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Abstract

The stochastic Galerkin finite element method (SGFEM) is a well-established numerical
method for approximating solutions of partial differential equations with parametric or
random data. The advantage of SGFEM over traditional sampling methods is its conver-
gence rate. However, this approach yields large-scale, often intractable systems of linear
equations. Therefore, a powerful iterative solver equipped with a suitable preconditioner
is required to approximate the solution for such linear systems.

In this thesis, we focus on designing preconditioners for stochastic Galerkin matrices
that arise when solving the steady-state diffusion equation with random data. We consider
two parametric representations of the diffusion coefficient: affine and non-affine.

For the case of affine-parametric diffusion coefficient, we present two preconditioners.
Truncation preconditioners for affine-parametric diffusion problems form a new class of
preconditioners that generalise the mean-based preconditioner by including additional
information from the diffusion coefficient. Next, the domain decomposition technique for
the parametric domain is introduced. This technique provides a framework for designing
preconditioners which are capable of parallelism. We present a new concept of parametric
mesh to represent the structure of the parametric space. Moreover, a so-called even-odd
partitioning strategy for the parametric mesh is introduced. This strategy results in three
versions of the even-odd preconditioners.

We provide spectral analyses of the preconditioned systems both for the truncation
preconditioners and domain decomposition preconditioners, which confirm the optimality
of the preconditioners with respect to discretisation parameters.

For the case of non-affine parametric diffusion coefficient, the truncation precondi-

tioners and domain decomposition preconditioners are presented. They generalise the



idea of truncation preconditioners and domain decomposition preconditioners for affine-
parametric coefficients by capturing the important terms and finding a structure which
can utilise parallelism. We also design a preconditioner for log-transformed coefficients.
Finally, the performance of each preconditioner is illustrated by numerical experi-
ments. We compare the efficiency (in terms of iteration counts and total complexity) of
our purposed preconditioners with some existing preconditioners such as the mean-based

preconditioner and the Kronecker product preconditioner.
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CHAPTER 1

INTRODUCTION

Large-scale simulations are crucial for understanding complex physical processes and phe-
nomena, e.g., in weather forecasting or subsurface hydrology. These simulations of these
phenomena are usually associated with sophisticated mathematical models and employ
numerical algorithms combined with powerful computing resources to approximate the
solution of the model. In general, the mathematical models are usually represented via
partial differential equations (PDEs) and an approximation of outcomes or quantities of
interest is calculated via the solution of the PDEs to describe the underlying phenom-
ena. The higher resolution mathematical models require more computational resources
[8, 84] [7] and more efficient numerical methods such as parallel algorithms to reduce the
discretisation error. In many cases, the inputs of the model, such as initial conditions or
coefficient functions, are uncertain due to lack of knowledge or inherent variability. Uncer-
tainties due to incomplete knowledge are referred to as being epistemic [I13] [70], whereas
the others are referred to as aleatoric uncertainties [113| [70]. The uncertain inputs are
called random data and PDEs with random data are often called stochastic partial dif-
ferential equations (SPDEs) which can be represented in a probabilistic framework. The
randomness of the inputs adversely affects the accuracy of predictions.

Uncertainty quantification (UQ) deals with identifying, quantifying and reducing un-
certainties in both computational simulations and real-world applications [61]. It helps to

improve the accuracy in estimating the quantities of interest [84], 94, 53| [64]. Probability



theory provides a mathematical framework for UQ. To analyse uncertainties in the inputs,
random variables represent the uncertainties in the input and the input with uncertainties
are represented via stochastic processes or random fields with some statistical quantities
of input data such as probability density functions (pdf), expected values [8, 94 64]. In
the SPDE setting, the quantities of interest are usually derived from the solution to an
SPDE, for example, the spatial average or variance of the solution to an SPDE over the
spatial domain. As a result, effective numerical methods are crucial in order to obtain the
solution of an SPDE, in particular, they have to be adapted to the type of the problem
under consideration [8] 94 [7].

In the past decades, many efficient numerical methods for SPDEs were introduced.
These methods can be categorised into sampling methods and non-sampling methods
[84, ©4] 1311, 133, [7]. Another approach to categorising the methods is based on how they
are implemented [70]. Intrusive methods [8, 64, [62] 37, [7, 60] are the methods where
the existing implementations cannot be used directly, e.g., the associated code needs a
modification. On the other hand, numerical methods are called non-intrusive [102], [129] O]
if the existing code can be utilised without modification.

Monte Carlo methods (see [84] 131, 8T], 105]) are some of the most popular sampling
methods because they are simple and can be easily parallelised. They are non-intrusive
methods. However, the main drawback of these methods is the rate of convergence, i.e.,
the statistical error, which is the error from the sampling, is proportional to Q2 where Q
denotes the number of samples. Consequently, the approximate solution by Monte Carlo
methods converges to the solution of the SPDE very slowly. As a result, they are not
suitable for large-scale problems [136] [96]. Multilevel Monte Carlo methods ([111, [35] 66,
123]) perform the sampling on physical meshes with different mesh sizes. They result in
faster convergence rate than Monte Carlo methods. More importantly, multilevel Monte
Carlo methods require fewer samples on a finer grid. Therefore, multilevel Monte Carlo
methods are more efficient for large-scale problems than Monte Carlo methods. Other

numerical methods for SPDEs include quasi-Monte Carlo methods (see [38], 68, 67, 82] [30])



or multi-index Monte Carlo methods (see [72]).

Perturbation methods and Neumann series expansions are examples of non-sampling
methods. While the former approximate the input and the solution of an SPDE by Taylor
expansion [94] [64, 131 [6], the latter approximate the inverse of the stochastic stiffness
matrix by the Neumann series expansion. Both these methods suit problems with small
variations of uncertainties [94] 9, 64L 6] [76], due to properties of Taylor series and Neumann
series.

Recently, stochastic spectral methods (SSMs) [64], 62, [7, [70], such as stochastic Galerkin
methods or stochastic collocation methods, have gained considerable attention, particu-
larly in mechanical engineering |57, 109, [65], 117], fluid dynamics |84} [80, [39, 92, 114 [135]
and transport in porous medium [57, 58|. Furthermore, they are also successfully applied
to many applications in chemistry [I01} 93], biomedical engineering [56], acoustic scatter-
ing [47], deep excavations [31], earthquake engineering [3], civil engineering [I], medical
imaging [86] and electromagnetics [18]. Each random variable representing the random-
ness in the model adds another dimension [63] to the problem. Furthermore, a vector of
random variables induces a parametric space which is a Hilbert space associated with a
random vector [84], 8] [59]. SSMs transform the stochastic problem into a coupled deter-
ministic problem [2, 1T3]. The deterministic problem associated with the spatial domain
can be approximated by any standard numerical method such as finite element methods
[28, 27] or finite difference methods whereas a global polynomial approximation is em-
ployed in the parameter domain. The main disadvantage of SSMs is the computational
effort required to solve the resulting large coupled system of linear equations.

Stochastic Galerkin methods (SGMs) are projection methods which are non-sampling
and intrusive. These methods transform the SPDE to a variational formulation. To
obtain an approximate solution, the parametric space and spatial space are represented
by finite dimensional subspaces. The Galerkin methods approximate the solution of the
SPDE by a function in the coupled finite dimensional subspaces [45, [I3T]. Moreover, the

approximate solution by SGMs converges to the solution very fast |7, 84, 23] which is a



key advantage of these methods.

Stochastic collocation methods [9, 132] are sampling and non-intrusive methods. The
sampling is performed at the collocation points selected in the parameter domain. It
can be done in parallel which is one benefit of stochastic collocation methods. The ap-
proximate solution of the SPDE is then obtained using interpolation techniques. To be
precise, the solution is approximated by an interpolant based on those samples. The con-
vergence rates of stochastic collocation methods depend on the choice of polynomial basis
[84, 131, 92, 10] and the computational cost may be higher than for intrusive methods
[48, 130]. Nevertheless, they are non-intrusive methods that can achieve the fast con-
vergence rate as intrusive methods such as SGMs. Note that solving the large coupled
system of linear equations in the case of stochastic collocation methods may be avoided
if Lagrange polynomials are employed. Thus, the solutions at the collocation points are
the coefficients of the basis functions [45] 132] 48, [Q].

Other techniques can be employed to reduce the computational cost or improve the ac-
curacy of SSMs, such as stochastic reduced basis methods (SRBMs) and adaptive stochas-
tic Galerkin finite element methods. The purpose of SRBMs [91] 107, 108, [90] is to reduce
the computational cost of solving a large coupled linear system which arises from SSMs
while maintaining the accuracy of the approximate solution. These methods represent
the solution by a linear combination of basis vectors of preconditioned stochastic Krylov
subspace. The Bubnov-Galerkin projection scheme is applied to obtain the coefficients of
the approximate solution. The computational cost to obtain the approximate solution is
much lower than that for SSMs because the dimension of basis vectors of preconditioned
stochastic Krylov subspace is usually selected to be much smaller than the number of
polynomial basis elements associated with the parametric space.

An adaptive stochastic Galerkin finite element method [22] 21, 36, [4T), 42 43] is a
technique designed to achieve the desired accuracy with minimum of computational cost.
Adaptive techniques rely on a posteriori error estimation, and they can be applied to both

the spatial (finite element) and the parametric (polynomial) components of the SGFEM



1.1. STATEMENT OF THE PROBLEM

approximations. An adaptive algorithm consists of four main procedures: solve, estimate,
mark and refine. The algorithm will start by solving for the approximate solution. Then,
the error estimators are utilised as indicators to mark the components of the approximate
solution that require refinement. These procedures will be repeated until the prescribed

tolerance is met.

1.1 Statement of the Problem

In this thesis, we are interested in preconditioning techniques for stochastic Galerkin
matrices that arise when solving the steady-state diffusion equation with random data as

follows:
-V - (a(z,w)Vu(z,w)) = f(x) in D x Q,

u(x,w) =0 on 0D x Q,

where D C R%, d = 1,2,3 is a bounded spatial domain, 2 is a sample space and f €
L*(D). The two representations of diffusion coefficient a are explored: affine and non-
affine parametric.

This research focuses now just on SGFEM. SGFEM discretisation of the elliptic prob-
lems with random data generates an approximating tensor product spaces X ® S, where
X is a finite element space associated with the domain D and S is a space of com-

plete polynomial. This yields a linear system with a block coefficient matrix A, i.e., (see

[89, 113])
An Ap o A,
A= Agr A oo+ Agy, |
i AN, Ang o Angn, ]

where A;; denotes an N, x N, matrix. N, and /N, are the dimensions of the spatial and

parametric spaces. Moreover, the system matrix can be written as the sum of Kronecker



1.1. STATEMENT OF THE PROBLEM

products

L
A:ZGm@@Km

m=0
where G, and K,, denote N, x N, sparse stochastic Galerkin matrices (see [51]) and
N, x N, stiffness matrices, respectively. The number of terms L in the system matrix A
depends on the representation of the diffusion coefficient.

The dimension of the linear system depends on three discretisation parameters: the
mesh size, the number of active random variables and the degree of polynomial basis.
Generally, the approximating space in the physical domain is represented by the space
of piecewise polynomials. In contrast, there are two typical choices to represent the
approximating space in the parameter domain: the space of complete polynomials and
the tensor product polynomial space. The space of complete polynomials of degree n is a
set of all polynomials with the total degree less or equal than n, whereas tensor product
polynomial space of degree n is a set of all polynomials of degree less or equal than n in
each parameter. The cardinality of the basis for both polynomial spaces, i.e., IV, increases
rapidly with the degree of polynomials and the number of parameters. Consequently, the
dimension of the linear system grows exponentially with these discretisation parameters.
In turn, the growth in the dimension of the linear system as the number of parameters
increases leads to an ill-conditioned system which affects significantly the computational
effort to obtain the approximate solution. This situation is referred to as the curse of
dimensionality.

Solving the coupled linear system which arises from the SGFEM is very challeng-
ing. Due to complexity of the problem, a direct solver is not an option for this type
of problem. There are three types of iterative solvers for this task: multigrid methods
183, 146, 103] 291 [85] 100L [49], domain decomposition methods and Krylov subspace meth-
ods [IT1], 126, 127]. Multigrid methods are iterative solvers for solving a linear system
that arises in the discretisation of partial differential equations, including SGFEM. The
idea of multigrid methods is to reduce the error in some components of the approximate

solution by projecting the error in the approximate solution to the grids of different sizes.

10



1.1. STATEMENT OF THE PROBLEM

Then, the multigrid methods smoothen the approximate solution and project back to the
original grid. Moreover, the approximate solution is obtained by a direct solver if the grid
is sufficiently coarse. Theoretically, the convergence rate of multigrid methods does not
depend on the mesh size. However, the parameters in the methods need to be selected
carefully to achieve a fast convergence rate.

Domain decomposition methods [L06] represent a powerful technique for large-scale
problems. The domain decomposition approach is a divide and conquer algorithm by
dividing the problem into many subproblems. The subproblems should be sufficiently
small so that they can be solved by a direct method in parallel. Then, the solutions from
each subproblem are merged by solving a linear system with a certain Schur complement.
However, solving a linear system with the Schur complement is very challenging due to the
structure of the Schur complement. By construction, this approach is suitable for parallel
computing. Typically, the domain decomposition methods are not a popular choice to
use as a solver.

Krylov subspace methods [106] are projection methods for solving linear systems.
These methods are constructed by projecting the residual vector to a suitable subspace.
They approximate the inverse of the coefficient matrix by constructing a polynomial of
the coefficient matrix. The choices of the subspace give a variety of methods, such as
conjugate gradient method (CG), minimal residual method (MINRES) or generalized
minimal residual method (GMRES) which suit different situations. In many problems,
Krylov subspace methods converge to the solution very fast, but the efficiency of the
methods deteriorates when solving ill-conditioned system.

Preconditioning techniques are techniques aimed at improving the efficiency and ro-
bustness of a Krylov solver by solving an equivalent linear system. To improve the perfor-
mance of the solvers, the complexity for solving a linear system with the preconditioner
should not be high while the number of Krylov subspace iteration is reduced. Moreover,
optimality of the preconditioner is also important, so the performance of the solver is in-

dependent of the problem size. More importantly, good preconditioner is a key to improve

11



1.1. STATEMENT OF THE PROBLEM

the efficiency of the solver when solving the ill-conditioned system. For SGFEM, there are
several preconditioners to apply with Krylov subspace methods [63], 95l 97, [73], 104] 125].

The mean-based preconditioner was introduced more than two decades ago in [63].
It was analysed in [97]. The mean-based preconditioner is one of the popular choices
employed to improve the efficiency of a Krylov solver such as the CG method. It employs
the mean of the random field to design the preconditioner. In addition, the block-diagonal
structure of the mean-based preconditioner provides opportunities for parallelism. Tt
was shown in [63] that the performance of the solver equipped with the mean-based
preconditioner does not depend on the size of the problem.

The Kronecker product preconditioner was introduced and analysed in [125]. The
preconditioner employs all the components arising in the stochastic Galerkin matrix. It
preserves the Kronecker product structure as the mean-based preconditioner. The idea of
the Kronecker product preconditioner is to find the best approximation of the coefficient
matrix in the Frobenius norm while the right Kronecker factor is chosen to be the stiffness
matrix associated with the mean term of the diffusion coefficient. Although the spectral
analysis of the Kronecker product preconditioner cannot reflect its performance, it still
outperforms the mean-based preconditioner.

Although the mean-based preconditioner and the Kronecker product preconditioner
are studied for the steady-state diffusion problem, they can successfully apply to other
problems. For example, they have been applied to the saddle point problems in [50] 99|
and the steady-state Navier—Stokes equations in [98] 114]. In addition, they also perform
very well in optimal control problems [19], for the nearly incompressible linear elasticity
problem [78] and for the steady-state diffusion problem where the diffusion coefficient is
the exponent of a random field [126].

There are other techniques to design an efficient preconditioner such as the domain
decomposition or the hierarchical approach. It is possible to use domain decomposition
as a solver but in many applications, the domain decomposition methods can be used

to design a preconditioner for Krylov subspace methods [118| 121 [74, 120} 124, [119].
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1.2. RESEARCH OBJECTIVE AND SCOPE

As a result, the preconditioner suits parallelism, which is the benefit of the domain de-
composition methods. When it comes to the preconditioner design, approximating the
Schur complement is thus the main challenge in designing a preconditioner via the do-
main decomposition technique. In addition, hierarchical approach [95 115, 116] utilises
the hierarchical structure of the problem by using a certain lower-order approximation.
The solution from the lower-order approximation can be used to obtain the solution of the
higher-order approximation, or it can be used as an initial guess of the iterative methods.
Furthermore, hierarchical matrices (H-matrices) [71], 15 14, 26] is another hierarchical
technique to approximate a sparse or dense matrix. A cluster tree is built and used to
form a hierarchical structure of the matrix and ensure that each block’s rank in the struc-
ture is less than a certain number. This low-rank approximation leads to reducing the
usage of memory to store the matrix and also reduce the complexities for matrix-matrix
operations. H-matrices can be used to design a preconditioner and approximate the Schur

complement for domain decomposition |13}, 12 54, 16}, 17, ©69].

1.2 Research Objective and Scope

The main aim of the thesis is to design fast iterative solvers for linear systems that arise
from SGFEM discretizations with the space of complete polynomials of elliptic partial
differential equations with random coefficients. We consider the random coefficient to
be affine-parametric and non-affine-parametric, which are inspired, respectively, by the
Karhunen-Loéve expansion and the generalised polynomial chaos expansion of random
fields. The elliptic partial differential equations with random data can be found in many
real-world applications such as groundwater flow [79, 32] 14 122] or biomedical engineering
[56].

The choice of iterative solver is the CG method equipped with a preconditioner. We are
interested in efficient preconditioners for the stochastic Galerkin linear system designed

to improve the efficiency of the solver and thus reduce the total computational cost for

13



1.2. RESEARCH OBJECTIVE AND SCOPE

approximating the solution of the SPDE. Furthermore, we aim to make the convergence
rate of the solver independent of the discretisation parameters of SGFEM.

Our first class of preconditioners comprises the truncation preconditioners and the
modified truncation preconditioners (see [20]). Both preconditioners are designed for the
case of affine-parametric diffusion coefficients. The truncation preconditioner is designed
and analysed via a truncation of the diffusion coefficient. Our analysis shows that conver-
gence rate is independent of the size of the problem. Due to the high complexity of solving
a linear system with truncation preconditioners, the modified truncation preconditioners,
which are approximations of the truncation preconditioner, are introduced. Their spectral
analysis shows optimality with respect to discretisation parameters.

Next, we introduce the domain decomposition technique on the parametric domain
for affine-parametric diffusion coefficients. The key idea of this technique is to identify
a permutation so that the system matrix can be written as a 2-by-2 block matrix with
the (1,1)-block having a diagonal block structure. This leads to the preconditioners
which are suitable for parallelism. Additionally, we present a procedure for designing a
suitable permutation. The new concept of a parametric mesh is introduced to represent
the structure of the system matrix. The parametric mesh is defined via graph theory.
We introduce the even-odd partitioning strategy which is one strategy to partition the
parametric mesh. It results in several versions of the so-called even-odd preconditioners.
Moreover, we also perform the spectral analysis of these preconditioners which indicates
optimality with respect to problem size.

For the case of non-affine-parametric diffusion coefficients, we introduced several pre-
conditioners by extending the above ideas from the preconditioners for affine-parametric
diffusion coefficients. First, the diffusion coefficient is truncated and the truncation pre-
conditioner for non-affine-parametric diffusion coefficients is introduced. It is defined by a
bilinear form via the truncated coefficient. We then discuss the modified truncation pre-
conditioner aimed at preserving the symmetry and positivity and reducing the complexity

when solving a linear system with the preconditioner. In addition, we also generalise the

14



1.3. THESIS ORGANISATION

idea of domain decomposition preconditioner to the case of non-affine parametric coeffi-
cients to enhance the suitability for parallel computing. Specifically, we design a precon-
ditioner for log-transformed diffusion coefficients and provide the spectral analysis for the
case of the bounded parametric domain.

Finally, we report on the results from numerical experiments to compare the perfor-
mance of our preconditioners with that of some existing preconditioners. We also perform

the experiments to confirm the optimality of our preconditioners.

1.3 Thesis Organisation

This thesis is organised into seven chapters. In the first three chapters, we provide some
background materials. Next, we present our main results in Chapters[dH6] The conclusions
of this research are summarised in the last chapter of this thesis. The outlines for each
chapter are included below.

In Chapter 1, we provide an introduction to UQ. The problem that we are interested
in is discussed here, and we give the scope and objectives of the research.

The background concepts and results, such as random fields and their representations,
are given in Chapter The model problem is also stated together with the SGFEM
formulation including the stochastic Galerkin linear system.

In Chapter [3) we review the Conjugate Gradient method and some properties related
to our problem.

In Chapter [4] we review some existing preconditioners and their spectral analysis. Our
first proposed preconditioning technique is introduced in this chapter. We outline our
truncation preconditioners and present results for the case of affine-parametric diffusion
coefficients. The complexity and spectral analysis of these preconditioners are provided.

Next, a domain decomposition technique on the parameter domain is presented in
Chapter This technique is outlined for the case of affine-parametric diffusion coeffi-

cients. Moreover, the concept of parametric mesh is introduced. We also describe how to

15



1.3. THESIS ORGANISATION

design a preconditioner based on this technique. Furthermore, we present three versions
of even-odd preconditioners based on the domain decomposition technique on the param-
eter domain. The computational cost and the eigenvalue bounds of the preconditioned
system for even-odd preconditioners are reported.

In Chapter [6] the preconditioners for the case of non-affine-parametric coefficients
are introduced. They generalise the idea of truncation preconditioners and domain de-
composition for affine-parametric coefficients. In addition, we present preconditioners for
log-transformed diffusion coefficients. Again, the complexities for each preconditioner are
also derived.

Finally, we summarise the present work and provide some suggestions for future re-

search in Chapter
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CHAPTER 2

ELLIPTIC PDES WITH RANDOM DATA

Elliptic PDEs with random data represent a model that can be found in many research
areas. In this case, random data means uncertainty in input data such as diffusion coeffi-
cients, boundary conditions, or forcing terms. In a probabilistic framework, uncertainties
in the model can be represented via statistical quantities such as random fields or random
variables.

The stochastic Galerkin finite element method is a powerful tool to approximate the
solution of the model due to its fast convergence rate. The spatial space and parametric
space are represented by finite-dimensional subspaces, i.e., piecewise polynomial space and
the space of complete polynomials, respectively. This leads to a large coupled stochastic
Galerkin linear system.

In this chapter, we provide some preliminary knowledge in connection with our prob-
lem. First, the definition of second-order random fields and some relevant properties are
stated in section Then, we discuss the representations of random fields, namely the
Karhunen-Loéve expansion and the generalised polynomial chaos expansion. In section
2.2] our model problem is stated, which is an elliptic PDE with random data. Subse-
quently, we derive a variational formulation for the model problem and then transform
it to the variational formulation in parametric space in section In order to discretise
the variational formulation, the space of complete polynomials is introduced; we then

construct orthogonal polynomials via a three-term recurrence relation before obtaining
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the discrete formulation in section Finally, in section [2.5] we discuss some basic

properties of the linear system arising from our discretisation.

2.1 Random Fields

In this section, several definitions and relevant properties of random fields (|89} [87]) are
introduced. Random fields extend the idea of random variables by taking values in Eu-
clidean space R? with d = 1,2,3. Let (Q,F (Q),P) be a complete probability space,
where (2 is a set of all outcomes, F (2) is a o-algebra of events and P : F (2) — [0, 1] is
a probability measure, i.e., P(Q2) = 1. Before introducing the definition of random fields,
let us introduce a useful definition of almost surely. Its concept is exactly the same as the
concept of almost everywhere in measure theory, but almost surely is used in probability

theory.

Definition 2.1. Let F' € F be an event. If P(F') = 1, we say the event F' happens almost

surely (a.s. or P-a.s.) with respect to a probability measure P.

If an event F happens almost surely, there might be an event F” in the sample space
Q2 but P(F’) = 0. We will use this to state our problem in the next section.

Now, we define random fields as follows.

Definition 2.2. Let D C R? be a bounded spatial domain with d = 1,2,3. A set
{a(zx,-) | € D} is called a random field if it is a set of real-valued random variables on

a probability space (€2, F,P). Note that the function ¢ maps D x € to R.

According to the definition of random fields, we can see that if @ € D is fixed, a(z, )
can be viewed as a random variable in Q. However, if w € Q is fixed, a(-,w) is a realisation
of the random field a in D.

Additionally, there are some statistical quantities such as mean or variance, which are
used to describe the behaviour of random fields. To ensure that these two quantities are

well defined, we need the following definition.
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Definition 2.3. For D C R¢, arandom field a is said to be second-order if a(z, -) € L(),
for all x € D, i.e.,

/|a )P dP(w) < 0o for all € D.

The mean and covariance functions of the random field a are well defined if a is

second-order. That is, the mean function of the random field a is
E[a(x, )] := /Qa(a:,w)dIP(w) for each « € D,
and its covariance function is
Cov(xy, o) = E[(a(x,-) — Ela(xy,-)]) (a2, ) — E[a(xs, -)])] for all 1, x5 € D.
Moreover, the variance of the random field a is denoted by o2 and is defined by
o = Cov(z, x).

Next, we introduce a Bochner space which is related to second-order random fields. If

W(D) is a Banach space of real-valued functions, we define the Bochner space by

2@WD) = {022 WD) | [ ol)liyp 4P < oo}

with the corresponding norm H-||LH2)(97W(D)) defined by

ooy = [ 1ol dP@) forallve 2@ w(o)),

In our case, we want all realisations of a to be functions in L*(D). Consequently, the
random field a is a member of L2 (Q, L?(D)). Note also that L2 (Q, L?*(D)) is a Banach
space.

In the next section, we use all these definitions to establish representations of random
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fields, i.e., the Karhunen-Loéve expansion and the generalised polynomial chaos expan-
sion. These representations are important because they separate the physical domain’s
data and the information on the stochastic part. The key difference between these two
expansions is the choice of basis functions. The Karhunen-Loéve expansion employs an or-
thogonal basis of the Bochner space L2 (2, L?(D)) while the other employs an orthogonal
basis of L2 ().

2.1.1 The Karhunen-Loéve Expansion

The Karhunen-Loéve expansion (KL expansion) [87, 89] is a popular representation of
second-order random fields. However, the random field a can be expanded by KL expan-
sion if the mean value and covariance function of the random field a are provided. The
K1 expansion is obtained through the spectral theorem for compact operators.

Let ag(x) and Cov(xy,x2) be the mean and the covariance function of the random
field a, respectively. We start with the Fredholm integral operator C' : L?(D) — L*(D)
whose kernel is the covariance function of the random field a. The integral operator C' is

defined by
Cul () = /D Cov(, &)u(®)da. (2.1)

The following theorem shows the relation between the integral operator C' and the

covariance function via the eigenpairs for the operator C.

Theorem 2.4 (Mercer [89, Theorem 1.80]). Let D be a bounded spatial domain in R® with
d=1,2,3 and Cov : DxD — R be a symmetric and non-negative definite function. Let C'
be the corresponding integral operator defined by (2.1). If {\m}o_y and {¢n}oe_, are the
eigenvalues and eigenfunctions of the integral operator C' with \,, > 0 and H¢m”L2(D) =1

forallm=1,2,..., then, for all &, x5 € D,

Cov(acl, $2) = Z /\mgbm(ml)qu(m?)
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Additionally, the series absolutely and uniformly converges on D x D.

By Mercer’s theorem, there exist positive eigenvalues \,, and normalised eigenfunc-
tions ¢,,, m = 1,2, 3, ... for the operator C. Hence, the covariance function Cov can be
expanded in a convergent series. The Karhunen-Loéve expansion utilises the eigenpairs

of the integral operator C' as stated in the following theorem.

Theorem 2.5 (Karhunen-Loéve Expansion [89, Theorem 7.52|). Let D C R? be a bounded
spatial domain and a € L2 (2, L*(D)) be a second-order random field. Then, there erist

{om}_, € L*(D) and {\y}-_, C R such that

a(@,w) = ao(@) + 3 Vb (@)Vin(w), (2.2)

where ag(x) = Ela(x,-)] and Y, are random variables with zero mean and unit variance,

Vo @) = ——=(a(@,w) — a0(@), 6 (@))12(0).

B

Moreover, {Y,,}°_, are pairwise uncorrelated.

Note that {¢,,Y,} ._, is an orthogonal set with respect to the inner product (-, -)
defined by

(u,v) =E UDu(m Jo(z, -)dw] , foru,ve L§(Q,L*(D)).

Also note that if the random field a is Gaussian, then the random variables Y,, are
independent and identically distributed (iid) Gaussian distributions N (0, 1). In practice,
a truncated KL expansion is used for computational purposes. Therefore, if we choose

M € N, then we have

a(@,w) & ay(@,w) = ap(®) + >V Anm (@) Vi (w), (2.3)
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and the error from the truncation is

oo 2 o0
Ha_aMHiH%(Q,LQ(D)):E /D< Z V)\m¢m(a:)Ym> de| = Z Am-

m=M-+1 m=M-+1

Thus, to reduce the error from the truncation, it is reasonable to reorder the terms in

the random field by the magnitude of \,,.

2.1.2 Generalised Polynomial Chaos Expansion

The polynomial chaos expansion (or Wiener chaos expansion) was introduced several
decades ago by N. Wiener in [128]. It utilised Hermite polynomials in Gaussian ran-
dom variables with zero mean and unit variance to expand a second-order random field
X € L3(Q, L*(D)) with normal distribution. Note that we call Hermite polynomials in

Gaussian random variables the Hermite chaos [134], 128]. One has

X(@,w) =co(@)Ho+ Y cm(@)Hy (Yo, ()

mi1=1

+ 3N (@) H (Y, (W), Vi ()

mi1=1mo=1

+ Z Z Z Crymams () Hz (Yo, (W), Yin, (W), Yig (W) + -+

mi1=1mo=1msz=1

where Cpy.om, () is a real-valued coefficient and H, (Y,,, (w),..., Yy, (w)) denotes the
Hermite chaos of exact degree n in the random variables Y,,, (w), ..., Yy, (w). Moreover,
Y,, are independent Gaussian random variables with zero mean and unit variance. The

Hermite chaos H,, is a multivariate polynomial

Hyy (Y, (W), Yiny (W) = H hy (Yini)
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where h,, is the univariate Hermite polynomial of degree n, with n = Zle n;. For

convenience, we rewrite X (x,w) in the following form

[e.e]
= et (Y (),
m:

where Y (w) = (Y1(w), Ya(w),...) and there is a one to one correspondence between
Um (Y (w)) and H, (Y, (w),..., Y, (w)). Furthermore, {¢,} -_, forms a complete or-
thogonal basis in L2 ().

Note that the polynomial chaos expansion converges in L3(Q, L?(D)). Moreover, we
can expand a random field by the polynomial chaos expansion without providing the
mean and the covariance of the random field, which is the benefits of the polynomial
chaos expansion over the KL, expansion.

In 2002, the polynomial chaos expansion was generalised by D. Xiu and G. Karniadakis
in [134] to generalised polynomial chaos expansion (gPC) or Wiener-Askey chaos, in order
to deal with general random inputs such as random fields with uniform distribution. They

employ orthogonal polynomials which are generated by the probability density functions

of the random fields as shown in Table B.1l

Distribution Wiener-Askey chaos  Support

Gaussian Hermite chaos (—00, 00)

uniform Legendre chaos [a, b]
beta Jacobi chaos [a, b]

gamma Laguerre chaos [0, 00)

Table 2.1: The correspondence between the type of distribution and the set of orthogonal
polynomials.

The polynomial chaos forms a basis for the space L (2) which is orthogonal with

respect to the inner product (-, -)p defined by

(u, v)p = E [uv];
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thus, a second-order random field a can be represented in the form

a(:c, w) = Z am(w)1/)wz (Y<w)) )

m=0

where 1, are orthogonal polynomials corresponding to the distribution of the random

field a and a,, can be obtained by
am() = E[a(z,w)ibn (Y ()]

However, in practice, the gPC expansion needs to be truncated to finite summation.
There are several truncation schemes for the gPC expansion such as the total order expan-
sion or the tensor-product expansion (see [44]). The total order expansion is a traditional
truncation strategy for gPC expansion. It considers M random variables and orthogonal

polynomials up to degree k. Thus, the random field a can be approximated by

N

ap (@,w) = ) am(@)m (Y (W),

m=0

where Y (w) = (Y1(w), Ya(w), ..., Yy (w)) and 1), are orthogonal polynomials whose de-
grees are less than or equal to k. Additionally, the truncated polynomial chaos expansion

has N + 1 terms where

M+ k
N+1=

k

Another truncation strategy is the tensor-product expansion. This strategy also selects
M random variables but the degree of the orthonormal polynomials in the ith random
variable does not exceed k; for ¢« = 1,2,..., M. Thus, the number of terms by tensor-

product expansion is
M

N+1=]]k:+1).

i=1
We can see that the number of terms in the truncated polynomial chaos expansion grow

rapidly with the number of random variables and the maximum degree of orthonormal
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polynomials.
Note that there are more truncation schemes to reduce the number of terms in gPC

expansion such as the sparse gPC expansion based on the least angle regression (see [25]).

Total order expansion Tensor-product expansion

F T T T T
§ § 107
I - 6
103 - 10
g § - g2 10°
5 102 b 5 10
— F = .
2 B £ 10
2 Iy
5 0t ar a 102
10"
10° 10°
1 2 3 4 5 6
polynomial degree, k polynomial degree, k

—eo—M=1 -—wm--M=2 - M=3 —H«—M=414
—+—M=5 -e-M=6 -m=-M=7 --M=28

Figure 2.1: The number of terms in a truncated polynomial chaos expansion by total
order expansion and tensor-product expansion grows rapidly with respect to M and k.
(We assume k = k; = ... = ky for tensor-product expansion.)

Mean and Variance of Generalised Polynomial Chaos Expansion

Mean and variance are two important quantities in statistics. In this section, we will show
how to find the mean and the variance of a random field via the gPC expansion. Suppose

the random field a is represented by a gPC expansion as

a(z,w) = Z am () hm (Y (W),

m=0

where 1), are orthogonal polynomials and assume that 1y = 1.

We start with the mean value of the random field a. That is

Eld] = ) am(@)E[Yn (Y ()] = ao(z),
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since E [¢,, (Y (w))] = 0 for all ¢,,, with degree greater than 0.

Subsequently, before moving to the variance of the random field a, let us consider

E[0?] =E |33 an(@)aw (@)t (Y (@) b (Y ()

m=0m/=0

=3 D an(@)aw (@)E [P (Y (W) e (Y ()]
m=0m’=0
Again, by the orthogonality of {ty,},-_,, we have
E [a*] = i i U () W () Oy = i a? (x). (2.4)
m=0 m’/=0 m=0

Hence,

To summarise, KL-expansion requires the mean and covariance of the random field.
After that, we need to solve an eigenvalue problem to obtain the expansion. Solving this
eigenvalue problem consumes high computational effort, which is the main drawback for
KI-expansion. Also, KL-expansion cannot represent some random fields. For example,
if a lognormal random field is expanded by KL expansion, the random variables will not
be iid. However, the advantage of KL-expansion is that the truncated KL-expansion is
optimal in the L? sense. On the other hand, gPC expansion does not need the mean or
covariance of the random field. The number of terms in truncated gPC expansion grows

rapidly with the truncation parameters, which could affect computation performance.
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2.2 Elliptic Partial Differential Equations with Ran-
dom Data

Let D C R? be a bounded spatial domain with d = 1,2,3 and let (Q, F,P) be a complete
probability space. To state our model problem, let a € L2 (2, L?*(D)) be a second-order
random field and assume that a(-,w) is strictly positive, bounded and has a positive lower
bound for almost all w € €. That is, there exist positive real numbers a,,;, and @, such
that

0 < min < a(x,w) < apax <00 a.e. in D x (. (2.6)

In particular, a € L (2, L?(D)). Note that there are some cases that the assumption
does not hold but there exists a unique solution (see Section for more details).
Now, we consider the steady-state diffusion problem with uncertainty in the diffusion
coefficient a. We assume f to be a forcing term without uncertainty, i.e., f € L*(D),
and also assume homogeneous Dirichlet boundary conditions on dD. We want to find the
function u : D x Q — R such that P-a.s.
-V - (a(z,w)Vu(z,w)) = f(x) in D x Q, @1
u(x,w) =0 on 0D x Q. .
If w e Qis fixed in , the problem becomes a deterministic elliptic problem for
which we can find the approximate solution by numerical methods for PDEs such as
the finite element method. By the Lax-Milgram theorem, it is well known that the
variational formulation of the elliptic partial differential equation for fixed w has a
unique solution u(-, w), if assumption holds.
In the next section, we derive the variational form of problem and then change
it to parametric form. Furthermore, we provide an existence and uniqueness theorem for
the variational form before applying the stochastic Galerkin finite element methods to the

problem.
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2.3 Variational Formulation

Let H}(D) be the Sobolev space of the functions in H' which vanish on 9D and let v be
a function in L3(Q, H}(D)). In order to obtain the variational form of problem (2.7), we
multiply both sides of the equation in (2.7) by the function v and then integrate by parts

over the spatial domain D before taking expectations. It leads to the variational form

Find u € L3(Q), H} (D)) such that 28)

B(u,v) = F(v) for all v € L2 (Q, HY (D)),

where the bilinear form B and the linear functional F are defined by

B(u,v) = E V a(x, \Vu(, ) - Volx, -)dw} ,
D
F(v) = E UD F@)o(z, -)daz} |
Theorem 2.6 ([89, Theorem 9.25|). For f € L?(D), assume that the diffusion co-

efficient a is positive and bounded as in . Then, there erists a unique solution
u € L3 (Q, HY (D)) which satisfies the variational formulation (2.8).

Theorem shows that the variational formulation of our problem has a unique
solution in L2(Q, H}(D)). However, this variational form is still not convenient in order
to find an approximation of u, because it involves integration over the set of outcomes €2
and also the probability measure P. Recall that, by the representations of a random field,

the second-order random field a can be expanded by either the KL expansion

a(w,w) = ao(il?) + Z \/m(bm(w)ym(w)?

or by the generalised polynomial chaos expansion
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Thus, the random field a can be represented as a function of independent random variables
Y, (w) for m € N. Hence, we replace these random variables by parametric variables which
represent the range of random variables.

Let ¢y, = Yu(w) and Iy, ==Y, (Q) C R for all m € N. Let 7,,, be a probability measure
on (I'y,, B(I';,)) and p,, be the probability density function for the random variable Y,
i.e., T (B) = [5 pm(Ym)dyn, for any B € B(I',,). Additionally, p,, are assumed to be even
for all m € N. By our assumption on random variables, Y,, is a function from the sample
space Q2 to I',,, and y,, € I',,, for all m € N. As a result, the random field a can be written

in terms of y = (y1, 4, ...) as follows

a(x,y) = ap(x) + Z \/mqﬁm(w)ymv

or using the generalised polynomial chaos expansion

a(@,y) = Y am(®)tn (y).

m=0

Let ' =[] -_, Iy, and 7 := [[~_, m,, be a probability measure on (I', B(T")). Recall

m=1

that {Y,,} ~_, are pairwise uncorrelated. The joint density function p : I' — R of the

associated multivariate random variable y € T' is defined by

p(y) = ] pmlym)- (2.9)
m=1
Additionally, it is obvious that if the random field a satisfies condition (2.6)), then
0 < amin < a(®,y) < apax <00 ae. in D xT. (2.10)

Next, define a weighted space L>(T', W (D)) by

WD) = {o:DxT >R [ plo) o 0) o < oo}
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and the norm H'”Lg(F,W(D)) by

2 2
||UHL§(I‘,W(D)) = /Fﬂ(y) HU<'>y>HW(D) dy.

Note that for a function v(z,w) € L2 (Q, W (D)), where W (D) is a Banach space, if v can

be represented in & and Y,,(w), where Y,,(w) are independent for m € N, we have

HUHLH%(Q,W(D)) = HUHLg(r,W(D))-

Next, we replace a(z,w) and L (Q, Hy(D)) by a(zx,y) and V := L2 (T, Hj(D)), respec-

tively, in the variational formulation (2.8)) and get the variational formulation on D x TI*:

Find v € V such that
(2.11)

B(u,v) = F(v), YveV,

where the bilinear form B : V x V — R and the functional F' : V' — R are defined by

B(u,v) Z/Fp(y)/ a(z,y)Vu(z,y) - Vu(z,y)dzedy, (2.12)

F(v) = / oY) /D f(@)o(e, y)dzdy. (2.13)

Theorem 2.7 ([89, Theorem 9.43]). Assume that condition holds for the random

field a. If f € L*(D) then there exists a unique solution u € L (T, Hj(D)) which satisfies

problem .

In the next section, we provide the discrete formulation of the weak formulation (2.11)).
After that, the stochastic Galerkin finite element method is applied to the discrete formu-
lation. We also introduce the space of complete polynomials in the variable y and explain
how to construct a finite dimensional subspace of the Bochner space L2 (T', Hj(D)) to

obtain a fully-discrete finite-dimensional problem.
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2.4 Discrete Formulation

Let V C L2 (T, Hy(D)) be a finite dimensional subspace. A stochastic Galerkin solution

u of problem 1} is a function in V. Thus, we get the discrete formulation as follows.

Find @ € V such that
(2.14)

B(i,v) = F(v) forallveV,

where the bilinear form B and the functional F are stated in (2.12)) and (2.13]), respectively.

Theorem 2.8 ([89, Theorem 9.50]). Let f € L*(D) and V be a finite subspace of the
space LZ (T, HY(D)). If assumption holds, then there exists a unique solution @ € V

satisfying the fully-discrete weak problem .

In order to apply the stochastic Galerkin FEM to our model problem, we approximate
the solution u by using a gPC expansion with M random variables and the degree of the
orthogonal polynomials no greater than k. Each term of the polynomial chaos expansion
consists of a coefficient function in the spatial domain and an orthogonal polynomial in
the parameters. Consider now the weighted space L2 (T, Hy(D)). Tt is known that the
space L2 (T, Hj(D)) is isometrically isomorphic to the space L2 (T') ® Hg(D) (see [110,
Remark C.24]) where L? (T') denotes

120) = {0 r SR | [ o) )Py < o).

with the associated inner product

anzzﬁ@m@W@My

We need a finite dimensional subspace of the space L2 (T') ® Hj(D). Firstly, define the
space X} of continuous piecewise linear polynomials defined on a shape-regular and con-

forming triangulation 7, of the domain D, where h denotes mesh size. More precisely, we
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define

Xh = {UEH&(D)‘U‘KEPI(K> fOI‘aHKEE}v

where P; (K) denotes the set of all polynomials of degree 1 or less on K. We choose nodal

basis functions ¢, for Xj. Therefore,

Xh = Span{¢l7¢2a .. 'a¢Nm} C Hol(D)

We now need to generate a subspace of Lf) (T'). First, we start with the definition of

multi-indices.

Definition 2.9. A multi-index @ € N} is a sequence of non-negative integers a =
(v, a9, g, . ..) with compact support, that is max (suppa) < oo, where suppa =
{m e N| oy, # 0}.

Additionally, we define
] = Z Oy, Ol = H (o
mesuppa mesuppo
and

I' = {a € N | max (suppa) < M and |a| < k}.

We choose as a subspace of Li(l“) the space of complete polynomials S, which is the

set of all polynomials of total degree less than or equal to k£ in M variables. That is;

M
SM ::span{Hyglm | o E]I{y}.
m=1

Note that the dimension of the space of complete polynomials is

(M +k)!

N, = dim(S}) = RiTE

Consequently, S’ ® X}, is a finite subspace of L? (T') @ H; (D).

Let us now introduce an orthogonal basis of L2 (I';,) and recall that the probability
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density function p,, is assumed to be even for all m = 1,2, ..., M. We construct a sequence

of orthonormal polynomials P; with respect to the inner product

(0 = [ o))

via a three-term recurrence, as shown in the following theorem.

Theorem 2.10 ([55, Theorem 1.29]). Let P}*, j = 0,1,2, ..., be orthonormal polynomials

with respect to the inner product (-,-) . Then,

Pm
AP (Ym) = (Y = V) PT(ym) — P (ym),  for j=10,1,2,..., (2.15)

with P™ =0 and Pg" = 1. The constant ¢} is a normalising factor such that HP]'”HZ =

(PP, =1

Pm

Now, multiply the equation 1) by P/* and then apply the inner product (-,-) . It

Pm ’

results in
b = = (ym P}, PJ")

Pm.

Since py, is assumed to be an even function and I',, is symmetric, so b7" = 0. Hence,

the three-term recurrence can be simplified to
Pl Ym) = Ym P (Ym) — ¢ P2y (Ym),  for j=10,1,2,..., (2.16)

with P’y =0 and Fj* = 1.

Example 2.1. Let I' = [—1,1]. Suppose y is a uniform random variable from a sample
space €2 to I' with mean zero and unit variance. Thus, the probability density function of
the random variable y is p(y) = % The three-term recurrence 1) yields an orthogonal

polynomials sequence {L; };’io defined by

Cj‘f‘le"rl(y) = yLJ(y) - Cij—l(y)a for j = 07 17 2a ceey
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with L_; = 0 and Ly = 1 where ¢; = Therefore,

J
V212 -1

Li(y) =V3y,  Ly(y) = g (3y*—1),  Ls(y) =

1 2
=) C = —F/,
V3 VT

(5y° —3y) .

wwm

C1 = C3 =

V35
The polynomials L;(y) are called the normalized Legendre polynomials.

Furthermore, for k € Nand j =1,...,k — 1, we have

Ym P (Ym) = ;' P (Ym) + 5 Py (Ym)-

Ifv=[P"yn) P"ym) - P (ym) ]7, the three-term recurrence gives the follow-
ing identity,

YmV =TV + P (Ym ) er,

where ) }

0 -

0

ct 0 ]

0

Gle 0 gl

1

i gy 0 | - T

The above identity provides a connection between the roots of P/ and the matrix 7",
that is the eigenvalues of T} are the roots of P}".

Define 1), for a € I by

o0

H (Yo

m=

We can see that {1}, is an orthonormal set of polynomials with respect to the
inner product (-, ->p. That is <¢a,¢g)p = 1if a = 3, otherwise <77Da,¢5>p = 0. Thus, we

define an orthonormal basis {14} ¢ for the space L2 (T') and use {wa}aew as the basis

acl

for SRt L2 (T).

It is obvious that there exists a bijection ¢ : {1,2,...,N,} — IM. Let us illustrate
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this with an example.

Example 2.2. Consider the space of complete polynomials of degree less or equal to 2
(k = 2) with 3 uniform random variables (M = 3) with zero mean and unit variance on
Iy = [-1,1], m = 1,2,3. The dimension of S§ is N, = dim(S3) = (3 + 2)!/(3!2!) = 10.

To be precise,

I ={(0,0,0),(1,0,0),(0,1,0).(0,0,1),(1,1,0),

(1,0,1),(0,1,1),(2,0,0),(0,2,0),(0,0,2)}.
Hence, all the orthogonal basis functions for S5 can be written as

w(al,ag,ag)(ylv Y2, y3> = Lal (yl)LOéz (y2>La3 (y3)7 for all a € H%

Remark. Theorem is used to create a set of orthogonal polynomials when a random
field’s distribution law or probability density function is provided. Because the random
field’s distribution law induces the orthogonal polynomials (see Table in its repre-
sentation and we also use this distribution law to define the basis of the space SM. As
a result, the orthogonal polynomials in the random field’s representation are the same

orthogonal polynomials in the basis for the space of complete polynomials.

2.5 The Stochastic Linear System

First, we assume that the random field a can be written as

acl

where {¢a},¢p is the orthonormal polynomial basis of L2 (T'). It is clear that this rep-
resentation of a is in the form of a gPC expansion. Define I, = {a € I | |a| < k}. This

representation of a can also represent the KL expansion by setting a, = 0 for each «
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2.5. THE STOCHASTIC LINEAR SYSTEM

outside I;.
In this section we derive the stochastic linear system corresponding to the discrete

formulation (2.14). Define
Vi =SV @ X, = span {p;j(z, y) = ¢i(2) Yy (y) for 1 <i < Ny and 1 < j < Ny},

and choose V" in discrete formulation (2.14) to be Vi, Since @ € SM®X, C L2 (T, H}(D)),

we denote an approximate solution @ corresponding to the space VAT by ul. Thus,

N(v y
up(,y) ZZngpw x,y) (2.18)

i=1 j=1

and select the test function v(z,y) = ¢s(x,y) for r=1,2,..., Ny and s =1,2,..., N,,.
The discrete formulation (2.14]) leads to

ijZum [ aal@)V6 (@) V@)t [ ply)va(u)tas ) W)y

:/Df(a:)qﬁr(a:)da:/Fp(y)wq(s)(y)dy

By the representation of a, the left hand side of the above equation is an infinite summation

over I. Fortunately, since ¢(j),q(s) € I}, one has Jr P(W)Va(Y)Vq() (W) Vg (y)dy = 0 if

supp @ > M. Moreover, by [T, Theorem 4.1,

/F D)) ) (U)o (w)dy = 0, if [ex] > 2.

Hence, the infinite summation is implicitly truncated to the finitely many terms as follows

Z izuw | aa(@)Vai@) - Vor(@)de | pw)iaw)in @) Wy

— /D f(x)d, (x)dz /F P(Y) () (y)dy
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2.5. THE STOCHASTIC LINEAR SYSTEM

This yields the linear system Au = b. The coefficient matrix A and also vectors u and b

are written in block form as follows

Aq A - A1Ny u b,
A _ A21 A22 e AZNy u— Us and b — bQ 7
L ANyl ANy2 T ANyNy ] | uNy i L bNy i
where
Ajs = Z <¢a¢q(j)a¢q(s)>pKaa j73:1a27"'7Ny7
ae]l%

(Ko, = / ao(x)Voi(x) - Vo (x)de, acl andi,r=1,2,..., N,
D

and

— T .
uj _[ulj Ugs Usz]7 .]_1727'”aNy7

byl = /Fp(y)@bq(s)(y)dy . /D f(x)¢,(x)dx, r=1,2,...,Nz, and s =1,2,..., N,,.

If we define the matrix G, for a € I3 by

[Ga}js = <¢0L7~/)q(j)7 wq(s)>p ) jys=1,2,... 7Ny7 (219)

the coefficient matrix A can be expressed as the summation of Kronecker products

A= Z Go @ K. (2.20)

el

Note that, by (2.4) and (2.5), if 141y = 1, the mean and variance of the solution u are

given by

E [ui%(;m )] = ul(‘”)ﬁ Var(uijyk(wu )) = Zui(w)v
respectively, where u;(x) = vajl wijdi(x).
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2.5. THE STOCHASTIC LINEAR SYSTEM

It is obvious that the stochastic Galerkin matrix A is symmetric. Moreover, by ,
the matrix A is positive definite. Generally, the matrix A is block dense; however, in the
case of KL expansions, the matrix A can be written as a summation over the set I} whose
cardinality is M + 1. For convenience, we use natural numbers instead of multi-indices,
i.e.

M

A= Gn@ Ky (2.21)

m=0
Moreover, the following theorem guarantees that the Galerkin matrix A is a block-sparse

matrix as there are no more than 2M + 1 block matrices per row.

Theorem 2.11 ([89, Theorem 9.58, 9.59]). Suppose that p satisfies ([2.9), and py, is even
form=1,2,.... M. Then,
GO = INy;

while for m = 1,2,..., M, the matriz G,, whose entries are (cf. ) has 2 non-zero

entries per row. More precisely,

(

R i1y B = By for allm' € {1,..., M}\{m} and B,, = 3, — 1,

<ym¢q(j):¢q(s)>p =\ By = Bl for allm’ € {1,...,M}\{m} and B, = B,, + 1,

0, otherwise,

where B = q(j), 3 = q(s) and i, is a normalising constant in .

Example 2.3. Consider the space SM of complete polynomials of degree less than or

equal to 2 in 2 uniform random variables. That is M =k = 2 and p(y,,) = 5 form =1,2.

Therefore,

Hg = {(07 0) ) (17 O) ) (07 1) ) (17 1) ) (27 0) ) (Oa 2)} .

Since P™(yn) = /3y, and

1
[Gm]js = <@ym¢q(])7 d}q(s)> = \/g <yqu(j)7 7qu(s)>p )

p
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2.5. THE STOCHASTIC LINEAR SYSTEM

for m = 1,2, we obtain GG; and G5 as follows,

_0%0000_ _00%000—
%0 00\/%50 0 0 0%00
012@000%007@:@%0000%@
0 0 —J 0 0 0 0 % 0 0 0 0
0%50000 0 0 0 0 0 0
00 0 0 0 0] _oo%ﬁooo_

Since (G, induces the sparsity pattern of the matrix A, in order to observe the sparsity

pattern of the matrix A (see [89, p. 409]), we can consider the pattern of the matrix

M

> 6.

m=0
Example 2.4. Consider the spaces of complete polynomials S5, S2, S2 and S2. The
patterns of the stochastic Galerkin matrix A in these cases are shown in Figure 2.2l Each

plot represents the block pattern of the Galerkin matrix A of size N, x N,,, where a blue

dot is a non-zero block matrix of size N, X Ny.

Furthermore, according to Theorem the pattern of the Galerkin matrix A also

= = 250
10 15 20 0 10 20 30 40 50 0 10 20 0 50 [) 50 100 150
nz =80 nz =266 n nz=1512

Figure 2.2: These four figures illustrate the pattern of the stochastic Galerkin matrix
A when the complete polynomial space S} is constructed by an orthonormal basis. The
figures (a) and (b) correspond to the case M =3, k = 3 and M = 3, k = 5, respectively,
and the figures (c¢) and (d) correspond to the case M =5, k = 3 and M = 5, k = 5,
respectively.
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2.5. THE STOCHASTIC LINEAR SYSTEM

depends on the bijection map ¢. Thus, if the map ¢ is changed to a new bijection map ¢/,

then the pattern of the matrix A will also be different.

Example 2.5. Consider the space SM of complete polynomials degree 2 with 3 random
variables, i.e., M = 3 and k = 2, so that A is a block matrix of size 10 x 10. Define maps
@1, ¢2 and g3 from {1,2,...,10} to I3 as in Table 2.2]

n \ q1(n) g2(n) g3(n)

1 1{(0,0,0) (0,0,0) (2,0,0)
2 |(0,0,1) (1,0,0) (1,0,0)
3 1(0,1,0) (2,0,0) (1,0,1)
4 |(1,0,0) (0,1,0) (0,0,2)
50 (0,0.2) (1,1,0) (0,2,0)
6 |(0,1,1) (0,0,1) (0,1,0)
7 1(0,2,0) (1,0,1) (1,1,0)
8 |(1,0,1) (0,2,0) (0,0,0)
9 | (1,1,0) (0,1,1) (0,1,1)
10 | (2,0,0) (0,0,2) (0,0,1)

Table 2.2: The maps ¢, ¢ and g3 from {1,2,...,10} to I3.

Each plot in Figure represents the pattern of the matrix A for a different map ¢

but with the same number of non-zero entries.

.....

(a) (b) (c)

Figure 2.3: The figures (a), (b) and (c) show the patterns of the Galerkin matrix A for
the case of the complete polynomial space S; for the maps qi, g2 and g3, respectively.

We can see that the function ¢ plays a vital role to manipulate the pattern of the matrix
A. Some patterns of the coefficient matrix such as block-diagonal or block-tridiagonal can
improve the efficiency of a solver. For instance, parallel computing can be applied to solve

a linear system with block-diagonal coefficient.
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2.5. THE STOCHASTIC LINEAR SYSTEM

Generally, applying a numerical method such as the finite element method to a de-
terministic problem leads to a linear system with a stiffness matrix that contains the
information from the physical domain. We have seen in this chapter that the SGFEM
combines stochastic Galerkin matrices, which include the data from the stochastic part,
with stiffness matrices and introduces a large coupled linear system. The dimensions of
these stochastic matrices and stiffness matrices grow exponentially with the discretisation
parameters. As a result, the linear system that arises from SGFEM is much larger than
the linear system from the deterministic problem. Consequently, this adversely affects
the computational effort for solving such a linear system. Additionally, the pattern of
the coupled linear system is very complex. For the case of KL expansions, the coefficient
matrix is block-sparse, whereas the coefficient matrix is block-dense in the case of gPC
expansions. Hence, to deal with this problem, a powerful solver equipped with an efficient

preconditioner is needed.
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CHAPTER 3

THE CONJUGATE GRADIENT METHOD

According to the construction of the stochastic Galerkin matrix A, the matrix A is sym-
metric and positive definite. Additionally, the matrix A is block-sparse by Theorem [2.11]if
the random field a is given in the form of the KL expansion. Thus, the conjugate gradient
method is a suitable option for solving a linear system with our symmetric and positive
definite coefficient matrix A. The important feature of the conjugate gradient method is
that it guarantees convergence of the solution.

In this chapter, we present the conjugate gradient method (CG) together with its
preconditioned version (J[I06]). They are iterative methods for solving a linear system
Ax = b where A € R™"™ is symmetric and positive definite and x, b € R". We choose an
iterative method as a solver for our problem because of the sparsity and size of matrix
A which is usually large because it is a summation of the Kronecker product between
stochastic matrices and stiffness matrices. First, we provide a brief review of Krylov sub-
space methods and the definition of the Krylov subspace in section Next, we review
the conjugate gradient method and its algorithm. We also provide some properties, and
most importantly, a well-known convergence theorem. Finally, we discuss the precondi-
tioned CG in section and why preconditioners are important to our problem. The

preconditioned CG algorithm is also provided.
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3.1. THE CONJUGATE GRADIENT METHOD

3.1 The Conjugate Gradient Method

Krylov subspace methods are iterative methods based on a projection technique for solving
the linear system

Ax = b, (3.1)

where A € R™" and x, b € R" with initial guess x¢. Let K,, and L,, be subspaces of R"
with dim /C,, = dim £,,, = m. A projection technique will find an approximation x,, to x
as a member of xg + K,,, and with residual vector r,, = b — Ax,, orthogonal to £,,. That
is

X € X0+’Cm,

and

b—-Ax,, Lw forallwe L,,.

For Krylov subspace methods, different choices of the subspace £,, yield a variety of

Krylov subspace methods. However, the subspace IC,, is fixed and is defined as follows.

Definition 3.1. The Krylov subspace associated with or generated by A and r( is denoted
by K. (A, o) and is defined by

’Cm(Av I'O) = Span {I‘o7 Aro7 AQI‘O, . 7Am_11'0}

where rg = b — Axg. Note that I, (A, ry) will be denoted by IC,,.

The conjugate gradient method, which is probably the best-known Krylov subspace
method, employs L,,, = KC,,, where IC,, is the mth Krylov subspace introduced in Definition
B.11

Since the approximate solution x,, € xo+ /C,, , then x,,, = X+ ¢yn_1(A)ro where g,,_1
is a polynomial of degree m — 1. Since x = xy + A~ 'ry, the choice of approximation x,,
indicates that A~! is approximated by ¢,,_1(A).

Assuming the coefficient matrix A in (3.1)) is symmetric and positive definite, it induces
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3.1. THE CONJUGATE GRADIENT METHOD

the so-called A-inner product (-,-)4 defined via
(u,v)a = (Au,v) u,v € R",

where (-, ) denotes the Euclidean inner product.
Note that we can define the A-norm [|-||, by [[v|%} = (v,v)a for v € R". We now
set pp = ro and construct a set of vectors {p;}.~, orthogonal with respect to the inner

product (-, )4 by choosing the next search direction to be

Pm+1 = Tm41 + Bmpm-

Hence, x,, can be written as

m
Xm+1 = Xm + OmPm = Xo + E a; Py,
=0

where «ag, a1, ...,a, € R. Since r,, 11 = 1, — aApm, we choose «,,, such that r,, . is

orthogonal to r,, with respect to the standard inner product (-,-). Thus,

(T, Tr)

Oy = ————.
(PmsPm) 4

Again, since p,,,1 is orthogonal to p,, with respect to the A-inner product, we have

8, = (Tm+1, Tor1)
(T, Tm)
We combine these results and get the pseudocode for the CG algorithm in Algorithm
As we can see, each iteration of the the CG algorithm mainly consists of an inner
product and a matrix-vector multiplication. As a result, the cost of matrix-vector multi-
plication dominates the cost of one iteration of the CG algorithm. The CG method has

some important properties as the following theorem shows.
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3.1. THE CONJUGATE GRADIENT METHOD

Algorithm 1 The CG algorithm for solving the linear system Ax = b
rg = b — AXO
Po =To
For m =0,1,2,... until convergence
Ay = (rm7 rm) / (pma pm)A
Xm+1 = Xm + a4y Pm
'm+1 =Ty, — amApm
ﬁm = (rm—l—la rm—l—l) / (rm; rm)
Pm+1 = I'm+1 + Bmpm
End For

Theorem 3.2 (|[I06, Proposition 6.20]). Let {r,,} be the set of residual error vectors and

{pPm} be the set of auziliary vectors produced by Algorithm for m=20,1,2,...,n. Then,

(T s Timy) = 0 and (Pmy, Pmy) 4 = 0 for all my # mo.

An immediate consequence of this result is that the conjugate gradient algorithm
will terminate or converge within n iterations. However, we expect the Algorithm
is terminated in m iterations where m < n. In addition, the sequence (X,),,cy, in
Algorithm [I| converges to the exact solution with the rate of convergence as shown in the

following results.

Theorem 3.3 (|[I06, Theorem 6.29]). Let x,,, be the approzimate solution obtained at the

mth step of the CG algorithm and let x be the exact solution. Then

I = sl <2 (VA DY
A k(A)+1 A

where K(A) = Amax(A)/Amin(A).

By Theorem [3.3] it is easy to see that the rate of convergence depends on the eigen-
values of the coefficient matrix A. If A, is close to Anay, then the number of iterations

is likely to be small. Moreover, to ensure that the relative error with respect to the norm

45



3.2. PRECONDITIONED CONJUGATE GRADIENT METHOD

||-|| 4 is less than a given tol < 1, it is sufficient to require that

VE(A) —1 " )
? <m+ 1> = ol
VE(A) =1 tol

. £/ Kk(A)—1 o =2
Since log (\/K(A)H N T we have

Remark. tol can be any positive real numbers. However, a discretisation of the model
problem causes an approximation error that cannot be removed. Thus, it is sufficient to
solve the linear system from the discretisation formulation with an accuracy in the same

order as the discretisation error. If tol is too small, it may cause an overfitted model.

To conclude, we can see that the number of iterations appears to grow linearly with
VKk(A). However, it will not exceed the dimension of the matrix A due to x being

approximated by a linear combination of orthogonal vectors {p;}._,.

3.2 Preconditioned Conjugate Gradient Method

If the coefficient matrix A is ill-conditioned, i.e., A(A) is close to zero or very large,
it results in requiring many iteration counts of the CG algorithm before convergence.
A preconditioner plays a vital role in the convergence of iteration methods. Generally
speaking, a preconditioner is needed to improve convergence of the CG algorithm if the
coefficient matrix A is ill-conditioned.

Moreover, according to the convergence Theorem of the CG algorithm, the rate of

convergence depends only on the coefficient matrix A. Then, the linear system Ax = b
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3.2. PRECONDITIONED CONJUGATE GRADIENT METHOD

Algorithm 2 PCG algorithm for solving Ax=b with a preconditioner P.

I'U:b—AXO

Zy = P_II‘O
Po = Zo
For m =0,1,2,... until convergence

Om = (rm7 Zm) / (pma pm)A
Xm+1 = Xm + WmPm
Fmy1 =Ty — amApm
Zii1 = P70
Bm - (rm-l-la Zm+1) / (I‘m, Zm)
Pm+1 = Zm+1 + /Bmpm

End For

can be changed to a preconditioned linear system

Ax =b. (3.2)
such that x(A) < k(A). Since the CG method requires the coefficient matrix A to be

symmetric and positive definite, we set

A=P3AP: %=Pixandb=P b,

where the matrix P is a symmetric and positive definite matrix such that the condi-
tion number is smaller. Hence, the number of iterations of the CG algorithm might be
decreased if the CG is applied to the preconditioned linear system instead.

If the CG method is applied to the preconditioned linear system ([3.2)), we can derive
the CG algorithm with a preconditioner P as shown in the Algorithm

The preconditioned Conjugate Gradient algorithm (PCG) performs an inner-product

and a matrix-vector multiplication but also solves the linear system

Pz, =r,, (3.3)

at each iteration. Therefore, the cost for solving such a linear system should not be very

high. Additionally, there is one important feature required in a preconditioner: optimality
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3.2. PRECONDITIONED CONJUGATE GRADIENT METHOD

with respect to problem size. This concept is described below.

Definition 3.4. Let {A,}, {P,} be the sets of n x n matrices with n € {ny,ng,...,ns}

and let 6, © be positive real numbers independent of n such that for all n € {n;, ny,...,ns}
0 <X(P,'A,) <O.

We call the set {P,} an optimal preconditioning set for {A,} with respect to the size n.

~

If the matrix P is an optimal preconditioner, then the condition number x(A) is
bounded by a constant independent of n. As a result, the iteration counts by PCG are

also bounded with respect to the problem size.

Equivalent Bilinear Forms and Optimal Preconditioners

Optimal preconditioners may be designed via equivalent operators (see [40], [52]) or equiv-
alent norms (see [88]). It is well known that operators and bilinear forms are connected.

Thus, we introduce the following definitions.

Definition 3.5. Let V be a vector space and B,B : V x V — R be positive definite
symmetric bilinear forms. The bilinear forms B and B are said to be equivalent if there

exist positive numbers 6, O such that

0B(v,v) < B(v,v) < ©B(v,v) forallveV.

Definition 3.6. Let A, P € R™" be symmetric and positive definite matrices. The

matrices A and P are spectrally equivalent if there exists positive numbers 6, © such that
oviPv <v'Av <Ov'Pv forallveR"

The following proposition shows a connection between spectrally equivalence of ma-

trices A and P and boundedness of eigenvalues of P~1A.
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3.2. PRECONDITIONED CONJUGATE GRADIENT METHOD

Proposition 3.7. Let A, P € R™" be symmetric and positive definite matrices. If the

matrices A and P are spectrally equivalent, then

0 <\NP'A) <O,

where 0 and © are the constants of equivalence.

Proof. Let v.€ R™\ {0}. Since A and P are spectrally equivalent, we have

vl Av
g < < 0.
~—vipv —

Since P is symmetric and positive definite, we set w = Piv and get

T p—1 _1
QSWP AP 2W§®.

wlw

By Rayleigh quotient, we have

Since the coefficient matrix A in ([2.20)) is induced by the bilinear form (2.12), we may
design an optimal preconditioner by finding an equivalent bilinear form as shown in the

following proposition.

Proposition 3.8. Let B,B : V x V — R be positive definite symmetric bilinear forms

which are equivalent. Let V = span{py, ..., o} C V. Define matrices A and P by

A;j = B(yi,¢;j) and P;; = B(S%(Pj)-

Then, A and P are spectrally equivalent.
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3.2. PRECONDITIONED CONJUGATE GRADIENT METHOD

Additionally, P 1s an optimal preconditioner for A.

Proof. Since the bilinear forms B and B are equivalent and V is a subspace of V, there

exist positive numbers 6, O such that

6B(v,v) < B(v,v) <©B(v,v) forallveV.

Let v € R" and set v = S.7 vip;. Then, B(v,v) = vI'Av and B(v,v) = v/ Pv. We
have

oviPv <vlAv < vl Pv for all v e R™

Hence, P is spectrally equivalent to the matrix A and also an optimal preconditioner for

A.
]

To summarise, the CG method is a powerful iterative method for the symmetric and
positive definite linear system due to a fast convergence rate and guarantee convergence. A
preconditioner is key to improving the efficiency of Krylov subspace methods. In the case
of the CG method, a preconditioner should cluster the eigenvalues of the preconditioned
linear system, and the cost of the action of its inverse on a vector should not be very high.
Additionally, optimality of a preconditioner is also important in order to bound the PCG
iteration counts. In the next chapter, we will introduce a class of optimal preconditioner

for SGFEM to improve the efficiency of the CG method.
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CHAPTER 4

TRUNCATION PRECONDITIONERS FOR
AFFINE PARAMETRIC DIFFUSION
COEFFICIENTS

The SGFEM is a powerful method for PDEs with random data. However, the method
results in a large coupled linear system of equations which can be represented in block
form with a specific structure. Additionally, the coefficient matrix is ill-conditioned with
respect to the spatial and parametric discretisation parameters (see [97, Lemma 3.7]).
Consequently, this affects the efficiency of the Conjugate Gradient method. Thus, a
preconditioning strategy is mandatory.

Block preconditioning is a natural technique for a block matrix. An effective precon-
ditioner should be similar to the matrix A in some sense, and the computational cost of
the action of its inverse on a vector should not be expensive. Moreover, if the size of the
problem is very large, applying parallel computing when solving a linear system with the
system matrix as a preconditioner would be beneficial.

Truncation preconditioners are one of the possible generalisations of the mean-based
preconditioner (see [97]). The mean-based preconditioner employs the most important
term, which is the block diagonal part corresponding to the mean of the diffusion coef-
ficient. In contrast, truncation preconditioners are constructed via the most significant
r + 1 terms of the coefficient function where r € Nj.

This chapter will introduce a family of truncation preconditioners for the stochastic
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4.1. THE AFFINE PARAMETRIC DIFFUSION COEFFICIENT

Galerkin matrix A for the case where a is an affine parametric diffusion coefficient. First,
we introduce the representation of the diffusion coefficient and some necessary conditions
in section [f.1] Then, we will review some existing preconditioners such as the mean-based
preconditioner and the Kronecker product preconditioner in section Furthermore,
their spectral analysis is also provided to compare with truncation preconditioners. Next,
in section [4.3] we define a family of bilinear forms and show that the bilinear forms are
equivalent to the bilinear form B in . We use these equivalent bilinear forms to
construct a family of preconditioners. In section we present an approximation of the
preconditioner by a symmetric block Gauss-Seidel preconditioner, so that the compu-
tational cost is acceptable and we also show that our preconditioners are optimal with
respect to discretisation parameters. Finally, the performance of the truncation precon-

ditioner is compared with other preconditioners in section

4.1 The Affine Parametric Diffusion Coeflicient

Assume I, .= [—1, 1] for all m € N. Let a be a random field represented as
a(z,y) = ao(x) + Y am(®)ym, €D, yeT, (4.1)
m=1

where a,, € L>*(D) for all m € N.
In order to preserve positivity of the random field a, we also assume that there exist

positive numbers af'™ and af*** such that (see [I10, Proposition 2.22])

0 < af™ < ap(x) < af™ for almost all z € D (4.2)

and
1

abnin

<1 (4.3)
155(D)

T =

00
> lam|
m=1
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4.1. THE AFFINE PARAMETRIC DIFFUSION COEFFICIENT

This implies that the random field a satisfies the assumption (2.10) with

Umin = ag™ (1 — 7) and amay = ag™ + af™" 7. (4.4)

By the representation of the random field a, applying SGFEM to the SPDE (2.7) leads

to the linear system Au = b, where

M
A= Gne Ky, (4.5)
m=0
and, form=1,2,..., M,
(Gl = <ym?/1q(j),¢q(s)>p, Jys=1,2,..., Ny,

(4.6)
(K, = /Dam(w)V@(w) Vo, (x)dz, iyr=1,2,..., Ny.

Unfortunately, the following theorem shows that the stochastic Galerkin matrix A
associated with the mesh size h as defined in (4.5)) is ill-conditioned if A is very small.

In order to study the eigenvalue bounds of the system matrix A, we define

o0

@) = —— 3 fam(@)

ao(x) —

and note that

a(x,y)

CL()(.’L')

1—n(x) < <14n(xz), forall(x,y)eDxT,

and obviously, by the definition of 7, we have 0 < n(x) < 7 < 1 for all x € D. Addition-

ally, we define the bilinear form By : V x V — R by

Balu,0) = [ w) [ al@)Vuta,y) - Vo(e,y)dady. (A7)

Theorem 4.1. Let a be a function in the form and satisfying the assumption
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4.1. THE AFFINE PARAMETRIC DIFFUSION COEFFICIENT

and . Suppose the matrices G, are defined as in with normalised Legendre
polynomial in uniform random variables on a bounded interval [—1,1], and a piecewise

linear approzimation is used for the spatial domain. If the matriz A is the stochastic

Galerkin matriz defined in , then
A(A) C [alaminh2>a2amax]7

where amin and amay are defined in , h is the discretisation parameter for the spatial

domain, and aq and oo are constants which are independent of h, M and k.

Proof. Let v € VM and consider

B(o,v) = / o) /D a(z,y)Vo(@,y) - Vo(z, y)dzdy
< / oy) /D ao() (1 + (@) Vo(e, y) - Vo(z, y)dzdy

< (1+7)By(v,v).
On the other hand, we consider

By(v,v) = / o) /D ao(@)Vu(@,y) - Vo(e, y)dzdy
1
< [otw) [ (o)) @ ¥)Vo(@. ) - Vel y)dady

1
S :B(U, U).

Therefore, we get
(1 —7)Bo(v,v) < B(v,v) < (14 7) By(v,v). (4.8)

Since the bilinear forms B and By induce the matrices A and Gy ® Ky, respectively, then
we have

(1—7)vI (Go®@ Kop)v < viAv < (1 +7)v! (Gy ® Ky) v,
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where the vector v corresponds to the function v. By [07, Lemma 3.5|, we know that
MGy ® Ky) C [ag™arh?, ag™ay),
where o and as are constants which are independent of A, M and k. As a result,
(1 —7)af™ah*viv < vIAv < (14 7) ad®™ayv’v.

]

We can see from Theorem[£.1]that if the mesh size is too small, the minimum eigenvalue
of the coefficient matrix A approaches 0. This results in a deterioration of the bound on
convergence of the CG method in Theorem in practice, CG requires many iterations
before convergence. For example, reducing the mesh size by half will double the number

of CG iterations approximately. Therefore, a preconditioner is needed.

4.2 Some Existing Block Preconditioners

In this section, we review some important preconditioners for the stochastic Galerkin
matrix, which are the mean-based preconditioner [63], [97] and the Kronecker product pre-
conditioner [125]. These preconditioners can also be applied with other iterative methods
such as multigrid methods or domain decomposition methods as we discuss in section [I.2]
The mean-based preconditioner uses only the most dominant term in the coefficient ma-
trix as a preconditioner, whereas the Kronecker product preconditioner approximates the
coefficient matrix in Kronecker product form and uses all the data, i.e., all the matrices

G, and K,,, to construct a preconditioner.
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4.2.1 Mean-based Preconditioners

By the KL expansion, the random field a can be written as an infinite series by starting
with the mean value of the random field a, namely ao(x) = E[a(a,-)]. The key idea of
mean-based preconditioners is to choose the most significant term in the coefficient matrix
A. We can obtain the mean-based preconditioner, which is denoted by Fy, via the bilinear

form By. The mean-based preconditioner is defined by

P0:G0®K0.

Note that the assumption on aq leads to the positivity of the preconditioner F,. We
can see that F is also the first term of the stochastic Galerkin matrix A. It implies that
Py is also the most important term of the matrix A.

For mean-based preconditioners, the eigenvalue bounds of the matrix By LA are pro-

vided in the following theorem.

Theorem 4.2. Let a be a random diffusion coefficient in the form ({4.1)). Suppose that the
random variables are pairwise uncorrelated with even probability density functions. Then,

the following eigenvalue bounds hold

A(PO_IA) Cll—=71+1],

where T denotes the constant in .

Proof. Since we have that the bilinear forms B and By are equivalent in (4.8)) and the

bilinear forms B and Bj induce the matrices A and Fy, respectively, then we have that

l—7<AN(F'A) <1+

]

According to the above theorem, the eigenvalue bounds are independent of discretisa-
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tion parameters, that is, the mesh size h, the number of active random variables M and
the degree k of the space of complete polynomials. Thus, F, is an optimal preconditioner.
The eigenvalues of the preconditioned linear system cluster around one. Therefore, we can
expect the number of iterations by the CG method to be reduced. In each CG iteration,
it is required to solve a system with P as a coefficient matrix.

To analyse its complexity, we denote the number of flops for a sequential operation and
a parallel operation by Fl (operation) and Flp (operation), respectively. Furthermore,
nnz(A) denotes the number of non-zeros in the matrix A.

Due to the structure of Gy which is a diagonal matrix, i.e., Go = Iy,, Py is a block
diagonal matrix with Ky along the main diagonal. Thus, we need to solve N, linear

systems with the coefficient matrix K. Hence,

Fl(Py'v) = NyFl (K 'b) .

Moreover, we may tackle these linear systems in parallel, which would require V, proces-

sors. For instance, for v € RY™v we solve Pyx = v by

Kox; = vy,

where v; = v (((i = 1)Ngp + 1) :iN,) and x; = x (((i = 1)Np + 1) : iN,) fori =1,2,..., N,,.
For this reason, the parallel complexity for solving a linear system with the system matrix
B, is

Flp (Py'v) =F (K;'b).

Overall, the mean-based preconditioner is an efficient preconditioner for many reasons.
First, it is an optimal preconditioner. Thus, the number of PCG iterations does not
depend on any discretisation parameters in the system. More importantly, the spectral
bounds show that the eigenvalues of the preconditioned system P, 'A are packed around

one if 7 is small. That results in reducing the number of CG iterations. Moreover, the

a7



4.2. SOME EXISTING BLOCK PRECONDITIONERS

computational cost of solving systems with F is not high. Nevertheless, F, uses only very
limited information. Hence, if the remainder terms, i.e., A — Py, are significantly large,

then Py may be unsuitable.

4.2.2 Kronecker Product Preconditioners

The main disadvantage of mean-based preconditioners is omitting information about both
the matrices G,, and the matrices K, for all m = 1,2,..., M by using only the first term
of the Galerkin matrix A. The Kronecker product preconditioner introduced in [125] is
constructed by using all the matrices G, and also K,,. The main idea of the Kronecker
product preconditioner is to find the best approximation of the matrix A by preserving
the Kronecker product form. That is, suppose the positive definite matrices A and B are
given. We can then find a positive definite matrix C' to minimise ||[A — C' ® Bl||, where
||| » denotes the Frobenius norm. For the Kronecker product preconditioner denoted by

Pg, the matrix B is chosen to be Ky, and Py is defined by

P@ — G ® K(),
where
o M tr(Kp ko)
0 tr(KgKo) e

and tr(A) = Y"1 a; for A= (ay;), ., € R™™

Note that, as a result of symmetry and positivity of G, Pg is symmetric and positive
definite. Hence, the CG method can be used as a solver for the preconditioned system
with preconditioner Pg. Furthermore, the author of [125] also mentions the relations
between the Kronecker product preconditioner Pg and the mean-based preconditioner

Py in 2 ways. Firstly, if Pg is expanded, it can be seen that the matrix G is a linear

combination of all the Galerkin matrices G, for m =0,1,2,..., M whereas P, is formed
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by using only Gy = Iy. Hence, we can view P as an approximation of Pg as follows,

M
tr(KL K
Po=G oKy Iy, ® Kot Y. (G 0 i
0 0

m=1

Secondly, by a property of Kronecker products, Py can be seen as a factor of Pg:
Py =G®Ko=(G®Iy,) (In, ® Ko) = (G® In,) Po. (4.9)

Moreover, the following lemma shows that Pg is the best approximation of the stochas-

tic Galerkin matrix A under some additional conditions.

Lemma 4.3 ([125, Lemma 5.2|). Let a be a random diffusion coefficient in the form
. Assume that a,, are constant for each m = 0,1,2,... M. Then, the Kronecker

preconditioner Pg 1s identical to the Galerkin matriz A, that is Py = A.

Therefore, if the conditions of Lemma [1.3] hold for the diffusion coefficient function a,
then we can obtain the solution in just one iteration of the CG method. Most importantly,

an eigenvalue analysis is available.

Theorem 4.4 ([125, Corrollary 5.4]). Let a be a random diffusion coefficient in the form
. Suppose that the random variables are pairwise uncorrelated with even probability

density functions. Then, the following eigenvalue bounds hold

1 T
AInin P_IA > - 5 0< < ]_,
( ® ) - 1 + T2 ]_ — T3 E
_ 1 + 71
Amax (Pt A) < ,
& ( ® ) - 1 — T2
where
1 M
1= i Z ﬂl(c?l ||am||L°°(D)7
CLO m=1
M
_(m) | Kmll
Ty = Mg )
mzzl Kol
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ﬁgﬂ denotes the largest root of the (-,-),, -orthogonal polynomial Pj .

Unfortunately, the theoretical eigenvalue bounds of Pg'A are not sufficiently sharp,
therefore, they cannot reflect or predict the performance of Py. Moreover, they are worse
than those established for the mean-based preconditioned Galerkin matrix in Theorem [4.2]
However, according to experiments in [125] section 6], the Kronecker product precondi-
tioner reduces the number of iterations when compared to the mean-based preconditioner
in many test problems. This is because the spectrum of the preconditioned matrix Py 1A
clusters around one more than that of PO_IA. Moreover, the setup time for the precon-
ditioner Py depends on the dimension of S}/, i.e., N,, whereas the construction time
of Py remains virtually constant. However, the setup time for the preconditioner Py is
negligible compared to the time taken by the iterative solver.

In terms of computational cost of the action of Ple, it can be seen that the solution
of a linear system with the coefficient matrix Py is more expensive than solving with the
preconditioner Py due to the relation between Py and Py in (4.9). For the action of Pg!
on a vector v € RV=Mv, we start by solving N, linear systems with the system matrix G.

For example, we solve the linear system (G ® I,)x = v by splitting into subsystems
Gx; = v;,

where v; = v(i : Ny : NpNy) and x; = x(i : N : NoN,) for i =1,2,..., N,. We may
assign each linear system to a processor. We can then obtain Py 'v by solving a linear
system with the system matrix 4 which takes N,J¢ (Ko_lb) operations. To conclude,

the action of Py ! has the following complexities
F(Py'v) = N,FC (G7'd) + N, Fl (Ky'b)

and

Flp (Py'v) =F(G7'd) + T (Ky'b) .
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Since G is a linear combination of G,, for m = 0,1,2,..., M, G has the same pattern
as the stochastic Galerkin matrix A. Consequently, there are 2M + 1 nonzero entries per
row. Thus, linear systems with the matrix G can be solved in O ((2M + 1)2) operations

by assuming that Cholesky factorisation of G is provided (see [125 Section 5.5]).

4.3 Truncation Preconditioners

Truncation preconditioners are a generalisation of the mean-based preconditioner. We
start by finding a bilinear form B, which is equivalent to the bilinear form B in (2.12).
Thus, a preconditioner P which is defined via the bilinear B is optimal. That is the
preconditioned Conjugate Gradient converges in a number of iterations independent of
the size of the coefficient matrix A. To begin with, we will show that conditions and
(4.3) guarantee that a truncated coefficient of a(x,y) is positive and uniformly bounded
away from zero. This allows us to design an optimal preconditioner via a bilinear form
which is defined via the truncated coefficient of a(x, y).

As was done for the random field a, we define a quantity related to the truncated

coefficient a by

1

m
Qg

70 =0, T, = , reN (4.10)

L>=(D)

in

r
D lanl
m=1

Note that (7,),cy, 15 an increasing sequence and bounded by 1 (see Figure 4.1). That is

O=1m<n<- <7 <74 < <7< L

We will use this quantity to find a bound for the truncated random field a.

Lemma 4.5. Let a be a parametric diffusion coefficient in the form which satisfies
conditions and (4.3). Define a truncated expansion of the random field a by a, :

61



4.3. TRUNCATION PRECONDITIONERS

Tr

0.2 I

Figure 4.1: 7,. is a non-decreasing sequence bounded by 7 < 1.

DxI' - R

a,(2,y) = ao(x) + Y _ () yum- (4.11)

Then, for any r € Ny, a, s positive and bounded in D x T'.

Proof. Tt is obvious that ag is positive and bounded, by condition (4.2)). Let r € N, since

lym| < 1 for all m € N, we have

T T T
|ar(z,y) — ao(x)| = Z W ()Y | < Z |am ()| < Z || = ag™"7,.
m=1 m=1 m=1 L (D)
Therefore, we get
aol@) — air, < ay(x,y) < ao(@) + a7,
By condition (4.2)) on ao,
a;nin — agnin - agiinTT S ar(m,y) S aomax 4 aBninTT — aTmaX. (412)

Since 7, < 1, then ™™ = ™ (1 — 7,.) > 0.

T
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max
ay

PY a:nin

min
ap -,
—

°

|

- qu?ax

0.5 - N

min
r

max

%% is a non-decreasing sequence.

Figure 4.2: &)™ is a non-increasing sequence whereas a

We now use Lemma to define a family of bilinear forms equivalent to the bilinear

form B.

Theorem 4.6. Let a, be a function in . Define the bilinear form B, : V xV — R

by
B, (u,0) = / o(y) /D ar (. y) Vu(e, y) - Vo, y)dady. (4.13)

Then, the bilinear form B, is equivalent to the bilinear form B in for allr € Ny.

To be precise, there exist positive numbers 0, and ©, such that

GTBTO}aU) < B(U,’U) < GTBT(U7U)7 fOT’ allv e ‘/7

where
1
0, = , 6,=1 !, 4.14
1+e, e ( )
with
e = ! i | and g/, = ! i |
" Qmin " " min "
m=r+1 Lo (D) r m=r+1 L (D)
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Proof. Consider

For the lower bound, we have

B.(v,v) — B(v,v) < |B(v,v) — B.(v, )]

g/ / ( |am|> Vou(x,y) - Vu(z,y)dxdy
r D Omin m=r+1
1

<Y wl| [ o) [ o)V y) Voo yiedy
min m=r—+1 Lo (D) D
1 o0
<—11 > lan B(v,v).
min m=r+1 Loo(D)
Hence,
1
1+€T‘BT( ,v) < B(v,v)
where
. o
min m=r—+1 oo(D)
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Next, we find an upper bound by considering

B(v,v) — By(v,v) < |B(v,v) — B.(v,v)]

s/lﬂp(y)/l)% ( > laml | Vo(a,y) - Vo(z, y)dody

m=r+1

IN

1 o0
min Z |am‘ / p(y) ar(a’.a y)VU(SE, y) ’ vv(m7 y)dil?d’y
r m=r—+1 Lo (D) r D

IN

1 o
e Z || B,(v,v).
r m=r+1 Lo (D)
Therefore, we get

B(v,v) < (1+¢€.) B.(v,v)

where
1

min
ay

o0
2 ol

m=r—+1

/ p—
€ =

L>o(D)
0

Remark. Theorem [4.6] generalises Theorem [4.2] and the result in [21], eq. (2.5)]. That is,

if we set r = 0, we get the eigenvalue bounds for the mean-based preconditioner.

We can see from the above theorem that e, and €/ tend to 0 as r increases. As a
result, 6, and ©, approach 1. Hence, the constants of equivalence are tighter around one
as r increases. Most importantly, these constants do not depend on any discretisation
parameters such as mesh size or the degree of the space of complete polynomials. We
now know that the bilinear forms B and B, are equivalent. Hence, we utilise the bilinear
form B, to generate a class of optimal preconditioners. Specifically, let P, be induced by
the bilinear form B,. By Proposition [3.8] the eigenvalue bounds for the preconditioned
system P 1A are

A (P714) € 16,0,), (4.15)

where 60, and O, are defined in (4.14)).

Additionally, we obtain eigenvalue bounds for P; ' P, in the following corollary.
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Corollary 4.7. Let a, be a truncated random diffusion coefficient in the form . Let
P, and Py be induced by the bilinear form B, in and By in , respectively. Then

ANPy'P)Cl—7,1+ 7],

where T, is defined in .

Proof. By Lemma (4.5 a, is positive and bounded. If we set a,, = 0 for m > r, the result

of Theorem [4.2] will hold with 7 replaced by 7,

(1 —7.) Bo(v,v) < Bp(v,v) < (14 7.) Bo(v,v).

Since the bilinear forms B, and By induce the preconditioners P, and F,, respectively, by
Proposition we have

1—7 <A (PoflpT) <1+4r7,.
O

However, to construct a preconditioner P,, there are a few issues to consider such
as the speed of the convergence of the preconditioned system and the complexity of the

action of the inverse of the preconditioner P, on a vector.

4.4 Modified Truncation Preconditioners

To design an efficient preconditioner, there are some features that we have to take into
account. The preconditioner should be optimal and also capture the main features of the
coefficient matrix. Additionally, the complexity of the action of its inverse on a vector
should not be expensive.

In the previous section, we have seen that the truncation preconditioners P, induced
by the bilinear B, are optimal. Next, in order to keep the key features of the coefficient

matrix A, we need to ensure that the parametric function a is properly approximated.
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Because the coefficient function a in (4.1)) is defined via a KL expansion, we sort a,, by

their magnitudes. That is

laxll oo py = lla2ll oo py = llasllpoe(py = -+

As a result, a is well represented by a, and P, captures the most significant r + 1 terms
of the matrix A.
Lastly, we replace the preconditioner P, by its symmetric block Gauss-Seidel (SBGS)

approximation:

P, = <G0®KO+ZLm®Km> (Go® Ky) ™ (GU®K0+ZL5L®K”%>’

m=1 m=1

where L,, is the strictly lower triangular part of the matrix G,,. By the structure of
the block-triangular and block-diagonal matrices in P,, the multiplication of P;l with a

vector is acceptable in terms of computational cost.

Remark. With a certain permutation, the truncation preconditioner P, can be in the
form of a block-diagonal matrix. However, the number of blocks reduces when r increases.
In the case r = 1, we can employ a specific permutation so that P, is a block-diagonal
matrix where each block is a block-tridiagonal matrix, as shown in Figure This

structure of P, could be beneficial if an efficient block-tridiagonal solver is provided.

4.4.1 Computational Costs

As we mentioned in the previous chapter, the stochastic Galerkin matrix A in (4.5)) is sym-
metric and positive definite. Then PCG is a suitable linear solver. One iteration of PCG
requires one matrix-vector multiplication and solving a linear system with a preconditioner
as a coefficient matrix. Hence, to compare the efficiency with other preconditioners, we
need to analyse its complexity for solving the linear system with a preconditioner.

Since the modified truncation preconditioners are decomposed into two block-triangular
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Figure 4.3: The sparsity pattern of the preconditioner P, when M =5 and k = 3 based
on [89, Theorem 9.62|.
matrices and one block-diagonal matrix, in order to solve P.z = r, we need to solve two

block-triangular linear systems as follows.

1. Solve for z’ by forward substitution from

<G0®K0+2Lm®[(m> Z/II'.

m=1

2. Solve for z by backward substitution from

r
<G0®KO+ ZLQ@KW> z=(Gy® Kz
m=1
The computational cost for solving such a linear system involves two main operations, i.e.,
matrix-vector multiplication and solving a linear system with stiffness matrix K. For the
former, we know that if A is a sparse matrix and v is a vector, then ¢ (Av) = nnz(A). In
the latter case, we leave it to the reader to decide on a suitable approach such as multigrid
or domain decomposition. Each method has a different key feature. For example, a
multigrid method provides optimality or a domain decomposition method is capable of
parallelism.

For the first step, forward substitution requires solving IV, linear systems with stiffness
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matrix K, and rN, matrix-vector multiplications because P, have at most 2r + 1 non-
zero block matrices per row. Therefore, the complexity is rNynnz(Ko) + Ny F¢ (K 'v).
Similarly, for backward substitution, it takes another rNynnz(Ky) + N, JY¢ (Ko_lv) flops
plus the complexity for multiplication on the right hand side of the equation which requires
Nynnz(Ky). As a result,

F <]5_1r) ~ (2r + 1)Nynnz(Ko) + 2N, FC (K;'v) .

T

Generally, the structure of P, does not facilitate parallelism. However, using a certain
permutation technique, the preconditioner P, can be a block-diagonal matrix, although
each block may have a different size. Furthermore, the parallel computing suitability of

P, deteriorates when r increases. Thus, we interested in cases when r is small.

Case r = 0: In this case, Fy is a mean-based preconditioner which is a block-diagonal

matrix. Recall that
F(Py'r) = N,FU(Ky'v), Flp (Py'r) = FC (K 'v).

Case r = 1: As mentioned earlier, by the permutation technique in [89, Theorem 9.62],

we have

1
Tk+1

T

h

where 77" is a j x j tridiagonal matrix defined in (2.17) for j = 1,...,k + 1 and

T = 0. Hence, P, = Gy ® Ky + G ® K; is a block-diagonal matrix whose block at
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the main diagonal is a block-tridiagonal, and the complexity for Pflr is

k+1
F(Pr'r) ~ (20 (Kg'v) + 3una(Ko) > nyg +mTe (K5 V)
j=2
where, if M > 2,
k+M—j—1

nj:

M -2

Note that if M =1, then n; = 0 for 7 = 1,2, ...,k but ng4; = 1. Furthermore, the

parallel complexity depends on the largest block which is T},;. Therefore,

Flp <P1_1r> ~ (k+1) (25¢ (K;'v) 4 3nnz(Ky)) .

Note that,
k+1 k+1 E+ M _j -1 k+M—2 ]
2 M= = >
j=1 j=1 M —2 j=M-2 \ M —2

By the Hockey-stick identity (see [75])

i ) n+1
i=k k k+1
we have that
% k+M-—1 L N
n; = = ——N,,.
= M—1 k+ M

_k_

Therefore, we require at most - ™y

N, processors on a parallel machine.
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4.5 Analysis of Modified Truncation Preconditioners

In this section, we aim to derive spectral bounds for 15[114 and show that P, is an optimal
preconditioner. We know that P, is optimal for the stochastic Galerkin matrix A. If
P, and P, are spectrally equivalent, so are P, and A by transitivity of the equivalence
relation. For convenience, we let S, and Dy be the strictly lower block-triangular part

and the block-diagonal part of the matrix A. That is

Sy = Lm®Kp, Dy=Gy& Ky,

m=1

so that

P, = Do+ S, + ST

Additionally, we assume that the ordering of multi-indices in the index set I} by
lexicographic, anti-lexicographic, ascending or descending ordering. This ordering results
in the matrices L,, have at most one nonzero entry per row and per column. Recall that

P, is the SBGS approximation of P,, in particular,
P, = (Dy+S,)Dy* (Do + ST) = P, + S, Dy ' ST

Let v € RY=M\ {0}. Consider

vIiPv vlIS,. Dyt STv

vIPv +VT(D0—|—ST—|—STT)V'

The minimum eigenvalue of P71P, is

Amin (P;U%) — min —1. (4.16)

The last equality is obtained from the fact that S, Dy 'S is a positive semi-definite matrix.
Next, let

~ 1 1
S, =D, 28,D, (4.17)
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1
and apply the change of variable by setting w = Dj v to get

vl'S, Dyt STy WTngfw

max — Imax
TS STV T N (155, 4 57) w

TG GT T
< max —2r2r W ax ww (4.18)

w0 wWiw w#O W T (I + S, + gf) W

T ()

Amin ([—i—gr—i-S',,T),

where opax (A) is the largest singular value of A.
Thus, in order to obtain the upper bound for the eigenvalues of Pr_ll-:’,,, we need an

upper bound for o, <5}> and a lower bound for Api, (I + Sr + S’TT>, these are derived

in the following lemma.

Lemma 4.8. Let S, be defined by . Then,
)\min <]+§7‘+§7T> Z 1_7—7‘7

and
- 1 «
Omax (Sr> < Tmin Z ”a’mHLOO(D) )
%o m=1
where a™> and a™™ are defined by .

Proof. Since I 4+ S, + ST = D=2 P,D~z, by Corollary , then we get
Aumin (D‘%PTD‘%> = dain (B'P) 21— 7,

Next, consider
T

g = ([Ny ®K§5> <Z Lm®Km> (INy ®K55) = L ® Ky,
m=1

m=1
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- _1 _1
where K,,, = K, > K,, K, *. Thus,

r

Omax <§r) < Z Omax (Lm) Omax <f(m) ) (4.19)

m=1

Since 02, (Lim) = Amax (LmLL) and L,, LL is a diagonal matrix because Ly, has only

one nonzero entry per row and per column by Theorem we find

Omax (L) = n%z}x [Gm]ij = max .

By [55, Theorem 1.28], we have ¢]* < 1 for all I,m € Ny because I',,, = [—1, 1] is bounded.
Consequently,

e (L) < 1. (4.20)

Now, Omax <f(m> = max; |/\i (Ko_le)|. In order to find a spectral bound for Ko_le,
we let v € RV=\ {0} and set v(z) = S2= [v], ¢;(x). Thus,

vIK,v

_ Jpam(x)Vu(x) - Vu(x)d - lamll 2o ()
vl Kyv

B fD ao(x)Vo(x) - Vo(x)de — g

Therefore,
lamll oo o
o (K5 Km) = Ao (K5 ' Kp) < @) 4.21
Omax (Ko ) (Ko ) < g (4.21)
Combine the results from (4.19)), (4.20) and (4.21)) to finish the proof.
[l

We combine all the results from (4.16)) and (4.18)) with Lemma [4.8| to obtain spectral

bounds for P-'P, in the following theorem.

Theorem 4.9. Let P, be a truncation preconditioner and pf be the symmetric block
Gauss-Seidel approximation of P,.. Then, the spectral bounds for the generalized eigenvalue
problem ISTV = AP.v are

APTP) C[1,1+6,],
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where

2
1 1 ¢
8, = — <agl Zuamumw)) : (4.22)

in P

Theorem shows the efficiency of the modified truncation preconditioner P, com-
pared to the original truncation preconditioner. Moreover, P, and P, are spectral equiv-
alent. Recall that A and P, are also spectral equivalent by . Finally, we will merge

these results and get the following theorem.

Theorem 4.10. The condition number of f’;lA 18 bounded independently of the degree
of complete polynomial space, number of random variables and the mesh size. In other
words, the preconditioner P, is spectrally equivalent to the stochastic Galerkin matriz A,

1.€.,
i 0,
A (Pr A) c|l——. 0,
1+0,
where 0, and O, are the constants defined in and 6, is defined in .

In conclusion, truncation preconditioners generalise the idea of the mean-based precon-
ditioner. They are designed by the property of equivalent bilinear forms via the truncated
coefficient function a. Therefore, they are optimal for the stochastic Galerkin matrix.
However, the action of their inverse on a vector is expensive. This leads to modified
truncation preconditioners. Thus, the complexity for solving a linear system with the

preconditioner as a system matrix is acceptable.

4.6 Numerical Experiments

In this section, we investigate the behaviour of truncation preconditioners and modified
truncation preconditioners, i.e., spectrum equivalence and performance, to support the
theoretical results obtained earlier. Furthermore, we compare the efficiency of our pro-
posed preconditioners with other preconditioners such as the mean-based preconditioner

and the Kronecker product preconditioner. All the experiments in this thesis were imple-
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mented by S-IFISS [112], which is a MATLAB package to construct a stochastic Galerkin
approximation for PDE with uncertainty.
All test problems in this section solve the model problem in (2.7) where the diffusion

coefficient a(x,w) is assumed to be

and to satisfy the assumptions and with Y,, : Q@ — [—1,1] independent and
uniformly distributed. Thus, the corresponding parametric representation of a(x,y) is
affine-parametric in the form (4.1)) with y,,, € [-1, 1]. Moreover, the forcing function f is
set to be f(x) = 1.

In these experiments, we vary the discretisation parameters in SGFEM. L?(T) is
represented by the space of complete polynomials S/ from 1 to 8 random variables (M =
1,...,8) with the degree 1 to 6 (k = 1, ...,6). We used square elements in D with size h from
274 to as fine as 277, These parameters lead to the dimension of V!, where dim V) =
Nz Ny, as shown in Figure Moreover, the dimension of the finite dimensional subspace
VM reflects the sizes of linear system arising from SGFEM. Next, PCG is applied to the
linear system with initial guess xo = 0 and terminates within tol = 107°.

Note that Figure is plotted on a semilog scale. Thus, it can be seen that the size

of linear system grows rapidly with discretisation parameters.

Example 4.1. In this test problem, we use the problem in [41] Section 11| which repre-

sents planar Fourier sine modes in increasing total order. That is ay = 1 and
am(x) = am™7 cos (2781 (m)xy) cos (2732 (m)xs), x = (21,29) € D,

where @ and & are constants with & > 1 and 0 < @((6) < 1. Here, ( is the Riemann zeta

function. Additionally, 5, and (3, are defined by

Ba(m) = m — k() () + 1), Ba(im) = (m) — (m)
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Figure 4.4: The dimension of finite dimensional subspace V;3 with different discretisation
parameters.

m |0 1 2 3 4 5 6
fas;iezay 1.0000 0.9239 0.0577 0.0114 0.0036 0.0015 0.0007
Slo(‘;v‘_ie;ay 1.0000 0.6079 0.1520 0.0675 0.0380 0.0243 0.0169

Table 4.1: Amplitudes of a,, in fast and slow decay cases.

with k(m) = [—1 12+ \/WJ Note that 3°°°_ | Jam| < a7, m~7 = ac(5) < 1.
Thus, the coefficient a satisfies conditions and with @it = e = 1.

In this experiment, we tested two cases: fast decay and slow decay of amplitude of
a,, with o is set to be 4 and 2, respectively. In both cases, we choose & such that
aC(e) = 0.9999. Therefore, ¢ = 4 and @ = 0.9239 for fast decay whereas ¢ = 2 and
a = 0.6079 for slow decay. The magnitude of the coefficient a,, in the case of fast decay
drops sharply, whereas the magnitude of coefficient a,, drops slower compared to the case
of fast decay.

Table illustrates the magnitudes of ||am|[;(py in both cases. Although the mag-
nitude of a; for fast decay is larger than the one for slow decay, the magnitudes of the

expansion coefficients a,, in fast decay drop very sharply. For example, ||a]| Loo(D) P
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16 ||| oo () in fast decay whereas ||a1| o) & 4 [|a2]| oo py in slow decay. Consequently,
the magnitude of [las||;~(p) in fast decay is only one third of the magnitude of [|az||;~(p)
in slow decay. This implies that a;(x,y) in the case of fast decay gives a better approxi-
mation of a. Since the truncation preconditioner is induced by the bilinear form via the
truncated expansion of a, this indicates that the performance of P; in fast decay should
outweigh P; in the case of slow decay. This is confirmed by the results in Table

For this experiment, we set the discretisation parameters h = 274, M = 8 and vary k.
According to Table for a fixed k, we can see that the iteration counts for the fast decay
coefficient sharply decease from F,, which represents the mean-based preconditioner, and
then remain stable when r increases. These iteration counts behave in the same way as
the magnitudes in Table Furthermore, it is obvious that the numbers of iterations in
Table do not depend on the degree k. Thus, P, is optimal with respect to k.

Next, we investigate the performance of the modified truncation preconditioners which
are the symmetric block Gauss-Seidel approximations of P, and compare their iteration
counts with the mean-based preconditioner and also the Kronecker product precondi-
tioner. The results are shown in Table [1.3] Overall, the modified truncation precondi-
tioners outperform the other preconditioners in term of iteration counts, especially in the
fast decay case. The iteration counts by P; are only 1/3 to 1/4 of those for the mean-based
preconditioner in the fast decay case while the iteration counts for P, are about half of
those for the mean-based preconditioner in the other case. Recall that the complexity
of the mean-based preconditioner is about half of the complexity of the modified trun-

cation preconditioner. Therefore, in both cases, the modified truncation preconditioners

fast decay slow decay
R PP P P3 P Ps Ps|Ph PP P, P PB P PFgs

k= 1,13 4 3 3 2 2 210 6 4 4 4 3 3
2|16 5 4 3 3 2 212 7 5 5 4 4 3
3121 6 4 3 3 2 2,14 7 6 5 4 4 4
4124 6 4 3 3 3 2|15 8 6 5 4 4 4

Table 4.2: The numbers of PCG iterations with the mean-based preconditioner and the
truncation preconditioners P, in the cases of fast decay and slow decay.
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fast decay slow decay

Py Py P, P, Py P, P Bs|P; Py P, P Py P DB D

k= 1}12 13 7 6 6 6 6 6|9 10 6 5 5 5 5 5
2116 16 8 7 7 7 7 7|12 12 7 6 6 6 5 b

3120 21 9 9 8 8 8 8|14 14 8 7 6 6 6 6

4124 24 10 9 9 9 9 9|15 15 9 7 7 6 6 6

5/26 2r 11 10 10 10 10 10|16 16 9 7 7 7 6 6

6129 29 12 11 11 11 11 11|17 17 10 &8 7 7 7 7

Table 4.3:  The numbers of PCG iterations with the mean-based preconditioner, the

Kronecker product preconditioner and the modified truncation preconditioners in fast
decay and slow decay.
are more efficient in general.

However, according to Figure 4.5 PCG with a mean-based preconditioner consumes
less time than other preconditioners in general. Moreover, modified truncation precondi-
tioners spend more time before convergence. This probably due to the stiffness matrices
are not sufficiently large. Note also that improving the function for solving a linear sys-
tem with symmetric block Gauss-Seidel by utilising the sparsity pattern of the matrix can
significantly speed up the solver’s performance.

Additionally, the numbers of iterations by P, increase as compared to the numbers
in Table This can be explained by Theorem as the eigenvalue bounds of f’[lA
are not as tight as those for P~'A. The spectral bounds in the case of fast decay by
truncation preconditioners and modified truncation preconditioners are shown in Figure
44

Although the eigenvalue bounds in Theorem [4.6are not sharp, we can see that increas-
ing the number of terms in the truncation preconditioner results in the tighter eigenvalue
bounds of P71 A around one as described in Theorem Moreover, the maximum eigen-
values of the preconditioned system IST_IA are less than the ones for the system P~'A
in all tests. These give us the tighter upper eigenvalue bounds, but the lower bounds
deteriorate significantly due to the symmetric block Gauss-Seidel approximation of P,.
In addition, for a fixed k, the lower eigenvalue bounds of }375114 are improved sharply as

compared to those for the mean-based preconditioner but stay the same when increasing
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Figure 4.5: The runtimes of PCG iterations (in seconds) with the mean-based precondi-
tioner, the Kronecker product preconditioner and the modified truncation preconditioners
in fast decay and slow decay.

r. These behaviours can be explained by Theorem That is, the symmetric block
Gauss-Seidel approximation of P, gives an accurate approximation with a small r such
as r = 1,2 because 9, in is small. What is more, if r is fixed, 7, in the fast decay
problem is larger than that in the slow decay case. By Theorem this implies that P,
in the slow decay case is more accurate with respect to P, than that in the other case.
This is reflected in the iteration counts by P, in Table which moderately increase in
the fast decay problem from those in Table Based on these facts, we suggest choosing
r =1 or r =2 in most cases.

Before ending the discussion of this experiment, we observe the optimality of the
modified truncation preconditioners with respect to the mesh size A and the number of
random variables M. We range the mesh size h from 273 to 277 and M = 4,8 with P,
Py and P,. Note that, as discussed above, there is no significant change in the iteration
counts for P, when r > 2. We have seen that truncation preconditioners are optimal

with respect to the degree k, so the degree of the space of complete polynomials is fixed
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k=1

k=2

k=3

>\min Amax

)\min >\max

)\min )\max

Sy O W N~ O

0.4718 1.5281
0.9607 1.0392
0.9922 1.0077
0.9974 1.0025
0.9989 1.0010
0.9994 1.0005
0.9997 1.0002

k=1

0.2886 1.7113
0.9124 1.0875
0.9822 1.0177
0.9940 1.0059
0.9975 1.0024
0.9988 1.0011
0.9993 1.0006

k=2

0.2036 1.7963
0.8530 1.1469
0.9693 1.0306
0.9896 1.0103
0.9957 1.0042
0.9979 1.0020
0.9988 1.0011

k=3

)\min AIna,x

)\min )\max

)\min )\max

Oy O W N~ O

0.4718 1.5281
0.7210 1.0339
0.7210 1.0066
0.7210 1.0022
0.7210 1.0009
0.7210 1.0004
0.7210 1.0002

0.2886 1.7113
0.5750 1.0481
0.5810 1.0096
0.5812 1.0032
0.5812 1.0013
0.5812 1.0006
0.5812 1.0003

0.2036 1.7963
0.4675 1.0561
0.4803 1.0114
0.4810 1.0039
0.4810 1.0016
0.4810 1.0008
0.4810 1.0004

Table 4.4: The extreme eigenvalues of the preconditioned system P, A (the first table)
and P'A (the second table) for the fast decay case.

at k = 3. The results are shown in Table 4.5l It is obvious that the iteration counts
for the modified truncation preconditioners do not depend on M as the iteration counts
for M = 4 are the same as the results for M = 8 in both cases. Moreover, as the mesh
is refined, the iteration counts increase very slowly and remain stable when the mesh is

sufficiently refined.

As we have seen in the previous experiment, the modified truncation preconditioners
are very efficient in the case of the fast decay affine-parametric coefficient. On the other
hand, they may struggle with the coefficient whose magnitude of expansion coefficients

gradually reduce very slowly.

Example 4.2. Let D = (—1,1)% Define a covariance model in geostatistics, for ¢, 2’ € D,

_ / _ /
Cov(z,x') = 0% exp I R G 7 e} ,
[y lo

where [y and [ are correlation lengths and o denotes the standard deviation. The eigen-
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fast decay slow decay
P PP P,\Ph PP PR P PP P P
23118 8 8|18 8 8 [13 7 6 [13 7 6
274121 9 9121 9 9|14 & 7 |14 8 7
275123 10 9|23 10 9|14 8 7 |14 8 7
276124 10 10|24 10 10|15 & 7 |15 & 7
277124 10 10|24 10 10|15 & 7 |15 & 7

Table 4.5: The iteration counts for the mean-based preconditioner and the modified trun-
cation preconditioners when h and M are varied.

m 0o 1 2 3 4 5 6
lamll ooy |1 0.2943 0.1572 0.1572 0.0938 0.0938 0.0840

Table 4.6: The magnitudes of the expansion coefficients a,, in Example [4.2

pairs {(Am, ©m)}o_, of the Fredholm integral operator in (2.1)) are defined in [64, pp 28
- 29]. We set [ =1y =2 and 0 = 0.2. The mean of the coefficient a is set to be one, i.e.,

ao = 1, and the expansion coefficients are defined by
am () = 0/ 3An o (®)Ym, x € D.

In this experiment, we set h = 274 M = 8 and note that 75 = 0.8054. The magnitudes
of a,, are displayed in Figure [4.6

We can see that there is a significant difference between ao and a1 ([lao|| poo(py =
3lla1l[p(py)- In general, the magnitudes of the expansion coefficients gradually decrease
except for a; and ay, ie., [laz||popy = llas|l o (py and |[aa|l joe(py = llas|lpo(p)- This in-
dicates that the importance of each term is not very different. Thus, we expect that the
iteration counts for the truncation preconditioners will also reduce very slowly. The results
are shown in Table 4.7] and Figure The truncation preconditioners and the modified
truncation preconditioners perform well in terms of iteration counts. Moreover, as dis-
cussed in the previous experiment, there are only a few cases that the iteration counts
by modified truncation preconditioners increase from those by truncation preconditioners

due to small 7.. However, the overall performance by the modified truncation precon-
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k= 116 5 6 6 5 5 5 5
2,7 &8 7T 7T 6 6 5 5
3/8 9 &8 8 7T 6 6 6
419 10 9 8 7 7T 6 6
5110 11 9 9 & 7 6 6
6(10 11 10 9 & 7 7 6

Table 4.7: The PCG iteration counts for the mean-based preconditioner, and the trun-
cation preconditioners in the first table and the PCG iteration counts for the Kronecker
product preconditioner, the mean-based preconditioner and the modified truncation pre-
conditioners in the second table.

— 40
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lip, luplop lup,lnphnp o p b,

Figure 4.6: The runtimes of PCG iterations (in seconds) with the mean-based precondi-
tioner, the Kronecker product preconditioner and the modified truncation preconditioners.
ditioners is less efficient than that of the mean-based preconditioner or the Kronecker
product preconditioner. This is due to the cost per iteration by the modified truncation

preconditioner is more expensive than that for the other preconditioners.

Overall, truncation preconditioners and modified truncation preconditioners are effi-
cient preconditioners. They perform very well in term of PCG iteration counts. For the
case of fast decay, the experiment showed that modified truncation preconditioners can
improve the efficiency of the solver. However, they are still less efficient than existing
preconditioners in the case of slow decay. In the next chapter, we will introduce another

preconditioning technique to deal with both cases.
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CHAPTER 5

DOMAIN DECOMPOSITION METHODS ON
PARAMETRIC DOMAIN

Domain decomposition is a preconditioning technique designed to improve the perfor-
mance of an iterative solver for the case where the matrix A arises from a FEM discreti-
sation. Its goal is to manipulate the pattern of the coefficient matrix A to a 2 x 2 block

matrix such that

A A
A 1 Arr 7 (5.1)

AFI AFF

where the indices I and F' correspond to interior nodes and interface nodes of all subdo-
mains, respectively, and A;; is a block diagonal matrix. By the structure of A;;, we can
gain the benefit of parallelism. However, the main challenge in domain decomposition is

to approximate the Schur complement, denoted by
S = App — AFIA[_IIAIFa

so that the action of S™! on a vector is not expensive.

Given a problem posed on a physical domain D, in order to get 2 x 2 block matrix
structure, we partition the spatial domain into subdomains. Reordering the basis func-
tions by subdomain leads to the block diagonal matrix structure of A;;, while the basis
functions along the boundary of each subdomain are assigned to a so-called interface set.

In this chapter, we introduce a domain decomposition method for the parametric
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domain I' for the case of affine parametric diffusion coefficients. Thus, we want to group
the orthogonal basis functions in the space of complete polynomials, so that A is a 2 x 2
block matrix. To achieve this, since the pattern of the stochastic matrix A is induced by
the matrices G,,, the pattern of the matrix G,, is studied in section [5.1] In the following,
we will introduce the concept of parametric mesh and explain how to create it for the space
SM from the multi-indices in I}. Moreover, the connection between parametric mesh
and the sparsity pattern of the matrix A is discussed. Next, the concepts of submesh and
interface for parametric mesh are defined. We indicate how the parametric mesh can be
partitioned into many non-overlapping submeshes which are separated by the interface. In
section [5.2] grouping the basis functions for the space of complete polynomials by submesh
leads to the block-diagonal structure of A;;. This procedure results in the 2 x 2 block
matrix structure (5.1) of the coefficient matrix A, which motivates the preconditioner
matrix structures presented in section Our partitioning strategy, namely, the even-
odd partition, is introduced in section We discuss how the actions of the inverse of the
Schur complement on a vector are approximated. We combine all the results and present
several versions of the preconditioner based on our partitioning strategy, together with
the corresponding complexities and the spectral analyses. Finally, numerical experiments
comparing the efficiency of all the versions of the even-odd preconditioners with the other

preconditioners are presented in section [5.5]

5.1 Parametric Mesh

Recall that I';;, = [—1, 1] and the affine parametric coefficient diffusion a is defined in (4.1)

with the assumptions (4.2) and (4.3). The Galerkin projection on the finite dimensional

space SM ® X, yields a linear system with coefficient matrix

M

A=) Gn® Ky,
m=0

84



5.1. PARAMETRIC MESH

where the matrices G,, and K, are defined in (4.6)). Consequently, the stochastic Galerkin
matrix A for the affine diffusion coefficient case can be represented in block form with

blocks

M
Aj =1[Go] Ko+ > [Gul;y Ko, jos=1,2,...,N, .
m=1

Define the matrices G and G to be

G= i G, (5.2)

and

We would like to study the pattern of the matrix A via the following theorem.

Theorem 5.1. Let G be a Ny x Ny, matriz as defined in and q be a bijection from
{1,2,..., Ny} to IM. Let j,s € {1,2,..., Ny} and 3,8 € I}! such that 3 = q(j) and
B = q(s). Then, Gjs # 0 if and only if one of the following holds

1. B and B are identical, i.e.,
B=4, (5.4)

2. There exists m’ € {1,..., M} such that
lﬁm’ - 61/71":1 and ﬂm:B;n f07" m € {17 s >M} \ {m/} (55)

Proof. Suppose Gjs # 0. Then, [Gol;s # 0 or [G];, # 0. If [Gol;, # O, this implies that
j = s and B3 = B because Gy is the identity matrix. If [G];, # 0, we have that there
exists m’ € {1,..., M} such that [G,,];, # 0. By Theorem [2.11} we have |8, — 3,,/[ =1

and (3, = ), forall m € {1,..., M} \ {m'}.

Conversely, if 3 = @', then

[Gol;, =1 but [G];,=0forallme {1,2,...,M}.
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Then, G5 # 0. Next, if condition 1) holds, then [Go}js = 0 and, by Theorem ,
there exists m' € {1,2,..., M} such that [G,v],, # 0. Moreover, if [G,,],, # 0, then we
have [G),),, = 0 for m € {1,..., M}\ {m'} . We have G}, # 0.

[

According to the proof in Theorem the coefficient matrix A has K, along the main
diagonal and [G,];, Ky, for some m € {1,2,..., M} off the main diagonal. Recall that
the sparsity pattern of the matrix A can be investigated via the matrix G. In order to
obtain a 2 x 2 block matrix structure as in ((5.1)), we need a rule to find if the block A,

1S a zero matrix.

Corollary 5.2. Let A be a Ny x Ny block matriz as defined in and q be a bijection
from {1,2,... Ny} to IM. Let j,s € {1,2,...,N,} and 3,8 € I such that B = q(j)
and B' = q(s). Then, A;s # 0 if and only if conditions or hold.

Changing the bijection map ¢ causes the change in the pattern of the matrix A except
Ky is always on the main diagonal of A (see Figure[2.3). To have the 2-by-2 block matrix
structure in , a suitable map ¢ is required and the corollary shows the link between
the map ¢ and the multi-indices in I}, Hence, any pairs of multi-indices in I} which
yield non-zero blocks in A need to satisfy conditions or . To achieve this, the
concept of a parametric mesh for a parametric elliptic PDE problem is introduced via

graph theory. To this aim, let us review some necessary definitions.

Definition 5.3. A graph G is a pair (V, E) where V is a set and E is a set of subsets
with two elements in V. The members in the set V' are called vertices or nodes of the
graph GG and the members in the set E are called edges of the graph GG. We call a graph
with V' = E = () an empty graph.

For simplicity, we write an edge {v1,v2} € E as vjvs or vavy.

Definition 5.4. Let G = (V, E) be a graph. For e € E, if v € V and v € e, we say
e is an edge at v and v is an end-vertexr or end of the edge e. Moreover, if vi,v5 € V

and vivy € E, we say v; and vy are adjacent or neighbours. The degree dg(v) of a node
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v € V in the graph G is the number of adjacent nodes of v or the number of edges at v.
Additionally, 6(G) = min{dg(v) | v € V} and A(G) = max {dg(v) | v € V} denote the

mainimum degree and mazimum degree of the graph G.
Definition 5.5. Let G = (V, E) be a graph where V' = {vy,vs,...,v,}. The adjacency

matrix A = (a;;j)nxn of the graph G is defined by

1 ,vyv; el
aij =

0 otherwise.

Definition 5.6. Let G = (V, E) and G’ = (V’, E’) be graphs.
e G' = (V' F') is called a subgraph of G if V' CV and F' C E.

e The union and intersection of two graphs are defined by GUG" .= (V UV’ EUE")
and GNG = VNV ENE).

e (G and G are disjoint if G NG’ is an empty graph.
Next, a parametric mesh for a parametric elliptic PDE problem is defined as follows.

Definition 5.7. A parametric mesh M associated with the set of multi-indices I3/ for
the affine parametric diffusion coefficient is a graph whose nodes are multi-indices in I}/
with edges between any two nodes which satisty condition (5.5)).

Precisely, M = (V, E)) where

V=0I"and E = {{B,,8,} CV | B, and B, satisfy condition (5.5].}.

By the definition of the parametric mesh, for ¢(j) = 3 and ¢(s) = B’ and j # s, the
nodes 3 and B’ in the parametric mesh are adjacent if Ajs is a non-zero block matrix.
Consequently, the degree of the node 3 is the number of non-zero block matrices outside

the main diagonal at block row or column j of the matrix A. The maximum and minimum
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degrees mean the maximum and minimum numbers of the non-zero block matrices per
row or column outside the main diagonal of the matrix A, respectively.

Moreover, the matrix G in (5.2)) can be viewed as an adjacency matrix of the mesh
M. For example, [G];, = 0 means the multi-indices ¢(j) and g(s) are not linked whereas

[G];, # 0 means there is an edge between the nodes ¢(j) and ¢(s).

Remark. The maximum degree of the parametric mesh M is 2M, since each node in I}/
has M entries and each entry may be increased or decreased by one. This is consistent
with the fact that the coefficient matrix A has at most 2M + 1 non-zero blocks per block
row. Since G has at most 2M non-zero entries per row with zeros along the main diagonal.
G in (5.3) which represents the pattern of the matrix A has at most 2M + 1 non-zero
entries per row.

Moreover, the minimum degree of the parametric mesh M is 1, for example, the node
B with |3| = k. Thus, the matrix A has at least two non-zero matrices per row (include

the main diagonal).

Example 5.1. The set of all nodes of the parametric mesh for the space S5, i.e., M = 3

and k=2, 1is

I3 ={(0,0,0),(1,0,0),(0,1,0),(0,0,1),(1,1,0),

(1,0,1),(0,1,1),(2,0,0),(0,2,0),(0,0,2)} .

In this example, we modify the notation slightly and write the nodes as ajasag instead
of (aq,ag,az), for convenience. Recall that any two nodes are connected if they satisfy

condition ({5.5)). The following multi-index pairs satisfy this condition:

000,100) (100,101) (010,020

100,200) (001,101

000,001) (010,110

(
(000,010
( 001,011
(

) | ) )
) | ) )
) | ) )
100,110) ( ) )

010,011) (001,002
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Figure 5.1: The parametric mesh associated with the set T3.

The resulting parametric mesh associated with the set I3 is shown in Figure

Submeshes and Interface in a Parametric Mesh

Before introducing the definitions of submeshes and interface of the parametric mesh, we

need additional definitions from graph theory.

Definition 5.8. A non-empty graph P = (V| F) is called a path if V' = {vg,v1,...,v;}

and E = {vgvy, 0109, ..., v;_1v;}. We denote the path P by P = vyv;...v;.

Definition 5.9. A non-empty graph G is called connected if there exists a path in G

linking any two vertices in G. Additionally, G is called disconnected if G is not connected.

Definition 5.10. Let G = (V| E) be a graph where V and E are sets of nodes and edges,
respectively. Let G’ = (V’, E’) be a subgraph of G. G’ is called an induced subgraph of G

if all edges in £ whose both ends are in V' are in E’.

The following definitions of submeshes and interface are crucial in order to define a

partition for the parametric mesh.

Definition 5.11. A submesh of the parametric mesh M is a connected subgraph of M
and is denoted by P;. Additionally, I, denotes the set of all nodes of the submesh P; and

n; denotes the cardinal number of the set Ip, .
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Definition 5.12. Let {Py, Ps, ..., Py, } denote a set of submeshes of a parametric mesh
M. The interface of the parametric mesh M, denoted by Z, is an induced subgraph of
the parametric mesh M. The set of nodes of Z is a set of multi-indices which are adjacent
to any submesh P; and may include nodes that are not connected to any submeshes. I

denotes the set of nodes in the interface Z. That is
Np
Ir =T = | JIn.
i=1

Remark. It is possible to partition a parametric mesh and obtain the interface Z of the

parametric mesh with no edge.

Note that a submesh of the mesh for the spatial domain D can be associated with a
subdomain in D because all the nodes in a spatial mesh are represented in a Cartesian
coordinate system. However, in the case of a submesh of the parametric mesh, nodes
in the parametric mesh are represented by multi-indices which are not associated with
points in parametric domain I'. As a result, a submesh in the parametric mesh M is not
associated with a subdomain in I'.

Suppose the parametric mesh is partitioned into Np submeshes. Then, P; U P; is

disconnected for ¢ # j, as the following example illustrates.

Example 5.2. The parametric mesh in Example [5.1| can be partitioned in several ways.

On the one hand, it can be partitioned into two submeshes, namely, P; and P,. That is,
Ip, = {200, 100,101,001}, Ip, = {010,020}
and the set of nodes on the interface is
Iz = {110,000, 011,002},

as shown in Figure [5.2] In the figure, double circle nodes denote interface nodes and

the edges which link between submesh and interface nodes are removed to show how the
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B
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Figure 5.2: Partition of the parametric mesh associated with I3: all the interface nodes
are disconnected.

parametric mesh is partitioned.

In addition, this figure shows a partition for the case where interface nodes do not link
to each other and all interface nodes are adjacent to a submesh in the original parametric
mesh. In this case, we can see that all the nodes in the set 7 are connected to at least
one submesh before partitioning.

It is also feasible to partition the parametric mesh such that there is a node on the
interface not adjacent to any submeshes. Figure 5.3| shows how the parametric mesh is

partitioned. That is

Ip, = {200,100,000, 101}, Ip, = {020} and Ip, = {002},

and the set of nodes on the interface is
Iz = {110,010,011,001} .

We can see that the interface node 011 is connected to the nodes 010 and 001 but the
node 011 does not connect to any submeshes.

Remark. The original coefficient matrix A in (4.5) corresponds to the case Iz = I},
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Figure 5.3: Partition of the parametric mesh associated with I3: all the interface nodes
are connected.

5.2 Matrix Structure

Recall that the domain decomposition technique permutes rows and columns of the coef-
ficient matrix A to obtain the 2-by-2 block matrix in (5.1) where A;; is a block-diagonal
matrix. Suppose the parametric mesh M associated with IM is partitioned into Np
submeshes, namely P, Ps, ..., Pn,. Since each submesh does not overlap with other
submeshes, i.e., their respective sets of nodes are disjoint, we obtain a particular structure
of the matrix.

Let S® and S7 be the subspaces of S associated with the nodes in P; and Z, respec-

tively, defined by

SO = span {¢o | @ € 1p,},

Sz =span{, | o € I7}.

Then,
Np
SM — @ S0 & S,

=1
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Let V@ := S0 @ X,. Consider now the following discrete formulation

Find u € V® such that,
| | (5.6)
Bu®,v) = F(v) forallve V®,

where the bilinear form B and the functional F are defined in and (2.13), respec-
tively. Since the diffusion coefficient a is strictly positive, bounded and has a positive
lower bound, the bilinear form B : V® x V® — R is bounded and coercive. By the
Lax-Milgram theorem, the discrete formulation is well-posed. That is there exists
a unique uY € VO satisfying the discrete formulation , which results in the linear

system

Ay = O, (5.7)

The coefficient matrix A® is a n;-by-n; block matrix with
AR = (g0 Yaos), Ko+ Z (Ymtyo ) Vgor), Kms  Gis =120 my,

where ¢\ is a bijection between {1,...,n;} and Ip, and K,,, m = 0,1, ..., M are defined in
(4.6). Note that A® is symmetric and positive definite.

The vectors u” and b® are vectors in RN*" in particular,

_ T -
W' =y ouy o uny j=12 ... n,

b :/p(ywqm@dy'/ fordw  r=1,2,. Nps=1,2...n
r T D

The following result indicates the pattern of the coefficient matrix A®

Proposition 5.13. Let P; be a submesh in the parametric mesh associated with TM. As-
sume that P; is a path which is the sequence of nodes in P;, denoted by P; = aMWa® ... o),
Define ¢ : {1,2,...,n;} — Ip, by ¢V (j) = aV). Then, AW in (ﬂ) is a block-tridiagonal
matriz.

Proof. Let j € {1,2,....n; — 1} and s € {j + 2, ...,n;}.
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It is obvious that <z/1q(i>(j),wq(i>(s)>p = 0. Since the multi-indices ¢¥(j) and ¢®(s)
are not adjacent in the parametric mesh, they do not satisfy condition . That is
<yqu(i>(j),@/}q(i)(s)>p = 0. Consequently, Ag.i) = 0. By symmetry of the matrix A®, we
have Ag? = Ag? = 0. Therefore, A®) is a block-tridiagonal matrix.

O

Proposition is very useful and could improve the performance of the solver if an

efficient block-tridiagonal solver is provided.

Example 5.3. Suppose the parametric mesh in Example is partitioned as in Figure

b2 That is,
Ip, = {200,100,101,001},  Ip, = {010,020}

and the set of nodes on the interface is
Iz = {110,000,011,002} .

Then, we have the coefficient matrices A and A® as follows

KO C;Kl
A(l) - C%Kl KO C?Kg A(z) - K() C%KQ
C?Kg K(] C%Kl CgKQ KO

CiKl KO

where 7" is defined in (2.10).

Note that if <ym¢q(i>(j), wq(i>(s)>p # 0 where ¢ (j) = 8 and ¢(s) = B, by Theorem
we have f,, = (., for all m" € {1,...,M}\{m} and |5, — B, = 1. Thus,
(YmPg ) Ya)(5)) ) = Corax(Bns}

In general, a submesh P; in a parametric mesh may not be associated with a block-

tridiagonal matrix A® as the follow example shows.
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Example 5.4. Suppose the parametric mesh in Example is partitioned as in Figure
b.3] That is,

Ip, = {200, 100,000,101}, Ip, = {020} and Ip, = {002},

and the set of nodes on the interface is

I; = {110,010,011,001} .

We choose the map ¢ : {1,2,3,4} — Ip, to be

4
200 i=1,
1 100 =2,
g (i) =
000 =3,
101 i=4.
\

Then, we have the coefficient matrices A, A® and A® as follows

K(] C%Kl

1 1 3
Ky Ko oKp K3 and A® — AB) — K.
C%K1 KO

C?Kg KO

where 7" is defined in (2.10]).

We would like to characterise the partitions that yield a block diagonal matrix A;;. We
permute the orthonormal basis of SM corresponding to the partition. Since one submesh

P; in a non-overlapping partition yields a block matrix A®, we have the block diagonal

matrix Az in (5.1]) to be

Np

Ay = @ A,

=1
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Let Ny, be the total number of nodes in all submeshes, i.e., N, = Zi\g’l n;, and
Ip = vazpl Ip, be a set of all nodes in all submeshes. So, N, = #Ip. The block-diagonal
matrix A;; is induced by bijection gp which is a map to group the basis elements of S in
the same order as Py, Po, ..., Pn,, respectively. That is, we let gp : {1, 2,..., Nyp} — Ip
be defined by

)
W (5) for 1 < j <ny,

¢ (j —ny) form;+1<35< Z?:1 i,

(- ) for T 1< S N,

where ¢t is a bijection map from {1,...,n;} to Ip,.

The stochastic Galerkin matrix A in can be constructed by permuting the nodes
in IM. In other words, we need to choose a suitable bijection ¢ : {1,2, o Ny} — M.
Let N, be the total number of nodes on the interface Z, i.e., N,_ = #I7 and ¢z be any

bijection from {1, 2, ... Nyz} to Iz. We choose the bijection g to be

q(j) =
qz(j — Ny,) for N, +1<j <N,

By this choice of the map ¢, the stochastic Galerkin matrix A can be permuted to the

2 x 2 block matrix (5.1)) with A;; a block-diagonal matrix, as required.

5.3 Domain Decomposition Preconditioners

We have seen how the coefficient matrix A can be permuted to a 2-by-2 block matrix.
In this section, we will discuss how to design a preconditioner, which is required to be

symmetric and positive definite, based on the structure of the matrix A. Moreover, we
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discuss its complexity and analyse its spectrum.

5.3.1 Block Preconditioners

In order to design a preconditioner, the matrix A is factorised as follows

A Arr I Arr I Aﬂl Arp
AF] AFF AF]Aj_Il 1 S 1

where S = App — AFIAI’}AIF is the Schur complement.

Note that since the matrix A is symmetric and positive definite, so is S.

In order to obtain an efficient preconditioner, A;; and S need to be approximated so
that the actions of A7 or S~ on a vector are not expensive.

Suppose A;; and S are approximated by symmetric and positive definite matrices A
and S, respectively. Thus, a 2-by-2 block preconditioner for the matrix A can be defined
by

I A I A7} Arre
Pp = . 3
ApiA;l T S I

Under the assumption of positivity of Ajrand S, Pg is symmetric and positive definite.

Remark. Let 7, C I7 be the set of nodes on the interface that are adjacent to the
submesh P; for ¢+ = 1,2,..., Np. Denote Nz, to be the number of nodes in I7,. Next,
define a stochastic restriction matrix Rz, € RM%*NZ which maps a vector in RV to a
vector corresponding to the multi-indices in I7,. Additionally, we define a global restriction
matrix Rz, to be

RIL- = RL‘ X ‘[N:z:'

Because App arises from the interface nodes, we may assume that
Np ’
App =Y REAVRz,
i=1
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where A%)F are matrices of size Nz, Ny X Nz, N,. They represent actions between interface
nodes adjacent to the submesh P;. As a result, the Schur complement S can be viewed

as a summation of the Schur complement S from each submesh, i.e.,

Np
S=> RySUR,.

=1

Thus, S~! can be approximated by
5 Np 11
§ =Y RE [S(l)} Rz, (5.8)
i=1

where S is an approximation of S®.
This preconditioning technique is similar to some classical domain decomposition pre-
conditioners such as FETI methods or balancing domain decomposition if S can be rep-

resented in the form in ({.8)).

5.3.1.1 Computational Costs

Consider r € RY¥=™v under the same permutation used for A:

where r; € RV and rr € RNz, Solving the linear system
PBZ =T (59)

requires the solution of three linear systems in the following steps.
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T
1. Solve for z(M) = [ zgl) zL }

I zgl) ry
AF]AI_II I Zg) rr

T
2. Solve for 2 = [ LD 40 }

121[[ Z?) B Zgl)
Sl |2
1T
3. Solve for z = Z; Zp
I AI_IIA[F Zr ZE~2)
I Zp zg)

We summarise these steps in Algorithm [3]

Algorithm 3 The algorithm to solve the linear system Pgz =r.
2% = Ay
I 7+

Zg) =Tp — AF[Z?)

Zp = Silzg)

(2) A1
Z; =1 _A][AIFZF

According to Algorithm , we need to solve three linear systems: two systems with A;;
as a system matrix and one with the matrix S. In addition, we require two matrix-vector
multiplications involving Ap; and A;r. By Theorem the coefficient matrix A has
at most 2M 4+ 1 non-zero block matrices per row. Thus, the matrix A;r has at most 2M

non-zero block matrices per row because it is a certain that K is in A;; and App. As a
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result, the sequential complexity for the action of Py L on a vector is

FE(Py'r) = 25¢ (A;}v) + T (S71v) + AM Ny mna( ).

Furthermore, due to the structure of A;;, we can solve the linear system with A;; in
parallel which is the main advantage of our domain decomposition technique. On the
other hand, its parallel complexity depends on how the parametric mesh is partitioned,
i.e., the size of the largest submeshes. Moreover, the parallel complexity for S~1v depends

on the choice of S. Thus, we have

Flp (Pg'r) ~ 2Flp ([l;}v) + Flp (§_1V> + 2nnz(Kj).

5.3.1.2 Spectral Analysis

To derive bounds for the generalised eigenvalue problem Av = APgv, i.e.,

A, A I A I A7lA
II IF v =\ II 1 AAIF v, (5.10)

Ap; Apr ApfA;l T S I

the following proposition is essential.

Proposition 5.14 (|5, Proposition 2.1]|). The eigenvalues of the generalised eigenvalue

problem in are the same as the eigenvalues of the matriz

ATrAL I I Ep
SIS | | Bpr T I

where Ep; = <A;11 — A;II) Arp and Erp = S_IAF] <[ — 121;[114][>.
Proposition is a very useful tool to analyse the eigenvalues bounds for problem
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(5.10) in the next section.

5.3.2 Block-diagonal Preconditioners

One of the factors of the matrix A is a block-diagonal matrix which is symmetric and

positive definite, i.e.,

Arr
S

As a result, it is feasible to design a block-diagonal preconditioner Pp for the matrix A
from such a factor of A. Again, assume that A;; and S are approximated by symmetric and
positive definite matrices A;; and S, respectively. Thus, the block-diagonal preconditioner

for the matrix A can be defined by

A
pp=1| " , (5.11)

(@)}

which is symmetric and positive definite.

Remark. The preconditioner Pp can be viewed as a Schwarz preconditioner. That is let
Rp, € RN and Ry € RY¥2*Nv he stochastic restriction matrices which map a vector
in RM to a vector corresponding to the multi-indices in Ip, and Iz, respectively. Next,

define a global restriction matrices Rp, and Rz to be
’R,pi = R'pi &® ‘[Nm and RI = RZ ® [Nm'

Suppose A® is an approximation to the matrix A® in (5.7) for i = 1,2,..., Np and S
is an approximation for the Schur complement S. Then, the preconditioner Pp can be

rewritten as

Np
Pp=> RpAYRp, + RISRz.
=1
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5.3.2.1 Computational Costs

Block-diagonal preconditioners are very convenient to use due to their structure. Let

r € RY=Ny have the block structure

where r; € RM» and rp € RMz. To solve the linear system
Ppz =r, (5.12)

requires the solution of two linear subsystems with the system matrices A;; and S, as

A—1
VA4 A[[ rr

The sequential complexity for Pp is
F(Pp'r) =3¢ (A7lv) + 5 (S7v)

Given the structure of Pp, we can solve for z; and zp in parallel. Thus, we have

Fip (Pglr) = max {Srfp (fl;llv) , Flp (S’lv)} :

Note that the computational cost in parallel for S~'v tends to increase the closer S
is. To avoid this bottleneck, we should balance the parallel computational cost for A;}'v

and S~'v by adjusting the size of submeshes or the interface.
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5.3.2.2 Spectral Analysis

Bounds for the eigenvalues of the preconditioned system P! A are derived in the following

proposition.

Proposition 5.15. Let A be the 2-by-2 block matrix

A= AII AIF

Arr Arpr
Let Pp be defined in with AH = Ayr;. Assume that
A (S-ls) C [61,01] and A (S—lAFF) C [02,0,],

where (1+60,)% > 40,. Then, the eigenvalue bounds of the generalised eigenvalue problem
Av = A\Ppv are

s
Y

po |2

Y

where vy =1+ O + \/(1—1—@2)2 — 46,.

Proof. Let X\ and v be an eigenvalue and an eigenvector of the generalised eigenvalue

problem Av = APpv. We write v as

vy
VvV =
VE
So, we get
Arrvr + Arpve = Mppvr, (5.13)
AF[V[ + AFFVF = )\SVF. (514)

It is clear that the vector v with v; € ker (Ap;) and v = 0 is not an eigenvector of the

generalised eigenvalue problem Av = APpv because the equation (5.14)) is not satisfied.
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Suppose vi = 0 and v; € ker(Ap;). We have that A = 1.

Suppose vp # 0. From , we obtain
(1= N)Aprvr+ Ap A Appve = 0. (5.15)
Substitute in and get
(1=2) (ASvr = Appve) + Apr At Agpvi = 0.

This leads to

T TA
VESVE _ 3\(1 = \) 4 \YEAEFVE
vESvp vESvp

Hence, we solve for \ and get

\ = 1 14 V;AFFVF + \/<1 4 VgAFFVF>2 B 4V£SVF

2 vESve vESvp vESve

Note that, since (1 + 6;)? > 40, then ) is real.

By the eigenvalue bounds of S5 and S~'App, we obtain bounds as follows,

20,
1402+ /(1 + 0,)? — 46,

<A< (146 + VI +6,2—46:).

N —

]

If the assumption in the above theorem holds, the theorem provides tight eigenvalue

bounds of PBlA. We will use this result later.

5.4 Even-odd Partition and Its Preconditioners

We introduce in this section a certain partitioning strategy and the preconditioner asso-

ciated with it. Generally, for domain decomposition on spatial domain, the number of
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subdomains is chosen depending on the resources we have such as the number of proces-
sors or memory. Each subdomain should have roughly the same size and be sufficiently
small to be solved by a direct solver. This is because when solving a linear system with
Ay in parallel, its parallel complexity is dominated by the complexity on the largest
subdomain. In addition, if we consider the parallel complexity of the block-diagonal pre-
conditioner Pp, the size of the interface should not be very different from the size of the
largest subdomain due to the number of nodes on the interface inducing the size of the
Schur complement. However, our partitioning strategy is one of the extreme cases with
each submesh having only one node. It aims to maximise the number of submeshes to
maximise the capability of parallelism. Typically, the number of subdomains in a spatial
mesh is related to the size of the interface. Although this also occur in parametric mesh,
some characteristics of parametric mesh and spatial mesh are different. Before moving to

the main result, the following definitions are required.

Definition 5.16. Let S be a set of vertices of a graph GG. The set S is called an inde-

pendent set if no two vertices in .S are adjacent.

Definition 5.17. Let GG be a graph. G is a bipartite graph if the set of vertices can be
divided into two disjoint and independent sets such that every edge in graph G connects

a vertex from one set to the other set.
The following result is a property of the parametric mesh associated with T},

Theorem 5.18. Let M be the parameltric mesh associated with I for the discrete for-

mulation with affine-parametric diffusion coefficient. Then, M is a bipartite graph.

Proof. Let a € I and let B be an adjacent node to . This means that there exists
m € {1,..., M} such that |a,, — fn| = 1 and oy = B,y for all m’ € {1,..., M} \ {m}.
Suppose that || is even, then |3] is odd and vice versa. That is every edge in parametric
mesh connects an even and an odd node together. Thus, the parametric mesh is bipartite.

]
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Theorem indicates that the set of multi-indices I} can be divided into two disjoint
and independent sets. That is every edge links a node in one set to another node in the

other set and no any pair of nodes are adjacent in each set.

Example 5.5. Consider the even-odd partition described in Theorem for the case

M =3 and k = 2.

Figure 5.4: The parametric mesh associated with T3 is partitioned based on the property
of bipartite graph. Each submesh has only one node. Additionally, no two nodes on the
interface are adjacent.

Note that this partitioning strategy does not minimise the number of nodes on the
interface. For instance, in the case M = 1, the parametric mesh is a path from index
with the degree 0 to the degree k. Suppose we want to partition the parametric mesh
into 2 submeshes for 2 processors. We can choose the node with the index |k/2], where
|| denotes the floor function, to be the interface. Thus, this partition has only one node
on the interface. On the other hand, even-odd partitioning strategy gives k +1 — |k/2]
submeshes. We may assign half of the number of submeshes to one processor and the rest
to another processor. However, this partition produces |k/2] nodes on the interface.

Note also that, in practice, Ip can be chosen to be the smaller set. For instance, we

may choose Ip» and I7 to be

I» = {200, 110, 101,000, 020,011,002} and I; = {100, 010,001}
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ORORORONO

Figure 5.5: The parametric mesh when M = 1 and k = 4 is partitioned in two different
ways. The first mesh is partitioned in two submeshes with the same size and has only one
node on the interface. The other is the even-odd partition. It partitions the parametric
mesh by choosing odd nodes to be the interface.

or

I» = {100,010,001} and I = {200, 110,101, 000,020,011,002} .

This type of partitioning strategy provides the desired structure of the coefficient
matrix A. Due to no two nodes being adjacent on both sets Ip and Iz, it results in the
diagonal block structure of A;; and App with K, along the main diagonal. This implies

that all non-zeros block matrices outside the main diagonal are put in A;r and Ap; as

shown in Figure That is

Ao | o @B A , (5.16)

Apr In, @ Ko

or

A[] AIF M
= Iy, ® Ky and =) Gum® Ky
AFF AFI m=1

The advantage of this structure is the form of A;; and App, so that the action of A7}
and AL} on a vector is not expensive. Thus, an approximation of A;; is not required but

an approximation of the action of the inverse of the Schur complement is still needed.

5.4.1 Schur Complement Approximation

As we have seen in the previous section, the Schur complement S is one important com-

ponent in the diagonal factor of the matrix A. If we could solve the linear system with
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Figure 5.6: The sparsity pattern of the coefficient matrix A when M =5 and k£ = 3 based
on the partitioning outlined in Theorem [5.18]
the Schur complement exactly, the PCG using the preconditioner Pg will converge in one
iteration. Unfortunately, the complexity of applying the inverse of the Schur complement
to a vector is high.

As seen in Algorithm [3] in one iteration of PCG, it is required to solve the linear
system

Sz =r (5.17)

for a given vector r. This operation usually is a bottleneck in the process because the
structure of S or S does not facilitate parallelism. As a result, a suitable approximation
of the Schur complement is required.

In this subsection, we will discuss some approximations of the Schur complement.

Moreover, its complexity and the eigenvalue bounds for S-1S are also provided.

5.4.1.1 Block-diagonal Approximation of the Schur Complement

Recall that S = App — AFIAI_}AIF is symmetric and positive definite. We may approxi-

mate the Schur complement S by its first term. That is

S =~ 5’1 = AFF
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Remark. Since App = Zf\z R%, A;f)FRL. is a diagonal block matrix in even-odd partition,
SO

N -1
Ay = Z Rng [A%H DiRz,, (5.18)
i=1

where D; = D; ® Iy, and D; € RN XN are diagonal weighting matrices such that
Np
> R DRz =1y,
i=1

Hence, S; can be written in the form in 1)

The diagonal structure of App benefits the parallelism. Consequently, its sequential

complexity and parallel complexity are
T (S;lr) = N, F¢(K;'v) and Flp (S;lr) = F0(Ky'v) .

Before we study the spectrum of Sf 1S, the following lemma is required.

Lemma 5.19. Let the coefficient matriz A have the 2-by-2 block structure in (5.16)).
Define
_1 1
Q= AFI%“AFIAI_IIAIFAFI%“'

Then, the spectrum of Q) satisfies

A(Q) C [0,77],

where T is defined by
1

m
)

T=—
m

)
p
m=1

Proof. We split the matrix A as A = Ay + A; where

L>(D)

AO = and Al = 5
AFF AFI
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or
M
Ay =TIy, ® Ko and Ay = > G @ K.
m=1
Let v € RN=Nv\{0}. By Theorem [4.2] and Proposition [3.8 we have that
TA
I-7< v Ao\:’ <147, forall veR""\{0}.
Then,
TA
-7 < ﬁ <7, forall veRY¥"\{0}.
or

A <A55A1A55> C [-7,1].

_1 —1\2 —1 —1
Since the eigenvalues of (AO *ALA, 2) are the squares of the eigenvalues of A, *A; 4, *,

< 7% forall ve R¥="\{0}.

_1 _1 —1\2 —1 —1
Next, by the change of variable u = A, ?v and (AO *A1A, 2) = Ay P AL AT ALA 2, we

obtain
0< % <72, for all u e R¥"v\{0}.
Since
Aagia, = | A ,
AFIAfleJF

by setting u? = [ o7 wT } where w € Rz \{0}, we obtain

T -1
. W AFIAII A[FW
min 7 >0,
w#0 w AFFW

-1
WTAF[AI] A]FW < 2

w#0 WTAFFW
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1
Finally, we set z = A}, .w and get that

T
0< sziz <12 for all z € RMz\{0}.

Next, we derive bounds for the spectrum of 5’1_ s,

Proposition 5.20. Let the coefficient matriz A have the 2-by-2 block structure in

and let S be the Schur complement of Aj; in the matrixz A. Define
Sy = App.
Then, the spectrum of S;ls satisfies
A(Ss) e [1-721].
Proof. Let v.€ RMz\{0}. Consider the generalised Rayleigh quotient

vigv vT (AFF — AFIAI_IIAIF) v

vlS,v vIAppv
T -1
_ A% AFIAII A[FV

VTAFFV

1
By the change of variable vi = A}, v, we have

vISv vIiQv,

= T
vlS|v \SR4!

9

_1 1
where Q = A, AprA;} ArpAgz. Since @ is symmetric and positive semi-definite, this

leads to

T T T

vy Qvy viSv . ViQvy

I —max —= < ~— <1—min ———.
vi#0 Vi Vi vlS,v vi#0 ViVy
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By Lemma [5.19, we have

5.4.1.2 Symmetric Block Gauss-Seidel Approximation of the Schur Comple-
ment

Let r € RMz and consider the linear system

Sz =r, (5.19)

where S denotes the Schur complement. It is easy to see that the vector z in ({5.19)
satisfies the following linear system

A Arr Z 0
= ) (5.20)

Apr Arpp z r
Since the action of inverse of A;; and App on a vector are inexpensive, we utilise this
advantage of A;; and Appr by approximating the system matrix in equation (5.20). The
system matrix is replaced by its corresponding symmetric block Gauss-Seidel approxima-

tion. Then, we have

A Arr AL Arr Zr B 0
AFF A;}; AF] AFF A r
which leads to
Z=App (Apr + Ap1 AL Arp) Agpr. (5.21)
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5.4. EVEN-ODD PARTITION AND ITS PRECONDITIONERS

Thus, z is an approximation of z and the Schur complement S can be approximated by

S, which is defined by
Sy == App (AFF + AFIAI_[lAIF)_l Arr.

Note that S, is symmetric and positive definite.
Remark. By 1) S, can be represented in the form in 1)

We can see in 1) that, to obtain z, we need to apply A;; and App to vectors,
which are not expensive to compute.

Next, we rewrite the equation (5.21) as
7z = A;};I‘ + A;‘};AF[AI_IIA[FA;%I',

and get the algorithm for solving the linear system (5.17) as shown in Algorithm [4]

Algorithm 4 Algorithm to solve linear system S»z = r.

7, = Appr
Zyo — AI_IIA[FZ1
Z3 — A;—‘};‘AF[ZQ
Z =171+ Z3

According to Algorithm to solve the linear system (5.17)) requires solving three linear
system with A;; or App as coefficient matrices and two matrix vector multiplications.
Consequently, we obtain the sequential complexity for solving linear system (5.17)) as

follows,
FL(S5'r) = NyFE (K ') + Ny, (K5 'v) + AM Ny, ima(K).
For parallel complexity, we gain the benefit from the structure of A;; and App, thus
Flp (5*;%) = 35 (K;'v) + 2z (ko).
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5.4. EVEN-ODD PARTITION AND ITS PRECONDITIONERS

The eigenvalue bounds for S; 'S are derived as follows.

Proposition 5.21. Let the coefficient matriz A have the 2-by-2 block structure in

and let S be the Schur complement of Aj; in the matrix A. Define
Sy = Apr (AFF + AFIA;;AIF)_I Apr.
Then, the spectrum of 5'515 satisfies
A (S;ls) C1-r41].
Proof. Let v € RMz\{0}. Consider the generalised Rayleigh quotient

VTSV VT (AFF — AFIAj_IlAIF) A%

VTSQV vIiApp (AFF + AF[Al_IlA[F)_l AFFV.

1
By the change of variable vi = A}.,v, we have

visv vi (In,, — Q) v

v Syv B vl (]Nyz + Q)_l vy

_1 _1

where Q = A 2Ap A7} ArpAgz. Since the matrix @ is symmetric and positive semi-
1

definite, Iy, + @ is symmetric and positive definite. We set vy = (]Nyz + Q) 2 vy and

obtain

visSv i (INyI - Q2) Vo

G T
vl Syv V) Vo
T 2
vy Qv

—1—
vliv,

Again, since () is positive and semi-definite, we get

0<1—M\2

max

(Q) < A(S;'S) <1 - ALn(Q). (5.22)

min
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5.4. EVEN-ODD PARTITION AND ITS PRECONDITIONERS

Combine the results from ((5.22)) with Lemma to obtain the eigenvalue bounds for

S;1S as follows

Amasx (S;ls

~
IA
\.P—‘

Amin (52_15> >1 -7

5.4.2 Even-odd Preconditioners

In this section, we will gather all knowledge from the previous sections to construct
practical preconditioners based on the even-odd partition. Recall that the coefficient
matrix A is a 2-by-2 block matrix, i.e.,

A — AII AIF :

AFI AFF

and there are two possible structures of preconditioners for the matrix A. That is

A I A I A7lA
Py — II ) and Py — ) II 11 AIF
S ApAy T S 1

where A;; and S are approximations of A;; and the Schur complement S, respectively.

By the even-odd partitioning strategy, we have
A = In,, ® Ko and App = Iy, ® Ky,

which are block diagonal matrices with the stiffness matrix Ky along the main diagonal
on both A;; and App. Thus, the application of the inverse of A;; should be inexpensive.

We assume that we invert A;; exactly and that the Schur complement S is approximated
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5.4. EVEN-ODD PARTITION AND ITS PRECONDITIONERS

Sy = App or Sy = App (AFF + AFIAj_IlA[F)il Arr.

The combination of preconditioner structures and Schur complement approximations leads
to four versions of the even-odd preconditioners. However, one of them is the mean-based
preconditioner when the preconditioner is block-diagonal and the Schur complement is
approximated by App.

We will consider each of the three preconditioners in detail. Additionally, we will
combine the result from section and subsection to analyse the complexity and
also to derive the eigenvalue bounds of the preconditioned system for the all three versions

of the even-odd preconditioners.

Version I: Block-diagonal Preconditioner with the Schur Complement Approx-
imation S,

We define the first version of our even-odd preconditioners by

Ppy = . (5.23)

Given its structure, the complexities of applying P521 to a vector are
FU(Ppyr) = 2N, FC (Ko 'v) + 4M N, nnz(K),

and
Flp (Ppyr) = 3FC (Ky'v) + 2nnz(Ky).

Before we derive the eigenvalue bounds for P, A, we need the following lemma.

Lemma 5.22. Let the coefficient matriz A have the 2-by-2 block structure in and
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5.4. EVEN-ODD PARTITION AND ITS PRECONDITIONERS

S denote the Schur complement. Define
Sy = Apr (AFF + AFIAfleIF)_l Apr.
Then, the spectrum of SQ_IAFF satisfies
A (S5 Apr) € 11477

Proof. Let v € RNvz\ {0} and u = AZ,v. Consider

v Appv B u'u
viSyy  ul(I+Q)'u’

where Q = ApZApr AT App AL,

Setting z = (I + Q)"zu, we have

viAppv 2T (I +Q)z 27 Qz

v Syv 71y, zTz

By Lemma [5.19] we obtain

]

Next, combining the results from Proposition and Lemma with Proposition
we get the spectral bounds of P, A in the following theorem.

Theorem 5.23. Let the coefficient matriz A have the 2-by-2 block structure in
and Ppy be the even-odd preconditioner version I defined in . Then, the spectrum
of Ppy A satisfies

A (P5lA) [(1 _ % g} ,

where v = 2 + 72 + 7v/4 + 572
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5.4. EVEN-ODD PARTITION AND ITS PRECONDITIONERS

Additionally, Pps is an optimal preconditioner with respect to the SGFEM discretisa-

tion parameters.

Proof. By Proposition and Lemma [5.22] we have the constants in Proposition
to be

91:1—74,@1:1and92:1,@2:1+72.

Thus, by Proposition we obtain

_ 2 v
A (P5lA) [(1 S ;,5] ,
where v = 2 + 72 + 7v/4 + 572
O

The lower eigenvalue bound of Pj, A is improved from the case of mean-based pre-
conditioner whereas the upper bound of Pf,zlA from the analysis deteriorates rapidly
compared with the one for the mean-based preconditioner.

Moreover, we would like to compare even-odd preconditioner version I with the ideal

preconditioner Ppy defined by
Ppo = : (5.24)

where S denotes the Schur complement.

Theorem 5.24. Let the coefficient matriz A have the 2-by-2 block structure in and
Ppo be defined in . Then, the spectrum of PB&A satisfies

o /
Mraa) € [T T

e N A A o

where v = /4 — 372.

118



5.4. EVEN-ODD PARTITION AND ITS PRECONDITIONERS

Additionally, Ppo is an optimal preconditioner with respect to the SGFEM discretisa-

tion parameters.

Proof. By Lemma and using the fact that the eigenvalues of the inverse matrix are
the inverses of the eigenvalues of the matrix, we identify the constants in Proposition [5.15]

to be
1

1—72

91:1,@1:1811(?192:1,@2:

Thus, by Proposition we obtain

r /
A (Ppid) € [7 T2 “},

'7, + 7.’ ’Y/ —T
where v/ = /4 — 372.
O

According to the analyses, the lower bounds of the preconditioned system with block-
diagonal preconditioners based on the even-odd partition are slightly improved if S is close
to the Schur complement. In contrast, the upper bounds of the preconditioned system

deteriorate significantly when 7 is close to one and S is close to the Schur complement.
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Figure 5.7: Eigenvalue bounds of the preconditioned systems P, 'A, Py, A and Py A.
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Version II: Block Preconditioner with the Schur Complement Approximation
St

In this version, we employ the block preconditioner and the Schur complement approxi-

mation S;. Thus, we define the even-odd preconditioner version II by

I A I A} A
Pp = " ey (5.25)

ApA7} T 3, I

Note that the preconditioner Pg; can be viewed as a symmetric block Gauss-Seidel ap-

proximation of the matrix A in (5.1). The complexities of P/t are

Fl(Pgir) = (Ny + Ny,) FC (Ky'v) + AM N, nnz(Ko),

and

Flp (Pgir) = 3F( (K 'v) + 2nnz(Ky).
We analyse the spectrum of the preconditioned system Pg A as follows.

Theorem 5.25. Let the coefficient matrixz A have the 2-by-2 block structure in and
Pgy be the even-odd preconditioner version II defined in . Then, the spectrum of
Pl A satisfies

A(PGA) C[1—71].

Additionally, Pgy is an optimal preconditioner with respect to the SGFEM discretisa-

tion parameters.

Proof. By Proposition [5.14] the eigenvalues for the generalised eigenvalues problem

Av = )\Pglv
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5.4. EVEN-ODD PARTITION AND ITS PRECONDITIONERS

are identical to the eigenvalues of the matrix

I
Nor (5.26)

S7ts

Finally, by Lemma [5.20, we have

A (PgiA) = {1} UA(S78) € [1-741],

Version III: Block Preconditioner with the Schur Complement Approximation
S

We define the even-odd preconditioner version III for the coefficient matrix A in ({5.16))
by

I A I AlA
Ppy = " ey (5.27)

Ap A7l T S I

where gg = AFF (AFF + AF[Al_IlA[F)il AFF

Using the results from the section [5.3.1.1) with J¢ <§51r> and Jlp (gz_lr), the com-

putational cost for solving the linear system with Pg, is
FU(Pgyr) = (2Ny + Ny,,) FC (K 'v) +8M N, nnz(K),

and
Flp (Pgor) = 53¢ (Ky 'v) + 4nnz(Kj).
The spectral analysis of Ppgy is provided in the following theorem.

Theorem 5.26. Let the coefficient matriz A have the 2-by-2 block structure in and
Ppgo be the even-odd preconditioner version III defined in . Then, the spectrum of
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P, A satisfies

A (PgyA) C [1—7%1].

Additionally, Pgy is an optimal preconditioner with respect to the SGFEM discretisa-

tion parameters.

Proof. By Proposition [5.14] the eigenvalues for the generalised eigenvalue problem
Av = APgyv
are identical to the eigenvalues of the matrix

I
Mo (5.28)

Syls
It is obvious that 1 € A (Pg,A) is a repeated eigenvalue and A (5‘2_15> C A (PpA).

Hence, we have that

A(PplA) = {1}UA (S;ls> .

The result follows by applying Proposition

5.5 Numerical Experiments

In this section, we present the numerical experiments for the even-odd preconditioners.
Firstly, the sizes of the sets of even nodes and odd nodes in I are observed. We com-
pare the performance of the even-odd preconditioners with other preconditioners such as
the mean-based preconditioner, the Kronecker product preconditioner and the modified
truncation preconditioners. The test problems in this section are chosen to be the case
of fast decay in Example and the test problem in Example The spectral bounds

and optimality of the preconditioned system are investigated to confirm our analysis.
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It is worth recalling that

and

Fe (B 'r) ~ 5 (Ppir) < FE(Pgir).

T

by assuming that F¢ (Ko_lv) dominates the cost of one PCG iteration.

We begin by observing the proportions of Ip to I} for M = 1,...,8 and k = 1, ..., 6.
These numbers are important because the complexity per iteration by PCG depends on
the size of Ip. Recall that one PCG iteration by the even-odd preconditioners requires to
solve 2Ny, Ny, + N, and 2N, + N, linear systems with coefficient matrix K, for version
I, II and III, respectively. For fixed k& and M, define g and Iy to be the sets of even

multi-indices and odd multi-indices, respectively, i.e.,
Ip={aecly ||af iseven.} and Ip = {a € L' | |a| is odd.} .

Since the spectral analyses of the three versions of the even-odd preconditioners say that
they are optimal, i.e., the numbers of PCG iterations are bounded, I» should be selected
to be the smaller set between Iz and Iy to reduce the cost per PCG iteration. The
other set is set to be Iz. Thus, it is obvious that the ratios between the size of Ip and
N, are bounded between 0 and 0.5. For instance, in the case of M = 1, if k is odd,
then #lg = #lo. As a result, N, /N, = 0.5. On the other hand, if k is even, then
#lg = #lo + 1. Thus, N, /N, = #lo/ (#lo + #lg) = 0.5k/(k + 1). These ratios are
illustrated in Figure 5.8 with 1 <k <6and 1 < M < 8.

To compare the performance of the even-odd preconditioners with the other precon-
ditioners in later experiments, the sizes of Iy and I for M = 8 with £ =1, ...,6 and also
the ratio between N, and N, are observed in Table [5.1} According to Figure and

Table we can see that the computational cost tends to increase with the parameter &
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the proportion of Ip to I}
T T T T

—o—M=1
-—m— M =2
oM =23
Z:’ —— M =4
~
S —+—M=5
=4
-o-M=6
-&-M=7
-e-M=8

Figure 5.8: The proportion of the set Ip to I}/ with the parameters M and k, where Ip
is chosen to be the smaller set between Ig and Ip.

k| 1 2 3 4 5 6
#lg 1 37 37 367 367 2083
#lo 8 8 128 128 920 920
Ny, /Ny | 0.1111 0.1778 0.2242 0.2586 0.2852 0.3064

Table 5.1: The numbers of even multi-indices and odd multi-indices in I for M = 8
and k ranging from 1 to 6.
whereas increasing M reduces the cost for one PCG iteration.

Thus, the costs per PCG iteration for Pg; and Pgy depend on the parameter £ and
M. For instance, according to Table for M = 8, k = 3, we have N, /N, =~ 0.2242
and then F( (P r) ~ 1.2242F( (F; 'r) and FC (Pg,r) ~ 2.2242F¢ (Py ).

All the experiments were implemented in S-IFISS. In each case we solved for the
variational formulation (2.11)) with the diffusion coefficient a(x,y) assumed to be as in
and satisfying conditions and (4.3). The forcing function f is set to be f(x) =
1. Recall that the spaces L2(T') and Hj(D) are discretised by the space of complete
polynomials S and the space of continuous piecewise linear functions X, respectively.
The number of parameters for the space S} ranged from 1 to 8 (M = 1,...,8) with
the degree 1 to 6 (k = 1,...,6) and the mesh size ranges from 2% to as fine as 277.
The linear system, which is obtained by SGFEM, is solved using PCG for the symmetric

preconditioners, i.e., P, 151, ]52, Pps, Pg1, Ppa, Pg, with initial guess xo = 0 and stopping
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Py Py, PP P, Pp, Pp Pp

k= 112 12 7 6 13 7 4
2116 16 8 7 17 8 6
3120 219 9 22 11 7
4124 24 10 9 25 12 8
2126 27 11 10 28 14 9
6129 29 12 11 30 14 10

Table 5.2: PCG iteration counts for Example [5.6]
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Figure 5.9: PCG runtimes (in seconds) for Example [5.6]
criterion given by the relative residual norm being brought below tol = 1075.

Example 5.6. In this experiment, the diffusion coefficient a is assumed to be as given in
Example but here, we consider only the case of fast decay, i.e., ¢ = 4 and a = 0.9239.
These settings give 7 = 0.9999 and 73 = 0.9995. We set the discretisation parameters to
be h =27*, M = 8 and vary k from 1 to 6.

We compare the performance of the mean-based preconditioner, the Kronecker product
preconditioner, the three versions of the even-odd preconditioners and also the modified
truncation preconditioner. For the later, only P, and P, are included. By the spectrum
analysis, we expect Pgo outperform the others in terms of the PCG iteration counts. This
is confirmed in Table [5.2] and Figure 5.9}

It is clear that the even-odd preconditioner versions IT and IIT are more efficient than
the mean-based preconditioner and the Kronecker product preconditioner whereas the
iteration counts by Pps are in the same level as the mean-based preconditioner and Kro-

necker product preconditioner. Moreover, in most cases, the performance by Pps is still
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k=1 k=2 k=3
)\min )\max )\min )\max )\min )\max
PélA 0.4902 1.5498 | 0.3042 1.7491 | 0.2160 1.8408
Po_lA 0.4718 1.5281 | 0.2886 1.7113 | 0.2036 1.7963
]51_1A 0.7210 1.0339 | 0.5750 1.0481 | 0.4675 1.0561
ﬁ’{lA 0.7210 1.0066 | 0.5810 1.0096 | 0.4803 1.0114
PplA | 05261 1.7528 | 0.3441 2.1619 | 0.2508 2.3833
PE}llA 0.7211 1.0000 | 0.4940 1.0000 | 0.3659 1.0000
P§21A 0.9222 1.0000 | 0.7440 1.0000 | 0.5979 1.0000

Table 5.3: The eigenvalue bounds of preconditioned system Pp, A, Py A and Py, A for
k=1,2,3 and 7, = 0.9995.

superior to that of the modified truncation preconditioner, except for the case k = 6
where the overall complexity of P, is lower than the one of Py because the complexity
per PCG iteration of Pp, increases with the parameter k. Furthermore, although the
iteration counts by Ppg; are higher than the ones by P, and Ppg,, in term of overall per-
formance, Ppg; is the most efficient in every case due to the low cost per PCG iteration.
However, the experiment shows that solving the linear systems with Pg; or Pgs consume
significantly less time than other preconditioners. In addition, Table shows the mild
dependence of the three versions of even-odd preconditioners on the parameter k.

We also observe the eigenvalue bounds for the cases & = 1,2,3. These bounds are
presented in Table We can see that the upper bounds by Pg; and Ppo remain
stable for all £ = 1,2,3. In fact, they are identical to those in Theorem but there
are significant decreases in lower bounds of eigenvalue due to 7,; being very close to 1.
Nevertheless, the spectrum of the preconditioned system by Ppgs is tighter than the other
preconditioned systems whereas the eigenvalue bounds for Pps are not as tight as the ones
for the mean-based preconditioner. This is consistent with Table where the iteration
counts by Pps are the lowest for all k. Note also that the eigenvalue bounds for the even-
odd preconditioner version IT and IIT can be improved if we have sharp eigenvalue bounds
for the mean-based preconditioner. For example, according to Table |5.3| when k& = 1, we
have the eigenvalue bounds for the mean-based preconditioner to be [1 — Tazx, 1 + Tarkl,

where 751 = 0.5282 with M = 8 and k = 1. This 75; gives the lower eigenvalue bound for
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Py P Pn P Ppy Ppi Ppy
k= 116 5 6 9 3 3 2
217 8 T 7 8 4 3
318 9 8 8 9 3 3
419 10 9 8 10 3 4
5110 11 9 9 11 6 4
6|10 11 10 9 12 6 4

Table 5.4: PCG iteration counts for Example [5.7]
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Figure 5.10: PCG runtimes (in seconds) for Example

Pg, and Ppgy to be 1 — Tg’l ~ (0.7211 and 1 — Tgﬁl ~ 0.9222, respectively, which are very

close to the bounds we obtain from the experiment.

Next, we will observe the results by the three versions of even-odd preconditioners

with Example

Example 5.7. We set the diffusion coefficient a as in Example with 73 = 0.8054.
The discretisation parameters are set to be M = 8, h = 27* and k ranging from 1 to 6.
Again, the performance of Py, Py, Pps, Pg1, Pgs and P, for r = 1,2 are compared and
the results are displayed in Table [5.4] and Figure [5.10

The experiment shows that the even-odd preconditioners version IT and ITT outperform
the other preconditioners in terms of PCG iteration counts, runtimes and also overall
performance except the first version of even-odd preconditioner. Since 7y is not close to 1,
by Theorem [5.26] the spectral bounds for the even-odd preconditioner version IT and TIT
are clustered around one as shown in Table[5.5] Again, the upper bounds of preconditioned

systems are constant at one for all £ = 1,2,3 but the lower bounds deteriorates slowly
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Py, A Pyl A Py, A
)\min /\max >\min )\max )\min >\max
110.8256 1.2098 | 0.9647 1.0000 | 0.9988 1.0000
21 0.7250 1.3674 | 0.9078 1.0000 | 0.9915 1.0000
31 0.6529 1.4972 | 0.8502 1.0000 | 0.9778 1.0000

k:

Table 5.5:  Eigenvalue bounds for the preconditioned systems Pp; A, PglA and Ppy A
for k =1,2,3 and 73, = 0.8054.

Example ’%‘ Example ’5_7|
h M=4 M =28 M=4 M=28
Ppy Ppy Ppy | Ppa Pp1 Ppa| Ppo Ppi Ppa| Ppa Ppi Pgo
273 | 18 9 7 18 9 8 9 4 3 9 5 3
274 | 22 10 8 22 10 8 9 4 2 9 5 3
2751 23 11 8 23 11 8 9 4 3 9 5 3
2761 25 12 8 25 12 8 9 4 3 9 5 3
2771 25 12 8 25 12 8 9 4 3 9 5 3

Table 5.6: The iteration counts by the even-odd preconditioners when i and M are varied.

with £ in the case of Py and Ppgs. This results in a significant decrease in the number of
iterations for the other preconditioners which is consistent with the spectral analysis. On
the other hand, the eigenvalue bounds for Pps are not as tight as the bounds for Pg; or

Pps. As a result, the iteration counts for Ppy are higher than those in Pg; and Pgs.

Finally, as we have seen that the even-odd preconditioners are optimal with respect
to the parameter k, the following experiment aims to confirm optimality of the even-odd

preconditioners with respect to the parameters M and k.

Example 5.8. There are two cases in this experiment. One is the diffusion coefficient a
in Example [5.6| and another one is in Example The parameter k is fixed at £k = 3
with M ranging from 4 to 8 and h from 273 to 277. The iteration counts by the three
versions of the even-odd preconditioners for both test cases are shown in Table [5.6

We can see that the numbers of iterations by the even-odd preconditioners are vir-
tually constant in both cases with different A~ and M. This shows that the even-odd
preconditioners are also optimal preconditioners for the stochastic Galerkin matrix A in

(15.16)).
To conclude, in this chapter, we introduced a domain decomposition technique on
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the parametric domain for the affine-parametric diffusion coefficients. We introduced the
concept of parametric mesh and then partitioned the mesh into submeshes. Moreover, we
presented three versions of the even-odd preconditioners based on the even-odd partition.
The numerical experiments indicate that version II and version III of the even-odd pre-
conditioners are more efficient than the others. In addition, the even-odd preconditioners

are optimal with respect to discretisation parameters.
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CHAPTER 6

BLOCK PRECONDITIONERS FOR SPDES WITH
NON-AFFINE PARAMETRIC COEFFICIENTS

Elliptic problems with non-affine parametric diffusion coefficient are very challenging prob-
lems due to the representation of the diffusion coefficient a. In this chapter, the diffusion
coefficient a is assumed to be expanded by a generalised polynomial chaos expansion.
After applying the SGFEM to the problem, we obtain a linear system with system matrix
A written as a sum of Kronecker products as in , ie.,

A=Y Ga® K,
acl)!
Recall that the matrix A is symmetric and positive definite but block dense. Thus,
devising a preconditioning technique for this type of problem is very challenging.

The mean-based preconditioner and Kronecker product preconditioner are two possi-
ble choices to tackle this problem. The structure of these two preconditioners is in the
Kronecker product form, whose the right Kronecker product factor is chosen to be the
stiffness matrix Kg. Our experiments with truncation preconditioners for affine diffusion
coefficients have shown that the other stiffness matrices in the coefficient matrix A are
vital to improving the convergence rate of PCG. Moreover, the matrices G, are useful to
change the pattern of the coefficient matrix to a 2-by-2 block matrix. This new pattern is

utilised to design preconditioners as we have seen in the case of even-odd preconditioners
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(see section [5.3)).

Our aim is to design preconditioners for non-affine parametric coefficients by combining
the ideas used in the design of truncation preconditioners and of domain decomposition
preconditioners for affine parametric coefficients. Recall that the domain decomposition
technique is a permutation technique to generate the 2-by-2 block matrix structure of
the system matrix. The main challenge to design an efficient preconditioner for this
problem is that the system matrix is block dense due to the representation of the diffusion
coefficients. Thus, no permutation can achieve the structure in (5.1). To obtain a block-
sparse preconditioner, we truncate the diffusion coefficient to capture its main feature. We
use this truncated coefficient to design a preconditioner, and it leads to a sparse version
of the system matrix, which we can use as a preconditioner. As a result, we apply the
domain decomposition technique to the sparse preconditioner instead of the dense system
matrix.

The outline of this chapter is as follows. We review non-affine parametric diffusion co-
efficients in section We generalise the truncation preconditioners for affine-parametric
diffusion coefficients to the case of non-affine parametric diffusion coefficients in section
6.2l Then the practical preconditioners and their computational cost are presented in
section In section [6.4] we introduce the parametric mesh for non-affine diffusion coef-
ficients and describe how to partition it. We also present another technique to approximate
the truncation preconditioners based on the partitioning and discuss its complexity. Next,
the preconditioners for log-transformed diffusion coefficients are introduced in section [6.5],

and we end this chapter with numerical results in section
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6.1. NON-AFFINE PARAMETRIC DIFFUSION COEFFICIENTS

6.1 Non-affine Parametric Diffusion Coefficients

Assume the diffusion coefficient a to be non-affine parametric, i.e., not all ¥, (y) for a € I

are linear functions, and a can be written as

a(@,y) = ) aa(@)a(y),

acl

where {{q},c; is an orthonormal polynomial basis of L?(T'). Also, assume that the
coefficient a satisfies condition (2.10]). Note that the mean of the coefficient a correspond
to the term with a = 0 € 1. This leads to the mean of the coefficient a, i.e., ag, to be

bounded and positive. Thus, there exist positive real numbers ag™™ and ag®™ such that
0 < apg™ < ap(x) < ag®™, forall x € D. (6.1)

After we apply the SGFEM to the variational formulation (2.11), we obtain a linear

system with coefficient matrix

A=) Goa®Ka,

M
aclyy

where G, and K, are defined by

[Ga]js = <wawq(j)7wq(s)>p7 j,S = 1,2,...7Ny’

(6.2)
Kl :ZﬂJ@V@@yV@@M@ i =12 N,

for a € 1.

Note that the matrix A is symmetric and positive definite. Since the matrix A is
a summation over the set I3{, it leads to the matrix A being block-dense although the
matrices G, are all sparse.

Furthermore, there are some cases where the solution of the variational formulation

(2.11) uniquely exists although the diffusion coefficient a is not bounded away from zero
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6.2. TRUNCATION PRECONDITIONERS

or from above. This means that there do not exist positive numbers a,;, and @, such
that condition (2.10]) holds. For example, let a be a lognormally distributed random field,
ie.,

a(x,w) = exp (bo + Z bm(w)Ym(w)> , (x,w) e DxQ,

m=1
where Y,,,(w) € I, == (—00,00) for all m = 1,2,..., N. We can see that the coefficient a
is positive but unbounded. However, we can prove the existence and uniqueness of the

solution to the variational formulation (2.11)) (see [34] and [9, Lemma 1.2]).

6.2 Truncation Preconditioners For Non-affine Diffu-
sion Coefficients

Our truncation preconditioners for affine diffusion coefficients have shown that the ma-
trices K, are important to improve the rate of convergence of the solver. To design a
preconditioner for non-affine coefficients, a sparse gPC expansion such as in those |24 25]
is needed. Essentially, we generalise the idea of truncation preconditioner for affine para-
metric coefficients. That is, we aim to find an approximation of the diffusion coefficients

a by choosing a set of multi-indices I C I\ {0}; then a can be approximated by
i(z,y) = ao(®) + Y _ dal)ha(y). (6.3)

Therefore, we reorder the terms of a based on magnitudes |aa || ) but always start
with ag. Suppose I, C I\ {0}, where #I, < #I37 — 1, is the set of multi-indices of the

first r terms after the reordering. Define a, by

Note that a, is not necessarily positive on D x TI'.
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6.3. MODIFIED TRUNCATION PRECONDITIONERS

Next, define a bilinear form B, : V x V — R by

B, (u, v) =Ap(y)éar(w,y)VU(w,y)-Vv(%y)dwdy.

Consequently, the bilinear form B, induces the truncation preconditioner P, via

PT:GO®KO+ZGQ®KQ.

QEHT

Since we cannot guarantee that a,(x,y) is positive for all (x,y) € D x I, the precondi-

tioner P, is symmetric but may not be positive definite.

6.3 Modified Truncation Preconditioners for Non-affine
Diffusion Coefficients

Since PCG requires the preconditioner to be symmetric and positive definite, we need to
find a symmetric and positive definite matrix based on the above matrix P, which is likely
to be symmetric and indefinite. In this section, we modify P, by using its symmetric
block Gauss-Seidel approximation. Define P, to be the symmetric block Gauss-Seidel

approximation of P, i.e.,
b=D+L)D'(D+L"),

where D is the block-diagonal matrix of P. and L is the strictly lower block-triangular
matrix of P,.

To ensure that the modified version of P, is symmetric and positive definite, it is
required only that the blocks along the main diagonal of P,, i.e., D, are symmetric and
positive definite.

In the following, we introduce an additional assumption on the diffusion coefficient a.
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6.3. MODIFIED TRUNCATION PRECONDITIONERS

Let

I.={acl,|ay,iseven forallm=1,... M}.

Assume that a, is non-negative and bounded on the domain D for any « € I.. That is,
for a € L,

ao(x) >0, forallxe D. (6.4)

The assumption (6.4) causes the stiffness matrices K, to be symmetric and positive semi-
definite for all & € I.. With assumption (6.4)), our goal is to show that the preconditioner
P, can be written as

P.=D+L+L", (6.5)

where D is the block-diagonal matrix whose blocks are symmetric and positive definite
and L is the strictly lower block-triangular matrix.

To show that P, can be split as in (6.5)), we need to refer to the following corollary.

Corollary 6.1 (|51, Corollary 24|). Let P; be an orthonormal polynomial of degree i
generated by an even probability of density function. Let i,j, k € Ng. Then, (P, P;, Pj>p =

0 «f one of the following condition holds
1. |i—j| >k,
2. k>1i+7,
3. i+ 7+ k is an odd number.

In addition, it is reasonable to assume

(P (P™)?) >0, fork,i€Nyandm=1,.., M. (6.6)

) pm

This assumption holds, for example, if P is a Hermite polynomial or a Legendre polyno-
mial (see [51, Appendix A] for other orthogonal polynomials). The following result shows

that the main diagonal of P, is symmetric and positive definite.
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6.3. MODIFIED TRUNCATION PRECONDITIONERS

Lemma 6.2. Assume conditions and hold. Then, the preconditioner P, can

be represented as in , where D is symmetric and positive definite.

Proof. Let o € I\I. and B € IM. Consider

(o) = T (P (PR)")

m=1 Pm

Since a ¢ I, there exists an odd index «,,,«. Thus, a,,« + B + B+ is odd. By Corollary

6.1, we have <P;’::*, (Pg:n)2> = 0 and then, <wa,wé> = 0. As a result, all the blocks
Pm*

along the main diagonal of G, ® K, are zero matrices. In other words, G, ® K, can be

written as

Goa® Ko = Lo + LY,

where L, is a strictly lower block-triangular matrix of G, ® K.
On the other hand, if o € I, NI, then the main diagonal of Go ® Kq is (Ya, ¢%> K,
for 3 € TM. Since <P$ﬂ, (Pg;)2> >0 for all m = 1,..., M and K, is symmetric and
Pm

positive semi-definite, then <1/1a7¢%3> K, is also a symmetric and positive semi-definite

matrix for all 3 € IM. Hence, the matrix G, ® K, can be written as
Ga ® Ko = Do + Lo + L,

where D, is block-diagonal, symmetric and positive semi-definite and L is strictly lower
block-triangular matrix of Go ® K.

Therefore,
T
P = (GO®K0+ > Da> + (Z%) + (Zm) :
acl,Nle acl, acl,

where Go ® Ko + Y D, is block-diagonal and symmetric and positive definite.

acl,-Nle
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6.3. MODIFIED TRUNCATION PRECONDITIONERS

Recall that
P,=(D+L)D'(D+L").

Since D is symmetric and positive definite, so is P,.

Although P, is a symmetric and indefinite matrix, the blocks on its main diagonal of
P, are symmetric and positive definite. We can utilise its main diagonal to construct a
suitable preconditioner, i.e., symmetric and positive definite. Thus, we can use P, as a

preconditioner for non-affine parametric cases.

6.3.1 Computational Cost

At each PCG iteration, we need to solve a linear system with P,. Let r € RNy, Consider

the linear system

Pz=r. (6.7)
The following procedure may be used to obtain the solution z of linear system (/6.7)).

1. Solve for z;

(D+ L)z; =r.

2. Solve for z

(D + L")z = Dz,.

Since the pattern and the numbers of non-zero entries in the matrices G, are different
from the case of affine-parametric diffusion coefficients, to determine the complexity of
the action of P! on the vector r, the number of non-zero entries in these matrices is

needed.

Lemma 6.3 (|51, Lemma 28|). For even probability density functions, the number of

non-zero entries of the matrix G4 defined in s bounded by

N,

nnz(Gey) < 2 Y

M+ k
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6.4. DOMAIN DECOMPOSITION PRECONDITIONERS

Each step requires to solve IV, linear systems with stiffness matrices in the matrix D
and the number of multiplication depends on non-zero block matrices in the preconditioner

P,. Thus. the sequential complexity of Pflr is bounded as

F <ﬁr_1r> < 2N, Tl (Ky'v) + Nynnz(Ky).

kr
M+ Ek
On the other hand, the parallel complexity of ]5;11‘ is not obvious because the pattern

of P, does not facilitate parallelism.

6.4 Domain Decomposition Preconditioners For Non-
affine Parametric Diffusion Coefficients

Since the stochastic Galerkin matrix A is block dense, any permutation of orthogonal
polynomials cannot ensure the A;; in has a block diagonal structure. So we cannot
apply the domain decomposition technique to the matrix A directly but we can apply
it to the block sparse preconditioner instead. In this section, we want to partition the
preconditioner P, as a 2-by-2 block matrix, i.e.,
P Prp o Prr |
Pr; Prr

where Pj;is a non-singular block diagonal matrix. This can be done by extending the idea
of even-odd partitioning for affine parametric coefficients to non-affine cases. We start
by studying the pattern of the preconditioner P.. Next, we introduce the parametric
mesh associated with I}/ for the case of non-affine parametric diffusion coefficients. We
then partition the parametric mesh to many small submeshes and obtain a 2-by-2 block

structure of P..
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6.4. DOMAIN DECOMPOSITION PRECONDITIONERS

6.4.1 Parametric Mesh

We represent P, in block form by

[Pr}js :[GO]jSKO+Z[Ga]j5Ka7 j73:1727'~7Ny .

aE]Ir

Recall that we can observe the sparsity pattern of the preconditioner P, by considering

the pattern of the matrix

G, =Go+ Y Ga.

acl,
Theorem 6.4. Let q be a bijection from {1,2,..., Ny} to I, Let j,s € {1,2,..., Ny}
and 3,8 € I such that B = q(j) and B' = q(s). If [GT}].S # 0, then one of the following

conditions holds

1. The multi-indices B and B are identical, i.e.,
B=p. (6.8)
2. There exists o € 1. such that

1B — B, < am < B+ Br, and cuy + B + B, is even for allm =1,..., M. (6.9)

Proof. Suppose conditions and do not hold. If condition does not hold,

then j # s and we must have [Gol;, = 0 because Gy is the identity matrix. If condition

does not hold, for any a € I, there exists m* € {1, ..., M} such that |G~ — (],

>

Qe OF Qe > Bros + Bl OF Qe + Bppe + fl,- is odd. By Corollary [6.1] it results in
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6.4. DOMAIN DECOMPOSITION PRECONDITIONERS

(P Py Py ) =0and then

QU 6m* ’ *
m Pm*

M
(Vatis, Vo), = ] (P0,PE, P,

m=1
M
_ < PP ng;> 1 (pmpp.pyy
Pm m=1,m#m*
=0.

Thus, [Gal;, = 0 for all a € I, and [G,];, = 0, which is a contradiction.

]

The sparsity pattern of the preconditioner P, can be identified by the following corol-

lary.

Corollary 6.5. Let q be a bijection from {1,2,... Ny} to IM. Let j,s € {1,2,..., Ny}
and 8,8 € ' such that B = q(j) and B' = q(s). If [P];, # 0, then either condition
or condilion holds.

Recall that the multi-indices in I represent the nodes of the parametric mesh asso-
ciated with . There is an edge linking the nodes 3,3 € I} if they satisfy condition
(6.9). Tt is easy to see that the number of edges in the parametric mesh will increase with
the size of the set I,.

Note that, for convenience, we ignore self-loops in the parametric mesh.

Example 6.1. Let » = 3 and I, = {100,200,010} C I}/, The multi-indices in the set
I3 represent the nodes of the parametric mesh associated with I¥/. To construct the
parametric mesh, we find the edges in the mesh for each multi-index a € I, before we

combine all the edges to get the parametric mesh.

The edges for each o € I, are shown in Table

Thus, we combine all the edges for each multi-indices in I, but do not include self-loops
and obtain the parametric mesh associated with I}? as shown in Figure Note that we

label the edges to show which multi-index or multi-indices in I, induce that edge.
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6.4. DOMAIN DECOMPOSITION PRECONDITIONERS

a ‘ Edges
(1,0,0) | (000,100) (100,200) (010,110) (001,101)
(2,0,0) (000,200) (200, 200)

(0,1,0) | (000,010) (010,020) (100,110) (001,001)
Table 6.1: List of edges for each a € 1,.

Figure 6.1: The parametric mesh associated with I3 and I, = {(1,0,0), (2,0,0), (0,1,0)}.

6.4.2 Even-odd Partition for Non-affine Parametric Diffusion Co-
efficients

Recall that domain decomposition techniques aim to partition the matrix P, as a 2-by-2

block matrix, i.e.,

P P
P 1 Prr
Ppr Prp

where the block matrix Pj; is required to be non-singular. Since Pj; is induced by sub-
meshes, then we have to ensure that, after the partitioning, each block matrix correspond-

ing to a submesh is invertible. If we know that

agp + Z aa(T)e(y) >0, forall (x,y)e D xT

aG]Ir

or the preconditioner P, is symmetric and positive definite, then each submesh always
yields a symmetric and positive definite block matrix which is invertible.

To obtain a 2-by-2 block structure for P,., we permute the nodes in the parametric
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6.4. DOMAIN DECOMPOSITION PRECONDITIONERS

mesh in such a way that Pj; is invertible. This partition utilises the positivity of the
block-diagonal matrix of P,.

To ensure that each block on the main diagonal matrix of Pj; is invertible, we partition
the parametric mesh into many submeshes which contain only a single node. Since the
structure of the parametric mesh for non-affine parametric diffusion coefficients depends
on the set I, it may not be a bipartite graph. Consequently, we cannot obtain the unit
submeshes by even-odd partitioning (partitioning of the set of multi-indices I by even
nodes or odd nodes) and we need an algorithm to partition the parametric mesh for the

case of non-affine parametric coefficients.

Algorithm 5 Algorithm to partition the parametric mesh.

Ip=0,1; =0
add a node a € IM\ (Ip UTz) which has the lowest degree to the set Ip
add all the adjacent nodes of a to the set I

end while

Algorithm [5| partitions the parametric mesh into many submeshes with one node and
tries to maximise the number of submeshes. The algorithm starts by initialising the set
I and Iz to be (). Tt will choose an available node in the set I3\ (I U I7) with the lowest
degree to be a new submesh and then mark all the adjacent nodes to be the nodes on
the interface. This process will be repeated until all the nodes in I/ are assigned to be
a submesh or interface. Note that Algorithm [5| does not guarantee that [P, will be a

block-diagonal matrix because of the structure of the parametric mesh.

Example 6.2. From Example recall that I, = {(1,0,0),(2,0,0),(0,1,0)}. Apply
Algorithm [5|to the parametric mesh associated with I/ and obtain the following partition
as shown in Figure Therefore, we have

I» = {110,000, 101,020, 011,002} and I; = {010,001, 100, 200} .

We define the map ¢ from {1, ..., Ny} to IM corresponding to the partition to obtain

a 2-by-2 block matrix of the preconditioner P,. After the truncation preconditioner P, is
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6.4. DOMAIN DECOMPOSITION PRECONDITIONERS

Figure 6.2: The partition of the parametric mesh associated with I} and I, =
{(1,0,0),(2,0,0),(0,1,0)} by Algorithm [5|

permuted to 2-by-2 block form, we factorise the preconditioner P, i.e.,

I P I P;'Prp
P =

Pe Pt T Sp I

where Sp = Prp — PF]PI_IlPIF denotes the Schur complement of P;; in P,.
Suppose Pr; and Sp are approximated by symmetric and positive definite matrices
Py and Sp, respectively. We can define a preconditioner by
I P I P;'Prp
" (6.10)

PF[P]_II I Sp I

Remark. This procedure can be viewed as an approximation technique for the truncation
preconditioners P, for affine parametric diffusion coefficients. Recall that the stochastic

Galerkin matrix for affine parametric diffusion coefficients can be written as

A= ZGQ®Ka.

M
acly

Selecting I, = {a € I} | 77 _| o, = 1} leads to the truncation preconditioner P, which
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6.4. DOMAIN DECOMPOSITION PRECONDITIONERS

is symmetric and positive definite. Thus, the truncation preconditioner P, for affine

parametric diffusion coefficients can be represented by the block matrix in (6.10]).

Recall that the block matrices along the main diagonal of Ppp are symmetric and
positive definite. Therefore, the matrix Ppp, which denotes the symmetric block Gauss-
Seidel approximation of Prp, is symmetric and positive definite. So we approximate Sp by

Prp. As a result, we can define the preconditioner with domain decomposition technique
by

X I Py I PPy
P = i
PeiPt T Prp I

Note that P, is symmetric and positive definite.

6.4.3 Computational Cost

Let r € RN=Ny guch that

rp

where r; € RV» and rp € RMz. Consider now the linear system

Pz =r.

We apply Algorithm [3] to solve the linear system. In Algorithm [3] it is required to solve
the linear system with I5FF which does not facilitate parallelism.
Let D be the block-diagonal matrix of Prr and L be the strictly lower block-triangular

matrix of Prp. The solution of the linear system Prz r = rp can be obtained as follows
1. Solve the linear system (D + L)z; = rp.

2. Solve the linear system (D + LT)zp = Dz,.
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Thus, the complexity for solving the linear system with Ppp is
F (Pg;rF) ~ 2N, Fl (Ky'v) + nnz(Prr).

Combine the complexity of f’;}rp with the complexity from Algorithm . As a result,

the sequential complexity of P, is

2k
"N nnz(Kp),

Fe(P'r) 2N, FE(KG') + Ny

r

and parallel complexity of P, is

Fep (]5_11'> ~2 (14 Ny,) Flp (Ky'v) + 2nnz(Ko).

T

6.5 Special Case: log-transformed Diffusion Coefficients

Suppose the diffusion coefficient a is a log-transformed coefficient, i.e.,

a(x,y) = exp <b0(zc) + Z bm(a:)ym> , (6.11)

where b,, € L>®(D) for all m = 0,1,..., N. Then, we represent a by using the gPC

expansion as follows

a(@,y) =) aal@)aly),

acl

where

aa(T) = /F,O(y)a(% Y)Va(y)dy. (6.12)

In the case of log-transformed diffusion coefficients, we approximate the coefficient a

by a truncation of a. The following result shows that a truncation of a preserves positivity.
Lemma 6.6. Let a be a log-transformed coefficient in the form . Define I! =
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{a €l| a, =0 for all m > 2} and a truncated expansion of a by a., : D x T' = R by

te,(€,y) = ) aal@)ba(y), (6.13)

acll
where aq, are defined in .
Then, a., s positive on D x I.
Proof. Consider ag, for a € T,
N
to = exp(bo(@))aq, (@) [ [ Em lexp (bn(@)ym)]
m=2

where

G = / P(U1m) XD (b (2)Yin) P ()i

and

En [F(Ym)] = / P(Ym) F (Ym)dYrm

m

with P (y,,) a generic orthonormal polynomial defined in (2.16)).

Thus, we substitute back in a., and obtain
N 00
ae, (,y) = exp(bo(x H Ep [exp (b (T)ym)] (Z an("”)R&(%)) ‘
m=2 n=0

Using the gPC expansion, we get

exp (b (x Z an(x

This leads to
e, (@, y) = exp(bo(x) + bi(@)y1) [ [ Enm [exp (b (@)ym)] -

m=2

Since E,, [exp (b (x)ym)] are positive for all m = 2, ..., N, a., (@, y) is positive for all
(x,y) € D xT.

146



6.5. SPECIAL CASE: LOG-TRANSFORMED DIFFUSION COEFFICIENTS

O
We define a bilinear form B,, : V x V — R via a., by
Ba(ws) = [ o) [ ou(e.v)Vu(a,y) - Volw. y)dady. (6.14)
We use the bilinear form B,, to define a preconditioner P,
P, =Y Ga®Ka. (6.15)

acll,
where I3, = {a €' | || < 2k} .
Lemma 6.7. Let P,., be defined in . Then, P., is symmetric and positive definite.
Proof. 1t is clear that the bilinear B,, is symmetric, therefore so is P,,.
Let v € RY=™\ {0} and let v € SM correspond to v. Consider

vIP, v = B, (v,v).

Since a,, (x,y) > 0 for all z € D and y € T, then B, (v,v) > 0 for all v € SM. Thus, P,

is symmetric and positive definite.

6.5.1 Parametric Mesh

Since all multi-indices a € I}, have «,,, = 0 for m = 2,..., M, we partition the set of
multi-indices T into many subsets, namely Iy,..., Iy, by grouping the multi-indices with
the same second index to the last index together. That is, for [ = 1,..., N and for any 3,
Bel,

Bin = B, for all m > 2,
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and for any I, # I, and for each B € I, 3’ € I,, there exists m* > 2 such that

Additionally, since the multi-indices in the sets I;, [ = 1,..., N, are grouped by second

index to the last index of the multi-indices in I}, then

M+k—-1
M—-1

Furthermore, the number of multi-indices in set I; is between 1 to k£ + 1, inclusive. For
instance, I, = {(0,%,0,....,0)} or [, = {a eIV | a,, = 0 for all m > 2}. Moreover, the
number of the set I; with j members is
k+M—j5—1
n; =
M —2

In practice, we need to balance the size of each submesh to avoid a bottleneck. We may
combine some small submeshes and assign to one processor.

Next, to study the property of the induced subgraphs whose set of nodes is I;, the

following definition is required.

Definition 6.8. A graph is called a complete graph if there exists an edge linking each

pair of distinct nodes.

Lemma 6.9. Let M be a parametric mesh associated with 1) induced by the set 13,. For

[=1,..,N, let G, = (I, Ey) be an induced subgraph of M. Then, G| is a complete graph.

Proof. Let 3,3" € T, such that 3 # 3. Choose a = (S + 31,0, ...0) € I},. We can see
that

161 — B1] < a1 < B+ B and oy + 81 + B is even
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and

0=18n—0| <am < Bm+ B, and a,, + By + 5, is even,  for all m > 2.

Thus, 3 and B satisfy condition and then there exists an edge linking 3 and 3.
]

The following lemma shows that the parametric mesh induced by the set I3, can be

partitioned into many submeshes corresponding to the sets Iy,..., Iy.

Lemma 6.10. Let M be a parametric mesh associated with T induced by the set of
multi-indices 1, Let G = (I;, UL, F) be an induced subgraph in M where I;, and 1, are

disjoint. Then, G s disconnected.

Proof. Let B3 € T;, and @ € I;,. By the definition of the set I, for [ € {1,..., N}, there

exists m* > 2 such that S, # 8/,.. Thus, 0 < |B,,x — B, and then 3 and 3’ do not

satisty condition . Therefore, there is no edge linking the multi-indices 8 and 3.
Consequently, no node in I;, is linked with a node in I;,. Hence, there is no path to

connect a node in [;; to a node in [;,.

]

As a result of Lemma , the parametric mesh induced by the set I}, can be par-
titioned into many non-overlapping submeshes, namely Py, Ps, ..., Py, and the sets [,
for I =1,..., N, are the set of nodes of each submesh. Note that there is no node on the
interface, i.e., Iz = (). In addition, each submesh is a complete graph.

If the parametric mesh is a complete graph, then it means that each pair of multi-

indices in TM satisfy condition . So, the preconditioner P is a block dense matrix.

Example 6.3. For M = 3, k = 2, let M be the parametric mesh induced by the set I3,
where

1L, = {(0,0,0),(1,0,0),(2,0,0), (3,0,0), (4,0,0)} .
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Re'%

Figure 6.3:  The parametric mesh associated with I3 induced by I3, =
(o = (3,0,0) | i = 1,2,3,4}.

By Lemma [6.10}, the set of multi-indices I is partitioned into
I, = {000, 100, 200} I, = {010,110} I3 = {001,101}
I, = {020} I = {011} Is = {002}
The edges for each a € I3, are shown in Table

o ‘ Edges

0,0) | (000,100) (100,200) (010,110) (001,101)
,0,0) (000,200) (200,200)
0,0)
0,0)

(100, 200)
(200, 200)

Table 6.2: List of edges for each a € I}, .

Again, we combine all the edges in Table but do not include self-loops and get the
parametric mesh as shown in Figure[6.3] We can see that there is no node on the interface

and each submesh is a complete graph.
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6.5.2 Computational Cost

In the previous subsection, we have seen that partitioning the parametric mesh induced by
the multi-indices set I3, gives many complete submeshes with no interface. As a result,
the preconditioner for log-transformed diffusion coefficients can be presented by block
diagonal structure where each block is block dense as shown in Figure [6.4 The largest
block in the preconditioner P, has block size (k + 1)-by-(k + 1) and the smallest blocks

are single block matrices.

Figure 6.4: Block pattern of a preconditioner for log-transformed diffusion coefficient with
M =5 and k = 3.

In the following, let n = 1, ..., Np and S™ be a vector subspace of SM associated with
the set I, i.e.,

S™ = span {¢o | @ € T,}.

Let V(W = S @ X,. Since V(™ is a subspace of VA and B., (v, v) is positive for
all v € VA and v # 0, each block in the preconditioner P., is symmetric and positive
definite.

If the discretisation parameter k is not too high, we may assign one block matrix to

k+1

one processor which requires > sy = N, processors or less and solve by a direct

k
e+ M
solver.

On the other hand, we may apply symmetric block Gauss-Seidel approximation to each

block in the preconditioner P,,. However, we choose to approximate the preconditioner P,
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6.5. SPECIAL CASE: LOG-TRANSFORMED DIFFUSION COEFFICIENTS

by an inner-outer iteration technique. This technique is useful if the preconditioner has a
block diagonal structure, and the cost of solving the linear system with the preconditioner
is high. For each block in FP,,, we apply one PCG iteration with its symmetric block
Gauss-Seidel as a preconditioner and we denote the preconditioner P., with one PCG
inner iteration by P, .

As a result, the sequential complexity of Pel is

k+1 k+1
F0 (P;ﬁ) ~ 1 (Kq'v) (2 > gnj+ n1> +nnz(Ko) »  j%n;,

j=2 =2

2k
< 2Ny3~£ (Kalv) + (1 + M——H) NyIlIlZ<K0),

and parallel complexity of 15@1 depends on the largest block which has the size of k£ + 1.
Thus,
Flp <ﬁe_11r> ~2(1+k)Flp (Kg'v) + 2nnz(Ko).

Remark. Consider

k+1 k+M—2 ;
d inj= Y (k+M-—1-i)
j=1 i=M—2 M —2
Let N=k+ M —2 and r = M — 2. Then,
k+1 N Z
St =31
j=1 i=r r
I N i N i
=(N+1)*)° —2AN+1)) i +y
i=r T i=r T i=r r

i i N+1
i=r \ T r+1
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6.5. SPECIAL CASE: LOG-TRANSFORMED DIFFUSION COEFFICIENTS

Moreover, by mathematical induction, we can prove the generalised extended hockey stick

identities [75]

i_ i (Nr—O—N—i—r) N+1
i =—F—F— :
i=r r r+2 r+1
N .
22,2 ) (NQ(T+1)(T—|—2)+N(27"+1)(7”+1)+r(7“—1)) N+1
i=r r (7’+2)(7’+3) r+1
Thus,

k1

2N —r+3 N +2 2k
> itn = (—r;) = (1+ - 1) N,
j=1 r 2 +

6.5.3 Spectral Analysis

We analyse the bilinear equivalence between bilinear forms B, and B in the case of a

bounded parametric domain, such as loguniform coefficient, as follows.

Theorem 6.11. Assume that T, = [—1,1] for all m = 1,...,N. Let a be the log-
transformed coefficient in . Let a., be the function in and B., be the bi-
linear form in . Then, the bilinear form B., is equivalent to the bilinear form B in
. To be precise, there exist positive numbers 0 and © independent of discretisation

parameters, i.e., h, k and M, such that

0B, (v,v) < B(v,v) < =B, (v,v), forallveV

| =

where
N
9= cxp (—2 > ||bm||Lw(D)) - (6.16)
m=2

Proof. 1t is easy to see that form=1,..., N,

exp (= lbmll ) ) < 5D (@) < 5D (bl 1)
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and then

D (= [bmll <)) < B [0 (b (2))) < 05 (bl e 1)

Therefore, for any v € V/,

_ TP bn(@yn) o
B0 = [ [ ot (}T e (bm(m)ym)]> o (,y) (Vo) dady

N eXp<||bm||Loo(D)>
< | max Be, (v,v)

- xeD i Em [eXp (bm<m)ym)]

N
< exp <2 Z HbmHLw(D)> Be, (v,v).
m=2

The lower bound can be achieved in the same manner.

]

Remark. For the case of an unbounded parametric domain such as lognormal coeffi-
cient, we cannot prove the bilinear equivalence or the bilinear forms B., and B are not

equivalent.

This leads to the optimality of the preconditioner P., in the case of a bounded para-

metric domain.

Corollary 6.12. Assume that T',, = [=1,1] for all m = 1,....N. Let a be the log-
transformed coefficient in and a., be the function in . Let P., and A be
induced by the bilinear form B, in and B n , respectively. Then

A(P'A) C [9, 1} ,

where 0 defined in 18 independent of discretisation parameters h, k and M.
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6.6 Numerical Experiments

In this section, we compare the performance of modified truncation preconditioners P,
truncation preconditioners with domain decomposition technique P, and preconditioners
for log-transformed diffusion coefficients ]561 with the performance of existing precondi-
tioners such as the mean-based preconditioner and the Kronecker product preconditioner.
We consider test problems with the lognormal and loguniform diffusion coefficients in the

form
N

a(x,y) = exp(bo(x) + Z by () Ym)- (6.17)

m=1

We employ a gPC expansion for the diffusion coefficients a, i.e., the coefficient a can be

written as

a(@.y) = aa(@)ta(y).

ac€l
Recall that the lognormal diffusion coefficient a does not satisfy condition (2.10) but

the solution of the variational formulation (2.11) exists. On the other hand, if we let

I, = [—1,1] for all m = 1,..., N, the loguniform diffusion coefficient satisfies condition

(2.10) with

N
Qi = €XP (— 1boll poe(py = D Hbm”mo(D)) )
m=1
N
Amax = €XP (HbOHLOO(D) + Z Hbm||L°°(D)> '

m=1

The coefficients a,, in the case of a lognormal distribution are calculated in [125, p. 926],

ao(x) = Ela(z,y)] H S (:c)’ fora €1
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In the case of loguniform coefficients, for a € I,
N

tal@) = / o) xp(bo() + 3 b)) i ()

m=1

= explto(@)) TT | o) exolb @) P )

= exp(by()) [ ] aa.. (2).

By the properties of Legendre polynomials in [33] p 215], we have that, for & € D such
that b,,(x) = 0,

and, otherwise,

Qam

> (—2?9?5)3“ @fflitlf; (1) exp(—bm()) — exp(bm(x))) -

a'Oé'm (w) -
=0

As a result, the mean of a loguniform coefficient is

E[a(x, y)] = ao(x) = exp (bo(x)) [ ] aom (),
where
1, b () = 0,

ao’m (w) =

sinh (b, (x
mhlomie) ) (2) 40,

Next, we review the complexity of each preconditioner for non-affine diffusion coeffi-
cients. The mean-based preconditioner Fy is still the mean term of the coefficient matrix
A ie.,

Py = In, ® Ko.

Thus, by the structure of Fy, the computational cost of P, for non-affine diffusion coeffi-
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cients is identical to the case of affine diffusion coefficients and the computational costs of
= P, and 1561 are higher than the cost of ) by a factor of 2. Additionally, the Kronecker

product preconditioner Py, is defined by
P@ — G ® KO.

Note that in the case of non-affine diffusion coefficients, the matrix GG is dense. As a

result, the computational cost of Py is

FU(Py'r) = NyFU(Ky'v) + N.F(G7Hv)

= NyFl (Ky'v) + Na N,

if the Cholesky factorisation of G is provided.

To conclude, we have that
F(Py'r) < F¢ (ﬁglr) ~ Tt (15;11*) ~ Tl (Peglr) ,

and

F0(Py'r) = T (Py'r) + NN,

by assuming that F¢ (K;'v) dominates the cost of one PCG iteration. Note that the
preconditioners Pg, P, and P, require a one time setup before we apply PCG. For the
Kronecker product preconditioner, it is required to construct the matrix G and apply the
Cholesky factorisation to the matrix G. In the case of P, and ]5,,, we need ordering the

terms in a to obtain the set I,.

Example 6.4. In this experiment, the diffusion coefficient a is assumed to be a log-
transformed coefficient in (6.17)) with N = 20 where b,, are chosen to be the coefficients
in Example 4.1| with ¢ = 2 and & = 0.547.

Before comparing the performance of our preconditioners, P, and P, with r = 1,...,6
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and ]561, with the mean-based preconditioner and the Kronecker product preconditioner,
the first eight largest magnitudes of a, and corresponding multi-indices in I} with M =
k = 6 are illustrated in Table [6.3] We can see that the magnitudes of a, in both cases
(lognormal and loguniform) drop fairly fast. Although there is no clear pattern of multi-
indices in Table we can see that the magnitude of a,, tends to be large with small |«|.
Note that the multi-index (3,0,0,0,0,0) can not be a member in I, with & = 1 because
it is not in the set I31.

In the following, we want to check the condition for lognormal and loguniform
diffusion coefficients. It is easy to see that aq(x), for a € I, is non-negative on D in the
case of lognormal coefficients. Thus, condition holds for lognormal coefficients.

In the case of loguniform coefficients, consider a,,, (). For € D such that b,,(x) = 0,
we have

1, o, =0,

0, otherwise.

For € D such that b,,(x) # 0,

case a,, = 0: we get

o () = exp(bm (@) — exp(—bm(®)) _ sinh (bu())
o 2b,, () (@)

Since the hyperbolic sine is an odd function, a,,, () > 0 for all & € D.

Lognormal Loguniform
o 0l oo () o laall oo ()
(0,0,0,0,0,0) 3.1960 (0,0,0,0,0,0) 2.8675
(1,0,0,0,0,0) 1.7482 (1,0,0,0,0,0) 0.8880
(2,0,0,0,0,0) 0.6762 (0,1,0,0,0,0) 0.2261
(0,1,0,0,0,0) 0.4371 (2,0,0,0,0,0) 0.1244
(1,1,0,0,0,0) 0.2391 (0,0,1,0,0,0) 0.1006
(3,0,0,0,0,0) 0.2135 (1,1,0,0,0,0) 0.0700
(0,0,1,0,0,0) 0.1942 (0,0,0,1,0,0) 0.0566
(0,0,0,1,0,0) 0.1093 (0,0,0,0,1,0) 0.0362

Table 6.3: First 8 terms of lognormal and loguniform diffusion coefficients in Example
6.41
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k= 112 12|16 7 6 6 6 6|6 7 7 6 6 6 6 7
2|18 198 10 9 9 & & |13 10 10 10 9 9 8 9
312 2610 12 11 11 10 10|17 14 13 12 12 12| 9 11
4132 3413 15 13 13 12 11|27 17 17 16 14 14| 10 12
5|40 43|17 19 16 17 13 12|37 20 21 20 17 17| 10 14
6149 52|24 22 19 20 14 14|53 25 23 24 19 19| 11 15

Table 6.4: The numbers of iteration by PCG with lognormal diffusion coefficient in Ex-
ample
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Figure 6.5: The runtimes by PCG with lognormal diffusion coefficient in Example [6.4]

case q,, = 2: we get

Ao, () = b3\/(5:13) ((b2,(x) + 3)sinh (b () — by, (x)cosh (b, (x)) -

By basic calculus, we can check that a,,, () > 0 for all & € D.

Hence, we know that for e € I, where o, < 2 for all m < M, aq(x) > 0 on D and
the test problem with loguniform coefficient satisfies condition ([6.4)).

Table and Figure [6.5| show the PCG iteration counts and PCG runtimes, respec-

tively, in the case of lognormal diffusion coefficient. The discretisation parameters are
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k=19 95 4 5 5 5 5|5 5 5 5 5 5|5 3
201 11{6 5 5 5 5 5|6 6 6 5 5 5| 6 6
3112 1216 S5 5 S5 S5 5|7 6 6 5 5 5|6 6
4112 12| 7 6 6 S5 5 5|7 6 6 6 6 6| 6 7
> 13 137 6 6 S5 S5 S5 |7 7T 6 6 6 5| 6 7
613 13| 7 6 6 5 5 5|7 7 6 6 6 67 7

Table 6.5: The numbers of iteration by PCG with loguniform diffusion coefficient in
Example [6.4
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Figure 6.6: The runtimes by PCG with loguniform diffusion coefficient in Example [6.4]

set to be h = 274, M = 6 and the range of k is from 1 to 6. The results show that our
preconditioners, i.e., P, P, and Pel, outperform Py and Py in term of iteration counts,
runtimes and total complexity. More precisely, f’el and P, are more efficient than P, and
there are small improvements for P, and P, with increasing r. Moreover, for all precondi-
tioners, the results show that the PCG iteration counts rise with the parameter k. This is
more pronounced for the mean-based preconditioner and the Kronecker product precondi-
tioner, whereas the iteration counts by P., go up very slowly with k. The preconditioner

P., seems to be independent of the parameter k.
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Lognormal Loguniform

h M=23 M=6 M =3 M =6

P B P, | B B P, | B B P, | B B P,
2318 10 109 10 10|4 5 6 |5 5 6
27419 11 10|10 12 11 |5 5 6 |5 5 6
27°19 12 11|10 12 11 |5 5 6 |5 5 7
276110 12 11|10 13 11 |5 5 6 |5 5 7
277110 12 11 |10 13 11 |5 5 6 |5 5 7

Table 6.6: PCG iteration counts for lognormal and loguniform diffusion coefficients with
various h and M and k = 3.

The results in the case of loguniform diffusion coefficient are displayed in Table |6.5
and Figure with the same discretisation parameters as in the case of the lognormal
coefficient. The results shows that the PCG iteration counts and PCG runtimes by P,
P, and 15@1 are only about a half of the iteration counts and runtimes by F, or Pg.
However, only P, and P, are more efficient than Py and Py in term of total complexity.
Additionally, all preconditioners show optimality with respect to the parameter k in the
case of the loguniform coefficient.

Table[6.6|shows that no significant increase of PCG iteration counts with discretisation
parameters h and M. This means that our preconditioners are optimal with respect to h

and M.

Example 6.5. Here, we assume that the diffusion coefficient a is the log-transformed
coefficient in (6.17)) with N = 20 where b,, are chosen to be the coefficients in Example
4.2l The first eight largest terms of a, with corresponding multi-indices in I3 with
M = k = 6 are shown in Table 6.7

Table|6.7 displays the magnitudes of a,, in the cases of lognormal and loguniform. The
magnitudes of a, decay slower than the magnitudes of a,, in the previous test problem.

In the case of the lognormal coefficient, the PCG iteration counts and PCG runtimes
are shown in Table and Figure , respectively. The iteration counts by P, , 1561
and Pg are about the same or more than half of those corresponding to F. Thus, the
total complexities by P, and ]561 are higher than those for the mean-based preconditioner.

However, all of our preconditioners increase the efficiency of the solver in terms of com-
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Lognormal Loguniform
o HaOéHLOO(D) o ”aaHLOO(D)
(0,0,0,0,0,0) 2.8759 (0,0,0,0,0,0) 2.7663
(1,0,0,0,0,0) 0.8461 (1,0,0,0,0,0) 0.4674
(0,0,1,0,0,0) 0.4518 (0,1,0,0,0,0) 0.2506
(0,1,0,0,0,0) 0.4518 (0,0,1,0,0,0) 0.2506
(0,0,0,1,0,0) 0.2696 (0,0,0,1,0,0) 0.1497
(0,0,0,0,1,0) 0.2696 (0,0,0,0,1,0) 0.1497
(0,0,0,0,0,1) 0.2414 (0,0,0,0,0,1) 0.1340
(2,0,0,0,0,0) 0.1761 (1,0,1,0,0,0) 0.0367

Table 6.7: The first 8 terms of lognormal and loguniform diffusion coefficients in Example
6.51

~

\P. P |PL P, Py P, P Ps|PL P, Py P, 5 Ps|P, P,
k= 1] 7 6|7 7 6 6 5 2|7 7 6 6 6 5] 7 71
2110 919 9 7 7 6 5|9 9 7 7 7 6|9 10
3/11 1311 10 8 &8 7 6|11 10 8 8 & 7|11 11
4013 16]13 11 9 8 7 6 [13 11 10 10 10 10| 13 13
5014 18|14 13 10 9 8 7 |14 12 11 11 11 10| 14 14
615 21|15 13 10 10 9 8 [15 14 14 14 14 14|15 15

Table 6.8: PCG iteration counts: lognormal diffusion coefficient in Example [6.5]

putational time. Furthermore, the modified truncation preconditioners outperform the
others in term of iteration counts, runtimes and also the total computational cost. Also,
note that the iteration counts by P., f’r, P, , and ]561 show mild dependence with the
parameter k.

On the other hand, for the loguniform coefficient, the PCG iteration counts and PCG
runtimes are displayed in Table and Figure respectively. It indicates that P, and
P, are more efficient than Py in terms of iteration counts and time consumption whereas
the numbers of PCG iterations and PCG runtimes for P,, are virtually identical to those

for P@.

In this chapter, we presented preconditioners for non-affine-parametric diffusion coeffi-
cients. We extended the ideas from the case of affine-parametric diffusion coefficients. The
truncation preconditioners for non-affine-parametric diffusion coefficients aim to capture
the main features of the coefficient matrix but preserve the sparsity. The modified trun-

cation preconditioners are an approximation of the truncation preconditioners to ensure
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k= 11| 6 6 6 6 5 5 4 3 6 6 5 5 4 4 6 6
21 7 8 7 7 6 5% 5% 4 7 7 6 5 5 4 7 7

31 8 9 8 7 6 6 5 4 8 7 6 6 5 4 8 8

41 8 10| 8 7 6 6 5 4 8 7 6 6 5 4 8 8

51 9 10| 8 8 7 7 5 4 8 8 6 6 5 5 8 8

61 9 111 9 8 6 6 5 4 9 8 7 6 6 5 9 9

Table 6.9: PCG iteration counts: loguniform diffusion coefficient in Example [6.5

that the practical preconditioners are symmetric and positive definite. We also gener-
alised the ideas of the domain decomposition on parametric domain for affine-parametric
coefficients to enhance the parallelism of the preconditioner. Furthermore, we designed
a preconditioner for log-transformed diffusion coefficients. The experiments indicate that
the performance of our preconditioners are at least as good as those for the mean-based

preconditioner and the Kronecker product preconditioner.
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Figure 6.8: PCG runtimes: loguniform diffusion coefficient in Example
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CHAPTER 7

CONCLUDING REMARKS

In this thesis, we designed and analysed effective preconditioners for stochastic Galerkin
linear systems which arise when solving elliptic partial differential equations models with
random data. We considered in the cases of affine and non-affine parametric representa-
tions of diffusion coefficients.

Truncation preconditioners for affine-parametric diffusion coefficients rely on trunca-
tions of the diffusion coefficient. We establish a class of equivalent bilinear forms via
truncated diffusion coefficients. This implies that the truncation preconditioners, which
are constructed via the bilinear forms, are optimal with respect to discretisation parame-
ters. However, the complexity of applying their inverses on a given vector is very high. To
reduce the complexity, modified truncation preconditioners are obtained by approximat-
ing the truncation preconditioners using the symmetric block Gauss-Seidel approximation.
The computational cost per iteration of modified truncation preconditioners is twice the
computational cost of the mean-based preconditioner. Moreover, we also provided a spec-
tral analysis of the modified truncation preconditioners to guarantee their optimality with
respect to all discretisation parameters. The limitation of the modified truncation pre-
conditioners is that, in general, their structure does not facilitate parallelism. However,
parallelisation is possible for a very small number of terms in the preconditioners by
permuting the unknowns corresponding to the parametric space in a certain way.

We also considered domain decomposition methods on the parametric domain for
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affine-parametric diffusion coefficients. We developed and used a certain permutation
technique so that the system matrix has a particular structure which is useful for paral-
lel computing. We studied the pattern of the stochastic Galerkin matrix for the case of
affine-parametric diffusion coefficient. Using graph theory, we introduced the concept of
parametric mesh, including submesh and the interface of the parametric mesh as a tool
for devising our permutation. This procedure leads to a 2-by-2 block matrix structure
of the system matrix. According to the structure of the system matrix, we present two
types of domain decomposition preconditioners: block preconditioners and block-diagonal
preconditioners. Our study of the parametric mesh leads to the even-odd partitioning
technique. The Schur complement is approximated in two ways: block-diagonal approxi-
mation and symmetric block Gauss-Seidel approximation. We introduced three versions
of the even-odd preconditioners. Their complexities and spectral analyses were also pre-
sented. Additionally, the analyses indicate the optimality of the even-odd preconditioners
with respect to discretisation parameters.

We also provided experiments to show that our preconditioners are promising choices
due to their efficiency. All the experiments in the thesis were implemented using the MAT-
LAB toolbox S-IFISS [112]. The experiments show that modified truncation precondi-
tioner is an improvement over existing choices. It reduces the iteration counts significantly
from those for the mean-based preconditioner and the Kronecker product preconditioner,
especially in the case of fast decaying terms in the parametric representation of the dif-
fusion coefficient. However, increasing the number of terms in the modified truncation
preconditioners appears to improve their efficiency only negligibly. Therefore, we recom-
mend choosing only two or three terms in the representation of the system matrix to
be included in the truncation preconditioner to balance the efficiency and the computa-
tional cost. The even-odd preconditioners outperform the other preconditioners in terms
of iteration counts and overall complexity. To be precise, the third version of the even-
odd preconditioner, which is a combination of the block-structured preconditioner and

a symmetric block Gauss-Seidel approximation of the Schur complement, has the least
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iteration counts compared with the other preconditioners. In contrast, the second version
of the even-odd preconditioners, which is a combination between a block-structured pre-
conditioner and a block-diagonal approximation of the Schur complement, has the lowest
computational cost due to its lower complexity per iteration. The numerical experiments
also confirm the optimality of the modified truncation preconditioners and the even-odd
preconditioners with respect to discretisation parameters.

For the case of non-affine parametric diffusion coefficient, we extended the two ideas
from truncation preconditioners and domain decomposition preconditioners for the affine
diffusion coefficients. Since the stochastic Galerkin matrix for the case of non-affine co-
efficient is block-dense, we introduced the truncation preconditioners in this case as a
sparse approximation of the system matrix. Next, we modify the truncation precondi-
tioners using symmetric block Gauss-Seidel approximation and obtain modified trunca-
tion preconditioners for non-affine parametric coefficients. We also studied the pattern
of the truncation preconditioners with a view to parallelism and generalised the concept
of parametric mesh to the case of non-affine coefficients. This lead to domain decompo-
sition preconditioners for the case of non-affine parametric coefficients. In particular, we
considered log-transformed coefficients, e.g., lognormal and loguniform coefficients. We
employed the techniques developed in this chapter to derive another preconditioner and
its spectral analysis for log-transformed coefficients. We also calculated the complexities
of these preconditioners.

According to our experiments, the performance of the truncation preconditioners is
superior in the case of lognormal and loguniform coefficients. The preconditioners for
log-transformed coefficients perform very well only in the case of lognormal coefficients
but still less efficient than truncation preconditioners. Although the efficiency of domain
decomposition preconditioners is not outstanding, they perform at least on the same level
as the mean-based preconditioner and the Kronecker product preconditioner. Moreover,
the experiments show that these preconditioners, e.g., truncation preconditioners, domain

decomposition preconditioners and preconditioner for log-transformed coefficients, are
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optimal with respect to at least two discretisation parameters, i.e., the mesh size and the
number of random variables.

Future research on this topic could include improvements to the modified truncation
preconditioners for affine coefficients by devising other approximation techniques in or-
der to decrease the complexity per iteration and improve the accuracy. For the domain
decomposition method on the parametric domain, there are several possible extensions.
Since the parametric mesh is defined via a graph, we need a sophisticated graph parti-
tioning algorithm to partition the parametric mesh but minimise the size of the interface.
The algorithm will lead to a new partitioning strategy. Moreover, the Schur complement
approximation could be improved, for example, by using norm-equivalence and other
techniques. To achieve optimal performance, we need to balance between the accuracy of
the Schur complement approximation and the complexity per iteration. For the case of
non-affine parametric coefficients, a sparse gPC expansion, which is positive on the spatial
domain and the parametric domain, is important. Similarly to the domain decomposition
methods for the case of affine-parametric coefficients, we could also consider the exten-
sion of the partitioning strategy and the Schur complement approximation to the case of
non-affine parametric coefficients in order to improve the efficiency of the preconditioners.
Finally, once could also consider extending our results to other model problems such as
optimal control problems, incompressible elasticity equations, Navier-Stokes equations,

saddle point problems.
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