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Abstract

In this thesis, a Discrete Multi-Physics model based on Smoothed Particle Hydrodynamics is

developed to simulate a Rayleigh collapse of a single bubble. All the simulations were run on a

modified version of the open source software LAMMPS and visualised on OVITO. Initially a 2D

model is validated by simulating a phenomenon that shares many similarities with a collapse

mechanism, the interaction of a shock wave with a discrete gas inhomogeneity, showing similar

performance to classic mesh based CFD. The model is then used to simulate a 2D Rayleigh

collapse and validated against the 2D Rayleigh-Plesset equation for both empty and gas filled

cavity. The validated model is used to investigate the role of heat diffusion at the gas-liquid

interface of the cavity, and to study non-symmetrical collapse induced by the presence of a

nearby surface. Enabling heat diffusion at the gas-liquid interface allowed to identify five

different possible behaviours that range from isothermal to adiabatic, while the results of non

symmetric collapse show that the surface is hit by a stronger shock when distance between

the centre of the cavity and the surface is zero while showing more complex double peaks

behaviour for other distances. In the final chapter a 3D model is used to model an attached

non-symmetrical collapse and its hydrodynamic is compared with the equivalent 2D case.
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Chapter 1

Introduction

1.1 Background

The term “cavitation” is used to describe a phenomenon composed by two distinct phases:

firstly, a vapour cavity, also called vapour bubble or void, nucleates and rapidly growth over a

nucleation site in a liquid phase; subsequently, the vapour cavity rapidly collapses generating

strong shock waves [Brennen, 2014]. Local temperatures can reach 40,000K [Flannigan and

Suslick, 2010] and local pressure peaks of 12GPa [Supponen et al., 2017] causing erosion in

many hydraulic and naval applications (see Figure 1.1).

In more than a hundred years, cavitation has been investigated theoretically [Besant, 1859;

Rayleigh, 1917; Plesset, 1949; Tomita and Shima, 1986; Kudryashov and Sinelshchikov, 2014],

experimentally [Naude and Ellis, 1961; Lauterborn and Bolle, 1975; Philipp and Lauterborn,

1998; Flannigan and Suslick, 2010] and numerically [Plesset and Chapman, 1971; Blake et al.,

1986; Kim et al., 2014]. In all cases, assumptions and approximations are necessary to study

such a complex phenomenon. Certain features like the role of temperature on erosion are still

not very clear and we still lack a model that accounts, at the same time, for the hydrodynamic

of the collapse, the compressibility of the gas cavities, the heat transfer at the interfaces (gas-

liquid, gas-solid, liquid-solid), the deformation of the solid, and the erosion.

The aim of this thesis is a computer model that accounts for several of these features (i.e. hy-

drodynamic of the collapse, the compressibility of the gas cavities and the heat transfer at the

gas-liquid interface) at the same time. This will be achieved with a Discrete Multi Physic ap-

proach [Alexiadis, 2014], where different meshfree particle-based methods are linked together.

In many applications, in fact, particle-based methods can be used to model both liquids and
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(a)

(b) (c)

Figure 1.1: Cavitation erosion pattern in different applications: centrifugal pump (a) impeller blade (b)
mechanical valve (c)

solids [Swegle and Attaway, 1995; Liu et al., 2002; Ariane et al., 2018a; Rahmat et al., 2019b;

Mohammed et al., 2020] with specific advantages over traditional, mesh-based, methods espe-

cially in the case of large deformations and break up of solids structures [Liu and Liu, 2003].

For this reason, recently researchers had begun to investigate the cavity collapse with particle-

methods [Nair and Tomar, 2019; Pineda et al., 2019; Joshi et al., 2019; Albano and Alexiadis,

2020].

1.1.1 Objective of the thesis

The aims of the thesis is to develop a Discrete Multi Physic model that accounts for:

• The hydrodynamic of symmetrical and non-symmetrical collapse.

• Heat generation during the collapse and heat transfer between the gas phase in the cavity

and the surrounding liquid.

• The fluid-structure interaction of the collapsing cavity with a nearby solid surface.
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1.1.2 Thesis layout

Chapter 2 introduces the concepts of cavitation and bubble dynamics, which are discussed in

relation with past theoretical, experimental and computational studies.

Chapter 3 discusses the methodology used in this work. The chapter focuses on mesh free

method and especially on Smoothed Particle Hydrodynamics (SPH), which is the method used

to simulate the hydrodynamics of the cavity collapse.

Chapter 4 introduces LAMMPS, the software used for the simulations. The chapter shows its

structure, how different type of particle interactions can be implemented, and how its source

code can be modified.1

Chapter 5 develops the SPH model for simulating the interaction between a cylindrical gas in-

homogeneities and a travelling shock wave inside a shock tube. The phenomenon shares many

similarities with the cavitation collapse and it is used to test and validate the approach used in

the following chapters.2

Chapter 6 adapts the previous model to simulate a gas-filled cylindrical Rayleigh collapse. It

also investigates the role of heat generation and transfer between the gas and the liquid phase

during the collapse.3

Chapter 7 extends themodel to non-symmetrical collapse that occurs when the cavity collapses

near a solid surfaces.4

Finally, Chapter 8 further extends the model of Chapter 7 to three-dimensional simulations.

1This chapter has been published in ChemEngineering as Albano A, le Guillou E, Danz A, Moulitsas I, Sahputra
IH, Rahmat A, Duque-Daza CA, Shang X, Ching Ng K, Ariane M, Alexiadis A. How to Modify LAMMPS: From the
Prospective of a Particle Method Researcher. ChemEngineering. 2021; 5(2):30

2This chapter has been published in Applied Sciences as Albano A, Alexiadis A. Interaction of Shock Waves
with Discrete Gas Inhomogeneities: A Smoothed Particle Hydrodynamics Approach. Applied Sciences. 2019;
9(24):5435

3This chapter has been published in PLOS ONE as Albano A, Alexiadis A (2020) A smoothed particle hydrody-
namics study of the collapse for a cylindrical cavity. PLoS ONE 15(9): e0239830

4This chapter has been published in Applied Sciences applied science as Albano A, Alexiadis A. Non-
Symmetrical Collapse of an Empty Cylindrical Cavity Studied with Smoothed Particle Hydrodynamics. Applied
Sciences. 2021; 11(8):3500
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477(2245):20200653.

5



Chapter 2

Cavitation

2.1 Cavitation inception and cavitation nuclei

An incompressible fluid, under the assumption of steady state inviscid flow, satisfies the Bernoulli

equation

v2

2
+
P
ρ
+ gz = constant (2.1)

where v is the speed of the flow, P the pressure, ρ the fluid density, g gravity acceleration and

z elevation. If the flow occurs in a pipe with variable cross section, when the fluid goes from

point A to point B its speed increases due to the decrease in cross section (Figure 2.1).

Figure 2.1: Schematic representation of a fluid flows in a pipe with cross section change.

According to Equation 2.1, this leads to a decrement in pressure. If PB goes under the liquid

vapour pressure, the fluid would locally evaporate generating a vapour cavity. This process

is generally known as cavitation inception [Knapp et al., 1970; Rood, 1991; Franc and Michel,

2006; Brennen, 2014; Kim et al., 2014]. If the cavity moves into a high-pressure region, it will

collapse. The term cavitation is used to describe the phenomenon of growth and sudden col-
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lapse of the cavity under the effect of pressure.

This type of cavitation is often referred in the literature as a travelling bubble cavitation [De Chizelle

et al., 1995; Li and Ceccio, 1996], which occurs in hydraulic machines and pipe flows [Knapp

et al., 1970; Luo et al., 2016] and it is the subject of this thesis. However, there are other types

of cavitation pattern. Cavitation cloud occurs near the leading edge of rudders [Paik et al., 2008;

Weber et al., 2010] due to flow separation. Vortex cavitation is caused by liquid rotation in a

propeller [Arndt et al., 1991; Huang et al., 2014]. Also shear flow [O’hern, 1990; Yu et al., 1995]

and other conditions [Young, 1999; Franc and Michel, 2006; Brennen, 2014; Kim et al., 2014]

can produce cavitation.

A condition for travelling bubble cavitation is the presence of nuclei in the liquid [Mørch, 2009,

2015]. Those nuclei [Kim et al., 2014] can be micro bubble, particles, or discontinuities at solid

surfaces [Holl, 1970]. Nuclei acts as a nucleation site that dynamically reacts to the pressure

variation of the system by oscillating and eventually cavitating (growing and rapidly collaps-

ing).

During this oscillation it is common [Brennen, 2014; Kim et al., 2014] to assume that the con-

tent of the nucleus behaves as a polytropic gas, this implies that

pB = pg,0

(R0

R

)3k

(2.2)

where pB is the pressure in the nucleus, pg,0 is the initial pressure, R the radius, R0 the initial

radius and k the so-called polytrophic index. When k = 1 the compression or expansion is

isothermal, when k = cp/cv = γ is adiabatic.

2.2 Bubble dynamic

To understand the physics of cavitation we need to understand the dynamic of a single micro

bubble that acts as a cavitation nucleus. Let us consider a spherical bubble with a radius R(t),

see Figure 2.2, immersed in an infinite liquid domain. Far from the bubble, the temperature

is constant (T∞); while pressure, which is the variable that controls the bubble dynamic, is

time dependant p∞(t). The liquid density, ρL, and dynamic viscosity, µL are also constant. The

bubble content is homogeneous and uniform so that temperature, TB(t), and pressure, pB(t),
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are also uniform and homogeneous within the bubble.
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Liquid

Figure 2.2: Schematic representation bubble in an infinite liquid domain

The independent variables are r (distance from the centre of the bubble) and t (time). The

dependent variable vr(r, t) is the radial outward velocity, T (r, t) the temperature and p(r, t) the

pressure. If we assume that the bubble only expands or contracts, between R and r, it is possible

to write the transport equation as

ρLvr(r, t)4πr
2 = ρLvr(R,t)4πR

2(t)→ vr(r, t) =
R2(t)

r2
vr(R,t), (2.3)

with no transport of mass through the interface we have vr(R,t) =
dR
dt = Ṙ(t) and hence

vr(r, t) =
R2(t)

r2
Ṙ(t). (2.4)

Now we write the Navier-Stokes for a Newtonian fluid in the r direction

−
1

ρL

∂p
∂r

=
∂vr
∂t

+ vr
∂vr
∂r
− νL

[

1

r2
∂2(r2vr )

∂r2

]

, (2.5)
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with vr =
R2

r2 Ṙ the viscous term goes to zero and we obtain

−
1

ρL

∂p
∂r

=
∂
∂t

(
1

r2
R2Ṙ

)

−
1

r2
R2Ṙ

∂
∂r

(
1

r2
R2Ṙ

)

− νL

⎡

⎢
⎢
⎢
⎢
⎢
⎣

1

r2
∂2(r2 R

2

r2 Ṙ)

∂r2

⎤

⎥
⎥
⎥
⎥
⎥
⎦
→

−
1

ρL

∂p
∂r

=
1

r2
∂
∂t

(R2Ṙ)−
2(R2Ṙ)2

r5
− νL

[

1

r2
∂2(R2Ṙ)

∂r2

]

→

−
1

ρL

∂p
∂r

=
1

r2
∂
∂t

(R2Ṙ)−
2(R2Ṙ)2

r5
. (2.6)

Equation 2.6 can be integrated between p→ p∞ and r→∞ giving

−
1

ρL

∫ p∞

p
dp =

∫ ∞

r

(

1

r2
∂
∂t

(R2Ṙ)−
2(R2Ṙ)2

r5

)

dr→

p − p∞(t)
ρL

=
1

r
∂(R2Ṙ)

∂t
−
1

2

(R2Ṙ)2

r4
.

(2.7)

The viscous term originally present in the Naiver-Stokes have vanished after substituting Equa-

tion 2.3 into Equation 2.4. In fact, the contribution of viscosity in the bubble dynamic comes

from the boundary conditions at the gas-liquid interface. To determine the boundary condi-

tions we need to balance the forces over a small control volume (Figure 2.3) of infinitesimal

thickness, which contains a small portion of interface.
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Figure 2.3: Portion of the vapour/liquid interface

The net force, per unit area, on this volume in the positive r direction is

σrr |r=R + pB −
2S
R

= 0, (2.8)

with S surface tension of the cavity. The normal stress can be written as σrr = −p + 2µL
dvr
dr =

−p +2µL(−
2
r3R

2Ṙ) and Equation 2.8 becomes

pB − p|r=R − 4µL
Ṙ
R
−
2S
R

= 0. (2.9)

The zero in the right side of Equation 2.9 describe the absence of mass transfer across the
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boundary. Substituting Equation 2.9 in Equation 2.7 for r = R we obtain the Rayleigh-Plesset

equation:

pB −P∞(t)
ρL

= R
∂2R

∂t2
+
3

2

(

∂R
∂t

)2

+
4νL
R

dR
dt

+
2S
ρLR

(2.10)

If p∞(t) and pB(t) are known the equation can be solved for R(t). Equation 2.10 has been de-

rived by Plesset [Plesset, 1949] as an extension of the study done by Rayleigh [Rayleigh, 1917]

on the collapse of an empty cavity (with pB = 0, S = 0) under the action of a constant pressure

p∞.

When p∞ < pB the cavity grows up to a maximal radius (cavity growth). On the contrary, when

p∞ > pB the cavity shrinks until a minimal radius is reached (cavity collapse). The collapse

phase is generally more studied because it produces strong shock waves [Vogel et al., 1996]

that impact on nearby solid surfaces causing damage and material loss in a process known as

cavitation erosion [Karimi and Martin, 1986; Philipp and Lauterborn, 1998; Kim et al., 2014].

When the driven force of the collapse is the pressure difference between the surrounding liq-

uid and the cavity, as described by Equation 2.10, the collapse is referred as Rayleigh collapse to

differentiate it from another collapsemechanism called shock-induced collapse, see Section 2.2.2.

In Equation 2.10, the viscosity and the surface tension terms are often neglected since their

order of magnitude is smaller than that of the inertial term [Brennen, 2014]. Figure 2.4 shows

the dimensionless solution of Equation 2.10 combined with of Equation 2.2 for cavity growth

(a) and cavity collapse (b) under the action of a constant pressure p∞ with k = 1 and neglecting

viscosity and the surface tension.

The dimensionless radius is defined as R(t)/R0, where R0 is the initial cavity radius, while the

dimensionless time as t/tTC with tTC the Rayleigh collapse time [Rayleigh, 1917], defined as

tTC = 0.915R0

(

ρL
p∞ − pB

) 1
2

. (2.11)

Figure 2.4 shows periodic contractions and expansions of the cavity; When p∞ < pB, the bubble

starts to growth and its pressure decreases as the volume increases up to amaximal value, Rmax.

After reaching Rmax the bubble “bounces” back to R0 because of the higher liquid pressure.

When p∞ > pB the bubble collapses and raises its pressure until a minimal volume of value

Rmin. Also in this case, because of the increment of pB, the cavity “bounces” back to R0. In this
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Figure 2.4: Dimensionless solution of the Rayleigh-Plesset with p∞ = 101 [KPa], pg,0 = 202 [KPa], ρL =

1000 [Kg m-3], R0 = 100[µm], tTC = 100 (a) and with p∞ = 101 [KPa], pg,0 = 3.55 [KPa],

ρL = 1000 [Kg m-3], R0 = 100[µm] (b)

periodic behaviour tTC is the half period and indicates the time required for a single collapse.

2.2.1 2D bubble dynamic

The Rayleigh-Plesset equation is often used to validate the hydrodynamic of computational

models [Brennen, 2014; Beig et al., 2018; Joshi et al., 2019]. Due to the computational cost

of 3D models, cavitation is also simulated in 2D [Chen, 2010; Pineda et al., 2019; Nair and

Tomar, 2019; Albano and Alexiadis, 2020]. In this case, Equation 2.10 is not longer valid and

an alternative Rayleigh-Plesset for 2D is required for validation purposes. The 2D Rayleigh-

Plesset equation can be derived by studying the same system described in Section 2.2 with a

plane circular bubble instead of spherical. In this case the transport equation can be written as

ρLv(r, t)πr = ρLv(R,t)πR(t)→ v(r, t) =
R(t)
r

v(R,t). (2.12)

As before, we assume that the bubble can only expand or contract (no rotation), and we derive

the Navier-Stokes as

−
1

ρL

∂p
∂r

=
∂vr
∂t

+ vr
∂vr
∂r
− νL

[

∂
∂r

(

1

r
∂(rvr )
∂r

)]

. (2.13)

Integrating between p → p∞ and r → ∞, neglecting surface tension and viscous effect, we

obtain
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P∞ − pB
ρL

=

⎛

⎜
⎜
⎜
⎜
⎝

(

∂R
∂t

)2

+R
∂2R

∂t2

⎞

⎟
⎟
⎟
⎟
⎠
ln

(

R
r∞

)

+
1

2

(

R
∂R
∂t

)2 (
1

R2
−

1

r2∞

)

(2.14)

2.2.2 Non symmetrical collapse

Equation 2.10 and 2.14 describe the dynamic of, respectively, a spherical and a cylindrical bub-

ble under the action of an isotropic pressure field. In this case, cavities preserve their symmetry

during collapse or growth. However, inmany situations the pressure field cannot be considered

isotropic because of the presence of anisotropic drivers such as gravitational field, nearby rigid

or free surfaces, stationary potential flow, liquid interfaces, or inertial boundaries [Supponen

et al., 2016]. When the driving pressure of a Rayleigh collapse is anisotropic, the symmetry of

the collapse is broken generating a high-speed re-entrant jet (Figure 2.5).

(a)

(b) (c) (d)

Figure 2.5: Jet formation for different anisotropic drivers: gravitational field (a), nearby rigid surface
(b) nearby free surface (c), stationary potential flow (d) [Tinguely, 2013]

Alternatively, the symmetry of the collapse can also be broken when a shock wave passes

through the cavity (shock-induced collapse) [Bourne and Field, 1992; Johnsen and Colonius,

2008; Turangan et al., 2017; Joshi et al., 2019]. This also results in a re-entrant jet, but shock

induces collapse and Rayleigh collapse are considered different phenomena since the mechanic
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of the jet formation is different [Johnsen and Colonius, 2009].

Through the years, researchers have investigated the anisotropic pressure field generated by a

nearby rigid surface [Plesset and Chapman, 1971; Lauterborn and Bolle, 1975; Li and Ceccio,

1996; Beig et al., 2018; Pineda et al., 2019]. In fact, in this case the cavity folds in the direction

of the surface [Supponen et al., 2016]. Eventually, if the cavity is initially attached to the

surface, the jet will hit the surface generating a strong water hammer impact, which produces

cavitation erosion [Philipp and Lauterborn, 1998; Joshi et al., 2019].

2.3 Theoretical, Experimental and Numerical studies

Since the first theoretical study of cavitation by Besant [Besant, 1859], countless researchers

have investigated the phenomenon theoretically, experimentally and computationally. The

theoretical work of Besant has been improved by Rayleigh [Rayleigh, 1917], Plesset [Plesset,

1949] (see Equation 2.10), and many other researchers that developed more complex model

of cavitation taking into account liquid compressibility, heat transfer and non symmetrical

collapse [Plesset and Prosperetti, 1977; Epstein and Keller, 1972; Keller and Miksis, 1980;

Brennen, 2014]. Recently, Kudryashov and Sinelshchikov were able to obtain the first analyt-

ical solution of the Rayleigh equation for both empty and gas-filled cavities [Kudryashov and

Sinelshchikov, 2014, 2015].

Reproducing and studying the collapse of a single bubble with an experimental set up has been

a challenge because of the combination of short timescale of the collapse, small bubble dimen-

sion and the difficulty to generate a single spherical bubble in a controlled environment [Kim

et al., 2014]. One of the first experimental approaches for studying the collapse of a single

bubble was based on the so-called spark discharge method [Naude and Ellis, 1961; Benjamin

and Ellis, 1966; Kling and Hammitt, 1970]: A single bubble is produced using a electric dis-

charge between two electrodes that turns a small portion of water into plasma that eventually

generates a vapour cavity. The combination of the spark discharge method with high-speed

photography allowed researchers to confirm findings from theoretical studies. For instance,

Benjamin and Ellis [Benjamin and Ellis, 1966] confirmed that a collapsing bubble migrates to-

ward a solid boundary and generates a high speed flow (jet) when the bubble approaches the

minimal volume as predicted by Kornfeld and Suvorov [Kornfeld and Suvorov, 1944].
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One of the limitations of the spark discharge method is that the electrodes affects the pressure

field near the cavity and this may lead to the loss of sphericity. Laser Induced Cavitation (LIC)

has been developed to overcome this limitation [Lauterborn and Bolle, 1975; Vogel et al., 1989;

Philipp and Lauterborn, 1998; Flannigan and Suslick, 2005, 2010]. A laser beam is directed on

a single location generating a hot plasma spot that will eventually evolves into a vapour cavity.

The pressure field is not affected by the presence of the electrodes preserving the sphericity of

the bubble. By means of LIC, Philipp and Lauterborn [Philipp and Lauterborn, 1998] studied

the collapse of a single bubble at different distances from an aluminium surface. They found

that when the cavity is attached to the surface, the re-entrant jet plays a main role in the ero-

sion process. Supponen et al. [Supponen et al., 2017] studied the broad luminescence spectrum

obtained from individual collapses of laser-induced bubbles in water recording plasma tem-

perature in the range of 7000K to 11500K.

As mentioned in Section 2.2.2, shock-induced collapse is an alternative mechanism of collapse

occurring when the cavity interacts with a travelling shock wave. This collapse mechanism

share many similarities with the shock wave interaction with a discrete light gas inhomogene-

ity [Kim et al., 2014]. The shock interaction with gas inhomogeneities has been studied for

decades in the framework of shock propagation in non uniform media [Haas and Sturtevant,

1987; Layes et al., 2005; Layes and Le Métayer, 2007; Wang et al., 2015; Albano and Alexiadis,

2019]. In this case, the cavity and the environment are filled with two different types of gas.

And, therefore, instead of a cavity we have an inhomogeneity. It is relatively easy to control

the shape of the inhomogeneity by inflating gas into supports of different shapes inside a shock

tube.

Because of practical difficulties in the experiments, researches started to study the cavitation

process with numerical experiments. There are countless studies in the field based on tradi-

tional grid based methods. Among them, Plesset and Champan used the particle-in-cell method

to study the effect of a nearby surface on cavity collapse finding, for attached cavity collapse,

impact stress of order of 2000 atm [Plesset and Chapman, 1971], Blake et al. [Blake et al., 1986]

used the boundary integral method for simulating the growth and collapse of transient vapour

cavities near a rigid boundary in the presence of buoyancy forces and an incident stagnation-

point flow. Johnsen and Colonius [Johnsen and Colonius, 2009] used a high-order accurate shock-
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and interface-capturing scheme to study non spherical collapses for both the Rayleigh and the

shock induced collapse and the interaction of the developed shock waves with a nearby surface.

Beig et al. [Beig et al., 2018] combined the interface-capturing scheme to with a semi-analytical

heat transfer model to study the temperature developed in a non spherical Rayleigh collapse

and to predict the temperature of a nearby solid.

Only in the recent years researches began to use mesh-free particle methods, that show advan-

tages over mesh-based method in the case of large liquid deformations and break up of solid

structures, to study cavitation erosion. Joshi at al. [Joshi et al., 2019] developed a Smoothed

Particle Hydrodynamics axisymmetric solver to simulate a shock-induced collapse of an empty

cavity and the erosion process of a nearby elastic-plastic material. Pineda et al. [Pineda et al.,

2019] used a Smoothed Particle Hydrodynamics-Arbitrary Lagrangian Eulerianmodel to simulate

a gas filled cylindrical cavity collapse far and near a surface studying the emission of shock

waves and the jet formation. Nair and Tomar [Nair and Tomar, 2019] used a compressible-

incompressible Smoothed Particle Hydrodynamicsmodel to simulate different bubble flow prob-

lems. Albano and Alexiadis [Albano and Alexiadis, 2020] developed a Smoothed Particle Hy-

drodynamicsmodel to study the role of the heat diffusion at the gas-liquid interface in pressure

and temperature peaks inside a cylindrical gas filled cavity.

The next Chapter introduces the methodology used in this thesis. In particular it focuses on the

mesh-free particle method Smoothed Particle Hydrodynamics (SPH) used to model the dynamic

of bubble collapse.
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Chapter 3

Methodology

3.1 Numerical simulation

The aim of a numerical simulation is to reproduce a specific physical phenomenon by solving

a set of governing equation [Bratley et al., 2011]. In fluid dynamics, those equation are derived

by conservation laws of specific field variables such as mass, momentum or energy [Bird, 2002;

Mauri, 2015]. In many cases, the governing equation express the evolution of these variables

as sets of partial differential equations (PDE), boundary conditions (BC) and initial conditions

(IC) [Liu and Liu, 2003].

These equations must be discretised in a set of algebraic equations or ordinary differential

equations, which can be solved using the existing numerical routines. Finally, it must be ver-

ified that the results reproduce experimental data, theoretical solutions, or results from other

established methods [Bratley et al., 2011; Liu and Liu, 2003].

Another important concept in numerical simulation is the domain discretisation. Domain dis-

cretisation is essentially a sectioning process where the continuum is divided in a grid com-

posed by a finite number of smaller cells connected to form a mesh (see Figure 3.1), which acts

as a computational frame for the numerical solution [Bratley et al., 2011].

3.1.1 Eulerian vs Lagrangian approach

There are two main mathematical approaches to describe the governing equations: Eulerian

and Lagrangian. The Eulerian approach is a spacial description while the Lagrangian approach

is a material description [Batchelor and Batchelor, 2000]. The difference can be expressed with
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Figure 3.1: A 3D sphere domain mesh discretisation.

the definition of the so-called Lagrangian derivate [Mauri, 2015]: Given a tensor, scalar or vector

f (x, t), whose value only depends on position and time, its Lagrangian derivate is defined as

Df
Dt

=
∂f
∂t

+ v ·∇f , (3.1)

where df /dt is the eulerian derivate which expresses the change of f in respect of time while

v ·∇f expresses the variation of f between two points. When we use the Lagrangian approach,

we study the motion assuming a moving frame of reference that follows an individual fluid

parcel moving in both time and space (see Figure 3.2a). On the other hand, with the Eulerian

approach, we study the motion within a space-fixed frame of reference (see Figure 3.2b).

This naturally leads to different type of grids: the Lagrangian grid [Zienkiewicz et al., 2000] is

fixed to the material during the computational process while the Eulerian grid [Benson, 1992]

is fixed in space.
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(a)

(b)

Figure 3.2: Lagrangian frame of reference (a) Eulerian frame of reference (b)

3.2 Grid based model limitation

Grid-based methods such as Finite Discrete Method and Finite Element Method have been

widely used for Computational Fluid Dynamic and Computational Solid Mechanics and they

are still the predominant methods in many simulations. However, despite their popularity,

they have several limitations [Li and Liu, 2002; Liu and Liu, 2003].

Eulerian approaches have complex computer codes since the convective term, v ·∇f , is taken in

account. Because the grid is fixed in space is difficult to: 1) track mass, energy and momentum

flux for moving boundaries, free surfaces and material interfaces 2) generate mesh for irregu-

lar domain 3) obtain the time history of fields variables at a fixed point of the material since

is only possible to access those variables at the fixed nodes of the grid. Despite this limitation

Eulerian grids are often used in presence of large deformations, as in fluid dynamics, because

the grid cannot be distorted.

On the other hand, Lagrangian grids are attached on the material. This simplifies: 1) computer

codes 2) mesh generation for irregular domain 3) obtaining time history of fields variables for

19



material points. Moreover, by placing nodes on boundaries andmaterial interfaces, Lagrangian

methods automatically track moving boundaries, free surfaces and material interfaces. The

main limitation of Lagrangian methods is when it deals with large deformations because it

will generate large mesh distortion that affects the accuracy of the solution. This can be solved

with mesh rezoning methods, but this dramatically increases the computational cost and may

cause loss of material history during the process [Liu and Liu, 2003].

With the aim of overcoming these limitations, researchers have developed several meshfree

methods [Oñate et al., 1996; Nayroles et al., 1992; Rapaport, 2004; Duarte and Oden, 1996].

Meshfree methods are more versatile and robust than mesh-based methods thanks to the ab-

sence of connectivities between nodes (mesh) [Liu and Liu, 2003]. Most of the meshfree meth-

ods use a Lagrangian frame to describe the motion of the nodes. However, unlike Lagrangian

grid-based methods, they don’t suffer mesh distortion. For this reason they are appealing for

simulate fluid flows or solid mechanics in presence of large deformation.

Meshfree methods can be divided in three main groups:

1. Strong form formulation methods

They are easy to implement, computationally efficient with no integration to evaluate the

discrete expression of equations.

2. Weak form formulation methods

They have excellent stability and accuracy. However, they are not considered “truly”

meshfree, as they need a local or global background mesh for integration.

3. Particle based methods

They employ a finite set of discrete particles to discretise the domain.

This works adopts particle-based methods based, in particular, on Smoothed Particle Hydro-

dynamics, as discussed in the next Sections. Strong and weak formulation methods are outside

the interest of this work; the reader interested in these methods can refer to dedicated re-

views [Li and Liu, 2002; Nguyen et al., 2008].

3.3 Meshfree particle model and discrete multi physics

The particle based methods, or simply particle methods, are meshfree methods employing a

finite number of discrete particles to discretise a continuum domain (Figure 3.3). The particles
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carry computational information depending on the application. For instance, in fluid-dynamic

the particles stores a set of field variables such as mass, momentum, energy, position, and other

variables (e.g., charge, vorticity) related to the specific problem [Liu and Liu, 2003].

Figure 3.3: A 3D sphere domain particle discretization.

Initially meshfree methods such as Smoothed Particle Hydrodynamics, Molecular Dynamics

or Discrete Element Method, were used for simulating inherently discrete systems [Gingold

and Monaghan, 1977; Rapaport, 2004; Tavarez and Plesha, 2007]. Later they were extended

for modelling continuum media [Morris, 1996]. Meshfree methods show advantages over tra-

ditional grid-based methods in some specific task such as:

• Simulating phenomena with large deformation;

• Discretise complex geometry;

• Identifying free surfaces, moving interfaces and deformable boundaries because the par-

ticles motion is always tracked.
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3.3.1 Discrete Multi-Physic

Each particles methods is extremely good in simulating specific phenomena: Smoothed Parti-

cle Hydrodynamic (SPH) for hydrodynamic, Discrete Element Method (DEM) for inter-particle

contact forces, Peridynamics for solid mechanics and crack propagation, Dissipative Particle

Dynamics (DPD) for mesoscale modelling. However, when the system involves several phe-

nomena, one method alone is not always adequate. Therefore, Discrete Multiphysics (DMP)

has been developed as a common platform where particles methods can be linked together

to address complex phenomena [Alexiadis, 2014, 2015a; Ariane et al., 2018a; Rahmat et al.,

2019a; Albano and Alexiadis, 2020; Schütt et al., 2020; Alexiadis, 2019a; Alexiadis et al., 2021;

Mohammed et al., 2020].

The methods used in a DMPmodel share the same particle representation of the computational

domain and the same computational paradigm (see Figure 3.4). For each method used in DMP

the forces exert by the particles are calculated using their own type of interaction. Then, by

solving the Newton’s equation of motion, the particles position is updated.

Particle 
initialisation

Update 
neighbour  

list

Calculate  
external 

forces

Calculate  
internal 

forces

Update  
position & 
velocities

End 
simulation

Build 
neighbour

list

Figure 3.4: Typical particle method routine for computer coding implementation

When a continuum, or discrete, domain is represented in a DMP model it is important to

define different particle types to correctly assign the right type of interaction. The example

in Figure 3.5 shows a DMP simulation of non-spherical particles in a Poiseuille flow. In the

domain two types of particle, white to model the liquid phase and black for the solid phase,

and four types of interactions are accounted for: Interaction type 1 describes a SPH liquid-

liquid interaction, type 2 follows a Coarse-Grained Molecular Dynamics (CGMD) solid-solid

interaction within the cubes, type 3 uses a solid-solid interaction between different cubes from

DEM and type 4 uses a repulsive Lennard-Jones potential to model the interaction between
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white and black particles

Figure 3.5: Discrete Multi-Physic model for non-spherical particles in Poiseuille flow

In the next section we focus on a specific particle method that is going to play a major role in

this thesis, Smoothed Particle Hydrodynamics. SPH has been a natural choice for simulating

the bubble collapse because of its ability to simulate both highly deformable interfaces and

shock waves.
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3.4 Smoothed Particle Hydrodynamics

SPH is a Lagrangian meshfree particle method developed by Lucy [Lucy, 1977] and Gingold

& Monaghan [Gingold and Monaghan, 1977] for solving astrophysics problems and later ex-

tended to address a wide range of applications such as explosion [Liu et al., 2003b], high veloc-

ity impact phenomena [Swegle and Attaway, 1995], Riemann problem [Monaghan, 1997], mul-

tiphase flow [Shadloo and Yildiz, 2011; Shadloo et al., 2013, 2016; Rahmat and Yildiz, 2018],

thermo-fluid application [Ng et al., 2020], non newtonian fluid flows [Shao and Lo, 2003; Hos-

seini et al., 2007], shock waves [Monaghan and Gingold, 1983; Morris and Monaghan, 1997;

Liu et al., 2002; Albano and Alexiadis, 2019], nano-fluid flows [Nasiri et al., 2019], thermo-

capillary flows [Hopp-Hirschler et al., 2018].

The SPH method has the following characteristic features [Liu and Liu, 2003]:

1. Meshfree

The domain is discretised with a set of arbitrarily distributed particles with no connec-

tivity required (see Section 3.3).

2. Integral function representation

The field functions are approximated with an integral representation (see Section 3.4.1).

3. Compact support

Thanks to the particle approximation (see Section 3.4.1) the integral representation is

replaced by a summation over all the corresponding values of a set of particles in sub-

domain called support domain.

4. Adaptive

For each timestep the particle approximation is updated by taking in consideration the

current distribution of the particles, updated with a neighbour list (see Section 3.4.1).

5. Lagrangian

All the PDE’s related term are discretised in a set of ODEs only in respect of time (see

Section 3.1.1).

6. Dynamic
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For all the particles, it is possible to obtain the field variables history by using some ex-

plicit integration algorithm to solve the discretised ODEs (see Figure 3.4 and Chapter 4).

3.4.1 Kernel representation

The first step for deriving the SPH method is the integral representation of a function [Liu and

Liu, 2003]: Given a continuum function f (r), defined in a volume V , function of the position

r, we use the identity

f (r) =

!
f (r′)δ(r− r′)dr′ , (3.2)

where δ(r− r′) is the Dirac delta function defined as

δ(r− r′) =

⎧

⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎩

+∞ r = r′

0 r ! r′ .
(3.3)

In SPH, the Dirac delta function is replaced with a bell-shaped function called smoothing

function or Kernel, W . As explained in Section 3.4.2, W depends on the position r and on the

smoothing length, h. By replacing δ with W is possible to approximate the integral represen-

tation, Equation 3.2, into the Kernel approximation:

f (r) ≈

!
f (r′)W (r− r′ ,h)dr′ . (3.4)

3.4.2 Smoothing function and smoothing length

The choice of the Kernel is important because it determines the interaction in the integral Ker-

nel approximation (see Equation 3.4), the extension of the support domain but it also ensures

consistency and accuracy of the SPHmethod [Liu and Liu, 2003]. Any Kernel has the following

properties

• Normalisation, or Unity, condition
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!
W (r− r′ ,h)dr ′ = 1, (3.5)

used to ensure a zero-th order consistency of the integral representation

• Delta function condition

lim
h→0

W (r− r′ ,h) = δ(r− r′). (3.6)

Delta function and Unity conditions are necessary to obtain the Kernel approximation,

see Equation 3.4.

• Compact support condition

W (r− r′ ,h) = 0 if |r− r′ | > κh. (3.7)

The compact support condition introduces the concept of smoothing length, h and the

scaling factor, κ. The compact support defines the extension of the support domain of

the particle at the position r. This means that the value of W for the particle in position

r depends on the particles of position r′ within the distance κh. As explained later, this

condition affects the computational cost and the smoothing effect of W on the informa-

tion stored in the particles.

• Positivity condition

W (r− r′ ,h) ≥ 0 if |r− r′ | < kh. (3.8)

In many applications (i.e. hydrodynamics) this condition avoids unphysical representa-

tion of some physical parameter such as negative value of density and energy.

An example of Kernel function is the Lucy Kernel [Lucy, 1977], plotted in Figure 3.6, defined

as
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W (S,h) =

⎧

⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎩

χ (1 + 3S) (1− S)3 S ≤ 1

0 S > 1,
(3.9)

where S = |r− r′ |/h and χ is the parameter used to satisfy the unity condition. χ is, for one, two

and three dimensions, equal to 5/4h, 5/πh2 and 105/16πh3.
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Figure 3.6: Lucy Kernel function.

In the Lucy Kernel the scaling factor is κ = 1 and thus the support domain has the range equal

to h.

Smoothing length

As expressed by Equation 3.7 the smoothing length defines the extension of the support do-

main of a given particle. For this reason, the smoothing length has direct influence on the

efficiency and accuracy of the method. When h is too small the support domain may not have

enough particles to exert forces on the particle in position r. When h is too large, the computa-

tional information stored in the particle may be smoothed out [Liu and Liu, 2003].

Also the computational cost of the simulation depends on h. In fact, functions, integrals and
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derivates are approximated using the information stored in the particles within the support

domain called neighbouring particles [Rapaport, 2004]. When the method is implemented in

a computer code, see Chapter 4, the identities of the neighbouring particles of a given particle

are stored in the so-called neighbour list whose size depends on the smoothing length. Usually,

h is chosen to be multiple of the initial spacing between particles [Chaussonnet et al., 2015].

3.4.3 Particle representation of a function

Equation 3.4 approximates any function using a continuum representation. However, in SPH

the domain is represented by a finite number of particles (see Figure 3.3) with their own vol-

ume and mass carrying computational information. For this reason, we need to discretise

Equation 3.4 with a particle approximation: we consider an infinitesimal volume dr′3 portion

of the domain V composed by computational particles occupying a finite volume dr3 with their

own mass m = ρdr3. With this assumption we can write the discretised form of the Kernel ap-

proximation

f (ri) ≈
∑mj

ρj
f (rj )W (|ri − rj |,h) =

∑mj

ρj
fjWij , (3.10)

where ri is the position of the i − th particle and mj , ρj and rj are mass, density and position of

the jth particle. Only particles for which |ri−rj| < κh are taken in account in the summation. To

discretise a PDE or EDE we need to use Equation 3.10 and a particle expression for the gradient

operator: since f and m are particle properties the gradient operator is only going to operate

on W , thus is easy to obtain the particle expression of the gradient of a function

∇f (ri) ≈ ∇
∑mj

ρj
f (rj )W (|ri − rj |,h) =

∑mj

ρj
fj∇Wij . (3.11)

3.4.4 Implementing a SPH discrete equation of motion in a DMP simulator

As said in Section 3.3.1 SPH can be coupled with other particle methods to build a DMPmodel

where the forces exert by the particles are calculate using different type of interaction. In

SPH this is done by, for example, discretising in particle form the Lagrangian equation of

motion [Bird, 2002]:
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dv
dt

= −
1

ρ
∇P = −

P

ρ2
∇ρ −∇

P
ρ
, (3.12)

applying Equation 3.10 and 3.11 and we obtain

dv
dt
≈

dvi
dt

= −
P

ρ2
∇ρ

︸︷︷︸

Pi
ρ2i

∑

mj∇jWij

− ∇
P
ρ

︸︷︷︸

∑

mj
Pj

ρ2j
∇jWij

≈ −
∑

mj

⎛

⎜
⎜
⎜
⎜
⎜
⎝

Pi
ρ2i

+
Pj

ρ2j

⎞

⎟
⎟
⎟
⎟
⎟
⎠
∇jWij . (3.13)

Equation 3.13 can be written as a force rather than acceleration by multiplying both side by

the mass of the i-th particle

fi =mi
dvi
dt

= −
∑

mimj

⎛

⎜
⎜
⎜
⎜
⎜
⎝

Pi
ρ2i

+
Pj

ρ2j

⎞

⎟
⎟
⎟
⎟
⎟
⎠
∇jWij . (3.14)

Time integration scheme

The time integration scheme used in the simulator used in this thesis, LAMMPS, is a modified

version of the Velocity-Verlet scheme [Ganzenmüller et al., 2011]. In SPH mass and energy

explicitly depend on the velocity, and using the standard Velocity-Verlet scheme [Verlet, 1967]:

1. vi(t +
1
2δt) = vi(t) +

δt
2mi

fi(t)

a. ri(t + δt) = ri(t) + δtvi(t +
1
2δt)

2. computing fi(t + δt)

3. vi(t +
1
2δt) = vi(t +

1
2δt) +

δt
2mi

fi(t + δt)

introduces a velocities lag behind the positions by 1/2δt when the forces are computed [Ganzenmüller

et al., 2011] and this translates into a poor mass and energy conservation. The lag can be re-

duced by computing an extrapolated velocity before computing forces:

1. vi(t +
1
2δt) = vi(t) +

δt
2mi

fi(t)
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a. ṽi(t + δt) = vi(t) +
δt
mi
fi(t) extrapolated velocity

b. ρi(t +
1
2δt) = ρi(t) +

δt
2 ρ̇i(t)

c. Ei(t +
1
2δt) = Ei(t) +

δt
2 Ėi(t)

d. ri(t + δt) = ri(t) + δtvi(t +
1
2δt)

2. computing fi(t + δt), ρ̇i(t + δt), Ėi(t + δt)

3. ρi(t + δt) = ρi(t +
1
2δt) +

δt
2 ρ̇i(t + δt)

a. Ei(t + δt) = Ei(t +
1
2δt) +

δt
2 Ėi(t + δt)

b. vi(t +
1
2δt) = vi(t) +

δt
2mi

fi(t + δt)

The next Chapter shows how to implement governing equations form different particle meth-

ods in the simulator used in this thesis, LAMMPS acronym for Large-scale Atomic/Molecular

Massively Parallel Simulator.
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Chapter 4

How to modify LAMMPS: From the

prospective of a Particle method

researcher

This Chapter introduces LAMMPS, the software used for the simulations and the results shown

in Chapter 5, 6, 7, and 8. It shows LAMMPS structure, how different type of particle interac-

tions can be implemented, and how its source code can be modified.

This Chapter has been published in ChemEngineering as:

Albano A, le Guillou E, Danzé A, Moulitsas I, Sahputra IH, Rahmat A, Duque-Daza CA, Shang

X, Ching Ng K, Ariane M, Alexiadis A. How to Modify LAMMPS: From the Prospective of a

Particle Method Researcher. ChemEngineering. 2021; 5(2):30

My contributions in this work were: Conceptualisation, Methodology, Validation, Writing the

original draft, Reviewing and Editing.

I would like to thank all the authors who have contributed to this work.
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Abstract: LAMMPS is a powerful simulator originally developed for molecular dynamics that, today,
also accounts for other particle-based algorithms such as DEM, SPH, or Peridynamics. The versatility
of this software is further enhanced by the fact that it is open-source and modifiable by users. This
property suits particularly well Discrete Multiphysics and hybrid models that combine multiple
particle methods in the same simulation. Modifying LAMMPS can be challenging for researchers
with little coding experience. The available material explaining how to modify LAMMPS is either
too basic or too advanced for the average researcher. In this work, we provide several examples, with
increasing level of complexity, suitable for researchers and practitioners in physics and engineering,
who are familiar with coding without been experts. For each feature, step by step instructions for
implementing them in LAMMPS are shown to allow researchers to easily follow the procedure and
compile a new version of the code. The aim is to fill a gap in the literature with particular reference
to the scientific community that uses particle methods for (discrete) multiphysics.

Keywords: LAMMPS; particle method; discrete multiphysics

1. Introduction

LAMMPS, acronym for Large-scale Atomic/Molecular Massively Parallel Simulator,
was originally written in F77 by Steve Plimpton [1] in 1993 with the goal of having a
large-scale parallel classical Molecular Dynamic (MD) code. The project was a Cooperative
Research and Development Agreement (CRADA) between two DOE labs (Sandia and
LLNL) and three companies (Cray, Bristol Myers Squibb, and Dupont). Since the initial
release LAMMPS has been improved and expanded by many researchers who imple-
mented many mesh-free computational methods such as Perydynamics, Smoothed particle
hydrodynamics (SPH), Discrete Elemet Method (DEM) and many more [2–11].

Such a large number of computational methods within the same simulator allows
researchers to easily combine them for the simulation of complex phenomena. In particular,
our research group has used during the years LAMMPS in a variety of settings that go from
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classic Molecular Dynamics [12–16], to Discrete Multiphysics simulations of cardiovascular
flows [17–20], Modelling drug adsorption in human organs [21–24], Cavitation [25–27],
multiphase flow containing cells or capsules [28–31], solidification/dissolution [32–34],
material properties [35,36] and even epidemiology [37] and coupling particles methods
with Artificial Intelligence [38–40]. An example of a Discrete Multiphysics simulation run
with the basic LAMMPS’s code is shown in Appendix A.

Thanks to its modular design open source nature and its large community, LAMMPS
has been conceived to be modified and expanded by adding new features. In fact, about
95% of its source code is add-on file [41]. However, this can be a tough challenge for
researcher with no to little knowledge of coding. The LAMMPS user manual [41] describes
the internal structure and algorithms of the code with the intent of helping researcher to
expand LAMMPS. However, due to the lack of examples of implementation and validation,
the document can be hard to read for user who are not programmers. In fact, the available
material is either very basic [41] or requires advanced programming skills [42,43].

The aim of this work is to provide several step-by-step examples with increasing level
of complexity that can fill the gap in the middle to help and encourage researchers to use
LAMMPS for discrete multiphysics and expand it with new adds on to the code that could
fit their needs. In fact, most of the available material focuses on Molecular Dynamics (MD)
and implicitly assumes that the reader’s background is in MD rather than other particle
methods such as SPH or DEM. On the contrary, this paper is dedicated to the particle
community and highlights how LAMMPS can be used and modified for methods other
than MD. This goal fits particularly well with the scope of this Special Issue on “Discrete
Multiphysics: Modelling Complex Systems with Particle Methods” In particular, it relates
to some of the topics of the Special Issue such by exploring the potential of LAMMPS for
coupling particle methods, and by sharing some “tricks of the trade” on how to modify its
code that cannot be found anywhere else in the literature.

In Section 2 LAMMPS structure and hierarchy are explained introducing the concept
of style. Following the LAMMPS authors advice, to avoid writing a new style from scratch,
Sections 3–6 new styles are developed using existing style are as reference. Finally, in
Section 7, all the steps to write a class from scratch are shown.

2. LAMMPS Structure

After initial releases in F77 and F90, LAMMPS is now written in C++, an object
oriented language that allows any programmer to exploit the class programming paradigm.
The declaration of a class, including the signature of the instance variables and functions
(or methods), which can be accessed and used by creating an instance of that class. The
data and functions within a class are called members of the class. The definition (or
implementation) of a member function can be given inside or outside the class definition.

A class has private, public, and protected sections which contain the corresponding
class members.

• The private members, defined before the keyword public, cannot be accessed from
outside the class. They can only be accessed by class or “friend” functions, which are
declared as having access to class members, without themselves being members. All
the class members are private by default.

• The public members can be accessed from outside the class anywhere within the scope
of the class object.

• The protected members are similar to private members but they can be accessed by
derived classes or child classes while private members cannot.

2.1. Inheritance

An important concepts in object-oriented programming is that of inheritance. Inher-
itance allows to define a class in terms of another class and the new class inherits the
members of the existing class. This existing class is called the base (or parent) class, and
the new class is referred to as a subclass, or child class, or derived class.
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The idea of inheritance implements the “is a” relationship. For example, Mammal
IS-A Animal, Dog IS-A Mammal hence Dog IS-A Animal as well.

The inheritance relationship between the parent and the derived classes is declared in
the derived class with the following syntax:

Listing 1: C++ syntax for classes inheritance

1 class name_child_class: access_specifier name_parent_class

2 { /*...*/ };

The type of inheritance is specified by the access-specifier, one of public, protected,
or private. If the access-specifier is not used, then it is private by default, but public
inheritance is commonly used: public members of the base class become public members
of the derived class and protected members of the base class become protected members
of the derived class. A base class’s private members are never accessible directly from a
derived class, but can be accessed through calls to the public and protected members of the
base class.

2.2. Virtual Function

The signature of a function f must be declared with a virtual keyword in a base class C
to allow its definition (implementation), or redefinition, in a derived class D. Then, when a
derived class D object is used as an element of the base class C, and f is called, the derived
class’s implementation of the function is executed.

There is nothing wrong with putting the virtual in front of functions inside of the
derived classes, but it is not required, unless it is known for sure that the class will not
have any children who would need to override the functions of the base class. A class that
declares or inherits a virtual function is called a polymorphic class.

2.3. LAMMPS Inheritance and Class Syntax

A schematic representation of the LAMMPS inheritance tree is shown in Figure 1:
LAMMPS is the top-level class for the entire code, then all the core classes, highlighted in
blue, inherit all the constructors, destructors, assignment operator members, friends and
private members declared and defined in LAMMPS. The core classes perform LAMMPS
fundamental actions. For instance, the Atom class collects and stores all the per-atom, or
per-particle, data while Neighbor class builds the neighbor lists [41].

The style classes, highlighted in reds, inherit all the constructors, destructors, assign-
ment operator members, friends and private members declared and defined in LAMMPS
and in the corresponding core class. The style classes are also virtual parents class of many
child classes that implement the interface defined by the parent class. For example, the fix
style has around 100 child classes.

Each style is composed of a pair of files:

• namestyle.h
The header of the style, where the class style is defined and all the objects, methods
and constructors are declared.

• namestyle.cpp
Where all the objects, methods and constructors declared in the class of style are
defined.

When a new style is written both namestyle.h and namestyle.cpp files need to
be created.

Each “family” style has its own set of methods, declared in the header and defined in
the cpp file, in order to define the scope of the style. For example, the pair style are classes
that set the formula(s) LAMMPS uses to compute pairwise interactions while bond style
set the formula(s) to compute bond interactions between pairs of atoms [41].

Each pair style has some recurrent functions such as compute, allocate and coeff.
Although the final scope of those functions can differ for different styles, they all share a
similar role within the classes.
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Figure 1. Class hierarchy within LAMMPS source code.

An example of a pair style, sph/taitwater, header in LAMMPS is shown in Listing 2.

Listing 2: Header file of sph/taitwater pair style (pair_sph_taitwater.h)

1 class PairSPHTaitwater: public Pair{// class definition, accessibility and Inheritance

2 public: // access specifier: public

3 // public methods

4 PairSPHTaitwater(class LAMMPS *); // Constructors

5 virtual ∼PairSPHTaitwater(); // Destructors

6 virtual void compute(int, int);

7 void settings(int, char **);

8 void coeff(int, char **);

9 virtual double init_one(int, int);

10 virtual double single(int, int, int, int, double, double, double, double &);

11

12 protected: // access specifier: protected

13 double *rho0, *soundspeed, *B;

14 double **cut,**viscosity;

15 int first;

16 // protected methods

17 void allocate();

18 };
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All the class members are defined in the cpp file. Taking sph/taitwater pair style as
reference, each method declared in Listing 2 will be defined and commented in the next
sections. Although this can be style-specific, the aim is to give an overview of how the
methods are defined in the cpp in LAMMPS. Albeit different style has different methods,
the understanding gained can be transferred into others style, as shown in Sections 3 and 6.

2.3.1. Constructor

Any class usually include a member function called constructors. The constructor
is mechanically invoked when an object of the class is created. This allows the class to
initialise members or allocate storage. Unlike the other member of the class, the constructor
name must match the name of the class and it does not have a return type.

Listing 3: Constructor definition in sph/taitwater pair style (pair_sph_taitwater.cpp)

1 PairSPHTaitwater::PairSPHTaitwater(LAMMPS *lmp) : Pair(lmp)

2 {

3 restartinfo = 0;

4 first = 1;

5 }

2.3.2. Destructor

The role of destructors is to de-allocate the allocated dynamic memory, see Section 2.3.8,
being mechanically invoked just before the end of the class lifetime. Similarly to construc-
tors, destructors does not have a return type and have the same name as the class name
with a tilde (∼) prefix.

Listing 4: Destructors definition in sph/taitwater pair style (pair_sph_taitwater.cpp)

1 PairSPHTaitwater::∼PairSPHTaitwater() {

2 if (allocated) { /// check if the pair style uses allocate, see Section 2.8

3 /// cleanup the memory used by allocate, see Section 2.8

4 memory->destroy(setflag);

5 memory->destroy(cutsq);

6 memory->destroy(cut);

7 memory->destroy(rho0);

8 memory->destroy(soundspeed);

9 memory->destroy(B);

10 memory->destroy(viscosity);

11 }

12 }

2.3.3. compute

compute is virtual member of the pair style and is one of the most relevant functions
in a number of classes in LAMMPS. For instance, in pair style classes is used to compute
pairwise interaction of the specific pair style. This can seen in the commented Listing 5,
where the force applied on a pair of neighboring particles is derived using the Tait equa-
tion, lines 131–151. In compute all the local parameters needed to compute the pairwise
interaction are declared and defined within the method.

Listing 5: compute definition in sph/taitwater pair style (pair_sph_taitwater.cpp)

1 void PairSPHTaitwater::compute(int eflag, int vflag) {

2

3 /// start variables and pointer declaration

4 int i, j, ii, jj, inum, jnum, itype, jtype;

5 double xtmp, ytmp, ztmp, delx, dely, delz, fpair;

6

7 int *ilist, *jlist, *numneigh, **firstneigh;

8 double vxtmp, vytmp, vztmp, imass, jmass, fi, fj, fvisc, h, ih, ihsq;

9 double rsq, tmp, wfd, delVdotDelR, mu, deltaE;

10 // end

11

12 if (eflag || vflag)
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13 ev_setup(eflag, vflag);

14 else

15 evflag = vflag_fdotr = 0;

16

17 /// others variables and pointers declaration and initialisation

18 double **v = atom->vest; // pass the value of the pointer that points to a pointers

19 // pointing to the first element of velocity vector of the particles

20 double **x = atom->x; // pass the value of the pointer that points to a pointers

21 // pointing to the first element of position vector of the particles

22 double **f = atom->f; // pass the value of the pointer that points to a pointers

23 // pointing to the first element of force vector of the particles

24 double *rho = atom->rho; // pass the value of the pointer that points

25 // to the density vector of the particles

26 double *mass = atom->mass; // pass the value of the pointer that points

27 // to the mass vector of the particles

28 double *de = atom->de; // pass the value of the pointer that points

29 // to the change of internal energy of the particles

30 double *drho = atom->drho; // pass the value of the pointer that points

31 // to the change of density of the particles

32 int *type = atom->type; // pass the value of the pointer that points to the type of the
particles

33 int nlocal = atom->nlocal; // pass the value of the numbers of owned and ghost atoms on
this proc

34 int newton_pair = force->newton_pair; // pass the value of the Newton’s 3rd law
settings

35 /// end

36

37

38 // check consistency of pair coefficients

39

40 if (first) {

41 for (i = 1; i <= atom->ntypes; i++) {

42 for (j = 1; i <= atom->ntypes; j++) {

43 if (cutsq[i][j] > 1.e-32) {

44 if (!setflag[i][i] || !setflag[j][j]) {

45 if (comm->me == 0) {

46 printf(

47 "SPH particle types %d and %d interact with cutoff=%g,

48 but not all of their single particle properties are set.\n",

49 i, j, sqrt(cutsq[i][j]));

50 } } } } }

51 first = 0;

52 }

53

54

55 inum = list->inum; // pass the value of number of I atoms neighbors are stored for

56 ilist = list->ilist; // pass the value of the pointer pointing to the local indices of I
atoms

57 numneigh = list->numneigh; // pass the address of a pointer pointing to the number of J
neighbors

58 // for each I atom

59 firstneigh = list->firstneigh; // pass the value of a pointer that points to pointer

60 // pointing to 1st J int value of each I atom

61

62

63

64

65 for (ii = 0; ii < inum; ii++) { // loop for each i particles stored in inum

66 i = ilist[ii]; // pass the index of the i particle

67 xtmp = x[i][0]; // pass the x position of the i particle

68 ytmp = x[i][1]; // pass the y position of the i particle

69 ztmp = x[i][2]; // pass the z position of the i particle

70 vxtmp = v[i][0]; // pass the x velocity of the i particle

71 vytmp = v[i][1]; // pass the y velocity of the i particle

72 vztmp = v[i][2]; // pass the z velocity of the i particle

73 itype = type[i]; // pass the type of the i particle

74 jlist = firstneigh[i]; // pass the 1st J int value of each I atom

75 jnum = numneigh[i]; //pass number of J neighbors for each I atom

76

77 imass = mass[itype]; // pass the mass of the i particle

78
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79 // compute force of atom i with Tait EOS

80 tmp = rho[i] / rho0[itype];

81 fi = tmp * tmp * tmp;

82 fi = B[itype] * (fi * fi * tmp - 1.0) / (rho[i] * rho[i]);

83 // end

84

85 for (jj = 0; jj < jnum; jj++) { // loop over neighbours list of particle i

86 j = jlist[jj]; // pass the index of the j particle

87 j &= NEIGHMASK;

88

89 delx = xtmp - x[j][0]; // x distance between particles i and j

90 dely = ytmp - x[j][1]; // y distance between particles i and j

91 delz = ztmp - x[j][2]; // z distance between particles i and j

92 rsq = delx * delx + dely * dely + delz * delz; // squared distance between particles
i and j

93 jtype = type[j]; // pass the type of the i particle

94 jmass = mass[jtype]; // pass the mass of the j particle

95

96 if (rsq < cutsq[itype][jtype]) { // check if i and j are neighbor

97

98 h = cut[itype][jtype]; // pass the smoothing length

99 ih = 1.0 / h; // calculate the inverse, divisions are computationally expensive

100 ihsq = ih * ih; // squared inverse

101

102 wfd = h - sqrt(rsq);

103

104 if (domain->dimension == 3) {

105 // Lucy Kernel, 3d

106 wfd = -25.066903536973515383e0 * wfd * wfd * ihsq * ihsq * ihsq * ih;

107 } else {

108 // Lucy Kernel, 2d

109 wfd = -19.098593171027440292e0 * wfd * wfd * ihsq * ihsq * ihsq;

110 }

111

112 // compute force of atom j with Tait EOS

113 tmp = rho[j] / rho0[jtype];

114 fj = tmp * tmp * tmp;

115 fj = B[jtype] * (fj * fj * tmp - 1.0) / (rho[j] * rho[j]);

116 // end

117

118 // dot product of velocity delta and distance vector

119 delVdotDelR = delx * (vxtmp - v[j][0]) + dely * (vytmp - v[j][1])

120 + delz * (vztmp - v[j][2]);

121

122 // artificial viscosity (Monaghan 1992)

123 if (delVdotDelR < 0.) {

124 mu = h * delVdotDelR / (rsq + 0.01 * h * h);

125 fvisc = -viscosity[itype][jtype] * (soundspeed[itype]

126 + soundspeed[jtype]) * mu / (rho[i] + rho[j]);

127 } else {

128 fvisc = 0.;

129 }

130

131 fpair = -imass * jmass * (fi + fj + fvisc) * wfd; // total pair force

132 deltaE = -0.5 * fpair * delVdotDelR; // internal energy increment

133

134 // change in force in each direction for particle i

135 f[i][0] += delx * fpair;

136 f[i][1] += dely * fpair;

137 f[i][2] += delz * fpair;

138

139 //change in density for particle i

140 drho[i] += jmass * delVdotDelR * wfd;

141

142 // change in internal energy for particle i

143 de[i] += deltaE;

144

145 if (newton_pair || j < nlocal) {

146 // change in force in each direction for particle j
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147 f[j][0] -= delx * fpair;

148 f[j][1] -= dely * fpair;

149 f[j][2] -= delz * fpair;

150

151 de[j] += deltaE; // change in internal energy for particle j

152

153 drho[j] += imass * delVdotDelR * wfd; // change in density for particle j

154 }

155

156 if (evflag)

157 ev_tally(i, j, nlocal, newton_pair, 0.0, 0.0, fpair, delx, dely, delz);

158 }

159 }

160 }

161

162 if (vflag_fdotr) virial_fdotr_compute();

163 }

2.3.4. settings

settings is a public void function that reads the input script checking that all the
arguments of the pair style are declared. If arguments are present, settings stores them so
they can be used by compute. Examples for no arguments pair style and arguments pair
style input script with the corresponding settings are listed below:

• No arguments pair style: sph/taitwater
As described in the SPH for LAMMPS manual [6], the command line to invoke the
sph/taitwater pair style is shown in Listing 6.

Listing 6: Command line to invoke sph/taitwater pair style

1 pair_style sph/taitwater

In this pair style there is just a string defining the pair style, sph/taitwater, with
no arguments. For this reason in settings, Listing 7, when the if statement is true
(number of arguments other than zero) an error is produced.

Listing 7: setting definition in sph/taitwater pair style (pair_sph_taitwater.cpp)

1 void PairSPHTaitwater::settings(int narg, char **arg) {

2 if (narg != 0) /// check the number of arguments

3 error->all(FLERR,"Illegal number of setting arguments for pair_style sph/
taitwater");

4 }

• Arguments pair syle: sph/rhosum
As described in the SPH for LAMMPS manual [6], the command line to invoke the
sph/rhosum pair style is shown in Listing 8.

Listing 8: Command lines to invoke sph/rhosum pair style

1 pair_style sph/rhosum Nstep

In this pair style there is a string defining the pair style, sph/rhosum, plus one argu-
ment, Nstep. For this reason in settings, Listing 9, when the if statement is true
(number of arguments other than one) an error is produced. When the if statement is
false settings assigns the value of Nstep in the variable nstep, line 5, by using the
inumeric function defined in the force class.

Listing 9: setting definition in sph/rhosum pair style (pair_sph_rhosum.cpp)

1 void PairSPHRhoSum::settings(int narg, char **arg) {

2 if (narg != 1) /// check the number of arguments

3 error->all(FLERR,

4 "Illegal number of setting arguments for pair_style sph/rhosum");

5 nstep = force->inumeric(FLERR,arg[0]); // store the variable in the position 0 (Nstep)
into nstep

6 }
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2.3.5. coeff

Similar to setting, coeff is a public void function that reads and set the coefficients
used in by compute of the pair style. For each i j pair is possible to set different coefficients.
The coefficients are passed in the input file with the command line pair coeff, see Listing 10.
As before, examples for different pair coeff input script and the corresponding coeff are
listed below:

• sph/taitwater
As described in the SPH for LAMMPS manual [6], the command line to invoke
sph/taitwater pair coeff is shown in Listing 10.

Listing 10: Command line to invoke sph/taitwater pair coeff

1 pair_coeff I J rho_0 c_0 alpha h

In total there are six arguments. Thus, in coeff, Listing 11, when if statement is true
(number of arguments other than six) an error is produced. When the if statement
is false coeff assigns the type of particles I and J plus the value of rho_0, c_0, alpha
and h in from the string to the variables by using the numeric function defined in
force class. At last, within the double for loop from line 19 to 32, the variables are
assigned for each particles.

Listing 11: coeff definition in sph/taitwater pair style (pair_sph_taitwater.cpp)

1 void PairSPHTaitwater::coeff(int narg, char **arg) {

2 if (narg != 6) /// check the number of arguments

3 error->all(FLERR,

4 "Incorrect args for pair_style sph/taitwater coefficients");

5 if (!allocated) /// check if allocate has been called

6 allocate(); /// call allocate, see section 2.8

7

8 int ilo, ihi, jlo, jhi;

9 force->bounds(arg[0], atom->ntypes, ilo, ihi);

10 force->bounds(arg[1], atom->ntypes, jlo, jhi);

11

12 /// store the variables in the position 2--5

13 double rho0_one = force->numeric(FLERR,arg[2]);

14 double soundspeed_one = force->numeric(FLERR,arg[3]);

15 double viscosity_one = force->numeric(FLERR,arg[4]);

16 double cut_one = force->numeric(FLERR,arg[5]);

17 /// B_one is a constant used in tait EOS inside compute, see section 2.3

18 double B_one = soundspeed_one * soundspeed_one * rho0_one / 7.0;

19

20 /// assign the coefficient to the corresponding particle (i)

21 /// and to the pair of particles (i,j)

22 int count = 0;

23 for (int i = ilo; i <= ihi; i++) {

24 rho0[i] = rho0_one;

25 soundspeed[i] = soundspeed_one;

26 B[i] = B_one;

27 for (int j = MAX(jlo,i); j <= jhi; j++) {

28 viscosity[i][j] = viscosity_one;

29 cut[i][j] = cut_one;

30

31 setflag[i][j] = 1;

32

33 count++;

34 }

35 }

36 if (count == 0) /// check if the arguments have been assigned

37 error->all(FLERR,"Incorrect args for pair coefficients");

38 }

• sph/rhosum
As described in the SPH for LAMMPS manual [6], the syntax to invoke the command
is shown in Listing 12.
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Listing 12: Command lines to invoke sph/rhosum pair style

1 pair_coeff I J h

In this case there are three arguments. Thus, in the coeff, Listing 13, when the if

statement is true (number of arguments other than six) an error is produced. When
the error is not produced function assigns the type of particles I and J plus the value of
h in the string to the variable cut_one, line 11, by using bounds and numeric function
defined in force class. At last, within the double for loop from line 14 to 20, the
variables are assigned for each particles.

Listing 13: coeff definition in sph/rhosum pair style (pair_sph_rhosum.cpp)

1 void PairSPHRhoSum::coeff(int narg, char **arg) {

2 if (narg != 3) /// check the number of arguments

3 error->all(FLERR,"Incorrect number of args for sph/rhosum coefficients");

4 if (!allocated) /// check if allocate has been called

5 allocate(); /// call allocate, see section 2.8

6

7 int ilo, ihi, jlo, jhi;

8 force->bounds(arg[0], atom->ntypes, ilo, ihi);

9 force->bounds(arg[1], atom->ntypes, jlo, jhi);

10

11 double cut_one = force->numeric(FLERR,arg[2]);

12

13 /// assign the coefficient to the pair of particles (i,j)

14 int count = 0;

15 for (int i = ilo; i <= ihi; i++) {

16 for (int j = MAX(jlo,i); j <= jhi; j++) {

17 cut[i][j] = cut_one;

18 setflag[i][j] = 1;

19 count++;

20 }

21 }

22

23 if (count == 0) /// check if the arguments have been assigned

24 error->all(FLERR,"Incorrect args for pair coefficients");

25 }

2.3.6. init_one

init_one check if all the pair coefficients for a given i j pair have been assigned. If
they were assigned the methods ensure the symmetry of the matrix.

Listing 14: init_one definition in sph/taitwater pair style (pair_sph_taitwater.cpp)

1 double PairSPHTaitwater::init_one(int i, int j) {

2 /// check if the coefficient of the pair of particles (i,j) were assigned

3 if (setflag[i][j] == 0) {

4 error->all(FLERR,"Not all pair sph/taitwater coeffs are set");

5 }

6 /// ensure the matrix symmetry

7 cut[j][i] = cut[i][j];

8 viscosity[j][i] = viscosity[i][j];

9

10 return cut[i][j];

11 }

2.3.7. single

In single the force and energy of a single pairwise interaction, or single bond or angle
(in case of bond or angle style), between two atoms is evalutated. The method is specifically
invoked by the command line compute pair/local (or compute bond/local) to calculate
properties of individual pair, or bond, interactions [41].
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Listing 15: single definition in sph/taitwater pair style (pair_sph_taitwater.cpp)

1 double PairSPHTaitwater::single(int i, int j, int itype, int jtype,

2 double rsq, double factor_coul, double factor_lj, double &fforce) {

3 fforce = 0.0;

4

5 return 0.0;

6 }

2.3.8. allocate

allocate is a protected void function that allocates dynamic memory. The dynamic
memory allocation is used when the amount of memory needed depends on user input.
As explained before, at the end of the lifetime of the class, the destructors will de-allocate
the memory the memory used by allocate.

Listing 16: allocate definition in sph/taitwater pair style (pair_sph_taitwater.cpp)

1 void PairSPHTaitwater::allocate() {

2 allocated = 1; /// confirm that allocated has been called

3 int n = atom->ntypes; /// assigm the value of the number of types

4

5 memory->create(setflag, n + 1, n + 1, "pair:setflag");

6 for (int i = 1; i <= n; i++)

7 for (int j = i; j <= n; j++)

8 setflag[i][j] = 0;

9

10 /// allocate the memory for the arguments of the pair style

11 memory->create(cutsq, n + 1, n + 1, "pair:cutsq");

12 memory->create(rho0, n + 1, "pair:rho0");

13 memory->create(soundspeed, n + 1, "pair:soundspeed");

14 memory->create(B, n + 1, "pair:B");

15 memory->create(cut, n + 1, n + 1, "pair:cut");

16 memory->create(viscosity, n + 1, n + 1, "pair:viscosity");

17 }

3. Kelvin–Voigt Bond Style

We can use what we learned in the previous section to generate a new dissipative bond
potential that can be used to model viscoelastic materials. The Kelvin–Voigt model [44] is
used to model viscoelastic material as a purely viscous damper and purely elastic spring
connected in parallel as shown in Figure 2.

Since the two components of the model are arranged in parallel, the strain in each
component is identical:

εtot = εspring = εdamper. (1)

On the other hand, the total stress σtot will be split into σspring and σdamper to have εspring =
εdamper. Thus we have

σtot = σspring + σdamper. (2)

Combining Equations (1) and (2) with the constitutive relation for both the spring and the
dumper, σspring = kε and σdamper = bε̇ , is possible to write that

σ = kε(t) + b
dε(t)

dt
= kε(t) + bε̇, (3)

where k is the elastic modulus and b is the coefficient of viscosity. Equation (3) relates stress
to strain and strain rate for a Kelvin–Voigt material [44].
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Figure 2. Schematic representation of Kelvin–Voigt model [44].

Similarly to bond test to write a new pair style called bond kv we take the bond
harmonic pair style as reference. The new pair style is declared and initialised in bond_kv.h
and bond_kv.cpp saved in the /src/MOLECULE directory and its hierarchy is shown in
Figure 3.

LAMMPS Force Bond
BondKv

BondHarmonic

Figure 3. Class hierarchy of the new bond style.

3.1. Validation

The bond kv pair style has been validated by Sahputra et al. [45] in their Discrete
Multiphysics model for encapsulate particles with a soft outer shell.

3.2. bond_kv.cpp

All the functions will be the same as in the reference bond harmonic. However, in our
new bond kv, we need to substitute the “BondHarmonic” text by a new “BondKv” text, as
can be seen in Listings 17 and 18. Form now on, when we show a side-by-side comparison
between the reference and the modified file, we highlight in yellow the modified lines and
in red the deleted lines.

Listing 17: Original script (bond_harmonic.cpp)

1 #include "math.h"

2 #include "stdlib.h"

3 #include "bond_harmonic.h"

4 #include "atom.h"

5 #include "neighbor.h"

6 #include "domain.h"

7 #include "comm.h"

8 #include "force.h"

9 #include "memory.h"

10 #include "error.h"

11

12 using namespace LAMMPS_NS;

13

14 BondHarmonic::BondHarmonic(LAMMPS *lmp) : Bond(lmp)

15 {}

16 BondHarmonic::∼BondHarmonic()

17 { ... }

18 void BondHarmonic::compute(int eflag, int vflag)

19 { ... }

20 void BondHarmonic::allocate()

21 { ... }

22 void BondHarmonic::coeff(int narg, char **arg)
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23 { ... }

24 double BondHarmonic::equilibrium_distance(int i)

25 { ... }

26 void BondHarmonic::write_restart(FILE *fp)

27 { ... }

28 void BondHarmonic::read_restart(FILE *fp)

29 { ... }

30 void BondHarmonic::write_data(FILE *fp)

31 { ... }

32 double BondHarmonic::single(int type, double rsq,

33 int i, int j, double &fforce)

34 { ... }

Listing 18: Modified script (bond_kv.cpp)

1 #include "math.h"

2 #include "stdlib.h"

3 #include "bond_kv.h"

4 #include "atom.h"

5 #include "neighbor.h"

6 #include "domain.h"

7 #include "comm.h"

8 #include "force.h"

9 #include "memory.h"

10 #include "error.h"

11

12 using namespace LAMMPS_NS;

13

14 BondKv::BondKv(LAMMPS *lmp) : Bond(lmp)

15 {}

16 BondKv::∼BondKv()

17 { ... }

18 void BondKv::compute(int eflag, int vflag)

19 { ... }

20 void BondKv::allocate()

21 { ... }

22 void BondKv::coeff(int narg, char **arg)

23 { ... }

24 double BondKv::equilibrium_distance(int i)

25 { ... }

26 void BondKv::write_restart(FILE *fp)

27 { ... }

28 void BondKv::read_restart(FILE *fp)

29 { ... }

30 void BondKv::write_data(FILE *fp)

31 { ... }

32 double BondKv::single(int type, double rsq,

33 int i, int j, double &fforce)

34 { ... }

Compared to the bond harmonic we are introducing a new parameter, b, from the
input file. For this reason we need to modify destructor, compute, allocate, coeff,
write_restart and read_restart. Following the order of function initialisation, see
Listing 18, the destructor is modified as shown in Listing 20.

Listing 19: Original destructor (bond_harmonic.cpp)

1 BondHarmonic::∼BondHarmonic()

2 {

3 if (allocated) {

4 memory->destroy(setflag);

5 memory->destroy(k);

6 memory->destroy(r0);

7 }

8 }
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Listing 20: Modified destructor (bond_kv.cpp)

1 BondKv::∼ BondKv()

2 {

3 if (allocated) {

4 memory->destroy(setflag);

5 memory->destroy(k);

6 memory->destroy(r0);

7 memory->destroy(b); /* dashpot/damper costant */

8 }

9 }

The next function to modify is compute. The strain rate, ε̇, can also be seen as the speed
of deformation. To use it within the new pair style we need to declared and initialised the
velocities of each particles, see Listing 22.

Listing 21: Original compute (bond_harmonic.cpp)

1 void BondTest::compute(int eflag, int vflag)

2 {

3 int i1,i2,n,type;

4 double delx,dely,delz,ebond,fbond;

5 double rsq,r,dr,rk;

6

7 ebond = 0.0;

8 if (eflag || vflag) ev_setup(eflag,vflag);

9 else evflag = 0;

10

11 double **x = atom->x;

12 double **f = atom->f;

13 }

14 }

Listing 22: Modified compute (bond_kv.cpp)

1 void BondTest::compute(int eflag, int vflag)

2 {

3 int i1,i2,n,type;

4 double delx,dely,delz,ebond,fbond;

5 double rsq,r,dr,rk

6

7 /* declaration of new variables */

8 double delv_x, delv_y, delv_z;

9 double dir_vx1, dir_vy1, dir_vz1, dir_vx2, dir_vy2,

10 dir_vz2, dir_vx1, dir_vx1;

11 double rsq_x, rsq_y, rsq_z;

12 /* end declaration of new variables */

13

14

15

16 ebond = 0.0;

17 if (eflag || vflag) ev_setup(eflag,vflag);

18 else evflag = 0;

19

20 double **x = atom->x;

21 double **f = atom->f;

22 double **v = atom->v; /* delcaration and inizalitaizon

23 of a new pointer*/

24 }

25 }

Moreover, inside the loop for (n = 0; n < nbondlist; n++) of the original compute,
we need to add a new set of lines between the lines to calculate the spring force and the
lines to calculate force and energy increment. Those lines calculate velocities and directions
to compute the dashpot forces, see Listing 23.

Now is possible to write the new expression of the force applied to pair of atoms.
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Listing 23: Modified compute (bond_kv.cpp)

1 /* dashpot velocities and directions */

2 dev_x = v[ i1 ][ 0 ] - v[ i2 ][ 0 ];

3 dev_y = v[ i1 ][ 1 ] - v[ i2 ][ 1 ];

4 dev_z = v[ i1 ][ 2 ] - v[ i2 ][ 2 ];

5 rsq_vx = dev_x * dev_x;

6 rsq_vy = dev_y * dev_y;

7 rsq_vz = dev_z * dev_z;

8 velx = sqrt( rsq_vx );

9 vely = sqrt( rsq_vy );

10 velz = sqrt( rsq_vz );

11

12 if ( v[ i1 ][ 0 ] >= 0.0 ) dir_vx1 = 1;

13 else dir_vx1 = -1;

14

15 if ( v[ i1 ][ 1 ] >= 0.0 ) dir_vy1 = 1;

16 else dir_vy1 = -1;

17

18 if ( v[ i1 ][ 2 ] >= 0.0 ) dir_vz1 = 1;

19 else dir_vz1 = -1;

20

21 if ( v[ i2 ][ 0 ] >= 0.0 ) dir_vx2 = 1;

22 else dir_vx2 = -1;

23

24 if ( v[ i2 ][ 1 ] >= 0.0 ) dir_vy2 = 1;

25 else dir_vy2 = -1;

26

27 if ( v[ i2 ][ 2 ] >= 0.0 ) dir_vz2 = 1;

28 else dir_vz2 = -1;

Listing 24: Original compute (bond_harmonic.cpp)

1 if (newton_bond || i1 < nlocal) {

2 f[i1][0] += delx*fbond;

3 f[i1][1] += dely*fbond;

4 f[i1][2] += delz*fbond;

5 }

6

7 if (newton_bond || i2 < nlocal) {

8 f[i2][0] -= delx*fbond;

9 f[i2][1] -= dely*fbond;

10 f[i2][2] -= delz*fbond;

11 }

12

13 if (evflag) ev_tally(i1,i2,nlocal,

14 newton_bond,ebond,fbond,delx,dely,delz);

15 }

16 }

Listing 25: Modified compute (bond_kv.cpp)

1 /// eq 3 implementation for each force component

2 if (newton_bond || i1 < nlocal) {

3 f[i1][0] += (delx*fbond) - (dir_vx1*b[type]*velx);

4 f[i1][1] += (dely*fbond) - (dir_vy1*b[type]*vely);

5 f[i1][2] += (delz*fbond) - (dir_vy1*b[type]*velz);

6 }

7

8 if (newton_bond || i2 < nlocal) {

9 f[i2][0] -= (delx*fbond) - (dir_vx2*b[type]*velx);

10 f[i2][1] -= (dely*fbond) - (dir_vy2*b[type]*vely);

11 f[i2][2] -= (delz*fbond) - (dir_vz2*b[type]*velz);

12 }

13

14 if (evflag) ev_tally(i1,i2,nlocal,

15 newton_bond,ebond,fbond,delx,dely,delz);

16 }

17 }
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With the introduction of a new parameter in the pair style we need to make a new
dynamic memory allocation by modifying allocate.

Listing 26: Original allocate (bond_harmonic.cpp)

1 void BondHarmonic::allocate()

2 {

3 allocated = 1;

4 int n = atom->nbondtypes;

5

6 memory->create(k,n+1,"bond:k");

7 memory->create(r0,n+1,"bond:r0");

8

9 memory->create(setflag,n+1,"bond:setflag");

10 for (int i = 1; i <= n; i++) setflag[i] = 0;

11 }

Listing 27: Modified allocate (bond_kv.cpp)

1 void BondKv::allocate()

2 {

3 allocated = 1;

4 int n = atom->nbondtypes;

5

6 memory->create(k,n+1,"bond:k");

7 memory->create(r0,n+1,"bond:r0");

8 memory->create(b,n+1,"bond:b"); // new line to

9 // dynamically allocate b

10

11 memory->create(setflag,n+1,"bond:setflag");

12 for (int i = 1; i <= n; i++) setflag[i] = 0;

13 }

The viscosity of the damper, b, is given by the user in the input file. For this reason,
we also need to modify coeff.

Listing 28: Original coeff (bond_harmonic.cpp)

1 void BondHarmonic::coeff(int narg, char **arg)

2 {

3 if (narg != 3) error->all(FLERR,"Incorrect args for

4 bond coefficients");

5 if (!allocated) allocate();

6

7 int ilo,ihi;

8 force->bounds(arg[0],atom->nbondtypes,ilo,ihi);

9

10 double k_one = force->numeric(FLERR,arg[1]);

11 double r0_one = force->numeric(FLERR,arg[2]);

12

13 int count = 0;

14 for (int i = ilo; i <= ihi; i++) {

15 k[i] = k_one;

16 r0[i] = r0_one;

17 setflag[i] = 1;

18 count++;

19 }

20

21 if (count == 0) error->all(FLERR,"Incorrect args for

22 bond coefficients");

23 }
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Listing 29: Modified coeff (bond_kv.cpp)

1 void BondKv::coeff(int narg, char **arg)

2 {

3 if (narg != 4) error->all(FLERR,"Incorrect args for

4 bond coefficients");

5 if (!allocated) allocate();

6

7 int ilo,ihi;

8 force->bounds(arg[0],atom->nbondtypes,ilo,ihi);

9

10 double k_one = force->numeric(FLERR,arg[1]);

11 double r0_one = force->numeric(FLERR,arg[2]);

12 double b_one = force->numeric(FLERR,arg[3]);

13 // to allocate in b_one the 3rd argument of bond_coeff

14 int count = 0;

15 for (int i = ilo; i <= ihi; i++) {

16 k[i] = k_one;

17 r0[i] = r0_one;

18 b[i] = b_one;

19 // to allocate the value stored in b_one used in compute

20 setflag[i] = 1;

21 count++;

22 }

23

24 if (count == 0) error->all(FLERR,"Incorrect args for

25 bond coefficients");

26 }

This pair style also has the write_restart and read_restart functions that have to
be modified. They basically, write and read geometry file that can be used as a support file
in the input file.

Listing 30: Original write_restart and read_restart (bond_harmonic.cpp)

1 void BondHarmonic::write_restart(FILE *fp)

2 {

3 fwrite(&k[1],sizeof(double),atom->nbondtypes,fp);

4 fwrite(&r0[1],sizeof(double),atom->nbondtypes,fp);

5 }

6 /*------------*/

7 void BondHarmonic::read_restart(FILE *fp)

8 {

9 allocate();

10

11 if (comm->me == 0) {

12 fread(&k[1],sizeof(double),atom->nbondtypes,fp);

13 fread(&r0[1],sizeof(double),atom->nbondtypes,fp);

14 }

15 MPI_Bcast(&k[1],atom->nbondtypes,MPI_DOUBLE,0,world);

16 MPI_Bcast(&r0[1],atom->nbondtypes,MPI_DOUBLE,0,world);

17

18 for (int i = 1; i <= atom->nbondtypes; i++)

19 setflag[i] = 1;

20 }

Listing 31: Modified write_restart and read_restart (bond_kv.cpp)

1 void BondKv::write_restart(FILE *fp)

2 {

3 fwrite(&k[1],sizeof(double),atom->nbondtypes,fp);

4 fwrite(&r0[1],sizeof(double),atom->nbondtypes,fp);

5 fwrite(&b[1],sizeof(double),atom->nbondtypes,fp);

6 }

7 /*------------*/

8 void BondKv::read_restart(FILE *fp)

9 {

10 allocate();

11
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12 if (comm->me == 0) {

13 fread(&k[1],sizeof(double),atom->nbondtypes,fp);

14 fread(&r0[1],sizeof(double),atom->nbondtypes,fp);

15 fread(&b[1],sizeof(double),atom->nbondtypes,fp);

16 }

17 MPI_Bcast(&k[1],atom->nbondtypes,MPI_DOUBLE,0,world);

18 MPI_Bcast(&r0[1],atom->nbondtypes,MPI_DOUBLE,0,world);

19 MPI_Bcast(&n[1],atom->nbondtypes,MPI_DOUBLE,0,world);

20

21

22 for (int i = 1; i <= atom->nbondtypes; i++)

23 setflag[i] = 1;

24 }

3.3. bond_kv.h

In the header of the new pair style we need to substitute the “BondHarmonic” text by a
new “BondKv” text as well as declare a new protected member in the class, the pointer to b.

Listing 32: Original header (bond_harmonic.h)

1 #ifdef BOND_CLASS

2

3 BondStyle(harmonic,BondHarmonic)

4

5 #else

6

7 #ifndef LMP_BOND_HARMONIC_H

8 #define LMP_BOND_HARMONIC_H

9

10 #include "stdio.h"

11 #include "bond.h"

12

13 namespace LAMMPS_NS {

14

15 class BondHarmonic : public Bond {

16 public:

17 BondHarmonic(class LAMMPS *);

18 virtual ∼BondHarmonic();

19 virtual void compute(int, int);

20 void coeff(int, char **);

21 double equilibrium_distance(int);

22 void write_restart(FILE *);

23 void read_restart(FILE *);

24 void write_data(FILE *);

25 double single(int, double, int, int, double &);

26

27 protected:

28 double *k,*r0;

29

30 void allocate();

31 };

32 }

33 #endif

34 #endif

Listing 33: Modified header (bond_kv.h)

1 #ifdef BOND_CLASS

2

3 BondStyle(kv,BondKv)

4

5 #else

6

7 #ifndef LMP_BOND_KV_H

8 #define LMP_BOND_KV_H

9

10 #include "stdio.h"
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11 #include "bond.h"

12

13 namespace LAMMPS_NS {

14

15 class BondKv : public Bond {

16 public:

17 BondKv(class LAMMPS *);

18 virtual ∼BondKv();

19 virtual void compute(int, int);

20 void coeff(int, char **);

21 double equilibrium_distance(int);

22 void write_restart(FILE *);

23 void read_restart(FILE *);

24 void write_data(FILE *);

25 double single(int, double, int, int, double &);

26

27 protected:

28 double *k,*r0, *b; // new pointer

29

30 void allocate();

31 };

32 }

33 #endif

34 #endif

3.4. Invoking kv Pair Style

Now the new pair style is completed. To run LAMMPS with the new style we need to
compile it and then invoke it by writing the command lines in shown in Listing 34 in the
input file.

Listing 34: Command lines to invoke the kv pair style

1 bond_style kv

2 bond_coeff K r0 b

4. Noble–Abel Stiffened-Gas Pair Style

In the SPH framework is possible to determine all the particles properties by solving
the particle form of the continuity equation [6,26]

dρi

dt
= ∑

j

mjvij∇jWij; (4)

the momentum equation [6,26]

mi
dvi

dt
= ∑

j

mimj

(

Pi

ρi
+

Pi

ρi
+ Πij

)

∇jWij; (5)

and the energy conservation equation [6,26]

mi
dei

dt
=

1
2 ∑

j

mimj

(

Pi

ρi
+

Pi

ρi
+ Πij

)

: vij∇jWij − ∑
j

mimj

ρiρj

(κi + κj)(Ti − Tj)

r2
ij

rij ·∇jWij. (6)

However, to be able to solve this set of equations an Equation of State (EOS) linking the
pressure P and the density ρ is needed [46]. In the user-SPH package of LAMMPS one EOS
is used for the liquid (Tait’s EOS) and one for gas phase (ideal gas EOS). In this section
we will implement a new EOS for the liquid phase. Note that with similar steps is also
possible to implement a new gas EOS.
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Le Métayer and Saurel [47] combined the “Noble–Abel” and the “Stiffened-Gas” EOS
proposing a new EOS called Noble–Abel Stiffened-Gas (NASG), suitable for multiphase
flow. The expression of the EOS does not change with the phase considered. For each
phases, the pressure and temperature are calculated as function of density and specific
internal energy, e.g.,

P(ρ, e) = (γ − 1)
(e − q)
(

1
ρ − b

) − γP∞, (7)

and temperature-wise

T(ρ, e) =
e − q

Cv
−

(

1
ρ
− b

)

P∞

Cv
, (8)

where P, ρ, e, and q are, respectively, the pressure, the density, the specific internal energy,
and the heat bond of the corresponding phase. γ, P∞, q, and b are constant coefficients that
defines the thermodynamic properties of the fluid.

For this new pair style, called sph/nasgliquid, we take as a reference the sph/taitwater
pair style declared and initialised in pair_sph_taitwater.h and pair_sph_taitwater.cpp files
in the directory /src/USER-SPH. All the files regarding sph/nasgliquid must be saved in
the /src/USER-SPH directory and its hierarchy is shown in Figure 4..

LAMMPS Force Pair
PairSPHNasgliquid

PairSPHTaitwater

Figure 4. Class hierarchy of the new bond style.

4.1. Validation

The sph/nasgliquid pair style has validated by Albano and Alexiadis [26] to study
the Rayleigh collapse of an empty cavity.

4.2. pair_sph_nasgliquid.cpp

All the functions will be the same as in the reference sph/taitwater. However, in our
new sph/nasgliquid, we need to substitute the “PairSPHTaitwater” text in “PairSPHNas-
gliquid”, as can be seen in Listings 35 and 36.

Listing 35: Original script (pair_sph_taitwater.cpp)

1 #include <cmath>

2 #include <cstdlib>

3 #include "pair_sph_taitwater.h"

4 #include "atom.h"

5 #include "force.h"

6 #include "comm.h"

7 #include "neigh_list.h"

8 #include "memory.h"

9 #include "error.h"

10 #include "domain.h"

11

12 using namespace LAMMPS_NS;

13

14 PairSPHTaitwater::PairSPHTaitwater(LAMMPS *lmp) :

15 Pair(lmp)

16 {...}

17 PairSPHTaitwater::∼PairSPHTaitwater()

18 {...}

19 void PairSPHTaitwater::compute(int eflag, int vflag)

20 {...}

21 void PairSPHTaitwater::allocate()
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22 {...}

23 void PairSPHTaitwater::settings(int narg, char **/*arg*/)

24 {...}

25 void PairSPHTaitwater::coeff(int narg, char **arg)

26 {...}

27 double PairSPHTaitwater::init_one(int i, int j)

28 {...}

Listing 36: Modified script (pair_sph_nasgliquid.cpp)

1 #include <cmath>

2 #include <cstdlib>

3 #include "pair_sph_nasgliquid.h"

4 #include "atom.h"

5 #include "force.h"

6 #include "comm.h"

7 #include "neigh_list.h"

8 #include "memory.h"

9 #include "error.h"

10 #include "domain.h"

11

12 using namespace LAMMPS_NS;

13

14 PairSPHNasgliquid:: PairSPHNasgliquid(LAMMPS *lmp) :

15 Pair(lmp)

16 {...}

17 PairSPHNasgliquid::∼ PairSPHNasgliquid()

18 {...}

19 void PairSPHNasgliquid::compute(int eflag, int vflag)

20 {...}

21 void PairSPHNasgliquid::allocate()

22 {...}

23 void PairSPHNasgliquid::settings(int narg, char **/*arg*/)

24 {...}

25 void PairSPHNasgliquid::coeff(int narg, char **arg)

26 {...}

27 double PairSPHNasgliquid::init_one(int i, int j)

28 {...}

For the sph/nasgliquid we need to pass a total of 12 arguments from the input file,
while they were only six for sph/taitwater. For this reason we need to modify destructor,
compute, allocate, settings and coeff. Following the order of function initialisation, see
Listing 36, the destructor is modified as shown in Listing 38.

Listing 37: Original destructor (pair_sph_taitwater.cpp)

1 PairSPHTaitwater::∼PairSPHTaitwater() {

2 if (allocated) {

3 memory->destroy(setflag);

4 memory->destroy(cutsq);

5 memory->destroy(cut);

6 memory->destroy(rho0);

7 memory->destroy(soundspeed);

8 memory->destroy(B);

9 memory->destroy(viscosity);

10 }

11 }

Listing 38: Modified destructor (pair_sph_nasgliquid.cpp)

1 PairSPHNasgliquid::∼PairSPHNasgliquid() {

2 if (allocated) {

3 memory->destroy(setflag);

4 memory->destroy(cutsq);

5 memory->destroy(cut);

6 memory->destroy(soundspeed);

7 memory->destroy(B);

8 memory->destroy(CP);
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9 memory->destroy(CV);

10 memory->destroy(gamma);

11 memory->destroy(P00);

12 memory->destroy(b);

13 memory->destroy(q);

14 memory->destroy(q1);

15 memory->destroy(viscosity);

16 }

17 }

In the NASG EOS the pressure is function of both density, ρ, and internal energy, e.
For this reason, we need to declare more pointers and variables in compute compared to
the reference pair style, see line 6 and 20 in Listing 40.

Listing 39: Original compute (pair_sph_taitwater.cpp)

1 void PairSPHTaitwater::compute(int eflag, int vflag) {

2 int i, j, ii, jj, inum, jnum, itype, jtype;

3 double xtmp, ytmp, ztmp, delx, dely, delz, fpair;

4

5 int *ilist, *jlist, *numneigh, **firstneigh;

6 double vxtmp, vytmp, vztmp, imass, jmass,

7 fi, fj, fvisc, h, ih, ihsq;

8 double rsq, tmp, wfd, delVdotDelR, mu, deltaE;

9

10 if (eflag || vflag)

11 ev_setup(eflag, vflag);

12 else

13 evflag = vflag_fdotr = 0;

14

15 double **v = atom->vest;

16 double **x = atom->x;

17 double **f = atom->f;

18 double *rho = atom->rho;

19 double *mass = atom->mass;

20 double *de = atom->de;

21 double *drho = atom->drho;

22 int *type = atom->type;

23 int nlocal = atom->nlocal;

24 int newton_pair = force->newton_pair;

Listing 40: Modified compute (pair_sph_nasgliquid.cpp)

1 void PairSPHNasgliquid::compute(int eflag, int vflag) {

2 int i, j, ii, jj, inum, jnum, itype, jtype;

3 double xtmp, ytmp, ztmp, delx, dely, delz, fpair;

4

5 int *ilist, *jlist, *numneigh, **firstneigh;

6 double vxtmp, vytmp, vztmp, imass, jmass,

7 fi, fj, fvisc, h, ih, ihsq, iirho, ijrho;

8 double rsq, tmp, wfd, delVdotDelR, mu, deltaE;

9

10 if (eflag || vflag)

11 ev_setup(eflag, vflag);

12 else

13 evflag = vflag_fdotr = 0;

14

15 double **v = atom->vest;

16 double **x = atom->x;

17 double **f = atom->f;

18 double *rho = atom->rho;

19 double *mass = atom->mass;

20 double *de = atom->de;

21 double *e = atom->e;

22 double *drho = atom->drho;

23 int *type = atom->type;

24 int nlocal = atom->nlocal;

25 int newton_pair = force->newton_pair;



ChemEngineering 2021, 5, 30 23 of 57

Another modification for compute regards the expression of the force applied to the
i-th, see Listing 42, and j-th, see Listing 44, particle.

Listing 41: Original compute (pair_sph_taitwater.cpp)

1 // compute pressure of atom i with Tait EOS

2 tmp = rho[i]/rho0[itype];

3 fi = tmp * tmp * tmp;

4 fi = B[itype] * (fi * fi * tmp - 1.0)/ (rho[i] * rho[i]);

Listing 42: Modified compute (pair_sph_nasgliquid.cpp)

1 // compute pressure of atom i with NASG EOS

2 tmp = e[i] / imass;

3 iirho= 1.0/rho[i];

4 iirho= iirho - b[itype];

5 fi = (( tmp - q[itype]) * B[itype] / iirho);

6 fi = fi - gamma[itype] * P00[itype];

7 fi = fi / (rho[i] * rho[i]);

Listing 43: Original compute (pair_sph_taitwater.cpp)

1 // compute pressure of atom j with Tait EOS

2 tmp = rho[j] / rho0[jtype];

3 fj = tmp * tmp * tmp;

4 fj = B[jtype] * (fj * fj * tmp - 1.0) / (rho[j] * rho[j]);

Listing 44: Modified compute (pair_sph_nasgliquid.cpp)

1 // compute pressure of atom j with NASG EOS

2 tmp = e[j] / jmass;

3 ijrho= 1/rho[j];

4 ijrho= ijrho - b[jtype];

5 fj = ((tmp - q[jtype])* B[jtype]/ijrho);

6 fj = fj - gamma[jtype]*P00[jtype];

7 fj = fj / (rho[j] * rho[j]);

With the introduction of a new parameter in the pair style we need to make a new
dynamic memory allocation by modifying allocate.

Listing 45: Original allocate (pair_sph_taitwater.pp)

1 void PairSPHTaitwater::allocate() {

2 allocated = 1;

3 int n = atom->ntypes;

4

5 memory->create(setflag, n + 1, n + 1, "pair:setflag");

6 for (int i = 1; i <= n; i++)

7 for (int j = i; j <= n; j++)

8 setflag[i][j] = 0;

9

10 memory->create(cutsq, n + 1, n + 1, "pair:cutsq");

11 memory->create(rho0, n + 1, "pair:rho0");

12 memory->create(soundspeed, n + 1, "pair:soundspeed");

13 memory->create(B, n + 1, "pair:B");

14 memory->create(cut, n + 1, n + 1, "pair:cut");

15 memory->create(viscosity,n + 1,n + 1,"pair:viscosity");

16 }

Listing 46: Modified allocate (pair_sph_nasgliquid.cpp)

1 void PairSPHNasgliquid::allocate() {

2 allocated = 1;

3 int n = atom->ntypes;

4

5 memory->create(setflag, n + 1, n + 1, "pair:setflag");

6 for (int i = 1; i <= n; i++)

7 for (int j = i; j <= n; j++)

8 setflag[i][j] = 0;
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9

10 memory->create(cutsq, n + 1, n + 1, "pair:cutsq");

11 memory->create(soundspeed, n + 1, "pair:soundspeed");

12 memory->create(B, n + 1, "pair:B");

13 memory->create(CP, n + 1, "pair:CP");

14 memory->create(CV, n + 1, "pair:CV");

15 memory->create(gamma, n + 1, "pair:gamma");

16 memory->create(P00, n + 1, "pair:P00");

17 memory->create(b, n + 1, "pair:b");

18 memory->create(q, n + 1, "pair:q");

19 memory->create(q1, n + 1, "pair:q1");

20 memory->create(cut, n + 1, n + 1, "pair:cut");

21 memory->create(viscosity,n + 1,n + 1,"pair:viscosity");

22 }

The 12 arguments used in the pair style are passed by the used in the input file. For
this reason, we also have to modify coeff.

Listing 47: Original coeff (pair_sph_taitwater.cpp)

1 void PairSPHTaitwater::coeff(int narg, char **arg) {

2 if (narg != 6)

3 error->all(FLERR,

4 "Incorrect args for pair_style sph/taitwater

5 coefficients");

6 if (!allocated)

7 allocate();

8 int ilo, ihi, jlo, jhi;

9 force->bounds(FLERR,arg[0], atom->ntypes, ilo, ihi);

10 force->bounds(FLERR,arg[1], atom->ntypes, jlo, jhi);

11 double rho0_one = force->numeric(FLERR,arg[2]);

12 double soundspeed_one = force->numeric(FLERR,arg[3]);

13 double viscosity_one = force->numeric(FLERR,arg[4]);

14 double cut_one = force->numeric(FLERR,arg[5]);

15 double B_one=soundspeed_one*soundspeed_one*rho0_one/7.0;

16 int count = 0;

17 for (int i = ilo; i <= ihi; i++) {

18 rho0[i] = rho0_one;

19 soundspeed[i] = soundspeed_one;

20 B[i] = B_one;

21 for (int j = MAX(jlo,i); j <= jhi; j++) {

22 viscosity[i][j] = viscosity_one;

23 cut[i][j] = cut_one;

24 setflag[i][j] = 1;

25 count++; } }

Listing 48: Modified coeff (pair_sph_nasgliquid.cpp)

1 void PairSPHNasgliquid::coeff(int narg, char **arg) {

2 if (narg != 12)

3 error->all(FLERR,

4 "Incorrect args for pair_style sph/nasgliquid

5 coefficients");

6 if (!allocated)

7 allocate();

8 int ilo, ihi, jlo, jhi;

9 force->bounds(FLERR,arg[0], atom->ntypes, ilo, ihi);

10 force->bounds(FLERR,arg[1], atom->ntypes, jlo, jhi);

11 double soundspeed_one = force->numeric(FLERR,arg[2]);

12 double viscosity_one = force->numeric(FLERR,arg[3]);

13 double cut_one = force->numeric(FLERR,arg[4]);

14 double CP_one = force->numeric(FLERR,arg[5]);

15 double CV_one = force->numeric(FLERR,arg[6]);

16 double gamma_one = force->numeric(FLERR,arg[7]);

17 double P00_one = force->numeric(FLERR,arg[8]);

18 double b_one = force->numeric(FLERR,arg[9]);

19 double q_one = force->numeric(FLERR,arg[10]);

20 double q1_one = force->numeric(FLERR,arg[11]);

21 double B_one = (gamma_one - 1);
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22 int count = 0;

23 for (int i = ilo; i <= ihi; i++) {

24 soundspeed[i] = soundspeed_one;

25 B[i] = B_one;

26 CP[i] = CP_one;

27 CV[i] = CV_one;

28 gamma[i] = gamma_one;

29 P00[i] = P00_one;

30 b[i] = b_one;

31 q[i] = q_one;

32 q1[i] = q1_one;

33 for (int j = MAX(jlo,i); j <= jhi; j++) {

34 viscosity[i][j] = viscosity_one;

35 cut[i][j] = cut_one;

36 setflag[i][j] = 1;

37 count++; } }

4.3. pair_sph_nasgliquid.h

In the header of the new pair style we need to substitute the “PairSPHTaitwater” text
in “PairSPHNasgliquid” as well as declare new protected members in the class, the pointers
to the new arguments.

Listing 49: Original header (pair_sph_taitwater.h)

1 #ifdef PAIR_CLASS

2

3 PairStyle(sph/taitwater,PairSPHTaitwater)

4

5 #else

6

7 #ifndef LMP_PAIR_TAITWATER_H

8 #define LMP_PAIR_TAITWATER_H

9

10 #include "pair.h"

11

12 namespace LAMMPS_NS {

13

14 class PairSPHTaitwater : public Pair {

15 public:

16 PairSPHTaitwater(class LAMMPS *);

17 virtual ∼PairSPHTaitwater();

18 virtual void compute(int, int);

19 void settings(int, char **);

20 void coeff(int, char **);

21 virtual double init_one(int, int);

22

23 protected:

24 double *rho0, *soundspeed, *B;

25 double **cut,**viscosity;

26 int first;

27 void allocate();

28 };

29 }

30 #endif

31 #endif

Listing 50: Modified header (pair_sph_nasgliquid.h)

1 #ifdef PAIR_CLASS

2

3 PairStyle(sph/nasgliquid,PairSPHNasgliquid)

4

5 #else

6

7 #ifndef LMP_PAIR_NASGLIQUID_H

8 #define LMP_PAIR_NASGLIQUID_H

9
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10 #include "pair.h"

11

12 namespace LAMMPS_NS {

13

14 class PairSPHNasgliquid : public Pair {

15 public:

16 PairSPHNasgliquid(class LAMMPS *);

17 virtual ∼PairSPHNasgliquid();

18 virtual void compute(int, int);

19 void settings(int, char **);

20 void coeff(int, char **);

21 virtual double init_one(int, int);

22

23 protected:

24 double *soundspeed, *B, *CP, *CV, *gamma, *P00,

25 *b, *q, *q1;

26 double **cut,**viscosity;

27 int first;

28 void allocate();

29 };

30 }

31 #endif

32 #endif

4.4. Invoking Sph/Nasgliquid Pair Style

Now the new pair style is completed. To run LAMMPS with the new style we need
to compile it and then invoke it by writing the command lines shown in Listing 51 in the
input file.

Listing 51: Command lines to invoke the NASG pair style for liquid

1 pair_style sph/nasgliquid

2 pair_coeff I J c_0 alpha h Cv Cp gamma P00 b q q’

5. Multiphase (Liquid–Gas) Heat Exchange Pair Style

In LAMMPS thermal conductivity between SPH particles is enabled using the sph/heat-
conduction pair style inside the user-SPH package. However, the pair style is designed
only for mono phase fluid where the thermal conductivities is constant (κi = κ). When
more than one phase is present, the heat conduction at the interface can be implemented
by using [6,26]

mi
dei

dt
= ∑

j

mimj

ρiρj

(κi + κj)(Ti − Tj)

r2
ij

rij ·∇jWij. (9)

In the new pair style, called sph/heatgasliquid, one phase is assumed to be liquid with an
initial temperature of Tl,0 and the other is assumed to be and ideal gas. Each time-step the
temperature of the fluid is updated as [26].

Tl = Tl,0 +
El − El,0

Cp,l
, (10)

where Tl,0 is the reference temperature, E0 the internal energy in [J], El internal energy [J]
at the current time step and Cp,l is heat capacity of the fluid in [J K−1]. The temperature of
the gas is updated following the ideal EOS [26].

Tg = MM
(γ − 1)eg

R
, (11)
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where MM is the molar mass [kg kmol−1], eg is the specific internal energy in [J kg−1],
γ is the heat capacity ratio and R is the ideal gas constant in [J K−1 kmol−1]. Generally
the choice of the reference states El,0 is arbitrary, but if the Equation of State (EOS) used
for the phase is function of both density and internal energy of the reference state will be
determined by the EOS.

In the sph/heatgasliquid pair style is important to check if the i-th and j-th particles
are liquid or gas phase to apply either Equation (10) or Equation (11). This “phase check” is
explained in Section 5.2 compute function is modified.

For the energy balance the new pair style needs Tl,0, El,0, Cp,l and κl for the liquid
phase and κg for the gas phase. Moreover, for the phase check, the particle types of each
phases must be specified. All this informations is passed by the user in the in the input file.

The reference pair style is sph/heatconduction. It is declared and initialised in the
pair_sph_heatconduction.cpp pair_sph_heatconduction.cpp files in the directory /src/USER-
SPH. All the files regarding sph/heatgasliquid must be saved in the /src/USER-SPH directory
and its hierarchy is shown in Figure 5.

LAMMPS Force Pair
PairSPHHeatgasliquid

PairSPHHeatConduction

Figure 5. Class hierarchy of the new pair style.

5.1. Validation

The sph/heatgasliquid pair style has validated by Albano and Alexiadis [26] to study
the role of the heat diffusion in for a gas filled Rayleigh collapse in water.

5.2. pair_sph_heatgasliquid.cpp

All the functions will be the same as in the reference sph/heatconduction. However,
in our new sph/heatgasliquid, we need to substitute the “PairSPHHeatConduction” text
in “PairSPHHeatgasliquid”, as can be seen in Listings 52 and 53.

Listing 52: Original script (pair_sph_heatconduction.cpp)

1 #include "math.h"

2 #include "stdlib.h"

3 #include "pair_sph_heatconduction.h"

4 #include "atom.h"

5 #include "force.h"

6 #include "comm.h"

7 #include "memory.h"

8 #include "error.h"

9 #include "neigh_list.h"

10 #include "domain.h"

11

12 using namespace LAMMPS_NS;

13

14 PairSPHHeatConduction::PairSPHHeatConduction(LAMMPS *lmp)

15 : Pair(lmp)

16 { ... }

17 PairSPHHeatConduction::∼PairSPHHeatConduction()

18 { ... }

19 void PairSPHHeatConduction::compute(int eflag, int vflag)

20 { ... }

21 void PairSPHHeatConduction::allocate()

22 { ... }

23 void PairSPHHeatConduction::settings(int narg, char **arg)

24 { ... }

25 void PairSPHHeatConduction::coeff(int narg, char **arg)

26 { ... }

27 double PairSPHHeatConduction::init_one(int i, int j)

28 { ... }

29 double PairSPHHeatConduction::single(int i, int j,

30 int itype, int jtype, double rsq, double factor_coul,

31 double factor_lj, double &fforce)

32 { ... }
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Listing 53: Modified script (pair_sph_heatgasliquid.cpp)

1 #include <cmath>

2 #include <cstdlib>

3 #include "pair_sph_heatgasliquid.h"

4 #include "atom.h"

5 #include "force.h"

6 #include "comm.h"

7 #include "memory.h"

8 #include "error.h"

9 #include "neigh_list.h"

10 #include "domain.h"

11

12 using namespace LAMMPS_NS;

13

14 PairSPHHeatgasliquid::PairSPHHeatgasliquid(LAMMPS *lmp)

15 : Pair(lmp)

16 { ... }

17 PairSPHHeatgasliquid::∼PairSPHHeatgasliquid()

18 { ... }

19 void PairSPHHeatgasliquid::compute(int eflag, int vflag)

20 { ... }

21 void PairSPHHeatgasliquid::allocate()

22 { ... }

23 void PairSPHHeatgasliquid::settings(int narg, char **arg)

24 { ... }

25 void PairSPHHeatgasliquid::coeff(int narg, char **arg)

26 { ...

27 double PairSPHHeatgasliquid::init_one(int i, int j)

28 { ... }

29 double PairSPHHeatgasliquid::single(int i, int j,

30 int itype, int jtype, double rsq, double factor_coul,

31 double factor_lj, double &fforce)

32 { ... }

For the sph/heatgasliquid we need to pass a total of nine arguments from the input
file, while they were only seven for sph/heatconduction. For this reason we need to modify
destructor, compute, allocate, settings and coeff. Following the order of function
initialisation, see Listing 53, the destructor is modified by removing the heat diffusion
coefficient, line 6 in Listing 54.

Listing 54: Original destructor (pair_sph_heatconduction.cpp)

1 PairSPHHeatConduction::∼PairSPHHeatConduction() {

2 if (allocated) {

3 memory->destroy(setflag);

4 memory->destroy(cutsq);

5 memory->destroy(cut);

6 memory->destroy(alpha);

7 }

8 }

Listing 55: Modified destructor (pair_sph_heatgasliquid.cpp)

1 PairSPHHeatgasliquid::∼PairSPHHeatgasliquid() {

2 if (allocated) {

3 memory->destroy(setflag);

4 memory->destroy(cutsq);

5 memory->destroy(cut);

6 }

7 }

To compute Equation (6) we need to declare more variables in compute compared to
the reference pair style, see line 4 in Listing 57.
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Listing 56: Original compute (pair_sph_heatconduction.cpp)

1 void PairSPHHeatConduction::compute(int eflag, int vflag){

2 int i, j, ii, jj, inum, jnum, itype, jtype;

3 double xtmp, ytmp, ztmp, delx, dely, delz;

Listing 57: Modified compute (pair_sph_heatgasliquid.cpp)

1 void PairSPHHeatgasliquid::compute(int eflag, int vflag){

2 int i, j, ii, jj, inum, jnum, itype, jtype;

3 double xtmp, ytmp, ztmp, delx, dely, delz;

4 double Ti, Tj, ki, kj; /// new parameters

Another important modification is to add the phase check inside compute. The phase
check has to be implemented for both the i-th particle and the j-th particle inside the loop
over neighbours, for (ii = 0; ii < inum; ii++) in the reference pair style. The phase
check for the i-th particle starts after the assignment of imass, line 3 of Listing 58.

Listing 58: Modified compute (pair_sph_heatgasliquid.cpp)

1 imass = mass[itype];

2

3 if (itype == liquidtype)

4 {

5 Ti= e[i] - el0;

6 Ti= Ti/CPl;

7 Ti= T0l + Ti;

8 ki=kl;

9 }

10 else {

11 Ti=0.40*e[i]*18;

12 Ti= Ti/imass;

13 Ti= Ti/8314.33;

14 ki=kg;

15 }

Similarly, for the j-th the phase check start at line 3 of Listing 59.

Listing 59: Modified compute (pair_sph_heatgasliquid.cpp)

1 jmass = mass[jtype];

2

3 if (jtype == liquidtype)

4 {

5 Tj= e[j] - el0;

6 Tj= Tj/CPl;

7 Tj= T0l + Tj;

8 kj=kl;

9 }

10 else {

11 Tj=0.40*e[j]*18;

12 Tj= Tj/jmass;

13 Tj= Tj/8314.33;

14 kj=kg;

15 }

16

The last change in compute is to implement the change in internal energy as shown in
Equation (9).
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Listing 60: Original compute (pair_sph_heatconduction.cpp)

1 D = alpha[itype][jtype]; // diffusion coefficient

2

3 deltaE = 2.0 * imass * jmass / (imass+jmass);

4 deltaE *= (rho[i] + rho[j]) / (rho[i] * rho[j]);

5 deltaE *= D * (e[i] - e[j]) * wfd;

6

7 de[i] += deltaE;

8 if (newton_pair || j < nlocal) {

9 de[j] -= deltaE;

10 }

Listing 61: Modified compute (pair_sph_heatgasliquid.cpp)

1 deltaE = imass * jmass / (rho[i] * rho[j]); ///

2 deltaE *= (ki + kj) * (Ti - Tj) * wfd; ///

3 /// implementation of eq 3.4

4 de[i] += deltaE;

5 if (newton_pair || j < nlocal) {

6 de[j] -= deltaE;

7 }

With the introduction of new arguments in the pair style we need to make a new
dynamic memory allocation by modifying allocate.

Listing 62: Original allocate (pair_sph_heatconduction.cpp)

1 void PairSPHHeatConduction::allocate() {

2 allocated = 1;

3 int n = atom->ntypes;

4

5 memory->create(setflag, n + 1, n + 1, "pair:setflag");

6 for (int i = 1; i <= n; i++)

7 for (int j = i; j <= n; j++)

8 setflag[i][j] = 0;

9

10 memory->create(cutsq, n + 1, n + 1, "pair:cutsq");

11 memory->create(cut, n + 1, n + 1, "pair:cut");

12 memory->create(alpha, n + 1, n + 1, "pair:alpha");

13 }

Listing 63: Modified allocate (pair_sph_heatgasliquid.cpp)

1 void PairSPHHeatgasliquid::allocate() {

2 allocated = 1;

3 int n = atom->ntypes;

4

5 memory->create(setflag, n + 1, n + 1, "pair:setflag");

6 for (int i = 1; i <= n; i++)

7 for (int j = i; j <= n; j++)

8 setflag[i][j] = 0;

9

10 memory->create(cutsq, n + 1, n + 1, "pair:cutsq");

11 memory->create(cut, n + 1, n + 1, "pair:cut");

12 }

The nine arguments used in the pair style are passed by the user in the input file. For
this reason, we also have to modify coeff.

Listing 64: Original coeff (pair_sph_heatconduction.cpp)

1 void PairSPHHeatConduction::coeff(int narg, char **arg) {

2 if (narg != 4)

3 error->all(FLERR,"Incorrect number of args for

4 pair_style sph/heatconduction coefficients");

5 if (!allocated)

6 allocate();

7
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8 int ilo, ihi, jlo, jhi;

9 force->bounds(arg[0], atom->ntypes, ilo, ihi);

10 force->bounds(arg[1], atom->ntypes, jlo, jhi);

11

12 double alpha_one = force->numeric(FLERR,arg[2]);

13 double cut_one = force->numeric(FLERR,arg[3]);

14

15 int count = 0;

16 for (int i = ilo; i <= ihi; i++) {

17 for (int j = MAX(jlo,i); j <= jhi; j++) {

18 //printf("setting cut[%d][%d] = %f\n", i, j, cut_one);

19 cut[i][j] = cut_one;

20 alpha[i][j] = alpha_one;

21 setflag[i][j] = 1;

22 count++;

23 }

24 }

25

26 if (count == 0)

27 error->all(FLERR,"Incorrect args for pair

28 coefficients");

29 }

Listing 65: Modified coeff (pair_sph_heatgasliquid.cpp)

1 void PairSPHHeatgasliquid::coeff(int narg, char **arg) {

2 if (narg != 9)

3 error->all(FLERR,"Incorrect number of args for

4 pair_style sph/heatgasliquid coefficients");

5 if (!allocated)

6 allocate();

7

8 int ilo, ihi, jlo, jhi;

9 force->bounds(FLERR,arg[0], atom->ntypes, ilo, ihi);

10 force->bounds(FLERR,arg[1], atom->ntypes, jlo, jhi);

11

12 el0 = force->numeric(FLERR,arg[2]);

13 kl = force->numeric(FLERR,arg[3]);

14 kg = force->numeric(FLERR,arg[4]);

15 T0l = force->numeric(FLERR,arg[5]);

16 double cut_one = force->numeric(FLERR,arg[6]);

17 CPl = force->numeric(FLERR,arg[7]);

18 liquidtype = force->numeric(FLERR,arg[8]);

19

20 int count = 0;

21 for (int i = ilo; i <= ihi; i++) {

22 for (int j = MAX(jlo,i); j <= jhi; j++) {

23 //printf("setting cut[%d][%d] = %f\n", i, j, cut_one);

24 cut[i][j] = cut_one;

25 setflag[i][j] = 1;

26 count++;

27 }

28 }

29 if (count == 0)

30 error->all(FLERR,"Incorrect args for pair

31 coefficients");

32 }

5.3. pair_sph_heatgasliquid.h

In the header of the new pair style we need to substitute the “PairSPHHeatConduction”
text in “PairSPHHeatgasliquid” and declare new protected members in the class.



ChemEngineering 2021, 5, 30 32 of 57

Listing 66: Original header (pair_sph_heatconduction.h)

1 #ifdef PAIR_CLASS

2

3 PairStyle(sph/heatconduction,PairSPHHeatConduction)

4

5 #else

6

7 #ifndef LMP_PAIR_SPH_HEATCONDUCTION_H

8 #define LMP_PAIR_SPH_HEATCONDUCTION_H

9

10 #include "pair.h"

11

12 namespace LAMMPS_NS {

13

14 class PairSPHHeatConduction : public Pair {

15 public:

16 PairSPHHeatConduction(class LAMMPS *);

17 virtual ∼PairSPHHeatConduction();

18 virtual void compute(int, int);

19 void settings(int, char **);

20 void coeff(int, char **);

21 virtual double init_one(int, int);

22 virtual double single(int, int, int, int, double,

23 double, double, double &);

24

25 protected:

26 double **cut, **alpha;

27 void allocate();

28 };

29 }

30 #endif

31 #endif

Listing 67: Modified header (pair_sph_heatgasliquid.h)

1 #ifdef PAIR_CLASS

2

3 PairStyle(sph/heatgasliquid,PairSPHHeatgasliquid)

4

5 #else

6

7 #ifndef LMP_PAIR_SPH_HEATGASLIQUID_H

8 #define LMP_PAIR_SPH_HEATGASLIQUID_H

9

10 #include "pair.h"

11

12 namespace LAMMPS_NS {

13

14 class PairSPHHeatgasliquid : public Pair {

15 public:

16 PairSPHHeatgasliquid(class LAMMPS *);

17 virtual ∼PairSPHHeatgasliquid();

18 virtual void compute(int, int);

19 void settings(int, char **);

20 void coeff(int, char **);

21 virtual double init_one(int, int);

22 virtual double single(int, int, int, int, double,

23 double, double, double &);

24

25 protected:

26 int liquidtype;

27 double el0, kg, kl, T0l, CPl;

28 double **cut;

29 void allocate();

30 };

31 }

32 #endif

33 #endif



ChemEngineering 2021, 5, 30 33 of 57

5.4. Invoking Sph/Heatgasliquid Pair Style

Now the new pair style is completed. To run LAMMPS with the new style we need
to compile it and then invoke it by writing the command lines shown in Listing 68 in the
input file.

Listing 68: Command lines to invoke the sph/heatgasliquid pair style

1 pair_style sph/heatgasliquid

2 pair_coeff i j el0 kl kg Tl0 h Cpl liquidtype

6. Full Stationary Fix Style

In LAMMPS a fix style is any operation that is applied to the system, usually to a
group of particles, during time stepping or minimisation used to alter some property of
the sytem [41]. There are hundreds of fixes defined in LAMMPS and new ones can be
added. Usually fixes are used for time integration, force constraints, boundary conditions
and diagnostics.

In the user-sph package in LAMMPS there is the so called meso/stationary fix used to
set boundary condition. With meso/stationary is possible to fix position and velocity for
a group of particles, walls as example, but internal energy and density will be updated.
In some cases, it is useful to have a fully stationary conditions that maintains constant
also the energy and the density. For this new fix, called meso/fullstationary, we take
as a reference the meso/stationary fix declared and initialised in fix_meso_stationary.h
and fix_meso_stationary.cpp files in the directory /src/USER-SPH. All the files regarding
meso/fullstationary must be saved in the /src/USER-SPH directory and its hierarchy is
shown in Figure 6.

LAMMPS Modify Fix
FixMesoFullStationary

FixMesoStationary

Figure 6. Class hierarchy of the new fix style.

6.1. Validation

The meso/fullstationary has been used in the validation of the new viscosity class to
set the boundary condition of a constant asymmetric heated walls, see Section 7.2.

6.2. fix_meso_fullstationary.cpp

All the functions will be the same as in the reference meso/stationary. However, in
our new fullstationary, we need to substitute the “FixMesoStationary” text in “FixMeso-
FullStationary”, as can be seen in Listings 69 and 70.

Listing 69: Original script (fix_meso_stationary.cpp)

1 #include <cstdio>

2 #include <cstring>

3 #include <cmath>

4 #include <cstdlib>

5 #include "fix_meso_stationary.h"

6 #include "atom.h"

7 #include "comm.h"

8 #include "force.h"

9 #include "neighbor.h"

10 #include "neigh_list.h"

11 #include "neigh_request.h"

12 #include "update.h"

13 #include "integrate.h"

14 #include "respa.h"

15 #include "memory.h"

16 #include "error.h"

17 #include "pair.h"

18
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19 using namespace LAMMPS_NS;

20 using namespace FixConst;

21

22 FixMesoStationary:: FixMesoStationary(LAMMPS *lmp,

23 int narg, char **arg) : Fix(lmp, narg, arg)

24 {...}

25 int FixMesoStationary::setmask()

26 {...}

27 void FixMesoStationary::init()

28 {...}

29 void FixMesoStationary::initial_integrate(int /*vflag*/)

30 {...}

31 void FixMesoStationary::final_integrate()

32 {...}

33 void FixMesoStationary::reset_dt()

34 {...}

Listing 70: Modified script (fix_meso_fullstationary.cpp)

1 #include <cstdio>

2 #include <cstring>

3 #include <cmath>

4 #include <cstdlib>

5 #include "fix_meso_fullstationary.h"

6 #include "atom.h"

7 #include "comm.h"

8 #include "force.h"

9 #include "neighbor.h"

10 #include "neigh_list.h"

11 #include "neigh_request.h"

12 #include "update.h"

13 #include "integrate.h"

14 #include "respa.h"

15 #include "memory.h"

16 #include "error.h"

17 #include "pair.h"

18

19 using namespace LAMMPS_NS;

20 using namespace FixConst;

21

22 FixMesoFullStationary::FixMesoFullStationary(LAMMPS *lmp,

23 int narg, char **arg) : Fix(lmp, narg, arg)

24 {...}

25 int FixMesoFullStationary::setmask()

26 {...}

27 void FixMesoFullStationary::init()

28 {...}

29 void FixMesoFullStationary::initial_integrate

30 (int /*vflag*/)

31 {...}

32 void FixMesoFullStationary::final_integrate()

33 {...}

34 void FixMesoFullStationary::reset_dt()

35 {...}

For the meso/fullstationary we need to modify two function: initial_integrate,
see Listing 72 line 16 and 17, and final_integrate, see Listing 74 line 14 and 15.
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Listing 71: Original initial_integrate (fix_meso_stationary.cpp)

1 void FixMesoStationary::initial_integrate(int vflag) {

2

3 double *rho = atom->rho;

4 double *drho = atom->drho;

5 double *e = atom->e;

6 double *de = atom->de;

7 int *type = atom->type;

8 int *mask = atom->mask;

9 int nlocal = atom->nlocal;

10 int i;

11

12 if (igroup == atom->firstgroup)

13 nlocal = atom->nfirst;

14

15 for (i = 0; i < nlocal; i++) {

16 if (mask[i] & groupbit) {

17 e[i] += dtf * de[i];

18 // with this line is possible to update internal energy

19 rho[i] += dtf * drho[i];

20 // ... and density every half-step

21 }}}

Listing 72: Modified initial_integrate (fix_meso_fullstationary.cpp)

1 void FixMesoFullStationary::initial_integrate(int vflag) {

2

3 double *rho = atom->rho;

4 double *drho = atom->drho;

5 double *e = atom->e;

6 double *de = atom->de;

7 int *mask = atom->mask;

8 int nlocal = atom->nlocal;

9 int i;

10

11 if (igroup == atom->firstgroup)

12 nlocal = atom->nfirst;

13

14 for (i = 0; i < nlocal; i++) {

15 if (mask[i] & groupbit) {

16 e[i] +=0; // with this line internal energy

17 rho[i] += 0; // ... and density are constant

18 }}}

Listing 73: Original final_integrate (fix_meso_stationary.cpp)

1 void FixMesoStationary::final_integrate() {

2

3 double *e = atom->e;

4 double *de = atom->de;

5 double *rho = atom->rho;

6 double *drho = atom->drho;

7 int *type = atom->type;

8 int *mask = atom->mask;

9 double *mass = atom->mass;

10 int nlocal = atom->nlocal;

11 if (igroup == atom->firstgroup)

12 nlocal = atom->nfirst;

13

14 for (int i = 0; i < nlocal; i++) {

15 if (mask[i] & groupbit) {

16 e[i] += dtf * de[i];

17 rho[i] += dtf * drho[i];

18 }}}
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Listing 74: Modified final_integrate (fix_meso_fullstationary.cpp)

1 vvoid FixMesoFullStationary::final_integrate() {

2

3 double *e = atom->e;

4 double *de = atom->de;

5 double *rho = atom->rho;

6 double *drho = atom->drho;

7 int *mask = atom->mask;

8 int nlocal = atom->nlocal;

9 if (igroup == atom->firstgroup)

10 nlocal = atom->nfirst;

11

12 for (int i = 0; i < nlocal; i++) {

13 if (mask[i] & groupbit) {

14 e[i] += 0; // with this line internal energy

15 rho[i] += 0; //... and density are constant

16 }}}

6.3. fix_mes_fullstationary.h

In the header of the new fix we need to substitute the “FixMesoStationary” text in
“FixMesoFullStationary”.

Listing 75: Original header (pair_sph_heatconduction.h)

1 #ifdef FIX_CLASS

2

3 FixStyle(meso/stationary,FixMesoStationary)

4

5 #else

6

7 #ifndef LMP_FIX_MESO_STATIONARY_H

8 #define LMP_FIX_MESO_STATIONARY_H

9

10 #include "fix.h"

11

12 namespace LAMMPS_NS {

13

14 class FixMesoStationary : public Fix {

15 public:

16 FixMesoStationary(class LAMMPS *, int, char **);

17 int setmask();

18 virtual void init();

19 virtual void initial_integrate(int);

20 virtual void final_integrate();

21 void reset_dt();

22

23 private:

24 class NeighList *list;

25 protected:

26 double dtv,dtf;

27 double *step_respa;

28 int mass_require;

29

30 class Pair *pair;

31 };

32 }

33 #endif

34 #endif

Listing 76: Modified header (pair_sph_heatgasliquid.h)

1 #ifdef FIX_CLASS

2

3 FixStyle(meso/fullstationary,FixMesoFullStationary)

4

5 #else

6
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7 #ifndef LMP_FIX_MESO_FULLSTATIONARY_H

8 #define LMP_FIX_MESO_FULLSTATIONARY_H

9

10 #include "fix.h"

11

12 namespace LAMMPS_NS {

13

14 class FixMesoFullStationary: public Fix {

15 public:

16 FixMesoFullStationary(class LAMMPS *, int, char **);

17 int setmask();

18 virtual void init();

19 virtual void initial_integrate(int);

20 virtual void final_integrate();

21 void reset_dt();

22

23 private:

24 class NeighList *list;

25 protected:

26 double dtv,dtf;

27 double *step_respa;

28 int mass_require;

29

30 class Pair *pair;

31 };

32 }

33 #endif

34 #endif

6.4. Invoking Meso/Fullstationary Fix

Now the new fix is completed. To run LAMMPS with the new style we need to
compile it and then invoke it by writing the command lines shown in Listing 77 in the
input file.

Listing 77: Command lines to invoke the new pair style

1 fix ID group-ID meso/fullstationary

7. Viscosity Class

Viscosity in the SPH method has been addressed with different solutions [46]. Shock
waves, for example, have been a challenge to model due to the arise of numerical oscilla-
tions around the shocked region. Monaghan solved this problem with the introduction of
the so-called Monaghan artificial viscosity [48]. Artificial viscosity is still used nowadays
for energy dissipation and to prevent unphysical penetration for particles approaching
each other [25,49]. The SPH package of LAMMPS uses the following artificial viscosity
expression [6], within the sph/idealgas and sph/taitwater pair style.

Πij = −αh
ci + cj

ρi + ρj

vij · rij

r2
ij + ϵh2

, (12)

where α is the dimensionless dissipation factor, ci and cj are the speed of sound of particle i
and j. The dissipation factor, α, can be linked with the real viscosity in term of [6]

α = 8
µ

chρ
, (13)

where c is the speed of sound, ρ the density, µ the dynamic viscosity and h the smooth-
ing length.

The artificial viscosity approach performs well at a high Reynolds number but better
solutions are available for laminar flow: Morris et al. [50] approximated and implemented
the viscosity momentum term for SPH. The same solution can be found in the sph/taitwa-
ter/morris pair style with the expression [6].
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∑
j

mimj(µi + µj)vij

ρiρj

(

1
rij

∂Wij

∂ri

)

, (14)

where µ is the real dynamic viscosity.
In LAMMPS both the dissipation factor and the dynamic viscosity are treated as a

constant between a pair of particles when they interact within the smoothing length. In this
section we want to make the viscosity a per atom property instead of a pair property only
existing within a pair style. Moreover, five temperature dependent viscosity models are
added. For this example, no reference file is used; a new class, Viscosity, is implemented in
LAMMPS from scratch and its hierarchy is shown in Figure 7.

Viscosity

ViscosityConstant

ViscosityArrhenius

ViscoPowerLawGas

ViscoSutherlandViscosityLaw

ViscoFourParameterExp

Figure 7. Class hierarchy of the new class.

7.1. Temperature Dependant Viscosity

In literature multiples empirical models that correlate viscosity with temperature
are available [51–53]. In the new viscosity class five different viscosity models have been
implemented:

1. Andrade’s equation [54]

µ = Aexp

(

B

T
+ CT + DT2

)

, (15)

where µ is the viscosity in [Kg m−1 s−1], T is the static temperature in Kelvin, A, B, C
and D are fluid-dependent dimensional coefficients available in literature.

2. Arrhenius viscosity by Raman [55,56]

µ = C1exp(C2/T), (16)

where µ is the dynamic viscosity in [Kg m−1 s−1], T is the temperature in Kelvin, C1
and C2 are fluid-dependent dimensional coefficients available in literature.

3. Sutherland’s viscosity [57,58] for gas phase
Sutherland’s law can be expressed as:

µ =
C1T3/2

T + C2
, (17)

where µ is the viscosity in [Kg m−1 s−1], T is the static temperature in Kelvin, C1 and
C2 are dimensional coefficients.

4. Power-Law viscosity law [57] for gas phase
A power-law viscosity law with two coefficients has the form :

µ = BTn, (18)

where µ is the viscosity in [Kg m−1 s−1], T is the static temperature in Kelvin, and B
is a dimensional coefficient.

5. Constant viscosity
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With constant viscosity both dissipation factor and dynamic viscosity will be constant
during the simulation.

When the artificial viscosity is used the dissipation factor of Equation (12) is defined
as the arithmetic mean of the dissipation factors of i-th particle and j-th particle.

αij = −
4
h

(

µi

ciρi
+

µj

cjρj

)

, (19)

where αij is the dissipation factor of the particles pair i and j.

7.2. Validation

In order to validate the new Viscosity class, we will study the effect of asymmetrically
heating walls in a channel flow, and more specifically the effect on the velocity field of the
fluid. The data obtained with our model will be compared with the analytical solution
obtained by Sameen and Govindarajan [59].

The water flows between two walls in the x-direction with periodic conditions. The
walls are set at different temperatures Tcold and Thot , see Figure 8. Both water and walls
are modelled as fluid following the tait EOS. The physical properties of the walls are
set constant throughout the simulation using the full stationary conditions described in
Section 6.

Figure 8. Geometry of the simulation.

To match the condition used by Sameen and Govindarajan we set the cold wall
temperature to Tcold = 295 K and the temperature dependence of the dynamic viscosity
described by the Arrhenius model, Equation (16), with C1 = 0.000183 [Ns m−2] and C2 =
1879.9 K [59]. To describe the asymmetric heating Sameen and Govindarajan introduced
the parameter m, defined as:

m =
µcold

µre f
(20)

where µre f = µhot is the viscosity at the hot wall in the case of asymmetric heating and
µcold is the viscosity at the cold wall. By combining (16) and (20), with the given Tcold, is
possible to express the temperature difference of the walls ∆T as function of m.

Figure 9 shows the viscosity trend for different values of m and the corresponding ∆T.
Sometimes, in particle methods, instantaneous data can be noisy (scattered) as can be seen
from the blue circles of both Figures 9 and 10.
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Figure 9. Dimensionless viscosity profile for different m = µcold/µre f . Blue circles are the instantaneous data in the x

direction, the orange curve is the trend curve extrapolated from the instantaneous data, yellow circles are obtained form the
analytical solution from Sameen and Govindarajan [59].

In all the cases considered, the model is in good agreement with the work of Sameen
and Govindarajan.

Figure 10 shows the dimensionless velocity trend for different values of m.
Again, the model is in good agreement with the analytical solution of Sameen and

Govindarajan always laying within the velocity scattered points. In both our model and in
the analytical solution the maximum of the velocity shifts to the right as m increases. We
can conclude that our model is in good agreement with the literature, showing the typical
viscosity and velocity profiles for asymmetric heating confirming the correct functionality
of the new viscosity class.

7.3. New Abstract Class: Viscosity

To implement the new viscosity model a new abstract class has been created, called
Viscosity. The class has no attribute, and one virtual method: compute_visc, that is used to
compute the viscosity using one of the Equations (15)–(18). As usual, the Viscosity class is
divided in two files, see Listings 78 and 79. As it is an abstract class, it cannot be instantiated.
It is used as a base, a mold, to implement the viscosity models. All implemented viscosity
classes, such as the ones implementing the Arrhenius viscosity or the Sutherland viscosity,
will inherit from this class.
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Figure 10. Dimensionless velocity profile for different m = µcold/µre f . Blue circles are the instantaneous data in the x

direction, the orange curve is the trend curve extrapolated from the instantaneous data, yellow circles are obtained form the
analytical solution from Sameen and Govindarajan [59].

Listing 78: viscosity.cpp

1 #include "viscosity.h"

2

3 using namespace LAMMPS_NS;

4

5 Viscosity::Viscosity() {};

Listing 79: viscosity.h

1 #ifndef LAMMPS_VISCOSITY_H

2 #define LAMMPS_VISCOSITY_H

3

4 namespace LAMMPS_NS {

5 class Viscosity {

6 /**

7 * Abstract base class for the viscosity attribute.

8 * All viscosity types should inherit from this class.

9 */

10 public:

11 Viscosity();

12 /**

13 * Virtual function.

14 * Returns the viscosity, given the temperature.

15 */

16 virtual double compute_visc(double temperature) = 0;
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17 };

18 }

19 #endif //LAMMPS_VISCOSITY_H

This type of base class is called an interface, though as the code is written in C++,
there is no actual difference in the implementation. The difference is only in concepts.

This structure allows for a very simple procedure to add a new viscosity type to
LAMMPS, as one doesn’t have to go through all of the code everytime a new viscosity
type is implemented. All that is required is to implement a new viscosity class inheriting
from the Viscosity abstract class and modify the add_viscosity function. The details of
the changes required for those two actions are detailed later in this section.

Another structure one might think of to implement the viscosity abstract base class
would be a template. Indeed, templates are more efficient than inherited classes as inherited
classes create additional virtual calls when calling the class’s methods. However, the choice
of which viscosity should be called is made at runtime, and not at compile time, which
means the abstract base class would be a better fit. When runtime polymorphism is needed,
the structure preferred is an abstract base class.

The abstract class is not the most efficient implementation, but it allows for simplicity
of use, which is important considering most of LAMMPS users are not programmers. In
this work, we have chosen to sacrifice a bit of efficiency to gain ease of use.

7.4. Implementing a New Viscosity Class

In this section the steps to implement one of Equations (15)–(18) are shown, using the
four parameter exponential viscosity as an example.

A new class is created that inherits from the Viscosity abstract class. The new class
have as much attributes as the viscosity type has parameters. In this example that means
four, as shown in the header in Listing 80.

Listing 80: viscosity_four_parameter_exp.h

1 #ifndef LAMMPS_VISCOSITY_FOURPARAMETEREXP_H

2 #define LAMMPS_VISCOSITY_FOURPARAMETEREXP_H

3

4 #include "math.h"

5 #include "viscosity.h"

6 namespace LAMMPS_NS{

7

8 class ViscosityFourParameterExp : public Viscosity{

9 /**

10 * Implementation of the four parameter exponential viscosity.

11 * This viscosity has four attributes.

12 */

13 private:

14 double A;

15 double B;

16 double C;

17 double D;

18 public:

19 ViscosityFourParameterExp(double A, double B, double C, double D);

20

21 double compute_visc(double temperature) override final;

22

23 };

24 };

25 #endif //LAMMPS_VISCOSITY_FOURPARAMETEREXP_H

The constructor therefore should take as arguments the four parameters of the An-
drade’s equation and initialise the class’s attributes with those values. The last step is to
implement the compute_visc method so it returns the value of the viscosity at the given
temperature. The implementation of both those functions is shown in Listing 81.
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Listing 81: viscosity_four_parameter_exp.cpp

1 #include "viscosity_four_parameter_exp.h"

2

3 using namespace LAMMPS_NS;

4

5 ViscosityFourParameterExp::ViscosityFourParameterExp(double A, double B, double C,
double D) {

6 this->A = A;

7 this->B = B;

8 this->C = C;

9 this->D = D;

10 }

11

12 double ViscosityFourParameterExp::compute_visc(double temperature) {

13 return A*exp(B/temperature +C*temperature + D *temperature*temperature);

14 }

Similar steps have to be taken to implement the classes corresponding to the other
viscosity models, see the Supplementary material.

7.5. Processing the Viscosity in the Atom Class

In the header of the Atom class we need to include the new viscosity class and declare
a new set of public members.

Listing 82: Original header (atom.h)

1 #include "pointers.h"

2 #include <map>

3 #include <string>

Listing 83: Modified header (atom.h)

1 #include "pointers.h"

2 #include "viscosity.h"

3 #include <map>

4 #include <string>

We add two new attributes in the USER-SPH section of the Atom attribute lists:
viscosity, a pointer to a Viscosity object and viscosities, a pointer to an array containing
the values of dynamic viscosities for all atoms at the current time step.

Listing 84: Original header (atom.h)

1 // USER-SPH package

2 double *rho,*drho,*e,*de,*cv;

3 double **vest;

Listing 85: Modified header (atom.h)

1 // USER-SPH package

2 double *rho,*drho,*e,*de,*cv;

3 double **vest;

4 Viscosity *viscosity;

5 double *viscosities;

6

We want to be able to choose which type of viscosity is being used in the simulation
from the input file, using a new command called viscosity. Let’s discuss the implemen-
tation of this feature. First we need to define the viscosity command. This is done by
modifying the execute_command method of the Input class. We then define a new func-
tion called add_viscosity, whose declaration is shown in Listing 86 and definition in
Listing 87. This function will have to be modified each time one wants to create a new
viscosity class. In add_viscosity, the element arg[0] is the string representing the type of
viscosity. For each viscosity class, the method performs the following procedure:
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• It checks which type of viscosity is asked to be created using the function strcmp on
arg[0] (for Andrade’s viscosity it corresponds to line 3 of Listing 87)

• It checks if the number of arguments is coherent with the number of parameter of the
viscosity type (line 4–5)

• It scans the coefficients of that viscosity type (line 6–10)
• It creates the appropriate viscosity and initializes the Viscosity attribute (line 11).

This process should be followed for any new implementation.

Listing 86: Modified header (atom.h)

1 void add_viscosity(int narg, char **arg);

Listing 87: New add_viscosity function (atom.cpp)

1 void Atom::add_viscosity(int narg, char **arg) {

2 if (narg < 1) error->all(FLERR, "Too few arguments for creation of viscosity");

3 if (!strcmp(arg[0], "FourParameterExp")) {

4 if (narg != 5)

5 error->all(FLERR, "Wrong number of arguments for creation of four

6 parameter exponential viscosity");

7 double A, B, C, D;

8 sscanf(arg[1], "%lg", &A);

9 sscanf(arg[2], "%lg", &B);

10 sscanf(arg[3], "%lg", &C);

11 sscanf(arg[4], "%lg", &D);

12 this->viscosity = new ViscosityFourParameterExp(A, B, C, D);

13 std::cout <<"Viscosity created" <<std::endl;

14 } else {

15 if (!strcmp(arg[0], "SutherlandViscosityLaw")) {

16 if (narg != 3)

17 error->all(FLERR, "Wrong number of arguments for creation of Sutherland
viscosity");

18 double A, B;

19 sscanf(arg[1], "%lg", &A);

20 sscanf(arg[2], "%lg", &B);

21 this->viscosity = new SutherlandViscosityLaw(A, B);

22 std::cout <<"Viscosity created" <<std::endl;

23 } else {

24 if (!strcmp(arg[0], "PowerLawGas")) {

25 if (narg != 2)

26 error->all(FLERR, "Wrong number of arguments for creation of power law
gas viscosity");

27 double B;

28 sscanf(arg[1], "%lg", &B);

29 this->viscosity = new PowerLawGas(B);

30 std::cout <<"Viscosity created" <<std::endl;

31 } else {

32 if (!strcmp(arg[0], "Arrhenius")) {

33 if (narg != 3)

34 error->all(FLERR, "Wrong number of arguments for creation of
Arrhenius viscosity");

35 double A;

36 double B;

37 sscanf(arg[1], "%lg", &A);

38 sscanf(arg[2], "%lg", &B);

39 this->viscosity = new ViscosityArrhenius(A, B);

40 std::cout <<"Viscosity created" <<std::endl;

41 } else {

42 if (!strcmp(arg[0], "Constant")) {

43 if (narg != 2)

44 error->all(FLERR, "Wrong number of arguments for creation

45 of Constant viscosity");

46 double A;

47 sscanf(arg[1], "%lg", &A);

48 this->viscosity = new ViscosityConstant(A);

49 std::cout <<"Viscosity created" <<std::endl;

50 } else {

51 std::cout <<"Nothing implemented for " << arg[0]<< std::endl;
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52 }

53 }

54 }

55 }

56 }

57 }

All headers of the new viscosity types implemented in the add_viscosity function
need to be included in the Atom class, see Listing 88.

Listing 88: New include (atom.cpp)

1 #include <string.h>

2 #include <iostream>

3 #include "viscosity_four_parameter_exp.h"

4 #include "viscosity_sutherland_law.h"

5 #include "viscosity_power_law_gas.h"

6 #include "viscosity_arrhenius.h"

7 #include "viscosity_constant.h"

The viscosity attribute is initialised to NULL in the constructor, see Listing 89.

Listing 89: Inside Atom::Atom(LAMMPS *lmp) : Pointers(lmp) (atom.cpp)

1 viscosity = NULL;

In the destructor of the Atom class, we add a line to delete the viscosity attribute, see
Listing 90.

Listing 90: Inside Atom:: Atom() (atom.cpp)

1 memory->destroy(viscosity);

The extract function is modified to process the viscosity attribute, see Listing 91.

Listing 91: Modified extract function (atom.cpp)

1 if (strcmp(name, "viscosity") == 0) return (void *) viscosity;

7.6. Using compute_Visc in SPH Pair Styles: Tait Water Implementation

The dynamic viscosity is used to compute the artificial viscosity force, that is used
in the compute function of the following SPH pair style: sph/idealgas, sph/lj, sph/tait-
water and sph/taitwater/morris. In this section the steps to implement compute_visc in
sph/taitwater are shown, the others required a similar procedure.

The first function to modify is the destructor, as we don’t have to allocate the viscosity
parameter anymore.

Listing 92: Original file (pair_sph_taitwater.cpp)

1 PairSPHTaitwater::∼PairSPHTaitwater() {

2 if (allocated) {

3 memory->destroy(setflag);

4 memory->destroy(cutsq);

5 memory->destroy(cut);

6 memory->destroy(rho0);

7 memory->destroy(soundspeed);

8 memory->destroy(B);

9 memory->destroy(viscosity);

10 }

11 }

Listing 93: Modified file (pair_sph_taitwater.cpp)

1 PairSPHTaitwater::∼PairSPHTaitwater() {

2 if (allocated) {

3 memory->destroy(setflag);

4 memory->destroy(cutsq);
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5 memory->destroy(cut);

6 memory->destroy(rho0);

7 memory->destroy(soundspeed);

8 memory->destroy(B);

9 }

10 }

For the same reason as the destructor we need to modify allocate.
Listing 94: Original file (pair_sph_taitwater.cpp)

1 void PairSPHTaitwater::allocate() {

2 allocated = 1;

3 int n = atom->ntypes;

4 memory->create(setflag, n + 1, n + 1, "pair:setflag");

5 for (int i = 1; i <= n; i++)

6 for (int j = i; j <= n; j++)

7 setflag[i][j] = 0;

8 memory->create(cutsq, n + 1, n + 1, "pair:cutsq");

9 memory->create(rho0, n + 1, "pair:rho0");

10 memory->create(soundspeed, n + 1, "pair:soundspeed");

11 memory->create(B, n + 1, "pair:B");

12 memory->create(cut, n + 1, n + 1, "pair:cut");

13 memory->create(viscosity, n + 1,n + 1,"pair:viscosity");

14 }

Listing 95: Modified file (pair_sph_taitwater.cpp)

1 void PairSPHTaitwater::allocate() {

2 allocated = 1;

3 int n = atom->ntypes;

4 memory->create(setflag, n + 1, n + 1, "pair:setflag");

5 for (int i = 1; i <= n; i++)

6 for (int j = i; j <= n; j++)

7 setflag[i][j] = 0;

8 memory->create(cutsq, n + 1, n + 1, "pair:cutsq");

9 memory->create(rho0, n + 1, "pair:rho0");

10 memory->create(soundspeed, n + 1, "pair:soundspeed");

11 memory->create(B, n + 1, "pair:B");

12 memory->create(cut, n + 1, n + 1, "pair:cut");

13 }

Inside the compute function of the sph/taitwater pair style we need to declare a new
set of variables. Where e is the energy and cv the heat capacity, now needed to calculate the
temperature and thus the viscosity.

Listing 96: Original file (pair_sph_taitwater.cpp)

1 int *type = atom->type;

2 int nlocal = atom->nlocal;

3 int newton_pair = force->newton_pair;

1 [linebackgroundcolor={\listyellow{4,5,6,7}},

2 label=820, caption={\small Modified file (pair\textunderscore sph\textunderscore

taitwater.cpp)}\label{32}] % Start your code-block

3

4 int *type = atom->type;

5 int nlocal = atom->nlocal;

6 int newton_pair = force->newton_pair;

7 double *e = atom->e;

8 double *cv = atom->cv;

9 Viscosity* viscosity = atom->viscosity;

10 double* viscosities = atom->viscosities;

The next modification is inside the loop over the j-th atom when the force induced by
the artificial viscosity is calculated inside the pair’s compute function.

The dynamic viscosities µi and µj are calculated for each atoms, using the formula
implemented in the compute_visc method. The temperature for the i-th atom is obtained
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using Ti = ei/cvi. It is important to note that using such expression for the energy balance
prevents the reference state of the internal energy to be set at 0.

The constant viscosity matrix element is replaced by the formula defined in Equation (19),
see Listings 97 and 98.

Listing 97: Original file (pair_sph_taitwater.cpp)

1 // artificial viscosity (Monaghan 1992)

2 if (delVdotDelR < 0.) {

3 mu = h * delVdotDelR / (rsq + 0.01 * h * h);

4 fvisc = -viscosity[itype][jtype] * (soundspeed[itype]

5 + soundspeed[jtype]) * mu / (rho[i] + rho[j]);

6 } else {

7 fvisc = 0.;

8 }

Listing 98: Modified file (pair_sph_taitwater.cpp)

1 viscosities[i] = viscosity->compute_visc(e[i]/cv[i]);

2 viscosities[j] = viscosity->compute_visc(e[j]/cv[j]);

3 // artificial viscosity (Monaghan 1992)

4 if (delVdotDelR < 0.) {

5 mu = h * delVdotDelR / (rsq + 0.01 * h * h);

6 fvisc =-4/h*(viscosities[i]/(soundspeed[itype]*rho[i])

7 +viscosities[j]/(soundspeed[jtype]*rho[j]))

8 *(soundspeed[itype]+ soundspeed[jtype])

9 * mu / (rho[i] + rho[j]);

10 } else {

11 fvisc = 0.;

12 }

Viscosity is now a per atom property, this means that we don’t have to pass its value
then the pair style is invoked. For this reason we need to delete the viscosity related lines
inside coeff.

Listing 99: Original coeff (pair_sph_taitwater.cpp)

1 void PairSPHTaitwater::coeff(int narg, char **arg) {

2 if (narg != 6)

3 error->all(FLERR,

4 "Incorrect args for pair_style sph/taitwater

5 coefficients");

6 if (!allocated)

7 allocate();

8

9 int ilo, ihi, jlo, jhi;

10 force->bounds(FLERR,arg[0], atom->ntypes, ilo, ihi);

11 force->bounds(FLERR,arg[1], atom->ntypes, jlo, jhi);

12

13 double rho0_one = force->numeric(FLERR,arg[2]);

14 double soundspeed_one = force->numeric(FLERR,arg[3]);

15 double viscosity_one = force->numeric(FLERR,arg[4]);

16 double cut_one = force->numeric(FLERR,arg[5]);

17 double B_one = soundspeed_one*soundspeed_one*rho0_one/7;

18

19 int count = 0;

20 for (int i = ilo; i <= ihi; i++) {

21 rho0[i] = rho0_one;

22 soundspeed[i] = soundspeed_one;

23 B[i] = B_one;

24 for (int j = MAX(jlo,i); j <= jhi; j++) {

25 viscosity[i][j] = viscosity_one;

26 cut[i][j] = cut_one;

27 setflag[i][j] = 1;

28 count++;

29 }

30 }

31 if (count == 0)

32 error->all(FLERR,"Incorrect args for pair
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33 coefficients");

34 }

Listing 100: Modified coeff (pair_sph_taitwater.cpp)

1 void PairSPHTaitwater::coeff(int narg, char **arg) {

2 if (narg != 5)

3 error->all(FLERR,

4 "Incorrect args for pair_style sph/taitwater

5 coefficients");

6 if (!allocated)

7 allocate();

8

9 int ilo, ihi, jlo, jhi;

10 force->bounds(FLERR,arg[0], atom->ntypes, ilo, ihi);

11 force->bounds(FLERR,arg[1], atom->ntypes, jlo, jhi);

12

13 double rho0_one = force->numeric(FLERR,arg[2]);

14 double soundspeed_one = force->numeric(FLERR,arg[3]);

15 double cut_one = force->numeric(FLERR,arg[4]);

16 double B_one = soundspeed_one*soundspeed_one*rho0_one/7;

17

18 int count = 0;

19 for (int i = ilo; i <= ihi; i++) {

20 rho0[i] = rho0_one;

21 soundspeed[i] = soundspeed_one;

22 B[i] = B_one;

23 for (int j = MAX(jlo,i); j <= jhi; j++) {

24 cut[i][j] = cut_one;

25 setflag[i][j] = 1;

26 count++;

27 }

28 }

29 if (count == 0)

30 error->all(FLERR,"Incorrect args for pair

31 coefficients");

32 }

The last modification is in init_one. Again, we delete lines related to the former
viscosity attribute.

Listing 101: Original file (pair_sph_taitwater.cpp)

1 double PairSPHTaitwater::init_one(int i, int j) {

2 if (setflag[i][j] == 0) {

3 error->all(FLERR,"All pair sph/taitwater coeffs

4 are set");

5 }

6 cut[j][i] = cut[i][j];

7 viscosity[j][i] = viscosity[i][j];

8 return cut[i][j];

9 }

Listing 102: Modified file (pair_sph_taitwater.cpp)

1 double PairSPHTaitwater::init_one(int i, int j) {

2 if (setflag[i][j] == 0) {

3 error->all(FLERR,"All pair sph/taitwater coeffs

4 are set");

5 }

6 cut[j][i] = cut[i][j];

7 return cut[i][j];

8 }

7.7. Running the New Software with Mpirun

At this stage, the software is designed to only run in serial. Changes need to be
made to make it run with Message Passing Interface (MPI). This will allow the software
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to run in parallel: some computations being independent from each other, they can be
performed at the same time. Instead of using one processor for a long time, we will use
multiple processors for a shorter period. The simulation will therefore take more computing
resources but will take a lot shorter to compute. The original SPH module can already be
run with MPI however as we have modified the code that is no longer true. We need to
make additional changes to the software. All those changes are located in the Atom Vec
Meso class of the SPH module.

In LAMMPS, the different MPI processes have to communicate with each other as the
computations they perform are not completely independent from each other. They need
data from other processes in order to perform their own calculations. They communicate
with each other using a buffer that will contain all the necessary data. The buffer is simply
an array that we will fill with the data. The different methods for packing and unpacking
this buffer are defined in the Atom Vec Meso class. We need to add a new data to transmit:
the calculated viscosity.

The first thing to do is to increase the size of the buffers in their initialisation so they
can accept the viscosity value, an example is shown in Listings 103 and 104.

Listing 103: Original constructor (atom_vec_meso.cpp)

1 AtomVecMeso::AtomVecMeso(LAMMPS *lmp) : AtomVec(lmp)

2 {

3 molecular = 0;

4 mass_type = 1;

5 forceclearflag = 1;

6

7 // we communicate not only x forward but also vest ..

8 comm_x_only = 0; .

9 // we also communicate de and drho in reverse direction

10 comm_f_only = 0;

11 // 3 + rho + e + vest[3], that means we may

12 // only communicate 5 in hybrid

13 size_forward = 8;

14 size_reverse = 5; // 3 + drho + de

15 size_border = 12; // 6 + rho + e + vest[3] + cv

16 size_velocity = 3;

17 size_data_atom = 8;

18 size_data_vel = 4;

19 xcol_data = 6;

20

21 atom->e_flag = 1;

22 atom->rho_flag = 1;

23 atom->cv_flag = 1;

24 atom->vest_flag = 1;

25 }

Listing 104: Modified constructor (atom_vec_meso.cpp)

1 AtomVecMeso::AtomVecMeso(LAMMPS *lmp) : AtomVec(lmp)

2 {

3 molecular = 0;

4 mass_type = 1;

5 forceclearflag = 1;

6

7 // we communicate not only x forward but also vest ...

8 comm_x_only = 0;

9 // we also communicate de and drho in reverse direction

10 comm_f_only = 0;

11 // 3 + rho + e + vest[3] + viscosities, that means we may

12 // only communicate 6 in hybrid

13 size_forward = 9;

14 size_reverse = 5; // 3 + drho + de

15 // 6 + rho + e + vest[3] + cv + viscosities

16 size_border = 13;

17 size_velocity = 3;

18 size_data_atom = 8;

19 size_data_vel = 4;
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20 xcol_data = 6;

21

22 atom->e_flag = 1;

23 atom->rho_flag = 1;

24 atom->cv_flag = 1;

25 atom->vest_flag = 1;

26 }

Then, we added the relevant elements of the attribute viscosities to the buffer in all
the methods handling buffers, an example is shown in Listings 105 and 106.

Listing 105: Original pack_vec_hybrid (atom_vec_meso.cpp)

1 int AtomVecMeso::pack_comm_hybrid(int n, int *list,

2 double *buf) {

3 //printf("in AtomVecMeso::pack_comm_hybrid\n");

4 int i, j, m;

5

6 m = 0;

7 for (i = 0; i < n; i++) {

8 j = list[i];

9 buf[m++] = rho[j];

10 buf[m++] = e[j];

11 buf[m++] = vest[j][0];

12 buf[m++] = vest[j][1];

13 buf[m++] = vest[j][2];

14 }

15 return m;

16 }

Listing 106: Modified pack_vec_hybrid (atom_vec_meso.cpp)

1 int AtomVecMeso::pack_comm_hybrid(int n, int *list,

2 double *buf) {

3 //printf("in AtomVecMeso::pack_comm_hybrid\n");

4 int i, j, m;

5

6 m = 0;

7 for (i = 0; i < n; i++) {

8 j = list[i];

9 buf[m++] = rho[j];

10 buf[m++] = e[j];

11 buf[m++] = vest[j][0];

12 buf[m++] = vest[j][1];

13 buf[m++] = vest[j][2];

14 buf[m++] = viscosities[j];

15 }

16 return m;

17 }

After making those changes for all the methods in the class, the software can be run
using mpirun.

7.8. Invoking, Selecting and Computing a Viscosity Object

To compute the new viscosity a new argument was added to the compute command:
viscosities. This allows the user to use the compute command to output the dynamic
viscosity to the dump file. This can be done by the following command:

1 compute viscosities_peratom all meso/viscosities/atom

The implementation of this feature is simple, as it is very similar to other compute
argument implementation. All that needs to be done is to modify another compute’s
implementation, such as compute_meso_rho_atom so it processes the variable viscosities
instead of rho.

The viscosity used in the simulation can be invoked in the input file, using the
following command:
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1 viscosity [type of viscosity] [parameters of the viscosity]

The type of viscosity can be chosen from the following list:

• FourParameterExp: the four parameter exponential viscosity law.
• SutherlandViscosityLaw: the Sutherland viscosity law.
• PowerLawGas: the power viscosity law for gases.
• Arrhenius: the Arrhenius viscosity law.
• Constant: a constant viscosity.

For example, to invoke the four parameter exponential viscosity, we can write in the
input file:

1 viscosity FourParameterExp C1 C2 C3 C4

As stated earlier, this list can easily be extended by the user by modifying the
add_viscosity function defined earlier.

8. Conclusions

Particle methods are very versatile and can be applied in a variety of applications,
ranging from modelling of molecules to the simulation of galaxies. Their power is even
amplified when they are coupled together within a discrete multiphysics framework. This
versatility matches well with LAMMPS, which is a particle simulator, whose open-source
code can be extended with new functionalities. However, modifying LAMMPS can be
challenging for researchers with little coding experience and the available support material
on how to modify LAMMPS is either too basic or too advanced for the average researcher.
Moreover, most of the available material focuses on MD; while the aim of this paper is to
support researchers that use other particle methods such as SPH or DEM.

In this work, we present several examples, explained step-by-step and with increasing
level of complexity. We begin with simple cases and concluding with more complex ones:
Section 3 shows the implementation of the Kelvin–Voigt bond style used to model encap-
sulate particles with a soft outer shell and validated validated by simulating spherical
homogeneous linear elastic and viscoelastic particles [45]; Section 7 show how to imple-
ment a new per-atom temperature dependant viscosity property and is validated finding
the same viscosity and velocity trend shown by Sameen and Govindarajan [59] in their
analytical solution for a channel flow in a asymmetrical heating walls.

The work perfectly fits in the “Discrete Multiphysics: Modelling Complex Systems
with Particle Methods” special issue by sharing some in dept know-how and “trick and
trades” developed by our group in years of use of LAMMPS. In fact, the aim is to support,
in several ways, researchers that use computational particle methods. Often researchers
tend to write their own code. The advantage of this approach is that the code is well
understood by the researcher and, therefore, easily extendible. However, this sometimes
implies reinventing the wheel and countless hours of debugging. Familiarity with a code
like LAMMPS, which has an active community of practice and is periodically enriched
with new features would be beneficial to this type of researchers allowing them to save
considerable time. In the long term, there is another advantage. Modules written for
in-house code are hardly sharable. At the moment, the largest portion of the LAMMPS
community is dedicated to MD. While this article was under review, for instance, a new
book dedicated to modifying LAMMPS came out [60]. However, it focuses only on MD and
it does not mention other discrete methods like SPH or DEM. Instead, the aim of this paper
is to make LAMMPS more accessible for the Discrete Multiphysics community facilitating
sharing reusable code among practitioners in this field.

Supplementary Materials: The codes used in this work are freely available under the GNU General
Public License v3 and can be downloaded from the University of Birmingham repository (http:
//edata.bham.ac.uk/560/).
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Abbreviations

The following abbreviations are used in this manuscript:

MS Molecular Dynamics
DMP Discrete MultiPhysics
SPH Smoothed Particle Hydrodynamics
LAMMPS Large-scale Atomic/Molecular Massively Parallel Simulator
EOS Equation Of State
LSM Lattice Spring Model

Appendix A. An Example of Discrete Multiphysics Simulation in LAMMPS

In this section we present a simple case of DMP simulation with LAMMPS. It is an
explanatory example deliberately simple for illustrative purposes. It involves only a small
number of particles. Sensitivity analysis of the results with the model resolution or other
numerical parameters are beyond the scope of this example and not carried out.

The geometry is a 2D tube with an elastic membrane at one end (Figure A1). The tube
contains a liquid simulated with the SPH model, Tait EOS and Morris viscosity. The wall
is simulated with stationary particles and the membrane with the LSM using Hookean
springs. In Figure A1, the liquid particles are red, the wall particles blue and the membrane
particles yellow. During the simulation, the fluid is subjected to a force in the x-direction
that pushed the particles against the membrane. Because the membrane is elastic, it
stretches inflating the right end of the tube like a balloon. The resolution of the membrane
is ten times higher than the fluid. This ensures that, as the membrane stretches, fluid
particles do not ‘leak’ in the gaps formed between two consecutive membrane particles.
The Lennard Jones potential, truncated to consider only the repulsive part, is used to avoid
compenetration between solid and liquid particles. A weaker Lennard Jones potential is
used as ‘artificial pressure’ to avoid excessive compression of the fluid particles.

The initial data file (data.initial) for the geometry was create according to LAMMPS’
rules for formatting the Data File [41] and is shared as additional material. In Data File, the
fluid particles are called type 1, the wall particles type 2 and the membrane particles type
3. Here we focus on the input file (membrane.lmp), which is also shared in its entirety as
additional material. We do not discuss LAMMPS syntax (the reader can refer to LAMMPS
User’s Guide for this [41]), but only on specific parts of the input file that concern the DMP
implementation.
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Figure A1. The inflating balloon simulation.

The first section of the input file determines the dimensionality of the problem (2D),
the boundary conditions (periodic), the units used (SI), the type of potential used in
the simulation (atom_style ) and the input file that contains the initial position of all
the particles

1 dimension 2

2 boundary p p p

3 units si

4 atom_style hybrid meso bond angle

5 read_data data.initial

The crucial line for DMP simulations is the hybrid keyword of the atom_style, which
allows for combining different particle models. The keyword meso refers to the SPH model
and bond, in the case under consideration, to the LSM. The angle keyword corresponds to
angular springs, but, as it will be clear later, it is not used in this simulation.

The following section contains several variables that are going to be used later on.
In particular, the initial particle distance is dL and their mass m. The resolution of the
membrane is Nt times higher than the fluid. The initial distance between membrane
particle is therefore db=dL/Nt and their mass mM=m/Nt.

1 variable dL equal 0.000111111

2 variable m equal 1.23457e-05

3 variable Nt equal 10

4 variable dB equal ${dL}/${Nt}

5 variable mM equal ${m}/${Nt}

6 variable h equal 1.5*${dL}

7 variable h2 equal ${dL}/${Nt}

8 variable c equal 0.1

9 variable mu equal 1.0e-3

10 variable rho equal 1000

11 variable kA equal 1.e-8

12 variable kB equal 100

13 variable skin equal 0.3*${h}

14 variable epsL equal 1.e-12

15 variable epsS equal 1.e-10

16 variable sgmL equal ${dL}
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17 variable sgmS equal 0.5*${sgmL}/${Nt}

18 variable fmax equal 0.00005

19 variable ft equal ramp(0.,${fmax})

The section below identifies particles type 1 as a group called fluid, particles type
2 as a group called wall and particles type 3 as a group called membrane. The mass of
type 3 particles is assigned (the mass of type 1, 2 was assigned in the data.initial file).
The density of all particle is also assigned based on the value rho defined previously.

1 group fluid type 1

2 group wall type 2

3 group membrane type 3

4 mass 3 ${mM}

5 set group all meso/rho ${rho}

The next section defines the pair potentials for non-bonded particles. In this simulation,
we use different styles together (keyword hybrid/overlay). The sph/taitwater/morris

pair style, which is used for all pair interactions except 2-2 (i.e., wall particles with them-
selves); and the Lennard Jones potential lj/cut, which, as explained above, is used both
as ’artificial pressure’ and to avoid compenetration of solid and fluid particles.

1 pair_style hybrid/overlay sph/taitwater/morris lj/cut ${sgmL}

2 pair_coeff 1 * sph/taitwater/morris ${rho} ${c} ${mu} ${h}

3 pair_coeff 2 3 sph/taitwater/morris ${rho} ${c} ${mu} ${h2}

4 pair_coeff 3 3 sph/taitwater/morris ${rho} ${c} ${mu} ${h2}

5

6 pair_coeff 1 * lj/cut ${epsL} ${sgmL}

7 pair_coeff 2 * lj/cut ${epsL} ${sgmL}

8 pair_coeff 1 3 lj/cut ${epsS} ${sgmL}

9 pair_coeff 3 3 lj/cut ${epsS} ${sgmS}

After the non-bonded potentials, the script assigns the harmonic potential, with Hook
constant kB and equilibrium distance dB, to the bonded particles (i.e., the membrane). All
pairs of bonded particles are assigned in the data.initial file.

1 bond_style harmonic

2 bond_coeff 1 ${kB} ${dB}

3 angle_style none

The next section assigns several parameters that determine how the Newton equation
of motion is solved numerically. The force fmax is added to all fluid particle in the x-
direction, and an artificial viscosity is added for stability reasons.

1 fix 2 fluid addforce ${fmax} 0.0 0.0

2 fix 5 fluid meso

3 fix 6 membrane meso

4 fix 8 wall meso/stationary

5 fix 9 all viscous 0.01

The last commands determine the value and the number of timesteps used in the
simulation plus a variety of computations for output and other purposes that are not
discussed here (the reader can refer to the User’s Guide).

1 compute rho_peratom all meso/rho/atom

2 compute rho_ave all reduce ave c_rho_peratom

3 compute vmax fluid reduce max vx

4 thermo 10000

5 thermo_style custom step c_rho_ave c_vmax

6 thermo_modify norm no

7 neighbor ${skin} bin

8 dump dump_id all custom 10000 dump.lammpstrj id type x y z vx vy

9 timestep 1.e-6

10 run 2500000
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Appendix B. How to Compile LAMMPS

LAMMPS is build as a library and executable [41] either by using GNU make [61] or
a build environment with CMake [62]. In this appendix LAMMPS will be compiled only
using make and it is compiled in BlueBEAR. For more details of the compiling process in
LAMMPS refer to the user manual [41].

To compile LAMMPS in your own directory you can follow those steps

1. Download the file from here. Select the code you want, click the “Download Now”
button, and your browser should download a gzipped tar file. Save the file in your
directory on BlueBEAR

2. Unpack the file with the following command line command prompt:

Listing A1: Command to open the tar file on BlueBEAR

1 tar -xvf lammps-stable.tar.gz

3. Before compiling is important to set up the environment, with BlueBEAR

Listing A2: Commands to set the environment for compile LAMMPS on BlueBEAR

1 module purge

2

3 module load bluebear

4

5 module load Eigen/3.3.4-foss-2019a

4. Enter in the /src directory in your new LAMMPS directory. The src directory directory
contains the C++ source and header files for LAMMPS. It also contains a top-level
Makefile and a MAKE sub-directory with low-level Makefile.* files for many systems
and machines.

5. Type the following command to compile a serial version of LAMMPS:

Listing A3: Command to compile LAMMPS on BlueBEAR

1 make serial

or a multi-threaded (parallel) version of LAMMPS:

Listing A4: Command to compile LAMMPS on BlueBEAR

1 make mpi

If you get no errors and an executable file lmp_mpi is produced.
6. Depending on the features you need, you will have to install same packages in your

compiled LAMMPS. Is possible to check which packages is installed in your compiled
LAMMPS by typing

Listing A5: Command to check the list of installed packages (you must be inside the /src
directory)

1 make ps

It is possible to install the packages you need with the command line

Listing A6: Command to install a specific package

1 make yes-NAMEPACK

or un-install them with

Listing A7: Command to un-install a specific package

1 make no-NAMEPACK

More make commands are explained in LAMMPS user manual [41]. After the installa-
tion of the desired packages you need to compile it again (step 5).
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Chapter 5

Interaction of shock waves with

discrete gas inhomogeneities: an

Smoothed Particle Hydrodynamics

approach

In this Chapter a Smoothed Particle Hydrodynamics model is developed for simulating the in-

teraction between a cylindrical gas inhomogeneities and a travelling shock wave inside a shock

tube. As explained in Chapter 2, the physics of this phenomenon shares many similarities with

the shock-induced collapse mechanism. For this reason, it is used to test and validate the ap-

proach used in Chapter 6, 7, and 8.
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Abstract: In this study, we propose a smoothed particle hydrodynamics model for simulating a shock
wave interacting with cylindrical gas inhomogeneities inside a shock tube. When the gas inhomogeneity
interacts with the shock wave, it assumes different shapes depending on the difference in densities
between the gas inhomogeneity and the external gas. The model uses a piecewise smoothing length
approach and is validated by comparing the results obtained with experimental and CFD data available in
the literature. In all the cases considered, the evolution of the inhomogeneity is similar to the experimental
shadowgraphs and is at least as accurate as the CFD results in terms of timescale and shape of the gas
inhomogeneity.

Keywords: particle method; smoothed particle hydrodynamics; modelling; simulations; shock wave

1. Introduction

In the last 30 years, the study of a planar shock wave interacting with an isolated, gas inhomogeneity
has been investigated both experimentally (e.g., [1–5]) and numerically (e.g., [4,6–8]). Nowadays,
this system has acquired importance for computational models up to the point of becoming a benchmark
for validating shock-induced flows [9].

A gas inhomogeneity is created in a tube (known as shock tube) filled with gas by slowly introducing
a different type of gas. The shock tube is generally a tube with either a rectangular or circular cross
section; the shock wave can be generated either from an explosion (blast-driven) or due to high-pressure
differences between two gasses separated by a diaphragm (compressed gas-driven). When the diaphragm
breaks out, a shock wave is generated and propagates through the gas at lower pressure. In Figure 1,
the lower pressure gas is called driven gas and the high-pressure gas that generates the shock wave
driver gas. Analogously, the section of the tube where the driver gas is confined is called driver section
while the section of the driven gas is called driven section. As a result of the shock wave, a net flow, in
the direction of the shock wave but with lower speed, is generated. In rectangular shock tubes, mixing
between the two gasses is initially avoided by injecting the inhomogeneity in a nitrocellulose membrane
(cylindrical inhomogeneity). In this way the inhomogeneity remains “cylindrical” during its evolution
(Figure 2). When the shock wave reaches the inhomogeneity, the inhomogeneity deforms in a way that
depends on the density difference between the inhomogeneity and the driven gas. The different shapes
that the inhomogeneity assumes during the passage of the shock wave are typically used for validation of
numerical codes (e.g., [6,10]).

Appl. Sci. 2019, 9, 5435; doi:10.3390/app9245435 www.mdpi.com/journal/applsci
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Figure 1. Geometry of the simulation box.

In this work, we use smoothed particle hydrodynamics (SPH) to simulate the shock wave and the
inhomogeneity interaction. The different shapes of the inhomogeneity calculated during the simulation
are compared with experimental data available in the literature for assessing the precision of the model.

Figure 2. Geometry of the shock tube with the cylindrical inhomogeneity.

2. Smoothed Particle Hydrodynamics

Smoothed particle hydrodynamics is a meshfree computational method initially developed by
Gingold and Monaghan [11] and Lucy [12] for solving astrophysical problems. Later it was used to
solve fluidynamics problems to overcome some of the limitations of the grid-based method in the case,
for instance, of explosions and high velocity impact phenomena ([13,14]). The method was also widely
validated against shock waves in particular for the well known Riemann problem ([15–17]). The SPH
approximation is based on the so-called integral representation of a function. Given the function f (r),
defined in a volume V, function of the three-dimensional position r, is defined by the identity

f (r) =
∫∫∫

f (r′)δ(r − r′)dr′, (1)

where δ(r − r′) is the Dirac delta function defined as
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δ(r − r′) =

{

+∞ r = r′

0 r ≠ r′.
(2)

It is possible to approximate the integral representation by replacing the Dirac delta function with a
bell-shaped function called smoothing function or kernel, W, which depends on the position r and on the
so-called smoothing length, h. When h approaches zero the kernel function W has the property

lim
h→0

= W(r − r′, h) = δ(r − r′), (3)

which approximates the integral representation, Equation (1), to the so-called kernel approximation:

f (r) ≈
∫∫∫

f (r′)W(r − r′, h)dr′. (4)

In this work, the kernel used is Lucy kernel function

W(R, h) =

⎧

⎨

⎩

1
s

[

1 + 3 R
h

] [

1 − R
h

]3
R ≤ 1

0 R > 1,
(5)

where R = |r − r′| and s is a parameter used to normalise the kernel function, which, for one, two and
three dimensional space is, respectively, 4h

5 , πh2

5 and 16πh3

105 . The last step is to approximate the infinitesimal
volume dr′ to a finite volume dr composed by computational particles with their own mass m = ρdr. With
this approximation it is possible to discretise Equation (4)

f (r) ≈ ∑
mi

ρi
f (ri)W(r − ri, h), (6)

where mi, ρi and ri are mass, density and position of the ith particle. Only particles for which |r − ri| < h

are taken into account in the summation. With Equation (6) it is possible to discretise any set of equations
such as the energy balance or the Navier–Stokes equation on an arbitrarily set of computational particles.
Within the SPH framework, for instance, the momentum–conservation equation can be rewritten as

mi
dvi

dt
= ∑

j

mimj

(

Pi

ρi
+

Pi

ρi
+ Πij

)

∇jWij, (7)

where Wij = W(rj − ri, h) and ∇jWij is the kernel gradient in the rj direction. P is the pressure while Πij is
the so-called artificial viscosity introduced by Monaghan [18] for simulating shock waves

Πij = −αh
ci + cj

ρi + ρj

vij · rij

r2
ij + ϵh2

, (8)
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where ci and cj are speed of sound of particles i and j and α is dimensionless parameter that controls the
strength of the viscous dissipation and ϵ ≈ 0.01 is used to avoid singularities when particles are close to
each other. The parameter α can be linked to the kinematic viscosity by means of

ν =
αhc

8
. (9)

During the simulation, Equation (7) updates, at every time step, the velocities of the Lagrangian particles;
the density is updated by the continuity equation in discrete form

dρi

dt
= ∑

j

mjvij∇jWij, (10)

where vij = vi − vj. Equation (10) requires a closure term relating ρ and P. In this work, the ideal gas
equation of state is used

P(ρ, e) = (γ − 1)ρe, (11)

where γ =
Cp

Cv
is the capacity heat ratio and e is the specific internal energy.

3. Dimensional Groups

The interaction between the shock wave and the gas inhomogeneity depends on the physical
properties of the driven and inhomogeneity gasses and on the shock wave speed, which can be represented
as dimensionless groups. In this section, we define the dimensionless groups used in this study.

3.1. Atwood Number

The Atwood number is defined as:

A =
ρ3 − ρ2

ρ3 + ρ2
, (12)

where ρ2 and ρ3 are the density of the gas inhomogeneity and air respectively (Figure 1). The Atwood
number expresses the interaction between the gas inhomogeneity and the planar incident shock wave.
When A < 0, we have a “light inhomogeneity”, where the inhomogeneity density is lower than that of the
driven gas. When A > 0, on the contrary, we have a “heavy inhomogeneity”, where the inhomogeneity
density is higher than that of the driven gas.

3.2. Pressure Ratio

The pressure ratio is defined as

Pr =
P1

P2
(13)

and represents the pressure ratio between the driver gas, P1, and the driven gas, P2.
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3.3. Mach Number

An important factor that influences the dynamics in the system is the speed with which the shock
wave propagates in the driven gas. The shock wave propagates with a speed greater than the sound speed
in the fluid expressed as dimensionless Mach number

Ma =
Us

c2
, (14)

where Us is the speed of the shock wave and c2 is the speed of sound of the driven gas.

3.4. Dimensionless Time

The last dimensionless number used in this work is the dimensionless time τ, defined as

τ =
t

τ0
, (15)

where t is the time of the simulation and τ0 is the time required for the shock wave to pass through the gas
inhomogeneity.

4. Shape Analysis

In this section, we look at how, according to the literature, the shape of the inhomogeneity changes
with the Atwood number.

4.1. Standard Shapes for Light Inhomogeneity (A < 0)

Due to the higher sound speed in the gas inhomogeneity, the shock wave finds less resistance and
thus moves faster than in the driven gas. At first, the gas inhomogeneity flattens in the direction of the
shock wave (x-direction according to Figure 1) and expands in the y-direction gaining a Semi-prolate
shape (Figure 3a). Later a re-entrant jet forms at the centre of the inhomogeneity (crescent moon shape,
Figure 3b) and, as it grows, the inhomogeneity changes shapes first to semi claw shape (Figure 3c) and
finally to claw shape (Figure 3d).
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Figure 3. Standard gas inhomogeneity shapes definition using the experimental shadowgraphs [1] for
Atwood number: A = −0.79. Times: (a) 102 µs (b) 245 µs (c) 427 µs (d) 674 µs.

4.2. Standard Shapes for Heavy Inhomogeneity (A > 0)

When A > 0, the speed of sound in the gas inhomogeneity is slower than in the driven gas leading to
completely different shapes. Initially the compression effect is predominant and the gas inhomogeneity
tends to flatten (flatfish shape, Figure 4a) followed by a crescent shape (jellyfish head shape, Figure 4b).
Later, the passage of the shock wave front causes the formations of filaments at the top and bottom of the
inhomogeneity (Jellyfish shape, Figure 4c).
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Figure 4. Standard gas inhomogeneity shapes definition using the experimental shadowgraphs [1] for
Atwood number: A = 0.51. Times: (a) 247 µs (b) 417 µs (c) 1020 µs.

5. Model

5.1. Geometry

A simplified 2D replica of a shock tube was developed and is shown in Figure 1. The dimensions
of the shock tube and of the gas inhomogeneity were chosen to match the experimental set-up by Haas
& Sturtevant [1], who used a rectangular cross section shock tube and a cylindrical gas inhomogeneity,
with (referring to Figure 1) Dg = 0.50 m, H = 0.89 m, L1 = 0.50 m, L2 = 0.0225 m, L = 1.00 m and
sp = 0.00445 m. In the simulation four types of SPH particles are accounted for: type 1 particles are in
the driver gas group, type 2 in the driven gas group, type 3 in the gas inhomogeneity group and type
4 in the wall group. The wall interacts with the fluid with a repulsive force by using the Lennard-Jones
potential to avoid compenetration between the fluid and the walls. Along the x-axis the boundaries are set
as shrink-wrapping. Shrink-wrapping (SW) boundaries are non-periodic boundaries, where the edge of
the simulation box moves with the expanding atoms to make sure that all the particles remain within the
computational domain [17]. Because in our simulations we only model a section of the tube, SW is used to
make sure the shock wave is not reflected when it reaches the boundary. Preliminary simulations were
carried out with different resolutions (e.g., total number of particles N = 175,050, 280,450, 565,577, 750,100).
The value of N = 375,050 was chosen as the best compromise between accuracy and computational speed.
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5.2. Shock Wave Generation

In the experiments ([1,3,6,19]), the pressure ratio Pr used to generate the shock wave is not specified.
For this reason, we initially run several simulations with the goal to determine which Pr brings to a shock
wave with Ma = 1.22, as in Haas [1] and Quirk [6].

Firstly, we used a standard single smoothing length approach, where h is greater than the initial
particles spacing dL (various solutions with h between 1.05 dL and 1.2 dL were investigated). In this way,
however, the speed of the shock wave is always higher than the experimental one. This seems to be a
recurring issue in SPH simulations and often the actual speed of the shock wave is not well addressed in
the SPH literature. To address a similar issue, SPH simulations of explosions, where the Mach number can
reach values of 8.5, often adopt a variable smoothing length changing with the density of the particles in
the domain (e.g., [20,21]). In this study, however, considering that the Mach number is lower, a simpler
approach based on a piecewise constant smoothing length is adopted here. To achieve correct Mach
numbers in our simulations, the first smoothing length, h1 > dL, is used to simulate the interaction of
the particles of the driver section and at the interface between particles of type 1 and particles of type 2.
The second smoothing length, h2 < dL, is used for the particles in the driven section. From a physical point
of view, h2 < dL reflects the fact that the speed of sound is the speed at which a perturbation can move in
a fluid. Therefore, the computational particles in the driven section should not “feel” the presence of the
shock wave before the passage of the front. From the theoretical point of view, the relation between h2 and
Ma deserves more investigation. The issue, however, is beyond the scope of the present study; here we
simply identified the value of h2 that brings to the correct Mach number; further analysis is left for future
work. The correct speed of the shock wave (i.e., Ma = 1.22) was achieved with Pr = 20, h1 = 1.15 dL and
h2 = 0.5 dL. The dissipation factor was chosen to be α = 0.1 as in Morris & Monaghan [22].

6. Result and Discussion

In the literature, comparison between numerical and experimental data is usually done by comparing
the shapes of the inohomogenity at different Atwood numbers. This study follows the same approach and
the model is assessed by comparing our simulations with the experimental shadowgraphs reported by
Haas [1]. Additionally, we also validate our results with Quirk’s CFD simulations [6].

6.1. Standard Shapes Comparison

6.1.1. Light Inhomogeneity Cases (A = −0.79)

Simulation parameters used are shown in Table 1 for the pair Air/Helium (A = −0.79 ) as in [1,6].
For the time step we use the CFL criterion ([23,24]) and Dt = 10−9s.

Table 1. Computational set-up for the Air-Helium system: Np,1, Np,2, Np,3, Np,4 are the number of particles of
type 1, 2, 3 and 4. ρ1, ρ2 and ρ3 are the density of particles of type 1, 2, and 3 expressed as Kg m−3. Pr is the pressure ratio.
h1 is the smoothing length of particles type 1. h2 is the smoothing length of particles type 2 and 3. τs is the dimensionless
time step of the simulation. α is the dimensionless factor controlling the dissipation strength. Ma is the shock wave
Mach number in the simulation.

Np,1 Np,2 Np,3 Np,4 ρ1 ρ2 ρ3 Pr h1 h2 τs α Ma

125,050 244,464 5536 42,121 5 1.16 0.18 20 1.15 dL 0.5 dL 1.39 · 10−11 0.1 1.22

Comparison between Figures 3 and 5 shows that SPH is in good agreement with the experimental
shadowgraphs. With respect to the CFD simulations, the SPH results are slightly less reliable at initial
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times (e.g., the first two shapes in Figure 5) but more reliable at later times. The relatively small differences
in timescale are discussed in the next section.

Figure 5. Shape comparison between results [6] (left column) and smoothed particle hydrodynamics (SPH)
results (right column) for A = −0.79. See Figure 3 for the equivalent experimental data [1].

6.1.2. Heavy Inhomogeneity Cases (A = 0.51)

Simulations parameters are shown in Table 2 for the pair Air/Dichlorodifluoromethane (R12)
(A = 0.51) as in [1,6]. The timestep is Dt = 10−9 s as before.
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Table 2. Computational set-up for the Air-R12 system: Np,1, Np,2, Np,3, Np,4 are the number of particles of type 1,
2, 3 and 4. ρ1, ρ2 and ρ3 are the density of particles of type 1, 2, and 3 expressed as Kg m−3. Pr is the pressure ratio. h1 is
the smoothing length of particles type 1. h2 is the smoothing length of particles type 2 and 3. τs is the dimensionless time
step of the simulation. α is the dimensionless factor controlling the dissipation strength. Ma is the shock wave Mach
number in the simulation.

Np,1 Np,2 Np,3 Np,4 ρ1 ρ2 ρ3 Pr h1 h2 τs α Ma

125,050 244,464 5536 42,121 5 1.16 3.65 20 1.15 dL 0.5 dL 1.39 · 10−11 0.1 1.22

In addition, in this case, the SPH results (Figure 6) show good agreement with the available
experimental data (Figure 4). With respect to the CFD simulations, the SPH results look more reliable
especially at longer times (e.g., the jellyfish head shape in the last figure of Figure 6). Again, the small
timescale differences are discussed in the next section.

Figure 6. Shape comparison between CFD results [6] (left column) and SPH results (right column) for
A = 0.51. See Figure 4 for the equivalent experimental data [1].
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6.2. Timescale Comparison

Our results and those of Quirk [6] show approximately the same shapes at slightly different
computational times. In this section we will compare the timescale from different experiments to verify the
validity of our timescale. In fact, the identification of the different shapes is usually performed visually and,
therefore, a certain inaccuracy is expected. The data presented in Figure 7 are from Haas & Sturtevant [1],
Levy [19] and Layes [7,25] and refer to conditions analogous to our SPH model. Results are only presented
for the air-helium system. Since the R12 is toxic, the air-R12 system is less investigated and there are not
enough data in literature for an exhaustive comparison.

Figure 7. Standard shapes timescale comparison.

Figure 7 shows the deviation of experimental data and that our results lie within the experimental
uncertainty.

6.3. Time Depending Artificial Viscosity

Normally, in SPH simulation, the dissipation constant α is maintained constant during the simulation.
However, as a means of improving results in the case of shock waves, Morris & Monaghan [22] introduced
a time-varying coefficient, α(t),

α(t) = α∗ + α0exp

(

−
t

τe

)

, (16)

where α∗ is the minimum dissipation factor, α0 is the initial dissipation factor and τe is the e-folding time.
In this section, we test the variable dissipation of Equation (16) with α0 = 0.1, α∗ = 10−6 and, following
the procedure of Morris & Monaghan [22], τe = 1.05 · 10−5, to assess if it can further improve the results.
Figures 8 and 9 show the comparison between the results calculated with α = 0.1 and α(t). The results at
lower times are almost identical to those in Figures 5 and 6 and are not reported. At higher computational
times there is a small improvement, especially for the claw shape. However, in general the results with
constant α seem reasonably accurate.
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Figure 8. Shapes comparison at τ = 5.07 (Semi claw shape) and τ = 8.90 (Claw shape) between constant
viscosity (left) and time-varying viscosity (right).

Figure 9. Shape comparison at τ = 3.55 (Jellyfish shape) between constant viscosity (left) and time-varying
viscosity (right).

6.4. Pressure Field

This section reports the pressure field calculated with the method proposed in this study for both the
light and the heavy inhomogeneity. Analysis of the pressure field, in fact, allows to understand and explain
why the inhomogeneity assumes specific shapes during its evolution. In the case of light inhomogeneity
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(Figure 10), initially the incident shock wave impacts and reflects on the inhomogeneity (Figure 10a)
generating a lower pressure reflected-wave behind the inhomogeneity. At a later stage, a high-pressure
region behind the inhomogeneity (Figure 10b) is observed and, consequently, the lighter gas moves away
from the high-pressure area giving a crescent moon shape to the inhomogeneity. In the case of heavy
inhomogeneity (Figure 11), a reflected-wave (Figure 11a) and a high pressure region (Figure 11b) also
forms, but, this time, the reflected wave has a higher pressure than the surroundings and the high-pressure
area forms in front of the inhomogeneity. Moreover, the high pressure area is partly outside and partly
inside the gas inhomogeneity. As a result of this, the tip of the inhomogeneity stretches, forming the central
wedge typical of the jellyfish head shape.

Figure 10. Pressure field in the driven gas for the light inhomogeneity (A = −0.79) case at different
dimensionless times.
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The included video files Video1.avi and Video2.avi, see Supplementary Materials, show the evolution
of the pressure field at the same conditions, respectively, of Figures 10 and 11.

Figure 11. Pressure field in the driven gas for the heavy inhomogeneity (A = 0.51) case at different
dimensionless times.
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For clarity, Figures 10 and 11 show the pressure field only in the driven gas, while Figure 12 shows the
pressure field both outside and inside the inhomogeneity. Our calculations also capture the twin regular
reflection-refraction (TRR) configuration (Figure 12), firstly observed by Henderson [26]. The TRR is a
four-shock configuration where the refracted shock moves faster than the incident shock, with the reflected
shock moving in the opposite direction. The fourth shock is the side shock, which connects the refracted
shock with the incident shock (Figure 12b). The pressure field in some of the figures is slightly “noisy”
at certain locations. This is probably the result of the piecewise constant smoothing length used in this
study. However, this occurs far from the gas inhomogeneity and does not affect the inhomogeneity shape
evolution analysis carried out in this study.

Figure 12. Twin regular reflection-refraction (TRR) in the light inhomogeneity case (A = −0.79) at τ = 0.88.

Refracted and Reflected Waves (Acoustic Lens and Acoustic Mirror)

When the shock passes through the light inhomogeneity, the speed of the wave increases, while its
pressure decreases. As a result of this, the direction of the refracted wave diverges following a direction
given by the high-pressure region behind the light inhomogeneity (Figure 10b). Conversely, when the
pressure wave passes through the heavy inhomogeneity, the speed decreases and the pressure increases;
in this case the refracted wave converges to the high-pressure region in front of the heavy inhomogeneity
(Figure 11b). This behaviour suggests that a gas inhomogeneity could behave, to a certain degree, like an
acoustic lens.

When a collimate beam of light passes through an optical lens, the direction of the beam changes
according to the position of the focal point of the lens. In divergent lenses (Figure 13a), the focal point is
behind the lens; in convergent lenses (Figure 13b), it is in front of the lens, similar to a collimate beam of
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light diverged or converged. With respect to the focal point, the shock wave is either diverged or converged
with respect to the high pressure region area discussed in the previous section (compare Figures 10b and
11b with Figure 13c,d). Considering, therefore, that the focal point and the high pressure region play a
similar role, it is possible to identify the high pressure region as a focal region of the system.

Figure 13. Comparison between optical lenses and gas inhomogeneities behaving as acoustic lenses.

Another interesting observation concerns the shape of the reflected wave (Figures 10 and 11).
Observing the pressure field, it is possible to see how the evolution of the reflected wave mirrors reflects,
to a certain degree, that of the inhomogeneity. In the light inhomogeneity, the mirror image (Figure 10c) has
a shape similar to the semi-claw standard shape, it is just more elongated in the y-direction. In the heavy
inhomogeneity, the mirror image (Figure 11d) has a shape similar to the jellyfish head standard shape.

7. Conclusions

Typically, in gas dynamics with SPH, the approach is to employ a smoothing length varying with
density. In this paper we show that a simpler piecewise constant smoothing length is sufficient to model
the dynamics of inhomogeneities in shock tubes. With this device, which fits the underlying physics,
we obtain (i) the correct shapes, (ii) the correct timescale and (iii) the correct refraction/reflection of
the wave (something CFD simulations sometimes fail to achieve). This can be useful in at least two
directions. Firstly, in combination with the energy conservation equation, the proposed SPH approach
could be adapted for simulating a variety of phenomena related with the so-called Richtmyer–Meshkov
instability [9] such as supersonic mixing and gas combustion in Scramjet. Secondly, it can be integrated with
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Discrete Multiphysics (DMP) for the simulation of cavitation erosion. Discrete Multi-Physics (e.g., [27,28])
is a multiphysics technique that, contrary to traditional multiphysics, is based on computational particles
rather than computational meshes. It combines different particle-based modelling techniques such as
smooth particle hydrodynamics, discrete element method and the lattice spring model, and it has been
effectively used for fluid-structure interaction problems (e.g., [29–31]). DMP, in particular, is superior to
traditional multiphysics in the case of phase-transition [32], agglomeration [33] and break-up of solid
structures [34]. Specifically, the SPH model presented in this study, in particular, could be coupled with the
break-up module in DMP to model cavitation generated shock waves and their effects, including erosion,
on nearby solid surfaces.

Supplementary Materials: The following are available online at http://www.mdpi.com/2076-3417/9/24/5435/s1,
Video1: Heavy inhomogeneity evolution with pressure field, Video2: Light inhomogeneity evolution with
pressure field.
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Chapter 6

A Smoothed Particle Hydrodynamics

Study of the collapse for a cylindrical

cavity

In this Chapter the model developed in Chapter 5 is adapted to simulate a gas-filled cylindri-

cal Rayleigh collapse. The Chapter also investigates the role of heat generation and transfer

between the gas and the liquid phase during the collapse.
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Abstract

In this study, we propose a mesh-free (particle-based) Smoothed Particle Hydrodynamics

model for simulating a Rayleigh collapse. Both empty and gas cavities are investigates and

the role of heat diffusion is also accounted for. The system behaves very differently accord-

ing to the ratio between the characteristic time of collapse and the characteristic time of

thermal diffusion. This study identifies five different possible behaviours that range from iso-

thermal to adiabatic.

Introduction

The term “cavitation” describes a phenomenon composed by two distinct phases: first, a
vapour cavity, also called vapour bubble or void, develops and rapidly grows in a liquid phase;
subsequently, the vapour cavity rapidly collapses generating strong shock waves.

Cavitation causes erosion and it is mostly undesirable in engineering applications such as
turbo-machines, propellers, and fuel injectors [1–3]. However, other applications such as
ultrasonic cleaning or cataract surgery [4–6] are specifically designed to take advantage of the
erosion power of the collapsing bubble.

According to the circumstances, the bubble collapse can follow two distinct, but similar,
mechanisms [7] called, respectively, Rayleigh collapse and shock-induced collapse. During the
Rayleigh collapse, the collapse is driven by the pressure difference between the surrounding
liquid and the cavity. In this case, if the pressure field is perfectly isotropic, the bubble main-
tains a spherical shape during the whole duration of the collapse. Shock-induced collapse is
caused by the passages of a shock-wave through the bubble. In this case, the spherical shape is
not preserved and the bubble folds in the shock direction.

Our current understanding of cavitation is based on three different approaches: (i) theoreti-
cal investigations, (ii) experiments and (iii) computer simulations.

The first analytical study of an empty cavity surrounded by an incompressible fluid at given
pressure was carried out by W. H. Besant (1859) [8], who obtained an integral expression for
determining the time required for the cavity to collapse due to the effect of a constant external
pressure. Sixty years later, Lord Rayleigh [9] was able to integrate this equation determining
that, during the collapse, the pressure of the liquid near the boundary exceeds the pressure of
surrounding liquid. Plesset [10] introduced the effect of surface tension and viscosity obtaining
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the well-known Rayleigh-Plesset equation that describes the dynamics of a spherical bubble in
an infinite body of incompressible fluid. Later, other studies included thermal effect and liquid
compressibility [11–14]. Theoretical investigation of the isotropic collapse has continued up to
the present day and, recently, Kudryashov & Sinelshchikov [15] found a closed form general
solution of the Rayleigh equation for both empty and gas-filled spherical bubbles. The same
authors also found an analytical solution of the Rayleigh equation where the surface tension is
account for [16].

Experimentally, the study of a collapsing bubble has been a challenge due to difficulty of
generating a perfectly spherical bubble, and practical difficulties of measuring relevant data
during the short duration of the collapse. The first issue was solved with laser produced cavita-
tion bubbles (eg. [17–19]). This technique, coupled with High-speed photography, increased
in particular our understanding of the dynamics of a collapsing bubble in non-isotropic condi-
tions (e.g. near a solid surface) highlighting the role of the so-called jet formation in cavitation
erosion. However, the second issue remains an open challenge. In fact, theoretical studies (eg.
[20, 21]) calculated temperatures inside the collapsing bubbles to be between 6700 K and 8800
K and pressures up to 848 bar. These peak values, however, occur only for very small intervals
of time (! 2μs) and, up to now, the short timescale has prevented accurate experimental analy-
sis of the phenomenon.

The use of computer simulations for investigate cavitation is more recent. Computer simu-
lation can perform “numerical experiments” that, contrary to actual experiments, are not lim-
ited by short time-scales and small bubble sizes. During the years, a variety of simulations
methods have been used for simulating the collapse of a bubble both near and away from a
solid surface: Plesset-Champan used the particle-in-cell method [22], Blake used the boundary
integral method [23], Klaseboer [24] used the boundary element method, while Johnsen [7] a
high-order accurate shock- and interface-capturing scheme.

All these studies are based on mesh-based computational methods. Meshfree methods are
generally considered easier to implement for highly deformable interfaces [25] but, surpris-
ingly, only few articles have simulated cavitation with meshfree methods. One of the few
exceptions is Joshi et al. [26, 27] that took advantage of the meshfree nature of Smoothed Parti-
cle hydrodynamics (SPH) to develop an axisymmetric model simulating not only the collapse
of the cavity, but also the effect of the shock waves on a nearby solid surface (e.g. deformation,
erosion). However, the empty cavity used in their model prevents thermal analysis. Albano &
Alexiadis [28] developed a SPH model for shock wave interacting with a discrete gas inhomo-
geneity, this phenomenon share similar physics to the shock induced collapse [29].

This study proposes the first SPHmodel simulating a Rayleigh collapse of a cavity filled
with non-condensable gas induced by abruptly change in pressure. Moreover, by implement-
ing the diffusive heat transfer mechanism, both adiabatic and heat diffusive collapse are simu-
lated. The aim is to investigate the role of heat diffusion in the pressure and temperature
development.

The role of heat transfer in reducing the peak temperature of the collapse is known since
the ’80s [21]. Nevertheless, the diffusion mechanism is often neglected in modelling work and
the collapse is assumed adiabatic without justification [30, 31].

Smoothed particle hydrodynamics

Originally, Gingold and Monaghan [32] and Lucy [33] developed Smoothed-Particle Hydro-
dynamics (SPH) as a mesh-free particle method for solving astrophysical problems. However,
earliest applications also focused on solving fluid dynamics problems [34–36]. In fact, SPH has
major advantages in simulating free surface flows and large deformations due to its Lagrangian
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nature [37, 38]. The method has been validated for wide range of applications such as explo-
sion [39], underwater explosion [40], shock waves [28, 41, 42], high (or hyper) velocity impact
[43], water/soil-suspension flows [44], free surface flows [45, 46], nano-fluid flows [47],
thermo-fluid application [48]. Moreover, SPH is also a component of the Discrete multi-phys-
ics simulations [49–53]

SPH bases its discrete approximation of a continuummedium on the expression

f ðrÞ !

Z Z Z

f ðr0ÞWðr$ r0; hÞdr0; ð1Þ

where f(r) is any continuum function depending of the three-dimensional position vector r,
whileW is the smoothing function or kernel. The kernel functionW defines the extension of
the support domain, the consistency, and accuracy of the particle approximation [25]. When
the computational domain is divided in computational particles with their own mass,m = ρdr,
it is possible to rewrite Eq 1 in particle form

f ðrÞ !
Pmi

ri

f ðriÞWðr$ ri; hÞ; ð2Þ

wheremi, ρi and ri are mass, density and position of the ith particle. Within the SPH frame-
work, it is possible to use Eq 2 to discretise a set of equations such as the continuity equation

dr

dt
¼ $rr & v; ð3Þ

which in particle form becomes

dri

dt
¼
X

j

mjvijrjWij; ð4Þ

the momentum equation

dv

dt
¼ $

1

r
r & P; ð5Þ

which in particle form becomes

mi

dvi

dt
¼
X

j

mimj

Pi

ri

þ
Pi

ri

þPij

! "

rjWij; ð6Þ

wherePij is called artificial viscosity and was introduced by Monaghan [41] for simulating
shock waves, having the expression

Pij ¼ $bh
ci þ cj
ri þ rj

vij & rij
r2ij þ !h2

; ð7Þ

where β is the dimensionless dissipation factor, ci and cj are the speed of sound of particle i
and j.

The energy conservation equation

de

dt
¼ $

1

r
ðPðr & vÞ þ t : rvÞ $

1

r
r & ð$krTÞ; ð8Þ
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which in particle form becomes

mi

dei
dt

¼
1

2

X

j

mimj

Pi

ri

þ
Pi

ri

þPij

! "

: vijrjWij $
X

j

mimj

rirj

ðki þ kjÞðTi $ TjÞ

r2ij
rij &rjWij; ð9Þ

where κ is the thermal conductivity. The first term of the right side of Eq 9 is the particle form
of the sum of the reversible rate of the internal energy increase by compression and the irre-
versible rate of internal energy increase by viscous dissipation; the second term is the particle
form of the rate of internal energy increment by heat conduction following Fourier’s Law. The
thermal conductivity is related to the thermal diffusivity, α, by the relationship

a ¼
k

rcp
; ð10Þ

where cp is the specific heat capacity.

Kernels function

In this work, two kernels (Lucy Kernel function and quintic spline) are used and their effect
on the accuracy of the results compared. The Lucy kernel function [33]

Wðq; hÞ ¼

1

s
1þ 3q½ )½1$ q)3; q * 1

0; q > 1;

8

<

:

ð11Þ

is one of the simplest kernels used in literature. Where q = |r − r0|/h, s is a parameter used to
normalise the kernel function, which, for one, two and three dimensional space is, respectively,
4h
5
, ph

2

5
and 16ph3

105
. The quintic spline is a piecewise kernel function [54]

WðQ; hÞ ¼ s

ð3$ qÞ5 $ 6ð1$ qÞ5 þ 15ð1$ qÞ5; 0 < q < 1

ð3$ qÞ5 $ 6ð1$ qÞ5; 1 < q < 2

ð3$ qÞ5; 2 < q < 3

0; q > 3

8

>

>

>

>

<

>

>

>

>

:

ð12Þ

where q = |r − r0|/h and s for one, two and three dimensional space is, respectively 1

120h
, 7

478ph2

and 3

359ph3
. In the quintic kernel is normally more accurate, but at the expenses of higher

computational costs because it requires a neighbor list three times larger than the Lucy kernel
[25].

Model

Problem description. In the Rayleigh collapse, the driver force is the pressure difference
between the pressure in the liquid, p1 = PL, and the pressure in the cavity, pb.

Two different scenarios are analysed: empty cavity collapse, where the cavity is void, with
pb = 0, surrounded by a liquid phase, and vapour cavity collapse, where the cavity is filled of a
non condensable gas with an initial pressure equal to the vapour pressure of water at the tem-
perature T0, pb = psat(T0) and density equal to the density of an ideal gas at that pressure and
temperature, ρb(pb, T0).

The liquid phase is water with ρL = 1000 kg/m3, PL = 5 MPa and T0 = 300 K. The liquid
pressure of 5 MPa has been chosen as it is commonly reached in various hydraulic applications
[55]. Given the liquid temperature, the pressure in the bubble is pb = 3.55 kPa with a density of
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ρb(pb, T0) = 2.7 & 10−3 kg/m3. At the short timescale considered, water is compressible. The
equation of state for compressible water is discussed later on.

In rapid collapse, the water vapour is considered trapped within the liquid, assuming zero
mass transport across the interface. This simplification is justified because mass transport
mechanisms across the interface and non-equilibrium condensation require higher timescales
to play an effective role in the collapse phase [56]. The short timescale also justifies neglecting
the surface tension in modelling the collapse.

The short timescale of the phenomenon may suggest an adiabatic collapse [20, 57]. How-
ever, especially in the last stage of the collapse, the high temperature gradient between gas and
liquid phases could introduce a non-negligible heat transfer between the two phases [21, 58].
In this study, both scenarios (e.g. adiabatic and non-adiabatic collapse) are investigated.

SPHmodel. The axisymmetric water domain is shown in Fig 1. The domain is dived in
three concentric regions, delimited by three different radiuses, where different types of compu-
tational particles are used.

Cavity (r< R0): inside this region particles are removed (in the case of empty cavity) or
modelled as non-condensable gas following a gas phase equation of state (EOS) in the case of
vapour collapse. In the rest of the paper, particles inside the cavity (when present) will be
referred as particle Type 1.

Liquid (R0< r< RS): inside this region particles are modelled as compressible fluid follow-
ing a liquid EOS. Particles inside the liquid will be referred as particle Type 2.

Shell (r> RS): inside this region particles are modelled as fluid with a fixed position and
density to represent the boundary conditions of the system and maintain a fixed pressure at
the boundaries. Particles inside the shell will be referred as particle Type 3. We also run several
simulations with cubic control volumes and periodic conditions that account only for Type 1
and Type 2 particles. The results do not change and, therefore, we prefer the system in Fig 1
that overall requires less computational particles.

To avoid compenetration between gas and liquid particles during the gas cavity collapse, we
employed a penalty force, similar to the one used by Liu et al. [40] between these types of parti-
cles.

fp ¼
$C

g

rij

s

rij

 !g

; rij * s

0; rij > s;

8

>

>

<

>

>

:

ð13Þ

with C = 10−4, γ = 9 and σ equal to the initial particle spacing.
The initial radius of the cavity is R0 = 100μm (typical radius of a collapsing cavity [26, 59]).

The ratio RC/R0 = 30 is used as a compromise between computational cost and accuracy. Dif-
ferent RS has been tested, as explained in the Hydrodynamic section.

Different resolutions (i.e. total number of computational particles) have been tested (5.79 &
105, 1.30 & 106 and 2.66 & 106); N = 1.06 & 106 was chosen as best compromise between accuracy
and computational speed (more details in the Hydrodynamic section.

Equation of state. To solve the set of Eqs 3–8, an EOS that links pressure P and density
ρ is required. Each phase requires a different EOS: in this work multiple EOS are used and
compared.

Liquid EOS. For liquids, we used and compared two EOS: the Tait and the Mie-Gruneisen
EOS.
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The Tait equation is probably the most used EOS in SPH to model water

PðrÞ ¼
c20r0

7

r

r0

! "7

$1

 !

; ð14Þ

where c0 is speed of sound of the liquid and ρ0 is the reference density. The Tait EOS takes in
account the compressibility of the liquid. Is possible to regulate the compressibility by selecting
the appropriate sound of speed [60] in Eq 14.

For simulating underwater explosion Liu et all [40] used the Mie-Gruneisen EOS [61] to
model the water as a compressible fluid having different expressions for compression and
expansion state. Shin et al. [62] derived a polynomial expression for both compression and
expansion states: for compression state,

Pðr; eÞ ¼ a1mþ a2m
2 þ aþ 3m3 þ ðb0 þ b1mþ b1m

2Þr0e; ð15Þ

while for expansion state,

Pðr; eÞ ¼ a1mþ ðb0 þ b1mÞr0e; ð16Þ

Where μ = ρ/ρ0 − 1 and e is the specific internal energy. The coefficients are a1 = 2.19 & 109

N/m2, a2 = 9.224 & 109 N/m2,a3 = 8.767 & 109 N/m2, b0 = 0.4934 and b1 = 1.3937 evaluated for
water with ρ0 = 1000 kg/m3 and c0 = 1480 m/s.

Vapour EOS. The vapour phase in the cavity is modelled as a non-condensable gas. In our
simulations, we used and compared two EOS: the ideal gas EOS and the NASG EOS.

The ideal gas EOS, for the pressure, is given by

Pðr; eÞ ¼ ðg$ 1Þre; ð17Þ

Fig 1. Geometry of the simulation box.

https://doi.org/10.1371/journal.pone.0239830.g001
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temperature

TðeÞ ¼ Mm

ðg$ 1Þe

R
; ð18Þ

where γ = cp/cv is the capacity heat ratio,Mm the molar mass of the gas and R is the ideal gas
constant. The NASG EOS, which is a multiphase EOS is discussed in the next section.

Multiphase EOS. Le Métayer & Saurel [63] combined the “Noble-Abel” and the “Stiffened-
Gas” EOS proposing a EOS called Noble-Abel Stiffened-Gas (NASG), suitable for mulfiphase
flow. The expression of the EOS does not change with the phase considered, and, for each
phases, is possible to determine both the pressure and temperature as function of density and
specific internal energy. Pressure-wise the expression of NASG is

Pðr; eÞ ¼ ðg$ 1Þ
ðe$ qÞ

1

r
$ b

! "$ gP1; ð19Þ

and temperature wise

Tðr; eÞ ¼
e$ q

Cv

$
1

r
$ b

! "

P1

Cv

; ð20Þ

where P, ρ, e, and q are, respectively, the pressure, the density, the specific internal energy, and
the heat bond of the corresponding phase. γ, P1, q, and b are constant coefficients that defines
the thermodynamic properties of the fluid. The coefficients for liquid water and steam used in
our simulations are given in Table 1.

Software for simulation, visualisation and post-process. All the simulation were run
with the open source code simulator LAMMPS [64, 65]. Visualisation and data post-process-
ing were generated with the Open Source code OVITO [66].

Hydrodynamic

Empty cavity. Different simulations have been run to assess the quality of results with
respect of numerical parameters such as number of computational particles, kernel function
and time step. Preliminary simulations have been run using both Lucy (Eq 11) and quintic
spline (Eq 12) kernel functions obtaining similar results. Therefore, we chose the Lucy kernel
over the over the quintic because it requires less computational cost because accounts for a
smaller neighbour list. In all cases smoothing length and the dissipation factor are h = 1.3 & dL,
where dL is the initial particle spacing, and β = 1, coherent with literature in shock-wave prob-
lems [25, 42].

Table 1. NASG coefficients for liquid water and steam.

Coefficient Liquid phase Vapor phase

Cp [J kg
-1 K-1] 4285 1401

Cv [J kg
-1 K-1] 3610 955

γ [-] 1.19 1.47

P1 [Pa] 7028 & 105 0

b [m3kg-1] 6.61 & 10−4 0

q [J kg-1] -1177788 2077616

q0 [J kg-1 K-1] 0 14317

https://doi.org/10.1371/journal.pone.0239830.t001
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Fig 2 shows the evolution of the dimensionless radius R(t)/R0 of a collapsing cavity. The col-
lapsing time obtatined with the SPH model is around 2.76μs, which is very close to tc = 2.70μs
the collapsing time obtained by solving the axisymmetric Rayleigh-Plesset (ARP) equation
[67].

Fig 2 summarise the effect of different parameters on the simulation: Fig 2(a) shows the
effect of different timestep, the higher timestep value, ts = 10−10 s, was chosen according to the
CFL criterion. Fig 2(b) shows the effect of different resolution (number or particles). Fig 2(c)
shows the effect of the extension of the shell region, expressed with the ratio RC/RS. Fig 2(d)
shows the profile of the collapse obtained with different liquid EOS.

Note that our dimensionless radius does not goes to zero, but it rebounds, like the axisym-
metric Raylerigh-Plesset equation, this is explainable with the particle nature of the SPH
method: with particle methods, in fact, there is always a small spacing between particles.

Based on the analysis of this section we decided, for an empty cavity collapse, to use the
parameters shown in Table 2.

All the parameter listed are chosen as the best compromise between speed an accuracy.

Fig 2. Effect of different simulation parameters on the Hydrodynamic the SPHmodel.A: Effect of different
timestep (ts). B: Effect of different resolution (NP). C: Effect of shell extension. Rs/RcD:Effect of different EOS.

https://doi.org/10.1371/journal.pone.0239830.g002

Table 2. Parameters used for simulating the empty cavity Rayleigh collapse.

Kernel Water EOS h β ts [s] Np Rs/Rc c0 [m s-1]

Lucy Kernel Tait 1.3 & dL 1 10−10 1.30 & 106 0.3 1484

https://doi.org/10.1371/journal.pone.0239830.t002
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Vapour cavity. Fig 3 shows the trend of the dimensionless internal energy, e/e0, versus
dimensionless time for different timestep.

Where e0 is the initial internal energy of particles. The timestep ts = 10−12 s was chosen
since it is the largest timestep where the internal energy decreases after the collapse as required
by the physics of the problem. The parameters used are summarised in Table 3.

Comparison with the axisymmetric Rayleigh-Plesset equation. The Hydrodynamic of
the model is compared with the solution of the axisymmetric Rayleigh-Plesset (ARP) Eq [7]
for both the empty and vapour cavity. Fig 4 shows the dimensionless radius, R(t)/R0, plotted
against dimensionless time, t/tc, of our model against the solution of equation ARP for the
empty collapse. R0 is the initial radius of the cavity, tc = 2.76μs is the collapsing time obtained
with the ARP.

In our model, the cavity collapse slightly faster than the theoretical, leading to t/tc! 0.98
instead of 1. This difference is explainable with the compressibility of the liquid [13]. The theo-
retical model assumes that water is perfectly incompressible, while the Tait EOS in the SPH
model accounts for the compressibility of water. At these timescales, the compressibility can-
not be neglected, and, from this point of view, our compressible SPH model should be more
accurate than the theoretical, fully incompressible model. It is also important to highlight that,
in our simulation, the parameter c0 (sound speed in the medium) in the Tait EOS, we use is
1484 m/s, which is the actual speed of sound in water at 25˚C.

According to our calculations, the effect of the compressibility affects the rate of collapse.
At the beginning, the compressibility produces a higher collapsing rate because a compressible
fluid fills the void in the cavity faster than an incompressible fluid. As the cavity shrinks, how-
ever, the curvature of the cavity acts as an arch and the speed of the collapse slows down more
than in the more rigid (incompressible) case. Overall, these two effects cancels each other out

Fig 3. Effect of different timestep (ts) on the energy trend.

https://doi.org/10.1371/journal.pone.0239830.g003

Table 3. Parameters used for simulating the vapour cavity Rayleigh collapse.

Kernel Water EOS Gas EOS h β ts[s] Np Rs/Rc c0 [m s-1]

Lucy Kernel Tait Ideal gas 1.3 & dL 1 10−10 1.30 & 106 0.3 1484

https://doi.org/10.1371/journal.pone.0239830.t003
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and the final collapsing time, is almost identical in the case of the theoretical Rayleigh-Plesset
(incompressible) case and the SPH model based on the (compressible) Tait EOS.

Fig 5 shows the dimensionless radius, R(t)/R0, plotted against dimensionless time, t/tc, of
our model against the solution of equation ARP for the vapour collapse.

The considerations done for the empty collapse are still valid for the vapour cavity case.
However, additional discussion is required for the final phase of the collapse and the rebound
phases: unlike the empty cavity (see Fig 6a) when the vapour cavity approaches the final phase
of the collapse, the cavity loses the cylindrical symmetry (Fig 6b), and differs from the ARP.

Fig 4. Dimensionless ratio (R/R0) against dimensionless time (t/tc) for both SPH (square dot) and ARP
(continuum blue curve) for the empty cavity collapse.

https://doi.org/10.1371/journal.pone.0239830.g004

Fig 5. Dimensionless ratio (R/R0) against dimensionless time (t/tc) for both SPH (square dot) and ARP
(continuum blue curve) for the vapour cavity collapse.

https://doi.org/10.1371/journal.pone.0239830.g005
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This “artificial” asymmetry in the rebound phase is attributable to low resolution occurring
when, during the last stage of the collapse, the size of the caivty is comparable to the size of the
smoothing length. However, this work focuses only on the bubble collapse (as usual in com-
puter simulations of cavitation e.g. [7, 26, 59]) and the rebound phase is not considered.

Results and discussion

Pressure field

Pressure field in the liquid (empty cavity). Initially, at t = 0, the pressure is uniform
along the domain. As the cavity shrinks, due to the pressure difference between the liquid and
the cavity, the liquid starts to fill the cavity. This causes a decrement in pressure in the liquid
generating a low-pressure wave that moves through the liquid phase (see Fig 7).

As the collapse proceed, a high-pressure area arises near the cavity border (see Fig 8a and
8b) that abruptly increases reaching the max at the collapse (see Fig 8c and 8d). Locally, the
max pressure calculated is around 120 MPa. This value is one order of magnitude lower than
the theoretical value calculated by Hickling and Plesset [68] for the 3D collapse, but this differ-
ence is consistent with the fact that our model refers to a 2D collapse [67, 69]. This is also
reflected in the difference in the collapse time between 2D and 3D [9, 70]

Fig 6. Final stage of the collapse for the empty cavity (a) and the vapour cavity (b).

https://doi.org/10.1371/journal.pone.0239830.g006

Fig 7. Dimensionless pressure field in the liquid phase fort/tc = 0.15 and R/dL = 19.27 (a); Dimensionless pressure
spatial trend for t/tc = 0.15 and t/tc = 0.33 (b).

https://doi.org/10.1371/journal.pone.0239830.g007
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The collapse generates a high-pressure wave (Fig 9 and 9b) that moves away form the cavity
(Fig 9c and 9d). There is a theoretical reason for the hexagonal patterns in Figs 8 and 9, which
is discussed in the next section.

With the absence of heat diffusivity the presence of the vapour in the cavity does not affect
significantly the pressure in the liquid and, therefore, pressure fields for the vapour cavity col-
lapse are not shown here.

Acoustic diffraction. As mentioned in the previous section, when the empty cavity
reaches the minimum radius, a high-pressure shock wave is generated and propagates in the
liquid phase. After the wave bounces back, it loses its spherical symmetry and assumes an
unphysical hexagonal symmetry.

This is a numerical artefact and depends on the fact that, below a certain raito R/dL, the ini-
tial particle resolution is not adequate to correctly describe the cavity shape (the reader can
compare Fig 7, where R/dL = 19.27, with Fig 8, where R/dL = 4.50-1.75). The cavity assumes a
hexagonal shape (see Fig 8a), which is related with initial hexagonal particle distribution of the
model. When the high-pressure shock wave bounces back, therefore, it propagates from a hex-
agonal cavity rather than a circular one.

This behaviour closely resembles light diffraction from a hexagonal aperture, Fig 10. Light
diffraction, in fact, follows specific patterns [71] defined by the shape of the aperture.

Fig 10 shows the similarity between the light intensity pattern generated by diffraction
trough a hexagonal opening and the pressure intensity pattern of the wave generated at the

Fig 8. Dimensionless pressure field in the liquid phase fort/tc = 0.89, R/dL = 4.50 (a) andt/tc = 0.98, R/dL = 1.75 (d);
Dimensionless pressure spatial trend for t/tc = 0.89 (b) and t/tc = 0.98 (d).

https://doi.org/10.1371/journal.pone.0239830.g008
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collapse of the cavity. The pressure peaks and valleys in Fig 10b (and Fig 9a), therefore, are the
results of Fresnel like positive and negative interference of the interfering diffracted waves
rather than the result of effect of numerical instability.

This issue, however, only occurs at the end of the collapse, when the size of the cavity is
comparable to the smoothing length and does not affect the overall collapsing time.

Fig 9. Dimensionless pressure field in the liquid phase fort/tc = 1.00, R/dL = 1.92(a) andt/tc = 1.03, R/dL = 1.82 (d);
Dimensionless pressure spatial trend for t/tc = 1.00, t/tc = 1.03(b) and t/tc = 1.07, t/tc = 1.11 (d).

https://doi.org/10.1371/journal.pone.0239830.g009

Fig 10. Comparison between light intensity for a hexagonal aperture [71] (a) and pressure intensity calculated with
our model (b).

https://doi.org/10.1371/journal.pone.0239830.g010
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Thermal dffects

During the collapse, the compression of gas in the bubble generates heat. This heat, in turn,
can affect the dynamic of the collapsing bubble [14]. When thermal effects are absent, or negli-
gible, the collapse is “inertially controlled” as in the previous Section. When the thermal effects
are not negligible, the collapse can be “thermally controlled”. In a thermally controlled col-
lapse, the bubble dynamic differs from the inertially controlled because the thermal terms in
the ARP equation are not negligible.

Two scenarios are analysed. In the adiabatic collapse, only the first term of Eq 9 is
accounted for. In the heat diffusive collapse, both term are enabled to model heat transfer
between gas and liquid.

Finally, the temperature peak in the gas cavity is investigated in relation to the ratio between
the characteristic time of collapse and the characteristic time of heat transfer.

Adiabatic collapse. The average pressure and the temperature in the vapour cavity
increase during the collapse (see Fig 11), locally reaching a max P! 40 MPa and T! 10000 K.
Those values, despite some difference in the operating conditions, are comparable to those
measured by Obreschkow et al. [72].

The pressure and temperature field distribute differently in the cavity:

1. In the first stage of the collapse, the interaction between gas and fluid results in a rapid
increment of pressure at the cavity interface (Fig 12a) generating a shock wave inside the
cavity. Later, because of the combined effect of cavity compression and shock wave propa-
gation, the pressure increases in the centre of bubble (Fig 12b) becoming almost uniform at
the collapse.

2. Similarly to the pressure, the temperature increases at the cavity interface during the first
stages of the collapse (see Fig 12c). The absence of heat diffusion mostly affects the final
stage of the collapse: the internal energy does not diffuse and heat is confined and accumu-
lated at the cavity interface (Fig 12d).

(Heat) Diffusive collapse. Our results show that time of the collapse is not significantly
affected by the presence of heat transfer in the model. However, the pressure and temperature
peak inside the bubble decreases with respect to the adiabatic case, see Fig 13.

Also the pressure and temperature fields inside the cavity change:

1. In the first phase of the collapse, the pressure field in the cavity remains uniform (Fig 14a).
Approaching the final stage of the collapse, the pressure is slightly lower at the cavity inter-
face, Fig 14b, because of the presence of the diffusive heat transfer mechanism. In fact, the
pressure of an ideal gas is function of both the density and the internal energy, as shown by
Eq 17. The presence of a high temperature gradient at the cavity interface greatly reduces
the internal energy of the particles in that area.

2. Similarly to the adiabatic case, in the first stage the interaction between gas and the fluid
tend to increment the temperature near the cavity interface, see Fig 14c. However, in this
case the heat generated at the interface diffuses both towards the centre of the cavity and
into the liquid. This leads to higher temperatures at the centre than at the interface (see
Fig 14d).

By comparing Fig 14 with Fig 12, it is clear that, despite the total collapsing time is almost
the same, the heat exchange mechanism has important consequences on both temperature
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and pressure in the cavity. Our results, therefore, show that adiabatic conditions, despite being
often used in the literature [30, 31, 73–75], are not always realistic. The collapse generates great
amount of heat and high temperatures are reached in the cavity. Despite the small timescale of
the process, temperature in the cavity rapidly grows and the heat transfer from the cavity inter-
face to the surroundings cannot be neglected.

Effect of thermal diffusivity on the temperature peak. In the previous section, we calcu-
lated a specific case, where the liquid is water, the gas is water vapour, ΔP = PL − pG = 5MPa

and R0 = 100μm. In this section, we study how different parameters and initial conditions
would affect the temperature rise T/T0 in the cavity. In order to simplify the study, we perform

Fig 11. Dimensionless pressure trend (a) and dimensionless temperature (b) in the gas phase for the adiabatic
collapse.

https://doi.org/10.1371/journal.pone.0239830.g011

Fig 12. Dimensionless pressure field in the cavity fort/tc = 0.37 (a) and t/tc = 0.92 (b) and dimensionless temperature
field for t/tc = 0.37 (c) and t/tc = 0.92 (d) for adiabatic collapse.

https://doi.org/10.1371/journal.pone.0239830.g012
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a dimensional analysis of our system to reduce the number of significant parameters. Assum-
ing that the collapse depends on ΔP, ρL, αL,G = (αL + αG)/2 and R0, and using the Buckingham
π theorem, it is possible to determine that the system depends on two fundamental dimension-
less groups

P1 ¼
R

aL;G

ffiffiffiffiffiffi

DP

rl

s

; ð21Þ

Fig 13. Comparison between: Dimensionless pressure trend (a) and dimensionless temperature (b) of the gas phase
for adiabatic (blue) and diffusive (red) collapse.

https://doi.org/10.1371/journal.pone.0239830.g013

Fig 14. Dimensionless pressure field in the cavity fort/tc = 0.37 (a) and t/tc = 0.92 (b) and dimensionless temperature
field for t/tc = 0.37 (c) and t/tc = 0.92 (d) for diffusive collapse. The heat diffusivity in the liquid is αL = 1.48 & 10−7 m2/s
(liquid water) in the gas αG = 4.09&10−4 m2/s (water vapour).

https://doi.org/10.1371/journal.pone.0239830.g014

PLOS ONE A smoothed particle hydrodynamics study of the collapse for a cylindrical cavity

PLOSONE | https://doi.org/10.1371/journal.pone.0239830 September 29, 2020 16 / 22



P2 ¼
T

T0

: ð22Þ

The dimensionless groupP1 can also been seen as the ration between the characteristic heat

diffusion time scale of the process, R2/αL,G, and the Rayleigh collapsing time, R
ffiffiffiffiffiffiffiffiffiffiffiffiffi

rL=DP
p

:

P1 ¼
td
tc
¼

R2

aL;G
&
1

R

ffiffiffiffiffiffi

DP

rl

s

; ð23Þ

When tc+ τd, the collapse is faster than the characteristic time of heat transfer, the heat gener-
ated is trapped in the cavity, and the process can be considered adiabatic. When tc, τd, the
characteristic time of heat transfer is smaller that the collapsing time and the process can be
considered isotherm.

In Fig 15 Tmax/T0 is plotted against different values ofP1.
The “magenta” point represent the collapse analysed in the previous section withP1 =

34.76.

Conclusion

This work proposes the first SPHmodel of a collapsing cavity filled with non condensable gas
coupled with the heat transfer mechanism.

The aim of the work is to understand the role of diffusive heat transfer during the Rayleigh
collapse. This was achieved by introducing the dimensionless group,P1.P1 defined as ratio
between the characteristic time of collapse and the characteristic time of thermal diffusion.

In Fig 15 five regions are identified. For each of these regions the temperature field of the
gas-liquid system distributes differently:

Fig 15. Temperature peak (Tmax/T0) as a function ofP1.

https://doi.org/10.1371/journal.pone.0239830.g015
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• I region (0<P1 < 6.5 & 10−3): in this region, both the gas and liquid behave isothermally. As
a result of this, the liquid drains all the energy developed by the gas.

• II region (6.5 & 10−3 <P1 < 10): in this region, the gas behaves isothermally while the liquid
shows a temperature profile. The energy rapidly diffuses inside the cavity, flattening the tem-
perature profile in the cavity.

• III region (10<P1 < 1 & 105): in this region, neither the gas nor the cavity are adiabatic.
This scenario is described in (heat) diffusive collapse section and by Fig 14.

• IV region (1 & 105<P1< 5 & 107): in this region, the gas in the cavity behaves adiabatically,
but the liquid does not. Therefore, part of the energy generated at the interface is transferred
to the liquid phase.

• V region (P1> 5 & 107): in this region both the gas in the cavity and the liquid behave adia-
batically. All the energy generated by the collapse is trapped in the cavity and the tempera-
ture increment is concentrated in the cavity interface (see Fig 12).

In brief, this analysis shows that forP1 > 5 & 107 the collapse can be considered adiabatic.
At smallerP1, the heat generated at the cavity interface is taken away by the liquid phase, or
diffuses in the cavity, homogenising the temperature field. WhenP1< 6.5 & 10−3, all the heat
generated in the collapse is drained by the liquid and the collapse can be considered isotherm.

This shows that, despite the short timescale, the presence of the heat transfers mechanism
leads to a temperature peak drop of around 50% compared to the adiabatic case. This suggest
that the adiabatic assumption for the Rayleigh collapse could leads to a not reliable pressure
and temperature peak estimation and its use should be properly justified.

Supporting information

S1 File. Input file for LAMMPS. All the results presented in this work were obtained with this
input file.
(LMP)
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Chapter 7

Non-symmetrical collapse of an empty

cylindrical cavity studied with

Smoothed Particle Hydrodynamics

In this Chapter the model shown in Chapter 6 is extended to simulate a non-symmetrical col-

lapse that occurs when the cavity collapses near a solid surfaces.

This Chapter has been published in Applied Sciences as:

Albano A, Alexiadis A. Non-Symmetrical Collapse of an Empty Cylindrical Cavity Studied
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Abstract: The non-symmetrical collapse of an empty cylindrical cavity is modeled using Smoothed
Particle Hydrodynamics. The presence of a nearby surface produces an anisotropic pressure field
generating a high-velocity jet that hits the surface. The collapse follows a different dynamic based on
the initial distance between the center of the cavity and the surface. When the distance is greater than
the cavity radius (detached cavity) the surface is hit by traveling shock waves. When the distance is
less than the cavity radius (attached cavity) the surface is directly hit by the jet and later by other
shock waves generated in the last stages of the of the collapse. The results show that the surface is
hit by a stronger shock when distance between the center of the cavity and the surface is zero while
showing more complex double peaks behavior for other distances.

Keywords: particle method; smoothed particle hydrodynamics; modeling; simulations; shock wave

1. Introduction

Cavitation is a phenomenon occurring in a liquid that undergoes rapidly changes in
pressure. At first a bubble, or cavity, nucleates and growth over a nucleation site. After
growing up to maximum value, the cavity collapses generating shock waves [1].

When the pressure field in the liquid is isotropic, the cavity preserves its symmetry
and the collapse has spherical symmetry [2–4]. However, when an anisotropic pressure
field drives the collapse, the cavity does not preserve its symmetry and folds in a specific
direction generating a high-velocity flow known as jet [1,5]. The anisotropic pressure field is
generated by the so-called anisotropic driver, which also defines the jet folding direction [6].
The most common anisotropic drivers are rigid or free surface, gravity, presence of neighbor
bubbles or a combination of the above. Another mechanism that makes a cavity folds
during the collapse is the interaction with a shock waves that folds the cavity in the shock
direction. This situation is known as shock-induced collapse, while the pressure driven
collapse is called Rayleigh collapse [7,8].

From an engineering point of view, the high-speed jet generated in the Rayleigh
collapse by the presence of a nearby solid surface is the scenario most addressed in the
literature [8,9]. In fact, the high-speed flow can hit the surface causing erosion and even-
tually loss of material. This phenomenon, known as cavitation erosion, is undesirable in
industrial, military and power station equipment such as pump impellers, high-speed
propellers and turbine blades [10–12].

Thanks to its Lagrangian nature, Smoothed Particle Hydrodynamics (SPH) can handle
problems with large deformations better than mesh-based technique [13] and, for this rea-
son, it is particularly suited for studying cavitation. Joshi et al. [14] developed a Smoothed
Particle Hydrodynamics axisymmetric solver to simulate a shock-induced collapse of an
empty cavity and the erosion process of the nearby surface. Pineda et al. [15] used a
SPH-ALE method to study a gas filled cylindrical cavity Rayleigh collapse far and near
a surface. Nair and Tomar [16] used SPH to simulate an oscillating gas filled cylindrical
cavity under a variable isotropic pressure field. Albano and Alexiadis [17] developed a
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SPH model to study the Rayleigh collapse of a gas filled cylindrical cavity that takes in
account the heat diffusion at the gas-liquid interface. Among these studies, only Joshi
et al. and Pineda et al. take in account anisotropic collapses. Joshi et al. only for the
shock-induced collapse case, while Pineda at al only for cavity detached from the surface.
Despite its importance in practical applications, non-symmetrical Rayleigh collapse of
surface attached cavities, to the best of our knowledge, has never been investigated with
the SPH method. Moreover, cavities commonly nucleate on surfaces rather than away from
it [18–20]. This work, therefore, develops a SPH model for a non-symmetrical Rayleigh
collapse of a cylindrical cavity which is considered the greatest causes of erosion and
material loss [8,9].

2. Model

2.1. Smoothed Particle Hydrodynamics

Smoothed Particle Hydrodynamics is a mesh-free particle method originally devel-
oped by Gingold Monaghan [21] and Lucy [22] and used in a wide range of applications:
astrophysics [23], shock waves [24–27], explosion [28–30], thermo-fluid flows [31], thermo-
capillary flows [32], multiphase flow [33,34], Biological flows [35], non-Newtonian fluid
flows [36,37].

Thanks to its particle nature SPH is part of the Discrete Multi-Physics framework
where, coupled with other particle methods [38–40], is used to address multi-complex
physics phenomena [41–45] to overcome the single weakness of each method.

The idea behind the SPH formulation lies in the integral representation of any contin-
uum function f (r) depending on the three-dimensional position vector r

f (r) ≈
∫∫∫

f (r′)W(r − r′, h)dr′, (1)

where W is the smoothing function or kernel and h is the smoothing length. Dividing the
domain in a finite number of computational particles with their own mass m = ρdr3, is
possible approximate any continuum function f (r) as

f (r) ≈ ∑
mi

ρi
f (ri)W(r − ri, h), (2)

where mi, ρi and ri are mass, density and position of the i-th particle. Equation (2) is known
as particle approximation in SPH literature [13].

We used the SPH particle approximation to discretize continuity, momentum and
energy conservation equation:

⎧
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β
ij

∂Wij

∂x
β
i

,

(3)

where v is the velocity vector with vij = vi − vj, e internal energy and Πij is the artificial
viscosity introduced by Monaghan [24]. The Monaghan artificial viscosity depends on a
constant parameter called dimensionless dissipation factor, α, and from the speed of sound
of particle i and j, ci and cj, with the following relationship.

Πij = −αh
ci + cj

ρi + ρj

vij · rij

r2
ij + ϵh2

. (4)

To solve the set of Equations shown before, an Equation Of State (EOS) that links
pressure P and density ρ is required.
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2.2. Computational Set Up

In this work, we focus on the non-symmetrical collapse induced by an anisotropic
pressure field. The anisotropy is generated by non-symmetric water domain shown in
Figure 1. The domain is divided in three concentric regions, delimited by three different
radii. In each region, different types of computational particles are used:

• Cavity (r < R0): inside the yellow region in Figure 1, particles are removed to generate
an empty cavity with Pb = 0.

• Liquid (R0 < r < RS): inside the blue region in Figure 1, particles are modeled as
water following a liquid EOS. The density is set as ρL = 1000 [kg m−3] with initial
pressure P∞.

• Shell (r > RS): inside the red region of Figure 1, are modeled as in the liquid region.
Moreover, they have fixed position and density to keep constant pressure as boundary
condition. The extension of shell region has been discussed in previous work [17].
The lower part of this region also acts as a wall inducing anisotropy in the pressure
field during the collapse.

Rs
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Figure 1. Geometry of the simulation box.

The green region in Figure 1 does not refer to a different type of particle. We highlight
it because, later, the pressure generated during the collapse will be monitored in the green
region. As explained in next section, when a non-symmetric collapse is studied, it is
necessary to quantify the anisotropy of the collapse. When the anisotropy is induced by
the presence of a nearby solid surface, is common to use the stand-off, γ [6] defined as

γ =
d

R0
, (5)

where d is the distance between the cavity center and the wall (see Figure 1) and R0 its initial
radius. The dynamic of a cylindrical cavity in a Rayleigh collapse, where the driving force
is the pressure difference between the pressure in the liquid, P∞ = PL, and the pressure in
the cavity, pb, is described by a 2D Rayleigh-Plesset (2DRP) equation [46]:

P∞ − Pb

ρ
=

(

(

dR

dt

)2

+ R
d2R

dt

)

ln

(

R

r∞

)

+
1
2

(

R
dR

dt

)2( 1
R2 −

1
r2

∞

)

. (6)

However, the 2DRP equation only describe the dynamic of a symmetrical collapse. Form
our knowledge an equation to validate the dynamic of a non-symmetrical collapse has still to



Appl. Sci. 2021, 11, 3500 4 of 13

be developed. For this reason, as commonly done in the literature [15,17,46,47], the model
presented as been validated for the case of symmetric collapse against Equation (6) [17].

In the simulations we use the Lucy Kernel [13] and the Tait EOS [13] with a smoothing
length of h = 1.3 · dL where dL is the initial particle spacing. The dimensionless dissipation
factor, time step and speed of sound were set as α = 1, ts = 1e − 10 [s] and c0 = 1484 [m s−1].
The sensitivity of the results to parameters such as the kernel function, EOS or h, was
investigated in a previous publication for the case of symmetric collapse [17]. In the next
section, the particle resolution for the specific case of non-symmetric collapse is discussed.

2.3. Software for Simulation, Visualization and Post-Process

The simulations were run with the open-source code simulator LAMMPS [48,49].
The visualization and data post-processing were generated with the open-source code
OVITO [50].

3. Results

As mentioned in the introduction, collapsing cavities formed during cavitation gen-
erate high-pressure shock wave [1]. When the collapse occurs near a solid surface, the
symmetry of the cavity is not preserved and this produces a high-velocity flow known as
re-entrant jet [5,7,8]. The characteristics of the jet depend on γ (see Equation (5)). When
γ > 1, the jet hits the opposite side of the cavity generating a high-pressure shock wave
that travels in the direction of the solid surface. When γ ≤ 1, the jet hits directly the solid
surface generating a water hammer pressure [51,52] that causes erosion.

3.1. Preliminary Results

Four preliminary simulations with different particle resolutions have been carried out
with R0 = 100 [µm], P∞ = 5 MPa and γ = 1.2. These values are chosen to match those
commonly used in computational studies [14,17,52]. Figure 2 shows the total collapse time
and the max jet speed (defined as V = |v|) for the different resolutions. Particle resolution is
specified as the ratio between the initial particle spacing dL and the initial cavity radius R0.
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Figure 2. Resolution convergences for collapse time (a) and max jet speed (b).

Both the collapsing time and max jet velocity converge for dL/R0 ≥ 40. This resolution
value was also independently found by Joshi et al. and Pineda et al. At this resolution,
the model correctly reproduces jet formation [5,7]. Figure 3 shows that as the collapse
proceeds, wall proximity produces a pressure difference between the top and the bottom
of the cavity. This pushes down the upper-side of the cavity inducing the formation of a
high-velocity/low-pressure jet.

In Section 3.3 we show simulations at higher resolution. In fact, at higher resolutions,
we will be able to uncover more details of the velocity pattern occurring during the collapse.
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Figure 3. Shape evolution with pressure and velocity field (dL/R0 = 80, γ = 1.2 and P∞ = 5 MPa).

3.2. Stand-Off and Pressure Analysis

To study the effect of γ on the collapse, eight different stand-offs, in the range [0, 1.4],
are simulated with P∞ = 5 and 50 MPa. The upper limit γ = 1.4 was chosen since this
study focuses on strongly deformed collapses, which are known to produce cavitation
erosion [1,8]. In Figure 4, the dimensionless collapsing time and the maximal pressure at
the wall are plotted for different γ. The dimensionless time is defined as the ratio between
tγ, the collapsing time obtained in the simulation for a given γ, and t∞, the collapsing time
for γ → ∞ [17]. The dimensionless pressure is defined as the ratio between the maximal
pressure at the wall and the characteristic pressure of a Rayleigh collapse [52]. The pressure
at the wall is calculated at the green circle shown in Figure 1 positioned below the center of
the cavity with a diameter of 0.01 mm.
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Figure 4. Dimensionless collapse time (a) and dimensionless pressure (b) for different stand-off and
pressure (dL/R0 = 40).
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The collapsing time shows a maximum for γ = 1 and a minimum for γ = 0. When
γ = 1, the lower part of the cavity touches the wall, while the upper part is free to move
(Figure 5c). During the collapse, the cavity loses its symmetry generating a re-entrant jet,
which travels for the whole diameter of the cavity before reaching the surface. When γ = 0
the cavity reduces to a semi sphere. Therefore, the collapse is symmetric again (Figure 5h)
and, in fact, tγ/t∞ ≈ 1 (Figure 4a) as for γ → ∞ [17].

(a) γ = 1.4 (b) γ = 1.2 (c) γ = 1

(d) γ = 0.8 (e) γ = 0.6 (f) γ = 0.4

(g) γ = 0.3 (h) γ = 0

Figure 5. Cavity shapes for different stand-offs (dL/R0 = 40 and P∞ = 5 MPa). Each shape shows
the cavity outline at a different time.

The pressure is shown in Figure 4b. The normalized maximum wall pressure is
thought to scale with γ−1 [1,6]. However, this was reported for values of γ > 1.4, which
are outside the range investigated in this study. Other studies show results similar to ours
in the range of investigation [9,53].

3.3. Pressure and Speed Developed in High-Resolution Collapse

For 3 different stand-offs (0.0, 0.6 and 1.0), pressure histories at the center of the surface
(i.e., green circle in Figure 1) are plotted in Figure 6.



Appl. Sci. 2021, 11, 3500 7 of 13

0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 1.05 1.1 1.15

t [7s]

0

200

400

600

800

1000

1200

P
[M

P
a
]

. = 0

. = 0:6

. = 1

Figure 6. Pressure trend for different stand-offs (dL/R0=133 and P∞ = 50 MPa).

For γ = 0, the pressure shows a single maximum of roughly 1200 MPa. This pressure
is generated by a water hammer impact of the collapsing cavity on the surface. Since the
symmetry is preserved, see Section 3.2, the collapse ends when the cavity impacts on the
surface generating a high-pressure shock wave (Figure 7a). After the impact, the pressure
at wall decreases as the shock moves into the liquid (Figure 7b,c).

When γ = 0.6 and 1 the pressure shows a double peak. As with γ = 0, the first peak
is generated by the water hammer impact of the cavity with the surface (Figures 8a and 9a).
After the impact, the jet splits into two high-speed/low-pressure lateral jets (Figure 8b) that
will later impact with the sides of the cavity generating collapsing circles and a pair of “side”
pressure waves (Figures 8c and 9b).

The collapse ends when the fluid fills the circles. When this happens a third pair of
pressure waves is generated (Figures 8d and 9c). The waves will later merge at the center
resulting in a second pressure peak (Figures 8e and 9d). Figure 10 shows a schematic
representation of a wall-attached cavity collapse with the three pairs shock formation for
γ = 0.6. It can be difficult to clearly identify these hydrodynamics patterns if the simulation
is run at lower resolution (e.g., Joshi et al. 2019).
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Figure 7. Pressure and velocity field in the liquid and the spatial pressure trend at the wall (dL/R0 = 133, γ = 0 and
P∞ = 50 MPa).
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2nd pressure preak

(e) t = 0.910 µs

Figure 8. Pressure and velocity field in the liquid and the spatial pressure trend at the wall (dL/R0 = 133, γ = 0.6 and
P∞ = 50 MPa).
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<latexit sha1_base64="UlAEyU2sVCSS1SI70QCT9mhpCNA=">AAAB+3icbVDLSgMxFL1TX7W+prp0EyyCqzIpgi6LblxWsLbQDiWT3mlDMw+SjFJqP8WNCwVx64+4829M21lo64HA4Zx7uDcnSKXQxvO+ncLa+sbmVnG7tLO7t3/glg/vdZIpjk2eyES1A6ZRihibRhiJ7VQhiwKJrWB0PfNbD6i0SOI7M07Rj9ggFqHgzFip55apNsQmtM4UkhTZqOdWvKo3B1klNCcVyNHouV/dfsKzCGPDJdO6Q73U+BOmjOASp6VupjFlfMQG2LE0ZhFqfzI/fUpOrdInYaLsiw2Zq78TExZpPY4COxkxM9TL3kz8z+tkJrz0JyJOM4MxXywKM0lMQmY9 kL5QyI0cW8K4EvZWwodMMW5sWyVbAl3+8ipp1ar0vErpba1Sv8r7KMIxnMAZULiAOtxAA5rA4RGe4RXenCfnxXl3PhajBSfPHMEfOJ8/ivST/g==</latexit>

1st pressure peak

(a) t = 0.940 µs
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<latexit sha1_base64="5gJLatZhq8LYKsMzMkQvaXZsvDA=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbB07JbFfVW9OKxgv3A7VKyadqGJtklyQpl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPzooQzbTzv2ymsrK6tbxQ3S1vbO7t75f2Dpo5TRWiDxDxW7QhrypmkDcMMp+1EUSwiTlvR6Hbqt56o0iyWD2ac0FDggWR9RrCx0qPnXpyhQIgQdcsVz/VmQMvEz0kFctS75a9OLyapoNIQjrUOfC8xYYaVYYTTSamTappgMsIDGlgqsaA6zGYXT9CJVXqoHytb0qCZ+nsiw0LrsYhsp8BmqBe9qfifF6SmfxVmTCapoZLMF/VTjkyMpu+jHlOU GD62BBPF7K2IDLHCxNiQSjYEf/HlZdKsuv65e31frdRu8jiKcATHcAo+XEIN7qAODSAg4Rle4c3Rzovz7nzMWwtOPnMIf+B8/gB434+A</latexit>

<latexit sha1_base64="nfmBqtdesJ5IJylsEVgfrgS5tVc=">AAAB/XicbVBNS8NAFNzUr1q/oj16WSyCp5IUQY9FLx4rWltoQ9lsXtqlm03Y3VRCqH/FiwcF8er/8Oa/cdvmoK0DC8PMG97b8RPOlHacb6u0tr6xuVXeruzs7u0f2IdHDypOJYU2jXksuz5RwJmAtmaaQzeRQCKfQ8cfX8/8zgSkYrG411kCXkSGgoWMEm2kgV29YwFgE1EqlYAfyQTUwK45dWcOvErcgtRQgdbA/uoHMU0jEJpyolTPdRLt5URqRjlMK/1UQULomAyhZ6ggESgvnx8/xadGCXAYS/OExnP1dyInkVJZ5JvJiOiRWvZm4n9eL9XhpZczkaQaBF0sClOOdYxn TeCASaCaZ4YQKpm5FdMRkYRq01fFlOAuf3mVdBp197zuureNWvOq6KOMjtEJOkMuukBNdINaqI0oytAzekVv1pP1Yr1bH4vRklVkqugPrM8fU3mVBA==</latexit>

Side pressure waves
<latexit sha1_base64="q5cUBpymkfbB6JTbQnYQT6pYKEY=">AAAB+nicdVDNS8MwHE39nPNr06OX4BA8lXSwud2Gu3ic4D5gKyPN0i0sTUuSKqPuT/HiQRGv/iXe/G9Muwoq+iDweL+vl+dFnCmN0Ie1tr6xubVd2Cnu7u0fHJbKRz0VxpLQLgl5KAceVpQzQbuaaU4HkaQ48Djte/N2Wu/fUqlYKG70IqJugKeC+YxgbaRxqdxmknCqoB/KINcqyG7WqwghmBGnsSJOs1aHjo0yVECOzrj0PpqEJA6o0IRjpYYOirSbYKmZ2bwsjmJFI0zmeEqHhgocUOUmmfUlPDPKJD1untAwU79PJDhQahF4ptPYm6nftVT8qzaMtd9wEyaiWFNBVof8 mEMdwjQHOGGSEs0XhmAimfEKyQxLTLRJq2hC+Pop/J/0qrZTs9F1tdK6zOMogBNwCs6BAy5AC1yBDugCAu7AA3gCz9a99Wi9WK+r1jUrnzkGP2C9fQLHa5Ra</latexit>

Circles formation

(b) t = 0.950 µs
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<latexit sha1_base64="HCPF7WRW1uU8mtK4w2DKhkNeVDk=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbB07JbBNtb0YvHCvYDt0vJptk2NMkuSVYopf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMi1LOtPG8b6ewsbm1vVPcLe3tHxwelY9P2jrJFKEtkvBEdSOsKWeStgwznHZTRbGIOO1E49u533miSrNEPphJSkOBh5LFjGBjpUfPrddQIESI+uWK53oLoHXi56QCOZr98ldvkJBMUGkIx1oHvpeacIqVYYTTWamXaZpiMsZDGlgqsaA6nC4unqELqwxQnChb0qCF+ntiioXWExHZToHNSK96c/E/L8hMXAunTKaZoZIsF8UZRyZB8/fRgClK DJ9Ygoli9lZERlhhYmxIJRuCv/ryOmlXXf/Krd9XK42bPI4inME5XIIP19CAO2hCCwhIeIZXeHO08+K8Ox/L1oKTz5zCHzifP4a9j4k=</latexit>

<latexit sha1_base64="XU6h6ffX4EN1dqBFnLYM52+axXw=">AAAB+XicdVDLSsNAFL2pr1pfUZduBovgKiQV0yyL3bisYB/QhjKZTtqhkwczk0IJ/RM3LhRx65+482+cphVU9MDA4Zz7mhOknEll2x9GaWNza3unvFvZ2z84PDKPTzoyyQShbZLwRPQCLClnMW0r pjjtpYLiKOC0G0ybS787o0KyJL5X85T6ER7HLGQEKy0NTbPJBOFUIj2K41TSoVm1La/uuW4dFcS7clbErbnIsewCVVijNTTfB6OEZBGNFeFYyr5jp8rPsVBMD15UBpmkKSZTPKZ9TWMcUennxeULdKGVEQoToV+sUKF+78hxJOU8CnRlhNVE/vaW4l9eP1Oh5+csTjNFY7JaFGYcqQQtY0AjJihRfK4JJoLpWxGZYIGJ0mFVdAhfP0X/k07Ncq4t+65Wbdys4yjDGZzDJThQhwbcQgvaQGAGD/AEz0ZuPBovxuuqtGSse07hB4y3TxNPk/c=</latexit>

Circles collapse

(c) t = 0.965 µs
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<latexit sha1_base64="7fJd5TxZ3qnTA8WIjacg+eQ0CPg=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWsB+YhrLZbtqlu5uwuxFK6L/w4kERr/4bb/4bt2kO2vpg4PHeDDPzwoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh5Hbud5+o0iyWD2aa0EDgkWQRI9hY6dGrexfIFyJAg2rNrbs50CrxClKDAq1B9as/jEkqqDSEY619z01MkGFlGOF0VumnmiaYTPCI+pZKLKgOsvziGTqzyhBFsbIlDcrV3xMZFlpPRWg7BTZjvezNxf88PzXRVZAxmaSGSrJYFKUcmRjN30dDpigx fGoJJorZWxEZY4WJsSFVbAje8surpNOwqdWv7xu15k0RRxlO4BTOwYNLaMIdtKANBCQ8wyu8Odp5cd6dj0VrySlmjuEPnM8fdcqPfg==</latexit>

<latexit sha1_base64="VD+++pSJJYNVpQ0JjhC/cwKL+rg=">AAAB/HicbVBNS8NAFHzxs9avWo9eFovgqSRF0GPRi8cK1hbaUDab13bpZhN2N2IJ/StePCiIV3+IN/+NmzYHbR1YGGbe8N5OkAiujet+O2vrG5tb26Wd8u7e/sFh5aj6oONUMWyzWMSqG1CNgktsG24EdhOFNAoEdoLJTe53HlFpHst7M03Qj+hI8iFn1FhpUKk2ZEhsQutUYU7oZFCpuXV3DrJKvILUoEBrUPnqhzFLI5SGCap1z3MT42dUGc4Ezsr9VGNC2YSOsGeppBFqP5vfPiNnVgnJMFb2SUPm6u9ERiOtp1FgJyNqxnrZy8X/vF5qhld+xmWSGpRssWiYCmJikhdB Qq6QGTG1hDLF7a2EjamizNi6yrYEb/nLq6TTqHsXdc+7a9Sa10UfJTiBUzgHDy6hCbfQgjYweIJneIU3Z+a8OO/Ox2J0zSkyx/AHzucPRGWUZg==</latexit>

2nd pressure preak

(d) t = 0.970 µs

Figure 9. Pressure and velocity field in the liquid and the spatial pressure trend at the wall (dL/R0 = 133, γ = 1 and
P∞ = 50 MPa).
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(g)

<latexit sha1_base64="eLfruwPkeJzmH1Uj06S8XOnD6RM=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2E3COot6MVjBPOAJITZSW8yZHZ2nZkVwpKf8OJBEa/+jjf/xkmyB00saCiquunu8mPBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFMMGi0Sk2j7VKLjEhuFGYDtWSENfYMsf38781hMqzSP5YCYx9kI6lDzgjBortbt+kJaH59N+seRW3DnIKvEyUoIM9X7xqzuIWBKiNExQrTueG5teSpXhTOC00E00xpSN6RA7lkoaou6l83un5MwqAxJEypY0ZK7+nkhpqPUk9G1nSM1IL3sz8T+vk5jgqpdyGScGJVssChJBTERmz5MBV8iM mFhCmeL2VsJGVFFmbEQFG4K3/PIqaVYr3kXl+r5aqt1kceThBE6hDB5cQg3uoA4NYCDgGV7hzXl0Xpx352PRmnOymWP4A+fzB4nDj6g=</latexit>

(a)

<latexit sha1_base64="gCKf0eWvA+aMGLyGToTEv5h/bwg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2E3COot6MVjBPOAJITZSW8yZHZ2nZkVwpKf8OJBEa/+jjf/xkmyB00saCiquunu8mPBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFMMGi0Sk2j7VKLjE huFGYDtWSENfYMsf38781hMqzSP5YCYx9kI6lDzgjBortbt+kJbp+bRfLLkVdw6ySryMlCBDvV/86g4iloQoDRNU647nxqaXUmU4EzgtdBONMWVjOsSOpZKGqHvp/N4pObPKgASRsiUNmau/J1Iaaj0JfdsZUjPSy95M/M/rJCa46qVcxolByRaLgkQQE5HZ82TAFTIj JpZQpri9lbARVZQZG1HBhuAtv7xKmtWKd1G5vq+WajdZHHk4gVMogweXUIM7qEMDGAh4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYCfj6I=</latexit>

(b)

<latexit sha1_base64="8tcdxouz1R6UZoK8a7VtR9RDubU=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2E3COot6MVjBPOAJITZSW8yZHZ2nZkVwpKf8OJBEa/+jjf/xkmyB00saCiquunu8mPBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFMMGi0Sk2j7VKLjEhuFGYDtWSENfYMsf38781hMqzSP5YCYx9kI6lDzgjBortbt+kJb982m/WHIr7hxklXgZKUGGer/41R1ELAlRGiao1h3PjU0vpcpwJnBa6CYaY8rGdIgdSyUNUffS+b1TcmaVAQkiZUsaMld/T6Q01HoS+rYzpGakl72Z+J/XSUxw1Uu5jBODki0WBYkgJiKz58mAK2RG TCyhTHF7K2EjqigzNqKCDcFbfnmVNKsV76JyfV8t1W6yOPJwAqdQBg8uoQZ3UIcGMBDwDK/w5jw6L86787FozTnZzDH8gfP5A4Ilj6M=</latexit>

(c)

<latexit sha1_base64="6Gc6gPu9OO3blPn/l3P/G0NwF2E=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2E3COot6MVjBPOAJITZSW8yZHZ2nZkVwpKf8OJBEa/+jjf/xkmyB00saCiquunu8mPBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFMMGi0Sk2j7VKLjEhuFGYDtWSENfYMsf38781hMqzSP5YCYx9kI6lDzgjBortbt+kJbZ+bRfLLkVdw6ySryMlCBDvV/86g4iloQoDRNU647nxqaXUmU4EzgtdBONMWVjOsSOpZKGqHvp/N4pObPKgASRsiUNmau/J1Iaaj0JfdsZUjPSy95M/M/rJCa46qVcxolByRaLgkQQE5HZ82TAFTIj JpZQpri9lbARVZQZG1HBhuAtv7xKmtWKd1G5vq+WajdZHHk4gVMogweXUIM7qEMDGAh4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYOrj6Q=</latexit>

(d)

<latexit sha1_base64="/6XgYb6eHREnJQuXNKxz0sTUS54=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEdRb0YvHCvYD2qVks9k2NJusSVYoS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZFyScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3QBrypmg LcMMp91EURwHnHaC8e3M7zxRpZkUD2aSUD/GQ8EiRrCxUrcfRFk1PJ8OyhW35s6BVomXkwrkaA7KX/1QkjSmwhCOte55bmL8DCvDCKfTUj/VNMFkjIe0Z6nAMdV+Nr93is6sEqJIKlvCoLn6eyLDsdaTOLCdMTYjvezNxP+8XmqiKz9jIkkNFWSxKEo5MhLNnkchU5QY PrEEE8XsrYiMsMLE2IhKNgRv+eVV0q7XvIva9X290rjJ4yjCCZxCFTy4hAbcQRNaQIDDM7zCm/PovDjvzseiteDkM8fwB87nD4Uxj6U=</latexit>

(e)

<latexit sha1_base64="ltXDGYwr0Mx4HaXVZ8TJ4aYS/hg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2E3COot6MVjBPOAJITZSW8yZHZ2nZkVwpKf8OJBEa/+jjf/xkmyB00saCiquunu8mPBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFMMGi0Sk2j7VKLjEhuFGYDtWSENfYMsf38781hMqzSP5YCYx9kI6lDzgjBortbt+kJbxfNovltyKOwdZJV5GSpCh3i9+dQcRS0KUhgmqdcdzY9NLqTKcCZwWuonGmLIxHWLHUklD1L10fu+UnFllQIJI2ZKGzNXfEykNtZ6Evu0MqRnpZW8m/ud1EhNc9VIu48SgZItFQSKIicjseTLgCpkR E0soU9zeStiIKsqMjahgQ/CWX14lzWrFu6hc31dLtZssjjycwCmUwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AIa3j6Y=</latexit>

(f)

<latexit sha1_base64="Qe26rg2KdOjaxUYwvsM4DZWQESw=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2E3COot6MVjBPOAJITZSW8yZHZ2nZkVwpKf8OJBEa/+jjf/xkmyB00saCiquunu8mPBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFMMGi0Sk2j7VKLjEhuFGYDtWSENfYMsf38781hMqzSP5YCYx9kI6lDzgjBortbt+kJaD82m/WHIr7hxklXgZKUGGer/41R1ELAlRGiao1h3PjU0vpcpwJnBa6CYaY8rGdIgdSyUNUffS+b1TcmaVAQkiZUsaMld/T6Q01HoS+rYzpGakl72Z+J/XSUxw1Uu5jBODki0WBYkgJiKz58mAK2RG TCyhTHF7K2EjqigzNqKCDcFbfnmVNKsV76JyfV8t1W6yOPJwAqdQBg8uoQZ3UIcGMBDwDK/w5jw6L86787FozTnZzDH8gfP5A4g9j6c=</latexit>

<latexit sha1_base64="1f6u7zxvHCJ2XrG9fAw9GSRHrMk=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunFZ0dpCG8pkctMOnTycmRRK6Xe4caEgbv0Xd/6Nk7aCih4YOJxzD/fO8VPOpLKsD6Owsrq2vlHcLG1t7+zulfcP7mSSCQotmvBEdHwigbMYWoopDp1UAIl8Dm1/dJn77TEIyZL4Vk1S8CIyiFnIKFFa8m5YAFgHpMwE9MsVyzyvVx23ii3Tsmq2Y+fEqblnLra1kqOClmj2y++9IKFZBLGinEjZta1UeVMiFKMcZqVeJiEldEQG0NU0JhFIbzo/eoZPtBLgMBH6xQrP1e+JKYmknES+noyIGsrfXi7+5XUzFda9KYvT TEFMF4vCjGOV4LwBHDABVPGJJoQKpm/FdEgEoUr3VNIlfP0U/0/ajmm7pm1fO5XGxbKPIjpCx+gU2aiGGugKNVELUXSPHtATejbGxqPxYrwuRgvGMnOIfsB4+wTFIZKT</latexit>

Side pressure
<latexit sha1_base64="dQJ3yuPVd0ZAySoIroOdHaAIxwc=">AAAB7XicdVBNS8NAEN34WetX1aOXxSJ4CtkY2norevFYwdhCG8pmu2mXbjZhd1Mpob/BiwcF8er/8ea/cdNWUNEHA4/3ZpiZF6acKe04H9bK6tr6xmZpq7y9s7u3Xzk4vFNJJgn1ScIT2QmxopwJ6mumOe2kkuI45LQdjq8Kvz2hUrFE3OppSoMYDwWLGMHaSP49nlDVr1Qd+6JRc70adGzHqSMXFcSte+ceREYpUAVLtPqV994gIVlMhSYcK9VFTqqDHEvNCKezci9TNMVkjIe0a6jAMVVBPj92Bk+NMoBRIk0JDefq94kcx0pN49B0xliP1G+vEP/yupmOGkHORJppKshi UZRxqBNYfA4HTFKi+dQQTCQzt0IywhITbfIpmxC+PoX/k7ZrI89G6MatNi+XeZTAMTgBZwCBOmiCa9ACPiCAgQfwBJ4tYT1aL9bronXFWs4cgR+w3j4BAZyPSw==</latexit>waves

<latexit sha1_base64="kg7eoNdN2HEsqElsgHeD+EVim2w=">AAAB+3icdVDLSgMxFM3UV62vqS7dBIvgqkzGoa27ohuXFawttEPJpLdtaOZBklFK7ae4caEgbv0Rd/6NmbaCih4IHM65h3tzgkRwpR3nw8qtrK6tb+Q3C1vbO7t7dnH/RsWpZNBksYhlO6AKBI+g qbkW0E4k0DAQ0ArGF5nfugWpeBxd60kCfkiHER9wRrWRenaRKI1NQqlUAk6Ajnt2ySmf1SquV8FO2XGqxCUZcaveqYeJUTKU0BKNnv3e7ccsDSHSTFClOsRJtD+lUnMmYFbopgoSysZ0CB1DIxqC8qfz02f42Ch9PIileZHGc/V7YkpDpSZhYCZDqkfqt5eJf3mdVA9q /pRHSaohYotFg1RgHeOsB9znEpgWE0Mok9zcitmISsq0aatgSvj6Kf6ftNwy8cqEXLml+vmyjzw6REfoBBFURXV0iRqoiRi6Qw/oCT1b99aj9WK9LkZz1jJzgH7AevsE60WUQA==</latexit>

1st pressure peak
<latexit sha1_base64="EsImKp6IeRbM6PQQJqHBqAqst9c=">AAAB+nicdVDLSgMxFL1TX7W+Wl26CRbB1TBTtFN3xW5cVrAPaIeSSdM2NPMgyShl7Ke4caGIW7/EnX9jph2hih4IHM65N/dwvIgzqSzr08itrW9sbuW3Czu7e/sHxdJhW4axILRFQh6Krocl5SygLcUUp91IUOx7nHa8aSP1O3dUSBYGt2oWUdfH44CNGMFKS4NiqcEE4VSiUSj8TCvbprUAskzLqTq1c00qdtW5dNC3VYYMzUHxoz8MSezTQBGOpezZVqTcBAvF9M/zQj+WNMJkise0p2mAfSrdZBF9jk61MkyP6xcotFBXNxLsSznzPT2p403kby8V//J6sRrV3IQFUaxo QJaHRjFHKkRpD2jIBCWKzzTBRDCdFZEJFpgo3VZhtYT/Sbti2hemdVMp16+yOvJwDCdwBjY4UIdraEILCNzDIzzDi/FgPBmvxttyNGdkO0fwA8b7F7JilEw=</latexit>

Circles formation

<latexit sha1_base64="U2yQMzvriPgfnF5gOpNWGJyThZk=">AAAB+XicdVDLSsNAFL2pr1pfUZduBovgKiRFm7orduOygn1AG8pkOm2HTiZhZlIooX/ixoUibv0Td/6N04dQRQ9cOJxzX5ww4Uxp1/20chubW9s7+d3C3v7B4ZF9fNJUcSoJbZCYx7IdYkU5E7Shmea0nUiKo5DTVjiuzf3WhErFYvGgpwkNIjwUbMAI1kbq2XaNScKpQmYVx4miPbvoOe4CyHVcv+xXrgwpeWX/xkffVhFWqPfsj24/JmlEhSYcK9Xx3EQHGZaamcWzQjdVNMFkjIe0Y6jAEVVBtvh8hi6M0keDWJoSGi3U9YkMR0pNo9B0RliP1G9vLv7ldVI9qAQZE0mq qSDLQ4OUIx2jeQyozyQlmk8NwUQy8ysiIywx0SaswnoI/5NmyfGuHfe+VKzeruLIwxmcwyV44EMV7qAODSAwgUd4hhcrs56sV+tt2ZqzVjOn8APW+xfKx5PG</latexit>

Circles collapse

Figure 10. Schematic representation of a wall-attached cavity collapse with the three pairs shock formation for γ = 0.6. The
blue lines represents the cavity, black arrows represent the liquid flow, red circles represent the shock waves propagation at
different collapse stages.

As shown in Figure 6, when γ = 1 the first peak is higher compared to the first peak
of γ = 0.6. Before hitting the surface, the jet travels a longer distance for γ = 1 rather than
γ = 0.6. Therefore, it is accelerated by the pressure gradient for longer resulting in a higher
water hammer pressure at the wall [8,51,54].

However, for the second peak, the behavior is reversed, and the peak is higher for
γ = 0.6. The water between the collapsing rings and the wall acts as a shield mitigating
the shock wave [26,55]. When γ = 1 the distance between the rings and the wall is higher
than γ = 0.6 resulting in a greater mitigation effect and lower pressure peak.

4. Conclusions

A SPH model is developed to study non-symmetrical Rayleigh collapse of an empty
cylindrical cavity. When the cavity collapse near a solid surface the anisotropy of the
pressure field induce the formation of the re-entrant jet. This anisotropy is quantified with
the stand-off, γ.

Different collapses in the range 0 ≤ γ ≤ 1.4 are discussed showing that the model can
correctly simulate the jet physics and the consequent pressure fields at the surface.

We study the collapse of attached cavities (γ ≤ 1), where the liquid exerts the maxi-
mum pressure over the surface. When γ = 0 the collapse is symmetric again and pressure
shows a single max, which corresponds to the end cavity collapse. When 0 < γ ≤ 1 the
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pressure shows multiple peaks, which reflect a more complex behavior with the circles’
formation and collapse.

This work shows the importance of studying the collapse of cavities attached to the
surface. This case is less investigated than the detached collapse, but a better understanding
of the final stages of the attached collapse is essential to improve predictions of cavitation
erosion. For this reason, the simulations are run at higher resolution than previous studies.
Only in this way, in fact, certain hydrodynamic features of the collapse can clearly emerge
from the simulations.
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Chapter 8

Conclusions and future applications

8.1 Introduction

In this chapter we extend the 2Dmodel used in Chapter 7 to study a non-symmetrical Rayleigh

collapse with a stand-off of γ = 0.6 using 3D SPH model. With the 2D model we were able

to simulate many collapsing mechanisms such as symmetrical empty cavity Rayleigh collapse,

symmetrical gas filled cavity Rayleigh collapse with heat exchange, and non-symmetrical empty

cavity Rayleigh collapse. However, the phenomenon is inherently three-dimensional and there-

fore a 3D model is required for a future DMP model.

8.2 Model

The 3D model uses the same set of discretised equations used in Chapter 7 with the Tait equa-

tion as EOS. Also the computational domain shares many similarities with the one represented

in Figure 3 of Chapter 7.

The domain shown in Figure 8.1 is divided in three concentric regions, delimited by three

different radii. Two types of computational particles are used:

• Cavity (r < R0): is an empty region representing the collapsing bubble with Pb = 0 and

ρb = 0.

• Liquid (R0 < r < RS ): the particles inside the blue region in Figure 8.1 are modelled as

water following the Tait EOS. The density is set as ρL = 1000 [kg m-3] with initial pressure

P∞ = 50 [MPa].
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Cavity

Figure 8.1: Geometry of the simulation box

• Shell (r > RS ): the particles inside the red region of Figure 8.1 are modelled as in the

liquid region. However, they have fixed position and density to keep constant pressure

as boundary condition. The lower part of this region also acts as an anisotropy driver

wall inducing anisotropy in the pressure field during the collapse.

The green region, with a radius of 0.01 mm, is highlighted to show where the pressure gen-

erated during the collapse is monitored. In this Chapter we only focus a single case of non-

symmetrical Rayleigh collapse with γ = 0.6. Unlike the previous models, the hydrodynamic

of the collapse must be validated against the Rayleigh-Plesset equation of motion 2.10 for a

symmetrical collapse.

Figure 8.2 shows the dimensionless radius evolution of a SPH empty spherical cavity with

P∞ = 50 [MPa] and R0 = 100[µm] against the numerical solution of Equation 2.10

The model is in good agreement with the theoretical solution. There is a certain difference

in the final phase of the collapse where the particles resolution is not enough to preserve the

spherical symmetry (this issue has been discussed in Chapter 6). The final non-dimensional

collapse time, defined as ratio between the collapse time of the simulation and the Rayleigh

collapse time, is τ = 1.08.
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Figure 8.2: Dimensionless ratio (R/R0) against dimensionless time (t/tc) for both SPH (blue circle dot)
and the numerical solution of the Rayleigh-Plesset equation (continuum black curve) for the
empty cavity collapse

8.3 Results and discussions

The results shown in this section are obtained using the Lucy Kernel Liu and Liu [2003], and

a smoothing length of h = 1.3 · dL where dL is the initial particle spacing. The dimensionless

dissipation factor, time step, and speed of sound were set as α = 1, ts = 1e−10 [s] and c0 = 1484

[m s-1]. The resolution, the collapse driving force, and the magnitude of the anisotropic driver

were chosen to be, respectively, dL/R0=133, P∞ = 50 [MPa] and γ = 0.6. Those values were

chosen to match the ones used in Chapter 7.

8.3.1 Pressure trends

Figure 8.3 shows the pressure history over the green region highlighted in Figure 8.2.

The maximal pressure peak of the 3D model results to be approximately twice the maximal

peak of the 2D model. The double peak behaviour is still present but the second peak results

smaller than the first one, in contrast with the observed behaviour in the 2D model. In princi-

ple, differences between 2D and 3D models are expected since the collapse follows a different

dynamic described, respectively, by Equation 2.14 and Equation 2.10.
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Figure 8.3: Pressure trend over the green region of Figure 8.1 for a non-symmetrical wall attached col-
lapse (dL/R0=133, γ = 0.6 & P∞ = 50 MPa).

The difference in the maximal peak also reflect a different collapse time, t3D = 0.43[µs] for the

3D collapse and t2D = 0.86[µs] for the 2D. The shorter collapse time is directly correlated with

the speed of the re-entrant jet. In fact, maximal jet speed at the impact is V3D ≈ 1200 [ms-1]

for the 3D model whereas for the 2D is V2D ≈ 500 [ms-1]. A higher jet speed translates into a

higher pressure peak when the jet impacts with the surface.

The difference in the double peak behaviour is investigated in the next section by comparing

the Hydrodynamics in the last phase of the collapse.

8.3.2 Hydrodynamics comparison

Figure 8.4 shows a side-by-side comparison of the last phase for a high-resolution collapse

between the 3D model and the 2D model

38



(a)

(b)

(c)

(d)

(e)

Figure 8.4: Pressure field for 2D (left side) and 3D (right side) SPH model for a non symmetrical
Rayleigh collapse (dL/R0=133, γ = 0.6 & P∞ = 50 MPa)
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In all the phases of the collapse, the 3D model shows a smoother pressure field. In the 2D

model the particles are constrained in a plane and this may affect the smoothness of the pres-

sure field but not affect other particles properties (see velocity field of Figure 7, 8, 9 of Chap-

ter 7).

The 3D model shows many hydrodynamics features discussed in Chapter 7 such as: 1) forma-

tion of re-entrant jet (Figure 8.4a) 2) formation of lateral jets after the impact (Figure 8.4b) 3)

ring formation (corrisponding to circle formation in 2D, see Figure 8.4c) 4) the generation of

side pressure waves (Figure 8.4c). However, the third pair of pressure wave generated because

of the ring collapse is not detected. The collapsing ring, unlike the collapsing circles, behaves

as a vortex ring which dissipates the energy gained during the collapse by spinning and ex-

panding around a central axis line, see Figure 8.5, as can be seen by the Video1.

Figure 8.5: Schematic representation collapsing vortex ring: blue surface represents the collapsing ring,
black arrows represent the liquid flow.

8.4 Conclusion and future applications

In this thesis we developed a SPH model with the aim of modelling the collapse phase of a

single cavitating bubble. The model has been applied in different applications:

1 The video of the last phase of the collapse is available at https://www.youtube.com/watch?v=9JCDHrv4UoU
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• Chapter 5 we use the model to simulate a shock wave interacting with a discrete gas

inhomogeneity. The model fits the underlying physics obtaining: (i) the correct shapes

evolution, (ii) the correct timescale and (iii) the correct refraction/reflection of the wave

for both light and heavy gas inhomogeneity.

• Chapter 6 the model was used to simulate a symmetrical collapsing cylindrical cavity

filled with non-condensable gas coupled with the gas-liquid heat transfer mechanism.

After introducing dimensionless group, Π1, we were able to identify five regions where

the temperature field of the gas-liquid system has different distribution.

• Chapter 7 the model was used to study the non-symmetrical Rayleigh collapse of an

empty cylindrical cavity. With the model we were able to correctly simulate the jet

physics and the consequent pressure fields at the surface.

Moreover, in this final chapter, we shown that the model can be extended in a 3D general

improving the simulation output especially in the smoothness of the pressure field, compare

Figure 8.6 with Figure 3 of Chapter 7, at cost of a dramatic increment of computational cost.

The time required for run a single 3D simulation is 27hr instead of 4hr for the 2D model.

Figure 8.6: Anisotropic pressure field in a 3D Rayleigh collapse of a wall attached cavity

A natural development of this thesis is to couple SPH with Peridynamics to simulate a non

symmetrical Rayleigh collapse of an attached cavity. The liquid would be simulated with the

model presented in this thesis while the wall would be modelled with an on going Peridynamic

model to simulate the erosion process induced by an empty cavity. The final step would be to
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fill the cavity with a gas and, using the model discussed in Chapter 6, enabling a multi-hybrid

gas-liquid/gas-solid/liquid-sold heat transfer for studying the effect of temperature on the ero-

sion process.
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Appendix A

Chapter 5 LAMMPS input file

1

2 dimension 2

3 atom_style hybrid meso atomic

4 boundary s p p

5 units si

6

7 ################### Gas domain #######################

8

9 #### x-direction

10 variable xmin equal -0.5

11 variable xmax equal 1

12

13 #### y-direction

14 variable Gymin equal 0

15 variable Gymax equal 0.089

16

17

18 ############### Wall domain #########################

19

20 variable sp equal ${Gymax}*0.1-${Gymin}*0.1

21

22 ############### box domain #########################

23

24 variable ymin equal ${Gymin}-${sp}/2

25 variable ymax equal ${Gymax}+${sp}/2

26

27 variable Lx equal ${xmax}-${xmin}

28 variable Ly equal ${ymax}-${ymin}
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29

30

31 ############### sphere position ##################

32

33 variable xspe equal 0.2725

34 variable yspe equal 0.0445

35 variable zspe equal 0

36 variable radi equal 0.025

37

38 ############### Volume simulation box#########################

39

40 variable Vtot equal ${Lx}*${Ly}

41

42 variable V1 equal 0.5*0.089

43 variable V3 equal 3.14*${radi}ˆ2

44 variable V2 equal ${xmax}*${Gymax}-${V3}

45

46

47 variable dL equal 0.00125

48 variable dV equal ${dL}*${dL}*0.866

49

50 variable Np1 equal 32841

51 variable Np2 equal 64149

52 variable Np3 equal 1451

53

54

55 ############### Ratio mass bubble and air ###########

56

57 variable r equal 2.93

58

59 variable rho1 equal 5

60 variable rho2 equal 1

61 variable rho3 equal ${rho2}*${r}

62

63 variable m1 equal ${V1}*${rho1}/${Np1}

64 variable m2 equal ${V2}*${rho2}/${Np2}

65 variable M equal ${V3}*${rho3}/${Np3}

66

67 variable prat equal 20

68

69 variable p2 equal 101325
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70 variable p3 equal 101325

71

72 variable p1 equal ${p2}*${prat}

73

74 variable e1 equal ${p1}*${m1}/0.4/${rho1}

75 variable e2 equal ${p2}*${m2}/0.4/${rho2}

76 variable e3 equal ${p3}*${M}/0.4/${rho3}

77

78 variable h equal 1.15*${dL}

79 variable h1 equal 0.5*${dL}

80 variable c equal 400

81 variable nu equal 1.81e-5

82 variable alpha equal 0.1

83

84 variable skin equal 0.3*${h}

85 variable Nout equal 1000

86 variable dt equal 1e-9

87

88 # create simulation box

89 region box block ${xmin} ${xmax} ${ymin} ${ymax} -1.0e-4 1.0e-4 units box

90

91 create_box 4 box

92

93 lattice hex ${dL}

94 create_atoms 1 box

95

96 region left block EDGE 0.0 EDGE EDGE EDGE EDGE units box

97 region right block 0.0000001 EDGE EDGE EDGE EDGE EDGE units box

98 region hole sphere ${xspe} ${yspe} ${zspe} ${radi} side in units box

99 region wallup block EDGE EDGE ${Gymax} EDGE EDGE EDGE units box

100 region walldw block EDGE EDGE ${ymin} ${Gymin} EDGE EDGE units box

101

102

103 set region right type 2

104 set region hole type 3

105

106 delete_atoms region wallup

107 delete_atoms region walldw

108

109 create_atoms 4 region wallup

110 create_atoms 4 region walldw
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111

112

113 mass 1 ${m1}

114 mass 2 ${m2}

115 mass 3 ${M}

116 mass 4 ${M}

117

118

119

120 group piston type 1

121 group gas type 2

122 group bubble type 3

123 group walls type 4

124

125

126

127 set type 1 meso/e ${e1}

128 set type 2 meso/e ${e2}

129 set type 3 meso/e ${e3}

130 set type 4 meso/e ${e3}

131

132 set type 1 meso/rho ${rho1}

133 set type 2 meso/rho ${rho2}

134 set type 3 meso/rho ${rho3}

135 set type 4 meso/rho ${rho1}

136

137

138 pair_style hybrid/overlay sph/rhosum 1 sph/idealgas lj/cut ${h}

139

140 pair_coeff 1 1 sph/rhosum ${h}

141 pair_coeff 1 2 sph/rhosum ${h}

142 pair_coeff 2 2 sph/rhosum ${h1}

143 pair_coeff 2 3 sph/rhosum ${h1}

144 pair_coeff 3 3 sph/rhosum ${h1}

145 pair_coeff 3 4 sph/rhosum ${h1}

146 pair_coeff 4 4 sph/rhosum ${h1}

147

148

149 pair_coeff 1 1 sph/idealgas ${alpha} ${h}

150 pair_coeff 1 2 sph/idealgas ${alpha} ${h}

151 pair_coeff 2 2 sph/idealgas ${alpha} ${h1}
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152 pair_coeff 2 3 sph/idealgas ${alpha} ${h1}

153 pair_coeff 3 3 sph/idealgas ${alpha} ${h1}

154

155

156 pair_coeff * 4 lj/cut 1.e-5 ${h}

157

158 compute rhoatom all meso/rho/atom

159 compute ieatom all meso/e/atom

160 compute emeso all reduce sum c_ieatom

161 compute ke all ke

162 variable etot equal c_ke+c_emeso

163

164 dump dump_id all custom ${Nout} "dump.lammpstrj" id type x y z vx vy c_rhoatom

c_ieatom

165 dump_modify dump_id first yes

166 neighbor ${skin} bin

167

168

169 thermo ${Nout}

170 thermo_style custom step c_ke c_emeso v_etot

171 thermo_modify norm no

172

173 fix 10 all meso

174 fix 20 all enforce2d

175 fix 30 walls meso/stationary

176 fix 40 walls setforce 0.0 0.0 0.0

177

178 timestep ${dt}

179 run 5000000

Listing A.1: LAMMPS input file
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Appendix B

Chapter 6 LAMMPS input file

1 atom_style hybrid meso atomic

2 dimension 2

3 units si

4 boundary p p p

5

6

7 ## Thermodynamic property of vapour

8

9 #### water

10

11 variable C1 equal 73.649

12 variable C2 equal -7258.2

13 variable C3 equal -7.3037

14 variable C4 equal 4.1653e-6

15 variable C5 equal 2

16

17 variable Tv equal 300

18

19 variable Pv equal exp(${C1}+${C2}/${Tv}+${C3}*ln(${Tv})+${C4}*${Tv}ˆ${C5})

20

21 variable Mm equal 18

22

23 variable R equal 8.314472*1000

24

25

26 ###### parameters for NASG EOS

27

28 ##### SPH/NASGLIQUID#######
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29 variable Cvl equal 3610

30 variable Cpl equal 4285

31 variable gammal equal 1.19

32 variable P00 equal 7028e5

33 variable b equal 6.61e-4

34 variable ql equal -1177788

35 ##### SPH/NASGLIQUID#######

36

37

38 ##### SPH/NASGGAS

39 variable Cvg equal 955

40 variable Cpg equal 1401

41 variable gammag equal 1.47

42 variable qg equal 2077161

43 variable q1g equal 14317

44 ##### SPH/NASGGAS

45

46 variable radius equal 1e-4

47 variable radiusd equal 0.0015

48 variable rshell equal 0.0030

49

50

51 ###### Geometry and mass

52

53 variable Xmin equal -0.0031

54 variable Xmax equal 0.0031

55

56 variable Ymin equal -0.0031

57 variable Ymax equal 0.0031

58

59 variable Lx equal ${Xmax}-${Xmin}

60 variable Ly equal ${Ymax}-${Ymin}

61

62 variable dL equal 0.000005

63

64 variable Vtot equal 3.14*${rshell}ˆ2

65 variable V2 equal 3.14*${radius}ˆ2

66 variable V1 equal ${Vtot}-${V2}

67

68

69 variable Np1 equal 1304330
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70

71 variable Np2 equal 1459

72

73

74 variable rho0 equal 997.71

75 variable rho1 equal 1000

76 variable rho2 equal ${Pv}*${Mm}/(${R}*${Tv})

77

78 variable cl equal 1484

79

80

81 variable m1 equal ${V1}*${rho1}/${Np1}

82 variable m2 equal ${V2}*${rho2}/${Np2}

83

84

85 ###### PRESSURE OF THE SYSTEM

86 variable atm equal 101325

87

88 variable P equal 50*${atm}

89

90

91 variable e1 equal ${P}*${m1}/0.4934/${rho1}

92 variable e2 equal ${Pv}*${m2}/0.4/${rho2}

93

94

95 variable h equal 1.30*${dL}

96 variable hint equal 1.3*${dL}

97 variable sigma equal 1*${dL}

98

99 variable alpha equal 1

100

101 variable skin equal 0.3*${h}

102 variable Nout equal 1000

103 variable dt equal 1e-10

104

105

106 region box block ${Xmin} ${Xmax} ${Ymin} ${Ymax} -1e-6 1e-6 units box

107 create_box 3 box

108 lattice hex ${dL}

109

110 region shellt sphere 0.0 0.0 0.0 ${rshell} side in units box
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111

112 create_atoms 1 region shellt

113

114 region cilindro sphere 0.0 0.0 0.0 ${radiusd} side in units box

115 set region cilindro type 2

116

117 region hole sphere 0.0 0.0 0.0 ${radius} side in units box

118 set region hole type 3

119

120 group shell type 1

121 group liquid type 2

122 group gas type 3

123 group fluid type 2 3

124

125

126 mass 1 ${m1}

127 mass 2 ${m1}

128 mass 3 ${m2}

129

130 set type 1 meso/e ${e1}

131 set type 2 meso/e ${e1}

132 set type 3 meso/e ${e2} #con gaS

133

134

135 set type 1 meso/rho ${rho1}

136 set type 2 meso/rho ${rho1}

137 set type 3 meso/rho ${rho2} #con gas

138

139 pair_style hybrid/overlay sph/rhosum 0 sph/taitwater sph/idealgas mie/cut ${sigma} sph/

heatconduction sph/heatgasliquid

140

141 pair_coeff * * sph/rhosum ${h}

142

143 pair_coeff 1 1 sph/taitwater ${rho0} ${cl} ${alpha} ${h}

144 pair_coeff 1 2 sph/taitwater ${rho0} ${cl} ${alpha} ${h}

145 pair_coeff 2 2 sph/taitwater ${rho0} ${cl} ${alpha} ${h}

146

147 pair_coeff 3 3 sph/idealgas ${alpha} ${h}

148

149 pair_coeff 2 3 mie/cut 1.e-6 ${sigma} 9 0

150
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151

152 pair_coeff 1 1 sph/heatconduction 1.48e-7 ${h}

153 pair_coeff 1 2 sph/heatconduction 1.48e-7 ${h}

154 pair_coeff 2 2 sph/heatconduction 1.48e-7 ${h}

155 pair_coeff 2 3 sph/heatconduction 0 0

156 pair_coeff 3 3 sph/heatconduction 4.09e-4 ${h}

157

158

159 ###### liqtype || gatype || e0l || e0g || kg || kl || T0l || T0g || h || Cpl || Cpg

|| liqtype || gatype

160

161 pair_coeff 2 3 sph/heatgasliquid ${e1} ${e2} 0.02 0.61 300 300 ${hint} 4117.5 1914 2 3

162

163

164

165 compute rhoatom all meso/rho/atom

166 compute averagerho gas reduce ave c_rhoatom

167 compute ieatom all meso/e/atom

168 compute averageie gas reduce ave c_ieatom

169

170 variable temperature atom (c_ieatom*0.40*18/(${m2}*8314.13))

171

172 compute averagtemp gas reduce ave v_temperature

173 compute emeso all reduce sum c_ieatom

174 compute ke all ke

175 variable etot equal c_ke+c_emeso

176

177

178 dump dump_id all custom ${Nout} "dump.lammpstrj" id type x z y mass c_rhoatom

c_ieatom v_temperature fx fy

179 dump_modify dump_id first yes

180

181 neighbor ${skin} bin

182 thermo ${Nout}

183 thermo_style custom step c_averagerho c_averageie c_averagtemp

184 thermo_modify norm no

185

186 fix integration_fix fluid meso

187 fix 14 shell meso/stationary

188

189 timestep ${dt}
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190 run 30000

Listing B.1: LAMMPS input file
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Appendix C

Chapter 7 LAMMPS input file

1 atom_style hybrid meso atomic

2 dimension 2

3 units si

4 boundary p p p

5

6

7 ###### Geometry and mass

8 variable radius equal 1e-4

9 variable radiusd equal 0.0015

10 variable rshell equal 0.0016

11

12

13 variable Xmin equal -0.0031

14 variable Xmax equal 0.0031

15

16

17 variable Ymin equal -0.0031

18 variable Ymax equal 0.0031

19

20 variable Lx equal ${Xmax}-${Xmin}

21 variable Ly equal ${Ymax}-${Ymin}

22

23

24 variable dL equal 0.00000075

25

26 variable Vtot equal 3.14*${rshell}ˆ2

27 variable V2 equal 3.14*${radius}ˆ2/2

28
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29 variable standoff equal 0

30 variable d equal -0.00021

31 variable gamma equal -${standoff}*${radius}

32 variable LC equal 2*sqrt(${rshell}ˆ2-${d}ˆ2)

33 variable xlimit equal ${LC}/2

34 variable theta equal 2*asin(${LC}/(2*${rshell}))

35 variable VC equal ((${rshell}ˆ2)/2)*(${theta}-sin(${theta}))

36

37 variable V1 equal ${Vtot}-${V2}-${VC}

38

39 variable Np1 equal 9599019

40 variable rho0 equal 978.46

41 variable rho1 equal 1000

42 variable cl equal 1484

43 variable m1 equal ${V1}*${rho1}/${Np1}

44

45

46 ###### PRESSURE OF THE SYSTEM

47 variable atm equal 101325

48 variable P equal 500*${atm}

49

50 variable e1 equal 0

51

52 variable h equal 1.30*${dL}

53 variable sigma equal 1*${dL}

54 variable alpha equal 1

55

56 variable skin equal 0.3*${h}

57 variable Nout equal 200

58 variable dt equal 1e-10

59

60

61 region box block ${Xmin} ${Xmax} ${Ymin} ${Ymax} -1e-7 1e-7 units box

62 create_box 3 box

63 lattice hex ${dL}

64

65 region shellt sphere 0.0 0.0 0.0 ${rshell} side in units box

66

67 create_atoms 1 region shellt

68

69 region cilindro sphere 0.0 0.0 0.0 ${radiusd} side in units box
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70 set region cilindro type 2

71

72 region wall block -${xlimit} ${xlimit} ${d} ${gamma} -1e-7 1e-7 units box

73 set region wall type 1

74

75 region walld block ${Xmin} ${Xmax} ${Ymin} ${d} -1e-7 1e-7 units box

76 set region walld type 3

77

78 region hole sphere 0.0 0.0 0.0 ${radius} side in units box

79 set region hole type 3

80

81 region center block -5e-6 5e-6 -6.2e-7 6.2e-7 -1e-7 1e-7 units box

82

83

84 delete_atoms region hole compress yes

85 delete_atoms region walld compress yes

86 delete_atoms region wall compress yes

87

88 create_atoms 1 region wall

89

90 group shell type 1

91 group liquid type 2

92

93

94 mass 1 ${m1}

95 mass 2 ${m1}

96

97 set type 1 meso/e ${e1}

98 set type 2 meso/e ${e1}

99

100 set type 1 meso/rho ${rho1}

101 set type 2 meso/rho ${rho1}

102

103 pair_style hybrid/overlay sph/rhosum 0 sph/taitwater

104

105 pair_coeff * * sph/rhosum ${ht}

106

107 pair_coeff 1 1 sph/taitwater ${rho0} ${cl} ${alpha} ${h}

108 pair_coeff 1 2 sph/taitwater ${rho0} ${cl} ${alpha} ${h}

109 pair_coeff 2 2 sph/taitwater ${rho0} ${cl} ${alpha} ${h}

110
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111

112 compute rhoatom all meso/rho/atom

113 compute avPcenter shell reduce/region center ave c_rhoatom

114 compute ieatom all meso/e/atom

115 compute avEcenter shell reduce/region center ave c_ieatom

116 compute emeso all reduce sum c_ieatom

117 compute ke all ke

118 variable etot equal c_ke+c_emeso

119

120

121 dump dump_id all custom ${Nout} "dump.lammpstrj" id type x z y vx vy vz fx fy fz

mass c_rhoatom c_ieatom

122 dump_modify dump_id first yes

123

124 neighbor ${skin} bin

125 thermo ${Nout}

126 thermo_style custom step c_ke c_emeso v_etot c_averagerho c_averageie c_averagtemp

c_avPcenter c_avEcenter

127 thermo_modify norm no

128

129 fix integration_fix fluid meso

130 fix 14 shell meso/stationary

131

132 timestep ${dt}

133 run 10000

Listing C.1: LAMMPS input file
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Appendix D

Chapter 8 LAMMPS input files

1

2 atom_style hybrid meso atomic

3 dimension 3

4 units si

5 boundary p p p

6

7

8 #

9 ###### geometry

10 variable Xmin equal -0.0012

11 variable Xmax equal 0.0012

12

13 variable Ymin equal -0.0012

14 variable Ymax equal 0.0012

15

16 variable radius equal 1e-4

17 variable radiusd equal 0.0003

18 variable rshell equal 0.00031

19

20

21 ##### simulation parameter

22 variable atm equal 101325

23

24 variable P equal 500*${atm}

25

26 variable dL equal 0.0000025

27

28 variable standoff equal 0.6
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29 variable gamma equal -${standoff}*${radius}

30 #variable d equal -0.00021 ###

31 variable d equal -1e-5+${gamma} ###

32 variable xlimit equal sqrt(${rshell}ˆ2-${gamma}ˆ2)

33

34 variable Vtot equal (4*3.14*${rshell}ˆ3)/3

35 variable V2 equal (4*3.14*${radius}ˆ3)/3*0.6

36 variable VC equal (3.14*(${rshell}-${gamma})ˆ2)*(${rshell}-(${rshell}-${gamma})/3)

37 variable V1 equal ${Vtot}+3.14e-5*${gamma}ˆ2-${V2}-${VC}

38

39 variable Np1 equal 20292752

40

41 ##### sph variables

42 variable rho0 equal 978.46

43 variable rho1 equal 1000

44

45 variable e1 equal ${P}*${m1}/0.4934/${rho1}

46 variable m1 equal ${V1}*${rho1}/${Np1}

47

48 variable h equal 1.30*${dL}

49 variable cl equal 1484

50 variable alpha equal 1

51

52 variable skin equal 0.3*${h}

53 variable Nout equal 200

54 variable dt equal 1e-10

55

56 #### simulation box

57 region box block ${Xmin} ${Xmax} ${Ymin} ${Ymax} ${Ymin} ${Ymax} units box

58 create_box 3 box

59 lattice fcc ${dL}

60

61 #### outer sphere

62 region shellt sphere 0.0 0.0 0.0 ${rshell} side in units box

63 create_atoms 1 region shellt

64

65 ##### fluid domain

66 region cilindro sphere 0.0 0.0 0.0 ${radiusd} side in units box

67 set region cilindro type 2

68

69 #### wall thickness
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70 region wall cylinder y 0.0 0.0 ${xlimit} ${d} ${gamma} units box

71 set region wall type 1

72

73 #### Wall to be deleted

74 region walld cylinder y 0.0 0.0 ${xlimit} ${Ymin} ${d} units box

75 set region walld type 3

76

77 ###### cavity region

78 region hole sphere 0.0 0.0 0.0 ${radius} side in units box

79 set region hole type 3

80

81 delete_atoms region hole compress yes

82 delete_atoms region walld compress yes

83 delete_atoms region wall compress yes

84

85 create_atoms 1 region wall

86

87 group shell type 1

88 group liquid type 2

89 group fluid type 2

90

91

92 mass 1 ${m1}

93 mass 2 ${m1}

94

95 set type 1 meso/e ${e1}

96 set type 2 meso/e ${e1}

97

98 set type 1 meso/rho ${rho1}

99 set type 2 meso/rho ${rho1}

100

101 pair_style hybrid/overlay sph/rhosum 0 sph/taitwater

102

103 pair_coeff * * sph/rhosum ${h}

104

105 pair_coeff 1 1 sph/taitwater ${rho0} ${cl} ${alpha} ${h}

106 pair_coeff 1 2 sph/taitwater ${rho0} ${cl} ${alpha} ${h}

107 pair_coeff 2 2 sph/taitwater ${rho0} ${cl} ${alpha} ${h}

108

109 compute rhoatom all meso/rho/atom

110 compute ieatom all meso/e/atom
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111 compute emeso all reduce sum c_ieatom

112 compute ke all ke

113 variable etot equal c_ke+c_emeso

114

115 dump dump_id all custom ${Nout} "dumpfile.lammpstrj" id type x z y vx vy vz fx fy

fz mass c_rhoatom c_ieatom

116 dump_modify dump_id first yes

117

118 neighbor ${skin} bin

119 thermo ${Nout}

120 thermo_style custom step

121 thermo_modify norm no

122

123 fix integration_fix fluid meso

124

125 fix 14 shell meso/stationary

126 timestep ${dt}

127

128 run 7000

129

130 ##########

131 label here

132

133 variable Nout equal 50

134

135 dump dump_id all custom ${Nout} "final_dumpfile.lammpstrj" id type x z y vx vy

vz fx fy fz mass c_rhoatom c_ieatom

136 dump_modify dump_id first yes

137

138

139 run 600

140

141 ##########

Listing D.1: LAMMPS input file
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