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CHAPTER 2

INTRODUCTION

The isomonodromic deformations of a meromorphic connections over the Riemann surfaces
provide a natural deautonomization of classical integrable systems. By deautonomization we
mean that the system of commuting Hamiltonians depends explicitly on the time coordinates,
so the integrability condition takes the form

0H;, OH;
o, oh

{H;,H;} + =0.

In the case of the punctured Riemann sphere, the isomonodromic equations for a logarithmic
connection (also known as the Schlesinger equations) are related to the classical Gaudin model
(see [5]). On the quantum level, such correspondence provides a link between the quantum
Gaudin system and Knizhnik—Zamolodchikov equations. While the quantum Gaudin system
is a joint eigenproblem for a set of commuting Hamiltonians, the Knizhnik—Zamolodchikov
system is a flat connection over the space of parameters for the Gaudin model. Such slogan
may be extended to the general isomonodromic problem (not only for the logarithmic one) - the
classical Gaudin system deals with a commuting family of quadratic functions in the universal
enveloping algebra, while the isomonodromic systems provide a flat deautonomization of this

family.

This thesis is dedicated to the theory of isomonodromic deformations for systems of differ-
ential equations with poles of any order on the Riemann sphere. The initial motivation was
to generalise an observation by N.Reshetikhin that the quasi—classical solution of the standard
Knizhnik—Zamolodchikov equations (i.e. with simple poles) is expressed via the isomonodromic

7-function arising in the case of Fuchsian systems [80]. Along the way of pursuing the project



of extending this results to poles of any order, we have found a number of interesting results,
some of which were already known as folklore (i.e. either done as very specific examples or
not really proved in detail), others completely original. For example we introduce a new al-
gebraic description for all Painlevé equations which represents these equations as flows on an
algebraic surface with linear Hamiltonian and non-linear Poisson bracket. In contrast with the
local description which is given by the Painlevé equations, such algebraic description reflects
non-trivial topology of the phase space for the isomonodromic deformation equations. For the
Painlevé VI, such description was firstly obtained by Hitchin [49], however it was not known

for the all other Painlevé equations.

The Knizhnik—Zamolodchikov (KZ) equations emerged in theoretical physics as the system
of linear differential equations satisfied by the correlation functions in the two—dimensional
Wess—Zumino-Witten model of conformal field theory associated to a genus 0 curve [62, 9]. In
the case of g = gl,,,, where gl,,, stands for the Lie algebra of the m x m matrices , the KZ
equations can be represented as a system of linear differential equations for a local section 9 of
the trivial bundle B x U(gln(C))®™ — B over the base B, where U(gly,(C))®" is a n-th tensor
power of the gly,(C) universal enveloping algebra and B is given by the configuration space of

ordered n-uples of points in C, namely B := {(u1,...,un) € C*|u; # u; for i # j}:
=3 pria i = duy (2.0.1)
iz T

where IT¥ € End(U(gl,,,(C)®") is the extension of the non-degenerated symmetric tensor
1T € gl,,(C) x gl,,(C) = End(gl,,(C))

acting by left multiplication on the i—th and j—th components of the tensor product U (gl,,,(C)®™),
and reads

M7 =3"1910 - ® FEus ®... EBga ®1®...1,
afB i—th place j—th place

where E,3 € gl,,(C) are given by

(Eab’)ab = 5aa55b-

Geometrically one can think about (2.0.1)) as a flat Hitchin connection in geometric quantisation



s,

As proved by N. Reshetikhin in [80] (see also [43] where this result was explained in terms of
passing from Schrédinger to Heisenberg representation), the KZ equations can be also viewed

as deformation quantisation of the Schlesinger system [82] of non-linear differential equations

24D = 3[40, Al Qi = duj. (2.0.2)

— Ui — Uj
i#£] J

controlling the isomonodromic deformation of a Fuchsian system on P!,

Y &~ AW
— = —Y, 2.0.3
dA ; A—u; ( )
with n + 1 simple poles uq,...,u,, 0. These equations are multi—time non-autonomous Hamil-
tonian systems with Hamiltonians
H;:Bxgl,(C)" = C (2.0.4)
given by
Tr( A AG)
o=y HATAT)
— U — Uy
]
Interestingly, if we treat the quantities uq ..., u, in the Hamiltonian as parameters rather than

times, these Hamiltonians form a family of autonomous Poisson commuting Hamiltonians called
Gaudin Hamiltonians. This simple observation has been key to several efforts to introduce
specific examples of confluent analogues of KZ: by first introducing confluent analogues of
Gaudin, then quantising them and finally generating the non-autonomous versions. Let us give

a summary of our understanding of these results here below.

The main idea for the quantisation of the Gaudin Hamiltonians was based on the standard
point of view that for any finite dimensional Lie algebra g, the universal enveloping algebra U (g)
can be considered as a deformation of the symmetric algebra S(g) via the Poincaré-Birkhoff-

Witt map. One then defines the quantum enveloping algebra as

Un(g) =T(g)/(X®Y -Y®X —-hX,)Y]), X, Yeg, heC



by naturally extending the symmetrisation map to the map S(g)®" — Up(g)®", and then the

functions Tr(A(i) A(j)) on g®" are transformed to IT%, which is given by

07 =3"1®91@-® he), @... hea ®1®...1,
@ i—th place j—th place

where e, is a basis of g and e}, is a dual basis. To define a Dirac quantisation of the Gaudin
Hamiltonians it is necessary to describe the Hilbert space of the quantum model as tensor
product of some representations of Uy (g®"). The quantised Hamiltonians ﬁ[l act on this Hilbert
space and the quantum problem consists in finding their spectrum, matrix elements and so
on. Formulated rigorously, the quantum Gaudin Hamiltonians generate a large commutative
subalgebra in U(g)®™ which can be easily completed to a maximal commutative subalgebra.
This subalgebra is usually called Gaudin or Bethe subalgebra. The explicit formulae for the

generators (namely the quantum Hamiltonians) were obtained in [71] [85].

In the case of g = gly, one can fix an element of the dual space p € g* and using the standard

basis of gl, one can re-write the quantised Gaudin Hamiltonians as

- R 5\ of U .
Hi=) )~ ) plBr) B, (2.0.5)
j#i rs=1 ! J r,s=1

)

where E,gé means F,.; (as the element of standard basis in gly,) considering in the i—th tensor
factor. We observe that even the case of reqular u € g* (i.e. semi-simple, when p(E,s) = ty0rs
with distinct p, € C), the point oo is an order two pole. The case of semi-simple but not

regular p was treated in [33].

The autonomous Gaudin model can be generalised in two directions: by allowing
higher order singularities at the marked points u; € C thus giving rise to Gaudin models
with irregular singularities in [34] or by taking an element p € g* that is not semi-simple (i.e.
has non-trivial Jordan blocks). These two approaches were unified in the classical and in the
quantum cases in [88] where an analogue of the bispectral dynamical duality of [30] between the

models was proved.

The next important step consisted in deforming the quantum Gaudin Hamiltonian to obtain
KZ. This was done in the case of the A, root system by de Concini and Procesi [26] and

generalised to any Lie algebra in [69] [30]. More precisely, for any complex simple Lie algebra



g with a Cartan subalgebra h C g and a corresponding root system A C h*, Millson and

Toledano-Laredo [69] introduced the following Casimir connection:

Ve = dy — Qim % Ca%aw, (2.0.6)
where for every « one takes the principal embedding of sly so that C,, = @(ea fatf aea—i-%hi)
is the Casimir in 3-dimensional subalgebra sl , with respect to the restriction of the fixed
non-degenerated ad—invariant bilinear form (—,—) on sly, and A € C. A special class of
quantum connections with one irregular singularity of Poincaré rank 2 and several other simple
poles appeared in [30] as dual to the standard KZ connection, and in [13] was re—obtained as
quantisation of Dubrovin’s system (without the skew-symmetry condition). Dubrovin system

was then generalised to simply laced Dynkin diagrams in [I2] and quantised in [79].

Confluent versions of the KZ equation, or in other words, KZ equations with irregular
singular points of arbitrary Poincaré rank were obtained for sl by Jimbo, Nagoya and Sun [54].
In [34] a class of quantum integrable systems generalising the Gaudin model was introduced
by considering non-highest weight representations of any simple Lie algebra. These Gaudin
models with irregular singularities are expected to give rise to confluent KZ equations as the
corresponding differential equations on conformal blocks. Such KZ equations have not been
explicitly written and in this thesis we provide these irregular analogues of the quantum KZ

Hamiltonians.

In order to achieve our aim, we first needed to find explicit formulae for the isomonodromic
Hamiltonians and to introduce a good set of Darboux coordinates. We have succeeded in doing
this for a class of isomonodromic connections which can be obtained via a confluence proce-
dure. Let us describe this class in some details here. It is well known that the isomonodromic
deformation equations in the case of higher order poles have a co-adjoint orbit interpretation
on a loop algebra. In the case of the Painlevé equations, Harnad and Routhier [45] produced
finite—dimensional parameterisations by introducing suitable truncations of the loop algebra.
Korotkin and Samtleben [63] then conjectured the standard Lie—Poisson bracket on Takiff alge-
bras (i.e. truncated current algebras, see Section for the definition) and later Boalch proved
that indeed these brackets are preserved by the Jimbo-Miwa isomonodromic deformations [15].

In this thesis, we unify these two approaches to study connections as elements of the product



of co-adjoint orbits in the Takiff algebra. More precisely, we consider linear systems of ODEs

with poles at uy, ug, ..., uy, 00 of Poincaré rank r1,79,...,7ry, e respectively, in the form

%:A(A ZZ St ZA(OO - (2.0.7)

zlkO

where A(\) is an element of the phase space
M~0O; xO;, x...0; xO;_, (2.0.8)

where CA)?*_l stands for the co-adjoint orbit of the complex Lie group @n corresponding to the
Takiff algebra of degree r;, for r; > 0, and for the standard Lie algebra g co-adjoint orbit for
r; = 0.

Following the ideas of [3], in Theorem we show how to obtain the standard Lie—Poisson

bracket

—d;; (11, AEQZ @I k+1<r

(Al e A7} = (2.0.9)

0 k+1>mr;.

on our phase space (2.0.8) as the Marsden—Weinstein reduction of the Poisson structure on
@n—l—l(T*g[ )n—i—l _ @k 1T*g[m7

obtained by endowing each copy of the cotangent bundle T*gl,, with the canonical symplectic
structure dPAdQ. Here d = Z"fll r;+n+1 denotes the degree of the divisor D of the connection
(2.0.7). The Marsden—Weinstein reduction is obtained by the additional first integrals given by

the moment maps of the inner group action by éri as in formulae (5.4.3)).

These coordinates (Q1, P, ..., Qq, Pi), that we call lifted Darboux coordinates, were first
introduced by Jimbo, Miwa, Mori and Sato in the case of linear systems of ODEs with n simple
poles and possibly a Poincaré rank one pole at co [53]. Harnad generalised these coordinates
to allow rectangular m; x mg matrices and used them to generalise Dubrovin duality [27]
between two systems of linear ODEs: one of dimension mj and the other of dimension msg
[44] and [91]. Similar coordinates were also introduced and partly used in the context of non-
autonomous Hamiltonian description of Garnier-Painlevé differential systems by M. Babich and

Derkachov [6, [7]. However in these latter works, the authors restricted to the case of rational



parametrisation of co—adjoint orbits of G1,(C) and other semi-simple Lie groups and did not

consider loop algebras.

Interestingly, using the lifted Darboux coordinates, we can describe all possible isomon-
odromic systems with a fixed degree d of the divisor of the connection as Marsden—
Weinstein reductions of different inner group actions on the universal phase space @ﬁle*g[m.
These reductions give rise to symplectic leaves of dimension (11 + - - + ry, 4+ 70 + 1) (Mm% — m).
We explain how to produce the Darboux coordinates, which we call intermediate Darbouz co-
ordinates, on such symplectic leaves. In the case of the Jimbo-Miwa isomonodromic problems
associated to the fifth, fourth, third and second Painlevé equations the degree is always d = 4,
the intermediate symplectic leaves have always dimension 6 and are determined by the choice of

3 spectral invariants giving a total dimension 9 for the Poisson manifold. This is the dimension

of the moduli space of SLy(C) connections with a given divisor D of degree 4 [64].

Remark 2.0.1. The problem of extending the Riemann-Hilbert symplectomorphism between the
de Rahm moduli space of meromorphic connections on a Riemann surface ¥ with non-simple
divisor (a divisor of points that can have multiplicity > 1) and the analogous of the Betti moduli
space of representations of the fundamental group of 3, namely with the cusped character variety
introduced in [10, [17] is still open and is beyond the scope of the current thesis. However, the
Darboux coordinate description of the de Rahm moduli space achieved in this thesis constitues

an important first step towards that goal.

Remark 2.0.2. [t is worth mentioning here that the phase space ([2.0.8]) is not a moduli space
per se, however K. Hiroe and D. Yamakawa [46] showed that the sub—space of stable connections

admits a nice quotient with respect to the diagonal action of GLp,(C) on M:

n+1
M' = {A\) € M| Y w(AY)) =0, “stable” }/G L (C),
=1

where

T gy, = ol

is the moment map under the diagonal action of GLy,(C) on M, thus assuring that M’ is a
smooth complex symplectic variety. The space M’ can be regarded as a certain moduli space

for meromorphic connections on Oglm. Fiz n distinct points uy,...,u, € P', and endow P*



with a coordinate z for which z(u;) # oo. The variable z; can be identified with A\ — u; and g,

can be embedded in gl,,(C[z; '])%: via trace-residue pairing. Then each A(N) € M determines

Zi

a meromorphic connection d — A(\) on (’)g?lm, having poles at wuy,...,uy,00. The condition

Z?ﬂl W(Aéi)) = 0 singles out the connections which have no residue at infinity.

The next result of the thesis is the classification of all linear Takiff algebra automorphisms

that preserve the standard Lie-Poisson structure (2.0.9) on the phase space (2.0.8) (see Theorem

for a more articulated statement).

Theorem 2.0.3. Consider two elements A(X) and B(X) of the phase space (2.0.8), so that they
both have the form ([2.0.7):

Los A ™ 4(00) ko1 5~ B > (o) yho1
A(A):Z ()\_u)k+1+ZAk AT B(A) = (A_u)kﬂ"’_ZBk A
i=1 k=0 k= i=1 k=0 k=1
Then there exist parameters tg ),t(l), tn for alli=1...n, such that
B =3 AV M 4y, (2.0.10)
=k
where
(1) lof=k k! i i i
./\/l,:; = Z PP E—— (H ) . o] = Zal, w(a) = Zl -ay, (2.0.11)
w(a)=j =1 =1 =1
so the coefficients of A(X\) and B(\) have the same Poisson bracket
. . 5;BY, @ LT k+1<r N 55AY @ LT, k+1<r
{Bl(c)@)Bl(])}: ! {Al(c)®Al(])}: k+1
’ 0 k41>, ’ 0 k41>,

This result allows us to introduce extra (i.e. in addition to the positions of poles) deformation

parameters tgi) Y ,tg? ,i=1,...,n,00 for any connection belonging to the phase space (2.0.8]).

In other words, we consider families of the form

ZZ k+1+ZB(°OA’“ 1

zlkO k=1

where the elements B,(j) (4) +0)

contain explicitly the deformation parameters ¢t]”,...,t;, as prescribed



by formulae (2.0.10) and (2.0.11). The isomonodromic deformation equations will then impose
(1) (4) +(0)
k 3

a further implicit dependence of the matrices A;’ on the deformation parameters ¢;”,...,t,

and on the position of the poles ui, ..., uy,.

Remark 2.0.4. Let us stress that the class of connections we consider in this thesis are elements
of the space . This class excludes some of the Jimbo-Miwa-Ueno connections. Indeed,
our deformation parameters correspond to a subset of the Jimbo-Miwa-Ueno ones and this
correspondence is 1 : 1 only in the case of rank m = 2. For example, the famous Dubrovin’s

system

dY |4
d)\_<U+>\)Y’

where U is a diagonal n X n matriz and V € so,, is not an element of (’5:1 X @7*,00 for some
71, Teo because the diagonal elements of U are independent deformation parameters. Of course
the isomonodromic deformation equations for V as a function of ui,...,u, can be written as
a flow on a co—adjoint orbit O* of the Lie algebra so,, but not as equations for the whole
connection U + % on the product of two co—adjoint orbits as our theory dictates. To include the
Dubrovin system (and indeed all of Jimbo-Miwa-Ueno deformation parameters) in our theory,
one should either consider the extended coadjoint orbits introduced in [T}, [15] or exploit the
Laplace transform to transform the Dubrovin system to the Fuchsian one. In the latter setting,
the confluence procedure destroys semi-simplicity, therefore it is a different process from the one

considered by Cotti, Dubrovin and Guzzetti [20, [21).

This is the correct framework to study confluence of two or more poles. Indeed, we show
that the confluence cascade of » + 1 simple poles at certain positions depending on tgi), . ,t&?
gives rise to an element of the phase space which has a singularity of Poincaré rank r
and depends on tgi), .. ,tg?, i =1,...,n,00, as prescribed by formulae and .

The following theorem provides the inductive step to create the confluence cascade (we drop

the index ) for convenience).

Theorem 2.0.5. Consider an r—parameter family of connections of the following form:

" Bi(ty,ta. ..t C ‘
A= Z ]zg\l_ 2)k+1 ) + - + holomorphic terms, (2.0.12)
k=0

where by holomorphic terms we mean terms holomorphic in X — uw and X — v, and each By

10



depends on the parameters ty,...,t, as specified by (2.0.10)), (2.0.11). Assume

'
v=u+ ) tie' =u+ P(te), (2.0.13)
=1

and that we have the following asymptotic expansions as € — 0

0 =k >
O S WIS, apn =3 F AR S AR (2.0.14)
j=—r =1 =1

for some matrices Wli=k=l AU Then the limit e — 0 the connection exists and is equal to

i tl,t2 ey trn)

+ holomorphic terms,

H—l
=0
where B;’s are given by
_ . . WK 4 AR < 41
Bi(ti... ty41) ZAkM (), A= (2.0.15)
p wi—r=1l k=r41.

We prove that the confluence procedure gives a Poisson morphism on the product of co-
adjoint orbits and we calculate explicitly the confluent Hamiltonians, which define the correct

isomonodromic deformations.

Theorem 2.0.6. Let u be a pole of a connection A with Poincaré rank r, which is the result of
confluence of r simple poles with the simple pole w. Then the confluent Hamiltonians Hy, ..., H,

which correspond to the times t1,...t, are defined as follows:

H, st
H2 -1 Séu)
= (M“)) , (2.0.16)
H, st
where
st — ;%(A — u)FTrA2dA (2.0.17)
Ly

are spectral invariants of order i in u and the matriz M) is given by (2.0.11]). The Hamiltonian

11



H,, corresponding to the time u is instead given by the standard formula

1
H, = —resTrA(\)?.
2 =u

Remark 2.0.7. It is well known that the isomonodromic deformation equations are Hamilto-
nian, namely that the flow is Hamiltonian with respect to the Jimbo-Miwa-Ueno deformation
parameters, see for example [32, (51, [90]. In [32], the isomonodromy equations have been de-
scribed as integrable non-autonomous Hamiltonian systems. A symplectic fibre bundle whose
base is the Jimbo-Miwa-Ueno deformation parameters space and the fibers are certain mod-
uli spaces of unramified meromorphic connections was introduced in [15]. This approach was
extended by D. Yamakawa for any reductive Lie algebra g [92] who removed some multiplicity re-
strictions and introduced a symplectic two-form on the fibration. Following the same geometric
approach and Jimbo-Miwa-Ueno isomonodromic tau-function D. Yamakawa [93] has proven that
the isomonodromy equations of Jimbo—Miwa—Ueno is a completely integrable non-autonomous
Hamiltonian systems. He was also motivated by the quantisation theorem of Reshetikhin but he
did not try to consider the quantisation of general isomonodromy equations. Recently, Bertola
and Korotkin have derived a new Hamiltonian formulation of the Schlesinger equations (i.e. for

the Fuchsian case) in terms of the dynamical r—matriz structure.

Remark 2.0.8. The results of the theorem |2.0.9| still hold true for the autonomous systems
which are obtained by the confluence procedure from the Gaudin system. It was shown by Yu.
Chernyakov in [18] that the Poisson algebra which arises in the confluent elliptic and rational
Gaudin systems coincides with the dual Tokiff algebra equipped with the standard Lie—Poisson
bracket (in [I8] the author use the word “fission” instead of “confluence”). It also should be
noted that the same result appeared in the paper by Chervov, Falqui and Rybnikov on the limits

in the Gaudin system [25]

One of the main quantum theorems of this thesis gives a general formula for the confluent

KZ Hamiltonians with singularities of arbitrary Poincaré rank in any dimension.

Theorem 2.0.9. Consider the differential operators:

0 ~ .
Vau; :za—uj—Huj, ji=1,....n (2.0.18)

12



and

. o .
v = B =1 om0, k=1,...m (2.0.19)
at(l)
k
where the Hamiltonians ﬁuj which correspond to the positions of the poles uj, j =1...,n, and
ﬁp, . ,ﬁﬁi) which correspond to the times tgi), . t%), fori=1,...,n,00, are given by the

following elements of the universal enveloping algebra U (§,, ® -+ @ gr..):

. 1 .
H, = 5 Les TroA(N)?,

J A=u;

and

T

2 (i) Glua) A 1 )

pme | 2| | P ,slguﬂzQf(A_ui)kTroA(wdA,
Ty,

o) Lsw

where

with B®W s given by
B, D) = ST AP MU0 1)) ), Ay =YD el @ 2F,

k=3 «

and e((xo) corresponds to the quantisation of g* to g while

«

=19 Rea® - ®1.
7

where e, is chosen in some representation, with corresponding vector space V. Then the dif-

ferential operators commute
Vi, Vil = 19, V] = [V, V1) = 0,

Vis=1,....,n,5,a=1,...,n,00, k=1,....r5, Ll =1,...,7q. We call the system of differen-

13



tial equations
V0 =0, VWOW=0 = j=1,...ni=1,...,n00k=0,..r VeV,

confluent KZ equations.

Moreover, we express the isomonodromic Hamiltonians in terms of the lifted Darboux co-
ordinates and show that the quasiclassical solutions of the confluent KZ equations is expressed

via the isomonodromic 7-function.

Theorem 2.0.10. Given a solution (P,..., Py, Q1,...,Qq) of the classical isomonodromic de-

formation equations, the corresponding semi-classical solution V4. of the confluent KZ equations

hai%:Hu]\Il7 j:17...7n
and
ov ~ (i
= Oy, i=1,...n00, k=1,...,1
ot,,

evaluated along the solution (Pi,..., Py, Q1,...,Qq), admits the following WKB expansion

Uoo(Q(t), 1) ~ 75 (1+O(h), h—0. (2.0.20)

i terms of the classical isomonodromic T-function

dIn(7) := Z (Hq(fl)dul + ZH,Ei)dtl(f)> .

% k=1

The asymptotic expansion (2.0.20) is valid for uq, ..., un,, t,(j), i=1,...,n,00, k=1,...,1; in

a polydisk that does not contain the poles of the solution (Pi,..., Py, Q1,...,Qq).

This statement was mentioned in [80] for the case of the standard KZ, namely with simple
poles. We also discuss the quantisation of the reduced Darboux coordinates and provide the

quantised reduced systems in some examples.

Now we list the most of the results obtained in this thesis:

1. It was shown via a confluence procedure that the natural phase space for the irregu-

14



10.

lar isomonodromic system is given by the direct product of the co-adjoint orbits of the

corresponding Takiff algebras.

. We prove that the moduli of special Poisson automorphisms for the Takiff co-algebras

provides isomonodromic times for the irregular singularities.

. The Hamiltonians for the corresponding irregular isomonodromic deformation equations

have been written in an explicit closed form in terms of the spectral invariants.

. We provided a symplectic embedding of the co-adjoint orbit of the degree r Takiff algebra

over sl,, into the cotangent bundle of r copies of gl,,.

. In the sls case, we established a correspondence between ramification in the linear systems

of ODEs and the analogous of the nilpotent cone in the Takiff algebras.

. Using the obtained irregular Hamiltonians, we provided a candidate for the irregular

Knizhnik—Zamolodchikov system.

We extended Reshetikhin’s theorem about the semi-classical solution of the Knizhnik—

Zamolodchikov equations to the irregular case.

. For all Painlevé equations, we provide an explicit reduction procedure starting from the

co-adjoint orbits and finishing with the Darboux coordinates.

. Moreover we provide an algebraic description of the phase spaces for all Painlevé equations

using symplectic reduction.

We show that in all cases, the phase space for the Painlevé equations can be written as a

double covering of A? ramified along a (possibly rational) elliptic curve.

The results from 1 to 4 and from 6 to 8 are presented in a preprint [37] (collaboration

with M.Mazzocco and V.Rubtsov). The initial interest to the theory of the isomonodromic

deformations came from previous work on the nonlinear phenomena and asymptotical solutions

to the Painlevé equations [39] 40, [41]. The author of this thesis also studied integrability [84].

The experience in the integrable systems give rise to the work of the author on the multi-

particle Painlevé systems [38] (collaboration with V.Rubtsov) and a lot of results presented in

this thesis. The ramified case (results 5 and 8 for the Painlevé III D7, III D8 and I) will be
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part of the single author paper by the candidate. The parts 9 and 10 are work in progress in

collaboration with M. Mazzocco, V.Rubtsov and D.van Straten.
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CHAPTER 3

BACKGROUND MATERIAL

3.1 Systems of Linear differential equations, Monodromy and
Stokes phenomenon

The singularities of the solution to the system of the linear ODE’s which location depends only
on the singularities of the differential equation, and not on the Cauchy data (initial conditions),
are called fized. The fundamental solution can be easily defined away from the singularities of
the differential operator or system via the Frobenius method. The question is what happens
to the fundamental solution around the fixed singularities. Depending on the local form of
the differential equation there are few possibilities - the solution has an apparent singularity, a
regular singularity or an irregular singularity. The fundamental solution is not a single-valued
object, and defines a so-called local system. The aim of this section is to give a review of the
theory of linear differential equations on the Riemann sphere with the focus on the local and
global behaviour of the fundamental solution. The results of this section may be found in

136, 83

3.1.1 Linear systems of ODE’s, gauge equivalence and principal G-bundles

Consider linear system of the form

U= AW, (3.1.1)
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where ¥ is a m-vector function on C and A()\) is a m x m matrix function in the complex

variable A holomorphic apart from a finite set of isolated poles u1, ..., un, Uso = 00 such that
n o A(i) |
o] - 1
= l+1 - ZAr D) (3.1.2)
i=1 l:O
where A #0, fori=1,...,n,00. The number r; is called the Poincaré rank at A = u;.

Definition 1. A fundamental system of solutions of is a n x n matric V() such that

its columns form a basis of linearly independent solutions of .

Given a fundamental matrix W(\) of (3.1.1]), the general solution can be represented as
U(NC

where C' is a constant column vector.

Example 2. Suppose A(\) = Ag is a constant matriz. Then the fundamental matriz is given

by W(A) = exp (Ap)).

Example 3. Suppose A(\) = %, and Ay is a constant matriz. Then the fundamental matriz

is given by W(\) = N0, If Ay is diagonalisable and © is the matriz of its eigenvalues, then
another fundamental matriz is U(\) = GA®, where Ag = GOG™!.

The general solution of the linear system (3.1.1)) gives rise to the G-bundle with connection
over the Riemann sphere with punctures at ui,ug...un, us. Then ¥(A) € G is a section of

G-bundle over P\ {u1,us . .. Up, Us } While
A= AN)dA + 0dx € QB (P {ug, ug. . un, e}, 8) C QY P\ {ur, usg . .. Un, oo}, 9)

is a connection. Here QY(P!\ {uq,us ... upy, us}) is a set of the globally defined g-valued one-
forms, while Q(1,0)(P'\ {1, us . . . Un, too }) stands for the globally defined holomorphic g-valued
one-forms. The connection A is holomorphic on the punctured Riemann sphere. Two principal
G-bundles are equivalent if there exists a gauge transformation which sends connection of one
bundle to another. For the differential equations of the for the local equivalence may be

formulated in the following way
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Definition 4. Two systems of the above form

d
—VU =AY
d)\ () )

IS
S|~
K
Il
)
—~
=
=1

having a pole of order r + 1 zero at 0, are formally equivalent near O if there exists a formal

series

GA)=Go+ G +...
such that the transformation U = G(AN)Y¥ maps the first system into the second one, i.e.

ANGO) = GVAN) + %G(A) (3.1.3)

3.1.2 Logarithmic Singularities and Monodromy matrices

Consider a connection with simple poles only

d moooAG) .

=Y "0 ADcgl,, UeGL, 3.1.4
Such systems are called Fuchsian. Near the singular point A = u; the connection reads

AU

> _1)A®) A0 &
+ZZ(1(L‘—)W()\_uj)l+l =t RO )
1=0 k#j * "

Let us do a technical assumption that the eigenvalues of all residues A% do not differ by a
non-zero integer. Near the singularity A = u; the fundamental solution may be written in the

following form
U~V =P (1 + ng),(j)()\ - uj)k) exp {A(j) In(A — uj)} ;AW = PjA(j)Pfl,

where AU is a Jordan normal form of AW, Coefficients <Z>§€j ) are defined via recursive relation.

Locally, solution ¥; is not a single-valued function. Indeed, turning around singularity u; due
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to logarithmic behaviour of the argument of the exponent we have
,(ze*™) = \Ilj(z)e27rm(j), z2=A\—u,.

The matrix 2™ is called a local monodromy. Globally multi-valuedness has less explicit de-
scription in the terms of the local data. Let w1 (PY\{u1, ... un,00}) = (V1,72 -+ - Vs Yoo | Y172 - - - VYoo =
1), then

\Il|'Yk =UM, M= er%rm(k)G];l’

where Gy, is a transition matrix from the base-point to the neigbourhood of singularity ug. In
particular, Gy, is given by the prolognation of solution for the along the interval Z which
connects base-point with u; + €, where € is chosen in such a way, that Z do not intersect any
other singularities. Monodromy matrices provide a representation of the fundamental group in

the group G, since the following relation holds
MMy ... MMy =1, M; €G.

Moreover, the choice of the base-point provides an action of the group G on the monodromy

matrices M; via simultaneous conjugation. Finally the space of the monodromy data reads as

Mi, My, ... M | My, My... MyMs =1
M= > e /G (3.1.5)
M; € G M; ~ e2mA(”

This space is also called G-character variety and may be seen as a representation space of the

fundamental group of P!\ {uy,...uy,, o0}

3.1.3 Irregular singularities and Stokes phenomenon

We consider a principal G-bundle and a meromorphic connection with poles of arbitrary order
over P!, In other words, we consider a G-bundle with a holomorphic connection over punctured
Riemann sphere. Using the local coordinate for a pole z = A — u;, we write the system of linear

differential equations in the following form

d A,
gqj = A(Z)\II, A(Z) = Z7"+1 + o

N

. A
1+“4“£+ou% A; e g=T.G. (3.1.6)
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The number r € Z is called a Poincaré rank of singularity.

Theorem 3.1.1. Let z be a local coordinate in a neigbourhood of singularity and consider the
system of differential equations (3.1.6). In case when A, is a semi-simple, formal asymptotical

solution takes form

1A, 1A A

U ~ P(z)exp[—A(2)] 2%, P(z) = sz‘zi, A(2) R .
=0

where A; are diagonal matrices fori=0...r. In the case, when A, is not a semi-simple matriz,

local asymptotic solution may be written in a form
e .
W~ P()exp[-A()] 2, P(z) = S P,
=0

where d € Z is a least common multiple of the eigenspace dimensions for A, and A(z) is a

diagonal matriz, with a pole at z = 0.

Definition 3.1.2. The case when A, is not a semi-simple matrix called ramified.

The monodromy data nicely describes the fundamental solution of the system with regular
singularities. However, when the connection has a higher order pole, the monodromy data is
not enough to describe the behaviour of the fundamental solution. The main difficulty is that in
the case of irregular singularities there is no way to define a convergent in a disk local solution
like in the Fuchsian case. More precisely, there is only a way to define a formal local solution,
which has a zero radius of convergence, and can be used to define the asymptotic behaviour of
the solution. The main difficulty is that such asymptotic define unique solution only in some

sectors near irregular singularity, which are called Stokes sectors.

3.1.4 Geometry of the Stokes rays and Stokes sectors

The Stokes rays are oriented half lines from zero to infinity. Let 6, be the eigenvalues of A,
in (3.1.7). Let us study the equation Re[A"> (6, — 03)] = 0, where 7o, € Zy. For n distinct

eigenvalues there are n(n — 1) differences (we consider 6, — 63 to be different from 65 — 0,)

O — 05 = pexp(imdag),
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let A = o exp(mit)) then

A (0q — 0g) = opexp (iTpag + ireem)

thus why we impose
2Z+1
2

T

iﬂ¢a5 + i?’ooﬂ'wag =

that is

1 /1
¢aﬁz<2—¢aﬁ+m>7 m=20,...,2r, — 1.

T'oo
Imposing the condition on the Imaginary part we see that m can only be odd, thus we have
n(n — 1)r Stokes rays. For each j they are distant é In fact we can take m even and we
have the Stokes rays corresponding to the opposite difference. In a sector wider than %, we

have at least two Stokes rays for each couple of eigenvalues. Crossing a Stokes ray determines

a change of dominance relations

The following lemma states essentially that the sectors of validity of our actual fundamental
matrices Y can be extended to the adjacent Stokes rays (without including them). The unique-
ness of actual fundamental matrix Y having asymptotic behavior ¥; in a sector of opening

> = is due to the fact that such a sector contains ro + 1 Stokes rays.

Lemma 5. Let ¥()\) be an actual fundamental matriz of the system at oo such that
U(A) ~Wp(A) as A =00, A€ EN{|A| > N}, N € IR where ¥ is some sector of opening < 2.
Suppose that X is another sector of opening < % such that ©NY is simply connected and non—

empty and ¥ does not contain any Stokes ray, then W(N\) ~ W,(\) in as A — oo, A € TUX.

Proof. Let W()\) be an actual fundamental matrix of the system (3.1.1)) at oo such that ¥()\) ~
Up(A) as A — 00, A € 2N {[A]| > N}. Since ¥ N% # (), and it is simply connected, there
exists a constant matrix C' such that ¥(\) = U(A\)C for A € ¥NY. Thus ¥(A)C is the analytic

continuation of ¥(\) in 3. Since W(A) and W()) have the same asymptotic behavior, we have
N exp(Q) (W)€ exp(~QI AT ~ T

as A — 00, A € 2N Y. Since ¥ doesn’t contain any Stokes ray, then the dominance relations in
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3 are the same as in A € ¥ N Y, i.e. the above relation is valid in all 3. Thus

() exp(~QPI ANAH = B(N)C exp(~Q) (A)A~R™ =
()‘) exp(_Q(oo) ()\)))\_R(w) )\R(OO) eXp(Q(OO) ()\))C eXp(_Q(oo) ()\)))\—R(OO) _
(\) eXp(—Q(OO) ()\)))\—R<°°>

=K

K

ie. U(A) ~ U(A\) ~ Tp(N)in all 3.

Let us now prove uniqueness. Suppose that ¥()\) and ¥()\) are two actual fundamental
matrices of the system (3.1.1)) at oo such that W(\), ¥(A) ~ U(A) as A — oo, A € XN{|\| > N}.

Then there exists a constant matrix C such that U(\) = U(A)C, i.e.
AR exp(Q(N)C ™ exp(—QA))A™F ~ T

as A — 00, A € X as above. Now let us call ¢;(\) the entries of the diagonal matrix Q(\) and

r; the ones of R. On the matrix elements we have
exp(qi(A) — ¢;(N)z" 7 Cyj ~ L.

Thus C;; = 1 and since the sector is big enough, for each dominance relation it contains also
the opposite one. Thus C;; = 0 for ¢ # j. This proves that C' =1 and the proof of our theorem

is concluded. ]

If the sector is narrow, we have ambiguity in the choice of the true fundamental solution.

Such ambiguity is described by the so-called Stokes multipliers defined in the following theorem.

Theorem 6. Consider the system under our basic assumption that AF has a simple
spectrum and let \I/l(oo)()\),l =1,...,2ry, denote the unique 2r actual fundamental matrices
in Xy satisfying . Let the 2roo matrices Si,...,Sor,, be defined corresponding to the

intersections

Y41 =2 N Y4

by means of

V0 = NS, A€ T,
where \Ilgf,ooiﬂ = \Ilgoo) and Xor.+1 = X1. The matrices Sy, ..., are constant invertible
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matrices such that Soo =1 and Sop = 0 for all o # B such that

‘eyw (0a=05) ‘ — 00

as A — 0o along some ray in the chosen sector.

Definition 7. The matrices Sy, ..., Sor., introduced in Theorem[f are called the Stokes multi-

pliers associated to the system at 0o.

In such a way we may introduce additionaly a Stokes data for each irregular singularity.

This data extends the notion of the monodromy data for the case of the irregular singularities.

3.2 Isomonodromic deformations

The aim of this section is to provide a review of isomonodromic deformations. The correspond-

ing material can be found in [36].

3.2.1 Fuchsian systems and Schlesinger equations

Consider the Fuchsian system (3.1.4]), generalized for an arbitrary Lie group G, i.e. the system
of the equations

d nooAG . 1

—\II:Z U, Ue@ ADeg, zeP \Aui,ug, ... un}, Vi#j:ou # uy,

dz 'z —
=1

where g is the Lie algebra of G. Such system may be seen as a connection on the G-bundle
over Xo, = P!\ {u1,us,...,u,}. The monodromy map, introduced in the subsection
provides a representation of the fundamental group into the group GG, by sending each generator

of m1(Xp,,) to the corresponding monodromy matrix M;.

The isomonodromic deformation theory studies the following question: How should elements
AW depend on the position of the poles u;, such that the monodromy matrices M; do not change

during the local variation of the poles u; ¢

The answer to this question was given by L. Schlesinger [82], which may be formulated in

the following theorem.
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Theorem 3.2.1. The monodromy matrices are constant under the local variations of the posi-

tion of the poles u;, if the elements A® solve the following system of the non-linear differential

equations
HA® Mmﬂm] o
ou; — uj—u; j7i
HA® EZ[AULAUU (3:2.1)
8ui N i Uj — Uy '

The equations (3.2.1)) are called Schlesinger equations. We call the system (3.2.1)) isomon-
odromic deformation, because it preserves the monodromy matrices of the corresponding local

system.

3.2.2 Isomonodromic deformations as a compatibility condition

The results of the theorem [3.2.1] may be reformulated in the following way:

Theorem 3.2.2. Consider the following overdetermined system of the linear differential equa-

tions

Ay = A(2)¥
dz (=) Ue@
d, ¥ = B(2)¥,

where

i=1 i— ° T Wi P Z— U
Then, compatibility condition
d
dyA— —B+[A,B] =0,
dz

is equivalent to the Schlesinger equations (2.0.2)).

In a nutshell, this means that isomonodromic deformation can be seen as a flatness condition
on the extended space which is a product of the base curve X, and the configuration space
of the deformation parameters (in the Fuchsian case this extended space may be associated
with the product of the base curve and its moduli of the complex structures). For the Fuchsian

system, such flat connection may be written as

SR 0 "9
E dln(z —w;), df 8zfdz + i:E 1 o fdu

i=1
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Indeed, the flatness conditions for 2 coincides with the compatibility condition from the theorem

and, as a consequence, with the Schlesinger equations ([3.2.1]).

In the case of irregular singularities the notion of the isomonodromic deformation has to be
extended also to the Stokes data described in the subsection [3.1.3l Still such deformations can
be formulated as flatness conditions on the extended space which is a product of the base curve
Yo, and the configuration space of the deformation parameters. We give a description of the

irregular isomonodromic deformations later in the thesis, see Section [5.1

3.2.3 Painlevé equations as the isomonodromic deformations of sl; connec-
tions

In this subsection we provide a brief introduction to the Painlevé equations as the isomon-
odromic systems for the sly connections with possibly irregular singularities. The Painlevé
equations form a list of the six non-linear second order differential equations, whose general

solution defines a transcendental function. Here is the list of the Painlevé equations:

1/1 1 1 dy\? (1 1 1\ dy
Pyr: Py _ (g - |-+t —+t— )
Vit e 2<y+y—1+y—t> (dt) (t+t—1+y—t) dt

yly —1)(y —t) t t—1 tt—1)
LA 2AC i) - 5
e \“TPe T 0y )
1, 1\ (dy\> ldy (y—1)7? B
Py Ly (= —-) —== =
Ve a <2y+y—1> (dt) ra T\ MWy
+1
+7§+5y(yy_1),
d2y 1 dy 2 2 2 3,3, 4

2
2 d d
P e Z/fit%’ =1 (d?Z) — yidgz + 6t + By + ay® + 4ty

P y :2y3+ty+a,
Bty =6y’ +1,
where «, 3,7 and § are the complex numbers. All these equations may be obtained as an

isomonodromic deformation of the sly connection on P! with sum of pole orders equal to 4.

In such a way, the Painlevé VI equation is an isomonodromic deformation of the sls Fuchsian
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system with 4 poles - at 0,1,¢ and co. The other Painlevé equations are related to the connec-
tions with higher order poles. In particular, divisors of the singularities of the connections for

all Painlevé equations are given in the following table:

Painlevé VI | 0+ 1+t + o0

Painlevé V. | 0+1+2- -

Painlevé IV 0+3-0

Painlevé 111 2-04+2-

Painlevé 11 400

Painlevé 1 400

In Section we provide a systematic derivation of the all Painlevé equations except the
Painlevé VI, using a Hamiltonian description of the isomonodromic deformations for irregular
connections. The derivation of the Painlevé VI equation as a reduction of the Schlesinger

equations may be found in [6].

3.3 Symplectic and Poisson geometry, Hamiltonian group ac-
tions and Lie algebra co-adjoint orbits

The aim of this section is to provide a brief review of symplectic geometry with focus on the
moment map theory. Raised from Hamiltonian mechanics, symplectic geometry became an

important tool of the modern mathematical physics.

In this section we use following notation

K is a base field, char K = 0.

M stands for smooth (algebraic, holomorphic) variety,

e C(M) denotes the algebra of C* (resp. algebraic, holomorphic) functions on M

O stands for an adjoint orbit of a Lie algebra, O* for a co-adjoint orbit

We do not put references during the text of this section. Most of the material presented in

this section can be found in [5] [19].
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3.3.1 Adjoint and co-adjoint orbits

Consider the Lie group G with the Lie algebra g ~ T.G and its dual g*. We define by
(6,X), Xeg, O€eg

the bi-linear pairing between the Lie algebra g and its dual.

Definition 3.3.1. The adjoint action of the group G on itself is the map Ad : G x G — G
defined by
Ad(g,h) := Adgh = ghg™* (3.3.1)

Definition 3.3.2. The adjoint action of the group G on its Lie algebra g is the map ad :

G x g — g defined by

d d _
ad(g,X) :=ady(X) = Lit Ad, exp(tX)] = [dt(gexp(tX)g 1) , Xeg, g€eq,
t=0 t=0

(3.3.2)

here exp is an exponential map from the Lie algebra to the Lie group.

Definition 3.3.3. The co-adjoint action of the group G on the dual of its Lie algebra is the

map ad* : G x g* — g* defined in such way, that

(ad}©, X) = (0, ad, X). (3.3.3)

The maps defined above are related in the following way - ad is a differential of the map
Ad, ad”* is the categorical dual to ad. The orbits of the adjoint and co-adjoint actions are quite

important objects which defined as

Definition 3.3.4. The adjoint orbit of the element X € g is defined as
OX)={Y eg|dgeG: ady(X)=Y} (3.3.4)
The co-adjoint orbit of the element A € g* is defined as

0*(A)={® € g*|Fg € G : ad}(©) = A}
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One of the most important example is the case of the Lie group GL,,. The Lie algebra gl,,
is just an algebra of the matrices of size n. Moreover, there exists a Killing form, given by the
trace of matrix product

K(X,Y)=Tr(XY), X,Yegl,

which allows to identify gl with gl,. Then both adjoint and co-adjoin action are given by
conjugation

ady X = gXg~ ', ady © = ¢ 'Og.

Orbits in gl, are classified by the Jordan normal form. The orbit is called semi-simple if it

contains a diagonal matrix with distinct eigenvalues 6; # 0;.

3.3.2 Poisson Algebras

The notion of a Poisson algebra originates from Hamiltonian mechanics. In Hamiltonian me-
chanics such algebras arise as a coordinate ring of the cotangent bundle to R™ and in fact are
given by the inversion of the canonical symplectic structure. However, a Poisson algebra is an

algebraic object which can be formulated intrinsically.

Definition 3.3.5. A commutative algebra (A, -) equipped with skew-symmetric bi-linear pair-

ing {,}:Ax A— Ais called Poisson algebra if

1. (A,{,}) is a Lie algebra

2. {,} is a derivation satisfying Leibniz rule {z -y, z} = {z,z} -y + = - {y, z}

The bracket {,} is called a Poisson bracket on A. In other words, the bracket {,} defines a

Poisson structure on the commutative algebra A.

Example 3.3.6. Consider the algebra A = C*°(R?) of smooth functions of two variables p and

g in R2. Define a Poisson bracket as

(f }_ﬁ@_ﬂ@
9= 9g0p  dpog

This is an example of the oo-dimensional Poisson algebra.
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Example 3.3.7. More general, consider the algebra of smooth functions of n variables x1, zo, . .. Zy.

Consider (2,0) skew-tensor 7%/, satisfying

Otk ot Ok
e Ik li -0
zl: (W 8.%'1 T 83?1 T 8331 ) ’

defines a Poisson bracket

. (‘)f 89

This example gives rise to the notion of the Poisson manifold.
Definition 3.3.8. A Poisson manifold M is a (smooth, algebraic, etc.) manifold with a bivector
(2,0 skew-tensor field) © € A2[(T'M), s.t.

[, @] = 0,

where [[-,]] is a superalgebra structure on the exterior algebra of polyvector fields on M. The

Poisson bracket is given by

{f, 9} = (df ANdg,)

Example 3.3.9. For the ring of polynomials C[z,y, z] the following bracket

{z,y} =2 Ay,z} =2, {zz}=y,

defines a Poisson structure.

Example 3.3.10. Consider an affine surface in C? given by the equation P(z,y,z) = 0 for

x,y,z € C3. Then the following bracket

oP oP oP
{l’,y}—g, {yﬂz}_%? {va}_aiya

defines a Poisson bracket. Example corresponds to P(z,y,z) = %(m2 + % + 22) + const.
Introduced Poisson structure is the particular example of the more general structure called
Nambu bracket. Nambu bracket can be defined on any algebraic variety and gives a Poisson

bracket for the algebraic surfaces.

Example 3.3.11. The algebra of functions C(M) of any symplectic manifold is a Poisson
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algebra. We consider this example in more details in the next section.

3.3.3 Symplectic geometry

In this subsection we provide a basic definitions of symplectic geometry.

Definition 3.3.12. A symplectic manifold is a pair (M,w) where M is an even dimensional
(smooth, algebraic etc.) manifold and w is a globally defined (nowhere vanishing) closed differ-

ential two form.

Example 3.3.13. In classical mechanics the most natural symplectic manifold is the cotangent
bundle of R™, which provides a basic example of canonical coordinates. In general, the cotangent
bundle to any smooth manifold is a symplectic manifold. The symplectic form in that case is
given by differential of the so called Liouville form (or tautological one-form) p € QY(T*M) :

w = dp. The tautological one-form is defined in the following way
(p,v)(m) = (p,dmm(v)), m=(p,x)eT*M, xzeM, veT,(T*M),

and dm,, is a pushforward of the projection map 7 : T*M — M at the point m.

Example 3.3.14. Consider C™ with coordinates z1, 2o, ... z,, then the standard symplectic

form on C" reads
n
w = Z dz; N\ dz;.
i=1

Example 3.3.15. Consider a non-singular closed algebraic surface in R? given by the equation

P(x,y,z) =0, then symplectic form is given by

Y dy Adz L dxAdy+dzAda:
- OP/ox 0P|z = OP/dy

In case when P(x,y,2) = 22 + y% + 22 — R%, where R is a constant non-zero real number, we
have a family of the symplectic manifolds parametrized by R. Each member of this family is a

symplectic leaf of the Poisson structure from example [3.3.9

The existence of symplectic form allows to construct vector fields from the globally de-

fined functions on the manifold. Indeed, for each globally defined function f € C(M) we may
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canonically associate a vector field Xy, such that

w(Xys,)(p) = —df(p), peM

In general, the converse is not true - there is no canonical way to associate a function to an
arbitrary vector field. The set of vector fields which are generated by a function are called
Hamiltonian vector fields, while the associated function is called Hamiltonian. As a conse-

quence, we get a Poisson structure on C(M) given by

{fi9}(p) = w(Xs, Xg)(p), pEM

3.3.4 Haniltonian group actions

Let G be a Lie group which acts on (M,w) by symplectomorphisms - such that that symplectic

form is invariant under this action

GxM — M
;o Pplw) =w
(gam) - ¢g(m>

For each element ¢ of the Lie algebra g of G' we may associate a vector field X¢, which can be

defined at point p € M by the following rule

The group action is called Hamiltonian if for each § € g exists he € C(M) such that

w(Xe, ) = —dhg

In the case of the Hamiltonian action we have a map

h: g — C(M) (3.35)
f — hg
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The map h is called co-moment map. The symplectic manifold (M,w) with Hamiltonian G
action is called Hamiltonian G-space (M,w,G). In further text, we will use the brief notation

M for Hamiltonian G-space (M,w, G, h)

Proposition 3.3.16. If f is a G-invariant function, i.e. f(gom) = f(m), then, for each { € g

he, Poisson commutes with f.

Proof.
{h&, f} = w(Xf,Xf) = ngf =0

since f is invariant under the G action, so it is invariant under the infinetisimal action. O

3.3.5 Moment map

Consider the dual map to h
h*: (C(M))" — g

The dual space (C(M))* is not nicely defined, but we may think about M as a subspace of

(C(M))*. Indeed, we have an evaluation map

eval: C(M)x M — K,
(fym) — f(m).

The evaluation map is a linear map on the C(M), so it defines a pairing between C(M) and M.

This means that M C (C(M))*. Restricting h* to M we obtain a map

w: M — g*

such that

The map p is called a moment map.

Theorem 3.3.17. Let H be a G-invariant function, then the moment map p is the constant

of motion for the system of ODEs defined by the Hamiltonian vector field with Hamiltonian H
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Proof. Since H is G-invariant, we have

d
—he ={he, H} =
dt f { 5’ } 07

for an arbitrary £ € g. On the other hand

d d

Since £ is arbitrary we finally have
d

at =

The moment map p is called equivariant if the following diagram is commutative
M—r g
go Ad;71 o

M—t g

which means that p(g o m) = Adj_, ou(m), where Ad stands for the coadjoint action of Lie

group G on the g*. The thing is that in general case, the map h : g — C(M) is not a Lie

algebra homomorphism, but the equivariance of the moment map gives us this property.

Theorem 3.3.18. If u is an equivariant moment map from Hamiltonian G-space M to Lie

coalgebra g* then the comoment map (W = h: g — C(M)) is a Lie algebra homomorphism,

i.e.

WX, YT) = {h(X), h(Y)}.

Remark 3.3.19. The map h may be defined up to the addition of constant to the Hamiltonian

he. This choice is not arbitrary since we want the Jacobi identity for the image of h, which

requires this constant to be a 2-cocycle.

Example 3.3.20. Consider C" and with U(1)*" action

(tl,tg, .. .tn) . (21,22, e Zn) = (tlzl,tQZQ, .. .tnzn), t; € U(l)
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This action is symplectic with the following moment map

=)= Jaf
=1

3.3.6 Lie—Poisson bracket

There is a way to define a Poisson structure on g*, which means that the space of functions on
g~ is equipped with Poisson bracket. This Poisson bracket is a tautological lift of the initial Lie

algebra structure to the coordinatee ring of g*. Consider a Taylor expansion of a function
f:a7=C, ©cg", flo=[f(O)+df(O)+...
Since df is a linear function on g*, there is a canonical way to embed it into g. Then Lie—Poisson
bracket defined as follows
{}: C=(g") x C=(g") = C=(g")

(3.3.6)
{f,91(©) = (O, [df,dd]|e)

Here | underlines that differentials are taken from the expansion at ©.

Example 3.3.21. Consider gl};. For each basis element F;; we associate a linear function
fij(A) = (EijA) = Tr(Ei;A).
The Lie—Poisson bracket is given by
{figs fe} = S fir — din fij
This bracket is degenerated since for any function g we have

{g,det || fi]|} = 0.

More generally, let g be spanned by X1, Xs...X,, as a vector space. The Lie algebra structure
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is given by the structure constants
n
[Xa, Xp] =) CLX,,.
i=1
Now let F,, € C*(g*) is given by
Fa<@> = <@7Xa>

Then the Lie-Poisson bracket given by

n
{Fa,Fg} =Y ClF,.
i=1
Therefore it define a Lie algebra homomorphism.

This Poisson structure for the dual of the Lie algebra is always degenerated (at least because
not every Lie Algebra is even dimensional). The question is what are the Casimirs of the Lie-
Poisson bracket? The answer is contained in the following theorem by Kostant, Kirillov and

Souriau.

Theorem 3.3.22. Invariant functions of the co-adjoint action ad* of the group G are Casimirs

of the Lie-Poisson bracket.
Corollary 8. The co-adjoint orbits are symplectic leaves of the Lie-Poisson bracket.

Example 3.3.23. For the Lie algebra sly, the dual s[5 is isomorphic to algebra itself. We

choose following basis

for sly so each element A of sl is given as a linear combination - A = Ayh + Ace+ Asf. And

we have that

Fyp(A) =24, F.(A)=A4;, Fy(A) = A..

This gives an opportunity to endow sturucture ring of g* which is C[Aj, Ay, A.] with the
stucture of the Poisson algebra. Indeed, we treat coefficients A, Ay and A, as a coordinates

in g*, i.e. we associate these variables with the generators of the structure ring of g* which is
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C[Ap, Af, Ac]. On the other hand, we introduce Poisson algebra structure via

(An, Acy ={F/2, Fy}(A) = Fy(A) = A,
{An, Ay} ={Fn/2, Fe}(A) = —Fe(A) = — Ay (3.3.7)
{Afv Ae} :{Fe’ Ff}(A) = Fh(A) = 2Ap.

The invariant functions are traces of powers, the only non-trivial independent one is Tr(A?).

Since that the co-adjoint orbits are affine conics given by the equation
1 A =A2 - A A
9 Tr(A%) = 4, — Ac F=09,

where 6 is a constant. For a generic non-zero value of 6, the co-adjoint orbits are smooth affine
varieties. In the case when 6 = 0, there is a singularity which corresponds to trivial element of
sl5. The obtained symplectic manifold allows an explicit bi-rational Darboux parametrization

(since any smooth conic is a rational curve), which is given by

Ap=pq—0, A.=—-ppg—20), A;y=gq, w=dpAdg.

There is another useful definition of the Lie-Poisson bracket that will be used in this thesis

3.3.7 Symplectic reduction

The moment map allows to use a symmetry to reduce the degrees of freedom of the initial
dynamical system. This procedure is called symplectic reduction. One the central theorems

regarding symplectic reduction is the following Marsden-Weinstein theorem

Theorem 3.3.24. (Marsden-Weinstein [67]) Let G be a compact Lie group. Let (M,w,G) be
a Hamiltonian G-space with moment map p. Define i : p=1(0) — M to be the inclusion map.

Assume that G acts freely and properly on p=1(0). Then

e the orbit space Myeq = = 1(0)/G is a manifold,
o 7 H0) = Myeq is a principal G-bundle, where 7 is a quotient map,

e there is a symplectic form wreq 0n Myeq Satisfying tew = Tylred -
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Definition 3.3.25. The symplectic manifold (M;eq,wreq) is called a Marsden-Weinstein re-
duction of (M,w) with the group G and moment map p. We use the following notation for
symplectic quotient

(Myed, wreqd) = M ) G := u~1(0)/G. (3.3.8)

The choice of zero-level of the moment map is crucial for the Marsden-Weinstein quotient.
Indeed, since the stabilizer of zero coincides with the whole Lie group, the reduced space
dimension is minimal. However, a lot of different interesting examples requires to consider a
non-zero level set of the moment map. There is a way to fix this problem and to consider a
non-trivial level set of the moment map. To put this case into the Marsden-Weinstein theory
we have to extend the phase space in the following way. Let (Mi,wi,G) and (Ms,ws, G) are
Hamiltonian G-spaces with the moment maps 1 and pe. Consider the direct product My x Mo

as a symplectic space with the diagonal G-action, i.e.

G><(M1><M2) — My x My
by o (mi,ma) = (857 (m1), 857 (my))

where qﬁgi) is action of G on M;. From that point we use the following notation for any group
action ¢4(p) = g op. Now we want to construct symplectic form on the space My x My = M
using pullbacks of symplectic forms w; and wsy. Let Q°*(M;) be a set of the all globally defined

differential forms on the manifold M;, then

]V[l X ]\/[2 ]\41 X AIQ

7N /\

Consider the following 2-form on M

M,

w = )\17‘(‘1(0,)1 + )\27‘(‘5(4)2 = M\ @71 + \ata (3.3.9)

where W; is just a notation for the pull-back.

Proposition 3.3.26. The differential form defines a symplectic form on M if (A1, A2) €
(R*)?
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Proof. The closedness of (3.3.9) is obvious, the condition on A provides the non-degeneracy. [

It is also easy to see, that (M,w) is symplectic G-space with moment map given by

p(mi, ma) = Arpr(ma) + Aapa(ma).

The Marsden-Weinstein reduction in that case takes form

M) G=p'(0)/G

and 1~1(0) is the locus in M given by equation

A
pi(ma) = —)\*2#2(7@)
1
Let us consider the following diagrams
Mt ) —2 5 M)G Q* (M)~ Qo1 (0) <2 QoM ) @),

where p is the quotient map and i is the inclusion map. According to the Marsden-Weinstein
theorem symplectic form wyeq on the space M // G is uniquely defined and the following relation
holds

= *
W=D Wred-

Using this construction we now handle the non-zero level reduction for a symplectic G-manifold
M and the co-adjoint orbit O of G-action on it’s Lie coalgebra equipped with Kirillov-Konstant-

Souriau symplectic structure. If we consider M x O with symplectic form
w = W1 + WKKS,
but the diagonal action is twisted in the following way
go(z,8)=(gom,g ' o) = (goux, Ady1¢),

in order to satisfy the equivariance property of the moment map. In such situation the Marsden-
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Weinstenin reduction leads to
MxO/)G=p10)/G={(z,) e M x O: pi(z) =€} /G, (3.3.10)

because the moment map on the co-adjoint orbit is the identity map. The reduced space may

be viewed as M JJo G = uy *(0)/G. Here we provide an example of such reduction.
Example 3.3.27. Let g = T.G be a Lie algebra of the group G, consider M = T*g which we
identify with g ® g using a Killing form on g. The natural symplectic form is given by

w=Tr(dP AdQ),

where P and @) are coordinates on the direct sum g @® g. If we consider the Ad-action of G on

M, the equivariant moment map takes form

Let’s choose the (co)-adjoint orbit O of the element py € g* = g. Let’s consider symplectic
quotient (3.3.10) at the point, where @ is diagonal (this point is always on the orbit if @ is
the matrix of full rank with distinct eigenvalues; the transformation is just conjugation by the

transition matrix C' of eigenbasis for @)). Resolving the moment map relation we get that

Sy
Pz'j=pi52'j+(1—5ij)q' Jq, S = Adg-1 o pyp.
7 — 4

The symplectic form on the reduced space writes as

w=Y_dpi Adg; + Tr(pedCC™' AdCC™).

(2

The last term is nothing but the Kirillov-Konstant-Souriau symplectic form. If g = gl, then

the Poisson brackets on the reduced space take form
{pi,pi} =14, 4} = {pi» Sk} = {¢i, S} =0, {pis a5} = 0ij,  {Sij, Sk} = kS — duSkj-
For example, such coordinates gives spin Calogero-Moser system [42] as a Hamiltonian reduction
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of the following free Hamiltonian

H = Tr(P?/2),
which writes in reduced coordinates as
n
moy oy SuSi
=1 i<j (4 = 4)

We also have to mention that the requirement for the Lie group to be compact may be also

omitted. Such generalization is known as Marsden-Weinstein-Meyer theorem

Theorem 3.3.28. (Marsden-Weinstein-Meyer [68]) Let G be a Lie group which acts on a
symplectic manifold (M,w) in a Hamiltonian way with the moment map p : M — g*. Let
n € g* be a fived point of the co-adjoint action. If the action of G on u='(n) is free and proper,

then

o The symplectic reduction Myeqa = M [, G := pu~ (1) /G is a smooth manifold,
o m:pu t(n) = Mpeq is a principal G bundle,

o There exists unique symplectic form wpeq on Myieq Satisfying i,w = TiWreq, where i :
p () — M is embedding of the level set of the moment map to initial symplectic mani-

fold.

In this thesis we mostly will deal with reduction with respect to the non-compact Lie group
(usually SL,(C)). During the further text we assume that we use Marsden-Weinstein-Meyer

theorem to justify obtained results.
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CHAPTER 4

HAMILTONIAN DESCRIPTION OF THE SCHLESINGER
EQUATIONS

4.1 Takiff Algebras

The Takiff algebra g, of the Lie algebra g is the Lie algebra of polynomials of fixed degree r in

the auxiliary variable z € C with the following Lie bracket

r 7

T T

ZAiZi’Zszj = Z Z[AuBz—j] Zi. (411)
i=0 j=0 i=0 \ j=0

Definition 4.1.1. [87,[77] The Takiff algebra §, is a double quotient of the loop algebra g[z, 2]

by the Lie algebra ideals g[z—1] and 2" "1g[z], i.e
g = (glz, 27 /a7 /2 g2

Because the Takiff algebras are deeply connected with the loop algebras, we will also call
such algebras as the truncated loop algebras or truncated current algebras. The variable z is
usually called the spectral parameter and, as we will illustrate here below, it’s degrees induce
a grading on the Takiff algebra. In the case when g has an invariant non-degenerate bi-linear

form, we may define the co-algebra g in the following way

6 = olz] /=gl = {A<z> () = S+ 22 v 9}-
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The pairing between g, and g} is given by the residue formula

(A,B) = QLM ?{Tr(AB)dz =) TrA;B;. (4.1.2)
g1 i=0

Let us assume that the Lie algebra g has a basis X7, Xo,... X, such that
[Xi, X;] = C Xe,  (Xi, X;) = by,
then for the truncated loop algebra g, we have the following basis and structure equations

ijXk,a—&-Bv atB<r

0 a+pB>r.
For the dual algebra gr we use the following basis
X=Xz (X X)) = 0y,
so the pairing for the truncated loop algebra is given by
(X", X 5) = bap (X', Xj) = Gagdi.

The details about Takiff algebras or truncated current algebras and it’s standard Lie—Poisson
bracket may be found in [31] (see part 2, chap. 4 §1). In the next sub-section we recall the

essentials of this construction.

4.1.1 Standard Lie—Poisson bracket for the Takiff algebras

The coadjoint orbits O* are symplectic leaves of the standard Lie—Poisson structure on g*. The
vector fields on O* may be identified with the elements of Lie algebra g and the symplectic
form takes form

WKKS(Xv Y)(L) = _<La [X7 Y]>
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Following [31], we now describe the standard Lie—Poisson structure on the dual g} of the Takiff

algebra. Let’s consider the following element of the coadjoint orbit

AZZij}Zf%deiEﬂ%

a=1 1

The coefficients A, ; are functions on the coadjoint orbit, with dA,; = X;, so that the

standard Lie—Poisson bracket is given by

~ClAaipp, atf<r

{Aa,ia Aﬁ,j} = _<A> [Xi,aan,BD = _<Av CzijkzOH_ﬁ) = (4'1'3)

0 a4+ B>r.

This is a graded Poisson structure of degree 1, and the Takiff co-algebra inherits the grading;:
r . . . . .
o =P, {a e} c o,
i=0

where g = {A = ;‘—le

A; € g*}. The same grading is induced to the co-adjoint orbit @,’f

Example 4.1.2. In the case when g is gl,, we have the following Poisson structure

A 5 — (A 5
[(Aa)s (Agyay = { Aore?itiv = Aasslisduerp<r (4.1.4)
0 a+pf>r,

which may be written in the r-matrix form

—, Apy g @I a+8<r
{Aa® Ap} = I e &1 o (4.1.5)

0 a+pB>r,
where {® } stands for Leningrad bracket, which is given by
{F@? G}5 = {Fa,Gs}

Takiff algebras, in a nutshell, are very special finite graded Lie algebras. The main feature of
such Lie algebras is that there is a way to do computations without using any representation,

but working with Lie algebra valued polynomials. Such constructions arise widely in the theory
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of integrable systems with spectral parameter. Instead of using quite universal, but extremely
rough approach which treats Lax matrix as an element of the loop algebra, sometimes it is
useful to consider the Lax matrix as evaluation morphism from a direct product of the co-
adjoint orbits of Takiff algebras to the loop algebra. Moreover, Takiff algebras also include the
Lie algebras as a particular case. Here we mean that go is isomorphic to g (isomorphism is

obvious).

4.2 Lifted Darboux coordinates

One of the first attempts to study the general isomonodromic and isospectral systems with
spectral parameter as the Hamiltonian systems was made by Adams, Harnad, Hurtubise and
Previato in the series of works [I, 2, 3]. In these papers the authors heavily use moment
map theory and introduced a way to write down isomonodromic and isospectral systems as
unreduced Hamiltonian systems on the cotangent bundle to ®;_;gl,,.Here unreduced means
that such description inherits a great number of symmetries. However, their approach allows to
work with Darboux coordinates initially, which gives an opportunity to do explicit computations

in a sense of the classical mechanics.

The concept introduced by Adams, Harnad, Hurtubise and Previato may be formulated
disregarding integrable systems theory. In a nutshell, the concept of lifted Darbouz coordinates
gives a Darboux parametrisation of the Lie-Poisson bracket. The approach introduced in orig-
inal papers [3] doesn’t cover a case of Takiff algebras, so it is valid only for Fuchsian/Gaudin
systems. In order to cover irregular systems, authors used Laplace transform from Dubrovin

type systems

iY: <U+V>Y,
dz z

which deformation may be formulated in terms of the co-adjoint orbits of Lie algebra so,. In
this thesis we expand the lifted Darboux coordinates to the case of Takiff algebras in order
to give full description for irregular isomonodromic deformations obtained as a confluence of
the simple poles. In this section we do a review of the results by Adams, Harnad, Hurtubise
and Previato for the case of the Lie algebra gl,,. One of the key results of this theory may be

formulated in the following proposition
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Proposition 4.2.1. [3] Consider the canonical symplectic structure on T*gl,,:

w=Tr(dPAdQ) = ) dP;AdQy. (4.2.1)
i,j=1
Let
A=QP, (4.2.2)

where we use the ring structure of gl,, to justify the multiplication of the Q) and P. Then A

satisfies the standard Lie—Poisson bracket for gl,,. Moreover, the the entries of the matrix
A= PQ (4.2.3)

commutes with the entries of (4.2.2) with respect to the Poisson bracket induced by (4.2.1))

Proof. The Poisson bracket which corresponds to the symplectic form in (4.2.1)) may be written

in the following way

{PoQ} =T {PoP}={QuQ}=0,

where II is a permutation matrix. Computing the Leningrad bracket for A with itself, we get

{A© A} = {(QPOQP} = (Q©D{P®Q}(1® P) + 10 Q){Q® P}(P o) =

= Qe DI P) - IeQIP ) = [L,IeQP] = [III A

As we wanted to prove. Now let us compute bracket between A and A

{Ag A} = {QPe PQ} = {Q PYPo (e Q) + (QeI® P){PeQ)

=HPDNI®Q)- QNI PI=IIPDIxQ)-I(PaI)(I®Q)=0.

O]

Definition 4.2.2. We call T*gl,,, extended phase space and the canonical coordinates P, Q lifted

Darbouz coordinates.

The provided straightforward proof has a very nice interpretation via commuting Hamilto-
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nian group actions. The space T*gl,, ~ gl,, x gl,, carries two natural commuting symplectic
actions of GL,, which we call inner and outer:

g x (P,Q)=(9P,Qg™Y), h x (P,Q)=(Ph,h1Q), h,g € GLy,. (4.2.4)

inner outer

Lemma 4.2.3. These inner and outer actions are Hamiltonian with equivariant moment maps
given by
Hinner - T*g[m — O* (g[m) Houter - T*g[m % (g[m)

. (4.2.5)
(P,Q)— A= PQ (P,Q)— A=QP

This lemma makes computations trivial. Indeed, equivariant moment map is a symplec-
tomorphism to the co-adjoint orbit, which proves that symplectic form on T*gl,, induces Lie-
Poisson structure on A and A. Moreover, moment maps of the commuting actions Poisson

commute, which proves that {A® A} = 0.

Let us restrict to the open affine subset of T*gl,,, where at least one of the two matrices @

and P is invertible. For example ). Then, resolving the moment map for A we obtain
P=AQ7', A=QP=QAQ "

As a consequence, A and A belong to the same co-adjoint orbit. Since the inner and outer
actions commute, A is invariant under the inner action, while A is invariant under the outer
action. Therefore we use the inner group action to fix A in a Jordan normal form without
changing A. In other words, we take the Jordan normal form Ag of A and select A = Ag. This
gives

T*g[m/</ G = Hipper (M0) /G,
0

here we denote by / the quotient with respect to the inner action of GL,, on T*gl,,. We may
Ao
resume these results in the following;:

Lemma 4.2.4. The map
T*gl,, / Ginner — o
Ao

(Q,P) — A:=QP
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is a rational symplectomorphism and the Jordan normal form Ag of A is given by

Ao = PQ.

Remark 4.2.5. When A is a full-rank matriz, both P and QQ must be invertible. So we may
embed (P, Q) into the group G Ly, and P and Q) can be seen as left and right eigenvector matrices
for the matriz A. In the case when A may be diagonilized, the action of the Cartan torus (i.e.
the stabilizer of A) leads to a well known fact from linear algebra - the eigenvectors are defined
up to multiplication by non-zero constant. When A is not a full-rank matriz, we may choose
Q to be an invertible matriz (so it may be viewed as an element of GL,,). Then the rank of P
must equal to the rank of A. Then the moment map A will inherit the rank of A automatically.

Since P in this case not invertible, the reduced coordinates take the form
P=AQ ', A=QAQ !, detA=detA=detP =0.

This means that instead of considering T*gl,, as lifted space, we could take T*G L, > (Q, AQ™1).
Such consideration is closely related to the approach introduced in [11)]. However, this approach
1s not very useful for our purposes, since we wish to work with polynomial unreduced parametri-

sation, rather then rational.

Remark 4.2.6. In the case when we consider g to be any reductive Lie algebra and A € g*,
then we expect that Lemma is still valid if we fix the value A of the moment map in g*
and Q and P (or just Q in the case of degenerate orbit) as the elements from the corresponding

Lie group G.
4.3 Hamiltonian approach to the isomonodromic deformations
of Fuchsian systems

In this section we summarize known facts about Fuchsian systems. The aim of this section is
to review the Poisson and symplectic aspects of the deformation equations for connections over

the n 4 1-holed sphere with simple poles at punctures. Starting from the linear system with
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simple poles at A = uq, ..., uy, 00,

d mooA@ 4

2= . . ) —

d)\\lf = ;1 3o ui\I/, A€ Xont1, uwiFuj, VYed, AYeg:=T.QG, (4.3.1)
we consider the following matrix-valued 1-form

Q= (d,W)T", AT =) 9, Tdu,. (4.3.2)

7

Since we consider only isomonodromic deformations, i.e. dM; = 0, the form €2 is a single-valued
meromorphic 1-form with possible singularities at u;’s. Using the local solutions of (4.3.1)) in
the neighbourhood of the poles w;’s and applying Liouville theorem this form may be written

as

A
Q=->" du;. (4.3.3)

- )\—ui
7

The compatibility condition for (4.3.1) and (4.3.2)) (zero-curvature equation)

d
dyA——Q+[A4,9Q] =0, 4.3.4
0+4,9) (4.34)
gives the Schlesinger equations
. L dug — du
d, AW = Z[A(Z),A(J)]u‘ (4.3.5)
i it

Schlesinger equations have

4.3.1 Phase space

The Schlesinger equations are Hamiltonian, with the natural phase space given by the direct

product of co-adjoint orbits which are symplectic leaves of the standard Lie-Poisson bracket:
<A<1>,A<2>, N .A(”)> COIXO5x - x OF.

In case when g is a Lie algebra with a non-degenerate bi-linear form (i.e. Killing form), we

may identify the co-adjoint orbits with the adjoint orbits. The Poisson brackets then may be
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written as

I

{40840 — 5,10 40] = {aD AP} = —6, > x40 (4.3.6)
Y

where the lower indices «, 8 and  correspond to the Lie co-algebra basis, XZY 5 are the structure
constants of the Lie algebra and 2 is a quadratic Casimir element. In the case of gl,,, it acts as
a permutation operator, i.e.

II(A® B)Il = B® A.

In the case of a Lie algebra which allows orthogonal with respect to Killing form basis e,

quadratic Casimir II writes as

1= Zea ® eq, @:=span{eq,a € I).
acl

Such bracket may be rewritten as an r-matrix bracket for the connection, i.e.

(AN ® A(u)} = [AE[M,A(Z) @HH@A(M)} (4.3.7)

)

The isomonodromic Hamiltonians for the Schlesinger equations are

A(N)?2 Tr(A® AG)
Hy = Res Te 27 _ ) THAAY) (4.3.8)
A=u; 2 — U; — Uy
JF#i
The Schlesinger equations can be reduced, for example in the case of n = 3 sls co-adjoint orbits,
their reduction is the Painlevé VI equation which is non-autonomous Hamiltonian system with

1 degree of freedom.

In the case of any number n of co-adjoint orbits, the fully reduced dimension can be com-
puted using the spectral type technique introduced by Katz [59]. In case when A®)’s and A(>)
are semi-simple, the spectral type approach gives the formula for the dimension of the fully

reduced phase space as a function of the eigenvalues multiplicities of the residues [59]

n loo
N=2—(1-n)m®=> > (m)> =Y (m) (4.3.9)
i=1 j=1 Jj=1

Z’.

where [; is a cardinality of the set of eigenvalues for the residue A® and m;

is the multiplicity
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of the j-th eigenvalue of the residue A(). The fully reduced systems may be seen as a reduction

with respect to the additional Fuchs condition:

> AW = —Al), (4.3.10)
1=1

On the other hand this relation may be viewed as a moment map of the gauge group action
via constant matrix (i.e. gauge doesn’t depend in z) and A is a constant of motion for the

Schlesinger equations.

From the point of view the symplectic reduction Katz formula may be rewritten in the

following way

N =) dimO; - dim G — stab O}, (4.3.11)
=1

where stab Of is the dimension of the stabilizer for the Jordan form of the residue at oo.
When A(*) is the element of the co-adjoint orbit of the general form (regular), we have that

stab 0%, = dim b, so the formula simplifies to

N =) dimO; - dim G — dimb.

=1

For example, in the case of the Painlevé VI equation we deal with the coadjoint orbits of the

5l3(C). In the general situation formula (4.3.11)) gives
N = 3-dim Oy, — dim(SLy) — dimby, =3-2—3—1 =2,

which is exactly the dimension of the phase space for the Painlevé VI equation. In some sense
the multiplicity of the eigenvalues tells us that the Jordan form may be written as the tensor
product of identity matrices of sizes corresponding to the the multiplicities. The stabilizer of
such matrix is a set of the block diagonal matrices, so the dimension is greater then the dimen-

sion of the Cartan torus and finally we obtain the smaller phase space.

Our first goal is to describe this full reduction as a Hamiltonian reduction and a Marsden-
Weinstein quotient. To this aim, we will need first to extend the phase space to T*gl,, and

show that the Darboux coordinates on this cotangent bundle reduced to the Kirillov-Kostant-
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Souriau form on the co-adjoint orbits. We will then discuss how the invariants of the co-adjoint
orbits correspond to moment maps with respect to different Hamiltonian group actions on the

extended phase space.

4.3.2 Extended phase space and its Darboux coordinates

In this subsection, we start by working locally, namely we restrict to the case of a single co-
adjoint orbit O* of gl,,, and identify gl with gl,, via Killing form. In the last part of this

subsection we extend to the product of n co-adjoint orbits.

We consider T*gl,, with the standard Darboux coordinates (@, P) and the canonical sym-
plectic structure:
w=Tr(dPAdQ) =) dP; AdQj:. (4.3.12)
1,J
Following [3], 1, 2], we explain how to obtain the standard Lie-Poisson bracket on
g* as Marsden—Weinstein reduction of the Poisson structure on T*gl,,. There is a direct way

to see this reduction by a straightforward computation (see [53]), that, in a nutshell, coincides

with the proposition

Definition 4.3.1. We call T*gl,,, extended phase space and the canonical coordinates P, Q lifted

Darbour coordinates.

To restrict ourself to the co-adjoint orbit we have to fix invariants of the co—adjoint actions,
i.e. the Jordan form of matrix QP = A. Such procedure leads to some additional non-linear
equations for the entries of Q and P, and there is no hope to derive the explicit symplectic
structure on the co-adjoint orbit from such a perspective. Therefore, we follow the construction

of [3] to obtain the co-adjoint orbits via Hamiltonian reduction.

The space T™gl,,, ~ gl,, x gl,,, carries two natural commuting symplectic actions of GL,,

which we call inner and outer:

g x (P,Q)=(9P,Qy™ "), h x (P,Q)=(Ph,h'Q), h,g € GLy,. (4.3.13)

inner outer

Lemma 4.3.2. These inner and outer actions are Hamiltonian with equivariant moment maps
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given by
Hinner - T*glm — 9[21 Houter - T*g[m — 9[;1

. (4.3.14)

Let us restrict to the open affine subset of T*gl,,, where at least one of the two matrices @

and P is invertible. For example ). Then, resolving the moment map for A we obtain
P=AQ7!, A=QP=QAQ "

As a consequence, A and A belong to the same co-adjoint orbit.

Since the inner and outer actions commute, A is invariant under the inner action, while A is
invariant under the outer action. Therefore we use the inner group action to fix A in a Jordan
normal form without changing A. In other words, we take the Jordan normal form Ay of A and

select A = Ag. This gives

T*El[mK/ G = e (D0) /G,
0

here we denote by // the quotient with respect to the inner action of GL,, on T*gl,,. We may
Ao
resume these results in the following:

Lemma 4.3.3. The map
T*g[m // Ginner — o~
Ao
(@QP) = A=QP

is a rational symplectomorphism and the Jordan normal form Ag of A is given by
Ay = PQ.

Remark 4.3.4. When A is a full-rank matriz, both P and Q must be invertible. So we may
embed (P, Q) into the group G Ly, and P and Q) can be seen as left and right eigenvector matrices
for the matriz A. In the case when A may be diagonilized, the action of the Cartan torus (i.e.
the stabilizer of A) leads to a well known fact from linear algebra - the eigenvectors are defined
up to multiplication by non-zero constant. When A is not a full-rank matriz, we may choose
Q to be an invertible matriz (so it may be viewed as an element of GL,,). Then the rank of P

must equal to the rank of A. The the moment map A will inherit the rank of A automatically.
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Since P in this case not invertible, the reduced coordinates take the form
P=AQ !, A=QAQ ', detA=detA=detP =0.

This means that instead of considering T*gl,,, as lifted space, we could take T*G Ly, > (Q,AQ™1).
Such consideration is closely related to the approach introduced in [11)]. However, this approach
s not very useful for our purposes, since we wish to work with polynomial unreduced parametri-

sation, rather then rational.

Remark 4.3.5. In the case when we consider g to be any reductive Lie algebra and A € g*,
then we expect that Lemma is still valid if we fix the value A of the moment map in g*
and Q and P (or just Q in the case of degenerate orbit) as the elements from the corresponding

Lie group G.

Let us now consider the case of the product of many co-adjoint orbits. Since the Poisson
brackets (4.3.6)) are local, namely the residues at different marked points commute, the facts we
summarised so far easily extend to this case. Indeed, we can apply the above construction to

the co-adjoint orbit at each pole of the Fuchsian system (except co) and define:
AW = QP

In this case we have that inner and outer actions can be lifted to the direct sum of n copies
T*gl,, in a natural way

g X (P1,Pay... Py Q1,Q2,..Qn) = (1 P1, . gnPo, Qugr s Qigi ' Qug '), g € XGLm

inner

h x (P, Pa,... Py, Q1,Qa,...Qn) = (Pthi, ... Puhn, by *Q1, .. R Qi .. b Qn), R € >T<LGLm

outer

and the lemma |4.3.2| repeats

Lemma 4.3.6. These inner and outer actions are Hamiltonian with equivariant moment maps
given by

®T*gl,, — @gl},

n n

(Pry. o Po; Q1. Qn) —  (P1Q1, P2Q2, ... PQn)

Hinner -
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eT*gl,, — &gl
n n

(P, PpiQ1,...Qn) — (Q1P1,Q2P,...QnP,)

Houter -

Proof. Let us prove it for the inner action only. The vector field generated by the group action

(via element & = (&1, &9, ...6n) € Bngl,, is given by

n

) 0
Xe(P;, Qi) = ( TP Q)| = (6P Qi) =Y (Do (&P, i gp, (Qi&)kjﬁ)'

- i=1  kj

Inserting X¢ into the symplectic form we obtain
w(Xe, o) ZZ |~ (P dQiy, — (Qit) Py, | = ZTr (&P.dQ; + Qi&idP) ZdTr (&P.Qs) .
so the corresponding Hamiltonian is
he (m) = (u(m), &) = iTr (§ip (m);) = Tr (& PiQ:)
where m = (P1, Py, ... Py, Q1,...Qy). So the moment map is given by
p(m) = (P1Q1, P2Q2, ... PiQi, ... PaQyn),
which is equivariant

p(gom) = (97 ' P1Q191,95 ' P2Q29, ... g, ' PiQiGi, - - - gr " PrQugn) = g~ ' pu(m)g = Ady-1 (p(m))

Then the following result is a straightforward computation

Lemma 4.3.7. A Hamiltonian system on the phase space
OFx O x - x O 3 (A<1>,A<2>,...A<">)
can be lifted up to the extended phase space

T*g[m X T*g[m X X T*g[m > (Q13P17Q27P2~--Qnypn)
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with additional first integrals given by the moment maps of the inner group action
Minner ‘= PQ; = A(Z)v
where the inner group action is given by

(91,92, - 9n) X (P1,Q1,P2,Q2,... Py, Qn) = (01 P1, Q197 s 6iPi, Qg by -+ - gn Py Qugy b).

Moreover, if A(()i) is the Jordan normal form of AD, we can fix A1) = A(()i).

In particular, the Schlesinger Hamiltonians (4.3.8)) can be lifted to the extended phase space

T*gl,, as follows
Tr(Q; P;
H=Y — THQiRQ,Fy) (4.3.15)

9
A T
and it can be checked directly that they Poisson commute with the moment maps of the inner

group action.

4.3.3 Outer group action and the gauge group

We have seen that the inner group action allows us to restrict from 7™gl,, to OF x O3 x--- x Oy.

Now we consider the outer group action that will allow us to reduce further. This is given by

(91,92---9n) % (P1,Q1,P2,Q2,... Py, Qn) = (Pig1,97 ' Q1. ... Pigi, 9, 'Qiy - . . Pagn, 9, Qn)

outer

and is also Hamiltonian (see Lemma [4.3.2]).

Because inner and outer group actions commute, their moment maps Poisson commute too.
However, the Schlesinger Hamiltonians are generally not invariant under outer action, unless

the outer action is restricted to be a diagonal action, i.e.

g1 = 92 "=9n =9

In this case, the outer action reduces to the standard GL,,-action on OF x O3 x --- x O}, or
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equivalently to the constant gauge group action:

-1 4()
g x A:Zw,

outer Z — Uy

The moment map of such diagonal action is

zn: QiP; = En: AW = — A, (4.3.16)
=1 =1

which is the Fuchs relation.

In order to describe the reduction procedure induced by the outer diagonal action in terms
of the Marsden-Weinstein reduction, following Proposition 2.2.7 of [4] (see also [47]) we further

extend the phase space by adding another copy of T*gl,,:
n+1 n
(P, Q1. PoyQni Poo, Q) € P TH 0Ly, w=) TrdP; AdQ; + TrdPo A dQuo,  (4.3.17)

i=1 i=1

with the outer group action of the form

g X (Plan---PTL?Qn;POCMQOO):(Plg7g_1Q1>"'Pigvg_lQi:"'Pngvg_lQn;POO.g>g_1QOO)'

outer

The corresponded extended space which is given by the reduction with respect to the inner

group action takes form
<A<1>,A<2>, . ..A<n>;A<°°>) COI X5 x...0% x O,

The reduction with respect to the relation (4.3.16]) on the extended phase space may be viewed

as the Marsden-Weinstein quotient
n+1 n
i=1

=1

which corresponds to the Fuchsian relation on the reduced with respect to the inner group

action phase space.
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Finally, the fully reduced phase space then has form

n+1
M~0fx05x...0,x 04 | G~ (T*g[m /(/) G) J G.
A 7

i=1

Moreover, the Hamiltonians are the homogeneous polynomials in the lifted Darboux coor-

dinates. Such dependence plays a crucial role in the quantisation of the isomonodromic systems.
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CHAPTER 5

[RREGULAR ISOMONOROMIC DEFORMATIONS

5.1 Isomonodromic deformations

Suppose we consider a connection on the Riemann sphere with n + 1 poles of Poincaré ranks
T1,...,Tn, oo and ask about how to deform it by keeping the monodromy data constant. To an-
swer, we have to choose some independent deformation variables and then impose that all other
quantities depend on those according to the isomonodromicity condition. When all poles are
simple, their positions give us enough independent variables for generic isomonodromic defor-
mations, because the number of the isomonodromic Hamiltonians equals half of the dimension
of the space of accessory parameters. When higher order poles are present, their positions
don’t give enough independent variables. Theorem allows us to introduce further r — 1
independent variables for every singularity of Poincaré rank r, or in other words we have the

following

Corollary 5.1.1. The general element in the Takiff algebra co-adjoint orbit (5; has the form

t17t2 Bi(ti,t2...t)
A~ § SO (5.1.1)
with
(r) 1 & 4
r) _ i _ [y
Bi(tl,t?, . E A M t]_,tQ, .. ‘tT)7 M'Lv] = ﬁdigjpr(t’ 8) 5:0, Pr(t,s) == E 9 t”

=1

and the coefficients A; satisfy the Takiff algebra Poisson bracket (4.1.5]).
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In this paper, we therefore consider the isomondoromic deformations of connections of the

form

n (x BY (tgi),tgi).. £ ) ros
=0

d “ri—1 i— %) (%) o0 00
Sr=y e =SB (6,89 ) e, (512)
i=0 \j= ¢ i=1

where the deformation parameters are the locations of the poles uq ...u, and the coeflicients
()

of the Poisson Takiff algebra automorphisms b The isomonodromic deformation condition

means that the matrix differential one from

n ri—1 ) )
Q=d 00 =Y |00y + S aPall? || (5.1.3)
i=1 j=1

is a single valued holomorphic one form on CP!\ {u;...u,}. In general, the explicit form of
2 may be obtained by studying the local solutions of the equation ([5.1.2)) as in the celebrated

papers by Jimbo, Miwa [55] and by Flaschka and Newell [35].

In this paper we consider the general isomonodromic problem as a non-autonomous Hamil-
tonian system written on a suitable set of the co-adjoint orbits. Therefore, the zero curvature
condition splits into a Lax equation that defines the dynamics on the co-adjoint orbits, and an
additional relation between the partial derivative of Q w.r.t. A and the partial derivative of the

connection with respect to deformation parameters

d 9 ) @] _( 9 9 ) d 0 O] _
At [4,00] = oLt R o i) EE 4.00] ) =0,
J

J

Thanks to this, we may define deformation the one form €2 through the following formula:

: A
Q) = / %d)\. (5.1.4)
ot!

The matrix Qg.i) is defined up to the addition of a matrix which does not depend on A. Different
choices of the gauge result in different constant terms - we will see how to fix this constant term
in the examples (see for example Section [5.6.8)).

As mentioned before, the deformation parameters tgi), .. .tg), 1 = 1,...,n,00 appear as

the result of confluence and may be seen as avatars of the Schlesinger system deformation
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parameters we start with. If we consider the divisor of singularities (where we denote oo by

unJrl)
n+1

D= (ri+ Du,

i+1
we see that the total number of deformation parameters we introduce is given via the degree of

such divisor, i.e.

d= n+1 + Zri

£ sineulariti
# of singularities # irregular times

In this paper, the idea is that the number of deformation parameters doesn’t change during the

confluence procedure, or in other words d is fixed.

Here we want to answer an important question raised by Bertola and Harnad: what is
the relation between our deformation parameters and the Jimbo-Miwa-Ueno ones? In [55], the
number of deformation parameters depends on the degree of singularity divisor as well as on the
rank of the connection. The number of Jimbo-Miwa deformation parameters is not preserved
during the confluence cascade. Each coalescence leads to the appearance of additional m — 1
parameters, where m is a rank of isomonodromic problem. Here we refer to the rank of Lie
algebra which is dimension of the Cartan subalgebra h. Obviously in the case of sly connection,

this number equals to zero and the number of Jimbo-Miwa-Ueno coincides with ours.

Let’s dwell on this case in more details to explain the relation. Consider a sly connection

with a pole of the Poincaré rank r, i.e.

Br Br—l BO

+ +...7+O(1) € sly,

A Y
Ay 27 2"

where z = X\ — w is the local coordinate and the matrices Bj, are linear combinations of the bare

co-adjoint orbit coordinates A; and contain our deformation parameters as specified in formula
(12.0.10)).

The Jimbo-Miwa-Ueno deformation parameters w; are the exponents of asymptotic be-

haviour of the formal solution at the irregular pole:

U ~ P(z)(I+o0(z)) 2% exp —Zfag , 03 =

A~
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These w; can in fact be seen as the spectral invariants associated to the matrices Bj. Thanks
to this fact, in the case of sly there is a rational map which sends Jimbo-Miwa deformation
parameters to the parameters obtained via coalescence.To obtain this map explicitly, we perform
local diagonalisation at the pole A ~ u and we obtain the following correspondence between

Jimbo-Miwa deformation parameters w; and our t; via

wy = 0,1

Wy—1 = 07»_1t71n_1 + (7’ — 1)97t§_2t2

wy = Y HjM](;:;(tl,Q S ty)
=k

r
wy, = Z Hztz
=1

Here 0’s can be seen as the spectral invariants of matrices A;, so we separate non-autonomous
part (dependence on deformation parameters) and phase space symplectic leaf. Roughly speak-

ing, this map is a map between 2 phase spaces
gr = O x C',

which is not bi-rational - starting from the irregular point of Poincaré rank 2 we have to deal

with square roots if when we write ¢1 ...%, via Jimbo-Miwa parameters w;’s.

For higher rank, we may think about our times as a special subfamily of the Jimbo-Miwa

isomonodromic deformations. The local solution writes as

w? 0 0
r ()
1 0 w 0
U ~ P(2)[I+o0(z) 2Mexp |- ) — 2
Py — 927
J=1
0 0 wy

and w,gj ) are the deformation parameters. Then our deformation parameters are given by the
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special trajectory into the Jimbo-Miwa parameters which may be written as

e
5 = const,

LY)

and may be considered as the deformation along the projective line in a space of Jimbo-Miwa

parameters.

In the next section we will see how the general form (5.1.2)) of the isomonodromic problem

with irregular singularities naturally arises during the confluence procedure.

5.2 Confluence procedure

5.2.1 Coalescence of two simple poles

Without loss of generality, we consider confluence of u,, := v1 and u,_1 := w, which is given by

the following change of deformation parameters

w=u;, i1=1...n—1, vy =w+et. (5.2.1)

Taking the limit € — 0 the deformation parameter v; tends to w which is a coalescence. We

rewrite matrix A()\) as

n—2 ;
A B c
(V) ;A—ui+A—w+)\—w—€t1’ » C ’

where B and C are introduced as a convenient notation to avoid too many indices. We want to
assume some ¢ expansions for the matrices B and C in order that the limit of A(\) as ¢ — 0
is well defined and the resulting system has a double pole at w. To this aim, observe that by

rewriting the last two terms in A()\) as

B B 1 -1
T + wC(l— eh )

A—w A—w—cet; A—w A—
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ety

and expanding <1 Sl vy

-1
) in € we obtain

B " C C+B+ ety
A—w A—w—et; A—w (A—w)

5C + O(e?).
In order to produce the second order pole we need two limits to exist
I =AY I B) =AY
61_%(50) 1 70, 81_1%(0 + B) 0
Assuming that A®’s, Band C may be expanded in the Laurent series in € we obtain expansions

, o 1 (e 1 (e n—
AD = AD40(e), € =-A""V4Co+0(e), B=--A""Y4By+0(e), Cot+By=ATY.
€ €
(5.2.2)
Note that we have called these limits A(()n_l) and Agn_l) respectively to adhere to the notation

of section 3.

In these hypotheses, we can take the limit as ¢ — 0 and define

A(Z) Agnfl) A{(Jnfl)
E e T (5.2.3)

Remark 5.2.1. Observe that the number of deformation parameters has not changed after the
confluence, n — 1 of them have remained as positions of poles, but one of them has become part
of the leading term at the second order pole - this is compatible with Theorem[5.3.1 Indeed, in
the next Proposition we will prove that the matrices Agnil) and A(()nfl) satisfy the Takiff
algebra Poisson brackets. We will see that as we increase the Poincaré rank of the poles in the
confluence procedure, more and more deformation parameters will appear in the numerators of

pole expansions exactly in the way predicted by Theorem [5.53.1].

Now let us focus on the deformation equations. The change of variables (5.2.1)) transforms

the deformation 1-form (4.3.3) to

n—2
A®) Aln=1) Am)
Q=- = .
;)\—uz w; /\_wdw )\—w—stl(dw+6dt1>
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Applying the expansion (5.2.2)) we obtain

~ n=2 () (n—1) (n—1) (n—1)
Q=1imQ=— A du; — ( A + Ay dw — A dt;. (5.2.4)
: Usg

tl()\—w)z A—w A—w

The obtained deformation 1-form coincides with the deformation form which can be constructed

by considering the local expansions. The deformation one form (2 satisfies equation ([5.1.4)).

Definition 5.2.2. We call the process of taking the expansions ([5.2.2) and the limits (5.2.3)),
(5.2.4), 1+1 confluence procedure.

The considered structures - the connection A and the deformation one form € are linear
in A®’s so the O(¢) terms vanish during the limiting procedure. Since the Poisson structure
and the Schlesinger Hamiltonians are quadratic structures the limiting procedure becomes more

complicated.

Proposition 5.2.3. The 141 confluence procedure gives a Poisson morphism between the direct

product of the co-adjoint orbits to the Lie algebra and the co-adjoint orbit of the Takiff algebra:

confluence

O] x OF x ...08 x OF, O x 05 x...05_9x 035, 1 xOF.

Namely, if the matrices A, B, C satisfy the standard Lie-Poisson brackets (4.3.6)), then the

matrices AW A(()n_l), Agn_l) satisfy the Poisson algebra of the coefficients for the Takiff algebra

@ETH), .

{4040} = -0, 3 00,A0, {AQ.A77 = {40477} =0 ii =1 n-2
v

(Al Al =00 (AR AT ) = Al {ale? A ) = s (4057)

(5.2.5)

Proof. That Poisson structure for the coefficients of the connection near the irregular
singularity is given by Kirillov-Kostant-Souriau form for the co-adjoint orbit (’5’5 of the Takiff
algebra go = g[z]/(2%g[z]), where g[2] is a Lie algebra of the polynomials with coefficients in g.
Therefore, if we prove that , then the 141 confluence procedure gives a Poisson morphism

between the direct product of the co-adjoint orbits to the Lie algebra and the co-adjoint orbit
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of the Takiff algebra.

Let us prove (5.2.5)). The first row relations are straightforward and we omit the proof. To
prove the relations in the second row of (5.2.5)), let us consider the Poisson relations (4.3.6|) for
B and C

{Ca, Cp} = — ZXZBC’Y’ {Ba, Bg} = - ZXZéﬁB% {Ca,Bs} =0.
gl gl

Inserting the expansion (5.2.2)) and expanding the Poisson relations in e, we obtain

o (Al A} D (A Cos) + {0 A ) 4

n— n— 1 n—
+ {Co,a, Co g} + {Ag,a Y, Cl,ﬁ} + {01,a, Aﬁﬁ 1)} = —Xop (814577 Y4 C(m) +o(e)

o (Al A} = L (A Bos) + {mo A +

n— n— 1 n—
+ {BOA?BDﬁ} - {Ag,a 1)73175} - {Bl,a’Agwg 1)} = Xlﬁ (814577 D _ BO,’)/) + 0(6)

- (Al 2 (Al s - {Con Al V) ¢

+{Co,a, Bo g} + {Ag?a_l), BLg} — {01,a, Ag%_l)} = o(e).
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Collecting different terms in €, we obtain

e {alt A <o,

et Al Copl+ {Con ATV} = —xpA0 Y,

e (AN Bosf 4 {Boa ATV} = XAl

et {al Y Bos) - {Coa Al =0, (5.2.6)

5 {CoanCogh+ {A 7, Crp} + {Cra, ATV} = —x14C0,

e {Coa,Bop}+ {Ag’fa_l)’ Blwg} — {C’l,a, A&Tfﬁ—l)} =0.

The term of order e~2 in (5.2.6) proves the first relation in the second row of (5.2.5). Let us

prove the second relation. Take the 1/¢ term

VAL Boa) ~ {Com ATy} =0 = {Can V) = (AL B}

and put it in the Poisson relation between Agn_l) and Cy. We get

AL = (AL Cog )+ {Coa AT} = (A0, Cos} + {17, Bos =

n—2 n—2
= {Ag,a )>00w3 + B()ﬁ} = _XlﬁAg,'y )

which proves the second relation. Now let us compute the last Poisson bracket
{Co,a + Bo,as Cos + Bo g}t = {Co.as Cos} + {Co.a, Bos}t + {Boa, Cos} + {Boas Bog} -

Using e%-terms from (5.2.6) for {Cp q, Co,g} and {By,«, By g} we obtain

{Co,a + Bo,a, Cos+ Bogt = —xa5(Cos + Bog) — {Agila_m: CLB} - {CLO“ Ag?ﬁ_z)} +

+{al? Bigh + {Bra AT P} + {Coas Bog} + {Boa Cos} (5:2.7)
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The last %-term in (5.2.6)) leads to the following relations
n—2 n—2
{Co,a, Bog} = {C'l,a,Agwg )} - {Aia ),Bl,ﬁ}

{Bo,a, Cop}t = {Ag?a_2)> Clﬁ} - {Bl’a’ Agtlﬁ_m}

which cancel all terms in the right-hand side of (5.2.7)) except the first term, so we obtain
{Co.a + Boa: Cos + Bogt = —Xo5(Cony + Boy),

which concludes proof. O

Observe that the relations contain more information than we need, and that one
could actually try to come up with a Poisson algebra involving all coefficients By, C in the
expansion . However we are only interested in the Poisson subalgebra generated by
Agn_l), A((]n_l) = Cy+ By and A® for i =1,...,n — 2. The main feature of this subalgebra is
that it does not depend on a choice of a Poisson algebra for the coefficients By and Cj. We call
this subalgebra Isomonodromic Poisson Algebra (IPA), since these are the only elements which

survive in the isomonodromic problem after the confluence procedure.

Proposition 5.2.4. The 1+ 1 confluence procedure produces the isomonodromic Hamiltonians

giving the zero curvature condition

as equation of motion.

Proof. To prove this, we start from the extended symplectic form for the Schlesinger equations:
n
Wkks + Z du; A dH;.
i=1

Here wkks is the symplectic form which corresponds to the standard Lie—Poisson structure on the
direct product of the co-adjoint orbits. Thanks to Proposition the standard Lie—Poisson

bracket tends to the Takiff algebra Poisson bracket, therefore wykks tends to the corresponding
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n
symplectic form. Let us concentrate on the Z du; A dH; part. This part transforms to

=1
n n—2
> dus AdH; Y dug AdH; + dw Ad (Hpo1 + Hy) + dty Ad (eHy) .
=1 =1

Since we are working on a symplectic leaf of the standard Lie-Poisson bracket, the central
elements, or Casimirs, can be considered as fixed scalars, i.e. the differential d acts on them as
a zero. To find the Hamiltonians of the confluent dynamic we have to calculate the limit of the
”time-dependent” part of the symplectic structure as € goes to zero. In other words, we have
to find

dH; == lim dA;, dH, | == lim d(Hy -1 + Hy), dH, = lim edH,. (5.2.8)

To compute these limits, we can treat the Hamiltonians up to addition of Casimirs. This allows

us to use the Casimirs for regularizing parts of the Hamiltonains that are singular in € parts

of Hamiltonians. Therefore all = signs in the rest of the proof are intended as equal up to
Casimirs. For ¢ < n — 2 we have

i n—2 Ty ( A6) ;m'))

H; = limH; = >

J#i

Tr (215”‘”22“)) o (4§D am) | .

U; — W

uj — Uy (u; —w)

for i =n — 1 we have

% o Aln=1) A
Hy 1 =1lim (H, 1+ Hy) =1lim Y  TrAY) n _
e—0 5_>0j<n72 w — Uj w—+ et; — Uj

o 7(n—1) 7(n—1)
= > 1AV (AO _ ) (5.2.10)

Pt w — u; (w — u;)?
Fori=n
ﬁn = limeH,,
e—0
Substituting coalescence expansions we get
TrAD A2 TrAM A(n=1)
H, = — 1 410 _ 5.2.11
cHn= | 3 T T0E| g (5.2.11)

j<n—2
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The last term in (5.2.11]) contains the 1/¢ terms

TrAM A=) 1 1 e 21 (e (e
r < (A9) T (A" By — oAl + T&"(BOCO)> -

1 ~(n— ~(n—
+ —Tr <Ag l)Bl — ClAg 1)>

Un
The 1/? term is a Casimir of the Poisson structure associated with truncated loop algebra, so
we may drop it.

Let us show that also the 1/e-term is a Casimir and that, after eliminating the Casimirs,

¢H, — H, 4+ O(e) where

TAG) 4D Tr (Ag”*”)Q
H, = _ -t 4 7 212
Z w — u]' + tl 2 (5 )

j<n—2

To see this, let us remind that the Casimirs of the Poisson algebra in a Fuchsian case are
Tr (A(i))k, so the function

1o ( A 4 A(n—1>)2

2

differs from the last term of (5.2.11|)

TrA™ A(m=1),

by a Casimir. Since the Hamiltonians are defined up to the addition of a Casimir, we obtain

o ~ T(n—1) 2
TeAD A Ty (A0 4 ACD)? TeAD A2 1 Tr (A7)
Hn - 1 = 1 J— .
€ Z — + 5 +0(¢) Z — +t1 5 +0(e)

j<n—2 j<n—2

Taking the limit as € — 0 we obtain the Hamiltonian (5.2.12]).

5.2.2 Irregular singularities arising as confluence cascades.

In this section we consider an irregular singularity of arbitrary Poincaré rank r as the result
of a confluence cascade of r simple poles v1,vs...v, with some chosen simple pole u on the
Riemann sphere. At the first step, we send v; to u and create second order pole as in the

previous subsection. Then we do the same for vy - we collide it with the second order pole
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at u and create a pole of order 3. In such a way, we continue this procedure, so at the [-th
step we collide simple pole v; with the pole of order [ at u to create a new pole of order [ + 1.
On the final r-th step, we obtain a pole of order r + 1, i.e. of Poincaré rank r. During this
procedure we expect that the poles v;’s that disappear give rise to deformation parameters
t;’s for the irregular isomonodromic problenﬂ Since the number of poles decreases during the
confluence procedure, these deformation parameters appear explicitly in the coefficients of the
local expansion of the connection near the singularity u. In the sub-section [5.2.3] we prove
Theorem that tells us that this dependence is the one described in Corollary Before

attacking that proof, let us formalise the definition of confluence:

Definition 5.2.5. The limiting procedure described in the hypotheses of Theorem [2.0.5] is

called r + 1 confluence.

Observe that as a result of the 1+ 1 confluence in subsection [5.2.1| we obtain a connection of
the form (2.0.12)) with r = 2. We can then apply the 1 + 2 confluence to this and again obtain
a connection of the form ([2.0.12) with » = 3 and so on. Therefore we can give the following

recursive definition:

Definition 5.2.6. The procedure of applying Theorem [2.0.5| recursively r times is called con-

fluence cascade of r + 1 simple poles on the Riemann sphere.

As mentioned at the beginning of this section, the inductive hypothesis on the local form of
the connection is not restrictive. Indeed, we expect the local form of a connection with
a pole of order r at u to be given by an element in the Takiff algebra co-adjoint orbit @; with
some spectral parameter z = A — u. However, if we want to keep the number of independent
variables to be maximal, we need to introduce some extra variables ¢; by hand in such a way
that they can be treated as independent variables. In Corollary we proved that the only

way to do this is by taking precisely the form (2.0.12). Indeed, formula (2.0.11)) corresponds to
(5.3.5)). Therefore, we obtain theorem which we remind here:

Theorem 5.2.7. Assume that u is a singularity of Poincaré rank r obtained by the confluence

!The confluence procedure is not symmetric in v;, however different choices of the order of the coalescence
cascade will lead to the action of the permutation group on ¢;’s, so we fix this ordering once for all.
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of r + 1 simple poles. Then the coefficients of the local expansion

A(A)NiM+...,

= (- u)Ht
take the form
Bi(t1,ta, . .. ZB[J]M (t1,te,. . tr),
where
) la|=k el r r
Mk:j - w%:] oy (Htal> el = ;ai; w(a) = ;z -y, /\/lg;)j =0,

and Bzm ’s hold the following Poisson relations

—~7 (Blk+p] Eip<
{(B[“) (B } T (5.2.13)
@ A 0 kE+p>r,

where chﬁ are the structure constants of the corresponding Lie algebra.
Proof. Will be presented in Section [5.2.4] O

In this section we give an explicit description of the local coefficients B; for the connection
near irregular singularity of Poincaré rank r in terms of the generators of the Takiff co-algebra
of degree r. It turns out that the B;(ti,...t,—1) are the special linear combinations of the
generators of the Takiff co-algebra Ay, ... A, with coefficients in C[ty,to,...t,|. Now we state

a theorem we are going to prove in this subsection.

We want to underline here that the Poisson structure (5.2.13)) gives rise to the Takiff co-

algebra Poisson structure on the coefficients of the local expansion, i.e

{Bi(t1, . tr)as Bj(t, .. t)g} = =Y X2gBiri(tr, - )y (5.2.14)

However, such Poisson structure on the coefficients of the local expansion is quite rough, the
coefficients depend on the deformation parameters explicitly and it is important to understand
this dependence when we do the deformation with respect to ¢;’s. On the other hand, Poisson

structure (5.2.13)) contains the information about explicit dependence on t;’s, moreover this
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Poisson structure compatible with more rough Poisson structure.

To motivate the constructions which appear in the statement of this theorem we introduce
some preliminaries on the confluence procedure and algebraic structures which appear during

coalescence before the proof.

5.2.3 The algebra of the weighted monomials and associated polynomials.

The aim of this subsection is to collect some useful algebraic relations involving the parameters
t1,...,t, that arise during the confluence procedure and describe the general elements of the

Takiff co-algebra with respect to the Poisson automorphisms.

In order to prove Theorem in the of a simple pole v, with a pole w of Poincaré rank

r we take the following expansion

T
vy =w+ P (t,e) =w+ Ztisi.
i=1

The powers of the polynomial P,(t,¢) play a significant role since they appear in the following

expansion

C__ _C (,_hbite -
A—v, A—w A—w N

:*Afw <1+I;(_t5)+---+M+~-+m>+0(6”1)-

Each power of P,(t,e) may be seen as a polynomial in & with coefficients in C[t,ta. .. t,]
Pu(t,e)" =tie" + O(e"™).

Because the aim of the confluence is to create a pole of Poinceré rank r + 1, we need the
coefficeints (A — w)~"~2 to survive, therefore, we have to require C' to be a Laurent polynomial
in e starting from the power —r. Taking this fact into account, it is important to understand
how each power of P, (t, ) expands via €

P.(t,e)’ mod "t ZMQ? (tr,e . tr)eh = MU (b, )+ MU (1, t)e

, i1
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where

(r) 1d i
() (4, 1) = P.(t, .
Mt ) k! de (t.€) e=0

The following simple Lemma calculates an explicit formula for M( )(tl, ...1,) and gives some

useful identites.

Lemma 5.2.8. Mgrlz is a homogeneous polynomial in t1 ...t of degree i for any k given by

|af=i

./\/lgjnk)(tl,...tr): Z 041'042 Hto‘ﬂ Z]Oéja la| = ZOZJ

w(o)=k

The polynomials Mﬁ) satisfy the following identities
MUY = M) vk <7 (5.2.15)

and

Jk—p Jj—ik—p 4,p

k
My,g:Z[M(T). MO MmO MO i< (5.2.16)

Proof. Consider a ring of polynomials C[e] and the quotient ring Cle]/e"*!. The ring homo-
morphism 7} which sends the elements of C[e] to the elements C[g]/e" ! is given by truncation
of polynomials

T,(Q(e) = Qe) mod ™!, Q(e) € CEl.

Since T is a ring homomorphism, it respects multiplication operation and, as a consequence,

commutes with the exponentiation, i.e.

(r+1) .

Now consider polynomial P,11(t,£). By definition M;"," " is a coefficient of P,11(¢,£)" in front

of ¥ for k < r + 1. Since that the ring homomorphism 7 gives a generating polynomial for

./\/l(TH) fro k < r 4+ 1. On the other hand, we have that

T (Prya(t,e)) = Bt ),
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and since that

Tr(PrJrl(ta E)Z) = Tr(PrJrl(ta 5))Z = (Pv"(ta g))Z mod 57’-"—1’

which proves formula (5.2.15)). Formula (5.2.16)) also uses the fact that T is a ring homomor-

phism. In particular, ./\/l; ;. are coefficients of the polynomial
) T
T (Pe(t,e)) = Y M er.
k=1
On the other hand, for any i < j we have
T, (P (t,e)?) = Tp(Pr(t,e) "' Pu(t,€)) = T,(Pp(t, e)? )T, (P,(t,e)’) mod ™1,

Collecting the coefficients in front of ¥ in the right side of the formula above we obtain (5.2.16)).

O
Note that the function w(«), that we call weight, can be given by the following formula
1
n 2 n
w (H tf”) = (aq,09,...0p) =Y kag (5.2.17)
i=1 k=1

The weights may be seen as elements in the semi-group of homomorphism from the semi-group

of monomials in the variables t1,...t, to the (Z>o,+), in fact:

w(f - n) = w(f) +w(n).

Remark 5.2.9. Instead of considering the polynomials P, (ty,...t.), we might consider formal

POWET SEeTies

P™)(et) = Z tiel,
i=1

and truncate all expansions at €™, The result will be the same, but such approach probably

makes more clear the recursive nature of the confluence procedure. In similar way, the matric

M) with entries Mz(rk) given in (2.0.11]) can be considered as as a sub-matrix of size r X r in
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the upper left corner of some infinite dimensional upper triangular “master” matriz M) with

entries given by

(o) _ L 4" pioo) pyd
Il der (1) e=0

5.2.4 Proof of the Theorems and 2.0.5]

We use induction here to prove the theorem. Here we will start with the proof of the explicit
dependence of the local expansion on ¢;’s and then we will handle the Poisson structure. The
statement of the theorem is true for the » = 0,1 (Fuchsian case and the pole of order 2), this
was proven via examples we consider before. Now let the statement be true for the irregular
singularity of Pincaré rank r — 1. Adding another simple pole v,., we consider the following

connection

r—1 r—1

Bi(ty,ta.. . tr—1) ¢ [ Aq(r=1)

A:Z )\ er-l —l—)\_vr—i-..., BZ:ZBJMZJ ,
i=0 =i

where the dots denote regular terms in (A —w) and (A — v1), with the following behaviour of v,

Uy = w—i—itjaj, C ~ i clile,
j=1

j=—r
Expanding A with respect to € at r’th order we obtain

gk
O ZBJrCPtg)

()\ w r+1 )\ U) 1+1

Using the formula the coefficients B; expands via polynomials MST]) which gives the
following
Bi+ CP(t,e)l = CIMY) ¢ Z ( + 530) M.
j=i
Since the confluence procedure requires existence of the limit € — 0, the negative powers of ¢

(r)

should vanish, so we obtain expansions for the coefficients Aj in the form

o SO o
B~ — % o+ B+ Bl

m=—r =1
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Using these expansions and taking the ¢ — 0 limit we obtain
r+1 7
Bi(ty...t,)
A= A
T

where B;’s are given by (2.0.15)), which finishes the proof of the first part of the theorem.

Finally we want to prove that the Poisson structure for the coefficient of the local expansion

of the connection near irregular singularity, which arises after confluence procedure is a Poisson
structure given by (5.2.13)). Our IPA here is given by the formula ([2.0.15)).

Again we use the induction here. The statement is obvious in case when r = 0, and we
have previously proved that it holds for » = 1. Using the previous results we consider the same

coalescence
r—1 ~

Bi(t1,ta...t,—1) C - B,
A= : N B
(A — w)itt A Z Uy * Z (A —w)itt

=0 =0

where B; is given by (2.0.15)).The expansions take the same form

o —(k+1) C[m} 9

i) i K k,0 kol

o~ S cHe, B Y O ph s S gk
j=—r m=—r =1

In order to get rid of the indices let us use the following notation
v=BK w=pl U=pBk

In case if indices on the right hand sides are out of bound we assume that the values are zero.

The Poisson relations are

{VOH Wﬁ} = _XlﬂU“/’ {Ca,05} = _Xzé,BC’Y’ {Cavvﬁ} = {COHW5} = {COH Uﬁ} =0

7



and the expansions are

- C;T] + C;?] ot @ + b +;C[’] %
V= —ff_:j - S[_;:] - C[;H] + vl +§V[ﬂei .
W = —C::l] - C;[::} - C[_:H + Wl gwmgi .
e O O T o S

Due to the confluence formula we want to prove that the following Poisson relation holds

(VO + el wi - o) = fvo wi e v o T { el wi o+ { el e =
= —Xas (U,[YO] + CL"“‘”) :

Taking the corresponding e-terms of the expansions of the Poisson relations we get

132’3550_1 {(Va, W5} + {VQ[O},W/EO]} _ jz_lf {Vy,c};“”} B Zk {Cg_i_k]7w[z‘}} — 7, Ul

Pt B ap=y
_k |
T e O L G I A
Bfggk_l (Cos W5} : {C&_k}’wﬁ[o}} i :f {C([X—i—k]7 B[z}} _ g {C([;'—k]’c}j—i—l}} —0
Rperr 2 oo+ {er e e
= —x2sC

Finally, taking a sum of the relations in ([5.2.18]) we get the desired Poisson structure

{Va[o},Wgo]} i {Vio],C/[g_l]} n {Cg_k},Wﬁ[O}} + {C([l—k]’cg—z}} _ —Xl/j (me _‘_Cq[/—l—k:]>
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5.2.5 Confluent Hamiltonians

As we saw before, in the case of the 141 confluence, the confluent Hamiltonians can be obtained
as the limits of some functions on a phase space - linear combinations of the initial Hamiltonians
with coefficients depending on a small parameter €. Moreover the procedure of taking this limit
requires the introduction of some shifts by Casimirs, since the Hamiltonians are defined up to
Casimir element of the Poisson algebra. Such Casimir normalisation may be exploited in the
case of the confluence for the higher order poles, however, this procedure becomes very heavy.
In this section, we calculate these limits using residue calculus. Let us start by explaining these
limits of the Hamiltonians in the 1 4+ 1 confluence procedure; we want to calculate limits in
(5.2.9):
dH; = lim dA;, dH,_; := lim d(H,_1 + Hy), dH, := lim edH,,.

e—0

The Fuchsian Hamiltonians (4.3.8)) can be written in the following form

H,, = % }[ Tr (A?) d), (5.2.19)
oy,

K3

where I';, is a such contour that no singularities except w; are inside of it. Since the matrix
A admits finite limit as ¢ — 0, the integrand has a finite limit. When w; # v, u, we can
always deform I',, in such a way that the coalescence of v; and v does not affect the contour
of integration. This gives us opportunity to switch the limit and the integration operations,
which gives the formula for the confluent Hamiltonian

. 1 s
= f T ()ar w# b (5.2.20)

T,

7

Let us now deal with the limit of H,, + Hy. Because both contours I',, and I'; will depend
on €, we cannot calculate the limits of H,, and H; separately. However, we can calculate the

limit of the sum due to

Hu+Hv1:;fTr(A2)dA+;]{Tr(AQ)dA:; 7{ Tr (A%) dA,

T Ty, UL,

where the last equality holds since the integrands in both integrals are the same and I'y, UT',,
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Figure 5.1: Poles and contours confluence procedure

denotes the contour obtained by merging I'y, and T'; like in Fig. Such contour may be
deformed to the contour Iy, such that the coalescent singularities are located inside this contour
and the confluence doesn’t affect the contour itself. Using the same arguments as before we

obtain that

e—0

~ . 1 1 ~
i, = lim jf Tr (4%) dX, = 5 7{Tr (42) ax (5.2.21)

ULy, Ty
In order to obtain H; we consider the following sum of Casimirs

% 7{@ — u)Tr (A2) dA + % %()\ — v1)Tr (A?) dA

Ty Fvl

which may be put to zero since the Hamiltonians are defined up to Casimirs. Expanding v; in

€ we obtain

;7{@ —u)Tr (A%) dXA + % y{()\ —u)Tr (4%) dX — tl% f{ Tr (A%) d\ =

Ty Fvl 1—‘”1

_1 7{ (A — u)Tr (42) dA — tyeHy = 0.

[y Uly,

()\—u)T A?
oo\ 2

The relation written above finally gives us

~ 1
Hl == =
2ty

Ly

(A — )Tt (AQ) d\ = Res (5.2.22)

A=u
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Let us now add one more simple pole to w using the confluence, by a similar computation

as above, we obtain the following isomonodromic Hamiltonians
A? A?
H, = ResTr( — ), H,=ResTr|—
v A=u; 2 A=u 2

o250 (). o[ (5)]

The form of the Hamiltonians for ¢; and ¢y looks quite bizarre, but we may obtain them by

solving the following linear system

H t1 t H S .
VEN e I o 7S,-:§7{(A—u)ZTrA2d)\.

Hy 0 t% Hy So r,

Here M) is a matrix which entries were already introduced in (2.0.11)).We now prove Theorem
2.0.6

Theorem 5.2.10. Let u be a pole of a connection A with Poincaré rank r, which is the result of
confluence of r simple poles with the simple pole w. Then the confluent Hamiltonians Hy, ..., H,

which correspond to the times ty,...t, are defined as follows:

H, st
H2 -1 Séu)
- (M<7")) , (5.2.23)
H, st
where
S — ;%(A — u)FTrA2dA (5.2.24)
Ly

are spectral invariants of order i in u and the matriz M) is given by (2.0.11]). The Hamiltonian

H,, corresponding to the time u is instead given by the standard formula

H,, = L res TrA(\)2.

¢ A=u;
Proof. To prove this theorem we again use induction. We showed that it holds for r = 2 and it
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is trivial in case when r = 1. Now we want to prove that if the statement of the theorem holds

for rank r it is also true for rank r 4+ 1. The confluence expansion

r+1

Upp1 =u+ Pryi(te) =u+ Zgiti
i=1

sends the extended symplectic form
w=dt; ANdH; +---+dt, NdH, +du AdH,, + dvpp1 AdHpy1 + ...

where the last set of dots corresponds to the terms that are not changed in the confluence

procedure, to
dty Ad(Hy +eHyyy)+- - -+dt, Ad(Hy +e" Hp ) +dt, Ad(€ T Hyy ) FduNd(Hy+ Hyy 1)+ =
that must be equal to
dt; AdH, ... dt, AdH, + Aty AdHypq +du AdH, + .. ..
Therefore, we must find the limits
H, = lim (H, + Hyy1),  Hi = lim (Hk + 5’“HT+1) Cok=1oor, gy = lime T H,

The first limit is quite simple and may be obtained via the union of contours which we already

described before. To find the other limits, let us consider the relation

A2 A2
]{(/\ — u)ZTr?d)\ + j{ (A= vr+1)lTr7d)\ = Sl-(u) mod (Casimirs)

Ty Trit

expanding v, we obtain

2 2
A—u iTrA—d)\ — oA TrA— = S mod (Casimirs )
2 2 ¢
F'u.UFr+1 Fr+1
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where ¢(A) is a holomorphic function inside I',41 which is given by
dN) =N —u)' — (AN —u— Pry(t,e)).

Since ¢(A) has no zeros at v,41 we have

2

2 2
§ oD =0t Pate) § T =Bt § T = P Hosn,

| P Frp1 Tri1

Finally, we obtain the following identity:

A2 A Y
f (A — u)’Tr7d)\ —Pii(t,e)'Hrpq = Si( ) mod (Casimirs) . (5.2.25)

FuUFT+1

Inthecasei=r+1, S (u +)1 is a Casimir due to the formula (5.4.7)), therefore we have

A?
% (A= )THTr d\ = Py (t,e)" " H,.. 1 mod (Casimirs) .
FuUFT+1
The left hand side of this identity has a finite limit when € goes to 0. Indeed, since the contour
contains both v and v,11 the confluence procedure doesn’t affect it and the only dependence in
¢isin A. According to Theorem A has a finite limit, the same has TrA?, so we have that
A2 A2 A2 -
: +1 _ +17: _ +1 _ &)
lim }{ (A —w)" Tr?d)\ = 7{ A —u)" éllg(l)Tr7d)\ = j{()\ —u)" Tr7d)\ =S

e—0
I'yUlg1 Iy U1 Ty

g(u)

where S} 41 18 a spectral invariant of the confluent system with connection A. Since after the
confluence, the order of pole increases to r + 2, such spectral invariant is not a Casimir for the
confluent system. This means, that the limit of P,y 1(t,e)" "1 H, 1 up to Casimirs exists and

equals to gﬁi)l On the other hand we have
Pria(t,e) ™ Hepy = (6776 + O(67?)) Hypa,

and since the limit exists up to Casimirs we get that

H,;1 mod (Casimirs) = TH + Z HE _HE

t=—T
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so in principle H,;1 may have terms of lower order than 1/e"+!

, but these terms has to be
Casimirs. Considering relations (5.2.25)) for ¢ = 1...r 4+ 1 as a linear system we obtain

5’1 € S1
So g2 Sa
S5 — M+ &3 Hyq = mod (Casimirs) (5.2.26)
Sy
gr-l—l grtl 0
where
Si

2 2
A—u iTrA—dA7 Si=¢pN\—u iTrA—d)\
2

2
FuUFr+l Fu

Note that the contours in the definition of S; are not affected by the confluence procedure.

Using the same arguments as above, we compute the limits of these integrals, which are
- . A2
lim$; = S = }'{ (A — )" Tr=—dA
e—0 2
I

where S,L(u) denote the spectral invariants of the confluent system with connection A.

The crucial point here is that the matrix M+ contains M) as r + 1,7 + 1 minor, i.e

tr+l
M)
Mr+D) —
00 0o
Now let us consider the following matrix
0
(M)~
C =
0
0 0 0 1
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and let us act via C on the equation (5.2.26) from the left. Then we get

eH, 1 H,y
I e2H,q Hy
- T
S = N _
e"H, 11 H,
00 0o !
UL 0
eH, 1 + Hy eH, 11+ Hy
I ) e2H, 41 + Hy e2Hyy 1 + Hy
1 ETHT—&-l + Hr ngr-‘,-l + Hr
00 ... 0 t
5r+1Hr+1 5n+1Hr+1

In this way we have arranged the entries of equation (5.2.26]) in such a way that the left hand

side has a nice limit as € goes to zero (the confluence of points is inside the contour of integration

for 5’1) On the right hand side we have the functions whose limits we want to find. Finally,

multiplying by C~! from the left we obtain

f{l SHr_g.l + H; gl Sl
fNIQ €2HT+1 + Ho 52 SQ
(r+1) — My i ~ _ ~
M - M EI_I;% - 51—I>% S3 S3
ﬁr 5THT—|—1 + Hy,
ﬁr—i—l €T+1Hr+1 Sr—f—l S'r—&—l

which finishes the proof.

Remark 5.2.11. The matriz M) is automatically upper triangular matriz, so it is quite easy
to solve such a system for any reasonable n.

In general we may consider Hamiltonians which are related to poles locations as a spectral
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invariant S(()u). Then it is easy to extend formula from (5.2.23)) as follows

Hy s 1 0
(w)
ICH i P R VO
M)
H, St 0

5.2.6 Examples of Hamiltonians

o

We want to demonstrate obtained Hamiltonians in the previous section on a couple of examples.

In order to see all the features of obtained Hamiltonians we consider connection with 3 simple

poles at 0,1 and oo, and one irregular singularity at some point u. The minimal example is

A0) A A(U) tlA(u)
AN = 0 L
(A) + + O — )2

A A—1 A—-u

Explicit formulas for Hamiltonians are

i (0) (1) (1)
H, =Tr | A <A . A ) — ;A0 ( A
u

u—1 (u—1)2
[ (0) (1) (u) 4(u)
Hy =Tr AV)(A LA >—+A°f%
U u—1 2t1

In lifted Darboux coordinates, Hamiltonians take form

QPO QO p(l)>
+ —

o= (P s o) (480 2,

oW p)

~ 604" P ((u— 2 a

H1:Tr

Q@p@)

u u u u 2
Q0 pO) QW p(v) Qv pOQW p . (Qé 'R+ QP ))

U u—1 2t1
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Hamiltonians obviously Poisson commute, moreover we may check that cross-derivative w.r.t.
u and t1 is zero, i.e.
0 0

—H,— —H; =0
8t1 “ ou ! ’

which tells us that 7-function

w [ A© A u A A0)
dlnT =Tr (Aé ) <u+ u—l) —tlAg ) ((u—1)2 R )) du+

(0) (1) (u) 4(u)
+Tr <Ag"> (A LA ) A AT gy
U u—1 2t1

is defined correctly. If we go further and consider pole of Poincaré rank 2 at u connection takes

form
A) = . 1T 22 172 2.32
)=ttt Gowr T (5.2.32)

Hamiltonians then write as

A0 4@ A(0) A
A(u) o A(u)
0 (u R b u? +(u—1)2 +

AW (t%A(O) N t2AM) B o A0) B ta A ) ]

H,="Tr

2 u? (u—1)3 u? (u—1)2

H1:TI'

(0) (1) (0) (1) (u) 4(u) (u) 4(w) (u) 4(u)
e (Au+ A >t1A§“> (A LA >+A0 Ay, APAY AL A

HQZTI‘

U u—1 t1 2 t%

(0) (1) (u) 4(u) (u) g(u)
A0 (A LA >+AO A" L A4

As in the previous example cross-derivatives are zeros

B B B B B )
T H, - —H =-—Hy,— —Hy=—Hy— —H; =0,
oty ou LT Oty ou 2T ot 2 oty ! 0

so the 7-function is defined correctly.

The first example corresponds to the confluence of the Garnier system — isomonodromic
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deformation of the connection on the 5 punctured sphere. Reduction of this example for sl has
to give equation form the list introduced in [60} 61] and corresponds to so-called fourth-order
Painlevé equations. The second example has to be more complicated — Hamiltonian reduction
then gives Hamiltonian system with 3 degrees of freedom, which corresponds to the higher order

Painlevé equations.

5.2.7 Confluence of the higher order poles.

The confluence of two poles wy and wy of Poincaré rank r1 and ro respectively can be treated a
the confluence of 1 + r9 4+ 2 simple poles. Indeed, we have seen at the beginning of section 5.2
that the generic connection with a Poincaré rank r singularity can be obtained as confluence of
r + 1 simple poles. Therefore, a connection with two poles w; and wy of Poincaré rank r; and
ro respectively is obtained by coalescing 1 + 1 and ry + 1 simple poles. To confluence wy with

wy is therefore the same as coalescing r1 + 73 + 2 simple poles.

5.3 Poisson automorphisms of the Takiff algebra and indepen-
dent deformation parameters.

In this subsectionwe describe the class of linear automorphisms of the Takiff algebra which

preserve the Poisson bracket, namely linear maps

Bi:ZTijAjv T%j eC, 4,57=0,...r, (531)
=0
such that
{BZQ’@BJ} = [H,H@BH_]'] <~ {AIQ’Z)AJ} = [H,H@ Ai—f—j] (5.3.2)

In the next theorem we describe explicitly the constraints on the coefficients T;; and show that
they define an ideal in C[Tgyg ... T},|. We then give an explicit parameterisation of the quotient

of C[Tpo - .. T,] with respect to this ideal in terms of r parameters. t1,...,t..

Theorem 5.3.1. The Poisson condition generates the ideal P in the ring C[T11 ... T,,]
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given by the equations

Tho =1
Tor, = 0, E>0
P=q =0 k>0 (5.3.3)
T =0, k<i
ij=l
Tag= > TpiTmj Yp,m>0:p+m=s.
L 550

Moreover we have the following ring isomorphism for the quotient

Q: C[TOO A TTT]/P — C[tl .. .tr] (534)
such that
1 d k Ny
T’i:ti7 T'inipr t, ) PT t, = Zti) -9
I ki = o P(te)t| o Pite) ;s (5:3.5)

so0 that Ty, is just the coefficient of the €' term in the polynomial P,(t, ).

Remark 5.3.2. The equations which define the ideal P do not depend on the specific form
of I1, i.e. on the structure constants of a Poisson bracket. Therefore, the classification of the
automorphisms is a consequence of the grading structure and not a property of the specific Lie

co-algebra.

Proof. Assume the matrices A; and B; satisfy the Poisson relations (5.3.2)) and prove the rela-

tions for the coefficients T;;. Let us start from the relation for By
{B()G? BO} = [H,H@B()]. (536)

Substituting (5.3.1]) in (5.3.6) and expanding, we obtain

r r k
{Bo® Bo} = > ToiToj{Ai® Aj} = > (Z TOiTO,k;—i> [ILI® Ag] =

i,j=0 k=0 \i=0

=[LI® Bo] =Y _ Tox[ILI® Ayl (5.3.7)
k=1

89



This equation defines the system for the coefficients Ty;, which takes form

k-1
TooToo = Too, 2TooTox + Z ToiTok—i = Tok,

i=1
that, by recursion, leads to the first set of equations which generate ideal P:
Too=1, Tor=0, k>O0.
The next statement we want to prove is that Ty = 0 for £ > 1. We use
{Bl@Bk}:[H,HQQBkH] kE=1,...,r

Again, substituting ([5.3.1) and expanding, we obtain

T T
Y Tl L@ Aig] = ) Ther j[ILT® 4],
i,j=0 J=0

and collecting all coefficients of [II,I ® A;], we have that
Tht1,0 = Tr0Tko,

that is solved by

Tii10 = (Tho)* .

On the other hand substituting (5.3.1]) in
{Bl @ BT} = 07

we obtain

TioTr0=0=(Tw)" = Tip=0,

(5.3.8)

(5.3.9)

as we wanted. Now to demonstrate the statement that T;, = 0 for k<7 we use the relation

{Blé’@Bl} = [H,H@Bg]
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By substituting (5.3.1)) we see that the left hand side of (5.3.10)

{Bl (%) Bl} = Z Tlile [H, Ai+j] =TT [H, AQ] + Z K [H, AZ], (5311)
0,5>2 i—4
does not contain terms in Ay, or A, it contains only one term that depends on As, given by
T11711[I1, Ao and all other terms depend on As, ..., A,. Expanding right hand side of ([5.3.10)
we get

[I,1® By] = Tou [T, T® Ay] + ) Toi[ILT® Aj. (5.3.12)
=2

Therefore, we obtain that Tb; = 0. Similarly, applying the {B; ® o} to Bs... B, and using the
same approach we obtain that T;; = 0 for & < i. The last relation in (5.3.3)) is obtained by
imposing (|5.3.2)), substituting (5.3.1)) and expanding as before, and then by imposing all other

conditions we have obtained so far.

We now prove the second part of the Theorem. First of all, we observe that thanks to
relations , the coefficients ¢; := T7; for j > 0 form a basis in the quotient ring O :
C[Tbo - .. Tyr]/P. Then, because each Tj; must be given by a polynomial P,gi)of t1,...,t,, wWe
just need to check the degree and the form of the coefficients. To this aim we use the last
relation of for T;; by induction on j from % to . We omit this computation as it is

straightforward. O

Example 5.3.3. In order to give a taste of how the general elements of the Takiff co-algebra
depend on the Poisson automorphism parameters t¢;, we provide a few examples of low degree.

We consider an element of the Takiff co-algebra as a polynomial in % In the case of g7 we have

141 A
:1214_70_
z z

B(2) (5.3.13)

Here this automoprhism just establish that the invariant space of the action of Ag is defined
up to multiplication by a constant, so in a sense this example is quite trivial. For the g5 the

general element writes as
t%Ag t1A1 + to Ay Ap
=—5 T 5 +—.
z z z

B(2)

(5.3.14)
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The next example is the case of g5 and the element of the co-algebra writes as

BAs 1245+ 2titeAs 11 A1 + 1o As + 1343 A
:13+12 123+11 2412 33_'_70'

B(z) 1 2

(5.3.15)

z 23 z z

In the previous section we saw how such dependence on the parameters ¢;’s arises during
the confluence procedure. In some sense, the irregular deformation parameters are just the

deformation of the representation for the Takiff algebra.

5.4 Darboux coordinates for sl, Takiff algebra coadjoint orbits

In this section, we compute explicitly the reduced coordinates for the co-adjoint orbits of the
quotient of Takiff algebras with respect to the inner group action on the lifted Darboux co-
ordinates in the case of degrees 1, 2, 3 and 4 - this choice is motivated by the fact that in
the Painlevé confluence scheme the maximal pole order we have is 4. However, the described
procedure can be easily expanded for the Takiff algebra of any degree - we give a hint and some
explanation in the discussion after the examples. In each example we give explicit results in the
case of slo, since this is the case of the isomonodromic problems for the Painlevé equations. We
also provide the coordinates in the diagonal gauge - the case when the leading term is diagonal.
We do this because there is also the additional outer action of the group GG which can be used

to put one orbit in such form.

5.4.1 Lifted Darboux coordinates

As seen in the previous section, the lifted Darboux coordinates for the co-adjoint orbits of an
ordinary Lie algebra are given by a symplectic reduction from T*gl,,. We use the same idea
for the truncated loop algebras. This follows ideas introduced in [24] to parametrize the space
of the irregular Gaudin systems, which are autonomous version of the isomonodromic systems.
However, Chervov and Talalaev didn’t perform the explicit reduction and the parametrisation
of the co-adjoint orbit of the truncated loop algebras. So in this section we provide detailed

reduction procedure.
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We start from the following space
g:g[ﬂh T*AT:{(PvQ)‘P:ZPizzvQ:ZQiz_Z_la RAQ’LEg[m}
i=0 i=0
The symplectic form on T*§,, is given by the differential of the Liouville form:
T
w=d(P,dQ) = %Tr (AP AdQ)dz=d) Tr (P AdQ;), (5.4.1)
& i=0

here d is a differential on the space of spectral parameter z, while d is a differential on a phase

space.

Lemma 5.4.1. The map

.
@ 1791, —  T*g,
=0

(POV"’PT’QO?"'aQr) = (P’Q)
s a symplectomorphism.

The proof of this result is a straightforward consequence of the fact that T*g,, and ET} T*gl,,
are isomorphic as vector spaces and formula shows that they are symplectomlo:rlphic to
each other. However, we have enphasised this simple fact into a Lemma because é T*gl,,
provides the ambient space for the confluence procedure. .

We now want to construct the Lie group G, of the Takiff algebra. Its elements are given
by:

T
g(Z) =90 + Zgizl7 go S GLm) g S g[ma
i=1

where, in order to be able to multiply both on the left and on the right, gl,, is considered as a

bi-module of GL,,. The group structure of G is given by GL,, multiplication mod 2", i.e.

g(2) - h(z) = g(2)h(z) mod 2" = gohg + Z Zgi,jhj 2.
i=1 \j=0

The inverse is given by

T -1 o0
g =g |1+ Zgolgmf] = g5 (1 +3(2) 7 = g5 Y (~1)g(2)  mod 2",
i=0

=1
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and the neutral element is given by the identity matrix. The induced inner and outer actions

on T*g" are given by

g x (P,Q) = ([P o gJmod PR [g_l 0 Q) (5.4.2)
g x (P,Q)=([goPlmodz"";7_[Qog™]) (5.4.3)

inner

where 7_ is a projection to the Laurent part with respect to spectral parameter z, i.e.

-1
= Z Ezi

1=—00

T [ io: Tizi

1=—00

Lemma 5.4.2. Both inner and outer actions are Hamiltonian with the moment maps respec-

tively

Hinner - T*gr — ﬁ: Houter - T*gr — g;

. (5.4.4)
(P,Q) — A(z) = m_ [PQ)] (P,Q) — A(z) = 7 [QP]

These two moment maps are dual in a sense of Adams—Harnad-Previato duality [3]. Since
inner and outer group actions commute, A(z) and A(z) Poisson commute with respect to Poisson
bracket induced by (5.4.1). As in the Fuchsian case, A(z) is an element of the co-adjoint orbit
for the truncated loop algebra. On the other hand, A(z) becomes an invariant of the orbit after

quotient via the inner group action.

This gives us the opportunity to generalise the statement of the Lemma to the case of

Takiff algebras:

Lemma 5.4.3. The map

™4, | G, — Or
Ao
(@, P) = Alz):=7n_[QP]

where /| denotes the Hamiltonian reduction w.r.t. the inner action in which the moment map
Ao
has value Ag, is a rational symplectomorphism and the Jordan normal form Ay of A is given by

Ao(z) = m_ [PQ].
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QoPo Q1P Q2P o . Qr_1Pr1 QP

I ~

QoPy Q1P Q2P Qr1 Py
QiPirr—1 Qi+1Pivk
QiPiyr Ay
QoPr

Figure 5.2: Lifted Darboux coordinates for the Takiff algebra of degree r. In this diagram we
have r 41 rows, and we number them starting at the top with row 0, all the way down to row r.
The sum of the elements in row k gives the coefficient A, of the power of z=*~1, the blue arrow
follows each @); matrix from the formula above to the one below, while the red one follows F;.

The explicit form of A(z) is

r—k
A, A
Az) = pran I + 70; A = ZXi,iJrka Xij = QiP;. (5.4.5)
=0
while Ao(z) takes form
AT AO r—k
T T S o) (5.4.6)

i=0

Remark 5.4.4. According to Lemmal[5.4.1), all co-adjoint orbits, i.e the ones of for the ordinary
Lie algebras and the one for the Takiff algebras, are reductions of the same phase space. Systems
with different orders of poles are obtained by different choices of the group realising the reduction:

in the Fuchsian case we considered the action of the direct product of GL.,, while in the case

of the Takiff algebra we use the inner action of G7, = GLy[2]/2" T G Ly [z].

The parametrisation ((5.4.5) allows a nice combinatorial description which is presented on
the Fig. [5.6.1}

Theorem 5.4.5. The Poisson bracket induced by the Darboux coordinates Q;, P; to the space
of matrices Ay, k=0,...,r coincides with the graded Poisson structure .

Proof. This statement is a straightforward corollary of the Lemma [5.4.3] However, here we

prove id directly for the sake of clarity. The Poisson bracket on the elements x;; in (5.4.5) is
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given by
{Xij@Xkl} = {QinQ?QkPZ} =0;,(Qi @ 1)UL ® P) — 01 ® Qp)QUP; @ 1) =
= 0jk(QiP @) — 6 QQr P @) = 651 (xa @ DR — 6:Q2(xx; @ 1)

which is the same as

{(Xij)aﬁ : (sz)ws} = 030y (Xit)ag — 9itdas (Xkj)g -

By direct computation

{Av@ At} = Z{X@',Frk@? Xig+t} = D 0irk(Xigrt @ DI = 65 T(xji4 @ T) =
i,j 2

= itk @ DI =Y T gap @ 1) = =[I1, Agyy @ 1]
i j

we obtain the proof of the statement. In case if k41 > r the Poisson bracket shall automatically

be zero. O

In the next lemma, we show that the quadratic Casimirs for the Takiff algebra are given by

functions of the spectral invariants of the co-adjoint orbit:

Lemma 5.4.6. For the Takiff algebra of degree r, the following quantities are Casimirs
I, = res (zTJ“k'I‘rAQ) , O0<k<m. (5.4.7)

Proof. The fact that [ are Casimirs may be checked by the direct computation, here we

demonstrate it for k = 1, since we use it in the further text. Explicitly I; writes as follows
T
Il = ZTrAjArfj-
§=0

The Poisson bracket with an arbitrary generator of the Poisson algebra defined via Lie-Poisson
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bracket for the Takiff algebra gives

T

> (A, TrA A} = [Aigjs Arjla + D [Arjri; Ajla =
=0

§=0 j=i

l=1i j=i

In the same way we may prove that I are the Casimirs for k > 1. O

First order pole. Takiff algebra of degree 1

In this case Takiff algebra coincide with the ordinary Lie algebra. Parametrisation in such
situation was obtained in works [6, [7]

Second order pole. Takiff algebra of degree 1

The Darboux parametrisation is given by

_ QP n QoPo + Q1P

22 z

A(z)

w=d0, O =Tr(PdQ;+ PydQo),

so that the extended phase space is of dimension 4m?. We now want to reduce this dimension

by solving the moment map conditions

PiQo=A1, PoQo+ PiQ1=Ag

w.r.t. Py and P;. To do this, we only need to assume that Qg is invertible, namely (Qq, Q1) €

@ Gl,, x gl,,,. This inversion sends the Liouville form to

0 =Tr (MQy'dQ1 + A Qy 'dQo — MQy ' Q1Q;'dQo)

while A goes to

Alz) = Qof\;QQol n QohoQp " +[@1Q5 QoAlQal].

z

We now want to reduce the dimension by 2m via the torus action @); — Q;D;, where D; is a

diagonal matrix, that fixes the invariants of the co-adjoint orbit Ag, A1. To this aim, we find
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the Darboux coordinates pi, ... Py (m—1),q1; - - - Gm(m—1) explicitly in such a way that

m(m—1)
O = Tr (M1Qy Q1 + AoQp 'dQo — MQy' 1Qp'dQo) = D pidas. (5.4.8)

i=1
The number of unknown functions also equals to 2m(m — 1), due to the factorisation of the
torus action (this is the truncated current algebra analog of the statement that the eigenvectors
are defined up to multiplication of the diagonal matrix). There are many possible choices for

the Darboux coordinats in this situation, our aim to find one of them; it is convenient to use

the following change

L = Q,'Qr,

then Liouville form transforms to
©="Tr [AldLl + (Ao + [Ll, Al]) Qalon] .

The Liouville form is always defined up to a closed form. Since A; is an invariant of the

co-adjoint orbit (i.e. is a constant) the term
A1dL1 =d (AlLl)

is exact, so we may drop it. The equation for the differential form therefore simplifies to

m(m—1)

Tr [(Ao + [L1, A1) Q5 1dQo) = > pidas,
=1

which allows us to pick our Darboux coordinates in such a way that ()¢9 depends only on
q1,- - Gm(m—1) (i.e.Qo is a section of a principal bundle over the Lagrangian sub-manifold),
while the entries of L; are given by solution of m(m — 1) linear equations. For example we can

we may take off-diagonal entries of (g as the coordinates on the Lagrangian sub-manifold. By
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using the torus action, we can make the following choice of Qq:

1 ¢ ... ... Grm—1 1 0 0
0 1 ... _ m(m— 1 0 .. 0
dm q2m—3 qm( g D
QO = . 0 e Te . q,,L<7,2L,1) 192 q’m(nZLfl) 43 1 . O
0 O 1 dm(m-1) :
2
0 e e 0 1 q(m—1)2 . e Qm(mfl) 1

For sly we have

6; 0 1 @ 1 0 1 0 —p2

0 —6; 0 1 @ 1 p2gs —200g2 +p1 O

and A goes to

00, [ 12 +1/2 —(qee+1)a
1
q2 —q1q2 — 1/2

1 [ Prar —q2p2+ 0o —p1g3 + (2q1g2 + 1) p2 — 2001
! . (5.4.9)

z
D1 —p1q1 + q@2p2 — b

If we take into account the outer action of SLs, the leading term can be chosen in diagonal

form and we have

0
B 0, 1 0 1 0 b2
Q1 IA(Z)Ql =2 + >
0 -1 P23 —200q2 +p1 —bo
In the case of degenerated orbit, when
0 1
Ao =
0 0
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we have

1+ pa 0 DL 4 qigy +po+ 1+ M — 52 @
Ly = L , Qo=
- (1+p2)q2_g;2_2/\1q2+p1 1 EEtat+h -4, 1
and A goes to
2
1 [ ~(@e+)e (g +1)
A(z) = 2 +
—q2° (q1q2 +1) g2

1 ((h + ﬁ) p— BB <—(J% - %) p1+p2 (g2 +1)

4= (5.4.10)
z 1 pP292
p1 <—Q1 - %) p1+ 5
Diagonal gauge gives
43p2+p1
-1 1 0 1 1 2q2 P2
Q1 A(R)Q1 = = + -
z 00 z 0 _ @3patpi
2q2

Third order pole. Takiff algebra of degree 2

In this case, the parametrisation in terms of lifted Darboux coordinates is given by

Qo n Qo1 + Q1P . QoFPo + Q1P + Q2
28 22 z ’

A(z)

so that the extended phase space is of dimension 6m?. The moment map is given by the

equations

P,Qo = A2, P1Qo+ PQ1 =AM\, PyQo+ PiQ1+ PQ2 = Ay.

Here we again use the following change of variables

Li=Qy'Q1, Ly=Q;'Q
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that maps the Liouville form to
© = Tr (AodLs + AydLy — AoLidLy + (A + [La, Ao] + [L1, Ay — A2 Ly]) Q5 dQo) -

As in the previous case, the first 2 terms are closed differential forms, so we can drop them.
The dimension of the reduced phase space equals to 3m(m — 1) = 3N and we consider the

following parametrisation

N/2 3N/2
Tr(—A2L1dLy) = Zpid% Tr [(Ao + [La2, Ao] + [L1, A1 — A2 L4]) Qp ' Qo] = Z pidg;.
i—1 i=N/2+1

For simplicity, let us denote
©1 = Tr(—A2LydLy), O =Tr [(Ag+ [Lo,Ao] + [L1, A1 — A2Lq]) Qalon] ;

so that © = ©14+05. Now if we will find the right parametrisation of L, we may put Qg to be a
matrix which depends only on qn/o11,---g3n/2 (i-e. again Qo depends only on the coordinates
of Lagrangian sub-manifold) and then obtain Ly by solving a system of linear equations. In

non-degenerate case when Ao is a semi-simple matrix with distinct eigenvalues (; we have

O = Z —Gi(L1)iyd(La)ji — Gj(L1)jid (L) =

1<J

D (G = )T jid(La)sg = d(Gi(L)ij(Ln)ji) = Y (G = ) (Ln)jud (L)

1<J 1<j

and we see that a natural choice of the Darboux coordinates are the off-diagonal entries of Ly,

such that

{(L1)ij, (L1)we} = segn(f — 1)0k;01 (G — ¢5)-

In the case of s[, we have
A2 = s Ly =

Here the diagonal part of L; is irrelevant, since it does not contribute to ©1, ©2 and generally

may be be chosen to be zero by a torus action. Solving the linear equations for the Cartan form
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©9 we obtain

0, 0 I ¢
Az - P QO =
0 —6; g2 1
I 1 0 (P2a2 + p3as — Oo)a1 — p2 + Gips
1= =
20 1 — P191q2 + (p3g3 — 0o)q2 — 2613 0

Here we take in a slightly different form of Q)¢ respect to the previous example for the sake of

obtaining a neater final formula. The matrix A(z) takes form

AC2) 1 1 02 (q1q2 + 1) —20>q1
)= —5——
37 _
Z1-ae 2 @b —02 (q1q2 + 1)
1 1 01q192 + 2 602q193 — qop3 + 61 —2q3q302 —201q1 + p3
21 — o,
Fl-ne —@3p3 +201q2 + 2 09q3 —01q192 — 202q193 + q2p3 — 01
1 P1q1 — g2p2 — p3q3 + 0o —p1q1? + p3q1gs — Boq1 + Do
+ = (5.4.11)
z

—p2ga® — p3gags + 0og2 +p1 —p1q1 + q2p2 + p3gs — o

The diagonal gauge gives

_ 1 (0 O 1 01 P3
Qo A(R)Qo = + 3
0 —03 202q5 —0,
+
1 —p3q3 + 6o —P2g192 — P3q193 + Boq1 + p2
- (5.4.12)
z
—P19192 + P3g2q3 — 0oq2 + p1 P3q3 — to

Choosing another LU parametrisation for @, i.e.
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the diagonal gauged system takes form

, N 1 [ 02 —203¢1 1 q1p1 + 01 p3
0 -1 p1 —02 P33 + (—2q1p1 — 2601) g3 +p2 —qupr — b1
In the degenerate case, when
0 1
A3 =
0 0
reduced Darboux coordinates take form
[ —(@e+De (ae+1)
—q2° (1g2 +1) g2
1 [ 2016303 + 2000102 + p3qiga — 2g2g3 + Ao + 53 — (—2q192q3 + 20oq1 + @1p3 — 243) (12 + 1)
_|_7
2
z
(—2q2q3 + 2X2 + p3) @2 2q13q3 — 2X2q1G2 — P3q1G2 + 242G3 — A2 — 3P3
11 [ 8mdige —4pags + 4psda + p3 +4p1 —8p1aiqe + 8p2q1 g5 — 8Aapsqr — 2P3q1 — 8p1g1 + 8p2ge
o 2 2
8¢a2p1 —8p1q1g2 + 4p2q; — 4p3dz — p3 — 4p:
(5.4.13)

In the eigenbasis of the leading term we have

1[0 1 1 [ A2+1/2ps

Ql_lA(z)Ql =3 +
z 0 0 z 0

4pags +4pshe + D3+ 4p

—8 gap3da — 2 g2p’
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—Xy—1/2p3

8p2g2
(5.4.14)
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Fourth order pole. Takiff algebra of degree 3

Here we provide only the result

- 0. [ 1 0 1 03 —204q3
QAR = 7 + 5 +
0 -1 201q1 03
1 2049394 + 02 —0443q3 + (03 — 4604) uq3 — 0aq3 + pa
_’_7
2
z
—014504° + (03 — 404) qiq3 + (203 — 04) qa + 3 —204q3q4 — 02
1 q3p3 — qapa + bh P2
1 (5.4.15)
z

P2q3 — 2p3q2q3 + 2paqaqs — 201g2 + 1 —q3ps + qupa — b1

Remark 5.4.7. There is an interesting difference between poles of odd or even order. Indeed,
when the order of pole is even r + 1 = 2k, then the reduced phase space dimension is divisible
by 4, and we have a kind of polarisation. Indeed, for poles of order 2k we locally write the

connection as

Ay Agk—1
poal e
and the matrices Ay, ..., Asg_1 form a Poisson commuting family of half the total dimension.

Therefore they define a Lagrangian sub-manifold in the phase space. We can then assume that
these matrices are parameterized by Qo, ..., Qr_1, Pk,... Pop_1 only. In the case pole of odd
order, we will still have that Ax11,...,Asx—1 form a Poisson commuting family, but now this

is not of half the dimension.

5.5 Geometry of the sl, Takiff algebra co-adjoint orbits and
ramification

The aim of this section is to describe the ramification phenomenon for the sly linear systems
with irregular singularities using the classification of the co-adjoint orbits for the corresponding

Takiff algebras. All the results in this section are local by nature. Without loss of generality,
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assume that system has pole of the Poincaré rank r at zero

d Ar AT,1 A1 AO
— = | = e+ S+ 2 40|V, UeSLy, Tr(4;)=0. 5.5.1
o St Tt g (1)] v, € SLy, Tr(A) (5.5.1)

Due to the results obtained by the confluence procedure, we may treat the Laurent part of
the connection as an element of a co-adjoint orbit of 5;[; Since the rank of sls is one, all the

invariants for the co-adjoint orbit of 5[; are given by quadratic Casimirs

-
Iy=) TrAjAj1, 0<k<r+1,
§=0
due to the theorem by Molev [7(]. For a generic choice of the values for the invariants I, the
formal solution is defined as a divergent series in z and the number of the Stokes rays is 2r.
However, when 1,11 = 0, i.e. when A, is conjugated to a Jordan block, the formal solution
is no longer a series in z, but it may be written only as a series in /2. The geometry of the
Stokes phenomenon also changes and the number of the Stokes sectors becomes less than 2r.
To illustrate such phenomenon let us give an example which demonstrates ramification for the

classical special functions.

Example 5.5.1. Consider the sly linear system with only one pole of order 3 at Z = 0.

Choosing inverse coordinate z = % such system writes as

d
a\]} = (AQZ + Al)\I’, Tr A; = 0. (552)

Now, let Ay be a semi-simple matrix, then there exist a gauge transformation ® = gW¥ which

sends ((5.5.2)) to

for some numbers u, v, w. Reducing the system to a second order ODE we get

— af

& + 1 +(0z+v

dfé (0227 + 20vz + uw +v* — 0) f, ® = - az T ( )f
z

U uf

which can be solved via parabolic cylinder functions. The number of Stokes sectors in such

case is 4, since solution behaves as exp(£2z2/2) at co. Now let us assume that A, is a non-zero

105



nilpotent matrix. The there exists a gauge which sends (5.5.2)) to

d 01 vw
— ¢ = z+ P.
dz

Rewriting the system as a second order ODE we get

df
d? L[ a+tv
—];:(uz—i-uw+v2)f, d=—| 1 f
dz U uf

whose solution writes via general solution of the Airy equation. The asymptotic solution of the

Airy equation is of the following form
2 3\ 1 m
y+(z) ~ exp $§z 2 | 21 Z amz™.
m>0
and defines 3 Stokes sectors. Computing the Takiff co-adjoint invariants in both cases we see
that Airy case corresponds to the co-dimension one hyperplane

L=TrA2=0

in the space of parameters (I1, Is, I3), while for the parabolic cylinder case I3 = 262 # 0.

Ramification was studied before in the context of differential equations without refering to
the co-adjoint orbits of the Takiff algebras. See [89] for the details. Connection with co-adjoint
invariants of the Takiff algebra gives an opportunity to consider transition from the generic
system to the ramified one as a transition from the generic co-adjoint orbit to the special one.

Such special orbit can be seen as an analogue of the nilpotent cone in the Takiff algebra.

5.5.1 Normal forms of the element in the Takiff algebra 5:[;

The aim of this section is to provide classifications of the co-orbits in the Takiff algebra over

5[2.

Theorem 5.5.2. Let A(z) is an element of the Takiff co-algebra g[;*. Then it can be sent by
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the co-adjoint action of the group to the one of the following forms

) Op + 0,12+ -+ 02" 0
EEaY
0 —(0r +0r_12+ -+ 002")
_1 0 1
ZT+1
Op_1z4+---+0z" 0

(5.5.3)

where 01,04, .. .0, are the invariants on the orbit.

Proof. First of all let us proof that 6; are invariants of the orbit. Indeed, let A(z) = A(z), then

using formulas for the quadratic invariants (5.4.7) in the diagonal case we get
T
=2 06r4j.
§=0
In the case when the leading term is nilpotent we get
Iy1 =0, I=0

Now let us proof the statement about the normal form. Consider co-adjoint action of the

corresponding Takiff group.

Definition 5.5.3. The Takiff group is a Lie group given by the application of the exponential

map to the corresponding Takiff algebra.

Lemma 5.5.4. Let v(z) is an element of the Takiff group corresponding to the Lie algebra j[;,

then there exists such go € GLy and g; € gly fori=1..n, s.t.
v(2) = (14 gz A4 gn_12" 1) ... (1 4+ g12)g0, go € GLa, g; € gly. (5.5.4)

This decomposition is defined uniquely.

Proof. Proof of this lemma is a straightforward computation - v(z) depends linearly on each
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gi- On the other hand we may write v(z) as
n .
v(z) = vy + Zvizl, vg € GLa, v; € Mat,,xm - (5.5.5)
i=1

with some requirements for v;. Comparing the terms in front of each power of z in (5.5.4) and

(5.5.5), we obtain linear matrix equations for the coefficients g;. The solution is

—1
9k = VkGy — JamGam—1 -+ - Gaq -
acll(k)
Here II(k) is a set of the ordered monotone partitions of the number k£ and « is a vector of
partition, i.e.
O<ap<ay < - <anm

a=(ay,...an) €llk) =
artag - Fan=k

The explicit formulas can be seen as some summation over some special Young diagrams.

However, here we are not interested in explicit formulas, but we want to emphasize that every

element of the truncated loop group has unique decomposition of the form
T(z) =14+ g2")A 4 gn12" 1) ... (1+g12)g0 = G ... G190 (5.5.6)

Now let us show that g;, € gl, for £ > 0. Indeed gy € GLy and 1 + zFg,, are the generators of
the Lie group, which tangent space is a é[g, then choosing entries of g for £ > 0 as a linear

coordinates in the Lie group we get that g are in gl,. O

Remark 5.5.5. Provided description of the Takiff group for gly seems to be new, up to the

knowledge of the author. It can be easily extended gl,, case.

Remark 5.5.6. Since s:[; is a quotient of the é[; by the commutative subalgebra, the co-adjoint
orbits off;[; coincide with the orbits of the conjugation by the Takiff group corresponding to the
é[;. Because of that, we use introduced in the lemma group to investigate normal forms

. AT
wn sly.

Due to the lemma [5.5.4] co-adjoint action of the Takiff algebra may be decomposed into a

series of co-adjoint actions of the simplier form. Each of these actions has a very nice property -

n—1 _—n

Ad _» leaves invariant the coefficients at the powers 27" %, 27", . .. 27"TR+L for any element

*
1+gk
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of the Takiff co-algebra. If we associate element of the Takiff algebra with its coefficients at

powers of z, then the action formally writes as

Adg, (A Aror, Ag o Ao) = (99 Argo, 9 Ar—190, -+ 9o Aogo)
Ad){+zgl (AraArfla---Aka---AO) = (AT,AT,1 + [gl,Ar],An,Q...Ak,...Ao)
 (55)
Ad]y e, (ArAporso Ap, o Ag) = (A Apckns Anek + g8, Arl, - Ad)
Ad,1(+z”gr (AraAT—17--~Ak7"'AO) = (AT7AT—17"'7A17A0+ [97‘7147“])

Then, choosing gg to be a transition matrix to the basis in which A, is in it’s Jordan form A,

we find g; by solving linear equations

Ar_ + gk, Ar] € kerady, .

In case when A, is diagonal ker ady, = b, while in case when A, is nilpotent, i.e. A, € e, kernel

ker ady, is anti-borel algebra f. O

5.5.2 Local solutions near irregular singularity. Gauge and unfold

Now we explain how the normal forms introduced in the previous subsection are related to the
formal solutions near the irregular singularity. Firstly, let us demonstrate the link between the
co-adjoint action in the Takiff algebras and the gauge transform. Let G(z) be an element of

the gauge group, such that G(0) € SLy. Then the gauge transform may be written as

. d

G| o+ o+ +%+Z+mﬂa@—a)dﬁ@_
[ A A A4 A
= Adg | + T1+~-+Z21+°}+0() (5.5.8)

where G is the r-th jet of G(2), i.e
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Then there are two options - the first one is that there is a G(z) such that the Laurent part after
the gauge is diagonal. This is the non-ramified case and we may use formal asymptotic solution
written as a divergent series in the local coordinate z. The second option is that the Laurent
part has a non-trivial nilpotent leading term which allows us use a gauge transformation which
sends system to the form
4 = ! Zr% + oY + et 0 +0(1)| W.

0

20
z

o
o
>
S
P
o
>

However, to write down a local solution we have to diagonilize the Laurent part. The general
theory for rank n systems is given in the book by Wasow, however in the sly case there is a way

to do it geometricaly and see the ramification explicitly. Let k be the the integer such that

0140, VI>Fk: 0 =0,

then locally we have

d 0 T T
Ly= 7 +o@*ﬂ)m. (5.5.9)
dz 0—1 0
2k

Transforms (5.5.9) to the following system

d 1 Or—1 0 < 1 >

— = | — +0(—— || ®.
k4r+1 k+r

dz (V=) 0 O, (V=)

Proof. Passing to the double covering coordinate w? = z we get a local differetial equation in
w with diagonal leading term. The number of Stokes sectors is 2(r + k) on the double cover

and 7 + k in the initial local coordinate z. The theorem provide a scheme which connects the
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Figure 5.3: Confluence scheme for Painlevé equations. Each triangle at this diagram corre-
sponds to the Takiff algebra Darboux coordinates which was introduced at the Fig. Red
arrows stand for confluence procedure, while green ones for remification.

degeneration in the Takiff algebra with the degeneration of the Stokes phenomenon
(Lyy1, I, L1, ... I1) : 2r Stokes sectors

(0,1,,1,—1,...11) : 2r — 1 Stokes sectors

(0,0,I_1,...17) : 2r — 2 Stokes sectors

(0,0,0,...0,17) : r + 1 Stokes sectors.

From that perspective to study ramified systems like the isomonodromic problem for Painlevé
I, degenerated Painlevé III (D7 and D8) or degenerated Painlevé V, we have to perform a

reduction from the coadjoint orbit with nilpotent leading term. ]

5.6 The Painlevé equations

5.6.1 General scheme

The confluence diagram of the Darboux parametrisations in the case of rank 2 non-ramified

connections with 4 points is given at Fig.
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The Hamiltonians of the isomonodromic problem with irregular singularities of the Poincaré
rank r; at point u; allow additional symmetries with respect to the inner action (choice of
the spectral invariants at each singularity) and outer action (gauge group action). Using the
Darboux parametrisation of the co-adjoint for the slo—Takiff algebras, we automatically fix
spectral invariants, i.e. reduce with respect to the inner action. The only symmetry which still
needs to be taken into account is the gauge freedom which leads to the fully reduced phase space.
In all the examples of this section, we write down Darboux coordinates with partly resolved
gauge group moment map by diagonalizing the leading terms at one of the irregular singularities.
We do it automatically by writing diagonal gauge intermediate Darboux coordinates for the
Takiff algebra co-adjoint orbit. Therefore, the number of the intermediate coordinates in all
examples is 4 and not 6 (because we have eliminated 2 coordinates by diagonalisation). Such
coordinates are in correspondence with the Darboux coordinates which were used in [45]. In
order to reduce to the smallest dimension of the system (namely 2), we have to always reduce
with respect to the action of the stabilizer of the leading term. The same scheme works for the

ramified cases, which corresponds to the special choice of the moment map.

5.6.2 Painlevé V

The Isomonodromic problem takes form

(5.6.1)
(t)
GV =
Deformation equations are
d 1 d 1 d
2 A0) — 2141 »(0) 20 — Z140) »4@®) (t) fhally - S
th t[A , AV, th t[A , AW + [By, AY], dtBl 0. (5.6.2)

The Poisson algebra is given by

[40g A0} =M1 A0], {40040} =La0en )} ={aVen ]} = {Ben} =0
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Isomonodromic Hamiltonian writes as

2
Hy = resTr (A(;)> = Tr <A<t>Bl + 1A(“A(0)> . (5.6.4)

A=t

In the sly case Darboux parametrisation of the elements of the coadjoint orbit takes form

40 _ pogo — o —(pogo — 260)po A0 — pege — 0 —(pear — 204)pe

qo —pogo + to q —peqr + 0,

with the symplectic form

w = dpy A dg; + dpo A dgo.

Using gauge freedom, we set a constant matrix B to be diagonal

t

2 0,  6\> 2
= 4k(prge — ) — = (pt —po— —+ 0) +5 (afqo +93%>.

A(N)? 2 5
H=§%ﬂ 5 = 4k(prgr — 0¢) — —(a:q0(pt — po)” — 2(qob: — ¢+60) (Pt — po) — 26006;) =

t q  qo q qo0
This Hamiltonian is invariant under the following rescaling
qi
Di = pi&, Gy — —
o
which is the same as the gauge SL(2) action via diagonal matrix. The moment map is

gopo + qtpt-

The change of the coordinates

I =qopo+aqpe, ¢ =1In(q), u=-——, v=pqo,
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is a canonical transformation. Resolving it with respect to the ¢’s and p’s we obtain
qg=c’ q=—-c’u, py=e (I +uw) p =e %v,
and the symplectic form goes to
w=dps Adgs + dpg Adgo = dI Ady + dv A du.
The Hamiltonian in these coordinates writes as

0 22,1
H:—4kz(uv+9t)+2u<v—l—uv+t+00> —(9?+98u>
t U t U
and it is obvious that I and ¢ are the part of the action-angle variables, so we may decrease

degrees of freedom by 1 and consider the following Hamiltonian system

2

0 2 1
H= —4k(uv+0t)+2% (v —a—uv+ —+ 90> — <9,52 + 0§u> , w=dvAdu, a = const.
u u

The equations of motion take form

. OH 4u 0,
H 2 2
1}:7%—“:414:1)—; <(vuva+it+00)22u(vuva+it+¢90) (U+S;>+zt203>.

Writing second order ODE for u we obtain

d*u 1 1 du\? 1du (u—1)2 0, \*1 u o ou(u+1)
e T N e VY (u=(2) 2 ) +4k(4(a—0y—0,)—1)——gk2 22T )
at? (u—l +2u> (dt) pa T (e <00> u | TAk(A(a=00=6,)—1)73 -8k

which is the Gambier’s form of the Painlevé V equations and the constants are given by

of k2:—§, 4k(4(a — 0y — ;) — 1) = 7.

0o = _
0 64’ 8

The following canonical transformation

v=—((x—1Dy+a—200)(x—1), dvAdu=dyAde,
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send H to the following form

tH = 2x(x — 1)y% + 4(ktz(x — 1) + (0, — 0) — 0;)y + 4(xkt(a — 2600) — 0,(kt — 6p))

which was introduced in [58]. The example of the Painlevé V equation as a system written on

the co-adjoint orbits of the Takiff algebra was recently studied by [57] in more details.

5.6.3 Painlevé IV

The connectionis

AY By — By 5.6.5
(A) Yo D1 b2 (5.6.5)
and the deformation one-form is
Q AY d 5.6.6
= — t. .0.
3 (5.6.6)

Deformation equations are
AW =[A® B| + Byt], B =[By, AD], By=0.
The Poisson structure is
{AV9 AV} =10 0], {Bi©Bi}=[L1© B, {Bi@Bs}={B2®Bs} =0.

Hamiltonian writes as

2

H = resTre — Ty (A(t)Bl + tA(t)B2> . (5.6.7)
A=t 2

Since Bj is a constant of motion the same holds for the transition matrix to the eigenbasis
to Bs. This allows us to consider the gauge, which is equal to this transition matrix without

changing the Poisson structure of A®). In the case of sl, we have

_ _ _ o —203q3
A(t) _ Deqr — 04 (tht 29t)pt . _ByA— By = —\0s 10 B
qt —piqr + 0 0 -1 s —0s
(5.6.8)
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The Hamiltonian writes as

H = (ptqt - 20t)ptp3 -2 (tht — 9,5) (t03 + 92) + 203q3q;. (569)
Since Bs is a diagonal matrix (has no Jordan blocks) the stabilizer is the Cartan torus of SLa,i.e.

ho0
0 1/h

The additional action of the stabilizer of B3 leads to the following action on the reduced phase
space
P3

o — WPpy, g3 — h’q3, p3— 5

qt
qt — -5 h2)

h?’

which is Hamiltonian with the following moment map

I = g3p3 — qipr.
Using the symplectic change of coordinates

=, qg=ec%, p3=e (I+w), p =e’v, dpsAdgz+dpAdg =dIAdp+dvAdu
(5.6.10)
and fixing the level set of moment map I = Iy = const we reduce to the system with one degree

of freedom

H = (uv —20;) v (uv + Ip) — 2 (uv — ;) (t05 + 02) + 203u. (5.6.11)

Finally, using the change of variables

1
u=zx(zy—Ily), v=—-, dvAdu=dyAdz
x

sends Hamiltonian to the Okamoto form of Py
H = 2ya}2 + (93y2 + (—2t(93 — 292) Yy — 2[0) x + (—1003 — 2939t) Y (5.6.12)

Taking
1
O3=—1, 02=0, Io=—0y, 0;= —5(900 + 6o)
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we obtain the Py Hamiltonian

H = 2y2® — (y* + 2ty + 200)x + O0y.

5.6.4 Degenerated Painlevé IV. Flashka-Newell Painlevé II.

The degenerated case corresponds to the situation when the co-adjoint orbit of Takiff algebra

is the co-adjoint orbit of the Jordan form
1 0
Bg)\—i-Bg-FXBlN)\ + + - R

here conjugation is considered via adjoint action of Takiff group. The Darboux parametrization

takes form
1
IR - 3p3  2q3
A0 — peqr — 04 (prar — 26;) py  _BA—By— 0 1 - 5
q —peqr + 0 0 0 0y —lpg
(5.6.13)
The Hamiltonian (5.6.7) takes form
1 1
H=—3 (prgr — 01) p3 + (prar — 201) piba — qi (t + 2q3) + 3 (—peqr + 6) ps. (5.6.14)

Stabilizer of Bs now takes values in Borel subgroup

which leads to the following action on the Darboux coordinates
Lo
G =4, q3 = q3— i(h 02 + hp3), pt — pe+h, p3— ps+ h20.
The moment map of this action is a constant of motion of the following form

1
I = Zpg + 202q3 + q;.
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After symplectic change of variables

v —03(¢p+ u)?

=1- 5.6.15
292 9 qt v, ( )

p3 = —202(¢p+u), pr=-—-9¢, q3=
Hamiltonian writes as

v? I 9 9
H=— t— — —0u” | v+ I0su° — 2ubo06;.
02 0

Hamilton equations take form

d
T + 205(1 — Iuv + 202600 = 0,

which are equivalent to

d2
aﬁu:Q%ﬁ—mwﬁ+anu+4m—L

After some shift and rescaling of time ¢ and solution u this equation gives the Painlevé 11

equation.

5.6.5 Painlevé 111

The connection takes form
By B

A= —+t—+C 5.6.16
A + A2 + ( )
with deformation one-form
B
Q:—%d. (5.6.17)

Poisson algebra is

{CoC={C&Bo1} ={B1®@B1} =0, {Bo®Bo}=[II,1® Bol, {Bo®@Bi}=[II,1 By
(5.6.18)

Hamiltonian is given by

_1 A2 B
H = iii%Tr?A =Tr (CB1 + 2t> . (5.6.19)
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In the case of sly, choosing the gauge such that C' is diagonal we have the following Darboux

parametrisation

pigr —p2g2 + 01 —p1ai + (2q1g2 + 1) p2 — 201q4

By =
D1 —p1q1 + p2g2 — 01
2q1q202 + 02 =202 (192 + 1) 1 63 0
By = A . (5.6.20)
20242 —2q1q202 — 0 0 —03

Hamiltonian writes as

tH = p3qs + 4t0203q1q2 — 261p2g2 + p1po. (5.6.21)

The stabilizer of C' (SLy torus) action gives integral of motion
I'=qp1 — q2pe.
In order to reduce the degrees of freedom we use change of variables
g =€ ¢=——e% p= e_¢(I+uv), p2 = —e®v,  dpiAdgi+dpandge = dIAdp+dvAadu
which leads to the following Hamiltonian
tH = v*u® — (v* + 2010 + 4t0203) u — Ipv (5.6.22)

where I is a level set of the first integral I. Obtained Hamiltonian corresponds to the Painlevé
IIT equation of type Dg after some choice of constants. To obtain degenerations to D7 and Dsg

we have to consider nilpotent orbits.

5.6.6 Painlevé I1I D7

In this case we consider situation when C is rank 1 matrix, i.e.
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The Hamiltonian takes form
tH = p3q5 + 2t02q2 — 201p2g2 + p1p2. (5.6.23)
The Hamiltonian doesn’t depend on g1 so
p1 = Iy = const,

which coinsides with the moment map for the additional action of the stabilizer for C. Changing

po to v and g2 to u we obtain
tH = u?v? + 20otu — 20 uv + Ipv, w = dv A du,
which coinsides with the Hamiltonian of Painlevé III D7.

5.6.7 Painlevé III D6

Here we also consider the co-adjoint orbit at 0 to the nilpotent orbit. The Darboux parametriza-

tion takes form

<%+ﬁ)p1-%—% <—q%—g—;)p1+pz(q1q2+1)+91%

By =
p1 (—Ch—ﬁ)me%%—Q%
2
—(@g2+1)qe (g2 +1
By = ( ) ( ) (5.6.24)
—q3 (12 + 1) @2
Hamiltonian takes form
2.9 2
435 o | DiD2 p2  1p1® 1(p1—6h)
tH =222 42 4 2122 4922 4 —OL =
4 2t 2+4q§ 4 ¢
Fixing the first integral
p1=Io
we obtain
2.2 2 2
U5V 1 1 Io 1 (Io — 91)
tH =22 — 2+ =(I, + 6 R
4 U2+2(O+ 1)U+4u2 4 u2
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In case when Iy = —60,, after the change of variables

1 23(+1>
U=—, v=-2q2(p+
Va 2q

we obtain Painlevé III DR Hamiltonian

t
tH = ¢*p* + qp+ 03¢ — p

5.6.8 Painlevé II. Jimbo-Miwa

The connection takes form

AN = U 2 3 (5.6.25)
Deformation one form is
B
Q=-22q (5.6.26)
A
Deformation equations are
iB*[B Bs] iB*[B Bs] iB*[B t By, B3] iB =0 (5.6.27)
dt 3 = 2, P3|, dt 2 — 1, D3], dt 1 — 0 2, D3], dt 0 — VY. -V
The Poisson structure is given by
{BZ@ Bj} = [I,1® Byyj_1] (5.6.28)
Hamiltonian takes form
A(N)? B?
H = /{E%Tr)\g (2) =Tr (21 + ByBs + tBlBg> , (5.6.29)

here we drop TrB% part since it is a Casimir. Since we assume that for Painlevé II there is no

singularity at oo, the value of the gauge group moment map should be put to zero, i.e.

By = 0. (5.6.30)
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Such reduction, has to be viewed as a Hamiltonian reduction written on the co-adjoint orbit of
the Takiff algebra g3, so we have to change not only Hamiltonian, but also the Poisson structure.
However, usually the second Painlevé equation isomonodromic problem writes in chart where

the only singularity is at co. The connection takes form
A(X\) = B3A\? + Bo) + Bst + By. (5.6.31)

Here we already resolve the gauge group moment map, by setting residue at oo to be zero. The

deformation one-form then my be written as
Q = (Bs\ + Bg) dt.
The deformation equations are
B3 =0, By=[B3,Bi], B =t[Bs, B3]+ B2, Bi].
The deformation equations are Hamiltonian, with Hamiltonian written as
H = j\re%Tr;f =Tr <Bj + tBlB3> . (5.6.32)

To obtain Painlevé II equation we consider the sly case. Darboux parametrisation is given by

9, 0 O3  —204q3
Bg = 5 BQ = 3
0 —b4 204q4  —03
204q3q4 + 02 —04q3q3 + (03 — 404) q4q3 — 04q3 + D4
B =
—04q3q4> + (03 — 404) q3q3 + (205 — 04) g1 + p3 —204q3q4 — 02

The Hamiltonian takes form

H = —(204q3qs + 02)* — 2t(204q3q4 + 02)04 — ((03 — 404)quqs — Oaq3 + p4

— 04q303) (03 — 404)q3qs + (203 — 04)qa + p3 — 02G3¢3).  (5.6.33)
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The action of stabilizer of B4 gives us the moment map

I = p3q3 — paqa

which gives us the following change of variables (ps, p4, g3, q4) — (I,v, ¢, u)
p3=e ?(I4+w), pi=¢e%v, qz=¢° q=e %, dpsAdgz+dpsAdg =dvAdu+dInde.
The Hamiltonian then writes as
H = —(204u+02)?—2t(204u+02)05— (v—04u>+(03—404)u—0,) (uwv+ (03404 )u>+(203—0, )u-+T —04u®)
The change of variable

v=w+ i(294u3 — 2205 + 80,4u’ — 2ub3 + 204u — I, w=-

gives us

p2 2 4 2 9?2, 2 I?
H=—-90 207t + 2050, — = - —

which is the Hamiltonian of Ps4 equation, which is equivalent to Painlevé II in case when I = 0.
Remark 5.6.1. The isomonodromic problem with connection matriz (5.6.31) corresponds to
the non-autonomous version of the famous Nahm top which first appeared in [75]. Treating
the variable t as a constant, we obtain an integrable system with Lax matriz (5.6.31)) which is
gauge equivalent to the Lax matriz for the Nahm equation. This gives the explicit Hamiltonian

formulation of the Nahm equation in terms of the coadjoint orbits of the Takiff algebras. This

should coincide with the Hamiltonian formalism for the Nahm equations introduced in [81).

5.6.9 Painlevé I. Degenerated Jimbo-Miwa problem.

We use the same setup as in previous case of Painlevé II, but consider degenerated case when

By
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Then Darboux parametrization takes form

By | 1 BN By — (261 — g)as —qu+ 02+ G pa—1—01(q3) — <q4 + 2’—2) a3

01 @ ~0193q1 — 43 —(201 — ai)as +qa — 02 — 22

In order to make the calculations more compact we use the following symplectic transformation

2024} — P14} — p2geqs — 015 + ¢ %
p3 = —201q2 — poq1 + G5, pa= ! L= 2l 3=—-=, @u=-—q,
a7 q1
and Darboux parametrization writes as
Q@ n@+za+pr+0y 2+t —pr+t
Bs = , DBy=
h —q 201 — b1g2 — qf —q192 — 2q1 — p2 — 0

Hamiltonian writes as

H=—¢¢ —pi1q; — p1g261 + a5 — 2p2g2q1 — 2q14202 + qotby — p3 — 2pafa — 63.

The action of the stabilizer of By

C =
takes the following form on a phase space
p1 = p1+26(q1g2 + pa 4 02) — E(01g2 + ¢7), @1 = @1 + by,

P2 — pa + c(@ — 2q201) + *3q101 + 307, qo — g2 — 2cq1 — 20y,

the moment map is

I = g2} + 2paq1 + 202q1 — 0165 — 61p1.

Applying transformation

1
p=—y (030°u + 20100 + 201020 + O1u> + 1), q1 = —01¢,
1

po = —010° +201¢u+v, g2 =—016>+u
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we obtain Hamiltonian

H = 601u® + 0ut + Tu — (v+ 92)2.

which is equivalent to the Painlevé I Hamiltonian for a general values of the constants I, 6;.

5.7 Quantum Isomonodromic Hamiltonians and Irregular Knizhnik—
Zamolodchikov system

In this section, we give a general formula for the confluent KZ equations with singularities of
arbitrary Poincaré rank in any dimension. Moreover, we use the lifted Darboux coordinates in
order to generalise an observation by Reshetikhin that the quasiclassical solution of the standard
KZ equations (i.e. with simple poles) is expressed via the isomonodromic 7-function [80]. Here
we propose an easy proof which is valid for any Poincaré configuration of the singularities on
a Riemann sphere. Firstly we review a Reshetikhin approach for the quantum isomonodromic
problems and then produce our proof which is based on the generalisation of an observation by

Malgrange [65].

Throughout this section we work with the canonical quantisation of the linear Poisson

brackets that prescribes the standard correspondence principle

—

{f.gy —— [f, 4] = in{f. g}, (5.7.1)

where the symbol “denotes the quantum operator, i.e. f is the quantum operator corresponding
to the classical function f. In the case of a semi-simple Lie algebra, i can be written via the
dual Coxeter number and the level. Here we ignore this fact and we focus on the gl,, case, so

we simply replace the Poisson bracket by the commutator.

More accurately, one can speak about the so—called Rees deformation that assigns to a
filtered vector space R = U; R; a canonical deformation of its associated graded algebra gr(R)
over the affine line A; considered as the spectrum Spec(C[A]) of the polynomials C[h]. The
fiber at the point A is isomorphic to R if h # 0 and to gr(R) for A = 0. The corresponding
C[h]-module here is the direct sum @;R; on which % acts by mapping each R; to R;+1 [28].
In our case the Rees construction gives a one-parameter family of algebras Up(g), with the

associated graded algebra Uy(g) being the symmetric algebra S(g). The i deformation re-scales
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the bracket by h, so that the & linear terms define the standard Poisson bracket on S(g).

5.7.1 Finite-dimensional representation

In this sub-section, we recall the basic ideas at the basis of Reshetikhin’s approach to quantum
isomonodromic problems for Fuchsian systems and the adapt it to the irregular case. We fix

h =1 for simplicity.

In the case of the Fuchsian system we are dealing with canonical quantisation of the direct
product of the co-algebras g*. The quantisation functor sends the functions on the phase space
of the classical system to the differential operators which act on some Hilbert space in a way that
holds. In principle, a choice of finite dimensional representation may be seen as a choice
of the special subspace of the Hilbert space of functions on which the algebra of quantum
operators acts. However, we may avoid such complicated construction of finite dimensional
representation when the classical Poisson algebra is given by a linear Poisson bracket. Indeed,
for g* the standard Lie—Poisson bracket endows the space of functions with the structure of
a Lie algebra so that the structure constants of this Poisson algebra are identified with the

structure constants of the Lie algebra g.

In general, the quantisation procedure for the phase space of the Fuchsian system may be

viewed as a map from

g*xg*x...xg*

n

to the differential operators which act on the tensor product of Hilbert spaces H;:

HIQHs @ -+ Q@ Hp.

However, the isomonodromic nature of the Hamiltonian systems we consider gives additional
information which may be used to define a quantum problem in a uniform way. Following [54],
we quantise the connection that becomes the generating function for the quantum Hamiltonians.

*

Considering the connection as a matrix whose entries are functions on the g* x g* x --- x g*,

we obtain a following quantisation for the Fuchsian case:

" A y A .
A()\):E S A(Z):E 6&0)®68), e(()f):1®...®€q®...®17
i=1 ‘ ’

«
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where eg), i =1,...,n is a basis of representation we choose for a quantisation and the first
e,(lo) corresponds to auxiliary space Hg given by the connection. The Schlesinger Hamiltonians

then transform to

Tr©® ( AG) AG)
Hi=>)" — ), (5.7.2)
J#i J

where Tr(¥) is a trace in the auxiliary space Hg. The quantum Schlesinger Hamiltonians H; are

the solutions for the classical Yang-Baxter equations and may be written as

A~ T’L]
H;, = 5.7.3
YL (5.7.3)
JFi
where 7;; is a solution of the classical Yang-Baxter equation
[rigs Tik] + [1ij, 7jk] + [rik, 7jx] = 0.

The corresponding set of Schrodinger equations are called Knizhnik—Zamolodchikov equations

and take form
vo— |2 i) w=o
8’LLZ‘ i Uy — u]'

Moreover, the Knizhnik—Zamolodchikov operators commute, i.e.

[Vi, V]] =0 <= H —H;, [ﬁl,ﬁ]] =0.

8711 811,]‘

Reproducing the same scheme for the Takiff co-algebras, we obtain the quantisation map that

acts by replacing the co-algebra with the Lie algebra

B X B0 X B X B B @B, O B (5.7.4)

The quantum connection then takes the form

A n (o BY (00,40 4))
AN =2 | 2 :

i \j=0
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where B(®)’s are given by

'l“z
e

The Hamiltonians which correspond to the position of poles are given as in the Fuchsian case,
i.e.
H,,

7

1 A
= g Les TroA(N)?,

—u;
where Trg is the tarce in the 0-th space, so we now have to choose a quantum ordering, for
example lexigraphical ordering. The irregular Hamiltonians have to be calculated according to
the Theorem [2.0.6] at each irregular singularity changing Tr by Trg. Again we will choose a

quantum ordering. Thus, we obtain that the irregular Hamiltonians are given by

O\ [ s

) ()

a 3 " A
meo | ] g % f{ (A — ) Tro A%\

at the point u; with the Poincare rank r;. To prove Theorem [2.0.9] we need to show that the

confluent KZ gives a quantum integrable system, namely that the differential operators defined

in (2.0.18), (2.0.19)

0 ~ )
Vuj::%—ﬂuj, ]:1,...,n
v = 8, ﬁ(i), i=1,....,n,00, k=1,...,1;
k (4) k
ot

commute. This is a simple consequence of the fact that in the quantisation process the deriva-

tives remain commutative, i.e. for example [ 82 , ] 0, and that the quantum Hamiltonians

8t(’

are linear combinations of the quantum Gaudin spectral invariants S ,i i), k=20,...,r;, which

commute as proved in [71].

We have to mention that for the Fuchsian times the isomonodromic Hamiltonian depends

on each phase space g,, linearly — which means that it may be written as

Hy €6 @ 8 @8 CU@Gr @ D §r)
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In the case of irregular times Hamiltonians becomes more complicated — there are quadratic

terms which contains elements from the same space and in general we have that
AP €U§,)® ... Ullr,) ©UEr.):

The problem of the explicit form of the Hamiltonians introduced in this thesis has to deal
with the U(gy,,) representation theory, which is rather complicated. In order to avoid this rep-
resentational theoretic problems, we write down the quantum Hamiltonians for the irregular
isomonodromic deformations using intermediate Darboux coordinates. For the classical exam-
ples of the Painlevé equations, we provide invariant subspaces for these Hamiltonians. These
subspaces give finite dimensional representations for the Hamiltonians which are the quantum

reduction of the irregular Hamiltonians introduced in this section.

5.7.2 Intermediate Quantum Hamiltonians for Painlevé equations.

In this subsection, we write quantum Hamiltonians for the Painlevé equations written in Dar-
boux coordinates before the reduction with respect to the gauge group action. In the case of
Painlevé VI the gauge group action is not taken into account. For other cases, we partly resolve
the gauge group action by diagonalizing the leading term, but we do not complete the reduction,
we ignore additional Cartan torus action, to obtain quantum operators which leave invariant the
homogeneous polynomials of fixed degree. Since that in the Painlevé VI example the number
of coordinates for sly for 4 punctures is 6 while in other examples the number of intermidiate
coordinates is 4 (2 moments + 2 positions). Since we are dealing with Darboux coordinates, the
quantisation process becomes fairly straightforward. In this subsection, we show that for each
of the non-ramified Painlevé differential equations, there is a choice of quantisation such that
the quantum operator acts nicely on the space of homogeneous polynomials. More precisely,
we show that the quantum Hamiltonians invariant subspaces are the homogeneous polynomials
in several variables (3 for Painlevé VI and 2 for others) with fixed degree. In this section we

keep h explicit as that makes it clearer how to extract semi-classical limits.
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Painlevé VI

For the sly Fuchsian system we have that the Hamiltonians in the intermediate coordinates take

form

hij 2 2
H; = Z . hij = 2DiDj@id;— P10 — P aid—

i (5.7.5)

20,piq; — 20;pjq; + 20;piq; + 20;p;q; + 20;0;

The quantisation problem is not trivial since we have to choose the ordering for the mixed parts

of Hamiltonian. There are three standard ways of the ordering, which are given by

0, left
DGy =2 @b = Qi+ 0ie®, €D =< in right
%, Weyl

This leads to the following forms of Hamiltonians
A i:l/z s
H; = —
! ; Ui — Uy

where

hij = 2Gi4;pip; — Qid;pt — Gid;p? — 2(0; — e ipi — 2(0; — €P)dp; + 2(0; — e D) i+
+2(0; — €9 gy + 2(0; — ) (6; — V)

Here we see that different ordering leads to the different shifts of the local monodromies 6; —
0; — 9. Since that we may consider left ordering without loss of generality, first of all because

different ordering shifts the constants and also this shift is of the order .

The most remarkable property is that Hamiltonians H; leave invariant the space of ho-
mogeneous polynomials of ¢; with fixed degree in the following choice of the quantisation
Di = —iha%i-, G; = xi-. So we may look for a solutions for the set of quantum Schrodinger
equations

ihdy,, U = H;U (5.7.6)
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in the following form

m

v — Z wa(ul,..,ui..,um)1_[913?’“7 la| = iai
i=1

which will lead to the non-autonomous linear system of ODE for the wq(u)-s. The resulting
equations in fact are KZ equations, since the equations for w, inherit singularities of H;. Let’s

consider vector

Weay

Wa

where a; are the distinct partitions of n with height m (with zero entries). Then W) satisfies

the equations

where M,S” ) is action of ﬁij on homogeneous polynomials of degree n. These equations are

Knizhnik—Zamolodchikov—type equations.

In the case of the Painlevé VI equation we deal with 4-punctured sphere 0,1,¢,00. The

quantum Hamiltonian then writes as

A1 o o A A A R
H =7 (241Gop1P2 — 41627 — G1G2P3 — 202G1P1 — 201d2po + 201Gop1 + +202G1P2 + 260162) +

1 A A A o o o o
1 (24143P1P3 — G1d3p; — G1d3P3 — 205G1P1 — 201G3P3 + 201d3p1 + +203G1P3 + 26105)
(5.7.7)

Let’s consider simple case where |a| = 1. Substitution of the following function

v = wW1T1 + Wokg + W3T3
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into Schrodinger equation (5.7.6|) gives the following system

o d 2ih02(w2 — wl) + 2601 05w1 2ih93(U73 — wl) + 2601 03w1
th—w, = +
dt t t—1
d 2ih01(w1 — wg) + 261 05w9 201 03wo
e — 5.7.8

th w2 ¢ R (5.7.8)
. d N 291(92103 227191 (w1 - w3) + 211)39193
thggws=—3—+ t1

which solution is given by the hypergeometric function in the follwing way

wy =Cyt= 7002 (1 — 1) w005 4 O 002 — 1) RO020105), P (20, 205 + 1;2(0) + 02) + 1;¢)

Cyt™ #0102 7201402) (p _ 1)~ 50105=201403) ) | (20, —2(0) + O + 03) + 1; —2(61 + 0a) + 1;1).

Painlevé V

Hamiltonian in the intermediate coordinates is given by

tH = 2t0s0q1p1 — G0q1Pp + 2q00100P1 — Qo@D + 260q1p0 + 20190p1 + 26061 (5.7.9)
Using the same argument as in the previous case, we consider left ordering. Moreover, we see

that if quantise in the following way

0
8.731‘

4i = xi, pi= —th (5.7.10)

the space of homogeneous polynomials in z¢ and z; is invariant under the action of the Hamil-

tonian. Considering example of the degree 2
v — ww% + w23:(2) + w31

we get the following system of ordinary differential equations for coefficients

d
itha’wl = —4it900hw1 — 2i90hw3

d
ith%wg = —2i01hws (5.7.11)

d
ith%'wg = 2h2(w1 + ’LUQ) — 2i0othws — 461ihw1 — 40pihwo0y — 2h2w3
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Painlevé IV

Hamiltonian in the intermidiate coordinates takes form

H = qipips — 20003 — 2 (peqr — 01) (103 + 02) + 203q3;- (5.7.12)

The choice of the Lagrangian submanifold for quantisation procedure defines the properties of
the quantum Hamiltonian. Here quantum Hamiltonian will not preserve homogeneous poly-
nomials if we choose standard quantisation . However, choice of the Lagrangian sub-
manifold is irrelevant when we deal with Darboux coordinates and corresponds to the integral

transformation on the quantum level. If we choose the following quantisation

0 0
I = . Do — hi N, — hi Dy — .
q3 Z-, P3 or’ qt 8y7 Dt Yy

quantum Hamiltonian will preserve degree of homogeneous polynomials. Moreover choice of

the ordering shifts monodromy parameter 8; by h-small values. Hamiltonian writes as

H = y? o —26 ﬂ—z(w + 62) 9 +29mg (5.7.13)
=Y 91y ty(‘?:r: 3 2 y@y t 3 By -
Writing down system for second order polynomial wave function

v — w1x2 + w2y2 + w3y,

we obtain system

w1 —(t03 + 62)6; 0 —03 wy

ih d

2dt| W2 [T —(t03 + 62)0; 20, — 1 wy |, (5.7.14)
w3 20, —203 —(t03 + 602)0, w3

which may be solved via exponents.
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Painlevé I11

Hamiltonian is

tH = p3q3 + 4t0203q192 — 201p2g2 + p1po.

quantisation is

0 0
q :ﬁ’, D :7/]31177 7] :’[/h—7 = .
q n Oz q2 Ay p2=Y

Quantum Hamiltonian (up to A shifts of 6;) takes form

. 0?2 0 0 0
2 JR—
H = 8 el 2:91y8 + 4t92x6 + y@x

Writing down system for second order polynomial wave function

U2 = wi2? + woy? + wsy,

we obtain system

w1 0 0 4t w1

L d

’Lha w9 - 0 2-— 491 1 w2 5
w3 2 8t —291 ws

Painlevé 11

Intermediate Darboux coordinates Hamiltonian is

H = (¢3q3 + 8q3q1 + 184503 + 124303 + (4t + 1)g3q4)03+
+ (—2q5q3 — 10g3q3 — 103q; — 2q34)0304—
- (Psngz - P4Q§QZZ’ - 4p3Q§C]4 — 4p4q3qE + 4q3qabs + 20y — p3q3 — paqs)fat

+ (B +26363)0% + (p3g3qs + paqaqs + 2paqa)0s + paps

Choice of the following quantisation

59 . 5 50
= —1 ~ = SU‘, = ° = —1N—
q3 O pP3 q4 Yy 2! ay
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leads to the invariance of degree of homogeneous polynomial with respect to action. Indeed,
all the monomials in ¢3, p3, g4 and p4 are such that after quatisation Hamiltonian goes to the
operator which consists of operators with the same number of derivatives and multiplications
in each member. We do not provide explicit form of quantum Hamiltonian and the action on

the eigenspaces since the calculation is straightforward but the answer is too long.

Remark 5.7.1. In this section, we consider deformation quantisation of the intermediate Dar-
bouz coordinates. This means that the quantised Hamiltonians are elements of the Weyl algebra
in two variables W(x,y] = Clx, 0r,y, 0yl /([0z, x] = 1,[0y,y] = 1). However, we know that the
Hamiltonian we quantise allows additional symmetry, which lifts to an additional vector field
I which commutes with quantum Hamiltonian vector field. For example, in the case of the
Painlevé 111, the quantum Hamiltonian (5.7.15) commutes with

A 0 0

I=x— —.

Oz + yay

By restricting to the eigenfunctions off with some chosen eigenvalue Iy, we produce quantum

Hamiltonian reduction, which is simply given by the quotient of the algebra W[ac,y]/(f — o).

As a result we obtain the following quantum Hamiltonian

. 0 0
Hyyp = q278 + (—¢* — 2q01 + 4t02) — + Ioq, q= Q,
q dq T

which is just the Dirac quantisation of the Hamiltonian for the Painlevé Il equation (5.6.22]).
Such reduction may be performed for all examples, the resulting quantum Hamiltonians coincide

with the quantum Hamiltonians introduced in [54, [72] up to change of variables and ordering.

In order to extend the Reshetikhin theorem for the irregular singularity it is useful to work
with the lifted coordinates. In the next subsection, we give a simple proof of this extended

theorem for singularities of any type

5.7.3 Semi-classical solution of the confluent Knizhnik—Zamolodchikov equa-
tion

In this section we discuss the semi-classical solutions of the confluent Knizhnik—Zamolodchikov

equations in terms of the isomonodromic tau function. In this subsection, we use only the lifted

135



Darboux coordinates and quantise them according to (|5.7.1])
[Pry» Qjo) = 10010 0ad- (5.7.18)

Such quantisation leads to the infinite dimensional representation of the isomonodromic Hamil-
tonians as differential operators on a Hilbert space of functions depending on some coordinates

T, J=1...d,a,b=1...m and the isomonodromic times. In particular we put

0

8.1‘1' de

Qjab = Ljap" b, =

To study the semi-classical solutions g, we use the following standard quantum mechanical

formula

U~ WUg :=exp <;S) ,

where S is the classical action functional which explicitly depends on entries of classical variables

@ and the isomonodromic times. The dependence of S on P is implicit, since

oS

Py, = ——.
kl aQ”k

In this section we prove Theorem [2.0.10} namely that ¥s evaluated along solutions of the classi-
cal system may be written as the isomonodromic 7-function. This statement already appeared
in [80] for the Knizhnik—Zamolodchikov equations with Fuchsian singularities. However, our

approach works also for irregular systems.

Proof of Theorem [2.0.1(} The semi-classical solution by definition is given by

Vs = exp (;S) ,

where S is a classical action functional. In our case, we have a Hamiltonian system with Hamilto-
nians Hqul) and Hii), ey HT(Z) fori =1,...,n and Darboux coordinates Py, P> ... P;, Q1,Q2 ... Qyq

the action functional satisfies the following relation

d T ] ) d
ds =Y "PdQ; -y (Huidui +3° H,i”dt,i”) =" PjdQ; — din(r), (5.7.19)
k=1

j=1 i j=1
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along the solutions of the system. It is easy to see that the logarithmic differential of the 7

function is already in the definition of the action functional:

Lemma 5.7.2. (Malgrange [65]) If the Hamiltonians are homogeneous polynomials of degree

two in Pp,..., Py, then along solutions one has

as = Z( dul+ZH dt,ﬁ). (5.7.20)

Proof. Evaluating the first term in (5.7.19)) along the solutions of the isomonodromic deforma-

tion equations, we obtain
dQ; d@
Y Tr(PdQ;) =) :“( ]E ( —Ldu l+§ Jdt“))) =
J J
UNFY2 10 )
_§ Tr | P § “ld oP, ——dt,’ | ]

Using the fact that the Hamiltonians are homogeneous of degree two in Py, ..., P;, we obtain

that

I O
J

k=1 k=1

which leads to the statement of the lemma. O

According to the previous lemma which works for any homogeneous polynomial Hamiltoni-
ans we get close to the proof of the theorem for the general isomonodromic Hamiltonians. In
the case of the Fuchsian isomonodromic deformation are given by (4.3.15))

H Z TI' QZPQ] )

— U
J#i b J

which are definitely homogeneous of degree 2 in the entries of matrices Py, P>...P,. This
provides a simple proof that the semi-classical solution is a 7-function in the Fuchsian case.

The same holds for the irregular singularities - indeed, the irregular Hamiltonians are given by
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the quadratic spectral invariants, i.e.

B=Y ¢ BTr( A,(f)), (5.7.21)

a,B 1,j

where «, § are the indices of the singular points, while ¢ and j are the indices which correspond
to the coefficients of local expansion near singularity and Cf" ]’ﬂ are coefficients which can be
explicitly computed by using the formulas from section 4. Thanks to Lemma all the
terms Tr (Aga)Agf )) are homogeneous polynomials of degree 2 in the variables P; (as well as

homogeneous polynomials of degree 2 in the @;). This fact allows us to apply Lemma to

conclude. ]

Observe that this proof depends on the coordinates we use to quantise. In general, the
property of semi-classical solution to be a power of an isomonodromic 7-function breaks for the
reduced systems. On the classical side this phenomenon is a straightforward statement that
reduced Hamiltonians are not hoimogeneous in moments or coordinates. This can be seen on

the Painlevé II example - in the fully reduced coordinates Hamiltonian writes as

2
D 1704
g=r_Z L Iy
2 2(Q+2> q

while the action along solution writes as

2

1
dS = pdq — Hdt = [pg;]—H]dt:[ﬁ—H]dt: [])2+2<q2+;>+9q} dt # Hdt

The classical action now differs from 7-function by some function depends on time. This
deviation from the classical action functional was investigated in the paper by Its and Prokhorov
[52] for the classical Painlevé equations written in fully reduced coordinates. From the quantum
point of view reduction is a restriction to the eigenspace of the Casimir operator which provides
partially separation of variables in the quantum problem. By passing to the less number of
coordinates the parts which were depending on the lifted coordinates vanish, so the structure
of solution changes rapidly. However, despite the fact that the theorem doesn’t work in the

reduced case we still see the avatars of this statement since 7-function still enters quasiclassical
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solution in some way, see paper [52] and formula (2.27) in [94].

5.8 Symplectic reduction for the Painlevé equations. Algebraic
description

The Marsden-Weinstein-Meyer theorem gives a rich information about the phase space obtained
by performing symplectic reduction with respect to the Hamiltonian action of a Lie group. In
the previous sections, for all Painlevé equations, we have written down Darboux coordinates
explicitly, which leads to the local description of the reduced phase space. In this section, we
approach the problem of the Marsden-Weinstein-Meyer reduction from the algebraic perspec-
tive. Our aim is to describe the reduced phase space as an affine variety for all isomonodromic
equations which are related to the Painlevé equations. Let us now briefly explain the approach

we use to archive this aim.

We start considering symplectic manifolds (M,w) given by the zero locus of the set of
polynomials P (z1,z2,...,oy), Pa(z1,22,...,2y),... P(z1,22,...,2,) in the affine space A",
namely algebraic symplectic varieties. Assume that there is a Hamiltonian action of a Lie
group G on (M,w), with algebraic moment map p. By algebraic moment map we mean that
the components of the moment map are the elements of the coordinate ring of M, i.e. the
moment map may be written as the set of the polynomials in A™ restricted to M. In detail,
assume that g* is spanned by ©1,0s,,...0%, then the moment map evaluated at the point

m e M is

k
pu(m) = Z qi(m)O;.

Then algebraicity of the moment map means that each function ¢; may be seen as the restriction
of some polynomial Q;(x1,x2,...xy,) € Klz1,22,...2,] to the algebraic variety M. In the case
when G acts on 1~ 1(0) freely and properly, we may use the Marsden-Weinstein-Meyer theorem
and perform the symplectic reduction M / G = u~1(0)/G. Since M is an algebraic symplectic

variety and the moment map is algebraic, the zero set of the moment map p~1(0) is given by
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the system of the following set of algebraic equations

Pl(xl,.%'g, .. I'n) =

Py(x1,x9,...25) =0

P(x1,z9,...2,) =0

Qi(z1,22,...24) =0

Qr(z1,22,...25) = 0.

Then the coordinate ring of ;~1(0) is given by K[z, xa,...7,]/(P U Q), where P is the ideal
generated by Pi, Ps,... P, and Q is the ideal generated by Q1, P»,... Q. Finally, to describe
the reduced space, we have to perform a quotient with respect to the action of the Lie group

G, which gives the following affine scheme

Myeq = Spec [(K[wl, Lzl /(PUQYC] .

Roughly speaking, the reduced phase space is given by the spectrum of the G-invariant functions
over the algebraic variety given by the union of the ideals P and (). For details on the symplectic
reduction in the category of algebraic varieties we refer to [50} [78]. In some cases, affine schemes
may be described explicitly by a set of algebraic equations in some polynomial ring. However,
the obtained reduced space may happen to be non-compact or even to have singular points. In
this section we provide such description for the phase space which corresponds to the Painlevé
equations. In the previous sections, we provided a local description via Darboux coordinates,
however, the reduced phase space is not topologically trivial, so the algebraic description gives

some new information about phase space for the Painlevé equations.

In the case of the Painlevé equations, we always deal with four slo-matrices with some
chosen ideals P and ). The ideal P corresponds to the Casimirs of the corresponding Lie-
Poisson bracket, while the moment map ideal @) in the all cases gives that the sum residues of
the connection equals to zero, which just repeats the Cauchy residue theorem. In this section
we assume that the coordinates are chosen in such a way that the isomonodromic linear system

has no pole at infinity for technical reasons.
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5.8.1 Painlevé VI

As we mentioned in the beginning, the equation Painlevé VI which reads as

is a reduction of the Schlesinger equations for the four copies of the coadjoint orbit of sls. This

space may be represented by 4 matrices with constraints

Ty i
(A, Ay, A3, Ag) € OF x OF x O* x O, A; = Y o Xiox? oy =62

zZi —Xy
To avoid useless indices we use the following notation

A=A, Ay=B, A3=C, As=D
91204, Ozzﬁ, 93:’7, 94:5.

The corresponding meromorphic sly connection with 4 poles is given by

A B D
V=d+|—+ + ¢ + dz =d+ A(z)dz
z z—1 z—t 2z+4+1

In sls case such symplectic space may be seen as a symplectic leaf for the Lie-Poisson bracket,

which writes as

{zs,y;} = 0ijy5, {xi, 2} = =052, {yi, 25} = 0ij2a;.

Moreover we assume that there are no other singularities (i.e. oo is a regular point) which
means that there is a relation

A+C+B+D=0.

Taking into account the gauge group action, the phase space is described as

Mieqa = OF x 05 x OF x O3 //SLy ={A+C+ B+ D =0}/SLo, (5.8.1)
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where S'Ls acts by a simultaneous conjugation. Algebraically this space may be seen as

~\SL
Mied = Spec(Clxy, 22, T3, T4, Y1, Y2, Y3, Ya, 2122, 23, 24] /T) 712

where ideal J is given by the equations

T1+x2o+23+24=0

yity2+ys+ys=0

(S}

z21+22+23+24=0

x?—l—yizi:é?iz, i=1...4.

i.e. we describe the reduced phase space in terms of function over the algebraic variety given

by J which are invariant with respect to SLg action. Consider the following finctions

YK:TI'HAZ', K:{Kl,KQ,...Km}, Y;j :Y}i:TI‘AZ'Aj, Y;jk:TI‘AZ'AjAk
€K

here K is a multi-index. Choose the following coordinates
Y12, Y13, Y14, Ya3, Ya4, Y34, Y123, (5.8.2)

so we have all the traces of the product of two matrices and trace of product of three matrices.

Using Grobner basis algorithm we obtain that (5.8.2)) satisfies the following set of equations

Q1=2014+Yi2+Yi3+Y1i4=0
Q2=205+Yi2+Ys3+Yos=0
Q3 =205+ Y13+ Yo+ Y34=0
Q1=207+Y14+ Y4 +Y34=0
Qs = —23/12,2,3 +Y12Y13Y14 + Y1 2Y13Y0 4 + Y1 2Y13Y34 + Y1 2Y1 4 Yo 3+
+Y12Y14Y34 +Y12Yo3Y0 4 + Y1 0Yo3Y34 + Y10Y24Y34 + Y1 3Y14Y0 3 + Y1 3Y1 4Y0 4+

+Y13Y03Y0 4 + Y1 3Y23Y34 + Y1 3Y04Y34 + Y1 4Yo3Y0 4 + Y1 4Y23Y34 + Y1 4Y24Y34 =0
(5.8.3)

which defines an affine surface in A7. All the other invariant functions Yx can be written via
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linear combinations of (5.8.2). Such surface has a natural Poisson bracket given by

df Ndg NdQ1 NdQo NdQ3 N dQ4 N dQs N dQg

{f,9} = dYis AdYi3 A dYig A dYas A dYey A dYsy A dYiss

and the Schlesinger Hamiltonian becomes linear in such coordinates

A(z> TrAC  TrBC  TrCD Yiz Yoz | Yau

)

2 t +t—1+t+1_t t—1 t+1

H = ResTr
z=t

Since first four equations in ([5.8.3) we may rewrite obtained variety as a surface in A3. Instead
of resolving system ([5.8.3)), let us choose the following set of coordinates

X = %T&(A +C0)%, Y = %TY(C +D)?,  Z=TrABC.

Then surface (5.8.3)) reads as

Z2=XY(X+Y)— (a®+ 82+ 6% ++%) XY+
+(v=0) (v + ) (a=p)(a+B) X +(8-20)(B+0)(a=7)(a+7) Y+

+(a® = B2 +6° = 77) (ad — By) (a0 + B7) (5.8.4)

The Hamiltonian takes form

A(z)?2 X Y X+Y 2 2 4¢2 -1
H-Rem A X Y X4V o7 07 ! 7.
2=t 2 t  t+1  t—1 t t+1 tt—1)(t+1)

In these coordinates Hamiltonian is a linear function, while the bracket which corresponds to

the surface is given by the nonlinear Poisson bracket of the form
{(X,Y}=Fz=-2Z, {Y,Z}=Fx=2XY+Y?—(a?+ B+ +9*)Y+(y—6) (v +0) (a — B) (a + B),

(X, 2} = —Fy=-2XY - X2+ (@2 + 2+ +) X~ (B-8)(B+0) (a—7)(a+7).

Such representation for the Painlevé VI equation already appeared in the paper by N.Hitchin
[49]. Using isomonodromic equations it is easy to check that the obtained Hamiltonian with

introduced bracket gives the isomonodromic dynamics. The affine surface (5.8.4) is a double
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cover of the A? branched along an elliptic curve. Indeed, the equation has the form

Fvi(X,Y,Z;a,6,7,0) = 2> — P3(X,Y;a, 8,7,0) = 0.

where Pj5 is a polynomial of degree 3 in X and Y. Affine part of such surface has no singularities
if P3(X,Y;q,8,7v,9) = 0 is a smooth elliptic curve. For (5.8.4) discriminant of the elliptic curve
is
Ayr =B (a+B-7+0) (a+B-v-06)>(a—B—7+0)(a—B—v—0)
(@a=B+7=8)*(@—B+7+8)*(@+B8+7-08)>(a+B+7+0)>.
So surface ([5.8.4) is a smooth affine surface for generic «, 3,7,d. Discriminant is invariant

under the action of the Weyl group for D4 root system, we may permute «, 3,y and ¢, as well

as multiply each of the parameters by —1.

5.8.2 Painlevé V

Taking limit ¢ = et and performing the expansion in € due to the algorithm described in Section

Fuchsian connection transforms to the following one

At A C D
Ve=d+ 5 + 2+ + dz.
z z z—1 z+41

Isomonodromic Hamiltonian takes form

1 A2
The Casimirs for the corresponding Poisson bracket are
TrA% =202, TrA1 4y =4aB, TrC?= 272, TrD? = 262.

The moment map condition writes as

Ag+C+ D=0
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Theorem 5.8.1. The reduced space
Mied = (;)5 x O* x O*//SLy

is an affine cubic in A% which can be described as a double cover of A% ramified along the specific

elliptic curve. In particular, choosing the following coordinates
1
X = §TrA3, Y = TrA1D, Z=TrA;AoD,
the affine part of the reduced space is given by the equation

77 = XY’ +o*X? +4aBXY —20° (VV +6°) X —4aB(y = 6) (v +0) Y+

+a? (y* — 29267 + 168%6% + 6*)  (5.8.5)
The discriminant of the elliptic curve in the rhs of (5.8.5) is

Ay = (—16)a'?5%y2 (v — 28+ 0)* (v — 2B — 6)*(v + 28 — 6)*(y + 28 + 6)*. (5.8.6)

Hamiltonian rewrites as

X
H:2Y+?+Q&.

with Poisson bracket given by the Poincaré residue with respect to the cubic (5.8.5)). Direct

computations shows that the Hamiltons equations coincide with the isomondromic flow.

Theorem 5.8.2. Consider the cubic for Painlevé VI (5.8.4) and do the following change of

coordinates
- az 1~ 1~
X=X+0(), Y= §+EY+O(1)’ 7 = EZ+O(1)’ (5.8.7)
and constants
a= %+o+0(g), f=—Z+F+0(), 7=7+0(), §=35+0() (5.8.8)
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then Painlevé V cubic (5.8.5) is a limit
Fy(X,Y,Z;&,3,7,0) = lim ¢ Ry (X,Y, Z; o, B,7,6). (5.8.9)

Proof. Can be checked explicitly O

5.8.3 Phase spaces for the Painlevé equations

In the same way, we introduce affine surfaces for all other Painlevé equations. The results are
presented in the table According to this table, for each Painlevé equation there exists a
4-parameter family of affine cubic surfaces in A®. The coalescence of poles in the isomonodromic
problem should lead to the special limiting procedure, same as in the theorem [5.8.2] while the

ramified systems correspond to the special fibers in the family.

In principle, the results obtained in this section are related to the co-adjoin orbits, but
not specificly to the Painlevé equations. However there is a nice parallel with the confluence
procedure for the Painlevé equations. Moreover, the isomonodromic flows (Hamiltonians for the
Painlevé equations) become linear functions on the obtained algebraic space which leads to a
new description of these equations. Moreover such point of view allows us to claim that we give
an algebraic description for the affine part of the de-Rham moduli space of the corresponding
connections. In particular, such interpretation may be useful in the study of the Riemann-
Hilbert map as a map between algebraic varieties (or more precisely between the del Pezzo

surfaces of different type).
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Painlevé Orbits Reduced cubic Discriminant
a252(52’72
Z2=XY(X+Y)-
LB R xy (a+ 5= +0) (at By~ )
VI OxO0Ox0x0 ' (a—pB— 7+5)2( —B—~—6)?
+(r=9)(v+d)(a=p)(a+p)X 2
+(3=6)(3+0) (a =) (a+) Y+ a-fro-@-protdy
+(a?— B2 487 — )(mg 37) (ad + B) (a+B+7-38)"(a+B+7+9)
722 =XY? +o?X? +4aBXY - a'26%4?
A% Oy x O x0O =202 (Y +6) X —daB(y—6)(v+ )Y (v — 2B+ 6)%(y — 28 — 6)?
+a? (v — 2926 + 16526 + &) (Y +28—=08)%(y+28+0)?
122~ 8+ (o245 - 2) ol
v 5 X?+a?Y? - (207 + 8) XY 3
) 5 — 402 212
FNII:a=0 05 %0 +2 (v = 2028 + 56° — By) X 22235 n 432W f gzgz
+2 (By — 20262) Y + 45% (0262 + B2 — B7) 7
IT1(D6) . R 72 = —9X?Y + 1686X + 8292y Rarpﬁicatmn along
DT:a=0 O3 x Oy +163242 + 160262 rational curve
D8:a=~v=0 v o singular when o = 0ory =0
Ramification along
ational curve
1 A 72 = 1X3 _ 1yX? — a2XY e N )
Iia=0 Oy 185X + 182V + 142X 4 40262 — 266 singular at 7o0” ~ (0,1,0) € P

a # 0- double point at oo
a = 0- cusp at co

Table 5.1: Affine surfaces corresponding to the Painlevé equations isomonodromic problems
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CHAPTER 6

CONCLUSION

The results of this thesis summarized in the introduction are related to the Hamiltonian descrip-
tion of the isomonodromic deformation equations. Here we want to underline the importance
of the universality of our results - in most of the theorems related to the Poisson structures we
work with an arbitrary Lie algebra which has a non-degenerate bilinear pairing. The descrip-
tion via lifted Darboux coordinates is given for sl,, isomonodromic systems, however it should
be possible to extend these results to other Lie algebras. On the other hand, such universality
restricts us to special families of deformations arising from the confluence of Schlesinger flows,
but not to the general isomonodromic deformation in the sense of Jimba-Miwa-Ueno. However,
in the case of sly, our class of the isomonodromic deformation equations coincides with the one
introduced by Jimbo, Miwa and Ueno and covers the all examples of the Painlevé equations and
their generalizations. As a consequence, our approach allows to write down the Hamiltonians

for the Painlevé equations by using explicit close formula in terms of the Takiff algebra pairing.

The first part of the thesis contains local results, while in the last section we do global
analysis of the phase spaces for the isomonodromic systems by performing symplectic reduction
without introducing the local Darboux coordinates. Such description is topologicaly non-trivial,
and it still has to be compactified. One of the most important questions which we don’t answer
here is how to compactify such phase spaces, in such a way that the compactification has
geometrical meaning. Our plan is to investigate this question in the future. Moreover, we wish
to use the same approach for the higher rank Lie algebras (for example sl3) as well as for more

complicated configurations of the isomonodromic problems (which originates by a confluence
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from the Fuchsian systems with more than four poles).

We hope that this algebraic approach allows to re-interpret a famous result by Manin [66]
about the elliptic form of the sixth Painlevé equation, firstly introduced by Painlevé himself in
[76], in terms of the very specific geometry of the phase space in connection with the moduli
spaces of elliptic curves. Our aim is also to investigate how the algebraic description of the
phase space for the other Painlevé equations are related to the Manin form of these equations
which are non-autonomous versions of the one particle Inozemtsev systems with trigonometric

and rational potentials (see [56l 86]).

Another application of the algebraic description for the phase space is related to the study
of the Riemann-Hilbert map and its connection to mirror symmetry. Our computations show
that the phase spaces for Painlevé equations are 4-parameter families of possibly singular cubic
surfaces in the affine space A® which are essentially del Pezzo surfaces. These families of del
Pezzo surfaces have a very nice geometric interpretation - the generic member of the family can
be seen as a double cover of the family of (possibly degenerated) elliptic curves. Such description
brings new insights on the space of initial conditions for the Painlevé VI equation, bi-rational
Okamoto transformations and global properties of the solutions. Another feature of such ap-
proach is that the Hamiltonian for the system becomes a linear function of the coordinates on
A, while the non-linearity transfers to the Poisson structure. This interesting “linearisation” of
the Hamiltonian was already discovered by Hitchin in [49] by parameterising the phase space
by traces of products of matrices. While Hitchin’s result was somewhat mysterious, we now
understand that the symplectic structure he computes is nothing else that the Nambu bracket
on our 4-parameter family of singular cubic surfaces. An essential thing here is that now we
may consider a Riemann-Hilbert map as a correspondence between two families of del Pezzo
surfaces — one given by the monodromy manifolds the other given by the space of initial condi-
tions. A mirror pair for the del Pezzo family on the monodromy manifold side was constructed
in [23] applying Gross-Hacking-Keel construction [22]. For the initial condition space side we
have to introduce a suitable compactification to apply the mirror construction. To do this we
are planing to consider different compactifications to the weighted projective spaces and try to
find a mirror pair. The natural question is if there is some evidence of the Riemann-Hilbert
correspondence on the mirror side. Our aim for the future research is to investigate this mirror

avatar of the Riemann-Hilbert correspondence.
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