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ABSTRACT

Multi Pitch Estimation (MPE) is a challenging problem in the field of Music Informa-

tion Retrieval (MIR). In recent literature in particular, it has been approached with Machine

Learning (ML) methods, which are largely opaque, hard to interpret, and often difficult to

reproduce from just the information provided in the literature. This Thesis presents a model

for pitch detection that reduces the problem of MPE to that of distinguishing between false

fundamentals (⊗) and their real counterparts. Initially the model is explored from a discrete

viewpoint—one that is generally understudied in the field—before incorporating the notion

of intensity and assigning Real values to tones. It further provides an in-depth characterisa-

tion of precisely the ways in which these so-called edge cases can occur, looking in particular

at the notion of ‘basic’ edge cases—ones in which the constituent parts are satisfied precisely

once. From there, their occurrence is reduced to eight basic edge types (and a ninth type,

which is proved to be the only irreducible non-basic type). The results of analysing simulated

data on the model are then presented, highlighting the prevalence of the various types with

respect to the number of simultaneous fundamentals. In addition, some insight into the use

of the model on real data is given, alongside evaluation of a number of simple algorithms

utilising the acquired knowledge of edge cases. Finally, this Thesis presents a range of logical

future additions and directions for research, including the possibility of adopting a similar

approach for other data—not necessarily musical audio.
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Chapter One

Introduction

1.1 Statement of the Problem

M
usic is complex. Even with a single voice, a plethora of aspects coalesce to sculpt what

we, as humans, would consider to be musical. Timbre, dynamics, and articulation -

to name but a few - all contribute to this astounding intricacy, and yet over the years, we

have become increasingly extravagant in both our creation and appreciation of this art. It

has been a core aspect of human culture since time immemorial - with even instruments

dating back c. 36,000 years being found [123].

It’s no surprise then, that since the dawn of computing, we have striven to utilise new

technologies for a range of musical tasks - including analysis, composition, and performance.

Around the first two applications especially, computers - unlike humans - are not particularly

competent by themselves (they can, however, be very useful in tasks such as co-creation of

music). They struggle to comprehend and pick apart the complex signals that constitute

music, to make sense of the various intricacies that we have become accustomed to, and they

lack creativity and insight. This desire to equip computers with ever more sophisticated

methods of tackling problems in this space led to what is now the field of Music Information
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Retrieval (MIR).

Of course, MIR was preceded by a related, and perhaps initially more pertinent field—

that concerning the properties of speech, and analysis and modification thereof. Notably

explored in depth by Alexander Graham Bell in his work, and then necessitated by the

invention of the telephone, this ‘sister field’ dates back at least into the mid-19th Century,

and arguably much further—with the Greek philosopher Galen (129 CE - c. 210 CE) first

describing the Larynx [86].

Recent advances in the field (See Chapter 3 for more detail) have focused particularly

around Machine Learning (ML) methods - seeking broadly to imitate the function of the

brain with respect to music. Therein lies the motivation for this work. Unlike traditional

algorithmic approaches, these ML methods often lack explainability—the ability for us to

interpret and adequately describe the process by which such a model has reached its con-

clusion(s) (in terms of mathematical and musical intuition, and high-level concepts). The

aim of the research presented in this Thesis is therefore to provide a fresh perspective and

direction to tackling MIR problems (in particular Multi Pitch Estimation (MPE)) in a more

explainable and intuitive fashion. Further, the goal is to develop a set of tools, insights, and

thoughts that may provide some suitable framework to extend and iterate on this work in

the future.

The problem, therefore, is not to develop another approach to MPE in the traditional

sense of engineering a way in which to tackle the problem, but rather, to build a model from

the ground up that provides a new perspective on MPE, and lays the framework for future

research along the same lines.
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1.2 Contributions

This Thesis makes a number of novel contributions to the field of Music Information

Retrieval, including:

• A geometric framework for modelling acoustic musical signals, which provides a novel

way in which to approach related problems such as Multi Pitch Estimation.

• Reduction of the problem of Multi Pitch Estimation to that of distinction between real

and false fundamentals in the given framework.

• Characterisation of edge cases – looking in depth at the circumstances in which false

fundamentals can occur.

• Definition of basic edge types to unify cases across the three possible configurations

(ΓΓ, Γ ⊢, and ⊢ Γ).

• Definition of edge case to basic edge case reduction, and the use of this tool to per-

form an analysis of the prevalence of basic edge types by number of simultaneous

fundamentals in the signal.

• Proof of the existence of precisely one irreducible non-basic edge type.

• Exploration and presentation of real-world data in an adapted version of the framework

(using R instead of B).

• Evaluation of simple algorithms on simulated data, and discussion around building and

testing further algorithms that utilise the framework.
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1.3 Publications Arising from This Work

A Geometric Framework for Pitch Estimation on Acoustic Musical

Signals

As highlighted in Chapter 4, much of the work in Part II is published in the Journal

of Mathematics and Music, albeit in a somewhat condensed format in comparison to the

contents of this Thesis. Building broadly on my work in [70], and exploring new ways of

representing musical signals initially resulted in the formulation of N V—the space depicted

in Figure 4.5—and this paper concerns both the formulation of a more sophisticated model,

a characterisation of the edge cases that arise, and a brief experimental look at the model in

practice.

Goodman, van Gemst, and Tino

Journal of Mathematics and Music

Submitted November 2020

Accepted September 2021

Published October 2021

DOI 10.1080/17459737.2021.1979116

Abstract: This paper presents a geometric approach to pitch estimation (PE) -

an important problem in Music Information Retrieval (MIR), and a precursor to a vari-

ety of other problems in the field. Though there exist a number of highly-accurate methods,

both mono-pitch estimation and multi-pitch estimation (particularly with unspecified poly-

phonic timbre) prove computationally and conceptually challenging. A number of current

techniques, while incredibly effective, are not targeted towards eliciting the underlying math-

ematical structures that underpin the complex musical patterns exhibited by acoustic musi-

cal signals. Tackling the approach from both a theoretical and experimental perspective, we
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present a novel framework, a basis for further work in the area, and results that (while not

state of the art) demonstrate relative efficacy. The framework presented in this paper opens

up a completely new way to tackle PE problems, and may have uses both in traditional ana-

lytical approaches, as well as in the emerging machine learning (ML) methods that currently

dominate the literature.

Real-Time Polyphonic Pitch Detection on Acoustic Musical Signals

Though based on the work from my Bachelor’s Thesis (and therefore no more than

tangentially related to this Thesis in content), this paper was adapted into a conference

paper during the start of my PhD, and—in an attempt to improve on the achieved results—

unwittingly led me to the beginnings of the geometric model that this Thesis presents.

Goodman and Batten

2018 IEEE International Symposium on Signal

Processing and Information Technology (ISSPIT)

Submitted September 2018

Accepted November 2018

Conference 6th-8th December 2018

Published February 2019

DOI 10.1109/ISSPIT.2018.8642626

Abstract: This paper presents an algorithm for fundamental frequency detection

on polyphonic acoustic musical signals, based on a new ‘raking’ method over the frequency-

domain spectra. The algorithm is evaluated as a classifier, and boasts a good accuracy

(83.20%) compared to other such methods, as well as the ability to function effectively in

real-time, with a running-speed below 140ms per window evaluated. This proves to be real-
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time for the use-case, as the latency between an auditory stimulus and its perception by a

person has been shown to be longer than this. The algorithm itself runs in linear-time, but is

thus slowed by the O(nlog(n)) Fast Fourier Transform during preprocessing. Though the al-

gorithm fails to account for certain edge-cases with overlapping harmonics as well as certain

instruments, future work and improvements are also presented, paving the way for further

research.

1.4 Thesis Overview

Part I: Preliminaries

Chapter 2: Background

In this Chapter, we cover much of the underlying material and background knowledge that

I found useful, necessary, and in large parts, interesting whilst working on this Thesis. By

no means feel obliged to read all of the Sections, but I’d certainly encourage dipping in and

out to get an idea of the framing in which I conducted my research.

Chapter 3: Related Work

This Chapter provides a literature review, with a specific focus on pitch estimation within

MIR, and covers four main periods,

• Pre-MIR, which looks at work related to pitch estimation that was largely developed

in the late 19th and early 20th Centuries for speech-related applications;

• Early MIR, presenting the foundational work behind the field of MIR;

• MIR in the 2000s and Early 2010s, at which point MIR (and pitch estimation specifi-
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cally) began to more closely align with adjacent work in speech processing; and

• State of the Art MIR—bringing us up to date with the cutting-edge research in Multi

Pitch Estimation at the time of writing.

Part II: A Geometric Model for Pitch Estimation

Chapter 4: A Geometric Framework for Pitch Detection

In this Chapter, we present the titular mathematical model that was designed to be used in

pitch estimation settings, and characterise the occurrence of edge cases— false fundamentals,

⊗—that we anticipate are the prevailing source of error in classification approaches using

this model. In essence, our characterisation works towards some distinguishment between

real and false fundamentals in a signal that is transformed into our representation.

Chapter 5: Experimental Investigations

Chapter 5 looks to ground the work of this Thesis a little more firmly into the application

of the model itself—both by looking at the types of edge cases that occur in (simulated)

reality, as well as displaying real signals in a slightly modified model, and evaluating some

simple pitch estimation algorithms that work on it.

Part III: Concluding Remarks

Chapter 6: Future Work and Conclusion

Here, I present what I believe are the logical extensions (or at least a subset thereof) to my

work, and a number of avenues that I ultimately wish I had the time or inhuman endurance

to explore more thoroughly. It is then rounded off with some concluding remarks.
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Chapter Two

Background

“There is geometry in the humming of

the strings. There is music in the

spacing of the spheres. Geometry is

knowledge of the eternally existent."

— Pythagoras

W
hilst tackling this research, I oft found myself having to tap into knowledge from a

plethora of seemingly unrelated fields. In an effort to guide the reader somewhat,

this introductory section contains some hopefully approachable (and generally independent)

sections that cover these areas of background knowledge. I would highly encourage the reader

to at least dip into the more unfamiliar sections before moving on to the bulk of the Thesis.

2.1 The Mathematics of Music

Perhaps the first recorded musings of the relationship between mathematics and music

sit squarely with Pythagoras (c. 570 BC - c. 495 BC) - an ancient Ionian Greek philosopher.

9
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Figure 2.1: Woodcut from Martin Agricola’s ‘Musica Instrumentalis Deudsch’ [83] depicting
Pythagoras determining the ratios between the weights of blacksmiths hammers.

Though certainly better-known for his theorem concerning the hypotenuse of a right-angled

triangle, Pythagoras was also instrumental in eliciting the foundations of tuning - the ra-

tios between certain related notes. According to the legend of the Pythagorean hammers

(Figure 2.1), it is stipulated that Pythagoras discovered these relationships by observing the

sounds of four (differently weighted) blacksmiths’ hammers as they struck their anvils, and

the resulting harmony when they were stuck simultaneously. For reasons noted in Section 2.2

(with respect to standing waves), the story itself is likely to be little more than a tale, but it

is still very much the case that Pythagoras did indeed describe the ratios of 2:1 (an octave),

4:3 (a perfect fourth), and 3:2 (a perfect fifth). These observations led to a system of tuning

based of ratios (in particular, perfect fifths), known as Pythagorean tuning.

Another example is Fibonacci (c. 1170 - c. 1240-50), an Italian mathematician from

the middle ages. Though not himself connected to music as such, his eponymous sequence

has certainly had an influence on, or at least often appears in music. The Fibonacci sequence
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Figure 2.2: Extract from Bartók’s ‘The Castle of Prince Bluebeard’ demonstrating the choice
of intervals of sizes (in semitones) that correspond to elements of the Fibonacci sequence.
Figure taken from [8].

Figure 2.3: The root position and first three inversions of the pentatonic chord. Figure taken
from [8].

starts

1, 1, 2, 3, 5, 8, 13, ...,

with each term equalling the sum of the two preceding it. But how does this relate to music?

For one, the ratio of consecutive Fibonacci numbers (e.g. 13:8) converges to φ, the golden

ratio, which - as in many disciplines over the years - has been incorporated into many musical

works. Take Béla Bartók’s ‘The Castle of Prince Bluebeard’ (Figure 2.2) [8], which utilises

the pentatonic chord in its second inversion (P2) (Figure 2.3). Notably the intervals between

ascending notes in P2 are 2, 3, 5, and 8 semitones respectively - directly corresponding to a

section of the Fibonacci sequence. This can be observed ‘in the wild’ in the aforementioned

piece (Figure 2.2). Rather loosely, even the notes in the major triad - arguably the ‘purest’

consonance - match up to the Fibonacci sequence (Figure 2.4).

Van Gend [69] elicits similar observations in their paper, and presents a short compo-
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Figure 2.4: One octave of a piano, with the major triad of C (C, E, G), and the octave
annotated with their position in the C major scale (black), and position in the chromatic
scale starting on C (purple).

sition which utilises the Fibonacci sequence in a number of contexts, including the lengths (in

bars) of ‘thematic’ sections of the piece, and intervals between notes. Whether or not such

a composition is palatable (or perhaps even enjoyable) is left to those readers with either

the extraordinary talent to easily hum it to themselves, or the time and dedication to this

Thesis to go away and learn to play it. Regardless, such uses of the Fibonacci sequence (and

φ) are relatively commonplace in music [99], even in the current day - whether intentionally

or not. It is hard to believe, however, that it is entirely a coincidence.

Franchinus Gaffurius (1451 - 1522), an Italian music theorist, authored a trilogy

of manuscripts (the Trilogia Gaffuria) which offered a broad perspective on music theory

[118]. Notably, the second book in the trilogy, authored in 1492, includes some treatment

of Pythagoras’s system of tuning (Figure 2.6). In his diagrams, and accompanying prose,

Gaffurius illustrates the tuning of various instruments to Pythagoras’s system, including

bells, pipes, a monochord, and even a glass harmonica. The most amazing feat of course

being the preservation of this knowledge over more than two millennia since Pythagoras had

first discovered it.

The modern system of tuning (in Western music at least) is known as Twelve-tone

Equal Temperament (12-TET), and was first mathematically ‘solved’ in 1584 by the Chinese
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Figure 2.5: ‘Fibonacci Composition’ from [69] demonstrating the use of numbers from the
Fibonacci sequence to architect almost every aspect of the piece. Figure taken from [69].
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Figure 2.6: A page taken from Gaffurius’s ‘Theorica Musicae’, depicting a variety of instru-
ments tuned according to Pythagoras’s system, as well as what appears to be a depiction of
the story of the Pythagorean hammers (top left).

mathematician and musician (amongst other vocations), Zhu Zaiyu (1536 - 1611) [174].

Zaiyu not only became the first to describe a system in which consecutive semitones could

be calculated using 12
√
2 (i.e. by multiplying the frequency of one note by 12

√
2 to obtain the

frequency of the note a semitone up), but also tuned several instruments, including bamboo

pipes (Figure 2.7), to the new system.

Moving chronologically onward, another important advancement in mathematics and

music was the circle of fifths [29, 109] (Figure 2.8) - an arrangement of the twelve chromatic

pitches such that the intervals between each are perfect fifths in one direction. An adjacent

concept was first laid out by Heinichen in his ‘Musicalischer Circul’ (Figure 2.9a), with

Nikolay Diletsky being their first to present the circle of fifths itself in his ‘Idea Grammatiki

Musikiyskoy’ (Figure 2.9b) in 1679. In essence, it describes a closeness (from a harmonic

perspective) of not just individual notes, but indeed, keys.

The concept has historically been used extensively in composition, predominantly as
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Figure 2.7: Diagram from Zhu Zaiyu’s ‘Complete Compendium of Music and Pitch’ (1584)
depicting pipes tuned to 12-TET by precisely choosing their length using 12

√
2.

Figure 2.8: The circle of fifths, with the inner ring corresponding to the relative minor keys.
Note that moving clockwise (and upwards in pitch) round the circle corresponds to a perfect
fourth, and moving anticlockwise (and downwards in pitch) corresponds to a perfect fifth.
Section 2.3 covers the relevant music theory in more depth.
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(a) Heinichen’s ‘Musicalischer Circul’ from
‘Neu erfundene und gründliche Anweisung’
(1711).

(b) Diletsky’s Circle of Fifths from ‘Idea
Grammatiki Musikiyskoy’ (1679).

Figure 2.9: Heinichen and Diletsky’s early depections of the circle of fifths or its precursors.

a method by which to move between keys in a more natural fashion. Consider Pachelbel’s

canon in D major (Figure 2.10). The piece revolves around a repeated sequence of eight

chords (corresponding to each half bar in the Figure) - D, A, bm, f♯m, G, D, G, A - over

which there is significant thematic and textural growth as the piece progresses. This kind

of construction with a short theme repeating in the bass is known as a ground bass, and as

noted, the musical themes continue to develop over the top of it. Considering the movement

of the piece through the circle of fifths (Figure 2.11a), it is not only clear that each transition

involves two particularly closely-related keys - either moving a perfect fourth (clockwise),

perfect fifth (anticlockwise), or by a semitone (f♯m→G) or tone (G→A).

Many composers and artists have sought to use a simplified (notably shorter) chord

progression of D, A, bm, G (more generally known as the I-V-vi-IV progression). It can be

found in pieces throughout history - though used most widely over the last Century or so.
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Figure 2.10: The opening four bars of Johann Pachelbel’s ‘Canon in D Major’.

(a) The path taken through a section of the
circle of fifths by the repeating chords in
Pachelbel’s ‘Canon in D Major’.

(b) Visualisation of the simplified (compared
to Pachelbel’s ‘Canon in D Major’) path
taken through the circle of fifths by pieces
following the I-V-vi-IV progression.

Figure 2.11: Paths through the circle of fifths in Pachebel’s Canon and in the I-V-vi-IV
progression.
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Figure 2.12: The original score for J S Bach’s ‘Crab Canon’.

From Toto to the Beatles, James Blunt, and Lady Gaga - it appears extensively in popular

music, likely due to its simplicity, or a predisposition in us humans that results in it being

particularly aesthetically pleasing. Note that each transition here moves at most 1
12

(i.e. one

‘step’) around the circle of fifths.

The circle of fifths will crop up throughout this Thesis (and music more generally),

so it’s well worth ensuring a firm understanding of it before moving on to Chapter 4. It’s

not the only geometric concept found in music though - far from it. J S Bach’s (1685 - 1750)

‘Crab Canon’ (Figure 2.12) is another particularly interesting example. It consists of one

line which essentially forms a musical palindrome - intended to be played by two performers

(one from the start, forwards, and one from the end, backwards). To this end, it effectively

lies on a Möbius strip. This canon was one of a number of ‘riddle canons’ presented in Bach’s

‘Musikalisches Opfer’ (Musical Offering), and is largely considered to be the simplest to solve

- the others involving augmenting (i.e. lengthening) notes, or modulating the piece.

Before moving on to the close of this section, it is worth considering an observation

from Claude Palisca’s ‘Scientific Empiricism in Musical Thought’ [132, 64],

“In any discussion of science in the seventeenth century, among the names that

inevitably arise are those of Galileo Galilei, Marin Mersenne, Rene Descartes,

Johannes Kepler, and Christian Huyghens. It is no mere coincidence that these .
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(a) Euler’s Speculum Musicum as
it appeared in his ‘Tentamen no-
vae theoriae musicae ex certissis-
mis harmoniae principiis dilucide
expositae’.

(b) A modern rendering of the Tonnetz, with red-filled trian-
gles corresponding to major triads, and blue-filled triangles
corresponding to minor ones.

Figure 2.13: Two depictions of the Tonnetz - Euler’s original, and a more modern interpre-
tation.

. . were all trained musicians and authors on musical subjects .. . because music

until the seventeenth century was a branch of science and held a place among

the four mathematical disciplines of the quadrivium beside arithmetic, geometry,

and astronomy"

It really should be no surprise then to find so much mathematics (and indeed so many

mathematicians) lurking in such vast swathes of music, and influencing musical thought,

throughout the years.

We move finally to Leonhard Euler (1707 - 1783) - the legendary Swiss mathematician,

whose work spanned a broad spectrum of fields, and occasionally crossed into music theory

- albeit with a strong mathematical foundation. Most notably, his Speculum Musicum

(Figure 2.13a) [57], a musical lattice, now known as the Tonnetz (Figure 3.8).

The Tonnetz presents a way to spatially demonstrate the relationship between chords.

Each row corresponds to the circle of fifths, with each subsequent row corresponding to the

previous one with each element shifted from position n, to position (n + 3) mod 12, and

aligned such that the closest two notes diagonally ‘upwards’ correspond to a major third in
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each direction. By identifying both vertically and horizontally, it is clear that the Tonnetz

is in fact toroidal in nature. Particularly used now in non-Riemmanian theory [30], the

Tonnetz encapsulates a number of important musical properties, including the major and

minor triads, as well as ‘efficient’ voice leadings [168], which appear as pairs of triangles

sharing an edge. More generally, distance between triangles (i.e. chords) on the Tonnetz

corresponds to musical ‘distance’ between chords.

2.2 The Physics of Sound

The simplest sound (and indeed musical tone) is a pure sine wave (Figure 2.14). A sine

wave corresponds to a single frequency, inverse to its wavelength, λ. In reality, sound consists

of vibrations carried through a medium - in general with music, through compression and

rarefaction of air (Figure 2.15) - a gaseous collection of dynamic, constantly moving particles,

between which forces are exerted. Compression and rarefaction pertain in particular to air

pressure which, put simply, can be seen as the concentration of molecules in a space of

given size. With respect to our sine wave, compression and rarefaction correspond to the

nodes - points of greatest displacement from a relative pressure, generally taken to be the

atmospheric pressure. There are musical parallels to each of these physical properties -

namely with amplitude corresponding to ‘loudness’ of a certain pitch, and the frequency

corresponding to the musical pitch (in a broad sense).

Figure 2.16a depicts the waveform of a flute sounding the note A4. It should quite

quickly be noticed that this is significantly more complex than a pure sine wave, but still

exhibits the periodic nature with which we have become accustomed. Consider then also the

waveform of a violin playing the same note (Fig. 2.16b) - though the period is the same, there

are notable differences between the waveforms. These correspond to a property known as the

timbre of the sound (broadly, the ‘feel’), and account for why instruments sound different to
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Figure 2.14: An annotated sine wave with wavelength, λ.

Figure 2.15: Compression (C) and Rarefaction (R) of a sine wave. Taken from [135].
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(a) Waveform of a flute playing the note A4
(440Hz). Taken from [63].

(b) Waveform of a violin playing the note A4
(440Hz).

Figure 2.16: Time-domain waveforms of two different instruments playing the note A4.

one another.

How then (and why?) are single musical tones from instruments more than just a sine

wave? To answer the “how?", we must consider the superposition of waves. Figure 2.17a

shows a simple superposition whereby a more intricate wave is formed from the constructive

superposition of two sine tones. Note that when considering or describing the position of

two waves with respect to one another, it is eminently important to consider their phase (as

depicted in Figure 2.17b). If the peaks and troughs of one wave are lined up with those of

another (i.e. peaks aligned with peaks, and troughs with troughs), the two waves are said

to be in phase. Conversely, if the peaks of one wave align with the troughs of another, they

are said to be in antiphase. All other configurations of the two may described as being out

of phase. One should now be tempted to ask “but where do these multiple waves come from

when we are considering musical instruments?" - the answer to which lies in the concept of

standing waves.

Most waves exist in an effectively infinite medium (i.e. the Universe), and thus, on the

whole, it is relatively unlikely that any such wave should undergo superposition (or at least,

regular superposition). Consider, however, a medium fixed between two stationary points -

perhaps a violin string, fixed between the neck (onto which the string is being pressed by
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(a) Superposition of two waves. Taken from
[43], adapted from [103].

(b) Two waves in phase, out of phase, and in an-
tiphase respectively.

a performer) and the bridge, or indeed, the column of air present in woodwind instruments

like the flute. The musical note (or fundamental) being played corresponds to the length of

this medium, and the fixed points result in standing waves. In this case, superposition is

inevitable - particularly as wave are reflected off of one end (one of the two fixed points) of

the medium, and back toward the other. In these cases, our waves undergo superposition as

previously explained, and in most cases (i.e. when the two are out of phase) result in little

of interest - with the waves essentially undergoing arbitrary superposition. When the two

are 180◦ out of phase (that is, in antiphase), the superposition is completely destructive -

resulting in a fixpoint (or node) - a point where the medium is completely stationary. In

contrast, when the two waves are in phase, an antinode occurs - where the displacement of

the medium is maximal. Figure 2.18 visually depicts the first three standing waves of a fixed

medium.

It can be observed that these standing waves occur when their wavelengths correspond

to certain factors of the size of the medium (i.e. the length of a string), with the fundamental
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Figure 2.18: The first three standing waves of a fixed medium - namely the fundamental
(f0), first harmonic (f1), and second harmonic (f2), from top to bottom.

(corresponding to the musical note being played) having a wavelength λ = 2L, where L is

the aforementioned length. Such frequencies are referred to as resonant frequencies, or

harmonics. The harmonics then occur with wavelengths that are integer divisions of this

length, i.e. L, 2L
3

, L
2
, 2L

5
, and so on. These harmonics, or overtones, and crucially the

amount of each for a given note determines its timbre (and more broadly, the timbre of an

instrument) - effectively the characteristics that set it apart from a pure tone. Timbre can

be seen to be the ‘sound’ or ‘feel’ of an instrument being played in a particular way (note,

for example, the difference between even bowing and plucking a string instrument such as

a violin). It is what makes a flute sound different to a trumpet, and (one would hope),

my voice sound different to yours. The human brain is, however, incredibly competent at

filtering out (‘abstracting’) this information. Not only is this of use musically - for example,

distinguishing between the melody and accompaniment of a song - but more generally, it

is required in everyday life to abstract the timbre of human voices away. Without this,

we would be unable to strip heard speech down to a more symbolic (perhaps syntactic)

representation - that is, the words that make up human language.

Of course, it is largely these harmonics, and the many possible timbres, that render

the problem of pitch estimation so difficult. Without the human body’s seemingly innate
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ability to abstract timbral information, computers are left with a complex and hard to

decompose (and therefore analyse) signal. Thus, there are two key approaches that could be

applied to MPE - namely source separation of the input signal into monophonic signals, or

some abstraction of the timbral qualities of a polyphonic signal. The latter is the approach

taken in this Thesis - seeking to elicit patterns in polyphonic sound that are exhibited by all

fundamentals, irrespective of timbre.

To round off this Section, it’s important to understand how to take a signal from the

‘real world’ and computerise it. As sound is continuous, it is infinitely complex - irrespective

of how far we may choose to increase the resolution at which we view it (i.e. zoom in),

we could always look ‘deeper’. How then do we represent sound computationally? We lack

an infinite storage medium, and therefore it is necessary to store a representation of our

continuous signal (i.e. whatever sound we’re aiming to record), which sits at a sensible

compromise between space (i.e. computational memory), and retaining an accurate (often

referred to as ‘faithful’) likeness to the signal we have observed. Thus, we end up with a

discrete signal, as shown in Figure 2.19. How many of these individual points - or rather,

their density - is referred to as the sampling rate; the number of samples taken from a signal

each second. The reader may indeed be familiar with the sampling rate of 44.1KHz (i.e.

44100 samples per second), which is often taken to be the standard sampling rate for audio.

As first proposed by Whittaker [183], a sample with sample rate x can only represent

frequencies up to x
2
Hz, and thus a sample rate of 44.1KHz allows us to represent frequencies

of 22050Hz and below - roughly corresponding with the limits of human hearing. Thus this

represents the ideal compromise for the vast majority of audio applications - after all, there’s

likely little reason to diligently store sound that we cannot in fact perceive. This is known

as the Nyquist-Shannon sampling theorem, and broadly speaking states the sampling rate

to capture all of the information from a continuous signal.
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Figure 2.19: A demonstration of discrete sampling of a continuous signal. The green line
(S(t)) represents the continuous signal, whilst the vertical blue lines, Si, represent the sam-
ples.

The remaining question then, is what will allow us to take the signal we want to

record, and convert it into a computational format? The answer lies in a piece of technology

that is actually rather ubiquitous in the present day - namely, the microphone.

The ‘anatomy’ of dynamic microphones (likely the kind you are familiar with in

everyday life) is surprisingly simple at heart (Figure 2.20). A lightweight (and therefore

quite sensitive to small changes in air pressure) diaphragm sits atop a coil of wire which itself

surrounds a magnet. As air compresses and rarefacts near the diaphragm, the coil is moved

‘up’ and ‘down’ over the magnet, inducing a current in the wire proportional to the amount

of movement of the coil, which then corresponds to a deviation from atmospheric pressure.

These currents are then sampled to piece together a (discrete) waveform, as previously shown

in this Section.
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Figure 2.20: ‘Anatomy’ of a dynamic microphone. Taken from [1]

Figure 2.21: Pitch chroma/pitch height in a helical representation. Adapted from [180].
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Figure 2.22: The first few bars of “Over the Rainbow" from the Wizard of Oz, with the
initial interval highlighted. Adapted from the original score.

2.3 Fundamentals of Western Music Theory

Notes in western music are denoted as having two distinct properties (Figure 2.21):

their pitch chroma, corresponding to the ‘type’ or ‘sound’ of the note; and their pitch height,

which describes how high or low the note is. More mathematically, one can see the pitch

chromas as elements of the set {C,C♯,D♭,D,D♯, E♭, E, F, F ♯,G♭,G, ...}, and pitch height as

some integer n ∈ Z. A note can then be expressed as a pair, e.g. (G, 4). Considering each

pitch chroma in an octave, it is clear that some of the aforementioned chromas correspond

to the same tone (e.g. C♯ and D♭). These ‘overlaps’ are known as enharmonics. In par-

ticular, the mentioned enharmonics exist in a system of tuning known as twelve-tone equal

temperament (12-TET)—as described by Zhu Zaiyu (Section 2.1)—which the work of this

Thesis focuses on specifically.

Two notes with the same pitch chroma but different pitch heights generally sound

similar, but of different height. Think, for example, of the two notes at the start of Harold

Arlen’s “Over the Rainbow” from the Wizard of Oz (Figure 2.22). The corresponding pairs

in the original score are (A♭, 3) and (A♭, 4), and when listening to the piece, these two notes

have the same ‘sound’, but a different height. In particular, the interval of one step (i.e.

3→ 4) in pitch height with an invariant pitch chroma is known as an octave.

There is really an ordering to the set of pitch chromas, as denoted in Figure 2.23.

One step (e.g. G → A♭) is a semitone, and as the pattern repeats (i.e. B → C is itself a

semitone), it may be observed that twelve semitones constitute an octave. Thinking back
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Figure 2.23: The twelve semitones in an octave, demonstrating the ordering to the pitch
chromas.

to our physical knowledge of sound (Section 2.2), what then do these steps correspond to?

Consider that each note corresponds to a particular frequency. The reason that notes an

octave apart sound similar but with different pitch height is due to the fact that a note

one octave up from another has precisely double the frequency. For example, (A, 4) has a

frequency of 440Hz, and (A, 5) has one of 880Hz. Given this relationship, each ascending

semitone can therefore be expressed as a multiplication of the frequency by 12
√
2. For example,

from (A, 4) to (B♭, 4), we reach 440× 12
√
2 ≈ 466Hz.

In order to discern the notes (i.e. pitch chroma/pitch height pairs) from a written

piece of music, it is necessary to have a look at the notation commonly used.

Figure 2.24 shows an extract from Bach’s BMV 847, with many of the parts of musical

notation labelled. Each stave consists of five parallel lines (and four gaps)—on which notes,

rests, and other notation sits. Notes falling above or below the staff are depicted using ledger

lines (e.g. the first note in Figure 2.22).

The notes that the lines and spaces of the staff correspond to are reliant on the clef.

Generally one of four is used—the Treble clef, Bass clef, and Alto clef, and Tenor clef. The

centre of the Treble clef sits on a line corresponding to (G, 4), and the • of the Bass clef sits

on a line corresponding to (F, 3).
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Figure 2.24: Annotated extract from Bach’s BWV 847, highlighting the key parts of musical
notation present.

Each note is represented by a symbol—the position of which corresponds to its pitch

chroma and pitch height. The symbol itself corresponds to the note’s duration. For example,

quavers, ˇ “( , (eighth notes), and semiquavers, ˇ “) , (sixteenth notes), as shown in Figure 2.24.

Further, a semibrieve, ¯ , is a ‘whole note’, a minim, ˘ “, a ‘half note’, and a crotchet, ˇ “, is a

‘quarter note’. In order to obtain all possible note lengths, notes can be dotted (e.g. ˘ “‰ ),

which corresponds to adding another half of their original length—so a dotted minim is a

‘three quarter note’. In addition, notes can be tied (by a curved line), which sums their

durations together. For each note length, there also exists a corresponding rest that can be

used to denote a lack of notes at a given point.

The time signature of a piece predominantly denotes the duration of notes within

each bar. For example a time signature of 3/4 indicates that there are 3 quarter notes (i.e.

crotchets) in a bar. In the example, S stands for ‘common time’, and corresponds to a time

signature of 4/4—i.e. four crotchets in a bar.

Finally, the key signature of a piece shows which of the notes (i.e. lines and spaces of

the staff) should be sharpened or flattened. With no key signature, the lines and spaces of
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Figure 2.25: An original Spirograph set. Taken from [126].

the staff correspond to the ‘white notes’ on a piano. In the example, the key signature has

three flats, meaning that all Bs, Es, and As are flattened, which is indicative of either the

key of E♭ major, or the relative minor, C minor.

In order to represent notes that fall outside of the key, accidentals—♯, ♭, ], [, ♮—are

used. They are applied on the line or gap corresponding to a note, directly before it—

applying until the end of the current bar—and are always noted at the first instance of a

note in a bar. A natural, ^, in particular, negates the effect of a flat or sharp for the given

note until the end of the bar.

2.4 The Fourier Transform

The Fourier transform, first touched on by Fourier in his Théorie analytique de la

chaleur [65], allows us to take a time-domain signal, and translate it into the frequency
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Figure 2.26: Various designs drawn using a Spirograph, demonstrating just some of the
possible complexity achievable, even with the toy.

domain. Developed by Denys Fisher, and first sold in 1965, the Spirograph (Figure 2.25) is

a children’s toy and geometric drawing device, which incidentally ends up providing a rather

good analogy for explaining the Fourier transform in an intuitive fashion.

Consider a (very boring) Spirograph with just a single circle. We can represent this

as an orbit around the origin in complex space (Figure 2.27) as

reiωt, (2.1)

where r is the radius of the circle around which the point is orbiting, ω is the angular velocity

at which it is moving, and t is the point in time at which we’re observing the system.

Now imagine adding a gear to our Spirograph, so there is now another circle added to

the orbit—your pen now orbits the gear, and the gear orbits the larger circle (Figure 2.28).

This can then be expressed as

r0e
iω0t + r1e

iω1t, (2.2)
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Figure 2.27: The orbit of a point around a single circle in the complex plane.
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Figure 2.28: The orbit of a point around a bi-cyclic path in the complex plane.

where each orbit has its own radius and velocity.

Further, consider now that one year, you were a particularly well-behaved and auspi-

cious child, and Santa—in his infinite wisdom and generosity—has gifted you an infinitely-

large, infinitely-complex Spirograph, with as many gears as you’d like (those poor, poor

elves...)! Following the same pattern, we could then represent the orbit as

∞∑
n=0

rne
iωnt. (2.3)

Thus, as long as you can convince yourself that you can draw anything with your snazzy

new Spirograph, and by Euler’s formula,

∞∑
n=0

rne
iωnt =

∞∑
n=0

rni sin(ωnt) + rn cos(ωnt), (2.4)
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Figure 2.29: Fourier Transform (right) of the waveform of a Flute playing A440 (left).

then all (continuous periodic) functions can be expressed as a sum of their sines and cosines.

Thinking back to the idea of superposition (Figure 2.17a), this is equivalent to finding

the amplitude of sines (single tones) with each frequency. In a musical context, this means

that we can take a time-domain signal (e.g. a waveform), and work out how much of each

tone is present (e.g. Figure 2.29).

Note that we cannot actually record, store, nor process infinitely-large amounts of

data. Instead, we have to use a discrete Fourier transform. Because this no longer utilises

a continuous signal, it introduces error in the form of spectral leakage [75]. This can be

alleviated through the use of windowing, and also by increasing the sampling frequency.
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Chapter Three

Related Work

T
his Chapter of the Thesis focuses on the research and other work in the field of Music

Information Retrieval that has been conducted in the past, with a particular focus

on pitch estimation - both monophonic, and polyphonic. The literature is approached in a

broadly chronological fashion, and split into five rough sections: Pre-MIR (Section 3.1), a

brief glance at the early work leading to the field as a whole, including the psychoacoustic

research of the 1800s and early 1900s, and the research of speech signals necessitated by study

of telephony; Early MIR (Section 3.2), looking at the emergence of MIR as a standalone field,

and the first applications of computers as we know them to such problems; MIR in the 2000s

and Early 2010s (Section 3.3), a relatively in-depth look at techniques toward Multi Pitch

Estimation, amongst other applications, many of which have formed the basis of current

work; State of the Art MIR (Section 3.4), which presents cutting-edge developments from

over the last four years, bringing the reader up to speed with present methods and work; and

finally Other Related Work (Section 3.5), encapsulating a few works that provide context or

motivation for the research of this Thesis.
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3.1 Pre-MIR

As put by Crandall [35], the work of German physicist Hermann von Helmholtz really

marks the beginning of scientific study of speech. His compiled work on psychoacoustics,

“The Sensations of Tone” [79] was approached from both a physical, and from a physiological

perspective. In early study, particularly of the production of speech as well as its perception,

psychoacousticians were largely split into two camps - the “Harmonic Theory”, championed

by Helmholtz, purporting that speech (much like harmonic musical instruments) consisted of

fundamentals and harmonics, amplified by the oral cavity amongst other resonant aspects of

the human anatomy. On the other side was the “Inharmonic Theory” of Willis [185], which

claimed that there are not necessarily harmonic relationships between the vowels observed

in speech and the fundamental frequency producing them. At least by the time of Crandall’s

paper, not far from a century from the initiation of this debate, there was certainly no

resolution - with both sides having contributed massively to the field. Perhaps it is no

surprise then, that Babbitt [7] refers to auditory perception as the “most refractory of areas”.

A full treatment of the psychoacoustics underpinning much MIR is beyond the scope of this

Thesis, but Kursell [102] provides an excellent account should the reader be interested.

Crandall’s paper goes on to describe the pioneering work of Alexander Graham Bell,

who undertook much work in visualising and understanding the vibrations of sound, with a

focus on speech. In 1874, rather than using a model ear, Dr. Clarence Blake convinced Bell

to use the human ear itself, which allowed him to obtain accurate tracings of the sounds that

the contraption had ‘heard’ (Figure 3.1). Such an understanding, afforded by the ability

to visualise signals, was crucial to improving the telephony pioneered by Bell, and over the

years, much of the work done in the area has proved somewhat applicable to parallel problems

in MIR.
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Figure 3.1: A tracing of human speech, made by Bell in 1875. Taken from [35].

3.2 Early MIR

Perhaps the first recorded study of mechanical or computational MIR is in 1949, when

Bronson [20] sought to use the International Business Machine (IBM) (i.e. punchcards) to

facilitate research over a catalogue of folk songs that would be completely intractable for a

human to perform. As put in the paper,

“The machine is not asked to do what a machine should not attempt: it cannot

solve aesthetic problems on the basis of figures, but where facts and figures are

necessary, it can give factual answers with a startling economy of time and effort,

and free the student for questions of a higher order. Successful use of the method

to be outlined depends on the thoughtful and sensitive analysis of melody, and

follows, not precedes, such analysis.”

Even now, this is an astoundingly pertinent point, and largely reinforces the place

of computers in musicological research - to perform those tasks that human researchers are
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not necessarily required, and allow them to instead investigate deeper and more intellectual

considerations. Bronson’s approach involved encoding certain properties of the folk songs to

be analysed (for example time signature and range) on individual IBM punchcards, and then

utilising the machine to sort these based on musicological queries. It was posited that this

kind of technique could be used to analyse similarities, and derive facts and statements from

the dataset without entrusting the task to humans. Though a seemingly small step towards

MIR as we know it today, this work laid the foundations for a range of investigations in the

second half of the 20th century.

Babbitt gave a fantastic review and snapshot of the state of the art as of 1965 [7]. He

presents mathematically interesting problems and insights around the concept of all-interval

twelve-tone sets (amongst other things), and shows how computers can be used to provide

clarity. In addition, he postulates on the possibility of having “complexly” searchable works

in a computerised fashion, such that they could be used for analysis (akin to Bronson’s

work), and lays out the role of computers as “information amplifiers”. Further, he talks

about similarities between concepts or problems of musical style, and those of linguistic style

- pointing in particular to parallels with Mosteller and Wallace’s analysis of the Federalist

Papers (of which the authorship had been a source of much debate) [124], the techniques

behind which he believed would be applicable to MIR research too. The paper concludes by

musing on the sheer difficulty of many problems in MIR, stating,

“And, if one wishes to reach the analytical point where all of the dimensions of

musical events are considered in their interaction, how many paths must there

be through a realistically constrained musical work, when it has been estimated

that there are probably some 10120 paths through a game of chess?”

Perhaps too, the speedy evolution of computing power as predicted by the now-waning

Moore’s ‘law’ [104] has left us dull to such considerations in this day and age. Particularly
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with the boom of Machine Learning methods, as seen in Section 3.4, this kind of rumination

on computational resource, especially as it is so readily available in unfathomable volumes

nowadays, seems to be a rarity.

Coming from a completely different angle, Kassler [89] puts forward a ‘formal’ lan-

guage for encoding and resolving MIR statements on computerised data. At the time, this

was likely quite groundbreaking, and came along with a number of ‘query languages’ designed

to do the same - namely LMT and IML [7]. Concluding his work, Kassler says,

“Musical information retrieval, as I conceive it, is the task of extracting, from a

large quantity of musical data, the portions of that data with respect to which

some particular musicological statement is true.”

To some extent, this could seem somewhat myopic of Kassler, but one has to remember

that this was from the perspective of taking computerised scores of music, and eliciting

information from them. Through the lens of hindsight, we now know that the field has

evolved to include the analysis of raw signals too, but this was likely no more than a distant

thought in the context of the time - in the same way that truly complete Automatic Music

Transcription (AMT) is now.

In his 1967 paper, Forte [64] divides music and computing as a field into two distinct

subfields - namely “sound-generation by computer”, and “music research”, which encapsu-

lated MIR, as well as the more musicological applications such as style analysis, study of

musical systems, and computational representation of music. He draws an interesting dis-

tinction between ‘numeric’ and ‘non-numeric’ processing, with the former generally dealing

with incomplete data (e.g. raw audio), and the latter with complete data (e.g. faithful

representations of musical scores in a computerised format).

Looking at Pitch Extraction (PE) from the perspective of speech, Man Mohan Sondhi
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(a) A schematic for a spectrum flattener.

(b) An example of spectrum flattening (top
signal) being applied to a speech signal (bot-
tom).

Figure 3.2: Figures depicting spectrum flattening, taken and adapted from [161].

- a researcher at Bell laboratories - presented three new methods of extracting fundamental

pitch from a raw audio signal containing speech [161]. All three of these were preceded by a

technique known as spectrum flattening (Figures 3.2a and 3.2b). This effectively causes the

voiced intervals (i.e. those aspects of speech with harmonic components) to display ‘phase

trains’ - sequences of noticeable and periodic sharp peaks that allow for the determination

of a fundamental frequency. Sondhi further showed that the latter two methods - both of

which used autocorrelation - were able to perform under surprisingly difficult conditions (i.e.

in the presence of noise, or with poor audio quality). What should really strike the reader

here is the sheer contrast between this research, and the MIR research present at the time -

whilst those working in MIR are still getting to grips with the very basics of computational

research, scientists working on speech and telephony are developing novel mathematical and

electronic approaches with definite potential for parallel application in MIR. This lag between

the fields shortens as MIR grows into maturity, but is certainly stark at this point. Later

in 1977, Rabiner also presented his research on the use of autocorrelation analysis for pitch

detection, along similar lines to Sondhi [140].

Mendel delves into his work with Lockwood on the “Josquin Project” - an attempt

to perform analysis on the musical style of composer Josquin Desprez [116]. He talks in
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Figure 3.3: Visual representation of Noll’s HPS algorithm. Taken from [160].

particular about using computers to automate menial or tedious tasks over large datasets,

and as with Babbitt back in 1965, sought to do so in order to free up human researchers

to answer higher-order musicological questions. In doing so, he also highlights one of the

major issues of this kind of research - the need to manually encode hundreds or thousands

of musical works in a computational format, and the human error that inevitably follows.

The sheer time and effort that not only went into creating punchcards, but also proofreading

them is astounding, and certainly makes clear that though it may save the researchers from

menial tasks, it is difficult to abstain from them in their entirety. In fact, this is touched

on by Lincoln - twenty years on from Bronson’s paper - who asserts a number of limiting

factors, noting that “Programming, keypunching, and computer time are all expensive and

time-consuming at present” [107]. Interestingly for his time, Lincoln also muses on the

concept of ‘melody querying’ (think Shazam, Soundhound, etc.), and the possibility that we

might one day be able to search for music with snippets of music - indeed, we can.

The Harmonic Product Spectrum (HPS) proposed by Noll [129] (Figure 3.3) provides

another good example of an approach initially designed for Pitch Extraction of speech that

has proved quite effective when applied to musical signals too. Working frame by frame, the
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algorithm computes

Y (ω) =
R∏

r=1

|X(ωr)|

, for a given frame X. From this output spectrum, Y , a maximum value,

Ŷ = max
ωi

{Y (ωi)}

, is computed, which corresponds to the choice of fundamental frequency. That is, for each

harmonic being taken into account, the frame is mapped to a corresponding spectrum such

that each peak moves to a frequency equal to the product of the frequency multiplied and

the inverse of the just intonation interval1 for the harmonic - i.e. for the first harmonic, the

octave, each peak is relocated to the frequency at 1
2

its current frequency. A peak at 440Hz

becoming a peak at 220Hz with the same amplitude, and so on. For the second harmonic,

the multiplication is by (3
2
)−1, and so on. Finally Y is formed from the product of all of

these spectra. Hence, the peak at the fundamental will remain large in the output, but the

peak of every harmonic will be essentially zero. The highest peak in the output spectrum,

Ŷ , is selected as the fundamental.

One of the first pieces of work to attempt Automatic Music Transcription (AMT) in

any form was Moorer’s doctoral thesis, “On the Segmentation and Analysis of Continuous

Musical Sound by Digital Computer” [122], which tackled transcription of signals with some

notable restrictions,

• Each signal consisted of at most two independent voices;

• There was no vibrato or glissando present in the signals;

1Remember here that just intonation is a system of tuning built around intervals corresponding to whole-
number ratios. See Section 2.1 for a brief description of Pythagoras’ approach to this.
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• No note was shorter than 80ms in length;

• and the fundamental frequency of a sounding note could not coincide with a harmonic

of another simultaneously sounding note.

As to be expected from one of the first forays into the problem, these are quite sig-

nificantly restrictive assumptions, but clearly allowed Moorer to take this first step within

the remit of a doctoral programme of study. The proposed method utilises a directed bank

of sharp-cutoff bandpass filters, followed by inference from the set of detected possible fun-

damentals to select the “best” note hypotheses, which are then passed to a manuscripting

program to produce a score. Though the system performed well on the input given, it was

noted that the computational cost was extreme (at the time of writing), and therefore the

system itself was impractical for widespread use. In addition, Moorer presented a number of

useful insights, in particular that,

“...there is considerably more activity in a piece of music than is perceived by

the listener. This is especially common with stringed instruments, because the

strings that are not being manipulated invariably resonate and produce sounds

independently which are generally not heard due to aural masking.”

This phenomenon is well-documented, and proves frustrating at best when dealing

with acoustic instruments, particularly stringed instruments as identified.

In a 1977 paper [121], Moorer summarised much of his thesis, and poses an interesting

question—when do a group of harmonics fuse into a single percept (note in our usage) and

when do they remain distinct? The answer to this isn’t at all clear, but quite interestingly

may well be related with some of the work done to distinguish between fundamentals and

‘false fundamentals’ in this Thesis.
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3.3 MIR in the 2000s and Early 2010s

One of the most time-honoured approaches to Pitch Extraction in the literature is

YIN—a pitch estimator for both speech and music, developed by Cheveigné and Kawahara

[40]. This was based on the Autocorrelation Function (ACF), and utilised a number of

additions to help to distinguish between harmonic and inharmonic components of sound—

that is, those components of the sound that do not sit on the fundamental’s harmonic series.

At the time of publication, YIN produced gross error (1.03%) around three times smaller

than the best comparable approaches (3.1%and3.4%)—details of the evaluation methods are

provided in their paper—and to this day is used as a benchmark for MPE systems.

In the same year, Futrelle and Downie of the University of Illinois set out expectations

of MIR as an area of research, and emphasised the necessity for researchers to make it easier

to compare their work to one another [67] - a notion that Downie reinforced and expanded

on in a later paper [47]. Given the appetite in the field almost twenty years on to do precisely

what they called for, it seems clear that this call for more structured testing and comparison

had a positive impact on the MIR research community - with datasets such as MAPS [54]

and Bach10 [37] widely used in the present day.

Early in the 2000s, Klapuri presented three iterative methods for pitch detection based

on harmonicity and spectral smoothness [96], human perception [95], and summing harmonic

amplitudes [93] respectively. In [96], he visually demonstrates the inharmonicity phenomenon

described earlier by Moorer (Figure 3.4). This deviation from the ‘ideal’ harmonics, in

particular when reaching higher harmonics, led partly to the choice to look solely at the first

three harmonics (of a given fundamental) in the research of this Thesis.

A number of papers over the next few years provide a brilliant summary of the state of

play in MIR heading into the 2010s [170, 4, 125]. Typke, Wiering, and Veltkamp [170] focus
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Figure 3.4: Bandwise-calculated weights of two piano tones, (a) f0 = 65Hz and (b)
f0 = 470Hz. The actual pitches of the harmonics are depicted by the vertical dashed lines.
Adapted from [96].

in particular on ‘content-based’ systems, which broadly could be seen as ‘higher-order’ in

comparison to pitch estimation, such as Musipedia (formerly ‘Tuneserver’) [139] and Shazam

[176], whilst Amado and Filho [4] describe two historically-used techniques of interest -

namely the Zero-Crossing Rate (ZCR) and ACF, presenting some improvements to these

to improve their efficacy specifically for Pitch Extraction of musical signals as opposed to

speech.

In [125] a particularly thorough overview is given, pointing at reviews of early ap-

proaches to Pitch Extraction of speech [82, 81], and a range of earlier attempts at Pitch

Extraction of musical signals, demarcated by tactic—frequency domain approaches [151,

111]; time domain approaches [165, 23]; and mixed domain approaches [115, 134]. Further,

they give an overview of current work [177, 94, 26], again grouped by approach—some work-

ing in the spectral domain [9, 27, 155, 138, 110, 10]; others working with Non-Negative

Matrix Factorisation (NNMF) [171, 172, 158]; some with timbral information [88, 53, 147];

and finally, a couple that utilised knowledge of the mechanisms of auditory perception in

humans [92, 187]. Importantly, Müller, Ellis, Klapuri, and Richard note that
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“...to be successful, music audio signal processing techniques must be informed

by a deep and thorough insight into the nature of music itself.”

This is a thought-provoking and pertinent insight to this day, and should remain at the

forefront of work in MIR. Without a deep understanding of the work that we are performing,

and further, the data that we work with, it is unreasonable to expect good results. Especially

as we look for increasingly sophisticated and effective methods of AMT, we must constantly

bring ourselves back to this notion.

Böck and Schedl [17] used a Recurrent Neural Network (RNN) to determine both

pitch, and temporal onset and offset of notes in piano music. They opted for this approach

over a Feed-Forward Network (FFN) as the hidden layers of RNNs have connections that

‘loop back’, allowing them to more effectively model the temporal aspects of music (by using

past observations to inform decisions in the present).

A 2012 paper by Volk and Honingh [173], much like Futrelle and Downie’s earlier

paper, looked to set out challenges and opportunities facing MIR as a research community.

In it, they discuss mathematical and computational approaches to music in general, and

collate the viewpoints of panellists from the “Bridging the Gap” panel at MCM 2011: Alan

Marsden, Guerino Mazzola, and Geraint Wiggins, who were prompted around four key areas:

benefits, failures, challenges, and interdisciplinary discourse.

Kraft and Zölzer [98] propose a method building off of the ACF, which selects peaks

(i.e. local maxima) that are present in both a “spectral peaks” and salience representation.

This method of taking the product of multiple spectra is quite reminiscent of Noll’s HPS

algorithm.

To round out the ‘early’ 2010s, we consider a paper by Sigtia, Benetos, and Dixon

[156], which presents a supervised NN model for piano transcription, which splits the problem
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into two broad parts - an “Acoustic Model (AM)”, and a “Music Language Model (MLM)”.

The acoustic model is a NN that estimates the probabilities of pitches in each frame, and the

MLM is a RNN that models the temporal relationships between pitches in different frames.

They dedicate significant time to discussing the benefits of DNNs, RNNs, and CNNs for

auditory tasks (i.e. as the acoustic model). They further put forward three possible candi-

dates for the Music Language Model—a generative RNN, Neural Autoregressive Distribution

Estimator (NADE), and a hybrid RNN-NADE approach.

Their proposed model uses a CNN for the AM, and an RNN MLM, which outper-

formed two methods recent to their work, and they suggest future improvements including

enhancing the robustness of their models by augmenting the training data - artificially adding

noise to help it to cope in the face of suboptimal conditions. Though their method performs

well, it appeared to struggle in particular with faster-played (i.e. shorter) notes, but on the

whole, approximated the general shape of the example piece that they presented rather well.

3.4 State of the Art MIR

Thomé and Ahlbäck [166] presented a method that took raw audio data, performed a

variation of the constant-Q transform known as SliCQ [84] on it, and passed the transformed

data to a DNN that was trained to convert spectrograms to piano roll notation. They claimed

to use a series of convolutional and padding layers to remove timbral and inharmonic aspects

of the signal before then converting to the note-level notation, but though the model appears

quite effective, not enough information about its architecture was presented to allow for

faithful reproduction.

As with [156], [150] opts for a dual Acoustic Model/Music Language Model approach,

but uses Probabilistic Latent Component Analysis (PLCA) for the AM, and a Hidden Markov
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Model (HMM) for the MLM. On the whole, the model struggles with harmonic errors in

particular—a common issue in MPE—as well as mistaking the variations in pitch that result

from use of vibrato as distinct pitches, which is quite a significant error when dealing with

singing voices in particular.

Deriving from a similar approach as YIN [40], another method using the Square Dif-

ference Function (SDF) is presented in [101]. They instead used Fourier approximation

followed by a calculation of the Minimum Squared Error (MSE) between a Fourier approx-

imated signal and the actual signal, and used global minima to estimate the fundamental

period. From there, they considered the strengths of the first sixteen harmonics to choose

the most likely candidate. In particular, this more algorithmic approach is quite refreshing

amongst so many state of the art Deep Learning (DL) methods, and is quite intuitively

linked to underlying properties of musical signals. The evaluation, however, is somewhat

lacking, so it is hard to determine how effective the proposed algorithm really is.

Nakamura et al. [127] present a step towards end-to-end polyphonic music transcrip-

tion. First applying the MPE approach in [13] that utilises spectrogram factorisation, they

pass the results to a note-tracking algorithm, leading to the usual “piano roll” (i.e. note-level)

data. Though they achieved decent results (with a precision and recall of 77.9% and 68.9%

respectively), more sophisticated MPE methods would further improve the system. As quite

well-put by Moorer [121], the “computer” ends up being quite literal-minded, particularly

with respect to quantisation and when dealing with musical techniques such as vibrato, which

lead to ambiguity.

In an attempt to standardise testing of approaches to automatic polyphonic music

transcription, McLeod and Steedman [113] developed and proposed a metric (MV2H), aimed

specifically for use on note-based output (as opposed to frame-based), but direct readers to

[138] for a frame-based metric (i.e. a measure of accuracy for systems without note-tracking
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Figure 3.5: Neural Network layers in the context of MIR. Taken from [25].

in place).

Choi et al. [25] provide an insightful and well-explained tutorial of the uses of Deep

Learning in the context of MIR, as well as a broad overview of relevant preprocessing tech-

niques in particular. Figure 3.5 shows the relationships between NN layers and MIR - in this

case, a spectrogram.

Building on the historic use of CNNs for AMT, Cong et al. [32] present a CNN-

based approach that produces note-level (i.e. piano roll) output. Based on three models - a

single-channel CNN “pitch detection model” that performs MPE, a dual-channel “onset/offset

model” that determines temporal onset and offset of notes, and finally a rule-based “note-

search model” that combines the outputs of the prior two models, their approach improves in

particular on the results of [156]. As with many methods, however, they constrain themselves
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solely to piano music (likely due to the prevalence of the MAPS dataset), which renders the

problem somewhat easier - though certainly does not detract from the improvements.

Developing the work in my Bachelor’s dissertation, [70] proposes a computationally

simple frequency-domain based approach (having applied a STFT to the signal) that pro-

duces frame-level results. It works on the assumption that no undertones (i.e. harmonics

at frequencies lower than f0) could be present in the signal, and therefore the leftmost

peak above some threshold, α, must be a fundamental. From this, the approach ‘rakes’ left

to right through the spectra, iteratively selecting fundamentals, and using a point-to-point

spline to estimate the amounts of each harmonic generated by the fundamental, subsequently

subtracting the estimated fundamental and its harmonics from the spectrum. Though seem-

ingly quite effective, the testing in the paper is certainly somewhat lacking in that it is not

based on any of the large datasets available. Further, though the approach has been shown to

work on a variety of instruments, it is not clear that the current approach (requiring succes-

sive harmonics to have monotonically decreasing amplitudes) would extend to instruments

such as the trumpet or the clarinet - which do not necessarily adhere to that pattern.

Taking a more mathematically-minded tack, Alvarado and Stowell [3] treat signals

as linear combinations of sources, which themselves consist of a quasi-periodic component

(as touched on by [101]) and an amplitude envelope. They introduced a “Matérn Spectral

Mixture” kernel, which they used to model the Attack, Decay, Sustain, Release (ADSR)

envelopes of instruments encountered - a key strength of which being the ability to introduce

and use prior knowledge of the properties of the signal. As with a number of other approaches,

the testing presented is quite limited, but exhibited good results on what they did show.

Also focusing on ADSR envelopes, [90] utilises Deep Learning in tandem with a “hand-

crafted” (i.e. with manually-chosen transition probabilities) HMM that models the ADSR

envelopes of the input sound. Contrary to other similar approaches [51, 32, 77], they opted
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for a more compact architecture for their NN, instead using a model which branches off

after some shared layers in order to compute (start, end, note) tuples, and achieved state

of the art results on the MAPS dataset. The especially unique aspect of this work (i.e. the

hand-crafted HMM) is simultaneously an upside and a downside, as it requires a HMM to

be assigned transition probabilities for each instrument to be used. Further, it seems likely

that this could extend even to variations between instruments (e.g. different pianos), which

would impact the efficacy of the method.

In 2019, Hansen, Jensen, and Christensen expanded on their previous work [74] to

perform MPE on signals, using directional information (i.e. panned left or right) to simplify

the problem [73]. On the whole, they achieved improved results over methods that did not

utilise panning data - on both the IOWA and Bach10 datasets. The obvious limitation of

this approach is that not all recordings will have stereo channels, but this likely does not

present much of an issue on the whole.

Again building on the ACF, [130] proposes an extension that removes “unwanted

jumps” (i.e. musically unlikely steps) in the time-frequency representation of a signal, and

then utilises pitch-tracking to smooth the outputs. This resulted in good results on the

Bach10 dataset, as well as speech signals from PTDB-TUG [136]. Importantly however, this

approach is restricted solely to Monophonic PE, which is a significantly easier problem than

MPE.

Another approach focusing on an ‘end-to-end’ AMT model, [144] presents a model

that aims to demonstrate that the task can be “performed in a single step”. They use a

Convolutional Recurrent Neural Network (CRNN) with a Conectionist Temporal Classifica-

tion (CTC) loss function to achieve this. Their claim that the problem can be reduced to

a single step seems somewhat disingenuous, however, as there are really many layers to the

proposed architecture, which it seems likely may well encapsulate the “intermediate goals”
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Figure 3.6: An overview of the NN architecture described in [97].

that they describe. Further, from a research perspective, it is not entirely clear what the

benefit of such a demonstration would be - not least because the ‘stepwise refinement’ of

a problem results in independent or modular components of a larger system (in this case,

AMT), which can be individually developed, pieced together, and swapped out to facilitate

improvements to the overarching AMT system. That said, the results garnered from the

proposed method—at least that which is showcased in the paper—is nothing short of im-

pressive (e.g. a ‘Character Error Rate (CER)’ of 13.53%—see Section 4.2 of their paper for

more details), and if nothing else, demonstrates the incredible utility of ML methods from

an engineering or implementation perspective.

Looking from a completely different perspective, [97] attempts to approach PE using

visual (i.e. video) data as opposed to audio. Specifically, they built a model to estimate

monophonic pitch from video recordings of violinists. They further posit that this could

be of use in (hybrid) recordings with poor audio quality, or even to aid with polyphonic
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Figure 3.7: Demonstration of the progression from Spectrogram to Tentogram, and then to
Pitchogram. Taken from [51].

PE. In order to achieve this, they exploited two tricks - a teacher-student training strategy

[77] (Figure 3.6), to teach the model to associate visual cues with corresponding sounds,

as well as using multiple frames of video as opposed to a still frame, which helped them

to resolve ambiguities that arose from troubles distinguishing which string was vibrating,

amongst other things.

Considering the incredibly challenging task on which they embarked, the results

achieved were surprisingly good, with the added benefit that the method generalises well,

as it relies on “automated” annotation (i.e. through the use of a preexisting mono-pitch

estimator).

Elowsson [51] proposed a method for MPE that relies on ‘deep layered learning’ [52,

50]. It uses a multi-stage system of neural networks and processing steps to elicit pitch

contours - i.e. pitch information coupled with an onset and offset for each distinct note.

From the MPE side, they opted to create a ‘Tentogram’ (i.e. a tentative spectrogram)

through a spectral summation (their Section IV-F), whitening, and logistic regression, which

provided a much cleaner basis from which to detect pitch peaks. A neural network was

then used to convert the Tentogram into a ‘Pitchogram’, using parabolic interpolation to
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achieve a 1 cent resolution. From the Pitchogram, ‘blobs’ are then identified [120], with

subsequent regions then merged (where related), and finally a peak ridge (1D contour) was

extracted. Figure 3.7 provides a useful visual representation of the approach. This method

exhibited state-of-the-art performance on the MAPS [54], Bach10 [48], TRIOS, and MIREX

Woodwind quintet datasets.

Taking a different approach to much of the recent literature, Zhang, Chen, and Yin

[188] focus on eliciting patterns from a “pseudo-2d spectrum”—with both axes representing

frequency—as opposed to solely the frequency domain, or the typical hybrid time-frequency

techniques. They show that this results in distinctive 2D shapes corresponding to the fun-

damentals, and apply pattern-matching techniques framewise to the signal to elicit pitch

candidates, further filtering out spurious fundamentals by considering neighbouring frames

and pitch contour lengths. This approach achieved improvements over the use of 1D spectra

on both the Bach10 and MAPS datasets. They also present their results in comparison to

other techniques, in which this method performs somewhat on-par with a range of state of

the art parallels. Interestingly, the notion of eliciting spatially-compact 2D representations

of fundamentals has a number of parallels to the research presented in this Thesis.

3.5 Other Related Work

In 2012, Wang and Walker presented a short review of studies into the auditory pro-

cessing of pitch information in the cortices of mammals—looking in particular at macaques,

marmosets, cats, and ferrets [179]. The cortices of the mammals studied all comprised of

similar structures - with a core region (A1/R/RT) and “belt”/“para-belt” regions surround-

ing it. Notably, it has been found that macaques and cats [167, 78] respectively are able to

determine pitch (i.e. fundamental frequency), even when harmonics are missing. Further,

Bendor and Wang [12] demonstrated the existence of individual “pitch-selective neurons” in
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Figure 3.8: A Tonnetz without identified edges - clearly showing its periodic nature in both
the vertical and horizontal directions. Taken from [15].

marmosets, which were able to perform pitch extraction. They proceeded to show that these

neurons were sensitive in particular to the “temporal regularity” (i.e. fundamental period)

of sound (unlike neighbouring zones of the brain) [11]. Wang and Walker state that

“Given that humans and animals do experience a percept of pitch that generalises

across a variety of sounds with the same periodicity (including missing funda-

mental sounds), it seems reasonable to expect to find neurons at some level of

the auditory system that integrate the periodicity cues... to compute a stimulus-

invariant pitch representation.”

This suggests that there may indeed be some mathematical model of pitch that is

invariant of the timbre of the sound being considered. This provides further motivation for

attempts to elicit such patterns from acoustic music—such as in this Thesis.

First described by Euler in 1739, the Tonnetz (Figure 3.8) [57] presents a way to

spatially demonstrate the relationship between chords. Each row corresponds to the circle

of fifths, with each subsequent row corresponding to the previous one with each element

shifted from position n, to position (n + 3) mod 12, and aligned such that the closest two

notes diagonally ‘upwards’ correspond to a major third in one direction, and a minor third

57



Related Work

in the other. By identifying both vertically and horizontally, it is clear that the Tonnetz

is in fact toroidal in nature. It has proven particularly useful in describing voice leadings

in music - with distance between triangles (i.e. chords) on the Tonnetz corresponding to

musical ‘distance’ between chords.

In addition to his work on the generalised Tonnetz [169], Tymockzo posits a geo-

metrical treatment of music theory in his book ‘A Geometry of Music’ [168] - driven by

underlying musicological knowledge. Where Lewin tackled this kind of formalisation from a

group-theoretical perspective [105], Tymockzo (whilst still basing his approach on symme-

tries) opted to employ a more geometric approach; considering pitch/chord spaces in such a

way that proves useful to composers and musicologists alike, without a necessarily profound

understanding of the underpinning mathematics.

Tymockzo defines musical objects, which are essentially ordered collections of notes

(Eg. (C4, E4, G4)), and five “OPTIC” operations -

• Octave - transposing individual notes by an octave;

• Permutation - reordering the object (changing which voice has which note);

• Transposition - uniformly shifting all notes in an object by a given offset (and direc-

tion);

• Inversion - essentially reflection about a point in pitch space (i.e. pitches ordered

chromatically along a 1D line);

• Cardinality change - introducing a new voice that duplicates a note that is already

present in the object.

These describe transformations between musical objects. Further, he goes on to define a

variety of musical constructs (such as chords and scales) in terms of the set of OPTIC
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transformations under which each construct remains invariant.

Building on this framework, he defines a two-note chord space, containing progressions

between dyads (Eg. (C4, E4)→(C4, E♭4)). By enumerating the whole space, and identifying

the edges with a twist (which is necessary as, when enumerated fully, the vertical edges of

the two-note chord space are the reverse of one another), the two-note chord space forms a

Möbius strip. The use of this space in analysis is then demonstrated practically by applying

it to elicit musical insights on pieces (such as Brahms’ Op. 116, No. 5), that would otherwise

be obscure if viewed in traditional notation. He goes on to provide a generalisation of n-

note chord spaces in higher dimensions such as a three-note chord space forming a twisted

triangular prism.
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Chapter Four

A Geometric Framework for Pitch

Detection

M
ost of the core work of this chapter was submitted to the Journal of Mathematics and

Music in November 2020, accepted for publication in September 2021, and published

in October 2021. Notably there was collaboration with Karoline van Gemst, a colleague

and friend, without whose mathematical guidance, input, and participation in immeasurably

long whiteboard sessions with copious volumes of coffee, the work presented would be far less

rigorous, and Peter Tiño, my fantastic supervisor, who has been nothing short of excellent in

his role, and provided immeasurable academic counsel—and appropriate admonishment—

over the years.

4.1 Considerations

This section lays out the context in which the model was developed, and aims to

present a couple of ideas, alongside the assumptions under which the model is proposed.

Though these may seem to be quite restrictive on first pass, they generalise relatively well
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to acoustic musical signals in general, and some (such as the lack of undertones) build on

earlier work [70]. Further, as noted in the Abstract, the choice was made to focus here on

the discrete—i.e. a tone is either present, or not—and discard the notion of intensity for

now. This will be incorporated to the model in some extent in Chapter 5, where I look at

real-world data in the model.

4.1.1 Timbre and ‘Timbre-Invariance’

Humans have an extraordinary ability to subconsciously abstract the notion of timbre

from a signal [178] - a skill that proves useful both in music, and in speech. It would be

beyond inconvenient if every time one spoke to another person, it was necessary to jump

through some kind of neural hoop along the lines of ‘Ah! It’s Pete from the shop - I’d better

remove the timbre of his voice so I can understand what he’s saying’. Instead, this process

occurs automatically, with no conscious thought or cognition about it. Indeed, the same is

broadly true of music - it takes comparatively low effort (in comparison to computers) to

pick out and hum the melody to a song, even when the voice is but one of a plethora of

instruments playing simultaneously.

Given this skill, it is possible to define an algorithm for pitch detection that most,

if not all, humans could consciously execute to a consistently near-perfect standard. It is

worth noting that no claims are being made as to how the human brain subconsciously or

implicitly performs this task, however. For each monophonic track in a mixture, iterate

through each tone, and compare it to a reference point. If the tone is the same as the

reference point, then output the total offset taken to reach it, and continue to the next tone

in the track. Otherwise, ascertain whether it is higher or lower than the reference point, and

move the tone one semitone in the direction of the reference point (keeping track of the total

offset). Continue this process until the tone is the same as the reference point, and simply
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use the overall offset, along with the known reference point, to calculate the original tone

(Algorithm 1).

Algorithm 1 PD Algorithm

Input: Mτ = {m0,m1, ...,mn}
Output: P
P ←− ∅
R ←− (A, 4)
for mi ∈ Mτ do

for tone ∈ mi do
offset←− 0
while (tone 3 offset) ! = R do

if tone > R then
offset ←− offset + 1
tone ←− tone 3 1
continue

end if
offset ←− offset - 1
tone ←− tone 3 (-1)

end while
P ←− P

⋃
{tone}

end for
end for
return P

where Mτ is a mixture of signals at a given point in time, τ , P is the set of tones

present at τ , and 3 is some operator that takes a tone, and applies an offset of n semitones.

From both the above example, and the work of Bendor and Wong, it seems likely

that there exists some timbre-invariant model of pitch. That is, one that can elicit the

fundamental frequency of a signal not just irrespective of the instrument being perceived,

but further, irrespective of whether the “system” (whether human or computer) has ever

perceived such an instrument before. Broadly, this Thesis seeks to define one such model—

again, with no connotations that the human brain works in a similar way—such that it

may be built upon in the future, and used to develop PE techniques from a wholly different
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perspective to the current literature.

4.1.2 Considerations for the Model

In building such a model, we took a variety of considerations into account. In partic-

ular,

• First and foremost, it was crucial for it to be “easy” to identify fundamentals (or

as will be observed later, harmonics masquerading as fundamentals). This required

us to identify a property that is true of all fundamentals (though not solely true of

fundamentals - i.e. not a bijection) that we could use to this end.

• The model needed to be extensible - by starting with an oversimplified model, with

relatively restrictive assumptions, it is then possible to iteratively build upon it, adding

complexity to it in the process.

• In addition, it was imperative that it has some grounding in music and music theory.

As identified in [125], this insight of the nature of music was paramount to developing

successful techniques for music audio signal processing.

• Finally where possible, the model had to be applicable to all harmonic instruments.

4.1.3 Assumptions

In order to facilitate the goals, a number of assumptions were made:

1. All fundamentals are present with at least their first three harmonics (namely, octave,

thirteenth (octave plus a fifth), and sixteenth (two octaves)), i.e. given f0 is present
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in the signal, so too f1, f2, and f3 will be. Further, only these will be added to the

model1.

2. No fundamentals below (C, 0) ≈ 16.35Hz or above (B, 9) ≈ 15804.27Hz will be present

in the signal.

3. All instruments will be harmonic, that is, inharmonic instruments such as drums,

bells, etc., with harmonics that do not fall at intervals corresponding to the harmonic

series are excluded. Importantly here, the related inharmonicity phenomenon, which

regularly occurs in the upper harmonics of fundamentals from harmonic instruments

is mitigated by (1).

4. All instruments are acoustic.

5. No undertones are generated by the instruments.

6. The music being dealt with is in 12-TET (i.e. standard temperament), meaning that

the frequencies of consecutive semitones are related by multiplication by 12
√
2.

In addition to these assumptions, it would likely be necessary to impose further re-

strictions on the signal, specific to the application in which the model is being used. It

should also be noted that although this Thesis does not directly address atonal music, it

likely contains fewer overlaps between harmonics of different fundamentals, which would in

turn lead to fewer ambiguities in Multi-Pitch Estimation.
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Figure 4.1: The build-up of a simplistic probabilistic representation.

4.2 Defining a Model

Consider a frequency-sorted (low to high) set of tones2, for example, {(C, 4), (C, 5),

(E, 5)}. One can imagine wanting to build up some representation of where each tone is likely

to have originated. Figure 4.1 shows the iterative construction of one such model - which is

somewhat adjacent conceptually to Markov chains. In this, tones with increasing frequency

are being added sequentially, with the weights (representing the likelihood of where each

tone may have been ‘generated’ from) being updated with each addition3. A similar view

could instead be taken, representing it as a directed graph, with an edge from each vertex to

every other vertex that it could potentially be a harmonic of. Weights are chosen from some

vertex, B, to another vertex, A (of which B is potentially a harmonic) to be i, such that B is

the ith harmonic of A. Here, each weight corresponds to some measure of the likelihood that

a given tone is generated by another. For example, given the presence of C4, the probability

that C5 is a fundamental (i.e. generated by itself) may be 20%, whereas there may be an

80% probability that it is instead a harmonic of C4. These are, of course, toy values, and it

is more than likely more realistic to readjust all weights following the addition of each tone,

but the underlying concept remains the same.

1It is well worth noting here that certain instruments do not always exhibit all harmonics—for example,
the clarinet has lower amplitudes of even-numbered harmonics. Further, some instruments do not always
exhibit harmonics at all—in a similar manner to whistling, as discussed earlier in this Thesis.

2Note the use of ‘tone’ here as opposed to ‘note’ – the key distinction being that a tone describes an
‘object’, whereas a note is a specific instance of a tone.

3Note that in this toy example, if we eventually reached a harmonic of (C, 5) (for example) that was not
present, then the weight that it was ‘generated’ by itself should be updated to 0% to reflect this.
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Figure 4.2: Visualisation of the graphical structure overlaid onto the grid.
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Figure 4.3: Visualisation of the final grid structure, where shaded cells represent a Boolean
value of true.
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By placing each vertex into a grid (with the horizontal axis representing the pitch

chromas ordered according to the circle of fifths, and the vertical axis representing the pitch

height in octaves), and restricting the edges to only the first three harmonics, it is possible to

remove the edges – leaving this information implicit in the new representation – and derive

a simpler model, with the added benefit that a large number of vertices and edges do not

render the representation visually messy or hard to decipher (Figure 4.2). From here, it

becomes clear that it is in fact possible to dispose of the notion of this representation of

a graph altogether: by removing the edges (the information from which becomes implicit),

and instead assigning a Boolean value to each cell, representing whether the tone is audible

or not (Figure 4.3).

The problem of pitch detection is then reduced to the problem of finding the decom-

position of the grid (into shapes) that corresponds to the tones played in the input signal.

As becomes apparent, this involves discarding a number of false positive cases from the in-

terpretation. From a graphical perspective, this is equivalent to identifying the vertices that

correspond to fundamentals, removing them, and repeating the process until no more are

present. Note that such methods are impacted by the presence of noise in the signal - the

reduction of which is beyond the scope of this Chapter.

For example, consider the graph in which (C, 3) and (G, 4) are sounding along with

their first three harmonics (Figure 4.4). By annotating each vertex, ν, with its indegree

(deg−(ν)) and outdegree (deg+(ν)), some vertices present as sinks (i.e. with degree (n−, 0)

for some n− > 0), and some as sources (i.e. with degree (0, n+) for some n+ > 0). For the

purposes of pitch estimation, and because of the chosen edge direction (from harmonic to

fundamental), a sink with indegree three is always a fundamental with its first three harmon-

ics present. Thus, a simple (yet somewhat effective) algorithm is to take each vertex with

indegree three (for each distinct part of the graph, as it may not be connected), categorise

them as fundamentals, and remove all categorised vertices. This can then be iteratively
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Figure 4.4: (left) A directed graph depicting C3 and G4 (and each of their first three har-
monics sounding). The degrees of each vertex are shown in parentheses. The following steps
represent the steps of the simple algorithm described. The bolded/underlined tone at each
step is the one selected as a fundamental.

applied to the graph until no sinks with indegree three remain (as shown in Figure 4.4).

Clearly this algorithm is a vast oversimplification of the problem, but it nicely illustrates the

benefits of geometric approaches. Further, it was from this model that the proposed model

arose - originally as a method of neatening up the notation, but then as a model in its own

right.

The following sections will build upon this grid-based model, proving some useful

properties about it, and presenting some ways in which future algorithms may utilise this

characterisation.

4.3 The Proposed Model

As in Section 4.2, let χV be the set of pitch chromas, ordered by fifths - {C,G,D,A, ..., F}4.

Let the grid, N V := χV × Z. That is, an element νi,j ∈ N V is a pair (χi, j) representing a

tone with pitch chroma χi, and pitch height j. N V forms the backbone of the model. As the

4Note here that the exponent, V, is a label representing that the set is ordered by fifths.
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Figure 4.5: The discretised infinite cylinder of N V with N V
α indicated. Relative to a fixed

viewpoint (outlined black, filled blue), δ corresponds to a clockwise rotation of the cylinder
by one cell, and ω corresponds to a vertical shift of the cylinder one cell downwards.

circle of fifths exhibits a periodic nature, the left and right edges of the grid may be identified,

or glued, to realise N V as a discretised infinite cylinder (Figure 4.5). Furthermore, let N V
α be

the finite subset of N V , consisting of the ‘sub-cylinder’ with octaves [0, 9]. This represents

the human-audible spectrum of sound. Further, define the predicate, Iτ : N V → B,

Iτ (νi,j) =

 ⊤ if νi,j is observed at τ

⊥ if νi,j is not observed at τ .
(4.1)

This is called an interpretation (i.e. of N V), and can be seen as a single time slice of a signal,

indexed by an instantaneous point in time, τ . By viewing a musical signal as a sequence of

temporal slices, we obtain an interpretation of the signal for any given τ by the pair (N V , Iτ )

(Figure 4.6).

By viewing the ordered collection of pairs as a whole, one can uniformly stretch each
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Z

τ

Figure 4.6: Visualisation of a sequence of interpretations (representing temporal slices),
indexed by τ .

slice, and identify the appropriate N V faces to create a three-dimensional heatmap, with

each tone now represented by a cube as opposed to a square5. Thus, the interpretations are

now indexed by an interval, where previously they had been indexed by an instantaneous

point in time, that is,

(N V , Iτ ) 7−→ (N V , I[τ,τ+1)). (4.2)

A real-world example of this is shown later in Figure 5.24.

In general, when referring to any interpretation henceforth, Iτ may be replaced by I

for simplicity.

By projecting onto hyperplanes parallel to the faces of the cuboid, one can consider

the signal from different perspectives - that is, with constant time, constant pitch chroma,

or with constant pitch height. For example, considering the projection with constant pitch

5The importance of this becomes apparent in Section 5.2, in particular when considering the 3D heatmap.
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height, one can elicit a pitch contour representation of the signal. Further, by viewing the

heatmap as a translucent construction, it is possible to consider all aspects simultaneously,

for, if the construction were opaque, only the cubes on each face of the cuboid would be

visible.

Let fi denote the ith harmonic, with f0 being the corresponding fundamental. Depend-

ing on the pitch chroma, the 2nd harmonic, f2, may or may not cross the octave boundary

(i.e. be in the next octave up from the 1st harmonic). For example, the first three harmonics

of (C♯, n) are f1 : (C♯, n + 1), f2 : (G♯, n + 1), and f3 : (C♯, n + 2), whereas the first three

harmonics of (A, n) are f1 : (A, n + 1), f2 : (E, n + 2), and f3 : (A, n + 2). By considering

each chroma in χV , it is clear that the presence of {f0, f1, f2, f3} ⊂ N V make up one of

two shapes; a turnstile shape, ⊢, or a gamma shape, Γ, depending on the position of the

fundamental. In particular, when f2 lies across the octave boundary, then the fundamental

and its harmonics present as a Γ shape, and otherwise present as a ⊢. Denote the set

χ⊢ = {C,C♯,D,E♭, E}, with χΓ = χV \ χ⊢ as its complement, 6

and let πχ, πy be the projection of N V onto the horizontal and vertical axes respectively.

Then, when πχ(f0) ∈ χ⊢ one observes the ⊢ shape, and Γ otherwise.

This is shown in Figure 4.7, where a fundamental is denoted by • and its harmonics

by ×. This notation will be used liberally through the remainder of this Thesis, so be sure

to commit it to memory!

This model (particularly the use of χV as opposed to a chromatically-ordered column

set) is deliberately chosen such that the pattern exhibited by a fundamental and its first three

harmonics (i.e. ⊢ /Γ) appears spatially-compact. This serves to make these patterns more

easily discernible – both to the human observer, and computationally – and is of particular

6Recall that chromatically, (C, 1) directly follows (B, 0).

72



A Geometric Framework for Pitch Detection

Z

Figure 4.7: Demonstration of the Γ and ⊢ shapes in N V .

use when looking to decompose more complicated polyphonic signals into their constituent

parts.

The different cells, or tones, on the cylinder can be related to each other by considering

a group action on N V . Let δ and ω denote the generators of Z12 (the integers modulo 12)

and Z, respectively. Then define a group action Z12 × Z ⟲ N V as follows. δ and ω induce

maps on N V by

(δ,1Z) : N V → N V (1Z12 , ω) : N V → N V

νi,j 7→ νi+1,j, νi,j 7→ νi,j+1,

where 1Z and 1Z12 are the identity elements in Z and Z12, respectively. In other words, (δ,1Z)

acts on the cylinder by rotating it clockwise by one cell, while applying (1Z12 , ω) corresponds

to a vertical shift of one cell downwards (It may be worth revisiting Figure 4.5 to cement
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this intuitively.) Hence a map

Z12 × Z×N V → N V : (δk, ωl, νi,j) 7→ νi+k,j+l, (4.3)

is achieved, where k, l ∈ Z, and δ12n for any integer n is the identity. For notational simplicity

(δ,1Z) is identified with δ, and similarly for ω. Note that this means that, relative to a

reference point, δ translates the tone by a fifth, and ω moves the tone up an octave.

In terms of this action,

ω(f0) = f1, ωδ(f0) = f2, and ω2(f0) = f3,

for πχ(f0) ∈ χ⊢, where ω ◦ δ is identified with ωδ. For πχ(f0) ∈ χΓ the above holds with the

exception of f2 which in this case is given by

ω2δ(f0) = f2.

Furthermore, using this action, the ⊢ and Γ shapes may be written as,

⊢= {1, ω, ωδ, ω2}, Γ = {1, ω, ω2δ, ω2}, (4.4)

where it is understood that by applying all elements of ⊢ to a tone traces out the turnstile

shape, and similarly for Γ. In other words, considering the ⊢ case, for each fundamental

which is mapped to ⊤ by I, there exist harmonics ω(f0), ωδ(f0), and ω2(f0) such that each

of these are also mapped to ⊤ by I,

∀ν∈N V

[
(F(ν) ∧ πχ(ν) ∈ χ⊢)→ (I(ω(ν)) ∧ I(ωδ(ν)) ∧ I(ω2(ν)))

]
, (4.5)
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Figure 4.8: The three two-column configurations, depicted on the circle of fifths. In partic-
ular, note the absence of a ⊢⊢ configuration.

given that f1, f2, and f3 are observed (audible). Here F(ν) is a predicate that returns ⊤ iff

ν is a fundamental. Of course, such a construct does not exist in practice, but in essence, the

end result of a flawless pitch estimation algorithm is this function, such that it best describes

the ground truth of the signal. As before, the Γ case is equivalent under the replacement

ωδ 7→ ω2δ.

By observation of the corresponding ⊢ and Γ shapes over the circle of fifths, it is noted

that three two-shape configurations exist - namely ΓΓ, Γ ⊢, and ⊢ Γ (Figure 4.8). These are

used to categorise a number of properties of the model.

Definition 4.3.0.1 (Configuration). A configuration (denoted as ΓΓ, Γ ⊢, or ⊢ Γ) represents

the shapes generated by fundamentals residing in two adjacent columns in N V.

Whilst every fundamental, together with its first three harmonics, exhibit one of the

two aforementioned shapes (i.e Γ or ⊢)7, the inverse statement is not true. Namely, the

presence of a ⊢ or Γ shape does not imply that the tone concerned is a fundamental, as

shown for the Γ case in Figure 4.9. A similar counterexample for ⊢-exhibiting tones can

also be constructed. Here, ⊗ denotes a harmonic which presents as a fundamental. Such

harmonics are called false fundamentals.

Remark. When referring to a false fundamental, ⊗, the second column of the configuration

always corresponds to that in which ⊗ lies. Thus, the first column corresponds to the preceding

one - i.e. πχ(δ
−1(⊗)). For example, in Figure 4.9, the ⊗ sits in a ΓΓ configuration and not

in a Γ ⊢ one.
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Z

Γ Γ ⊢

Figure 4.9: Counterexample showing that not all Γ shape-exhibiting tones are fundamentals.

Similarly to how a fundamental and its first three harmonics corresponds to either

a ⊢ or a Γ shape, as a result of the assumption that any f0 must present with its first

three harmonics – and provided adequate noise removal from the signal – a given harmonic

could only have arisen from a fundamental related to it by the inverse shape, i.e either ⊢

or L. This is because each fundamental traces out either a ⊢ or a Γ shape (with itself as

the bottom-leftmost cell), so tracing the inverse shape from a harmonic reveals all cells from

which a fundamental could generate it.

The inverse shapes may be written as,

⊢= {σ−1| σ ∈ ⊢} = {1, ω−1, (ωδ)−1, ω−2}, (4.6a)

L= {σ−1| σ ∈ Γ} = {1, ω−1, (ω2δ)−1, ω−2}, (4.6b)

where σ−1 is the inverse of σ with respect to the group structure.

7As a result of of assumption 1.
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Figure 4.10: Figure showing where a false fundamental and each of its apparent harmonics
could have been generated from, with colours tracing out ⊢and Lfor each tone (overlaying
both Γ and ⊢ situations).

Additionally, define the function Ψ(χi) for any χi ∈ χV as,

Ψ(χi) =

 ⊢ if χi ∈ χ⊢

Γ otherwise.
(4.7)

Intuitively this function takes a given chroma (i.e. πχ(ν) ∈ χV), and returns the set of group

elements that trace out the corresponding shape when applied to a tone with this chroma.

The generator of a tone is defined as the fundamental that deposited the corresponding

frequency. Note that the generators of a tone may sit both in the same, or preceding column

to itself. This means then when enumerating the possible generators in most cases (i.e.

not ΓΓ), it is necessary to consider tones in ⊢
⋃

L. In many cases there may be multiple

generators for a single tone.

Suppose an interpretation is given such that a false fundamental is present. By
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investigating the possible positions for this tone in N V , there is a finite region containing

the fundamentals that could have created the false fundamental and its first three apparent

harmonics. In any of the possible positions for the false fundamental, this region is contained

in the region given by 9(⊗), with 9 := {σ′σ|σ′ ∈ ⊢
⋃

L, σ ∈⊢
⋃
Γ}, as shown in Figure 4.10.

This holds by construction8.

Consequently, in order to check whether a tone could be generated by some other

tone, it is sufficient to search a 3× 5 area centred on the tone. Though this proves sufficient

from the perspective of generators, there are a number of cases (i.e. false fundamentals) that

will naively result in false positives.

Hence, the problem of multi-pitch estimation is reduced to that of distinguishing

between fundamentals (•) and harmonics masquerading as fundamentals (⊗). The following

sections focus on characterisation of the occurrences of such false fundamentals, seeking to

pave a way to suitably distinguish between them and fundamentals.

4.4 Fantastic Edge Cases (and Where to Find Them)

This section deals only with cases in which a single false fundamental (⊗) is considered

simultaneously. Note that this does not mean that only one ⊗ is present in each Edge

Case, but rather that a sequential traversal is used in order to consider ⊗s one by one. In

reality, this is expected to be sufficient of a generalisation as long as algorithms consider false

fundamentals sequentially, such that N V
α is traversed along

δiωj(ν0,0), ∀i∈{0,··· ,11}, ∀j∈{0,··· ,9}, (4.8)

8Note that the shape traced out by 9 is really the union of three shapes - each obtained from tracing
backwards from a false fundamental (and its harmonics) in one of the three configurations.
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that is, left-to-right, bottom-to-top, where ν0,0 is the bottom-leftmost element of N V
α . It is

believed that this traversal will be sufficient to provide information of previously classified

tones to aid in the classification of ones further along in the traversal. This is adjacent to

the left-to-right traversal (i.e. low to high) of the frequency domain in [70].

Definition 4.4.0.1 (Edge Case). An edge case is a set of fundamentals and their first three

harmonics, in which a tone that presents as a fundamental, is in fact not one. In other

words, let

⊗(ν) =
(
∀σ∈Ψ(πχ(ν))

[
I(σν)

])
∧ ¬F(ν),

be the predicate that returns ⊤ iff ν is a false fundamental. Then a set of tones, S, is an

edge case when

∃ν∈S[⊗(ν)].

It is worth noting that although this Section looks only at cases in which one ⊗ is

considered at a time, this definition is broad enough to encapsulate the more complex cases

with multiple ⊗ too.

By considering ⊢
⋃

Lfor each constituent tone 9 (similar to Figure 4.10), it is possible

to construct sets of possible generators for any edge case. Through knowledge of the specific

configuration (which is always known for a given tone), it is possible to use the appropriate

subset of ⊢
⋃

L. Then the sets of possible generators for a false fundamental and its apparent

harmonics are given by

f0 : {ω−1, ω−2, x}, where x =

 (ωδ)−1 if Ψ(πχ( δ
−1(⊗ ))) = ⊢

ω−2δ−1 otherwise,
(4.9a)

9Note that “constituent tone" refers to each individual ν in ⊗(f0) - that is, the fundamental, and its first
three apparent harmonics.
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f1 : {ω, ω−1, x}, where x =

 δ−1 if Ψ(πχ( δ
−1(⊗ ))) = ⊢

(ωδ)−1 otherwise,
(4.9b)

f2 : {ωδ, δ, x}, where x =

 ω−1δ if Ψ(πχ( ⊗ )) = ⊢

ω2δ otherwise,
(4.9c)

f3 : {ω, ω2, x}, where x =

 ωδ−1 if Ψ(πχ( δ
−1(⊗ ))) = ⊢

δ−1 otherwise.
(4.9d)

Note the use of shorthand here - these actions are all relative to (and applied to) a false

fundamental, ⊗.

Further, it is possible to define the notion of a basic edge case;

Definition 4.4.0.2 (Basic Edge Case). A basic edge case is an edge case such that each

constituent tone of a ⊗ has precisely one generator.

In other words, only one element in each of the sets (4.9) is a generator for each fi in

a given ⊗. See Figure 4.11 for an example of a basic edge case.

Following from this, it is possible to enumerate every basic edge case for a specific

configuration, and ascertain the total number of possible basic edge cases for that configura-

tion. Initially the answer for four choices, each with three options would simply be 34 = 81.

Due to overlap in which generators satisfy the constituent, however, the actual result is sig-

nificantly lower, and can be enumerated with a simple counting method (Table 4.1). Note

that f2 has been omitted as it has no overlap (and therefore, multiplying the end result by

3 is sufficient).

The same holds true for the ΓΓ and Γ ⊢ configurations, as although the composed

actions are different, there are still the same overlaps (f0/f1 : ω−1, and f1/f3 : ω), and the

same number of overall choices.
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Z

Γ⊢

Figure 4.11: A basic edge case in a ⊢ Γ configuration - note that each of the harmonics
associated to the constituent tones of the false fundamental, ⊗, have a single generator.

f0 f1 f3

ω−1 - ω2

ωδ−1

ω−2 ω -
δ−1 ω2

ωδ−1

(ωδ)−1 ω -
δ−1 ω2

ωδ−1

Total 8 × 3 = 24

Table 4.1: Table showing the enumeration of possible basic edge cases for the ⊢ Γ configu-
ration, with each basic edge case corresponding to a row in the table. Note that a hyphen
represents that a choice need not be made as a previous choice already satisfies the harmonic.
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One might be tempted to claim, therefore, that there are 24 × 3 = 72 basic edge

cases. Though technically this may be true, we instead define a number of basic edge types

- similar to Lent Davis and Maclagan’s definition of cap types regarding the card game SET

[38]. This allows for comparisons to be made irrespective of configuration. Further, there are

a number of invariants that hold across all configurations, for each basic edge type, which

can be used to categorise them.

Let

g : N V → N V (4.10)

be the map sending a tone to its generating fundamental. While this could easily be multi-

valued for a generic interpretation, in particular the map gives subsets of (4.9) for edge cases,

for basic edge cases the map gives a unique generator, which is the situation in which this

map will be considered. Note that it is assumed here that no inharmonic noise is present,

meaning that all tones have a defined generator. Hence the map (4.10) is well-defined. As a

demonstration, take the basic edge case shown in Figure 4.11. Applying g to f1, for example,

results in ω−1(⊗).

Further consider the triple g(f0, f1, f3) = (g(f0), g(f1), g(f3)) constructed from

applying g to a false fundamental and its first and third apparent harmonics10. It is not

necessary to consider f2 as it has no overlap with the other constituent parts (as shown

below, with the overlaps bolded for clarity),

f0 : ω−1, ω−2 , (ωδ)−1 (4.11a)

f1 : ω , ω−1, δ−1 (4.11b)

f2 : ω2δ , ωδ , δ (4.11c)

f3 : ω , ω2 , ωδ−1. (4.11d)

10Note here that f0 is assumed to be a false fundamental, so g(f0, f1, f3) ̸= (g(f0), g(f0), g(f0)).
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c = δ−1 7→ δ−1

b = δ−1 7→ (ωδ)−1
a = δ−1 7→ ωδ−1

c−1

b−1

a−1
c

b

a

Γ ⊢

⊢ Γ

ΓΓ

Figure 4.12: Diagram showing the relationships between members of the same type between
different configurations.

Any basic edge case can be associated with such a triple, which corresponds to the

generating set of the false fundamental and its first and third apparent harmonics.

Definition 4.4.0.3. (Basic Edge Type)

Two basic edge cases are of the same type iff their two corresponding triples are related

by

δ−1 7→ ωkδ−1, k ∈ {−1, 0, 1} . (4.12)

Remark. Note that if the triple of a basic edge case is obtained from another through the

replacement δ−1 7→ ωkδ−1 , then it is possible to move in the opposite direction using the

inverse map δ−1 7→ ω−kδ−1 .

For any given type, there will be precisely three members - with precisely one being

associated to each of the three configurations. It should be noted that in some cases (I and

II in Table 4.2), the member for all configurations is identical, and for all other cases, the

members for the ΓΓ and Γ ⊢ configurations are the same. Thus there are in reality one or two

distinct members, but three configurations. The members of each type (by configuration)

are related as according to Figure 4.12.

This becomes clearer following inspection of Table 4.2. Intuitively, the only difference
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between the ⊢ and Γ shapes is the shifting of f2. The f2 in a Γ shape is obtained from the

corresponding ⊢ shape by acting ω on its f2, and its inverse on the contrary.

Lemma 4.4.0.1. Being of the same type is an equivalence relation.

Proof. For equivalence, the relation must be reflexive, symmetric, and transitive. The re-

flexive and symmetric properties may be shown by choosing k = 0, and letting k 7→ −k

in Definition 4.4.0.3, respectively. Further, transitivity holds by virtue of the diagram in

Figure 4.12.

Remark. Note that the types of basic edge cases are independent of tone configuration.

Figure 4.13 visually represents the eight basic edge types shown in Table 4.2.

As previously mentioned, there are a number of invariants that hold within each type.

These are properties which are the same across each edge type, and provide information

about their geometric structure. The invariants considered are; back-δ count (|δ−1|), edge

characteristic (ϵ), and generating structure (G.S) which are to be defined in the following.

Definition 4.4.0.4 (back-δ count). The back-δ count, |δ−1|, is a positive integer representing

the number of δ−1 occurring in a triple (g(f0), g(f1), g(f3)) associated to to a given edge

case.

Example. The triple (g(f0), g(f1), g(f2)) = (ω−1, ω−1, ωδ−1) has back-δ count |δ−1| = 1.

Remark. The back-δ count corresponds to the number of generators in the column to the

left of ⊗.

Definition 4.4.0.5 (Edge Characteristic). The edge characteristic, ϵ, is given by the number

of distinct fundamentals that are generators for the given tone. That is, the number of distinct

elements in (g(f0), g(f1), g(f3)).
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Example. The triple (g(f0), g(f1), g(f3)) = (ω−1, ω−1, ωδ−1) has edge characteristic ϵ = 2.

Remark. The edge characteristic corresponds to the number of generators for a given ⊗,

excluding g(f2).

In addition to |δ−1| and ϵ, another invariant is the “Generating Structure” (G.S.),

which not only considers the number of generating fundamentals, but also which pairs satisfy

overlap (i.e. pairs generated by the same tone). Naively, there are 5 possible generating

structures,

I. f0 = f1 = f3,

II. f0 = f1 ̸= f3,

III. f0 = f3 ̸= f1,

IV. f0 ̸= f1 = f3,

V. f0 ̸= f1 ̸= f3.

Note that each of these really signifies that the generators of relevant harmonics are

the same - e.g. with I, g(f0) = g(f1) = g(f3). By construction, cases I and III can never

occur — III because it is impossible to satisfy with the Γ and ⊢ shapes, and I because it

would require f0 to be a generator (and therefore a fundamental). Hence, all basic edge cases

exhibit a generating structure of either II, IV, or V.

These invariants help to distinguish between different basic edge cases, and the in-

variants for each class are enumerated in Table 4.2.

As can be seen in Table 4.2, there is only a single case in which the type is not uniquely

determined by |δ−1|, ϵ, and G.S. - namely types VI and VII. These can be distinguished by
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Type |δ−1| ϵ G.S. Configuration
ΓΓ/Γ ⊢ ⊢ Γ

I 0 2 f0 = f1 ̸= f3 {ω−1, ω2}
II f0 ̸= f1 = f3 {ω−2, ω}
III 1 2 f0 = f1 ̸= f3 {ω−1, δ−1} {ω−1, ωδ−1}
IV f0 ̸= f1 = f3 {ω−2δ−1, ω} {(ωδ)−1, ω}
V 3 f0 ̸= f1 ̸= f3 {ω−2, (ωδ)−1, ω2} {ω−2, δ−1, ω2}
VI 2 3 f0 ̸= f1 ̸= f3 {ω−2, (ωδ)−1, δ−1} {ω−2, δ−1, ωδ−1}
VII {ω−2δ−1, (ωδ)−1, ω2} {(ωδ)−1, δ−1, ω2}
VIII 3 3 f0 ̸= f1 ̸= f3 {ω−2δ−1, (ωδ)−1, δ−1} {(ωδ)−1, δ−1, ωδ−1}

Total number of cases 8 · 3 = 24

Table 4.2: Table showing the different types of basic edge case, together with their invariants,
and elements (excluding f2).

considering the position of the generator that sits in the same column as the false fundamental

- for type VI, the generator sits below the false fundamental (ω−2), whereas for type VII,

the generator sits above the false fundamental (ω2).

Remark. Note that, as before, the multiplication by 3 in Table 4.2 is due to there being no

restrictions on the choice of generator for the second harmonic.

Lemma 4.4.0.2. The second “harmonic" (f2) of a false fundamental (⊗) must be generated

from the column directly to the right of the false fundamental (i.e. Ψ(πχ(δ(⊗)))).

Proof. Assume that there exists some generator gi ∈ N V for f2 that lies in the same column

as the false fundamental11. There are two possible cases,

Case 1: πχ(gi) ∈ χ⊢.

For gi to generate the f2 at ωδ(⊗), it would have to lie at 1(⊗). Hence, ⊗ would no

longer be a false fundamental - resulting in a contradiction.
11Note that the only other choice would be the column directly to the right of ⊗, as the ⊢ and Γ shapes

trace only once cell to the right, and therefore no harmonic in the column to the right of a ⊗ could be
generated by generator in the column to the left of ⊗.
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Γ

Γ

Γ Γ

Γ Γ

⊢

⊢

⊢

⊢

⊢

⊢

Type I Type II Type III Type IV

Type V Type VI Type VII Type VIII

Figure 4.13: The eight basic edge types represented visually. Each • represents a generator,
with ⊗ representing the false fundamental, and the unfilled generators containing ⊢ or Γ
denoting the shape drawn out in the δ−1 column (i.e. corresponding to Ψ(πχ(δ

−1(⊗))).

Case 2: πχ(gi) ∈ χΓ.

The same argument as Case 1, applying the map ωδ 7→ ω2δ.

Thus, as a contradiction is reached in both possible cases, there can be no such

generator for f2. It follows that any generators for f2 must lie in the column directly to the

right of the false fundamental.

Proposition 4.4.1. There are 24 basic edge types.

Proof. This follows from Table 4.2, and Lemmas 6.1.1 and 6.1.2.

It is also possible to define restrictions on the presence of generators for a false funda-

mental (with respect to the configuration in which it sits). In order to do this, the minimum

number of generators that must fall in certain proximity (such as the von Neumann and

Moore neighbourhoods) to a false fundamental can be considered.

In terms of the operators ω, δ, the von Neumann- and Moore-neighbourhoods of some
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cbd

d

d

b ab

aa

c

cbd

d

d

b

c

ab

a

a

c

c

cbd

d

d

b ab

aa

⊢ΓΓ⊢

⊗⊗⊗

ΓΓ

Figure 4.14: The potential generators (a (f0), b (f1), c (f2), d (f3)) for each configuration,
and the von Neumann (red) and Moore (coloured) neighbourhoods.

tone ν, are the tones generated by acting the elements of the sets

{δ±1, ω±1} and {δ±1, ω±1, ω±1δ±1}, (4.13)

on ν, respectively.

The problem of choosing basic edge cases with the least generators in these neigh-

bourhoods can be reduced to the problem of choosing some a, b, c, and d (corresponding

to generators for f0, ..., f3) from Figure 4.14. This can be achieved by choosing generators

according to the following order,

I. Outside both neighbourhoods;

II. Inside Moore neighbourhood, outside of von Neumann neighbourhood;

III. Inside von Neumann neighbourhood (and ∴ inside Moore neighbourhood).

If multiple choices are available, it is sufficient to choose any one, without loss of

generality, as they have the same effect on the final count as one another. Table 4.3 shows
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ΓΓ ⊢ Γ Γ ⊢

a ω−2 (I) ω−2 (I) ω−2 (I)
b (ωδ)−1 (II) δ−1 (III) (ωδ)−1 (II)
c ω2δ (I) ω2δ (I) ωδ (II)
d ω2 (I) ω2 (I) ω2 (I)

M 1 1 2
v.N. 0 1 0

Table 4.3: Table showing the minimum generators in the von Neumann (v.N.) and Moore
neighbourhoods of a false fundamental given its chroma configuration.

the resulting (minimum) counts of generators in the neighbourhoods for false fundamentals

of certain configurations.

Though it may seem that choosing a generator that satisfies multiple parts (i.e. ω−1

or ω) may reduce the overall counts, it is always possible in these cases to instead make

choices that don’t reside in the von Neumann neighbourhood.

By combining the notion of basic edge types (Table 4.2) with the restrictions on

neighbourhoods (Table 4.3), it is possible to reach an even more constrained characterisation

of false fundamentals (Table 4.4). For example, for a Type III basic edge case in a Γ ⊢

configuration, at least two generators must sit in the von Neumann neighbourhood (with

a further one in the Moore neighbourhood), whereas considering Table 4.3 there is only a

necessity for two generators in the Moore neighbourhood for a case of unspecified basic edge

type falling into the same configuration.

Better understanding the occurrence of edge cases is an important step towards iden-

tifying them in practice, and gives a deeper understanding of the proposed model itself.

Sections 4.5 and 5.1 go on to look at reduction of edge cases to potential basic cases, and

the experimental prevalence of basic edge types, and Sections 5.2 and 5.3 investigate the

theoretical basis of the model from a more experimental standpoint.
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Type Neighbourhood Configuration
⊢ Γ Γ ⊢ ΓΓ

I v.N. 1 1 1
M 1 2 1

II v.N. 1 1 1
M 1 2 1

III v.N. 1 2 2
M 2 3 2

IV v.N. 1 2 1
M 2 2 1

V v.N. 1 0 0
M 1 2 1

VI v.N. 1 1 1
M 2 3 2

VII v.N. 1 0 0
M 2 2 1

VIII v.N. 1 1 1
M 3 3 2

Table 4.4: Restrictions on the minimum number of generators in the von Neumann (v.N.)
and Moore (M) neighbourhoods, by basic edge type and configuration.

4.5 Reduction and Reducibility of Edge Cases

In order to gain a better understanding of the occurrence of edge cases (and therefore

the problem of pitch estimation), it proves useful to be able to classify edge cases by which

basic edge types they are related to. In order to achieve this, it is necessary to reduce

edge cases (i.e. remove redundancy) by removing potential generators such that the false

fundamental in question is still preserved. In many ways, reduction is used as a tool which,

by itself, does not ‘remove’ fundamentals (whether false or not), but instead helps to provide

clarity alongside the experiments of Chapter 5 on the ways in which false fundamentals can

occur.

Given a set of generators, G, that lie in 9(⊗) for some false fundamental, they are

reducible iff any part, fn ∈ {f0, f1, f2, f3} is satisfied more than once (i.e. non-basic)
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Γ ⊢ Γ ⊢

ω

Figure 4.15: A reduction removing a generator in ⊢
⋃

Γ. Note that g(f2) is omitted for
brevity.

- barring the exception outlined below. Reduction (denoted as →g) takes G, and removes

some given generator g ∈ G such that the false fundamental is still satisfied by G \ g,

G →g G \ g. (4.14)

Such a removal of a generator seeks only to remove its ‘fundamentalness’ - it is entirely

possible that it could still be generated elsewhere. Indeed, this must be the case for any

reduction via a generator in ⊢
⋃

Γ, such as in Figure 4.15. Note that reduction is not unique;

there may be multiple valid reductions that can be applied to a given set of generators12.

It would be reasonable to assume that any non-basic edge case can be reduced, there-

fore, to one of the eight basic edge cases (Table 4.2). On the contrary, however, there exists

a case that is both non-basic (i.e. at least one of its parts is satisfied more than once) and

irreducible - that is, that no potential generator could be removed whilst preserving the false

fundamental (Figure 4.16). Importantly however, this is the only irreducible non-basic edge

case.

Proposition 4.5.1. The only irreducible non-basic edge cases are those containing both ω−1

and ω.
12It is worth further noting that one could reduce ‘globally’ (i.e. over N V

α ), or ‘locally’, considering just
9(⊗). Because false fundamentals generally need only be considered locally (as they can be generated solely
by fundamentals within 9(⊗)), it is only necessary to consider at most 3× 5 = 15 possible tones to reduce,
which renders the computational complexity significantly lower than might be expected for reduction graphs
with large numbers of fundamentals.
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Z

Figure 4.16: An irreducible non-basic edge case.

Proof. Let Gn be the set of generators that generate fn.

For the proposition to hold, it is sufficient to show that there exists an irreducible non-

basic case containing ω−1 and ω, and that all other cases (i.e. those with neither generator,

or those with precisely one of them) reduce to a basic case. The former statement is shown

in Figure 4.16.

Thus, it remains to prove the latter. In addition, the case where both ω−1 and ω are

present, together with other generators, is considered, and it turns out that such cases are

either reducible to a basic edge case, or to the irreducible non-basic case in Figure 4.16.

Note that a lack of overlap, i.e |Gi| ∩ |Gj| = ∅, for all i ̸= j, implies that a case

can always be reduced to a basic edge case. That is, cases where each generator generates

precisely one of the constituent parts of the false fundamental can always be reduced to a

basic case.

Case A (Neither ω−1, nor ω):

When neither generator is present, there is no overlap in generators, and so one can reduce
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B C D

f0: {ω−1} ∪G0 G0 {ω−1} ∪G0

f1: {ω−1} ∪G1 {ω} ∪G1 {ω−1, ω} ∪G1

f2: G2 G2 G2

f3: G3 {ω} ∪G3 {ω} ∪G3

Table 4.5: The most general generators for each case, B (just ω−1), C (just ω), and D (both
ω−1, and ω).

Case Condition

B-1 |G0| = 1 ∧ |G1| = 1
B-2 |G0| > 1 ∧ |G1| = 1
B-3 |G0| = 1 ∧ |G1| > 1
B-4 |G0| > 1 ∧ |G1| > 1

(a) The four cases for case B (just ω−1).

Case Condition

C-1 |G1| = 1 ∧ |G3| = 1
C-2 |G1| = 1 ∧ |G3| > 1
C-3 |G1| > 1 ∧ |G3| = 1
C-4 |G1| > 1 ∧ |G3| > 1

(b) The four cases for case C (just ω).

Case Condition

D-1 |G0| = 1 ∧ |G1| = 2 ∧ |G3| = 1
D-2 |G0| > 1 ∧ |G1| = 2 ∧ |G3| = 1
D-3 |G0| = 1 ∧ |G1| = 2 ∧ |G3| > 1
D-4 |G0| > 1 ∧ |G1| = 2 ∧ |G3| > 1
D-5 |G0| = 1 ∧ |G1| > 2 ∧ |G3| = 1
D-6 |G0| > 1 ∧ |G1| > 2 ∧ |G3| = 1
D-7 |G0| = 1 ∧ |G1| > 2 ∧ |G3| > 1
D-8 |G0| > 1 ∧ |G1| > 2 ∧ |G3| > 1

(c) The eight cases for case D (both ω−1 and ω).

Table 4.6: The sub-cases examined for cases B through D.

until |Gn| = 1, ∀n. The resulting basic edge case will be one of type V-VIII.

Case B (ω−1, but not ω):

As shown from Tables 4.5 and 4.6a, there are four cases to consider, related to the

number of generators of f0 and f1.

1. |G0| = 1 ∧ |G1| = 1 :

In this case, both sets are the singleton set {ω−1}, and thus the case is irreducible, but
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basic13.

2. |G0| > 1 ∧ |G1| = 1 :

In this case, it is only possible to reduce by the non-ω−1 element(s) of G0, as a reduction

by ω−1 would result in f1 no longer being present. Thus the only reduction is to Case

B-1, which is basic.

3. |G0| = 1 ∧ |G1| > 1 :

Similar to Case B-2, this can only be reduced by the non-ω−1 elements, this time of

G1. Again, this leads to reduction to Case B-1.

4. |G0| > 1 ∧ |G1| > 1 :

Finally, with this case there are two possible ways to reduce - either down to a case in

which ω−1 is the sole generator of f0 and f1, corresponding to one of the previous two

cases (B-2, or B-3), or reduction by ω−1 itself, resulting in Case A. Regardless, neither

route results in an irreducible non-basic case, as required.

For Case C (just ω) and Case D (both ω−1 and ω), the approach is almost identical

to that laid out in Case B, and both are therefore omitted for brevity. See Tables 4.6b and

4.6c for the sub-cases. Figure 4.17 graphically encapsulates the reductions that relate each

case.

Thus, considering Figure 4.17, it is clear that the only terminal nodes are Cases A,

B-1, C-1, and D-1. As the first three are basic, this leaves D-1 as the only irreducible non-

basic case. Given that this case contains both ω−1 and ω, it follows that the only irreducible

non-basic edge cases are those containing both ω−1 and ω, as required.

13After arbitrary reduction of f3. This will be implicit in the remaining cases.
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Figure 4.17: A diagram representing the graphical structure relating the various cases laid
out in Proposition 6.1. For the terminal vertices (bolded), Cases A, B-1, and C-1 are all
basic, and D-1 is the irreducible non-basic case.
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In fact, the following Corollary holds by Figure 4.17.

Corollary 4.5.1.1. There is precisely one irreducible non-basic edge case.

It is worth noting that there are really three such cases, when taking into account the

arbitrary choice of the generator for f2.

Through repeated application of all possible reductions to the vertices (to which

reduction is yet to be applied), one may obtain a reduction graph for a given set of generators,

G (Figure 4.18). Given that no reduction could ever produce a set of generators larger

than the input, this graph will additionally be acyclic. Further, the terminal vertices (i.e.

deg+(n) = 0, where n is a vertex) of such graphs correspond to irreducible cases14. Such

a graph can, therefore, be used in order to understand the potential basic edge types that

correspond to a given set of generators.

A different approach to reduction would be to look not at proportions of basic edge

types – for example 1
3

Type III, 1
3

Type ∅ and 1
3

Type I in Figure 4.18 – but rather, at the

sets of basic edge types that a case reduces to, i.e. {III, I,∅} for the same case.

Figure 4.19 shows the beginning of a large reduction with 10 generators in 9(⊗).

Though the whole graph would prove too large to contain within this Thesis (whilst respect-

ing the trees), it should be noted that it is absolutely possible to computationally enumerate

in its entirety, and a vast overestimate of its total vertices would be 10! = 3628800. This

highlights, however, the need for local reduction of edge cases, as opposed to looking to

reduce across the whole of N V
α , as it is relatively clear that we could not computationally

handle the reduction of a case with increasingly many vertices.

14As there may be multiple terminal vertices in a given graph, it would be worthwhile to follow a unified
algorithm if traversing in a depth-first manner - for example, by always reducing by the bottom-leftmost
option.
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Type ∅

Type III

Type I

ω
2

δ−1

ω

ω

δ−1
ω
2

ω

δ−1

ω
2

Figure 4.18: An example of a reduction graph, with each step (arrow) showing a reduction
in the set of generators. Note that the special case of {ω, ω−1, g(f2)} is denoted as ‘Type
∅’, and the configuration is ΓΓ or Γ ⊢.
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Figure 4.19: Enumeration of the first two reduction steps of a 9(⊗) for a ⊢ Γ configuration,
given the maximum number of possible generators. Each row shows an edge case reached
from a single reduction on the original case, and the corresponding 10 cases following a
second reduction.
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Chapter Five

Experimental Investigations

In contrast to Chapter 4, in this Chapter we concern ourselves with the application

of the model to real-world (and simulated) data. In particular, this includes the explicit

inclusion of intensity of notes - assigning Real values to notes instead of Booleans. Section 5.1

looks at the theoretical prevalence of different basic edge types by performing repeated

reductions (and thus enumerating full reduction graphs) on simulated N V data. Section 5.2

presents work on displaying real data in the model by using interpretations I : N V → R as

opposed to I : N V → B. Finally, Section 5.3 gives a basic evaluation of simple algorithms

working over N V .

5.1 Prevalence of Basic Edge Types

As previously mentioned, it is important to understand the occurrence of false fun-

damentals, in order to better differentiate them from genuine ones. Understanding whether

some cases are more common than others, and the trends of such differences with relation

to potentially-known variables (such as the number of simultaneous fundamentals (i.e. the

local polyphony [164])) should allow for the creation of more sophisticated algorithms that
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can better-distinguish between real and false fundamentals. For example, given some prior

knowledge of the number of instruments playing, one would then know which edge cases to

expect, and therefore, have a clearer picture of the ways in which false fundamentals could

occur (and further, higher certainty as to whether or not a given case is a false fundamental).

This would then (hopefully) facilitate higher accuracy MPE on the signal. One such way is

to consider the prevalence of each type in practice. This can be achieved by constructing a

reduction graph for sample interpretations (from all combinatorial possibilities) with varying

numbers of fundamentals (and their first three harmonics).

Two separate ways of representing the result of such a reduction are used. Subsec-

tion 5.1.1 considers each graph to reduce equally to each Type reached (e.g. I, III, and ∅ in

Figure 4.18). From a different perspective, Subsection 5.1.2 instead considers reduction to

a set of terminal vertices—i.e. {I, III,∅} for the same example. Both approaches lead to

interesting results that help to empirically constrain the occurrence of false fundamentals,

⊗.

5.1.1 With Reduction to Proportion of Individual Types

In order to sample interpretations from the total sample space, it proves sufficient to

construct them by selecting n unique tones, ν0, ν1, ..., νn from N V
α , treating all such tones

as fundamentals, and thus adding them (and their harmonics) to the interpretation. For

the charts in Figures 5.1, 5.2, 5.3 and 5.4, a sample size of 1000 interpretations was taken

for each number of simultaneous fundamentals (0, 120], with each generated at random by

choosing tones from N V
α to act as generators until n unique generators were selected. No

effort was made to ensure each interpretation was unique from the next as the chance of this

occurring (bar for extraordinarily many or few generators) is statistically improbable. For

each of these interpretations, a naive algorithm (simply classifying all ⊢ and Γ-exhibiting
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tones as fundamentals) was applied, and a reduction graph derived from each ⊗ - where

the difference between the input set and the result of the naive algorithm is the set of false

fundamentals. Note that such a naive algorithm does not seek to remove fundamentals in

the same way that a more sophisticated algorithm may, and therefore the order of traversal

is unimportant. Instead, every tone in N V
α that exhibits the expected shape is classified as a

fundamental. From each of these reduction graphs, all terminal vertices were classified either

as one of the basic edge types, or as the special case, ∅. In cases where multiple terminal

vertices were present, a value was added to each tally such that the sum of all added values

was one.

Though 1000 interpretations may at first appear to be a relatively small sample size, it

should be noted that this corresponds to 120,000 interpretations sampled on the whole, with

an average of 15.75 (16) false fundamentals per interpretation. These are, as expected, con-

centrated around the centre of the distribution (of total simultaneous fundamentals), as the

number of total possible false fundamentals peaks around the centre. Thus, on average, each

set of 1000 interpretations leads to 15750 false fundamentals to classify, but with relatively

sparse distribution to the tail-ends (i.e. < 10 simultaneous fundamentals), which resulted

in < 100 false fundamentals being classified per 1000 interpretations. In order to ascertain

a more reliable picture of the makeup of false fundamentals - particularly with low numbers

of simultaneous fundamentals, a significantly larger sample size of 20000 interpretations was

used (Figures 5.5, 5.6, and 5.7).

Looking at Figures 5.1, 5.2, 5.3, and 5.4, it is clear that not all basic edge types are

equally common. Figure 5.1 gives the overall occurrence of each type, with type III being

the most common (along with the other three-fundamental cases), and type V being the

least common (along with the other four-fundamental cases). The special case, ∅ appears to

sit between the two, which intuitively coheres with other observations, as it too is a three-

fundamental case - albeit not basic. In general, it is hard to draw meaningful insight from
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this, which incentivises the use of Figure 5.3 - looking at the trends of the prevalences as the

number of fundamentals changes.

As Figure 5.3 shows, at low numbers of simultaneous fundamentals, the three-fundamental

cases are significantly more dominant than the four-fundamental cases - constituting almost

100% of the cases until around 16 simultaneous fundamentals. Beyond this point, the in-

cidence of four-fundamental cases increases significantly - particularly types 6 and 8 - with

the special case ∅ notably occurring increasingly less often. As before, it is hard to directly

relate these results to real-world data (i.e. recorded music), which is much more structured

than the random samples that were used, but a number of conclusions can still be drawn,

• With low numbers of simultaneous fundamentals (e.g. string quartet), cases 5-8 are

incredibly unlikely to occur.

• From Figure 5.4, it is clear that even at large numbers of fundamentals, the accuracy of

even the naive algorithm on polyphonic music - with perfect noise removal, recording,

playing, etc. - is above around 75%.

Regarding Figure 5.2, graphs appear to have between three and five (of a possible nine)

terminal vertices, with the average broadly decreasing as the number of fundamentals grows.

The trend appears more turbulent towards the left tail, which is likely due to the low number

of samples for these numbers of fundamentals.

By combining this knowledge with a heuristic for the number of fundamentals at

a given Iτ , it may be possible to more easily distinguish between fundamentals and false

fundamentals by comparing specific examples to the profile laid out above.

Figures 5.5, 5.6, and 5.7 consider specifically the cases for which there are a low

(< 10) number of simultaneous fundamentals. In these cases, the total occurrence of four-

fundamental basic cases is, on average, 3.6%, with the majority of these weighted towards
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Figure 5.1: A pie chart showing the average (proportional) prevalence of each edge type, and
∅ when considering between 0 and 120 simultaneous fundamentals.

interpretations with > 6 simultaneous fundamentals (Figures 5.5 & 5.7). Particularly in-

terestingly, the most common case in this subset of interpretations is the special case, ∅,

with 20.4% of the total. Overall, the trend of three-fundamental cases being more common

remains, but the ordering within these groupings change - most notably (beyond ∅’s jump)

with type 5 cases being significantly more prevalent than their counterparts compared to the

data in Figure 5.3.

5.1.2 With Reduction to Sets of Terminal Vertices

I would like to start this Subsection with a quick thanks to the reviewer from the

Journal of Mathematics and Music that suggested this line of enquiry to me during the

review process of the aforementioned paper there [71]. Rather than considering the various

terminal vertices to correspond to proportions, here we instead consider the notion of them

making up a terminal vertex set—that is, a set containing the types of all terminal vertices
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Figure 5.2: A graph showing the estimated average number of terminal vertices for varying
numbers of simultaneous unique fundamentals.

Figure 5.3: A stacked bar chart showing the change in proportional prevalence of basic edge
types and ∅ as the number of simultaneous unique fundamentals changes.
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Figure 5.4: Another stacked bar chart, mirroring Figure 5.3, but including the proportion of
non-edge cases.

Figure 5.5: A pie chart showing the average (proportional) prevalence of
each edge type, and ∅ for total simultaneous fundamentals (0, 10].
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Figure 5.6: A graph showing the estimated average number of terminal vertices for varying
numbers of simultaneous unique fundamentals (0, 10] - corresponding to the left hand side of
Subfigure 5.2. Note that contrary to Subfigure 5.2, 20000 sample interpretations were taken
here, as opposed to 1000.

Figure 5.7: A stacked bar chart showing the change in proportional
prevalence of basic edge types and ∅ for (0, 10] simultaneous unique fundamentals.
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for a given graph. It may be expected that most, if not all of the 29 = 512 possible subsets

of {1, 2, 3, ...,∅} would appear in such an analysis, but in fact, only 92 of them actually do

in practice. This Subsection will provide an in-depth look at the terminal vertex sets that

arise most commonly, as well as a brief explanation of why certain cases cannot ever exist

in reality. The simulations of N V are identical to those used for Subsection 5.1.1, but with

a flat sample size of 5000, as opposed to 1000 (and 20000). It is worth noting that in many

of the following figures, the notations ∅ and 9 are used interchangeably to represent the

irreducible non-basic edge type.
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Figure 5.9: Breakdown of terminal vertex sets with cardinality 1 against number of simul-
taneous fundamentals.

Figure 5.8 shows the prevalence of all of the occurring cases as the number of simul-

taneous fundamentals changes. This really corresponds to the union of nine roughly normal

distributions, corresponding to the sets, S, such that card(S) = n, n ∈ {1, ..., 8}, which are

depicted in Figures 5.9 through 5.16 respectively. Note that no cases were found with a

cardinality of 9 (i.e. all types present).

A number of interesting conclusions can be drawn from looking at how these terminal

vertex sets vary with the number of simultaneous fundamentals in N V . Firstly, as the

number of simultaneous fundamentals increases, so does the occurrence of higher cardinality

sets—and vice versa. Further to this, it can be observed that these higher cardinality sets

are significantly rarer than those of a lower cardinality (Figure 5.17).

In addition to this, a closer look at which subsets of {1, 2, ...,∅} occur for a given

cardinality (and perhaps more pertinently, which don’t occur), it is possible to highlight

constraints on which graphs actually exist. Take the sets, S, with cardinality 2. All such

subsets can be enumerated by considering the lexicographical ordering of a 9-bit sequence,
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Figure 5.10: Breakdown of terminal vertex sets with cardinality 2 against number of simul-
taneous fundamentals.

Figure 5.11: Breakdown of terminal vertex sets with cardinality 3 against number of simul-
taneous fundamentals.

110



Experimental Investigations

Figure 5.12: Breakdown of terminal vertex sets with cardinality 4 against number of simul-
taneous fundamentals.

Figure 5.13: Breakdown of terminal vertex sets with cardinality 5 against number of simul-
taneous fundamentals.
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Figure 5.14: Breakdown of terminal vertex sets with cardinality 6 against number of simul-
taneous fundamentals.

Figure 5.15: Breakdown of terminal vertex sets with cardinality 7 against number of simul-
taneous fundamentals.
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Figure 5.16: Breakdown of terminal vertex sets with cardinality 8 against number of simul-
taneous fundamentals.

Figure 5.17: Prevalence of graphs with terminal edge set of a given cardinality, averaged
across all numbers of simultaneous fundamentals.
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with each bit corresponding to the presence (or lack thereof) of a Type in the terminal vertex

set. By filtering out all but the cases we care about—for example, those with precisely two

terminal vertices—(whilst retaining the order), we reach Figure 5.18.

In trying to unpick at least some of the reasoning behind the lacking cases, it proved

useful to build a ‘co-occurrence’ matrix (Figure 5.19), which helps to elicit patterns behind

these gaps. For example, it becomes clear that there are no cardinality 2 graphs with both

the irreducible non-basic Type, ∅, and one of the Types with an edge characteristic (ϵ) of

3. The reasoning behind this may not be intuitively clear, but we can start by assuming

the existence of such a terminal edge vertex set—E.g. {5,∅}. The existence of such a set

implies the existence of some vertex in the graph that is (at its simplest) the union of the

two types. As shown in Figure 5.20, this necessitates the presence of further basic Types as

terminal vertices (beyond 5 and ∅), which in turn confirms that the aforementioned case can

never exist. The same can be shown to be true for Types 6, 7, and 8. A similar look at three

terminal vertex sets demonstrates the same phenomenon around ∅ as Figure 5.19—that is,

there are no cardinality three cases containing both ∅, and one of Types 5− 8.

Figure 5.21 shows the proportion that each of the 92 possible cases makes of the

total observed during the simulations. Particularly interestingly, the cardinality one and two

cases make up roughly a third of the total each. To an extent, the former statement means

that it may be possible to further-restrict the constraints devised for the occurrence of false

fundamentals—such as by combining this knowledge with the aforementioned, that a smaller

number of simultaneous fundamentals roughly corresponds to these lower cardinality cases.

To this end, and observing Figure 5.10, it appears that most cases dealing with a lower

number of simultaneous fundamentals reduce almost exclusively to a single terminal vertex.

Thus, it may be the case that in addition to being able to further restrict our characterisation

of false fundamentals, that a parallel of the λ-calculus’ Church-Rosser theorem [28] could be

applied to these graphs. This has the potential to speed up processing of reductions, as it
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Figure 5.18: Lexicographical enumeration of the
8∑

n=1

n = 36 possible two-terminal vertex

graphs. Greyed-out rows corresponds to cases that do not occur.
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Figure 5.19: ‘Co-occurrence’ matrix for sets with cardinality 2, showing the valid (and
invalid) combinations of Types. Note in particular the lack of cases with both Type ∅, and
Types 5, 6, 7, or 8.

Figure 5.20: Partial reduction graph for the reduction of the union of Types V and ∅,
demonstrating the appearance of a further basic edge Type as a terminal vertex. Note that
the vertical dots after the reduction by an arbitrary generator, g, are used to denote that
some number of reduction steps lead to the indicated Type.
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would no longer be necessary to enumerate whole graphs to determine the terminal vertex.

Of the graphs with a cardinality one terminal vertex set, Types 1− 4 make up 74.5%

of all cases on average, with Type ∅ making up a further 11.3%. The remaining Types (all

with Edge Characteristic 3) make up a small minority of the remaining graphs. Though these

cardinality one cases are ostensibly the most common on average, Figure 5.22 shows that

as the number of simultaneous fundamentals increases, they become less common—making

up less than half of all cases by 49 simultaneous fundamentals, and tailing off past that

point. In fact, graphs with four terminal vertices become the prevailing case past around

87 fundamentals1. This likely corresponds to the aforementioned phenomenon around the

Types with Edge Characteristic 3, and Type ∅, as these Types become increasingly common

with greater numbers of fundamentals (Figure 5.3), and their co-occurrence with Type ∅

as a terminal vertex appears to necessitate the existence of at least two further terminal

vertices (taking the minimum to four).

Similar conclusions around the most common terminal vertex sets can be drawn from

the relevant stacked bar charts, in the same way as for Figure 5.9. Of note, the {2, 3, 4, 6, 8}

case (Figure 5.13) is by far the most prevalent with cardinality five, which is likely because

it is the case with the most Types of Edge Characteristic ϵ = 3. This arises from the fact

that a cardinality five terminal vertex set of the form {1, 2, 3, 4, X} (where X is an arbitrary

basic Type) necessitates that X = ∅, as the overlap of the generators in the unified case (i.e.

1∪2∪3∪4) always results in a possible reduction to the irreducible non-basic case. It is worth

finally noting that the prevalences shown in Figures 5.15 and 5.16 are significantly lower in

incidence than all of the other cases—which is especially well-highlighted by Figure 5.22,

where each of the two is a sliver of the total proportion.

1This is not a particularly likely scenario - consider that there are only 88 keys on a standard piano,
and playing all but one of these is unlikely to even vaguely constitute music. I felt that there was value,
however, in providing a characterisation for all possible scenarios within N V

α —not least as it allows us to the
the trends in their entirety (from 0 to 120 simultaneous fundamentals)
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Figure 5.22: Proportion of graphs with terminal vertex sets of varying cardinality as the
number of simultaneous fundamentals is varied.

5.2 The Model on Real Data

Though this model is useful theoretically, in practice, real-world applications are rarely

so clear-cut or clean - and will remain so unless there exists some perfect approach to noise

removal, amongst other preprocessing. Hence, it is prudent to look not at the discrete, but

at the continuous in intepretations, I - i.e. I : N V → B becomes I : N V → R.

Doing so effectively creates a heatmap, in which this additional dimension (perpen-

dicular to N V) represents an intensity of each tone - for example, their respective amplitudes

in the frequency domain 2. Even in this kind of construction, however, the ⊢/Γ shapes are

very much still prominent - as demonstrated when applied to some monophonic signals from

the University of Iowa (Electronic Music Studios) [66] (Figure 5.23). Here, the intensity is

2This construction can be viewed as a real rank 1 trivial vector bundle, with N V as a base manifold with
trivial topology. In this interpretation, a heatmap is a slice through the topological bundle.
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Figure 5.23: The tone G4 being played on a variety of instruments, all exhibiting the Γ
shape described in Section 4.3. For flute, trumpet, and violin, the sample was taken from
the stationary period, whereas the Piano sample was from part-way through the onset, as
this resulted in a clearer image

.
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visualised through brightness, with brighter tones representing more prominent frequencies.

Though timbrally very different, all of the instruments shown clearly exhibit the Γ shape as

anticipated.

Despite this, there are clear differences in the prominence of these shapes between the

various instruments. Though flute and trumpet exhibit exceptionally clean examples, the

clarity in the piano and violin heatmaps is - whilst still interpretable - somewhat diminished.

This is likely a result of multiple media (in the case of piano and violin, strings) vibrating

in sympathy to the true fundamental - particularly given that the strings are housed in a

shared body. Further, the resonance of this body may also have contributed to the noise.

To build these models, sliding windows were taken from the signal, with a length of

4096 samples, and a hop size of 1024. A constant-Q transform [22] with a Hanning window

[137] (using the Librosa implementation [112]) was then applied to achieve a frequency

domain representation binned by the 120 semitones of the western musical scale between C0

and B9 inclusive. These values were then normalised across the signal (not just per window),

and plotted as a heatmap using matplotlib [85]. Further, each window used here corresponds

to a unique interpretation, Iτ , where τ is the start time index of the window.

It is worth noting that the shapes that appear to mirror the fundamentals and their

harmonics in chromatically adjacent columns (i.e. F♯ and G♯ in the case of Figure 5.23) are

believed to be a result of spectral leakage (as the Constant-Q transform is discrete as opposed

to continuous) [19, 44], which has not been entirely nullified by the Hanning window. In

practice, this could likely be further reduced, or otherwise accounted for in specific algorithms

and approaches. The broadly accepted method for this reduction is windowing (as used in

the preprocessing for this Thesis, as well as elsewhere [42, 145]), but the presence of faint

spectral leakage could be also be utilised explicitly by assuming that a tone will additionally

be present with its chromatic ‘neighbours’.
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Figure 5.24: Left: Side-on view of a 3D heatmap of the melody of Bach’s “Ach Gott und
Herr", from the Bach10 data set [48], with darker colours corresponding to greater ampli-
tudes. Right: Projection of the heatmap onto the Z12× τ plane, eliciting piano roll notation
of the piece (albeit ordered by the circle of fifths, and not chromatically).

Looking further, at the three-dimensional heatmap described in Section 4.3 (with each

I indexed as I[τ,τ+1)), Figure 5.24 is achieved. A projection onto the Z12× τ plane produces

piano-roll notation as expected. Algorithms working in this space may be able to smooth the

estimation in the temporal domain by better-exploiting the temporal aspects of music; it is

certainly a great oversimplification to treat each window (and therefore each interpretation)

as independent of one another.

This was achieved using Python’s vpython [148] module, representing each tone as a

black (#ffffff) cube, each with opacity proportional to the loudest tone within each specific

interpretation3,

Opacityν =
|ν|
IMAX

+ 0.05, (5.1)

with slight linear scaling to make each individual tone stand out better. Note that |ν| here

refers to the amplitude of a given tone, ν, and IMAX refers to the largest amplitudes in a

given interpretation. It is worth noting that an approach using varying shades of grey as

opposed to solid black yielded less optimal results.

Figure 5.25 shows the notable differences between heatmaps constructed from win-

dows from the onset, stationary period, and decay of a single tone. As expected, the shapes

3as opposed to in Figure 5.23, where amplitudes are normalised across the whole signal
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Figure 5.25: A closer look at how heatmaps differ as the tone progresses from onset/attack,
to stationary period, to offset/decay (left-to-right).

are clearest during the stationary period, but in general this raises the more profound issue

of choosing an appropriate window, or windows, when given chunks of a signal - such as

following onset detection. A simple yet empirically effective heuristic that was found, is to

consider both the total number of bins filled above some threshold α (e.g. 3.25µ [70], where

µ is the mean amplitude of a tone in the window), and the total magnitude of all bins above

this threshold in a given window. That is,

∑
ν∈N
I(ν)

|N |
, N = {ν | I(ν) ≥ α, ν ∈ N V

α }; (5.2)

effectively the average amplitude of an audible tone in the window described by I. Doubtless

there are more sophisticated approaches, but this serves its purpose if nothing else but as a

benchmark. Should time efficiency not be of particular concern, of course, it may be optimal

to consider all windows in a chunk (taking their average result) - only discarding a handful

of particularly noisy or otherwise useless ones.

Figure 5.26 depicts an edge case built up of the tones D4, A5, and D6, all played

on trumpet - exhibiting the special case, ∅. Though masked somewhat by the spectral

leakage on the right-hand side of the image, it is clear to see how such edge cases fool the

naive algorithm, even when a threshold is utilised to cut out noise. Of course, the use of
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Figure 5.26: An edge case (specifically ∅) being exhibited on real data (trumpet) - with D4,
A5, and D6 (dots) as the fundamentals, and D5 being the false fundamental, ⊗.

Algorithm 2 alleviates this by attempting to remove inharmonic noise, but in doing so, may

cause false negatives to arise. Note that when using Algorithm 2 on real-world data, the same

switch from B to R applies. Appendix A lists the required modifications to the algorithm.

To help the reader better-understand the ‘pipeline’ at work, Figure 5.27 shows the

path from waveform to heatmap visually, with some randomly chosen (and therefore some-

what noisy) windows. In a further attempt to somewhat ground the work of this Thesis

back in the underpinning musical context, Figure 5.28 presents the score for the beginning

of the first movement of Bach’s Brandenburg Concerto number 2, as well as highlighting the

specific presentation of the trumpet’s trill of C in the third and fourth bars.
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Figure 5.27: Example of the path ‘real’ data takes from waveform (i.e. time domain signal)
to frequency domain signal, and then to heatmap. The data used is from Bach’s Prelude
and Fugue in C-sharp minor, BWV 849.
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5.3 Evaluation of Simple Algorithms

This section presents a brief evaluation of both a naive algorithm on monophonic

music, and a more sophisticated (albeit still simplified) algorithm on theoretical polyphonic

samples - similar to those utilised in Section 5.1. As noted beforehand, the intention of this

Thesis (and investigation on the whole) is not to achieve state of the art results on MPE

problems, but rather to lay the foundations for more geometrical approaches to them. Thus,

the evaluation is brief, but nonetheless provides insight - particularly surrounding future

work.

For monophonic signals, a naive algorithm that treats the relation between funda-

mentals and ⊢/Γ-exhibiting tones as an equivalence was used. As shown in Section 4.3, this

is untrue due to the presence of edge cases, but nonetheless when only one fundamental is

present, such cases can never occur. In response to the spectral leakage, the algorithm was

modified slightly to take not only the shape of the potential fundamental and its harmonics

into account, but also the corresponding shapes at δ±5.

This was applied to a total of 1395 monophonic samples from the University of Iowa

data set, spanning 17 instruments in total (some of which were categorised into vibrato and

non-vibrato playing), resulting in a mean accuracy of 73.74%. Removing the outliers (vio-

lin/viola/cello/double bass (pizz.), and tuba), this average becomes 88.27%. When consider-

ing just whether the pitch chroma is correct (i.e. disregarding octave errors), this increases to

95.08%. Table 5.1 benchmarks this against an implementation of Noll’s Harmonic Product

Spectrum (HPS) algorithm, also using a Hanning window4.

A table containing a full breakdown of results, broken down by instrument (and

vibrato/non-vibrato playing), can be found in Appendix B.

4For more information on the HPS algorithm, or the data used, see Sections 3.2 and 5.2 respectively. In
addition, note that the raw data is converted into interpretations by way of Algorithm 2.
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Figure 5.29: Confusion matrices for each set of samples. From top-left to bottom-right: 1)
Alto Flute (vib.); 2) Alto Sax (non-vib.); 3) Alto Sax (vib.); 4) Bass (pizz. non-vib); 5) Bass
(arco, vib); 6) Bass Clarinet (non-vib.); 7) Bass Trombone (non-vib.); 8) Bassoon (non-vib.);
9) B♭ Clarinet (non-vib.); 10) Cello (pizz. non-vib); 11) Cello (arco, vib); 12) E♭ Clarinet
(non-vib.); 13) Flute (non-vib.); 14) Flute (vib.); 15) Oboe (non-vib.); 16) Soprano Sax
(non-vib.); 17) Soprano Sax (vib.); 18) Tenor Trombone (non-vib.); 19) Trumpet (non-vib.);
20) Trumpet (vib.); 21) Tuba (non-vib.); 22) Viola (pizz. non-vib); 23) Viola (arco, vib);
24) Violin (pizz. non-vib); 25) Violin (arco, vib).
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HPS Naive

Overall 58.36% 73.74%
No Outliers 67.73% 88.27%
Chroma Accuracy 77.61% 95.08%

Table 5.1: Table showing the average accuracy of both the naive algorithm and the HPS
algorithm as a benchmark when applied to the University of Iowa samples. For each sample,
both the HPS and Naive algorithms were applied, and the result compared to the ground
truth from the dataset. ‘Chroma Accuracy’ is the accuracy when ignoring octave errors.

Though, as expected, this approach does not reach state-of-the-art results (see [51] and

other approaches as explored in Section 3.4)5, it still outperforms HPS by a significant margin

when tested on single notes from the University of Iowa monophonic samples (Table 5.1).

Figure 5.29 consists of confusion matrices for each of the instruments (and playing types),

showing the algorithm’s input (vertical axis) against its output (horizontal axis). Thus, the

diagonal is indicative of perfect accuracy, and deviations from this line correspond to errors

in the classification. Note that the axes are truncated to match the range of tones tested

on each instrument, with the vertical axis running chromatically upwards from bottom to

top, and the horizontal axis running chromatically upwards from left to right. Even at first

glance, the outliers are relatively clear, and this kind of visualisation has the potential to

elicit more profound understanding of how and where an algorithm is failing, and perhaps

even (by extrapolation) particular properties of certain instruments that make them more

troublesome for pitch detection approaches.

Further, for polyphonic input, a simple extension to the naive monophonic approach,

whereby N V
α is traversed left-to-right, bottom-to-top, was utilised6. This exploited the as-

sumption that - at least with acoustic music - there will be no undertones. Thus, the

5Though it is hard to make a direct comparison as the evaluation methods are different.
6It should be noted here, as below, that the polyphonic algorithm was tested on random interpretations,

as in Section 5.1. One major drawback of this evaluation is that it likely produces fewer edge cases than
in, for example, consonant music - in which it would be expected that fundamentals would be clustered
somewhat closer to one another in N V . In the future, this could be addressed by generating more realistic
data, or indeed by utilising polyphonic data sets such as Bach 10.
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Figure 5.30: Simulated accuracy for a naive approach (blue) (as described in Section 5.1),
and simple algorithm (red) when applied to sample polyphonic data.

bottom-leftmost tone with amplitude above some cutoff will always be a fundamental [70].

The naive algorithm is then applied to subsequent tones, with the following extension: for

each potential fundamental, the possible generators for each of its harmonics are enumerated

and checked against the current list of perceived fundamentals (i.e. those that have already

been classified as such by the algorithm), and if two or more (of a maximum four) of the

fundamental and its generators have one or more harmonics that have already been classified

as a fundamental, the tone is considered to be a false fundamental, and is discarded. This

choice of threshold here may seem somewhat arbitrary, but was chosen as there are a signif-

icant number of generators that lie above or to the right of the tone being classified - most

notably the harmonics themselves. Thus, whilst they may themselves be fundamentals, it is

unclear at this stage of the algorithm. This choice was then tested empirically, with a value

of two (from choices [1, 4]) resulting in the best performance.

As in Section 5.1, 1000 sample interpretations were taken for each number of simul-

taneous unique fundamentals. The accuracy of this simple approach is benchmarked against
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the accuracy of the naive approach in Figure 5.30. Though there is a clear increase in accu-

racy, it is anticipated that it will be possible to build on this simplistic approach using the

analysis and techniques outlined in Sections 4.4, 4.5, and 5.1, but the implementation of this

is beyond the scope of this Thesis.

Following from this short evaluation of algorithms on N V , it seems sensible to high-

light two broadly useful points that will hopefully aid in the development of future work.

Firstly, much in the way that we used simulations of N V to provide a heuristic for the per-

formance of new algorithms (in our case, taking into account how many already-classified

generators could be responsible for the ‘current’ note), it should be possible to do the same for

any new algorithm utilising the model. This could speed up development of such approaches

by facilitating the type of comparison made in Figure 5.30, and additionally removing the

need to wrangle large and often hard to manipulate datasets in the preliminary stages of

development. In addition, we found that confusion matrices such as those in Figure 5.29

quite nicely demonstrated the kind of errors that approaches were facing. For example,

looking at the panel for B♭ clarinet, the errors fall along lines corresponding to ±1 octave.

Similarly for trumpet, almost all errors occur below a certain frequency—i.e. D4. Perhaps

this corresponds to a change in the timbre or quality of the notes played by the trumpet

below this point, which the simple algorithm was struggling to handle.
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Chapter Six

Future Work and Conclusion

6.1 Future Work

Building on the work presented, there are a number of relatively natural extensions,

additions, and broad applications of the framework that I believe it would be beneficial to

consider in the future.

Perhaps the most pertinent of these would be the development of a method to convert

real signals into the required Boolean representation effectively, such that the properties of

the framework could be used to perform the decomposition-based reformulation of MPE on

real-world signals. It may well be the case that what is really necessitated to this end is a

‘meta-method’ for building such methods in specific domains (e.g. string quartet in a room

with known acoustics etc.). As alluded to previously, developing such a technique is likely a

significant undertaking, but represents the opportunity to much more concretely ground the

more abstract aspects of the work of this Thesis in practical application.

In addition to this, it would also be beneficial to develop algorithms that work on

N V (with Boolean interpretations), but utilise in particular the characterisation of false
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fundamentals given in Chapters 4 and 5 to discard them from the final classification. At a

base level, such algorithms could have simple rule-based decisions akin to the extension of

the naive algorithm given in Section 5.3, but there are no doubt much more sophisticated

ways in which to incorporate the additional knowledge.

In order to facilitate faster and potentially more general development of such algo-

rithms, it may be worthwhile to further investigate the testing of them using simulated data

as in Section 5.3. There are two points for improvement in particular – firstly, an evaluation

of how well the results of this kind of approach actually correlate with performance on real

signals, and secondly, the creation and use of artificial data that better-emulates musical

signals.

Looking more closely at the latter of the two improvements to testing, it should be

noted that the completely random approach currently used to generate artificial test data

likely results in inflated performance (of the algorithms being testing) than would be expected

on real data, or even on dummy data that better-mimics acoustic musical signals. This is

largely due to the fact that fundamentals randomly placed are much more likely to be sparse

over N V . Though it may make sense for there to be notes across a range of octaves within

one window of a piece of music (and therefore few restrictions can be imposed on this), when

considering sparsity round the circle of fifths, there is somewhat of an implication (though

not in totality) that notes are unrelated or potentially dissonant. For example, the semitones

either side of a tone, ν, sit at δ±5 – almost as far away from the tone itself as is possible, yet

these are also some of the most dissonant when sounding simultaneously with ν (particularly

in the same octave). Even a very light model which necessitated some more structured

movement (for example, observing that smaller intervals tend to be common in melodies)

from note to note (and interpretation to interpretation) could greatly improve how realistic

the data is, and it is assumed that this would further make the testing more representative of

the algorithms’ efficacy on real-world data. Of course, this additional structure is reliant on
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the type of music being modelled, and would be very different for atonal music, for example.

From the perspective of building algorithms to identify candidate fundamentals (i.e.

potential fundamentals which need to be analysed and classified) in N V with Real interpre-

tations (and therefore useful if the aforementioned method to translate from Real to Boolean

representations is not defined), two further extensions come to mind. One avenue of explo-

ration would be to look to identify ⊢ and Γ shaped prisms from N V × τ , as opposed to ⊢

and Γ shapes from N V . In addition to utilising the temporal aspects of the signal in this

way, it may also be possible to otherwise use time-related data to model higher-order musical

structures in the signal, with the intention of using these to identify candidate fundamentals,

or to help distinguish between real and false fundamentals – for example, by identifying the

melodic line, and placing reasonable musical constraints, such as a maximum ‘jump’ from

the current position, on it, and using these constraints to discount potential candidates that

don’t conform to the musical intuition encoded by them.

One useful application that it may be possible to construct from the work presented

in this Thesis (notably that of Sections 5.1.1 and 5.1.2) would be to build some heuristic to

estimate the number of fundamentals in a given signal. I believe that by analysing the types

of edge cases present in reduction graphs created from real-world signals (given that at least a

rough R→ B method can be utilised), it would be possible to compare this to the simulated

results presented here, and use this as an estimation of the number of fundamentals at a

given point. This could then be used to refine the results of pitch estimation algorithms, by

discarding the least likely classified fundamentals where the output set is greater than the

heuristic.

Finally, it seems entirely plausible that similar models could be applied to other

similar data—for example, PCR sequencing data. Though the specific model used in this

Thesis applies to music, the notion of constructing spatially-compact geometric shapes, and
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remodelling the problem to a classification of edge cases is one that hasn’t been widely

applied as of yet (to the author’s knowledge) to a range of problems.

6.2 Conclusion

As has been reiterated through this Thesis, the aim of this work was not to provide a

foolproof solution to the problem of MPE, or indeed yet another algorithm for this purpose,

but rather to put forward a general (and largely oversimplified) model for acoustic musical

signals, on (and from) which novel approaches can be devised, and iterative improvements

and refinements can be made. Further, efforts were made to characterise the occurrence of

false fundamentals, ⊗, which represent false positives from approaches on N V .

What this Thesis does present, however, is a novel approach to pitch estimation that

I sincerely hope provides an exciting new viewpoint on the problem, and paves the way for

practical applications of the work within. In it, I have provided a model for musical tones

that groups a fundamental and its first three harmonics into spatially compact shapes, and

reduced the problem of multi-pitch estimation to the problem of distinguishing between edge

cases—i.e. false fundamentals, ⊗—and real fundamentals—that is, the tones being played.

This can alternatively be seen as the decomposition of the ‘filled’ portions of the grid into

potentially overlapping ⊢ and Γ shapes.

In order to aid in this distinction, I presented an in-depth theoretical characterisation

of precisely when such cases can occur, as well as an analysis of which cases predominantly

occur for varying numbers of simultaneous fundamentals. Further, I have provided some

insight into the presentation of real-world data in this model, performed basic evaluation

on monophonic and polyphonic algorithms using it, and put forward a range of potential

avenues for future investigation and research.
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I sincerely look forward to seeing where this research may lead in the future.
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Appendix One

Creation of an Interpretation

A number of changes must be made for this to work for the reals, R as opposed to

booleans, B:

• An additional parameter, α, is required to represent the minimum amplitude for a note

to be considered ‘audible’;

• Lines 13 and 27 should be replaced byM[i, j] = |νi,j| - setting the amplitude of νi,j,

as opposed to a truth value;

• Finally, lines 12 and 26 should instead be the disjunction or conjunction respectively

comparing whether the given harmonics are above the threshold, α, for example, “if

|f1| ≥ α ∨ |f2| ≥ α ∨ |f3| ≥ α then".

139



Creation of an Interpretation

Algorithm 2 Creation of an Interpretation, I, from a Sorted Set of Notes

Input: Φ, a chromatically sorted set of notes
Output: M, a (matrix) interpretation of the notes in Φ

M←− zeroes(10, 12)
for νi,j ∈ Φ do

// Is νi,j a harmonic of another note?
f1 ←−M[i, j − 1]
f2 ←− 0
if Ψ(χi−1) = ⊢ then
f2 ←−M[i− 1, j − 1]

else
f2 ←−M[i− 1, j − 2]

end if
f3 ←−M[i, j − 2]
if f1 ∨ f2 ∨ f3 then
M[i, j] = 1
continue

end if

// Is νi,j a potential fundamental?
ϕ1 ←− νi,j ∈ Φ
ϕ2 ←− ⊥
if Ψ(χi−1) = ⊢ then
ϕ2 ←− νi+1, j+1

else
ϕ2 ←− νi+1, j+2

end if
ϕ3 ←− νi, j+2 ∈ Φ
if ϕ1 ∧ ϕ2 ∧ ϕ3 then
M[i, j] = 1
continue

end if

Φ←− Φ \ νi,j
end for
returnM
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Full Results - Naive Algorithm

Full Results - Naive Algorithm

Instrument Type
HPS Naive

1 2 3 1 2 3

Alto Flute Vib 88.89% 88.89% 88.89% 97.22% 97.22% 97.22%

Alto Sax
Nonvib 75.00% 75.00% 81.25% 100.00% 100.00% 100.00%
Vib 68.75% 68.75% 75.00% 100.00% 100.00% 100.00%

Bass
Pizz Nonvib 20.19% - - 53.85% - -
Arco Vib 36.54% 36.54% 39.42% 71.15% 53.85% 72.12%

Bass Clarinet Nonvib 63.04% 63.04% 65.22% 100.00% 100.00% 100.00%
Bass Trombone Nonvib 0.00% 0.00% 29.63% 44.44% 44.44% 62.96%
Bassoon Nonvib 45.00% 45.00% 62.50% 75.00% 75.00% 95.00%
B♭ Clarinet Nonvib 84.78% 84.78% 84.78% 97.83% 97.83% 97.83%

Cello
Pizz Nonvib 18.00% - - 46.00% - -
Arco Vib 65.26% 65.26% 68.42% 88.42% 88.42% 88.42%

E♭ Clarinet Nonvib 82.05% 82.05% 82.05% 94.87% 94.87% 94.87%

Flute
Nonvib 94.59% 94.59% 94.59% 100.00% 100.00% 100.00%
Vib 94.59% 94.59% 94.59% 100.00% 100.00% 100.00%

Oboe Nonvib 77.14% 77.14% 97.14% 100.00% 100.00% 100.00%

Soprano Sax
Nonvib 84.38% 84.38% 87.50% 90.63% 90.63% 90.63%
Vib 78.13% 78.13% 81.25% 90.63% 90.63% 90.63%

Tenor Trombone Nonvib 33.33% 33.33% 66.67% 78.79% 78.79% 100.00%

Trumpet
Nonvib 51.43% 51.43% 82.86% 74.29% 74.29% 97.14%
Vib 51.43% 51.43% 82.86% 74.29% 74.29% 100.00%

Tuba Nonvib 18.92% - - 48.65% - -

Viola
Pizz Nonvib 22.00% - - 28.00% - -
Arco Vib 88.00% 88.00% 91.00% 100.00% 100.00% 100.00%

Violin
Pizz Nonvib 25.27% - - 38.46% - -
Arco Vib 92.22% 92.22% 96.67% 97.78% 97.78% 100.00%

Table B.1: Table showing the performance of the naive algorithm on monophonic samples
from the University of Iowa Electronic Music Studios data set, benchmarked against Noll’s
HPS algorithm. 1, 2, and 3 correspond to the whole data set, sans outliers, and chroma
accuracy respectively.
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