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Abstract

The torsion balance has a long history of measuring weak forces. Its inherent design results in

a very low rotational sti�ness and some degree of immunity to tilt and horizontal accelerations

coupling into the rotational motion of the suspended mass. Due to, however, the vertical distance

of the centre-of-mass from the point of attachment, horizontal accelerations can couple strongly to

the simple pendulum mode. This makes control of the torsion bob di�cult. Additionally, at some

level there will always be some coupling to rotational motion.

I present work on experimental techniques to circumvent these issues. This revolves around the

Superconducting Torsion Balance (STB) - a novel torsion balance with zero �bre length, and the

Air Bearing - a proof-of-concept experiment demonstrating centre-of-buoyancy tuning to decouple

horizontal accelerations from the rotational mode. I designed and implemented the capacitive

displacement sensor for the STB, where it is projected to give a signal-to-noise ratio greater than

1 for a signal of 2×10−17 N·m within a days integration. I employed �nite element analysis of the

magnetic forces in the superconducting suspension to demonstrate the feasibility of levitating the

test mass. The Air Bearing demonstrates centre-of-buoyancy tuning to a precision of ± 0.3 mm.
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Chapter 1

Introduction

I have been trying to point out that in our lives chance may have an

astonishing in�uence and, if I may o�er advice to the young laboratory

worker, it would be this�never neglect an extraordinary appearance or

happening. It may be�usually is, in fact�a false alarm that leads to

nothing, but may on the other hand be the clue provided by fate to lead

you to some important advance.

Alexander Fleming

In 1798 Henry Cavendish performed the �rst laboratory based measurements of gravity by mea-

suring the force of gravity between two masses using a torsion balance [1]. His experiment was

an attempt to accurately determine the mass and average density of the Earth, but based on his

measurements a value for the gravitational constant, G, could be found to within a few percent of

the modern accepted value. This, along with Charles-Augustin de Coulomb's work on determining

what would become Coulomb's law in 1785 also with a torsion balance [2], were the beginnings of

precision measurements of weak forces. Cavendish's experiment had the test and source masses

located approximately 23 cm away from each other. Since that time many other experiments have

been performed to test the inverse square law of gravitation with mass separations at astronom-

ical scales [3] down to tens of micrometres [4, 5]. What motivates these searches, especially at
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sub-millimetre ranges, is the existence of several interesting theories that aim to solve some of the

biggest issues in modern physics that would violate Newton's law of gravity at these scales and

which lie within or near current experimental limits.

1.1 Problems with Gravity

The Hierarchy Problem

Nothing is more indicative of the trouble surrounding gravity than the theoretical issue posed by

the hierarchy problem. In the case of gravity, this problem highlights the fact that there is no

consensus as to why gravity is so much weaker than the other fundamental forces of nature. The

fundamental energy scale of the electroweak scale is mEW ≈ 250 GeV/c2 [6], while for gravity the

Planck scale is de�ned as mPl ≈ 1 × 1019 GeV/c2. The hierarchy problem is related to the fact

that the higher order loop terms in the associated �eld theory need to exactly cancel out in order

to not `raise' the the electroweak scale to the Planck scale. Coming to terms then with the reason

behind this massive di�erence in scales is one of the biggest challenges in modern physics.

The Cosmological Constant Problem

The cosmological constant, from Einstein's theory of General Relativity, is needed to take into

account the now observed accelerating expansion of the Universe [7, 8]. This constant is linked to

what is now known as Dark Energy. The calculated value of this energy density from theory is

ρvac ≈ 1092 g/cm3 [9], while from observations the value is ρvac ≈ 6.76×10−30 g/cm3 = 6.08×10−10

J/m3 [6]. This is assuming the highest energy possible is available to all virtual particles at

the Planck scale and so is a worst case scenario and is another manifestation of the hierarchy

problem. The di�erence then between theory and observations is around 120 orders of magnitude.

While invoking supersymmetry lowers this to around 80 orders of magnitude of di�erence, the

theoretical prediction remains insurmountable and this discrepancy is still unexplained by quantum

�eld theory [10].
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The Renormalisation Problem

The renormalisation problem relates to the fact that General Relativity cannot be quantised in the

same manner as electromagnetic �elds, and as such no coherent theory can be devised where the

exchange of virtual particles for the gravitational force does not become unphysical [10, 11]. This

means there is currently no consistent way to merge General Relativity with Quantum Mechanics

and so as it currently stands, gravity cannot be uni�ed to the other fundamental forces; we cannot

progress from the Grand Uni�ed Theory to the fabled Theory of Everything.

1.2 A Possible Solution: Large Extra Dimensions

Many theoretical solutions have been proposed to help alleviate the aforementioned issues. Most

of them, especially those originating from String Theory, involve violating Newton's inverse square

law at small mass separations. Some of these theories include string moduli, where scalar �elds

called moduli can couple to elementary particles leading to microscopic forces, and the fat graviton

scenario, where the mediating particle for gravity is massive and �nite in size such that it does not

interact with anything over scales smaller than its own size [10]. Both of these scenarios, if true,

would e�ectively lower the theoretically derived cosmological constant from Section 1.1 due to the

changes they introduce to the gravitational force over these ranges, and hence bring it closer to the

observed value. See Adelberger et al. [3] for a detailed review of these di�erent theories. Regardless

of the theory, for comparisons between the experiments that try to evaluate these possibilities it

is useful to have a generalised expression for any of the violations to Newtonian gravity. This

generalised term can be characterised by an additional Yukawa-type potential on the Newtonian

gravitational potential energy as follows [12],

V (r) = −GM1M2

r

(
1 + αe−

r
λ

)
, (1.1)

where G is the gravitational constant (at in�nite distance), r is the distance between some point

masses M1 and M2, and α and λ are the strength and range of the new force violating Newton's

inverse square law respectively. Here α is dimensionless and the Compton wavelength, λ = ~
mc ,
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relates the range to the mass, m, of the mediating particle of the new force. The myriad theories

of possible violations are beyond the scope of this thesis, instead the discussion that follows will

focus on one particular theory that originates from String Theory: supersymmetric large extra

dimensions, due to the fact that for certain conditions it could be directly tested by the experiment

that forms the basis of this thesis, the Superconducting Torsion Balance described in Chapter 3.

The concept of large extra dimensions originates from a model proposed by Arkani-Hamed et

al. [13, 14]. There it is suggested that there could be extra spacial dimensions, so called 'large'

because they are much larger than the Planck scale, compacti�ed into di�erent geometries. Then,

if gravity was the only force that could propagate into these dimensions, then not only would it help

to explain why it is so much weaker compared to the other fundamental forces due to the loss of

gravitational �ux to these extra dimensions, but it would in turn allow its uni�cation to the other

forces at a much lower energy scale than the Planck scale. This helps to overcome the hierarchy

problem. In this model, the strength and range of the altered gravity, α and λ in Equation 1.1,

depends on the speci�c geometry and number, n, of the extra dimensions respectively, where the

new dimensions would appear as a new Yukawa-type force due to the exchange of massive spin-2

particles called Kaluza-Klein gravitons [3]. Typically λ = R where R is the range of the force due

to the Kaluza-Klein particles and hence also the radius of these new spatial dimensions. For the

case of the large extra dimensions having an equal �at torus geometry, when n = 1 then R ≈ 1012

m and α ≈ 2, and this has been ruled out by solar system based observations [3]. When n = 2,

R ≈ 100 µm and α ≈ 4, and this has also been ruled out by experiment [15]. When n > 2, R

is less than a nanometre which is beyond current experimental limits for torsion balance based

experiments [3, 5].

A more promising approach was proposed in [16], where the idea of large extra dimensions was

combined with a supersymmetric �eld theory to give a Supersymmetric Large Extra Dimensions

theory. This is based on the concept that while supersymmetry is broken in the 'branes' of our

3-dimensional world to at least below the electroweak scale at mEW ≈ 250 GeV/c2 [6], it holds to a

much lower scale in the 'bulk' of the 2 extra spacial dimensions. This means the zero-point energy
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densities due to particles in the brane are cancelled by those in the bulk, with the net zero-point

energy density contributing to Dark Energy, and the corresponding cosmological constant, coming

from particles in the bulk alone. This gives a cut-o� wavelength to the zero-point energy density of

Dark Energy that should lower its theoretical value which helps to solve the cosmological constant

problem. Using the observed value of this energy density, ρvac ≈ 6.08 × 10−10 J/m3 [6], a simple

calculation can be performed to determine this zero-point energy cut-o� wavelength, a, for Dark

Energy:

Evac =
hc

a
=⇒ ρvac =

Evac
V

=
3

4πa3
hc

a
≈ ~c
a4
. (1.2)

This gives a length scale for Dark Energy of a ≈ 85 µm. Equating this to the radius of the 2 large

extra dimensions, a = 2πR, we have R ≈ 14 µm, where it is assumed the 2 extra dimensions have

equal radii. We can equate this radius to λ in Equation 1.1, and so this implies if we measure the

inverse square law of gravity between masses with a separation of this scale then violations could

be detected. This is an important result, because compared to the scale lengths suggested by the

non-supersymmetric large extra dimensions theory, it has not been ruled out by experiment and is

not unrealistically far from current experimental limits.

Another important consequence of this theory is that it predicts the supersymmetry breaking

energy scale, ESym, in the brane. Using the extra dimensional radius, R, calculated from Equa-

tion 1.2, this energy is given by [16]:

ESym ≈
~ 3

4 c
7
4

(2πR)
1
2 G

1
4

≈ 8.4 TeV. (1.3)

The current highest energy probed by the Large Hadron Collider is approximately 6.5 TeV [17] and

so the predictions from Supersymmetric Large Extra Dimensions theory have not yet been ruled

out.

In addition to knowing a range, λ, the relative strength to Newtonian gravity, α in Equation 1.1,

of the violations to the inverse square law due to the presence of the large extra dimensions must

also be known. This depends on the geometry of the extra dimensions [18, 19]. In the simplest

case where the 2 dimensions have been compacti�ed onto the same geometry and have the same
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radii, and for the simplest geometries (a sphere and a torus), we �nd [19]

αsphere = n+ 1,

αtorus = 2n. (1.4)

For 2 large extra dimensions, n = 2, we have αsphere = 3 and αtorus = 4. Of course, di�erent

geometries and more complicated compacti�cations involving more than one geometry would result

in di�erent values.

It is important to note that any violations of the inverse square law of gravitation at small scales

could be due to a number of possible theories. It could be the geometrical e�ect of the extra spacial

dimensions or it could be due to a new mediating boson [5]. As such, if a violation was detected

then further investigation would be needed to di�erentiate between these di�erent possibilities. One

way to do this would be to see if this violation of Newtonian gravity also violated the equivalence

principle, as not all bosons would necessarily couple to matter in a uniform way [20] while the

geometrical e�ect of extra dimensions would always adhere to the equivalence principle.

1.3 Environmental Landscape

1.3.1 Current Experimental Limits

From Equation 1.1, we can create an α-λ plot to show what region of this parameter space has been

ruled out by previous experiments to a 95% con�dence level and as such where Newtonian gravity

still holds, and which region has yet to be investigated and the associated theories which have yet

to be ruled out. This is shown in Figure 1.1. Crucially, this �gure shows the projected sensitivity of

the Superconducting Torsion Balance experiment here in Birmingham, described in Chapter 3, and

its relation in the parameter space to the many proposed theories including that of Supersymmetric

Large Extra Dimensions. The experiments shown in this �gure are torsion balance based, with the

exception of the IUPUI 2014 experiment which was based around a cantilever design [21]. This

graph can be extended to much larger and smaller values of both α and λ, as in [5]; where towards

smaller α and larger λ experiments become more geophysical and solar system based, whereas
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Figure 1.1: An α-λ plot showing the region of this parameter space that has been ruled out by the

previous experiments described in references [21, 22, 23, 24, 25]. This region, where Newtonian

gravity still holds, is excluded at a 95% con�dence level. Also shown is the region yet to be

investigated and the possible theories yet to be probed as summarised in references [3, 4, 5]. Of note

is the projected sensitivity of the Superconducting Torsion Balance experiment here in Birmingham

which is described in Chapter 3, and the possible Supersymmetric Large Extra Dimensions (SLED)

region described previously in Section 1.2 which could be tested by this experiment.
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toward larger α and smaller λ they tend toward cantilever based designs, and ultimately atomic

force microscope and particle collider experiments. What follows will be a brief discussion of the

previous experiments shown in Figure 1.1.

1.3.2 Previous Tests of the Inverse Square Law of Gravity

Irvine Experiment

The Irvine experiment, performed at the University of California in 1980, still provides the best

constraints on α at the centimetre scale [22]. This experiment consisted of a copper cylinder test

mass attached below one end of a bar on a torsion balance. The test mass was positioned inside

the source mass which was stainless steel pipe. The source mass could be positionally modulated

in the direction perpendicular to the torsion bar along a horizontal rail, which would induce a

gravitational torque on the torsion balance. At the opposite end of the torsion bar to the test

mass were electrostatic plates that could be used to control the torsion balance. The rotational

displacement sensor for the torsion balance was an optical lever. The whole setup was placed in a

copper vacuum chamber. This design is shown in Figure 1.2 [5].

The results from this experiment were in good agreement with Newtonian gravity, and they con-

strained the value on α of a violation to Newtonian gravity to α < 2×10−4 at λ = 2 cm [22]. Apart

from uncertainties related to the geometrical parameters of the experiment, the biggest source of

uncertainty present in the measurements was due to microseismic and gravitational noise.

IUPUI Experiment

The IUPUI experiment, performed at the Indiana University�Purdue University Indianapolis in

2014, is not a torsion balance experiment but rather a cantilever based experiment [21]. This

is because it was designed to probe λ from a few micrometres down to the tens of nanometres

scale which is beyond the capabilities of current torsion balances. This experiment consisted of

a gold-coated sapphire spherical test mass glued to a cantilever that was free to oscillate. The

source mass consisted of a disk, whose surface contained a pattern of gold and silicon sectors. The
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Figure 1.2: A graphic diagram of the Irvine experiment performed at the University of California

in 1980; taken from the review of the �eld by Murata and Tanaka [5].
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Figure 1.3: A graphic diagram of the IUPUI experiment performed at the Indiana Univer-

sity�Purdue University Indianapolis in 2014; taken from the paper by Chen et al. [21]. It shows

the test mass attached to a cantilever, while a previous version of the setup, labelled Generation

1, is shown for comparison where the there was no separate mass attached to the cantilever.

disk was then rotated, and the di�erential density pattern would cause the test mass to oscillate.

The test mass could be controlled with piezoelectrically driven micro-positioners, while the source

mass disk was controlled via an air bearing spindle. The motion of the test mass on the oscillator

was measured via a capacitive displacement sensor. This setup was contained within a vacuum

chamber, a design of which is shown in Figure 1.3 [21].

The results from this experiment constrained the α for any violation to Newtonian gravity over a

range of λ=30-8000 nm by a factor of up to 103 over previous limits [21]. At these mass separations,

the biggest source of uncertainty came from the Casimir force between the masses masquerading

as a gravitational signal, which in this case could at the least have been over a factor of 10 larger

than the gravitational force. This experiment was able to suppress this force by coating the masses

in gold to a thickness larger than that of the plasma wavelength in gold which is 135 nm, resulting

in an attenuation of the Casimir interaction between the underlying structure of the masses by a

factor greater than 106. These gold coatings had the added bonus of shielding against electrostatic

noise forces as well.
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HUST Experiments

The HUST experiments, performed at the Huazhong University of Science and Technology, were

torsion-balanced-based and were designed to be null experiments for Newtonian gravity [23, 24].

Both experiments had similar designs. The 2012 experiment had a novel symmetric I-shaped

torsion pendulum and source mass holder, with tungsten source and test masses placed at either

end of the I-shaped designs. The source masses were driven linearly toward and away from the

test masses with a motor. On one end of both the torsion pendulum and source mass holder, the

masses were kept at greater separations from each other but were appropriately larger in order

to counteract a Newtonian torque due to the unbalanced forces, but allowing any non-Newtonian

e�ects to impart a torque on the test masses and the torsion pendulum from the other set of masses

that were at a much smaller separation. The motion of the torsion pendulum was measured with

an autocollimator. A gold-coated beryllium-copper membrane was placed between the source and

test masses to act as shield to electrostatic noise sources. Capacitive actuators were used to control

the torsion pendulum. This setup was contained in a vacuum chamber, a design of which is shown

in Figure 1.4 [23].

The 2020 experiment's main physical di�erence was a change in the source mass setup. The

tungsten source masses were now arranged on a disk shaped `attractor'. The surface of this disk

was held parallel to the I-shaped torsion pendulum and the test masses, and the disk rotated

about a horizontal axis at a nominal drive frequency. A similar scheme to the 2012 experiment was

used to allow for a Newtonian null measurement, where the disk shaped `attractor' consisted of

alternating tungsten source and compensation masses at greater separations. This updated design

is shown in Figure 1.5 [24].

The 2012 experiment constrained α in the range λ = 0.7 − 5.0 mm by up to an order of mag-

nitude more compared to previous experiments over the same range [23]. This experiment was

ultimately limited by the ability to remove the Newtonian signal, as it would have swamped any

non-Newtonian signal. The 2020 experiment constrained the value on α of a violation to Newto-

nian gravity to α ≤ 1 at λ = 48 µm [24]. This experiment overcame the issues of the negating of

30



1.3. ENVIRONMENTAL LANDSCAPE

Figure 1.4: A graphic diagram of the HUST experiment performed at the Huazhong University of

Science and Technology in 2012; taken from the paper by Yang et al. [23].
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Figure 1.5: A graphic diagram of the HUST experiment performed at the Huazhong University of

Science and Technology in 2020; taken from the paper by Tan et al. [24]. The alternating colours

on the `attractor' disk represent the tungsten source and compensation masses.

the Newtonian signal by using the new `attractor' design. It also reduced another signi�cant noise

source which was the vibration of the shielding membrane between the source and test masses

which coupled into residual surface potential related torques on the test masses and torsion pen-

dulum. They made this improvement by using a di�erent type of drive unit on the attractor. This

vibration, however, was still the main source of uncertainty in the measurements.

Eöt-Wash Experiment

The Eöt-Wash group's most recent experiment, performed at the University of Washington in 2020,

currently provides the best constraints on Newtonian strength Yukawa-type interactions at small

length scales with a traditional torsion balance design [25]. This experiment consisted of a torsion

balance detector and disk-shaped test mass located above a rotating disk-shaped source mass

`attractor'. The detector and `attractor' masses both had a novel 18-fold and 120-fold azimuthal

symmetry hole pattern which allowed for simultaneous measurements of torques at two di�erent

length scales. The masses themselves were made of platinum foils attached to glass annuli and

were gold-coated. The torsion balance detector was placed in a gold-coated electrostatic shield that
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Figure 1.6: A rendering of the Eöt-Wash group's experiment's torsion balance detector and `at-

tractor'. The experiment was performed at the University of Washington in 2020. The render is

taken from the paper by Lee et al. [25].

surrounded it almost entirely, with a goal-coated beryllium-copper foil located directly between

the detector and `attractor'. In addition to this, the detector was also placed within several layers

of µ-metal to shield against magnetic sources. The rotation of the detector was measured with

an autocollimator and the `attractor' could be rotated with a turntable motor. A rendering of

the torsion balance detector and its test mass along with the source mass `attractor' is given in

Figure 1.6 [25].

This experiment constrained the value on α of a violation to Newtonian gravity to α ≤ 1 at λ = 38.6

µm, and the results imply a maximum radius of R ≈ 30 µm for large extra spatial dimensions
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(assuming they have a toroidal shape) [25]. The biggest source of noise in this experiment was

environmental vibrations coupling into the patch �elds of the shield between the detector and

`attractor' masses, leading to torque noise on the detector.

1.4 Common Experimental Issues

Many inverse-square law experiments share common issues, especially those based on the use of

a torsion balance, beyond the expected problem of small signals due to the small masses required

for sub-millimetre mass separations. As described in [22], one of the main limiting factors on the

experiment's sensitivity was seismic noise imparting a torque onto the torsion balance. For the

experiments in [24] and [25] the biggest source of uncertainty was the vibration of the shield between

the test and source masses directly coupling into torque noise due to surface potentials. Improved

seismic isolation would be an obvious solution, however this is di�cult to achieve at low frequencies

(typically < 1 Hz) where torsion balances tend to operate. Removing the shields used between the

source and test masses would remove this source of noise, but then increased electrostatic noise

from the masses themselves may dominate. Also, for λ < 50 µm maintaining a shield between

the masses starts to become di�cult to achieve. Another issue with the experiments described

in [24] and [25] is that they directly measured the inverse square law down to mass separations

for λ > 50 µm and then extrapolated the data down to the stated values using models acting

within given error bounds. This then introduces the question of the validity of these models and

the assumptions made about gravity over these ranges. The possible dangers of this modelling

approach are highlighted in a previous experiment by the Eöt-Wash group [26], where in the

process of changing between di�erent setups deformations of the masses occurred. These were

large enough to a�ect the measurements and, while in this case they were identi�ed and accounted

for, it raises the important issue of what other possible deformations and systematic e�ects might

not be accounted for in such models. Improvements to some of these experiments are possible,

such as in the Eöt-Wash group's most recent work, where to overcome seismic noise coupling into

the patch �elds on the experiment they plan to implement an active system to reduce vertical
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vibrations [25].

What is required then, are novel designs and experimental techniques that would start to overcome

these problems. Measuring the inverse square law of gravity directly below 50 µmmass separations,

rather than extrapolating data, would realistically require the removal of any physical electrostatic

shielding between the test and source masses due to the issues stated previously. These direct

measurements would provide more reliable limits on violations to Newtonian gravity in this λ

range. Also, more sensible choices of source and test mass geometries could reduce the Newtonian

signal compared to any possible violation, making it easier to detect. The reduction of the coupling

of seismic noise, and other horizontal forces and accelerations due to environmental vibrations,

to the rotational mode of the torsion pendulum detector then becomes essential as this was a

limiting factor for the most recent experiments. If the centre-of-mass and centre-of-buoyancy of

suspended objects are aligned exactly then this is achieved. Additionally, the vertical distance

between the attachment point of �bres and the centre-of-mass of torsion balances results in a

simple pendulum mode that is di�cult to control without increasing the rotational sti�ness of the

devices, limiting their measurement sensitivity. Removing these �bres, and suspending the torsion

`bob' and controlling it through external actuators could resolve these issues. In this thesis a novel

experimental design and associated techniques, with these ideas in mind and based on the inherent

advantages of the traditional torsion balance, are described with the aim of achieving these goals.

1.5 Thesis Overview

In this thesis I present my work on developing the experimental techniques to enable reliable

measurements of the inverse square law of gravity down to mass separations of the order of 10

µm. This has revolved around working on the Superconducting Torsion Balance experiment and

its capacitive displacement sensor, as well as on the Air Bearing experiment.

Chapter 2 provides a succinct summary of the concepts of the rotational sti�ness and centre-of-

buoyancy tuning of a suspended torsion bob and the necessary theory to enact them, applied to
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the case of the Superconducting Torsion Balance, as published in [27]. In Chapter 3 a thorough

description of the Superconducting Torsion Balance itself is given, where my contribution to it

is highlighted. Chapter 4 details the work on the capacitive displacement sensor for use with

the test mass of the Superconducting Torsion Balance, as published in [28]. In Chapter 5 the

Air Bearing experiment, which was developed to showcase the principle of the centre-of-buoyancy

tuning described in Chapter 2, is described in full as published in [29].
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Chapter 2

Torsion Balances with Fibres of Zero

Length

The economic anarchy of capitalist society as it exists today is, in my

opinion, the real source of the evil. We see before us a huge community of

producers the members of which are unceasingly striving to deprive each

other of the fruits of their collective labour�not by force, but on the

whole in faithful compliance with legally established rules.

Albert Einstein

In this chapter I give an overview of the theory behind torsion balances with �bres of zero length.

This explains the premise of the in-situ tuning of the rotational sti�ness and centre-of-buoyancy of

suspended objects through the use of external actuators. This is a summary of the work in the paper

`Torsion Balances with Fibres of Zero Length' [27] of which I was not an author. The �gures in this

chapter were also copied from this paper and then amended with additional labels. I give a concise

account of the general cases described in this paper applied speci�cally to the Superconducting

Torsion Balance described in Chapter 3 and its superconducting magnetic actuators, due to its

importance in underpinning the motivation for that experiment's design and also to that of the
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Bearing

Float

Figure 2.1: A diagram showing the position of a superconducting magnetic actuator located at x0

from the symmetry axis of the bearing that holds the actuator in place, and how the parameters

of the geometry can be used to calculate the gap, g, between the actuator's location and the

inner surface of the �oat. The �oat is a levitated object whose motion in the horizontal plane is

controlled by said actuators. This diagram is taken from the paper by Speake and Collins [27].

Air Bearing described in Chapter 5.

2.1 Rotational Sti�ness Tuning

The rotational sti�ness of a levitated object called the �oat, whose motion in the horizontal plane of

the laboratory is controlled via applied forces due to the Meissner e�ect from superconducting coils

on an object called the bearing, can be tuned by changing the relative sti�nesses of these actuators.

This can be done by changing the magnitude of the persistent currents in these coils, while taking

into account their relative positions to one another and with the �oat. Consider one such actuator

located at a point x0 from the symmetry axis of the bearing, as shown in Figure 2.1 [27]. The

change in gap between the actuator and the position on the �oat's inner surface directly opposite

it due to the rotation of the �oat, g(ψ), around the centre-of-geometry of the setup, O, can be

described as

g(ψ) =
a

cosψ
− b+ x0 tanψ, (2.1)
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where the symbols correspond to those in Figure 2.1. Here the linear displacement of the �oat will

be ignored as it would nominally be negligible in a servoed system.

The sti�ness of the actuators can be expressed in terms of the change in energy, ε, stored by

them with regards to the changing gap, much like the sti�ness of a spring being expressed through

its stored energy changing with its length. It can be assumed that energy can also be stored by

the �oat's rotation alone, with no change in the gap [27]. As such, two sti�ness terms for the

superconducting actuators can be de�ned,

kψψ =

[
d2ε(ψ, g = const)

dψ2

]
ψ=0

, (2.2)

for when there is no change in gap, and

kx0

ψψ =

[
d2ε(g(ψ))

dψ2

]
ψ=0

, (2.3)

for a change in gap due to a rotation, ψ. Equation 2.3 can be expanded to take into account this

change in gap due to rotation as described by Equation 2.1 as follows,

kx0

ψψ =
d

dψ

(
dε

dg

dg

dψ

)
=
dε

dg

d2g

dψ2
+

d2ε

dgdψ

dg

dψ
= a

dε

dg
+ x0

d2ε

dgdψ
, (2.4)

where Equation 2.1 has been substituted in and di�erentiated with respect to ψ where necessary.

Small angles of rotation have been assumed. The total rotational sti�ness of the �oat due to the

ith actuator of possibly several is then the sum of Equations 2.2 and 2.4:

Ki
ψψ = kψψ + a

dε

dg
+ x0

d2ε

dgdψ
. (2.5)

It can be seen that an actuator's contribution to the �oat's rotational sti�ness depends not only

on how its stored energy varies with the gap and tilt angle of the �oat, but also on its position

with respect to the �oat and bearing.

For a superconducting coil magnetic actuator with a persistent current, the energy stored will

depend on the inductance [27]. If an initial persistent current, I0, is stored when the inductance is

equal to L0, then the �ux,

Φ0 = I0L0, (2.6)

39



2.1. ROTATIONAL STIFFNESS TUNING

must be conserved. The inductance, L(g), however will change with the gap between the coil and

the inner surface of the �oat, and so the energy stored by the actuator can be de�ned as,

ε =
Φ2

0

2L(g)
. (2.7)

If the coil is �at, and if the gap between it and the �oat is much smaller than the coil's radius,

then it can be assumed that the inductance will be proportional to the volume of the gap [30].

The surface of the �oat can also be considered to extend su�ciently beyond the edges of the coil

such that edge e�ects can be ignored. Then from Equation 2.1 and Figure 2.1, it is shown that for

rotational motion alone the volume is proportional to the gap. It can then be assumed that

L(g) ≈ βg(ψ), (2.8)

where β is a constant. Substituting this into Equation 2.7 gives,

ε ≈ Φ2
0

2βg(ψ)
. (2.9)

This implies for the case of superconducting magnetic actuators, that kψψ = 0 from Equation 2.2.

Finally, substituting Equation 2.9 into Equation 2.5 yields:

Ki
ψψ =

Φ2
0

βg(ψ)2

(
x20
g(ψ)

− a

2

)
. (2.10)

This is the rotational sti�ness due to one superconducting magnetic actuator, so summing over

all such actuators applying forces to the �oat will give the total rotational sti�ness of the �oat

itself. This equation implies that there will be some distance from the central symmetry axis of the

bearing in Figure 2.1 such that for an actuator placed there the terms in the brackets will cancel

out, and hence it will impart zero rotational sti�ness onto the �oat. This can be calculated to be,

x0 =

√
g(ψ)a

2
, (2.11)

where ψ is nominally a small angle whose mean is zero. Alternatively, the rotational sti�ness of

the �oat could be adjusted in-situ by changing the persistent currents in the coils which would

change the magnitude of the Φ0 term.

In the case of the Superconducting Torsion Balance described in Chapter 3, there are 3 supercon-

ducting coil magnetic actuators on each side of a triangular prism shaped bearing (see Figure 3.3
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in Chapter 3). One coil lies on the symmetry axis of each side where x0 = 0, and the other 2

are equally spaced to either side of it, giving 9 coils in total. From Figure 2.1 and Equation 2.10,

this implies that these centre coils impart a negative rotational sti�ness on the �oat, while the

side coils impart a positive rotational sti�ness. The total rotational sti�ness of the �oat can then

be adjusted accordingly in-situ by changing the ratio of the persistent currents in the side coils

to the centre coils. For a given ratio of currents, keeping the current in each coil the same as its

respective equivalent on the other sides of the bearing mean the change in the forces applied to the

�oat from the coils should cancel out. The �oat itself is levitated by a separate superconducting

coil on the top surface of the bearing. Possible e�ects such as trapped �ux pinning the levitated

�oat, which would increase its rotational sti�ness, have been ignored in this analysis. The details

of these coils, the bearing and the �oat are given in Section 3.1.1 of Chapter 3. The approach

described here is taken to derive a term for the rotational sti�ness for the �oat used in the Air

Bearing experiment described in Chapter 5. The di�erence in that application being the use of

room temperature coil-magnet actuators to control the �oat instead of superconducting magnetic

ones and so the material di�erences between the types of actuators and how they function are

taken into account there.

2.2 Centre-of-Buoyancy Tuning

In the same way that external actuators can be used to tune in-situ the rotational sti�ness of a

levitated object, or �oat, they can also be used simultaneously to tune in-situ the �oat's centre-

of-buoyancy to lie at its centre-of-mass. The centre-of-mass is the point where inertial forces act,

whereas the centre-of-buoyancy is the location of the resultant of the forces that are applied to

levitate the �oat and control its position. Alternatively, starting from some equilibrium position,

if the �oat is slightly displaced it will experience a restoring force due to a combination of the

actuators. The point through which this force acts we refer to as the centre-of-buoyancy. In

the general case the centre-of-mass will not lie at the centre-of-buoyancy due to manufacturing

imperfections and so horizontal accelerations and tilts will couple to the rotational mode of the
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device [29].

The coupling of horizontal accelerations into the rotational mode and how to circumvent this is

a long-standing problem for torsion balances. In [31] the motion of a simpli�ed torsion balance

model was analysed by considering the Lagrangian of the system. It was shown that a horizontal

acceleration, due to seismic ground vibrations for example, would cause a simple pendulum oscil-

lation of the torsion balance. If, however, the direction of the ground displacement was not exactly

perpendicular to the balance arm length of the torsion balance, then the torsion balance would

attempt to align itself to this position. This is a result of the balance wanting to minimise its mo-

ment of inertia and kinetic energy about the rotation axis, and results in a coupling of horizontal

accelerations into the rotational mode.

Ways of mitigating against this coupling are detailed in [32], where torsion balances used in gra-

diometers can take advantage of speci�c design choices of geometries of the torsion balance beams

to maximise or minimise their spherical multipole moments to create insensitivities to horizontal

accelerations. Also, in these set-ups di�erential torsion balances, consisting of two torsion balances

with a common axis giving a di�erential measurement, can be used to reject some of the common

mode noise associated with seismic vibrations. While these methods are possible for balances

utilised for measuring gravity gradients over geophysical scales, they cannot be used for torsion

balances sensitive to weak forces at scales less than 1 mm. The method presented here, however,

is applicable to torsion balances with �bres of zero length for short-range force measurements.

Consider a �oat, like that described in Section 2.1, that is levitated and is controlled in the

2-dimensional plane perpendicular to the Earth's gravity by external actuators, as shown in Fig-

ure 2.2 [27]. Here the actuators are represented by springs, but these, as well as the geometry of

the �oat and the entire system, could be di�erent. The centre-of-mass and centre-of-buoyancy, as

well as the position of the centre-of-buoyancy relative to the centre-of-mass, (∆x,∆y), are shown

to highlight how horizontal accelerations and tilts can introduce a torque, Γz, to the �oat around

the z-axis which would be parallel to the Earth's gravity. The di�erence in position between the

centre-of-buoyancy and centre-of-mass has been exaggerated here, a well manufactured �oat would
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Figure 2.2: A diagram showing a levitated �oat, whose motion in the 2-dimensional plane perpen-

dicular to the Earth's gravity is controlled by external actuators represented here by springs. The

centre-of-mass (CoM) and centre-of-buoyancy (CoB) are also shown to highlight how horizontal

accelerations and tilts can introduce a torque, Γz, to the �oat. This diagram is taken and adapted

from the paper by Speake and Collins [27].
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make this di�erence minimal. To completely decouple horizontal accelerations due to seismic noise

and tilt from the �oat's rotational mode however, the di�erence should nominally be made zero.

To do this, we can take into account the equations of motion of the �oat in the horizontal plane

where there are 3 degrees of freedom; ξ and η linear motion in the x and y axes respectively from

Figure 2.2, and ψ rotational motion around the z-axis which is perpendicular to the page. For

these degrees of freedom the full general equation of motion is given by [27],

F = −K ·∆ =⇒


Fx

Fy

Γz

 = −


Kξξ Kξη Kξψ

Kξη Kηη Kηψ

Kξψ Kηψ Kψψ

 ·

ξ

η

ψ

 , (2.12)

where the forces and torque Fx, Fy and Γz are those de�ned in Figure 2.2, and the K terms refer

to the sti�ness of the �oat in the respective degrees of freedom and of the various cross-couplings

between those degrees of freedom. Based on the components of the forces and torque and of the

separation of the centre-of-buoyancy with respect to the centre-of-mass, (∆x,∆y), in Figure 2.2,

the torque acting on the �oat can be de�ned as,

Γz = ∆xFy −∆yFx. (2.13)

Substituting this into Equation 2.12 and solving for ψ yields,

ψ = −
(
K−1

31 −∆yK−1
33

)
Fx −

(
K−1

32 + ∆xK−1
33

)
Fy, (2.14)

where the K terms now refer to the elements of the inverse matrix of K. We are interested in the

condition of the sti�nesses which results in no rotation of the �oat, ψ = 0, and so this combined

with �nding the inverse matrix of K gives,

0 =
(
KηηKξψ −KξηKηψ −∆y

(
K2
ξη −KξξKηη

))
Fx

+
(
KξξKηψ −KξηKξψ + ∆x

(
K2
ξη −KξξKηη

))
Fy. (2.15)

We are also interested in the condition where ψ = 0 regardless of the magnitudes of the horizontal

forces acting on the �oat. This gives two equations, one for each coordinate in the 2-dimensional

44



2.2. CENTRE-OF-BUOYANCY TUNING

horizontal plane, which the sti�nesses of the �oat have to satisfy in order to move the centre-

of-buoyancy to lie at the centre-of-mass and therefore decouple these horizontal forces from the

rotational mode:

∆x =
KξξKηψ −KξηKξψ

KξξKηη −K2
ξη

, (2.16)

and

∆y =
KηηKξψ −KξηKηψ

K2
ξη −KξξKηη

. (2.17)

Through the use of reasonable manufacturing tolerances for superconducting actuators (typically

sub-µm tolerances), the cross-coupling terms can be made much smaller than the non-cross-coupled

sti�ness terms [27], which simpli�es these equation to:

∆x ≈ Kηψ

Kηη
, (2.18)

and

∆y ≈ −Kξψ

Kξξ
. (2.19)

These equations imply that in principle it should be possible to alter the sti�ness of the actuators in

order to tune in-situ the centre-of-buoyancy to lie at the �oat's centre-of-mass, and hence decouple

tilt and horizontal accelerations due to seismic noise from its rotational mode.

In the case of the Superconducting Torsion Balance, where the energy stored, ε, by each supercon-

ducting magnetic actuator is given by Equation 2.9, the sti�ness terms in Equations 2.18 and 2.19

can be derived. The sti�nesses on the denominators of these equations are simply the linear sti�-

nesses of the actuators in the horizontal plane. As described in Section 2.1, and from Equations 2.1

and 2.3, it can be seen these linear sti�nesses depend on the change in gap, g(ψ), in a given axes.

We can de�ne therefore, say for the y-axis in Figure 2.2, the linear sti�ness in that axis from the

ith actuator as,

Ki
ηη =

[
d2ε(gη(ψ))

dgη(ψ)2

]
ψ=0

=
Φ2

0

βgη(ψ)3
. (2.20)

The sti�nesses on the numerators of Equations 2.18 and 2.19 represent the cross-coupling between

the degrees of freedom, and in the case of the y-axis in Figure 2.2 again, the cross coupling term
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from the ith actuator can be de�ned as,

Ki
ηψ =

[
d2ε(gη(ψ))

dψdgη(ψ)

]
ψ=0

=
x0Φ2

0

βgη(ψ)3
, (2.21)

where x0 is once again the distance of the actuator from the symmetry axis in the x-axis as in

Figure 2.1. Therefore, in the case of tuning the centre-of-buoyancy along the x-axis, we sum over

the contributions of each actuator acting perpendicular to that axis giving,

∆x ≈
∑n
i=1K

i
ηψ∑n

i=1K
i
ηη

=

∑n
i=1 xiΦ

2
i∑n

i=1 Φ2
i

, (2.22)

where we have n actuators in total applicable to that axis (the 0 subscripts have been dropped for

clarity). The superconducting coil that lies on the symmetry axis of each side of the bearing in the

experiment, as described in Section 2.1 where x0 = 0, will not alter the centre-of-buoyancy. The

other 2 coils spaced to either side of it, because of their positions of x0 relative to the symmetry

axis, will have either a positive or negative contribution to ∆x. Therefore ∆x can be adjusted

accordingly in-situ by changing the ratio of the persistent currents between the side coils. Keeping

the total overall current in side coils the same as the ratio between them changes means there

should be no overall change in force applied to �oat from the coils and the rotational sti�ness

should not be altered. This treatment can be applied to the other axis in the horizontal plane

with an appropriate change in subscripts. As with the rotational sti�ness tuning, the approach

described here is taken to derive a term for the centre-of-buoyancy tuning for the �oat used in the

Air Bearing experiment described in Chapter 5, with its room temperature coil-magnet actuators.

This analysis of the centre-of-buoyancy tuning ignores cross-coupling e�ects between the coils which

is acceptable assuming reasonable geometries of the actuators and also the fact that in the case of

the Superconducting Torsion Balance, each actuator is closer in distance to the surface of the �oat

that it acts on than it is to its adjacent actuator by a factor of at least 10. Certain techniques can

also be employed to avoid magnetic �eld leakage between the coils; details of one method which

was used on the Superconducting Torsion Balance is given in Sections 3.1 and 3.3 of Chapter 3.
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Chapter 3

The Superconducting Torsion

Balance

The natural scientist must be a modern materialist, a conscious adherent

of the materialism represented by Marx, i.e., he must be a dialectical

materialist.

Vladimir Lenin

In this chapter I give an overview of the Superconducting Torsion Balance. The bulk of this

device was constructed prior to my work, with the initial description of the experiment given in

the conference proceedings `Testing the Inverse Square Law of Gravitation at Short Range with

a Superconducting Torsion Balance' [33]. I give a detailed description of its main components,

expected signal and noise sources in Section 3.1. In Section 3.2 I describe my contribution to the

experiment apparatus. In Section 3.3 I describe the �nite element analysis work I performed to

demonstrate the feasibility of levitating the torsion balance's test mass. Section 3.4 gives a brief

description of the current status of the Superconducting Torsion Balance.
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Figure 3.1: A photograph of the full experiment in its current status, with the major components

labelled.

3.1 Overview

The Superconducting Torsion Balance was designed to measure the inverse square law of gravity

down to mass separations of the order of 10 µm [34]. A photograph showing the full experimental

setup in its current state as a reference, which will be expanded upon by other images later in the

chapter, is given in Figure 3.1. This experiment was based on previous work on developing su-

perconducting levitating torsion balances, called the Superconducting Spherical Torsion Balances,

which were designed to perform weak-force measurements [10, 35, 36, 37, 38]. These previous

versions were used to successfully put new constraints on short-range forces coupling mass to in-

trinsic spin [39]. The new Superconducting Torsion Balance was based on the same principle of

a superconducting levitation suspension of the torsion bob due to the Meissner e�ect in lieu of a

traditional torsion �bre, with the interactions of the various pieces of hardware that made up the

experiment controlled through custom made LabVIEW software. It was a cryogenic experiment;
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the process for cooling it down to 4.2 K from room temperature is described in Appendix A. There

were, however, several key di�erences in the experimental design between the older and new ver-

sions. These di�erences were implemented in order to increase the sti�ness of the torsion bob with

respect to the tilting and translational degrees-of-freedom, which would allow for shorter ranged

measurements at smaller mass separations. A change of design to a planar geometry in the torsion

balance was also planned as a way to increase the gravitational signal strength for a given setup.

3.1.1 Superconducting Bearing and Float

The �rst key design change was the move away from a spherically symmetric suspended mass and

superconducting bearing to levitate it. This was to take advantage of the in-situ rotational sti�ness

and centre-of-buoyancy tuning detailed in Chapter 2. Also, a planar geometry of source and test

masses would allow for a better signal-to-noise ratio compared to spherical masses. The bearing

and the �oat, which was the levitated torsion bob that would hold the test mass, were redesigned

to be equilateral triangular prism shaped. A photograph of the �oat is shown in Figure 3.2, and a

photograph of the bearing is shown in Figure 3.3 [40]. The bearing contained the superconducting

lead coils which through the use of persistent currents and the Meissner e�ect would control the

dynamics of the �oat in the relevant degrees of freedom. The process of storing these persistent

currents is described in Section 3.2.2.

The bearing held 10 coils in total: 3 circular coils on each side of the bearing and 1 large triangular

coil on the bearing's top surface. These coils were hand-wound with 250 µm diameter lead wire.

The coild holders were made of anodised aluminium. The coil on the top surface was split into

three separate kite-shaped sections in order to maximise the number of windings to surface area.

Each kite-shaped section contained 29 windings in total and the total length across one side of the

bearing was 55 mm. On each side of the bearing there were 3 coils, one larger circular centre coil

and two smaller circular coils either side of it with 28 and 20 windings, and diameters of 20 mm

and 14 mm, respectively. All the coils featured an outer winding which was wired in the opposite

direction to the inner windings to minimise magnetic �eld leakage. Figure 3.4 [40] shows a close-up
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Figure 3.2: This is the �oat used in the experiment. This was the object that would be levitated via

the Meissner e�ect using the superconducting lead coils in the bearing, and which would support

the test mass which would be attached to its top surface. The three-armed attachment to the top

of the �oat is explained in Section 3.2.1.
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Figure 3.3: This is the bearing that held the superconducting lead coils which, through the use of

persistent currents, would levitate and control the �oat through the Meissner e�ect. The photo-

graph was taken by Collins [40].
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Figure 3.4: A close-up of one of the larger bearing centre side coils with a pound coin to give a

sense of scale. The photograph was taken by Collins [40].

52



3.1. OVERVIEW

of one of the larger side coils with a pound coin to give an idea of scale.

The �oat was made of aluminium, with a mass of approximately 30 g which excludes the test mass

that would be attached to its top surface. Each surface of the �oat was 1 mm thick, and the side

panels had dimensions of 68.4 mm by 28 mm. In order to use the Meissner e�ect to levitate it

and control its dynamics, however, the �oat itself had to include some superconducting elements.

The inside of the �oat was lined with 25 µm thick lead foil that was held in place by a thin layer

of cryogenic and high vacuum compatible Apiezon N Grease. This is shown in Figure 3.5. The

three-armed attachment to the top of the �oat is explained in Section 3.2.1. A diagram showcasing

how the coils in the bearing could control the �oat dynamics is shown in Figure 3.6 [41]. The top

coil in the bearing provided the magnetic pressure and hence a lift force to levitate the �oat, the

physics of which is described in Section 3.3. The side coils could be used to provide a transverse

sti�ness to the �oat in the horizontal plane of the laboratory in order to keep it stable. As detailed

in Chapter 2, they could also be used to tune the rotational sti�ness and centre-of-buoyancy of the

�oat in-situ. This was done by changing the ratio of the strength of these actuators by changing

the ratio of the persistent currents between the large and smaller circular coils on each side of

the bearing. This was the main reason for the geometry of the �oat and bearing design. The

�oat was lowered into position above the bearing, and hence its height could be monitored, using

three Attocube micro-positioners and the �oat's three-armed attachment. The details of this are

described in section 3.2.1. The mean distance between the bearing coils and the inner surfaces of

the �oat was typically 100 µm to 150 µm.

The rotational displacement of the �oat was measured through the use of a di�erential capacitive

sensor which consisted of two capacitive electrodes forming a transducer bridge, positioned at each

end of one side of the �oat. The details of its design, speci�cally its pre-ampli�er layout and

sensitivity, are given in Chapter 4. The mean separation between the �oat's outer surface and the

capacitive electrodes was 1 mm. A photograph of the capacitive electrodes in position next to the

�oat is shown in Figure 3.7. The dimensions of the front face of each electrode was 25 mm by 15

mm, and the separation between their centres was 40 mm. The �oat would need to be grounded
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Figure 3.5: A photograph of the interior of the �oat showing the lead foil lining which was needed

to produce the Meissner e�ect along with the superconducting coils in the bearing, in order to

control its dynamics.
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Figure 3.6: A graphic diagram showing how the superconducting coils can control the dynamics

of the lead-lined �oat through the use of persistent currents and the Meissner e�ect. The graphic

was designed by Collins [41]. The test mass design on top of the �oat in this graphic is emphasised

here, where it is not featured in Figure 3.2.

for this to work, and was through the use of a 50 µm diameter gold wire which was electrically

connected to it. This wire was light and �exible enough to have a negligible e�ect on its motion.

3.1.2 Source and Test Masses

The source and test masses that are to be used in the Superconducting Torsion Balance have

been designed to have a disk geometry. This allows a maximum amount of mass to be at the

minimum separation distance between the source and test masses. Hence, it provides the maximum

gravitational signal. The source and test masses are designed to have diameters of (80.00 ± 0.15)

mm and masses of 2-3 g. The �oat and test mass will have a combined mass of 31.3 g. Both

the source and test masses will have an initial base layer of silicon substrate with a thickness of

(0.700 ± 0.025) mm. Silicon will be used as the base layer as it is unlikely to mix with or react to

the other materials in the masses. The test mass will be positioned on top of the �oat described

in Section 3.1.1, with its top surface parallel to the horizontal plane of laboratory. The source
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Figure 3.7: A photograph of the �oat and the capacitive electrodes used to measure its rotational

displacement during the experiment.
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mass, also with its surface parallel to the horizontal plane but with it's top surface facing down

toward the test mass, will be held in place above the test mass and �oat with an Attocube micro-

positioner. The Attocube could be used to lower the source mass, with capacitive measurements

between the two masses allowing their separation and relative tilt to be determined. This Attocube

could also rotate the source mass, allowing its rotational position to be modulated and hence in an

experiment induce a corresponding gravitational torque signal on the levitated test mass. It and

the �oat would then be rotationally displaced accordingly. Figure 3.8 shows an Autodesk Inventor

design of the full setup of the experiment with the �oat, source and test masses in place.

The important component of both masses is the foil of material on their base silicon substrates

which after processing will make up their top surfaces. What follows is the foil's manufacturing

process, which is demonstrated in Figure 3.9. First, the silicon will be coated with a 5 nm barrier

layer of tungsten-titanium to prevent interdi�usion with the material on top of it. A 100 nm layer

of gold will then be thermally deposited on top of this, followed by a 1 µm layer that will be

electro-deposited. Then a patterned photoresist coating will be placed on top of this gold layer.

This will consist of a radial spoke pattern of stripes, with an average pitch of 92 µm and 2048 pairs

of stripes in total [42]. Gold will then be electro-deposited on top of this pattern to a depth of 10

µm. Another 5 nm barrier layer of tungsten-titanium will then be used to coat the gold to prevent

interdi�usion with the material added to it next. Copper will then be electro-deposited into the

empty spokes in the pattern, �lling these gaps and then adding an extra 5 µm layer on top of the

whole surface. This will form the `back layer' or bottom surface of the �nished masses. Finally,

the silicon substrate on the `front layer' or top surface will be etched away with 40% potassium

hydroxide solution at approximately 353 K. The titanium-tungsten layer that was `below' this will

then be removed with a 5% ammonium-hydrogen di�uoride solution at room temperature. This

will leave the ∼1 µm gold layer on `top' of the radial spoke pattern of gold and copper stripes as

the top surface of both masses. This extra 1 µm top layer will act as a shield to electrostatic forces

between the disks and it is this radial spoke pattern that will provide the gravitational torque

signal due to the change in density of the material across the disks. Gold and copper were chosen
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Figure 3.8: A graphic of the design of the full experimental setup with the �oat, source and test

masses in place.
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Figure 3.9: A graphic of the manufacturing process of the top surface foil of the source and test

masses; not drawn to scale. (1) The masses will have an initial base layer of silicon substrate

with a thickness of 0.700 mm. (2) The silicon will then be coated with a 5 nm barrier layer of

tungsten-titanium to prevent interdi�usion with the material on top of it. (3) A 100 nm layer

of gold will then be thermally deposited on top of this, followed by a 1 µm layer that will be

electro-deposited. (4) Then a radial spoke pattern of stripes of photoresist coating will be placed

on top of this gold layer, and gold will then be electro-deposited on top of this pattern to a depth

of 10 µm. Another 5 nm barrier layer of tungsten-titanium will then be used to coat the gold,

again to prevent interdi�usion. (5) Copper will then be electro-deposited into the empty spokes

in the pattern, �lling these gaps and then adding an extra 5 µm layer on top of the whole surface.

(6) Finally, the silicon substrate and �rst titanium-tungsten layer will be etched away by chemical

solutions, leaving the gold layer on the spoke pattern as the `top' surface of the mass foils.
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Figure 3.10: A graphic diagram showing the top layers of foil on the test and sources masses

and how they will face each other. The graphic was designed by Collins [41]. This includes their

thicknesses and the average pitch of the foil with the radial spoke pattern of 2048 pairs of gold and

copper stripes.

as a balance between as large a density contrast and as well-matched a thermal contraction at 4.2

K as possible [33]. A graphic diagram highlighting this design and how the test and source masses

would face each other is shown in Figure 3.10 [41]. The number and width of the spokes was critical

for optimising the masses, as the greater the number of spokes the greater the gravitational torque

induced on the test mass due to the greater amount of modulation of the di�erent densities of

material. However, the width of the spokes had to be greater than 2π times the target source and

test mass separation (∼14 µm) otherwise the gravitational torque would start to average out over

the circumference of the disks. This led to the current design being used as it was a compromise

between these two characteristics.
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Both masses required a �atness across their entire surfaces of ± 1.5 µm at the most. A process for

�attening the foils and keeping them taut is described in detail in [43, 44]. A summation of this

process and the recent best �atness measurements of source mass test foils using this procedure are

given here. The initial copper foil was cut using a computer aided water jet cutter. Once the �nal

foil was prepared, it was glued onto a raised lip at the inner radius of an annulus shaped object

called the source mass ring using a DotMaster machine, which could apply a uniform pattern of

glue. The source mass ring was made of phosphor bronze with an outer diameter of 113 mm, an

inner diameter of 93 mm, thickness 1.5 mm and a 2 mm wide raised inner lip creating a gluing area

for the foil with an additional thickness of 0.5 mm. There were 12 evenly spaced screw holes across

the circumference of the annulus. Prior to this gluing, the source mass ring was screwed on top of

another annulus of the same outer diameter called the torsion jig. This was made of aluminium,

with an inner diameter of 105.5 mm, a thickness of 5.5 mm and a 1 mm wide raised outer lip with

an additional thickness of 0.5 mm. There were also 12 equally spaces screw holes in the torsion

jig to match the source mass ring. Due to the position of the outer raised lip on the torsion jig,

screwing the source mass ring in place caused it to tilt inwards toward the centre of the annuli.

Once screwed in place the foil would be glued to the source mass ring's inner raised lip. The screws

would then be removed, doing so would cause the source mass ring to tilt outward again, causing

the foil to pulled taut around its entire circumference causing it to �atten. When screwing the

source mass ring in place on the torsion jig, a torque driver was used to ensure equal force was

applied to each screw and that the tension was constant across the surface of the foil. A typical

torque used on the screws was 0.8 N·m and typically a tension of 6 N would be applied across a

foil in this process [43, 44]. The glue used was Araldite 8545-1, and its associated hardener, as this

was compatible for use at cryogenic temperatures, and the glued foils would be left to set for 24

hours on the source mass ring before loosening the ring from the torsion jig. A diagram showing

this procedure is shown in Figure 3.11. Figure 3.12 shows a photograph of the torsion jig and a

source mass ring with a test source mass foil in place after being glued and pulled taut using the

aforementioned procedure.
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Figure 3.11: A graphic showing how, on the left side of the �gure, the source mass ring can be

screwed into the torsion jig to twist its inner radius toward the centre of the annuli. The source foil

could then be glued to the source mass ring's inner raised lip. The right side of the �gure shows

how, once the source mass ring was unscrewed from the torsion jig, the foil would be pulled taut

around its entire circumference causing it to �atten. Not drawn to scale.

The latest test foils �attened in [43, 44] achieved a �atness of ± 24 µm. This measurement was

done using a SmartScope scanner. The requirement is ± 1.5 µm and so this needs to be improved

by over an order of magnitude. This could be done through more analysis of the warping of the

source mass rings after they are stressed by tightening and then releasing them with the screws on

the torsion jig, by looking at alternative methods of gluing the foils to the source mass rings and

by increasing the tension the foils are subjected to [43, 44].

3.1.3 Expected Signals and Noise Sources

Gravitational Torque Signal

Based on the geometries of the source and test masses that have been designed, and assuming the

requirements of the �atness and the separation distance of the masses are achieved, the expected

gravitational torque signal on the levitated test mass, from both the Newtonian potential as well

as from a new Yukawa potential as described by Equation 1.1 in Section 1.2 of Chapter 1, can
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Torsion Jig
Source Mass Ring

with a Test Source
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Figure 3.12: A photograph of the torsion jig and a source mass ring with a test source mass foil in

place after being glued and pulled taut.
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Figure 3.13: A graph of the modelled gravitational torque signal due to the Newtonian potential,

as well as the Yukawa potential, on the levitated test mass due to the rotation of the source mass.

This is assuming a mass separation of 15 µm and 2048 pairs of gold and copper stripes on the

masses' radial spoke pattern with an average pitch of 92 µm. It is assumed, as stated in Section 1.2

of Chapter 1, that α and λ in Equation 1.1 are 1 and 14 µm respectively.

be modelled. Figure 3.13 shows the expected gravitational torque signal due to the Newtonian

and Yukawa potentials on the levitated test mass due to the rotation of the source mass. This is

assuming a mass separation of 15 µm and 2048 pairs of gold and copper stripes in the masses' radial

spoke pattern with an average pitch of 92 µm, as described in Section 3.1.2. It is also assumed

that α and λ, from Equation 1.1 in Section 1.2, are 1 and 14 µm respectively. It can be seen that

the maximum Newtonian torque is 1.89×10−17 N·m. This is the minimum signal to which the

Superconducting Torsion Balance must be sensitive to. The additional Yukawa potential gives a

maximum torque of 0.65×10−17 N·m.

Torque Due to a Transverse Casimir Force

Although the foils in the test and source masses are designed to be �at at room temperature,

and that gold and copper have similar thermal expansion coe�cients; once cooled down to 4.2 K
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the gold stripes would be 0.2 nm taller than the copper stripes due to this di�erential thermal

expansion [33]. This modulation of the test and source mass separation across their surfaces would

lead to a Casimir force that would act to align the taller gold stripes between the masses. This

transverse Casimir force would lead to a torque on the levitated test mass which can be expressed

as [33],

ΓCas = −π
3~cLA2

c

60g5ν0
= −1.41× 10−21 (N ·m) , (3.1)

where Ac is the 0.2 nm height di�erence between the stripes, gν0 is the separation between the

source and test masses which can be taken to be 15 µm and L is an e�ective area factor which

takes into account the total length of the 2048 pairs of gold and copper stripes (each with a length

of 4 cm) multiplied by the e�ective arm length of the strips of 2 cm to produce a torque. This gave

a value of 1.64 m2. The torque due to a transverse Casimir force calculated here is several orders

of magnitude smaller than the Newtonian signal, and so is negligible.

Torque Due to Electrostatic Forces

Electrostatic forces due to the raised gold stripes in the masses would also produce a torque that

would act to align the raised stripes, which can be described by [33],

ΓElec = −ε0πL∆V 2A2
c

g3ν0
= −5.41× 10−20 (N ·m) , (3.2)

where repeated symbols retain their previous de�nitions and ∆V is the potential di�erence between

the source and test masses. A maximum variation between the masses of the order of 0.01 V for

∆V can be assumed [45]. Keeping the masses grounded reduces this di�erence signi�cantly, with

patch potentials being the main source of variation across the surfaces. Again, the torque due to

a transverse electrostatic force is negligible compared to the Newtonian signal.

Torque Due to Contact Potentials

Contact potential di�erences, ∆Vcp, between the gold and copper stripes in the masses alone,

without topological variations due to the di�erential thermal expansion between the materials,

could lead to additional transverse forces. If ∆Vcp can be reduced to around 2 µV, the torque
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produced by the voltage di�erence due to contact potentials is given by [33],

Γcp = −
2ε0π

2L∆V 2
cp

p sinh
(

2πgν0
p

) = −1.03× 10−17 (N ·m) , (3.3)

where p is the average pitch of the gold and copper stripes, which was 92 µm. Without the 1 µm

gold shield layer on the top surface of both masses, as described in Section 3.1.2, the torque due

to contact potentials would be much larger, as ∆Vcp between di�erent metals is of the order of 1

V. With the gold shield it would nominally be zero, but ultimately we need it to be less than 2

µV for the associated torque to be smaller than the Newtonian signal. Finally, there will be patch

potentials but they should not be correlated with the spoke pattern and so they will induce some

additional, but negligible, noise torque.

Torque Due to Magnetic Forces

Di�erences in the diamagnetic polarisation between the gold and copper stripes due to a constant

magnetic �eld would produce a similar e�ect to the contact potentials and give a torque. This

could be expressed as [33],

ΓMag =
pL∆χ2B2

µ0
e−

2πgν0
p sinh2

(
2πt

p

)
= −5.86× 10−18 (N ·m) , (3.4)

where ∆χ is the di�erence between the magnetic susceptibilities of gold and copper which comes

to -1×10−5, B is the magnetic �eld of which 50 µT is a typical background level and t is the

thickness of the gold and copper strips which, as stated in Section 3.1.2, is 10 µm. This torque is

an order of magnitude smaller than the Newtonian signal, and could be made lower by shielding

the experimental cavity from magnetic �elds through the use of, for example, µ-metal [33].

Seismic Noise

The typical acceleration noise due to ground vibration, an, has been measured to be 0.5 µm·s−2/
√

Hz

at the signal frequency of 0.1 Hz. If the mass, M , of the test mass is 31.3 g as mentioned in Sec-

tion 3.1.2 (ignoring the �oat mass as this could change in future designs to be made as light as

possible), and if the centre-of-mass to centre-of-buoyancy displacement of the test mass, xcb, is of
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the order 0.5 µm as a conservative estimate (the tuning of which is described in Chapter 2 and

discussed at length in Chapter 5), then the torque noise of the test mass is

ΓS = anMxcb = 7.83× 10−15

(
N ·m√

Hz

)
. (3.5)

Assuming a white seismic noise, with a days integration this becomes ΓSeis = 2.66× 10−17 N ·m.

This is approximately equal to the gravitational torque signal. This implies that a minimum

integration time of a day is needed when taking measurements with the Superconducting Torsion

Balance in order to achieve an acceptable signal-to-noise ratio. Of course this ignores complications

due to microseismic variability over time, and so a days integration may be unrealistic in practice.

Summary

A summary of the modelled gravitational signal and the noise sources discussed in this section,

and the magnitude of their associated torques acting on the test mass based on the parameters

stated in their respective descriptions, is given in Table 3.1.

Table 3.1: A summary of the modelled gravitational signal, noise sources and the magnitudes of

their calculated torques imparted onto the test mass, as described in this section.

Noise Source Torque (N·m)

Transverse Casimir Force 1.41× 10−21

Electrostatic Forces 5.41× 10−20

Contact Potentials 1.03× 10−17

Magnetic Forces 5.86× 10−18

Seismic Noise 2.66× 10−17

Gravitational Signal 2.54× 10−17

Required Displacement Sensor Sensitivity

Taking the magnitudes of the torques in Table 3.1 into account, seismic noise will be the limiting

factor, requiring measurements to be integrated for at least a day to achieve a signal-to-noise ratio
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of 1. This noise value of 7.83 × 10−15 N ·m/
√

Hz from Equation 3.5 will then be the baseline

sensitivity required for a displacement sensor for the �oat and test mass.

The moment of inertia, I, of the �oat and test mass based on their assumed overall mass and

geometry has been calculated to be 2.51×10−5 kg·m2. If the target rotational period, P , is of the

order 10 s, then the required rotational sti�ness must be

kθ =

(
2π

P

)2

I = 9.91× 10−6

(
N ·m
rad

)
. (3.6)

The rotational displacement noise due to ground vibrations is then

θn =
ΓS
kθ
≈ 8× 10−10

(
rad√
Hz

)
. (3.7)

This is the maximum rotational sensitivity of the Superconducting Torsion Balance, assuming

methods of seismic isolation are not employed, or if the centre-of-mass to centre-of-buoyancy dis-

placement distance of the test mass can't be reduced below 0.5 µm through either precise machining

or in-situ tuning. Any displacement sensor must be sensitive to this level.

Conventionally it is useful to have this required sensitivity in terms of a displacement noise

(m/
√

Hz) for comparison with a detector's displacement sensitivity. As described in Section 3.1.1,

a di�erential capacitive sensor was used as the displacement sensor for the �oat and test mass. The

two capacitive electrodes in the transducer bridge were separated at their centres by a distance, s,

of 40 mm. The required displacement sensitivity of the capacitive sensor was then,

δd = sθn = 32

(
pm√
Hz

)
. (3.8)

This value is compared to the capacitive sensor designs and noise measurements described in

Chapter 4.

3.2 Experimental Work

My original contribution to the experimental setup of the Superconducting Torsion Balance is

described in this section. It consisted of designing and implementing a capacitive displacement
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sensor for the �oat (discussed in detail in Chapter 4), redesigning the �oat design to allow more

precise vertical positioning via the use of three Attocube micro-positioners acting as a kinematic

mount, re-wiring the heatswitches used to store, maintain and change the persistent currents in the

superconducting lead coils in the bearing, designing a baseplate for the experiment to host heater

resistors and level probe mounts, and calibrating the Allen Bradley resistors used to measure the

temperature on the experimental cavity exterior.

3.2.1 Float Redesign

The original system for positioning the �oat vertically was a single Attocube micro-positioner

that raised a lowered a small copper pillar based in the centre of the bearing. This is shown in

Figure 3.14. The �oat then rested on this with a small rounded surface attached to the centre

of its inner top surface, shown in Figure 3.15. While the curved surface would have prevented

any signi�cant tilting of the �oat, due to it's position at the centre of the bearing it was visually

concealed and so the moment of contact with the �oat was hard to ascertain. As such it was

di�cult to know at what position it began to lift the �oat. Section 3.3 highlights the importance

of knowing the height of the �oat with regards to being able to levitate it with the superconducting

levitation coil and so a di�erent system was envisioned.

A new method of lifting the �oat at three contact points with three di�erent Attocube micro-

positioners acting as a kinematic mount was decided upon. This would have the advantage of

allowing visual con�rmation of the points of contact with the �oat, hence allowing for a calibration

for the separate Attocube positions at which the �oat would start to be lifted above the levitation

coil in the bearing. This in turn would allow for a far more accurate knowledge of the height of the

�oat at any given time once the experimental cavity was sealed. It would also allow for adjustments

to the tilt of the �oat if it needed to be made more horizontal with respect to the ground. This

involved designing an attachment to the �oat that would allow it to rest upon the three Attocubes

that were placed exterior to the bearing. This attachment was designed in Autodesk Inventor,

and is shown in Figures 3.16 and 3.17, along with a model of the �oat, where in the latter groves
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Central Attocube and 

Copper Pillar

Figure 3.14: A photograph of the bearing highlighting the position of the old vertical positioning

Attocube micro-positioner at the centre.
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Curved

Surface

Figure 3.15: A photograph of an older version of the �oat showing the curved surface attached

to the centre of its inner top surface with which it rested on the copper pillar on the Attocube

micro-positioner at the centre of the bearing.
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Float

New Attocube

Attachment

Figure 3.16: A top-down graphic of the design of the attachment to the �oat to allow it to rest

upon three Attocube micro-positioners.
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Grove for a 

Attocube Ball Bearing

Figure 3.17: A bottum-up graphic of the design of the attachment to the �oat to allow it to rest

upon three Attocube micro-positioners.
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on the underside of this attachment show where it rests on the ball bearings atop the Attocubes.

Figure 3.18 shows how this new setup looks in practice, with the �oat and the attachment able

to be positioned vertically using the three separate Attocubes which were located in a equilateral

triangle pattern to match the shape of the �oat, and centred on the bearing-�oat system.

3.2.2 Heatswitch Design

The heatswitches were essential for storing, maintaining and changing the persistent currents in the

superconducting coils in the bearing. To minimise heat-leak along the wires from the environment,

the 10 di�erent coils had to be wound in series, across two di�erent circuits, using lead wire. The

heatswitches themselves were made from 50 µm diameter constantan wire and were physically

wrapped around a small length (approximately 1 cm) of the lead wire connected to the coils in

the bearing. The wire length of the constantan heatswitches was chosen to give a total resistance

along them of 100 Ω. They were heat sunk to lead wires using GE varnish. The circuit called the

`Levitation Circuit' consisted of the top levitation coil and the 3 large side coils and their associated

heatswitches. The circuit called the `Stabilisation Circuit' consisted of the 6 small sides coils and

their heatswitches. The designs for these circuits are shown in Figures 3.19 and 3.20 respectively.

These circuits, which were controlled via the experiment's LabVIEW software, worked by taking

advantage of the properties of superconductors. The heatswitches were all on a separate circuit

from the coils, and could be operated independently from one another. At 4.2 K, any current sent

from the exterior electronics to the lead wire of the coils' circuit would simply bypass the coils, due

to their impedance from the inductance of the coils themselves. If, however, prior to this a current

was sent to a heatswitch to `turn it on', this would heat up that small section of the lead wire and

drive it normal. This would force any current along the lead wire to go through the associated coil.

Then, while still driving a current through the coil, if the heatswitch was `turned o�' by stopping

the current �owing through it, the relevant section of the lead wire would cool down and become

superconducting again, completing a loop of persistent current with the coil. The drive current

from the exterior electronics could then be stopped. To remove a persistent current from any of
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Points-of-Contact

Figure 3.18: A photograph showing the �oat with the attachment allowing it to rest on top of the

Attocubes.
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Figure 3.19: A circuit diagram of the Levitation Circuit.
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Figure 3.20: A circuit diagram of the Stabilisation Circuit
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the coils, the relevant heatswitch could just be turned on to break the superconducting loop. The

heatswitches were typically switched on using a 20 mA current for 1 second; while the current

to the lead coil circuit would last for 3 seconds, starting 1 second before and stopping 1 second

after the heatswitch current. In this way, a persistent current could be introduced to or removed

from any of the 10 superconducting coils in the bearing, independently of the the other coils. The

heatswitches were located at positions on the lead wire that were su�ciently isolated from other

superconducting elements to eliminate the possibility of accidental heating. A photograph of some

of the heatswitches, wrapped around the lead wire, is shown in Figure 3.21.

3.2.3 Baseplate, Heater Resistors and Level Probe Mounts

At the base of the experimental infrastructure, below the experimental cavity, there was a baseplate

that was designed in Autodesk Inventor and implemented to house heater resistors and level probe

mounts. Once the experiment was inside the cryogenic dewar the baseplate would be in contact

the �oor of the dewar. The baseplate was made of 2 mm thick aluminium and was connected to the

bottom of the experimental cavity by 6 cm long stainless steel posts. The heater resistors, which

consisted of 14 40 Ω power resistors wired in parallel and screwed in place onto the baseplate,

were used to heat up the bottom of the cryogenic dewar, to boil o� and remove any remaining

liquid nitrogen prior to the introduction of liquid helium. This was done by running a current,

typically around 5 A, through them when necessary. The stainless steel posts ensured minimum

heat transfer between the baseplate and the experimental cavity. The baseplate also had through-

holes to help prevent liquid nitrogen from pooling underneath it and becoming trapped. It also

featured a circular cutaway on its edge to allow the attachment to the pipe for pumping out liquid

nitrogen and pumping in liquid helium to get �ush to the dewar �oor.

To monitor the levels of liquid nitrogen and helium present in the cryogenic dewar containing the

experiment, level probes were used. These were supported from below by mounts that were also

designed in Autodesk Inventor to accommodate them speci�cally. These mounts were made of

aluminium and were screwed into position on the baseplate. Another threaded hole on the side of
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Heatswitchesgh

Magnetometergh

Figure 3.21: A photograph highlighting some of the heatswitches wrapped around the lead wire of

the coils. The magnetometer used in the experiment is also shown.
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Figure 3.22: A graphic of the design of the level probe mounts used to secure the probes in place

at the baseplate.

the mounts could be used to secure the bottom of the probes into the mounts. The design of the

probe mounts is shown in Figure 3.22. The design of the baseplate, complete with the stainless

steel posts and the probe mounts, is shown in Figure 3.23. A photograph of the baseplate in

position, attached to the experimental cavity with the level probes and their mounts in place, is

shown in Figure 3.24.

The experiment was designed such that the vertical struts connecting the experimental cavity

and baseplate to the ba�es above them, were slack in the vertical direction. This meant as

the experiment was lowered into the cryogenic dewar using a crane the baseplate, and hence the

experimental cavity itself, would always sit rigidly and stably on the �oor of the cryogenic dewar as

the struts would simply rise once the baseplate was in contact with the dewar �oor. This allowed

the experiment to be correctly and securely lowered into the cryogenic dewar every time.
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Figure 3.23: A graphic of the design of the baseplate, complete with the stainless steel posts used

to connect it to the experimental cavity and the level probe mounts.
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Figure 3.24: A photograph of the baseplate in position, attached to the experimental cavity, with

the level probes and their mounts in place.

81



3.2. EXPERIMENTAL WORK

3.2.4 Allen Bradley Resistors Calibration

In addition to the experimental cavity interior and exterior silicon diodes used for temperature

sensing, there were also 3 Allen Bradley resistors used on the exterior of the experimental cavity.

These were located at di�erent heights along the length of the experimental apparatus to aid in

the cryogenic level diagnostics in the event that the liquid nitrogen and helium level probes failed

during an experiment. One was located below the experimental cavity, one was located directly one

top, and one was located approximately 15 cm above the cavity. As this temperature measurement

was sensitive to changes in resistance over an extended cable length of several metres, the Allen

Bradley resistances were monitored using four-terminal sensing with a Keithley 2000 multimeter.

A diagram highlighting the wiring and location of these Allen Bradley resistors in relation to the

experiment and the silicon diodes is shown in Figure 3.25.

The changing resistance of these resistors with temperature had to be calibrated. This was done by

submerging them in liquid nitrogen and then liquid helium, while placed next to the pre-calibrated

exterior silicon diode temperature sensor. This allowed their changing resistances to be compared

to the local temperature as it decreased from room temperature down to 4.2 K. The results for

this calibration are shown in Figure 3.26. A power law �t was then applied to the relation between

resistance and temperature for each Allen Bradley resistor. The data was amended to take into

account the transfer between liquid nitrogen and liquid helium, by removing the measurements

over the period where it started to heat up in this interval. This explains some of the breaks in the

data. The other anomalies in the measured data curves could be due to the non-uniform cooling at

the location of the resistors due to the pooling of the cyrogens. The calibration was not required

to a high accuracy; a precision of ± 1 K was su�cient as the Allen Bradley resistors were intended

as a rough guide, and as the silicon diodes were more accurate and combined with the level probes,

meant that an approximate reference from the Allen Bradley resistors was all that was needed.

During cryogenic experiments these basic �ts were found to be adequate for our needs.
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Figure 3.25: A diagram showing the position of the Allen Bradley resistors relative to the other main

components in the experiment and how they are wired to an external Keithley 2000 multimeter.

This diagram is not to scale.
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Figure 3.26: The results of the calibration of the Allen Bradley resistors, showing their resistance

change from room temperate down to 4.2 K and their associated power law �ts.

3.3 FEMM Modelling

I used �nite element analysis software (FEMM, the details of which are found at this link:

http://www.femm.info/wiki/HomePage) in order to predict the forces that would be applied to

the �oat from the superconducting coils. Speci�cally, to predict the levitation height of the �oat

above the top surface of the bearing by the levitation coil. This depended on the upward levitation

force applied to the �oat from the coil. The maximum force at a given �oat height above the coil,

z, could be described by [35],

F (z) = −dE (z)

dz
=

1

2

Φ2
0

L (z)
2

dL (z)

dz
=

1

2

dL (z)

dz
i2c (z) , (3.9)

where E = Φ2
0/2L (z), and Φ0 = L (z) ic (z) and is a constant. It can be seen that it depends on

the critical current of the coil, ic (z), and the rate of change of its inductance, L (z), with respect

to the �oat's height at z.

The critical current depends on the critical �eld and this relation is described by the Silsbee

e�ect [46]. The critical �eld is de�ned as the maximum magnetic �eld strength at which a material
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can remain superconducting and this is temperature dependent. Should the magnetic �eld exceed

this maximum then it will drive the material normal and it would no longer exhibit zero resistance

or the Meissner e�ect. The critical �eld is related to the critical temperature, which similarly is

the maximum temperature at which a material can remain superconducting [46]. The critical �eld

and temperature depend on the material in question; for the superconducting torsion balance the

superconducting material used was lead.

Lead was chosen as its critical temperature, 7.193 K [47], was su�ciently larger than the boiling

point of helium, 4.222 K. This meant liquid helium could be used as the cryogenic coolant for the

experiment. An alternative material was niobium with its critical temperature of 9.500 K [47] but,

as mentioned in Section 3.4, this material proved too di�cult to work with. The theoretical critical

�eld of lead at 0 K is 0.0803 T [47].

The relation between critical �eld and critical temperature for a given material can be described

by the approximation [48],

Bc (T ) ≈ Bc (0)

[
1−

(
T

Tc

)2
]
, (3.10)

where Bc (T ) is the critical �eld at temperature, T . Bc (0) is the theoretical critical �eld at 0 K

and Tc is the material's critical temperature. Using this relation, lead's critical �eld at 4.222 K

was calculated to be 0.053 T.

Another important relation needed when determining the levitation force was the conservation of

magnetic �ux [36],

Φ = L0I0 = L1I1, (3.11)

where L0 and I0 are the inductance and persistent current respectively in the levitation coil at an

initial time and L1 and I1 being at a later time. This is a consequence of persistent currents in

superconducting circuits. If at a given time the levitation coil has an inductance associated with

it and a persistent current is �owing in the coil, and then the inductance changes, the current

must also change in order to compensate for the changing magnetic �ux through Lenz's law. In

the case of the �oat being lowered onto the superconducting coil, the inductance would decrease
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with decreasing �oat height as it is proportional to the volume of the gap between the coil and

�oat [30], as described in Chapter 2. So in addition to knowing the critical current, it is important

to take into account how the persistent current in the levitation coil changes as the �oat is lowered

to ensure it does not exceed the critical current.

The changing inductance with �oat height from Equation 3.9 could be estimated using FEMM

and Equation 3.11. With FEMM a 2-dimensional model consisting of the levitation coil in the

bearing and the �oat was created. FEMM was limited in what geometries it could model, and

so in modelling the �oat and levitation coil they were represented as a circular surface and coil

respectively. The circular version of the coil matched the area and the number of coil windings as

one of the triangular kite-shaped sections of the levitation coil described in Section 3.1, and for the

purposes of calculating the inductances and forces the values from FEMM were multiplied by 3 to

then represent the whole coil and �oat. In the program these were drawn as a 2-dimensional slice

from the centre to the edge along the radius of both, and FEMM would then assume cylindrical

symmetry around the `centre' on one edge to create a pseudo-3-dimensional model. A screenshot to

demonstrate this model in FEMM is shown in Figure 3.27. In the model, the diameter of the lead

wire in the coils was 250 µm, with a separation between the centres of each adjacent coil winding

being 350 µm, for a total of 29 windings. This included the outer winding which was wired in

an opposite direction to the inner windings, as mentioned in Section 3.1. The gap between the

centre symmetry axis and the �rst coil winding was 1 mm, meaning the total radius of the coil

and its holder was 11.15 mm. As only the bottom surface of the �oat facing the levitation coil was

considered, its sides were ignored and in the model it was left to overhang the coil. The layer of

lead foil on the bottom surface of the �oat was 25 µm. The vertical dimension of the aluminium

parts of both the �oat and coil holder was 1 mm. These values were chosen to match the sizes of the

real components as close as possible, within the limitations of the FEMM software, as mentioned

in Sectiom 3.1. Figure 3.28 shows the FEMM software at work calculating the magnetic �eld and

inductance across the model for a �oat-levitation coil gap of 100 µm. Figure 3.29 gives a close-up of

this, focussing on the outside coil winding wired in the opposite direction to prevent magnetic �eld
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Aluminium Float

Anodised Aluminium Coil Holder

Model Cylindrical Symmetry Axis

Single Lead Coil Winding Float Lead Foil Layer

Figure 3.27: A screenshot of the FEMM software showing a slice across the radius of the coil and

�oat. The cylindrical symmetry axis that the software used is highlighted, as are the di�erent

parts that were explicitly modelled.

Aluminium Float

Anodised Aluminium Coil Holder

Model Cylindrical Symmetry Axis

Single Lead Coil Winding Float Lead Foil Layer

Figure 3.28: A screenshot of the FEMM software showing it calculating the magnetic �eld and

inductance values across the model, in this case the gap between the �oat and levitation coil is 100

µm.
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Figure 3.29: A close-up screenshot of the FEMM software focussing on the outside coil winding

wired in the opposite direction to prevent magnetic �eld leakage, in this case the gap between the

�oat and levitation coil is again 100 µm.

leakage. This shows that the outside coil winding successfully reduces the magnetic �eld leakage

by lowering the magnitude of the magnetic �eld immediately outside the coil by at least a factor

of 20 compared to the coil's interior.

The program was run with the �oat at an initial height of 250 µm and with a range of initial

persistent currents in the levitation coil. FEMM would calculate the inductance of the coil, then

�oat would be lowered by 10 µm and FEMM would calculate the inductance again. This would be

repeated to a �oat height of 50 µm. At each �oat height stage, the magnetic �eld on the surface

of the coil windings was also measured. By using these inductance values and initial currents with

Equation 3.11, the changing persistent current in the coil could be calculated as well as the change

of inductance with �oat height. It could also be noted at what current the magnetic �eld on the coil

windings exceeded the critical �eld at a given �oat height, providing an estimation of the critical

current for the levitation coil. These values could then be used with Equation 3.9 to calculate the

maximum vertical lift force from the coil, as well as the minimum coil current needed in order to

levitate the �oat based on its mass, at a given �oat height. The results of this simulation are shown
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Figure 3.30: The results of the FEMM simulation of the changing persistent currents in the levi-

tation coil as well the critical current as a function of �oat height. The measured critical currents

and the current required for levitating the �oat as a function of �oat height are also shown. It

can be seen that it should be possible to levitate the �oat without exceeding the measured critical

currents.

in Figure 3.30. These results show how the persistent currents increased from an initial current as

the �oat was lowered onto the bearing. The model critical current is also displayed. In addition,

the measured critical current at di�erent �oat heights is shown for comparison. These measured

currents were determined by increasing the persistent current in the levitation coil in steps until

the magnetic �eld measured by the magnetometer located near the bearing stopped increasing for

a given increase in input current, while at 4.2 K. This was done at several di�erent �oat heights

as shown in Figure 3.30. Figure 3.31 gives an example of this critical current measurement. The

persistent current stored was increased in steps, with a corresponding increase in the magnetic

�eld's magnitude until a drive current of 8 A was used, which did not increase the magnitude of

the �eld, implying that 7.5 A was the critical current at that particular �oat height of 0.05 mm.

The measured critical currents were lower than the predicted critical currents; by around 1 A at
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Figure 3.31: The magnetometer output from the experiment, showing the persistent current in

the levitation coil being increased in steps before the correspondingly increasing magnetic �eld

magnitude stops despite a larger drive current to the coil, indicating a critical current of 7.5 A had

been reached. This was at a �oat height of 0.05 mm.
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large �oat heights, and by around 0.5 A at smaller heights. This could be due to imperfections

in the hand-wound lead coil. Should the lead wire be less than the speci�ed 250 µm diameter at

any point along the coil windings then the critical current would also be lower, as these values

are proportionally related. The other large source of error here is the approximate geometries

used in the FEMM software. A full 3-dimensional model with more accurate coil shapes using,

for example, ANSYS Maxwell software would be a more accurate representation of the physical

coils and �oat setup. Time constraints prevented the use of this software. Both the model and the

measurements of the critical current in Figure 3.30 predict it decreasing slightly with decreasing

�oat height. This would be due to the fact that the magnetic �ux lines from the coil would be

compressed into a smaller volume with the decreasing gap, resulting in larger �elds for the same

current and hence exceeding the critical �eld at lower currents. Finally, the current required to

levitate the �oat at a given height based on the model's rate of change of inductance with �oat

height is indicated in Figure 3.30. This shows that it should be possible to levitate the �oat, with

its mass of approximately 30 g, without exceeding the measured critical current limit as well as

at a reasonable height that is far enough away from the levitation coil such that risks of physical

contact are negligible.

3.4 Experiment History and Current Experimental Status

The current Superconducting Torsion Balance experiment has undergone several iterations, with

various pieces of hardware and equipment being modi�ed or replaced as issues were identi�ed

and then corrected. What follows is a short chronological summary of these changes, focussing

on the �oat design. The �rst �oat created for the experiment was made from silica, with the

superconducting lining consisting of sputtered niobium panels [33]. This design, however, had a

problem with the di�erential thermal expansion with the test mass foil attached to it which could

not be resolved. A �oat made of sheet niobium was then designed. This version of the �oat was

levitated, and preliminary measurements were taken which showed the rotational sti�ness could

be tuned in-situ [27]. The measurements contained signi�cant noise however, and the niobium
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material was di�cult to work with and so the �oat could not be manufactured to within the required

accuracy. Copper �oats were then manufactured, with interior lead foil lining and exterior gold foil

lining, to be used in conjuncture with an interferometric rotational detector. This interferometer

based displacement sensor ultimately could not be reliably used due to issues with the cryogenic

vacuum �bre-feed-through. There may also possibly have been issues with localised heating due

to the laser. This, combined with the copper �oats being close to the upper mass limit of what

could be levitated, resulted in the current aluminium �oat and interior lead lining design which was

lighter, and with a change to a capacitive displacement sensor which did not require a re�ective

surface on the �oat to operate.

The current experimental status of the Superconducting Torsion Balance is that all the infrastruc-

ture, with the exception of the source and test masses, is in place. The source and test mass design

and manufacture process has already been tested. The required �atness of ± 1.5 µm across the

surface foils of the masses has yet to be achieved, the current best �atness that has been obtained

is ± 24 µm, but improving this value is conceivable with the aforementioned process in due time.

The current �oat has yet to be levitated reliably. This could be due to a lack of su�cient magnetic

�eld shielding leading to trapped �ux in the lead foil on the �oat [49]. Introducing such shielding

would be the next logical step. Another issue could be non-uniform cooling across the masses

that could create thermal EMFs resulting in potentially high currents and associated magnetic

�elds being produced. This would present a similar issue to that due to trapped �ux from a lack

of magnetic �eld shielding, and so could be di�erentiated from that e�ect when shielding is in

place. Issues with the FEMM modelling also remain. As stated in Section 3.3, the modelling of

the levitation coil with a circular geometry and multiplying to scale the results up to match the

actual three triangular kite-shaped sections of the coil is not ideal. There is also the fact that

these three sections are wired in series in a single circuit, where it may be more bene�cial to have

them wired as their own distinct coil circuits, with regards to the sti�ness in the tilting degree of

freedom of the �oat. Preliminary results in FEMM suggested that the di�erence in tilt sti�ness

between these designs is negligible. A full, and more accurate, 3-dimensional model in ANSYS
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Maxwell software however would help resolve these outstanding questions. Once the current �oat

is levitated it would allow the dynamics and noise of the system to be characterised prior to any

measurements of the inverse square law of gravity with the the source and test masses in place.
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Chapter 4

The Capacitive Sensor

Reality is that which, when you stop believing in it, doesn't go away.

Philip K. Dick

The text and �gures in this chapter are copied from the paper `A Method for Reducing the Adverse

E�ects of Stray-Capacitance on Capacitive Sensor Circuits' [28], of which I was an author along

with my supervisor Clive Speake. I contributed to the design, and then built, implemented and

characterised the capacitive sensing pre-amp circuits described therein. Derivations of the some of

the mathematical results in this chapter have been expanded upon in the appendices. The purpose

of the work in this chapter was to develop a capacitive displacement sensor sensitive enough to be

used on the Superconducting Torsion Balance described in Chapter 3.

In this chapter the increase in voltage noise in capacitive sensor circuits due to the stray-capacitance

introduced by connecting cables is examined. The voltage noise of various standard circuits is

measured and modelled, and their performance is compared against a benchmark circuit without

stray-capacitance that is optimised to have a high signal-to-noise ratio (SNR) for our application.

It is shown that a factor limiting sensitivity is the so-called noise gain, which is not easily avoided.

In our application the capacitive sensor is located in a metallic vessel and is therefore shielded

to some extent from ambient noise at radio frequencies. It is therefore possible to compromise
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the shielding of the coaxial connecting cable by e�ectively electrically �oating it. With a cable

stray-capacitance of 1.8 nF and at a modulation frequency of 100 kHz, our circuit has an output

voltage noise a factor of 3 larger than the benchmark.

4.1 Introduction

Capacitive sensors have a long history of use in scienti�c measurement [50], and are used exten-

sively across various branches of science [51]. Applications include displacement transducers [52]

or straightforward capacitance meters [53]. See the recent review article by Ramanathan et al. for

further examples of capacitive sensors [54]. Capacitive displacement sensors are attractive devices

as they have no Johnson noise and their sensitivity is therefore limited by the noise from the elec-

tronics that provides them with a measurable readout. However, for reasonable geometries and

frequencies, capacitive sensors have large impedances, and this leads to them being sensitive to the

stray-capacitances of coaxial cables that are often needed to connect them to a pre-ampli�er. The

literature often describes the problems associated with stray-capacitances in terms of the biases

they create rather than with increases in noise. This chapter discusses the latter issue. As dis-

cussed below, the stray-capacitance can increase the noise gain and severely reduce the SNR. One

way to mitigate the e�ects of stray-capacitance is to reduce the input impedance of the sensor by

using a resonant circuit or an impedance matching transformer [55]. These techniques, however,

necessarily introduce Johnson noise (although superconducting transformers could mitigate this

increase in noise). Further, stray-capacitance associated with the required inductances, transform-

ers, and circuit boards can shift the resonant frequency and make these strategies less robust and

straightforward [56]. This chapter proposes an alternative viable method that limits the e�ect

of stray-capacitance on the noise gain as explained below. This improvement comes with a large

reduction in the e�ectiveness of the coaxial cable in shielding the device from ambient electromag-

netic environmental interference (RFI). However in many sensitive applications the sensor is placed

in a metallic vessel, such as a vacuum chamber or low temperature cryogenic dewar (our case),

which can provide reasonable shielding from RFI and additional shielding from coaxial cables may

95



4.2. NOISE GAIN

not be necessary. In such cases degradation of the SNR is avoidable. The optimum choice comes

as a trade-o� between required SNR and ambient noise.

Stray-capacitance can be a particular issue in cryogenic experimental set-ups where it is necessary

to use long coaxial cables that have a small gauge in order to minimise their heat leak and where

cryogenic pre-ampli�ers and circuits are not suitable. However such �ne coaxial cables have large

capacitance per unit length. In practice lock-in ampli�ers operating at speci�c frequencies can

be used to avoid the e�ects of interference out of the demodulation band, which can typically be

at around 100 kHz. This technique can be successfully employed provided the dynamic range of

the pre-ampli�er in the detection circuit is not exceeded by the RFI. Therefore, in addition to the

noise performance, the e�ectiveness of the coaxial cable and the surrounding vessel in rejecting

electromagnetic interference must be taken into consideration. We suggest below that, by making a

minor adjustment to a typical transimpedance capacitive sensor circuit, a satisfactory compromise

can be obtained between having a usable noise performance and an acceptable rejection of RFI.

We present measurements taken in our laboratory to support this.

4.2 Noise Gain

Before we proceed to describe the details of the circuits that we have tested we will explicitly

de�ne the problem of the excess noise introduced by stray-capacitance at the input of an ampli�er.

Noise gain is a term used in the design of operational ampli�ers and appears, from conversations

with physicists and engineers, to be little appreciated. However for our purposes it has a de�nite

simple meaning that is illustrated by Figures 4.1 and 4.2. In Figure 4.1 we show a simple diagram

of a non-inverting ampli�er were we have represented its voltage noise, Vn, in the usual way as a

random voltage generator at the non-inverting input of the ampli�er. It is clear that the output

voltage noise is [57],

Vo = GVn, (4.1)
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Out
Vn

U1A

Z2

Z1

Figure 4.1: A diagram of a typical non-inverting ampli�er where the voltage noise of the ampli�er

is represented by a voltage generator at the non-inverting input.

where

G = 1 +
Z2

Z1
. (4.2)

G here is the noise gain but it is easily seen to also be the non-inverting signal gain of the ampli�er

in the in�nite gain bandwidth approximation. Now if we examine Figure 4.2 where we have redrawn

the ampli�er in a transimpedance mode with a high impedance current source, I1, with impedance,

Z1, connected to its inverting input. It is clear that the output voltage noise from the op-amp

is again given by Equation 4.1. It is also clear that the presence of a low impedance to ground,

such as that due to stray cable capacitance, at the inverting input of the ampli�er can introduce

signi�cant output voltage noise.

4.3 Circuit Tests

In this section we present the noise measurements of various capacitive sensor pre-ampli�er circuits.

The exact circuit used in each case is presented where relevant but the general schematic diagram

for all measurements is shown in Figure 4.3, where the signal path to and from the spectrum

analyser used to measure the noise is shown.
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Figure 4.2: A diagram of a typical transimpedance circuit: taking a current input signal I1 and

converting this to a voltage output signal by the op-amp labelled U1A.

Variable Input

Capacitance 

Spectrum

Analyser

Grounded 
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Circuit

Figure 4.3: A schematic diagram of the measurement set-up for the circuit noise measurements.
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1

1

2

1

1A

Figure 4.4: A diagram of the benchmark transimpedance circuit: taking a current input signal from

the changing capacitance labelled C1 that is driven by a voltage generator V1. This is converted

to a voltage output signal by the op-amp labelled U1A.

In this section the variable input capacitance and pre-ampli�er circuits are located on the same

circuit board and within the same aluminium shielding. In Section 4.4, however, these two parts

are separated as described in that section.

4.3.1 Benchmark Circuit

A standard transimpedance circuit acting as a capacitive sensor is shown in Figure 4.4 where the

voltage generator, V1, connected to a changing capacitance C1, produces a current input signal for

the op-amp U1A. The absence of stray-capacitance means that this circuit can be considered to be

a benchmark in terms of noise. The feedback network consists of a resistor R1 and capacitor C2

in parallel.

The output voltage noise from this circuit can be modelled by taking into consideration the main

sources of noise present. These are the thermal noise from the feedback resistor R1, VR1, the

current noise density of the op-amp being used, In, and the op-amp's voltage noise density, Vn,

99



4.3. CIRCUIT TESTS

which is multiplied by the noise gain of the circuit, G.

Noise gain in general can be changed without modifying signal gain. The noise gain for this

benchmark circuit is described by the following equation

G =
iωC1R1

1 + iωC2R1
+ 1, (4.3)

where as usual i is
√

(−1). A derivation of this equation is given in Appendix B. The total output

voltage noise, VT (V/
√

Hz), is then given by the equation [57],

VT =
√

(VR1F )2 + (InR1)2 + (VnG)2, (4.4)

where the amplitude spectral density of Johnson noise in the feedback resistor R1 is given by the

usual expression [58],

VR1 =
√

4kBTR1. (4.5)

F is a one-pole low-pass �lter term created by resistor R1 and capacitor C2 which acts to attenuate

the Johnson noise produced by resistor R1 and any signal at frequencies above the pole of the �lter

(1/2πR1C2) with an attenuation equal to 1/
√

1 + (ωR1C2)2. In our measurements C2 was chosen

to be 1.8 pF, but in practice the capacitance measured across R1 varied between 3 pF and 4.5 pF

due to the capacitances present on the circuit board used, leading to the reduction in measured

noises at higher frequencies. The models used in this chapter re�ect these measured values. This

simple analysis ignores the e�ects of the �nite bandwidth of the op-amp, where the open-loop gain

reduction at high frequencies must be taken into account. This, however, is acceptable in this case

as the noise gain here is not a�ected by the smaller open-loop gain at high frequencies [59].

The analytical expression for the voltage noise of this circuit in Equation 4.4 was compared to a

direct measurement. In the voltage noise measurement, and all other noise measurements described

in this chapter, a Hewlett-Packard 35665A Dynamic Signal Analyser was used to measure the

voltage noise directly from the output of the circuits. It had a measurement sensitivity down

to ∼ 20 nV/
√

Hz. In order to eliminate as far as possible environmental background noise, the

circuits under test were contained in aluminium boxes of wall thickness's of approximately 5mm
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Figure 4.5: The voltage noise measurement of the benchmark circuit in Figure 4.4 and associated

analytical noise model from Equations 4.3 and 4.4 using the same components as the measurement.

and were powered by batteries. The circuit was designed to optimise the noise performance for

our displacement transducer ignoring the e�ects of any stray-capacitances [33]. This leads to a

design with low current noise and therefore large values of feedback resistance R1. The following

component values were chosen for the benchmark circuit: capacitor C1 was 3.5 pF, C2 was 1.8 pF,

the resistor R1 was 620 kΩ and the op-amp used for U1A was a LTC6244HV. This op-amp was

chosen due to its low noise, large gain bandwidth and fast slew rate. These values approximately

match those that will be used in the detection circuitry for the capacitive sensor in the experiment

where the modulation frequency is set to 100 kHz [33]. The measurement and model are compared

in Figure 4.5. At 100 kHz the voltage noise is approximately 67.9 nV/
√

Hz.

It is interesting to note that there is a peak in the noise plot in both Figure 4.5, and later in

Figure 4.13, at about 12 kHz and must be due to some residual leakage of RFI into the set-up

shown in Figure 4.3. Our models only look at the voltage noise inherent in the circuits alone as

the Equations 4.3 - 4.5 suggest, and so we are not expecting to be able to predict and model the

local interference in our laboratory. Despite this, the simple analytical model describes the noise
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Figure 4.6: A diagram of a circuit (circuit B) which models a stray-capacitance through the

capacitor labelled C2.

well.

4.3.2 Stray-Capacitance Circuit

As a �rst attempt to model the e�ect of the stray-capacitance due to a cable we use a capacitor,

labelled C2, which is connected to ground as shown in Figure 4.6. We refer to this circuit as

circuit B. The noise gain for circuit B is altered from that of the circuit in Figure 4.4 as the input

impedance now comes from capacitors C1 and C2 in parallel. An equivalent noise circuit for the

noise gain in Figure 4.6 is shown in Figure 4.7.

The noise gain for the circuit in Figure 4.6 is given by the following

G =
iωR1(C1 + C2)

1 + iωC3R1
+ 1. (4.6)

A derivation of this equation is given in Appendix B. In general C2 >> C1 and this leads to a

large increase in noise gain. Inserting this new noise gain into Equation 4.4 gives an analytical

expression for the voltage noise for circuit B. Unlike the case of the benchmark circuit in Figure 4.4,

the �nite bandwidth of the op-amp was taken into account here [59]. This predicted noise was
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out
U1A

R1

C3

V1

C1 C2

Figure 4.7: A diagram of the equivalent noise circuit from Figure 4.6, where the numbered com-

ponents remain the same.

compared to direct measurement using the method mentioned previously. In measuring the noise

of circuit B, repeated components from Figure 4.4 were kept the same and C2 was 1.8 nF which

matched approximately the stray-capacitance of coaxial cable of the type used in our experiment

at a length of 3.5 m. The measurement and model are compared in Figure 4.8. At 100 kHz the

voltage noise is approximately 3.8 µV/
√

Hz. The simple analytical model describes the noise well.

4.3.3 Bu�er Op-Amp Feedback Circuit

A common method for reducing the e�ects of stray-capacitance is shown by the circuit in Figure 4.9

labelled circuit C [60, 61]. In this situation a bu�er op-amp, labelled U2A, is used in a feedback loop

to drive both sides of the capacitor, C2, to the same voltage. In principle this should remove the

e�ects of stray-capacitance. While this method has been shown to eliminate the bias capacitance

due to the cable and the instability in circuits with large stray-capacitances, depending on the

choice of op-amps used [62, 63], it does not improve noise performance.

The output noise of circuit C was measured using the method mentioned previously; the component

values and types were identical to those in Figure 4.6. The bu�er op-amp U2A was initially chosen

to be an OP07. An analytical model for the voltage noise at the output of this circuit can be derived

by considering the noise introduced across capacitor C2 from the op-amp U2A in Figure 4.9. The
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Figure 4.8: The voltage noise measurement of the stray-capacitance modelling circuit (circuit B)

in Figure 4.6 and associated analytical noise model from Equations 4.4 and 4.6 using the same

components as the measurement.

1

1

2

1A

3

1

2A

Figure 4.9: A diagram of a circuit (circuit C) using the common feedback technique of a bu�er

op-amp, for reducing the e�ects of stray-capacitance from the capacitor C2.
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Figure 4.10: The voltage noise measurement of circuit C in Figure 4.9 and the associated noise

model from Equation 4.7. Also included are analytical and LTspice models using a LT1360 op-amp

rather than the OP07, where these curves completely overlap over the given frequency range.

total voltage noise, V2T (V/
√

Hz), introduced is given by the equation

V2T =
V2nR1F

Zs
(4.7)

where V2n is the bu�er op-amp's voltage noise in units of (V/
√

Hz), and Zs is the impedance

of capacitor C2. R1 is the resistance value in the circuit and F is the low-pass �lter term from

Equation 4.4 which at 100 kHz is 0.55. In practice the pole of F would be at higher frequencies

where it would not attenuate any signal.

The voltage noise measurement and model are shown in Figure 4.10. At 100 kHz the voltage noise

is approximately 3.0 µV/
√

Hz. Also shown in Figure 4.10 is the analytical model and LTspice result

for the LT1360, as U2A, which is an operational ampli�er with a faster slew rate and lower voltage

noise density than the OP07. The LT1360 analytical and LTspice model curves completely overlap

over the given frequency range. Using this op-amp the voltage noise is reduced to approximately

2.9 µV/
√

Hz at 100 kHz. The analytical model describes both the measured and LTspice predicted

noise spectra well.
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This analysis shows that the presence of the bu�er op-amp U2A can contribute a signi�cant amount

of output voltage noise to the circuit, as the stray-capacitance, C2, will couple the noise to the

signal carrying core [64]. It also suggests that the similarity between the noise measurements in

Figures 4.8 and 4.10 is coincidental. Where for Figure 4.8 the increased noise comes from the

op-amp voltage noise being multiplied by the large noise gain, and for Figure 4.10 it arises from

the feedback op-amp voltage noise being introduced across the stray-capacitance.

4.3.4 Proposed Noise Gain Modi�cation Method

Figure 4.10 shows clearly that the conventional solution to the problem of stray-capacitance, which

although allows a circuit to operate in a stable and accurate manner, gives an increased voltage

noise. The goal is then to reduce the e�ects of stray-capacitance on the stable operation of a tran-

simpedance circuit, while maintaining as low a circuit noise as possible compared to the benchmark

circuit.

One way to do this is to reduce the noise gain of the circuit. This can be done by using the set-up

shown in Figure 4.11, whose equivalent noise circuit for the noise gain is shown in Figure 4.12. In

this circuit, labelled circuit D, the signal gain is the same as for the benchmark circuit in Figure 4.4,

but now the noise gain is altered from Equation 4.6 to the following

G =
iωR1(C1(C2 + C3) + C2C3)

(1 + iωC4R1)(C2 + C3)
+ 1. (4.8)

A derivation of this equation is given in Appendix B. This change is due to the introduction of

the capacitor labelled C3, which is in series with the stray-capacitance C2. If C3 << C2, then

Equation 4.8 reduces to Equation 4.3 which is the benchmark best-case scenario.

When this new noise gain is used with the general noise formula given in Equation 4.4, we obtain an

expression for the voltage noise of this new circuit. The noise of circuit D was measured using the

method mentioned previously. Repeated components from Figure 4.6 were as before and C3 was

1.8 pF. The measurement and model are compared in Figure 4.13. At 100 kHz the voltage noise

is approximately 68.8 nV/
√

Hz. As with the previous noise measurements, the model matches the
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Figure 4.11: A diagram of a test circuit (circuit D) which modi�es the noise gain to o�set the

e�ects of the stray-capacitance from capacitor C2.

out
U1A

R1

V1

C1 C2

C4

C3

Figure 4.12: A diagram of the equivalent noise circuit from Figure 4.11, where the numbered

components remain the same.
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Figure 4.13: The measured voltage noise of the circuit where the noise gain has been modi�ed

as shown in Figure 4.11 (circuit D). This is compared to the predicted noise from Equations 4.4

and 4.8 using the same component values as the measurement. Notice that this is nominally the

same as Figure 4.5.
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4.4. SHIELD EFFECTIVENESS

measured voltage noise well.

4.4 Shield E�ectiveness

For our candidate circuits it was important to quantify the e�ectiveness of the coaxial cable in

shielding the signal carrying wire from environmental electromagnetic interference. This was done

using circuits B and D, as circuit B is the typical shielded scenario and circuit D represents our

method where the shield is now �oating with respect to ground and as such is less e�ective. For

circuit D the shield was �oated at one end of the cable only, adjacent to the pre-ampli�er circuit

itself, the rest of the shield was not electrically connected to any other point. The in-situ cables in

our experiment were attached to the inputs of these two circuits whilst they were located in our

laboratory. This allowed a direct comparison of the output noise to be made under lab conditions.

A measurement was also made with the benchmark circuit but with an unshielded cable at the

input to the op-amp, to give a reference noise for the background interference. A very important

feature to note here is that the majority of the length of cables involved were inside a large metallic

cryogenic dewar (which was electrically �oating with respect to the circuits under test through a

1.8 pF capacitor to ground) which would have provided extra shielding regardless of whether the

coaxial shield was �oated or not. This is typical for any cryogenic experiment and so is a fair

comparison.

These measurements, along with the test measurement of circuit D from Figure 4.13 for comparison,

are shown in Figure 4.14. This �gure shows that although there are signi�cant interference noise

peaks at certain frequencies for the in-situ circuit D, overall there is a much lower noise �oor

compared to the in-situ circuit B implying that the lowering of noise gain is worth the reduction

in electromagnetic interference shielding. Also the no-shield scenario is shown to be a non-viable

alternative to the problem of parasitic capacitance from shields. At 100 kHz the in-situ circuit

D noise is approximately 3.1 times larger than the test circuit D case. Aside from interference,

additional noise creating this disparity between scenarios could arise from unaccounted for parasitic

capacitances within the experimental set-up. As already stated, our set-up of course bene�ted
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Figure 4.14: Real coaxial cable voltage noise measurements of circuits B and D compared to an

unshielded cable benchmark circuit and the test circuit D noise measurement.

from the fact that for the in-situ measurements, the majority of the cabling was contained inside

a cryogenic dewar, which would have provided additional shielding.

4.5 Summary

A summary of the voltage noises at 100 kHz for the benchmark circuit, and circuits B, C and D

from Figures 4.4, 4.6, 4.9 and 4.11 respectively, is listed in Table 4.1. The same is done for the

in-situ circuits B and D as well as the no-shield circuit from Figure 4.14 for comparison.

These noise values have been converted into displacement noises in the table for comparison to

the required displacement sensitivity for the Superconducting Torsion Balance of 32 pm/
√

Hz

from Equation 3.8 in Section 3.1.3. This is to highlight the projected physical sensitivities of

these circuits based on the speci�cations of our experiment. The conversion from voltage noise to

displacement noise is described in Appendix C.

A comparison between the analytical noise models of circuits B and D, from Equations 4.6 and 4.8,
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Table 4.1: A summary of the voltage noise results at 100 kHz for the benchmark circuit, and

circuits B, C, D. The in-situ measurements are also included.

Circuit Voltage Noise (nV/
√

Hz) Disp. Noise (pm/
√

Hz)

Benchmark Circuit 67.9 6.6

Circuit B 3767.0 364.1

Circuit C OP07 3048.0 294.6

Circuit C LT1360 2940.0 284.2

Circuit D 68.8 6.6

In-Situ Circuit B 1665.0 160.9

In-Situ Circuit D 214.8 20.8

In-Situ No-Shield 8059.0 778.9

and Figures 4.8 and 4.13 respectively, with LTspice noise models of the same circuits using the same

components is shown in Figure 4.15. These circuits were chosen for the comparison as they display

the largest di�erence in voltage noise for the given circuit con�gurations described in the text, and

as the circuit C noise measurement and models shown in Figure 4.10 already has a comparison

with a LTspice model. It can be seen in Figure 4.15 that both sets of models agree very well with

one another over the given frequency range, and as such they both agree well with the respective

noise measurements.

4.6 Discussion

The voltage noise from a variety of pre-ampli�er circuits for non-resonant capacitive sensors has

been measured and modelled in order to explore the negative e�ects of large stray-capacitances at

their inputs. Five di�erent test circuits were compared: one was a standard pre-ampli�er that was

optimised for our application with no stray-capacitance (Benchmark circuit); one was the standard

pre-ampli�er but now with stray-capacitance (circuit B); another two employed active feedback to
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Figure 4.15: A comparison of the analytical noise models of circuits B and D, from Figures 4.8

and 4.13 respectively, with LTspice noise models of the same circuits using the same components.

maintain the cable shield at the voltage of the input to the op-amp (circuit C using two di�erent

ampli�ers for the active feedback). Finally, a novel circuit (circuit D) was tested. A summary

of the noise characteristics of these circuits is shown in Table 4.1. Circuit D had the best noise

characteristics, along with the benchmark circuit, and is shown in Figure 4.11. The addition of a

simple small capacitance, C3, connecting the shield to the non-inverting input of the pre-ampli�er

reduces the noise gain that is produced by the low impedance of the shield. The voltage noise for

this circuit is shown in Figure 4.13.

In-situ results indicate a modest increase in noise, by a factor of 3, due to environmental interfer-

ence and the non-static capacitances present in our actual set-up. This increase is, however, still

acceptable at the signal modulation frequency of 100 kHz. This indicates environmental interfer-

ence is relatively benign in this situation and so the reduced shield e�ectiveness is not signi�cant in

this case. In our experiment this is due to the fact that the signal carrying coaxial cable is mostly

inside a cryogenic dewar which is e�ectively a Faraday cage and a shield against high frequency

magnetic �elds. Clearly standard modulation/demodulation schemes can mitigate against low fre-
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quency interference if it does not overwhelm the pre-ampli�er. The degradation in the measured

shielding e�ectiveness is not equivalent to there being no shield at all, as shown in Figure 4.14.

The required sensitivity of the Superconducting Torsion Balance was 32 pm/
√

Hz. From Table 4.1

it can be seen that the in-situ circuit D, the proposed design used in the experimental setup, has

the required sensitivity at 20.8 pm/
√

Hz.

4.7 Conclusion

The proposed circuit is a trivial extension of the usual methods of designing a capacitive sensor

circuit. However, as far as we are aware, it has not been proposed previously most likely due to

the perception that it is incapable of providing shielding from environmental interference. The

proposed technique could be successfully employed in many applications in addition to cryogenic

experiments. For example, vacuum systems are employed in many sensitive experiments and would

provide electromagnetic shielding from external noise sources. In general, however, there may be

situations were interference is a dominant factor that determines a capacitive sensor's sensitivity.

A particularly important case is when an unshielded drive signal at the input of a bridge circuit (V1

in Figures 4.4, 4.6, 4.9 and 4.11) can couple directly to the pre-ampli�er. In such cases a method

for which the shield e�ectiveness is preserved should be employed.

One way to balance the bene�ts of a decrease in noise gain with the negatives of a reduction in

shield e�ectiveness may be to make capacitor C3 from Figure 4.11 a variable capacitor. This could

allow the trade-o� to be �ne-tuned for more general applications, and may be a more general

solution to the problem of stray-capacitance when external interference cannot be ignored and

where �ne cables are required to minimise the heat leak in a cryogenic experiment. In our case,

placing the pre-ampli�er circuit near the point where the coaxial cable leaves the cryogenic dewar

further reduced interference and drove the voltage noise closer to the ideal value.

Finally, it may be useful to the reader if we compare the performance of the capacitive sensor

presented here with, for example, a resonant capacitive sensor [55]. In general, the sensitivity
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of capacitive sensors is proportional to the bias AC drive voltage applied to the electrodes, and

inversely proportional to the equilibrium separation distance between the two sensing electrodes.

For the resonant bridge transducer these parameters are 2.1 Vpp and 0.25 mm respectively [55].

Other factors such as capacitance plate area and drive frequency are important but strongly depend

on each individual case as to what is practical. From Table I, the in-situ circuit D sensor has

a displacement noise of 20.8 pm/
√

Hz that would be expected to be about 15.0 pm/
√

Hz after

coherent demodulation, whereas the resonant bridge transducer has a noise �oor of approximately

1.0 pm/
√

Hz above 1 Hz [55]. We can estimate an approximate sensitivity of our detector if we

employed the same gap and drive voltage as that for the resonant sensor. These parameters can

be easily modi�ed in our design. We then �nd that our device would be a factor of about 7

less sensitive. Nevertheless we believe the simplicity of the transimpedance scheme that we have

presented here has its merits. Further our device has been demonstrated in a cryogenic setting

and has su�cient sensitivity for our application [33].
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Chapter 5

The Air Bearing

Blessed are the legend-makers with their rhyme, of things not found

within recorded time.

J. R. R. Tolkien

The text and �gures of this chapter are copied from the paper `An Air Suspension to Demonstrate

the Properties of Torsion Balances with Fibres of Zero Length' [29], of which I was an author along

with my supervisor Clive Speake. I took all the measurements reported in the paper, and Clive

developed the model of the statics of the air suspension setup described therein. Derivations of

some of the mathematical results in this chapter have been expanded upon in the appendices.

In this chapter the design and characterisation of an air-bearing suspension that has been con-

structed to highlight the properties of torsion balances with �bres of zero length is reported on,

as described in Chapter 2. A �oat was levitated on this suspension and its rotational and trans-

lational motion in the horizontal plane of the laboratory was controlled using magnetic actuators.

The in-situ electromagnetic tuning of the �oat's centre-of-buoyancy to an accuracy of ± 0.3 mm

is demonstrated, which was limited by the noise in the air bearing. The rotational sti�ness of

the �oat, which was approximately zero by design, is also measured. The observed behaviour of

the �oat is compared with the predictions of a detailed model of the statics of the �oat-actuator
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system. Finally, the application of these ideas and results to the construction of sensitive devices

for the measurement of weak forces with short ranges is discussed.

5.1 Introduction

As stated in Chapter 1 torsion balances have a long history in experimental science, stretching back

to the time of Cavendish [1], and that in modern physics torsion balances are used extensively in

tests of the inverse square law of gravity [4, 5], as well as for Casimir force measurements [65] and

tests of the weak equivalence principle [66]. The advantage of the torsion balance is that well-

manufactured �bres have very low rotational sti�ness giving a high sensitivity, and well-designed

balances can be made such that, to some degree, tilt or horizontal acceleration due to seismic noise

will not couple to rotational motion of the suspended mass (or bob) [67]. Despite these advantages

the traditional torsion balance design has some limitations, particularly when it is employed to

detect forces within sub-millimetre ranges. Due to the vertical distance of the centre-of-mass from

the point of attachment, horizontal accelerations, due to micro-seismic motion for example, can

couple strongly to the simple pendulum mode. This makes control of the torsion bob di�cult.

Also at some level there will always be some coupling of tilt to rotational motion [68]. Issues

also face low-frequency torsion pendulum experiments where ground vibration and other sources

of Newtonian noise become increasingly problematic [69, 70]. Tilt-rotational mode coupling is

also a concern for seismic inertial sensors [71]. In addition to weak-force measurements, the co-

location of the centres-of-mass and buoyancy of a suspended mass is a crucial feature of horizontal

accelerometers and tiltmeters [72, 73]. This is currently achieved only by the adjustment of small

masses such as lockable screws.

The goal then is to create a device that shares the advantages of the torsion balance, but is not

limited by the drawbacks mentioned above, where necessary adjustments to the centre-of-buoyancy

can be achieved accurately and remotely irrespective of the device's environment. In a previous

paper [27], it was shown how the sti�ness of the actuators acting on a levitated object (referred

to as a �oat) could be tuned in-situ in such a way that the centre-of-buoyancy of the levitation
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system could be altered to lie at the centre-of-mass of the �oat, and that the rotational sti�ness

could be tuned, ideally, to zero. This could all be achieved whilst simultaneously controlling the

translational degrees of freedom. The centre-of-mass is the point where inertial forces act, whereas

the centre-of-buoyancy is the location of the resultant of the forces that are applied to levitate

the �oat. In the general case the centre-of-mass will not lie at the centre-of-buoyancy due to

manufacturing imperfections and non-uniform densities of engineering materials and so horizontal

accelerations and tilts will couple to the rotational mode of the device. The classical torsion balance

has an in-built low sensitivity to tilt and horizontal acceleration as the centre-of-buoyancy of the

torsion bob can lie to a good approximation on the rotational axis. In the previous paper [27],

some initial results of measurements of the tuning of the period of oscillation of a �oat suspended

by perfect diamagnetism (superconductivity) were presented. In this chapter the focus is on the

demonstration of the precise tuning of the centre-of-buoyancy of a �oat.

We have constructed an air suspension, referred to here as the air bearing [74], that levitates the

�oat. The �oat is then controlled in the horizontal plane of the laboratory by magnetic actuators

which consist of coil-magnet pairs. By changing the currents in the coils we can tune the centre-

of-buoyancy of the �oat. We present measurements which support this concept, suggesting that

torsion balances with �bres of zero length can indeed be tuned in-situ to be rotationally decoupled

from ground tilt and horizontal accelerations. The actuators were designed such that the rotational

sti�ness of the �oat was nominally zero. Without further tuning the magnitude of the rotational

sti�ness was experimentally found to be lower than that of the torsion balance used in a recent

determination of Newton's constant of gravitation [75].

5.2 Theory

In our previous publication we derived expressions for the rotational sti�ness and centre-of-buoyancy

shift for superconducting and electrostatic suspensions [27]. Here we give the corresponding ex-

pressions for a system that uses electromagnetic actuators.
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Figure 5.1: A schematic diagram of a magnet with a magnetic dipole moment, m, at an angle,

θ+ψ, to a magnetic �eld, B, produced by a coil with current I. The coil has a cross-sectional area

of 7.2× 10−5 m2.

Consider Figure 5.1, where a magnet with dipole moment, m, lies in a magnetic �eld produced by

a coil with current I. The magnetic �eld on the axis of a coil of negligible cross-section can be

described by the following [76],

Bζ =
µ0R

2I

2(R2 + ζ2)
3
2

, (5.1)

where µ0 is the vacuum permeability constant, R is the radius of the coil and ζ is the axial

distance between the coil and magnet centres, as described by the coordinates in Figure 5.1. We

can integrate this expression over the dimensions of the real coils to �nd the �eld and its derivatives.

If we assume that the magnetic �eld is uniform over the dimensions of the magnet, we can write

its potential energy in terms of its magnetic dipole moment,

U = −~m · ~B = −mBζ cos(θ + ψ), (5.2)

where θ is a �xed angle between the dipole moment and the ζ- axis and ψ is a small angle whose

mean is zero, as indicated in Figure 5.1. We ignore changes in the axial force due to small radial

displacements and rotations of the magnet. For ψ = 0 the force on the magnetic moment is given
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by

F = −∂U
∂ζ

= m
∂Bζ
∂ζ

cos θ. (5.3)

Taking the magnetic �eld to be a maximum at the centre of the coil, ∂Bζ/∂ζ is negative, so for a

magnetic moment that is aligned with the �eld the force will be attractive and reach a maximum

negative value at some axial distance. The sti�ness in the ζ direction is given by

kζζ = −∂F
∂ζ

= −m∂2Bζ
∂ζ2

cos θ. (5.4)

In order for this sti�ness to be positive, leading to a passively stable system, we need the product of

the cosine term and ∂2Bζ/∂ζ
2 to be negative. At the peak force ∂2Bζ/∂ζ

2 is zero, so in principle,

we can choose the sign of the linear sti�ness by selecting the axial location of the magnet. If the

magnet is closer to the coil than the location of the peak force (where ∂2Bζ/∂ζ
2 < 0) and θ = 0,

we can achieve a stable system. Equally we can achieve a stable system by selecting a position

of the magnet that is further away from the coil than the peak force position and θ = π. Now

consider the angular sti�ness given as, again in the case where ψ = 0,

kθθ =
∂2U

∂θ2
= mBζ cos θ. (5.5)

Clearly here the choice of θ will also determine the stability of the system. We will see below, where

we consider the sti�ness of the �oat given by the actuators that control it, that it is advantageous

to make the angular sti�ness negative and we therefore select θ = π. If we desire a system that

is stable for linear motion, according to Equation 5.4, we therefore need to position the magnets

further from the coils than the position of maximum force. This is turn implies that the force

between the magnet and coil is repulsive. We should note that any unstable system can be servo-

controlled, however in practice servo control is more easily achieved with an intrinsically stable

system.

Now we consider our experimental setup with 8 such coil-magnet pairs arranged around the �oat

as shown in Figure 5.2. (with a new global coordinate system). We can now de�ne the potential

energy of a single magnet/coil pair in terms of the coordinates and angles given in Figure 5.2, say

for magnet 5 and coil e. We de�ne the separation of the magnet from its opposing coil that is due
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Figure 5.2: A plan view schematic drawing showing the �oat, coils 1-8 and magnets a-h. New

global coordinates centred on the �oat are de�ned: the x and y axes in the horizontal plane, and

the z-axis normal to this plane, with rotation around these axes.
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to the rotation of the �oat, ψ, as f (ψ). The separation due to its simple translation is de�ned as

y, which is along the y-axis in Figure 5.2. Figure 5.3 highlights the changing separation of this

magnet and coil and the relevant geometric terms. We can therefore de�ne

ζ = f (ψ) + y, (5.6)

for this magnet/coil pair, and it can be easily shown from Figure 5.3 that

f (ψ) = b− a cosψ + x0 sinψ. (5.7)

The potential energy of the magnet/coil pair can then be written,

U = −mB (f(ψ) + y) cos (θ + ψ) , (5.8)

where we have dropped the subscript ζ on the magnetic �eld. This can be applied to any mag-

net/coil pair with a suitable change in coordinates. We have used a similar nomenclature as in [27]

and, on comparing Equation 5.6 with Equation 16 for g(ψ) in [27], we note that the magnetic/coil

actuators are qualitatively di�erent from the superconducting and electrostatic actuators previ-

ously discussed. This is because the points of application of the forces to the �oat (the magnets)

by the coils now move with the rotation of the �oat rather than being de�ned by the �xed location

of the coils. It is convenient to express the magnetic �eld as a Taylor series around the equilibrium

position where we de�ne the equilibrium spacing between the magnet and coil as g0. The magnetic

�eld can then be written,

B = B0 +

(
dB

dζ

)
g0

· (f (ψ) + y − g0) +
1

2

(
d2B

dζ2

)
g0

· (f (ψ) + y − g0)
2
. (5.9)

By substituting this into Equation 5.8 and setting y = 0 we can �nd the contribution to the total

rotational sti�ness of the �oat from one (the ith) coil,

Ki
ψψ =

d2U

dψ2
= m

(
d2B

dζ2
x20 +

dB

dζ
a−B0

)
, (5.10)

where we have assumed again that the magnet is anti-aligned with the coil �eld. A derivation of

this equation is given in Appendix D. The upper case notation for the sti�ness constant refers to the

complete �oat rather than an individual coil/magnet pair (as compared to Equations 5.4 and 5.5).
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Figure 5.3: A diagram highlighting the geometry of the changing separation between magnet

5 and coil e (from Figure 5.2) as described in Equation 5.7. As the �oat rotates around its

geometric centre from position 1 to position 2, the separation between the magnet and coil, f (ψ),

is a function of the amount of rotation, ψ. This is independent of any separation change due to

simple translation, y, along the y-axis as described in Equation 5.6. The amount of rotation shown

here is exaggerated for clarity, and as before we assume radial displacements along the x-axis are

comparatively small and can be ignored. Here we have used a similar nomenclature as in [27].
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5.2. THEORY

We can see that in order to create a zero sti�ness con�guration we require that the quantities in

the bracket sum to zero. Noting that in our con�guration the second and third terms are both

negative (see the discussion above regarding the signs of the derivatives of the magnetic �eld), in

principle this is possible. However we did not pursue this in the work described here but chose a

value of x0 and the positions of the magnets relative to the coils in order to achieve a nominally

zero sti�ness. The total rotational sti�ness is given as the sum of the terms in Equation 5.10 from

all the actuators, which approximately multiplies it by a factor of eight. In Section 5.4 we compare

measurements of �oat's rotational sti�ness with this prediction.

We de�ne the nominal centre-of-buoyancy (NCB) as the point in the horizontal plane where the

moments of the all the forces acting on the �oat are zero when the coils carry their nominal currents.

If we consider the x direction, the position of the centre-of-buoyancy with respect to the NCB of

the �oat, xcb, can be modi�ed by changing the sti�nesses of some actuators relative to others. For

example, using Equation 12 from [27] we have

xcb =
Kyψ

Kyy
. (5.11)

The term in the denominator is the sum of the linear sti�nesses which are given for each coil by

Equation 5.4. The term in the numerator is a cross-term from the sti�ness matrix describing the

static behaviour of the �oat and in the symmetrical case is zero. We can compute the individual

contributions from each coil/magnet pair to this cross-term with the help of Equations 5.8, 5.7

and 5.9 to �nd

kyψ = x0m
d2B

dy2
. (5.12)

The change in centre-of-buoyancy in the x direction is then,

xcb =
Ka
yψ +Kb

yψ +Ke
yψ +Kf

yψ

Ka
yy +Kb

yy +Ke
yy +Kf

yy

, (5.13)

or

xcb ≈ x0
(
Ib + Ie − Ia − If

)
4I

, (5.14)

where I is the average bias current in the coils labelled a, b, e and f in Figure 5.2 and clearly xcb

is proportional to the di�erence in the currents �owing in the respective coils. A derivation of this
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equation is given in Appendix D. This implies the theoretical maximum accuracy to which the

centre-of-buoyancy can be tuned in the case presented here depends on the precision with which

the actuators' strength can be changed, which in turn depends on the current noise of the coil

drivers.

When the bearing is tilted by an angle, ξ, from the horizontal, the total torque acting on the �oat

from the actuators in order to maintain its position against the gravitational force component can

be described by the following,

Γ = κ
∆I

4I
+Mgξ

(
x0

∆I

4I
+ xcm

)
, (5.15)

where the �rst term in the brackets corresponds to xcb as given in Equation 5.14, M is the mass

of the �oat, g is the acceleration due to gravity and xcm is the position of the �oat's centre-of-

mass with respect to the NCB. Here κ represents the torque due to any asymmetry of the magnetic

actuators and their positions around the �oat. In the ideal case the process we employ for changing

the bias currents to tune the centre-of-buoyancy should not apply a torque, but in any real system

such a term does exist. Any instability in the currents applied to the �oat to achieve a centre-of-

buoyancy tuning will introduce noise into the actual measurement via the κ parameter, so clearly

it is desirable to reduce its magnitude as much as possible. A similar expression to Equation 5.15

describes the centre of mass tuning in the y direction.

In order to measure the κ parameter and to check how the current tuning shifts the centre-of-

buoyancy we need to eliminate xcm from equation 5.15. We do this by adjusting the physical

centre-of-mass using balance weights, as described below, until it coincides with the NCB. Then,

dividing by the current ratio, we �nd

τ = Γ/
∆I

4I
= κ+Mgξx0. (5.16)

This equation states that, if the torque on the �oat is measured over a range of tilt angles for a

given set of bias currents in the coils, the torque due to the actuator asymmetry can be calculated

at ξ = 0. Furthermore, it predicts a linear response of τ to the tilt angle. This gradient allows the

change in centre-of-buoyancy described in Equation 5.14 to be experimentally determined. This
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comparison was veri�ed by experiment.

5.3 Experimental Setup

Our experimental setup consisted of 8 coil-magnet pairs; two on each side of the square shaped

�oat as shown in Figure 5.2. The �oat and bearing were made of aluminium alloy. The coils

themselves were based on the OSEM coils that have been developed for LIGO [77] and each

consisted of 500 turns of copper wire and had a mean radius of 18 mm. The magnets used were

grade N38 neodymium iron boron magnets with a magnetic dipole moment of 0.775 N·m/T and

were cylindrical with a radius and depth of 5 mm. They were attached to the �oat using contact

adhesive. The bearing's �at top surface consisted of 0.5 mm diameter holes in a 10 mm grid under

the entire bottom surface of the �oat through which compressed air was pumped at a constant

pressure to provide a lift force to the �oat.

Figure 5.2 gives a schematic drawing of the �oat, coils and magnets, with a coordinate system cen-

tred on the �oat. A summary of the dimensions of all the relevant components is given in Table 5.1,

where the stated measurement uncertainty is used to propagate through to the uncertainties on

all measured torques and sti�nesses in Section 5.4. The rotation of the �oat was measured with

an optical lever arrangement with a laser re�ecting o� a small mirror attached to the centre of

the �oat and a position sensitive photodiode. This diode and its associated electronic circuit was

then connected to a computer via an ADC. The computer was connected to the coils through a

DAC. This allowed the coil currents to be actively controlled via a PID control loop in LabVIEW

software and hence the �oat was kept stable relative to a reference null position on the photodiode.

A general diagram of this setup is shown in Figure 5.4.

A photograph of the �oat, bearing, micrometers, mirror, compressed air input, coils and magnets

is shown in Figure 5.5. Figure 5.6 gives a schematic drawing of how the bearing can be tilted from

the horizontal; where this can be done along the �oat's x and y axes in the horizontal plane. Tilt

in the y-axis by a known tilt angle, ξ, is depicted in the �gure.
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5.3. EXPERIMENTAL SETUP

Table 5.1: A summary of the various dimensions of the �oat, bearing and magnetic actuator setup.

The dimension label corresponding to the equations in Section 5.2 is stated where applicable.

Parameter Length (mm) ± 0.5 mm

Coil-Magnet Axial Distance (ζ) 10.0

Coil Mean Radius (R) 18.0

Coil-Magnet Radial Distance (r) 0.0

Coil Cross-Section Length 8.0

Coil Cross-Section Width 9.0

Actuator Arm Length (x0) 42.0

Magnet Radius and Depth 5.0

Float Side Length 115.0

Float Depth 10.0

Bearing Tilt Length 190.0

Photodiode-Mirror Distance 70.0

Float and Coils
Laser

Photodiode

Computer

ADC DAC

Figure 5.4: A general diagram of the full experimental setup.
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Figure 5.5: A photograph of the setup; showing: A - �oat, B - bearing, C - micrometers, D -

mirror, E - compressed air input, F - a coil and G - a magnet.

Bearing

Float
Micrometre

x
y

z

g

Figure 5.6: A side-on schematic drawing showing the �oat, bearing and the micrometre used to

tilt the whole apparatus by an amount, ξ, around the x-axis from the horizontal where ξ = 0.

The vertical is de�ned as the direction of the free-fall acceleration due to gravity, g. Positive and

negative values of ξ correspond to raising or lowering the setup from the horizontal respectively.

The global coordinate system de�ned in Figure 5.2 is shown again here. The coils have been

omitted for clarity.
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+
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Float
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Figure 5.7: A block diagram showing the PID servo control. The PID introduces a torque, Γ,

to the �oat after a known o�set angle, ψ, is added to the controller input. There will also be

additional noise torques, γ, acting on the �oat.

5.4 Results

The torque acting on the �oat could be measured from the PID servo output, whose control loop

is shown in Figure 5.7. The PID servo applied a torque, Γ, to the �oat by adding or subtracting

from the bias currents in the appropriate coils. All eight coils were used for this purpose, and the

bias currents are those described in Equations 5.14, 5.15 and 5.16. The magnitude of this change

in current from the bias currents could then be used in conjunction with Equation 5.3 multiplied

by the actuator arm length term, x0, from Table 5.1 to give

Γ = −8x0m
∂Bζ
∂ζ

, (5.17)

for eight coils. This measured torque is assumed to be equal to that described by Equation 5.15.

The rotational sti�ness could be measured by recording the change in torque, ∆Γ, from Equa-

tion 5.17 applied by the PID servo to the �oat after an o�set equivalent to a known angle, ∆ψ,

was added to the input of the controller. The rotational sti�ness would then be given by

Kψψ = −∆Γ

∆ψ
, (5.18)

where this rotational sti�ness is assumed to be equal to that described by Equation 5.10 once

it had been summed over all the coils. The linear transverse sti�ness of the �oat in the x and

y-axis of the horizontal plane as described in Figure 5.2 could be calculated using Equation 5.4
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Figure 5.8: The torque, divided by the currents ratio term, acting on the �oat over a range of tilt

angles from the horizontal in the x-axis.

summed over the bias currents of the four coils in each respective axis. As stated in Section 5.2,

the positioning of the magnets was chosen to give θ = π.

Before torque measurements could be made the �oat's centre-of-mass displacement from its NCB,

xcm from Equation 5.15, had to be made zero. This was done by placing small masses on the �oat

in precise positions such that when tilting it from the horizontal the PID servo torque did not

change within the limit of the servo readout noise. Doing this, while keeping the bias currents in

all the coils equal such that ∆I was zero in Equation 5.15, implied that xcm was equal to zero.

The PID servo torque on the �oat was then measured over a range of tilt angles from the horizontal,

for a given set of bias currents. This was done in both the x and y-axis of the �oat as shown in

Figure 5.2. The measurements in these axes are shown in Figures 5.8 and 5.9 respectively.

The total mass of the �oat, with the additional small masses used for minimising xcm, was 338.66

g. This, along with the value of x0 of (42.0 ± 0.5) mm from Table 5.1, implied the expected

gradient of the plots from Equation 5.16 should be (0.139 ± 0.003) N·m/rad. The gradients from
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Figure 5.9: The torque, divided by the currents ratio term, acting on the �oat over a range of tilt

angles from the horizontal in the y-axis.

Figures 5.8 and 5.9 are (0.137 ± 0.006) N·m/rad and (0.138 ± 0.006) N·m/rad respectively. With

the bias currents used and Equation 5.14, the expected change of the centre-of-buoyancy of the

�oat in both the x and y-axis was (7.00 ± 0.17) mm. Using the gradients from Figures 5.8 and 5.9,

in conjunction with Equations 5.14 and 5.16, the measured changes in the centre-of-buoyancy in

the x and y-axis were calculated to be (6.90 ± 0.32) mm and (6.95 ± 0.32) mm respectively. This

shows that we had succeeded in tuning the �oat's centre-of-buoyancy to an accuracy of ± 0.3 mm.

With the bias currents in all coils set to 0.075 mA, and Equation 5.10 summed over all eight coils,

the �oat's rotational sti�ness was calculated to be (-14.73 ± 0.41) µN·m/rad. Using Equation 5.18

it was measured to be (-15.11 ± 2.05) µN·m/rad. With these bias currents, the �oat's transverse

sti�ness in each horizontal axis, using Equation 5.4 summed over the four coils in each axis, was

calculated to be (1.11 ± 0.16) N/m. This gave a natural oscillation frequency in each axis of (0.29

± 0.04) Hz. All the results are summarised in Table 5.2.
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Table 5.2: A summary of the measurement results.

Attribute Result

Plot Gradients

Float x-Axis (0.137 ± 0.006) N·m/rad

Float y-Axis (0.138 ± 0.006) N·m/rad

Equation 5.16 Prediction (0.139 ± 0.003) N·m/rad

Centre-of-Buoyancy Change

Float x-Axis (6.90 ± 0.32) mm

Float y-Axis (6.95 ± 0.32) mm

Equation 5.14 Prediction (7.00 ± 0.17) mm

Float Rotational Sti�ness

Measurement (-15.11 ± 2.05) µN·m/rad

Equation 5.10 Prediction (-14.73 ± 0.41) µN·m/rad

Float Transverse Sti�ness and Frequencies

Equation 5.4 x and y-Axis Calculation (1.11 ± 0.16) N/m

Oscillation Frequency x and y-Axis (0.29 ± 0.04) Hz
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5.5 Discussion

The measurements in Figures 5.8 and 5.9 change linearly with tilt angle as expected from Equa-

tion 5.16. The gradients of these plots were expected to be 0.139 N·m/rad and the measured

gradients all lie within 1.5% of this value and within their uncertainty ranges. The calculated and

measured changes in the centre-of-buoyancy displacement of the �oat from Figures 5.8 and 5.9

were also within 1.5% of each other and within each others uncertainty ranges. Thus all the re-

sults are in excellent agreement with the theory. Crucially this demonstrates that it is possible to

tune in-situ the centre-of-buoyancy of a suspended object and hence also possible to decouple its

rotational motion from ground tilt and horizontal accelerations.

The measured and calculated rotational sti�nesses of the �oat were within 2.5% of each other and

within their respective uncertainty bounds. The moduli of these values is an order of magnitude

lower than the rotational sti�ness of a torsion balance used in a recent determination of Newton's

constant of gravitation, which had a sti�ness of approximately 218 µN·m/rad [75]. Additional

actuators could increase the �oat's transverse sti�ness from the calculated values to make the �oat

more transversely stable, and also allow the adjustment of its rotational sti�ness. Preliminary

measurements with this setup show that this is possible [27]. The natural oscillation frequencies

of the �oat in the transverse plane were calculated. With the �oat being levitated through an air

bearing, it can be assumed that its motion was highly damped. As such in this case there was no

risk of the oscillations signi�cantly a�ecting the �oat's motion.

The design could be improved to allow greater precision in the placement and adjustment of the

di�erent components to give more accurate results. The noise from the electronics of the positional

photodiode was measured to be 8.4×10−7 N·m/
√

Hz, while the total noise of the air bearing system

was measured to be 2.7× 10−6 N·m/
√

Hz. This excess noise was most likely due to environmental

air currents and �uctuations in the pressurised air supply to the air bearing. This was the largest

contribution to the data point uncertainties in Figures 5.8 and 5.9. This gave an error on the

gradients of these plots, which was then propagated onto the experimental estimation of xcb from
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Equation 5.14. No attempt was made to put the device in a protective enclosure or shield the

photodiode from environmental light sources. As such the error on xcb of ± 0.3 mm could be

reduced by lowering the noise of the air bearing. This could be done by using a di�erent method

of levitation other than a pressurised-air suspension, such as an electrostatic or superconducting

suspension [27]. From Equation 5.14, the theoretical maximum accuracy of centre-of-buoyancy

tuning that could be attained with the setup presented here, taking into account the current noise

from the coil drivers of the magnetic actuators averaged over a second, is ± 1.6 × 10−8 m. This

corresponds to a possible improvement in accuracy of a factor of over 18000.

5.6 Conclusion

An air bearing suspension that levitates a �oat, with its motion in the horizontal plane of the

laboratory controlled using magnetic actuators, was constructed. The observed behaviour of the

�oat was compared to the predictions of a detailed model of the statics of the �oat-actuator system

and they were found to be consistent. The results from Figures 5.8 and 5.9 demonstrate the in-

situ electromagnetic tuning of the �oat's centre-of-buoyancy to an accuracy of ± 0.3 mm. This

result implies it is practical to decouple the rotational mode of a suspended object from tilt and

horizontal accelerations due to seismic noise, by tuning its centre-of-buoyancy to lie at its nominal

centre-of-buoyancy (NCB).

This result paves the way for other, more sensitive, experiments to be designed with a view to

performing weak-force measurements at sub-millimetre ranges. Work is ongoing on a supercon-

ducting torsion balance [27, 33]. The aim here is to develop an instrument which exhibits the

same advantages as the air bearing where it can be tuned in-situ to be rotationally decoupled from

ground tilt, in addition to allowing the in-situ tuning of its rotational sti�ness. This combined

with a transverse sti�ness provided by the superconducting magnetic actuators should allow mea-

surements of the inverse square law of gravity down to mass separations of the order of 10 µm.

The Newtonian torque signal, given a days integration, requires a fundamental noise level of less

than 1× 10−14 N·m/
√

Hz. Given a typical seismic noise acceleration spectral density of 5× 10−7
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m/s2
√

Hz and a suspended mass of 338.66 g, we would need to match the centre-of-buoyancy and

mass to an accuracy of about 1 × 10−7 m. So an improvement in tuning accuracy of a factor of

around a thousand would be required compared with what is achieved here. The uncertainty on

the matching of the centres-of-mass and buoyancy is limited by the overall noise in the air bearing

system, so this goal may be achievable with a superconducting or other type of suspension. We

should also mention that a possible downside of this technique is the way that the actuation system

can introduce noise into the measurement through its asymmetries (the κ parameter introduced

in Equation 5.15). Any strategy of reducing this factor would include making such asymmetries

as small as possible in the �rst instance, thus ensuring that the actuation torques themselves are

as small as possible.
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Chapter 6

Summary and Outlook

For a' that, an' a' that, it's coming yet for a' that, that Man to Man, the

world o'er, shall brothers be for a' that.

Robert Burns

Torsion balances remain important tools in short-scale gravitational and weak-force physics. At

the forefront of this area in modern physics, however, their drawbacks present serious barriers to

progress. Despite their low rotational sti�ness and having some degree of immunity to tilt, as

well as to horizontal accelerations due to seismic noise, coupling into the rotational mode of the

suspended mass, the vertical distance of its centre-of-mass from the point of attachment means

horizontal accelerations can couple strongly to the simple pendulum mode. This makes control of

the torsion bob di�cult. Additionally, at some level there will always be some coupling to rotational

motion. This means measurements of forces with mass separations of the order of 10 µm become

excessively challenging with the conventional torsion balance design. Investigating experimental

methods to circumvent these issues using novel techniques and redesigns of the traditional torsion

balance is the central theme of this thesis.

Chapter 1 presented an introduction to some of the biggest problems facing modern physics: the

hierarchy problem, the cosmological constant problem and issues related to formulating a theory
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of quantum gravity. These provide the motivation for measuring the inverse square law of gravity

at small mass separations, as deviations to Newtonian gravity at small scales due to the presence

of large extra spatial dimensions could help provide solutions to these issues. The concept of

large extra dimensions originates from String Theory [13, 14]. An overview of the experimental

challenges that these measurements pose, as well as of the current landscape of instrumentation

for these types of experiments, was then given. Their successes as well as their limitations are

discussed therein.

Chapter 2 discussed the theory behind the motivations for redesigning the traditional torsion

balance. This work was done in an attempt to overcome the challenges experienced in weak-force

measurement experiments described in Chapter 1. The theory focussed on the use of external

actuators acting on a levitated torsion bob, whose sti�nesses could be tuned in-situ, to allow in

turn the in-situ tuning of both the rotational sti�ness and centre-of-buoyancy of the torsion bob

itself [27]. The former would allow the rotational sti�ness of the torsion balance to be made

nominally as close to zero as possible, while keeping the translational and tilt degrees-of-freedom

at a greater sti�ness. This would not be possible with a traditional torsion balance suspended by

a long thin �bre. The latter could in principle allow the centre-of-buoyancy of the torsion bob

to be tuned to lie at its centre-of-mass and hence decouple horizontal forces due to seismic noise

and tilt from its rotational mode. A lower rotational sti�ness would allow for weaker gravitational

signal torques to be measured while the retention of a greater sti�ness in the translational and

tilt degrees-of-freedom would allow for a smaller test and source mass separation. The decoupling

of the rotational mode from seismic noise would further improve the instrument's sensitivity. In

addition to these, the actuators would provide a transverse sti�ness to the torsion bob which

would dampen the simple pendulum mode. These features in a torsion balance would allow for far

more reliable measurements of weak forces at sub-millimetre mass separations than what has been

achieved previously.

In Chapter 3 the Superconducting Torsion Balance experiment was described in detail. Its main

components were highlighted including the source and test masses and their manufacturing proce-
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dure, and the �oat and bearing for levitating and controlling the test mass, as well as the details

of the superconducting lead coil actuators in the bearing. The expected gravitational torque sig-

nal and sources of noise were also discussed. My contribution to the experiment was highlighted.

This included redesigning the �oat to allow it to be more accurately positioned above the bearing

using three Attocube micro-positioners acting as a kinematic mount, rewiring the heatswitches on

the experiment which were needed to store persistent currents in the superconducting lead coils,

designing a baseplate for the experiment in order to host various pieces of diagnostic hardware and

calibrating Allen Bradley resistors as temperature sensors to aid in the cryogenic level detection.

The magnetic forces from the levitation coil in the bearing for levitating the �oat and test mass

were modelled using �nite element analysis software (FEMM) and the results of this were pre-

sented. These indicate that the �oat should be able to be levitated by the lift forces produced by

the levitation coil. Finally, the current status of the experiment is stated along with the necessary

work yet to be done.

In Chapter 4 the work on the Superconducting Torsion Balance's capacitive sensor that was de-

scribed in the paper [28] was reproduced in full. This work was done to circumvent the issue of

stray-capacitance which is inherent in the long and thin wires typical of cryogenic experiments.

The stray-capacitance between the core and shield of signal-carrying cables can introduce, in addi-

tion to various instabilities such as oscillations, a large noise-gain into pre-ampli�er circuits. The

method presented here to overcome this issue was to �oat the shield with respect to ground; in

this case with a 1.8 pF capacitor. This e�ectively removed the increase in noise gain from the

pre-ampli�er circuit. The caveat with is method is that it reduced the e�ectiveness of the shield.

The voltage noise of this proposed circuit was modelled, measured and compared to various other

circuits, both in test formats as well as in-situ in the experiment. It was shown that this method,

when used in the detection circuitry of the experiment, could give a signal-to-noise ratio greater

than 1 for an expected signal of 2×10−17 N·m on the test mass if modulated at a frequency of 100

kHz.

In Chapter 5 the work on the Air Bearing experiment that was described in the paper [29] was also
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reproduced in full. This experiment was designed to demonstrate the centre-of-buoyancy tuning

described in Chapter 2. In this experiment a �oat was levitated using compressed air, and was

controlled in the horizontal plane of the laboratory by coil-magnet actuators. Its statics were

modelled and compared to measurements which were consistent to within 1.5% of each other,

where the in-situ centre-of-buoyancy tuning was demonstrated to a precision of ± 0.3 mm. Its

rotational sti�ness was also measured and compared to that of a torsion balance used in a recent

determination of Newton's constant of gravitation [75], and its modulus was found to be lower by

an order of magnitude.

The Superconducting Torsion Balance is still incomplete. The �oat in the experiment has yet to

be reliably levitated. One possible reason for this is expected to be trapped �ux in the lead foil

of the �oat [49]. The easiest way to remove this would be to shield the experimental cavity with,

for example, µ-metal, or by degaussing the superconducting elements in the experiment through

a localised heating method. Once the �oat can be levitated consistently and reliably, measuring

the noise of the system and characterising the in-situ rotational sti�ness and centre-of-buoyancy

tuning of the �oat as outlined in Chapter 2 would be the next step. Improving the �atness of the

source and test mass foils to ± 1.5 µm across their surfaces is also required before measurements

of the inverse square law of gravity can take place at mass separations of 15 µm. This could be

done through more analysis of the warping of the mass rings after they are stressed by tightening

and then releasing them with the screws on the torsion jig, by looking at alternative methods of

gluing the foils to the mass rings and by increasing the tension the foils are subjected to [43, 44].

If these requirements are met, the source and test masses could be put in place on the experiment

to allow gravitational inverse square law measurements to be made.

The results from the Air Bearing experiment in Chapter 5 raise the proposition of a room tem-

perature analogue to the Superconducting Torsion Balance. This would have the advantage of not

having to operate in cryogenic conditions and as such could be mechanically much simpler and

easier to operate from a technical point of view. As stated in Chapter 5, the centre-of-buoyancy

tuning would need to be improved by a factor of around a thousand for this to be viable. The
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Air Bearing was limited by the noise of the compressed air suspension and so using a di�erent

set-up could make this possible, speci�cally a di�erent method of levitation other than from a

compressed air supply such as an electrostatic or magnetic suspension. A way to tune in-situ the

rotational sti�ness would also need to be included as this was absent in that experiment. One

way forward with this idea is to suspend the �oat and test mass with three �bres, as opposed to

one as in the typical torsion balance. This would increase the sti�ness in the simple pendulum

mode, while the corresponding increase in rotational sti�ness could be o�set through the in-situ

rotational sti�ness tuning from external actuators. The actuators could then also perform the

in-situ centre-of-buoyancy tuning to further improve the sensitivity. In this scenario electrostatic

actuators would be an ideal choice, assuming the noise associated with the large voltage power

supplies needed for the actuators is su�ciently small.
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Appendix A

Cryogenic Cooling Method

This is the procedure for cooling the Superconducting Torsion Balance in Chapter 3 from room

temperature down to 4.2 K using liquid nitrogen and then liquid helium.

1. Run all necessary electronic/hardware checks to ensure the equipment is working properly

at room temperature and then leak test the experimental cavity, which contains the super-

conducting suspension experiment, with helium gas once it is sealed with indium wire.

2. Introduce helium exchange gas into the experimental cavity. The air in the attached lines is

pumped out �rst using a turbo-pump and then the helium gas cannister is used to carefully

introduce small volumes of helium gas into the experimental cavity. Aim for approximately

40 mbar at room temperature, which gives around 10 mbar at 77.3 K and 1 mbar at 4.2 K.

This set-up is shown in Figure A.1.

3. Once these initial steps are complete pre-cool the cryogenic dewar with liquid nitrogen. This

is then left for at least two days to ensure the super-insulation material in the dewar is

su�ciently cooled. This will require approximately 120 L of liquid nitrogen. Once left for

around two days, rerun the electronic/hardware checks to ensure the equipment is working

properly at 77.3 K.
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Turbo-Pump

Helium
Gas

Cryogenic Dewar

Experimental
Cavity

Figure A.1: The required set-up to introduce helium exchange gas into the experimental cavity.

4. Nitrogen gas is then used to force the remaining liquid nitrogen from the pre-cooling out

of the cryogenic dewar prior to the introduction of liquid helium. Excess liquid nitrogen

from the cryogenic dewar is returned to a liquid nitrogen dewar. This set-up is shown in

Figure A.2.

Nitrogen
Gas

Nitrogen
Liquid

Dewar
Cryogenic Dewar

Experimental
Cavity

Figure A.2: The required set-up to remove any remaining liquid nitrogen from the cryogenic dewar

using nitrogen gas.
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5. The cryogenic dewar should then be evacuated using a backing pump to remove any remaining

nitrogen gas, along with running a heater consisting of power resistors in the bottom of the

dewar to ensure all liquid nitrogen has been evaporated o�. The Allen Bradley resistor

temperatures at the bottom of the dewar should drop brie�y drop below 77.3 K due to this

evacuation, and will start to rise above 77.3 K when all the remaining liquid nitrogen is

removed. The Allen Bradleys, silicon diodes, and liquid nitrogen level detector can all be

used to monitor the removal of liquid nitrogen. A pressure gauge can also be used to help

guide the process, a reading of around -70 PSI indicates that nitrogen gas has been evacuated

to a su�cient level. This set-up (which also contains components for the next step but with

the line to the helium gas and helium return line closed) is shown in Figure A.3.

Helium
Gas

Pump
Backing

Pressure
Gauge

Initially
Closed

To Helium
Return Line

Initially
Closed

Cryogenic Dewar

Figure A.3: The set-up required to remove any remaining nitrogen gas from the cryogenic dewar,

and then introduce a helium gas atmosphere.

6. A helium gas atmosphere is needed in the cryogenic dewar before any liquid helium is in-

troduced. Helium gas should be introduced from the helium gas cannister until there is a

slightly positive pressure compared to the lab; to just above 1 atm. Then it is pumped out
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and re�lled with helium gas; this is repeated at least twice as an extra step to ensure the

complete removal of any remaining nitrogen gas. The pressure gauge can be refereed to as

before for when to start and stop pumping. This set-up is shown in Figure A.3, but now

with the line to the helium open.

7. Anything containing cooled helium (gas or liquid) should be connected to the helium return

line which is now opened for this step (with the exception of the liquid helium dewar). All

connected pipes are �lled with a cold helium gas atmosphere from the liquid helium dewar.

Cold helium gas is then �ushed into the cryogenic dewar. This is done by keeping the end

of the connector between the cryogenic dewar and liquid helium dewar, called the transfer

line, that goes into the cryogenic dewar free. Then the end that goes into the liquid helium

dewar is slowly lowered; this is to check that cold helium gas is coming through �rst. Once

this occurs the free end is lowered into the cryogenic dewar and the liquid helium itself can

be �ushed into the cryogenic dewar using the helium gas. The tap to the helium return line

from the liquid helium dewar should be closed for this step, so that pressure doesn't escape

that way. The Allen Bradleys, silicon diodes, and liquid helium level detector can all be

used to check the rate of the liquid helium transfer. This set-up is shown in Figure A.4.

The experimental cavity should be submerged in liquid helium to a depth of at least 10 cm

to ensure there will be enough to allow the experiment to remain at 4.2 K for a su�cient

duration. Once it is submerged, the experiment should be left for approximately one hour

to ensure the contents of the experimental cavity have cooled to 4.2 K. The enthalpy of the

helium exchange gas in the experimental cavity should allow it to e�ciently cool its contents

in this time-frame.

8. Once the experiment is over and has been left to heat up to room temperature for around 2-3

days, the experimental cavity should be �lled with nitrogen gas to make future leak detection

with helium gas easier. This set-up is shown in Figure A.5.
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Figure A.4: The set-up required to transfer liquid helium to the cryogenic dewar using helium gas.

Nitrogen
Gas

Cryogenic Dewar

Experimental
Cavity

Figure A.5: The set-up required to �ll the experimental cavity with nitrogen gas in preparation

for future leak detection with helium gas.
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Appendix B

Noise Gain Equations Derivations

B.1 Benchmark Circuit Noise Gain

This is a derivation for Equation 4.3 from Chapter 4. Equation 4.2 states that noise gain can be

de�ned as

G = 1 +
Z2

Z1
. (B.1)

From Figure 4.4 it is clear that impedance Z2 is given by resistor R1 and capacitor C2 in parallel,

Z2 =

(
1

R1
+ iωC2

)−1

. (B.2)

Z1 is then simply the impedance from capacitor C1,

Z1 =
1

iωC1
. (B.3)

The noise gain for the benchmark circuit is then

G =

(
R1

1 + iωC2R1

)
· (iωC1) + 1 =

iωC1R1

1 + iωC2R1
+ 1. (B.4)

B.2 Stray-Capacitance Circuit Noise Gain

This is a derivation for Equation 4.6 from Chapter 4. Equation 4.2 remains the same as in

Equation B.1. From Figure 4.7 it is clear that impedance Z2 is the same as in Equation B.2, with
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B.3. PROPOSED CIRCUIT NOISE GAIN

the component labels changed where necessary. Z1 is then the impedance from capacitors C1 and

C2 in parallel,

Z1 = (iωC1 + iωC2)
−1
. (B.5)

The noise gain for the stray-capacitance circuit is then

G =

(
R1

1 + iωC3R1

)
· (iωC1 + iωC2) + 1 =

iωR1 (C1 + C2)

1 + iωC3R1
+ 1. (B.6)

B.3 Proposed Circuit Noise Gain

This is a derivation for Equation 4.8 from Chapter 4. Equation 4.2 remains the same as in

Equation B.1. From Figure 4.12 it is clear that impedance Z2 is the same as in Equation B.2, with

the component labels changed where necessary. Z1 is then the impedance from capacitor C1 in

parallel with the impedances of capacitors C2 and C3 in series,

Z1 =

(
iωC1 +

(
1

iωC2
+

1

iωC3

)−1
)−1

=

(
iωC1 +

iωC2C3

C2 + C3

)−1

. (B.7)

The noise gain for the proposed circuit is then

G =

(
R1

1 + iωC4R1

)
·
(
iω (C1 (C2 + C3) + C2C3)

C2 + C3

)
+1 =

iωR1 (C1 (C2 + C3) + C2C3)

(1 + iωC4R1) (C2 + C3)
+1. (B.8)
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Appendix C

Voltage Noise to Displacement Noise

Conversion

To convert the measured voltages noises, Vn, of the circuits summarised in Table 4.1 in Chapter 4

to displacement noises, they must �rst be converted to current noises, In. Since the pre-ampli�er

of the capacitive sensor in each case is in a transimpedance con�guration with a nominal voltage

gain of unity, this can be done by dividing the output voltage noises by the impedance of the

transmittance resistor, R, which was 620 kΩ in each case. And so,

In =
Vn
R
. (C.1)

This could then be converted into a capacitance noise by dividing the current noise by the bias

AC drive voltage, VD, on each capacitive electrode of 4.0 V, as well as by the frequency of the

modulation ω = 2πf at 100 kHz. Giving,

Cn =
In

VD2πf
. (C.2)

Finally, this had to be converted to a displacement noise, Dn. As described in Section 3.1.1 of

Chapter 3, a di�erential capacitive sensor was used as the displacement sensor for the �oat and test
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mass. The two capacitive electrodes in the transducer bridge had a mean separation to the �oat's

surface, d, of the order of 1 mm and a capacitive plate area, A, of 3.75 × 10−4 m2. Due to the

rotational motion of the �oat and test mass, the change in capacitance with the electrode-to-�oat

gap would not be linear. However, an expected torque signal of the order of 2×10−17 N·m would

produce such a small displacement around this mean separation that this change can be assumed

to be linear on that scale. The change in displacement corresponding to a change in capacitance

equal to the capacitance noise, and hence the associated displacement noise itself, for a single

capacitor electrode can be related by the following,

Cn =
ε0A

d−Dn
− ε0A

d
=

ε0ADn

d(d−Dn)
. (C.3)

The nominal capacitance between each electrode and the �oat due to their mean separation is

simply,

C0 =
ε0A

d
= 3.32 (pF) , (C.4)

and since d >> Dn, Equation C.3 simpli�es to,

Cn =
Dn

d
C0. (C.5)

Since this is a bridge, the overall capacitance change will be multiplied by a factor of 2. With this

knowledge, rearranging for Dn, we �nd,

Dn =
dCn
2C0

. (C.6)
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Appendix D

Magnetic Actuator Derivations

D.1 Magnet/Coil Actuator Rotational Sti�ness

This is a derivation for Equation 5.10 from Chapter 5. Equation 5.8 states the potential energy of

a magnet/coil pair in Figure 5.1 can be written as

U = −mB (f(ψ) + y) cos (θ + ψ) , (D.1)

where in Equation 5.7 f (ψ) is de�ned as

f (ψ) = b− a cosψ + x0 sinψ, (D.2)

in the context of the set-up of each magnet/coil pair described in Figure 5.2. It is convenient to

express the magnetic �eld produced by a coil as a Taylor series around the magnet's equilibrium

position where we de�ne the equilibrium spacing between each magnet and coil as g0. From

Equation 5.9 the magnetic �eld can then be written,

B = B0 +

(
dB

dζ

)
g0

· (f (ψ) + y − g0) +
1

2

(
d2B

dζ2

)
g0

· (f (ψ) + y − g0)
2
. (D.3)

Setting y = 0 and θ = π, and substituting Equations D.2 and D.3 into Equation D.1, the following
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D.2. MAGNET/COIL ACTUATOR CENTRE-OF-BUOYANCY TUNING

is obtained,

U = m

[
B0 cosψ +

(
dB

dζ

)
g0

·
(
b cosψ − a cos2 ψ + x0 sinψ cosψ − g0 cosψ

)
+

1

2

(
d2B

dζ2

)
g0

·
(
b2 cosψ + a2 cos3 ψ + x20 sin2 ψ cosψ + g20 cosψ

− 2ab cos2 ψ + 2x0b sinψ cosψ − 2bg0 cosψ + 2ag0 cos2 ψ

− 2x0g0 sinψ cosψ − 2ax0 sinψ cos2 ψ
)]
. (D.4)

The rotational sti�ness for a single magnet/coil pair is given by the second derivative of Equa-

tion D.4 with respect to ψ,

Ki
ψψ =

d2U

dψ2
= m

[
−B0 cosψ +

(
dB

dζ

)
g0

·
(
2a cos2 ψ − 2a sin2 ψ − b cosψ − 4x0 sinψ cosψ

+ g0 cosψ
)

+
1

2

(
d2B

dζ2

)
g0

·
(
4ab cos2 ψ − 4ab sin2 ψ − b2 cosψ − 3a2 cos3 ψ

+ 6a2 sin2 ψ cosψ − 7x20 sin2 ψ cosψ + 2x20 cos3 ψ − g20 cosψ − 8bx0 sinψ cosψ

+ 2bg0 cosψ − 4ag0 cos2 ψ + 4ag0 sin2 ψ + 8x0g0 sinψ cosψ + 14ax0 sinψ cos2 ψ

− 4ax0 sin3 ψ
)]
. (D.5)

In the case presented in Chapter 5, ψ is a small angle whose mean is zero and so it can be assumed

ψ ≈ 0. This implies

Ki
ψψ = m

[
1

2

(
d2B

dζ2

)
g0

·
(
4ab− b2 − 3a2 + 2x20 − g20 + 2bg0 − 4ag0

)
+

(
dB

dζ

)
g0

·
(
2a− b+ g0

)
−B0

]
. (D.6)

Finally, from the geometries present in Figure 5.3, g0 = b−a, and so Equation D.6 can be simpli�ed

to the following,

Ki
ψψ = m

(
d2B

dζ2
x20 +

dB

dζ
a−B0

)
. (D.7)

D.2 Magnet/Coil Actuator Centre-of-Buoyancy Tuning

This is a derivation for Equation 5.14 from Chapter 5. Equations 5.8, 5.7 and 5.9 remain the same

as in Equations D.1, D.2 and D.3 respectively. Setting θ = π, the potential energy of a magnet/coil
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D.2. MAGNET/COIL ACTUATOR CENTRE-OF-BUOYANCY TUNING

pair in this case is then

U = m

[
B0 cosψ +

(
dB

dy

)
g0

·
(
b cosψ − a cos2 ψ + x0 sinψ cosψ + y cosφ− g0 cosψ

)
+

1

2

(
d2B

dy2

)
g0

·
(
2by cosψ − 2bg0 cosψ + a2 cos3 ψ + x20 sin2 ψ cosψ − 2yg0 cosψ

− 2ab cos2 ψ + 2bx0 sinψ cosψ − 2ay cos2 ψ + 2ag0 cos2 ψ + 2yx0 sinψ cosψ

− 2x0g0 sinψ cosψ + y2 cosψ + b2 cosψ + g20 cosψ − 2ax0 sinψ cos2 ψ
)]
. (D.8)

The cross-term from the sti�ness matrix describing the static behaviour of the �oat, kyψ, is de�ned

as

kyψ =
d2U

dydψ
= m

[
−
(

dB

dy

)
g0

·
(

sinψ
)

+
1

2

(
d2B

dy2

)
g0

·
(
2x0 cos2 ψ + 4a sinψ cosψ

− 2x0 sin2 ψ − 2b sinψ + 2g0 sinψ − 2y sinψ
)]
. (D.9)

In the case presented in Chapter 5, ψ is a small angle whose mean is zero and so it can be assumed

ψ ≈ 0. This implies

kyψ = x0m
d2B

dy2
. (D.10)

With θ = π, Equation 5.4 becomes

kyy = m
d2B

dy2
. (D.11)

Considering the x direction of the �oat in Figure 5.2, the position of the centre-of-buoyancy with

respect to the NCB of the �oat, xcb, in that axis could be modi�ed by changing the sti�nesses of

some actuators relative to others as described by the relation from Equation 5.11,

xcb =
Kyψ

Kyy
. (D.12)

The upper case notation for the sti�ness terms refers to the sum of the terms over the magnet/coil

pairs in the relevant axis rather than an individual pair. In the case of the x direction of the �oat

in Figure 5.2, Equation D.12 becomes

xcb =
Ka
yψ +Kb

yψ +Ke
yψ +Kf

yψ

Ka
yy +Kb

yy +Ke
yy +Kf

yy

= x0

(
d2Bb

dy2 + d2Be

dy2 −
d2Ba

dy2 −
d2Bf

dy2

d2Bb

dy2 + d2Be

dy2 + d2Ba

dy2 + d2Bf

dy2

)
. (D.13)
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D.2. MAGNET/COIL ACTUATOR CENTRE-OF-BUOYANCY TUNING

Equation 5.1 indicates the magnetic �eld produced by the coils, and its derivatives, are all propor-

tional to the current in the respective coils. Hence Equation D.13 becomes

xcb ≈ x0
(
Ib + Ie − Ia − If

)
Ib + Ie + Ia + If

= x0

(
Ib + Ie − Ia − If

)
4I

, (D.14)

where I is the average bias current in the coils labelled a, b, e and f in Figure 5.2.
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