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ABSTRACT

In this thesis, we present some of the main results proved by the author while fulfilling his
PhD. While we present all the relevant results in the introduction of the thesis, we have
chosen to focus on two of the main ones.

First, we show a very recent development about Hamiltonicity in random subgraphs of
the hypercube, where we have resolved a long standing conjecture dating back to the 1980s.

Second, we present some original results about correlations between the appearance
of edges in random regular hypergraphs, which have many applications in the study of
subgraphs of random regular hypergraphs. In particular, these applications include subgraph

counts and property testing.
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CHAPTER1

A QUEST FOR HAMILTONICITY

One of the most well-known and well-studied properties in graph theory is Hamiltonicity.
A graph G is said to be Hamiltonian whenever it contains a cycle which covers all of the

vertices of G. We refer to such a cycle as a Hamilton cycle.

As happens with many graph properties, one would like to have a general characterization
of all graphs which contain a Hamilton cycle. However, the problem of determining whether
or not a graph is Hamiltonian is NP-complete, as shown by Karp [74]. Thus, unless P = NP,
there is little hope of obtaining such a characterization, and so the study of Hamiltonicity
focuses on finding sufficient conditions. Many of these sufficient conditions have taken
the form of degree conditions. One of the best-known examples of such results is Dirac’s
theorem [38]], which states that every graph G on n > 3 vertices with minimum degree at
least n/2 is Hamiltonian.

On a different direction, a lot of research has been devoted to understanding the typical
properties of graphs, via the study of random graphs. Hamiltonicity has been the focus of
much of this research, and this will be the main topic of this thesis. We defer an overview of
some of the main results in this area, as well as the main contributions of this thesis, to the
upcoming sections.

While Hamiltonicity concerns itself with the existence of a Hamilton cycle, many other
questions can be asked about Hamilton cycles in graphs. For instance, the containment

of a certain number of edge-disjoint Hamilton cycles and the problem of counting the



Hamiltonicity problems in random graphs

number of Hamilton cycles in a given graph will also be relevant for this thesis. Other
properties that have been considered are packings of Hamilton cycles or decompositions
of graphs into Hamilton cycles. Furthermore, all of these problems can be generalised to
other settings, such as directed graphs, tournaments, or hypergraphs. For a general overview
of Hamiltonicity results and open problems, as well as related problems in the area, we
recommend some of the excellent surveys that Gould [60, |61} 62] and Kiihn and Osthus [90}
91]] have written about the topic, as well as the references therein.

Hamiltonicity is often tied with other graph properties. In the exposition of this thesis, the
containment of perfect matchings and connectivity of graphs will be especially relevant. A
matching in a graph G is a set of edges of G no pair of which share an endpoint. A matching
is said to be perfect if its edges cover all of the vertices of G. Connectivity (that is, the property
that any vertex of G can be reached from any other vertex of G by moving along edges), on

the other hand, is clearly a necessary condition for Hamiltonicity.

1.1. Hamiltonicity in random graphs

As has already been mentioned, Hamiltonicity has been a central topic in the study of
random graphs. We now provide a short survey of some of the main results in this area,
as well as the main contributions of this thesis. In particular, results can be very varied
depending on the model of random graph that is being considered. In section we

will discuss the binomial random graph G, ,, as well as some generalisations and related

n,p
problems where it plays a central role, and in section [I.1.2] we will mention some results
about Hamiltonicity in random regular graphs. We will then mention hitting time results
in section before talking about random binomial subgraphs of the hypercube and
hitting time results in subgraphs of the hypercube in section Finally, we will devote
section to briefly talking about randomly perturbed graphs.

Note that this is not a comprehensive survey of all results about Hamiltonicity in random

graphs, and we do not attempt to cover all models of random graphs where results about

Hamiltonicity are known (for instance, random geometric graphs or preferential attachment
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graphs do not appear here). For a general overview of the state of the art of Hamiltonicity in

random graphs, we recommend the survey of Frieze [|55].

1.1.1. The binomial random graph

One of the most studied random graph models is the binomial random graph model G,, p,,
where we have a (labelled) set of n vertices and G, , is obtained by including each edge
with probability p, independently of all other edges. This is deeply tied with the G, ,,, model
introduced by Erdés and Rényi [47, 48|, where a (labelled) graph G,, ,, is chosen uniformly at
random from the set of all graphs on n vertices with exactly m edges. In the second of their
seminal papers, Erds and Rényi already asked for the necessary number of edges m (as a
function of n) for which G, ,, asymptotically almost surely (a.a.s.) contains a Hamiltonian
line (that is, a path which contains all vertices of the graph). This is widely regarded as the
beginning of the study of Hamiltonicity in random graphs.

The question about the necessary number of edges can be formalised via the concept of
thresholds. Let us consider these in the G, , model. Given some monotone increasing graph
property P, a function p* = p*(n) is said to be a (coarse) threshold for P if P[G, , € P] — 1
whenever p/p* — o0 and P[G,, , € P] — 0 whenever p/p* — 0. One can define the stronger
notion of a sharp threshold similarly: p* = p*(n) is said to be a sharp threshold for 2 if, for all
¢ > 0, we have that P[G,, , € ] — 1 whenever p > (1+¢)p* and P[G,, , € P] — 0 whenever
p < (1 —¢)p*. Bollobas and Thomason [24] proved that every (non-trivial) monotone graph
property has a threshold in G, ,. Most of the natural graph properties that we work with
satisfy these assumptions, so we know that their thresholds exist; it is now a matter of
determining what those thresholds are.

Erdés and Rényi [49]] proved that the threshold for the containment of a perfect matching
in G, , is log n/n (if n is even). The threshold for the containment of a Hamilton cycle was
found independently by Pdsa [[100] and Kor§unov [82, 83], who actually determined the
sharp threshold to be p* = log n/n. This is also the sharp threshold for the property of having

minimum degree at least 2. In this sense, the results about Hamilton cycles in Gn,p can
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be interpreted as saying that the natural obstruction of having sufficiently high minimum
degree is also an “almost sufficient” condition. As a generalisation, the sharp threshold for
the containment of k edge-disjoint Hamilton cycles in Gy, ,, for some k € N independent of

n,is p* = logn/n, i.e., the same as the threshold for Hamiltonicity.

One more recent approach to extend the classical extremal results to random graphs is
based on the following concept of resilience. The local resilience of a graph G with respect
to some property P is the maximum number r such that, for any subgraph H C G with
A(H) < r,we have G \ H € . One may view this concept as a measure of the damage an
adversary can commit at each vertex of G, without destroying the property 2. The systematic
study of local resilience was initiated by Sudakov and Vu [110f]. Restated in this terminology,
Dirac’s theorem says that the local resilience of the complete graph K, with respect to
Hamiltonicity is |n/2|.

This concept of resilience naturally suggests a generalisation of Dirac’s theorem in the
setting of random graphs. Lee and Sudakov [93]] proved that, when p = Clogn/n and C is
sufficiently large, the local resilience of the random graph G, ,, with respect to Hamiltonicity
is a.a.s. at least (1/2 — €)np, extending Dirac’s theorem to random graphs. This improved on

earlier bounds [11}56,(110], and is equivalent to the following statement.

Theorem 1.1.1 (Lee and Sudakov [93]]). For every positive €, there exists a constant C = C(¢)
such that, for p > Clogn/n, a.a.s. every subgraph of G, , with minimum degree at least

(1/2 + €)np is Hamiltonian.

In this context, together with Condon, Kim, Kiihn and Osthus [35]], we provide a gener-
alization of theorem where we allow the degrees of roughly half of the vertices to be

lower, effectively extending Pésa’s theorem [[101]] to random graphs.

Theorem 1.1.2 ([35]]). For every ¢ > 0, there exists a constant C = C(¢) such that, for p >
Clogn/n, a.a.s. every subgraph of Gy, ,, with degree sequence d, < ... < d, which for alli < n/2

satisfies that d; > (i + en)p is Hamiltonian.

We also obtained a more general degree sequence result for perfect matchings.
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Theorem 1.1.3 ([|35]). For every € > 0, there exists a constant C = C(¢) such that, for p >
Clogn/n, a.a.s. every subgraph of Gy, ,, with degree sequence d; < ... < d, which foralli < n/2

satisfies that d; > (i + en)p ord,,_i_¢, > (n — i + en)p contains a matching of size |n/2|.

We further conjecture that the conditions stated in theorem should suffice to guaran-
tee the a.a.s. existence of a Hamilton cycle. If true, this would be an extension of Chvatal’s
theorem [32] to random graphs. Both results above, while stated in terms of degree sequences,

can be rephrased in terms of local resilience (see the original paper [35]] for details).

On a different but related direction, rather than considering subgraphs of a random graph,
we can consider random subgraphs of a given graph G. This leads to the study of robustness
of graph properties, which has also attracted much attention recently. For instance, given a
graph G which is known to satisfy some property P, consider a random subgraph G, obtained
by deleting each edge of G with probability 1 — p, independently of all other edges. The
problem then is to determine the range of p for which G, satisfies P with high probability.
In this setting, a result of Krivelevich, Lee, and Sudakov [87] asserts that, for any n-vertex
graph G with minimum degree at least n/2, the graph G, is asymptotically almost surely
Hamiltonian whenever p > logn/n. This can be viewed as a robust version of Dirac’s

theorem on Hamilton cycles.

1.1.2. Random regular graphs

The search for Hamilton cycles in other random graph models has proven more difficult.
This is the case, for instance, with random regular graphs model G, 4: given n,d € N such
that d < n and nd is even, G, 4 is chosen uniformly at random from the set of all d-regular
graphs on n vertices (a graph is said to be d-regular if every one of its vertices has degree
d). The study of this model is often more challenging than that of G, , due to the fact that
the presence and absence of edges in G, 4 are correlated. Several different techniques have
been developed to deal with this model, such as the configuration model or edge-switching

techniques. Robinson and Wormald [103]] proved that G, 3 is a.a.s. Hamiltonian, and later
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extended this result to G, 4 for any fixed d > 3 [[104]. This is in contrast to G,, ,, where the

n,p
average degree must be logarithmic in n to ensure Hamiltonicity. These results were later
generalised by Cooper, Frieze, and Reed [37] and Krivelevich, Sudakov, Vu, and Wormald 89|
for the case when d is allowed to grow with n,uptod < n — 1.

The resilience of random regular graphs with respect to Hamiltonicity has also been
considered. Ben-Shimon, Krivelevich, and Sudakov [10] proved that, for large (but constant)
d,a.a.s. G, 4 is (1 — £)d/6-resilient with respect to Hamiltonicity. However, they conjectured
that the true value of the (likely) local resilience of G, 4 with respect to Hamiltonicity
should be closer to d/2, and also suggested to study the same problem when d is allowed
to grow with n. In this direction, it is worth pointing out that, for any fixed ¢ > 0 and
d > log n, the fact that a.a.s. G, 4 is (1/2 — ¢)d-resilient with respect to Hamiltonicity follows
by combining results of Sudakov and Vu [110], Krivelevich, Sudakov, Vu, and Wormald [89]],
Cook, Goldstein, and Johnson [36]] and Tikhomirov and Youssef [111]], and results of Kim
and Vu [[76] and Lee and Sudakov [93]] (see [33]] for details).

In joint work with Condon, Girdo, Kiihn, and Osthus [33|], we completely resolved the
question about the local resilience of random regular graphs. This can be seen as a version of

Dirac’s theorem for random regular graphs. Our main result gives the following lower bound

(the upper bound follows from edge distribution properties of random regular graphs).

Theorem 1.1.4. For every € > 0 there exists D such that, forevery D < d < log2 n, the random

graph G, 4 is a.a.s. (1/2 — g)d-resilient with respect to Hamiltonicity.

While we do not try to optimise the dependency of D on ¢, we remark that D in theo-
remcan be taken to be polynomial in ¢!, This is essentially best possible in the sense
that theorem|[1.1.4|fails if d < (2¢)~.

Theorem 1.1.5. For any odd d > 2, the random graph G, 4 is not a.a.s. (d — 1)/2-resilient

with respect to Hamiltonicity.

We point out that the methods we used for theorem and theorem follow the

rotation-extension technique, which exploits expansion properties of graphs. For theo-
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rem|l.1.2) we use a “thinning” idea introduced by Ben-Shimon, Krivelevich, and Sudakov [10]
and improve on an analysis of Lee and Sudakov [93]. For theorem[1.1.4, we combine the
configuration model with the “thinning” approach and an idea of Montgomery [97]. For the

detailed proofs, see the original papers [35,33]].

1.1.3. Hitting time results

Remarkably, the intuition that having the necessary minimum degree is an “almost sufficient”
condition for Hamiltonicity, as we established in section[1.1.1} can be strengthened greatly via
so-called hitting time results. These are expressed in terms of random graph processes (which
can be seen as a generalization of the G, ,,, model). The general setting is as follows. For an
integer n, we denote [n]:={i€eZ :1<i<n}and[n]y:={i€Z : 0<i<n}. Let Gbean
n-vertex graph with m = m(n) edges, and consider an arbitrary labelling E(G) = {ey, ..., e,,}-
The G-process is defined as a random sequence of nested graphs G(o) = (G,(0))/,, where
o is a permutation of [m] chosen uniformly at random and, for each i € [m],, we set
Gi(o) = (V(G),E;), where E; := {e5(j) : j € [i]}. Given any monotone increasing graph
property P such that G € 2, the hitting time for P in the above G-process is the random
variable 7,(G(0)) := min{t € [m], : G;(c) € P}.

Let us denote the properties of containing a perfect matching by M, and Hamiltonicity
by HAM. For any k € N, let 8k denote the property of having minimum degree at least k,
and let H Mk denote the property of containing | k/2| edge-disjoint Hamilton cycles and, if
k is odd, one matching of size |n/2| which is edge-disjoint from these Hamilton cycles. With
this notion of hitting times, many of the results about thresholds presented in section (1.1.1
can be strengthened significantly. For instance, Bollobas and Thomason [23]] showed that,
if n is even, then a.a.s. 7p)(K,(0)) = 751(K,(0)). Ajtai, Komlos, and Szemerédi [[1]] and
Bollobés [18] independently proved that a.a.s. 7y 4»(K,(0)) = 75,(K,,(0)). Later, Bollobas
and Frieze [21] proved that, given any k € N, for n even a.a.s. Ty (K, (0)) = 151 (K, (0)).

In the setting of local resilience, very recently, Montgomery [97]] as well as Nenadov,

Steger, and Truji¢ [98] independently obtained a hitting time version of theorem|1.1.1}, that
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is, they proved that, in the K,,-process, a.a.s. the first graph which has minimum degree
2 is resiliently Hamiltonian (Nenadov, Steger and Truji¢ also obtained such a hitting time

version for perfect matchings [98]]).

For graphs other than the complete graph, Johansson [[72] recently obtained a robustness
version of the hitting time results for Hamiltonicity. In particular, for any n-vertex graph G
with §(G) > (1/2+¢)n, he proved thata.a.s. Ty 4,:(G(0)) = 75,(G(0)). This was later extended
to a larger class of graphs G and to hitting times for Z(M 2k, for all k € N independent of n,

by Alon and Krivelevich [6].

1.1.4. Random subgraphs of the hypercube

When considering the setting of robustness of graph properties, one of the graphs G which
has been studied more thoroughly is the hypercube Q". The n-dimensional hypercube Q"
is the graph whose vertex set consists of all n-bit 01-strings, where two vertices are joined
by an edge whenever their corresponding strings differ by a single bit. One of the main
contributions in this thesis is precisely in this setting: we show that the hypercube is robustly
Hamiltonian, with results in both the random binomial and the hitting time settings (see
chapter [2).

We will denote by Qp the random subgraph of the hypercube obtained by removing
each edge of Q" with probability 1 — p independently of every other edge. In this context,
Bollobas [19]] determined the threshold and hitting time for perfect matchings by showing
that a.a.s. 7p,(9"(0)) = 751 (9"(0)).

The main goal of chapter[2]is to study the analogous problem for Hamiltonicity in random
subgraphs of the hypercube. This is joint work with Condon, Girdo, Kiihn, and Osthus [34]).
There is a folklore conjecture that the sharp threshold for Hamiltonicity in Qy should be
1/2, the same as the threshold for having minimum degree at least 2. Even more, there is
also a folklore conjecture that the hitting time for Hamiltonicity should be given by the

necessary degree condition. These questions were explicitly asked by Bollobas [|20] at several
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conferences in the 1980’s. One of our main results is a hitting time result for Hamiltonicity

(and, more generally, property HMk) in Q"-processes, which resolves both conjectures.

Theorem 1.1.6 ([34])). Forallk € N, a.a.s. Ty (97(0)) = 15,(97(0)).

1.1.5. Randomly perturbed graphs

A relatively recent area at the interface of extremal combinatorics and random graph theory
is the study of randomly perturbed graphs. Generally speaking, we consider a deterministic
dense n-vertex graph H and a binomial random graph G, , on the same vertex set and ask
whether H is close to satisfying some given property 2 in the sense that a.a.s. HU G, , € P
for some small p. This line of research was initiated by Bohman, Frieze, and Martin [15],
who showed that, if H is an n-vertex graph with §(H) > an, for any constant & > 0, then
a.as. HU Gy, is Hamiltonian for all p > C(a)/n. Very recently, Hahn-Klimroth, Maesaka,
Mogge, Mohr, and Parczyk [|65] extended this result to allow « to tend to 0 with n (that is,
to allow graphs H which are not dense). A common phenomenon in this model is that,
by considering the union with a graph H with linear degrees, the probability threshold of
different properties is significantly lower than that in the classical G, , model.

In joint work with Condon, Girao, Kiihn, and Osthus [34], we consider randomly perturbed
graphs in the setting of subgraphs of the hypercube. To be precise, we take an arbitrary
spanning subgraph H of the hypercube, with linear minimum degree, and a random subgraph

QF, and consider H U Q. In this setting, we show the following result.

Theorem 1.1.7. Foralle,a € (0,1] and k € N, the following holds. Let H be a spanning
subgraph of Q" such that §(H) > an. Then, a.a.s. H U Qf contains k edge-disjoint Hamilton

cycles.

We can also allow H to have much smaller degrees, at the cost of requiring a larger

probability to find the Hamilton cycles.
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Theorem 1.1.8. For every integer k > 2, there exists € > 0 such that a.a.s., for every spanning
subgraph H of Q" with 6(H) > k, the graph HU QY),_, contains a collection of |k/2| Hamilton

cycles and k — 2| k/2| perfect matchings, all pairwise edge-disjoint.

In fact, it is from (a stronger version of) theorem that we will easily derive theo-
rem (see chapter[2|for full details about this).

1.2. Hamiltonicity in random hypergraphs

A hypergraph is a pair H = (V, E) where V'is a set of vertices and E is a set of subsets of V,
called the set of edges. Whenever for all e € E we have that |e| = r for some r € N, we say
that H is an r-uniform hypergraph (or r-graph, for short). Hypergraphs are a generalisation

of graphs in the sense that 2-graphs are simply graphs.

Hamiltonicity in (uniform) hypergraphs is also a very important topic, but its definition
is not so clear-cut as it is for standard graphs. In particular, the notion of a cycle can be
generalised in several different ways, and there is a notion of Hamiltonicity attached to
each of these. For this thesis, we will concentrate on the notion of ¢-overlapping cycles
(or ¢-cycles, for short). Given ¢,r € N with 1 < ¢ < r, an ¢-cycle in an r-graph H is a set
of edges of H which can be labelled (cyclically) in such a way that any two consecutive
edges share exactly ¢ vertices. Of particular interest are the cases where ¢ =loré =r —1,
when ¢-cycles are referred to as loose cycles and tight cycles, respectively. An ¢-cycle of H
is Hamiltonian if it spans all vertices of H. Of course, there are some trivial divisibility
conditions for an r-graph to contain such an ¢-cycle (namely, we must have that r — ¢ | n);
we will assume this throughout without further mention. We will now give some of the main
results about Hamiltonicity in random hypergraphs. For a perspective about some of the

main extremal results in this setting, we recommend the survey of Kiihn and Osthus [91]].
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1.2.1. Binomial random r-graphs

Given any r € N, a binomial random r-graph Gr(,f,), is obtained analogously as a binomial
random graph: we consider a labelled set of n vertices and add each of the (':) edges to the
graph with probability p independently of all other edges. All the results we discuss here
assume that r (and thus ¢) is fixed, while n tends to infinity. The main results have to do

with thresholds for Hamiltonicity in 95:2,, for any r € IN.

For loose cycles, Frieze [|53]], Dudek and Frieze [[39]], and Dudek, Frieze, Loh, and Speiss [41]]
proved that the threshold for Hamiltonicity in 953, is logn/n"~!. Dudek and Frieze [40] later
proved that, for all 2 < ¢ < r, the threshold for the containment of a Hamilton ¢-cycle in
G is 1/n".

More recently, the Hamiltonicity problem has been considered in the randomly perturbed
hypergraph setting. In particular, Han and Zhao [|66|]] showed that, given any r-graph H of
minimum degree at least an"~!, the threshold for the containment of a Hamilton #-cycle in

HU G,(:[), is lower than 1/n"~¢*¢, for some ¢ = ().

1.2.2. Random regular r-graphs

Random regular r-graphs have also been considered. We denote by G,(:()i a d-regular r-graph
chosen uniformly at random from the set of all d-regular r-graphs. Dudek, Frieze, Rucinski,

and Sileikis [42, 43]] proved that there is a joint distribution of 95{,1)3 and 9% (for suitable

values and ranges of d and p) such that Gy(:;, c Gr(:()l. This allowed them to prove results

about Hamiltonicity in random regular r-graphs, for all r > 3. In particular, they proved

that, if d > logn, then a.a.s. G,(:C)l contains a loose Hamilton cycle, and for all 2 < ¢ < r and

d>nf"laas. G,(:z contains a Hamilton ¢-cycle. They further conjectured that this should

be best possible in the sense that, forall 2 < ¢ < r, if d < n’~!, then a.a.s. G,([C)i does not
contain a Hamilton ¢-cycle. However, for loose Hamilton cycles they conjectured that the

threshold should be constant. Altman, Greenhill, Isaev, and Ramadurai [7] investigated this

problem and provided an exact threshold for the containment of a loose Hamilton cycle.

11
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They further provided a partial result towards Hamiltonicity for £-cycles when 2 < ¢ < r by

showing that, if d <« n'/2 then a.a.s. G,(fc)i does not contain a Hamilton ¢-cycle.

In joint work with Joos, Kiithn, and Osthus [|51], we developed an edge-switching technique
which allowed us to estimate the probabilities that different edges appear in a random d-
regular r-graph (thus extending results of Kim, Sudakov, and Vu [77]] for graphs). Among
several other applications (see chapter [3)), this allowed us to verify the above conjecture.
Combining our results with those of Dudek, Frieze, Rucinski, and Sileikis [43] and Altman,
Greenhill, Isaev, and Ramadurai [7] effectively gives a threshold for Hamilton ¢-cycles in

random regular r-graphs.

1.3. A detour: testing subgraph freeness

Property testing is an area at the interface of combinatorics and computer science. Roughly
speaking, one could say that property testing is the study of superfast (randomised) algo-
rithms for approximate decision making. Indeed, the goal of a tester (that is, a property
testing algorithm) for some property 2 is to establish whether an input graph satisfies P or is
“far” from this property, and such algorithms are allowed to give a wrong answer with some
probability, but must be right with probability more than 1/2. Depending on the notion of
“distance” that we use, we can define several different models for property testing, with the
dense graphs model, the bounded degree graphs model and the general graphs model being

three of the main ones.

While the dense graphs model is fairly well understood and there are also many results
in the bounded degree graphs model, our understanding of the general graphs model is far
from satisfactory. Using the results about correlations in random regular r-graphs that we
developed with Joos, Kiihn, and Osthus [51], we managed to provide lower bounds for the
query complexity of testing subgraph freeness in the general hypergraphs model, extending

some results of Alon, Kaufman, Krivelevich, and Ron [3]]. For full details about this, see

chapter
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1.4. Organisation of the thesis

Throughout the past few years, we have produced four different papers [|51} 35,33, 34]. Due
to space constraints for the thesis, we have been forced to reduce the scope to only two of
these papers. We have chosen to present in detail the results about random subgraphs of the
hypercube [34] and about subgraphs of random regular uniform hypergraphs [|51]].

In chapter 2} we reproduce most of the results we present in [34]. Again, due to space
limitations, we have been forced to remove some parts of the paper. Thus, while this chapter
is deeply rooted in the contents of [34], we have made some necessary changes for the sake
of readability, which include the deletion and reordering of some sections of the original
manuscript.

In chapter 3| we reproduce the results shown in [51]. This includes both the results about
correlations in random regular r-graphs and their applications to subgraph counts as well as
the application to subgraph testing which we discussed in section|1.3

The author of the thesis has substantially contributed to all of the papers above. In
particular, the development of mathematical ideas has been equally shared by all the authors,
and the writing has been done exclusively by the author in [|51], and in a shared effort with
Condon in the remaining three papers [35}|33,[34]. In particular, for instance, in [34] the
author was responsible for the writing of Section 6, while Condon was responsible for

Section 7, and all other sections were written jointly by both of us.
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CHAPTER 2

HAMILTONICITY IN RANDOM
SUBGRAPHS OF THE HYPERCUBE

We study Hamiltonicity in random subgraphs of the hypercube Q". Our first
main theorem is an optimal hitting time result. Consider the random process
which includes the edges of Q" according to a uniformly chosen random ordering.
Then, with high probability, as soon as the graph produced by this process has
minimum degree 2k, it contains k edge-disjoint Hamilton cycles, for any fixed
k € N. Secondly, we obtain a perturbation result: if H C Q" satisfies §(H) > an
with a > 0 fixed and we consider a random binomial subgraph Qp of Q" with
p € (0,1] fixed, then with high probability H U Qp contains k edge-disjoint
Hamilton cycles, for any fixed k € N. In particular, both results resolve a long
standing conjecture, posed e.g. by Bollobas, that the threshold probability for
Hamiltonicity in the random binomial subgraph of the hypercube equals 1/2.
Our techniques also show that, with high probability, for all fixed p € (0,1] the
graph Op contains an almost spanning cycle. Our methods involve branching

processes, the Rodl nibble, and absorption.

2.1. Introduction

The n-dimensional hypercube Q" is the graph whose vertex set consists of all n-bit 01-strings,
where two vertices are joined by an edge whenever their corresponding strings differ by a
single bit. The hypercube and its subgraphs have attracted much attention in graph theory

and computer science, e.g. as a sparse network model with strong connectivity properties. It
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is well known that hypercubes contain spanning paths (also called Gray codes or Hamilton
paths) and, for all n > 2, they contain spanning cycles (also referred to as cyclic Gray codes or
Hamilton cycles). Classical applications of Gray codes in computer science are described in
the surveys of Savage [[109]] and Knuth [79]. Applications of hypercubes to parallel computing

are discussed in the monograph of Leighton [94]].

2.1.1. Spanning subgraphs in hypercubes

The systematic study of spanning paths, trees and cycles in hypercubes was initiated in the
1970’s. There is by now an extensive literature about subtrees of the hypercube; see, for
instance, results of Bhatt, Chung, Leighton, and Rosenberg [14] about embedding subdivided

trees (instigated by processor allocation in distributed computing systems).

As a generalization of Hamilton paths, Caha and Koubek [29] considered the problem of
finding a collection of spanning vertex-disjoint paths, given a prescribed set of endpoints.
After several improvements [31,|64], this problem was recently resolved by Dvorak, Gregor,

and Koubek [45]].

The applications of hypercubes as networks in computer science inspired questions about
the reliability of its properties. This led to considering “faulty” hypercubes in which some
edges or vertices are missing. For instance, Chan and Lee [|30] showed that, if Q" has at
most 2n — 5 faulty edges and every vertex has (non-faulty) degree at least 2, then there is a
Hamilton cycle in Q" which avoids all faulty edges (and this condition is best possible). They
also showed that the general problem of determining the Hamiltonicity of Q" with a larger
number of faulty edges is NP-complete. More generally, Dvoidk and Gregor [44] studied
the existence of spanning collections of vertex-disjoint paths with prescribed endpoints in
faulty hypercubes. (We will apply these results in our proofs, see section[2.7.4]for details.)
These can be seen as extremal results about the robustness of the hypercube with respect to

containing spanning collections of paths and cycles.
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2.1.2. Hamilton cycles in binomial random graphs

One of the most studied random graph models is the binomial random graph G,, ,,. Here we
have a (labelled) set of n vertices and we include each edge with probability p independently

of all other edges.

Given some monotone increasing graph property P, a function p* = p*(n) is said to be
a (coarse) threshold for 2 if P[G, , € P] — 1 whenever p/p* — oo and P[G,,, € P] - 0
whenever p/p* — 0. One can define the stronger notion of a sharp threshold similarly:
p* = p*(n)is said to be a sharp threshold for P if, for all ¢ > 0, we have that P[G, , € P] — 1
whenever p > (1 + ¢)p* and P[G, , € P] — 0 whenever p < (1 — ¢)p*. The problem of
finding the threshold for the containment of a Hamilton cycle was solved independently by
Pésa [100] and Kor§unov [82]]. Furthermore, KorSunov [82] determined the sharp threshold
for Hamiltonicity to be p* = log n/n. These results were later made even more precise by
Komlés and Szemerédi [81]. It is worth noting that p* = logn/n is also the sharp threshold
for the property of having minimum degree at least 2. In this sense, the results about
Hamilton cycles in G, , can be interpreted as saying that the natural obstruction of having

sufficiently high minimum degree is also an “almost sufficient” condition.

A property that generalises Hamiltonicity is that of containing k edge-disjoint Hamilton
cycles, for some k € IN. We will present more results in this direction in section for
now, let us simply note that the sharp threshold for the containment of k edge-disjoint

Hamilton cycles in G,, ,, for some k € N independent of n, is p* = logn/n, i.e. the same as

n,p
the threshold for Hamiltonicity.

The study of robustness of graph properties has also attracted much attention recently.
For instance, given a graph G which is known to satisfy some property P, consider a random
subgraph G, obtained by deleting each edge of G with probability 1 — p, independently of all
other edges. The problem then is to determine the range of p for which G, satisfies P with
high probability. In this setting, a result of Krivelevich, Lee, and Sudakov [87]] asserts that,

for any n-vertex graph G with minimum degree at least n/2, the graph G, is asymptotically
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almost surely Hamiltonian whenever p > log n/n. This can be viewed as a robust version of

Dirac’s theorem on Hamilton cycles.

2.1.3. Hamilton cycles in binomial random subgraphs of the

hypercube

Throughout this chapter, we will consider random subgraphs of the hypercube and show
that the hypercube is robustly Hamiltonian in the above sense. We will denote by Qp the
random subgraph of the hypercube obtained by removing each edge of Q" with probability
1 — p independently of every other edge.

The random graph Q7 was first studied by Burtin [28]], who proved that the sharp threshold
for connectivity is 1/2. This result was later made more precise by Erdds and Spencer [50]
and Bollobas [17]]. As a related problem, Dyer, Frieze, and Foulds [46] determined the sharp
threshold for connectivity in subgraphs of Q" obtained by removing both vertices and edges
uniformly at random. Later, Bollobas [[19]] proved that 1/2 is also the sharp threshold for the
containment of a perfect matching in Ql’}. As with the Gnp model, this also coincides with
the threshold for having minimum degree at least 1.

The main goal of this chapter is to study the analogous problem for Hamiltonicity in
random subgraphs of the hypercube. There is a folklore conjecture that the sharp threshold
for Hamiltonicity in Qp should be 1/2, i.e. the same as the threshold for having minimum
degree at least 2. This question was explicitly asked by Bollobas [20]] at several conferences
in the 1980’s, in the ICM surveys of Frieze [54] and Kiihn and Osthus [[91], as well as the

recent survey of Frieze [55]. A special case of our first result resolves this problem.

Theorem 2.1.1. For any k € N, the sharp threshold for the property of containing k edge-

disjoint Hamilton cycles in Qp is p* = 1/2.

For k = 1, this can be seen as a probabilistic version of the result on faulty hypercubes [30],
and also as a statement about the robustness of Hamiltonicity in the hypercube.
While, for p < 1/2, with high probability Ql',’ will not contain a Hamilton cycle, it turns

out that the reason for this is mostly due to local obstructions (e.g., vertices with degree zero
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or one). More precisely, we prove that, for any constant p € (0, 1/2), a.a.s. the random graph

n . .
Qp contains an almost spanning cycle.

Theorem 2.1.2. Forany §, p € (0,1], a.a.s. the graph Qp contains a cycle of length at least
(1-96)2"

We believe that the probability bound is far from optimal, in the sense that random
subgraphs of the hypercube where edges are picked with vanishing probability should also
satisfy this property.

Conjecture 2.1.3. Suppose that p = p(n) satisfies that pn — co. Then, a.a.s. Q contains a

cycle of length (1 — o(1))2".

Similarly, it would be interesting to determine which (long) paths and (almost spanning)
trees can be found in Q7. Moreover, our methods might also be useful to embed other large

subgraphs, such as F-factors.

Conjecture 2.1.4. Suppose € > 0 and an integer ¢ > 2 are fixed and p > 1/2 + €. Then,
a.a.s. Qp contains a Cye-factor, that is, a set of vertex-disjoint cycles of length 2¢ which together

contain all vertices of Q™.

2.1.4. Hitting time results

Remarkably, the above intuition that having the necessary minimum degree is an “almost
sufficient” condition for the containment of edge-disjoint perfect matchings and Hamilton
cycles can be strengthened greatly via so-called hitting time results. These are expressed in
terms of random graph processes. The general setting is as follows. Let G be an n-vertex
graph with m = m(n) edges, and consider an arbitrary labelling E(G) = {e, ..., e,;;}. The
G-process is defined as a random sequence of nested graphs G(o) = (G,(0)),, where
o is a permutation of [m] chosen uniformly at random and, for each i € [m],, we set
Gi(o) = (V(G),E;), where E; := {e5(j) : j € [i]}. Given any monotone increasing graph
property P such that G € P, the hitting time for P in the above G-process is the random

variable 7,(G(0)) := min{t € [m], : G,(c) € P}.
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Let us denote the properties of containing a perfect matching by M, Hamiltonicity by
HAM, and connectivity by CON, respectively. For any k € NN, let Sk denote the property of
having minimum degree at least k, and let Mk denote the property of containing |k/2|
edge-disjoint Hamilton cycles and, if k is odd, one matching of size |n/2| which is edge-

disjoint from these Hamilton cycles. With this notion of hitting times, many of the results

about thresholds presented in sections [2.1.2] and [2.1.3| can be strengthened significantly.

For instance, Bollobas and Thomason [23] showed that a.a.s. Tepr(K,(0)) = 75, (K,,(0))
and, if n is even, then a.a.s. 75,(K,(0)) = 751(K,,(¢)). Ajtai, Komlds, and Szemerédi [1]
and Bollobas [18] independently proved that a.a.s. Ty 43(K,,(0)) = 752(K,,(0)). This was
later generalised by Bollobas and Frieze [21], who proved that, given any k € N, for n even
a.a.8. Tk (Kn(0)) = 51(Ky(0))

A hitting time result for the property of having k edge-disjoint Hamilton cycles when k is
allowed to grow with n is still not known, even in K,,-processes. As a slightly weaker notion,
consider property J, where we say that a graph G satisfies property J if it contains |§(G)/2|
edge-disjoint Hamilton cycles, together with an additional edge-disjoint matching of size
|n/2| if 6(G) is odd. Knox, Kiihn, and Osthus [78], Krivelevich and Samotij [|88] as well as
Kiihn and Osthus [92]] proved results for different ranges of p which, together, show that
Gy,p a.a.s. satisfies property J(.

For graphs other than the complete graph, Johansson [72] recently obtained a robustness
version of the hitting time results for Hamiltonicity. In particular, for any n-vertex graph G
with §(G) > (1/2+¢)n, he proved that a.a.s. Ty 4:(G(0)) = 75,(G(0)). This was later extended
to a larger class of graphs G and to hitting times for Z(M 2k, for all k € N independent of n,
by Alon and Krivelevich [6]).

In the setting of random subgraphs of the hypercube, Bollobas [[19] determined the
hitting time for perfect matchings by showing that a.a.s. 7p)/(9™(0)) = Teen(9"(0)) =
751(9"(0)). One of our main results (which implies theorem is a hitting time result for
Hamiltonicity (and, more generally, property HMk) in Q"-processes. Again, this question

was raised by Bollobas [20] at several conferences.
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Theorem 2.1.5. Forallk € N, a.a.s. Ty (9™(0)) = 15,(9"(0)), that is, the hitting time for
the containment of a collection of |k/2| Hamilton cycles and k — 2| k/2| perfect matchings,
all pairwise edge-disjoint, in Q™-processes is a.a.s. equal to the hitting time for the property of

having minimum degree at least k.

We also wonder whether this is true if k is allowed to grow with n, and propose the
following conjecture which, if true, would be an approximate version of the results of [|88,

92,/78] in the hypercube.

Conjecture 2.1.6. Forall p € (1/2,1] and n > 0, a.a.s. Q contains (1/2 — 1)6(Qp) edge-

disjoint Hamilton cycles.

2.1.5. Randomly perturbed graphs

A relatively recent area at the interface of extremal combinatorics and random graph theory
is the study of randomly perturbed graphs. Generally speaking, the idea is to consider a
deterministic dense n-vertex graph H (usually satisfying some minimum degree condition)
and a random graph G, , on the same vertex set as H. The question is whether H is close
to satisfying some given property % in the sense that a.a.s. HU G, , € P for some small p.
This line of research was sparked off by Bohman, Frieze, and Martin [15]], who showed that,
if H is an n-vertex graph with 6(H) > an, for any constant « > 0, then a.a.s. H U Gp,p is
Hamiltonian for all p > C(a)/n. Other properties that have been studied in this context are
e.g. the existence of powers of Hamilton cycles and general bounded degree spanning graphs
[27], F-factors [9]] or spanning bounded degree trees [86, |26]]. One common phenomenon in
this model is that, by considering the union with a dense graph H (i.e. a graph H with linear
degrees), the probability threshold of different properties is significantly lower than that in
the classical G, , model. The results for Hamiltonicity [15] were very recently generalised
by Hahn-Klimroth, Maesaka, Mogge, Mohr, and Parczyk [65] to allow « to tend to 0 with n
(that is, to allow graphs H which are not dense).

We consider randomly perturbed graphs in the setting of subgraphs of the hypercube. To

be precise, we take an arbitrary spanning subgraph H of the hypercube, with linear minimum
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degree, and a random subgraph Qf, and consider H U Qf. (Note here that Qf is a “dense”
subgraph of Q", but for ¢ < 1/2 it will contain both isolated vertices and vertices of very low

degrees.) In this setting, we show the following result.

Theorem 2.1.7. Foralle,ax € (0,1] and k € N, the following holds. Let H be a spanning
subgraph of Q" such that §(H) > an. Then, a.a.s. H U QF contains k edge-disjoint Hamilton

cycles.

We can also allow H to have much smaller degrees, at the cost of requiring a larger

probability to find the Hamilton cycles.

Theorem 2.1.8. For every integer k > 2, there exists € > 0 such that a.a.s., for every spanning
subgraph H of Q" with 5(H) > k, the graph HU Qf},_ contains a collection of | k/2| Hamilton

cycles and k — 2| k/2| perfect matchings, all pairwise edge-disjoint.

Note that theorem [2.1.8|can be viewed as a “universality” result for H, meaning that it
holds for all choices of H simultaneously. It would be interesting to know whether such a
result can also be obtained for the lower edge probability assumed in theorem[2.1.7 i.e., is
it the case that, for all ¢, € (0,1], a.a.s. G ~ Qf has the property that, for every spanning
H C 9" with 6(H) > an, G U H is Hamiltonian?

While we do not show this here, theorem follows straightforwardly from theo-
rem[2.1.7} and it follows trivially from theorem[2.1.5] In turn, theorem 2.1.5/follows from

theorem On the other hand, theorems|2.1.2}[2.1.7|and [2.1.8, while being proved with

similar ideas, are incomparable. It is worth noting that we do not explicitly prove theo-

rems[2.1.2]and [2.1.7)in this exposition. These can be proved with similar methods as used

for the proof of theorem [2.1.8] albeit with fewer technicalities; for full proofs, please see the
original manuscript [[34].
2.1.6. Percolation on the hypercube

To build Hamilton cycles in random subgraphs of the hypercube, we will consider a random

process which can be viewed as a branching process or percolation process on the hypercube.
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With high probability, for constant p > 0, this process results in a bounded degree tree in Qp
which covers most of the neighbourhood of every vertex in Q", and thus spans almost all

vertices of Q". The version stated below is a special case of theorem[2.5.11

Theorem 2.1.9. For any fixed ¢, p € (0, 1], there exists D = D(¢) such that a.a.s. Qp contains

a tree T with A(T) < D and such that |V(T) N Ngn(x)| > (1 — €)n for every x € V(Q").

Further results concerning the local geometry of the giant component in Qp for constant
p € (0,1/2) were proved recently by McDiarmid, Scott, and Withers [95]].

The random process we consider in the proof of theorem[2.1.9/can be viewed as a branching
random walk (with a bounded number of branchings at each step). Simpler versions of such
processes (with infinite branchings allowed) have been studied by Fill and Pemantle [|52]] and
Kohayakawa, Kreuter, and Osthus [80]], and we will base our analysis on these. Motivated

by our approach, we raise the following question, which seems interesting in its own right.

Question 2.1.10. Does a non-returning random walk on Q" a.a.s. visit almost all vertices

of Q"?

More generally, there are many results and applications concerning random walks on
the hypercube (but allowing for returns). For example, motivated by a processor allocation
problem, Bhatt and Cai [13]] studied a walk algorithm to embed large (subdivided) trees into
the hypercube. Moreover, the analysis of (branching) random walks is a critical ingredient
in the study of percolation thresholds for the existence of a giant component in Qp. These
have been investigated, e.g., by Bollobas, Kohayakawa, and Luczak [22]], Borgs, Chayes,

van der Hofstad, Slade, and Spencer [[25], and van der Hofstad and Nachmias [68|].

2.1.7. Organisation of the chapter

In section 2.2 we provide an overview of our ideas and proof methods. In section 2.3 we
introduce the notation we will use throughout this chapter. In section [2.4 we state the
different probabilistic tools, as well as some other well-known results, that we will call on,

and in section [2.5 we collect various results on matchings and random subgraphs of the
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hypercube, including theorem [2.5.11}, our main near-spanning tree result. In section [2.6|we
prove theorem 2.6.6] our main cube tiling result (see section [2.2]for more details on tilings
and near-spanning trees). Then, in section we present some structures that will be crucial
for our proof, including the different absorbing structures that we will consider, and prove
our connecting lemmas. Finally, in section [2.8/we prove both theorem [2.1.8)and our hitting

time result (theorem [2.1.5)).

2.2. Outline of the main proofs

2.2.1. Overall outline

We now sketch the key ideas for the proof of theorem[2.1.8] We will first prove the case k = 1,
and later use this to deduce the case when k > 1. Most of these ideas are common with those
required for the proof of theorem [2.1.7](omitted in this thesis), so for simplicity we briefly
adopt the language necessary for this result. Recall we are given H C Q" with §(H) > an,
and G ~ Qf, with a, ¢ € (0,1]. Our aim is to show that a.a.s. H U G is Hamiltonian.

Our approach for finding a Hamilton cycle is to first obtain a spanning tree. By passing
along all the edges of a spanning tree T (with a vertex ordering prescribed by a depth first
search), one can create a closed spanning walk W which visits every edge of T twice. The
idea is then to modify such a walk into a Hamilton cycle. (This approach is inspired by the
approximation algorithm for the travelling salesman problem which returns a tour of at most
twice the optimal length.) More precisely, our approach will be to obtain a near-spanning tree
of O"~%, for some suitable constant s, and to blow up vertices of this tree into s-dimensional
cubes (see figure[2.1)). These cubes can then be used to move along the tree without revisiting
vertices, which will result in a near-Hamilton cycle $. All remaining vertices which are not
included in $ will be absorbed into §) via absorbing structures that we carefully put in place
beforehand.

In sections to|2.2.4/we outline in more detail how we find a long cycle in G (theo-

rem [2.1.2)). Note that in theorem we have G ~ QF, so a.a.s. G will have isolated vertices
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which prevent any Hamilton cycle occurring as a subgraph. In section we outline how
we build on this approach to obtain the case k = 1 of theorem [2.1.7} Finally, in section [2.2.6]

we sketch how we obtain theorem (and thus theorem [2.1.5)).

2.2.2. Building block I: trees via branching processes.

We view each vertex in Q" as an n-dimensional 01-coordinate vector. By fixing the first
s coordinates, we fix one of 2% layers Ly, ..., L,s of the hypercube, where s € N will be
constant (note that this is different from the usual notion of layer in hypercubes, which
corresponds to those vertices having the same number of coordinates equal to 1). Thus,
L =~ Q"% for each layer L. By considering a Hamilton cycle in Q°, we may assume that
consecutive layers differ only by a single coordinate on the unique elements of Q% which
define them. Let G ~ QF. For each layer L, we let L(G) := G[V(L)] and (by momentarily
viewing these layers as different subgraphs on the vertex set of Q"~%) define the intersection
graph I(G) := ﬂlz; L;(G). Hence, I(G) ~ Q?z;s. We view I(G) as a subgraph of Q"~%. We
first show that I(G) contains a near-spanning tree T (theorem [2.5.11)). Thus, a copy of T is

present in each of L,(G), ..., L,s(G) simultaneously.

Since the walk W mentioned in section |[2.2.1| passes through each vertex x of T a total of
dr(x) times, it will be important later for T to have bounded degree. In order to guarantee
this, we run bounded degree branching processes from several far apart “corners” of the
hypercube. Roughly speaking, T will be formed by taking a union of these processes and
removing cycles. Crucially, the model we introduce for these processes has a joint distribution
with Q7%, so that T will in fact appear as a subgraph of I(G). In applying theorem
we obtain a bounded degree tree T C I(G) which contains almost all of the neighbours of
every vertex of I(G). We also obtain a “small” reservoir set R C V(I(G)), which T avoids
and which will play a key role later in the absorption of vertices which do not belong to our
initial long cycle. At this point, both T and R are now present in every layer of the hypercube

simultaneously.
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2.2.3. Building block II: cube tilings via the nibble.

Let ¢ < sand 0 < § < 1 be fixed. In order to gain more local flexibility when traversing
the near-spanning tree T, we augment T by locally adding a near-spanning ¢-cube factor
of I(G). One can use classical results on matchings in almost regular uniform hypergraphs
of small codegree to show that I(G) contains such a collection of Qf spanning almost all
vertices of I(G). However, we require the following stronger properties, namely that there

exists a collection € of vertex disjoint copies of Q¢ in I(G) so that, for each x € V(I(G)),
(i) € covers almost all vertices in Non(x);

(ii) the directions spanned by the cubes intersecting Nyn(x) do not correlate too strongly

with any given set of directions.

The precise statement is given in theorem[2.6.6] Neither[(D)nor[(ii)|follow from existing results
on hypergraph matchings and the proofs strongly rely on geometric properties intrinsic to
the hypercube.

To prove theorem [2.6.6, we build on the so-called Rodl nibble. More precisely, we consider
the hypergraph 7, with V(J¢) = V(Q"~5), where the edge set is given by the copies of Q°
in I(G). We run a random iterative process where at each stage we add a “small” number
of edges from J( to C, before removing all those remaining edges of 7 which “clash” with
our selection. A careful analysis and an application of the Lovész local lemma yield the
existence of an instance of this process which terminates in the near-spanning ¢-cube factor

with the properties required for theorem [2.6.6

2.2.4. Constructing a long cycle.

Roughly speaking, we will use T as a backbone to provide “global” connectivity, and will use
the near-spanning ¢-cube factor € and the layer structure to gain high “local” connectivity
and flexibility. We show a representation of this structure in ﬁgure LetTuJ cee € =
I'" CI(G)andletI" C I' be formed by removing all leaves and isolated cubes in I"". It follows

by our tree and nibble results that almost all vertices of I(G) are contained in I'. Note that,
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Figure 2.1. A representation of the main structure used for the proofs. We think of Q" as a ‘product’ of two
smaller cubes. Each ‘horizontal’ cube represents a layer (that is, a copy of Q"~%), and the red
‘vertical’ cube represents Q5. All ‘horizontal’ cubes contain a copy of the same tree T and the
same cube tiling € (which are consistently distributed with respect to the ‘vertical’ cube; this
gives rise to ‘cube molecules’). When finding a long cycle, cube molecules are highly connected
and can be covered by few paths, and the tree is used to join cube molecules to one another.

for each v € V(Q"™%) = V(I(G)), there is a unique vertex in each of the 25 layers which
corresponds to v. We refer to these 2° vertices as clones of v and to the collection of these 2%
clones as a vertex molecule. Similarly, each €-cube C € € contained in I gives rise to a cube
molecule (i.e., a cube molecule is a collection of 25 cubes, each of them contained in a layer
and comprised of clones of a given cube in I(G)). We construct a cycle in G which covers all

of the cube molecules (and, therefore, almost all vertices in Q").

Let I'* be the graph obtained from I' by contracting each ¢-cube C C I into a single vertex.
We refer to such vertices in I'* as atomic vertices, and to all other vertices as inner tree vertices.
We run a depth-first search on I'* to give an order to the vertices. Next, we construct a
skeleton which will be the backbone for our long cycle. The skeleton is an ordered sequence
of vertices in Q" which contains the vertices via which our cycle will enter and exit each
molecule. That is, given an exit vertex v for some molecule in the skeleton, the vertex u
which succeeds v in the skeleton will be an entry vertex for another molecule, and such that
uv € E(G). Here, a vertex in the skeleton belonging to an inner tree vertex molecule is
referred to as both an entry and exit vertex. (Actually, we will first construct an “external

skeleton”, which encodes this information. The skeleton then also prescribes some edges
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within molecules which go between different layers.) We use the ordering of the vertices of
I'* to construct the skeleton in a recursive way starting from the lowest ordered vertex. It is
crucial that our tree T has bounded degree (much smaller than 2%), so that no molecule is
overused in the skeleton.

Once the skeleton is constructed, we apply our “connecting lemmas” (lemmas [2.7.11
and[2.7.12)). These connecting lemmas, applied to a cube molecule with a bounded number
of pairs of entry and exit vertices as input (given by the skeleton), provide us with a sequence
of vertex-disjoint paths which cover this molecule, where each path has start and end vertices
consisting of an input pair. The union of all of these paths combined with all edges in G
between the successive exit and entry vertices of the skeleton will then form a cycle $ C G

which covers all vertices lying in the cube molecules (thus proving theorem [2.1.2)).

2.2.5. Constructing a Hamilton cycle.

In order to construct a Hamilton cycle in H U G, we will absorb the vertices of V(Q") \
V(%) into $. We achieve this via absorbing structures that we identify for each vertex (see
definition[2.7.1)). To construct these absorbing structures, we will need to use some edges of
H. Roughly speaking, to each vertex v we associate a left £-cube C!, C Q" and a right ¢-cube
Cl C 9", where C,l), CJ are both clones of some ¢-cubes ClL, C" € @ contained in T. We
choose these cubes so that v will have a neighbour u € V(CJ) and a neighbour u’ € V(C}),
to which we refer as tips of the absorbing structure. Furthermore, u will have a neighbour
w € V(Cy), which is also a neighbour of u’. Our near-Hamilton cycle $ will satisfy the

following properties:
(a) $ covers all vertices in CL U CJ; except for u, and
(b) wu' € E(9).

These additional properties will be guaranteed by our connecting lemmas discussed in

section[2.2.4L We can then alter § to include the segment wuvu’ instead of the edge wu/,
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thus absorbing the vertices u and v into $. The following types of vertices will require

absorption.

(i) Every vertex that is not covered by a clone of either some inner tree vertex or of some

cube C € € which is contained in T.

(ii) The cycle $ does not cover all the clones of inner tree vertices and, thus, the uncovered

vertices of this type will also have to be absorbed.

However, we will not know precisely which of the vertices described in|(ii)] will be covered
by $ and which of these vertices will need to be absorbed until after we have constructed
the (external) skeleton. Moreover, many potential absorbing structures are later ruled out as
candidates (for example, if they themselves contain vertices that will need to be absorbed).
Therefore, it is important that we identify a “robust” collection of many potential absorbing
structures for every vertex in Q" at a preliminary stage of the proof. The precise absorbing
structure eventually assigned to each vertex will be chosen via an application of our rainbow
matching lemma (lemma 2.5.5) at a late stage in the proof.

We will now highlight the purpose of the reservoir R. Suppose v € V(Q") is a vertex which
needs to be absorbed via an absorbing structure with left #-cube C} and left tip u € V(C.).
Recall that both u and C! are clones of some u* € V(I') and C! € @, where u* € V(C). If
u* has a neighbour w* in T — V(C), then it is possible that the skeleton will assign an edge
from u to w for the cycle $ (where w is the clone of w* in the same layer as u). Given that
u is now incident to a vertex outside of C}, we can no longer use the absorbing structure
with u as a (left) tip (otherwise, we might disconnect T). To avoid this problem, we show
that most vertices have many potential absorbing structures whose tips lie in the reservoir R
(which T avoids). Here we make use of vertex degrees of H. A small number of scant vertices
will not have high enough degree into R. For these vertices we fix an absorbing structure
whose tips do not lie in R, and then alter T slightly so that these tips are deleted from T and
reassigned to R. The fact that scant vertices are few and well spread out from each other will

be crucial in being able to achieve this (see lemma|[2.5.13)).
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Let us now discuss two problems arising in the construction of the skeleton. Firstly, let
M C Q" with C € € be a cube molecule which is to be covered by $. Furthermore, suppose
one of the clones C, of C belongs to an absorbing structure for some vertex v. Let u be
the tip of C!, and suppose that u has even parity. We would like to apply the connecting
lemmas to cover M — {u} by paths which avoid u. But this would now involve covering one
fewer vertex of even parity than of odd parity. This, in turn, has the effect of making the
construction of the skeleton considerably more complicated (this construction is simplest
when successive entry and exit vertices have opposite parities). To avoid this, we assign
absorbing structures in pairs, so that, for each C € C, either two or no clones of C will be
used in absorbing structures. In the case where two clones are used, we enforce that the
tips of these clones will have opposite parities, and therefore each molecule M will have
the same number of even and odd parity vertices to be covered by $. We use our robust
matching lemma (see lemma 2.5.2) to pair up the clones of absorbing structures in this way.
To connect up different layers of a cube molecule, we will of course need to have suitable

edges between these. Molecules which do not satisfy this requirement are called “bondless’

and are removed from I" before the absorption process (so that their vertices are absorbed).

Secondly, another issue related to vertex parities arises from inner tree vertex molecules.
Depending on the degree of an inner tree vertex v € V(T), the skeleton could contain an
odd number of vertices from the molecule M, consisting of all clones of v. All vertices in
M, outside the skeleton will need to be absorbed. But since the number of these vertices is
odd, it would be impossible to pair up (in the way described above) the absorbing structures
assigned to these vertices. To fix this issue, we effectively impose that $ will “go around
T twice”. That is, the skeleton will trace through every molecule beginning and finishing
at the lowest ordered vertex in I'*. It will then retrace its steps through these molecules in
an almost identical way, effectively doubling the size of the skeleton. This ensures that the
skeleton contains an even number of vertices from each molecule, half of them of each

parity.
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Finally, once we have obtained an appropriate skeleton, we can construct a long cycle $
as described in section[2.2.4} For every vertex in Q" which is not covered by $ we have put
in place an absorbing structure, which is covered by § as described in [(a) and [(b)} Thus, as
discussed before, we can now use these structures to absorb all remaining vertices into $ to

obtain a Hamilton cycle $’ C H U G, thus proving the case k = 1 of theorem [2.1.7

2.2.6. Hitting time for the appearance of a Hamilton cycle.

In order to prove theorem we consider G ~ Qf,_.. We show that a.a.s., for any graph
H with 6(H) > 2, the graph G U H is Hamiltonian (i.e., theorem [2.1.8 holds). The main
additional difficulty faced here is that G U H may contain vertices having degree as low as 2.
For the set U of these vertices we cannot hope to use the previous absorption strategy: the
neighbours of v € U may not lie in cubes from €. (In fact, v may not even have a neighbour
within its own layer in G U H.) To handle such small degree vertices, we first prove that
they will be few and well spread out (see lemma[2.7.7). In section [2.7.2] we define three
types of new “special absorbing structures”. The type of the special absorbing structure
SA(v) for v will depend on whether the neighbours a, b of v in H lie in the same layer as
v. In each case, SA(v) will consist of a short path B containing the edges av and bv, and
several other short paths designed to “balance out” B in a suitable way. (This is further
discussed in section [2.7.2] see figure[2.2]) These paths will be incorporated into the long
cycle $ described in section In particular, this allows us to “absorb” the vertices of U
into $. To incorporate the paths B forming SA(v), we will proceed as follows.

Firstly, we make use of the fact that theorem [2.5.11]allows us to choose our near-spanning
tree T in such a way that it avoids a small ball around each v € U. Thus, (all clones of) T
will avoid SA(v), which has the advantage there will be no interference between T and the
special absorbing structures. To link up each SA(v) with the long cycle §, for each endpoint
w of a path in SA(v), we will choose an ¢-cube in I(G) which suitably intersects T and which
contains w (or more precisely, the vertex in I(G) corresponding to w). Altogether, these

£-cubes allow us to find paths between SA(v) and vertices of $ which are clones of vertices in
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T. The remaining vertices in molecules consisting of clones of these ¢-cubes will be covered
in a similar way as in section All vertices in these balls around U which are not part of
the special absorbing structures will be absorbed into § via the same absorbing structures

used in the proof of theorem to once again obtain a Hamilton cycle $'.

2.2.7. Edge-disjoint Hamilton cycles.

The results on k edge-disjoint Hamilton cycles can be deduced from suitable versions (the-
orem [2.8.1) of the case k = 1. Those versions are carefully formulated to allow us to

repeatedly remove a Hamilton cycle from the original graph. We deduce theorem from
theorem 2.8.1]in section 2.8.2]

2.3. Notation

Forn € Z,we denote [n] :={k € Z : 1 <k <n}and[n]y:={ke€e Z : 0 <k <n}.
Whenever we write a hierarchy of parameters, these are chosen from right to left. That
is, whenever we claim that a result holds for 0 < a < b < 1, we mean that there exists a
non-decreasing function f : [0,1) — [0, 1) such that the result holds for all a > 0 and all
b < 1with a < f(b). We will not compute these functions explicitly. Hierarchies with more
constants are defined in a similar way.

A hypergraph H is an ordered pair H = (V(H), E(H)) where V(H) is called the vertex set
and E(H) C 2V™)_ the edge set, is a set of subsets of V(H). If E(H) is a multiset, we refer to
H as a multihypergraph. We say that a (multi)hypergraph H is r-uniform if for every e € E(H)
we have |e| = r. In particular, 2-uniform hypergraphs are simply called graphs. Given any set
of vertices V' C V(H), we denote the subhypergraph of H induced by V' as H[V'] := (V', E’),
where E' :={e € E(H) : e C V'}. We write H — V' := H[V \ V’]. Given any set E C E(H),
we will sometimes write V(E) := {v € V : there exists e € E such that v € e}.

Given any (multi)hypergraph H and any vertex v € V(H), let E(H,v) :={e € E(H) : v €

e}. We define the neighbourhood of v as Ng(v) := | J e \ {v}, and we define the degree

ecE(H,v)

of v by dg(v) := |E(H, v)|. We denote the minimum and maximum degrees of (the vertices

32



Alberto Espuny Diaz

in) H by 6(H) and A(H), respectively. Given any pair of vertices u,v € V(H), we define
E(H,u,v) := {e € E(H) : {u,v} C e}. The codegree of u and v in H is given by dg(u,v) :=
|E(H, u,v)|. Given any set of vertices W C V(H), we define Ng(W) := UweWNH(w). We
denote E(H,v,W) := {e € E(H) : v € e,e \ {v} C W}, Ny(v,W) := UeeE(H’v’W)e \ {v}
and dg(v, W) := |E(H, v, W)|; we refer to the latter two as the neighbourhood and degree
of v into W, respectively. Given A,B C V(H) we denote Ey(A,B) := {e € E(H) : e C
AUB,enA # @,eNn B # @} and eg(A, B) := |Eg(A, B)|. Whenever A = {v} is a singleton,

we abuse notation and write Ex(v, B) and eg(v, B). Thus, eg(v, B) and dg(v, B) may be used

interchangeably.

Given any graph G and two vertices u, v € V(G), the distance distg(u, v) between u and
v in G is defined as the length of the shortest path connecting u and v (and it is said to
be infinite if there is no such path). Similarly, given any sets A,B C V(G), the distance
between A and B is given by dist;(A, B) := min,cy yepdistg(u,v). For any r € N, we
denote B;(u) = {v € V(G) : distg(u,v) < r}and B5(A) = {v € V(G) : distg(A4,v) < rk;
we refer to these sets as the balls of radius r around u and A, respectively.

A directed graph (or digraph) is a pair D = (V(D), E(D)), where E(D) is a set of ordered
pairs of elements of V(D). If no pair of the form (v, v) with v € V(D) belongs to E(D), we
say that D is loopless. Given any v € V(D), we define its inneighbourhood as Ny, (v) = {u €
V(D) : (u,v) € E(D)}, and its outneighbourhood as Nf; (v) := {u € V(D) : (v,u) € E(D)}.
The indegree and outdegree of v are defined as d5(v) = |Np (v)| and dj,(v) = |Ng V)],
respectively. The minimum in- and outdegrees of (the vertices in) D are denoted by 6 (D)
and 8*(D), respectively.

Given any multihypergraph or directed graph (V,E), a set M C E is called a matching
if its elements are pairwise disjoint. If the edges of M cover all of V, then it is said to be a
perfect matching. Given an edge-colouring c of H, we say that a matching of H is rainbow if

each of its edges has a different colour in c.

We often refer to the n-dimensional hypercube Q" as an n-cube (the n is dropped whenever

clear from the context). Given two vertices vy, v, € V(Q") = {0, 1}", we write dist(v;, v,) for
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the Hamming distance between v; and v,. Thus, {v;, v,} € E(Q") if and only if dist(v;, v,) =
1. Whenever the dimension n is clear from the context, we will use 0 to denote the vertex
{0}". Given any v € {0, 1}"*, we will say that its parity is even if dist(v,0) = 0 (mod 2), and
we will say that it is odd otherwise. This gives a natural partition of V(Q") into the sets of
vertices with even and odd parities. Given any two vertices v, v, € {0, 1}, we will write

U} =p U, if they have the same parity, and v; #, v, otherwise.

We will often consider the natural embedding of V(Q") into IF}, which will allow us to
use operations on the vertex set: whenever we write v + u, for some u,v € {0, 1}”, we refer
to their sum in F}. Given a vertex v € {0,1}" and an edge e = {x,y} € E(Q"), we define
U + e to be the edge with endvertices v + x and v + y. Given any two sets A, B C {0, 1}", we
will use the sumset notation A+ B:={a+ b : a € A,b € B}, and we will abbreviate the
k-fold sumset A + ... + A by kA. Similarly, given any sets A C {0,1}* and E C E(Q"), we
writt A+ E:={a+e : a €A,e € E}. Given a graph G C Q" and a set of vertices A C {0, 1}"*,
A + G will denote the graph with vertex set A + V(G) and edge set A + E(G). Note that this
should never be confused with the notation G — A, which will be used exclusively to consider
induced subgraphs of G. We will call the unitary vectors in F§ the directions of the hypercube.
The set of directions will be denoted by D(Q"). Thus, D(Q") = {é € {0,1}" : dist(¢,0) = 1}.
Note that two vertices v;, v, € {0, 1}" are adjacent in Q" if and only if there exists é € D(Q")
such that v; = v, + é. Given any vertex v € {0, 1}" and any set D C D(Q"), we will denote
by Q"(v, D) := Q"[v + n(D U {0})] the subcube of Q" which contains v and all vertices in
{0, 1}" which can be reached from v by only adding directions in . Given any subcube
Q C 9", we will write D(Q) to denote the subset of D(Q") such that, for any v € V(Q), we
have Q = Q"(v, D(Q)). Given any direction é € D(Q), we will sometimes informally say
that Q uses é. Given two vertices vy, v, € {0, 1}", their differing directions are all directions
in D(vy,0,) :={é € D(Q") : dist(v; + é,v,) < dist(vy, v,)}. Observe that, if dist(v;,v,) = d,
then |D(v;,v,)| = d and Q™(vy, D(v;, v,)) is the smallest subcube of Q" which contains both

v; and v,.
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When considering random experiments for a sequence of graphs (G,),en With [V(G,,)|
tending to infinity with n, we say that an event € holds asymptotically almost surely (a.a.s.)
for G, if P[] = 1 —0(1). When considering asymptotic statements, we will ignore rounding

whenever this does not affect the argument.

2.4. Probabilistic tools

Here we list some probabilistic tools that we will use throughout the chapter. Throughout,
we will be interested in proving concentration results for different random variables. We

will often need the following Chernoff bound (see e.g. [[71, Corollary 2.3]).

Lemma 2.4.1. Let X be the sum of n mutually independent Bernoulli random variables and
let u := E[X]. Then, forall0 < § < 1 we have that P[X > (1 + d)u] < e=%°H3 and

PIX < (1 — 8)u] < e=%H2. In particular, P[|X — u| > Su] < 2e=5H53.
The following bound will also be used repeatedly (see e.g. [5, Theorem A.1.12]).

Lemma 2.4.2. Let X be the sum of n mutually independent Bernoulli random variables. Let

u = E[X], and let > 1. Then, P[X > fu] < (e/ﬁ)ﬁﬂ. In particular, we have P[X > 7u] <

e M,

Given any sequence of random variables X = (Xj,...,X,,) taking values in a set Q and
a function f: Q" — R, for each i € [n], define Y; := E[f(X) | X;,...,X;]. The sequence
Yy, ..., Yy, is called the Doob martingale for f and X. All the martingales that appear in this
chapter will be of this form. To deal with them, we will need the following version of the

well-known Azuma-Hoeffding inequality.

Lemma 2.4.3 (Azuma’s inequality [8,67]). Let X,, X, ... be a martingale and suppose that

|X; — X;_1| < c;jforalli € N. Then, forany n,t € N,

P[X, — Xo| > 1] < zexp(

—t2 )
— |-
2y ¢
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The following lemma, which concerns further bounds for martingales, is due to Alon,
Kim, and Spencer [4] (see also [5, Theorem 7.4.3]). Here, we describe a version which is
tailored to our purposes. Let r € N and let 7¢ be an r-uniform hypergraph. Let /(' C J be
a random subgraph chosen according to any distribution for which the inclusion of edges
are mutually independent. Let X be a random variable whose value is determined by the
presence or absence of the edges of some collection E’ = {e, ..., ex} C E(J() in F('. Let p; be
the probability that e; is present in #('. Let c; be the maximum value X could change, for

some given choice of 7', by changing the presence or absence of e;. Let C := max;ex ¢; and
62 = Zie[k] pi(l - pl)clz

Lemma 2.4.4 (Alon, Kim, and Spencer [4]]). For all « > 0 with «C < 20 we have that
P[|X — E[X]| > ac] < 2e=%"/4.

We will also need the following special case of Talagrand’s inequality (see e.g. [|5, Theo-
rem 7.7.1]). Let Q := H:lzl Q;, where each (; is a probability space. We say that f : Q - R
is K-Lipschitz, for some K € R, if for every x,y € Q which differ only on one coordinate
we have |f(x) — f(y)| < K. We say that f is h-certifiable, for some h: N — N, if, for every
x € Qand s € R, whenever f(x) > s, there exists I C [n] with |I| < h(s) such that every

y € Q that agrees with x on the coordinates in I satisfies f(y) > s.

Lemma 2.4.5 (Talagrand’s inequality). Let Q := H?=1 Q;, where each Q; is a probability
space. Let X : Q — N be K-Lipschitz and h-certifiable, for some K € Nand h: N — N. Then,
forallb,t € R,

IP[X <b—tK h(b)] P[X > b] < exp (—th)

Finally, the Lovasz local lemma will come in useful. Let € := {&;, &,, ..., ,,,} be a collection
of events. A dependency graph for € is a graph H on vertex set [m] such that, for all i € [m],
&; is mutually independent of {&; : j # i, j & Ny(i)}, that is, if P[&;] = P[¢&; | /\J.EJ &;] for
allJ C [m] \ (Ng(i) U {i}). We will use the following version of the local lemma (it follows

e.g. from [5, Lemma 5.1.1]).
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Lemma 2.4.6 (Lovasz local lemma). Let € := {&;, &,, ..., €} be a collection of events and
let H be a dependency graph for €. Suppose that A(H) < dand P[&;] < pforalli € [m]. If

ep(d +1) < 1, then

> (1—ep)™.

m
IP[/\E
i=1

2.5. Auxiliary results

2.5.1. Results about matchings

We will need three auxiliary results to help us find suitable absorbing cube pairs for different
vertices. We will need to preserve the alternating parities of vertices that are absorbed by each
molecule. The first lemma (lemma presented in this section, as well as its corollary,
will help us to show that all vertices can be paired up in such a way that these parities can
be preserved. The second lemma (lemma [2.5.4)) will be used to show that, for each such
pair of vertices, there are many possible pairs of absorption cubes. Finally, the third lemma
(lemma|2.5.5) will allow us to assign one of those pairs of absorption cubes to each pair of
vertices we need to absorb in such a way that these cube pairs are pairwise vertex disjoint.
To prove lemma as well as theorem the following consequence of Hall’s

theorem will be useful.

Lemma 2.5.1. Let G be a bipartite graph with vertex partition A U B. Assume that there is
some integer € > 0 such that, for all S C A, we have |[N(S)| > |S| — €. Then, G contains a

matching which covers all but at most € vertices in A.

Given any graph G and a bipartition (2, B) of V(G), we say that (%, B) is an r-balanced
bipartition if ||| — |B|| < r. Let G be a graph on n vertices, and let r,d € N with r < d. We
say that G is d-robust-parity-matchable with respect to an r-balanced bipartition (2, B) if, for
every S C V(G) such that [S| < dand |2\ S| = |8\ S|, the graph G — S contains a perfect
matching M with the property that every edge e € M has one endpoint in 2 \ S and one

endpoint in B \ S.
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Given two disjoint sets of vertices A and B, the binomial random bipartite graph G(A, B, p)
is obtained by adding each possible edge with one endpoint in A and the other in B with
probability p independently of every other edge. Given any two bipartite graphs on the same
vertex set, G; = (A,B,E;) and G, = (A,B,E,), and any o € R, we define FgI’GZ(A) as the
graph with vertex set A where any two vertices x,y € A are joined by an edge whenever

ING, (x) N Ng,(»)| 2 a|B| or |[Ng, (¥) N Ng,(x)| = «|B].

Lemma2.5.2. Letd,k,r € Nand a,¢,3 > Obesuchthatr < d,1/k < 1/d,e,aand f < ¢, a.
Then, any bipartite graph G = G(A, B,E) with |B| = n > |A| > k such that dg(x) > an for
every x € A satisfies the following with probability at least 1 — 27 1% for any r-balanced
bipartition of A into (U, B), the graph I‘Gﬁ,G( 4.B,¢)(A) is d-robust-parity-matchable with respect
to (A, B).

Proof. LetTl := g’G( 4.,e)(A)- LetT” be the auxiliary digraph with vertex set A where, for any
pair of vertices x, y € A, there is a directed edge from x to y if [Ng(x) N Nga,8,6) (V)| > Bn.
Observe that the graph obtained from I'" by ignoring the directions of its edges and identifying

the possible multiple edges is exactly I', which means that §(T") > §*(I").

Given any two vertices x,y € A, by lemma we have that

P[(x,y) & E(I")] = P[|Ng(x) N NG(A,B,E)(y)l < fn] < o—Ean/3.

Furthermore, for a fixed x € A, observe that the events that (x,y) ¢ E(I'"), forally € A\ {x},
are mutually independent. Therefore, df,(x) is a sum of independent Bernoulli random
variables. Let m = |A|. If d{,(x) < 4m/5, that means that there is a set of m/5 vertices

Y C A\ {x}such that (x,y) ¢ E(I'") for all y € Y. We then conclude that

Pldf(x) <4m/5] < > P[(x,y) ¢ E@)forally € Y] < (

ve(ms)

m )e—scxnm/ls < 2—20n‘
m/5
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By a union bound over the choice of x, we conclude that
P[8(T) < 4m/5] < P[6+(I") < 4m/5] < m2~20n < =101,

Now, condition on the event that the previous holds. Fix any r-balanced bipartition (2, B)
of A and let Iy %) be the bipartite subgraph of I" induced by this bipartition. Fix any set S C A
with [S| < dand |A \ S| = |8\ S|. We have that 6(T{y ) — S) > 4m/5—m/2 —d —r > m/4.
Therefore, by lemma [(y,3) — S contains a perfect matching. O]

For the proof of theorem2.8.1in section2.8]we will need to use the following corollary[2.5.3|
Let G be a graph on 2n vertices. Let (2, B) be a balanced bipartition of V(G) and let (14, ..., V),
for some k € N, be a partition of V(G). Given any d € N, we say that G is d-robust-parity-
matchable with respect to (2, B) clustered in (W, ..., V) if, for every S C V(G) with |S| < d
and |S N A| = |S N B|, the graph G — S contains a perfect matching M such that every edge
e € M has one endpoint in 2 \ S and one endpoint in 8B \ S and, for every e = {x, y} € M, if

x € Vtheny € V_; U UV, (where we take indices cyclically).

Corollary 2.5.3. Letd,k,t € Nand a,¢, 5 > 0 besuch that 1/k < 1/d,e,xand § < €, a. Let
G = G(A, B, E) be a bipartite graph and (A, ..., A;) be a partition of A such that

« 1B =n 24|
« foreveryi € [t], we have that |A;| > k is even,
« forevery x € A, we have dg(x) > an.

Then, the following holds with probability at least 1 — 27°": for each i € [t] and for any
balanced bipartition of A; into (2;, B;), the graph Fg,c( 4.B,e)(A) is d-robust-parity-matchable

with respect to (U:=1 A, U:=1 B,) clustered in (Aq, ..., A;).

Proof. Given any set C C A, for each i € [t], let C; := C N A;. Given any bipartition (2, B) of
A, wewrite C¥:=CNnAand CB:=CNB. Throughout this proof, we consider the indices in

[t] to be taken cyclically.
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For each set D C A with |D| < d, and for each i € [t], we apply lemma[2.5.2]to the graph
G|D; U A;_,,B], with 2d, k, d, a, € and 8 playing the roles of d, k, r, a, € and 3, respectively.
Then, by a union bound over all choices of D and all choices of i € [t], the following
holds with probability at least 1 — 27°". For each i € [t], consider any balanced bipartition
(2A;, B;) of A;. Consider any D C A with |D;| < d for each i € [t]. Then, for each i € [¢],
the graph Fg[DiU A;_1,BLG(DwA;_y,B,e)Di UAi_1) is 2d-robust-parity-matchable with respect to
(AU;NnD)UA;_1,(B; N D) U B;_;). Condition on the event that the above holds.

Now, for each i € [t], fix a balanced bipartition (2;, B;) of A;. Let A := U:zl A; and
B := Ule ;. Let S C A be a subset of size |S| < d such that |[S¥| = |S®|. We want to show
that Fg’G( AB, E)(A) — S contains a perfect matching M such that every edge e € M has one
endpoint in 2 \ S and one endpoint in B \ S and, for every e = {x, y} € M, if x € A; then

Yy € Aj_1 UA; U A, ;. We begin by proving the following claim.

Claim 2.1. There exists a set D C A\ S satisfying the following properties:
(RM1) foreveryi € [t] we have |D;| < d, and
(RM2) foreveryi € [t] we have D, UD? U S?| = D3, uDuUSY|.

Proof. We will construct one such set D by constructing the sets D; C A; inductively. We
will argue by induction on i € [¢] in decreasing order. Let D; := &. Now, suppose that, for
some i € [t — 1], we have already constructed the sets D; C A; for all j € [t] \ [i]. Then, let

D; C A; \ S; be a smallest set such that
(2.1) IDE, uDP U SP| = D%, uD!uSH.

Observe that either D; = D" or D; = D?. Furthermore, observe that ||D}; U SP| — |D8, U
S¥|| < |Dj41 U S;j|. Therefore, there exists a set D; C A; as required with |D;| < |Dj4q U Sj|.
In order to prove that this results in a set D which satisfies the required properties, consider

the following. First, by following the induction above, we have that |D;| = 0 and |D;| <

|D;1| + |Si|, hence |D;| < Z;zl ISj| = |S| < d for all i € [¢], thus|(RM1) holds. On the other
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hand, [(RM2)| holds by for alli € [t — 1], so we must prove that it also holds for i = ¢.
But this follows by summing overalli € [t — 1], and using the fact that |S¥| = |S®|. <«

Let D be the set given by Claim [2.1] Now, for each i € [t], letJ; :== D; U S;. By Claim 2.1]
(RM1)(we have that |J;| < 2d. Furthermore, by Claim (RM2)|it follows that |(2; U D?‘H) \

Ji| = |(B;UDE )\ Ji|. By the conditioning above, this means that Fg[DmuAi,B],G(DmuAi,B,z)(Di+1U
A;) — J; contains a perfect matching M; such that every edge of M; has one endpoint in
(A; U D?[H) \ J; and one endpoint in (B; U D?_’H) \ J;. Finally, let M := U:zl M;. Ttisclear that

M satisfies the required conditions. The statement follows. O
The second lemma will be stated in terms of directed graphs.

Lemma 2.5.4. Letc,C > 0 and let « € (0,1/(1 + ¢/C)). Let D be a loopless n-vertex digraph

such that
(i) forevery A C V(D) with |A| > an we have ZUGA d~(v) > can, and
(ii) for every B C V(D) with |B| < can/C we have ZveB d*(v) < can.
Then, D contains a matching M with |M| > can/(2C).

Proof. Assume for a contradiction that the largest matching M in D has size |[M| < can/(2C).

Since a < 1/(1 + ¢/C), there exists a set A C V(D) \ V(M) with |A| > an, and thus, by

Zv ca 47 (v) > can. Since M is the largest matching, all edges that enter A must come
from vertices of M (otherwise, we could add one such edge to M, finding a larger matching).

However, by[(ii)] the number of edges going out of V(M) is less than can, a contradiction. [
For convenience, we state the third lemma in terms of rainbow matchings in hypergraphs.

Lemma 2.5.5. Let n,r € N and let H be an n-edge-coloured r-uniform multihypergraph.

Then, for any m > 10, the following holds. Suppose J satisfies the following two properties:
(i) Foreveryi € [n), there are at least m edges of colour i.
(i) A(F) < m/(6r).
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Then, there exists a rainbow matching of size n.

Proof. Theidea is to pick a random edge from each colour class and prove that with non-zero
probability this results in a rainbow matching. First, for each i € [n], let M; be a set of m
edges of colour i. We choose an edge from each M; uniformly at random, independently of
the other choices. For any i, j € [n] with i # j and for any two edges e € M; and ¢’ € M,; for
which ene’ # @, we denote by A, .+ the event that both e and e’ are picked. We observe that
1\2
PlA, ] = (E) .
Moreover, note that every event A, s is independent of all other events A ¢ but at most
2m - r - A(F) < m?/3. Indeed, this holds because A, s can only depend on those events

which involve at least one edge from either colour i or colour j. Applying now lemma 2.4.6,

we deduce that with non-zero probability no event A, ., occurs, as required. O

2.5.2. Properties of random subgraphs of the hypercube

In this section we state some basic properties of random subgraphs of the hypercube. Many
of the proofs follow standard probabilistic arguments; due to space limitations, we have

removed them from this exposition. For the sake of completeness, we include the proofs in

appendix

The first property guarantees that the degrees of all vertices are linear in the dimension.
Lemma 2.5.6. Let0 < § < ¢ < 1/2. Then, we a.a.s. have that §(97),,.) > on.

It will be important to have that a.a.s. there are not too many vertices whose degree deviates

from the expected “close” to any given vertex.

Lemma 2.5.7. Lete € (0,1), a € (2/3,1) and ¢ € N. Then, forany b > 2 — 2a, a.a.s. there

are no vertices v € {0, 1}"* for which |{u € B(v) : don(u) # en = n}| > nb.

We are also interested in the number of subcubes in which each vertex lies. Given a graph

G, a vertex v and any ¢ € N, we denote the number of copies of Q¢ in G which contain v by
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d&(v). Tt is easy to give trivial upper bounds for this number by considering its value in Q™.

Indeed, for all v € {0, 1} we have that

p n
2.2) d4p(v) < <€>-

Lemma2.5.8. Letc € (0,1),a € (1/2,1)and ¢ € N. Then, a.a.s. all but at most one—n?H/(6e)
vertices v € V(QF) satisfy

26-1p

£!

3
nt.

(2.3) dg?(v) =(1+0(mn+ 1))

Remark 2.5.9. In particular, the proof of lemmal2.5.8shows that a.a.s. all vertices v € {0, 1}"
which satisfy don(v) = en  n® also satisfy 2.3). Therefore, by lemmal[2.5.7 for any r € N and
a € (2/3,1), a.a.s. in any ball of radius r, all but at most n%=2047 yertices satisfy (2.3]), where

1 > 0 is an arbitrarily small constant.

In more generality, we will need to bound the number of subcubes which contain a given
pair of vertices. Given a graph G, two vertices u and v, and any ¢ € IN, we denote the number
of copies of Q¢ in G which contain both u and v by d(u, v). Again, we can easily give upper
bounds for this number in QF by considering its value in Q". Indeed, for all u,v € {0, 1}"*

we have that

< n€—dist(u,v)

(2.4) don(u,v) < (g _ diZt(u, v)) =

(here, we understand that (7)) = 0 for all a < 0).

We will also need the property that the cubes containing a given vertex use different
directions quite evenly. More precisely, given any graph G C Q", any set S C D(Q"), two
vertices x, y € {0,1}", an integer ¢ € Nand areal t € R, we denote by d, ¢, . (y) the number

of copies C of Qf which contain y, do not contain x, and satisfy |D(C) N S| > ¢.

Lemma 2.5.10. Let0 < 1/¢ < & < 1, with€ € N. Lete,n € (0,1) and a € (2/3,1). Then,

a.a.s. the following holds for every x € {0, 1}": for any set S C D(Q") with |S| > 6n, all but at
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most n2+1-9 yertices y € Nyn(x) satisfy

26-1p

¢
2¢!

€
dQ?,S’gl/z,x(y) Z n-.

2.5.3. Near-spanning trees in random subgraphs of the hypercube

In this section we present our results on bounded degree near-spanning trees in Qf'. Due
to space constraints, we will simply state the results which we need for the proof of theo-
rem[2.1.8] All the details about the proofs of these results can be found in [34} Section 7].
Theorem implies that with high probability there exists a near-spanning bounded
degree tree in Q, which covers most of the neighbourhood of every vertex whilst avoiding
a small random set of vertices, to which we refer as a reservoir. Theorem allows us
to extend the tree using vertices of the reservoir so that (amongst others) the proportion of
uncovered vertices is even smaller. Finally, lemma[2.5.13|(to which we refer as the repatching
lemma) states that, if some number of small local obstructions is prescribed, the tree given
by theorem [2.5.12can be slightly modified to avoid these obstructions.

Given a graph G and § € [0, 1], let Res(G, ) be a probability distribution on subsets of
V(G), where R ~ Res(G, &) is obtained by adding each vertex v € V(G) to R with probability

d, independently of every other vertex. We will refer to this set R as a reservoir.

Theorem 2.5.11. Let 0 < 1/D,8 < ¢ < 1/2, and lete,y € (0,1] and k € N. Then, the

following holds a.a.s. Let A C V(Q") with the following two properties:
(P1) forany distinct x,y € A we have dist(x,y) > yn, and
(P2) BE+2(A) n {0y, {1}, {1}in/2{oyn=In/21, {oyin/2lf1}n=In/2l} = g,

Let R ~ Res(Q", 8). Then, there exists a tree T C QF — (R U B’gn(ﬂ)) such that
(T1) A(T) < D,

(T2) forallx € V(Q") \BIQ‘n(A), we have that |Non(x) N V(T)| > (1 — €')n.
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Theorem 2.5.12. Forall0 < 1/n < 1/€,¢ < 1, where n,¢ € N, the following holds. Let
R, W CV(Q")andletT' C Q"—(RUW)beatree. Foreach x € V(Q™)\W, let Z(x) C Ngn(x)N
V(T") be such that |Z(x)| > 3n/4. Then, a.a.s. there existsa tree TwithT' C T C (QFUT')—W

such that
(TC1) A(T) < A(T') + 1;
(TC2) forall x € V(Q™), we have that |B5a(x) \ (V(T) U W)| < n*4, and

(TC3) foreach x € V(T) N R, we have that dt(x) = 1 and the unique neighbour x' of x in T'is

such that x' € Z(x).

Lemma 2.5.13. Let0 < 1/n < ¢,&,1/f,1/D, where f,D € N. Given a fixed x € V(Q"), let
C(x) C Non(x) X Ngn(x) be such that |C(x)| > cn and, for all distinct (y;,z1), (V2,22) € C(x),
we have {y;,z2:} N {y2, 22} = @. Furthermore, for each (y,z) € C(x), let B(y,z) C (Ngn(y) U
Non(z)) \ {x} with |B(y, z)| < D. Then, with probability at least 1 — e~>", for every F C V(Q")
with |F| < f, there exist a pair (y,z) € C(x) with y,z ¢ F and a graph P C OF — {y, z} with
|V(P)| < 5D such that

(R1) B(y,z) N Non(y) is connected in P, and so is B(y, z) N Ngn(2).

(R2) V(P)NF = @.

2.6. Tiling random subgraphs of the hypercube with

small cubes

Throughout this section, we will consider auxiliary hypergraphs to obtain information
about subgraphs of the n-dimensional hypercube. The general idea will be to apply the
so-called “Rodl nibble” to achieve this. Roughly speaking, the R6dl nibble is a randomised
iterative process which, given an almost regular uniform hypergraph with small codegrees,
finds a matching covering all but a small proportion of the vertices. The basic idea is the

following. Let H be an almost regular uniform hypergraph with small codegrees. Consider
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a random subset of the edges E C E(H), where each edge is taken independently with the
same probability. If this probability is chosen carefully, then one can show that, with high
probability, E is “almost” a matching and that the hypergraph resulting after the deletion
of all vertices covered by E is still almost regular and has small codegrees. This allows one
to iterate the process until all but a small fraction of the vertices have been covered. This
approach is the basis for the proof of our main result in this section, theorem 2.6.6] The
main auxiliary result is lemma[2.6.5, which shows that in each iteration of the process we
have the properties we require. In particular, we require our matching to satisfy several
additional “local” properties. This means our application of the nibble will require strong
concentration results, as well as the use of the Lovész local lemma. It is also worth noting
that our result relies strongly on the geometry of the hypercube, and cannot be stated for

general hypergraphs.

2.6.1. The Rodl nibble

Given ¢ € N and any graph G C Q", we will denote by H,(G) the 2¢-uniform hypergraph
with vertex set V(G) where a set of vertices W C {0, 1}" with |W| = 2¢ forms a hyperedge if
and only if G[W] = Q. Observe that the vertex set of H,(G) is (a subset of) {0, 1}"*. Hence,
we can use the underlying notation of directions we have considered for hypercubes so far.
In particular, given any pair of vertices x,y € V(H,(G)), any set S C D(Q")and arealt € R,
we denote by dy,(g),s,,x(¥) the number of hyperedges e € E(H,(G)) which contain y, do
not contain x, and satisfy |D(G[e]) n S| > t. Note that, with the notation from lemma|2.5.10}
du,6),s,tx() = dé’syt,x(y). In order to simplify notation, for any vertex x € {0, 1} and any
sets Y C Non(x) and E C E(H,(G)), we let E,(Y) := {e € E : dist(x,e) = 1l,enY # @}.
If E is the set of all edges of a given hypergraph H C H,(G), we may sometimes denote
this by E,(H, Y). Furthermore, it is worth noting that, for hypergraphs H,(G) defined as

above, the inequality dy(x) < ). dg(x,y), which holds for all hypergraphs H and

yeV (H)\{x}
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all x € V(H), can be improved to the following: for every € > 2 and every x € V(H,(G)),

(2.5) dp,c) (%) < > dr,6) (%, ).
YeV(H,(G))NNgn(x)

The following observations will also come in useful.

Remark 2.6.1. Let £,t € Nand G C Q" and let H := H,(G). Let x € V(H) and e € E(H)
be such that dist(x,e) = t. Then, there is a unique vertex y € e such that dist(x,y) = t.
Furthermore, for every e’ € E(H) such that x € e’ we have thatene’' # @ifandonlyify € e’

In particular, |{e’ € E(H) : x € e’,ene’ # @} = dg(x,y).

Remark 2.6.2. Let¢,t € Nand G C Q", and let H := H)(G). Let x € V(H) and Y C Nyn(x).
Let e € E(H) be such that dist(x,e) = dist(Y,e) =t. LetY' :={y € Y : dist(y,e) = t}. Then,

|Y'| < € and none of the edges in E,(H,Y \ Y') intersects e.

Remark 2.6.3. Let ¢ € Nand G C Q", and let H := H,(G). Let x € V(H) and Y C Ngn(x).

Then, forany e € E,(H,Y), we have |{¢’ € E,(H,Y \ e) : ene # @} = O(n’1).

Remark 2.6.4. Let k,n € N and A C {0,1}". Then,
n
v e {0,1)" : dist(v,A) = k}| < |A|<k).

Consider ¢ € N, G C Q" and H := H,(G). Recall that each edge of H corresponds to
an ¢-dimensional subcube of G. Lete € E(H), E C E(H) and S C D(Q"). We define the
significance of ein S as o(e, S) := |D(e) N S|. Given any t € R, we say that e is t-significant
in Sif o(e, S) > t. We define the significance of E in S as o(E, S) := ZeeE o(e, S). We denote
2(E,S,t):={e € E : og(e,S) > t}. In particular, o(E, S) > t|Z(E, S, t)|.

With this, we are now ready to state the main auxiliary result in this section. This shows
that, given H = H,(G), under suitable conditions about the degrees, the codegrees and the
local distribution of the edges of H along the directions of the cube (namely, that the edges
are significant in every large set of directions), one iteration of our nibble process will yield a

subset of edges which is locally close to a matching, satisfies several local properties that we

47



Hamiltonicity problems in random graphs

require of our matching (namely, the edges given by the nibble are sufficiently significant in
large sets of directions, and not too significant in any given direction), and its deletion yields

a hypergraph which still satisfies almost the same suitable conditions for further iterations.

Lemma 2.6.5. Let £,k,K € Nwithk > ¢ > 2andletf € (0,1]. Let G C Q" and let
H := H,(G). Fixx € {0,1}. Let A, := Non(x) and, foreachi € [K], let A; C A, be a set of size
|A;| > Bn. Assume that there exist two constants a € (3/4,1) and y € (0,1], and D = O(n?),

such that
(P1) foreveryy € V(H)N Bgn(x) we have di(y) = (1 = O(n%1))D;
(P2) foreveryi € [K], we have |[V(H) N A;| = (1 £ O(n%H)ylA;l.

Then, for all e < 1/¢, the following holds.
Let E' C E(H) be a random subset of E(H) obtained by adding each edge with probability
¢/D, independently of every other edge. Let E” C E’ be the set of all edges not intersecting any

other edge of E'. Then, E', E", V' := V(H) \ V(E') and H' := H[V'] satisfy the following:

(N1) with probability at least 1 — e=0n!?), foreveryi € [K], we have

V' NAj| = 1+ 0 ))e™ yIAl;

(N2) with probability at least 1 — e=0(n'?), foreveryi € [K], we have

[V(E") N A > e(1 — 2% e)y|Ay;

(N3) with probability at least 1 — e=0(n'?), for every é € D(Q") we have

|2(Ex(Ap), {6}, 1)| = o(n'?);

(N4) with probability at least 1 — e=®®**™), for every y € V(H') n B:%(x) we have

dp () = (1 £ O(ne=1))e~@-Vep,
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If, in addition to[(P1) and[(P2)] there exist ¢, 5 € (0, 1] such that

(P3) foreveryi € [K], and every S C D(Q") with |S| > dn we have

|I2(Ex(H, A, S, €)= (1 — O(n*~"))ey|Ay|D,

then E' and H' also satisfy the following:
(N5) with probability at least 1 — e=0(n'?) foreveryi € [K], and every S C D(Q™) with

|S| > dn we have

IZ(E(H', A}, S, V)| > (c — £)e" @ ~Dey| Ay |D;

(N6) for any fixed S C D(Q™) with |S| > 8n, with probability at least 1 — e~5VB1/190_ for epery

i € [K], and n sufficiently large we have

[V(E(ER(A), S, €Y2) n A;| > ec?y|Ayl/8.

Proof. We begin by noting that, since H = H,(G), the following two properties hold:
(P4) for all y,z € V(H) such that dist(y, z) > ¢, we have that dy(y, z) = 0;

(P5) for each i € [#], for all y,z € V(H) with dist(y,z) = i, we have that dy(y,z) =
O(D/nb).

Indeed, by the definition of H, both follow from (2.4). These will be used repeatedly through-
out the proof.

We next observe another simple property which will be useful later in the proof. Fix

any i € [K]y. Note that, by|(P1) and |(P2), |[Ex(H,A;)| = ZyeAinV(H) dy(y) £ ¢énf = (1 +

O(n~1))y|A;|D. Therefore, E[|E4(4;)|] = (1 £ 0(n®1))ey|A;| and, by lemma2.4.1]

(2.6) P[IEL(A))] # (1 + O(n=1))ey|Ay|] = e~ ™D,

49



Hamiltonicity problems in random graphs

By a union bound over all i € [K],, we conclude that, with probability 1 — e‘e(”za_l), we

have |EL(A;)] = (1 £ O(n*1))ey|A;| for all i € [K],.
On the number of vertices in A; remaining in H'.

In order to prove that[(N1) holds, fix i € [K]o. Let Y; := V(H) N A; and fix any vertex
y € Y, By|(P1)|we have that dg(y) = (1 £ O(n%1))D. Therefore,

Ply € V'] = (1 — ¢/D)=00* ™D — (1 + O(n®1))e*.

Thus, by [(P2)} E[|[V' n 4;|]] = (1 £ O(n®1))e~¢y|A;|. We must now prove that |V’ N A;]
concentrates with high probability. However, the events {y & V(E')},cy, are not necessarily

independent.

In order to consider independent events, let E* := {e € E(H) : x € e,e N A; # @} and, for

eachy € Y;, let d;(y) := [{e € E* : y € e}|. By[(P5)} we have dj;(y) = dg(y) £ O(D/n) =
(1 +0m¥YH)D. Let V* := Y; \ V(E' n E*). For every y € Y; we have that

Ply & V(E' nE*)] = (1 — &/D)00* ™D = (1 + 9(na=1))e,

hence E[|V*|] = (1 £ O(n% 1))e¢y|A,|. Furthermore, the events {y & V(E' n E*)}yey, are

mutually independent, so by lemma [2.4.1)we have that
(2.7) P|V*] # (1 + O(n*~)e~y|A ] < =@,
As V' nA; C V* we conclude that

(28) PV N A 2 (1+ 0 )e5y|Al] < e,

In order to obtain the lower tail concentration, observe that

V' NA;| =V = [V*nV(E"\ E¥),
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so it will suffice to show that the last term in the previous expression is small with high
probability. Let E := {e € E(H) : |enA;| > 1}. Note that |[V* N V(E'\ E*)| < 2¢|ENE’'|,so it
suffices to bound this quantity. By|(P5), |[E| = O(D). Since edges are picked independently,
we have that E[|E n E'|]] = O(1) and, by lemma P[lE N E'| > n'?] < e=©0"),
Combining this with (2.7), we conclude that P[|V' NA4;| < (1—O(n*~1))e~¢y|A4;]] < e=0(n'?)
Together with (2.8), the previous yields

(2.9) PV n A # (1 £ O(n?~)eyjA;l] < e,
The statement of follows by a union bound over all i € [K].
On the number of vertices in A; covered by the matching.
We now prove|[(N2)} Fix i € [K], and let ¥; := V(H) N A;. Observe that
(2.10) IVE") NAi| = |(VIH)\ V') NAy| — [V(E"\ E") N Ay.

By (2.9) and|(P2)|we have that |(V(H)\V')N4;| = 1+£O(n*1))(1—e~*)y|A;| with probability
atleast 1 — e~ g0 let us consider the last term in (12.10)).

Given any vertex y € Y;, by abusing notation, let dg/(y) := |{e € E’ : y € e}|. Observe
thaty € V(E' \ E") if and only if dg/(y) > 2 or dg/(y) = 1 and, for the edge e € E’ such that
Yy € e, there exists z € e\ {y} such that dpn (,(z) > 1. Let B(y) be the event that, conditioned

on dg:(y) = 1, there exists such a vertex z. Then, for any y € Y; we have
(2.11) Ply € V(E"\ E")] < Pldg/(y) 2 2] + Pldp/(y) = 1]P[B(y)].

Observe that, by dg/(y) ~ Bin((1 = O(n*1))D, ¢/D). Then, it is easy to check that
(2.12)
Pldg:/(y) =1] =1 £ O0(n* VD)ee=® and Pldg(y)>2]=1- 1% 0n* 1)1 +e)e .
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By a union bound and the fact that P[dpn((z) > 1] < P[dg/(z) > 1] for every e € E(H) and

z € e\ {y}, we also have that
(2.13) P[B(»)] < (1 £ O0(n*~))(2° — D1 —e7°).

Combining (2.11)-(2.13), for n sufficiently large we have that P[y € V(E' \ E")] < 2%¢2.
Hence, by considering all y € Y; and[(P2)} we conclude that

(2.14) E[|[V(E'\ E")nA;|]] £ (1 + 0(n*1))2¢e%y|A;|.

In order to prove concentration, we will resort to Talagrand’s inequality. Consider X :=
|[V(E" \ E") n A,;|. This is a random variable on the probability space given by the product of
the probability spaces associated with each edge of H being present in E’. In this setting, it is
easy to see that Xisa £2¢-Lipschitz function. Furthermore, X is h-certifiable for h: N - N

given by h(s) = 2s. Thus, by lemma2.4.5] for any real values b and ¢ we have that
P [X <b- wzfx/z_b] P[X > b] < e~*/4.

By considering the change of variables ¢ = b — t£2¢4/2b, we conclude that, for any reals ¢

and ¢,
2
(2.15) P[X <c|P [X > <t€2€+1/2 + (120222041 4 4c)1/2) /4] < o4,

Let ¢ := 3 - 271e?y|A;| and t := ©(n%~V/2). By Markov’s inequality, we have that P[X < c] >

1/4 for n sufficiently large. By substituting these into (2.15)), we conclude that

(2.16) P[X > (1+ O(ne)c| < e=®r** ™,
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From this and (2.9)), it follows that
P[V(E") nAj| < &1 —2/*1e)ylA ] < e @™,

The statement of follows by a union bound over all i € [K],.
On the significance of E’ in any direction.

In order to prove we first observe that there are “few” edges in E,(H, Ay) which use
any given direction. Indeed, given any vertex y € V(H) N Ay and any direction é € D(Q"),
the number of edges e € E(H) containing y and such that é € D(e) equals the codegree of
y and y + é. Therefore, by[(P5)| there are O(D/n) such edges and, adding over all vertices
y € V(H) N Ay, we conclude that |Z(E,(H, Ap),{é}, 1)| = O(D). Since |Z(Ex(Ap), {é}, 1)| ~
Bin(|Z(E.(H, Ap), {¢},1)|, /D), it immediately follows that E[|Z(Ex(Ao),{¢},1)|] = O(1) and,

bylemma
P[|Z(EL(Ag), {6}, 1)| = Q(n/?)] < e=©"'™),

The statement of [(N3)|follows by a union bound over all directions é € D(Q™).

On the degrees in H'.

We now want to bound the degrees of vertices in H' in order to prove Consider any

vertex y € V(H) such that dist(x,y) < k — ¢. Condition on the event that y € V’. First,

observe that, by and

(2.17) Eldg:(»)] = 1 £ 0(n¢1))D( — /D)@ ~DAx0C™ND = (1 + 9(ne-1))e~*~ep,

In order to bound the probability that dg/(y) deviates from its expectation, we will apply
lemma2.4.4] Observe that the value of dp/(y) is determined by the presence or absence of
the edges of E* := {e € E(H) : there existse’ € E(H)suchthaty € e’ \e,ene’ # @}inE'.
Note that, for each e € E*, the maximum possible change in the value of dg(y) due to the
presence or absence of eisc, :=|{e' € E(H) : y € ¢’,ene’ # @}|. Let C := maX,cg- ¢, and

o? = Yocp- ED)A — g/D)c2. We must now estimate the value of o.
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Partition E* into sets E;, i € [¢], given by E; := {e € E* : dist(y, e) = i}. Observe that, by
and remark2.6.4] for all i € [¢] we have

(2.18) |E;| = O(n'D).
Furthermore, for each i € [¢] and each e € E;, it follows from remark and [(P5)|that

(2.19) c, = O(D/nb).

In order to apply lemma[2.4.4, we will need to show that ¢ is not too small. For this, we

claim that
(2.20) there exist ©(nD) edges e € E; such that ¢, = @(D/n).

Indeed, an averaging argument using together with [(P1)|shows that there are ©(n)
vertices z € V(H) N Non(y) such that dg(y, z) = ©(D/n). Let Z be the set of all those vertices
z. For each z € V(H) N Non(y), let Ey(z) := {e € E; : z € e}. By remark[2.6.1] for every

e € E;(z), z is the unique vertex in e such that dist(y, z) = 1, so this gives a partition of E;.

By|[(P1)and we have that |E;(z)| = ©(D) for every z € Z. Again by remark2.6.1] for
every z € X and every e € E;(z) we have that ¢, = dg(y, z). (2.20) now follows.

In particular, (2.20]) combined with (2.19) shows that C = ©(D/n). Combining (2.18))-(2.20)),
it follows that

o2 = 0(D?/n).

Now, by setting a := @(n*~1/2), we observe that a« = 0(¢/C) and, thus, by lemma and

@17,
]P[dH/(y) ?é (1 + O(na—l))e—(zé’_l)sD] < e_@(nZa—l)‘

The statement of follows by a union bound over all vertices y € V(H) N BSE ¢(x).

On the significance of H' in any large set of directions.
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We now turn our attention to[(N5)} Fix i € [K], and S C D(Q™) with |S| > én. By (2.6)

we have that

(2.21) [Ex(A)] = A £ 0~ ey|A|

with probability at least 1 — e—0(n*7h), Furthermore, by , we have that
(2.22) V' NA)| =1 £0(n*))e YA

with probability at least 1 — e=9("®) Reveal E(A;), as well as all edges in E’ which contain
x and intersect A;, and condition on the event that (2.21]) and (2.22]) hold (note that this
event is determined by the edges we have revealed). For the remainder of the proof of

all probabilistic statements refer to probabilities when revealing all other edges in E’.

Let X' := |X(E(H',A;), S, eV 2)|. Note that X’ is a sum of indicator random variables, one
for each edge in Z(E,(H, A;), S, ¢/?); we will refer to those edges e € X(E,(H, A;), S, £1/?)
for which we have P[e € Z(E(H',A;), S, ¢1/?)] # 0 as potential edges. The set of potential
edges is denoted by Ep. We now want to prove a lower bound on |Ep|. We know that
(B (H',Ay), S, ¢V2) C Z(E(H,A)), S, ¢"?). By|[(P3)|we have that [(E.(H, A)), S, £Y/)| >
(1 — O(n*Y)cy|A;|D. Any edge of X(E,(H, A;), S, £1/?) whose endpoint in A; does not lie

in V' is not a potential edge. By (2.22),[(P1) and [(P2)} the number of such edges is at most

(1 + O(n* 1)1 — e ¥)y|A;|D. Furthermore, some of the edges in E(4;) may intersect
other edges in X(E,(H, A;), S, £1/2) (and, if this happens, the latter are not potential edges).
By remark 2.6.3|and (2.21)), the number of such non-potential edges is O(D). Combining
these bounds, we conclude that |Ep| > (1 — O(n®~1))(c — (1 — e7¢))y|A;|D. Now, each of
these potential edges contributes to X' if and only if none of its vertices lie in any edge
in E'. By and it follows that, for each e € Ep, Ple € X(E,(H',A;),S,¢'?)] =

(1 + O(n%1))e=@"~De and, therefore,

(2.23) E[X'] > (1 — 0(n*1))(c — (1 — e~%))e @ ~Dey|4|D.
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In order to prove concentration we will resort once more to lemma[2.4.4, Let E; := {e €
E(H) : enA; = @ and there exists e’ € X(E,(H,A;),S,¢Y?)such thate n e’ # @}. The
value of X' is determined uniquely by the presence or absence of the edges of E; in E’. For
each e € E;, the maximum change in the value of X’ due to the presence or absence of e
can be bounded by ¢, := [{e' € Z(E,(H,A4;),S,¢"?) : ¢’ Ne # B} Let C := max,eg; ¢, and

o2 = Yiocr: €D — ¢/D)c?. We must now estimate the value of o.

Partition E; into sets Elj , j € [€], given by Elj :={e € E; : dist(e,A;) = j}. Observe that,
by[(P1)]and remark[2.6.4} for all j € [¢] we have

(2.24) IE/| = 0(n/*1D).

Furthermore, for each j € [¢] and each e € ElJ , it follows from remarks |2.6.1| and |2.6.2| and

that

(2.25) c, = O(D/nd).

In particular, we claim that

(2.26) there exist ®(n2D) edges e € E} such that ¢, = ©(D/n).

Indeed, by [(P1)} [(P2) and [[P3)] there are at least cy|A;|/2 vertices y € A; N V(H) such that

dy s.012.x(y) > cD/2. Let U; denote the set of these vertices. Then, an averaging argument
using (2.5)) together with shows that, for each y € U, there are ©(n) vertices z €
V(H)N(Ngn(y)\{x}) such that dpy s ,12 (¥, z) = ©(D/n). For each y € U}, let Z;(y) be the set

of such vertices. Now, fixany y € U; and, for each z € Z;(y), let E} (z) :={e € E} : z € ¢}. By

(P1){and |(P5), we have that |E}(z)| = ©(D) for every z € Z;(y); furthermore, by remark[2.6.1]
i ry iy y

for every e € E!(z), z is the unique vertex in e such that dist(y, z) = dist(y, e) = 1. Then, for
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every z € Z;(y) and every e € E;(z) we have that

Co 2= dH,S,€1/2,x(ya Z) = @(D/I’l).

(2.26) now follows by considering all vertices y € U.

In particular, (2.26) combined with (2.25) shows that C = ©(D/n). Combining (2.24)-(2.26)),
it follows that

o? = 0(D?).

Now, by setting a := n*'E[X']/c = O(n%), we observe that @ = 0(g/C) and, thus, by

lemma|2.4.4]and (2.23)),

PLX’ < (c — £)e~@~Dey|4,|D] < e=©™*),

Since this holds for every S C D(Q") with |S| > dn, by a union bound we conclude that
the same holds simultaneously for every such set S. Recall, however, that this holds after
conditioning on the event that and hold, which happens with probability 1 —
¢=©("")_ Taking this into account and using a union bound over all choices of i € [K],, the

statement of [((N5)|follows.
On the significance of E’ in a large fixed set of directions.

We finally turn our attention to Fix i € [K]y. Let U; denote the set of vertices
y € A;nV(H) such that d 5 s125(y) > cD/2. By[(P1)}[(P2)|and [P3)|we have |U;| > cy|A;|/2.

Let V/ := V(Z(EL(A;), S, €1/?)) n U;. For each y € U; we have that

Ply & %] < (1 —¢/D)*P2 = (1 £ 0(1/D))e~/2.

Thus, we conclude that

E[|W]] > Q- 0Q/D)A — e~*)cy|A|/2.
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Note that the events {y ¢ V/},cy, are mutually independent. Hence, by lemma[2.4.1]
P[|V] < (1 — e~5/?)cy|A;|/3] < e B9,

Finally, note that (1 — e=*¢/?)cy|A;|/3 > (ec/2 — €2c?/8)cy|A;|/3 > ec?y|A;|/8. The statement
of follows by a union bound over all i € [K],. O

2.6.2. Iterating the nibble

By making use of lemma2.6.5 we can now prove the main result of this section. Roughly
speaking, theorem [2.6.6|states that, for any constant ¢ > 0 and ¢ € N, with high probability
the random graph Q7 contains a set of ¢-dimensional cubes which are vertex-disjoint, cover
all but a small proportion of the vertices of Qf, and are “sufficiently significant” with respect
to every large set of directions, while not being “too significant” with respect to any given
direction.

By analogy with the notation introduced before lemma given any ¢ € N, any
S C D(Q") and any copy C of Q¢ with C C Q", we define the significance of C in S as
o(C,S) = |D(C) n S|. Similarly, given any set C of ¢-dimensional cubes in 9", we define
the significance of Cin S as o(C,S) := ZCee o(C,S). We also denote X(C, S,t) :={C € C :
o(C,S) > t}. Given any x € {0,1}" and any Y C Nyn(x), we denote C,(Y) := {C € C :

dist(x,C) = 1,V(C)NY # @}. In particular, we will write C, := C,(Ngn(x)).

Theorem 2.6.6. Let¢,8,a,3 € (0,1) and K,€ € N be such that 1/¢ < a < f3. For each
x € {0,1}", let Ay(x) := Ngn(x) and, for each i € [K], let A;(x) C Ay(x) be a set of size
|A;(x)| > Bn. Then, the graph Q! a.a.s. contains a collection € of vertex-disjoint copies of Q°

such that the following properties are satisfied for every x € {0,1}":
M1) |[Ae(x)N V(€)= (A —S)n;

(M2) for every é € D(Q™) we have |Z(Cy, {€},1)| = O(nl/Z)’.
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(M3) foreveryi € [K]|,and every S C D(Q") with an/2 < |S| < an we have

IZ(Cx(Ai(x)), S, €Y)| > |A;(x)|/3000.

Proof. Letny,k € N and ¢’ > 0 be such that 1/ny < 1/k < ¢ <« 1/¢,8, and let n > n,.

Let H := H,(QF). Observe that, with the notation from lemmas[2.5.8/and [2.5.10} for any

x €{0,1}",y € Ay(x), S C D(Q") and t € R we have that dg(x) = dg?(x) anddy s x(y) =

dgg,s,t,x(y)- Let Dl = 82€_1€I’l€/€!.

Claim 2.2. We a.a.s. have that, for every x € {0,1}"* and every S C D(Q") with |S| > an/2,
(C1) |{y € B%(x) : dg(y) # (1 + O(n~Y8)D,}| < n”/3, and

(C2) fy € Ap(x) : dys.012x(y) <Dy/2}| < 034

Proof. [[C1)|holds a.a.s. by remark[2.5.9)applied with a = 7/8 and 2¢ playing the role of r.
[(C2) holds a.a.s. by applying lemma[2.5.10|with a = 3/4 and a/2 playing the role of 5. <«

Now, we condition on [(C1) and [(C2) and will show that there exists a collection € of

vertex-disjoint copies of Q% in QF satisfying as desired. In order to do this, we
would like to apply lemma[2.6.5/to H with a = 7/8 and D = D,. However, H does not satisfy
all the required properties. It is worth noting that it does satisfy [(P4)|and which follow
immediately from (2.4). The argument now will be to modify H slightly so that lemma[2.6.5

can be applied, independently of the choice of x € {0,1}"*, and then iterate.

Claim 2.3. There exists H; C H which satisfies with 7/8, Dy, 1, 1/2 and a/2 playing

the roles of a, D, y, c and &, respectively, for every x € {0,1}" and every value of k > €.

Proof of Claim[2.3] We construct H; by removing from H all vertices y € {0, 1} such that
dy(y) # (1 + O(n~V3))D,. We first need to show that this deletion does not substantially
decrease the degrees of other vertices. In fact, we claim that, for any y € {0, 1}",

(2.27) if dg(y) = (1 £ O(n~8))Dy, then dg, (y) = (1 £ O(n~V8))D;.
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Indeed, consider any vertex y € {0, 1}" which satisfies d;(y) = (1£O(n~"/®))D,. By[(P4)] the
removal of any vertex z such that dist(y, z) > ¢ does not affect the degree of y. Furthermore,
by[(CL)} the number of vertices z € B5n(y) such that dy(z) # (1 + O(n~V®))D; is at most
n”/3. Let Z be the set of all such vertices. By[(P5)} the number of edges incident to y which
are removed because of some fixed z € Z is O(D;/n). By adding over all z € Z, we have that
the number of edges incident to y which have been removed is O(D;n~'/8), and the claim

follows. One can similarly prove that, for any y € V(H;) and any S C D(Q"),
(2.28) if dgr s.0125(¥) > D1/2, then dg, 5 p1125(¥) > (1 — O(n~V8))D, /2.

By (2.27)), we now have that H; satisfies [[P1)|with the parameters stated in Claim [2.3|for
every x € {0,1}". It also follows that[(P2)| holds for every x € {0, 1}" since, by[(C1)} at most
n’/® vertices are removed from the neighbourhood of any vertex in H. Finally, by and
we also have that H satisfies[(P3)|for every x € {0, 1}". <

Therefore, we are in a position to apply lemma 2.6.5] The argument now will be as follows.
In order to prove that a collection of cubes as described in the statement exists, we will take
a random collection of cubes in an iterative manner. We will prove that such a collection
satisfies the desired properties locally with high probability. Then, we will apply the local
lemma to extend the properties to the whole hypergraph. For this, it is important to define

the probability space we are working with.

Fix a vertex x € {0,1}". We now proceed iteratively. Let G; be the graph obtained by
deleting from QF all vertices y € {0,1}" which do not satisfy dg?(y) =1+ 0O0m3)D,.
Note that H; = H,(G;). Leti € [k] and suppose that we have already defined G; and H;,
where H; = H,(G;). Choose a random set of edges E; C E(H;) by adding each edge in E(H;)
to E; independently with probability €'/D;. Then, define H;,, := H; — V(E;). (Observe that
H;,, = Hy(G;y,), where Gy, = G; — V(E;).) Finally, let D;, , := e-@’~D¢'D; and iterate for

k steps.
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The randomized process above defines a probability space on the sequences of outcomes
of each iteration of the process. Formally, the process, when iterated, results in a ran-
dom sequence Ek = (Ey, ..., Ey) of sets of edges of H;. Note that, for each i € [k], the
hypergraph H;,, is uniquely determined by (Ej, ..., E;), and H; does not depend on any
of these sets; thus, the sequence E* encodes all the information about the outcome of
the iterative process. For any i € [k], we will write E! = (Ej,...,E;). We will write
Pro[E;] := P[process outputs E; on input H,| and, for each i € [k] \ {1}, we will write
Pri-1[E;] := P[process outputs E; on input H;] (where H; is determined by E:~1 for alli > 2).
Whenever needed, we will treat E° as an empty sequence. Note that the choice of the pro-
cess in any iteration affects the probability distribution on all subsequent iterations. For
each i € [k]o, let Q! be the set of all sequences E! = (E, ..., E;) such that, for all j € [i],
Pgj-1[E] > 0, and let Q := Qk. Given any w = E¥ = (Ey, ..., E;) € Q, we write @' := E.
Consider any w = EX = (Ej,...,E;) € Q. The probability distribution on the outputs of
the iterative process is given by Pq[w] := H?zl Ppj-1[E;j]. Similarly, the distribution on the
outputs after i iterations of the process is given by Pq:[w!] == Hj.:l Ppj-1[Ej]. Observe that,

given i € [k] and ' € QF, we have that

(2.29) Pl = @'] = Pgi[w'].

In particular, we wish to apply lemma in each iteration of the process. In order to
do so, we will restrict ourselves to a suitable subspace of Q by conditioning (again, in an
iterative way). Let k; := [1/(3¢')], 4 := 1 and ¢; := 1/2. For each i € [k;], we proceed as
follows. Given E'~! € Q=1 (and thus the hypergraph H;), let A;(E'~!) be the event that E;,
E :=={e € E; : enV(E;\{e}) = @}, V[ := V(H;) \ V(E)) and H;,, = H;[V] satisfy [NDH(N5)|
with D;, (k —i+ 1)¢ + 1, ¥, ¢;, € and a/2 playing the roles of D, k, y, c, € and J, respectively

(in all iterations we will use a = 7/8). Then, let 3, := e‘E/yi and ¢;,q := ¢; — €', and iterate.
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Claim 2.4. Foranyi € [k;], let E"1 € Q' be such that H; satisfies |(P1)H(P3)|with D;,

(k—i+1)¢ + 1, y, c; and a/2 playing the roles of D, k, y, c and &, respectively. Then,
i Ci piaying D A%
Ppia[A(EH)] > 1 - e @™,

Proof. This follows immediately from lemma <

This will naturally lead us into applying lemma iteratively. Indeed, in any given
iteration, assume that H; satisfies[PDH(P3) with D;, (k — i + 1)¢ + 1, %, ¢; and «/2 playing
the roles of D, k, y, c and 8, respectively. Note that, for i = 1, by Claim[2.3] these properties
hold for every choice of x € {0, 1}"* (but recall that we have now fixed x). If A;(E~1) holds,
then, because of [[N1), [[N4) and [[N5)| the next hypergraph H; ., satisfies with

D1, (k —i)¢ + 1, %41, ciy1 and a/2 playing the roles of D, k, y, ¢ and &, respectively, so

lemma|[2.6.5/can be applied again.

As discussed above, in order to apply lemmafully in each iteration, we must condition
on the event that certain properties are satisfied after the previous iteration (namely, the
corresponding event A; holds). For each j € [ky],, let Ql = {(Ey,...E) € Q) : E €
A;(E-Y foralli € [j]}. We denote Q, := ol Using Claim it now easily follows by

induction that, for any i € [k,],
(2.30) Polew' € QL] > 1— =0,

Now fix a set of directions S C D(Q") with an/2 < |S| < an. For each i € [ky], let
B;(S) C Q' be the event that |V(Z(E;, (4;(X)), S, €Y3)) N Aj(x)| < €' cfnlA;(x)|/8 for some
j € [K]o- In other words, B;(S) is the event that, in the i-th iteration, [(N6)|fails for S. Let

a;:= max Pgi[w € Bi(S) | @™ =E1] = max Pgii[Bi(S)],

Ei-1gQi-1 Ei-l1eQi-1
bi = max ]PQI[CU S 31(5) n./li(Ei_l) | Ct)i_l = Ei_l] = max ]PEi—l[Bi(S) n./li(Ei_l)],
Ei-1gQi! Ei-leQl-!

¢i:== max Pgi[A(E7Y) | @t =E"1 = max Pgiai[A;(EY)].
Ei-1gQi-1 Ei-leQi-1
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By lemma [2.6.3(N6), for each i € [k;] we have that

bi <aq< e—E’,@n/9OO =d.

Let J(S) be the set of indices i € [k, ] in which B;(S) holds. Note that, for any set J C [k,],
by (2.29) we have that Po[J(S) = T] = Py, [I(S) = JT]. Using the definitions above and

induction on k;, it follows that

f’:]Ple[(j(S):j)/\Q*]SHbi H Ciﬁdm.

ied  i€lk\JI

Let X = X(S) := |7(S)|. By adding over all sets J C [k; ]| with |7| > k;/2, we conclude that

(2.31) P [(X > ki/2) A Q,] < 2K1dka/2 < @=Bn/7000,

Let B C Q"1 be the event that there exists a set S C D(Q") with an/2 < |S| < an such that
the event 3;(S) holds in at least k,/2 iterations. A union bound on (2.31)) over all choices of
S C D(Q™) with an/2 < |S| < an allows us to conclude that P, [B A Q,] < e~©™. Finally,

combining this with (2.29) and (2.30)), we have that

(232) ]PQ[wkl e B] S ]PQ[CUkl e B | C()kl e Q*] + ]PQ[COkl c Q_*] S e_@(nl/Z)-

Now, for all i € [k]\ [k;], we iterate as above with the difference that we no longer require
Thus, we can no longer guarantee that[(N5)|or[(N6)|hold with high probability, but we
still have[(N1)H{(N4)|as above. To be more precise, given any i € [k] \ [k;] and Ei=! € Q!
(and thus the hypergraph H;), let A;(E'=!) be the event that E;, B} := {e € E; : enV(E;\{e}) =
@}, Vi:= V(H;) \ V(E;) and H;,, = H;[ V] satisfy[ND)H(N4)|with D;, (k —i + 1)¢ + 1, ¢’ and
¥; playing the roles of D, k, € and y, respectively. Then, let ;; := e‘E/yi and iterate. Similarly

to Claim[2.4] we can now show the following.
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Claim 2.5. Foranyi € [k] \ [k;], let E*™1 be such that H; satisfies and with D;,
(k — i+ 1)¢ + 1 and y; playing the roles of D, k and y, respectively. Then,

Ppia [A(E)] 2 1 - 700,
Proof. This follows immediately from lemma[2.6.5 <

Now, assume that H; satisfies[(P1)|and[(P2)|with D;, (k—i+1)¢+1 and ¥, playing the roles of

D, k and y, respectively. Note that, for i = k; +1, we have these properties by conditioning on

Ay, (E<1=1). Then, if A;(E'~!) holds, because of (N1){and ((N4), the hypergraph H; , satisfies

[(P1)|and [(P2)|with D;,4, (k — i)¢ + 1 and ., playing the roles of D, k and y, respectively, so
we may apply lemmal[2.6.5/again.

Let A == {(Ey,..,E) € Q : E&1 € Q,nB,E; € A(E-Y) foralli € [k]\ [k]}. By combin-
ing (2.30)), and Claim observe that Pg[A] > 1— e~ por any (Ey, ..., Ey) € A,
let E = Ule E;jand E' := Ule E]. Note that E’ is a matching by construction, that is,
it corresponds to a collection €’ of vertex-disjoint copies of Q¢ in Q%. We will now show
that €’ satisfies for our fixed vertex x. Indeed, [(M1)|and [[M2) hold for x since
(Ey, ..., Ey) € A implies that [[N2) and [N3) hold in each iteration (note that follows

from the case i = 0 of [(N2)). In order to prove [M3)|for x, consider the following. For each
S C D(Q™) with an/2 < |S| < an, there are at least k,/2 iterations i € [k;] in which [(N6)|
holds (for all j € [K],). For each such set S, let 7*(S) C [k, ] be the set of indices of all such

iterations. In particular, for each i € 7*(S) we have that |[V(Z(E; (4;(x)), S, €1/%)) N Aj(x)| >

€' cinlAi(x)|/8 > €'|Aj(x)|/432 for all j € [K],. Furthermore, by|(N1){and|(N2), we know that

the number of vertices of A;(x) covered by E;\ E; satisfies |V(E;\E} )NA;(x)| < 2¢+2(¢')?|4;(x)|,
so [V(Z(E] (4;(x)), S, Y1) NAj(x)| > (1/432 — 2¢+2¢")e’|Aj(x)| for all j € [K]o. By adding
this over all i € 7%(S), we conclude that [V(Z(E(4;(x)), S, €Y/2)) N A;(x)| > |A;(x)|/3000 for
all j € [K],, as we wanted to see.

In order to show that there exists a matching which satisfies simultaneously

for all x € {0,1}", let £(x) be the event that they hold for x. By the above discussion, we
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have that Po[E(x)] < Po[A] < e=©"'") for each x € {0, 1}"*. Furthermore, throughout the
iterative process, the presence or absence in E of any edges e such that dist(x,e) > k€ + 1
does not have any effect on £(x), so £(x) is mutually independent of all events £(y) with

dist(x,y) > 3ké. Thus, by lemma|2.4.6, we conclude that there is a choice of E which satisfies
for every x € {0, 1}". O

2.7. Connecting lemmas and other auxiliary results

The first step of the proofs of theorems[2.1.7/and2.1.8will be to consider a particular partition
of the hypercube into subcubes. The structure of this partition will be used extensively
throughout the rest of the chapter, so we first introduce the necessary notation in the next
subsection. Then, in section 2.7.2] we present the different absorbing structures that we
will need. In section[2.7.3]we prove several results regarding this structure, concerning its
properties in OF and with respect to a reservoir R ~ Res(Q", §). In section 2.7.4 we prove
our connecting lemmas, which provide sets of paths in (sub)cubes which (roughly speaking)

link up pairs of vertices and, together, span all vertices of these (sub)cubes.

2.7.1. Layers, molecules and atoms

Throughout this section, given any two vectors u and v, we will write uv for their concatena-
tion. Consider Q" and some s € N, with s < n. We divide Q" into 2° vertex-disjoint copies of
Q"5 as follows: for each a € {0, 1}*, we consider the set of vertices V, := {av : v € {0,1}"~5},
and consider the graph Q(a) := Q"[V,]. We will refer to each Q(a) as an s-layer of Q" (s will
be dropped whenever clear from the context). Given ¢ < n — s, we will refer to any copy of a
cube Q in one of the s-layers as an ¢-atom (again, € will be dropped whenever clear from
the context).

Fix a Hamilton cycle C of Q°. By abusing notation, whenever necessary, we assume that
the coordinate vector of each vertex of € is concatenated with n — s 0’s. € induces a cyclical
ordering on {0, 1}, which we will label as a,, ..., a,s. In turn, this gives a cyclical ordering on

the set of layers. For each i € [2°], we denote L; := Q(q;). Given an #-atom A in an s-layer
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9(a), we refer to M(A) := A + V(C) as an (s, £)-molecule (again, the parameters will be
dropped when clear from the context). Thus M(A) is the vertex-disjoint union of 25 copies
of Qf. We refer to an (s, 1)-molecule as a vertex molecule and an (s, €)-molecule for ¢ > 1 as
a cube molecule. Observe that, if we label the atoms in a molecule cyclically following the
labelling of the layers, then Q" contains a perfect matching between any two consecutive
atoms where all edges are in the same direction as the corresponding edge in C. Whenever
we work with molecules, we consider this cyclical order implicitly. In particular, whenever
we refer to a molecule M = M(A) = A; U --- U A,s, the cyclical order A; U --- U A,s of
the A; is that induced by €. Given a molecule M(A) = A U --- U A,s, a slice M* C M(A)
will consist of the subgraph of M(A) induced by its intersection with some number of
consecutive layers, i.e. M* = A, U--- UA,,, for some a,t € [25]. Alternatively, given any
a € V(C), any path P C € and any atom A C Q(a), P determines a slice of M(A) by setting
M* = A+ V(P).

Consider i € [2%] and the cyclical ordering of the layers given by € (throughout this
section, we will assume this ordering is given and fixed). Given any subgraph G C Q", we
will often denote the restriction of G to the i-th layer by L;(G), that is, L;(G) := G[V(L;)].
Given any v € {0,1}"*~5, we will refer to the vertex a;v as the i-th clone of v. In general,
when it is clear from the context, we will also refer to the i-th clone of a cube C C Q"5 (as
well as other subgraphs), which, analogously, will be the corresponding copy in L; of C. In

particular, the i-th layer L; is the i-th clone of Q"5.

Consider the fixed ordering of the layers L, ..., L,s of Q" induced by C. If we view these
layers as different subgraphs on the vertex set of Q"~*%, we can define the intersection graph
of the layers I := ﬂl.z;Li (note that I = Q"75) and, for any G C Q", we denote I(G) :=
ﬂil L;(G). Note that, if G C I(G), then there is a clone of G in L;(G), for each i € [25].
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2.7.2. Absorbing structures

As we already discussed in section[2.2} in order to prove our results we will first construct a
near-spanning cycle and then absorb the remaining vertices into this cycle. We will primarily

achieve this by using the following absorbing structure.

Definition 2.7.1 (Absorbing ¢-cube pair). Let £,n € N, and let G C Q". Given a vertex
x € V(Q"), an absorbing ¢-cube pair for x in G, which we denote by (C!, C"), is a subgraph
of G which consists of two vertex-disjoint #-dimensional cubes C!, C" C G and three edges

e,el,e” € E(G) satisfying the following properties:
(AP1) [V(C) N Non(x)| = [V(C) N Non(x)| = 1;
(AP2) el and e” are the unique edges from x to C! and C”, respectively;
(AP3) the unique vertex y € V(C!) N Non(x) satisfies dist(y, C") = 1, and
(AP4) eisthe unique edge from y to C".

We will refer to C! as the left absorption cube and to C” as the right absorption cube. Given
an absorbing #-cube pair (C!, C") we refer to y as the left absorber tip, and to the unique
vertex Z € V(C") N Ngn(x) as the right absorber tip. We refer to the unique vertex z’ € e \ {y}

as the third absorber vertex.

However, again as discussed in section this will not suffice to absorb all vertices in
the proof of theorem[2.1.8] In particular, there will be vertices of very low degree (as low
as degree 2). We cannot hope to absorb these via absorbing ¢-cube pairs, as they may not
have any neighbours which lie in the cube factor we construct. Thus, we first construct
alternative absorbing structures for these vertices.

To be more precise, in order to absorb a vertex of low degree we will define several paths.
One path will contain the vertex of low degree, while the others are used to compensate the
parities of vertices in this first path. Moreover, the paths will be constructed in such a way

that they end in vertices which can be paired up so that each pair consists of clones of a
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given vertex of the intersection graph I and these two clones lie in a (bonded) cube molecule.
These cube molecules can then be used to connect these paths. It is worth mentioning,
however, that we cannot guarantee that the pairing of the vertices can be done within a
single slice, so we need to alter our approach to deal with this.

Suppose x € V(Q") is incident to one edge with direction a and one edge with direction
b. We will construct three different types of special absorbing structures, to handle the cases
where both, only one, or none of these two edges lie in the same layer as x. Representations
of these three types of special absorbing structures can be found in figure2.2] Let L be the
layer such that x € V(L). Given a path P = x;X; ... x; in Q", we define end(P) := {x;, x;}.

Type 1. Assume that x + a,x + b € V(L). Let f: V(Q") —» V(Q") be defined as follows:
for each i € [2%] and each y € V(L;), if i is even, we set f(y) := y + é;_;; otherwise, we set
f(y) ==y + é;. By abusing notation, for any F C L;, we also consider the graph f(F), where
for each edge e = {y,z} € E(F) we define f(e) := {f(y), f(z)}. Let (c,d,d;,d,,ds,dy) €

(D(L) \ {a, b})® be a tuple of distinct directions and define the following paths in Q":
e B:i=(x+a+d,x+a,x,x+b,x+b+d,);
* B=(f(x+b+dy), f(x+D), f(x +b+0));
e B:i=(x+c+bx+c,x+c+dy);
* B=(f(x +c+dy), f(x +0), f(x), f(x + @), f(x + d + dy));
e R:i=(x+d+dsy,x+d,x+d+a);
e BR:=(f(x+a+d), f(x+a),f(x+a+dy)).

Observe that, for every y € V(B U --- U B), we have that f(y) = f~1(y) € V(B U --- UR).

We say that CS(x, a, b) := (B, ..., B) is an (x, a, b)-consistent system of paths, and let

6
end(CS(x, a, b)) := U end(R).

i=1
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Let (B, ..., B) be an (x, a, b)-consistent system of paths. Let D := {c,d,d,;,d,,ds,ds} C
D(L) be the set of directions such that B, ..., E; are as defined above. Let C := {C}, ..., C;,} be

a collection of vertex-disjoint £-cubes which satisfy the following:
(PL.1) foralli € [12], we have that either C; C L or C; C f(L);
(P1.2) foralli € [6], we have f(C,;) = C,;41, where indices are taken modulo 12;
(P1.3) foralli € [6], Cy;_; contains the first vertex of B, and C5; contains the last vertex of P;
(P1.4) foralli € [12], we have D(C;) N (D U{a, b}) = @.

We say that SA(x, a,b) :== (B, ..., K, Cy, ..., C13) is an (x, a, b)-special absorbing structure.
Finally, given G C Q" and an (x, a, b)-consistent system of paths CS(x,a,b) = (R, ..., E),
we say that CS(x, a, b) extends to an (x, a, b)-special absorbing structure in G if there is a
collection C = {Cy, ..., C;5} with C; C G such that SA(x, a,b) = (B,..., R, C},...,C},) is an
(x, a, b)-special absorbing structure.
Type II. Assume now that x + a,x + b & V(L). Let (d;,d,) € (D(L))? be a pair of distinct

directions and define the following paths in Q":
e Bi=(x+a+d,x+a,x,x+b,x+b+d,);
e Bi=(x+a+b+d,,x+a+b,x+a+b+d).

We say that CS(x, a, b) := (B, B) is an (x, a, b)-consistent system of paths, and let

end(CS(x, a, b)) := end(B) U end(B).

Let (B, B) be an (x, a, b)-consistent system of paths. Let D := {d;, d,} C D(L) be the set of
directions such that B, and B, are as defined above. Let L, L, and L, be the layers such that
x+a+beV(Ly),x+ae€V(L,) and x + b € V(Ly), respectively. Let C := {C;, Cy, C3, C4}

be a collection of vertex-disjoint £-cubes which satisfy the following:
(PIL1) C, C Ly, C, €Ly and Cs,Cy C Lyp;
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(PII.Z) Cl +b= C4 and CZ +a= C3,
(PIL.3) foralli € [2], Cy;_; contains the first vertex of B, and C,; contains the last vertex of B;
(PI1.4) foralli € [4], we have D(C;)) N D = @.

We say that SA(x, a, b) := (B, B, Cy, ..., Cy) is an (x, a, b)-special absorbing structure.

Finally, given any graph G C Q" and an (x, a, b)-consistent system of paths CS(x, a,b) =
(B, B), we say that CS(x, a, b) extends to an (x, a, b)-special absorbing structure in G if there
is a collection C = {C}, ..., C,} with C; C G such that SA(x,a,b) = (B,B,Cy,...,Cy) is an
(x, a, b)-special absorbing structure.

Type III. Finally, assume that x + a & V(L) and x + b € V(L). For each vertex y € V(L),
let f(y) := y + a. By abusing notation, for any F C L, we also consider the graph f(F), where
for each edge e = {y, z} € E(F) we define f(e) := {f(y), f(z)}. Let (dy, d,,d3) € (D(L)\{b})?

be a tuple of distinct directions and define the following paths in Q":
e B:=(f(x+d;+dy), f(x+dy), f(x),x,x +b,x+ b+ d3);
* B=(f(x+b+dy), f(x+Db), f(x+b+d));
e Bi=(x+d,+b,x+d;,x+d; +d,).

We say that CS(x, a, b) := (B, B, B) is an (x, a, b)-consistent system of paths, and let

end(CS(x, a, b)) := end(R) U end(B) U end(B).

Let (B, B, B) be an (x, a, b)-consistent system of paths. Let D := {d;,d,,ds;} C D(L) be
the set of directions such that B, B, and B are as defined above. Let C := {C}, ..., Cg} be a set

of vertex-disjoint £-cubes which satisfy the following:
(PII1.1) foralli € [6], we have that C; C L or C; C f(L);
(PIIL.2) foralli € [3], we have C,; = f(C5;,1), Where indices are taken modulo 6;
(PII1.3) for all i € [3], Cy;_; contains the first vertex of P, and C,; contains the last vertex of P;
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@

Xx+d4d, B s x+a+d R x+b+dy > B
Y, x+d Z;x+d+a x+a x x+b x+c+bi§ x+c x+c+d3L

Type I

i: x+a+b B i:
x+a+b+di+a+b+dy

¥ x

Type 11 Type III

Figure 2.2. A representation of the special absorbing structures. In each case, vertices (or cubes) represented
in vertical lines are clones of the same vertex (or cube) of the intersection graph I, and any
vertices in the same horizontal line lie in the same layer of Q™.

(PII1.4) foralli € [6], we have D(C;) N (D u{b}) = @.

We say that SA(x, a, b) := (B, B, B, Cy, ..., Cg) is an (x, a, b)-special absorbing structure.
Finally, given any graph G C Q" and an (x, a, b)-consistent system of paths CS(x, a,b) =

(B, B, B), we say that CS(x, a, b) extends to an (x, a, b)-special absorbing structure in G if

there is a collection C = {C}, ..., C¢} with C; C G such that SA(x,a,b) = (B, B, B, C, ..., Cg)

is an (x, a, b)-special absorbing structure.

Whenever x, a and b are clear from the context, we will simply write CS and SA instead
of CS(x, a,b) and SA(x, a, b). Given any consistent system of paths CS, we let endmol(CS)
be the set of vertices v € V(I) such that some clone of v lies in end(CS). We write D(CS) to
denote the set of directions D U {a, b} used to define the paths which comprise CS as above.
If CS extends to a special absorbing structure SA, we denote end(SA) := end(CS). Moreover,
we denote by C(SA) the collection of cubes associated with SA. Observe that[(PL4)|

and |(PII1.4)[imply that
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(AS) each cube C € C(SA) is vertex-disjoint from the paths in SA except for the unique

vertex in end(SA) contained in C.

We will sometimes abuse notation and treat CS and SA as graphs; in particular, we will write
V(CS) to denote the vertices of the union of the paths which comprise CS, and V(SA) to
denote the vertices of the union of the paths and cubes which comprise SA, and similarly

for E(CS) and E(SA).

2.7.3. Bondless and bondlessly surrounded molecules and robust

subgraphs

Before moving on, we need to prove several properties about the structures we have defined
so far. Again, due to space limitations, we cannot present the proofs here; we include them
in appendix[A.2]

Given any graph G C Q", we will say that an (s, ¢)-molecule M = A, U --- UA,s C Q",
where A; is the i-th clone of some ¢-cube A C Q"~5, is bonded in G if, for all i € [2%], G
contains at least 100 edges between A; and A; ; whose endpoint in A; has even parity and
at least 100 such edges whose endpoint in A; has odd parity. Otherwise, we call it bondless
in G. Furthermore, given a collection U of (s, #)-molecules in G, we say that M € U is
bondlessly surrounded in G (with respect to U) if there exists some vertex v € V(M) which
has at least n/2¢+>5 neighbours in Q" which are part of (s, £)-molecules of U which are
bondless in G. Both bondless and bondlessly surrounded molecules create difficulties in
applying the rainbow matching lemma (they make it harder to bound the maximum degree
of a certain auxiliary graph, which is one of the required conditions to apply lemma 2.5.5),
which in turn is used to assign absorption structures to vertices. Therefore, it will become

important that we bound the number of each, and show that they are well spread out.

Lemma 2.7.2. Lete > 0and ¢,s,n € N be such thats < n, ¢ < n—sand 1/¢ < €. Then, for

any (s, €)-molecule M C Q", the probability that it is bondless in Q! is at most 25+1-¢2'/4,
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When taking random subgraphs of the hypercube, we will need to guarantee that, given
a vertex in I and a large collection of cubes in I incident to this vertex, some of the cube

molecules given by these cubes are bonded.

Lemma 2.7.3. Lete,y € (0,1)and €,n € Nwith0 < 1/n < 1/¢ < ¢,7, and let s := 10€. Let
x € V(I) and let € be a collection of ¢-cubes C C I such that |C| > yn® and, for all C € €, we
have x € V(C). For each C € C, let M denote the cube molecule of C in Q™. For any graph
G C Q" let

B(G) :=={C € C : M is bonded in G}.

Then, with probability at least 1 — 271", we have |B(QF)| > yn?/4.

Lemma 2.74. Letc € (0,1) and ¢,n € Nwith0 < 1/n < 1/¢ < ¢, and let s := 10¢.
Let M be a collection of vertex-disjoint (s, €)-molecules M C Q". For each x € V(Q"), let

N%(x) == {M € M : dist(x, M) = 1}. Assume that the following holds for every x € V(Q"):

(BS) for any direction é € D(Q"), there are at most ﬁ molecules M € N™(x) such that

é € D(A) for all atoms A € M.

Then, with probability at least 1 — 2-n* for every x € V(Q™) we have that Bgi(x) intersects

1/3

at most n'’> molecules from MM which are bondlessly surrounded in QF.

The following observation will also be used repeatedly.

Remark 2.7.5. Letn,¢ € Nandn,n' € (0,1)with1/n <n' <n. Let x € V(Q™). Let C be a
collection of ¢-cubes C C Q" such that x € V(C) forallC € Cand |C| > nn’. Let D' C D(Q")

be a set of directions with |D'| < n'n. Then, there exists a cube C € Cwith D(C)N D' = @.

As discussed in section [2.2.6] a crucial requirement for the proof of theorem [2.1.8| will
be that vertices of very low degree in Qf',_, are few and far apart. Moreover, we will also
require some more properties about the distribution of these vertices, and that, for all of
them, we can find many candidates for special absorbing structures. We express all this

information in the following definition.
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Definition 2.7.6. Let n,s,¢ € N with 1/n < 1/s < 1/¢, and let ¢1,¢,,y € [0,1]. Fix an

ordering of the layers Ly, ..., L,s of Q" induced by any Hamilton cycle in Q° (as defined

in section [2.7.1). Let G C Q" be a spanning subgraph. For any ¢ > 0, let U(G,¢) :=

{x € V(Q") : dg(x) < en}. Let U C V(Q") be a set of size |U| < 2%2". We say that G is

(s, €,¢€1,€5, 7, U)-robust if the following properties are satisfied:

(R1) U(G,e,) C U.

(R2) For all x € U and every y € B55>/(x) \ {x}, we have dg(y) > yn.

(R3) For all x € V(Q"), we have |U N Bg';f(x)| <1

(R4) For all x € U and any distinct directions a,b € D(Q"), there exists a collection

C(x,a,b) of (x, a, b)-consistent systems of paths in G U {{x, x + a}, {x, x + b}} which

satisfies the following. Let L be the layer containing x.

(R4.I) Suppose x + a,x + b € V(L). Then, there exists a collection D@ (x, a, b) of dis-

(R4.IT)

(R4.IID)

joint pairs of distinct directions ¢, d € D(L) \ {a, b} such that |DP(x, a, b)| > yn
and, for every (c,d) € D@(x, a, b), there is a collection D) (x, a, b, ¢, d) of dis-
joint 4-tuples of distinct directions in D(L) \ {a, b, ¢, d} with |2)(4)(x, a,b,c,d)| >
yn satisfying the following property: for each (c,d) € D®)(x,a,b) and each
(dy,d,,ds,d) € DW(x,a,b,c,d), the (x,a,b)-consistent system of paths
CS(c,d,d;,d,,ds,dy) = (B, ..., ) defined as in sectionbelongs to C(x, a,b).

Suppose x + a,x + b ¢ V(L). Then, there exists a collection D®(x, a,b) of
disjoint pairs of distinct directions d;,d, € D(L) such that |D®(x, a,b)| > yn
and, for every (d;,d,) € D(z)(x, a, b), the (x, a, b)-consistent system of paths
CS(d;,d,) = (B, B) defined as in section [2.7.2]belongs to 6(x, a, b).

Suppose x + a ¢ V(L) and x + b € V(L). Then, there exists a set D(x, a, b) of
directions d; € D(L) such that |D(x, a, b)| > yn and, for every d; € D(x, a, b),
there exists a collection D®)(x, a, b, d;) of disjoint pairs of distinct directions

in D(L) \ {b, d;} with |D®(x,a, b, d,)| > yn satisfying the following property:
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for each d; € D@ (x,a,b) and each (d,,d;) € DP(x,a,b,d;), the (x,a, b)-
consistent system of paths CS(dy, d,,ds) = (B, B, B) defined as in section[2.7.2]

belongs to €(x, a, b).

(R5) Let x; := {0}, x, := {1}", x5 := {1}/"/2l{0}*=I"/2] and x, := {0}I*/2I{1}"*~"/2] Then, for

each i € [4] we have U N B3E!(x;)) = @.

Lemma 2.7.7. Let1/n < 1/s <1/ K¢, K e K&, Ky K 1/rwithn,s,€,r € N. Then,

(D) a.as. G~ Qf),_.is(s,€,¢&1,6,Y, U(G,&1))-robust, and

(ii) given any U C V(Q") with |U| < 252" and any H C Q" which is (s, €, €, €5, ¥, U)-robust,
there exists an edge-decomposition H = H; U --- U H, such that for each i € [r] we have

that H; C H is spanning and (s, €,&,/(2r), &5, /1'%, U)-robust.

Finally, we need that “scant” molecules are not too clustered. (We will later define a vertex
molecule as “scant” —with respect to a graph H and a reservoir R- if one of its vertices v; has
the property that few of its neighbours lie in the i-th clone of R.) Recall that Res(Q", §) was
defined in section[2.5.3]

Lemma 2.7.8. Let0 < 1/n < 1/C K €1,6 < 7,0 < land 1/n < 1/s < 1/¢, where

n,C,s,€ € N. Let H C Q" and U C V(Q") be such that H is (s, ¢, €, €5, Y, U)-robust. Let
U; C V(I) be the set of vertices u € V(I) such that U contains some clone of u. For each
v € V(I) and each i € [2°], let v; be the i-th clone of v, and let M, := {v; : i € [2°]}. Let

R ~ Res(I, 8) and, for each i € [2°], let R; be the i-th clone of R. Let

B:={v e V() : thereexistsi € [2°| with v; ¢ U and ey(v;, R;) < €,0n/4}.

Let &; be the event that there exists some u € V(I) such that |B{% (u) n B| > C. Let &, be the

event that there exists some u € Uy such that |Bf’(u) N B| > 1. Then, P[&; V &] < 1/n.
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2.7.4. Connecting cubes

The hypercube satisfies some robust connectivity properties. The problem of (almost)
covering Q" with disjoint paths has been extensively studied.

In order to create a long cycle, which can be used to absorb all remaining vertices, while
preserving the absorbing structure, we will make use of the robust connectivity properties of
the hypercube. In particular, we will need several results which guarantee that, given any
prescribed pairs of vertices in a slice, there is a spanning collection of vertex-disjoint paths,
each of which uses the vertices of one of the given pairs as endpoints. We will also need
similar results for almost spanning collections of paths, where these paths avoid a given
prescribed vertex. Throughout this subsection we denote by uv the edge between two given
adjacent vertices u and v (instead of {u, v}).

The following lemma will be essential for us. It follows from some results of Dvofak and

Gregor [44, Corollary 5.2].
Lemma 2.7.9. For all n > 100, the graph Q" satisfies the following.

(i) Let m € [25] and let {u;, V}iem be disjoint pairs of vertices with u; #, v; for all i € [m].
Then, there exist m vertex-disjoint paths R, ..., %, C Q" such that, foreach i € [m], Ris

a (u;, v;)-path, and Uie[m] V(R) =v(QnM).

(ii) Let x € V(Q"). Let m € [25] and let {u;, U;}ie[m) be disjoint pairs of vertices of Q" — {x}
such that uy, v, #, x and u; #, v; foralli € [m] \ {1}. Then, there exist m vertex-
disjoint paths R, ...,%, C Q" such that, for eachi € [m], R is a (u;,v;)-path, and

Uiy VB = V@ \ {x}

(iii) Let {u;, v;}ie[z) be disjoint pairs of vertices with u; =, v; for all i € [2] and u; #, u,.
Then, there exist two vertex-disjoint paths R, C Q" such that, foreachi € [2], Risa

(u;, v;)-path, and V(R) U V(B) = V(Q").

We now motivate the statement (as well as the proof) of lemma|2.7.11} which is the main

result of this subsection. We are given a slice M* of a molecule M C Q" which is bonded in
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a graph G C Q". Furthermore, we are given collections of vertices L, R (which are part of
absorbing cube structures), and S (which, when constructing a long cycle, will be used to

enter and leave M™*). More specifically, we have that

« L will have size 0 or 2, and will consist of left absorber tips. If it has size 2, the vertices
will have opposite parities. These must be avoided by our connecting paths, so that we

can make use of the absorbing structures we have put in place (see the discussion in

section [2.2)).

« Rwill consist of the pairs of right absorber tip and third absorber vertex. These must

be connected via an edge with the paths we find.

« Swill consist of a set of pairs of vertices {u, v} with u #, v. Later, when creating a long
cycle, u will be a vertex through which we enter M* from a different molecule, and v
will be the next vertex from which we leave M™* (with respect to some ordering). Each

of our paths will be a (u, v)-path, for some such pair {u, v}.

In order to find our paths, we will call on lemma To illustrate this, suppose M*
consists of the atoms Ay, ..., A;, for some ¢t € IN. Suppose that S = {u, v} with u € V(A;) and
v € V(A;). Furthermore, suppose that L, R = @. To construct a path from u to v, we will
first specify the edges used to pass between different atoms. For all k € [t — 1], we choose
an edge v£u£ +1 from Ay to Aj,q, thus v,Tc #p u£ +1- For technical reasons, we aim to have all
the vertices u,Tc +1 of the same parity as u. We can then apply lemma to find a path from
u£ 4 to v,T( +1 Which covers all of V(Ay,,). Together with the edges v£u£ +1- all these paths
will form a single path from u to v which spans V(M*). In the more general setting where
u € V(A;) and v € V(A with 1 < i < j <, the (u, v)-path we construct would first pass
down to A, then up to A, and, finally, back down to .A;.

When L # @, due to vertex parities, the following issue can arise. Suppose L = {x, y} with
x € V(Ay), u € V(A,),y € V(A3) and v € V(A;) for some j > 3 (and R = @). Furthermore,
!

suppose that both u and x have odd parity. In line with the above description, the vertex u;,

through which we enter A, would have odd parity. It follows that, since x also has odd parity,
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we cannot hope to construct a path which starts at u{ and covers all of V(A;) \ {x}. The
solution will be instead to pass up to A3 first (and, in general, to whichever atom contains y).
Recall that, since x has odd parity, y must have even parity. We specify a vertex u; of odd
parity, through which we enter A3, but then also specify a vertex Ugl, of odd parity from which
we will leave A5 to reenter A,. We now arrive back in A, with a vertex u% of even parity. We
will specify another vertex U% of odd parity from which we leave A, and a vertex u% of even
parity through which we enter 4;. In this way, we can now apply lemma[2.7.9]to find a path
which starts at u% and covers all of V(A,) \ {x}, and which can be extended into a path from
u to v covering all of V(M*) \ L.

There are several other instances which must be dealt with in a similar way. This is
formalised by lemma[2.7.11] Before proving this lemma, however, we need the following

definition.

Definition 2.7.10 ((u, j, F, R)-alternating parity sequence). Let ¢,s,t,n € N with ¢ < 25
and2 < ¢ <n-—s. LetG C Q" LetM = A; U---UAy C Q" be an (s, ¢)-molecule
and let M* = Ay U -+ U Agyy, for some a € [2°], be a slice of M. Let u € V(A;), for
somei € [a+t]\[a]. Letj € [a+t]\ [a],and let F,R C V(M™). Suppose i < j. Let

Ip={ke[j—ily: |[RNV(Aisr)| = 1}. Assume that the following properties hold:
« Forall k € [j —i], we have that |R N V(A; )| € {0,2}.

« For each k € Iy, the vertices in R N V(A;, ) are adjacent in Q", and we write R N

V(Airr) = {wy, zi} so that wy #, u.
Let 8" = (ug, vy, Uy, ..., Uj_j, Uj—;) be a sequence of vertices satistying the following properties:
(PO) If u € R, then u, := wy; otherwise, u, = u.
(P1) For each k € [j — i] we have that u =, u.
(P2) For each k € [j — i] we have that v, € V(A k_1), Ux € V(A;4r) and vy € E(G).
(P3) The vertices of 8’ other than u, avoid F U R.
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A (u, j, F, R)-alternating parity sequence S in G is a sequence obtained from any sequence
8’ which satisfies as follows. For each k € Iz n[j — i], replace each segment
(Vg ug) of 8" by (Ug, U, Wi Zi)-

The case i > j is defined similarly by replacing each occurrence of [j — i] and [j — i],

in the above by [i — j] and [i — j]y, and each occurrence of A;,, and A;,,_; by A;_; and

Aik+1-

Given an alternating parity sequence S, we will denote by S~ the sequence obtained from

8 by deleting its initial element.

Lemma 2.7.11. Let n,s,¢ € N be such thats > 4and 100 < ¢ < n—s. LetG C Q"
and consider any (s, €)-molecule M = A U --- U Ays C Q" which is bonded in G. Let
M*=Azi1U - UAgys for some a € [25] and t > 10, be a slice of M. Moreover, consider the

following sets.

(C1) Let L C V(M*) be a set of size |L| € {0,2} such that, if L = {x,y}, then x € V(A;) and

Yy EV(A)withi# jand x #, y.

(C2) Let R C V(M*) \ L be a (possibly empty) set of vertices with |R| < 10 such that, for
allk € [a + t] \ [a], we have |IR N V(Ay)| € {0,2} and, if |[R N V(Ay)| = 2, then

RN V(Ay) = {wy, 2i} satisfies that wy .z, € E(M*) and, if |L| = 2, then k & {i, j}.

(C3) Letm € [14] and consider mvertex-disjoint pairs {u,, U }.e[m), whereu,, v, € V(M*)\ L
and u, #, v, for allr € [m], such that, for each r € [m], we have u, € V(A; ) and
v, € V(A; ). Assume, furthermore, that for each t' € [t] we have that | Ure[m] {u,, v} nN

V(‘Aa+t/) an S 1.

Then, there exist vertex-disjoint paths R, ..., P, C M* U G such that, foreachr € [m], P isa
(uy, v,)-path, Ure[m] V(R) = V(M*) \ L, and every pair {wy, 2} with k € [a + t] \ [a] is an

edge of some 2.

Proof. By relabelling the atoms, we may assume that M* = A; U --- UA;. Let S == {u,, v, :

r € [m]}. By relabelling the vertices, we may assume that i, < j, for all r € [m] and (if
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L#@)i<j.Letlp:=={ke[t] : LNV(Ay) # L Ig:={k €[t] : RnV(A)NS # @&}and
R*:=R\ UkeIR V(Ay). Note that I} = @ orI; = {i, j}and I; N Iz = @. For each r € [m],
let Iy == {k € {i,, j,} : RnV(AL) n{u,,v,} # @}, so that I = U:"zllﬁ. Without loss of
generality, we may also assume that, for each r € [m], if u, € R, then u, = Zi,s and if v, €R,
then v, = wj . Similarly, for each k € [¢] \ Ig, if R N V(Ay) = {wy, 2}, we may assume that
Wy Fp Uy

For each r € [m], we will create a list £, of vertices. We will refer to £, as the skeleton for
%. We will later use these skeletons to construct the vertex-disjoint paths via lemmal[2.7.9]
For each r € [m], we will write L}. for the (unordered) set of vertices in £,. In order to
construct each £,, we will start with an empty list and update it in (possibly) several steps, by
concatenating alternating parity sequences. Whenever £, is updated, we implicitly update
L;. In the end, for each r € [m] we will have a list of vertices £, = (xi,..., X} ). For each
r € [mland k € [t], letI(k) = {h € [¢, — 1] : 2 4 hand x},,x},,; € V(Ap)}. We will
require the £, to be pairwise vertex-disjoint. Furthermore, we will require that they satisfy

the following properties:

(£1) For all r € [m] we have that ¢, is even.

(£2) Forallr € [m] and h € [¢, — 1], if h is odd, then x},, x}, . ; € V(Ay), for some k € [t];

if h is even, then x;,x}, ., € E(G U M™).
(£3) Forall k € [t] we have that 1 < |I;(k)| < 6 and |[(k)| < 1forallr € [m] \ {1}.

(£4), Foreachk € [t]\(ILUlg)and each h € I (k), we have x}, #, x;,,,. Foreach k € I UIy,
for all but one h € I, (k) we have x;, #, x},,,, while for the remaining index h € I;(k)
we have that x;, =, x;,,, and their parity is opposite to that of the unique vertex in

LN V(Ay) if k € I and to that of the unique vertex in {wy, zi} N {uy, v }if k € Ih.

(£4), Foreachr € [m]\ {1}, the following holds. For each k € [t] \ Iz and each h € I,(k),
we have xj, #, xp,,,. For each k € IF, for all but one h € I,(k) we have x}, #, x}, .,
while for the remaining index h € I,(k) we have that xj, =, x},,; and their parity is

opposite to that of the unique vertex in {wy, zx} N {u,, v, }.
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(£5) For each r € [m], we have the following. If u, ¢ R, then u, = x{. If v, ¢ R, then
Uy = xp . Ifu, € R(and thus u, = z; ), thenw; = xjandu, € LU---UL;,. Ifv, €R

(and thus v, = wj,), then g;, = x; and v, & L7 U -+ U Lj,,.
(£6) Every pair (wy, i) with {wy, z;} C R* is contained in £; and g, directly succeeds wy.

We begin by constructing £;. Let £; := @andletF := LURUS. Ifi; = 1 and
R*NV(A;) = {wy, z;}, then let 8; := (u;,w;,z;)- If iy = 1 and u; € R, then let 8; := (u).
Otherwise, let 8; be a (13,1, F, (RN V(A;,)) U (R* N V(A,)))-alternating parity sequence. Let
L, := 8;. Note that the existence of such a sequence 8, is guaranteed by our assumption
that M is bonded in G. To see this, note that all edges of G required by 8, (that is, the pairs
{Uk, ux} in definition 2.7.10) need to be chosen so that they do not have an endpoint in F;
given any particular pair of consecutive atoms, this forbids at most 30 edges between these
two atoms (26 because of S and 4 because of L U R).

We will now update £;. While doing so, we will update F and consider several alternating
parity sequences. The existence of each of these follows a similar argument to the above. For
any given pair of consecutive atoms, every time we update F, the set of forbidden edges will
increase its size by at most 3. We will update F at most four times, so F will forbid at most 42
edges between any pair of consecutive atoms. Thus, by the definition of bondedness, each

of the alternating parity sequences required below actually exists.

Let ui be the last vertex in £;. Note that ui =p u; by definition 2.7.10(P1), We update F

as F := F U L}. For the next step in the construction of £;, there are three cases to consider,
depending on the size of L and, if |L| = 2, the relative parities of x and u;. If i; = 1 and
u; € R, let R® := R* U {wy, 7; }; otherwise, let R® := R*.

Casel: L =@.
Let 8§, be a (u{, t, F, R®)-alternating parity sequence. If i; = 1 and u; € R, update £; as
L1 = 8,. Otherwise, update £, as £, := £;8; . Update F := F U Lj.

Case 2: |[L| = 2 and x #, u;.
Let S, be a (ui, i, F,R®)-alternating parity sequence. If i = 1 and u; € R, update £; as

L, = 8,. Otherwise, update £, := £,8; . Update F := FULj. Choose any vertex u; € V(A;)
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with uj #, u;, and let 85 be a (u], j, F, R®)-alternating parity sequence. Update £, := £;83
and F := F U L}. Let v~ be the final vertex of S,, and let v* be the second vertex of ;. Note
that v~ and v* appear consecutively in £; and that v~ =, v* =} u; #, x. Finally, choose
any vertex u;° € V(A;) with uj" =p U, let S, be a (ujf", t, F,R®)-alternating parity sequence,
and update £, := £,;8; and F := F U Lj. Let w™ be the final vertex of 83, and let w* be
the second vertex of S,. We then have that w™ and w™* appear consecutively in £, and
w- =

p W #, ¥,u;. Moreover, the final vertex uI of £, satisfies uI =p Uy.

Case3: |[L| =2and x =p u;.
Let S, be a (u{, Jj, F, R®)-alternating parity sequence. If i; = 1 and u; € R, update £, as
Ly = 8,; otherwise, update £, = £,8;. Update F := F U Lj. Next, let ui € V(A;) be
a vertex with uj’ #, u; and let S; be a (uj‘, i, F, @)-alternating parity sequence. Update

Ly := L83 and F := F U L. Finally, let uj € V(A;) be a vertex with u} =, u; and let

p
Ssbea(ui,t,F,R* n U;c=j+1 V(Ay))-alternating parity sequence. Update £, := £;8; and

F:=FUL.

In each of the three cases, let uI denote the last vertex in £;. Note that, by defini-

tion , we have uI =p U, and recall that v; #; u;. Let 85 be a (uI,jl,F, D)-
alternating parity sequence. Update £; := £,85 . Again by definition [2.7.10(P1), we have

P
L, = L4(zj,); otherwise, update it as £, := L;(v;). Observe that £, satisfies (L£3),
[(£4),,|(£5)[and |(£6)|for the case r = 1 by construction.

that the final vertex u* of £, is such that u* = uI =p Uy #p U1 Finally, if v; € R, update

We now construct £, for all r € [m] \ {1}. For each r € [m] \ {1}, we proceed iteratively as

follows. Let £, :=@and F,:=LURUSUJ v Let 8" be a (uy, j, B, RN V(A,;))-

r'e[r-1]
alternating parity sequence and update £, as £, := 8". If v, € R, update £, := £,(z;,);
otherwise, update £, := £,(v,). Note that each sequence 8" requires the existence of at
most one edge of G, which has to avoid F,, between any pair of consecutive atoms of M*.
In a similar way to what was discussed above, at most three choices of such edges can

be forbidden every time we add a new alternating parity sequence to F. Since for each

r € [m] \ {1} we consider one new sequence, by the time we consider F,,, we have increased
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the number of forbidden edges by at most 3(m — 1) < 39. This gives a total of at most 81
forbidden edges and, thus, the existence of the sequences 8" is guaranteed by the assumption

that M is bonded in G. Moreover, the lists £, ..., £, now satisfy

We are now in a position to apply lemma(2.7.9| For each k € [t], let ¢}, := Zre[m] |I.(kK)|-

Furthermore, for any r € [m] and k € [t], for each h € I,(k), we refer to the pair x}, x},, ; asa

matchable pair. By[(£3)|[(£4),}[(£4),]and lemma[2.7.9(i)| each atom A, with k € [¢]\(ILUIR)

can be covered by ¢, vertex-disjoint paths, each of whose endpoints are a matchable pair

contained in Aj. Similarly, by[(£3)} [(£4),} [(£4),]and lemma[]2.7.9(ii)} each atom A with

k € I U I contains ¢ vertex-disjoint paths, each of whose endpoints are a matchable pair
in A, such that the union of these t; paths covers precisely V(A) \ (L U (S N R)). (Recall
that by[(C2)|and [(C3)|the set V(A) N (L U (S N R)) consists of a single vertex if k € I U I.)
For each matchable pair x}, X}, ; in Ay, let us denote the corresponding path by gﬁ’xﬁﬂ‘

The paths A, ..., %, required for lemmaf2.7.11|can now be constructed as follows. For each
r € [m], let 2. be the path obtained from the concatenation of the paths ﬂgcz,xzﬂ, for each
odd h € [¢,], via the edges x},x},,, for h € [¢, — 1] even. By if 2 does not contain u,,
then % starts in wj,, and u, does not lie in any other path; therefore, we can update % as
% = u,R. Similarly, if & does not contain v,, then % ends in z;, and v, does not lie in any

other path, and thus we can update . as % := Ru,. It follows that Ure[m] V(®R)=V(M*)\L,

and thus the paths 2 are as required in lemma|2.7.11 [

We also need the following simpler result. Its proof follows similar ideas as those present in
the proof of lemmaf2.7.11} For the sake of completeness, we include the proof of lemma|2.7.12

in appendix[A.3] We point out here that lemma is only needed for this proof.

Lemma 2.7.12. Let n,s,f € N besuchthat4 < sand100 < € < n—s LetG C Q"
and consider any (s, €)-molecule M = Ay U --- U Ays C Q" which is bonded in G. Let
M*=Agp1U - UAgys for some a € [25] and t > 10, be a slice of M. Moreover, consider the

following sets.
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(C'1) Let L C V(M™) be a set of size |L| € {0, 2} such that, if L = {x, y}, then x € V(A;) and
y € V(A)), withi # jand x #; y.

(C'2) Let R C V(M™) \ L be a (possibly empty) set of vertices with |R| < 10 such that, for
allk € [a + t] \ [a], we have |IR N V(Ay)| € {0,2} and, if |[R N V(Ay)| = 2, then
RN V(Ay) = {wg, 2} satisfies that wiz, € E(M*) and, if |L| = 2, then k & {i, j}.

(C'3) Consider two vertex-disjoint pairs {u,, Uy}ye[o) With uy, uy € V(Agy1) \ Land vy, 0, €

V(Ag4e) \ Lsuch that uy #, up, Uy #p Uy, Uy =p Uy, and [{uy, up} NR|, [{v3, 0} NR| < 1.

Then, there exist two vertex-disjoint paths R, 5B, C M* U G such that, for each r € [2], %
is a (u,, v,)-path, V(R) U V(B) = V(M*) \ L, and every pair of the form {wy,z;} C R with

k € [a+t]\ [a] is an edge of either R or .

2.8. Proofs of the main results

In this section we combine all the tools we have developed so far to prove theorems[2.1.5]

and For the proofs of theorems|2.1.1}[2.1.2|and [2.1.7, please see [34]. Theorem [2.1.8

actually follows from a slightly more general result (see theorem [2.8.1 below). We first prove
the result for the property of being Hamiltonian, and then use this to prove the general
result. To state the result, we need the following notation.

Given any integers s < n, we say that d € D(Q") is an s-direction if its only non-zero
coordinate is one of the first s coordinates. Given a graph F C Q", aset U C V(Q") and
¢,s € N, we say that F is (U, ¢, s)-good if, for each x € U, the set Ep(x) := {e € E(F) :
e N Non(x) # @} satisfies that, for each d € D(Q") which is not an s-direction, we have
|{e € Er(x) : D(e) = d}| < n/¢. Thus, a graph is good if locally the directions of its edges
are not too correlated (ignoring s-directions). The goodness of the “forbidden” graph F below

will be needed when finding the special absorbing structures (see Step 11).

Theorem 2.8.1. Let0 < 1/ < g K&, K<y <land1/¢ < n,1/c <1, with€ € N. Let

s:=10¢ and n € N. Then, there exists ® € N such that the following holds.
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Let HC Q" and U C V(Q") be such that His an (s, ¢, €1, €5, ¥, U)-robust subgraph, and let

Q ~ Qp. Then, a.a.s. thereis a (U, €2, 5)-good subgraph Q' C Q with A(Q’) < ® such that
o forevery H' C Q", where dg/(x) > 2 for every x € U, and
o forevery F C Q" with A(F) < c® which is (U, €, s)-good,

we have that (HU Q) \ F) U H' U Q' contains a (U, £?,s)-good Hamilton cycle C such that,

forall x € U, both edges of C incident to x belong to H'.

Note that theorem [2.8.1} together with lemma[2.7.7} directly implies the case k = 2 of
theorem [2.1.8|(by choosing H in theorem [2.1.§|to play the role of H’' in theorem and
F to be empty). In fact, in section 2.8.2] we will use theorem [2.8.1] to prove theorem[2.1.8
in full generality. For this derivation, we will need the stronger conditions imposed in the
statement of theorem 2.8.1] More precisely, the formulation of theorem [2.8.1]involving a
“forbidden” graph F and a “protected” graph G’ is designed to make repeated applications of
theorem [2.8.1| possible in order to take out k edge-disjoint Hamilton cycles. When finding
the i-th Hamilton cycle, the protected graph will contain all the essential ingredients for
this, while the forbidden graph will contain all previously chosen Hamilton cycles as well
as the protected graphs for the entire set of Hamilton cycles. We prove theorem [2.8.1|in

section 2.8.1] and then prove theorems[2.1.5and [2.1.8]in section2.8.2}

2.8.1. Hamilton cycles in robust subgraphs of the cube

Proof of theorem[2.8.1] Let1/D,8' < 1,lete; <&, < y,8" <1, and let

0<1l/ny<«d,Ax1/¢<x1/k*,a < p,1/S" < 1/c,1/D,n,¢€,,6,

where ng, ¢, k*,S’, D € N. Our proof assumes that n tends to infinity; in particular, n > n,.
Let @ := 60¢* and ¥ := c®.
Observe that Q"[{0,1}° x {0}"~5] = OF contains a Hamilton cycle. We fix an ordering

of layers L, ..., L,s of Q" induced by this Hamilton cycle. Recall that we consider the
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intersection graph I and, for any G C Q", the graph I(G) can be seen as the “intersection” of
the subgraphs that G induces on each layer. For each layer L and each G C I, we denote by G,
the clone of G in L. Recall that, for any € € [0, 1], we have I(QF) ~ Q;;S . We will sometimes
write Gy for the subgraph of I where, for each e € E(I), we have e € E(G;) whenever G
contains some clone of e.

Let U be as in the statement of theorem [2.8.1] In particular, U(H,e;) € U by[(R1)} Let
U; C V(I) be the set of vertices x € V(I) such that there is some clone x’ of x with x" € U.
Note that, by property [[R2)] for each x € Uj, there is exactly one clone x' of x with x’ € U.

For each i € [8], let; := /8 and G; ~ Oy, where these graphs are chosen independently.
It is easy to see that Uigz1 G; ~ Qg, for some 1’ < 7, so it suffices to show that a.a.s. there is
a (U, €2, s)-good subgraph Q' C U?:I G; with A(Q") < @ and such that, for every H' C Q",
where dy/(x) > 2 for every x € U, and every F C Q" with A(F) < ¥ which is (U, ¢, 5)-good,
the graph ((HU U?zl G;))\F)UH'UQ’ contains a Hamilton cycle of the form in the statement

of the theorem. We now split our proof into several steps.

Step 1. Finding a tree and a reservoir. Consider the probability space Q := QZZ‘SS X

1
Res(Q"~%,6") (with the latter defined as in section [2.5.3)), so that, given R ~ Res(1, "), we
have that (I(G;), R) ~ Q. Let & be the event that there exists a tree T C I(G;) — (R U By (Uy))

such that the following hold:
(TR1) A(T) < D,
(TR2) for all x € V(I) \ B¥(U;), we have that |N;(x) N V(T)| > 4(n — 5)/5.

Note that, by for all x,y € U; we have that dist(x,y) > yn/2. Furthermore, by
we have that, if we see x; := {015, x, := {1}"75, x5 := {1}[("=9)2l{gyn—s—[(n=9)/2] apnq
x4 = {0)(n=9)211jr=s=[(n=9)72] 55 vertices of I, then U; N B{(x;) = @ for all i € [4]. Thus, it
follows from theorem , withn —s, D, &', 1/5, n%s, y/2, 5 and U; playing the roles of n,

D, 8, ¢, ¢, ¥, k and A, respectively, that Pq[&;] = 1 — o(1).
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Step 2. Identifying scant molecules. For each v € V(I), let M, denote the vertex
molecule of all clones of v in Q". We say M, is scant if there exist some layer L and some
vertex x € V(M, N L) \ U such that eg(x,Ry) < £,6'n/10, where Ry, is the clone of R in L.
Let &, be the event that there exists some x € V(I) such that there are at least S’ vertices
v € B}%(x) with the property that M, is scant. Let &5 be the event that there exist x € U;
and v € B7¢(x) such that M, is scant. It follows from lemmawith S" and &’ playing the
roles of C and & that Pg[&, V &;] = o(1). Let £ == & A &, A &;. Then, Po[EF] =1 — o(1).

Condition on &} holding. Then, there existasetR C V(I)andatree T C I(G;)—(RUB;(Uy))

such that the following hold:

(T1) A(T) < D:

(T2) forall x € V(I) \ B{(U;), we have that |[N;(x) N V(T)| > 4(n — s)/5;
(T3) for every x € V(I), we have |{v € B}%(x) : M, is scant}| < S’, and
(T4) for every x € U; and every v € B?¢(x), we have that M, is not scant.

Recall this implies clones of T and R satisfying exist simultaneously in each layer
of G;.

Step 3: Finding clustered robust matchings for each molecule. Recall from sec-
tion [2.2.5that we will absorb vertices in pairs, where each pair consists of two clones x’, x”
of the same vertex x € V(I). In this step, for each x € V(I) and for each set of clones of x
that may need to be absorbed, we find a pairing of these clones so that we can later build
suitable absorbing £-cube pairs for each such pair of clones.

We now partition the set of layers into sets of consecutive layers as follows. Let

(2.33) q := 210Dk and t:=2%/q.

Jja
i=(j-1)q+1
§;(M) == S; N M. We denote by S(M) the collection of all these slices of M.

For each j € [t], let S = L;. Given any molecule M, we consider the slices
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Let V. C V(I) be the set of all vertices x € V(I) such that M, is scant. In particular,
bywe have that Vi, N U; = @. Recall G, ~ Q7 . Foreachv € V(I) \ (Vs U Up), we
define the following auxiliary bipartite graphs. Let H(v) := (V(M,), Ny(v), Ef;), where Ey
is defined as follows. Consider v’ € V(M,) and let IV be the layer which contains v’. Let
w € Ny(v), and let w; v be the clone of w in v Then, {v', w} € Ep if and only if w € R and
{V',wyv} € E(H). Note that dy(,y(v') > €,8'n/10for allv” € V(M) since M, is a not a scant
molecule and does not contain any x € U. Similarly, we define G,(v) = (V(M,), Ny(v), Eg,),
where {V', w} € Eg, if and only if {v', w; ./} € E(G,).

For each v € U}, we also define two such auxiliary graphs. Let H(v) = (V(M,), N;(v), Efp),
where Ej; is defined as follows. As above, consider v’ € V(M) and let I’ be the layer which
contains v’. Let w € Ny(v), and let w;» be the clone of w in v, Then, if v" € U, we add
{v',w} to Ej; (these can be seen as purely auxiliary edges, and we will ignore their effect
later). Otherwise, {v',w} € Ej; if and only if w € R and {v', w; .} € E(H). In particular,
dpw)(V') > ,6'n/10 for all v € V(M) since M, is a not a scant molecule. As above, we
define G,(v) = (V(M,), Ni(v), Eg, ), where {v', w} € Eg, if and only if {v", w; ./} € E(G,).

For every v € V(I) \ V. and every slice § € S(M,), note that the partition of V(8) into

vertices of even and odd parity is a balanced bipartition. Define the graph FE(U),GZ(U)(V(MU))

as in section [2.5.1} Note that, by definition, we have that V(Fg(v),Gz(v)(V(MU))) = V(M,).

Furthermore, by definition,

(RM) given any w,, w, € V(M,), we have that {w;, w,} € E(Fg(v),cz(u)(V(Mv))) if and only

if | Ngr(v)(w1) N N,y (w3)] = B(n — s) or [Ng, ) (W) N Ngy(wy)| > B(n —s).

For each i € [t], let %;(v) consist of all vertices of V(8;(M,)) of even parity, and let B;(v)
consist of those of odd parity. By applying corollarywith d = 100D, a = £,6'/10, € = 1y,
n=n—-sk=q=2P" g=381t=t G=HM,) and V(8;(M,)) U ...U V(8;(M,)) as a
partition of V(M,), we obtain that, with probability at least 1—279"=$) > 12787 the graph
rg(u),cz(v)(V(Mv)) is 100D-robust-parity-matchable with respect to (Ufz1 A (v), ngl B,(v))
clustered in (V(8;(M,)), ..., V(8;(M}))).
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We would like to proceed as above for scant molecules; however, recall that scant molecules
contain vertices with few or no neighbours in the reservoir, and therefore we must adapt our
approach. For each v € V., we define auxiliary bipartite graphs H(v) and G,(v) as we did for
vertices in V(I) \ (V. U Uy), except that we omit the condition that w € R for the existence of
an edge in H(v). Again, for each i € [t], let 2;(v) consist of the vertices of V(8;(M,)) of even
parity, and let 8B;(v) consist of those of odd parity. By applying corollary[2.5.3|again, we obtain
that, with probability at least 1 — 278", the graph Fg(u),cz(u)(V(Mv)) is 100D-robust-parity-
matchable with respect to (U;:1 A (v), U;=1 B;(v)) clustered in (V(8;(M)), ..., V(8,(M,))).

By a union bound over all v € V(I), a.as. FIg(v),Gz(v)(V(MU)) is 100D-robust-parity-
matchable with respect to (UE:1 A (v), UE:I $B,;(v)) clustered in (V(8;(My)), ..., V(8;(M})))
for every v € V(I). We condition on this event holding and call it £5. Thus, for each v € V(1)
and each set S C V(M) with |S| < 100D which contains as many odd vertices as even ver-
tices, there exists a perfect matching MM(M,, S) in the bipartite graph with parts consisting of
the even and odd vertices of V(M) \ S, respectively, and edges given by T fI(v),Gz(u)(V(Mv))’
with the property that, for each e = {w,,w,} € M(M,,S), if w. € V(8;(M,)) for some
i € [t], then w, € V(8;_1(M})) U V(8;(M,)) U V(8;,11(M,)) (Where indices are taken cycli-
cally). For each v € V(I) \ U}, we denote by M (v) the set of edges contained in the union
(over all S) of the matchings (M, S) (without multiplicity). For each v € U}, we let u(v)
be the unique vertex in M, such that u(v) € U, and we denote by M(v) the set of edges
contained in the union of the matchings (M, S) over all S such that u(v) € S (again,
without multiplicity). Furthermore, for each v € V(I) and each e = {w,,w,} € M(v),
we let N(e) = (Nu(w)(We) N No,)(Wo)) U (N, ()(We) N Nivy(wo)). By [(RM)} we have

IN(e)| > f(n —s) > n/2. Let K := max,ep () |M(v)|. In particular, we have that K < (2;)

Step 4: Obtaining an appropriate cube factor via the nibble. For each x € V(I),
consider the multiset A(x) := {N(e) : e € M(x)}. If |A(x)| < K, we artificially increase
its size to K by repeating any of its elements. Label the sets in 2(x) arbitrarily as 2(x) =

{A;(x),...,Ag(x)}. Thus, if x € V(I) \ V., then A;(x) C Rfor all i € [K].
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Let € be any collection of subgraphs C C I such that C = Q for all C € €. For any vertex
x € V(I) and any set Y C Nj(x), let C,(Y) C C be the set of all C € € such that x ¢ V(C)
and Y N V(C) # @, and let C,, := C,(Ny(x)).

Recall G; ~ Qp and I(G;) ~ Qn”{ss. We now apply theorem [2.6.6|to the graph I(G;), with
3

n%s, a',8/2, B/2, K and ¢ playing the roles of €, a, J, 3, K and ¢, respectively, and using the
sets A;(x) given above, for each x € V(I) and i € [K]. Thus, a.a.s. we obtain a collection
C of vertex-disjoint copies of Q¢ in I(Gs), such that the following properties hold for every

x e V():
(N1) €] = (1 — &)n.
(N2) For every direction é € D(I) we have that [Z(C,,{¢},1)| = o(n'/?).

(N3) Foreveryi € [K]and every S C D(I) with a'(n — 5)/2 < |S| < &'(n — s) we have

IZ(C,(A;(x)), S, €2)] > |A;(x)|/3000 > Bn/6000.

Condition on the above event holding and call it £3.

Step 5: Absorption cubes. For each x € V(I) and i € [K], we define an auxiliary
digraph ® = D(A;(x)) on vertex set A;(x) — {x} (seen as a set of directions of D(I)) by adding
a directed edge from é to ¢’ if there is a cube C" € C,(A;(x)) such that x + é € V(C") and
é’ € D(CT). In this way, an edge from é to ¢’ in D indicates that the cube C" could be used
as a right absorber cube for x, if combined with a vertex-disjoint left absorber cube with tip

X + é'. Observe that, for all é € A;(x) — {x},

(2.34) di @ € [¢].

Furthermore, it follows by[(N3)|that any set S C V(D) with |S| = a’n/2 satisfies

(2.35) es(V(D), S) > £128n/6000 > £1232n.
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Recall that A;(x) = N({x;, x,}) for some {x;, x,} € M(x). Note that x;, x, € M,, and let
IJ be the layer containing x; for each j € [2]. We say that x; and x, are the vertices (or clones
of x) which correspond to the pair (x,i). Let (¢,€') € E(D) and, for each j € [2], let ¢; be the
clone of {x + ¢’, x + & + ¢} in L. It follows that there is a cube C" € C,(4;(x)) such that ¢
connects the clone Cj of C” to the clone of x + &’ in L.

Recall G4 ~ Qy,. Let D' C D be the subdigraph which retains each edge (¢,¢") € E(D) if
and only if the edges e;, e, described above are both present in G,. Note that each edge of D

is therefore retained independently of every other edge with probability n3. By lemma

(2.34) and (2.39)), it follows that ' satisfies the following with probability at least 1 — e~197:

(DG1) for every A C V(D) with |A| = a’n/2 we have do (V) > n3%¢12n, and
I'y veA =D 774

(DG2) for every B C V(D) we have that 3, . dg(v) < ¢|B|.

Recall that ® = D(4;(x)). By a union bound, [[DG1)|and [[DG2) hold a.a.s. for all x € V(I)

and i € [K]. We condition on this event and call it &}.
For each x € V(I) and i € [K], recall that[(RM)|and the definition of A;(x) imply that
|A;(x)] > B(n — 5). Thus, it follows by lemma[2.5.4 with |4,(x)], 2 /B, n33€12/(2a") and ¢

playing the roles of n, a, ¢ and C, respectively, that there exists a matching M"(A;(x)) of size
138°
20172
Next, for each x € V(I) and i € [K], we remove from M"(A;(x)) all edges (¢,¢") €

at least |A;(x)| > n3B3n/(3¢6V%) in D'(A;(x)).

M"(A;(x)) such that x + &' does not lie in any cube of C,(A4;(x)). We denote the resulting
matching by M’(4;(x)). Note that, by [[(N1), we have

(2.36) IM'(A(x))| > n3B3n/(3¢Y2) — 6n > n/¢.

Consider A;(x), for some x € V(I) and i € [K], and let x;, x, be the clones of x which
correspond to (x,i). As before, for each j € [2], let L) be the layer containing x;. Recall

definition[2.7.1)and note that by construction we have the following.

AB1) For each edge (é,¢') € M'(A;(x)), there is an absorbing ¢-cube pair (C!, C") for x in I
g i g p

such that, for each j € [2], the clone (le, C) of (C!, C") in I/ is an absorbing ¢-cube
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pair for x; in H U G, U G3 U G,. In particular, the edge joining the left absorber tip to
the third absorber vertex lies in G,. Moreover, C!,C" € €,(4;(x)) C € and (C!, C")
has left and right absorber tips x + ¢’ and x + ¢, respectively. Furthermore, for each
x € V() \ V., these tips lie in R. We refer to (C, C}) and (C}, C}) as the absorbing

A

£-cube pairs for x; and x, associated with (é, é").

Thus, the graph H U G, U G; U G,, contains at least n/¢ absorbing ¢-cube pairs for each of
the clones x; and x, of x associated with edges in M'(A4;(x)) C D(A;(x)). Moreover, since
M'(A;(x)) is a matching, for each j € [2] these absorbing £-cube pairs for x; are pairwise
vertex-disjoint apart from x;. Furthermore, recall by the construction in Step 3 that, for
each x € V(I) and i € [K], we have x;,x, ¢ U. In particular, this means that we do not
choose absorbing ¢-cube pairs for the vertices in U and, thus, the auxiliary edges at the
vertices in U introduced in the definition of the sets Ej; in Step 3 will never be used. As
discussed before, the vertices in U will instead be incorporated into the Hamilton cycle using

the special absorbing structures introduced in section[2.7.2}

For ease of notation, we will often consider the absorbing #-cube pair (Cl, ChHforxinI
which (CL, €) and (C., C}) are clones of, and use it as a placeholder for both of its clones.
By slightly abusing notation, we will refer to (C!, C") as the absorbing ¢-cube pair associated
with (¢, ¢'). Note, however, that (CL, C") is not necessarily an absorbing ¢-cube pair for x in

I(H U G, U G3 U Gy).

Step 6: Removing bondless molecules. Recall Gs ~ Qg . In this step, we consider the

edges between the different layers.

For each C € C, let M- denote the cube molecule consisting of the clones of C. Let ¢’ C €
be the set of cubes C € € for which M is bonded in Gs. By an application of lemma[2.7.2]
with 5 playing the role of ¢, for each C € € we have that

P[C & €'] = P[M_ is bondless in Gs] < 25+1-7s2'/4 < 2=152/5,
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For each x € V(I), let Ay(x) := Ny(x). For each i € [K],, let E(x,i) be the event that
|Cx(A;(x)) \ €| > n/€*. Since the cubes C € C are vertex-disjoint, the events that the

molecules M are bondless in G5 are independent. Therefore, we have that

n
PE(x, i)] < (

4
(2—7752€/S)n/€ < p-lon,
n/€4>

Let&, := \/er(I) \/l.E[K]0 &(x,1). Byaunion bound over all x € V(I) and i € [K], it follows
that
(2.37) P[&,] <278,

Let G,y C C be the set of all C € € such that M is bondlessly surrounded in G5 (with

respect to {M : C' € €}). For each x € V(I), let £(x) be the event that there are more

than n'/3 cubes C € @y, which intersect Bf*(x). Let & := \/er(I) E(x). By|(N2), we may

apply lemma 2.7.4with 55 playing the role of ¢ to conclude that

(2.38) P[] < 277",

Now let &% := &4 A Es. Tt follows from (2.37) and (2.38)) that &z occurs a.a.s. Condition on

this event.

Let C" := " \ Cy,. For each x € V(I) and each i € [K], let

(AB2) M(A;(x)) € M'(A;(x)) consist of all edges (¢, ¢é') € M'(A;(x)) whose associated absorb-

ing ¢-cube pair (C!, C") satisfies that C", C! € €”.

By combining (2.36) with the further conditioning, it follows that, for each x € V(I) and

eachi € [K],

(2.39) IM(A;(x))| > n/é —n/é* —n'3 > n/e>.
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Consider any x € V(I) and i € [K], and let x;, x, be the two clones of x corresponding
to (x,i). Then, for each j € [2], HU G, U G; U G4 contains at least n/¢? vertex-disjoint
(apart from x;) absorbing ¢-cube pairs for x; such that each of these absorbing £-cube pairs
(C, CT) is associated with an edge of M(4;(x)), and for each C € {C!, C"} the corresponding
cube molecule M is bonded in G5 and (within the collection {Mc/ : C’ € C} of all cube

molecules) M is not bondlessly surrounded in Gs.

Step 7: Extending the tree T. For each x € V(I) \ B (Uy), let Z(x) :== Ni(x) n V(T) n

| ceen V(). It follows by , and our conditioning on the event &£ that, for each
x € V(I) \ B{(U;), we have that

(2.40) |Z(x)| > 4(n — 5)/5 — Sn — n/é* — n'’3 > 3n/4.

Recall Gs ~ QF . We apply theorem [2.5.12{with nZ , 2¢, T, R, B} (U;) and the sets Z(x)
playing the roles of ¢, ¢, T', R, W and Z(x), respectively. Combining this with [(T1), we
conclude that a.a.s. there exists a tree T’ such that T C T’ C (I(Gs) U T) — B7(U;) and the

following hold:
(ET1) A(T) <D +1;
(ET2) for all x € V(I), we have that |B¥(x) \ (V(T") U B(U}))| < n*/4;

(ET3) for each x € V(T") N R, we have that d7/(x) = 1 and the unique neighbour x’ of x in

T' is such that x" € Z(x).

We condition on the above event holding and call it &.

At this point, for each x € V(I) and each i € [K], we redefine the set M(A;(x)).

(AB3) Let M(A;(x)) retain only those edges whose associated absorbing #-cube pair (C!, C")

satisfies that both C! and C” intersect T’ in at least two vertices.
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It follows from (2.39)), [ET2) and [[R3)| that

(2.41) IM(A;(x))| > n/€? —n3* > an/e3.

Step 8. Consistent systems of paths and cubes. Recall G; ~ Q7 . For each v € V(I),
let Gv) = {C CI(G;) : C = Q%v € V(CO)}. Let P := {v € V() : |C(v)| > An’}. By
remark(applied with r = 10 and 52’ playing the role of ¢), the following property holds

a.a.s.
(D1) For every v € V(I) we have |Bf°(v) \ P| < n”/8.

For each v € 2, a straightforward application of lemma [2.7.3) with A4 and C(v) playing
the roles of y and C, respectively, shows that the following holds with probability at least
1 — 27197; there exists a subcollection €'(v) C C(v), with |€’(v)| > An’/4, with the property
that, for every C € C’(v), the molecule M is bonded in G,. By a simple union bound over

all vertices in P, we obtain that the following holds a.a.s.

(D2) For every v € P, there exists a collection €'(v) C C(v) with |€’(v)| > Anf/4 such that,

for every C € €'(v), we have that M is bonded in G;.

Condition on the event that[(D1) and [(D2) hold and call it &;.

We will show that we may extend many of the consistent systems of paths given by[(R4)]
into special absorbing structures. Recall that, since H is (s, ¢, €1, €5, ¥, U)-robust, for every
X € U and each pair of directions a, b € D(Q"), there exists a collection €(x, a, b) of (x, a, b)-

consistent systems of paths in H U {{x, x + a}{x, x + b}} satisfying[[R4)] By[(D1)} for every
x € Uand a,b € D(Q")

(CS) there exists a subcollection €' (x, a, b) C €(x, a, b) which satisfies[(R4)|with y/2 playing
the role of y and such that, for every CS € €'(x, a, b), we have endmol(CS) C 2.

Let L be any layer of Q™. Foreach x € U, let End(x) == | endmol(CS),

a,beD(9n) UCSEQ"(x,a,b)

let End II(x) == | endmol(CS), and let x; € V(I) be such that

a,beD(QM)\D(L) UCSE(S’(x,a,b)
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x is a clone of x;. Given any tree T* C I and any cube C C V(I), we say that C meets T*
it V(C)nV(T*) # @. Recall that, for any y,z € V(I), we denote the set of directions in a

shortest path in I between y and z by D(y, z).

Claim 2.6. For each x € U and each z € End(x), there exists a collection of cubes C"(z) C

C'(z) with |C"(z)| = 20€ which satisfies the following properties.
(i) Every C € C"(z) meets T".
(ii) Forevery C € C"(z), we have D(C) N D(x,z) = @.
(iii) Forevery C;,C, € C"(z), we have V(C;) N V(C,) = {z}.

(iv) Foreach x € U, let C"(x) == | C"(z). Foreach d € D(L) and each x € U,

z€End I1(x)
let a(d,x) :== [{C € C"(x) : d € D(C)}|. Foralld € D(L) and x € U, we have that

a(d, x) < n/é3.

Proof. Fix any vertex x € U. Let m := |End(x)| and m := |End II(x)|, and consider an
arbitrary labelling z;, ... , Z;m» Zm+15 - » Zm Of the vertices in End(x) such that all vertices in
End II(x) come first. Observe that, by the definition of Type II consistent systems of paths
(see section 2.7.2)), we have that m < n. We will now iteratively define the sets €”(z;) for
eachi € [m].

Fixfirstany i € [m], and suppose thata set C"(z;) satisfying the claim is already defined for
all j € [i—1]. LetC"(x,i) := U;ll C"(g;). Foreachd € D(L), leta(d, x,1) = |{C € C"(x,1) :
d € D(C)}|. Let D* :={d € D(L) : a(d, x,i) > n/€3}. Observe that |D*| < 20¢°. Let C"(z;)
be the set of all cubes C € €’(g;) such that C meets T' and D(C) N (D(x7,z;) UD*) = @
(i.e., they satisfy[(i)]and (i) and, if added to the collection, would not violate [(iv)). We claim
that |C”(z;)| > Anf/5. Indeed, observe that dist(x}, z;) < 2 and, thus, the number of cubes
C € C'(z;) such that D(C) N (D(x1, z;) U D*) # @ is at most (206> + 2)n’~!, and, by|(ET2)
and|(R3)} the number of such cubes which do not meet T” is at most n’~2. The bound then
follows by[(D2)|
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We can now construct C”(z;) by obtaining cubes C;(z;), ..., C50.(z;) iteratively. Note that,
for any pair of cubes Cy, C, € €'(z;), we have that z € V(C;)NV(C,). Then,|[(iii)is equivalent

to having that D(C;) n D(C,) = @. For each k € [20¢], we proceed as follows. Let

Dy, == Ul;;ll D(Ci(z;))- Note that |D;| < 20€2 < An/8. Now, applying remark [2.7.5| with

n-—s,z, /5, 4/8 and 2),’c playing the roles of n, x, 7, " and D’, respectively, we deduce that
there is a cube Ci(z;) € €"(z;) with D(Ci(z;)) N Dy = @. By enforcing that (iii) holds, it
follows that each direction is used at most once in the cubes that were added in this step. It
then follows that[(iv)| holds as well.

Consider now any i € [m] \ [m], and suppose that a set C"(z;) satisfying the claim is
already defined for all j € [i — 1]. Let €"(z;) be the set of all cubes C € €'(z;) such that C
meets T’ and D(C) N D(xy,z;) = @ (i.e., they satisfy[(D)] and [(i)). As above, we claim that
|C"”(z;)| > An?/5. Indeed, the number of cubes C € €’(z;) such that D(C) N D(x;,z;) # D
is at most 2n¢~1, and, again, the number of such cubes which do not meet T’ is at most n¢=2.

The bound then follows by[(D2)}

We can now construct €”(z;) as above. For each k € [20¢], we proceed as follows. Let

Dy = US:II D(Cj(z)). Note that |D;| < 20¢% < An/8. Now, applying remark [2.7.5| with

n—s,z,A/5, /8 and D, playing the roles of n, x, 7, n" and D’, respectively, we deduce that
there is a cube Cy(z;) € C"(z;) with D(Cy(z;)) N Dy = @. <

LetJ! : M, where C"(z) are the sets given by Claim and

= Uxeu UzeEnd(x) UCE@”(Z)

let G7 C G, consist of all edges of G; which have endpoints in different layers.

Claim 2.7. J' U G5 is (U, ¢3, 5)-good and A(J' U G3) < 5064,

Proof. In order to see that J* U G5 is (U, €3, 5)-good, observe first that the edges of G5 do not
affect this definition, so it suffices to see that J! is (U, €3, s)-good. By Claim for all
X € U,z € End(x) and C € €"(z) we have that dist(x;, C) = dist(xy, z). In particular, by the
definition of the different consistent systems of paths (see section , it follows that the

only cubes which affect whether J! is (U, #3, 5)-good or not are those of the collection C”(x)
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described in Claim 2.6(iv)] But then, by Claim[2.§(iv)} we have that no direction d € D(L) is
used more than n/#3 times, as required.

Note that A(G3) < s = 104, by construction. We will now show that A(J!) < 45¢4.
Observe that J! does not contain any edges with endpoints in different layers. In particular,
J' consists of clones of the same subgraph of I, thatis IU") = | __,, U,cn a0 Uceer @€
By this observation, it is enough to show that A(I(J1)) < 45¢4.

Recall that, by given any distinct x,y € Uj, we have that dist(x,y) > yn/2. In
particular, by this observation and Claim it follows that, for all x € U;, we have
drny(x) = 0. We also note that, for every z € V(I) for which dist(z, U;) > ¢ + 3, we have
dr1y(z) = 0. Now, fixany x € Ujand z € V(I) such that dist(z, x) = ¢, for some ¢t € [£ +2].
We claim that dyj1y(z) < 2t% - 2062 < 4564,

Suppose first that t = 1. Then, by Claim for every edge e € E(I(J1)) incident with
z, we have e € E(C) for some C € €"(z), and hence d;(j1y(z) < ¢|C"(z)| = 2042, as we
wanted to show. Suppose now that t > 2 and let D(z, x) = {d,, ..., d;}. Every edge e incident
with z must come from the edges of a cube C € €"(w), for some w € End(x). Moreover,
by Claim we must have D(x,w) C D(x,z). As there are at most ¢ + t> < 22
vertices w € V(I) such that D(x,w) C D(x,z) and dist(x,w) € [2], we have have that

dy)(z) < 2t220¢2, which concludes the proof of the claim. <

Step 9: Fixing a collection of absorbing ¢-cube pairs for the vertices in scant
molecules. Recall Gg ~ Q7 . Consider any x € V. and j € [K]. Recall from Step 3
that the tips of the cubes of the absorbing ¢-cube pair associated with a given edge in
M(A;j(x)) may not lie in the reservoir R. Roughly speaking, we will alter T’ so that the tips
are relocated from the tree T’ to the reservoir.

We start by redefining the matchings M(A;(x)) as follows: for each x € V. and each
Jj € [K], remove from M(A;(x)) all edges (¢,¢") such that Np.(x) n{x + &,x + €'} # @. It
follows from (2.41]) and [(ET1)| that, for all x € V. and j € [K],

(2.42) IM(Aj(x))| > 4n/¢*> — D > 2n/¢3.
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For each x € V., each j € [K] and each matching M" C M(A;(x)) with [M’'| > n/e3, let

&'(x, j,M'") be the following event:

for every set B C V(I) with |B| < 2¢TS+t3WKS’, there exists an edge ¢ € M’, whose
associated absorbing ¢-cube pair (Cl, C") has tips x! and x", for which there exists a
subgraph P(¢, B) C I(Gg) —{x!, x"} such that |V(P(€, B))| < 21D/2, V(P(¢,B))NB = @,

and both Ny (x!) and Ny (x") are connected in P(¢, B).

For a graph P(é, B) as above, we will refer to x! and x” as the tips associated with P(¢, B),
and refer to (C!, C") as the absorbing #-cube pair associated with P(¢, B). (Recall that, if
€= (6,¢),thenx' =x+éandx" =x+¢'.)

By invoking lemmawith n—s,nz,1/€3, 20+t3WKS’ 2D + 2 and the sets {(x +
é,x+¢):(é,¢)e M'}and (Np/(x + é) U Npi(x + €')) s ¢nemr Playing the roles of n, ¢, ¢, f,
D, C(x) and (B(»,2))(y.,7)ec(x)> respectively, we have that &'(x, j, M") holds with probability

atleast 1 —2750"=9) Let & = A\ &'(x, j,M'"). By a union

XV A jelK] /\M’QM(AJ-(x)) :IM|2n/¢3
bound over all x € V, j € [K] and M’ C M(A;(x)) such that [M'| > n/é3, it follows that
P[EE] > 1—272m,

Condition on the event that g holds. It follows that, for each x € V., j € [K], M’ C
M(A;(x)) with |[M’| > n/¢* and any B C V(I) with |B| < 2¢*S+3WK ', there exists a subgraph
P(x,j,M',B) C I(Gg) with |V(P(x, j, M’, B))| < 21D/2 which avoids B U {x/, x"}, where x!
and x" are the tips associated with P(x, j, M’, B), and such that both Ny (x!) and Ny (x") are
connected in P(x, j, M’, B). Moreover, by choosing P(x, j, M’, B) minimal, we may assume
that it consists of at most two components, and each such component contains either Ny (x!)
or Np(x").

Let ¢ := |V| and let xq,...,x, be an ordering of V.. For eachi € [t], j € [K] and

k € [25*1W], by ranging over i first, then j, and then k, we will iteratively fix a graph

P(x;, j, k, M;

i B, j,k) as above. In particular, this graph will have an absorbing ¢-cube pair

!

with tips xﬁ’ jiand x; ; . associated with it. After the graph P(x;, j, k, M; ; .,

B; j 1) is fixed, so
are these tips. Let J; j x := ([i — 1] X [K] % [2S*'W])U{(, j, k') : (j', k') € [j—1]x[25T1¥]ju

{(,j,k") : k" € [k— 1]} and suppose that we have already fixed P(x;, j', k', Mi',,j,,k,,Bi/,j,,k,)
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forall (i’, j, k') € J; j x such that these P(x;:, j', k', M}, j > Bir jr k) are vertex-disjoint from
each other and from the set {xé, ks xir, i a,j' ,k’) € J, j,k} of tips associated with all
these P(x;/, j', k', M , i1k By, /k/) In order to fix P(x;, j, k, MU o> i,j’k), we first define the
sets B; j x and M; ijk Let M; . j.k be obtained from M(4;(x;)) as follows. Remove all edges
whose associated absorbing #-cube pair (C!, C") satisfies (V(CHu V(C"))n {x kX . ik

(i, j', k') € gijx} # @. Remove all edges (é,é") € M(A;(x;)) such that {x; + é,x; + &} n

V(P(xi/,j’,k’ M;, e Bir i, k) # @ too. Note that, by (2.42)) and |(T3),, it

U(i’ J'kNET; j,
follows that |M xl = n/é3. Let B; j,k be the set of vertices y € B Bt/ 2(xl) such that at least one

of the following holds:
(P1) there exists (i', j', k') € J; jx such thaty € V(P(xy, j’, k’,M{,,j,,k,,Bi/,j/,k/));

(P2) there exists (i', j', k') € J; j x such that y lies in the absorbing ¢-cube pair associated

with P(Xi/,jl,kl, / /k/,B/ ’k’)

Note that |B; j | < 2°*“**WKS’ by (T3)l We then fix P(x;, j, k, M ; 4, Bj j 1) to be the graph
guaranteed by our conditioning on &. Observe that, by the choice of B; j ;, we have that

P(x;, j, k, szk’ B; j 1) is vertex-disjoint from U(l P(xl,,] k', M, ir ks Bir, jr)- We

i1 k’)Eﬂ
denote by (C!(x;, j,k),C"(x;, j,k)) the absorbing €—cube pair for x; associated with

P(x;, j, k,M;

i.j,ko Bi.j.k)- By the choice of M; ; , we have that

(CD) for all (i, j', k") € Ji,j ko Cl(xi,j, k) and C"(x;, j, k) are both vertex-disjoint from
Cl(xy, j', k') and CT(x;r, j', k).

For eachi € [t] and j € [K], let C°(x;, j) = {(Cl(xi,j, k), C"(x;, j, k) : k € [2571¥]}, and

let @ := @ (x;, j). Let P' = {x! : (i, j,k) € [1] % [K] x [2°*'®¥]} and

i,j,k’ l],k
P(x;, j, k, Mj ; o By j ko). Recall that P(x;, j, k, M; j i, B; j ) avoids

U(i,j)E[t]X[K]

P= U(i,j,k)e[t]x[K]x[ZSHqI]

the tips x! ik and x; ; . associated with it. It follows from this, (P2), and the definition of Mj ;

that P’ n V(P) = @. Finally, observe that[(T4)/and the assumption on the size of the graphs
P(x;, j,k, Mj j 1, By j 1) imply that (P U V(P)) N B¥*(U;) = @. Let TV == T'[V(T") \ P"]U P.

Note that T" is connected by the definition of &£'(x, j, M"). Let T” be a spanning tree of T".
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In particular, it follows from the above and the definitions of T'and T’ in Steps 1 and 7 that
(2.43) T" CI(G, U Gg U Gg) — By (Up) € T —Bi(Uy).

By|(ET1)|and the fact that the graphs P(x;, j, k, M} i B, k) are vertex-disjoint and satisfy

|[V(P(x;, j, k’Mi,,j,kaBi,j,k))l < 21D/2, it follows that
(2.44) A(T") < 12D.

Define the (new) reservoir R’ := (RU P") \ V(P).
For each x € V(I) \ Bf(Up), let Z'(x) := Z(x) N V(T") (where Z(x) is as defined in Step 7).
It follows by (2.40) and [(T3)| that

|Z'(x)| > 3n/4 — 4 - 25PKS’ > n/2.

Choose any vertex x € V(I) with dist(x, U;) > 3¢. Again by there are at most
4 . 25TYYKS’ vertices in Z’(x) which lie in cubes of absorbing ¢-cube pairs of €i°. Choose
any vertex y € Z'(x) which does not lie in any of those cubes. Denote the cube C € C”
which contains y by C".

At this point, for each x € V(I) \ V. and each i € [K], we redefine the set M(A;(x)) as

follows.

(AB4) Let M(A;(x)) retain only those edges whose associated absorbing #-cube pair (C!, C")
satisfies that both C! and C” are different from C* and vertex-disjoint from both cubes of
all absorbing #-cube pairs of G5, and both tips x! and x” satisfy that x!, x" € R\ V(P) C

R'.

Note that, by|(T3), we have | Bf *1(x)NV(P)| < 21-2°¥DKS’ and |Bf+1(x)ﬂV(U(Cl Cr)eesc(ClU
) 1

C")| < 4-2¢*SWPKS’'. Combining this with (2.41)) and [(AB1), it follows that

(2.45) IM(A;(x))| > 4n/¢3 — (21D + 4 - 2°)25WKS' — 1 > 2n/63.
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Step 10: Fixing a collection of absorbing ¢-cube pairs for vertices in non-scant
molecules and vertices near U. At this point, it is not yet clear which vertices will need
to eventually be absorbed into the long cycle we construct. For vertices in I which are “far”
from U, we can already determine those which will have clones that will need to be absorbed
(though we cannot yet determine the precise clones). However, for vertices which are “near”
U;, we still cannot say which of them will have clones that need to be absorbed (this depends
on the special absorbing structure which is fixed once the edges of H' are revealed). As a
result, we proceed as if all of the clones of vertices in I near U; will need to be absorbed.
Recall that €” and C” were defined in Step 6. Recall also the notation €, introduced in Step 4.

Let

e"={CeC :V(IONV(I")# @} and Vi =VD\ |J V(C)uBF ).
cee™

We will now fix a collection of absorbing £-cube pairs for all vertices in each vertex molecule
M, with x € V; \ V., except for the vertices of U.

First, recall from |(T3)|that, for all x € V(I), we have that |B{*(x) N V.| < S’. Thus, in
constructing T”, we removed at most 25T2WKS’ vertices in BIZ"(x) from T’. Therefore, it

follows from |(ET2)|that, for all x € V(I), we have

(2.46) 1B (x) \ (V(T") U B (Up)| < 2n¥4.

Forallx € J Cceer V(C), by combining|(N1)|, (2.46) and|(R3)|with the definition of bondlessly

surrounded molecules, we have that

(2.47) ICxNEC”| > (1 —27¢7>5+)p,

Recall that, for any x € V(I), each index i € [K] is given by a unique edge e € M(x) via

the relation N(e) = A;(x). Recall also the definition of M(x) from Step 3.
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Claim 2.8. Foreach x € V,; \ V. and each e € M(x), there exists a set Cids(e) of 25+
absorbing ¢-cube pairs (C,l{(e), Cr(e)) C I one for each k € [25t1W], which satisfies the

following:

(i) forallx € Vi \ Vi, e € M(x)andk € [25+1W], the absorbing ¢-cube pair(C,l{(e), Ci(e)

is associated with some edge in M(A;j(x)), for some j € [K];

(ii) forall x € B¥(U;), e € M(x) and k € [25+1W), the absorbing ¢-cube pair (CL(e), Ci(e))
has tips x%c(e) and x; (e) which satisfy that dist(x, Uj) < dist(xfc(e), U;) and dist(x, Uj) <

dist(xy(e), Up), and

(iii) forall x,x' € Vi, \ Vi alle € M(x) and ¢’ € M(x'), and all k, k' € [25T1W] with
(x,e,k) # (x',e',k'), the absorbing ¢-cube pairs (C,l{(e), Cy(e)) and (C,l{,(e’), Cp(e"))
satisfy that (V(C,lc(e)) U V(Cr(e)) N (V(C,lc,(e’)) uV(CL(e)) = @.

Proof. LetV =/ M(x). LetK' :=|V|,and let fi, ..., fxr be an ordering of the edges

xeV)\Vee
in V. Given any i € [K'], the edge f; corresponds to a pair (x, j(i)), where x € V.. \ Vi
and j(i) € [K]. If x & B*(Uy), let G; be the collection of absorbing ¢-cube pairs for x
in I associated with some edge of M(4;(;(x)). Otherwise, let €; be the same collection,
after removing all those absorbing ¢-cube pairs for which does not hold. Since each
x € B(U;) has at most 3¢ neighbours y € N;(x) such that dist(x, U;) > dist(y, Uy), it
follows by that |6;| > n/¢? for all i € [K']. In particular, by [(AB2), each of the
absorbing ¢-cube pairs (C!, C") in any of the collections ; satisfies that C!,C" € C".

Let 7 be the 25t1WK’-edge-coloured auxiliary multigraph with V() := €”, which
contains one edge of colour (i, k) € [K'] x [25T1W] between C and C’ whenever (C,C’) € G;
or (C’,C) € G;. In particular, J{ contains at least n/¢3 edges of each colour. We now bound
A(J(). Consider any C € V(J(). Note that, for each edge e of J incident to C, there exists
some x = x(e) € V, \ Vi such that C together with some other cube C’' € V(¥) forms
an absorbing ¢-cube pair for x. In particular, x must be adjacent to C in I. Let 3(C) =

{x(e) : e € E(¥() is incident to C}. Moreover, if e has colour (i, z), then f; € M(x) (and f;

has corresponding pair (x, j(i)) for some j(i) € [K]). Since f; € M(x) and |M(x)| < (2;)
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it follows that each vertex y which is adjacent to C in I can play the role of x for at most

25+1y . 225 edges of H incident to C. Thus, dy(C) < 235+1W9|3(C)|.

Fix a cube C € V(¥(). In order to bound |5(C)|, consider first |5(C) NB(U;)|. Recall that,
by there is at most one vertex z € U; N Bf*(V(C)). Furthermore, since the property
described inholds for all absorbing #-cube pairs for vertices in B¢(U;) represented in 7¢,
it follows that each vertex x € V(C) has at most 3¢ + 1 neighbours in B3*(1;)nd(C). Thus, in
total, |8(C)NB(U;)| < (3¢+1)2¢. Consider now |3(C)\ B¥(U;)|. Note that 3(C)\ B3¢(U;) C
(Vi "N (VO \ B (Up) € Ny(V(EN\ U Creem V(C"). By (2.47), the number of vertices in
V! \ B3 (U;) which are adjacent to C is at most 2|C|n/2¢+55, that is, |3(C) \ B (U;)| < 2n/2%.

We conclude that |3(C)| < 3n/2% and, thus, ds(C) < 235+1W3p/25 < n/e*.

Since each colour class has size atleast n/¢3 and A(J() < n/¢4, by lemma J contains
a rainbow matching of size 25*'WK’. For each (i, z) € [K'] x [2571®], let (CL(f), CL(f)) € G;
be the absorbing ¢-cube pair of colour (i, z) in this rainbow matching. This ensures that [(iii)
holds, while ()] and [(ii)| follow by construction. <

For each x € V), \ Vi and each i € [K], let C3%(x,i) := @i*(e) be the set of absorb-
ing ¢-cube pairs guaranteed by Claim [2.8] where e € M(x) is the unique edge such that
A;(x) = N(e). Similarly, for each k € [25*1W], let (CX(x, i, k), C"(x,i,k)) = (C,l((e), Ci(e)).

Let €% := | J C(x, i).

xeV\Vi Uie[K]

Let G := Ule G;. For each x € V, \ V. and each i € [K], let G*(x,i) C I be the
graph consisting of all edges between the left absorber tip and third absorber vertex of every
absorbing ¢-cube pair in @#%(x,i). Let G* C I be the graph consisting of all edges between
the left absorber tip and third absorber vertex of every absorbing #-cube pair in CJ°. Let

G'=G"U Uer’

abs

7 UiE[K] G*(x,i) C I. Recall that, given any graph G C I, for each layer
L, we denote by G; the clone of Gin L. Let G; := G4 N Ulz; Gzi. Furthermore, let G5 C Gs

consist of all edges of G5 which have endpoints in different layers. Recall that G& and J*
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were defined in Step 8. We let Q" C G be the spanning subgraph with edge set
25
E(Q) = E(") VE(G) VEG) VEGH U | ] Edve)u | JE(Ty).

Cee’ i=1

Note that, using Claim[2.7/and (2.44), we have that A(Q") < ®.

Claim 2.9. Q' is (U, 2¢2, s)-good.

Proof. Indeed, observe that this fact only depends on those edges contained within a layer

which are incident to a neighbour of x in Q", for some x € U. Therefore, the graph Gz

has no effect here. By property [(C3) below, the graph Ulzil T;, also has no effect. Now,

by Claimwe have that J! U G5 is (U, 3, s)-good, and UCe(:” Mc is (U, €3, 5)-good by
combined with [(R3)} Finally, consider Gj. For each x € V};, U V., i € [K] and
k € [251W], let e(x, i, k) be the edge between the left absorber tip and the third absorber
vertex of (Cl(x, i, k), C"(x,i,k)) € € U €, Observe that, for all x € V},, U Vi such
that dist(x, U;) > 5, alli € [K] and all k € [25*1¥], we have that e(x, i, k) does not affect
whether Q' is (U, 2£2, s)-good or not. In particular, by this is true for all x € V.. Now
consider each x € V. such that dist(x, U;) < 5. By Claim it follows that e(x, i, k)
only affects our claim when x € U;. Observe that, for each i € [K] and k € [25T1¥],
the direction of e(x, i, k) is the same as that of the edge e'(x,i, k) joining x to the right
absorber tip of (Cl(x, i, k), C"(x, i, k)). By Claim all cubes of absorbing ¢-cube pairs
in Uie[K] Gi‘bs(x, i) are vertex disjoint, which implies that each edge e'(x, i, k) with i € [K]
and k € [25t1W¥] uses a different direction. Hence, G; is (U, n,s)-good, and the claim

follows. <

Note that T" C I(Q"), R’ C V(I), and C C I(Q’) for all C € €'. Recall the definitions of
C" from Step 6 and C"” from Step 10. For any u € U, recall the definitions of End(x) given
in Step 8. Recall also the definitions of P, P’ and C* from Step 9. Combining all the previous
steps, we claim that the following hold (conditioned on the events &7, ..., £, which occur

a.a.s.).
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(C1) A(T") < 12D.

(C2) Any vertex x € R' nV(T") is a leaf of T”. Furthermore, if x € R’ n V(T"), then
x ¢ V(T) and its unique neighbour x’ in T" satisfies that x" € Z(x) (where Z(x) is as

defined in Step 7).
(C3) B3(Up)nV(T") = .
(C4) For all x € V(I) we have that |G, N C"| > (1 — 3/2¢%)n.

(C5) For each x € V. and i € [K], there is a collection C{(x,i) of 25*1¥ absorbing
£-cube pairs (Cl(x, i,k),C"(x,i,k)) for x in I (defined in Step 9), each of which is
associated with some edge e € M(A;(x)). In particular, (Cl(x, i, k), C"(x,i,k)) is
as described in (recall also [(AB2)), that is, there are two absorbing ¢-cube
pairs (Cl(x, i, k), C(x,i,k)) and (Ci(x, i, k), C5(x,i,k)) in H U G, associated with e €
M(A;(x)), for the clones x; and x, of x which correspond to (x, i). Moreover, each of

these absorbing ¢-cube pairs (C!(x, i, k), C"(x, i, k)) satisfies the following:
(C5.1) (Cix, 1 k), CI(x, 1, k) U (Ch(x, 1, k), C3(x, 1, k) = V(M) € Q's
(C5.2) the tips of Cl(x,i,k) and C"(x, i,k) liein R" \ V(T");
(C5.3) Cl(x,i, k), C"(x,i,k) € " n€", and

(C5.4) forany x’' € V., i’ € [K]and k' € [25V1W¥] with (x/,i’,k") # (x,i,k), we have

that C!(x, i, k), C"(x, i, k), C/(x',i’, k") and C"(x', 1, k') are vertex-disjoint.

(C6) For each x € V), \ Vic and i € [K], there is a collection C3%(x,i) of 25+1¥ ab-
sorbing ¢-cube pairs (C!(x, i, k), C"(x,i,k)) for x in I (defined in Step 10), each of
which is associated with an edge e € M(A4;(x)). In particular, (C!(x, i, k), C"(x, i, k))
is as described in (recall also [(AB2)), that is, there are two absorbing ¢-cube
pairs (Cl(x, i, k), C(x,i,k)) and (Ci(x, i, k), C5(x,i,k)) in H U G, associated with e €
M(A;(x)), for the clones x; and x, of x which correspond to (x, i). Moreover, each of

these absorbing #-cube pairs (C!(x, i, k), C"(x, i, k)) satisfies the following:
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(C6.1) (Cl(x,i,k),Cl(x,i,k)) U (CL(x,i,k),Ch(x,i, k) — V(M,) C Q';

(C6.2) the tips of Cl(x,i,k) and C"(x, i, k) lie in R’;

(C6.3) Cl(x,i, k), C"(x,i,k) € " nEC";

(C6.4) forany x' € V), \ Vi, i’ € [K] and k' € [2571W] with (x',i', k") # (x,i,k), we

have that C!(x, i, k), C"(x,i, k), Ci(x',i’, k") and C"(x',i’, k') are vertex-disjoint,

and

(C6.5) both Cl(x,i,k) and C"(x, i, k) are vertex-disjoint from all cubes of absorbing ¢-

cube pairs in C°.

(C7) For every x € U and every z € End(x), there exists a collection of cubes €”(z) in I(Q")

with |C”"(z)| = 20¢ which satisfies the following properties:
(C7.1) forevery C € C"(z), we have that z € V(C);
(C7.2) forevery C € C"(z), the molecule M is bonded in Q’;
(C7.3) every C € C"(z) meets T";
(C7.4) for every C;,C, € €"(z), we have V(C;) N V(C,) = {z}, and

(C7.5) forevery C* € Ci° and C € C"(z), we have V(C) N V(C*) = @.

(C8) C- intersects V(T) N V(T") and is different from all cubes described in|(C5)| and

Indeed, [(C1)|is given by (2.44). [(C2)|holds by[(ET3) and the fact that P’ n V(T") = @.
follows directly by (2.43). [(C4)|follows by combining[(N1)] the conditioning on &%, and
[(C5)|follows from the construction of P and T” in Step 9. Indeed, [(C5.1)|follows from
the definition of Q' combined with|(AB1), and|(C5.2) holds by the definition of R’ and T"
combined with while follows because of the definition of the set M(A;(x)) in
[(AB2)|and[(AB3)} and[(C5.4)|holds by[(CD)} Consider now|[(C6)} For each x € Vy,, \ V. and
i € [K], consider C3%(x, i). All absorbing #-cube pairs of C3*(x, i) satisfy|(C6.1)|and [(C6.2)|

by the definition of Q’, and Similarly, they satisfy [(C6.3)] by [(AB2), [(AB3)|

107



Hamiltonicity problems in random graphs

and the fact that, by |(AB4), their intersection with T" contains their intersection with T'.

Moreover, [(C6.4)| holds by Claim 2.8} and[(C6.5) holds because of Now, [(C7)|holds by
Claim[2.6land[(T4)] Indeed, let " (z) be the collection of cubes given by Claim 2.6} so[(C7.1)|
[(C7.2) and [(C7.4) follow directly. follows by using again the observation that, by [(T4)|

and the construction of P, for any x € U}, we have that T’ and T” coincide in Blzg(x). Now

recall that, by[(T4)] all vertices x € U; are at distance at least 5¢ from V., so[(C7.5)|follows
by construction. Finally, consider[(C8) The fact that C* intersects V(T) n V(T") follows by
its definition in Step 9, as does the fact that it is different from all cubes described in
The fact that it is different from all cubes in[(C6)|follows by [(AB4)] Finally, the fact that it is
different from the cubes in[(C7)|follows since dist(V(C"), Uj) > ¢ by the definition of C* in
Step 9.

Step 11: Fixing special absorbing structures. From this point onward, every step will
be deterministic. Let F C Q" be any graph with A(F) < W which is (U, ¢, s)-good, that is, for

each x € U, the set Ep(x) := {e € E(F) : e N Non(x) # @} satisfies the following:
(F*) for each layer L of Q" and all d € D(L), we have |{e € Ep(x) : D(e) = d}| < n/¢é.

Let H' C Q" be any graph such that, for every x € U, we have dy(x) > 2. For each x € U,
let {x,x + a(x)},{x,x + b(x)} € E(H"), where a(x),b(x) € D(Q"). Our goal is to find a
(U, ¢2, s)-good Hamilton cycle in (HU G) \ F) U H' U Q' which, for each x € U, contains

the edges {x, x + a(x)} and {x, x + b(x)}. Recall that €'(x, a(x), b(x)) was defined in Step 8.

Claim 2.10. Forevery x € U, there exists an (x, a(x), b(x))-consistent system of paths CS(x) €

C'(x, a(x), b(x)) such that (E(CS(x)) \ {{x, x + a(x)},{x,x + b(x)}}) N E(F) = @.

Proof. Suppose x € V(L), for some layer L. Suppose first that x + a(x),x + b(x) €
V(L). Thus, we must show the existence of an (x, a(x), b(x))-consistent system of paths
of Type I in €'(x, a(x), b(x)) with the desired property. Recall all the notation for con-
sistent systems of paths introduced in section as well as definition [2.7.6, By [(CS)}

there is a collection D@ (x, a(x), b(x)) of at least yn/2 disjoint pairs of distinct directions
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c,d € D(L) \ {a(x),b(x)} such that, for each (c,d) € DP(x,a(x), b(x)), there is a col-
lection D™ (x, a(x), b(x),c,d) of at least yn/2 disjoint 4-tuples of distinct directions in
D(L) \ {a(x), b(x),c, d} satisfying the following: for each (c,d) € D®@(x, a(x), b(x)) and
each (dy, d,, ds,dy) € DM (x, a(x), b(x),c,d), €'(x, a(x), b(x)) contains the (x, a(x), b(x))-
consistent system of paths CS(c, d, d;, d,, ds,d,) defined as in section We will now
show that there are many such consistent systems of paths which avoid F.

The choice of (c,d) € D@(x, a(x), b(x)) determines six edges of the consistent system
of paths: e; := {f(x + a(x)), f(x + a(x) + d)}, e; == {f(x + b(x)), f(x + b(x) + ¢)}, e3 :=
{f(x+co), f(X)} ey ={f(x), f(x+d)},es :={x+c,x+c+b(x)}and es := {x+d, x+d + a(x)}.
Since f(x), f(x + a(x)) and f(x + b(x)) are fixed and A(F) < ¥, for each i € [4] there are at
most ¥ choices of (c,d) € D@ (x, a(x), b(x)) such that ¢; € E(F). Furthermore, by |(F*), for
each i € {5, 6} there are at most n/¢ choices (c,d) € D@(x, a(x), b(x)) such that e; € E(F).
Thus, there exist at least yn/2 — 4¥ — 2n/¢ > yn/4 choices (c,d) € DP(x, a(x), b(x))
such that e; € E(H) \ E(F) for all i € [6]. For any such choice of (c,d), the choice of
(dy,d,, d3,dy) € D®(x, a(x), b(x), c,d) now determines the remaining eight edges of an
(x, a(x), b(x))-consistent system of paths, each with a unique endpoint in {x + a(x), x +
b(x), f(x+b(x)),x+c, f(x+c), f(x+d),x+d, f(x+ a(x))}. It now follows by the fact that
A(F) < W that there are at most 8¥ choices of (d;, d,, d3, dy) € DW(x, a(x), b(x), ¢, d) such
that some of these eight edges lies in E(F). In particular, we may fix a consistent system of
paths CS(x) € €'(x, a(x), b(x)) which satisfies the statement of the claim.

The cases where x + a(x) & L, x + b(x) € L and where x + a(x), x + b(x) ¢ L can be

shown similarly. <

Note that CS(x) C (H \ F) U H' for each x € U.

Claim 2.11. Forevery x € U, we can extend CS(x) into an (x, a(x), b(x))-special absorbing

structure SA(x) such that the following hold:
(SA;) forevery C € C(SA(x)), we have that M C Q' and M is bonded in Q', and
(SA;;) every C € C(SA(x)) meets T".
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Proof. For each x € U, we iterate through each z € endmol(CS(x)) fixing a cube C(z) €
C"(z). This will then determine C(SA(x)), by taking the appropriate clones of C(z). To

see that this can be done, note that |[endmol(CS(x))| < 6. For each z € endmol(CS(x)),

by [(C7)| there exist at least 20¢ choices of C(z) € €"(z) for which [(SA;)|and [(SA;;) hold.
Finally, by [(C7.4)it follows that we can fix C(z) € €”(z) such that D(C(z)) N D(CS(x)) =

@. In particular, this implies that C(z) is vertex-disjoint from all C(z") already fixed with
z # 7' € endmol(CS(x)) and, therefore, this process forms a valid extension of CS(x) into

an (x, a(x), b(x))-special absorbing structure. <

For each x € U, let SA(x) be an (x, a(x), b(x))-special absorbing structure which extends
CS(x), as determined by Claim [2.11} Note that, by|[(R3)|and the fact that V(SA(x)) € B.(x),
the special absorbing structures in the collection {SA(x) : x € U} are pairwise vertex-disjoint.
Denote by SA" := Uxeu V(SA(x)). Recall that, for any C € C(SA(x)), C; C I denotes the
cube of which Cis a clone. Given any tree T* C I and any x € U, we say that SA(x) meets
T* if, for all C € C(SA(x)), we have V(C) N V(T*) # @.

Recall that €’ and €” were defined in Step 6. Let G} = {C € €’ : V(M) N SA® #+ @}
Note that, by [([R3)]

(CB) for each x € U, there are at most 2%¢ ¢-cubes C € €} such that V(C) n B1%(x) # @.
1

Let ] := €'\ € and €] = €" \ C]. We now define a tree T” C T" in the following way.
Consider each x € R’ n V(T") such that x € V(C) for some C € €;. By[(C2)| we have that
x has a unique neighbour x’ in T”, and x’" € Z(x). By the definition of Z(x) (see Step 7), it
follows that x" € V(C") for some C' € C". If C’ ¢ C7, then we remove x from T”. We denote
the resulting tree by T"”. Let €’ := {C € €; : V(C)n V(T") # @}. By using[[CL)H(C6)
the definition of €7, € and €{’, the construction of T", and the maximum degree of F, we

claim that the following now hold.

(C'1) A(T™) < 12D.
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(C'2) Any vertex x € R' nV(T") is a leaf of T". Furthermore, if x € R' n V(T"), then

x ¢ V(T) and its unique neighbour x’ in T" satisfies that x' € Ny(x) N V(T) n

(Uca?;’ V(C)) € Z(x).
(C'3) B(Up)NnV(T") =@.
(C'4) For all x € V(I) we have that |G, N C]'| > (1 — 2/¢%)n.

(C’5) Foreach x € V. and i € [K], there is an absorbing ¢-cube pair (C!(x, i), C"(x, 1)) for x
in I, which is associated with some edge e € M(A;(x)). In particular, (C!(x, 1), C"(x, i))
is such that there are two absorbing ¢-cube pairs (C(x, i), CJ (x, i)) and (CL(x, i), C}(x, i))
in HU G, associated with e € M(A;(x)), for the clones x; and x, of x which correspond
to (x,1). Additionally, each of these absorbing ¢-cube pairs (C!(x, i), C"(x, i)) satisfies
the following:
(C'5.1) (Ci(x, 1), CI(x, D) U (Co(x, ), C3(x, 1) — V(M) € Q';
(C’5.2) thetips x! of C!(x, 1) and x” of C"(x, i) liein R\ V(T"), and {x, x'}, {x, x"} & E(F);
in particular, the tips x}, x] of (Cl(x, 1), CJ(x,1)) and x5, x} of (CL(x, i), C5(x, i))
satisfy that {x;, x}}, {x1, X}},{x,, X5}, {5, X3} € E(H U G) \ F);
(C’'5.3) Clx,i),C"(x,i) € €] N €}, and
(C'5.4) forany x’ € V. and i’ € [K] with (x',i") # (x, i), we have that C!(x, i), C"(x, i),
Cl(x',i") and C"(x', ") are vertex-disjoint.

Let C%¢ denote the collection of these absorbing ¢-cube pairs.

(C'6) Foreachx € V,,\ V. andi € [K], there is an absorbing ¢-cube pair (Clx, 1), C"(x,1))
for x in I, which is associated with an edge e € M(A;(x)). In particular, (C!(x, i), C"(x, 1))
is such that there are two absorbing ¢-cube pairs (CL(x, i), C(x, i)) and (Cé(x, i), C5(x,1))
in HU G, associated with e € M(A;(x)), for the clones x; and x, of x which correspond
to (x, i). Moreover, each of these absorbing #-cube pairs (C!(x, i), C"(x, i)) satisfies the

following:

(C'6.1) (Ci(x,1), C{(x, 1)) U (C3(x, D), C5(x, 1)) = V(M) € Q'3
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(C’6.2) the tips x! of C!(x, i) and x" of C"(x,i) liein R’, and {x, x'}, {x, x"} & E(F); in par-
ticular, the tips xll, xj of (C{(x, i), Cj(x,i)) and xlz, x5 of (Cé(x, i), C5(x,1)) satisfy
that {x, x}}, {x1, X}, {x,, x5}, {x,, X3} € E((H U G) \ F);

(C'6.3) Cl(x,i),C"(x,i) € €] nECY;

(C'6.4) for any x' € V), \ Vic and i’ € [K] with (x',i") # (x, i), we have that C!(x, i),
C"(x,i), Cl(x’,i") and C"(x',i") are vertex-disjoint, and

(C’6.5) both Cl(x,i) and C"(x, i) are vertex-disjoint from all cubes of absorbing ¢-cube
pairs in C*.

Let C™¢ denote the set of these absorbing ¢£-cube pairs.

(C'7) For every x € U, there is an (x, a(x), b(x))-consistent system of paths CS(x) in (H \
F) U H' which extends into an (x, a(x), b(x))-special absorbing structure SA(x) which
meets T"” and with the property that, for every C € C(SA(x, a, b)), we have that

M¢, € Q" and M, is bonded in Q'. Moreover, {x, x + a(x)}, {x, x + b(x)} € E(H'").

(C’8) C- intersects V(T) N V(T™) (so, in particular, C* € €;") and is different from all cubes

described in[(C’5), [([C’6) and [([C’7)

(Clg) UCE@’”\@{” V(C) g Bfge(uI)

Indeed, since T” C T”, follow immediately by (C3)], respectively.
follows from |(C4), [(R3) and [((CB)l Now, for each x € V. and i € [K], consider the set

C{¢(x, i) described in[[C5)] We first remove from this set all absorbing ¢-cube pairs any of
whose cubes do not belong to ©;. Then, we remove all absorbing ¢-cube pairs any of whose
cubes do not intersect T". Finally, we remove all absorbing #-cube pairs such that any of the
edges joining its tips to x belong to F. Observe that by[(CB)|and [(C'1)|it follows that, for any
y € V(I), we have |B{%(y)n(V(T")\ V(T™))| < 12D-2%. Using this fact,[(CB)| and the fact

that A(F) < ¥ (and, thus, A(F) < 259), it follows that there is at least one absorbing ¢-cube

pair remaining in the collection. Let (C!(x,1), C"(x,i)) be such an absorbing ¢-cube pair.

Then, [[C’5.2) and [[C’5.3)| hold by the choice above, and [[C’5.1)|and [(C’5.4)| hold by[(C5.1)|
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and |(C5.4), respectively. For each x € V. \ V. and i € [K], we proceed similarly from
the set 3%S(x, i) to fix an absorbing ¢-cube pair (C!(x, 1), C"(x,i)) € €i*(x, i) which satisfies

and Then, [(C’6.1)| [[C’6.4)| and [(C’6.5) hold by and
respectively. Furthermore, [(C’7)|holds by Claim[2.10} Claim [2.11|and the construction of T"

above. (Indeed, to see that each SA(x) still meets T", note that (V(T")\ V(T"))NSA® = @&.)
For by construction C* € € and V(C*) n B¥*'*(U;) = @. Therefore, C* € €}. The
fact that C* intersects V(T) n V(T") follows by[(C8)|and the fact that, in constructing T",
none of the leaves which are removed are vertices of T. Thus, in particular, C* € €;". The
rest of follows immediately from [(C8)| Finally, follows by the definition of €7.
Indeed, consider the set SA] C V(I) of vertices such that each vertex in SA" is a clone of
some vertex in SA}. It follows by construction (see section that for any x € SA} we

have dist(x, U;) < € + 2. The claim follows since any ¢-cube C € € must intersect SA7 and

any two vertices in C are at distance at most €.

LetC) =

weutCr 1 C € C(SA(x))}and R” == R,\UCeeg V(C). Finally, let 3 := C{"UC5.

Note that, by construction, any two cubes in €5 are vertex-disjoint.

Step 12: Constructing auxiliary trees T* and 7,. Let T* be obtained from T" by
removing all leaves of T” which lie in R”. In particular, by[([C’2)|and [(C’8), we have that C*

intersects T*.

We will now construct an auxiliary tree 7, which will be used in the construction of an
almost spanning cycle. We start by defining an auxiliary multigraph I'” as follows. First,
let; =T*ulJ ceel C. Let I be the graph obtained by iteratively removing all leaves
from I until all vertices have degree at least 2. Observe that, after this is achieved, the

n

resulting graph still contains all cubes C € €3'. Let I be obtained from I, by removing all

connected components which consist of a single cube C € €5'. Now, let I be the multigraph

obtained by contracting each cube C € €3 such that C C T} into a single vertex. We refer to
the vertices resulting from contracting such cubes as atomic vertices, and to the remaining

vertices in I as inner tree vertices. Given C € C U C; and j € [2°], we call A = M N Lj an
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atom. We continue to identify each inner tree vertex v with the vertex v € V(I) from which

it originated in I. Observe that I' is connected, and [(C'T)|implies that

(2.48) dr+(v) < 12D for all inner tree vertices, and A(I'") < 12 - 2¢D.

n

Given an atomic vertex v € V(I''), let C(v) € €5 be the cube which was contracted to
v in the construction of I, and let M(v) := M¢(,. Furthermore, for each j € [2°], let
A;j(v) = M(v) N L;. Similarly, for any v € V(I'') which is an inner tree vertex, we define
M(v) :== M,. Observe that every edge e € E(I'") corresponds to a unique edge e’ € I(Q"). We
say that e originates from e’. We denote by D(e) € D(I) the direction of e’ in I. By abusing

notation, we will sometimes also view D(e) as a direction in Q".

Let vy € V(I'") be the vertex which resulted from contracting C*. We define an auxiliary
labelled rooted tree 7, = 7,(v,) by performing a depth-first search on I'' rooted at v, and
then iteratively removing all leaves which are inner tree vertices. This results in a tree z,
rooted at an atomic vertex v, and all whose leaves are atomic vertices. Let m := |V ()| — 1,
and let the vertices of 7, be labelled as vy, vy, ..., U, With the labelling given by the order in
which each vertex is explored by the depth-first search performed on I'". For each i € [m],
we define 7; as the maximal subtree of 7, which contains v; and all whose vertices have labels
which are at least as large as i. Given any vertex x € V(I), we say that x is represented in 1 if
x € V(1,) or there exists some atomic vertex v € V(1) such that x € V(C(v)). Similarly, we
say that a cube C € C U @) is represented in 1, if there exists an atomic vertex v € V(1) such

that C = C(v). We will sometimes also say that M, or M are represented in 7y, respectively.

The tree 7, will be the backbone upon which we construct our near-spanning cycle.
First, we need to set up some more notation. For each i € [m]y, let p; = d (v;) and let
N, (v) = {ul, .., ub }. It follows from (2.48) that
(2.49) p; < 12D — 1 if v; is an inner tree vertex, and A(zy) < 12 - 2¢D.
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For each i € [m], and k € [p;], let ek := {v;, ul}, let fi := D(el), and let ji. be the label of u}
in 7, that is, u}c = Ui For any k € [ p;], we will sometimes refer to i as the parent index of
jt. Furthermore, for each i € [m], such that v; is an atomic vertex, and for each k € [p;],
consider the edge in I(G) from which e;'{ originates and let v,ic be its endpoint in C(v;). Finally,

for each i € [m],, we define a parameter A(v;) recursively by setting

0 if v; is an atomic vertex which is a leaf of 7,

(2.50) A(vy) = ii=1 A(ub) if v; is an atomic vertex which is not a leaf of 7,

pi i . . .
pit+1+ Vg Awp) if v; is an inner tree vertex.

This parameter A(v;) will be used to keep track of parities throughout the following steps.
Note that A(v;) counts the number of times a depth first search of 7; (starting and ending at

v;) traverses an inner tree vertex.

Consider the partition of all molecules into slices of size g introduced at the beginning
of Step 3, where q is as defined in (2.33)). Given any v € V(1y), we denote the slices of its
molecule by M;(v), ..., M;(v), where t is as defined in (2.33)). Thus, for each i € [¢] we have
that M;(v) = U;q: (—Dqs1 Aj(v). For each i € [m]y, we are going to assign an input slice
Myp(iy(v;) to each vertex v;. We do so by recursively assigning an input index b(i) € [t] to

each i € [m],. We begin by letting b(0) := 1. Then, for each i € [m], and each k € [p;], we

set
, b(i) if v; is an inner tree vertex,
b(ji) =
b(i)+ k—1 (mod t) ifv;isan atomic vertex.

Note that the bound on A(7,) in and the definition of ¢ in (2:33) imply that b(ji.) #

b(j ,’;,) whenever v; is an atomic vertex and k # k.

Step 13: Finding an external skeleton for T*. Our next goal is to find an almost
spanning cycle in (H \ F) U H' U Q' by using 1, to explore different molecules in a given

order. We will construct this cycle in such a way that it already contains all vertices of U.
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For this, we are going to generate a skeleton; this will be an ordered list of vertices which
we will denote by £. In order to construct £, we will construct disjoint partial skeletons
L;and £; for all i € [m] in an inductive way. Each of these skeletons will start and end
in the input slice for the vertex v; which is being considered. These partial skeletons will
depend on the starting and ending vertices of Mj,;)(v;) which are provided for each of them.
Therefore, given two distinct starting vertices x, X € V(My(;(v;)) and two distinct ending
vertices y,) € V(Mp;y(v;)), we will denote the partial skeletons by £;(x,y) and £;(%, ),
respectively. Using all these partial skeletons, we will construct a first skeleton and then
extend it by adding some more segments (see Step 17).

The first step in the construction of £ is to construct a set of vertices L’, to which we will
refer as an external skeleton, and for which we will in turn construct partial external skeletons
in an inductive way. The external skeleton will be essential in determining which vertices
will not be covered by the almost spanning cycle, and hence need to be absorbed. Roughly

speaking, the external skeleton will contain

(i) all vertices where the almost spanning cycle enters and leaves each cube molecule

represented in 7, and

(ii) all vertices which are not in cube molecules and are needed to connect cube molecules

to each other (that is, some clones of inner tree vertices).

On the other hand, all vertices in a vertex molecule represented in 7, by an inner tree vertex
which do not belong to the external skeleton will have to be absorbed.
Foreach i € [m], given the starting and ending vertices x, y, X, J € V(My(;(v;)) for £;(x, y)
and £,(%, 9), we will denote the corresponding partial external skeleton by Li(x, y, £, ).
The external skeleton is constructed recursively. The partial external skeletons are the
result of each recursive step, assuming that the starting and ending points have been defined.
Roughly speaking, for each i € [m], we will define partial external skeletons for any possible

starting and ending vertices. The starting and ending vertices which we actually use are
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then fixed by the partial external skeleton whose index is the parent of i. Ultimately, all of
them will be fixed when defining the external skeleton L.

Let My.s € V(Q") be the union of all the clones of R”. For each x € U, consider the
graph CS(x); C I, and let Mg C Q" be the union of all the clones of Uxeu CS(x);. We will

construct an external skeleton L" which satisfies the following properties:

(ES1) Foreachi € [m]such that v; is an inner tree vertex, L' N V(Mp;y(v;)) contains exactly

2p; + 2 vertices, half of them of each parity, and L' n (V(M(v;)) \ V(Mpy(v)) = @.

(ES2) Foreachi € [m]such thatv; is an atomic vertex, L' N V(M (v;)) contains exactly 4p; + 4
vertices. If v; is not a leaf of 7, eight of these vertices (four of each parity) lie in
V(Mp(iy(v)), and four (two of each parity) lie in each V(M. (v;)) with k € [p; —1].

If v; is a leaf, then all four of these vertices lie in V(Mp;(v;)).

(ES3) L' n V(M(vy)) contains exactly 4p, vertices, four of them (two of each parity) lying in
each V(M. (vy)) with k € [po].

(ES4) The sets described in partition L'.
(ESS) r'n (MRes U V(MCS)) = Q.

We now proceed to define the partial external skeletons formally. The construction proceeds
by induction on i € [m]in decreasing order, starting with i = m. We define a valid connection
sequence (x',y', £, ') for v; as any set of distinct vertices x, y', 2, §' € V(My(;y(v;)) which

satisfy the following:

(V1) x' #, y'if A(v;) is even, and x' =, y’ otherwise;
(V2) %' #, x!, and

(V3) J' #, y'.

Given any valid connection sequence (x/, y!, £}, §*), we will refer to x' and %' as starting

vertices, and to y* and ' as ending vertices. Throughout the construction ahead, observe
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that, every time we use a partial external skeleton to build a larger one, its starting and ending
vertices form a valid connection sequence by construction. The vertices x!, !, etc. will be
part of £;(x!,y!), and the vertices %/, y!, etc. will be part of £;(%!,!). The vertices x/, y',
%%, y* will be used by the skeleton to move from the molecule represented by v; in 7, to
the molecule represented by its parent. Given these vertices, the following construction
provides the vertices w}. and W (as well as z} and 2%, if applicable) which are used to move
to molecules represented by the children of v;. Given any vertices (x, y, X, ) in Q" and any
direction f € D(Q"), we write f + (x,y, %, V) =(f+x, f+y,f+ X, f+ D).

Now suppose that i € [m] and that, for each i’ € [m] \ [i], we have already constructed
a partial external skeleton L, (x!,y", 2%, ") for vy and every valid connection sequence
(x',yt', 2", ') for vy. We will now construct a partial external skeleton for v; and every

valid connection sequence for v;. We consider several cases.

Case 1: v; € V(1) is a leaf of 7,. Assume that (x!,y’, £, $!) is a valid connection se-
quence for v;. Then, the partial external skeleton for this connection sequence is given by
Ly(x', yh, 24,91 = {xf, yh, 21, 9}

Case 2: v; € V(1) is an inner tree vertex. We construct a set of partial external skeletons

for v; as follows.

1. Suppose (x',y, £, ") is a valid connection sequence for v;. Let wg := x, w) = y',

wh = &' and b, == Pi. Let Wy = {wh, w},, 1, b }.

2. For each k € [p; — 1], iteratively choose two vertices w,ic, w,; € V(Mpiy(vi) \ Wki_1
such that fi + (wk_,, wk, wL_,,w}) is a valid connection sequence for ul, and let

Wy = Wiy U {w, .

Note that the definition of q in (2.33) and the bound on p; in (2.49) ensure that we have
sufficiently many vertices to choose from (similar comments apply in the other cases).

Moreover, (2.50) implies that fpii + (wli,i_l, wl’;i, w;‘,i_l, w;',i) is a valid connection sequence for
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ul,.. The partial external skeleton for v; and connection sequence (x', y', £/, ') is defined as

bi
il 2,99 = e, 23U U (fk 00 Ty G+ by, who 0y, 2))).
k=1

Case 3: v; € V(1) is an atomic vertex which is not a leaf. We construct a set of partial
external skeletons for v; as follows.

1. Assume (x, ', %', p*) is a valid connection sequence for v;. Let wy, := x'.

2. Foreachk € [p;], iteratively choose distinct vertices z\, wi, 2, W € (V(Mp(iy+k-1(0))N
V) \ {x!, ¥, &1, 9} satisfying that Zj #p W_, and fi + (zk, w, 2}, W) is a valid
connection sequence for u! .

Then, the partial external skeleton for v; and connection sequence (x!, y!, &%, $') is defined as
. . . . . . . . pi . . . . . . . . .
L.i(xl,yl, )21’}’)1) = {Xl’yl’ _')Z'l,j)l} U U ({Z;C’ wll{, ZA;C, Li)k} U L;l (fkl + (Z;C’ w;c, ZA;C, lbk))) .
k
k=1
After having constructed all these partial external skeletons for all v; with i € [m], we are
now ready to construct L".

1. Choose any vertex wg € V(A;(vp)).

2. Foreachk € [py], iteratively choose four distinct vertices z§, 2%, wg, wp € (V (M (vo))N
V(M) satisfying that z; #, we_; and fi’ + (2, wg. 2y, Wy) is a valid connection se-

0
quence for u;.
Then, we define
bo

L= ({zg, w2 DU Lig (F0 + (29w 20 wk))).
k=1

Observe that hold by construction. In turn,[(ES5) holds because of the defini-
tion of 7y. Indeed, by [(C72)|and[(C"3)| together with the definition of R” and T*, observe that

V(T*)n(R" U Uxe y V(CS(x);)) = @. Moreover, by the construction above, all vertices in L’
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are incident to some edge in a clone of the tree T*, and thus, they cannot lie in My UV (M ).

Step 14: Constructing an auxiliary tree 7. In order to extend the external skeleton
into the skeleton and construct an almost spanning cycle, we first need to extend 7, to a new

auxiliary tree 7y which encodes information about some additional molecules.

We construct 7 by appending some new leaves to 7. Note that 7, was built by encoding all
the information about T*, and 7 will encode the information about T". Recall the definition
of C§ from the end of Step 11. In particular, by [(C'2)] each cube C € €4’ which does not
intersect T* contains at least one vertex u which is joined to T* by an edge e’ = {u, v} € E(T")
such that v € V(C’), where C # C’ € €. Note that the construction of 7, implies that C’ is
represented in 7,. For each such cube C, choose one such vertex u and append a new vertex
to the atomic vertex representing C’ in 7, via an edge e which originates as e’ € E(T"). We
say that this newly added vertex is atomic and represents C. The resulting tree after all these

”

leaves are appended is 7. In particular, 7, C 7, and it follows that precisely the C € €5’ are

represented in 7). Furthermore, it follows from ((C'1)|that

dfé(v) < 12D for all v € V(7)) which are inner tree vertices, and
(2.51)
A(zg) <12-2D.

For all vertices of 7, we will use the same notation for the vertices, cubes and molecules

that they represent as we did for the vertices of 7,. Note that, by|(C’5.3),and |(C’6.3),

(CP) every cube C belonging to some absorbing #-cube pair in €% U €™ is represented in

7.

It will be important for us that 7 represents “most” vertices of the hypercube. In particular,
for each x € V(I), let {(x) denote the number of vertices y € N;(x) which are represented
in 7) by atomic vertices. By[(C’4)| we have that

(2.52) ¢(x) > (1 —2/6%n.
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By an averaging argument, it follows that at least (1 — 2/£4)2"~S vertices x € V(I) are
represented in 7 by an atomic vertex. We will construct an almost spanning cycle in G

which contains all the clones of these vertices.

Let m' == |V(1p)| — 1. Label V(7)) \ V(1) = {Up41, - » U } arbitrarily. For each i € [m],
we define 77 as the maximal subtree of 7y which contains v; and all of whose vertices have
labels at least as large as i. For each i € [m], let p; := dr;(vi) and let NT;(Ui) = {ul, ..., u;)l{}
(where the labelling is consistent with that of N, (v;)). For each i € [m], and k € [p;] \ [pi],
let el == {v;, ul}, let fi := D(el), and let ji be the label of u! in 7§. Furthermore, for each
i € [m], such that v; is an atomic vertex, and for each k € [p}] \ [p;], consider the unique

edge which e}, originates from in I(G) and let v} be its endpoint in C(v;). Finally, for each

ie[m']\ [m]weset A(v;) := 0.

As in Step 12, we consider the partition into slices for the new molecules arising from
the newly added cubes represented by 7. For each i € [m'] \ [m], we assign an input index
b(i) € [t]. To do so, for each i € [m], such that v; is an atomic vertex and each k € [p;]\ [p;],
we set b(jt) := b(i) + k — 1 (mod ). Similarly to Step 12, and imply that in
this case b(jL) # b(ji,) for all k # k. For each i € [m'] \ [m], let ¢; be the label in 7 of
the unique vertex adjacent to v; (i.e., the parent label of i), and let m; be the label of v; in

Nfé.(vgi). Note that b(i) = b(¢;) + m; — 1.

Step 15: Fixing absorbing ¢-cube pairs for the vertices that need to be absorbed.
At this point, we can determine every vertex in V(Q") that will have to be absorbed via
absorbing ¢-cube pairs into the almost spanning cycle we are going to construct. Recall from
Step 11 that SAY = Uyeu V(SA(y)). For every vertex x € V(I) not represented in 7, we will
have to absorb all vertices in M, \ SA". Furthermore, for each v € V(z,) which is an inner
tree vertex, we will also need to absorb all vertices in M, \ L' = M, \ (L' USA"). (The fact that
M, N SA® = @ follows by) Recall the definition of V;, from Step 10. Let Vi, C V(I)

be the set of all vertices which are not represented in 7 by an atomic vertex. Therefore, V

is the set of all vertices x € V(I) such that some clone of x needs to be absorbed. Moreover,
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Vavs = VID\ U e V(C) and, thus, |((C'9){and the definition of €3  at the end of Step 11

imply that V,,, C V;,.. It follows from (2.52) that

(2.53) |Vaps| < 2175F1/¢4,

Now, for each x € V,,,, we will pair all those vertices in M, which need to be absorbed
(each pair consisting of one vertex of each parity) and fix an absorbing £€-cube pair for each
such pair of vertices. The absorbing ¢-cube pair that we fix will be the one given by[(C’5)|or
[(C"6)] for this pair of vertices, depending on whether x € V. or not.

For each x € Vi, let S(x) .= V(M,) N (L' USA") = V(M,) N (L' UV (Mcs)). It follows by
[(ESDH(ES5)} [(R3)|and the definition of our special absorbing structures that |S(x)| < 25D

and S(x) contains the same number of vertices of each parity. (Here we also use that
p; < 12D — 1 for every inner tree vertex v; by and (2.51)).) Therefore, the matching
IMM(M,, S(x)) defined in Step 3 is well defined, and we can use this matching to define our
pairing of the vertices in V(M) \ S(x). Recall that each edge e € M(M,, S(x)) gives rise
to a unique index i € [K] via the relation N(e) = A;(x). (Here we ignore all those indices
i' € [K] arising by artificially increasing the size of 2(x), see the beginning of Step 4.) For

each x € Vy,, let 3, C [K] be the set of indices i € [K] which correspond to edges in

MM, S(x)).

For each x € V,,and i € S,, as stated in[(C’5) and [[C’6), we have already fixed an

absorbing ¢-cube pair for the clones of x corresponding to (x, i). Let

vas.= | ) vu) \ @ usa®).

xe Vabs

(Thus, in particular, V2 n U = @.) As discussed above, this is the set of all vertices that

need to be absorbed via absorbing #-cube pairs. Recall that Q" was defined before

It follows from|(C’5)|and |(C'6)|that ((H U G) \ F) U Q' contains a set C2* = {(C!(u), C"(v)) :

u € V@s} of absorbing #-cube pairs such that
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(C,) for all distinct u, v € V2, the absorbing #-cube pairs (C(w), C"(u)) and (C(v), C"(v))

for u and v are vertex-disjoint and (C!(u), C"(w)) U (C(v), C"(v)) — {u, v} C Q';

(C,) there exists a pairing V = {f;, ..., fx+} of V3 such that
(Cyy) foralli € [K'],if f; = {u;, uj}, then u; #, uj;

(C,,) if f; = {u;, u;}, then there is a vertex v € Vs such that u; and u; are clones of v
which lie in either the same or consecutive slices of M, and (C!(u;), C"(u;)) and
(Cl(ug), C"(u;)) are clones of the same absorbing ¢-cube pair for v in I such that
(Cl(u;), C"(wy)) lies in the same layer as u; and (C'(u}), C"(u})) lies in the same

layer as uj;

(C,3) if u,u’ € Vs do not form a pair f € V, then (Cl(u), C"(w)) and (C'(u’), C"(u'))
are clones of vertex-disjoint absorbing #-cube pairs in I (except in the case when
u,u’ are clones of the same vertex v € V,,,, in which case (C!(u), C"(u)) and

(Ci(u"), C"(u")) are clones of absorbing #-cube pairs in I which intersect only in
v);

(Cy) ifweletC* : {Cl(w), C"(u)}, then C* contains either two or no clones

= Utctw,crapeen

of each cube C € €] N €7, and every cube in C* is a clone of some cube C € €] N Cf".

The pairing described in[(C,)]is given by the matchings (M, S(x)). Furthermore, it follows
from[(C’5.2),[(C"6.2)|and [(ES5)| that

(C,) the set of all tips of the absorbing #-cube pairs in € is disjoint from L.

We denote by &, R, and R, the collections of all left absorber tips, right absorber tips, and

third absorber vertices, respectively, of the absorbing #-cube pairs in €2, Observe that by

the following properties are satisfied:

(C*1) Forall i € [m'], such that v; is an atomic vertex, we have that |2 N V(M (v;))| € {0, 2}.
If | N V(M(v;))| = 2, then these two vertices u, u’ lie in different atoms of either the

same or consecutive slices of M(v;), and satisfy that u #, u'.
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(C*2) Foralli € [m'], such that v; is an atomic vertex, we have that |(R; UR,)NV(M(v,))| €
{0,4}. If |(R; UR,) N V(M (v;))| = 4, then these four vertices form two pairs such that
one vertex of each pair belongs to R, and the other to R,. Each of these pairs lies in
a different atom of the same or consecutive slices of M(v;) and satisfies that its two

vertices are adjacent in Q’.

(C*3) For all i € [m'], such that v; is an atomic vertex, if N V(M(v;)) # @, then (R, U

RN VM () = 2.

(C*4) The sets described in[(C*1) and [(C*2)| partition & and R, U R,, respectively.

Indeed, follow from [(C,)H(C;)} and[(C*4)| follows by [(CP)|

For each u € V2, we denote the edge consisting of the right absorber tip and the third

absorber vertex of (C(u), C"(u)) by e, (1), and we denote by P2*S(u) the path of length
three formed by the third absorber vertex, the left absorber tip, u, and the right absorber tip,
visited in this order. Note that e,,,(u) € E(Q") by Moreover, recall that @2 consists of
absorbing #-cube pairs in (HU G) \ F) U Q"). Thus, ??(u) C (HUG) \ F)uQ'.

Step 16: Constructing the skeleton. We can now define the skeleton for the almost
spanning cycle. Intuitively, this skeleton builds on the external skeleton by adding more
structure that the cycle will have to follow. In particular, the skeleton adds the edges used to
traverse from each slice in a cube molecule to its neighbouring slices, and it also incorporates
the cube molecules represented in 7, which were not represented in 7,. (The reason why
these were not incorporated earlier is the following: if we already choose the valid connection
sequences for these cube molecules in Step 13, then the tips of the absorbing cubes chosen
in Step 15 might have non-empty intersection with the external skeleton, which we want to
avoid, seebelow.) Furthermore, the skeleton gives an ordering to its vertices, and the
cycle will visit the vertices of the skeleton in this order.

We will build a skeleton £ = (x4, ..., x,), for some r € N, and write £°* := {x1, ..., X, }. We

will construct £ in such a way that the following properties hold:
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(S1) For all distinct k, k" € [r], we have that x; # Xx;.
(82) {x,x,} € E(Q).

(S3) Foreveryk € [r—1],if x; and x;,, do not both lie in the same slice of a cube molecule
represented in 7, then {x;, X, 1} € E(Q"). Moreover, in this case, if x;,; lies in a cube

molecule represented in 7, then X, , lies in the same slice of this cube molecule as

Xk+1-

(S4) Foreveryi € [m']; and every j € [¢], no three consecutive vertices of £ lie in M;(v;)

(here £ is viewed as a cyclic sequence of vertices).

(S5) For every i € [m'] such that v; is an atomic vertex and every j € [t], we have that
[V(M;(v;))nL*|isevenand 4 < |[V(M;(v;))NL°| < 12. In particular, [V(M;(vo))NL*| =

4.

(S6) For all k € [r] except two values, we have that x; #, Xj,;. The remaining two values
ki, ky € [r] correspond to two pairs of vertices Xy, Xi, +1, Xk,» Xk,+1 € V(M;(vy)). For

these two values, we have that x;, #, X, and either
(i) xk1 :p xk1+1 and ka :p xk2+1’ or
(ii) xkl ?ép xk1+1 and xkz #p xk2+1’

where X, X, € V(A-1)q+1(Vo)) and Xy 41, X, 41 € V(Asq(o))-
(S7) £L'N(RUR UV UV( M) =@and L C L°.

As happened with the external skeleton, the skeleton is built recursively from partial
skeletons, which are defined first for the leaves. This recursive construction means that the
overall order in which the molecules are visited will be determined by a depth first search
of the tree 7,. Moreover, as discussed in section for parity reasons the skeleton will
actually traverse 7, twice. These two traversals will be “tied together” in the final step of the

construction of the skeleton.
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Note that, for each i € [m], the starting and ending vertices x/, £/, y, y* for the partial
skeletons for v; are determined by the external skeleton. For each i € [m'] \ [m], the starting
and ending vertices for the partial skeletons of v; will be determined when constructing the
partial skeleton for the parent vertex v,, of v;. In particular, when constructing the partial

o o

skeleton for Ug,» We will define vertices zf,il., Zm;» Wimys wﬁ;i € Mb(i)(vgi). Then, the starting

and ending vertices for the partial skeleton of v; will be

. . i A g € g Ag. Ag.
(2.54) (xh YL 25 9Y) = fod + (Zmy Winys 2> Winhy)-

(Recall that ¢;, m;, b(i) and frfl"i were defined at the end of Step 14.)

We are now in a position to define the partial skeletons formally. The construction proceeds
by induction on i € [m'] in decreasing order, starting with i = m’. Recall from the beginning
of Step 13 that, for all i € [m], x,y" € V(Mp(;)(v;)) are the starting and ending vertices
for the first partial skeleton £(x, ') for v;, respectively, and X%, ' € V(Mp(;)(v;)) are the
starting and ending vertices for the second partial skeleton £(%!, ) for v;, respectively. The
vertices x?, y!, &%, §* were fixed in the construction of the external skeleton, and they form a
valid connection sequence. For each i € [m'] \ [m], the vertices x', y', %%, §' € V(M (1))

defined in (2.54)) will also form a valid connection sequence.

Let F := QUR, UL UV(Mqcg). For each k € [2°], let é; be the direction of the edges
in Q" between Ly and Ly ;. Throughout the following construction, we will often choose
vertices which are used to transition between neighbouring slices, all while avoiding the
set F. Similarly to the proof of lemma [2.7.11] all of these choices can be made by [(ES2)|
[(ES3)] [[C*1)L [(C*2)L [[R3), and because all cube molecules considered here are bonded in

Gs and, therefore, also in Q’. (The latter holds since for each atomic vertex v € V(7)) the
corresponding cube C(v) satisfies C(v) € ©3'.) Whenever we mention a vertex that we do
not define here, we refer to the vertex with the same notation defined when constructing

the external skeleton in Step 13.
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Suppose that i € [m'] and that for every i’ € [m'] \ ([i] U [m]) and every valid connection
sequence (x!,y!', 2%, p!") for vy we have already defined two partial skeletons £(x!', y!'),
L%, 91" for v, with this connection sequence. (As discussed above, eventually we will
only use the two partial skeletons for v; with connection sequence as defined in (2.54).)
Moreover, suppose that for every i’ € [m] \ [i] we have already defined two partial skeletons
£(xt,y1"), L&Y, 9 for vy with connection sequence (x!', y', %', 1) (fixed by the external
skeleton). If i € [m], let (x!, y%, X%, §*) be the connection sequence for v; fixed by the external
skeleton. If i € [m'] \ [m], let (x}, !, £, $!) be any connection sequence for v;. We will now
define the two partial skeletons for v; with connection sequence (X!, y, £}, $*). We consider
several cases.

Case 1: y; is a leaf of 7. We construct the partial skeletons as follows. Let x}, := x! and
%} = %L For each k € [t—1],, iteratively choose any two vertices y., i € V(Aw(iy+k)g(i)\

(F U {x},y!, £, p'}) satisfying that
L y]ic #p x%.c and }A’Ilc Fp fc;‘c;

2. Xjy1 = ViAHlpriog € FUIXL YL 2L 9 and 7, = Di+epiy+kyg & FUlxh ¥, 2491,

and

3. {y}ica x;(+1}a {yl ) )AC;(+1} € E(Q").
Recall that we use X to denote the concatenation of sequences. The first and second partial

skeletons for v; with connection sequence (x!, y', £/, §') are given by

t—1 t—1
@wym=w%>@%dﬂﬂw>am 4@W5=&%)&%%Hﬁw>

k=0 k=0

Case 2: v; € V(1) is an inner tree vertex. Then, the first and second partial skeletons for

v; with connection sequence (x!, y', £}, ) are defined as
L . bi . . . L. . bi . . .
£MW=®%%WWMWaMLW%zM%%MWM%,
=1 =1

where ji was defined in Step 12.
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Case 3: v; € V(1) is an atomic vertex which is not a leaf of ;. We construct the partial
skeletons for v; as follows. (Recall that, for each k € [p]] \ [p;], the vertex v} was defined in

Step 14.)

1. For each k € [p;], iteratively choose distinct vertices yy, 9 € V(Apiy+k—1)q0)) \ F

such that
M. yi Fp wj, and Ji Fp Wy
MR. Xpyq =Y + Eb(iyrk—1)g & F and X, = Di + (i) +k-1)q & F> and
LB. {Vio Xis1} Fho K1} € EQ)-
2. If p; = 0,let x! == x' and %! = %!. For each k € [p}] \ [p;], iteratively choose distinct

vertices zk, wk, 2, W € (V(Mpysr—1(v1) N VM) \ (F U {x,%1}) and distinct

vertices yi, i € V(Awp(i)+k-1)g()) \ (F U {zl, wk, 2L, wL}) satisfying that
1. Zh, W #p X and 2, Wi, =p Xi;

ZR. xik, yik, 29k, Pk & F, where xJk, yik, Jk and pJk are defined as in (2.54);
2B. yi #, wy and P #, WL

ZH. Xjep1 = Vi + by +k-1)q € F and Xy = Fi + &p(iy+k-1)q & T and
Z5. Vo xjy1 b Dk Xira} € EQ).

As discussed earlier, observe that a choice satisfying R/ exists by [(C*1)} [(C*2)| [(ES2)]
and

3. Foreach k € [t]\[p}] iteratively choose distinct vertices yk, 9 € V(A +k—-1)g0)) \

F satisfying that
3. y,i{ #p x;'{ and j),i{ #p )2;;;
BR. x;'{H = yllc + é(b(i)+k—1)q ¢ F and )?,';.H_l = j)}{ + é(b(i)+k—1)q g F, and

BB. {yL, Xk, 1 Ok 2,1} € EQ).
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Then, we may define the first and second partial skeletons for v; with connection sequence

p; o t
Li(xl, y1) = () (X(z;c,z,-;;xh‘c,yfk), w;c,y;c,x;m)) ( X <y,;,x;<+1>)<yl),

k=1 k=pj+1

p; o t
Li(x, 91 = (%) ()((z;{, £y %k, 37k), 0], 31, fc;m)) ( X G Xk+l))()7‘).

k=1 k=pj+1
We are now ready to construct £. The idea is similar to that of Case 3, except that we now
tie together the first and second partial skeletons in Step 1.2 below.
1. Choose any two vertices x?, ¢ € V(A;(vy)) \ F such that
M. x{ =, wy and %7 #, wg;
TR. y? =20 + 6,5 ¢ Fand P == x? + &, ¢ F, and
IB. {x7. 97} {27, 5} € B(Q).
2. For each k € [py], iteratively choose two distinct vertices yp, §; € V(Aq(v)) \ F
such that
2N yp #, wp and P #, wy;
RR. X =Y+ & Fand 7, = Jp + &g & F, and
2B. {ylg’x2+1}’ e fcgﬂ} € E(Q").
3. Foreachk € [py]\[po], iteratively choose distinct vertices zj, wy, 2%, Wy € (V(Mi(v))N

V(M I\ U{xy, 23} and distinct vertices y, 9 € V(Akq(0o))\(FU{zR, wy, 27, R})

satisfying that
0 ,~0 0 50 .0 _ 0.
BlL. zj, Wi #p Xk and 2y, Wy =p X3
0 0 0 0 0 50 0 30 )
xlk, ylk, %1k, plk & F, where x'k, y/k, 2k and yJk are defined as in (2.54));

0 0 0 ~0.
Yk Fp Wi and Y #, Wy;

d B W

0 .—0.4s 20 .50 L 5
Xpp1 =Yg + g & Fand X, =P + &4 &€ F, and
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BB. {2 xp, L0 %541} € E(Q).

4. Foreach k € [t — 1]\ [pp], iteratively choose any two vertices y?, 5 € V(Agg(Uo)\ F

satisfying that
El. yp #, xp and ) #, Xp;
AD. x2+1 =Yy + éxq & ¥ and fcgﬂ = Jp + g € F, and

4B. {ylg’ x2+1}’ {f’l(c)’ ’%2+1} € E(Q").

The final definition of £ is given by
Po t—1
.0 .0 A
L= (x9) (X(z% Lo (xlk, yli), wi, v, X2+1)) ( X 0L, xgﬂ))(y?, £
k=1 k=py+1

Po -1
A A A .O A .O A~ A A A A A
(><<z2,z:,-,g<x1k,yfk>,w,e,y,e,xz+l>)( X 00000

k=1 k=pj+1

Observe that hold by construction. In particular, (2.50) together with

ensure that in Case 3 the final two vertices of the two partial skeletons satisfy x!, ; Fp y'and
%L, #p P'. Moreover, the pairs x{, yf and £0, §f will play the roles of the pairs xy,, Xy, +1
and xj,, Xy, 41 in the second part of Similarly,holds by combining the construction
of £ (more specifically the definition of the set F ), and the definition of V20,

Recall that we write £ = (xq, ..., X,.). Foreachi € [m'], such that v; is an atomic vertex and

each j € [t], let §; j == 1{k € [r] : xp, Xp41 € V(M(vp)} and Sy j = {{xg, X 41} k € T j}-

Step 17. Incorporating special absorbing structures into the skeleton. In this step,
we are going to incorporate all special absorbing structures fixed in Step 11 into the skeleton
we just constructed. Note that all cube molecules referred to are represented by atomic
vertices in 7y, and all slices referred to are one of the ¢ slices of each of these molecules
defined in Step 3. For each x € U, consider the consistent system of paths CS(x) and the

special absorbing structure SA(x) given by [(C'7)l By[(S7), we have that £ avoids CS(x).

Moreover, by the definition of €’ at the end of Step 11, each C" € C(SA(x)) is a clone of
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some C € C3'. Thus, by|(S5)|we have that £ has positive intersection with each slice which

contains a vertex of end(CS(x)).

Recall that a special absorbing structure is a tuple of paths and cubes (see section [2.7.2)).

For each z € U, let B* denote the first path of SA(z). Let x(z) € £* be the first vertex in £

that is contained in the slice which contains the first vertex of B*. Let x'(z) be the successor

of x(z) in £ (in particular, by[(S3)] both x(z) and x'(z) lie in the same slice). Now, for each

Z € U, depending on the type of the special absorbing structure SA(z), we will update £ in

different ways.

@

(D)

If SA(z) is a special absorbing structure of Type I, proceed as follows. Let B, ..., Ef
be the six paths of SA(z). Let S := )(i6=1 P%and let S~! denote the same sequence of
vertices in reverse order. If x(z) has opposite parity to the initial vertex of B*, then we
replace the segment (x(z), x'(z)) of £ by (x(2), S, x'(z)); otherwise, we we replace the

segment (x(z), x'(2)) by (x(z), ™4, x'(2)).

If SA(z) is a special absorbing structure of Type II, we proceed as follows. Let B* and
B? be the two paths of SA(z). Let y! and x} be the first and last vertices of B?, and
let y? and x2 be the first and last vertices of BY, respectively. Let v,v’ € V(7)) and
t1,ty, t; € [t] be such that y! € V(M (), x5 € V(M V")), and y* € V(M ("))
(this implies x§ € V(M (v))).

We now define two sequences of vertices S; and S5 following similar ideas to Step 16.
Recall that, for each i € [2°], we use é; to denote the direction of the edges between
L;and L; . If t; > t,, let my = t; — t,; otherwise, let m; := t — (¢, — t3). For each
k € [m; — 1], iteratively choose a vertex y; € V(A(1,+1)q(") \ £ satistying that

L yp #p X

2. Xjgy1 =Y + €t,4k)q & £, and

3. Xk} € BQ).

myp—1
We set ST := X, 2" Vs Xy 1)-
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(IID)

In order to construct S5, we proceed similarly. If t; > t;, let m, := t; — t;; otherwise,
let my = t — (¢, — t3). For each k € [m, — 1], iteratively choose a vertex y; €

V(A(t,—k-1)q+1(V)) \ £* satisfying that
L. yi #p Xp5
2. xi+1 = y}% + é(tg,—k—l)q ¢ '(:.’ and

3. {Vie- X1} € E(Q).

my—1
Now, let 85 = X2~ (V> X34 1)-

Let S := B x S% x Bf x S5, and let S~! denote the same sequence of vertices in
reverse order. Finally, we replace the segment (x(z), x'(z)) of £ by (x(z), S, x'(z)) if
x(z) has parity opposite to the initial vertex of B*; otherwise, we replace (x(z), x'(z))

by (x(2), S~ x'(2)).

If SA(z) is a special absorbing structure of Type III, we proceed as follows. Let B?,
P¢ and P? be the three paths of SA(z). For each i € [3], let ¥ and x|, be the first
and last vertices of P?, respectively. Let vy,v,, 03 € V(z3) and t,t, € [t] be such
that y! € V(M;,(v1)), y* € V(M,,(vy)) and y* € V(M,,(v3)) (note this implies that
Xy € V(M (1), x5 € V(M (v3)) and x5 € V(M (v1)).

For each i € [3], we define a sequence S} as follows. If t, > t;, let m* = t, —

t;; otherwise, let m* := t — (t; — t,). For each k € [m* — 1], iteratively choose
three vertices y, € V(Aq,—k-1)g+102) \ £°, ¥i € V(A,+10¢(3)) \ £ and y; €

V(A(t,-k-1)q+1(01)) \ £° satisfying that
1. yp #, xi foralli € [3];

1 — yl 5 . 2 2 A . 3 .3
2. Xpy1 = Ykt Ct—k—1)q & L7 Xig1 = Vi T Cy4k)g € L7 and Xy = Y +

é(tz—k—l)q & L, and
3. {yL,xt,,} € E(Q)foralli e [3].
Then, for each i € [3], we define S7 := kaz*al(y,i(,x};ﬂ).
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Let S := szl (P*x S7), and let S~1 denote the same sequence in reverse order. Finally,
we replace the segment (x(z), x'(z)) of £ by (x(2), S, x'(z)) if x(z) has parity opposite

to the initial vertex of B; otherwise, we replace (x(z), x'(z)) by (x(z), S71, x'(z)).

Write £ = (xy,..., X,), for some r € N, for the extended skeleton into which all the special
absorbing structures SA(z) for z € U have been incorporated, and let £° := {x, ..., x,}. It
follows from and the construction above (together with the choice of v, in Step 12)

that the following properties hold:

(S'1) For all distinct k, k" € [r], we have that x; # xj.

(8'2) {x1, %} € E(Q").

(S'3) For every k € [r — 1], if x; and x;,; do not both lie in the same slice of a cube
molecule represented in 7, then {x;, x4} € E((H \ F) U H' U Q’). Moreover, in this

case {xy, Xx+1} € E(Q’) unless both x; and x; lie in SA®.

(S'4) Foreveryi € [m']; and every j € [¢], no three consecutive vertices of £ lie in M;(v;)

(here £ is viewed as a cyclic sequence of vertices).

(S'5) For every i € [m'] such that v; is an atomic vertex and every j € [¢], we have that

[V(M;(v))NL:|isevenand 4 < [V(M(v;))NL°| < 14. Moreover, |[V(M;(vo))NL*| = 4.

(S'6) For all k € [r] except two values, we have that x; #, Xy, ;. The remaining two values
ki, k; € [r] correspond to two pairs of vertices Xy, Xy, +1, Xk,» Xk,+1 € V(M;(vp)). For

these two values, we have that x;, #, xi, and either
(1) Xk, =p X, 41 and Xy, =p Xp, 41, OF
(i) xp, #p Xk, +1 and xp, #F, Xk,11,
where Xy, X, € V(A(;—1)q+1(Vo)) and Xy, 11, X, 41 € V(Aq(vo))-
(S'7) L NRUR UV =gand L' C L.
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Indeed, for [(S"3)H(S'6)| we make use of the properties of the paths B* defined in sectionm
as well as (see section[2.7.2)) and [[C’7)l We also use that the set of all cube molecules

represented in 7 is precisely €3 = C|" U C5. Recall that, by the definition of €', for each

C € € we have V(M) N SA® = @. Moreover, by|(R3)[and |(AS), for each C € €} we have

|V(M¢) N SA®| = 2, and these two vertices x&, x& € V(M) N SAY satisty the following
properties:

(i) there is some z € U and two consecutive paths P*, P, in SA(z) (with indices taken

cyclically) such that x{ is the final vertex of P* and x% is the first vertex of B, and

(i) C(SA(z)) contains two clones C;, C, of C, where x € V(C;) and x& € V(Gy).

Moreover, to check[(S’5)| for case[(I)} note that the definition of f in a consistent system of
paths of Type I in section implies that, for each i € [6], the final vertex of P* and the

first vertex of P*, lie in the same slice.

i+1

Step 18: Constructing an almost spanning cycle. We will now apply the connecting
lemmas to obtain an almost spanning cycle in (H \ F) U H' U Q' from £ = (xy,..., X;).
For each i € [m’'] such that v; is an atomic vertex, by [(C*1)| there is at most one value
k(i) € [t] such that [ N V(M) (L) = 1 and |8 N V(Myiy+1(vi))] = 1. If such k(i) exists,
then we denote by k*(i) an additional index not in [t] and let §; y+iy = Fiki) Y Fik(i)+1-

Si k(i) = Si,k(i) Y Sik(i)+1 ANd M (i) (01) = M3y (0;) U My 41(v;). Let

[£] if there is no k(i) as above,

([(Ju k(DD \ {k(D), k(i) + 1} otherwise.

Observe that the definition of v, in Step 12 together with[(C’8)|ensures that T(0) = [¢].
For each i € [m’'], such that v; is an atomic vertex and for each j € Z(i), except the
pair (0, t), we apply lemma to the slice M;(v;) and the graph Q’, with & n V(M;(vy)),
Ry UR,) N V(M;(vy)) and S; ; playing the roles of L, R and the pairs of vertices described in
lemma 2.7.11(C3)} respectively. Note that the conditions of lemma[2.7.11|can be verified as
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follows. and[(C2)hold by[(C*1)|and[(C*2)|combined with[(C*3)] [(C3)|holds by[(S'1)|and

For M, (v,), we apply lemma or lemma[2.7.12]depending on whether [(ii)]
or[({) holds in[(S'6)|(the conditions for lemma[2.7.12)can be checked analogously). For each

i € [m'], such that v; is an atomic vertex and each j € (i), this yields |J; ;| vertex-disjoint

paths (ﬂf:’j )kGSz,j in M;(v;) U Q" = Q' such that, for each k € J; ;,
(i) R isan (xg, xi41)-path,
(i) Uyg,, V&™) = V() \ £ and

(iii) any pair of right absorber tip and third absorber vertex in R; U R, contained in the

same atom of M;(v;) form an edge in one of the paths.

Now consider the path obtained as follows by going through £. Start with x;. For each

k € [r], if there existi € [m'], and j € Z(i) such that {x;, x;.;} € S; ;, add chi’j to the

,j,
path; otherwise, add the edge {xj, X1} (this must be an edge of (H \ F) U H' U Q' by|(S"3)).
Finally, add the edge {x,, x;} of Q’ (this is given by[(S'2)) to the path to close it into a cycle
in (H \ F) U H' U Q'. This cycle $ satisfies the following properties (recall that e,(u) was

defined at the end of Step 15):

(HC1) |V(9)| = (1 —4/e4)2".

(HC2) V($) U LU Vs partitions V(Q").

(HC3) For all u € V23, we have that e (1) € E($).

(HC4) For all x € U, we have that {x, x + a(x)},{x, x + b(x)} € E($).

(HC5) Forall x € V($) \ SA", each of the two edges of § incident to x lies in Q'.

Indeed, note that § covers all vertices in L’ (since L' C £* by as well as all vertices
lying in cube molecules represented in 7; except for those in & (by (ii)). Together with the
definition of V%, this implies Moreover, since |8 = |V, follows from
253). follows by |(iii)} and [[HC4)|follows immediately by the definition of B, in each
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of the three types of special absorbing structures defined in section2.7.2] Finally,
follows from

Step 19: Absorbing vertices to form a Hamilton cycle. For each u € V2, replace
the edge e,,(u) by the path P,,,(u) (recall from the end of Step 15 that P,,((u) lies in

((HU G) \ F) U Q). Clearly, this incorporates all vertices of U V2" into the cycle and,

by [(HC2) and [(HC3)] the resulting cycle ' is Hamiltonian. Moreover, since by [(C;)| the

n

endvertices of each edge e,,s(u) lie in cubes belonging to C7’, all these endvertices avoid U.
Thus, by[(HC4)| for each x € U the edges at x in §’ are still {x, x + a(x)} and {x, x + b(x)},
and so, in particular, by[(C’7)|these edges belong to H'.

It now remains to show that &’ is (u,€2,s)—good. Fix any vertex x € U. Let Y} :=
Non(x) \ (V(SA(x)) U V) (that is, by [(C'3)] Y is the set of all vertices in Non(x) \ SA” =
Non(x)\ V(SA(x)) which lie in clones of cubes which are represented in 7 by atomic vertices).
By (2.52), we have that |Yy| > (1 — 2/¢*)n — |V(SA(x))| > (1 — 1/¢*)n. Claim [2.§(ii)|implies
that Y; N (2 U R, UR,) = @, so by definition we have that Y, N U, w0, V(Pars(W)) = @.
It then follows by [(HC5)| that, for each y € Y,, each of the two edges of ' incident to y
lies in Q. But Q' is (U, 2¢2, s)-good by Claim Now, even if all the edges incident to the
remaining vertices y € Non(x) \ Yy used the same pair of directions, it follows that the edges
of $’ incident to the vertices in Nyn(x) use each direction of Q" which is not an s-direction

at most n/¢3 + n/(26?) < n/é? times. O

2.8.2. Proofs of theorems and

We now deduce theorems[2.1.5and 2.1.8 from theorem 2.8.11

Proof of theorem[2.1.8) Let0 < 1/n < 1/¢ < g < € € &, < ¥y < 1/k < 1. Let s := 10¢.
Let H* ~ Q1) _,. and Q ~ Qf. Observe that H* U Q ~ Qf),_,, for some ¢’ > ¢, so it suffices
to prove that H U H* U Q contains the desired Hamilton cycles and perfect matchings.

By lemmawith 2¢ playing the role of ¢, we have thata.a.s. H*is (s, €, €, €5, ¥, U(H*, €1))-

robust. Condition on this event and let U := U(H*, ;). By an application of lemma [2.7.7(ii),
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it follows that there exists a decomposition of H* into r := [k/2] edge-disjoint spanning
subgraphs H7, ..., Hy such that, for every i € [r], we have that H; is (s, ¢, €1/(2r), &5, y/rt0, U)-
robust.

Consider a random decomposition of Q into r edge-disjoint spanning subgraphs Qy, ..., Q,
in such a way that, if e € Q, then e is assigned to one of the Q; chosen uniformly at random
and independently of all other edges. It follows that, for all i € [r], we have Q; ~ Q...

Let ® be a constant such that theoremholds with g,/(2r), y/r'°, ¢/r and r + 2 playing
the roles of ¢;, y, n and ¢, respectively. (In particular, ® > r.) For each i € [r], apply
theoremwith H}, Q;, £,/(2r), y/r'°, e/r and r 4 2 playing the roles of H, Q, €1, ¥, 1
and c, respectively, to conclude that a.a.s. there is a (U, £2, s)-good subgraph Q; C Q; with
A(Q;) < @ such that, for every H' C Q" such that dy,(x) > 2 for every x € U, and every
F C Q" with A(F) < (r 4+ 2)® which is (U, ¢, s)-good, we have that (H; U Q;) \ F)UH' U Q;
contains a (U, £2, s)-good Hamilton cycle C such that, for all x € U, both edges of C incident
to x belong to H'. Condition on the event that this holds for all i € [r] (which holds a.a.s. by
a union bound).

Now consider the graph H from the statement of theorem2.1.8] By[(R3))in definition[2.7.6]

we can greedily find r edge-disjoint subgraphs Hj, ..., H, C H such that
(i) foreachi € [|k/2[], we have that |E(H;)| = 2|U| and dg,(x) = 2 for every x € U, and
(ii) if 2r = k + 1, then H, is a matching of size |U| such that dg (x) = 1forall x € U.

Suppose first that 2r = k. We are going to find r edge-disjoint (U, £2, s)-good Hamilton
cycles Cy, ..., C, with H; C C; iteratively. Suppose that for some i € [r] we have already found
Cy,...,Ci_;. LetF := U;=1 QJ'UU;_:l1 G;. Itfollows by construction that F; is (U, €, s)-good and
A(E) < r(®+2) < (r+2)®. Then, by the conditioning above, the graph ((H; UQ;)\ E)UH;UQ;
must contain a (U, €2, s)-good Hamilton cycle C; such that, for each u € U, both edges of C;
incident to x belong to H;. In particular, H; C C;. Take one such cycle and proceed.

In order to see that these r cycles are pairwise edge-disjoint, suppose that there exist

i,j € [r] with i < jsuch that E(C;) n E(C)) # @, and let e € E(C;) N E(Cj). Observe that
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e & E(H;) U E(H;) because, otherwise, we would have e incident to some vertex x € U,
and we know that both edges incident to x in C; and C; belong to H; and H;, respectively,
which are edge-disjoint. Therefore, since e € E(C;) and Qf C F \ Q;, we must have that
e E(Qj’). However, since e € E(Cj) and e € E(F) by definition, we must have e € E(Qj’), a

contradiction.

Suppose now that 2r = k + 1. Let F := U;zl Q/,s0 A(F) < r® and it is (U, ¢, s)-good. By
the conditioning above, (H} UQ;) \ F}) UH; U Q] contains a (U, £2, s)-good Hamilton cycle C
with H; C C. We split C into two perfect matchings M; U M, (observe that both of them are
(U, €2, 5)-good) and redefine H, := H, U{e € M, : U Ne # @}, so that H, now satisﬁes
Now, for each i € {2,...,r}, we proceed as follows. Let F := M; U U;zl Q]’ U U;_:lz G. It
follows by construction that E is (U, ¢, s)-good and A(E) < r(® + 2) < (r + 2)®. Then, by
the conditioning above, the graph ((H; U Q;) \ E) U H; U Q/ must contain a (U, ¢2, s)-good
Hamilton cycle C; with H; C C;. Take one such cycle and proceed. The fact that the graphs

M, C,, ..., C, are pairwise edge-disjoint can be proved as in the previous case. O]

We now prove theorem Recall from section that, for any k € N and any
graph G C Q", we say that G € 8k if 6(G) > k, and G € H Mk if it contains | k/2| edge-
disjoint Hamilton cycles and k — 2| k/2| perfect matchings which are edge-disjoint from
these cycles. We say that G € Pk if, for every spanning subgraph H C Q" with H € Sk, we
have G UH € HMk.

Proof of theorem[2.1.5] The case k = 1 of the statement was proved by Bollobas [19], so we
may assume k > 2. Let0 < ¢ < 1/kand G ~ 97}, _.. By theorem[2.1.8) we have P[G € Pk] =
1 —o(1). Also note that, by lemma we have that P[e(G) > (1/2 — ¢/2)n2""1] = o(1).
Hence,

P[{G € Pk} A{e(G) < (1/2 — £/2)n2""1}] = 1 — o(1).
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Thus, by a simple conditioning argument, there exists a positive integer m < (1/2—¢/2)n2"1

such that

(2.55) P[G € Pk | e(G) =m] =1 —o0(1).

Let G,,, € Q" be a uniformly random subgraph of Q" with exactly m edges. Since P[G €
Pk | e(G) = m] = P[G,, € Pk], by (2.55) we have P[G,,, € Pk] = 1 — o(1). Now, because

a.a.s. 75, (9"(0)) > (1/2 — €/4)n2"~1, the result follows. O
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CHAPTER 3

EDGE CORRELATIONS IN RANDOM
REGULAR HYPERGRAPHS AND
APPLICATIONS TO SUBGRAPH

TESTING

Compared to the classical binomial random (hyper)graph model, the study of ran-
dom regular hypergraphs is made more challenging due to correlations between
the occurrence of different edges. We develop an edge-switching technique for
hypergraphs which allows us to show that these correlations are limited for a
large range of densities. This extends some previous results of Kim, Sudakov, and
Vu for graphs. From our results we deduce several corollaries on subgraph counts
in random d-regular hypergraphs. We also prove a conjecture of Dudek, Frieze,
Rucinski, and Sileikis on the threshold for the existence of an ¢-overlapping
Hamilton cycle in a random d-regular r-graph.

Moreover, we apply our results to prove bounds on the query complexity of testing
subgraph-freeness. The problem of testing subgraph-freeness in the general
graphs model was first studied by Alon, Kaufman, Krivelevich, and Ron, who
obtained several bounds on the query complexity of testing triangle-freeness.
We extend some of these previous results beyond the triangle setting and to the

hypergraph setting.
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3.1. Introduction

3.1.1. Random regular graphs

While the consideration of random d-regular graphs is very natural and has a long history,
this model is much more difficult to analyze than the seemingly similar G(n, p) and G(n, m)
models due to the dependencies between edges (here G(n, p) refers to the binomial n-vertex
random graph model with edge probability p and G(n, m) refers to the uniform distribution on
all n-vertex graphs with m edges). For small d, the configuration model (due to Bollobas [16])
has led to numerous results on random d-regular graphs. Moreover, the switching method
introduced by McKay and Wormald [96]] has led to results for a much larger range of d than
can be handled by the configuration model. For example, Kim, Sudakov, and Vu [77] used
such ideas to show that the classical results on distributions of small subgraphs in G(n, p)

carry over to random regular graphs.

In this chapter we develop an edge-switching technique for random regular r-uniform
hypergraphs (also called r-graphs). More precisely, we show that correlations between
the existence of edges in a random regular r-graph are small even if we condition on the
(non-)existence of some further edges (see corollary [3.2.3). This allows us to generalise
results of Kim, Sudakov, and Vu [|77] on the appearance of fixed subgraphs in a random
regular graph to the hypergraph setting (see corollary[3.3.3). Moreover, even in the graph

case, we can condition on the (non-)existence of a significantly larger edge set than in [77].

A general result of Dudek, Frieze, Rucinski, and Sileikis [43]] implies that one can transfer
many statements from the binomial model to the random regular hypergraph model (see
theorem [3.3.5)). This allows them to deduce (from the main result of Dudek and Frieze [40])
the following: if 2 < ¢ < r and n’~! <« d < n’7!, then a random d-regular r-graph
asymptotically almost surely (a.a.s.) contains an ¢-overlapping Hamilton cycle, that is, a
Hamilton cycle in which consecutive edges overlap in precisely € vertices (these cycles are

defined formally in section [3.1.4). They conjectured that the lower bound provides the

142



Alberto Espuny Diaz

correct threshold in the following sense:

if 2 < ¢ <randd < n®71, then a.a.s. a random d-regular r-graph contains
(3.1)
no ¢-overlapping Hamilton cycle.

Our correlation results from section allow us to confirm this conjecture (see corol-
lary[3.3.13)). The threshold for a loose Hamilton cycle (i.e. a 1-overlapping Hamilton cycle)
in a random d-regular r-graph was recently determined (via the configuration model) by
Altman, Greenhill, Isaev, and Ramadurai [7]. This improved earlier bounds by Dudek, Frieze,
Rucinski, and Sileikis [42]. Altman, Greenhill, Isaev, and Ramadurai [/7] also investigated
the above conjecture and proved that holds under the much stronger condition that
d < nifr > 4and d < n'? if r = 3 (we do rely on their result when d is constant to
establish (3.1))). The graph case r = 2 where d is fixed is a classical result by Robinson and
Wormald [103}104]: if d > 3 is fixed, then a.a.s. a random d-regular graph has a Hamilton

cycle. This was extended to larger d by Cooper, Frieze, and Reed [37.

In a similar way, we can transfer several classical counting results for random graphs to
the regular setting. We illustrate this for Hamilton cycles, where we extend the density range
of a counting result of Krivelevich [|85]: for logn < d < n, a.a.s. the number of Hamilton
cycles in a random d-regular n-vertex graph is fairly close to n!(d/n)" (see corollary3.3.8)).
The results by Krivelevich [85] imply the same behaviour for d > e(°2 m'? For constant d,
this problem was studied by Janson [[70|]. Similarly, we transfer a general counting result for

spanning subgraphs in G(n, m) due to Riordan [102] to the setting of random regular graphs.

3.1.2. Property testing

The running time of any “exact” algorithm that checks whether a given combinatorial
object has a given property must be at least linear in the size of the input. Property testing
algorithms have the potential to give much quicker answers, although at the cost of not

knowing for certain if the desired property is satisfied by the object. A property testing
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algorithm is usually given oracle access to the combinatorial object and answers whether

the object satisfies the property or is “far” from satisfying it.

To be precise, following, e.g., Goldreich, Goldwasser, and Ron [59]], we define testers as
follows. Given a property 2, a tester for P is a (possibly randomized) algorithm that is given
a distance parameter ¢ and oracle access to a structure S. If S € P, then the algorithm must
accept with probability at least 2/3. If S is e-far from 2, then the algorithm should reject
with probability at least 2/3. If the algorithm is allowed to make an error in both cases, we
say it is a two-sided error tester; if, on the contrary, the algorithm always gives the correct

answer when S has the property, we say it is a one-sided error tester.

For graphs (and, more generally, r-graphs) there have been two classical models for testers:
one of them is the dense model, and the other is the bounded-degree model. In the dense
model, the density of the r-graph is assumed to be bounded away from 0, and we say that an
r-graph G is e-far from having property 2 if at least en” edges have to be modified (added or
deleted) to turn G into a graph that satisfies . Many results have been proved for the dense
model. In particular, there exists a characterization of all properties which are testable with
constant query complexity (by Alon, Fischer, Newman, and Shapira [2] in the graph case
and Joos, Kim, Kiihn, and Osthus [73] in the r-graph case). For the bounded-degree graphs
model (which assumes that the maximum degree of the input graphs is bounded by a fixed
constant), several general results have also been obtained (see, for example, the results of

Benjamini, Schramm, and Shapira [12]] as well as Newman and Sohler [99]]).

Here, we consider the general graphs model and its generalization to r-graphs. In the
general graphs model (introduced by Kaufman, Krivelevich, and Ron [75]), a graph G with
m edges is e-far from having property 2 if at least em edges have to be modified for the graph
to satisfy . Furthermore, we also assume that the edges are labelled in the sense that for
each vertex there is an ordering of its incident edges. It is natural to consider the following
two types of queries. First, we allow vertex-pair queries, where any algorithm may take two

vertices and ask whether they are joined by an edge in the graph or not. Second, we allow
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neighbour queries, where any algorithm may take a vertex and ask which vertex is its i-th
neighbour.

These notions generalise to hypergraphs in a straightforward way. More precisely, we will
consider the following general hypergraphs model, where a hypergraph with m edges is e-far
from having property 2 if at least em edges must be added or deleted to ensure the resulting

hypergraph satisfies P. As in the graph case, we will consider two types of queries:

+ Vertex-set queries: Any algorithm may take a set of r vertices and ask whether they

constitute an edge in the r-graph. The answer must be either yes or no.

« Neighbour queries: Any algorithm may take a vertex and ask for its i-th incident edge
(according to the labelling of the edges). The answer is either a set of r — 1 vertices or

an error message if the degree of the queried vertex is smaller than i.

In this chapter we consider the property 2 of being F-free for fixed r-graphs F. In the
dense setting, the theory of hypergraph regularity (as developed by Rodl and Skokan [108]],
R6dl and Schacht [105,(106, 107, as well as Gowers [63]]) implies the existence of testers
with constant query complexity for this problem.

However, the problem is still wide open for general graphs and hypergraphs. Alon,
Kaufman, Krivelevich, and Ron [3] studied the problem of testing triangle-freeness. In
section we provide lower and upper bounds for testing F-freeness which apply to large
classes of hypergraphs F. In particular, we observe that testing F-freeness cannot be achieved
in a constant number of queries whenever F is not a weak forest and the density of the graphs
G to be tested is somewhat below the Turan threshold for F (see proposition[3.4.1]). Based
on the results of sections[3.2]and 3.3.1] we also provide a lower bound (see theorem 3.4.5])
which improves on proposition [3.4.1]for a large range of parameters and r-graphs. Roughly
speaking, theorem 3.4.5|provides better bounds than proposition [3.4.1]if the average degree d
of the input r-graph G is not too small. On the other hand, the class of admissible F is more

restricted. We also provide three upper bounds on the query complexity (see section |3.4.3)).
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Kaufman, Krivelevich, and Ron [75]] also studied the problem of testing bipartiteness
in general graphs. It would be interesting to obtain results for the general (hyper)graphs
model covering further properties and to improve the lower and upper bounds we present

for testing F-freeness.

3.1.3. Outline of the chapter

The remainder of the chapter is organised as follows. In section[3.2)we develop a hypergraph
generalisation of the edge-switching technique to prove a correlation result (corollary[3.2.3))
for the event that a given edge is present in a random d-regular r-graph even if we condition
on the (non-)existence of some further edges.

Section [3.3|builds on this to obtain subgraph count results in random d-regular r-graphs.
In particular, in section [3.3.1)we consider the counting problem for small fixed graphs F, for
which we prove a concentration result, thus also obtaining the threshold for their appearance,
which generalises a result of Kim, Sudakov, and Vu [77] for graphs. We also derive bounds
on the number of edge-disjoint copies of fixed subgraphs F in a random d-regular r-graph,
which we use in section In section we combine the results from section
with known results for G (n, p) and G (n, m) to count the number of suitable spanning
subgraphs (such as Hamilton cycles) in random d-regular r-graphs.

Finally, section [3.4] provides lower and upper bounds on the query complexity for testing
subgraph freeness for small, fixed r-graphs F. The proof of the main lower bound relies on

corollary and the counting results derived in section [3.3.1

3.1.4. Definitions and notation

Given any n € N, we will write [n] := {1,..., n}. Throughout the chapter, we will use the
standard O notation to compare asymptotic behaviours of functions. Whenever this is used,
we implicitly assume that the functions are non-negative. Given a, b, ¢ € R, we will write

c=axbifce[a—b,a+b].
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An r-graph (or r-uniform hypergraph) H = (V, E) is an ordered pair where Vis a set of
vertices, and E C (D is a set of r-subsets of V, called edges. We always assume that r is a
fixed integer greater than 1. When r = 2, we will simply refer to these as graphs and omit the
presence of r in any notation. To indicate the vertex set and the edge set of a certain r-graph
H we will use the notation V(H) and E(H), respectively. We will often abuse notation and
write e € H to mean e € E(H), or use E(H) instead of H to denote the r-graph. In particular,
we write |H| for |[E(H)|. The order of an r-graph H is |V(H)| and the size of H is |E(H)|. For
a fixed r-graph H, we sometimes denote its number of vertices by vy, while ey will denote

the number of edges.

Given a vertex v € V(H), the degree of v in H is deg(v) := [{e € H : v € e}|. When H is
clear from the context, it may be dropped from the notation. We will use A(H) to denote
the maximum (vertex) degree of H, §(H) to denote the minimum (vertex) degree of H and
d(H) to denote its average (vertex) degree. We say that H is d-regular if deg,(v) = d for all
v € V(H). The set of vertices lying in a common edge with v is called its neighbourhood and

denoted by Ng(v).

The complete r-graph of order n is denoted by Kﬁ,’). If its vertex set V is given, we denote
this by Kg). We say that an r-graph H is k-partite if there exists a partition of V(H) into
k sets such that every edge e € H contains at most one vertex in each of the sets. A path
P between vertices u and v, also called a (u, v)-path, is an r-graph whose vertices admit
a labelling u, vy, ..., Uy, U such that any two consecutive vertices lie in an edge of P and
each edge consists of consecutive vertices. An r-graph H is connected if there exists a path
joining any two vertices in V(H). The distance between vertices u and v in H is defined by
distz(u, u) := 0 and distg(u, v) := min{|P| : Pis an (u,v)-path} whenever u # v. If there
is no such path, the distance is said to be infinite. The distance between sets of vertices
S and T is distg (S, T) := min{distg(s,t) : s € S,t € T}. The diameter of an r-graph H
is D(H) = maxy, v)ey a2 disty(u, v). An r-graph C is a k-overlapping cycle of length ¢ if
|C| = ¢ and the vertices of C admit a cyclic labelling such that each edge in C consists of r

consecutive vertices and any two consecutive edges have exactly k vertices in common (in
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the natural cyclic order induced on the edges of C). When k = 1, we refer to C as a loose cycle.
When k = r—1, Cis called a tight cycle. A k-overlapping cycle C is said to be Hamiltonian for
an r-graph H if E(C) C E(H) and V(C) = V(H). We will write CX for a k-overlapping cycle
of order n. We say that a connected r-graph H is a weak tree if |en f| < 1 foralle, f € H
with e # f, and H contains no loose cycles. We say that an r-graph is a weak forest if it is the
union of vertex-disjoint weak trees. Note that, for graphs, this is the usual definition of a
forest. Given any r-graph H, its complement is denoted as H.

The Erdds-Rényi random r-graph, also called the binomial model, is denoted by 9(r)(n, p),
forn € Nand p € [0,1]. Anr-graph G()(n, p) on vertex set Vwith | V| = n chosen according
to this model is obtained by including each e € ('r/) with probability p independently from
the other edges. Forn € Nand m € [('rl)] U {0}, we denote by G (n, m) the set of all
r-graphs on n vertices that have exactly m edges, and denote by G(")(n, m) an r-graph chosen
uniformly at random from this set. We denote the set of all d-regular r-graphs on vertex
set Vwith |V| = n by 9512, forneNandd € [(’;‘:11)] U {0}, and denote by G,S?i an r-graph
chosen uniformly at random from 9,(31. If H and H' are two r-graphs on vertex set V, we
define G ; ;v as the set of all r-graphs G € G4 such that H C Gand H' C G. With a
slight abuse of notation, we sometimes also treat G4 ;; ;s as the event that G\ € G5% 7 -
Given a sequence of events {4}, we will say that A, holds asymptotically almost surely,
and write a.a.s., if lim,,_,  P[A,] = 1.

Throughout the chapter, we will often use the following observation.

Remark 3.1.1. Letr > 2 be an integer, and let d = o(n"~1) be such that r | nd. Then, there

exist d-regular r-graphs on n vertices.

Indeed, since r | nd, we can write r = , such thatn | nand r, | d. Then an (r — r)-
overlapping cycle is r-regular, and thus an edge-disjoint union of d/r, (r — 1;)-overlapping
cycles on the same vertex set is d-regular. Since d = o(n"~!), such a set of d/r, edge-disjoint
cycles can be found iteratively (see, e.g., [58, Theorem 2]).

The condition that r | nd is necessary, and throughout the chapter we will always implicitly

assume it to hold.

148



Alberto Espuny Diaz

3.2. Edge correlation in random regular r-graphs

This section is devoted to estimating the probability that any fixed r-set of vertices forms
an edge in a random d-regular r-graph, even if we require certain edges to (not) be present.
More precisely, we obtain accurate bounds on P[e € G,(:C)i | 91(11:21,H,H’] for a large range of
d as long as H, H' are sparse (see corollary[3.2.3)). This result is the core ingredient for all
the results in section 3.3]and it will be used in the proof of our lower bound on the query

complexity for testing F-freeness, for a fixed r-graph F, in section [3.4.2

Corollary[3.2.3|follows immediately from lemma (which provides the upper bound)

and lemma (which provides the lower bound). To prove lemmas|3.2.1|and [3.2.2| we

develop a hypergraph generalization of the method of edge-switchings, which was intro-
duced for graphs by McKay and Wormald [96]]. The switchings we consider in the proof of
lemma are similar to those used by Dudek, Frieze, Rucinski, and Sileikis [43]. The
switchings we use in lemma are more complex, however. Moreover, to bound the

number of certain ‘bad’ configurations, the proof of lemma3.2.2|relies on lemma The

special case of lemmas|3.2.1/and [3.2.2)lwhen r = 2 and H, H' have bounded size (which is

much simpler to prove) was obtained by Kim, Sudakov, and Vu [77].

Lemma 3.2.1. Let r > 2 be a fixed integer. Assume that d = o(n"~1). Suppose H,H' C (Ir/)
are two edge-disjoint r-graphs such that |H| = o(nd) and A(H') = o(n"~Y). Then, for all

eE (!:) \ (H U H"), we have

d |H| A(H’)))_

Q) Q) d 1
]P[e (S Gn}:d | gn':d,H,H’] < (i’— 1)'F (1 + O(E + =1 + d + 1

Proof. Write e = {v;,...,0,} and fix this labelling of the vertices in e. Let e; := e and let
€., €, € (Ir/) be pairwise disjoint and also disjoint from e;. Let f;, ..., f, € (Ir/) be pairwise
disjoint and such that f; ne; = {v;} for all i € [r]. We say that A, := (e;,...,e,) is an
out-switching configuration and that Az := (fi, ..., f,) is an in-switching configuration. If,

furthermore, |e; N fj| = 1 for all i, j € [r], we say that A, and Ag are related.
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Given A, = (ey, ..., e,), we denote the number of in-switching configurations related to A,

by Aip, = Ain(A,); we claim that
(3.2) Aip = (P L

Indeed, for each i € [r] \ {1}, write ¢; = {vi,...,vi} and let 77; : [r] — [r] be a permutation.
For eachi € [r], let f; := {v;, U7272(i)’ s v;r(i)}. Then, A = (fi, ..., f) is related to A,. In this
way, each (ordered) (r — 1)-tuple of permutations (75, ..., 7,) defines a unique in-switching
configuration. On the other hand, each A; = (f;, ..., f,) related to A, gives rise to a different
(r — 1)-tuple of permutations (7, ..., 77,) by setting, for each i € [r] \ {1} and j € [r], 7;(j)
to be the subscript of the vertex in ¢; N fi. There are (r!)" ~1 such tuples of permutations, so

follows.

Similarly, given Az = (fi, ..., f), we denote the number of out-switching configurations

related to Ag by Aoyt = Aoui(Ag). We claim that

(33) /10ut = ((l" - 1)|)r

Indeed, for each i € [r], write f; = {v;,v},...,vi} and let o;: [r] \ {1} = [r] \ {1} be a
permutation. For eachi € [r]\ {1}, lete; := {v},l(i), ey v;r(i)}. Then, A, := (ey, ..., e,) isrelated
to Az. Each r-tuple of permutations (o, ..., 0,.) defines a unique A,. On the other hand, each

A, = (e, ..., e,) related to A; gives rise to a unique r-tuple of permutations (o, ..., 0,). Thus

holds.

Let Q,Q, C (Ir/) We define a function 3 on the set of all r-graphs G on V by
(G, Qq,Q,) = (G\Q;)UQ,. Nowlet Gbe an r-graph on V. Let A, and Az be related out- and
in-switching configurations, respectively, such that A, C G and Az C G. An out-switching
on G from A, to Az is obtained by applying the operation (G, A., Ag) (here A, and A; are
viewed as (unordered) sets of edges). We denote this out-switching by the triple (G, A,, Ag).

Similarly, if A, and Ag are related out- and in-switching configurations, respectively, such

that A, C G and A; C G, an in-switching on G from A; to A, is the operation (G, Az, A,)
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and is denoted by (G, Ag, A,). Note that p(P(G, Ag, Ae), A, Ag) = G, that is, switchings are
involutions. Furthermore, both types of switchings preserve the vertex degrees of the r-graph

G on which they act.

Let 7, C 95[,21,H,H, be the set of all r-graphs G € 95[,21,H,H, such that e € G, and let
F5 = 95:31, m.a \ Je. We define an auxiliary bipartite multigraph I' with bipartition (%, 5)
as follows. For each G € ¥, consider all possible out-switchings on G whose image is in
9;?1, g, (that s, all triples (G, A,, Ag) such that A, € G\ H and Az C G \ H' are related)
and add an edge between G and (G, A,, Ag) for each such triple (G, A,, Ag). Similarly,
one could consider each G € % and every possible in-switching (G, Ag, A,) on G with
(G, Ag, A\,) € 9&:21, H.H' and add an edge between G and ¥(G, Ag, A,). Both constructions

result in the same multigraph I'.

We will use switchings to bound P[e € Gf:‘)i | Q;T;,H, wl =%l IQ;?LH, | from above in
terms of P[e ¢ G,(Qi | 95:21, H.H' |- In order to obtain this bound, we will use a double-counting

argument involving the edges of T

Assume first that G € F5. Let S;,(G) be the number of in-switchings (G, Ag, A,) on G,
thus deg.(G) < S;n(G). We claim that

(3.4) Sin(G) < ((r —1H"d".

Clearly, S;,(G) is at most the number of in-switching configurations Az C G multiplied by
Aout- As G is d-regular and Az must contain an edge incident to each v; € e, there are at most

d" such in-switching configurations. This, together with (3.3), yields (3.4).

Assume now that G € %,. Let ¢ := |H| and k' := A(H'), and let  := n(n,d,¢,k') =
1 d k'
n nr-1 nr-1"

with (G, A,, Ag) € Q;T;,H,H,; thus, deg.(G) = Sy (G). We claim that

+ n% + Let S,,:(G) be the number of possible out-switchings (G, A,, Ag) on G

(3.5) Sout(G) 2 ((r = DY 1 (nd)" 1 (1 - O () -
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In order to have (G, A, Ag) € 9;’,217H’H, we must have A, C G\ Hand A; C G \ H'. Let
A.(G) be the number of out-switching configurations A, with A, C G \ H. We first give a
lower bound on 4,(G).

Choose A, = (ey, ..., e,) by sequentially choosing e,, ...,e, € G \ H in such a way that e; is
disjoint from ey, ...,e;_1, fori € [r] \ {1}. As each vertex is incident to exactly d edges, the

number of choices for ¢; is at least (nd/r — ¢ — (r — 1)rd). Thus,

r—1
(3.6) A.(G) > (an —€—(r— 1)rd> .

We say that an out-switching configuration A, C G \ H is good (for G) if there are 4;, in-
switching configurations Az C G \ H' related to A,, and bad (for G) otherwise. Let Ae pad(G)
denote the number of bad out-switching configurations A, C G \ H. We now provide an

upper bound on this quantity. An out-switching configuration A, C G \ H can be bad only if

(a) one of the edges in some Ag related to A,, say, g, lies in G, or

(b) one of the edges in some Ag related to A,, say, h, lies in H'.

In case[(a)} the edge g has to intersect e, so there are at most rd possible such edges g.
Furthermore, g \ e must intersect every edge in A, \ {e}, so each edge g can make at most
(r — 1)!d""! out-switching configurations bad. Thus, there are at most r!d"” out-switching
configurations which are bad because of[(a) In case[(b), the edge h has to intersect e, so there
are at most rk’ such edges. As above, it follows that there are at most r'k’d"~! out-switching

configurations which are bad because of[(b)] Overall,
(3.7) Aepad(G) S r1d" + rlk’'d"™1,
By combining (3.2)), (3.6), and (3.7)), we have that

r—1
Sout(G) > (rH)r—1 ((n_rd —¢—(r— 1)rd) —rld" — r!k’d"l)

=((r =YY (nd) 11 - 0.
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As (3.4) and (3.5) hold for every G € ¥ and G € %, respectively, we can use these

expressions to estimate the number |T'| of edges in I'. We conclude that
(r=D)Hd) A= 0m) 7] < T < ((r — D) d"|F.
Noting that |75 < |9,(1r’21,H’H,| and dividing this by |9,(1V,()1’H, | implies that
((r= D)1 (ndy 1 1 = O () - P|e € Gy | Gy | < (- = DY
Thus, we conclude that

d

Lemma 3.2.2. Let r > 2 be a fixed integer. Suppose that d = w(1) and d = o(n"~!). Let
H,H' C (‘r/) be two edge-disjoint r-graphs such that A(H),A(H') = o(d). Then, foralle €
(O\EHUHE),

d 1 1 d AH A(H'
w621 201 10 o 0, 20

Proof. Our strategy is similar to that in lemma [3.2.1} but we change the definition of a
switching configuration. Write e = {vy,...,0,}. Lete,...,e, € (‘r/) be such that, for each
i € [r], v; & e; and there is a vertex u; € ¢; \ e such that u; & ¢ for all j € [r] \ {i}. Let
firen fr € (D \ {e} be distinct such that v; € f;,and let f € (D be disjoint from fi, ..., f,. We
say that A, := (e, ey, ..., €,) is an out-switching configuration and that A = (fi, ..., f,» f) isan
in-switching configuration. We say that A, and Ag are related if, for each i € [r], one can find
asetA; € (Zl) such thate; N f; = A;, and f = (e; \ A;) U...U (e, \ 4,) (note that in this
case we must have A; = f; \ {v;}). See figure[3.1]for an illustration. Given related out- and
in-switching configurations A, = (e, ey, ..., €,) and Az = (fi, .-, fr» f), we will always write

A;:=¢;N fiand {u;} :=¢; \ f; fori € [r]. It is easy to check that this definition of u; implies
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Figure 3.1. Representation of a switching for lemma in the case r = 4. Shaded (blue)
edges represent an in-switching configuration, while clear (red) ones represent
an out-switching configuration.

that {u;} = ¢; N fand u; & ¢; for all j € [r] \ {i}. So u; is indeed as required in the definition

of an out-switching configuration.
Given A, = (e, ey, ..., €,), we denote the number of in-switching configurations related to
A, by i (A,). We claim that

(38) /‘lin(Ae) S l"r.

Indeed, in order to obtain an in-switching configuration Az = (f;, ..., f» f) related to A,
one has to choose u; € e; for each i € [r]. There are at most r choices for each u;. Each

(admissible) choice of u; uniquely determines f;, and thus they determine f.

Similarly, given Az = (fi, ..., f» ), we denote the number of out-switching configurations

related to Az by Ay = Aoui(Ag)- We claim that
(3.9) Aout = 1.

This holds because, for each i € [r], the edge e; must contain f; \ {v;} = A; and one vertex

u; € f, hence each permutation of the labels of the vertices in f results in a different A.,.
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We define (G, A,, Ag), Fo, Tz and T as in the proof of lemma As before, neither out-

nor in-switchings on an r-graph G change the vertex degrees.

Assume first that G € #,. Let S,,(G) be the number of possible out-switchings (G, A., Ag)
on G satisfying that (G, A,,A;) € gflfzi,H,H,. Thus deg.(G) = S,u(G). Let

Sout =2, Ges. Sout(G) be the number of edges incident to %, in I'. We claim that
(310) Sout(G) < (nd)r'

Indeed, (3.8)) implies that S,,(G) is at most the number of out-switching configurations
A, C G multiplied by r". The number of such out-switching configurations is given by the
choice of (ey, ..., €,), so there are at most (nd/r)" such configurations. This yields (3.10). As

this is true for every G,

(3-11) Sout < |};|(nd)r

Consider now any r-graph G € ;. Let S;,(G) be the number of possible in-switchings
(G, Az A,) on G satisfying that (G, Az A,) € Gy i - Thus deg (G) = Siu(G). Let
Sin = 2, Ges, Sin(G) be the number of edges incident to #; in I'. Let T,,(G) denote the
number of in-switching configurations Az C G. As an in-switching configuration is given by
r edges, one incident to each of the vertices of e, and one more edge which is disjoint from
the previous ones, by choosing each edge in turn and taking into consideration that G is

d-regular, we conclude that

r+1
(3.12) T,.(G) < ndr .

For a lower bound on T;,(G), observe that there are exactly d choices for f;. Then, f, can be
chosen in at least d — 1 ways. More generally, there are at least (d — r)" choices for (f;, ..., f;)-

Finally, f must be chosen disjoint from f;, ..., f,, so there are at least nd/r — r?d choices.
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Overall,

(3.13) Tn(G) > (d—r) (”—rd _ er) - (1-o0(3+1)).

We say that an in-switching configuration Az C G is good (for G) if there are 4, out-
switching configurations A, C G related to A; which satisfy ¥(G, Az, A,) € 9;:31’ HH- We
say that A; is bad (for G) otherwise. An in-switching configuration A; = (f;, ..., f» f) is bad

for G if and only if any of the following occur:
(@) (fi\{v;hu{v} € Hforsomei € [r]andv € f.
) (fi\{vihu{v} e H forsomei e [rlandv € f.
(c) e Hforsomei € [r]or f € H.

(d) Neither|(a)nor[(b)hold, but (f; \ {v;}) U {v} € G for some i € [r] and v € f.

For each G € ¥, let £(G) denote the set of in-switching configurations Az with Az C G.
Consider the set {2 := {(G, Ag) | G € F5, A; € L(G)}. We say that a pair (G, Ap) is bad if A;
is bad for G.

Let k := A(H), k' :== A(H'). We first count the number of in-switching configurations
in £(G) which are bad because of For this, fix an r-graph G € %. Let T,(G) be
the number of in-switching configurations which are bad because of [(a)} Fix e* € H and
i € [r]. To count the number of in-switching configurations Az = (fi, ..., /. f) € £(G)
with (f; \ {v;}) U {v} = e* for some v € f, note that there are at most r choices for v, and
then at most d choices for f (since v € f). Then we must have f; = (e* \ {v}) U {v;}.
Finally, there are at most d choices for each f; with j € [r] \ {i} (since v; € f;). Therefore,
T,(G)<|H|-r-r-d-d"~ 1 <rnkd". Let T, = Zceg% T,(G) be the number of pairs (G, Ag)
which are bad because of Then,

(3.14) T, < |%|rnkd”.
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Similarly, for G € %, let Ty,(G) be the number of in-switching configurations which are
bad because of As above, one can show that T,(G) < |[H'| - r-r-d-d"~! <rnk'd". Let
Ty = 2, ges To(G) be the number of pairs (G, Az) which are bad because of [(b)l Then,

(3.15) Ty, < |Fs|rnk'd".

Next, for G € F, let T.(G) be the number of in-switching configurations which are bad
because of [(c)] Given i € [r], there are at most k choices for f; € H (as v; € f;), and the
remaining edges in the in-switching configuration can be chosen in at most d"~'nd/r ways.
Similarly, if f € H, then the remaining edges in the in-switching configuration can be
chosen in at most d” ways. Therefore, T.(G) < r-k-d"'nd/r + |H|-d" < (r + 1)nkd"/r.

Let T, := ), Gex T.(G) be the number of pairs (G, Ag) which are bad because of |(c), Then,

(r + 1)nkd"

(3.16) T. < |Fl p

Finally, we count the number of in-switching configurations which are bad because of
For this, fix Az = (fi,..., fr» f) € UGeerC’(G)' Note that this implies that A; " H' = @.
We now apply lemma 3.2.1|with H U A playing the role of H and H' U {e} playing the role of

H’ to bound the number of pairs (G, Ag) that are bad because of [(d)} We denote this number

by T4. Lemma(3.2.1{implies that, for any é € (Ir/) \ (HUH' UAzU{e}),

s e ) 1 o) d
F [e € Gnal 9 nfd,HUAaH’u{e}] <20 =Dl

In particular, this holds for all r-sets of the form (f; \ {v;}) U{v} for somei € [r]and v € f (as
long as they are not in H or H', which is guaranteed for condition[(d)). Therefore, a union
bound yields an upper bound on the probability that Az is bad for G because of [(d)} Indeed,
let B(G, Ag) denote the event that the pair (G, Ag) is bad because of[(d)] Then,

d

nr—l :

(3.17) P [B(G,gfg,/\g) | 9,§f21,HuAE,H,U{e}] < 2°%(r — 1)
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The same approach works for all Az. By (3.12)) we have that |2| < |%|nd"+1/r. Moreover,

note that

(3.18) |2 = Z |91(’l’:21,HUAE,H’U{e}|'
AEGUGE},EL(G)

Hence, for the number T4 of pairs that are bad because of @, by (3.17) and (3.18)) it follows

that
(3.19)
) ) ) dr+?
Iy = Z |9n}:d,HUAE,H’U{e}| P [B(Gn’:d’AE) | 9nr,d,HuAE,H'u{e}] < |Fel2r !W'

AgeUges, £(G)

r+1
By (3.13) we have that |2 > |%| ”dr+ (1-0(5+2)) Lete = c(n,d k) = = +
d k

-+ " + %. By (3.9) and (3.14)-(3.19), we conclude that

1
=+
d

nt

(3.20) Sin 2 Aout(|2] = Ty = Ty, — T — Ta) = |F|(r — Dind™* (1 - O ().
Combining and (3.20)), we conclude that
| Fl(r = Dind™ 1 (1 = O (€) < Sin = Sout < |7l(nd)".
Dividing this by | 95:21, g, g| implies that
(r=1)ind™ (1= O )P e & G} | G | < (nd)P|e € GG | G |-

Taking into account that P[e ¢ G,(:C)l | 9,(,:21’H,H,] =1-Plee Gf:gl | 95:21,H,H']’ we conclude
that

d
Ple€ G| G| 2 (r - D= (1-0(). 0

Together, lemmas[3.2.1)and [3.2.2] imply the following result.
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Corollary 3.2.3. Let r > 2 be a fixed integer. Suppose that d = w(1) and d = o(n"™1).

Let H H' C be two edge-disjoint r-graphs such that A(H), A(H') = o(d). Then, for all
r ge-aisj grap

e e (D\(HUH’)wehave

d 1 1 d A(H) AH'
]P[eEGr(:«)i|9;21,11,11']=(V—1)!nr_1<1io<ﬁ+a+nr_l+ (d)+ (d ))>

3.3. Counting subgraphs of random regular r-graphs

In this section we use the results of section [3.2]to count the number of copies of certain
r-graphs F inside a random d-regular r-graph. In section [3.3.1we consider the case when
Fis fixed. In particular, we will derive results on the number of edge-disjoint copies of F,
which will be used in section[3.4.2} In section[3.3.2]we apply our results to count the number

of copies of sparse but possibly spanning r-graphs such as Hamilton cycles.

3.3.1. Counting small subgraphs

For an r-graph F, let aut(F) denote the number of automorphisms of F. Let Xz(G) denote the
number of (unlabelled) copies of F'in an r-graph G. We will often just write X whenever G is
clear from the context. Observe that X is a random variable whenever G is randomly chosen
from some set G. We will consider the uniform distribution on the set 95:21. Furthermore,

we define

Q-

p:==0-1) d and End = % +

nl"—l nr—].'

Corollary 3.3.1. Let r > 2 and t > 1 be fixed integers, and let F be a fixed r-graph. Suppose
that d = w(1) and d = o(n"~1). Then,

(i) forany set & C (Ir/) of size t, P[E C G,(:ZI] =p'(1£ 0 (en0))

() BLXe] = () Jdsp (1 0 (6.

Proof. Enumerate the edges in € as ey, ..., ;. Item [(i)] follows by applying corollary [3.2.3]
repeatedly. This in turn implies|(i)] O
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The next lemma implies that Xy is concentrated around E[Xfr]| whenever ®r = w(1),
where

(DF = mln{]E[XK] K C F, eg > 0}

Lemma 3.3.2. Let r > 2 be a fixed integer. Suppose that d = w(1) and d = o(n"~1). Then, for

any fixed r-graph F with ep > 1, we have that Var[Xg] = O(¢,, g + OrHE[XE]%

The proof follows a straightforward second moment approach (based on corollary [3.3.1)),
so we omit the details (for a proof of the same statement in Gn,p> S€EE for instance [71,
Lemma 3.5]). Corollary[3.3.1} lemma|[3.3.2Jand Chebyshev’s inequality imply the following
result. In particular, this determines the threshold for the appearance of a copy of a fixed F
in Gy
Corollary 3.3.3. Let r > 2 be a fixed integer. Suppose that d = w(1) and d = o(n"~!). Then,
for any fixed r-graph F with ®r = w(1), we a.a.s. have

Xp = (1+0(1) (;)ﬁ;)p

The next result addresses the problem of counting edge-disjoint copies of an r-graph F in
G,(:()i. Its proof builds on an idea of Kreuter [84] for counting vertex-disjoint copies in the
binomial random graph model (see also [[71, Theorem 3.29]). The approach is to consider an
auxiliary graph whose vertex set consists of the copies of Fin G,E:()i and where an independent
set corresponds to a set of edge-disjoint copies of F. To estimate the number of vertices and
edges of this graph (with a view to apply Turan’s theorem), one makes use of corollary[3.3.1]
lemma and corollary[3.3.3] For the sake of completeness, we include the details in

appendix[A.4]

Lemma 3.3.4. Let F be a fixed r-graph. Assume that d = w(1) and d = o(n"~!). Let Dy be
the maximum number of edge-disjoint copies of F in an r-graph chosen uniformly from 95:31.

If @ = w(1), then D = O(Pf) a.a.s.
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3.3.2. Counting spanning graphs

Let H = {H;};»1 be a sequence of r-graphs with |V (H;)| strictly increasing. When we say that
H is a subgraph of G, for some G of order n, we mean that the corresponding H; of order n
is a subgraph of G. This makes sense only when n = |V(H;)| for some i; we will implicitly

assume this is the case, and study the asymptotic behaviour as i tends to infinity.

Our main tool for this section is the following result of Dudek, Frieze, Rucinski, and
Sileikis [43]], which allows to translate results on the §(")(n, p) and ") (n, m) random graph
models to 9,(,:21. Roughly speaking, their result asserts that G (n, p) C anc)i a.a.s. provided
that p is at least a little smaller than d/ (;’:i) For the graph case, a similar result was proved

by Kim and Vu [76]] (for a more restricted range of d).

Theorem 3.3.5 ([43]]). For every r > 2 there exists a constant C > 0 such that if for some

positive integer d = d(n),

d logn\'? 1
(3.21) Opd = C((nr—l + %) +—-]<1,

n

then there is a joint distribution of G (n, p,) and G,(:C)i such that
: () M1
lim P [G (n,pg) € G, 4| =1,
n—oo ’

where pg == (1 -6, 4)d/ ('::11) The analogous statement also holds with G")(n, p,) replaced

by G(n, my) for mg :== (1 — Opg)nd/r.

In order to be able to apply theorem|3.3.5| from now on we always assume thatd = o(n"~1)
and d = w(log n). We now combine theorem with our results from section 3.2]to obtain

a general result relating subgraph counts in 95:21 to those in G (n, py) and G (n, my).

Theorem 3.3.6. Let r > 2 be a fixed integer and V be a set of n vertices. Assume that d =

w(logn) and d = o(n"~Y). Let H be an r-graph on V with A(H) = O(1). Suppose that
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n = n(n) = o(1) is such that

(3.22) En,d = 0(n), Sn,a = o(n), n = w(1/n),
and Xg(GD(n, py)) = (1 = NHIE[Xy (GO (n, py))] a.a.s. Then, a.a.s.
(3.23) Xu(GS)) = (1 £ 3n)HIE[Xg (GO (n, pg))]-

Similarly, if holds and Xg(GP(n,my)) = (1 + n)HE[X5(GP(n, my))] a.a.s., then

a.a.s.

(3.24) Xa(G)) = (1 3 HIE[Xg (G (n, my))].

Proof. Observe first that, by corollary [3.2.3] for any fixed copy H' of H we have
(3.25) P [H' C G,(:zl] = (1 £ O(e,.0))(r — Did/n™1)HI,

Therefore,

E[Xg(G)]
E[X5 (G (n, pg))]

(3.26) =1 £ 0(ena + 8p )™ < @+l

By using Markov’s inequality and ([3.26)) we conclude that

P[X5(GL)) 2 (1+ 30)HIE [X(GD(n, pa))] |

(3.27) <P [Xu(Gh) 2 (1 + DHIE|Xy(Gr)|| < /A + )l = o(1),
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W

Note that, as G (n, py) C G,(qui a.a.s. by theorem [3.3.5, then XH(Gf:c)i) > Xy (G (n, py))

a.a.s. Thus, by assumption,

P[Xu(GL)) < (1 = PHIE [X(G(n, pa)]]

(328)  <P[Xp(G(n, py)) < (1 —HE[Xy(GM(n, pg))]] + 0o(1) = o(1).

Combining equations (3.27)) and ([3.28]) yields ([3.23).
Finally, one can prove (3.24) in a very similar way. O

We may apply theorem to obtain estimates on the number of copies of certain
spanning subgraphs. This requires concentration results in the §)(n, p) model or the
glr )(n, m) model in order to obtain results for 95:21.

We start with the following result of Glebov and Krivelevich [57] on counting Hamilton
cycles in G(n, p). For a more restricted range of densities, Janson [69] proved more precise

results in G(n, m).

Theorem 3.3.7 ([57]]). Let V be a set of n vertices. Let H be a Hamilton cycleon V. If p >

Inn+Inlnn+w(1
—(), then a.a.s.
n

Xu(G(n, p)) = (1 £ o(1))"n!p".
Together with theorem this implies the following result.

Corollary 3.3.8. Let V be a set of n vertices. Let H be a Hamilton cycle on V. Assume d =

w(logn) and d = o(n); then, a.a.s.

d

Xia(Gra) = (1 o))t (55 )

Corollary improves a previous result of Krivelevich [85] by increasing the range of d

in which the number of Hamilton cycles is estimated from d = w(e(°8 ")1/2) to d = w(logn).
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Note that, on the other hand, the results of Krivelevich [85] also cover pseudo-random
d-regular graphs.

A very general result due to Riordan [[102]] allows us to count the number of copies of H
as a spanning subgraph of G(n, m) for a large class of graphs H. We state only a special case
of this result here. Let a;(H) := |H|/(}), a(H) = Xp,(H)/(3(})) (where B, stands for a path
of length 2), e (k) := max{|F| : F C H, |V(F)| = k}, n(H) = maxz<x<,ieyg(k)/(k — 2)} and
»a(H) = maxsn{(en(k) — 4)/(k — 4)}.

Theorem 3.3.9 ([102])). Let V be a set of nvertices. Let p = w(max{1/n'/?,1/n'/71,1/n'/72}),
p = o(1/logn), m := p(g), and let H be a triangle-free spanning graph on V with |H| >
n, A(H) = 0Q1) and |ay(H) — ay(H)?| = Q(1/n?). Then, Xi(G(n, m)) follows a normal

distribution such that Var[Xg(G(n, m))|/E[Xg(G(n, m))]? = o(1).
Together with theorem [3.3.6, we can deduce the following.

Corollary 3.3.10. Let V be a set of n vertices. Assume that d = w(max{n'/?, n1=1/71 p1-1/72}),
d = o(n/logn), and let H be a triangle-free spanning graph on V with |H| > n, A(H) = O(1)
and |ay(H)— o, (H)?| = Q(1/n?). Then, X(Gy 4) = (1£0(1))"E[Xy(G(n, my))] a.a.s., where
mg = (1 — o(1))dn/2 is defined as in theorem[3.3.6]

As a particular case of this, we can estimate the number of spanning square lattices in

a random d-regular graph. A square lattice Ly, is defined by setting V(L) = [k] X [k] and

L = {(x, y), w,0)} : u,v,x,y € [k], ||(x, y) — (w, v)]| = 1}.

Corollary 3.3.11. Let n = k% Let d = w(1), d = o(n/logn) and p := d/(n — 1).
(i) If d = o(n'/?), then P[Xy, (G, 4) > 0] = o(1).
(ii) If d = w(n?), then, X1, (G, q) = (1 £ o(1))"nlp™ a.as.

In particular, as |L;| = 2n = O(n'/?), this determines the threshold for the existence of

a spanning square lattice Ly in Gy, 4. Corollary [3.3.11[i) follows from corollary [3.2.3|and
Markov’s inequality, while corollary [3.3.11{ii) follows from corollary[3.3.10}
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Much less is known for r-graphs when r > 3. For Hamilton cycles, we can apply the

following result of Dudek and Frieze [40] on #-overlapping Hamilton cycles.

Theorem 3.3.12 ([40], Section 2). Let r > ¢ > 2 and assume that (r — €) | n. Assume

p = w(1/n"~%). Then, a.a.s.
XC’é’l(G(r)(n, p)) = (1 + 0(1))nn!pn/(r_g)'

Together with theorem [3.3.6] corollary and Markov’s inequality, this implies the

following result.
Corollary 3.3.13. Letr > ¢ > 2 and assume that (r — €) | n. Let p := d/('rlj).
(i) If d = o(n’~") then P[Xc¢ (G4 y) > 0] = o(1).
(ii) If d = w(n®~Y) and d = o(n" 1), then a.a.s. chl(Gflf;) = (1 + o(1))"n!pV(r=0),

In particular, this determines the threshold for the existence of C¢ in 95:21 for¢ € [r—1]\{1},
solving a conjecture of Dudek, Frieze, Rucinski, and Sileikis [43]. We note that Altman,
Greenhill, Isaev, and Ramadurai [7|] recently determined the threshold for the appearance
of loose Hamilton cycles in random regular r-graphs. Their results imply that for every
r > 3 there exists a value d, (which is calculated explicitly in [7]) such that if d > d,,
then G,(:C)i a.a.s. has a loose Hamilton cycle. For ¢ € [r — 1] \ {1}, they also proved that
]P[XCﬁ (Gf:()i) > 0] = o(1) holds under the much stronger condition that d = o(n) if r > 4
and d = o(n'/?) if r = 3 (but to deduce corollarywe do rely on their result when d
is constant; we rely on corollarywhen d =w(1)).

3.4. Testing F-freeness in general r-graphs

We now give lower and upper bounds on the query complexity of testing F-freeness in the
general r-graphs model, where F is a fixed r-graph. In the special case when F is a triangle,
these (and other) bounds were already obtained by Alon, Kaufman, Krivelevich, and Ron [3]].

Our proofs build on ideas from their paper.
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In section [3.4.1] we observe a simple lower bound for the query complexity of any F-
freeness tester. In section [3.4.2] we use our results from sections [3.2]and 3.3| to improve this
bound for input r-graphs whose density is larger than a certain threshold. The bound that
we obtain, however, holds only for one-sided error testers; extending it to two-sided error
testers, as Alon, Kaufman, Krivelevich, and Ron [3|] do with their triangle-freeness tester,
would be an interesting problem. Finally, section [3.4.3|is devoted to upper bounds on the

query complexity.

3.4.1. Alower bound for sparser r-graphs

In this section we provide a lower bound on the query complexity of testing F-freeness which
is stronger than that in section |3.4.2|when the r-graphs that are being tested are sparser (the
range of the average degree d for which this holds depends on the particular r-graph F).
Recall that our algorithms are allowed to perform two types of queries: vertex-set queries
and neighbour queries. For a fixed r-graph F, let ex(n, F) denote the maximum number of

edges of an F-free r-graph G on n vertices.

Proposition 3.4.1. Let r > 2 and F be an r-graph. Let c,a > 0 be fixed constants such that
¢ - n% < ex(n, F) and suppose that d = Q(1) and d = o(n®*~1). Then, any F-freeness tester in
r-graphs must perform Q (n'=Y4d=1/%) queries, when restricted to input r-graphs on n vertices

of average degree d + o(d).

Observe that the assumptions in the statement imply that 1 < a < r. In particular, the

result only applies for r-graphs F such that ex(n, F) is superlinear.

Proof. It suffices to construct two families of r-graphs on n vertices #; and %, such that the

following hold:
(i) All r-graphs in #; are F-free.
(ii) All r-graphs in %, are ©(1)-far from F-free.
(iii) All r-graphs in both families have average degree d + o(d).
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(iv) Consider an r-graph G chosen from # U %, according to the following rule. First
choose i € [2] uniformly at random. Then choose G € % uniformly at random. Then
any algorithm that determines with probability at least 2/3 whether G € F, or G € &%,

must perform at least Q(n'~1/2¢d~1/%) queries.

Let H be an F-free r-graph on (nd/(cr))"/® vertices with nd/r edges. Let F; be the family
of all labelled r-graphs consisting of the disjoint union of H on (nd/(cr))"/¢ vertices and
n—(nd/(cr))V/* isolated vertices. Let F; be the family of all labelled r-graphs consisting of the
disjoint union of a complete r-graph on a set of (nd(r — 1)))V/" vertices and n— (nd(r — 1))/
isolated vertices.

A simple computation shows that all r-graphs in both families have average degree d +o(d).
All r-graphs in # are F-free by definition. Since the number of distinct K,()? in K,(Cr) is O(kF),
it is easy to check that all r-graphs in &, are ©(1)-far from being Kﬁ?—free, and hence ©(1)-far
from being F-free. Thus, conditions and hold.

Now consider any algorithm ALG that, given an r-graph G chosen at random from either
F orHas in tries to determine with probability at least 2/3 whether G € #; or G € %,.
If G € 7, then the probability of finding a vertex with positive degree with any given query
is O(n'/¢~1dV/®). Similarly, if G € %, the probability of finding a vertex with positive degree
with any given query is O(n'/¢~1d'/%). Hence, if the number of queries is Q = o(n!~¢d~1/®),
by the union bound, one has that the probability of finding any such vertex is o(1). So
a.a.s. ALG only finds a set of isolated vertices, of size O(Q), after the first Q queries. Thus
we conclude that, for i € [2], P[G € ¥ | ALG finds only isolated vertices] = 1/2 + o(1).
Therefore, the algorithm cannot distinguish between r-graphs in #; and %, with sufficiently

high probability with only Q queries. O

If F is a non-r-partite r-graph, then ex(n, F) = ©(n"). Using this, proposition [3.4.1| asserts
that, for any non-r-partite r-graph F, testing F-freeness needs Q((n"~1/d)"'") queries. This
implies that for all non-r-partite r-graphs F there is no constant time F-freeness tester for
input r-graphs G on n vertices with d = o(n"~1) and d = Q(1), as opposed to the constant

time algorithms existing for dense r-graphs.
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In more generality, proposition (3.4.1{ shows that there can be no F-freeness tester that
requires a constant number of queries whenever the input r-graph G has average degree
d = o(ex(n,F)/n) and d = Q(1). On the other hand, if the number of edges of the input
r-graph is larger than the Turdn number of F, then there is a trivial F-freeness tester: an
algorithm that rejects every input, which has constant query complexity. As another example,
it is well-known that ex(n, C;) = ©(n*/?). With this, we conclude that any algorithm testing
C,-freeness in graphs with average degree d, when d = o(n'/?) and d = Q(1), must perform
at least Q((n/d?)"3) queries.

Vp—r

The asymptotic growth of ex(n, F) is not known for every F. Let B(F) := . An easy

ep—1
probabilistic argument shows that ex(n, F) = Q (n" =), This bound is superlinear in n as
long as B(F) < r — 1, which holds for every connected F that is not a weak tree. Using this
bound on ex(n, F), proposition [3.4.1| asserts that for any connected r-graph F other than a

weak tree the number of queries performed by any F-freeness tester on input r-graphs on at

least Q(n) and at most o (n"~P()) edges is Q((n"~1=AE) @)1/ (r=AED),

3.4.2. Alower bound for denser r-graphs

The lower bound on the query complexity of F-freeness testers we present here improves the
bound in section[3.4.1]when d is large enough and either r = 2 or r > 3 and F is non-r-partite.
However, this approach works only for one-sided error algorithms. The answer given by
one-sided error algorithms must always be correct when the input r-graph is F-free, so any
algorithm we consider must accept if it cannot rule out the possibility of G being F-free.
Thus, in order to prove that the query complexity is at least Q, say, (roughly speaking) the
idea is to find a family F of r-graphs which are far from being F-free and such that any
algorithm, given an r-graph chosen uniformly at random from ¥ as an input, must perform
at least Q queries in order to find a copy of F (with high probability). As we will prove, the

family ?n(g(n) described below has the required properties.
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Let F be an r-graph other than a weak forest. Recall that Xr(G) denotes the number of
copies of Fin G. Let ®p ,, 4 := min{]E[XK(Gr(:()i)] : K C F,ex > 0}. Taking K to be an edge
shows that @ ,, 5+ < nd'/r for any d’.

Assume now that d(n) = w(1) and d(n) = o(n"~!). Choose n(n) such that n(n) = o(1).
Let

n,:=max{ng < n: ®p, 4 = (1 —n0n)ned(n)/r}.

We claim that n, always exists. Indeed, let n; < n be such that there exists an r-graph G*

on n; vertices with average degree d(n) and at least (1 — n(n)z)(”rl) edges. Thus, n; =

(1 £ o())((r — D))~V and, since d = w(1), we have n; = w(1). Consider any

G* as above. Given any K C F, note that the number of copies of K in G* is given by
vg!

1=+ n(n))(l?;{)m. (This can be seen by observing that G* is “almost complete” and

that every edge that is removed from a complete r-graph on n; vertices affects at most

Vg—

n¥~" copies of K; since only n(n)z("rl) edges are removed, this gives a total of at most

n?*("n X" = o(n(n)(:};{)) copies of K affected by the missing edges.) Among all K C F

with eg > 1, this expression achieves its minimum (if n is sufficiently large) for a single edge.

Hence @, q(n) = (1 —n(n))nyd(n)/r and n, > n; must existﬂ

Lemma 3.4.2. Let F be a fixed r-graph other than a weak forest and let d(n) be such that
d(n) = w(1) and d(n) = o(n"~1). Then d(n) = o(n’~1).

Proof. For any fixed r-graph K with ex > 1, let d*(n, K) be the smallest integer such that

IE[XK(GY(:()#(”’K))] > nd*(n,K)/r. Let dp(n) = maxgcp.q>11d*(n,K)}. We claim that

dj(n) = o(n"~1). To prove the claim, note that, by corollary for any K C F with

(r-eg—vg+1
d*(n,K) =0 ([n eg—1 D

In particular, d*(n,K) = o(n"~1) as vg > r. The claim follows by taking the maximum over

ex > 1 we have that

all K.

Note that here we are using the fact that there exist very dense d(n)-regular r-graphs. This follows from
remark by considering the complement.
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Returning to the main proof, we now consider two cases. If n, = n, then d(n) = o(n} 1)
by assumption. So suppose n, < n. Let n, > n, be the smallest integer such that there
exists a d(n)-regular r-graph on n, vertices. So n, < 2n, (since a d(n)-regular r-graph on
2n, vertices can be constructed by duplicating one on n, vertices) and n, < n (because
d(n) = o(n"~1); see remark. By the definition of n,, g . 4ny < (1 —n()n, dn)/r.
In particular, there exists K C F with ex > 2 such that ]E[XK(G(F) d(n))] <A =nm)n,dmn)/r.
By the definition of d*(n, K) and corollary [3.3.1(ii)} we then have that d(n) < 2d*(n,,K).
This in turn implies that d(n) < 2dj(n,). But dj(n,) = o(n’;"1) by the above claim, and
thus d(n) = o(n’™1). O

Let t := |n/n,]. Define 3’ d(n) by considering all possible partitions of V into sets V4, ..., V|

of size
(3.29) 7i == n/t

and, for each of them, all possible labelled d(n)-regular r-graphs G; on each of the sets V. By
lemma|3.4.2, d(n) = o(7i"~!) and so the G; are well-defined (see remark . With these

definitions, all the results in sections and|3.3.1|can be applied to each family 7, (r d)(n)[ Vi

consisting of the subgraphs of each G € 7, (r d)(n) restricted to vertex set V/, and hence to 7, r d)(n)

by summing over all i € [¢].

Lemma 3.4.3. Let F be a fixed, connected r-graph other than a weak tree and let d(n) be such
that d(n) = w(1) and d(n) = o(n"~1). Let 7i and F d(n) be as defined above. Then, an r-graph

Ger" d)(n) chosen uniformly at random contains ®(nd(n)) edge-disjoint copies of F a.a.s.

Note that this immediately implies that a.a.s. a graph G € 7, (r d)(n) chosen uniformly at

random is e-far from being F-free for some fixed € > 0.

Proof. Let Dr(G) denote the maximum number of edge-disjoint copies of F in an r-graph
G. Recall that &F (r d)(n) is obtained by partitioning the set of vertices into sets 14, ..., V} of size

i, where t = n/7i, and considering d(n)-regular r-graphs G; on each of the V, where each
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G; is chosen uniformly at random from 95{2(”), independently of each other. Note that
n, < i < 2n,. Together with the definition of n, and corollary this implies that the
value of @ ; 4., in each G; satisfies @ ;; 4(,) = O(7id(n)). Then, by lemma for any
fixed i € [t], the maximum number of edge-disjoint copies of F in G; is Dr(G;) = ©(7id(n))
a.a.s.

We now claim that a graph G € 52(’2(,1) chosen uniformly at random a.a.s. satisfies that
Dr(G) = ©(nd(n)). Observe that the bound Dr(G) = O(nd(n)) is trivial, as G has exactly
nd(n)/r edges. For the lower bound, since Dg(G;) = O(7id(n)) a.a.s. for each i € [t], by the
independence of the choice of G; we have that a.a.s. at least half of the graphs G; satisfy this

equality. Therefore, Dp(G) = Q(tiid(n)) = Q(nd(n)). ]

We now provide a proof for the lower bound on the complexity of any algorithm that
tests F-freeness in r-graphs (for graphs and non-r-partite r-graphs F with r > 3). In order to
do so, consider any algorithm ALG that performs Q queries given an input r-graph G on n
vertices with average degree d(n) £+ o(d(n)). ALG will retrieve some information about G
from the queries it performs, namely a set of r-sets E; C E(G), a set of r-sets E, C E(G) and
(potentially) some vertex degrees of G, i.e., aset D C {(v,d,) : v € V(G),d, = deg(v)}
We call the information retrieved by ALG after Q queries the history of G seen by ALG, and
denote it as (E;, E,, D). We say that the history of G seen by ALG is simple if E; forms a weak
forest and for all (v, d,) € D we have that d, = O(d(n)).

We will allow our algorithm to find weak forests in the input graphs. Thus we assume
that F is not a weak forest, that is, F contains at least two edges whose intersection has size

at least 2 or a loose cycle. In order to prove our bound we first show the following result.

Lemma 3.4.4. Let F be an r-graph which is not a weak forest and define 7i as in (3.29)). Assume
that d(n) = w(1) and d(n) = o(n"~1). Suppose ALG is an algorithm whose input is an r-graph
G e 55(’2(") and which for at least 1/3 of the r-graphs G € 9;1(’2(”) sees with probability at

least 1/3 a history which is not simple. Then, ALG must perform Q(min{d(n), a"~'/d(n), ii'/?})

queries.
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To prove lemma we will show that an algorithm that performs only Q queries,
Q = o(min{d(n), i"~'/d(n), i"/?}), will usually not succeed with the desired probability. For

this, we consider a suitable randomised process P that answers the queries of the algorithm.

Proof. Suppose Q = o(min{d(n), i’ ~'/d(n), A/?}). Let ALG be a (possibly adaptive and
randomised) algorithm that performs Q queries and searches for some history of the input
G e ﬂ’n(’:i)(n) which is not simple. Since we have, for any history (E;, E,, D) seen by any

(r

algorithm on any G € 7, that any pair (v,d,) € D satisfies d, = d(n), the only

n
condition for (Ey, E,, D) being simple is that E; forms a weak forest. Therefore, ALG tries to
find a set E; C E(G) which forms an r-graph which is not a weak forest.

The queries performed by ALG are answered by a randomised process P. We denote the
queries asked by ALG as qy, @5, ..., and the answers given by P as a,, a,, .... After t queries,
we refer to all the previous queries from ALG and all the answers provided by P as the
query-answer history. The process P uses the query-answer history to build what we call
the history book, defined for each t > 0 and denoted by H! = (V*, E!, E*), where V! C V,
E' C (Ir/) and E! is a set of labelled r-sets in (D such that each r-set e € E! has r labels
i1, ..., i, One for each vertex in e. We denote by E! the set of edges consisting of the r-sets in
EL. Given an edge e = {v,, ..., 0,} € E', its labels in E! indicate, for each vertex Y Ee, that e
is the ij-th edge in the incidence list of v;.

Initially, V°, E2 and E° are set to be empty. Note that we may always assume that in the
t-th step ALG never asks a query whose answer can be deduced from the history book H!™1.
Given two r-graphs H and H’, define ?n(g(n),H’H, = {G € 5—"(,2(”) : HCG,H C 5}. We

n
abuse notation to write 3;(’2(”)’ g astheeventthat G € ?n(,z)(n), g1+ The process P answers
ALG’s queries and builds the history book as follows.

If q¢; = {vy,...,0,} is a vertex-set query, then P answers “yes” with probability P[q; €
G | ?n(;i)(n), Ei-1, 5], and “no” otherwise. If the answer is “yes”, then the history book is
updated by setting V! := V=1 U q,, E! := E*~! and adding q, together with its labels j, ..., j,

to EL~! to obtain Ef, where the labels J1s - > jr are chosen uniformly at random among all

possible labellings which are consistent with the labels in E{~L. In this case, the labels are
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also given to ALG as part of the answer. Otherwise, the history book is updated by setting

Vti=V'"lugq,, El == El" and E' := E"" 1 U {q,}.

If q; = (u,1) is a neighbour query, P replies with a; := (Uq, ..., Up_1, j1s -5 jr—1)> Where a;
is chosen such that e := {u,vy,...,0,_1} is an edge and for each k € [r — 1], the number
Jjk is the position of e in the incidence list of v, (we may assume that, as the r-graphs are
d(n)-regular, the algorithm never queries i > d(n)). To determine its answer a;, the process
P will first choose an r-graph G; € ?;1(,’;1)(11), Et-1 ft-1 uniformly at random, and then choose a
labelling of the edges of G, which is consistent with H'~! uniformly at random. The edge
e = {u, vy, ..., U,_1} will be the i-th edge at u in G; (in the chosen labelling) and j, will be the
label of e in the incidence list of v, (for each s € [r — 1]). Note that the random labelling
ensures that, given Gy, e is chosen uniformly at random from a set of edges of size at least
d(n) — t (namely from the set of those edges of G, incident to u which have no label at u
in H'~1). This in turn means that for all f € G, with u € f, the probability that the label
of uin fis i is at most 1/(d(n) — t). The history book is updated by setting V! := V=1 ue,

E' := E'~1 and adding e together with the labels i, ji, ..., j,_; to E{~! to obtain EY.

Once P has answered all Q queries, it chooses an r-graph G* € ¥, (r)

n.d(n),EQ.EQ uniformly at

random. Note that P gives extra information to the algorithm in the form of labels that have
not been queried. This extra information can only benefit the algorithm, so any lower bound

on the query complexity in this setting will also be a lower bound in the general setting.

We claim that G* is chosen uniformly at random in ?n(’z)(n). Indeed, let s, = |5§1(;1)(n)|.

Given a query-answer history # = (q;, a3, ..., Qo ag), for each t € [Q] U {0}, write F*(F()
for the set of all those graphs G € 9’,1(,2)(,1) which are “consistent” with 7 for at least the first ¢

steps, i.e.,allG € J’Fn(g(n) gt pt» Where (V!, Ef, E*) is the history book associated with the first ¢

steps of (. Thus ! is a random variable and F°(F() = 551(,2(;1) for each . Now consider any
sequence 8 = (s1,...,Sg) such that s, € N and P[|#*| = s5;] > O for all t € [Q]. Write Pg for
the probability space consisting of all those query-answer histories 7 = (q;, a3, ..., 4, ag)
which satisfy |F!| = s; for all t € [Q]. Take any fixed r-graph G € 7, (201). Note that our

n,

choice of the ¢-th answer a, given by P implies that Pg [G € F' | G € F'!] = s5,/s,_, for all
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t € [Q]. Thus,

Q
Ps[G* = G] =P4[G € 79| /sg = (H [GeF'|Ge ff—l])lpg |G e 79|

Thus P[G* = G| =1/|7, d(n)| by the law of total probability.

Now let us prove that ALG will a.a.s. only see a simple history (E;, E,, D). Note that
E, = EQ and E, = EQ. Hence it suffices to show that E? is a weak forest a.a.s. Recall that
we can write each G € &, (:l)(n) as the disjoint union of G, ..., Gy, where s = n/fi, each G; is

uniformly distributed in 9n d(n) and G has vertex set V.

Assume q; is a vertex-set query. The probability that P answers “yes” is given by corol-
lary as O(d(n)/A"1), as long as t = o(d(n)). Thus, because the number of queries
is Q = o(7i"~!/d(n)), then, by a union bound, the probability that any edge is found with
vertex-set queries is o(1).

Assume now that q; = (u, i) is a neighbour query, where u € V, j € [s]. We will bound
the probability that some vertex returned by P in the t-th answer a, lies in V!~1. Note
that such a vertex will always lie in V. To bound this probability, for any given vertex
veViinyletS, ={f € (V) : wv € f,f ¢ E""L UE'"!}. Note that |S,| = O(7"2).
By corollary 3.2.3, the probability that a given r-set in S, is an edge of G, is ©(d(n)/A"1).
Furthermore, if we condition on e € S, being an edge of G, recall that the probability that
its label belonging to u equals i is at most 1/(d(n) — t). Thus, by a union bound over all
elements of S, the probability that some r-set in S,, is the i-th edge in the incidence list of u
is O(d(n)/(A(d(n) — t))) = O(1//). Note that |V!=!| < rt = O(Q). Thus, by a union bound
over all v € V'~1, the probability that the answer to the t-th query results in E? being not a
weak forest is O(Q/7). By a union bound over all queries, the probability that any of the at
most Q neighbour queries finds any vertex in the current history book is O (Q2 / ﬁ) = o(1).
This in turn implies that the probability that a neighbour query detects anything other than

a weak forest is o(1).
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Combining the conditions and lower bounds for both types of queries, we have that the
probability (taken over all queries of ALG and choices of P in the above process) that E? is
not a weak forest is 0o(1). The statement follows since we have shown that the r-graph G*

returned by P is chosen uniformly at random from 3—';2(”). O

Theorem 3.4.5. The following statements hold:

(i) Let F be a connected graph which is not a tree. Assume that d(n) = w(1) and d(n) = o(n).
Assume, furthermore, that nd(n)/2 < ex(n,F). Then, any one-sided error F-freeness
tester must perform Q(min{d(n), ii/d(n), AY/2}) queries when restricted to n-vertex inputs

of average degree d(n) — o(d(n)), where 7i is as defined in (3.29).

(ii) Letr > 3. Let F be a connected non-r-partite r-graph. Assume that d(n) = w(1) and
d(n) = o(n"1). Then, any one-sided error F-freeness tester in r-graphs must perform
Q(min{d(n), A"~1/d(n), A'?}) queries when restricted to n-vertex inputs of average degree

d(n) + o(d(n)), where i is as defined in (3.29).

Proof. We first prove|(ii)|and later discuss which modifications are needed to prove (i)} Let
Q = o(min{d(n), A"~'/d(n), 7i/?}). Consider any algorithm ALG that performs Q queries
given an input r-graph G on n vertices with average degree d(n) £ o(d(n)). Assume that ALG

is given an r-graph G € j;'l(,};i)(n) as an input. By lemma|3.4.4we know that any algorithm that

performs at most Q queries will see a simple history (E;, E,, D) of G with probability at least
2/3 for at least 2/3 of the graphs G € 5‘;1(’2(71). Note that any such simple history (E;, E,, D) is
such that |E; UE,| < Q, |D| < Q and for every (v,d,) € D, d, = d(n). We now show that
there is a family %, of F-free r-graphs that, for every such simple history, contains at least

one r-graph for which ALG will see the same history with positive probability.

« For each simple history (E;, E,, D), let H be the r-graph that has vertex set UeE ELUE, ©
and edge set E;. Note that H is a weak forest with (possibly) some isolated vertices and
|V(H)| < rQ. Consider a partition of V(H) into 4, ..., V. such that for every e € E(H)
and i € [r], we have |e N V]| = 1, which can be constructed inductively by adding the

edges of H one by one and distributing their vertices into different parts. Consider
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pairwise disjoint sets of vertices W, ..., W, of size d(n)"/"~1) which are disjoint from

V(H).

+ Define an r-graph K with vertex set V(H) U W] U ... U W,.. Note that for eachv € V
there are d(n) r-sets f such thatv € fand [f N W] = 1forall j € [r]\ {i}. Define E(K)
by including E(H) and adding d(n) — deg,(v) of these r-sets incident to each vertex

v € V(H). Note that K is r-partite and, thus, F-free.

« Finally, for any such K, consider the r-graph G obtained as the vertex-disjoint union
of K and any F-free r-graph on n — |V (K)| vertices with average degree d(n) — o(d(n))
(to see that this is possible, note that |V(K)| = o(n) and ex(n, F) = O(n") since F is

non-r-partite).

We define %, as the family that consists of all r-graphs G that can be constructed as above and
all possible relabellings of their vertices. Note that each G € %, has n vertices and average
degree d(n) + o(d(n)) and is F-free. Moreover, for every G € ‘7;1(,2)(1/1) and any simple history
(E;, E;, D) seen by ALG on G, there is some r-graph G € %, such that ALG would have seen
(E;, E;, D) on G.

Now suppose ALG is a one-sided error F-freeness tester for r-graphs of average degree
d(n) £ o(d(n)) that performs Q queries. Assume that ALG is given inputs as follows. With
probability 99/100, the input is an r-graph G € ?n(z) chosen uniformly at random. With prob-
ability 1/100, the input is an r-graph G € %, chosen uniformly at random. By lemma|3.4.4,
the proportion of r-graphs G € 3;1(,2(@ for which with probability at least 2/3 ALG only sees
a simple history is at least 2/3. Moreover, since ALG is a one-sided error tester, it can only
reject an input G if ALG can guarantee the existence of a copy of F in G. Thus, if after Q
queries ALG has seen a simple history (E;, E,, D), then it cannot reject the input, as there
are r-graphs G € ¥, which are F-free and for which ALG may see the same history with

positive probability. So given a random input as described above, the probability that ALG

accepts is at least (99/100)(2/3)? > 2/5.
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On the other hand, by lemma |3.4.3} the proportion of r-graphs in 3;1(,2(”) that are e-far

from being F-free is at least 99/100. Since ALG is a one-sided error F-freeness tester, it must
reject these inputs with probability at least 2/3. Therefore, given a random input G, the
probability that ALG rejects G must be at least (99/100)(2/3) > 3/5. This is a contradiction
to the previous statement, so ALG cannot be a one-sided error F-freeness tester.

In order to prove|(i), let Q = o(min{d(n),i/d(n), A"/?}). If F is not bipartite, then
already shows the desired statement. In order to deal with bipartite graphs F, define a
new family % (which also works for non-bipartite F) as follows. Given a simple history
(Ey, Ey, D), define H as above. For each v € V(H), consider d(n) — deg,,(v) new vertices
and add an edge between v and each of them. Denote the resulting graph by K. Finally,
consider the graph G obtained as the disjoint union of K and any F-free graph on n — |V(K))|
vertices with average degree d(n) — o(d(n)). We define #; as the family that consists of all
graphs G that can be constructed as above and all possible relabellings of their vertices. The

remainder of the proof works in the same way. O]

Note that if, for instance, d(n) = 2ex(n, F)/n and F = C,, then theorem [3.4.3(i)| (together
with corollary [3.3.1{(ii)) implies a lower bound of Q(n'/?). The bound on the number of

queries in theorem is stronger than in proposition as long as d is not too small.

3.4.3. Upper bounds

Here, we present several upper bounds on the query complexity for testing F-freeness. All the
testers we present here are one-sided error testers. Note that there is always the trivial bound
of O(nd) queries; the forthcoming results are relevant only whenever the presented bound
is smaller than this. Proposition provides a bound on the query complexity which
applies to input r-graphs G in which the maximum degree does not differ too much from the
average degree. Proposition [3.4.7/improves proposition [3.4.6|for special r-graphs F. Finally,
theorem provides a bound which works for arbitrary F and G. Propositions [3.4.6
and give stronger bounds for very sparse r-graphs G, whereas theorem gives

stronger bounds for denser r-graphs.
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We will say that a tester for a property P is an ¢’-tester if it is a valid tester for 2 for all
distance parameters ¢ > ¢’ (recall that € stands for the proportion of edges of a graph G
that needs to be modified to satisfy a given property 2 in order for G to be considered far
from P). The techniques of our algorithms are based on two strategies: random sampling
and local exploration. We will always write V for the vertex set of the input r-graph G and
d for its average degree. Given any S C V, we denote by G[S] := {e € G : e C S} the
subgraph of G spanned by S. Thus V(G[S]) = S. We denote by G{S,p}:={e€ G : JveEe:
dist(S,v) < p} the graph obtained from G by performing a breadth-first search of depth p
from S. Throughout this section, the hidden constants in the O notation will be independent

of both € and n. When the constants depend on ¢, we will denote this by writing O,.

Proposition 3.4.6. For every ¢ > 0, the following holds. Let F be a fixed, connected r-graph
and let D be its diameter. For the class consisting of all input r-graphs G on n vertices with
average degree d and maximum degree A(G) = O(d), there exists an e-tester for F-freeness with

O.(dP*+1) queries.

Proof. We consider a one-sided error F-freeness e-tester. The procedure is as follows. First
choose a set S C V(G) of size ©®(1/¢) uniformly at random. For each v € S, find G{v, D + 1}
by performing neighbour queries. If any of the graphs G{v, D + 1} contains a copy of F, the
algorithm rejects G. Otherwise, it accepts it. Clearly, the complexity is O(dP+1/¢) and the
procedure will always accept G if it is F-free.

Assume now that the input is e-far from being F-free. Then, it contains at least end/r
edges that belong to copies of F. It follows that the number of vertices that belong to some
copy of Fis Q(end/A(G)) = Q(en). Therefore, if the implicit constant in the bound on |S| is
large enough, the algorithm will choose one of the vertices that belong to a copy of F with
probability at least 2/3. If it chooses such a vertex, then, as F has diameter D, it rejects the

input. ]

We can improve the bound in proposition for a certain class of r-graphs F. Given

any r-graph F, let D be its diameter. Consider the partition of its vertices given by choosing
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an edge e € F, taking Vj(e) := e and V(e) := {u € V(F) : dist(e,u) = i} fori € [Dg]. We
let 7 :== {F : |F[Vp.(e)]| = 0 for all e € F}. The class F5 contains, for instance, complete
r-partite r-graphs, loose cycles and tight cycles. If r = 2, then % also contains hypercubes,

for example.

Proposition 3.4.7. For every ¢ > 0, the following holds. Let F € Jg be an r-graph and let
D be its diameter. For the class consisting of all input r-graphs G with average degree d and

maximum degree A(G) = O(d), there exists an e-tester for F-freeness with O.(dP) queries.

Proof. We consider a one-sided error e-tester, which works in a very similar way as in the
proof of proposition [3.4.6] The F-freeness tester chooses a set S C V of size ©(1/¢) uniformly
at random. It then chooses an edge e incident to each v € S uniformly at random and finds
G{e, D} by performing neighbour queries; then, it searches for a copy of F. If any copy of
F is found, the algorithm rejects the input; otherwise, it accepts. The query complexity is
clearly O(dP/¢). The analysis of the algorithm is similar to that of proposition SO we

omit the details. [

We conclude with the following bound, which works for arbitrary G and any F without
isolated vertices. Given an r-graph F, we define its vertex-overlap index ¢(F) as the minimum
integer ¢ such that two graphs isomorphic to F sharing ¢ vertices must share at least one
edge; if this does not hold for any ¢ € [vf], we then set € = vr + 1. For instance, €(K,((r)) =r,

and for a matching M we have ¢(M) = |V(M)| + 1 if |[V(M)| > 2r.

Theorem 3.4.8. For every € > 0, the following holds. Let r > 2 and let F be an r-graph
without isolated vertices. Let € := €(F). For the class consisting of all input r-graphs G on n
vertices with average degree d and maximum degree A, there exists an e-tester for F-freeness

with O (max{(n/(nd)V°F)", (n*=2A/d)"*~1}) queries.
In the case when F = K,(cr) and the input r-graph G satisfies A(G) = O(d), the bound in
theorem becomes O.((n/(nd)¥)") whenever d = o(n¥/*=1=1) and O (n"r-2/r-1)

otherwise.
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Proof. Choose a constant ¢ which is large enough compared to vr and er. We present a
one-sided error e-tester in algorithm In this proof, the constants in the O notation are

independent of c.

Algorithm 1. An F-freeness e-tester for r-graphs.
1: procedure CANONICAL F TESTER
2. Lets = cmax{n/(end)F, (n’~2A/ed)V/ (¢~ D},
3 Choose aset S C V of size s uniformly at random.
4 Find G[S] by performing all vertex-set queries.
5 if G[S] contains a copy of F, then reject.
6
7:

: otherwise, accept.
end procedure

It is easy to see that we may assume s is large compared to vg. If G is F-free, the algorithm
will never find a copy of F and will always accept the input. Assume now that G is e-far from
being F-free. Then, G must contain a set F of end/er edge-disjoint copies of F. For each

W C V,we define deg (W) := [{F' € 7 : W C V(F')}|. It is clear that

(3.30) deg, (W) < mindeg(v) < A.
veW

For any fixed F' € #, we have P[F’' € G[S]] = (1 £ 1/2)(s/n)"F. We denote by X the

number of F’ € F such that F’ € G[S]. We conclude that

(3.31) E[X] = (1 + 1/2)|7]| (%)UF - @(EdSUF )

nUF—l

The variance of X can be estimated by observing that we only need to consider r-graphs

F',F" € F whose vertex sets intersect, as otherwise the events are negatively correlated.

Hence,
UF
(3.32) Var[X] < > P[F"UF" C G[S]] =), > P[F' UF" C G[S]].
(F' . F"eFxF i=1 (F',F")eFxF
V(ENV(F" o [V(FNV(F")|=i
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Let us estimate this quantity for each i € [vg]. Fori € [vg — 1] we can apply a double

counting argument to see that

(333 HEFHEFXF  VEINVE) =<2 ), (degZ(W)),
we(i)

1

while for i = vr we have that

(334)  {FFHeFxF : VE)INVE) =vll <|F[+2 ) (degz(W)).
we(ur)

Note that

(3.35) Z deg. (W) = O(|F|) = O(end).

we(?)

By assumption on F, we have that deg, (W) < 1 for all W such that [W| > ¢, which implies

that (degfz(W)) = 0. Moreover, by (3.30) and (3.33), for each i € [¢ — 1] we obtain

deg,. (W)
(3.36) ZV ( A ) <A ZV deg,. (W) = O(endA).
we(i) we(y)
Combining (3.33))-(3.36), the estimation in yields
(3.37)
£—1

Varlx] = 0 (end (2)) + 3 0 (enaa (2] ) = end - o((2) T2 (5.

i=1

By Chebyshev’s inequality, P[X = 0] < Var[X]/E[X]?. Using (3.31), and the fact
that c is large compared to vy and ep, one can check that Var[X]/E[X]? < 1/3. Thus G[S]
contains a copy of Fwith probability at least 2/3. Therefore, G will be rejected with probability
at least 2/3, which shows that algorithmis an F-freeness e-tester.

The query complexity of the algorithm is given by performing all (7) vertex-set queries.

This yields the stated complexity. O

181






APPENDIX A

APPENDICES

A.1l. Proofs of properties of random subgraphs of the
hypercube

Proof. Proof of lemma Let p := 1/2 + €. Fix any v € {0, 1}". Throughout this proof, we

write d(v) to refer to the degree of v in Q.

Note that d(v) follows a binomial distribution with parameters n and p. Since § < 1/2, it

follows that
n

Pld(v) < 8n] < 5n< 5

>p5n(1 _ p)(l—é)n.

Using the Stirling formula, we conclude that

é — 1-5\"
Pld(v) < én] < (1+ O(n‘l))\/% ((%) (%) ) ‘

By the union bound, it now suffices to show that

_\1-6 S, 1_ 1-8
B (=5 =% Grs) <3

but this follows since § < ¢. O

Proof of lemma First, note that we may assume that b < a (otherwise, choose a value

b’ € (2 — 2a,a) and prove the statement for this value, which in turn implies the result
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for b). Throughout this proof, we write d(v) for dor(v). Fix any vertex v € {0,1}". Let
X() == [{u € BY(v) : d(u) # en + n%}|.

If X(v) > nb, there exists a set A C BY(v) of size |A| = nP such that d(u) # en + n® for
allu € A. We call such a set A bad. We now bound the probability that such a bad set
exists. Given any set A € (Bi(bv)>, for each u € A let d*(u) := |Ngr(u) \ Al. Observe that
d4(u) = d(u) £ n and, since b < a, for any u € A we have that, if d(u) # en + n%, then

d4(u) # en + n%/2.

Bé(v)
nb

FixasetA € ( ) Observe that E[d4(u)] € [en(1 — nP~1),en] for all u € A. Further-

more, the variables {d4(u) : u € A} are mutually independent, and each of them follows a

binomial distribution. By lemmal2.4.1] for each u € A we have that
P[d(u) # en + n%] < P[dA(u) # en + n%/2] < 2e~1>"7/(40¢),
Since the variables d (1) are mutually independent, it follows that
2a-1 nb
P[A is bad] < (2¢~7/40e))"

Now consider a union bound over all possible choices of A and all choices of v. It suffices

to prove that

2 b
e

Since (gn'f,(;) < (etn®=b)"° it suffices to show that
n’(1+1In2+1n¢ + (¢ — b)Inn — n??-1/(40¢)) < —nln2.1.

But this follows for n sufficiently large, from the fact that b > 2 — 2a. ]

For the proof of lemma|[2.5.8] it will be important to show that the number of vertices

whose degree deviates from the expected degree is small.
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Lemma A.1.1. Lete € (0,1) and a € (1/2,1). Let X be the number of vertices v € {0,1}" for

which dgn(v) # en £ n. Then,

P[X > e—nza‘l/(6s)2n] < 2e—m*71(6e),

Proof. Throughout this proof, we use d(v) for dgn(v). Note that d(v) follows a binomial
distribution with parameters n and ¢, so E[d(v)] = en and, by lemma[2.4.1]

P[d(v) # en + n®] < 2e~77/G9),

We then have that E[X] < 2"+1e="**"/(39)_and the statement follows by Markov’s inequality.

]

Remark A.1.2. In particular, for any a € (1/2,1) we have that a.a.s. the number of vertices

whose degree deviates from the expectation by more than n® is at most e~ /(6e)pn,

Proof of lemma[2.5.8] Throughout this proof, we will write d(v) for dor(v), N(v) for Non(v)
and d’(v) for dgsn(v).
Fix a vertex v € {0, 1}"*, reveal all the edges incident to v, and condition on the event that

d(v) = en = n®. We then have that
en+n%\ _,, n? e
(A1) E[d/(v)] = ( P )8(2 D=1+ (9(;1“‘1))552 ¢,

Let D(v) C D(Q") be the set of directions such that N(v) = v + D(v). Consider the graph
I,(v) := Q"[v + €(D(v) U{0})]. For eachi € [¢], let L; C E(I,(v)) be the set of edges which
are at distance i —1 from v in Q". Note that these sets partition E(I;;,(v)) and that |L;| = i(d(l.”)).
Let m := |E(I(v))| and m; := Z{Zl |L;| for all j € [£]. Label the edges of I,(v) as ey, ..., e, in
such a way that all the edges in L; come first, then the edges in L,, and so on, until covering
all the edges in L,. For each j € [m], let X; be the indicator random variable that ¢; € E(Q¢)

(recall that we condition on the neighbourhood of v being revealed and v being good). We
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now consider an edge-exposure martingale given by the variables Y; := E[d‘(v) | X, ... , X,
for j € [m],. This is a Doob martingale with Y,y = E[d’(v)] and Y;,, = d*(v).

We must now bound the differences |Y; —Y;_,|, for all j € [m]. Observe that the maximum
change in the expected number of ¢-dimensional cubes in QF containing v when a new
edge e; is revealed is bounded from above by the number of such cubes in I,(v) containing

e;. Given any k € [¢] \ {1} and any i € [my] \ [mk_,], Wwe claim that the number of copies
i y y k k-1 p

d(v)-k

of Q¢ in I,(v) containing e; is bounded by ( i

) (recall that for all i € [m;] we have that
Y; = Y;_;). Indeed, let ¢; = {x, y} with dist(x,v) = k — 1, and let D, (x) C D(v) be the
set of k — 1 directions such that 9"(v, Dy (x)) contains x. Then, any copy Q of Q¢ in I,(v)
containing e; must satisfy that D(Q) C D(v) contains Dy (x), the direction given by y — x,

and any other ¢ — k of the directions in D(v), for which there is the claimed number of

choices. Therefore, we conclude that

m ¢ rd)\/d(v) — k\> 1 1
v 2 - - 26-2
(a2 3 I%= Vi sk;k( N )( /K ) @ =iV (1w<d(v>>)'

Hence, by lemma 2.4.3| for n sufficiently large we have that

P [|d€(v> ~Eld‘W)]| 2 \@ = 2)!d<v)€-1/2] <21,

Finally, by remark[A.1.2combined with a union bound on all vertices v such that d(v) =
en +n%, we conclude that a.a.s. all such vertices satisfy that d’(v) = (1+ O(n®1)nfe2¢/¢\.

O

In more generality than lemma[A.1.1} for the proof of lemma[2.5.10jwe will need to use
the fact that in Qf the directions in which the neighbours of a vertex lie are not correlated
too much between vertices. Given a graph G C Q", for any set S C D(Q") and any vertex
x €{0,1}"", we denote N; s(x) :== {x+¢é : é € S,{x,x + &} € E(G)} and d s(x) := [Ng s(x)|.
Similarly, for any y € {0, 1}" such that dist(x, y) = 1, we denote Ng 5 ,(y) = Ngs(») \ {x}

and dG,S,x(y) = |NG,S,x(y)|'
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Lemma A.1.3. Foreverye,§ € (0,1), a.a.s. the following holds for every x € {0,1}": for any
set S C D(Q") with |S| > &n, all but at most 100/(d) vertices y € Non(x) satisfy don s () >

2¢|S|/3.

Proof. Fix a vertex x € {0,1}" and a set S C D(Q") with |S| > dn. Choose any vertex
Y € Non(x), and consider the variable X(y) := dgr (). It suffices to prove that a.a.s. X(y) >

2¢|S|/3 for all but 100/(ed) vertices y € Nyn(x). Observe that X(y) ~ Bin(|S|, €), so E[X(y)] =
eS| and, by lemma[2.4.1]

P[X(y) < 2¢|S|/3] < e &SI18 < o—€on/18

Observe, furthermore, that Nyn(x) is an independent set in Q", hence the variables {X(y) :
¥ € Non(x)} are mutually independent. It follows that the probability that at least 100/(ed)
vertices y € Ngn(x) do not satisfy the bound is at most (1007( . 5))e‘5”. Finally, by a union
bound over all choices of S and x, we conclude that the statement fails with probability at

most 237" = o(1). O

Proof of lemma[2.5.10, Throughout this proof, for any x € {0,1}" and any y € Non(x),
we will write N(y) for Non(y), d(y) for don(y), dg x(y) for don s (¥), d’(y) for dgg(y) and
dg,guz,x(y) for dgg,s,guz,x@)-

Fix a set S C D(Q") with |S| > &n. Let D = ¢2° “nf/¢! and fix a vertex x € {0,1}".

Consider any y € Ngn(x); reveal all edges incident to y and condition on the event that

d(y) = en £ n® and dg (y) > €|S|/2. By lemmas|2.5.7|and |A.1.3, we have that a.a.s. all but at

most n?(1+7-@ vertices y € Nyn(x) satisfy this event.
Let D(y) be the set of directions such that N(y) \ {x} = y + D(y). Thus, |D(y)| = d(y) £ 1.
Let a := |S N D(y)|/n, and note that 5/2 < a < ¢ + n%~1. Similar to the proof of (A.1]), we

have that

BldS 1, (0] = @00 3 ( .

i=[¢1/2]

d ocn><sn —an+x(m*+1)
i .

) > 3D/4.
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Consider the graph [(y) := Q"[y + €(D(y) U{0})]. Foreachi € [¢],let L; C E(T,(y)) be
the set of edges which are at distance i — 1 from y. Note that these sets partition E(T,(y))
and that |L;| = i(d(yl.)ﬂ). Let m = |E([,(y))| and m; := Z{zl |L;| for all j € [¢]. Label the
edges of [(y) as ey, ..., e, in such a way that all the edges in L; come first, then the edges
in L,, and so on, until covering all the edges in L,. For each j € [m], leth be the indicator
random variable that ¢; € E(Qg'). We now consider an edge-exposure martingale given by
the variables Y; := ]E[dg,é,m’x(y) | X1,...,Xj], for j € [m],. This is a Doob martingale with

Yagy) = Eldg 12, ()] and Yy, = dg 10 ().

In order to bound the differences |Y; — Y;_,|, for all j € [m], observe that the maximum
change in the expected number of ¢-dimensional cubes in Qf containing y when a new edge
e; is revealed is bounded from above by the number of such cubes in I(y) containing e;.
In particular, this is an upper bound for the maximum change in the expected number of
¢-dimensional cubes in Qf containing y, not containing x, and whose directions intersect
S in a set of size at least #/2, when a new edge e; is revealed. Thus, similarly as in , it

follows that
Sy v e L 1
2, 1% =Yl < {7 —550) (1=0(z53))

Hence, by lemma[2.4.3 we have that

P [dg,el/z,x(y) < D/2] < =0,

Finally, the statement follows by a union bound on all sets S C D(Q") with |S| > dn,
on all vertices x € {0,1}"*, and on all vertices y € Nyn(x) such that d(y) = en + n® and

dS,x(y) ZE|S|/2- O]
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A.2. Bondless and bondlessly surrounded molecules

and robust subgraphs

Proof of lemma[2.7.2] Fix an (s, ¢)-molecule M = A; U --- U A,s C Q". Consider a pair of
consecutive atoms A;, A;,; € M, for some i € [25]. Let X; be the number of edges between
A; and A;,, in QF whose endpoint in A; is odd, and let Y; be the number of such edges
whose endpoint in A; is even. We have that X;, Y; ~ Bin(2¢~1,¢). By lemma it follows
that

P[X; < 100] < 2—¢2/4,

and the same bound holds for IP[Y; < 100]. By a union bound over all i € [2%], we conclude
that

PP[ is bondless in Q7] < 25+1-€2/4, O

Proof of lemma[2.7.3] Let G ~ Qf and let €' := {C — (Ni(x) U{x}) : C € €}. Given C’ € €,
for each i € [2°], let C; be the i-th clone of C’. We denote M := C] U -+ U Cjs, and refer to
it as the molecule of C’ in Q™. We say that M is bonded in G if, for each i € [2°], the graph
G contains at least 100 edges between C; and C;,; whose endpoints in C; have odd parity
and 100 edges whose endpoints in C; have even parity, where indices are taken cyclically.
Note that, if C' = C — (N(x) U {x}) for some C € € and C’ is bonded in G, then C must be
bonded in G. Moreover, |V(C")| = |[V(C)| — € — 1 > 9|V(C)|/10. Therefore, similarly to the
proof of lemma[2.7.2] by lemma[2.4.1)and a union bound we have that

P[M is bondless in G] < 25-27/100 < 1/,
Let X := |{C" € €' : M is bonded in G}|. It follows that

(A.3) E[|B(G)|] > E[X] > yn®/2.
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Let V := (J crcer VMcr). Let ey, ..., e, be an arbitrary ordering of the edges of E :=

¢
Uie[zs] Egn(L; NV, Li11 NV). For each j € [m], let X; be the indicator variable which takes
value 1 if ¢; € E(G) and 0 otherwise. Consider the edge-exposure martingale Y; := E[X |
Xq,...,X;] for j € [m],. This is a Doob martingale with ¥, = E[X] and Y,,, = X.

We will now bound the differences |Y; — Y;_;|, for all j € [m]. For eachi € [¢]\ {1},
let N'(x) = {y € Uge V(C) : dist(x,y) = i}. Let E' C E be the collection of edges
e = (u,v) where both u and v are clones of a vertex z € Ni(x). Note that the sets E2, ..., E?

partition E. Moreover, for each j € [m], if e € EL, then |1§ — 1§_1| < nf~t, Furthermore,

|EY| = 25|N(x)| < 2°n! and, thus,

€ €
Z |1§ _ 1§—1|2 < Z |Ei(x)|n2€—2i < Z 2Spip2é—2i — O(n2€—2)'
i=2 i=2

J€lm]

Therefore, we can apply lemmal2.4.3jand combine it with to obtain
P[|B(G)| < yn’/4] < P[X < yn/4] < P[|X — E[X]| > E[X]/2] < e~10" =

Proof of lemma[2.7.4, We begin by fixing an arbitrary vertex x € V(Q") and an arbitrary set
B C M of n'’3 molecules which intersect Bﬁﬁl (x). We will estimate the probability that all of
the molecules in B are bondlessly surrounded in Qf, by considering the neighbourhoods of
the different vertices which make up these molecules. If the probability of being bondlessly
surrounded was independent over different molecules and vertices, then this would be a
straightforward calculation. However, there are dependencies which we must consider:
namely, when two different molecules have edges to the same third molecule. We will
first bound the number of such configurations in Q". Since the molecules in I 2 B are
vertex-disjoint, it follows that, if two of these molecules are adjacent in Q", then all of their
atoms are pairwise adjacent in each of the layers, via clones of the same edges. Thus, we

can restrict the analysis to a single layer.

Fix a layer L and let % be the collection of atoms obtained by intersecting each molecule

M € M with L. Let A5 C A be the set of such atoms whose molecules lie in B. Fix an atom
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A € g, and let y € V(A) be a fixed vertex. We say an atom A" € A is y-dependent if there
exists A" € Ag, A" # A, such that dist(y, A") = dist(A’,.A") = 1. The following claim will

allow us to bound the number of y-dependent atoms.

Claim A.1. Fix A" € Ag with A" # A. Then, the number of A" € U for which dist(y, A") =
dist(A’, A") = 1 is at most 2¢(2 + ﬁ).

Proof. Letz € V(A")andleté € D(y,z). Let A" € Abesuch thatdist(y, A') = dist(z, A") =
1. Suppose first that é ¢ D(A'). Then we must have either y + é € V(A')orz + é €
V(A'"). Since all the atoms in 2 are vertex-disjoint, this leaves only two possibilities for A'.
Alternatively, suppose é € D(A’). Then, by[(BS)|applied with y playing the role of x, we
have at most y/n possibilities for .4’. Finally, by considering all z € V(A") we prove the

claim. <

By considering all possibilities for A” € Ag, since |Ag| = n'’3, it follows by Claim that
the number of y-dependent atoms is at most n%7. For each y € V(A4), let N'(y) € N™(y) be
given by removing from N¥(y) all molecules which contain a y-dependent atom. It follows
that [N'(y)| = |IN*(y)| — o(n) for every y € V(A).

Let M, € M be the molecule containing A. For each vertex y € V(A), let £, be the event
that N'(y) contains at least n/2¢*>*! molecules M € 3 which are bondless in Q. Then,
IN’(y)| > n/2¢+>5%2. Moreover, we only consider here those vertices y € V(A) for which
IN®(y)| > n/2¢+35+1 since otherwise y cannot contribute towards M, being bondlessly
surrounded. Fix such a vertex y. Let Y be the number of atoms.A € N’(y) which correspond
to molecules which are bondless in Qf. Note that Y is a sum of independent indicator
variables. By lemma we have that E[Y] < 25+1=¢2"/4y;_ In order to derive a lower bound
for E[Y], note that the probability that an (s, ¢)-molecule M is bondless can be bounded
from below by the probability that there are no edges between two fixed consecutive atoms

A, Ay € M, whose endpoints in A, are even. This occurs with probability (1 — E)ZH. Thus,

E[Y]> (1 - INO)| = (1 - (n/2045+2),
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By lemma2.4.2, we have that P[£,] < 27", for some constant ¢ > 0 which depends on ¢
and ¢. For each atom A € g, let B, be the event that there exists a vertex y € V(A) such
that £, holds. Let B := /\ Achy B ,. Note that the definition of N’(y) ensures that the events

B, with A € A are pairwise independent. Thus,

nsl4

P[E] < (26-emyn'? < 2-n*,

In turn, this means that the probability that all molecules M € B are bondlessly surrounded
is bounded from above by 2, lemma now follows by a union bound over the 2"

02
choices for x and the at most ( ;:ll ,3> choices for B. ]

Proof of lemma[2.7.7, We begin with a proof of i)} Let U := U(G,¢,). For any x € V(Q"),

we have that

n
(A.4) Plx € U] < <€ n)(l/z + g)nman < pmn+20en
1

It follows that E[|U|] < 2"27"+20en = 220en Therefore, by Markov’s inequality we have that
]P[|U| > Zszn] < 2205n/252n < 2—£2n/2’
so a.a.s. |U| < 222" [(R1) holds trivially by the choice of U. Furthermore, we have that

< Sns+€

U Bi! (x))

i€l4]

so, by (A.4) and a union bound, also holds a.a.s.
To see that|(R2)|holds, fixx € V(Q")and y € B§t*(x). Then, E[dg_g(»)] = (1/2—&)n+1.
Thus, by lemma2.4.1]

Pldg_(y) < yn—1] < 27720,

Therefore, by (A.4), we have that P[x € UAdg_gx(y) < yn—1] < 271+20en=n/20 < 5=31n/30,

A union bound over all x € V(Q") and over all y € B5>*(x) shows that holds a.a.s.
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The fact that[(R3)|holds a.a.s. can be shown similarly.

Finally, consider|[(R4)] Let x € V(Q"), and suppose x € V(L), for some layer L. First, let
a,b € D(L) be distinct. We are going to show that a.a.s. we can find the desired collection of

(x, a, b)-consistent systems of paths.

Recall that an (x, a, b)-consistent system of paths (B, ..., B), as defined in section
is determined uniquely by a 6-tuple of directions (c, d, d;, d,, ds,d4). In order to show that
is satisfied, we will first consider the directions ¢ and d, and then the rest of the
tuple. Recall that all (x, a, b)-consistent systems of paths contain the two edges {x, x + a}
and {x, x + b}. Then, once c and d are fixed, this determines a total of 6 more edges. The

remaining 8 edges will be determined by the choice of (d;, d,, ds,dy).

Consider a collection W of disjoint pairs of distinct directions (¢, d) with ¢,d € D(L)\{a, b}
such that |W| > n/4. For each (c,d) € W, let E*(c,d) C E(Q") be the set of six edges of
an (x, a, b)-consistent system of paths determined by these two directions. Observe that,
since the pairs in W are disjoint, it follows that, for any distinct (¢, d), (¢, d") € W, we have
E*(c,d)nE*(c’,d") = @. Now let Wy := {(c,d) € W : E*(c,d) C E(G)} and X := |Wg|. We
have that E[X] > (1/2 — £)°n/4 and, by lemma it follows that P[X < yn] < 277",

For each (c,d) € W, let V(c, d) be a collection of disjoint 4-tuples of distinct directions
(dy,d,,ds,d,) with dy,d,, d5,dy € D(L) \ {a, b, c,d} such that |V(c,d)| > n/5. For each
(dy,dy,ds3,dy) € V(c,d), let E*(c,d,dy,d,, ds,ds) C E(Q") be the set of eight edges of
an (x, a, b)-consistent system of paths determined by (c, d, d;, d,,ds,d,) which are not in
E*(c,d)U{{x, x+a}, {x, x+ b}}. In particular, since the tuples in V(c, d) are disjoint, it follows
that, for any distinct (d;, d,, ds,dy), (d;, d3,d5, dy) € V(c,d), we have E*(c,d, d;,d,, ds,ds)N
E*(c,d,di,d;,d;,dy) = @. Now let

VG(C, d) = {(dl’ d2, d3, d4) (S V(C, d) E*(C, d, dl’ dz, d3, d4) Q E(G)},
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and let Y(c,d) := |V5(c,d)|. We then have that E[Y(c,d)] > (1/2 — ¢)®n/5 and, again by
lemmal2.4.1] it follows that P[Y(c, d) < yn] < 277" Thus, by a union bound, with probability

at least 1 — 2772, for every (c,d) € W we have Y(c,d) > yn.

Let E(x, a, b) be the event that G U {{x, x + a}, {x, x + b}} contains a collection €(x, a, b) of
(x, a, b)-consistent systems of paths satisfying[[R4.I)} By combining all the above, it follows

that

(A.5) P[E(x,a,b)] > 1 — 2774,

The same bound can be proved for the cases where a ¢ D(L),b € D(L) and a,b & D(L).
Observe that, for any x € V(Q") and a, b € D(Q"), the event E(x, a, b) is independent of the
event that x € U. Now, by combining with (A.4) and a union bound over all choices
of a,b € D(Q"), and then a union bound over all x € V(Q"), we conclude that[(R4)|holds

a.a.s.

The proof of [(ii)|is similar. Let H C Q" be given and consider a random partition of E(H)
into r parts Hy, ..., H,, in such a way that each edge is assigned to one of the parts uniformly
and independently of all other edges. For each x € V(Q") \ U, let B(x) be the event that
there exists some i € [r] such that dy,(x) < dg(x)/(2r). Observe that, if % holds for all
x € V(Q™) \ U, then no vertex outside U will be contained in U(H;, €,/(2r)) for any i € [r].

It would then follow that[(R1), [(R2), [[R3)]and [[R5)all hold with the desired constants for

each H;. Fixx € V(Q")\ Uand i € [r]. Let X := dy,(x). Then, E[X] = dy(x)/r > ¢\n/r.
Thus, by lemma P[X < E[X]/2] < e5i". A union bound over all i € [r] shows that
P[B(x)] < re~¢tn < e~€in,

We now consider the property[(R4)] For each x € U, let B(x) be the event that there exist
i € [r] and distinct directions a, b € D(Q") such that does not hold for H; with y/r'°
playing the role of y.

Fix x € U, i € [r] and distinct directions a,b € D(Q"). Similarly as in @, using

lemma one can show that the probability that H; does not satisfy|(R4)|for x with y/r'°
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playing the role of y is at most 277" 4 277’1 Therefore, by a union bound over all choices
of a,b € D(Q™) and over each i € [r], we have that P[B(x)] < rn2(2_7’2” + 2‘7’3”) <e@n,

Finally, we are interested in the event where B(x) does not occur for any x € V(Q"). We
will invoke lemmal[2.4.6] Note that each event B(x) is mutually independent of all but at most
n10 other events. We have that P[B(x)] < e~5" for every x € V(Q") and e-e~51"(n1%+1) < 1,

so by lemma there exists an edge-decomposition of H with the desired properties. [

Proof of lemma[2.7.8] Letu € V(I) and let D C B{%(u) \ U; be a set of C vertices. Let
D' := Ux,yeD:x 3 Ni(x) N Ni(y). Since any pair of distinct vertices in I share at most two
neighbours, we have that |D’| < 2(5) For each i € [2°], we denote the i-th clone of D’ by Dj,
and let R} := R; \ Dj.

Foreach x € V(Q"), leti(x) be the unique index i € [2%] such that x € V(L;). Observe that,
by we have eg(x, V(Lj(x))) > 2¢;n/3 for every x € V(Q") \ U. For each x € V(Q"), let
&, be the event that egy(x, Rj(x)) < £;6n/4, and let &}, be the event that eH(x,Rg(x)) < ¢ 6n/4.
It follows by lemmathat P[EL] < e~€1916 for all x € V(Q™) \ U. For each v € V(I),
let £, and &, be the events that there exists i € [2°] with v; U such that £, and &, hold,
respectively. By a union bound, it follows that P[&},] < 25¢~€19"/16 for all v € V(I). Finally,
let £p and &, be the events that £, and &, respectively, hold for every v € D. Note that the

events in the collection {&}, : v € V(I)} are mutually independent. Furthermore, since the

event £, implies € for all x € V(Q"), we have that
P[Ep] < P[E)] < (25e™E10M16)C < =51,

By a union bound over all u € V(I) and over all choices of D, we have P[&£;] < e™".
Consider now any u € U;. Observe that, if v € Bf¢(u), then for every i, j € [2°] we have
that dist(u;, vj) < 5¢ + s. Therefore, by for all v € Bf(u) and i € [2°] such thatv; & U,
we have d(v;) > yn. For each v € B}’(u) and each i € [2°] with v; & U, let F;, be the event
that eg(v;, R;) < €,0n/4, and let #, be the event that there exists some i € [2°] with v; € U

such that %, holds. By lemma and a union bound, it follows that P[#,] < 277o"/16,
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Then, by a union bound over all u € U; and v € B¢ (u),

PIE,] < (1] - [BF(Up)| - PIF,] < 2n%2%nronite .

A.3. Connecting cubes: proof of lemma 2.7.12

Proof of lemma[2.7.12] The proof is similar (but easier) to that of lemma[2.7.11} As before,
by relabelling the atoms, we may assume that M* = A; U --- UA,. Without loss of generality,
we may assume that, for each r € [2], if u, € R, then u, = z;, and if v, € R, then v, = w;.
Moreover, we may assume that x #, u;. Let S := {uj,v;,uy, 05} LetIg = {k € [t] :
RNnV(A)NS # D}, R* =R\ UkeIR V(Ay) and Iy« == {k € [t] : R* nV(Ay) # @}. For
eachr € [2], let Iy C {1, ¢} be such that 1 € I} if and only if u, € Rand t € Iy if and only if
v, € R. Note that Iz = I} U I3. Fixan index t* € [t — 1] \ (Ig« U{1}). If |L| = 2, let I} = {i},
I? := {j}and I}, := {i, j}; otherwise, let I} := I? := I} := {t*}.

Once more, for each r € [2], we create an ordered list £, of vertices, which will be used
to construct the vertex-disjoint paths 2. Again, given any list of vertices £,, we write L
to denote the (unordered) set of vertices in £,, and whenever £, is updated, we implicitly
update Ly. In the end, for each r € [2] we will have a list of vertices £, = (x, ..., x; ). For
eachr € [2]and k € [t],letI(k) :={h € [¢, — 1] : 2+ hand x}, x} ., € V(Ay)}. We will

require £; and £, to be vertex-disjoint and to satisfy the following properties:
(£'1) ¢, and ¢, are even.

(£'2) Foreachr € [2], forall h € [¢, — 1], if his odd, then x}, x},,; € V(Ay), for some

k € [t];if his even, then x} x},_ ; € E(G UM™).
(£'3) For all k € [t] we have that |I;(k)|, |I,(k)| > 1 and 2 < |I;(k)| + |L,(k)| < 3.

(£'4) For each r € [2], the following holds. For each k € [t] \ (I} U Ig) and each h € I,(k),
we have x}, #, x;, ;. For each k € I} U Iy, we have that |I,(k)| = 1 and for the unique

index h € I,(k) we have xj, =, x},,,, with the same parity as u, in the case when
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k € I}, and with parity opposite to that of the unique vertex in {wy, zx} N {1, v,} in

the case when k € If.

(L£'5) For each r € [2], we have the following. If u, ¢ R, then u, = x{. If v, € R, then
v, = Xxp . If u, € R (and thus u, = z;), then w; = x] and u, & L7 U L5. If v, € R (and

thus v, = wy), then z; = x;, and v, & Lj U L5.

(£'6) Every pair (wy, zx) with {wy, zx} € R* is contained in £; and zj, directly succeeds wy

or vice versa.

If R* N V(A,) = {wy, 21}, then let £; := (u;,w;,z1), where we assume that w; #, u;;
otherwise, let £; := (u;). Observe once more that, in what follows, the existence of each
alternating parity sequence follows from the bondedness of M.

LetF := LURUSandlett; € I}. Let 8; be a (u,, t], |, R)-alternating parity sequence.
If u; € R, update £, := §;; otherwise, update £, := £,87 . Choose any vertex u;; € V(A;:)
with u;, #, u;, and let 8, bea (uy;, t, F, R*)-alternating parity sequence. Update £, := £S5 .
If v; € R, update £; := £,(z;). Otherwise, update £, := £,(v;).

Next, let F, == F, UL} and let t; € I7. Let 85 be a (u,, 5, K, R N V(A,))-alternating parity
sequence, and let £, = 8;. Choose any vertex u;. € V(Ay,) with uj, #; u,, and let S, be
a (u;é, t, B, @)-alternating parity sequence. Update £, := £,8; . Finally, if v, € R, update
L, := L,(z;). Otherwise, update £, := £,(v,).

Observe that £, and £, satisfy[(£"1)H(£"6)] We are now in a position to apply lemma[2.7.9]

Foreachk € [t],lett; := |I;(k)|+|I(k)|. Again, foranyr € [2] and k € [t],foreach h € I,(k),

we refer to the pair x}, xj,,, as a matchable pair. By|(£'3), and lemma [2.7.9(i), each

A with k € [t]\ (I UIg) can be covered by ¢ vertex-disjoint paths, each of whose endpoints
are a matchable pair contained in Aj. Similarly, by[(£'3)} and lemma2.7.9(ii)} each
Ay with k € Iy contains ¢, vertex-disjoint paths, each of whose endpoints are a matchable
pair in Ay, such that the union of these t; paths covers precisely V(Ay) \ (S N R). Similarly,
if L # @ and k € I;, then A} contains f; paths, each of whose endpoints are a matchable

pair in Ay, such that the union of these ¢, paths covers precisely V(Aj) \ L. Finally, by[(£"3)}
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[(£74) and lemma2.7.9ii)}, if L = @ and k € I} (that is, k = t*), then A can be covered
by t) paths, each of whose endpoints are a matchable pair in A. For each matchable pair

Xp,» Xp, 41 in Ay, let us denote the corresponding path by Ry Xy

The paths % required for lemma [2.7.12| can now be constructed as follows. For each
r € [2], let 2 be the path obtained from the concatenation of the paths R xi,,,» for each odd
h € [¢,], via the edges x;,x},_ , for h € [¢, — 1] even. By if 22 does not contain u,., then
P starts in wy, and u, does not lie in any other path; therefore, we can update 2 as %, := u, .
Similarly, if % does not contain v,, then % ends in z; and v, does not lie in any other path,
hence we can update % as . := Rv,. It follows that V(R U B) = V(M™*) \ L, and thus the

paths 2 are as required for lemma|2.7.12 [

A.4. Proof of lemmaf3.3.4

Proof of lemma[3.3.4, Clearly, Dx > Dp for each K C F, and Dy < Xg. Thus, Dp <
min{Xyg : K C F,eg > 0}. Corollary|3.3.3|applied to each K implies that min{Xyx : K C

F,ex > 0} = O(®p) a.a.s., so Dr = O(Pp) a.a.s.

It now suffices to show that D = Q(®f) a.a.s. To do so, for each G € 9}(121 we define
an auxiliary graph I' = T'(G) whose vertices are all the copies of F in G, and in which
K,E € V(I') are adjacent if and only if ; and F share at least one edge. Let us denote by
>* the sum over all graphs F which can be written as F = F' U F”, where F',F”" C j

F',F" 2 Fand E(F') N E(F") # @. This means that vy = X and

er = O(Z*XF)

Note that the size of the largest independent set in I" equals Dg. By Turdn’s theorem we have

that

X
Dg > - .
Xp+ 0 (X Xr)
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Using corollary|3.3.3} one can check that, a.a.s.,

Xp

A6 .
(A.6) Xr+0(X" Xp)

= Q(Pp) <= Xp = O(n*’Fp*rogt)

for all F = F’ U F” such that ep/pr > 0. So it suffices to prove the final bound in (A.6)).
For any fixed r-graph K, let ¥ := n’kKp®k. Note that if K C F, then Y = O(E[Xk]) (by

corollary|3.3.1((ii)). Furthermore, for any two r-graphs K and L on a vertex set V,
(A.7) Y ¥k = Yk ¥ink-

Consider two copies F’ and F” of F whose intersection has at least one edge. Let F :=
F'UF" and K := F' N F", so ex > 0. Thus, by corollary|3.3.1{ii),

P2 P2
| = 2UF—UK p2eF—ex) — _F = _F
(A.8) E[Xz] = 0O (n p )=0 (‘I’K) 0 ( q)F) .

We now claim that

3 2
(A.9) ®p = min{E[X;] : L C F\e, > 0} = Q (min{q)F &})

92’ g2
Indeed, consider any r-graph L C Fwithe; > 0andletL :=LNF and L” := LN F". Note

that LUK = (L UK)U(I” UK)and K = (' UK) N (L" UK), so two applications of yield

W = YiukPink - Yrok¥rrox¥iak

A.10
(A.10) = ™

If e; g > 0, then the values of ¥}/ x, ¥1r x and ¥;~x can be lower bounded by Q(®r) (as
L' UK, I” UK and L n K are all subgraphs of F). Thus ¥; = Q(®3/%%). So suppose that
e;nx = 0. Then L' and L” are edge-disjoint, and at least one of them has at least one edge.
We may assume that e;, > 0 without loss of generality. Consider three cases. If e;» = 0, then
Wy = nU" > W0 and, by (A7), Wy = YW /Ypap = QW) = Q(@F) = Q(OF/%%),

where the final equality holds since ¥x = Q(®F). If e;» > Obut L' N L" = @ then ¥} =
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WP = Q) = Q(P3/P%). Otherwise, we have thate;» > 0and I N L" # @. We use
taking into account that ¥; g = nVnk = Q(n) to conclude that ¥; = Q(n®/¥%).
This proves the claim.

By lemma we have that Var(Xg) = E[Xz]*O(epq + ®7'). As g, 4 = o(1) by assump-
tion, by Chebyshev’s inequality implies that the final bound in holds a.a.s. if
@' = O(gy,q). Therefore, we may assume that Var(Xz) = O(E[Xz]*/®r) = O(¥%/Dp).
Consequently, by and (A.7)) we have

PIWE  WRUR v W
Var(XF)=(9<FK+ FK):O( F F)

o nd? ) ndi
Thus, Chebyshev’s inequality gives
¥k 1
P| Xz > E[Xz] + ol O(®5' +1/n) = o(1)
F

by assumption. Hence Xz = O (¥%/®r) a.a.s., as required. O
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