-longitudinal, standard Cox setting, i.e.

�(t;x0) = �0(t) exp
�
�

Tx0

 
.

issues are not typically encountered as the baseline hazard is either not considered due to

the use of partial log-likelihood and interest in hazard ratios or a valid baseline hazard �0 is

chosen (e.g. Weibull) and given a suitable �0, the Cox hazard will be valid, as seen by e.g.

S(t;x0) = S0(t)
exp{�Tx0}

in the Cox setting.

However, in the longitudinal setting, where the canonical joint model takes the

form (4.1), i.e.

�i (t) = �0(t) exp

n
�Tx(i)

0 + ↵
T
mi(t)

o
,

the computation of the log-likelihood requires the baseline hazard �0(t), hence its form

must be specified. Furthermore, �0 being a valid hazard is no longer sufficient to guarantee

that �i (t) is valid. To illustrate, consider a Weibull hazard for �0(t) with scale and shape

parameters l and k respectively and a linear mixed effects model mi(t). In this setting, the

hazard is

�(t) = kl
�k

t
k�1

exp
�
�Tx0 + ↵0

�
�0 + b

0
i

�
+ ↵1

�
�1 + b

1
i

�
t
 
.

which does not necessarily diverge upon integration as required. For example, if ↵1 (�1 + b
1
i ) =

�1, then

�(t) = Ct
k�1

exp{�t}
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where C is a time-independent constant. This implies that

lim
t!1

⇤(t) = C lim
t!1

Z t

0

s
k�1

exp{�s} ds ,

which is by definition C�(k), where � is the Gamma function, which is finite for finite k > 0.

Issues such as this arise because typical hazard-based approaches do not typically constrain

the behaviour of the hazard even though it must be divergent under integration to describe

a valid survival function. Similar issues are seen in the context of competing-risks analysis

when using the Fine-Gray subdistribution hazards model (Fine and Gray, 1999), where it is

possible for the Cumulative Distribution Functions associated with event occurence to exceed

1 (Austin et al., 2021). These issues can be avoided by instead targeting the survival function

in a constraint-aware way, as is done with the DeSurv-derived models presented in the next

section.

4.3 Extending the Canonical Joint Longitudinal-Survival

Model

4.3.1 Derivative-Based Neural Joint Longitudinal-Survival Mod-

elling

In the context of joint longitudinal-survival modelling, the assumption of proportional hazards

is, as in the case of baseline survival analysis, the dominant dogma. However, one need not

make this assumption or necessarily use hazard-based models which, as discussed in the

previous section, can be problematic in the longitudinal setting. One can instead often gain

from direct modelling of the survival function via DeSurv (Danks and Yau, 2022).

The most immediate way to utilise DeSurv in the longitudinal setting is to recall that
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Figure 4.2: Joint DeSurv Model Diagram. A pictorial representation

of the model we refer to as Joint DeSurv (Section 4.3.1).

the full log-likelihood of a joint longitudinal-survival model resembles

L(✓|D) =

NX

i=1

log p(s
(i)

, k
(i)

,X(t)(i)|x(i)
0 ,✓),

with

p(s
(i)

, k
(i)

,X(t)(i)|x(i)
0 ,✓) =

Z n
p(X(t)(i)|x(i)

0 ,✓,bi)p(s
(i)

, k
(i)
|x(i)

0 ,✓,bi)p(bi)

o
dbi .

In the proportional hazards case, the survival portion of the model p(s
(i)

, k
(i)
|x(i)

0 ,✓,bi) is

derived from the hazard as in (4.1). Replacing this survival portion with the corresponding

DeSurv expression, i.e.

log p(s(i), k(i)
|x(i)

0 ,✓,bi) =
⇣
k(i) = ?

⌘
log
⇣
Ŝ✓(s

(i)
|x(i)

0 ,bi)
⌘

+
⇣
k(i)

6= ?
⌘

log
⇣
f̂✓(s

(i)
|x(i)

0 ,bi)
⌘

,

where Ŝ✓(s
(i)
|x(i)

0 ,bi) and f̂✓(s
(i)
|x(i)

0 ,bi) are the survival function and density respectively

associated with a DeSurv model with parameters (contained within) ✓ and inputs
⇣
x(i)
0 ,bi

⌘

provides the model class we refer to as Joint DeSurv. A pictorial representation of this model

is shown in Figure 4.2.

Note that the longitudinal part of a joint model, i.e. (4.2), can also be non-linearised

in t. For example, to move from a straight line to a cubic polynomial, one may replace the

standard linear form of

mi(t) =
�
�0 + b

0
i

�
+
�
�1 + b

1
i

�
t
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with

mi(t) =
�
�0 + b

0
i

�
+
�
�1 + b

1
i

�
t +
�
�2 + b

2
i

�
t
2
+
�
�3 + b

3
i

�
t
3
,

and proceed as normal. In Section 4.4, we refer to joint DeSurv models as e.g. Joint DeSurv

(Linear) and Joint DeSurv (Non-linear, Cubic Polynomial) to clarify the form of longitudinal

model paired with the DeSurv component. Similarly, a standard Cox joint model is referred

to as e.g. JM (Linear) and JM (Non-linear, Cubic Polynomial).

4.3.2 Flexible Latent Neural ODE-based Joint Longitudinal-Survival

Modelling

The standard way to attempt more flexible longitudinal modelling within the random effects

framework is, as was described in the previous section, to let x(t) be described by increasingly

complex, higher order models. However, the number of random effects, dim(bi), increases

with this complexity. For example, in the case of increasing polynomial order in the fixed

and random effects, dim(bi) increases linearly with polynomial order. Note also that for

x(t) 2 Rd, dim(bi) also increases linearly with d. Such an approach therefore scales poorly

when attempting to flexibly model high-dimensional data. Furthermore, polynomial bases of

this form do not tend to fit general longitudinal datasets well in general. Rather than choose

a high-order polynomial or spline, with a large associated dim(bi), it would be preferable

to be able to use a model to define dim(bi) a priori and proceed to model the joint data

given this constraint. Here, we present an approach which allows this by using latent neural

ordinary differential equations (see Section 1.2.3), in turn introducing a model we refer to as

NODESurv.

At the heart of this idea is the observation that the latent neural ODE generative
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Figure 4.3: NODESurv Model Diagram. A pictorial representation of

the model we refer to as NODESurv (Section 4.3.2).

model, i.e.

z0 ⇠ p(z0)

zn = ODESolve(E✓, z0, t0, tn)

xn ⇠ p�(xn|zn),

where E✓ represents the equation
dz

dt
= f✓(z, t),

with f✓ a neural network with parameters ✓ and � representing NN parameters mapping z to

x, can be thought of as generating longitudinal trajectories from a fixed-dimensional latent

z0, much like a standard mixed effects model can be thought of as generating trajectories

from the latent vector b. The key difference in the context of latent neural ODEs however

is that the complexity of the forward mapping and the dimension of the output x(t) can

grow without necessarily increasing the dimension of z0. We extend the form of the prior to

account for potential baseline information so that p⇠(z0|x0) rather than p(z0). We then pair

this longitudinal portion with a DeSurv survival model which takes as input (z0,x0, t) and

outputs an estimate of CDF F (t|z0,x0). Let the parameters of this model be denoted by ↵.

In this work we use the same feedforward NN-based approach as in Danks and Yau (2022),

however one could model the derivative (g(t)) functions within DeSurv in a similar way to

x(t) in the Latent Neural ODE if desired. A pictorial representation of the full NODESurv
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model is shown in Figure 4.3.

Associated with the NODESurv model is a likelihood combining the longitudinal and

survival aspects. Firstly, we have the likelihood associated with patient i’s measurements

Xi := X(t)(i) being generated from the latent neural ODE. Secondly, we have the likelihood

associated with a patient’s survival data Yi := (s
(i)

, k
(i)

) under DeSurv given z0,x0. Assuming

that both the longitudinal and survival processes are defined completely by z0, i.e. they are

conditionally independent given z0 (as assumed in a random effects-based joint model), we

can derive an ELBO loss of the form L =
PN

i=1 Li, with

Li(✓̃, �) = E
z
(i)
0 ⇠q�(z

(i)
0 )

h
� log p✓̃(Xi,Yi)|z

(i)
0 )

i
+ KL

h
q�(z(i)0 )kp(z(i)0 )

i
,

where ✓̃ = (↵, ✓, ⇠, �) and

log p✓̃(Xi,Yi|z
(i)
0 ) = log p✓̃(Xi|z

(i)
0 ) + log p✓̃(Yi|z

(i)
0 ) (4.4)

due to conditional independence.

For consistency with the inference process typically used in standard joint longitudinal-

survival models (and, in turn, Joint DeSurv), we utilise non-amortised variational inference

to optimise this objective, that is we parameterise

q�(Z0) = q�(z
(1)
0 , z(2)0 , . . . , z(N)

0 ) = q�(z
(1)
0 )q�(z

(2)
0 ) . . . q�(z

(N)
0 )

via N pairs of Gaussian parameters (µ, D) and iteratively update these. This removes the

complexity of designing and tuning an encoder in return for additional computation at test

time, namely performing posterior inference for new test points.

4.3.3 Discriminative Longitudinal Survival Analysis

In the previous section, we saw how the use of latent neural ODEs can allow for the use of

flexible longitudinal and survival modelling without the need to use increasingly complex
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Figure 4.4: D-NODESurv Model Diagram. A pictorial representation

of the model we refer to as D-NODESurv (Section 4.3.3).

basis functions with accompanying growth in dim(bi). However, the latent nature of b,

or z0 in the case of NODESurv, in random effects-style joint longitudinal-survival models

introduces complexity into the inference process relative to a more discriminative approach

of directly modelling the survival distribution given data. Additionally, modelling continuous

and categorical covariates simultaneously in generative models of the style considered in

random effect-style joint models can be challenging due to the different likelihood scales

involved. Furthermore, in certain settings (e.g. high-dimensional, high-frequency sampling),

it may be required to balance the survival and longitudinal aspects of the likelihood beyond

the original quantity derived. Here we present RNN-based methodology, which we refer to

as D-NODESurv (Discriminative-NODESurv), which performs discriminative longitudinal

survival analysis, hence avoiding such difficulties.

At the heart of this methodology is the idea that an RNN’s hidden state, h(t), can

be thought of as a representation of a patient’s state at time t given their history and can

therefore act as an appropriate, covariate-style input to a DeSurv model, much like the

random effects in Joint DeSurv and initial condition z0 in NODESurv. Mathematically, this
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translates to the argument that the CDF given observations up to tn, i.e.

P (T  t|T > tn,Xi,ttn),

can be modelled as

P̂ (T  t|T > tn,Xi,ttn) = P̂
DeSurv
✓ (T  t|T > tn, h(tn)) (4.5)

One is free to choose the form of RNN employed to generate the hidden state h(t).

One option is to specify an ODERNN (see Section 1.2.3) with hidden state h(t) obeying

updates of the form

h(t) = ODESolve (f✓, hi�1, ti�1, t)

between observations, i.e. for t 2 [ti�1, ti), and

hi = RNNCell (h
0
i,xi) ,

with

h
0
i = ODESolve (f✓, hi�1, ti�1, ti)

for observed ti. A pictorial representation of this architecture is shown in Figure 4.4. In

the OPTIMAL data of relevance to this model, interval sampling is used, where patient

measurements are listed as being uniform in time. There is therefore limited benefit to

introducing ODERNN evolution between observations, and we rather use a standard LSTM

arrangement, where RNNCell in the above is an LSTM cell and the hidden state is considered

constant between observations.

Under this formalism (4.5), modelling a dataset D can be considered a set of
PN

i=1 Ni

single-risk baseline survival subproblems, each of which has a DeSurv negative log-likelihood

loss term associated with it. The overall training loss can be obtained by summing over these

problems such that

L =

NX

i=1

NiX

j=1

L
DeSurv
ij (tij, hij, k

(i)
)

and optimised using standard gradient descent techniques.
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4.4 Experiments

We now investigate the behaviour of the aforementioned models in a variety of data settings.

We begin by introducing the datasets under consideration in Section 4.4.1. We then present

experimental findings associated with joint longitudinal-survival methods and discriminative

longitudinal-survival methods in Sections 4.4.2 & 4.4.3 respectively.

4.4.1 Datasets

Due to the lack of reliable metrics to evaluate performance on general unseen test data (see

e.g. Rindt et al. (2021)), synthetic data plays a key role when investigating behaviour of

proposed survival models, particularly in the longitudinal setting, as it is possible to evaluate

reliable performance metrics by comparing inferred survival functions with the corresponding

ground truth. Furthermore, datasets can be generated which explicitly do or do not satisfy

assumptions such as proportional hazards, allowing the performance of models with such

assumptions to be evaluated on data which is formally consistent or inconsistent with them.

Of course, it is also important to observe the utility of proposed models on real-world

data. Whilst this is again challenging due to imperfect metrics and often high levels of

censoring, insights into performance can still be gained via visualisation and informed metric

quantification.

For our experiments, we utilise 4 synthetic datasets (Synthetic datasets A–D) and one

real-world dataset (CPRD data). Synthetic datasets A–C are designed for and evaluated on

the joint longitudinal survival models discussed in Sections 4.1.2, 4.3.1 & 4.3.2, i.e. JM, Joint

DeSurv and NODESurv. In particular, they generate data with and without a Cox-based

hazard function and with linear and non-linear longitudinal parts in order to probe how

a model with Cox-based assumptions performs relative to the proposed Joint DeSurv and
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NODESurv models in both Cox and non-Cox settings. Meanwhile, we use synthetic dataset

D and the CPRD data to probe the behaviour of the discriminative model of Section 4.3.3,

D-NODESurv. Full details of each of the datasets are provided under the relevant subheading

below.

Synthetic Dataset A (Linear + Cox)

Synthetic dataset A generates data according to a Joint Cox model with a linear longitudinal

part. This represents what is considered by many to be the simplest, most natural form of

joint longitudinal survival model and is commonly used in the medical statistics literature.

Explicitly, we have a generative model of the form

b
j
0, b

j
1 ⇠ N (0, I) (Random Effects)

�̃
j
0, �̃

j
1 = �

j
0 + b

j
0, �

j
1 + b

j
1

mj(t) = �̃
j
0 + �̃

j
1t

"j(t) ⇠ N (0, �
2
j )

xj(t) ⇠ mj(t) + "j(t)

for longitudinal covariates xj(t) where j = 1, . . . , D denotes covariate dimension. The survival

component of the model is defined by the Cox hazard relation

�(t) = �0(t) exp

(
X

j

↵jmj(t)

)
,

for some baseline hazard �0(t). In this setting, we choose �0(t) to be a Weibull hazard such

that �0(t) = kl
�k

t
k�1 for shape parameter k and scale parameter l. We set k = 5, l = 1.5,

implying a mean and variance of approximately 1.4 and 0.1 respectively under the baseline

hazard.

It should be noted that in its unconstrained form, this model is problematic, as

discussed in Section 4.2, as it may be possible for �(t) to decay exponentially quickly to zero,
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resulting in finite cumulative hazard for large t. In order to combat this and ensure a valid

survival function for all samples, we set ↵j > 0, �j > 0 and set b
j
1 = �b

j
1 for subjects with

P
j ↵jb

j
1 < 0.

Time points t1, . . . , tNi are generated by first sampling an event time T
event
i under

�(t), then choosing tNi = T
event
i with probability 1 � pcens and tNi = tcens ⇠ Unif(0, T

event
i )

with probability pcens. t1, . . . , tNi�1 are then equally spaced across [0, tNi ] with Ni = min(n +

btNi/⌧c, nmax) for some timescale ⌧ . In this setting, we set pcens = 0.2, n = 3, nmax = 7,

⌧ = 0.5, D = 2 and set the number of patients, N , to 500.

Synthetic Dataset B (Linear + Non-Cox)

For this dataset, we retain the notion of a linear longitudinal component, but do not generate

the data using the canonical Cox proportional hazards assumption. Instead we assume that

survival times are drawn from a Weibull distribution with mixed effect-dependent shape and

scale parameters.

In particular, we describe the shape parameter k via a linear transformation of the

overall mixed parameters �̃ = {�̃
j
0, �̃

j
1}

D
j=1 and set l to retain a fixed variance of 0.1 and

manage the difficulty of the prediction problem. The hazard is therefore of the form

�(t; �̃) = k(�̃)l(k(�̃))
�k(�̃)

t
k(�̃)�1

,

with

k(�̃) = 2 + ✓T
k �̃

l(k(�̃)) =

s
variance

� (1 + 2/k) � � (1 + 1/k)
2 .

We draw the elements of ✓k from Unif[0.1, 0.6], leading larger � to correspond to longer

lifetimes. We keep the model for xj(t) unchanged relative to synthetic dataset A to isolate
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the effect of the survival process change.

Synthetic Dataset C (Non-Linear + Non-Cox)

In this dataset, we again use the idea from synthetic dataset B that the survival process

follows a Weibull distribution such that

�(t; �̃) = k(�̃)l(k(�̃))
�k(�̃)

t
k(�̃)�1

,

with the same parameter settings as before. However, we now edit the form of the longitudinal

process so that it is no longer a linear function, but is rather a cubic polynomial, i.e.

mj(t) =
˜
�
j
0 +

˜
�
j
1t +

˜
�
j
2t

2
+

˜
�
j
3t

3
.

Note that this increases the number of random effects from 2D to 4D due to the addition of

the quadratic and cubic components.

Synthetic Dataset D (Linear + Non-Cox)

This dataset is generated with the discriminative model setting in mind. It follows the

same overall generative model format as synthetic dataset B, but edits the observation time

sampling procedure to be such that patients are sampled at defined times, in our case every

0.1 time units. This mirrors the format of the CPRD data, where the data is provided in

interval format, where measurements made during any 4-month interval are recorded at the

end of said interval.

CPRD Data

The CPRD data under consideration was extracted from EHR records of patients from

the Birmingham and Black Country regions using the Data Extractor for Epidemiological

97



Neural ODE-Based Longitudinal Survival Analysis

Research (DExtER) tool (Gokhale et al., 2021). We consider data originating from N = 132121

individuals registered at GP practices in Birmingham & The Black Country with a type

2 diabetes diagnosis. Baseline and longitudinal measurements (from repeated visits to

primary care) are recorded. Baseline characteristics used are Age, Sex, Smoking Status and

BMI. Longitudinal variables used are Age, Body Mass Index (BMI), HbA1c, Systolic Blood

Pressure (BP) and Serum Creatinine. Based on clinical motivation, the outcome of interest

is a “cardiovascular event”, which for the purposes of this study is considered to be any

occurrence of stroke, transient ischemic attack, ischemic heart disease, myocardial infarction

or heart failure. Baseline missing data is imputed via mean and mode imputation. Missing

longitudinal entries are imputed via within-subject piecewise-constant interpolation.

4.4.2 Joint Longitudinal-Survival Model Experiments

We begin the experiments by probing the behaviour of the joint longitudinal-survival models

considered in previous subsections, i.e. a standard joint model (JM), Joint DeSurv and

NODESurv. We first train each of the models on each of the synthetic datasets A, B and C,

which represent Cox + Linear, Non-Cox + Linear and Non-Cox + Non-Linear respectively.

We then evaluate each of the models on 5 test data sets, each with N = 100, drawn from

the same generative process and report in Table 4.1 the mean and standard deviation of 3

metrics calculated for each dataset, namely Longitudinal RMSE, Survival Log-Likelihood,

and Survival MISE. In this context, Longitudinal RMSE refers to the Root Mean Square

Error between observed longitudinal observations {X(t)(i)}Ni=1 and the predictions for such

points under the longitudinal portion of the model, with the mean divisor taken to be the

total number of observations, i.e.
PN

i=1 Ni. Survival Log-Likelihood refers to the survival

portion of the log-likelihood within the ELBO, i.e. the second term in (4.4). Survival MISE

refers to the Mean Integrated Squared Error between the ground truth CDF and that inferred
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Table 4.1: Joint Model Synthetic Data Performance. Metric values represent-

ing the performance of each of the joint longitudinal-survival models considered in

Section 4.3 on synthetic datasets A, B & C as defined in Section 4.4.1. The metrics

considered are defined in Section 4.4.2.

Dataset Method Longit. RMSE Surv. Log Likelihood Surv. MISE dim(bi)

A

JM 0.1485 ± 0.0027 100.62± 7.74 0.0329± 0.0056 4

Joint DeSurv 0.1496 ± 0.0017 90.49 ± 6.43 0.1037 ± 0.0081 4

NODESurv 0.1466± 0.0018 90.37 ± 5.13 0.0879 ± 0.0092 4

B

JM 0.1444 ± 0.0025 �36.88± 6.11 0.5973 ± 0.2688 4

Joint DeSurv 0.1453 ± 0.0015 �37.22 ± 6.84 0.5202± 0.2276 4

NODESurv 0.1442± 0.0019 �36.91 ± 6.30 0.5538 ± 0.2053 4

C

JM 0.2409± 0.0063 �39.44 ± 4.62 0.8081 ± 0.2181 8

Joint DeSurv 0.2873 ± 0.0065 �28.02± 4.21 0.4446± 0.0962 8

NODESurv 0.3905 ± 0.0143 �33.57 ± 1.33 0.5272 ± 0.0990 4

by the relevant model. This can therefore be seen as a gold-standard metric of a survival

model’s fit to the ground-truth survival function. Table 4.1 also reports dim(bi), that is the

dimension of the random effects, for each of the models (dim(z0) is entered in the case of

NODESurv).

Inspecting Table 4.1, we see that on dataset A, that is Linear + Cox, all three models

fit the data very well, with small Longitudinal RMSE and Survival MISEs present for all

three models, however the standard joint Cox model (JM) performs best. This is unsurprising

due to the generative process completely matching the JM model. On dataset B, that is
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Figure 4.5: D-NODESurv Predictions. D-NODESurv predictions for

two test datapoints from Synthetic Dataset D. D-NODESurv provides an

estimate of the conditional CDF P (T  t|T > tn,Xi,ttn) and associated

PDF for each observation time tn.

Linear + Non-Cox, we see that JM now has the highest value of Survival MISE of the three

models, suggesting it struggles to capture the non-Cox survival process more than Joint

DeSurv and NODESurv. Each model demonstrates essentially equivalent performance on the

longitudinal data, with all fitting the linear behaviour well. Finally, on dataset C, we see

that again each model fits the longitudinal data well, with small Longitudinal RMSEs given

the presence of some large values of xj(t), however Joint DeSurv and NODESurv are seen

to obtain significantly lower Survival MISEs than JM. Note also that this performance is

obtained even with our choice to set dim(z0) = 4 for NODESurv in the cubic case.

4.4.3 Discriminative Model Experiments

We now consider the behaviour of the discriminative model, D-NODESurv, introduced in

Section 4.3.3, using synthetic dataset D and the CPRD data described in Section 4.4.1.

Due to the bespoke nature of the D-NODESurv model, it is natural to wonder about

100



Neural ODE-Based Longitudinal Survival Analysis

the form of its predictions. To clarify this, we begin by training D-NODESurv on synthetic

dataset D and visualise the output of the model on two random test patients (Figure 4.5). In

this figure it can be seen that at each observation time tn, the model provides its estimate of

the conditional CDF P (T  t|T > tn,Xi,ttn) (plotted as a solid line in Figure 4.5). The PDF

associated with each of these CDFs can also be calculated and is represented by a dotted line

of the same color. In a successful model, the PDFs should typically be concentrated around

the observed event time, as seen in these cases.

We now move on to consider the quantitative performance of D-NODESurv on synthetic

dataset D and the real-world CPRD OPTIMAL data. Of particular interest in this setting is

the question of whether introducing a time-dependent hidden state h(t), in this case within

an RNN, frustrates or improves performance relative to that offered by what we refer to

as “pooled” models, which treat the dataset as a collection of
P

i Ni independent survival

problems. To address this question, we train pooled Cox and DeSurv models alongside the

D-NODESurv model and compute the time-dependent concordance (Ctd), Integrated Brier

Score (IBS) and Integrated Negative Binomial Log-Likelihood values (see Section 1.3.5 for

definitions) on a held-out 10% test portion of the data. The values obtained are presented

in Table 4.2, with uncertainties obtained by running 5 full train-evaluate runs, each with a

different training/validation/test dataset but retaining a 80%/10%/10% split.

Upon inspection of Table 4.2, it is immediately clear that the synthetic data can be

modelled almost equally well by all three methods, with all three approaches demonstrating

strong performance. At first glance, it may seem surprising that D-NODESurv does not

convincingly outperform the pooled approaches here, especially as the sampling frequency

of synthetic dataset D is high (0.1 intervals, averaging > 10 observations per patient). One

explanation is that as synthetic dataset D has a low-noise linear longitudinal process, when a

pooled model is provided with t and x(t) at time t, it is implicitly fed with information on

the �̂ values associated with its trajectory and underpinning the survival process.
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Table 4.2: Discriminative Model Performance on Synthetic and Real-World

Data.

Dataset Method Ctd IBS INBLL

Synthetic D

Pooled Cox 0.769 ± 0.012 0.0887 ± 0.0032 0.277 ± 0.015

Pooled DeSurv 0.777 ± 0.021 0.0839± 0.0054 0.266± 0.017

D-NODESurv 0.779± 0.015 0.0869 ± 0.0076 0.278 ± 0.021

CPRD

Pooled Cox 0.513 ± 0.15 0.172 ± 0.011 0.495 ± 0.023

Pooled DeSurv 0.563 ± 0.005 0.154± 0.001 0.474± 0.001

D-NODESurv 0.568± 0.005 0.156 ± 0.001 0.478 ± 0.001

The CPRD data represents a greater challenge for all three of the models, with Pooled

Cox in particular struggling to capture any information, with a concordance value ⇡ 0.5, i.e.

that of random noise. As in the previous synthetic setting, there appears little difference

between Pooled DeSurv and D-NODESurv performance, with both performing well relative

to Cox. The fact that the use of a hidden state does not appear to improve modelling

in this setting could be interpreted negatively, in the sense that it questions the need for

a complete model such as D-NODESurv when a pooled approach performs equivalently.

However, the results could also be interpreted the other way — the use of a hidden state

does not appear to frustrate modelling relative to a standard pooled approach and is capable

of capturing dependencies beyond those of a pooled approach if the data supports them. It

should be noted that the form of the CPRD data is such that it is arguably expected that

no particular benefit arises from the use of a hidden state due to high levels of longitudinal

missingness and the relatively non-informative nature and sampling rate of the biomarkers

measured (blood pressure, HbA1c, BMI, creatinine at minimum of 4-month intervals). A
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valuable continuation of this work would be to apply the D-NODESurv and pooled models to

data with high-frequency sampling of informative biomarkers such as that recorded in ICU

units.

4.5 Discussion

The problem of performing time-to-event modelling in the presence of longitudinal data,

referred to as longitudinal survival analysis, is becoming increasingly important as healthcare

becomes increasingly data driven. Despite this, the area is not well-explored from a machine

learning-aware perspective. This chapter presented the problem such a perspective, high-

lighting the similarity of the joint longitudinal-survival model with machine learning-style

generative latent variable models and showing how the direct modelling of the survival

function demonstrated in the baseline setting in Chapter 3 can be extended to the longitu-

dinal setting. There are numerous natural directions in which to continue the work of this

chapter, many of which are being carried out as part of the OPTIMAL project. For example,

additional empirical evaluation of the introduced models could be performed to convey further

the attributes of each in different settings. Linked to this is the explicit consideration of

general-purpose evaluation metrics for survival models in general beyond those (non-proper)

metrics (Rindt et al., 2021) currently employed when non likelihood-based models are utilised.

Additionally, the extension of the approaches introduced in this chapter to the competing

risk setting is a natural consideration.
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Chapter Five

Conclusion

5.1 Summary

This thesis has presented a series of machine learning methods capable of modelling a

wide range of tasks. Whilst the context of application and many of the notions used are

varied, one theme continued throughout, namely that constraints, particularly those involving

derivatives and beyond what are normally considered, can be valuable introductions to a

machine learning model. We also saw that the theme of latent variables and their associated

inference techniques appear in seemingly disjoint settings, for example both in the context of

VAE-based modelling of scRNA-seq and in the joint longitudinal-survival analysis setting.

In Chapter 1, we introduced the background to our work via three at first glance

seemingly unrelated areas, namely latent variable models, ordinary differential equations, and

survival analysis, though it is seen in Chapter 4 that concepts from all three of these can be

unified in a single model to perform longitudinal survival analysis.

We then, in Chapter 2, presented a novel method for simultaneous dimensionality

reduction and feature clustering (BasisDeVAE) which allowed prior knowledge to be incor-
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porated. In the process we also introduced a generalised derivative-based functional form

for Gaussian-like transients which is useful in its own right for those modelling transient

dynamics.

In Chapter 3, we introduced DeSurv as a new approach to survival analysis which is

capable of modelling single-risk and competing-risk settings without the traditional assump-

tions and/or restrictions of traditional survival analysis approaches. We note that this is

commensurate with other recent work in the literature focusing on likelihood-based survival

modelling, e.g. Rindt et al. (2021).

Chapter 4 then considered the problem of longitudinal survival modelling from a modern

perspective in light of DeSurv’s development. We showed that the similarity between a

traditional joint longitudinal-survival model and ML-based latent variable models is significant

and can be utilised to build models for longitudinal survival analysis via modern methods

including neural ODEs and DeSurv.

5.2 Future Directions

The methodological nature of the work presented in this thesis allows for numerous future

directions of research, both in the form of further methodological development and in the

form of additional data-driven testing and application of the models.

The work presented in Chapter 2 (BasisDeVAE) was primarily developed with the

degenerative disease and scRNA-seq setting in mind. It would be valuable future work for

those interested in other potential application settings to apply the work in that context.

Another natural development of this work would be to consider settings within which one had

access to multimodal ’omics data, referred to as the multi-omics setting, or where multiple
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similar datasets exist and knowledge should be shared between them, often referred to as

transfer learning. This may allow the inference of cross-modal latent variables and those

that may be shared across biological processes respectively. Meanwhile, more incremental

though immediate methodological extensions could consider the introduction of higher-order

derivatives or autonomous ODEs into the decoder generative process.

Chapter 3 naturally lends itself to application to additional datasets for further

evaluation and calibration checks, as well as the examination of its performance with respect

to clinical expectations. Work is ongoing in this direction within the Yau Group, in particular

by Christopher Yau and Natalia Hong (PhD Student, University of Oxford), to evaluate

the model on data from the MuM-PreDiCT study. Results emerging from this work are

encouraging and show that DeSurv can extract clinically consistent conclusions from the

data.

The development of the methodology presented in Chapter 4 was inspired by the

problem setting of the OPTIMising therapies, discovering therapeutic targets and AI assisted

clinical management for patients Living with complex multimorbidity study (OPTIMAL).

This is an ongoing large multi-institutional NIHR-funded project to investigate outcomes

for patients with multimorbidity. At the heart of this study is the problem of predicting

time-to-event given longitudinal data, hence the developments of Chapter 4. The methodology

presented in Chapter 4 is currently adopted within the project and will be applied to a wider

set of data and quite probably within the MuM-PreDiCT study as well. Future work may

also consider methodological extensions to the methods presented, with the extension to the

competing risks setting particularly natural and useful.

More generally, it should be noted that the evaluation of survival models is in general

challenging and suboptimal, for example Rindt et al. (2021) highlight how standard, widely

adopted metrics are not proper. Furthermore, the evaluation of more robust metrics, in
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particular test log-likelihood is not possible in many models or is frustrated by different

log-likelihoods not being directly comparable. This leads to studies either reporting with

suboptimal metrics or running synthetic experiments in order to be able to evaluate a suitable

ground-truth comparison for robust reporting. An important open problem therefore remains

in the form of formulating a metric capable of quantifying survival model performance in

a proper, reliable way without access to ground-truth and in the presence of censoring,

particularly when competing risks are also present.
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Appendix One

Appendix to Chapter 2

A.1 OASIS features

In the main text, we presented the results of experiments using data X 2 R2047⇥13 from the

OASIS-3 dataset (LaMontagne et al., 2019). Here we describe the meaning of each feature

and how it is obtained from the raw OASIS-3 data.

We began by extracting MRI sessions with associated FreeSurfer segmentations and

downloading these segmentations. By default, the FreeSurfer software provides highly granular

cortical and subcortical segmentation. We apply the groupings described in the appendix

of Klein and Tourville (2012) and in the FreeSurfer wiki to obtain the volumes of the

following 13 interpretable regions associated with cognitive decline (also used in e.g. Young

et al. (2018)): frontal lobe, temporal lobe, parietal lobe, occipital lobe, cingulate, insula,

accumbens, amygdala, caudate, hippocampus, pallidum, putamen, thalamus. We then divide

each regional measurement by the corresponding patient’s total intracranial volume to obtain

normalised volumes (Whitwell et al., 2001). Finally, we standardise each feature of the data

by subtracting its mean and dividing by its standard deviation.
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Appendix to Chapter 3

B.1 Experimental Details

B.1.1 Dataset Preprocessing

As noted in the main paper, no additional preprocessing was performed on the METABRIC

and SUPPORT datasets beyond that described in Katzman et al. (2018).

SEER

We extract data from the SEER database corresponding to “Female malignant breast cancers".

From this data, we extract patients with time-to-event measurements who either i) are alive

as of the last measurement, ii) experienced death attributable to their cancer diagnosis, or iii)

died due to “Diseases of heart", which we refer to as cardiovascular disease (CVD). We utilise

all present informative variables, providing 23 (as noted in other works using (previous verions

of) SEER, such as DeepHit (Lee et al., 2018)) variables including age, race, grade, laterality,

histology codes, treatment information and tumour size (see e.g. this SEER dictionary for
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example SEER features). Missing values were mode imputed.

B.1.2 Model Hyperparameters

All neural networks had two 32-unit hidden layers with ReLU activations. The Adam

optimiser (Kingma and Ba, 2014) was used with �1 = 0.9, �2 = 0.999, ↵ 2 {10
�2

, 10
�3
}

and batch size was 32 in all cases. As a discrete-time method, DeepHit requires a time

discretisation scheme. In each case, we discretised the time frame into 300 equal intervals,

leading to the output layer of DeepHit having 300K output nodes for K competing risks.

In the loss of DeepHit, we set a relative weight of 4:1 between the likelihood and ranking

components respectively and set � = 0.1 following Lee et al. (2018).

B.2 Additional Synthetic Data Experiment

In the main text, DeepHit demonstrated limited discriminative performance on synthetic

data. As the synthetic data contains many subjects with small hitting times, one may expect

that performance should improve as the number of discretisation points is increased. To

investigate this, we repeat the experiment associated with Table 3.4 with n = 1000 and

n = 10000 discretisation points (Table B.1). Here it can be seen that increasing the number

of discretisation points improves performance. However, performance appears to saturate

for large n, and with 10000 discretisation points DeepHit still exhibits a lower concordance

than DeSurv (for comparison we reevaluate DeSurv here using 10000 evaluation points when

computing the CIFs for concordance). Note that whilst DeSurv’s neural network output

dimensions are always K (= 2 here), DeepHit’s are nK, hence for n = 10000 in Table B.1,

20000 output dimensions are required.
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Table B.1: Effect of Increased Number of Discretisation Points on Synthetic Data

DeepHit Performance.

Method Ctd
(1) Ctd

(2)

DeepHit (n=300) 0.611 ± 0.009 0.570 ± 0.004

DeepHit (n=1000) 0.627 ± 0.007 0.583 ± 0.004

DeepHit (n=10000) 0.626 ± 0.009 0.584 ± 0.006

DeSurv (10000) 0.637± 0.010 0.592± 0.006

B.3 Example Survival Functions and CDFs

To gain insight into model behaviour, we visualise inferred survival functions and CIFs on

each dataset.

Figures B.1 and B.2 show the survival functions of five random test patients in the

METABRIC and SUPPORT datasets respectively according to the trained Cox, Cox-Time,

DeepHit and DeSurv models. Note in each case that the models generally agree on the

relative order of patient risk, however the trajectories are less separated by DeepHit than other

models. Note also the similarity between DeSurv’s trajectories and those found via Cox-Time,

arguably the prevailing modern continuous time single-risk survival analysis approach at the

time of writing.

Figures B.3 and B.4 show the cumulative incidence functions (CIFs) for five random

test patients in the synthetic and SEER datasets respectively. As in the single-risk case,

the models generally agree on the risk orderings of the patients, but DeSurv demonstrates

increased patient-dependent trajectory separation.
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Figure B.1: METABRIC Survival Functions. 25-year survival trajectories for five random

test patients according to four of the considered models. (Appendix B.3)
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Figure B.2: SUPPORT Survival Functions. Five-year survival trajectories for five random

test patients according to four of the considered models. (Appendix B.3)
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Figure B.3: Synthetic Cumulative Incidence Functions. Cumulative incidence functions

for five random test subjects according to DeepHit and DeSurv. (Appendix B.3)
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Figure B.4: SEER Cumulative Incidence Functions. 25-year cumulative incidence

functions for five random test patients according to DeepHit and DeSurv. (Appendix B.3)
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