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Abstract

This thesis deals with three topics in Harmonic Analysis:

1. Sharp restriction theory;
2. Sparse domination for square function operators;

3. Two weight theory for the Bergman projection.

In the first part we study some sharp inequalities that arise composing a k-plane trans-
form with the square of the Fourier extension operator from the paraboloid. We study
the sharp form of these inequalities. We compute the optimal constants and characterise

maximisers.

The second and main part of this thesis develops on sparse domination for square
function operators. In particular we derive a sparse domination in form under minimal
testing conditions. We called this domination a “quadratic” as it dominates the non-linear
operator (Sf)? rather than Sf. This produces optimal weighted estimates for the domi-

nated square functions.

We show that a quadratic domination holds also for non-integral square functions as-
sociated with a general elliptic operator L. This refines and improves the domination in

[BEP16] when the operator is a square function.

The last part of the thesis studies the Bergman projection P on the complex unit
ball B¢ in C¢. We derive sufficient conditions for two weight estimates for P via sparse
domination. These conditions are given in terms of “bumped” Orlicz averages of the two

weights. On the way, we also derive mixed Bo—B,, estimates for the Bergman projection

on L*(B%).
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Notation in this thesis

The results that are contributions by author are indicated with letters: A, B, C,

Other results are indicated with numbers, as the equations, using (Chapter.section.# ).

For two positive quantities X and Y we will write X < Y to mean that there exists

a constant C' > 0 such that X < CY. We write X =Y when also the reverse inequality

Y < X holds, and so the quantities X and Y are equal up to constants.



Symbols

P dyadic system
(flo = ][ f average of the function f over the set @)
Q
(f)§ weighted average of the function f over the set () with respect to the measure o dx
< sparse family

1o indicator function on the set )






CHAPTER 1

INTRODUCTION

Dowve c’¢ gusto, non c’¢ perdenza.

1.1 Sharp restriction theory

One of the main tools used in harmonic analysis is the Fourier transform. It is known,

by the Hausdorff-Young theorem, that it maps L? to L¥', for 1 < p < 2, where p/ = ﬁ.
However, the Fourier transform is not surjective on these spaces, and a function in its
image is more regular than a generic element in L?. Indeed, unlike a generic function in
L¥' | the Fourier transform of a function in L? can be meaningfully restricted to curved
hypersurfaces, although these have zero Lebesgue measure. The so-called “restriction es-

timates” quantify this phenomenon.

These estimates have important applications to dispersive PDEs, such as Schrédinger
and wave equations. Solutions to these equations can be seen as Fourier transforms of
functions supported on characteristic hypersurfaces, thus enabling the use of restriction

estimates to obtain meaningful bounds. This procedure is called “Fourier extension”.

Sharp restriction theory aims to compute the norms of these Fourier extension oper-
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ators. It also seeks to characterise functions that achieve maximal norm; such functions

are called maximisers.

Example 1.1.1. The Fourier extension from the parabola 7 = &2 corresponds to the time
evolution of the Schrédinger equation id;u = 9?u. Gaussians are maximisers in dimension

d =1,2, and it is conjectured that maximisers are gaussians in every dimension.

Despite all the efforts made so far, this conjecture remains open: maximisers are
known only for the simplest surfaces in low dimension. The latest research directions
try to find new methods to obtain sharp inequalities. Among these avenues, there are
the heat flow techniques [BBCH09| and new tomography bounds for Fourier extensions
[BBF+18; BV20; BN21|. These recent works investigate bounds for the Fourier extension

operator composed with a k-plane transform.

Our first result is a sharp inequality of this kind, which holds in any dimension
d > 3. It involves the Fourier extension from the paraboloid composed with the (d — 2)-
plane transform 7, 5, which is the operator that averages a function on a given (d — 2)-
dimensional plane. To state it, we denote by A4_2 4 the collection of all affine subspaces
it

of R? of codimension 2, which is the domain of T;_,; while e *# is the solution operator

of the free Schrodinger equation.

Theorem A. Let d > 3. The following estimate:

”Td72<‘€7itAf|2)HLQ(RXAd—2,d) < CdHfH%ﬁ(Rd)

18 saturated only by gaussians and the optimal constant is

ci-(4-953m)

The inequality in Theorem A follows by composing Strichartz estimates for the Fourier

extension operator and known LP bounds for the operator T; 5. The novelty is the sharp
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form of the inequality and the characterisation of maximisers.

Remark 1.1.2. Some maximisers for the L? inequality for T;_5 are known [Drol4] and they
are not gaussian, while the Fourier extension inequality from the paraboloid in higher

dimension is not known in sharp form, and its maximisers have not been characterised.

We give a proof of Theorem A in Chapter 2.

Other k-plane Strichartz estimates in [BBF+18] have a weight in the L? norm on
the right hand side. The investigation of these weights in Fourier extension inequalities
has contributed in leading the author’s attention to more general weighted estimates.
From a broader point of view, weighted estimates — with optimal dependence on the
characteristic of the weight — can be obtained via a powerful method today popular as

sparse domination, which is having an incredible impact on harmonic analysis.

1.2 Background on weights and sparse domination

This section presents some background material in order to state our main results.

Weights appear in a variety of situations: for example, on a bounded domain, weights
may arise as the Jacobian of a transformation or perturbation of the domain itself. They
have many applications to PDEs [FKP91], approximation theory, quasiconformal theory
[AISO1; PV02], complex analysis and operator theory [APR17].

In this thesis we call weight a positive, locally integrable function. We are interested
in understanding how the norm of the operator depends on the weight in the underlying
measure. It was known [HMW73| that for certain singular integral operators, like the

Hilbert transform, for 1 < p < oo the finiteness of the Muckenhoupt characteristic

e[ (L)

is a necessary and sufficient condition for the boundedness on L”(w). Since the qualita-

tive problem was settled, the quantitative problem attracted interest. It consists in the

3



following question:

Given a bounded (sub)linear operator T from LP(w) to itself, what is the smallest

power « > 0 such that

?

1T 2wy Lo (w) < Cp [w]ip

The search for the optimal dependence on the characteristic of the weight was also
motivated by a problem in quasi-conformal theory about regularity of solutions of the

Beltrami equation

0f (2) = u(2) 9f(2) (1.2.1)

where f,u: C — C and ||p||r~ < 1. The open question was:
What is the minimal ¢ such that any solution f € W% to (1.2.1) is continuous?

loc

The condition ¢ > 1 + ||u||z~ was known to be sufficient [AISO1|, while there are
counterexamples for ¢ < 1+ ||p||p~. The critical value ¢ = 1 + ||u||~ was shown to be
sufficient by Petermichl and Volberg [PV02]|. Their result follows from a sharp weighted
estimate for a singular integral operator: the Ahlfors—Beurling operator, the complex

analogue of the Hilbert transform.

The same question about optimal dependence on the weight can be asked for more

general singular integral operators.

1.2.1 Integral operators

In the following, C' will denote a positive constant which may change from line to line.

Singular Integral Operators

We consider the class of operators named after A. Calderén and A. Zygmund.

Definition 1.2.1 (Calderén—Zygmund kernel). We say that a function K(z,y) on R? x

R?\ {z = y} is a Calderén—Zygmund kernel if there exists C' > 0 and « € (0, 1] such that
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K satisfies the following size and regularity conditions:

K (2, y)] < Clo —y|™,

]

K (@ hy) = Kl )l + Ky + ) = K)| £ 0= o

for all h € R? such that |z — y| > 2|A|.

We denoted by C2° the space of smooth, compactly supported functions, and by (C2°)
its dual. If the underlying measure is doubling, the space C¢° is dense in any LP space,

for 1 < p < 0.

Definition 1.2.2 (Singular Integral Operator). We say that a linear map 7': C2° — (C2°)’
associated with a Calderén—Zygmund kernel K is a Singular Integral Operator if for all

f,g € C with disjoint supports one has the following integral representation

(T'f.g) ://Rd » K(z,y)f(y)g(r) dy dz.

Square function operators

In most of this thesis, and in particular in Chapter 3, we will focus on general square

function operators, which we now introduce.

Definition 1.2.3 (Littlewood-Paley kernels). A collection of functions {k:(z,y)}i~0 is a

family of Littlewood—Paley kernels if there exists positive constants C7,Cy and « € (0, 1]

such that the kernels k, satisfy the following size and regularity conditions for all z, y € R%:
e

(e =y

Fe(x +hyy) = ke(z, )| + ke, y + h) — ki, )| < Co

k(z,y)| < Ch (C1)
o]

(£ + [z —y[)d*e

(C2)

for all h € RY and t > |h|.



Let {6;}1~0 be the family of integral operators 6, f(z) = [o. ki(2,y) f(y) dy. We con-

sider the vertical square function

st = ( | °°|etf<x>|2%)l/2 | (122)

Ezample 1.2.4 (Littlewood—Paley square function). A standard example for which the size
and regularity conditions hold is 0, f = f *1;, where ¢ (z) = t~%)(t~'z) and 1 is a mean
zero Schwartz function which gives rise to the Littlewood—Paley square function [Gral4,
§6.1]. In particular, conditions (C1) and (C2) are off-diagonal conditions compatible with

the scaling.

1.2.2 Quantitative weighted estimates

The dependence of the operator norm |77, r( o0 the Muckenhoupt character-

)—LP

istic (A4,) has been first investigated by Buckley [Buc93, Theorem 2.5] for the Hardy—

Littlewood maximal function

— sup f ()] dy
B>x

where the supremum is taken over all balls B containing = and f, f = |B|™' [, f

Theorem 1.2.5 (Buckley 1993). For p > 1 and for all weights w € A, it holds that

1M £ 1170y < Cluty, 11

and the power of the Muckenhoupt characteristic is the best possible.

A decade later, quantitative weighted estimates (optimal in terms of the Muckenhoupt
characteristic [w]4,) have been obtained for the Hilbert transform [Pet07], the Riesz trans-

form [Pet08], Haar shift [LPR10] and for general Calderon—Zygmund operators [Hyt12]:



Theorem 1.2.6 (Hytonen 2012). Let T' be a Singular Integral Operator with Calderon—

Zygmund kernel. For any 1 < p < oo and weight w € A, it holds that

||T||Z£p(w)_>Lp(w) < cp[w]ijx{p ”

Remark 1.2.7. The power in the characteristic of the weight is sharp and it can be matched
with power weights. The sharpness had already been shown by Buckley [Buc93, Theorem

2.14] for some singular integral operator T and its maximal truncation T# given by

T# f(x) = sup|(K - Lpayp(o,0) * f()].

e>0

Theorem 1.2.6 is known as the “Ay theorem”, as the estimates for general p € (1, 00)
can be extrapolated [Gral4, Theorem 7.5.3] from the one with p = 2. This result has been
extended and simplified by many authors [HLP13; HLM+12; HRT17; Hyt14], especially

via sparse domination techniques [Ler13a; Lacl7; Ler16|, which we now introduce.

1.2.3 Sparse domination

Sparse domination consists in controlling non-local operators by a sum of positive aver-

ages. An operator T might be dominated either pointwise:

Troi=e Y (o / 1) 10te) (123)

Qey

for all z in a fixed cube (Qg; or in form:

[ 2r-gasl <X (g 1) (s fo) 1 124

Qe

In both cases, the constant C' in (1.2.3) and (1.2.4) does not depend on the input

functions, while the collections . do and they are sparse in the following sense



Definition 1.2.8 (Sparse collection). A collection of cubes . is %—sparse, for 7 > 1, if
for any ) € . there exists a subset Eg C (@ such that {Eg}ges are pairwise disjoint
and |Q| < 7|Eg].

Roughly speaking, a collection of sets . is sparse if it contains a disjoint subcollection
of sets that are not too small. For simplicity, the reader can think of .¥ to be a collection

of dyadic cubes, although sparse families can be defined for general Borel sets [Han18|.

The thrust of sparse domination consists in the fact that sparse expressions (the right
hand sides in (1.2.3) and (1.2.4)) enjoy the same boundedness properties of several inter-
esting operators, but are much simpler to deal with. As a consequence, sparse domination
produces — in an unified manner — plenty of unweighted, weighted, and vector valued es-
timates, for the dominated operator. Moreover these estimates are often optimal in the

dependence on the weight.

A growing list of operators sparsely dominated includes: Calderéon—Zygmund operators
[CCDO17; CR16; Lerl6; CDO18b], bilinear Hilbert transform and multilinear singular in-
tegrals [CDO18al, variational Carleson operators [DDU18], oscillatory and random singu-
lar integrals [LS17], pseudodifferential operators [BC20], Stein’s square function [CD17],

and singular Radon transforms [Obel9].

Despite the fact that having a sparse domination is not always possible [BCOR19],
the sparse paradigm has been extended beyond the classical theory to obtain weighted
estimates for Bochner—Riesz multipliers [LMR19; BBL17|, singular integral operators on
spaces of non-homogeneous type [VZ18|, and more general non-integral operators [BFP 16|

which will be discussed in §1.4.

Sparse domination can be seen as a technique to deduce properties of an operator
from its action on a single function, or on a class of functions. For this reason sparse

domination is particularly suited for improving classical 7'(1) theorems.
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1.2.4 Sparse T'1 theorems

In the '80s David and Journé [DJ84] showed that L2-boundedness of singular integral
operators follows from the uniform boundedness on indicator functions. Let ) be a cube
and let 1y be the indicator function on @) taking values 1 on ) and 0 otherwise. The

result in [DJ84] can be rephrased as follow.

Theorem 1.2.9 (David & Journé 1984). Let T be a Singular Integral Operator with

Calderon—Zygmund kernel and let T be its adjoint. If there exists C' > 0 such that
(IT1gl 1) + (IT"1gl, 1o) < ClC)| (1.2.5)

holds for all cubes Q C R?, then ||T||p2—r2 < 00.

This kind of results are known as “T'(1) theorems”, as the operator is tested on constant
functions. This classical result has been recast by Lacey and Mena [LM17b, Theorem 1.1]

to a sparse domination under minimal assumptions.

Theorem 1.2.10 (Lacey & Mena 2016). Let T be a singular integral operator with
Calderon—Zygmund kernel that satisfies the testing condition (1.2.5). Then for any pair

of compactly supported functions f,g € C° there exists a sparse collection . such that

wral<ey (£11) (F1) 10

Qe

where C' > 0 1s a positive constant independent of f and g, and the symbol ][ f denotes
Q
the average of f over Q).

This theorem, instead of just L? boundedness, implies:
e weak (1,1) bound [CCDO17, Appendix B|, [BB18, Prop 3.1];

e strong LP-bounds for 1 < p < oo;



strong weighted bounds on LP(w) with optimal dependence on [w]a, as in Theo-

rem 1.2.6:

max{p%l,l}'
)

weak weighted estimates at the endpoint for w € A; [FN19, Theorem 1.4]:

1T || £t (w)—s 120 () < €[w]a, log(e + [w]a.,),

where [w] 4, == sup, (fQ w) |lw ™| (@) and [w] 4., is the Wilson characteristic

1
[w]a,, = sup

Upper bound on ~, 7, for the asymptotic behaviour of the unweighted norm at the
endpoints [FN19, Prop. 5.4]:

lim [Tl = (0= D7, lim [Toese = 7
—1+ p—00

vector valued estimates [LN20].

Again, we emphasise that only the testing condition (1.2.5) is assumed.

In the spirit of Lacey and Mena, we will derive a sparse T'1 theorem for square func-

1.3 T'1 theorem for square functions

In this section we introduce the main result of Chapter 3.

The first T(1) theorem for square functions is by Christ and Journé [CJ87]: they

showed that a square function S is bounded on L?*(R%) if 6, applied to the constant

10



function 1 gives rise to a Carleson measure v := |0;1(z)|? dt/t dz on the upper half space
R,

A Carleson measure on RZ™ is a measure which acts like a d-dimensional measure in
the following sense. Let @ be a cube in R? with sides parallel to the coordinate axes.
Denote by £Q and |Q| the side length and the Lebesgue measure of @, so that (/Q)¢ = |Q|.
Consider the Carleson box By == @ % (0,4Q). Then v is a Carleson measure if v(Bg)/|Q)|
is finite for any cube Q.

Successively, it has been shown [Hof08; Hof10; LM17a| that S is bounded in L?*(R¢)
if there exists a constant Ct > 0 such that the following local testing condition holds for
any cube ):

fQ dt
|| e ar < crial ™

FExample. For the case of a Littlewood—Paley square function in Example 1.2.4, where
0.f = f x1; and ¢ is a mean zero Schwartz function rescaled as 1;(r) = t~%(t 1),

condition (T) is the cancellation condition [ ¢ = 0.

The testing condition (T) is equivalent to the following testing condition: there exists
C > 0 such that (S(1g)? 1g) < C|Q)| for all cubes Q. The reader can find the details in
§3.1.7.

We have the following local T'1 theorem for square functions.

Theorem 1.3.1 (Christ & Journé 1987, Auscher, Hofmann, Lacey, et al. 2002). Let S
be a square function associated to a family of Littlewood—Paley operators {0;}i~o. If there

exists C' > 0 such that

(S(1g)* Lo) < C|Q| (T)
holds for all cubes Q C R?, then ||S||z2— 2 < co.

We present the main result from Chapter 3, also in [Bro20], where the theorem above

has been recast to a quadratic sparse domination.

11



Theorem B (B. 2020). Let S be a square function associated to {0;}1=0 satisfying con-
ditions (Cl1), (C2) and (T). Then for any f,g € C there exists a sparse collection .

such that

(S g) < C(C+Cot Or) T (]é |f|)2 (72 o) (13.1)

Qes

where C'= C(«,d) is a positive constant independent of f and g.

The reader can compare (1.3.1) with the sparse form in Theorem 1.2.10.
The domination (1.3.1) implies the L?-boundedness of S, which in turn implies the

Carleson condition (T), see also [MM14, Remark 1.6]. So we have the following

Corollary B. Let S be a vertical square function in (1.2.2) associated to a family of
Littlewood—Paley operators {0;}i~0. Then S admits a sparse domination if and only if the

Carleson condition (T) holds.

Previous sharp weighted inequalities for square functions

Under condition (T) the square function S was known to be bounded on the weighted
space LP(w) for p € (1,00), provided that w belongs to the Muckenhoupt class for which
the quantity in (A,) is finite.

For p € (1,00) and w in A,, let a(p) be the best exponent in the inequality

sup — W) < o5 p) [w] 5, (1.3.2)
720 |1 fllze ) !

When p = 2, Buckley [Buc93] showed the upper bound «(2) < 3/2. Later Wittwer
improved it to «(2) = 1 and showed that it is sharp for the dyadic and the continuous
square functions [Wit02, Theorem 3.1-3.2|. The same result was obtained independently
by Hukovic, Treil and Volberg using Bellman functions [HTV00, Theorem 0.1-0.4].
Lerner was the first to prove that «(p) = max{3, ]ﬁ} cannot be improved [Ler06,
Theorem 1.2] and to conjecture estimate (1.3.2) for Littlewood—Paley square functions.

After improving the best known exponent for p > 2 [Ler08b, Corollary 1.3|, Lerner proved

12



the estimate

1S £l ) < CLolL2 1 1l o) (1.3.3)

for Littlewood—Paley square functions pointwise controlled by the intrinsic square func-
tion |[Lerll, Theorem 1.1]. Lerner achieved this by applying the local mean oscillation
formula to a dyadic variant of the Wilson intrinsic square function [Wil07]. The sharp
estimate (1.3.2) for all 1 < p < oo follows from (1.3.3) by the sharp extrapolation theorem
[DGPPO5|, see also [Gral4, Theorem 7.5.3]. A proof of the sharp bound (1.3.2) for the
dyadic square function using local mean oscillation can be found in [CMP12, Theorem

1.8].

Lerner’s result relies on a pointwise control of the square function S, and it exploits
the local behaviour of the Wilson intrinsic square function. Instead Theorem B implies
the weighted estimate (1.3.3) by duality, and so the estimate (1.3.2) in the full range with
optimal dependence on the A, characteristic. As for the list after Theorem 1.2.10, other
estimates follow from the sparse domination in Theorem B. In particular, see [L.S12] and

[HL18] for weak type estimates and [LL16; DLR16] for mixed A, A, estimates.

Our different approach can dispense with the extra “locality” assumption used in
[Lerll; Zorl6]. As a consequence, we can allow for square functions with general ker-
nel. A similar approach, where the input function is decomposed using wavelets, has been
used in [DWW20]: the basis of wavelets used there allows to derive new 7'(1) theorems

on weighted Sobolev spaces, see in particular [DWW20, §8 and Theorem C|.

The fact that sparse domination for (S f)? gives better estimates than the one for S f

is true also for more general square functions.

13



1.4 Beyond classical square functions

In this section we present the main result of Chapter 4.

Classical operators in harmonic analysis come with an integral representation and a
kernel. On the other hand, many operators coming from elliptic PDEs are “non-integral”,
in the sense that they do not possess such an explicit representation.

In contrast to the classical Calderon—Zygmund theory, which cannot be applied in this
situation, sparse domination has proven to be more flexible and it has yielded many results
in this context [BFP16; BCDH17; CDO18a; BD20b; BD20a]. In the case of operators
associated to an elliptic operator L, the usual assumptions on the kernel are replaced by

t

hypotheses on the action of the operator on the semigroup e * generated by L.

FExample 1.4.1. Prominent examples are operators attached to the elliptic operator L =
—div(AV), where A is bounded and elliptic with complex coefficients. For example, the

172 or the constituent operators {v/tVe *r},<¢ of the square function

00 1/2
Gt = ([T vive )

Riesz transforms VL~

might not possess integral kernels.

In contrast to the classical setting where L is the Laplacian, these operators are in
general not bounded on LP(RY) for every p € (1,00). As proved in [Aus07], boundedness
might occur only in a restricted range (po,qo) C (1,00). This interval depends on the
perturbation A in L = —div(AV), see also [BK03| and [HMO03|. Weighted estimates have
been introduced in this setting by Auscher and Martell in the seminal series of papers
[AMO7a; AMO7b; AMO06; AMOS].

Operators bounded on L? only for a limited range of p can be bounded on the weighted
space L"(w), for r € (po, qo), only for a restricted class of weights. This is a consequence

of the extrapolation theorem [Gral4d, Theorem 7.5.3|, as the finiteness of the quantity

| 7| L () L7 (w) for all w € A, would imply the boundedness of 7" on unweighted L? spaces
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for all 1 < p < 0.
For this reason, we consider a subclass of A, weights which additionally satisfy a

reverse Holder property: there is ¢ > 1 such that

o= gop () () L

is finite. This subclass of A, will be denoted by A, N RH,, as in [AMO07a].

Aiming to a sparse bound, note that the pointwise sparse domination

T <0 Y (]é \f|p°)1/p° o(2)

Qe

would yield (weighted) estimates in the open range p € (pp, 00). A way to restrict further

the range to (pog, qo) is to consider a sparse domination in form of the following kind

(]é |f\p°)1/m (]é rgi%)l/% Q.

This has been obtained in [BFP16] for a large class of non-integral operators, including

‘/Rde-gdx‘gCZ

Qe

the Riesz transform and the square function above.
As we will see in Chapter 4, in the case of non-integral square functions a sparse
domination for (G f)? yields better estimates. This is true for a large class of square

functions, as shown in the following result.

Theorem C (Bailey, B., Reguera 2020). Let S be a vertical square function as defined
in Chapter 4, which is bounded on LP for p € (po,qo), Po < 2 < qo. For any f and g in

C>(RY) there exists a sparse family . such that

’
a0
2

(]é |f\”°)2/p0 (][Q |g|<"2°)')1/(  al

where C' is a positive constant independent of f and g.

‘/]Rcl(SJC)2 -gdx’ <C>

Qe

The sparse domination in Theorem C implies the following weighted estimates.
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Corollary C. Let S be a vertical square function as defined in Chapter 4, which is bounded
on LP for p € (po, o), po < 2 < qo. For a weight w € Ay, "RH g, /py the square function

S is bounded on LP(w) with

qg—2)

max (L 90=
181020y < C ([l [l ) 0

P/PO
where C' is positive constant independent of the weight.

The power in the characteristic of the weights is sharp for the sparse form in Theo-
rem C, see Proposition C.

It remains open to understand:

(a) if the sparse bound in Theorem C and the weighted estimates in Corollary C are

sharp for all the square functions considered;
(b) what are the minimal assumptions on the operator S for the sparse bound.

FExample 1.4.2. The domination from Theorem C yields weighted estimates for square
functions associated with divergence forms and Laplace-Beltrami operators on Rieman-

nian manifolds. These are presented in §4.3.

Theorem C and its corollary are presented in Chapter 4.

We move to another application of sparse domination in a completely different context.

1.5 Two weight theory for the Bergman projection

In this section we introduce the results from Chapter 5.

An active direction of research aims to better understand the projections onto spaces

of holomorphic functions in terms of weighted estimates.
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To fix some notation, let 2 C C¢ be a bounded domain (open, connected set) with
smooth boundary, and let dv be the normalised Lebesgue measure on €. Let H(2) be the
space of holomorphic functions on €2. The Bergman space is the subspace of holomorphic
functions of L?(Q)

A2(Q) = {f € H(Q) N L2(Q)}.

The L? inner product makes A?(Q) a Hilbert space. The evaluation at any point zy €
is a continuous functional on A%(€2). This follows from the mean value theorem for
holomorphic functions and an application of Hélder’s inequality: for any ball B(zg,r) C 2

we have

ol = | f _1© dv(@‘ <(f (ZO’T)If(C)IZdV(C))l/Z < 2o

By the Riesz representation theorem, the evaluation at zy can be written as

F(z0) = / K (20, O £(C) dv(©) (L5.1)

where K(2,-) is a function in A?(Q) called Bergman kernel. The associated operator

Pi(z) = /Q K (2O f(C) dv(Q)

is the identity on A2, in view of (1.5.1). Moreover P is self-adjoint and idempotent, see
[KraO1, §1.4]. It follows that P is a projection from L?(Q) to A%(Q), so we call it the
Bergman projection. When €2 is the unit ball in C?%, the Bergman kernel can be written
explicitly and a sparse domination for P is available [PR13; APR17; RTW17]|. The one-
weight theory for P is then well understood. On the other hand, the two weight theory
is still at its early stages and is becoming increasingly important in connection with the

resolution of the Sarason conjecture, see §1.5.1.
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1.5.1 Connection with Operator Theory

Given f in the Bergman space A*> C L?, one can consider the Toeplitz operator Tih =
(Pomy)(h) = P(f-h), where ms denotes the pointwise multiplication by f.

In [ACS78] Sarason showed sufficient conditions on f, ¢ for the composition of Toeplitz
operators to be bounded. The question about necessity of these conditions was left open.

We state the conjecture on the Bergman space A%(D).

Conjecture 1.5.1 (Sarason). Given f,g € A*(D), the operator T¢Ty is bounded on A*(D)
if and only if

1B B(|g*) | (o) < o0,

where the operator B is the Berezin transform

(- |
/f =g )

Cruz-Uribe [Cru94] showed that the Sarason conjecture on Bergman spaces is related
to the two weight boundedness of the Bergman projection. Indeed, we have the following

abstract diagram, where f and g are general functions and A?(Q) == {f € H(Q)NLP(Q)}..

ane) %

LP(Q, |g™P)

AP, [f1P)

Figure 1.1: Relation between composition of Toeplitz operators and weighted estimates

for the Bergman projection P.

The original diagram in [Cru94| considered the Hardy space H?(T) and the corre-
sponding Riesz projection. The case of the Bergman space A?(ID) has been studied in

[APR17].
Remark 1.5.2. When f € AP(Q), the Toeplitz operator on the right of the diagram can
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be replaced by my, since for a holomorphic function h we have Ty(h) = P(f-h) = f - h.

1.5.2 Bergman projection on the unit ball

In this thesis we consider the Bergman projection on the unit ball B¢ C C¢ given by

P = [ (Ldu@).

1 — z()d+!

In Chapter 5 we address the following question

What are the sufficient conditions on two weight u, w for the boundedness of
the Bergman projection P : L*(u) — A%(w)?

Remark 1.5.3. For two weights u and w, we have

||P||L2(u)—>L2(w) ~ ||P<O-')||L2(0')—>L2(w) (152)

1

where ¢ = u~". This equivalent formulation is due to Sawyer and it holds for general

domains other than the unit ball, see Appendix C.

For the complex ball, the weights for which any of the two quantities in (1.5.2) is finite
are the Békollé-Bonami weights. These weights satisfy a (A,) condition where the role of

cubes is played by Carleson tents.

Definition 1.5.4 (Carleson tent on the unit ball). Given a point z € B?\ {0}, consider

the following set
T, = {geBd (G < 1—|zy}.

The set T, is the intersection of B¢ with the ball centred at z/|z| with radius 1 — |z|, whose

boundary contains the point z. For z = 0, set Ty = B,

Definition 1.5.5 (Békollé-Bonami weights). Given two weights w, o on B?, we define
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their joint By characteristic:

[w, 0], = sup(w)r, (o).
z€B4

where (w)r, = |T,|7! sz w. For general 1 < p < oo, we define the quantity

[w, 0], = sup{w)r. (o)h .
2cBd

When o = w'™ is the dual weight of w, the quantity [w]s, = [w,w'™¥]g, is the B,
characteristic of w. We say that w is a Békollé-Bonami weight if [w]g, is finite and we

write w € B),.

In order to state the main results of this section, we introduce bump conditions.

1.5.3 Bumps conditions

Since the "70s it is known that the joint Muckenhoupt condition for two weight w, o
(w, 0]a, = Sup<w1/p>p,Q<U_1/p>p’7Q < o0 (1.5.3)
Q

is necessary but not sufficient for the boundedness of singular integral operators 7" from
LP(o) to LP(w). Aiming to find suitable sufficient conditions, researchers have replaced
the averages in (1.5.3) with smaller averages, and so assuming a stronger condition on the

weights w, 0.

A way to generalise the LP averages is to consider Orlicz averages, which we now

introduce.

20



Orlicz bumps

Definition 1.5.6 (Young function). Let ®: [0,00) — [0,00) be a continuous, convex,

strictly increasing function such that

D(t
®0)=0 and lim () = 400

t—+oco T

Given a set ) and a Young function ® we denote by (f)s g the Orlicz average defined

via the Luxembourg norm

(flog =mf{A>0: (P(f/N)g < 1}.

In [Pér95, Theorem 1.7] Pérez characterised the Young functions for which the asso-

ciated maximal function

My f = Sgp<|f|>d>,Q1Q
is bounded on LP.

Theorem 1.5.7 (Pérez 1995). Given a Young function ®, the associated mazimal function
Mg maps LP to LP, for 1 < p < oo, if and only if

/oo o) dt < +o0. (By)

Pt

Note that the operator Mg is also bounded on L* [And15, Lemma 3.2]. We say that
a Young function ® belongs to B, if the condition (B,) holds.
Using the dyadic structure on the ball introduced in §5.1 we can define the Orlicz

averages of two weights.

Definition 1.5.8. Given two weight w, o and two Young functions ®, ¥ € B,, the joint

Orlicz bumps condition reads




where (- )4 » denotes the Orlicz average on the dyadic tent K with respect to P.

The first result of Chapter 5 is a sufficient bump condition in terms of Orlicz averages.
This will be deduced from the sparse operator dominating P. In particular, once a dyadic

structure on B¢ has been constructed in §5.1, we have the following.

Theorem D. Let o,w be two weights' on B? and let ®, U be two Young functions such
that the associated mazximal function is bounded on L?. Then the Bergman projection P

on L*(B?) satisfies the following bound
g

| P (o ')HL2(U)HL2(W) < Clo,wlew

where C' 1s a positive constant independent of o,w.

This result is deduced by combining the domination in [RTW17] with the known esti-
mates for sparse forms [Li17|. Nevertheless, to the best of our knowledge, these estimates
have not appeared in the context of Bergman spaces.

In Chapter 5 we derive the bump conditions in the theorem via testing conditions on
sparse operators. We will also obtain the following mixed estimates in terms of the B,

characteristic.

Definition 1.5.9. We consider the quantity

= Ssu 1 ol
ol = sy~ /K M(o1g)

where M is the maximal operator

Mf(z) = sup(|f) gLz ()

KeJg

over the collection of sets I introduced in §5.1. We say that a weigth ¢ belongs to B if

the quantity [o]p_, is finite.

'Weight will always mean: positive, measurable function.
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Theorem E. Let o,w be two weights on B? in the class By such that their joint B,

characteristic |w, o]p, is finite. The Bergman projection P on L*(B?) satisfies the following

bound

2 2 2
1P(0 Y 20y s 12) < C Loy ol (0142 + [w]i)

where C' is a positive constant independent of o and w.
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CHAPTER 2

SHARP k-PLANE INEQUALITIES

The more I do this, the more I think Analysis is

a mistake.

C. B.

2.1 Strichartz estimates for Schrodinger equation

We study a family of Strichartz estimates for the solution of the free Schrodinger equation

i0pu(x,t) — Au(z,t) =0

u(z,0) = f(z) € L*(RY).

In quantum mechanics, the quantity |u(x,t)|> represents the probability to find a
particle at a point x at time t. Bounds for this probability function in time and space are

the content of a family of estimates introduced by Strichartz [Str77]:

HeiitAfHLg(R)Lﬁ(Rd) < Ol fl 2may (2.1.1)
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where the constant C' depends on exponents and di-

mension, which are related by the following scaling

condition: 1
2
(
pE 200 if d=1
1
> d d !
Ty T3 Mt qpel200)  if d=2

D =

pe2 ] ifdz3

For a given dimension d, a pair (q,p) satisfying the
above relation is called admissible. Figure 2.1: Admissible exponents.

We are interested in the sharp form of these inequalities. We will focus on the sym-
metric case ¢ = p. Moreover, we consider the inequality for the modulus of the wave

function w:

) 2
P llzo@xmey < Clf 2@y, with ¢ =1+~ (2.1.2)

When the exponent in the L%norm is an integer, we can write

IR ://|u2...|u2da:dt
2 ey = (] 1 -l

q times

and study the inequalities in sharp form.
Characterisation of extremisers in (2.1.2) and the value of the best constant have been
computed only when d € {1, 2}, exploiting the above representation for integer exponents

in the norm.

In [BBF+18|, Bennett, Bez, Flock, Gutierrez, and Iliopoulou obtained the inequality

T3
Xl lg, < (5)" 1 1ecen) (2.1.3)

where X is the (spatial) X-ray transform on R? The constant in (2.1.3) is sharp, and

extremisers are Gaussians. The authors also established similar results in higher dimen-
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sions for general k-plane transform in RY by considering the L4*! norms and a weight on
the right hand side. We consider instead a family of estimates which arise by applying
the k-plane transform to the function |u|?. By restricting ourselves on integer exponents,

we can study the sharp form of these inequalities also in higher dimensions.

2.2 Sharp k-plane estimates for Schrodinger equation

We study sharp inequalities obtained in the same spirit of (2.1.3), namely composing an

LP-bound of a k-plane transform with a Strichartz estimate (2.1.2).

Let us introduce some notations. With k£ we indicate an integer between 1 and d — 1.
Given an affine k-dimensional plane U in R? this is identified by (wy, ... ,wy), w; € S

and a vector b € R?, such that
U={ziw +-+apwp +b: (z1,...,24) ERF} =Uy +0

where Uy is a k-dimensional subspaces in R?. Let Ay 4 be the bundle of affine k-dimensional
subspace of R?. There is a natural projection from Ay 4 onto the Grassmannian Gr(R?) of
all k-dimensional subspaces in R?: the one that maps an affine k-plane U to its translated

copy Uy passing through the origin.

p: Ak,d — Grk(Rd)

U'-)Uo

The projection p is a fibration that turns Ay, 4 into a vector bundle over Gry(R?).

The manifold Ay 4 can be endowed with a measure p given by the product of the
uniform measure f g, on the Grassmannian times the Lebesgue measure on the orthogonal
(d — k)-plane.

The k-plane transform T} ; maps measurable functions on R? to functions on A
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given an affine k-plane U € Ay 4, the value of T} 4(g) at U is the average of the function

g over U, namely

Tialg)(U) = / g = / Gawr + -+ mpn + ) dCH ()

where £F is the k-dimensional Lebesgue measure. The k-plane transform T}, 4(g) is then

a function on Ay 4.

Composing the L” bounds for the k-plane transform with the Strichartz estimates in

(2.1.1) gives raise to a family of inequalities:

1Tkt D) e ire (anap) < CF 22y (2.2.1)

for 1 < rs < ooand k € {1,...,d -1}

satisfying the following scaling conditions

1 — 1
- = u (1 — —) (2.2.2) 1
T 2 S

S =

N |+

with

1<s<d+1, r>1

The optimal constant C' = C(r,s,d, k) de-
pends on k and d, as well as on the exponents Figure 2.2: Exponents satisfying (2.2.2).

T, S.

Aiming to study the sharp form of the inequality in (2.2.1), we focus on the symmetric

case, when r = s. We have the following inequalities:

) 2
ITe(ult P lre@xann < CIflIe,  with g=14——" (2.2.3)

One should compare this inequality with the one in (2.1.2).
Remark 2.2.1. When k = 0 the exponent ¢ in (2.2.3) coincides with the Strichartz ex-
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ponent in (2.1.2). Indeed, the classical Strichartz estimates in (2.1.2) can be seen as a

special case of (2.2.3), Ty being just evaluation at a point.

Remark 2.2.2. For k = d — 1 the L? norm on the left hand side of (2.2.3) is

d—2 |u(t xo)]2|u(t xl)]2|u(t xg)P
T, t. A3 = // ’ ’ ’ dxdt (2.2.4
H d 1(|U/< ? )‘ )HL3(RXAd,1,d) 4 R (Rd)3 62( 0, T1, 2) & ( )

where Ay (zo,71,72) is the area of the triangle in R? with vertices (g, 71,22). It can
be written as det(z?x) where z denotes the d x 3 matrix with columns zg, x, 5. The
expression in (2.2.4) is a special case of Drury’s identity in [Rub18, eq (3.8)].

When d = 2 the Radon transform 7, ; is an X-ray transform and the inequality

corresponds to (2.1.3), which is the only case known in sharp form.

Applying a high dimensional k-plane transform allows us to regain integer exponents
in any dimension. When k = d — 2 we characterise extremisers and compute the optimal

constant. Our approach uses Drury’s identity for the k-plane transform from [Rub18|.

2.3 Main result

We consider inequality (2.2.3) in the case ¢ = d — k = 2. We have the following theorem.

Theorem A. Let d > 3. The following estimate holds:

T2t )2 (xag—.0) < Call FIIZ2zay (2.3.1)

where the sharp constant is

o~

The equality in (2.3.1) is achieved if and only if f(&) = exp(al&|*+b-&+¢) with R(a) < 0,
be C?andceC.

We give a proof of the theorem.
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2.3.1 Proof of Theorem A

After applying the Drury’s identity [Rubl18, eq (3.8)] with & = d — 2, we have

u(t, z)?|u(t,y)|?
T, t, )7 = // dxdydt. 2.3.2
| Ta—2(lu(t, )] )”L2(RxAd_2d ()2 |z — y[? Yy ( )

Notation comparison

To help the reader comparing the identities (2.3.2) and [Rubl8, eq (3.8)], we provide
some information for the notation used by Rubin in [Rub18]. In the article, M, denotes
the space of real matrices with d rows and k columns which can be identified with R?*%.
The identity (2.3.2) above corresponds to [Rubl8, eq (3.8)] with k = d — 2 and ¢ = 1.
Given z = (z1,...,75) € (RY)*, the quantity Ay(z) appearing in [Rub18] denotes the
volume of the convex hull of {0,z,...,zr}. So Aj(xg,z1) is the length of the vector
x1 — 9. The identity is justified since the integrand |u(-, z)*|u(-,y)|*|z — y| > belongs to
LY(R*¥) = L*(M,2) as required, by (2.3.1).

We write |u|? as uti and expand using the expression for the solution to the free

Schrédinger equation:

u(z,t) = (2m)” Adeix'ﬁeit'fzf<f>ds.

After one application of Fubini, and computing the inverse Fourier transform of |z|~2,

we obtain

|z —y|?

/ /Rd u(t, ) Plult, y)|” drdydt = (2m)' > /R ) /R y F(&)F(n) dSe(n)de  (2.3.3)
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where € = (&,&) € R*, F = f ® f and the measure d¥¢(n) is given by

S 5(|€I2 - |77|2) 5((5 —n)- (1, 1))dn. 03

|§0 - 770|d_2

Remark 2.3.1. The quantity in the left hand side of (2.3.3) is a real number. Also, the

product F(£)F(n) can be written as

F)F(n) =5 (FF+FF) =5 (IFEQ)" + [Fm)* = [F (&) — F(n)*) - (2.3.5)

N —
N

Note that the measure dX¢(n) is also real valued, and it is symmetric in § and 7, in the

sense that dX¢(n)d§ = dx, (§)dn.

Using the symmetry of the measure and the expression (2.3.5), the integral in (2.3.3)

can be written as

L | FeFm s = [ [P [z -3 [[17€ = FoP asetmde.

If the measure d¥¢(n) is finite almost everywhere, so has to be each of the two terms.
In this case the first term on the right hand side equals the right and side of (2.3.1):

2

the inequality is maximised when the difference |F/(€) — F(n)|? vanishes. The functional

equation F(£) = F(n) is used to characterise extremisers.

In the follows lemma, we show that this is the case: the measure d¥¢(n) is finite.

Lemma 2.3.2. Let &,n € R*. For any d > 2, the measure d%,(§) defined in (2.3.4) is

independent of . Moreover its total mass is finite and equals

/2

[ e = s = 317

Proof. We make the change of variables: {—n — (v, w), so that v = {y—np and w = & —mn.
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Then
2

v
0 +n| —|n? 5(v+w)

w
dx d¢ = dvdw.
/IR;QCI 7](5) 6 /(Rd)Q ‘U‘d’Q v
On the support of the second Dirac delta we have v = —w. We complete the square in

the argument of the first Dirac delta

2

+n| = [nl* = [o* + [w]* + 2(
=2(l*+v-(n =2 (Jv = ¢ = [¢])

where we use the new variable ¢ = %(772 —m ). Integrating the other Dirac delta we obtain:

2

v
+n| —|nf? 5<v+w> , )
w S v —c¢—|c]

dvdw = dv.
//(Rd)z [0]4-2 v / [0]4-2 Y

We write v = rw + ¢, for w € S ! and r € R,, so that |v — ¢|* = r2. Then in spherical
+

coordinates, after using the variable s = 72, the integral equals

/Sd 1/ 7“<w+C§2> *drdo /Sd 1/ \w ESC/\/EE)Q ds do(w)

= = —_— 2.3.6
2 /Sdl ]w+w’|d 2 ( )
where w’ := (/|¢|. The denominator is a function of w which is rotations invariant. We
can choose a rotation p such that p(w') = —es. We have

o) = [ o) = [ dow).
fo i ) = [ i o = [ e

This integral is finite, since in a chart centered at the singularity e; the integrand equals
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|2|~(4=2)_ which is in L,

(B,
In order to compute the exact value of the integral, consider spherical coordinates
(01,...,04_1) on S¥"L. These coordinates can be chosen such that wg = (w, eq) = cos(f4_1).

After writing |w — eg|972 as (2 — 2(w, ed))%, the integral in (2.3.6) becomes

1/ do(w)
2 §d—1 |w — €d|d_2 N

nd—2 d—2
/ / GE) = H(Sin(ed—l—k))d_z_k Afg—1—1 dBg—
0 k=1

m]d—2 2—2c086d 1) 2

21 ™ : d—2
‘Sd 2|/ (sin@)? o= T / (sin @) _—
(2 — 20050 (dT) 0 (1 —-cosf) =z

where we have renamed 6 := 6;_;. The last integral can be computed exactly via the

expression

/0’r (%>3d9=/0ﬂ(1+c0s9)2d9_%_

for any n € N. The case n = d — 2 gives the desired result. O]
Now we turn to the characterisation of extremisers:
Theorem 2.3.3. Extremisers for (2.3.1) are Gaussians.

Proof. Following the approach in [BBF 18|, we have equality in (2.3.1) if and only if
F &) = F (n) for almost every & and n in the support of the measure d¥¢(n)d¢. The

functional equation

~ ~ ~ ~

(&) f(&) = f(m)f(m) (2.3.7)

is known as the Maxwell-Boltzmann functional equation, and it has been previously stud-
ied in [BBJP17; BBF+18]. The solution of (2.3.7), when fis locally integrable, is given
by F(€) = exp(alé]? +b- &+ ¢) with R(a) < 0, b € C? and ¢ € C.

We need to check that fis locally integrable, and this is the case since f € L2. See
also [BBJP17, Remark p. 471] and [BBF+18, Proof of Theorem 2.1]. ]
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CHAPTER 3

A SPARSE QUADRATIC T'(1) THEOREM

Sometimes science is more art than science, a

lot of people don’t get that.
R. & M.

This chapter is based on the paper

G. Brocchi. A sparse quadratic T'1 theorem, New York Journal of Mathemat-
ics, 26 (2020), 1232-1272.

The only addition is Section 3.1.7 on the equivalence of the testing conditions:

1. There exists a constant Ct > 0 such that

@ dt
|| e gar < crial ™

holds uniformly for any cube Q.

2. There exists a constant C' > 0 such that

(S(1¢)% 1q) < C|Q| (T)

holds uniformly for any cube Q.

Remark 3.0.1. Tt is possible to relax the L? testing condition (T) to the following weak

L condition: there is a non-increasing function ¢: (0,00) — [0,1) vanishing at infinity
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such that for all cubes ) and A > 0 it holds that

{r €@ : S(lg)(x) > M| _
Q| B

p(A). (To)

See [MMV19, Theorem 1.6] and the remarks after it, where the measure v appearing
there can be replaced by 1o dxz. In particular, conditions (Ty) and (T) are equivalent, as

each one is a necessary and sufficient condition for the L? boundedness of S.

We prove the following theorem.

Theorem B. Let S be the vertical square function defined in (1.2.2) satisfying conditions
(C1), (C2) and any of the equivalent testing conditions: (T), (T7), (To). Then for any
pair of compactly supported functions f,g € C>®(R?) there exists a sparse collection .

such that

| [ st sceiraron s (& 1) (5 L)

where C' = C(a, d) is a positive constant independent of f and g.

Guide to this chapter

In §3.1 we introduce shifted random dyadic grids and the associated Haar basis. Further-
more we use the classical reduction to good cubes. In §3.2 we start the proof of Theorem B
by decomposing the operator into off-diagonal and diagonal parts. These are split further

each one into two terms

((Sf)%9) < (1) + (IT) + (I1L,) + (IIL,) -
—_——
off-diagonal diagonal
The off-diagonal part is bounded by a dyadic form using standard techniques in §3.3 and
off-diagonal estimates in §3.4. The dyadic form is dominated by a sparse form in §3.7.

Terms (III,) and (III,) come from a Calderon-Zygmund decomposition g = a + b,
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where a is the average part and b is the bad part of g.

In §3.5 we introduce the stopping cubes used to control the diagonal part. We reduce
(II1,) to a telescopic sum on stopping cubes plus off-diagonal terms. We remark that
the stopping family depends only on the functions f and ¢g. Furthermore, the testing
condition (T) is used only in this section and only once.

In §3.6 we deal with (III,). We exploit the zero average property of b together with
the regularity of the kernel (C2) to restore a setting in which off-diagonal estimates can
be applied as in the previous sections, see §3.6.1.

In §3.8 we collect some of the proofs postponed to ease the reading. In Appendix B
we recall some known results about conditional expectations and Haar projections which

are used in §3.6.

Notation

For two positive quantities X and Y the notation X < Y means that there exists a
constant C' > 0 such that X < CY. The dependence of C' on other parameters will be

indicated by subscripts X g, Y when appropriate.

Given a cube @ in R? the quantities 9Q, £Q and |Q| denote, respectively, boundary,
size length, and the Lebesgue measure of (). We also denote by 3@Q) the (non-dyadic) cube

with the same centre of () and side length 3/Q).

The average of a function f over a cube ) will be denoted by

(g = ]é /i ﬁ /Q f(y) dy.

We consider R? with the £>° metric, so that dist(z,0) = max;|x;|. The distance between

two cubes P and R will be denoted by d(P, R), while

D(P,R) =(P+d(P,R)+ (R
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is the “long distance”, as defined in [NTV03, Definition 6.3].

3.1 Preliminaries

3.1.1 Dyadic cubes

The standard dyadic grid @ on R? is a collection of nested cubes organised in generations
D; = {277([0, 1) + m),m € Z}.

Each generation 9); is a partition of the whole space and & = U;cz9;. Any cube Q) € D
has 2¢ children in 9;,; and one parent in @; ;. For k € N we denote by Q® the
k-ancestor of @), that is the unique cube R in the same grid & such that R D ¢ and
(R = 2%(Q. We also denote by ch,(Q) the set of the k-grandchildren of @, so that if
P € chy(Q) then P%*) = Q.

3.1.2 Haar functions

Classical Haar functions are an orthonormal basis of L*(R¢) given by linear combinations
of indicator functions supported on cubes in <.

On R, for a given interval I € @ let I~ and I" be the left and the right dyadic child of
I. Consider the functions hY := |[I|7Y/21; and h} == (1;- —1;+)|[I|7Y/2. Then {h}};cq is an
orthonormal complete system of L?(R). In higher dimensions, as a cube I is the product
of intervals I; X - -+ X Iy, a non-constant Haar function A is the product hfl X --- X hZ,
where € = (¢;); € {0,1}4\ {0}<.

A function f in L? can be written in the Haar basis:

F=Y" > (fhhs

1€ ec{0,1}4\ {0}
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=3 Y W == A

1€D Jechy (I) Ie®

In this chapter the sum over € is not important, so both the superscript and the sum will
be omitted and h; will denote a non-constant Haar function. Two bounds that will be

used are

n&mﬂswmmmWsﬁm,
(3.1.1)

!MJthWWMmlﬂéﬁﬂ

3.1.3 Good and bad cubes

A cube is called good if it is distant from the boundary of any much larger cube. More

precisely, we have the following

1

Definition 3.1.1 (Good cubes). Given two parameters 7 € N and v € (0, 5), a cube

R € D is r-good if d(R,dP) > ((R)?(¢(P)'™ for any P € & with /P > 2"(R.

A cube which is not good is a bad cube.
Recall that a family of Littlewood—Paley kernels comes with a parameter a € (0, 1],
see Definition 1.2.3. It is useful to fix v = a/(4a + 4d). This is just a convenient choice

and any other value of v strictly between 0 and «/(2a + 2d) would work as well.

3.1.4 Shifted dyadic cubes

Given a sequence w = {w;}icz € ({0,1}%)% and a cube R € P, of length 277, the

translation of R by w is defined by
R+w =R+ x; where ;= Zwﬂ’i.
i>j
For a fixed w, let & be the collection of dyadic cubes in @ translated by w. The standard
dyadic grid corresponds to D° where w; = 0 for all i € Z. Shifted dyadic grids enjoy the
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same nested properties of the standard grid DY, together with other properties that will
be useful later, see Remark 3.3.5. For more on dyadic grids, we refer the reader to the

beautiful survey [Perl19, §3].

3.1.5 Random shifts

Let P be the unique probability measure on © = ({0,1}9)%Z such that the coordinate
projections are independent and uniformly distributed. Fix R € @° with /R = 277 and

consider J € P with ¢J > ¢R. The translated cube J+w is

Jtw=J+ Z w27+ Z w27

271<lR IR<L2i<l]
R+tw =R+ Z w; 27"
2-i<tR
The position of R+w depends on the i such that 27% < ¢R while the goodness of R+w,
since R and J are translated by the same w, depends on the i such that 27¢ > ¢R. Then
position and goodness of a cube are independent random variables, see [Hyt12].

Let 14004 be the function on &* which takes value 0 on bad cubes and 1 on good cubes.
The probability of a cube R to be good is Tgeoa = P(R+wis good) = E,[Lge0a(R4w)],
where E,, is the expectation with respect to P. The probability 7eo0q > 0 provided to
choose r large enough in Definition 3.1.1, see [Hyt17, Lemma 2.3|. The indicator function
1zi.(+) depends only on the position of R+w, so by the independence of goodness and

position, for any cube R € @° we have

Ew[lgood(R+w)] ’ ]Ew[]lRer( ’ )] = ]Ew[]l{Rer good}( : )] (312)

3.1.6 Calder6n—Zygmund decomposition on dyadic grandchildren

Let R be a dyadic cube. For r € N we denote by R, a r-dyadic child of R in ch,(R), so
that R = R.
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Proposition 3.1.2 (Calderon-Zygmund decomposition on r-grandchildren). Let r € N
and f be a function in L*(RY). For any X\ > 0 there exists a collection of mazimal dyadic

cubes £ and two functions a and b such that f = a +b, with ||a||z~ < 29D\ and

b::Z Z br,, where by = (f—(f)LT)ILLT.

LEX Lyech,(L)

Remark 3.1.3. When r = 0, this is the usual Calderén—Zygmund decomposition of f, see

|Gral4, Theorem 5.3.1].

Proof. Given A > 0, let & be the collection of maximal dyadic cubes L covering the set

E = {x cR? : sup<|f|>QILQ } U L

Le&

so that (|f])z € (A, 29)] for each L € £. Let

a=flg+> > (Al b=f—a

LEZ Lyech, (L)

The cubes in ch, (L) are a partition of L. Since the cubes L in & are disjoint, we have

lallze < A+sup  sup  [{f)L,].
LEX Lyech,(L)

Let L™ be the dyadic parent of L. Then the average of f is controlled by

1 LW d(r
= [ )< S st
L] Jo, 1L Jrow

3.1.7 Equivalence of testing conditions

The testing condition in (T) can also be expressed as testing against indicator functions

on cubes.
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Compare the following proposition with [AT98, Lemma 6 (Localization)].

Proposition 3.1.4. Let S be a Littlewood—Paley square function. Then the two testing

conditions are equivalent:

1. there exists C' > 0 such that

(S(19)* 1) < ClQ|

holds for all dyadic cubes Q;

2. there exists C' > 0 such that

Q dt
// 010125, 4z < €|
QJo t

holds for all dyadic cubes Q.

To prove Proposition 3.1.4, we use the following general reduction for large scales

exploiting the decay of the kernel (condition (C1)).

Proposition 3.1.5. Let f, g be functions supported on a fived Q € D in R?, then

| [ erwre@ e < S abelal

Proof. Bound k;(u,v) by t*(t + |u — v|)~(@*9) then by dropping the term |u — v| in the

denominator, we estimate

[, [, st —dw<// () S
- (lof fz) [ ean (] 0)
- (f1r1) D (£9)

Sa (1118 gDel @1
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Proof of Proposition 3.1.4. Since the integrand is non-negative, we can bound with

£Q
/Q/ |9th\_dx<// \ethyQ—dmey
0

For the opposite implication, we decompose the integral in ¢ in two ranges, then we

estimate:

2 fQ th
(S0 10) = [ [ l6rtoP S ds
@Jo t

& dt
T / / 0,102 dr < (Cr + (20) Q)
QJeg t

where we applied the testing condition (T) to the fist term and Proposition 3.1.5 to the

second. O

3.2 Proof of Theorem B

We start by decomposing the dual form {(Sf)?, g).

3.2.1 Decomposition

For any fixed w € Q = ({0,1}%)% the upper half space RZ™ can be decomposed in the
Whitney regions

W= R x [%ﬁm), R e 2~
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Whg

Figure 3.1: Decomposition of R? in Whitney regions. The region Wy and the correspond-

ing interval R are shown.

Thus we can write

// 16:f( \—g d:c—Z//th X () de.

Re9v

Then we decompose f =) p.q. Apf. Given R € D, we distinguish two collections of
P:
P ={PeD”: PORM}, and Dv\P%.

We shall sometimes omit the superscript w in the following. Bound the operator:

3 //W 6.2 g(2) da

ReD
<22//W 0 0pf @)+ 6Apf(a ) (x)|%dx.

ReD Pe@b\?ﬁ PePr

(3.2.1)

Consider the second term in (3.2.1). Let Pg be the dyadic child of P containing R. Then
Apflp = Apflpp, + (Apf)p,1p, and we split the operator accordingly as before to

obtain:

) //W 0. @)L () do S

Re9
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S| X aaer@)] @) a )

Re R Ped\Pr

=3 | a@rstm@)] lo) S ao o

ReD R pe9p

S //W | 0e R e @) Do) S (1)

ReD R pPeogr

In each term, without loss of generality, we can assume g to be supported on R. We write
lg| = a + b using the Calderon—Zygmund decomposition in Proposition 3.1.2 at height
= A(|g|)r for A > 1. Then the bad part b is decomposed in the Haar basis. We split

term (III) in two parts: (I1I,) and (IIT,), defined below.

2.dt
(11T) }%//WR P%; 0:((Apf)pylp,) () Ta(m) dx (I11,)
+Z// D 0 (Apf)rlpy)( ) > Agh(x) —d:c (IT1,)
ReD Wr PePr 8%%

3.2.2 Good reduction

Averaging over all dyadic grids &@*“ we have

//Riﬂwtf(x)ﬁlg \—dx—]E Z//W‘gt )2g( )]%dx

Rew

SE,[I+I1+1I0] = E, [I+ 11+ 1I1L,] + E, [111, ]

because all the integrands are non-negative and the expectation E, is linear.

By using the identity (3.1.2) and writing 1 as WgoodE [Lgood( - +w)], one can turn a

sum over all cubes in &@“ into a sum over good cubes, in particular:

E, [1+ 11+ 11L] = 72} By [ Lgooa(Rw) (I+ 1T+ 11L,)] (3.2.2)

E, [I1s] = 70 Bu [Lgood (Q-+w) (I115) ]

43



We refer the reader to [MM14, §2.2| for an expanded version of (3.2.2) with g = 1.

From now on, the cubes @ in (III;) and the cubes R in all other cases are considered to

be good cubes. The superscript in &%, as well as the expectation [E, and the probability

Tgood Will be omitted.

3.3 Reduction of (I) to a dyadic form

We start by showing that

=% [[ 1S terflol S ae s 2 o8200.5)

ReD R pep\Pr jEN
R good

for ¢ > 0, where B;i’% (g, f) is the dyadic form given by

BP9, f) =Y Alalsx D> (f.he)*

Ked PeD
PC3K
(P=2"3(K

We remark that the function g barely plays any role in this section.

3.3.1 Different cases for P

(3.3.1)

Given R € 9, the cubes P are grouped according to their length and position with respect

to R. This decomposition also appeared in [MM15, §4.3].
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Table 3.3.1: Different cases for P given R according to their lengths (first row) and

position.
(P> 2R (R < /(P <2'UR (P < (R
PDOR P2 R
Psubscale
BP\PDOR|3P)PR|3PpPR|3PDR|PC3R|P¢Z3R
Prcar Prar Pelose inside far
Pr D \ Pr

Remark 3.3.1. Since 3P is the union of 3¢ cubes in @, the condition 3P 7 R is equivalent

to 3P N R = (), which implies that d(P, R) > ¢P. The condition /P > 2"T/R allows to

exploit the goodness of R also with dyadic children of P.
We decompose the sum over P € @ \ Pg in four terms.

S| Y a@en| 1ol a

ReD R PeD\Pr

S ] X aaen)| 1ol

Rea "V WR ' p.ip>omeR

3P\POR
2 dt
+ 3 PR ACNTIRVETE
Rea " WR ' p.up>iR
A(P,R)>LP
2 dt
Y S aaeh)] 1ol do
Rea " WR ' p.3poSR
(R<IP<2"{R
2 dt
Y S a(ar)| gl de.
Re " WR ' p.ip<ir

3.3.2 Estimates case by case

We start with a well-known bound.

(near)

(far)

(close)

(subscale)

Lemma 3.3.2. Let P,R € @ with R good. If one of the following conditions holds
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(1) {P > (R and P and R are disjoint;
(2) LP < I[R;

then for (z,t) € Wr we have

0B @ S (€ + A s

The proof uses the goodness of R in case (1) and the zero average of Apf in case (2),
see also [LM17a, §5],[MM14, §2.4]. Details of the proof are deferred to §3.8.
We apply Lemma 3.3.2 for P in %; with i € {near, far, close, subscale} and estimate

|Apf|lz: as in (3.1.1). Then we apply Cauchy-Schwarz in ¢2.

dt
Z//WR PZ;{ O(Apf)(@ ‘ lg(x )|—dx
(VERIP)* o ? ar
<R€Z@//w (P)GZ@\ (f: )l D(E, P)a+d‘ | ) lg(x)|— da
2 \/W“ WQ &t
<Reng//w <P695 f.hp) W.%_W’H) |g(x)|7dx (3.3.2)

The quantity in parenthesis in (3.3.2) does not depend on ¢, so we bound

(R ‘R
/ a2
riz t T AR Jogyo

The second sum in parenthesis in (3.3.2) is finite in all cases.

Lemma 3.3.3. Let i € {near, far, close, subscale}, then

VIR(P)"
D R, P) a+d’ 'S

Details of the proof are in §3.8. We proceed with studying

5 [ (3t i o

ReD
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for i € {near, far, close, subscale}. When P and R are disjoint, it is useful to rearrange

the sums using a common ancestor of P and R.

Lemma 3.3.4 (Common ancestor). Let R, P € @ be disjoint cubes with R good. If
d(R, P) > max({R,(P)'~" min(¢R, (P)Y then there exists K 2 P U R such that

min(¢P, (R)\"
K (RPN o (R, P).
e () <)

A proof in the case (P > (R can be found in [Hyt17, Lemma 3.7]. When (P < (R,

the same ideas carry over, see §3.8 for a proof of this case.

Remark 3.3.5. For any P, R € D% there exists (almost surely) a common ancestor K €
P«. Indeed, dyadic grids (like the standard grid @°) without this property have zero

measure in the probability space (£2,P), see [Per19, §3.1.1 and Example 3.2].

3.3.3 P far from R

In this case d(P,R) > (P and (P = max({P,(R), so the hypotheses of Lemma 3.3.4
are satisfied. Let K be the common ancestor of P and R given by Lemma 3.3.4. Since
(P >2""YR, let (P =279/K and (R = 279/ K for some i,j € Z,, with i > r + 1. We

have

a+d
Re Pe%Psy, (R’ P) *
=5 DD D FID S ARSLLIE
KeD i, R:RCK P:PCK ( ) )
(R=2"""I¢K IP—2- (K
d(P,R)>(P

By using the lower bound d(P, R) 2, (¢(K)™7(¢R)" with v = a/(4a + 4d), we estimate

VIPIR < 2-I=i20 ¢
d(P,R) ™" (K2-(i+in
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so that

« —(j+i/2) —(3j+i)a/4
(Veptry 27 _ 2 (3.3.3)
d(P, R)a+d ~TH, 2—(1+])’Y(a+d)|K| |K|

For any fixed integer m, the set {R C K : (R = 27"™(K} is a partition of K, so we bound

)2 VIRIP)"
DD DD DI D DIRTNE o

Ke9 1,3 R:RCK P:PCK
(R=2"""I¢K (P=2"I¢K
d(P,R)>(P
3 4 4 2
<Y et 37 g/t ][rgr (b
JEN i>r+1 Ke9 P PCK

=2"IK

We can sum in ¢, then we have

D 27N gl Y (fhe)

jeN KeD PCK

LP=2"9(K
< 3d22_3ja/4 Z (lgsx Z (f, hp)?
jEN KeD ZPPc:ﬁJKM
BV
= 279BY (g, f).
jEN

A sparse domination of B? (g, f) is proved in §3.7.

3.3.4 P near R

Recall that P € Ppeo if 3P\ P D R and (P > 2""Y/R. By the goodness of R, we have
d(P,R) > (¢(P)'™7(¢R)". So the hypotheses of Lemma 3.3.4 are satisfied and there exists
K D PUR such that d(P, R) 2, ((K)'™(¢R)". Arguing as in the far term leads to

{ROP)™ 4
= [+ 0B sz
PEPrcar ’

ReD JEN
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3.3.5 P comparable and close to R

In this case /R < (P < (R" and 3P D> R. Using the trivial bound D(P,R) > (R we

have
S [l 3 Gt S ) <0 S [l ote)
ReD Pe@dosc D(R’ P)a+d N““ ReD |R| ‘

ER<€P<QTZR

Rearrange the sum in groups of P such that {P = 28/R for k € {0,...,r}. Then

Z/|g|2 > (fhe) Zthp = Z /|g|

Re9 k=0 P:3PDR k=0 P9 RC3P

2P=2F/R ZR 2-kgp

< fihp) ]
,; % 7} rm/

<, (f, hp) I
’ ;b } \3P|/

=3 (£, hp)(|gl)sp

Pe»
We define
B (g, f) = >_{f,he)*(|gl)sp- (3.3.4)
PeD

Then BZ(g, f) is bounded by a sparse form in §3.7.

3.3.6 Subscale

When /P < /R we distinguish two subcases, as shown in Table 3.3.1.

Inside : P C 3R

The leading term in the long-distance D(R, P) is /R, so we bound

, (VIRIP)
RGZ(:Z/‘g‘ (P ZP<ZR f hp> D<R’ P)a+d>
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<3 fll 5 e ()"

Re P:¢P<(R

PC3R
=227 e Do (fihe)?
jeN ReD P:PC3R

(P=27I(R
Sa Y 27°PBl(g, f).

JeN

See §3.7 for the sparse domination of B]?z’(g, f)-

Far : P ¢ 3R

In this case d(P,R) > (R > (P, so the hypotheses of Lemma 3.3.4 are satisfied. Af-
ter Cauchy—Schwarz, rearrange the sum using the common ancestor K, then let /P =

27m¢(R = 2K and estimate the decay factor as in (3.3.3):

, (VIPIR)
> [l S e

ReD PAP<(R
d(P,R)>(R
, (VIPIR)"
<EX X ful X Gk i
im Ke RCK PCK
(R=2""YK LP=2"""YUK

27(m+i)a/42fia/2

SIS DD DN NV DRI

i€EN meN KeD PCK
LP=2"m"K
—ia/2 —ja/4 2
<Y pTery ety ][\g\ > (fihe)
iEN jEN Kea 'K PCK
(P=2"9(K

where 7 := m + ¢ and we bounded by the sum over all 7 > 0, since all terms are non-
negative. After summing in ¢, what is left is bounded by B]Gfb (g, f)- This concludes this

case and the reduction of (I) to a dyadic form. O

50



3.4 Reduction of (II) to a dyadic form

In this section we prove the following bound

Z//w 2 et (ApfLpyeg) idx < By'(9. f)- (3.4.1)

Re9 P:PDR("
The dyadic form B (g, f) defined in (3.3.4) is controlled by a sparse form in §3.7.

Remark 3.4.1. The goodness of R gives the lower bound on the distance d(R,0P) >
(P ((R).
As will be clear from the proof, inequality (3.4.1) holds if one replaces the indicator

1p\p, with 1x\ p, where K is R? or any other larger cube containing P.

To prove (3.4.1), we use a classical estimate for the Poisson kernel.

Lemma 3.4.2 (Poisson off-diagonal estimates). Let 8 € (0,1],r € N and v as in the

introduction and let Q, P € D such that Q) C P and Q is r-good. Then

/ Q)P . < (@)"
R\ P d(y, Q)P+ e tp
where n = — (6 +d).

Proof. Decompose R?\ P in annuli A;, = 3*™1P\ 3*P for k € N. Then on each annulus

d(y, Q) > d(9(3*P), Q). Since /P > 2"(Q, use the goodness of @ to obtain the bound. [

Proof of (3.4.1). When (z,t) € Wg the size condition (C1) and Lemma 3.4.2 give

(R)®
Bl @) S 00T [ e ay

<|<f7hP>| (R !
S Ope \ 1P,

where = o — y(a +d) > 0. The sum ), p (CR/(Pg)" is a geometric series. An
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application of the Cauchy—Schwarz inequality gives

2

\(fohpd| (CR\"| dt
Z//W P72 (fPR) T

ReD PDR(T)
f7 hP /
< )| d
<Y > YR () [lst@na
ReD poR(M)
< —in f7 hP
S22 T 2 [l
i>r+1 PeD RCP
ZR 2-igp
-y
i>r+1 P€92§
We sum in i and then we bound by the dyadic form B (g, f). O

3.5 Reduction of (III,) to a sparse form

In this section we prove that there exists ¢ > 0 and a sparse family . C 9 such that

dt
(I11,) |g| // \Z (Apf) pRHtILPR‘Q_dx
Re@b

Wr PePgr

S 29BY(g, f) + Aslg, f) (3.5.1)

JEN

where Ay (g, f) = D g (l9])s(|f])5]S]. We remind the reader that Pp is the dyadic child

of P which contains R, and Py is the collection of P containing R

Remark 3.5.1 (Bound on a). Recall that a is the good part of ¢ in the Calderén-Zygmund
decomposition of Proposition 3.1.2 with A = A(|g])z. So ||la]lee < 27TV A(|g|)r and the

first inequality in (3.5.1) follows.
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3.5.1 Stopping cubes

Given two functions f and g and a cube Q C R?, consider the collections:

dr(Q) ={5€2,5CQ : (fl)s > Al fle}

Ay(@) ={5€D,5CQ : (lgl)s > Allgl)a}-

Let A*(Q) be the maximal dyadic components of the set

A(Q) = s (Q) Udy(Q).

The weak (1,1) bound for the dyadic maximal function ensures that there exists a

constant A > 1 such that |9(Q)| < 3|Q| and so

U s|= ¥ si<;ll

Sed*(Q) Sed*(Q)

Fix Q¢ in & containing the support of f and g. The stopping family . is defined
iteratively:

5”0 = {QO}a yn—&-l = U Sﬂ*(Q)v S = U ‘Sﬂn

QESp neN

Remark 3.5.2. The family . is %—sparse, since for any S € . the set Eg := S\US,@Q*(S) S’

has measure |Eg| > |S| and {Es}scs are disjoint.

In the same way, taking s4*(()) to be the maximal dyadic components of o ,(Q) pro-
duces a sparse family that we denote with .. It will be used later when only the stopping

cubes related to g are needed.
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For a given Q € 9, denote by @ the minimal

stopping cube S € .¥ such that S O Q.
For S € .7 let Tree(S) be the family of

dyadic cubes contained in S, but not in any

S’ € d*(S)

Tree(S) ={R€D : R=S}.

Figure 3.2: Example of Tree(SS).

Also, we define Tree,(S) = {R € D : RO = S}. Note that the maximal cubes in

Tree,(S) are the r-grandchildren of S. See Figure B.1 in the appendix.

3.5.2 Reduction to a telescoping sum

We follow the decomposition in [LM17a; MM14] where the sum »_pcq (Apf)p,Lp, is
decomposed in a telescopic sum plus off-diagonal terms. The off-diagonal terms are then
bounded by a sum of the dyadic forms ngfz’ (g, f) or directly by a sparse form.

Given S € . such that S D Py, the indicator function 1p, can be written as 1g — 1\ p,-

Recall that ]/3]\.3 is the minimal stopping cube containing Pg. Then

(Apf)pls = (Apf)plpyp, if Pr @ (3.5.2)

<Apf>PR]1PR =
<Apf>PRI]_ﬁI\% if Pre (3.5.3)

and in the latter case we have

(Apfipelp, = 15(f)rr — L5 (f)p = (15, (f)Pe — Lp{f)P) + 15\ 5, (f) -

The term (Apf)p, 1 B\ Pr is supported away from R, so one can use off-diagonal estimates
as in (3.4.1). Also notice that in the bound (3.4.1) and in its proof one can replace |g|
by (g r- In the same way, off-diagonal estimates are used for 1p 5. (f)p as shown in

Lemma 3.5.4 below.
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The terms (Apf)p, 15 and 15 (f)p, — 1p(f)p left from (3.5.2) and (3.5.3) are rear-

ranged to obtain a telescopic series. We have

15 (Apf)py =15 (f)ps — 15.(f)pP when Pr ¢ .

and 15 (f)p, — 1p(f)p when Py € .7

If P € . then P and P are contained in the same minimal stopping cube P. So ﬁ]\{ =P

and the two cases add up to 2(15 (f)p, — Lp(f)p) which leads to the telescopic sum

> 1m(fre— 1) =1 (fre — 15 (Fas (3.5.4)
RUICPCQ,

Since f is supported on a fixed @)y, the average on larger cubes Q(()n) containing ()

decreases:

<ﬁ¢>‘% /f’KWNmU%o as 11— 0.

Thus when the sum in (3.5.4) extends to all P D R, the term 15 (f)re» is the only

one remaining.

We have then identified three terms

IRV S DS

Ped telescopic far sparse
PDOR™M

where

Z Z Apf PR Pr\Pg ’ Z Z P\PR

far P:P>OR™) sparse P:PHOR(™M
Prey

and Y = > 2015, e — Lp(f)p) = L (Fre-

telescopic PHOR()

Since the case with ), is done in (3.4.1), we show how to deal with the remaining two

cases.
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3.5.3 Bound by a sparse form

We bound the operator applied to 1 (f)re and 1p, p (f)p-

Lemma 3.5.3. Let . be the sparse collection defined in §3.5.1, then

3 //W (o1} 81601 g ()2 St O 3 ol 1FD31S],

ReD Ses
Proof. The set {Tree,.(S): S € .’} is a partition of D, so we write

dt

IZ;DH//VV |g| R|0t R(T)( >|2<f>§%(T)7de‘
— rd . ) Ht 2_d
Z Z 2 <|g|>R() ()//VVR| ]]-S | T

S€7 R R—s

St S (gD s (D3 Z// ()P

Ses R:RCS
¢S
= S dabsfD3 [ [ 105 Faa
Ses
<Cr Y {lghs{IfDElS]
Ses
where we used the stopping conditions for f and g, and the testing condition (T). O]

Lemma 3.5.4. Let .7 be the sparse collection defined in §3.5.1, then

2
S LY 6] 165 e S S AMEIabslSl 359)
Re " Wr P:PHOR(M Ses’
Prey

where %' is the sparse collection of dyadic parents of ..

Proof. Since P > R, the dyadic child P = R™ for some integer k > r. For (z,t) € Wk,

an application of Poisson off-diagonal estimates (Lemma 3.4.2) gives

0:(1p p,) () = Ht(]l@)\mk))(m) < (LRJERMYT = 27 Fn,
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After applying Cauchy—Schwarz the sums are rearranged using P as the common ancestor:

> [ ¥ wi() =Xt L owh 2 [

ReD (r) PeD R:RCP
© PPII:DgR with IEDRes” (R=2— Clgp
=St S0 [
k>r P:Pr E/
< S [ ol

P: PRG/

Let . be the collection {P € @ : P D S, {P = 2(S for some S € .¥}. If . is T-sparse,

then .7 is 72 %-sparse. This establishes (3.5.5) and concludes the proof. O

The sparse collection in (3.5.1) can be taken as the union of .’ and the stopping

family in §3.5.1.

3.6 Reduction of (IIl;) to a sparse form

In this section we show that there exists ¢ > 0 and a sparse family .7 such that

Z //W Z 0 (Apf)prlpy, 2

ReD R pcop

> Aghx )g dz
€D

Q good,QCR
<D 29BY(g. )+ A9, ).
jEN
In order to exploit the goodness of ), for example via Poisson off-diagonal estimates as in
Lemma 3.4.2, we need a gap of at least r generations between () and Pg. This motivates
the Calderén—Zygmund decomposition in Proposition 3.1.2. In particular, since b is the

bad part of g at height A\ = A(|g|)r given by Proposition 3.1.2, we have

A=Y > Y Aghy,.

QED Le< Lyech,(L) QeD
QCR QCL,
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Since A > 1, the cubes in & are strictly contained in R. If we choose the constant A as
in the construction of the stopping family in §3.5.1, then the cubes in & are also stopping
cubes in .#;. We can regroup the dyadic cubes () C L, in the stopping trees Tree,(S) for
all S € 7, inside R.

DD D Agh =) D D> Aghs,.

LeZ Lyech, (L) QED SeSy Srech,(S) QETree,(S)
QCL, SCR QCS;

The last sum is the Haar projection of b on Span{hg : @ € Tree,(S),Q C S,}. We denote
this quantity by

iPST (b) = Z AQbST .
QETree,(5)
QCSr

Remark 3.6.1. The Haar projection Pg b is supported on S, and equals Pg, (|g|). Indeed
bs, = 1s,.(lg] — (|g])s,.) and for @ C S, the Haar coefficient (bs, ., hg) = (|g|, ho)-

We have then proved the following identity

(L) = > Z Z// ZHtApf>pR1pR‘2fPST(]g])%dx.

SeSy Srech,(S) R:RDS Wr PePr
Sy good

With a slight abuse of notation, we omit the subscript in the stopping family ., in the

following.

Remark 3.6.2 (Estimates for Pg.). The Haar projection Pg (|g|) has zero average and

satisfies the following bound

1Ps.gllzr < [Sk[{lgl)s- (3.6.1)

A proof of (3.6.1) is in §B.0.4. In particular, summing over all S, € ch,(S) gives

> IPsal s X IS Habs < [ lal (362

Sr€chy(S) Srech,(S)
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3.6.1 Recover decay and telescopic sum

Let Ps be the dyadic child of P containing S. Then

S Arfpdpy = D> (Apflpde,— Y (Apf)plps.

P:PDOR() P:PDS P:SCPCR(")

The second term can be handled as in the subscale case (§3.3.6), while the first can be

reduced to a telescopic sum which equals (f)s1s.

If one tries to reduce (Apf)p,1p, to a telescopic term plus off-diagonal terms as in

§3.5.2, the off-diagonal factor which should provide decay is the quantity

(CR)™
———dy.
/Rd\Ps d(y7 Sr)aer Y

Here the scale (numerator) and the distance (denominator) don’t match and Lemma 3.4.2
seems unable to provide enough decay in order to handle the integral and the sum over
R. But the zero average property of Pg (¢g) comes to the rescue bringing a factor (£5,)*/2

at the numerator by exploiting the smoothness condition of the kernel. We will explain

how.

Let x5, be the centre of the S, and consider the sublinear operator

(tlr — s, |)*

Srf(x) =
K@) = [ Wl dy

Since the Haar projection Pg (g) is supported on S,., we have the following bound.

Lemma 3.6.3. Let S, and R be dyadic cubes with S, C R, then

[ swrgrso@ans | (<8 @) el @6

Proof. The idea is to use the zero average of Pg (g) to exploit the smoothness condition
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(C2). We recall that Pg,(g) is supported on S, C R. Consider the operator

() = | -

2 dt
R/2 13

/kt(w,y)f(y) dy

so that the left hand side of (3.6.3) equals [ & f(z)Ps,g(x)dx. Let xg, be the centre of
S,. Then

/ H f(2)Ps,g(x) dz = / (Hf(x) — K f(es,))Ps.g(c) du

and the difference K f(z) — K f(xg,) can be factorised as

/;I; /k:t(:l?,y)f(y) dy 2 _ ’/k‘t(isr,y)f(y) dy
_ /;R < / (kale, ) — kil 9] () dy) ( / kio0) + kias 1) dy) a

2 at

R/2
= K flx)- %;Tf(x)T
(R/2

For x € S,, since S, C R and t € ((R/2,(R), the distance |x — zg,.| < {S,/2 < (R/2 < t,

so by conditions (C2) and (C1) we have

|z —xg,|* t>

%grf(m).?j’{;f(w)§/<t+’$_y’)a+d|f(y)|d?/‘/<H_‘x_y‘)a+d
T —xg |)*/? ’ 2
_ (/ ((t‘ SrD d!f(y)!dy) — (Ktsrf(;c» .

t+ |z —yl)r

1/ (y)| dy

The operator Kts " satisfies Poisson-like off-diagonal estimates.

Lemma 3.6.4 (Estimates for K;7). Let v € S, C R and t € ({R/2,(R). Let Q € D such

that Q) D S,.. Then there exists n > 0 such that the following estimates hold:

/s n Q] [0S\
KST]I < r KSTIL < = - :
¢ lrno(@) S (max(ﬁR(T),gQ)> 7 o) 2 |R| (ER)
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Remark 3.6.5. Notice that the first estimate is better than the one in Lemma 3.4.2 on

smaller scale (when ¢Q < ¢R™). For the second one, since £S, < {R, we can also estimate

provided that x € S, and t € ((R/2,(R).

Proof of Lemma 3.6.4. For the second estimate, by forgetting the distance in the denom-

inator, we simply have

s, (LS, LR)™/? QI [£8,\**
K0 S | s s S [ (%)

For the first estimate, when Q D R use (a +b)* = (a + b)?*/? > (2ab)*/? in order to

apply off-diagonal estimates. For x € S, and t € ((R/2,{R) we bound

(5,0R)*/
KSTIL d < ( -
Fheole) S [ Tty S

a/2 a/2
< / (£5,LR) _ dy _— / _(ES)*" —dy. (3.6.4)
RANQ (ER ’ d(y7 ST))Q/ d(ya ST) RAN\Q d(y7 ST>a/ +
Then apply Lemma 3.4.2 with § = a/2
(S,)%/? 0S,\"
s (3)
ra\Q d(y, 5r) lQ

When S, € Q C R", split Iga\g as Lga\ gy + Lgey- Estimate Kfr(]le\R(Tq) as in

(3.6.4). Then applying Lemma 3.4.2 with § = a/2 gives

2S5, \"
KET(ﬂRd\R(T))(x> 5 (ER(T))

where 7 is positive and equals § —y(§ +d) < §. For KET(ILR(T)\Q) we bound

(S, 0R)>/2
K& (Lper < (5
t ( R( >\Q)($) N/R(T) (fR)a/Q(gR)a/Q'ﬁ-d

61

dy



r /2 a2 a/2
CIROL (ST SN, (68, N
=g \er) ~\ir (R®

Adding the two bounds gives

¢S, \" (S, \** ¢S, \"
Sr < (== r r
Kt ]le\Q<$> ~ (ER(T)) + (KR(T)) S 2 (KR(T)>

since (S, < (R"™ and min(n, a/2) = 7. O

3.6.2 Reduction to telescopic: different terms

Apply Lemma 3.6.3 with > (Apf)p,1p, in place of f to obtain

2
dt
L) <> Y > // (KST <Apf>pRllpR> ~+ |Ps.gldz.
P:PDR(

Se” Srech,(S) R:RDS
Sr good

We split the sum in P to obtain a telescopic sum as in §3.5.2, with an extra subscale term:

Z (Apf)pylp, = Z Z—l— Z Z

POR() telescopic far sparse  subscale

where

Y =2 ) (Hrdp —{Hrlp) =2fsls

telescopic P:PD>S

Z = Z <f>P]1}3\PS

sparse P:PDS
Pses

Z = Z <Apf>PSI]‘PS

subscale P:PCR(M™

P>S
S T Gehntn,
far P:PDS
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Then we bound

X3 =] 2 ] X |

telescopic far sparse  subscale telescopic sparse subscale

We estimate K" applied to each term by using sublinearity and Lemma 3.6.4. Then take
the supremum in ¢ on the Whitney region Wx to bound the remaining integral f;;zR/z dt/t
by 1.

We give the details in each case.

3.6.3 Telescopic term
This case is bounded by the sparse form Ay (f,9) = > g (| f1)% [5lgl, where .7 is the

stopping family of g.

Lemma 3.6.6. It holds that

INDIEDS // % (K5715)" 195,61 de S A (F.0)

Se Spech,(S) R: RDS

Proof. For z € S, and t € ((R/2,(R) we estimate K" (1s)(z) < |S|/|R| and fR/2 dt/t

by 1. Then by using (3.6.2) for the Haar projection we have

Y Xy [ ) Fosss

Ses Srechy( R:RDS
|S|>
< 1) 195 g1l
;Z R%(lﬁ’l L
3|
<o X 0r X (B [ Sz fia
Se.s R:ROS Sey s
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3.6.4 Subscale term

This term is bounded in a similar way as in the subscale case in §3.3.6.

Lemma 3.6.7. It holds that

S X X L (m X ) Fesslar < S rin2.

Se.” Srech.(S) R: RDS subscale JEN

Proof. First, since KtST is sublinear, we bound

Kf( > >< > HARL)p | K (Lpy).

subscale P:PCR(M™
PDS

Then for 2 € S, and t € ((R/2,(R) we estimate K;"1 p, using Lemma 3.6.4

(P 0S,\*?
Korbes(@) (ms) (m)

Bound (Ps < (P and [{Apf)ps| < |[{f, hp)||P|7*?, then we apply the Cauchy—Schwarz

inequality

> > > /(P > fhp>||]|3£|/2) (é) s, gl de

Se.# Spech,(S) R: RDS
PSS

233 Z( i )( > ';')(HQ 15,
(ir

Ses Srech,.(S) RDS \ p. pCcR(™) PCR(™) | |
P>S

)04/2

(25 5 R )

P:PDS PCR(m)
PCR™ -

<22 )

Se.# S,ech,(S) RDS

The second factor after Cauchy—Schwarz is controlled as in subscale case in Lemma 3.3.3
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where P C 3R. Then bound ||Pg,.g|[z: as in (3.6.2) to obtain

s;ﬂ/’% RDS( > N > <f’|g’>2 (%)QM

P:SCPCR(™)

IR o) IPTEA N DI I C 4

Re?b sEy P:SCPCR™

For i,j € N, let /P = 279¢/R" and ¢S = 27/R. Extend the sum over all P such that

P C R" and rearrange

S X [ (5 ) > ()"

Reé}b Se/ P:SCPCR(™)
/P a/4
_ —za/2 2 ro/4
DIDREEEDS / X e (i) 2
i,j ReD SCR PCR(T)
Nrd 22 wc/22 ja/4 Z f|g| f hP>2
Re® PCR(™)
LP=2-3¢R()
<0 Y2t 3 f (b
JEN R(M ey PCR(T)
P=2-3¢R("

<3'y 279BY (g, f).

jeN

3.6.5 Far and Sparse terms

In this subsection we show that the quantity

X (T X)) S

Se Srech,(S) R: RDS far sparse
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is bounded, up to a constant, by the sum of B (g, f) and A»(f,g).

Since Kts " is sublinear and positive, we bound

(43 ) < 3 HarhnlES (1)

far sparse P:PDS
+ Z| plE( (15 py)
P:P>S
Pge
< Y (Karfrd+ KNP Lipes ) K5 (Tnapy).
P:PDS

Then split the sum over P and consider the two cases:

2 =2t ) -

P:P2>S  p:POR(  P:.PCR(
PDS

Lemma 3.6.8 (Bound for (i)). Let Fp be either (Apf)p, or (f)plipsesy. Then

Z Z Z // Z |Fp| - K" lga\ ps(x )>Q%|?srg|dx

Se” Spech,(S) R:RDS P:PHOR™)

Lemma 3.6.9 (Bound for (i7)). Let Fp be either (Apf)ps or (f)plipsesy. Then

Z Z Z // |FP|'KtsrﬂRd\Ps(x)>2%|j)Srg|d$

S€.7 Spech,.(S) R: RDS P PDS
PCR(™)

S Agﬂ(f,g)

Proof of Lemma 3.6.8. In this case P D R D 9, so the dyadic child Ps equals Pgr. Using

Lemma 3.6.4, since £S5, < /S, we have

(S, (S (R\"
wan 5 (i) < (7)) (72)
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We bound f (R dt/t <1 and then apply Cauchy—Schwarz

§j|mwcs)(£%Y)1%mml

P:POR(™)

Y Y Y A0 () el

Se.7 Syech,(S) R:RDS p. PoR(™)

S|

Se” Syrech R:RDS

since ) p. pope ((R/€PR)" < 1. Bound the sum of Haar projections as in (3.6.2)

S Y Y % a(n) () wse

Se# Spech,(S) R:RDS p.PoR(")

s 3w A (@)

Se” R:RDS p.pHR(T)

Rearrange the sums

IID DD BEDIED IIDIEDD

Se ReED PeD ReD p:poOR() i€EN  Se”
RDS pHR(M™ SCR
L8=2""YR

then we continue as in the proof of (3.4.1).

> Y A(m) E X () [

ReD p.PHR(TM) €N Se/
ZS 2 ZZR
2 KR —in
<> > FR Z? lg

RED p:POR(M

DWHVDS (@) [19

Pe k>r R: RCP
(R=2"k"1yp

SN ITES I I

PeD k>r PeD

Now we distinguish the two cases for Fp.
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If Fp = (Apf)p, If Fp = (f)plippesr

7 [ 1d

> 7 [ 1ol -

PeD P: P ey

SLTITEDS )

Pe

< 3'B2(g, f). = Ao (f,9)

Then BP(g,f) is bounded by a where .7 is the sparse collection of

sparse form in Lemma 3.7.4. dyadic parents of ..

Proof of Lemma 3.6.9. For x € S, and t € ({R/2,(R), since S, C S C P C R", by

Lemma 3.6.4
¢S, \"
K5 (L )(0) 5 (155 )

Then we distribute the decay factor which is bounded as following

¢S, \" ¢S \"% [ eS\"? [ 1P \"?
_ur < [ == = _
(ip5) = (ms) (7) ()

Estimate the integral fézR/Q dt/t <1 and the sum of Haar projections as in (3.6.2).

£ 2B () e

Se.# Spech,(S) RDS

PCR(™)
2
(S (S (P \"?
X % Pl 3 (i) (x> m(5) ()"
Ses Spechy( R:RDS P:PDS
PCR(™)
2
(S (P \"?
< -
> [ 3 () (z n(2) () )
Se.s P:PD>S
PCR(™)

68



Apply the Cauchy—Schwarz inequality.

¢S \" 0S\"? [ pp \"? 2
> [ 3 (i) (2w ()" (i)
Se,sﬂ/s R:RDS (R PPS (P (R(T)

PCR(™)
¢S \" ¢S\ P\
<> 10 3 () X #(m) X (i)
ses”’S  R:ROS (R P:P>S tp P:P>S (R
PCR(™) PCR(™)

The last sum is finite: since P D S there is only one ancestor for each generation. Since
all terms are non-negative, we bound by removing the restriction P C R in the sum in

P.

Z/SmZ

Ses R:RDS

() 2 () < Z [ 32 7 (in)

P:PDS Se P:PDS

-y Yy Y [l

Ped €N Ses
Scp
LS=2""YP

<Y Fﬁ/PIQIZW"-

Pc ieN

The two cases for Fp are as at the end of the proof of Lemma 3.6.8. n

3.7 Sparse domination of the dyadic form

In this section we prove a sparse domination of the dyadic form B3’ (g, f) defined in (3.3.1).

Writing 1 as (1p)p we have

P = <f’hp>2 z)dz
B0 5= [ Yl X 2 ) ar

RY kewp PcY
PC3K
(P=2-10K

Let ()¢ be a dyadic cube containing the support of f and g. On the complement of

(o the form is controlled.

Lemma 3.7.1. Let B]sz’ [Qg(g, f) be the restriction of B?(g,f) to the complement (Qo)°,
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then
B s (9, 1) Sa 27719l a0 (I 1), Qol.

Proof. Decompose (Qo) in the union of Q (k+1) \Q(()k) for k € Z,. The non-zero terms
in B;fb [QB (g, f) are the ones where P intersects )y and ( (()k))[;' Then P D Q(()k) and in

particular P = Qém) for m > k. There is only one ancestor for each m, so we have

2
@ — (f,hp)
Bj rQ(()k+1)\Q(()k)(gu f) - /Qékﬂ)\Qék) I%<|9|>3K Z < |P|1/2 ) ILP(I) dz

PC3K
(P=2"I(K
PoQ{P
o0
S Z <’9|>3Q<m+J>(\f’>Q(m>|Qo |
m=k+1
= Y 372U g]) 0, 27| £V g2 Qo
m=k+1
<27 gl) o {1 /)5 Qol > 272
m=k+1
The last sum is bounded by 27%¢ and summing over k € Z, concludes the proof. O

It is enough to construct a sparse family inside (). Taking the supremum of (|g|)sx

over all K € &P we have

0. < [ M) (52 (@)

where M3? and S;’% denote the maximal function and the square function given by

hp)?
M¥?f = sup(|fl)selse.  (SP2f(2) =D > fP 1p(z).  (3.7.1)
Qe RED PcD 1P|
PC3R
(P=2"9(R

As we see below, 5’?@ is pointwise controlled by the square function S;‘TJZ’ f(x) given by

s =Y S L,

QeD Pe@b
¢P= 2 JZQ
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Proposition 3.7.2 (Pointwise control). Let f € L*(RY) and j € Ny. For all x € R? it
holds that

S7f(x) < 537 f(x) < 39257 f(2)

Proof. The enlarged cube 3R is the union of 3¢ cubes {R,}, in the same dyadic grid 9.
So

) =Y X (e

Re®» P:PC3R
LP=2"3(¢R

DO IR

ReD a=1 P:PCR,

(P=2— MRG
= (8P f(x)” <34 (S f(w)”

]

We show that the square function 5’? satisfies a weak (1, 1) bound. The proof follows
the one for dyadic shifts without separation of scales [HPTV 14, Theorem 5.2| and [LM17b,

Lemma 4.4].

Proposition 3.7.3. Let j € Z,. There exists C > 0 such that for any f € L'(R?) it
holds that

sup A {z € R : 7 f(2) > A} < C(L+ )| fllr.

A>0

In particular ||S?||L1_>Ll,w grows at most polynomially in j.

Proof. First, S]@ is bounded in L? with norm independent of j.

We want to show that for any A > 0 we have
{z e R : S?f(x) > \}| < c”f”l

Let f = g + b be the Calderéon-Zygmund decomposition of f at height A > 0. Then

9]loe < 29X and in particular ||g||2 < || f||1, while b = >_oez bg, where bq is supported on
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Q and [bg = 0. The cubes @ in & are maximal dyadic cubes such that A < (|f]}g < 29).

Let E be the union of the cubes in &. Then |E| = 3,4 |Q] < A7 f]l1 so it is
enough to estimate the superlevel sets on the complement of . Using the decomposition

of f we have

[{z € E¥: S7f(x) > A} <

{x: S2g(x) > %}’ + Haz € B%: S?b(z) > %}'

LAl 2o

~

The last bound follows by using Chebyshev’s inequality for the good part:

NPE lol3 _ 171
{57953} < mispai < Ll < 1]

and Markov’s inequality for the bad part. The sublinearity of S]?b and the triangle in-
equality imply that

HSJ@b”Ll(EU) < ZHS?Z’Q”U(EC)-
QeZL

For each @ € £, only dyadic cubes K D @Q contribute to the [|S7bgll1(ge), since if
K C @, then K would be inside E. Thus K is an ancestor of Q, so K = Q" for some
integer k > 1. For k > j each j-child P C K contains ), and so (bg, hp) vanishes, by the

zero average of bg. Thus we estimate

(@)
157l < [ [ 3 Ibo el g de

Ke®» PCK

(P=2"1IK
J
<D D > lbahe)lIPI
k=1 K>Q PCK

(K=0Q®) IP=2"I(K

S YT (el

k=1 KDQ PCK
(K=0Q®) LP=2"IIK

j
> bl =D llbgllw-
k=1

1 KDQ
(K=0Q®)

IN

M-

e
Il
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Since ||bol|z1 (k) = ||bollzr S A|Q] < fQ|f], and there is only one ancestor of () for each £,

we have

logll < f1<3/Ifl

Summing over all Q) € & gives the bound

Z"S?bQHLl(EC) S Z Il < dl o @ay-

QeZ Qe

]

The operator M3? defined in (3.7.1) is also weak (1,1) as it is bounded by the Hardy—
Littlewood maximal function, which is weakly bounded.

The following lemma exploits the weak boundedness of the operators M3? and S]:95 to
construct a sparse collection .. The proof adapts the one in [LM17b, Lemma 4.5] to our

square function. We include the details for the convenience of the reader.

Lemma 3.7.4 (Sparse domination of B?). Let 7 € Zy. For any pair of compactly

supported functions f,g € L>®(R?) there exists a sparse collection .7 such that

B (0.0) S [ Mg (S0P S (143 Y A3 llaDsls]
Ses
where the implicit constant does not depend on j.

Proof of Lemma 3.7.4. Fix a cube Qg € & containing the union of the supports of f and

g. By Lemma 3.7.1 it is enough to construct a sparse family inside )y. Consider the set

F(Qo) given by
{x€Qo: M?g(x)> Cllgla,} Ufe € Qo = SPF(x) > CL+i){|f)an)-

By the weak boundedness of M3? and S5, there exists C' > 0 such that |F(Qo)| < |Qol-
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Then

(s [ g (spppe [ g sPyp
Qo Qo\F(Qo) F(Qo)

<O+ abad bl + Y [ Mg (57

QEF

fors

where F is the collection of maximal dyadic cubes covering F(Qg). Iterating on each

() € F produces a sparse family of cubes ., since {Eg = Q \ F(Q)}ge~ are pairwise
disjoint and |Eq| > $|Q| for each Q in .. O

3.8 Proofs for the reduction to a dyadic form

Proof of Lemma 3.53.2. We distinguish three cases: (P > 2"¢R, where the goodness is
used; (P € [(R,2"(R], where (P and (R are comparable; and /P < (R, where we use

the zero-average of Apf and the regularity condition (C2).

(P > 2"¢R) Using the size condition (C1) and taking the supremum in (z,t) € Wg

QAAPfﬂx)SCH]Q(t+k;inwﬂAApf@Ndy

(tR)"
(F+ AR P

< Cif|Apf (3.8.1)

If d(R, P) > (P, since {P > 2"(R the conclusion follows. Otherwise, by the goodness
of R, we have (P < d(R, P) (%)7. The same bound holds for /R, so

€P> ~y(o+d)

D(P R)a-i—d < 3a+d d(P R)Oé-i-d (ER

which implies

/R a/2 /'R —y(a+d)+o/2
D(P R)a+d (gp) Nocd d(P R)Oé-i-d (ép)

< d(P, R)™*
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since /R/(P < 1 and /2 — y(a + d) is non-negative for v < m. Then multiply

and divide (3.8.1) by D(P, R)**?(¢P)~*/2(¢R)*/? to conclude.
({R < (P < 2"¢R) The lengths of P and R are comparable and the conclusion follows.

(P < {R) Let xp be the centre of P. Then

/ (e, y)Ap £ (y) dy = / (ha(, ) — ko, 20)) Ap f(y) dy

ly — xp|
<

by the smoothness condition (C2), since |y — zp| < £ < & <. To conclude, note
that
ey Uis _ yosa VIRIPY
(F+ AR Py~ T+ aR P = DR P

3.8.1 Counting close cubes

In both cases “near” and “close”, given a fixed R we estimate the number of P such that

3P D R. Given a discrete set A, we denote by #A its cardinality.
Lemma 3.8.1. Fork € N let Z,(R) = {P : 3P D R, (P = 2"(/R}. Then #%(R) = 3.

Proof. Let R be the k-ancestor of R. Then R* belongs to 42,(R). There are 3¢ — 1
cubes P adjacent to R*®) with (P = ¢R"®. Each of them is such that 3P > R® so in
particular 3P D R.

On the other hand, if P is not adjacent to R*) and ¢P = ¢R"® then d(P, R®)) > (P,
so 3P does not contain R* nor R.

This shows that the P in Z,(R) are exactly the cubes contained in 3R* with (P =

¢R™  and there are 3¢ of such cubes. O

Proof of Lemma 3.3.3. We present each case separately.
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far (P > 2""Y/R and d(P, R) > ¢P. The largest term in D(P, R) is d(P, R). Fix R and
k € N. Given m € N there are at most 2™ cubes P with length 2¥/R such that

2™(P < d(P,R) < 2™/ P, so rearranging the sum

Z (VIRIP)~ Pl =
P:(P>(R d(R, P)otd
d(R,P)>(P

_ii 3 <\/€R€P>a( P )d
m=1k=r  p.gp=2Ft14R d(R, P) (P, R)
2m+1>d(P,R)/(P>2™

< f: f: 2md2—a(k/2+m)2—md < Z 2—a(k/2+m).

m=1 k=0 k,m

near For P such that 3P\ P D R and (P > 2""Y/R, the decay comes from d(P, R),
which is bounded below by ¢P(¢R/¢(P)", and v = a/ (4 + 4d). Then

S (\/EREP Pl Z S 1P| <\/€P€R>a

d
posmpon WP S i AP R\ d(P.R)
eP>27 TR /P=2K¢R
Sd Z 2—ka/4
k=r+1

where, by Lemma 3.8.1, the P in the sum are at most 3¢ for each k.

close For /R < (P < (R and 3P D R, the leading term in the long-distance is /R, so

(VIRID)~ Pl < (22¢R)~ | P| < gar2] Pl
D(R, P+ (R IR =7 R[]

We fix a scale k for P, such that 0 < k& < r, then we estimate

3 (VERP) p, 3 :izw

D(R, P)otd R
P:3PDR P:3PDR k=0 P:3PDR
LR<IP<(R() IR<I/P<¢R(") LP=2%/R

<2Y {P : 3P D R, (P =2"R} < 23%(r + 1).
k=0
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Where to estimate the number of P we used Lemma 3.8.1.

subscale, P C 3R The leading term in the long-distance D(R, P) is again /R. For any
k € N, there are 392%¢ cubes P such that P C 3R and 2¥/P = (R, so

VIRIP)" P< Y (5}?)“/2”
[ d — D
P: PCSRD R P " PC3R (R
D IEE SR SRR
k=1 PC3R k=1
(P=2"k¢R

subscale, P ¢ 3R In this case d(P, R) > (R > (P. Regroup the P according to length

and distance:

I DY de(m?m)drw<D<£:R>)a

P:P¢Z3R keN p.ok¢yp—¢R
(P<IR d(P,R)>(R
—k(d+a/2)g—mdo—ma —ka/20—ma
< Z > 2 gmmdgTme < ) "gkal2gTme
P:2k¢P=(R k,m

2m+1 >d(P R)/(R>2™

This because there are at most 2¢ cubes R in the range given by the distance,

which means at most 2™¢ . 2 cubes P with (P = 27 %/R.

Proof of Lemma 3.3.4 (for (P < (R). Recall that v € (0,3). Let K be the minimal cube
K D R such that (K > 2"(R and d(P,R) < (K (:£)7. (The set of such cubes is not
empty since (K (%)7 equals (P (%)1_7 which goes to infinity as (K — o0.) First,
observe that P C K. Suppose not, then

(P (R\" PCK®
<
(K <£K> < (K (M) < d(R,0K) d(R, P)

which is absurd because of the second condition on K. It remains to show the upper
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bound for /K. By minimality of K, one of the following conditions holds: either

K < 2R or K (fp
UK

5 5 )7 < d(P, R).

Since by hypothesis d(P, R) > (¢R)'~7(¢P)7, the first implies

P\ P\ (P\"
- < 7 . < s . T .
€K<€K> _2€R(€K) _2€R(£R) < 2"d(P,R)

The latter gives: /K ((P/{K)Y <2d(P,R) <2"d(P, R).
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CHAPTER 4

QUADRATIC SPARSE DOMINATION FOR
NON-INTEGRAL SQUARE FUNCTIONS

There is a time in the night in which all

theorems are true.

This chapter is based on the paper

J. Bailey, G. Brocchi, M. C. Reguera. Quadratic sparse domination and
weighted estimates for non-integral square functions, arXiv:2007.15928.

We prove a version of Theorem C in a doubling metric measure space (X, d, u).

Theorem C (Bailey, B., Reguera 2020). Let S be a vertical square function bounded on

LP forp € (po,qo), Po < 2 < qo, given by

51 = ([eswr )",

with Qy satisfying Assumption 4.1.2. For any f and g in C*(RY) there exists a sparse
family . C'D such that

’
q0

(]Qfl”“ du)wo (]élgl(qf),du> Ve n(Q)

where C' is a positive constant independent of f and g.

JICTI RS

Qes
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The above theorem implies weighted estimates for weights in the intersection of the

Muckenhoupt class (A4,) and the reverse Holder class (RH,) defined in the introduction.

Corollary C. Let S be a vertical square function considered in Theorem C. For p in
(Pos o), Po < 2 < qo, and a weight w € Ay, N RH g,y the square function S is bounded
on LP(w) with

1 40—2)

max (p—po "q0—p
15| ze wy— L2y < C ([w]Ap/po [w]RH<q0/p>/>

where C' is positive constant independent of the weight.

The result is sharp for certain square functions, see [Ler06, pag. 488|, [Lerll| and
[BD20a, Remark 15 (ii)]. Sharpness can be deduced from the asymptotic behaviour of the
unweighted estimates [FN19]. Unfortunately, these asymptotics are not easy to exactly
compute for our non-integral square functions. However, the estimate in Corollary C
implies an upper bound on the asymptotic behaviour of the unweighted norm ||.S|| »— »,
see Section 4.5.5. In particular, when such asymptotic behaviour is known to match the
upper bound, the weighted estimates in Corollary C are sharp.

The power in the characteristic of the weight is sharp for the sparse form in Theo-
rem C. These weighted estimates follow by applying the sharp quantitative limited range
extrapolation by Nieraeth [Niel9, Theorem 2.2|. The sharpness is proved in the same
article [Niel9, page 418].

We state the application in our case.

Proposition C. Let p € (po,qo), p > 2, for po < 2 < qo, and let w € Ayjpy N RH gy /py
and o == w'™P" be the dual weight of w, where p* = (p/2)'. For any sparse family . C D

and functions f, g € LL (dp) we have

loc

EjQéuwmem(éWWmQ”%MQ>

Qe

ax( 1 ,q072)
- - 2
<C ([, Waa, ) T Wl o)
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where the constant C' is independent of the weight. The power

1 "1
v(p) = max ( ; (Q) )
p—po \P/) 2q;

on the weight characteristic is sharp.

Remark 4.0.1. The weighted estimates in Proposition C and their sharpness can be derived
by combining [LN20, Prop. 2.9| in the scalar case (where X = C, m =1, ¢ = 2, r = py,

s = qop) with [LN20, Prop. 2.5]|.

Since (Sf)? is non-negative, the dual pairing is maximised by non-negative functions.
For a non-negative function g, let h = ,/g. One can consider the sparse domination with
h? in place of g. The (qo/2)-average of g on a cube @ is

<9>Q7(q0)’ = <h2>Q’(qo)' = <h>2 (%0)' = <h>é,ﬁ

2 2 Q,2

which appears in the sparse form considered in [LN20, Prop. 2.5]|.

Guide to this chapter

We start by describing our framework in Section 4.1. Section 4.2 contains some prelim-
inary results that will be of use later. Section 4.3 discusses the examples that fit the
assumptions and that one should keep in mind as references. The proof of Theorem C
requires us to understand the boundedness properties of a grand maximal operator associ-
ated with the corresponding square functions. These boundedness properties are included

in Section 4.4. Section 4.5 is dedicated to the proof of Theorem C.

We do not include the derivation of the weighted estimates in Proposition C nor its
sharpness, which can be found in the original paper [BBR20, Section 7| for p € (2, ¢o) or

in [Niel9; LN20] for the full range.
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4.1 Setting

Motivated by finding a uniform setting that will include several examples of square func-
tions, we consider the following general framework.

The underlying space (X,d,u) is a locally compact separable metric space (X, d)
equipped with a Borel measure g that is finite on compact sets and strictly positive
on any non-empty open set. For a measurable subset £ C X, we denote |E| = p(F), and
fu =B [, fdpufor f € Lh (X, ).

The measure p will be assumed to satisfy the doubling property,
|B(x,2r)| < |B(x,r)| (4.1.1)

for all z € X and r > 0, where B(z, s) denotes the ball of radius s > 0 centered at a point
x € X and X <Y will be used to signify that there exists a constant C' > 0 such that

X < Y. There will then exist some v > 0 for which
1B(z,7)| < (f) IB(z,s)] VazeX,r>s>0. (4.1.2)
S

It will be assumed that there exists some non-decreasing function ¢ : (0,00) — (0, 00)

with ¢(1) = 1 for which

|B(z,7)| = ¢ (g) |B(z, s)] (4.1.3)

for all z € X and 7, s > 0, where X =Y means that both X <Y and Y < X hold. This
technical condition has been imposed in order to prove boundedness of a certain maximal
operator that is essential to our proof. This point will be elaborated upon further in
Remark 4.1.4 and Section 4.4.

Let 0 € [0,7/2). We say that a linear operator L with dense domain Dy(L) in L*(X, p)
is f-accretive if its spectrum is contained in the closed sector g+ = {z € C: |argz| <
0}y U {0} and (Lf, f) € Xp+ for all f in Dy(L).

We consider an unbounded operator L on L*(X, 1) satisfying the below assumption.
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Assumption 4.1.1. The operator L is a linear, injective, f-accretive operator with dense
domain Dy(L) in L*(X, 1), and there exists some 1 < py < 2 < go < oo and ¢ > 0 such
that for all balls By, B, of radius v/,

cd(By, BQ)2).

1 1
HeitLHLPO(Bl)%L‘ZO(Bg) < |By| 70| Bg|® exp ( — ;

From Assumption 4.1.1, it follows that L possesses a bounded holomorphic functional
calculus on L*(X,pu) and —L is the generator of the analytic semigroup (e '*);~o on

L3(X, i), see [Haa06, §7.1.3].

We consider square function operators associated with L. These will be defined to be

operators S that satisfy the following set of assumptions.
Assumption 4.1.2. (a) The operator S is sublinear and bounded on L?*(X, ).

(b) (Off-diagonal estimates for the constituent operators) The operator S is of the form

516 = ([eswr )",

where {Q;}¢0 is a collection of bounded operators on L*(X, u) which satisfy the
property that there exists some 1 < py < 2 < gp < oo such that for all balls By, By
of radius v/,

d(Bl, B2)2) —(V+1)

_1 1
1Mo 51y 208y S |Bal 7 | Bal (1 T

(c) (Cancellation with respect to L) There exists Ag > 0 and Ny € N such that for all

integers N > N,
tAogV
N _—sL __ ()
Qi(sL) e = (i 1 5) A0tV i+

where {@,(nN)}mo is a collection of bounded operators on L*(X, u) that satisfies off-
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diagonal estimates at all scales in the sense that

d(Bi, Bg)2>‘”2“

(Sl S |By sl 7By sl ( 1+
rlLro(By) L0 (By) ~ 171V 2,7 .

for all rescaled balls By s, By s and r > 0, where B s := (v/r/r(B))B, r(B) is
the radius of B, and tB represents the t-dilate of B, tB := B(x,tr(B)) for positive

t> 0.

(d) (Cotlar type inequality) There exists an exponent p; € [po, 2) such that for all z € X

and r > 0

1/qo0
(]i( )|Se—“f|q0dﬂ) < f Mu(SHm) + it Mo (5.

yeB(z,r) yeB(z,r)

where we denote by M the uncentered Hardy-Littlewood maximal function and

M, f = (M| fP)V/P for any p > 1.

Remark 4.1.3. In general, the exponents py and ¢y are determined by the off-diagonal
estimates for the constituent operator Q;, rather than by the off-diagonal estimates for
{e7t} 0. For our aim, it is enough to assume that the range in which one has off-diagonal

estimates for {e"*f};~ contains the range (py, qo) in the Assumption 4.1.2.

Remark 4.1.4. As our work is intended to build upon the article [BFP16], it will be in-
structive to compare our assumptions with the hypotheses of [BFP16]. In both articles
the assumptions imposed upon the underlying operator L are identical, as well as for the
L?-boundedness and the Cotlar type inequality for the operator S. We have further as-
sumed that S is of the form of a square function with constituent operators Q, that satisty
off-diagonal bounds. Also, the cancellative condition of S with respect to L, Assumption
(b) of [BEP16], has been replaced by a cancellative condition of the constituent operators
Q.

This assumption, under condition (4.1.3) on the measure u, implies the cancellative

condition of S with respect to L. The operators under consideration are then a subclass of
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the operators considered by [BEP16]. As such, we utilise some of the intermediary results
from [BEP16]. This will be particularly useful in Section 4.4 to prove the boundedness of

a certain maximal function operator.

FExample 4.1.5. Square function operators that satisfy the previous set of assumptions are

the square functions associated with an elliptic operator L = —div(AV), such as

oo ae\ /2 ) de\ /2
grf = (/ |tLeth]27) and GLf = (/ ’\ﬁveﬂf‘ZT) ;
0 0

and some square functions associated with the Laplace-Beltrami operator. We discuss

these examples in detail in Section 4.3.

We recall the notion of a sparse family for a system of dyadic cubes @ = {D}5 .

Definition 4.1.6. A collection . C 9 is %—sparse if for each b € {1,..., K} there are

pairwise disjoint sets {Fi}gesnge such that Fip C @ and |Q| < 2|Fg|.

4.2 Preliminaries

In this section we gather a collection of useful results concerning dyadic analysis in met-
ric measure spaces, off-diagonal estimates for a family of operators, and properties of

Muckenhoupt and reverse Holder weight classes.

4.2.1 Dyadic Analysis on a Doubling Metric Space

We recall some well-known definitions and facts from dyadic harmonic analysis as written
in [BFP16]. For detailed information on the construction of dyadic systems of cubes in

doubling metric spaces, the interested reader is referred to [HK12| and references therein.

Definition 4.2.1. A dyadic system of cubes in a metric measure space (X, u), with
parameters 0 < ¢ < Cy < oo and § € (0,1), is a family of open subsets (Qé)aeAl 1z, that

satisfies the following properties:
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e For each | € Z, there exists a subset Z; with u(Z;) = 0 such that

X= |_| Qlo¢|_|Zz;

acA;
o If I >k, € A and 3 € A; then either Q4 C QF or QF N Q% = 0;

e For every | € Z and a € A;, there exists a point 2!, with the property that

B(ZL,CQ(SZ) - Qfx C B(zla, Cgél).

The point 2!, can be seen as the centre of the cube @', and the side-length is defined
by £(QL) = &
The below theorem asserts the existence of adjacent systems of dyadic cubes for a

doubling metric space. For a proof of this result, refer to [HK12].

Theorem 4.2.2 (|[HK12, Thm. 4.1]). Let (X,d,pn) be a doubling metric space. There
erists 0 < cog < Cy < 00, 0 € (0,1), finite constants K = K(co,Co,d) and C = C(9),
and a finite collection of dyadic systems D with parameters (cy, Cy,0), b=1,--- | K, that
satisfies the following property. For any ball B = B(x,r) C X, there existsb € {1,--- | K}
and Q € D such that

BC Q@ and diam(Q)<Cr.

From this point forward we fix a dyadic collection @ = UK B’ as in the previous

theorem. The following covering lemma will be useful in §4.5.

Lemma 4.2.3 (|Lor21, Lemma 2.2|). Let (X, d, n) be a doubling metric space with diam(X) =
oo and D a dyadic system with parameters (cy,Co,d). Let a« > 3/d and E C X with
diam(F) € (0,00). There exists a partition & C D of the space X, made with dyadic
cubes, such that

ECa@, VQeZA.
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Let w be a weight on X. The uncentered dyadic maximal function /\/l]%w of exponent

p € [1,00) is defined by

QeD

D = su L Py v .
Mip(@) = sup (i [ V@Put ) 1oto)

where the notation 1z is used to denote the characteristic function of a set £ C X and
w(E) = [pwdp. When w =1, M2, will just be the usual dyadic maximal function of
exponent p and the shorthand notation /\/lf,z’ = M;ffl will be employed. Similarly, we will
also use the notation M = M7, . It is known that ./\/lg’ is of weak-type (p, p) and strong
(q,q) for all ¢ > p, see [CWT1]. Moreover, M2 is bounded on LP(w) for all p € [1,00)

with a constant independent of the weight,

IM Fll oy < D111l 2o w)- (4.2.1)

4.2.2 Off-Diagonal Estimates

In this section, we define three different notions of off-diagonal estimates that will be used
throughout this article. For an extensive and detailed account of off-diagonal estimates
for operator families, the reader is referred to [AMO7b|. Throughout this section, we will

consider exponents 1 < py < 2 < gy < 0.

Definition 4.2.4 (Off-diagonal estimates at scale v/t). A family of operators {T}}s¢ is
said to satisfy (po,qo) off-diagonal estimates at scale v/t if for any two balls By, By of

radius v/t we have

1/Q0 d(Bl BQ) 1/100
) ) % q S ’ Po q ,
( BZ|T<le )| u) p( i ) < Bl|f| M)

where p: [0,00) — (0,1] is a non-increasing function such that lim, . |z|p(z) = 0 for

some a > 0, and p(0) = 1.

Remark 4.2.5. Some comments are in order.
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e Examples of p that we will use are the Gaussian function p(z) = e~*I* and p(z) =
(x)7*, where (z) = (1 + |2|*)'/? is the Japanese bracket. For the Gaussian case,
the positive constant c¢ is not relevant and may change from line to line. See also

comments after [AMO7b, Def. 2.1]. For our sparse domination, the choice p(x) =

(z) 720+ suffices.

e Off-diagonal estimates at scale v/t are stable under composition. That is, if 7
satisfies (py, p2) off-diagonal estimates at scale v/t and S, satisfies (py, p3) off-diagonal
estimates at scale v/t then S,T; will satisfy (p1,ps) off-diagonal estimates at scale
V/t. It should be noted, however, that the value of ¢ or s in the above examples of

p may change for the composition.

e For py < p < q < qo, Holder’s inequality implies that if an operator family satisfies

(po, qo) off-diagonal estimates at scale v/# then it will also satisfy (p,q) estimates.
e Off-diagonal estimates for p < ¢ do not imply L? — L? boundness of T}, see [AMO7b].

In order to apply off-diagonal estimates, we often need to decompose the support of a

function f into finitely overlapping balls with radius to match the scale.

Definition 4.2.6. We say that a collection of balls B has finite overlap if there exists a

finite constant Ag such that

1 1pll~ = As.

BeB

Remark 4.2.7. Let B be a collection of finite overlapping balls covering a set 2. Then

> u(B) = /Q > Lpdu < Ap p(Q).

BeB BeB

Lemma 4.2.8. Let 2 C X be an open set, and let R be a family of finite overlapping

balls, with the same radius, covering ). If there exists m € N such that mR D Q for all
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R € R, then for any f € L (), po > 1, we have

1/po 1/po
o v mau) 2.
(][rf\ du) <m (]ﬁm u) (1.2.2)

Proof. For py > 1, Holder’s inequality implies that
1)

P (][|f\2’odu) < (sup !R|) (%/!f\podu>p (Re
= (o ) (frsan) ™ oy

Since mR D Q for all R € R, the doubling property implies that

ReR

-

&

o\\H

0 1
(sup’ ’) (#R)'0<sup| R|<m”

rer | R| rer | R

The case pg = 1 is even simpler since it does not require the use of Hélder’s inequality

nor an estimate on the cardinality #R. [

Remark 4.2.9. If Ty satisfies (po, qo) off-diagonal estimates at scale /s, then it satisfies

(]i(r)|Ts(f]131)!q° du)l/% <) (Cl(Bl?_\g(T))) ( A dﬂ) ””0’ 423

for balls B(r) of radius r > /s and B; of radius /s.

Proof of (4.2.3). It is enough to cover the larger ball B(r) with a collection B of smaller,

finite overlapping balls of radius +/s.

1/q0
(f |Ts<fﬂBl>|q0du) - ( o I Lm) I"Odu>
B(r) BeB
1/q0 1o
B
(Z || | ) <%i%fB|TS(f:ﬂ-Bl)|qo dﬂ)

BeB

1/q0

1/q0
( by Remark 4.2.7 ) < Ag/qo sup (][ |Ts(f1p,)|® d,u> :
BeB \JB
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We can use off-diagonal estimates at scale 1/s to obtain

1/q90 d(B. B 1/po
sup (][ IT(fLp,)|" du> < supp (M) ( e dﬂ) |
BeB \/B BeB NG B

The estimate then follows from the fact that the supremum of p(d(B, B;)/+/s) over B € B

is at most p(d(B(r), B1)/+/s). O

tL

We denote the semigroup by P, = e~ This is used as an approximation of the

identity at scale v/t, since for any p € (py, qo) we have
lim||f —e “fllzp =0 and  lim|le ™ f| = 0.
t—0 t—o0

For N > 0, we also consider the family of operators Q\") = ey (tL)Ne t with

CN = fooo sNe=s95  These operators will satisfy an adapted Calderén reproducing formula

s "

for functions f € L? with p € (po, qo), namely

[T A At
r=[ et

Also define
& d
o [T e
1 S

Then Pt(N) is related to the operator QiN) through t@tPt(N) = —QEN). We also have that

as LP-bounded operators,

t
Pt(N) :Id+/ QgN)E-
0 S

Remark 4.2.10. It is known that for any integer N € N\ {0} the operators Pt(N) and QgN)
satisfy (p,p) off-diagonal estimates at scale v/t for all t > 0 and all p € [py, go] With p < oo

(see the arguments in [HLM+11, Prop 3.1|, for instance).

Definition 4.2.11 (Off-diagonal estimates at all scales). A family of operators {7;}:~¢

is said to satisfy (po, qo) off-diagonal estimates at all scales if for all balls By, By of radius
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r1,T9 We have

-L L d(B17 B2>
12l oo (B0 (82) S | By val 7| Ba,al ™0 (— :
Vit
where B; s := (Vt/r;)B; for i = 1, 2 and p: [0,00) — (0,1] is a non-increasing function

such that lim, ,|z|*p(z) = 0 for some a > 0, and p(0) = 1.

It is trivial to see that off-diagonal estimates at all scales implies off-diagonal estimates
at scale v/t. This stronger condition is used in our cancellation hypothesis, Assumption
4.1.2(c).

Let ¢ : (0,00) — (0,00) be a non-decreasing function. A space of homogeneous type

(X, ) is said to be of ¥-growth if

|B(x,7)| = u(B(z,7)) ~ 9(r)

uniformly for all z € X and r > 0. Notice that this condition is stronger than (4.1.3). For
spaces of ¥-growth, one encounters another notion of off-diagonal estimate. These types

of estimates are studied in [AMO7h].

Definition 4.2.12 (Full off-diagonal estimates). Suppose that (X u) is of ¢-growth. A
family of operators {T;}s~o is said to satisfy (po,qo) full off-diagonal estimates if for all

closed sets E, F' we have

11 [(d(E,F
ITillLrogs) gy < (VD pop( ( g >),

where p: [0,00) — (0,1] is a non-increasing function such that lim, . |z|*p(z) = 0 for

some a > 0, and p(0) = 1.

Remark 4.2.13. Tt is not difficult to show that for spaces of y-growth, the three different
notions of off-diagonal estimates, Definitions 4.2.4, 4.2.11 and 4.2.12, are all equivalent

for a particular choice of p.
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4.3 Applications

In this section, we consider two distinct applications of our quadratic sparse domination
result and Corollary C. For the first application, weighted estimates for square functions
associated with divergence form elliptic operators will be proved. For the particular case
of the Laplacian operator A, this will allow us to recover some estimates from [BD20a].
The second example that we will look at are square functions associated with the Laplace—

Beltrami operator on a Riemannian manifold.

4.3.1 Elliptic Operators

Fix n € N\ {0} and consider the Euclidean space R? equipped with the Lebesgue measure.
This is a space of ¥-growth, so all definitions of off-diagonal estimates are equivalent, see

Remark 4.2.13.

Let A be an n x n matrix-valued function on R that is bounded and elliptic in the

sense that

Re(A(2)§, &)cn > Mg/,

for some \ > 0, for all £, x € R?. Consider the divergence form elliptic operator
L = —divAV,

defined through its corresponding sesquilinear form as a densely defined and maximally ac-

cretive operator on L?(R?). The operator L generates an analytic semigroup {e_ZL }ZGE P
T/2—

where

0 = sup {|arg(Lf, )| : f € Do(L)}.

Let g;, and GG, denote the square function operators associated with L defined by

>0 ar\ '/ o0 ar\
grf = (/ (tL e f|? 7) and Gpf = (/ VtVe tEf? 7) .
0 0
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In the articles [AMO7b] and [AMO06], off-diagonal estimates for the constituent operators
of g, and G, were studied in great detail. The below proposition outlines some properties
of such off-diagonal estimates that will be required in order to apply Corollary C to these

two square functions.

Proposition 4.3.1 ([AMO06, Prop. 3.3]|). Form € N and 0 < pp < 7/2 — 6, there exists

mazimal intervals J™(L) and K™ (L) in [1,00] satisfying the below properties.

® If po, g0 € J™(L) with py < qo then {(ZL)mesz}zezu satisfies (po,qo) full off-

diagonal estimates.

o Ifpo, qo € K"™(L) with py < qo then {\/EV(zL)me*ZL}ZEZ satisfies (po, qo) full off-

diagonal estimates.

e The interiors int J™(L) and int K™ (L) are independent of m.

e The inclusion K™ (L) C J™(L) is satisfied.

e The point p =2 is contained in K™(L).

Remark 4.3.2. Observe that for any m > 1, J'(L) € J™(L). To see this, let po,qo €
JY(L) with py < go. Then (tL)e /™ must satisfy both (po, go) and (qo, qo) off-diagonal

estimates. This fact, when combined with the decomposition
(tL)me—tL — (tL)e—tL/m L. (tL)e—tL/m

and the property that full off-diagonal estimates are stable under composition (c.f. [AMO07b,
Thm. 2.3 (b)]) then implies that pgy, g0 € J™(L).
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It is also not difficult to see that J°(L) C J'(L). Indeed, consider the expression

For py, qo € J°(L) with py < 2 < qo, Proposition 4.3.1 tells us that the operator e~ sl will
satisfy both (po, 2) and (2, ¢o) full off-diagonal estimates. It is also well-known that t Le~ 5~
satisfies (2, 2) full off-diagonal estimates. The stability of full off-diagonal estimates under

—tL

composition then implies that tLe™*" satisfies (pg, qo) full off-diagonal estimates.

Applying Corollary C to the operators L and gy will produce the following weighted

result.

Proposition 4.3.3. Let py, qo € J°(L) with py < 2 < qo. Then, for any p € (po,qo) and

w € AL QRH(‘LO)/,
PO r

7(p)
l9zllrew) S ([w]AP ' [w]RH<ﬂz)’> ’
P

PO

where y(p) is as defined in Corollary C.

Proof. To prove the proposition, it is sufficient to check that the hypotheses of Corollary
C, namely Assumptions 4.1.1 and 4.1.2, are valid for the operators L and ¢g; and the
indices po, qo. Assumption 4.1.1 is clearly valid since the definition of J°(L) implies that

L will satisfy (po, qo) full off-diagonal estimates.

the semigroup e~
It remains to prove the validity of Assumption 4.1.2. Part (a), the L*-boundedness
of gr, follows from the fact that L possesses a bounded holomorphic functional calculus

on L?. Assumption 4.1.2(b), the off-diagonal estimates of the operator family tLe ' is

given by Remark 4.3.2. Assumption 4.1.2(c) follows on observing that

Q,(tL)Ne = sLe st (tL)Ne

stV N+1_—(s+t)L

and that since pg, qo € J°(L) the operator family o™ = (rL)N+le=rL will possess (po, qo)

full off-diagonal bounds for any N > Ny = 0 by Remark 4.3.2. Finally, for Assumption
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4.1.2(d), in the proof of [AMO06, Thm. 7.2 (a)] it was shown that for any ball B(z,r) we

have

2y 1/q0 1/po
(][ ge " f| dM) <3 () (f o du) L @)
B(z,r) i 291 B(z,r)

Jj=1

for some sequence of numbers ¢(j) > 0 that satisfies } .-, ¢(j) < 1. It should be noted that
this argument was written for the square function with constituent operators (tL)%e*tL ,

but it applies equally well to our choice of square function. This clearly implies that

1/q0
(f loeriman) "5 it Muanio)
B(z,r) yeB(z,r)
and thus Assumption 4.1.2(d) is valid. O

Similarly, Corollary C can be applied to the square function G7..

Proposition 4.3.4. Let py, qo € K°(L) with py < 2 < qo. Then, for any p € (po,qo) and

w € AL N RH(CLO)/,
Po P

7(p)
(Gullisir % (s, lansy, )
P

P0
Proof. In order to apply Corollary C, it is sufficient to show that G satisfies Assumptions
4.1.1 and 4.1.2. Assumption 4.1.1 is implied by po, qo € K°(L) € J°(L).

Let us now demonstrate the validity of Assumption 4.1.2. The L?boundedness of
G, Assumption 4.1.2(a), follows from the ellipticity condition of A and a straightforward
integration by parts argument that can be found in [Aus07, pg. 74]. Assumption 4.1.2(b)

is implied by the condition py, qo € K°(L). For Assumption 4.1.2(c), notice that

QngN) = /sVe L (tL)NetE

1
,tN
= —( _T_Qt)NJrl Vs + 1V ((s +t)L)N e~ (L
S 2
LN
(s pNte T
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Also observe that
@5]\7) — \/;VG_TL/Q(TL)NQ_TL/2.

As po, qo € K°(L), Proposition 4.3.1 tells us that operator family /rVe "%/2 will satisfy
(2,qo) full off-diagonal estimates. Similarly, since K°(L) ¢ JV (L) for any N > Ny = 0,
the family (rL)Ne /2 satisfies (po, 2) full off-diagonal bounds. It then follows from the
stability of full off-diagonal bounds under composition that the family o™ will satisfy
(po, qo) full off-diagonal bounds. This proves that Assumption 4.1.2(c) is satisfied.
Finally, for Assumption 4.1.2(d), in the proof of [AM06, Thm. 7.2 (b)] it was proved

that for any ball B(x,r) we have

1 1
(][ (Grer*E du) Y <3 d() (][ GLfP du) "
B(z,r) 201 B(z,r)

Jj=z1

for some sequence of numbers d(j) > 0 that satisfies » .., d(j) < 1. This clearly implies

that

(£ e iman)™ £ it Mu(Ghi), (13.2)
B(z,r)

yeB(z,r

and thus Assumption 4.1.2(d) is valid. O

Remark 4.3.5. If A is real-valued then it is known that J°(L) = [1,00] (c.f. [AMOG]).

Proposition 4.3.3 will then imply that

_ ()
grllrw) < [wla,

for all w € A,. If, in addition to being real-valued, A has also smooth coefficients this
result was proved by Bui and Duong in [BD20a|. In this case it is known that K°(L) =

[1,00]. Proposition 4.3.4 then implies that

1 1
max(1;,1)

G Ll Loy S [w]a, :

which reproduces a result in [BD20a]. Also, in the same work, the authors showed that

96



square functions associated with v/L are dominated by the corresponding one associated
with L [BD20a, Thm. 1.4]. In particular, our bounds for g; and G, imply the same bound
for the square function g, 7 and G 7, recovering weighted estimates for the vertical square

functions in [Lerl1].

Remark 4.3.6. For A = I we have L = A and it is then known that J°(L) = K°(L) =
[1,00]. We can then take py = 1 and gy = oo in Propositions 4.3.3 and 4.3.4. This will

produce the weighted estimates

max(
l9allzrqors 16 sl S ([0l 0], )

for all w € A, N RH, = A,. For both square functions, it is known that these estimates
are optimal in the sense that they will not hold for an exponent of [w] 4, ANY smaller than
the above exponent. This provides a new proof of weighted boundedness of the standard

square functions associated with A with optimal dependence on the constant [w] A,

4.3.2 Laplace—Beltrami

Let X be a complete, connected, non-compact Riemannian manifold. It will be assumed
that the Riemannian measure p satisfies the volume doubling property. In addition, it

will also be assumed that there exists a function ¢ : (0, 00) — (0, 00) for which

|B(z,r)| = p(B(x,71)) = 1(r)

uniformly for all x € X and r > 0. That is, the manifold is of ¢)-growth. Enforcing this
stronger growth condition will allow us to interchange our different notions of off-diagonal
estimates (c.f. Remark 4.2.13).

Consider the Laplace—Beltrami operator A defined as an unbounded operator on
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L3(X, p1) through the integration by parts formula

(AL, ) =1V 1IIIz

for f € C§°(X), where V is the Riemannian gradient. The positivity of A implies that it
will generate an analytic semigroup e~** on L?(X, ).
Recall that the heat kernel k;(z,y) of A is said to satisfy Gaussian upper bounds if

there exists ¢ > 0 such that

for all x, y € X and ¢t > 0. This is a very common assumption that is imposed when
considering the boundedness of singular operators on Riemannian manifolds. For further

information refer to [CD99|, [ACDHO04| or [AMO8]. Consider the square function ga

00 1/2
gaf = (/ |tA€_tAf|2%) :
0

The boundedness for square functions of this form on unweighted L?(X) with 1 < p < o0

defined through

is known to hold in the general symmetric Markov semigroup setting [Ste70, pg. 111]. Let

us consider the weighted case on the full range of p € (1, 00).

Proposition 4.3.7. Suppose that the heat kernel for X satisfies Gaussian upper bounds.
Then, for any p € (1,00) and w € Ay,
= pma(dat)
lgallze@w) S [w]A,,
Proof. This result will follow from Corollary C provided that Assumptions 4.1.1 and 4.1.2
are verified to hold with py = 1 and ¢y = oc.
For Assumption 4.1.1, it is known that the heat kernel satisfying Gaussian upper

t

bounds is equivalent to the semigroup e~* satisfying (1, c0) full off-diagonal estimates.

For proof, the reader is referred to [AMO7b, Prop. 2.2] and [AMO7b, Prop. 3.3]. Thus
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Assumption 4.1.1 will be valid.

For Assumption 4.1.2(a), the L*-boundedness of ga follows from the bounded holo-

morphic functional calculus of A on L?. For Assumption 4.1.2(b), notice that
tAe D = 738 L tAeTEA L eTEl,

Observe that since the semigroup e™*2 satisfies (1,00) full off-diagonal estimates, e~*2

will satisfy both (1,2) and (2, 00) full off-diagonal bounds. At the same time, tAe~2 is
well-known to satisfy (2,2) full off-diagonal bounds (c.f. [ACDHO04, pg. 930] and [Dav95,
Lemma 7]). It then follows from the stability of full off-diagonal bounds under composition
(JAMO7b, Thm. 2.3 (b)]) that tAe~*2 satisfies (1, 00) full off-diagonal bounds. This proves

that Assumption 4.1.2(b) is satisfied.
Assumption 4.1.2(c) follows from the expression

stV

N _—tA __
Q,(tA) e = (s + t)N+1

(54 t)A]VH em(s+DA

and the fact that the operator family {(rA)N*le "2}, satisfies (1, 00) full off-diagonal
bounds by an argument similar to that of Remark 4.3.2.

Finally, the validity of Assumption 4.1.2(d) can be proved in an identical manner
to the argument used to obtain (4.3.1). This argument can be found in [AMO06, §7| on
pages 729-730. This argument in the elliptic setting follows from a combination of the
off-diagonal estimates of the constituent operators, the fact that the constituent operators
are expressible in terms of the semigroup and a variation of the Marcinkiewicz—Zygmund
theorem |Gral4, Thm. 5.5.1]. All three of these components will hold for our square

function in this Riemannian manifold setting and thus the argument will be valid. O]

Next, we will apply our sparse result to the square function

00 1/2
Gaf = (/0 |\/§V@—tﬁf]2%) :
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Define

0. = s {pe (1,0o) : [ VAL fll, S 11, }

The weighted boundedness of the Riesz transforms operator VA™z on LP (X, wdp) was
considered for p € (1,¢4) in [AMO8]. Owing to the strong connection between the Riesz
transforms and the square function Ga, the range (1, ¢, ) will also be a natural interval
over which to consider the boundedness of Ga. From the definition of ¢, and the L*-
boundedness of VA_%, it is clear that ¢, > 2. In the below proposition we assume this

inequality to be strict.

Proposition 4.3.8. Assume that the heat kernel of X satisfies Gaussian upper bounds

and that q; > 2. Let 2 < qy < q and p € [1,q0). Then for any w € A, N RH «w),

v(p)
1Gallzrw) S ([w]Ap ' [w]RH(my) '
p

Proof. Once again, let us apply Corollary C. Assumption 4.1.1 will be true for the same
reason as in Proposition 4.3.7. Assumption 4.1.2(a) is well-known and can be obtained by
combining the L?-boundedness of VA2 together with the bounded holomorphic func-
tional calculus of A on L2

Let us show that the family of operators Q, = /tVe ™ satisfies (1, qo) off-diagonal
estimates at scale v/t with p(z) = exp(—cz?), for some ¢ > 0. Fix balls By, By C X of

radius v/t. From the argument in the proof of [ACDH04, Prop 1.10],

d?(x,y) 90 1
Viki(z, y)|*e” du(ﬂﬁ)) S T
(/ VBV

for all t > 0 and y € X, where ¢ > 0 is dependent on ¢y. This immediately implies that

<][ Vi, y)|" du<x>>qo < et :
zht\L, ~
s Vi |Bly, VD' | Byl
1 _Cd2(B1J32) 1
~ —=€ t —_—,
Vi D(V1)



where the last line follows from the uniform -growth condition imposed upon our man-
ifold. For f supported in B;, Minkowski’s inequality followed by the previous estimate

produces

( B2|‘/’;V€7mf(:c)lq° du(x))"l‘) - (]i‘ By VIV k(2 y) f(y) du(y)|® du(a:)>;0

</ ( \ﬂvxktm,yﬂ%du(x))"“ ()] duy)
B1 B
1 _CdQ(Bthz)

< e
»(VE)
d2(B1,B)

~e Tt f |f(y)] dp(y).

i | f(y)| du(y)

Let us now prove that Assumption 4.1.2(c) is valid. Observe that

S%tN s+t A N s+t A S%tN (N)
m\/s—i—tVe 2 [<S+t>A] e 2 = m@ert.

Qs (tA)Ne_tA —

Observe that the operator family {(rA)Ne "2},.¢ satisfies (1,00) full off-diagonal esti-
mates. Recall that for spaces of i-growth the three different forms of off-diagonal esti-
mates, Definitions 4.2.4, 4.2.11 and 4.2.12, are all equivalent. This, when combined with
Holder’s inequality, implies that this operator family satisfies (1, 2) off-diagonal estimates
at scale y/r. Similarly, the family {\/7Ve "2}, satisfies (2, qy) off-diagonal estimates at
scale /7. The stability of off-diagonal estimates under composition then implies that the
operator family O, satisfies (1, qg) at scale \/r, which implies (1, qg) off-diagonal estimates
at all scales. This proves Assumption 4.1.2(c).

Finally, the validity of Assumption 4.1.2 (d) can be proved in an identical manner
to the argument used to obtain (4.3.2). This argument can be found in [AMO06, §7| on
page 732. This argument in the elliptic setting follows from a combination of the off-
diagonal estimates of the constituent operators, the fact that the constituent operators
are expressible in terms of the semigroup and a variation of the Marcinkiewicz—Zygmund
theorem |Gral4, Thm. 5.5.1]. All three of these components will hold for our square

function in this Riemannian manifold setting and thus the argument will be valid. m
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4.4 Boundedness of the Maximal Function

Throughout this section, fix py, g9 € [1,00], Ny € N and operators L and S satisfying
Assumptions 4.1.1 and 4.1.2 for such a choice of pg, qo. For a ball B we denote by r(B)

its radius. Define the following maximal operator associated with the square function,

1/q0
5°f(o) = sup (18107 o o
B

B ball
B>x

0o At 0 1/qo
= sup (7[ ( / |Qtfr2—) du) .
Bhall \ /B \Jr(B)2 t
B3z

In this section, our aim is to prove the following boundedness result for S*.
Theorem 4.4.1. The mazimal function S* is bounded on L? and weak-type (po, po)-

The boundedness of this maximal function constitutes an important part of our sparse
domination argument. The reliance of our argument on an associated maximal function
is a well-known method for obtaining sparse bounds and finds its origins in the work
of Lacey [Lacl7]. It was later streamlined by Lerner [Lerl6]. Quite often, the issue
of proving sparse domination for a particular operator can be reduced to determining
an appropriate associated maximal operator, proving its (weak) boundedness and then

applying a stopping time argument that utilises this boundedness.

4.4.1 A Pointwise Estimate

In order to prove the boundedness of the operator S* we will require a couple of preliminary
lemmas. Given a ball B, we define the average of a function f over the annulus Si(B) =

281 B\ 2FB for k € N as the integral over Sy.(B) normalised by |2*B|.

Recall that Ay is a positive number defined in Assumption 4.1.2 (c).
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Lemma 4.4.2. For any 0 < s <r*> <t and N € N,

1

(f !QtQﬁN)flquu>%5LjN( o Z?](f !fl”“du>p0
B (t+$) o+ >0

for any ball B of radius r and B = */TEB.

Proof. Fix B a ball of radius r. For j > 0, let R; denote a collection of finite overlapping
balls of radius /¢ that is a cover for the set Sj(é). Then, Assumption 4.1.2 (c) together

with the triangle inequality produces

% tAogN qL
(]i|QthN)f|q° d,u) = GrpieN (][ o f1% dM)

1
tAOS N) 0
8 + t (e L #\Ao+N Z Z <][ |@f9+t ]lRf ’qo d,LL)

j=0 RER;

Ao gN |B|*%|R|% d(B,
S s+tA0+NZZ e s+t f'f‘pod”

j>0 RER; ’B\/?| qO‘RFV’O

(4.4.1)
On utilising the doubling property of our metric space and subsequently s + ¢ < t,
s+t\"
Bl £ () 15
(4.4.2)

= (g)V]BL

This, together with the fact that |R| < |R 4| gives

1

<]iIQtQ§N’f!q° du) "
Ao g B,R)*\ % N
S Gy ) ZZ;( ) ()™

(4.4.3)
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For R € R, since d(B, R) > (2 — 1)/t = (2 — 1)y/s + t for j > 1, we have

v+1
d(B,R)*\ ™ 2 :
(1 + g—+t)> < 27D, (4.4.4)

Let Q = S,(B) and R; as defined above in this proof. The inclusion Q C 27+'B C

2072 R holds for any R € R; and j € N. Thus Lemma 4.2.8 implies that

1

(fuvwm);<2W<ﬁﬂ;ﬂmme.

Applying this estimate and (4.4.4) to (4.4.3) gives us our result. O

ReR;

Using the previous lemma, the following result can then be proved using an argument

identical to the first estimate of [BFP16, Lem. 4.1].

Lemma 4.4.3. Fix N € N with N > max(3v/2 + 1, Ny). For any ball B of radius

r(B) > 0 and t > r(B)? we have

(ﬁ@uP%»WmQ°s(

Let S# denote the maximal operator

vlz

) RN (7[ |f|p0du>”1°. (4.4.5)

>0

1

Wﬂ@fww(fwP JW@)

B ball

This operator was introduced in [BFP16] and formed an important part of their sparse

domination argument.

Proposition 4.4.4. For every x € X,

S'f(x) S S f(@) + My f(x).
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Proof. For x € X and ball B C X containing x, the triangle inequality implies

(£ ) = (£ (L) o)

q0 L

0 e\ .\ °®

+<7[ (/ 'QtPr(f?wleT) d“) |
B r(B)?

For the first term, apply Minkowski’s inequality followed by Lemma 4.4.3 to obtain

0 L
0 dt\ 2 0
(7[ ([ el =317 d“)
B r(B)?

= (N) 0 % ﬁ :
< ( / . (fB Q1 = PO A1 du) t )
L\ 2 3
< > T(B)Q) 2 ( pOd )po ﬂ
(L (( > fouman)”) S

o ([ ) e (f )

1>0
My, f ().

For the second term,

1

an®  \® 00 A
(. e ) o)< (£ ([0 ) o
(B)? B \Jo

1

a0
( Flspip.sim du>
B

< S*f(x).

We thus obtain the pointwise estimate (4.4.4). O

4.4.2 Cancellation of S with respect to L

As the operator M,, is L*-bounded and weak-type (po, po), the pointwise bound of the

previous section implies that in order to prove Theorem 4.4.1 it will be sufficient to show
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that S# is L?-bounded and weak-type (pg,po). According to [BFP16, Prop. 4.6], S#
will be L2-bounded and weak-type (po, po) if S satisfies the assumptions of [BFP16]. The
only assumption from [BFP16] that is not included in our hypotheses is Assumption (b) of
[BEP16], the cancellative property of S with respect to L. Instead, for us, the cancellation
has been imposed upon the constituent operators Q;. In this section it will be proved

that cancellation on Q; with respect to L implies cancellation on S with respect to L.

Proposition 4.4.5. There exists NO > Ny such that for all integers N > ]vg, s >0 and

balls By, By of radius /s,

w0 By, By)?\ % m
( |SQgN)f|QO d,u) < (1 + M) ( | fIPo d#) (4.4.6)
BQ Bl

S

for all f € LP(By).

Proof. For I C [0,00), define the operator

’ 3 , dt 1/2
s'sw) = ( flasrs)

In order to prove (4.4.6), it is sufficient to show that a similar estimate holds for the

operators Sl and Sl*°°),

For I C [0,00), Minkowski’s inequality implies that

Lot w4, — w>zﬁ)?
(f 1@ s an) (ﬁ (floeese) "
&
- [/ (f Jaasa) Tt] |
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From Assumption 4.1.2(c) and the growth property (4.1.3), we have

1 2 1
" £240 52N w dt|”
STOW) £la0 q ¢ < / ][ s} “© du
<B2| Qs f’ H — (t—|—8 (Ag+N) | t+sf‘ t

[ 240 (2N 2 -z —(v+1) 1/2 1
< t S |Bl‘p0 |BQ| qU d(Bl7 B2> dt Do Po
~ 1 (t 5)2(A0tN) o = s t 71 dp
/1 | By, yigs| ™ | Ba,ygs| B,

1 1

1/2
240 2N 2(A-2) 9\ —(rt1) L
/ o (s )y B B a fdu)”
I(t—|—3)2( 0+N) Vit+ s t+ s t B

The property that ¢(a) < 1 for a <1 then gives

1 (41 i 1
][ 1STQW) f|%0 4y Y < /tQAO—SQN 1+M (+)§ 2 ][ [P0 dpe "
By s ~ ) (4 )2 A0tN) t+s t B

|

(4.4.7)
In order to prove the desired off-diagonal estimate, it is then sufficient to prove
y ‘_/ t2A082N - d(Bl,BQ)2 —(v+1) dt
I = s (t+ S)Q(Ao"rN) t+ s t (4 4 8)

S

2\ —(v+1)
< (1+d(B1,Bg) > |

for both intervals I = [0, s] and I = [s,00). Consider first the interval I = [0, s]. For ¢

contained in [0, s] we will have ¢ + s < 2s and therefore

d(B. B 2\ —(v+1) d(B.. B 2\ —(v+1)
(1+ ( 1 2) > SJ (1+ ( 1 2) ) '
t+s S

This gives

— I/+1 S
AI < . N d(Bl, B2)2 ( ) tQAOSQN ﬁ
~ o (t+ 8)2ActN) ¢
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Applying this to (4.4.7) produces the desired off-diagonal bounds for the operator S,

Next, let’s prove off-diagonal bounds for the operator S, Suppose first that s >

d(By, By)?. When this occurs, note that

d(B.. B 2\ —(v+1)
(1 + M) ~ 1. (4.4.9)

S

We then have,

A < 00 t2AOS2N dt
< | T 1

& 1
oN
<s /S —(t+s)2N+1 dt

~1

= (1 + d(Bl>B2)2)(V+1) .

S

Applying this to (4.4.7) produces the desired off-diagonal estimates for S*°°).
Finally, we must prove off-diagonal decay for S for the case s < d(By, By)?. We

have,

o /oo 1240 2N - d(Bl,BQ)Z —(v+1) dt
7 ), (t+5)2(40+N) t+s t

< s*V > dt
- d(Bl, BQ)Q(V'H) B (t + S)2N+1—(y+1)'

Select ZA\fO > Ny large enough so that N > ]VO implies 2N > v + 1. Then,

Su+1
(Bb 32)2(V+1)

2\ —(v+1)
< (1 N d(By, Bs) ) 7
S

AI’Sd

where the last line follows from the condition s < d(By, By)?. Applying this to (4.4.7)

completes our proof. O

The below corollary, in combination with the pointwise estimate Proposition 4.4.4,

108



completes the proof of Theorem 4.4.1.

Corollary 4.4.6 ([BFP16, Prop. 4.6]). The maximal function S* is bounded on L*, and

weak-type (po, po)-

4.5 Sparse Bounds

In this section we prove Theorem C. Since f has compact support, without loss of gen-
erality we can assume that its support is contained in a bounded set £ C X. By the
Lemma 4.2.3, there exists o« > 1 and a partition & of X of dyadic cubes such that

a@ D suppf for every QQ € &2. Then

/XISfIQQdu =y

Qe

Sfl2gdu = S(f1.0)2gdu.
/Qlf|gu Z/Q| (f1a0) 29 dp

Qe

We are not concerned with the particular value of a, so we will fix a = 5 in the following
and assume that this value works for the covering lemma. Then, it is enough to show the

existence of a sparse collection .7 inside a fixed cube )y such that

2/po . 1/q}
(f £ du) (][ g% du) P
5P 5P

We will decompose our quantity in different terms: all will be controlled by the averages

/ (SFPgdp s )

Qo Pes

of f and g but one. This last term is where f assumes a large value and it is similar to the
original quantity but on a smaller scale. We can then iterate the decomposition, which
terminates since the measure of the set we are decomposing shrinks geometrically at each

iteration.
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4.5.1 Decomposition

Denote by ¢(P) the side length of the dyadic cube P. Let us consider the (localised)

dyadic version of the operator introduced in §4.4,

2o (@) = sup ( inf My, f(y))Lp ()

pcp \YEP
L 1/q0
So,f () = sup (][ d,u) 1p(x).
Pe \ Jp

PCQo
PCQo

dt
/ QP
L(P)?

For a positive 1 to be fixed later, consider the set

1/po
B(Qn) = {xeczo:max{Mgo,pof<x>,saof<x>}>n(]f e }

Since the operators Mg, . and S, are weak-type (po, po), as shown in §4.4, there exists

n > 0 such that |E(Qo)| < 3|Qo|. Decompose our form as

/ (Sf)g dyt = / (SF)%g dy+ / (SfPgdp=T+11
Qo Qo\E(Qo)

E(Qo)

Term I is controlled by using Lebesgue differentiation theorem as in [BFP16, Lem. 4.4]

since |S f(x)[* < |Sg, f(x)]? for p-almost every x. Thus, for 2 € Qo \ E(Qo) we have

2/po . 1/a8
[ sy (][ |frp0du) (f |g|q°du> Q0.
Qo\E(Qo) 5Q0 Qo

Consider term II. Let & = {P}pcy be a covering of F(()) with maximal dyadic
cubes. Then

/E(QO) Sf)gdp = Z/ Sf)2gdpu

pes
0(P)?
// |Quf( \—gdu+2// |Quf( !—gdu
pee pee (p)?
= II< + II>
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For each P in the covering, we write f = fi, + fout, Where fi, == flsp and fou == fIL(5P)c.

Then each term in II. is itself decomposed into three terms

Py L dt
// o oL gan = // 1Qufinl?0 S (IT,)

o(P)?
// |Qtfout| g_ dp (IIout)

dt
+ 2/ / Qtfm Qtfout)gT dM (IIcross)

Term (II;,) goes into the iteration. Terms (Il,,) and (Ileess) are controlled by using

Fubini and applying off-diagonal estimates as in the following lemma.

Lemma 4.5.1. For a given dyadic cube P, let Sp(P) := 2811 P\ 28P for k > 2. Then for

any t >0,

(]ithfanlq0 dﬂ) 1/% S (%) (7[ lig du> o (4.5.1)

(]{)IQtfoutl% du)l/qo S (%) 22 k (][ |f[Po dﬂ)”pff (45.2)

k>2

Proof of Lemma 4.5.1. The proof follows the one in [BFP16, Thm. 5.7]. For fi, = flsp,
let Ry be a collection of finite overlapping balls R of radius v/t covering 5P. By linearity
of the operators, the triangle inequality, off-diagonal estimates for Q; with p(z) = (1 +

|z|?)~*1) and Remark 4.2.9 we have

1/q0 1/q0 1/po
(]i |Qtfin|q0du) <y (]i QL du) ) (][ | f|p°du) |

ReRg

Since bP C 156 R Lemma 4.2.8 implies

. 1/po £ o 1/po
> <f|f| d) N(5 ) (f /] du>

which proves (4.5.1).
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For four = f1(5p)e, decompose f on the squared annuli Sy = Si(P). Let Ry be the
covering of S), with finite overlapping balls R of radius v/¢. Linearity of the operators Q;,

the triangle inequality and off-diagonal estimates for Q; imply that

1/q0 1/q0
(f10suiman) " < )9D3 (f10r10 o)

<y ka(d(P D) (f1ran) "
) S (fuman)

k>2 RERy

<Zp<

k>2 RER
P S 2k+1£ 1/po
<> (™ ’“)( ) <S|f!p°du)
k>2 k

where we used that the function p is monotone decreasing and d(P, R) > d(P, Si). The
last inequality follows by applying Lemma 4.2.8, since Sy(P) C 2P C QICL\/?(P)R.
Finally, we have enough decay from the remaining product, since

(2 (220 < 2y -

This follows because d(P,Sy) = d(P,2*™1 P\ 2*P) is comparable with 2¥/(P) and the

function p(x) = (1 + |z|?)~®*Y decays faster than x” for > 1. This proves estimate

(4.5.2). O
We will use Lemma 4.5.1 to control the different terms left in the decomposition.

Remark 4.5.2. The geometric sum in (4.5.2) is controlled using the stopping condition:

the integral over Sy is bounded by the integral over the ball 2**1P, so

1/p0\ 2 1/po\ 2
k PO u Po
(=2t (fira)) = (L))

2

< inf )

St Muf®)
P?® parent of P

2/po
< (][ | fIPo du) :
5Q0
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where we used that P is a maximal cube covering £. Similarly for the average on 5P:

<7£P|f‘po o ) " < (JE% Mpof(y))2 =L (i Olf!po du> i

Remark 4.5.3 (Control on the gj-average of g). The sum of the ¢j-averages of g is controlled
by using Holder’s inequality in (% . Since q% =1- qi*, summing over all cubes P in & we
0

obtain
1/qk 2 1/q%
> IP] (][!g!qs du) < (Z!P!>q0 (Z/ng du)
P P P pJF

. 1/q i 1/q
<10 ( 9 ) <100 (][ g% du) |
Qo 5Q0

(4.5.3)

4.5.2 Out term

Consider (II,yt). Applying Fubini and Holder’s inequality, we have

o(P)2 dt £(P)? 2/ g4 1/ag
/ / 101 fou 29 dpi < / (][ Q1 | du> —( ) P,
rJo t 0 P t P

The average of g is controlled as in (4.5.3). Apply Lemma 4.5.1 to the first factor:

(P)? 2/qo dt {(P)? w g 1/po dt
[ (fledutman) =55 ( i (1) )‘
1/po 2
(Z?’“( !f!p°du) )
k>2

which is controlled as in Remark 4.5.2. This case is concluded.
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4.5.3 Cross term

Consider (Il0ss). We exchange the integrals, then an application of Holder’s and Cauchy—

Schwarz inequality give

“n dt
/P /0 (Qufin)(Qufou) "
£(P)? 2/90 g 1/ag
< / (7[| Qi) Qtfout)\%/?du) ( gl ) 1P|
2(P)2 1/q0 Vao g . 1/q5
</ (][ |Qtfin\%du) (][ |Qtfout|q0du> 7(7[ o du> Pl
0 P P P

The off-diagonal estimates for @, in Lemma 4.5.1 applied to fi, and fo imply that

(P)2 1/q0 1/q0 dt
/0 (f@tfmyqo du) (f\gtfoutwo du) <
(P)? dt 1/po 1/po
5/ ( ) (][ |f|”°du) LR (f |f|p°du>
0 k>2 Sk(P)

2/po
<P (][ e du)
5Q0

where the last estimate follows as in Remark 4.5.2.

4.5.4 Large scales

Consider II.. Let P be the dyadic parent of P, so that {(P*) = 2¢(P). Then

// Q1 f( \—gdu
o(P)2
PCL
// 19+ f( |—9dﬂ+// )\Qt |—gd,u (4.5.4)
Pa2

In the first term, we exchange the integrals and apply Holder’s inequality

g(Pa 2/qo t 1/‘10
[ [eswread < [0 (flawma) " ¢ (fura) " in
o(P)?
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Applying Lemma 4.5.1 and using that v/# is comparable with ¢(P), we obtain

[ (fresma) ™
<[0T ((DY (Fa )™ 5 gl (f ) ™)

k>2

((][ |f|p0du)1/p0+22 ’f( |f|”°du)1/p0) ,

k>2

which again is controlled as in Remark 4.5.2. The average of ¢ is estimated as in (4.5.3).

The second term in (4.5.4), after applying Holder’s inequality, is controlled by the

maximal truncation

oo dt o0 dfN 20/2 2/q0 . 1/q5
/ / |Qtf($)|279d/ﬁ < (][ (/ |Qtf($)|2—) du) (][|g|q0 d,u> | P|
P Jy(pe)? pa)2 P
1/Q0
< 40
S inf (54,f) <][ 9] du) 1P|

2/po ) 1/q5
S (][ | fIPo du) <][Ig|q° du> |P|.
5Q0 P
We have shown that

o0 ) dt ) 2/I’O y 1/(16
[ [Ceeaans (£ 1man) " (f laan) e
Qo J0 5Qo 5Qo

Z(P)2 ) dt
—|—Z// |Qtf]l5p\ TQd/L
7 JpPJo

Let . = {Qo}. We add all P in the sum to . and we repeat the argument on each
term in the sum. This iteration gives the desired bound: a sum of averages of f and g on
cubes in the collection .. We can choose 7 > 0 such that |E(Q)| < 3|Q] for each Q € .7
Then .~ is sparse since each ) € . has a subset I = Q \ E((Q)) with the property that

Foloes is a disjoint family and |Fp| > %|@Q| by construction. m
QrQ Q 2
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4.5.5 Upper bound on asymptotic behaviour

In this section we discuss the connection between sharp weighted estimates for an operator
T and the asymptotic behaviour of its unweighted norm ||7'||z»—zr. In this section ()
will be the quantity defined below and not the power on the weighted characteristic in
Proposition C, which is defined for p € (po,qo). We recall the definition of (gp) from

[FN19, Definition 5.1|. Let T" be a bounded operator on L for p € (po, qo)-

Definition 4.5.4. For ¢y < oo define

Y(qo) = sup {7 > 0| Ve > 0,limsup(go — p)” || T|| v 1r = 0},

P—qo0

and for ¢y = oo

p—00 P

v(00) == sup {7 > 0|Ve > 0,limsup

I T\ p—srr }
—_— =X .

We say that an operator T" admits a (po, o) quadratic sparse domination if it satisfies
a bound as the one in Theorem C. We have the following upper bound on the unweighted

norm of 7.

Proposition 4.5.5. Let ¢* .= (q/2)". If T admits a (po, qo) quadratic sparse domination

then for p > 2 we have

1

11
I 70 * ! §q7
Po 4o

1
Y(q) < —.
( 2q;

and in particular

(4.5.5)

Proof. As in [FN19, Remark 3.4], let . be a n-sparse family. For p > 2 we have

|L(p/2)’

2/po . 1/q% 1 . .
S (firran)  (Flatan) 1P S MBS Mg

pPey
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2 1
LI\ [(p)]%
s;{(p—o)] Kq—) 112 e
0

where the last inequality follows from the bound on the LP-norm of M in (4.2.1), since
p/po”

M (Pl = M)

]

Remark 4.5.6. The upper bound on v(qo) in (4.5.5) implies that, if v(q) equals 1/(2¢)

then the weighted estimates in Corollary C are sharp.
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CHAPTER 5

TWO WEIGHT THEORY FOR THE BERGMAN
PROJECTION

Apparently Bergman misunderstood the task.

G.M. D’A.
This chapter presents an ongoing work around the following question:

What are the necessary and sufficient conditions on two weight u, w for the
boundedness of the Bergman projection P : L*(u) — A%*(w)?

Progress on this question has recently been obtained via sparse domination. For
example, in the case of the unit disc D, Aleman, Pott and Reguera characterised such
weights in the Bergman space A?(D) in terms of testing conditions [APR17].

This chapter contains some sufficient conditions for the boundedness in question.
These conditions are known for sparse forms [Lil7], although they have not explicitly
appeared in the context of Bergman spaces. In this setting the question is particularly
relevant, as it is connected to a conjecture of Sarason in Operator Theory, see §1.5.1.

The sufficient condition is given in terms of a bump condition for the two weight.

Theorem D. Let o,w be two weights on the unit ball B¢ in C* and let &,V be two Young
functions such that the associated maximal function is bounded on L?. Then the Bergman

projection P on L?(B?) satisfies the following bound

| P(o ‘)||L2(U)HA2(W) < Clo,wle,w
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where C' is a positive constant independent of o,w and the quantity [0, w]e v is given by

ENRCTRY
[(7, W]CI),\I/ = I?p <0'1/2><I>j€ <w1/2>

(5.0.1)

S

K
where the supremum is taken over the dyadic tents introduced in §5.1.

The condition (5.0.1) is known as bump condition, as the averages of the weights have
been “bumped up” by mean of Orlicz norms.
We also refine the estimates in [RT'W17] by extending the result [APR17, Theorem

5.7] to higher dimensions and to general weights o, w that are not dual to each other.

Theorem E. Let o,w be two weights in Bo, of the ball B¢ such that their joint By charac-
teristic [o,w|p, defined in §1.5.2 is finite. The Bergman projection P on L*(B?) satisfies

the following bound
1P(0 )| 2(o)s12) < Clw, ol ([0l + [W]i)

where C' is a positive constant independent of o,w and the other quantity on the right

hand side is the By, characteristic defined in Definition 5.1.4.

Remark 5.0.1. The estimate in Theorem E improves on the B, estimates in [RTW17],

since [o]p,, < [o]p,. This is shown in Proposition 5.1.5.

Remark 5.0.2. A dyadic structure on convex domains of finite type can be constructed
via the dyadic flow tents [GHK20|. This generalises the construction in §5.1 for the ball.
The resulting collection of dyadic flow tents is also sparse, and it produces weighted
estimates for the Bergman projection of that class of domains.
Since our bump condition implies the boundedness of a sparse operator, the same
condition implies the boundedness of the Bergman projection on convex domains of finite

type by the pointwise control in [GHK20, Lemma 4.1].

Recall that the Bergman projection on the complex unit ball B¢ C C? is the integral
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operator

Pic) = [ s o

where dv is the normalised measure on B<.

5.1 Dyadic structure on the complex unit ball

We borrow the dyadic structure on the ball developed by Arcozzi, Rochberg, and Sawyer
[ARS02| and also used in [RTW17, §2]. This structure introduces a collection of sets
called “dyadic kubes”, which comes with a tree structure 7 called Bergman tree (namely
a collection of partially ordered indexes {aw € T'}. The points {c, }ae7 are the centres of
the dyadic kubes).

We explain how the dyadic structure is constructed.

Let ¢, be the bi-holomorphic involution of the ball exchanging 2 and the origin:

2= (w, ) — VIZ R = (v, 2))

||
1 —(w,2)

px(w) =

The Bergman metric on the unit ball B? is defined as

1+ | (w)]

1
B(z,w) = §log . (w)]

In the following, B(zy,7) C B? denotes the ball of centre z, and radius r in the Bergman
metric. We also denote by S, the sphere of radius r centred at the origin, so S, = 0B(0,r).

Fix R,0 > 0. For n € N, there is a collection of points {Z? 3-];1 and a partition of the

sphere S, r in Borel subsets {Q;‘}j;l such that
(1) Sur =L, 2
(ii) (B(z,0) NSpr) € QF C (B(z;,C0) NSyg) for some C' > 0.

Let m,r denote the radial projection from B¢ onto the sphere S,z. The kubes are
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given by

K := B(0, R),

K" :={¢ € B(0,(n+ 1)R)\ B(0,nR) : mr(¢) € 2}

The centre of the kube K7 is ¢} = 7r(n+%)R(z;7). We say that a point ¢!'*! is a child of
n+1

) € QF. Then the centres form a tree structure 7, which we will refer to as

cp if mr(c

Bergman tree.

O\
)

Figure 5.1: Example of the first generations of kubes and the respective 2} in the dyadic
structure on BZ.

To simplify the notation, let o be an element in 7. We denote by K, the unique kube

with centre . If § is a descendant of a we write § > «. Given a kube K, the dyadic
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tent IA(Q is the union of all kubes whose centres are descendant of « in 7, namely

I?a = U K,.

Bz

The volume of K, and I?a are comparable. This was originally proved in [ARSO06,

Lemma 2.8], see also [RTW17, Lemma 1.

Lemma 5.1.1 (Arcozzi, Rochberg, and Sawyer 2006). Let T be a Bergman tree on B¢
with parameters R,0. There is a universal constant T > 1, depending only on R,§ and

the dimension d, such that |K,| < 7|Ka| for all a € T.

From this lemma, and from the fact that the kubes {K,}.c7 are pairwise disjoint,
follows immediately that the collection of dyadic tents I = {I?Q}QGT is %—sparse, in the

sense of Definition 1.2.8.

Definition 5.1.2. Given two weights w, o, their joint B, characteristic on the dyadic

tents I is
-1
[w, 0B, = sup (), (0)?@ .
Kao€T
As before, we denote by [w]p, = [w,w' "]z so in particular [w]p, = [w,w™]p,. We say

that w € B, if [w]p, is finite.

We shall not confuse the class of weights B, with the one of Young functions. To
help the reader, we will recall which class we are referring to and we will always denote
Young functions by capital Greek letters (® or W), whilst we keep the lower case notation

w,v,u,o for weights.

Remark 5.1.3. Note that if 0 € B,, by Holder’s inequality I is (7°[0]p,) '-sparse with

respect to the measure o dv.
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Definition 5.1.4. We consider the weights in B, = Up>1 B, and the quantity

1

[0]p., = sup M(olg )

I?aeg U(Ka) I?a

where M is the maximal operator

Mf(z) = sup(|f[) gLz (2)-

KeJg

The characteristic [o]p, is controlled by [o]p,. We recall the simple proof from

[e']

[APR17, Proposition 5.6].

Proposition 5.1.5 (Aleman, Pott, Reguera 2017). For 1 < p < oo, let w be a weight in
B,. Then we have

[w]p., < [w]p,

Proof. Let w € B, and let o := w' P be the dual weight. By writing 1 = 0171’0%_1 and

using Holder’s inequality, we have

1/p 1/p
/AM(wIL o7 o (/Mwll ) (/Aal_p>
K K
A\ 1/p
<Ml o)1 0 (/Awpa> (/A 1 p)
K K

Spa (W], /A w

K

where we used that w?” ¢ = w = ¢'? and the bound from Buckley in Theorem 1.2.5:

[ ]1/(17'—1)

g, = = ws,

HMHLP Y—=LP (o) SJP’ d

A simple proof of the bound for the norm of M can also be found in [Ler08al. O

We will derive estimates using the above quantities and then we will compare the joint
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dyadic B, with the one on Carleson tents.

5.2 Program to deduce weighted estimates

A possible route to prove weighted estimates for P follows these steps, see also [Ler13b].

1. (Control by a positive operator). The modulus of the Bergman projection is con-

trolled by the maximal Bergman projection:

P = [ O,

d ‘1 — Zc_‘d"'l

Namely we have |Pf(z)| < P*|f|(z). Note that P*(]-]|) is a real-valued, positive

operator. For positive weights w, v we have
1Pl 22(w)=r22(0) < 1P F || 22(w)=220)-

2. (Equivalence with a sparse operator). Given the dyadic structure on B¢ and the
sparse collection I, the associated sparse operator Ag is equivalent to the maximal

Bergman projection [RTW17, Lemma 5|:

PHfI(z) ma A f(2) = Y (Mg 1z,

Kaeg

3. (Bumps for the sparse operator). Two-weight estimates for sparse operators are
well understood. For example, they are equivalent to two-weight estimates for the
maximal operator M, see [Ler13b, Theorem 1.2]. Sufficient conditions on (w,v) for

the boundedness of

[M||z2)»r2)  and  ||Ag |l 2(w)— L2 )

are known in terms of testing conditions. These are presented in §5.2.1.
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These three steps are enough if we are aiming to find sufficient conditions.

If our goal is to find also necessary conditions and solving the two weight problem,

another step is needed.

4. By showing the reverse inequality:
1P 2 wy—r2() S NP L2 w)—120)
one has the equivalence
| Pl 2(w)—L2(0) ~ [[AF L2 ()= L2(0) -

Then the two-weight estimates for Ag imply estimates for the Bergman projection.

This has been done only for holomorphic weights w, v € A?(D) in [APR17, §3].

The task of characterising weights w, v for which || P||z2(u)—r2(v) is finite is still open.

5.2.1 Sawyer testing conditions

Let . be a sparse collection. We denote by Ao the corresponding sparse operator

Agf = Z<f>Q1Q-

Qe

The weights for which Ay (o-): LP(0) — LP(w) holds, as well as the equivalent dual
formulation Ay (-w): ¥ (w) — L¥(c), have been characterised by Sawyer in terms of

testing conditions:

1A (1)) < To(Q), VQEF (5.2.1)

Ao (i), , < Tw(@), YQe.s
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where the optimal testing constants are

1A (100) |75
T =%, (w,0) = sup
- 9) Q o(Q)
y (5.2.2)

||1QA§#(1QU))||L /

/ / P (o)
T =% (w,0) :=sup

p( ) Q w(Q)

These conditions are named after Sawyer, who first derived them for maximal operators
[Saw82] and for fractional and Poisson integrals [Saw88|. For sparse operators they have
been proved in [LSU09].

Testing constants for off-diagonal estimates Ay (o -): LP(0) — L9(w) for ¢ # p and
more general sparse forms have also been studied, see [Li17, Theorem 1.1]. In particular

we have

||A§ﬂ(0' -)||Lp(o-)*>Lp(w) = (gl/l? + (T/)l/p/).

In the following we estimate the constants T, T’ from above with quantities involving

the weights w, 0.

5.3 Proof of Theorem D

We derive a bump condition in L? for two weights w, o in terms of Orlicz averages.

First, the maximal Bergman projection P* is controlled by a sparse operator A.

Lemma 5.3.1 ([RTW17, Lemma 5]). There is a finite collection of Bergman trees {T;}_,

such that

PHfG) = Af(2) = > Nz 1z,

Kaeg

where I = Uévzl{f(a : a € Ty} is a sparse collection of dyadic tents.

Then Theorem D and Theorem E follow from the respective estimates for A. In the
rest of the chapter we give a proof of these estimates for a sparse operator A associated

to a generic sparse collection .. We follow the proofs of [Li17, Theorem 5.2] and [Hyt14,
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Theorem 6.1].

Proposition 5.3.2. Let A be a sparse operator. For two weight w,o and two Young

functions ®, ¥ € By, it holds

HA(U ')”LQ(J)—w?(w) 5 [0, w]cb,xp-

We split the proof of Proposition 5.3.2 in a few simple steps, where we will use the

following lemmata and the notation (f)g = o(Q)™" fQ fo.

Lemma 5.3.3. Let . be a sparse family and o be a weight. For 1 < p < oo and a

function f we have

(S where)” <l

Fey

where the implicit constant depends only on the sparse family and on the exponent p.

Proof. Assume that .7 is %—sparse with respect to the measure o dx. Then for every
F € & there is Ep C F with o(F) < 20(EF), and the {Ep : F € ./} are disjoint. Let

M? be the maximal function defined by

M? f = sup(|f|)F1F.
Fe?

We bound

D (UNFra(F) <2y (inf 107 f) o (Er)

Fes Fes

SQZ |M? f|Po dx
F Y ER

< 20M o0y o) 1 1o

Since the norm of the dyadic maximal function || M| 1s(0)—1r(s) < P’ and does not depend
on the weight o, the result follows. The estimate for the maximal function is classical, a

proof in our case can be found in [HWW21, Lemma 3.13]. O
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Lemma 5.3.4. Let .7 be a %-sparse family, 7 > 1. For1 <p < oo let ¥ € B, be a Young
function, so that the mazimal function My is bounded on LP. Then for any G € . the

following estimate holds

> (W' olQI S w(@)

Qes
QCG

where the implicit constant depends only on T and || My||rr— 1.

Proof. By Theorem 1.5.7, since ¥ € B, the maximal function My is bounded on L. For

Q C G, we have (w'P)y o = (w'/P1g)y o. Then |Q| < 7|Eq| and

STl < Y [ My(w'P16)

Qe Qe ' Eq
QCG QCG

< [ anuiop
G

< THM\I’“];JP—MP le/pHip(G)-

We are ready to prove Proposition 5.3.2. By symmetry, it is enough to focus on one

of the two testing conditions in (5.2.1).

Reduction to dyadic form

By duality, the two-weight estimate

[A(fo)ll 2wy < Cllfllr2)

is equivalent the supremum over g € L?(w) of [{A(fc),gw)|. Then it is enough to show

that for non-negative functions f and g we have

[(A(fo), gw)l = Y (fo)olgw)alQ)

Qe
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=Y (Na95io)e(w)elQl S oy wlawll fll 2 19l 2 w)-

Stopping families

We assume that both f,g are both non-negative and supported on the set )g. We
will use a dyadic family of cubes inside )y and we select special cubes for the “parallel
corona” decomposition. We denote the principal cubes for (f,o) and (g, w) by # and
¢ respectively. These are defined as the stopping family in §3.5.1 but for the weighted

averages of f and g:

A Q) ={S € D, C Q maximal : (f)g > 2(f)},

Ar(Q) ={5 €D,5 CQ maximal : (g)§ > 2(g9)5}-
Then we define
Fo={Q},  Fan=J @), F=J7%
QeIy neN

and in a similar way for ¢4. As shown in Chapter 3, the families .# and ¢ constructed
in this way are sparse. We denote by m4#(@Q) the minimal cube in .% containing @), and
similarly for 74 (Q). Given a pair of cubes (F,G) € .F x ¢, we consider the collection of

cubes such that their projection to .# and ¢ are F' and G respectively. Such collection is
{Q: m(Q) = (F,G)}, where 7(Q) = (72(Q),7¢(Q)).

Using the stopping families we can write

2.=2.2 2

Qe FeZ Ge¥  Qes
m(Q)=(FG)

Since either ' C G or F' O G, by symmetry it is enough to study only one case. We focus
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on the latter. We have

SN Y (M58 well

FeZ Ge¥ Qe
GCF n(Q)=(F,G)

<4 (NFY (08 Y (@elwelQl (5.3.1)

FeF Ge¥ QeY
GCF m(Q)=(F<G)

Introduce Orlicz bumps

We focus on the last summand in (5.3.1). We see that

©atw)e = ( Zrandad—) (0 el uo

01/2><D,Q<w1/2

The supremum over all cubes @) € D of the quantity in brackets is [0, w]ew. Then we

have

Y (@)l <o wlaw D (6 ag(w ) uglQl.
Qes Qe
T(Q)=(FG) m(Q)=(FG)

Using the Cauchy—Schwarz inequality and Lemma 5.3.4 we estimate

> (0 eow ) el

Qe
T(Q)=(F,G)
1/2 1/2
<( X wmlel) (X Wil
Qe Qe
m(Q)=(FG) T(Q)=(FG)
1/2
SO @ilel) Twe)
Qe
T(Q)=(FG)

Putting all together, and using the Cauchy—Schwarz inequality in ¢ in the third and

and fifth inequality and Lemma 5.3.4 in the second and the fourth, we obtain

D NEd (e Y, (9e(wel@l

FeF Ged Qes
GCF m(Q)=(F.G)
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<o, wlow Y _(NFY 8 D (0 eo(w?) el

Fes Ge9 Qe
GeF 7T(Q) (F,G)
Slolos S NE @5 X (05e0Q1) w(c)”
FeZ Ge9 Qe
GCF m(Q)=(FG)
1/2
< loulow YN L @e @) (X X 0" ela)
Fez Ge9 GeY Qe
GCF GCF 7(Q)=(F,G)
1/2
S lovwlow Y (NF( D (9)E w(@)) o (F)H?
FeF Gey
GCF
o\2 1/2 w2 1/2
< [ wlos (Y (NEF) (D D (98 w(@)
Fesz FeZ Ge9
GCF
< 0wl | o g2
where the last inequality follows from Lemma 5.3.3, concluding the proof. O]

5.4 Proof of Theorem E

In [APR17, §5] the authors obtained sharp one-weight estimates for the maximal Bergman

projection

f(©)

B |1 - ZC_|d+1

PYf(z) = av(()

in terms of the mixed By—B,, characteristics. These estimates follow from a sparse dom-
ination of P and are obtained via Sawyer’s testing conditions for the sparse operator
presented in §5.2.1. Combining the sparse domination in [RT'W17] and the estimates for

sparse forms in [Lil7]|, we derive By—B,, estimates for P.

We consider the sparse operator
Agf=> (AHrlz.
Ko€T
The testing conditions for the boundedness of [|A» (0 )| zr(o)rr(w) for two weight w,o
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are

~

Mz, A5 (01 ) 2w S (W, 0]5,[0] 5.0 (Ko)

~

1Mz, Ag (g2 S [0y W], [w] s w(K).

By symmetry, it is enough to prove one of the two. We choose the first one.

Proposition 5.4.1. Let o, w be two weights. Then for any dyadic tent l?o € J, we have

1z, A50 122w S [w,0]B,[0] 5.0 (Ko).

We refer the reader to [HL12, Prop. 5.2| for a version of this result for dyadic shifts.

Since we deal with sparse operators, the proof we present here is simpler. It follows the

approach in Hytonen’s work [Hyt14, §5.A] and in [APR17, §5].

Proof of Proposition 5.4.1. For simplicity, we denote by Lo €
instead of [A(o. Recall that, since I is sparse, there is a fixed 7

L € T there exists a subset F;, C L with the property that |L]|

{Ep : L € I} are pairwise disjoint.

Then we have

[Ag 1L, 17200 = /

o

(Z(U>L1L>2w
D (o)) (owlpw

J a fixed dyadic tent,
> 1 such that for every

< 7|E| and the sets in

=22 (o) ) {o)rlwp|L]

< 2sup (o)lw) Y (o) Y |L]

L'eT
L'CL

< 27 sup (o) (w) 1/ Z (o)z|L]



S lowls, > (o)ulLl.

LET
LCLo

The remaining sum is controlled by using the maximal function and the sparseness prop-

erty. We have

(o wlp, Y (o)LlL] < [oywlp, ) inf M(o1,)|L]

Leg Leg
LCLy LCLo

Tlo, w|g, g M(olyg,)
Leg Y EL
LCLg

< 1[0, w)p,

(20) M(O':H_L())O'(Lo)

< T|o,w|B ( sup
[ ] ’ LoeTg U(LO) Lo

M(JILLO)> o(Lo)

S o, wls,[0]B..0(Lo).

This concludes the proof of the proposition. O

The proof of Theorem E follows by combining the sparse domination in Lemma 5.3.1

with the bound for sparse operator in Proposition 5.4.1. This gives the bound
|P(0 Mz 200 < Ol 0] ([o]52 + [w]g2).

We conclude by comparing the volume of a Carleson tents 7, with the volume of a
dyadic tents [/(\'a. This is the content of the following two lemmas, see [RTW17, Lemma
3] and [HW20, Lemma 2.4].

Lemma 5.4.2 (Rahm, Tchoundja, and Wick, 2017). There exists a finite collection of
Bergman trees {T;}), such that for any tent T, there is £ € {1,..., N} and o in Ty such

that Ko 2 T, and |T.| = |Kq).
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Note that since a finite union of sparse families is sparse, if we denote by

N
‘PI::U% where %::{I?a: a € T},
=1

then I is a sparse collection of sets in the unit ball B.

Lemma 5.4.3 (Huo and Wick 2020). For any dyadic tent I?g € J there exists a Carleson

tent T, such that Kg C T, and |Ks| ~ |T%|.

Then it holds that [w,o]p, =~ [w,0]s, for By weights. The proof of Theorem E is

concluded.
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APPENDIX A

FOURIER INVARIANCE

This is also written in Wilson’s book.

The Strichartz norm introduced in Chapter 2 is invariant under the action of the

Fourier transform. We use the following definitions:

Fo = [ i@an T = g [ e aee

With the definitions above, the Fourier transform is an isometry between L?*(R?) and

L2(RY, (27)~4/2 d¢).

Proposition A.0.1 (Plancherel). Let f: R? — C be a function in L* N L%, then

1fll2 = (27) 2| £

We recall the Strichartz estimates for the solution u(t,z) = e "2 f(z) of the free

Schrédinger equation i0;u = Aw with initial datum f. The following estimate holds

e Fll gl Lswy < CF N2 ey, (A.0.1)

135



for all admissible (d, p, q) satisfying

;o q>2, (d,p,q) # (2,00,2).

The left hand side of (A.0.1) is Fourier invariant, namely, if one calls

1 lapay = Me™ fll Lzl Lacey

then we have the following

Proposition A.0.2. For all admissible (d,p,q) and every Schwartz function f it holds

that

N _d
1 l@pay = (2m)2 [ fllapa)

Proof. One can write the solution of the Schrodinger equation as a convolution

e 1 71-\00;?2
* W(ﬂf) = VA Je f(y)e dy.

Then we expand the square

o=y _ P
4t 4t

Lo
il — %),
+ oyl =22 y)
Since |e_4lt‘x|2| = 1, by changing variables t = £ and z = s, one is left with

g = () [ ([
Lng 47 R Rd

Write v = £ and r = £. Introducing a factor (27)*% we obtain

() L UL

[N]ISW

P
f(y)eﬂi'leel?ydy dz) 59272(s.

Rd

SIS

2ddv) ’ 4(rqg*2*d%)dr

—irly|? Jivy dy

4 _ s N~
= (2m)27[e ZtAfH%ng
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The exponent in the Jacobian factor vanishes because of the scaling condition. Thus we

have

—itA T _d —1i
Me™2 fll o sz = @m) 2 ™ fll o e s @) -
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APPENDIX B

CONDITIONAL EXPECTATION AND HAAR
PROJECTIONS

In this appendix we recall some known bounds for the Haar projection. These involve
conditional expectation and martingales related to the Haar system, see also [Gral4, §6.4].

Let . be the stopping family defined in §3.5.1. Given S € ., let of*(S) be the
maximal stopping cubes inside S. Let %5 be the o-algebra generated by o*(S). A
function is measurable with respect the o-algebra ¥s if and only if it is constant on any

cube in d*(.5).

B.0.1 Conditional expectation

Denote by E[-|9s] the projection on the space of measurable functions with respect to

the o-algebra ¥s.

flz) ifxeS\d(S)
E[f|¥s](x) =
(f)gr if x € 8" for some S" € A*(5).
For more details about this operator, we refer the reader to [HvVWI16, §2.6]. Let .
be a stopping family for f. The supremum of E[f|¥s] in S is either f(z) (if d(S5) is
empty), or (f)s for some S € od*(S). In both cases ||E[f1s|9s]| rows) Sa (f)s, since

(f)s < 2¢A(f)s by the stopping conditions.
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B.0.2 Haar projection

Given S € .7, let Tree(S) = {Q € D : Q = S} be the collection of cubes Q such that S
is the minimal stopping cube containing Q).

The Haar projection on S is given by

Pof = > Af= > > (f,hphg

I€Tree(S) Ie€Tree(S) ee{0,1}4\{0}4

where {h$}. are the Haar functions on /. Being a sum of Haar functions on cubes in
Tree(S), the Haar projection Pgf is constant on any S’ € d*(S), so it is measurable on
9s. 1t also holds that Pgf = PsE[f15|9s].

The Haar projection Pgf can be seen as a martingale transform, and so it satisfies the

following

Lemma B.0.1 (L? bound for martingale transform [Bur84|). For 1 < p < oo we have
PSEL151%5]l, < CyIELfLsis]ly (B.0.1)
Combining (B.0.1) with the estimate for the supremum of E[f1¢|¥s] one obtains that

Hngpr S (f)s-

B.0.3 Richer o-algebras and r-Haar projections

The same idea works with slight modifications when S is the minimal stopping cube
containing the r-ancestor of @). Let Tree,(S) be the collection of cubes @ such that

65(7) = S. Define the r-Haar projection on S as

sf= ). Agf

QETree,(S)

Remark B.0.2. The projection P f is not measurable on %5 in general, but it is measurable
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with respect to the richer o-algebra generated by the r-grandchildren of S” € o*(S), which
is

@r — a({(S’)T e ch, (), 8" € g(l*(S)}).

Then Pgf = PLE[f1s|9%] and we have the following
Lemma B.0.3. Given a function f, let S be a stopping cube in % as defined in §3.5.1.
Then

IE[f1s|%3]|| Lo(sy Sar (f)s-

Proof. Either |f(z)| < A(f)s for all x € S, or there exists S’ € d*(S) with zy € (5'),
and E[f1s]|95](x0) = (f)(s»),. Let P be the dyadic parent of (S"),. Then P € Tree,(S)

and we have

(Flsn. <2Uf)p <2927 (f)pr < 27D A(f) g

where we used the stopping condition in the last inequality. O

B.0.4 Haar projection on maximal cubes

For S € .7, the r-grandchildren ch,(S) are the maximal cubes in Tree,(S). Then the

restriction of Haar projection P% on a S, € ch,(S5) is

Ps, f = Z Agf and satisfies  (|Pgs, fl)s. S (|f])s- (3.6.1)

QETree,(S)
QCSr

Proof of (3.6.1). The Haar projector Pg_f is measurable with respect to the o-algebra

%, then

s |Ps. fl = s |Ps. E[f Ls, [F5]| < [1Ls, |l oo | Ps, B[S Ls, [F5] | Lo s,

by (B.0.1)  <p s, [l o [[ELf L, |5 ]l Los,)
P .
<SP [Se [P | E[f Ls, |95]]

by Lemma B.0.3 < |S,|(f)s.
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Divide by |S,| both sides to conclude.
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sd*(S). Below, shifted by r generations, there is the stopping tree Tree,(S). The cubes @

in Tree,(S) contained in a specific r-grandchild S, are highlighted.

Figure B.1



APPENDIX C

SAWYER’S DUALITY TRICK

The symmetric formulation of two weight inequalities recalled in the introduction of

[TV16] is attributed to [Fef83] and [Koo80|. It goes as follow.

Proposition C.0.1. Let u,v be two weights. Then the two weight inequality for an

operator

T: LP(v) — Li(u)

18 equivalent to

T(o-): LP(o) — Li(u), (C.0.1)

/ /
where o .= v PP = =7,

This formulation is useful since it reduces the number of different measures involved.
Indeed, in (C.0.1) there are only two measures (udz and odx), instead of three: udz,
vdx, and the Lebesgue measure in the operator 1. Moreover, it reduces the assumptions
on the weights for the dual inequality.

The dual expression of T: LP(v) — L4(u) is T*: LY (u*~9) — L (v'~7"). To make
sense of the latter, v has to take the values 0 and oo only on sets of measure zero.
Instead, the dual inequality of T'(c-): LP(0) — L%(u) is T*(-u): L7 (u) — L¥ (o) and

does not require to have non-negative measures, see [Crul4, §5, page 23|.
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Proof of Proposition C.0.1. Plugging the weight inside |- |’ gives
p, -1/ 1/q 1 1/p
( w(@)| T (fot/?o p)(m)\qu) < 0( | fol/e|P dx) . (C.0.2)
Let 0 := v™P/? so that o'/? = v~/ Also let g = fv!/?, then (C.0.2) is equivalent to
IT(90" ") | a@) < Cllgller, Vg € L.

Write g = ho'/? so that h € LP(o) if and only if g € LP. We obtain

T (26" 110y < Clbllsy s ¥h € (o)

1

which is what we wanted, since 110 + = 1. O

En passant, note that the two weight estimate (C.0.2), as the two formulations in

Proposition C.0.1, is equivalent to the unweighted estimate

T (oMY P — LA

In [Saw82|, Sawyer observed that the inequality

1T (o) | zaw) < ClFllogur-»)

is equivalent to the dual inequality

1T (gl ot vy < Cllgllrarwy > Y9 € LT (w).
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