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Abstract

In this thesis, we make progress on five long standing conjectures on path and cycle
decompositions of graphs and digraphs. Firstly, we confirm a conjecture of Jackson from
1981 by showing that the edges of any sufficiently large regular bipartite tournament
can be decomposed into Hamilton cycles. Along the way, we also prove several further
results, including a conjecture of Liebenau and Pehova on Hamilton decompositions of
dense bipartite digraphs.

Secondly, we determine the minimum number of paths required to decompose the
edges of any sufficiently large tournament of even order, thus resolving a conjecture of
Alspach, Mason, and Pullman from 1976. We also prove an asymptotically optimal result
for tournaments of odd order.

Finally, we give asymptotically best possible upper bounds on the minimum number of
paths, cycles, and cycles and edges required to decompose the edges of any sufficiently large
dense graph. This makes progress on three famous conjectures from the 1960s: Gallai’s
conjecture, Hajos’ conjecture, and the Erdos—Gallai conjecture, respectively.

This includes joint work with Anténio Girao [40,41], Daniela Kiihn [40,41], Allan
Lo [40], and Deryk Osthus [40,41].
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CHAPTER 1

INTRODUCTION

Given a (di)graph G, a decomposition of G is a set of edge-disjoint sub(di)graphs Fi, ..., Fy
of G which altogether cover all the edges of G. The study of decompositions has a long
history and encompasses a wide range of structures Fi,..., F,. For example, triangle
decompositions of complete graphs were studied by Kirkman [67] in 1847, while Walecki [88]
showed in 1883 that the complete graph on n vertices can be decomposed into Hamilton
cycles if n is odd and into Hamilton paths if n is even. In 1963, Ringel [101] conjectured that
the complete graph on 2n + 1 vertices can be decomposed into edge-disjoint copies of any
tree with n edges. (This was recently verified by Montgomery, Pokrovskiy, and Sudakov [90]
and Keevash and Staden [63] for large complete graphs.) Decompositions of general graphs
into complete graphs where considered in 1966 by Erdds, Goodman, and Pésa [28], who
showed that any graph on n vertices with no isolated vertex can be decomposed into at
most [”IQJ complete graphs. In 1968, Lovész [87] studied decompositions into paths and

cycles.

Theorem 1.1 ([87]). Any graph on n vertices can be decomposed into at most L%J paths

and cycles.

Observe that Theorem 1.1 is tight. Indeed, let G be graph on n vertices and let D be

a decomposition of GG into paths and cycles. Then, observe that any vertex of odd degree

in G must be the endpoint of a path in D, so |D| > OddZ(G) (where odd(G) denotes the

number of odd-degree vertices of G).



1.1 Hamilton decompositions

One of the most natural and most extensively studied type of decomposition is a Hamilton
decomposition, that is, a decomposition into Hamilton cycles. (Here and throughout this
thesis, a Hamilton cycle in a digraph is always assumed to have all its edges consistently
oriented.)

Note that in a graph G, any set of edge-disjoint Hamilton cycles of G induce an
even-regular subgraph of G, so G must be regular of even degree to admit a Hamilton
decomposition. However, even-regularity is not a sufficient condition for the existence of a
Hamilton decomposition. For example, the graph in Figure 1.1 is 4-regular but cannot be
decomposed into Hamilton cycles since any Hamilton cycle must contain the two dashed

edges.

Figure 1.1: Example of an even-regular graph which cannot be decomposed into Hamilton
cycles.

Similarly, a digraph D which can be decomposed into Hamilton cycles must be regular.
(Here, a digraph D is regular if there exists r such that every vertex v € V(D) has both its
indegree d,,(v) and its outdegree df,(v) equal to r.) As for the undirected case, regularity
does not guarantee the existence of a Hamilton decomposition of a digraph. For example,
it was verified by Bermond and Faber [8] that the complete digraphs on 4 and 6 vertices
cannot be decomposed into Hamilton cycles.

Extensive research has been done into classifying the (di)graphs which admit a Hamilton

decomposition.

Problem 1.2. Given a (di)graph G, can G be decomposed into Hamilton cycles?

4



A well-known result of Karp, Lawler, and Tarjan [61] states that the problem of
determining whether a (di)graph G has a Hamilton cycle is NP-complete. Péroche [97]
showed that Problem 1.2 is also NP-complete and so, since it is expected that P # NP, a

general solution to Problem 1.2 cannot be expected.

1.1.1 Hamilton decompositions of dense graphs and digraphs

As mentioned at the start of this chapter, constructions of Hamilton decompositions of
complete graphs of odd order date back to the 19" century [88] (see also [4] for an English
description of Walecki’s construction). More than 130 years later, Walecki’s result was
extended by Csaba, Kiihn, Lo, Osthus, and Treglown [20], who gave an exact minimum

degree threshold for the existence of a Hamilton decomposition in sufficiently large graphs.

Theorem 1.3 ([20]). There exists ng € N for which the following holds. Let G be a graph
on n > ng vertices and suppose that G is r-reqular for some r > |5 |. Then, G can be

decomposed into edge-disjoint Hamilton cycles and at most one perfect matching.

Analogous results can be obtained for directed graphs. Bermond and Faber [§]
observed that Walecki’s result [88] implies that complete digraphs of odd order have a
Hamilton decomposition. In 1980, Tillson [107] showed that complete digraphs on 2n > 8
vertices can be decomposed into Hamilton cycles. (Bermond and Faber [8] verified that
such decompositions do not exist for 2n € {4,6}.) The analogous question for regular

tournaments was posed by Kelly in 1968 (see [91]).
Conjecture 1.4 (Kelly). Any reqular tournament can be decomposed into Hamilton cycles.

Kelly’s conjecture was first proved approximately for large tournaments by Kiihn,
Osthus, and Treglown [78] and later resolved for such tournaments by Kiithn and Osthus [76]
in 2013. In fact, the methods in [76] are more general and apply to “robust outexpanders”.
Roughly speaking, a robust outexpander is a digraph D such that for any S C V(D) which
is neither too small nor too large, there are significantly many more than |S| vertices

of D which have a linear number of inneighbours in S. Robust outexpanders were first

b}



introduced in [79] by Kiihn, Osthus, and Treglown and have since then been used to prove
a wide range of results (see e.g. [48,74]).

More precisely, given a digraph D on n vertices and S C V(D), the v-robust outneigh-
bourhood of S, denoted by RN;r p(5), consists of all the vertices of D which have at least
vn inneighbours in S. A digraph D on n vertices is called a robust (v, T)-outezpander if

|[RN, 5 (S)] > |S| 4 vn for every S C V(D) satistying 7n < [S] < (1 —7)n.

Theorem 1.5 ([76]). For any § > 0, there exists T > 0 such that, for all v > 0, there
exists ng € N for which the following holds. Let D be a robust (v, T)-outexpander on
n > ng vertices and suppose that D is r-reqular for some r > dn. Then, D has a Hamilton

decomposition.

One can show that sufficiently dense digraphs and oriented graphs are robust outex-
panders. (Throughout this thesis, a digraph refers to a directed graph which contains at
most one edge of each direction between any two distinct vertices, while an oriented graph
refers to a directed graph which contains at most one edge between any two distinct ver-
tices.) Thus, Theorem 1.5 can be used to obtain an approximate analogue of Theorem 1.3
for digraphs and oriented graphs. In particular, this implies that Kelly’s conjecture holds

for sufficiently large tournaments.

Theorem 1.6 ([76]). For any e > 0, there exists ng € N for which the following hold.

(i) Let D be a digraph on n wvertices and suppose that D is r-reqular for some

r > (% + 6) n. Then, D has a Hamilton decomposition.

(ii) Let D be an oriented graph on n vertices and suppose that D is r-reqular for some

r> (% + 5) n. Then, D has a Hamilton decomposition.

Although Theorem 1.6(i) is asymptotically best possible (there exist disconnected
([5] — 1)-regular digraphs on n vertices), it is not clear whether Theorem 1.6(ii) is
(asymptotically) best possible. On the one hand, there exist oriented graphs on n vertices

which are very close to being 3gn—regulaulr but are not Hamiltonian (see e.g. [76]). On the



other hand, Jackson [56] conjectured that any r-regular oriented graph on n vertices with
r>2andr > ”T_l is Hamiltonian. This conjecture was recently confirmed approximately
for large oriented graphs by Lo, Patel, and Yildiz [86]. See the survey [75] for a further
discussion.

Beyond Kelly’s conjecture, Theorem 1.5 has had a wide range of applications (see e.g.
[20,35,42,77], which are discussed in more detail below). In particular, all the results in

this thesis either use Theorem 1.5 or the main tool of [76] which was used to prove it.

1.1.2 Hamilton decompositions of partite graphs and digraphs

Hamilton decompositions of partite (di)graphs also have a long history. Walecki [88]
used their construction for complete graphs to show that a complete bipartite graph on
vertex classes of size 2n can also be decomposed into Hamilton cycles. This was extended
in 1972 by Dirac [25], who showed that a complete bipartite graph on vertex classes of
size 2n + 1 can be decomposed into n Hamilton cycles and one perfect matching. More
generally, Hetyei [53] and Laskar and Auerbach [82] independently showed in the 1970’s
that complete r-partite graphs on vertex classes of size n can be decomposed into L@j
Hamilton cycles and at most one perfect matching (depending on the parity of n(r — 1)).
In 1997, Ng [93] showed that complete r-partite digraphs on vertex classes of size n have a
Hamilton decomposition if and only if (r,n) ¢ {(4,1), (6,1)}.

An r-partite tournament is a digraph which is obtained by orienting the edges of a
complete r-partite graph. For r > 4, Kiithn and Osthus [77] showed that sufficiently large
regular r-partite tournaments are in fact robust outexpanders and so, by Theorem 1.5,
can be decomposed into Hamilton cycles. They also conjectured that regular tripartite
tournaments have a Hamilton decomposition [77]. However, we observe that this conjecture
is false. Indeed, we will see in Section 6.1 that a regular tripartite tournament obtained by
flipping the orientation of precisely one triangle in a consistently oriented blow-up of a

triangle cannot be decomposed into Hamilton cycles.



Proposition 1.7. For any integer n > 2, there exists a reqular tripartite tournament on

vertex classes of size n which does not have a Hamilton decomposition.

In 1981, Jackson [56] showed than any regular bipartite tournament is Hamiltonian

and conjectured that such digraphs have a Hamilton decomposition.

Conjecture 1.8 (Jackson). Any regular bipartite tournament can be decomposed into

Hamilton cycles.

Some progress on this conjecture was made by Liebenau and Pehova [84], who showed
that any sufficiently large regular bipartite digraph of sufficiently large degree has an

approximate Hamilton decomposition.

Theorem 1.9 ([84]). For any § > 3 and € > 0, there ezists ng € N such that any
dn-reqular bipartite digraph on 2n > ng vertices contains at least (1 — e)dn edge-disjoint

Hamilton cycles.

Note however that Theorem 1.9 does not actually apply to regular bipartite tournaments,
i.e. even the existence of an approximate Hamilton decomposition of regular bipartite
tournaments was not known so far. The main result of this thesis consists of a proof
of Conjecture 1.8 for sufficiently large bipartite tournaments. (Note that the number of
vertices in Theorem 1.10 is a multiple of 4 since any regular bipartite tournament must

necessarily have vertex classes of the same even size.)

Theorem 1.10. There exists ng € N such that any regular bipartite tournament T' on

4n > ng vertices has a Hamilton decomposition.

?

Our proof of Theorem 1.10 is split into two cases: T is a “bipartite robust outexpander’
and T is “close to the complete blow-up C,”. (This is discussed more thoroughly in
Chapter 4.) Along the way, we also prove a bipartite analogue of Theorem 1.5. In
particular, this allows us to extend Theorem 1.9 and fully decompose sufficiently large
dense bipartite digraphs into edge-disjoint Hamilton cycles. This resolves a conjecture of

Liebenau and Pehova [84].



Theorem 1.11. For any 0 > %, there exists ng € N for which the following holds. Let D
be a bipartite digraph on vertex classes of size n > ng and suppose that D is r-regular for

some r > dn. Then, D has a Hamilton decomposition.

1.1.3 Some related problems
One may consider the following generalisation of Problem 1.2.

Problem 1.12. Given a (di)graph G, how many edge-disjoint Hamilton cycles does G

contain?

Given a (di)graph G, a packing of Hamilton cycles in G is a set of edge-disjoint Hamilton
cycles of G. A packing is optimal if it has maximum size. Given a graph G, denote by
reg,..,(G) the maximum degree of an even-regular spanning subgraph of G. Given a
digraph D, denote by reg(D) the maximum degree of a regular spanning subdigraph of
D. Clearly, w and reg(D) provide natural upper bounds on the size of an optimal
packing of Hamilton cycles in a graph G and a digraph D, respectively. Kiihn, Lapinskas,
and Osthus [73] conjectured that a graph G of sufficiently large minimum degree contains

I'e€even
2

(©) edge-disjoint Hamilton cycles.

Conjecture 1.13 (Kiithn, Lapinskas, and Osthus). Let G be a graph on n vertices. If

0(G) > 5, then G contains M edge-disjoint Hamilton cycles.

Partial results towards Conjecture 1.13 were obtained by Kiihn, Lapinskas, and Osthus
[73] and Csaba, Kiihn, Lo, Osthus, and Treglown [20]. Moreover, Kiihn and Osthus [77]
verified this conjecture when n is sufficiently large and the minimum degree is at least
(2—+/2)n+o(n), while Ferber, Krivelevich, and Sudakov [34] proved an approximate version
of Conjecture 1.13. Joos, Kithn, and Schiilke [60] recently extended this approximate
result to k-uniform hypergraphs.

Given a digraph D, denote by 6°(D) = min{d},(v),d,(v) | v € V(D)} the minimum
semidegree of D. Based on Theorem 1.5, Kithn and Osthus [77] confirmed a conjecture

of Erdds (see [106]) which states that a random tournament T contains reg(T) = §°(T')

9



edge-disjoint Hamilton cycles with high probability. Together, results of Knox, Kiihn,
and Osthus [69], Krivelevich and Samotij [72], and Kiithn and Osthus [77] imply that an

analogous result holds for the binomial random graph G,, ,, for arbitrary p, i.e. G, , contains

regevez(Gn,p) - L‘S(G;YP)J Hamilton cycles with high probability. (Here and throughout this
thesis, 6(G) denotes the minimum degree of a graph G.) This resolves a conjecture of
Frieze and Krivelevich [37]. For Hamilton decompositions of random regular graphs, see
e.g. [65]. Note that [69] introduced the method of “iterative absorption”, which was used
and further developed to prove Theorem 1.5. For further uses of this proof technique, see
e.g. [44,80,98].

Progress on Problem 1.12 was also obtained by Frieze and Krivelevich [36] for e-regular
graphs of linear minimum degree. A bipartite graph G on vertex classes A and B of size n
is e-reqular if for any A’ C A and B’ C B of size at least en, we have

¢c(A,B) (A, B)
| Al B A"l B|

< €.

Similarly, a bipartite digraph D on vertex classes A and B of size n is e-regular if for any

A’ C A and B’ C B of size at least en, we have both

ep(A,B)  ep(A,B)
Al B |A’[| B'|

6D(B> A) . 6D(B/> A/)

<e and
| Al B |A'|| B

< E.

(Here and throughout this thesis, given a digraph D and disjoint A, B C V(D), ep(A, B)

denotes the number of edges which start in A and end in B.)

Theorem 1.14 ([36]). For any 0 < 6 < 1, there exist 0 < ¢ < 0 and ng € N for which
the following hold. Let G be an e-reqular balanced bipartite graph on vertex classes of size
n > ng with minimum degree 6(G) > dn. Then, G contains ch)—O(a)n > M—O(s)n

edge-disjoint Hamilton cycles.

Frieze and Krivelevich [36] also proved a non-bipartite analogue of Theorem 1.14

for graphs and digraphs. Using our bipartite analogue of Theorem 1.5 (see Chapter 4

10



for details), we improve Theorem 1.14 to best possible bounds and prove a directed
analogue. We also deduce that the binomial bipartite graph G, ,, and the binomial
bipartite digraph D, ., contain, with high probability, respectively M and reg(D)
edge-disjoint Hamilton cycles. An analogous result can be obtained for random bipartite

tournaments.

Corollary 1.15. For any 0 < p <1, there exist € > 0 and ng € N for which the following

hold.

(i) Let G be a bipartite e-reqular graph on vertex classes of size n and suppose that

0(G) > pn. Then, G contains M edge-disjoint Hamilton cycles.

(ii) Let D be a bipartite e-reqular digraph on vertez classes of size n and suppose that

8°(D) > pn. Then, D contains reg(D) edge-disjoint Hamilton cycles.

Te€even (Gn,n,p
2

iii) With high probability, G, ., contains ) edge-disjoint Hamilton cycles.
b 7p

(iv) With high probability, D,, ., contains reg(Dy, ) edge-disjoint Hamilton cycles.

(v) Let T' be chosen uniformly at random among the bipartite tournaments on vertex
classes of size n. Then, T contains reg(T) edge-disjoint Hamilton cycles with high

probability.

Another related line of research has been to count Hamilton decompositions. For

example, Glebov, Luria, and Sudakov [42] showed that, for any ¢ > % and any sufficiently

. . (A4o(m))nr .. . .
large even r = cn, any r-regular graph on n vertices contains r— 2 distinct Hamilton

cycles. Similarly, Ferber, Long, and Sudakov [35] showed that, for any ¢ > 2, any
sufficiently large cn-regular oriented graph on n vertices contains nt—eW)en® Jistinct

Hamilton decompositions. Both proofs are based on Theorem 1.5.

11



1.2 Cycle decompositions

More generally, one can consider cycle decompositions, that is, decompositions into (not
necessarily Hamilton) cycles. (Here and throughout this thesis, a cycle in a digraph is always
assumed to have all its edges consistently oriented.) Unlike Hamilton decompositions, the
class of (di)graphs which admit a cycle decomposition has a simple characterisation: a
(di)graph can be decomposed into cycles if and only if it is Eulerian. (Here and throughout
this thesis, a digraph D is called Fulerian if each vertex v € V(D) satisfies d},(v) = dp(v).)
So instead, the main line of research focuses on decomposing Eulerian (di)graphs into as

few cycles as possible.

Problem 1.16. Given an Eulerian (di)graph G, what is the minimum size of a cycle

decomposition of G?

The answer to Problem 1.16 is called the cycle number of G and denoted by cn(G).
Note that a Hamilton decomposition of an n-vertex (di)graph G is a cycle decomposition
of size @ and so since Problem 1.2 is already NP-complete, determining the cycle number

of a (di)graph is also an NP-complete problem. Thus, a general solution to Problem 1.16

cannot be expected.

1.2.1 Cycle decompositions of graphs

Let G be an Eulerian graph on n vertices. A natural lower bound on the cycle number of

G can be expressed in terms of the maximum degree A(G) of G. That is,

cn(@) > @. (1.1)

In general, # cycles may not suffice to decompose G. For example, it is easy to see that

the graph in Figure 1.2 has maximum degree 4, but has a unique cycle decomposition of

size 3.

12



Figure 1.2: Example of a graph G which satisfies cn(G) > @.

By considering the maximum possible value for A(G) in (1.1), one can deduce that
there exist n-vertex graphs which cannot be decomposed into fewer than L"T_lj cycles.

Hajos (see [87]) conjectured that |“5*] cycles are actually sufficient.
Conjecture 1.17 (Hajés). Any Eulerian graph on n vertices satisfies en(G) < L“T_IJ

(Note that Hajés originally asked for a decomposition of Eulerian n-vertex graphs into
at most [ 2] cycles, but Dean [22] observed that this is equivalent to Conjecture 1.17.)

Hajos” conjecture is still open but has been verified for some specific classes of graphs.
First, note that a Hamilton decomposition of a (di)graph G on n vertices is a cycle
decomposition of size @ < |25 ], so Conjecture 1.17 holds for all the classes of (di)graphs
which have a Hamilton decomposition (see Section 1.1 for some examples). Moreover,
Hajos’ conjecture has been verified for graphs on at most 12 vertices by Heinrich, Natale,
and Streicher [52], as well as for planar graphs by Jiang [58] and Seyffarth [102]. Favaron
and Kouider [32] and Granville and Moisiadis [47] independently proved Conjecture 1.17
for graphs of maximum degree at most 4. Favaron and Kouider [32] also verified Hajds’
conjecture for minimally 2-connected and minimally 2-edge-connected graphs. Other lines
of investigation on Hajds’ conjecture include K -minor free graphs by Fan and Xu [31],
graphs of treewidth at most 3 by Botler, Sambinelli, Coelho, and Lee [16], graphs of
pathwidth at most 6 by Fuchs, Gellert, and Heinrich [38], projective graphs by Fan and
Xu [31], and (quasi)random graphs by Glock, Kiithn, and Osthus [45].

Together with Girdo, Kithn, and Osthus [41], we prove an approximate version of

Conjecture 1.17 for sufficiently large graphs of linear minimum degree.

Theorem 1.18 ([41]). For any o, 6 > 0, there ezists ng € N such that the following holds.

Let G be an Eulerian graph on n > ng vertices of minimum degree 6(G) > an. Then,

13



en(G) < 2+ on.

(SIS

In fact, our methods allow us to show that the bound in (1.1) is asymptotically the
correct value when G also a satisfies weak quasirandom property. (This is discussed
more thoroughly in Chapter 2.) In particular, these refined bounds settle Conjecture 1.17
for sufficiently large graphs of sufficiently large minimum degree and sufficiently small

maximum degree.

Theorem 1.19 ([41]). For any e > 0, there exists ng € N such that the following holds. Let
G be an Eulerian graph on n > ng vertices satisfying (3 +¢) n < 8(G) < A(G) < (1—¢)n.
Then, en(G) < | 251].

2

1.2.2 Cycle and edge decompositions of graphs

As discussed above, Hajds” conjecture has been verified for some specific classes of graphs,
but very little progress has been made for general graphs. In fact, the related problem
of decomposing Eulerian graphs into O(n) cycles is still open. This is equivalent to a

problem posed in [28], which is known as the Erdés-Gallai conjecture (see [27]).

Conjecture 1.20 (Erdés-Gallai). Any graph on n vertices can be decomposed into O(n)

cycles and edges.

To see why the Erdos-Gallai conjecture is equivalent to decomposing Eulerian graphs
into a linear number of cycles, let G be an Eulerian graph on n vertices and suppose that
D is a decomposition of G into O(n) cycles and edges. Denote by C the set of cycles in D
and by & the set of edges in D. Since G is Eulerian and all the cycles in C are edge-disjoint,
£ induces an Eulerian subgraph G’ of G. Thus, G’ can be greedily decomposed into a set
C' of at most |€| edge-disjoint cycles. Then, C UC’ is a cycle decomposition of G of size
at most |D| = O(n), as desired. Conversely, suppose that G is a graph on n vertices. By
greedily removing cycles from G, partition the edges of GG into an Eulerian subgraph G’
and a forest F'. Note that F' contains at most n — 1 = O(n) edges. Thus, a decomposition

of G’ into O(n) cycles would induce a decomposition of G into O(n) cycles and edges.
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Some progress toward Conjecture 1.20 was made by Conlon, Fox, and Sudakov [19],
who showed that O(nloglogn) cycles and edges are sufficient to decompose any graph on

n vertices. Moreover, they verified Conjecture 1.20 for graphs of linear minimum degree.

Theorem 1.21 ([19]). For any a > 0, the following holds. Let G be a graph on n vertices
of minimum degree 5(G) > an. Then, G can be decomposed into O(a~'?*n) cycles and

edges.

Together with Girao, Kithn, and Osthus [41], we observe that Theorem 1.18 can be

used to improve the bounds in Theorem 1.21.

Theorem 1.22 ([41]). For any «,d > 0, there exists no € N such that the following holds.
Let G be a graph on n > ng vertices of minimum degree 6(G) > an. Then, G can be

decomposed into at most 37” + on cycles and edges.

There exist graphs on n vertices which cannot be decomposed into fewer than 37” —o(n)
cycles and edges, so Theorem 1.22 gives the asymptotically best possible constant. Indeed,
let € > 0 and fix a natural number n > % such that en is odd. Let G be the complete
bipartite graph on vertex classes A and B of size en and (1 — €)n, respectively. We show
that G cannot be decomposed into fewer than (% — 2&?) n cycles and edges. Let D be a
decomposition of G into cycles and edges. By assumption, every vertex of B has odd
degree in G' and so must be adjacent to at least one edge in D. Thus, there exists £ C D
which consists of (1 — ¢)n edges. Then, there exists v € A which is adjacent to at most
== edges in £ and so [D| > |€] + 1 (dg(v) — 1=5) > (& — 2¢) n, as desired.

2

1.2.3 Cycle decompositions of digraphs

Jackson [55] conjectured that the analogue of Hajés” conjecture holds for Eulerian oriented
graphs, that is, any Eulerian oriented graph on n vertices can be decomposed into at most
| 2] cycles. However, Dean [22] observed that this conjecture is false and proposed the

2

following alternative.
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Conjecture 1.23 (Dean). Any Eulerian oriented graph D on n vertices satisfies cn(D) <
2n
1%
More generally, Bienia and Meyniel [9] conjectured that Eulerian digraphs can be

decomposed into linearly many cycles.

Conjecture 1.24 (Bienia and Meyniel). There exists o > 0 such that any FEulerian

digraph D on n vertices satisfies cn(D) < an.

As mentioned in [9,22], unions of complete digraphs on 4 vertices which are all sharing
a common vertex show that, if Conjecture 1.24 is true, then o > %. On the other hand,

Dean [22] conjectured that o < 3.

Conjecture 1.25 (Dean). Any Eulerian digraph D on n > 1 vertices satisfies cn(D) <

8n
w3,

These conjectures are still open, but some progress was recently made by Knierim,

Larcher, Martinsson, and Noever [68].

Theorem 1.26 ([68]). Any Eulerian digraph D on n vertices with mazimum degree A
satisfies cn(D) = O(nlog A).

1.2.4 Some related problems

A related line of research consists in finding decompositions into cycles of prescribed lengths.
For example, we already discussed Hamilton decompositions in Section 1.1. Asymptotically
best possible minimum degree thresholds for the existence of Cy-decompositions were
obtained by Barber, Kiihn, Lo, and Osthus [7]. The study of triangle decompositions
has also attracted a lot of attention. Kirkman [67] showed that the complete graph on
n vertices can be decomposed into triangles if and only if n = 1 or 3 (mod 6). More
generally, Nash-Williams [92] conjectured that any sufficiently large Eulerian graph G
3n

on n vertices which satisfies e(G) = 0 (mod 3) and §(G) > = can be decomposed into

triangles. Delcourt and Postle [24] showed that the minimum degree threshold for a
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fractional triangle decomposition is at most (%) n + o(n). Together with previous
results of Barber, Kiithn, Lo, and Osthus [7], this implies that the currently best known
minimum degree threshold for triangle decompositions is equal to (#) n + o(n). For
further details on the history of Nash-Williams’ conjecture, see e.g. the survey [46].
Another line of research consists of decompositions into cycle factors. The Oberwolfach
problem, due to Ringel (see e.g. [83]), asks whether the complete graph on an odd number
of vertices can be decomposed into edge-disjoint copies of a given cycle factor F'. This was
answered positively for large complete graphs by Glock, Joos, Kim, Kiihn, and Osthus [43].
Subsequently, another proof was given by Keevash and Staden [64]. In fact, both results are
more general and cover analogues of the Oberwolfach problem for almost complete graphs
[43], dense quasirandom graphs [64], and digraphs [64]. They also allow for decompositions
into a prescribed set of cycles factor rather than copies of the same cycle factor F. In

particular, this resolves several variants of the Oberwolfach problem. For further details,

we direct the readers to the introductions of [43,64].

1.3 Path decompositions

Finally, we consider path decompositions, that is, decompositions which consist of paths.
(Here and throughout this thesis, a path in a digraph is always assumed to have all its
edges consistently oriented.) For any (di)graph G, it is easy to see that the set F(G) of
edges of GG forms a path decomposition of G. Thus, as for cycle decompositions, we are

interested in decomposing (di)graphs into as few paths as possible.

Problem 1.27. Given a (di)graph G, what is the minimum size of a path decomposition

of G?

The answer to Problem 1.27 is called the path number of G and denoted by pn(G).
Péroche [97] showed that Problem 1.27 is an NP-complete problem, so a general solution

cannot be expected.
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1.3.1 Path decompositions of graphs

Let G be a graph on n vertices. As for cycle decompositions (recall (1.1)), @ provides a
natural lower bound on pn(G). However, this lower bound can be refined by considering
vertices of odd degree. Indeed, note that any vertex of odd degree in G must be the

endpoint of a path in a path decomposition of G. Thus,

(1.2)

o0(C) > max { A(G) 0dd(G) } |

2 72

(Recall that odd(G) denotes the number of odd-degree vertices in G.) In general,
max{@, OddT(G)} paths may not suffice to decompose G. For example, a cycle is a
2-regular graph but can only be decomposed into at least two paths. (Further examples
are discussed in Chapter 2, see Propositions 2.4 and 2.5.)

On the other hand, a linear upper bound on the path number can be obtained from
Lovasz’ result on path and cycle decompositions. Indeed, let G be a graph on n vertices
and recall that Theorem 1.1 guarantees a decomposition D of G into [ | paths and cycles.
Thus, by splitting each cycle in D into two paths, we obtain a path decomposition of G of
size at most n, that is, pn(G) < n. In fact, Lovdsz’ main result [87] is slightly more general
than Theorem 1.1 and implies that any graph G on n vertices satisfies pn(G) < n — 1.
This was later improved by Donald [26], who showed that BT”J paths suffice to decompose
a graph of order n. Subsequently, Dean and Kouider [23] and Yan [109] independently

refined this bound.

Theorem 1.28 ([23,109]). Any graph G on n vertices satisfies pn(G) < |2 ].

By considering a disjoint union of triangles (and at most one isolated vertex or edge
if n =1 or 2 (mod 3)), one can see that the bound in Theorem 1.28 is best possible

for general graphs. However, Gallai (see [87]) conjectured that it can be improved for

connected graphs.

Conjecture 1.29 (Gallai). Any connected graph G on n vertices satisfies pn(G) < {%W
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By considering complete graphs, one can show that Gallai’s conjecture would be
best possible. Similarly to Hajos’ conjecture, Conjecture 1.29 is still open but has been
verified for some specific classes of graphs. For example, Stanton, Cowan, and James [103]
and Harary and Schwenk [50] proved Gallai’s conjecture for complete graphs, complete
bipartite graphs, trees, and 3-regular graphs. Gallai’s conjecture has been verified for
graphs of maximum degree at most 4 by Favaron and Kouider [32] and at most 5 by
Bonamy and Perrett [11]. Partial results for graphs of maximum degree 6 were obtained
by Chu, Fan, and Liu [18]. Gallai’s conjecture for planar graphs has also attracted a
lot of attention (see e.g. [14,16,39]) and was recently resolved by Blanché, Bonamy, and
Bonichon [10]. Much work has been done on families of graphs which impose conditions
on the vertices of even degree (see e.g. [15, 30, 32,87,100]) or on the girth (see e.g.
[13,16,51]). Other lines of investigation on Gallai’s conjecture include series-parallel graphs
by Kindermann, Schlipf, and Schulz [66], families of sparse triangle-free graphs by Jiménez
and Wakabayashi [59], graphs of treewidth at most 3 by Botler, Sambinelli, Coelho, and
Lee [16], and (quasi)random graphs by Glock, Kiihn, and Osthus [45].

Together with Girao, Kiithn, and Osthus [41], we prove an approximate version of

Conjecture 1.29 for sufficiently large graphs of linear minimum degree.

Theorem 1.30 ([41]). For any «, 6 > 0, there ezists ng € N such that the following holds.

Let G be a graph on n > ng vertices of minimum degree 6(G) > an. Then, pn(G) < 5 +0n.

In fact, our methods allow us to show that the bound in (1.2) is asymptotically the
correct value when G also satisfies a weak quasirandom property. (This is discussed more

thoroughly in Chapter 2.)

1.3.2 Path decompositions of tournaments

While undirected graphs have a linear or sublinear path number (recall Theorem 1.28), the
path number of a digraph may be quadratic on the number of vertices. Indeed, Alspach

and Pullman [6] proved that an oriented graph D on n vertices satisfies pn(D) < "72, with
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equality holding for transitive tournaments. This was then generalised to digraphs on at

least 4 vertices by O’Brien [95].
Theorem 1.31 ([95]). Let D be a digraph on n > 4 vertices. Then, pn(D) < ”IQ.

Let D be a digraph. To derive a lower bound on pn(D), we need to introduce some
notation. Let v € V(D) and define the ezcess at v as exp(v) = df,(v) — dp(v). Let
ex},(v) == max{0,exp(v)} and exp(v) = max{0, —exp(v)} be the positive excess and
negative excess at v, respectively. Then, as observed in [6], if d},(v) > dj,(v), then a path
decomposition of D contains at most d,(v) paths which have v as an internal vertex, and

thus at least df(v) — dp(v) = ex};(v) paths starting at v. Similarly, a path decomposition

of D will contain at least ex,,(v) paths ending at v. Thus, the excess of D, defined as

x(D) = 3 e = Y eXD(v):% S Jexn)) (1.3)

veV (D) veV (D) veV (D)

provides a natural lower bound for the path number of D. That is, any digraph D satisfies
pn(D) > ex(D). (1.4)

It was shown in [6] that equality is satisfied for acyclic digraphs. A digraph satisfying
equality in (1.4) is called consistent. Clearly, not all digraphs are consistent (e.g. regular
digraphs have excess 0). However, Alspach, Mason, and Pullman [5] conjectured in 1976

that tournaments of even order are consistent.

Conjecture 1.32 (Alspach, Mason, and Pullman). Any tournament T of even order

satisfies pn(T) = ex(T).

By Theorem 1.31 and (1.4), Conjecture 1.32 holds for tournaments of excess "IQ.

Moreover, Lo, Patel, Skokan, and Talbot [85] observed that Conjecture 1.32 for tournaments

of excess 3 is equivalent to Kelly’s conjecture on Hamilton decompositions of regular

tournaments (see Conjecture 1.4). Indeed, suppose that 7" is a regular tournament on n

vertices and let v € V(T'). Then, one can verify that n is odd and T'— {v} is a tournament
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of excess "T_l Thus, Conjecture 1.32 would imply that 7" — {v} has a path decomposition
D of size ”T_l This decomposition D would thus have to consist of Hamilton paths and
every vertex of T'— {v} would have to be the starting point of precisely one path in D and
the ending point of precisely one path in D. A Hamilton decomposition of T" could thus
be obtained by incorporating v in each of the Hamilton paths in D. Conversely, suppose
that T is a tournament of excess 5. Then, one can verify that there exists a partition
UTUU™ of V(T) such that U* consists of % vertices satisfying exf.(v) = df.(v) —dz(v) =1
and U~ consists of % vertices satisfying ex;(v) = dy(v) — dj.(v) = 1. Let 7" be the
tournament obtained from 7" by adding a new vertex w with outneighbourhood U™ and
inneighbourhood U~. Then, 7" is regular and so Kelly’s conjecture would imply that
T" has a decomposition D which consists of § Hamilton cycles. Removing w from each
Hamilton cycle in D gives a decomposition of 7" into § = ex(7") (Hamilton) paths.
Recently, Lo, Patel, Skokan, and Talbot [85] verified Conjecture 1.32 for sufficiently

large tournaments of sufficiently large excess. Moreover, they extended this result to

: 1
tournaments of odd order n whose excess is at least n? 1s.

Theorem 1.33 ([85]). The following hold.

(i) There exists C' € N for which the following holds. Let T be a tournament of even

order n and suppose that ex(T') > Cn. Then, pn(T') = ex(T).

(ii) There exists ng € N for which the following holds. Let T be a tournament on

n > ng vertices satisfying ex(T) > n2~1s. Then, pn(T) = ex(T).

With Girdo, Kiihn, Lo, and Osthus [40], we build on the results and methods of [76,85]

to prove Conjecture 1.32 for large tournaments.

Theorem 1.34 ([40]). There exists ng € N such that any tournament T of even order

n > ng satisfies pn(T) = ex(7').

In fact, our methods are more general and allow us to study tournaments of odd

order. In particular, we obtain asymptotically best possible bounds on the path number
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of sufficiently large tournaments of odd order, as well as exact bounds for almost all such
tournaments. (This is discussed more thoroughly in Chapter 3.) We also determine the
path number of regular tournaments, which resolves a conjecture of Alspach, Mason, and

Pullman [5].

Theorem 1.35 ([40]). There exists ng € N such that any regular tournament T on n > ny

n+1

vertices satisfies pn(T') = ™3

More generally, one may consider the path number of general digraphs. The arguments
of Péroche [97] can be adapted to show that determining whether a digraph is consistent
or not is an NP-complete problem (see e.g. [21]), so one cannot expect to fully characterise
consistent digraphs. Nevertheless, this line of study was recently initiated by Espuny
Diaz, Patel, and Stroh [29], who proved that, for a wide range of densities p, the random

binomial digraph D,, , is consistent with high probability.

1.3.3 Some related problems

Instead of decomposing graphs into paths, one may consider the related problem of finding
a decomposition into linear forests, that is, forests whose components are all paths. The
linear arboricity conjecture, due to Akiyama, Exoo, and Harary [1], states that any graph
G can be decomposed into at most {%—‘ linear forests. An approximate version of this
conjecture was verified by Alon [2] for graphs of sufficiently large maximum degree. The
best current bound, due to Lang and Postle [81], states that # +3/A(G) log*(A(G))
linear forests suffice provided that A(G) is sufficiently large. For further details on the
history of the linear arboricity conjecture, see e.g. [33].

Instead of considering general linear forests, with components of any length, one may
consider matching decompositions, that is, edge-colourings. Vizing’s theorem states that
the chromatic index y/(G) of any graph G satisfies x'(G) € {A(G), A(G) + 1}. An active
line of research consists in classifying graphs in terms of their chromatic index. Given a

graph G on n vertices and a subgraph H of G on m vertices, we say that H is overfull if H
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has more than A(G)|% | edges. The overfull subgraph conjecture, due to Chetwynd and
Hilton [17], states that a graph G on n vertices with A(G) > % satisfies x'(G) = A(G) + 1
if and only if G contains an overfull subgraph. Niessen and Volkmann [94], Plantholt [99],
and Bongard, Hoffmann, and Volkmann [12] considered minimum degree conditions for
which the overfull subgraph conjecture holds. Some results on the overfull conjecture when
the maximum degree is large are surveyed in [54]. Moreover, Glock, Kiihn, and Osthus [45]
verified this conjecture for sufficiently large almost regular quasirandom graphs with linear
minimum degree.

One can show that the overfull subgraph conjecture is a generalisation of the 1-
factorisation conjecture, which states that any sufficiently dense regular graph on an even
number of vertices can be decomposed into perfect matchings. This latter conjecture was

verified for sufficiently large graphs by Csaba, Kiihn, Lo, Osthus, and Treglown [20]. For

further discussions on the overfull and 1-factorisation conjectures, see e.g. [104].

1.4 Organisation

This thesis is organised as follows. First, we give a detailed overview of our main results:
in Chapter 2, we discuss our results on path and cycle decompositions of dense graphs;
in Chapter 3, we discuss our results on path decompositions of tournaments; and in
Chapter 4, we discuss our results on Hamilton decompositions of bipartite tournaments.
Due to space constraints, we will only provide a proof of Jackson’s conjecture (and some
easy applications). This is achieved in Chapters 5-18. We give a more detailed overview

of these chapters at the start of Chapter 5.
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CHAPTER 2

PATH AND CYCLE DECOMPOSITIONS OF
DENSE GRAPHS

This chapter summarises the results from [41], which are joint work with Antdnio Girdo,

Daniela Kihn, and Deryk Osthus.

In this chapter, we discuss our results on path and cycle decompositions of dense graphs
more thoroughly. Recall that given a graph G, we denote by pn(G) the path number
of G (that is, the minimum number of paths in a path decomposition of G) and, if G
is Eulerian, we denote by cn(G) the cycle number of G (that is, the minimum number
of cycles in a cycle decomposition of G). As mentioned in the introduction, we obtain
asymptotically best possible upper bounds on the path number (Theorem 1.30) and cycle
number (Theorem 1.18) of dense graphs, as well as improve previously known bounds on
the number of cycles and edges required to decompose such graphs (Theorem 1.22). For

convenience, we restate these theorems here.
Theorem 2.1. For any o, > 0, there exists ng € N such that if G is a graph on n > ng
vertices of minimum degree §(G) > an, then the following hold.

(i) pn(G) < 2+ on.

0|3

(i) If G is Eulerian, then cn(G) < % 4 dn.

0|3

(iii) G can be decomposed into at most 37” + 0n cycles and edges.
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Due to space constraints we will omit the proof of Theorem 2.1. However, a proof

overview can be found in Section 2.2.

2.1 Weak quasirandomness

As briefly mentioned in the introduction, we can improve the bounds in Theorem 2.1(i)
and (ii) when G also satisfies a weak quasirandom property.

More precisely, we say that an n-vertex graph G is weakly-(e, p)-quasirandom if for
any partition AU B of V(G) with |A|, |B| > en we have eg(A, B) > p|A||B|. This notion
of weak quasirandomness implies that the reduced graph obtained after applying the
regularity lemma to a dense graph is connected. This is the only property required to

obtain the bounds in the following theorem.

Theorem 2.2. For any a,6,p > 0, there exists ng € N such that if G is a weakly-

(5, p)-quasirandom graph on n > ngy vertices with §(G)) > an, then the following hold.

(i> pn(G) < max{%(a)7 #} + on.

(i) If G is Eulerian, then cn(G) < # + n.

Note that n-vertex graphs with minimum degree at least § 4 o(n) are easily seen to be

weakly quasirandom, so the following holds.

Corollary 2.3. For any 0, > 0, there exists ng € N such that if G is a graph on n > ny

vertices with 6(G) > 5 + en, then the following hold.

(i> pn(G) < ma}{{%(a)7 #} + on.

(i) If G is Eulerian, then cn(G) < # + n.

Note that, if in addition G is regular, then the error terms of en and én can be removed
in Corollary 2.3(ii) (see Theorem 1.3). Moreover, Corollary 2.3(ii) automatically implies
that Hajés’ conjecture (Conjecture 1.17) holds for very dense n-vertex graphs whose

maximum degree is bounded away from n (see Theorem 1.19). In fact, Theorem 2.2(ii)

26



implies that Theorem 1.19 holds more generally for sufficiently large weakly-quasirandom
graphs on n vertices with maximum degree bounded away from n.

For Theorem 2.1, the linear minimum degree condition is likely to be an artefact of our
proof. On the other hand, the next results show that neither the linear minimum degree
condition (or even the stronger assumption of linear connectivity), nor the Weakly—(%, p)—

quasirandom property is sufficient on its own to obtain the bounds in Theorem 2.2.

Proposition 2.4. For any odd integer n > 20, there exists an L%J -connected Fulerian

graph G' on 2n vertices such that the following hold.

. odd(G) A(G n
(i) pn(G) zmax{ 2( ),%}—l—m.
_'_

Proposition 2.5. For any 0 < a <1 and ng € N, the following hold.

(i) There ezists a weakly-(%, 1%) -quasirandom graph G on n > ngy vertices such that
odd(G) A(G an
pn(G) > max {%, %} + 95

(ii) There exists an Eulerian weakly—(%, 1"‘—020) -quasirandom graph G on n > ng vertices

AG an
such that en(G) > % + 55
On the other hand, the next result shows that one can drop the linear minimum degree

condition in Theorem 2.2(i) if the quasirandomness covers a larger range of partition class

sizes.

Theorem 2.6. For any 6,p > 0, there exist € > 0 and ny € N such that any weakly-(e, p)-

quasirandom graph G on n > ng vertices satisfies pn(G) < max {%(G), #} + on.

Surprisingly, it turns out that the Erdés-Gallai conjecture (Conjecture 1.20) is equivalent

to the following analogue of Theorem 2.6 for cycle decompositions of Eulerian graphs.

Conjecture 2.7. For any o,p > 0, there exist € > 0 and ng € N such that any Eulerian

weakly-(g, p)-quasirandom graph G on n > ng vertices satisfies cn(G) < # + dn.
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We can prove Conjecture 2.7 if weak-(e, p)-quasirandomness is replaced by weak-

(m , p)-quasirandomness.

Proposition 2.8. For any §,p > 0, there exist € > 0 and ng € N such that any Eulerian

weakly-(j——,p)-quasirandom graph G on n > nq vertices satisfies cn(G) < @ + on.

loglog

2.2 Proof overview

The proofs of Theorems 2.2 and 2.6 follow a similar strategy as those of Theorem 2.1(i)

and (ii), and so, for simplicity, we only sketch the proof of Theorem 2.1.

2.2.1 Cycle and edge decompositions: proof overview of Theo-
rem 2.1(iii)

First, we observe that Theorem 2.1(iii) can be derived from Theorem 2.1(ii) as follows.
Fix an additional constant ng such that 0 < nio < a,0 < 1. Let G be a graph on n > ng

vertices with minimum degree §(G) > an. Using the minimum degree condition of G, we

construct a set & which consists of %(G) edge-disjoint short paths of GG such that every

vertex of odd degree in GG is an endpoint of precisely one path in &?. We do so in such

on
2

a way that & covers at most n + 5 edges of GG and at most %* edges incident to each
vertex of G. Thus, G\ E() is an Eulerian graph of minimum degree at least < and
so we can use Theorem 2.1(ii) (with ¢ and ¢ playing the roles of  and &) to decompose
it into at most F + %" cycles. Altogether, we obtain a decomposition of G into at most

3n .
5+ + 0n cycles and edges, as desired.

2.2.2 Cycle decompositions: proof overview of Theorem 2.1(ii)

Fix additional constants ¢, (, 5, and ng such that 0 < nLO e (K P<Ka,0<1. Let G
be an Eulerian graph on n > ng vertices with 6(G) > an. We decompose G by repeatedly

constructing cycles. For simplicity, whenever edges are used to form a cycle, they are
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implicitly deleted from the graph (so all the cycles constructed below are edge-disjoint, as
desired). We obtain the bulk of our cycles in Step 3, all other cycles will contribute to the
error term. In Step 3, we need to be very efficient (i.e. the average length of the cycles

needs to be large), while there is room to spare in the other steps.

Step 1: Applying Szemerédi’s regularity lemma and setting aside some
random subgraphs I" and I. We start by applying Szemerédi’s regularity lemma and
a cleaning procedure similar to the one used to prove the degree form of the regularity
lemma. From this application, we obtain a subgraph H C G of small maximum degree
and a partition of V(@) into k clusters V;,..., V) and an exceptional set V,. Moreover,
in each non-empty pair of clusters of G \ H, almost all vertices have degree close to the
density of the pair, while the few other vertices are isolated. Moreover, in each pair, the
vertices of positive degree span an e-regular bipartite graph.

We also set aside two sparse edge-disjoint random spanning subgraphs I', 1" C G\ H
such that, in I', each non-empty pair of clusters has density close to 3, while in I'” each

such pair has density close to (. By Theorem 1.1 and by splitting clusters if necessary,

k

we may assume that the reduced graph R’ of I' can be decomposed into at most “;—/‘ =3

cycles of even length (this will be needed in Step 5). Let G* =G \ (H UT'UT"). Denote
by G7; the e-regular (almost spanning) subgraph of the pair G*[V;, Vj], and define T'y;
similarly. The random subgraphs I' and I'" will be used to tie together given sets of paths

of G* into cycles.

Step 2: Covering the edges of G[V]. Apply Theorem 1.1 to G[Vp]. The paths
obtained are extended to paths with endpoints in V' (G) \ V; and then closed into cycles
using edges of I'. Since V{ is small, this results in only a few cycles and we can use edges

of I' sparingly so that its properties are not destroyed.

Step 3: Covering most of G* with at most roughly 7 cycles. The idea is to
decompose the edges of G* into paths and then link some of these paths together using the

edges in I' UT” to form cycles. The bipartite graph G*[Vp, V(G) \ Vo] is decomposed into
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paths of length 2 with midpoints in Vg, called exceptional paths, while e-regular pairs G;;
are approximately decomposed into long but not spanning paths, so that a few vertices
are set aside for tying up paths. We then use edges of I' UT” to link these paths into
cycles. More precisely, we proceed as follows. Suppose first that the reduced graph R of G
is connected. We construct an auxiliary reduced graph R such that the multiplicity of the
edges between V; and Vj in R is proportional to the density of corresponding pair G7; of
G*. We optimally decompose R into matchings. Given a matching M of }A%, we form sets P
of paths consisting of exactly one path of G7; for each V;V; € M, and of exceptional paths
which cover vertices of Vy with highest degree. Since M is a matching of clusters and our
non-exceptional paths do not span entire clusters, we can ensure that each set P of paths
obtained in this way consists of vertex-disjoint paths and does not span entire clusters.
Thus, after this step, we still have some uncovered vertices, called reservoir vertices, which
can be used to link the paths in each set P into a cycle using edges of I' UT".

Since the edge multiplicity between two clusters in R is proportional to the density of
the corresponding pair of G* and at each stage we cover exceptional vertices of highest

degree, we obtain an upper bound of roughly —A(zG )

cycles in total. In general, R may
be disconnected and, by construction, I' U I” contains no edges between the different
components of R. Thus, we cannot tie together paths from different components and
we need to apply the above argument to each component of R separately. But, if a
component of R contains n’ vertices of G* (say), then the subgraph of G* induced by this
component has maximum degree at most n’ and we obtain at most roughly %' cycles from
that component. Thus, we get an upper bound of roughly 4 cycles in total.

By alternating which vertices are used as reservoir vertices, we ensure that the leftover
graph H’ has small maximum degree. Moreover, we use edges of I' sparingly so that the
properties of I are maintained. Since the density ¢ of I is small, we can add the remaining
edges of IV to H' without significantly increasing the maximum degree of H'.

We remark that in Step 2 it was possible to tie together paths using only I' because we

had some room to spare (in the sense that the number of cycles produced might be fairly
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large compared to the number of edges covered). But in Step 3, we need to use edges
of both I and " in order to be efficient and obtain the desired number of cycles. (The
reason that using I' U I” is more efficient is that the reduced graph of I' UI"” equals that of
G*. We cannot guarantee this property for I" alone since for Step 4 the non-empty pairs

I';; of T need to be fairly dense.)

Step 4: Covering the leftovers. By construction, H U H' has small maximum
degree and so can be decomposed into few small matchings. We tie the edges of each
matching into a cycle using edges of I'. Once again, we make sure that the relevant

properties of I' are preserved.

Step 5: Fully decomposing I'. It only remains to decompose (the remainder of) T.
The idea is to initially decompose the reduced graph of I' into g cycles of even length (as
discussed in Step 1). For each such cycle C, the subgraph I'c of I' corresponding to the
blow-up of C'is first approximately decomposed into Hamilton cycles of I'c that “wind
around” C. The leftover is then decomposed using the main technical result of [76] as
follows.

The cycle C' is initially decomposed into a pair (M, M’) of matchings. For each
ViV, € M UM’ we first set aside a small set &;; of edges of I';; and then decompose the
remaining edges into a set H;; of Hamilton paths. We make sure the set of endpoints of the
paths in |y, Ve Hij equals the set of endpoints of the edges in [J,, Viem &;j, and similarly
for M and M’ exchanged. Thus we can tie together a path of H;; for each V;V; € M
using exactly one edge of &y for each V;/V; € M’'. We proceed similarly to tie paths of
Uw V,eM’ H;; into cycles. We thus obtain a Hamilton decomposition of I'c.

In order to prescribe the endpoints of the Hamilton paths, we add some suitable edges
to I'¢, called fictive edges, and then actually find a Hamilton decomposition of each pair
[';; \ &; such that each cycle in the decomposition contains exactly one fictive edge (see
Figure 2.1). Such decompositions are guaranteed by the “robust decomposition lemma”

of [76]. Since by construction all pairs of I have density close to /3, we obtain, in total,
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M M
(A) Pair of matchings (M, M’) in the ) We set aside an edge from each
reduced graph. palr in M’ (dashed grey) and replace

them by a fictive edge in each pair of
M (dashed black).

MM

(C) We find a Hamilton cycle of each ) We remove the fictive edges from
pair of M containing a single fictive the cycles of pairs of M and insert back
edge (dashed black). the edges set aside from pairs of M’

(dashed grey).

Figure 2.1: Construction of a cycle of T'.

about % < dn cycles.

2.2.3 Path decompositions: proof overview of Theorem 2.1(i)

We will find the required path decomposition by applying the previous arguments to
a suitable auxiliary graph. More precisely, fix an additional constant ny such that
0< nio < «,0 < 1. Let G be a graph on n > ng vertices of minimum degree §(G) > an.
Our strategy consists in adding to G a (multi)set Ef of at most roughly % fictive edges
in such a way that the (multi)graph G'U Ej is Eulerian. Then, we apply the arguments
of Theorem 2.1(ii) to find a cycle decomposition D of G U Ep; of size at most § + %". We
do this in such a way that D has a partition D; U Dy where each cycle in D; contains
precisely one fictive edge from Fjey and Dy is a set of at most %" cycles which do not

contain any fictive edge. (Roughly speaking, the cycles in D; are those constructed in
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Step 3 of the above proof overview, while D, consists of all the other cycles.) Observe that
D, induces a set D] of edge-disjoint paths of G. Let D) be obtained from D, by splitting
each cycle into two paths. Then, D} U D), is a path decomposition of G of size at most

D]+ % < 2+ 6n, as desired.
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CHAPTER 3

PATH DECOMPOSITIONS OF TOURNAMENTS

This chapter summarises the results from [40], which are joint work with Antdnio Girdo,

Daniela Kiihn, Allan Lo, and Deryk Osthus.

In this chapter, we discuss our results on path decompositions of tournaments. Recall
from (1.4), that the excess ex(D) = %ZUGV(D) |d}(v) — dp(v)| of a digraph D provides a
natural lower bound on the path number pn(D). Our main contribution (Theorem 1.34)
consists of a proof of Alspach, Mason, and Pullman’s conjecture (Conjecture 1.32), which
states any tournament 7" of even order satisfies pn(7') = ex(7'). For simplicity, we restate

this theorem here.

Theorem 3.1. There exists ng € N such that any tournament T' of even order n > ny

satisfies pn(T) = ex(T).

Due to space constraints, we will omit the proof of Theorem 3.1. However, a proof

overview can be found in Section 3.2.

3.1 Tournaments of odd order

As briefly mentioned in the introduction, our methods also apply to tournaments of odd
order. We now discuss this more thoroughly.
Let D be a digraph. Let A%(D) denote the maximum semidegree of D, that is

A%D) == max{d"(v),d"(v) | v € V(D)}. Note that A°(D) is a natural lower bound for
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pn(D) as every vertex v € V(D) must be in at least max{d*(v),d” (v)} paths. This leads

to the notion of the modified excess of a digraph D, which is defined as
ex(D) := max{ex(D), A’(D)}.

This provides a natural lower bound for the path number of any digraph D. That is, any
digraph D satisfies
pn(D) > ex(D). (3.1)

(Note that one can easily verify that any tournament 7" of even order satisfies ex(T") = ex(7),
so (3.1) is consistent with Conjecture 1.32.)

Observe that, by Theorem 1.33(ii), equality holds in (3.1) for large tournaments of
excess at least n? 1s. However, note that equality does not hold for regular digraphs.
Indeed, by considering the number of edges, one can show that any path decomposition of

an r-regular digraph will contain at least r + 1 paths. Thus, any r-regular digraph satisfies
pn(D) >r+1=ex(D)+ 1.

Alspach, Mason, and Pullman [5] conjectured that equality holds in this inequality whenever
D is a regular tournament. We verify this conjecture for sufficiently large tournaments
(see Theorem 1.35). In fact, our argument also applies to regular oriented graphs of large

enough degree.

Theorem 3.2. For any € > 0, there exists ng € N such that, if D is an r-reqular oriented

graph on n > ng vertices satisfying r > (% + 5) n, then pn(D) =r+ 1 =ex(D) + 1.

Recall from Section 1.1.1 that a robust (v, 7)-outexpander is a digraph D on n vertices
such that |RN, ,(S)| > [S| + vn for every S C V(D) satisfying 7n < |S| < (1 —7)n
(where RN, (S) denotes the set of vertices of D which have at least vn inneighbours in
S). Theorem 3.2 can be extended to regular digraphs of linear degree which are robust

outexpanders.
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Theorem 3.3. For any 6 > 0, there exists T > 0 such that, for all v > 0, there exists
no € N for which the following holds. Let D be a robust (v,T)-outexpander on n > ng

vertices and suppose that D is r-reqular for some r > dn. Then, pn(D) = ex(D)+1 =r+1.

There also exist non-regular tournaments for which equality does not hold in (3.1).
Indeed, let T,pex be the set of tournaments 7" on n > 5 vertices for which there exists
a partition V(T) = Vo U {v;} U {v_} such that T[V;] is a regular tournament on n — 2
vertices (and so n is odd), N (vy) = Vo= Ny (v_), Ny (vy) = {v_}, and N} (v_) = {v, }.

The tournaments in 7T,pex are called apexr tournaments.

Theorem 3.4. There exists ng € N such that any tournament T' € Topex satisfies pn(T') =

ex(T) + 1.

Denote by Tres the class of regular tournaments and let Texcep = Tapex U Treg. The
tournaments in Texcep are called exceptional. We conjecture that the tournaments in 7excep

are the only ones which do not satisfy equality in (3.1).

Conjecture 3.5. There exists ng € N such that any tournament T ¢ Texeep 0N 1 > Ng

vertices satisfies pn(T) = ex(T).

We prove an approximate version of this conjecture (see Corollary 3.7). Moreover, in
Theorem 3.6, we prove Conjecture 3.5 exactly unless n is odd and T is extremely close to

being a regular tournament.

Theorem 3.6. For all B > 0, there exists ng € N such that the following holds. If T is a
tournament on n > ng vertices such that T ¢ Texcep and
(i) ex(T) > § + fBn, or
(i) NY(T), N=(T) > Bn, where N*(T) == [{v € V(T) | ext(v) > 0}| +ex(T) — ex(T)
and N~ (T) = |{v € V(T) | exy(v) > 0} + ex(T') — ex(T),

then pn(T') = ex(T).
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One can verify that a tournament 7' of even order satisfies ex(7") = ex(7") and so
Theorem 3.1 (i.e. the exact solution when n is even) can be derived from Theorem 3.6.

We also derive an approximate version of Conjecture 3.5 from Theorem 3.6.

Corollary 3.7. For all 8 > 0, there exists ng € N such that, for any tournament T' on

n > ng vertices, pn(T) < ex(T) + fn.

Note that Theorem 3.6(ii) corresponds to the case where linearly many different vertices
can be used as endpoints of paths in a path decomposition of size ex(7T). Indeed, let
T be a tournament and P be a path decomposition of 7. Then, as mentioned above,
each v € V(T) must be the starting point of at least ex;.(v) paths in P. Thus, for any
tournament 7', N*(T') is the maximum number of distinct vertices which can be a starting
point of a path in a path decomposition of T" of size ex(7) and similarly for N~ (7") and
the ending points of paths.

One can show that almost all large tournaments satisfy ex(7") = nato@), Indeed,
consider a tournament 7" on n vertices, where the orientation of each edge is chosen
uniformly at random, independently of all other orientations. For the upper bound
on ex(T'), one can simply apply a Chernoff bound to show that for a given vertex v
and ¢ > 0, we have ex}.(v) < nz*e with probability 1 — o (%) The result follows by
a union bound over all vertices. For the lower bound, let X denote the number of
vertices v with d.(v) € [2 — 2y/n, 2 — /n]. Then it is easy to see that, for large enough
n, we have E[X]| > 2 say. Moreover, Chebyshev’s inequality can be used to show

104>

that, with probability 1 — o(1), we have X > again with room to spare. Thus,

2101
Theorem 3.6 implies the following. (Note that the case when n is even already follows

from Theorem 1.33(i).)

Corollary 3.8. As n — oo, the proportion of tournaments T on n vertices satisfying

pn(T) = ex(T) tends to 1.

Finally, we observe that our methods give a short proof of (a stronger version of)

a result of Osthus and Staden [96], which guarantees an approximate decomposition of
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regular robust outexpanders of linear degree into Hamilton cycles and which was used as
a tool in the proof of Kelly’s conjecture [76]. This new approximate decomposition result
will play an important role in our proof of Jackson’s conjecture (see Chapter 4 for more

details).

Theorem 3.9. For all 6 > 0, there exists T > 0 such that, for all v,n > 0, there exists
e > 0 such that there exists ng € N for which the following holds. Let ¢ < (§ — n)n. Let
D be a robust (v,T)-outexpander on n > ny vertices and suppose that every v € V(D)
satisfies (6 — e)n < d},(v),dp(v) < (0 + €)n. Suppose that Fi, ..., F, are linear forests on

V(D) satisfying the following properties.

(i) For eachi € [{], e(F;) < en.

(ii) For each v € V(D), there exist at most en indices i € [{] such that v € V(F;).

Define a multidigraph F by F = Uz'e[e} E;. Then, the multidigraph D U F contains

edge-disjoint Hamilton cycles Cy, ..., Cy such that F; C C; for each i € [{].

3.2 Proof overview

We now give a brief proof overview of (a simplified case of) Theorem 3.6. (Recall that

Theorem 3.1 follows from Theorem 3.6.)

3.2.1 Robust outexpanders

Recall from Theorem 1.5 that any regular robust outexpander of linear degree has a
Hamilton decomposition. We can apply this to obtain an optimal path decomposition
in the following setting. Let D be a digraph on n vertices, 0 < n < 1, and suppose that
X*TUX™UXYis a partition of V(D) such that | X | = |X | = nn and the following hold.

Each v € X satisfies dfy(v) = nn = dp(v).
Each v € X satisfies dfy(v) = nn and d;(v) = nn — 1. (1)
Each v € X~ satisfies dfy,(v) = nn — 1 and d(v) = nn.
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Then, the digraph D’ obtained from D by adding a new vertex v with N, (v) = X and
Np/(v) = X~ is nn-regular. Thus, if D is a robust outexpander, then so is D’ and there
exists a decomposition of D’ into Hamilton cycles. This induces a decomposition P of
D into nn Hamilton paths, where each vertex in X is the starting point of exactly one
path in P and each vertex in X~ is the ending point of exactly one path in P. (A similar
observation was already made and used in [85].) Our main strategy will be to reduce our

tournament to a digraph of the above form. This will be achieved as follows.

3.2.2 Simplified approach for well-behaved tournaments

Let 8 > 0 and fix additional constants such that 0 < n—lo LeKLy<LnKp. Let T be a
tournament on n > ng vertices. For simplicity, we assume that each v € V(T') satisfies
|exr(v)| < en (i.e. T is almost regular), éx(T) = ex(T), and both [{v € V(T | ex}(v) >
0},{v € V(T) | exp(v) > 0} > nn. (Further details on how the argument can be
generalised if any of these conditions is not satisfied can be found in [40].)

Since T' is almost regular, it is a robust outexpander. Let I'" be obtained by including
each edge of T' with probability 7. Using Chernoff bounds, we may assume that I' is a
robust outexpander of density almost v and D := T\ I is almost regular. The digraph
I' will serve two purposes. Firstly, its robust outexpansion properties will be used to
construct an approximate path decomposition of T'. Secondly, provided few edges of '
are used throughout this approximate decomposition, it will guarantee that the leftover
(consisting of all of those edges of T" not covered by the approximate path decomposition)
is still a robust outexpander, as required to complete our decomposition of 7" in the way
described in Section 3.2.1.

Fix X* C{v e V(T) | exs(v) >0} and X~ C {v € V(T) | ex;(v) > 0}, both of size
nn and denote X° := V(T)\ (XT U X7). Our goal is then to find an approximate path
decomposition P of T such that |P| = ex(T") — nn and such that the leftover 7'\ E(P)

satisfies the degree conditions in (). Thus, it suffices to show that P satisfies the following.

(i) Each v € X7 is the starting point of exactly exf.(v) — 1 paths in P, while each
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v € V(T)\ X7 is the starting point of exactly ex;.(v) paths in P. Similarly,
each v € X~ is the ending point of exactly ex;(v) — 1 paths in P, while each

v e V(T)\ X~ is the ending point of exactly ex,(v) paths in P.

(il) Each v € V(T)\(XTUX ") is the internal vertex of exactly M —nn paths
in P, while each v € XTUX ™ is the internal vertex of exactly M —nn+1

paths in P.

Indeed, (i) ensures that |P| = ex(T") —nn and each vertex has the desired excess in T\ E(P),
namely exp\ gpy(v) = +1if v € XT, exp\gepy(v) = =1 if v € X~, and exp\ gepy(v) = 0
otherwise. In addition, (ii) ensures that the degrees in T\ E(P) satisfy (}).

Recall that, by assumption, 7" is almost regular. Thus, in a nutshell, (i) and (ii)
state that we need to construct edge-disjoint paths with specific endpoints and such that
each vertex is covered by about (3 — n)n paths. To ensure the latter, we will in fact
approximately decompose 1" into about (% —n)n spanning sets of internally vertex-disjoint
paths. To ensure the former, we will start by constructing (% — n)n auxiliary digraphs on
V(T') such that, for each v € V(T'), the total number of edges starting (and ending) at v
is the number of paths that we want to start (and end, respectively) at v. These auxiliary
digraphs will be called layouts. Then, it will be enough to construct, for each layout L, a
spanning set Py, of paths, called a spanning configuration of shape L, such that each path
P € Py, corresponds to some edge e € E(L) and such that the starting and ending points
of P equal those of e. Roughly speaking, a spanning configuration Py, is a set of internally
vertex-disjoint paths and L indicates the starting and ending points of these paths.

These spanning configurations will be constructed one by one as follows. (See also
Figure 3.1.) At each stage, given a layout L, fix an edge yz € E(L). Then, using the
robust outexpansion properties of (the remainder of) I', find short internally vertex-disjoint
paths with endpoints corresponding to the endpoints of the edges in L \ {yz}. Denote by
P} the set containing these paths. Then, it only remains to construct a path from y to z
spanning V(T) \ V(P}). We achieve this as follows.

Let D" and T” be obtained from (the remainders of) D — V(P}) and T' — V(P})
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by merging the vertices y and z into a new vertex v,, whose outneighbourhood is the
outneighbourhood of y and whose inneighbourhood is the inneighbourhood of z. Then,
observe that a Hamilton cycle of D'UI" corresponds to a path from y to z of 7" which spans
V(T)\ V(Pr). To construct such a Hamilton cycle of D" UT”, one can simply use the fact
that IV is a robust outexpander to find a Hamilton cycle. However, if we proceed in this
way, then the robust outexpansion property of IV might be destroyed before constructing
all the desired spanning configurations.

So instead we construct a Hamilton cycle of D" U T with only few edges in I" as
follows. As a preparatory step in advance of choosing the spanning configurations, we
consider a random partition of V(T') into Ai,..., A, each of size Z. We choose one A;
for the current layout. We restrict ourselves to use I'" inside A; only. Note that I[A;] is
a robust outexpander and D’ — A; is a dense almost regular digraph. The latter means
that we can find a spanning linear forest ' in D’ — A; which has few components. Since
F has few components, we can then greedily extend the components of F' to obtain a
linear forest F” C D’ which covers all the vertices in V(D') \ A; and whose endpoints are
all in A;. Finally, we use the robust outexpansion properties of I[A;] to close F’ in to
a Hamilton cycle of D' UT”. None of the A; will be used too often when constructing
the spanning configurations, which will mean that I"[A;] is always a robust outexpander.
When the desired spanning configuration is a Hamilton cycle, this approach of finding
many edge-disjoint spanning configurations by first finding a suitable linear forest F', and
then tying F' together together via some small set A; (with varying A; in order to avoid
over-using a particular set of vertices) has been used successfully in several earlier papers
(e.g. [35,76]).

We illustrate this argument with the following example. Suppose that L is a layout
consisting of three edges uv, wz, and yz (Figure 3.1(A)). We want to construct a spanning
configuration of shape L, that is, a set of paths which consists of a path from u to v, a
path from w to x, and a path from y to z such that these three paths are vertex-disjoint

and altogether cover all the vertices of T'. First, we use robust outexpansion to construct
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(D) (E) (F)

Figure 3.1: Constructing a spanning set of vertex-disjoint paths in D U ' with prescribed
endpoints and few edges of I'. Dashed edges represent auxiliary edges, full black edges
represent edges of D, and grey edges represent edges of I'. Wavy black edges represent
paths in D and wavy grey edges represent paths in I'.

a short path P; from u to v and a short path P, from w to x in ' (Figure 3.1(B)). Denote
V' =V(T)\ (V(P)UV(P) U{y,z}). The goal is now to construct a path from y to z
which covers all the vertices in V’. To do so, we replace y and z by an auxiliary vertex
v,. whose outneighbourhood is N*(v,.) == N} (y) NV’ and whose inneighbourhood is
N~ (vy,) = Np(z) NV’ (Figure 3.1(B)) and we consider a small preselected random set of
vertices A; C V', It is then enough to find a cycle on VU {v,,} which uses I inside A; only.
Denote V" = (V' U {v,.}) \ A;. Firstly, we use almost regularity of D to find a spanning
linear forest on V" which consists of few components (Figure 3.1(C)). Secondly, we use

the large degree of D to extend the endpoints of the linear forest to A; (Figure 3.1(D)).
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Finally, we use the robust outexpansion of I" to close the linear forest into a cycle which
covers all the vertices in A; (Figure 3.1(E)). This gives a cycle on V' U {v,.}. Replacing
the auxiliary vertex v,. by the original vertices y and z, we obtain a path from y to z

which covers all the vertices in V', as desired (Figure 3.1(F)).
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CHAPTER 4

HAMILTON DECOMPOSITIONS OF REGULAR
BIPARTITE TOURNAMENTS

In this chapter, we discuss our results on Hamilton decompositions of regular bipartite
tournaments. Our main contribution consists of a proof of Jackson’s conjecture (Conjec-
ture 1.8), which states any regular bipartite tournament can be decomposed into Hamilton

cycles.

Theorem 1.10. There exists ng € N such that any regular bipartite tournament T on

4n > ng vertices has a Hamilton decomposition.

Along the way, we also prove a conjecture of Liebenau and Pehova [84] on Hamilton

decompositions of dense regular bipartite digraphs.

Theorem 1.11. For any 6 > %, there exists ng € N for which the following holds. Let D
be a bipartite digraph on vertex classes of size n > ng and suppose that D is r-reqular for

some r > én. Then, D has a Hamilton decomposition.

Recall from Section 1.1.2 that the analogue of Theorem 1.10 when T is an r-partite
tournament for some r > 4 was already proven in [77]. In Section 6.1, we will construct
a family of regular tripartite tournaments which cannot be decomposed into Hamilton

cycles.

Proposition 1.7. For any integer n > 2, there exists a regular tripartite tournament on

vertex classes of size n which does not have a Hamilton decomposition.
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Thus, Theorem 1.10 completes the study of Hamilton decompositions of partite tour-
naments. As briefly mentioned in the introduction, our proof will be split into two cases:
T is a “bipartite robust outexpander” and T is “close to the complete blow-up C,”. We

now discuss this more thoroughly.

4.1 Bipartite robust outexpanders

Recall from Section 1.1.1 that a robust (v, 7)-outexpander is a digraph D on n vertices
such that |RN, ,(S)| > [S| + vn for every S C V(D) satisfying 7n < |S| < (1 —7)n
(where RN, ,(S) denotes the set of vertices of D which have at least vn inneighbours
in S). One can check that bipartite digraphs are not robust outexpanders (the largest
vertex class does not expand). However, we can easily define a bipartite analogue of robust
outexpansion as follows. (Note that an undirected version of bipartite robust outexpansion
was introduced in [74] by Kiihn, Lo, Osthus, and Staden.) A balanced bipartite digraph
D on vertex classes A and B of size n is called a bipartite robust (v, T)-outexpander with
bipartition (A, B) if the following holds. Let S C V(D) satisfy 7n < |S| < (1 — 7)n. If
S C AorSC B, then [RN,(S)| > [S] + vn.

Recall that in Theorem 3.9 we approximately decomposed almost regular robust
outexpanders into Hamilton cycles. We will see that these arguments can easily be adapted
to the bipartite case. Then, the leftovers can be covered using tools of [76] to obtain the

following bipartite version of Theorem 1.5.

Theorem 4.1. For any 6 > 0, there exists T > 0 such that, for all v > 0, there exists
ng € N for which the following holds. Let D be a balanced bipartite digraph on vertex
classes A and B of size n > ng. Suppose that D is a bipartite robust (v, T)-outexpander
with bipartition (A, B) and that D is r-reqular for some r > én. Then, D has a Hamilton

decomposition.

Theorem 4.1 can be used to prove an analogous result for undirected graphs. Given

a graph G on n vertices and S C V(G), the v-robust neighbourhood of S, denoted by
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RN, ¢(S), consists of all the vertices of G which have at least vn neighbours in S. A
balanced bipartite graph GG on vertex classes A and B of size n is called a bipartite robust
(v, T)-expander with bipartition (A, B) if, for any S C A which satisfies 7|A| < [S| <
(1 —7)|A|, we have |RN, ¢(S)| > |S| 4+ vn. (Note that the ordering of A and B matters
here.)

Corollary 4.2. For any 0 > 0, there exists T > 0 such that, for all v > 0, there ezists
ng € N for which the following holds. Let G be a bipartite graph on vertex classes A and B
of size n > ng. Suppose that G is a bipartite robust (v, T)-expander with bipartition (A, B),
as well as with bipartition (B, A), and that G is r-reqular for some even r > én. Then, G

has a Hamilton decomposition.

Moreover, it turns out that regular digraphs of sufficiently large degree are bipartite
robust outexpanders, so Theorem 1.11 is an immediate corollary of Theorem 4.1. One can
also derive Corollary 1.15 from Theorem 4.1 and Corollary 4.2. (See Chapter 6 for more

details.)

4.2 The complete blow-up C, case

The complete blow-up Cy with vertex classes of size n is the n-fold blow-up of the directed
Cy. We say that a regular bipartite tournament is e-close to the complete blow-up Cy on
vertex classes on size n if it can be obtained from the complete blow-up C, with vertex
classes of size n by flipping the direction of at most 4en? edges.

As discussed in the introduction, a regular tournament is a robust outexpander and so
Theorem 1.5 directly implies Kelly’s conjecture on Hamilton decompositions of regular
tournaments (Conjecture 1.4). However, regular bipartite tournaments are not necessarily
bipartite robust outexpanders: for example, the vertex classes of the complete blow-up
C, do not expand. It is thus much more difficult to prove the existence of a Hamilton
decomposition in the bipartite case. However, from the definition of a bipartite robust

outexpander, one can easily verify that a regular bipartite tournament is either a bipartite
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robust outexpander or close to the complete blow-up Cj.

Lemma 4.3. For any 7 > 0, there exists v > 0 such that, for all 0 < V' < v, there exists
ng € N for which the following holds. Let T be a regular bipartite tournament on vertex

classes A and B of size 2n > ng. Then, one of the following holds.

(i) T is a bipartite robust (V', T)-outezpander with bipartition (A, B).
(i) T is VUV -close to the complete blow-up Cy on vertex classes of size n.
Thus, Theorem 1.10 follows from Theorem 4.1, Lemma 4.3, and the following.

Theorem 4.4. There exist € > 0 and nyg € N for which the following holds. Let T' be a
reqular bipartite tournament on vertex classes of size 2n > ng. Suppose that T is e-close to

the complete blow-up Cy on vertex classes of sizen. Then, T' has a Hamilton decomposition.

Proof of Theorem 1.10. Define 9 := % Let 7 > 0 be the constant obtained by applying
Theorem 4.1, let v > 0 be the constant obtained by applying Lemma 4.3, and let € > 0
be the constant obtained by applying Theorem 4.4. Define v/ := min{v,?}. Let nj, the
largest of the constants obtained by applying Theorems 4.1 and 4.4 and Lemma 4.3. Define
no = 2ng. Let T be a regular bipartite tournament on 4n > ng vertices. Denote by A
and B the vertex classes of T'. By definition of a regular bipartite tournament, we have
|A| = |B| = 2n > n{, and T is n-regular. If 7" is a bipartite robust (v, 7)-outexpander
with bipartition (A, B), then Theorem 4.1 (applied with 7" and 2n playing the roles of D
and n) implies that 7" has a Hamilton decomposition, as desired. Otherwise, Lemma 4.3
implies that T is e-close to the complete blow-up Cy on vertex classes of size n and so

Theorem 4.4 implies that T" also has a Hamilton decomposition. O

Most of this thesis will be devoted to the proof of Theorem 4.4. The core of the
proof will be to decompose and incorporate the few edges with reversed direction. The
approximate decomposition will be constructed using the bipartite analogue of Theorem 3.9.
To decompose the leftovers, we will use the “robust decomposition lemma” of [76]. Roughly

speaking, this tool states that a robust outexpander D contains an absorber D™ C D

48



which can decompose any sparse regular leftover of D. In this thesis, we derive an analogue

of this lemma for blow-up cycles.

4.3 Proof overview

First, we give a proof overview of our main theorems, that is, Theorems 4.1 and 4.4. Given
a bipartite digraph D on vertex classes A and B, we denote by Ep(A, B) the set of edges
of D which are oriented from A to B and by D[A, B] the bipartite (undirected) graph
induced by Ep(A, B).

4.3.1 Constructing a Hamilton cycle in a bipartite digraph

Most of our Hamilton cycles will be constructed using the following procedure. (See also
Figure 4.1.) Let D be a balanced bipartite digraph on vertex classes A and B. First, we
find a perfect matching M of D whose edges are all oriented from B to A. (For example, if
D is regular, then we can simply obtain M by applying Hall’s theorem in D[B, A].) Then,
we restrict ourselves to constructing a Hamilton cycle which contains M. That is, we need
to find a perfect matching M’ of D whose edges are all oriented from A to B and such
that M U M’ forms a Hamilton cycle. To do so, we construct an auxiliary digraph Dy, on
A whose edge set is obtained from Ep(A, B) by identifying the vertices which are matched
in M. (This digraph will be called the M -contraction of D[A, B], see Definition 7.25(i) for
a formal definition.) Then, we find a Hamilton cycle C' in Dy,. Finally, we observe that C'
corresponds to a perfect matching M’ of D whose edges are all oriented from A to B and

such that M U M’ forms a Hamilton cycle, as desired.

4.3.2 The bipartite robust expander case: proof overview of

Theorem 4.1

Let T be a regular bipartite tournament on vertex classes A and B of size n and suppose

that 7" is a bipartite robust outexpander with bipartition (A, B). (The same arguments
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(A) A bipartite digraph
D on vertex classes A =
{a1,a9,a3,a4} and B =
{bl,bg,bg,b4} which con-
tains a perfect matching
M (dashed edges) whose
edges are all oriented from
B to A.

a4qé

as
(B) The digraph Dj; on
A = {a1,a9,as3,a4} whose
edge set is obtained from
Ep(A,B) by identifying
the vertices which are
matched in M. The dot-
ted edges form a Hamilton
cycle C' of Dyy.

aq Q9 as Qg
S O
iA .- Eﬁ éﬁ Eﬁ
by by bs by

(C) The Hamilton cycle
C of Dj; induces a per-
fect matching M’ (dotted
edges) of D whose edges are
all oriented from A to B
and such that MUM' forms
a Hamilton cycle of D.

Figure 4.1: Constructing a Hamilton cycle in a bipartite digraph.
hold for a regular bipartite robust outexpander of linear degree.)

Step 1: Constructing an absorber. First, we apply Szemerédi’s regularity lemma to
exhibit the structure required to apply (the bipartite version of) the robust decomposition
lemma of [76]. This then guarantees a sparse regular absorber D# C T which satisfies
the following property: for any sparse regular leftover H C T\ D*| the digraph H U D"

has a Hamilton decomposition.

Step 2: Approximate decomposition. Denote D := T\ D and note that since
D5 is regular and sparse, D is still a very dense regular bipartite robust outexpander.
We approximately decompose D into Hamilton cycles using the procedure described in
Section 4.3.1. More precisely, we can construct a Hamilton cycle of D as follows. Since
D is regular, we can obtain a perfect matching M of D whose edges are all oriented
from B to A simply by applying Hall’s theorem in D[B, A]. Denote by D, the auxiliary
digraph as defined in Section 4.3.1. Since D is a regular bipartite robust outexpander, one
can verify that D), is a regular robust outexpander. Then, we use arguments of [40] to
construct a Hamilton cycle C' of Dy;. Let M’ be the perfect matching of D induced by C.

As explained in Section 4.3.1, M U M’ is Hamilton cycle of D.
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Of course, removing the edges of M U M’ from D affects the bipartite robust outexpan-
sion and, in general, we would not be be able to repeat this argument sufficiently many
times to obtain an approximate decomposition. However, the arguments of [40] allow us
to preserve bipartite robust outexpansion in a sufficiently strong way that we can repeat
the above arguments to construct many edge-disjoint Hamilton cycles C, ..., C o of D.
(For more details, see the second half of Section 3.2.2, which describes the arguments used
in [40] to repeatedly construct spanning linear forests in a robust outexpander without
affecting the robust outexpansion too much. One can proceed analogously to approximately

decompose a robust outexpander into Hamilton cycles.)

Step 3: Decomposing the leftovers. Let H := D\Uie[ufs)n E(C;). Note that H is
2

]

sparse and regular. Thus, the absorbing property described in Step 1 implies that H U D

can be decomposed into edge-disjoint Hamilton cycles. Together with C1, ..., Ca—on, this
2

gives us a Hamilton decomposition of T', as desired.

Note that Theorem 4.1 is proved in Chapter 9. The tools for constructing the absorber
are introduced in Sections 8.2 and 8.3. The approximate decomposition step is discussed

more thoroughly in Section 8.1.

4.3.3 The complete blow-up () case: proof overview of a special

case of Theorem 4.4

Let T be the complete blow-up Cy with vertex classes of size n. That is, there is a partition
of V(T') into vertex classes Uy, ..., Uy of size n such that E(T') consists of all the edges
which start in U; and end in U, for some i € [4] (where Us = Uy).

Note that the vertex classes Uy, ..., U; do not expand, so T' is not a bipartite robust
outexpander and we cannot apply the above arguments. (Recall that robust outexpansion
was key to construct the approximate decomposition. It is also needed to apply the robust
decomposition lemma.) However, we can (roughly) reduce the decomposition of 7" to the

bipartite robust outexpander case as follows.
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First, we discuss how to construct a single Hamilton cycle. (See also Figure 4.2.) For
each i € [3], observe that T[U;, U;;1] is a complete balanced bipartite graph and so Hall’s
theorem implies that it contains a perfect matching M;. Then, M; U My U M3 induces a
set & of n vertex-disjoint paths of T, each starting in U; and ending in Uy. Moreover, &
covers all of the vertices of T. We restrict ourselves to constructing a Hamilton cycle of T’
which contains E(Z?). Let M be the auxiliary perfect matching from U; to U, obtained
by replacing each path in & by an edge from its starting point to its ending point. Then,
it suffices to find a perfect matching M’ C Er(Uy, Uy) such that M U M’ forms a Hamilton
cycle on Uy U U;. This can be done using the arguments of Section 4.3.1 (with A = Uy,
B =U, and E(D) = M U Er(Uy, Uy)).

Ui 1 U2,1 Ui U2 U1,3 Uy U2 U1,3 Ui Uz 1
o r———— )0 , , , [ e ]
U2 U2 . . . ; 1 ‘T Ay o U2
.—>“ 1 1 1 I I 1 D
U3 Ug3 Lo ER L UE Ug3
————»¢ ' ' ' I T DL e

1 1 1 I |
A VLo H
1 1 1 1 .J :. 1
A AR ¥
Y 1 1 1 T ] v Y
Lo ® 1 1 1 1 S P o t———o
Ug,3 U3,34 ! ! ! ALY s Ug3 U3,3¢
ot+——o X X X N b S0t—————@
P o !l YLy e a2y
ot————¢ tt—mm
Ug,1 U3, 1 Ug1 Ug2 Ug3 Ug1 Ug,2 Ug3 Ug U3

’

(A) A spanning set & of
n vertex-disjoint paths perfect matching
which start in U; and M from U; to
end in Uy. U, obtained by

(B) The auxiliary (C) A Hamilton cy- (D) The edges of &7 and
cle on U; U Uy M’ induce a Hamilton
which consists of M cycle on Uy UUsUUsUUY.

(dashed edges) and

replacing each path
in & by an edge
from its starting to
its ending point.

a perfect matching
M’ (dotted edges)
whose edges are all
oriented from Uy

to Ul.

Figure 4.2: Constructing a Hamilton cycle in the complete blow-up C4 on vertex classes of
size n = 3, where U; = {u;1, u;2,u; 3} for each i € [4].

In fact, the above argument can be repeated to obtain an approximate decomposition
of T into Hamilton cycles. Indeed, for each ¢ € [3], T'[U;,U;41] is a complete bipartite
graph and so Hall’s theorem can be applied repeatedly to (approximately) decompose

it into perfect matchings. Moreover, T'[Uy, U;] is also a complete bipartite graph and
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so one can verify that it is a bipartite robust expander. Thus, it can be approximately
decomposed into suitable perfect matchings using the same arguments as in the bipartite
robust outexpander case.

To obtain a full Hamilton decomposition of T', one needs to find an absorber D
which will decompose the edges which are leftover after the approximate decomposition.
Unfortunately, we cannot directly apply the tools of [76] in T" since it is not a robust
outexpander. However, we will derive an analogue of the robust decomposition lemma
which can be applied in a blow-up Cj,. This argument is discussed in Chapter 11 (a detailed

proof overview is given in Section 11.1).

4.3.4 The e-close to the complete blow-up () case: proof overview

of Theorem 4.4

Let T" be a regular bipartite tournament and suppose that 7" is e-close to the complete blow-
up Cy on vertex classes of size n. That is, there is a partition of V(T) into vertex classes

Uy, ..., Uy of size n such that E(T) satisfies the following properties (where Us = Uy).

— For each i € [4], u € U;, and v € U1, E(T) contains either the edge uv from u to v

or the edge vu from v to u (but not both).
— E(T') does not contain any other edges.

= Yici [Er(Uita, U] < den?.

Note that if Er(U;1,U;) = () for each i € [4], then T is in fact the complete blow-up Cy
on vertex classes of size n and so it can be decomposed using the arguments presented in
Section 4.3.3. In general, the sets Er(U;i1, U;) will be non-empty and the main difficulty
will be to incorporate these edges, which we call backward edges.

Our overall strategy is the following. First, we decompose all the backward edges
into n small digraphs Fi,...,F,. Then, we restrict ourselves to constructing a Hamilton

decomposition of T" where each Hamilton cycle contains precisely one of the F;’s.
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For this to be possible, Fi,...,F, will need to have a very specific structure. First,
each F; will have to be a linear forest (any proper subdigraph of a Hamilton cycle is a
linear forest). Moreover, each F; will need to contain a “balanced” number of backward
edges. To see this, suppose that C'is cycle of T such that C' contains a backward edge, say
from U; to Uy, and all other edges of C' are from U; to Uy for some i € [4]. Then, one
can verify that C' covers one more vertex from each of U; and U, than from each of U,
and Us. Thus, C' cannot be a Hamilton cycle of T' (recall that Uy, ..., Uy are equal sized
vertex classes which partition V(7). This example shows no F; can consist of a single
backward edge.

More generally, we will have restrictions on the number of backward edges contained in
each F;. (Formally, each F; will have to be a feasible system, as defined in Section 13.1.) To
illustrate this further, consider the simple example where T is obtained from the complete
blow-up Cy on vertex classes of size n by flipping the orientation of precisely one Cy. Then,
T contains precisely four backward edges and since these form a small cycle, they cannot
all be included into a common Hamilton cycle. As discussed above, they also cannot be
spread across four different Hamilton cycles. Thus, they will be incorporated two by two

as follows:

— F1 will consist of the backward edge from U, to U; and the backward edge from Uy

to U3,

— JFo will consist of the backward edge from U; to Uy and the backward edge from Us

to Us, and

- F3,...,F, will be empty.

We will see that this decomposition of backward edges will ensure that the vertex classes
Ui, ..., U, can be covered in a “balanced” way (as opposed to the previous example where
C' covered more vertices from U; and Uy than from Uy and Us).

Decomposing the backward edges of T" into suitable digraphs Fi, ..., F, will be the

core of the proof and the sole focus of Chapters 13 and 15-18. We defer further discussions
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about how to decompose backward edges to these chapters, which contain further intuition
and motivation.

Once we have constructed suitable digraphs Fi, ..., F,, the Hamilton decomposition
will be constructed using the arguments presented in Section 4.3.3. However, the backward
edges will introduce additional problems. In particular, recall that in Section 4.3.3 we
decomposed T'[Uy, Us], T[Us, Us], and T[Us, Uy] into perfect matchings by applying Hall’s
theorem. But, this is no longer possible since T'[Uy, Us|, T'[Us, Us], and T'[Us, U] may no
longer be regular bipartite graphs. Moreover, the matchings will now have to incorporate
some of the backward edges, as prescribed by Fi,...,F,. Thus, T[Uy, Us], T|Us, Us], and
T'[Us, U] will now need to be decomposed building on methods from [40]. (For more
detail on how construct an approximate decomposition which incorporates given F;’s, see
Section 14.1.)

As mentioned in Section 4.3.3, the absorber required to decompose the leftovers will
be constructed using an analogue of the robust decomposition lemma for blow-up cycles
(see Chapter 11 for more detail). The decomposition properties of this absorber will be
robust enough to allow us to prescribe the backward edges of the F;’s left over by the

approximate decomposition.
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CHAPTER 5

ORGANISATION AND NOTATION

In this chapter, we give a brief overview of the remainder of this thesis and introduce some

key notation and concepts that will be used throughout the next chapters.

5.1 Organisation

The rest of this thesis is organised as follows. In Chapter 6, we prove Proposition 1.7,
Theorem 1.11, and Corollaries 1.15 and 4.2. All other chapters are dedicated to the proofs
of Theorems 4.1 and 4.4 and Lemma 4.3. More precisely, useful tools and preliminary
results are collected in Chapter 7, while our main tools for constructing approximate de-
compositions and leftovers are collected in Chapter 8. In Chapter 9, we prove Theorem 4.1,
while Chapters 10-18 are devoted to proving Lemma 4.3 and Theorem 4.4 (which are

derived in Chapters 10 and 14, respectively).

5.2 Notation

For simplicity, we collect the key notation and concepts that will be used throughout the
rest of this thesis. The core definitions will be defined when first needed and are indexed
in the glossary at the end of this thesis. Given n € N, we define [n] == {1,...,n}. Given

a,b,c € R, we write a = b+ ¢ to mean that b —c < a < b+ c.
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5.2.1 Graphs and digraphs

In this thesis, all (directed) graphs are without loops and, unless otherwise specified,
without multiple edges. A digraph is a directed graph which contains at most two edges
between any pair of distinct vertices and at most one in each direction. An oriented graph
is a digraph which contains at most one edge between any pair of distinct vertices. Given
a (di)graph G, a sub(di)graph of G is a (di)graph whose vertex and edge sets are subsets
of those of G. Let G be an undirected graph. An orientation of G is an oriented graph
which can be obtained by orienting the edges of G. Given an orientation D of GG, we say
that G is the undirected graph underlying D. A directed edge from a vertex u to a vertex
v is denoted by uw. If e is the directed edge uv, we say that u and v are the starting and
ending points of e, respectively.

A multigraph is an undirected graph without loops which may contain multiple edges
between the same pair of distinct vertices. Similarly, a multidigraph is a directed graph
without loops which may contain multiple edges of the same direction between the same pair
of distinct vertices. Given a multi(di)graph G, a submulti(di)graph of G is a multi(di)graph
whose vertex set is a subset of the vertex set of G and whose edge multiset is a submultiset
of the edge multiset of G. The edges of a multi(di)graph are always considered to be
distinct. More precisely, given a multi(di)graph G and distinct vertices u and v, denote
by pe(uv) the multiplicity of the edge uv in G (that is, pug(uv) is the number of edges
between u and v if G is undirected and the number of edges from u to v if G is directed).
Then, given a multi(di)graph G and submulti(di)graphs G; and Gs of G, we say that Gy
and Gy are edge-disjoint if g, (uv) + pug,(uv) < pg(uwv) for any distinct vertices u and v

of GG.

5.2.2 Edge sets

Let G be a (di)graph. We denote by V(G) and E(G) the vertex and edge sets of G,
respectively. The order of G is |V(G)| and we define the size of G as e(G) = |E(G)|. We
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say that G is empty if E(G) = 0.

Let G be a (di)graph and let A, B C V(G) be disjoint. If G is undirected, we denote by
Eq(A, B) the set of undirected edges of G which have an endpoint in A and an endpoint
in B. If G is directed, we denote by Eg(A, B) the set of directed edges of G which start
in A and end in B. Define eg(A, B) := |Eg(A, B)|. Given any disjoint vertex sets A" and
B’ which are not necessarily contained in V' (G), we sometimes abuse the above notation
and write Eg(A’, B') = Eqg(A'NV(G), B NV(G)) and eq(A’, B") = |Eq(A’, B')|.

Let G be a (di)graph and let A and B be any disjoint vertex sets. We denote by
G[A, B] the undirected bipartite graph on vertex classes A and B induced by Eq(A, B)
and, if G is directed, we denote by G(A, B) the directed bipartite graph on vertex classes
A and B induced by Eg(A, B). (Thus, if G is directed, then G[A, B] is the undirected
graph underlying G(A, B).)

All the above definitions from this subsection extend naturally to multi(di)graphs.
That is, if G is a multi(di)graph and A and B are disjoint vertex sets, then F(G) and
E¢(A, B) are now multisets of edges, while G[A, B], as well as G(A, B) if G is directed,
are now multi(di)graphs. The vertex set V' (G) of a multi(di)graph is still a set rather than
a multiset.

We sometime abuse notation and consider a set of (directed) edges as a (di)graph. In
particular, given a set of edges F, we write V(E) for the set of vertices which are incident

to an edge in F.

5.2.3 Subgraphs

Let G and H be (di)graphs and let F' be a sub(di)graph of G. We write F' C G, and,
if V(F) = V(G), we say that F' is spanning. Given S C V(G), we write G[S] for the
sub(di)graph of G induced by S and define G — S = G[V(G) \ S]. We denote by G \ H
the (di)graph obtained from G by deleting all the edges in E(G) N E(H), we denote by
G U H the (di)graph with vertex set V(G) UV (H) and edge set E(G) U E(H), and we
denote by G N H the (di)graph with vertex set V(G) NV (H) and edge set E(G) N E(H).
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Given a set of (directed) edges F, we sometimes abuse the above notation and write G\ E,
G UE, and G N E for the (di)graphs obtained as above when E is viewed as a (di)graph.

All the above definitions from this subsection extend naturally to multi(di)graphs,
with unions and differences now considered as multiset unions and differences. More
precisely, let G and H be multi(di)graphs. We denote by G \ H the multi(di)graph
with vertex set V(G) where pg\m(uv) = max{uc(uv) — pu(uv),0} for any distinct
u,v € V(G), we denote by G U H the multi(di)graph with vertex set V(G) UV (H) where
paun(uv) = pe(uv)+py(uv) for any distinet u, v € V(G)UV (H), and we denote by GNH
the multi(di)graph with vertex set V(G) NV (H) where ugng(uv) = min{pg(uv), py(uv)}
for any distinct u,v € V(G) NV (H).

5.2.4 Neighbourhoods and degrees

We use standard notation for neighbourhoods and degrees. More precisely, let G be an
undirected graph. Given v € V(G), we denote by Ng(v) the neighbourhood of v in G
and by dg(v) == |Ng(v)| the degree of v in G. The mazimum degree of G is A(G) =
max{dg(v) | v € V(G)} and the minimum degree of G is §(G) := min{dg(v) | v € V(G)}.

Similarly, let D be a digraph. Given v € V(D), we denote by Nj (v) and N, (v)
the outneighbourhood and inneighbourhood of v in D, respectively, and by dj(v) =
|IN/(v)| and d,(v) == |Np, (v)| the outdegree and indegree of v in D, respectively. The
neighbourhood of a vertex v € V(D) is the set Np(v) :== N} (v) U N, (v) and the degree
of a vertex v € V(D) is dp(v) :== d},(v) + dp(v). The mazimum and minimum outdegree
of D are AT(D) = max{d},(v) | v € V(G)} and 6(D) = min{d},(v) | v € V(G)},
respectively. The maximum/minimum indegree and mazimum/minimum degree of D
are defined analogously and denoted by A~(D), 6= (D), A(D), and §(D), respectively.
We denote by AY(D) = max{AT (D), A~ (D)} the mazimum semidegree of D and by
8°(D) = min{6" (D), 5 (D)} the minimum semidegree of D.

Let G be a (di)graph and S C V(G). The neighbourhood of S in G is the set
Na(S) = Uyes Ne(v). If G is directed, the outneighbourhood N (S) and inneighbourhood
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N;(S) of S'in G are defined analogously.

5.2.5 Regularity

An undirected graph G is r-regular if dg(v) = r for all v € V(G) and a digraph D is
r-reqular if dj(v) =r = d,(v) for all v € V(D). A (di)graph is regular if it is r-regular for
some r € N. An undirected graph G on n vertices is (0, €)-almost reqular if dg(v) = (d+e)n
for all v € V(G) and a digraph D is (4, ¢)-almost regular if both df(v),d,(v) = (6 £&)n
for all v € V(D).

5.2.6 Matchings

A matching is a set of pairwise non-adjacent edges. Given a vertex set V', a matching M
is called perfect if V(M) =V.

Let M be a directed matching. We say that M is a matching from A to B if V(M) C
AU B and all the edges of M are directed from A to B. We say that M is a perfect

matching from A to B if M is a matching from A to B satisfying V(M) = AU B.

5.2.7 Blow-ups

Let D be a digraph and r € N. The r-fold blow-up of D is the digraph D’ defined as
follows. The vertex set V(D’) consists of r copies of v for each v € V(D). Let u,v € V(D)
and v/, v € V(D'). Suppose that «’ is a copy of v and v’ is a copy of v. Then, u'v" € E(D’)
if and only if uv € E(D). For each v € V(D), the set of r copies of v in V' (D’) is called a

vertex class of D'.

5.2.8 Paths and cycles

Throughout this thesis, all paths and cycles are directed, with consistently oriented edges.
The number of edges contained in a path/cycle P is called the length of P and denoted by

e(P). A path P is trivial if e(P) = 0. Given a vertex set V', a Hamilton cycle is a cycle C
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satisfying V(C) = V.

Let P = vy ...v, be a path. The starting point of P is vy, the ending point of P is
vy, the endpoints of P are vy and vy, and the internal vertices of P are vo,...,vp_1. We
denote V*(P) := {v1}, V7 (P) = {vs}, and VO(P) := {va,...,v}. A (u,v)-path is a path
which starts at v and ends at v. Given 1 <¢ < j </, denote by v, Pv; := v;vj41 ... v, the
(v, v;)-path induced by P.

A set of vertex-disjoint paths is sometimes called a linear forest. Given a set & of (not
necessarily disjoint) paths, we denote by V() the set |Jpc, V1(P) of vertices which
are the starting point of a path in &2. Define V= (2) and V°(4?) analogously. Note that
VHP),V—(P), and VO(P) are always sets rather than multisets.

Let & be a set of (not necessarily disjoint) paths. We sometimes abuse notation
and view & as a multidigraph. In particular, we denote by V() the set (Jp., V(P)
and by E(Z?) the multiset |Jp., £(P). For any vertex v € V(£?), we denote d»(v) =
> pew dp(v), and define the out- and indegrees d,(v) and d,(v) of v in & analogously.

Given a digraph D, we write D\ & = D \ E(Z).

5.2.9 Decompositions

Given a (di)graph G, a decomposition of G is a set of edge-disjoint sub(di)graphs of G
which altogether cover all the edges of G. A Hamilton decomposition is a decomposition
into Hamilton cycles.

Recall that the edges of a multi(di)graph are considered to be distinct. Thus, a
decomposition of a multi(di)graph G is a set {Hy, ..., H,} of submulti(di)graphs of G such

that puq(uv) = 3 ;i o, (uv) for any distinet u, v € V(G).

5.2.10 Hierarchies

In a statement, the hierarchy 0 < a < b < ¢ < 1 means that there exist non-decreasing
functions f: (0,1] — (0,1] and g: (0,1] — (0, 1] for which the statement holds for all

0 < a,b,c < 1 satisfying b < f(c) and a < g(b). Hierarchies with more constants are
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defined analogously and should always be read from right to left. Whenever a constant

1

appears in the form - in a hierarchy, we implicit assume that a € N.

5.2.11 +-notation

To avoid repetitions, we sometime write statements of the form C* to mean that the
statements C* and C~ both hold. In particular, if C* is a statement of the form “A*
implies B*”, then we mean that “A* implies B*” and “A~ implies B~”. Similarly, a
statement of the form “A* implies BT” means that “A* implies B~ and “A~ implies

B+77
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CHAPTER 6

TRIPARTITE TOURNAMENTS AND SOME
APPLICATIONS OF THEOREM 4.1

In this section, we construct a family of regular tripartite tournaments which cannot be
decomposed into Hamilton cycles and derive several consequences of Theorem 4.1. In

particular, we prove Proposition 1.7, Theorem 1.11, and Corollaries 1.15 and 4.2.

6.1 Tripartite tournaments: proof of Proposition 1.7

Let n > 2. We show that if T" is obtained from the n-fold blow-up of the directed Cj
by flipping the orientation of precisely one triangle, then T does not have a Hamilton

decomposition.

Proof of Proposition 1.7. Let Uy, Uy, and Us be disjoint vertex sets of size n > 2. For
each i € [3], let u; € U;. Denote E = {ujug, uzus, usu;} and let 7" be the digraph on

U, U U, U Us defined by
E(T) =FU ({UU | 1 € [3], u € U,‘, NS Uz‘+1} \ {u1u2, UgU3, U3U1})

(where Uy := Uy). Note that E(T[U;]) = 0 for each i € [3].
Suppose for a contradiction that % is a Hamilton decomposition of T'. Since ujusus
is a non-spanning cycle of T', the edges uyus, uzus, and usu; do not all lie on a common

Hamilton cycle in . By the pigeon-hole principle, there exists i € [3] and C' € € such
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that E(C) N E = {uu;—1} (where ug = u3). Denote C' = u;u;_1v; ...v3,—2. Then, for
each j € [3n — 2|, we have v; € U;_;4; (where the index ¢ — 1 + j is taken modulo 3). In

particular, vs,_o € U;. But u; € U; and so v, _ou; ¢ E(T), a contradiction. O

Note that the above arguments can easily be extended to show that none of the edges
in E lie on a Hamilton cycle.

Moreover, the same arguments can be used to show that, if 7" is obtained from the
complete blow-up Cy on vertex classes of size n by flipping the orientation of a set E’ of
edges, then no Hamilton cycle of T' contains a single edge from E’. This illustrates the fact
that the edges of T" with reversed direction in Theorem 4.4 will have to be decomposed in

a “balanced” way.

6.2 Bipartite robust expanders: proof of Corollary 4.2

The arguments of [77, Lemma 3.6] can be easily adapted to the bipartite case to show
that the edges of a regular bipartite robust expander can be oriented to form a regular

bipartite robust outexpander.

Lemma 6.1. Let 0 < % <V KXurv<1t<Kd<1andletr > oén be even. Let G be
an r-reqular bipartite graph on vertex classes A and B of size n. Suppose that G is a

bipartite robust (v, T)-expander with bipartition (A, B), as well as with bipartition (B, A).

r

Then, there exists an g-reqular orientation D of G such that D is a bipartite robust

(v, 7)-outexpander with bipartition (A, B).

This can be proved by considering a random orientation of the edges of G and then

T

adjusting the orientations of a small proportion of edges to ensure that D is 5-regular.

Proof of Corollary 4.2. Let 6 > 0 and let 7" be the constant obtained by applying Theo-
rem 4.1. We may assume without loss of generality that 6 < 1. Fix additional constants
such that 0 < n—lo <7< 7,6 and % <L v. Let n > ng and r > dn. Suppose that r is

even. Let G be an r-regular balanced bipartite graph on vertex classes A and B of size n.
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Suppose that G is a bipartite robust (v, 7)-expander with bipartition (A, B), as well as
with bipartition (B, A). By definition of a bipartite robust expander, we have v < 7. Fix
an additional constant such that % <V <.

By Lemma 6.1, there exists an g-regular orientation D of G such that D is a bipartite
robust (v, 7)-outexpander with bipartition (A, B). By definition, D is also a bipartite
robust (¢, 7’)-outexpander with bipartition (A, B). Apply Theorem 4.1 (with v/ and
7’ playing the roles of v and 7) to obtain a Hamilton decomposition € of D. Let %"
be obtained from % by replacing each directed edge uv € E(%’) by an undirected edge

between u and v. By construction, ¢” is a Hamilton decomposition of G. O

6.3 Dense bipartite digraphs: proof of Theorem 1.11

We show that any bipartite digraph of sufficiently large minimum semidegree is a bipartite

robust outexpander.

Lemma 6.2. Let 0 < v <7 <K e < 1. Let D be a bipartite digraph on vertex classes
A and B of size n. Suppose that 8°(D) > (5 + e)n. Then, D is a bipartite robust

(v, T)-outexpander with bipartition (A, B).

Proof. Let S C A satisfy 7n < |S| < (1 — 7)n and denote T := RN, },(S). We show that
|T| > [S| +wvn. If |S| > 7, then each v € B satisfies [N, (v) N S| > en and so T = B. We

may therefore assume that |S| < Z. Then,
1 9 vn
S te n|S| <ep(S,B) <wvn +|SHT|§T|S|+|SHT|

and so |T| > (5 +& — %)n > |S]| + vn.
Similarly, if S C B satisfies 7n < [S] < (1 — 7)n, then |[RN;,(S)| > |S| + vn. Thus,

D is a bipartite robust (v, 7)-outexpander with bipartition (A, B). O

Proof of Theorem 1.11. Let 6 > % and let 7 > 0 be the constant obtained by applying

Theorem 4.1. Let 0 < v < 7,0 and let ny € N be the constant obtained by applying
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Theorem 4.1. Let D be a bipartite digraph on vertex classes A and B of size n > ny.

Suppose that D is r-regular for some r > én. Denote ¢ = L — % By assumption,

r
n

0 <o —% < e<rl_1 <1 Fix an additional constant 7/ such that 0 < v <

n

[\

7" < e,7. By Lemma 6.2, D is a bipartite robust (v, 7’)-outexpander with bipartition
(A, B). By definition of a bipartite robust outexpander, D is also a bipartite robust (v, 7)-
outexpander with bipartition (A, B) and so Theorem 4.1 implies that D has a Hamilton

decomposition. O

6.4 Optimal packings of Hamilton cycles: proof of

Corollary 1.15

The proof of Corollary 1.15 is standard, so we only give a brief proof overview. (Full details
can be found in Appendix A.) Let G, D, and T be defined as in Corollary 1.15. Observe
that by Theorem 4.1 and Corollary 4.2, it is enough to show that each of G, D, G, p,

Dy, 5.p, and T contain, with high probability, a spanning regular sub(di)graph of degree

G G
regevzen( )7 reg(D)’ regeven( nq”ap)

5 , reg(Dynp), and reg(T'), respectively, which is a bipartite

robust (out)expander.

Arguments of [36] imply that reg,,.,(G) > (p—2¢)n. Thus, one can use basic properties
of e-regular bipartite graphs to show that any reg,.., (G)-regular spanning subgraph of G
is still e-regular. It is also easy to see that any e-regular bipartite graph is also a bipartite
robust expander. Thus, Corollary 1.15(i) holds. Similar arguments hold for the directed
case and so Corollary 1.15(ii) is satisfied.

A simple Chernoff bound can be used to show that G, ,, , is an e-regular bipartite graph
of minimum degree at least (p —)n with high probability. Thus, Corollary 1.15(iii) follows

from Corollary 1.15(i). Similarly, Corollary 1.15(iv) and (v) follow from Corollary 1.15(ii).
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CHAPTER 7

PRELIMINARIES

We now introduce some preliminary tools and results which will be used throughout this

thesis.

7.1 (Bipartite) robust (out)expanders

In Sections 1.1.1 and 4.1, we introduced the concept of (bipartite) robust (out)expansion.

We start that by recalling and expanding on these definitions.

7.1.1 Definitions

Let D be a digraph on n vertices. Recall that for any S C V(D), we denote by RN, (S)
the set of vertices v € V(D) which satisfy [Ny (v) 0S| > vn. Then, we say that D is a
robust (v, T)-outexpander if, for any S C V(D) satistying n < |S| < (1 — 7)n, we have
|[RN; 5 (S)] > |S| 4 vn.

Let G be a graph on n vertices. Recall that for any S C V(G), we denote by RN, ¢(95)
the set of vertices v € V(G) which satisfy |[Np(v) 0S| > vn. Then, we say that G is
a robust (v,7)-expander if, for any S C V(G) satisfying mn < |S| < (1 — 7)n, we have
|RN, (S)| > |S| +vn. Let G be a bipartite graph on vertex classes A and B of size n.
We say that G is a bipartite robust (v, T)-expander with bipartition (A, B) if, for any S C A

satisfying 7n < |S| < (1 — 7)n, we have |RN, ¢(S)| > |S| + vn. Note that the order of A
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and B matters.
In Section 4.1, we defined an analogue of bipartite robust expanders for digraphs. Let
D be a bipartite digraph on vertex classes A and B of size n. We say that D is a bipartite

robust (v, T)-outexpander with bipartition (A, B) if

— for any S C A such that 7n < [S] < (1 — 7)n, we have |[RN,,(S)| > |S| 4+ vn; and

— for any S C B such that 7n < |S| < (1 — 7)n, we have |RN, 7, (S)| > |S| 4 vn.

Note that, here, the order of A and B does not matter.

7.1.2 Basic properties of (bipartite) robust (out)expanders

The following facts hold by definition.

Fact 7.1. A digraph D is a bipartite robust (v, T)-outexpander with bipartition (A, B)
if and only if D[A, B] is a bipartite robust (v, T)-expander with bipartition (A, B) and
DB, A] is a robust (v, T)-expander with bipartition (B, A).

Fact 7.2. Suppose that G is a bipartite robust (v,T)-expander with bipartition (A, B).

Then, for any v <v and 7" > 7, G is a bipartite robust (V', 7")-expander with bipartition

(A, B).

By definition, bipartite robust outexpansion is preserved when only a few edges are

removed at each vertex.

Lemma 7.3. Let 0 < % < e<v<1. Let D be a bipartite digraph on vertex classes A
and B of size n. Suppose that D is a bipartite robust (v, T)-outexpander with bipartition
(A, B). If D' is obtained from D by removing at most en inedges and en outedges at each

vertex, then D' is a bipartite robust (v — e, T)-expander with bipartition (A, B).

In [62,79], Keevash, Kiihn, Osthus, and Treglown showed that a robust outexpander of

linear minimum degree is Hamiltonian.

Theorem 7.4 ([79, Theorem 16]). Let 0 < 1 < v <7< 2 < 1. Let D be a robust (v,7)-

outexpander on n vertices with 5°(D) > dn. Then, D is Hamiltonian.
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The analogue of Theorem 7.4 holds for bipartite robust outexpanders. This can be
derived from Theorem 7.4 using the procedure presented in Section 4.3.1. The formal

proof is deferred to the end of Section 7.5, where we introduce the required definitions.

Corollary 7.5. Let 0 < % LKvKT1<§d<1. Let D be a balanced bipartite digraph on
vertex classes A and B of size n. Suppose that D is a bipartite robust (v, T)-outezpander

with bipartition (A, B) and that °(D) > én. Then, D is Hamiltonian.

Almost complete bipartite graphs are bipartite robust expanders.

Proposition 7.6. Let 0 < % L eKv LTIl Let G be a bipartite graph on vertex
classes A and B of size n. If 6(G) > (1 — e)n, then G is a bipartite robust (v, T)-expander

with bipartition (A, B).

Proof. Let S C A satisfy 7n < |S| < (1 — 7)n. Each v € B satisfies |[Ng(v) N S| >
(1 —e)n—]A\S| > (1 —¢)n > vn. Thus, |RN,¢(S)| = |B| > |S|+ 1 > |S| + vn.

Similarly, if S” C B satisfies 7n < |S'| < (1 — 7)n, then |RN, (S")| > |S’| + vn. O

Recall the definition of an r-fold blow-up from Section 5.2.7. The next lemma states
that bipartite robust outexpansion is preserved when taking r-fold blow-ups. The proof is
very similar to that of its non-bipartite analogue (see [76, Lemma 5.3]), so we omit the

details.

Lemma 7.7. Let 0 < 3v < 7 < 1 and r > 3. Let D be a balanced bipartite robust
(v, T)-outexpander with bipartition (A, B). Let D' be the r-fold blow-up of D. Let A’ be the
set of vertices in V(D') which are a copy of a vertex in A. Let B' .=V (D')\ A’. Then,

D’ is a bipartite robust (v, 27)-outexpander with bipartition (A, B').

7.2 (Super)regularity

In Section 1.1.3, we introduced the concept of e-regular (di)graphs. We start by recalling

and expanding on these definitions.
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7.2.1 Definitions

Suppose that G is an undirected bipartite graph on vertex classes A and B. The density

of G is defined as
eG(A7 B)
|Al|B|

da(A, B) =
Let € > 0. We say that G is e-regular if, for any A’ C A and B’ C B satisfying |A’| > ¢|A|
and |B'| > ¢|B|, we have |dg(A,B) — dg(A',B")| < e. Let 0 < d < 1. We say that
G is (g,d)-regular if G is e-regular and has density dg(A, B) = d. We say that G is
(e, > d)-regular if there exists d > d such that G is (e,d')-regular. We say that G is
e, d]-superregqular if G is e-regular, each a € A satisfies dg(a) = (d+¢)|B|, and each b € B
satisfies dg(b) = (d £ €)|A|. We say that G is [e, > d]-superregular if there exists d' > d

such that G is [, d']-superregular.

7.2.2 Basic properties of (super)regular pairs

The next proposition states that (super)regularity is preserved when few vertices and edges
are removed and/or added to a bipartite graph. This follows easily from the definitions
and a similar observation was already made (and proved) in [76, Proposition 4.3], so we

omit its proof here.

Proposition 7.8. Let 0 < % <e<e <d<1. Let G be a bipartite graph on vertex
classes A and B of size at least m. Let A’ and B’ be disjoint vertex sets satisfying
|AAA'| < e|A'| and |BAB'| <¢|B'|. Let G’ be a bipartite graph on vertex classes A" and
B’ and suppose that G'[A' N A, B' N BJ is obtained from G[A’ N A, B' N B] by removing
and adding at most €'|B'| edges incident to each vertex in A’ A and at most €'|A'| edges

incident to each vertex in B’ N B.

(i) If G is (e,> d)-regular, then G is (3v/<',> d — 3v/€")-reqular.

(ii) Suppose that A’ C A and B' C B. If G is [¢, d]-superregular, then G' is [3v/€', d]-

superreqular.
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Lemma 7.9 ([76, Proposition 4.14]). Let 0 < - < ¢ < § < 1. Let G be a balanced
bipartite graph on vertex classes of size m. Suppose that G is e-reqular and §(G) > dm.

Then, G contains a perfect matching.

One can easily verify from the definition of superregularity that bipartite graphs of

very high minimum degree are superregular.

Proposition 7.10. Let 0 < % K exe «1. Let G be a bipartite graph on vertex classes
A and B of size at least m. Suppose that each a € A satisfies dg(a) > (1 —¢)|B| and each

b € B satisfies dg(b) > (1 —¢e)|A|. Then, G is [¢',> 1 — &']-superregular.

Lemma 7.11 ([76, Corollary 4.15]). Let 0 < - < e < d < 1 and k > 4. Let D be
a digraph and Vi U --- U Vi be a partition of V(D) into k clusters of size m. Suppose
that D[V, Vii1] is [e, > d]-superregular for each i € [k — 1]. Let uq, ..., up and vy,..., vy

be enumerations of Vi and Vi, respectively. Then, D contains a spanning set &2 of m

vertex-disjoint paths, one (u;,v;)-path for each i € [m].

If the pair D[V}, V1] is also superregular, one can find a matching in D(Vj, V1) to tie

the paths obtained with Lemma 7.11 into a Hamilton path.

Corollary 7.12. Let 0 < % Legd<1landk > 4. Let D be a digraph and V1 U---UVj
be a partition of V(D) into k clusters of size m. Suppose that D[V;, V1] is [e,> d]-
superreqular for each i € [k] (where Vi = V). Let u € Vi and v € Vi. Then, D contains

a Hamilton (u,v)-path.

Proof. By Proposition 7.8, D[V} \ {v}, Vi \ {u}] is still [3y/e, > d]-superregular and so

Lemma 7.9 implies that there exists a perfect matching M C Ep (Vi \ {v}, V1 \ {u}). Let

VIUL, . . ., Un—1Um—1 be an enumeration of M. Denote ug := u and v,, = v. Let & be the
spanning set of vertex-disjoint paths obtained by applying Lemma 7.11 with w, uq, ..., Un_1
and vy, ...,v,_1,v playing the roles of uy, ..., u,, and vy,...,v,. For each i € [m], let P,

denote the (u;_1,v;)-path contained in &. Then, uPyviuy Pyvsy . .. Upy—1 Pyv is a Hamilton

(u,v)-path of D. O
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Let D be a digraph and suppose that V(D) is partitioned into clusters which form
superregular pairs. Then, one can adjust this partition in such a way that superregularity
is preserved and all the vertices of a small given set S are concentrated into few of the

clusters.

Lemma 7.13. Let 0 < 1 « e € 1 < &' <&’ < 1. Let Uy, ..., Uy be disjoint vertex sets
of sizen. Let D be a digraph on Uy U ---UUy. For each i € [4], let P; be a partition of U;
into k clusters of size 7. Suppose that for each i € [4], D[V, W] is [¢',> 1 —¢&'|-superregular
whenever V- C U; and W C U1 are unions of clusters in P; and P;i1, respectively (where
Us = U, and P5s :=="P1). Let S C V(D) satisfy |S| < en. Define P = P3 and P}y = Pj.

Then, there exists, for each i € [2], a partition P; of U; into k clusters of size 3 such that

the following hold.

(i) For each i € [4], D[V,W] is [¢",> 1 — &"]-superregular whenever V- C U,; and

W C Uiy1 are unions of clusters in P, and P;,,, respectively (where Py = Py).

(ii) For each i € [2], there exists a cluster V € P! for which SNU; C V.

Proof. For each i € [2], denote by V;1,...,V; the clusters in P; and observe that since
|SNU;| < |V;k|, one can greedily swap each vertex in S N (U; \ V; ) with a distinct vertex
in V;x \ S to obtain a partition P; of U; into k clusters V;'y, ...,V such that SNU; €V},
and

e'n

Vi AV < 1SN U < s

for each j € [k]. Then, (ii) holds. Moreover, (i) follows easily from Proposition 7.8. [

7.2.3 The regularity lemma

We now state a degree form of Szemerédi’s regularity lemma for balanced bipartite digraphs.
In [3], Alon and Shapira proved a regularity lemma for digraphs. A degree form can be
derived using similar arguments as the undirected version (see e.g. [105]). The bipartite
version stated below can easily be obtained by adjusting the partition obtained with the

degree form regularity lemma for digraphs.
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Lemma 7.14 (Degree form regularity lemma for balanced bipartite digraphs). For all
e >0 and M’ € N, there exist M,ng € N such that, if D is a balanced bipartite digraph on
vertez classes A and B of size n > ng and d € [0, 1], then there exist a spanning subdigraph
D" C D and a partition of V(D) into an exceptional set Vi and 2k clusters Vi, ..., Vo

such that the following hold.

(i) M' <2k < M.
(i) VonA|=|VonNB| <en.
(iii) For each i € [2k]|, either V; C A or V; C B.

(iv) |Vi| =+ = |Vag| = m. In particular, there are precisely k indices i € [2k] such

that V; C A and precisely k indices i € [2k] such that V; C B.
(v) For each v € V(D), d3,(v) > d5(v) — (d + &)n.
(vi) For each i € 2k], D'[V}] is empty.

(vil) Let i,j € [2k] be distinct. Then, D'[V;, V]| is either empty or (e,> d)-reqular.
Moreover, if D'[V;,V}] is non-empty, then D'[V;,V;] = D[V;, V}].

Let e >0, M" € N, and d € [0,1]. Let D be a balanced bipartite digraph. The bipartite
pure digraph of D with parameters e, d, and M’ is the digraph D’ C D obtained by applying
Lemma 7.14 with these parameters. The bipartite reduced digraph of D with parameters
e,d, and M’ is the digraph R defined as follows. Let Vg, Vi,..., Vs, be the partition of
V(D) obtained by applying Lemma 7.14 with parameters ¢, d, and M’. Denote by D’ the
bipartite pure digraph of D with parameters ¢,d, and M’. Then, V(R) = {V; | i € [2k]}
and, for any distinct U,V € V(R), UV € E(R) if and only if D'[U, V] is non-empty.
Note that Lemma 7.14(vii) implies that D'[U,V] = D[U, V] is (&, > d)-regular for any
UV € E(R) and Lemma 7.14(iii) implies that R is a bipartite digraph on vertex classes
{VeV(R)|VCA}and {V € V(R) |V C B}.

The following lemma states that if a balanced bipartite digraph D is a robust outex-
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pander, then so is its corresponding bipartite reduced digraph. The proof is very similar

to that of its non-bipartite analogue (see [79, Lemma 14]) and is therefore omitted.

Lemma 7.15. Let 0 < % Lexd<<uvTd<1and %/ < 1. Let D be a balanced
bipartite digraph on vertex classes A and B of size n. Suppose that D is a bipartite robust
(v, 7)-outezpander and that 6°(D) > dn. Let R be the bipartite reduced digraph of D with
parameters e,d, and M'. Then, §°(R) > @ and R is a bipartite robust (%, 2T)-outezpander

with bipartition (A, B), where A :=={V € V(R) |V C A} and B.={V € V(R) | V C B}.

7.3 Probabilistic estimates

Let X be a random variable. We write X ~ Bin(n,p) if X follows a binomial distribution
with parameters n and p. Let N,n,m € N be such that max{n,m} < N. Let I" be a set
of size N and I C T" be of size m. Recall that X has a hypergeometric distribution with
parameters N,n, and m if X = |I",, N I"|, where I, is a random subset of I" with |I",| = n
(i.e. ', is obtained by drawing n elements of I' without replacement). We will denote this

by X ~ Hyp(N,n,m).

7.3.1 Chernoff’s bound

First, we will need Chernoft’s bound.
Lemma 7.16 (Chernoff’s bound, see e.g. [57, Theorems 2.1 and 2.10]). Assume X ~
Bin(n,p) or X ~ Hyp(N,n,m). Then, for any 0 < € < 1, the following hold.

() P[X < (1 - )E[X]] < exp (~SE[X]).

(i) P[X > (1+2)E[X]] < exp (-% [X]).

One can use Lemma 7.16 to show that (super)regularity is preserved with high proba-
bility when taking a random edge-slice, i.e. when selecting a random spanning subgraph
by including each edge independently with some fixed probability p. This was already

observed in (the proof of) [76, Lemma 4.10(iv)] and so we omit the details here.
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Lemma 7.17. Let 0 < % Kegédxd<landlete < p<1. Let G be a bipartite
graph on vertex classes of size n and let G' be obtained from G by selecting each edge

independently with probability p.

(i) If G is (e, > d)-regular, then G' is (¢, > pd — €)-regular with high probability.
(i) If G is [e,d]-superregular, then G’ is [, pd]-superreqular with high probability.

Corollary 7.18. Let 0 < % ek % Ld<< 1. LetUy,...,Uy be disjoint vertex sets
of size n. Let D be a digraph on Uy U --- U Uy. For each i € [4], let P be a partition of U;
into k clusters of size 7. Suppose that for each i € [4], D[V, W] is [e,> 1 — ¢]-superreqular
whenever V- and W are unions of clusters in P; and P;y1, respectively (where Ps == Py).
Let Dy be obtained by selecting each edge of D independently with probability 1 — 2d. Let
Dy == D\ Dy. Then, the following holds with high probability. For each i € [4], Di[V, W]
is [€',> 1 — 3d]-superregular and Do[V, W] is [¢', > d + €'|-superregular whenever V' and

W are unions of clusters in P; and P;y1, respectively.

One can also use Lemma 7.16 to show that bipartite robust outexpansion is preserved
with high probability when taking random edge-slices. The arguments are similar to those

used in the proof of [77, Lemma 3.2(ii)] and are therefore omitted.

Lemma 7.19. Let 0 < % L v L7 < 1. Let D be a balanced bipartite digraph on
vertex classes A and B of size n. Suppose that D is a bipartite robust (v, T)-outezpander
with bipartition (A, B). Let D' be obtained from D by taking each edge independently
with probability % Then, with high probability, both D' and D \ D' are bipartite robust

(%, 7)-outezpanders with bipartition (A, B).

7.3.2 McDiarmid’s inequality

We will also need McDiarmid’s inequality.

Lemma 7.20 (McDiarmid’s inequality [89]). Let Xi,..., X, be independent random

variables, each taking values in {0,1}. Let ¢1,...,¢, € R and let f: {0,1}" — R be a
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measurable function. Suppose that for any i € [n] and xq,...,x,, 2z, € {0,1}, we have
’f(xla s 7$n) - f(xla s 7$i717x;7xi+17 s ,an)‘ g C;.

Then, for anyt > 0,

2
]P)Hf(le v 7Xn) _E[f(Xla see >Xn)H > t] S 2€Xp <_ﬁ> .

Lemma 7.21. Let 0 < % e K % < 1. Let G be a bipartite graph on verter classes
A and B of size n. Suppose that A(G) < en and e(G) > 5. Let Ay U---U A, be a
random partition of A such that, for each i € [k] and v € A, v € A; with probability %
independently of all other vertices. Similarly, let By U ---U By be a random partition of B
such that, for each i € [k] and v € B, v € B; with probability % independently of all other

vertices. Then, with probability at least %, we have eq(A;, Bj) > 62(1?2) foralli,j5 € [k].

Proof. Denote A = {ay,...,a,} and B = {by,...,b,}. Let i,j € [k]. For each ¢ € [n], let

1 ifap € A 1 it b, € By;

Xy and  Xopy1¢ =

0 otherwise; 0 otherwise.

Let f(X1,...,Xon) = eq(4;, Bj). Then, E[f(X1,...,Xo)] = % Observe that, for each

¢ € [n], we have
f(Xla s 7X5717 17X5+17 B 7X2n) - f(Xb R 7X€fla 07Xf+17 s 7X2n) < dG(aZ)
and

F(Xa, o X, 1, Xon—ega, oo Xon) — (X4, oo Xoner, 0, Xon—ega, -+, Xon) < da(be).

Moreover, >, (da(ar))? + (da(b))?) < 253 (A(G))? < 2¢(G)en. Thus, Lemma 7.20
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implies that

P |ec(A;, B)) < e(G)] <P {yf(xl,...,XQn) ~Elf (X1, .., X2n)]| > @1

Therefore, a union bound implies that, with probability at least 1 — 2k%exp (—gm) > 2,

we have eg(A;, B;) > % for all 4, j € [K].

O

7.4 Matchings

In this section, we collect tools for constructing and working with matchings. First, we
need the following two propositions, which follow from Koénig’s theorem [70] (see also [71]
for a German translation).

Proposition 7.22. Let G be a bipartite graph with maximum degree at most A. Then, G

; ; o e(G)
contains a matching of size R

Proposition 7.23 (see e.g. [108, Exercise 7.1.33]). Let G be a bipartite graph with mazimum
degree at most A. Then, G can be decomposed into edge-disjoint matchings My, ..., Ma
such that, for any i,j € [A], ||M;| — |M;|| < 1.

We will also need the following corollary of Hall’s theorem [49].

Proposition 7.24. Let G be a bipartite graph on vertex classes A and B with |A| < |B|.

Suppose that, for each a € A, dg(a) > |—§| and, for each b € B, dg(b) > |A| — %. Then, G

contains a matching covering A.

7.5 Matching contractions

Note that the concepts introduced in this section will not be used formally until Chap-
ter 11. However, we introduce them here as they will help us to explain the approximate

decomposition strategy presented in Section 8.1.
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As discussed in the proof overview, most of our Hamilton cycles will be formed by
first constructing a perfect matching, which is then extended to a Hamilton cycle by
constructing a Hamilton cycle in an auxiliary digraph which is, roughly speaking, obtained
by contracting the edges of M. In this section, we give a formal definition of this auxiliary

digraph and state its main properties.

Definition 7.25 (Matching contraction and matching expansion). Let A and B be disjoint

vertex sets of equal size. Let M be an auxiliary directed perfect matching from B to A.

(i) Let G be a bipartite graph on vertex classes A and B. The M -contraction of G is
the digraph G, on vertex set A defined as follows. Let a,a’ € A be distinct and
denote by b the (unique) neighbour of a in M. Then, d'a € E(G),) if and only if
ab e E(G).

(ii) Let D be a digraph on vertex set A. The M -ezpansion of D is the bipartite graph
Dj)s on vertex classes A and B defined as follows. Let b € B and let a be the
(unique) neighbour of b in M. Then, for any o’ € A, a’b € E(D),) if and only if
da € E(D).

(Recall that Definition 7.25 and all other main definitions are indexed in the glossary
at the end of this thesis.)

The condition that a and o’ have to be distinct in Definition 7.25(i) ensures that the
resulting digraph G, does not contain any loop. However, this implies that the edges
lying along M are lost in the process of contraction and expansion. (Of course, one could
slightly change Definition 7.25(i) to allow M-contractions to have loops. In this way, the
M-expansion would the exact reverse operation of the M-contraction. But working with

loops is impractical for our purposes.)

Fact 7.26. Let A and B be disjoint vertex sets of equal size. Let M be a directed perfect
matching from B to A. Let G be a bipartite graph on vertex classes A and B. Denote by D
the M-contraction of G and by G' the M-expansion of D. Then, e(D) =e(G \ M|B, A))
and G' = G\ M[B, A].
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Let A, B, M, G, and D be as in Fact 7.26. By Definition 7.25(i), the outneighbourhood of
avertex a € Ain D corresponds to the neighbourhood of a in GG, while the inneighbourhood
of a in D corresponds to the neighbourhood of Nj/(a) in G. We also observe for later

use that there is a one-to-one correspondence between the connected components of

G UM|B, A and D.

Fact 7.27. Let A, B, M,G, and D be as in Fact 7.26. Then, the following hold.

(i) Each a € A satisfies Nf(a) = Ny(Ng(a)) \ {a} and Np(a) = Ng(Ny(a)) \ {a}.

(ii) Any a,a’ € A belong to a common connected component of D if and only if they

belong to a common connected component of G U M[B, A].

Let A, B, and M be as in Fact 7.26. Let D be a digraph on A and denote by G the
M-expansion of D. By Definition 7.25(ii), the neighbourhood of a vertex a € A in G
corresponds to the outneighbourhood of a in D, while the neighbourhood of Nj/(a) in G

corresponds to the inneighbourhood of a in D.

Fact 7.28. Let A, B, and M be as in Fact 7.26. Let D be a digraph on A and denote by
G the M-expansion of D. Then, the following hold.

(i) Each a € A satisfies Ng(a) = Ny (N7 (a)).
(ii) Each b € B satisfies Ng(b) = N, (N (b)).

We now state our key property of matching contractions and matching expansions:
finding a Hamilton cycle in a bipartite digraph D on vertex classes A and B is equivalent
to finding a perfect matching M from B to A in D and then finding a Hamilton cycle in
the M-contraction of D[A, B].

Fact 7.29. Let A and B be disjoint vertex sets of equal size. Let M be a directed perfect
matching from B to A. Let H be a directed Hamilton cycle on A. Let G be obtained by
orienting from A to B all the edges in the M -expansion of H. Then, G is a directed perfect

matching from A to B and G U M is a directed Hamilton cycle on AU B.
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To construct Hamilton cycles in matching contractions, we will use the following
proposition, which states that almost regularity, superregularity, and robust outexpansion
are preserved in contracted digraphs. Its proof follows easily from definitions and is

therefore omitted. (Similar observations were also made and proved in [74].)

Proposition 7.30. Let 0 < % L ekKrK7Ko,d<1. Let G be a bipartite graph on
vertex classes A and B of size n and M be a directed perfect matching from B to A. Then,

the M -contraction D of G satisfies the following properties.

(i) If G is (6,¢)-almost reqular, then D is (2, 2¢)-almost regular.

(i) Let Ay, Ay C A be disjoint. If G[Ay, Nar(A2)] is [e, d]-superregular, then D[A, As]

is [e, d]-superregular.

(iii) If G is a bipartite robust (v, T)-expander with bipartition (A, B), then D is a robust

(5, 7)-outexpander.

Note that Corollary 7.5 follows from Theorem 7.4 and Proposition 7.30(iii).

Proof of Corollary 7.5. First, we find a perfect matching from A to B as follows. Let M
be an arbitrary perfect matching from B to A. Let Dy, be the M-contraction of D[A, BJ.
By Proposition 7.30(iii), Dy is a robust (5, 7)-outexpander. Moreover, Fact 7.27(i) implies
that 6°(Dyr) > %". Thus, Theorem 7.4 implies that D), contains a Hamilton cycle H. Let
M' be obtained by orienting from A to B all the edges in the M-expansion of H. Then,
Facts 7.27(i), 7.28, and 7.29 imply that M’ is a perfect matching of D from A to B.

We close M’ into a Hamilton cycle as follows. Let Dy, be the M’-contraction of
D[B, A]. By the same arguments as above, Dy contains a Hamilton cycle H'. Let M" be
obtained by orienting from B to A all the edges in the M’-expansion of H'. By the same
arguments as above, M" is a perfect matching of D from B to A. Moreover, Fact 7.29

implies that M’ U M" is a Hamilton cycle. m

Finally, observe that contracting a linear forest F' gives a linear forest with endpoints

corresponding to those of F'. This follows easily from Fact 7.27 and so we omit the details.
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Proposition 7.31. Let F' be a balanced bipartite directed linear forest on vertex classes A
and B. Suppose that F[B, A] is a perfect matching and let M = Ep(B, A). Denote by D

the M-contraction of F[A, B]. Then, D is a linear forest satisfying

VHD) = Ny(VI(F)), V(D)=V(F), and V(D)= (V'(F)NA)\ Ny (V"(F)).
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CHAPTER 8

MAIN TOOLS

We now introduce our main tools for constructing approximate decompositions and

decomposing leftovers. These will be used in the proofs of Theorems 4.1 and 4.4.

8.1 Approximate decomposition tools

As mentioned in Section 4.3, we adapt arguments of [40] using the concept of matching
contraction. We now discuss this in more detail. In [40], we showed that any dense almost
regular robust outexpander D can be approximately decomposed into Hamilton cycles
(see Theorem 3.9). (Moreover, one can ensure that each Hamilton cycle contains a small
set of prescribed edges.) The key idea behind the proof is to reserve a sparse random
edge-slice I' C D and then construct, one by one, edge-disjoint Hamilton cycles which use
very few edges of I'. This ensures that robust outexpansion is preserved throughout the
approximate decomposition.

Let D be a bipartite digraph on vertex classes A and B and suppose that D[A, B|
is an almost regular bipartite robust expander. Let M, ..., M, be edge-disjoint perfect
matchings whose edges are all oriented from B to A. Then, we can extend My, ..., M, into
edge-disjoint Hamilton cycles as follows. For each i € [¢], denote by D; the M;-contraction
of D and note that, by Proposition 7.30, D; is an almost regular robust outexpander. By
Fact 7.29, it is enough to find, for each i € [¢], a Hamilton cycle of D;. Since the D;’s

are distinct, we cannot apply Theorem 3.9 directly. However, we can adapt the strategy
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discussed above as follows. We initially reserve a randomly chosen edge-slice I' C D[A, B]
and denote, for each i € [¢], by T'; the corresponding random edge-slice of D;. At each stage
i € [¢], we use the arguments of Theorem 3.9 to construct a Hamilton cycle of D; which
uses very few edges of I';. This ensures that, overall, very few edges of I' are used and so
D[A, B] remains a bipartite robust expander throughout the approximate decomposition.
By Proposition 7.30, this implies that, at each stage ¢ € [¢], D; is still a robust outexpander
and so the approximate decomposition can be completed. (See Appendix B for details.)
Recall from Section 5.2.5 that a balanced bipartite digraph D on vertex classes of
size n is (§,¢)-regular if all its vertices have in- and outdegree both roughly equal to
S|V(D)| = 26n. This justifies the factor of 2 in the upper bound on ¢ in Theorem 8.1.
Moreover, recall from Section 5.2.1 that the parallel edges of a multi(di)graph are considered
to be distinct. Thus, we do not require the linear forests Fi, ..., Fy in Theorem 8.1 to be
edge-disjoint and the theorem states that each edge of D is covered by at most one of the
resulting Hamilton cycles C1, ..., C, (while each linear forest F; is fully incorporated into

its corresponding cycle C;).

Theorem 8.1 (Extending an approximate perfect matching decomposition into an ap-
proximate Hamilton decomposition). Let 0 < % LKT7TKI<1and0 < % Leknv< 1.
Let ¢ < 2(6 —n)n. Let D be a balanced bipartite digraph on vertex classes A and B of
size n. Suppose that D[A, B] is a (0,¢)-almost reqular bipartite robust (v, T)-expander with
bipartition (A, B). Suppose that Fy, ..., F, are bipartite directed linear forests on vertex

classes A and B satisfying the following properties.

(i) For eachi € [{], ep, (B, A) = n.
(ii) For eachi € [{], er,(A, B) < en.

(ili) For each v € V(D), there exist at most en indices i € [(] such that dp,ja,p/(v) = 1.

Define a multidigraph F by F = | }Fi. Then, the multidigraph D U F contains

el
edge-disjoint Hamilton cycles Cy,...,Cy such that F; C C; for each i € [{]. Moreover,

DI[A, B]\ Uj¢jq Ci s still a bipartite robust (5, 7)-expander with bipartition (A, B).
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If D is a bipartite robust outexpander (i.e. if both D[A, B] and D[B, A] are bipartite
robust expanders (recall Fact 7.1)), then we can apply Theorem 8.1 twice in a row to
construct an approximate Hamilton decomposition of D: first, we apply Theorem 8.1 with
arbitrary perfect matchings from B to A to approximately decompose the edges of D from
A to B into edge-disjoint perfect matchings, and then we apply Theorem 8.1 a second

time to extend these perfect matchings into edge-disjoint Hamilton cycles of D.

Corollary 8.2 (Approximate Hamilton decomposition). Let 0 < % K70 <1and

0< % <e<gnv <1 Letl <2(0—mnn. Let D be a balanced bipartite digraph on

vertezx classes A and B of size n. Suppose that D is a (9, €)-almost regular bipartite robust
(v, T)-outexpander with bipartition (A, B). Suppose that Fy,. .., Fy are bipartite directed

linear forests on vertex classes A and B satisfying the following properties.

(i) For each i € [{], e(F;) < en.

(ii) For each v € V(D), there exist at most en indices i € [{] such that v € V(F;).

Define a multidigraph F by F = Uiem F;. Then, the multidigraph D U F contains
edge-disjoint Hamilton cycles C4,...,Cy such that F; C C; for each i € [¢]. Moreover,

D\ U,epq Ci is still a bipartite robust (%, 7)-outezpander with bipartition (A, B).

Proof. First, we extend Fi, ..., F, to auxiliary linear forests which satisfy Theorem 8.1(i)—
(iii).
Claim 1. For each i € [{], there exists a bipartite linear forest F} on vertex classes A and

B such that F!|A, B] = F;[A, B] and F![B, A] is a perfect matching containing F;|B, A].
Proof of Claim. Let i € [{].

— Denote by ay,. .., a, the vertices v € A satisfying d. (v) = 0 and df, (v) = 1.

— Denote by agi1, ..., aqq, the vertices v € A satisfying d, (v) = 0 and df, (v) = 0.

Denote by by, ..., bs the vertices v € B satisfying dp (v) = 1 and d;i (v) =0.

Denote by bsi1, ..., by the vertices v € B satisfying d, (v) = 0 and dj, (v) = 0.
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Observe that there exist exactly r vertices in A which have degree 0 in F;. Therefore,

r> A= e(F) 2 (1-)n >0,
Note that ai,...,a, is an enumeration of V*(F;) N A and by,...,bs is an enumeration
of V= (F;) N B. Since F; is a linear forest, we may therefore assume without loss of
generality that, if F; contains an (a;, b;)-path for some j € [¢] and k € [s], then j = k.
Note that e(F;[B,A]) = |[A| —(¢+71) = |B|—(s+1t) and so ¢+ 1 = s+ t. Let
F! = F,U{bais1 | i € [q + 7]} (where agy,4+1 = a1). Then, F; is a bipartite digraph on
vertex classes A and B such that F[A, B] = F;[A, B] and F/[B, A] is a perfect matching

which contains F;[B, A]. It is easy to check that F; is a linear forest. &

Let F|,...,F] be the linear forests obtained by applying Claim 1. Observe that
Theorem 8.1(i)—(iii) are satisfied with FY, ..., Fj playing the roles of Fi, ..., F;. Define
a multidigraph F' by F' := {J,c;q #7- By Theorem 8.1 (applied with 7, ..., F} playing
the roles of Fy, ..., Fy), the multidigraph D U F’ contains edge-disjoint Hamilton cycles
C1,...,C} such that F] C C! for each ¢ € [(]. For each i € [{], let F' = CI[A, B] U
F;[B, A] C C! and note that F; C F" C F U D|[A, B]. Moreover, Theorem 8.1(i)—(iii) are
satisfied with B, A, and FY', ..., F} playing the roles of A, B, and Fi,..., F,. Define a
multidigraph 7" by F” := [J;cq F{'- Let D" := D\ F". Note that D'[B, A] = D[B, A]
and, by the “moreover part” of Theorem 8.1, D'[A, B] is a bipartite robust (%, 7)-expander
with bipartition (A, B).

By Theorem 8.1 (applied with D', B, A, and F{, ..., F} playing the roles of D, A, B,
and Fi,...,Fy), the multidigraph D' U F” = D U F contains edge-disjoint Hamilton
cycles Cy,...,Cy such that F; C F/ C C; for each i € [(]. Let D" := D\ Uy Ci-
By the “moreover part” of Theorem 8.1, D"[B, A] is a bipartite robust (%, 7)-expander
with bipartition (B, A). By construction, D"[A, B] = D'[A, B] and so D"[A, B] is also a
bipartite robust (%, 7)-expander with bipartition (A, B). Therefore, Fact 7.1 implies that

D" is a bipartite robust (%, 7)-outexpander with bipartition (4, B). H
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Note that the “moreover part” of Corollary 8.2 implies that we can prescribe some
edges to most of the Hamilton cycles in the decomposition given by Theorem 4.1.

Similarly, one can apply Theorem 8.1 with auxiliary perfect matchings from B to
A to obtain an approximate decomposition of a bipartite robust expander into perfect

matchings which extend given small matchings.

Corollary 8.3 (Approximate perfect matching decomposition). Let 0 < % K701
and 0 < % L e<gnv<1. Letl <2(6—mn)n. Let G be a balanced bipartite graph on vertex
classes A and B of size n. Suppose that G is a (0,¢)-almost reqular bipartite robust (v, T)-
expander with bipartition (A, B). Suppose that Fy, ..., F, are bipartite matchings on vertex

classes A and B satisfying the following properties.

(i) For each i € [{], e(F;) < en.

(ii) For each v € V(QG), there exist at most en indices i € [€] such that v € V (F}).

Define a multigraph F by F = Uiem F;. Then, the multigraph GUJF contains edge-disjoint
perfect matchings M, ..., M, such that F; C M; for each i € [¢]. Moreover, G\ U;c/q Mi

is still a bipartite robust (%, 7)-ezpander with bipartition (A, B).

8.2 The robust decomposition lemma

In this section, we state (a modified version of) the robust decomposition lemma of [76].
Roughly speaking, this result guarantees the existence of a sparse absorber D™ which can
decompose any sparse leftover H into Hamilton cycles. To state this lemma, we need some
definitions. These are needed in order to describe the structure within which the sparse
absorber D™ can be found. Roughly speaking, the structure consists of a “quasirandom”

blow-up of a graph consisting of a cycle and a suitable set of chords on this cycle.

8.2.1 Equivalent linear forests

We start with a simple concept which will enable us to simplify some arguments.
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Definition 8.4 (Equivalent linear forests). Two linear forests F' and F” are equivalent if
V(F) = V(F') and there exist enumerations P, ..., P, and P, ..., P] of the components

of F and F’ such for each i € [{], P; and P/ have the same starting and ending points.

Fact 8.5. Let V' be a vertex set and D be a digraph with V(D) C V. Let F' and F' be two
equivalent linear forests. Then, D U F' is a Hamilton cycle on 'V if and only if DU F’ is a

Hamuilton cycle on V.

Roughly speaking, Fact 8.5 states that, if F'is a linear forest that we want to extend into
a Hamilton cycle, then the internal structure of F' is irrelevant. This simple observation

will enable us to simplify the statement and application of the robust decomposition lemma

of [76].

8.2.2 Refinements

Let D be a digraph and P be a partition of V(D) into an exceptional set Vj and k clusters
Vi,..., Vi of size m. Let P’ be a partition of V(D). We say that P’ is an £-refinement of
P if P’ is obtained by splitting each cluster in P into £ subclusters of size 7. (Thus, P’

consists of the exceptional set Vy and ¢k clusters.)

Definition 8.6 (Uniform refinement). Let D be a digraph and P be a partition of V(D)
into an exceptional set Vy and k clusters Vi,...,V} of size m. An (-refinement P’ of P
is e-uniform (with respect to D) if the following condition holds, where for each i € [k],
Vi1 U--- UV, denotes the partition of V; induced by P’.
(URef) Let v € V(D), i € [k], j € [{], and o € {+,—}. If [N3(v) N V;| > em, then
[N (v) N Vij| = (14 ¢) FREL
Given a partition P and a random /-refinement P’ of P, one can use Lemma 7.16 to

show that P’ is e-uniform with high probability.

Lemma 8.7 ([76, Lemma 4.7]). Let 0 < = < 1,& < 3 < 1 and suppose that % € N. Let
D be a digraph on n < 2km vertices and let P be a partition of V(D) into an exceptional

set Vo and k clusters of size m. Then, there exists an e-uniform (-refinement of P.
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Using the definition of e-regularity, one can easily verify that (super)regularity is

preserved under taking uniform refinements.

Lemma 8.8 ([76, Lemma 4.7]). Let 0 < + < 1,6 < d, 3 <1 and e < &' < 1. Suppose
that 7 € N. Let D be a digraph on n < 2km vertices and let P be a partition of V(D)

into an exceptional set Vi and k clusters of size m. Let P’ is an e-uniform £-refinement of

P and let V,\W € P and V', W' € P’ be distinct clusters satisfying V' CV and W' C W

(i) If D[V, W] is (e, > d)-reqular, then D[V', W'| is (¢',> d — ¢)-regular.
(ii) If DIV, W] is [e, > d]-superregular, then D[V’ ,W'] is [¢', > d]-superregular.

Using Lemma 7.16, one can easily verify that the uniformity of a refinement is preserved

with high probability when considering edge-slices.

Lemma 8.9. Let 0 < % < %,5 < %,p < 1. Let D be a digraph on n < 2km vertices and
let P be a partition of V(D) into an exceptional set Vo and k clusters of size m. Let P be
an e-uniform C-refinement of P with respect to D. Let D’ be obtained from D by selecting
each edge independently with probability p. Then, with high probability, P’ is 2e-uniform
with respect to both D" and D\ D’.

Finally, observe that refinements are always uniform in digraphs of very high minimum

degree.

Lemma 8.10. Let 0 < % e K %,% < 1 and suppose that 7 € N. Let D be a digraph on
n < 2km wvertices and suppose that 8°(D) > (1 — &)n. Let P be a partition of V(D) into
an exceptional set Vo and k clusters of size m. Then, any (-refinement of P is v/e-uniform

with respect to D.

Proof. Let P’ be an f(-refinement of P. Let v € V(D) and fix clusters V€ P and W € P’

satisfying W C V. By assumption, both

[NE(v) N V]
14

mo_ INE(v) N V] +en
l

IN*(0) N W| < — < ; < (1++/e)
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and

- IN* ()N V| eln
14

+
| l l

> (1- ol

Thus, (URef) holds and we are done. O

8.2.3 (Bi)-universal walks

Let R be a digraph whose vertices are Vi,...,V, and suppose that C' = V; ...V, is a
Hamilton cycle of R. Let 4,5 € [k]. A chord sequence C'S(V;,V;) from V; to V; in R is an

ordered sequence of edges of the form
CS(W: ‘/j) = (‘/;1—1‘/;27 ‘/;'2—1‘/;37 ER) ‘/;t—l‘/;t+1>7

where V;, =V;, Vi

i = Vj and, for each s € [t], V;,_1Vi.,, € E(R). Thus, the simplest

s+1

example of a chord sequence CS(V;,V;) is simply (V;—1V}). Chord sequences are used in
the proof of the robust decomposition lemma in [76] to extend arbitrary edges into cycles

which meet each cluster V; the same number of times.

Definition 8.11 (Universal walk). Suppose that R is a digraph whose vertices are k
clusters Vi, ...,V and that C' := V...V is a Hamilton cycle of R. A closed walk U in R

is a uniwersal walk for C with parameter ' if the following conditions hold.

(U1) For every i € [k]|, U contains a chord sequence C'S(V;, Vi11) from V; to V41 (where
Vi+1 = V1) such that (U2), (U3), and the following hold. All the remaining edges
of U lie on C.

(U2) For each i € [k], C'S(V;, Viq1) consists of at most \/T[/ edges.
(U3) For each i € [k], both df(V;) = ¢'.

(Recall that Definition 8.11, as well as all the core definitions and their main properties

are indexed in the glossary at the end of this thesis.)
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Lemma 8.12 ([20, Lemma 2.9.1]). Let R be a complete digraph and C be a Hamilton

cycle of R. For any ¢’ > 4, R contains a universal walk for C with parameter ¢'.
We will also need the bipartite analogue of a universal walk.

Definition 8.13 (Bi-universal walk). Suppose that R is a digraph whose vertices are k
clusters Vi, ..., V., where k is even, and that C' := V] ...V} is a Hamilton cycle of R. A
closed walk U in R is a bi-universal walk for C'" with parameter ¢’ if the following conditions

hold.

(BU1) The edge set of U has a partition into U,qq and Ueen and, for every i € [k]|, U
contains a chord sequence CS(V;, Vo) from V; to V1o (where Vjyq := V] and
Vir2 = V3) such that (BU2), (BU3), and the following hold. All of the edges
in the multiset (J{CS(V;, Viyo) | i € [k] is odd} are contained in Uyqgq, all of the
edges in the multiset | J{CS(V;, Vita) | i € [k] is even} are contained in Usyen,

and all the remaining edges of U lie on C.
(BU2) For each i € [k], C'S(V;, Viia) consists of at most ‘/T‘TI edges.

(BU3) For each i € [k], both dff (Vi) =% and both dff _(V;) =&

8.2.4 (Bi)-setups

We introduce the key structures required to construct the absorber in the robust decompo-

sition lemma.
Definition 8.14 (Setup). We say that (D, P, P, P*, R,C,U,U’) is an (¢, ¢*, k,m,e,d)-
setup if the following properties are satisfied.

(ST1) D is a digraph. P is a partition of V(D) into an exceptional set Vj of size
[Vo| < e|V(D)| and k clusters Vi, ..., Vj of size m.

(ST2) R is a digraph on the clusters in P, that is, V(R) = {V; | i € [k]}. For each
VW € E(R), the corresponding pair D[V, W] is (g, > d)-regular.
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(ST3) C is a Hamilton cycle of R and, for each VW € E(C'), the corresponding pair

D[V, W] is [g, > d]-superregular.
(ST4) U is a universal walk for C' in R with parameter ¢
(ST5) P’ is an e-uniform ¢'-refinement of P.

(ST6) For each i € [k], let Vi4,...,V;p denote the subclusters of V; contained in P’.
Then, U’ is a closed walk on the clusters in P’ which is obtained from U as
follows. For each i € [k] and j € [¢'], when U visits V; for the j™ time, U’ visits

the subcluster V; ;.
(STT7) For each VW € E(U’), the corresponding pair D[V, W] is [e, > d]-superregular.
(ST8) P* is an e-uniform ¢*-refinement of P.
We will also need the bipartite analogue of a setup.
Definition 8.15 (Bi-setup). We say that (D, P, P',P*, R,C,U,U")isan (¢, 0*, 2k, m,e,d)-
bi-setup if k € N and the following properties are satisfied.

(BST1) D is a balanced bipartite digraph on vertex classes A and B. P is a partition of
V(D) into an exceptional set V which satisfies |[VoNA| = [VoNB| < ¢|A| = ¢|B],
and 2k clusters Vi, ..., Vo, of size m. Let A be the set of clusters V' € P such
that V' C A. Define B analogously. Then, A\ Vo =JA and B\ V, = JB.

(In particular, each cluster V' € P satisfies V C Aor V C B.)

(BST2) R is a balanced bipartite digraph on vertex classes A and B. For each VIV €

E(R), the corresponding pair D[V, W] is (¢, > d)-regular.

(BST3) C'is a Hamilton cycle of R and for each VW € E(C') the corresponding pair

D[V, W] is [e, > d]-superregular.
(BST4) U is a bi-universal walk for C' in R with parameter ¢'.

(BST5) P’ is an e-uniform ¢'-refinement of P.

96



(BST6) For each i € [2k], let V;1,...,V; s denote the subclusters of V; contained in P’
Then, U’ is a closed walk on the clusters in P’ which is obtained from U as
follows. For each i € [2k] and j € [¢'], when U visits V; for the j* time, U’

visits the subcluster V; ;.
(BST7) For each VW € E(U’), the corresponding pair D[V, W] is [e, > d]-superregular.
(BST8) P* is an e-uniform ¢*-refinement of P.

Note that these definitions of a setup and a bi-setup are slightly different to that
of [76]. The original definitions required the exceptional set V; to form an independent set
in D. Here, we only need the definition of a (bi)-setup within the setting of the robust
decomposition lemma (Lemma 8.23 below), where V4 is empty. The independent set
condition is therefore redundant and we omit it. In [76], the refinement P* is added in the
statement of the robust decomposition lemma directly. For convenience, we incorporate
P* into the definition of a (bi)-setup and, for technical reasons, we also require that P* is
e-uniform. Finally, the definition of a bi-setup in [76] did not require D to be a bipartite
digraph. We add this constraint here for convenience. For clarity, we also specify that the
clusters in P must be a subset of one of the vertex classes of D (this actually follows from
(BST3) and the fact that D is bipartite).

By Proposition 7.8, a (bi)-setup remains a (bi)-setup (with slightly worse parameters)
if only a few edges are removed and added at each vertex. A similar observation was

already made (and proved) in [76, Lemma 9.2], so we omit the details here.

Proposition 8.16. Let 0 < -+ < 1,6 <& < d < § < 1lande < . Let D be a
digraph and suppose that D' is obtained from D by removing and adding at most €'m
inedges and at most €'m outedges incident to each vertex. If (D, P,P',P* R,C,U,U’) is
an (0,0, k,m,e,d)-(bi)-setup, then (D', P, P, P*, R, C,U,U") is an (¢, ¢*, k,m, (5’)5, g)—
(bi)-setup.

Note that any partition is an e-uniform 1-refinement of itself.
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Fact 8.17. Suppose that (D,P,P',P*,R,C,U,U") is an (', 0*,2k,m,e,d)-(bi)-setup.
Then, (D,P,P",P,R,C,UU") is an (¢, 1,2k, m,e,d)-(bi)-setup.

By definition, one can delete the exceptional vertices of a (bi)-setup.

Fact 8.18. Let (D, P,P',P*,R,C,U,U") be an (¢',0*,2k, m,e,d)-(bi)-setup. Denote by
Vo the exceptional set contained in P. Let Py, Py, and Py be obtained from P, P’, and P*
by replacing the exceptional set Vy by the empty set. Then, (D — Vo, Py, Py, Py, R, C, U, U’)
is an (', 0%, 2k, m, e, d)-(bi)-setup.

Finally, observe that if D forms a (bi)-setup, then the edges of D can be randomly
partitioned to obtain, with high probability, two edge-disjoint digraphs which both form a
(bi)-setup. Indeed, properties (ST1), (ST4), and (ST6) of a setup and properties (BST1),
(BST4), and (BST6) of a bi-setup are automatically preserved. Moreover, Lemma 8.9
implies that properties (ST5) and (ST8) of a setup and properties (BST5) and (BSTS8) of
a bi-setup hold with high probability. Finally, Lemma 7.17 implies that (super)regularity
is preserved with high probability, as desired for properties (ST2), (ST3), and (ST7) of a
setup and properties (BST2), (BST3), and (BST7) of a bi-setup.

Lemma 8.19. Let 0 < - € ; K e K& K d < 7 < 1ande < . Let D be a
digraph and suppose that D' is obtained from D by selecting each edge independently with
probability % If (D,P,P,P*,R,C,UU") is an ({',0*,k,m,e,d)-(bi)-setup, then, with
high probability, both (D', P, P, P* R,C,UU") and (D \ D',P,P',P* R,C,UU’") are

(0,0 k,m,é€, %)-(bi)—setups.

8.2.5 Special path systems and special factors

Roughly speaking, special path systems can be viewed as blocks of prescribed edges for our
Hamilton cycles; in the robust decomposition lemma (Lemma 8.23 below), each special
path system will be extended to a distinct Hamilton cycle. Special path systems are then
organised into special factors to provide a convenient way of finding them and incorporating

them into Hamilton cycles in a balanced way.
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Definition 8.20 (Canonical interval partition). Let V' be a vertex set and P be a partition
of V into an exceptional set and k clusters. Suppose that C' = V; ...V} is a Hamilton
cycle on the clusters in P. Suppose that % € N. The canonical interval partition of C' into

f intervals is T = {I4,..., 1}, where
I = ‘/Y(ifl)?+1‘/r(ifl)§+2 e V;?H

for each i € [f]. For each i € [f], the clusters V(ifl)?+27 V(F1)§+3 ey Vl§ are called the

internal clusters of the interval I;.

Definition 8.21 (Special path system). Let V' be a vertex set and P be a partition of
V into an exceptional set Vj and k clusters of size m. Suppose that C = V...V, is a
Hamilton cycle on the clusters in P. Suppose that ? € N. Suppose that P* is an /*-
refinement of P. For each i € [k], let V;1,..., Vi, be an enumeration of the subclusters of
V; contained in P*. For any (h, j) € [¢*] x [f], an (¢*, f, h, j)-special path system SPS with

respect to P* and C'is a set of 7 vertex-disjoint paths satisfying the following conditions.

(SPS1) VH(SPS) = Viy_yyisyy and V7 (SPS) = Vi

] f I
Roughly speaking, an (¢*, f, h, j)-special path system with respect to P* and C'is a
set of vertex-disjoint paths which lies along the “A* refinement” of the j*" interval in the

canonical interval partition of C' into f intervals (see also Figure 8.1).

Definition 8.22 (Special factor). Let V,P* C, and Vj be as in Definition 8.21. An
(0%, f)-special factor SF with respect to P* and C' is a 1-regular digraph on V' \ V{ which
has a decomposition {SPSy; | (h,j) € [¢*] x [f]} where, for each (h, j) € [¢*] x [f], SPSh;

induces an (¢*, f, h, j)-special path system in D.

Observe that in the original definition of a special path system in [76], most of the
edges belonged to a host digraph D and the other edges, called “fictive edges”, had to

satisfy some additional properties. Thanks to Fact 8.5, we can omit these conditions.
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Indeed, suppose that we want to construct a Hamilton cycle which contains a special
path system SPS, but SPS does not satisfy all the desired internal conditions. Then, we
can temporarily consider a suitable equivalent special path system SPS’ and construct
a Hamilton cycle H containing SPS’ instead of SPS since, by Fact 8.5, H induces a
Hamilton cycle containing SPS, as desired.

Via Voa U Vs UVyy Vsa ViU Vzi U Vg,

Vie Voo UViaUVie Vo VeaUVzoUVgs

Viea U VisaUVigs Viza VigaUViioUVigs Voo

VierUVisiUVigr Visg Vgt U Vi1 U Vi Vo

Figure 8.1: A (2,4)-special factor with respect to P* = {Vp,Vi1,Vi2,V21,...,Vi62} and
C =Vj...Vig. The grey edges form a (2,4, 2, 1)-special path system with respect to P* and C.

8.2.6 Statement of the robust decomposition lemma

We are now ready to state a modified version of the robust decomposition lemma of [76]. We
discuss the differences from the original version after the statement. (A formal derivation
of Lemma 8.23 is available in Appendix C.)

Observe that SF and SF' may have edges with common starting and ending points in
Lemma 8.23. Indeed, recall our convention that the edges of a multidigraph are all distinct
(see Section 5.2.1) and that, in particular, a decomposition of a multidigraph covers each
edge according to its multiplicity (see Section 5.2.9). Thus, Lemma 8.23 simply states that
each occurrence of an edge in each of H, D" SF, and SF’ is covered by precisely one of

the Hamilton cycles in €.

Lemma 8.23 (Modified robust decomposition lemma [76]). Let 0 < 1+ < 1 < e < % <
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% o <dK %,é < 1 and suppose that rk* < m. Let

k
7“2::96€’ng7“, 7"3::1, r’=ri+ro+r—(q—1)rs, s =rfk+Tr°,

q

and suppose that ﬁ, %, g, %, i me, % € N. Suppose that (D, P, P, P*,R,C,U,U") is

an (¢, %, k,m, e, d)-setup with empty exceptional set V. Let SF be a multidigraph which
consists of the union of r3 (%, f)-special factors with respect to P* and C and let SF' be
a multidigraph which consists of the union of r® (1,7)-special factors with respect to P
and C'.

Then, D contains an (11+ro+5r°)-regular spanning subdigraph D™ for which the holds.
For any r-regular digraph H on V(D) which is edge-disjoint from D™, the multidigraph
HUD™ USFUSF has a decomposition € into s' Hamilton cycles such that each cycle
in € contains precisely one of the special path systems in the multidigraph SF U SF'.

The analogue holds if (D, P,P',P*, R,C,U,U") is an (¢, %,k,m,s,d)—bi—setup and H
15 an r-reqular bipartite digraph on the same vertex classes as D.

Lemma 8.23 differs from [76, Lemma 12.1] in four minor points. (i) As discussed
in Section 8.2.5, our definition of special factor is more general: there is no restriction
on how many edges can lie outside D. (ii) SF and SF’ are multidigraphs rather than
digraphs. (iii) The robustly decomposable digraph D*" is now constructed in only one
stage. In [76, Lemma 12.1], we first input a set of 3 (edge-disjoint) (%, f)-special factors
to obtain a subdigraph C'A°(r) C D and then, in a second stage, we input a set of r°
(edge-disjoint) (1, 7)-special factors to obtain a second subdigraph PCA®(r) C D. In
Lemma 8.23, these two stages are condensed into one: D™ from Lemma 8.23 corresponds
to CA®(r) U PCA®(r) from [76, Lemma 12.1]. (iv) H only needs to be edge-disjoint from
Drob

Using the concept of equivalent sets of vertex-disjoint paths, modifications (i)—(iii) can

be derived immediately from [76, Lemma 12.1]. Indeed, since each special path system

goes into a different Hamilton cycle, Fact 8.5 implies that it is enough to apply [76, Lemma
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12.1] with special path systems which are equivalent to those in the multidigraph SFUSF'.
In both stages of the application of [76, Lemma 12.1], one can use the superregular pairs
in D (which exist by (ST3) an (BST3)) to find suitable special path systems in D which
are equivalent to those contained in the multidigraph SF U SF  and edge-disjoint from
cach other (as well as from C'A°(r) in the second stage).

Modification (iv) cannot be derived immediately from the statement of [76, Lemma 12.1]
but follows easily from its proof and Fact 8.5. More precisely, using the equivalent special
path system approach described above, [76, Lemma 12.1] requires that H is edge-disjoint
from D" as well as the auxiliary special path systems we used to apply [76, Lemma 12.1].
But, the proof of [76, Lemma 12.1] implies that the relevant absorbing properties come
from C'A°(r) and PCA°(r). Thus, if H is not edge-disjoint from the auxiliary special path
systems used to apply [76, Lemma 12.1], then Fact 8.5 implies that we can simply replace
these special path systems by equivalent ones which are edge-disjoint from H. (More

details on how to obtain these modifications can be found in Appendix C.)

8.2.7 Incorporating the exceptional vertices

Recall that (Lemma 8.23) can only be applied with an empty exceptional set ;. In general,
Vo will be non-empty and so we will have to apply Lemma 8.23 with D — Vj playing the
role of D. As a result, the cycles obtained via Lemma 8.23 will not be Hamilton cycles
on V (D), they will only span V(D) \ V. We will incorporate the exceptional vertices
into these almost spanning cycles using the special path systems as follows. (Note that
a special cover as defined below is a generalisation of an exceptional cover as defined in
[76], while a complete special sequence as defined below is the analogue of a complete

exceptional sequence as defined in [76].)

Definition 8.24 (Special cover). Let D be a digraph and Vi C V(D) be an exceptional set.

A special cover in D (with respect to Vj) is a linear forest SC' C D such that V°(SC) = V4.

Definition 8.25 (Complete special sequence). Let D be a digraph and V C V(D) be an

exceptional set. Suppose that SC'is a special cover in D. Let Py, ..., P, be an enumeration
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of the components of SC' which are not isolated vertices. For each i € [¢], denote by u;
and v; the starting and ending points of P;. The complete special sequence associated to

SC' is the directed matching Mg = {uv; | i € [{]}.
Then, observe that the following holds.

Fact 8.26. Let D be a digraph and Vo C V(D) be an exceptional set. Let SC be a special
cover in D with respect to Vo and denote by Mgc the complete special sequence associated
to SC. Suppose that C' is a spanning cycle on V(D) \ Vy satisfying Msc € C C DU Mgc.

Then, (C'\ Msc) U SC is a Hamilton cycle of D.

Our strategy for incorporating the exceptional vertices into the cycles obtained via
the robust decomposition lemma will thus be as follows. Before applying the robust
decomposition lemma, we will reserve the edges from s’ special covers in D with respect
to Vy. Then, we will construct the special factors for Lemma 8.23 in such a way that each
of the s’ special path systems contains the complete special sequence associated to one of
the reserved special covers. Since each cycle obtained via the robust decomposition lemma
will contain precisely one of these special path systems, these cycles will contain precisely
one of these complete special sequences. Using Fact 8.26 and the reserved special covers,
we will thus be able to transform the cycles from the robust decomposition lemma into

Hamilton cycles on V(D). We discuss how to find these special sequences in Section 9.1.

8.3 The preprocessing step

Recall that in the robust decomposition lemma (Lemma 8.23), the exceptional set must
be empty. In the proof of Theorem 4.1, the partition P in the bi-setup will be obtained
via the regularity lemma (Lemma 7.14) and so we will have a non-empty exceptional set
Vo. Thus, we will only be able to apply the (bipartite) robust decomposition lemma in
D — Vj rather than D. This means that the absorber D™ will only be able to decompose
leftovers on V(D) \ V and so we need an additional absorber to cover the leftover edges

incident to Vy. This absorber will be constructed by adapting the preprocessing step of [76]
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to the bipartite case. Roughly speaking, the preprocessing lemma (Lemma 8.30 below)
says that given a bipartite digraph D and an exceptional set V{, one can find a sparse
absorber PG C D (called a preprocessing graph in [76]) such that for any very sparse
leftover H which is edge-disjoint from PG, the digraph H U PG contains edge-disjoint

Hamilton cycles which cover all the edges incident to Vj.

8.3.1 Consistent bi-systems

First, we need a bipartite analogue of a consistent system defined in [76]. This is the key
structure required to construct the absorber in the preprocessing lemma. It is similar to a
bi-setup.

Definition 8.27 (Consistent bi-system). We say that (D, Py, Ry, Co, P, R,C) is a consis-
tent (¢*,k,m,e,d,v,,0,0)-bi-system if the following properties are satisfied.

(CBSysl) D, Ry, and R are balanced bipartite digraphs on vertex classes A and B, Ay
and By, and A and B, respectively. Moreover, D, Ry, and R are bipartite
robust (v, 7)-outexpanders with bipartitions (A, B), (Aqg, Bo), and (A, B),

respectively. Furthermore, 6°(D) > §|D|, °(Ry) > §|Ry|, and 6°(R) > J|R).

(CBSys2) Py is a partition of V(D) into an exceptional set V which satisfies [VoNA| =

Vo N B| < ¢|A| = ¢|B|, and eﬁ* clusters of size m¢*. The vertex set of Ry

consists of these clusters. (Thus, |Ro| = £.)

(CBSys3) P is an (*-refinement of P, (and so the clusters in P have size m). The

vertex set of R consists of the clusters in P. (Thus, |R| = k.)
(CBSys4) For each VIW € E(R), the corresponding pair D[V, W] is (e, > d)-regular.

(CBSysbh) Cjy is a Hamilton cycle in Ry and C' is a Hamilton cycle in R. For each

VW € E(C), the corresponding pair D[V, W] is [e, > d]-superregular.

(CBSys6) Suppose that W, W’ € V(Ry) and V, V' € E(R) satisfy V. C W and V' C W',
Then, WW' € E(Ry) if and only if VV' € E(R).
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(CBSys7) C can be viewed as obtained by winding ¢* times around Cp, i.e. for every
edge WW' € E(Cy), there are precisely ¢* edges VV' € E(C) such that
VCW and V' C W'

(CBSys8) Let V' be a cluster in Py and W C V be a cluster in P. Let v € V(D) and

OIND (v)NV|
£* ’

o€ {+,—} I |Ny(v) N V| > 7|V], then [N (v) N W| >

Observe that the original definition of a consistent bi-system in [76] also required the

exceptional set V) to be an independent set. However, we will see that this condition is
not necessary for our purposes and so we omit it here for convenience.

By Lemma 7.3 and Proposition 7.8, a consistent bi-system remains a consistent bi-

system (with slightly worse parameters) if only a few edges are removed at each vertex.

An analogous observation was made (and proved) in [76, Lemma 7.1], so we omit the

details here.

Proposition 8.28. Let 0 < % < % Ke<édxdgrTrdld <1 LetD
be a digraph and suppose that D' is obtained from D by removing at most e'm inedges
and at most €'m outedges incident to each vertex. If (D, Py, Ry, Co, P, R,C) is a con-
sistent (0*, k,m,e,d, v, T,9,0)-bi-system, then (D', Py, Ry, Co, P, R, C) is still a consistent

(0%, k,m, 3Ve g, 2T, g, g)—bi—system.

Finally, we observe that if D forms a consistent bi-system, then the edges of D can be
randomly partitioned to obtain, with high probability, two edge-disjoint digraphs which
both form a consistent bi-system. Indeed, (CBSys2), (CBSys3), (CBSys6), and (CB-
Sys7) are automatically preserved and, by Lemma 7.19, bipartite robust outexpansion
is preserved with high probability, as desired for (CBSysl). Moreover, a simple appli-
cation of Lemma 7.16 can guarantee suitable minimum degree conditions for (CBSys1)
and (CBSys8). Finally, Lemma 7.17 implies that (super)regularity is preserved with high
probability, as desired for (CBSys4) and (CBSysb).

Lemma 8.29. Let 0 < L+ < 1 K e < ¢ K d < v <7 < 6,0 <1. Suppose
that (D, Py, Ry, Co, P, R,C) is a consistent (¢*,k,m,e,d,v,T,0,0)-bi-system. Let D" be
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obtained from D by selecting each edge independently with probability % Then, with high
probability, both (D', Py, Ry, Co, P, R,C) and (D \ D', Py, Ry, Co, P, R,C) are consistent
(¢, k,m, e, 2 T,%,g)—bz'-systems.

)99 40

8.3.2 Statement of the preprocessing lemma for bipartite di-
graphs

The following lemma is a bipartite analogue of [76, Corollary 8.5 and Lemma 8.6]. Since
it can be proved using very similar arguments as those of [76], we omit its proof here.
(A detailed explanation on how to derive Lemma 8.30 can be found in Appendix D.) As
mentioned at the beginning of Section 8.3, Lemma 8.30 states that a consistent bi-system
contains a sparse absorber PG which can cover all the exceptional edges of a very sparse

leftover H with edge-disjoint Hamilton cycles.

Lemma 8.30 (Preprocessing lemma for bipartite digraphs [76]). Let 0 < + < L < :—n/ <
%<<€<<él*<<d<<u<<7<<5,0§1. Denotes::%7 andsupposethat%,io_—ézeN.
Let (D, Py, Ry, Co, P, R,C) be a consistent (¢*,k,m,e,d,v,T,0,0)-bi-system. Then, there
exists a spanning subdigraph PG C D such that the following hold.

(i) Each v € V, satisfies dpg(v) = r(s — 1) and each w € V(D) \ Vy satisfies

dIiDG(w) =7,

(ii) Let H be an r-regular bipartite digraph on the same vertex classes as D. If H
is edge-disjoint from PG and satisfies e(H[Vp]) = 0, then H U PG contains rs

edge-disjoint Hamulton cycles C1, ..., C.s such that the following hold.
(a) HC Uiy Ci € HU PG.

(b) Let PG":== PG\ U,¢pq Ci- Then, each v € Vy satisfies A5 (v) =0 and
each w € V(D) \ Vy satisfies dsq(w) =1 —1r(s — 1).

Note that in [76, Corollary 8.5], H must be a spanning subdigraph of the host digraph

D. However, this condition is not necessary since, as H is very sparse, its edges could
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be added to the host digraph without affecting the parameters of the consistent system
significantly. This is why, in our bipartite version of the preprocessing lemma (Lemma 8.30),
we may omit the condition that H is a spanning subdigraph of D. Moreover, [76, Corollary
8.5] requires the exceptional set V) to form an independent set in D. But, Proposition 8.28
implies that D\ D[Vp] also contains a consistent bi-system (with slightly worse parameters).
Thus, this condition can be omitted in Lemma 8.30.

Since PG’ is a regular digraph on V(D) \ Vj, we can use D™ from the robust
decomposition lemma (Lemma 8.23) to decompose it into Hamilton cycles on V(D) \ V4.
(The vertices in V; will later be incorporated into these cycles via the special path systems
as discussed in Section 8.2.7.) Thus, we can combine PG and D™ to form an absorber
D2 which can decompose a sparse leftover digraph H which have edges incident to V.

This is made precise in the following corollary.

—

Corollary 8.31. Let 0 < & < £ < L < § e € + < 4,1 < §

1 1
o <<d<<’/aﬁ7§<<

3|

TK6,60<1. Let
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s=—, r=r"—(s=1)r
v
. /2 * — T*fk L * I % o
ro = 960 g*kr*, r3:= , =4+t —(q—Drs, §=r"fk+7rc.
q

k k k 21k 0
Suppose that 73, Ty %, 510 me, ﬁ, io_l € N. Suppose that (D, Py, Ro, Co, P, R, C)

is a consistent (¢*, k,m,e,d,v,T,0,0)-bi-system and suppose that (D, P, P',P* R,C,U,U’)
is an (¢, %, k,m,e,d)-bi-setup. Suppose that the exceptional set Vi forms an independent
set in D. Let SF be a multidigraph which consists of the union of r3 (%, f)-special factors
with respect to P* and C and let SF' be a multidigraph which consists of the union of r°
(1,7)-special factors with respect to P and C. Then, D contains a spanning subdigraph

D2 for which the following hold.

(i) Each v € Vp satisfies dt,,.(v) = r(s — 1) and each w € V(D) \ Vy satisfies

Dabs

dE e (W) =7/ 411 + 79 + 57°.

Dabs

(ii) Let H be an r-reqular bipartite digraph on the same vertex classes as D. If
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H is edge-disjoint from D and satisfies e(H|[Vy]) = 0, then the multidigraph
HUD*® JUSFUSF has a decomposition € UE" into rs+ s edge-disjoint cycles

satisfying the following properties.
(a) € C HU D™ and consists of rs edge-disjoint Hamilton cycles on V(D).

(b) €' consist of §' edge-disjoint Hamilton cycles on V(D) \ Vo such that
each cycle in €' contains precisely one of the special path systems in the

multidigraph SF U SF'.

Proof. First, let PG be the spanning subdigraph of D obtained by applying Lemma 8.30.
Define D" := D\ PG and let Py, Py, and P; be obtained by replacing the exceptional set
Vo by the empty set in P, P’, and P*, respectively. By Lemma 8.30(i), Proposition 8.16,
and Fact 8.18, (D' — V4, Py, Py, Py, R, C,U,U’) is an (£, %, k,m,e3, g)—bi—setup with empty
exceptional set. Let D™ be the spanning subdigraph of D’ — V; obtained by applying
Lemma 8.23 with D' — Vp, Py, Py, Pg,e3, 4, and r* playing the roles of D, P, P, P* e, d,
and 7.

Define D# := PG U D™. Then, (i) follows from Lemma 8.30(i) and Lemma 8.23. For
(i), let H be an r-regular bipartite digraph on the same vertex classes as D. Suppose
that H is edge-disjoint from D and satisfies e(H[V;]) = 0. Let € be the set of rs
Hamilton cycles obtained by applying Lemma 8.30(ii). In particular, (ii.a) holds and
Lemma 8.30(ii.a) implies that E(H) C E(¥) C E(H) U E(PG). Let PG’ .= PG\ ¥.
Then, Lemma 8.30(ii.b) implies that E(PG’') = E(PG' — V) and PG’ — V, is r*-regular.
Let €’ be the set Hamilton cycles on V(D) \ Vj obtained by applying Lemma 8.23 with

PG’ and r* playing the roles of H and r. Then, (ii.b) holds and we are done. ]
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CHAPTER 9

THE BIPARTITE ROBUST OUTEXPANDER CASE:
PROOF OF THEOREM 4.1

In this section, we combine the approximate decomposition (Corollary 8.2) and the

absorption step (Corollary 8.31) to derive Theorem 4.1.

9.1 Applying the robust decomposition lemma in a
bipartite robust outexpander

In order to apply Corollary 8.31, we will need to find a consistent bi-system, a bi-setup,
and special factors. In this section, we discuss how these can be found in a bipartite robust
outexpander.

First, we explain how to form the special factors required for Corollary 8.31. As
discussed in Section 8.2.7, their role is to incorporate the exceptional vertices into the
cycles obtained via the robust decomposition lemma. By Fact 8.26, we would like each
special path system to consist of a complete special sequence (recall Definition 8.25) and
edges of D. (Note that such special path systems were called complete exceptional path
systems in [76].) One can achieve this by adapting the arguments of [76, Lemma 7.6] to

the bipartite case (see Appendix D for more details).

Lemma 9.1 (Constructing special covers and special factors). Let 0 < % < % ek

d<<1/<<7'<<(5,9§1and€<<ﬁ—1,,% and%<<d. Supposethat%,%éNand%«l. Let
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(D, Py, Ro, Co, P, R,C) be a consistent ({*,k,m,e,d,v,T,9,0)-bi-system with exceptional

set V. Let P' be an e-uniform ¢'-refinement of P. Then, there exist

(1) a set SC={SC;n; | (i,h,j) € [r] x [t']| x [f]} of rl'f edge-disjoint special covers

m D with respect to Vi and

(i) = (¢, f)-special factors SFy,...,SF, with respect to P' and C

such that the following hold, where for each (i, h,j) € [r] x [¢'| X [f], M,  denotes the
complete special sequence associated to SC;p, j and SPS;y ; denotes the (¢, f, h, j)-special

path system contained in SF;.

(iii) For each (i,h,j) € [r] x [¢'] x [f], we have M, ; € SPS;p; € (D\SC)U M;p ;.

(iv) Let (i,h,7), (', b 5") € [r] x [€'] x [f] be distinct. Then, we have (SPS;p; \
Mithj) ﬂ (SPS’L‘/,]’L/,]" \ M’i/,h/,j’) = @

Roughly speaking, Lemma 9.1(iii) means that each complete special sequence is
incorporated into a distinct special path system, while Lemma 9.1(iv) states that each
edge of D\ SC is incorporated into at most one of the special path systems. Note that
in [76, Lemma 7.6], the exceptional set Vi must form an independent set in D. But,
Proposition 8.28 implies that D \ D[V;] also contains a consistent bi-system (with slightly
worse parameters). Thus, this condition can be omitted in Lemma 9.1.

Consistent bi-systems and bi-setups can be constructed from Szemerédi’s regularity
lemma (Lemma 7.14) as follows. Recall that, by Lemma 7.15, the reduced digraph Ry
obtained by applying the regularity lemma (Lemma 7.14) to a bipartite robust outexpander
D is also a bipartite robust outexpander. By Lemma 7.7, this property is also preserved
when taking refinements. Thus, one can obtain a consistent bi-system by applying the
regularity lemma to obtain a partition Py of V' (D), then selecting a uniform refinement P
of Py using Lemma 8.7, and finally using Corollary 7.5 to find the desired Hamilton cycles
Coy and C.

The additional refinements P’ and P* of P required to form a bi-setup can also be

obtained by applying Lemma 8.7 (the superregular pairs required for (BST7) can be
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obtained using Lemma 8.8). The next lemma gives the bi-universal walk required for
(BST4). (Lemma 9.2 is easily proved by adapting the arguments of [76, Lemma 9.1] to the

bipartite case, so we defer its proof to Appendix D.)

Lemma 9.2. Let 0 < % LK v KT K< and let I' be an even integer satisfying

¢ > 36v2. Suppose that R a balanced bipartite robust (v, T)-outezpander with bipartition
(A, B), where |A| = |B| = k. Suppose that °(R) > 6k. Let C' be a Hamilton cycle in R.

Then, there exists a bi-universal walk U for C with parameter (.

Altogether, we obtain a consistent bi-system and a bi-setup (as defined in Defini-
tions 8.15 and 8.27). Then, we apply Lemmas 8.19 and 8.29 to partition the edges of D
into two edge-disjoint subdigraphs D; and Dy which each form a consistent bi-system
and a bi-setup. We will use D; to construct the special factors (Lemma 9.1) and Dj to
construct the absorber (Corollary 8.31). This is necessary because, after constructing all
the special factors, the clusters in P and P’ may no longer form suitable (super)regular
pairs (that is, properties (CBSys4) and (CBSys5) of a consistent bi-system and properties
(BST2), (BST3), and (BST7) of a bi-setup might not hold anymore), so we cannot apply

Corollary 8.31 directly after Lemma 9.1.

Lemma 9.3. Let 0 < ﬁ < e. Then, there ezist M" ,ng € N such that the following holds.
Suppose that ¢ K % < %,% LdKr<«KrKod<landd <K % < 1. Moreover, let
(' > 324v72 be even. Let D be a balanced bipartite digraph on vertex classes A and B of
size n > ng. Suppose that D is a bipartite robust (v, T)-outexpander with bipartition (A, B)
and that 5°(D) > én. Then, there exist m,k € N and edge-disjoint Dy, Dy C D such that

the following conditions are satisfied.

. , " k' k k m m fm _2fk
(i) M'<k<M"and 3,3, 7,5 104 5301 € N

(ii) There exist Py, P, P', P*, Ry, R, Cy,C,U, and U’ which satisfy the following con-

ditions for each i € [2].

— (D, Po, Ry, Co, P, R, C) is a consistent (*,2k,m,e,d, v*, 87, g,@)—bi—system.
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- (D, P, P, P*,R,C,U,U") is an (', %,Qk,m,e,d)-bz’-setup.

Note that in order to apply Corollary 8.31, we need a constant g which divides k. We
also require that this constant ¢ is sufficiently large but sufficiently small compared to k
and f. We would not be able to fix such a parameter if, for instance, f is a prime number
and k = 7f. It is therefore necessary to introduce ¢ in Lemma 9.3 even though it does not
explicitly appear in Lemma 9.3(ii).

For a formal proof of Lemma 9.3, see Appendix E.

9.2 Proof of Theorem 4.1

We are now ready to derive Theorem 4.1. Our strategy is as follows. In Step 1, we
construct consistent bi-systems and bi-setups using Lemma 9.3. In Step 2, we construct
an absorber D using Corollary 8.31 (the required special factors are constructed with
Lemma 9.1). In Step 3, we approximately decompose D using Corollary 8.2. In Step 4,

we decompose the leftover using D",

Proof of Theorem 4.1. We may assume without loss of generality that § < 1. Let 0 <
% <L 7K ) and nlo < v. By Fact 7.2, we may assume that v < 7. Let n > ng and r > n.
Let D be an r-regular bipartite digraph on vertex classes A and B of size n. Suppose that
D is a bipartite robust (v, 7)-outexpander with bipartition (A, B). Let s := 107078, Fix

additional parameters such that

1 1 1 1 1
I<-<K—< =< -< <A<y, -<7<L8,0< 1
n M M qg f g
and 4, f—;, 550_ff € N. Let # be the smallest even integer satisfying ¢/ > 324v~2. Denote
* == f* and observe that £, 5% € N and Zi* = % < 1.

Step 1: Constructing consistent bi-systems and bi-setups. Apply Lemma 9.3
to obtain m, k, D1, Do, Py, P, P', P*, Ry, R, Cy, C, U, and U’ such that the following hold

for each i € [2].
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. , 1 kE k k fm _2fk
(1) M <k < M" and 77?7575&674&31777WEN'

(i) (Dy, Py, Ro, Co, P, R,C) is a consistent (¢*, 2k, m,e,d,v*, 8T, g, 0)-bi-system.

(i) (D;, P,P',P*,R,C,U,U") is an (¢, %,2k,m,5,d)—bi—setup.

1
M

Fix additional constants €', r¢,r(, and r such that % KKK % < and

%<<%<<d. Let
« 2t fk

rt=ry—(s—Drg, roe:=1920¢°kr*, ry: q

r®=ri+ro+rt—(¢g—1Drs, s =2r"fk+7r°.
Let Vj denote the exceptional set in P.

Step 2: Constructing the absorber. We will use Corollary 8.31. First, we construct
the required special factors in D;.

Note that (iii) and (BST8) imply that P* is an e-uniform %-refinement of P with
respect to Dy. Apply Lemma 9.1 with Dy, rs, 2k, v, 87, g, P*, and % playing the roles of
D,r k,v,7,6,P', and ¢ to obtain

(a) aset SC={SC;; | (i,h,7) € [rs] x [£] x [f]} of grs edge-disjoint special covers

q
f
in D; € D with respect to V and

(b) 5 (%, f)-special factors SFj,..., SF,, with respect to P* and C

for which the following hold, where for each (i, h, j) € [r3] x [$] X [f], Mip,; denotes the
complete special sequence associated to SC;p, ; and SPS;, ; denotes the (%, f, h, 7)-special

path system contained in SF;.
(c) For each (i, h, j) € [r3] x [4] x [f], we have M;; € SPS;p; € (D1\SC)U M;p,;.

(d) Let (i, h,7), (@ 1, j") € [rs3] x [%] x [f] be distinct. Then, we have (SPS;; \
Mi,h,j) N (SPSI‘/,]-L/J'/ \ Mi’,h’,j’) - Q)

Define a multiset M by M = {Mp; | (i,h,j) € [rs] x [}] x [f]} and a multidi-
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graph SF by SF = SF, U ---USF,,. Let D} == D\ (SC USF). Observe that
SC consists of r3q linear forests and SF consists of r3 digraphs of maximum semidegree
1. Thus, Proposition 8.28 and (ii) imply that (D}, Py, Ro, Co, P, R,C) is a consistent

(0%, 2k, m, 3V, %, %87, &, 9)-bi-system. Note that P is a 3y/z-uniform refinement of itself

a2a27

L 87,2 2P and 7

with respect to D}. Apply Lemma 9.1 with D}, r° 2k, 3 ,2, 58T, 15, 35

playing the roles of D,r k,e,d,v,7,9,0,P', ¢, and f to obtain

() aset SC"={SC;, ;| (i,h,j) € [r°] x [1] x [7]} of Tr® edge-disjoint special covers

in D} C D with respect to V; and

(b’) r° (1,7)-special factors SFY,..., SF/, with respect to P and C

for which the following hold, where for each (i, h, j) € [r°] x [1] x [7], M],, ; denotes the
and SPS]

i n; denotes the (1,7, h, j)-special

complete special sequence associated to SCj, g

path system contained in SF].

C SPS!

(¢) For each (i, h,7) € [r°] x [1] x [7], we have M] in; C

i,h,j

C (D} \ SC) U M!

ishyj
(d') Let (i,h,7), (@ h, ") € [r°] x [1] x [7] be distinct. Then, we have (SPS}, ; \
My ) V(S PSy o \ My ) = 0.
Define a multiset M’ by M’ := {M], ;| (i,h,j) € [r°] x [1] x [7]} and a multidigraph SF’
by SF = SF/U---USF.
By (ii) and (iii), we can let D# be the absorber obtained by applying Corollary 8.31

with Dy, ro, 70, 2k, v*, 87, and g playing the roles of D,r, v’ k,v, 7, and J.

Step 3: Approximate decomposition. In this step, we approximately decompose
D' := D\ (8CUSC'USFUSF U D) into Hamilton cycles, with a sparse leftover. Let

r=r—ro(s—1)—¢.
Claim 1. D' is an r'-regular bipartite robust (3, T)-outexpander with bipartition (A, B).

Proof of Claim. By Lemma 7.3, it is enough to show that D’ is r’-regular. By Corol-
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lary 8.31(i), each v € V(D) satisfies

(o) = ro(s — 1) it v eV

Ty + 11+ 19+ 5r°  otherwise.

By (a) and (a’), SC and SC’ are edge-disjoint sets of edge-disjoint special covers in D with

respect to Vg and so Definitions 8.24 and 8.25 imply that each v € V(D) satisfies

N N N qrs + r° if v eV,
dch,sc' (’U) = dSC (U) + dsc' (U) =
d,(v) + di(v)  otherwise.

By Definition 8.22, (b), and (b'), each v € V(D) satisfies

N N 0 if v e Vy;
ds}-(v) + ds}—/(v) -

rs + r° otherwise.

By construction, D* and SCUSC' are edge-disjoint. By (c), (d), (¢), and (d'), SFND and
SF'N D are edge-disjoint digraphs (rather than multidigraphs) and are both subdigraphs
of D\ (8C USC' U D**). Thus, each v € V; satisfies

d%’(v) - d%(v) - diabs (U> - d:gt(jusc’<v) - dg:}'ﬂD(v) - dg}‘/mD(v)

=r—ro(s—1)—(qgrs+7r°) —0—-0=1"
Moreover, (c) and (¢’) imply that each v € V(D) \ V, satisfies

d%/ (U) = dli)(v) - de[abs (U> - dﬁcUsc’(w - dé}‘mD(”) - d‘js?]-"mD@)
= 1 @ (0) — Al 50 (0) — (AR (V) — A5 (0)) — (dE (v) — dy (0)

/

=r—(rg+ri+ra+5°) —(r3+1°) =1
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Thus, D’ is r’-regular, as desired. &

Note that by Corollary 8.31(ii), D* cannot absorb any edges which entirely lie in V4.
Thus, we start by covering the edges of D'[Vj] with a small number Hamilton cycles as

follows. By (iii) and (BST1),
by =|VoNAl=|VonB|<en<r —2uwn.

Apply Kénig’s theorem to decompose D’[Vp] into ¢y edge-disjoint matchings M, ..., M,

0

and observe that Claim 1 and Lemma 7.3 imply that D"\ {J;c(,,; M; is an (£, )-almost reg-
ular bipartite robust (%, 7)-outexpander with bipartition (A, B). Note that Corollary 8.2(i)
and (ii) hold with M, ..., M, playing the roles of F,..., Fy. Apply Corollary 8.2 with
D'\ Useje) Mis bo, 52,1, %, and M, ..., My, playing the roles of D, (,6,7,v, and Fy,. .., F,
to obtain a set € of ¢ edge-disjoint Hamilton cycles of D’ such that D'[Vp] C E(%)) and
D" := D"\ E(%)) is a bipartite robust (g, 7)-outexpander with bipartition (A4, B). Note
that D" is regular of degree r" := 1" — (.

We now approximately decompose D” as follows. For each i € [r" — ry], let F; be

the empty digraph (so Corollary 8.2(i) and (ii) are satisfied). Apply Corollary 8.2 with

!/ To

D" r" —rg, ;—;;, ', 32, and ¢ playing the roles of D,/,4,¢,m, and v to obtain a set €,pprox

of " — ry edge-disjoint Hamilton cycles of D”.

Step 4: Absorbing the leftovers. Finally, we decompose H = D" \ Copprox =
D'\ (6o U Gapprox) using the absorber D** constructed in Step 2. Note that H is an ro-
regular subdigraph of D"\ D'[Vp] (by Claim 1, H is obtained from the r’-regular digraph D’
by removing the edges of ' —ry edge-disjoint Hamilton cycles of D’). Define a multidigraph
D" by D" .= HUD* USFUSF.

Claim 2. D"\ (M UM’) is a digraph (rather than a multidigraph) and satisfies D"\
(MUM') =D\ (SCUSC"UE U Capprox)-

Proof of Claim. By (c), (d), (¢), and (d'), SF\ M and SF' \ M’ are digraphs rather

116



than multidigraphs and are edge-disjoint subdigraphs of D \ (SC U 8C’). By Step 2,
D C D\ (S8CUSFUSC'USF') and, by definition,

H = D"\ Copprox = D\ (SCUSC' USF USF' U D™ ULy U Capprox)- (9.1)

Thus, SF\ M, SF'\ M, D®* and H are all pairwise edge-disjoint subdigraphs of D.
Therefore, D"\ (M U M’) is a digraph. Moreover, recall from Step 3 that €5 U Gapprox
D' C D\ (SFUSF UD*s). Thus, (9.1) implies that D"\ (MU M’) = D\ (S8CUSC' U
G0 U Capprox), as desired. &

Let € U %" be the decomposition of D" obtained by applying Corollary 8.31(ii) (with
ro and r{, playing the roles of r and r’). By Corollary 8.31(ii.b), " is a set of 5" Hamilton
cycles on V(D) \ Vy, each containing precisely one of the special path systems in the

multidigraph SF U SF'. That is, there exists an enumeration

{Cing | (0, 5) € [rs] X [$] < [fT U{Cip; | (i, 0y ) € [r¥] x [1] x [7]}

of €' such that C;,; N (SFUSF') = SPS;; for each (i,h,j) € [r3] x [4] x [f] and
Ch oy N (SFUSF') = SPS}, ;. for each (i, 1, j') € [r°] x [1] x [7].
For each (i, h, j) € [rs] x [$] x [f], define C7), ; = (Cip,j \ Mip,;)USCip,; and note that

(c) and Fact 8.26 imply that C

+1; 1s a Hamilton cycle of D. For each (i, h, j) € [r°] x [1] x[7],

define C”

iy = (Cipi \ M, ;) USCE, o and note that (¢) and Fact 8.26 imply that C7’

ZIhhj

is a Hamilton cycle of D. Let

€ = {Copy | (o) € [ral x [4] x [T ULCH, | (iohog) € ] x 1] x [7]).

By (a), ('), and Step 3, SC, SC’, and 6y U Capprox are all pairwise edge-disjoint. Thus,

Claim 2 implies that €” is a Hamilton decomposition of

(D" \ (MUM UZ))U(SCUSC) = D\ (%y U Gapprox U ).
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By Step 3, 6o U Gapprox is a set of edge-disjoint Hamilton cycles of D and, by Corol-
lary 8.31(ii.a) and Claim 2, € is a set of edge-disjoint Hamilton cycles of H U D C
D\ (60 U Capprox)- Thus, 6 U Gapprox U € U € is a Hamilton decomposition of D. This

completes the proof of Theorem 4.1. O
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CHAPTER 10

BLOW-UP CYCLES: DEFINITIONS AND PROOF
OF LEMMA 4.3

The remainder of this thesis is devoted to the proofs of Lemma 4.3 and Theorem 4.4. In
this section, we recall and expand on the definitions of the complete blow-up C) and a
digraph which is e-close to the complete blow-up C;. We also state a few properties of

blow-up cycles and prove Lemma 4.3.

10.1 Blow-up cycles

We now generalise the concept of complete blow-up Cj introduced in Section 4.2. Let
K > 3. The complete blow-up Cx on vertex classes of size n is the n-fold blow-up of
the consistently directed Cx. Any spanning subdigraph of the n-fold blow-up of the
directed Ck is called a blow-up Ci on vertex classes of size n. Recall from Section 4.2
that a digraph is e-close to the complete blow-up Cy on vertex classes of size n if it can be
obtained from the complete blow-up Cy on vertex classes of size n by flipping the direction
of at most 4en edges.

Let K > 3. It will sometimes be convenient to label the vertex classes of the (complete)
blow-up Ck. This motivates the following variants of the above definitions. Let Uy, ..., Uk
be disjoint vertex sets of size n and let U = (Uy,...,Uk). The complete blow-up Cg
with vertex partition U is the digraph D on JU = ¢ Ui defined by E(D) = {uv |

u € Uj,v € Uyq,i € [K]} (where Ugyq == Ujp). Note that the ordering of Uy, ..., Uk
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matters. The vertex sets Uy, ..., Uk are the vertex classes of D. In informal discussions,
we sometime refer to (Uy,Us), ..., (Uk,U;) as the pairs of the blow-up Ck. (In other
words, D is the n-fold blow-up of the directed Cx whose vertex classes are denoted by
Ui, ...,Uk and ordered according to the ordering of the vertices in the directed Ck.) Let
D' be a digraph on | JU. We say that D’ is a blow-up Ck with vertex partition U if D' is a
spanning subdigraph of D. If K = 4, we say that D’ is e-close to the complete blow-up Cy
with vertex partition U if D' can be obtained from D by flipping the direction of at most

4en? edges of D.

Definition 10.1 ((g,4)-partition). Let Uy,...,Us be disjoint vertex sets of size n and
denote U = (Uy,...,Uys). Let D be a digraph on |JU. We say that U is an (e, 4)-partition

for D if D is e-close to the complete blow-up C} with vertex partition U.

Note that while the ordering of Uy,..., Uk in the above definitions matters, this
ordering can be shifted without effect. We also emphasise that, in the above definitions,

we assume that the vertex classes Uy, ..., Uy are equally sized.

Fact 10.2. Let D be a digraph on 4n vertices and suppose that U = (Uy,...,Uy) is an

(e,4)-partition for D. Then, the following hold.

(i) [Ui] = -+ = |Usf = n.
(ii) For eachi € [4], (U;,...,Uits) is an (e,4)-partition for D.

Throughout this thesis, when we work with a vertex partition U = (Uy, ..., Ug), the

subscripts in Uy, ..., Uk are always taken modulo K (so Uk := U for example).

10.2 Forward and backward edges

Let Uy, ..., Uk be disjoint vertex sets (not necessarily of the same size) and denote
U= (Uy,...,Uk). Let u,v € [JU be distinct. We say that uv is a forward edge (with
respect to U) if there exists i € [K] such that u € U; and v € U;y;. We say that uv is a

backward edge (with respect to U ) if there exists ¢ € [K| such that v € U;11 and v € U;. Let
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D be a digraph on | JU. We denote by Bu the subdigraph of D induced by the forward
edges of D with respect to U and by gu the subdigraph of D induced by the backward
edges of D with respect to U. Let v € V(D). The forward (in/out)degree of v in D (with
respect to U ) is the (in/out)degree of v in Bu and the backward (in/out)degree of v in D

(with respect to U ) is the (in/out)degree of v in ﬁu- These are denoted by

- -

dpulv) =dg (v), db,0) = & (), dpul)=dg, (0),  dhy0) = dE (v).
Similarly, the forward (in/out)neighbourhood of v in D (with respect to U) is the (in/out)-
neighbourhood of v in Bu and the backward (in/out)neighbourhood of v in D (with respect

to U ) is the (in/out)neighbourhood of v in ﬁu. These are denoted by

N pulv) = N, (v), Nby0) = N5 (0), Npu(v) = Nig, (0), Nju(v) = NE (0)

10.3 Regular bipartite tournaments

We now make a few observations about regular bipartite tournaments. Let Uy, ..., Us be
disjoint vertex sets of size n and denote U = (Uy, ..., U,). Let T be a bipartite tournament
and suppose that U is an (g,4)-partition for 7. Then, it is easy to see that 7" is a bipartite
tournament on vertex classes U; U Uz and Us U Uy. Moreover, note that the complete
blow-up Cy with vertex partition U is a regular digraph. Thus, 7" must be obtained by
changing, for each v € |JU, the direction of the same number of in- and outedges incident

to v.

Fact 10.3. Let Uy, ..., Uy be disjoint vertex sets and U = (Uy,...,Uy). Let T be a reqular

bipartite tournament on vertez classes Uy UU;z and Uy UUy. Then, each v € V(T) satisfies
_ Ay _
D) = dyg(v) and Ty (0) = d gy ().

In particular, this implies that the number of forward /backward edges is the same in
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each pair of the blow-up Cj.

Fact 10.4. Let Uy,..., Uy be disjoint vertex sets and denote U == (Uy,...,Uy). Let T be

a reqular bipartite tournament on vertex classes Uy U Uz and Uy U Uy. Then,
er(Ur,Us) = ep(Us, Us) = ep(Us, Us) = er(Us, Un)

and

er(Ur,Us) = er(Uy, Us) = er(Us, Uz) = er(Us, Uy).
Thus, we may use the following alternative definition of an (g, 4)-partition.

Fact 10.5. Let Uy, ..., Uy be disjoint vertex sets and U = (Uy,...,U,). Let T be a regular
bipartite tournament on vertex classes Uy U Uz and Uy UUy. Then, U is an (g, 4)-partition

for T if and only if ex(U;, U;_y) < en? for each i € [4].

10.4 Proof of Lemma 4.3

We are now ready to prove Lemma 4.3, which states that if a regular bipartite tournament

T is not a bipartite robust outexpander, then T is close to the complete blow-up Cy.

Proof of Lemma 4.3. Let 0 < n—lo < V' < v < 7andlet T be aregular bipartite tournament
on vertex classes A and B of size 2n > ng. Note that T is n-regular. Suppose that T’
is not a bipartite robust (¢/, 7)-outexpander with bipartition (A, B). We show that 7" is
VV/-close to the complete blow-up C, on vertex classes of size n.
We may assume without loss of generality that there exists A" C A satisfying 27n <
|A’| <2(1 — 7)n for which
|RN,; p(A")] < |A| + 2v'n. (10.1)

Denote B’ := RN, :;,T(A/ ). By definition of a bipartite robust outexpander, we have

er(A', B\ B') < 2v'n|B\ B'| < 4v/n?. (10.2)
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Thus,

(10.2) 2/
|A'||B'| > ep(A',B") = er(A',B) —ep(A', B\ B") > n]A'| —4v/'n* > (1 — —V) n|A'l.
T

Therefore,
|B'| > (1 - Q—V,) n (10.3)
.
and so
w (10.1)2,(10.3) (1 B 3\27) - (10.4)
Moreover,

(10.2)
n|B\ B'| > er(B\ B, A') = |B\ B'||A'| —er(A, B\ B") > |B\B|(|A] —2v'n).

Therefore,
A< (1+2V)n (10.5)

and so
(10.1),(10.5)

B < (1+4/)n. (10.6)
Let U; U Uz be a partition of A such that |U;| = n = |Us| and |Uy A A'| = |n — |A||.
Similarly, let Uy UUy be a partition of B such that |Us| = n = |Uy| and |UyAB'| = |[n—|B'||.

Note that

(10.3),(10.6) 7
and |, AB| < BVvn (10.7)

U, A A y

(10.4){(10.5) 3Vv'n
- 4

By Facts 10.4 and 10.5, it is enough to show that er(Uy, Uy) < 4v/v'n?. We have

GT(Ul,U4) S €T(AIQU1,U4\B/)—|—€T(U1 \A/,U4) +6T(U1,BIQU4)
(10.2),(10.7) 102 I0n2

< 4/2
= vn” + 1 1
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as desired.
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CHAPTER 11

A ROBUST DECOMPOSITION LEMMA FOR
BLOW-UP CYCLES

In this section, we introduce a robust decomposition lemma for blow-up cycles. This
result will be used in the proof of Theorem 4.4 to decompose the edges leftover after the
approximate decomposition. (See Section 4.3 for a proof overview of Theorem 4.4.)
First, observe that the standard robust decomposition lemma (Lemma 8.23) cannot be
directly applied when T is (e-close to) the complete blow-up Cy because we cannot find a
setup or a bi-setup: since (almost) all the edges lie along a blow-up cycle, we cannot find
the necessary chord edges to form a universal or bi-universal walk. Thus, we will need to

derive an analogue of Lemma 8.23 which holds for blow-up Cj’s.

11.1 Aim and strategy

Let D be a blow-up Cy with vertex partitiond = (U, ..., U;). (In the proof of Theorem 4.4,
D will be (a subdigraph of) ?U, that is, D will consist of (some of) the forward edges
of T.) We want to find an absorber D*™" C D such that for any sparse regular leftover
H C D\ D™, the digraph H U D*" has a Hamilton decomposition.

Roughly speaking, the overall strategy is as follows. Recall the notion of matching
contractions from Section 7.5. For each i € [4] in turn, we apply the standard robust
decomposition lemma in a suitable auxiliary “contracted” digraph corresponding to the

pair (U;, U;11) of the blow-up Cj. This enables us to decompose small leftovers into suitable
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auxiliary “contracted” Hamilton cycles spanning U;. These are then “expanded” into full
Hamilton cycles of D. (See also Section 4.3.3 for an informal discussion about how to
construct a Hamilton cycle in a blow-up Cj.)

We now explain this strategy in more detail. Note that it is enough to consider
each pair (U;, U;y1) of the blow-up Cjy in turn. Indeed, suppose that for each i € [4],
we have constructed an absorber D! C D such that for any sparse leftover H; C
D(U;, Uiy 1) \ Di°P, the digraph H; U Di°® has a decomposition into Hamilton cycles of
D. Let D™ := U,y Di°*. Then, for any sparse leftover H C D\ D™, we can use each
Db in turn to decompose the edges of H(U;, U;, ;). Altogether, this induces a Hamilton
decomposition of H U D™ (recall that D, and so H, only contains edges which lie in one
of the pairs (U;, Uj11)).

Let i € [4]. We now explain our strategy for constructing the absorber DI°P. First, as
mentioned above, observe that the problem of constructing Hamilton cycles of D can be

reduced to constructing Hamilton cycles on U; U U;,;. Then, the following holds.

Fact 11.1. Fiz an auziliary perfect matching M; from U;1q to U;. Let M be a perfect
matching from U; to U;y1 and suppose that M U M; forms a Hamilton cycle on U; U U4 .
Let & be a spanning set of vertex-disjoint paths on | JU which consists of a (u,v)-path for
each uv € M;. Then, M U P forms a Hamilton cycle on | JU.

In our robust decomposition lemma for blow-up cycles, we will input such spanning
sets of vertex-disjoint paths (these will be incorporated into the special factors). Thus,
we have reduced the original problem to that of finding an absorber D" such that the
following holds: for any sparse leftover H; C D(U;, U;y1) \ D", the digraph H; U Di°" has
a decomposition into perfect matchings from U; to U, each of which forms a Hamilton
cycle on U; U U1 with a fixed auxiliary matching M;.

We now discuss the construction of D, We have already discussed (e.g. in Sec-
tions 4.3.1, 7.5, and 8.1) that one can construct Hamilton cycles which contain a prescribed
perfect matching by considering contracted digraphs. More precisely, fix an auxiliary

perfect matching M; from U; 1 to U; and let D; be the M;-contraction of D[U;, Ui y4]
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(recall Definition 7.25(i)). Then, as seen in Fact 7.29, a Hamilton cycle in D; induces a
perfect matching from U; to U;y; in D which forms a Hamilton cycle on U; U U;;; with
M;. Thus, we can let D¥P be the M;-expansion of the absorber ﬁ;"b obtained by applying
the robust decomposition lemma in 131 Indeed, suppose that H; C D(U;, Uiyq) \ D¥P is a
sparse leftover. Denote by flz the M;-contraction of H;. Then, Lemma 8.23 implies that
f[i U 5{‘)1’ has a decomposition into Hamilton cycles on U;. By Fact 7.29, this induces a
decomposition of H; U D¥P into perfect matchings from U; to U;y; which form Hamilton
cycles on U; U U; 1 with M;, as desired.

Note that since we consider each pair (U;, U;41) of the blow-up Cy in turn, our methods
hold for more general blow-up cycles of any length. Thus, we write the rest of this section
for general blow-up Ck’s for possible future use. In this thesis, we will only need the case

K =4 (to prove Theorem 4.4).

11.2 Definitions

First, we introduce the cycle analogues of setups, special path systems, and special factors

(which were defined in Sections 8.2.4 and 8.2.5).

11.2.1 Cycle-setups

Let D be a blow-up Ck with vertex partition U = (Uy,...,Uk). For each i € [K], let
M; be an auxiliary perfect matching from U;,, to U; and let BZ be the M;-contraction of
D[U;,U;y4]. As discussed in Section 11.1, we aim to apply the standard robust decomposi-
tion lemma (Lemma 8.23) in each D; in turn and so we will need a setup in each D;. This

motivates the next definition: roughly speaking, a cycle-setup consists of K setups, one in

each 152
Definition 11.2 (Cycle-setup). (D, U, P, P, P*,R,C,% , %', M)isa (K, {* k,m,e,d)-
cycle-setup if the following properties are satisfied.

(CST1) D is a blow-up Ck with vertex partition U = (Uy, ..., Uk).
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(CST2) M = (My,..., Mg) where, for each i € [K], M, is an auxiliary directed perfect

matching from U, to U;.

(CST3) P = (P1, ..., Px), P = (Pl,...., Pk), P* = (Pi,...,PL), C= (C',...,CK),
R = (Ry,...,Rg), % = (U',...,UX), and %' = (U",...,U'") are such
that the following holds for each i € [K]. Let D; be the M;-contraction of
D[U;, Uip1]. Then, (Dy, Py, Pl Pr, Ry, CF, UL UMY is an (€, 0%, k, m, e, d)-setup
with an empty exceptional set.

Whenever (DU, P, P, P*\R,C,%, %', M) is a (K, ', * k,m,e,d)-cycle-setup, we

implicitly use the notation U = (Uy,...,Uk), P = (P1,...,Px), P = (P;,..., Pk),

P = (P,....,PL), R = (Ru,...,Ri), C = (C',....,CK), % = (U,...,UX), %' =
U, ..., U"), and M = (My,..., Mg).

Definition 11.3 (Cycle-framework). To avoid repetitions, we say that (U, P, P*,C, M) is
a (K, %, k,n)-cycle-framework it U = (Un,...,Uk), P = (P1,...,Pk), P* = (P5,...,Px),
C = (C...,CE), and M = (My,..., M) satisfy the following properties for each

i€ K]
(CF1) U; is a vertex set of size n which is disjoint from the other sets in U.

n

(CF2) P; is a partition of U; into an empty exceptional set and k clusters of size 7
(CF3) P; is an (*-refinement of P;.

(CF4) C'"is a Hamilton cycle on the clusters in P;.

(CF5) M; is an auxiliary perfect matching from U;,; to U;.

Whenever we say that (U, P,P*,C,M) is a (K, *, k,n)-cycle-framework, we im-
plicitly use the notation U = (Uy,...,Uk), P = (P1,...,Px), P* = (P;,...,Px)s
C=(CY...,C%), and M = (M,,..., Mg).

One can easily verify that a cycle-setup induces a cycle-framework.
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Fact 11.4. Let (DU, P, P, P*\R,C, %, %', M) be a (K,l' (* k,m,e,d)-cycle-setup.
Then, (U, P,P*,C, M) is a (K, l*, k,n)-cycle-framework where n = |Uy|.

Any partition is a 1-refinement of itself, so the following holds.

Fact 11.5. Let (U, P, P*,C, M) be a (K, 0* k,n)-cycle-framework. Then, (U, P, P,C, M)

is a (K, 1, k,n)-cycle-framework.

Recall from Proposition 8.16 that a setup remains a setup (with slightly worse parame-
ters) after removing a few edges incident to each vertex. Using similar arguments, one can

show that the analogue holds for a cycle-setup.

Proposition 11.6. Let 0 < % < %,E <dxdk % <L lande < éi Let D be a digraph
and let D' be obtained from D by removing at most €'m inedges and 'm outedges incident
to each vertex. If (D, U, P, P\ P*\R,C,%, %', M) is a (K,l',(* k,m,e,d)-cycle-setup,
then (D' U, P, P\ P*\R,C,%, %', M) is a (K, V', * k,m, (5')%, g)-cycle-setup.

11.2.2 Extended special path systems and extended special fac-

tors

We will now introduce the concept of extended special path systems. Roughly speaking,
these can be viewed as the analogues of the special path systems for blow-up Cx’s. As
discussed in Section 8.2.5, special path systems can viewed as building blocks for Hamilton
cycles; in Lemma 8.23, each special path system that we input gives rise to a distinct
Hamilton cycle. Analogously, extended special path systems (defined formally below) will
be building blocks for constructing Hamilton cycles in a blow-up cycle; in the blow-up
cycle version of the robust decomposition lemma (Lemma 11.10 below), each extended
special path system that we input will give rise to a distinct Hamilton cycle.

The structure of an extended special path system follows naturally from the proof idea
described in Section 11.1. More precisely, let D be a blow-up Cx with vertex partition

U= (Uy,...,Uk). For each i € [K], let M; be an auxiliary perfect matching from U,
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to U; and let 151 be the M;-contraction of D[U;, U;+1]. As discussed in Section 11.1, the
leftovers in each of the pairs (U;, U;y1) will be decomposed in two steps. First, we use the
robust decomposition lemma in 151 to decompose the leftovers into Hamilton cycles in
the contracted pair (U;, U;11). Then, we expand each of these contracted Hamilton cycles
using a spanning set of vertex-disjoint paths whose endpoints are prescribed by M; (see
Fact 11.1). Thus, an extended special path system will consist of two parts: a special path
system SPS in the contracted pair (U;, U;11) (which will be used to apply Lemma 8.23 in
151) and a spanning set of paths with prescribed endpoints (which will be used to expand
the contracted Hamilton cycle containing SPS). (Recall that special path systems were

introduced in Definition 8.21.)

Definition 11.7 (Friendly extended special path system). Let (U,P,P*,C, M) be a
(K, *, k,n)-cycle-framework and suppose that % € N. For any (h,1,j) € [¢*] x [K] x [f], a
friendly (¢*, K, f, h,i, j)-extended special path system with respect to U, P*,C, and M is a
linear forest F'ESPS for which the following hold.

(FESPS1) The digraph obtained by deleting all the isolated vertices in the M;-contrac-
tion of FESPS[U;, U;yq] is an (€%, f, h, j)-special path system with respect
to Py and C".

(FESPS2) FESPS\ Erpsps(Ui, Uiy1) is a spanning linear forest on | JU which consists

of n components, one (u,v)-path for each uv € M;.

Recall that the main purpose of special path systems is to prescribe edges in our
Hamilton decompositions. In particular, in the e-close to the blow-up C} case (Theorem 4.4),
we will need to incorporate prescribed sets of backward edges. It turns out that the concept
of friendly extended special path systems is very inconvenient for doing so. However, as
discussed in Section 8.2.1, if we want to incorporate a linear forest [’ into a Hamilton cycle,
then the internal structure of F' is not important; we can always consider an equivalent
linear forest instead (recall Definition 8.4). Thus, we can generalise the concept of friendly

extended special path systems as follows.
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Definition 11.8 (Extended special path system). Let (U, P, P*,C, M) be a (K, *, k,n)-
cycle-framework and suppose that ? € N. For any (h,1i,j) € [¢*] x [K] x [f], a linear forest
is an (¢*, K, f, h,i,j)-extended special path system with respect to U, P*,C, and M if it
is equivalent to a friendly (¢*, K, f, h, i, j)-extended special path system with respect to
U, P*,C, and M.

Note that since a linear forest is equivalent to itself, a friendly extended special path

system is indeed an extended special path system.

Definition 11.9 (Extended special factor). Let (U, P, P*,C, M) be a (K, {*, k,n)-cycle-
framework and suppose that ? € N. An (", K, f)-extended special factor with respect
toU,P*,C, and M is a multidigraph which has a decomposition {ESPSy;; | (h,i,7) €
[0*] x [K] x [f]} where, for each (h, i, j) € [¢*] x [K]| x [f], ESPS,; is an (¢*, K, f, h, 1, j)-

extended special path system with respect to U, P*,C, and M.

11.3 Statement of the robust decomposition lemma
for blow-up cycles

We are now ready to state a blow-up cycle version of the robust decomposition lemma.

Lemma 11.10 (Robust decomposition lemma for blow-up cycles). Let 0 < + < + <
5<<%<<%<<%1 <d<< %,§<< 1 and suppose that rk?> < m. Let
_rfk

o = 960'g*kr, 13- . e i=ri gt — (g Dy, s =rfk+Tr0

and suppose that &, %,g,%, i fm 2k e N. Let (D,U,P, P, P*\R,C,%, %', M) be

q ’ 3g(g—1)
a (K, 0, %, k,m, e, d)-cycle-setup. Let ESF be a multidigraph which consists of the union
of 3 (%, K, f)-extended special factors with respect to U, P*,C, and M and let ESF' be a

multidigraph which consists of the union of r° (1, K, 7)-extended special factors with respect

toU,P,C, and M. Then, D contains an (r1 + ro + 5r°)-regular spanning subdigraph D*°P

131



for which the following holds. Let H be an r-reqular blow-up Cx with vertex partition U.
Suppose that H is edge-disjoint from D™ and that E(H) N {uv | vu € (JM} = 0. Then,
the multidigraph H U D> U ESF U ESF' has a decomposition € into Ks' edge-disjoint
Hamilton cycles such that each cycle in € contains precisely one of the extended special

path systems in the multidigraph ESF U ESF'.

By Fact 8.5, we may assume without loss of generality that all extended special
path systems contained in ESF U ESF' are friendly. Thus, as discussed in Section 11.1,
Lemma 11.10 can be obtained by applying the original robust decomposition lemma

(Lemma 8.23) to each contracted pair (U;, U;41) of the blow-up cycle in turn. (A formal

derivation is available in Appendix C.)
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CHAPTER 12

APPLYING THE ROBUST DECOMPOSITION
LEMMA IN A VERY DENSE BLOW-UP C}

In this section, we discuss how to apply Lemma 11.10 in the context of Theorem 4.4. Let
T be a bipartite tournament which is e-close to a blow-up C4 with vertex partition U.
Then, observe that ?u (that is, the subdigraph of T" induced by the forward edges of T'
(see Section 10.2)) is a very dense blow-up Cy with vertex partition & (only at most an
e proportion of the edges are missing for ?u to be the complete blow-up Cy). We will
find our absorber D™ by applying the robust decomposition lemma for blow-up cycles
(Lemma 11.10) to (a subdigraph of) ?u- In this section, we show how to construct, in a
very dense blow-up (', the extended special factors and the cycle-setup required to apply

Lemma 11.10.

12.1 An alternative description of extended special
path systems

To construct extended special path systems, it will be convenient to consider the following

alternative description of extended special path systems.

Proposition 12.1. Let (U, P,P*,C, M) be a (K, l*, k,n)-cycle-framework and suppose
that ? € N. Let (h,i,7) € [*] X [K] x [f] and denote k' = %—Fl. Denote by I =Wy ... Wy

the ™ interval in the canonical interval partition of C* into f intervals. Let Wy, ..., Wi,
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denote the h*™ subclusters of Wy, ..., Wy contained in P}, respectively. Then, a linear

forest ESPS is an (¢*, K, f, h, i, j)-extended special path system if and only if the following

properties are satisfied.

(i) V(ESPS) = JU.
(ii) VH(ESPS) = Upy1 \ Nag,(Wap U+ -+ U Wisn).
(iii) % (ESPS) =U; \ (Wl,h U---u Wk’—l,h)-

(iv) If ww € M; — (Wi, U---UWyy), then ESPS has a component which is a

(u, v)-path.

We now give a brief overview of the idea behind Proposition 12.1. Recall from
Definition 8.21 that a special path system is a linear forest which covers a given interval
of C*. By Fact 7.28, the M;-expansion of a special path system is thus a matching which
covers a given interval. Thus, Definition 11.7 implies that a friendly extended special path
system is a spanning linear forest whose components have endpoints which avoid a given
interval and which are matched according to the auxiliary matching M;. By Definition 8.4,
these properties are shared by any linear forest which is equivalent to a friendly extended
special path system, that is, by any extended special path system (recall Definition 11.8).
Thus, an extended special path system is simply a spanning linear forest with suitably

prescribed endpoints.

Proof of Proposition 12.1. (=) Firstly, assume that ESPS is an (¢*, K, f, h, i, j)-extended
special path system. We need to show that (i)—(iv) are satisfied. By Definition 8.4, we
may assume without loss of generality that FSPS is friendly. Denote D; := ESPS \
ESPS(U;,Uiy1) and Dy := ESPS\ D (i.e. E(Ds) = Egsps(U;,Ui+1)). Then, (FESPS2)

implies that each v € [JU satisfies

1 ifveJUu\U; 1 ifve U\ Ui
df, (v) = and dp (v) =

0 ifve UZ, 0 ifve Ui+l-
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In particular, (i) holds. Let SPS be the M;-contraction of ESPS[U;, U;11]. By (FESPSI)

and Definition 8.21, each v € U; U U, satisfies

1 ifUGU., , W'/h' 1 ifUGU-, , W :
ek —1] "V i _ jrelk'—1] "V i'+1he
djcrps("f) = and  dgpg(v) =

0 otherwise; 0 otherwise.

By (FESPS2), ESPS contains a (u,v)-path for each wv € M;. Since ESPS is a linear
forest, this implies that E(ESPS)N{uv | vu € M;} = (). Therefore, Fact 7.26 implies that
ESPS|U;,U;44] is the M;-expansion of SPS. Thus, Fact 7.28 implies that each v € U

satisfies

1 1f v E U'/ ’_ W" h. 1 lf v E U'/ ’_ NM(W/ 1 h)’
etk —1) YVi'ho _ ek —1] VM (Wir41,m)5
dBQ(v) = and dp, (v) =

0 otherwise; 0 otherwise.

Therefore, (ii) and (iii) are satisfied. For (iv), suppose that uv € M;—(W; ,U- - -UWj 3). By
(FESPS2), D; has a component P,, which is a (u,v)-path. Moreover, dp,(u) =0 = dp,(v).
Thus, P,, is also a component of £SPS and so (iv) holds.

(<) Secondly, suppose that ESPS is a linear forest which satisfies (i)—(iv). We need to
show that FSPS is an (¢*, K, f, h,i, j)-extended special path system. By Definition 11.8,
it is enough to construct a friendly (¢*, K, f, h, i, j)-extended special path system FESPS
which is equivalent to ESPS.

In order to satisfy (FESPS2), our friendly extended special path system will need to
contain a spanning set of vertex-disjoint paths whose endpoints “correspond” to the edges
of M;. We construct this set of paths as follows. For each i’ € [K], let uy 1, ..., uy, be an
enumeration of Uy. Suppose without loss of generality that M; = {w;11 u; ;7 | 7 € [n]}.
Let & = {uiy1 jUis2j . Uirk—17Uij | 7 € [n]}. Note that (FESPS2) holds with &
playing the role of FESPS \ Ergsps(Us, Uit1).

We now list the components of ESPS and specify their endpoints. (This will enable

to us to construct a friendly extended special path system which is equivalent to ESPS.)
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For each wv € M; — (W, U---U Wy 4), denote by P,, the component of ESPS which
is a (u,v)-path (P,, exists by (iv) and is unique since ESPS is a linear forest). Let
Py =Py | ww e My — Wy U---UWypyp)}. Let &5 be the set of components of
ESPS\ &,. By (ii) and (iii), &%, consists of m’ := |W; ;| paths, each of which starts in
Ny, (Wi ) and ends in Wy .

We are now ready to select the edges from U; to U;,. For each j/ € [K], let
Vjiq,. ..,V be an enumeration of Wy, and denote by wj 1,...,w; . the (unique)
neighbours of vy 1,..., vy in M;, respectively. Suppose without loss of generality that
Py consists of a (wy 7, v j)-path Py for each j' € [m/]. For each j' € [k — 1], let
M = {vj 1wjria s Vi Wy b Let M= My U -+ U My, .

Let FESPS be the digraph on |JU defined by E(FESPS) = E(%?) U M’. Observe
that FESPS\ FESPS(U;,U;y1) = & and so (FESPS2) holds. Thus, it remains to prove
that FESPS is a spanning linear forest which is equivalent to ESPS and that (FESPS1)

holds.

Claim 1. FESPS is a spanning linear forest satisfying both VE=(FESPS) = VX(ESPS).

Proof of Claim. By construction of &, each v € | JU satisfies

1 lfUEUZ/{\U“ 1 ifUGUU\U¢+1;
d};(v) = and d_(v) =

0 ifveU; 0 ifUEUZ‘_H.

By definition of M’, each v € | JU satisfies

1 ifove U-/ r_ W'Qh; 1 ifove U-/ i NMi(W"Jrl,h);
at () = jew - Vi i () = irelk'—1) j

0 otherwise; 0 otherwise.

Thus, FESPS is spanning and A°(FESPS) = 1. Moreover, (ii) and (iii) imply that both
VE(FESPS) = VE(ESPS).

Suppose for a contradiction that FFESPS contains a cycle C'. Since & is a linear
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forest, £(C) N M' # 0. Let j' € [K' — 1] be the largest index such that E(C) N Mj, # 0
and let vw € E(C) N Mj,. By construction of M, we have w € N, (Wjri14). Let w’ be
the (unique) neighbour of w in M;. Note that w’ € Wj1,, C U;. By definition of &2, we
have w’ € V(C') and df,(w’) = 0. Therefore, there exists e € E(C) N M’ which starts at
w'. By construction of M’, we have j* <k’ —1 and e € M}, ,. But this contradicts the

maximality of ' and so FESPS does not contain a cycle. O
Claim 2. ESPS and FESPS are equivalent.

Proof of Claim. Recall Definition 8.4. By Claim 1 and (i), we have V(ESPS) = JU =
V(FESPS). Thus, it remains to find a bijection ¢ from the components of ESPS to the
components of FFESPS such that for each component P of ESPS, the paths P and ¢(P)
have the same starting and ending points.

Recall that &2, U &5 denotes the set of components of ESPS, where & consists of a
(u,v)-path P,, for each uv € M; — (Wi ,U---UW} ;) and &P, consists of a (wy j7, vy j7)-path
P for each j' € [m/].

Let ww € M; — (Wi, U---U Wy ). Let P, be the (u,v)-path contained in &. By
construction of M’, both u,v ¢ V(M’). Thus, P/, is a component of FESPS and so we
can let ¢(P,,) = P.,.

Let j' € [m/]. By definition of M’, we have both wy j;, vy j ¢ V(M'). Moreover,

/
vLj/wg,j/, ?]2J/'UJ3J/, Ce ,vk/,l,j/wk@j/ c M.

For each ' € [K'], let Q4 be the (wy j, vy j)-path contained in &. Then,

/o
Pj/ = wl,j’lel,j’w2,j’Q2U2,j’w3,j’ .- ~wk'—l,j'Qk'—lvk'—l,j'wk',j'

is a component of FESPS and so we can let ¢(Py) = P
By construction, ¢ is an injection from the components of ESPS to the components

of FESPS such that for each component P of ESPS, the paths P and ¢(P) have
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the same starting and ending points. Since FFESPS is a linear forest satisfying both
VEFESPS) = V*(ESPS), ¢ is also a surjection. &

Claim 3. (FESPS1) is satisfied.

Proof of Claim. Let D be the M;-contraction of FESPS[U;, Uy 1] = M'[U;, Ui11] and let
SPS be obtained from D by deleting all the isolated vertices. We need to show that

SPS is an (%, f, h, j)-special path system with respect to P} and C*. By (FESPS2),

(2

F = M'U M, is obtained from F'ESPS by contracting each path in & into an edge from
its starting point to its ending point. Together with Claim 1, (ii), and (iii), this implies

that F'is a linear forest satisfying the following properties.

- V+(F) — V+(FESPS) - V+(ESPS) — Ui-l—l \ NMi(WZ,h U s U Wk’,h)'
- V_(F) - V_(FESPS> = V_(ESPS) - UZ \ (Wl,h Uu---u Wk’—l,h)'

— VO(F) NU; =U; \ (V+(F) U Vf(F)) = Wl,h U---u Wk’—l,h-

Thus, Proposition 7.31 (applied with U;, U;11, and M; playing the roles of A, B, and M)

implies that D is a linear forest satisfying the following properties.

L VHD) = Nag (VE(F)) = Ui \ (Wap U+~ U Wy ).
— V_(D> = V_<F) =U; \ (Wl,h U---u Wk’—l,h)-

— VD) = (VO(F) AU \ Nag,(VF(F)) = Wap U+~ U Wio_pp.

In particular, SPS is a linear forest satisfying VO(SPS) = V(D) =Wy, U - UWp_14
and so (SPS2) holds. Note that the set of isolated vertices in D is precisely V*(D)NV~ (D).
Thus, V*(SPS) = V(D) \ V—(D) = Wy, and V= (SPS) = V(D) \ V*(D) = Wy 4, s0
(SPS1) holds. Therefore, SPS is an (¢*, f, h, j)-special path system and so (FESPS1) is
satisfied. S

This concludes the proof of Proposition 12.1. O]

Corollary 12.2. Let (U, P,P*,C, M) be a (K, l*, k,n)-cycle-framework and suppose that
% € N. An (0%, K, f)-extended special factor ESF is a (1+0*(K —1) f)-reqular multidigraph.
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Proof. Let {ESPSh,; | (h,i,j) € [¢*] x [K] x [f]} be the decomposition of ESF which
witnesses that ESF is an (¢*, K, f)-extended special factor. Let i € [K] and v € U,.
By Proposition 12.1, there is a pair (h,j) € [¢*] x [f] such that v & V~(ESPS},; ;) but
v eV (ESPSy ;) for all (B',5") € ([¢*] x [f]) \ {(h,7)}. Moreover, v ¢ V—(ESPSp )
for each (h',7',j") € [¢*] x ([K]\ {i}) x [f]. By Proposition 12.1(i), ESPS is spanning
linear forest on | JU and so

djsp(v) = dESPSh,i,j (v) + Z de:SPSh/ (v)

(h" 3 e ]x[FD\{(h.d)}

+ Z dJErSPSh/)Z-/Vj/ (U)
(R33N el 1< ([K\{i}H) x[f]

=14+f-1)-04+0(K-1)f-1=140(K—-1)f.

i il
EX2V)

Since M;_; is a perfect matching from U; to U;_1, one can apply similar arguments to show
that there are precisely ¢*f — 1 tuples (h,7', j) € [¢*] x [K] x [f] for which v € V*(ESF)
and so dpgp(v) =14+ (K —1)f. O

12.2 Constructing extended special factors

Recall that the blow-up cycle version of the robust decomposition lemma (Lemma 11.10)
can only be applied when there are no exceptional vertices (see (CST3)). In general, we
will have a non-empty exceptional set U* C V(D) and so we will apply Lemma 11.10
with D — U* playing the role of D. As a result, the cycles obtained via Lemma 11.10 will
not be Hamilton cycles on V (D), but will only span V(D) \ U*. We will incorporate the
exceptional vertices into these cycles using the strategy described in Section 8.2.7: we
will initially reserve 45" special covers in D (see Definition 8.24) and then construct the
extended special factors for Lemma 11.10 in such a way that each extended special path
system contains the complete special sequence (see Definition 8.25) associated to one of
the reserved special covers.

However, as described in Proposition 12.1, an extended special path system is a linear
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forest whose components have prescribed endpoints. Thus, our special covers will need
to satisfy certain constraints. More precisely, let SC' be a special cover and denote by
Mg the associated complete special sequence. Suppose that we want to construct an
extended special path system which contains Mgc. Let P be a component of SC' which
is not an isolated vertex. By definition, Mgc contains an edge from the starting point
u of P to the ending point v of P and so for any linear forest F' O Mg, we have
u ¢V (F)and v ¢ VT(F). Thus, Proposition 12.1(ii) and (iii) imply that we require
ug Ui\ WipU---UWp_1p) and v € Uiy \ Nag,(Wap U -+ U Wy ). Moreover, u and v
will lie in a common connected component of F', so Proposition 12.1(iv) implies that we
cannot have v and v lying in different edges of M; — (Wy, U---U Wy ). For convenience,
we will require that u and v completely avoid the vertices of M; — (Wy, U -+ U Wi ).

Altogether, this motivates the following definition.

Definition 12.3 (Localised special cover). Let (U, P, P*,C, M) be a (4,¢*, k,n)-cycle-
framework. Let D be a digraph with V(D) D [JU and denote by U* := V(D) \ U the
exceptional set of D. Suppose that % € N and denote k' == %—1—1. Let (h,4,j) € [€*]x[4] x[f]
and let Wy, ..., Wy 5 be defined as in Proposition 12.1. A special cover SC' in D with
respect to U* is (€*,4, f, h, 1, j)-localised (with respect to P*,C, and M) if the following

holds.
(VHSC)UV(SC)N(U;uU,) C (WipU- - UWp_1 ) UNy,(Wop U= U W),

The next fact follows immediately from Definition 8.25.

Fact 12.4. Let (U, P,P*,C, M) be a (4,0, k,n)-cycle-framework. Let D be a digraph
with V(D) 2 U and denote by U* .= V(D) \ |JU the exceptional set of D. Suppose
that § € N and denote k' == % + 1. Let (h,i,j) € [¢*] x [4] x [f] and let Wip,..., Wiy
be defined as in Proposition 12.1. Suppose that SC' is an (¢*,4, f, h,1, j)-localised special

cover in D with respect to U*. Then, the complete special sequence Mgc associated to SC'
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satisfies
V(Msc) N (Ui UUiy1) € (Wi U - U W1 ) U Ny, (Wop, U - U Wi p).

Our strategy for incorporating the complete special sequence Mg into an extended
special path system will be to extend each edge of Mgse into a longer path by “winding
around” U. This can be done greedily, with room to spare, so it will be possible to ensure
that these paths all start and end in given small sets of vertices X and Y and avoid the

vertices of a small set Z.

Lemma 12.5. Let 0 < % <L ek 1. Let D be a digraph and Uy U ---U Uy be a partition of
V(D) into vertex classes of size n. Suppose that 6(D[U;, Ui11]) > (1 — €)n for each i € [4]
(where Us .= U, ). Let X C Uy andY C Uy. Let Z C V(D) \ (X UY) satisfy |Z] < en. Let
M be a matching on V(D) \ (X UY U Z). Suppose that |M| < |X| = |Y| < en. For each
i € [4], let nS and n; be the number of edges in M which start and end in U;, respectively.
Suppose that nf = n;,, for each i € [4] (where ng =ny ). Then, there exists a set & of

| M| vertex-disjoint paths for which the following hold.

(i) MC P2 CDUM.
(i) VH(P)C X, V(@) CY, and VO(2) C V(D) \ (X UY UZ).
(i) [V(2)NU| = = |V(P)NUy| < 4|M]|.

Proof. Let ujvq, ..., u,v, be an enumeration of M. Let x1,...,2,, € X and y1,...,ym €
Y be distinct. For each j € [m], we will construct a path x; Pju;v;Q’y; such that P; and
@} are paths of length between 4 and 8 which “wind around” U.

For each j € [m], let jT,j~ € [4] be such that u; € U;+ and v; € U;-. For each i € [4],

let Ul =U; \ (XUY UZUV(M)). Note that each i € [4] and v € U; satisfy

INS() AU | > (1 —e)n— | X|— Y] - |Z] - 2|M| > (1 - 6c)n > g Ydm o (12.1)

141



and, similarly,

NG (@) N UL| > & +4m. (12.2)

Thus, one can greedily construct vertex-disjoint paths Py, ..., P, Q1,...,Q» € D such

that for each j € [m], P; = ujzujauf; ... uj ;. ju; for some uj3 € Us, ujq € Uy, ujy €
Ui, ..., u;7j+_1 € U’+ , and, similarly, Q; = vjv” L1 U540V for some v” 1 €
Uimi1s---5 Vja € UL, vj1 € Uf, vj2 € Us. Then, (12.1) and (12.2) imply that there exist

distinct ug 2, ..., Upma € Ué\Uje[m] V(PnUQm) and vy 3, ..., 0m3 € Ué\Uje[m] V(P,UQm)
such that, for each j € [m], uj2 € N (z;)NNp (uj3) and vj3 € N (vj2) Ny (y;). For each
j € [m], denote Pj = wju;ou;sPju; and Q) = v;Q;v;2v53y;. Let P = {x; Pujv;Q%y; |
j € [m]}. By construction, & is a set of vertex-disjoint paths satisfying (i) and (ii). It
remains to verify (iii). For each ¢ € [4] and j € [m], we have

2 ifi < jt 2 ifi>

V(P) AU = and |V(Q)) N Ui = (12.3)
1 otherwise; 1 otherwise.

Recall that for each i € [4], n; denotes the number of indices j € [m] for which j© =i and

n; denotes the number of indices j € [m| for which j~ = i. Therefore, each i € [4] satisfies

V(@)U = Zyv ﬂU|+Z|V )N U;|

.3
=" (m+ni 4+ 4nf)+(m+ny +-+n;)

= 2m+(n +--+n5)+ (g +---+n;)=3m+n;.

Thus, (iii) holds. O

Note that in the proof of Lemma 12.5 the conditions on the number of paths starting
and ending in each vertex class was necessary to obtain a set & of vertex-disjoint paths
which covers the same number of vertices from each vertex class (see Lemma 12.5(iii)).

Eventually, we will want to extend &2 to a full extended special path system. The number
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of vertices covered by & will thus be of particular importance since, by Proposition 12.1(i),
an extended special path system needs to span all the vertex classes Uy, ..., Uy, which are

all of the same size (see (CF1)). This motivates the following definition.

Definition 12.6 (Balanced special cover). Let (U, P,P*,C, M) be a (4,¢*, k,n)-cycle-
framework. Let D be a digraph with V(D) D |JU and denote by U* := V(D) \ U the
exceptional set of D. Let SC be a special cover in D with respect to U*. For each i € [4],
let n and n; be the number of components of SC' which are not isolated vertices and
start and end in U;, respectively. We say that SC is U-balanced if nj = n, 4, for each

i € [4] (where ny ==n7).

The next lemma states that given small special covers which are localised and balanced,
one can incorporate the associated complete special sequences into extended special path
systems. (Note that Lemma 12.7 below is the analogue of Lemma 9.1 from the bipartite
robust outexpander case. The only difference is that, in Lemma 9.1, we also constructed
the special covers at the same time. In the context of Theorem 4.4, constructing the
special covers is much more difficult because of the backward edges and so this will be

done separately at a later stage.)

Lemma 12.7 (Constructing extended special path systems and factors from special

covers) Let 0 < = << e g l w1 and < < 1. Let r be an integer satisfying

f’ f*
JE )k ) Y <« 1. Suppose that (*f > 2 cmd e N. Let (U,P,P*,C, M) be a (4,0, k,n)-cycle-
framework. Let D be a digraph with V( ) 2 JU and denote by U* =V (D) \ JU the

exceptional set of D. Suppose that the following hold for each i € [4].

(i) For any cluster V € P;, the set Ny, (V') is a cluster in P}, (where P: =Py ).

(ii) D[V, W] is [¢',> 1 — &'|-superregular whenever V- C U; and W C U1 are unions

of clusters in P} and P;_, respectively.

Let SC = {SCypij | (¢, h,i,7) € [r] x [(*] x [4] X [f]} be a set of edge-disjoint special covers
in D with respect to U* such that the following hold for each (¢, h,i,j) € [r] x [€*] x [4] x [f].
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(iii) |[SConi;| < en. In particular, Definition 8.25 implies that the complete special

sequence My ; associated to SCypi; satisfies | My ;| < en.
(iv) SCpp,ijis (*,4, f, h,i,j)-localised.

(v) SCop.; s U-balanced.

Then, there exist r (¢*,4, f)-extended special factors ESF}, ..., ESF, with respect to
U,P*,C, and M such that the following hold, where for each (¢, h,1,7) € [r] x [¢*] x [4] x [f],

ESPS; ), ; denotes the (0*,4, f, h, i, j)-special path system contained in ESF,.

(a) For each (€, h,i,5) € [r] x [¢*] x [4] x [f], we have Myp,;; € ESPSpp;; C
(D\SC)U M-

(b) Let (¢,h,i,5),(¢' i, 5") € [r] x [€*] x [4] x [f] be distinct. Then, we have
(ESPSupi; \ Mynis) N (ESPSp iy \ My i) = 0.

Roughly speaking, Lemma 12.7(a) means that each complete special sequence is
incorporated into a distinct extended special path system, while Lemma 12.7(b) states
that each edge of D \ SC is incorporated into at most one of the extended special path

systems.

Proof of Lemma 12.7. First, recall from (CF2) and (CF3) that for each i € [4], U; is the

union of the clusters in P;. Thus, (ii) implies that each i € [4] satisfies

Fix additional constants £; and 3 such that f(%)%k,

g € g1 € g9 < 1. Suppose
inductively that for some 0 < ¢ < 4r¢* f we have constructed a set T3 C [r] x [€*] x [4] x [f] of
size t and a set ESPS, = {ESPSp,j | (¢, h,i,j) € T;} such that the following properties

hold.

(a/) For each (¢, h,i,j) € T}, we have My, ; € ESPSpp:; € (D\SC)U Mp, ;.
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(b") Let (¢,h,i,7),(¢', 1,7, j') € T} be distinct. Then, we have (ESPSyp,i; \ My ;)N
(ESPSEI,h’,i',j’ \ Mf’,h,,i’,j/) = @

(¢) For each (¢,h,i,j) € Ty, ESPS;,:; is an (*,4, f, h, i, j)-extended special path

system with respect to U, P*,C, and M.

First, suppose that t = 4r¢* f. Then, define ESF, = U(h7i,j)e[€*]x[4]x[f} ESPSy . ; for each
¢ € [r]. By (), ESFy,..., ESF, are (£*,4, f)-extended special factors. Moreover, (a)
and (b) follow from (a') and (b').

We may therefore assume that ¢t < 4rf*f. Let (¢, h,i,75) € ([r] x [¢*] x [4] x [f]) \ T
and define T,y = T, U {(¢, h,4,j)}. We will now construct ESPSy;; as follows. Let
D" := D\ (SCUESPS;). Since SC consists of 4r¢* f linear forests and ESPS; consists of

t linear forests, we have

AYD\ D) <4rt'f +t< 20

. 12.
— ke* (125)

By (iii) and Lemma 7.13 (applied with 2¢,U;_s,U;—1,U;, Uiz1, P} o, ..., P}, and
V(Mg ;) playing the roles of €,Uy,...,Us, P1,..., Py, and S), we may assume with-
out loss of generality that there exists, for each i’ € [4]\ {i,7+ 1}, a cluster V;; € P} which

satisfies

V(Mgp,iz) N Us C Vi (12.6)

(Otherwise, we may simply apply the arguments below with the partitions P/_,,..., P/,
guaranteed by Lemma 7.13 playing the roles of P} ,,..., P/ ;. This is possible since these
satisfy (ii) up to a slightly worse £’-parameter.)

To ensure that (¢’) is satisfied, we will use Proposition 12.1 and construct a linear forest
which satisfies Proposition 12.1(i)—(iv). Let Wy, ..., Wi, be defined as in Proposition 12.1

and denote M =M, — (Wi, U--- U Wy ). Let

Xi = Wk/ﬁ and Xi+1 = NMi(Wl,h>- (127)
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By (iv) and Fact 12.4, we have

V(M&hﬂ"j) f‘l (XZ U Xi+1) - @ (128)

For each i' € [4] \ {i,i+ 1}, fix a cluster

X € 'P; \ {V;/} (12.9)

By (12.6), we have

V(Mgpii) N Xy = 0. (12.10)

By (ii), D[Xy, Xy11] is [¢',> 1 — €']-superregular for each i’ € [4] (where X5 = X;). We

will reserve these superregular pairs to finish off the construction of ESPS;p,; ;.

Step 1: Constructing the components for Proposition 12.1(iv). In this step,
we will use Lemma 7.11 to construct a set &, of vertex-disjoint paths which consists of
one (u,v)-path for each uv € M]. The paths in &?; will eventually be incorporated as
components of ESPS,;; to ensure that Proposition 12.1(iv) is satisfied.

Let

Ul =U,nNV(M) and Ul =Uys NV(M). (12.11)

By (CF2), (CF3), (CF5), and (i), U] and U/, are unions of k¢* — k' clusters in P; and

P; .1, respectively. Moreover, note for later that (iv) and Fact 12.4 imply that

V(Menig) 0V (U; UU ) = 0. (12.12)

For each i’ € [4] \ {4, + 1}, let U/, C U; be the union of k¢* — k' clusters in P} \ {Vi/, Xi'}

and note for later that, by (12.6), we have

V(Mepig) N Uy = 0. (12.13)
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By (CF1)-(CF3), we have

k'n
n = ]U{|:~--:]Uﬂ:n—k£*. (12.14)
Denote U’ := (U7, ...,U;). By (ii), (12.5), and Proposition 7.8(ii), D'[U;,, U}, ] is [e2,>

1 — eo]-superregular for each i’ € [4]. Let £?; be the set of vertex-disjoint paths obtained by
applying Lemma 7.11 with D'[JU'|, U]+, ..., U], 4,0, 2,1 — €5, and M playing the roles
of D,Vi, ..., Vi, k,m,e,d, and {uvy,..., upnvy}. Then, V() = JU and & consists

of a (u,v)-path for each uv € M/, as desired.

Step 2: Incorporating M, ; ;. In order to satisty (a), we will now use Lemma 12.5
to construct a set &, of vertex-disjoint paths which cover all the edges in My ; ;.

Recall from Step 1, (12.7), and (12.9) that, for each ¢’ € [4], U}, is the union of k¢* — &’
clusters in P} and Xy C Uy \ U}, is a cluster in P}. In particular, (CF2) and (CF3) imply

that for each i’ € [4], Uy \ U}, is the union of £’ clusters in P}, so

AU = = U\ U = R (1215
and Z = Uy cpp i1y Xo satisfies
|Mé’;w| @ D= Xil= =Xl <12) < 5]1;;” (12.16)
By (ii), (12.5), and (12.15), each i’ € [4] satisfies
k'n _an k'n

! U '// 2 '// > - ! - - .
5(‘D [UZ \U17U +1 \ UZ +1]> e (]‘ 26)]{76* Lix = (1 € >k£*

Moreover, (12.8), (12.10), (12.12), and (12.13) imply that

V(M) < Ju\ | U xeuJu

i e[4]
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For each i’ € [4], let nj; and n; be the number of edges of M ;; which start and end
in Uy, respectively. Since by (v) SCyp, ; is U-balanced, Definitions 8.25 and 12.6 imply
that nj; = n;_, for each ¢ € [4]. Thus, we can let &, be the set of vertex-disjoint paths
obtained by applying Lemma 12.5 with D' —JU', Ui11\U/ |, Uir2\U/ 15, . .., Ui1 \U;_;, U\
Ul, X1, Xi, €1, ]Z/TCL, and My, ; ; playing the roles of D, Uy, ...,Us, X,Y,e,n, and M.

Step 3: Covering the remaining vertices. In order to satisfy Proposition 12.1(i),
we will now use Lemma 7.11 and Corollary 7.12 to construct a set &3 of vertex-disjoint
paths which cover all the vertices in (JU \ V(21 U Z).

By (12.16) and Lemma 12.5(ii), there exist x € X; 11 \ V(%) and y € X; \ V().
Denote U/, = Xip1 \ (V(Z2) U {z}) and U] = X; \ (V(2) U{y}). Let U}, =
Ui \(V(21UP)UU! ) and U = U;\ (V(Z1UP,)JU]"). By Step 1 and Lemma 12.5(ii)

and (iii), we have

(12.16),(iii)
Do en-1> (1—¢y)

Wi (Ul = U = Xl = Mgl =1 > o

n
— (121
ke* (12.17)

and

(12.14),(12.16) Y
n= UL = U =n—n — X +1 > (1 €1>k_g' (12.18)
For each ¢ € [4] \ {i,i + 1}, Step 1 and Lemma 12.5(ii) imply that X; NV (2, U %) = ()
and so we can let U] C X, satisty |U//| = n”. For each ¢ € [4] \ {i,i + 1}, let U} =
Up \ V(21U P, UU]]) and observe that, by Step 1 and Lemma 12.5(iii), we have |Uj| = n*.

Denote U" .= (UY,...,U}) and U* == (Uf,...,Uy).

Claim 1. For each i € [4], D'[U], U}

i.4] and D'[U;,Uj, ] are both [e9,> 1 — &5]-

superreqular.

Proof of Claim. Let i’ € [4]. Recall that X and Xy are clusters of size ;7= in P} and

P; .1, respectively. Thus, (ii) implies that D[X;, Xi11] is [¢/,> 1 — ']-superregular. By

)

(12.17), U}l and U}/, are obtained from X and Xy by deleting at most &1 | Xy| = 1| X 14|
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vertices. Thus, (12.5) and Proposition 7.8(ii) imply that D'[U], U7 ,] is still [e5,> 1 — &
superregular.

Similarly, recall from Step 1 that Uy \ V(Z) and Uy \ V(%) are the unions

of k' clusters of size ;7 in Pj; and P;_,, respectively. Thus, (ii) implies that D[U; \

V(21),Upa \ V()] is [¢/,> 1 — €']-superregular. By (12.18), U;; and U}, are obtained
from Uy \V(2,) and Uy 1\ V(2) by deleting at most e1|Uy \V(221)| = e1|Uy 1 \V (27|
vertices. Thus, (12.5) and Proposition 7.8(ii) imply that D'[Uj, U;_ ] is still [e2, > 1 — &,]-

superregular. O

Let ui,..., Uy and vy, ..., v, be enumerations of U/, and U". Let 75 be the set of
vertex-disjoint paths obtained by applying Lemma 7.11 with D'[Ju"}, U/, ..., U/, 4,n",
g9, and 1 — &4 playing the roles of D, Vi, ... Vi, k,m, e, and d. Apply Corollary 7.12 with
D'JU*) Uy, .. Uf 4,0, 9,1 — 5,2, and y playing the roles of D, Vi, ..., Vi, k,m,e,d,
u, and v to obtain a Hamilton (x,y)-path P of D'[|JU*]. Denote &5 = &, U{P}. By
Lemma 7.11 and Corollary 7.12, #5 is a set of vertex-disjoint paths satisfying V(Z3) =
UUN\V(P1U D), VT(P3) = Xi1 \ V(P) and V—(P3) = X; \ V().

Let ESPSyp;; = P21 U P2 U P3 and denote ESPSiy = ESPS, U{ESPSyp.,}-
Then, (a’) holds by Lemma 12.5(i) and definition of D’, while (b’) holds by definition
of D'. It remains to show that (¢’) holds. By construction, ESPSy;; is a linear
forest and so Proposition 12.1 implies that it is enough to verify that ESPS; ) ; sat-
isfies Proposition 12.1(i)-(iv). Note that Proposition 12.1(i) follows from Step 3 and
Proposition 12.1(iv) follows from Step 1. By construction, (12.7), and (12.11), we have
VH(ESPSih,;) = Uiy UXir = Uin \ Napy(Wa, U= U Wy ) and V- (ESPSp, ) =
UlUX; =U; \ (WypU---UWp_y1p). Thus, Proposition 12.1(ii) and (iii) hold and we are
done. O
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12.3 Constructing a cycle-setup

Finally, we build the cycle-setup required for the robust decomposition lemma for blow-up
cycles (Lemma 11.10). Given a very dense blow-up Cy, say D, one could of course construct
a cycle-setup by first randomly partitioning the vertices of D and then use Lemma 7.16 to
exhibit the desired (super)regular pairs for (CST3). However, our cycle-setup will need to

satisfy additional properties.

— To construct the extended special factors, P* and M need to satisfy Lemma 12.7(i)
and (ii). (This motivates Lemma 12.10(i) and (ii) below.)

— After constructing the extended special factors, the clusters in [ JP and |J P’ may
no longer form suitable (super)regular pairs. To solve this problem, we randomly
partition the edges of D into a dense digraph D; and a sparse digraph D;. We
will only use D to construct the extended special factors and reserve D, for the
application of Lemma 11.10. (This motivates Lemma 12.10(iii) below.) (Recall that

a similar strategy was used in the robust outexpander case, see Chapter 9.)

— To be able to construct the localised and balanced special covers required for
Lemma 12.7, we will need the backward edges of our bipartite tournament 7" to be
well distributed across the clusters in P and P*. Since there may be relatively few
backward edges, this cannot be guaranteed via a simple application of Lemma 7.16.
This explains why, in Lemma 12.10, we construct a cycle-setup with respect to given
sets of partitions P and P*. (To help the reader gain intuition for this step, we will
only detail the construction of P and P* after we have discussed our strategy for

decomposing backward edges.)

Note that in Lemma 12.10, we assume that the minimum semidegree of D is very large.
While ?u (that is, the digraph which consists of all the forward edges of T' (see Sec-
tion 10.2)) is very dense, its minimum semidegree may be low (the backward edges may

be concentrated on a few vertices). To solve this problem, we will assign the few vertices
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of large backward degree into the exceptional set U* and then apply Lemma 12.10 with
?u — U* playing the role of D. This will ensure that the minimum semidegree condition
in Lemma 12.10 is satisfied.

For technical reasons, we will need the matchings in M to satisfy a stronger property
than Lemma 12.7(i). Roughly speaking, Lemma 12.7(i) states that, for each i € [4],

M; matches the clusters in P; and P;_;. It will be convenient that each M; matches

“corresponding” clusters together.

Definition 12.8 (Consistent cycle-framework). We say that a (4, *, k, n)-cycle-framework
(U, P, P*,C, M) is consistent if the following holds for each (h,i,j) € [¢*] x [4] x [k]. Let
Vi; and Vi ; denote the 4 clusters in P; and P;, respectively. Let Vijn and Vigq i

denote the A™ subclusters of V; ; and Vi1 ; contained in P} and P}, ,, respectively. Then,

Nuy(Viin) = Vig1jn-

Recall from Fact 11.5 that a cycle-framework remains a cycle-framework when P* is

replaced by P. Observe that consistency is also preserved.

Fact 12.9. Suppose that (U, P,P*,C, M) is a consistent (4,0*, k,n)-cycle-framework.

Then, (U, P,P,C, M) is also a consistent (4,1, k, n)-cycle-framework.
We are now ready to construct our cycle-setup.

Lemma 12.10. Let 0 < % ek % < %, Z%,d < 1 and denote m = . Suppose
that 7, 7 € N. Let Uy, ..., Uy be disjoint vertex sets of size n and denoteU := (Uy, ..., Uy).
Let D be a blow-up Cy with vertex partition U. Suppose that 6°(D) > (1 —e)n. For each
i € [4], let P; be a partition of U; into an empty exceptional set and k clusters of size m,
let P} be an (*-refinement of P;, and let C* be a Hamilton cycle on the clusters in P;.

Denote P = (Py,...,Py), P* == (P;,...,P}), and C == (C*,...,C"). Then, there exist
Dy, PR, % %', and M for which the following hold, where Dy := D\ Dj.

(i) U, P, P*,C, M) is a consistent (4,0*, k,n)-cycle-framework. In particular, the
following hold. For any i € [4] and any cluster V' € P;, the set Ny, (V') is a cluster

in Piy1 (where Ps := Py ). The analogue holds for the partitions in P*.
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(ii) For each i € [4], D[V, W] is [¢',> 1 — 3d]-superreqular whenever V. C U; and

*

W C Uiyq are unions of clusters in P} and P}, respectively. In particular, since

P is a refinement of P; for each i € [4], the analogue holds for the partitions

2

m P.
(iii) (Do, U, P, P\ P*\R,C,% , %", M) is a (4,0, 0* k,m,e d)-cycle-setup.

Proof. Fix additional constants €1,e5, and &3 satisfying ¢ < g1 <€ 5 < g3 < ¢’. First,
we construct the matchings in M. For each i € [4], let V;1,..., Vi, be an enumeration
of the clusters in P; and, for each (h,j) € [¢*] x [k], denote by V; ;; the h'" subcluster of
Vi,; contained in P}. For each (h,4,j) € [] x [4] x [k], let M},;; be an auxiliary perfect

matching from V;iy ;5 to V;;,. For each ¢ € [4], define M; = U(h,j) 5 M- Let

elix|
M = (M, ..., My) and observe that (i) and (CST2) hold.

Let i € [4]. Denote by D; the M;-contraction of D[U;, Uss1]. By Fact 7.27(i), 6°(D;) >
(1 — 2¢)n and so Lemma 8.10 implies that P} is an v/2¢-uniform refinement of P; with
respect to 51

Let i € [4] and let V' C U; and W C U;y1 be unions of clusters in P/ and P,
respectively. Then, observe that each v € V satisfies | N (v)N"W| > [W]—en > (1—¢)|W|
and, similarly, each w € W satisfies |[Ny(v) N V| > |[V]| —en > (1 — ¢1)|V|. Thus,
Proposition 7.10 implies that D[V, W] is [e9, > 1 — &5]-superregular.

Let D; be obtained from D by selecting each edge independently with probability
1 —2d. Denote Dy = D\ D;. For each i € [4], denote by D/} the M;-contraction of
D5 [U;, Ui4] and observe that, by definition, 15; is obtained from D; by selecting each edge
independently with probability 2d. Thus, Corollary 7.18 and Lemma 8.9 imply that we

may assume that the following hold.
(i") For each i € [4], D,[V,W] is [e3, > 1 — 3d]-superregular and D[V, W] is [e3, >
d + e3]-superregular whenever V- C U; and W C U, are unions of clusters in P}

and P}, respectively.

(iii’) For each i € [4], P; is an &/-uniform ¢*-refinement of P; with respect to D!
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In particular, (ii) is satisfied.

We now construct the cycle-setup. First, observe that since D is a blow-up C with
vertex partition U, D, satisfies (CST1). Let P/ be the e-uniform ¢-refinement of P;
obtained by applying Lemma 8.7 with lNDQ, P;, and ¢’ playing the roles of D, P, and /. Let
R; be the complete digraph on the clusters in P; and note that C* is a Hamilton cycle of R;.
Let U? be the universal walk for C* with parameter ¢ obtained by applying Lemma 8.12
with R; and C? playing the roles of R and C. Let U’ be the closed walk on the clusters in
P! obtained from U’ as described in (ST6).

Denote P’ == (Py,...,Py), R = (Ri,...,Ry), % = (U',...,U"), and %' =
(U™,...,U™). Let i € [4. We need to show that (D}, P;, P, P:, R, C', U, U") is
an (¢',0*, k,m,¢e',d)-setup. By construction and (iii’), properties (ST1), (ST4)—(ST6),
and (ST8) are satisfied. Moreover, (ii’) and Proposition 7.30(ii) imply that 5; [V, W] is
[e3, > d + e3]-superregular for any distinct clusters V, W € P;. Thus, (ST2) and (ST3) are
satisfied. Moreover, Lemma 8.8(ii) implies that D![V, W] is [¢/,> d]-superregular for any
distinct clusters V, W € P!. Therefore, (ST7) holds and so (IN);, P, Pl P, R, C UL U is
an (¢, 0* k,m,e', d)-setup. By construction, the exceptional set in P;, P/, and P} is empty
and so (CST3) holds. Thus, (Ds,U, P, P, P*\R,C, %, %", M) is a (4,0, 0* k,m, e, d)-

cycle-setup and so (iii) is satisfied. ]
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CHAPTER 13

DECOMPOSING BACKWARD EDGES

As briefly mentioned in the proof overview, the backward edges of T" will be decomposed
separately at the beginning of the proof of Theorem 4.4. We now discuss this in more

detail.

13.1 Feasible systems

The strategy for Theorem 4.4 will be to first decompose all the backward edges into n
edge-disjoint subdigraphs Fi, ..., F, and then incorporate each F; into a distinct Hamilton
cycle of the decomposition of T. Each F; will need to have a very specific structure, which
will be called a feasible system; otherwise we would not be able to incorporate it into a
Hamilton cycle. (See Definition 13.2 below for a formal definition.) To gain intuition, we
start by giving some informal motivation.

First, each F; will have to be linear forest (since any proper subdigraph of a Hamilton
cycle is a linear forest). This is property (F3) below. Moreover, we will show that for any
Hamilton cycle of T, the set of backward edges satisfy the following “balance property”.
(To gain intuition behind Proposition 13.1, observe that in the proof of Proposition 1.7,
we in fact showed that, in a tripartite tournament, one cannot construct a Hamilton cycle
which contains a single backward edge. The analogue holds in the blow-up C} case: a
cycle which does not contain a “balanced” number of backward edges will not cover all

the vertex classes equitably.) Recall Definition 10.1.
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Proposition 13.1. Let T be a bipartite tournament on 4n wvertices and suppose that
U= (U,...,Uy) is an (g,4)-partition for T. Then, any Hamilton cycle C of T satisfies
6C(U1, U4> = ec(Ug, UQ) CLTld 6C(U4, Ug) = eC(UQ, Ul)

Thus, we will need to make sure that each F; contains the same number of backward
edges in non-adjacent pairs of the blow-up Cy. This is property (F1) below. For convenience,
we will also allow each F; to contain a few forward edges to ensure that all the exceptional
vertices are covered. This is property (F2) below. Roughly speaking, this means that we
will decompose all the exceptional edges at the same time as the backward edges, which

4

will enable us to “ignore” the exceptional vertices when constructing our Hamilton cycles.

Altogether, this motivates the next definition.

Definition 13.2 (Feasible system). Let Uy, ..., U, be disjoint vertex sets and denote
U= U,...,Uy). Let U* C Ui€[4] U; be an exceptional set. We say that F is a feasible

system (with respect to U and U*) if the following hold.
(F1) ex(Uy,Uy) = ex(Us, Us) and ex(Uy, Us) = ex(Usy, Uy).
(F2) For each v € U*, di(v) = 1 = dz(v).
(F3) F is a linear forest.

Note that Proposition 13.1 follows immediately from Fact 10.2(i) and the next result

(which will also be used in the proof of Lemma 13.6 below).

Proposition 13.3. Let Uy, ..., Uy be disjoint vertex sets (not necessarily of the same size)
and let C' be a bipartite cycle on vertex classes Uy UUs and Uy U Uy. Then, there exists
¢ € Z such that, for each i € [4], |U;| = £+ ec (U1, Us) + ec(Us, Ui_1).

Proof. We proceed by induction on |C|. For the base case, suppose that |C| = 4. If
|U;| =1 and e (U1, U;) = 0 for each i € [4], then we can let ¢ := 1 and we are done. If
|U;| =1 and ec(U;11,U;) = 1 for each i € [4], then we can let ¢ := —1 and we are done.

Suppose that there exists ¢ € [4] such that C' = vyvqv3v4 for some vy € U;, vg,v4 € Uy,
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and vy € Ujo. Then, each j € [4] satisfies

(
2 ifj=i+1;
1 ifje{iji+1};
Ujl=191 ifje{iji+2}; and ec(Ujn,U;) =
0 otherwise.

0 otherwise;
\

Thus, we can let £ := 0 and we are done. We may therefore assume that there exists i € [4]

such that C' = vyv9v3v4 for some vy, v3 € U; and vy, vy € U;yq. Then, each j € [4] satisfies

2 ifjedii+1} 2 if j =1
|UJ’ = and €C(Uj+1,Uj) =
0 otherwise; 0 otherwise.

Thus, we can let £ := 0 and we are done.

For the induction step, let k£ > 2 and suppose that the proposition holds for any cycle
of length 2(k — 1). Assume that |C] = 2k and denote C' = v1v,. .. v9,. Suppose without
loss of generality that v; € U;. Then, observe that vor_o, vor € UsUU, and vgy_1 € Uy UUs.
For each i € [4], let U/ = U; \ {vok_1,var}. Define a cycle C’ = v;...v9,_5. Then,
|C'| =2(k —1) and C’ is a bipartite cycle on vertex classes Uy U U} and U5 U Uj. Thus, by
the induction hypothesis, there exists ¢’ € Z such that |U]| = ('+-ec/ (U}, 1, U})+ec (U}, U/_,)
for each i € [4]. If vor_ovog_1, Vog—1V2k, and vorvy are all forward edges with respect to
U= (Uy,...,Uys), then let £ := 0"+ 1. If vop_ovog_1, Uag_109k, and vopvy are all backward
edges with respect to U, then let £ := ¢’ — 1. Otherwise, let ¢ := ('

We now verify that |U;| = € + ec(Uit1,U;) + ec(U;, U;—y) for each i € [4]. We consider
the case where vog_ovak_1, Vog_10Vak, and vg,vy are all forward edges with respect to U (the
other cases can be verified with similar arguments). Note that vy, € Uy, vop_1 € Us, and

Vop—_o € Us. Then,

‘U" |Uz| if7 € [2]; d (U’ U’) Gc(Ui_H, Ul) +1 ifi=1;
i an ecr\Vip1HU;) =

(2

|U;| —1 otherwise; ec(Uis1, Uy) otherwise.
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Then, for each i € [2],

Uil = U] = € + ec: (U1, Uj) + e (U, Uy

)

== 1+ec (U, U) + ec (Ui, UiLy) = L+ ec (Ui, Ui) + ec(Ui, Ui—r).
Moreover, for each i € [4] \ [2],

Uil = |Uj| + 1 =0+ 1+ ec(Ui 1, U]) + ecr (U, Uj_y)

=l+ec(Uit1,U;) +ec(U;, Uir),

so we are done. O

We now state a few useful properties of feasible systems. Observe that forward edges
are only required to cover the exceptional set U*, so any forward edge which is not incident

to U* may be deleted or added from a feasible system.

Fact 13.4. Let Uy, ..., Uy be disjoint vertexr sets. Denote U = (Uy,...,Us) and let
U C Uie[4] U;. Let F be a feasible system with respect to U and U*. Let e be a forward
edge with respect to U which satisfies V(e) NU* = (. Then, F \ {e} is a feasible system

and, if F U{e} is a linear forest, then F U {e} is also a feasible system.
Note that isolated vertices play no role in a feasible system and so may be deleted.

Fact 13.5. Let U,U*, and F be as in Fact 13.4. Let F' be obtained from F by deleting

all isolated vertices. Then, F' is also a feasible system with respect to U and U*.

As discussed above, we will decompose the backward and exceptional edges into n
feasible systems and then restrict ourselves to construct a Hamilton decomposition where
each Hamilton cycle contains precisely one of the feasible systems. The incorporation
of feasible systems into the approximate decomposition is discussed in Section 14.1. To
decompose the leftovers, recall that we will be using the robust decomposition lemma for

blow-up cycles (Lemma 11.10) and, as discussed in Section 12.2; all the cycles obtained
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via Lemma 11.10 will be turned into Hamilton cycles of T' by incorporating a special cover.
Thus, we will require some of our feasible systems to form special covers. For Lemma 12.7,
these will also need to be balanced (recall Definition 12.6). In the next lemma, we verify

that feasible systems can induce balanced special covers.

Lemma 13.6. Let D be a digraph and Uy, ..., Uy be a partition of V(D). Denote U =
(U,...,Us) and let U* C Uy Ui be an exceptional set satisfying [U* N UL| = -+ =
|U*NUy|. Let F C D be a feasible system with respect to U and U*. If VO(F) = U*, then
F is a U-balanced special cover in D with respect to U*. In particular, F is U'-balanced,

where U == (U \ U*,..., Uy \ U*).

Proof. Clearly, F is a special cover in D with respect to U* and the “in particular part”
holds since all the endpoints of the components of F lie in (JU'. We show that F is
U-balanced. By Definition 12.6 and Fact 13.5, we may assume without loss of generality
that F does not contain any isolated vertex. For each i € [4], let ni == |[V*(F) N U;|. By
symmetry, it is enough to show that n] = n,. Using new vertices and edges, extend each
component of F to obtain a linear forest 7' O F and vertex sets U; D Uy, ..., U; 2 U,

such that the following hold, where U” := (U7, ..., U}).
(a) F'is a bipartite linear forest on vertex classes U; U U} and U} U Uj.
- =
(b) E(Fyr) = E(Fuy).
(c) Each component of F’ is a path which starts in U] and ends in Uj.

(d) Each component of 7'\ F is a path of length at most 3.

Let F” be obtained from F’ by adding an edge from the ending point to the starting point

of each component of F'. By (a)—(c), the following hold.

(a') F” is a bipartite 1-factor on vertex classes U; U U} and Uj U Uj.

() E(Fyn) = B(Fu).

Let & be the set of components of F”. For each C' € €, let {c € Z be the constant
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obtained by applying Proposition 13.3 with V(C)NUj,...,V(C) N Uj playing the roles of
U17 ceey U4. Then,

Uil = Y ) n ] TPIET IS (e + eo (U, UY) + ec(U, UY))

Ce? Ce?
= 3 lo+ em (UL UY + e (UL U E N to t epn(Us, UY) + ex(U, Us)
Cce? Ce®
DS ot er (UL U + ex(Us,Ua) D3 o+ ex (U U) + ex0 (U3, US)
cev Ccev
= S (to + ec(Us, Up) + ec(Us, Up)) """ 22 57 v () n U
Cce? Cce®
= |Usl- (13.1)

Therefore,

(VUF)NU| +nf +n7) + (nd +nf +n))
(b)—(d) / g (13.1) o, /
20|+ U\ U] = U7 S U] = (U] + U5\ U
LY (VOF) AU + 0 +n3) + (07 + 0 +nf).

Thus, n = n,, as desired. O

13.2 Optimal partitions

We now introduce our main tool for decomposing the backward and exceptional edges
into feasible systems. Suppose that T is e-close to the complete blow-up Cy with vertex
partition U = (Uy,...,Uys). As observed in Section 10.3, T is a bipartite tournament on
vertex classes U; UUs and Uy U Uy. Thus, the partition ¢ is not fixed (one may swap some
vertices between U; and Us, as well as some vertices between U, and Uy). We will consider

a partition & which minimises the number of backward edges.

Definition 13.7 (Optimal partition). Let 7" be a bipartite tournament. An (e, 4)-partition
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U for T is optimal if it minimises the number of backward edges in T, that is, if
\E(?u)\ = min{]E(?w)\ | U’ is an (e, 4)-partition for T'}.

Roughly speaking, an optimal (g,4)-exceptional partition of 7" will guarantee the
existence of a subdigraph H C T of small maximum degree which contains many backward
edges. This will enable us to apply Konig’s theorem (Proposition 7.22) to find large
matchings of backward edges. This is Lemma 13.8 below. To state and prove this lemma,
we need some additional notation.

Let Uy, ..., U be disjoint vertex sets of size n and denote U = (Uy,...,Us). Let T
be a regular bipartite tournament on vertex classes Uy U Uz and Uy U Uy. Recall from
Fact 10.3 that <EJTFM(U) = Fiu(v) for each v € V(T'). For each i € [4] and 0 < v < 1,
denote by

VT = {o € U | Ty (v0) = drylv) > ) (13.2)

the set of vertices in U; whose backward out- and indegree is greater that yn. Define
UYY(T) = Uie U7 H(T). In practice, U will always be clear from the context and so
we will omit the second superscript. That is, we will write U;(T) and U?(T) instead of
UMM(T) and U (T). Throughout the rest of this thesis, the subscript 7 in the above

notation will always be taken modulo 4, so UJ(T) := U] (T) for example.

Lemma 13.8. Let 0 < % ey < % Let T be a reqular bipartite tournament on 4n
vertices and let U = (Uy,...,Us) be an optimal (e,4)-partition for T. Then, there ezists

H C ?u satisfying the following properties.
(i) AY(H) < yn.
(ii) For each v € U™(T), dg(v) = 0.
(iii) For each i € [4], eg_pyr—(r)(Us, Ui—1) > (1 — 29)n|U (T WU (T)).

Note that Lemma 13.8(ii) implies that H — U'~7(T) is simply H in Lemma 13.8(iii).

However, we emphasise for later applications that none the edges are incident to U'~7(T).
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Indeed, H will be used in conjunction with other sets of edges incident to U'~7(T) to
construct feasible systems and the role of H will be to balance out the number of backward
edges chosen incident to U'~7(T) (recall property (F1) of a feasible system). At this stage,
it will be crucial that there are many edges which are not incident to U'™7(T).

To prove Lemma 13.8, we will need the next two results.

Fact 13.9. Let Uy,...,U, be disjoint vertex sets of size n and denote U = (U, ...,Uy).
Let T be a regular bipartite tournament on vertex classes Uy U Us and Uy U Uy. For any

0<~y <+ <1, U7 (T) CUNT).

Lemma 13.10. Let 0 < e <1 and 0 < vy < % Let T be a bipartite tournament and let
U= (Un,...,Uy) be an optimal (e,4)-partition for T. Then, for each i € [2], there exists

Ji € {i,i+ 2} such that
U (T)=0=U.(T) or Ul(T) = 0.

In particular,

U(T)=0=U;"(T).

J2

Proof. The “in particular part” follows immediately from Fact 13.9. By symmetry, it
suffices to show that the lemma holds for i = 1. Let j; € {1, 3} minimise max,ep;, <ET,L{(U).
Suppose for a contradiction that there exist u € U; 5(T) and v € U} (T). We claim
that swapping u and v decreases the number of backward edges and so U is not optimal.
Indeed, let Uy := U, Uy = Uy, U}, = (Uj, \ {v}) U{u}, and U} 5 = (Uj,42 \ {u}) U {v}.
Define U’ == (U7, ...,U}). Then,

eT(U'-

J1?

Ug/‘rl) =

— —
d ;,u@) + Z d ;u(w) = eT(Uj17 Uj1—1)'

weUj, \{v} wel;; \{v}

(]
T
S+
=
&
N

< vyn —+

Thus, Facts 10.4 and 10.5 imply that U’ is an (e,4)-partition for 7" which satisfies
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|E (?w” <|E (?u)| This contradicts the fact that U is optimal and so

U LT)=0 or UL(T)=0.

Thus, it suffices to prove that if U1+2( ) = 0, then U1 (T) = 0. Suppose not. Then,
%

maXyer; ., dTu(w) < (1 =7)n < maxyey,, dry(w), a contradiction to the definition

of jl- UJ

Proof of Lemma 13.8. By Fact 10.2(ii) and Lemma 13.10, we may assume without loss of

generality that, for each i € [2],

UN(T)=0=U.(T) or Ul(T)=0. (13.3)

2

In particular, we have

U7 (T)=0 and U, (T)=0. (13.4)

For each i € {1,4} and v € U; \ U(T), let E, C Ep({v},Ui1) C E(Ty) satisty
|E,| = |Ny (v) N U, (T)| (this is possible by Fact 10.3). Similarly, for each i € {2,3} and
v e U\U™(T), et E, C Er(Uss, {v}) C E(Tw) satisfy | E,| = | Nz (v) N\ UX(T)|. Let

By = UveUl\UFV(T) E, and E3y = Uv€U2\U1,V(T) E,. Define

;

0 it U77(T) =0 =U, "(T);
Er(Us, Us) it U, (T) £ 0 # Uy (T);
U\ o) Boif U7 40 =U,"7(T);

\UUEUg\Ul_'\/(T) Ev lf Uil_’y — @ # U;-_V(T)

Let H be the digraph on V(T') defined by F(H) = E14 U E3y U Ejys.

By definition, H C ?u- We verify that (i)—(iii) are satisfied. One can easily verify
that, for each v € V(T)\ U'™7(T) and e € E,, we have V(e) \ {v} C U3 U U;. Together
with (13.4) and the fact that E(H) C Er(Us, Us) UU,cy )\ p1-v(r) Ev, this implies that

163



(ii) holds.
For (i), it only remains to check that d;(v) < yn for each v € V(T)\ U'™(T). By

Fact 10.5, the following holds for each i € [4].
< yn. (13.5)

Thus, for each v € Uy \ U'™7(T), we have

B (13.5)
dy(v) = dg,, (v) = |B| < U, (T < 7m,

as desired. Similarly, each v € Uy \ U'™7(T) satisfies dy(v) < yn. It remains to verify
that d5;(v) < qn for each v € (Us U U,) \ U(T). If UJ(T) = ) = UJ(T), then we
have d;(v) < gﬁu(v) < 4n for each v € Uz U Uy, as desired. Moreover, (13.3) implies
that if UJ(T) # 0 # UJ(T), then U} ™(T) = § for each i € [4] and so E(H) = {.
Thus, by symmetry, we may assume that Uj(T) = (0 # UJ/(T). Then, each v € Us
satisfies di; (v) < F%u(v) < n, as desired. By (13.3), we have U, "(T) = (). Therefore,
Fiy = 0 and so each v € Uy \ U'™(T) satisfies d;(v) = dg,,(v) = 0. Moreover, each
v e Uy \ U(T) satisfies

. (13.5)
dfy(v) = dg, (v) < |B,| < U < 4.

Thus, (i) is satisfied.

Finally, we verify (iii). By (13.4), (iii) holds for ¢ = 2. Moreover,

e viomy(UnUs) = [Bul= ) [Np(o)nUy (D)
vell) \U—(T)

= UM UNUTT) = S (d0) - UT))
vel, (T)

> DA =) — @) S (1 29U ()

=7 (1= 2y)n(|U, (D) + U3 (T))).
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Thus, (iii) holds for i = 1. Similarly, (iii) holds for i = 3. If U} "(T) = § = U, (T, then
(iii) is clearly satisfied for i = 4. If U} (T) # 0 # U, (T, then

Fact 10.4

erq—u-—r)(Us,Us) = |Eg| =ep(Us,Us) “=" erp(Us,U)

> (|0 ()] + U, (D)L =) — U7 (D)]|U, ()]

"1 - (U D) + U )

and so (iii) holds for i = 4. If U;"7(T) # 0 = U, "(T), then

_ _ 13.4 _
en v (UnUs) = 1Bl = > INg () n U (D) "2 er(U(T), U)
veUs\U—7(T)

> (L=)n|U; (T)| = (1= m)n(lU;(T)| + U, (1))

and so (iii) holds for i = 4. Similarly, (iii) holds for i = 4 if U} ~"(T) = 0 # U, (T).
Therefore, (iii) is satisfied. O

13.3 Decomposing backward and exceptional edges
into feasible systems

Finally, we state and motivate our main decomposition lemma. First, we need an additional
definition. As discussed in Section 12.3, the exceptional set U* will have to contain all
the vertices of high backward degree (otherwise we would not be able to construct the
cycle-setup required for the robust decomposition lemma). This motivates (ES1) below.
To facilitate the incorporation of the exceptional vertices into the Hamilton decomposition,

we also require that U* is small and contain the same number of vertices from each vertex

class. This is (ES2) below.

Definition 13.11 ((¢,U)-exceptional set). Let T" be a regular bipartite tournament on 4n

vertices. Suppose that U = (Uy,...,U,) is an (e, 4)-partition for 7. We say that U* is an

165



(e’ ,U)-exceptional set for T if the following hold, where U := U; N U* for each ¢ € [4].

(ES1) US(T) C U* C V(T).
(ES2) |U] =--- = |Uf| < &'n.

Let T be a bipartite tournament on 4n vertices. Let U be an optimal (g, 4)-partition
for T and let U* be an (¢/,U)-exceptional set for 7. Then, Lemma 13.12 states that T’
contains n edge-disjoint feasible systems Fi, ..., F, which contain all the backward edges
of T' (see Lemma 13.12(a)). By Lemma 13.12(b), all these feasible systems are small,
which will enable us to incorporate them into our Hamilton cycles. The first ¢ feasible
systems will be those which will be incorporated into the Hamilton cycles given by the
robust decomposition lemma (Lemma 11.10) and so we will require those to form special
covers which are localised and balanced (see Lemma 12.7). Together with Lemma 13.6,
Lemma 13.12(c) will imply that F, ..., F; are balanced special covers, as required for
Lemma 12.7. Additionally, Lemma 13.12(d) ensures that Fi, ..., F; are constructed out
of prescribed sets Hy, ..., H, of edges of T. These edges will be chosen in such a way
that F1, ..., F; form localised special covers, as desired for Lemma 12.7. The last n — ¢
feasible systems will be incorporated into the approximate decomposition. For simplicity,
we require that all of the components of these feasible systems are paths which start in Uy
and end in Uy (see Lemma 13.12(e)). Finally, Lemma 13.12(a) will allow us to incorporate
a small prescribed set E' of forward edges of T" into the feasible systems. In practice, £ will
consists of all the edges of T which cannot be decomposed via the robust decomposition
lemma. (Recall from Lemma 11.10 that the robustly decomposable digraph D™ cannot
decompose the edges which are lying along the auxiliary matchings in M.) This will
ensure that they are not left over at the end of the approximate decomposition.

Roughly speaking, Lemma 13.12(i)—(iv) ensure that Hi,..., H; contain many well
distributed backward and exceptional edges. This is necessary, for otherwise we may
not be able to construct the feasible systems satisfying Lemma 13.12(d). More precisely,

Lemma 13.12(i) and (ii) ensure that each exceptional vertex in U* has many in- and
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outneighbours in each H; (recall from (F2) that a feasible system has to cover U*).
Additionally, Lemma 13.12(iii) and (iv) ensure that there are many backward edges and
that these are evenly distributed across the non-exceptional vertices. This will enable us to
use Konig’s theorem to find large matchings of backward edges, which will be convenient
for adjusting the number of backward edges in each feasible system (recall from (F1) that
a feasible system must contain a balanced number of backward edges).

Note that Hy, ..., Hs; will be constructed using Lemma 13.8. (Compare the bounds in
Lemma 13.12(iii) and (iv) to those in Lemma 13.8(i) and (iii).) This is a point where we
make crucial use of the concept of optimal partitions.

Finally, observe that Hy,..., Hs need not be edge-disjoint in Lemma 13.12. The upper
bound on ¢ will be sufficient to ensure that there are, overall, sufficiently many edges
in Hy,..., Hs to construct the edge-disjoint feasible systems Fi, ..., F;, each within its

prescribed H;.

Lemma 13.12 (Decomposing the backward and exceptional edges into feasible systems).
Let 0 < }1 Kegédgngy<klands eN. Let T be a regular bipartite tournament
on 4n vertices. Let U = (Uy,...,Uy) be an optimal (¢,4)-partition for T and U* be an

(e,U)-exceptional set for T'. Suppose that, for each j € [s|, H; C T satisfies the following.

(i) For each v € U'™(T), giﬂ/{@) > 3n.
(ii) For each v € U*\ U"™(T), 7%7@{(1}) > v2n.

(iii) For each v € V(T)\ U'(T), gfl y(v) < 2yn.

7
(iv) For each i € [4], e, v1-(r)(Us, Uim1) > 110yn|U(T) U UL (T)].

For eachi € [s], let s, € N and t; == Zje[zeu sj. Lett = Zie[s] s; and suppose thatt < nn.
Let E C E(T) be such that the following hold.

(v) E C E(Ty —U).
(vi) For each v € V(T)\ U*, d5(v) < 1.
Then, there exist edge-disjoint feasible systems Fi, ..., Fn such that the following hold.
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(a) E(Tu)UE C U B(F) € E(T).

i€ S
(b) For each i € [n], e(F;) < e'n.
(c) For each i € [t], VO(F;) = U*.
(d) For eachi € [s] and j € [s;], Fr45 € H; \ E.

(e) For each i € [n —t], we have V't (Fiy) C Uy and V7~ (Fiyy) C Usy.

To provide intuition into its formulation, we will first assume that Lemma 13.12 holds
and derive Theorem 4.4. The proof of Lemma 13.12 is spread over Chapters 15-18. These

chapters also include a detailed proof overview of Lemma 13.12.
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CHAPTER 14

THE ¢-CLOSE TO THE COMPLETE BLOW-UP C}
CASE: PROOF OF THEOREM 4.4

We will now prove Theorem 4.4. First, we use our tools from Section 8.1 to incorpo-
rate feasible systems into an approximate Hamilton decomposition (see Lemma 14.1
below). Then, we derive Theorem 4.4 from the robust decomposition lemma for blow-up
cycles (Lemma 11.10), the decomposition lemma for backward and exceptional edges

(Lemma 13.12), and the approximate decomposition lemma (Lemma 14.1).

14.1 Approximate decomposition

Let T be a regular bipartite tournament on 4n vertices and suppose that 7" is e-close to
the complete blow-up Cy with vertex partition U = (Uy, ..., U;). Our strategy for approx-
imately decomposing T is the following (see also Figure 4.2). First, we use Corollary 8.3
to approximately decompose T'[Uy, Us], T'[Us, Us], and T'[Us, Uy into perfect matchings.
Combining a matching from each pair, we obtain an approximate decomposition of
T[Uy, Us] UT[Us, Us) U T'[Us, Uy into linear forests, each consisting of n components which
start in U; and end in Uy. Finally, using Theorem 8.1, we close each of these linear forests
into a Hamilton cycle by approximately decomposing T[Uy, U;] into “suitable” perfect
matchings.

Recall that in Theorem 8.1 and Corollary 8.3, there is the flexibility of prescribing a few

edges. This enables us to construct an approximate decomposition of 7" which incorporates
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given feasible systems.

Lemma 14.1 (Incorporating feasible systems into an approximate Hamilton decomposi-
tion). Let 0 < % LKTKI<1land0 < % L e<gnv <1 LetT be a reqular bipartite
tournament on 4n vertices. Let U = (Uy,...,Uy) be an (e,4)-partition for T and U*
be an (e,U)-exceptional set for T. Let £ < 2(6 —n) (n — %) Let Fi,...,F; C T be

edge-disjoint feasible systems and D C T\ Uie[ﬁ] Fi. Suppose that the following hold.

(i) For eachi € [4], D[U; \ U*, U1 \ U*] is (9, €)-almost regular.

(ii) For each i € [4], D[U; \ U*, U1 \ U] is a bipartite robust (v, T)-expander with
bipartition (U; \ U*,U; 1 \ U™).

(iii) For each i € [{], e(F;) < en.
(iv) For each v € V(T')\ U*, there exist at most en indices i € [{] such that v € V(F;).

(v) For each i€ [(], VT (F,) C Uy and V~(F;) C Uy.
Then, there exist edge-disjoint Hamilton cycles Cy, ..., Cy of T such that F; C C; C DUF;

for each i € [£].

Given two digraphs D and D', we say that D’ is a subdivision of D if D’ can be

obtained from D by replacing some edges by internally vertex-disjoint paths.

Proof of Lemma 14.1. For each i € [4], define U} = U*NU;. Let A = Uy \ U* and
B = U, \ U*. By Fact 10.2(i) and (ES2), we have

|A] = |B| > (1 - e)n. (14.1)

Step 1: Approximately decomposing D[U;, Us| U D[Us, Us| U D[Us, Uy]. For each
i € [3] in turn, we will use Corollary 8.3 to approximately decompose D[U;, U;11] into
matchings. We will then combine a matching from each pair to get an approximate

decomposition of D[Uy, Us] U D[Us, Us] U D[Us, Uy| into spanning linear forests.
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Let i € [3] and j € [¢]. Denote by S;'; the set of vertices v € U;\U* such that df (v) = 1

and let S,

i+1,; be the set of vertices v € Us4q \ U” such that dz (v) = 1. (Thus, SHUSL;

is the set of vertices which are already covered by F; and so need to be avoided by the j™

matching of D[U;, U;41].) Note that

(F2),(F3)

|S:_J 6]:j (UZ, Ui+1) + ij(Ui, Ui—l) — |U*| (142)

(F1),(ES2) F2),(F3)

e}—j (UZ7 Ui-‘rl) + efj(Ui-i-?a Z+1) ‘ +1’ = | Z+1j|

Let F; ; be an auxiliary perfect matching between S+ and S Then,

i+1,5°

(14.2) (i)  (ES2)
e(Fij) < e(F;) <en < 2e(n—|U7)

and so Corollary 8.3(i) holds with n — |U}|, F} ;, and 2¢ playing the roles of n, F;, and ¢.

Let ¢ € [3]. For each j € [{], we have V(F;;) C V(F;). Thus, (iv) implies that
Corollary 8.3(ii) holds with D[U; \ U*,U;11 \ U*] and F; 4, ..., F;, playing the roles of G
and Fy,..., Fy. Let M, ..., M;, be the matchings obtained by applying Corollary 8.3
with D[U; \ U*,Ui41 \ U*],n — |U}|, 2¢, and F; 4, ..., F;, playing the roles of G, n, ¢, and
Fy, ..., Fy. For each j € [{], let F}; be obtained from M; ; \ Fj; by orienting all the edges
from U; to Uiy, and observe that F;; C D(U; \ U*,Uiq \ U™).

For each j € [{], let F} == F; U . We claim that F7,..., F; are edge-disjoint

i€ 3]

spanning linear forests whose components are paths which start in B = U; \ U* and end

lnA:U4\U*

Claim 1. F{,..., F, are edge-disjoint linear forests such that the following hold for each
ie .

(a) E(F))N Ep(A,B)=0.

(c) [VA(F) N (AU B)| < 3¢|A].
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(d) VI(F}) € B and V= (F]) € A.

Proof of Claim. By assumption, Fi, ..., Fy are edge-disjoint. For each i € [3], Corollary 8.3
implies that F},, ..., F}, are edge-disjoint matchings in Ep(U;, Uit1). Therefore, Fi, ..., F;
are edge-disjoint, as desired.

Let j € [{]. Suppose for a contradiction that F is not a linear forest. By (F'3) and
construction, each v € V(T satisfies both di‘; (v) < 1. Thus, F! contains a cycle C.

J

Clearly, ;c(s F7; is a linear forest. Thus, there exists e € E(F;) N E(C). Let v be the

1€
starting point of the component of F; which contains e. Then, v € V(C'). Let u be the
inneighbour of v in C. By assumption, uv ¢ E(F;) (otherwise v would not be the starting
point of one of the components of F;). Thus, wv € ;5 E(F ;) and so v € U UU3 U Uy,
which contradicts (v). Therefore, F7 is a linear forest, as desired.

Let j € [¢]. We show that (a)-(d) are satisfied. By construction and since E(F;) N
E(D) =0, (a) holds. By (F2), U* C V(F;) € V(Fj) and, by construction, (U; U Ui;1) \
(V(F;) uU*) € V(F};) € V(F;) for each i € [3]. Thus, (b) holds. By construction,

Uicp Fij does not contain any edge which starts in A = Uy \ U* or ends in B = U; \ U™.

Thus,

VO(F) NAC (VO(F) NA) U(VH(F)NA)
and

VOF)NBC (VI(F)NB)U (V™ (F)NDB).
Therefore,

(iii)
|

(14.1)
VOFNN(AUB)| < [V(F)| < 2en < 3¢]A]

and so (c) holds. Finally, we verify that V*(F}) C B and V™ (Fj) € A. By (F2), each
v € U* satisfies df, (v) = 1 = d (v) and so VH(F))NU* = 0 = V- (Fj) N U*. Let
i € [3]. Suppose that v € U; \ U*. If v € S;"

i;» then dx (v) = 1; otherwise, v € V/(F}).

Thus, df,(v) = 1 and so v ¢ V~(F}). Therefore, V= (F};) C Uy \ U* = A. Similarly,

J J
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if w € Uppq \ U”, then either dz (w) = 1 or w € V(F;). Thus, d]__.J,_(w) = 1 for each
w € Uiy \ U* and so V*(F}) C Uy \ U* = B. Therefore, (d) is satisfied. &

Step 2: Approximately decomposing D[U,, U;]. In this step, we use Theorem 8.1

to approximately decompose D[Uy, Uy] into matchings which close F7, ..., F, into Hamilton
cycles of T
To apply Theorem 8.1, we first need to contract F7i, ..., F, into auxiliary linear forests

on AU B. For each j € [{], let ]?] be the digraph on AU B defined as follows. For any

distinct u,v € AU B, we let uv € E(F;) if and only if F; contains a (u,v)-subpath P

which satisfies VO(P) C (U, U U3 U U*).

Claim 2. Let i € [{]. Then, F| is a subdivision ofj-:i. In particular, F; is a linear forest

)

satisfying the following properties.

(@) VO(F) = VUF) N (AU B) = (A\V7(F)) U (B\VH(F)).

(8) VH(F) = VHF) C B and V-(F) =V~ (F) C A,
Proof of Claim. Let i € [¢]. Using Claim 1, it is easy to check that F is a subdivision of
F;. Then, each v € V(F;) satisfies both dj% (v) = di{(v). Moreover, each cycle in F; would
induce a cycle in F/. Recall from Claim 1 that F/ is a lincar forest. Thus, F; is also a

linear forest and («) and (/) follow from (b) and (d). &

Since ﬁl, e ,j-:g may not be bipartite on vertex classes A and B, we cannot apply

Theorem 8.1 directly and need to consider equivalent linear forests (recall Definition 8.4).

Claim 3. There exist bipartite linear forests ]-N"{, e ,fé on vertex classes A and B such

that F; and F! are equivalent for each i € [¢]. In particular, the following hold for each

i€ [/].

(o) VO(F) = VO(F) = VUF) N (AUB) = (A\V=(F)) U (B\VF(F)).

(87 VHF) =VH(F) =VI(F) S B and V- (F)) =V (F) = V7 (F) C A,

(2
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Proof of Claim. Let ¢ € [¢]. By Claim 2, F, is a linear forest which spans AU B and whose
components are all paths which start in B and end in A. Recall from (14.1) that |A| = | B].

Thus, one can easily construct an auxiliary bipartite linear forest .7::{ which is equivalent

to F;. Then, (o) and (3') follow from (a) and (83). &

Let .7?{, e ,fé be the linear forests obtained by applying Claim 3. We now verify that
Theorem 8.1(i)(iii) hold for FJ, ..., Fj. Let i € []. Since F/ is a spanning bipartite linear

forest on vertex classes A and B, we have
— — =y (B) (14.1)
e(Fi[B, A]) =Zd+~£(v) =|B\V (F)| = |B| ="|4]
veB

and

(FA.B) = Y a0 = AV EN L Eyna

vEA

)
3e|Al.

Thus, Theorem 8.1(i) and (ii) hold with .7?2-’, |A|, and 3¢ playing the roles of F;,n, and e.

Moreover, each v € A satisfies
CORED) (a)
drnm(®) = 45 0) “2 a5 (0) £ 45 (v) = dryam(©)

and, similarly, each w € B satisfies dz, g (w) = dx;a,5(w). Thus, (iv) and (14.1) imply
that Theorem 8.1(iii) holds with F7,|A|, and 3¢ playing the roles of F}, n, and e.

Apply Theorem 8.1 with D[A U BJ, |A|, 3¢, and .7::{, o ,j—v}f playing the roles of D, n,¢,
and Fy, ..., F, to obtain edge-disjoint cycles Cy, . . ., Cy such that, for each i € [, V(é’l) =
AUB and F/ C C; C D(A,B) U F|. For each i € [(], let C] = (C; \ F!) U F; and
Cii= (CINF)UF = (CA\F)UF,

Step 3: Verifying the conclusions of the lemma. We now verify that C,...,C)
are edge-disjoint Hamilton cycles of T" such that, for each i € [¢], F; C C; C D U F;.

Recall from Claim 1 that Fi,...,F, are edge-disjoint. Thus, (a) and Theorem 8.1
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imply that C1,...,C, are edge-disjoint. Let i € [¢]. By construction, 7, C D U F; and
C;\ F! C D. Thus, C; = (C; \ F/) U F. C DU F;. Moreover, F; C F/ C C;, as desired.
Let i € [¢] and recall from Claim 3 that F; and F/ are equivalent. Thus, Fact 8.5

implies that @’ is also a Hamilton cycle on AU B. By Claim 2, F/ is a subdivision of F;

and so C} is a subdivision of 5{ . In particular, C; is a cycle satisfying

V(T) 2 V(C) = VIE) UV(FE) 3D V(T).

That is, C; is a Hamilton cycle of T O]

14.2 Proof of Theorem 4.4

We are now ready to derive Theorem 4.4. Our strategy is as follows. In Step 1, we use
Lemma 12.10 to construct a cycle-setup for the robust decomposition lemma (Lemma 11.10).
In Step 2, we decompose the backward edges and exceptional edges into feasible systems
using Lemma 13.12. In Step 3, we apply the robust decomposition lemma (Lemma 11.10)
to obtain an absorber D™ (the required extended special factors are constructed using
Lemma 12.7). In Step 4, we construct an approximate Hamilton decomposition using

Lemma 14.1. In Step 5, we decompose the leftovers using D™P.

Proof of Theorem 4.4. Fix additional constants such that

1 1 1 1 11
O<n—<<6<<€1<<62<<7]<<E<<53<<’7<<a<<?<<d<<@,§,v<<7'<<1
0

k k k g _2fk
and 147 f7 g7 f7 39(9—1)

iy me € N. Fix additional constants such that % P Ldand n <€ - <K %

€ N. Let my € N be such that e2n < my < en and m =

Define

k
ry =960 ¢*kr, 15 := i, r’=ri+ro+r—(¢—1Vrs, s =rfk+7r° (14.3)

q

175



For simplicity, we denote
Q= [ra] x [4) x [4] x [f) and @ =[] x [1] x [4] x [7] (14.4)

Let T be a regular bipartite tournament which is e-close to the complete blow-up C; on
vertex classes of size n > ng. Let U = (Uy,...,U,) be an optimal (g,4)-partition for T

and denote by H C ?u the digraph obtained by applying Lemma 13.8.

Step 1: Constructing a cycle-setup. We will use Lemma 12.10. We first construct
the partitions in P* randomly, to ensure that the edges of H are well distributed across
the clusters. More precisely, for each (h, 4, j) € [$] x [4] x [k], let Vi), € U; be obtained
by including each v € U; with probability kiq independently of all other vertices. For each
(i,7) € [4] x [k], denote V} ; = Uhe[%] Vijn. Foreachi e [4], let C7:=Vi;y...Vi; and let
Z, = {l,...,Is} denote the canonical interval partition of C' into f interval, that is,

UES V;,(jfl)?Jer;,(jfl)%q% "o Vz‘,j%ﬂ

for each j € [f] (see Definition 8.20). For each (h, i,j) € [$] % [4] x [f], define
Sh,i,j = Vi,(j—1)§+2,h U V;,(j—l)§+3,h U---uU V;,j%,ha (14-5)

that is, S, is the union of the A™ subclusters of the internal clusters in the j™ interval

in the canonical interval partition of C' into f intervals.

Claim 1. With positive probability, all of the following hold.

(i) For each (h,i,7) € [%] x [4] x [k], we have |V; ;x| > (=e)fn

a
f kq
(ii) For each (h,i,j) € [$] x [4] x [k] and v € V(T), we have INZ(v) 0 Vijnl >

fINE@)NU|

%q En.
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(iii) For each h,h' € [3], i € [4], and j,j" € [f], we have
ert—1-+(r) (Shyiis Swri—1,57) = 1107n|U5 (T) WU (T))-

Proof of Claim. By Lemma 7.16 and a union bound, (i) and (ii) hold with probability at
least 1 — L.

Let i € [4]. If |U(T) U UJ(T)| = 0, then (iii) holds for i with probability 1
Suppose that U (T) U U5 (T)| > 1. Denote G = H[U;,U;_1]. By Lemma 13.8(i)

and (iii), A(G) < yn and e(G) > Also observe that, for each i/ € [4], the ¢ sets

N3

Sty ,S%ﬂ-/,l,SM,Q, .. .,S%%f randomly partition Uy. Thus, Lemma 7.21 (applied
with q,7, Ui, Ul',l, Sl,i,la ceey Si A f and 5171',171, Ce ,Sl A—1,f playlng the roles of ]{I, g, A, B,

A1, ..., Ag, and By, ..., By) implies that, with probability at least 2, all h, 1/ € [4] and

sl

J, 7" € [f] satisfy

e Ui7 Ui— Lemma 13.8(iii) _
err(Shyij, Swi-1j7) > % > 1107"|U1 ;) (T)U Uz‘l—;(T)’-
Thus, Lemma 13.8(ii) implies that (iii) holds for ¢ with probability at least .
Therefore, a union bound over all ¢ € [4] implies that (iii) holds with probability
at least 1. Then, a union bound implies that, with positive probability, (i)—(iii) are all

satisfied. ¢

We may therefore assume that (i)—(iii) are all satisfied. We now equalise the partition
classes to achieve (i) below, without affecting the bounds in (ii) and (iii) too much. For
this, note that

(13.2) eq(U;, Uj_q) Fact 10.5 en?

Uus(T < — = < —<5
U @) < T A <y

for each ¢ € [4]. Moreover, (i) implies that

Vil > fm+ f(mg —en) > f_m+ (2 —¢)fn >
q kq q kq

177



for each (h,,7) € [$] x [4] x [k]. Thus, for each i € [4], we can let U] be obtained from
U;'(T) by adding, for each (h, j) € [§] x [k], precisely [Vijn \ U7 (T)| — me vertices of
Vign\U;(T). For each (h,4, j) € [$]x [4] x[k], let V], ) =V ;,\U; and V]/; := V; ;\U;". For
cach i € [4], define C* = V/; ... V/. For each (h, 4, j) € [$]x[4] x [f], let S} ; ; = Spi s\ U}
and observe that S ; ; is the union of the 2™ subclusters of the internal clusters in the j*
interval in the canonical interval partition of C* into f intervals. Then, (i)—(iii) imply that

the following properties are satisfied.
(") For each (h,4,j) € [$] x [4] x [k], we have [V ,| = me and |U}| = my.

(ii") For each (h,i,j) € [4] x [4] x [f] and v € V(T), we have

INE(v) N (UF US,)| > (? - 1) : (—f’N%(]:; NG| _ sn)

L INE@ UL

£1n.
2q !

(iii") For each h, k' € [{], i € [4], and j, j" € [f], we have
en—vi-ry (U7 USG5 Uy U Sy ) = 100U (T) UUN(T)).

By (i) and construction, U* := (J;c | U/ is an (e1,U)-exceptional set for 7" (see Defini-

tion 13.11). Thus, Fact 10.2(i) and (ES2) imply that

n = \U|=--=|U\U"|=n-—

U*
| 1 | > (1 —eq)n. (14.6)
Therefore, each i € [4] satisfies

NTUN\U U \U*)) >n' —emn > (1 —/e))n'.

Define
U = U \U...,U\U).
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For each i € [4], let P; be the partition of U; \ U* into an empty exceptional set and the
k clusters V;y,..., V;’ . and let P be the partition of U; \ U* into an empty exceptional

kq / ! / !
set and the 7 clusters Vi ,, ..., Vi,l,%’ Vigi - Vi

(Pi,...,Pi), and C := (C",...,C"). For each i € [4], note that P} is a %-refinement of

(2

. Denote P := (P1,...,Py), P* =

sl

P; and C" is a Hamilton cycle on the clusters in P;. Let Dy, Dy, P'\ R, %, %', and M be
obtained by applying Lemma 12.10 with ?u - uUs,u',n, %, V€1, and e, playing the roles
of D,U,n,t* e, and ¢'. Let D} := T\ Dy and observe that D} is obtained from D; by
adding backward and exceptional edges only. Thus, Lemma 12.10(i)—(iii) are still satisfied
with D] playing the role of D;. That is, the following hold.

(iv) (U',P,P*,C, M) is a consistent (4, ¢*, k,n’)-cycle-framework. In particular, the

following hold.
— By Fact 12.9, (U', P, P,C, M) is a consistent (4, *, k, n’)-cycle-framework.
— For any i € [4] and any cluster V' € P;, the set Ny, (V) is a cluster in P4y
(where Ps = Py).
— The analogue holds for the partitions in P*.
(v) For any i € [4], D{[V, W] is [e9,> 1 — 3d]-superregular whenever V' C U; \ U* and
W C U;y1 \ U* are unions of clusters in P} and Py, , respectively. In particular,

since P; is a refinement of P; for each i € [4], the analogue holds for the partitions

in P.
(vi) (Do, U, P, P\ P*R,C,%, %', M) is a (4,6’,%,k,m, g9, d)-cycle-setup. In par-
ticular, Facts 11.4 and 11.5 imply that (U’, P, P*,C, M) is a (4, %,k,n’)—cycle—

framework and (U',P,P,C, M) is a (4,1, k,n’)-cycle-framework.

As discussed in Section 12.3, we will use D] to construct the required extended special
factors (via Lemma 12.7), while D, will be reserved for the application of the robust

decomposition lemma for blow-up cycles (Lemma 11.10).

Step 2: Decomposing the backward and exceptional edges. We will use
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Lemma 13.12, so we start by building digraphs Hy, ..., Hs which satisfy Lemma 13.12(i)—
(iv).

First, observe that if we apply Lemma 13.8, then H satisfies Lemma 13.12(iii) and (iv),
but not Lemma 13.12(i) and (ii). To achieve the latter, we add edges as follows. Let H be
the spanning subdigraph of ?u which consists of all the edges incident to U™ (T'). Let H
be the spanning subdigraph of ?u which consists of all the edges incident to U* \ U™ (T).
By (13.2), we sce that H U H U H now satisfies all the bounds in Lemma 13.12(i)—(iv).

However, as discussed in Section 13.3, the feasible systems Fi,...,F; constructed
within Hy, ..., H; will form the special covers required for Lemma 12.7. By Lemmas 13.6
and 13.12(c), these feasible systems Fi, ..., F; will automatically form balanced special
covers. Additionally, Lemma 12.7 requires JF, ..., F; to be localised (recall Definition 12.3).
To achieve this, each H, will be associated to one set of “locality parameters” (that is,
a choice of (h, 4, ) in Definition 12.3) and then obtained from H U H U H by removing
all the edges which are forbidden with respect to this set of parameters. In Claim 2
below, we will verify that not too many edges are removed and so Hy, ..., H still satisfy
Lemma 13.12(i)—(iv). Moreover, each of the F; C H, will automatically be localised.

Recall from Lemma 11.10 that we need two types of extended special factors: some
(%,4, f)-extended special factors with respect to U’, P*,C, and M and some (1,4,7)-
extended special factors with respect to U',P,C, and M. These will be constructed
separately by applying Lemma 12.7 successively. First, we construct the H,’s for the first
application of Lemma 12.7, that is, for the construction of the (%, 4, f)-extended special
factors with respect to U’, P*,C, and M.

More precisely, let (h,i,7) € [$] x [4] x [f]. Let k" := ? + 1 and denote by Wy ... Wy
the j* interval in the canonical interval partition of C? into f intervals. Denote by
Win, ..., Wiy the h* subclusters of Wi, ..., Wy contained in P;. Let Ej;; be the set of

edges e € E(T) such that
V(e) N (Ul U Ui—i—l) Z U>|< U (Wl,h u---u Wk’—l,h) U NMZ-(WQ’}L u---u Wk’,h)- (147)
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(Roughly speaking, the set Ej,; ; consists of all the edges of T which cannot be included in
a (%, 4, f, h,i, j)-localised special cover. See the proof of Claim 2(a) below for details.) Let
Hy,j = (HUI:TU?[)\Eh,i,j. We now claim that any special cover in Hj,; ; is (%, 4, f, hyi, j)-

localised with respect to P*,C, and M, and that Hj,; ; satisfies Lemma 13.12(i)—(iv).

Claim 2. For each (h,i,j) € [$] x [4] x [f], the following properties are satisfied.

(a) Let SC be a special cover in T with respect to U*. If SC C Hy; j, then SC is
(%,4, f,hyi, 3)-localised with respect to P*,C, and M.

(b) For each v € U™(T), <Eihﬂmu(v) > 3yn.

(c) For eachv € U*\ U'™(T), 73’17],’”(@) > °n.

(d) For each v € V(T)\ U™(T), Uﬁh,i‘j,u(v) < 2vn.

(e) For each i’ € 4], ey, . ,—v—(r) (Ui, Up—y) > 1109n|U,—3(T) UU,3(T)].

Proof of Claim. Let (h,i,j) € [§] x [4] x [f]. Denote by Wi... Wy the j* interval in
the canonical interval partition of C* into f intervals. Denote by Wi, ..., Wy, the At

subclusters of Wy, ..., Wy contained in P;}. Note that S; =S}, . =Ws, U---UWp_1p

7/L"j
and, by (iv), Six1 = Sy, ;01 = Nay(Wap U+ - U W1 p). For each i' € [4]\ {7,7 + 1}, let
Si/ = SLZVJ.

Let SC' C Hj;; be a special cover in T' with respect to U*. By Definition 8.24,

VHSC)UV—(SC) CV(T)\ U* and so (14.7) implies that
(VHSC)UV(SC) N (U; UU;i11) € (Wip U UWp14) UNpy,(Wop, U---UWip).

Thus, SC is (%,4, f, h,i,j)-localised with respect to P*,C, and M, and so (a) holds.
Let i’ € [4] and v € U, "(T). By Fact 13.9 and (ES1), v € U* and so (14.7) implies

that E}; ; does not contain any edge from v to Uj;_; U Sy_;. Thus,

— . i) (1 —~)n
Th a) >t ()2 [NF ) (Ui USe )| > L8

—&1n > 3vyn.
H\E}, ; 1n =
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e
Similarly, d ;Ihijy(v) > 3yn and so (b) is satisfied.
Let ¢/ € [4] and v € U; \ U(T). Since v € U*, (14.7) implies that Ej,; ; does not

contain any edge from Uj;_, U Sy_; to v. Thus,

B B - . i) yn )
Aoy u®) 2 g () 2 INFO) N (U5 USim)] 2 50 —ein = 2%n,

Similarly, 45, /() > 7?n and 50 (c) holds,

For any v € V(T) \ U™(T), we have

= " " Lemma 13.8(i) 1y
d Hh,i,jJ/{(U) < dH(U) + dﬁ(v) < yn + ’U (T)|
Fact 13.9,Definition 13.11
< yn + 4e1n < 29n

and so (d) holds.

Let i" € [4]. By (14.7), E}; j does not contain any edge from U} U Sy to Uj_; U Sy_;.

Thus,
€Hh,i7j—U17v(T)(Ui/,Uz‘/—l) > €(H\Eh7i,j)—Ulfv(T)(Ui’aUz‘/—l)
> GH_Ulfv(T)(U; U Sy, U;—l U Si’—l)
(iii")
> 110yn|U, 3(T) U U, Z3(T))|
and so (e) is satisfied. &

The Hy’s for the second application of Lemma 12.7, that is, for the construction of
the (1,4, 7)-extended special factors with respect to U’, P,C, and M, can be constructed
analogously. More precisely, let (h,,7) € [1] x [4] x [7]. Let k" := % + 1 and denote by
W ... W/, the j® interval in the canonical interval partition of C” into 7 intervals. Let

Ej, ; ; be the set of edges e € E(T') such that

Ve)N (U UUi) U U (WiU - UW/ ) UNy (Wy U=+ UW).
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Let Hj , ;

= (HUHUH)\ Ej, ;- Since f > 14, note that every interval in the canonical
interval partition of C? into 7 intervals contains, as a subinterval, an interval from the
canonical interval partition of C* into f intervals. That is, there exists (7', j') € [4] % [f]
such that S}, ; . C Wy U---UW}, ;. Thus, we can apply similar arguments as in Claim 2,

to show that the following hold.

(a") Let SC be a special cover in T" with respect to U*. If SC' C H, , ., then SC' is

717-] ’

(1,4,7, h, i, j)-localised with respect to P,C, and M.

%
(b') For each v € U(T), d7;, ,,(v) > 37yn.

hyi,5°

(¢') For each v € U*\ U™(T), jfi{, L) > n.

hyi,j°

(d') For each v € V(T)\ U™ (T), gi,

hyi,j7

4 (V) < 29n.
(¢) For each i’ € [4], ep; , —tn—vr)(Us, Uy-1) 2 110yn|U,—3(T) U UL —I(T)].
Denote H == {Hpi; | (h,i,7) € []x[4]x[f]} and H' = {H} ; ; | (h,,7) € [1]x[4]x[7]}.
Let s := 4¢+28 and let Hy, ..., H, be an enumeration of HUH'. Recall from Lemma 11.10
that we need to construct r3 (%, 4, f)-extended special factors with respect to U’, P*,C, and
M, as well as r° (1,4, 7)-extended special factors with respect to U’, P,C, and M. Also

recall that in Lemma 13.12, sq,..., s, denote the number of feasible systems constructed

within Hy, ..., Hy, respectively. Thus, for each i € [s], define

T3 lf[{Z EH;
S; =

ro if Hz S Hl.
Note that >,y si = 4qrs + 28r° = 4s" < g3n (see (14.3) for the definition of s'). By
(b)—(e) and (b")—(e'), Lemma 13.12(i)—(iv) hold.
Let E = {uv € E(T) | vu € |JM]} (this is precisely the set of edges which cannot be

decomposed via Lemma 11.10). By (vi) and (CF5), Lemma 13.12(v) and (vi) hold. Recall

the notation introduced in (14.4). By Lemma 13.12 (applied with &1, &5, and €3 playing
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the roles of €,¢’, and 7), there exist disjoint sets
S = {‘Ff,h,i,j ‘ (6’ h,i,j) € Q}> S = {‘Fé,h,i,j ‘ (f, hvivj) € Q/}? S = {JT_; ‘ (S [n - 48,]}

such that S* = SU S U S” is a set of n edge-disjoint feasible systems which satisfy the

following properties.
(a) E(Tw)UE C E(S%) C E(T).
(B) For each F € S*, e(F) < egn.
(v) For each F € SUS', VO(F) =U".
(0) For each (¢,h,i,j) € Q, we have Fpp;; € Hp;j \ E.
(¢) For each (£, h,i,7) € Q', we have F, . C H; ;.\ E.
(¢) For each F € 8", we have V*(F) C U, and V—(F) C Uy.

By Fact 13.4, we may assume without loss of generality that all the forward edges in E(S*)
are either edges of E or incident to U*. Thus, Lemma 13.12(vi) implies that the following
holds.

(n) For each v € V(T') \ U*, we have \ﬁﬁ(v) \U* < 1.

We next observe that the feasible systems in S U .S’ are localised and balanced special

covers.
Claim 3. The following hold.
(") Each F € SUS" is a U'-balanced special cover in D} with respect to U*.

(0") For each (€, h,1,7) € Q, Funij 1S (%,4, fyh,i,7)-localised with respect to P*,C,
and M.

(¢') For each ({,h,i,5) € Q' Fyp,; is (1,4,7,h,i,j)-localised with respect to P,C,
and M.

Proof of Claim. By assumption, (¢), and (¢), all the forward edges in E(SUS’) are incident
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to U*. Since by Step 1 Dy =T\ D] C ?u — U*, this implies that E(S U S") C E(D]).
Moreover, (ES2) implies that |Uy| = --- = |Uf| and so Lemma 13.6 and () imply that

each F € SU S’ is a U'-balanced special cover in D} with respect to U*. In particular, (7)
holds. Then, (¢") follows from (a) and (§) and, similarly, (¢') holds by (a’) and (g). <>

Step 3: Applying the robust decomposition lemma. In this step, we will apply
the robust decomposition lemma (Lemma 11.10) to obtain a robustly decomposable digraph
D which will enable us to decompose the leftovers after the approximate decomposition.
First, we use Lemma 12.7 to construct the required extended special factors.

Recall from Claim 3 that S U S’ consists of special covers in D} with respect to U*.
For each (¢, h,i,75) € Q, let My, ; denote the complete special sequence associated to
Finij €S (see Definition 8.25). Define a multiset 4 by A = {Myp.; | ((,h,1,7) € Q}.
For each (¢, h,i,7) € @', let My, ;; denote the complete special sequence associated to

tnij €5 Define a multiset .#" by A" = {Myp; | ((,h,i,7) € Q'}.

First, we construct the (%, 4, f)-extended special factors with respect to U’, P*,C, and
M required for Lemma 11.10. By (), (7/), and (¢'), Lemma 12.7(iii)—(v) hold with
Fohii %,52, and U’ playing the roles of SCyp,; 4, 0%, ¢, and U. Moreover, Lemma 12.7(i)
follows immediately from (iv). Let D} = D} \ (8" U S"). By Proposition 7.8(ii), (v), and
(1), Lemma 12.7(ii) holds with D} and 3d playing the roles of D and &’. Apply Lemma 12.7
with DY, U’ rs, %, n',eq,3d, and S playing the roles of D,U,r,£*,n,e,&, and SC to obtain
T3 (%,4, f)-extended special factors ESF},..., ESF,, with respect to U’, P*,C, and M
which satisfy the following properties, where for each (¢, h,i,5) € Q, ESPSy,; denotes

the (%, 4, f, h,i, j)-extended special path system contained in ESF}.
(I) For each (¢, h,1,7) € Q, we have My, ; ; € ESPSpp;; € (DY\S)UMp,j.

(IT) Let (¢, h,i,7), (¢, 1,7, ") € Q be distinct. Then, we have (ESPSyp,i;\ Mepij)N
(ESPSEI,h/,i/,j/ \ Mel,h/,’i/,j/) = @

Define a multidigraph ESF by ESF = ESFyU---U ESFE,,.

Next, we construct the (1,4, 7)-extended special factors with respect to U’, P,C, and
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M required for Lemma 11.10. By (8), (7'), and (¢'), Lemma 12.7(iii)—(v) hold with

thijr 1, T, €2, and U’ playing the roles of SCyp; 5, 0%, f,€, and U. By (iv), Lemma 12.7(i)
holds with P playing the role of P*. Let D{" := D} \ (SUS"UESF). By Proposition 7.8(ii),
(v), (n), and Corollary 12.2, Lemma 12.7(ii) holds with D}", P, and 3d playing the roles
of D,P*, and €. Apply Lemma 12.7 with DY U', P,r°,1,7,n' &5,3d, and S’ playing
the roles of DU, P*,r, %, f,n,e,e’, and SC to obtain r° (1,4, 7)-extended special factors
ESF|,..., ESF/, with respect to U’, P,C, and M which satisfy the following properties,
where for each (¢, h,i,j) € Q', ESPS),, , ; denotes the (1,4,7, h, i, j)-extended special path

system contained in ESF.
(I') For each (¢,h,4,j) € Q', we have My, .. € ESPS},, € (D" \ S )U My, ;..

(IT") Let (¢, h,1,7),(¢', ki, j") € @ be distinct. Then, we have (ESPSA,LM\MA,L’Z-J)H
(ESPSél’hl’il’j/ \ M/',h’,i’,j’) - @

Define a multidigraph ESF' by ESF' == ESF{U---U ESF,.

We are now ready to apply the robust decomposition lemma. Let D) := Dy \ S*
and recall from Step 1 that Dy C ?u — U*. By (vi), (n), and Proposition 11.6,
(DL, U, P, PP R,C,U, %' M) is a (4,0, %,k,m,sg, 9)-cycle-setup. Let D™ be the
robustly decomposable digraph obtained by applying Lemma 11.10 with D}, U’ 4,3, and

%l playing the roles of D U, K, ¢, and d.

Step 4: Approximate decomposition. Let D =T\ (S* UESF UESF U D™Pb).
In this step, we will approximately decompose D U S” using Lemma 14.1. By (3) and (¢),
Lemma 14.1(iii) and (v) hold with S”,n — ¢, and e playing the roles of {Fi,..., Fu}, ¥,

and €. Moreover, (1) implies that each v € V(T \ U* satisfies

< Definition 13.11
dry(v)+ U +2 < 2e1n +4en + 2 < egn (14.8)

and so Lemma 14.1(iv) holds with S”,n — ¢, and &5 playing the roles of {Fi,..., Fu}, ¥,

and e. It remains to show that D[U; \ U*,U;41 \ U] is an almost regular bipartite robust
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expander for each i € [4].

Claim 4. Each v € V(T') satisfies

N 0 ifve U
dE(v) = (14.9)

n— (4s' —r) —ds.,(v) otherwise.

Proof of Claim. By (F2) and since the feasible systems in S* are edge-disjoint, each v € U*

satisfies d¥. (v) = n and so d5(v) = 0, as desired. Let v € V(T) \ U*. First, note that

) Definitions 8.24 and 8.25
|Nesr(v) \ N (v)| = dy) (v) & % (v) (14.10)
and, similarly,
() Definitions 8.24 and 8.25
[Nesm (W) \ N7 (v)] = d(v) = de (v). (14.11)

Moreover, Corollary 12.2 implies that
desr(v) = (1+3q)rs and dgg,(v) = 22r°, (14.12)

By (I), (IT), ('), and (II'), ESF \ A and ESF' \ A’ are edge-disjoint subdigraphs
of D} \ S* C T\ S*. Moreover, Step 3 and Lemma 11.10 imply that D™ C D) C

T\ (S*UESFUESF'). Therefore, Lemma 11.10 implies that

dp(v) = dy(v) = dpn(v) = dfitS]-'\.///<v) - di‘ES]—"\//Z’ (v) — di. (v)
(14.10),(14.11)
= n— dimb (v) — dz«cs}-(v) — d?sr’ (v) — décu(v)
= n— (ri 4+ 72+ 5r°) — (1 + 3q)rs — 22r° — d&, (v)

= n— (4s' —r) — dz,(v),
as desired. S

187



Let § =1 (1— 43;—_’”) By Claim 4, (14.6), and (14.8), each v € V(T') \ U* satisfies
d5(v) = 20n 4 eon = 2(6 4+ €)n’. Since by (a) D only contains forward edges, this implies
that D[U; \ U*, U1 \ U*] is (6, e2)-almost regular for each i € [4]. Thus, Lemma 14.1(i)

holds with e, playing the role of e. Moreover, Proposition 7.6 (applied with dsor 4 g

n

playing the role of €) implies that Lemma 14.1(ii) is satisfied. By (14.6), we have

n—4s' =20n —r <260’ + 20’ —r < 2(6 — n)n'.

Finally, recall that U* is an (e1,U)-exceptional set for T. Thus, Fact 13.9 implies that U*
is also an (g9, U)-exceptional set for T'. Let Gopprox be the set of n — 45’ Hamilton cycles

of T obtained by applying Lemma 14.1 with n — 4s’, 9, and S” playing the roles of ¢, ¢,
and {Fi,..., Fe}

Step 5: Absorbing the leftovers. Finally, we decompose H = D \ Gypprox Using
the robustly decomposable digraph D™". Define a multidigraph D’ by D' .= (H — U*) U
D* UESFUESF.

Claim 5. D'\ (A4 U .#") is a digraph (rather than a multidigraph) and satisfies E(D’\
(A UM))=E(T\ (SUS"UBapprox))-

Proof of Claim. By (I), (I), (I'), and (Il'), ESF \ A and ESF'\ .#" are digraphs (rather
than multidigraphs) and are edge-disjoint subdigraphs of D} \ S* C D]\ (SUS’). By
Step 3, D™ C Dy, \ S* C T\ (D} USUS’). By definition,

H =D\ Gopprox =T\ (ST UESF UESF U D™ U Gapprox)- (14.13)

Thus, ESF\ A, ESF \ A", D™, and H — U* are pairwise edge-disjoint subdigraphs
of T. Therefore, D'\ (M U M’) is a digraph. Moreover, Lemma 14.1 implies that
S" C Gapprox S DUS" CT\ (SUS'UESFUESF U D™). Thus, (14.13) implies that
D\ (AUM)=T\ (SUS"UCapprox), as desired. &

We are now ready to decompose D'. By Lemma 14.1, Gopprox 1S a set of n — 4s’
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edge-disjoint Hamilton cycles of D U S” which altogether cover S” and so Claim 4 implies

that each v € V(T) satisfies

(o) 0 ifveU"
g\v) =

r otherwise.

In particular, H — U* is r-regular. Moreover, () implies that H only consists of forward
edges and avoids the edges in £ = {uv € E(T) | vu € |JM}. In particular, H — U* is a
blow-up Cy with vertex partition U’. By definition, H C D C T'\ D*". Thus, Lemma 11.10
implies that the multidigraph D’ has a decomposition %}, into 4s’ edge-disjoint Hamilton
cycles on V(T') \ U* such that each cycle in %o, contains precisely one of the extended

special path systems in the multidigraph ESF U ESF’. That is, there is an enumeration

{C£7h7i7j | (67 h727j) € Q} U {Cé,h,i,j | (67 h,’l,]) € Q/}

of Gon such that Cpp,; N (ESF UESF') = ESPSyy, ; for each (¢,h,i,j) € @ and
iy VESFUESF) = ESPS) ;o for each (¢, 1,4, j') € Q.

Recall from (7') that S = {Fopi; | (¢, h,4,7) € Q} and S" = {F;,, ;| (¢, h,i,j) € Q'}
are edge-disjoint sets of edge-disjoint special covers in D} with respect to U*. By Step 3,
M and M’ are multisets which consist of the complete special sequences associated to the
special covers in S and S, respectively.

For each (£, h,i,j) € Q, define Cy},; ;= (Crpij \ Menij) U Frnij and observe that,
by (I) and Fact 8.26, Cy),; ; is a Hamilton cycle of T'. For each (¢,h,i,j) € @', define
Cé/,h,i,j = (Cé,h,i,j \ Mé

nij) Y Fini,; and observe that, by (I') and Fact 8.26, C7),; ; is a

Hamilton cycle of T'. Let

r,ob = {OZh,i,j | (67 ha%]) S Q} U {Cg,h,i,j | (6, hu%]) S Ql}

By Steps 2 and 4, 5,5, and Capprox are pairwise edge-disjoint. Thus, Claim 5 implies that
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!
Cgrob

is a Hamilton decomposition of (D' \ (A# U.Z"))U(SUS") =T \ Gapprox- Recall from
Step 4 that Gopprox 15 a set of edge-disjoint Hamilton cycles of 1. Therefore, €,pprox U Gy,

is a Hamilton decomposition of T'. This completes the proof of Theorem 4.4. O]
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CHAPTER 15

PSEUDO-FEASIBLE SYSTEMS

It remains to prove Lemma 13.12. First, we observe that one can initially decompose the
backward and exceptional edges into structures (called pseudo-feasible systems) which are

slightly more general than feasible systems.

15.1 Definitions

We now define the concept of a placeholder (defined formally below). Roughly speaking,
an edge e with precisely one endpoint v € U* is called a placeholder if T contains many
edges of the same type: if e is a forward in/outedge at v, then e is a placeholder if 7" has
many forward in/outedges at v; similarly, if e is a backward in/outedge at v, then e is a
placeholder if 7" has many backward in/outedges at v. A placeholder will be used to hold
the place for an edge €’ of the same type as e. A suitable ¢’ will exist since, by definition

of a placeholder, there exist many edges which are of the same type as e.

Definition 15.1 (Placeholder). Let T be a regular bipartite tournament on 4n vertices.
Let U = (Uy,...,U,) be an (e,4)-partition for 7" and let U* be an (e,U)-exceptional set
for T'. For each i € [4], denote U} := U; N U*. Let uv € E(T) and denote by i, j € [4] the
unique indices such that v € U; and v € U;. We say that uv is a (v, T)-placeholder (with

respect to U and U* ) if one of the following holds.

~weUf,veU;\ U, and [Nf (u) NU;| > yn.
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—u €U\ U, veUs, and [Ny (v) N U > yn.

(2

Fact 15.2. Let 0 < e < v < 1. Let T be a regular bipartite tournament. Let U =
(Uy,...,Uy) be an (e,4)-partition for T and U* be an (e,U)-exceptional set for T. Suppose
that e € E(?) is a (v, T)-placeholder. Then, V(e) NU(T) = 0.

Recall from Definition 13.2 that a feasible system is a linear forest which contains
an appropriate number of backward and exceptional edges. Roughly speaking, we say
that F is a pseudo-feasible system (defined formally below) if the only obstructions to
F being a feasible system are caused by placeholders. More precisely, a pseudo-feasible
system F may not form a linear forest (that is, 7 may not satisfy property (F3) of a
feasible system), but all of the cycles in F contain a placeholder (see (F4') below) and all
of the excess degree can be accounted for by placeholders (see (F3’) below). Additionally,
a pseudo-feasible system F may not cover all of the vertices in U* (that is, F may not
satisfy property (F2)), but the uncovered vertices in U* have high forward degree and so

the missing edges at U* are forward placeholders (see (F2') below).

Definition 15.3 (Pseudo-feasible system). We say that F is a (v, T)-pseudo-feasible

system (with respect to U and U*) it F C T, (F1) is satisfied, and the following hold.
(F2') For each v € U*, both d£(v) < 1 and, if v € U'™7(T), then both dx(v) = 1.
(F3") Let v € V(T') \ U*. Then, F contains at most one edge which starts at v and is

not a (y,T)-placeholder. Similarly, F contains at most one edge which ends at v

and is not a (y, T')-placeholder.

(F4’) Each cycle in F contains a (v, T')-placeholder.

As for feasible systems (recall Fact 13.4), forward edges which are not incident to U*
play no role in a pseudo-feasible system. Additionally, Fact 15.2 implies that all of the

forward placeholders can be deleted.

Fact 15.4. Let 0 < e < v < 1. Let T be a reqular bipartite tournament. Let U =

(Ui, ..., Uy) be an (e,4)-partition for T and U* be an (e,U)-exceptional set for T. Let
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F be a (v, T)-pseudo-feasible system and e € E(?u) IfVe)nU* =0 oreisa(y,T)-

placeholder, then F \ {e} is a (v, T)-pseudo-feasible system.

15.2 Transforming pseudo-feasible systems into feasi-
ble systems: proof overview

The next lemma states that pseudo-feasible systems can be transformed into feasible
systems. The idea behind the proof of Lemma 15.5 is to replace the placeholders with
edges of the same type to form linear forests and then add forward edges to cover
U\ U(T).

More precisely, let T" be a regular bipartite tournament on 4n vertices. Let U be an
(e,4)-partition for T and let U* be an (g,U)-exceptional set for T. Suppose that F is
a (v, T)-pseudo-feasible system. We can transform F into a feasible system as follows.
Suppose that F contains a cycle C. By (F4'), C' contains a (v, T)-placeholder e, say e is a
backward edge from u € U* to v ¢ U* for instance. Then, by definition of a placeholder, T’
contains many backward edges which start at v and end in V(T") \ U*. Therefore, we can
find a backward edge ¢’ = wv’ with v € V(T) \ (U* UV (F)). Then, replacing e by ¢ in F
breaks the cycle C' without affecting (F1) and (F2')—(F4'). Repeating this argument, we
can eventually remove all cycles in F. By (F2') and (F3'), we can use similar arguments
to ensure that A°(F) < 1. Then, F satisfies (F3). Finally, we add forward edges to ensure
that (F2) holds as follows. Suppose that x € U* satisfies d(x) = 0. Then, (F2') implies
that = ¢ U'™(T) and so T contains many forward outedges at z. Thus, we can find
a forward edge ¢’ = zy with y € V(T') \ V(F). Then, adding €” to F does not affect
(F1) and (F3). Repeating this argument, F eventually satisfies (F2) and so F becomes a
feasible system.

Additionally, we will add forward edges to incorporate a given suitable set of edges F
(see Lemma 13.12(a)) and to ensure that all the components of the feasible systems start

in U; and end in Uy (see Lemma 13.12(¢)).
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Lemma 15.5 (Transforming pseudo-feasible systems into feasible ones). Let 0 < % <
e<kn<Ky<<land (1 —nn <r <n. Let T be a reqular bipartite tournament on 4n
vertices. Let U = (Uy,...,Uy) be an (g,4)-partition for T and U* be an (e,U)-exceptional
set for T. Suppose that D C T satisfies °(D) > r. Let Fi,...,F, be edge-disjoint

(v, T)-pseudo-feasible systems satisfying the following properties.

(i) E(Du)UEDIU*)) € Uiy E(F) € B(D).

(ii) For eachi € [r], e(F;) < en.
Let E C E(D) be such that the following hold.

(i) E C E(Dy — U").

(iv) For each v € V(T)\ U*, d(v) < 1.

Then, there exist edge-disjoint feasible systems Fi, ..., F.

r

such that the following hold.

(2) B(Du) U E € Uy E(F) € E(D).

(b) For each i € [r], e(F!) < e3n.

(¢) For eachv € V(T)\U*, there exist at most £3n indices i € [r] such that v € V (FY).
(d) For each i € [r], VT (F]) C U, and V~—(F]) C Uy.

Note that E(D[U*]) appears in Lemma 15.5(i) for technical reasons (this ensures that
all the edges available for transforming the pseudo-feasible systems into feasible ones do
not entirely lie in the exceptional set U*). On the other hand, E(D[U*]) does not need
to explicitly appear in Lemma 15.5(a) since these edges will automatically be covered by
definition of a feasible system. Indeed, recall from Lemma 13.12 that we aim to construct
n edge-disjoint feasible systems. But property (F2) of a feasible system states that each
exceptional vertex is covered by both an in- and an outedge, so any set of n edge-disjoint
feasible systems automatically covers all the edges incident to U*.

In practice, the above argument needs to be carried out to all of the pseudo-feasible

systems in parallel. To gain intuition, we first derive Lemma 13.12 and defer the proof of
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Lemma 15.5 to Chapter 16.

15.3 Proof of Lemma 13.12

By Lemma 15.5, it is enough to decompose the backward edges into pseudo-feasible
systems (rather than feasible ones). However, recall from Lemma 13.12(d) that we require
a few of the feasible systems to be constructed out of prescribed sets Hy, ..., Hy of edges
of T'. It is therefore more convenient to construct these feasible systems straight away.
Thus, it is most convenient to prove the following pseudo-feasible system analogue of
Lemma 13.12. (The proof of Lemma 15.6, as well as a detailed proof overview, can be
found in Chapter 17.)

Lemma 15.6 (Decomposing the backward and exceptional edges into pseudo-feasible
systems). Let 0 < % LKeKn<Ky<K1lands € N. Let T be a reqular bipartite
tournament on 4n vertices. Let U = (Uy,...,Uys) be an optimal (g,4)-partition for T and
U* be an (e,U)-exceptional set for T. Suppose that, for each i € [s|, H; C T satisfies
Lemma 13.12(1)(iv). For each i € [s], let s; € N and t; == 3, 485 Lett:==3 s
and suppose that t < nqn. Then, there exist edge-disjoint (v, T)-pseudo-feasible systems
Fi,...,Fn for which the following hold.

(a) E(Tw)UB(TIU) € Ue E(F) € E(T).

(b) For each i € [n], e(F;) < y/en.
(c) For each i € [t], F; is a feasible system with V°(F;) = U*.

(d) For eachi € [s] and j € [s;], Fi,+; C H;.

Proof of Lemma 13.12. Let Fy,...,F} be the (v, T)-pseudo-feasible systems obtained
by applying Lemma 15.6. For each i € [t], let F; = F; \ E. By (v), Fact 13.4, and
Lemma 15.6(c) and (d), Fi, ..., F; are feasible systems which satisfy (c¢) and (d).

We transform F/,,,...,F,; into feasible systems using Lemma 15.5 as follows. Let

ri=n—tand D =T\ U,y Fi- By (F3), °(D) > r and, by Lemma 15.6(a) and (b),

i€t

195



Lemma 15.5(i) and (ii) hold with F/,,,..., F, and /€ playing the roles of F,..., F,, and
e. By construction, F C E(D) and so Lemma 15.5(iii) and (iv) follow from (v) and (vi). Let
Fis1s- .., Fn be the feasible systems obtained by applying Lemma 15.5 with 7}, ..., F},
and +/¢ playing the roles of Fy,...,F,, and . Then, (a) follows from Lemma 15.5(a) and
Lemma 15.6(a), while (b) follows from Lemma 15.5(b) and Lemma 15.6(b). Finally, ()
holds by Lemma 15.5(d). O
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CHAPTER 16

TRANSFORMING PSEUDO-FEASIBLE SYSTEMS
INTO FEASIBLE SYSTEMS: PROOF OF
LEMMA 15.5

We proceed as described in Section 15.2. First, we redistribute all the placeholders
contained in Fi,...,F,. to break all the cycles and reduce the maximum semidegree to 1
(Lemma 16.2). Then, we add some forward edges to cover U* and thus form feasible
systems (Lemma 16.3). Next, we incorporate the set E of prescribed edges (Lemma 16.4).
Finally, we add some additional forward edges to ensure that each component of the

feasible systems have its endpoints in the desired vertex classes (Lemma 16.6).

16.1 Extending linear forests

As mentioned above, the feasible systems will be constructed in stages. At each stage, we
will consider linear forests and need to extend them in a prescribed way (e.g. in Lemma 16.3
we will need to cover precisely the uncovered vertices in U*). Most of the time, this will
be done using the next lemma.

Roughly speaking, Lemma 16.1 states that a sufficiently dense bipartite digraph D
on vertex classes A and B contains edge-disjoint linear forests Qq, ..., Qy, where each
Q; covers a prescribed set S;7 C A with outedges, covers a prescribed set S; C A with

inedges, and avoids a prescribed set T; C B (see Lemma 16.1(a) below). Moreover, these
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linear forests can be constructed in such a way that every vertex of B is not covered by
too many of the linear forests (see Lemma 16.1(b)) and is adjacent to at most one edge in
each linear forest (see Lemma 16.1(c)).

In general, given linear forests JFi,...,F; that we want to extend, we will apply
Lemma 16.1 with T; = V(E(F;)) N B for each ¢ € [¢]. This will ensure that the linear
forests Q,..., 9, guaranteed by Lemma 16.1 can be incorporated into Fi,...,Fy to
form larger linear forests. For each i € [(], the sets S;” and S; will correspond to the
sets of vertices that need to be covered in F; with out- and inedges (e.g. in the proof of
Lemma 16.3 we will apply this to the vertices of U* which are not yet covered with out-
and inedges by F;).

Note that Lemma 16.1(c) will not be used until Chapter 18.

Lemma 16.1. Let D be a bipartite digraph on vertex classes A and B. For each i € [{],
let S;t,S;7 C A and T; C B. For each v € B, let n, denote the number of indices i € [{)

such that v € T;. Let 1 < N < 2|A|. For eachi € [{], o € {+,—}, and v € S?, denote
Ciop = max{[{i" € [(] [ v € SP}, 2(157 [ + |57 | + |Ti]), 2(max n,, + N)}
and suppose that

Ci,ow if N =2|A];
d2 (v) > (16.1)

7 2veg(IS7 1+ 185 1) + iow  if N < 2]A].
Then, D contains edge-disjoint linear forests Qq, ..., Qy such that the following hold.
(a) For each i € [{], Q; consists of a matching of D(B\ T;,S;) of size |S; | and a
matching of D(S;", B\ T;) of size |S;|.

(b) For each v € B, there exists at most N indices i € [{] such that v € V(Q;).

(¢c) For eachi € [{] and v € B, we have dg,(v) < 1 (i.e. the two matchings in (a) do

not intersect in B).
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In particular, if Fi,...,Fy are linear forests which are edge-disjoint from each other and

from D such that both
SENV(F) CVT(F) and V(E(F)NBCT,

for each i € [{], then F1 U Qq, ..., FeU Qy are edge-disjoint linear forests.

Proof. Note that the “in particular part” follows immediately from (a) and (c). Thus,
it suffices to construct edge-disjoint linear forests Q, ..., Q, which satisfy (a)—(c). Let
S* = Uiepg S and denote S = {(+,v) | v € ST}U{(—,v) | v € S}. We will consider
each tuple (¢,v) € S in turn and, at each stage, choose all the edges corresponding to the
current tuple (o,v) € S (that is, all the outedges at v if © = + and all the inedges at v if
o= —).

Suppose inductively that, for some 0 < k < |S], there exist S*¥ C S of size k and
edge-disjoint linear forests QF, ..., QF such that the following hold, where S** := {v |

(£,v) € Sk}

(o) For each i € [¢], QF consists of a matching of D(B\T;, S; NS™*) of size |S; NS~*|
and a matching of D(S;" N St* B\ T;) of size |S;f N SH*|.

(8) For each v € B, there exist at most N indices i € [¢] such that v € V(QF).

() For each i € [¢] and v € B, we have dgi(v) <1 (i.e. the two matchings in (o) do

not intersect in B).

First, suppose that k = |S|. Let Q; == QF for each i € [¢(]. Then, (a)—(c) follow from
(@)-(3).

We may therefore assume that & < [S|. Let (o,v) € S\ S* and define S*¥! =
Sk U {(o,v)}. Let X be the set of vertices w € B such that there exist | N| indices i € [(]
such that w € V(QF) (so X is the set of vertices of B that cannot be used anymore). Let
Y ={ie[l]|ve S} (soY lists the Qs to which we need to add an edge incident to v

in this step).
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Claim 1. For each i € Y, the following hold.
(D) dp(v) = [X[+[Y].
(I1) d(v) = [X]+2(1S7| + S| + T3
(III) df(v) > | X| + 2(maxyep nw + N).

Proof of Claim. If N = 2|A|, then N > |S| > k and so X = (). Thus, (I)~(III) follow
immediately from (16.1). We may therefore assume that N < 2|A|. Since D is a bipartite
graph on vertex classes A and B, we have

> el e(QF) (2) 1
INL T

X < > USFI+1s71).

L J '€l

Therefore, (I)—(I1I) follow from (16.1). &

If o =+, then let Z = {vw € E(D) | w ¢ X}; otherwise, let Z = {wv € E(D) | w ¢
X} (so Z consists of the edges of D that we may use to extend QF, ... OF in this step).
Let G be the auxiliary bipartite graph on vertex classes Y and Z defined as follows. For
eachi € Y and e € Z, ie € F(Q) if and only if V(e) N BN (V(QF)UT;) = (). Note that

7] = dp(v) = | X] (16.2)

(1)
> [Y].
Then, each 7 € Y satisfies

: @ _
de(i) = |Z| = V(Q)nB|-IT| > |Z] - (IS +1S7]) - ||

(11) o _ (16.2)
Y- =g 12

Let e € Z and denote by w the (unique) vertex w € V(e) N B. Let n), be the number of
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indices i € [¢] such that w € V(QF) UT;. Then,

11T

) (I11) de —|X]| (16.2) VA
dole) = V]~ nly 2 Y] (n, 4 ) 2 ) - Xy 17

Apply Proposition 7.24 with Y and Z playing the roles of A and B to obtain a matching
M of G which covers Y. For each i € Y, let e; denote the (unique) neighbour of ¢ in M
and let Q¥ := QF U {e;}. For each i € [(]\ Y, let QF" = QF.

’;H are pairwise edge-disjoint. Moreover, the

Since M is a matching, Q! ...,
definition of G and the induction hypothesis imply that () holds with k£ + 1 playing the
role of k and Q¥*! is a linear forest for each i € [f]. By definition of Y and G and the
induction hypothesis, («) holds with k& + 1 playing the role of k. Finally, (5) holds with

k 4 1 playing the role of k by definition of X and Z and the induction hypothesis. m

16.2 Proof of Lemma 15.5

We are now ready to prove Lemma 15.5, which states that edge-disjoint pseudo-feasible
systems can be transformed into edge-disjoint feasible systems. As discussed at the start
of Chapter 16, we spilt the proof into several lemmas. First, we redistribute placeholders

to break all the cycles and reduce the maximum semidegree to 1.

Lemma 16.2 (Redistributing placcholders). Let 0 < + < e < n < v < 1 and (1—n)n <
r <mn. Let T be a regular bipartite tournament on 4n vertices. Let U = (Uy,...,Uy) be
an (g,4)-partition for T and U* be an (e,U)-exceptional set for T. Suppose that D C T
satisfies 8°(D) > r. Let Fy,...,F, be edge-disjoint (v, T)-pseudo-feasible systems which

satisfy the following properties.
() B(Du) U E(DIU*)) € Uieyy E(F) € B(D).
(ii) For eachi € [r], e(F;) < en.

(ili) Suppose that e € ;e E(Fi) ts a forward edge. Then, V(e) NU* # 0 and e is

not a (v, T)-placeholder.
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Then, there exist edge-disjoint (y,T)-pseudo-feasible systems Fi,...,F. such that the

r

following hold.

(@) Uiepy E(F) = Uigp E(Fi). In particular, E(gu) UEDU"]) € Uigp E(F) €
E(D).

(b) For each i € [r], e(F]) = e(F;) < en.

1

(c) For each i € [r]|, F! is a linear forest.

Proof. Let E be the set of (v, T)-placeholders contained in (J;c(, £(F;). For each i € [r],
let F; be obtained from F; \ E by removing all isolated vertices and denote F; := ENE(F;).
Note that, by (F2')—(F4’), Fi, ..., F are linear forests. Thus, we may assume without
loss of generality that E # () and so, by Definition 15.1, U* # ().

We will redistribute the placeholders in E into the linear forests ﬁl, e ,]:i using
Lemma 16.1. More precisely, we will add, for each v € U* and ¢ € [r], an in/outedge at v
from F to ﬁ’z if and only if F; contains a placeholder which is an in/outedge at v.

Let A:==U*and B := V(T)\U*. Let D’ be the digraph on V(T') defined by E(D’) = E.
By Definition 15.1, D’ is a bipartite digraph on vertex classes A and B. For each i € [r], let
S, S; C U* be the sets of vertices which are incident to an out/inedge in E;, respectively
(so S;" and S; list the vertices in U* which we need to cover with an out/inedge from F)

and define T; .= V(E(F;)) N B. Note for later that (F2') implies that both
SENV(FE)CVHF) and V(E(F)NBCT, (16.3)

for each i € [r]. Define N = 2|U*|. For each v € B, let n, denote the number of indices
i € [r] such that v € T;.

We verify that (16.1) holds with D" and r playing the roles of D and ¢. By Definition 15.1,
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each i € [r] satisfies

ISEI+1S7 1 = |Ei| (16.4)
(F2) (ES2)
< 22U < 8en (16.5)
and
(ii)
T < |V(B(F)| < 2en. (16.6)

Moreover, each v € B = V(T) \ U* satisfies

(i), (i) <«— ES1) (ES2)
ne <Y dr(v) < dpuv )+ | N pa(v) N U] < 2en +|U*| < 6en.  (16.7)

1€[r]

Therefore, each v € UY(T) C U* satisfies

B = dh=liehlvestH (16.5)
Deﬁnimg 15.1,(i) W% u |W ﬂ U*
&
> d;u() AT\ D) = | N, () NU*| > yn — (n— 1) — |U"]
(ES2),(16.5)(16.7)
> 2m&{u}<(]S@+| +|S; 1 +1T5)) + 2(ma§;nw + N). (16.9)
i€r we

By (iii), all the edges in E are backward edges and so Definition 15.1 implies that each
edge in F is incident to a vertex in U7(T) C U*. Thus, S;" US; C UY(T) for each i € [r]
and so (16.1) follows from (16.8) and (16.9).

Let Qy,..., 9, be the edge-disjoint linear forests obtained by applying Lemma 16.1
with D" and r playing the roles of D and ¢. For each i € [r], denote F| := F,UQ;. We
claim that Fi, ..., F, are edge-disjoint (7, T')-pseudo-feasible systems which satisfy (a)—(c).
By construction, Fu, ..., Fr are edge-disjoint from each other and from D’. Thus, (16.3)
and the “in particular part” of Lemma 16.1 imply that F7, ..., F. are edge-disjoint linear

forests. In particular, (c), (F3), and (F4') are satisfied.
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By Lemma 16.1(a), U;c; E(F;) € Uiep E(F F)UE = Uiy £(Fi). Moreover,

y ~ . Lemma 16.1(a) _ .\ (16.4) ~
D e(FNF) =TI (ST IS =D el F\ F).

i€lr] i€lr] i€lr]

Thus, (a) is satisfied. For each i € [r],

Lemma 16.1(a) (16.4) (i)

e(F;) e(F) + 151+ 1571 "= e(F) < en,

so (b) is satisfied. Let j € [r]. By Lemma 16.1(a) and definition of Si, each v € U*

satisfies
7, u(v). (16.10)

Thus, (F2') follows from the fact that F; is a (v, T)-pseudo-feasible system. Recall that
E(FI\Fj)UE(F;\ F;) C E and so, by Definition 15.1 and (iii), E(F,\ F;) U E(F; \ F;)
is a set of backward edges which have one endpoint in U7(7T") C U* and one endpoint in

V(T') \ U*. Thus, the following holds for each i € [4].

€f;(Uz‘,Ui—1) = €fj(Uz‘aUz‘—1)+ Z (g;;,u(v)_gj?jyu@))
UEU7(T)
2 (Thu) - 73,0)
velU] (T)
(16.10) ez (Ui, Ui1) + > (?}wu(v)—(g}j’u(v))
veU;(T)
+ 3 (Tru) =05 ,0)
velU; (T)

= er (U, Ui).

Thus, (F1) follows from the fact that F; is a (v, T)-pseudo-feasible system. Therefore, F;

is a (v, T)-pseudo-feasible system, as desired. ]

Lemma 16.3 (Covering U*). Let 0 < 1 < e <n<y<land (1—nn<r<n. Let T

be a regular bipartite tournament on 4n vertices. LetU = (Un, ..., Uy) be an (g,4)-partition
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for T and U* be an (g,U)-exceptional set for T. Suppose that D C T satisfies 6°(D) > r.

Let Fi, ..., F. be edge-disjoint (v, T)-pseudo-feasible systems which satisfy the following.

(i) E(Dy) UE(D[U*)) € Uiey, E(F) € E(D).
(ii) For eachi € [r], e(F;) < en.

(ili) Suppose that e € Uy, E(Fi) is a forward edge. Then, V(e) NU* # 0 and e is

not a (v, T)-placeholder.

(iv) For each i € [r], F; is a linear forest.

Then, there exist edge-disjoint feasible systems JFi, ..., F. such that the following hold.

(@) Uiep E(Fi) € Uiep E(F)) € E(D). In particular, E(ﬁu) U E(D[U*]) C
Uiepy E(F) € E(D).

(b) For each i € [r], e(F!) < 9en.
(¢) For eachv € V(T)\U*, there exist at most 6en indices i € [r] such thatv € V(F)).

Proof. First, note that we may assume without loss of generality that U* # (). Indeed, if
U* =0, then (F2) holds automatically and so Fi, ..., F, are already feasible systems.
We extend the linear forests Fi, ..., F, into larger linear forests which cover U* (and
so satisfy (F2)) using Lemma 16.1. Let A := U* and B := V(T) \ U*. Let D’ be the
bipartite digraph on vertex classes A and B induced by Bu — UY™(T). Note for later

that F(D') is a set of (7, T)-placeholders, so (iii) implies that

ED)n|JEF) =0 (16.11)

1€]r]

For each i € [r], let S;" be the set of vertices v € U* which satisfy dz,(v) = 0 (so S;” and
S, list the vertices in U* which are not yet covered with an out/inedge in F;) and define

T, .= V(E(F;)) N B. Note for later that both

SENV(F)CVH(F) and V(E(F)NBCT, (16.12)
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for each i € [r]. Define N = 2|U*|. For each v € B, let n, denote the number of indices
i € [¢] such that v € T;.

We verify that (16.1) holds with D" and r playing the roles of D and ¢. For each i € [r],
we have

(ES2)
1S+ 157 < 21U < 8en (16.13)

and

(ii)
T3] < |V(E(F))| < 2¢n. (16.14)

Moreover, each v € B =V(T) \ U* satisfies

(i), i) g BS1) (BS2)
ne <Y dr(v) < () + |N pu(v) N U™ < 2en + |U*| < 6en.  (16.15)

1€[r]

Therefore, each v € U* \ U'™(T') satisfies

d%,(v) = N, (0) \ U] > yn — U]

(ES2),(16.13)—(16.15)
>

2m?>]<(|5f|—|—|S{|+|ﬂ|)+2(ma§nw+N) (16.16)
i€lr we
and

L D)=y — o @
a5(0) = [No,\U" 2 r=dpu0) = [Nbu0)n U 2 r =3 a5 (v)

1€[r]

W e[| ve SE). (16.17)

By (F2), the vertices in U™ (T') are already covered with both an in- and outedge in
each of the pseudo-feasible systems F, ..., F., so S;"US; C U*\U'(T) for each i € [r].
Thus, (16.1) follows from (16.16) and (16.17).

Let Qy,..., Q, be the edge-disjoint linear forests obtained by applying Lemma 16.1
with D" and r playing the roles of D and ¢. For each i € [r], denote F] = F; U Q,.

We claim that Fi,...,F]

r

are edge-disjoint feasible systems which satisfy (a)-(c). By
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assumption, Fi, ..., F, are edge-disjoint. Thus, (16.11), (16.12), and the “in particular
part” of Lemma 16.1 imply that F], ..., F. are edge-disjoint linear forests. In particular,

(F'3) is satisfied. By construction and Lemma 16.1(a), each i € [r] satisfies
E(F,) C BE(F)) C E(F)U{ee E(Dy) | V(e)NU* # 0}, (16.18)

In particular, (a) follows from (i), while (b) follows from (ii), (16.13), and Lemma 16.1(a).
For each v € V/(T') \ U*, we have

(iii),(16. 18) ES1) (ES2)
de § +‘ﬁpu NU"| < 2en+ |U*| < 6Gen.

i€(r]

Thus, (c) holds. Let i € [r]. By (16.18), F/ is obtained from F; by adding forward edges,
o (F1) follows from the fact that F; is a (v, T)-pseudo-feasible system. By definition
of S; and S;, Lemma 16.1(a) implies that (F2) is satisfied. Therefore, F/ is a feasible

system, as desired. O

Lemma 16.4 (Incorporating E). Let 0 < - < e < n <y < 1 and (1 —nn <r <n.
Let T be a regular bipartite tournament on 4n vertices. Let U = (Uy,...,Us) be an (€,4)-
partition for T and U* be an (e,U)-exceptional set for T'. Suppose that D C T satisfies

8°%(D) >r. Let Fy,...,F, be edge-disjoint feasible systems which satisfy the following.
(i) B(Du) U E(DIU*]) € Useyy E(F) € B(D).
(ii) For eachi € [r], e(F;) < en.
(iii) For each v € V(T)\ U*, there exist at most en indices i € [r] such that v € V(F;).
Let E C E(D) satisfy the following properties.
(iv) EC E(Dy—U*).
(v) For each v € V(T)\ U*, d5(v) <1

Then, there exist edge-disjoint feasible systems Fi, ..., F.

T

such that the following hold.
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(a) Uie[r] E(F]) = Uie[r] E(F;) U E. In particular, E(ﬁu) UED[U])UE C
Uier E(F)) € E(D).

(b) For eachi € [r], e(F!) < e(F;)+5 < 2en.

Proof. To ensure that we do not create any cycle when adding the edges in F, we will
separate the feasible systems Fi, ..., F, into four groups. For each i € [4], the edges of E
from U; to U;4, will be distributed among the feasible systems from the i*® group. In this
way, each F; will be obtained from JF; by adding a matching of forward edges. The edges
of E' will be distributed using Hall’s theorem (Proposition 7.24).

For each i € [4], let A; == Ep(Ui, Uiy1) \ U E(F;). Let BiU---U By be a partition
of [r] such that |B;| > |%] =+’ for each i € [4]. For each i € [4], let B} be the multiset

which consists of 5 copies of each 57 € B; and let G; be the auxiliary bipartite graph on

/
79

vertex classes A; and B] defined as follows. For each e € A; and each (copy of) j € B
ej € E(G) if and only if V(e) NV (E(F;)) = 0.
Let i € [4]. By (v) and Fact 10.2(i), |A;] <n < 5¢" < |Bj|. For each e € A;, we have

(i) B
dg(e) > 5(r' —2en) > | 2’|.

Moreover, each (copy of) j € B! satisfies

dei(7) 2 14 = V(BN = 1Al - 2e(5) = |4 - L
Apply Proposition 7.24 to obtain a matching M; of G; which covers A;.
Denote A := (J;cy Ai and M = {J;cyy M;. For each j € [r], let F] be obtained from
F; by adding all the edges e € A such that e is adjacent to a copy of j in M. We now
verify that F7,..., F, are edge-disjoint feasible systems for which (a) and (b) are satisfied.
By construction, M is a matching covering A and (iv) implies that A = E'\ ;) E(F;).
Therefore, Fi,...,F,

T

are edge-disjoint and (a) holds. Moreover, (b) holds by (ii) and
definition of B}, ..., Bj.
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Let j € [r]. Recall that F; is a feasible system. In particular, (F3) implies that F;
is a linear forest. By definition of Gi,..., Gy, we have V(E(F; \ F;)) N V(E(F;)) = 0.
Moreover, (v) implies that Ay, ..., A, are all matchings, so, by construction, E(F; \ F;) is
a matching. Thus, F7 is also a linear forest and so Fact 13.4 and (iv) imply that 77 is also

a feasible system. O]

In the following lemma, we add forward edges to ensure that all the components of

each feasible system have their ending point in Uy.

Lemma 16.5 (Extending the ending points of feasible systems into Uy). Let 0 < % <
cegxkn<y<Lland (1 —nn <r <n. Let T be a reqular bipartite tournament on 4n
vertices. Let U = (Uy,...,Uy) be an (e,4)-partition for T and U* be an (e,U)-exceptional
set for T. Suppose that D C T satisfies 6°(D) > r. Let Fi, ..., F, be edge-disjoint feasible

systems which satisfy the following.

(i) BE(Du) U E(DU*]) € Uy E(F) € E(D).
(ii) For eachi € [r], e(F;) < en.

(iii) For each v € V(T')\ U*, there exist at most en indices i € [r| such that v € V(F;).
Then, there exist edge-disjoint feasible systems JFi, ..., F. such that the following hold.

(8) Uiy E(F) € Usey E(F) € E(D). In particular, E(Dy) U E(D[U"]) C
Uie E(F) € E(D).

(b) For each i € [r], e(F!) < 4de(F;) < 4den.

(c) For each v € V(T) \ U*, there exist at most 4\/en indices i € [r] such that
ve V(F).

(d) For eachi € [r], VT(F) =V (F) and V—(F]) C Uy.

Proof. We extend the components of the feasible systems in three stages as follows. At

each stage i € [3], we use edges of D(U;,U;41) to extend the components of the feasible
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systems which currently end in U; into components which end in U;,;. This is achieved
via Lemma 16.1.

By Fact 13.5, we may assume without loss of generality that Fi, ..., F, do not contain
any isolated vertices. For each i € [r], let F? := F;. Suppose inductively that, for some
0 < ¢ < 3, we have constructed edge-disjoint feasible systems Fj, ..., F* such that the

r

following hold.
(a’) For each j € [r], E(F;) C E(F;) € E(D).
(b') For each j € [r], e(F}) < (i + 1)e(F;) < (i + 1en.

(¢) For each v € V(T) \ U*, there exist at most (i + 1)/en indices j € [r] such that

v e V(F)).
(d') For each j € [r], V¥(F}) = VT (F).
(¢') For each j € [r], V7 (F}) € V(T)\ Uyeyy Un-

(f) For each j € [r], F; does not contain any isolated vertex.

First, assume that ¢ = 3. For each j € [r], let ;] := F;. Then, (a)-(d) follow from (a’)(¢’).

We may therefore assume that i < 3. We construct Fi ™', ... Fi*! using Lemma 16.1
as follows. Let A := U1 \ U* and B = U5 \ U*. Let D' be the bipartite digraph
on vertex classes A and B which is induced by (Bu \ Ujep F}) —U*. For each j € [r],
let S7 =0, let S} == V7 (F}) N A (so S lists the ending points of the components
that currently end in U;y; \ U* and which we want to extend in this step), and define

T; = V(E(F})) N B. Note for later that both
SFNV(F) CVT(F) and V(E(F))NBCT, (16.19)

for each j € [r]. Define N := \/en. For each v € AU B, let n, denote the number of
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indices j € [r] such that v € V(F}) and observe that
. ()
{jelr]lveSS} <n, <4Ven. (16.20)

We verify that (16.1) holds with D’ and r playing the roles of D and ¢. Recall that

Fi,...,F- do not contain any isolated vertices. Thus, each j € [r| satisfies
iy (d)
[SFI+ 1871 < VE(F)I = [VHFD| = [VI(F)| < e(F) (16.21)
(i)
< en (16.22)
and
()
Ty < [V(E(F;))| < 8en. (16.23)
Then,
1 6.22)  enr
— (1S S 16.24
S s +IS; ) S S < 2ven (16.24)

JE[r]

For each v € U;y1 \ U* = A, we have

T (0) > INB(0) N Uisal ~ INS0) 10" = 3 iy (0)
j€[r]

(F3)

> dh @) = U = n,

> (o) = n=7)) = U] = my
Definition 13.11,(16.20)

> (1 —2n)n — den — 4v/en
(16.20),(16.22)—(16.24)

JZ UISFT+1S7 D)+ H{i € lr] [ ve ST

JElr]

>
- [N
+ —
+ (|51 + 1871+ IT;) + 2(man, + V),
Therefore, (16.1) is satisfied.

Let Qy, ..., Q, be the edge-disjoint linear forests obtained by applying Lemma 16.1 with

D’ and r playing the roles of D and ¢. For each j € [r], denote F; "' := FiU Q;. We claim
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that Fi™ ..., F*! are edge-disjoint feasible systems such that (a’)—(f') are satisfied with
i+ 1 playing the role of i. By assumption and definition of D’ FJ, ..., F! are edge-disjoint
from each other and from D’. Thus, (16.19) and the “in particular part” of Lemma 16.1
imply that F{™' ... Fi*! are edge-disjoint linear forests. Moreover, (f') follows from
Lemma 16.1(a) and the induction hypothesis, while (¢’) holds by Lemma 16.1(b) and the
induction hypothesis. Furthermore, (b’) follows from (ii), (16.21), Lemma 16.1(a), and the

induction hypothesis. By Lemma 16.1(a), each j € [r] satisfies

E(F!) C B(F*') € B(F)) U E(Dy — U*).

Therefore, (a’) follows from the induction hypothesis and, by Fact 13.4, FJ’:H is still a
feasible system for each j € [r]. For each j € [r], the definition of S} and S; and
Lemma 16.1(a) imply that all the edges of F;*'\ Fi = Q; start at a vertex in V= (F}).

Thus, (d’) holds. By Lemma 16.1(a), each j € [r] satisfies

VI(F™) € (VIFD\NAUBC (V(F)\Uisa) UV (F) NTU") U Uiz

F _ i e’
= WVHFED\ Vi) Ul D VO | Ur Ul | | Ui
i/ €[i]
U v
i€ [i+1]
Therefore, (¢’) holds. O

By symmetry, we can proceed analogously to ensure that the starting point of each

component of the feasible systems also lies in the correct vertex class.

Lemma 16.6 (Extending the starting points of feasible systems into Uy). Under the
conditions of Lemma 16.5, there exist edge-disjoint feasible systems Fi, ..., F, such that
the following hold.
(@) Uiy E(F) € Ui E(F) € E(D). In particular, E(gu) U E(D[U*]) C
Uiep E(F)) € E(D).
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(b) For each i € [r], e(F}) < Te(F;) < Ten.

(¢) For each v € V(T) \ U*, there exist at most T\/en indices i € [r] such that

ve V(F).
(d) For eachi € [r], VT (F]) C U, and V—(F]) C Uy.
We are now ready to derive Lemma 15.5.

Proof of Lemma 15.5. Let i € [r]. Suppose that e € E(F;) is a forward edge such that
V(e)nU* =0 or eis a (v, T)-placeholder. Then, (i)—(iv) are still satisfied if we replace F;
by Fi\{e}. Moreover, Fact 15.4 implies that F; \ {e} is still a (v, T')-pseudo-feasible system.
Thus, by deleting edges if necessary, we may assume that Lemma 16.2(iii) is satisfied.
Moreover, Lemma 16.2(i) and (ii) follow from (i) and (ii). Apply Lemma 16.2 to obtain
edge-disjoint (v, T')-pseudo-feasible systems F}, ..., F} satisfying Lemma 16.2(a)—(c).

By Lemma 16.2(a)(c), Lemma 16.3(i)(iv) are satisfied with F},..., F! playing the
roles of Fy,...,F,. Apply Lemma 16.3 with F}, ... F! playing the roles of Fy,...,F, to
obtain edge-disjoint feasible systems F7, ..., F? satisfying Lemma 16.3(a)—(c).

By Lemma 16.3(a)—(c), Lemma 16.4(i)—(iii) are satisfied with F?, ... F? and 9e

T

playing the roles of Fi,...,F,, and e. By (iii) and (iv), Lemma 16.4(iv) and (v) are

satisfied. Apply Lemma 16.4 with FZ,..., F2, and 9¢ playing the roles of Fy, ..., F,, and

£ to obtain edge-disjoint feasible systems F3, ..., F2 for which Lemma 16.4(a) and (b) are
satisfied (with 9¢ playing the role of €).

By (iv), Lemma 16.3(c), and Lemma 16.4(a) and (b), Lemma 16.5(i)—(iii) are satisfied
with Fp, ..., F3

ro

and 18¢ playing the roles of Fi,...,F,., and . Apply Lemma 16.6
with F7, ..., F3 and 18¢ playing the roles of Fi,...,F,, and ¢ to obtain edge-disjoint
feasible systems Fi, ..., F, satisfying Lemma 16.6(a)—(d) (with 18¢ playing the role of ¢).
Then, (a) follows from Lemma 16.4(a) and Lemma 16.6(a). Moreover, (b)—(d) follow from

Lemma 16.6(b)—(d), respectively. O
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CHAPTER 17

CONSTRUCTING PSEUDO-FEASIBLE SYSTEMS:
PROOF OF LEMMA 15.6

In this section, we prove Lemma 15.6, which states that the backward and exceptional

edges of a regular bipartite tournament can be decomposed into pseudo-feasible systems.

17.1 Proof overview

Let T be a bipartite tournament on 4n vertices. Let U = (U, ..., U,) be an (e, 4)-partition
for T and U* be an (g,U)-exceptional set for T'. Suppose that we want to decompose the
backward edges of T into n pseudo-feasible systems. The main difficulty is to construct

linear forests (up to placeholders) which have a balanced number of backward edges (recall

(F1)).

17.1.1 Simplified argument

For simplicity, first assume that A0($u) < 5. The idea is to decompose each pair

Ep(Us,Ui—1) into § matchings (which is possible by Konig’s theorem) and then construct

pseudo-feasible systems from these matchings as follows. First, we pair each of the 7

matchings from Er(Uy,U,) with a distinct matching from Er(Us, Uy). Overall, we obtain
a decomposition of Ep(Uy,Us) U Ep(Us, Us) into § matchings Fi, ... , Fn. Similarly, we

pair each of the § matchings from Er(Uy, Us) with a distinct matching from Er(Us, Uy)
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to obtain a decomposition of Er(Us, Us) U Ep(Us, Uy) into § matchings Frit, ooy Foe In
particular, Fi, ..., F, are linear forests and so satisfy (F3') and (F4’). By assumption, T’
does not contain any vertex of very high backward degree and so (F2') also holds. Thus,
for F1,...,F, to be pseudo-feasible systems, we only need them to contain a balanced
number of backward edges (see (F'1)). More precisely, each of Fi,..., Fn must contain
the same number of edges from Er (U, Uy) and Er(Us, Us) and each of Fnir,..., F, must
contain the same number of edges from Ep(Uy, Us) and Er(Us, Uy). Since T' contains the
same number of backward edges in each pair of the blow-up Cy (recall Fact 10.4), this can

be easily achieved by using Proposition 7.23 to initially decompose each Ep(U;, U;_1) into

n

% matchings of (almost) the same size.

17.1.2 General argument

n

In general, AO(?U) may be larger than §

and so the above strategy does not work (we
cannot decompose each pair into § matchings of backward edges). However, we adapt
the above argument by constructing 4 pseudo-feasible systems which mostly consist of
edges from Er(Up,Us) U Ep(Us, Us) and § pseudo-feasible systems which mostly consist
of edges from Ep(Uy, Us) U Ep(Us, Uy).

To do so, we consider an auxiliary digraph D obtained from ?u as follows. For each
v € Uz(T) (that is, for each v € V(T satisfying <E}u(v) = giu(”) > 4 (recall Fact 10.3
and (13.2))), we replace v by two copies v and replace all the edges incident to v by an
edge incident to one of the copies of v. By splitting neighbourhoods evenly between the
two copies of each vertex in Uz (T)), we can ensure that A%(D) < 5. Then, we can proceed
as above to partition Ep(Uy,Uy) U Ep(Us, Us) into § pseudo-feasible systems Fy, ... , JFo
and partition Ep(Uy, Us) U Ep(Us, Uy) into § pseudo-feasible systems Foityooo Fu

Denote by Fi,...,F, the decomposition of ?u induced by Fi,...,F,. Then, Fj,...,
F each contain a balanced number of backward edges but may contain up to two edges

(of the same direction) incident to the vertices in Uz (T') (all the other vertices have degree

at most one). We solve this problem as follows. For each i € [n], we move an edge of
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F! at each vertex of degree two to ]-"’% +: (where the index § + i is taken modulo n). By

!

n ,; are constructed from different pairs of the blow-up Cy. Thus, we
2

construction, F! and
do not create additional vertices of semidegree at least two and so we now have A°(F)) = 1
for each ¢ € [n]. In particular, (F3') is now satisfied. Of course, some cycles may be created
in the process. However, each cycle will contain one of the moved edges and so will contain
a backward edge incident to vertex of very high backward degree, that is, a placeholder.
Thus, (F4') is also satisfied. We may have unbalanced the number of backward edges in
each F/ in the process but, by moving a few additional edges, we will be able to satisfy

(F1) without affecting (F3") and (F4"). This latter step will be achieved using Lemma 17.4

below. The overall argument corresponds to Lemma 17.3 below.

17.1.3 Limitations

To sum up, we have so far decomposed the edges of ?u into digraphs F7, ..., F, satisfying
(F1), (F3'), and (F4'). Moreover, A°(F!) = 1 for each i € [n]. Thus, Fj,...,F, are
almost pseudo-feasible systems and it only remains to cover U'~7(T) to ensure that (F2’)
is satisfied. Unfortunately, this may not be possible. Indeed, suppose that v € U'™7(T)
satisfies <EJTFU(U) = n — 1. Then, there is precisely one F; which does not contain an
outedge at v and so, to turn this F into a pseudo-feasible system, we would have to add
the unique forward outedge at v in T to F/ (so that we satisfy (F2')). However, this edge
is not a placeholder and so we may break (F3') and/or (F4') in the process. More generally,
we may not be able to cover the vertices in U'™7(T) which are incident to at least one
forward edge. (The vertices v € U'™7(T') with no forward edges are not a problem because
the n backward in- and outedges at v are already entirely covering v in each F.)

This why, in Lemma 17.3, we will assume that none of the vertices in U™ (T') are
adjacent to a forward edge (see Lemma 17.3(ii) and (iii)). Before applying Lemma 17.3,
we will thus have to construct a few pseudo-feasible systems which cover all the forward

edges incident to U'~7(T). This is achieved in Lemma 17.2 below.

In Lemma 17.2, we also cover all the forward edges which entirely lie in U*. Recall
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from Lemma 15.6(a) that we will have to incorporate these edges into our pseudo-feasible
systems. But, it may not be possible to incorporate them into the pseudo-feasible systems
constructed with the above arguments. Indeed, the edges which lie entirely in U* are not
placeholders and so incorporating them may break (F3') and/or (F4’). Thus, we will cover
them separately with a few pseudo-feasible systems in Lemma 17.2.

Finally, observe that, with the above arguments, we are only constructing pseudo-
feasible systems (rather than feasible systems) and we have no control on which edges are
used in each of the pseudo-feasible system. Thus, we will have to construct the ¢ feasible
systems satisfying Lemma 15.6(c) and (d) separately. This is achieved in Lemma 17.1

below.

17.2 Proof of Lemma 15.6

First, we build the ¢ feasible systems which satisfy Lemma 15.6(c) and (d).

Lemma 17.1 (Constructing the few feasible systems). Let 0 < 2 < e < n < v < 1 and
s € N. Let T be a regular bipartite tournament on 4n vertices. Let U = (Uy,...,Uy) be
an optimal (g,4)-partition for T and U* be an (e,U)-exceptional set for T. Suppose that,
for each i € [s], H; C T satisfies Lemma 13.12(1)—(iv). For each i € [s], let s; € N and
t; = Zje[iq] sj. Lett = Z@'e[s] s; and suppose that t < nn. Then, there exist edge-disjoint
feasible systems Fi,...,Fy C T for which the following hold, where F = Uie[t] Fi.

(a) For each i € [4], we have ex_yi-ry (Ui, Ui—1) = t|U ) (T) WU (T)).
(b) For each i € [t], we have e(F;) < /en.

(c) For each i € [t], we have VO(F;) = U*.

(d) For each i € [s] and j € [s;], we have Fy,4+; C H;.

Note that Lemma 17.1(c) and (d) will automatically imply Lemma 15.6(c) and (d);

while Lemma 17.1(b) corresponds to Lemma 15.6(b).
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Then, we construct a few pseudo-feasible systems which cover all the forward edges in

U* and all the forward edges incident to U'~7(T).

Lemma 17.2 (Covering the forward edges in U* and incident to U'7(T)). Let 0 < + <
e n<<y <<l Lett <mnn andt € {|yn],|yn] +1}. Let T be a regular bipartite
tournament on 4n wvertices. Let U be an optimal (e,4)-partition for T and U* be an

(e,U)-exceptional set for T. Let D C T and suppose that the following hold.
(i) AYT\ D) <t.
(ii) For each i € [4], we have e py—t1—(ry(Ui, Ui—1) < t{U(T) WU (T)).

Then, there exist edge-disjoint (v, T)-pseudo-feasible systems JFi,...,Fy such that the
following hold, where F = Uie[t,] Fi.

(a) E(DulU?]) € B(F) € E(D).

(b) For each i € [t'], we have e(F;) < v/en.

(c) For each v € U (T), we have d%,,(v) = d,,(v).

(d) For each v € U=2(T)\ UY(T), we have ‘d %,,(v) > t' — 4en.

Finally, we use the arguments outlined in Section 17.1.2 to construct the remaining

pseudo-feasible systems using all the leftover backward edges of T

Lemma 17.3 (Decomposing the backward edges). Let 0 < % ey K1l and

yn < r < 2. Let T be a reqular bipartite tournament on 4n wvertices. Let U be an

2

(e,4)-partition for T and U* be an (e,U)-exceptional set for T. Let D C ?u satisfy the

following.

(1) GD(Ul, U4) = €D(U3, Ug) and BD(U4, Ug) = €D(UQ, Ul)
(i) AY(D) < 2r.

iii) For each v € U'(T), d5(v) = 2r.
(iii) D
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Then, there exist edge-disjoint (v, T)-pseudo-feasible systems Fi, ..., For such that D =
Uig[gr] F; and e(F;) < /en for each i € [2r].

We first assume that Lemmas 17.1-17.3 hold and derive Lemma 15.6 as follows.

Lemmas 17.1 and 17.2 will be proved in Chapter 18.

Proof of Lemma 15.6. Apply Lemma 17.1 to obtain edge-disjoint feasible systems Fi, ...,
Fi: C T which satisfy Lemma 17.1(a)—(d). In particular, (¢) and (d) hold.

Let D := T\ U,cjy Fi- Then, Lemma 17.2(i) follows from (F3) and Lemma 17.2(ii)
follows from Lemma 17.1(a). Let ¢’ € {|yn], |[yn] + 1} be such that n —¢ — ¢’ is even. Let
Fii1, .-, Fire be the edge-disjoint (v, T')-pseudo-feasible systems obtained by applying

Lemma 17.2.

Let D' == D\ Uiy Frri = T\ Uiy Fi- Let 7 = n=t=t and note that r € N.

F
We claim that Lemma 17.3(i)—(iii) are satisfied with D', playing the role of D. Indeed,
Lemma 17.3(i) holds by Fact 10.4 and (F1). By (13.2), each v € V(T) \ U*?(T) satisfies

- -
d 5 yy(v) < dy(v) < (1 —2y)n < 2r. Moreover, each v € U'2/(T) \ U'™(T) satisfies

< < Y. Lemma 17.2(d)
Tou) = Thy) — Y Thul) < (=)0 (¢~ den) < 2.
iE€[t+t/]

Similarly, each v € U'~7(T) satisfies

! mm . Ay
(F2),(F2'), Lemma 17.2(c) 7 ;u(v)—(tﬂ’—jﬁu(v)) — o

Thu) = )= Y T5,0)
Thus, Lemma 17.3(ii) and (iii) are satisfied. Apply Lemma 17.3 with E’u playing the role
of D to obtain 2r edge-disjoint (v, T')-pseudo-feasible systems F; 11, ..., F, such that
ﬁu = Uieppr Fr+v+i and e(Ferpyi) < /en for each i € [2r].

Then, (a) follows from Lemma 17.1, Lemma 17.2(a), and Lemma 17.3. Moreover, (b)
holds by Lemma 17.1(b), Lemma 17.2(b), and Lemma 17.3. Finally, (c¢) and (d) follow
from Lemma 17.1(c) and (d). O
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17.3 Proof of Lemma 17.3

We use the arguments presented in Section 17.1.2. To keep the number of backward
edges balanced in each pseudo-feasible system, we will use the following lemma. Roughly
speaking, Lemma 17.4 states that if we have two equal sized matchings M; and M, in
an auxiliary digraph where a set W of vertices is replaced by two copies W' and W? of
W, then there exist equal sized M| C M; and M} C M, (see Lemma 17.4(a)) such that
each of My, My \ M7, M, and M, \ M} cover at most one copy of each vertex in W (see
Lemma 17.4(c)) and all edges in M| or M} are incident to W? (see Lemma 17.4(b)). In the
proof of Lemma 17.3, we will move the matchings M7 and M}, from F; to F’ ’% +; (as discussed
in Section 17.1.2) and so Lemma 17.4(c) will ensure that the maximum semidegree is
reduced to 1. Moreover, we will construct our auxiliary digraph (see Section 17.1.2) in
such a way that all the edges incident to the second copy W?2 of W = U %(T ) correspond
to placeholders. Thus, Lemma 17.4(b) will ensure that no problematic cycle is created (i.e.
every cycle will contain a placeholder). Since |M/| = |M}| and |M; \ Mj| = | My \ M}|, the

number of backward edges will remain balanced.

Lemma 17.4. Let W and V' be disjoint vertex sets and suppose that W' and W? are two

copies of W. Let My and My be undirected matchings satisfying the following properties.
(i) [My] = [M;].
(i) V(MU M,) CV UWIU W2
(iii) earunsn, (W2, WU W?) = 0.
Then, there exist M| C M; and M) C My such that the following hold.
(a) [Mi] = [Mj].
(b) There exists i € [2] such that all the edges in M are incident to W?2.

(¢c) For each i € [2] and w € W, both V(M]) and V(M; \ M]) contain at most one
copy of w.
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Proof. By induction on m = |M;| = |Ms|. If m € {0,1}, then we let M| = () = M} and
we are done. For the induction step, suppose that m > 2 and that the lemma holds for
any matchings of size less than m which satisfy (i)—(iii).

For any w € W, denote by w' € W' and w? € W? the copies of w. For each i € [2],
denote by X! = {w' € W' | w',w? € V(M;)} the set of vertices w' € W such that
M; covers both w' and its corresponding vertex w? € W2, Note that if X] =0 = X3,
then we may simply set M| = () = M} and we are done. Thus, we may view X| and X,
as the set of (first copies of the) problematic vertices in M; and M,. For each i € [2],

let V' = {w' € X! | Ny, (w') C X}'}, define Z}' .= X} \ Y}!, and note that M;[V}!] is a
Y1

matching of size lT

Case 1: min{|Y}|,|Y3'[} # 0. Then, there exist viw; € M;[Y{'] and viw] € My[Y3].
For each i € [2], denote by ¢; and €, the edges of M; which are incident to v? and w?,
respectively (e; and ¢} exist by definition of X} 2 ¥;!). Note that (iii) implies that e; # €/
for each i € [2]. Then, observe that M; == M; \ {vlw!, e, e|} and My \ {viwl, s, €}} are
matchings of size m — 3 which still satisfy (i)—(iii). Thus, the induction hypothesis implies
that there exist ]\7{ C M, and ]\75 C M, such that (a)—(c) hold with M, M{, M,, and Mé
playing the roles of My, M|, My, and M). Let M| := ]Tj{ U{es, €} } and M} = ]/\\4/5 U{ea, €5}
Since (a) and (b) hold with M, M{, M,, and ]T/[Z playing the roles of My, M/, My, and M)
and since ey, €], e, and €, are all incident to 1?2, (a) and (b) hold. For (c), let i € [2]. By
construction, (c¢) holds for v; and w;. Let w € W\ {v;, w;}. By definition, v}w} does not

cover a copy of w and, by (iii), neither e; nor €, covers a copy of w. Therefore, since (c)

holds with M; and ]\AJJZ’ playing the roles of M; and M/, we have
V(M M) 0 {w! w0’} = [V M\ M) N {0} < 1

and

V(M) N {w!,w?}] = V(M) N {w!, w?}] < 1.

Thus, (c¢) holds and we are done.
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Case 2: min{|Z}|,|Z3|} # 0. Then, there exist w; € Z] and w} € Z;. For each i € [2],
denote by e} and e? the edges of M; which are incident to w; and w?, respectively (e and
e? exist by definition of X} O Z!). Note that, by (iii), e; and e? are distinct. Moreover,
M,y = M, \ {e}, 2} and M, := M, \ {e}, 2} are matchings of size m — 2 and still satisfy
(i)—(iii). Thus, the induction hypothesis implies that there exist ]\/4\{ C M and M\é C M,
such that (a)—(c) hold with ]\/4\1, ]\7{, ]/\4\2, and ]\75 playing the roles of My, M|, M5, and
M. Let M| = ]\/4\{ U{e?} and M} = ]\/4\5 U {e3}. Since (a) and (b) hold with ]\/4\1,]\/4\{,]\/4\2,
and ]\/4\5 playing the roles of My, M|, My, and M and since e? and e2 are both incident
to W2, (a) and (b) hold. For (c), let i € [2]. By construction, (c¢) holds for w;. Suppose
that w € W\ {w;}. If w' ¢ X}, then V(M;) contains at most one copy of w and so (c)
holds for w. We may therefore assume that w! € X!. By (iii), e? does not cover a copy of
w and, by definition of Z}, neither does e;. Therefore, since (c) holds with M; and ]\//Z'

playing the roles of M; and M/, we have
V(M \ M) N {w!, w?}| = V(M \ M) N {w' w?}] <1
and
V(M) O {w', w2} = V(M) N {w', w?)] < 1.
Thus, (c¢) holds and we are done.

Case 3: min{|Y{'|,[Yy[} = 0 = min{|Z{|,|Z;}. Define y = max{[Y}'|,[¥;[} and
z = max{|Z}|,|Z3|}. For each i € [2], denote X? = {w? | w' € X} and recall that

Dgl‘. Thus, (iii) implies that each 7 € [2] and S? C X7 satisfies

M;[Y;'] is a matching of size

{e € M; | V(e) N S # 0} = |57 (17.1)
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and

{e e Mi [V(e)N(X;UXD) #0} = Hee M| V(e)nY] #0}|
+{e€ M| V(e)nZ #0}|
+{e€ My | V(e)N X2 # B}

Y,
(7.1) \2|+|Zl|+|Xz|_ |2 ’+2|Zl| (17.2)

We proceed as follows.

Case 3.1: There exists i € [2] such that |Y;'| =0 = |Z}|. Suppose without loss of
generality that |Y{!| =0 =|Z]|, |Y}| =y, and |Z}| = 2. Then,

; (17.2) 3
M| 20 2 T2y

Let M| C M, satisfy |M{| = y + 2z and let M consists of all the edges of My which are

incident to XZ2. Then, all the edges of M} are incident to W?2 and so (b) holds. Moreover,

(17.1)
M| ="y + 2= |M].

Thus, (a) holds. Recall that X{ = () = X?. By construction, X3 C V(M3) and, by (iii),
V(M}) N X1 = 0. Therefore, (c) holds and we are done.

Case 3.2: z > y. By Case 3.1, we may assume without loss of generality that |Y/!| = v,
21| = 0= [¥], and |Z}] = z. Then,

3y (17.2) By

3
y ]MQ\—— > 2z —?>z—y

(17.2)

M — (X7 UX7)l | M| —

Let M| consist of all the edges of M; which are incident to X? plus z — y edges of
M, — (X{ U X?). Let M} consist of all the edges of M, which are incident to X3. Then,
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all the edges in M are incident to W? and so (b) holds. Moreover,

(17.1) (7.1)
M| "="y+(z—y) =2z =" |Mg].
Thus, (a) holds. Let ¢ € [2]. By construction, X? C V(M/) and, by (iii), V(M) N X} = 0.

Thus, (c) holds and we are done.

Case 3.3: y > 2z. By Case 3.1, we may assume without loss of generality that

Vi =y, |Z] = 0= |V}, and | Z}]| = z. Then,

. : (17.2) 3
My — (X2UX2)| "2 My — 22 2y — 22 > gy 2>y

Let M consist of all the edges of M; which are incident to X7. Let M, consist of all the
edges of My which are incident to X2 plus y — z edges of My — (X3 U X3). Then, all the

edges in M, are incident to W? and so (b) holds. Moreover,

(17.1) (7.1)
M| ="y =z2+(y—2) = |M].
Thus, (a) holds. Let i € [2]. By construction, X? C V(M/) and, by (iii), V(M) N X}! = 0.

Thus, (¢) holds and we are done.

Case 3.4: 2z > y > z. By Case 3.1, we may assume without loss of generality that
Y| =y, |Z{]| =0 =|Y}|, and |Z}| = z. Then, M;[Y}!] is a matching of size 4 > y — z.
Let ST C M;[Y}!] satisfy |S'| = y — 2 and define 5% = {w? | w' € V(S")}. Let M| be
obtained from S' by adding all the edges M; which are incident to X7\ S%. Let M} consist
of all the edges of M, which are incident to X2. Then, all the edges in M} are incident to
W? and so (b) holds. Note that

(17.1) (17.1)
My =" S+ (y —2S) =2 = M.

Thus, (a) holds. By construction, X3 C V(M,) and, by (iii), V(M}) N X3} = (). Moreover,
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(iii) implies that V(M) N X% = X7\ S? and V(M) N X{ = V(S'). Thus, (c) holds and

we are done. O]
Proof of Lemma 17.3. We proceed as follows.

Step 1: Constructing auxiliary graphs. For each i € [4], we construct an auxiliary
(undirected) graph H; as follows. Let ¢ € [4]. Let W; be the set of vertices w € U; UU,;_;

such that dp, v, ,j(w) > r. Observe that

(ES1),Fact 13.9

w,cUNT) C U (17.3)

Let W} and W2 be two copies of W;. For each w € W;, we denote by w! € W} and

] 7

w? € W7 the copies of w. For each w € W;, let N}(w) U N?(w) be a partition of
Np,.v,_,)(w) satisfying | N/ (w)| < r for each j € [2] (this is possible by (ii)). By (ES2),

|U*| < r and so we may assume that

U*N N (w) =10 (17.4)

for each w € W;.
For each i € [4], let H; be the (undirected) graph on ((U; UU;_1) \ W;) U (W}l U W?)

which contains all of the following edges, and no other edges.
— If wv € E(D[U; \ W;,U;—1 \ W;]), then wv € E(H;).
~ If wv € E(D[U; N W;,U;_y NW;]), then u'v! € E(H;).

— Suppose that vv € E(D[U; N W;,U;_1 \ W;]). If v € N}(u), then u'v € E(H,).
Otherwise, v € N?(u) and v?v € E(H;).
— Suppose that wv € E(D[U; \ W;, Uiy N W;]). If w € N}(v), then wo' € E(H;).
Otherwise, u € N?(v) and wv? € E(H;).
Claim 1. For each i € [4], H; is a bipartite graph which satisfies the following properties.
(a) V(H;) = ((U; UUi1) \ Wi) U (W} UWE).
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(b) e(H;) = ep(U;,Ui—1).
(c) A(H;) <.

(d) e, (W2, W UWE) = 0.

Proof of Claim. Let i € [4]. One can easily verify that H; is a bipartite graph on vertex
classes (U; \W;)U{w’ | j € [2],w € W;NU;} and (U;_1 \Wy)U{w’? | j € [2],w € W;NU;_1}.
In particular, (a) holds. Moreover, there is a one-to-one correspondence between the edges
of D[U;,U;_1] and H; and so (b) holds. For (c), observe that each v € (U; UU;_1) \ W;

satisfies dy, (v) = dpy,v,_,(v) < r, while each w' € W} satisfies

17.3),(17.4
i () = [Npp) (w) 0 Wi+ [N} @) \ W] 2 N )] < .
Moreover, each w? € W2 satisfies Ny, (w?) = N2 (w) \ W; and so dg,(w?) < r. Thus, (c)

and (d) hold. &

Step 2: Decomposing the auxiliary graphs. For each i € [4], apply Proposi-
tion 7.23 to decompose H; into r edge-disjoint (undirected) matchings M, ..., M, such
that, for any j,j" € [r], ||M; | — |M; || <1 (this is possible by (c)). By (i) and (b), we

may assume without loss of generality that, for each ¢ € [r], we have
|M1,i| = |M3,i| and ‘M4,z'| = ‘MQ’Z'|. (175)
Moreover, each i € [4] and j € [r] satisfy

|Mi | < e

Fac . 2
< F” W < Ve (17.6)

Step 3: Decomposing D. Let i € 2] and j € [r]. Define W = W; U W,
Wt =W}UWl,, and W? .= W2UWZ,. Let V' := V(T)\ W. Note that Lemma 17.4(i)-
(ili) are satisfied with M; ; and M, ; playing the roles of M; and M,. Indeed, Lemma 17.4(i)

follows from (17.5), while Lemma 17.4(ii) holds by (a). Moreover, Lemma 17.4(iii)
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follows from (a) and (d). Apply Lemma 17.4 with M,;; and M, o, playing the roles
of My and M, to obtain M;; C M;; and M ,; C My, ; satisfying Lemma 17.4(a)-
(¢c). For each i' € {i,i + 2}, let J\AJ/Z-/,]- and J\A@J be obtained from M; ; and Mj ; by
replacing, for each j € [2], each w’ € VVZ], by w, and then orienting all the edges from
Uy to Uy_y. By definition of H; and Hyys, we have M, C M;; C Ep(U;,Ui_;) and
]\ZJFQ,J- C J/\Pf;w,j C Ep(Uiy2,Uitr).

For each i € [r], let
- Fy= (Mg \ M) U My, U (M \ My,) U My, and
= Frar = MU (Mo \ My ) UM, U (Mag \ My ).
By definition, there is a one-to-one correspondence between the edges of Hy U ---U Hy

and D. Thus, Fi,...,Fy are edge-disjoint and D = Uie[gr]]—}. By (17.6), we have
e(F;) < /en for each i € [2r].

Step 4: Verifying (F1) and (F2')—(F4’). Finally, we verify that Fi,...,Fa,. are

(v, T)-pseudo-feasible systems. Let j € [r]. First, observe that

AT -~ | (17.5),Lemma 17.4(a) =5 —~
er, (U1, Uy) = |[Myj| — [ M| = |Ms ;| — |Mj ;| = ex,(Us, Us)

and

ex, (Us,Us) = M| " M | = e, (U 1),
Thus, (F1) holds. By Lemma 17.4(c), ]\Aﬂj/ and ]\Z,j/ \ ]\Afi”j, are matchings for each i € [4]
and j’ € [r]. Therefore, A°(F;) < 1 for each j' € [2r]. In particular, (F3') holds for
Fj. Moreover, (iii) implies that each v € U'~7(T) satisfies d;@j/ (v)=1= d]__-j/ (v) for each
j' € [2r]. In particular, (F2') holds for F;. For (F4’), suppose that C is a cycle in F;. By
Lemma 17.4(b), there exists ¢ € {2,4} such that all the edges in Mj; are incident to W7.
Since C € D C ?u, there exists e € Ec(U;,U;—1) C ]\Afl’j Denote by ¢’ the edge of M; ;

which witnesses that e € M; ;. By assumption, ¢’ is incident to W2 say € = w?v for some
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w? € W2 (similar arguments hold if the ending point of ¢’ is in W?). By (d), we have
v € U;_1 \W; and so, by construction, e = wv with w € W;NU; and v € N?(w). Therefore,
(17.3) and (17.4) imply that e is a backward edge from U7(T)NU* to V(T') \ U*. Thus, e
is a (v, T)-placeholder and so (F4’) holds. Therefore, F; is a (v, T')-pseudo-feasible system

and, by similar arguments, F,; is also a (v, T')-pseudo-feasible system. O
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CHAPTER 18

CONSTRUCTING A FEW SPECIAL
(PSEUDO)-FEASIBLE SYSTEMS: PROOFS OF
LEMMAS 17.1 AND 17.2

Finally, we show how to construct a few (pseudo)-feasible systems which satisfy some
special properties: in Lemma 17.1, we construct a few feasible systems out of prescribed
sets of edges and, in Lemma 17.2, we construct a few pseudo-feasible systems which

incorporate a given set of exceptional edges.

18.1 Proof overview

Each (pseudo)-feasible system F in Lemmas 17.1 and 17.2 will be constructed using the
following approach. Let T' be a regular bipartite tournament. Let U = (U, ...,U,) be an

optimal (g,4)-partition for 7" and let U* be an (e,U)-exceptional set for T

Step 1: Selecting the forward edges which are incident to U'™(T). First,
we fix the forward edges incident to U'™7(T) that we want F to cover. We make sure
that these edges form a linear forest F*. (Note that this step will be void in the proof of

Lemma 17.1, all these forward edges will be covered in Lemma 17.2.)

Step 2: Covering U'~7(T). Then, to ensure that (F2') is satisfied, we add backward
edges to F! to cover all the uncovered vertices in U'~7(T). Since the vertices in U'~7(T)

have, by definition, very high backward degree, we can do so greedily and in such a way
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that we still have a linear forest JF?2.

Step 3: Balancing the number of backward edges. Next, we construct a linear
forest 72 by adding to F? precisely m™ = e (U;_s, U;_3) additional backward edges
of T(U;,U;—) for each i € [4] (where the superscript i is taken modulo 4). Then,
ers(Us, Uis1) = mU24 - mi for each i € [4] and so (F1) holds.

These new edges will be selected using Konig’s theorem as follows. First, we find
a subdigraph H C ?u — U'™(T) which contains many edges but has small maximum
degree. (In practice, H is already given in Lemma 17.1 (see Lemma 13.12(iii) and (iv)). For
Lemma 17.2, H will be constructed using Lemma 13.8.) Then, we can use Proposition 7.22
to find, for each i € [4], a matching of size m® in H(U;, U;_;) which avoids all the vertices

in F2.

Step 4: Adding forward edges incident to U* \ U'~7(T). Finally, we add to F3
a few extra forward edges incident to U* \ U'~7(T"). We do this in such a way that the
resulting digraph F is still a linear forest.

For Lemma 17.1, this is necessary because we want F to be a feasible system and so
U* needs to be entirely covered by in- and outedges (see (F2)). This can be done greedily
since the vertices in U* \ U'™(T) have high forward degree (see Lemma 13.12(ii)).

For Lemma 17.2, we only need a pseudo-feasible system and so U* need not be entirely
covered (see (F2')). However, recall that we will need to incorporate all the forward edges
of T which lie inside U* (see Lemma 17.2(a)). We will thus add a few of these to F? at

this stage (and distribute the remaining such edges to the other pseudo-feasible systems).

In practice, all the (pseudo)-feasible systems in Lemmas 17.1 and 17.2 will be con-
structed in parallel. In particular, for Lemma 17.2, we will decompose all the forward
edges of T' which are incident to U'™(T) at the start of the proof (this corresponds to
Step 1 above) and the other exceptional forward edges of T" will be distributed greedily at

the end of the proof (this corresponds to Step 4).
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18.2 Selecting backward edges

Steps 2 and 3 from Section 18.1 are combined into the following lemma. Let T be a
regular bipartite tournament. Let U = (Uy,...,U;) be an optimal (g,4)-partition for T
and let U* be an (g,U)-exceptional set for T'. Let H C ?u contain many well distributed
backward edges. Roughly speaking, Lemma 18.1 states that H contains edge-disjoint
linear forests Ji, ..., Fy, where each JF;(U;, U;_1) covers all vertices of U ~(T) U U (T)
apart from those in a given prescribed set S;-i of vertices to avoid and contains a prescribed
number m;i of additional edges (see Lemma 18.1(a)). Moreover, these linear forests can
be constructed in such a way that every vertex of V(T') \ U™ (T) is not covered by too
many of the linear forests (see Lemma 18.1(b)) and is adjacent to at most one edge in
cach linear forest (see Lemma 18.1(c)).

In our applications, the sets S;i of vertices to avoid will consist of the vertices which
are already covered at the end of Step 1 from Section 18.1 and the constants mé-i will
be chosen as described in Step 3 from Section 18.1 in order to balance the number of
backward edges in each pair of the blow-up Cj.

As explained in Section 18.1, the backward edges will be chosen in two stages, depending
on whether they are incident to U'~7(T) or not. However, we will swap the order of
Steps 2 and 3. That is, we will select the backward edges incident to U*~7(T) only after
the other backward edges have been selected. This is because it is much easier to select

backward edges incident to U'™7(T') (the vertices in U*~7(T) have high backward degree

and so can be covered greedily).

Lemma 18.1 (Selecting backward edges). Let 0 < % Lek<y<<landl <~yn. Let T be
a reqular bipartite tournament on 4n vertices and U = (Uy, ..., Uy) be an (g,4)-partition

for T'. Suppose that H C ? satisfies the following.

(i) For each v € U'™(T), d%(v) > 2yn.

(ii) For each v € V(T)\ U™ (T), d5(v) < 27n.
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(iii) For each i € [4], eg_t—v) (Ui, Ui—1) > 109yn|U, 5/ (T) U U (T)).
For each i € [4] and j € [{], let S;-L CU,UU;_1 and m? € N satisfy the following.
(iv) [\ U] < U5 (T) VU (T)).
(v) mj < |UZ(T) U0 (T)).
Then, H contains edge-disjoint linear forests Fi, ..., Fy such that the following hold, where
F= Uz‘e[é] Fi.
(a) For each j € [{], F; consists of
(a) a matching of H;i =HU; \ (U™(T) U S;i), U1\ (U(T) U S;-i)) of
size m? for each i € [4];
(B) a matching ofH(Uilﬂ(T)\S;i, Ui_l\(Ul_V(T)US]?i)) of size |UZ-177(T)\S;¢|
for each i € [4]; and
(7) a matching of H(U;\ (U*(T) USJ”), U;_?(T)\S;i) of size |Ui1:17(T)\S;¢|
for each i € [4].

(b) For each v € V(T)\U'(T), we have dr(v) < %

(c) For eachi € [{] and v € V(T)\ U(T), we have dz,(v) < 1.

Proof. We will first select the edges which are not incident to U'~7(T') (i.e. those in (a.av))

as follows.

Claim 1. H contains edge-disjoint linear forests Qq, ..., Q such that the following hold,
where Q = Uz’e[e] Q;.

(a') For each j € [{], Q; consists of a matching of sz} of size mj-i for each i € [4].
(b') For each v € V(T)\ U(T), we have dg(v) < %

(¢') For eachi € [{] and v € V(T)\ U™ (T), we have dg,(v) < 1.

First, we assume that Claim 1 holds and select the edges incident to U™7(T) (i.e.

those in (a.) and (a.y)) using Lemma 16.1 as follows. Let Qj, ..., Q, be the edge-disjoint
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linear forests obtained by applying Claim 1 and denote Q = Uiem Q. It U™ (T) =0,
then let F; .= Q; for each i € [¢] and observe that (a)—(c) follow from (a')—(c’). We may
therefore assume that U(T') # ().

First, note that each ¢ € [(] satisfies

Fact 13.9,Definition 13.11

(v),(a")
Qi <2e(Q;) < 4U(T)) < 16¢n. (18.1)

Let X be the set of vertices v € V/(T') \ U'™7(T) such that do(v) > % (so X is the set of

vertices which are already covered by many of the linear forests Qy,..., Q). Note that
(18.1),(¢) 7. 16ent
x| < 2T 1196, (18.2)

yn

For each j € [{], denote by

s = (st o)

1€[4]

the set of vertices outside U'~7(T') that need to be avoided by F; and observe that

. (iv) Fact 13.9,Definition 13.11
1551 <Y IS\ U] < 2U(T) < 8en. (18.3)
1€[4]
Let Y be the set of vertices v € V(T') \ U'™7(T) for which there exist at least %* indices
i € [¢] such that v € S; (so Y is the set vertices which need to be avoided by many of the

linear forests Fi, ..., Fy). Note that

(18.3) 7 . 8€n£
<
yn

Y] < 56en. (18.4)

Let A:=U""(T)and B :=V(T)\ (AUXUY). Let D be the bipartite digraph on vertex
classes A and B induced by H. For each j € [{], let S} := V(E(Q;)) U S; and define

=JU 7 (M\S and T; = US(T)\ S

i€[4] i€[4]
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By (a'), V(Q;) N U™ (T) = ( for each i € [¢]. Thus, note for later that both
T=NV(Q) =0 and V(E(Q))NBCS (18.5)

for each i € [(]. Define N := 2|U'™(T)| = 2|A|. For each v € B, let n, denote the number
of indices i € [¢] such that v € S.
We verify that (16.1) holds with 7", ..., 7,7, Ty ,..., T, , and 57, ..., S, playing the

roles of S7,..., S5, 87 ,...,S,,and T}, ..., T,. For each i € [(], we have
1 ¢ R1 ¢

Fact 13.9,Definition 13.11
ITH + 17| < 20" (T)] < e (18.6)

and

/ (18.1),(18.3)
IS <1l + 18] < 24en. (18.7)

By definition of X and Y, each v € B C V(T) \ (U'™(T)U X UY) satisfies

2
ny < do(v) + [{i € [(] | v e S} gV—7"+§=$. (18.8)

Thus, (18.2), (18.4), and (18.6)—(18.8) imply that each v € U'~7(T') satisfies

()

dp(v) 29n — [U(T)| = | X] = |Y]

Fact 13.9,Definition 13.11 ,
> £+2m?€>}<(|T]ﬂ+|1}f|+|Sj|)+2(m€a%<nw+N).
J€ w

Thus, (16.1) holds with 7y",..., 7,5, T, ,...,T,, and S;,...,S, playing the roles of
St SH S, S, and Ty, .., T

Let Q},..., Q) be the edge-disjoint linear forests obtained by applying Lemma 16.1
with 777, ..., 7,5, Ty ,..., T, , and S},..., S} playing the roles of S",..., S5, S7,...,S,,
and Ty, ...,T,. For each i € [¢], denote F; = Q; U Q.. Let F = Uiem F;. We claim that
Fi,...,F are edge-disjoint linear forests which satisfy (a)—(c). By Claim 1, Qq,...,Qy

are edge-disjoint linear forests. By (a’), their edges are not adjacent to U™ (T) and so
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Qi,...,Q, are edge-disjoint from D. Therefore, (18.5) and the “in particular part” of
Lemma 16.1 implies that Fi, ..., F; are edge-disjoint linear forests. Moreover, (a) holds
by (a’) and Lemma 16.1(a). For (b), let v € V/(T')\ U'™(T). If v € X, then recall that
X NV(D) =0 and so (b') implies that dr(v) = dgo(v) < %, as desired. Otherwise, the

definition of X implies that

Fact 13.9,Definition 13.11

dr(v) < do(v) + dp(v) < ? +2U(T))| < % +8en < %
so (b) holds. For (c), let i € [¢(] and v € V(T)\U'(T). If dg,(v) = 0, then Lemma 16.1(c)
implies that dz,(v) < 1. Otherwise, Lemma 16.1(a) and the definition of S; imply that

dg/(v) = 0 and so (c) implies that dz,(v) < 1. Thus, (c) holds.

Proof of Claim 1. We will construct, for each i € [4] and j € [¢], a matching M ;i - H;i
of size mzi Then, we will let each Q; consist of the union (J;cjy M ]w In this way, (a') will
be automatically satisfied.

These matchings will be constructed one by one using Proposition 7.22 as follows.
Suppose that we want to construct M]” for some ¢ € [4] and j € [f], and suppose
furthermore that we have already constructed M ;w for some ' € [4] \ {i}. Then, in order
to satisfy (¢’), we need to avoid the vertices in V(M ]Z-w). Thus, in order to minimise the
number of vertices we have to avoid at each stage (and thus maximise the number of
available edges for each matching), we will construct the matchings in ascending size order.

Let 0 = Xo € X1 € -+ € Xy == [4] x [£] be such that, for each k € [4/], (i,j) €
Xk \ Xg_1, and (7/,7") € Xj_1, we have m?,i < m;'-i. Note that | X \ Xx_1| = 1 for each
k € [4¢4].

Suppose inductively that, for some 0 < k < 44, we have constructed a set My, = {M ;-i |

(1,7) € Xy} of edge-disjoint matchings such that the following hold.

(a”) For each (i,j) € Xy, .M;i is a matching of H;¢ of size my.

(b") For each v € V(T), we have >~ \c v, dM;¢(v) <
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(¢") For each j € [¢(] and v € V(T) \ U'"7(T), we have >, d,i(v) <1

i:(i,5)€Xy Mlﬁi
First, suppose that k = 4(. For each j € [(], let Q; = ;e M; % Then, (a/)(c) follow
from (a”)—(c").

We may therefore assume that k < 4¢. Let (i,j) € X1 \ Xx and let H' be obtained
from H(U; \ U™(T),U;_y \ U™7(T)) by deleting all the edges in | J M. The matching

Mﬁ will be constructed in H' using Proposition 7.22. By definition of Xj,..., X4, we

have
(a") .
e(H') = eg_vrva)(UsUi1) — Z |Mj/¢|

jl: (ivj,)EXk

(@) ) i

= epg_uvrm) (U, Ui—1) — Z mﬁ > eg_vr— () (Ui, Ui—1) — fmji
7' (4,57 EXk

(iif), (v)
> 108yn|U S (T) WU (T)). (18.9)

We will now list and count all the vertices that M ]@ needs to avoid. For (a”), we will need

to avoid the vertices in Si* \ U'~7(T), where
) (iv) _ _
s\ o) € ) v Ui ) (15.10)

(The vertices in S;* N U~7(T)) will automatically be avoided since V(H') N U™(T) = 0.)
For (b”), we will need to avoid the set of vertices ini of vertices v € V(H') for which

Z(Z Nexy Ml J(v) = L%J where, by definition of Xy, ..., Xy,

i) i il
|Y;¢’ < Z(i’,j’)eXk |V(Mj’ )| (a) 2 Z 1 INEX < 240 - m;
’ %] %] 1%
)
< 49|U(T) uU(T)). (18.11)

Finally, for (¢”), we will need to avoid all the vertices in Z;i =Us. .jyex, (V(M;/¢)OV(H’))
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where, by definition of Xy, ..., Xy,

7 i/ (a//) ,L'/ i
Zi < Y vt s Y mit<amd
i (i,5)EXy i (i) EXy
)
< 3|UH(T) VU(T)]. (18.12)

Let 5’;“ consist of all the above mentioned vertices, that is, let
Jib . (qiby\ pri- i\ it
Sr=(S;P\U (1)) uY;ruZr.

Let Hi' :== H'— S;* C H*. By (18.10)-(18.12), we have |S5*| < 53|U.>(T) U U, (T

and so

ii),(18.9 (i), (

. iy, (i0),(18.9) _ - N ETTINEY
G(Hji)ZG(H/)_A(HINSjH 2 2’7n|Ui1727<T)UUi1737(T)| 2 A(Hji)mji'

Thus, Proposition 7.22 (applied with the undirected graph underlying f[f playing the role
of G) implies that ]:TJ” contains a matching ]\4;i of size m;i One can easily verify that

(a”)—(c"") hold with k£ + 1 playing the role of k. O

This completes the proof of Lemma 18.1. O]

18.3 Proofs of Lemmas 17.1 and 17.2

We are now ready to prove Lemmas 17.1 and 17.2, using the arguments described in

Section 18.1.

Proof of Lemma 17.1. Denote ty := 0 =: s9. Suppose inductively that, for some 0 < k < s,
we have constructed edge-disjoint feasible systems Fi, ..., F;, 15, such that the following

hold.

(2

(o) For each i € [4] and j € [t} + 5], we have e, _y1—1)(Ui, Ui1) = \U(T) U
U= (T)|.
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(B) For each i € [ty + si], e(F;) < v/en.
() For each i € [ty + sx] and v € V(T) \ U*, dx (v) < 1.

(0) For each i € [k] and j € [s;], Fi,+; € H;.
First, suppose that k = s. Then, (a), (b), and (d) follow from («), (), and (9), respectively.
Let i € [t]. By (F2), U* C VO(F,) and, by (v), V°(F;) C U*. Therefore, (c) holds.

We may therefore assume that k£ < s. Note that t; + sp = tx11. We will now construct

‘Ftk+1+17 cee 7‘Ek+1+sk+1' Let H = Hk+1 \ (Hk-i-l[Ul_Py (T)] U UiG[tk+1] E)

Step 1: Selecting backward edges. First, we show that Lemma 18.1(i)—(iii) hold
with ﬁu playing the role of H. Note that Lemma 18.1(ii) follows immediately from

Lemma 13.12(iii). For each v € U'™7(T'), we have

— (F3) — _
0 33,(0) > 0% @) — NG ) VU (D)~
Lemma 13.12(i) Fact 13.9,Definition 13.11
> 3yn — ]Ul’V(T)| —nn > 2yn.

Thus, Lemma 18.1(i) holds. For each i € [4], we have

erUl—’Y(T)(Uiy Ui71) = 6Hk+17U1—”/(T)(Ui7 Uze1)

_ Z efjfUlf'y(T)(UZH Ui—l)

JE[tr1]
(a),Lemma 13.12(iv)

> 109yn|U(T) WU (T)).

Thus, Lemma 18.1(iii) is satisfied.

For each i € [4] and j € [sg41], let S;-i = and

il 1— 1— Fact 13.9,Definition 13.11
mit = UL (T) UULS(T)) < 2%en. (18.13)

Then, Lemma 18.1(iv) and (v) hold with sy, playing the role of ¢. Let Flrttr o

F| be the edge-disjoint linear forests obtained by applying Lemma 18.1 with %u

tht1+Sk+1
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and sgyq playing the roles of H and /.

Step 2: Covering U*. We now add forward edges to ]:wf/k+1+1’ ey F to ensure

k4+1F+Sk4+1

that (F2) is satisfied. We will use Lemma 16.1 as follows. Let A .= U* and B :== V(T')\ U".
Let D be the bipartite digraph on vertex classes A and B induced by ﬁu. For each

i € [sk+1], let Si° be the set of vertices v € U* which satisfy d, (v) =0 (so S;" and

tpy1te

S; list the vertices in U* which are not yet covered with an out/inedge in 7, ;) and

7

define T; == V(E(F]

tp1t+e

)) N B. Note for later that both

SENV(F

tp1t+e

) CVH(F

tg41+1

) and V(E(F]

tg41+1

)NBCT, (18.14)

for each i € [sg11]. Define N := 2|U*| = 2|A|. For each v € B, let n, denote the number
of indices @ € [s;+1] such that v € T;.

We verify that (16.1) holds with s, playing the role of £. For each i € [s;11], we have
(ES2)
IS+ S| <2/U < 8en (18.15)

and

Lemma 18.1(a),(18.13) Fact 13.9,Definition 13.11

T3] < |V(E(]—"t’k+1+i))| < 41 U(T)| < 16en. (18.16)

Moreover, each v € B = V(T') \ U* satisfies

Lemma 18.1(a) ¢<— (ES1)
< Y dy (v) < d gu(v) < 2en. (18.17)

tep1ti
1€[sk+1]
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Therefore, each v € U* \ U'™(T) satisfies

d5(v) - A5 w0 = ING Ut = S dE W)
JE[tk+1]

Lemma 13.12(ii),(F3) 9 . (ES2) 3
> v = U =t = 7

(BS2),(18.15)—(18.17)
>

Sk 2 max (IS5 + 1871+ 1T3)

1€[sp41]

+2(ma§nw + N). (18.18)
we

By Lemma 18.1(a.3) and (a.7), each vertex in U'™7(T) is already covered with both an

in- and an outedge in each of the linear forests F;  .q,...,F] so S US; C

tht1+Sk+17
U*\ U'™(T) for each i € [sgy1]. Thus, (16.1) follows from (18.18).
Let Q,...,Qs, ., be the edge-disjoint linear forests obtained by applying Lemma 16.1

with s11 playing the role of /. For each i € [sp11], denote Fy, i = Fp, ;U Qs

Step 3: Verifying (a)—(0). We now check that F,, 41,...,F4,  4s,,, are edge-
disjoint feasible systems and that («)—(d) hold with k& 4 1 playing the role of k. By

Lemma 18.1, F;  .4,..., F}

tesrtsp,, are edge-disjoint linear forests and, by Lemma 18.1(a),

i /
Flovirree o F,

Lesr+spy, consist of backward edges and so are edge-disjoint from D. Thus,

(18.14) and the “in particular part” of Lemma 16.1 imply that F, , 11,..., Fp 4s,,, are
edge-disjoint linear forests. Moreover, («) holds by Lemma 18.1(a), (18.13), and the fact

that Step 2 involves only forward edges. Note that each j € [sg11] satisfies

e(fthrlJrj) < (‘Ft/k+1+]) + €<Qj)
Lemma 18.1(a),Lemma 16.1(a) il 1 n _
2 S mit 4201 | + (185 + 15 )
1€[4]
(18.13),(18.15) Fact 13.9,Definition 13.11
< 4 U(T)| 4 2|U*| < Ven,

o () holds. Recall from Fact 13.9 and Definition 13.11 that U'~7(T) C U*. Thus,

Lemmas 18.1(c) and 16.1(c) imply that each v € V(T)\ U* and i € [sg41] satisfy
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both dr, ., (v) <1 and dg,(v) < 1. Therefore, Lemma 16.1(a) and the definition
of Th,...,T,,,, imply that () holds. Moreover, (J) follows from Lemma 18.1(a) and
Lemma 16.1(a).

Let j € [si4+1]. We now check that F;, 4; is a feasible system. We have already
verified that (F3) holds. By Lemma 18.1(a) and since Step 2 only involves forward edges,

each i € [4] satisfies

i — _ (18.13
¢Foor(UnUin) = ez (UpUpy) = mit + [U}7(T)| + U35 ()] "2

tpt1+J

U(D)].

Thus, (F1) is satisfied. By Lemma 16.1(a), (F2) is satisfied. Therefore, 73, ,,; is a feasible

system, as desired. O

Let D be a digraph. For each e € E(D), let L(e) be a list of colours. A proper list
edge-colouring of D is a colouring of the edges of D such that each edge e € E(D) is
coloured with one of the colours in its list L(e) and no two adjacent edges receive the same
colour. The next proposition states that if the lists are all sufficiently large, then a proper
list edge-colouring exists. Its proof follows from a simple greedy colouring argument and

is therefore omitted.

Proposition 18.2. Let D be a digraph. For each e = uwv € E(D), let L(e) be a list of

colours satisfying |L(e)| > dp(u) +dp(v) + 1. Then, D has a proper list edge-colouring.

Proof of Lemma 17.2. For each ¢ € [4], denote U} := U*NU,;. By Fact 10.2(ii) and the “in
particular part” of Lemma 13.10 (applied with 27 playing the role of ), we may assume

without loss of generality that
Uy 2(T) =0 =U,~>(T). (18.19)

Step 1: Decomposing the forward edges of D which are incident to U'~(T)

and the forward edges of D[U*] which are incident to U'~*(T'). By (13.2), each
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v € U77(T) satisfies

d5(w) < d5y0) < [yn) <.

Moreover, each v € U'™?(T) satisfies
ES2)
Wi, )nv| << ¢

Also recall from Fact 13.9 and Definition 13.11 that |[U'™(T)| < |[U'~*/(T)| < t'. For each
i € [4], Proposition 7.23 (applied with the corresponding underlying undirected graph
playing the role of G) implies that the digraph

D(U;(T), Ui1) U D(U;, U (T)) U D(U; (T, Uy) U DU, Uiy (1))

(2

can be decomposed into ¢’ edge-disjoint matchings Mﬁ, ce MZ,T . Observe that the following
hold.

() For each i € [4] and j € [t/], M;T C Ep(Ui, Uisa).

(8) Uyt M = {e € E(Dy) | V(e)nU™(T) £ 0} U{e € E(DulU*) | V(e)n

U™21(T) (D} In particular, Fact 13.9 implies that each edge in U j)cpx M’

is incident to U~*(T).

Step 2: Selecting backward edges. In this step, we use backward edges to ensure
that each vertex in U'™27(T) is covered by both an in- and an outedge in each of the
feasible system. Covering U'~7(T) is necessary for (F2') to be satisfied, while covering
U=2(T) \ UY(T) will ensure that (d) is satisfied. We will also balance the number
of backward edges using edges which are not incident to U'~2Y(T"). This corresponds to
Steps 2 and 3 of the proof overview presented in Section 18.1 and will be carried out using
Lemma 18.1.

Let H C ?u be the digraph obtained by applying Lemma 13.8 with 2v playing the

role of 7. Note that the following hold.
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(I) A°(H) < 29yn.
(IT) For each v € U'2(T), dg(v) = 0.
(ITT) For each i € [4], ey _y1-2v(r) (Ui, Ui1) > (1 — 49)n|U 7 (T) U U (T)).

Let H' be obtained from H N D by adding all the edges of %M which have precisely one

endpoint in U'~?7(T) and precisely one endpoint in V(T) \ U*. Note that

e (U™2/(T), U*) + e (U, U=21(T)) 2 0. (18.20)
We now verify that Lemma 18.1(i)—(iii) hold with H’ and 27 playing the roles of H and 7.
For each v € U™7(T)),

dt () L[N, () \ U] > dE, () - AYT\ D) — |U*]

(0 (ES2)
> (I=2y)n—t—|U"] = (1-=37)n.

Therefore, Lemma 18.1(i) is satisfied, with room to spare. For each v € V(T') \ U~27(T),

(I),Fact 13.9,Definition 13.11
<

dips(v) < di(v) + |U2(T)| 3yn.

Thus, Lemma 18.1(ii) is satisfied, with room to spare. For each i € [4],

(ii), (111) B B
vy (U Uich) > (1= 57)n|US"(T) WU (T)).

Therefore, Lemma 18.1(iii) holds, with room to spare.

Let i € [4] and j € [t']. Recall from Lemma 18.1(a) that, when applying Lemma 18.1,
S]i-i denotes the set of vertices that need to be avoided by the edges from U; to U;_;. Here,
we need to avoid the vertices in U; which are already covered with an outedge and the
vertices in U;_; which are already covered with an inedge. By («), these are precisely the
vertices in

St = (VMY UV(MTIN) N (U U UL). (18.21)
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Then,

ST E VL 0 AT+ VM A U\ U(T))

,(B) . . _
< VMY NUL @)+ VMY n U (1)

(a

~

<UD+ |[US(T)).
Therefore, Lemma 18.1(iv) is satisfied with 2+ playing the role of 7. Let

mit = |(US(T) VU M) \ S

. (18.22)

Then, Lemma 18.1(v) holds with 27 playing the role of .
Let Fi,...,F},, be the edge-disjoint linear forests obtained by applying Lemma 18.1

with H' t', and 2+ playing the roles of H, ¢, and ~y. For each j € ['], note that
FicDyc Ty (18.23)

and let 7 == M;T U F;. Denote F" := {J;c F7 -
Claim 1. F/,...,F] are edge-disjoint and satisfy the following properties.
(A) For each j € [t'], F} is a (v, T)-pseudo-feasible system.
(B) For each j € [t'], e(F}) < 24en.
(C) For each v e U™ (T), 7;,%{(1)) = 7324(1)).
(D) For each v € U2 (T)\ U"(T), ‘d%,,,(v) > ' — 4en,

(E) For each v € V(T)\ U'"2/(T), dgn(v) < 212,

(F) E(Fy) = {e € B(By) | V(e) NU(T) £ 0} U {e € B(BulU"]) | V(e) n
U™(T) # 0}. In particular, E(?M[U* \U=(T)]) = 0.

Proof of Claim. By («) and (18.23), E(F}) N M;,T = () for any ¢ € [4] and j,j" € [t']. Thus,

Fi, ..., F, are edge-disjoint. Moreover, (18.23) implies that ]?’u = U(i,j)€[4]><[t’] M;T Thus,
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(C) and (F) follow from (3). Moreover, note for later that each v € U'=2/(T) \ U'~7(T)

satisfies
ES2)
7;7“ \ﬁ )N U < 4en. (18.24)
For each j € [t'],
e(F;) - Z|MZT| te(F
1€[4]

(a),(8),Lemma 18.1(a) .
< AU'N(T)| + | D myt +2U'2(T))|

1€[4]

(18.22) 1o Fact 13.9,Definition 13.11
6/U2(T)| < 2Uen,

IA

o (B) holds. For each i € [4] and v € U; \ U'™*/(T), we have

(@)
dp(v) O S ((dem(v) + dyy (v)) +dg (v))
Jel’]
(B),Lemma 18.1(b) yn Fact 13.9,Definition 13.11 2’}/71

< 21U =2Y(T)| + = < Ralll
< ()| + 2 < ,

o (E) holds. Let j € [t']. We show that F7 is a (v, T')-pseudo-feasible system. First, note

that

—

@)

€fj’.’(U1, U4) = e]-'J’.(Ulv U4)

(18.22)

= (Us™(T) U, (D) \ S} +m3

Lemma 18.1(a)

= er(Us, U2) = €f"(U3, Ua).

Lemma 18.1(a)

myt+ (O (T) v U () \ S)]

Similarly, exr(Us, Us) = ezr(Us, Ur) and so (F1) is satisfied. For each i € [4] and v € U,

(),(18.23) (18.21),Lemma 18.1(a)
d;—/_x (U) = dMJzT (U) —+ d}—]{(Ui,Ui,l)(/U) < 1.

J

Similarly, each v € V(T) satisfies df//( v) < 1. Thus, (F3') holds. Moreover, each i € [4]
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and v € U} (T satisfy

(@),(18.23)

(18.21),Lemma 18.1(a)
d_—;—J//(U) — dMJZT (/U) _'_ df]’_(Ui7Ui_l)(v) —

1.

Similarly, each v € U'™27(T) satisfies d}J,_, (v) = 1. Thus, (F2') holds and (D) follows from
(18.24).

Finally, to verify (F4'), suppose that C' is a cycle in F}'. We show that C' contains a
(v, T)-placeholder. By (18.19), (3), and (18.23),

ex(Us, Us) + err(Uy " (T), Us) + ezn(Us, Us~(T)) = 0.

Therefore, Lemma 18.1(c) implies that each edge in E;J/_/(U4, Us) forms a component in
F7. Altogether, we have
€C(U3, U4) + 60(U4, Ug) =0. (1825)

Suppose that there exists e € Ec(Us,Ur) C Err(Us,Ur). By (a), e € E(F}) and, by
(18.19) and (18.22), m% = 0. Thus, Lemma 18.1(a) implies that V' (e) N U*~*/(T) # 0. By
Lemma 18.1(a), (18.20), Fact 13.9, and (ES1), e is a backward edge with precisely one
endpoint in U'™27(T') C U* and one endpoint in V(T')\ U*. Thus, e is a (v, T)-placeholder,
as desired.

We may therefore assume that ec(Usz, Uy) = 0. Then, («), (18.23), and (18.25) imply
that either V(C) C Uy UU; or V(C) C Us U Us,. Suppose the former (similar arguments
hold in the other case). By Lemma 18.1, F7 is a linear forest and so («) implies that
there exists uv € M;T N E(C). By (18.19), (a), and (3), v € U ~>(T). Let w denote the
outneighbour of v on C. By assumption, («), and (18.23), w € Uy. In particular, vw is
a backward edge and so («) and Lemma 18.1(a) imply that vw € E(H’). Thus, (18.20)
implies that w € V(T') \ U* and so vw is a (v, T')-placeholder, as desired. Therefore, (F4’)

holds and so F is a (v, T)-pseudo-feasible system. Thus, (A) holds. &
Step 3: Covering the edges of B[U* \ U=*(T')]. We will use Proposition 18.2 as
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follows. For each e € E(BM[U* \ U=2(T)]), let L(e) be the set of colours i € ['] such
that V(e) NV (E(F/)) = 0. For each e = uv € E(BU[U* \ U27(T)]), we have

(E) ~n (ES2)
L(e)| >t — dpn(u) — dpo(v) > % >N pu(w) N U] + [N pulv) N U*| + 1.

Thus, Proposition 18.2 implies that Bu [U*\ U'™*(T)] has a proper list edge-colouring

6 : E(Du[U* \ U2/(T)]) — [t']. For cach i € [], let F; = F¥ U ¢~(i). Since ¢ is an

edge-colouring of BM[U *\ U=2(T)], any distinct 4,4’ € [t'] satisfy
E(F\F!) N B(Fs \ Fii) = 0. (18.26)
Denote F = (¢ F: and note that
EF\F) D EDBuue\u-2(1). (18.27)

Step 4: Verifying (a)—(d). We claim that Fi, ..., Fy are edge-disjoint (v, T')-pseudo-
feasible systems satisfying (a)—(d). Recall from Claim 1 that E(F}") N E(F})) = () for any
distinct 4,4’ € [t']. Thus, (18.26), (18.27), and the “in particular part” of (F) imply that
Fi,...,Fp are edge-disjoint.

Let i € [t']. We now show that F; is a (v, T)-pseudo-feasible system. By construction,
E(F)\ E(F!) C E(?u) Thus, (F1) follows from (A). By construction of the lists of
colours, we have V(E(F;\F/"))NV(E(F/")) = 0 and, since ¢ is proper, ¢ ' (i) is a matching
for each ¢ € [t']. Thus, (F2') and (F3') follow from (A). Moreover, each cycle in F; is a
cycle in F!'. Thus, (F4') also follows from (A). Therefore, F; is a (v, T)-pseudo-feasible
system, as desired.

Moreover, (a) follows from (F) and (18.27), (c) follows from (C) and (18.27), and (d)

follows from (D). Finally, the fact that ¢~'(i) is a matching implies that
B) (ES2)
e(Fi) = e(F) + 167 ()] < 2den +|U\UT(T)] < en
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and so (b) holds.
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APPENDIX A

OPTIMAL PACKINGS OF HAMILTON CYCLES:
PROOF OF COROLLARY 1.15

In this appendix, we prove Corollary 1.15. First, we will need the following properties of
(e, d)-regular bipartite graphs. (Recall that those were defined in Section 7.2.) The next

two lemmas hold by definition (and so their proofs are omitted).

Lemma A.1. Let 0 < % KekKd<lande <n<1l. Let G be a bipartite graph on
vertex classes A and B of size m. Suppose that G is (¢,d)-reqular. Let A" C A and B' C B

satisfy |A'|, |B'| = nm. Then, G[A’, B'] is (5, = d — &)-regular.

Lemma A.2 ([76, Proposition 4.2]). Let 0 < ¢ < d < 1. Let G be an (e,d)-regular
bipartite graph on vertex classes A and B. Then, fewer than | A| vertices a € A satisfy

dg(a) > (d+¢)|B| and fewer than |A| vertices a € A satisfy dg(a) < (d —¢)|B].

One can easily deduce that e-regular bipartite graphs of linear minimum degree are

also bipartite robust expanders.

Lemma A.3. Let 0 < % L eKr KT L1 Let G be a bipartite graph on vertex
classes A and B of size n. Suppose that G is e-reqular and 6(G) > dn. Then, G is a

bipartite robust (v, T)-expander with bipartition (A, B).

Proof. Note that G is (g,> §)-regular. Let S C A satisfy mn < |S| < (1 — 7)n. If
suffices to show that |RN, ¢(S)| > |S| + vn. By Lemma A.1, G[S, B] is (1/&,> 0 — ¢)-

regular and so Lemma A.2 implies that all but at most \/en vertices v € B satisfy
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INg(v) N S| > (6 —e — /E)|S| > 22 > vn. Thus, |RN,¢(9)| > (1 — &)n > |S|+vn, as
desired. ]

Using the max-flow min-cut theorem, Frieze and Krivelevich [36] showed that e-regular

bipartite graphs of linear minimum degree contain a dense regular spanning subgraph.

Lemma A.4 ([36]). Let 0 < =+ < ¢ < § < 1. Let G be an e-regular bipartite graph on

vertez classes of size n. Suppose that 6(G) > én. Then, reg, ..(G) > (0 — 2e)n.

By Proposition 7.10, the complete bipartite graph K, ,, is [, 1]-superregular. Therefore,

Lemma 7.17 implies that G, is also superregular with high probability.

Corollary A.5. Let 0 < % < e < p < 1. With high probability, G, ., is e-reqular and
Grnp) > (p—e)n.

We are now ready to prove Corollary 1.15.

Proof of Corollary 1.15. Let 0 < p < 1. Fix additional constants such that 0 < nio e K
g1 € g9 K €3 K Vv L1 L p. By Corollary A.5, (iii) follows immediately from (i) (with
p — € playing the role of p).

For (iv), denote by A and B the vertex classes of D,,,, ,. Observe that D,, ,, ,[A, B] ~
Gnnp and Dy, ,[B, A] ~ Gpnpe Thus, Corollary A5 implies that D, ,,, is e-regular
of minimum semidegree 6°(D,,,,,) > (p — £)n with high probability and so (iv) follows
from (ii) (with p — € playing the role of p).

For (v), let T' be chosen uniformly at random among the bipartite tournaments on

vertex classes A and B of size n. Observe that T[A, B] ~ G .1 and TB,Al ~ G, 1.

n,n n,

Thus, Corollary A.5 implies that 7" is e-regular of minimum semidegree §°(T) > (3 — &)n

with high probability and so (v) also follows from (ii) (with % — ¢ playing the role of p).

For (i), let G be an e-regular bipartite graph on vertex classes A and B of size n
and suppose that §(G) > pn. Note that G is (g, d)-regular for some d > p. Let S be
the set of vertices v € V(G) which satisfy dg(v) > (d + ¢)n. By Lemma A.2, |S| < en

and so Proposition 7.8(i) implies that G — S is still €;-regular. Let G’ be a spanning
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reg,..n(G)-regular subgraph of G. By Lemma A.4, G’ — S is obtained from G — S by
deleting at most 2en edges incident to each vertex and so Proposition 7.8(i) implies that
G’ — S is eg-regular. Another application of Proposition 7.8(i) implies that G’ is e3-regular.
Thus, Lemma A.3 implies that G’ is a bipartite robust (v, 7)-expander with bipartition
(A, B), as well as with bipartition (B, A). Apply Corollary 4.2 to decompose G’ into
mgegﬁ edge-disjoint Hamilton cycles.

For (ii), let D be an e-regular bipartite digraph on vertex classes A and B of size n and
suppose that 6°(D) > pn. Let D’ be a reg(D)-regular spanning subdigraph of D. Observe
that Lemma A.4 implies that reg(D) > (p — 2¢)n and so, by similar arguments as above,

D' is a bipartite robust (v, 7)-outexpander with bipartition (A, B). Apply Theorem 4.1 to

decompose D' into reg(D) edge-disjoint Hamilton cycles. O]
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APPENDIX B

APPROXIMATE DECOMPOSITION: PROOF OF
THEOREM 8.1

In this appendix, we adapt the arguments of [40] to prove Theorem 8.1.

B.1 Preliminaries

We will need some additional preliminary results.

B.1.1 Regularity

Recall the definition of an (g, d)-regular bipartite graph from Section 7.2. We need the

(non-bipartite version of the) degree form regularity lemma for digraphs.

Lemma B.1 (Degree form regularity lemma for digraphs). For all e > 0 and M’ € N,
there exist M,ny € N such that if D is a digraph on n > ng vertices and d € [0, 1], then
there exist a spanning subdigraph D' C D and a partition of V(D) into an exceptional set

Vo and k clusters Vi, ..., Vi such that the following hold.

(i) M'<k<M.
(ii) |Vo| <en.
(iii) Vi| =--- = |Vi| = m.

(iv) For each v € V(D), both d5,(v) > df(v) — (d + )n.
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(v) For each i € [k], D'[V;] is empty.

(vi) Let i,j € [k]| be distinct. Then, D'|V;,V;] is either empty or (¢,> d)-regular.

Moreover, if D'[V;, V] is non-empty, then D'[V;,V;] = D[V;, V}].

Let ¢ > 0, M' € N, and d € [0,1]. Let D be a digraph. The pure digraph of D
with parameters ¢,d, and M’ is the digraph D’ C D obtained by applying Lemma B.1
with these parameters. The reduced digraph of D with parameters €,d, and M’ is the
digraph R defined as follows. Let Vj, Vi,..., Vi be the partition obtained by applying
Lemma B.1 with parameters e,d, and M’. Denote by D’ the pure digraph of D with
parameters ¢,d, and M'. Then, V(R) = {V; | i € [k]} and, for any distinct U,V € V(R),
UV € E(R) if and only if D'[U, V] is non-empty. Note that Lemma B.1(vi) implies that
D'[U,V] = D[U,V] is (e, > d)-regular for any UV € E(R).

The following result states that robust outexpansion is inherited by the reduced digraph.

Lemma B.2 ([79, Lemma 14]). Let 0 < ! < e < d < v,7,0 < 1 and &£ < 1. Let
D be a robust (v,T)-outexpander on n vertices. Suppose that §°(D) > dn. Let R be the
reduced digraph of D with parameters €,d, and M'. Then, §°(R) > @ and R 1s a robust

(%,27)-outezpander.

B.1.2 Robust outexpanders

By definition of a bipartite robust outexpander, the 7-parameter can be made arbitrarily
small. An analogous observation for the non-bipartite setting was made (and proved) in

[40, Lemma 4.3], so we omit the details here.

Lemma B.3. Let 0 < % LKLrKrt< g < 1. Let D be a bipartite digraph on vertex
classes A and B of size n. Suppose that D is a bipartite robust (v, %)—outexpander with
bipartition (A, B). Suppose furthermore that 6°(D) > dn. Then, D is a bipartite robust

(v, T)-outezpander with bipartition (A, B).
Lemma B.4 ([40, Lemma 4.2]). Let 0 < ¢ < v < 7 < 1. Let D be a robust (v,7)-

outexpander on n vertices.

258



(i) If D" is obtained from D by removing at most en inedges and at most en outedges

at each vertez, then D' is a robust (v — e, T)-outexpander.

(ii) If D' is obtained from D by adding or removing at most en vertices, then D' is a

robust (v — €, 27)-outezpander.

We will need [40, Lemma 14.3], which states that robust outexpansion is inherited
by random vertex subsets with high probability. Note that we only gave a brief proof
overview of this lemma in [40] as it was only used to sketch a new shorter proof of the

main result of [96]. Thus, for completeness, we include its proof here.

Lemma B.5 ([40, Lemma 14.3]). Let 0 < 1 < ¢ </ < 6,v,7 < 1. Fiz a positive
integer n’ > en. Suppose that D is a robust (v, T)-outexpander on n vertices satisfying

8°(D) > dn. Suppose that V is chosen uniformly at random among the subsets of V(D)
of size n'. Then, D[V] is a robust (', 47)-outezpander with probability at least 1 — n=2.

Proof. Fix additional constants such that % dKexV<d<vTand MTI < 1. Let
Vo, Vi, ..., Vi be the partition of V(D) obtained by applying Lemma B.1 with ¢’ playing
the role of ¢ and define m := |Vj| = --- = |V|. Denote by R the reduced digraph of D
with parameters ¢, d, and M’. By Lemma B.2, R is a robust (3, 27)-outexpander. Let

n’ > en and suppose that V' is chosen uniformly at random among the subsets of V(D)

of size n’. We show that D’ := D[V] is a robust (/, 47)-outexpander with probability at

least 1 — n~2.

’

For each i € [k], denote V/ := V;NV(D'). Let i € [k]. Then, E[|V/|] = 22 = m/ > em.

n -

Then, Lemma 7.16 implies that

B([VY| # (1 £ e)m') < 2exp (—Tm) .

Thus, a union bound implies that |V/| = (1 £ ¢)m’ for each i € [k] with probability at
least 1 — n~2. Therefore, we assume that V| = (1 4 ¢)m’ for each i € [k] and show that

D’ is a robust (v, 41)-outexpander.
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Note that Lemma A.1 (with & and &2 playing the roles of € and 7) implies that, for
cach V;V; € E(R) and S C V/ satisfying |S| > em’ > &*m, the pair D'[S,V]] is still
(,> d — &')-regular. Let S C V(D') satisfy 4mn’ < |S| < (1 — 47)n’. We need to show
that |RN ,,(S)] > [S| +v/n'. Let S :=={V; | i € [k],|SNV;| = [SNV]| > dm'}. Then,

|S| — dm'k
18’ = T (B.1)
4 4
> ;Ln _;n —dk > 27k.

If |S7| < (1 —27)k, then let S” := S’; otherwise, choose S” C 5" of size (1 — 27)k. Then,
[RNS (S")] > [S"| + 5

Let V; € " and S; = V/ NS =V, NS. By definition of S’, we have |S;| > dm’ and
so D'[S;, V]| is (g,> d — €’)-regular for each V;V; € E(R). Then, Lemma A.2 implies
that, for each V;V; € E(R), all but at most e(1 + ¢)m’ < 2em’ vertices v € V] satisfy
dprs, v (v) = (d =€ = €)|Si| = (d — 2e)dm’.

Thus, for each V; € RN; r(S"), all but at most 225\’}; Vvem' vertices v € V/ satisfy

, vd? ) /Lemma B.1(ii) .
INp ()ﬂS|><——2\/_> (d—2e)dm' > 7—2\/§d—ysd km > v'n'.

Therefore,
k
RNIo() 2 RN (- - vE 'z (18']+ ) (- 2vEm
Lemma B.1(ii) |S”’m/ N V_TLI
s

If |S”| = (1 — 27)k, then Lemma B.1(ii) implies that |S”|m’ > (1 —47)n’ > |S| and so
|[RN,) 1/(S)| > |S] 4+ v'n/, as desired. We may therefore assume that S” = S’. Then, (B.1)

implies that [S”|m’ > |S| — dn’ and so |[RN,) ;,,(S)| > |S| + v'n’, as desired. O
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B.1.3 Probabilistic estimates

The following lemmas are easy consequences of Lemma 7.16.

Lemma B.6. Let 0 < % LeKrvKLKTKL YK d <1 Let G be a balanced bipartite graph
on vertex classes A and B of size n. Suppose that G is a (,¢)-almost reqular bipartite
robust (v, T)-expander with bipartition (A, B). Let I be obtained from G by taking each
edge independently with probability . Then, with positive probability, all of the following
hold.

(i) G\ T is (6 — ,¢)-almost regular.
(i) T is (v, ¢€)-almost regular.
(iii) " 4s a bipartite robust (I, 7)-expander with bipartition (A, B).

Lemma B.7. Let 0 < % < ¢ < 1 and fix positive integers k,{ > en. Let A and B be
disjoint vertex sets of size n. Suppose that My, ..., My are bipartite perfect matchings on
vertex classes A and B. Suppose that A1, ..., Ay are chosen independently and uniformly
at random among subsets of A of size k. Then, with probability at least 1 —n=1, both of
the following hold.

t % indices 1 € [{] such that v € A;.

(i) For each v € A, there exist at mos

(ii) For each v € B, there exist at most % indices i € [{] such that v € Ny (A;).

Lemma B.8. Let 0 < % L e < 6 <1 and fir a positive integer k > en. Let D be a
(0, e)-almost regular digraph on n vertices. Let A be chosen uniformly at random among

subsets of V(D) of size k. Then, the following hold with probability at least 1 — n=2.

(i) D[A] and D — A are (6, 3¢)-almost regular.

(ii) Bachv € V(D) \ A satisfies [N (v) N A| > (6 — 3¢)|Al.
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B.1.4 Matching contractions

Let GG be a bipartite graph on vertex classes A and B and let D be a digraph on A. Let M
be an auxiliary perfect matching from B to A. Recall Definition 7.25 and note that there is
a one-to-one correspondence between the edges of G\ M[B, A] and the M-contraction of G,
as well as between the edges of D and the M-expansion of D. Thus, edge-disjointness and

sub(di)graph relations are preserved when considering M-contractions and M-expansions.

Fact B.9. Let A and B be disjoint vertex sets of equal size. Let M be a directed perfect
matching from B to A. Let G and G’ be bipartite graphs on vertex classes A and B and
denote by Gy and Gy, the M-contractions of G and G', respectively. Let D and D' be

digraphs on A and let Dy and D', be the M -expansions of D and D', respectively. Then,
the following hold.

i) If G' C G, then Gy C G
(i) If G and G’ are edge-disjoint, then Gy and G', are edge-disjoint.
(iii) If D' C D, then Dy, C Dy

(iv) If D and D' are edge-disjoint, then Dy and D), are edge-disjoint.

B.2 Proof of Theorem 8.1

We need a (simplified) bipartite analogue of [40, Lemma 7.3].

Lemma B.10. Let 0< : K e <V K v <7 <Ly < 1,0 <1 and { <2(6 —n)n. Let D
and I" be edge-disjoint balanced bipartite digraphs on common vertex classes A and B of
size n. Suppose that DA, B] is (9, €)-almost reqular and I'[A, B] is (v, €)-almost regular.
Suppose that T'|A, B] is a bipartite robust (v, T)-expander with bipartition (A, B). Suppose
that, for each i € [{], F; is a bipartite directed linear forest on vertex classes A and B such

that the following hold.
(i) For eachi € [{], ep, (B, A) = n.
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(ii) For each i € [{], er,(A, B) < e'n.

iii) For each v € V (D), there exist at most e*n indices i € [£] such that dp 4.z (v) > 0.
3[A,B]

Define a multidigraph F by F = Uie[e} F;. Then, the multidigraph D UT' U F contains
edge-disjoint Hamilton cycles Cy, . .., Cy such that F; C C; for each i € [¢] and the following

hold, where D" := D\ Uy Ci and I" :==T'\ U, Ci-

(a) If £ < &n, then T'[A, B] is obtained from T'[A, B] by removing at most 3&3(v')™n

edges incident to each vertex.

(b) If ¢ < (V')°n, then D'[A, B) is (6 — =, 2¢)-almost reqular and I"[A, B] is (v, 2¢)-
almost regular. Moreover, I'[A, B] is a bipartite robust (v — e, T)-expander with

bipartition (A, B).
(c) D'[A, BJUI"[A, B] is a bipartite robust (5, T)-expander with bipartition (A, B).
We first derive Theorem 8.1 from Lemma B.10(c).

Proof of Theorem 8.1. By Fact 7.2 and Lemma B.3, we may assume without loss of
generality that ¢ < v < 7 < n,d. Define additional constants such that ¢ < v/ < v and
T <K v < n,0. By Lemma B.6, there exists I' C D such that (D \ I')[A, B] is (6 — v, ¢)-
almost regular and I'[A, B] is a (v, €)-almost regular bipartite robust (15, 7)-expander with

bipartition (A, B). Apply Lemma B.10(c) with D\ T',0 — v, 35, and el playing the roles

of D, ¢, v, and . This completes the proof of Theorem 8.1. n

We now prove Lemma B.10. First, Lemma B.10(b) follows by repeated applications of
Lemma B.10(a) and Lemma B.10(c) follows by repeated applications of Lemma B.10(b).
The arguments are the same as in [40], so we omit these proofs here. It remains to prove

Lemma B.10(a).

Proof of Lemma B.10(a). Let i € [¢]. Define M; := Ep (B, A) and note that (i) implies
that M; is a perfect matching from B to A. Let Ei, fi, and E be the M;-contractions of

DIA, B], T'[A, B], and F;[A, B], respectively. (In the rest of the proof, tildes will be used
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to denote “contracted” digraphs on vertex set A.) By Proposition 7.30(i) and (iii), D; is
(26, 2¢)-regular and T; is a (27, 2¢)-regular robust (%, 7)-outexpander. By Proposition 7.31,
E is a linear forest. Let ]5;,1, cee ék be an enumeration of the non-trivial components of
E. For each j € [k;], denote by :v;Lj and z;; the starting and ending points of ﬁ” Let S;

be the set of vertices v € A which are not isolated in E Note that

~ _ Fact 7.26 (i)
ki <e(F;) < e(FJAB]) <c¢e'n (B.2)
and
~  Fact 7.26 (i)
1Si| < 2e(F;) < 2e(Fj[A, B]) < 2e*n. (B.3)

By Lemmas B.5, B.7, and B.8, there exist Ay,..., Ay C A such that the following hold.

() For each v € A, there exist at most 2¢3(v/)*n indices i € [¢] such that v € A;.

(B) For each v € B, there exist at most 2¢3(¢/)*n indices i € [¢] such that v €
Nr, 5,41 (4:)-

(v) For each i € [(], |Ai| = [e(v/)*n].

(6) For each i € [f], D; — A; is (20, 6¢)-almost regular.

(¢) Foreachi € [f] and v € A\ A;, |N:5ti(v) NA;)| > (%Z.

(¢) For each i € [(], T;[A;] and I'; — A; are (2, 6¢)-almost regular.

(n) For each i € [¢], T;[A;] is a robust (+/,47)-outexpander.

For each i € [(], let A} == A; \ S;. By (B.3), we have |A!| > |A;| — 2e'n. Therefore,

Lemma B.4(ii) and («)—(n) imply that the following hold for each i € [¢].

(') For each v € A, there exist at most 2¢3(v/)~*n indices i € [¢] such that v € Al

(') For each v € B, there exist at most 2¢*(/)~*n indices i € [¢] such that v €

Nr,(B,4) (A7)
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() 14i] = e((/")* £ D)n.
(0') D; — A is (26, Te)-almost regular.

Ok

(¢') For each v € A\ A, |Ng¢<v) N Al > ;ﬂ
(¢') T,[AY] and T'; — A, are both (2, 7¢)-almost regular.

() T;[A)] and T'; — A, are both robust (%, 87)-outexpanders.

Assume inductively that for some 0 < m < ¢ we have constructed, for each ¢ € [m], a
set Q; = {Qi; | j € [ki]} of paths in D; UT; such that the following hold, where, for each
i € [m], Q; is obtained from the M;-expansion of @Z by orienting all the edges from A
to B.

(A) Qy,...,Q,, are edge-disjoint.
(B) Let i € [m). For each j € [k;], Qi is an (2;;, 7 j,1)-path (where 2, = 2])).

Moreover, the paths in @z U {é,l, ceey ékz} are internally vertex-disjoint and

span A. In particular, C,; == Q; U F, is a Hamilton cycle on A.

(C) For each i € [m] and j € [k — 1], V(Q;;) N A = 0 and e(Q;;) < 9(/)".
Moreover, for each v € A, there exist at most €3n indices i € [m] such that
veV(E(Q\ {é@kz}) N E(T;)) and for each v € B, there exist at most e3n indices
i € [m] such that v € NFi[B’A](V(E(éi \{Qir}) N E(T))).

(D) For each i € [m], E(Qix,) N E(L;) C B(T;[4)]).

Denote D41 = D \ Uie[m] Q;and 'y =1\ Uie[m] ;.
Claim 1. T, 1[A, B] is obtained from T'[A, B] by removing at most 3*(v')™*n edges
incident to each vertex and D,,.1[A, B] is obtained from D[A, B] by removing at most m

and at least m — 4g3(v')~*n edges incident to each verter.
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Proof of Claim. Let v € A. By (B), dé_(v) < 1 for each i € [m] and so

[Npa,5)(V) \ Np,,y14,5 (V)] = > " INpas () N No,ap(0)]
i€[m]
Fact 7.28(i)
= > NS (0) N NG (v))| (B.4)
1€[m]
< m.

Moreover, (C) implies that there are at most e3n indices i € [m] such that v € V(E(Q; \
{Qix,}) N E(T;)) and, by (/) and (D), there are at most 2¢3(/)~*n indices i € [m] such
that v € V(E(@,kl) N E(T;)). Thus,

|Nria,51(v) \ Nr,, 104,58 (0)] = > I Nrpas (v) N Nojpas (v)]
ze[m}
FZE0 S N (0) N NE (o)
i€[m)

< e3n +2e3(V) *n

< 3% (V) n. (B.5)
Moreover, Proposition 7.31 implies that, for each i € [m|, we have d;g (v) > 0 if and only
if dj 4 py(v) > 0. Thus, (iii) implies that there are at most e*n indices i € [m] such that

d}i(v) > 0 and so

(B.4)
N5y (0) \ No, s @) = D" [NF (0) NN (v)]
i€[m)|
(B)
= m= Y INJ ()N NS )] = D INE()]
i€[m) i€[m]
(B.5)

> m—320) "t —n>m — 43 (V) .

Similarly, let v € B. For each i € [m], denote by v; the unique vertex of A such that
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vu; € Fj[B, A] (v; exists by (i)). By (B), dé(vi) < 1 for each i € [m] and so

[Npa,5) (V) \ N, 14,5 (V)] = > [Nppas)(v) N Noyas(v)|
i€|m]
Fact 7.28(ii) _ _
i€|m]
< m.

Moreover, (C) implies that there are at most £3n indices i € [m] such that v; € V(E(Q; \
{Qix,}) N E(T;)) and, by (8') and (D), there are at most 2¢3(1/)*n indices i € [m] such

that v; € V(E(Qvlkl) N E(T;)). Thus,

[Nrpa,s(0) \ Nty (4,5)/(0)] = > INtas(v) N Nojas(v)|
1€[m]

Fact 7.28(ii) _ _
50 S NS (0) NN (0)]

i€[m]

IN

e¥n +2e8(/) *n

IN

3e* (V) . (B.7)

Moreover, Proposition 7.31 implies that, for each i € [m], we have d (v;) > 0 if and only
if 14 p(v) > 0. Thus, (iii) implies that there are at most e3n indices ¢ € [m] such that

dé(vi) > () and so

(B.6) _ _
INpas () \ Np,am @) = [N5,(0i) N NG (vi)]

1€[m]

(B) _ _ _
= m— Y INg(u) NG ()] = Y INE(v)]
i€[m] i€[m]

(B.7)
> m—33) M — 3 >m — 483 (V) .

This completes the proof of Claim 1. )

Suppose that m = ¢. For each i € [{], let C; = Q; U F;. By (A), Cy,...,Cy are
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edge-disjoint. Let ¢ € [¢]. Note that Fact 7.26 implies that F;[A, B] is the M;-expansion of
}7}. Thus, (B) implies that C; is obtained from the M;-expansion of é’z by orienting all the
edges from A to B, and then adding the edges in Fr, (B, A) = M;. In particular, Fact 7.29
and (B) imply that C; is a Hamilton cycle on V(D). Moreover, (a) follows from Claim 1.
It remains to show that F; C C; C DUT' U F;. By (B), F,CC;,CD;UTl;UF, and, by
Fact 7.26, the M;-expansions of D; and T'; are subgraphs of D[A, B] and T'[A, B]. Thus,
Fact B.9(iii) implies that F; C C; C DUT U F; and so we are done.

Assume that m < (. Let 5,’n+1 and f;nﬂ be the M,,,i-contractions of D,,,; and
[yi1, respectively. By Fact B.9(i), D/;HH C Dypsq and f;n+1 C Tpy1. By Fact 7.27(i) and

4

Claim 1, I, 41 is obtained from [,ni1 by removing at most 3¢%(2/)~*n inedges incident to

each vertex and at most 3¢3(2/)~*n outedges incident to each vertex. Similarly, 5% 4118
obtained from l~7m+1 by removing at most m and at least m — 4¢3(2/)~*n inedges incident
to each vertex, as well as at most m and at least m — 4¢3(v/) *n outedges incident to each

vertex. Thus, using (7)—(7') and Lemma B.4(i), it is easy to check that the following hold.

m

(I) 5;n+1 — Al 118 (20 — ™, 8¢)-almost regular.

(II) For each v € A\ A, ., |N1j5[£n+1(v) NA, | > %.

(III) f’mH[A;nH] and fjnﬂ — A ., are both (27, 8)-almost regular.

(IV) f;nH[A;nH] and f;nH — Al are robust (¥, 87)-outexpanders.

Let S4 be the set of vertices v € A for which there exist [3n] indices i € [m] such
that v € V(E(Q; \ {Qix}) N E(T;)). Observe that, by (B.2), (), and (C), S| <
W < glA\ Al .,|. Let Sp be the set of vertices v € B such that there
exist |e%n] indices i € [m] such that v € Nppa(V(E(Q; \ {Qir}) N E(T))). Let
Sk = Np, ,.i8,4(Sg). Then, by similar arguments as above, |S3| = [Sp| < e|A\ A7, .|
Recall that S,,,1 denotes the set of vertices v € A which are not isolated in ﬁ’mﬂ (and so
{2 16 Tmiri | @ € [kmia]} © Smy1). Moreover, Spy1NA;, = 0. By (B.3), (7/), and the
above, |SAUSEUS 41| < 3¢|A\ Al |. By (B.2) and (7/), k; < e*n <e3|A\ A],,,|. Thus,

(T) implies that there exist diStinct Yy, 11, Y1 kyss 10 Y120 > Yt donss € A\
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(A, 1USAUSZUS,, 1) such that y,, ;€ Ng, +1(azry_nﬂ’i) and y:g“’i“ € Ny, H(:U:;H,Hl)
for each i € [k,41 — 1] and we can apply the arguments of [40] to construct vertex-disjoint

paths @;nH’l, ey N;nJrLka_l C Tt — A, such that the following hold for each

1€ [k’m+1 — 1]

— @nﬂﬂ- iS & (Y y1.0 Yms1.i41)-Dath of length at most 8(v/)~".

- V( ~/m+1,i) CAN\(AL L USAUSZUS ).

(Roughly speaking, the paths @, 1, .., Qv;n 111 are constructed greedily by applying

the definition of robust outexpansion.) For each ¢ € [k, 11 — 1], define

o) e - oy + +
Qm+1,i = xm-l—l,iym—l—l,iQm+1,iym+l7i+1xm+l7i+l‘

Let @’mﬂ = {Qms1. | i € [kms1—1]} and proceed as in [40] to build an (Tt o> T 1,1)-

path @mﬂ,km ., satisfying the following.
= VO@urrinr) = AN (V(Qi1) U Spn).
- Qm+1,km+1 [A’m+1] - Flm+1-

- Qm+1,km+1 \Qm+1,km+1["4f/rn+1] g D;n—l—l'

(Roughly speaking, émﬂ,km ., is constructed by applying Theorem 7.4 to find a Hamilton
cycle in a suitable auxiliary digraph.) Let Q1 = é;nﬂ U {@erLka}. Then, (A)—(D)

hold with m + 1 playing the role of m. O
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APPENDIX C

THE ROBUST DECOMPOSITION LEMMAS:
PROOFS OF LEMMAS 8.23 AND 11.10

In this appendix, we derive the modified robust decomposition lemma (Lemma 8.23) and

the robust decomposition lemma for blow-up cycles (Lemma 11.10).

C.1 Proof of Lemma 8.23

We need the following version of the robust decomposition lemma, which follows immedi-
ately from the proof of [76, Lemma 12.1] and the definition of a “chord absorber” in [76].
(Note that [76, Lemma 12.1] is not explicitly proven because its proof is identical to that

of [76, Lemma 11.2]. See the paragraph before [76, Lemma 12.1] for more details.)

Lemma C.1 (Robust decomposition lemma [76]). Let 0 < 1 < § < & < % < % <AL

d < %,é < 1 and suppose that rk* < m. Let

k
ro = 960 ¢°kr, 13 = %, =1 +ro+r—(q—1)rs,

and suppose that 1—k4, %, 5, %, R me, Sg?ﬁl) € N. Suppose that (D, P, P, P*,R,C,U,U’) is

an (¢', %, k,m,e,d)-setup with empty exceptional set V. Suppose that SF C D consists
of r3 edge-disjoint (%,f)—specml factors with respect to P* and C'. Then, there exists a

spanning subdigraph C A®(r) C D for which the following hold.
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(i) CA°(r) is an (r + ro)-regular spanning subdigraph of D which is edge-disjoint
from SF.

(ii) Let H be an r-regular digraph on V(D) which is edge-disjoint from CA°(r).
Suppose that SF* consists of r3 edge-disjoint (%, f)-special factors with respect
to P* and C which are edge-disjoint from CA°(r)U H. (Note that SF* is not
necessarily a subdigraph of D here.) Then, there exists a set €, of r fk edge-disjoint
Hamilton cycles such that E(H)UE(SF*) C E(¢)) C E(CA°(r))UE(H)UE(SF™)
and each cycle in €, contains precisely one of the special path systems contained

in SF*. Denote H = CA*(r)\ E(%1).

(iii) Suppose that SF' C D\ (CA°(r) USF) consists of r° edge-disjoint (1,7)-special
factors with respect to P and C. Then, there exists a spanning subdigraph

PCA®(r) C D for which the following hold.

(a) PCA®(r) is a bre-reqular spanning subdigraph of D which is edge-disjoint
from CA®(r)USFUSF.

(b) H'UPCA®(r)USF' has a decomposition €y into Tr° edge-disjoint Hamil-
ton cycles such that each cycle in 65 contains precisely one of the special

path systems in SF .

The analogue holds if (D, P, P, P* R,C,U,U’) is an (¢, %,k,m,s,d)—bi—setup and H is

an r-reqular bipartite digraph on the same vertex classes as D.

Note that (i) and (iii.a) correspond to [76, Lemma 12.1(i) and (ii.a)]. To see (ii),
observe that by the proof of [76, Lemma 12.1] (see the proof of [76, Lemma 11.2}),
CA®(r) USF is a “chord absorber”. By definition, CA°(r) U SF* is also a “chord
absorber” in D U SF*. Moreover, since r3 is very small, Proposition 8.16 implies that
(DUSF*, P, P, P*, R,C,U,U") also forms a (bi)-setup (with slightly worse parameters).
Thus, %) in (ii) can be obtained by applying the arguments of [76, Lemma 11.2] with
DUSF* and CA°(r) USF™ playing the role of G and CA°(r) USF. Then, %, in (iii.b) is
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the set of Hamilton cycles obtained by applying the arguments of [76, Lemma 11.2] with
H' playing the role of H;.

Here, Lemma C.1 is stated in terms of our simplified definition of a special factors (see
Section 8.2.5). The fact that SF USF' C D ensures that the special factors in SF USF'
are indeed special factors in the stronger sense of [76] (the set of fictive edges is empty). As
discussed above, the special factors in SF* will be considered within the digraph D USF™,
so they also satisfy the original definition of special factors [76] with D U SF™* playing the
role of G (once again, with an empty set of fictive edges).

As discussed in Section 8.2.6, the key idea for deriving Lemma 8.23 from Lemma C.1
is to consider equivalent special path systems. These will be constructed using the

superregular pairs of the (bi)-setup.

Lemma C.2. Let0<%<<%<<6<<d§1and%<<%,gi*§1and%<<d. Let
(D, P, P, P*,R,C,UU") be an (¢',0*, k,m,e,d)-(bi)-setup and suppose that P* is an e-
uniform *-refinement of P. Let (h,j) € [¢*] x [f] and suppose that SPSy,...,SPS, are
(%, f, h, j)-special path systems with respect to P* and C. Then, there exist edge-disjoint
(%, f, h, j)-special path systems SPSy,...,SPS!. C D with respect to P* and C' such that

SPS; and SPS] are equivalent for each i € [r].

Proof. Fix additional constants such that %,8 L €1 K g9 < d. Denote by I =
Vi ... Vi the j%" interval in the canonical interval partition of C' into f intervals. For
each i € [K'], denote by V;; the h'" subcluster of V; contained in P* and observe that
(ST1), (ST8), (BST1), and (BSTS) imply that |V;,| = 7. Suppose inductively that, for
some /¢ € [r], we have already constructed edge-disjoint (¢*, f, h, j)-special path systems
SPSi,...,SPS,_; C D with respect to P* and C such that SPS; and SPS] are equivalent
for each i € [¢ — 1]. We construct SPS; using Lemma 7.11 as follows.

Let D" := D\ Ujcjp_y) SPSi. We claim that D[V, Vit ] is [31/€2, > d]-superregular
for each i € [k’ — 1]. Indeed, (ST3), (BST3), and Lemma 8.8(ii) imply that D[V, Vii1 4]

is [e1, > d]-superregular for each i € [k’ — 1]. Since D’ is obtained from D by removing

gam

at most 7 < €% in- and outedges incident to each vertex, Proposition 7.8(ii) implies
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that D'[V s, Vit1n] is [34/€2, > d]-superregular for each i € [K' —1]. Let uy,...,um be an
enumeration of V*(SPSy). For each i € [], let v; denote the ending point of the path in
SPS, which starts at u;. By (SPS1), uy, ... ,um and vy, ..., v;m are enumerations of Vi p
and Vi 5, respectively. Let SPS) be the set of paths obtained by applying Lemma 7.11
with D’[Uie[k,] Vinl, . K, 3\/€2, and Vi, ..., Viyp playing the roles of D,m,k, e, and
Vi,...,Vi. Then, SPS) is an (¢*, f, h, j)-special path system with respect to P* and C

and, by construction, it is equivalent to SPSy, as desired. O

Proof of Lemma 8.23. We prove the setup and bi-setup versions of Lemma 8.23 in parallel.
Fix additional constants such that ¢ < 1 € g9 K é and I < g3 < d. By Lemmas 8.9
and 8.19, there exist edge-disjoint Dy, Do C D such that both (Dy, P, P',P*, R,C,U,U")
and (Do, P,P',P* R,C,U,U’) are (¢, %,k,m,gl, g)—(bi)—setups.

Since SF consists of special factors which are not necessarily edge-disjoint, we need

to construct auxiliary special path systems which are edge-disjoint from each other and

equivalent to those in SF. For each (h,j) € [$] x [f], denote by SPS1 5, ..., SPSy n;

the (%, f, h, 7)-special path systems contained in SF.

Claim 1. For each (h,j) € [$] x [f], there exist edge-disjoint (%, f, h, j)-special path
systems SPST), &, ..., SPS;

r3,h,j

with respect to P* and C' such that SPS; . ; and SPS?), ;

are equivalent for each i € [r3]. In particular, SF? = U(h,j)e[%]x[f] SPSY,; is a (F,[)-

special factor with respect to P* and C' for each i € [rs].

Proof of Claim. For the setup version of Lemma 8.23, let K be the complete graph on
V(D); for the bi-setup version, let K be the complete bipartite graph on the vertex

classes of D. One can easily verify that (K,P,P',P*, R,C,U,U") is an (¢, %, k,m,e,d)-

(bi)-setup ((super)regular pairs exist by Proposition 7.10). For each (h, j) € [4] % [f], let
SPS, ..., SPS¢

7.1 D€ the special path systems obtained by applying Lemma C.2 with

K, 4,75, and SPSy .. .., SPS,, ; playing the roles of D, £*, 7, and SPSy, ..., SPS,. &

Let SF° be the union of the r3 edge-disjoint (%, f)-special factors with respect to
P* and C obtained by applying Claim 1. Let D] := D; USF° and observe that D] is
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obtained from D; by adding at most r3 in- and outedges incident to each vertex (recall

from Definition 8.22 that special factors are digraphs of maximum semidegree 1). Thus,

Proposition 8.16 implies that (D}, P,P’,P*, R,C,U,U’") is still an (¢, +k,m, e, 4)-(bi)-
setup. Let C'A°(r) be the spanning subdigraph of D] obtained by applying Lemma C.1
with D}, SF°, eq, and % playing the roles of D,SF, ¢, and d. Note that Lemma C.1(i)
implies that CA®(r) € Dy C D.

Since the special factors in SF' may not be edge-disjoint subdigraphs of D} =
Dy \ (CA®(r) USF®) = Dy \ (CA®(r) U SF?), we need to construct auxiliary special
path systems which are equivalent to those in SF'. For each (h,j) € [1] x [7], let

SPS| s, SPSe, ; denote the (1,7, h, j)-special path systems contained in SF.

Claim 2. For each (h,j) € [1] x [7], there exist edge-disjoint (1,7, h, j)-special path systems
and SPS!

i,hyj are

SPSYy iy SPSy, ; © DY with respect to P and C' such that SPS;, ;
equivalent for each i € [r°]. In particular, SF" =, jyenxin SPSin; is a (1,7)-special

factor with respect to P and C' for each i € [r°].

Proof of Claim. By Fact 8.17, (D1, P,P',P,R,C,U,U") is an (¢, 1,k, m, e, g)—(bi)—setup.
By Lemma C.1(i) and Definition 8.22, DY is obtained from D; removing at most 1 472413
in- and outedges at each vertex, so Proposition 8.16 implies that (DY, P,P’, P, R,C,U,U")
is still an (¢, 1, k, m, 3, 4)-(bi)-setup. For each (h, j) € [1] x [7], let SPSY iy s SPS s
be the special path systems obtained by applying Lemma C.2 with DY, P, e3, %, 1,7, 7% and

SPS},;,...,SPS,., ; playing the roles of D,P*,e,d,(*, f,r, and SPSy,...,SPS,. <

r<>717j

Let SF” be the union of the 7° edge-disjoint (1, 7)-special factors with respect to P and
C' obtained by applying Claim 2. Let PC'A°(r) be the spanning subdigraph of D; obtained
by applying Lemma C.1(iii) with SF” playing the role of SF. By Lemma C.1(iii.a),
PCA°(r) C D!\ SF" C D; C D. Define D™ := CA°(r) U PCA°(r) C D and observe
that Lemma C.1(i) and (iii.a) imply that D™ is (r; + o + 5r°)-regular, as desired.

Let H be an r-regular digraph on V(D). For the bi-setup version of Lemma 8.23,

suppose furthermore that H is a bipartite digraph on the same vertex classes as D. It
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remains to show that the multidigraph H U D™ U SF U SF’ has a decomposition € into
s’ edge-disjoint Hamilton cycles such that each Hamilton cycle in % contains precisely one
of the special path systems in the multidigraph SF U SF'. We will use Lemma C.1(ii)
and (iii.b).

Claim 3. For each (h,j) € [$] x [f], there exist edge-disjoint (%, f,h, j)-special path

systems SPST,, ..., SPS; with respect to P* and C' which are edge-disjoint from

r3,h,j

OAO(T.) U H and such that SPSi,h,j and SPS:

h; are equivalent for each i € [r3]. In

i,h,j

particular, SE; = U(h’j)e[%}xm SPS,; is a (%, f)-special factor with respect to P* and C

for each i € [r3].

Proof of Claim. Let D} :== D\ H. Since C'A°(r) C Dy, note that D) is edge-disjoint from

CA°(r)U H. By Proposition 8.16, (D, P,P’,P*,R,C,U,U’") is an (¢, %, k,m, &5, %)-(bi)-

7f7

setup. For each (h,j) € [$] x [f], let SPSY, ;,...,SPS} , ; be the (%, f)-special path

r3,h,j
systems with respect to P* and C obtained by applying Lemma C.2 with D5, e, ¢ e f’ and

r3 playing the roles of D, e, d, ¢*, and r. )

Let SF* be the union of the r3 edge-disjoint (%, f)-special factors with respect to P*
and C obtained by applying Claim 3. By Lemma C.1(ii), there exists a set & of r fk edge-
disjoint Hamilton cycles such that E(H)UE(SF*) C E(%1) C E(CA®(r))UE(H)UE(SF™)
and each cycle in %) contains precisely one of the special path systems contained in
SF*. Denote H' := CA°(r) \ E(¢1). By Lemma C.1(iii.b), H' U PCA®(r) USF" has
a decomposition %3 into 7r° edge-disjoint Hamilton cycles such that each cycle in %5
contains precisely one of the special path systems in SF”. Altogether, €, U %, forms a
decomposition of the multidigraph H U D™ U SF* U SF” into s’ Hamilton cycles such
that each cycle in 4, U %, contains precisely one of the special path systems in SF*USF”.
By Claims 2 and 3 and Fact 8.5, 41 U %, induces a decomposition € of the multidigraph
HU D™ USFUSF into s edge-disjoint Hamilton cycles such that each Hamilton cycle
in ¥ contains precisely one of the special path systems contained in the multidigraph

SFUSF. m
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C.2 Proof of Lemma 11.10

We know derive the blow-up cycle version of the robust decomposition lemma using the

strategy presented in Section 11.1.

Proof of Lemma 11.10. By Fact 8.5 and Definition 11.8, we may assume without loss of
generality that all extended special path systems contained in the multidigraph ESFUESF’
are friendly. For each (h,i,j) € [4] x [K] x [f], denote by ESPSi ..., ESPSyp,
the r3 friendly (%,K, f,h,i,7)-extended special path systems contained in ESF. For

each (h,i,5) € [1] x [K] x [7], denote by ESPS},; ..., ESPS]

vo iy the r¢ friendly

9. K, f,h,i,j)-extended special path systems contained in ESF'. For each i € [K], define
f

ESF; = U ESPSyh,; and ESF; = U ESPS), ;-
(h)elral X [4]x11] (Lhg)elre)x [1)x[7

Step 1: Applying the robust decomposition lemma in each contracted
pair. Let i € [K]. Denote by D; the M;-contraction of DlU;,U;41]. By (CST3),
(Ei, Pi, Pl Pf,R;,C", U, U") is an (¢, %, k,m,e,d)-setup with an empty exceptional set.
We construct the required special factors for applying the robust decomposition lemma in
D; as follows. For each (h, j) € [$] % [f1, et SPSypijs -, SPSyyn,,; be obtained from the
M;-contractions of ESPS, ;Ui Uisi], ..., ESPS;, 1, ;[Ui, Uis1] by deleting all isolated
vertices. For each (h,j) € [4] x [f], (FESPS1) implies that SPSy ;... SPSrn,;
are (%,f, h, j)-special path systems with respect to P} and C?. For each ¢ € [r3], let
SFp; = U(h,j)e[%}x[f] SPSyp,; and observe that SFy; is a (%, f)-special factor with respect
to P and C?. Define a multidigraph SF; by SF; := Urepry) SFri- Define SF. analo-
gously. Let lN);"Ob be the spanning subdigraph of IN)Z obtained by applying Lemma 8.23 with
ﬁ’h Piu PZIJ Pi*7 Ri? Cia Ui? U/iu S-Fla and S'F; pla}’mg the roles of D7 P? Pl? P*u R? Cu U7 U,7

SF, and SF.

Step 2: Constructing the robustly decomposable digraph. For each i € [K], let
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Db be obtained from the M;-expansion of ﬁﬁOb by orienting all the edges from U; to U;,;.

Define D™ := Uie[ K] D, First, observe that D™ is a regular spanning subdigraph of D.
Claim 1. D™ is an (ry + ro + 5r°)-regular spanning subdigraph of D.

Proof of Claim. By definition, V(D!") = U; U Uy, for each i € [K] and so D™ is
spanning. For each i € [K], l~?§°b C D; and Fact 7.26 implies that the M;-expansion of D;
is a subdigraph of D[U;, U;41]. Thus, Fact B.9(iii) implies that D°®[U;, U;;1] C D[Us, U]

for each 7 € [K] and so D™ C D. Let i € [K] and v € U;. By construction,

dJD“mb (v) = dgl_rob(v) Fact 7.28(1) d})rob (v) Lemma 8.23 Py Ty + 51,

Let v" be the unique neighbour of v in M;_;. Then,

d-

F: 7.28(ii mma 8.
prov (V) = dB?Sbl (v) e s, (V) homia 8.23 r1 4 1o + 57r°.

Dy
Thus, D™ is (r; + 75 + 5r°)-regular. &

Moreover, observe that each DI°® can decompose a sparse digraph in the pair (U;, U;41)

into perfect matchings.

Claim 2. Leti € [K]. Let H; be a bipartite digraph on vertex classes U; and U1 which
is edge-disjoint from DI® and such that E(H;) N {uv | vu € M;} = 0. Suppose that
H;|U;, Uiyq] is r-regular and H;[U;y1,U;] is empty. Denote by H; the M;-contraction of
H;[U;, Uiy1]. Define a multidigraph H; by H; = H;UDPUESF;(Us, Ui 1) UESFi(Us, Ui yy)
and define a multidigraph H; by H, = H; U ﬁ;"b USF; USF,. Then, the following hold.

(i) The multidigraph H; can be obtained from the M;-expansion of the multidigraph

H. by orienting all the edges from U; to U;;.

(ii) The multidigraph H; has a decomposition .#; into s' perfect matchings from U; to
U;11 such that the following hold for each M € ;.

(a) M U M; forms a Hamilton cycle on U; U U, ;.
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(b) There exists an extended special path system ESPSy in the multidigraph
ESF;UESF, such that M N (E(ESF)U E(ESF')) = Ersps,, (Ui, Uis1).
(L.e. M contains precisely one of the “special path system parts” in ESF U
ESF'.)

Proof of Claim. First, we show (i). By Fact 7.26 and assumption, H;[U;, U;;1] is the
M;-expansion of H;. Moreover, recall that H [Uis1,U;] is empty, so H; can be obtained
from the M;-expansion of ﬁz by orienting all the edges from U; to U;;;. By definition,
Db is obtained from the M;-expansion of 5;0'0 by orienting all the edges from U; to
U;+1. By Definition 11.7, each extended special path system ESPS in the multidigraph
ESF; UESF, satisfies ESPS[U;, Uiy1] N M;[Usy1,U;] = 0 (otherwise, (FESPS2) would
imply that ESPS is not a linear forest). Thus, Fact 7.26 implies that the M;-expansions
of SF; and SF, are ESF;|U;, U;11] and ESF;[U;, Uiy 1]. Altogether, this implies that the
multidigraph H,; can indeed be obtained from the M;-expansion of the multidigraph H, by
orienting all the edges from U; to U, 4, as desired.

For (ii), we decompose the multidigraph H; as follows. By Fact 7.27(i), H; is an r-
regular digraph on U; and, by Fact B.9(ii), H;is edge-disjoint from ﬁ?Ob. Thus, Lemma 8.23
implies that the multidigraph ﬁl has a decomposition ng into s’ Hamilton cycles on U;
such that each cycle in %Nl contains precisely one of the special path systems contained in
the multidigraph SF; U SF. Let .#; consist of the digraphs obtained by orienting all the
edges from U; to U;;; in the M;-expansions of the cycles in CK:

Then, Fact 7.29 implies that (ii.a) holds and .#; is a set of s’ perfect matchings from
U; to U;yq. By Fact B.9(iv), the matchings in .#; are edge-disjoint. Thus, (i) implies that
M; is a decomposition of H;, as desired.

For (ii.b), let M € .#; and denote by C' € %, its corresponding cycle. By Lemma 8.23,
the multidigraph SF; U SF, contains a special path system SPS such that E(‘JZ) N
(E(SF;)UE(SF;) = E(SPS). Let SPS’ be obtained from the M;-expansion of SPS by
orienting all the edges from U; to U;y1. By Fact B.9(iv), M N (E(ESF) U E(ESF')) =

E(SPS"). By construction, there exists an extended special path system ESPS in
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the multidigraph ESF U ESF’ such that SPS is obtained from the M;-contraction
of ESPS[U;,U;y1] by deleting isolated vertices. By Definition 11.7, ESPS[U;, U;4] N
M;[U;11,U;] = 0 and so Fact 7.26 implies that E(SPS") = Egsps(U;, U;11) and so (ii.b)
holds. &

Step 3: Decomposing H U D™ UESFUESF'. For each i € [K], let H; be digraph
on U; U Uy, defined by E(H;) = Ey(U;,U;41). Since H is a blow-up Ck with vertex
partition U, we have H = Uie[K] H; and so it is enough to show that, for each i € [K], the
multidigraph H; U D" U ESF; U ESF, has a decomposition %; into s’ Hamilton cycles
such that each cycle in %; contains precisely one of the extended special path systems in
the multidigraph ESF; U ESF..

Let i € [K]. Denote by .#; the decomposition of the multidigraph H; U D" U
ESFi(U;,Uiyr) UESF(U;,Uiy1) obtained by applying Claim 2(ii). Let %; be obtained
from .#; by replacing each M € .#; by the digraph M U ESPS); (recall that ESPS),
was defined in Claim 2(ii.b)). Then, Fact 11.1, (FESPS2), and Claim 2(ii.a) imply that
%; is a Hamilton decomposition of the multidigraph H; U D> U ESF; U ESF,. By
Claim 2(ii.b), each cycle in %; contains precisely one of the extended special path systems

in the multidigraph ESF,; U ESF. O
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APPENDIX D

THE PREPROCESSING STEP: PROOF OF
LEMMA 8.30

In this appendix, we discuss how to derive the preprocessing lemma for bipartite digraphs
(Lemma 8.30). First, note that Lemma 8.30 is a direct corollary of the bipartite versions
of [76, Lemma 8.6] (which guarantees the existence of PG) and [76, Corollary 8.5] (which
verifies the properties of PG). Figure D.1 illustrates the overall structure of the proofs of
[76, Corollary 8.5 and Lemma 8.6]. In this appendix, we will discuss the bipartite versions
of the dark grey lemmas from Figure D.1. The white lemmas from Figure D.1 can be
used in their original versions. The statements of the light grey lemmas from Figure D.1
can be adapted simply by replacing a consistent system by a consistent bi-system whose
exceptional set forms an independent set, while their proofs follow immediately from
the white lemmas from Figure D.1 and the bipartite versions of the grey lemmas from
Figure D.1.

Note that Lemma 9.1 corresponds to the bipartite version of [76, Lemma 7.6] and
Lemma 7.7 is the bipartite version of [76, Lemma 5.3]. As already mentioned, Lemma 7.7
can be proven using the same arguments as in the proof of [76, Lemma 5.3], so we omit the
details. Finally, note that we will use the bipartite version of [76, Lemma 7.2] (Lemma D.2
below) to derive Lemma 9.2 (that is, the bipartite version of [76, Lemma 9.1]) at the end

of this appendix.

Lemma D.1 (Bipartite version of [76, Lemma 5.2]). Let 0 < + K e K v <7 K § < 1
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Proposition 4.3

Proposition 4. 14}

Corollary 8.5

[Observation 7.4 Lemma 8.3

Lemma 4.12

Proposition 6.1] (Proposition 4.8]

Figure D.1: The structure of the proofs of [76, Corollary 8.5 and Lemma 8.6].

and % < ¢< ”—32 Let D be a balanced bipartite digraph on vertex classes A and B of size n.
Suppose that 6°(D) > én and that D is a bipartite robust (v, T)-outexpander with bipartition
(A, B). For each v € V(D), let n,n, € N be such that (1 —e)én < nf,n; < (1+4+¢e)én

and such that both ", nE =3 _gn¥. Then, D contains a spanning subdigraph D’ such

that df,(v) = n} and dy,(v) =n, for each v € V(D).

Proof. By symmetry, it is enough to find a spanning subgraph H C DA, B] satisfying
dp(a) = n} for each a € A and dy(b) = n, for each b € B. Let N be the flow network
obtained from D(A, B) by giving each edge of D(A, B) capacity 1, by adding a source
s which is joined to every vertex a € A with an outedge of capacity n;, and by adding
a sink ¢ which is joined to every vertex b € B with an inedge of capacity n,. Let
7= eal =D ,cp My - Using similar arguments as in [76, Lemma 5.2], one can show
that any s — ¢ cut in N has capacity at least r. Thus, the max-flow min-cut theorem
implies that NV has an s — ¢t flow of value r. This flow corresponds to the desired spanning

subgraph H C D[A, B]. O
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By definition, a bipartite digraph R can only contain a chord sequence between clusters
which belong to a common vertex class of R. Such chord sequences can be constructed

using the same arguments as in [76, Lemma 7.2], so we omit the details.

Lemma D.2 (Bipartite version of [76, Lemma 7.2]). Let 0 < + < v < 7 << 6 < 1. Let R
be a balanced bipartite digraph on vertex classes A and B of size k. Suppose that R is a
bipartite robust (v, T)-outezpander with bipartition (A, B) and that 0°(R) > 0k. Let C be
a Hamilton cycle in R. Let V C V(R) satisfy |V| < ”Ik. Suppose that A, Ay € A. Then,
there exists a chord sequence C'S(Ay, Ay) C Er(B, A) containing at most 3v~" edges and
such that V(CS(Ay, A2)) NV C {A], Ao}, where A} denote the predecessor of Ay on C.

Since we can no longer construct chord sequences between any pair of clusters, we will
need to be more careful and adapt the proofs of the lemmas which use [76, Lemma 7.2]
(that is, [76, Lemmas 7.5 and 8.3]).

Define a path system extender PE for C' and R with parameters (¢,d,d', () as in [76].

(The precise definition is not relevant for our purposes and so we omit it here.)

Lemma D.3 (Bipartite version of [76, Lemma 8.3]). Let 0 < 1 < d' < 1 € e € # <
d<rvgr<dl<landd < (< % Suppose that g5 € N. Let (D, Py, Ry, Co, P, R, C)
be a consistent (€*,k, m,e,d,v,1,0,0)-bi-system with |D| = n and exceptional set V. Let P’
be a (d')*-uniform 50-refinement of P. Let PE be a path system extender with parameters
(e,d,d', () for C and R. Let s := 119—27 and suppose that Q) is a set of vertex-disjoint paths

of D such that the following hold.

(i) Q and PE are edge-disjoint.

(ii) @ contains a special cover SC' in D with respect to Vi such that each component

of SC' is a path of length 2.

(iii) There exists a set V of five clusters of P’ such that each e € E(Q) satisfies
Vie) S VouyUVv.

(iv) [E(Q)] < =8,
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Then, D contains a Hamilton cycle H such that Q C H C PEUQ.

Proof. Let Mgc be the complete special sequence associated to SC' and denote by E
the edge set of (Q\ SC)U Msc. (Note that E is precisely E(QP*°) with respect to the
notation of [76]). For any cluster V' € P, denote by V~ and V7 the predecessor and
successor of V on C. For any vertex v € V(D) \ Vj, denote by V, the cluster in P which

contains v.

—

Claim 1. There exist chord sequences C'S(Wy, Wf“), o, CS(Wig, W,

) i R for which

the following hold.

(a) There exists an enumeration uy, ..., u g of the starting points of the edges in I

such that W; =V, for each i € [|E|].

(b) There exists an enumeration vy, ... ,vjg of the ending points of the edges in E

such that W; = V,,, for each i € [|E|].

(c) Altogether, CS(Wy, Wi, ..., CS(Wig, I/VE‘) contain at most 2% edges incident

to each cluster in P and at most Z; occurrences of every edge of R.

If Claim 1 holds, one can conclude the proof of Lemma D.3 using the arguments of

[76, Lemma 8.3]. Thus, it suffices to prove Claim 1.

Proof of Claim 1. In the proof of [76, Lemma 8.3], [76, Lemma 7.2] is used to construct,
for each edge uv € E, a chord sequence C'S(V,, V;) in R. This is not possible here because
(CBSysl) and (ii) imply that, for any uv € Mg C E, u and v belong to a common vertex
class of D and so V,, and V" belong to distinct vertex classes of C' C R.

We circumvent this problem as follows. Recall from (CBSysl) that D is a balanced
bipartite digraph. Denote by A and B the vertex classes of D. Let Mgca = {e €
V(Msc) | V(e) € A} and Mgep = {e € V(Msc) | V(e) € B}. By (ii) and since
D is bipartite, Mgc 4 and Mgc p partition Mge. By (CBSys2), we have [V N Al =
Vo N B| and so |Mgc.a| = |Mgse,p|. Fix a bijection ¢: Msca — Mgep and define

E = (Q\ SC)U{al,ba’ | aa' € Mgc a,bb' = ¢p(aa’)}. By construction, each edge in E’
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has precisely one endpoint in A and one endpoint in B. Using Lemma D.2 instead of its
non-bipartite analogue [76, Lemma 7.2], one can apply the arguments of {76, Lemma 8.3]
to construct, for each uv € E’; a chord sequence C'S(V,, V.") in R such that, altogether,
(c) holds. Then, (a) and (b) hold by definition of E'. &

This completes the proof of Lemma D.3. O

A similar problem arises when adapting [76, Lemma 7.5] to the bipartite case. Roughly
speaking, [76, Lemma 7.5] guarantees the existence of a special cover SC' whose components
are paths of length 2, and chord sequences from V;, to V. for each edge uv of the complete
special sequence Mgc associated to SC' (where V,, denotes the cluster in P which contains
v and V' denotes the successor on C of the cluster in P which contains u). As discussed
in the proof of Lemma D.3, such chord sequences do not exist. We can only guarantee that
the number of times a cluster is at the start/end of a chord sequence equals the number of
edges in Mgc which start/end in that cluster. This is sufficient for proving the bipartite

version of [76, Lemma 7.6] (that is, Lemma 9.1).

Lemma D.4 (Bipartite version of [76, Lemma 7.5]). Let 0 < + < + < ¢ € ¢/ <
d< v <71 <4,0 <1 and ei* < 1and e < %,% Suppose that %,e—”? € N. Let
(D, Py, Ro, Co, P, R,C) be a consistent (¢*, k,m,e,d,v,T,§,0)-bi-system with |D| = n and
exceptional set V. Suppose that D' is a spanning subdigraph of D and that P’ is a partition

of V(D) such that the following conditions are satisfied.

(i) P’ is an e-uniform ¢'-refinement of P.

(ii) For any v € Vj, we have di(x) — d5,(z) < en.

(iii) For any v € V(D) \ Vp, we have deE(U) - d%/(“) < (défm'

For any cluster V. € P, denote by V~ and V' the predecessor and successor of V on
C. For any vertez v € V(D) \ Vy, denote by V, the cluster in P which contains v. Let
(h,j) € [¢'] x [f] and let T = Wy ... Wy denote the j™ interval in the canonical interval

partition of C into f intervals. For any cluster V € P, denote by V" the h'" subcluster of
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V in P'. In particular, let W', ... , W} denote the h™" subclusters of Wy,..., Wy in P'.

Then, the following hold.

(a) There exists a special cover SC in D" with respect to Vi which satisfies the following

properties.

— Each component of SC s a path of length 2.
- V(SC) T VouWhu.. . Wk .
— Each cluster V € P satisfies |V NV(SC)| < eam.

(b) There exist chord sequences C'S(Wi, ﬁ/\fr), e C’S(ﬁ//‘w, W

I;o\) in R for which the

following hold.

— There exists an enumeration uy, ..., uy, of the starting points of the compo-

nents of SC such that W; = Vi, for each i € [|Vy]].

— There exists an enumeration vy, ..., vy, of the ending points of the compo-

nents of SC such that W; = Vi, for each i € [|Vp]].

~ For each i € [|Vy|], CS(W;, W) contains at most 3v=3 edges and all its

vertices lie in Wo U -+ - U Wpr_q.

—~

— Altogether, CS(Wh, W\f’), ce C’S(WVO‘, VVIT/OI) contain at most 4eim edges

incident to each cluster in P.
(¢) D' contains a matching M which satisfies the following properties.

— M can be obtained by replacing, for each i € [|Vy|], each edge UV of
CS(Wi,/WZ+) by an edge of D'(U", V"),

- V(M)NnV(SC)=10.
(d) For each UV € E(C), the pair D'[U" V"] is [¢', > d]-superregular.

Lemma D.4 can be proven using the same arguments as in [76, Lemma 7.5], with

Lemma 7.7 and Lemma D.2 playing the roles of [76, Lemmas 5.3 and 7.2] and using the

286



arguments of Claim 1 of the proof of Lemma D.3 to choose the endpoints of the chord
sequences in Lemma D.4(b). Therefore, we omit the details here.
Finally, we use Lemma D.2 and adapt the arguments of [76, Lemma 9.1] to derive

Lemma 9.2.

Proof of Lemma 9.2. Denote C' = V; ... V. Since R is bipartite, we may assume without
loss of generality that A = {V; | i € [2k] is odd} and B = {V; | i € [2k] is even}. Denote
Vorr1 = V1 and Vogio == V4. For simplicity, split (BU1) into two parts as follows.
(BUla) The edge set of U has a partition into Uygq and Usyen and, for every i € [2k]|, U
contains a chord sequence C'S(V;, Vo) from V; to V5 such that (BU2), (BU3),
and the following hold. All of the edges in the multiset | J{CS(V;,Vii2) | i €
[2K] is odd} are contained in Uyqq, all of the edges in the multiset | J{C'S(V;, Vii2) |

i € [2k] is even} are contained in Uegyen, and

(BU1b) all the remaining edges of U lie on C.

Apply the arguments of [76, Lemma 9.1] with Lemma D.2 playing the role of [76, Lemma
7.2] to obtain chord sequences C'S(Vy,V3),CS(Va, Vy), ..., CS(Vog, Vagi2) which satisfy

the following properties, where U], denotes the multiset of edges defined by
oad = E(CS(V1,V3)) U E(CS(V3,V5)) U+ U E(CS(Vag-1, Var1))

and U’

even

denotes the multiset of edges defined by

Ulven = E(CS(V2, Vi)) U E(CS(Vy, Vg)) U+ - U E(CS(Vag, Vai2)).

even

(i) For each i € [2k], C'S(V;, Viy2) contains at most 3v~! < \/TZ/ edges.

even

(ii) For each i € [2k], we have dyr (V;) < %ﬁl and dyr. (Vi) < 2?[.

Let U’ be the multidigraph on V(R) whose multiset of edges is defined by E(U’) =

even

Ugaa U Utven = Uiepan) E(CS(Vi, Vigz)). By (i) and construction, U’ satisfies (BUla) and
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(BU2).

For each i € [2k], let nfodd = dec(,)dd(V;-) and n, ., = d5, (Vi). By similar arguments

1,even ! ven

- _ ot

i+1l,even — ni,even fOI'

as in the proof of [76, Lemma 9.1}, we have n;; 44 = n 4q and n
each i € [2k] (where 1y jqq = 17 oqq A Moy cven = N even)- FOT each i € [2k], let
Ui oad = ’32—/ =N oad and 4; even = %/ — 1} even- Let U be obtained from U’ by adding, for each

i € [2k], exactly {; oad + lieven copies of the edge V;_1V;. Let U,qq be obtained from U ;4

by adding exactly ¢; oqqa copies of the edge V;_1V; and let Ueyen be obtained from U

oven DY
adding exactly ¢; even copies of the edge V;_;V;. Note that U,qq and Ueven partition the
edges of U. Since U’ satisfies (BUla) and (BU2), U also satisfies (BUla) and (BU2). By
construction, (BU1b) also holds.

o

For each i € [2k], we have d,}odd(‘/;) =N oqd T lioda = 5 and

/

+ o+ - _
dir (Vi) = 0 oqq + livi0ad = M1 gqq + lit1,0ad = 5

Similarly, both df; _(V;) = % for each i € [2k] and so (BU3) holds. One can show that U

forms a closed walk in R using similar arguments as in [76, Lemma 9.1]. O
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APPENDIX E

APPLYING THE REGULARITY LEMMA: PROOF
OF LEMMA 9.3

In this appendix, we will prove Lemma 9.3, which guarantees the existence of consistent
bi-systems and bi-setups in a bipartite robust outexpander. We will need the bipartite
analogue of Lemma B.4(ii). The proof follows easily from the definition of a bipartite

robust outexpander and is therefore omitted.

Lemma E.1. Let 0 < %

Le<v<71 <1 Let D be a bipartite digraph on vertex
classes A and B of size n and suppose that D is a bipartite robust (v, T)-outezpander with
bipartition (A, B). Let A" C A and B' C B satisfy |A'| = |B’| > (1 —e)n. Then, D(A’, B')

is a bipartite robust (v — ¢, 27)-outexpander with bipartition (A’', B').

Proof of Lemma 9.3. Let 0 < ﬁ < e. Fix additional constants such that ﬁ e K

K esK ey Ke.

Step 1: Applying the regularity lemma. Let M and ny be the constants obtained
by applying Lemma 7.14 with ; playing the role of e. By Lemma 7.14(i), we may assume
without loss of generality that 0 < nio < % < ﬁ < ;. Fix additional constants such that
5<<%<<%,€i*<<d<<l/<<7<<5,9<<1andd<<§<<1. Moreover, let ¢/ > 324172 be
even. Let D be a balanced bipartite on vertex classes A and B of size n > ngy. Suppose that
D is a bipartite robust (v, 7)-outexpander with bipartition (A, B) and that §°(D) > dn.

Apply Lemma 7.14 with €; and 4d playing the roles of € and d to obtain a spanning
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subdigraph D’ C D and a partition P = {‘70, Vi,..., ‘72;;} of V(D) such that Lemma 7.14(i)—
(vii) hold with 2%,%,%,‘71, .. .,\N/QE playing the roles of k,m,Vy, Vi,..., Vo, Denote
A= {V;|ie[2k],V; C A} and B = {V; | i € [2k],V; C B}. We may assume without loss
of generality that A = {Va;_, | i € [E]} and B = {Vy | i € [E]} Let R be the bipartite
reduced digraph of D with parameters ¢1,4d, and M’. By Lemma 7.15, 50(§) > % and
R is a bipartite robust (5,27)-outexpander with bipartition (JZ(, g) Observe that, by
Lemma 7.14(vii), D[U, V] is (g1, > 4d)-regular for each UV € E(R).

Step 2: Ensuring the desired divisibility conditions. Let % be the largest integer

satisfying k < k and r € N. Let V=V U Uicpi—om) ‘72E+i' By Lemma 7.14(i), (ii),
and (iv),
Vo NA| = Vo B] < en+21fg(g — 1)in < 2e1n. (E.1)

Let P == {170,?1,...,‘72;} and let ‘A/l,...,V% be a relabelling of 171, V. Let R ==

» "2k

R— {V2k+ | i € [2k — 2k]}. Denote A = .A\{V%Jr |i € [2k — 2k]} and B = B\{V%Jr |

i € [2k — 2k]}. Then, §°(R) > % —21fg(g—1)> %’“ and, by Lemma E.1, R is a bipartite

~

robust (%,47)-outexpander with bipartition (le\, B).

Step 3: Finding a Hamilton cycle and a bi-universal walk in the reduced

graph. Apply Corollary 7.5 with R .A B kY 47, and g playing the roles of D, A, B,n, v, T,

737

and 0 to obtain a Hamilton cycle C of R. We may assume without loss of generality
that C = 171 e ‘72% Apply Lemma 9.2 with R C k, 2,47, and 2 5 Playing the roles of

R,C k,v, 7, and 0 to obtain a universal walk U for C in R with parameter ¢/. Denote

A~ A~ ~

U=V,..V,

by

Step 4: Forming superregular pairs. Let F = {e € E(a) U E((?)} We adjust
the partition P to ensure that each edge in E corresponds to a superregular pair in D.
By (BU3), each V € V(R) satisfies ds(V) < ¢ +1. For each e = UV € E, denote
d. = dp(U,V) and observe that, by Step 1, d. > 4d. Fix an integer mg such that
(1-2yE)m < mp < (1 —/E)m and 420~ € N. Let i € [2k]. Let V/ consist of

200q?’ €+
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all the vertices v € V; such that there exists j € [2/15] \ {i} such that e = ‘A/JA/] € F but
|Ng(v)ﬂ17j| # (dexer)mor, € = X//\;\A/Z € E but |N5(v)(ﬂ7j~| # (de£e1)m. By Lemma A.2,
V| < 2e1mdp(V;) < deym(f +1) < VeErm. Let V! C V! C V satisfy [V/| = i —my. Let
Vo = Vo U U, V- By (E.1),

Vo N A| = [Vo N B| < 2e1n + 24/e1m - 2k < en.

For each i € [2k], let V .= V; \ V. By construction, [V?| = --- = [Vl = mo. Let
Po = {Vo,V¥,..., V&}. Denote Ay :={V € Py | V; € A} and By = {V" € P, | V; € B}.
Let Ry be the digraph on A° U B® which is induced by R, i.e. defined as follows. For
any i,j € [2k], VPVP € E(Ry) if and only if ‘71\//\} € E(R). By Lemma A.1, D[U, V] is
(€2, > 3d)-regular for each UV € E(Ry). Moreover, 8°(Rg) > ?E and Ry is a bipartite robust
(§, 47)-outexpander with bipartition (Ao, Bo). Let Co = V{’... Vi and Uy = Vi]... V) .

By construction, Cy is Hamilton cycle of Ry and Uy is a universal walk for Cy in Ry with

parameter ¢'. Moreover, D[U, V] is [e2, > 3d]-superregular for each UV € E(Cy) U E(Uy).

Step 5: Finding the refinements. Apply Lemma 8.7 with 2n, my, 2%, Po, €2, and
¢* playing the roles of n,m,k,P,e, and ¢ to obtain an es-uniform ¢*-refinement P of
Py. Let A be the set of clusters V' € P such that V' C W for some W € A,. Let
B be the set of clusters in P\ A. Let k = ¢k and m = 2. Let R be the (*-fold
blow-up of Ry induced by P. Then, 0°(R) = (*0°(Ry) > %. By Lemma 7.7, R is a
bipartite robust (4%, 87)-outexpander with bipartition (A, B). By Lemma 8.8(i) and
Step 4, D[U, V] is (g3, > 2d)-regular for each UV € E(R). For each i € [2/15], denote by
VO, V the subclusters of V; contained in P. Let C:= V|V, .. ng 1V0 VQM
and U = V) V0

41,1 Vig,1 ¢

Ve AV Vigm,é*' Then, C' is a Hamilton cycle of R and U is a
bi-universal walk for C' in R with parameter ¢'. Moreover, by Lemma 8.8(ii) and Step 4,
DU, V] is [e3, > 2d]-superregular for each UV € E(C)U E(U).

Apply Lemma 8.7 with 2n,e3, and ¢ playing the roles of n,e, and ¢ to obtain an

gz-uniform ¢-refinement P’ of P. Let Vi,..., V5 be a relabelling of the clusters in
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P such that C = Vi...Vy and let 7y,... iy, be such that U = Vi ...Vy . For

20k

each i € [2k], denote by Vii,...,Vip the subclusters of V; contained in P’. Let U’ =
VieaViga - v;.;l,k,lvi/pz o Vi'zew”' By Lemma 8.8(ii), D[U, V] is [e4, > 2d]-superregular for
each UV € E(U’).

Apply Lemma 8.7 with 2n,e3, and % playing the roles of n,e, and ¢ to obtain an

ez-uniform %—reﬁnement P* of P.

Step 6: Verifying (i) and (ii). Let M" := ¢*M. By our choice of k in Step 2 and

definition of k in Step 5, we have @ < ¢*k = k < ¢*k. Then, Lemma 7.14(i) (with

k playing the role of k) implies that M’ < k < M”. Moreover, Step 2 implies that

k k _2fk
» f7 g7 3g9(g—1)

, a0 g € No Thus, (i) is satisfied.

€ N. By our choice of mg in Step 4 and definition of m in Step 5, we have

I

2E

Let D; be obtained from D by taking each edge independently with probability %
Define Dy = D \ D;. We need to show that (ii) holds with positive probability. By

Lemmas 8.19 and 8.29, it suffices to show that the following properties are satisfied.
(a) (D, Py, Ry, Co, P, R,C) is a consistent (£*,2k, m, ey, 2d, 4%, 87, g,39)-bi—system.

(b) (D,P,P',P*,R,C,U,U") is an (¢, %, 2k, m, g4, 2d)-bi-setup.
By Lemma 7.14(iii) and Steps 4 and 5, (BST1) holds. Moreover, (BST2)-(BST8) follow
from Step 5. Thus, (b) holds. By Step 4 and definition of k£ and m in Step 5, (CBSys2)
holds. By Step 5, (CBSys3), (CBSys4), and (CBSys6) are satisfied and (CBSys8) follows
from (URef). Moreover, (CBSysl), (CBSysb), and (CBSys7) follow from Steps 4 and 5.

Therefore (a) holds. O
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GLOSSARY

(e,4)-partition Definition 10.1.

(e,U)-exceptional set Definition 13.11: (ES1) and (ES2).

balanced special cover Definition 12.6.
bi-setup Definition 8.15: (BST1)-(BST8).

bi-universal walk Definition 8.13: (BU1)—(BU3).

canonical interval partition Definition 8.20.

complete special sequence Definition 8.25.

consistent bi-system Definition 8.27: (CBSysl)—(CBSys8).
consistent cycle-framework Definition 12.8.
cycle-framework Definition 11.3: (CF1)—(CF5).

cycle-setup Definition 11.2: (CST1)—-(CST3).

equivalent linear forests Definition 8.4.
extended special factor Definition 11.9.

extended special path system Definition 11.8.
feasible system Definition 13.2: (F1)-(F3).
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friendly extended special path system Definition 11.7: (FESPS1) and (FESPS2).

localised special cover Definition 12.3.

matching contraction Definition 7.25(i).

matching expansion Definition 7.25(ii).

optimal partition Definition 13.7.

placeholder Definition 15.1.

pseudo-feasible system Definition 15.3: (F1) and (F2')—(F4’).

setup Definition 8.14: (ST1)-(STS).
special cover Definition 8.24.
special factor Definition 8.22.

special path system Definition 8.21: (SPS1) and (SPS2).

uniform refinement Definition 8.6: (URef).

universal walk Definition 8.11: (U1)—(U3).
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