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ABSTRACT

Dynamic Multi-objective Optimization Problems (DMOPs) offer an opportunity to exam-
ine and solve challenging real world scenarios where trade-off solutions between conflict-
ing objectives change over time. Definition of benchmark problems allows modelling of
industry scenarios across transport, power and communications networks, manufacturing
and logistics. Recently, significant progress has been made in the variety and complexity
of DMOP benchmarks and the incorporation of realistic dynamic characteristics. How-
ever, significant gaps still exist in standardised methodology for DMOPs, specific problem
domain examples and in the understanding of the impacts and explanations of dynamic
characteristics. This thesis provides major contributions on these three topics within evo-

lutionary dynamic multi-objective optimization.

Firstly, experimental protocols for DMOPs are varied. This limits the applicability
and relevance of results produced and conclusions made in the field. A major source of
the inconsistency lies in the parameters used to define specific problem instances being
examined. The uninformed selection of these has historically held back understanding
of their impacts and standardisation in experimental approach to these parameters in the
multi-objective problem domain. Using the frequency and severity (or magnitude) of
change events, a more informed approach to DMOP experimentation is conceptualized,
implemented and evaluated. Establishment of a baseline performance expectation across
a comprehensive range of dynamic instances for well-studied DMOP benchmarks is an-
alyzed. To maximize relevance, these profiles are composed from the performance of
evolutionary algorithms commonly used for baseline comparisons and those with simple
dynamic responses. Comparison and contrast with the coverage of parameter combina-

tions in the sampled literature highlights the importance of these contributions.

Secondly, the provision of useful and realistic DMOPs in the combinatorial domain
is limited in previous literature. A novel dynamic benchmark problem is presented by
the extension of the Travelling Thief Problem (TTP) to include a variety of realistic and
contextually justified dynamic changes. Investigation of problem information exploita-
tion and it’s potential application as a dynamic response is a key output of these results
and context is provided through comparison to results obtained by adapting existing TTP
heuristics. Observation driven iterative development prompted the investigation of multi-
population island model strategies, together with improvements in the approaches to ac-
curately describe and compare the performance of algorithm models for DMOPs, a con-

tribution which is applicable beyond the dynamic TTP.



Thirdly, the purpose of DMOPs is to reconstruct realistic scenarios, or features from
them, to allow for experimentation and development of better optimization algorithms.
However, numerous important characteristics from real systems still require implemen-
tation and will drive research and development of algorithms and mechanisms to handle
these industrially relevant problem classes. The novel challenges associated with these
implementations are significant and diverse, even for a simple development such as con-
sideration of DMOPs with multiple time dependencies. Real world systems with dy-
namics are likely to contain multiple temporally changing aspects, particularly in energy
and transport domains. Problems with more than one dynamic problem component al-
low for asynchronous changes and a differing severity between components that leads to
an explosion in the size of the possible dynamic instance space. Both continuous and
combinatorial problem domains require structured investigation into the best practices
for experimental design, algorithm application and performance measurement, compar-
ison and visualization. Highlighting the challenges, the key requirements for effective

progress and recommendations on experimentation are explored here.
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Chapter 1

Introduction

1.1 Dynamic Multi-Objective Optimization

Dynamic multi-objective optimization integrates two research areas together to formulate
problem scenarios with realistic characteristics, multiple competing objectives and some
dependency on, or variation over time. Multi-objective optimization has received much
attention over the past 50 years and likewise dynamic optimization problems have been

increasingly studied over the past two decades.

In its simplest form a dynamic multi-objective optimization problem can be defined
as follows. At least two objective functions with opposing goals that are fulfilled by the
values of a decision vector which represents a potential solution to the problem. In order
to be ‘dynamic’ some aspect of the problem changes over time, most commonly within
the objective functions, such that the goal varies over time or the suitability of particular
solutions is subject to change. An illustrative example can be found in the optimization
of a financial stock portfolio with objectives for stock value and portfolio diversity (as in
[1]). As the value of particular assets change over time, the performance of a portfolio
solution will also change over time, meaning that a better set of solutions may be found

for each dynamic interval of the problem.

Various definitions for dynamic problems can be found throughout the literature, how-
ever a major distinction exists between problems that can be solved ‘offline’ to those that
require an ‘on-line’ optimization with methods such as evolutionary algorithms. For prob-
lems that can be solved offline, the pattern of changes can be incorporated into a static
(unchanging) objective function. For example in dynamic energy pricing [2]] or the port-
folio optimization example as before, a window, error bound or margin can be used to
encompass the range explored by the dynamic states, similar to how uncertainty can be
managed [3]. Alternatively, if the dynamic change events can be assumed to be known a
priori the problem can be decomposed from successive dynamic intervals into a series of

independent static optimization problems. The scope of dynamic problems covered in this
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work does not include these offline problems. Similarly, methods that aim to find robust
solutions are beyond the scope of this work; these are algorithms that ignore the distinct
differences in problem states in favour of finding solutions that adequately achieve across

the range of dynamic intervals.

Dynamic multi-objective optimization (DMQO) encompasses numerous subtopics each
of which has a rapidly developing corpus of research. A key part of this research comes
from the scale of the potential solution space and the properties of DMO problems
(DMOPs) which makes the application of evolutionary computation techniques partic-
ularly suitable. Generally, however, these topics are motivated by the unique challenges
that DMO problems pose, but are grounded in their ’static’ (non-dynamic) foundations.
These include the formulation of novel benchmark problems, the design of evolutionary
algorithms to find solutions for DMO problems, including the development of effective
response mechanisms to dynamic events and the effective and informative measurement
and evaluation of their performance. The additional complexity introduced by consider-
ing variations in the problem state over time creates a multitude of additional research
directions, including change detection techniques, parameterization of the dynamics and
novel visualization techniques. A common goal across the majority of DMO research
is the effective tracking of an optimal set of solutions representing the trade-off surface
between the multiple objectives throughout the dynamic intervals (problem states) of a
problem instance. This is a sufficiently challenging task in itself and as such considering
the selection of any specifically found solutions for deployment is beyond the scope of
this work. Mechanisms for the selection of single or multiple solutions from the optimal
set is an active research topic that remains an open question, the outcomes of which are

also pertinent to static multi-objective optimization.

A major driving force for optimization research generally is to provide useful solu-
tions to real problems, or simplified formulations of them, in order to solve directly or
provide a mechanism with which to solve tasks. Additionally, developing understanding
at a fundamental level is a key motivator in DMO, particularly in terms of: the components
of problems and their impacts; the interaction between problem features and algorithms,
and the efficacy, efficiency and complexity of developed mechanisms.

However, there are significant gaps in practices that thus far have hindered the co-
hesive progress towards understanding the impacts of dynamics in DMO, as well as sig-
nificant opportunity to improve the realism and the range of dynamic characteristics that
exist within benchmark functions. These are the key focus of this thesis, the motivations

for which have been formulated into a number of specific research questions.
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1.2 Statement of Research Questions

Firstly, the existing approaches to evaluating performance are hindered by the lack of con-
sideration of the scale of the possible dynamic instance space generated by the parameters
controlling the nature of changes. Reproduciblity of results and comparability of bench-
mark instance sets must be reconciled through the establishing of a comprehensive testing
framework for DMOPs. Therefore we can frame the research questions surrounding this
topic as follows:

RQ1: How can we characterise the impacts of dynamic parameters in

DMOPs for more meaningful benchmark evaluation?
The following key areas are addressed to answer this question:

* Investigation of the impacts of the frequency and severity of change parameters
allowing for the establishing of a baseline of expectable performance, integral for
cohesive progress in DMO.

* Definition of the possible dynamic instance space for benchmarks using a com-
prehensive set of frequency and severity combinations, allowing for a contrast to

the scope of the previous literature.

* Demonstration of the importance of informed selection of dynamic instances of
DMOP benchmarks, as well as suitable baseline comparison algorithms, whether
they are static MOEASs or simple dynamic responses.

Beyond existing DMO practices, there are also significant limitations in the represen-
tation of realistic dynamics and multi-objectivity in the combinatorial problem domain.
The development from realistic static problems to incorporate a variety of dynamic events
provides challenging scenarios for which we must develop novel ways to find solutions
and response to the dynamic events. Given the lack of existing DMOP benchmarks in the
combinatorial domain that contain strong justifications for their dynamic components, we
can develop existing static problems to provide more realistic test instances. The follow-
ing question can be formulated:

RQ2: How can we incorporate dynamics into existing static problems to
generate and find solutions for realistic combinatorial test instances that

better reflect characteristics observable in real-world systems?

Exploitation of problem knowledge can be employed in combinatorial problem
classes; solvers are employed for problem components where robust methods have been
established [4]-[6]]. The extension of this principle to the newly defined dynamic in-
stances of a realistic, bi-objective combinatorial problem, the Traveling Thief Problem,

provides an additional research question:
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For this question the following key points are addressed:

Justified development of a variety of novel dynamic problems within an estab-
lished static problem framework allowing for the leverage of existing knowledge

to formulate a well-supported contribution.

Demonstration of methods to find solutions in the proposed dynamic instances
based on performance observations using combinations of exploited problem in-
formation for the development of a dynamic response method.

Highlighting of the suitability of agile approaches to finding solutions through
the comparison of performance and efficiency with adapted heuristics known to
provide good performance in static cases.

Further improvement in performance through informed development of a multi-
population algorithm utilizing previously observed algorithm behaviours and ex-

ploiting search landscape localization characteristics.

The realistic characteristics present within existing problems do not consider features

that are present within many real world systems. The most obvious of these is multiple

dynamic components within a problem. This adds additional challenge to an already com-

plex problem class and therefore an investigation into the key considerations, observations

and recommendations for navigating this novel problem class is required. Therefore, the

research question to be addressed is as follows:

RQ3: How can we apply similar methodologies for both continuous and
combinatorial domain problems to define the key features, challenges and
potential approaches to multi-dynamic multi-objective optimisation prob-

lems?

The following points address this research question:

Provision of relevant examples of multi-dynamic problems by adapting existing

continuous and combinatorial benchmarks and problems.

Evaluation of the impacts of frequency and severity parameters in combinatorial

instances and a distinction between coincidental and non-coincidental changes.
Identification of performance motifs and characteristics in baseline performance
across the possible dynamic instance space for continuous instances, providing
insights generally for the problem class.

Documentation of the key challenges present for multi-dynamic problems and the

formulation of recommendations and guidance for future experimentation.

These research questions highlight some of the key challenges within the field of

DMO currently. They are relevant to research across the field and the outcomes of under-

taken work to answer these questions, provides meaningful insights to the wider field.
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1.3 Novel Contributions

Together, the stated research questions showcase the identified fundamental gaps within
practice and understanding that, once addressed, allow for meaningful, cohesive and ef-
ficient progress to be made within DMO. Whilst seemingly disparate in their targets, the
overall contributions of this thesis suggest improvements to the currently available roster
of realistic test problems; a reframing of previously incongruent practices for continuous
instances; and pioneering approaches for investigating novel DMO problem classes with
additional realistic characteristics. The contributions in regards to these questions have
significant specific impact but share widely applicable insights and relevant outcomes
for other aspects of DMO. This relevance is addressed in more detail within each of the

chapters.

The limitations surrounding experimental protocols for DMO benchmarks, as high-
lighted in RQ1, are addressed in Chapter 3. Identifying specific limitations of existing
methodology and the general challenges accompanying dynamic problems, allows for
the establishment of a comprehensive investigative procedure for DMO problems going
forward. An approach is presented that generates relevant results that both explore the im-
pacts of dynamics, determine the effectiveness of simple responses and enable informed
selection of dynamic instances for future experimentation. A comprehensive investigation
using the parameters which define the nature of dynamics in well-known DMO bench-
mark problems highlights the scale of the possible instance space for DMO problems and
the challenges presented by inconsistent parameter usage. Illustration of performance of
well known multi-objective evolutionary algorithms generates a baseline of expectable
performance where they succeed and can inform on future design of experiments where

they do not.

Chapter 4 addresses the identified limitations within combinatorial DMO given in
RQ2. Justifications are provided for the variety of dynamic change events that are pro-
posed for the Travelling Thief Problem. The resulting array of dynamic instances allows
for investigation of a diverse range of realistic scenarios that can more closely replicate
real world systems. An iterative design approach based mechanisms to find solutions to
the novel problem instances is adopted due to their complexity and the specificity of exist-
ing heuristics for the static problem. This also limits performance comparisons to adapted
versions of these static heuristics. As a result of representative testing of multiple patterns
of dynamics, the large quantity of data collected and comparisons required demands novel

visualization techniques and meaningful statistical testing.

The culmination of the previous two chapters is a forward-looking approach in Chap-
ter 5, with the first steps towards understanding increasing complexity in dynamic sys-
tems, as stated in RQ3. Given the development of tools to comprehensively investigate

the dynamic instance space in continuous problems, the application to a previously over-
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looked, but highly relevant problem class is undertaken. The seemingly minor conjunction
of multiple dynamic components within a problem is characteristic of real world systems
yet has been ignored in previous research. There are obvious and significant challenges
associated with this development, however the work presented here draws on the method-
ologies established in the preceding chapters to clarify the challenges specific to these
problems and their impact on established methods. A natural opportunity to extend in-
vestigations to explore the proposed dynamic travelling thief instances together with con-
tinuous problem examples, provides a conclusive foundation for future investigation of

these problems.

1.4 Chapter Organization

The remainder of this thesis is organized as follows. A comprehensive review of DMO
literature is presented in Chapter 2: the fundamentals of DMO and the varied and overlap-
ping definitions for problem classification; an original summary of available continuous
DMOP benchmarks is provided together with an in-depth review of combinatorial bench-
marks, dynamic algorithm mechanisms and performance measurements. Both recent and
fundamental works are considered to provide the motivations for the research questions
stated above, highlight the gaps in current knowledge and provide the groundwork for the
contributions provided in the following chapters.

As above, Chapter 3 focuses on the establishment of a practices for reproducible
and meaningful experimentation on DMOP benchmarks by considering the scale of the
dynamic instance space generated by the frequency and severity of change parameters.
Chapter 4 addresses the paucity of realistic dynamic and multi-objective optimization
benchmarks in the combinatorial domain through the definition of a number of novel dy-
namic formulations of the Travelling Thief Problem, together with development and eval-
uations of suitable responsive algorithms. Chapter 5 provides preliminary and exploratory
investigation into multi-dynamic problems, providing observation-based insights and es-
tablishing the key challenges and recommendations for these as a logical next step for the
development of realistic problem classes within DMO. Finally, a summary of the contri-
butions and conclusions, together with an evaluation of the limitations and considerations

for potential future work are given in Chapter 6.



Chapter 2

Literature Review

This chapter gives a general overview of literature relevant to Dynamic Multi-objective
Optimization (DMO) in terms of problems, algorithms and performance measurements
and their relevance to the presented contributions. A more detailed review of the specifi-

cally relevant literature is presented within each of the following chapters.

2.1 Introduction and Motivations

The diversity of topics within DMO requires the consideration of all aspects of prob-
lems, performance and algorithms. However, three opportunities present clearly from
the current state of DMO research. Fundamentally, a previous lack of consistency in
DMOP practices prompts the establishing of baseline practices that allow for coherent,
cohesive and meaningful progress. Further opportunity exists to fill the gaps in combi-
natorial DMOPs for the definition of a useful benchmark framework that allows complex
and realistic scenarios to be examined that are similar to real world application domains.
Beyond this, consideration of the currently undocumented characteristics of real world
systems as features of optimization problems, provides scope for exploration both into
the impacts and challenges they present, but also into potential practices for explanation

and understanding.

To expand on the first of these points, established codes of practice and consensus on
protocols exists in many fields of research. The purpose of these is to ensure comparability
of results and consistent reporting and to facilitate and expedite research so that progress
happens more rapidly. Research on DMOPs has some consistency but lacks a cohesive
approach to experimentation on dynamic instances generally. This makes comparisons of
results difficult, or if comparable the scope of relevance is narrow. There are strengths
and weaknesses of different practices of sampling, however consideration of parameter
impacts contributes appropriate instance sampling. Generally, a more informed approach

towards experimental procedures for DMOPs is required.
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Secondly, significant opportunity exists for a middle-ground between simplistic
benchmark problems and specific real world scenarios. Specifically in the multi-objective
and combinatorial problem domain, there is a lack of dynamic problems with realistic or
challenging aspects incorporated. The numerous potential applications to transport, lo-
gistics and fleet management problems, as well as mobile and network communications,

provide the motivation for a realistic DMOP framework in the combinatorial space.

Finally, the variety, complexity and scale of problems examined within existing
DMOP literature is vast. However, the continued incorporation of realistic characteristics
of real world systems will help to drive progress towards better algorithms, better solu-
tions and new application opportunities. Highlighting the key challenges and improving
the understanding of algorithm behaviours, search landscapes and problem difficulty are
also significant outcomes of establishing and attempting to solve novel classes of prob-
lems. Augmenting problems in both combinatorial and continuous domains, with features
and characteristics to more faithfully portray realistic systems, allows for informed algo-

rithm development as better test instances are available for evaluation.

2.1.1 Organization of Review

A consideration of the relevant literature that provides assistance in conceptualization,
motivation and understanding is provided in the following sections. Beginning with a
brief consideration of the foundations and historically pertinent contributions, the directly
relevant emergent works provide the context for the specialized literature on dynamic
multi-objective optimization that follow. A description of the common practices, includ-
ing classification of dynamics, the consensus on protocols and measurement of time, def-
initions of frequency and severity are included. These highlight the requirement for a
cohesive approach in other aspects of DMOP research. A collection of continuous and
combinatorial benchmarks as well as relevant work on real world problems is documented
to provide scale and context for the contributions. The diverse range of algorithms used
to find solutions to DMOPs and benchmarks is given here to demonstrate an awareness
of the variety of powerful alternatives to find solutions to these problems. Describing
the quality of found solutions and the performance of these algorithms is a challenging
task and there are variety of approaches, both novel measurements specifically defined
for DMOPs and those adapted from the non-dynamic (static) metrics. Finally, the key

motivations are revisited in the context of the surveyed literature.

2.2 Foundations of Dynamic Evolutionary Optimization

Evolutionary Algorithms (EAs) comprise a variety of methods that use evolutionary op-
erators and concepts of natural selection and survival of the fittest in order to optimize a

given problem. The foundation of the field comes from the Genetic Algorithms (GAs)
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popularised by John Holland [7], [8]] and developed by David Goldberg [9]-[11] soon
after. Klockgether & Schwefel applied evolutionary methods for the design of nozzles
to optimize air flow [12]. Grefenstette also used a GA to tune the parameters of a GA
[13]. Together these works provided the foundations for the extensive and diverse re-
search corpus that has developed over the past decades. Numerous other Evolutionary
Computation (EC) methods have been defined and reviewed since including Differential
Evolution [14]], Genetic Programming [15], [[16], Ant Colony Optimization [|17]], Particle
Swarm Optimization [/18]].

Early Approaches for Dynamics

Early approaches for dynamic problems and problems with time varying components set
the groundwork for the contemporary taxonomy of algorithms and problems used. For
example, Wierzbicki investigated the dynamic properties of multi-objective optimization
[19] after which, Cobb and of Grefenstette proposed hypermutation to boost diversity
in the population in response to dynamic changes [20]], [21]]. Solution ‘age’ was also
used as an early diversity maintenance technique in single objective DOPs [22]]. Mem-
ory based methods for DMOPs were primarily introduced by Branke et al. [23]. Early
multi-population methods were applied to single objective DOPs and proposed restric-
tive crossover to preserve diversity and avoid stagnation [24], [25]. The Moving Peaks
Benchmark [23]], Generalized Moving Peaks Benchmark [26] and the dynamic XOR [27]]
remain some of the fundamental contributions to the generation of dynamic test prob-
lems. Since these early works, there has been an explosion in the variety, complexity and
ingenuity of proposed algorithms, benchmarks, measurements and applications for DMO

research.

The basic definition of a DMOP with a scalable number of objectives is given below
in Equation|2.1| This is adapted from a default definition for a continuous multi-objective
benchmark function; the dynamic aspect is included here within the objective functions

as a dependence on the variable .

X = ZL’l,.Z'Q,....In]

[
(X, 1) =[f1(X, 1), fo(X,1),... fu(X,1)] (2.1)

=

Types of Dynamic Change

There are a number of ways that dynamic change events have been incorporated into
multi-objective optimization problems, some of which have received more attention than
others. Table [2.1] highlights the major types of changes and the example modifications to
the previous default DMO formulation in Equation 2.1
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Table 2.1: Types of dynamic change event and their example representations from the dynamic optimization
literature.

Description of change Modification to Equations (t) Example
Objective functions F(x,t) = [f1(X.1), f2(X,0),... far(X,0)] | 1281, [29]
Decision variables Xt = (1,4, T2ty - - - Tt [30]

Number of objective functions | F(X,t) = [f1(X), f2(X), ... a)(X)] (31]-133]]

Number of decision variables X =[z1,72,... . Tp] (321, 133]]
Range of decision variables 7 e Qt) (34]
Constraints hi(X,t) < 0,ha(X,t) =0 [35]

2.3 C(lassifications of Dynamic Changes

Early attempts to classify changes in non-stationary or dynamic problems were provided

by Trojanowski based on predictability [36]]. Three categories are defined:

* Random Changes: successive problem states are independent of one another.

» Non-random and non-predictable changes: problem states are not independent but

the relation is so complex so to be unpredictable.

e Non-random and predictable changes: dynamic changes are deterministic,
whether cyclical or non-cyclical, the sequence or perturbations can be predicted
and exploited to improve the search process.

Categorization by these groupings omits information about the impacts of changes, but is
useful when evaluating the performance of algorithmic responses based on predictability

of changes.

2.3.1 Classification based on Pareto Set & Pareto Front changes

Farina, Deb & Amato [28]] proposed a classification for dynamics based on their im-
pacts on the Pareto-Optimal Set (POS) and Pareto-Optimal Front (POF), (these being the
best performing selection of non-dominated solutions in the decision and objective space
respectively). The ‘“Type’ system consists four categories based on the impacts of the dy-
namics: only the POS changes (Type I), both the POS and POF change (Type II), only the
POF changes (Type III) and dynamic changes do not impact either the POS or POF (Type
IV). This can also be called effect-based classification [37]).

The Type classifications are widely used in DMO literature, being the primary system
mentioned in major surveys of the area [29], [38]—[4 1] and commonly reported alongside
problems and benchmark suites defined since.

This method of classification by impacts is both intuitive and useful, offering a simple
grouping strategy that assists in informing the construction of diverse test sets to cover a
variety of problem types. However, there are some limitations in the grouping of problems
that results from this. For example, ensuring a range of Types are included in a problem

test set may not provide the breadth of experimentation required to make meaningful con-
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Figure 2.1: Example dynamic change impacts using (upper) POF changes in the Type II JY2 problem [29]
(lower) POS changes in the Type I FDA3 problem [28]]. Consecutive dynamic interval states are shifted
along the x-axis for comparison.

clusions on algorithm performance. For example, broadly speaking, if an algorithm that
can effectively navigate the decision space of a problem can also cope with (or mitigate the
impacts of) the dynamic changes in a Type I problem, then, by natural extension, it should
also be able to handle Type II & Type III problems (unless the change is in the density
of solutions in the objective space, for instance). Therefore the different Types may not
represent distinct challenges. Furthermore, the possible scope of dynamic change events
which can constitute different 7ypes results in a variety within each class that makes clas-
sification trivial in terms of conclusions. For instance, if the dynamic change event was
in the number of decision variables, most basically this would represent a Type I prob-
lem as much as a change in the objective function equations may. Therefore, designing
an algorithm targeted at solving ‘Type I’ problems may not handle the range of possible
dynamic change events that comprise this category. Whilst useful and informative, the
Type classification should be used in conjunction with other information about the nature
of the dynamics in DMO problems. Figure [2.1] illustrates some examples of POF and
POS changes visible in DMO benchmarks. There exists a variety of other classifications
for dynamic and DMO problems that have been proposed since, many of these are com-
plimentary and can be used in conjunction with a 7Type label to provide a more complete
picture of dynamic features.

2.3.2 Classification based on Frequency, Severity & Recurrence

Grouping by frequency of changes, the severity of change or the recurrence of dynamic
intervals (problem states induced by a dynamic change event) has been proposed as an
alternative classification [42]] (recast in [43]]). These methods of classification result in
grouping of problems that may suit particular algorithmic response mechanisms. For ex-
ample, grouping similar problems with rapid frequency of changes will suit algorithms
that ensure diversity of solutions in the response mechanism. This approach to problem
classification allows for composition of test sets with a variety of characteristics to pro-

vide challenges that may not be accurately described under the Type system. However,
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Table 2.2: Order based classification and the assignment based on problem state relationship. Reproduced
from [46].

Dynamic Component | Independent System States | Correlated System States
Parameters 15¢ order 37 order
Functions 2" order 3" order

Environment 4% order 4 order

simply classifying problems by the severity of their change or by how often the same
dynamic intervals occur may not effectively summarise a set of problems. Combination
of information, to provide a comprehensive description of DMOP characteristics removes
ambiguity, clarifies justifications for including particular problems and allows for accurate

conditioning of conclusions.

2.3.3 Classification by Spatial and Temporal Features

Goh expands on these previous classifications specifically for MO problems by separating
the spatial and temporal components to dynamic change events [44]. This system com-
bines aspects of the systems proposed before, including the the impacts of change [28]],
the pattern and predictability [45] and the nature of changes [42] (excluding the severity
of change). Spatial components are separated into physical (changes in the POS, POF,
the fitness landscape or a combination of these) and non-physical relating to the nature
of the change: ‘random’ changes; ‘trend’ change where a pattern is present between dy-
namic intervals; and ‘periodic’ changes where a set of dynamic intervals are revisited in
sequence. A problem may have both ‘trend’ and ‘periodic’ changes or just one of them.
The temporal features relate to the scheduling of change events: None (static problem),
random (non-fixed frequency), Fixed (constant frequency), Scheduled (can be random or
fixed, but is predetermined), Conditional (changes triggered by satisfying a predefined
condition). These properties are compositional in the description of a DMOP and provide
insight into the affectation of the dynamics as well as their impacts on the problem state,
the latter of which is only covered in the Type system.

2.3.4 Cause-based Classification

An alternative, similarly compositional, component-based classification is given in [46[—
[48]]. Four orders are proposed: 1°¢ order — Dynamic Parameter Evolution; 2" order —
Dynamic Function Evolution; 3"¢ order — Dynamic State-dependency Evolution; 4" order
— Online dynamic evolution with environmental changes. With the clarification of order
assignment provided in Table [2.2] (reproduced from [46]):

The schema does not explicitly consider problems with dynamic constraints and there
is significant information missing about the impacts and nature of the dynamics. An
example is given for a 3¢ order problems as the multi-objective moving peaks benchmark

and for 4'" order, modification of the MNK-landscape problem is suggested [49].

12



CHAPTER 2. LITERATURE REVIEW

Additional classifications also exist within the literature, for example Jin and Send-
hoff proposed a simple classification based on the movement of an optimum through
parameter space [S0].

Generally, all of these different classifications for DMO problems are valid, however
different information is used to label and categorize instances of problems. Logically, the
motive for employing difference scheme suits the investigation and design of experiments
of examining particular hypotheses. For example, a classification that separates problems
based on the predictability of dynamic changes may be most useful to evaluate the limita-
tions of algorithms that use prediction in their dynamic responses. Conversely this might
highlight the limitations of such a method, where generally good performance of novel
algorithms is most often the contribution of research articles. The choice of classification
schema can therefore be driven by experimental design principles and goals, however the
familiarity and popularity of opposing schema may also play a role in adoption.

2.3.5 Common Practices: Measuring Time, Onset, Change Detection, & Known vs. Unknown
events

Across the DMO literature, most commonly time is measured in generations, however
there are a number of alternatives including the number of function evaluations [35],
[ST]-[S3]], or in real time (e.g. seconds or minutes) [56]-[60]. The latter of this is most
commonly used in realistic problem scenarios or where real data is used in simulations.
The value of ¢, shown previously in Equation [2.1| controls the current problem state at
a given time. It is updated according to Equation and depends on the frequency and
severity of change. Commonly ¢ is a decimal value, and the increment in its value controls
the change to a new problem state and signals a new dynamic interval. The size of the
change in its value denotes the magnitude of the change event (nit), and the incidence of
the changes themselves are controlled by the frequency of change parameter, 7;. This
formulation first appeared in the FDA problem definitions from Farina et al. [28]] and has

been widely adopted since.

L FJ 2.2)

Ny | Ty
where n, is the severity of the change, 7; is the frequency of change and 7 is the current

iteration (generation).

There are two commonly adopted practices when it comes to the the appearance of
the first change event. Given a frequency of 7; generations between change events, many
works opt for a delayed onset of a fixed number of generations. If the length of the onset
delay is at least greater than 74, this provides an algorithm additional time to approximate

the Pareto Front in the first interval. Commonly a value of 50 generations is used [32]],
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[61]], [62], however other studies have used values of 100 [[63]]. The alternative is for no
delay to occur and the first change occurs after exactly 7; generations.

Evaluate Objective
Functions

!

Until Termination
Criterion Met
v

Apply Genetic Dynamic Change
Operators Event

Algorithm
Evaluate Solutions Response

|

Selection &
Replacement

Initialization —>

Figure 2.2: Introduction of dynamic problem changes in algorithm process. The dashed arrow indicates
that some responses may skip the application of genetic operators in the generation of change.

A major topic of research within DMO concerns strategies to detect changes in the
problem state. In the example algorithm process shown in Figure [2.2] the change events
occur after a round of genetic operators, or more generally at the start of a genera-
tion/iteration. Widespread usage of re-evaluation based detection methods can be at-
tributed to their effectiveness. Under this scheme, a proportion of the population is re-
evaluated and if the objective values are different to the previous evaluation (despite no
additional operations having been performed) then a dynamic change must have occurred
in the problem. Some works use a distributed slice of the population [[64]], some use addi-
tional solutions external to the optimizing population with fixed decision variable values,
known as sentinel solutions [65]], [66]. Investigations have specifically addressed the se-
lection of sentinel solutions for detecting changes [|65]], [67]. Alternatively, the changes
can be detected based on algorithm behaviour and performance [68]] or the average popu-
lation fitness [[69]]. Boulesnane & Meshoul [70] provide a recent commentary and survey

on the utility of change detection mechanisms.

Generally, however, as algorithmic responses for DMOPs are the focus of many recent
papers, the changes are usually prescribed and the response is automatically triggered
after a change occurs. There is limited work looking at non-fixed frequency [71] and
stochastic sequences of changes in continuous problems [29], [72].

The variety in settings and practices for DMO experiments described above add to
the difficulty of ensuring the reproducibility of results. Clear and concise reporting of the
problem parameters, algorithm settings and other settings has improved in recent liter-
ature, however the accurate conditioning of results and scope requires further attention.

The key challenges facing reproducibility are different for continuous and combinato-
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rial problems, however there are some consistent obstacles. For example, in combina-
torial problems, such as dynamic instances of the Travelling Salesman Problem (TSP),
Knapsack (KP) and Dynamic Vehicle Routing Problems (DVRPs), a sample of stochas-
tic instances can be used due to the scale of the possible dynamic instance space. These
challenges are addressed generally in Section [2.6{and in each of the contribution chapters
of this thesis.

2.4 Dynamic Multi-Objective Optimization Problems (DMOPs)

24.1 Continuous Dynamic Multi-Objective Optimization Benchmark Problems

A large variety of benchmark functions have been proposed for DMO experiments. The
proposition of novel benchmarks has usually been based on providing a testing environ-
ment or a problem feature that does not appear in existing suites before it. However, a key
notion of balanced, diverse and challenging problem suites is often hard to achieve. Table
summarises the key benchmark suites in DMO, together with the number of problems,

the dimension and the key features that they provide compared with other test functions.

Problem Generators: Features, Flexibility & Usage

A number of problem generators have also been proposed for DMO. These enable the
construction of novel problem scenarios by setting a number of parameters or combining
distinct function components. Jin and Sendhoff [50] proposed their framework for gener-
ating DMOPs based on the dynamic weighting of several objective functions to provide a
single fitness value and there has been some limited usage [87], [88] since its inception.
Other generators include the DSW and DTF methods proposed by Mehnen et al. [74].
These are capable of generating a variety of DMOP problems through the selection of 6
parameters that control aspects of the Pareto Front geometry. Tang et al. [89] proposed
a generator for problems with a scalable number of objective functions, and Gee et al.
[81] provides a framework of compositional elements used to generate different test func-
tions — similar to the construction of the WFG suite [90] in static MO research. Recently,
together with the suite of proposed DMOP benchmarks, Jiang et al. [29] proposed a gen-
eral methodology for the construction of novel problems for DMO research. Throughout
the literature, there is limited further use of problem generators beyond their defining pa-
pers. Often, there is a preference for established problems and suites both for ease and
comparability. However, the motivations for benchmark selection; the examination of al-
gorithm performance against problems with specific characteristics, may be better suited
to the use of problem generators. The issue of reproducibility and comparability, particu-
larly in terms of considering the possible dynamic instance space for a problem, may be

compounded by more widespread usage of these generators.
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Table 2.3: Continuous DMOP Benchmark Suites based on comprehensive sample of literature (papers that cite [28]), M indicates any number of objective functions can be
specified. Usage figures are indicative rather than exhaustive.

Suite # Problems | # Objectives Remarks Usage

FDA (2003) [128] 5 2(4), 3/M(1) POF geometry, POF/POS shift, changes in distribution/density 84
of solutions,

FDAZ2,,,04/3moa (2006/2009)[73], [[74] 2 2,3 Modification clarify changes in convexity/concavity 5

FDAS; 50/ dec (2008) [[75] 2 3 Isolated and Deceptive POFs 4

dMOP (2009) [[76] 3 2(2), 3(1) POF solution density changes, combined POS/POF solution 44
density changes

HE (2013) [41] 10 2 Various POS/POF change types, complex POF geometries 8

DMZDT (2010) [55] 4 2 Adapted from ZDT functions 5

WYL (2010) [55] 1 2 Serial composition of multiple objective functions 3

F (2014) [[77] 4 2(3), 3(1) Complex POS geometries 15

DIMP (2010) [[78] 2 2 POS changes with unique decision variable impacts 7

ZJ7Z (2007) [79] 1 2 Non-linear linkages between decision variables 9

DSW (2006) [74] 3 2 Proposed problem generation using parameter-controlled func- 2
tion components

UDF (2014) [80] 9 2(8), 3(1) Variety in POS/POF geometry changes, disconnected POFs 9

DF (2018) [34] 14 2(9), 3(5) Competition set composed of novel and borrowed prob- 12
lems: mixed convexity/concavity, variable linkage, range
and bounds of POF and POS, solution density, discon-
nected/holes/degenerate POF regions

GTA (2017) [81] 24 2 Composable problem framework with additive and multiplica- 2
tive components allowing generation of instances with a variety
of characteristics

T (2011) [133] 4 2(3), M(1) Time linkage between variables 1

JY (2016) [29] 10 2 Justification for dynamic change types from real world exam- 10
ples, POF geometry/disconnected, POS shift, solution density,
mixed concavity/convexity, stochastic dynamic interval changes

SDP (2019) [32] 15 2/M Justification for dynamic change types from real world exam- 1
ples, Variable number of decision variables, objectives,

RDP (2021) [72] 8 2(4), M(4) Randomised (stochastic) sequence of dynamic intervals, scalable 1
number of decision variables, Deceptive POF, mixed concav-
ity/convexity in POF

CLY (2018) [31] 6 2,M Changing number of objectives, (increments of 1) 1

FUN (2018) [82] 3 2 Rotational changes of POS 3

LF (2022) [83] 6 2 Variable change types within an instance 1

DCTP (2015) [35] 4 2 Constrained problems, tunable PF difficulty with infeasible zon- 4
ing and definition of disconnected regions

TP (2008) [[75] 2 2 Discontinuous and convex POF 1

WIL (2014) [84] 2 2 Non-linear correlation between decision variables 1

GCM (2005) [185] 3 2(1), 4(2) Similar to WYL, change in the objective function definition 1
rather than time depedency

LDE (2018) [86] 4 2 ‘Less-detectable’ environmental changes, partially time-variable 1

POS/POF
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Key Suites: Origins, Limitations & Justifications

Since its inception almost two decades ago, the FDA suite [28]] has been the most widely
used in DMO literature to evaluate the performance of novel algorithms. The 5 continuous
benchmarks proposed covered the first three of the major classifications under the Type
system, with POS shifts, POF shifts and geometry changes, solution density changes in
two and three objectives. These problems were adapted from static multi-objective bench-
marks in the ZDT suite [91] and the DTLZ suite [92]. Farina et al. also provided a number
of combinatorial examples of DMO problems. A basic multi-knapsack problem with po-
tentially dynamic profits, weights and capacity was proposed without experiments. A
multi-objective dynamic TSP problem was proposed: each objective has its own weight
function and the cities swap across a circular arrangement. Both of these definitions pro-
vide a simplistic example of the possible formulation of combinatorial or discrete DMO
benchmarks, however they have not received much direct usage in the literature compared
with the proposed continuous benchmarks. Finally, an optimal control problem is formu-
lated to approximate more closely a real world scenario. In the context of more recently
proposed benchmark functions, the FDA problems are simplistic [29], [32]]. However,
they provided the first examples of DMO problems upon which dynamic response mech-
anisms could be evaluated and compared. This paper serves as the foundation for much
of the DMO literature since and sparked the development of hundreds of algorithms and
dozens of further benchmark functions.

As shown in Table[2.3] new benchmark suites and modifications to existing problems
have been defined to incorporate additional characteristics for algorithms to handle. These
include mixed concavity to convexity in the Pareto Front or a change between the two,
deceptive POS/POF geometry, POFs with disconnected or isolated regions and degener-

acy.

More recently proposed suites, such as the SDP [32] and JY [29] sets, contain bench-
marks with dynamic natures inspired by real world problems or application studies with
specific characteristics. Coherent, meaningful design of problems is as important as the

informed selection of the range of dynamic instances of them used in experiments.

Composition of experimental sets of benchmark functions varies wildly in the previ-
ous literature. The usage statistics in Table [2.3] highlight where at least one of the suite’s
problems has been used in experiments, however, there are few that use all problems in a
proposed suite. Common practice uses a sample from multiple suites, which can be for a

number of reasons, including:

* Availability of source code and difficulties in replication or implementation from

paper descriptions.

17



CHAPTER 2. LITERATURE REVIEW

* Deliberate selection of benchmarks with easily handled characteristics, or compo-
sition of range of characteristics.

» Limitations of visibility of alternative benchmark functions (newer suites may be

less well known).

All of these contribute to the experimental inconsistency visible in previous literature.
Several works specifically address this challenge and purport the importance of diversity
in experimental test sets [37]], [41]. Other areas with EC have proposed standardised test
sets, such as COCO for (static) multi-objective optimization [93]], which comprises 55
bi-objective continuous problems and has been widely adopted.

Discussion on Selection of Problem Instances for Experiments

Helbig & Englebrecht [41] also highlight the importance of testing a diverse range of
frequency and severity of change parameters with DMO experiments. Despite the clear
requirement of strong conclusions to be based on a comprehensive set experiments, the
range of dynamic instances examined is very limited as standard. As described previ-
ously, a dynamic instance refers to a specific instance of a problem generated by using a
particular set of parameters that describe the dynamic changes that occur within it. Most
simply the dynamic instances can be controlled using the frequency (7;) and severity (n;)
parameters, but the starting value of ¢, the number of decision variables and the selection
and transformation of performance measurements can all results in incomparable instance
testing. Historically, a single combination of frequency and severity is commonly em-
ployed in experiments, usually influenced by the combination used in the defining papers
for each benchmark function. Recent works examine up to eight combinations [62], [94]],
[95]], but the size of the potential dynamic instance space is much larger than this. The
composition of a diverse set of benchmark functions is a valid pursuit, however consistent
practice of dynamic instance selection is equally important in terms of providing relevant
and comparable results. This topic, and solutions to this question are explored further in
Chapter 3. Generally, the current state of the DMO literature highlights the requirement
for a coherent and cohesive approach to experimentation. Lacking so far, the consistency
of reporting results and problem parameters is crucial to the relevance and applicability
of conclusions. A generalized and logical approach that provides comprehensive evalua-
tion of algorithm performance whilst highlighting the problems or instances that should
be targeted by further research, is one of the key, currently unfulfilled, targets for DMO
research.

2.4.2 Combinatorial Dynamic Multi-Objective Optimization Benchmark Problems

As with continuous benchmark problems, there is a variety of combinatorial and discrete
optimization problems that EC techniques have been applied to. Many of these are derived

as standard scenarios from real world applications or to provide a simplified formulation
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of a complex system. In terms of DMO, the Travelling Salesperson Problem (TSP) has
been adapted to consider dynamic and multi-objective characteristics [69], [96], [97]. The
established library of static, single-objective TSP problems contained in TSPLIB [98]],
serves as the basis or inspiration for many of these considered instances. Similarly, the
knapsack problems (KP), Bin-Packing Problems (BPP) and Scheduling Problems (includ-
ing Job-Shop, Fleet Management and Workforce Management) have all seen extended to
consider DMO formulations. Whilst continuous benchmarks are often designed around
the incorporation of characteristics into an abstract mathematical framework, combinato-
rial problems have evolved from and are grounded in the direct applicability to a recog-

nisable environment.

However, there are two key limitations of all of these examples: the realistic nature
of the dynamics they propose to incorporate and the reproducibility of test instances. For
example, DMO-TSP’s draw backs are in the multi-objective component and if simulating

traffic, there seems to be no consensus method of replicating specific dynamic instances.

The following sections detail more examples of combinatorial benchmark problem

types and whether significant works towards DMO formulations have been proposed.

Navigation Benchmarks: Vehicle Routing, Arc Routing

Optimisation of navigation-based problems is routed in the utility of the solutions from the
perspective of time, money, fuel and efficiency. The construction of test functions from
real scenarios is commonplace, including vehicle routing [98], circuit board manufacture
[99] and more recent for aerospace applications [[100]—[102]. There are numerous further
applications, especially in mobile and network communications scenarios or dynamic

community detection problems [[103]], where agents or nodes may be non-static.

It proceeds that in order to be realistic, formulations should accurately consider the
dynamics present in some of these systems. Many examples for single-objective optimi-
sation have been proposed, include the Dynamic Vehicle Routing Problems of Psaraftis
[104] and the Dynamic Capacitated Arc Routing Problems examined by Handa et al.
[105] and Tagamouti et al. [106] . Within many of these problems the dynamics are
formulated around modelling the traffic, services or demands within these systems by
altering dynamically, the weights within the distance matrix. This is intuitive and an ef-
fective formulation of dynamics that results in challenging instances [[107]. The Dynamic
Pickup and Delivery Problem (DPDP) is another example of a combinatorial problem
that has grounding in recognisable scenarios such as grocery delivery and delivery from
online retailers. Examples are mostly limited to a single objective function and dynamics
are delivery window slots or traffic [[108[]-[110]]. Comprehensive surveys exist for vehicle
routing problems [[111]], [[112]] and real world formulations have also been considered for
other problem classes [[110], [113], [114].
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Dynamic TSP formulations offer little in the way of justifications beyond these types
of simple connection weight changes, an early example of which was proposed for sin-
gle objective TSP instances [115]. A more developed formulation was proposed in the
CHN144 benchmark problems by [96], [[116] which describe a concatenation of a regular
tsp problem with multiple geostationary and earth-orbiting satellites. The range of dy-
namic aspects of the instances is simplistic and limited, however it provides an example
of situations where the dynamics of a system may be a relatively minor component of the

problem.

Several DMO-TSP definitions exist in the literature, however there are significant
limitations to their realism and the justifications in the dynamics or the objective functions
beyond the first. These examples are covered in more detail within Chapter 4 where the
above limitations motivate the development of the Dynamic Travelling Thief Problem.

Logistics & Selection Combinatorial Problems

Dynamic combinatorial optimization problems can also be used to model a variety of lo-
gistics and management scenarios, including for fleets of vehicles [[117], [118], hospital
resources [119]] and military mission planning [[120]], [121]. The aforementioned naviga-
tion and routing problems, particularly instances of the DPDP can be considered in this
category with the introduction of multiple vehicles [[109], [122]. Whilst these classes of
problems are not directly addressed in the contributions of this thesis, the principles be-
hind their study is relevant here; the examination of a realistically formulated dynamic
scenario and attempts to provide good solutions for them.

Similarly, selection-based combinatorial problems have a variety of methods and in-
stances that have been developed to model specific scenarios in real systems. Many of
these are not simultaneously dynamic and multi-objective with recent works, for example,
still addressing the single-objective dynamic knapsack problem (DKP) [123]. Early DKP
definitions can be found in [124] whilst an example of the (static) multi-objective knap-
sack problem can be found in [125]. There remain a few examples of DMO combinatorial
selection problems; Lafeta and Oliveira [[126] and Roostapour et al. [127] both provide
examples of evolutionary algorithms applied to the dynamic multi-objective Knapsack
Problem, where the competing objectives are the minimization of selected item weights
and the maximization of their cumulative profits. The manufacturing resources alloca-
tion problem formulated by Perry & Hartman [128]], [129] uses a system with multiple
knapsacks.

Stacking operations and warehouse management are also examples of combinatorial
dynamic optimization problems [[130], [131] where the actions of cranes or other machin-

ery, the location and organization of items and the schedule of processes can be optimized.
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Recently a benchmark framework was proposed for these problems E] and competitions
have been held using these types of problems ﬂ Rule-based and policy systems have also
been proposed for dynamic cargo container stacking and organisation problems [132],
[133].

A single objective example with the potential for multi-objective formulation, Epstein
& Levy [|134]] consider an extension of the dynamic bin packing problem [135] to include
multiple dimensions (the area or volume of the items must be considered). Another more
abstracted example of dynamic multi-dimensional resource consumption is given in [136].
These examples therefore integrate a component from the stacking problems to improve
the realistic features of the optimization task. The Travelling Thief Problem (TTP) [137]]
more explicitly joins together a knapsack and TSP problem components and the novel
dynamic formulations of this are presented in Chapter 4. The Packing While Travelling
problem devised by Polyakovskiy et al. [138]] is a static example of the TTP, where the

tour is fixed and the knapsack component of the problem must be solved.

All of these examples are very clearly formulated around their relevant application do-
main which therefore limits the applicability of optimization algorithms designed to solve
these specific problems. The limited generalization into a flexible-yet-realistic benchmark
framework that simultaneously considers dynamic and multi-objective problem aspects is

current limitation of the combinatorial optimization literature.

Therefore an opportunity for a more realistic benchmark problem or framework that
is more closely related to a real world scenario is required in the multi-objective combi-

natorial domain.

Motivations from real world systems

Generally, the examples above demonstrate that both combinatorial and continuous prob-
lems are formulated to capture some aspect of real world systems that requires optimiza-
tion. The end-goal, whether explicitly stated or not, for much of algorithm design lit-
erature is the deployment on a real world system or the application to problems beyond
benchmarks. Table[2.4]below highlights some works that have addressed real world prob-

lems in different domains, together with a brief description of the dynamic components.

Potential Future Applications for DMO

There are additional examples spanning other domains, and summaries of these can be
found in [41] and [37]]. Each of these sectors of industrial application have additional
problem scenarios that can be adapted from existing works on static version of the prob-

lems. For example, the work of Mytilinou & Kolios [[150] investigates EA approaches

"Dynamic Stacking Benchmarks: https://github.com/dynstack/dynstack
’Dynamic  Stacking Competition: https://www.spotseven.de/gecco-2021-competition-on-dynamic-stacking-
optimization-in-uncertain-environments/
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Table 2.4: Real world problems with dynamic optimization formulations; many are DMO formulations.

Domain Problem Objectives Dynamics
Navigation | Public Transport | (2) Min. passenger waiting | Real-time optimization | [[139]
time, min. penalties due to | where bus arrivals trigger
control actions transitions between problem
states.
Navigation | Salting  Routes | (1) Min. total distance Demand (salt amount re- | [140]
(DCARP) quired according to real tem-
perature predictions) on costs
changes
Navigation | Routing with | (3) Min. workload, min. | Some requests in the network | [110]
Traffic (Shenzhen | tour length, min. response | are dynamically changing.
Data - DPDP) time
Navigation | Routing with | (3) Min. travel time, min. | Traffic on roads updated by | [[113]
Traffic ~ (Tokyo | tour length, min. of road | sensors changes travel times
Data) penalties of specific edges.
Energy Combustion Op- | (2) Min. NO_z emissions, | Dynamic states in the com- | [60]]
timization min. Boiler efficiency bustion process, e.g. boiler
temperature
Energy Dynamic Energy | (2) Max. profits, min. costs | Unit pricing for energy is dy- | [2]
Pricing due to cable overheating namic
Energy Hydrothermal (2) Min. cost, min. emission | Changes of in energy de- | [141]
Power Dispactch mand over a fixed schedule
Energy Gas Turbine Op- | (2) Max. output power, min. | Goal is robustness under per- | [142]]
eration pollutant emissions turbation: changes in exter-
nal temperature/pressure af-
fecting objective functions
calculation.
Energy Allocation of | (1) Max. wusage of avail- | Energy availability and har- | [[143]
Renewable En- | able resources, constrained | vesting are split into intervals
ergy (Stochastic | by energy consumption de- | and vary across them.
Knapsack) mand of users (values and
weights resp.)
Energy Design of Re- | (3) Min. net present cost, | Output of the connected re- | [[144]
newable Energy | minimization of CO_2 emis- | newable components varies
Systems sions, min. loss of load | over time.
probability
Energy Power Dispatch | (2): Min. operational cost, | Varying wind power and load | [[145]
with Interactive | min. system power loss forecasts impact solution fit-
Wind Contribu- ness.
tion
Manufact. | Steel Manufac- | (3) Min. cost, minimiza- | Tasks for scheduling can | [140]
turing tion of continuity violations, | have dynamic duration and
min. cost from flexibility de- | the arrival time of tasks is
viations. also subject to change.
Chemical | Water Pollution (2) Min. pH deviaton, min. | pH, dissolved oxygen, per- | [147]
dissolved oxygen deviation | manganate demand and am-
monia nitrogen levels change
over monthly readings.
Chemical | Greenhouse Con- | (3) Max. crop profit, min- | Real time is used, chang- | [[148]
trol imize heat cost, minimize | ing environments every 14.4
CO_{2} cost minutes; varying external
temperature and CO_2 den-
sity, solar intensity.
Other Parameters  for | (1) Min. computational bur- | Sequence of images repre- | [149]

Digital =~ Water-
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to a multi-objective wind farm location optimization, and could be extended to consider
mobile platforms, blade orientation, dynamic elevation or a calculation of fitness using
dynamic wind speed profiles. Wind farm optimization is a popular topic [[151]—[[153]] and
some preliminary works have considered dynamic aspects within these systems [154]—-
[156]. Protein classification has been optimized using a dynamically adapting EA [157],
however the impacts of temperature and pH in a dynamic instance could be modelled.
The vegetable crop yield example presented by Zeng et al. [158]], could be developed
into testable instances and emulsion (Fonteix et al. [159]]) and styrene polymerization
[160] problems existing in the literature could be modelled in the dynamic case as the
composition of the substrate mixture changes during the reaction.

Space navigation is an emerging field for DMO; a recent competition at GECC0O2022
involved three different optimization problems [161]], including close similarity to the
Travelling Thief Problem and future problem could consider the dynamics of these sys-
tems that the competitions are proposed in. The acquisition of rare and valuable mate-
rials from asteroids [102], [161] provides a rich environment for problem formulations
in which algorithms must be capable of handling the complexity of the systems dynamic
aspects. Some recent works have looked at space debris clearance [[100], [101] and inter-
planetary trajectory optimization [162] as examples of problems where EC can generate

useful solutions.

The investigation of these diverse topics and the innovative application to new do-
mains relies on the three key motivators linked to the contributions presented in the fol-
lowing chapters. First of these is the establishment of consistent DMO practices and an
improved understanding of dynamics parameter impacts, together with tools to determine
baseline expectable performance and facilitate reproducibility of results. Secondly, the
bridging of simplistic mathematical benchmarks and the complex, end-goal deployment
scenarios through the use of more realistic DMO benchmarks (particularly for combinato-
rial DMO) with justifiable dynamic changes. Thirdly, the investigation of novel properties
of more realistic problems within DMO, i.e. multiple independently changing dynamic
components; achieving a fundamental understanding of the challenges this presents, the
suitability of existing approaches and the developments required for effective experimen-
tation using this novel problem class.

2.5 Dynamic Multi-Objective Optimization Algorithms

A significant proportion of the DMO literature is dedicated to determining appropriate
methods for solving both benchmarks and real world problems. There are several re-
cently proposed taxonomies of such methods, each with valid groupings and hierarchies
based on response type and including detection mechanisms and problem types [37], [39].

Comprehensive reviews exist on the topic, however due to the rapid turnover of new pub-
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lications in the area, these are never perfectly up to date. For example, the survey of Cruz
et al. [163]] covers research until 2011, Nguyen et al. [38] provides a good summary of
literature up to 2012, then updated in Helbig & Englebrecht [[164] in 2014 and again by
Azzouz et al.’s [43]] survey up to 2016. Very recent surveys exist for dynamic optimisation
[39] (mostly in the context of single-objective problems) and for dynamic multi-objective
optimization [37]] and swarm intelligence methods for DMO [165]. Whilst these works
comprise an extraordinary resource in summarising recent contributions to DMO, critical
evaluation is often not the focus of these surveys. The remainder of this section will pro-
vide examples of algorithms in different key ‘families” of DMO responses whilst offering
a brief note on the strengths and weaknesses and the relevance to experimental protocol

design, instance selection and the conditioning of conclusions.

Core Principles: Basic Type Breakdown

The general classes of algorithmic responses can be grouped in any number of ways
based on subjectivity or on grouping by mechanism components or outcomes. criteria.
Therefore, the main classes presented here are: Diversity-based and diversity manipula-
tion mechanisms; History-based and Fixed-information methods; Hybrid, Adaptive and
Transfer-based Algorithms; Other EC and related methods.

Diversity, Multi-population, Co-evolutionary Algorithms for DMOPs

Diversity is the cornerstone of many evolutionary techniques as it allows the exploration
of the search space, prevents premature convergence and can be used to avoid local op-
tima. Diversity is also employed as a reactionary mechanism for dynamic changes or

codified within the algorithm structure to ensure it is maintained.

Diversity introduction for population based algorithms is one of the simplest re-
sponse mechanisms and has been used since dynamic optimization problems were first
formulated. Cobb proposed using hypermutation to improve performance in dynamically
changing problems. Hypermutation as an adaptive operator increases in the probability
of mutation events when producing offspring solutions and is triggered by poor algorithm
performance (such as immediately after a change event). A wealth of strategies have been
proposed since, the most popular of these involve ‘immigrant’ solutions. Extra solutions
are added to the pool of solutions in response to dynamic changes in order to boost the
population diversity. These solutions, if randomly generated are sometimes referred to as
‘random immigrants’ [21]], although solutions can be generated via mutation or other re-
combination mechanisms. Deb et al. [[141] extended the well known NSGA-II algorithm
to handle dynamic instances using diversity introduction techniques. An A variant, adding
a parameter-controlled percentage of random solutions and a B variant that provides mu-
tated solutions are proposed. Both variants are widely used as baseline comparison al-

gorithms for novel methods or similar methods have been devised [166]. Additionally
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random re-initialization is a common baseline comparison response strategy and is some-
times also called ‘random restart’ [29], [S3]], [63[], [[72], [85]], [167]. It represents the most
severe and destructive form of diversity introduction, where the entire population is dis-
carded and a new set of solutions is randomly initialized. Generated solutions can also
be guided by the centroid of previous solutions [[145], mutating previously found good

solutions [[168] or by using local search to improve the quality of solutions [[169]].

Maintaining diversity can also mitigate the impact of the changes. For example,
Bui et al. suggested defining an additional objective to be optimized that focuses on the
diversity [170]. Fitness for this objective is calculated in a number of ways, including
using the age of solutions or calculated by distance to the closest neighbour or all other
solutions. Similarly to hypermutation discussed previously, dynamic adjustment of mu-
tation, crossover and objective weighting parameters has been used to improve diversity
and promote exploration [[121]. Thermodynamic Genetic Algorithms (TDGAs) are also
proposed [[171]], [[172] that use concepts of temperature and entropy as in Simulated An-
nealing [[173]] to control mutation explicitly. Forcible partitioning of solutions within the
decision or objective space is another way to guarantee diversity is maintained within the
optimization run. The method proposed by Zeng et al. [[158] maintains multiple clusters
of solutions that contribute to generating a new population after each dynamic change. A
similar clustering-based method has been applied in a real world DMO hospital resource
management problem scenario [[119].

Multi-population methods are a more strict way for separating groups of solutions
or partitioning the search space. Branke et al. [174] and Oppacher [[175]] provided early
examples of this, where a core population is used in addition to smaller, ‘colony’ pop-
ulations that are forced to explore distinct regions of the search space. Das et al. [176]
merges diversity maintenance with multiple populations by using additional concepts such
as adaptive quantum individuals and solutions with trajectories based on Brownian mo-
tion within each sub-population. Multi-population methods for DMO have recently been
applied to Particle Swarm Optimization (PSO) methods where a separate swarm popula-
tion is optimized for each objective of the problem [177] or on decomposed components
of the problem [178]].

Parallel processing techniques, such as those in Camara et al. [179], can also be used
for DMOPs by using both data decomposition (sequential solving of problem states) and
functional decomposition (separation of tasks to be run concurrently). The principles and
motivations of parallel algorithms are similar to those of multi-population techniques and
mechanisms such as migration can be employed in both. The speed of computation can
also be improved by using parallel methods [73], [[180] and when deploying these meth-
ods using high performance computing [181]]. Parallel methods have also been applied
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to DMO instances of TSP problems [[182], where a 16-computer architecture is used to
explore the locally optimal solutions in a discretized objective space.

Co-evolutionary algorithms provide yet further development of diversity introduc-
tion, maintenance and the distributed exploration of the search space. A number of
paradigms are extended from existing methods for static problems, including coopera-
tive co-evolution [183]-[[186] and competitive-cooperative co-evolution [76[], [187]. Co-
operative co-evolutionary algorithms used information sharing (parts of, or full solutions
are shared between a number of discrete populations) to drive convergence but also main-
tain and introduce diversity. The recently proposed algorithm by Xie et al. [188]] explicitly
balances the two goals of convergence and diversity within a cooperative co-evolutionary

framework.

Whilst these different methods vary in complexity and mechanism, there are some
unifying strengths and weaknesses that they share. For example, each of a range of show-
cased algorithms has its own mechanism of incorporating diversity as a key aspect of
the search for good solutions to a problem, each of which is effective in different cir-
cumstances. Diversity is also key to handling a number of key problem features that can
confound more simplistic solvers (e.g. basic hill climbing strategies), including problems
with deceptive POS/POFs or those with disconnected or isolated regions. However, these
types of landscapes can also pose significant challenges to diversity focused methods,
the extreme cases, for which other response mechanisms may struggle too, (e.g. highly
multi-modal, many local optima or highly disconnected problems) may hinder the ability
of these diversity-focused methods to provide good solutions. Other challenging aspects
may include problems with low frequency changes (rapid changes, short time between
intervals) as the introduction and maintenance of diversity after change events is followed
by the utilization of this solution information to drive the algorithm towards good so-
lutions in the new problem state. If there is insufficient time for this exploitation, the
algorithms may again, struggle to provide good solutions. Finally, each of the aforemen-
tioned classes of diversity-focused methods relies on the selection or setting of particular
parameters; the proportion of the population to be replaced with random immigrants;
the initial weighting of a diversity objective, the number of populations and their size; the
communication frequency between isolated population of solutions; or the maximum mu-
tation rate and the ‘cooling period’ for hypermutation responses. Whilst (almost) every
optimization is dependent on parameters for its correct function, these methods are reliant
on an appropriate setting or design based on the problem application or the characteristics
of the dynamics in the examined suite of benchmarks. For example, a dynamic instance
with very low severity changes may be tackled with a ‘smaller’ response (e.g. fewer ran-
dom immigrant solutions). Adaptive methods and hybrid mechanism are described later

in this section to overcome some of these limitations.
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Memory, Prediction & Preference Algorithms for DMOPs

Memory and the exploitation of historical information is an intuitive approach to dy-
namic, non-stationary and time-varying problems. There are a variety of ways that this

information has been exploited as an algorithmic response to dynamic change events.

Implicit memory methods incorporate redundant code through diploid genomes.
This means that for each decision variable, there is a secondary ‘allele’ which contains
a different value. The visibility of each allele is determined by a dominance table which
can change adaptively depending on the detected changes. There are many examples
of dilpoidy being employed for dynamic problems with a single objective [11]], [[189]—
[192], however fewer examples exist for multi-objective problems [[159], [160]. The con-
cept has also been extended to consider multiploidy for dynamic problems [189], [193],
[194]]. Nguyen and Yao [38] split memory-based methods into implicit and explicit mem-
ory techniques. Further categorization into direct and associative separates them based
on the type of information stored. Direct memory methods store previously found good
solutions, either in a dedicated archive or separately from the optimizing population and
there are examples of this mechanism in the DMO literature [23]], [195]-[197]. Less com-
monly employed, associative memory techniques store, for example, information about

the previous problem states or about the nature of the changes [69], [192].

Explicit memory is any method which employs an archive of solutions which can
be re-inserted into the population, or used in other ways in response to changes [23|].
The maintenance of an archive of previous best solutions is commonplace across DMO
algorithms. The training of generalized models or distributions using historical solution
information and recall from these can also be considered as explicit memory [149]. Short
term prediction methods, that use information from the previous environment also exist.
Wu et al. [198] formulates a re-initialization strategy to boost diversity that combines
predicted shift of the POS using the centroid of solutions in the previous environment,
with a local search strategy.

Prediction strategies exploit the problem history for different response mechanisms
given the serial nature of successive states in dynamic instances. Whilst most prediction
methods focus on forecasting information about the next problem state, the changes can
also be anticipated [199]. Forecasting methods are much more prevalent in the literature
and a variety of temporal model types have been constructed including, Auto-Regressive
Moving Average (ARMA) [77], [[79], Kalman-Filter [53]], [200]], Polynomial Regression
[201], Fractional Order Displacement [202]]. The predicted information is used in a vari-
ety of ways, most commonly to guide partial or complete reintialization of the population
around a predicted decision space centroid or region of the search space [40], [77]-[79],
[84]], [203]-[206]; Biswas et al. [80]] proposed a ‘controlled extrapolation’ re-initialization

method using a model similar to [79)]. Many recent methods proposed a composition of
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multiple models or a partitioning of the decision or objective space for prediction [82],
[207]-[210]. Very recent innovations have extrapolated additional information from the
optimization to inform prediction; Li et al. [211]] anticipates the trajectory of solutions,
whilst Zhao et al. [212] extracts knowledge from the search space in a method inspired
by signal restoration. Public transport [139] and combustion outputs [60] are examples of

real world problems that prediction strategies have been employed for.

Memory strategies have been shown to be useful when the problem states in the dy-
namic instance are revisited [23]] and the benefits are intuitive. Assuming the automatic
detection of changes, this makes memory-based mechanisms useful when the dynamics
occur in a cyclic or periodic nature. The same problem characteristics make prediction
methods particularly useful as the utility of the constructed models is stronger if the pat-
tern of changes is clearer. However, the limitations for both memory and prediction-
based responses present when the dynamics are stochastic, non-cyclical or the sequence
of changes is irregular or unpredictable. In the early stages of the optimization process,
both types of strategies cannot provide much useful information. Memory-based meth-
ods provide good solutions of information from previously visited problem states, if a
new state presents, there may be no relevant information that the response can provide.
Prediction strategies rely on the construction of the model and the use of training data in
order to provide a useful prediction, this cannot occur if sufficient historical data has not
be accumulated. To counter these limitations, memory and prediction methods are often
combined with diversity-based methods to form hybrid strategies.

Preference incorporation is a growing topic in EC generally, but has been applied
to DMO in the form of reference point guidance [94] and hyper-heuristics with plane sep-
aration [213]]. Both of these are established methods in preference-based and interactive
optimization, however a major limitation lies in the informed selection of reference points

and the regions of interest, particularly in the different dynamic intervals of DMOPs.

Hybrid, Ensemble, Adaptive, & Transfer Learning Algorithms for DMOPs

Hybrid dynamic response strategies are methods that combine multiple response mech-
anisms. Generally, many of the hybrid methods are more recent, as the combination
of established and refined response mechanisms to mitigate their individual limitations
becomes possible. For example, prediction methods are combined with memory based
methods [214], [215] to further exploit cyclical dynamics, or multiple prediction models
are combined [216], [217] to boost prediction performance. Prediction-based strategies
are also commonly combined with diversity introduction mechanisms [83[], [218]—[220]
and diversity maintenance schemes [221]] in order to reduce the impacts of prediction error
after changes. This can also benefit the early stages of the optimization where the predic-
tion model is still being constructed. Yong et al. [222] have recently suggested a transfer

learning-based scheme to avoid the early-optimization issues of a prediction method. Pre-
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diction strategies are also used in novel ways, such as estimating the problem state for the
switching of optimization tasks with a hybrid algorithm from tracking optima to finding
robust solutions [71]. Memory mechanism are a popular hybridisation candidate, hav-
ing been combined with diversity introduction [113]], local search mechanism [54] and
adaptive operators [55]. An ensemble of mechanisms is proposed for adaptive population
management using memory, local search and diversity introduction methods [223]] that
can be adapted based on the change severity [53]. More innovative combinations com-
pound several types of local search mechanism [110] or local and global search operators
[224] and even in the composition of immune response and co-evolutionary mechanisms
[225]. The range of possible hybrid strategies is limited only by the creativity of the
designer and the utility they have across the DMOP space. The combination of mecha-
nisms is an alternative to adaptive methods for alleviating the limitations of mechanism
that present when used on their own. Because of this, it appears recent publications rarely
use strictly a single class of response as their dynamic response mechanism. Many of the
previously mentioned methods within the other categories employ aspects of other mech-
anism to find a balance between convergence and diversity. For example the cooperative
co-evolutionary mechanism by Xie et al. [188]] uses a hybrid mechanism of prediction

and diversity introduction and maintenance in response to quickly react to change events.

The strengths and weaknesses of hybrid strategies are dependent on the combination
of response mechanisms used, however generally hybridisation is effective for mitigating
many of the limitations of individual mechanisms. Only the combination of computation-

ally expensive mechanism may slow the overall optimization process.

Adaptive mechanisms alter the strength of response or some aspect of the optimiza-
tion in order to improve the performance based on a stimulus. For example, the strength of
response can be based on the severity of change [[136], [[146] and can be based on the adap-
tation of genetic operators (and their parameters) [[146]], [226]; the priority of objective
functions [121]]; or in the proportion of immigrant solutions generated randomly [136]],
[227], [228] or by mutation [64]]. Alternatively, the number or size of sub-populations can
be adaptively altered in response to dynamic changes [229], [230] or the probability of us-
ing different response strategies in an ensemble is adaptively updated based on previous
performance [231]], [232]. Adapting aspects of the response mechanisms increases the
flexibility and applicability to unseen or unknown dynamic instances, however the tuning
of the information that feeds the adaptive process requires careful design. For example,
the process of estimating the severity of change must be accurate, otherwise the enacted

response will be less relevant to the new problem state.

Transfer learning has also been used as a mechanism for solving DMOPs. The
principle of this mechanism is to build a model based on previous optimization runs that

assists the optimization of future runs. Jiang et al. construct a latent space [95] and
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manifold memory [233]] to improve performance. Li et al. [234] uses a clustering-based
model for application to planning for unmanned vehicles. A limitation of transfer learning
methods is the complexity of the constructed model may slow the overall optimization
process. Recent work by Chen et al. [235]] attempts to simplify transfer models to speed
up computation. Despite this, transfer learning is a powerful tool that can increase the
generalizable capability of developed algorithms for DMO.

Other EC and Related Methods for DMOPs

Other evolutionary computation and related methods have been applied to dynamic and
DMO problems and there are recent and comprehensive surveys documenting some of
them. Some swarm and multi-swarm based methods (e.g. Particle Swarm Optimization)
have been included in the previous sections due to their relevant response mechanisms,
however there are many further examples [40]], [[60], [75], [165], [196], [236]—-[241] . Ant
Colony Optimization (ACO) is also a popular choice for both dynamic scheduling and
routing problems among others [56]], [242]—[247]]

Fewer works have also developed Artificial Immune Systems (AIS) or clonal algo-
rithms to handle dynamic problems [115], [147], [248[]-[252]. A subset of the literature
considers innovative approaches to handling dynamic problems using methods such as
Membrane Computing [33], Deep Reinforcement Learning [59], A-Life models [253] or,
recently considering additional biological mechanisms such as epigenetic blocking [254]].

2.6 Performance Measurement in Dynamic Multi-Objective Optimization

As with benchmark problems and algorithm mechanisms, the performance measurements
employed within DMO have been subject to survey. Helbig & Engelbrecht [255]] provides
a summary of many performance measurement types and gives their strengths, weakness
and compatibility. Sections in several other reviews provide summaries of measurements
used throughout the dynamic optimization domain [38]], [43], [[163], [256]], [257] and the
challenges [43]], [255]-[257] of reporting performance in DMO.

Adapted vs. Purpose-Built Measurements for DMO

Many of the measurements used in DMO have been extended from static optimization
and multi-objective problems, whilst some have been designed to specifically capture the
algorithmic behaviours over time. Comprehensive surveys have been carried out for dy-
namic optimization [180] and for DMO [255]]. The simplest forms of performance mea-
surement are time-averaged averaged versions of static measurements; commonly used
measurements such as Hypervolume, Generational Distance [74]], [79], Inverted Gener-
ational Distance, Maximum Spread and Set Coverage [85]] have all been adapted in this

way by dividing the sum of the performance measurements taken in each iteration (gen-
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eration) and dividing by the number of generations. Again, Helbig and Engelbrecht [255]]
provide a comprehensive summary of these adaptations and their usage.

This practice of adapting static measurements for DMO has multiple drawbacks for
the effective reporting of algorithm performance. Firstly, the condensing of the dynamic
performance to a single value to represent achievement on a particular instance results
in an unavoidable loss of information. The temporal behaviour is key to interpreting al-
gorithm performance and can not be effectively captured in a simple average-over-time
measurement. For example, in a typical problem instance consisting of 10 dynamic inter-
vals, one algorithm may achieve middling performance across all intervals, whilst another
algorithm may achieve a similar performance score from poor performance in the first five
intervals and good performance in the final five intervals. Whilst succinct, time-averaged
measurements provide little insights into the dynamic behaviour of algorithms when pre-

caution is not taken in reporting.

Several performance measurements specifically designed for dynamic optimization
attempt to more accurately represent algorithm performance from a robustness-to-changes
perspective. The accuracy, stability, and reactivity [[179]] metrics are designed to capture

specific aspects of algorithm performance on DMO instances.

The accuracy is a general measurement of performance at a given generation, mea-
sured as the difference between the maximum possible hypervolume for the Pareto Front
and the maximum hypervolume achieved so far. The stability metric provides a mea-
surement of the impact of the change on the performance (using accuracy) relative to the
previous iteration; reactivity measures the recovery rate of an algorithm after a change

event has occurred (again derived from an accuracy measurement).

Hypervolume is one of the most commonly taken measurements across static and
dynamic multi-objective optimization as it provides a summary of information provided
separately in extent, spread and density measurements (this summarization can also be
a limitation to its informativeness). Adaptations in the form of Hypervolume Difference
(HVD) and Hypervolume Ratio (HVR) are employed in DMO (e.g. [79], [141], [180] &
[87], [1801, [197], [258]], resp.) however like the aforementioned measurements, these are
often presented as a single value of performance, condensing varying algorithm perfor-

mance into an uninformative number.

Limitations & Challenges: Known vs. Unknown POFs

Calculation of many measurements for DMO rely on knowledge of the POF, for exam-
ple to place the reference points for GD and IGD measurements. For benchmarks, this
knowledge comes with it’s definition but in terms of complex, real world and many com-
binatorial problems, the true POF is not always known for all or some of the dynamic

intervals. Again, the hypervolume prevails as POF-free measurement, however the se-
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lection of the nadir point (reference vector) requires careful selection and clear reporting,
otherwise results are incomparable. Camara et al. [73] proposed a method for approxi-
mating an unknown POF in order to calculate a hypervolume to be used in the calculation
of accuracy measurements. Similarly, Helbig & Engelbrecht specifically detail the chal-
lenges that present when the POF is not known [255].

Whilst the methods of reporting performance are intended to showcase an algorithm’s
performance in the context of similar or distinct algorithms, several considerations can be

made when taking measurements to ensure purposeful reporting.

If the POF changes location or geometry in the objective space with dynamic
changes then the hypervolume is not comparable between intervals, meaning an average
should not be taken over them, unless it is abstracted to an HVD or HVR value.

Reporting performance separately in each interval of dynamic instances has been
used infrequently as it requires more space to present tables of results and makes succinct

statements on performance more difficult.

End-of-interval measurements provide useful information from minimal data.
Recording the hypervolume (or other measurement) in the generation immediately be-
fore a change (after detection if necessary) gives a reading of an (elitist) algorithm’s best
achievement for the entire time it was optimizing the problem state in the given dynamic
interval. The alternative is to take measurements for every generation, which can include

the relatively poor performance of the recovery period after each change.

Reporting performance over multiple patterns of changes is challenging as these
instances are not easily comparable. Abstraction to HVD or HVR measurements before
averaging provides the simplest method for allowing comparability, however these require
that the POF is known which is often not the case for many combinatorial problems where

this issue is most prevalent.

An alternative to absolute measurement reporting, comparative results can also be
presented for algorithm performance. This type of performance reporting involves (usu-
ally) pair-wise comparisons between methods to establish the difference in their achieved
performance measurements. This naturally allows for informed application of statistical
testing using samples of measurements throughout the dynamic intervals, to for example,
provide a measurement of the proportion of statistically significant end-of-interval outper-
formance over another method. It is important to select carefully the comparison methods
to ensure a relevant and applicable baseline is established, for example, by using a well-
known algorithm from static problems such as the NSGA-II [259]. These principles also
informed the approach adopted in the dynamic multi-objective combinatorial instances of
the Travelling Thief Problem addressed in Chapter 4, since this problem has an unknown
POF.
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Selection of Algorithms for Performance Comparison

Another important topic in the reporting of algorithm performance is the set of compari-
son methods selected. These provide the context for the performance of any novel method,
however the inconsistency of selected baseline algorithms can hinder the relevance and
applicability of presented results. It is intuitive to compose results from a set of algorithms
believed to be the ‘state-of-the-art’, a classification that is subject to change, to provide
context to the results of a novel algorithm. However, the selection of comparison al-
gorithms is unconstrained by any particular established practice. This combined with the
incoherence in approach to experimental parameters for DMOPs, leads to a generalization
of performance and a fuzzy acceptance of what constitutes the current ‘state-of-the-art’.
Whilst no obvious solution presents itself for this difficulty, addressing the scope of ex-
perimental parameters and establishing a baseline of expectable performance across the
dynamic instance space can provide some structure to the presentation of results going
forward. This topic, together with the previous comments on establishing and reporting

baseline performance are developed within Chapter 3.

Performance Visualization: Approaches and Limitations

Presentation of averaged measurements or tables of statistical testing outcomes, measure-
ment profiles throughout the optimization and obtained Pareto Fronts are exmaples of
commonly employed methods for visualizing performance in DMO. There are benefits
and limitations to each of these which are only briefly touched on here; development and
improvement of visualization techniques is an ongoing field of research across all aspects

of evolutionary computation.

Single values for performance presented in tables is very well established practice
for the succinct and efficient documentation of achievement and direct comparison of
performance. Generally, good scientific practice requires that these values are the average
or aggregate of a number of repeats, meaning that a sample of measurements exists and
therefore statistical tests are often applied. The efficiency of this mode of presentation
is desirable, however, as mentioned previously, a large amount of information is lost that

could provide meaningful insight.

Profiles of measurements, meaning the average of the measurement recorded in each
generation of the optimization procedure can highlight aspects of algorithm performance
that cannot be communicated in a single value result. Aside from the previously men-
tioned considerations surrounding incomparability of dynamic intervals, the behaviour of
the algorithm may be different throughout the optimization such that insights about spe-
cific problem states that are more or less challenging can be obtained from this kind of vi-
sualization (an illustrative example of this is shown in Figure 2.3). Moreover, comparison

between methods using measurement profiles can provide additional information in cases
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Figure 2.3: Illustrative diagrams showing additional observations that made through (left) comparison of
measurement profiles and (right) comparing approximated Pareto Fronts.

where different methods succeed in different intervals; a single value cannot provide this.
These comparisons and the interpretation of performance in these cases generally quali-
tative unless further procedures are taken to distill this information into a format that can
be used to give concrete conclusions. The approach to comparing performance in Chapter
4 for the Dynamic Travelling Thief Problem instances addresses this transformation in a

measurement that respects the proportion of generations with significant improvement.

Pareto Fronts obtained by algorithms are a coarse grained and mostly illustrative
method for visualising performance. The benefits of plotting obtained Pareto Fronts pro-
vides an accessible interface to compare aspects of algorithm performance that may not
be captured using measurement profiles or single values for performance. For example,
there may be regions of the objective space where a low density of solutions is achieved,
despite a good or similar hypervolume (or other) measurement to another algorithm. An
illustrative example of this is shown in Figure [2.3| Visualization of Pareto Fronts however
can become difficult and space-intensive in instances where there are many dynamic in-
tervals, the geometry of PF changes is complex or there are many algorithms to compare.

Problems with more than 3 objectives also become difficult to illustrate.

Some novel methods bridge these levels of abstraction, for example the Empirical
Attainment Function (EAF) proposed by [260], [261]] and utilized for DMO by [103]]
builds a probabilistic model of attainment across the Pareto Front. The challenges here are
similar to presenting the Pareto Fronts themselves; many changes and complex geometries

make presenting EAF results difficult.

Each of these methods provides different and useful information that is not captured

within the others. Whilst not always feasible a combination of performance visualization
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can strengthen conclusions through additional insights, often the problems or motivations
for the experiments define the level of abstraction or explicitness required in the results.
Generally the importance of preserving temporal information and accurate reporting of
performance is the primary goal in DMO, where additional credence should be given to

comparability and reproducibility.

Additionally, important aspects of DMO experiments go beyond just choosing the
correct visualization method for the results. The selection of appropriate problem suites
based on experimental goals; the informed experimentation across the possible dynamic
instance space for these problems; the comparison with relevant baseline algorithms and
robust experimental methodology are all key requirements of generating meaningful con-
tributions in DMO.

Accessibility, Reproducibility, & Explainability in DMO

The motivations for the presented work follow key themes of reproducibility, accessibility
and explainability. These qualities are essential for the maintenance of good research
practice and the communication of results and therefore progress in any particular field.
Accessibility in this instance refers to both the clarity of presented motivations, including
descriptions of methodology that avoid vagueness and any omission of crucial details.
Ensuring clarity makes the arguments for the work easily accessible to the audience. It
is important to note that a clear description does not need to sacrifice details, complex
concepts or specific terminology. Specifically for DMO, whilst the concepts of dynamics
are relatively simple, the specific implementation and the associated motivations must be

accessible to the reader.

A very closely linked concept is reproducibility. Ensuring the presented results can
be replicated without extreme difficulty should be the standard across research. There
are levels to the transparency necessary to afford this however; proprietary restrictions,
continued and related research and sensitive data sets can all be obstacles to the ex-
plicit sharing of data or code. As with making academic outputs accessible, effective
and clear descriptions of methods, performance measurement calculations, data manip-
ulations and statistical procedures are required to facilitate the reproduction of results
and therefore verify findings. Generally, to cohesively make meaningful progress in any
field, reproducibility should be a standard requirement for published works. The ACM
Digital Library has recently proposed a supplemental award system for reproducibility
based on the provisions made by authors. Reproducibility is becoming a key interest
in the general computer science domain, for example the Supercomputing conference
(https://supercomputing.org/), operating system design conferences (EuroSyﬂ OSDIﬂ &
ACM—SOPSE]) and the recently founded Transactions on Evolutionary Learning and Op-

EuroSys: https://dl.acm.org/conference/eurosys/
“https://dl.acm.org/conference/osdi
Shttps://dl.acm.org/conference/sosp

35



CHAPTER 2. LITERATURE REVIEW

timization journal [262] have all adopted this system. Recently, in the context of software
engineering, reproducibility is posited as a key skill to be included in undergraduate cur-
ricula [263]]. For DMO, reproducibility is of particular importance as the sequence of
problems states represents a specific instance of a dynamic problem. For combinatorial
DMO problems, due to the number of different possible dynamic instances, the pattern of
changes or the process to generate them must be carefully reported to allow for reproduc-
tion of the results. For example, [182] is an example of a combinatorial DMO problem
where the process of instance creation is explained, however the exact instances cannot
be recreated. The ‘random’ changes implemented to generate the different dynamic inter-
vals in the problems are not explicitly reported or the seed and random number generation
methods not clarified.

Explainability of algorithm behaviours and the results they produce is crucial to the
effective communication of research. In the presentation of data and the accompanying
analysis, there are significant challenges that DMO research provides in terms of explain-
ability. Whilst the formulation of dynamic problems from real world scenarios is often
an intuitive process, justifying the measurement protocols and explaining the process of
arriving at results can be difficult. In DMO problems, tracking the best set of solutions is
a common goal, however measurements associated with this set can be taken in a variety
of ways. The measurements themselves distill different information about the algorithm
behaviour, resulting in different levels of information loss when presenting performance
as single values. Beyond numerical results, a concise and purposeful accompanying ex-
planation is key to the relevance of the experimental outcomes and their support for any

conclusions made.

Additionally, most published articles highlight some further aspect of the experiments
to be investigated or an application to additional problems and extension of the algorithm
response. The work [264] & [265] both provide recent and expert insights into the remain-

ing challenges facing evolutionary dynamic multi-objective optimization going forward.

2.7 Conclusion

The presented review of the literature highlights the comprehensive research attributed
to some topics within DMO and the relative scarcity of attention that other areas have
received. Numerous benchmarks suites and test problems have been defined, some in-
cluding directed design based on realistic dynamic characteristics. However, no cohe-
sive approach is provided for experimental methodology and the selection of dynamic
instances for robust conclusions. The extension of these realistic dynamic characteristics
is also largely missing from the combinatorial domain of DMO problems. Definition of
a realistic DMO benchmark that contains justifiable dynamic change events is of signifi-

cant benefit to the field. Allowing the flexibility of this problem to examine a variety of
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scenarios that could present in real world problems in a variety of application domains ex-
pands the relevance of this contribution further. Finally, the implementation of additional
characteristics that intuitively exist in real problems is a logical progression for the field
of DMO. A structured, justified and informed approach to investigating novel dynamic
problem classes will allow for the identification of the key challenges and obstacles and
avoid the non-cohesive approach taken to DMO experimentation in the past. The work
presented in the remaining chapters will address the major limitations identified within
the literature. Chapter 3 focuses on the DMO understanding and the establishment of
baseline practices using the frequency and severity parameters. Chapter 4 provides the
definitions of the dynamic Travelling Thief Problem and the development of methods to
find solutions for them. Finally, Chapter 5 presents the observations and challenges in-
volved with the development of DMO problems to include multiple dynamically changing

components.
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Chapter 3

Establishing Baseline Performance and
Reproducible Experimental Protocols
for DMOP Benchmarks

3.1 Introduction

Dynamic Multi-objective Optimization Problems (DMOPs) often have complex objective
functions, constraints or definitions regarding decision variable correlations or distribu-
tions. All of these components have a wealth of research and attention, compared with the
parameters controlling the nature of the changes which are less well studied. There are
a number of different parameters and settings that impact the complexity of the dynamic
changes. For example, as discussed in Section [2.3] instances with periodic and cyclical
environments, specified limits on the value of ¢, the delay in onset of changes, and those
with non-fixed severity and frequency each provide additional challenges to algorithms.
However, the key parameters governing dynamic change events in DMOPs; the frequency
and severity of changes (sometimes referred to as the magnitude) describe the core char-
acteristics of DMOP instances. These respectively determine how often the changes occur

and the scale of the difference between successive dynamic problem environments.

Standard practice has originated from fundamental papers in DMOP research; the
work of Farina et al. [28] proposed a simple method of updating the value of a variable
t according to a severity, n%’ at intervals determined by a frequency parameter, 7;, using
iterations as units. Equation[3.T]shows this calculation. This paradigm is used almost uni-
versally across DMOP and DMOEA literature. Some authors utilize function evaluations
[35], [51]-[53], [203]], or real time [56]—[58]] in place of generations/iterations as the fre-
quency parameter unit. Exceptions include works where dynamic change events follow

scheduled sequences of events and an update calculation is not required [59], [266]—[268]].
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The majority of works give little justification for the selection of frequency and pa-
rameter selection. There are a number of works that justify usage as being the same
as in Farina’s work [28] when using the FDA problems. Others [29], [38], [41]], [257],
[269], understand the importance of the frequency and severity parameters and use sev-
eral frequency-severity combinations in an attempt to diversify the coverage of problem

instances.

There are many real world problems scenarios that may contain dynamics that change
at irregular frequencies, meaning that there is a varying amount of time or iterations be-
tween change events. Experiments in the literature focus on constant frequencies for the

most part.

Some attention has been paid to problems where there is a changing or unknown
severity of change, an intuitive feature of realistic scenarios. Several works exist propos-
ing algorithms that adapt their dynamic response based on the measured severity of
change [53]], [61]], [270]. These methods also rely on reliable detection of changes, an
additional topic that has received significant attention [39]], [65], [70].

Despite DMOP literature focusing on using benchmarks to determine novel algorithm
performance and the majority of experimental methodologies considering constant fre-
quencies and severity values, there remains significant gaps in understanding the impacts

of these parameters.

Particularly, the inconsistency of frequency and severity parameter usage in the litera-
ture adds to the limitations of previous conclusions. Despite using the same or similar sets
of benchmark problems with consistent numbers of decision variables, results become in-
comparable when the frequency and severity parameters are different. Therefore a clearer
picture of the impacts of frequency and severity parameter combinations is required.

Furthermore, establishing a baseline of achievable ‘good performance’ must be done
for each problem separately - conclusions based on similarity of definition/character are

less concrete than explicitly determining baseline performance.

Little understanding is explicitly present in the literature for the comparative impact
of frequency and severity between different problems. We can therefore illustrate via

experimentation the difference in the combination space between benchmark problems.

Typically, methodologies use multiple benchmarks to demonstrate or compare algo-
rithm performance across problems with a range of characteristics. For example, includ-
ing problems with changes of different types (Farina [28] classification), PF geometries
and connectivity, and objectives improves the strength of conclusions for algorithm per-
formance. However, if we consider the limited range of frequency and severity combi-
nations that are used within the literature, these represent a small portion of the possible
instance space and therefore the relevancy of the conclusions is limited.
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Testing many combinations across the frequency and severity domain enables an un-
derstanding of the limitations of an algorithm or method beyond its performance on a

single or narrow range of instances.

Comprehensive examination of combinations across commonly used and recent
DMOP benchmarks via the application of popular non-dynamic MOEAs provides nu-
merous significant contributions. Firstly, it gives an insight into the comparative utility
of different comparison algorithms for determining novel algorithm performance in con-
text. Secondly, determination of the relative difficulty of different DMOP benchmarks
and its relationship to frequency and severity parameter values. Thirdly, the opportunity
to ascertain explicitly the utility of the commonly used ‘random restart’ method across
the frequency-severity combination space. This response is often used as a baseline com-
parison, with the best use-case quoted as high severity changes where previous solutions
may not be relevant to the new problem environment. Finally, these results set a precedent
for reproducibility through the provision of source code and design of experimental pro-

cedures regarding selection of instance with different frequency and severity of changes.

3.2 Background

Some of the principal benchmark dynamic multi-objective optimization problems
(DMOPs) were defined nearly two decades ago by Farina et al. [28]. Since then, a
plethora of benchmark problems have been proposed [26]], [29], [31]-[33]], [41], [72],
[81], [89], [271]], allowing for the testing of different characteristics of real world systems
in a controllable environment. Dynamic Optimization Problem (DOP) generators such as
Moving Peaks [23], [26] and the Dynamic XOR [27] and others are well-known single-
objective environments in which the difficulty of a problem instance can be controlled by
increasing the number of peaks or bits respectively. Comprehensive surveys of methods,
measurements and problems are given in [38]], [41]], [43], [255], [256], [272], [273].

Frequency

The frequency of change in dynamic problems is an intrinsic component of this class
of problems and is represented by the symbol 7; (sometimes 77). The selection of a
frequency parameter value requires a unit of time for its context. In the literature, the most
common units are generations or iterations, meaning for example, one full evaluation of
the population in a population-based algorithm. The number of function evaluations can
also be used, however in works that do so [52], [S3]], [203], given a population size and
a complete algorithm description or pseudocode, this can be converted into generations.
Many works using real world problems or simulations select their dynamic frequency
based on realistic events and therefore use real time [56]], [274]]; seconds [275]] or hours
[143]] or days & weeks [39].
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Intuitively the schedule of events in a real world problem may be unknown, at non-
fixed frequency and may be best described in real time. However, the widely adopted
use of generations (and function evaluations) allows for comparability of results where a

difference in computation resources/hardware would otherwise complicate relevancy.

Severity

As with frequency, the severity of changes, also sometimes called the magnitude of a
change is a key component of dynamic problems. The parameter is a measurement of the
difference between successive problem environments. Typically, severity is denoted by
ng, but s [276], [277] is also used. The value of n; effectively represents the number of
problem states that the dynamic problems go through upon changes; the time variable ¢

within DMOP equations is calculated at any given time step using Equation 3.1

p= L FJ G.1)

Ny | Ty

where n;, 7; and 7 are the severity and frequency and current time respectively.

Weicker [278]] analyses the impact of different severity values in simple single objec-
tive dynamic framework and the relationship with population size.

Parameter Selection

Various recommendations are made in the literature as to the values of n; and 7; that
should be investigated. For example, Helbig & Engelbrecht [41] suggest values of
ny = {1,10,20} and values of 7, = {5, 10,25,50,100} to be used in various combina-
tions. The parameters combinations in these ranges enable the investigation of algorithms
in environments with fast-changing and high-magnitude changes or in those with slower
changes and smaller magnitude changes, where effective change detection may be a mo-
tivator. In contrast, Farina et al [28]] when defining the fundamental FDA suite suggest a
single combination of values with n; = 10,7, = 5 and the number of decision variables

as n = 20.

Where authors have selected a variety of combinations for their experiments, some
understanding of the importance of the frequency and severity parameters is apparent
[61], [79], [94], [95]. Often these works include a statement justifying selections ‘to
examine the impacts of frequency and/or severity’, only to select a handful of frequency
and severity combinations to examine. A more comprehensive picture is required to make
conclusions about algorithm performance on DMOPs across the frequency and severity

combination space.

To illustrate the usage of frequency and severity parameters in the literature, values
used in experiments were extracted from work in the reference list of a recent survey pa-

per entitled ”Evolutionary Dynamic Multi-Objective Optimisation: A Survey” by authors
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Combinations of Frequency and Severity Combinations of Frequency and Severity

1

1
08 0.8
£ o6 £ o6}
‘? ¢ X x x ‘? x x x x
S I
2 S
3 04 2 047
(] (]
X x
0.2 pxxx % 0.2 x % x % x
K K XXX X X x x X x X x x x x x
3 x x g x X% x
0 b+ 4 X X L L L J o X X L L X y
0 50 100 150 200 250 300 0 10 20 30 40 50 60
Frequency T Frequency T

Figure 3.1: Visualisation of DMO literature usage of frequency and severity of change parameter values.
(left) The spread of frequency and severity parameter combinations used in experiments in the DMOP
literature. (right) Zoomed-in section of left panel to better show lower frequencies.

Jiang et al. published in ACM Computing Surveys 2021 [3'7]. The results are presented in
the following figures.

Figure illustrates the combinations of frequency and severity values investigated
in the DMO literature. As mentioned previously, there are works that consider real-time
frequency or atypical severity [31]], [141] and as such cannot be included here. Figure
allows for several interpretations to be made. Firstly, in terms of frequency values, there
are many different values that have been combined with a severity n, = 10. Whilst this
may seem like a positive, these different combinations are spread amongst different works
in the literature, with examination of multiple combinations remaining rarer. Secondly,
the use of severity values is generally in n; > 5 with much fewer instances considering
changes with severity 1 < n; < 5. Ultimately, there is little consistency in terms of the
values of frequency and severity values, and their combinations, used in DMO experi-
ments.

Notably, some values of severity and frequency are used more often than others, how-
ever the prevalence of different parameter values is best illustrated in Figure 3.2

A severity of n; = 10 and a frequency of 7, = 10 are the most commonly used
parameter values. Other severity parameter values have a low usage within the literature
and some values e.g. n, = 21 are used rarely [279]. A wider variety of frequencies
are investigated with 12 different values occurring in the sampled literature. Some of
the values for frequency and severity, for example 7, = 300 and n, = 21 are used in
multiple papers by the same or similar authors but appear in no other works. This limits

the possible comparison of any results based on the problem instances examined. More
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Figure 3.2: (left) The range of frequency values used within DMOPs from the literature. (centre) The
range of severity values used within DMOPs from the literature. (right) The number of frequency and
severity parameter value combinations used for DMOP experiments in the literature. Values extracted from
references list in [37]]

generally, the diversity of frequency and severity parameters that exist in the literature
illustrate the inconsistency, ill-informed experimentation and a lack of standard practice
with regards to frequency and severity parameters.

The number of frequency and severity parameters combinations that are considered is
also detrimental to the strength of conclusions made using DMOP benchmarks. Figure[3.2]
shows the number of combinations examined in the sampled literature. Each combination
of parameters represents a different instance in the frequency-severity combination space
for a particular benchmark problem. The most common practice is to use a single com-
bination of values, despite recommendations [41] to use a variety. Within the surveyed
literature, the largest number of frequency and severity pairings used in experiments was 8
(53], [61]]. Even with this many combinations, unless informed selection of the frequency
and severity values occurs, there may be severe limitations to the validity of conclusions
made using the results of such experiments for a number of reasons. Foremost, the same
frequency and severity values can have different impacts on algorithm performance across
different benchmark problems. Secondly, selection of a minimal set of combinations ex-
cludes a large proportion of the possible frequency—severity combination instance space.
This means that a conclusion of good performance of a novel algorithm on a particular
benchmark problem using 8 (or fewer combinations) may not accurately describe the al-
gorithms performance on that problem generally (across the possible frequency—severity

combination instance space).

Whilst feasibility of testing a larger number of frequency and severity combinations
may be an argument against such criticisms, presented in this thesis is an open-source
platform for which comprehensive examination of basic MOEA performance across 630
frequency-severity combinations can be reproduced. Results are presented for commonly
employed DMOP benchmarks and a number of well-known MOEAs to provide insights
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based on the maximum capability of methods not specifically designed for dynamic
problems. Recommendations are needed for baseline comparison algorithms, individ-
ual benchmarks and for basic dynamic responses with regard to selecting frequency and

severity parameters for experiments.

DMOEASs with Change Severity Dependent Responses

A number of algorithms have been proposed which attempt to optimise DMOPs with
different change severity values by adapting the response or employing a variety of tech-
niques based on commonly shared assumptions of suitability. The work of Azzouz et
al [53] investigates the utility of different response strategies including, local search,
memory-based and randomization across high and low change severity problem instances.
They also propose a hybrid and an adaptive-hybrid method which combines solutions
from the different strategies in a fixed ratio, for the hybrid algorithm, or in proportions
dependent on the magnitude of change for the adaptive hybrid algorithm. The severity re-
mains constant throughout each instance and the performance of each algorithm is depen-
dent on the reliable detection of changes. This approach is similar to hyper-heuristic and
ensemble methods, or algorithm selection methods that have been proposed for DMOPs
(531, [188]], [223]).

Generally, the concept of algorithm that can adaptively handle non-fixed severity and
frequency of changes aligns with the motivation to design algorithms for real world sce-
narios. It is intuitive that some scenarios involving natural phenomena such as wind
or weather, or dynamic routing and the dynamic travelling thief problem (DTTP - See
Chapter 4) may have change events with varying magnitudes according to realistic cir-
cumstances. Adapting the response of the algorithm in these cases is likely to improve
performance. For example, in DTTP instance where many city locations change (high
severity), it may be more effective to include random or highly mutated solutions rather

than utilising recently found solutions that may be more useful for a low severity change.

Use of MOEASs for DMOPs

There are a wealth of algorithms that have been proposed for solving DMOPs with a
variety of complex and innovative methods (See Chapter 2 for more detail). Many of these
works use the performance of well-known MOEAs (and simple modifications of them)
as baselines for comparison. These ‘static’ or generic MOEAs have not been designed
specifically for DMOPs. The NSGA-II [92] has seen comparisons [31[], [S6[, [74]], [85],
[167], [280], [281] and simple modifications to include random or mutated solutions in
response to changes (DNSGA-II algorithm types A and B respectively [141]) are also
used [29], [31], [32], [35], [41], [52], [80], [167], [271]], [280], [282]]-[284]. The NSGA-
IIT algorithm is also used and modified for performance comparisons [216], [271], as is
the SPEA2 [285]] algorithm [29]], [63]], [74]], [216]], [280]. The non-dynamic MOEA/D
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algorithm [286] is also compared [29], [31], [32], [167], [280], [281]] and augmented with
Kalman Filter prediction [31], [81], [200], reinforcement learning [287], [288]], intensity
of environmental change handling [72], [287] & a first order difference model [271].

Widespread use of non-dynamic MOEAs in DMOP experiments is intuitive; these are
the algorithms that provide the best performance on static problems and this may extend
to dynamic problems too. However it is common that MOEAs are given a ‘random restart’
response where they are forced to reinitialize in response to dynamic changes [29], [53]],
[63], [72], [167]. In the results presented in the following sections, we compare the simple
modification to add random and mutated solutions in response to a change, a ‘do nothing’
approach and contrast it to the poor performance when restarting generic MOEAs for
DMOPs.

We focus on the use of non-dynamic MOEAs here rather than the plethora of detailed
and complex dynamic methods (detailed in Chapter 2). As discussed, there are many
purpose-built methods for DMOP that include prediction mechanisms [77]—[79]], [203]],
[289], multiple archive based methods [31] and ensemble methods [53]], [270].

3.3 Multi-Objective Evolutionary Algorithms (MOEAs)

3.3.1 NSGA-II

The non-dominated sorting algorithm was introduced by Deb et al. [92], which has served
as one of the most popular MOEAs in the past two decades. As an elitist algorithm, it
uses tournament selection for offspring solution generation by crossover with mutation
subsequently applied. Pseudocode of the algorithm is included in Algorithm [Tl The
algorithm uses Pareto-dominance ranking based selection with crowding distance used to
break ties when forming the population for the next generation from the combined pool

of current and offspring solutions.

3.3.2 NSGA-III

The successor to NSGA-II, the Non-Dominated Sorting Algorithm III [290], as shown
in Algorithm [2] makes use of reference points to promote better coverage of the Pareto
Set. It is commonly used for problem with many objectives (four or more objectives)
as the reference points allow for more guided optimization in higher dimensions. The
inclusion here allows for an evaluation of its suitability for ‘simpler’ problems with fewer

objectives, but that have dynamic aspects.
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Algorithm 1 The Non-dominated Sorting Algo-
rithm II, (NSGA-II)

Require: popsize, maxiter;
P « InitializePopulation(popsize);
EvaluateObjectiveV alues(P);
AssignRanks(P); \\ based on domina-
tion level
iter < 1;
while iter < maxiter do

Q + GeneticOperators(P);

\\ Generate Child Population

9: \\ Tournament selection,
10: \\ Crossover & Mutation
11 EvaluateObjectivesV alues(Q);
122 P« PUQ;
13: RankAndNonDominatedSort(P');
14: CalculateCrowdingDistance(P');
15: P « SelectNextGeneration(P');
16: \\ Crop P’ to popsize
17: \\ with selection based on
18: \\ minimum Rank and Crowding
19: \\ Distance;
20: iter + +
21: end while
22: return P
3.3.3 MOEA/D

Algorithm 2 The Non-dominated Sorting Algo-
rithm III, (NSGA-III) procedure at generation ¢,
[290]

16:
17:
18:
19:
20:
21:
22:
23:
24
25:
26:
27:
28:
29:
30:
31:
32:
33:
34.

: FL(—F,L';

Require: H structured reference points Z°,
parent population Py, popsize;
St — @,Z — 17
Q: < GeneticOperators(P;);
Ry < QiU P
(F1, Fs,...) < NonDominatedSort(R);
while | S| < popsize; do
St — St U FZ,
141+ 1;
end while
\\ Last included front
if |S;| = popsize; then
Py 5
else L
Pt+1 < Uj:l Fj;
\\ Fill population with solutions
\\ up until last included front
K + popsize — | Pyl
\\ Remaining number of solutions
\\ to select
Normalize(FM; S, Z" Z*);
\\\ Normalize Objective Functions
\\ and create reference set Z"
[7(s),d(s)] « Associate(St, Z);
\\ Associate each member s € S;
\\ 7(s) : closest reference point
\\ d(s) : distance from s to 7 (s)
by acsuym, ((r(s) =) 7 0:1);
\\ Compute niche count of reference
\\ point j € Z"
Nzchmg(K, Pis W(S), d(8)7 ZT? FL7 PtJrl)
\\ Choose K members, one at a time
\\ from F', to complete P41
end ifreturn P;

The Multi-Objective Evolutionary Algorithm based on Decomposition was initially pro-

posed by Zhang et al. [286]] and is an alternative approach to the dominance-based NSGA-
II, NSGA-III and SPEA?2 algorithms discussed here. Pseudocode is given in Algorithm 3]
where a series of reference vectors are defined based on a decomposition of the problem

to be specified by the user. Solutions compete based on proximity to them whilst focusing

on the optimization of the objective functions. Mutation and crossover are employed to

produce a single offspring at a time, which is evaluated and replaces all current solutions

with worse objective values. Differential Evolution (DE) methods can also form the core

process of the optimizer [[80], [216].
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Algorithm 3 Multi-Objective Evolutionary Algorithm based on
Decomposition, (MOEA/D) [286]]

1:

n

21:
22:
23:
24

Require: popsize, (T') NeighborhoodSize,
Mazx Replacement, (§) Replacement
Probability, MaxlIter;
P, z* + InitializeSubproblems AndRe f Point(popsize);
A < InitializeWeightVectors(popsize);
ParetoApproxSet + ()
while iter < maxiter do
fori=1 to popsize do
Ind <+ SelectNeighborhood(P;, T, popsize,d);
y < GenerateCandidate(P, Ind);
\\ Using genetic operators
z* « UpdateRe ference Point(y, z*);
c+0
while ¢ # MaxReplacement&&Ind # 0 do
J < GetIndexValue(Ind);
if g; (y|\7, 2*) is better than g;(P;|\7, z*) then
Pj — Y;
c4+c+1;
end if
Ind + RemovelndexValue(j, Ind);
end while
end for
ParetoApproxSet < UpdateParetoApproxSet(P, PS);
end whilereturn P.S

Algorithm 4 Strength Pareto Evolutionary Algorithm 2, (SPEA2)
[285]]

1:

9:
10:
11:
12:
13:
14:
15:
16:
17:

Require: popsize, ArchiveCapacity, maziter ;
P «+ Initialize Population(popsize);
ExtArch + 0;
while iter < maxiter do
EvaluateObjectivesV alues(P);
EvaluateObjectivesV alues(Ext Arch);
UpdateExtArch;
\\\ Add non-dominated solutions
\\ from P to ExtArch
if |[ExtArch| > ArchiveCapacity then
TruncationOperator(ExtArch);
end if
P’ < GeneticOperators(P);
\\\ Apply mutation and crossover
\\ operators to generate offspring
P+ P
end whilereturn P, Ext Arch

As a very popular algorithm, MOEA/D has been the foundation of many novel
DMOEA algorithms. The algorithm has been modified to include Kalman-Filter Pre-
dictions [31], [81]], [200], Surrogate Assisted Transfer Learning Models [283]], Difference
Models [282]], Controlled Extrapolation [80] & Inverse Modelling Approaches [281].

48



CHAPTER 3. ESTABLISHING DMOP BASELINE PERFORMANCE

Table 3.1: Experimental parameters for algorithms and those common across all problems. See PlatEMO
or the source code for the DPTP implementation for more information.

Algorithm Parameters

All Population Size (N) 100
NSGA-II, NSGA-III, SPEA2 Polynomial Mutation Probability 1/D
Mutation distribution index 20
Simulated Binary Crossover probability 1
Crossover distribution index 20
NSGA-III Reference Vector Set Size 100 (N)
MOEA/D Aggregation Function Index 2
Problem Parameters
Decision Variables (D) 20
Initial ¢ value 0
Maximum ¢ value 15
Dynamic Onset Delay 50 (generations)
No. of repeats per ny — 7; combination 5

3.34 SPEA2

The Strength Pareto Evolutionary Algorithm was first introduced by Zitzler & Thiele
[291] and subsequently improved as a second version by Zitzler et al. [285]. Example
pseudocode is given in Algorithm 4, SPEA2 implementations usually maintain an exter-
nal archive of solutions together with an exploratory population, however the PlatEMO
implementation uses a truncation of the population at each selection stage based on a
distance based dominance relation.

These algorithms are implemented as in the PlatEMO platform and the relevant pa-
rameters are listed in Table 3.1 The Hypervolume Difference measurement is selected
for its relevance and ease of understanding. It is simply calculated using the following

equation:

HV D,, = (Optimal Hypervolume) y — (Achieved Hypervolume) y (3.2)

where n is the number of solutions used in the optimal calculation and as the population
size for the algorithms. The optimal value for this is 0, meaning that the solutions found
by the algorithm perfectly match the optimally distributed Pareto Front sample. The mag-
nitude of any deviation from true hypervolume is specific to the problem and so we forego

normalization in this instance.
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Table 3.2: DMOP benchmark problems. The number of objectives, M, is limited to 2 and the number of

decision variables, n, is fixed at 20 based on literature usage. All objective functions are minimizations.

Name Objective Functions Decision Variables Type
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Figure 3.3: Obtainable POFs for the FDA?2 problem according to the problem definition in [28]

3.4 DMOP Benchmarks

The FDA2 problem

The FDA2 problem, originally defined by Farina et al [28], has been quoted with slight
differences in its definition across the literature [41], [225]. Some works, including some
recently published, use other problems from the FDA set but avoid FDA2 in particular
[75], [283], [292], whilst others that use the FDA?2 problem conspicuously omit any figure
shown the attainment of the POF for FDA2 [282], [293]]. The work by Chen et al. [294]
uses the FDA2 problem to test an algorithm for finding robust solutions over time. The
obtainable set of POFs for FDA2 is illustrated within this work and resembles those shown
in Figure [3.3] which does not match the presented figures in the original paper [28] and

in [41]]. Due to these issues, the FDA?2 problem is not considered within this work.

A modified version, named F'DA2mod was defined in [141]. The problem has sig-
nificant changes to the objective functions but is still a Type-II problem with a PF that
changes from convex to concave as the value of ¢t changes. The severity of change is de-
pendent on the specified frequency of change, making an examination of frequency and
severity combinations difficult. F'D A2mod is not considered here.

3.5 DPTP Platform

To effectively examine the severity and frequency parameters whilst ensure reproducibil-
ity and transparency of these results, we provide the Dynamic Parameter Testing Plat-
form (DPTP). This is a MATLAB program with a GUI with in-built plotting, real-time

optimization visualization and the ability to graph results for pairwise combinations of
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different parameters. The version used to generate the results in this Thesis can be found

at [https://github.com/DPTP2022/DPTP|

3.5.1 Motivation and Origin

Of the surveyed literature, only the works proposing the GTA [81] and SDP [32] suites
provided code to replicate the problem implementations. Given that the equations defin-
ing the FDA problems and others can be inconsistent in the literature [28]], [4 1] provision
of the code used to generate the results is a simple but important way to ensure the repro-

ducibility of experiments and results by others.

We therefore construct a framework to demonstrate MOEA performance on DMOPs.
Inspired by the existing PlatEMO MATLAB implementation [295], our platform is
adapted to include DMOPs and allow for experimentation on dynamic frequency and
severity. The class structures and main running functions of the framework used here
are distinct from those used in PlatEMO and this platform is named DMOP Parameter
Testing Platform (DPTP).

3.5.2 Basic Operation and Outputs

Through the GUI, experimentation on any of the problem parameters is possible, includ-
ing the number of decision variables and their ranges, the number of objectives. The
selected algorithm can be augmented with any of the simple response mechanisms and ad-
ditional parameters controlling the dynamics including the range of ¢, cycling behaviour
and delay onset can be controlled. DPTP allows for fine-grained examination for ranges
for two parameters to produce heatmaps like those presented in this paper. A variety of
metrics can be recorded as in PIatEMO, including GD, IGD, HV and others. The well-
designed and comprehensive RDP [72], GTA [81] and SDP [32] benchmark sets will be

added in future in addition to a number of dynamic algorithms.

3.5.3 Provision of Code, Reproducibility and Further Additions

As the volume of research increases continuously, additional attention is needed towards
the reproducibility of results and inclusion of data sets; the provision of source code to ac-
company papers; and the transparency and thoroughness in explanations of experimental
methodologies. Some progress is being made concerning this, for example, the introduc-
tion of the reproducibility ‘medals’ to accompany publications in some journals, including
the ACM Transactions on Evolutionary Learning & Optimization. Whilst this is crucial
for efficient scientific progress going forward, previous publications are not held to the

same standards and retrospective application of these standards is unlikely.

The results provided within this work highlight the need for standardisation of base-

line performance practices, particularly in the dynamic multi-objective research domain.
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Figure 3.4: MOEA hypervolume difference (HVD) performance heatmaps across 630 severity and fre-
quency combinations on the FDA1 problem. Zero values (white cells) indicate perfect hypervolume at-
tainment, darker values indicate worse performance. Each subplot illustrates the performance across these
instances of a difference MOEA from NSGA-II, NSGA-III, MOEA/D and SPEA2.

Clear methodology, evidenced justifications and transparency and conditioning of conclu-

sions allow for cohesive progression in this research area.

3.6 Comprehensive Testing of Frequency-Severity Combinations

A detailed explanation of the results is presented for the FDA1 problem, with the key
features used in the subsequent of other problems and comparisons in this section.

Figure [3.4] shows the heatmaps of Hypervolume Difference (HVD) across the fre-
quency and severity parameters for the different MOEAS require to establish a baseline
achievable performance. Each cell in a heatmap corresponds to an an algorithms perfor-
mance across the dynamic intervals of the problem instance with a specific combinations
of frequency and severity parameter values. The value for each cell is calculated as the
mean HVD at the end of each dynamic interval (just before the next change occurs) for

5 repetitions. As the number of dynamic intervals is fixed at 30, this means each cell
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is the mean of 150 data measurements. Since the HVD measures the difference to the
optimum achievable hypervolume (as in Eq. [3.2), normalisation is not compulsory for
comparison on the same problem. Normalisation becomes difficult for the heatmaps as
the measurements are absolute differences to the optimum hypervolume in each dynamic
interval. In Type II and III problems the POF changes and so this optimum HV value may
differ, however the HVD remains a robust measure for determining good performance.
Comparison between problems will require normalisation within each dynamic interval
of an instance to a percentage difference instead. Other popular measurements such as
(Inverted) Generational Distance could also be used in place of hypervolume here.

The values represented in each cell and the corresponding shade in the colour range
are based on the algorithm’s achieved mean HVD value across th intervals of the problem.
The colour range is bounded by zero for a perfect HV attainment in every interval and by
the worst achieved mean HVD across all algorithms in a considered comparison (series
of subplots). Therefore the colour range may be different for different problems as the
maximum hypervolume (not achieved - darkest value) varies between problems due to
POF geometry. Regarding normalization procedures, there are two possibilities that are
discounted here. Firstly normalization within a comparison; normalizing the colour range
to the worst achieved values of any algorithm in the comparison may improve readability,
however in an event where good performance is achieved by all, the threshold for what
is considered ‘poor performance’ is higher and the wider context of the results is lost.
Secondly, normalization within each heatmap to the worst achieved value; this further
removes the ability to compare problems as the colour range becomes based on the range
of performance for a specific algorithm. By instead choosing to use absolute values, we
show the raw performance capability of algorithms and facilitate easier comparison of

these results for future works.

Each subplot in Figure illustrates the performance over the frequency-severity
combination space for a particular non-dynamic MOEA algorithm. Basic interpretation
allows for significant insights to be gained. Intuitively there are differences in the patterns
visible for each algorithm. Where the a cell is white in the heatmap, this corresponds
to a HVD of zero, meaning a perfect approximation to the POF is achieved. The darker
the shade of grey, the greater the difference to the optimal set of solutions is in terms of
achieved hypervolume. On all of the heatmaps there is a clear triangular motif for the
white region with differing geometry for each of the algorithms. The lowest frequency
changes (largest 7; values) and the lowest severity values (smallest 1/n, values) represent
the easiest instances in the combination space and are white cells in the top right of each
heatmap. The MOEAs can easily handle the FDA1 problem with these parameter values.
Conversely, the most difficult instance arise with combinations of high severity and high
frequency values (rapid, high-magnitude change events). These are uniformly not well
handled by the MOEAs, visible in the grey cells in the bottom-left of each heatmap.
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The visible boundary between good and bad performance, lighter grey regions at
the edge of the white cells, is different for each of the MOEAs. At lower frequencies,
optimal hypervolume attainment can be achieved with higher severity changes. At higher
frequencies (lower 7; values) the tolerance for higher severity changes is much lower,
with a steep decline in the performance as severity values increase. There is a trade-off
between frequency and severity that results in the triangular shape of good performance,

with the extent tolerance varying between the algorithms.

The MOEA/D algorithm has the largest proportion of white cells in the heatmaps
compared to the other algorithms. This illustrates that MOEA/D has better coverage
across the problem instances generated by different frequency and severity parameter
combinations. The NSGA-II, NSGA-III & SPEA2 algorithms all have similar coverage
of the combination space, with subtle differences visible in the heatmaps. Firstly, SPEA2
has uniform poor hypervolume attainment as the values of the frequency and severity
parameters respectively decrease and increase. For NSGA-II this poor performance is
less uniform, with some better performance at low frequency, high severity changes and
occasionally (but unreliable) better performance towards the most difficult combinations.
The NSGA-III algorithm has less coverage (less white area) than the NSGA-II and SPEA2
algorithms, indicating that this algorithm is more sensitive to different frequency and
severity parameters in terms of achieving good performance.

Generally, the results in Figure[3.4]indicate that MOEAS can provide competitive per-
formance on DMOPs without specialised response mechanisms. This good performance
is conditioned on the selection of appropriate frequency and severity parameter values,
however the general coverage achieved covers many of the combinations previously used
in the literature. This highlights the importance of careful selection of the parameters and
the necessity of the work presented here. Previous conclusions on novel algorithm perfor-
mance made using instances with frequency and severity combinations that can effectively
be handled by non-specialized MOEAs require further investigation. More generally, as
a non-standard selection of frequency and severity parameter combinations has been pre-
viously explored in the literature, the wider relevancy of conclusions on novel algorithm
performance is limited to works that use the same instances and should more clearly be

conditioned on the parameters used.

Since the performance of these MOEAs differs on the same problem (FDATI here),
there is potential for exploitation of this knowledge to improve the appearance of novel
algorithm results. Specifically, if a novel DMOEA is examined against NSGA-II with
7+ = 10, n; = 10 the results are likely to better for the new method. However, if MOEA/D
were to be used as the comparison algorithm, since this combinations on FDA1 can effec-
tively be handled by MOEA/D, the conclusions may be different. This highlights the need
for a standard experimental practice for DMOP benchmarks in terms of frequency and
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severity. The contribution of this work is not necessarily to recommend specific param-
eter combinations to use, although recommendations are given, but more so that greater
awareness is required when selecting test instances for problems. Variety has commonly
been called for in previous works, both in terms of benchmark problems, and comparison
with existing algorithms [32], [37] but also in frequency and severity parameters [41].
Whilst the first two are mostly respected, the scope of examined dynamics parameters has

been limited thus far.

The issues highlighted can be mitigated in two ways. Firstly, through a greater un-
derstanding of frequency and severity impacts across a variety of benchmarks via com-
prehensive testing of combinations. Secondly, through recommendations for regions of
the combination space in each problem to be investigated or avoided based on the perfor-
mance achievable with unmodified MOEAs. Collectively, the examined MOEASs provide
a baseline insight into the combinations of frequency and severity that pose little difficulty
and should be used only to verify baseline performance of new methods. Furthermore,
for each problem examined here, they provide insights into the regions of the combination
space that require further investigation and intelligent design of algorithms to effectively
handle. This informed approach to frequency and severity parameter selection should be

a driving force in the design of experiments going forward.

The remainder of this section examines the results of this methodology on a number of
popular and recent DMOP benchmarks. It provides a more complete picture of the variety
of impacts and combination space topologies that present across well known problems.

3.6.1 Comparison of Static MOEAs

There are a large number of DMOP benchmarks in the literature, however the prevalence
of their usage varies based on recency, relevance and previous usage. Here, results for
frequency and severity combinations are presented for a sample of the popular and some

more recent benchmarks.

The performance heatmaps for the four MOEAs on the FDA3 problem are illustrated
in Figure This demonstrates the difference in performance in the frequency-severity
combination space between different benchmark problems. The differences to the FDA1
heatmaps in Figure are relatively minor but nevertheless showcase the importance of
informed frequency-severity parameter selection. FDA3 contians dynamic components
that alter the density of solutions on the POF as time goes on.

Generally the patterns present in the heatmaps are similar to those in FDA; with the
better performance region similar in geometry and with MOEA/D having the largest good
performance area. Notably, the attainment of perfect hypervolume is limited to the low-
est severity changes for NSGA-II, NSGA-III & SPEA2 with a zero-value HVD absent.

MOEA/D however achieves optimal HVD values and good performance up to severity
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Figure 3.5: MOEA hypervolume difference (HVD) performance heatmaps across 630 severity and fre-
quency combinations on the FDA3 problem. Zero values (white cells) indicate perfect hypervolume attain-
ment, darker values indicate worse performance. Each subplot illustrates the performance of a different
MOEA; NSGA-II, NSGA-III, MOEA/D and SPEA?2 are shown.

values of n% = (.05 for frequencies of 7, = 10 or greater. MOEA/D also has uniformly
changing performance as the frequency decreases (7; becomes larger), however, the other
algorithms have variable performance at frequencies above 7, = 15 and severity val-
ues greater than n% = 0.15. There is also a region of the combination space which all
algorithms appear to struggle with; high-frequency changes at severity values between
0.025 < n% < 0.1 with a correlated increase in performance as severity increases and fre-
quency decreases. NSGA-II & SPEA2 have similar performance coverage and NSGA-III

is suitable in fewer combinations of frequency and severity.

The FDA3 problem highlights the complex diversity of performance across the com-
binations of frequency and severity and suggests the suitability of algorithms can be un-
predictable for some regions of the combinations space. This reaffirms the necessity of
standardisation of experimental practice, awareness of parameter impacts and condition-

ing of conclusions on the frequency and seveirty combinations used.
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Figure 3.6: Heatmaps of hypervolume difference (HVD) for NSGA-II, NSGA-III, MOEA/D and SPEA2
across severity and frequency combinations for (top row) the JY 1 and (bottom-row) the JY2 problems. Zero
values (white cells) indicate perfect hypervolume attainment, darker values indicate worse performance.
The colour bar on the right applies to all subplots in a particular row: the gradient is equated for comparison.

The JY problem set

The problems in the JY set were defined by Jiang et al. [86]. As a more recent benchmark
suite, some of the problems are constructed based on observable features in real world
DMOPs. So far, few works have used these problems [282], but more recently defined
suites (RDP [72], SDP [37])) have yet to receive much attention. Source code is not pro-
vided in the original paper, so all problems are recreated based on the descriptions alone.
The JY4 & JY7 problems are not included in these results. The POF of the JY4 contains
many small disconnected regions for certain values of . This makes measurement of
the optimal HV difficult when using a limited number of solutions and as such the JY4
problem needs an alternative measurement system. The JY7 problem was omitted due to
comparability issues; the n = 20 value used for all problems featured gave inconsistent
and inconclusive results. This is a challenging problem and further work will address

application of the frequency-severity combination methodology for this problem.

Establishing Limitations of MOEA Performance - JY1 & JY2

The heatmaps of MOEA performance on the JY1 & JY2 problem across the frequency-
severity combination space, shown in Figure [3.6] mirror closely the results seen for the
FDA problems. Both JY1 & JY2 problems have more definite boundaries between the
good and bad performance regions of the space. The NSGA-II and SPEA2 algorithms
have very similar patterns of performance, achieving good performance up to larger sever-
ity changes at lower frequency changes; as the frequency increases the severity of change
that these algorithms can handles decreases. The NSGA-III algorithm has a smaller re-

58



CHAPTER 3. ESTABLISHING DMOP BASELINE PERFORMANCE

NSGA-II JY3 NSGA-III JY3 MOEA/D JY3 SPEA2 JY3 o
0.01
0.05
0.1
& 0.15 0.05
- 02
2 0.25
= 0.
s 0.3
2 0.1
® 035
0.4
0.45
0.5 [ jo15
NSGA-Il JY5 NSGA-IIl JYS MOEA/D JY5 SPEA2 JY5 o
0.01
0.05 0.005
0.1 0.01
g 015 0.015
s 02
> 0.02
£ 025
o
$ 03 0.025
? 035 0.03
0.4 0.035
0.45 0.04
0.5 (-
NSGA-Il JY8 NSGA-IIl JY8 MOEA/D JY8 SPEA2 JY8 0
0.01
0.05
04 0.05
~ 0.15
£ 0.1
- 02
2
5 028 0.15
g 0.3
0.35 0.2
0.4
0.45 0.25
0.5 =
1 5 10 15 20 25 301 5 10 15 20 25 301 5 10 15 20 25 301 5 10 15 20 25 30
Frequency 7, (generations) Frequency 7, (generations) Frequency 7, (generations) Frequency 7, (generations)

Figure 3.7: Heatmaps of hypervolume difference (HVD) for NSGA-II, NSGA-III, MOEA/D and SPEA2
across severity and frequency combinations for (top row) the JY3, (middle row) JY5 and (bottom-row) JY8
problems. Zero values (white cells) indicate perfect hypervolume attainment, darker values indicate worse
performance.

gion of good performance — fewer combinations of frequency and severity can effec-
tively be handled when using this algorithm. As with the FDA1 & FDA3 problems, the
MOEA/D algorithm achieves the best coverage of frequency-severity combinations in
terms of achieving a minimal HVD. the darker shade of grey between these heatmaps and
those for the FDA problems is due to the difference in POF geometry resulting in differ-
ent maximum hypervolumes and therefore different maximum HVD values for the worst

performance.

MOEA Capability - JY3, JYS & JY8

The JY3 problem required modification from the paper definition for proper execution.
The problem contains variable interdependence at adjacent variable indexes. However,
the second index’s (x11(1) = Z(2)) dependency was changed to the final index. This
means the dependency ‘wraps’ around the decision vector. Without this alteration, the

stated POF in the original definition is not achievable.

The frequency-severity combinations space performance results for the JY3, 5 & 8

problems are shown in Figure The heatmaps appear to have almost exclusively zero
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HVD, meaning optimal tracking of the POF, or near-zero values in the majority of the
combinations space. Notably, the most difficult combinations, the high frequency and
high severity instances (bottom left of each heatmap), are where the algorithms perform
slightly worse. MOEA/D has sporadic poorer performance at seemingly random com-
binations of frequency and severity on JY3, with NSGA-II, NSGA-III & SPEA?2 having
much fewer but still random occurrences with better performance. All of the MOEAs
effectively handle the JY5 problem across all combinations of frequency and severity.
For JY8, MOEA/D appears to have the worst performance in the high-severity high fre-
quency region and more generally at the highest frequency of dynamics. The decom-
position mechanism sets MOEA/D apart from the other algorithms and may explain the
relatively worse performance as variable interdependency may interfere with its operation
in some cases. Generally, the MOEA algorithm performance on these problems indicates
that some proposed DMOP benchmarks are not challenging even with most rapid and se-
vere dynamic changes. As all problems presented here use n = 20 decision variables, (as
this a the consistently used value in the literature), intuitively, increasing n may provide a

more challenging DMOP.

MOEA Difficulty - JY6, JY9 & JY10

Performance heatmaps for the JY6, JY9 & JY10 problems are shown in Figure [3.8] all

the algorithms struggled more than on the previously presented problems.

For JY6, the only good performance is seen at the lowest severity value and gets better
for all algorithms as the frequency decreases (7; value increases). The remainder of the
frequency and severity combinations cannot be effectively handled by the static MOEAs.
There are a selection of severity values (nit = 0.25,0.4,0.5) for which performance is
slightly better at the highest frequencies for NSGA-II, NSGA-III and SPEA.JY6 is a Type
I problem meaning that the POS changes as a result of the dynamics; it may be that these
severity values result in subsequent dynamic intervals with sufficiently similar problem
states such that the previous population is relevant. However, given this observation the
performance on these combinations is still poor with large HVD values recorded. The
MOEA/D algorithm again has an additional region of slightly better performance than the
other algorithms examined. From the lowest frequency changes with increasing severity
there are slightly lower HVD values recorded; as the frequency increases, the maximum

severity value that this performance applies to decreases.

Both JY9 and JY'10 have less uniform patterning than the previously examined prob-
lems. These problems have complex and rich dynamic behaviours, changing through
Types I, II & III in sequence or randomly for JY9 & JY 10 respectively. The performance
heatmaps for JY9 contain a distinct horizontal banding across the combinations. This
means there is similar HVD values achieved for a given severity value regardless of the

frequency of changes. Generally, there is little to distinguish the performance of NSGA-
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Figure 3.8: Heatmaps of hypervolume difference (HVD) for NSGA-II, NSGA-III, MOEA/D and SPEA2
across severity and frequency combinations for (top row) the JY6, (middle-row) JY9 and (bottom-row)
JY10 problems. Zero values (white cells) indicate perfect hypervolume attainment, darker values indicate
worse performance.

I, NSGA-III and SPEA2 across the combination space. Notably, MOEA/D still retains
the improved capability across more of the combinations than the other algorithms, this
is especially visible for JY10. The patterning for JY 10, in contrast to JY9, shows vertical
banding. This implies that similar HVD values are achieved for specific frequency values,
regardless of the severity of change. A frequency of 7, = 2 appears challenging for the

algorithms for all but the lowest severity of change.

These three problems highlight that there are DMOP benchmarks that cannot effec-
tively be handled by MOEAs for many or most of the investigated combinations of fre-
quency and severity. Furthermore, the patterning in the heatmaps of JY9 and JY 10 high-
lights that the frequency and severity parameters have significant impact on the problem in
terms of the algorithm’s ability to handle the dynamics. More specifically, the frequency
and severity parameters have complex effects that are specific to the problem, highlighting
the necessity of informed selection of parameters. Adoption of a single set of frequency
and severity parameters for a variety of the benchmarks shown so far will result in a set

of instances with variable challenge and unclear motive for selection. Informed choice
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Figure 3.9: Heatmaps of hypervolume difference (HVD) for NSGA-II, NSGA-III, MOEA/D and SPEA2
across severity and frequency combinations for the HE1 problem. Zero values (white cells) indicate perfect
hypervolume attainment, darker values indicate worse performance.

and improved understanding of frequency and severity impacts for each problem can help
with the design of experiments.

Complex Performance Patterning - HE problems

The HE problems were defined by Helbig and Engelbrecht in [255]]. The HE1 & HE2
problems both have a disconnected POF with an increasing number of disconnected re-
gions as the value of ¢ increases and the geometry becomes more complex. There are 10
defined DMOP benchmarks with the HE prefix, however widespread use is not apparent
in the literature ([52]] used HE3, HE4 & HES).

The performance heatmaps for HE1 across the frequency and severity combination
space are shown in Figure[3.9] Each of the heatmaps shows complex patterning across the
combinations. MOEA/D has the best coverage of low HVD scores with good performance
at the lowest frequency of change and around the middle of the examined severity range.
The performance of NSGA-II, NSGA-III and SPEA?2 are all very similar, including non-
uniform good performance at the highest severity changes across all frequencies.

The distinct patterning builds upon the previous observations that frequency and
severity have complex impacts on DMOP benchmarks. Selection of parameters for the
HE problems should be done carefully in order to best test algorithms; some regions of
the frequency-severity combinations space do not provide challenging test environments
as they can be easily handled by the MOEAs.

The HE2 problem, illustrated in has somewhat similar patterning for all the al-
gorithms as in the HE1 problem. For the NSGA-II, NSGA-III & SPEA2 algorithms,
the lowest severity instances are trivial at all frequencies. As the severity of changes in-
creases, there are two pairs of alternating good and bad performance that persist across
all frequency values. Between 0.025 < nit < 0.175 and 0.325 < nit < 0.4 the algo-
rithms perform worse than outside of these ranges where a near-zero HVD is achieved
for most frequency values. The MOEA/D algorithm has better HVD values across the

entire range of frequency and severity combinations, with the patterning described for
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Figure 3.10: Heatmaps of hypervolume difference (HVD) for NSGA-II, NSGA-III, MOEA/D and SPEA2
across severity and frequency combinations for the HE2 problem. Zero values (white cells) indicate perfect
hypervolume attainment, darker values indicate worse performance.

the other problem still faintly visible, meaning that this algorithm can better handle these
combinations too. There is a notable absence of the typical triangular motif seen in the
other problems where the lowest frequency and lowest severity instances are more easily
handled. Instead, the alternative patterning in the HE1 and HE2 problems implies both
that algorithms differently handle changes in the frequency and severity parameters for
these problems and that the problems themselves change unexpectedly with the typical
increases in frequency and severity. For HE2, similar to the observations for JY9 in Fig-
ure [3.8] the performance is similar for most frequency values, meaning that the severity is
the dominant parameter controlling algorithm performance on these problems.

Additional Examples - AIMOP1, dMOP2 & ZJZ problems

The dMOP1, dMOP2 [76] and ZJZ [79] problems’ performance heatmaps are given in
Figure 3.T1] The results for dMOP1 appear similar to those for JY3, JY5 & JY8 given
in Figure The majority of the combinations space contains zero or near-zero HVD
values for all algorithms, meaning that most instance of this problem can effectively be
handled by the MOEAs. Only at the highest frequency of changes is there a degradation of
performance; NSGA-III tolerates the faster changes least well, with NSGA-II & SPEA?2
still achieving lower HVD values compared to NSGA-III. The MOEA/D algorithm per-

forms best, with all combinations of frequency and severity posing little challenge.

On dMOP?2, there is the characteristic triangular patterning seen for previous prob-
lems (FDA1, FDA3, JY1 & JY2) albeit with less capability at the lower frequencies. As
observed for many of the previous problems, NSGA-III has the smallest area of zero-
HVD coverage, NSGA-II and SPEA2 have very simlar profiles and MOEA/D has some
additional better observed performance at lower frequencies for higher severity changes.
Many of the instances generated by combining different frequency and severity values for
this problem are challenging for the MOEAs examined.

The ZJZ problem poses a greater challenge to the algorithms, with generally poor

hypervolume attainment (and therefore large HVD values) across the combination space.
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Figure 3.11: Heatmaps of hypervolume difference (HVD) for NSGA-II, NSGA-III, MOEA/D and SPEA2
across severity and frequency combinations for the (top-row) dMOP1, (middle-row) dMOP2 and (bottom-
row) ZJZ problems. Zero values (white cells) indicate perfect hypervolume attainment, darker values indi-
cate worse performance.

The triangular pattern is visible, however the two distinct regions are poor performance
and worse performance rather than a zero-HVD region. The NSGA-II, NSGA-III and
SPEA?2 algorithms achieve very similar results across the frequency and severity ranges.
MOEA/D has some non-uniform better performance for the lower severity changes across
different frequencies as well as minor improvements in HVD values across the entire
range of both parameters. The ZJZ problem, like the JY6 & JY9 problems, represents a
challenging instance space that cannot be effectively handled by unmodified MOEAs and
therefore requires the design of dynamic response mechanisms in achieve good perfor-

mance.

Highlighting Differential Capability of MOEAs - DIMP1 & DIMP2 problems

The DIMP1 & DIMP2 problem performance heatmaps are shown in Figure [3.12]
There is similar patterning for DIMP1 across the algorithms as for FDA1 & FDA3; the
triangular region of zero-HVD values extending from the lowest frequency, lowest sever-
ity combination. Furthermore the observed algorithm differences are reflected again in
the results for this problem; MOEA/D has increased good performance coverage of the
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Figure 3.12: Heatmaps of hypervolume difference (HVD) for NSGA-II, NSGA-III, MOEA/D and SPEA2
across severity and frequency combinations for the (top-row) DIMP1 and (bottom-row) DIMP2 problems.
Zero values (white cells) indicate perfect hypervolume attainment, darker values indicate worse perfor-
mance.

combination space, NSGA-II & SPEA?2 perform similarly to each other across the fre-
quency and severity combinations, both with visibly better coverage of the space than
the NSGA-III algorithm. There is sporadic poor performance on the diagonal bound-
ary for the dominance-based algorithms, interrupting the smooth gradient of performance
improvement visible in the JY1 & JY?2 problems. These algorithm differences in the fre-
quency and severity combination space are persistent across many of the problems exam-
ined so far, strengthening the necessity of careful selection of these parameters depending

on the suite of problems.

The DIMP2 problem is another example of a challenging frequency-severity combi-
nation space for the MOEAs. The HVD values are high across the majority combina-
tions for all the algorithms. Only on the lowest severity changes and at low frequencies
do NSGA-II & SPEA?2 achieve any level of hypervolume attainment. NSGA-III has an
even smaller range of capability, with no zero-HVD values achieved for any combina-
tion. MOEA/D, as in previous problems, achieves minor improvements in performance

at lower frequencies for higher severity of changes.
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3.6.2 Comparison of Problems Using Sample of Literature Parameter Values

Showcasing the performance of the MOEAS across the combination space on a problem-
by-problem basis provides an overview of the challenging and easy-handled instances
and the importance of careful selection of parameters. However, examining a sample of
problems with respect to specific values of frequency an severity used in the literature
provides a contextually grounded example to support the conclusions drawn from the

results presented.

For a selection of the presented problems, a comparison of the combination spaces,
highlighted with specific combinations of frequency and severity are examined to illus-
trate the potential weakness in conclusions based on uninformed selection of these pa-

rameters.

Figure [3.13] shows all the previously analysed DMOP benchmarks for the NSGA-II
algorithm with commonly used frequency and severity parameter combinations from the
literature marked on each heatmap. The crossed correspond to combinations of n;, — —7;
of 10-10, 10-20, 20-5 & 5-10. The previous sections drew attention to the necessity of
careful selection of frequency and severity parameters due to the potential for misleading
conclusions to be drawn. Here to clarify further, a direct comparison across the DMOP
benchmarks with marked combinations illustrates this key point. Additionally, these con-
clusions apply specifically to the problems examined, but can apply more generally to the

wider domain.

For the JY3,JYS5, JY8 & DMOPI problems, since the examined range of frequency-
severity combinations poses little challenge for the basic NSGA-II algorithm, using the
marked frequency and severity parameter values will provide little insight into the benefit
of any novel strategy. It is expected that significant improvements from a novel algorithm

will be limited.

The HE1 & HE2 problems illustrate that the impacts of frequency and severity can be
complex and non-intuitive. Selection of frequency and severity parameter combinations
in experiments without understanding their potential impacts on the problem can lead to
less well supported conclusions. Since the NSGA-II algorithm can effectively cope with
some regions of the instance space created by the frequency and severity combinations,

careful selection of these parameters or an informed experimental strategy is required.

The FDAI, FDA3,JY1, JY2 & DIMP1 problems illustrate cases where some of the
commonly used literature values for severity and frequency result in instances that can
easily be handled by simple MOEAs and others create instances that cannot. Conclu-
sions should not be made in comparison to the NSGA-II algorithm on an easily-handled
instance (the blue marker); the novel algorithm does not improve the overall coverage of

the instance space created by frequency-severity combinations. Instead this combination
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Figure 3.13: Frequency-severity combination HVD performance heatmaps for the NSGA-II algorithm on 17
DMOP benchmarks. The crosses on each subplot correspond to the example n,—7; combinations discussed
in the text: 10-10 (red), 10-20 (blue), 20-5 (green) & 5-10 (yellow).

can serve as a verification of basic capability of a new method, whilst experiments can
focus on the regions of the combination instance space that cannot effectively be solved
using unmodified MOEAs (the yellow marker). The instances that lie just beyond the
boundary of MOEA capability (green and red markers) may provide the easiest targets

for improvement using engineered response mechanisms.
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When using the DMOP2, DIMP2, ZJZ, JY6, JY9 & JY10 problems the extent of
the NSGA-II algorithm’s good performance, as an indicator of capability (and more gen-
erally, that of the other examined MOEAs), is limited. For any of these problems, the
indicated combinations are not effectively handled and therefore provide a clear baseline
for comparison where any improvement over the HVD values achieved by NSGA-II is
useful. The majority of the examined instance space generated by different frequency-
severity combinations for these problems cannot generally be handled by static MOEAs
with no special mechanisms. It is these problems, together with the instances from other
DMOP benchmarks that are not effectively solved by unmodified MOEAs that should be
the focus of algorithm development for improving performance. The problems and prob-
lem instances that can effectively be handled by generic MOEAs should be trivial for a
purpose-built DMOEA and are useful only in verifying this assumption.

The heatmaps illustrated in Figure[3.13]also serve to illustrate further the complex im-
pacts that frequency and severity parameters have on the DMOP benchmarks employed
to enable quantification of algorithm performance. This can be explained by observ-
ing a particular combination of frequency and severity, for example n;, = 10, 7, = 20,
(the combination first proposed by Farina et al. [28]]) shown by the blue marker in the
heatmaps. Across the examined DMOP benchmarks, this single combination provides
a simple MOEA baseline comparison algorithm with both easily handled and difficult
problem instances and comparison with a novel strategy may yield improvements for the
difficult instances and similar performance for the instances the MOEA finds trivial. This
describes the standard practice of many experimental protocols in DMO studies, however
comparison using a single frequency-severity instance, or a limited range of instances, in
a space shown to be richly dependent on the frequency and severity parameters limits the
applicability of any conclusions that follow such narrow methodology. Naturally exhaus-
tive experimentation is infeasible in many cases, however careful and informed selection
of a range of combinations, specific to each problem, for which the performance of a
baseline comparison algorithm is known can help to clarify and generalise the conclu-
sions made for the performance of a novel algorithm.

3.6.3 Comparison of Dynamic Responses

The choice of the baseline algorithm impacts the outcomes and conclusions. As previ-
ously mentioned, many works use static MOEA algorithms in comparison to novel pro-
posed algorithms to provide context to achieved performance measurements. Further to
this, the augmentation of these unmodified MOEAs with a random restart method serves

as a common baseline for comparison.

Augmenting MOEAs with simple responses to dynamic changes is also commonly
employed [29]], [S3]], [63], [72], [167]] and can serve to provide context for the perfor-

mance of more complex novel mechanisms. Here we compare the basic MOEAs with
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Figure 3.14: Frequency-severity combination HVD performance heatmaps illustrating the impact on hyper-
volume attainment of NSGA-II on the JY2 problem when using different percentages of solution replace-
ment by the DR1 response. Subplot titles indicate this percentage ranging from 20% to 70%.

versions that replace a proportion of the offspring population with mutated solutions (Dy-
namic Response 1 - DR1); or with randomly generated solutions (DR2); or replace the
entire set of solutions with a randomly generated populations (DR3) also known as a
random-restart or random reinitialization method. The DR3 mechanism is commonly
used as a baseline comparison method, however the results presented here show the inef-
fectiveness of this compared with using no triggered response mechanism at all. We posit
here that it should not be used as part of a baseline comparison method unless there is a
specific justification or information that suggests it provides relevant contrast.

The percentage of the population replaced with random or mutated solutions in DR1
and DR2 appears to not have a significant impact on the performance of these methods.
Figure [3.14] shows no visible difference in coverage of the dynamic instance space be-

tween percentages of 20 and 70.

Figure [3.15] illustrates the impacts the basic dynamic response mechanisms have on
performance across the frequency-severity combination space, compared with the unmod-
ified MOEA algorithms (DRO). Each row of subplots corresponds to one of the MOEAs
whilst each column corresponds to a different dynamic response mechanism. Between
the DRO, DR1 & DR2 mechanisms there are very minimal differences for all of the al-
gorithms. However, when compared to the random restart method (right-most column of
heatmaps in Figure[3.13)) there is a clear difference in the performance patterning of HVD
measurements across the frequency and severity combination space. Poor performance is

seen at high frequencies regardless of the severity of change.
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Figure 3.15: Heatmaps of hypervolume difference (HVD) for the four MOEAS (rows - NSGA-II, NSGA-III,
MOEA/D & SPEA?2) with different simple dynamic response mechanisms across the severity and frequency
combinations for the HE1 problem. Zero values (white cells) indicate perfect hypervolume attainment,
darker values indicate worse performance. (left column) DRO - no mechanism, default algorithm operation;
(centre-left column) DR1 - replace 20% of offspring in generation of change with randomly generated so-
lutions (as in DNSGA-II-A [141])); (centre-right column) DR2 - as in DR1, except solutions are generated
through mutation (as in DNSGA-II-B [141])); (right column) DR3 - random restart method, entire popula-
tion is reinitialized with randomly generated solutions after a change event.

Interestingly, the performance of the NSGA-II and SPEA?2 algorithms is improved by
the random restart method in some cases. In the low frequency regions between the poor
performance severity windows for the unmodified algorithms, the performance when us-
ing the random-restart method is better (lower HVD values are achieved). This may high-
light that these algorithms stagnate on the problem for certain severity-frequency com-
binations. For the other algorithms, the unmodified algorithms or the solution addition

responses provide better performance than random re-initialization after a change.

Generally HVD values when using the random-restart method on any algorithm re-
sults in a frequency-dependent performance patterning, independent of severity of change.
When observing the results of each algorithm and response mechanism on a different
problem, such as the JY1 benchmark in Figure 3.6 further insights can be gleaned. In the
low frequency, high severity region of the combination space the random restart method

can provide minor improvements to algorithm performance, but the benefit is limited by
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Figure 3.16: Heatmaps of hypervolume difference (HVD) for the four MOEAS (rows - NSGA-II, NSGA-III,
MOEA/D & SPEA2) with different simple dynamic response mechanisms across the severity and frequency
combinations for the JY1 problem. Zero values (white cells) indicate perfect hypervolume attainment,
darker values indicate worse performance. (left column) DRO - no mechanism, default algorithm operation;
(centre-left column) DR1 - replace 20% of offspring in generation of change with randomly generated so-
lutions (as in DNSGA-II-A [141])); (centre-right column) DR2 - as in DR1, except solutions are generated
through mutation (as in DNSGA-II-B [[141])); (right column) DR3 - random restart method, entire popula-
tion is reinitialized with randomly generated solutions after a change event.

the increase in the frequency of changes. This improvement is likely due to the converged
population of solutions lacking the diversity to effectively succeed in the post-change
problem environment after a high-severity change. This means that the diversity intro-
duced by the addition of random solutions can improve performance in the high-severity,
low-frequency region of the instance combination space. The DR1 patterning (middle-left
column of heatmaps) features some of this improvement compared to the DR0O and DR2
responses for the NSGA-II, NSGA-III & SPEA?2 algorithms. For MOEA/D the benefit of
DR3 is less clear compared to the unmodified algorithm, however DR1, the addition of

randomly generated solutions shows a clear improvement in good performance coverage.

Building on these observations for the random restart method and noting that the
MOEA/D algorithm receives minimal benefits in terms of achieving better performance
in the frequency-severity combination instance space, Figures [3.17] & [3.18] illustrate the
benefits of DRO and DR3 for all of the DMOP benchmarks previously examined.
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Figure 3.17: Heatmaps of hypervolume difference (HVD) for the MOEA/D algorithm with two different
dynamic response mechanisms across 10 of the DMOP benchmarks. Zero values (white cells) indicate per-
fect hypervolume attainment, darker values indicate worse performance. Each pair of heatmaps comprises
a comparison of the performance of the unmodified MOEA/D algorithm (DRO) with the MOEA/D plus
random restart (DR3).

Across every pairwise comparison in Figures[3.17] & [3.18] the unmodified algorithm,
DRO, shows a greater coverage of the space compared with the algorithm modified with
the random restart response. The improvement in the high-severity, low-frequency region
does not out-compete the default algorithm’s HVD achievement.

Figure [3.19] shows the heatmaps NSGA-II with DRO & DR3 for the JY1 problem
with the commonly used literature values overlaid. We see that even in the region where

the minimal improvements can be gained by randomly restarting (bottom-right sector,
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Figure 3.18: Heatmaps of hypervolume difference (HVD) for the MOEA/D algorithm with two differ-
ent dynamic response mechanisms across the remaining seven DMOP benchmarks. Zero values (white
cells) indicate perfect hypervolume attainment, darker values indicate worse performance. Each pair of
heatmaps comprises a comparison of the performance of the unmodified MOEA/D algorithm (DRO) with
the MOEA/D plus random restart (DR3).

low frequency, high severity changes), the usage of these parameter combinations is not
prevalent in the literature. Therefore the previous usage in the literature as a baseline
comparison method is unjustified and should have been substituted for the unmodified
algorithm. It could be argued that the random-restart method represents a simple response
strategy with expected poor performance in many cases, however using the unmodified
algorithm is similarly intuitive. However, as this provides good results across many of
the commonly used frequency and severity parameter combinations (as shown in the DRO
heatmap of Figure[3.19) the random restart method would provide a novel algorithm with
a better performance profile, depending on the benchmark problems. Deliberate usage
of a poor performance comparison algorithm, whilst not incorrect, may be misleading in
terms of the magnitude of performance gains and the true benefits of a proposed novel
method.
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Figure 3.19: Heatmaps of hypervolume difference (HVD) for the NSGA-II algorithm with two different
dynamic response mechanisms (DRO & DR3) on the JY1 problem. Zero values (white cells) indicate perfect
hypervolume attainment, darker values indicate worse performance. The commonly used combinations
of frequency and severity parameters from the literature, as displayed in Figure 3.1} are overlaid on the
heatmaps to highlight the inconsistency of the instance selection in previous experiments as well as the
relative unsuitability of the random-restart response compared with the unmodified algorithm.

In summary, the random restart response has very limited benefits in a specific region
of the frequency-severity combination space and is dependent on the base optimization
algorithm. Generally, the usage of the random restart mechanism is not recommended
unless it can be justified empirically or evidenced through preliminary experimentation.
Based on the previously employed frequency and severity parameter combinations from
the literature, since unmodified MOEAs provide competitive performance in many cases,
their ‘footprint’ in the combination space provides a more useful baseline comparison
than a random restart method. Basic capability testing of any novel method can be com-
pared on problems and instances with frequency and severity parameters that unmodified
MOEAs can easily handle. Comparison on multiple instances where MOEAs struggle
provides a more complete picture of an algorithm’s ability to handle a variety of instances
of dynamic benchmarks, beyond just a single combination of the frequency and severity

parameters.

3.6.4 Recommendations

The results presented highlight that benchmark DMOPs can have the same frequency
and severity parameter values but provide different challenges to the MOEAs. Therefore
recommendations are provided in Table [3.3|for groups of problems distilled from similar
observed performance of the MOEAs across the entire examined frequency-severity com-
bination space. In hopes of posterity, these recommendations are provided for researchers
that may use the benchmarks examined in this work, such that a complete picture of per-
formance across the range of possible frequency-severity instances may be established.
Such practice provides greater insight and more meaningful contributions than testing on

a single or limited range of parameter combinations.
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Table 3.3: Suggested severity and frequency combinations based on the summary of comprehensive com-
bination testing. Combinations marked with an asterisk (*) are not challenging for the MOEA/D algorithm,
but are for the NSGA-II, NSGA-III & SPEA?2 algorithms. Combinations marked with a dagger (*) are only
easily handled by the MOEA/D algorithm. These conditions should be observed depending on the selected
baseline comparison algorithm.

Problem Group Baseline Combinations (n; — 7¢) | Challenging Combinations (n; — 7¢)
IY3, JY5, 22100, 1920 ~
JY8, DMOP1 2-10. 2-20
10-5, 10-10, 10-20, 10-30,
HEI1, HE2 4-5, 4-10, 4-20, 4-30, -
2-5,2-10, 2-20, 2-30
20-20%*, 10-20%*, 10-10*, 5-20%*, 2.85-20*
FDAI, FDA3, 20-10,20-25 09
JY1,JY2, DIMP1 | 40-20 2.85-10. 2.85-5,
2-5,2-10, 2-20
10-20, 10-10, 10-5
DIMP2, JY6 ’ ’ ’
\ ’ 100-30, 40-30 4-20, 4-10, 4-5,
JY9, DMOP2, ZJZ 2-20.2-10. 2-5
10-20, 10-10, 10-5,
JY10 40-30%, 10-307, 4-301, 2-30° 4-20, 4-10, 4-5,
2-20, 2-10, 2-5

The HE1 & HE2 problems in Table do not have recommended challenging com-
binations as the patterning in the frequency-severity combination space is non-uniform.
Further investigation should be conducted to establish the impacts of severity and fre-
quency that lead to the observed trends and to find appropriate recommendations for ex-

amining these dynamic instances in future.

Recommendations for static MOEAs as baseline algorithms

The performance of the MOEAs across different frequency and severity combinations
showcased in these results highlights several key points. Firstly, unmodified MOEAs are
capable of handling some of the dynamic instances of DMOP benchmarks that have been
examined in the literature. Secondly, there are intuitive differences in the ability of the
MOEAs but establishment of the baseline capability of these algorithms provides a foun-
dation for meaningful progress and informed design of experiments going forward. Any
of the algorithms investigated here can provide a reasonable baseline comparison algo-
rithm without the addition of a random-restart mechanism after each change. However,
simple modification of algorithms to include random solutions after a change event may
prove useful in some cases (lower frequency, higher severity instances) but unmodified al-
gorithms have been shown to be effective across many of the commonly used frequency-
severity instances. From the presented results, the importance of informed selection of
frequency and severity parameters is compounded by choosing the correct baseline algo-

rithm, for which an understanding of its capability is essential.

There are many other MOEA algorithms that could be used in comparison such as
Indicator-based Evolutionary Algorithm (IBEA) [296], the Pareto Archived Evolution
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Strategy (PAES) [297]], [298] or an implementation of Cooperative-Competitive princi-
ples in Evolutionary Algorithms (CoEA)[[76]]. Adopting any baseline comparison algo-
rithm should be done so with knowledge of its capability and limitations in terms of the

frequency-severity combination instances of DMOP benchmarks.

Alternatively, a clearer or more specific conditioning of conclusions on the exact
frequency-severity parameter combinations used and on the benchmark problems exam-
ined can achieve similar clarity. However, this may reveal the narrow scope and limited
relevance of conclusions if the existing approach to frequency-severity parameter selec-

tion is maintained.

The parameters of the MOEAs themselves contribute to their ability to handle the
dynamic instances, for the cases examined here a combination of popular usage (e.g. the
number of decision variables in each problem, n = 20) or the default values as prescribed
in PlatEMO (e.g. the mutation and crossover frequencies). To promote reproducibility,
in addition to the provision of the DPTP code, all algorithm parameters are provided in
Table

Recommendations for Design of Experiments

Generally, the more of the frequency—severity combination space is covered in exper-
imentation, the greater the strength of conclusions for the problems considered. Any
performance results for novel algorithms should condition their conclusions based on the
parameter combinations examined. Alternatively, an informed and stratified sampling
of the frequency—severity space or use of the suggested combinations in Table [3.3] will
ensure a reasonable amount of information is obtained for each problem. A more infor-
mative and parsimonious approach could involve an iterative active learning method that
builds a model in the combination space, using algorithm performance as the driving in-
formation for classification of instances with different severity and frequency parameters.
Automated selection of the parameter combination that reduces uncertainty or strength-
ens the confidence the most will be recommended for subsequent experimentation. The
boundary of algorithm performance, as illustrated by the heatmaps can be determined

without the need to examine the entire combination space.

3.7 Limitations and Further Research

The results presented provide a baseline in performance by examining the coverage across
the possible dynamic instance space for a number of static MOEAs commonly used as
comparison methods. Performance for a number of simple dynamic response mecha-
nisms; the addition or random and mutated solutions, the random re-initialization method
and a population prediction strategy (algorithm independent) are also provided here. This

provides the basis for further investigation using ‘state of the art’” dynamic MOEAs and
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methods that have been specifically engineered to cope with problems with dynamic
changes. This allows for the practical application of the established baselines, the deter-
mination of the quantifiable improvement provided by the DMOEAs and a corroboration

of previous conclusions and claims on algorithm performance.

The selection of DMOP benchmarks with provided recommendations in Table [3.3]
is limited; there remains a plethora of other DMOP benchmarks that the comprehensive
testing methodology can be applied to, particularly some of the more recently proposed
suites. Problems with more than two objectives also require frequency-severity recom-
mendations, however the general testing methodology can be extended to these in future

work.

3.8 Conclusions

A comprehensive methodology for investigating the impacts of the parameters controlling
the frequency and severity of dynamic change events is presented here. Where previous
inconsistency in experimental approaches is identified, the proposed framework uses the
parameters controlling dynamic changes to provide a more coherent and complete under-

standing of the possible dynamic instance space that DMOP benchmarks can provide.

A baseline of expectable performance for a number of well-known MOEAs is estab-
lished across a comprehensive range of frequency and severity combinations for seventeen

frequently used and recently defined DMOP benchmarks with a variety of characteristics.

An important comparison is presented for values of frequency and severity used
within literature on DMOP benchmarks and the achieved performance of the unmodi-
fied MOEAs. This highlights the possible narrowness, scope and relevance of previous

conclusions and the importance of correctly conditioning results.

The suitability and veracity of the commonly used post-change ‘random-restart’
mechanisms is determined through the proposed frequency-severity combination testing.
The performance of unmodified MOEAs is better than the random restart method across
the considered DMOP benchmarks; providing evidence against its future use as a baseline

for comparison.

The additional provision of source code, together with clear explanation of methodol-
ogy, collection of measurement data and visualization processes highlights the importance
of reproducibility in this domain.

Recommendations are provided generally for DMO and specifically for the DMOP
benchmarks given the previously employed incoherence in selecting frequency and sever-
ity parameters for experiments and the possible impacts on the relevance of previous
conclusions. Generally, recommendations include ensuring the informed selection of

dynamic instances of DMOP benchmarks for meaningful composition of test instances
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and the observation of differences in impacts of frequency and severity across differ-
ent problems. Specifically, for the examined DMOP benchmarks, the challenging and
easily-handled frequency-severity combinations are identified based on the performance
coverage for the examined MOEAs.

The coherent design of experiments within DMO is important for meaningful
progress to occur. Establishing the tools for determining reproducible baselines of perfor-
mance using static algorithms and identifying improvements in comparison techniques,
will enable better targeted development of future experiments and the acceleration of

DMO research generally.
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Chapter 4

A Realistic Combinatorial Dynamic
Multi-Objective Benchmark Problem:

The Dynamic Travelling Thief Problem
(DTTP)

4.1 Introducing realistic dynamics to the TTP

There exists a multitude of dynamic benchmark problems in the continuous domain, in-
cluding for multi-objective and complex search landscapes. Many of the more recent con-
tributions in this area also exhibit some direct justification from real world problems. The
same progress has been absent from the combinatorial problem domain, with some lim-
ited formulations for dynamic multi-objective versions of TSP and KP problems. Realistic
features have been incorporated into dynamic vehicle routing problems and dynamic arc-
routing problems, however few formulations are justifiably multi-objective. Therefore, a
gap remains for a problem with more than one objective that contains dynamic events that
can be justified in realistic scenarios. The bi-objective Travelling Thief Problem provides
the basis for a number of dynamic formulations to be presented. Drawing on generaliz-
able logistics scenarios, the potential application of this problem framework provides a
bridge between previously simplistic mathematical representations and the specific end-
use, deployment scenarios. In many cases where the optimal set of solutions is unknown,
proposition of novel problems becomes a more complex task; effectively finding good
solutions must be combined with meaningfully evaluating their quality. Directed and log-
ical development of methods to find solutions in the dynamic instances is grounded in
observation-informed design of response mechanisms. Comprehensive experimentation,
sensible comparison, and the explanation of statistically-observant performance reporting
ensures the clarity of conclusions for seeding response mechanisms presented here for the

dynamic travelling thief problem.



CHAPTER 4. THE DYNAMIC TRAVELLING THIEF PROBLEM

(4.1-4.2) Bi-Objective Travelling
Thief Problem

TSP component KP component

A Low profit High profit
o [(— |
M- oo @ _H_ D
Low weight High weight
g7 w Items:
Bl o blle (]
6 4 J\LIMLJ_\I\ J'x
* Availability Map
.,...nv 7= _” . «— ItemIndex
:H:.wammﬂ”: Nwwbﬂ_\ — Assigned City
Solution : Route + Packing Plan

Objectives: 1. Minimize time 2. Maximize profit

TTP - Objective Space

[ ]
® Solvers

Random

profit

Greedy
[ ]

tour

(4.3) Dynamics for the TTP

\Q Location n:m:mmm

(o

* AFTER:

BEFORE: 1 H 1

- [ ]

L]
b : 2
a7 2 4
3 H
R -
: 3e
6 H 6
4, i 4
L ]
\_ E 5 W
\><m__mc__;< Changes s:Eaaj
oo @O [ _H_
Low weight High weight

BEFORE: . { AFTER: R

2* 2

.w ..w\l/

DD.DD o Jm 3

}83 Value Changes

Low profit High Eo:»/

oo @[] _H_
Low weight High weight
BEFORE: uA AFTER: A
N.
o7 4 a2
a!D O O

3 3°
Ollals, B .6 .

(4.4-4.6) Responsive Seeding Mechanism:

Development and Comparison

Dynamic Change
Event

Initialization
Resolve TSP and KP
components, construct
population of solutions

Check o
containing these

Termination Genetic

Operators

Evaluate

SSlecied Fitness

(4.7) Multi-population Island Topologies

SINGLE POPULATION  MULTI-POPULATION
Si Mo

fif

MULTI-POPULATION WITH MIGRATION
Mi
fy

~—

f f, +———— ff,

/\

f,

Figure 4.1: Summary diagram providing (left) illustrative context in the form of simple diagrams to explain the Travelling Thief Problem basis and (center & right) accessible
depictions of the key contributions: the proposed dynamics for the TTP and the algorithm methods used to improve the finding of solutions in these instances.
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The Travelling Thief Problem (TTP) was first introduced nearly a decade ago by
Bonyadi et al [[137] and has received much attention from the evolutionary computation
community. The TTP represents a complex and realistic problem framework, with in-
terconnected components, a complex search landscape and unknown optimal solutions.
Considering these characteristics as being indicative of more realistic scenarios, the TTP
provides a perfect candidate to develop dynamic multi-objective (in this case bi-objective)
optimisation benchmark problems in the combinatorial domain. Current and former ex-
amples of this are limited, either in their scope of scenarios and simplicity (dynamic
MO-Knapsack) [28] or the realistic justification for incorporating dynamics (dynamic
MO-TSP) [96], [101]], [182], [299]. Few examples also exist of real world discrete prob-
lems that can be generalized into benchmark scenarios. For example the work by Colson

et al. [274] considers a specific dynamic power management example.

The majority of DMOP literature considers problems in the continuous domain, with
fewer combinatorial problems considered despite the applicability to important sectors
such as mobile and network communications, energy and transport. A few works con-
sider the DMO-TSP problem [[69], [182] and in [28] a dynamic Knapsack formulation is

presented.

The proposal of Dynamic Travelling Thief Problem (DTTP) scenarios provides a
bridge between overly simplistic benchmark problems and the innate complexities and
specific nature of real world problem formulations. Instead, heuristics and dynamic re-
sponse strategies can be examined in a complex, but customisable problem environment
that is flexible, so to allow experimentation across a diverse set of instances with diverse

characteristics and dynamic events.

We therefore propose, and investigate the responses of algorithm approaches to, three
formulations of the Bi-objective Dynamic Travelling Thief Problem. These changes occur
separately in the locations of the cities, the item-city assignment (known as the availability
map) and in the profit values associated with each item. Each of these can be justified in
the context of a general logistics optimization problem where a courier or vehicle must
collect the items across a graph of cities or locations subject to the objective functions and
constraints of the problem. Examples include waste collection, salt gritting/refilling, road
sign/traffic cone/apparatus recovery. Being able to track a non-dominated set of high-
quality solutions (as the Pareto Front is unknown, we can only provide an approximate
set of good solutions) through the dynamic intervals of a problem, enables selection of
an actionable solution by a decision maker subject to external information, such as poor
weather conditions; extreme traffic, emergencies or road closures; or any prioritization of

one objective given unforeseen events.

The dynamics are proposed for the two-objective problem as there are exploitable

behaviours linked to initialization that can be observed in the objective space contribu-
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tion of solutions. Furthermore, combinatorial problems with dynamics and more than
one objective function have limited representation in the previous literature. The iterative
development of methods to find good solutions to the proposed dynamic TTP instances
employs multi-population topologies and migration events for exploitation of the local-

ized evolution possible in the objective space.

4.2 Background - The Travelling Thief Problem
4.2.1 The Bi-objective Travelling Thief Problem

The TTP constitutes a superposition of Travelling Salesperson and Knapsack Problem
components, interconnected by the behaviours of the ‘thief’. The thief completes a Hamil-
tonian tour of the cities () and must collect items distributed across the cities according
to a packing plan (z). The components are connected through knapsack-usage-dependent
velocity and time-dependent degradation of item profits. The conflicting objectives are

given in Eqn. @.T]and reflect a minimization of tour-time and maximization of item profit.

min  f(z,2) = Z?z—ll(txi,wiﬂ) + s, 0
G(z,2) = r=(x1,...,2,) 4.1)

7
mar  g(x,2) =2 ;. ijr[?l

where:
d

T;,Ti Umaz — Umin
txi,xiJrl = l—H_la Ve = (Umax - WCT) (42)

Ve

and:
_ In(Dr)x E;

= 6 (4.3)

where f(z,z) is the travel time of the tour accounting for item selection; g(z, z) is the

sum of the selected items’ profits at the end of the tour; d,,, is the Euclidean distance

Tit1
between successive cities in the tour permutation; v,. is the current speed of travel; IV, and
W are the current weight and maximum capacity of the thief’s knapsack; v, and v,4z
are the minimum and maximum travel velocity (0.1, 1); Dr is the dropping rate (0.9); 75
and p; are the total time item j is carried during the tour and its profit value respectively.
The constant C' is calculated using the equation in [[137]] with » = 0.45 so as to generate
reproducible results. Here, [ and v are the minimum and maximum profit values across

all items and F; represents the shortest inter-city distance in the distance matrix D.

The distribution of items in the availability map is defined as part of the problem
instance; it contains information about which items are available for selection from each
city. A single solution is comprised of a permutation of the city indexes as a tour (x) and
a KP solution (y) that respects the capacity constraint /. This is converted into a packing

plan (2) based on the availability map. The packing plan is a vector of the same length as
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the number of items; the index of the selected items contains the city index number if it
is part of the solution and zero otherwise. The TTP as shown, provides the basis for the
dynamic bi-objective TTP presented herein.

There is a wealth of literature devoted to the TTP on major subjects including theo-
retical understanding of interconnectedness of the problem components as well as devel-

opment of exact and approximate methods for its optimization.

Mei et al [300] provides theoretical and empirical research on the interconnected-
ness of the problem components. As the objective function is not additively separable
into the TSP and KP components, a combination of solutions to the TSP and KP compo-
nents solved in isolation is less effective than consideration of the whole TTP problem, as
posited in the definitive work [137]].

Faulkner et al. [5] defines approximate heuristic methods, including the S5 heuris-
tic, for solving the single objective TTP that are initialized with tours using the Chained
Lin-Kernighan TSP solver [301]]. Exact methods have also been employed in [6] to de-
termine the performance, by comparison, to a range of approximate methods applied to
TTP problems. Similarly, Dynamic Programming (DP) is used to find an optimal packing
plan in the fixed tour scenario of the TTP: the Packing While Travelling (PWT) problem
[138]], [302], [303].

Many meta-heuristic approaches have also been applied to the TTP. These works
use simulated annealing [304]] and hill climbing [305] or evolutionary algorithms [300],
[306]-[308], including MATLS [309]]. Ant Colony Optimization [310], [311], Co-
operative Coevolution [300], [312]] and Local Search [307]] methods have also been ap-
plied to the single objective TTP. More information on all these algorithms can be found
in [313].

Despite the reported applicable range of TTP instance sizes for EAs and the scale of
the comprehensive benchmark set proposed [307], the existing literature is mostly limited
to problems with 101 cities or fewer. The work of Mei et al [300], specifically addresses
large scale problems with at least 10,000 cities and 1,000,000 items, whilst the ACO-
based MMAS approach in [311] is applied to instances with at most 1000 cities and
10,000 items.

Relatively few works address the bi-objective version of the problem [303[], [308],
[314]-[316]. Blank et al’s approach uses solvers combined with low level heuristics to
provide solutions to a limited set of TTP instances [308]. The Empirical Attainment
Function (EAF) [260], [261] was used to report the ‘median Pareto Fronts’ for the TTP.
Yafrani et al. demonstrated the utility of considering the bi-objective problem and the
applicability of found solutions to the single-objective formulation [314] whilst Wu et
al. [303] investigated the sequential optimization of a tour then a packing plan for the

bi-objective TTP. Chagas et al. [[315] investigated the impacts of hyperparameters as well
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as using optimal solutions to the components of the TSP and KP problems. Chagas &
Wagner [316] proposed a weighted-sum approach to modify existing TTP heuristics to
provide improved performance of the single-objective problem instances.

Beyond the proposed dynamics for the TTP presented here, there are a number of
open questions regarding the existing TTP literature. Attention is focused on the single
objective scalarization of the TTP, whilst there remain opportunities to exploit behaviours
observed in the objective space of the bi-objective problem in order to provide a diverse set
of solutions for any decision maker. Validation of findings on the comprehensive bench-
mark TTP set [307]] for the bi-objective problem and a construction of novel heuristics to

exploit the DropRate feature remain open research tasks.

4.2.2 The Dynamic Travelling Thief Problem: Existing Work

Studies addressing DTTPs are greatly limited [317], [318] despite the range of possi-
ble formulations and utility of generating a realistic and complex dynamic combinatorial
problem. An attempt to introduce dynamics into the single-objective formulation of the
Travelling Thief Problem was suggested by Sachdeva et al. [318]]. The proposed dy-
namic events were a toggling of cities and items, meaning that after a change event some
items cannot be selected or some cities cannot be visited. These definitions lacked con-
textual justification and comparison with other methods and pose additional issues for
comparability; between successive dynamic intervals the total number of items and cities

is different.

4.2.3 Dynamic Combinatorial Benchmark Problems

A simplistic multi-objective TSP problem with dynamics was provided by Farina et al.
[28]. The proposed problem consists of cities equally spaced on the circumference of a
circle. Weights chosen such that the solutions that are circularly connected and those with
a maximum number of diametric connections provide the extremes of the non-dominated
set in the objective space. The dynamic changes consist of the swapping of cities, either
randomly or between ‘sectors’ that divide the overall circle. This provides the template for
many experimental benchmarks since, however due to its simplistic nature the potential

for meaningful results using this format is limited.

The work of Yang and coauthors [69], [96], [319] examines a Dynamic Multi-
objective TSP problem to find the optimal tour across a number of fixed locations (ground
cities) and a small number of satellites in orbit which dynamically changing position. The
problem is bi-objective with the first objective being the sum of the tour length using a
‘distance matrix’, however, there is limited explanation for the second objective, derived
from a ‘cost matrix’ with some objective values being probabilistically inverted from the

distance matrix.
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Li & Feng [182] describes scenarios of a DMOTSP with a scalable number of ob-
jectives. The difference between these objective functions is in the cost matrix used to
calculate the fitness of the tour; each objective has its own cost matrix. Three types of
dynamics are defined: increases or decreases in the cost between cities as changes in a
number of weights in the cost matrices; a change in the number of cities in the problem;
and a change in the number of objective functions (similar to [31], the number of objec-
tives changes by 1, in M € 2, 3). Missing is an accompanying justification for how this

corresponds to a realistic scenario.

Cordero et al. [97]] utilized real world data in the form of (near) real-time data stream-
ing of traffic information for a number of nodes in New York city to inform the dynamic
changes to the problem. In addition a synthetic problem is adapted from TSPLIB [98]] and
in both cases the problems are bi-objective, using distance and travel-time as the optimiza-
tion goals. The provided results illustrate concave fronts of non-dominated solutions such
that long-distance solutions have shorter travel times, whilst the converse (longer travel
times are associated with shorter distances). Whilst this geometry may be a result of the
traffic present within the graph network, there is little discussion of this and many specific
details are missing regarding the dynamic changes in both the synthetic and real-world

problem and additionally in the reproducibility of the results.

Liu et al. [101] provides another example of a real world problem scenario framed
as a DMOTSP. The task is route planning for low-earth-orbit debris removal using multi-
satellite swarms with the objectives, the cost of orbital transfer (change in velocity), the
number of satellites required for removal and the priority of the debris item, scalarised to
a single objective problem. This means that a non-dominated set of trade-off solutions
is not found for the problem and cannot be used to interpret the interaction between the

objectives.

Gupta & Nanda [299] offer recent expansion of dynamic TSP to include many ob-
jectives. The examined problem is derived from the simplistic 16-city, circular arrange-
ment proposed by Farina et al. and described previously and in contrast to the title and
motivations of the paper has only two objectives, with no description of scalability. The
proposed prediction-improved dynamic NSGA-III-based algorithm is also applied to con-
tinuous benchmark problems from the JY set [[86]], however again these are described in
a bi-objective format with no results presented beyond these cases. In [320] four objec-
tives are proposed for the 16-city problem, with the first two as before and two additional

objectives defined for the delivery of ‘letters’ and ‘gifts’.

There are also similar problems in the dynamic formulations of the Capacitated Arc-
Routing Problem (DCARP) [321]—[323]] as well as in dynamic vehicle routing problems
(DVRP) [[104], [324], [325]] and dynamic pickup and delivery problems (DPDP) [[108]],

[109]. Other examples extend these to realistic scenarios for routing emergency vehicles
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[326]. However, across all of these problem types examples of multi-objective instances

are limited.

For the dynamic knapsack problem and its multi-objective derivations, there are few
examples of useful, specific or widely applicable benchmarks. Farina et al. [28]] suggests
a generic dynamic knapsack problem with multiple knapsacks representing the different
objectives in the problem. A similar instance is suggested for multiple knapsacks by Perry
& Hartman [128]], however a weighted sum of the reward is taken to give a single fitness
value. In terms of real world applications, in [[128] the optimization is for the allocation
of manufacturing capacity and the work of Ceran [143]] extends the dynamic knapsack
problem to allocation of renewable energy resources. Fundamental works for the single-
objective dynamic knapsack problem can be found in [[124]] & [[327] and additional time-
varying knapsack examples can be found in [328]], [329].

4.2.4 Dynamic Travelling Thief for Real World Scenarios

There are a number of specific scenarios that fit the schema of the DTTP. Some of which
have been examined in static scenarios and some have yet to be addressed. One example
is the optimization of routes for gritting vehicles in icy weather, where the items could
represent refills of the gritting material. Dynamics most naturally present as extreme or
adverse weather conditions, or road closures, both of which could alter the distance ma-
trix. Dynamic updates to the quantity of material or the priority of locations could be
represented in the changes in the availability maps or in the item values across the nodes.
Similarly, the collection of household or construction waste or recycling materials fit in
the model of the DTTP, the vehicles have a limited capacity, may have to service mul-
tiple locations or regions and can ascribe profit to the materials for collection such that
similar materials could be collected from different sites. As with the previous example,
dynamics can present as road closures, adverse weather or problems with accessing a
pickup location or additional pickup locations being provided. In emergency scenarios,
including for major incidents where multiple injured persons or damaged objects must be
serviced simultaneously, the profit values now correspond to a priority and the capacity of
the vehicles is intuitive. Dynamics could present in an update of information, such as new
reported injuries or a shift in priorities. Considering the recovery of road maintenance
equipment, including items such as temporary barriers, traffic cones, stop signals; vehi-
cles will have a limited capacity and may wish to consolidate items of a particular type
which could be prescribed in the profit values. These examples demonstrate that there is
wide ranging applicability for the DTTP formulations that are presented in the subsequent
section. The flexibility of the dynamic components in order to simulate a vast variety of
possible realistic scenarios is a key design feature for the proposed dynamics. In all of

these scenarios, the automation of these tasks with robots or drones will especially rely
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on effective provision of an optimal or approximate set of solutions that is dynamically
updated as conditions change.

4.2.5 Seeding, Initialization and the use of Multi-population Techniques

Due to the components of the TTP, meaning the TSP and KP parts of a solution, having
extensive research and efficient established methodologies, there is the natural incentive
to exploit this information for the TTP instances. However, it is noted in [137]] and the
associated literature mentioned previously, that the combination of solved TSP & KP
components does not guarantee good solutions to the TTP instance. The default prac-
tice for most evolutionary algorithms and stochastic heuristics is to randomly initialize
a solution or population of solutions. However, for the TTP, exploiting the information
obtained by solving the TSP and KP components provides additional and valuable infor-

mation compared with random initialization and is common practice in the TTP literature.

The extent to which the benefits of this different initial solution information impacts
the quality and diversity of the terminal solutions obtained is presented within the results
of this work. Within a given specified generation budget, there is observable localiza-
tion of non-dominated solutions in the objective space based on the solution information
content (the construction methods) of the initial population of solutions. There is exten-
sive literature regarding the ‘seeding’ of solutions into population based algorithms for
multi-objective problems [4], [330], [331], and based on the localization observations the
development of seeding based response mechanism for dynamic instance of the TTP is

proposed.

This is further developed using multi-population topologies with biased objectives
and migration between populations to evolve a diverse, good-quality set of solutions based
on a directed and focused optimization methodologies for the DTTP. There is a plethora of
research on applying multi-population approaches to dynamic optimization benchmarks,
covering a diverse range of methodologies [[174], [195]], [332]-[339], however the appli-
cation to real world problems and industrial optimization tasks [340], [341] and realistic
scenarios is limited. In this scenario, the observed localization can be exploited differ-
ently across separate populations in a multi-population topology, whilst solution informa-
tion can be shared via migration events (as in island topologies [342]—[346]]) for overall

improvements in obtained solutions.
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Figure 4.2: Diagrams illustrating the three types of proposed dynamic changes: (top) City location changes,
with example routing before and after changes; (centre) Item availability changes for randomly selected
items between randomly selected destinations; (bottom) Item value changes, upwards green and downwards
red arrows represent an increase and decrease in the profit value of the indicated items in the ‘after’ panel,

as explained in the key.

4.3 Proposed dynamics and problem impacts

The diagrams in Figure {.2] illustrate the composition of dynamic Travelling Thief Prob-
lem instances, beginning at the TSP and KP components, their combination into a TTP
instance and the inclusion of dynamic change events of different type. These different
types of changes are defined and justified in the context of events that may occur in a

general logistics scenario. Including this context in the definitions is important for the
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applicability of the investigation beyond the experiments conducted here and facilitates
a clearer understanding of motivations. The construction of the continuous benchmark
problem set by Jiang et al [86] followed a similar protocol for justifying the dynamics

based on events observable in real world scenarios.

Three different types of dynamic events are proposed: changes in the locations of
a number of cities, changes in the availability map which contains the item-city assign-

ments, and changes in the profit values associated with a number of items.

4.3.1 City Location Change (Loc)

Within the DTSP literature, dynamics are added by the changing locations of cities [243]],
[347]-[350], adding or removing cities [347]] or altering specific distances between cities
to simulate traffic in the network [[244], [351]]. We focus on the first of these for the TTP,

opting to use a context-driven justification for the dynamics proposed.

Where a city (x;) is represented with Cartesian coordinates (zy;, 7y ;), and a distance
matrix, D is constructed, the row and column elements of ) must be updated when a city’s
location changes. The allowable translation limits for a city’s location, the initial range in
x and y directions is symmetrically increased by 5% in each direction whilst maintaining
non-negative coordinate values (denoted as ¢, ¢;). Given the model in Eqns @ we
redefine Eqn. 4.2]to account for the changing city locations.

i+l g 2 i+l g 2
\/ (@) = Ten)? + (250) = T3r)

Ve

tﬁfi@i-o—l -

The new city locations are calculated via:
' =7 7’ =7
x(t+1) — x> y(r+1) — 'y
where 7 is the dynamic interval counter and r, 7y are drawn at random from the respective
uniform discrete distributions:

Ty ~ unify{min( min (:c;o) — &, 0), i:r?aXN(x;O) + €}

1=1,.. 20ty

Ty ~ um’fy{min(i:r{lhi'pN(x;’O) — €,0), z:HllaXN(x;O) + €}

A number of cities dy ... (magnitude of the change) are updated to feasible randomly
generated locations and the distance matrix is updated accordingly.

Given a courier that must collect items along its route, a change in a city location can
be interpreted as an alternative depot (with the same items) being chosen. Some example
motivations for this could be a closure or road incident preventing access to the original

location.
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4.3.2 TItem Availability Change (Ava)

The availability map defines the allocation of items across the cities. The work of
Sachdeva et al. [318] considers a simple toggling of item availability, however realistic
supply chains are likely to contain some level of redundancy across networks. Consid-
ering Eqn. as the packing plan z is constructed from the KP solution component
according to the availability map; dynamic changes can be represented in the model as

the time-dependent packing plan z(7):

. n—1
mn f(ZL’, Z(T)) = Zi:l (t$i7$i+l> + txmévl

G(z,2) = = (T1,...,%n) N
mar  g(z,2(7)) = ZjEz(T) ijTjﬁ]1

Here a dynamic change in the availability map corresponds to a change in item-city
assignments (/.;,) for a number of items. This means the city index at which an item can
be selected is altered in the new dynamic interval. Figure provides an illustration of

this process together with the other types of change:

]city,'r—‘rl =T

where 7 is a random city index drawn from the uniform discrete distribution unif{1, N}.
The magnitude is controlled as a percentage of the items (as dy ava) Which undergo an

assignment change (since the number of items varies across problem subtypes).

A change in the availability map can be contextually interpreted as stock shortages or
discontinued items at the item’s original city index, and therefore a switch to an alternative

depot location or a competitor offering the same items.

4.3.3 Item Value Change (Val)

Dynamic Knapsack problems can have non-static capacities, numbers of items, weights
or profits. In the context of a courier collection problem, only the non-static number of
items and item profit make logical sense. Since varying the number of items requires
updating the availability map, we consider novel dynamics in the item profits only. As
with the availability map dynamics, the magnitude of each change is determined by the
percentage of item profits that change dy va. Additionally, the change factor, cf gives the
percentage and sign (chosen uniformly at random for each item) of change in each item’s

profit. The existing model can be reformulated as:

min f(x7 Z) = Z;:f(tri,xiﬂ) + 0,0

G(z,z2) = r=(x1,...,2,) N
mazx  g(x,z) = Zjezpj(T)Dr(%—‘
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with all parameters as in the initial definition. A subset of item’s profit values p are
subject to change between dynamic intervals, represented here by the time-dependency
of the profit value of item j: p;(7). An item’s profit value is updated as:

Ip,7—+1 = (1 + Cf) X Ipﬂ—

Realistically, item profit values can change due to a number of factors. These include,
global and local stock levels, competition factors, inflation and for perishable items, this
can relate to the freshness or quality of items.

4.4 Solver Exploitation & Outcomes of Different Initialization Methods
4.4.1 Initial Set Construction Methods

As mentioned, constructing the initial set based on information about the problem com-
ponents has been performed by a number of works for the TTP [5], [6]], [308]. It has
been observed that optimal solutions to the components of the problem do not necessary
yield optimal TTP solutions [137]. However, solver-based solutions (s), greedily con-
structed solutions (g), and randomly generated solutions (r) are examined here in various

combinations.

Solver-based Initialization

Several exact TSP solvers exist, for example Concorde [352] and Branch and Bound
methods [353]]. To remain consistent with the methods in [308]], we use the Lin-Kernighan
heuristic (LKH v2.0.9, [354]) for the optimal tour component. A simple dynamic pro-
gramming approach solves the KP prior to the optimization, given sufficient memory re-
sources. The optimal KP solution is transformed into a packing plan using the availability
map. Dynamically recalculating an optimal KP solution for the largest problems is thus
far computationally infeasible and greedy or random KP solutions are used instead. A
population of unique solutions is then constructed using the optimal solution components
by employing the mutation operators; Bitflip for KP solutions and Single Swap Mutation
for the TSP tour.

Greedy Initialization

Greedy methods can provide near-optimal solutions in some cases and little better than
randomized solutions in others. Tours are constructed by iteratively, from the first city
(which has no items), selecting the minimum distance to any other city until a complete
tour is formed. For the KP solution, the items are sorted in descending order of their
profit/weight ratio and the first subset of items with a cumulative weight below the knap-
sack capacity W comprise the greedy solution. Similarly to the solver-based tours, the

single solution is mutated using the algorithm operators to form a population.
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Random Initialization

The randomized population consists of random tour permutations and a random item
permutations, truncated at the point where their cumulative weight exceeds the maximum

capacity of the knapsack.

Algorithm Parameters

A version of the non-dominated sorting algorithm (NSGA-II) was modified to handle
the solution representation for the TTP in order to determine the impacts of solution ini-
tialization. This algorithm was further developed for the dynamic instances proposed in
later sections and is shown in Algorithm 4.[5] The application of evolutionary operators
within the algorithm follows [308]; the offspring population is generated by combining
equal proportions of solutions with operators applied to the tour, the packing plan and
both components. An edge recombination crossover [355]], [356] and a single swap muta-
tion [357]] are used for tours and bitflip mutation and single point crossover [358]] for the
KP solutions before converting to packing plans. After each dynamic change the initial
tours constructed using the solver and greedy methods are updated; an Inver-Over Repair

operator [[347] is used as fast alternative to resolving.

Population size is fixed at 90 and a single mutation and crossover event are guaranteed
. . . . 1 .
for offspring. Tournament size for selecting crossover parents is ;5 * popsize. Unless

otherwise stated, the maximum iterations are 1000 with five dynamic intervals.

Initialization Impacts for the TTP

The results in Figure {4.3] illustrate the localization of non-dominated sets of solutions
achieved by different population initialization on the 52A TTP instance.

Each of the series in Figure 4.3 represents the aggregated set of 30 repeats, each run
for 1000 generations. The localization of the non-dominated sets appears driven primarily
by the construction method used for the tour component of the initial set. Solver-based
tour initialization achieves a high density coverage in the minimum-tour region of the
objective space, whilst greedily constructed solutions with longer tours achieve higher
profits. Representation from the sets with randomly initialized tours is limited to a few
solutions with high profits and much longer tours. It should be noted this coverage is
absent in most examined problems with larger KP or TSP components, whilst similar
localization of greedy and solver-based solutions is generally present.

Based on these observations, we construct eight different initialization methods to be
deployed in response to dynamics changes. These differently exploit problem information
to try to maximize post-change algorithm performance. The base Seeding EA algorithm is
shown in Algorithm 4. [5|and uses NSGA-II-style mechanisms such as Pareto-dominance

and crowding-distance based tiebreaking replacement. By replacing the offspring gener-
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Initialization Coverage Comparison: 52A
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Figure 4.3: Comparison of non-dominated set (NDS) coverage with different initial population composi-
tions. Each series corresponds to an initial set construction method (solver, random or greedy) for tours
(first character) and KP-solutions (second character). For example, ss solutions are contributions to the
aggregated NDS that come from an initial population comprised of solver-based tours and solver-based
packing plans and gr solutions come from an initial set of greedy tours and random packing plans. For
ss(317), this means that 317 unique solutions are present in the aggregated NDS which originated from
an initial population generated using only solver-based information. Results featured for 30 independent
runs of each initialization on the 52A problem. Localization can be seen most clearly depending on tour
initialization method; from left to right solver, greedy and random initial tours enable localized sets of non-
dominated solutions.

Table 4.1: Responsive population construction methods for tour and packing plan solution components
employed for the DTTP instances. *The mN algorithm uses the mC initialization but has no response
mechanism to dynamic changes.

Response Strategy TSP solution Packing Plan

pS solver solver

pG greedy greedy

PR random random

mS solver solver/greedy/random
mG greedy solver/greedy/random
mR random solver/greedy/random
mC solver/greedy/random | solver/greedy/random
mN none* none*

ation step with a set-construction step after a dynamic change, the population is seeded
with solutions that will be relevant to the new dynamic interval. The goal is to mitigate
the impacts of change and improve coverage of the non-dominated set in each interval.
The eight different seeding mechanisms are described in Table
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Algorithm 5 Seeding EA - responsive seeding algorithm.
1: Require: popsize, maxiter, SeedingMethod, dy, ;

2: DynType

3: P« SeedingMethod \\ Initialize population

4: FvaluateFitness(P)

5: H.0 < RecordHypervolume(P)

6: iter <1

7: while iter < maxiter do

8 if iter%(maxiter /dy) == 0 then

9: Apply Dynamic Change of type DynType
10: Update Problem Information

11: \\Recalculate solver/greedy solution
12: \ \components if required
13: Q < SeedingMethod
14: else
15: Q <« GeneticOperators(P)
16: \\ Tournament selection, three part genetic
17: \\operator application (see Section
18: end if

19: EvaluateFitness(Q)

20: P+~ PUQ

21: RankAndNonDominatedSort(P)
22: Crop P to popsize

23: H.iter < RecordHypervolume(P)
24: iter + +

25: end whilereturn P, H

Table 4.2: KP component subtypes in problem set, see [359]-[361] for details.

Label | Items per City | Knapsack Capacity | Weight/Profit Rel.
A 1 (low) ﬁ S L, strongly correlated
B 5 (med) == > I, similar
C 10 (high) % S L, uncorrelated

4.5 Impacts of Dynamics in the DTTP
4.5.1 Problem Instance Generation for the DTTP

The set of problems examined follows the format instances used in the competitions for
the TTP [359]-[361]. A subset of the comprehensive TSPLIB-based benchmark set pro-
posed in [307] is usecﬂ with three KP-component subtypes. These subtypes are given in
Table 4.2} we denote these as A, B & C for clarity. From [307]], evolutionary algorithms
solving TTP instances can effectively cope with problems of up to 3000-5000 cities, how-
ever Wagner [311] suggests focusing on performance improvements on smaller instances
first. Therefore our sample of problems fits this range (berlin52,a280, rat783, u2319).
Problem variants are referred to by the number of cities and KP type (e.g. 52A).

The schedule of dynamic changes is fixed at df,., = 200 generations to allow pop-
ulation stability to return and for clearer observation of change impacts. A number of
reproducible patterns of changes are generated using fixed pattern seeds to ensure con-

sistent instances and improve the reproducibility of these experiments (examples of these

! See: (cs.adelaide.edu.au/ - optlog/CEC2014COMP _InstancesNew!/|
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can be found in the code locations provided in the front matter). The magnitude of change
is fixed at dy,roc = 2, dN Ava/val = 5% to determine the preliminary impacts of the dy-
namics. The impacts of frequency and severity and the specific challenges for the DTTP
are discussed within Chapter [3]

4.5.2 Performance Measurement & Statistical Testing

Measurements

Hypervolume has been used as a performance measure for the bi-objective TTP [303],
[308], but no consistent nadir point is used. We use a reference point calculated as
fr s f;m fit)=[5 x |D|,0] to allow disparate coverage of the achieved sets to be com-
pared, whilst removing a portion of the poor quality objective space. Any solution set that

does not dominate this point is given a hypervolume of zero.

Profiles and Ranking: The Composite Median

The following procedure is applied separately to each problem to effectively communi-
cate performance across the sample of dynamic instances. For 10 patterns of dynamic
changes (instances), the mean hypervolume across 30 repeats is calculated. For plotting
the hypervolume profile, the median of these 10 instance-means is taken, an example of
which is shown in Figure 4.4 Rankings are calculated comparing like-instances for all
response methods on the 10 patterns. The median rank for each response is reported as
the composite median in Figld.5|and in following results.

Statistical Testing for Quantitative Comparisons of Performance

A single value for comparative performance of algorithms that observes statistically rele-
vant differences is calculated. For each algorithm a number of repeats are performed for
each dynamic pattern, with the hypervolume recorded in each generation. At each num-
bered time step (generation), the measurements from repeats form the sample set. These
are used in pairwise one-tailed t-test comparisons, using Bonferroni correction (n = 2)
and o = 0.05. For example, using three methods J, K & L, a total of six tests are per-

formed at each generation with the following alternative hypotheses:

o (1) pe,g > poxcs (2) poe, e > e,
* (3) pit,g > p,L; 4) po,r > s
* (5) pe,x > .15 (6) e, > pi K

where 1, s, 111k & p11,1, are the means of the sample for algorithm J, K & L at generation

t, respectively. The binary outcomes of the tests are recorded.

Tests are repeated for every generation and the percentage of positive results (alterna-

tive hypothesis is accepted) is recorded. In each pair of comparisons (J vs. K, K vs. J) the
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Figure 4.4: Median hypervolume profiles across 10 patterns of dynamic changes (with 30 repeats for each)
for eight different dynamic responses on the 280B problem. Change frequency is 200 generations. (A)
Response mechanism hypervolumes for the Loc dynamics. (B) Response mechanism hypervolumes for the
Ava dynamics. The profiles of Loc and Ava hypervolumes are characteristic DMOP measurement curve and
an attenuated-impact version, respectively. (C) Response mechanism hypervolumes for the Val dynamics.
Each type of dynamic changes generates a visibly different effect on the problem but signed item profit
changes (Val) show marked impact on existing solutions with successively increasing magnitudes.

maximum sum of these values will be 100% but is likely to be less than this as there are
generations where performance between two algorithms is not significantly different. If
algorithm J is better in more generations than the comparison algorithm K, a larger value

will be seen for the J vs. K comparison.

4.5.3 Visualising Impacts of Dynamic Changes in the DTTP

Hypervolume (HV) measurement profiles can illustrate the high level features of the im-
pacts of problem dynamics; each novel dynamic formulation affects the problem with
different character and severity. Figure d.4]illustrates the HV profiles achieved for each of
the eight population seeding methods for the 280B problem. The profiles plotted are the
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composite median; the median of the ten dynamic instances, for each of which the mean
of 30 repeats is calculated.

The different types of dynamics affect the ability of seeding responses to mitigate
the impacts of dynamics. As these impacts are reliant on not just the type of dynamics,
but their frequency and magnitude, the insights drawn here are preliminary and indicative
of trends rather than concrete assessments. Typically characteristic-in-shape decreases
in hypervolume after each of the five changes, can be seen in the Loc dynamics, whilst
an attenuated version of these is seen in the HV profiles for the Ava dynamics. This is
intuitive from the ‘relative directness’ of the tour and packing plan solution components; a
change in the city locations impacts every solution in the population (since a valid solution
must visit all cities), whilst a change in item availability immediately affects only those
solutions containing the items that have been altered.

For the Val dynamics, the impact appears more varied and the performance of the
responses more volatile. Similarly to the Ava dynamics, as every item is not necessarily
included in a current solution (in the population) it is expected that the impacts of changes
is lessened and relatively low in magnitude. However, it appears that even a small change
to the values of a small percentage of randomly selected items can evince a large change

in the solution set’s hypervolume.

4.6 Difference in Responsive Solution Set Construction Methods

The polar plots in Figure4.5|illustrate the performance of each responsive seeding method
across the set of problems with different types of dynamics. The varying performance of
the responsive seeding methods is visible across the types of dynamics and the problem

component combinations.

A prominent feature of these results is the poor performance of the random seeding
PR. Together with mR, these consistently achieve the lowest ranks on every problem and
for each type of dynamics. The consistency between pR and mR indicates that diver-
sifying the packing plan information (mR uses random, solver-based and greedily con-
structed knapsack solutions together with random tours) does not substantially improve
performance. This reiterates the relative control the solution components excise on the

optimization; good performance is primarily driven by good TSP solution components.

These results also indicate that the TSP-component of the examined problem can in-
fluence the most effective responsive seeding method. This is demonstrated in pS and pG
methods for the 524,B&C and 280A,B&C problems. Responsive seeding derived purely
from solver solutions (pS) achieves better performance on the 280A &B problems, whilst
greedy-constructed problems are better for the 524, B&C problems. These statements ap-
ply across all three types of dynamics. The best response method for the 280C problem
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Figure 4.5: Composite-median end of interval hypervolume rankings for the three types of dynamics, grouped into the eight different seeding methods (as listed in Table
[.T) on the 12 problems in the test set (plotted radially on each axes as the number of cities and KP type). Ranks are relative to other seeding methods. See Section[d.5.2]for
the calculation of the composite-median. The Loc, Ava & Val labels indicate the type of dynamics in the problems. Solver-based responses (first row) show suitability for
all 280 variants and some 2379 variants; randomized initialization (second row) consistently achieves the worst ranks on all problems; greedily-constructed seeding (third
row) gives the best response on 52 variants and others depending on the type of dynamics. Combined (fourth row, left) and passive (fourth row, right) methods have complex

trends depending on the type of dynamics and problem components.
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appears to change with the type of dynamics; pS in Loc dynamics, and pG in Ava & Val

dynamics.

Compared with each of the pS and pG, the diversification of the packing plan solution
components has mixed results. The mS strategy achieves lower ranks than pS for most
problems; implying that solved sub-components are preferable to more diverse packing
plan solution components. For mG, for 524, B&C with Ava dynamics, the maximum rank
1s achieved over pG. For other problems, mG ranks are below those achieved by pG; only

for some problems a diversified packing plan set is a beneficial.

The mN method provides important insights into the comparative difficulty of each
presented dynamic formulation. The mN method is ‘passive’ such that, the population
is not seeded in response to a change. Initialization with a diverse population of both
tours and packing plans, as in the mC method, is used. This enables determination of
the relative benefit of each response method compared with a ‘do nothing’ approach.
As established earlier, the informed selection of a baseline comparison allows for more

meaningful conclusions to be made.

Clearly visible in the Loc dynamics (leftmost of bottom-right triplet in Fig. {.5)), is
a steady increase in ranks as the size of the TSP-component grows. For problems with
the same TSP-size, there is a similar increase between A,B&C (1, 5 & 10 items per city
respectively). The other response methods increasingly struggle to do better than a passive
approach as the size of both problem components increases. It is important to note that for
Loc dynamics, the magnitude of the change is constant regardless of the TSP-component
size. For the Ava dynamics, a similar trend is present with mN achieving high ranks on the
largest problems. The ranks achieved for the Val dynamics imply they have a non-uniform
effect on the range of problems without a clearly discernible trend.

Finally, the rankings achieved by the mC response method (bottom-left triplet in
Fig. {.5)) inform on the utility of diversity in response to dynamic changes of different
types. On the smaller and mid-sized problems (all 52 & 280 variants and all types of
dynamics), mC achieves reasonable rankings, however the performance of mC is deflated
by the good performance of the pG, mG & pS methods on these problems. Consistently
high rankings can be seen for the larger problems in the set, (783 & 2319 variants). In-
terestingly, the u2379B problem is ineffectively handled by mC under both Loc and Ava
dynamics. Lower rankings are also achieved on all B-type problems with Ava dynamics
as well. This type of KP-problem has 5 items per city with similar weights and profits.
Further investigation may elucidate the interactions between types of dynamics and KP-
components. As the mC method provides reasonable performance across the problem set,

we compare it with adapted methods for the static TTP.
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4.7 Comparison with TTP heuristics

We compare the mC strategy, named succinctly here as ‘SeedEA’, on 12 DTTP instances
each with 10 patterns of city location changes, with two methods for the static TTP: S5 [5]]
and MATLS [300]] methods. Designed for non-dynamic single objective TTP problems,
there are no existing comparable methods for the bi-objective DTTP. Both also employ
TSP solvers and therefore the minimum time TTP solution is trivial compared with the
high-profit solutions. S5 works on iterative improvement over a single solution via a
parameter search; we allow the same number of iterations as generations for SeedEA.
Whilst MATLS maintains a population of solutions, there is no dominance assessment
compatible to simultaneously optimize for the bi-objective case. Therefore, both meth-
ods preferentially replace for high-profit solutions. As MATLS is population based (with
popsize equal to SeedEA), we examine two versions; in rMATLS, the population is reini-
tialized at the beginning of each dynamic interval, whereas in KMATLS the population is

kept in the next dynamic interval.

4.7.1 S5 Heuristic

The S5 heuristic was constructed from its description and the pseudocode provided in [5]].
A score is calculated for each item based on the benefit and impact on the remainder of the
tour. Items are then selected iteratively and the scores updated until no further improve-
ment can be found. The scoring parameters are varied during the heuristic to narrow the
search for the best packing plan. Initialization occurs using the Chained Lin-Kernighan
TSP solver for the tour component. The KP component is constructed iteratively by the

heuristic.

4.7.2 MATLS (rMATLS and kMATLS)

The Memetic Algorithm with Two-Stage Local Search method was also constructed based
on the pseudocode and description in [300]. The basic format involves a local search step
for the TSP and then the KP component of a small population of solutions. The tours are
initialised using the Chained LKH TSP solver. The KP components are generated by an
heuristic algorithm within the methodology proposed in the original paper.

4.7.3 SeedEA

The SeedEA is effectively Algorithm 4. [5| with specifically the mC seeding response strat-
egy from 4.1l Both the S5 and MATLS methods utilise a heuristic packing algorithm de-
signed to select the best items after a tour is generated. To allow for competitive results,
after a change event an approximate high profit solution is constructed by first building
the terminal end of the tour based on the highest profit solutions consecutively chosen in

reverse, accounting for the time-adjusted-profit and weight-adjusted-time of item selec-
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Figure 4.6: (top row, left) Composite median highest profit objective value in each iteration achieved by
each method on the 783A problem. (top row, right) as left but for lowest time objective value. (middle
row, left) Composite median profit profiles for algorithms on 783B. (middle row, right) Composite median
time profiles for algorithms on 783B. (bottom row, left) Composite median profit profiles for algorithms on
783C. (bottom row, right) Composite median time profiles for algorithms on 783C.

tion. The shortest path for the remaining cities is found by LKH solver and combined with

the terminal end of the solution. This was added to the post change offspring population.

Figure{.6illustrates the attainment of the two objectives. Since the comparison meth-
ods were not designed for the bi-objective version of the problem, measurements such as
hypervolume cannot fairly be compared. Moreover, since the use of exact TSP solvers
is common to all methods, finding the minimum-time solution is trivial and alone, does
not provide insight. Here however, we show the minimum tour solution alongside the
maximum profit solution in each generation (left vs. right subplots) to highlight that the
SeedEA method can effectively find a high-profit solution whilst maintaining a lower-time

tour simultaneously.
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Figure 4.7: Plots showing the problem set coverage of adapted TTP methods and SeedEA in terms of
the proportion of iterations containing solutions with significantly higher profit (top row) and significantly
lower time objective values (bottom row). The three shades on each plot correspond to one, two and three
significant improvements (from lightest to darkest) in the comparison to the other methods. Statistical test
are carried out separately different dynamic patterns for each problem and aggregated in the percentage
calculation.

Within Figure 4.6] SeedEA performs well across the example B-type KP variant, pro-
ducing a high profit solution and maintaining a low-time solution simultaneously, where
the other methods cannot. The IMATLS, kKMATLS and SeedEA methods perform well on
the smallest, A-type TTP problems, however on the B & C type problem, the performance
of the MATLS method is much lower. The S5 methods appears more suitable for the B
& C variants, but still does not compete with SeedEA. These trends are consistent across
the problems but the results are collated into ranking for clearer interpretation.

SeedEA maintains pressure on achieving high profit solutions whilst preserving the
diversity to achieve good objective space coverage. The additional diversity of this
method allows for improved exploration of the high-profit solutions through exploita-
tion of decision variable diversity contained in the population. The construction of the
approximate high profit solution heuristic reveals the importance of the dropConstant in
achieving high profit solutions. This value represents weight intervals at which the ve-
locity of the thief is slowed by the weight of items; it may be possible to optimize to
each threshold for a period of the tour — it may provide an exploitable feature for future
heuristics. In terms of the SeedEA, by maintaining a greater diversity of solutions that
comprise tours with items selected at a variety of locations, exploiting this unhindered ve-
locity threshold may be more common. Wagner also states that high-profit solutions

may require longer tours, of which the SeedEA maintains a selection.
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Within Figure we compare performance of the different methods across DTTP
problem instances. We calculate the proportions of significant ‘wins’ per iteration of
each method over the others across each pattern of dynamics and for each problem. A
Bonferroni correction of n = 3 is applied. Due to persistent TSP solver divergence

issues, the 2319 problems were substituted for variants of the rl11889 problem.

The radial bars represent the significant improvements over the other methods; the ra-
dial axis represents the proportion of iterations (across all repeats and patterns) in which
a method achieves a significantly higher profit (top row) or significantly lower time (bot-
tom row). The shading represents a significantly better solution over one (lightest), two
(mid shade) or all three (darkest) of the other methods. For example, for KMATLS on the
1889A problem, in 100% of iterations, the profits are significantly better than one of the
other methods (we can infer it as the S5 method). In approximately 70% of iterations, the
profits are significantly better than two methods (S5 and rMATLS) and in 30% iterations
KMATLS finds significantly higher profits over all three other methods.

Generally, the MATLS methods perform well on the A-type variant problems, but
their performance declines greatly on B- and C-type problems. Results for KMATLS
are better than rMATLS in achieving higher profits, whereas achieving both higher profit
and low time solutions is better handled by rMATLS. S5 shows the opposite with no
competitive performance on A-type problems but some limited significant achievement

in profits and times in the B- and C-type variants.

The very good performance of KMATLS on the A-type variants reduces the overall
significant performance of the SeedEA’s darkest area for profit - most notably on the A-
type problems. S5’s performance on 280C is unrivalled and it achieves good performance
on 52B and 52C as well; these also contribute to reducing SeedEA’s darkest shade area.

Given the comparison methods were not designed for the dynamic or multi-objective
problem, they still provide significant improvements in high profit solutions on a limited
and varied subset of the total problems examined. Another important consideration is the

relative execution time and objective function evaluations that these methods consume.

The number of function evaluations, using 280A,B & C problems as an example
in Figure remains similar for SeedEA, and relatively lower than for IMATLS and
kMATLS. For these, the value increases 10-fold from the A-type (1 item-per-city) to B-
type (5 items-per-city), then 3-fold from B-type to C-type. For S5, the number of function
evaluations remains relatively low across the different KP types.

The MATLS methods involve two local search stages, one for each of the TSP and
KP problem components. With more items in the problem, the neighbourhood of the local
search increases and therefore the number of required evaluations to search it is inflated
as the problem size increases. SeedEA’s mechanism is independent of the problem size

and therefore the number remains relatively constant across the problems.
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Figure 4.8: The number of objective function evaluations; the median across the (up to) 30 repeats for each
of 10 patterns of dynamics for the 280 TSP component with A, B and C KP variants for each of the four
methods being compared.
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Figure 4.9: Execution times for each comparison method. The mean for each dynamic pattern is given as a
separate point and the median of these points for each problem is connected for clarity. The problems are
grouped by their KP-component.

In addition to function evaluations, each method requires differing numbers of TSP
and KP solver calls. For example, the populations for the MATLS methods were ini-
tialized according to the origin paper’s protocol — for the TSP components 10 solutions
initialized by LKH solver, and 40 via Minimum Spanning Tree method. For ’MATLS, this
process is repeated after each dynamic change, greatly increasing the relative execution

time.

Figure shows the execution times of each method with the line joining the median
points for each problem. All experiments were run using MATLAB 2018b, an Intel-i7
processor (3.80GHz) and 16GB Memory.

On A-type problems, KMATLS has similar execution times to SeedEA and Figure
depicts good signficant improvements on these problems. However, as shown by Figure
[.8]as the size of the KP component increases (from A- to B- to C-type), SeedEA and the
MATLS methods become increasingly different. For example, the largest of the problems
1889C, the median execution time for a single run of SeedEA was 2.7 hours, for IMATLS
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this was 138 hours. Comparison methods have redundant calls of TSP solvers, which
can result in extreme inflation of execution times. Also greatly increasing the number
of objective function evaluations, as in rMATLS and kMATLS also contributes to this

difference.

4.8 Development of Multi-Population Topologies with Migration and Mixing for
the DTTP

The preliminary results displayed in Figure {3 highlight the localization of obtained so-
lutions based on the composition of the initial set of solutions. There is a natural opportu-
nity to develop and exploit this using multi-population methods to improve the coverage
and diversity of high-quality non-dominated solutions achieved for the DTTP instance
proposed. Together with this, quantification of the difficulty of information relevance
of solver-based exploitation as the problem state changes in these dynamic instances is
explored.

A summary of relevant multi-population and island model topologies is given earlier
in this section, (see Section 4.2.5)). Using the work of Xiao et al. [332] as inspiration, an
iterative development and testing of connected population topologies resulted in a sim-
ple multi-population structure with carefully selected migration patterns to maximize the
trade-off between exploration and exploitation of found solution information. This is
compared with a single population approach and a simple unconnected multi-population

approach.

This development of multi-population methods spans three phases, however in the in-
terest of space, the details of the first two are summarised briefly here as they do not con-
tribute useful results. Initially, an interconnected hierarchical topology of sub-populations
including all response methods (herein used to refer to the different solution construction
methods) was constructed. A diagram of this, together with the proposed structure from
[332] is provided in Figure 4.10] Having many populations however, requires a large
global population size in order for effective/efficient evolution to occur within each of the
sub-populations. As this also results in an inflation in the number of function evaluations
and a decrease in the optimization speed, combined with the observable coverage over-
lap between some of the response methods, a smaller model topology was constructed

instead.

Secondly, the definition of an objective bias filtering step allows for a single response
mechanism to be employed across a smaller number of more intelligently connected sub-
populations. The use of an objective bias allows for the focused isolated evolution to-
wards specific regions of the objective space, however a comparison to select the base
response mechanism was required. To provide results with the greatest context to the

previous TTP literature, the multi-population approaches were applied to problems with
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Figure 4.10: (left) Multi-population island model with migration and objective biasing as proposed by Xiao
et al [332]. (right) Adaptation of multi-population structure to incorporate information from all solution
construction methods. Each circle corresponds to a sub-population and the arrows indicate the directions
of migration of solutions. The colours of each sub-population indicate the source of solution information,
with the central population providing en environment for mixing of all solutions. A modified version of this
model with a structure refined based on utility and solution contributions was adopted for experimentation

- see Figure [A-11]

smaller TSP components. The pS response achieved the best hypervolume and extent in
both objectives (best ‘extreme’ solutions in each objective) across the static instances (the
first dynamic interval) of the problems, with the ‘mC’ response adopted in the SeedEA
providing similar performance. From the outcomes of these first two stages, the final
multi-population model topology was constructed and tested, the details of which are to

follow.

4.8.1 Seeding-Dependent Terminal Solution Localization and Island Structures

The proposed multi-population island topology to tackle the DTTP contains three key
features: four sub-populations each with a separate optimization goal and purpose; the
migration events between sub-populations with specific frequency and occurrence; and
solver-solution-based responsive seeding mechanism as seen before. This mechanism
is triggered in response to the dynamic change events and functions the same as in the
SeedEA. Each sub-population is effectively running a separate version of the SeedEA
including the replacement of offspring with a (diversified) solver-based population of so-

lutions in the generation of the dynamic change.

Sub-population Specialization: Objective Biasing

The previous results highlight the differential coverage of the objective space when using

different initialization sets and responsively generated solution sets. In these cases, the
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optimizing algorithm has no particular focus for finding solutions in any particular ob-
jective, other than how the topology of the search landscape guides the search. This is
the expectation in a multi-objective optimization problem — both objectives are prioritised
and we can refer to this unbiased or ‘neutral’. However, we can also guide the optimiza-
tion by biasing the search in each of the objectives separately and the distributed nature of
multi-population methods facilitates this. By adding a custom filtering stage in some of
the sub-populations we can prioritise optimization towards solutions in a particular region

of the search space (similar to a reference point based guided search [362]-[364]).

Firstly, for each of the sub-populations we label which objective is the priority or if
there is no bias, we describe the sub-population as neutral. For each of the biased popula-
tions within the general evolutionary loop, before the application of genetic operators an
additional population filtering step is performed. The population is sorted in descending
order for the prioritised objective’s fitness values and the worst 90% of solutions are dis-
carded. Offspring are then generated as normal using tournament selection and mutation
and crossover operators to generate a full 2/V set. For example, using popsize = 90 the
best nine solutions will be kept after filtering, then 171 solutions would be generated us-
ing only the filtered solutions as the parent pool. This generates additional evolutionary
pressure towards good solutions in a particular region of the objective space, but relies on
a logical connectivity of solutions within the decision space (such that neighbourhoods
are relatively conserved between the decision and objective spaces).

Having a combination of biased and neutral sub-populations within an island topol-
ogy intuitively allows for a greater total diversity in the non-dominated set. Connecting
these and sharing information between the populations may facilitate further drive towards

good solutions.

Island Topologies with Migration Events

In the proposed multi-population topology with migration depicted in Figure .11 a struc-
ture with four sub-populations is defined. There are two biased sub-populations, one fo-
cusing on each of the objectives for the bi-objective DTTP, and two neutral populations.
One of the neutral populations carries out a default approach to optimization, this is re-
ferred to as the ‘neutral population’. The other neutral population allows for the mixing
of solutions from all other populations and serves a temporal buffer. This is referred to
hence as the ‘mixing population’. Migration routes are defined by a matrix based on
the utility of the solutions in the destination; there is no migration from the mixing pop-
ulation to the focused-objective populations. The frequency of migration events is also
controlled such that migration between the focused and neutral populations happens more
rapidly than the migration to and from the mixing population. The frequency, phase and
connectivity were selected to avoid stagnation and maximize information sharing whilst

maintaining isolated evolution and preventing annihilation of the endemic solutions by
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Figure 4.11: Population model topologies applied to the Dynamic Travelling Thief Problem instances.
(left) A single-population model, represented as one circle, represented the default approach employed by
most algorithms; no bias is asserted towards solutions that better satisfy a particular objective. (middle) A
multi-population topology where three groups of solutions evolve in isolation; the objective function labels
indicate the bias towards solutions that better satisfy an objective (or both — neutral) therefore exploring
particular regions of the objective space. (right) The proposed multi-population topology with migration
between populations. Two sub-populations each with a focus for a particular objective and two ‘neutral’
sub-population are connected with migration patterns as indicated by arrows. The direction indicates mi-
grant solution flow, with first number on each arrow indicating the frequency of the migration and the
second indicating the generation of the first migration event.

migrants. Despite a high frequency of migrations being known to influence evolutionary
trajectory (leading to premature convergence) [343]], the objective biasing in the focused
populations and the regular refreshing of the neutral population from the mixing popula-
tion prevents this.

For brevity the connectivity matrix is not included here, however the edge weights in
Figure [.TT]indicate the frequency and the first occurrence of migration for each of the
connections.

Migrants are selected as an evenly distributed sample of the (preferentially) non-
dominated solutions in the origin population. The migrant set size is equal to 20% of
the origin population size (as in [340]). Assimilation of migrants into the destination
population occurs through normal ranking and replacement based on crowding distance.

Measurements for this model are taken using the neutral population only.

The other population models depicted in Figure 4.11] allow for comparison and eval-
uation of the multi-population model with migration. The first of these is a simple single
population model, abbreviated as Si, which is the default approach adopted in the previ-
ous experiments in this chapter. The second is simple multi-population model Mo, with
three sub-populations: one biased for evolution in each of the two objectives and the
third a neutral population with no objective filtering biasing subroutine. The proposed

multi-population model with migration is abbreviated as Mi.

108



CHAPTER 4. THE DYNAMIC TRAVELLING THIEF PROBLEM

4.8.2 Reporting Performance and Incorporating Statistical Analysis

As mentioned previously reporting performance can be challenging in dynamic and dy-
namic multi-objective optimization problems and algorithms. This is compounded for
multi-population models unless a clear paradigm is defined and followed. For each of the

population models compared here, the performance is reported as follows:

* Si: The hypervolume measurement is measured for the non-dominated set of so-

lutions in the population in each generation.

* Mo: The non-dominated solutions in each sub-population are aggregated and the
hypervolume of the resulting set after another round of non-dominated sorting is

taken as the measurement.

* Mi: The hypervolume measurement is taken on the non-dominated set within the

neutral population only.

The inclusion of meaningful statistical comparisons is also difficult in this domain as
the composition of samples varies depending on the frequency of measurements and the
motivation and approach to performance measurement in general. Here we extend the
approach used previously, in the evaluation of seeding responses and in the comparison
to TTP heuristics.

The hypervolume is measured at in every generation of the optimization and these
measurements form the samples. A pairwise one-tailed t-test, with an alternative hy-
pothesis for greater mean, is then performed to provide a statistical comparison between
any two methods (as there are three methods, a Bonferroni correction of @ = 2 must
be applied) for each generation of the optimization. This process is repeated for each of
the 10 patterns of dynamic changes examined. For example, if the optimization runs for
1000 generations (independent of the number of dynamic change events) there will be
1000 (generations) x3 (methods) x2 (comparisons for greater mean) x10 (patterns of
dynamic changes) statistical tests performed. The results of these are collated to provide,
for each model in every pairwise combination, the percentage of the generations, across

all patterns of changes, in which it can provide a significantly higher hypervolume.

A sample of problem instances is used to evaluate the population topologies. Using
the City Location dynamics, 10 patterns of changes, each with 10 change events and a
fixed magnitude of dy = 2 were examined, with 30 repetitions conducted for each. For
the algorithm parameters, the global population size is set to 360, with the crossover fre-
quency set to 0.9 for both solution components and the mutation frequency set to 2/ N;iems
and 2 for the bitflip and swap mutations respectively. The value of v is 10%. The other
problem parameters are as follows: the value of 7 in Eqn. {.2]is fixed at 0.45 (midpoint of
random interval) in order to generate reproducible problem scenarios. The Dr, v,,;, and

Umae parameters are set to 0.9, 0.1 & 1.0 respectively, as in [[137]].
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In summary, for each of the 18 problems, 20 repeats are performed on each of 10
patterns of dynamics. A similar format for the specific instance was employed here, using
the 52A notation to denote the number of cities in the TSP component and the type of the

KP component (see Table d.2|for more information).

4.8.3 Impacts of Information Currentness

An additional goal of these experiments is to highlight the importance of the ‘currentness’
of the information being used to seed the population in response to dynamic changes. In-
formation relevancy in terms of its currentness describing its applicability to the current
problem state, represents a clear challenge in the dynamic problem case. Here, we quan-
tify the difference in performance achieved by all examined topologies when the solver-
calculated solution components are and are not updated after a dynamic change event.
Intuitively, successive changes compound the difference between the initial and current
problem states, meaning the relative utility of the initially-optimal TSP and KP solution
components decreases over time. Quantifying these impacts helps to illustrate the diffi-
culty of applying methods that exploit problem information for dynamic instances.

4.8.4 Evaluation of Multi-population Island Topology with Migration (Results)

Impacts of Information Relevance Degradation (Currentness)

The hypervolume profiles in Figure {.12] illustrate the impacts of resolving and non-
resolving the TSP and KP components after each dynamic change event, separately illus-
trated for each of the model topologies. To clarify, the suffix ‘-NR’ refers to the practice
of post change event seeding using the initial solver-based solutions for the TSP and KP
components. Regular practice sees the seeding of the population, as previously, with di-
versified solutions based on the resolved or repaired solution components for the TSP and
KP parts of the problem - this means the seeding solution information is kept up-to-date

for the new problem state.

For all three of the population models, there is a clear difference in the hypervolume
achievement when using more relevant seeding information; higher hypervolumes are
unanimously achieved after each change event when the TSP and KP components are

updated.

Over the course of the optimization, the magnitude of the difference between the
median achieved hypervolumes for the Si and Si-NR models appears loosely to grow. A
similar pattern presents for the Mo and Mo-NR methods. Interestingly, the difference
between the Mi and Mi-NR median hypervolumes are smaller than for the other models.
This implies that the focused optimization, migration and mixing present within the base
Mi model topology may alleviate some of the difficulty introduced by not updating the

seeding information.
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Figure 4.12: Composite median (median of ten pattern-means) hypervolume profiles for the 280A problem
with city location changes, comparing the resolving and non-resolving variants of the different population
models. (upper) The median hypervolume for the Si, single population model with resolving of minimum
time tour and maximum profit solution components for responsive seeding is compared to the non-resolving
single population model Si-nr (using initial state information only). (middle) The median hypervolume
profile of the multi-population model, Mo, is compared to the non-resolving version of this model Mo-nr.
(lower) The median hypervolume profile of the multi-population model with migration, Mi, is compared to
the non-resolving version of this model Mi-nr.

A summary of the proportion of generations with significantly higher hypervolumes
between the models and their ‘-NR’ counterparts is presented for a selection of problems
in Table 4.3] For the Mo and Mi models we can see that significantly higher hypervol-
umes are achieved on every problem when resolving the problem components, with many
having significant improvements in upwards of 95% of generations. For the Si model, the
problems with the largest KP components, the C-type, see a large proportion of genera-
tions with significantly higher hypervolumes occur when not updating the seeding infor-
mation. These results informed the remainder of the experiments: the seeding solutions
were generated based on resolved or repaired TSP and KP solutions. As the comparisons
in Table[4.3]are between only each model and its non-resolving variant, there is no specific
disadvantage on the Si from adopting a resolving approach for the remaining experiments
(and is demonstrated in the following results).
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Table 4.3: Percentage of generations with significantly higher hypervolume measurements: comparison
resolving and non-resolving problem component optima for responsive population seeding. Bold values
indicate largest value in each comparison.

Si vs Si-nr Mo vs Mo-nr M1 vs Mi-nr

berlin52A  0.614 0.083 0.939 0.000 0.493 0.076

kroA100A 0.574 0.003 0.893 0.000 0.457 0.004

eill0O1A  0.890 0.004 0.999 0.000 0.872 0.009

prl44A  0.793 0.034 1 0 0.846 0.002

a280A  0.904 0.002 1 0 0.870 0.000

lin318A  0.503 0.003 0.994 0.000 0.357 0.019

berlin52B  0.672 0.020 0.994 0.001 0.420 0.012
kroA100B 0.427 0.134 0971 0.000 0.463 0.011
eill01B  0.649 0.065 0.982 0.000 0.756 0.008
prl44B  0.382 0.170 0.978 0.002 0.480 0.001
a280B  0.875 0.000 0.961 0.000 0.901 0.001
lin318B  0.295 0.379 0.922 0.003 0.866 0.001

berlin52C  0.030 0.648 0.989 0.000 0.111 0.046
kroA100C 0.053 0.610 0.959 0.001 0.644 0.004
eill01C  0.037 0.752 0.966 0.002 0.846 0.000
pr144C 0.256 0.367 0.947 0.002 0.685 0.001
a280C 0.866 0.000 0.946 0.004 0.855 0.003
lin318C  0.052 0.550 0.879 0.002 0.829 0.000

Comparison of Population Topologies

Figure shows the hypervolume profiles achieved by the three population topologies
across the 280-city DTTP variants with A, B & C type KP components. The data series
correspond to the median across 10 patterns of dynamic changes of the mean hypervolume
attainment, calculated from 30 repetitions on each pattern. It should be noted that the
global population size for all models was equated to reduce the inequality in function
evaluations from model-specific processes.

Generally, the profiles indicate the clearer separation of hypervolume achievement
from the 280A to 280C instances. This implies that the complexity of the KP-component
impacts the performance population models acutely; the single population model becomes

less suitable as more items must be considered.

We can see from the 280A plot that there is relatively similar hypervolume attainment
by all three models, however the Mi model (multi-population with migration) achieves
a higher hypervolume consistently after the first dynamic change event. The Mo model
achieves progressively lower hypervolumes compared with the Si and Mi model as the
optimization progresses and the dynamic changes compound. The apparent similarity of
achieved hypervolumes is distinguished using the statistical analysis provided in Table

44

A greater distinction in achievement between the topologies presents for the 280B
problem, with the Mi model achieving greater hypervolumes than Mo, which in turn
achieves greater hypervolumes than the Si model. There is little to no overlap between

the different model’s achievement for this problem.
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For the 280C problem, there is some overlap in the performance achieved by the
Mo and Mi models within the first few dynamic intervals. However, after successive
dynamic change events, the Mi model consistently achieves greater hypervolumes. The
Si model does not produce competitive hypervolume measurements with the other pop-
ulation models. A summary of these interaction can be obtained through the statistical

analysis described previously and is given in Table

Table[d.4]shows the results of the pairwise comparison of hypervolume measurements
taken in each generation across the set of dynamic patterns and for each combination of
the population models. The first columns represents the proportion of generations in
which the Si model achieves significantly higher mean hypervolume than the Mo model.
The second column represents the inverse of this comparison: the proportion of genera-
tions in which the Mo model achieves significantly higher mean hypervolume over the Si
model. The remaining pairs of columns follow this format for pairwise comparison. The

bold values indicate the highest value in each column pair.

For the A-type problems in the upper section of Table d.4] the Si model can provide
a comparable proportion of generations with significantly higher hypervolumes on a lim-
ited range of instances compared with the Mo model. Compared with the Mi model, only
on the /0/A problem does the Si model achieve significantly higher hypervolumes in ap-
proximately 30% of generations. Across the same sample of generation measurements,
the Mi model achieves significantly greater hypervolumes in 25% of generations. This
highlights a consistent challenge in reporting performance on DMOPs; the rich temporal
behaviour of algorithms cannot effectively be represented in a single value without some
loss of information. As an ongoing research topic, the effective and meaningful commu-
nication of dynamic performance remains a major difficulty within the domain. On these
A-type problems, the Mi model performs significantly better in up to 50% of generations
than the Mo model.

The results for the B-type problems are shown in the middle section of Table 4.4{and
across all the problems here, the Mo and Mi models provide significantly higher hyper-
volumes in at least 60% of generations when each is compared with the Si model. For
some problems in this section, the Mi model can achieve significantly better hypervol-
ume in more than 90% of generations — from the profiles in Figure i.13] we can deduce
that the remainder of the generations without significant differences must be early in the
optimization.

When comparing the performance for the Mo and Mi models on the B-type problems
(the final pair of columns in the middle section), the Mi model achieves significantly
higher mean hypervolumes across most generations for some of the problems (280B &

318B), a moderate proportion for others (/00B & 101B) and for the remainder, the Mo

model achieves a larger proportion of generations with higher hypervolumes. Further
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Table 4.4: Percentage of generations with significantly higher hypervolume measurements: comparison of

different population models. Bold values indicate larger value in each comparison.
Si vs Mo Si vs Mi Mo vs Mi

berlin52A  0.230 0.258 0.060 0.560 0.036 0.530

kroA100A 0.151 0.001 0.045 0.154 0.011 0.278

eill01A  0.556 0.134 0.303 0.252 0.085 0.234

prl44A  0.263 0.231 0.055 0.469 0.035 0.392

a280A 0323 0320 0.029 0.594 0.069 0.400

lin318A 0.037 0.498 0.064 0.523 0.041 0.074

berlin52B  0.029 0.884 0.057 0.650 0.579 0.060
kroA100B 0.234 0.603 0.143 0.637 0.123 0.217
eill01B  0.103 0.736 0.072 0.901 0.103 0.488
pri44B 0.038 0.856 0.036 0.867 0.164 0.099
a280B  0.046 0.892 0.013 0.970 0.002 0.983
lin318B  0.052 0.874 0.008 0.978 0.013 0.940

berlin52C  0.031 0.953 0.009 0.965 0.396 0.058
kroA100C 0.053 0.871 0.010 0.958 0.042 0.504
eill01C 0.039 0955 0.010 0.981 0.062 0.494
pr144C 0.064 0.831 0.013 0.952 0.083 0.591
a280C 0.063 0.902 0.008 0.956 0.131 0.677
lin318C 0.115 0.834 0.006 0.986 0.000 0.988

development of the Mi model may consolidate its superior performance for this type of
problem.

These comparisons for the C-type problem (rightmost columns in the lower section of
the table) are more straightforward. For the instances with at least 100 cities, the Mi model
achieves significantly higher hypervolumes in at least approximately 50% of generations.
Only on the 52C problem does the Mo model achieve a higher proportion. Compared to
the Si model, the Mo and Mi models achieve significantly higher hypervolumes in at least

83% and 95% of generations respectively.

These results can be clarified in terms of a relational summary of performance across
the examined problem set. Using the 280A profile in Figure 4.13] and the corresponding
row in Table we can establish a relational ordering of the topology performance. In
the hypervolume profile we can see that for some of the optimization the Si and Mo are
better than each other, with a swapping after the fourth dynamic change. The Mi topology
consistently achieves the best hypervolume. Relating these observations to the 280A row
of Table [4.4] we see that there are similar values for the Si and Mo models and that the
Mi model has higher values than both. This gives rise to the relation: Si ~ Mo < Mji.
A summary of these relations and their frequency across the problem set is given in Table

4.5 The majority of the problems see the Mi model achieve the best results.

4.9 Summary of Findings for the Dynamic Travelling Thief Problem

The Dynamic Travelling Thief Problem, like its static counterpart, represents a challeng-
ing problem. The quantification of this challenge is also difficult as the Pareto Set and

Pareto Front remain unknown, meaning we must make comparative analyses on the per-
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Figure 4.13: Composite median (median of pattern means) hypervolume profiles for variants of the 280-
city DTTP problem with city location changes with magnitude dy = 2. (upper) The 280A problem with
median hypervolume profiles, together with the interquartile range (IQR), for the Si, Mo, and Mi models.
(middle) Median hypervolume profiles IQR for the Si, Mo, and Mi on the 280B problem. (lower) Median
hypervolume profiles with IQR for the Si, Mo, and Mi models on the 280C problem.

Table 4.5: Performance relation orderings for population topologies based on the proportion of generations
with significantly higher mean hypervolumes.

Performance Relation | Frequency

S < Mo < M3 11
Si~ Mo < M;i 2
Si < Mi < Mo 3
Mo < Si < Mi 1
Mo < Mi < 5% 1

formance of applied algorithms. This work has provided a number of these; for the
definition of an evidenced mechanism for dynamic response; in comparison to adapted
heuristics for the static problem; and in the cogent implementation of multi-population
topologies to drive the search for better solutions.

The initial results detail the observation of the difference in objective space coverage
achieved when the initial solution set contains a variety of solution information. This
notion is adapted to a variety of solution construction mechanisms using a variety of
solver-based information, greedy and randomized solution components for the TSP and

KP parts of the problem. A comprehensive range of combinations of this information
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were tested as dynamic response mechanisms in an attempt to mitigate the impacts of
changes and drive evolution of good solutions after a change event.

Whilst seeding appears to be an effective response mechanism, across the sampled
problem space, both diversity in the seeding set and the inclusion of solver based infor-
mation can be useful. The response mechanism with the maximal diversity and variety in
combination of solution information (the mC response) retains good performance as the
size of the problem grows, whereas the good performance of the other responses remains

competitive mostly on the problems with smaller TSP components.

A combination of the interconnectedness of the TTP components and the perfor-
mance of the randomized seeding responses indicate that comparison with off-the-shelf
DMOEAs may not provide competitive results. Similarly, many of the heuristics for the
static TTP have be custom-built to handle the complexity of the problem. Therefore an
adaptation of these heuristics for the dynamic problem provides an insightful comparison
into the attainment, utility and efficiency (in terms of both time and evaluations) of the
proposed EA with seeding (SeedEA) approach for DTTP instances.

Finally, development of multi-population topologies to drive isolated evolution and
sharing of fitness through migration events, provides improvements across many of the
examined DTTP cases with the changing city location dynamics. Demonstration of both
the importance of updating the seeding information and for the inclusion of migration
events between sub-populations is evidenced in the presented results. The use of a statis-
tically observant technique to extract and distill the behaviour of algorithms throughout
the dynamic optimization can be applied beyond this work.

There are a number of challenges that have been highlighted in the experiments on
instances of the DTTP. These are limitations that raise additional questions for future
research to address. They include the difficulties of reporting absolute performance when
the Pareto Front is unknown and the large number of possible ways of executing change

events and the impact this has on generalizing reported performance.

4.10 Conclusions

A novel framework for generating dynamic problem instances is defined using events in-
spired by realistic dynamics intuitively present in real world problems. The flexibility of
the problem parameters and the dynamics parameters provides the tools to extensively
test algorithms on a range of challenging problems which are more indicative of realis-
tic scenarios than some existing simplistic benchmarks in the dynamic combinatorial and
multi-objective problem space. Three types of dynamics are proposed, each with spe-
cific justifications for its inclusion and each with distinct impacts visible via performance

measurements.
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An observance of the link between the specific solution information provided to a
typical dominance based multi-objective evolutionary algorithm and the achievable set
of non-dominated solutions provided the basis for a dynamic response mechanism. By
seeding the solutions with solution information for the tour and item-selection compo-
nents that make the Travelling Thief Problem, instead of a random or default DMOEA re-
sponse, allows for an effective amelioration of the impacts of the dynamic change events.
The results indicate that across a variety of construction methods and a range of problem
sizes relevant to previous literature, both diversity and solver-based solution information

enable better solutions to be found after dynamic change events.

From previous literature on static problems, performance comparison with a num-
ber of adapted heuristics highlights the relative efficiency and better performance of the
responsive seeding approach. Further development using a multi-population model with
migration, developed through an iterative observation of solution localization and ex-
ploitation of objective biasing, indicates that there is significant opportunity to find better

solutions through informed design.

The presentation of results in the experiments conducted here addresses a significant
challenge in the dynamic and dynamic multi-objective optimization area. The provided
methodologies and the inclusion of statistical comparisons using meaningful samples of
data provide a widely applicable and accessible way to consolidate a large volume of
results for these types of problem.

A novel dynamic multi-objective problem type in the combinatorial domain is pro-
posed here, together with fundamental and developed versions of a responsive dynamic
algorithm and accompanying contextual justifications, comparative performance analysis

and methods to provide statistical evidence.
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Chapter 5

Multi-Dynamic Optimization Problems:
New Challenges and Potential
Approaches

5.1 Introduction

Dynamic problems in research draw motivations from realistic cases and real world prob-
lems that feature time-varying characteristics. For example, the numerous continuous
benchmarks detailed in Chapter 3 are formulated to model characteristics in a simplified
problem setting. Similarly, the Dynamic Travelling Thief instances proposed in Chapter
4 provide an example of problem formulation based of characteristics of real systems.
However, in many real cases, for example in energy dispatch problems where the renew-
able generation and the demand can both be dynamic; a single, synchronised schedule of
change events is a naive approximation of the true scenario. Formulation of test cases of

real-world scenarios remains an ongoing research task [38], [269].

A characteristic so-far undocumented in EMO, is multi-dynamic problems; that is dy-
namic problems with multiple components that are independently (of each other) depen-
dent on time. The ‘components’ could be any of those noted within Chapter 2; the number
of decision variables, the number of objectives or elsewhere in the problem. However, to
provide preliminary insights on this novel problem class, the focus here is on multiple
dynamic terms in the objective functions of multi-objective problems.

Whilst some existing DMO benchmark problems already feature multiple terms that
are dependent on time ¢, multi-dynamic problems must have separate ¢ values, one for
each time-dependent term. Since the value and schedule of ¢ are how change events are
implemented, this also means that each distinct # value has its own associated frequency

and severity parameters.
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Across both continuous and combinatorial problem domains there are similarities and
differences which affect algorithm evaluation and possible conclusions. The considera-
tion of both domains highlights the disparity in available tools for experimentation as well
as the difference in the challenges that arise when incorporating these realistic character-

istics.

The proposed methods in Chapter 3 for establishing a baseline of performance across
the possible dynamic instance space of continuous benchmarks are extended here to iden-
tify the key challenges for multi-dynamic instances of these problems. Similarly, the
impacts of frequency and severity parameters for the DTTP and the efficacy of the re-
sponsive seeding algorithm for instances with a combination of multiple types of changes
provides insights for the combinatorial domain. Using the specific examples examined,
the limitations and challenges for continuous and combinatorial problems are explored.
A discussion of these challenges highlights their wider applicability and the limitations of
existing methods for effectively reporting on these novel problem instances. Recommen-
dations for multi-dynamic problems are provided based on the experiments conducted,

particularly concerning experimental design and measurement recording.

Multi-dynamic problems therefore present a novel and difficult challenge for estab-

lished practices within DMO. The contributions can be summarised as follows:

* A prefatory analysis of the impacts of frequency and magnitude of change is pro-
vided for the Dynamic Travelling Thief Problem with city location changes.

* Instances of the DTTP with multiple dynamic components with coincidental
change events are defined and the effectiveness of the responsive seeding mecha-

nisms designed in Chapter 4 are re-evaluated.

* Further instances of multi-dynamic TTPs are considered with non-coincidental
changes (different change frequency between components) providing illustrative

examples of significant challenges present in multi-dynamic problems.

* Adaptation of existing continuous dynamic multi-objective optimization problems
to provide relevant examples of multi-dynamic problems from which instances can

be generated.

* Identification of the observable motifs in terms of performance across the possible

dynamic instance space are given using the defined continuous instances.

* Consolidation of the major challenges facing continuous multi-dynamic in-
stances including, measurement difficulties are given using instances with non-

coincidental change schedules.

* Recommendations for experimental design and future investigations are provided.

The remainder of this chapter is organised as follows. A sample of pertinent back-

ground information and relevant areas of EMO research is provided in Section 2, to-
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gether with an illustrative example to demonstrate the utility of multi-dynamic problem
instances. Section 3 focuses on the impacts of frequency and severity in the DTTP as well
as co-incidental changes, including definitions and results of different response methods
defined in Chapter 4. Section 4 handles the non-coincidental changes, examining the im-
pacts and observations from components with different change frequencies. The exten-
sion of this investigation to continuous problems is given in Section 5. Finally, a summary
of recommendations, limitations and future considerations is presented in Section 6 with

conclusions in Section 7.

5.2 Background

There is limited applicable previous work addressing multi-dynamic problems - they
present a novel challenge for the field. There are numerous areas from which practices
may be borrowed or insights can be shared however. For clarity, the multi-dynamic prob-
lems that are the focus of this investigation are problems containing multiple, independent
types of dynamic change, for example there is more than one term within the objective
functions of the problem that is dependent on . Multi-component and interconnected
problems, meaning problems with distinct aspects such that a solution is composed of
multiple parts, provide a parallel in terms of static examples. A good example for these
types of problems is the previously studied Travelling Thief Problem. Compositional
problems commonly solved by co-evolutionary algorithm techniques [365]] and bi-level
optimization studies [366]—[368] may also provide some relevant similarities for which
the contributions of this investigation may apply.

In terms of multi-dynamic problems however, there are some unique challenges that
have limited similarity to any other class of problem. With the definition or separation
of independently changing components of a problem, there is introduction of additional
parameters. Importantly, the parameters that define the nature of the changes, the fre-
quency and severity have been shown in Chapter 3 to have significant impacts on the
difficult of problem through the combination of different values to generate different dy-
namic instances. With multiple dynamic components, this expands the possible dynamic
instance space exponentially with each additional discrete parameter or infinitely if they

are considered to be continuous (e.g. real time frequency or continuous severity).

There are limited references to multiple frequencies of change in the literature. The
benchmark suite defined in Biswas et al. [80] has probabilistic selection of multiple ¢
variables, however these are not considered as multi-dynamic instances. Yazdani et al.
[39] makes reference to the characteristics of real-world problems having continuously
changing environments and Chen et al. [71] notes non-fixed frequency and severity pa-

rameters for a vehicle refueling scenario. The work of Richter and Dietel [369] sug-
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gests single-objective problem instances where the constraints and the objective functions
change asynchronously.

Some other research areas have used similar language to describe different types of
problems or evaluation methods. For example, distributed and parallel algorithms with
asynchronous evaluations use multiple populations with fitness evaluation and updating
at different times [[370]], [371]. The Artificial Bee Colony algorithm proposed by Akay
et al. [372] compares synchronous and asynchronous updating of algorithm mechanisms.
These share the definition of asynchrony and the notion of complex temporal character-
istics with dynamic optimization however they are mostly focused on single-objective

problems and are not directly relevant to the investigations undertaken here.

Recent comprehensive work have been conducted on instance space analysis (ISA)
for static multi-objective problems [373]], [374]]. Definition of a multitude of characteris-
tics across many problems, known as features, help to define the instance space and allow
for insights to be drawn based on the footprint of algorithm performance across the fea-
ture space [375]-[378]]. A parallel can be drawn with the approach taken in these works;
the dynamics parameters are used to define the space and the footprint is measured simi-
larly as the performance over different regions of this space. Extension of the established
effective and comprehensive ISA frameworks to dynamic and dynamic multi-objective
optimization problems remains a open research area. Whilst the dynamic intervals of
a problem (periods between change events) can be treated as separate problems, there
are ‘meta-impacts’ from the adjacency of different problem states (consecutive intervals)
as well as the impacts from the parameters controlling the dynamics, the frequency and
severity of changes. Therefore, the extension of ISA techniques to multi-dynamic prob-
lems is a step further removed and an informed and justified investigative approach used

for ISA is the key influence in the presented methodology.

Before examining real world problems however, understanding the key challenges
and obstacles presented by increasing the scope of dynamic formulation is required.
Therefore a simplified model is necessary to pioneer the exploration of this problem class.
Below in Equation is an example of a simplified multi-dynamic system to formally
illustrate the distinction from previous DMOP benchmarks.

T=x1,29,...,2,];
fl(f,tl) =1- g(f,tl) (51)

fo(Z,ta) = h(Z, ta)
where ¥ represents the decision vector as a single solution to the problem, formulated
as the objective functions f; & f>. The ¢; and ¢, parameters here represent the dynamic

state variable as calculated in Equations The sub-functions g and h represent the
specific calculations of the objective functions and in this simplified model are considered
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as separate across the objective functions. Similarly, there may be (potentially dynamic)
equality or inequality constraints present for the problem but these are omitted for clarity.

1 1
= — FJ L = — FJ : (5.2)
ntl Tt1 nt2 Ttg

The consideration of multiple change components within the same problem is a rep-
resentation of realistic characteristics that present in real world scenarios. Before the
comparative analysis of DMOEAs can be undertaken for multi-dynamic problems, the
fundamental properties and challenges must be determined. The following investigations
detail the application of structured experimentation to highlight the key challenges for
both combinatorial and continuous multi-dynamic instances. Identification of the key
types of multi-dynamic instances in terms of co-incidental and non-coincidental changes
provides insights into the difficulty of experimental design and the complexity of the pos-

sible instance space.

5.3 Combinatorial Multi-Dynamic Problems: Coincidental Changes

The results presented in Chapter 3 detail the impacts of frequency and severity for a num-
ber of continuous benchmarks, however similar investigation for combinatorial instances
remains. For the Dynamic Travelling Thief Problem (DTTP), the novel definition of
multiple types of changes lends itself to the consideration of multi-dynamic instances by
simple combination of the dynamic components. However, for clarity the introductory
experiments presented in Chapter 4 dealt with instances with fixed frequency and severity

in order to determine an effective dynamic response strategy.

The results presented in Figures [5.1] and [5.2] illustrate the impacts of different fre-
quency and severity parameter values on the DTTP. Here instances with location changes
are examined and the performance measurements are recorded for the Responsive Seed-

ing Algorithm presented in Chapter 4.

There are several observations to be made from Figure both within each of the
subplots and across them. Within each subplot, each group of boxplots corresponds to the
distribution of hypervolume measurements recorded for identical change events but with
a varying number of generations between the events from 7, € [20,200]. Each subplot
shows the same measurements for a different value of the severity parameter, n, € [1, 10].
Change Index O corresponds to the first change event after the initial dynamic onset delay
which is constant across all series at 50 generations. This serves as a control check and
illustration of the variability in performance as the distributions of all series should be

similar for this index.

The key observations are as follows:
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Figure 5.1: Impacts of different frequency parameter values on the 52A DTTP instance with location
changes. Each panel is a different severity value (n;=1,3,4,6,8,10) and each group of boxplots corresponds
to one change event. The individual boxplots correspond to the distribution of hypervolume measurements
at the end of each dynamic interval for each of value of the frequency parameter 7, between 20 and 200.

1. In the first subplot, the hypervolume measurement distributions for the n, = 1 set-
ting, there are similar distributions despite different frequency parameter values.
As the change index increases, there is a slight separation between the distribu-

tions for the fastest and slowest change measurements.

2. Between n, = 1 and n; = 2 there is a clear increase in the hypervolume as the
T; parameter increases; lower medians are observed when the changes are rapid

(r+ = 20,40) than for the slower occurrences (7; = 200). This trend becomes
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more apparent with successive change events (as the change index increases) and

when value of n; increases in the subsequent panels.

3. Across the subplots showing results for n; = 1, 3,4, 6&8, change index 4 appears
to have a strong impact on the problem, more clearly highlighting the difference
in achievable hypervolume when the change frequency is rapid (black boxplot)
or slower (lightest grey boxplot). This impact is not apparent in the final panel
showing n, = 10 results, possibly as the 9" and 10"* changes at each event index

have a similarly strong impact.

4. Generally, these impacts are expected: slower changes result in better measure-
ments than rapid changes; the optimizing algorithm has more time to find good
solutions. The difference in this capability is exaggerated as the severity of each

change event is increased.

Alternatively, the severity parameter impacts can be visualized for fixed frequency
as in Figure Here, each subplot corresponds to the measurements recorded at a par-
ticular change frequency from 7, € [20,200] and each series of boxplots within these
corresponds to a different severity parameter value. The black series are the distributions
of hypervolume measurements for the Responsive Seeding Algorithm applied to an in-
stance with change events with severity n, = 1 (meaning one city location is changed
at each event). The lightest grey series in each subplot corresponds to the highest sever-
ity parameter setting examined, where n; = 10 city locations are altered at each change
event. Unlike the previous figure, we cannot expect a similar distribution for change index

0 across the different data series. The key observations from these plots are given below:

1. Within the first subplot, there is a clearly visible decrease in the achieved hyper-
volume as the severity of each change is increasing. This is illustrated by the
median and spread of the measurement distributions decreasing within each group
of boxplots at each change event.

2. The succession of change events, which are additive has little visible effect besides
a narrowing of the distribution for the highest severity series at the later change

indexes.

3. In the subsequent subplots, a similar pattern to the first subplot is present; the
highest hypervolume measurements consistently recorded for the instance with
the lowest change severity. However, the margin between the distributions for
the highest and lowest severity settings is smaller as the frequency parameter 7;,
increases (longer time between changes) throughout the subplots.

4. As in the previous figure, change index 4 has a varied impact on the measurement
distributions potentially indicating a performance sensitivity to changes in partic-
ular city locations, or to the concatenation of changes particular to the examined

pattern of change events.
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Figure 5.2: Impacts of different severity parameter values on the 52A DTTP instance with location changes.
Each panel is a different frequency value (7:=20,60,100,120,160,200) and each group of boxplots corre-
sponds to one change event. The individual boxplots correspond to the distribution of hypervolume mea-
surements at the end of each dynamic interval for each of value of the severity parameter n; between 1 and
10.

5. The illustrated impacts are expected: lower change severity results in higher hy-
pervolume attainment, compared with the higher severity change events. These

impacts are attenuated as the frequency of change events decreases.

These results are illustrative of the impacts of frequency and severity, confirming the
expectation of differences in these parameters. Due to the disparate problem states the

result from problem instances with different severity of change parameters, statistical
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testing is omitted for these results. Together with the scale of the potential dynamic
instance space, caused by the number of unique ways of executing dynamic changes,
statistical testing offers little additional insights in this case.

Again, the specific pattern of changes considered is illustrative rather than the com-
prehensive approach adopted in Chapter 3. The unknown Pareto Front for the static TTP
prevents the summary of absolute performance across the multiple problem states in the
DTTP instance. Nevertheless, frequency and severity are important in the combinatorial

case as in the continuous case.

The previous chapter’s results provide the insights into the impacts of frequency and
severity parameters on the DTTP with city location changes. To consider the Multi-
Dynamic instances of the DTTP, the dynamic components must be combined; the city
location changes, the item availability changes and the item value changes can be incor-
porated into the same instances. Figure[5.3|provides a summary of the different responsive
seeding architectures proposed in Chapter 4 for each combination of the dynamic change
types (city Locations, item Availability and item Values). The rankings for the hyper-
volume and Zitzler’s Maximum Spread metric (MS) are reported for a range of instances
between 52 and 783 cities and with 1, 5 or 10 items per city (A,B & C types respectively).
Zitzler’s Maximum Spread metric [291] is used here to provide additional information
about the achieved solution sets using each responsive seeding method. In addition to
the HV measurement as a metric of general solution set performance, the MS metric
measures the distribution of the obtained solutions and can indicate the better coverage
of the high-profit region of the objective space. Calculation of MS for the bi-objective
problem is given in Equation [5.3]and is the length of the diagonal hyperbox between the

non-dominated solutions in the extremes of each objective [291]].

MS =\ = frnye 4 (fye — iy
where, for example, f{"* corresponds to the maximum fitness value in the f; objective

belonging to a non-dominated solution.

These results provide an interesting and relevant insights for the investigation of
multi-dynamic problems. The extension of the established methodology for testing ef-
ficacy of response solution construction highlights the persistence of good methods in the
multi-dynamic case. However, these results correspond to instances where the severity
is fixed for both components and the change events are co-incidental, meaning that the
changes, for example, to the city locations and in the item availability, occur in the same
generation. It is important to consider this as a subset of multi-dynamic cases and com-
paring the performance of response strategies using the context of the previous single-
dynamic instances confirms the expectation of performance trends. These can be sum-

marised as follows:
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instance. The dashed lines are the ranking for the spread metric [291].

1. The random responses pR and mR show poor performance across the instances
of different size (radial ticks) and across the different combinations of dynamic
changes (columns). the largest instances have a high ranking for spread, but with
a poor hypervolume rank, this means these solutions are not competitive with

those produced by the other methods.
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2. The purely solver based method which builds a population from a solver-based
tour and a dynamic-programming based packing plan achieves high ranks on the
280 city instances across all combinations of changes, and when availability and
item value are combined on some of the 783 city instances. However, these high
hypervolume ranks are accompanied by poor spread rankings. Previous observa-
tions have shown a poor coverage of the high-profit region of the objective space
(including solutions with long tours), when using only solver-based information
and this is reflected in the multi-dynamic cases too. The more diverse mS strat-
egy achieves better spread rankings but worse hypervolume rankings across the

instances and the dynamic combinations.

3. The greedy-based methods pG and mG have good performance on a limited range
of instances, as noted in the single dynamic case in Chapter 4.

4. Across all of the methods, there are very similar patterns of rankings between
the different combinations of dynamic change types. This indicates that the per-
formance of different response methods is not strongly coupled to the types of
changes that are occurring and that the established hierarchy of responses from the
single-dynamic cases persists here. The results presented are comparative, mean-
ing the relative impacts between the different combinations of dynamic changes
are not explicitly investigated here. However, the similarity in the performance
profiles of the different seeding responses highlights the similarity between the
co-incidental multi-dynamic cases and the single-dynamic cases for the DTTP.

5. The most diverse seeding method, mC performs the best on the largest instances
achieving similar hypervolume and spread rankings across the different combi-
nations of dynamic changes. There is close competition on the smallest instances
with some of the other seeding methods, however the mC seeding method, (also re-
ferred to as the SeedEA algorithm) remains a robust choice for the multi-dynamic

instances of the DTTP where the change events are co-incidental.

However, the combination of multiple dynamic components in this way, such that the
change events occur simultaneously could be viewed as an increase in the total magni-
tude of the change, spread across changes in different components of the problem. This
effectively reduces the co-incidental case to a single-dynamic problem instance; changes
occurring at different frequencies is therefore a major consideration for multi-dynamic

problems.

5.4 Combinatorial Multi-Dynamic Problems: Non-coincidental Changes

The more complex scenario, where the dynamic changes in each component are non-
coincidental (meaning they occur at different frequencies or on different schedules) is a

more realistic scenario for this class of problems.

128



CHAPTER 5. MULTI-DYNAMIC MO PROBLEMS

In order to effectively navigate the space of multi-dynamic problems with non-
coincidental dynamic changes some understanding of the impacts of the dynamic changes
is required. The impacts of frequency and severity are discussed for continuous problems
in Chapter 3, with a comprehensive assessment of baseline performance across the pos-
sible dynamic instance space. It is important to understand a key difference between
combinatorial and continuous instances that makes the direct application of the same

methodology impossible.

5.4.1 Experimental Challenges for Problems with Non-Coincidental Changes

The representation of combinatorial problems commonly follows the form of a permu-
tation of indexes or a binary string denoting the selection and non-selection of indexes.
In the case of the DTTP considered here, a solution is comprised of both of these com-
ponents, a tour and a packing plan (item selection component). The disparity between
continuous and combinatorial instance spaces is not exclusively linked to either one of

these representations, but is common to both.

Scale of the Possible Dynamic Instance Space

When describing the nature of dynamics in a problem, the frequency (7;) and the severity
(n;) are the most consistently employed and are used to provide some level of comparabil-
ity or relation between experiments. However, in combinatorial problems, the execution
of a change event is different to continuous problems. As seen in Chapter 3, the magni-
tude of a change is presented to the dynamic aspects of the problem through the ¢ variable.
In combinatorial problems, the objective functions may depend on ¢ in exactly the same
way, however more commonly some aspect of the problem is altered, such as the city
locations or the distance matrix (or additionally the availability map or the item values for
the DTTP). For example, the number of possible unique ways to execute a city location
dynamic change with a magnitude of n; is: V'C,,,, where N is the number of cities in the
problem and C'is the combinatoric ‘choose’ operator. For a 100 city problem and n; = 2,
this is equal to 4950 possible problem states after this change. Consideration of successive
changes in a dynamic problem increases the scale of the possible dynamic instance space
even further. This remains an open problem for which there is not an apparent solution
yet, however possible areas for further research into this issue are addressed at the end of

this chapter.

Reproducibility and Statistical Evidence

The previous experiments presented in Chapter 4 attempted to mitigate this impact by
taking a median of performance measurements across 30 different patterns of changes.
This provides an estimate of the distribution of problem states in terms of their difficulty

by taking a sample of the possible states and patterns that result from changes. There
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Figure 5.4: Illustration of possible performance measurement recording schedules in a problem with multi-
ple dynamic components (blue and orange lines) experiencing non-coincidental changes (demarcations on
each horizontal line). (upper) The relatively faster changing dynamic component generates more measure-
ments than the relatively slower changing component (middle), however each of these sets of recordings are
equally space whereas in the combined measurement schedule (lower - after any change) the time between
measurements is uneven.

is an additional reproducibility issue, such that in order to provide statistical evidence,
repetitions must be performed on the same pattern such that an additional level of exper-
iments is necessary and the seeds/pattern generation method should be reported together
with results. These limitations are acutely applicable to multi-dynamic problems with
non-coincidental changes as there are a greater number of distinct problems states than in
an instance with coincidental changes.

Performance Measurement Challenges

In problem instances with non-coincidental change events, even the measurement of per-
formance becomes more difficult. A common way to record measurements that pro-
vide insight into the achievements of an optimization algorithm is to take a measurement
recording immediately before a change event. Often, the mean of these (often normalized)
pre-change measurements are reported as a single value of performance. The extension
of this established practice to non-coincidental multi-dynamic instances is not straight-
forward. Figure highlights the potential approaches to performance measurement in
these scenarios.

The key observations that can be made are as follows:
1. There are unequal interval lengths when measuring before every change. This

means incomparable dynamic interval lengths and therefore averaging of mea-
surements may not be appropriate.

2. Measuring before only one change may not effectively capture the optimizing
algorithms behaviour as changes in the other component may impact perceived
efficacy from measurements.

3. A solution to the correct measurement method is unclear, besides recording on

both change event timescales separately and reporting both.
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Figure 5.5: A sample of mean hypervolume measurement profiles (10 repeats) for instances of the multi-
dynamic DTTP with non-coincidental changes. The sample of instances have increasing change frequency
from left to right with the change frequencies displayed above each subplot as (item availability / city
location) respectively. Within each panel the red line is mean hypervolume measurements before city
location changes and the blue line is mean hypervolume measurement before item availability changes.

4. If the Pareto front is known and the measurement can be represented as a percent-
age of perfect attainment, then a single-value can be reported. However in the
DTTP, as the exact Pareto Front is unknown and this makes absolute performance
reporting difficult.

The final point in the observations above highlights that this issue is not limited to
combinatorial problems, but continuous multi-dynamic problem instances may face sim-

ilar challenges.

5.4.2 Non-coincidental Changes in the Dynamic Travelling Thief Problem

To provide a specific example and illustrate these identified challenges, an instance of
the DTTP with non-coincidental city location changes and item availability changes is
considered. Figure[5.5shows the hypervolume measurements recorded after each change
event as two separate series across four instances with different levels of disparate fre-

quency between the dynamic changes.

The difference in the frequency of change between the plots in Figure [5.5]is noted
in the title of each axis; in the first panel the changes are co-incidental as the frequency
of change is the same so a single line for the hypervolume measurement before changes
is visible. In the second panel, the frequency of the location changes remains consistent
at 20 generations and the measurement before each change is shown by the red line.
The same pattern of item changes is executed at a lower frequency and the hypervolume
measurements before each change are shown by the blue line. As the total number of
generations is increased due to the lower frequency of change, the x-axis of each plot is
normalized for clarity. A greater disparity between the frequency of changes is visible in
the third and fourth panels.

The key observation that can be made from comparing these results is that each of the

dynamic components has a strong impact in the achievable hypervolume; despite the same
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number and pattern of item availability changes, the city location changes have sufficient
(cumulative) impact to alter the solution space and therefore the achievable hypervolume
in each case. Beyond this however, the previously mentioned difficulties limit concrete
conclusions from being made. Unknown Pareto Fronts for any of the problem states in
any DTTP instance and unreconciled measurement protocols mean the presented results
are comparative rather than absolute. The results therefore are mostly illustrative of the
significant challenges that multi-dynamic combinatorial problems present for established

methodologies in optimization.

We can observe a more comprehensive range of disparate frequencies in multi-
dynamic DTTP within Figure 5.6 General observations can be based on holistic appreci-
ation of the differences across the considered dynamic instance space here. For example,
the lower right hand corner of the figure shows plots with lower frequencies in both dy-
namic components, whilst the first row and column show the most extreme disparities with
the most rapid changes in one component being compared with increasing slower changes
in the other component. When comparing the lower right plots on the diagonal with those
around them, there are smaller differences between the two measurements compared with
the noisy deviations noted in the more extreme cases. Whilst this highlights that lower
(or more generally that relatively similar) frequencies of non-coincidental changes may
provide less of a challenge as there are fewer problems states, the deviations from the
measurements in the coincidental case (the diagonal plots) are significant enough to alter
the achievable hypervolume and result in different measurement profiles. This highlights
the importance of this problem class generally; even in this case with relatively low sever-
ity of change, slight differences in the frequency of change of dynamic components in a
problem can have a noticeable impact compared with the co-incidental case. This means
that the simplification of real-world multi-dynamic problems to a case with co-incidental
changes may not be appropriate and obtained results may not be useful or relevant for the

true case.

5.4.3 Summary of Challenges for Combinatorial Multi-dynamic Problems

The presented results for the multi-dynamic DTTP instances with non-coincidental
changes showcase three major challenges for combinatorial examples of this problem
class. Each of these challenges defines an additional research direction for which the

solutions are not immediately apparent.

Firstly, the recording of measurements is made difficult as the existing practice is not
directly transferable when there are multiple changing components in the problem. Mea-
surements taken immediately before change events or averaged across an optimization
are inconsistent in the length of dynamic intervals compared to established reporting pro-
cedure. Further work can address reconciling different approaches to measurement and

their relative advantages for multi-dynamic instances.
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Figure 5.6: Composite of hypervolume measurements from instances with different frequency parameters
for non-coincidental city location and item availability changes in the DTTP problem. Each panel corre-
sponds to the measurement profile of hypervolume measurements for the combination of change frequency
values above it. The plots are arranged such that the coincidental cases are on the left-to-right diagonal
and the off-diagonals correspond to the non-coincidental cases with more rapid frequency in one of the two
dynamic components. Within each plot, the two data series correspond to the measurement of hypervolume
before changes in each of the components; (red) city location dynamics & (blue) item availability changes.
The most rapid changes in both dynamic components can be seen in the upper left of the figure, whilst the
instances with slower changes are in the lower right of the figure.

Secondly, in cases where the Pareto Front and/or Pareto Set are unknown, measure-

ments cannot be compared to an achievable maximum, meaning that unless comparative,

results risk having limited relevance, wider applicability strength of conclusions. Pareto

front estimation methods or approximated Pareto-optimal solutions, for both the static
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and dynamic TTP, if consistently adopted, may allow for more coherent experimental
progress in this area.

Finally, the scale of the potential dynamic instance space is a challenge in single-
dynamic problems due the number of unique ways to execute each change event in a
combinatorial representation. This scale is therefore magnified further when multiple
components are changing independently. Methodologies for defining representative sets
of instances or relevant combinations of changes may collapse the extreme scope of pos-

sible instances into a more manageable and useful scale.

The first, and to a lesser extent the second of these challenges, are also significant
challenges for continuous problems. Whilst the size of the dynamic instance space is also
larger considering different frequencies of change and severity parameters, the scale of

this expansion is smaller than with the combinatorial examples.

5.5 Continuous Multi-Dynamic Problems

This section has two sets of experimental results that attempt to better identify the chal-
lenges presented by multi-dynamic instances of continuous benchmark problems. The
first attempts to extend the established methodology from Chapter 3 to provide an illus-
tration of algorithmic performance across the dynamic instance space generated by con-
sidering different change frequencies between dynamic components in the same problem.
The second part of the results highlights the effectiveness of some existing DMOEA algo-
rithm methods on a subset of instances. These instances are selected through an attempt
to parameterise the relative difference in the frequency of change as a way to condense
the possible dynamic instance space for feasible experimentation.

The experiments, as previously established for combinatorial instances, highlight the
severe challenge that realistic incorporation of multiple dynamic components poses to
existing procedures and experimental protocols. A summary and discussion of these
challenges, together with recommendations across both combinatorial and continuous do-

mains is provided at the end of this chapter.

5.5.1 Examples of Continuous Multi-Dynamic Benchmark Problems

To define continuous multi-dynamic problem instances existing DMOP instances are de-
veloped that naturally allow for the separation of a single dynamic change into multiple
dynamic changes. Three examples from the experiments conducted in Chapter 3 are ex-
tended here; the JY?2 [29]], IMOP?2 [76] and ZJZ [79] problems. The equations for these
problems are given below: note the occurrence of two time variables ¢; and ¢, within the

objective functions.
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Multi-dynamic JY2 (Type II):

fi(x,t1,ta) = (1 + g(xm))(x; + Agsin(Wymzy);
fo(x,t1,t0) = (1 + g(xm1))(1 — x + Asin(Wymz);

9(x1) = 2 zyexn (@ — G(t1))?; (5.3)
G(t) =sin(0.57t); Ay = 0.05;  Wi(ts) = |6sin(0.57(ty — 1))];
xr=(z1); 27 €[0,1]; xm=(x2,...,2,); x5 €[—1,1];

Multi-dynamic dMOP2 (Type II):

fikxt) =15 folXm, t1, t2) = gh
7 H(t2)
g(xm) =149 sexu (i — G(t1))*; h=1- (j)

G(t1) = sin(0.57t,);  H(ts) = 0.75sin(0.5¢t) + 1.25; e
v €10,1]; xr=(71); =x=(79,...,7,)
Multi-dynamic ZJZ (Type II):
filxn) = x5 fo(xar, by, t2) = gh
goem) =14 T aman e~ G0) —a P w1 (8)7

xr€[0,1]; x;€]-12); x1=(r1); xm=(z2,...,2,)

In each of these cases, ¢; is contained within the G component of the problem def-
initions which determines changes in the Pareto-optimal set. In the original definitions
of these problems, there are multiple occurrences of ¢, therefore a natural opportunity to
separate these incidences into multiple dynamics presents itself. The ¢-values, as in single-
dynamic problems, correspond to a change in the problem state and signal the start of a
new dynamic interval. However, in these cases, since there are multiple occurrences of
t, there are multiple prompts to begin a new dynamic interval. As mentioned previously,
the introduction of multiple independent dynamic changes within a problem creates dif-
ficulties in applying previous practices for recording performance measurements. Figure
@] illustrates this problem for combinatorial instances, however the same issues arise
in the continuous case. Previously measurements are recorded in the generation or time
step immediately before a change to report an algorithms best capability in each of the
dynamic intervals of the problem instance. However, in the multi-dynamic case, changes
in which component should prompt measurements to be taken? If both changes prompt
measurements, this results in unequal dynamic interval lengths which may skew or inval-
idate average values for performance. This remains an open problem and the presented
results highlight the possible observations when using different measurement schedules.

In line with the results presented earlier in the chapter, coincidental changes with dif-

ferent severity parameter values for each component can be considered as complex variant
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Figure 5.7: Performance of the NSGA-II algorithm across the dynamic instance space for the JY2 problem
with varying frequency for each component.

of a single-dynamic problem and therefore the more challenging case of non-coincidental
changes (different frequency parameter values between dynamic problem components)
is explored for the continuous examples above. Borrowing from the methodology pre-
sented in Chapter 3 for visualizing the possible dynamic instance space across different
frequency and severity parameter combinations, allows for a similar illustration of the im-

pacts of different frequency parameter values between the dynamic problem components.

5.5.2 TIllustrating the Dynamic Instance Space in Multi-Dynamic Continuous Benchmark Problems

To showcase the complex challenge of navigating the continuous multi-dynamic instance
space, heatmaps of algorithm performance are generated in a similar way to those pre-
sented earlier for the establishment of baseline performance across the possible dynamic
instance space for different benchmark problems. A similar outcome of the comprehen-
sive experimentation to the design of future experiments is afforded here, however the
distinction lies in the verification and consolidation of previous practices versus the pio-
neering navigation of the dynamic instance space of a novel class of problems.

Figure [5.7) shows the performance across the dynamic instances created by varying
the frequency of change of the ¢; and ¢, parameters. Each of the three panels corresponds
to a different measurement protocol: (left) measurements before both changes, (centre)
measurements before ¢; changes and (right) measurements before ¢, changes. As before,
each cell corresponds to the average hypervolume difference (HVD) across five repetitions
each with at least 30 change events in each of ¢; and ¢,. This means each cell contains
the mean of 150 measurements of changes with the same severity and frequency. The
HVD is the difference between the hypervolume of the obtained solution set and the
hypervolume of an optimal solution set that lies on the Pareto Front; this means that lower
values, depicted by lighter shades of grey in the heatmaps, indicate better performance.
Producing heatmaps in this way is both data intensive and computationally expensive,
requiring 4500 algorithm runs to produce each one. Nevertheless, the comprehensive

approach to exploring the dynamic instance space provides insights that may otherwise
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be difficult to illustrate. The key observations from Figure can be summarised as
follows:

1. Visible across all the panels, the diagonal cells represent performance on instances
with coincidental changes (meaning the frequency of change is equal for ¢; and
t5. These cells are noticeably lighter than any of the cells around them, indicating
that any degree of asynchrony (non-coincidental) in the changes has an impact on
the achievement of an otherwise capable optimization algorithm. Rapid change
frequencies in both dynamic components (lower right corner of each heatmap)
are the most difficult instances, with poor performance regardless of when mea-
surements are recorded (any non-coincidental change is visibly more difficult than

coincidental changes).

2. There is a clear left-to-right gradient of poor performance across all frequencies
for ¢, and improving at frequencies between 10 and 15 for ¢;. This indicates that
algorithm performance worsens across all instances with more rapid change fre-
quencies than this in ¢;, ignoring the frequency of ¢, changes. This ‘motif’ in
the performance across the instance spaces illustrates two important concepts for
multi-dynamic problems. Firstly, there can be ‘dominant’ dynamic components,
such that changes in one do not impact the difficulty (or changes are not percep-
tible to an optimizing algorithm) when another changes. Secondly, that there are
limits to change frequency that determine when this dominance becomes an active
factor.

3. The impacts of ‘factor frequency’ on performance is another visible motif, most
clearly seen in the center heatmap. Specifically the cases where changes in ¢; or
t5 are double or half of the other, are visible as lighter cells on the ‘half-diagonals’
across the instance space. The visualization of this motif confirms that the diffi-
culty of non-incidental multi-dynamic instance is eased when the frequencies of
change are factors; as some change events are coincidental, fewer total unique
problem states are presented to the optimizing algorithm than if the frequencies

are non-factors.

4. The difference in the visibility of the identified motifs across the three heatmaps
highlights the difficulties in correct procedure for recording measurements in
problem instances with non-coincidental changes. The factor frequency clearly
visible when recording measurements before ¢, changes is less pronounced in
the other heatmaps. Beyond understanding algorithm behaviour across this novel
range of instances, this difference reinforces the importance of developing a robust
measurement procedure for this class of problems. Without a cohesive approach

to performance measurement, as explained in Chapter 3 in terms of instance se-
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Figure 5.8: Performance of the MOEA/D algorithm across the dynamic instance space for the dMOP2
problem with varying frequency for each component.

lection, there is the potential for conclusions on algorithm performance to lack

strength.

For the second of the defined problems, Figure [5.8] shows the performance of the
MOEA/D algorithm across the multi-dynamic instances introduced by different change
frequencies of the values of ¢; and . As before the severity of change is fixed at nit =0.1
for all instances. The MOEA/D algorithm performs slighty better on this problem com-
pared with the NSGA-II algorithm, making the identified motifs more visible. Building
upon those noted for the JY2 problem, the key observations here can be summarised as

follows:

1. The dominant component motif is less prevalent across this instance space, how-
ever at high frequencies of the ¢, changes, poor performance becomes uniform
across instances with any change frequency for ¢;. This is opposite to the domi-
nance displayed in the performance for the JY2 problem, indicating that the POS-
linked change component does not dominate the instance difficulty in cases with

rapid changes.

2. As aresult of attenuated dominance motif, the factor frequency motif is more vis-
ible here. In addition to the ‘half-diagonals’ with slight improvements to perfor-
mance (lighter grey streaks on the ‘half-diagonals’) there are secondary patterns
of improvement when change frequency in one component is one-third of the fre-
quency of the other component.

Generally, the performance across much of the dynamic instance space for these
multi-dynamic problem examples is poor. Generally, the introduction of multiple dynamic
changes shortens the overall length of each dynamic interval and increases the number of
unique problem states during the optimization. This combination, although mimicking
the realistic occurrence of this type of dynamic characteristic, visibly increases the diffi-
culty of the problem; the previous reasonable performance on the coincidental cases does

not directly extend to the non-coincidental cases.
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Figure 5.9: Performance of the NSGA-II algorithm across the dynamic instance space for the ZJZ problem
with varying frequency for each component.

The final example, the multi-dynamic ZJZ problem, highlights this observation fur-
ther together with the variability of the identified motifs from the other problems. As
before, the severity is fixed at T%t = 0.1 for all dynamic instances created by the combi-
nation of different frequencies of change in ¢; and ¢5. The MOEA/D algorithm performs
inconsistently across the dynamic instance space for the single-dynamic ZJZ problem,
therefore the results reported here are using the NSGA-II algorithm. The key observa-
tions from Figure [5.9]are reported below:

1. The consistent poor performance of the NSGA-II algorithm across the multi-
dynamic instance space highlights the challenge that this class of problems
presents generally. A similar goal identified from the results in Chapter 3, is
to apply state-of-the-art algorithms against these obtained baselines to determine
comprehensively the utility of more complex and current optimization methods.

2. The dominance over performance of the rapid changes in ¢, (visible across all
three heatmaps) is similar to the observation from Figure[5.8] However, the factor
frequency motif appears dissimilar. Previously, the slight improvements in perfor-
mance attributed to the instances with half or third relation between the two change
frequencies were symmetrical around the diagonal (the cases with equal frequency
and therefore coincidental changes). Here, there are several notable differences.
Firstly, when the change frequency of ¢, is half that of ¢, these instances appear
to be more difficult (algorithm has worse performance) than the instances closer
to the diagonal, coincindental cases. Secondly, when the change frequency of ¢,
is third that of ¢, the algorithm’s performance is better. Thirdly, there is no clear
performance improvement for cases where the frequency of changes in ¢ is half
or a third that of ¢5. Generally, this further illustrates the complexity of the multi-
dynamic instance space when considering non-coincidental changes; the utility of
the identified performance motifs are not consistent across problems. This makes

navigating the design of experiments a more challenging task for multi-dynamic
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problems since the selection or avoidance of particular instances based on the in-
sights from the motifs may not always be possible.

The application of this approach, the visualization of baseline performance across
the dynamic instance space, has enabled the identification of these motifs where other
methodologies may not have. The comprehensive testing of different combinations of
change frequency parameters for the multi-dynamic example problems shows that there
are significantly complex impacts between the different dynamic components in these
example problems. The heatmaps themselves provide an accessible visualization that

facilitates explanation of complex trends across large volumes of data.

The NSGA-II algorithm is an algorithm that was not designed for dynamic multi-
objective optimization, much less multi-dynamic instances. However, previous findings
rebuke the use of random restart methods and the baseline of achievable performance
obtained by NSGA-II provides a more useful starting point for directed future experimen-
tation on these problems.

Future experimentation can also exploit the identified motifs, the factor frequency
instances provide a subset of multi-dynamic instances which have partial coincidence of
dynamic changes. However, as the results show, the varying characteristics of perfor-
mance motifs across different problems must be carefully considered in the construction
fo test sets in future.

The contributions of these experiments come with a number of limitations. However,
many of these are opportunities for future investigation that will enable refining of ap-
propriate techniques for multi-dynamic problems. For example, the results are presented
with fixed severity and the focus, as stated, is on differing frequencies of change. The
consideration of all possible aspects of these dynamic changes presents even more com-
plex instances that can only be effectively addressed after solutions to the challenges in
these simpler cases are resolved. Likewise, there are numerous other possibilities for
multi-dynamic instances, including cases where the frequencies of change are equal but
non-coincidental. The variety in possible definitions and diverse potential to compose
multi-dynamic problems in different ways highlights this class of problems as an area of
research that will be significant in the journey towards more realistic dynamic test func-
tions.

The scale of the instance space however may still be infeasible for effectively com-
paring algorithm performance and therefore a potential way to condense the range of
instances is based on the relative frequency of changes. To a limit, algorithm perfor-
mance depends on time, such that better solutions can be found given more generations
or time. Changes occurring on different time scales, or asynchronously, is a general way
to describe multi-dynamic instances, however as the presented results indicate, the scale

of the instance space precludes straightforward comparisons of performance. Therefore,
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assessing algorithm performance over a structured set of instances where asynchronously
occurring dynamic changes can be described clearly along a scale, may give insights on
multi-dynamic problems without the comprehensive experimentation required to produce

the heatmaps seen previously.

5.5.3 DMOEA Performance on Instances with Relative Asynchrony

The FDA3 and FDAS problems [28|] provide additional opportunity to define more ex-
amples of continuous multi-dynamic benchmark problems. The separate dynamic change
events in both problems concern the transformation of the Pareto Front and the change in
the spread or density of solutions across the Pareto Front, thus both problems are Type II.
The multi-dynamic versions of the equations are given below, note the occurrence of the

t1 and t, variables within the objective functions.

Multi-Dynamic FDA3:

A h) = o aeale ™) falx b, ta) = gxh
g(xm) = 1+ G(t2) + 3 siexu (T — G(t2))%
i . 7 (5.6)
G(tz) = [sin(0.57ty)|;  F(tr) = 1027050 p(fy, g) =1 — \/g;
xi=(x1); 2r€(0,1; xu=(z2,...,2,); € [-1,1];

Multi-Dynamic FDAS:

fi( s te) = (1+ g(xu, t2)) Hﬁfl COS(WTW) ;
Fe(x,t1, 1) = (14 g, t2)) ([T F cos(Rlid )y gy (Ta=ka(t)y |
Far(%, 1, 1) = (1+ g3, t2))sin(Z0) ¥k = 2+ (M — 1)
g0 t2) = Glt) + 3 o (i = Gl(12))° (5.7
yi(t)) =2l ™y Vi=1:(M - 1);
G(ty) = |sin(0.57ty)|;  F(t1) = 1 + 100%n05700)",

xp = (x1) xmp=(xpr, .. %) 5 x; €10,1] Vi=1:n;

where M is the number of objectives and n is the number of decision variables.

A range of possible problem states for each of the types of changes are illustrated in
Figure for FDA3 and examples of the different solution densities and PF offsets are
shown for FDAS in Figure

Parameterization of Relative Asynchrony

The number of combinations of different change frequency parameters for each of the
dynamic components results in a large possible dynamic instance space; the grid of cells
presented in the heatmaps represents the comprehensive investigation of this space. Natu-
rally, this type of investigation requires substantive computational and time resources. In

order to make experimentation for multi-dynamic problems more feasible, the results of
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Figure 5.10: Examples of the continuous POF changes in the FDA3 benchmark problem [28] with multiple
dynamic components in solution density and offset.

an exploratory investigation into collapsing the possible dynamic instance space based on
the relative frequency of changes between components is presented here. The factor fre-
quency motif noted for the multi-dynamic instances in Section indicates that better
algorithm performance can be expected for instances with a natural relationship between
the frequencies (partial coincidence) than those with no relation. Therefore a subset of in-
stances with different relative frequencies of change may provide a reasonable test bed for
more feasible experimentation across the large instance space of multi-dynamic problems.

Using a parameter A it is possible to define the relative asynchrony between the fre-
quencies of change. Additionally, introducing non-fixed frequency in the form of interval
length drawn from a distribution with a mean of 7; instead of using a fixed value is a small

step towards more realistic dynamic and multi-dynamic test instances.

40: _ Hrptg(e—l),

,LLTT,tl - /’L’TT,tQ - (€A0'13571)’

(5.8)
TTt, ™~ N(MTT,t17 1)7 TTty ™ N(MTT,t27 ]-)a

A range of values for the parameter A are selected logarithmically spaced around A =
1 with extreme values such that the relative asynchrony between changes is approximately
10 times more often and 10 times less often. Table [5.1]has a summary of the asynchrony
parameter values used together. The mean of the distribution of the change frequency
(f4r, +,) of the t; variable is held constant at 40 generations, whilst the change frequency

of the t3 as (i, +,) 1s calculated using Equation This formulation was selected such
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Figure 5.11: Examples of the continuous POF changes in the FDA5 benchmark problem [28]] with multiple
dynamic components in solution density and offset.

Table 5.1: Asynchrony parameter values and their resultant mean frequency of change for ¢,

A Hrp ity A Hrp ity

0.01 | 475.92 1.2589 | 34.021
0.0167 | 374.44 1.5849 | 28.718
0.0278 | 293.29 1.9953 | 24.037
0.0464 | 228.45 2.5119 | 19.925
0.0774 | 176.68 3.1623 | 16.336
0.1292 | 135.40 39811 | 13.228
0.2154 | 102.57 5.0119 | 10.560
0.3594 | 76.552 6.3096 | 8.2955
0.5995 | 56.037 7.9433 | 6.3982
1 40 10 | 4.8330

that approximate relative frequencies could be achieved using the desired parameter range
for A.
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For each value of A a pattern of changes is (reproducibly) generated using the distri-
butions in Equation [5.8] Interval lengths are sampled and rounded to integer generation
numbers from the distribution with mean (i, 4,) and (4., 4,) (and o = 1 for both) for
t; and t, respectively. Using these values of A, an instance generated using A = 0.01
experiences changes in t, approximately 10 times slower than in ¢;. Likewise an instance
generated using A = 10 results in ¢, changes 10 times faster than ¢;. For both FDA3
and FDAS, the changes in ?; and ¢, correspond to changes in the solution density in the

objective space and the Pareto Front offset respectively.
DMOEA Algorithms Applied to Asynchrony DMOPs

To provide insights into the suitability of dynamic response mechanisms in line with the
previously presented results, six algorithms are applied to the instances with different
relative asynchrony of changes. These comprise the unmodified NSGA-II algorithm to
provide a performance baseline; NSGA-II with a standard re-initialization technique and
four additional algorithms with dynamic responses from the literature.

DNSGA-II-A and DNSGA-II-B are commonly employed as comparison methods
due to the simplicity of the response mechanism. The performance across the dynamic
instance space for DMOP benchmarks was illustrated in Chapter 3 for these algorithms
and they are employed here to determine any visible difference in performance attainment
from the baseline algorithms in the multi-dynamic case. The mechanism of the dynamic
response for the DNSGA-II-A/B algorithms is to replace percentage of the offspring pop-
ulation in the generation of change with (A) randomly generated solutions or (B) mutated
solutions. Commonly, 20% of the population is replaced [141]] and so the same value is
adopted here.

Population Prediction Strategy (PPS) is a prediction-based DMOEA introduced
by Zhou et al. [77]. As seen in Chapter 3, PPS could not provide competitive results
across the dynamic instance space when given a consistent number of dynamic intervals
presented to other algorithms. The nature of the complex change environment in the
multi-dynamic case provides an additional challenge and the effectiveness of a prediction
strategy such as PPS is useful. In brief, the PPS mechanism reduces the obtained solutions
in a given interval to a centroid (in the decision space) and a manifold (in the objective
space) and produces an auto-regressive moving average (ARMA) model for each. Using
these models, when a change event occurs, a predicted centroid and manifold are used to
re-initialize the population potentially closer to the new optimal set.

The Dy-NSGA-II algorithm is a hybrid, adaptive population management strategy
formulated by Azzouz et al. [53]]. It is a more complex DMOEA for continuous instances
that shares similarities in terms of structured diversity introduced in response to changes,
with the SeedEA algorithm proposed in Chapter 4 for the combinatorial DTTP instances

. In response to changes, a population is constructed using a combination of methods
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Table 5.2: Algorithm parameters and settings for parameterised relative asynchrony experiments.

Parameter FDA3 | FDAS5
Population Size 100 250
Number of objectives 2 3
Number of decision variables 20
Maximum generations 1000
Maximum Archive Size 1000
Polynomial Mutation probability 1/n
Mutation distribution index 5
Simulated Binary Crossover probability 0.9
Crossover distribution index 15
(DNSGA-II-A/B) Replacement percentage 20
(PPS) Number of previous centroids stored 5
(PPS) Number of previous manifolds stored 2
(PPS) AR model order 3
(Dy-NSGA-II) Polynomial Mutation probability 0.01
(Dy-NSGA-II) Mutation distribution index 20
(Dy-NSGA-II) Number of trials in Local Search 50
(Dy-NSGA-II) Cell density partitioning parameter 10
(Dy-NSGA-II) Local Search Contribution 0.4*popsize

to generate solutions. Solutions retrieved from an archive, solutions obtained via a local
search and randomly generated solutions are combined to form a new population for the
new problems state. The proportion of these contributions stems from an estimation of
the change severity.

Performance Measurements and Experimental Setup

Performance of the six algorithms is measured using two measurements. Firstly, the per-
centage of the maximum attainable hypervolume (%HV) at the end of each dynamic in-
terval is recorded, using a reference set of popsize solutions on the POF. Second, the
Generational Distance (GD) is calculated for the same generation using a reference set
of 10* points on the Pareto Front. Therefore, in these experiments, performance mea-
surements are taken before every change event. For both measurements, as in the DTTP
experiments the composite median is reported; the mean taken within each run, as there
are different numbers of measurements for different A values, then the median of these
is reported across 100 repeat runs. The combination of these measurements provides
information on both the convergence and spread of solutions. The other experimental

parameters, including those specific to the different algorithms are stated in Table

Statistical comparisons are carried out between the two baseline algorithms (default
NSGA-II and NSGA-II with random re-initialization) and each of the other methods.
One-tailed Wilicoxon ranksum tests are carried out with p = 0.01 to determine significant
increases in %HYV and significant decreases in GD achieved by the DMOEAs.

Visualizing the profiles of recorded performance measurements on DMOP instances
provides much needed context to tables of numerical results. Figure [5.12]illustrates the
median hypervolume profile for the random-restart, DNSGA-II-B, PPS and Dy-NSGA-II

algorithms across three examples of different values of the relative asynchrony parameter
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Figure 5.12: Hypervolume profiles for four of the algorithms applied to the FDA3 problem. (top-left) Slow
relative asynchronous changes where A=0.077; (top-right) zoomed section of top-left sub-plot between
generations 800 and 900. (middle-left) Synchronous case where A=1; (middle-right) zoomed section of
middle-left sub-plot between generations 800 and 900. (lower-left) Fast relative asynchronous changes
where A=10; (lower-right) zoomed section of lower-left sub-plot between generations 800 and 900.

A on the FDA3 problem. The profiles for NSGA-II and DNSGA-II-A are omitted for
clarity; both algorithms almost exactly match the profile of DNSGA-II-B throughout the
optimization. There are several key observations that can be made from Figure [5.12}

1. The left column of subplots highlights the direct impact of different values of the A
parameter. The default ¢, interval length of 40 generations is visible as the regular
downward spiking pattern of the random restart and PPS measurement profiles in
the top and middle subplots. The relatively slower changes are more visible in
the performance profile of the Dy-NSGA-II algorithm (as the ¢; changes do not
appear to have significant impact). In contrast, the instance with the most rapid
relative asynchrony, shown in the lower-left panel contains performance profiles

that appear much ‘noisier’ as the changes in ¢, are much more rapid.

2. The right column of subplots show a magnified section of the profiles to illus-
trate the separation in algorithm performance across instances with different rela-
tive asynchrony. The slow relative asynchrony case (small A value) in the upper
subplot highlights the performance difference between the algorithms in terms of
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the rate of improvement after each change event. The Dy-NSGA-II algorithm
achieves the largest hypervolume without a visible impact on performance from
the dynamic change events. The DNSGA-II-B algorithm also appears to track
the maximum hypervolume but suffers visible impact after some changes. The
random-restart method sees large decreases in hypervolume immediately after
each change, as does the PPS method, however the random-restart method re-

covers more rapidly.

3. The middle and lower subplots in the right column illustrate this separation of
performance further; the change in the A parameter resulting in the more rapid
changes in ¢, relative to the changes in t; separate the algorithms by perfor-
mance. The same order is preserved, with Dy-NSGA-II achieving the best hyper-
volumes, followed by DNSGA-II-B, then random-restart and PPS. In the fastest
relative asynchrony instance (A=10), the Dy-NSGA-II and DNSGA-II-B algo-

rithms achieve similar hypervolume values.

4. These performance profiles more generally help to illustrate three general chal-
lenges for DMO research. Firstly, the use of raw hypervolume values to display
these hypervolumes highlights the challenge of unequal hypervolume between dy-
namic intervals. Secondly, the profiles provide additional insights and context
compared with the reporting of single values for performance; good performance
in some intervals can be offset by poor performance in other when averaging mea-
surements to a single-value. Finally, in the multi-dynamic case, the presented
profiles highlight three of the 20 instances that comprise these experiments and in
this case the severity is constant. If we consider different severity values, despite
the use of the relative asynchrony parameter, the range of possible instances still

makes the clear and accessible presentation of results challenging.

The results for all algorithms across a greater range of the instances are given for
FDAJ3 in Tables & and for FDAS in Tables[5.4]&[5.5] The significant differences
are marked within these tables and cell shading is used to illustrate the key features in the
results. Results for some values of A are omitted for clarity and do not alter the overall

observations.

The following key observations can be made for the results across both problems and
are divided into the synchronous, slow relative and fast relative asynchronous cases for
clarity:

Synchronous Case (A = 1):

* Very little difference between the DNSG-II-A and DNSG-II-B performances for
the synchronous case (A = 1), on FDA3; both achieve significant improvements
over the random-restart method and similar performance in both %HV and GD to
the NSGA-II algorithm.
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Table 5.3: Median HV% attainment across different values of the asynchrony parameter on FDA3 (2-
objective). Asterisks indicate significant increases over NSGA-II (top row) value and bold values indicate
significant increase over the random restart (second row) value (one-tailed Wilcoxon rank-sum, p<0.01).
Cell shading illustrates gradient of performance from best (lightest) to worst (darkest) across all obtained
values.
(Slow) Asynchrony Parameter Value (A) (Fast)
Algorithm | 0.010 0.017 0.028 | 0.077 | 0.215 0.359 0.599 1.000 1.259 | 1.995 2.512 3.162 3.981 5.012 | 7.943 10.00
NSGA-Il | 0.9969 |0.9977|0.99750.99650.9964 |0.9947 | 0.9936 | 0.9966 |0.9930(0.9909 |0.9915 [0.9887 |0.9862 | 0.9843[0.9818 | 0.9790
Rand. Res. | 0.9741 |0.9793(0.98130.98230.9782|0.9722|0.9686 | 0.9891 |0.96630.9646 | 0.9541 | 0.9604 | 0.9465 | 0.9489(0.9326 | 0.9177
DNSGA-II-A| 0.9969 |0.9977 |0.99750.99650.9964 |0.9947 |0.9936 | 0.9966 | 0.9929(10.9908 | 0.9915|0.9887 | 0.98610.98420.9816| 0.9788
DNSGA-II-B| 0.9969 |0.9977 |0.99750.9966 |0.9964 |0.9948 | 0.9937 | 0.9966 | 0.9930(0.9910 | 0.9916 | 0.9889 | 0.9863 | 0.9845(10.9819 | 0.9791
PPS 0.9964 |0.9972|0.99680.99560.9931|0.9844 |0.9699 | 0.9843 [0.9535(0.9467 [0.9414 |0.9468 | 0.9331 [0.9285[10.9071 | 0.8846
Dy-NSGA-II| 0.9968 |0.9976 |0.9974(/0.9964 0.9966 | 0.9952 | 0.9944 | 0.9969 | 0.9941(/0.9930 | 0.9931|0.9898 | 0.9887 |0.98620.9845 | 0.9810

Table 5.4: Median GD attainment across different values of the asynchrony parameter on FDA3 (2-
objective). Asterisks indicate significant decrease over NSGA-II (top row) value and bold values indicate
significant decrease over the random restart (second row) value (one-tailed Wilcoxon rank-sum, p<0.01).
(Slow) Asynchrony Parameter Value (A) (Fast)

Algorithm | 0.010 0.017 0.028 [ 0.077 | 0.215 0.359 0.599 1.000 1.259 | 1.995 2.512 3.162 3.981 5.012 | 7.943 10.00
NSGA-Il | 0.0032 |0.0014|0.00140.0034|0.0025 | 0.0060 | 0.0092 | 0.0009 |0.0114[/0.0177 [0.0118 | 0.0246 | 0.0419 | 0.0496|0.0789 | 0.1387
Rand. Res. | 0.2768 |0.0092|0.0472/0.0404(/0.1199|0.4851 | 0.9288 | 0.0006 |0.979910.9075 | 1.5934 | 1.2021 |2.4493| 1.4833(2.0045 | 2.5888
DNSGA-II-A| 0.0033 |0.0014|0.0014/0.0035(10.0026 | 0.0061 | 0.0117 | 0.0009 | 0.0227|0.0193 |0.0131 [0.0359 | 0.0614 | 0.06800.0917 | 0.1625
DNSGA-II-B| 0.0031 |0.0013(0.0013(0.0034(10.0024 | 0.0057 |0.0091 | 0.0009 | 0.0113[0.0175|0.0115 | 0.0237 | 0.0411 | 0.0488 0.0797 | 0.1429
PPS | 0.0031 |0.0015|0.0013((0.0042((0.01810.2128 | 0.2966 | 0.0017 |0.8948[0.7164 [0.8474 | 0.5728 | 0.9804 | 0.8683 |1.3690 | 2.1478
Dy-NSGA-ll| 0.0031 |0.0012|0.00140.0034 0.00210.0057 | 0.0075 | 0.0007 | 0.0061(10.0149 |0.0102 | 0.0268 | 0.0417 | 0.0507 |0.0715 | 0.1431

Table 5.5: Median HV% attainment across different values of the asynchrony parameter on FDAS (3-
objective). Asterisks indicate significant increases over NSGA-II (top row) value and bold values indicate
significant increase over the random restart (second row) value (one-tailed Wilcoxon rank-sum, p<0.01).
(Slow) Asynchrony Parameter Value (A) (Fast)

Algorithm | 0.010 0.017 0.028 | 0.077 | 0.215 0.359 0.599 1.000 1.259 | 1.995 2.512 3.162 3.981 5.012 | 7.943 10.00
NSGA-Il | 0.9988 |0.9990|0.9990(0.99850.9984 |0.9980(0.9974 | 0.9982 | 0.99670.9964 | 0.9960 | 0.9954 | 0.9945 | 0.9944|0.9937 | 0.9931
Rand. Res. | 0.9962 |0.9979|0.9959(10.9967(/0.9961|0.9945 |0.9932| 0.9985 |0.99130.9913 | 0.9892|0.9912 [0.9805 0.98620.9802 | 0.9770
DNSGA-IIl-A| 0.9988 [0.9990|0.9989(0.9985 0.9982 |0.9966 | 0.9974 | 0.9983 | 0.9954(0.9963 | 0.9961 | 0.9955 | 0.9934 | 0.9945(10.9930 | 0.9929
DNSGA-II-B| 0.9988 |0.9990 | 0.9990 0.9985|0.9984 |0.9980 |0.9974 | 0.9982 | 0.9967 |0.9964 | 0.9961 | 0.9954 | 0.9946 | 0.99450.9937 | 0.9932
PPS | 0.9983 |0.99860.99860.9979(/0.9928 | 0.9944 [0.9903 | 0.9981 | 0.97030.9650 | 0.9548 | 0.9708 [0.9509 | 0.9695(0.9539 | 0.9456
Dy-NSGA-Il| 0.9955 |0.9963 |0.9962(/0.99520.9942 | 0.9894 |0.9922 | 0.9951 | 0.9924(/0.9916 | 0.9919 | 0.9915 | 0.9910 | 0.9909 (0.9887 | 0.9879

Table 5.6: Median GD attainment across different values of the asynchrony parameter on FDAS (3-
objective). Asterisks indicate significant decrease over NSGA-II (top row) value and bold values indicate
significant decrease over the random restart (second row) value (one-tailed Wilcoxon rank-sum, p<0.01).
(Slow) Asynchrony Parameter Value (A) (Fast)

Algorithm | 0.010 0.017 0.028 | 0.077 | 0.215 0.359 0.599 1.000 1.259 | 1.995 2.512 3.162 3.981 5.012 | 7.943 10.00
NSGA-Il | 0.0113 |0.0049|0.00510.0139/10.0096 | 0.0262 | 0.0401 | 0.0078 | 0.0535(0.0685 |0.0583 |0.1074 | 0.1248 | 0.165210.2214 | 0.2620
Rand. Res. | 0.2589 |0.0502|0.27840.1497(/0.1678 | 0.2500 | 0.3469| 0.0045 | 0.5553/0.5001 | 0.6260 | 0.4226 | 1.37620.82431.4484 | 1.5640
DNSGA-IIl-A| 0.0116 [0.00490.0097(0.01440.0131|0.0317 | 0.0376 | 0.0066 | 0.05860.0685| 0.0503 |0.1003 | 0.1190 | 0.16360.2375 | 0.2534
DNSGA-II-B| 0.0110 [0.0046|0.0050(0.01340.0095 |0.0255| 0.0390 | 0.0077 | 0.0517 0.0665 | 0.0561 | 0.1048 | 0.1189 | 0.1605(10.2175 | 0.2589
PPS | 0.0158 |0.0050|0.00490.0196(/0.4074 | 0.3504 | 0.6241| 0.0065 | 3.28663.57796.1369| 2.7321 [6.5076 | 2.7454|4.7021 | 5.4482
Dy-NSGA-II| 0.0118 |0.0021|0.0044((0.0117  0.0184 | 0.0536 | 0.0896 | 0.0118 | 0.1077||0.0513 | 0.1069 | 0.1030 | 0.1425 | 0.1585 0.2741 | 0.3006

* Again for the synchronous case (A = 1) Dy-NSGA-II is better than NSGA-II and
the random restart on FDA3 with significant improvements in %HV over both and
a lower GD than NSGA-II. Where GD is not improved over the random restart

method this implies very good convergence, but a worse spread of of solutions.
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These successes for Dy-NSGA-II are not apparent in the FDAS problem: worse
GD and HV% than both NSGA-II and the random restart. Complexity of the
archive management mechanism requires refinement to better scale with an in-

creasing number of objectives as this increased run times greatly.

¢ PPS achieves similar results to both the static NSGA-II and random restart meth-
ods, with only a significant improvement on the GD in FDAS over NSGA-II.

Slow Relative Asynchrony (A < 1):

* When observing how these relative performances change with the value of A there
are some useful insights for suitable methods in different cases of asynchronous
(non-coincidental) multi-dynamic problem instances. Observing the performance
of the controls, the NSGA-II and random restart method (first and second rows
in each table respectively), for the slow relative asynchrony cases (A < 1) shows
similar findings to earlier results. Any introduction of multiple dynamic compo-
nents results in an increased difficulty of the problem instance, reflected in the
worse %HV and GD attainment even when one of the components is changing
more slowly. As non-coincidence results in a greater number of total dynamic
change events, naturally the performance achievable by the random-restart method
will be worse. Comparatively, the NSGA-II algorithm achieves competitive re-
sults to the other methods across these instances (the lack of significant improve-
ments by the other methods is evidence of this). This provides additional evi-
dence for the conclusions in Chapter 3 about the unsuitability of the random-restart
method as a baseline comparison method when unmodified static algorithms, such

as NSGA-II, provide a more useful baseline.

* All of the other methods, the DNSGA-II-A, DNSGA-II-B, PPS and Dy-NSGA-
I, all achieve significant improvements over the random restart method across
the majority of the instances (bold values) for both FDA3 and FDAS. Only Dy-
NSGA-II and PPS in cases with values of A close to 1, worse than the random
restart in terms of the %HV measurements. Both the DNSGA-II-A and DNSGA-
II-B algorithms consistently achieve significant improvements in both %HV and
GD measurements over the random restart method for both FDA3 and FDAS,
with DNSGA-II-B additionally outperforming NSGA-II on GD measurements for
FDAS.

Fast Relative Asynchrony (A > 1):

* These instances add additional difficulty and help to separate the performance of
the algorithms further. As the colour gradient is based on the values within each
table, the darker cells towards the right of each table as the value of A increases,

indicate this overall increase in difficulty; the performance of all algorithms is
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decreased. This observation is only possible because of the absolute nature of
these results - we know what the optimum is and therefore can clearly observe
when deviation from this takes place. Comparing the NSGA-II and random restart
algorithms (first and second rows in each table respectively), we again see that the
decline in the performance of the random restart method is severe compared to

NSGA-II, reinforcing the unsuitability of random restart comparisons.

e The PPS method shares a similar marked decline in performance as the value
of A increases and is unsuitable for any of these instances for both FDA3 and
FDAS problems. Dy-NSGA-II achieves good performance on these instances for
the FDA3 problem, with significant improvements over NSGA-II and the random
restart for many of the values of A. However, for the FDAS problem, whilst sig-
nificant improvements in both %HV and GD remain over the random restart, the
improvements are less consistent over NSGA-II. This implies that further adapta-
tion or balancing of the response is required for problems of higher dimension.

* As in the slow relative cases, the DNSGA-II-A and DSNGA-II-B algorithms con-
sistently improve over the random restart method, achieving significantly better
%HV and GD in every instance across both FDA3 and FDAS problems. There are
also several instances where significant improvements over NSGA-II are present,
however the D-NSGA-II-B algorithm achieves these more consistently. This high-
lights the important of exploitation of existing solutions in rapidly changing en-
vironments, however, the fixed and relatively low severity of changes in these
instances may be a contributing factor to the distinction between these two meth-

ods.

The observations from the above results contribute both specifically and generally to
the investigation of multi-dynamic problems. Specifically, the examined DMOEA tech-
niques highlight the need for dedicated development to tackle the challenges intrinsic to
multi-dynamic instances. This is particularly apparent for prediction strategies, where
model construction methods based around a single dynamic component (or co-incidental
/ synchronous) changes are intuitively not likely to extend performance to multiple, inde-
pendently changing dynamic components. Adaptive mechanisms such as the Dy-NSGA-
II, face similar challenges for multi-dynamic instances; the adaptivity of the response
mechanism must be able to handle the impacts of change events in two (or more) compo-
nents of the problem, which may be different from each other. There are many similarities
between the Dy-NSGA-II algorithm and the SeedEA algorithm proposed for the combi-
natorial DTTP instances defined in Chapter 4. The combination of a variety of solution
information to provide ‘structured diversity’ may be the key to the success of these algo-
rithms on complex and difficult dynamic instances, however additional development or
tuning may be required to allow for these performance gains on problems with more than

two objectives.
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More generally, the presented methodology for the parameterisation of the relative
asynchrony of multiple dynamic changes provides insights into potential experimental
approaches for this type of problem. The definition of the A parameter provides a use-
ful way to collapse the large possible dynamic instance space shown previously, into a
more feasible instance set, where the relationship between instances remains intuitive
and clearly defined. It is also easy to compare algorithm performance across this subset
of instances in a way that is more difficult for the heatmap representations. However,
this simplification of the possible multi-dynamic instance space brings with it multiple
limitations which reflect and compound the previously identified challenges for dynamic
problems. Selection of a subset of instances using the employed range of A parameter
values prevents the potential exploitation or avoidance of the identified motifs in the dy-
namic instance space (component dominance and factor frequency). However alternative

ranges of A can allow for only factor-frequency instances to be investigated.

Informed instance selection was a key recommendation from Chapter 3 and the reduc-
tion of the possible dynamic instance space should include an observation of the different
impacts of frequency and severity on different problems. This means that a single scale of
A values, whilst easy for comparison, may not be suitable for comparing algorithm per-
formance across different problems. The selection of an appropriate ‘default frequency’
is also challenging and limits the general relevance and comparability of results. Similar
to the observation of conclusions in the DMO literature based on experimentation with a
single combination of frequency and severity, conclusions made with a specific value of

this ‘default frequency’ offer limited and narrow relevance.

Finally, the fixed severity of the instances investigated limit the overall generality of
conclusions possible. This remains a contributing factor to the scale of the possible dy-
namic instance space and similarly to the conclusions of Chapters 3 & 4, explicit condi-

tioning of results should also be a foundation of experiments on multi-dynamic problems.

5.6 Summary of Challenges and Recommendations for Multi-Dynamic
Optimization

The preceding experiments across combinatorial and continuous domains, considering
co-incidental and non-coincidental changes in multi-dynamic example problems have al-
lowed for the identification of several key challenges and an understanding of the lim-
itations of current methods for tackling this type of complex problems. Each of these
challenges is addressed below and a recommendation based on the interpretation of ex-
perimental results is provided.

1. The size of the possible dynamic instance space had been a recurring observa-
tion across all of the examined multi-dynamic problem examples and is an issue

that also applies to single-dynamic combinatorial problems. The introduction of
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multiple dynamic components requires the definition of additional parameters that
define the frequency and severity of these additional changes. Varying these new
parameters generates unique instances based on each combination of values and

presents an explosion in the scale of the possible dynamic instance space.

* The informed or deliberate selection of relevant instances is one potential way
to counter the size of the possible dynamic instance space. Drawing from
realistic cases and the construction of subsets of instances that reflect use-
ful and relevant characteristics may be one way to improve the feasibility of
multi-dynamic problem experiments. However, as mentioned previously, this
requires conditioning of the results such that an understanding of their exact

relevance is provided alongside any conclusions.

. For combinatorial instances, the reproducibility of results in multi-dynamic in-
stances should be a key focus. As the number of unique ways to apply a change
of magnitude n; = 2 is large even for problems with few indexes, and each of
these results in a unique problem state, both the pattern of changes and their or-
der must be carefully reported to ensure the reproducibility of results. This is
a challenge identified for single-dynamic combinatorial, however with multiple
dynamic changes and a larger number of successive, unique problem states in

non-coincidental cases, its impact is magnified.

 Careful reporting of patterns of changes, together with the explicit statement
of pattern construction can ensure that reproducibility standards are upheld for
these problems. This is closely linked to the correct conditioning of problems
and also highlights the limitations of experiments by considering a small sam-
ple of the potential dynamic instance space. Similarly to the recommendation
to construct experimental test sets based on specific investigation goals, the
construction of patterns of changes for combinatorial instances can be spe-

cific to relevant changes characteristics observed in real systems.

. The accurate recording and effective reporting of performance is an ongoing re-
search task within DMO. However, the multi-dynamic instances examined provide
an additional challenges to those outstanding for dynamic multi-objective prob-
lems. Identified across both continuous and combinatorial instances, the appli-
cation of existing practices for recording performance measurements before each
change event are confused by the introduction of multiple dynamic components.
Experimental data for the continuous benchmarks indicate different observations

can be made depending on when performance measurements are made.

e Current recommendations to address this challenge are based on the obser-
vations across combinatorial and continuous examples examined. The mea-
surement strategy, i.e. before each change event in each component or be-

fore both, should be carefully considered, and more importantly, clearly stated
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when carrying out experiments on multi-dynamic instances. Experiments on
a subset of instance selected for relevance to a real world characteristic may
be suited to a particular measurement strategy, however understanding that
there are alternative ways to record this performance is also important. Ad-
ditionally, mixed visualization techniques (such as including profiles of per-
formance measurements as well as tables of averaged performance values)
provide additional context and help to illustrate complex temporal behaviours
of algorithms, such as differential performance across intervals, that would

otherwise be unexplained by single-valued performance reporting.

4. Particularly relevant to the combinatorial instances examined, unknown Pareto
Fronts make it difficult to draw experimental conclusions without using compar-
ison (as in Chapter 4). The results presented for the coincidental changes in the
DTTP focus on comparison between response techniques, however to the DTTP
and the static TTP the unknown Pareto Front imposes a limitation on the con-
clusions that can be made around performance. Without an absolute limit to the
achievable performance, as in the case for the continuous problems for which
heatmaps of the deviation from this maximum can be constructed, conclusions

rely on comparison alone.

* Specifically for the TTP and its derivations, additional research toward accu-
rate and efficient approximations of the Pareto Front (such that the successive
problem states in dynamic case can also benefit) is required. More generally,
in combinatorial and continuous multi-dynamic problems where the Pareto
Front is unknown there are two options for determining the performance of
algorithms. Either comparison to performance achieved by a baseline algo-
rithm or an understanding of performance goals provided by external context,
such as through selection of a reference point in the objective space or prefer-
ence incorporation techniques that have been used elsewhere in DMO [213]],
[220].

5. The complexity of impacts of multiple dynamic changes across different problems
is an additional challenge. Noted in Chapter 3, the same observations can be made
here; the same combinations of frequency parameter values on different problems

can result in instances of different difficulty

* Informed selection is imperative when constructing experimental sets of test
instances. The importance of problem selection and ranges of dynamic char-
acteristics among test sets is noted previously [29], [32], [41], [255]]. However,
an understanding-driven experimental design approach is necessary when the
range of potential dynamic instances is large as in the multi-dynamic case.

Previous experimental approaches which simply compose a test set of sin-
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gle or a limited range of instances from different problems cannot be directly
applied to the multi-dynamic case.

Many of these identified challenges and recommendations have relevance beyond
specifically the multi-dynamic instances examined here. For example the informed selec-
tion of instances with patterns of relevant changes is particularly pertinent for problems
with a changing number of objectives or decision variables. Since there are many ways
to execute these changes, i.e. which objectives/variables are added/removed, and many
potential patterns of changes, experimental approaches should follow one of two paths.
Either the comprehensive consideration of potential patterns and instances should be eval-
uated, or a subset of instances that reflect specific real world cases should be investigated.
Furthermore, the development of effective and meaningful performance measurements
remains a challenge for problems with other types of complex dynamics within DMO.
Careful consideration should be paid as to the comparability and reproducibility of re-

sults across instances and across studies.

Collectively, these complex dynamics represent characteristics of real world scenar-
10s and investigating how algorithms perform on simplified problem instances containing
these characteristics provides us with important information. A greater understanding of
the difficulties inherent in different industrial applications can be gleaned through the in-
formed selection of problem instances. Establishing expectable baselines in performance
also helps to drive development of algorithms and response mechanisms as resources need
not be wasted on finding solutions obtainable by existing methods. What remains is for
the development of a coherent central repository for these baselines in performance across

a range of different continuous and combinatorial problems and dynamic change types.

5.7 Conclusions

A number of experiments are performed to demonstrate and assist in the identification of
the key challenges, characteristics and suitability or approaches for multi-dynamic prob-
lems. Example multi-objective problems are defined for both the combinatorial and con-
tinuous domains and challenges common to both and unique to each are realised. The
impacts of frequency and severity on the Dynamic Travelling Thief Problem are visu-
alised and the distinction between multi-dynamic instances with coincidental and non-
coincidental changes is explained. Methods defined in Chapter 4 are evaluated in the
coincidental multi-dynamic case for the DTTP and results indicate more significant chal-

lenges arise from the non-coincidental case.

The definition of a number of multi-dynamic continuous benchmark problems en-
ables the comprehensive experimental procedure defined in Chapter 3 to be applied here.
Patterns of performance, termed *motifs’, are visible across the dynamic instance space

generated by different combinations of frequency parameters which vary the incidence of
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change events. Identification of these patterns, the factor frequency motifs and dominant
component motifs, highlight features of the dynamic instance space that future experi-
mental approaches may exploit or avoid.

A case study approach to handling the increase in the number of possible instances
is proposed through collection of a subset of instances with different relative asynchrony,
meaning the non-coincidence of changes in one dynamic component is relative to the
fixed occurrence of the other. Whilst the results verify intuitive beliefs about the difficulty
of instances with rapid and slower changes, the relevance of the results is limited by the

specificity of the fixed occurrence and definition of the relative asynchrony of instances.

The key challenges are consolidated for multi-dynamic problems across both domains
and recommendations are made to enable more informed experimental design for multi-
dynamic instances. Major challenges are identified in the application of traditional per-
formance measurement practices; the explosion of the possible instance space due to the
unique impacts of the frequency and severity parameters in different dynamic compo-
nents. Challenges identified in previous chapters are magnified in the multi-dynamic
case; reproducibility of results for combinatorial patterns of changes, the determination
of absolute performance on problems with unknown Pareto Fronts and the differential

impacts of, now multiple, frequency and severity parameters across different problems.

General recommendations on the importance of informed selection of test instances
are relevant to the multi-dynamic case. The reduction of the possible instance space
through the identification of relevant subsets that are representative of realistic character-
istics is a future goal that will enable directed and meaningful experimentation on multi-

dynamic problems.

This exploratory research into the novel and as yet unconsidered class of multi-
dynamic multi-objective optimization problems provides significant contribution towards
refining experimental approaches for these problems. As more realistic test problems be-
come the focus of optimization approaches, prefatory experimentation such as these help
to guide the establishment of efficient practices and cohesive research in complex areas

that are relevant to real world scenarios.
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Chapter 6

Conclusions and Future Directions

A variety of work has been presented which addresses some of the key gaps within dy-
namic multi-objective optimization research. The contributions span continuous and com-
binatorial domains in attempt to provide a more complete picture of reproducibility, real-
ism and extracting meaning from results on previous, current and future problems within
the field. A reminder of the research questions that this thesis addresses, as set out in

Section 1.2, are included below.

RQ1: How can we characterise the impacts of dynamic parameters in

DMOPs for more meaningful benchmark evaluation?

RQ2: How can we incorporate dynamics into existing static problems to
generate and find solutions for realistic combinatorial test instances that

better reflect characteristics observable in real-world systems?

RQ3: How can we apply similar methodologies for both continuous and
combinatorial domain problems to define the key features, challenges and
potential approaches to multi-dynamic multi-objective optimisation prob-

lems?

These questions drive the understanding of distinct aspects of dynamic multi-
objective optimisation that have been so far overlooked. Collectively, they span the chal-
lenging of established practice, the expansion of currently available test problems and
a forward-looking approach toward novel types of problems of interest in the field and
industry. The combination of these questions and the resulting interlinked nature of the
methods, optimization techniques and conclusions seen throughout the presented results,

highlight the wider applicability of outcomes of specific research across DMO.



CHAPTER 6. CONCLUSIONS

6.1 Summary of Contributions

Each the preceding chapters has addressed the research questions set out in Chapter 1,
providing results and conclusions that attempt to answer these key topics. Detailed con-
clusions are given in each of Chapter 3, 4 & 5 and so a summary of the major contributions

is provided here.

1. To effectively address RQ1 as stated in Chapter 1, a comprehensive experimen-
tal approach to the possible instance space of continuous dynamic multi-objective
optimization problems (DMOPs) is presented using the frequency and severity of
dynamic changes to define the space. Specific recommendations are given for
the examined benchmark sample, the baseline comparison algorithms in terms of
challenging problems and instances that should be the target of future works. Gen-
eral recommendations are made for improving experimental practices in DMO, in
terms of reproducibility, comparability and relevance of results. These recommen-
dations are based on the proposed practice for establishing baseline performance
using static algorithms and basic dynamic response mechanisms. To facilitate the
adoption of these practices, an easy to use platform (the DPTP: Dynamic Param-
eter Testing Platform) has been made available and through which the presented
results can be easily reproduced.

2. Three types of novel dynamic instances of a complex combinatorial bi-objective
problem are proposed to provide answers to RQ2, adding to the scope of available
realistic DMOPs in this domain. Observations from previous exploitation of prob-
lem knowledge to improve the solution quality and algorithm efficacy, enabled the
development of a reactive seeding algorithm. The determination of effective com-
binations of seeding information for the different dynamic instance types across a
range of problem sizes is presented. Comparison with static heuristics that simi-
larly exploit problem information is provided. Further development of the seeding
algorithm improves the coverage of the non-dominated set through isolated evolu-
tion of multiple, specialised populations of solutions and the evaluation of simple

migration policies to boost convergence.

3. RQ3 is addressed through several threads of investigation. Consideration of the
impacts of multiple coincidental changes in the DTTP and the evaluation of so-
lution information reactively provided by the previously proposed seeding algo-
rithm in these cases. The impacts of frequency and severity on the mono-dynamic
DTTP and challenges raised by disparate performance across different patterns of
changes and an unknown POF. Investigation into example multi-dynamic contin-
uous problems with differential frequency and severity and the insights gained:
factor frequency, dynamic component dominance and changes to the difficulty of

regions of the dynamic instance space defined in Chapter 3. Exploratory experi-
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ments applying DMOEA methods to a subset of multi-dynamic instances defined
by their relative difference in frequency of changes are presented, together with a
critical evaluation of such an approach. Recommendations across both problem
domains are made for the future design of experiments focusing on this novel class

of dynamic instances.

These contributions have wider applicability to DMO; generally using dynamics pa-
rameters to define the possible instance space rather than a minimal selection of instances
without consideration of how representative they are, highlights the more informed and
comprehensive experimentation required for meaningful DMO research. The attention
paid to the reproducibility of these results is something that must become common prac-
tice in DMO for cohesive and verifiable progress to be made. Towards more realistic
benchmark problems and test instances; using an iterative development process of algo-
rithms for these complex problems, together with justifications and meaningful evaluation
and comparison showcases the motivations and strengthens possible conclusions. Ap-
proaching novel problem classes or formulating original systems as optimization prob-
lems can be challenging, however contributions need not always be solution focused:
identifying the key challenges and the recommendation of experimental practices pro-
vides useful information. In contrast, the limitations of the experiments and their results

provide perspective and highlight areas for further work.

6.2 Evaluation and Future Work

For each of the chapters, the key limitations that have been identified are presented in turn

here, together with the opportunities for further investigation arising from them.

6.2.1 Establishing Baseline Performance and Experimental Protocols for DMOP Benchmarks:

The results are presented for a number of well-known MOEA algorithms, for a sample
of commonly used bi-objective DMO benchmarks across 630 combinations of frequency
and severity. Due to the volume of results required to demonstrate the impacts of fre-
quency and severity across the instance space on each problem, a primary limitation, and
subsequent opportunity, is in the application of this framework to the complete set of

DMOP benchmark suites present in the literature (as documented in Chapter 2).

Extension of the protocols provided here will allow a comprehensive library of ex-
pectable performance to be compiled that is directly relevant and comparable to future
works. Additionally, as noted in Chapter 3, the development of a mechanism for the au-
tomated assay (using surrogate models or SVM) of the dynamic instance space, will be
useful to reduce the computational burden of evaluating performance across the entire
window of the dynamic instance space as considered here. A similar framework for com-

binatorial benchmarks is difficult due to the nature of and reproducibility of exacted dy-
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namic changes and the often unknown Pareto Fronts making absolute performance mea-
surement difficult. However the establishment of accessible and explainable protocols to
generate reproducible results for combinatorial DMOPs is a remaining task.

6.2.2 The Dynamic Travelling Thief Problem and its Solutions:

Several limitations, mostly in terms of comparability and reproducbility, are identified in
terms of the proposed dynamic Travelling Thief Problem instances. The largest instances
included in these experiments (more than 2000 cities with 10 items-per-city) are costly
in terms of computational resources. Furthermore, a general limitation for combinatorial
problems that remains unsolved so far; the nature of dynamic changes in most combinato-
rial problems is such that the patterns of possible changes or the combination or sequence
of the changes generates a vast instance space. This challenge is not as significant in con-
tinuous problems, however randomized changes provide a similar challenge. To clarify
the limitation further, unless sufficiently many patterns are considered, providing a gen-
eral picture of the possible dynamic instance space, the results must be conditioned on the
specific patterns employed and their reproducibility must be ensured. Selection of a subset
of patterns that effectively represents the possible dynamic instance space is an opportu-
nity for further research in this area. Comparisons with established DMOEA methods are
omitted in favour for a comparison to adapted TTP-specific heuristics. The exploitation
of problem knowledge (using solved problem components) employed in these provides
significant advantages which many algorithms that employ randomized initialization may
struggle to achieve competitive results in similar time/number of evaluations. Therefore
future development of a standardised, algorithm-independent initialization method may
be used to compare existing and established DMOEA mechanisms.

Transfer learning mechanisms and further generalised models for partial solutions
may help to address the computational burden of larger problems by reducing the number
of evaluations required to reach good solutions. Specific exploitation of the TTP problems
structure, such as the impact of the dropRate parameter may yield additional insights
into response mechanisms for the dynamic instances. Finally, a more general goal for
dynamic combinatorial problems is to streamline reporting for a generalized or justified
set of dynamic patterns to improve comparability of results.

6.2.3 Combinatorial and Continuous Multi-Dynamic Problems:

Consideration of a novel class of problems comes with discovering the challenges they
present. Through the prior scope of the possible dynamic instance space established for
continuous problems early in this thesis, the consideration of each additional dynamic
component results in additional dimensions to the instance space. Therefore, insights are
presented in a series of preliminary and exemplary cases rather than consideration of the

entire dynamic instance space as this would be infeasible. Furthermore, the challenges
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identified for combinatorial problems remain relevant and potent in the multi-dynamic

case, with the observation-based recommendations advising on general practice.

A significant task facing multi-dynamic, and more generally dynamic combinatorial
problems is the effective representation of the possible dynamic instance space within
the sampled instances used in experiments. As the number of unique possible change
events is exponential in the number of changeable indices, the efficient representation of
the possible sequences of changes, the overall patterns and the sets of patterns used in test
sets is a challenging future task. Data-driven or bespoke and informed construction of sets
of instances that reflect useful combinations of problem characteristics is one potential

solution to this curse of dimensionality.

6.2.4 Example Future Research Topics within DMO:

There are opportunities to develop the investigation presented here in a variety of ways to
provide significant contributions to the field of DMO. A number of examples of these are

presented below:

* The application of the presented comprehensive methodology for performance
over a range of dynamic instances to consider different algorithm operators, or

additional parameters such as population size or the number of decision variables.

* The expanded investigation to explain definitively how different algorithm mech-
anisms (e.g. dominance-based versus decomposition-based) enable different pat-
terns of performance across the dynamic instance space of different problems.

* The definition of additional types of dynamic changes for the TTP or for other
combinatorial benchmarks such as multi-vehicle routing problems, knapsack

problems or bin packing problems.

* The development of coherent standardised practices for performance measure-

ment for dynamic, multi-objective combinatorial problems.

* The extension of existing instance space analysis techniques for dynamic prob-
lems, specifically in the reconciling of measurements over different dynamic in-

tervals into a useful and informative feature measurement.

* The definition of investigative practices and relevant instance selection for the
next generation of complex dynamic problems that more closely reflect real world

scenarios.

Whilst there are many specific developments for each of the presented research ques-
tions, there are also several more general potential future areas of investigation. For ex-
ample, the collection and cataloguing of performance baselines for continuous problems
into a resource that enables rapid development of new methods or to enable a querying

service for the informed selection of instance to evaluate. This notion extends beyond
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the continuous benchmarks examined here; a cohesive method to rapidly compare perfor-
mance results is a limiting factor on the rate of research in DMO, and more widely across

optimization.

6.3 Closing Remarks

Multiple topics across DMO are presented here spanning the establishing of experimental
protocols and determining the impacts of dynamics parameters; the justified construction
of novel dynamic, combinatorial benchmarks and pioneering investigations into novel fea-
tures of realistic problem formulation. At the confluence of these topics is the establishing
of reproducible, explainable and accessible methodologies, benchmarks and exploratory
experimentation approaches for DMO. A framework for the reproducible experimentation
on continuous DMOP benchmarks is proposed using the frequency and severity of change
parameters to define the possible dynamic instance space. A baseline of expectable per-
formance using common MOEAs with no, or simple dynamic response mechanisms is
established and provides insights on the impacts of the the frequency and severity pa-
rameters on the relative difficulty of different benchmarks. Specific recommendations
are made based on the obtained results for the DMOP problems examined and general
recommendations are provided to guide more informed and meaningful practice towards

evaluation of DMO benchmarks.

Three types of dynamic instance for the realistic, bi-objective, interconnected Travel-
ling Thief Problem are proposed together with justification and complete descriptions of
implementation and execution. Examples of instances with varying size, encompassing

and expanding on previous scope, are evaluated in this work.

The previous usage of problem information, partial solutions and solvers to influence
algorithm performance and improve the quality of obtained solutions is extended here.
Using an observation-driven and explanation focused, iterative development process for
algorithms that reactively insert solution information, the mitigation of dynamic change

impacts is evaluated.

An open-ended investigation of the potential for multi-dynamic problems was un-
dertaken. A key focus of this was to identify the major challenges that present when
navigating the possible instance space, for finding solutions and determining problem and
dynamics features that may be exploited by algorithms. Examples of continuous and
combinatorial problem instances that incorporate this novel aspect of realistic systems are
used, since the applicability of many real world features is far-reaching across DMO.

Through the presented work in this thesis, the topics identified by the research ques-
tions have been comprehensively addressed. Each of these investigations, whilst provid-
ing insights and answers, prompted many further questions, avenues for investigation and

ideas for additional experiments. Finding an answer to a question, but in the process iden-
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tifying multiple new questions highlights a cornerstone of scientific research; our work is

never truly over.
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