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Abstract

In this thesis we consider sly-triples in g = Lie(G), the Lie algebra of a connected

reductive algebraic group over a field of positive characteristic p > 2.

We focus on good primes for G which are smaller than the coxeter number of G,
and determine to what extent the theorems of Jacobson—Morozov and Kostant hold
in this setting. To do so, we determine the maximal G-stable closed subvariety V
of the nilpotent cone N of g such that the G-orbits in V are in bijection with the

G-orbits of sly-triples (e, h, ) with e, f € V.

We also determine the maximal G-stable closed subvariety V' of the nilpotent
cone N of g such that any subalgebra b = (e, h, f) = slh(k) with e, f € V is

G-completely reducible.
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CHAPTER 1

INTRODUCTION

The main focus of this thesis is to extend what is known about sl-triples in the

Lie algebras of both the classical and exceptional groups.

The theory of Lie algebras, and understanding their subalgebra structure, has
been a key area of research over the last 100 years. As an important component
of this, since the 1950s substantial attention has been devoted to understanding
slp-triples. For G a simple reductive algebraic group over an algebraically closed
field k, an sl-triple in g = Lie GG is defined to be a triple of elements (e, h, f) that
generate a subalgebra of g that is isomorphic to sly(k), see Definition 2.1.5. This
simple definition underpins much of the modern theory of Lie algebras and their

representations.

The theory of sly-triples has been a key tool in the study of nilpotent orbits in
the Lie algebra g of a reductive algebraic group G over C. The seminal result
in sly(k)-theory is the Jacobson-Morozov Theorem, which states that given any
g = Lie(G), a semisimple Lie algebra over k = C, for each nilpotent element e € g

there exists some sly(k)-triple (e, h, f). This theorem was claimed by Morozov in



[Mor42] and a complete proof was provided by Jacobson in [Jac51]. This was later

extended by Kostant, who proved in [Kos59] that there exists a bijective map

{G-orbits of sly-triples} <— {nilpotent orbits in g}. (1.0.1)

The significance of this result led researchers worldwide to investigate to what

extent this result could be extended to fields of characteristic p > 2.

We now let k be an algebraically closed field of characteristic p > 2. Take G to be

a connected, reductive algebraic group over k, and set g = Lie(G).

Under the restriction that p is a good prime for GG, a result of Pommerening tells
us that for any nilpotent e € g, there exists some sly-triple in g containing e,
see [Pom80]. Note that the restriction to p > 2 is enough to ensure that the
characteristic is good for the classical algebraic groups, however for G of type
G, Fy, Eg or E; we require p > 3 and for G of type Eg we require p > 5.
The result of Pommerening was extended by Stewart—Thomas to p > 3 for all
reductive algebraic groups of exceptional type except for one nilpotent orbit for
G = Gy, when p = 3, see [ST18, Theorem 1.7]. In general the sly-triples found
by Pommerening and Stewart-Thomas are not unique up to conjugacy, and so
subsequently there was a great deal of interest in extending the theorems of
Jacobson—Morozov and Kostant to the setting of a reductive algebraic group G
over an algebraically closed field k of characteristic p > 2. The restriction on p
required for there to be a unique sly-triple up to conjugacy by G for each e € N was
determined in the work of Stewart—Thomas. To state this result we let g = Lie G

and A denote the nilpotent cone of g. In [ST18, Theorem 1.1] it is shown that



there is a bijection

{G-orbits of sly-triples in g} — {G-orbits in N} (1.0.2)

sending the G-orbit of an sly-triple (e, h, f) to the G-orbit of e if and only if

p > h(G), where h(G) is the Coxeter number of G.

This is the culmination of a series of earlier bounds on p for there to be a bijection
as in (1.0.2). These previous bounds were: p > 4h — 3 given by Springer—Steinberg
in [SS70, p. 111.4.11]; and p > 3h — 3, given by Carter, using an argument of

Spaltenstein, in [Car93, Section 5.5].

In this thesis we consider restricted Lie algebras, that is Lie algebras such that
there exists a map = — z!, called the p-th power map, which is equivariant under
the adjoint action of G, see Definition 2.1.40 for more detail. In [PS19, Section
2.4] Premet—Stewart define for each nilpotent element e € g the standard sly-triple
containing e in a canonical way when the characteristic is good; and we discuss
the construction of standard sly-triples in detail in §4.1. In particular we note
that standard sly-triples (e, h, f) satisfy fP! =0, and if ! = 0, then e and f are

conjugate by an element of Ad(G).

It is thus natural to consider sly-triples (e, h, f) € g in which e is conjugate to f.
If G = GL,(k), then we say that (e, h, f) in gl,(k) is a strong sly-triple if e and f
are conjugate by GL, (k). For G = GL,(k) the [p]-power map is the map taking
the p-th power of the matrix, hence it follows from the results in [PS19], that if
e € gl,(k) is such that e? = 0, then the standard sly-triple containing e is strong.
In Chapter 3 we consider if there exist strong sly-triples when e? # 0, and prove

the following theorem.



Theorem 1. There exists a surjective map

GL,, (k)-orbits of strong
— {GL,(k)-orbits in N'}. (1.0.3)

sly-triples in gl,, (k)

That is, given any nilpotent e € gl (k), there exists some strong sly-triple (e, h, f)

in gl, (k).

We explain in Proposition 3.3.4 that there is no bijective map between these sets,
and note that the existence of such a surjective map remains an open question for

the remaining classical Lie algebras.

Returning to the setting of G being any reductive algebraic group, following the
results of Stewart— Thomas, it is a natural question to consider to what extent
the map (1.0.1) fails to be a bijection in the case where p < h(G). A key problem
is to determine the maximal G-stable closed subvarieties V of N such that the

restriction of this map to

{G-orbits of sly-triples (e, h, f) with e, f € V} — {G-orbits in V}  (1.0.4)

is a bijection. In this thesis we solve this problem for all reductive G. We determine
a maximal subvariety V of A/ such that the map in (1.0.4) is a bijection, and prove

that V is the unique maximal such subvariety.

For any # € N with associated cocharacter A, we consider ht(z) = max{j |
9(7; A\z) # 0} as discussed in §4.1. This definition allows us to state our first main

result, given below.

Theorem 2. Let k be an algebraically closed field of prime characteristic p > 0.



Let G be a connected, reductive algebraic group over k, with p a good prime for G.
Define V C N to be
V={xeN|ht(x) <2p-3}

Then the map

{G-orbits of sly-triples (e, h, f) with e, f € V} — {G-orbits in V}  (1.0.5)

given by sending the G-orbit of an sly-triple (e, h, f) to the G-orbit of e is a
bijection. Moreover, V is the unique maximal G-stable closed subvariety of N

that satisfies this property.

As we frequently consider G-stable closed subvarieties V of N such that the map
in (1.0.5) is a bijection, we use a shorthand for such varieties, and say that such a
variety satisfies the sly-property. With this terminology, we have that Theorem 2
determines the unique maximal G-stable closed subvariety V of AN that satisfies

the sly-property.

Theorem 2, restricted to G an algebraic group of classical type, is the key result of
a joint paper published by the author and Simon Goodwin, for which both authors

contributed equally, [GP22, Theorem 1.1].

Within this thesis we also consider G-completely reducible sly-subalgebras. A
concept initially defined for reductive algebraic groups by Serre, G-complete
reducibility extends the notion of a representation being completely reducible.
We say that a subalgebra ) C g is G-completely reducible if for every parabolic
p of g containing b, there exists some Levi subalgebra of p containing b, this is

discussed in more detail in §2.1.5.



In the 2018 paper by Stewart-Thomas, they investigate G-completely reducible
subalgebras and assert that for G a connected reductive algebraic group over k,
any semisimple subalgebra of g = Lie(G), and hence any sly(k)-subalgebra of g, is
G-completely reducible if the characteristic of the field is larger than h(G), [ST18S,
Theorem 1.3].

In Chapters 5 and 6 we investigate this further, and consider sly,-subalgebras h =
(e, h, f) = sly(k) generated by some sly-triple in g with e and f contained in the

same nilpotent subvariety. This leads to our second main result, stated below.

Theorem 3. Let k be an algebraically closed field of prime characteristic p > 0.
Let G be a connected, reductive algebraic group over k, with p a good prime for G.
Define Y C N to be

V={zeN|ht(x) <2p-—3}.

Then any b = (e, h, f) = sly(k) with e, f € V is G-completely reducible. Moreover,

V is the unique mazimal G-stable closed subvariety of N that satisfies this property.

Observe that this variety is equal to the variety given in Theorem 2. These results
therefore indicate a deeper connection between the nilpotent varieties that satisfy
the sly-property, and those such that any sly-algebra generated by an sly-triple

with e, f contained in the variety are G-complete reducible.

Structure of this thesis

Throughout this thesis we take k to be an algebraically closed field of characteristic
p > 2, with G a reductive algebraic group over k and g = Lie(G). We now give

an overview of the structure of this thesis.



In Chapter 2 we begin by giving a summary of Lie algebras, algebraic groups, their
structure, and defining the notation that we will use throughout. In particular, in
§2.3 we recall some required representation theory of sly (k). We conclude in §2.4
with a discussion on the nilpotent orbits of Lie algebras. In particular we define
the Jordan type of nilpotent elements in the classical cases, and recall the closure

order on their orbits in §2.4.2.

Chapter 3 is concerned with strong sly-triples. In order to prove Theorem 1, in §3.2
we introduce a method of constructing diagrams to represent the action of nilpotent
matrices in gl,, (k). We then give a series of lemmas on how these diagrams can
be used to determine the Jordan type of nilpotent elements in certain cases, see
Lemmas 3.2.6 and 3.2.7. In §3.3 we prove Theorem 1 by constructing an infinite
family of strong sly-triples for each nilpotent e € gl, (k). We then prove that these
triples are not conjugate under GL, (k), thus showing that the map (1.0.3) cannot

be injective.

In Chapter 4 we give preliminary results on sl,-triples that we will need in Chapters
5and 6. In §4.1 we define the standard sly-triples as introduced by Premet—Stewart
in [PS19], and note that such an sl-triple can be defined for each nilpotent
e € g. Using results on standard sly-triples and the properties of sly-triples in
sl,(k) given in §4.2, we determine conditions V must satisfy in order to satisfy
the sly-property. We conclude in §4.3 with a discussion on the G-completely
reducible sly(k)-subalgebras of g, where we determine a set of conditions on a
nilpotent subvariety ¥V C N needed to ensure that all sly(k)-subalgebras (e, h, f)
with e, f € V are G-completely reducible. We give these results in preparation to

apply them in the proof of Theorems 2 and 3 in Chapters 5 and 6.

Chapter 5 sees us turn our attention to proving Theorems 2 and 3 for G one



of GL,(k),SL,(k),Sp,,(k), O, (k),SO,(k). The work in this chapter forms the
basis of a paper published by the author and Simon Goodwin [GP22]. We
begin by stating Theorems 5.0.1 and 5.0.2, which are equivalent to Theorems 2
and 3 with the variety V stated in terms of the Jordan types of the nilpotent
orbits. In §5.1 we take G to be either GL,(k) or SL,(k). We prove the
algebra A := U(sly(k))/(e?™!, fP~1) is semisimple, and use this to prove that
V satisfies the sly-property in Corollary 5.1.9. The semisimplicity of A is given
by a theorem of Jacobson, [Jac58, Theorem 1], see also [Car93, Theorem 5.4.8],
though we provide an alternative proof of this. We then complete the proof of
Theorem 5.0.1(a) by noting that Proposition 4.2.2 implies the maximality of V
satisfying the sly-property. In §5.1.4 we explain that the case G = SL,(k) in

Theorem 5.0.1(b) follows quickly.

In Section 5.2 we consider the cases where G is one of Sp,,(k), O, (k) or SO, (k).
Using Lemma 5.2.1 and Theorem 5.0.1(a) we are able to quickly show that for G =
Sp,, (k) or O, (k), we have that V satisfies the sly-property. Then for G = Sp,, (k)
we complete the proof of Theorem 5.0.1(c) by using Propositions 4.1.6 and 4.2.2
to deduce maximality. We move on to deal with the case G = O, (k) in §5.2.2,
where we complete a detailed analysis of certain sly(k)-modules in the proof of
Proposition 5.2.5. This proposition shows that V satisfies the sly-property. We
then deduce maximality of V similarly to the previous cases to complete the proof
of Theorem 5.0.1(d). We are left to deduce Theorem 5.0.1(e) for G = SO, (k)

which is done in Proposition 5.2.6.

To finish Chapter 5, in §5.3 we deduce Theorem 5.0.2. To do so, we use

Lemma 2.1.31 to explain how this follows from Theorem 5.0.1.

In Chapter 6 we take G to be of exceptional type, and prove Theorem 6.0.1. We



first explain that this is enough to prove Theorems 2 and 3 for G of exceptional
type. In §6.1 we show that V), as defined in Theorem 6.0.1, is maximal with respect
to both the sly-property and the G-complete reducibility property. This follows

from a combination of results given in Chapter 4.

In §6.2 we give an overview of the approach we take to prove Theorem 6.0.1. In
§6.2.1 we use induction on the semisimple rank of G to reduce our sly-triples
to those of the form (e, h,f) = (e + € ,h + h',f + f') where (e, h, f) is the
standard sly-triple for € contained in the Levi factor [ of the maximal parabolic
p containing (e, h, ). In §6.2.2 we then use this reduction and [ST18, Statement
(4), pg. 13] to deduce the form of any non-G-completely reducible sly-triples. In
§6.2.3 we then summarise four techniques that are used to prove that there are no
non-G-completely reducible sly(k)-subalgebras h = (e, h, f) C g with e, f € V. In
§6.3 we take G to be of type G and demonstrate how this method can be applied
by hand. In §6.4 we complete a case-by-case analysis of the remaining exceptional

type algebraic groups, using computational techniques in MAGMA.

Finally, in Section 6.5 we prove that this is enough to show that V also satisfies

the sly-property.



CHAPTER 2

PRELIMINARIES

Unless stated otherwise, throughout this thesis we take k to be an algebraically
closed field of characteristic p > 2. All algebraic groups and Lie algebras we work

with are over k. The prime subfield of k is denoted by F,.

2.1 Lie algebras, algebraic groups and their

representations

2.1.1 Lie algebras

We begin introducing Lie algebras by defining the fundamental concepts that we

use throughout. For a more detailed introduction, refer to [EW06].

Definition 2.1.1. Let g be a vector space over k with a bilinear map [-, ] : gxg —

g that satisfies:

(a) [z,z] =0 for all z € g; and

10



(b) [z, [y, 2]l + [y, [z, z]] + [2, [7,y]] = 0 forall z,y,z € g.

Then g is a Lie algebra and the bilinear map [-, ] is called the Lie bracket.

Condition (b) is referred to as the Jacobi identity.

We define homomorphisms of Lie algebras, Lie subalgebras, and ideals in the

natural way.

Definition 2.1.2. Let g;, go be Lie algebras over k, we say that ¢ : g — g2 is a

homomorphism of Lie algebras if ¢ is a linear map, and ¢ satisfies

o([z,y]) = [p(x), p(y)] for all 2,y € gi.

A homomorphism ¢ : g — go is an isomorphism of Lie algebras if it is bijective

map.

Definition 2.1.3. Let g be a Lie algebra.

A subspace h C g is a Lie subalgebra of g if

[z,y] € b for all z,y € b.

A subspace I C g is an ideal of g if

[z,y] € I for all z € g,y € I.

We now define the classical Lie algebras, sl,(k), so,(k) and sp,,(k), which we
consider as subsets of matrices. Over C, the classical Lie algebras have the property

that every finite-dimensional simple Lie algebra is isomorphic to one of these Lie

11



algebras or one of 5 exceptional Lie algebras [EW06, Theorem 4.12]. Throughout

the rest of this chapter, the classical Lie algebras form the basis for most examples.

Example 2.1.4. (i) Let V be an n-dimensional vector space over k. We define
the general linear algebra, gl(V'), to be the set of all linear maps V' — V,

where the Lie bracket is defined to be
[z, y] = zy — yz, for all x,y € gl(V)

where here xy represents composition of maps.

We similarly define gl, (k) to be the space of all n x n matrices over k where
our Lie bracket is defined as above, where in this case zy represents matrix

multiplication.

Note that if we have some basis {v1,vs,...,v,} of V, then we can define a
bijective map gl(V) — gl,,(k) that maps a linear map « : V" — V to the

matrix (a;;) such that

O[(Uk) = Zalkvl.
=1
This map is an example of an isomorphism of Lie algebras.

(ii) We define the special linear Lie algebra, sl,(k), to be the Lie subalgebra of

gl, (k) containing matrices with trace 0.

(iii) We define the orthogonal Lie algebra, s0,,(k), to be the subalgebra of gl (k)

with
50,(k) = {z € gl,, : 2'J,, = —J,x} where J, =

12



Elements of so0,,(k) are reflected negatively in the antidiagonal, that is z =

(xi;) € gl,,(k) is in s0,,(k) if 2;; = —2p_j41n—ip1 for all ¢, 7.

For example

a b 0
so3(k) = c 0 —b ca,b,cek
0 —¢c —a

(iv) Similarly we define the symplectic Lie algebra, sp,,,(k), to be the subalgebra
of gl,,, (k) with

In
sp,y, (k) = {x € gly, :a'J = —Jx} where J =
—J,
We have that © = (z;;) € gl, (k) is in sp,, (k) if
—Toan—j+1,2n—i+1 if either Z,] < n or Z,j >n,
xij =
Ton—j+12n—it1 otherwise.
For example
( )

11 Ti2 T13 X114

To1 T2 T23 x1.3

5]34(]1{) = DT ck

T31 X322 —T22 —T12

Tg1 T31 —T21 —T11

In particular, we are interested in Lie subalgebras isomorphic to sly(k). The

13



standard basis for sly(k) is given by

where the corresponding Lie brackets are

[hve] = 2e, [hvf] = —2f, [evf] = h.

Definition 2.1.5. Let g be a Lie algebra over k. Then we say that e, h, f € g
is an sly-triple if (e, h, f) generate a subalgebra that is a homomorphic image of

sly(k). That is, they satisfy the following equations:

[h,e] =2e, [h,f]=-2f Ile f]=h. (2.1.1)

Note that if char(k) # 2, we have that (e, h, f) generate a Lie subalgebra which is

either 0 or isomorphic to sly(k).

We see the standard basis of sl (k) given above satisfies these equations, and thus

is an sly-triple.

Example 2.1.6. Suppose we have some sly-triple (e, h, f) in a Lie algebra g. Then

(f,—h,e) is also an sly-triple in g.

2.1.2 Structure of algebraic groups

Let G be a linear algebraic group. We write G, = (k, +), and G,, = (k*, X) to

represent the additive and multiplicative groups of the field k respectively.

14



We now define certain subgroups of the algebraic groups, which we require to

define root systems in §2.1.3. For further discussion, refer to [MT11, Chapter 6].

Definition 2.1.7. A subgroup T' < G is a torus if T is isomorphic to a direct

product of copies of G,,, that is T'= G,,, X --- X G,,.

We say T is a maximal torus if it is maximal satisfying this property with respect

to inclusion.

We have that all maximal tori are conjugate in G.

Definition 2.1.8. The rank of a linear algebraic group G is the dimension of a

maximal torus of G.

To illustrate this, we consider the following example.

Example 2.1.9. (i) Let G = GL,(k), then it is clear that D, is a maximal
torus for G where we define D,, to be the invertible diagonal matrices. Thus

we have that the rank of GL, (k) is n.
(ii) Similarly, we have that D,, N SL, (k) is a maximal torus of SL, (k). Then

SL,(k) has rank n — 1.

Definition 2.1.10. Let GG be a linear algebraic group. We define a character of G
to be a morphism of algebraic groups x : G — G,,,. We denote the set of characters
by

X(G):={x:G— G,}.

Similarly, we define a cocharacter of G to be a morphism of algebraic groups

v : G,, — G, with the set of cocharacters denoted by

Y(G) = {y:Gn — GY.

15



Let T be a maximal torus of G. Observe that for y € X (T),v € Y(T) we have
x oy € Hom(G,,, G,,). Hence for any A € G,, we have y o y(A) = A" for some
n € Z. We define the map (-,-) : X x Y — Z by (x,7) = n.

We can equivalently define characters and cocharacters of Lie algebras.

We give an example of a character which we will refer back to later.

Example 2.1.11. Let T'= D,, N SL, (k) C SL, (k) be as in Example 2.1.9, then

for each ¢ # j we define the character y;; : T' — G,, to be given by

ax
Xij - T — (Zia; .

Qn

Definition 2.1.12. Let G be a linear algebraic group, then we say that a subgroup
B C G is a Borel subgroup of G if it is a closed, connected, solvable subgroup of

G, and it is maximal with respect to these properties.

We remark that all Borel subgroups are conjugate, and thus up to conjugacy, we

can take any choice of Borel subgroup.

Example 2.1.13. Let G = GL,(k), then the subgroup of invertible upper

triangular matrices is a Borel subgroup.

Definition 2.1.14. The maximal closed connected solvable normal subgroup of

G is referred to as the radical of G, and is denoted by R(G).

The maximal closed connected normal unipotent subgroup of G is referred to as

the unipotent radical of G, and is denoted by R,(G).

16



We say that a linear algebraic group is reductive if R,(G) = 1, and semisimple if

(G is connected and reductive.

2.1.3 Root systems

Throughout this thesis, we will want to discuss both the classical and exceptional
Lie algebras. In order to define the exceptional Lie algebras we first need to
understand their construction using root systems. We give a brief overview of

this, for more detail refer to [Car93, Chapter 1] and [MT11, Chapter §|.

Within this section take G to be a reductive algebraic group with g = Lie(G). We

continue notation from §2.1.2, and we take T" < GG to be a maximal torus of G.

Define W(T'), the Weyl group, to be the quotient of the normaliser of 7" in G by the
centraliser of 7" in G. Note that this is uniquely determined up to isomorphism,

as all maximal tori are conjugate.

Take B to be a Borel subgroup of GG containing 7', then B has a semidirect product

decomposition

B=Ry(B)xT
where R, (B) is the unipotent radical of B.

There exists a unique Borel subgroup B~ of G containing 7" such that BNB~ =T.

As above we can find a semidirect product decomposition

B~ =R (B )xT.

We consider the minimal proper subgroups of R,(B) and R,(B~) that are
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normalised by 7. These are all connected unipotent subgroups of dimension 1,

and each determines an element of X.

Definition 2.1.15. The non-zero elements of X arising in this way are called

roots. The roots in X form a finite subset which we denote ®.

For each root a € ®, the 1-dimensional unipotent subgroup that determines « is

denoted X,. These are known as the root subgroups of G.

We write ®* for the set of positive roots arising from the root subgroups of R,(B),

and @~ for the set of negative roots arising from the root subgroups of R, (B™)

We write A for the set of positive roots that cannot be expressed as a sum of two

positive roots. We refer to the elements of A as simple roots.

A key consequence of these results is that G = (T, X, : o € ®).

The roots arising from the root subgroups in R,(B~) are the negatives of the roots
arising from R,(B), so we may refer to o, —a as opposite roots. Then we have

that (X,, X_4) is isomorphic to either SLy(k) or PGLy(k).

Definition 2.1.16. Let a¥ € Y be such that a¥ : G, = (X4, X_) and {a, ") =
2. Then o is uniquely determined, and we define o to be a coroot of Y. The set

of coroots of Y is denoted ®V.

Note that each element of W permutes both the roots ® in X and the coroots
®V in Y. Let a € ® and define s, € W to be the element of W such that for all

X € X,7 €Y we have



We have that s, = s_, and s2 = 1, and that W is generated by the set of s, for

all o € A.

Definition 2.1.17. For each connected reducive group G we refer to (X, ®,Y, dY)

as the root datum of G.

Given any root datum (X, ®,Y, ®Y) there is a connected reductive group G over k
that has the given root datum, and this group is unique up to isomorphism. For

further detail on this classification refer to [MT11, Chapter 9].

In order to better understand these defintions, we continue Examples 2.1.9 and

2.1.11.

Example 2.1.18. Take G = GL,(k), and recall that T'= D,, is a maximal torus
for G. Take B to be the subgroup of upper triangular matrices. Then R,(B) is

the subgroup of upper-unitriangular matrices.
Symmetrically we have B~ is the subgroup of lower triangular matrices.
Define the character y;; : ' — G, as in Example 2.1.11.

We have that x;; = Xii+1 + Xit1i+2 + -+ Xj-1,; for ¢ < j, so we see that

OG)={xiy:i#j}, A={xiip1:1<i<n—1}

and

(I)+:{Xz‘j ci< J}

We can draw the Dynkin diagrams using these root systems and their bases.

Definition 2.1.19. Let G be a connected, reductive group with root datum

(X,®,Y,®V). Label a vertex for each of the simple roots of A, and between
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a, € A draw d,p lines where

dop = (a, 8Y) (B,a") € {0,1,2,3}.

If dop > 1, then one of (a, 8Y) or (8, ") is equal to —1. Draw an arrow pointing

from « to B if dag > 1 and (B, a") = —1.

This diagram is known as the Dynkin diagram of G.

The Dynkin diagram is uniquely determined by G, and is independent of the choice

of maximal torus 7" and Borel subgroup B containing 7.
Theorem 2.1.20. Let G be a simple algebraic group with root datum (X, ®,Y, ®Y).
Then the Dynkin diagram for G is one of the following types

An(n > 1),Bn(n > 1), C'n(n > 3), Dn(n > 4),E6,E7, Eg,F4, GQ.

The Dynkin diagrams for these types are shown below.

Definition 2.1.21. We refer to Lie algebras with Dynkin diagrams of type A —
D as classical Lie algebras and those with Dynkin diagrams of type E, F,G as

exceptional Lie algebras.
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Example 2.1.22. Recall the examples of Lie algebras given in Example 2.1.4,
then we have that sl,,1(k) has type A,, 502,.1(k) has type B, sp,, (k) has type
C,, and s02, (k) has type D,, for n € Z~o. To see a construction of the root systems

in characteristic 0, see [EW06, Chapter 12].

2.1.4 Parabolic and Levi subgroups and subalgebras

For any connected, reductive algebraic group G we can define the parabolic and
Levi subgroups of GG, for statements and proofs of the results given here refer to

[MT11, Chapter 12].

We maintain notation from §2.1.2 and §2.1.3. We take G to be a connected
reductive algebraic group, 7' < G a maximal torus contained in a Borel subgroup
B of G. Let ® be the root system of G, and A the set of simple roots with respect

toT < B,and S = {s, : « € A}. Let g = Lie(G) For a subset I C S we write

Ar={a€A:s,€l} and &;:=dN > Zo

OCAI
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Before we can define the parabolic and Levi subgroups we must first give some
further notation. We state this notation in combination with the results of [MT11,

Theorem 8.17].

Let S = {sq : @ € A} be the set of generating relations. Then for each I C S we
define
Ur = <Ua:a€<I>+\CI>I>.

Definition 2.1.23. For a subset I C S, define P; := (o € & U ®;). Then we say

that P; is a standard parabolic of G.

We then define a parabolic subgroup to be any subgroup of GG conjugate to a
standard parabolic of G. We could equivalently define a parabolic subgroup to be

any subgroup containing a Borel subgroup. Note that Ry (P;) = U;.

Define
Ly =(T\U,:a€ ®) <P

then this is a complement to U; in the parabolic subgroup P;, so P; = Uy x Lj.
This decomposition is called the Levi decomposition of the parabolic subgroup P,

and Ly is the Levi complement of P;.

The conjugates of the standard Levi complements are called Levi subgroups of G.

We now discuss the parabolic subgroups of G C GL, (k) in more detail.

Example 2.1.24. The parabolic subgroups of GL, (k) are the stabilisers of flags
of subspaces of V' = k™. That is for each parabolic subgroup P there exists some

flag §: {0} =V, C V) C--- CV, = Kk" such that

P = Stabgr,1)(§) = {g € GL(V) : g(V;) =V forall j =1,...,r}.
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For G = Sp,,(k) or O, (k) take the bilinear form given by the matrices J and
J, respectively from Example 2.1.4, then the parabolic subgroups of G are P =
Stabg(F) for some flag § : {0} = Vy C V3 C --- C V., C V where each V; is a
totally isotropic subspace of V' for 1 < ¢ < r, where by totally isotropic we mean

a subspace on which the bilinear form vanishes.

Example 2.1.25. Suppose G = GL,(k) and let {e,...,e,} be the standard
basis of k™. Consider the flag § : {0} =V € V; C --- C V., = k™ where
Vi = span{ey, ..., €pn,+...1n, t and hence dim(V;/V;_1) = n;. Then the corresponding

parabolic subgroup is

( )\
Al o % %
A2 * ES
P = : Ay € GL,,, (k), Ay € GL,,, (k), ..., A, € GL,, (k)
A,
\ Vs

Lemma 2.1.26. Suppose P is a parabolic subgroup of G given as the stabiliser
of some flag § : {0} = Vo € V4 C -+ C V. = k™ with dim(V;/Vi_1) = n;
which can be written as a direct sum decomposition as in FExample 2.1.25. A Levi
subgroup associated to P is the stabiliser of this direct sum decomposition. All of

the conjugates of this stabiliser are also Levi subgroups.

Example 2.1.27. A Levi subgroup associated to P in Example 2.1.25 is

Ay

A
L= ’ . Ay € GLy, (k), A € GL,,(K), ..., A, € GL, (k)

A,

Definition 2.1.28. Let G be a linear algebraic group and consider g = Lie(G). We
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define a parabolic subalgebra of g to be some p = Lie(P) for a parabolic subgroup
P of G. We define a Levi subalgebra of g associated to p to be [ = Lie(L) where L

is a Levi subgroup associated to P.

Given a Lie algebra g with a parabolic subalgebra p, then we say that a Levi

subalgebra [ of p is a Levi factor.

We now give some further examples for the classical groups.

Example 2.1.29. (i) The Levi subgroups of O, (k) are of the form

L= GLm(ﬂ{) X X GL”T—I(H{) X On72(n1+---+nr71)(lk)

for some nq,...,n,_1.

The Levi subalgebras of so0,,(k) are of the form

[= g[m(]k) XX glnr,l(lk) X 50n—2(n1+~~+nr71)(1k)

for some nq,...,n,_q, that is

2
&

: A; € gl (k), B € s0,,(k)

where m =n —2(ny +---+mn,_1) and (fik)m = —(Ak)n,—j+1ne—it+1 for each
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(ii) Similarly, the Levi subgroups of Sp,, (k) are of the form

L= GLn1 (Ik) X X GLnr—l(lk) X Sp2n72(n1+---+nr_1)(]k)

for some nq,...,n,_1.

The Levi subalgebras of sp,,, (k) are of the form

[= g[nl (]k) X X g[n,.,l (E{) X 5p2n72(n1+---+n7.,1)(]k)

for some nq,...,n,_1, that is

(

Ay
Ar—l
(= B t A; € gl,,,(k), B € sp,,, (k)
Arfl

\ 1 J

where m = 2n — 2(ny + -+ +n,-1) and (Ay)i; = —(Ak)ng—j+1mp—i+1-

2.1.5 G-complete reducibility

We now define what it means for a subalgebra of g to be G-completely reducibile.
The concept of G-complete reducibility for groups is due to Serre [Ser05], and the

natural corresponding notion for subalgebras was introduced by McNinch [McNO7].
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Definition 2.1.30. We say a subgroup H of G is G-completely reducible if
whenever H is contained in a parabolic subgroup of G it is contained in a Levi

subgroup of G.

Given a subalgebra h C g, we say that § is G-completely reducible if for every
parabolic subalgebra p such that h C p we have that there exists some Levi

subalgebra [ of p with h C [.
We state the following preliminary results which are due to Stewart—Thomas and
McNinch.

Lemma 2.1.31. [ST18, Lemma 3.2] Let G be a simple, simply connected algebraic
group of classical type, and g = Lie(G). A subalgebra b of g is G-completely

reducible if and only if it acts completely reducibly on the natural module for g.

Lemma 2.1.32. [McNO7, Lemma 4] Let G be reductive and let L be a Levi factor
of a parabolic subgroup of G. Suppose that we have a Lie subalgebra h C | = Lie(L).

Then b is G-completely reducible if and only if § is L-completely reducible.

2.1.6 Representations and modules

Next we discuss modules and representations of Lie algebras.

Definition 2.1.33. Suppose g is a Lie algebra over k.

o Let V be an n-dimensional vector space over k. A representation of g on V

is a Lie algebra homomorphism

v:g—gl(V).
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o A g-module is a vector space V over k together with a map

gxV =V, (z,v)—x-v

that satisfies the following conditions for all A\, p € k, x,y € g, and u,v € V:
(a) (Az+py)-v=Az-v)+uy-v);
(b) - (Au+ puv) = Aa - u) + p(z - v); and
() [zyl-v=2-(y-v)—y-(z-v)
For g-modules Vi, V, we define the direct sum Vi & V;, to be a g-module in the

natural way. That is, for (vy,v) € Vi @ Vs, we set x - (vy,v1) = (- v, 2 - vq) for

all x € g.
Remark 2.1.34. Given some representation ¢ : g — gl(V') we can make V into a
g-module by setting

x-v=p(x)(v) foral x € g,v e V.

Similarly, if V' is an g-module, then we can view V as a representation of g by

setting ¢ : g — gl(V), to be the homomorphism with

ox)(v) =z -vforal xzeguvel.

Thus after this point we will not differentiate between modules and representations.

Definition 2.1.35. Suppose V is a module for some Lie algebra g. Then a
subspace W C V is a submodule if for all x € g, and for all w € W we have

z-weWw.
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Definition 2.1.36. We say that a module V' for some Lie algebra g is simple if

the only submodules of V' are 0 and V.

We say that a g-module is completely reducible if it can be written as a direct sum

of simple g-modules.

2.1.7 Universal enveloping algebras

In Section 2.3.2 we will find the irreducible modules of sly(k), in order to do this
we consider universal enveloping algebras and their representations. The following
definitions can be found in Chapter 15 in [EWO06]. For convenience, we introduce

the notation s = sly(k).

Definition 2.1.37. Suppose that g is some finite-dimensional Lie algebra over k
with basis {1, xs, ..., 2, }, then we define the structure constants to be the afj ek
such that

25, 2] = Za%xk for 1 <i,5 <n.
e

Definition 2.1.38. Given some finite-dimensional Lie algebra g over k, that has
basis {x1, Z2, ..., z,} and corresponding structure constants af;- € k. We define the
universal enveloping algebra U(g) to be the algebra generated by { X1, Xo, ..., X, }

subject to the relations
XiX; - X;X;=> ali X, foralll1<ij<n
k=1
with no other relations.

The universal enveloping algebra U(g) has a basis formed by all monomials in the

elements {X;, Xo,...,X,}, as proved in [Bir37, Lemma 1], that is it has PBW
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basis

{)({Ll)(g2 .. Xsn ta; € Zzo}

The elements { X7, X5, ..., X, } are linearly independent, and hence U(g) is infinite
dimensional if g # 0. We mention that in fact U(g) is independent of the choice
of basis, and that g is a subspace of U(g) in degree 1. As a copy of g is contained
in U(g), from this point, we will just refer to elements of U(g) as polynomials in

elements of g.

Example 2.1.39. We saw in Example 2.1.4 that s = sly(k) has standard basis
{e, h, f} where

satisfy [h,e] = 2e, [h, f] = —2f and [e, f] = h.

The universal enveloping algebra U(s) of s has PBW basis { f®h%e® : a,b,c € Zso}.

The only relations in U(s) are

he —eh =2e, hf— fh=-=2f ef— fe=h.

Note that, for example, this means that in U(s), e* # 0 even though this relation
is satisfied by the elements of sly(k). We can write every element in U(s) as a sum

of elements of the form fehbe¢ for some a, b, ¢ € k, see for example

ehf = (he =2e)f = (h =2)(ef) = (h = 2)(h + fe)

= h®> — 2h + f(he — 2¢) — 2fe = h® — 2h + fhe — 4fe.
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The following notation and definitions are taken from [Jan98, Chapter 2.
Throughout this thesis we will want to consider restricted Lie algebras, we define

this notion now.

Definition 2.1.40. Let g be a Lie algebra over k. Then g is restricted if there

exists a map g — g sending = — zP! such that

(a) ad(z) = ad(z)? for all z € g;
(b) (tz)lPl = 2! for all 2 € g,¢ € k; and
(¢) (x4 y)lP! = gl 4yl 4 5271 @ for all z,y € g, where s;(x,y) is the

coefficient of #*~! in the formal expression of ad(tx + y)P~!(z).

Let h C g be Lie subalgebra of g. Then we say that b is a p-subalgebra if P! € b

for all z € b.

Example 2.1.41. In the familiar example of the classical Lie algebras, where
g C gl,(k), for # € g we write z”! to be the p-th power of z as a matrix in g, (k),

and we write 2? to be the p-th power of x in Ul(g).

Any Lie algebra of an algebraic group is restricted, and hence any Lie algebra we
consider in this thesis is restricted.

Definition 2.1.42. Let V be a g-module. Then V has p-character y € g* =
Hom(g, k) if for all z € g

(2P — 2P — x(z)?) -V = 0.

Note that any simple g-module has a p-character.
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Definition 2.1.43. Let y € g*, then we define the reduced enveloping algebra of

g associated to x to be

Uy(g) = U(g)/ (" — 2l = x(2)" 1z € g) .

There is no distinction in notation between elements in g, U(g) and U, (g), however

it should be clear from context where we are taking our elements from.

Reduced enveloping algebras are finite dimensional. In particular, if the basis of
g is {z1, 29, ..., 2, } then U, (g) has basis {z{'25>... 2% : 0 < a; < p}, see this for

example by Proposition 2.8 in [Jan98].

Lemma 2.1.44. [Jan98, Section 2.7] There is a bijection between {g-modules}
and {U(g)-modules}, that induces for each x a bijection between {g-modules with

p-character x} and {U,(g)-modules}.

2.2 Wedderburn’s Theorem

Let k be an algebraically closed field. We now recall some of the representation
theory of semisimple Lie algebras. We take these results from the Introduction

chapter of [CR90].

Let A be a finite dimensional algebra, with simple modules { L; };c; that are defined

up to isomorphism for some indexing set I.

Definition 2.2.1. We say an A-module M is completely reducible if it can be

written as a direct sum of simple A-modules.

We say that A is semisimple if every A-module is completely reducible.
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Let M be a completely reducible A-module. We define the homogeneous

components of M to be {M,};c; such that

VCM,VL,

Note that M = @;c;M;, and M; = L¥" for some t.

The following theorem is a corollary of Wedderburn’s Theorem, stated for example
in [CR90, Theorem 3.22, Wedderburn’s Theorem]|, and Proposition 3.33 and
Theorem 3.34 of [CR90].

Theorem 2.2.2. Let A be a finite dimensional semisimple algebra over k. Label
the simple modules of A as {L1,...,Ly}. Consider A as a module over itself,
then there are a finite number of homogeneous components of A, that we label
{Ay,..., Ay}, and

A=A - D Ay.

Moreover each A; is a matriz algebra with deg(A;) = dim(L;).

This result only holds when A is a semisimple algebra, so we now give the definition
of the Jacobson radical to enable us to apply these ideas for algebras that are not

semisimple.

Definition 2.2.3. We define the Jacobson radical of A, denoted rad A, to be the

intersection of the maximal left ideals of A.

Results in [CR90, §5] tell us that for any algebra A, rad A is a two sided ideal and
if we take the quotient of A by its Jacobson radical, then A/rad A is semisimple.

Thus we can apply Wedderburn’s theorem to A/rad A when A is not semisimple.
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2.3 Representations of sl (k)

Recall that k is an algebraically closed field of characteristic p, and we write

s = sly(k).

We give some notation for s-modules and their related sl,-triples that is used
throughout. Given an s-module M and = € s, we write z; € gl(M) to denote the
matrix representation of the action of x on M. Then we have that (eys, s, fur)
is an sly-triple in gl(M), and in fact lies in sl(M) as s is equal to its derived

subalgebra and sl(M) is the derived subalgebra of gl(M).
We now consider some important modules of s.

Example 2.3.1. We first define the (n + 1)-dimensional module V' (n) of sly(C).
These modules are first defined over C, however we will also explain how to define

V(n) over a field of characteristic p > 0. We consider V(n) in two ways:

(i) Let us first consider the vector space C[X, Y] of polynomials in commuting
indeterminates X,Y. Let n € Zso, and set V(n) to be the subspace of

C[X, Y] containing homogeneous polynomials of degree n.

Then V(0) is the vector space of constant polynomials. For n > 1, we can

take the following set to be a basis of V'(n)

(X" X"y, .., Xy™!ly".

We make V' (n) into an s-module by setting



Then using the above basis ey (), by (n), fv(n) are represented by the following

matrices respectively

where all other entries in these matrices are zero.

Note that V(n) can be defined for any n € Zs(, and has dimension n + 1.
Typically when working with sly-triples we will want to work with e both
nilpotent, and in Jordan normal form. Hence we conjugate the above

matrices (i.e. find another basis) to find a form that is more convenient.

Conjugating the above matrices by the diagonal matrix

diag(0!, 11,21 ... n!) € GL,(C)

gives us the following module of sl(C), where ey, hvp), fvm) are

represented by the following matrices respectively

0 -n a, O

where in the matrix for fy(,) we have that a; = aj_1 +n —2(j — 1) =
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j((n+1) — j), and all other entries in these matrices are zero.

We will frequently refer to the sly-triple (ey (), hv(n), fr(n)) resulting from
this module reduced modulo p. We therefore introduce the shorthand h(e) :=
hvmy, F(€) == fvm)-

Now let k be a field of characteristic p > 0, then reducing the above matrices
modulo p makes V(n) a module for s. To conjugate to the basis in part
(b) we needed that n! # 0, which holds over C but not necessarily in an
arbitrary field of prime characteristic. Thus the two forms on V(n) can
reduce differently modulo p, we define the s-module V(n) in k to be formed

by reducing the matrices in part (b).

2.3.1 Representations of sl, over C

It is shown in Chapter 8 of [EW06] that the sly(C)-modules V(n) are simple and

moreover they are the only simple modules of sly(C).

Weyl’s Theorem, which can be found for example in [EW06, Theorem 8.7], states
that any finite-dimensional module for sl;(C) is completely reducible, hence every
sl3(C)-module can be written as a direct sum of these V(n). Over fields of

characteristic p > 0, this is no longer true.

2.3.2 Representations of sl, over a field of characteristic p

Let k be an algebraically closed field of characteristic p > 2.

We next recall some aspects of the representation theory of s = sly(k) that we
require later. We will explain the classification of simple s-modules on which

e and f act nilpotently, and some information about extensions between these
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simple modules.

Recall the reduced enveloping algebras as defined in Definition 2.1.43. We consider
Section 5 of [Jan98] which finds all the simple modules for the reduced enveloping
algebras U, (s) for any p-character y. It can be deduced from this that s-modules
with dimension n < p are a direct sum of the simple modules V' (n), however
there exist modules of dimension greater than or equal to p that are not a sum of
simple modules. Most notably, the baby Verma modules of dimension p that are

introduced below.

Proposition 2.3.2. [Jan98, Section 5.2] The only simple Uy(s)-modules are V (d)

for 0 <d < p.

Proposition 2.3.3. [Jan98, Proposition 5.3] If x # 0 then every simple

U, (s)-module has dimension p.

Definition 2.3.4. For x a p-character and A € k, let b = kh + ke and define
my to be an element so that h - m, = Am,. We define the baby Verma module

associated to x and X\ to be

Zx(/\) = Ux(s) Qu, (b) km.

A basis for Z,(A\) is {v; = f*®@my : i € {0,...,p— 1}}. The standard basis of

sly(k) act on this module as

0 if i =0,
€.V, =

iN—i+ vy ifi>0.
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Vi+1 ifi<p—1,
[rvi=
x(f)Pvo  ifi=p—1.

We consider the submodules of Zy(\) for A € k. We suppose that x = 0, and
hence 0 = x(h)? = AP — A, from which we deduce that A € [, and there is no such
module for A ¢ F,. We know that e” acts as zero, so we note that any submodule
M of Zy(\) must contain some v # 0 so that e -v = 0. The only basis vectors
that are mapped to 0 by e are vy and vy, 1, hence either vo € M or vy, € M. If
vg € M, we use the action of f to see that all of the basis vectors are contained
in the submodule, so M = Z,(\). Therefore to find a non-trivial submodule we
assume that vy ¢ M. Set M = span{v;1,...,v,—1} and note that this is closed
under the action of e, h and f and hence M is a submodule with p — A — 1 basis
elements. The module M is irreducible as the only basis vector that is mapped
to 0 by e is vy41. Note that for each n € F, we have V(n) is isomorphic to the
irreducible submodule, M, of Zy(p — n — 2). Equivalently, V(n) is the irreducible

quotient of Zy(n).

We can use the same method of considering possible submodules to see that the

baby Verma modules Z, () are simple when x # 0.

Remark 2.3.5. When k is a field of positive characteristic p, the sly(k)-module

V(n) is simple if and only if n < p.

For ¢,d € {0,1,...,p — 2}, it is known that

Ext!(V(c),V(d)) = 0 except in the case d = p — ¢ — 2, (2.3.1)

see for example [ST18, Lemma 2.7]. In order to see this, consider the action of the
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Casimir element, c := ef + fe + %h2, which lies in the centre of U(s). We have
that ¢ acts on V(d) as the scalar £d(d + 2). Given an sly(k)-module M, we can
express M as a direct sum of the generalised eigenspaces for ¢, and so we have
that Ext}(V(d),V(d')) = 0 for d' # d,p — d — 2. By [Jan03, Proposition 12.9] we
have that Ext}(V(d),V(d)) =0 for d € {0,1,...,p —2}.

Remark 2.3.6. Over C, consider the sly(C)-module V' (n) with basis as given in
Example 2.1.4(b). Under this basis, fy(, is represented by the matrix with
elements a; = j(n — j) on the —1-th diagonal, where a; # 0 for any j. Hence
we can see that ey(,) ~ (n+1) and fy () ~ (n+ 1) and hence they have the same

Jordan normal form and thus are conjugate by an element of GL,,1(C).

Similarly, if we are considering a field k of prime characteristic p > 0, we consider
the sly-triple formed by the matrices (ev(n), hv(n), fv(n)) defined by their action on
the s-module V' (n). If n < p, we have that a; = j(n — j) # 0 for any j and hence
evm) and fy(,) are conjugate by an element of GLy, (k). However, this does not

hold for n > p, as a, = p((n+1) —p) =0 mod p.

In Chapter 3 we show that for any nilpotent e € gl,(k) there exists some h, f €
gl,, (k) such that (e, h, f) is an sly-triple, and e is conjugate to f. This leads us to

the following definition.

Definition 2.3.7. We say that an sly-triple (e, h, f) € gl,, (k) is a strong sly-triple

if e is conjugate to f by an element of GL, (k).

2.4 Nilpotent orbits for classical Lie algebras

Let G be one of GL,(k), SL,(k), Sp,(k), O,(k) or SO, (k) (where we assume n

is even in the Sp, (k) case), and g = Lie(G). Let N represent the nilpotent cone
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of g.

2.4.1 Parametrisation of orbits

We give an overview of the well-known parametrisation of G-orbits in N in terms
of Jordan types. We begin with a discussion on the nilpotent orbits in A/, for more

details we refer the reader to [Jan04, Section 1].

Throughout, by a partition we mean a sequence A = (A1, Aa, ..., \y,) of positive
integers \; such that A\; > A\;y; for 2 =1,...,m — 1; we have the convention that
A; = 0 for ¢ > m. We say that \ is partition of A\; + Xy + - - - + \,,,. We sometimes
use superscripts to denote multiplicities in partitions, so for example may write
(3%,2,13) as a shorthand for (3,3,2,1,1,1). For a partition A\ and i € Z-g, we
define m;(\) to be the multiplicity of ¢ in A. Given partitions A and p we define

Alp to be the partition with m;(A|p) = m;(X) + m;(p) for all i € Z-g

We briefly recap the definition of Jordan Normal Form, as later we will want to

take matrices in this form for ease.

Definition 2.4.1. Suppose a € k, then the Jordan block Jy(a) of size h x h is the

matrix
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A Jordan matriz is a matrix of the following block form

Jhl (al)
th (CL?)

Jhk (am)
for some h; > 1,a; € k.

We say that a matrix is in Jordan normal form if it is a Jordan matrix.

We have taken k to be an algebraically closed field, so if we suppose V' is a finite
dimensional vector space and f : V' — V is a linear operator, then there exists a
basis of V' so that the matrix of f is in Jordan normal form. Up to the reordering
of the Jordan blocks, this Jordan normal form is unique, see for example Theorem
11.23 in [HH83]. Hence we have that every matrix in gl,(k) is conjugate to some

matrix in Jordan normal form.

Suppose that g is a Lie subalgebra of gl, (k). Let us consider a nilpotent element
x in g, that is 2™ = 0. Up to conjugacy by GL,(k) we can assume that x is in

Jordan normal form, and since x is nilpotent it only has eigenvalues equal to 0.

Definition 2.4.2. We say that the partition A = (A > Ay > ...) is the Jordan

type of x if the Jordan normal form of x has Jordan blocks Jy,(0) = J,,.

We write x ~ A to express x having Jordan type A, and use the notation A(x) to

denote the Jordan type of x.

We see that in the cases G = GL,(k) or G = SL,(k), the G-orbits in N are

parameterised by their Jordan type. Also in the cases G = Sp,, (k) or G = O,,(k)
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the G-orbits in N are parameterised by their Jordan types, and the Jordan types
that can occur are known explicitly, as is stated in [Jan04, Theorem 1.6], and

restated below.

Proposition 2.4.3. For a partition \ of n, there is a nilpotent element z € sp,, (k)
(respectively s0,,(k)) with Jordan type X if and only if m;(\) is even for all odd i

(respectively m;(\) is even for all even i).

Remark 2.4.4. To describe the parametrisation in the case G = SO,,(k), we note
that the O, (k)-orbit of x € N is either a single SO, (k)-orbit, or splits into two
SO,,(k)-orbits. The former case occurs if the centraliser of e in O, (k) contains an
element of O, (k) \ SO, (k) whilst the latter occurs if the centraliser of e in O, (k) is
contained in SO,, (k). The centraliser of e in O, (k) is contained in SO,, (k) precisely
when all parts of A are even; such partitions are referred to as very even as all parts

are even and have even multiplicity.

2.4.2 Closure order on nilpotent orbits

Definition 2.4.5. We introduce a partial ordering, which we refer to as the
dominance order, on the partitions of n. Given two partitions A = (A\; > Ay > ...),

= (1 > po > ...), we say that p < X if we have that

ZM < Z)‘i for all r € Z+y.

=1 i=1

The dominance order on partitions induces an order on the nilpotent orbits in g.

Suppose we have some X, a closed G-invariant subvariety of the variety N of
nilpotent elements of g. Then we have that X is a union of G-orbits in N. We

write this as X = Uyep Ox where Oy = G - e, for some subset of partitions A, and
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ey is some nilpotent element with Jordan type A.

We next state a theorem essentially due to Spaltenstein, which shows that
the closure order on nilpotent orbits is determined by the dominance order on
partitions. In the statement we use the notation O, for the G-orbit in N of

elements with Jordan type .

Theorem 2.4.6. Let G be one of GL,(k), SL,(k), Sp,, (k) or O, (k). Let A\ and
w be partitions of n that parameterise a G-orbit in N'. Then O, C O, if and only
if w2 A

To explain why this theorem holds, we first note that there is a Springer
isomorphism from the variety U of unipotent elements in G to A that is a
G-invariant isomorphism of varieties «f — N that maps each element of U to an
element of A" with the same Jordan type. The existence of such a homeomorphism
was proved by Springer in [Spr69, Theorem 3.1], Bardsley and Richardson extended
this to prove existence of an isomorphism in [BR85]. We refer for example
to [Hum95, §6.20] for explicit examples of Springer isomorphisms for GL,(k),
SL,(k), Sp,,(k) and O, (k). A result of Spaltenstein, [Spa82, Théoreme 11.8.2],
establishes that the dominance order on partitions determines the closure order
for the unipotent classes; we refer also to [Car93, Section 13.4], where this result
of Spaltenstein is covered. Thus Theorem 2.4.6 can be deduced using a Springer

isomorphism.

We note that the closure order on the nilpotent orbits for the case G = SO, (k) is
also covered in the result of Spaltenstein. Here we have that if A and p are distinct
partitions of n that parameterise G-orbits O, and O, in N, then O, C O, if

and only if 4 < A. Note that in the case where )\ is a very even partition, the
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two nilpotent orbits corresponding to A are incomparable. However, if A and u
are distinct then the relation on their orbits can quickly be deduced from the
G = O,(k) case. If either A or u are not very even, then we can use the O, (k)
case directly. In the case A and p are both very even, then there exists some not
very even partition xk parameterising a nilpotent O,,(k)-orbit such that u <k < .
To see this explicitly, let A = (A, A1, .., gy Ak)y o = (1, feay - -, fry i) be very
even partitions. Suppose i < \ so there must exist some minimal ¢ so that \; > p;,

and as these are both even we have \; — 1 > p;. We take

/‘i:()\1,)\1,...,)\i—1,)\i—1,...,)\k,)\k)

and hence we find 4 < k < A. Hence we can use the O, (k) case, via O,, to see

that O, C O,.

2.4.3 Regular and distinguished orbits

We now discuss regular and distinguished nilpotent orbits. We give an overview

of some known results.

Definition 2.4.7. We say that a nilpotent element = € g is regular if the

centraliser of z in GG has dimensional equal to the rank of G.

We say that a nilpotent element = € g is distinguished if the only Levi subalgebra

of g that contains x is g itself.

Example 2.4.8. Let g be one of sl,(k), sp,,, (k), s0,,(k), and u a regular nilpotent

element of G. The Jordan type of u is given by

e u~ (n)if g =sl,(k);
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o u~ (2n) if g = sp,, (k);
o u~ (2m+1)if g = 50941 (K);

o u~ (2m—1,1)if g = s09,,(k).

The following well-known result is covered in [Spr66, Theorem 5.9].

Theorem 2.4.9. The reqular nilpotent elements of g are conjugate under the

action of Ad(QG).
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CHAPTER 3

STRONG slo-TRIPLES

Within this chapter, we fix an algebraically closed field k of characteristic p > 2.
Let G be GL, (k) and g = gl,,(k). As before we write s := sly(k).

Recall that a strong sly-triple (e, h, f) in gl,, (k) is defined to be an sly-triple such

that e ~ f. The main result in this chapter is Theorem 1 which is restated below.

Theorem 1. There exists a surjective map

GL,, (k)-orbits of strong
— {GL,(k)-orbits in N'}. (1.0.3)

sly-triples in gl,, (k)

That is, given any nilpotent e € gl (k), there exists some strong sly-triple (e, h, f)

in gl (k).

In order to prove this we define a family of strong sl,-triples for each nilpotent
e € gl,(k). In this chapter we also show that there is no bijective map between
these sets when p < n, we do this in Proposition 3.3.4 by constructing an infinite

family of non-conjugate sly-triples for each nilpotent orbit.
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3.1 Properties of sly-triples in gl (k)

Recall the s-modules V(n — 1) as defined in Example 2.3.1, and that given e €
gl,(k) a single Jordan block, we use the notation h(e) := hyu—1), f(€) := frm-1)

to represent the action of the standard basis of sly(k) on V(n — 1).

We will often require the matrix representation of sly-triples (e, b, f) in gl, (k) so

in the following we write e = (e;;), h = (h;j) and f = (fi;).

Definition 3.1.1. Let g be any Lie algebra, the centraliser of x € g is defined to

be the set

g"={ye€g:lry] =0}

Lemma 3.1.2. Let e € gl (k) be a single nilpotent Jordan block. That is, it is of

the form J,(0) as in Definition 2.4.1. Then the centraliser of e is

( A
ry T2 ... Tp-1 Tn
0 =1 2o ... Xp_1
€ .
g = 0 0 xl .. xn_2 -xl,xQ,-..,anE{

Proof. Suppose z = (z;;) € gl,(k). We have that

Tij—1 lfj > 1, Tit1,j if i < n,
(xe);; = and  (ex);; =

0 otherwise, 0 otherwise.
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Thus z € g° if and only if both

JZZ‘J = l’n’j = 0
for 1 <iand j <n, and

Lij—1 = Titl,j

for 1 < j and 7« < n. This leads us to the general form above. O]

Lemma 3.1.3. Let h(e) € gl (k) be of the form given in Example 2.3.1. Then

M) = {(xi) s 2 = 0 if j # i+ kp for some k € Z}.

Proof. Suppose z = (z;5) € gl,(k). We have

(n—1)—2(: —1) ifi =3,
h(e)i; =
0 otherwise,

and so

(ah(e))y = (n—1-2(j — D)z and  (h(e)x)y = (n—1—2(i - 1))z,

Hence z € gh® if and only if (n — 1 —2(j — 1))as; = (n — 1 — 2(i — 1))z for all

i,7. Thus for all ¢, j either z;; =0 or i = 7 mod p. [

Lemma 3.1.4. Let e € gl (k) be a single Jordan block and z, € k*. Take
€ gl (k) to be of the form

0 otherwise.
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Then [h(e), f'] = =2f', and (e, h(e), f(e) + f') is an sly-triple.

Proof. Recall that h(e) = (h(e);;) and f* = (f};) where

(n—1)—2(: —1) ifi =7, , Tk it j =i+ kp—1,
h(e)i; = , fij:

0 otherwise, 0 otherwise.

Then we have that

(n—1)—=2(: —1))xg ifj=i+kp—1,
(h(e)f)i; =
kO otherwise,
(
(n—=1)—=2(j — 1))z ifg=14+kp—1,
(f'h(e))i; =
0 otherwise,
\

((n=1) =20+ kp=2))z, ifj=i+kp-1,

0 otherwise,

((n—1)—2(1 — 2))xg if j=i+kp—1,
0 otherwise.

Hence (h(e)f' — f'h(e))i; = —2f;; and so [h(e), f'] = =2f".

By Example 2.3.1 we have that (e, h(e), f(e)) is an sly-triple and hence [h(e), e] =

2e. It follows from Lemma 3.1.2 that

e, f(e) + '] = le, f(e)] + [e, f'] = h(e).
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Thus we see that (e, h(e), f(e) + f') is an sly-triple. O

3.2 Matrix diagrams

In order to further examine the sly-triples created by the action of s-modules we
first give a method of creating diagrams to represent endomorphisms of vector
spaces. These will be used to represent the action of e, h, f on s-modules. These
diagrams can be used both to determine when an endomorphism is nilpotent, and
further to find the Jordan normal form of nilpotent endomorphisms in certain

cases.

Definition 3.2.1. Let V be a vector space with basis {v,...,v,}, and  : V —
V' an endomorphism of V' such that = : v; — >, a;;v;. The diagram D(z) is
constructed from x by adding a node, labelled i, for each basis element v; and

adding an arrow from ¢ to j if a;; # 0.

Note that if D(z) has no arrows coming from 4, then x maps v; to 0.

We emphasise that D(x) cannot be used to uniquely define a linear transformation.

However, in some cases D(x) can be used to determine the Jordan type of .

For an s-module V' we consider ey, hy, fir € gl(V') to be the matrices that represent

the action of e, h, f on V.

Example 3.2.2. We draw these diagrams for the s-module V'(n) as defined in
Example 2.3.1. In this example, we take k = C and consider V(n) as a module

for sl(C). The following are the diagrams for D(e), D(f) and D(h) respectively.

n+1
®

o—
o
oo
o~
o
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o—
[ ]

o—
[ 1\
[ 98
@~

The construction of D(f) for k of characteristic p > 2 can be seen in the proof of

Proposition 3.3.2.

Definition 3.2.3. Let V be a vector space with basis {vq,...,v,} and z: V — V
an endomorphism of V. Consider the diagram D(z), then a basis element which
has arrows coming out, but no arrows coming in, is a source. Conversely, a basis

element with arrows coming in, but no arrows coming out, is a sink.

We define a chain of length j starting at v;, to be some sequence vy, vy, . . ., v;;
where v;,, # v;, for [ # m, x maps vi; to 0, and for each m < j there is an arrow

from v;,, to v;, ..

We say z contains a cycle if there exists some sequence v;,, vj,, . . ., v;; where there

is an arrow from v;,, to vy, ., for each m < j and we have vy, = v;;.

Similarly z creates a non-oriented cycle if there exists some sequence v;,, vi,, . . ., v;,
where for each m < j there is either an arrow from v;,, to v;, ., or an arrow from

Uiy 10 03, and v, = v;;.

Example 3.2.4. Continuing Example 3.2.2, we see that D(e) has a source at v, 1,
a sink at vy, there are no cycles, and for each i the longest chain starting from v;

is of length .

Now consider D(h), then each basis vector is an eigenvector, and hence has an
arrow to itself in D(h). Thus there is a cycle at each vector, however there are no

other arrows, so there are no sources or sinks.
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In certain cases, these diagrams can be used to find the Jordan normal form of
nilpotent elements. To see this we consider what information can be determined
from the chains and cycles in D(z). First suppose that x acts on basis vector v;
in such a way that z7(v;) = 0, 2771 (v;) # 0 for some j. Then there must exist
some chain of length j in D(z) beginning at v;. Additionally if the diagram has no
non-oriented cycles then there do not exist any chains of greater length starting
from ¢. If there are non-oriented cycles we might be able to find a chain of greater

length.

Example 3.2.5. Suppose V' has basis {vy, vg,v3,v4} and z acts on V' as

00 0 O
10 0 0
10 0 0
01 -1 0

then D(z) is the following diagram.

1 2 3
. ° °

DN

Observe that 2%(vy) = z(vy + v3) = x(vg) + x(v3) = vy — vy = 0, however there is

@~

a non-oriented cycle vy, vq, v4, v3,v1, and there is a chain vy, v, v4 of length 3.

Lemma 3.2.6. Let V' be an n-dimensional vector space with basis {v,...,v,}.
Suppose that x is a matriz representing an endomorphism of V. If D(x) has no

cycles, then x is nilpotent.

Proof. First suppose that there is a chain of length m > n starting at v;. There
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are only n basis vectors, so this chain must visit some basis vector v, more than
once, and therefore this chain contains a cycle. This is a contradiction, hence all

chains in D(z) must have length < n.

Next suppose for a contradiction that there exists some m > n such that ™ # 0.
Let v; be such that ™ (v;) # 0, then there exists some basis vector vy such that
x™(v;) = agvy + other terms where a; # 0. Thus we can find a chain of length
m + 1 starting at v; and ending at v,. This contradicts the above, and thus we

conclude that 2™ = 0 and hence that z is nilpotent. O

Note that a nilpotent matrix e € gl, (k) is conjugate to a single Jordan block if

and only if e"~! # 0 and e” = 0. This inspires the following lemma.

Lemma 3.2.7. Let x € gl,(k). Suppose that D(x) has no cycles, and there is
some v such that "~ '(v) # 0, so that D(x) has a chain of length n starting at v.

Then x has Jordan type (n).

Proof. By Lemma 3.2.6 it follows that x is nilpotent and so we find the Jordan
type of z. We have 2"~ = 0, and so if By = {v1,...v,} is a basis of V there must

be some v; so that z*(v;) # 0 for all k < n.

We define another basis of V' on which x acts as the single Jordan block. Set
By = {wy,...,w,} where

w; = 2" (vy).

Suppose for contradiction that the elements of By, are not linearly independent.
Thus there exist some scalars a;, not all zero so that > ajw, = 0. Take this relation
to have the minimal number of non-zero a;. Let j be the smallest such that a; # 0,

then up to multiplication by a non-zero scalar we can rearrange this sum into the
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following form

w; = Zakwk. (3.2.1)

k>j

That is
() =D agz"F (vy).

k>j

Then 27 acts on this relation, and we find

0=2z"(v;) = Z arx™* (v;) = Z ApWp—j-
k>j k>j
This contradicts that (3.2.1) had a minimal number of non-zero coefficients, thus

we have that By contains n linearly independent elements, and hence is a basis.

Then we have that

Wj—1 1fj<7’L—1,

0 ifj=n—1

So under this basis x acts as the single Jordan block .J,,(0). ]

We use the above lemma to consider sly-triples (e, b, f) in gl, (k) with e the single
Jordan block. If D(f) has no cycles, and a chain of length n beginning at some
v such that f"!(v) # 0 then f is conjugate to e. Also note that if there is such
a chain, it must start from a source, and end in a sink, or there exists a chain of

length greater than n.
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3.3 A family of strong sl,-triples

In this section we construct a strong sly-triple containing e for any regular nilpotent

element e € gl (k).

Example 3.3.1. Recall the n-dimensional sly-module V' (n—1) defined in Example
2.3.1. We have that e acts on V' (n — 1) as a single Jordan block of size n. If n < p,
then f acts as the matrix with a; = j(n — j) # 0 for any j. Thus D(f) has no
cycles and f"~!(v,) = v; # 0, and hence f is conjugate to the single Jordan block

by Lemma 3.2.7. Thus if n < p, we see that f is conjugate to e in V(n — 1).

We now consider what happens when n > p, we split this into two cases,

considering when n is a multiple of p separately.

Let e € gl,(k) be regular nilpotent and take (e, h(e), f(e)) to be the sly-triple

defined in Example 2.3.1(ii).

Proposition 3.3.2. Suppose ap < n < (a+ 1)p for some a € Z~o. There exists
some I € gl (k) such that (e, h(e), F') is a strong sly-triple. Moreover F' = f(e)+ f

for some f' € g°.

Proof. To simplify the diagrams, we first consider the case when p < n < 2p.

We will define an element F' € gl (k) such that e ~ F. We first note that by
Lemma 3.2.7, if D(F’) has no cycles and there exists some basis vector v such that

F"Y(v) # 0 then e «~ F.

First recall the matrix f(e) with elements a; as given in Example 2.3.1(ii). Then

a; =0if and only if j = p or j =n—pso f(e) has the following diagram D(f(e)).
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o
[ 1\)
3
T
—
3
iS]

n-p+1 n-p+2 p-1 D p+l  pt+2 n-1 n
[ 2 L L] [ 2 L 2

It is clear that e is not conjugate to f(e), as D(f(e)) has no chain of length n, and

hence there is no v; such that f(e)"*(v;) # 0.

Let x; € k be a non-zero scalar, and define f’ € gl,(k) by

1 ifj=i+p—1,

0 otherwise.

Note that f’ € g° by Lemma 3.1.2, and [h, f'] = —2f" by Lemma 3.1.4.

Set F' = f(e) + [/, so

e, Fl=le,f+ f=le,fl+e,f]=h+0=h, and

(b, Fl=[h, f+ f]=[h, fl+ [h, [ = =2f — 2f = —2F.

Given that [h,e] = 2e, we deduce that (e, h, F) is an sly-triple. All that is left to

show is that e «~ F'.

We can draw the diagram D(F) as

o—
[ 1\)

n-p-1  n-p n-p+l n-p+2 p-1 P p+1  p+2 n-1
L] [ 2 L 2 [ L 2 L2

[ 2S]

which is the diagram D(f(e)) along with additional arrows from v; to v;_,4; for

all i > p. There are no cycles in D(F'), and hence F" = 0.
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We show that F" !(v,.1) # 0. Observe first that
F'Nupr) = F' 72 (ap- 1042 + 2p02) = F' 72 (ap-10p10) + F" 72 (2,09).
Then note that F*" P~ (y;) =0 for all 1 <7 < n — p, so we have
F' ™ vpin) = F" 72 (ap-10p10).
Similarly, we can continue these steps to find
F"_l(va) = FP(aps1 .. Qpo1Uy + TpQpiq - . . Qp_oUp_p)

. —1 _ _ n—p+1
= FP (2ppi1 - Qpe1Uppy1) = - = F" P (Tplp_pi1 - - - Qp_1Gpi1 - . - Qp_1Vp)

n— 2
=F p(l'pan,erl Ce ap,lapﬂ e an,lvl) = ...

2
= xpal <o pp—-1Qp—p41 .- - Ap—1Qpy1 ... Qp-1UVp—p.

Then as x, # 0, and a; = 0 if and only if j = p or j = n—p, we have F" !(v,,1) #
0.

Therefore by Lemma 3.2.7 it follows that F' ~ (n) and hence is conjugate to e.

Thus we are done when a = 1, however we claim we can find such an sly-triple for
any ap < n < (a+ 1)p with @ > 1. The proof for these cases is almost identical,

we set [' = f(e) + f’ where

v ifj=i+p—1,

0 otherwise.
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Then D(F') is shown below.

—_
L 1\

n-ap n-ap+1 p-1 p p+l n-p n-p+1 ap-1 ap ap+1 n-1

*3

The only source in this diagram is v,,1, from which we can find a chain of length
n. Once again, D(F) has no cycles and F" ! (v,,+1) # 0 by a similar agument to

above, and so by Lemma 3.2.7 F' is conjugate to e. O

Thus, if e € gl, (k) is a single Jordan block, then we can find a strong sly-triple
containing e when n is not a multiple of p. When n is a multiple of p we must

amend our method slightly, as explained in the following proposition.

Proposition 3.3.3. Suppose n = ap for some a € Z, a > 1. There exists some
F € gl (k) such that (e, h(e), F) is a strong sly-triple. Moreover F = f(e)+ f' for

some f' € g°.

Proof. This proof follows the same structure as the proof of Proposition 3.3.2.
We have that n = ap for some a > 1, thus in the matrix of f(e) we have that
a; = j(n — j) is equal to 0 if and only if j is a multiple of p. Hence the diagram
D(f(e)) in this case is

1 2 p-1 P pJ.rl 2p-1 2p  2p+l kp  kp+1 n-1 n
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Let x5 € k be a non-zero scalar and define f’ € gl, (k) by

0 otherwise.

Define F':= f(e)+ f', then (e, h(e), F') is an sly-triple by Lemmas 3.1.2 and 3.1.4.

The proof that e ~ F' uses the same method as in the proof of Proposition 3.3.2.

Note that D(F) is the diagram D(f(e)) with additional arrows from v; to v;_gp41

if 1 > 2p, as depicted below.

o—
[ 1\
&
—
i
i
o+
—
[\
bS]
—
[\~
bS]
N
S
+
—
>~
S|
>~
=
+
—
3
—
3

We see that there are no cycles in D(F'), and there is a source v,_p11 = Vg—1)p+1
with F" " (v,_pi1) = 2% ([Tjkp a;)vp # 0. Hence, again, using Lemma 3.2.7 we

have that F' ~ (n) and thus F « e. O

Combining Propositions 3.3.2 and 3.3.2 shows that for any single Jordan block
e € gl (k) there exists some strong sly-triple (e, h, F'). Before we prove that a
strong sly-triple exists for any nilpotent e € gl,(k) we first give results on the

properties of the strong sly-triples that we have found.
Proposition 3.3.4. Let p < n. There is no bijection between the sets given in
Theorem 1.

Proof. We proceed by constructing an infinite family of non-conjugate sly-triples
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containing e € gl, (k) a single nilpotent Jordan block.

Recall the sly-triple (e, h(e), F') defined in Proposition 3.3.2 (Proposition 3.3.3
respectively if n a multiple of p). We have that F' = f(e) + f" where fj; = 7
for j =i+p—1(fi; =2 for j =i+ 2p— 1 respectively) for non-zero scalars
xr1,23 € k. Thus we have not just defined one strong sly-triple for e, we have
defined a family of strong sly-triples that is parametrised by k*. We now prove

that the sly-triples in these families are pairwise non-conjugate.

Let ap < n < (a+ 1)p. Consider for A € k the n-dimensional s-module V. The
actions of e, h, f are given by (ey,, hv,, f1,) := (e, h(e), F\) where F) is equal to

f(e) + f" with z; = A\. That is

A ifj—itp—1,
(Fij=qa;, ifj=i—1,

0 otherwise.

\

By Proposition 3.3.2, (e, h, Fy) and (e, h, F},) are strong slp-triples for A, u € k*.

We claim that they are not conjugate as sly-triples when A # p.

Suppose, looking for a contradiction, that (e, h, F)) is conjugate to (e, h, F},) and

hence there exists g € GL,,(k) such that

geg t=e, ghg'=h, and gF\¢g' = F,.

Hence we require that g centralises h and e, that is ¢ € G" N G¢, and so there
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exists some x;, € k so that g is of the form

Tk if j =4+ kp for some k > 0,
Gij =
0 otherwise.

We have that gF) = F,g and so we calculate
;o lfj =1 — ]_,

(9FN)ij = Ay + ;T if j =4+ kp—1 for some k > 0,

0 otherwise,

¢

;1T lf] =17 — 1,

(FL9)ij = UTp_ 1 + a;_q1xg if j =4+ kp—1 for some k > 0,

0 otherwise.
\

Hence if j =i+ kp — 1 for some £ > 0, we have A\zy_1 + ajor = pTp—1 + a;—12y.

Note that

Aj—1 = Aj—kp = (j - kp)(n - (j - k:p)) = j(n —j)= aj-

Therefore \zj_1 = pxy_q for each £ > 0, hence as u # X it follows that x,_; = 0.
In particular, for £ = 1 we have xqg = 0, and hence g is not invertible as it has
first column zero. We conclude that there does not exist any g € GL, (k) that

conjugates (e, h, Fy) to (e, h, F,).

Now let n be a multiple of p, and take A # u. The proof that there does not exist

any g € GL, (k) that conjugates (e, h, Fy) to (e, h, F,) follows in the same way.
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We remark that following from Lemmas 3.1.2 and 3.1.4 there is no reason that we
cannot also add a scalar on the (tp — 1)-th diagonal for any ¢t > 1 (or ¢t > 2 if n is

a multiple of p). That is if (a — 1)p < n < ap, then (e, h, F, a,,...x is a strong

(a—1>)
slo-triple when A; # 0 and

At ifj=i+tp—1fort>1,
F>\17>\2:~“7)‘(a—1) = (Z]' lf] = 2 — 1,

0 otherwise.

We have that e ~ F,\1,>\2,...,/\(a,1>-

Adapting the above argument gives wus that (e,h,F,\MQ,,.,7,\<a71)) and
(e, h, F,

MlvﬂQv---vU(a—l)) are not conjugate as sly-triples if A\, # pu; for any

1<t<(a—1). O

A natural question to ask is whether up to conjugacy these families contain all
strong sly-triples. Let e be the regular nilpotent element in gl,(k) and h(e) the
diagonal matrix as in Example 2.3.1. Suppose F' € gl,(k) is such that (e, h(e), F)
is an sly-triple and e ~ F. Then F is of the form f(e) + f’ where f' € g° and

[h(e), f'] = =2f". Hence F equals F}, x, . ,_,, for some A\; # 0 and so (e, h(e), F')

(
is of the form found in Proposition 3.3.4. If h is not diagonal then this remains

unknown.

Open Question. Let e be the reqular nilpotent element in gl (k). Up to
conjugacy, can we find all strong sly-triples containing e defined by a finite set
of coefficients?

Let n € Z~o, and take (e, h, F') with e ~ F' to be as defined in Proposition 3.3.2.
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Let V' be an n-dimensional s-module such that (ey, hy, fy) = (e, h, F).

Suppose that ap < n < (a + 1)p for some a > 1. We use D(F') as in Proposition

3.3.2 to determine structural information about V. We divide the basis of V into

2a + 1 segments Ay, ..., As,y1 where we define
Aszj = A{Vn—(a—j1)p+1,- - Vjp}
A2j+1 = {Uijrl; e 7Un—(a—j)p}

for j € {0,...,a}. Observe that in D(F') there are no arrows from A; to A; if

1<7.

Set Msq+1 = M, and let M; be the subspace generated by A; U A, U---U A, for
j € {0,...,a}. Each M; is an s-submodule as it closed under the action of e, h

and f. Set My = 0, then

0=MyC M S CM;C My Coov C Mygy = M.

We have that Ms;1/Ms; is generated by the image of Ay;i; under the natural
quotient which has n — ap elements, and similarly, My;/Ms;_ is generated by Ay;,

which has (a 4+ 1)p — n elements.

Lemma 3.3.5. The series

O0=MyC M C---CM
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is a composition series for V', and

Maji1/Ma; =V (n —ap —1), Msj/Maj 1 = V((a+1)p—n—1).

Proof. Recall that the modules V' (n) are simple for n < p as observed in Remark

2.3.5.

It is clear that e acts on these subquotients as a single Jordan block, so we must
check the action of h and F. Consider Nyji1 = Msy;i1/Msj, and note that the
Myj/Ms;_; case follows in the same way. The s-module V' (n — ap — 1) has a basis
{wy, ..., Wy_gp} where e,h and f have matrix forms as given in Example 2.3.1.

That is, h acts on V(n —ap — 1) as

n—1

1—n

whereas Nyj 1 has basis Agji1 = {Vjps1,s- - Un—(a—j)p} Where

Wvipd) = (0 = 1= 2(jp + i = D)oy = (n— 1 = 200 — 1))y

Hence the action of h on V and h on V(n — ap — 1) are represented by the same

matrix in the given bases.

Next, we consider consider how F' acts on V', recalling that f acts on V(n—ap—1)
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as

aq 0

(05} 0

an—ap—l 0
where ay = k((n —ap) — k) = k(n — k). We have that F(vjp+i) = Gjpt+iVjptrit1 +
TpU(j—1)pti+1- However, v(j_1)pti1 is contained in My; and ajp; = (jp +i)(n —

Jp — i) = i(n — i) and therefore F(vj,4;) = i(n — i)vjpyit1-

Hence under the given bases e, h and f act on V' and V(n — ap — 1) identically,
and thus these modules are isomorphic. Thus we have proved that the modules

M; form a composition series for V. ]

A composition series for the case where n is a multiple of p can be found using the

same method.

We now prove Theorem 1 by showing that for any nilpotent e € gl, (k), there exists
some strong sly-triple (e, b, f) in gl,(k). We use Propositions 3.3.2 and 3.3.3 to

prove the general case.

Proof of Theorem 1. Take any nilpotent e € gl,(k), then up to conjugacy by
GL, (k) we can assume that e is in Jordan normal form, suppose that e ~

(ny,m2,...,nmy). We can embed e into

g[m Uk) D g[nz (]k) - D g[nm (]k) - g[n<]k)

We consider each of these components separately. Recalling notation from
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Definition 2.4.1 we have that e restricted to gl, (k) is J,, (0) = J,,, that is,

in block form
I,

In

m

For each ny we find a strong sly-triple (Jy,, A, , fn,) in gl,,, (k), if n; < p then take
the strong sly-triple given by V(n — 1) in Example 2.3.1 and if n; > p take the
strong sly-triple given in either Proposition 3.3.2 or 3.3.3. For each k£ we have J,,

is conjugate to f,,, so fn, ~ (7).

We set
b, Jna
h = and f =

h’”m fnm

so that (e, h, f) is an sly-triple in gl, (k). We have f ~ (n1,...,n,) ~ e. Hence

we have found a strong sly-triple containing e in gl, (k). O

The strong sly-triples that we found in the proof of Theorem 1 also satisfy an

additional property, which we discuss in the remark below.

Remark 3.3.6. Let (e, h, f) be a strong sly-triple in gl (k) of the form found in the
proof of Theorem 1, and suppose that there is some Levi subalgebra [ of gl,, (k)
such that e, h, f € [. Suppose that L is a Levi subgroup of GL, (k) such that
[ = Lie(L). Then (e, h, f) is a strong sl,-triple in [, i.e. e is conjugate to f by an

element of L.

In general the property of being conjugate by an element of a Levi subgroup is

not equivalent to being conjugate by an element of GG. For instance, consider any
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sly-triple (e, h, f) in gl, (k) where e o¢ f, then we take the following sly-triple in

It is clear that ¢ ~ f', so (¢/,h, f') is a strong sly-triple. Note that ', h’, f’
are in the Levi subalgebra of gl,, (k) that is isomorphic to gl,(k) & gl,(k) =

Lie(GL, (k) x GL,(k)), however it is not a strong sly-triple under conjugation by
GL, (k) x GL, (k).

In Theorem 1 we showed that for any nilpotent e € gl,, (k) there exists a strong
sly-triple (e, h, f) in gl,, (k). However, we cannot use this method to extend this
result in full generality to other classical Lie algebras. We give a counterexample

to show that Theorem 1 can not be extended to g = sp, (k).

Example 3.3.7. Suppose that k has characteristic 3.

Consider the regular nilpotent element e € sp,(k). Then calculations show that
any slo-triple (e, h, f) in sp,(k) is of the following form, up to conjugacy, for some

z ek

010 O 00 0 = 00 —z O

001 O 01 0 O 00 0 =
e = ’h: ’f:

000 -1 00 -1 0 01 0 O

000 O 00 0 O 00 0 O

If we restrict to the case where h is diagonal, we must have that x = 0, and hence
f is not conjugate to e. We see that if x # 0, then f is conjugate to e using Lemma

3.2.7, however we currently do not have any way to generalise this.
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In general, this problem remains open for the classical Lie algebras g C gl (k).
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CHAPTER 4

PROPERTIES OF slo-TRIPLES

Let k be an algebraically closed field of prime characteristic p > 2. In this
short chapter we give results on sly-triples for SL, (k) and G-completely reducible
sly-subalgebras for connected, reductive algebraic groups GG. We use these results
to prove that the varieties given in Theorems 2 and 3 are maximal with respect to

the given properties.

4.1 Standard sl,-triples

Let G be either of exceptional type or one of GL,(k), SL,(k), Sp, (k), O,(k) or
SO, (k) (where we assume n is even in the Sp,(k) case). Let g = Lie(G) and
let N be the nilpotent cone of g. We recall the [p]-power map on g is given in
Definition 2.1.40.

We discuss standard sl-triples as introduced by Premet—Stewart in [PS19, §2.4].
This theory of standard sly-triples is based on the theory of optimal cocharacters
associated to nilpotent elements developed by Premet in [Pre03, Section 2]. We

note that the material in [PS19, §2.4] is stated only for the case G is a simple

68



group of exceptional type, and that some of [Pre03, Section 2] works under the
assumption that the derived subgroup of G is simply connected and there is a
non-degenerate G-invariant symmetric bilinear from on G. However, the results
that we cover go through for all the groups in our setting, see for instance the

arguments given in [Pre03, §2.3].

We recap the construction of standard sly-triples given in [PS19, §2.4]. For 2z € N,

and cocharacter 7 : k* — G, we define the weight spaces g(j;7) of 7 to be

ag(j;7)={xcg:7(t) -z =t/ Vt € K*}.

We then define associated cocharacters as in [Jan04, §5.3].

Definition 4.1.1. For z € N we say a cocharacter 7 : k* — G is an associated
cocharacter for x if both = € g(2;7), and there exists a Levi subgroup L in G such

that x is distinguished nilpotent in Lie(L) and 7(k*) C L'

An associated cocharacter gives us a Z-grading of g by

g=Poa(;7).

jEL
Definition 4.1.2. For any # € N with associated cocharacter A, we define the
height of x to be

ht () = max{j : g(j; A=) # 0}.

For any x € N there exists some optimal cocharacter for z, denoted 7 : k* — G,
as in the Kempf-Rousseau theory as explained in [Pre03, §2.2]. Let e € N/, then
we can choose an optimal cocharacter 7 : k* — G such that e € g(2;7) by [Pre03,

Theorem A]. Moreover, such optimal cocharacters form a single conjugacy class
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under the adjoint action of G¢. It follows from [Pre03, Proposition 2.5] that such
optimal cocharacters for x coincide with the associated cocharacters for . Thus

from this point we may take 7 to be an associated cocharacter for z.

Then 7(t) - e = t?e and the centraliser, g, of e, in g is contained in the sum of
positive weight spaces of 7. Let h, := d7(1) € g, then we have [h;,e] = 2e. Let
Ce(7) be the centraliser of 7 in G, and let C°¢ := G*NCg(7). Let T° be a maximal
torus of C¢ and let L := C(T°). Then L is a Levi subgroup of G such that e is a
distinguished nilpotent element in the Lie algebra I' of the derived subgroup L’ of

L. That is to say that the only Levi subalgebra of I' containing e is I itself.

As explained in [PS19, §2.4] the map ['(—=2;7) — ['(0;7) is bijective, and hence

there is a unique f € I'(—2;7) such that (e, h,, f) is an sly-triple.
Definition 4.1.3. An sl,-triple of the form (e, h,, f) is called a standard sly-triple.

Example 4.1.4. Let p > 3 and g = sly(k). Take e ~ (4) to be the single Jordan

block. We can take 7 : k* — G to be the associated cocharacter for e defined by

7(t) = , and h, =dr(l) =
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The unique f € go(—2;7) such that (e, h,, f) is an sly-triple is given by

Observe that the sly-triple (e, h., f) is equal to (ev(s), hv(s), fr(s))-

We now consider some properties of standard sl,-triples. We state a result of
Premet—Stewart and use this to prove that any G-stable closed subvariety V C N

that satisfies the sly-property must satisfy ¥V C NP1,

Lemma 4.1.5. [PS19, §2.4] Let (e, h,, f) be a standard sly-triple in g. Then:

(a) fP' =0; and

(b) if el =0, then e is conjugate to f by G.

Since fP! = 0 we can consider exp(sf) € G for s € k, see for example the start
of the proof of [PS19, Proposition 2.7]. Let N (e, h, f) := {ae +bh +cf : a,b,c €
k, b®> = —ac} denote the image of the nilpotent cone of 5 = sl,(k) in g. Standard
calculations show that by conjugating e by 7(¢) for t € k* and then by exp(sf) € G

for s € k, we obtain that

N(e,h, )\ kf = {t*(e — sh — s*f) : t e k*, 5 € k} C (AdQ)e. (4.1.1)

It thus follows that f € (AdG)e and so (AdG)f C (AdG)e.
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Now suppose that elPl # 0. Given that f € N we can take 7’ to be an associated
cocharacter for f, and construct a standard sly-triple (f, b, ¢’) for f. Since fIPl =
0, by Lemma 4.1.5(b) we have that ¢’ is conjugate to f. Then (¢/)P! = 0, and thus
¢’ is not conjugate to e by G. Hence, the sly-triples (f, h,,€’) and (f, —h,e) are

not conjugate by G.

Suppose now that ¥V C N is a G-stable closed subvariety that contains e, and
thus also contains f and ¢/, because (AdG)e’ = (AdG)f C (AdG)e. Then the
map (1.0.5) given by sending the G-orbit of an sly-triple (e, h, f) to the G-orbit
of e is not injective. We see this by considering the G-orbits of (f, —h’,¢’) and
(f,—h,e), which are distinct, and both map to the G-orbit of f. This argument

implies the following proposition, where in the statement we use the notation

NP = {z € g:alfl =0}.

Proposition 4.1.6. Let V C N be a G-stable closed subvariety that satisfies the

sly-property. Then V C NP

Corollary 4.1.7. There is a unique mazximal G-stable closed variety V of N that

satisfies the sly-property.

Proof. Suppose that V and V' are two such maximal G-stable closed subvarieties
of N. We consider V UV, which is a G-stable closed subvariety of N, and it
suffices to show that it satisfies the sly-property. Let (e, h, f) and (e, 1, f) be
slo-triples in g with e, f, f" € Y U)V’. Without loss of generality we assume that
e € V. By Proposition 4.1.6, we have that VUV’ C N and thus f € NP so
that fPl = 0. Thus we can apply the exponentiation argument above to obtain
(4.1.1), and deduce that f € V. Similarly we can deduce that f’ € V. Hence, as
V satisfies the sly-property, we have that (e, h, f) and (e, i/, f') are G-conjugate.

Therefore, we have that V U ) satisfies the sly-property, as required. O
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4.2 sly-triples for SL,(k)

We consider sl,-triples for SL,(k) and recap the known result that for the case
e ~ (p) there are multiple sly-triples (e, h, f) in sl,(k) up to conjugacy by SL, (k).
We present just two non-conjugate such sly-triples, but note that by using the
baby Verma modules as defined in Definition 2.3.4, it can be shown that there is
an infinite family of non-conjugate such sly-triples. In Proposition 4.2.1 we explain
how this restricts the possible subvarieties V of A that satisfy the sl,-property,
where we recall that we say a subvariety V of N satisfies the sly-property if the
map (1.0.5) is a bijection. In Corollary 4.2.2 we apply this to the classical Lie

algebras. We use the notation from §2.3.2 throughout this section.

Proposition 4.2.1. Let G be a connected reductive algebraic group. Let L be a
Levi subgroup of G whose derived subgroup L' is of type Ap—1. Let X C N be a
G-invariant closed subvariety containing a regular nilpotent element of | = Lie(L).

Then X does not satisfy the sly-property.

Proof. We first consider (eg, ho, f) = (ezy0), "zo(0), f25(0)), the slo-triple in
9l(Zy(0)) determined by the baby Verma module Zy(0). We view (eg, ho, f) as
an sly-triple in sl,(k) using the basis of Zy(0) given in Definition 2.3.4. Similarly
there is an sly-triple (e,—1, hy_1, f) in s0,(k) determined by the baby Verma module
Zo(p — 1) and the basis of Zy(p — 1). We note that the f in these sly-triples is the
same, and that ey ~ (p —1,1) and e,_1 ~ (p). Therefore, the sly-triples (e, ho, f)
and (e,_1, hy—1, f) are not conjugate by SL,(k), and thus the sly-triples (f, —ho, €o)
and (f, —h,_1,€e,_1) are not conjugate by SL,(k). We note here that this implies
that ¥V = AN does not satisfy the sly-property for the case G = SL,(k), as the

SL,(k)-orbits of the sly-triples (f, —ho,eo) and (f, —h,_1,e,_1) are distinct, and
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map to the same SL,(k)-orbit under the map given in (1.0.5).

Note that we can also consider the embedding of the sly-triples (f, —ho,eo)
and (f, —hy-1,ep-1) into pgl,(k), and see that these cannot be conjugate under

PGL, (k) as they are not conjugate under the action of SL, (k).

Suppose that G has a Levi subgroup L whose derived subgroup L’ is isomorphic
to SL,(k) or PGL,(k). By identifying the Lie algebra ' of L' with sl,(k) or
pgl, (k) respectively, we may consider the non-conjugate sly-triples (f, —ho, €9) and

(f, =hp—1,ep-1) inside g. B

An immediate consequence of this proposition is the following corollary which gives
us a restriction on the Jordan types of nilpotent orbits in subvarieties that satisfy

the sly-property.

Corollary 4.2.2. Let G be one of GL,(k), SL,,(k), Sp,,(k), O,(k) or SO, (k), and
let V be a G-stable closed subvariety of N'. Suppose that V contains an element
of Jordan type (p,1""?) (respectively (p*,1"=?F) ) if G is one of GL,(k) or SL, (k)

(respectively Sp,,(k), O, (k) or SO, (k)). Then V does not satisfy the sly-property.

4.3 (G-completely reducible sl-triples

We now give an analogue of Proposition 4.2.1, considering G-completely reducible
sly-subalgebras, rather than the sly-property. We use the preliminary results given

in §2.1.5 to prove the following proposition.

Proposition 4.3.1. Let L be a Levi subgroup of G whose derived subgroup L' is

of type A,—1. Let X C N be a G-invariant closed subvariety containing a regqular
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nilpotent element in | = Lie(L). Then there exists some non-G-completely reducible

h= (e h,f)=sl(k) withe, f € X.

Proof. We have that L’ must be isomorphic to either SL,(k) or PGL, (k).

We first note that there are non-SL,(k)-completely reducible sly-triples in sl,(k)
containing a regular nilpotent element. We see this by considering the baby Verma
modules Z(0) with highest weight 0 € k which are embedded in sl,(k) as discussed
in §4.2. As in the proof of Proposition 4.2.1, we write (eq, ho, f) to represent the
action of sly(k) on Zg(0), then we have that f has Jordan type (p). The baby Verma
module Z,(0) has irreducible submodule isomorphic to V(p — 2), however Z,(0) is
not completely reducible as the submodule does not have a complement. Hence
by Lemma 2.1.31, as sly(k) is not completely reducible on the natural module of

sl,(k), the subalgebra (eq, ho, f) is non-SL,(k)-completely reducible.

We also find a non-PGL,(k)-completely reducible sly-triple in pgl,(k) =
ol,(k)/3(gl,(k)) containing a regular nilpotent element. =~ We consider the
embedding of h = (e, ho, f) into pgl,(k), which we denote h= <eT), ho, ?> We
see b = (€g, ho, [) is contained in psl,(k). Then we see that b is contained in the

parabolic

A
p= cAegl, (k),bek” >,
* b

and hence b is contained in the parabolic p which is found by taking the quotient
of elements in p by the centre. Suppose for contradiction that there exists some
Levi [ of p such that the embedding [ has h C [. Then we note that 3(gl,(k)) C [
and hence h C [. This is a contradiction, and hence there is no such Levi [. Thus

b is PGL,(k)-completely reducible.
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Thus we use Lemma 2.1.32 to deduce that we have some non-G-completely

reducible h = (e, h, f) isomorphic to its copy in [, and hence with e, f € X. ]

The next proposition gives an analogue to Proposition 4.1.6 in the context of
G-complete reducibility. Let ¥V C A and take H(V) to be the set of h C g with
h= (e h,f)=sl(k) fore, feV.

Proposition 4.3.2. Let V C N be a nilpotent subvariety such that all b € H(V)

are G-completely reducible. Then any b € H(V) is a p-subalgebra. That is

eltl — f[P] =0, hlPl — .

Hence we deduce that for all x € V we have zlP! = 0.

Proof. We first note that from [ST18, Lemma 4.3] we have that either b is a
p-subalgebra or b is L-irreducible in a Levi subalgebra | = Lie(L) of g with a

factor of type A,_;.

Suppose for contradiction that b is a G-completely reducible sly,-subalgebra that
is not a p-subalgebra and hence is L-irreducible in a Levi subalgebra with a factor
of type A,_;. We consider the irreducible sly(k)-modules of dimension p. Any
such module must correspond to some irreducible baby Verma module, Z,(\) as

described in §2.3.2.

Suppose that L = SL,(k). Then we describe the action of sly(k) on Z,()) as
elements of sl,(k) in §2.3.2. In this case we see that el = flPl = 0. Note that
hlPl — h does not have to act as zero on this module, however in any baby Verma
module we find that either e or f acts as a single Jordan block of size p, hence is

regular nilpotent in sl,(k).

76



Now we suppose that L = PGL, (k). Then we consider the embedding of Z, (\) as
elements of pgl,(k), by taking the quotient of the matrices described in §2.3.2 by
elements in the centre of gl,(k). We see that, once again, either e or f is regular

nilpotent in pgl, (k).

Hence there exists a regular nilpotent element in [ of type A, ; and thus using
Proposition 4.3.1 we deduce that we can find a non-G-completely reducible
slo-triple (e, b/, f') with e, f' € V. We have assumed that no such sly-triple exists,

and so we must have that every b is a p-subalgebra. O
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CHAPTER 5

slo-TRIPLES FOR THE CLASSICAL
ALGEBRAIC GROUPS

The work presented in this chapter is based on: “On sly-triples for classical
algebraic groups in positive characteristic”, published joint by the author and

Simon Goodwin, [GP22]. All work was contributed equally by both authors.

Let G be one of GL,(k), SL,(k), Sp,,(k), O, (k) or SO,,(k), where we assume n is
even in the Sp,, (k) case. Let g = Lie G and recall that A is the nilpotent cone of

g. As before we write s := sly(k).

We refer the reader to §2.4.1 for more detail on the parametrisation of G-orbits
in NV, but we recollect here that the Jordan normal form of any element in A/
corresponds to a partition A of n, and this uniquely determines a G-orbit in N,
except in the case where G = SO, (k) and A is a very even partition, for which

there are two G-orbits.

Recall that we write x ~ A to denote that the partition of n given by the Jordan

normal form of z is A\. In this chapter we prove Theorems 2 and 3 for GG as above.
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In order to do this we give the variety V in terms of the Jordan type of nilpotent

elements. The subvarieties of N required for the statement of these theorems are

NP~hi={z e N : 2Pt =0}, (5.0.1)

and

NP :={zeN: z~ LA ), A<D, Ao <pl. (5.0.2)

By this we mean that the nilpotent elements in A’?~! have Jordan blocks of at
most size p — 1, and elements in !N'? have at most one block of size p, and all

remaining blocks are smaller than size p.

Given these definitions, we are now able to state the first main result of this

chapter.
Theorem 5.0.1. Let k be an algebraically closed field of characteristic p > 2. Let
(G,g,V) be one of the following:

(a) G=GL,(k), g=gl,(k), V=NP"L;

(b) G =SL,(k), g =sl,(k), YV =NP~L;

(c) G =Sp,(k), g =sp,(k), V=NP""

(d) G =0,(k), g =s0,(k), V="1N?; or

(e) G =80,(k), g =s0,(k), V="N7.

Then the map

{G-orbits of sly-triples (e, h, f) with e, f € V} — {G-orbits in V}  (1.0.5)
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given by sending the G-orbit of an sly-triple (e, h, f) to the G-orbit of e is a
bijection. Moreover, V is the unique mazimal G-stable closed subvariety of N

that satisfies this property.

Recall that as we often consider G-stable closed subvarieties V of N such that
the map in (1.0.5) is a bijection, we use a shorthand for such varieties, and say
that such a variety satisfies the sly-property. Then Theorem 5.0.1 determines the
unique maximal G-stable closed subvariety V of N that satisfies the slo-property.
Or in other words it states that for e € V, there exists a unique sly-triple (e, h, f)
in g with f € V up to conjugacy by the centralizer of e in G, and moreover, V is

maximal with respect to this property.

Of note here is that when p > h(G) we have that V = N, as given by [ST18,

Theorem 1.1].

In order to prove Theorem 5.0.1 we first consider g = gl (k) in §5.1, we can then
immediately apply this result to g = sl,(k). In §5.2 we then consider g = sp,, (k)
and g = s0,(k) cases. We determine that sly-triples in sp, (k) are conjugate by
Sp,, (k) if and only if they are conjugate by GL,(k), and hence this case follows
from the gl, (k) result. In order to prove the so, (k) case we do a detailed analysis

of the Jordan block structure of sly-modules in so,, (k).

Our second main result concerns the G-completely reducible sl,-subalgebras of the

classical Lie algebras.

Theorem 5.0.2. Let k be an algebraically closed field with prime characteristic p
for some p > 2. Let (G,g,V) be as in Theorem 5.0.1. Then any b = (e, h, f) =
sly(k) with e, f € V is G-completely reducible. Moreover, V is the unique maximal

G-stable closed subvariety of N that satisfies this property.
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Observe that the variety of nilpotent elements given in Theorems 5.0.1 and 5.0.2
is equal to the variety given in Theorems 2 and 3 when restricted to the classical
algebraic groups. Hence to prove Theorems 2 and 3 when G is one of GL,(k),

SL,(k), Sp,,(k), O,(k) or SO, (k) it is enough to prove Theorems 5.0.1 and 5.0.2.

5.1 General and special linear groups

For the main part of this section we consider the case G = GL,(k) and work
towards proving Theorem 5.0.1(a). Then in §5.1.4 we consider the case G = SL,, (k)

and deduce Theorem 5.0.1(b).

To prove Theorem 5.0.1(a) we work with the algebra
A:=U(s)/ (e, f770).

In Corollary 5.1.7 we see that A is semisimple. This follows from [Jac58, Theorem

1], although we give an alternative proof.

We write elements of A as linear combinations of monomials in e, h and f, so
there is a possibility of a conflict of notation with elements of U(s). However,
when considering elements, of U(s) or A, we ensure it is clear from the context

which algebra they are contained in.

5.1.1 Simple A-modules and a lower bound for the

dimension of A

In the following lemma we give a set of pairwise non-isomorphic simple A-modules.

The simple s-modules V(d) in the statement of the lemma are as given in
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Example 2.3.1.

Lemma 5.1.1. The s-modules V(0),V(1),...,V(p—2) are simple A-modules, and

moreover they are pairwise non-isomorphic.

Proof. For 0 < d < p— 2, we have that et and f?*! act as zero on V(d). Hence
eP~t and fP~! act as zero on V(d), thus V(d) is an A-module, and it is simple as
an A-module as it is simple as an s-module. For ¢ # d we have that V(c) and

V' (d) have different dimensions, so are not isomorphic. O

In the following corollary we establish a lower bound for dim(A/rad A), where
rad A denotes the Jacobson radical of A.  We achieve this by applying
Wedderburn’s theorem to the semisimple algebra A/rad A. For justification of

this, and background on the representation theory used here refer to §2.2.

Corollary 5.1.2. The dimension of A/rad A is greater than or equal to Zf;ll i2.
Proof. We have that A/rad A is semisimple and using Lemma 5.1.1 we have that
V(0),V(1),...,V(p—2) are distinct simple non-isomorphic modules for A/ rad A.

From Wedderburn’s theorem, Theorem 2.2.2, we deduce that

dim(A/rad A) > dim(V(0))* 4+ dim(V (1))* + - - - + dim(V(p — 2))* = pz_:lz'?. O

=1
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5.1.2 A spanning set for A and an upper bound for the

dimension of A

We define the subsets

Sp = {fhFec:0<a,c<p—1—k}

of A for each k < p — 1. The following proposition is proved at the end of this

subsection.

Proposition 5.1.3. The union S := Ui;g Sk is a spanning set for A.

We note that |Si| = (p — 1 — k)2, thus |S| = XV_} 2, which is equal to the
lower bound of A/rad A given in Corollary 5.1.2. Therefore, by combining
Corollary 5.1.2 and Proposition 5.1.3, we are able to deduce that S is a basis of A

so dim(A) = Y~ 4. Further, we have that rad A = 0, so that A is semisimple.

)

Hence we have that {V(0),V(1),...,V(p — 2)} is a complete set of inequivalent
simple A-modules. This is all stated in Corollary 5.1.7, and is then used to prove

that NP~! satisfies the sly-property in Corollary 5.1.9.

In order to show that S is a spanning set for A, we start with a lemma which gives

some relations in U(s).

Lemma 5.1.4. Within U(s), for any k € Z~q, we have

(a) [€¥, h] = —2keF;
(b) [e*, f] = khe*t — k(k — 1)ef~L; and

(c) [h*, f] € span{fhi:i=0,... k—1}.
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Proof.  (a) We note that e is an eigenvector of ad h with eigenvalue 2, so e* is an

eigenvector of ad h with eigenvalue 2k. Thus [e¥, h] = —2keF.

(b) We use a simple induction on k. For k = 1, we have [e, f] = h. Suppose that
[e*, f] = khe*~! — k(k — 1)e*~!. Then

[T f] = [€", fle + €¥e, f] = khe® — k(k — 1)e* + e*h.
From (a) we have that efh = hekF — 2ke*, hence [e*!, f] is equal to

khef —k(k—1)ef4+-hef —2ke* = (k+1)he* —(k*+k)eF = (k+1)hef —k(k+1)e".

(¢) We show this using induction on k. When k = 1, by the definition of U(s),
we have [h, f] = —2f. Suppose that [h* f] = S%"1 a,fh’ for some constants

a; € k, then
k—1 4
(WL, f] = [h, fIBE + h[R*, ] = =2fh* + 3 ash fh°.
i=0
Recall that hf = fh — 2f, and so this is equal to

k—1 k—1 k—1 k
—2fR 4+ ai(fh—2f)h' = =2fh" + > a; fR + " (=2a;) fh =D bifR
=0 i=0 =0 =0

where )
—2&0 if1 = O,
bi=4-2+a., if i =k,
—2a; + a;_1 otherwise.

\

Thus the result holds for all k € Z+,.
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We now prove a lemma giving spanning properties of the sets S;. Before stating
and proving this lemma we explain, in the following remark, how we use an

antiautomorphism of U(s) to reduce the amount of work required.

For g some Lie algebra, an antiautomorphism of U(g) is a map of vector spaces
7 : U(g) — U(g) such that 7(xy) = 7(y)7(x) for all x,y € U(g). We note that

given such an antiautomorphism, for any z,y € U(g),

m([z,y]) = 7(zy — yz) = 7(y)7(2) — 7(2)7(y) = [7(y), T(2)].

Remark 5.1.5. Consider the antiautomorphism 7 : U(s) — U(s) determined by

So for any a, b, c € Z>, we have
F(FRhe) = ()T (h) T ()" = fohe".

As 7 stabilises (eP~!, fP~1) it gives an antiautomorphism of A, which we also denote
by 7. Using 7, given any relation in A we can find an equivalent relation where
the powers of e and f are swapped. More precisely, if we have some 7,; . € k such

that >, . ra7b7cfahbec =0, then

O=r1 (Z Ta,b7cf“hbec> => Tapefhle".

a,b,c a,b,c

Using this, we note that for any relation on elements of A written in the form of
a linear combination of monomials f*he®, there is a another relation determined

by swapping the powers of e and f. We also observe here that S is stable under
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T for all k.
Lemma 5.1.6. Let k € Zso. Within A =U(s)/{(e?™!, fP~1), we have
(a) if k <p and eithera>p—1—Fk orc>p—1—k, then feh¥e® € span(Sy U
++-USk_1); and
(b) if k > p, then f*h¥e® € span(SyU---U S, ») for any a,c > 0.
Proof. We work by induction to show that for k € Z>o with k < p,ifa >p—-1—k
or ¢ >p—1—k, then fh*e € span(SyU--- U Sk_1).
Note that this is clear for £ =0, as P! =0 = fP~!in A.

To demonstrate the argument we also cover the case £ = 1. We need to show that
feheP~2 € span(Sy) for any a < p — 1 as then we have the analogue for fP~2he¢

using Remark 5.1.5. We have e?~! = (, therefore using Lemma 5.1.4(b) we see

0=[fre" fl=fle"™ fl = (p = Df*he"™ — (p— 1)(p — 2) f?e"

hence we have

f*heP™? = —2f%P~% € span(Sy),
and we are done.

Now let k € Z>o with k < p. For our inductive hypothesis, we suppose that for
alli <k,ifa>p—1—iorc>p—1—1,then foh'e¢ € span(SyU---US;_1). We

first show that

fehFer™ 7% € span(SyU---US,_;) forany a < p— 1. (5.1.1)
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In order to show this, we first consider some arbitrary = € A and show that, if there
is some j < k—1 such that x € span(SpU- - -US;), then [z, f] € span(SpU- - -US;11).
It is enough to show that [f*h’e¢, f] € span(Sy U --- U S;;;) for any j < k — 1,

a,c<p—1—7.

Using Lemma 5.1.4(b) and (c), there exists some a; € k such that

[fenles, £l = fe([1, fle + Bes, £])
= f° <(]Z:1 aifhi) e+ chite™! — ¢(c — 1)hje°’1>

1=0

j-1
=Y a;f*T'he +ef' W T e —c(c— 1) fOR e (5.1.2)

1=0

For i < j < k—1 we have that f*™'h’e® € span(SyU---US;_1) using our inductive
hypothesis if needed. As @ and ¢ —1 < p—1—j we have f*hie“"! € S;, and as
j + 1 < k, then using the inductive hypothesis if necessary we have f¢hie“™! €
span(So U - -+ U S;4+1). Hence we can conclude that each of the terms in (5.1.2) is

in span(Sy U --- U S;j11) and hence

[f*h7ec, f] € span(Sy U -+ U S;11). (5.1.3)

We now move on to prove (5.1.1). By our inductive hypothesis, we have that
fehE~LeP=* € span(Sy U -+ - U Sy_»), hence we can use (5.1.3) ask —2 <k —1, so

we have that [fh*~teP=* f] € span(SyU---U Sg_1). Thus
[feRFteP™F f] = fUR*Y, fleP ™  + forFteP ™ ) f] € span(SoU---USy_1). (5.1.4)

We show that the first term on the right hand side of (5.1.4) is in span(SoU--- U
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Sk—2). This is done by noting that if i < k — 1 then using the inductive hypothesis
if needed we see fo* ! hieP=F € span(SyU---US;) and hence in span(SyU- - -USy,_»),

and thus, using Lemma 5.1.4(c) we see that
FARRE, fleP™F € span(Sy U - - - U Sk_s).

By rearranging (5.1.4) we obtain that fehk=1[eP=* f] € span(SpU---U Sk 1), we

then use Lemma 5.1.4(b) to see
SRR fl = =k fonte R — k(k 4 1) foRr e R (5.1.5)

Note that feh*~1eP=%=1 € span(SyU- - -USy_1) by the induction hypothesis. Thus,

we can rearrange (5.1.5) to see
kf*hkeP=*=1 ¢ span(Sy U - - - U Sy_1).

As we have assumed that 0 < k < p, we have that k # 0 in k, and so we deduce

(5.1.1)

We next show that (5.1.1) can be used to prove that if ¢ > p — k — 1 we have
feh¥ec € span(SyU - -+ U Si_1). We know by (5.1.1) that we can find some scalars
Tip; € k so that

apk p—1—k irb j
feh"e? = Z Tiv;f e
0<b<k—1
i,j<p—1—b

We consider feh¥e! for [ > p — 1 — k, and have that

apk 1 ipb_j+(l—p—1-k
f h = E Ti,b,jf h’e’ (I=p )
0<b<k—1
1,j<p—1—b
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Using the induction hypothesis f'hbe?*(=P=1=F) ¢ span(Sy U --- U S,), and hence

fehFel € span(SyU--- U Sp_1).

We can use the antiautomorphism 7 from Remark 5.1.5 to show that f?h¥e¢ €

span(So U ---U Sk_1) when a > p — 1 — k, and so we have completed the proof of

(a).

In fact we have proved that for any & € Z>, with £ < p and any a,b € Zxg
that we have f®h*e® € span(SyU---U S, 5). As a particular case, we have that
hP=1 € span(Sy U -+ U S,_2). Now given f®h*e® with k > p, we can repeatedly
substitute A?~! as an expression in span(Sy U --- U S, 3) and obtain feh*e® as a
linear combination of terms f'h’e/ with b < p — 1. From this we can deduce that
fehke? € span(SyU---U S, ) using part (a) of the lemma. Thus we have proved

part (b) of the lemma. O

Using Lemma 5.1.6 we are now able to show that S is a spanning set for A, and

hence prove Proposition 5.1.3.

Proof of Proposition 5.1.3. We have that {f®h%° : a,b,c € Zsq} is a basis for
Ul(s), hence as A is obtained from U(s) by taking the quotient by (e?~!, fP~1) we
see that

{fohbec s a,c <p—1, b€ Zso}

spans A. By Lemma 5.1.6, every element in this set is contained in the span of S.

Hence, S is a spanning set for A. O
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5.1.3 Proof of Theorem 5.0.1(a)

Let G = GL,(k) and g = gl,(k). We recall that A?~! is defined in (5.0.1). In
Corollary 5.1.9 it is stated that NP~! has the sl,-property. To prove this corollary
we use the fact that A is semisimple. The semisimplicity of A is stated as part
of the following corollary, which is proved as explained after the statement of

Proposition 5.1.3.

Corollary 5.1.7. We have that S is a basis of A, so the dimension of A is equal

to Zf;ll i?. Further, we have that A is semisimple, and the simple modules of A

are V(0),V(1),...,V(p—2).

Remark 5.1.8. We note that further results can be proved using the arguments
for the proof of Corollary 5.1.7 (or deduced from its statement). For any m < p,
it can be shown that U(s)/({e™, f™) is a semisimple algebra with simple modules
V(0),V(1),...,V(m — 1); also this statement can be proved for the case of s =

sly(C) for any m € Z~o. These results are also covered in [Jac58, Theorem 2].

We now explain how A-modules relate to sly-triples in g. Any A-module M can be
considered as an s-module, and thus we obtain an sly-triple (eys, har, far) in gl(M),
as explained in §2.3. Moreover, we have eh, == i ' as M is an A-module
and e~ = 0 = fP~!in A. Suppose that dim M = n and choose an identification
M = k™ as a vector space. We view (e, har, far) as an slyp-triple in g. Further,
given two A-modules M and N, both of dimension n, we have that M = N if and

only if the sly-triples (e, har, far) and (en, hy, fv) are conjugate by an element

of GG.

Hence, there is a one-to-one correspondence between the set of n-dimensional

A-modules up to isomorphism and the sl,-triples (e, h, f) in g with e, f € NP~ up
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to conjugacy by elements of G. Thus proving that N’?~! satisfies the sly-property
is equivalent to proving that for each partition A of n such that m;(\) = 0 for all
1 > p, there is an n-dimensional A-module M) on which e acts with Jordan type

A, and this module is unique up to isomorphism.

By Corollary 5.1.7, each A-module is semisimple and hence a direct sum of the
simple modules V' (0), ...,V (p—2). So any n-dimensional A-module satisfies M =
BI_2V(d)® for some sy € Zsg with Y770 (d + 1)sq = n. We have that e acts on

M with Jordan type Ay, where mg(Ay) = s4-1 for each d.

Thus we see the desired module is My = @"_¢ V(d)®"4+1N), Hence, we have

proved the following corollary.

Corollary 5.1.9. Let G = GL, (k). Then NP~! satisfies the sly-property.

We now explain that AP~ is maximal satisfying the sly-property to complete
the proof of Theorem 5.0.1(a). Suppose that V is a G-stable closed subvariety of
N such that ¥V € NP~ Then there must exist some ¢/ € V with Jordan type
A= (A1, A, ..., Ay) such that Ay > p. Hence, by Theorem 2.4.6, there exists e € V
with Jordan type (p,1"7P). Thus, using Corollary 4.2.2, we deduce that V does

not satisfy the sly-property.

5.1.4 Deduction of Theorem 5.0.1(b)

In this short subsection we deal with the case G = SL, (k) and g = s[,(k) and

explain that Theorem 5.0.1(b) follows quickly from Theorem 5.0.1(a).

We note that the nilpotent cone N in g is the same as the nilpotent cone of

gl,(k), and that two elements in A are conjugate by GL, (k) if and only they are
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conjugate by G, because GL, (k) is generated by SL, (k) and Z(GL,(k)). Thus
for any G-stable closed subvariety V of N/, we have that the set of G-orbits in V

is equal to the set of GL,,(k)-orbits in V.

We also note that any sly-triple in gl, (k) must lie in g, as any sl-triple must
be contained in the derived subalgebra of gl,(k), which is equal to sl,(k).
Hence the set of G-orbits of sly-triples (e, h, f) with e, f € V is equal to the
set of GL,(k)-orbits of sly-triples (e, h, f) with e, f € V. It is now clear that

Theorem 5.0.1(b) follows from Theorem 5.0.1(a).

5.2 Symplectic and orthogonal groups

In this section we deal with the cases where G is one of Sp,, (k), O, (k) or SO, (k)

and prove parts (c), (d) and (e) of Theorem 5.0.1.

5.2.1 Proof that AN?! satisfies the sl,-property for Sp, (k)

and O, (k), and deduction of Theorem 5.0.1(c)

Let G be one of Sp,(k) or O,(k) and g = sp, (k) or so,(k) respectively. In
Proposition 5.2.2 we show that A'P~! satisfies the sl,-property; we recall that ANP~*
is defined in (5.0.1). To prove this we want to relate G-conjugacy of sly-triples in g
with GL, (k)-conjugacy of sly-triples in g, so that we can apply Theorem 5.0.1(a).
This link is given in Lemma 5.2.1 and is based on [Jan04, Theorem 1.4], which
states that two elements of g are conjugate by G if and only if they are conjugate
by GL, (k). With minor modifications the proof of [Jan04, Theorem 1.4] goes

through to prove the lemma below.

Lemma 5.2.1. Let G be one of Sp,,(k) or O,(k), and let (e, h, f) and (¢, 1, f)
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be sly-triples in g. Then (e, h, f) and (', 1, f') are in the same G-orbit if and only

if they are in the same GL,(k)-orbit.

We move on to prove the main result in this subsection.

Proposition 5.2.2. Let G be one of Sp,(k) or O,(k). Then NP~ satisfies the

sly-property.

Proof. By the result of Pommerening in [Pom80, §2.1], or the theory of standard
sly-triples recapped in §4.1, we have that the map in (1.0.5) for ¥V = NP71 is

surjective.

Let (e, h, f), (e, ', f") be sly-triples in g with e, f, f' € NP~1. By Corollary 5.1.9,
these sly-triples are conjugate by GL,(k), and thus by Lemma 5.2.1 are conjugate

by G. This implies that the map in (1.0.5) for V = N?~! is injective. O

Proof of Theorem 5.0.1(c). In this case we take G = Sp,,(k). By Proposition 5.2.2,
we have that NP~! satisfies the sly-property. We complete the proof
Theorem 5.0.1(c) by explaining that AP7' is the maximal G-stable closed
subvariety of N satisfying the sl,-property. Let V be a G-stable closed subvariety
of A such that V ¢ NP~'. Then there is an element in V which has Jordan type
A= (A1, Ay ..., A), where either Ay > p, or Ay = Ay = p. Using Theorem 2.4.6,
we deduce that there is an element in V with Jordan type (p + 1,1,...,1) or
(p,p,1,...,1). For the first possibility we can apply Proposition 4.1.6 to deduce
that V does not satisfy the sly-property, whilst in the second case we can apply

Corollary 4.2.2 to deduce that V does not satisfy the sly-property. O
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5.2.2 Proof of Theorem 5.0.1(d)

Let G = O,(k) and g = s0,(k) and recall that 'N? is defined in (5.0.2). In
Proposition 5.2.5, we prove that !N? satisfies the sly-property. This proof requires
some analysis of underlying s-modules, where we recall that s = sly(k), and we

note that the ideas in the proof have some similarities with those in the proof of

[ST18, Lemma 6.2].

In Lemma 5.2.3 we state some well-known general results on module extensions,
which we use in the proof of Proposition 5.2.5. We only state this lemma for

s-modules, though it is of course applicable more generally.

Before the statement of Lemma 5.2.3 we introduce some notation. We use the
notation M = A|B for s-modules M, A and B, to mean there is short exact
sequence 0 - B - M — A — 0. When using this notation, we identify B
with a fixed submodule of M and A as the corresponding quotient. We also use
the notation to cover three (or more) modules, so consider s-modules of the form
A|B|C, where A, B and C' are s-modules, and note there is no need to include

brackets in the notation A|B|C.

In part (a) of the statement of Lemma 5.2.3 we should really define the module A|C
occurring there. This can be defined as the quotient of A|B|C by the submodule
B given by the splitting B|C' = B @& C; or equivalently as the submodule of A|B|C
corresponding to the submodule A of A|B given by the splitting A|B = A & B.
The modules A|B, A|C and B|C' in parts (b) and (c) are defined similarly.

Lemma 5.2.3. Let M, A, B, and C be s-modules.

(a) Suppose that M = A|B|C, and that A|B = A® B and B|C = B® C. Then
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M = (A|C) @ B.
(b) Suppose that M = (A® B)|C and that B|C = B®C. Then M = (A|C)® B.

(¢) Suppose that M = A|(B®C') and that A|B = A® B. Then M = (A|C)® B.

We note that (a) can be proved by using splitting maps B — B|C and B|C — C
for the short exact sequence C' — B|C' — B to construct a short exact sequence
B — A|B|C — A|C. Then a splitting map A|B — B for the short exact sequence
B — A|B — A can be used to construct a splitting map A|B|C' — B for the short
exact sequence B — A|B|C — A|C. We have that (b) and (c) are immediate

consequences of (a).

We also require an elementary lemma about the action of nilpotent elements
in s-modules, which is stated in Lemma 5.2.4. We only state this lemma for
s-modules, though it is of course applicable more generally. In the statement we

use the notation given in §2.3 and §2.4.1.

Lemma 5.2.4. Let M, A and B be s-modules and let x € 5. Suppose that M =

A|B and that x4 and xp are nilpotent. Then xy; is nilpotent and A(za)|Mxp) =<

We give an outline of how this lemma can be proved. First we identify M and
A @ B as vector spaces. We then note that x4 + xp is in the closure of the
GL(M)-orbit of zp; we see this by observing that x4 + zp lies in the closure of
{(Ad7(t))xp : t € k*}, where 7 : k* — GL(M) is the cocharacter such that
7(t)a = a for all a € A and 7(t)b = tb for all b € B. The proof concludes by noting

that A(za + ) = Ma4)|A(zp) and then applying Theorem 2.4.6.

We are now ready to state and prove our main result in this subsection.
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Proposition 5.2.5. Let G = O, (k). Then *N? satisfies the sly-property.

Proof. By the result of Pommerening in [Pom80, §2.1], or the theory of standard
slo-triples recapped in §4.1, the map in (1.0.5) for V = N7 is surjective. The rest

of the proof is devoted to proving that this map is in fact injective.

Let (e, h, f) be an sly-triple in g = so0, (k) with e, f € 'NP. Let V = k" be the
natural module for G = O,,(k), and consider V' as a an s-module by restriction
to the subalgebra of g spanned by {e, h, f}. Write (-,:) for the G-invariant

non-degenerate symmetric bilinear form on V.

The idea of the rest of the proof is to determine the structure of the s-module V/,
and observe that it is determined uniquely up to isomorphism by the Jordan type
of e. Then at the end of the proof we use this and Lemma 5.2.1 to deduce that

the map in (1.0.5) is injective.

Let M <V be a maximal isotropic s-submodule of V', and consider M+ := {v €
Vi (vym) =0forallm € M} <V, which is an s-submodule of V. As M is

isotropic we have the sequence of submodules

0<M<M-<V. (5.2.1)

We have an s-module homomorphism ¢ : V' — M* defined by ¢(v)(m) = (m,v),
where M* denotes the dual module of M. This induces an isomorphism V/M*+ =
M*, and so by an abuse of notation we write M* for V/M*. Also we write N for
the s-module M+/M, and note that (-,-) induces an s-invariant non-degenerate
symmetric bilinear form on N, which we also denote by (-,-). Thus the quotients

in the sequence in (5.2.1) are M, N and M*, or in other words V = M*|N|M.
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We first consider the s-module M. Suppose that b, ' # 0. Then A(ey) contains
a part of size p or greater. We note that A(ep) = A(eps+), so that A(ep) also
contains a part of size p or greater. Using Lemma 5.2.4, we deduce that A(ey)
must have first and second parts greater than or equal to p, but this is contradicts

that e = ey, € 'A?. Thus we have that €2;' = 0. Similarly, we have f2' = 0.

It now follows from Corollary 5.1.7 that we have a direct sum decomposition of
the s-module

M:Ml@"‘@Mr

where each M, is simple, and M; = V(d;) for some d; € {0,1,...,p—2}. We have

a corresponding direct sum decomposition

M*=M;@®--- &M}

of M*, where M} = V(d;) and is dual to M; via (-,-) for each 1.

Next we consider the s-module NV, which we recall has a non-degenerate symmetric
invariant bilinear form. Let A be a simple submodule of N, and consider A+ < N,
which is also a submodule of N. Thus A N A+ is a submodule of N, and as A is
simple we have A N A+ is equal to 0 or to A. Suppose that AN At = A, so that
A is an isotropic subspace of N. Let A be the submodule of M+ corresponding to
A< Mt/M = N. Then A is isotropic and this contradicts that M is a maximal
isotropic subspace of V. Therefore, AN A+ = 0, so that A is non-degenerate, and
thus N = A@ A+

Hence, N is a semisimple s-module and in fact we have an orthogonal direct sum
decomposition

N=N&@ - -®Ns, (5.2.2)
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where each N; is a simple s-module and is a non-degenerate subspace for (-, -).

Since e, f € 'NP, using Lemma 5.2.4, we have that e, = 0 = f%, and that \(ey)
and A(fy) have at most one part of size p. It follows that for each i we have
N; 2V (¢) for some ¢; € {0,1,...,p — 2} with the possible exception of one j for
which N; = V(¢;) where ¢; € k\ {0,1,...,p—2}.

We note that for every i such that N; = V(¢;) for some ¢; € {0,1,...,p — 2}, we
must have that ¢; is even, because ey, € so(N;) and A(en,) = (¢; + 1), so ¢; + 1

must be odd as explained in §2.4.1.

If there exists a j for which N; = V/(¢;) where ¢; € k\ {0,1,...,p — 2}, then we
show that c¢; = p — 1. To see this we consider hy, € s0(/N;), which is a semisimple
element of so(V;) with eigenvalues c;,¢; — 2,...,¢; — 2p + 2. The eigenvalues of
a semisimple element of so(/V;) must include 0 (and also the multiplicity of an
eigenvalue a must be equal to the multiplicity of the eigenvalue —a). It follows

that we must have ¢; = p — 1.

Next we show that ¢; # ¢; for i # j. Suppose that we did have N; = N; for some
i # j. We denote N;; = N; @ N; and consider the s-module N, = N & N,
where N] = N; and N} = N; as s-modules, but we give N; @® N} a non-degenerate
s-invariant symmetric bilinear form so that N; and N; are isotropic spaces that
are dual to each other. We fix an isomorphism N, = N;; as vector spaces with
non-degenerate s-invariant symmetric bilinear forms. This can be used to view
Ty, as an element of s50(N; ;) for any = € 5. By definition we have that N; & N; =
N; @ N; as s-modules, which implies that the sly-triples (en, ;, hn,;, fn,,;) and
(ent . he . f: ) both viewed inside so(N; ;) are conjugate by GL(N; ;). Now we

can apply Lemma 5.2.1 to deduce that (ex, ;, hn,,, fn,,) and (eNéj’ hN{jv fN{j) are
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conjugate by O(Nj;). Under the identification Nj; = N;; < N, we have that N}
is an isotropic s-submodule of N. However, then the corresponding submodule
N/ of M* is isotropic, and this contradicts the maximality of M as an isotropic

submodule of V.

To summarise our findings about N, we have that the orthogonal direct sum
decomposition in (5.2.2), satisfies that N; = V(¢;) for some ¢; € {0,2,...,p — 1}

for each 7 and that ¢; # ¢; for ¢ # j.

Our next goal is to prove that

M*2MONZM G- OM, OGN, & ---® N,. (5.2.3)

For j e {1,...,r} we define A; = @,; M; < M. We consider M*/A; and aim to
show that

M*/A; =~ M; ® N. (5.2.4)

Noting that M*/A; = N|M;, we see that by repeated application of
Lemma 5.2.3(c) we can deduce (5.2.3) from (5.2.4). Thus we only need to establish
(5.2.4).

Using (2.3.1) and the fact that the summands in (5.2.2) are pairwise

non-isomorphic, there is at most one ¢ for which Ext¢(M;, V;) is non-zero.

If Exty(M;, N;) = 0 for all ¢, then we have N;|M; = N; & M; for all 7, and thus we

obtain (5.2.4) by repeated applications of Lemma 5.2.3(b).

If Exty(M;, N;) # 0 for some i, i.e. ¢; = p — d; — 2, then without loss of generality,
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we may assume that i = 1. Using Lemma 5.2.3(b) we can deduce that
M*JA; = (N} M;) © Ny @ --- @ N, (5.2.5)

We may assume that N;|M; is a non-split extension of Ny by M; otherwise we
obtain (5.2.4). We have that dim(/N,|M;) = p and e, jas; or fn,|ar, has Jordan type
(p). Without loss of generality we assume that ey, |5, has Jordan type (p). We
next consider the s-module Aj/A; on which (-, -) induces a non-degenerate form.
There is an isomorphism A /M = (M~*/A;)* via (-,-), and also an isomorphism

N = N* as (-,-) is non-degenerate on N. Thus we have that
Ar /M = (MF|Ny) @ Ny @ -+ @ N, (5.2.6)

Using (5.2.5) and (5.2.6) along with repeated applications of Lemma 5.2.3(b) and

(c) we deduce that
A JA; = (MFINLIM;) @ Ny @ -+ @ N

From the isomorphism Aj/M = (M*/A;)* we obtain an isomorphism M7|N; =

(N1|Mj)*. Thus we deduce that eys,.|n, has Jordan type (p).

Next we consider e M |Ny M- We can choose a basis for Nj|M; containing a basis of
M; and such that the matrix of ey, M; With respect to this basis is a single Jordan
block J, of size p; we denote this matrix by [en,|as;], and use similar notation for
other matrices considered here. We can pick a basis of M} such that the matrix
[eM;] of enm; is a single Jordan block Jg,41 of size d; + 1. By choosing a lift of

the basis of M to M|N;|M; and combining with the basis of N;|M; we obtain a
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basis of M;|N;|M; for which the matrix of M IN | M; has block form

Jy X
[€M;|N1|Mj] = )
de-i-l
where X is some p x (d; + 1) matrix. We can consider the matrix epy,.n, with

respect to the basis obtained by projecting our basis of M ;‘|N1]Mj to M ]*]Nl, and

we have
‘]C1+1 X'
[ens,m] = ,
de-‘rl

where X’ consists of the bottom ¢; + 1 rows of X. The Jordan type of €M, %Ny
is (p), so by considering [ey+|n,] we see that the bottom left entry of X’ must
be non-zero. This follows easily using the concepts from Chapter 3, in particular
considering Lemma 3.2.7, we see that D(ep,.|n,) must have a chain of length p.

Given the block structure of ej.n, we can only find such a chain if there is a

non-zero entry in the bottom left of X".

Thus the bottom left entry of X is non-zero. By considering [e M| | M), we deduce
that the Jordan type of EM¥ Ny M, is (p+d;+1). Now using Lemma 5.2.4, we deduce
that the first part of A(ey ) has size greater than p, which is a contradiction because
ey = e € 'NP. From this contradiction we deduce that Ni1|M; is in fact a split

extension, and so we obtain (5.2.4) as desired.

We have now proved (5.2.3) holds. Also note we have an isomorphism V/M =
(M+)* via (-,), and an isomorphism N = N* since (-, -) is non-degenerate on N.

Thus from (5.2.3) we obtain
V/M = M* & N.
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Hence, by applying Lemma 5.2.3(a) we obtain that

V=~ M*|M & N.

Our next step is to prove that M*|M = M* @ M. Let us suppose that this
is not the case, then, using Lemma 5.2.3(b) and (c) we can find ¢ and j such
that the subquotient M;*|M; of M*|M is a non-split extension. Using (2.3.1) and
the fact that M; = M} we have that ¢ # j. Without loss of generality we can
assume that ¢ = 1 and j = 2, and then we have that dy = p — dy — 2. We
consider the subquotient M; o, = (M5 @ M3)|(M; @ Ms) of M*|M. By using that
Ext! (M, M;) = 0 = Ext}(M,, M;) along with Lemma 5.2.3(b) and (c), we obtain
that My, = (M |Ms) & (Mj|M;). We have that (-,-) induces a non-degenerate
bilinear form on M, » and that (M;|Ms) and (Mj|M;) are isotropic subspaces of
M, 5, which are dual via (-,-). By assumption we have that M{|M, is a non-split
extension, and it has dimension p. Then by Corollary 5.1.7 we have that either
ens\m, OF furia, has Jordan type (p). Without loss of generality we assume
that ey« |ar, has Jordan type (p). Since (M3|M;) = (M{[M,)*, we also have that
en;z|m, has Jordan type (p). By using Lemma 5.2.4, we deduce that A(ey) must
have first and second parts greater than or equal to p, but this is not possible as

e = ey € 'NP. This contradiction implies that M*|M = M* @& M as desired.

We have thus far proved that the s-module V is semisimple and has the direct

sum decomposition

V=M - aeM)d(Nd---B&N;,)d(My®---dM,) (5.2.7)

where M; = V(d;) = M} for each i and N; = V(c¢;) for each j. Hence, we see
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that the isomorphism type of V' is uniquely determined by the Jordan type of e.
Let (e,h', f') be an sly-triple in s0(N) with f/ € 'N?. Then writing V' for the
s-module given by span{e, b, f’'}, we have that V' is isomorphic to V. From this
we deduce that (e, 1, f') is conjugate to (e, h, f) via GL(V) = GL,(k), and thus
by Lemma 5.2.1 is conjugate via O(V) = O, (k). This gives the desired injectivity

of the map in (1.0.5), and completes this proof. O

All that is left to do to prove Theorem 5.0.1(d) is to prove that *N/? is the unique
maximal G-stable subvariety of N satisfying the sly,-property. To show this let
V be a G-stable closed subvariety of A such that V & N?~!. Then there is an
element in V which has Jordan type A = (A1, A2, ..., A\p), where either Ay > p,
or A\ = Xy = p. Using Theorem 2.4.6, we deduce that there is an element in V
with Jordan type (p+2,1,...,1) or (p,p,1,...,1). For the first possibility we can
apply Proposition 4.1.6 to deduce that V does not satisfy the sly-property, whilst
in the second case we can apply Corollary 4.2.2 to deduce that V does not satisfy

the sly-property.

5.2.3 Deduction of Theorem 5.0.1(e)

We are left to deal with the case G = SO,,(k), and we prove that 'N? satisfies the
slo-property in Proposition 5.2.6. This is deduced from Proposition 5.2.5 along
with considerations of how O, (k)-orbits of sly-triples (e, h, f) in g = so, (k) with
e, f € N split into SO,,(k)-orbits.

Proposition 5.2.6. Let G = SO, (k). Then 'N? satisfies the sly-property.

Proof. We know that the map in (1.0.5) for V = AP is surjective, for the same

reasons as the corresponding statement in Proposition 5.2.5.
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As explained in Remark 2.4.4 the O,(k)-orbit of = € so,(k) is either a single
SO, (k)-orbit, or splits into two SO, (k)-orbits, with the former case occurring
precisely when there exists g € O, (k) with det g = —1 such that gr = zg. The
underlying argument can also be applied to sls-triples in so, (k). Thus we have
that for an sly-triple (e, h, f) in so,(k) the O,(k)-orbit of (e, h, f) is either a
single SO,,(k)-orbit or splits into two SO, (k)-orbits. Moreover, we have that the
SO, (k)-orbit of (e, h, f) is equal to the O, (k)-orbit if and only if there exists some

g € O,(k) with det g = —1, ge = eg, gh = hg and gf = fg.

Let A be the Jordan type of a nilpotent element in *A/P. Using A we construct a

specific realization of some e € 'A/? with e ~ A and an sly-triple (e, h, f).

Let V' = k™ be the natural module for O, (k). Let m}(\) = m’T(’\) for even i. We

can form an orthogonal direct sum decomposition of V' of the form

m;(A)
V= P Vi,e P EB (Ui @ U;,) (5.2.8)
iodd j=1 ieven j=1

where for odd 7 each V; ; is a non-degenerate subspace of dimension 7, and for even
i the pair U; ; and Uj ; ! . are isotropic subspaces of dimension 4, which are in duality
under the symmetric bilinear form on V. Corresponding to this decomposition of

V' we have a subgroup

H= J] 0:i(k)™™ x J] GL(k)™™

i odd i even

of O, (k). The Lie algebra of H is

b= @ soi(k)" N e @ glilk)*W, (5.2.9)

i odd i even
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and is a subalgebra of so, (k).

We choose e € b to be regular nilpotent in each of the summands in (5.2.9). Then
by construction we see that e ~ A\. We can find an sly-triple (e, h, f) in b, for
example this now follows from Theorem 5.0.1(a) and (d). By Proposition 5.2.5
we know that (e, h, f) lies in the unique O, (k)-orbit of sly-triples in so0, (k) with
e~ A\

Suppose that A has an odd part, and let i € Z-( be odd and such that m;(\) > 0.
Then we can define g € O, (k) by declaring that g acts on V;; by —1 and on all
other summands in (5.2.8) by 1. We see that det g = —1, and g lies in the centre
of H so that ge = eg, gh = hg and gf = fg. Hence, the SO,,(k)-orbit of (e, h, f) is
equal to the O, (k)-orbit, and hence is the unique SO,,(k)-orbit of sly-triples with
e~ A

Now suppose that A is very even. Then we know that the O, (k)-orbit of e splits
into two SO, (k)-orbits, and we let ¢’ € so,(k) be a representative of the other
SO, (k)-orbit in (Ad O, (k))e. There is an sly-triple (¢/,h’, '), which lies in the
O, (k)-orbit of (e, h, f). Also (¢/, 1, f') is not in the SO, (k)-orbit of (e, h, f), as e
is not conjugate to €’ via SO, (k). It follows that the O, (k)-orbit of (e, h, f) splits
into two SO,,(k)-orbits, and these are the SO,,(k)-orbits of (e, h, f) and (¢/, h/, ).
Now using Proposition 5.2.5 we deduce that the SO, (k)-orbit of (e, h, f) is the
only orbit mapping to the SO,,(k)-orbit of e by the map in (1.0.5); and that the
SO, (k)-orbit of (¢/, 1, f') is the only orbit mapping to the SO, (k)-orbit of e’ by

the map in (1.0.5).

We have shown that for each e € !N?, there is a unique SO,,(k)-orbit of sly-triples

(e, h, f) with e, f € LN? which maps to the SO, (k)-orbit of e under the map in
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(1.0.5). This shows that the map in (1.0.5) is injective for ¥V = 'A/?, and hence

that NP satisfies the sly-property. O

To complete the proof of Theorem 5.0.1(e), we are just left to show the maximality
of V = NP subject to satisfying the sly-property, but this can be done using the

arguments at the end of §5.2.2.

Hence, we have completed the proof of all parts of Theorem 5.0.1, and therefore
have completed the proof of Theorem 2 for G any of GL,(k), SL,(k), Sp,(k),
O, (k) or SO, (k).

5.3 (G-completely reducible sl,-subalgebras

We now consider Theorem 5.0.2 and find that the proof follows quickly from the
proof of Theorem 5.0.1 and the results in §4.3. Recall Lemma 2.1.31 which states
that for g a classical Lie algebra, a subalgebra b of g is G-completely reducible if

and only if it acts completely reducibly on the natural module for g.

5.3.1 General linear, special linear and symplectic groups

First consider g to be one of gl,(k),sl, (k) or sp, (k). Then in each of these cases
we have V = NP1,

Let b = (e, h, f) = sly(k) be a subalgebra of g with e, f € V, we show that h must
be G-completely reducible. Consider the action of h on the natural module, V', for
g. We identify h with s, and write A := U(h)/{eP~, fP~1). We have that eP~! =
0 = fP~!, and hence we can consider V as a module for A. By Corollary 5.1.7 we

have that A is semisimple, and hence h acts completely reducibly. We can then
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use Lemma 2.1.31 to deduce that b is G-completely reducible.

Hence all that is left to do in this case is to show that )} is maximal with
respect to this property. We mirror the techniques used to prove maximality

for Theorem 5.0.1.

First, let g = gl,(k) or sl,(k). Suppose that X is a G-stable closed subvariety
of N such that X & NP7, We saw in §5.1.3 that there must exist some
e € X with Jordan type (p, 1" P). Thus by Proposition 4.3.1 there exists some

non-G-completely reducible sly-subalgebra b = (e, h, f) with e, f € V.

Now let g = sp, (k). Again, suppose that X is a G-stable closed subvariety of
N such that X € NP1 In §5.2 we saw that there must exist some e € X
with Jordan type either (p +1,1,...,1) or (p,p,1,...,1). In the first case we
use Proposition 4.3.2 to show that there exists some non-G-completely reducible
sly-subalgebra b = (e, h, f) with e, f € X. We can similarly use Proposition 4.3.1

in the second case.

5.3.2 Orthogonal groups

Let g = s0,(k), so that V = 'N?. We first note that it is shown in the proof
of Proposition 5.2.5, see (5.2.7), that any sly-subalgebra b = (e, h, f) of g with
e, f € NP acts completely reducibly on the natural module for g. Hence, by

Lemma 2.1.31, b is G-completely reducible.

All that is left is to prove that NP is maximal with respect to this property.
Suppose that X is a G-stable closed subvariety of A/ such that X € *N/?. Then we
demonstrate at the end of §5.2.2 that there must exist some e € X with Jordan type

either (p+2,1,...,1) or (p,p,1,...,1). We can then use either Proposition 4.3.2
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or Proposition 4.3.1 respectively to show that there exists some non-G-completely

reducible sly-subalgebra h = (e, h, f) with e, f € X.

This concludes the proof of Theorem 5.0.2, and therefore the proof of Theorem 3
for G any of GL,(k), SL,(k), Sp,,(k), O, (k) or SO, (k).
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CHAPTER 6

slo-TRIPLES FOR THE EXCEPTIONAL
ALGEBRAIC GROUPS

Let k be an algebraically closed field of prime characteristic p > 0, and G a simple
algebraic group of type Go, Fy, Fg, Er7, or Eg, such that p is good for G. Recall that
under this restriction we have p > 3 for G of type Go, Fy, Fs and F;, and p > 5
for G of type Es. Let g = Lie G and recall that A/ denotes the nilpotent cone of
g. As before we write s := sly(k). We adopt notation from [Stel6] to express the

nilpotent orbits of g.

In this chapter we prove Theorem 6.0.1, which is enough to prove Theorems 2
and 3 for G a group of exceptional type. In order to define the variety ¥V C N
in Theorem 6.0.1 we introduce some shorthand. We say that an element z € N/
satisfies the A,_;-property if = is not regular nilpotent in any [ = Lie(L) where

L C G is a Levi subgroup and L' = SL,(k) or PGL, (k).

Theorem 6.0.1. Let k be an algebraically closed field of prime characteristic

p > 0. Let G be a simple algebraic group of exceptional type and suppose that p is
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good for G. DefineV C N to be

P! =0, and
Vi={zeN
x satisfies the A,_i-property.

Then V satisfies that

(a) any b = (e, h, f) = sly(k) with e, f €V is G-completely reducible; and

(b) the map

{G-orbits of sly-triples (e, h, f) with e, f € V} — {G-orbits in V}

given by sending the G-orbit of an sly-triple (e, h, f) to the G-orbit of e is a

bijection.

Moreover, V is the unique mazimal G-stable closed subvariety of N that satisfies

each of these properties.

For G a simple algebraic group of exceptional type, we have checked that the set
of nilpotent orbits that satisfy the conditions of V given in Theorem 6.0.1 is equal
to set of nilpotent orbits contained in the variety given in Theorems 2 and 3. This
can be seen by comparing the lists of nilpotent orbits that satisfy the conditions
for each variety, and noting that the lists are the same. Hence Theorem 6.0.1 is
enough to prove Theorems 2 and 3 for the exceptional groups. We refer the reader
to §6.6 for a list of nilpotent orbits not contained in V for each simple algebraic

group of exceptional type and prime p which is good for G.

It is not immediately clear that V is closed. In order to show this we consider

the Hasse diagrams for the nilpotent orbits of g. We define a partial ordering on
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the nilpotent orbits of g. For X, Y nilpotent orbits of g we write X <Y if X is
contained in the closure of Y. We then construct the Hasse diagram of this partial
ordering. The Hasse diagrams for the unipotent classes of each of the exceptional
groups are given in [Car93, §13.4]. We note that these are identical to the Hasse

diagrams of the nilpotent classes by the use of Springer isomorphisms, as discussed

in §2.4.2.

The Hasse diagram for F} is given as an example below. In addition, we take p =5

and show the orbits contained in V in black, and those not contained in V in red.

Aq
|
0

Hasse diagram of nilpotent orbits in Fj
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It is clear from the Hasse diagram that V is a closed subvariety of N for p = 5
and G of type F}. By considering the Hasse diagram for each group of exceptional

type, we can similarly determine that V is closed for each good prime for G.

We now explain the structure of the proof of Theorem 6.0.1. In §6.1 we show that
if V satisfies the properties given in Theorem 6.0.1 then it is maximal with respect
to these properties. We then show that V satisfies the sly-property and that any
h = (e, h, f) = sly(k) with e, f € V is G-completely reducible. To show this we
proceed by induction on the semisimple rank of the group. In contrast to the
approach taken for the classical cases in Chapter 5, we start by proving that )V as
defined in Theorem 6.0.1 satisfies that any b = (e, h, f) = sly(k) such that e, f € V
is G-completely reducible for each of the groups of exceptional type. This is then
used to show that V satisfies the sly-property in §6.5. Note that if h(G) is the
Coxeter number of G then if p > h(G) all sly-triples are necessarily G-completely

reducible by [ST18, Theorem 1.3]. Hence we can assume that p < h(G).

6.1 Showing that V is maximal

Let ¥V C N be the nilpotent variety as defined in Theorem 6.0.1 and suppose that
V satisfies properties (a) and (b). We now show that V is maximal with respect

to these properties.

We first suppose that V satisfies property (a) of Theorem 6.0.1.

Lemma 6.1.1. Suppose that any h = (e, h, f) = sly(k) with e,f € V is

G-completely reducible. Then V is maximal with respect to this property.

Proof. Let X be a G-stable closed subvariety of A such that X € V. Then
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there must exist some x € X such that either 2Pl # 0 or = does not satisfy
the A,_j-property. We show that in either of these cases there exists some

non-G-completely reducible sly(k)-subalgebra h = (e, h, f) with e, f € X.

First suppose that 2P # 0, then it follows immediately from Proposition 4.3.2

that any h = (e, h, f) is not G-completely reducible.

Now suppose that x does not satisfy the A,_;-property, that is x is regular nilpotent
in some [ = Lie(L) where L C G is a Levi subgroup and L’ = SL, (k) or PGL, (k).
Then by Proposition 4.3.1, there must exist some non-G-completely reducible

sly-subalgebra h = (e, h, f) with e, f € X.

Hence V is maximal with respect the condition that any h = (e, h, f) = sly(k)

with e, f € V is G-completely reducible. n

We now suppose that V satisfies property (b) of Theorem 6.0.1.

Lemma 6.1.2. Suppose that V satisfies the sly-property, then it is mazximal with

respect to satisfying the sly-property.

Proof. Suppose that X is a G-stable closed subvariety of N such that X € V.
Then there must exist some x € X such that either P! # 0 or 2 does not satisfy

the A,_;-property.

First suppose that zlP! # 0, then by Proposition 4.1.6 we have that ¥ does not

satisfy the sly-property.

Now suppose that « does not satisfy the A,_;-property, that is x is regular nilpotent
in some [ = Lie(L) where L C G is a Levi subgroup and L’ = SL, (k) or PGL, (k).

Then by Proposition 4.2.1 we have that X does not satisfy the sly-property. O]
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6.2 (General strategy to prove Theorem 6.0.1

We prove Theorem 6.0.1 for each of the simple algebraic groups of exceptional
type using an induction on the semisimple rank of the Levi subgroups, we follow
the same approach for each group of exceptional type, so we first give a summary

and justification of the techniques used.

6.2.1 Reducing to a Levi factor

Suppose that we have some sly(k)-subalgebra, h = (e, h, f) C g = Lie(G) with
e, f € V. Take P to be a parabolic subgroup of GG such that p = Lie(P) is a minimal
parabolic subalgebra of g subject to containing h. Note that we can assume that

P # G, else b is G-irreducible, and hence G-completely reducible.

Consider the Jordan decomposition of h = hg+ h,, € p, where h; is semisimple, h,,
is nilpotent and hg, h,, commute. We choose T' to be a maximal torus of P such
that hy € t = Lie(T'), and choose [ to be a Levi factor of p that contains t. We take
b= <é, h, T> C [ to be the image of h under the projection p = [ & u — [ where
we write u = Lie(U) for the unipotent radical U of P. We have that h cannot be
contained in a parabolic p’ of [, as p’ G u C p is a parabolic of g which contradicts

the minimality of p. Hence b is irreducible in [.

Note that € is in the closure of G - e, and hence as ) is closed we have that
€ € V. Consider V(I) € N(I), defined to be the nilpotent subvariety containing
all z € N(I) such that zP! = 0, and x is not regular nilpotent in any /; = Lie(L;)
where L; C L is a Levi subgroup of L and L} = SL,(k) or PGL,(k). We claim

that @ € V(I). It follows immediately from & € V that el = 0. Suppose that e

114



is regular nilpotent in some [; with L; C L is a Levi subgroup and L} = SL,(k)
or PGL,(k). Then L; C G a Levi subgroup of G, and hence this contradicts that

e € V. The same argument holds for f, and hence we conclude that e, f € V().

Recall the standard sl,-triples as discussed in §4.1. Then we claim that (g, h, f) € [
is the standard slyo-triple in [ with @ € [ distinguished; we have that b is
L-completely reducible, and hence it follows that b is G-completely reducible by

Lemma 2.1.32.

We prove this inductively on the semisimple rank of L, that is, the rank of L'.
Consider L' = [L, L], and suppose that the rank of L’ is equal to n. If I' = Lie(L’)
is simple, then we use either Theorem 5.0.1 for the groups of classical type, or
Theorem 6.0.1 for the lower rank groups of exceptional type to see that (e, h, f) is

uniquely determined, and hence is the standard sly-triple for e.

Otherwise, if [ is not simple, then we consider the simple components of I,
each of rank strictly less than n. We embed (€, h, f) into each of the simple
components and note that by the inductive hypothesis the sly-triple contained in

each component is uniquely defined up to conjugacy. Hence (e, h, f) is uniquely

determined, and is the standard sl,-triple for € in [.

We claim that € € [ is distinguished, so suppose for contradiction that € is not
distinguished in [. Then € is contained in a proper Levi subalgebra [; of [ in which
e is distinguished. Construct a standard sls-triple in [y, which we denote (€, hq, f1).
Recall that the standard sly-triples are uniquely determined up to the choice of
maximal torus, and so (€, hy, f1) is conjugate to (e, h, f) and we can assume that

(e, h, f) € li. Therefore h C p; = [; ®u C p, where p; is a parabolic of g. This

contradicts the minimality of p, and hence € € [ is distinguished.
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Up to conjugacy we can determine (e, h, f). Take the Jordan decomposition of A,
written h = hy + h,. We have that h is semisimple, and hence h,, = 0. We also

have h, = hg because h, € t C [, and so we deduce that h = h,.

Recall that as (e, h, f) is a standard sl-triple, h is defined to be d\(1) for some
associated cocharacter \ : k* — T. We can lift & to this associated cocharacter
A, and so the h-module structure on u lifts to a compatible (A(k*),h)-module. By

this we mean that for x € u we have that if A(t) - & = t™x then [h, 2] = mx. Note

that this is a powerful condition, as we have u = @,z u(j; A).

6.2.2 Cohomology condition

We continue notation as in §6.2.1. That is, we take h = (e, h, f) to be an
sly-subalgebra of g with e, f € V. We choose P to be a parabolic subgroup of
G such that p = Lie(P) is a minimal subalgebra of g subject to containing h. We
choose T' to be a maximal torus of P such that h, € t = Lie(T'), and take [ to be a
Levi factor of p that contains t. Take b to be the image of h under the projection
p =[P u — p, where u is the nilradical of p. We state the following lemmas which

give necessary conditions for h to be G-completely reducible.

Lemma 6.2.1. [ST18, Statement (4), pg. 13] Suppose b is non-G-completely

reducible. There exists an b composition factor of u isomorphic to L(p — 2).

Lemma 6.2.2. Suppose § is non-G-completely reducible. Let T be the mazximal
torus of P chosen so that h € Lie(T). Then there exists some set of positive roots
aq,...,0q of G with respect to T such that the submodule generated by e, has
head isomorphic to L(p — 2), the A-eigenvalues of «; are equal to 2 — k;p for some

ki € Z, and €' = s1eq, + -+ - + S1eq, for some sq,...,5 € F,.
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Proof. Suppose that we have some non-G-completely reducible sl,-subalgebra, h =
{e,h, f) C g = Lie(G). By Lemma 6.2.1 there exists an h composition factor of u

isomorphic to L(p — 2), the irreducible sls-module of highest weight p — 2.

For each positive root v of G the value of (a, A} € Z, the A-eigenvalue of a, can
be deduced from the cocharacters given in [LT11]. The reduction of this modulo
p corresponds to the ad h-eigenvalue of e,. Note that there exists a weight of a

composition factor isomorphic to L(p — 2) that is equal to 2 — p.

It follows from the proof of Statement (4) of Stewart—Thomas in [ST18] that € is
formed from sums of e,, such that «; is in the (2 — kp) A-eigenspace in L(p — 2) as
(e+e,h+h, f+ f)is non-G-completely reducible. Thus €’ = sie,, + -+ + Si€q,

as stated. O

It follows from Lemma 6.2.2 and the analogous result for f’ that any

non-G-completely reducible sl,-triple is of the form (e + ¢, h, f + f') where:
e ¢ = Y sjeq, for some a; in the (2 — kp) A-eigenspace in some L(p — 2)
composition factor of u for some k € Z, and s; € F;
o "' = X q;fs for some j3; in the (kp — 2) A-eigenspace in some L(p — 2)
composition factor of u for some k € Z-, and ¢; € F),.
We note that the 0 A-eigenspace in any L(p — 2) composition factor of u is 0, so
h =0.

We proceed by showing that there does not exist any such €', f* # 0 so that

e+e, f+ f €V and b is non-G-completely reducible.
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6.2.3 Summary of techniques used

To now complete the proof of part (a) of Theorem 6.0.1 we show that there do not
exist any non-G-completely reducible sly-subalgebras h = (e, h, f) with e, f € V,
where )V is the nilpotent variety as defined in Theorem 6.0.1. We describe the
method taken for each group of exceptional type below, but we recommend the

reader simultaneously consult §6.3 for an example done by hand for G of type Gb.

As described in §6.2 we can find some minimal parabolic p containing h. We
consider each parabolic p of g up to conjugacy, and show that in each case if
h = (e,h, f) with e, f € V is such that p is the minimal parabolic subject to
containing h then h much be G-completely reducible. As above, we take T' to be

the torus chosen so that h € Lie(T).

We consider each € which is distinguished in [ in turn. We then let e be some sum
e =€+ S51€q, + -+ Si€q,, for roots ay,..., 04 and sq,...,s; € F), where e,, has
A-eigenvalue equal to 2 — k;p for some k; € Z. Finally, using one of the following

four tools, we show that h = <e,ﬁ, f> is G-completely reducible or e ¢ V.

Tool number 1: Take the cocharacter A\ for € as in [LT11]. For each positive
root a of G with respect to T in the nilradical of p, use MAGMA to calculate the
A-eigenvalue of e,. If there are no a with A-eigenvalue (2 — kp) for some k£ > 1
then we may immediately deduce that e =€, and b is G-completely reducible by

Lemma 6.2.2.

Tool number 2: Suppose there exist some positive roots «q,...,a; with
A-eigenvalue equal to (2 — k;p) for some s; € k; > 1. Consider the nilpotent

elements e := € 4 € where €/ = s1e,, + -+ + 5164, for some [F,. In these cases
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we calculate the nilpotent orbit of e. If e is not contained in V), then we have a

contradiction and can rule out this case.

In order to calculate the nilpotent orbit of e we compute basic properties of e using

MAGMA and then apply the following lemma.

Lemma 6.2.3. The nilpotent orbit of e can be uniquely determined by the following
three properties: the dimension of the centraliser of e; the dimension of the centre
of the centraliser of e; and the dimensions of terms in the derived series of the

nilradical of the centraliser.

There are a finite number of nilpotent orbits in each of the Lie algebras of the
simple algebraic groups of type G, Fy, Eg, E7 and Eg, and hence we can calculate
this list of properties for each orbit and determine that this list of invariants is

enough to classify each orbit.

We remark that [KST22, Theorem 1.2] yields a similar classification of nilpotent
classes of the exceptional algebraic groups. Under our restrictions on p, this result
tells us that we can determine the nilpotent orbit of e using information on Jordan

block sizes.

If e is contained in V' then there is more to consider. At this point we analyse
the module structure of the nilradical to determine for each «; if there is a factor
isomorphic to L(p — 2) containing «;. This analysis is done on a case-by-case
basis for each relevant parabolic. If there is no such factor then we deduce by
Lemma 6.2.1 that b is G-completely reducible. We approach this in one of the

following two ways.

Tool number 3: For each «;, determine the u-composition factor containing e,,.
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If this is not L(p — 2) for each i, then we conclude by Lemma 6.2.1 that b is

G-completely reducible.

Tool number 4: In the case where € and e are in the same nilpotent orbit we
show that there exists an element of G that conjugates € to e, but commutes
with 4 and f. Recall from §6.2.1 that b is G-completely reducible, and hence b is

G-completely reducible.

In order to give such an element of GG, we give a certain root a of GG, and take
To(t) == exp(tade,). It follows from [Car89, §4.4] that z,(t) is an element of G,
and we then use the formulas given in [Car89, §4.4] to show that x,(1) conjugates

(e, h, f) to (e+ €, h, f).
We give the following lemma to reduce the amount of work needed in each case.

Lemma 6.2.4. Let € € N be a distinguished nilpotent element in [, where [ =
Lie(L) for some Levi subgroup of G. Take (€, h, f) to be a standard sly-triple,
where h is defined to be AX\(1) for some associated cocharacter \ : k* — T. Let o

be a positive simple root of g, and consider z,(1). Then

(a) if {a,\) =0, then x,(1) - h = h; and

(b) if f is the sum of negative root vectors in I, and e, & I, then x,(1) - f = f.

Proof. First suppose that (o, \) = 0, then by the formulas given in [Car89, §4.4]

we have

2o(1)-h=h— [eq, h] = h.

Next suppose that f is the sum of negative root vectors in [ C g. It is clear that

no roots can be obtained by adding « ¢ [ to a negative root in [, and hence z,(1)
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commutes with f. O]

We now explain why these four tools are enough to prove that for all (e, h, f)
with e, f € V we have that h = (e, h, f) is G-completely reducible. Suppose for a
contradiction that there exist (e, h, f) with e, f € V so that h = (e, h, f) = sly(k)
is non-G-completely reducible. Recall that € is distinguished in some proper Levi
of g. In §6.2.2 we explain that (e, h, f) can be written as (e + ¢/, h, f + f') where

(e, h, f) is a standard sl,-triple for €, and

e ¢ =3 sjeq, for some ; in the (2 — kp) A-eigenspace, e,, in some L(p — 2)

composition factor of u, and s; € F,; and

o f''=2>q;fp, for some 3; in the (kp — 2) A-eigenspace, fs, in some L(p — 2)

composition factor of u, and ¢; € IF),.

Hence we consider all such elements € 4+ ¢ and show using tools number 1-4 that

one of the following holds:

(a) no « exist so that « is in the (2 — kp) A-eigenspace in some L(p — 2)

composition factor of u;
(b) e+¢e ¢V;or

(c) there exists some g € G such that g-e =€+ ¢/, and g commutes with both

h and f.

To conclude we note that in case (a) we have e 4 ¢ = €; case (b) cannot occur as
we have assumed that e+ ¢’ € V; and in case (¢) we have that (e, h, f) is conjugate

o (e h, f+ f") where " is equal to g=! - f’.
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Recall that (f+ f”, —h,€) is also an sl,-triple, for which we can use the same tools

to conclude that f + f” is either f or conjugate to f without changing h or e.

Hence we conclude that h = (e, h, f) = sly(k) is G-completely reducible when
e,feV.

6.3 Worked example for G of type G,

Let G be of type Gy. Recall that h(G2) = 6 and so we are left to consider p = 5.

Observe from Table 6.3 that V contains the classes Ga(ay), Ay, A

There are 4 distinct non-conjugate parabolic subalgebras of g, however we may
immediately rule out G itself, and the Borel. Thus we are left with two cases to
consider: p; the parabolic subalgebra with distinguished element ey, and py the

parabolic subalgebra with distinguished element e;.

First suppose that h = (e, h, f) with e, f € V is such that p; is the minimal

parabolic containing . Here we take € = ey.

We calculate the M-eigenvalue of e, for each positive root o of G with respect to
T in the nilradical of p;. It follows from [LT11, pg 73] that the A-eigenvalue of

€ajay, € W is given by 2a; — 3ay. We output these eigenvalues in Table 6.1.

(a0 L) 21 31 (G.2)]
’)\—eigenvalue‘ -3 —1 1 3 0 ‘

Table 6.1: A-eigenvalues of e,,,, € u for p;

We see that eg; is the only e, € u with A-eigenvalue of the form 2 — kp for some

keZ.

Tool number 2: We calculate the nilpotent orbit of e = eg; + e19. It is clear that
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e is regular in Go, and hence e ¢ V. Thus we deduce that all h = (e, h, f) with

e, f €V and € = ey are G-completely reducible.

Now suppose that h = (e, h, f) with e, f € V is such that ps is the minimal

parabolic subject to containing . Here we take € = ey;.

It follows from [LT11, pg 72] that the A-eigenvalue of e,,,, € u is given by a; — 2as.

We output these eigenvalues in Table 6.2.

T @ww) [0 L) 2D 31 (2]
’)\—eigenvalue‘ 1 -1 0 1 -1 ‘

Table 6.2: \-eigenvalues of e,,,, € u for py

Tool number 1: There are no positive roots a with A-eigenvalue equal to 2 — kp

for any k € Z. Hence we deduce that h = (e, h, f) is G-completely reducible.

Thus we deduce that Theorem 6.0.1(a) holds for G of type Ga.

6.4 Case-by-case analysis

For the remaining algebraic groups of exceptional type computations are
completed using MAGMA. Throughout this section we continue using the notation
established in §6.2. In each case, we follow the steps detailed in §6.2.3, applying
tools number 1 and 2 immediately, and providing a more detailed analysis when

we use tool numbers 3 and 4.

6.4.1 G of type F;

Let G be of type Fjy, and note that h(F;) = 12 and so we consider p € {5,7,11}.

We refer the reader to Table 6.5 for a list of classes not contained in V for each p.
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For p = 11 tools number 1 and 2 given in §6.2.3 are sufficient to deduce that all

h = (e, h, f) with e, f € V are G-completely reducible.

Let p = 7, following the use of tools number 1 and 2 from §6.2.3 we are left to

consider only the parabolic containing distinguished element € = eg100+€0010+€0001 -

The nilpotent element € = eg100 + €0010 + €001 represents the Cy orbit in Fy. For
any root o we have (a, A) is given by —9a; + 2as + 2a3 + 2a4 by [LT11, pg. 78].
Hence 5 = 1110 satisfies (5, \) = —5.

We now use tool number 3. By further examination of the roots we see that 1000
has eigenvalue —9 with respect to A, and this is the lowest possible A-eigenvalue.
In characteristic 7 we see that there is no simple module of highest weight 9. We
see that [ is the only simple root with A-eigenvalue equal to —5, so we have that
eg is in a u composition factor that is isomorphic to L(2). Hence there is no
composition factor isomorphic to L(5) and hence there is no non-G-completely

reducible sl,-triple with nilpotent element e = € + sej119 for any s € I,
We conclude that all h = (e, h, f) with e, f € V are G-completely reducible.

Finally, let p = 5, then tools number 1 and 2 given in §6.2.3 are sufficient to deduce

that all h = (e, h, f) with e, f € V are G-completely reducible in all but two cases.

(a) Let @ = e1000 + €0010 + €o001 be the representative of the Ay + A; orbit in
Fy. Then for any root a we have («, \) is given by 2a; — 5as + 2a3 + 2a4 by
[LT11, pg. 76]. We see that 51 = 1100 and By = 0110 are the only roots in

u that satisfy (3;, \) = —3, and so we consider the sums

2
e=¢-+ Zszﬂi where s; € F,.

i=1
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Using calculations in MAGMA and Lemma 6.2.3 we see that the only such
sums that are contained in V are of the form €+ sej199 — S€p110, €ach of which

is contained in the Ay + A; orbit.

We proceed with tool number 4. Let ey = eg109 and set z5(t) = exp(tadey).

It follows from the formulas in [Car89, §4.4] that

[L’Q(S) -e=¢€¢+ S€1100 — S€0110-

By Lemma 6.2.4 we have that x5(s) centralises h and f.

Thus we have completed the steps required for tool number 4, and see that

(e, h, f) and (€ + se1100 — Seo110, I, f) are conjugate sly-triples, and hence

b = (e + seri00 — seo110, b, f) is G-completely reducible.

Take the nilpotent element € = ey100 + €goo1 + €0120 to be the representative
of the C5(ay) orbit. Then for any root o we have (a, A) is given by —5a; +
2as + 2a4 by [LT11, pg. 77]. We note that

B1 = 1100, B = 1110, B3 = 1120
satisfy (8;, \) = —3. Hence we consider the sums

3
e=¢—+ Zszﬂi where s; € F,.

=1

Using calculations in MAGMA and Lemma 6.2.3 we observe that the only
such sums that are contained in V are of the form €+ seq199 + se1129, each of

these is contained in the C3(a;) orbit.

We proceed with tool number 4. Let e; = ej00 and set z1(t) = exp(tadey).
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It follows from the formulas in [Car89, §4.4] that

£L‘1(S) € =€+ sej1g0 + Se1120-

By Lemma 6.2.4 we have that z(s) centralises h and f.

Thus we have completed the steps required for tool number 4, and see that

(e, h, f) and (€ + seji00 + Se1120, b, f) are conjugate sly-triples, and hence

h= <é + se1100 + S€1120, P, f> is G-completely reducible.

6.4.2 (G of type Ej

Let G be of type Eg. Recall that h(Es) = 12 and so we are left to consider
p € {5,7,11}. We refer the reader to Table 6.5 for a list of classes not contained

in V for each p.

For p € {5,11}, tools number 1 and 2 given in §6.2.3 are sufficient to deduce that

all h = (e, h, f) with e, f € V are G-completely reducible.

Hence we consider p = 7, for which there are 4 remaining cases to consider in more

detail following the application of tools number 1 and 2.

(a) First take & = e10000 + €01000 + €00100 + €00010 + €00001 to represent the As orbit.
0 0 0 0 0

Then (o, A) is given by 2a; — 9ay + 2a3 + 2a4 + 2a5 + 2ag.

Observe that f; = %109 and gy = 9HY have A-eigenvalue —5. Consider
the sums e = € + s1ep, + S2€3,, for s1,s9 € F,. Then using calculations in
MAGMA and Lemma 6.2.3 we observe that e € V if and only if sy = —sq,

and each element of this form is contained in the As orbit.
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We proceed with tool number 4 and consider es = epo100 and set xg(t) =
1

exp(tadeg). It follows from the formulas in [Car89, §4.4] that
rg(s) - € =€+ seg, — seg,.

By Lemma 6.2.4 we have that xg(s) centralises h and f.

Hence we deduce that zg(s) conjugates (e, h, f) to (€ + ses, — ses,, h, f) and

h= <é + seg, — seg,, h, ?> is G-completely reducible.
Now let € = 610800 + 600(1)00 + 600(1)00 + 600810 + 600801 represent an Ay + A; orbit.
Then we have («, ) is given by 2a; + 2ay — 7as + 2a4 + 2a5 + 2ag.

Observe that f; = 1% and By = 1% have A-eigenvalue —5. Consider
e = €+ Si1ep, + s2ep,, for 51,59 € F,. Then using calculations in MAGMA
and Lemma 6.2.3 we observe that e € V if and only if s = —s1, in which

case e is contained in the A4 + A; orbit.

We proceed with tool number 4 and consider e3 = epigoo and set x3(t) =
0

exp(tades). It follows from the formulas in [Car89, §4.4] that
x3(s) - € =€+ seg, — seg,.

By Lemma 6.2.4 we have that x3(s) centralises h and f.

We deduce that z3(s) conjugates (e, h, f) to (e+ seg, — seg,, h, f) and hence
h= <E + sep, — seg,, h, f> is G-completely reducible.

Now let 610800 + 600(1)00 + 601800 + 600(1)00 + 600801 represent an Ay + A; orbit.
Then we have (o, \) is given by 2a; + 2ay + 2a3 + 2a4 — Tas + 2as.

Observe that f; = %19 and By = %91 have A-eigenvalue —5. Consider
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e = €+ siep, + Sq€3,, for s1,s9 € F. Then e € V if and only if s, = —sy,

and these are each contained in the A, + A; orbit.

We proceed with tool number 4 and consider e; = eoop10 and set x5(t) =
0

exp(tades). It follows from the formulas in [Car89, §4.4] that

x5(8) - € =€+ seg, — seg,.

By Lemma 6.2.4 we have that x5(s) centralises h and f.

We deduce that z5(s) conjugates (€, h, f) to (e+ ses, — seg,, h, f) and hence
h= <é + seg, — seg,, h, ?> is G-completely reducible.

Finally let €10000 + €00000 + €01900 + €00010 + €00100 + €00110 be a representative of
the Ds(ay) orbit. Then we have (a, A) is given by 2a; 4 2as + 2a3 + 2a5 — Tag.

Observe that §; = %911 and By = %! have A-eigenvalue —5. Consider
e = €+ Si1ep, + s2ep,, for s1,s9 € F,. Then using calculations in MAGMA
and Lemma 6.2.3 we observe that e € V if and only if sy = s1, in which case

e is contained in the Ds(ay) orbit.

We proceed with tool number 4 and consider eg = egpoo1 and set xg(t) =
0

exp(tadeg). It follows from the formulas in [Car89, §4.4] that

x6(s) - € =€+ seg, + sep,.

By Lemma 6.2.4 we have that x4(s) centralises h and f.

We deduce that zg¢(s) conjugates (e, h, f) to (€+ seg, + seg,, h, f) and hence

h= <E + sep, + seg,, h, T> is G-completely reducible.
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6.4.3 G of type E;

Let G be of type E7. Recall that h(E7;) = 18 and so we are left to consider
p € {5,7,11,13,17}. We refer the reader to Table 6.6 for a list of classes not in V

for each p.

Let p € {11,17}, then tools number 1 and 2 given in §6.2.3 are sufficient to deduce

that all h = (e, h, f) with e, f € V are G-completely reducible.

Let p = 13, then tools number 1 and 2 given in §6.2.3 leave one remaining case for

further analysis.

Take € = 600(1)000 + 6018000 + 600(1)000 + 6008100 + 6008010 + 6008001 to be the representative

of the Dg orbit. We have (a, A) is given by —15a1 +2as+2a3+2a4+2a5+2a¢+ 2ar.

Observe that = 11090 hag A-eigenvalue —11. We use tool number 3, and consider
the module structure of the nilradical to see that 9% has A-eigenvalue equal
to —15, and [ is the only root with A-eigenvalue equal to —11. Therefore eg is
contained in a u composition factor that is isomorphic to L(2). Hence there is no
composition factor of u that is isomorphic to L(13), and so by Lemma 6.2.1 we

have b is G-completely reducible.

Let p = 7. Following the application tools number 1 and 2 given in §6.2.3 we are

left to consider the following nine cases.

(a) Takee = 6108000+600(1)000+600(1)000+6008100+6008010+6008001 which represents the
As+ A; orbit. We have («, A) is given by 2a1 +2as—9a3+2a4+2a5+2a¢+2az,

= 111000 yields an eigenvalue of —5.

and hence
We use tool number 2 and are left to consider e = € + seg for s € F,,. Using
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calculations in MAGMA and Lemma 6.2.3 we observe that e is in the A5+ A;

orbit for each s € F,,.

We proceed using tool number 4 and consider eg = €119000 and set xg(t) =

exp(tadeg). It follows from the formulas in [Car89, §4.4] that
r3(s) - € =€+ seg.

By Lemma 6.2.4, zg(s) centralises both h and f.

Thus we have completed the steps required for tool number 4, and see
that (e,h, f) and (e + seg, h, f) are conjugate slo-triples, and hence h =

(€ + seg, h, ) is G-completely reducible.

Let e = 600(1)000 + 6018000 + 600(1)000 + 6008100 + 6008010 + 6008001, represent the Dg
orbit, then (o, \) is given by —15a; + 2as + 2a3 + 2a4 + 2a5 + 2a¢ + 2a7. We
see that

By = 12100 g, — 111110 g, 111111

have \-eigenvalue equal to —5.

We use tool number 2 and are left to consider e = e+reg, +seg, — (1 + s)es,
which is in the Dg orbit for any r, s € F,. We use tool number 4 to show that
h = <e,ﬁ, 7> is G-completely reducible. Let eyq = €111100 and ey = €110
and set x;(t) = exp(tade;). Then by the formulas in [Car89, §4.4] we have
that

Xo6(1) - (z27(r + 5) - €) =€+ reg, + seg, — (r + 5)eg,.

By Lemma 6.2.4 we have that x96(s) and xo7(r + s) commute with h and f
and hence we have that (e, h, f) is conjugate to (e, h, f) and thus h = <e, h, f>

is G-completely reducible.

130



(c)

Let e = 6108000 + 600(1)000 + 6018000 + 600(1)000 + 6008100 + 6008001 be a representative
of the D5 + Ay orbit. Then («a, ) is given by 2a; + 2ay + 2a3 + 2a4 + 2a5 —

11lag + 2a7. We see that

By = 00110 g, — 01110 g, — 001111

have A-eigenvalue equal to —5.

We use tool number 2 and are left to consider e = €+ seg, + seg, +reg, which
is in the D5+ A; orbit for r, s € F. Then we use tool number 4 to show that
b = (e, h, f) is G-completely reducible. Let €5 = €00t110 and ejg = coogi1
and set xz;(t) = exp(tade;). Then by the formulas in [Car89, §4.4] we have
that

z18(s) - (z19(r — s) - €) = €+ seg, + seg, + reg,.

By Lemma 6.2.4 we have that z15(s) and x19(r — s) commute with h and f
and hence we have that (e, h, f) is conjugate to (e, h, f) and thus b = <e, h, 7>

is G-completely reducible.

Lete = 6108000 + 6005000 + 6008100 + 6008010 + 600(0)001 represent the A, + A; orbit.

Then (a, A) is given by 2a; — 4ay — Sag + 2a4 + 2a5 + 2a¢ + 2a7. We see that

By = 010000 g, — 111000 g, — 011100

all have A-eigenvalue equal to —5.

We use tool number 2, and are left to consider e = € + seg, — seg, which is
in the A, + A, orbit for s € F,. Then we use tool number 4 to show that

h = <e,ﬁ, ?> is G-completely reducible. Let e;5 = €011000 and set z15(t) =
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exp(tadeys). Then by the formulas in [Car89, §4.4] we have that
215(s) - € =€+ sep, — seg,.

By Lemma 6.2.4 we have that z5(s) centralises h and f and hence we have
that (e, h, f) is conjugate to (e, h, f) and thus b = <e,ﬁ, ?> is G-completely

reducible.

Let € = 6108000 + 6018000 + 600(1)000 + 6008100 + 6008001 represent an A4+ A; orbit.

Then (a, A) is given by 2a; — 6ag + 2a3 + 2a4 + 2as5 — 5ag + 2a7. We see that

By = 000010 - 3, _ 011110 3. — 001111

have A-eigenvalue equal to —5.

Following the application of tool number 2, we are left to consider e =
€ + seg, — seg, which is in the Ay + A; orbit for s € F,. Then we use
tool number 4 to show that h = <e,ﬁ, T> is G-completely reducible. Let
€21 = €001110 and set xo;(t) = exp(tadeg;). Then by the formulas in [Car89,
§4.4] we have that

T21(s) - € =€+ seg, — seg,.

By Lemma 6.2.4 we have that z;(s) centralises h and f and hence we have
that (e, h, f) is conjugate to (e, h, f) and thus h = <e,ﬁ, ?> is G-completely

reducible.

Let e = €010000 + €001000 + €000100 + €000010 + €000001 represent the (A;)" orbit.
Then (a, A) is given by —5ay — 8as + 2a3 + 2a4 + 2a5 + 2ag + 2a;. There are

four positive simple roots with A-eigenvalue equal to —5. Following the use
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of tool number 2, we consider

By = 112100 3, — 111110,

We have that e = € + seg, — seg, is in the (As)" orbit for s € F,. Then
we use tool number 4 to show that (e, h, f) is G-completely reducible. Let
€26 = €111100 and set z96(t) = exp(tad egs). Then by the formulas in [Car89,
§4.4] we have that

To6(s) - € =€+ sep, — seg,.

By Lemma 6.2.4 we have that zs6(s) centralises h and f and hence we have
that (€, h, f) is conjugate to (e, h, f) and thus b = (e, k, f) is G-completely

reducible.

Lete = €000000 + 6018000 + 600(1]000 + 6008100 + 6008001 represent the Dy + A, orbit.
Then (a, A) is given by —6a; + 2as + 2a3 + 2a4 + 2a5 — Tag + 2a;. There are

four positive simple roots with A-eigenvalue equal to —5, these are given by

By = 000110 g, — 000011 g, — 111110 g, — 111111

Following the application of tool number 2, we are left to consider e =
€+ seg, — seg, +rep, —reg, which is in the Dy + A; orbit for r, s € IF,. Then
we use tool number 4 to show that h = <e,E, ?> is G-completely reducible.
Let e = €000010 and eg; = €110 set x;(t) = exp(tade;). Then by the

formulas in [Car89, §4.4] we have that

x6(8) - (xor(r) - €) =€+ sep, — sep, + reg, —rea,.
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By Lemma 6.2.4 we have that z4(s) and z97(r) commute with i and f and
hence we have that (e, h, f) is conjugate to (e, h, f) and thus b = <e,ﬁ, f> is

G-completely reducible.

Take € = 6108000 + 600(1)000 + 6018000 + 6008100 + 600%000 + 600(1)100 to be the
representative of the Ds(aq) orbit. Then («, A) is given by 2a; + 2as + 2a3 +

2a5 — Tag, and there are four simple roots with a A-eigenvalue of —5, namely

By = 000110 g, — 001110 g, — 000111 g, — 001111,

Following the application of tool number 2, we consider e = € + seg, + seg, +
reg, + reg, which is in the Ds(aq) orbit for any r,s € F,. We show that

(e, h, f) is conjugate to (e, h, f).
Consider eg = €000010 and ej3 = €o0gort and set x;(t) = exp(tade;).

By the formulas in [Car89, §4.4] we have

x6(S) - (x13(r) - €) = €+ seg, + seg, + reg, + reg,.

By Lemma 6.2.4 we have that x4(s) and z3(r) commute with h and f.

Hence we have shown that in each case (e, h, f) is conjugate to the standard

slp-triple and hence § is G-completely reducible.

Take e = 600?000 + 6018000 + 6008001 + 600%000 — 601(1]000 + 600(1)100 + 6008110 to be
a representative of the orbit Dg(az). Then («, A\) is given by —9a; + 2as +
2a3 + 25 + 2a7, and there are three simple roots a with —5 eigenvalue, these

are

By = 111000 g, — 111100 g, — 111110
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Following the application of tool number 2, we consider elements of the form
e==e¢+ (s —r)es + ses, + reg, which are in the Dg(ay) orbit for r, s € F,,

and we use tool number 4 to see that (e, h, f) is conjugate to (e, h, f).
Consider eg = €110000 and ey = €111000 and set x;(t) = exp(tade;).

Then by the formulas in [Car89, §4.4] we have that
28(5) - (216(r) - ©) = £+ (5 — r)es, + s, + res,.

It follows from Lemma 6.2.4 that both xg(s) and z14(r) commute with h and
f. Thus we have completed the required steps for tool number 4 and see
that (e, h, f) is conjugate to (e, h, f) and hence h = <e,ﬁ, 7> is G-completely

reducible.

Finally let p = 5, then tools number 1 and 2 given in §6.2.3 are sufficient to deduce

that all h = (e, h, f) with e, f € V are G-completely reducible in all but two cases.

(a) Take e = €100000 + €010000 + €000100 + €000010 + €00go01 O Tepresent the Az + Ay
orbit. Then («, \) is given by 2a; + 2a3 — bay + 2a5 + 2ag + 2a7. There are

four simple roots a with —3 eigenvalue, these are

By = 011000 g, _ 001100 3. — 011100 g, — 001100,

Following the application of tool number 2, we consider the elements of the
form e = € + reg, — reg, + seg, — sep, which are in the A3 + A, orbit for

r,s € F,. We use tool number 4 to see that (e, h, f) is conjugate to (e, h, f).

Consider es = ego1000 and eg = epo1000 and set :L‘Z(t) = exp(t ad ei).
0 1
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Then by the formulas in [Car89, §4.4] we have that
x4(r) - (w9(s) - €) = €+ 1ep, —reg, + seg, — seg,.

It follows from Lemma 6.2.4 that both z,4(r) and xg¢(s) commute with & and
f. Thus we have completed the required steps for tool number 4 and see
that (e, h, f) is conjugate to (€, h, f) and hence h = <e,ﬁ, 7> is G-completely

reducible.

Take € = 600(1)000 + 6018000 + 6008100 + 6008001 + 600%000 + 600(1)100 to represent the
Dy(ay)+ Ay orbit. Then («, A) is given by —4ay + 2as + 2a3 + 2as5 — bag + 2a7.

There are six simple roots o with —3 eigenvalue, these are

_ 000110 — 000011 _ 001110
61 — 0 P 52 — 0 5 53 - 0 ;

By = 11110 g 111 g 112110,

Following the application of tool number 2 we consider the elements of the
form e = e+rep, —reg, +reg, +seg, —sep, —sep, which are in the Dy(aq)+ A4,

orbit for r, s € F,,, and we use tool number 4 to see that (e, i, f) is conjugate
to (e, h, f).
Consider eg = €000010 and ey; = €110 and set x;(t) = exp(tade;).

Then by the formulas in [Car89, §4.4] we have that
x6(r) - (xo7(s) -€) =€+ 1reg, —reg, +reg, + Sep, — seg, — S€z,.

It follows from Lemma 6.2.4 that both x4(r) and z97(s) commute with k and

f. Thus we have completed the required steps for tool number 4 and see
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that (e, h, f) is conjugate to (e, h, f) and hence h = <e,ﬁ, f> is G-completely

reducible.

6.4.4 G of type FEjy

Let G be of type Es. Recall that h(Eg) = 30 and so we are left to consider
p € {7,11,13,17,19,23,29}. Note we no longer have to consider p = 5, as 5 is
not a good prime for Fgs. We refer the reader to Table 6.7 for a list of classes not

contained in V for each p.

Let p = 29, then tools number 1 and 2 given in §6.2.3 are sufficient to deduce that

all h = (e, h, f) with e, f € V are G-completely reducible.

Next let p = 23. The application of tools number 1 and 2 given in §6.2.3 leave one

remaining case for further analysis, which we approach with tool number 3.

Takee = 61080000+€00(1]0000+€0180000+600(1)0000 +€0081000+60080100+€0080010 to represent
the E7 orbit. Then (o, \) is given by 2a; + 2as + 2a3 + 2a4 + 2a5 + 2a¢ + 2a7 — 27as.
Hence § = %91 has an A-eigenvalue of —21. Observe that %% has A-eigenvalue
equal to —27. We have that 3 is the only root with A-eigenvalue equal to —21 and
hence we determine that eg is contained in an L(4) composition factor of u and

€ + seg cannot be part of a non-G-completely reducible sl,-triple for any s € IF,,.

We next consider p = 19, then following the application of tools number 1 and 2

there are three remaining cases to look at.

(a) First takee = €0000000 +60180000+60060000 +60081000+€0080100 +€0080010 +€0080001
to represent the D7 orbit, then («, ) is given by —21ay + 2as + 2a3 + 2a4 +

2a5 + 2ag + 2a7 + 2as. Hence = 110000 hag A-eigenvalue equal to —17.

137



We use tool number 3 here, and observe that 1999000 has \-eigenvalue —21.
Given that [ is the only root with A-eigenvalue equal to —17, the composition

factor of u containing es is isomorphic to L(2).

Hence there is no composition factor isomorphic to L(17), and so by

Lemma 6.2.1 we have b is G-completely reducible.

Now let € = 61080000 + 60180000 + 60081000 + 60080100 + 60080010 + 600%0000 + 60150000
represent the F7(ap) orbit, then we have (o, A) is given by 2a; + 2ay + 2a3 +
2a5 4 2ag + 2a7 — 21ag. Then [ = 080111 ig the only root with A\-eigenvalue

—17.

We use tool number 3 and see that 9099001 hag eigenvalue —21, and so the

composition factor of u containing es is isomorphic to L(2).

Hence there is no composition factor isomorphic to L(17), and so by

Lemma 6.2.1 we have h is G-completely reducible.

Now take € = 61080000 + 600(1)0000 + 60180000 + 60050000 + 60081000 + 60080100 + 60080010
to be the representative of the D; orbit. Then (a, A) is given by 2a; 4 2ay +

2a3 + 2a4 + 2a5 + 2a¢ + 2a7 — 27ag.
We see that 51 = 11 and By = ML have A-eigenvalue —17.

Following the application of tool number 2, we are left to consider e =
€ + seg, + sep, for s € F,,, then e is in the Dy nilpotent orbit. Consider
€36 = Cool1111 and set x3s(t) = exp(tadess). Using [Car89, §4.4] we have
that

I36<S) - € =€+ seg, + seg,.

Using Lemma 6.2.4 we note that xqy(s) centralises h and f.

Thus we have completed the steps required for tool number 4, and see that
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(e, h, f) and (e, h, f) are conjugate sly-triples, and hence h = <e,ﬁ,?> is

G-completely reducible.

Let p = 17, then following the application of tools number 1 and 2, there are four

remaining cases to consider.

(a)

Take € = 61080000 + 60180000 + 60081000 + 60080100 + 60080010 + 600%0000 + 601(1)0000
to be a representative of the E;(a;) orbit, then («a, A) is given by 2a; + 2ay +

2&3 + 2@5 + 2(16 + 2&7 — 21&8.
We see that § = 90911 hag \-eigenvalue —15.

Following the application of tool number 2, we are left to consider e = e+ seg
which is in the E;(ay) orbit for all s € F,. Consider ess = epopo111 and set
0

Tao(t) = exp(tadey). By the formulas in [Car89, §4.4] we have that
Toa(s) - € =€+ seg.

By Lemma 6.2.4 we have that xy(s) centralises h and f.

Thus we have completed the steps required for tool number 4, and see that
(e,h, f) and (e, h, f) are conjugate sly-triples, and hence h = <e,ﬁ, f> is

G-completely reducible.

Next suppose € = 61080000 + €0000000 + 60180000 + €0010000 + 600(1)1000 + 60081100 +
€o000110, & representative of the E7(ay) orbit. In this case we find that (o, A)
is given by 2a, + 2as + 2a3 + 2as + 2a7; — 17ag. There are two roots with
A-eigenvalue equal to —15. Following the application of tool number 2 we
are left to consider § = %901 for which e = €+ seg is in the E7(az) nilpotent

orbit for all s € F,,. We consider eg = eoopooo1 and set zs(t) = exp(tadesg).
0
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Using the formulas in [Car89, §4.4] we have that
r3(s) - € =€ + ses.

Using Lemma 6.2.4 we observe that xg(s) centralises h and f.

Thus we have completed tool number 4, and see that (e, h, f) and (e, h, f)

are conjugate sly-triples, and hence f = <e,ﬁ, ?> is G-completely reducible.

Let € = 600(1)0000 + 60180000 + 600(1)0000 + 60081000 + 60080100 + 60080010 + 60080001,
a representative of the D7 orbit. In this case we find that («, A) is given by
—21ay + 2as + 2a3 + 2a4 + 2a5 + 2a¢ + 2a7 + 2as. Thus we see §; = 1110000

and [y = 11000 have A-eigenvalue equal to —15.

Then following the application of tool number 2 we are left to consider e =
e+ seg, — seg, which are in the Dy nilpotent orbit for all s € F,,. We consider

€16 = 1110000 and set x14(t) = exp(tadeq).

Using the formulas in [Car89, §4.4] we have that
216(s) - € = €+ sep, — seg,.

Using Lemma 6.2.4 we observe that x14(s) centralises h and f.

Thus we have completed tool number 4, and see that (€, h, f) and (e, h, f)

are conjugate sly-triples, and hence h = (e, h, f) is G-completely reducible.

Let e = 61080000 + 600(1)0000 + 60180000 + 600(1)0000 + 60081000 + 60080100 + 60080001, be
a representative of the Eg+ A; orbit. In this case we find that («, \) is given
by 2a; + 2as + 2a3 + 2a4 + 2a5 + 2a¢ — 17a7 + 2as. Thus we see §; = 0090110

and [y = Y9900 have \-eigenvalue equal to —15.
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Then following the application of tool number 2 we are left to consider e =
€ + seg, — sep, which is in the Es + A; nilpotent orbit for all s € F,. We

consider e; = €0000010 and set x7(t) = exp(tader).

Using the formulas in [Car89, §4.4] we have that
x7(8) - € =€+ seg, — seg,.

Using Lemma 6.2.4 we observe that x7(s) centralises h and f.

Thus we have completed tool number 4, and see that (e, h, f) and (e, h, f)

are conjugate sly-triples, and hence b = <6,E, ?> is G-completely reducible.

Let p = 13, we apply tools number 1 and 2, and are left with the following seven

cases to consider.

(a) First takee = 61080000+600(1)0000+60180000+600(1)0000+60081000+60080100+€0080001
to represent the Fg+ A; orbit, then («, \) is given by 2a; + 2as + 2a3 + 2a4 +
2a5 + 2a6 — 17a7 + 2as. Thus we see §; = 4O and [, = M have
A-eigenvalue —11. We use tool number 3 and consider the module structure
of the nilradical and see that since this contains a root with A-eigenvalue —17,
and two with A-eigenvalue —15, hence there must be factors isomorphic to
L(2) and L(4) in the composition series of u in characteristic 13. These two
factors account for both eg, and eg,. Hence there is no composition factor
isomorphic to L(11), and so by Lemma 6.2.1 we have h is G-completely

reducible.

(b) Next, take & = €0000000 + €0190000 + €0010000 + €0001000 + €0090100 + €0090010 to

represent the Dg orbit, in this case we have that («, A) is given by —15a; +

141



2as + 2a3 + 2a4 + 2a5 + 2a¢ + 2a7 — 10ag. Thus we see f; = 1000 and

fo = 12U have eigenvalue —11.

We use tool number 3 and observe that 190°000 and M1 have \-eigenvalue
—15, and this is the lowest possible eigenvalue. Hence, given that 8; and s
are the only roots with A-eigenvalue equal to —11, the composition factor of

u containing each eg, is isomorphic to L(2).

Hence there is no composition factor isomorphic to L(17), and so by

Lemma 6.2.1 we have h is G-completely reducible.

Consider € = 61080000+600(1]0000+60180000+€00%OOOO+600(1)1000+60081100+60080110’
then (a, A) is given by 2a; + 2as + 2a3 + 2a5 + 2a7 — 17ag. Thus we see

py = OHI and [y = ML have A-eigenvalue —11.

We use tool number 3 and consider the module structure of the nilradical, we
see that 9090901 hag \-eigenvalue equal to —17, and this is the minimal value,
0000011 and 909011 have A-eigenvalue equal to —15 and 3y, B2 are the only roots
with A\-eigenvalue equal to —11. Hence each of eg, , eg, must be part of either
an L(2) or an L(4) composition factor, hence neither is contained in a factor
isomorphic to L(11). Therefore there is no u composition factor isomorphic

to L(11), and so by Lemma 6.2.1 we have b is G-completely reducible.

Takee = 61080000+600(1)0000+€0080100+60080010+601%0000+600%1000+60151000 to be
a representative of the F7(ay) orbit. Then (o, A) is given by 2a; + 2a4+ 2a¢+
2a7—15ag. There are two roots with A-eigenvalue equal to —11, following the
application of tool number 2, we consider § = %)M for which e =€+ ses is

in the E7(ag) nilpotent orbit for each s € F,,. Consider e13 = eoopoo11 and set
0
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x13(t) = exp(tadeys). By the formulas given in [Car89, §4.4] we have that
r13(s) - € = €+ seg.

It follows from Lemma 6.2.4 that x13(s) centralises h and f.

Thus we have completed the steps required for tool number 4, and see that

(e, h, f) and (e, h, f) are conjugate sly-triples, and hence h = <e,ﬁ, ?> is

G-completely reducible.

Take € = 61080000 + 60180000 + 600(1)0000 + 60081000 + 60080100 + 60080010 + 60080001
to be a representative of the A7 orbit. Then («, \) is given by 2a; — 15as +
2a3 + 2a4 + 2a5 + 2ag + 2a7 + 2ag. Then gy = 0110000 and gy = 0011000 haye

eigenvalue equal to —11.

Following the application of tool number 2, we are left to consider e =
€+ sep, — seg, which are in the A7 nilpotent orbit for each s € IF,,. Consider
€9 = €0010000 and set x9(t) = exp(tadeg). By the formulas given in [Car89,

§4.4] we have that

Tg(s) - € =€+ seg, — ses,.

It follows from Lemma 6.2.4 that z9(s) centralises h and f.

Thus we have completed the steps required for tool number 4, and see that
(8, h, f) and (e, h, f) are conjugate sly-triples, and hence h = <e,ﬁ, 7> is

G-completely reducible.

Take e = 600(1)0000 + 60180000 + 600(1)0000 + 60081000 + 60080100 + 60080010 + 60080001 to

be a representative of the D; orbit. Then (a, A) is given by —21ay + 2aq +
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2as + 2a4 + 2a5 + 2a¢ + 2a7 + 2ag. Then

__ 1121000 _ 1111100 1111110
51 - 1 ’ 62 - 1 ) 63 - 0

have eigenvalue equal to —11.

Following the application of tool number 2, we are left to consider e =

e+rep, —(r+s)eg,+seg, which are in the Dy nilpotent orbit for each r, s € F,,.

Consider egg = e1111000 and e3; = err1100 and set x;(t) = exp(tade;) for
1 0

i € {30,31}. By the formulas given in [Car89, §4.4] we have that
x30(r) - (231(5) - €) =€+ reg, — (1 + s)eg, + seg,.

It follows from Lemma 6.2.4 that x39(r) and x3;(s) commute with h and f.

Thus we have completed the steps required for tool number 4, and see that

(e, h, f) and (e, h, f) are conjugate sly-triples, and hence h = <e,ﬁ, ?> is

G-completely reducible.

Let € = 600({0000 + 60180000 + 60080010 + 60080001 + 600%0000 + 601(1)0000 — 600(1)1000 +
eooot100 represent the Dr(ag) orbit, then (o, A) is given by —13a; + 2as +
0

2&3 + 2@5 + 2&7 + 2&8.

The positive simple roots with A-eigenvalue equal to —11 are (5, =
LL00000 " 5, = 1110000 Following the application of tool number 2 we are left to
consider e = € + seg, — seg, which is contained in the D7(ay) orbit for each

self,.

Consider e; = €1000000- Then set x1(t) = exp(tadey).
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Then using the formulas in [Car89, §4.4] we have that
x1(s) - € =€+ seg, — seg,.

It follows from Lemma 6.2.4 that z;(s) centralises h and f for all s € F,,.

Thus we have completed the steps required for tool number 4 and we have

shown that (e, h, f) is conjugate to (e,h, f) and hence h = (e, h, f) is

G-completely reducible.

Next consider p = 11, following the application of tools number 1 and 2 we consider

the following eleven cases.

(a) We first take ¢ = €0000000 + €0100000 + €0010000 + €0001000 + €0000100 + €0000010,
the representative for the Dg orbit. Then (o, \) is given by —15a; + 2as +
2a3 + 2a4 + 2a5 + 2a¢ + 2a7 — 10ag and [, = 12211 and By = 112211 have

A-eigenvalue —9.

Following the application of tool number 2, we are left to consider e = & +
seg, +seg, is in the Dg nilpotent orbit for each s € F),. Consider egy = e1121111
1

and set zgo(t) = exp(tadegp). Using [Car89, §4.4] we have that
Teo(s) - € =€+ seg, + sep,.

By Lemma 6.2.4 we see that zgo(s) centralises h and f.

Thus we have completed the steps required for tool number 4, and see that

(e h, f) and (e, h, f) are conjugate sly-triples, and hence h = (e, h, f) is

G-completely reducible.
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(b)

Take € = 61080000 + 600(1)0000 + 600(1)0000 + 60081000 + 60080100 + 60080010 + 60080001 to
be a representative of the Ag + A; orbit. Then (a, ) is given by 2a,2ay —
1lag + 2a4 + 2a5 + 2ag + 2a7 + 2as. Then f; = 110000 and Gy = 0110000 have

A-eigenvalue equal to —9.

Following the application of tool number 2, we are left to consider e =
€ + seg, — seg, which is in the Ag + A; nilpotent orbit for each s € TF,.
Consider e3 = €0100000 and set x3(t) = exp(tadeg). By the formulas given in

[Car89, §4.4] we have that
x3(s) - € =€+ seg, — seg,.

It follows from Lemma 6.2.4 that x3(s) centralises h and f.

Thus we have completed the steps required for tool number 4, and see that

(€ h, f) and (e, h, f) are conjugate sly-triples, and hence h = (e, h, f) is

G-completely reducible.

Take € = 60090000 + 60180000 + 600(1)0000 + 60081000 + 60080100 + 60080001 to be a
representative of the D5 + A; orbit. Then (a, A) is given by —10a; + 2as +
2a3 4 2a4 + 2a5 + 2ag — 9a; + 2ag. There are three positive simple roots with
A-eigenvalue equal to —9, however following the application of tool number

2 we are left to consider

__ 1111110 _ 1111111
Bl — 1 ) 62 - 0

for which e = e+ seg, — seg, is in the D5+ A; nilpotent orbit for each s € F,,.

Consider e3g = €110 and set x39(t) = exp(tadegg). By the formulas given
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in [Car89, §4.4] we have that
T39(s) - € =€+ sep, — seg,.

It follows from Lemma 6.2.4 that x39(s) centralises i and f.

Thus we have completed the steps required for tool number 4, and see that

(e h, f) and (e, h, f) are conjugate sly-triples, and hence h = (e, h, f) is

G-completely reducible.

Take € = 61080000 + 60180000 + 600(1)0000 + 60081000 + 60080100 + 60080010 + 60080001
to be a representative of the A7 orbit. Then (a, \) is given by 2a; — 15a2 +
2a3 4 2a4 + 2a5 + 2ag 4+ 2a7 + 2ag. There are three positive simple roots with

A-eigenvalue equal to —9, these are given by

B — 1110000 ﬂ — 0111000 B — 0011100
1 1 ) 2 1 ) 3 1 .

Following the application of tool number 2, we are left to consider e =

e+ reg — (r + s)eg, + seg, which is in the A7 nilpotent orbit for each r, s €

[F,. Consider e;7 = eo110000 and eis = eoor1000 set z;(t) = exp(tade;) for
1 1

i € {17,18}. By the formulas given in [Car89, §4.4] we have that
217(r) - (v18(5) - €) =€+ reg, — (r + s)ep, + sep,.

It follows from Lemma 6.2.4 that 217(r) and x15(s) commute with h and f.

Thus we have completed the steps required for tool number 4, and see that

(e,h, f) and (e, h, f) are conjugate sly-triples, and hence h = <e,ﬁ, ?> is

G-completely reducible.

147



(e)

Take e = €1000000 + €0000000 + €0100000 + €0010000 + €0001000 + €0000001 to be a
representative of the D5 + A; orbit. Then (a, A) is given by 2a; + 2ay +
2a3 + 2a4 + 2a5 — 10ag — a7 + 2ag. There are three positive simple roots with
A-eigenvalue equal to —9, however following the application of tool number

2 we are left to consider

(3, = 0001110 3 _ 0000111
1 0 ) M2 0

for which e = €+ seg, — seg, is in the D5+ A; nilpotent orbit for each s € F,,.
Consider e14 = eoooo110 and set z14(t) = exp(tadeis). By the formulas given
0

in [Car89, §4.4] we have that

T14(s) - € =€+ seg, — sep,.

It follows from Lemma 6.2.4 that x14(s) centralises h and f.

Thus we have completed the steps required for tool number 4, and see that

(e, h, f) and (e, h, f) are conjugate sly-triples, and hence h = <e,ﬁ,?> is

G-completely reducible.

Take € = 61080000 + €0000000 + 60180000 + 600(1)0000 + 60081000 + 60080001 to be a
representative of the Ds + A; orbit. Then (a, A) is given by 2a; + 2ay +
2a3 + 2a4 + 2a5 — 11ag + 2a7 — ag. There are three positive simple roots with
A-eigenvalue equal to —9, however following the application of tool number

2 we are left to consider

6 __ 0001100 ﬁ __ 0000110
1— 0 y M2 — 0

for which e = €+ seg, — seg, is in the D5+ A; nilpotent orbit for each s € F,,.
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Consider eg = eongo100 and set z4(t) = exp(tad eg). By the formulas given in
0

[Car89, §4.4] we have that

z6(s) - € =€+ seg, — seg,.

It follows from Lemma 6.2.4 that z6(s) centralises h and f.

Thus we have completed the steps required for tool number 4, and see that
(e, h, f) and (e, h, f) are conjugate sly-triples, and hence h = <e,ﬁ, ?> is

G-completely reducible.

(g) Now take € = €1000000 + €0010000 + €0000010 + €0001100 + €0110000 + €0011000 +
€0111000 + €oo11100 to be the representative for the E7(a4) orbit. Then <Oé, )\>
0 1
is given by 2a; + 2a4 4+ 2a7; — 1lasg.

There are three simple roots with A-eigenvalue equal to —9 however following

— 0000011
- 0

the application of tool number 2 we are left to consider (; and

B = 00901 for which e = € + seg, + seg, is in the E7(a4) nilpotent orbit for

each s € F,. We consider eg = €0000001 and set xg(t) = exp(tadeg).

Using [Car89, §4.4] we have that
xg(s) - € =€+ seg, + seg,.

It follows from Lemma 6.2.4 that xg(s) centralises h and f.

Thus we have completed the steps required for tool number 4, and see that

(e,h, f) and (e, h, f) are conjugate sly-triples, and hence h = <e,ﬁ, ?> is

G-completely reducible.

(h) Let e = 61080000 + 600(1)0000 + 60180000 + 60081000 + 60080100 + 60080001 + 601(1)0000 +
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eoo11000 be a representative of the Fg(a;) + A; orbit, then (a, A) is given by
0
2a1 +2as +2a3+ 2a5+2ag — 13a7 4+ 2as. Observe that 3 = 0091110 g, — 0000111

and f3 = 410 have \-eigenvalue equal to —9.

Following the application of tool number 2, we are left to consider e =

€+ seg, + reg, + seg, which is in the Eg(ay) + Ay orbit for all r, s € .

Let ey = C0000110 and ej5 = €0000011. Then for ¢ € {14,15} set z;(t) =

exp(tade;).

Using the formulas in [Car89, §4.4] we see that
115(7) - (v74(5) - €) =€ + sep, +1ep, + sep,.

By Lemma 6.2.4 we have that z15(r) and z14(s) centralises h and f for all
r,s € IF.
We have completed the steps for tool number 4 and can conclude that (e, h, f)

is conjugate to (e, h, f), and hence b = <e,ﬁ, 7> is G-completely reducible.

Let € = 61080000 + 600(1)0000 + 60080100 + 60080010 + 601%0000 + 600%1000 + 60151000
represent the Fr(a3) orbit, then (o, A) is given by 2a; 4 2a4+ 2ag+2a7; — 15as.

Observe that

__ 0011111 __ 0011111 __ 0111111 __ 0111111
51_ 0 752_ 1 753_ 0 764_ 1

have \-eigenvalue equal to —9.

Following the application of tool number 2, we are left to consider e =

€+ sep, +reg, + reg, + seg, which is in the Er(a3) orbit for each r, s € F,.

Let eg = €0000111 and egy = €o001111. Then for i € {22,29} set z;(t) =
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exp(tade;).

Using the formulas in [Car89, §4.4] we see that
Tog(s) - (waa(r) - €) = €+ sep, + reg, + reg, + seg,.

By Lemma 6.2.4 we have that xa9(s) and wgy(r) commute with h and f for

each r,s € IF,,.
We have completed the steps for tool number 4 and can conclude that (e, h, f)

is conjugate to (€, h, f) and hence h = (e, h, f) is G-completely reducible.

Let e = 600(1)0000 + 60180000 + 60081000 + 60080100 + 600%0000 + 60160000 represent the
Dg(ay) orbit, then (a, A) is given by —11ay 4 2as+2a3 + 2a5 + 2a6 + 2a7 — 8as.

Observe that

— 1100000 _ 1110000 — 1111111 __ 1121111
51_ 0 a/62_ 0 753_ 1 7&4_ 1

have A-eigenvalue equal to —9.

Following the application of tool number 2, we are left to consider e =

€+ reg, —reg, + seg, — seg, which is in the Dg(a;) orbit for each r, s € F),.

Let e, = 61080000 and e4; = 61161111. Then for ¢ € {1,47} set z;(t) =

exp(tade;).

Using the formulas in [Car89, §4.4] we see that
x1(r) - (w47(8) - €) =€+ reg, —res, + seg, — segs, .

By Lemma 6.2.4 we have that z;(r) and z47(s) commute with i and f for

each r,s € I,
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We have completed the steps for tool number 4 and can conclude that (e, h, f)

is conjugate to (e, h, f) and hence b = <e,E, 7> is G-completely reducible.

(k) Let e = €0000000 + 60180000 + 60080010 + €0000001 + €0010000 + €0110000 — 600(1)1000 +
eooo1100 represent the Dy(ay) orbit, then (o, \) is given by —13a; + 2as +
0

2&3 + 2(15 + 2@7 + 2&8.

There are three simple roots o with A-eigenvalue —9, these are

B __ 1110000 5 __ 1111000 B __ 1111100
1 — 1 ) 2— 0 ) 33— 0 .

Following the application of tool number 2 we are left to consider e = € +

reg, +(r+s)eg, +sep, which is contained in the D7(ay) orbit for each r, s € F),.

Consider eg = €1100100 and eyg = €1110000- Then for ¢ € {9,16} set z;(t) =

exp(tade;).

Then using the formulas in [Car89, §4.4] we have that
216(s) - (xo(r+s) -€) =€ +reg, + (r+ s)es, + sea,.

It follows from Lemma 6.2.4 that x14(s) and xg(r + s) commute with A and

fforallr,s € F,.

Thus we have completed the steps required for tool number 4 and we have
shown that (e, h, f) is conjugate to (e,h, f) and hence h = (e, h, f) is

G-completely reducible.

Finally, let p = 7, for which following the application of tools number 1 and 2 we

are left with the remaining seven cases.
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(a)

First we take € = 61080000 + 600(1)0000 + 60081000 + 60080100 + 60080010 + 60080001 to
represent the As + A; orbit, then («, A) is given by 2a; — bay — 6as + 2a4 +
2a5 + 2a¢ + 2a7 + 2ag. There are seven positive roots o with A-eigenvalue
equal to —5, however following the application of tool number 2, we only

consider

_ 1111000 — 0121000 __ 0111100
/81 - 1 ; 62 - 1 ) /63 - 1 )

_ 1221110 _ 1222100
BAL - 1 9 55 - 1

for which we have that
e =€+ qeg, +reg, —reg, + seg, — eg;
is in the A5 + A; nilpotent orbit for any ¢,r, s € IF,. We consider

€93 = 611%00007 €o5 = 601%10007 €51 = 612%1100

and set z;(t) = exp(tade;) for each i € {23,25,51}.

Using [Car89, §4.4] we see that that
x23(q — 1) - (w25(r) - (w51(5) - €)) =€+ qep, +reg, — reg, + sep, — ep;.

We have from Lemma 6.2.4 that xe3(q — 1), 225(1) and x5 (s) commute with

h and f.

Thus we have completed tool number 4, and see that (e, h, f) and (e, h, f)

are conjugate sly-triples, and hence h = (e, h, f) is G-completely reducible.

Take € = 61080000 + 600(1]0000 + 600(1)0000 + 60081000 + 60080100 + 60080010 to represent

an As+ A; orbit, then we find that («, \) is given by 2a; + 2as — 9as + 2a4 +
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2a5+2a¢+2a7—5bag. There are seven positive roots o with \-eigenvalue equal

to —5, following the application of tool number 2, we reduce to considering

6 __ 1110000 B 1232111 6 1222211
1— 0 ) 2 — 1 ) 3— 1

)

ﬁ 1232111 5 1222211
4 — 1 ) 5 — 1

We have that

e =¢€+qep, +1reg, —reg, + sep, + seg,

is in the A5 + A; orbit for any r, s € F,,.

Take

€9 = 61180000, €11 = 601(1)0000, €79 = 612%2111

. Then for i € {9,11, 72} set x;(t) = exp(tade;).

Using the formulas in [Car89, §4.4] we see that
x72(s) - (z11(r) - (xo(q — 1) - €)) =€+ qep, + reg, —reg, + sep, + seg,.

We show by Lemma 6.2.4 that x75(s), 29(q — 7) and z11(r) commute with h
and f.
We have completed the steps for tool number 4 and can conclude that

h = <e,ﬁ, ?> are all conjugate slo-triples, and hence are all G-completely

reducible.

Next take € = 61080000 + 60180000 + 600(1)0000 + 60081000 + 60080100 + 60080001 which
represents an As + A; orbit. Then (a, ) is given by 2a; — 9as + 2a3 + 2a4 +
2a5 + 2a¢ — 6a; + 2ag. There are seven positive roots o with A-eigenvalue

equal to —5, however following the application of tool number 2 we restrict
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to considering the roots

— 0110000 — 0011000
61 — 1 ) 52 — 1 3

__ 1111110 _ 0121110 _ 0111111
53 — 1 ) 64 - 1 ) 55 - 1

which are such that
€ = e+ qep —qep, +rep; +rep, + sep;

are in the As + A; orbit for each ¢, 7, s € F),.
Consider

€10 = 600%0000, €41 = 601%11107 €42 = 600%1111

and set z;(t) = exp(tade;) for i € {10,41,42}. By [Car89, §4.4]
210(q) - (242(5) - (241(r) - €)) = €+ qep, — qep, + rep, + reg, + seg,.

By Lemma 6.2.4 we have that x19(q), z42(s) and x41(r) commute with A and
1.

Thus we have completed the steps required for tool number 4, and conclude
that (e, h, f) and (e, h, f) are conjugate sly-triples, and hence b = <e,ﬁ, 7>

is G-completely reducible.

Next take € = 61080000 + 600(1)0000 + 60180000 + 600(1)0000 + 60080100 + 60080010 + 60080001
which represents the A+ Az orbit. Then («, \) is given by 2a; + 2as + 2a3 +

2a4 — 9as 4 2a6 + 2a7 + 2ag. There are six positive roots a with A-eigenvalue
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equal to —b, these are given by

— 0011000 — 0111000 — 0011100 _ 0000111
61_ 1 aBQ_ 0 753_ 0 a/64_ 0

— 1233210 _ 1233211
/85 - 2 ; 66 |

Following the application of tool number 2 we restrict to the cases

e=¢e+res +res, — (1 +s)eg, + sep, + qep; — qep,

are in the Ay + As orbit for each ¢, 7, s € F),.

Consider

€12 = 60081000, €13 = 600811007 €2 = 612%3210

and set z;(t) = exp(tade;) for i € {12,13,82}. By [Car89, §4.4]

212(r) - (213(5) - (¥52(q) - @) = @+ 7ep, +1e, — (r+s)eg, + ses, + qep; — ges,.

By Lemma 6.2.4 we have that x15(r), 213(s) and xgy(q) commute with h and

7.

Thus we have completed the steps required for tool number 4, and conclude

that (e, h, f) and (e, h, f) are conjugate slo-triples, and hence h = <e,ﬁ, ?>

is G-completely reducible.

Let e = 600(1)0000 + 60080010 + 611%0000 + 611(1)1000 + 601%1000 + 600%1100 + 601(1)1100 be
a representative of the Fr(as) orbit. Then («, \) is given by 2a4 + 2a7 — 9as

and the following roots have \-eigenvalue equal to —5,

__ 0011111 __ 0011111 __ 0111111
Bl -0 ’ 52 - 1 ) ﬁS — 0 ’
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— 1111111 — 0111111 — 1111111
By = 0 Bs =4 Be =1 .

Following the application of tool number 2, we are left to consider the

following nilpotent elements, which are in the E7(a5) orbit for any ¢,r, s € F,

€+ qep, +rep, +1eg, + seg, + seg, + qep,-

Consider ess = epooo111, €15 = €ooooo11 and esg = epoo1111 and set for each
0 0 0

i €{15,22,29}, z;(t) = exp(tade;).

We use the formulas in [Car89, §4.4] to see that

215(7) - (229(q) - (¥22(5) - ©)) =@ + qep, + rep, +reg, + sep, + s€g; + s

Hence we are left to show that z15(7), 729(¢) and x95(s) commute with h and

f. This follows by Lemma 6.2.4.

We have completed the steps required for tool number 4 and can conclude
that (e, h, f), is conjugate to (e, h, f) in each of the above cases, and hence

h= <e,ﬁ, 7> is G-completely reducible.

Let € = 61080000 + 600(1)0000 + 60080100 + 60080001 + 601%0000 + 600%1000 + 601(1]1000
be a representative of the Eg(as) + Aj, orbit. Then («, \) is given by 2a; +
2a4 + 2ag — 9a7 + 2ag. There are six positive roots a with A-eigenvalue equal

to —b, these are given by

6 — 0000111 /8 _ 0011110 6 _ 0001111
1 — 0 9 2 — 0 ) 3 — 0 )

— 0011110 — 0111110 _ 0111110
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Following the application of tool number 2, we are left to consider
e =€+ ses +qep, — qepy trep, +rep; + qep,

with ¢, 7, s € F, we have that e is in the Eg(as) + Ay orbit.
Consider

€14 = €0000110, €15 = €0000011; €21 = €0001110
and set z;(t) = exp(tade;) for i € {14,15,21}.

By the formulas in [Car89, §4.4]
221(q) - (z14(s) - (215(s —7) - €)) = €+ sep, +qep, — qep, + e, + e + gep,.

It follows from Lemma 6.2.4 that x91(q), 14(s) and x15(s —r) commute with

h and f.

Thus we have completed the requirements for tool number 4 and see that

(e, h, f) and (e, h, f) are conjugate sly-triples and hence h = <e,ﬁ, f> is

G-completely reducible.

Let e = €0000000 + €0100000 + €0000010 + €0010000 — €0110000 + €0011000 + €0001100 be
the representative of the Dg(ay) orbit. Then (o, \) = —9a; + 2as + 2a3 +

2&5 + 2@7 - 6@8.

There are six simple roots a with A-eigenvalue —5, these are

6 _ 1110000 6 _ 1111000 5 _ 1111100
11— 1 ) 2— 0 ) 33— 0

— 1222111 — 1122111 — 1122211
/64 - 1 Y /85 - 1 9 /86 — 1 .
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Then for any a,b,r, s € F, we have that e = €+ aeg, + (a + b)eg, + beg, +
reg, + (1 + s)eg, + seg, is in the Dg(ay) orbit. Following the application of

tool number 2, these are the only cases that we need to consider further.
Take

€9 = 61180000, €16 = 61160000’ €54 = 611%1111, €0 = 611%1111
and set x;(t) = exp(tade;) for ¢ € {9,16,54,60}.

We find that z14(b) - (z9(a +b) - (zeo(s) - (z54(r + 5) - €))) is equal to

e+ acp, + (a + b)eﬂ2 + beﬁs + Tép, + (T + 8)655 + 5€86-

It follows from Lemma 6.2.4 that z14(b),z9(a 4+ b), zeo(s) and xs4(r + $)

commute with A and f.

Thus we have completed the requirements for tool number 4 and see that

(e,h, f) and (e, h, f) are conjugate slo-triples and hence h = <e,ﬁ, 7> is

G-completely reducible.

Let e = 61080000 + 600(1)0000 + 60180000 + 60081000 + 60080010 + 60080001 + 600%0000 +
eoo11000 be the representative of the Ds(ay) + A orbit. Then (o, A) = 2ay +
0

2(12 + 2CL3 + 2&5 — 9(1,6 + 2(17 + 2&8.

There are seven simple roots o with A-eigenvalue —5, these are

__ 0001110 __ 0000111 __ 0011100 _ 0111100
61_ 0 7/82_ 0 763_ 1 7ﬁ4_ 0 )

ﬁ __ 0011110 /B _ 1233321 ﬁ __ 1243321
5 — 0 ) 6 — 2 ) 7T — 2 .
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Then for any a,q,r, s € IF, we have that

e=¢e+ (T + 8)6/31 — 5€p, + (q - T)eﬁs + qeg, + (3 - Q)eﬁ% + acgs — Acp;

is in the D5(ay)+ Ay orbit. Following the application of tool number 2, these

are the only cases that we need to consider further.
Take
€13 = €0001100, €14 = €0000110, €20 = €0011100, €96 = €1233321
and set z;(t) = exp(tade;) for i € {13,14,20,96}.
We find that

To(a) - (v20(q) - (z13(r) - (z14(s) - €))) is equal to

€+ (T + 8)651 — 5€p, + (q - T’)653 + qép, + (8 - q>655 + aep; — acp,.

It follows from Lemma 6.2.4 that xgs(a), x20(q), x13(r) and x14(s) commute
with h and f.

Thus we have completed the requirements for tool number 4 and see that

(e h, f) and (e, h, f) are conjugate sl-triples and hence h = (e, h, f) is

G-completely reducible.

Hence we have completed the proof of Theorem 6.0.1(a) for each group of

exceptional type.
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6.5 Unique slo-triples

In this section we complete the proof of Theorem 6.0.1(b) by showing that for each
e € V there is a unique sly-triple (e, h, f) € g such that f € V up to conjugation
by G.

Proof of Theorem 6.0.1. Let V be as in the statement of the theorem. Let e € V
and let (e, ho, fo) be a standard sl,-triple taken as in §4.1. Note that e/l = 0 so f;

is conjugate to e as shown in [PS19, §2.4], and hence f; is in V.

Take (e, h, f) to be an sly-triple with e, f € V. We have shown in §6.4 that
h = (e, h, f) is G-completely reducible and we use this to show that (e, h, f) is

G-conjugate to (e, ho, fo)-

We first recall that b is a p-subalgebra by Proposition 4.3.2. Therefore hlPl = b,

so h is toral, and hence semisimple.

We give a similar argument to the one given in [PS19, §2.4] to deduce that h is

fixed up to conjugacy by the centraliser of e.

Let 7 be the associated cocharacter for e and hg = d7(1). Note that all eigenvalues
of hy belong to F,, and so we can write g(hg;i) for the eigenspace of ad(hg)

corresponding to the eigenvalue ¢ € F,,. Then we have the grading

a(isho) = P ali + jp; 7).

JEZ

Since e commutes with h—hg, we see that h is a semisimple element of the restricted

Lie algebra kho @ g°. Since g° = Lie(G*), the second component coincides with
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the Lie algebra of the normaliser Ng(ke) = 7(k*) - G*.

Note that the Lie algebra Lie(7(k*)) is a 1-dimensional torus of g spanned by the

element hyg.

The centraliser C(7) of 7(k*) is a Levi subalgebra of G and Lie(Cg (7)) = g(0; 7).
Set g°(i) = g° N g(i;7). The group C°¢ := G N Zg(7) is reductive and ¢¢ :=
Lie(C*?) = g°(0).

As 7(k*) - T is a maximal torus of Ng(ke) contained in 7(k*) - [¢, it follows that
since h is semisimple it is conjugate under the adjoint action of Ng(ke) to an

element of khy @ g°(0). Hence we can assume that h € kho + g°(0). Then

h —ho € g°(0)N e, gl

If h # hg then the linear map

(ade)? : g(—=2;7) — g(2;7)

is not injective. The computations in [Pre03] then imply that e is regular nilpotent
in Lie(L) for some L, a Levi subgroup of type A, 1A, in G for some r. This

contradicts the definition of V. Hence we have that h = hy.
All that is left to show is that f = fj.

Let T be a maximal torus of C° and let L = C¢(T°) be a Levi subgroup of G.

The Lie algebra I = Lie(L¢) is stable under the action of 7(k*) and contains hy.

Moreover, e is distinguished in ', that is, e € ['(7,2) and dim I'(0; 7) = dim l'(2; 7).

Since g¢ C Lie(P¢), diml'(—2;7) = dim['(2;7) and the map ade : '(=2;7) —
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['(0; 7) is injective, we must have that ad e is bijective. As by € '(0;7) there is a

unique element f € I'(—2;7) such that [e, f] = hy.

Thus we have that (e, h, f) is conjugate to (e, ho, fo) and we are done. ]

6.6 Classes in V

Let V be the variety given in Theorems 3 and 6.0.1. In this section we explicitly
list the classes not contained in V for each prime which is good for G. In order to
determine the elements @ € A for which z/”! # 0 we refer to Tables 1,3,5,7 and
9 in [Law95]. We remark that there is an error in the tables for G = Eg,p = 3,

however this does not coincide with the cases we consider.

P Classes not in V for p

P>
5 Go

Table 6.3: Nilpotent classes not in V for G of type G

P Classes not in V for p
p>11

11 Fy

7 as for p =11 and Fy(a,)

5 as for p = 7 and F4(a2), 03, Bg

Table 6.4: Nilpotent classes not in V for G of type Fy

D Classes not in V for p
p>11
11 Es
7 as for p =11 and Eg(aq), Ds
5 as for p =7 and FEg(as), Ds(a1), As, Ay + A1, Dy, Ay

Table 6.5: Nilpotent classes not in V for G of type Fjg
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P Classes not in V for p
p>17
17 E7
13 | as for p=17 and E;(a)
11 as for p = 13 and FE;(az), Fs
7 as for p = 11 and E;(a3), E¢(a1), Dg, F7(a4), De(a1), Ds+ Ay, Ag, Ds
5 as for p = 7 and Fr(as), E¢(as), De(az), Ds(a1) + A1,A5 + A,
(A5)/, A4 = AQ, D5(CL1), A4 = Al, D4 == Al, (A5)”, 1447 D4
Table 6.6: Nilpotent classes not in V for G of type E7
P Classes not in V for p
p > 29
29 Es
23 | as for p =29 and Eg(a;)
19 | as for p =23 and Ex(as)
17 as for p =19 and Eg(as), E;
13 as for p = 17 and Fg(a4), Es(bs), E7(ay)
11 as for p = 13 and FEg(as), Es(bs), D7, E7(as), B + A1, Eg
7 as for p = 11 and Es(ag), Dr(a1), Es(bs), Er(az), Es(ar) + A1, Az,
D7(as), Dg, D5+ Az, Eg(a1), E7(as), As+ A1, Dg(a1), As, D5+ Ay, Ds

Table 6.7: Nilpotent classes not in V for G of type Eg
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[BRS5]

[Bir37]

[Car89]

[Car93]

[CRI0]

[EW06]

[GP22]

[HHS3]
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