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ABSTRACT

In the first part of this thesis, we construct a function that lies in LP(R?) for every
p € (1,00] and whose Fourier transform has no Lebesgue points in a Cantor set of
full Hausdorff dimension. We apply Kova¢’s maximal restriction principle to show
that the same full-dimensional set is avoided by any Borel measure satisfying a
nontrivial Fourier restriction theorem. As a consequence of a near-optimal fractal
restriction theorem of f.aba and Wang, we hence prove that no previously unknown
relations hold between the Hausdorff dimension of a set and the range of valid
Fourier restriction exponents for measures supported in the set.

In the second part, we prove sharp local and global variation bounds for the
centred Hardy—Littlewood maximal functions of indicator functions in one dimen-
sion, establishing that they are variation diminishing. We characterise maximisers,
treat both the continuous and discrete settings and extend our results to a larger
class of functions. This is partial progress towards proving a conjecture of Kurka

and Bober, Carneiro, Hughes and Pierce.
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NOTATION

By | X| we denote the Lebesgue measure of a set in Euclidean space and by #S

we denote the cardinality of a finite set. We use the average integral notation

iﬂmngméﬂmm

and the average sum notation

n-+r 1 n+r
X fm)=5—5 3 fom)

Let S(RY) be the space of Schwartz functions. The Lebesgue space LP(R?) is
associated to Lebesgue measure, while LP(u) is associated to another Borel measure
on R%. We write A < B if A < CB for some finite constant C' independent of all

parameters.






CHAPTER 1

INTRODUCTION

This thesis comprises two parts, each concerned with a different regularity issue in

harmonic analysis.

In the first part, we study Lebesgue points of Fourier transforms, a subject that
arose from the recent introduction of maximal functions as an object of study
in Fourier restriction theory. We explain how our results clarify the relationship
between the size of a set and its restriction properties. This discussion reveals
interesting open questions, which we highlight. We introduce our point of view and
our results in Section 1.1 and the proofs can be found in Chapter 2. This material

is based on the published paper [Bil22].

In the second part, we study the regularity of maximal functions themselves.
This area of research continues to attract plenty of interest, particularly in questions
of boundedness and continuity in Sobolev spaces. However, progress on establishing
sharp versions of known inequalities has been slow. We establish the first sharp
variation bounds for the centred Hardy—Littlewood maximal function. Our results
are discussed in Section 1.2 and the proofs are contained in Chapter 3. This material

is based on the joint work [BW21] with Julian Weigt, submitted for publication.



Chapter 1 Introduction

1.1 LEBESGUE POINTS OF FOURIER TRANSFORMS

In this section, we are concerned with the regularity of the Fourier transform

F&)= | faye =<
Rd

of a function f € LP(RY). Two fundamental consequences of Holder’s inequality
and the dominated convergence theorem are that if p = 1, then the above integral
converges for any & € R? and f is continuous. Neither fact remains true when
p € (1,2], in which case the Fourier transform is defined by the standard procedure
involving dense continuation and interpolation.

Does the Fourier transform retain a weaker kind of continuity for p close to 17
Our goal is to show that this is not the case if we measure this weaker kind of

continuity by the prevalence of Lebesgue points.

Definition 1.1.1 (Lebesgue point). Let g: RY — C be a Borel measurable function.
We say that a point £ € RY is a Lebesque point of g if there exists a number ¢ € C
such that

lim 9(€ —n) —c|dn — 0.

0 i<y
In this case, we call ¢ the reqularised value of g at £. The non-Lebesgue set of g is

the set of its non-Lebesgue points.

By continuity, any point is a Lebesgue point of fif p=1. We complement this

with the following main result.

Theorem 1.1.2. There exists a function in Npe o0 LP(RY) whose Fourier trans-

form has no Lebesgue points in some compact set of Hausdorff dimension d.



1.1 Lebesgue points of Fourier transtorms

The Lebesgue differentiation theorem states that non-Lebesgue sets of locally
integrable functions have Lebesgue measure zero. Theorem 1.1.2 shows that this
cannot be sharpened in terms of Hausdorff dimension for the class of Fourier

transforms of LP(RY) functions when p > 1.

1.1.1 RESTRICTION INEQUALITIES

Our interest in this problem stems from its connection to restriction inequalities

£ < CllF oy, f € S(RY) (1.1.1)

where p € [1,2], ¢ € [1,00], u1 is a Borel measure on R? and C' is a constant that is
independent of f, but may depend on p, ¢, d and p. The first such inequality was
proved by Stein in 1967, see [Ste93, p. 374]. Restriction inequalities are therefore a
relatively late discovery in the field of harmonic analysis, which has roots 200 years

ago in the work of Fourier [Fou22].

The main focus of the now extensive literature on restriction inequalities lies on
natural measures p supported in hypersurfaces such as the sphere, the paraboloid
and the cone, as well as lower-dimensional submanifolds and curves. The range
of valid restriction inequalities strongly depends on the curvature properties of
the underlying submanifold. This line of research has important connections to
other areas of mathematics, including PDE, number theory and geometric measure
theory. Despite significant progress, Stein’s restriction conjecture [Ste79] remains
unresolved in most cases. We refer the reader to the surveys [Stol19; Tao04] and

the references therein.
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The Stein—Tomas argument [Tom75] is a useful tool in the case that ¢ = 2, where
it can be used to prove (1.1.1) in the best possible range of exponents p on compact
hypersurfaces of positive Gaussian curvature. It is also robust enough to yield
interesting restriction inequalities for fractals, as Mockenhaupt [Moc00] and Mitsis

[Mit02] have observed, see Section 1.1.3.

1.1.2 MAXIMAL AND INTRINSIC RESTRICTION

The connection between Theorem 1.1.2 and the restriction inequality (1.1.1) arises
from the pointwise perspective recently introduced by Miiller, Ricci and Wright
[MRW19]. If (1.1.1) holds, then the Fourier transform on S(R?) extends to a
bounded restriction operator R,: LP(R?) — L(u). In the case of a singular
measure u, this operator can be regarded as a natural way of assigning values
p-almost everywhere to the Fourier transform of an LP(R?) function. Indeed, (1.1.1)
readily implies that for any f € LP(R) there exists a sequence of radii r, — 0 such

that

A

lim f&=n)dn=R.f(&)  pae

" Ml <ra)
Of course this does not mean that a limit exists for any sequence of radii r,, — 0
or that all such limits are equal. Therefore it is unclear at first how the p-almost
everywhere defined R, f can be recovered from the only Lebesgue-almost everywhere
defined f.
Miiller, Ricci and Wright addressed this issue in the case of planar curves by

strengthening the mode of convergence as follows:

A

lim £ [f(E—n) ~Ruf©ldy=0  jrae (1.1.2)

0
"0 L Inl<r}



1.1 Lebesgue points of Fourier transtorms

when i is the affine arc length measure on a smooth planar curve and f € LP(R?),
1 < p < 8/7. This means that p-almost every ¢ € R? is a Lebesgue point of f with
regularised value R, f(£). The proof of (1.1.2) relies on the mazimal restriction

inequality

e —n)ld
sup ]flm}rf(g )| di

re(0,1)

< Ol fllzrmay (1.1.3)

Li(p)
in the same way that the proof of the Lebesgue differentiation theorem relies on
the Hardy—Littlewood maximal inequality. Later, Vitturi [Vit22] obtained a similar
result for the surface measure of the sphere S! C R¢ and Kova¢ and Oliveira
e Silva [KO21] proved a stronger variational restriction inequality for spheres,
where the supremum in (1.1.3) is replaced by a variation norm.

Then, Kovac proved a general variational restriction principle that for instance

implies the following result.

Theorem 1.1.3 (see [Kov19, Remark 3]). If the restriction inequality (1.1.1) holds
for some finite Borel measure ji on R? and some exponents p € [1,2] and q € (p, ),
then the mazximal restriction inequality (1.1.3) holds with the exponents p; = ]%
and ¢ = 2q. Hence (1.1.2) holds for any f € L*/(P+D(R9).

Kovac¢’s methods also apply to more singular averaging kernels in place of the
ball averages in (1.1.2), see also the work of Ramos [Ram22].

Theorem 1.1.3 shows that restriction inequalities imply an intrinsic restriction
property that can conceivably be studied independently. The following question

seems natural, but nothing appears to be known.

Question 1.1.4. Does intrinsic restriction imply the presence of an underlying

restriction inequality, i.e. does the second part of Theorem 1.1.3 have a converse?
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The proof of Theorem 1.1.3 relies on the Christ—Kiselev lemma and this is why
q > p is assumed. Based on a multi-parameter Christ—Kiselev lemma, Bulj and
Kova¢ [BK22] proved a multi-parameter maximal restriction principle that implies
a version of Theorem 1.1.3 for anisotropic averages. It is unknown whether general

maximal restriction principles can be proved without assuming that ¢ > p.

Similarly, it is unknown whether the conclusion of Theorem 1.1.3 can in general be
strengthened by replacing 1% with p and 2q with ¢. Here, the seeming inefficiency
is due to a reflection argument that is needed in order to obtain the positive
(also called strong) maximal inequality (1.1.3) from an oscillatory version with the
modulus pulled outside of the integral. Ramos [Ram20] used a linearisation method
to circumvent this issue for strictly convex C? curves. The C? regularity assumption
was later removed by Fraccaroli [Fra21]. The above-mentioned reflection argument
involves a maximal L?-average operator and Ramos [Ram22] and Jesurum [Jes22]

proved versions of (1.1.3) for maximal L"-averages.

The non-Lebesgue sets of LY(R?) functions, ¢ € [1,00], were characterised by
D’yachkov [Dya93| as the G, sets of zero Lebesgue measure, a class that does not
depend on ¢. This is in contrast with the smaller class of non-Lebesgue sets of
Fourier transforms of LP(R?) functions. No nontrivial examples of such sets appear
to be known beyond what is provided by Theorem 1.1.2. A positive answer to

Question 1.1.4 would provide a sufficient condition.

However, p-dependent necessary conditions follow from maximal restriction
theorems such as the above. The second part of Theorem 1.1.3 states that, under
fairly general assumptions, non-Lebesgue sets of Fourier transforms are avoided by

measures satisfying restriction inequalities. Since many such measures are known,



1.1 Lebesgue points of Fourier transtorms

this is a strong structural condition on such sets. Our Theorem 1.1.2 shows that
these sets can nevertheless be large in a metric sense.
By combining Theorems 1.1.2 and 1.1.3 we prove the existence of a set of full

Hausdorff dimension and without nontrivial restriction theorems.

Corollary 1.1.5. There exists a compact subset E of R? such that E has Hausdorff
dimension d and for any Borel measure 1 on R? with u(E) > 0 and for any p € (1,2]

and any q € [1,00] it holds that

res®?) I1f |l e may

We further strengthen this result by showing that no relations except for a well-
known energy-theoretic inequality hold between the Hausdorff dimension of a set
and the supremum of the range of exponents p for which L?(R?)-based restriction

inequalities hold on that set, see Corollary 1.1.9 in the next subsection.

1.1.3 RESTRICTION TO FRACTALS

It was first observed by Mockenhaupt [Moc00] and Mitsis [Mit02] that the Stein—
Tomas argument mentioned in Section 1.1.1 can be used to prove interesting
restriction inequalities on fractals. In its endpoint form due to Bak and Seeger
[BS11], this idea implies the following: if u is a finite Borel measure on R? with

Fourier decay

sup [€]7/2]A(€)| < oo (1.1.4)

£eR?
for some B € [0,d), then it satisfies the restriction inequality (1.1.1) for any

p € [1,4d/(4d — )] and q = 2.
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The full Mockenhaupt—Mitsis—Bak—Seeger theorem contains an additional di-
mensionality condition that leads to a larger range of restriction exponents p in
most cases. The exponent 4d/(4d — ) that we give above corresponds to the
dimensionality that is implied by (1.1.4), see e.g. [Mit02, Corollary 3.1].

The sharpness of the Mockenhaupt—Mitsis—Bak—Seeger theorem in one dimension
was established by Chen [Chel6] following work of Hambrook and Laba [HE.13].
In higher dimensions, sharpness in the case that § > d — 1 was established by
Hambrook and Laba [HL16].

Fourier decay gives rise to the following notion of dimension.

Definition 1.1.6 (Fourier dimension). The supremum of the set of rates 8 € [0, d)
for which (1.1.4) holds is the Fourier dimension of the measure p. The Fourier
dimension of a subset of R? is the supremum of the set of Fourier dimensions of all

finite nonzero Borel measures that are compactly supported in that set.

Hence, the Mockenhaupt—Mitsis—Bak—Seeger theorem yields a nontrivial restric-
tion theorem for any Borel measure or set of strictly positive Fourier dimension.
This makes it widely applicable not only to curved submanifolds, but also to
pseudorandom fractals. In order to demonstrate this, we mention a few interre-
lated classes of deterministic and random fractal sets that have positive Fourier

dimension, with selected references:

images of stochastic processes [Kah85] and random diffeomorphisms [Eks16],

certain sets arising from Diophantine approximation [Kau81; JS16],

limit sets of Fuchsian groups [BD17] and

various constructions based on Cantor sets [Sal51; LW18].



1.1 Lebesgue points of Fourier transtorms

On the other hand, fractal measures can have Fourier dimension zero. For
instance, this is the case for any measure supported in a hyperplane. Erdos
[Erd39] showed that the natural measure on a Cantor set of dissection ratio 1/«
has Fourier dimension zero if « is a Pisot number, e.g. if a is 3 or the golden
ratio. The set that we use to prove Corollary 1.1.5 is also a Cantor set and by
the Mockenhaupt—Mitsis—Bak—Seeger theorem it necessarily has Fourier dimension
zZero.

We refer the reader to Laba’s survey [Labl4] for further information on the role
of Fourier dimension in harmonic analysis.

The Mockenhaupt—Mitsis—Bak—Seeger theorem is not the only way of proving
fractal restriction inequalities. Chen [Chel4] showed that any finite Borel measure
with a convolution power in L"(R?) satisfies a nontrivial restriction inequality.
This theorem, too, is applicable to a large class of fractal measures: Korner
[Kor08] showed that, in a Baire category sense, many Borel probability measures
with support of Hausdorff dimension 1/2 on the real line have a continuous self-
convolution. For such a measure, Chen’s result implies the restriction inequality
(1.1.1) with 1 < p < 4/3 and g = 2. This range of exponents p is optimal in the

following sense.

Definition 1.1.7 (Endpoint restriction exponent). Given a subset E of R?, we
denote by pres(E) the supremum of the range of exponents p € [1, 2] for which there
exists a Borel measure p with p(E) > 0 such that the restriction inequality (1.1.1)

holds for some exponent ¢ € [1, co.

The universal L!(RY) — L°°(u1) bound implies that p,es(E) > 1. If E has positive

Lebesgue measure, then by the Plancherel theorem we have p,es(E) = 2. An energy
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integral argument, see e.g. [Moc00, Section 2], shows that p.es(E) cannot be too
large depending on the Hausdorff dimension dimy(E) and the ambient dimension d.

Namely, it holds that

2d
< .
~ 2d — dimy(E)

Pres(E) (1.1.5)

The combination of the results of Chen and Korner described above gives a
restriction inequality with d = 1 and dimg(FE) = 1/2 that is optimal with respect
to (1.1.5). Their methods were extended by Chen and Seeger [CS17] to the case
that d > 1 and dimg(E) = d/n for some integer n. Related results were obtained
by Shmerkin and Suomala [SS18] using a different approach involving so called
spatially independent martingales.

FLaba and Wang used yet another method to show that equality in (1.1.5) can be

attained even in the general case.

Theorem 1.1.8 ([EW18]). Let d > 1 and o € (0,d). There exists a Borel
probability measure p with compact support of Hausdorff dimension o such that the

restriction inequality (1.1.1) holds for any 1 < p < 2d/(2d — ) and q = 2.

Their proof is based on a decoupling argument and the existence of A(p) sets of
asymptotically largest possible cardinality.

We combine Corollary 1.1.5 and Theorem 1.1.8 to show that (1.1.5) is the
only relation that holds between the endpoint restriction exponent, the Hausdorff

dimension and the ambient dimension.

Corollary 1.1.9. Let a € [0,d] and p € [1,2d/(2d — «)]. There exists a compact

set E CR? of Hausdorff dimension o such that pues(E) = p.

10
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At least in the cases covered by the above-mentioned results of [Chel4; CS17;
SS18], the set E' can be chosen so that the endpoint exponent p = 2d/(2d — «)
itself satisfies the restriction inequality (1.1.1) for some p and ¢. It is unknown
whether this can be achieved in general. Theorem 1.1.8 and hence Corollary 1.1.9
do not address this question.

Corollary 1.1.9 may be compared to the well-known result that for any « € [0, d]
and any /5 € [0, «| there exists a set of Hausdorff dimension o and Fourier dimension
f. Korner [Korll] proved a stronger version of that statement where the set is
further guaranteed to be precisely the support of a measure of Fourier dimension f.
It would be interesting to show a similarly strengthened version of Corollary 1.1.9.
Our proof strategy is unsuitable for this problem.

Korner’s result in the last paragraph is perhaps unsurprising given that Hausdorff
dimension is a metric property of a set and Fourier dimension is not, see e.g. [Eks16].
Similarly, Corollary 1.1.9 is perhaps unsurprising if restriction estimates rely on
some pseudorandomness of the underlying measure, manifesting itself, for instance,
in a positive Fourier dimension, see e.g. [Labl4]. However, a converse of, for
instance, the Mockenhaupt—Mitsis—Bak—Seeger theorem is not known, except in
the case of hypersurfaces due to a result of losevich and Lu [IL00]. Therefore, we
do not know whether Korner’s result can be used to prove Corollary 1.1.9. In this
connection, an answer to the following question would shed further light on the

nature of fractal restriction.

Question 1.1.10. Except for the Mockenhaupt—Mitsis—Bak—Seeger theorem, what
other relations, if any, hold between the Fourier dimension of a measure and its

range of valid restriction inequalities?

11



Chapter 1 Introduction

1.2 SHARP REGULARITY OF MAXIMAL FUNCTIONS

It is a common theme in analysis that averaging operations can improve the
regularity of a function. An instance of this is the following consequence of Young’s
convolution inequality: For any fixed radius » > 0 and any function in the Sobolev

space WP(R), p € [1, 0], it holds that

d T+r
l&f vwla

Since the right-hand side does not depend on r, it is natural to ask what happens

de

LP(R)

if we replace the average on the left-hand side by a maximal average. This was

studied by Kinnunen [Kin97], who proved that for p > 1,

|2 sl

1.2.1
dx >0 ( )
where C'(p) is the constant in the Hardy—Littlewood maximal inequality. The case

g

Lp(R

p = 1 was resolved by Kurka [Kurl5], who in fact proved a more general statement
for functions of bounded variation. But his methods do not provide the optimal

constant C'(1) in the above inequality.

We determine optimal constants and characterise maximisers of Kurka’s inequal-
ity when it is restricted to special classes of functions. Section 1.2.1 discusses

bounds on the real line and Section 1.2.2 discusses bounds on the integers.

12



1.2 Sharp regularity of maximal functions

1.2.1 CONTINUOUS SETTING

On the real line R, the Hardy-Littlewood mazimal function is defined by

Mf(e) = sup f )| dy.

r>0 Jp—p

The variation of a function f: R — R on an interval I C R is

var(f) = sup D 1f(@(0) = f((i+ 1))

¢: Z — I monotone ;7

We write var(f) = varg(f) and say that f is of bounded variation if var(f) < oo.

Kurka [Kurl5] proved that for any such function it holds that
var(M f) < Cvar(f) (1.2.2)

for some large constant C' independent of f. It is an open conjecture that the
optimal constant in this inequality is C' = 1, see e.g. [BCHP12; Kurl5]. The

following main result establishes this in the case of indicator functions.

Theorem 1.2.1. Let f: R — {0,1} be a function of bounded variation. Then
(1.2.2) holds with C = 1. FEquality is attained if and only if f is constant or the set

{z e R| f(x) =1} is a bounded interval of positive length.

An indicator function is of bounded variation precisely if it has at most finitely
many jumps. This immediately implies that f(x) = 0 or f(z) = M f(z) for
Lebesgue-almost every x € R. Our methods only require this weaker assumption,

allowing us to prove the following more general result for nonnegative functions.

13



Chapter 1 Introduction

Theorem 1.2.2. Let f: R — [0,00) be a function of bounded variation such that
for almost every x € R we have that f(x) = 0 or f(x) = M f(z). Then (1.2.2)
holds with C = 1. FEquality is attained if and only if f is constant or the set
{zx e R| f(x) > 0} is a bounded interval of positive length and for any z € R,

liminf f(y) < f(z) < limsup f(y).

Yy—x Yy—

Another common notion of variation is given by the total variation |Df|(R?) of
the distributional derivative D f, i.e. the measure satisfying the integration by parts

rule

"dr = — d(D
Rdfso T /RdsO(f)

for all functions ¢ € C®°(R?). The variation of a function on R? with d > 1 is
usually defined in this way. For any function f: R — R of bounded variation
it holds that |[Df|(R) < var(f). Conversely, if [Df|(R) < oo, then there exists
a function f equal to f almost everywhere such that var(f) = |Df|(R), see e.g.
[Leo09, Theorem 7.2]. If f satisfies the hypotheses of Theorem 1.2.2, then it follows
that

DM f|(R) < var(Mf) = var(M f) < var(f) = [Df|(R).

Hence Theorem 1.2.2 remains true for this definition of the variation.

The regularity of maximal functions was first studied by Kinnunen [Kin97],
who proved that the d-dimensional centred Hardy—Littlewood maximal operator
is bounded on the Sobolev space W!P(RY) when 1 < p < oo and d > 1. The

one-dimensional case of this statement already appeared in (1.2.1). Hajtasz and

14



1.2 Sharp regularity of maximal functions

Onninen [HOO04] later asked whether the endpoint inequality
IVM fllzrray < ClIV fll (e (1.2.3)

also holds and Kurka’s inequality (1.2.2) provides a positive answer to this question

in one dimension. The higher-dimensional case remains completely open.

In comparison to the one-dimensional centred Hardy—Littlewood maximal func-

tion, its uncentred counterpart

@)= sup f )] dy

ro<r<ry 0

allows averages over a larger class of intervals and hence may be expected to be
smoother. Indeed, Tanaka [Tan02] gave a short proof of the uncentred version
of (1.2.2) with C' = 2 and later Aldaz and Pérez Lazaro [AP07] showed that the
optimal constant is C'= 1. Ramos [Ram19] studied the sharp version of (1.2.2) for
a family of nontangential maximal functions interpolating between the centred and

uncentred Hardy—Littlewood maximal functions.

Similarly, higher-dimensional partial results are available for the uncentred
maximal function where the corresponding results are not known in the centred
case. The first such result is due to Aldaz and Pérez Lazaro [AP09] who proved
the uncentred version of (1.2.3) for so-called block decreasing functions. Later,
Luiro [Luil8] proved the same for radial functions and Weigt [Wei22] proved an

analogous inequality for indicator functions.

15
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1.2.2 DISCRETE SETTING

Our methods also imply discrete analogues of Theorems 1.2.1 and 1.2.2. The
centred Hardy-Littlewood mazimal function M f: 7Z — R of a bounded function

f:7Z — R is defined by

n—+r

Mf(n)= sup M [f(m)].

T€L>0 m=n—r

For a discrete interval I C 7Z, i.e. the intersection of Z and a real interval, the

variation of f on I is

vary(f) = > [f(n) = f(n+1)].

n,n+1el

We say that f is of bounded variation if varz(f) < oo.

Bober, Carneiro, Hughes and Pierce [BCHP12| proved that

varg(Mf) < C ) | f(n)|

neZ

for C =2+ %. They asked whether the optimal constant in this inequality is

C = 2 and whether the stronger inequality
varz(M f) < Cvarg(f) (1.2.4)

analogous to (1.2.2) holds. Madrid [Mad17] affirmatively answered the first question
and Temur [Tem13] adapted Kurka’s method to prove (1.2.4) with a large constant.
We improve a special case of Temur’s result by establishing the optimal constant

C =1 in the case of indicator functions.

16



1.2 Sharp regularity of maximal functions

Theorem 1.2.3. Let f: Z — {0,1} be a function of bounded variation. Then
(1.2.4) holds with C' = 1. Equality is attained if and only if f is constant or the set

{n€Z| f(n) =1} is a bounded nonempty discrete interval.

In fact this result quickly follows from the continuous Theorem 1.2.1 and an
embedding argument. When combined with a complementary approximation
argument, this embedding argument also implies the following relationship between
the optimal constants in the continuous and discrete variation bounds for general

functions of bounded variation.

Proposition 1.2.4. The optimal constants in (1.2.2) and (1.2.4) are the same,
i.e. if (1.2.2) holds for all functions of bounded variation, then the same is true for

(1.2.4) with the same constant C' and vice versa.

However, we do not know whether an embedding argument can be used to prove
the following discrete analogue of the stronger Theorem 1.2.2. This is because
of the additional assumptions in these theorems. Instead, we adapt the proof of

Theorem 1.2.2 to the discrete setting for the following result.

Theorem 1.2.5. Let f: Z — [0,00) be a function of bounded variation such that
for any n € Z we have f(n) =0 or f(n) = M f(n). Then (1.2.4) holds with C' = 1.
Fquality is attained if and only if f is constant or the set {n € Z | f(n) > 0} is a

bounded nonempty discrete interval.

Although the proofs of Theorems 1.2.2 and 1.2.5 are quite similar, different
technical difficulties arise in each case. In the continuous setting, we have to deal
with compactness issues and exceptional sets of measure zero. In the discrete setting,

one inconvenience is that not every integer interval has an integer midpoint.

17






CHAPTER 2

LARGE SETS WITHOUT FOURIER
RESTRICTION THEOREMS

In this chapter, we prove the results contained in Section 1.1. The proof of The-
orem 1.1.2 is made up of Sections 2.2 to 2.4 and the derivations of Corollaries 1.1.5

and 1.1.9 are contained in Section 2.5.

2.1 PROOF STRATEGY

Let us first comment on the proof strategy for Theorem 1.1.2, which involves a
somewhat delicate construction based on a Cantor set. In Section 2.2, we introduce
a family of Cantor sets parameterised by their dissection ratios 0; € (0,1/2), j > 0,
at different scales. We establish conditions under which such a Cantor set E is
the non-Lebesgue set of a certain natural function g and we calculate the inverse
Fourier transform §. The proof of Theorem 1.1.2 then comes down to choosing
the dissection ratios in such a way that E has full Hausdorff dimension while g is
p-integrable for any p > 1. The key terms in the p-integral of § are products of
cosines resembling

k—1

H 008(59091 s Gj_lg). (211)
j=0
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Chapter 2 Large sets without Fourier restriction theorems

In Section 2.3, motivated by Euler’s formula for the sinc function, we bound

p-integrals of products of cosines with dyadic phases of the form

I cos(277¢) (2.1.2)

jeJ

where J is a set of positive integers. Our estimate involves some loss depending on

the number of components of J.

The dissection ratios 6; that we fix in Section 2.4 to complete the proof of

Theorem 1.1.2 have the following essential properties:

()

(iii)

20

The dissection ratios are very close to 1/2 in an average sense. This ensures
that the Cantor set has full Hausdorff dimension and it enables us to ap-
proximate the products (2.1.1) appearing in the p-norm of § by products of

cosines with dyadic phases (2.1.2), for which we have bounds.

Infinitely many consecutive pairs of dissection ratios are bounded away from
0 and 1/2. Under this condition, the Cantor set is the non-Lebesgue set of
the associated function g. However, the boundedness away from 1/2 could
break the comparability of the products (2.1.1) and (2.1.2). Therefore, we

are led to the following condition.

The dissection ratios that are not close to 1/2 are powers of 1/2. Then, in
the analysis of (2.1.1), these small dissection ratios conveniently translate

into gaps in (2.1.2), so that the set J has multiple components.

We raise 1/2 to exponents that are large on average. This ameliorates the

aforementioned loss in our integral estimate of (2.1.2) that depends on the



2.2 Cantor sets as non-Lebesgue sets

number of components of J. However, a subsequence of the exponents must

remain bounded because of Item (ii).

2.2 CANTOR SETS AS NON-LEBESGUE SETS

Let 6; € (0,1/2), j > 0, and let S be an infinite set of nonnegative integers. Write

®k == 9091 R Gk,l.

Using a Cantor set with dissection ratios 6; we prove the following Proposition 2.2.1
which serves as the starting point for the proof of Theorem 1.1.2.

In that proof, it will be important to ensure that the dissection ratios have a
certain asymptotic behaviour. The set S will be the set of indices for which the

dissection ratios are not close to 1/2 and this set will have natural density zero.

Proposition 2.2.1. Let 0;, ©; and S be as above. Assume that

. 1/k 1
kh_)rgo 0, =3 (2.2.1)
and that there exists an € > 0 such that
0;,0;41 € (¢,5 —€) for infinitely many j € S with j+1 € S. (2.2.2)

Then there exists a Borel measurable function g: R? — {—1,0,1} such that

(i) the non-Lebesque set of g is compact and has Hausdorff dimension d and
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Chapter 2 Large sets without Fourier restriction theorems

(ii) for any p > 1, the inverse Fourier transform § lies in Mrelp,od] L"(RY) if

> 2k®k p
/o (%H(l—zek Orle] 1 H [cos((1 ﬂ£>|) dé < oo,

We simultaneously construct the function g: R — {—1,0,1} and the set £ C R?
that we then show to be the non-Lebesgue set of g. Let ¢(I) denote the midpoint of
an interval. We define families W, and By, of white and black intervals of generations

k=0,1,... by the recursion

Wo={|-.3]}
By, = { By, open interval | ¢(By) = ¢(Wy) and |By| = (1 — 26;)|Wj|
for some Wy, € Wy},

Wi41 = set of connected components of ) Wi\ |J Bs.
Wi eWy BreB,

In each generation, one black interval is removed from the middle of each remaining
white interval, leaving two white intervals of the next generation. The remaining
white set Uy, ey, Wi is decreasing in k. Its limit as & — oo is a Cantor set EM CR

with dissection ratios 6y:

E= U W=30U U Be

k=0 WreWy, k=0 BeB,

We define an oscillating function ¢¥: R — {—1,0,1} associated to the black

intervals by

gV =>"(-1" 3 x5, (2.2.3)

keS BreBy
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2.2 Cantor sets as non-Lebesgue sets

Here, xp,: R — {0,1} is the characteristic function of By. The series (2.2.3)
converges pointwise and in L'(R) and takes values in {—1,0, 1} since the black
intervals By are pairwise disjoint.

From EM and g™ we construct the corresponding d-dimensional objects E C R¢

and g: RY — {—1,0,1} by taking a tensor product:

E = {(zl, o wg) € =354 2 € BW for some i},

g(z1, ... xq) = gV (x)) - g (2g).
We next show that E has full Hausdorff dimension precisely when (2.2.1) holds.

Lemma 2.2.2. The Hausdorff dimension of E is d if and only if @,lc/k —1/2 as

k — oo.

The proof is based on the following version of Frostman’s lemma, see e.g. [Mat15,

Theorem 2.7].

Theorem 2.2.3. A compact set E in RY has Hausdorff dimension at least o € [0, d]

if and only if for any 8 € [0, ) there exists a Borel measure p on R such that

w(E) >0 and p(U) < diam(U)? for any Borel set U.

Proof of Lemma 2.2.2. From the above recursive construction one can verify that

the lengths of any W), € Wy, and B, € B, are

The families W, and B, each contain 2* intervals.
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Chapter 2 Large sets without Fourier restriction theorems

First assume that E has Hausdorff dimension d. Let 5 € [0,d) and let the
measure g be as in Theorem 2.2.3. Since E is covered by d isometric copies of
Uw,.ew, Wi x [—=1/2,1/2]"1 and diam(W}) = Oy, we can cover E by at most

2FO, 41 d boxes of diameter comparable to O}, and hence
0 < pu(E) <2804 d. 07,
Taking kth roots, followed by lim inf,_,,, and then letting 8 — d, this implies
liminf ©,/" > .

Since O, =0y -+ - 0,1 < 27% we in fact have @,i/k —1/2 as k — 0.

Now we assume that @,16/ GRS | /2 as k — oo. Let p be the Borel probability

measure supported in £ given by
u(Wy x T) = 2747

for any Wy, € Wy, k > 0, and any Borel set T C [—1/2,1/2]%71,

Fix a 8 < d and choose a large integer N = N(/3) > 2 such that
@i/k > 27 VU=d+8) for any k > N.

Let U C R? be a Borel set of diameter diam(U) < ©Oy. Since O, — 0 as k — oo,

there is a k > N such that

@k-i-l < dlam(U) < ®k
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2.2 Cantor sets as non-Lebesgue sets

Then U intersects Wy, x [—1/2,1/2]47! for at most two intervals W), € W;. Hence,
Lu(U) < 27% M diam(U)*! < 0,717 diam(U)*" < diam(U)".

Since Oy < 1/4 and pu(R?) = 1, it follows that the renormalised measure O
satisfies the inequality in Theorem 2.2.3 for any Borel set U. Letting 8 — d, it

follows that F has Hausdorff dimension d. ]

Note that ¢ is bounded since g is integrable. Hence, we can prove Proposi-

tion 2.2.1(ii) by showing the following result.

Lemma 2.2.4. Let p > 1. It holds that

o/d 00 2k@k p
e < (S T siyorg L st - se,) e

keS

Proof. By Fubini’s theorem we have (&1, ..., &) = g (&) - - - gV (&4) and therefore

G117 ) = / IO de. (2.2.5)

o0

Since the series (2.2.3) converges in L'(R), we have

30 = Y (-1 3 SUBTE) i (2.2

kes BLEBy, m§

and the outer sum converges uniformly. The midpoints of the black (and the white)

intervals are given by

k—1 1—0.
7=0

o € {—1,1}}.
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Chapter 2 Large sets without Fourier restriction theorems

We use this to rewrite the inner sum in (2.2.6) and then we apply the identity

e~ 4 e = 2 cos(a) to get

k—1
Z egm‘c(Bk)g _ H (e—z(l 0,)0; 7€ + ¢ i(1—6,;)0, 7r§> ok H cos ]Wf)
BreB;, Jj=0

Combining this with (2.2.6), (2.2.4) and the elementary estimate [sin(n)/n| <

(1+ |n])~" gives the pointwise bound

2kO,

GV (=1 =13 (©)] S |cos((1 ©;mE)|.
%H 1—29k@kyg|H J
In view of (2.2.5), this completes the proof of the lemma. ]

We now complete the proof of Proposition 2.2.1(i) by showing the following

result.

Lemma 2.2.5. If there exists an € > 0 such that (2.2.2) holds, then E is the non-

Lebesgue set of g.

Note that (2.2.2) implies liminfy_,, 0 < 1/2 and hence by (2.2.4):

[E] <d- lim > Wil |[-L 4T =d- hm2k®k—0

WieW

By the Lebesgue differentiation theorem, this is a necessary condition for F to be
the non-Lebesgue set of a locally integrable function.
The key step in the proof of Lemma 2.2.5 is the following lower bound on the

oscillation of averages of the one-dimensional function ¢().
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2.2 Cantor sets as non-Lebesgue sets

Lemma 2.2.6. For any k > 0 and any Wy, W] € Wy, it holds that

][ g(l)da::][ g dx
Wi Wy,

and for any k. k+ 1€ S and any Wy € Wy and Wiy € Wy it holds that

|][ gV da —][ gV dx
Wy W1

Before proving this lemma, we show how it can be used to prove Lemma 2.2.5.

> 2(1 — 26,)(1 — 26,1).

Proof of Lemma 2.2.5. The function g is constant in each of the connected com-
ponents of the open set RY\ E. Hence, every point of that set is a Lebesgue

point.

It remains to show that there are no Lebesgue points in E. By (2.2.2)
and Lemma 2.2.6, we can find sequences of indices k(a),k'(a) € S, a > 0, with
K'(a) = k(a) £ 1 and k(a) — oo as a — oo such that

> 8¢?, |][ g dz| > 4¢?
Wi(a)

g da — ][ g dx
W,

K’ (a)

6k(a)> ek’(a) > €, |][
Wi

for any Wk(a) S Wk(a) and Wk’(a) € Wk’(a)~

(a)
(2.2.7)

Fix a point (z1,...,24) € E and let a > 0 be so large that ¢! is identically
equal to 1 or identically equal to —1 in a ©yg)-neighborhood of any z; ¢ EM,
i=1,...,d. For x; ¢ EW, let W,j;(a) be any interval, not necessarily in Wy,
of length Oy, containing z;. For z; € EM, choose intervals W,i(a) € We(y) and

W,f;,(a) € Wi (a) that contain z;. In both cases, we have by g = £1 and the third
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Chapter 2 Large sets without Fourier restriction theorems

inequality in (2.2.7), respectively:

‘ ][ o da
Wz'

k(a)

> 4é. (2.2.8)

Fix an index j for which z; € F and consider the Cartesian products
d ) j—1 ' ) d '
Q2o = [[ Wity Qzar = I Wity X Wiy x 1T Wiw-
i=1 i=1 i=j+1

Making use of the tensor product structure of g, we can use the second inequality

in (2.2.7) and (2.2.8) as follows:

][ g—][ 9‘—|][. g(”—][, gt
2a Q22a—#1 14/] l&lj

k(a) K (a)

11

i#]

][ g
W’l

k(a)

> 22d+1€2d > 0’

which holds for any large enough a, i.e. the averages of g over the boxes (), do not
converge as b — 0o. On the other hand, by the first inequality in (2.2.7) these
boxes have bounded eccentricity. This shows that (z1,...,24) € Ny>o @s is Ot a

Lebesgue point of g. O

To complete the proof of Lemma 2.2.5 and hence of Proposition 2.2.1, we need

to perform the calculations leading to Lemma 2.2.6.

Proof of Lemma 2.2.6. By construction, it holds that B; N Wy, = () when B; € B;,

Wi € Wy and j < k. For j > k we either have B; N W, = @ or B; C Wj,. Hence,

]i/g(l)da:: S (-1) S xs; (2.2.9)

Wik j€8; 5>k B;€B;; BjCWy,
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2.2 Cantor sets as non-Lebesgue sets

For a fixed Wy, € W, there are precisely 2% intervals B; € B; for which B; C W
Furthermore for fixed k& and j, the average fWk XB, dv does by (2.2.4) not depend
on the choice of W, € Wy, and B; € B; as long as B; C Wj,. This shows the first
claim of the lemma.

It remains to prove the inequality in the second claim. Let k,k+1 € S and let
Wi € Wy, and Wiy € Wyi1. As Wy, is the disjoint union of two intervals in Wy,

and one interval in By, we have by (2.2.4):

][ g dx = 29k][ g dx + (=1)F(1 — 26,).
Wk Wk+1

Since |gW)(x)| < 1 for any x € R, it follows from ignoring all but the first term of

the outer sum on the right-hand side of (2.2.9) that

(1)~ ][ gWdr > =14 2(1 — 20441).
Wi

Together with the last equation this implies that

<—1>’“<][ g“>da¢—][ 9(”0”“)22(1—20k><1—29k+1>-
Wi Wit

Because the right-hand side is positive, this completes the proof of Lemma 2.2.6. [

We have now proved Proposition 2.2.1.

Remark 2.2.7. In the definition (2.2.3) of ¢!, the oscillating coefficients +1 may
be replaced by 0 and 1, respectively, yielding {0, 1}-valued functions ¢g* and g¢
instead of {—1,0, 1}-valued ones. The thus modified function g still satisfies all

properties that are asserted in Proposition 2.2.1. However, if d > 2, then the non-
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Lebesgue set of g, while still of full Hausdorff dimension, would be a proper subset

of E since (2.2.8) would fail for some x; & E().

2.3 INCOMPLETE COSINE EXPANSIONS OF sin(zx)/x

In the proof of Theorem 1.1.2 we need to verify the inequality in Proposition 2.2.1(ii).
In this section, we provide a tool for this task by bounding p-integrals of products
of cosines with dyadic phases. Our motivation is Euler’s product expansion of the

sinc function:

H cos(279¢) = smf(f) (2.3.1)

A quick proof of this identity can be obtained by iterating the double-angle formula
sin(€) = 2sin(§/2) cos(¢/2) and using that 2"sin(¢/2") — £ as n — oco. Other
proofs are possible, see e.g. the probabilistic proof in [Kac59].

The function in (2.3.1) lies in L¢(R) for any p > 1. We are interested in the
stability of this property under omission of factors from the product of cosines.
First, it follows from (2.3.1) that the product can be truncated after logarithmically

in |£] many steps without a loss in the decay rate. More precisely,

. Sin(@’ if |¢] < 27, (2.3.2)

However, if any further factor is omitted from this finite product, then the pointwise
upper bound fails dramatically for some |£| < 2" 17, We therefore focus on integral
estimates. Given a finite set J of integers, we define its number of components b(J)

as follows:

b(J)=#{jeJ|j—-1¢J}
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2.3 Incomplete cosine expansions of sin(x)/x

Lemma 2.3.1. Let n > 1 be an integer and let J C {1,2,...,n}. Then it holds

for every p € (1,00) that

on—lr
[T lcos(277¢)|7 dé < 2~ I mCED), (2.3.3)

0 jeJ

where Cy, is a finite constant that depends only on p.

Proof. We prove the lemma with the (non-optimal) constant
C, = 2r? i L < 0
: s=1 P '
We proceed by induction on the number of components b(J). If b(J) = 0, then J is

empty and (2.3.3) is immediate.

Now fix a nonnegative integer b and assume that (2.3.3) holds whenever b(.J) = b.
Let n be a positive integer and let .J; be a subset of {1, ..., n} such that b(J;) = b+1.
We can decompose this set as J; = Jy U {(,{+ 1,...,m} where b(.Jy) = b and

sup(Jo) + 2 < € <m < n. Write ng = max(Jy U {0}).

We need to show (2.3.3) for J;. To this end, we cover the domain of integration

[0, 2"~ 7] by the essentially disjoint intervals of equal length
Alg,r) =[(2™ g+ 2" ), (27 g+ 27 (r 4 1)) 7]

for any integers ¢ and r with 0 < ¢ < 2" and 0 <r < 2™ "_ If 5 € Jy, then the

function & — |cos(277¢)| is even and 2™ 7-periodic. We use this and the induction
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hypothesis to obtain

2m0 g
I Icos(2776)[? de = / T Icos(2-96)|P de

Alg,r) jedo geJO
S 2%07|J0‘*17TC£)(J0)

_ Qn()*\JHm*fﬂ.CIIZ(J)*l_

Similarly for j < m, the function £ — |cos(277¢)| is even and 2™m-periodic. This

gives

sup H]cos | = sup ﬁ|cos(2’j§)\

£€A(q7 )j f feA(O,T’) ‘]:f
m—_4+1

= sup ] |eos(2772'7%¢)]
£eA(0r)  j=1

T
<
— 14 2no—tyyp

The last inequality follows from (2.3.2) and the definition of A(0,7). We combine

the last two estimates to get an estimate for the product over the full set of indices

Jli

n07|J|+mf£ﬂ.p+1CZl;(J)fl

H lcos(277€)|Pdé <

Alar) jei, (1 2mo=fr)e
Note that the numerator does not depend on ¢ or » and the denominator does not

depend on g. Therefore, we can sum over ¢ and r as follows:

2n—l7r on—m_1 9m—ng_1
I leos(2776)[7 d¢ = Z Z I leos(277€)[7 d¢
0 je r= Alayr) jea
1
< Qnmgno— |J|+m—¢ p+10b J)—1
Z (1 4 2no—tqr)p
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2.3 Incomplete cosine expansions of sin(x)/x

< 2n—|J\ﬂ.p+10b 127
— p

P
s=1 S

For the last inequality, we replaced mr by the largest multiple of 2= not ex-
ceeding r. By our choice of C,, this shows (2.3.3) for J; and hence closes the

induction. O

In the proof of Theorem 1.1.2 we need the following perturbed version of the

previous result.

Lemma 2.3.2. Let n > 1 be an integer, let J C {1,2,...,n}, let 1 <p <pg< oo
and let € > 0. There exists a number § = 6(n, po,€) > 0 that does not depend on J

or p such that if
¢; € (27(1-0),277 (1 +9)) (2.3.4)

for all 3 € J, then the following inequality holds:

on—lg

[T lcos(¢;€)" d¢ < (1 + e)2 M tm )

0 jedJ
Proof. First, let J C {1,...,n} be fixed. Consider the integrals

on—1gp

P({¢j}jer) = 11 Icos(¢;€)I7 d€ € (0, 00).

0 jeJ

By the dominated convergence theorem, I?({¢;};cs) is continuous in p € [1, c0)
and ¢; € R. Hence it is uniformly continuous once p and the ¢; are confined to a

compact domain. We have by compactness that

on—lg

I1 |cos(277¢) P d€ > 0

0 jeJ
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uniformly in p € [1,pg]. Now this together with uniform continuity allows us to

find 6 = d(n, J, po, €) > 0 such that

2n—1ﬂ_ on—

[ leos(o,&)7ds < (1+¢) [ T leos(27)]"de

0 jeJ 0 jeJ

whenever 1 < p < py and (2.3.4) holds. As there are only finitely many subsets of
{1,...,n}, the number ¢ can in fact be chosen independently of J. An application

of Lemma 2.3.1 completes the proof. ]

2.4 PROOF OF THEOREM 1.1.2

In this section, we use the criteria of Proposition 2.2.1 and the analytical

Lemma 2.3.2 to prove Theorem 1.1.2 in five steps.

2.4.1 CHOICE OF PARAMETERS

We fix a set S of nonnegative integers and a weight function w : S — {2,3,4,...}

and define

whk)= > w() and  xT(k)=#(SN[0,k—1])

JES; i<k

such that there is a finite constant M > 2 and there are infinitely many k£ € S

for which £ +1 € S and w(k), w(k + 1) < M and such that we have the following

asymptotics:
+ +
lim w(k) =0 and lim & (k) =0 and lim w (k) = 0. (2.4.1)
kk—é%o w+(k) k—oo w+(k) N
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2.4 Proof of Theorem 1.1.2

For example, we may choose S = {n®|n >2}U{n®+1|n > 2} and w(n®) =n if

n is not a square and w(n%) = w(n® + 1) = 2 for any n > 2.

Next we fix a function r: {0,1,2,...} — {0,1,2,...} satisfying

lim r(s) =00 and  lim UZEZ) =0. (2.4.2)

Let d(n, po, €) be the numbers from Lemma 2.3.2 and write §(n) = d(n,2,1). We
may assume that 0 < §(n+1) < §(n) < 1/2 for any n. Finally we choose dissection

ratios 0; € (0,1/2) as follows:

2-w(9) if j €8,

-y ifjéS,

with error terms «; satisfying 0 < 2a;11 < a; < 1/4 and
20,; < inf{6(2s) | s > 0,7(s) < j} (2.4.3)

for any j > 0. Note that the infimum above is positive since r(s) — 0o as s — 0.

2.4.2 ASYMPTOTICS OF PRODUCTS OF DISSECTION RATIOS

It follows that

[[l-a)>1-> a; >1-2q.
j=k j=k
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This bound is significant because of the following expansion of ©, based on our

choice of dissection ratios:

o= I 20 II 3(-a)

jES; j<k jES; i<k
—k—wt (k) +xT (k
— 9—k—wT(k)+x" (k) , H (1_%).
Jg€S; i<k

For convenience, we define corresponding to any index ¢ a larger index by
i =i+ w (i) — x"(4).
Then, we obtain the following inequalities for any & > 0 and j > r(s):

27l <oy <27, (2.4.4)

(1—0(2s))277 7" <o, L0, <2776, (2.4.5)

Hence, Oy is close to a particular power of 1/2 and this relation is even tighter
for the partial product @;é)@j. Using the last two limits in (2.4.1), it follows
from (2.4.4) that @i/k — 1/2 as k — oo. This verifies assumption (2.2.1) of
Proposition 2.2.1. Notice that assumption (2.2.2) is satisfied for any € € (0,27)

by our choices of S and 0;.

2.4.3 INTEGRAL DECOMPOSITION

In order to prove Theorem 1.1.2, it remains to verify the inequality in Proposi-
tion 2.2.1(ii) for any p € (1,2]. Since 1 —26, > 1/2 for k € S we may omit this term

from the left-hand side of that inequality. Hence, in order to prove Theorem 1.1.2
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2.4 Proof of Theorem 1.1.2

it now suffices to show that

QkC)k k—1
H() =) ——— I+ 0.¢] U chos )0;mE)|

keS

lies in L{([0, 00)) for any p € (1,2]. Consider the integrals at scales s > k:

;" k-1
Iy, = /0 H |cos((1 )0;mE) [P dE. (2.4.6)

We use Minkowski’s inequality in LP([0,00)) and for every k € S we decompose

[0, 00) into the subintervals [0,0; ") and [©71,0;});) for s > k to obtain the bound

e’} ()g 1/P
|H oy S 3 240 (z,f:k ) @ngSH) Sy (2.47)

kesS kesS

We let go of some factors in the product of cosines in (2.4.6), perform a linear
change of variables and then slightly enlarge the domain of integration using (2.4.4)

to obtain

0,505 '
Iis < W_l@,«_é)/ I lcos((1—6,)070;8)d¢
0 J¢8s
r(s)<j<k—1
25*77‘(5)*4»171,
SO0 / IT  leos((1 - 6;)0,,©,8) de. (2.4.8)
0 Jgs
r(s)<j<k—1
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Chapter 2 Large sets without Fourier restriction theorems

2.4.4 APPLICATION OF LEMMA 2.3.2

We next analyze the phases of the cosines in (2.4.8). If j ¢ S and r(s) < j <

k—1 < s, then (2.4.5), (2.4.3) and the inequality 1 — 6; > 1/2 imply
2707 — (1 - 6,)0,4,0,] < 27U Hg(2s),

If k£ and hence s are larger than some sufficiently large constant K = Kgy., then
we have by (2.4.1) that s* < 2s —2 and j* — r(s)* + 1 < 2s. Therefore, we verified
the assumption (2.3.4) in Lemma 2.3.2 in the case when k& > K with the near-
dyadic phases

gbj**T(S)*‘Fl = ¢j**7‘(s)*+1,8 = (1 - QJ)GTT(i)GJ

and the following set of dyadic exponents:
J=Jrs={j"—r(s)"+1|j¢Sandr(s) <j<k-—1}.
Since the map j — j* is strictly increasing and therefore injective we have
# s >k —xT (k) —r(s) =k —w" (k) —r(s).

We have (7 +1)* = j*+ 1 if and only if j & S. Hence for any j ¢ S with
r(s) < j <k —1 the condition j* —r(s)* € Jis is equivalent to j —1 € S. This

allows us to bound the number of components of Jj s:

b(Jys) < #(SN[r(s),k—2])+1<x"(k)+ 1.
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2.4 Proof of Theorem 1.1.2

Furthermore, the set J s is bounded from above:
sup(Jes) < (b —1)" —r(s)"+1 < s" —r(s)"

Compare this to the upper bound of integration in (2.4.8) to see that Lemma 2.3.2

is applicable to the integral in (2.4.8). We obtain that

17, S 0027 T # s Ok) - if | > K

k,s ~ ~Mr(s)

We use (2.4.4) and the above bounds on #Jj s and b(Ji ) to bring this estimate

into a more convenient form:

~Y

],’;S < @;12_#Jk,scg(‘]k,s) < @s—l@kzwﬂk)w(s)cgﬁ(k)ﬂ’ k> K.
2.4.5 CONCLUSION

We use the previous inequality and (2.4.4) to estimate the terms AV, k € S, of the

sum in (2.4.7):

o0 @p—l 1/p
AP < 2—(1—1/p)w+(k)+x+(k)Céx*(k‘)ﬂ)/p <2r(k) + 89—12T(S+1)> )

p—17s
k @k

S=

Fix a positive number € such that 2¢ < 1 —1/p and € < p — 1. After possibly

increasing K, we obtain from the limits (2.4.1) and (2.4.2) that

08—127’(5—&-1) < 2ew+(s) _ 26w+(/€)26(w+(5)—w+(k)) < 26w+(k)@s—e Za if 5 > K
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Chapter 2 Large sets without Fourier restriction theorems

and further for k € S with £ > K:

0 @p—l—e
—(1— —2e)wt (k s
o, ST
s=k “k

1/p .
—(1-1/p—2¢)w™ (k
) < 9 U-p2ut g

where S, is a constant depending on p and e. We split the sum in (2.4.7) as

follows:

[ || e (0,00)) S AL+ Y AL
keS; k<K keS; k> K

The sum over k > K is dominated by a convergent geometric series due to the
last bound on A} and since 1 — 1/p — 2¢ > 0 and wt(k;) < w'(ky) — 2 for any
ki, ko € S with k1 < ko. The sum over £ < K above is finite since it is the sum of
finitely many terms A7, each of which is finite. Hence, H lies in LP(]0,c0)). This

completes the proof of Theorem 1.1.2.

2.5 PROOFS OF COROLLARIES 1.1.5 AND 1.1.9

We first prove Corollary 1.1.5 using Theorems 1.1.2 and 1.1.3 and then we prove

Corollary 1.1.9 using Corollary 1.1.5 and Theorem 1.1.8.

Proof of Corollary 1.1.5. By Theorem 1.1.2, there is a function f € ye( o] LP(RY)
such that the non-Lebesgue set E of f is compact and has full Hausdorff dimension d.
We now show that E satisfies the remaining assertion of Corollary 1.1.5.

To this end, let p be a nonzero Borel measure such that the restriction inequality
(1.1.1) holds for some exponents p € (1,2] and ¢ € [1, 00]. It suffices to show that
u(E) = 0. A scaling argument shows that since p > 1, we necessarily have ¢ < oo.

Therefore, it follows from (1.1.1) that p is o-finite and an interpolation with the
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2.5 Proofs of Corollaries 1.1.5 and 1.1.9

trivial L*(RY) — L>°(u) bound gives a LP*(R?) — L% (u) restriction estimate with
1 < p1 < ¢ < oo. Hence, by Theorem 1.1.3 and since f lies in L2P1/(P1+D(R9),
p-almost every point is a Lebesgue point of f . But f has no Lebesgue points in F

and therefore u(E) = 0. This completes the proof. O

We need the following theorem of Besicovitch [Bes52], see also [Dav52].

Theorem 2.5.1. Any closed set in R? has subsets of any smaller Hausdorff

dimension.

Proof of Corollary 1.1.9. If p = 2, then a = d and any compact set of positive
Lebesgue measure proves the corollary. We may now assume that p < 2.

Let E be the set from Corollary 1.1.5. Let E; be a compact subset of E of
Hausdorff dimension equal to . Such a subset can be obtained by appropriately
reducing the Cantor set of Section 2.2 or by applying Theorem 2.5.1.

If p =1, then we are finished since pres(E) = 1 and hence pres(E1) = 1. We may
now assume that 1 < p < 2d/(2d — «). Hence, there is an ay € (0, ] such that
p = 2d/(2d — ap). Using the previous reduction to the case p < 2, we see that
ap < d. By [EW18, Theorem 2], there is a compact set Ey of Hausdorff dimension

ap such that pyes(E2) = p. Now we have for the Hausdorff dimensions,

dimy (Ey U Ey) = max(dimy (E,), dimy (Ey)) = max(a, ap) = «

and similarly for the endpoint restriction exponents,

pres(El U E2) - max(pres(El>7preS(E2)) = max(l,p) =D

Hence, the compact set F; U E5 has the claimed properties. [
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CHAPTER 3

THE ONE-DIMENSIONAL CENTRED
MAXIMAL FUNCTION DIMINISHES THE
VARIATION OF INDICATOR FUNCTIONS

In this chapter, we prove the results contained in Section 1.2. In Section 3.1, we
introduce a local variation bound in the continuous setting which we then prove
in Section 3.2. This bound is the key to the proof of Theorem 1.2.2, and hence

Theorem 1.2.1, in Section 3.3.

Our proofs in the discrete setting are contained in Section 3.4. In Section 3.4.3
we prove an analogous discrete local variation bound which we then apply in
Sections 3.4.4 and 3.4.5 to show the discrete Theorem 1.2.5. These proofs can be
read mostly independently from Sections 3.2 and 3.3. Section 3.4.1 contains the
embedding argument leading to one of the inequalities in Proposition 1.2.4, as well as
to the derivation of Theorem 1.2.3 from Theorem 1.2.1. In Section 3.4.2, we use an

approximation argument to establish the remaining inequality in Proposition 1.2.4.

3.1 PROOF STRATEGY

Let us explain our ideas in the continuous setting since they are largely the same

in the discrete setting. Our main observation is that, for a function f: R — [0, c0)
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Chapter 3 The centred maximal function diminishes the variation

satisfying the assumptions of Theorem 1.2.2, the local variation bound

varp) (M f) < vary (f) (3.1.1)

holds for any real numbers a < b such that f(a) = M f(a) and f(b) = M f(b), i.e.
such that M f is attached to f at a and b. Our proof of Theorem 1.2.2 heavily

relies on this property. The following example shows a typical situation. Denote

1 ifa<x<b,
X[a,b](x) =1{1/2 ifx=aorz=0",

0 otherwise.

Example 3.1.1. Let ¢ € (1,3) and f = x{—¢—1] + X[1,q- Then M f is attached to f
at any point « with 1 < |z| < ¢ and var_; 1)(M f) = ¢! <1 = varj_15(f). The
maximal function M f has a strict local maximum of value (¢ — 1)/c at 0 and two

strict local minima of value (3¢ — 3)/(4c) at £¢/3, see Fig. 3.1.

b f
- Mf
4 3 N
// \\ /, \\
/’ N - // \\
"/ Saoo=="T TeelL ’/ \\~
0 - - | I
T T T T T
—C —1 0 1 c

Figure 3.1: The functions f and M f in Example 3.1.1 with ¢ = 3/2.
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3.1 Proof strategy

By taking ¢ — 1, we obtain a sequence of functions with var(M f)/var(f) — 1
that does not converge pointwise modulo symmetries to a nonzero maximiser of
Theorem 1.2.2, even though maximisers exist. This lack of compactness presents a
difficulty that any proof of a sharp version of (1.2.2) has to overcome.

The calculations leading to Example 3.1.1 and Fig. 3.1, as well as to Example 3.1.3
and Figs. 3.2 and 3.3 below, are straightforward because for step functions it holds

that
a+la—y|
Mf(z)=  sup f ()] dz.

y# xisa jump of f Jz—|z—y|
The local variation bound (3.1.1) will follow from part (i) of the following result.

An analogue for unbounded intervals is contained in part (ii).

Proposition 3.1.2. Let f: R — [0,00) be a bounded Borel measurable function
and let I C R be an interval such that f(x) =0 for almost every x € I. Then the

following holds:

(1) If I = [a,b] for some real numbers a < b, then var(g (aip)/2)(M[f) < M f(a)
and varyq s /2,5 (M f) < M f(b). Both of these inequalities are strict unless f

vanishes almost everywhere on R.

(ii) If I = (—o0,a] or I = [a,00) for some real a, then M f is monotone on I

and vary(M f) = M f(a) — inf,ef M f(z).

Our approach may be compared to the strategy of Aldaz and Pérez Lazaro
[APO7] for the uncentred Hardy-Littlewood maximal function M f. They show
that if f: R — R is of bounded variation and satisfies f(r) = limsup,_,, f(y) for

any =z € R, then M f > f and M f is attached to f at any strict local maximum
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Chapter 3 The centred maximal function diminishes the variation

point of M f. This can be used to show (3.1.1) when M f is replaced by M§f and a

and b are neighbouring strict local maximum points of M f.

However, in the centred case, M f is not necessarily attached to f at strict local
maxima of M f, see Example 3.1.1 above. We overcome this by making use of
a gradient bound for M f in the proof of Proposition 3.1.2. On the other hand,
this bound becomes less useful for our purposes if a function fails to satisfy the
assumptions of Theorem 1.2.2. In fact, for general functions of bounded variation,
the local variation bound (3.1.1) often fails between points of attachment. This
is what prevents us from generalising our results to a substantially larger class of

functions than in Theorem 1.2.2.

Example 3.1.3. Let h = 2/5 and f = x[—3/2,—1] + " - X[~1/2,1/2) + X[1,3/2)- Then f is
constant in (—1/2,1/2) and M f is attached to f at any point « with 2 < 8|z| < 3,
but M f has a strict local maximum of value 7/15 > h at 0. In particular, (3.1.1)

fails between the points of attachment a = —1/3 and b = 1/3, see Fig. 3.2.

Y f
- Mf
y b,
// ---\; ‘,’\~~ - \\
4 Y
P \s\
. ~
0 - B I
T T T T T
—1 a 0 b 1

Figure 3.2: The functions f and M f in Example 3.1.3.
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3.2 Proof of Proposition 3.1.2

3.2 PROOF OF PROPOSITION 3.1.2

Throughout this section, let f: R — [0,00) be a bounded Borel measurable
function. The following result proves the unbounded case in Proposition 3.1.2(ii).

By symmetry, it suffices to take I = [a, 00).

Lemma 3.2.1. Let a € R be such that f(x) = 0 for almost every x > a. Then

M f is nonincreasing on [a,00) and hence

Vg (M f) = Mf(@) = in_ M(z).

z€[a,00)

Proof. Let a < x <y. By the definition of M f and the assumptions on f,

T z+r+2(y—z)
Mf(z) = sup f(z)dz > sup ][ f(z)dz = Mf(y).
This completes the proof. ]

The rest of this section is devoted to the proof of Proposition 3.1.2(i), i.e. the
case that I = [a, b] for some real numbers a < b. It suffices to consider the special

case that a = —1 and b = 1 and to prove the strict inequality

var.q(Mf) < Mf(1) (3.2.1)

under the assumption that f(z) = 0 for almost every x € [—1, 1] and that f does
not vanish almost everywhere on R. The general case follows from this because for

any nonconstant affine map ¢: R — R we have that M (f o ¢)(1) = M f(¢(1)) and

varg(jo,1)) (M f) = varo (M f) o ¢) = var(M(f o §)).
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Chapter 3 The centred maximal function diminishes the variation

For the proof of (3.2.1) we first note that M f restricted to [0, c0) is the pointwise
maximum of the auxiliary maximal functions M f, M, f: [0,00) — [0, 00) defined

by

T+ xr+

Mof(@) = swp £ f)dy,  Mif@) = swp £ fly)dy,

r<l4z Jg—r r2ltz Jp—r

see Fig. 3.3 for an example. Of these, M; f only permits averages over large radii.

Based on this, our first lemma bounds the difference quotients of M, f.

Lemma 3.2.2. Let xz,y > 0 be distinct and let r > 1+ x be such that

T+s
M f(x) = sup][ f(2)dz.

s>r

Then,
My f(x) — M f(y) < My f(x) < Mif(y)
|z —yl Tortlr-yl T

-
-
————
-

o
-
-
-
-
-
-
-
-
.
-

Figure 3.3: The auxiliary maximal functions Myf and M;f on [0,1.3] for the
function f = x(_5/2,—2] + X[=3/2,-1] + X[1,2] + X[3,7/2-

48



3.2 Proof of Proposition 3.1.2

Note that by the definition of M; f, we can always take r to be at least 1 + .
The lemma also holds for M f instead of M f, but then we are not guaranteed a

good lower bound on r.

Proof. We have that M, f(x) < oo since f is bounded. Hence, for any € > 0 there

exists an s > r such that (1 — €)M, f(z) < mxj: f(z)dz and therefore,

x+s y+s+lz—yl
<1—@MJ@»—MJ@>sf7 ﬂddz—f f(2) d

T—s —s—|z—y|

1 1 T+s
(5 grg—) [ fG)a
25 2s+2lx—vy|/ J,_,

|z =y ][’”s
= d
5+ |ZE - y| r—s8 f(z> :

|z — 9
< I A ().

The first inequality uses the definition of M f(y) together with the fact that
s+ |z —y| > 1+ y. In the second inequality, we use the nonnegativity of f to
reduce the domain of integration of the second integral. The last two relations
follow from definitions. Now the first inequality in the lemma follows by letting

¢ — 0. The second inequality follows after rearranging terms. O

Bounds similar to Lemma 3.2.2 have frequently appeared in the literature,
including in higher dimensions. The related inequality |V M, f(x)| < CM,_1 f(z)
for the fractional maximal function M, f with 1 < a < d was proved by Kinnunen
and Saksman [KS03]. A generalisation to the range 0 < o < d is due to Beltran,
Gonzalez-Riquelme, Madrid Padilla and Weigt [BGMW21, Section 2.5].

We now employ the previous result to prove a local variation bound for M f. The

strictness of this inequality will be crucial to our characterisation of maximisers.
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Chapter 3 The centred maximal function diminishes the variation

Lemma 3.2.3. It holds that vary ) (M, f) < M, f(1) and this inequality is strict
if f(z) =0 for almost every x € [—1,1] and f(x) > 0 for any x in some set of

positive measure.

Proof. First assume that f(z) = 0 for almost every = € [—1,1] and f(z) > 0
for any z in some set of positive measure. Then M f(x) > 0 for any x > 0. By
Lemma 3.2.2, M f is continuous. Since the map (z, s) — ;_J;S f(y) dy is continuous
at (x,s) = (0,1) and f(y) = 0 for almost every y € [—1, 1], this implies the existence

of a 0 € (0,1) such that for any = € [0,0),

z+

M, f(z) = sup fly)dy

s21+x+0 Jx—s

and hence f and z satisfy the hypotheses of Lemma 3.2.2 with r = 1 + x 4 ¢.
Without the additional assumptions that f(x) = 0 for almost every x € [—1,1]
and that f(x) > 0 for any x in some set of positive measure, this remains true for
0=0.

In order to estimate the variation of M f on [0, 1], we let k£ > 1 and
O=zxo<21 <... <21, =1

We write §; = 0 if ; < 0 and d; = 0 otherwise. By the two inequalities in

Lemma 3.2.2 and the monotonicity of the sequences x; and d;,

k—1
S OIMif(z) — Myf(zi41)|
i=0
k-1
My f(z:) My f(wi41) )
< o
a ; maX(l + 21+ 0 1+ 2w — x5 + Oign (Tip1 — 4)
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3.2 Proof of Proposition 3.1.2

T
L

Tiy1 — T4
< max (M f(x;), My f(x; _
=& x(My f(zi), My f( H)>1+xi+5i+1
< %max( 2+ 51 2+ 5i+1 ) Tir1 — T M f(l)
-0 L+a;+0; 14+ + 01/ 14+ 2 + i !
(24 0) (i —
SR+ )

i—0 (1 + ZT; + (51'_;,_1)2

Except for the summand corresponding to the case z; < § < x;,1, this is a Riemann

sum and therefore

246 o2
Vaf[o,u(le)§</0 (1+SE+5)2dx+/5 de)le(m

b2
S/o mdf'le(l)

= M f(1)

and the second inequality is strict if 6 > 0. This completes the proof. O]

Remark 3.2.4. Let us sketch a shorter but less elementary version of the second
part of the above proof. By Lemma 3.2.2, the auxiliary maximal function M, f is

Lipschitz continuous. Hence it is differentiable almost everywhere and

warn(4f) = [ 1067) @) de

At any point of differentiability « € (0,1) we have by Lemma 3.2.2 that

Mif(z) _ 2Mif(1)

0L @) < T < T
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Chapter 3 The centred maximal function diminishes the variation

and the first inequality is strict in some neighbourhood of 0. Plugging this into the

above formula for vary (M, f) yields Lemma 3.2.3.

The next lemma concerns the other auxiliary maximal function M f.

Lemma 3.2.5. Let f(z) = 0 for almost every x € [—1,1]. Then Myf is non-

decreasing on [0, 1].

Proof. This is similar to the proof of Lemma 3.2.1. Let 0 < z <y < 1. Then,

T+r T+r
Mof(x) = su < sp f o fE)de< Mof(y)
l—z<r<l4z Jp—p 1-—z<r<l+z Jz—r4+2(y—2)
Since My f(0) = 0 and M, [ is nonnegative, this completes the proof. O

We have established the monotonicity of My f in Lemma 3.2.5 and a variation
bound for M; f in Lemma 3.2.3. The next result will allow us to deduce a variation

bound for the pointwise maximum M f = max(Myf, M f).

Lemma 3.2.6. Let g, h: [0,1] — R be functions such that g(1) < h(1) and let g be

nondecreasing. Then vary 1)(max(g,h)) < vary1(h).

Proof. Write u = max(g, h). We need to show that for any £ > 1 and any
O=zo<21 <... <21, =1

it holds that

k—1
> lu(zi) — w(wip)] < vargy(h).
i=0

Write z,; = 1 and consider the set

P={-1}U{ie{0,...,k} | h(z;) > u(xis1)}.
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3.2 Proof of Proposition 3.1.2

Since xp = k11 = 1 and by assumption, h(xy) = u(xry1) and hence k € P. Let
¢ = #P —2 and let p(—1) < p(0) < ... < p(¢) be the elements of P. Clearly,
p(—1) = —1and p(¢) = k. If i € {0,...,k} \ P, then h(z;) < u(x;41). Since g is
nondecreasing, we also have that g(x;) < g(x;;1) and hence u(z;) < u(x;11). On

the other hand, if i € P\ {—1}, then

h(wi) > u(wiz1) > (i) > g(s)

and hence h(x;) = u(x;) and u(x;) > u(x;y1). This shows that for any 0 < j < ¢,

u(xp(j—l)ﬂ) < U(Ip(j—1)+2> <...< U(Ip(j)> = h(xp(j))

and h(xp(j)) > u(xpjy+1). We conclude that

k—1 ¢ p(j)
Z lu(z;) — U($i+1)’ = Z Z lu(z;) — u(zi1)]
=0 J=0i=p(j—1)+1

Il
M-~

<
Il
=)

2h(xp(5)) — w(@p(i-1)+1) — W(Tp()41)

IA
M~

2h(zp(5)) — M(@p(i-1)+1) — M(Tp()41)

<.
Il
=)

< varo 1] (h,) .

This completes the proof. ]

We are now ready to prove (3.2.1). Let f(z) = 0 for almost every x € [—1,1] and
let h: [0,1] — [0,00) be the function defined by h(z) = M; f(z) for 0 <z < 1 and
h(1) = M f(1). Then Myf(1) < h(1) and M f restricted to [0, 1] is the pointwise
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maximum of Myf and h. Hence by an application of Lemmas 3.2.5 and 3.2.6 and

then Lemma 3.2.3,
VaI'[le](Mf) S Var[071}(h) S Var[(),l](le) —+ Mf(].) — le(]_) S Mf(l)

The last inequality is strict if f does not vanish almost everywhere on R. This

shows (3.2.1) and hence completes the proof of Proposition 3.1.2.

Remark 3.2.7. One can show that M, f is also Lipschitz continuous on [0, 1] and
that Myf and M; f do not coincide at more than one point in [0, 1] if f does not
vanish almost everywhere on R. Let us only sketch a proof of the fact that if
y € [0,1] is such that Myf(y) > My f(y), then Myf(x) > M f(z) for any = € (y, 1].

By Lemma 3.2.2,

M f(z) = Mif(y) _ Mif(y)
T —y ~ 14a

Similarly as in the proofs of Lemmas 3.2.2 and 3.2.5, one can show that

Mo f(x) — Mo f(y) S Mof(y)
T —y T 1l-z+2y

Since My f(y) > My f(y) > 0 and y < z it follows that Myf(z) > M, f(x).

3.3 PROOF OF THEOREM 1.2.2

Throughout this section, let f: R — [0,00) be a function of bounded variation

such that for almost every z € R we have that f(z) = 0 or f(x) = Mf(x). In
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3.3 Proof of Theorem 1.2.2

order to prove Theorem 1.2.2, we need to show the inequality
var(M f) < var(f) (3.3.1)

and determine its cases of equality. We will accomplish this by using a certain
canonical representative f whose properties facilitate the application of Proposi-
tion 3.1.2. In Section 3.3.1, we define f, show that f and f agree almost everywhere
and that

var(f) < var(f). (3.3.2)

There, we also establish some further properties of f. In Section 3.3.2, we apply

Proposition 3.1.2 to show (3.3.1) for f, i.e. we show that

var(M f) < var(f). (3.3.3)

Inequalities (3.3.2) and (3.3.3) together imply (3.3.1). In Section 3.3.3, we char-
acterise the cases of equality in (3.3.1) by characterising the cases of equality in
(3.3.3) and then characterising the cases of equality in (3.3.2) under the assumption

that equality holds in (3.3.3).

3.3.1 CANONICAL REPRESENTATIVE

Let us define a function f: R — [0, 00) as follows. If # € R is such that

T+r
lim sup][ f(y)dy =0, (3.3.4)
™0 x—r
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Chapter 3 The centred maximal function diminishes the variation

then we let f(z) = 0 and otherwise we let f(x) = Mf(x). This canonical
representative is related to but distinct from the homonymous object in [APO07].
By the Lebesgue differentiation theorem and the assumption on f, we have that
f(z) = f(z) for almost every € R and hence M f(z) = M f(z) for any = € R.
Since f is of bounded variation, its one-sided limits exist at any point. It follows
that (3.3.4) can be rewritten without the use of an integral, but we will not need

this.

The following lemma will be used multiple times throughout this section.

Lemma 3.3.1. The maximal function M f is lower semi-continuous, i.e. for any

x € R it holds that liminf, ,, M f(y) > M f(z).
Proof. By definition, M f is the pointwise supremum of the continuous functions

xT+r
Rax»—>][ fly)dy, r>0.

The lemma follows from this. O

We now show that the canonical representative does not increase the variation.

Lemma 3.3.2. Inequality (3.3.2) holds.

Proof. We first claim that it suffices to show that for any x € R and € > 0 there
exist y1, 92 € (x — €, 2 + €) such that f(y;) —e < f(z) < f(y2) + €. Let k> 1 and
let

— 00 < Ty <T < ... < T <OQ.
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3.3 Proof of Theorem 1.2.2

By iteratively removing any points x; with 1 < i < k — 1 for which f(z;) lies in the

convex hull of {f(z;_1), f(2::1)}, we obtain a subsequence zj, < ... < x, such that

for some o € {—1,1}. Let € > 0. By the claim made at the beginning of the proof,

there exist points y; € (2} — €, 2} + €) such that

for any 0 < ¢ < £. If € is small enough, then y; is increasing in ¢ and hence

k—1 -1
;; [f (@) = f@i)| — 20e < UZO Fyi) + (=1 f (girr) < var(f).

Let € — 0 and then take the supremum over all k and z; as above to show (3.3.2).

It remains to show that for any x € R and € > 0 there exist points y; and y» as
above. Let r € (0,€). We start with the existence of 3. By the definitions of f(z)
and M f(x),

f(z) > limsup ][ fly
™\0

Hence if r is sufficiently small, then the integral on the right-hand side is at most

f(2) 4 € and so there exists a y; € (x — 7,z +7) with f(y;) — e < f(x), as required.

We complete the proof by showing the existence of y,. If f(z) = 0, then
we may simply choose yo = = because f is nonnegative. So we assume that
f(x) = M f(z) > 0. Since (3.3.4) fails, f(y) > 0 for any y in some subset of positive

measure of (z —r,z 4+ 7). As f and f are equal almost everywhere, it follows that
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f(y2) = f(y2) = M f(y2) for some y, € (x —r,x + ). Hence if r is small enough,

then Lemma 3.3.1 implies that f(ys) 4+ ¢ > f(z), as required. O

In particular, (3.3.2) shows that f is of bounded variation. Together with the

definition of f, this implies some topological properties of the vanishing set
V={zcR| f(x) =0}

Lemma 3.3.3. The set V is open and its boundary has no limit points in R.

This can be stated equivalently as follows: There exists a finite or countably
infinite nondecreasing sequence of points a; € R U {£oc0} without accumulation

points in R such that V' = U;(ag;, agit1).

Proof. If f vanishes almost everywhere, then V' = R and the lemma follows. Since
f is nonnegative, we may therefore assume that f is positive in a set of positive
measure. Let z € R. Then M f(z) > 0 and by Lemma 3.3.1 there exists an € > 0
such that M f(y) > € for any y € (x — €,z + €).

We first show that x is not a limit point of the boundary of V. Let k£ > 0 and let
T—e<20<T1<...<ZTogpr1 <T+E

be a sequence of points with f(2y;) = 0 and f(z9i11) = M f(29,1) forany 0 < i < k.
It suffices to show that % is bounded by a constant that only depends on f and e.

Such a bound holds because

(2k +1)e < ZO (i) = fla)| < var(f) < oo
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3.3 Proof of Theorem 1.2.2

The first inequality above holds by the properties of € and x. The second inequality
holds by definition. Hence x is not a limit point of the boundary of V.

It remains to show that V is open. To this end, let = be a boundary point
of V. We need to show that f(z) > 0. By the first part of the proof, f(y) > €
for any y in some one-sided neighbourhood of z, i.e. for any y in (r — r,x) or

(x,x+ 1) for some r > 0. Since f is nonnegative, we see that (3.3.4) fails and hence

f(z) = M f(x) > 0. This completes the proof. O

3.3.2 GLOBAL VARIATION BOUND

In Section 3.3.1, we proved (3.3.2). Together with the following result, this implies

(3.3.1), proving the first part of Theorem 1.2.2.

Proposition 3.3.4. Inequality (3.3.3) holds.

Proof. By Lemma 3.3.3 and a subdivision of R we see that (3.3.3) holds if

vary(M f) < vary(f) (3.3.5)

whenever [ is a connected component of R \ V or the closure of a connected
component of V. If I is a connected component of R\ V, then f and M f agree
on I, so that (3.3.5) holds with equality. Now let I be the closure of a connected
component of V. If I = R, then both sides of (3.3.5) are zero. On the other
hand, if I # R, then by Lemma 3.3.3, f and M f agree on the boundary of I and
therefore (3.3.5) follows from either (i) or (ii) in Proposition 3.1.2. This completes

the proof. [
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3.3.3 CASES OF EQUALITY

It remains to characterise the cases of equality in (3.3.1). We first establish certain

regularity properties of f.
Lemma 3.3.5. Any connected component of V- or R\ V' has positive length.

Proof. Let € R. If f(y) > 0 for any y # z in some compact neighbourhood of z,
then by Lemma 3.3.1 there exists an € > 0 such that f(y) = M f(y) > € for any
such 5. Hence (3.3.4) fails and f(z) = M f(x) > e. This shows that {2} is not a
connected component of V.

On the other hand, if f(y) = 0 for any y # z in some neighbourhood of z,
then (3.3.4) holds and hence f(z) = 0. This shows that {z} is not a connected
component of R\ V. Since x € R was arbitrary, it follows that any connected

component of V' or R\ V has positive length. O]

Now we investigate the behaviour of the canonical representative f on connected

components of its support

R\V ={z €R| f(z) > 0}.

This set is closed by Lemma 3.3.3. Our next result will only be applied in the case
of an unbounded connected component, but its proof is identical in the bounded

and unbounded cases.

Lemma 3.3.6. The function f is concave on any connected component of R\ V.

Proof. Suppose for a contradiction that f is not concave on some connected

component [ of R\ V. Then there exist points o < x; < x3 in I such that
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f(z1) < L(x1) where L: R — R is the affine linear function defined by L(zq) = f(z0)
and L(zs) = f(x2). Hence for g = f — L we have g(z;) < 0 and g(z) = g(x) = 0.

Since f and M f are equal in I, Lemma 3.3.1 and the continuity of L imply that
there exists a smallest x| € [z, 23] such that

g(x}) = inf g(y) <O0.

2o <y<w2

Since g(zg) = 0, there exists an r > 0 such that [z} —r, 2| + 7] C [0, 22]. We have
that g(y) > g(z}) for any y € [x¢, x2] and the inequality is strict if y < z}. Hence

by the mean value property for L,

!
Ty +r

Mz = fwg@) dy + L(ah) > glay) + L(a) = ().

x)—r =
This is a contradiction to the fact that 2; € R\ V. Therefore f is concave on I. [J

The following result is a consequence of Lemma 3.3.6.

Lemma 3.3.7. Let I be an unbounded connected component of R\ V. Then,

f(z) > 0.

|x|—o00; €T

Furthermore, if I = R, then f is constant.

Proof. Suppose for a contradiction that one of the conclusions of the lemma is
false. Let zo € I, meaning that f (rg) > 0. Then by symmetry, we may assume
that [19,00) C I and that there exists a x; > x¢ such that f(z;) < f(zo). By
Lemma 3.3.6, it follows that f(l'g) < L(xy) for any x5 > x; where L: R — R is

the affine linear function defined by L(z¢) = f(z¢) and L(z;) = f(z1). Notice
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that L is strictly decreasing and hence f (r2) < 0 if x5 is large enough. This is a

contradiction to the nonnegativity of f. O]

We can now characterise the cases of equality in the intermediate inequality

(3.3.3).

Proposition 3.3.8. Equality holds in (3.3.3) if and only if f is constant or R\ V

is a compact interval of positive length.

Proof. Tt suffices to consider the case that f is not constant since otherwise both
sides of (3.3.3) are zero. Then R\ V' is nonempty. By the second part of Lemma 3.3.7,
we also have that V' is nonempty.

By the proof of Proposition 3.3.4, equality holds in (3.3.3) if and only if (3.3.5)
holds with equality whenever I is the closure of some connected component of
V. Any such I has positive length by Lemma 3.3.5. By the strictness in Proposi-
tion 3.1.2(i), this means that (3.3.3) can only hold with equality if all connected
components of V' are unbounded, i.e. if R\ V' is a nonempty interval. This interval
is closed by Lemma 3.3.3 and has positive length by Lemma 3.3.5.

Now let I # R be an unbounded connected component of V. Since the function

f is of bounded variation, its limits at +oo exist and for any x € R,

A S+ f(=y)
M) lim £ Fl)dy = Ji HEEHEY,
Furthermore, if the right-hand side is zero, then lim ;. M f(z) = 0. By Proposi-
tion 3.1.2(i), it follows that (3.3.5) holds with equality if and only if lim,) . f(z) =
0. By Lemma 3.3.7, this is the case precisely when R\ V' has no unbounded com-

ponents. We conclude that if f is not constant, then (3.3.3) holds with equality
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3.3 Proof of Theorem 1.2.2

if and only if R\ V is a compact interval of positive length. This completes the

proof. O

We can now characterise the cases of equality in (3.3.1). We first assume that
equality holds and show that f is constant or the set {z € R | f(z) > 0} is a

bounded interval of positive length and for any x € R,

liminf f(y) < f(z) < limsup /(y). (3.3.6)

Yy—x

If f is constant, then M f is constant and equality in (3.3.1) implies that f
is constant. Now consider the case that f is not constant. By Lemma 3.3.2
and Proposition 3.3.4, equality in (3.3.1) implies equality in (3.3.2) and (3.3.3).
Hence by Proposition 3.3.8, it follows that R\ V' = [a, b] for some real numbers
a < b. By Lemma 3.3.6, the canonical representative f is concave on [a,b] and
hence continuous on (a,b) with

0=lim f(y) < f(a) < lim f(y) and 0=1lim f(y) < f(b) <lim f(y). (3:37)

y/a y\a

Since f and f are equal almost everywhere and f is continuous in R\ {a, b}, equality
in (3.3.2) now implies that f(z) = f(x) for any = € R\ {a,b}. It follows that
{z € R| f(x) > 0} contains (a,b) and is contained in [a, b, verifying that this set
is a bounded interval of positive length. Furthermore, (3.3.6) holds if = & {a, b}.
At z = a, using (3.3.7) together with the equality in (3.3.2) we obtain that

0= lim fy) < fla) < lim fy)
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and a similar statement holds at x = b. Since we already established that f(y) =
f(y) for y € R\ {a,b}, we can replace f(y) by f(y) in the above limits. Hence,
(3.3.6) is true also for x € {a,b}, and we conclude that f has the properties stated

in the previous paragraph.

Conversely, assume that f is constant or the set {z € R | f(x) > 0} is a bounded
interval of positive length and (3.3.6) holds for any x € R. We need to show equality
in (3.3.1). This is immediate if f is constant, so it remains to consider the case that
there exist real numbers a < b such that {x € R | f(x) > 0} contains (a, b) and is
contained in [a, b]. Using the Lebesgue differentiation theorem and Lemma 3.3.3 it
follows that R\ V' = [a, b]. Hence equality holds in (3.3.3) by Proposition 3.3.8 and
f is continuous in (a,b) by Lemma 3.3.6. It remains to show equality in (3.3.2).
Since f and f agree almost everywhere and are of bounded variation, we have that

lim inf f(y) = liminf f(y) = f(x)

Yy—x

for every = € (a,b) and the same holds with liminf replaced by limsup. Now
f(z) = f(x) holds for any = € (a,b) by (3.3.6) and for any z € R\ [a,b] by
assumption on f, i.e. f(x) and f(x) may only disagree if € {a,b}. However,
Lemma 3.3.6 implies (3.3.7) as before and (3.3.7) continues to hold if f is replaced
by f, which is a consequence of (3.3.6). We can conclude equality in (3.3.2), which
implies equality in (3.3.1) because we already showed equality in (3.3.3). This

completes the proof of Theorem 1.2.2.
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3.4 Discrete setting

3.4 DISCRETE SETTING

In this section, we first use an embedding argument and a complementary approx-
imation argument to prove the conditional result Proposition 1.2.4 and to derive the
discrete Theorem 1.2.3 from the continuous Theorem 1.2.1. Afterwards, we adapt

the arguments in Sections 3.2 and 3.3 to show the general discrete Theorem 1.2.5.

3.4.1 EMBEDDING

Let f: Z — R be a function of bounded variation and let M f: Z — R be the
discrete maximal function as defined in Section 1.2.2. We define an associated
step function f.: R — R by setting f.(x) = f(n) for any integer n and any
r€[n—1/2,n+1/2). Let Mf.: R — R be the continuous maximal function as
defined in Section 1.2.1.

For any monotone map ¢: Z — Z there exists a monotone map 9: Z — R such
that fo¢ = f. o and vice versa. Hence varz(f) = var(f.). Our next claim is that

varz(M f) < var(M f.). This is an immediate consequence of the following result.
Lemma 3.4.1. We have that M f(n) = M f.(n) for any integer n.

Proof. For any nonnegative integer m, the step function f. is constant on the
intervals [n —m —1/2,n —m+1/2) and [n+m —1/2,n+m+ 1/2). Thus for any
positive radius r with |r —m| < 1/2 we have that

r—m
2r

n+r 1 n+m
F oWl =5 [ 1y + T e — )]+ o+ )

-

The right-hand side is of the form A+ B/r for some constants A and B independent

of r, where B =0 if m = 0. It follows that the map r > f:_tr fe(y) dy is constant
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on (0,1/2] and monotone on [m — 1/2;m + 1/2] for any positive integer m. Hence,

n+r+1/2 n+r
Midn) = swp f IRl dy = s X [f(m)| = M(n).
r€l>0 Jn—r—1/2 r€L>0 m=n—r
This completes the proof. n

If f. satisfies (1.2.2) for some constant C, then it follows from the above that
varz(M f) < var(M f.) < Cvar(f.) = Cvarz(f) (3.4.1)

and hence f satisfies (1.2.4) with the same constant. This proves a part of
Proposition 1.2.4, namely that the optimal constant in the continuous inequality
(1.2.2) is not strictly smaller than the optimal constant in the discrete inequality

(1.2.4). Similarly, (3.4.1) enables us to derive Theorem 1.2.3 from Theorem 1.2.1.

Proof of Theorem 1.2.3. By assumption, f is {0, 1}-valued and of bounded vari-
ation and so the same is true for f.. Hence by (3.4.1) and Theorem 1.2.1, we see
that f satisfies (1.2.4) with C' = 1. Equality can only hold if equality holds in
Theorem 1.2.1. For a nonconstant f, this implies that the set {x € R | f.(x) =1}
is a bounded interval of positive length and hence the set {n € Z | f(n) =1} is a
bounded nonempty discrete interval. On the other hand, if f is of this form, then

equality is attained because for any integer n with f(n) = 1 we have that
varz(M f) > 2M f(n) — %%Mf(m) + Mf(—m) =2—0=varg(f).

This completes the proof. O
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3.4.2 APPROXIMATION

In order to complete the proof of Proposition 1.2.4, it remains to show that the
optimal constant in the continuous inequality (1.2.2) is not strictly larger than the
optimal constant in the discrete inequality (1.2.4).

Assume that (1.2.4) holds for some constant C'. By the following result, it suffices
to show that var(M f.) < Cvar(f.) for any nonnegative function f.: R — [0, 00) of

bounded variation.

Lemma 3.4.2. For any function g: R — R of bounded variation, Mg = M|g| and

var(|g[) < var(g).

Proof. The equality is immediate from the definition of the maximal function and

the inequality follows from the reverse triangle inequality:

lg@@)| = 9@l < lg(x) — g(v)|

for any real numbers x and y. [

Let a be a nonnegative integer and define a function f*: Z — [0, 00) by setting

2-%(n+1/2)
Fo(n) = ]f f(@)de, nez

—a(n—1/2)
Lemma 3.4.3. It holds that varg(f*) < var(f.).

Proof. Similarly as in the proof of Lemma 3.3.2, it suffices to show that for any n € Z
there exist points y1,y2 € 27%(n — 1/2,n + 1/2) such that f.(y1) < f%(n) < fo(y2).

This follows from the definition of f%(n) as an average. O
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By the last result and (1.2.4) it suffices to show that

var(M f.) < supvarg(M f?).

a>0

Our proof of this inequality consists of two parts: Lemma 3.4.4 relates M f. to
M f* on the set
Zl3)={2"n|a,neZ}

whose elememts are known as the dyadic rationals. Then, Lemma 3.4.6 shows that

the variation of M f, is exhausted by dyadic rationals.
Lemma 3.4.4. If z is a dyadic rational, then lim, o M f*(2°x) = M f.(z).

Proof. 1f a is sufficiently large, then M f*(2%z) is defined and we have

2%x+r xT-+r
M f*(2%¢) = sup 2]: fi(n) = sup ][_ fe(y) dy.

TGZE() n=2%x—r 7‘627‘7‘(220-"-1/2)

If U is an nonempty open subset of [0, c0], then the set of radii 27%(Z>o + 1/2)

intersects U for any sufficiently large a. Since f, is of bounded variation, the map

r+s
[0,00] 37+ lim fely) dy

s€(0,00) Y T8

is continuous and hence lim, o, M f*(2%x) = sup,- ffj: fe(y) dy, as required. [

Now we need to strengthen the lower semicontinuity established in Lemma 3.3.1.
Note that Lemma 3.3.1 applies to f. since its proof does not use the additional

assumptions of Section 3.3.
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Lemma 3.4.5. Let x; be a sequence of real numbers converging to some real limit x.
If lim; o fo(x;) = liminf, . fo(y), then lim; oo M fo(x;) = M fo(x). In particular,

M f. is continuous at points where f. is continuous.

Proof. By Lemma 3.3.1 it suffices to show that limsup,_,. M fc(z;) < M f.(x). Let

r; € [0, 00] be such that

Ti+s

M fo(x;) = lim fe(y) dy.

S—T;
s€(0,00) ¥ Ti TS

After extracting a subsequence we may assume that r; converges to some r* € [0, o0].

Note that the map

z+s

Rx (0,003 () lm 4 fly)dy
s€(0,00) ¥ 28

is continuous. Therefore, if 7* > 0, then

T+s
lei{loMfc@;z) = slgrn* fc(y) dy < Mfc(x)7
s€(0,00) Y F7S
as required. We now assume that r* = 0. Since f. is of bounded variation, it has

one-sided limits at x. By our assumption that lim; , fc(z;) = liminf, ., f.(y), it

follows that one of the two limits

T

T+
i )y and Jm A

1—00
T;—T;
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is equal to liminf, ., f.(y) and the other is at most limsup,_,, fc(y). Hence,

1 T+s
lim M fe(zi) < 5 <liggi;1f fe(y) +lim sup fc(y)> = ]i  Jely)dy < Mfe(w),

as required. O

This allows us to prove that the variation of M f. is exhausted by dyadic rationals.

We write

Varz[l/g](Mfc) = sup Z |Mfc(¢(l>> - Mfc(gb(l + 1))’

¢: Z — Z[1/2] monotone ;c7,

Lemma 3.4.6. It holds that var(M f.) < vargp o (Mfe).

Proof. Similarly as in the proof of Lemma 3.3.2, it suffices to show that for any
x € R and € > 0 there exists a dyadic rational y € (x — €,z + €) such that
Mf.(y) —e < Mf(x) < Mf.(y) + e. This follows from Lemma 3.4.5 since the
dyadic rationals are dense in R and since the one-sided limits of the function of

bounded variation f. exist. O

By Lemmas 3.4.4 and 3.4.6 we have

var(M f.) < vargp o (M f.) < sup varz(M f*)

a>0

and this completes the proof of Proposition 1.2.4.

3.4.3 DISCRETE LOCAL VARIATION BOUND

The following result is the discrete analogue of Proposition 3.1.2. We will use it

to derive Theorem 1.2.5 similarly as Theorem 1.1.2 in the continuous setting, but
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without any of the technical difficulties related to compactness issues or exceptional

sets of measure zero.

Proposition 3.4.7. Let f: Z — [0,00) be a bounded function and let I C R be
an interval such that f(n) = 0 for any integer n in the interior of I. Then the

following holds:

(i) If I = [a,b] for some integers a < b, then varjnz(M f) < M f(a) + M f(b).

The inequality is strict unless f vanishes everywhere on 7Z.

(ii) If I = (—o0,a] or I = la,o0) for some integer a, then M f is monotone on

INZ and varjqnz(M f) = M f(a) — inf,cjnz M f(n).

The proof of this result goes along similar lines of the proof of Proposition 3.1.2,
although some details differ. In particular we have to work around the fact that
not all integer intervals have integer midpoints.

We first prove the unbounded case in Proposition 3.4.7(ii). By symmetry, it

suffices to take I = [a, 00).

Lemma 3.4.8. Let f: Z — [0,00) be a bounded function and let a € Z be such
that f(n) = 0 for every integer n > a. Then M f is nonincreasing on [a,00) N 7Z

and hence

varjgoo)nz(Mf) = M f(a) — inf M f(n).

nela,00)NZ

Proof. This is similar to the proof of Lemma 3.2.1. Let n,m € Z be such that

a <n <m. Then,

n—+r n+r+2(m—n)
Mf(n)= sup N f(k)= sup X f(k) = Mf(m). O
2N p—p_p T2N=0  k—p_p
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The rest of this section is devoted to the proof of Proposition 3.4.7(i), i.e. the case
that I = [a, b] for some integers a < b. We start with a reduction using translation
invariance. We also insert a midpoint in the case that a + b is odd. For this, let f

be as in Proposition 3.4.7. Set

7 if a + b is even,

N
+
DO [—
Il
—
|
N
|
N[
[

g} if a+bis odd

~ ~

M) = sup X Fom).

vES; v<n m=y

Given a domain T € {5, Sy}, a function g : T — [0, 00) and an interval I C R we

define the variation of g on the discrete interval I N'T by

varr(g) = sup > 1g(o(i) — g(o(i + 1))].

¢: Z — INT monotone ;7

If S =7, then these definitions agree with those in Section 1.2.2. Note that

~ ~

varjqynz(M f) = var|_(s—a)/2,(6—a)/2ns (M f) < Var|_(p—a)/2,(6—a)/2ns0 (M )
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and
b—a
2

b—a
2

MF(=25) = up@, MF(PS0) = s,
From now on and for the rest of the proof of Proposition 3.4.7(i), let f: .S — [0, c0)
be a bounded nonzero function. By the above relations and by symmetry, it is

enough to show the strict inequality
varg qns, (M f) < M f(a) (3.4.2)

for any positive a € S such that f(n) =0 for all n € S with —a < n < a. This is

analogous to (3.2.1).

Similarly as in the continuous setting, M f restricted to [0, a] NSy is the pointwise
maximum of the auxiliary maximal functions My f, My f: [0,a]NSy — [0, 00) defined
by

2n—v 2n—ov

Mof(n) = _ max }[::f(m), Mif(n)= sup Y f(m).

vES; —a<v<n VES; V< —a me—y

The following gradient bound for M f is analogous to the continuous Lemma 3.2.2.
Since admissible radii in the above discrete setting are separated by a distance of 1,
an additional term 1/2 appears in this bound. Because of this, we also dispense
with the additional lower bound on the radii in Lemma 3.2.2. Except for these

differences, the proof is similar to the continuous case.

Lemma 3.4.9. Let n,m € [0,00) N Sy be distinct. Then,

Myf(n) = Mif(m) _ M f(n) < _Mifim)
In —m| “n+a+1/24+n—m| T n+a+1/2
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Proof. We have M f(n) < oo since f is bounded. Hence for any € > 0 there exists

av € S with v < —a such that (1 — €)M, f(n) < L% f(k). Let w be such that
m—w=n—uv+|n—m|

Then w € S because v — w is an integer. Since w < v < 2n —v < 2m — w,

2n—ov 2m—w

(1— €)My f(n) — My f(m) < }@ fk) — }_[: f(k)

1 1 2n—v
= (2(n—v)+1_2(m_w)_|_1> ; f(k)

k=v
2ln —m|
= k
2(m —w) +1 k}g f (k)
In —m|

M f(n).
—n+a+U2+M—m¢1ﬂm

The first, third and fourth relations follow from definitions and the fact that w < —a.
In the second line, we use that f is nonnegative to reduce the range of summation
of the second sum. Now the first inequality in the lemma follows by letting € — 0.

The second inequality follows after rearranging terms. O]

Our next result is a local variation bound for M f analogous to the continuous
Lemma 3.2.3. Here the proof is somewhat simplified due to a telescoping argument.
Furthermore, due to the additional term 1/2 in Lemma 3.4.9 above, we are able to
show a slightly stronger inequality than in the continuous setting. This artefact
already allows us to obtain a strict inequality, whereas in the continuous setting

we have to work a little harder to get the strict inequality in Lemma 3.2.3.

74



3.4 Discrete setting

Lemma 3.4.10. Let a € S be nonnegative. Then,

2a
Vvaro,q)nsSy (le) <

S 1M1f(a).

Proof. Let n < m be elements of [0, a]NSy. By the two inequalities in Lemma 3.4.9,

Mf () = Muf(m)] < E

(m —n)(2a+1/2)
(n+a+1/2)(m+a+1/2)
( 2a+1/2 2a+1/2

n+a+1/2 m+a+1/2

max (M f(n), My f(m))

IN

M, f(a)
)le(a).

Now let 0 = ng < ny < ... < ng = a be an enumeration of [0,a] N Sy. We use the

above estimate and evaluate the resulting telescoping sum to obtain that

= 2a +1/2
vt (1) = X [0 (0) = M )] < (22502~ 1))
i=0
This completes the proof. ]

Regarding the other auxiliary maximal function M, f, the following result similar

to Lemmas 3.2.5 and 3.4.8 holds.

Lemma 3.4.11. Let a € S be nonnegative and let f(n) =0 for any n € S with

—a <n <a. Then Myf is nondecreasing on [0,a] N Sy.

Proof. Let n,m € S be such that 0 <n < m < a. Then,

2n—wv 2n—v
= < <
Mof(n) vES; —Icrll<a$<§2n—a kﬁ_;) f(k> T weS; —I(Iz1<ag<§2n—a kv—f—%;m—n) f(k) - Mof(m)
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Since My f(0) = 0 and M, [ is nonnegative, this completes the proof. O

Having established the monotonicity of Myf and a variation bound for M f
similarly as in the continuous setting, the next step is to combine these results
using the following analogue of Lemma 3.2.6. We omit the proof because it is the

same.

Lemma 3.4.12. Let a € S be nonnegative. Let g, h: [0,a] NSy — R be functions

such that g(a) < h(a) and let g be nondecreasing. Then,

varjg qns, (max(g, h)) < varg qns, (h)-

We are now ready to prove (3.4.2). Let a € S be positive such that f(n) =0 for
any n € S with —a <n < a and let h: [0,a] NSy — [0, 00) be the function defined
by h(n) = M;f(n) for n < a and h(a) = M f(a). Then Myf(a) < h(a) and M f
restricted to [0,a] NSy is the pointwise maximum of Myf and h. Hence we can

apply Lemmas 3.4.11 and 3.4.12 and then Lemma 3.4.10 to obtain that

var qns, (M f) < varp,qns, (h) < varpgns,(Mif) + M f(a) — My f(a) < M f(a).

This proves (3.4.2) and thus completes the proof of Proposition 3.4.7.

3.4.4 DISCRETE GLOBAL VARIATION BOUND

We now prove the inequality in Theorem 1.2.5. Throughout this subsection and the
next subsection, let f: Z — [0,00) be a function of bounded variation such that

for any n € Z we have f(n) =0 or f(n) = M f(n). For possibly infinite endpoints

76



3.4 Discrete setting

a < b we write

[a,b|NZ={n€Z|a<n <b}.

There exists a possibly unbounded discrete interval Z C Z and a nondecreasing

sequence (a;);ez of points in Z U {£oo} such that

{neZ| f(n)>0}= U  lenan]NZ=2\ U (e ai)

1,i+1€Z;4 odd i,i+1€Z;4 even

and a; + 2 < a;y; for any even ¢ € Z such that ¢ +1 € Z. We may further assume
that the points oo each occur at most once in the sequence (a;);ez.

Let ¢ € Z be such that ¢ + 1 € Z. If ¢ is even, then by Proposition 3.4.7,

varg, q, nz(M f) < varp, a0z (f)- (3.4.3)

On the other hand, if 7 is odd, then by assumption it holds that f(n) = M f(n) for

all n € [a;, a;41] N Z and thus (3.4.3) holds with equality. We can conclude that

VarZ(Mf) = Z Var[ai,ai+1}ﬂZ(Mf) < Z Var[auaiﬂ]ﬂz(f) = VarZ(f)' (344)

ii+1€T ii+1eT

This proves the inequality in Theorem 1.2.5.

3.4.5 CASES OF EQUALITY

For the characterisation of the cases of equality in Theorem 1.2.5, we may assume
that f is not constant since otherwise both sides of (3.4.4) are zero. By the last
subsection, equality holds in (3.4.4) if and only if for every even i € Z withi+1 € Z

we have equality in (3.4.3). We need the following concavity result whose proof
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we omit because it is similar to the proof of Lemma 3.3.7. The conclusion of this
result slightly differs from Lemma 3.3.7 because here we already assume f to be

nonconstant.

Lemma 3.4.13. Let ¢t € Z be odd and such that i+ 1 € Z and a;;1 = co. Then

lim,, o f(n) >0 and a; > —o0.

By definition, Z has at least two elements. Since f is not constant, it is not the
zero function. Hence Z is not of the form {i,7+ 1} for any even 7. By Lemma 3.4.13,
it is also not of this form for any odd ¢. Hence Z has at least three elements. If
there exists an even i € Z with i + 1 € Z and a;, a;41 € Z, then (3.4.3) is a strict
inequality by Proposition 3.4.7 and hence (3.4.4) is strict. It remains to consider
the case that no such ¢ exists. After re-indexing and up to symmetry, this means
that Z is either {0, 1,2,3} or {0, 1,2}.

In the first case, f is finitely supported and hence, by Proposition 3.4.7(ii),
equality holds in (3.4.3) for the even indices i = 0 and ¢ = 2. Thus (3.4.4) holds

with equality. In the second case, by Lemma 3.4.13,

Mfm) > m X fom) = tim T S0

for any integer n. By Proposition 3.4.7(ii), this means that (3.4.3) is strict for i = 0
and hence (3.4.4) is strict. We conclude that equality holds in (3.4.4) if and only
if f is constant or {n € Z | f(n) > 0} = [a,b] N Z for some integers a < b. This

completes the proof of Theorem 1.2.5.
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