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Abstract

Axial algebras are commutative nonassociative algebras generated by a set of special
idempotents called axes whose adjoint maps are semisimple. The algebra product
is controlled by a fusion law. Jordan algebras, the Griess algebra for the Monster
group are some of the examples for axial algebras. This thesis is about study of
axial algebras satisfying the Monster like fusion law where non unit elements «,
of the fusion law satisfy the condition v = 23. This was an exceptional case in the
literature. We show that axes satisfying the above fusion law arise as the sum of two
orthogonal axes of Jordan type. These are called the axes of Monster type M (2n,n)
or the double axes. Then we present the classification of 2-generated subalgebras
of the Matsuo algebras generated by double axes. Further we construct two infinite
classes of axial algebras for the symmetric group of S, and for symplectic group

Sp(2n,2) which satisfy fusion law M (2n,7n).
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Chapter 1

Introduction

This is a study of commutative, non associative algebras in which the product of
the subspaces are controlled by what is known as a fusion law and the algebras are
called the azial algebras. First we give the historical background which describes the

motivation for the origin of these algebras.

1.1 Historical context

In 1973, Fischer and Griess independently produced evidence for the existence of
the largest sporadic simple group, the Monster. Conway and Norton conjectured
that the Monster had a representation of degree 196883 [6]. In particular, Norton
noted that such a module would have commutative, non associative algebra struc-
ture. Based on Norton’s observation, Griess constructed the Monster group in 1982
[13]. He defined a unital commutative, non associative algebra structure on a mod-

ule B of dimension 196884 for a particular group C, which admitted a symmetric,
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nondegenerate, associative bilinear form. Then he showed that the Monster group
M = (C, o) for some o € Aut(B). The module B is called the Griess algebra.

In 1984, Conway constructed the Monster, using Parker’s Moufang loop [5], as
the automorphism group of 196884-dimensional algebra B* which is a deformation of
the Griess algebra B. In particular, Conway showed the existence of special vectors
called azial vectors in B,

From the character table of the Monster, it has two classes of involutions, namely,
2A and 2B. Call the involutions of 2A the transpositions. The product of any two

transpositions belongs to exactly one of the following nine classes the Monster.

1A, 24, 3A, 4A, 5A, 6A, 2B, 4B, or 3C. (1.1)

The symbol nA represents the class of elements of order n with the largest centraliser
order. The next largest centraliser is nB and so on.

The axial vector of an element m € M is the vector v € B which is fixed by the
centraliser, Cs(m) of m. For each transposition a, let ¢, be the axial vector. Conway
showed that the subalgebra generated by two axial vectors t,, ¢, of transpositions a, b,
is spanned by various axial vectors v,, where g belongs to the dihedral group (a, b).
This shows that, for transpositions a and b, the class of two generated subalgebras
((ta,tp)) is in one to one correspondence with the class of the conjugacy classes given
in (1.1). Therefore, it is meaningful to denote the two generated subalgebra ((t,, t,))
by the same symbol as that of the conjugacy class of ab.

In 1984, Frenkel, Lepowsky and Meurman announced the construction a com-

mutative, non associative algebra V', which is a slight variant of the Griess algebra,
2



using vertex operators [9]. The character of V' is given by the modular function
J(q) = ¢t + 0+ 196884q + .... Further, they obtained the action of the Monster
group on V which was similar to the action of the Monster on the Griess algebra.
Borcherds, in1986, introduced vertex algebras by defining a product, which was con-
structed using a generalisation of vertex operators, on the Fock spaces [3]. Building
on this work, Frenkel et al. constructed the Griess algebra from vertex operator
algebras (VOAs) in [10]. A VOA over the complex field is a non negatively graded
vector space V = @ 7, V,, satisfying certain properties like existence of the identity
element, the translation, the locality identity. Here V,, is the weight n subspace of V.
The authors showed that the Monster can be realised as the automorphism group
of the weight 2 subspace V2h of the Moonshine VOA, V# = b, V. The subspace
V; has the structure of commutative, non associative algebra that coincides with the
Griess algebra B. Note that, in the Moonshine VOA, VOh =0 and dim Vlh = 1.

The algebra V' belongs to a larger class of VOA, V = D, , Vi satisfying V5 =0
and dim V] = 1. In this class the weight 2 subspace V, always admits structure of
commutative algebra similar to the Griess algebra. Therefore, V5 is called a Griess
algebra. Similar to Conway’s axial vectors in B*, Miyamoto identified the special
vectors called Ising vectors in Va [23]. First, he defined a special element e, called
a rational conformal vector, in V5 of the VOA, V = @, V,,, which defines a rep-
resentation of the Virasoro algebra with the central charge 1/2. Then, he showed
that, when dimVy = 0 and V; = 0, the element e is a conformal vector with the
central charge 1/2 if and only if /2 is an idempotent of Griess algebra V5. The

idempotent e/2 is called an Ising vector. Therefore, the axial vectors are in one to



one correspondence with the Ising vectors. Consequently, a subalgebra generated by
two Ising vectors is completely determined by the conjugacy classes listed in (1.1).
Furthermore, associated to every Ising vector, there exists an automorphism 7, of V5
of order at most 2. Call these involutions 7-involutions. Note that T-involutions are
precisely the 2A involutions of the Monster, the transpositions. Thus, Miyamoto’s
construction of 7, is reverse construction of Conway’s axial vector.

Sakuma studied all the 2-generated groups by Miyamoto involutions. In particu-
lar, he showed that the 7-involutions of V5 satisfy 6-transposition property, that is,
for any two Ising vectors e and f, |7.7¢| < 6. Further, he classified all two generated
subalgebras (7., 7f)). This classification theorem is known as the Sakuma’s theorem.
From now on the two generated subalgebras of the Griess algebras will be called as

dihedral algebras.

1.2 Majorana algebras

As an attempt to generalise the Griess algebra for the Monster, Ivanov axiomatised
the properties of the Griess algebra, and defined Majorana algebras [20]. A Majorana
algebra V' is a vector space over reals equipped with a positive definite bilinear form
(, ) and a commutative, non associative algebra product such that the form asso-
ciates and satisfies the Norton inequality. He defined Majorana axes and Majorana
involutions which are counterparts of Ising vectors and 7-involutions respectively.
For instance, the Griess algebra, B, is a Majorana algebra generated by a set of Ma-

jorana axes, 2A. Note that, with respect to the Majorana axis a, the Griess algebra
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B has the following decomposition.

B=B"oB"oBY ®BY,
2

1
25

where B/(\a) is the \-eigenspace of the adjoint action. The products of the eigenspaces

satisfy the fusion law given in Table 1.2.

* 1 ]0 2% 2%
110 |% %
0100 |5 35
7|z |z |0 | %
7l |w|ly L0z

Table 1.2: Fusion law satisfied by the Griess algebra

According to the fusion law,

and so on. Further, Ivanov et. al. proved the Sakuma’s classification theorem in the
context of Majorana algebras [19]. That is, a two generated subalgebra by Majorana

axes is completely determined by the Conjugacy classes given in (1.1).



1.3 Axial algebras

The class of axial algebras was introduced by Hall, Rehren, and Shpectorov in [16] as
a generalisation of the Majorana algebras. These are defined over an arbitrary field
F with char F # 2, existence of a bilinear form is not assumed (hence, the conditions
like positive definite, Norton’s inequality will not arise), fusion law is not restricted
to Table 1.2.

We state a few definitions which are essential for the discussion of axial algebras.

Let A be a commutative, non associative algebra over a field F and char F # 2.
An adjoint map ad, of an element a € A is an endomorphism of the algebra which

takes x to ax. For A € F,
Ay(a) ={zr € A,| ax = Az}

is the corresponding eigenspace. Note that Ay(a) = 0 if A is not an eigenvalue of the
adjoint map ad,. A fusion law is a pair (F,*), where F C F and * is a symmetric

map,

x 1 Fx F— 27,

which assigns to a pair (A, p) a subset of F. A single instance (A, p) +— S of the
map * is called a fusion rule. Fusion laws are described using tables whose cells are
the fusion rules. Some of the fusions laws that appeared in the recent study of axial
algebras are given in Table 1.3.

An axial algebra A is a commutative, non associative algebra over the field FF

generated by a set of special idempotents called axes. With respect to each axis a,
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x| 10| a | p
x| 110] n

x| 110 11 a | B
11 i

11 0 0| a | p
—1— 11 [0 |0| n

5

sy
iy
™
™
-
=
Q

Table 1.3: {0, 1}-, M(n)-, M(a, )-fusion laws.

the algebra A is the direct sum of the eigenspaces of ad, such that the product of the

eigenspaces is controlled by a fusion law F. For example, the Griess algebra is an

axial algebra generated by the set of 2A-axes, and the product of the eigenspaces is
1

controlled by the fusion law M(%L, 35); a Jordan algebra is an axial algebra generated

by a set of idempotents, and the product of the eigenspaces is controlled by the fusion

law M(3).

1.4 About this thesis

Hall, Rehren, and Shpectorov proved the Sakuma’s theorem in the context of prim-
itive axial algebras of Jordan type n which have a Frobenius form. In [26], Rehren
attempted to prove the Sakuma’s theorem for an arbitrary fusion law M («, ) with-
out assuming the existence of a Frobenius form. He showed that for a # 25, o # 40,
the dimension of the two generated subalgebra is at most 8 which is the highest

dimension of a dihedral algebra. Further, he constructed two generated subalgebras,



involving parameters «, § with o # 28, o # 43, which are covers of the dihedral

algebras.

Description | Basis Relations

3A/a,g bo, b1, b2, s

4A,8 b_1, bo, b1, ba, s <biabi+2> =2B

4Ba b*lu b07 b17 b27 S <bi7bi+2> =2A

5Aa b—27 b—17 b07 bla b27 S

6Aq b_g, b_1, bo, b1, by, 5,5 || (bi, biys) = 3Cy, (bi,biyo) = 3Aap

Table 1.4: The covers of dihedral algebras defined by Rehren.

In this thesis, we study axial algebras satisfying the fusion law M(a, 8) with
the condition o = 23 1. We establish that an axis satisfying the above mentioned
condition arises as the sum of two orthogonal axes satisfying the fusion law M(f).

In particular, we prove the following theorem.

Theorem 1.4.1. Let A be an axial algebra of Jordan type n. Suppose a and b are

two azxes with ab = 0. Then A has the decomposition

A= Ai(a+b) @D Ag(a+ b) P Azya + b) P Ay(a +b),

with respect to a + b, which satisfies M(2n,n)-fusion law.

'In an ongoing project, Franchi, Mainardis, and Shpectorov have found an algebra of infinite
dimension satisfying the fusion law M (4n,n) (specifically, for n = %) Note that, when « # 43, we
suspect that the maximum dimension of a 2-generated algebra is 8.



We call an axis satisfying the fusion law M (n) a single azxis, and an axis satisfying
the fusion law M (2n,7n) a double awis.

A double axis is not primitive in the algebra A, however, it can be primitive in
a proper subalgebra of A. We study all the 2-generated subalgebras of A satisfying
M(2n,n). There are two cases to consider. In the first case, the generating set con-
sists of a single axis and a double axis, in the second case, the generating set consists
two double axes. We have found two subalgebras which are different from Rehren’s
two generated subalgebras. This shows that Rehren’s theorem can be generalised for
all a, B.

We define a fixed subalgebra of a Matsuo algebra M relative to H C Aut(M ), and
show that it is a primitive axial algebra satisfying the fusion law M (2n,7n). Then
we construct fixed subalgebras for symmetric group Ss, and fixed subalgebras for
symplectic group Sp(2n,2).

A flip is an automorphism of the diagram defined on the axes set which fixes all
the single axes and interchanges the summands of each double axis. Clearly flip has
order at most 2. Let h be a flip, then the action of (h) on the basis D produces
orbits of length at most 2. Note that the double axes come from the orbits of length
2. Thus the algebra generated by all the single axes and double axes in this way is

the fixed subalgebra relative to the group (h). We have the following theorems.

Theorem 1.4.2. Let M be the Matsuo algebra for the symmetric group Sar and let

h=(1,2)(3,4)...(2k — 1,2k).

10



Then the fized subalgebara W relative (h) is generated by set containing k single azes
and k(k — 1) double azes. Moreover, the above set of axes span W, therefore, it has

dimension k*.
Call the above fixed subalgebra the k*-algebra relative to (h).

Theorem 1.4.3. The k?-algebra for Sy, k # 1,2, is not simple for n = —ﬁ and
1
= "%

Theorem 1.4.4. Let V' be a symplectic space over the field Fy and dim(V') = 2n.
Let t € Sp(2n,2) be an inolution of rank l. The dimension of the azial part of the

fized subalgebra My relative to (t) is given by
: 1 2n—1 dim V' (¢)
d1mM<t> 25(2 + 2 —2),

where, V(t) = {u €V : (u,u’) = 0}.

This thesis is organised as follows.

In the first three chapters we review some of the results on axial algebras required
for this work.

In Chapter 2, we recall the definitions of fusion laws, grading, and axial algebras.
We give some examples of axial algebras of Jordan type.

In Chapter 3, we discuss the structural properties of axial algebras. In partic-
ular, we define, the radicals, Frobenius forms, and Gram matrices, and prove some

fundamental results which will be used in later stage.

11



In Chapter 4, we discuss the relevant topics of group theory like Coxeter groups,
groups of 3-transpositions, groups of symplectic type. Then we define Fischer spaces
and Matsuo algebras.

In Chapter 5, we show how the axes of Monster type (21, 7n) arise from the axes
of Jordan type 1. Then we present a general construction of subalgebras of Matsuo
algebras which are always primitive axial algebras of Monster type (21,7). In this
chapter, we also study all the 2-generated subalgebras by a single axis and a double
axis, by two double axes.

In Chapter 6, we construct the fixed subalgebra for the symmetric group S,,, and
discuss the radical of it.

In Chapter 7, we construct the fixed subalgebra for symplectic group Sp(2n,2).

12



Chapter 2

Preliminaries

Let F be a field with char F # 2 and A be a commutative F-algebra. We do not
assume the associative law and existence of the identity element in A.

For an element s € A, define the adjoint endomorphism ad, of A to be the map

ads A — A

T — Sx.
For a scalar o € IF, denote the u-eigenspace of ad; by A,(s). That is,
A,(s) ={x € A| sz = px}.

Note that A,(s) = 0 whenever y is not an eigenvalue of ad.

13



2.1 Fusion laws

Definition 2.1.1. A fusion law is a pair (F, ), where F is a set and x : F X F — 27

is a symmetric map assigning subset of F to a pair (A, p).
Throughout this work F is a finite subset of the field F.

Definition 2.1.2. Let A = @ A;. The decomposition is said to satisfy a fusion
law F if A;A; C @k@.*j Ay foralli,j € F.

Note that any decomposition of A satisfies the trivial fusion law where i % j = F
for all 7, 7 € F. However, we are interested in those fusion laws where the cardinality
of 7 x j is minimal but not always the empty set. It is convenient to describe fusion
laws using tables whose whose rows and columns correspond to the elements of F.

Some of the important examples of fusion laws which are widely used in this work
are given in Table 1.3. Here the set F is {0, 1}, {0, 1,7} and {1,0, a, 8} respectively,
where, 1, a, 5 € F. Note that blank entry in a fusion law represents the empty set.
The last entry in the second table means n*n = {1,0}.

Suppose A satisfies a fusion law F. Then for any two subsets M and N of F,
define Ay = @,y Ai and M« N = U;cpsien @ % J-

Definition 2.1.3. Let A be a commutative, non-associative algebra over F and (F, *)
be a fusion law. An idempotent a € A is said to be an F-axis if ad, is semisimple
with all its eigenvalues belong to F, that is, using the above notation A = Ar(a) and

the decomposition of A into the direct sum of eigenspaces of A satisfies the fusion

law (F,x*).

14



Since a is an idempotent, a € A;(a), therefore, from now on we assume 1 € F.
Definition 2.1.4. An axis a € A is said to be primitive if A;(a) = Fa.

Definition 2.1.5. A commutative, non-associative algebra A is said to be a primitive

F-axial algebra if it is generated by a set of primitive axes.

In general, when we consider axes in a primitive axial algebra, we assume that
these axes are primitive, unless other otherwise is specified.

Let A be a primitive F-axial algebra and a be an axis. Suppose the elements b
and ¢ of A are such that b € A;(a) and ¢ € Ay(a) for A # 0. Then b = pa for some

scalar p € F. The product
be = (pa)e = p(ac) = p(Ac) = AMuc) € Ax(a).

That is, Ai(a)Ax(a) = Ax(a) for X # 0. In view of this calculations, all fusion
laws we consider will satisfy 1« A\ = {A} for all A # 0. Note that if A = 0 then

Ai(a)Ap(a) = 0, so we can assume that 1«0 =0 if 0 € F.

Definition 2.1.6. Let T be a finite abelian group and (F,*) be a fusion law. Then
F is said to be T-graded if it has a partition | ) Fs with s € T such that Fsx F; C Fg

forall s,t €T.

Let A be an F-axial algebra and a be an axis. Suppose F is T-graded. Then for
t €T, define

Ay(a) = Az, (a) = P Ai(a)

1€F

15



Using the above notation A can be written as A = @, As(a) with A;(a)As(a) C
Ays(a). In general, an F-axial algebra A which has T-graded fusion law is a T-graded
algebra. We use the convention A; = 0 whenever F; is empty.

Let T be the group of all homomorphisms from T to the multiplicative group of
F. Such a homomorphism is called a linear character of T" over F.

Consider a T-graded algebra A. For an element a € A and k € T*, define a map

75 by  — k(t)z for all x € Ay(a). This map is extended to A by linearity.

Proposition 2.1.7. Let A be a T-graded axial algebra. For an element a € A and
a linear character k, the map 17 is an automorphism of A. Furthermore, the map

sending K to 7Y is a homomorphism from T* to Aut(A).

Proof. To see that 77 is an automorphism of A, we just need to see that it preserves
products. Since eigenvectors of ad, span A, it suffices to check our claim for products
of eigenvectors. Suppose that v € A;(a) and v € Ag(a). Then from the grading we

have uv € Ays(a). Therefore,

Clearly, the map 77 is onto as for every u € A;(a) there exists an element x~!(¢)u
whose image under the action of x is u. It is obvious that 77 is one-one since none

of the values of k() is zero. This proves the first part of the claim.

16



Define 6 : T* — Aut(A) by k +— 7. Now suppose u € A;(a) then

0(k1ks) = K1ka(t)(u)

Therefore, the map 6 is a homomorphism. ]

All the axial algebras considered later in this work are Cs-graded. That is, if we
write, Cy = {4, —} then A admits the decomposition A = A, (a) P A_(a) relative
to an axis a, where, A, (a) = @jcp, Ae(a) and A_(a) = Py Ar(a), for disjoint
subsets A, and A_ of F satisfying AyAy CAL, AA_ CA and A_A;y C A_. Since
char F # 2, we have T* = {ki,k_1}, where k; is the identity. Note that the map
751 fixes the A, (a) part of each element of A and negates the A_(a) part. In this
case 71 is nontrivial automorphism if A_(a) is nonzero and more importantly this
involution is known as the Miyamoto involution, which will be discussed in detail in
the next chapter.

We prove one more result related to the automorphisms 7.

Proposition 2.1.8. (/21], 3.10) Let A be an F-axial algebra generated by the set of
axes A. Suppose a is an axis and W < A is ad,-invariant then it is invariant under

T8 for k € T™.

17



Proof. Since W is ad, invariant, it can be written as W = @,cxW,(a). But W,(a) <
A, (a) and 7 acts as scalar transformation on A,(a). Consequently, every subspace

of A,(a) is 7/-invariant. Therefore, W = @MGIWM(a)T‘T = BuerWu(a) = W. ]

2.2 Axial algebras of Jordan type n

Definition 2.2.1. A primitive axial algebra is said to be of Jordan type n € F,

n # 1,0, if it is generated by a set of M(n)-azes.

In a fusion law F, an element u € F is said to be a unit if ux A = {A} for all
A # 0.

Note that the M(n) fusion law contains two units, namely, 1 and 0. Such fusion
laws are called Seress fusion laws. Moreover, the fusion law M(n) is Zy-graded and
hence the algebras with this fusion law inherit Miyamoto involutions.

We conclude this chapter with some examples of axial algebras of Jordan type.

Recall that a commutative algebra J over a field F is said to be Jordan if

(zy)z? = z(ya®),

for all x,y € J. The above expression is known as the Jordan identity. Naturally,

any associative algebra (A, -, +) becomes a Jordan algebra under the new product

1
x°y=§(:v‘y+y~fc),
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for all x,y € A. Usually, the algebra (A, +, e) is denoted by A*. Here we show that
a Clifford algebra is a primitive axial algebra of Jordan type n = %

Let V' be an n-dimensional vector space over a field F, char F # 2, with a
quadratic form ¢ on it. Let B be the corresponding bilinear form associated with q.

Note that B is symmetric. Now define the Clifford algebra CI(V,q) as

Cl(V,q) =T(V)/(u®u—q(u)),

where, T(V) =Fa Ve (Ve V)d (Ve V ®V)d... is the tensor algebra of V'
and u € V. Note that the Clifford algebra is the largest unital associative algebra
generated by V' such that uu = g(u) for all u € V. Since CI(V, q) is associative, it is
a Jordan algebra under the new product . Let CIt = (CI(V, q),+, o).

Now consider a subspace JCI :=F1 @& V of CI(V,q); Then the sum and product

on it are as follows.

(al+u)+ (Bl1+v) = (a+ B)1 + (u+v),

(al4wu)- (fl+v) = (af + B(u,v))1 + (av + fu)

for any al 4w, 81+v € JCI. The subspace is closed for addition and multiplication.
Therefore (JCI,+,-) is a subalgebra of CI(V, ¢) and moreover, JCI" is also a Jordan

algebra as Cl% is a Jordan algebra.

Proposition 2.2.2. The algebra JCIT is a primitive algebra of Jordan type n = %
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Proof. First of all, we claim that for any v € V and a € F, the vector a = al + u is

an idempotent iff either a € {0,1} or = 3 and g(u) = 1. To see this consider

a* = (al +u)(al + u)
= (a2 + B(u,u))1 + 20u

= (& + q(u))1 + 20au.

Thus a® = a if and only if 2au = u and a? +¢(u) = a. Now suppose a ¢ {0, 1}, then

clearly the above equations imply a = 3 and gq(u) = ;.

Thus every non-trivial idempotent in JCIT is of the form a = % + u where
q(u) = . Let J = JCI* and Jy(a) be the A-cigenspace of ad,, where, a € J is an
idempotent. Clearly a € Ji(a). For a non trivial idempotent a = 1 + u of .J, define

@ = % — u; which is also an idempotent in view of the above claim. And also note

ot = (%w) (%—u) =1 —alw) =0

Therefore, a € Jy(a). Also, for w € ut

that

1 1 1
aw = (§+u>w:B(u,w)1+§w: S,

which implies ut C J1(a) and similar calculation yields ut C Ji(a).
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Since dim(J) = dim(V) + 1 and dim(u!) = dim(V') — 1, we have

Ji(a) = {a) = Jo(a),

In other words, ad,, is semisimple.
Let 7, be the map which act as the identity on J;(a) ® Jy(a) and negative identity

on J% (a). Clearly 7, is an involution. This proves that the decomposition

J = Ji(a) P Jo(a) P J1(a)

is Cy-graded satisfying 7 (3)-fusion law. O

Let A be a commutative, non-associative F-algebra over a field of characteristic
not equal to 2. Let ay € A be an idempotent and B = (ag). Clearly qy is the only
idempotent in B. Indeed if there exists another nonzero idempotent a in B then
a = Bag for some 3(# 0) € F. We have Bag = a = a® = $%ag, which implies 3 = 1.
Further, note that ag = 1. In other words, B = [F1 and it is a primitive axial algebra
of Jordan type n where By(1) = B, (1) = 0. We denote this algebra by 1A.

For an n € F, n # 1,0, let 3C(n) be an F-algebra having S = {sg, s1,s2} as a
basis, where sg, s; and sy are nonzero idempotents. Product of the basis elements is
given by

SZ‘S]‘ =

N3

(si+s; — sk)
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for distinct 4,7,k € {0,1,2}. Clearly 3C(n) is 3-dimensional algebra over F. For
simplicity, let A = 3C(n). For A € F, A,(s;) denotes the \-eigenspace of ads, for
ie€{0,1,2}.

Since s; € S is an idempotent, A;(s;) = Fs;.

In order to determine the O-eigenspace of ad,,, note that

si(nsi — sj — sx) = nsi — g(sz + 85 — sk) — g(sz + s, — $;)

:USi—nSi—g(Sj—Sk+3k—3j):0>

therefore, (ns; — s; — sg) € Ao(s;).

Similarly, note that

si(sj — sg) = g(sZ + 5, — Sg) — g(sl + sk — 55)
:g(si—si+8j+sj—sk—sk)
= U(Sj - Sk)>

and thus (s; — si) € A,(s;).
From the dimensions of the eigenspaces, and dimension of 3C(n), we can con-

clude that the algebra 3C(n) = Ai(s;) @ Ao(s:) D A, (s;). In other words, ady, is

semisimple.
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Next we verify that the eigenspace Ay(s;) is indeed a subalgebra of 3C(n).

(msi — 85 — si)(nsi — 85 — sp) = nsi(nsi — s; — sk) + (=85 — si)(nsi — 55 — k)
=0—mns;8; + 8; + 5jSk — NSkS; + SS; + Sk

= —1)5;S; — NSkS; + 288k + Sj + Sk

n2 2

= =5 (s si—se) = %(Sk + 5 — 55)
+77(8j+8k—8i)+8j+8k
= (" +n)si+(n+1)s; + (n+1)sg

=—m+1)(ns; — s; — sk) € Ao(s:).
With respect to s;, an element x € 3C(n) can be written as
T =as; + B(ns; — s; — sk) +7(s; — Sk),

for some scalars a, 8,7 € F. Now define a map 7, : 3C(n) — 3C(n) which when

acted on z, fixes s; but switches s; and s; in the above expression for x. That is,

x™ = as; + B(nsi — s — Sj) +v(sk — s5)

=as; + (nsi — s; — sk) — V(s — S).

Clearly, 75, is an automorphism of order 2 which fixes 3C' (), := Ay(s;) @ Ao(s;)

and negates 3C(n)_ := A,(s;) under its action. Thus 3C(n) is Zs-graded and more-
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over has J(n)-fusion law. Hence, the algebra 3C(n) is a primitive axial algebra of
Jordan type n.

Note that the group generated by {s;,s;} under the above mentioned product is
isomorphic to the group S;. In such case, we say that S = {s;, s;, s }, where s, = s},
forms a Sakuma algebra.

Let 2B be a 2-dimensional associative F-algebra spanned by {a,b}, where a and
b are idempotents and ab = 0. The only eigenvalues of ad,(or ady) are 0 and 1.
Thus 2B,(a) = 0 for all n(# 0,1). The algebra 2B has a decomposition 2B =
2B (a) P 2By(a) with 2B;(a) = Fa and 2By(a) = Fb. Thus, 2B is a primitive axial

algebra of Jordan type n for all 7.

24



Chapter 3

Structural properties of axial

algebras

We study some of the useful structural properties of axial algebras in this chapter.

All the definitions and results of this chapter come from [21].

3.1 Miyamoto groups and closed sets of axes

Let T be an abelian group and A an F-axial algebra where the fusion law is T-graded.
Recall that T™ is the group of all the homomorphisms from 7" to the multiplicative
group of F. If a is an F-axis and and x € T™, then there exists an automorphism 77
of A associated with a and moreover the image 7, of the the map sending « to 77 is
a subgroup of Aut(A). We call the above subgroup the azis subgroup corresponding

to a.
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Definition 3.1.1. Let A be an F-axial algebra generated by a set of axes A. Then
the Miyamoto group G(A) of the algebra A with respect to the set A is the group

generated by the axis subgroups T,, a € A.

Clearly the Miyamoto group is a subgroup of Aut(A).
We know that the Griess algebra is an M(%, 3—12)—axial algebra generated by 2A-
axes. Since 2A involutions generate the Monster group, the Miyamoto group of the

Griess algebra with respect to the 2A axes is the Monster group.

Proposition 3.1.2. [21] Suppose A is an F-azial algebra and f € Aut(A). Let a be

azis. Then a’ is also an axis.

Proof. Since a € A is an idempotent and f € Aut(A), a’ is also an idempotent. Let

Ay (a) be the A-eigenspace of ad,. Suppose z € Ay(a) then

a’zl = (ax)’ = M)’ = /.

So xf € Ay(af), that is, (Ax(a))! C Ax(af). On the other hand, if y € Ax(a’) then
a’y = Ay which implies ay/~ = \y/~". That is, 4/~ € A,(a) and hence A,(a’) C
(Ax(a))!. Therefore, Ax(a’) = (Ax(a))!. Further, for \,u € F, Ax(af)A,(af) =
Ax(a)T Au(a)) = (ArAu(a))! C Anpu(a)! = Axu(al). In other words, the products
of the eigenspaces Ay(a’) and A,(a’) are controlled by F-fusion law. Hence af is an

F-axis. O

Definition 3.1.3. Let A be an axial algebra and A a generating set of axes. Then
the set A is said to be closed if A5 = A, where G(A) is the Miyamoto group with

respect to A.
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Clearly, A is closed if and only if A* = A for all kK € T, with a € A. Further, if
{A.} is a collection of closed sets for some index set I, then ((.A,)" = (A% =) A,
for k € T,. That is, intersection of closed sets is again closed. Thus we define closure

of A as the unique smallest closed set containing A. And it is denoted by A.

Proposition 3.1.4. (/21], 3.5) Let A be an azial algebra generated by a set of azes
A and G(A) the Miyamoto group with respect to A. Then A = A¥A  consequently,
G(A) = §(A).

Proof. We prove the result by exhibiting A5 C A and A C A5,

Note that G(.A) < G(A) as the closure of A contains all the points of A. Therefore,
A5 € A5 C A.

To prove the reverse inclusion, first of all we claim that A5 is closed. For that
consider an element z € A%A). Now x = a/ for some axis a and f € G(A). Recall
that 7/ is an automorphism of A associated with axis a and the linear character .

So we have 7% = 757 This implies that the axis subgroup
Ty=Ty = (1% | keT) =(r|reT) =T/

Since T, is a subgroup of the Miyamoto group G(A) and f € G(A), we see that
T, = T/ < G(A) = G(A). Thus G(ASA) = G(A). However, ASA is invariant
under §(.A), hence, it is invariant under 9(./49(“4)). This shows that A% is closed
and from the definition of closure, it follows A C AW,

Further, we have G(A) = §(AYM) = G(A). O
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Definition 3.1.5. Let A be an axial algebra. Suppose A and B are two generating

sets of axes. They are said to be equivalent if A = B.
We use the notion A ~ B to denote that the sets A and B are equivalent.

Proposition 3.1.6. (/21], 3.9) Let A and B be two generating sets of axes. Then
A and B are equivalent if and only if the Miyamoto groups with respect to A and B
are equal, so G(A) = G(B) = G, and every element a € A is G-conjugate to some

element b € B and vice versa.

Proof. Suppose A and B are equivalent. Then G(A) = G(A) = §(B) = §(B). In
view of the above proposition, for any a € A, we have a € A = B = B, Thus a
is G-conjugate to some element b € B. Similar argument shows that for any b € B is
G-conjugate to some element a € A. This proves the first part of the proposition.
Conversely, suppose @ € A, which implies, @ = o/ = (bg)f € B for some a € A,
bc B, f,g €G Thus A C B. By symmetry, reverse inclusion follows. This

completes the proof. O

Theorem 3.1.7. ([21], 3.12) If A and B are two equivalent sets of axes then the
azxial algebra generated by A and the azial algebra generated by B are one and the

sarme.

Proof. Let A be an axial algebra generated by A and B an axial algebra generated by
B. For every axis a € A, A is ad,-invariant. Therefore, from Proposition 3.1.6, A is
g-invariant for any g € §(.A). Since closure of A is the smallest set with this property,
we have A = A5 C A. On the other hand, B is generated by B C B = A C A.
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That is to say B C A. Using similar argument, it can be shown A C B. Hence

A= B. ]

3.2 Radicals and Frobenius form

Definition 3.2.1. Let A be an F-axial algebra generated by a set of primitive azes
A. Then the radical R(A, A) of the algebra A with respect to A is the unique largest

ideal of A containing no azxes from A.
It is shown in [21] that indeed such maximal ideals exist.

Theorem 3.2.2. ([21], 4.3) Let A be an axial algebra and A, B be two equivalent
sets of primitive axes. Then R(A, A) = R(A,B).

Proof. Since A and B are equivalent, A = B. By proving R(A, A) = R(A, A), we
will have proved the theorem.

Note that the ideal R(A, A) does not contain any axis from A. Since R(A,A)
maximal with this property, we have R(A, A) € R(A, A). To see the reverse in-
clusion, note that every ideal of A is ad,-invariant and hence G(A)-invariant. Thus
R(A, A) contains no axis from A4 = A as R(A, A) contains no axis from A, which

implies R(A, A) C R(A, A). Hence we have

R(A, A) = R(A, A) = R(A,B) = R(A, B).
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Definition 3.2.3. A Frobenius form on an F-azial algebra A is a nonzero bilinear
form

(,):AxA—=>F
such that (a,bc) = (ab,c) for all a, b, c € A.

In the following propositions, we assume that A is a primitive F-axial algebra

generated by a set of axes A with a Frobenius form ( , ).

Proposition 3.2.4. [21] For an axis a, eigenspaces Ax(a) and A, (a), X # p, are

orthogonal with respect to the Frobenius form ( , ).

Proof. For x € Ax(a) and y € A,(a),

AMz,y) = (Ar,y) = (az,y) = (2, ay) = (z, py) = p(z,y).
As X # p, (x,y) must be zero. Thus Ay(a) and A,(a) are orthogonal with respect
to the Frobenius form. O

Let a be a primitive F-axis. For any u € A, we have, u = ), ,uy, where
uy € Ax(a). Since a is primitive, u; = pa. The vector u; is called the projection of

u on Aj(a) and is denoted by ¢, (u)a.

Proposition 3.2.5. (/21], 4.5) For an azxis a and u € A,

(CL, u) = ¢a(u) (av a)»

where ¢q(u)a is the projection of u on Ai(a).
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Proof. Since A = @)erAy, for any u € A can be written as u = ), uy, where

uy € Ax(a). Consider

(a,u) = (a, Zu,\) = (a,uq).

AEF

Note that the last equality follows from Proposition 3.2.4. If ¢,(u) is the projection
of u on a then (a,u;) = (a, pa(u)a) = ¢q(u)(a,a). O

Proposition 3.2.6. (/21], 4.6) The Frobenius form is uniquely determined by the

values (a,a) on the azes a € A.

Proof. Note that every element of A can be expressed as product of axes. Therefore,
it is enough to prove that for any x,y € A that can be chosen to be the product of
axes, (x,y) is uniquely determined using that product.

We use induction on the length of = (i.e. the number of axes present when x is
written as product of the axes). Suppose z is of length one. Then from 3.2.5, (x,y)
is determined by (z, ). Now assume that = has length greater than one. Then x can
be written as © = x1x9 for some x1, 9 € A with lengths of 7 and x5 less than that
of z. Thus, (z,y) = (x122,y) = (21, 22y). As the length of x; is less than that of x,
by induction hypothesis the claim is true for (x, zoy). This shows that the form is

uniquely determined by (a, a). ]

Proposition 3.2.7. [21] The form ( , ) is invariant under the action of the

Miyamoto group G(A) if and only if (a,a) = (a’,a’) for alla € A and f € G(A).

Proof. Suppose that the form is §(A)-invariant. Then (a/,a’) = (a,a) for all a € A,
feg(A).
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Assume that (a,a) = (a,a’) for all a € A, f € G(A). To show that the form is
G-invariant it is enough to prove G-invariance on products of axes. Note that for any
x,y € A we have (z,y) = (a, z) for some a € A and z € A. This is because z, y can
be written as product of axes: x = aay... and y = bb; ..., where a,ay,...,b,by,. ..

are axes. We have
(x,y) = (aay...,bby...) = (a,ay...bby...) = (a,z2)

for some z = ay...bby.... The last equality comes from the associativity. Thus
(), y)) = (a/, 27). Tt suffices to show that ¢,r(2/) = ¢a(2) as (a, 2) = ¢.(2)(a,a).
Now note that z can be uniquely written as z = ), 2\, where 2z € Ay(a).
Under the action of f, 2/ = (3, .+ ) = Y oreF z{. On the other hand, z/ can
be decomposed with respect to the axis af. Then we have z/ = Y rer Wa, where
wy € Ax(af). But we have proved earlier that Ay(af) = Ay(a)’. In particular, when

A = 1; it follows that
¢a(2)@f =(z) =w; = ¢af(2f)af'

Thus we have ¢, (2/) = ¢ (2). O

Definition 3.2.8. Let (, ) be a Frobenius form on an F-axial algebra A. Then the

radical of the form, denoted by A*, is
At ={x € A: (x,y) =0 for ally € A}.
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Suppose x is an element of A+ and ¥, z are elements of A. Then

(xy,2) = (z,yz) =0.

That is, zy belongs to A+, hence, A* is an ideal of A.

Lemma 3.2.9. ([21], 4.8) Suppose A is an azial algebra with the Frobenius form

(, ) and A* be the radical. A primitive azis a lies in AL if and only if (a,a) = 0.

Proof. Since a is a primitive axis, A can be decomposed as

A=Ai(a) @ Aia)

1£NEF

with respect to a. For any x € A, © = pa + Z/\;ﬂ x) for some scalar © € F and
z) € Ax(a). From the Proposition 3.2.4, A;(a) is orthogonal to all of B, Ax(a).

Therefore, (a,x) = p(a,a). Hence a € A* if and only if (a,a) = 0. O

Recall that radical of A with respect to an axis set A is the unique largest ideal
R(A, A) that contains no axis of A. The following theorem gives the necessary
and sufficient condition for the radical R(A,.A) to coincide with the radical of the

Frobenius form.

Theorem 3.2.10. (/21], 4.8) Let A be a primitive F-azial algebra generated by a
set of azes A and (, ) be a Frobenius form on A. Then, the radical A+ = R(A, A)
if and only if (a,a) # 0 for all a € A.

Proof. Let R = R(A, A). Suppose A+ = R, which implies A1 does not contain any

axis. Therefore, in view of previous lemma, (a,a) # 0 for all a € A.
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Now assume that (a,a) # 0 for all @ € A. This means A+ does not contain any
axis. Since R the unique largest ideal not containing any axis from A, A+ C R. To
show R C Al, it suffices to show that (z,R) = 0 for all z € A. Again by linearity
we can restrict to x being a product of axes. Let m(z) be the length of x, that is,
the number of axes in the product-expression for z.

We use induction on m(z) to prove the claim. Assume that m(z) = 1. This
implies z is an axis of A. Since R does not contain any axis, from the Lemma 3.2.9,
(x,R) = 0. Now assume that the claim is true for all y € A satisfying m(y) < m(x).
We have x = x125 for some x1, 29 € A with m(xy), m(z2) < m(x). Consider (z,R) =
(129, R) = (21, 22R). Since R is an ideal, zoR = R. Therefore, (z,R) = (z1,R) =0,

from the induction hypothesis. It follows that R C At. Hence R = A+, [

Definition 3.2.11. Let A be a primitive axial algebra and A be a set of axes. The
projection graph ) is a directed graph on A such that there is a directed edge from x

to y if the projection ¢ (x)y of x onto Ai(y) is nonzero.

Since the Miyamoto group G(.A) is a subgroup of Aut(f2), we can form a quotient
graph Q = Q/G(A). In that case, the vertices are the orbits of axes, 29 for x € A.

The graph € is called orbit projection graph.

Proposition 3.2.12. [21] If A is a primitive azial algebra with a strongly connected

orbit projection graph then all the proper ideals are contained in the radical.
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Chapter 4

Fischer spaces and Matsuo

algebras

In the first section we recall the basic definitions and some of the results on Coxeter
groups and groups of 3-transpositions. Then we define Fischer spaces and related

Matsuo algebras.

4.1 Coxeter groups and classification

The notations, definitions and results of this section come from [5].

Definition 4.1.1. Let C' = (¢;5) be an n x n symmetric matriz with each entry being
a natural number such that ¢;; = 1 and ¢;; > 1 for i # j. Then the Coxeter group

of type C' is a quotient of the free group F(n) = {ri,ra,...,mn} with n generators.
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That is, the Coxeter group W (C') is
W(C) = ({ri,ra, ..., (riry) =1,4,5 € {1,2,...,n}}).

The Coxeter diagram associated with W (C) is a graph I'(C') where the vertex
set is {ry,72,...7,}, and there exists an edge between r; and r; if ¢;; > 2. An edge
is labelled by c;;. Often the label between r;, r; is omitted whenever ¢;; = 3. And a
double bond is drawn if ¢;; = 4. Note that there is no bond when ¢;; = 2.

1

k
Example 4.1.2. If C' = then the Coxeter group W(C) is
ko1

W(C) = (r1,rs | 1% =12 = ()" = 1),

which 1s isomorphic to the dihedral group Dsoy. The matriz

is denoted by Iy(k). Note that the Coxeter diagram of W(C) is as follows.

k

In particular the Cozeter group of 15(2);

W(I5(2)) = (ri,re | 2 =1r? = (r1r2)2 =1)

15 isomorphic to Klein-four group.
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il

Example 4.1.3. The Coxeter group of the matriz

1 3 2 2 2

3 1 3 2 2
C =

2 2 3 1 3

2 2 2 3 1

nxn

is W(C) = (ri,7a,...,m), with generators satisfying

(rerj)* =1 when |i — j] = 1,

(rirj)? = 1 otherwise.

This group is isomorphic to Syy1.

A Coxeter group W (C) is called irreducible if the associated Coxeter diagram is
connected.

At this point we state two important results which will be used later.

Theorem 4.1.4. Let W(C') be a Cozeter group and I'(My),['(Ms), ..., T'(My) be the
connected components of I'(C'). Then W (C) = W (M) x W (M) x -+ x W(Myg).

Theorem 4.1.5. A finte irreducible Coxeter group is isomorphic to exactly one of

the following:

1. A,,n>1:
37



n—1

7. F4.’

5
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9. Hg.'
L 4 5 A d 2 d
1 2 3
1 2 3 4

11. I8V n > 5:

An important class of infinite Coxeter groups are the affine Coxeter groups. These
groups have easily realisable finite quotients. We just list some of the infinite Coxeter

groups.
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Name Diagrams

i A
an H—.L.
D,

Eq

F4 O—O—OLO—O
C:\;’Q o—oLo

Hs N S
i, 5

I x

Table 4.1: Some of the infinite Coxeter groups.
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4.2 3-transposition groups

Definition 4.2.1. Let G be a group and D be a normal subset of involutions. El-
ements of D are said to be 3-transpositions if the order of ab is at most 3 for all

a,b € D. If D generates G then (G, D) is called a 3-transposition group.

Theorem 4.2.2. ([7], 1.1) Let (G, D) be a 3-transposition group. Assume further

that it is irreducible. Then, up to a center, we may identify D with one of:
1. The transposition class of a symmetric group;

2. The transvection class of the isometry group of a mondegenerate orthogonal

space over GF(2);

3. The transvection class of the isometry group of a nondegenerate symplectic

space over GF(2);

4. A reflection class of the isometry group of a nondegenerate orthogonal space

over GF(3);

5. The transvection class of the isometry group of a nondegenerate unitary space

over GF(4);

6. A unique class of involutions in one of the five groups PQ*(2) : S5, PQT(3) :

Sz, Fligy, Fligs, or Figy.

Definition 4.2.3. Let (G, D) be a 3-transposition group. The generating set D is
said to be of symplectic type if for every a,b,c € D with (b, c) = Ss, the transposition

a commutes with at least one of {b,c, b =’} = DN (b, c).
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The symmetric group, orthogonal groups over Fy, and symplectic groups Sp(2n, 2)
are of symplectic type.

Suppose (G, D) is a 3-transposition group with D being of symplectic type. Then
the generating set D is said to be of ADE-type if there is no subgroup H = (DN H)
isomorphic to the central quotient of Wg(ﬁ4), where, D, is the diagram which is the
complete bipartite graph K; 4 and Wz(ﬁ4) ~ 24 W(Dy).

Now we state two important results on groups of 3-transpositions.

Theorem 4.2.4. ([18], 4.4) Let (G, D) be a 3-transposition group and X be a subset
of D. Suppose H = (X).

1. If the diagram on X is A,,, then H is isomorphic to the Cozeter group W(A,,) =

S

2. If the diagram on X is D,,, then H is isomorphic to a central quotient of the
Coxeter group W(D,,). In other words, there are two possibilities for H: It is
either isomorphic to 21 : S, or isomorphic to W(Day)/Z (W (Dqy)) =2 2272
Sok.

3. If the diagram on X is Eg, then H is isomorphic to the group W(Eg) = Og (2).

4. If the diagram on X is FE;, then H is either isomorphic to W (E7) = 2 x Spg(2)
or isomorphic to the group W(Ez)/Z(W (E7)) = Spe(2).

5. If the diagram on X is Eg, then H is either isomorphic to W (Eg) = 2 - Of (2)
or isomorphic to the group W(FEg)/Z(W (Eg)) = Og (2), where, - denotes the

non split extension.
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Theorem 4.2.5. ([18], 4.7) Let (G, D) be a 3-transposition group where the gener-
ating set D is of symplectic type. Then there exists a normal subgroup N of G such
that the factor group G /N is isomorphic to one of the groups S, O5,.(2) or Spem(2),

where, n > 2, n # 4 and m > 3 with (m,€) # (3,+).

Let a and b be 3-transpositions with |ab] = 3. Then the group generated by {a, b}
is isomorphic to S3. Naturally, a 3-dimensional group algebra can be constructed
on ((a,b) as follows (note that the symbol (( , )) means algebra generation). Let
S = {a,b, c}, where ¢ = a® = b*, and 3C(n) denotes an F-algebra, where the product

is defined as

N3

for distinct 4, j,k € {a,b,c} for some n € F. We have shown, in Chapter 1, that

3C(n) is an axial algebra of Jordan type n generated by the set of axes {a,b, c}.

Definition 4.2.6. A partial triple system is an ordered pair I' = (P, L) of a set P
of points and a collection L of lines, which are subsets of P, such that every line

contains exactly three points and two distinct points belong to at most one line.

Define a relation ~ on P as follows. The relation p ~ ¢ holds if there exists a
line [ € L such that I{p,q} C L. Use p = ¢ to indicate that the points p,q are
noncollinear. Let p™ be the set containing all the points which are collinear to p(this
includes p itself), and p™ be the set containing all the points which are noncollinear

to p. Each p™ is a connected component of I.
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In a partial triple system if a line [ € £ contains two points a and b then, by
definition, it must contain a third point, say, c. Sometimes we use a’ to denote the
third point.

Let P" C P, £’ C L. Then the ordered pair (P, L) is a subspace of (P, L) if

x,y € P are on a line [ then [ € L'

Definition 4.2.7. For two intersecting lines ly,ls, the subspace generated by Iy U ly

is called a plane.

Definition 4.2.8. A morphism 6 : (P,L) — (P', L) is a map 0 : P — P’ with the

property 0L C L.

Two important partial triple systems used in this work are the following;:
The dual affine plane of order two DA(2,2) is the projective plane of order two
with a point such that all the lines through it are removed. Thus DA(2,2) has six

points and four lines.

Figure 4.1: Dual affine plane of order 2

The affine plane of order three AG(2,3) has nine points and twelve lines. Each

point is a vector and each line is the 1-flat of F2.
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Figure 4.2: The affine plane of order 3

Definition 4.2.9. A Fischer space is a partial triple system in which every plane is
isomorphic to either the dual affine plane of order two, DA(2,2) or the affine plane
of order three, AG(2,3).

The following theorems due to Buekenhout show that Fischer spaces arise from

the the group of 3-transpositions.

Theorem 4.2.10 ([1], [4]). Let (G, D) be a 3-transposition group. Let I'(G, D) be
the partial triple system with point set D, and line set {(a,b,a’) | a,b € D, |ab| = 3}.

Then T'(G, D) is a Fischer space and G acts on it by conjugation on the point set.

Theorem 4.2.11 ([1], [4]). Let I' = T'(P, L) be a Fischer space. For each point
p € P, define 7, be the permutation of I' fiving pUp™ and interchanging the two points
different from p on any line through p. Let F = {1, | p € I'}. Then F C Aut(I'), and

((F), F) is a group of 3-transpositions with trivial centre. Moreover, I'((F), F') = T.
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4.3 The Matsuo Algebras

Definition 4.3.1. Let I'(P, L) be a partial triple system, F be a feild with char F # 2,
and n € F, n # 0,1. Then the associated Matsuo algebra is the F-space @pep Fa,

with the product of the basis elements as follows:

p

ap if p=q,

aptqg =40 if pq,

\ Hap+aqg—a,) if {p,q,7} is a line,

For each line {p,r,s} € I, let a,.s = na, — a, — a; and by,s = a, — a,.

Now we show that the Matsuo algebras are axial algebras of Jordan type 7.

Lemma 4.3.2. ([16], 6.2) Let I'(P, L) be a Fischer space, and M = M(I',n) be the

associated Matsuo algebra. Then the endomorphism ady,, is semisimple.

Proof. Let Mjy(a,) be the A-eigenspace of ad,,. Clearly, from the definition of the
Matsuo product, for each p € P, a,, is an idempotent, consequently, 1 is an eigenvalue,

and a, € M;(a,). Furthermore, a, ¢ M;(a,) for either ¢ € p* or {p,q,r} in L. Hence,
M;(a,) 2 Fa,,.

In order to determine My(a,), we consider two possibilities, namely, g » p or ¢ ~
p. Suppose that ¢ = p. Then by the definition of the algebra product, a, € My(ay).

Now assume that ¢ ~ p. From the definition of partial triple system, there exists a
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third point r such that {p,¢,r} is a line. Observe that

Aplpgr = ap(Nay — ag — ar)
n n
=nap — E(ap +aq —ay) - §(ap + ar — aq)

n
:T)ap—nap—§(aq—aq—|—ar—ar)20.

Therefore, a,, € My(a,).

To see the elements of M, (a,), consider

That is, by, € M, (ayp).

From the above expressions, we have

M (a,) O Fa,

Mo(a,) 2 @]Faq @]Fapqr,

q=q g€l
My(ap) 2 @]F(aq —ap) = @Fbpqr-
p~q q€l

For each p € P and for each line {p,q,r} € L, the set {ay, apyr, bpgr} is linearly

independent and spans (a,, a,, a,). Therefore the pair {a,, a,} in A can be replaced
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by {apgr, bpgr }- Hence ad,, is semisimple, that is

M(T,n) = Fa, P Fa, & @ Fapy @ Foyr

Ulad’) q€l qel

=M, P M P M,

]

We state a few results related to the Matsuo algebras. Proofs of the following

results can be found in [16].

Theorem 4.3.3. Let I'(P, L) be a Fischer space, and M = M (I',n) be the associated
Matsuo algebra. Then M 1is a primitive axial algebra of Jordan type n generated by
the set of azes A = {a, | p € P}. Furthermore, for every p € P, there exists a

unique Miyamoto involution T(ay,).

Theorem 4.3.4. Let I'(P, L) be a partial triple system. Then the associated Matsuo
algebra M = M(T',n) is an axial algebra of Jordan type n if and only if T(P, L) is a

Fischer space.

Remark 4.3.5. The Matsuo algebra M = M(T',n) admits a Frobenius form: For

the azes a, and a,

(
L if p=q,
[ap, aqg] = q 0 if ¢ =~ p,
\% if g €p”.
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Therefore, the Gram matriz of the form with respect to the basis {a, | p € P} is

Fy =1+ My,

where I is the identity matriz and M) is the adjacency matriz of the non-commuting

graph on the basis.
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Chapter 5

Axes of Monster type

Recall that an axial algebra of Monster type (a, ) is generated by a set of primitive
M(a, B)-axes. Here we show that an axis of Monster type (2n,7) arises as the sum
of two orthogonal axes of Jordan type 7. Call an axis of Jordan type a single axis
and an axis of Monster type (27,7) a double axis. Then we study subalgebras in

Matsuo algebras generated by one single axis, one double axis; and two double axes.

«|1/0 o | B
1 1 a | B
0 0| a | B
allalall0| 3
BlBI6| B |10«

Table 5.1: Fusion law M («, 3)
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5.1 Fusion laws for double axes

Let A be an axial algebra satisfying a Seress fusion law F. That is, F has two units,
1 and 0. In this section we first analyse the decomposition of A induced by a pair of
orthogonal axes. As a particular case, we compute the fusion law arising from sum

of two orthogonal axes of Jordan type 7.

Proposition 5.1.1. Let A be an axial algebra. If W is ad,-invariant subspace of A

for some azxis a then ad, is semisimple on W.

Proof. Let p(z) € F[z] be the minimum polynomial of ad,. Consider the endomor-
phism T' := ada|W on W. Clearly T satisfies p(x), and so if ¢(z) is the minimum
polynomial of T' then p(z) divides ¢(x). In particular, if A is an eigenvalue of ad,
then (z — A) divides ¢(z) and moreover, the multiplicity of (x — \) is 1. Hence, W

can be written as direct sum of A-eigenspaces of ad,,. O]

For orthogonal axes a and b of an axial algebra A, denote
Aya(a,b) .= A,(a) N AN(D),

where A,(a), Ax(b) are the u-, A-eigenspaces respectively. Similarly, for two sets
M,N C F,
AM7N(G, b) = AM(G) N AN(b)
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Lemma 5.1.2. Let A be an azial algebra satisfying a Seress fusion law F. Suppose

a and b are two orthogonal axes. Then for A € F

Ax(a) = @ Aru(a, ).

HEF

Proof. Since ad, is semisimple on A and also on all ady-invariant subspaces of A, it
suffices to show that Ay(a) is ady-invariant for all A € F.
The axes a and b are orthogonal, i.e., ab = 0, which implies b € Ay(a). Conse-

quently,
Ax(a)b C Ax(a)Ap(a) C Ax(a).

The last inclusion is due to the fact that F is Seress with 0 being one of the units.

Hence Aj(a) is ad,-invariant. O

Corollary 5.1.3. If a and b are two orthogonal azxes of an axial algebra A which

satisfies Seress fusion law F then

A= Aulab).

MNUEF

Lemma 5.1.4. If A is an azial algebra of Jordan type n, and a, b are orthogonal

axes then the subspaces Ajq(a,b), Ay ,(a,b) and A,1(a,b) are zero.

Proof. Since a and b are primitive, Aj;(a,b) = FaNFb = 0.
Let y € Aj(a) N A,(b), y # 0. Then ay = y and by = ny for some n # 0,1.
Substituting for y in the second equation and applying ab = 0 gives n = 0 which is

a contradiction. Therefore A, ,(a,b) = 0. Similarly A, ;(a,b) = 0. O
o2



Lemma 5.1.5. Let A be an azial algebra satisfying a fusion law F and a, b be

orthogonal azes. Then the endomorphism ad,1y acts on Ay ,(a,b) as scalar X\ + pu.

Proof. Let = a+b. Then for u € A, ,(a,b), we have,
zu = (a+bu=au+bu= A u+ pu= A+ p)u

as u € Ax(a) and u € A,(b). O

Lemma 5.1.6. Let A be an axial algebra satisfying a fusion law F. Suppose a and

b are orthogonal azes. Then Ay p(a,b)Ax(a,b) C Agirgiu(a,d) for a, B, A\, pe F.

Proof. We just apply the fusion law term wise to get the result. Consider

Aap(@,5) A, (a,b) = (Aa(a) N As(b))(Ax(@) N A, ()
C Aula)Ax(a) N As(D)A, (D)

== Aa*,\(a) N Aﬁ*u(a, b) = Aa*,\,g*u(a, b)

O

We now assume that a and b are orthogonal axes of Jordan type n. Note that
a+ b is an idempotent. The following theorem shows that a + b is an axis of Monster
type (21,7).

Theorem 5.1.7. Let A be an axial algebra of Jordan type n. Suppose a and b are

two axes with ab = 0. Then A has the decomposition

A= Ai(a+b) @D Ag(a+b) @D Azy(a+b) D Ay(a+b),
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with respect to a + b, which satisfies the M(2n,n)-fusion law.

Proof. From Proposition 5.1.1, Lemma 5.1.2, 5.1.4, we have,

A= ALQ(CL, b) D A071(CL, b) @ Aop(a, b) ©® A,m(a, b) b AQJZ(CL, b) b Amo(a, b)

From Lemma 5.1.5,

Al (a + b) 2 Alo(a, b) ) AOJ((Z, b),
Ao(a —+ b) 2 Aoo(a, b),
Agp(a+b) 2 Ay (a,b),

An(a + b) 2 Aon(a, b) ) 14770<a7 b)

That is, A = A1(a+b) @ Ag(a+b) B Az, (a+b) B A, (a+b). Thus ad,p is semisimple.
And all the above inclusions are equal.

The subset Ag(a + b) = Ago(a,b) = Ag(a) N Ag(b), being intersection of two
subalgebras of A, is a subalgebra of A.

Now it remains to prove that the above mentioned decomposition of A satisfies
M(2n,n)-fusion law. For that we compute A x p for all A\, € {1,0,2n,n7}. The
algebra A is commutative, therefore, A * u = p * \.

For simplicity, set Ay, = A, ,(a,b).

We use Lemma 5.1.6 several times without explicitly quoting.

Note that Agy = 0 for all A\ € M(2n,n).

We see that
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1x1={1}:

Al (a + b)Al(CL + b) = (Alo + AOl)(AIO —f- AOl)

C A+ Ant
= Al (CL -+ b)
1%0=0:
Ai(a+b)Ag(a+b) = (A + Ao1)Ago
C A0 0+0 + Aoso 140
1% 2n = 2n:

Ai(a+b)As,(a+b) = (A1g + An ) Ay,
- Al*n 0%n + A0*7] 1xn

C Apy = Agy(a+0).
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lxn=mn:

Ay(a+0)Ay(a+b) = (Ao + Aot) (Ao + Aoy)
g AUO + A(z) n(a, b)An 1] + AO??

= AUO —|— AOU = An(a —|— b)

0+x0=0:
Ag(a + b)Ao(a + b) = AOOAOO Q AOO = Ao(a + b)
0% 2n =2n:
Ao(a, + b)Agn(a + b) = AOOAWU Q A7777 = Azn(a + b)
Oxn=mn:

A(_)(a + b)An(a —+ b) = AOO(AnO + Aon) = AOOAnO —+ AOOAO'/]
g AO*r] 0+0 T AO*O 0xn

= AnO + AOn = An(a + b)
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2n % 2n = {1,0}:

A2n(a + b)Aﬂn(a +b) = AnnAnn C An*n nEn = An*n(a) N An*n(b)
= (Ai(a) + Ao(a)) N (A1 (b) + Ao (D))
= A + Ao + Aot + Aoo

= Al(a—l— b) + Ao(&—F b)

2nxn=mn:
Agp(a+b)A,(a+b) = Ay (Ano + Aoy); (5.1)

We compute each summand separately and substitute in the above expression.

AnnAnO C An*n 0 — A{LO} n
= (Ai(a) + Ag(a)) N A, (b)

— A1n+A077 - ®+A0n7

AnnA()n C ATI*O nxn T Ao {1,0}
= A,(a) N (A1(D) + Ao(D))

Substituting these results back in equation 5.1, we get the claimed result.
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n*n={1,0,2n}:

An(a + b)An(a +b) = (AUO + AOn)<An0 + AOn)

g AnOAUO + AnOA0n + AOnAOn-

But

AnoAno € Apun 0x0 = Af10) 0
= A{I,O} (a) N Ag(b) = (Al(a) + Ao(a)) N Ao(b)

= Aio + Aoo;

similarly, AOnAOn g Ao(a) N A{l,g}(b) = A()l + AOQ;

AnOA0n g An*O 0xn — A7777~

On substituting back, we get

Ap(a+b)Ay(a+b) C Aig + Ago + Aor + Aoo + Ay

=Ai(a+0b)+ Ag(a+b) + Asy(a+ ).

From the above computation we see that the axis a + b satisfy the fusion law given

by Table 5.2.
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0 0 | 2n i

2n | 2n | 2n | 1,0 n

nini|{ni|n 1,02n

Table 5.2: Fusion law satisfied by a + b.

Remark 5.1.8. The decomposition

A=A(a+b)® Ag(a+b) ® Agy(a+b) DA, (a+D)

1s Cy-graded. Let

Af(a+b) =Ag(a+b) ® Ai(a+b) & Asy(a+ D),

A_(a+b)=A,(a+D).

Then, from Table 5.2, we have A.(a + b)As(a + b) C As(a+b) for e, d € {+,—}.

Therefore, naturally A inherits the Miyamoto involution.

Definition 5.1.9. An azis of Jordan type n is called a single azxis. The sum of two

orthogonal single axes is called a double axis.

Note that a single axis satisfies the Monster fusion law M(2n,n) where the 2-
eigenspace is zero. Therefore, an algebra generated by a set of single and double axes

satisfies the fusion law M (2n,n).
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Lemma 5.1.10. Suppose a + b is a double axis in A. Then Toip = ToTp.

Proof. Consider an element x € A. Since a + b in an M(2n,n)-axis, = can be
expressed as © = x1 + o + Za, + z,,, where, x; € A;(a +b) for i € {1,0,2n,n}. The
Miyamoto involution 7,4, when acted on z, it fixes &1, zy and xs, and negates x,,.

As x1 and xg belong to different combinations of intersections of the subspaces
Aq(a), Ao(a), A1(b) and Ay(b) which are fixed by 7, and 7, they are fixed by 7,7.
Next consider zo, € A,,(a,b) = A,(a) N A,(b). Clearly x,, is negated under the
action of 7, and 7, consequently, it is fixed under the action of 7,7.

To see the action of 7,7, on x, € A,o(a,b) + Ag,(a,b), let z, = y + z, where

y € Ag(a) N Ay(b) and z € A,(a) N Ag(b). Therefore, z7* =y — 2z and

That is, 7,7, negates x,,. O

5.2 Fixed subalgebras

A double axis a + b may not be primitive in the algebra A. However, it can be
primitive in a proper subalgebra of A. In what follows, we study a subalgebra of A
in which double axes of the generating set are primitive.

Let A be an axial algebra of Jordan type n and H be a subgroup of Aut(A).
Consider a subset W of A which contains all those elements u such that u" = u, for

all h € H. Suppose u, v are in W then (uv)" = u"v" = uv. That is, W is closed for
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multiplication. And also, (u + v)" = u" + v", closed for addition. In this section we

study some of the properties of these subalgebras.

Definition 5.2.1. Let A be an azial algebra of Jordan type n. Suppose H < Aut(A)
is a subgroup. Then a subalgebra W of A satisfying w" = w for all w € W and

h € H 1is called the fixed subalgebra with respect to H.

In order to understand the dimension and structure of the fixed subalgebra rela-
tive to H, H has to permute all the axes of a generating set A of the axial algebra A.
This happens in the case of Matsuo algebras. Therefore, from this point onwards,
we assume A to be a Matsuo algebra.

Let M = M, (G, D) be the Matsuo algebra associated with the Fischer space I'¢
of a 3-transposition group (G, D). Here, for simplicity, we abuse the notation and

use D to denote the basis of M. Thus, the elements of D are vectors as well.

Proposition 5.2.2. Let W < M be a fized subalgebra with respect to H < Aut(M).

Then the dimension of W is equal to the number of H-obits on W.

Proof. Let H act on D and suppose that Oy, Os, ..., Oy are the orbits of the action.
Then the condition, w" = w for all w € W and h € H, implies that all coefficients

of basis elements of an orbit O;, for i € {1,2,...,k}, are equal. Now let

GZ:Zd

deO;

for all i € {1,2... k}. The set {eq,ea,...,er} spans W, and moreover, it is linearly
independent. Thus the set {ey,es,..., e} forms a basis for W. O]
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Corollary 5.2.3. An element w of W can be written as

where k is the number of H-orbits of the action.

Corollary 5.2.4. Let h € Aut(M) be an involution. Assume that there exists a € D

h

such that a, a" are orthogonal. Then the double axis a + a" is primitive in the fived

subalgebra W relative to H = (h).

Proof. It is given that a and a” are orthogonal, therefore, h does not fix a, conse-
quently, a + a" is a double axis of the fixed subalgebra W. Further, as {a,a"} is a
single orbit, a and a" do not belong to W seperately. Hence, 1-eigenspace of ady 4
of W is,

Wi(a+a") = Mi(a+ad)NW = (a,a"y "W = (a + a").
This shows that a + a” is primitive in W. O]

Remark 5.2.5. For an involution h € Aut(M), the action of (h) on D has three
types of orbits: The first type orbits are of length one. In this case a® = a. Each
such orbit gives a single axis of W. Second type orbits are of length two satisfying
the condition aa = 0, for a € D. From each such orbit, we have a primitive double
axis a + a” of W. The third type orbits are also of length two, however, aa" # 0 for

a € D. Axes arising from these orbits are called extras.
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5.3 Diagrams

Definition 5.3.1. Let M be the Matsuo algebra for the group (G, D). Suppose x is
an azis of M. Then the support of x is the corresponding set {a} C D whenever
x = a is a single axis and the support of x is the set {a,b} C D whenever x =a+b
15 a double axis. Then the support of a set X of axes is the union of supports of all

the axes present in X.

Definition 5.3.2. The axes x and y are said to be independent if their supports are
disjoint. A set of axes is said to be independent if every pair of axes in the set is

independent.
From now on B represents an independent set of axes.

Definition 5.3.3. For an independent set of axes B, the diagram Ag is a graph
whose vertex set is the support of B and two vertices a,b have an edge in Ap if a and

b are collinear in the Fischer space I'g.

Definition 5.3.4. Let Ag be the diagram of the independent set B. Let 6 be the per-
mutation of B which fizes all the points corresponding single axes and interchanges
the points of each support set that correspond to a double axis. If € is an automor-

phism of Ag then it is called the flip of the diagram.

We say that the diagram Az has the flip whenever the flip 6 exists. On the other
hand, if # is not a flip then, we say, Az has no flip.
In the following theorem we prove the relation between a diagram having the flip

and the primitivity of the axes.
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Lemma 5.3.5. Let A be an axial algebra satisfying the fusion law F. Let x be an
axis and W be an ad,-invariant subspace of A. Assume that an element y € W has

the following decomposition with respect to x,

yzzyx,

AEF
where yy € Ax(x) for all X € F. Then each component yy belongs to W.

Proof. Since W is ad,-invariant, any polynomial in ad, when acted on W leaves it

invariant. In particular, consider the polynomial

A= 11 ¢-mw,

A£PEF

plugging ad, in place of ¢ and letting the polynomial f(ad,) act on y,

flady)y = (T (A= m)us.

AAPEF
As the left hand side of the above expression belongs to W so is y,. ]
Now we return to considering single and double axes in a Matsuo algebra M.

Theorem 5.3.6. Let B be an independent set of axes in M and Apg be the corre-

sponding diagram. Then the subalgebra W generated by B is primitive only if Ag has
the flip.

Proof. Clearly W is ad,-invariant for all x € B. If B contains only single axes

then the diagram Az admits the flip, namely, the identity map. In this case, W is
64



primitive. Now assume that there exists at least one double axis, say © = a + b in

B. For any other axis y € B, its decomposition with respect to x is

Y =Y1+ Yo+ Yo + Yn,

where y) € A,(x) for A € {1,0,2n,n}. Using Lemma 5.3.5, the component ; can
be expressed in terms of x and y using the polynomial f(t) = t(t — 2n)(t —n). In

particular,

filady)y = (1 —2n)(1 —n)n

= (1 = 2n)(1 — n)(aa + Bb).

The last equality follows from y; € A;(x) = Fa + Fb. Note that the scalars « and [
are the projections of y on the axes a and b respectively. Therefore, o = (y,a) and
B = (y,b), where (, ) denotes the Frobenius form on M. The term aa + b belongs
to W as fi(ad,)y belongs to W. For the primitivity of the axis z in W, we must
have

Wi(x) =W nN{a,b) = (z).

Hence, z is imprimitive unless a = [ or equivalently (y,a) = (y,b). That is, the
points a and b should have same number of neighbours within the support of any
other axis y € B. If y is a single axis, say y = ¢, then the condition (y,a) = (y, b)
implies that either there exist edges between a,c and b,c or no edge between a,c

and b,c. If y is a double axis, say y = ¢ + d, then repeating the above process for
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y, we see that, for the primitivity of y, the axes ¢ and d must have same number
of neighbours within the support of x € B. That is, the nonsymmetric subdiagrams

shown in Figure 5.1 will not lead to primitivity of the axes. Hence, the subalgebra

a.____.c a Cc
b® b °d
a C

Figure 5.1: Diagrams not having the flip.

W is primitive only if the diagram Ag has the flip. ]
We give a partial converse of Theorem 5.3.6.

Theorem 5.3.7. Let the diagram Ag have the flip 6 which extends to an automor-

phism of the algebra M. Then the algebra (B)) is primitive.

Proof. Note that € is an automorphism of order two which fixes ((B)). That is, {(13))

is the fixed subalgebra relative to (f). Hence, it is primitive. O
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5.4 2-generated subalgebras

Recall that M is the Matsuo algebra associated with the Fischer space I'(G, D) of
3-transposition group (G, D). Let x, y be axes of M and B = {x,y}. Clearly, B is
independent, and the diagram Ap is a subgraph induced on the support set of B by
the diagram on D. The subgroup F' := (Ag) is a quotient of the Coxeter group with
diagram Ag. The elements of D in F' form a conjugacy class of F. If T' denote the
conjugacy class then (F,T') is a 3-transposition group. Let ['r be the Fischer space
of (F,T).

In the following section we study two-generated subalgebras ((x,y)) of M. The
subalgebras generated by {z,y} where x is a single axis and y is a double axis will
be called MA-type. The subalgebras generated by {z,y} where both x and y are
double axes will be called MB-type.

Let x = a and y = b+ ¢. All possible diagrams on B = {x,y} that have flips are

given in Figure 5.2.

oe®

Figure 5.2: Diagram A; and diagram As.

Lemma 5.4.1. The algebra arising from the diagram Ay is isomorphic to 2B.
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Proof. The Coxeter group G of the diagram A; is an elementary abelian 2-group of
rank 3. Therefore, (F,T) can be G or a factor group of it. In either case (x,y)
satisfies the relations

=z, =y, zy=0

as ab = ac = bec = 0. Therefore, it is isomorphic to 2B. This is an associative algebra

whose only idempotents are z, y. And the identity element is x + y. ]

Lemma 5.4.2. The algebra arising from diagram As is primitive, and has two single

azes and two double axes.

Proof. The Coxeter group G of the diagram A, is Sy. Since (F,T) can not be
isomorphic to the factor groups S3 and Zs of G, we conclude F = G. The Fischer

space of Sy is given in Figure 5.3.

Figure 5.3: Fischer space I'r of Sy.

68



We have x = a and y = b+ c. Therefore,

w = %(xy) =a(b+c)

=a+b—-—d+a+c—e

=2a+ (b+c)—(d+e).

If 7, and 7, are the Miyamoto involutions with respect to # and y. Then

v =a"" = f.=s,

y“=(b+c)*=d+e:=t.

Thus we have

w—zr+2¥=2a+(b+c)—(d+e)—a+f

=xr+y—y°"+am.
The above computation implies that

xy=—2x+y—1).

N |3

Therefore, y is primitive in (z,y)) 4,. Furthermore, the set {x,y,s,t} is linearly

independent in {(z,y)) 4, as they are linearly independent in M. Next we show that
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the above set is closed for the algebra product by computing all possible products of
the basis elements. From the diagram we observe the following.

xs = 0.

vt =a(d+e) =2 a+d—b)+ 2 ate—c)=2(2a+d+e—(c+b)) =22z +t—y).

Product of y and s:

ys=(b+c)f =bf +cf

_n _ n _
= 2(b+f e)+2(c+f d)
:g(2f+b+c—(d+e))
:g(Qs—l—y—t).

Product of y and ¢:

yt = (b+c)(d+e) = bd + be + cd + ce

:g(b+d—a+b+e—f—|—c—|—d—f+c+e—a)

=nb+c+d+e—a—f)

=nly+t—a—s).
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Product of s and ¢:

NS I3

(2s+t—vy).

st=f(d+e)= fd+ fe

(f+d—c+ f+e—b)

Thus (z,y)) a, is a 4-dimensional algebra generated by the set of axes {x,y, s, t},

and the product of the axes is given by Table 5.3.

x (single) y (double) s (single) t (double)
x x 12z +y—1) 0 12z +t—y)
y || 2Q2r+y—1) Yy 32s+y—t)| 3(y+t—s—1x)
s 0 125 +y—1) s 125+t —y)
t || 3@Rr+t—y) | sytt—s—z)|3(2s+t—y) t

Table 5.3: Multiplication table for (z,y))4,.

]

Remark 5.4.3. To identify this algebra with the 2-generated family of algebras ap-

peared in Rehren’s work [26], we need to compute n = |z¥ Uy*|. Clearly, ¥ = {z, s}

and y¥ = {y,t}. Therefore n = 4. The only covers with coefficient 4 are 4A(n) and

71



4B(n), and both are 5-dimensional. Hence, {(x,y)) 4, does not belong to the family of

covers.

Proposition 5.4.4. The algebra {(x,y)) 4, has the following decomposition with re-

spect to y:
(x,yDa, =Fy@F(x —2ny +s+2t) 8F(z —ny + s+ 2t) ®F(z + s + 2t).

In particular, y is primitive.

Proof. We just determine 0-, 2n- and 7-eigenspaces of ad,. Note that

y(x —2ny + s+ 2t) = xy — 2ny + ys + 2yt

:g(Qx—2t+25+2t—2s)—27]y+277:(),

y(x + s+ 2t) = yr +ys+ 2yt

:g(Zx—t+2$—t+2t—2s—2x)—|—277y:277y,

ylx —ny+ s+ 2t) = yxr —ny + ys + 2yt

:g(Qx—t+25—t+2t—23—2x)+2ny—ny:ny.

Comparing the dimension of ((z,y))4, with the dimensions of the eigenspaces, the

claim follows. O

Proposition 5.4.5. The algebra (x,y) a, has a nontrivial radical only for n = —1.

The dimension of the radical is 1.
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Proof. We show that the determinant of the Gram matrix of ((x, y)) 4, vanishes when
n=—3.

First we change the basis {z, s, y,t} to a suitable basis with respect to which the
Gram matrix is easy to analyse. Note that change of basis alter the value of the
determinant, however, we are looking for those values of 7 for which the determinant
becomes zero. and this will not change under change of basis.

Let {z,s,y,t} change to {z,s,z,w}, where 2z = y+t and w = y — t. Then
transform {z,s, z,w} to {z,s, Z,w}, where, Z = 2z — 2nx — 2ns. It is clear that
{z,s,Z,w} is linearly independent.

Note that Z is perpendicular to (x, s, w):

(2,2) = (v,y +t—2nx —2ns) =n+n—2n+0=0,
(s,2) =(s,y+t—2nx—2ns)=n+n+0-—2n=0,
(w,2) = (y —t,y +t—2nx — 2ns)

=W+ty—t)—2n(x+sy—t)=0-2nn—n+n—mn) =0.
Further note that

(2,2) =22+ 2n—4n°) = 4(1 + n — 21%),
(w,w) =4 =2(y,t) = 4(1 —n),

(m7w):(37w):77_77:()'
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Therefore, the Gram matrix of (z,y))4, with respect to {z, s, Z,w} is

1 0 0 0

0 1 0 0
Gr =

0 0 41+n—2p) 0

0 0 0 4(1 —n)

Now det Gr = 0 implies 16(1 +n — 29*)(1 — 1) = 16(2n + 1)(1 — n)? = 0. Since
n # 1, it follows that n = —%. Note that the rank of the Gram matrix is 2. Hence

the dimension of the radical is 1. O]

Now we consider MB-type algebras,! that is, B = {z,y}, where z = a + b and

y = ¢+ d. All possible diagrams on B are given by Figure 5.4.

Figure 5.4: Diagram B, diagram By and digram Bs.

1A. Staroletov independently constructed all MB-type algebras for 7 = 3 using GAP.
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Lemma 5.4.6. The algebra {(x,y)) , is isomorphic to 2B.
Lemma 5.4.7. The algebra {(x,y)) s, is isomorphic to 3C(n).

Proof. The Coxeter group of Bj is G = S3 x S5. In this case also, we see, F' = G.
For simplicity we embed F' into Sg. Therefore, we may assume z = (1,2) + (3,4)
and y = (2,5) + (4,6). The product zy is,

xy=-((1,2)+(2,5) — (1,5) + (3,4) + (4,6) — (3,6))

(x+y—(1,5) —(3,6)).

NS o3

Set z = (1,5) + (3,6). Thus we have zy = 2(z +y — 2). That is, {z,y, 2} is a line

in the Fischer space. Consequently, ™ = y™ = z. Further,

yz = g(y—l—z—x).
The parameter n = |z Uy”| = 3. Hence, the algebra {(z,y) s, = 3C(n). O

The Coxeter group G of By is an infinite group. Therefore, F'is a quotient of G.
From [17], we have F' = W,(A3) = p* : S; where p = [a%°|, and p € {1,2,3}. Let
B3 represent the case where the order of p = 1. Similarly, B2 and B3 represent cases

where the orders of p are 2 and 3 respectively.
Lemma 5.4.8. The algebra (x,y))p1 is isomorphic to 3C(2n).

Proof. In this case ' = S;. The Fischer space I'r is given in Figure 5.5.
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Figure 5.5: Fischer space associated with B}

From I'r, we have

(a+Db)(c+d)
:g(a+c—e+a+d—f+b+c—f+b+d—e)

Ty

(+y—2),

where, z := e+ f. Since e and f are not collinear in I'g, they are orthogonal in Mp.

Therefore, z is a double axis. We compute the products xz, yz, and determine the
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dimension of the algebra.

zz = (a+0b)e+ f)
:g(a+e—c+a+f—d+b+e—d+b+f—c)
=n(z +z—y),

yz = (c+d)(e+ f)
:g(c+e—a+c+f—b+d+e—b+d+f—a)
=n(y+z—x).

Therefore, {z,y, 2} is a line in the Fischer space. Therefore, (z,y))p1 = 3C(2n). O

In the next case, we obtain an algebra that belongs to the class of 2-generated

algebras introduced by Rehren in [26].
Lemma 5.4.9. The algebra {(z,y)) gz = 4A(n).

Proof. The group F is isomorphic to 23 : Sy. Let T' = {a,b,c,d,e, f,a’,V,c,d ¢, f'}
be the generating set of F'. The Fischer space ['r is a geometry on 12 points. Some
of the planes of the Fischer space are shown in Figure 5.7. For simplicity, we change

the notations. Let x = a + f' and y = ¢ + d, so that a®/f’ = b?f' = ff' = 0. Thus
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Figure 5.7: The planes of Fischer space used in the construction of (z,y)) pz.

a“f" = 2. Products of the axes are as follows.

zy = (a+ f(c+d)
_n

(a+c—b+a+d—e+ f'+c—€e+ f+d-1)

2

n(x+y)—g(b+e+b/+e’)

=n(z+y) +o,
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where 0 = —2(b+e+ b +¢€) =2y —n(z +y).

Note that

Counsider

v =(a+ f) " =(b+e)4=f+d :=s,

y™ = (c+ d)T“T} =(b+ 6)7} =d 4+ :=t.

zs=(a+ f)d+f)=ad +af+ fld+ff =0
yt =(c+d)(d +d)=cd +ecd +dd +dd =0,
wt = (a+ f)(c +d)
g(a—Fc —V+at+d—-€e+f+d—e+f+d-b)

=nla+ f+d+d)— 2(b—|—e+b'+e’)

=n(z+t)+o
xa:—g( + f)b+e+b +¢)

2

= 77Z(cme—c—ira—l—e—d—ira+b' d+a+e —d)
2
%(erb d+f+e—cd+f+0—d+f+e -
2

= UZ( (a+f)=2(c+d+c+d)+20+e+V +¢))

772
= —n’r + 5@ +t) + no,
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Il
|

dwld
N’/-\

Il
|
=

to =

+d)(b+e+V +¢€)

(c+b—a+ct+e—f+c+V —d +c+e —f)

Z

%(d+b—f+d+e—a+d+b' ff+d+e —a)

2

%(4(c+d)—2(a+f—|—a—i—f)—|—2(b—|—e+b/+e)
772

Ny + 5 (x4 5) + 00,

g( + ) b+e+t +e)

2

%( +b—cd+d+e—d+d+b —c+d+e—d

2

%(f+b—d+f+e—c+f+b’ d+f+e—c)

2

"Z( @+ f)=2ct+d+c +d)+20b+e+V +¢))
7,]2

s+ 5yt + o,

g( +d)(b+e+b +€)

2

%(c—i—b d+cd+e—f+d+V—at+d+e—f)

%(d’+b ff+d+e—ad+d+b—f+d+e—

2

%( (d+d)y=2(a+f+d+f)+20b+e+b +¢)
7]2

—n2t+§(x+s)+na,
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+d)(a" + f)

(c+
Q@+a V+c+f—et+d+ad —e+d+ f-0)

2
n(c+d+d +f)—§(b+e+b'+e)

n(y + s) + o,

ts = (¢ +d)(d + f)

:g(c’+a’—b+c’+f—e’+d’+a’—e+d’+f—b’)
=n(d+d+d +f)—§(b+e+b’+e)
=n(t+s) + o,
2
ol = %(b+e+b/+e)(b+e+b/+e/)
772
Z(b+e+b’+e)
:—ﬂo'
50"

The multiplication table for (x,y)) pz is given in Table 5.4. It remains to deter-

mine the parameter n. From the Fischer space, we have

v =35, sV =u,

yv=t, t™ =y.

Thus n = |zF Uy"| = [{z,s,9,t}| = 4. We identify that the algebra (z,y)p2 is

isomorphic to 4A(n). Note that all the axes of the algebra are double axes. ]
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Now we consider the last case, that is, p = |a%b| = 3. Note that in this case the
group F' is isomorphic to 3% : S;. We realise F' as follows. 2 Let V be a 4-dimensional
vector space over field GF(3) with a basis {ey, es, €3, €4} as the permutation module
for Sy. Let W = (e; +es+e3+ 64>J‘. Clearly W is invariant under the action of Sj.

Take F' to be the semi direct product of W and Sy. Thus, F' = 3% : S,. Denote by

rij = ((4,7), 0),
ri; = ((1,9), ei —e;),

1

Ty = ((3,7), e — ei),

for i,5 € {1,2,3,4} and i < j. From now on till the end of this section, all the
subscripts belong to {1,2,3,4} unless otherwise is stated. From the definition of r;,
the lines {r;;, 7, ri;} and {r;;,ryy, 7;} generate a 6-point plane in the Fischer space

Ip.
Lemma 5.4.10. Fori < j, {rij,r};,7;} is a line.

Proof. Consider

(ng)mj =Tij T;j Tij

= ((17])7 O)((Zh])? € — ej)((imj)’ 0)
= (i), (e —¢;)"")

= ((Zvj)7 € — ei) = T:/]

T am grateful to A. Galt, A. Mamontov, A. Staroletov for suggesting me this realisation of F.
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1/

Similarly, (ri;)" = rj;. Hence, {ri;,rj;,7;} is a line in the Fischer space I'r. O

Lemma 5.4.11. For mutually disjoint pairs of indices, the elements r;;, r7,, and

" o
Tn POITWISE COMMULE.

Proof. In this case, the semidirect product reduces to the direct product. Therefore,

the claim follows. O

Now we construct the multiplication table for (z,y)) Bg- Let ai = ri3 +raq and

as = 112 + 1r4,. Clearly,

and |a®¢| = |ri,m14] = |(1, es—e1)| = 3. Therefore, the algebra generated by {a;,as}

is isomorphic to BS. Consider

Trig Tyl

. Tag __ o /
as = ay° = (7’13 + T24) 34 =Tq3 + Toys

o Tar ! \TrqaT o /
ag 1= Ayt = (r1g + 15,) 13720 = 13y + 1.

Clearly, a3 and a4 are axes.

Lemma 5.4.12. Let a5 = ri3 + ry, and ag = rly + 14,. Then (ay,a3,as) and

(a2, aq, ag)) are isomorphic to 3C(n).

Proof. From the definitions of a;, as, as, and a4, the diagrams on {ay, a3} and {as, a4}

are given in Figure 5.8.
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-——® 7’12.—. 12
ai as as a4
.___./ / @ —l)

T4 T oy T34 T34

Figure 5.8: Diagrams on {aj,az} and {ag, a4}

Therefore, we have

araz = (113 + 74) (1Y + 134
= g(ﬁ:s + iy — Ty + roa + 75 — 1h,)
= g(al +ag — as),

agy = (r12 + 734) (19 + 734)

! ! ! "
(7"12 T Ty = Tig gy + T34 — 7”34)

IS N3

(CLQ + a4 — aﬁ).

Hence, from Lemma 5.4.7, (a1, as, as)) and {(az, a4, ag)) are isomorphic to 3C(n). O

Lemma 5.4.13. Suppose that a; = 17, + rh;, then (a1, a6, az)), (az,as,ar)), and

{(as, aq, az)) are isomorphic to 3C(2n).

Proof. Again consider the diagrams on {a, ag}, {as, a5} and {as, as} which are given

in Figure 5.9. In each case we observe that the condition |a?°| = 1 holds for axes
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a+ b and ¢+ d. That is,

|(r13)"1 (raq)" 2] = [ yrly| = 1,
|(7“12)Tg4 (7“,34>T/13| = |riyrsl =1,
(1) (7“54)Tl12| = |riyrl = 1.

From Lemma 5.4.8, each algebra ((a1,aq)), (a2, as), and, (a3, as)) is isomorphic to

{(z,y)) g1- Hence, the assertion follows.

iz !

13 " 19 7192 13
a; ag as :>§_ as
_e e ' o,
13 19
as ay
4y 734

Figure 5.9: Diagrams on {aj,ag}, {as, as}, and {as, as}.
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Lemma 5.4.14. For two double axes u and v of a primitive axial algebra of Monster
type (2n,m), set

o(u,v) =uv —n(u+v).
Then o(u™,v) = o(u,v) = o(u,v™).

Proof. Consider the decomposition of u with respect to v,

U = v + Vg + V2 + Uy,

where, vy € Ay(v) for all A € {0,2n,n}. Substituting for v in the expression of

o(u,v),

o(u,v) = (v + vo + Vo, + vy)v — N(aw + vy + Vo + v, + V)
= av + 2nvy, + nu, — (Nac+n)v — Nug — Mg, — MUy,

= (@ = na —n)v — nug + Noay,.

Therefore, 0 € A;(v) @ Ao(v) P Az(v) = AL(v). Since 7, is an automorphism

which fixes A (v) and negates A_(v) = A, (v), we have,

o(u,v) = o(u,v)” =o(u™,v).

Similarly, by decomposing v with respect to u, we see that o(u,v) = o(u,v™). O
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Lemma 5.4.15. For (u,v) € {(a1,a2), (a1, a4), (az, as), (as, ag), (aq, as), (as, ag) },
_n ’ ”
o(u,v) = _5(7"14 + 723 + 114 + 73),

furthermore,

2

o(u,v)u = —n’u + %(U +v™) + no,

2

o(u,v)v = —n*v + %(u + u™) + no.

Proof. We compute o = o(ay,as) then repeated application of Lemma 5.4.14 on o

yields the remaining cases. Consider

arag = (r13 + 124) (112 + 734)
= g(2<7'13 + 7“24) -+ 2(7"12 + 7“34) — (7"14 + T923 —+ 7“/14 -+ 7"2/3))

=n(a; + az) — g(TM + T3 4 T4+ Th3)-

By the definition of o, we have o = —Z(r14 + 793 + 114 + 753). We have already seen

that a3 = a,"> and a4 = a,"". From the definitions of a; for i € {1,2,3,4,5,6}, we
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o(ay, ay) o(as, as)

Tay
Ta,
U(ah (14) 0(613, a6>
Ta,
Tas
U(a57 CL4)

Figure 5.10: Actions of Miyamoto involutions on o(a;, a;).

have

I \Trl 1" Tl /" "
(9" = (119 + 1) "137724 = (15, + 114) 24 = 1o, + 15 = ag,
34 23 34 12

Ta‘6 _ Vi / T,r// +’l‘// _ T,,,// _ 123 / _

asg = = (7’13 +7y) 12178 = (193 + 114) T84 =T + 13 = Gs,
Tag 7i "WNTR el 17 TR !

g = = (7’12 + 7"34) 137724 = (7"23 + 7”14) 2 =T34 + T = Ay,
Tay __ / " AN\TH _ T _ _

ag™t = (g +1rhy) 127734 = (ro3 4 114) 73 = roq + 113 = ay.

Ta4

Thus o(ay,a3) = o(ar,a,") = o(a1,as), which implies, o(ay,as) = o(a]™, a4) =
o(as,aq). Similarly, other cases follow. Images of o(a;, a;) under the actions of the

various Miyamoto involutions are shown in Figure 5.10.
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We prove the second part of the claim for a; and ay, remaining cases follow from

the actions of Miyamoto involutions on oa; and oas. Consider

oa; = —g(TM -+ T23 —+ T/14 -+ 7’/2/3)<7’13 —+ 7”24)
2
= —%(2(7”14 + 13 + 1y + 793) + 4(113 4 Tos) — 2(rss 4 18y + 112 + 7))
n?
= —772CL1 -+ 5(&2 + CL4) + no
772 T
= —n’a; + 5 (a2 +ay") + 10,
oag = —

(714 + 793 + 1y + 793) (112 + 75y)
2

I N3

= - (2(7"14 + T3+ 7"/14 + 7“/2/3) +4(r12 + 71{54) —2(r13+1ros + 7’/1,3 + T/24))

|

2

= —n’ay + %(al +az) +no

2

= —n’ay + %(al + a;") + no.
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Note that s = ry4 + 793 and t = r}, + 155 are double axes and moreover ((s, ¢, ar)

are isomorphic to 3C(n). Therefore,

n’ U
0'2:Z(T14+7’23+7’14+T12/3)2:Z(S—i‘t)Q
2
:%(3+t+g(s+t—a7))
3
n n n
=11+ Do - L
U o) =g
2 2 2
aa7:—Z(s—l—t)cw:——(s+a7—t—|—t+a7—s):—§a7

Theorem 5.4.16. The two-generated algebra ((x,y)) g3 is an 8-dimensional primitive
azial algebra of Monster type (2n,7), and product of the basis elements is given by
Table 5.5.

Thus the multiplication table of (x,y)) ps is as follows.
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Chapter 6

Fixed subalgebras for 5,

6.1 Algebra of dimension k?

Let (G, D) be a 3-transposition group and I' be the Fischer space on (G, D). Let
M = M(TI',n) be the associated Matsuo algebra. Recall that for an involution h €
Aut(M) fixing D, the fixed subalgebra W < M relative to (h) is a primitive axial
algebra of Monster type (2n,n). Earlier we showed that W arises from the (h)-orbits
on D. Note that an orbit {a,a”"} of length two is the support of a double axis if
aa™ = 0. Any other vector arising from an orbit of length two is called an extra.
The elements of D denote the basis elements of M, in order to distinguish between
the algebra product with the group product, we use - to denote the algebra product.
In this chapter, we study the fixed subalgebra for the symmetric group Ss; and

its radical.
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Definition 6.1.1. Let h € Sy be an involution. Then the rank of h is the number

of 2-cycles in it.

Theorem 6.1.2. Let M be the Matsuo algebra for the symmetric group So and
h = (1,2)(3,4)...(2k — 1,2k) be an involution in Sa. Then the fived subalgebra
relative to (h) is generated by the set containing k single axes and k(k — 1) double
axes. Furthermore, these set of axes form a basis for the fived subalgebra, therefore,

the dimension is k2.

Proof. Since D denotes the set of 3-transpositions and is a basis for M, we use
a - b to denote the algebra product of two elements a,b € D. Let (h) act on D by
conjugation. Then the union of all (h)-orbits of length 1 is the centraliser of A in D
which is

Cw(D) = {(1,2),(3,4)..., (2k — 1,2k)}.

Clearly, each element of C}(D) is a single axis of the fixed subalgebra. Therefore,
there are k single axes.

To see the (h)-orbits of length 2, first we consider the action of rs for some
r = (i,7), s = (m,n) present in the expression of h. The action of rs on 2-cycles

(¢,m) and (i,n) belong to D are respectively,

(iv mys = (]7 n),

(4,n)"™ = (3, m).

Since rs is an involution, (j,n)™ = (i,m) and (j,m)™ = (i,n). Furthermore, the

algebra product, (i,m) - (i,m)™ = 0 = (i,n) - (i,n)" as the pairs (i,m), (i,m)"*
94



and (i,n), (i,n)" commute. Note that rs fixes all the remaining 2-cycles in D.
Therefore, for every disjoint pair r, s there exist two orbits of length 2 such that
each orbit corresponds to a double axis. In the above case, the double axes are
(i,m) + (J,n) and (i,n) + (j,m). Since there are k(k — 1)/2 such pairs in h, we
see that, the action of (h) on D has k(k — 1) orbits of length 2, and each such
orbit constitute a double axis. Hence, the total number of double axes is k(k — 1).

Consequently, the dimension of the fixed subalgebra for Sy is k2. [
Call the above algebra the k2-algebra for Soy!.

Corollary 6.1.3. A 2-generated subalgebra of the k*-algebra is isomorphic to exactly
one of the following.
2B, 3C(n), or 3C(2n).

Proof. All possible diagrams on the support set of B = {z,y}, where x and y are axes

of k*-algebra, is given in Figure 6.1. From the diagrams the assertion follows. [

Definition 6.1.4. Let W be the fixed subalgebra of a Matsuo algebra M relative
to (h), for an involution h € Aut(M). Then the axial part of W is the subalgebra
containing no extras. That 1s, the axial part is generated by a set containing only

single azxes and double axes.

Theorem 6.1.5. Let M, be the Matsuo algebra for the symmetric group S,, n =

2k + 1. Then the azial part of the fized subalgebra relative to (h), where

h=(1,2)(3,4)...(2k — 1,2k),

LA. Galt, A. Mamontov, A. Staroletov constructed this algebra independently.
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[ J &= .
(s:1) (p,q) (s,) (4, 1)
Figure 6.1: Diagrams on support set containing two axes of k%-algebra.

for S, is the k*-algebra.

Proof. Note that the action of h, (i,2k + 1)" = (j,2k + 1) for any i < 2k. Clearly,

(i,2k + 1)"(j,2k + 1) # 0. Hence, we do not have any new axis from the above

mentioned 2-cycles. In other words, the action of h on (i,2k + 1) yields only extras.

]

6.2 Radical of the k*-algebra

Let W be the fixed subalgebra for Sy, relative to (h) for a rank & involution h € Sy.

Let 8 and D be the sets of single axes and double axes respectively. In order to
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determine the radical of W, we compute the determinant of the Gram matrix with
respect to a suitable basis. So first, we change the basis § U D.
Note that each element of 8 is a 2-cycle a; := (2i — 1,2i) for i = 1,2,... k. For

each pair a;, a;, 1 < j, let

di; = (20 —1,25) + (25 — 1, 21)

be the corresponding double axes. For 7, 7, let

Cij = dij + dij;,

Clearly, from the definitions of a;, Cj;, and D;;, the set

B:{ai,C'ij,Dij | 'L,] € {1,2,,k’},2<]}

is a basis for W. Moreover, the basis elements have the following properties which

are presented as lemmas.

Lemma 6.2.1. The subspace (D;; | i,5 € {1,2,...k}) is orthogonal to the subspace

(@i, Co | 1,mym € {1,2,...k}) with respect to the Frobenius form (, ) on M.

Proof. 1f i, j, [, m and n all are distinct then the claim holds as the 2-cycles of D;j,
a;, and C,,, are disjoint and their inner product is zero. Now we compute the inner

products of the basis elements which have some of the common indices. From the
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diagrams on the corresponding support sets, we have

(ai, Dij) = (ai, d; j — diz) = (a;, dij) — (a;,dij) =n—n =0,
(Cijy Dij) = (dij + dij, dij — dig) = 2 = 20+ 27 — 2 = 0,

(CijaDiz) = (dij + d;jadiz - dix) =n—n+n—n=0.

)
o

dij or d; j

Figure 6.2: Diagrams on single and double axes of B

Hence, the subspaces mentioned in the statement are orthogonal.
Lemma 6.2.2. Fori < j,z, (D;;, D;;) = 41 —n) and (D;j, D;,) = 0.

Proof. Again from Figure 6.2,

(Dij, Dij) = (dij — dij, dij — dij) = 2 =20 — 20+ 2 = 4(1 — 1),

(Dz]7Dl:t) = (di,j - dijadi,m - d:ac) =n-n—- 77+77 =0.
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For i,j € {1,2,...,k}, define

Cij = Cij — 2na; — 2na;.

Clearly, the set containing a;, Dj; and Coon for all 4,7,1,m,n € {1,2,...,k} is a basis

for W. And moreover, Dy, is orthogonal to ézy

Lemma 6.2.3. For distinct i,j,x € {1,2,... k},

Proof. From the diagrams, we have

(ai, Cij) = (a;,Cij) = n+n = 2n,
(Cij, Cij) = (dij + dij, dij + dij) = 2+ 2+ 2n + 2 = 4(1 + n),

(Cija Ciz) = (dij + d;jadix + d;ac) =n+n+n+n=4n.
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Now consider,

(ai, Cij) = (a5,C5) = 20 — 2 = 0,
(C’ij, C’Z]) = (Cyj — 2na; — 2na;, Cyj — 2na; — 2na;)
= (Cy, Cij) — 4n(as, Cyj) — 4n(ay, Cij) + 81
=4(1+n—27),
(C’ij, C~’m) = (Cyj — 2na; — 2na;, Ciy — 2na; — 2nay,)
= (Cyj, Ci) — 2n(ai, Cij) — 2n(ai, Cip) + 4°

=4n —4An® — 4> + 4p* = 4An(1 — n).

]

Let X = {a;,| i € {1,2,...,k}}, Y = {Dy;,| 4,5 € {1,2,...,k},i < j}, and
7 = {éij,| i,7 € {1,2,...,k},i < j}. Then the set B’ := X UY U Z is a basis for
the k%-algebra. We compute the determinant of the Gram matrix with respect to B'.
Note that change of basis may alter the eigenvalues of the Gram matrix, however,

we are interested in those values of 1 for which the determinant of the Gram matrix

1S zero.

Theorem 6.2.4. The Gram matriz of the k?-algebra with respect to the basis B’ is

Iix|
Gro = 4(1 =)y, :
GT’Z
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where I s the identity matriz, Gry is the Gram matriz with respect to Z.

Since 1 # 1, to determine the radical of the k%-algebra, it is enough to find the
radical of the subspace generated by Z. For that we define a graph €2z on Z and
notice that it is distance regular. Then we can find the eigenvalues of the adjacency
matrix of {2, using known results.

Let Q7 be a graph on Z whose vertex set is Z and two distinct vertices C’,-j and

Cim connected by an edge if [{i,j} N {l,m}| = 1.

We have referred [12] for the results related to distance regular graphs.

Definition 6.2.5. Let ) be a reqular graph that is neither complete nor empty. Then
Q is said to be strongly reqular with parameters (p, K, a,c) if it is K-regular, every
pair of adjacent vertices has a common neighbours, and every pair of nonadjacent

vertices has ¢ common neighbours.

Clearly the graph Q7 is a strongly regular graph with parameters
(u, K,a,¢) = (k(k—1)/2,2k — 4,k — 2,4). (6.1)
Remark 6.2.6. From Lemma 6.2.1, Lemma 6.2.3, the Gram matrix Gz is
Gry =4(1+n— 201 +4n(1 — n)Maq,,

where, I is the identity matriz and Mg, is the adjacency matriz of a graph on Z.
Furthermore, for 0 = 4(14+n —2n?) and 7 = 4n(1 —n), 0 + VT is an eigenvalue of

Grz, where ¥ is an eigenvalue of Mq,.
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We use the following result to find the eigenvalues of Mg,,.

Theorem 6.2.7. Let I be a strongly reqular graph with parameters (u, K, a,c). Then

the eigenvalues of the adjacency matriz of I' are

XO_K7
X, — (a—c)2+\/z’
X, - (a—c)2— \/Z7

where, A = (a — ¢)? + 4(K — ¢).

From the above theorem, one of the eigenvalues of Mg, is Xo = K =2n—4. To

see the remaining two eigenvalues are we first compute A:

A=(a—c)+4(K —c)
= (k—6)* +4(2k — 4 — 4)

=k — 4k +4=(k—2)>

Therefore, the remaining eigenvalues are

X, = (k—6)%2—(k—2):k_47
X, — (k—6)g(k:—2) Y
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Recall that we are looking for those values of 1 for which 0 is the eigenvalue of

Grp. However, the eigenvalues of Gry are of the form 6 + U7, where,

T = 47](1 - 77)7

U e {Xo, X1, X>}.

Therefore, we find the values of 7 for which 8 + W7 =0, ¥ € { Xy, X1, X»}.

Lemma 6.2.8. The equation 0 + Xom = 0 has the root for n = —2(k1_1).

Proof. The expression 0+ Xo7 = 0 implies 4(1+n—2n?) +4n(1—n)2(k—2) = 0. On
rearranging the terms, we get (—2k + 2)n% + (2k — 3)n + 1 = 0, a quadratic equation

in n. The discriminant of the above quadratic equation is

B? —4AC = (2k — 3)* + 4(2k — 2) = 4k* — 4k + 1 = (2k — 1)*.

Clearly, the roots of the quadratic equation are 1 and —ﬁ. However, n # 1.
Hence, n = —ﬁ is the only root. [
Lemma 6.2.9. The root of the expression 8 + X117 =0 is —k—i2.

Proof. Consider 6 + X;7 = 0, which implies 4(1 + 1 — 2n*) + 4n(1 — n)(k — 4) = 0.

On rearranging the terms,

—(k=2*+ (k=3 +1=0, (6.2)
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which has the discriminant

B? —4AC = (k=3 4+ 4k —2)=k* -2k +1=(k—1).

Therefore, the roots are n = —k—i2, kE#2andn=1. Again,asn#1,n= —ﬁ is

the only root of the quadratic equation. ]
Lemma 6.2.10. The expression 6 + Xom = 0 has no roots.

Proof. Note that the expression

0+ Xor = 4(1 +n—210%) +4n(1 — n)(—2) =0,

implies 4(1 — ) = 0. Since 1 # 1, the claim follows. O

Recall that the projection graph Q of a primitive axial algebra A with a set of
axes A is a directed graph on A such that there is a directed edge from x to y if
the projection ¢, (x)y of x onto A;(y) is nonzero. Orbit projection graph is obtained
from factor of €2 by the Miyamoto group.

In view of Proposition 3.2.12, 24 is strongly connected orbit projection graph and
therefore, all the proper ideals are contained in the radical. Thus, we have following

theorem on the radical of the k2-algebra.

Theorem 6.2.11. The k*-algebra for Sy, k # 1,2, is not simple for n = —ﬁ

and n = —k—iz.

Proof. Lemma 6.2.8, Lemma 6.2.9 and Lemma 6.2.10. [

104



Chapter 7

Fixed subalgebras for Sp(2n,2)

Let V' be a nondegenerate symplectic space over field Fy. Let ( , ) denote the sym-
plectic bilinear form on V. Recall that Sp(2n,2) is the group of all isometries of the
above bilinear form. Furthermore, the group Sp(2n,2) is a group of 3-transpositions
generated by set of all transvections. In this chapter we mainly describe the fixed
subalgebra of the Matsuo algebra M for Sp(2n,2) relative to (t), where ¢ is an invo-

lution of Sp(2n, 2).

7.1 Transvections

Recall that, a subspace W <V of codimension 1 is called a hyperplane of V.

Definition 7.1.1. A linear transformation 1 # r € Sp(2n,2) is said to be a transvec-
tion if there exists a hyperplane W which is fized by r and for any v € V \ W,

v"—ov e W. In this case W 1is called the fixed hyperplane of r.
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Theorem 7.1.2. For 0 # u € V there exists a transvection r, such that

Tu

v = v+ (v, u)u,

for allv € V. Moreover, r, fizes u*.

From now on V is a nondegenerate symplectic space over Fy of dimension 2n
unless otherwise is stated.
We show that every transvection is an involution and further the set of all

transvections is closed for conjugation.
Lemma 7.1.3. For 0 #u €V, ry is an involution.

Proof. For any vector x € V', consider

" = (x4 (r,uv)u)™ =z + (z,w)u + (z + (z,w)u, u)u

=z + (z,u)u+ (x,uv)u + (z,u)(u, u)u = z,

since the field is Fy, 2(x,u)u = 0, and also (u,u) = 0, for all w € V. Therefore,

2:

= =1, hence, it is an involution. O

r

From now on when we use the notation r,, we always mean u # 0.

Lemma 7.1.4. For o € Sp(2n,2), 0 = rye for allu € V. In particular, the set of

all transvections is closed for conjugation.

106



Proof. Note that 7¢ = o~ !r,o. Therefore, for any any x € V,

Since, x is an arbitrary element, the maps 7 and r,o are equal. ]

7.2 Classes of involutions

Our approach used in this section is motivated by the one used in [2]. However, we

slightly deviate from that eventually.

Definition 7.2.1. Consider an involution t € Sp(2n,2). The commutator space
V,1] is
Vit] = (" —v |veV).

Then the rank of t is the dimension of the commutator space [V, t].

Equivalently, the rank of ¢ is the number of blocks of size 2 in the Jordan form of
the matrix of . We define a new bilinear form, (, )p on V from which a quadratic

form naturally arises.

Definition 7.2.2. Let (, )p:V XV — Fy be the map defined as

(u,v)p = (u, [v,t]) = (u,v" —v) = (u,v) + (u,v"),

for all u,v € V.
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Clearly, (, )p is a bilinear form on V.
Proposition 7.2.3. The form (u,v)p is symmetric on V.

Proof. Since t € Sp(2n,2) is an isometry and also an involution, we have

Therefore,

(u,v)g = (u,v) + (u,v") = (v,u) + (u",v) = (v,u) + (v,u") = (v,u)p.

]

From Proposition 7.2.3, there exists a quadratic form ¢(u) = (u,u)p on V. For
an involution ¢ € Sp(2n,2), define
V() ={ueV|qu) =0} ={ueV|(uu)=0}
That is, V(t) is the set of the singular points of quadratic form g.

Proposition 7.2.4. Suppose t € Sp(2n,2) is an involution. Then V(t) is a subspace

of codimension at most 1.
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Proof. Define a map ¢ : V — Fy via v — (v,v"). Clearly the map ¢ is linear, since

for any o € Fy and u,v € V, we have, ¢(au) = o?(u,u’) = au,u’) = ag(u) and

d(u +v) = (u+v,u" + ")
= (u,u") + (u,v") + (v,u") + (v,0")
= (u,u") + (u,v") + (v', u) + (v, ")

= (u,u) + (v,0") = d(u) + $(v).

Note that V() being the kernel of ¢ is a subspace of V. From rank-nullity, it follows

that codimension of V() is at most 1. O
Recall that the centraliser of ¢ in V' is Cy(t) = {v € V : v* = v}.

Proposition 7.2.5. Suppose that t € Sp(2n,2) is an involution. Then

V1] < Cv(t) < V(1)

Furthermore, Cy (t) = [V, t]*.

Proof. For v € Cy(t), (u,u’) = (u,u) = 0. Therefore, u € V(t) which means
Cy(t) < V(t).

Let x € [V,t], then = u" — u for some u € V. Then

=W -uw=Ww+uw) =utu=u —u=uz
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Note that, since the field is Fy, u' —u = u' +u. Therefore, x € Cy(t). Consequently,

To see that Cy (t) = [V, t]*, define a map ¢ : Cy(t) — V via v + [v,t]. Since

Y(au+ pv) = [au + Po, t]
= (au + Bv)" — (au + fv) = a(u’ —u) + B’ —v)

= afu, t] + plv, t] = a(u) + Py (v),

the map ¥ is linear, further note that the Ker(¢)) = [V, t]. Therefore, by rank+nullity,
dim([V,t]) is equal to the codimension of Cy(¢). On the other hand, if z € Cy(¢),

then for any u € V/,
<x7ut - U) = (x7ut) - ((L’,U) = (xt7ut) - (Z’,U) = (ZE,U) o (I’,U) =0.
That is, Cy () < [V,t]*. On combining both the arguments, it follows that, Cy(t) =
[V, 4]+ O
A subspace W <V is said to be totally isotropic if (u,v) = 0 for all u,v € W.

Corollary 7.2.6. Let t € Sp(2n,2) be an involution. Then rank (t) < n.

Proof. Let U be a maximal totally isotropic subspace of V. Then dimU = n.
We show that [V, ] is totally isotropic, consequently, it follows that dim [V,t] < n.
Consider z,y € [V,t]. Theny € [V,t] < Cy(t) = [V,t]*. Therefore, (z,y) = 0. Since,

x,y € [V,t] are arbitrary, [V,t] is totally isotropic. ]
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In what follows, we prove some of the results related to hyperplanes and restric-
tions on the dimensions of totally isotropic subspaces of V. These will be used to

describe the classes of involutions.

Proposition 7.2.7. Let U be a totally isotropic subspace of V. Consider the map

Tu defined as

TU — H Tw-

0#uelU

The map 7y = 1 if dim U > 3. Furthermore, 1y is an involution when dimU < 2.

Proof. First we claim that for a hyperplane W of U, ZueU\Wu = 0 whenever
dim U > 3. Indeed, the complement U \ W is a disjoint union of cosets {u,w + u} of
(w) = {0,w} for any fixed w € W\ {0}. The sum of the two vectors in the coset is

w. If dim U = k then there are 2872 cosets {u,w + u}. Therefore, the above sum is,

Z u = 282w,

ueU\W

Since U is defined over Fy, 2572 = 0 unless k < 2.
Now we prove the lemma. Consider an element # € V. If € U+ then 2™ = z,
therefore, the assertion is true in this case. Now assume that € V \ U+. Let

T = U Na*. Note that T is a hyperplane of U. The action of 7y on z is,

TV =1+ Z (x,u)u =z + Z u,

0F#uelU ueU\T
as the inner product (z,u) =0 for all w € T and (x,u) =1 for allu € U\ T
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Suppose that dimU = k, then from the previous paragraph, ZueU\Tu =0
whenever k£ > 3. In other words, whenever dimU > 3, 7y fixes all x € V', hence, it
is the identity.

Let dimU = 1, say, U = (u). Then 7y = r,, clearly an involution. Assume that

dimU = 2, say, U = (u,v). Then 1y = ryryry,. Then the action of 7y on z is
2V =z 4 (r,u)v+ (z,v)u =y

Consider

YV =+ (z,u)v+ (z,0)u+ (z,u)v + (z,v)u = x.
Therefore, 77 is an involution. ]

Note that the action of 7 on = does not depend on the choice of the basis {u, v}.
If z € Ut then z is fixed by 7. If z ¢ UL then 7y maps z to x + u’ where v/ is the

only nonzero vector in U perpendicular to z.

Corollary 7.2.8. Let U and W be totally isotropic and orthogonal subspaces of V

with dimU = dim W = 2. Then 7y and Tw commute.

Proof. Since W C U™, 1y fixes W. Hence, for any w € W,

r’v

w — Twu = Ty.

Since w is an arbitrary element of W, it follows that 7y and 7, commute. H

The classes of involutions of classical groups over the field of even characteristic

are discussed in [2]. In particular, the authors show the existence of the Suzuki
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symplectic basis using which the matrix of an involution ¢ € Sp(2n,2) and the

respective bilinear form are described. From result (7.6) of [2] it follows that,

Theorem 7.2.9. Let t; € Sp(2n,2) be an involution with rank . Then exactly one
of the following holds.

1. 1 is even and either V.=V (t;) or the codimension of V(t;) is 1.
2. 1 is odd and the codimension of V (t;) is 1.
Now we claim the following results on the classes of involutions.

Theorem 7.2.10. Let U be a maximal totally isotropic subspace of V' with a basis
{uy,ug, ... up,}. Define 7y = 1y, Ty ... Ty, for k=1,2,....n. Then V # V(1), in

particular, V(1) = (Zle u;)t. Furthermore, the rank of 7 is k.

Proof. We show V' # V(71;,) by proving V(1) = (Zle u;)*. Consider z € V, then

(x,2™) = (x, v+ Z(m,ul)uz)

k

= (z,z) + Z(ﬂc, u;)* = Z(ZE’UZ)

=1

That is, z € V(73) if and only if Zle(x,ui) =0, or, (z, Zle u;) = 0 if and only if
ze (3 u)t. Hence, V(7)) = (35, wi)™.

Note that [V, 7] < (uy,us,. .., ux) from Corollary 7.2.6. To see the reverse inclu-
sion, consider u € (uy,us, ..., ux), then u = Zle \;u; for some scalars \;. Since the

set {uy, us, ... ux} is linearly independent in V' and the form ( , ) is nondegenerate
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in V, there exists v € V such that \; = (v,w;) for all i € {1,2,... k}. Tt follows that

k
UTk—UZE v, Ui ) Uy E Aty = .
i=1

That is, u € [V, 7]. Therefore, [V, 1] = (uy,us,...,ux). Consequently, 7 has the

rank k. ]

Theorem 7.2.11. Let U be a maximal totally isotropic subspace of V' with a basis

{ur, ug, ... up} and let Uy = (ugi—1,ug;) fori=1,2,...,[5]. Define
Og — 7'U17'U2 .. .7'US

for s = 1,2,...,|5]. Then V. = V(o) and the rank of oy is always even. In

Proof. Let v € V. Then for any s € {1,2,..., 5]}, we have,

S S
(v,07) = (v, v+ Z(U, Upi—1)Us; + Z(U, Usn;)Us;—1)
i=1 i=1

(v,v) + (v, Z(v,ugi,l)um + Z(v,u%)ugi,l)

i=1 i=1

g U, Ugi—1) UU21+E v, Ui ) (v, Ugi—_1)

2 Z(%Uzi—ﬂ(v,l@i) =0,
i=1

which implies V' C V(o) for all s € {1,2,...,|5]}. That is V = V(o) for all s in

the above mentioned range.
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In order to determine the rank of o,, we first note that [V, o] < (uy,us, ..., uss).
Now consider u € @le U,, Let u = Zfil Aiuw; for some scalars A;. As the set
{u1,ug,...,uss} is linearly independent in V and the form is nondegenerate in
V', there exists v € V such that \y; = (v,ug_1) and Ay;_1 = (v,uy;) for all i €

{1,2,...,s}. Therefore,

S 2s
V7 — v = Z(U, Ugi—1)Ug; + Z(U,Uzz‘)um—1 = Z Aty = u.
i=1 i=1

s
=1

Thus, u € [V, 0] and the rank of o, is 2s. This completes the proof. ]

7.3 Fixed sublagebras

Two vectors u,v € V are said to form a hyperbolic pair if (u,v) = 1. In this case,
the subspace (u,v) is called a hyperbolic line. Note that V' can be expressed as the
orthogonal direct sum of n hyperbolic lines.

Let D be set of all transvections r,, u € V. Define a geometry on I'p with
points being transvections and two transvections r,,r, forming an edge if (u,v) is
a hyperbolic line. Equivalently, {r,,r,,r., .} is a line in T'p. Since, Sp(2n,2) is
a group of 3-transpositions, I'p is a Fischer space. Therefore, the Matsuo algebra

M = M(T'p,n) for the group Sp(2n,2), n € F and n # 0, 1, is as follows.
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For any r,,r, € D the algebra product is

Tu if (u) = (v),

if (u) # (v), (u,v) =0,

Tulv =

o

\ 2(ru + 1y = Tugy) if (u,v) is a hyperbolic line,

for all u,v € V.
Note that the underlying field F of the algebra M = M (T'p, n) is different from the

underlying field 5 of the symplectic space V. In particular, it has odd characteristic.

Theorem 7.3.1. Let t € Sp(2n,2) be an inolution of rank l. The dimension of the

axial part of the fived subalgebra Myy relative to (t) is given by
: 1 2n—1 dim V' (¢)
d1mM<t> 25(2 + 2 —2),

where, V(t) = {u € V : (u,u') = 0}.

Proof. Consider the action of (t) on the set of all 1-spaces (u) of V. Since ¢ in an
involution, length of any (t)-orbit is at most 2.

An orbit Oy of size one consists of those (w)’s such that w’ = w. Therefore total
number of orbits of size one is |Cy (t)|. Note that w € V/(t).

There are two types of orbits of size two: An orbit Oy of first type consists of
those (u)" such that (u,u’) = 0 (in this case u € V(t)). An orbit of second type
consists of those (v)’ with (v,v") # 0 (which implies that v ¢ V (t)).

Thus, all single and double axes of fixed subalgebra essentially come from V' (t).
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The number of single axes is |Cy (t)|. From Corollary 7.2.6, dim Cy (t) = 2n — [
Therefore, |Cy (t)| = 22"~! — 1 which is the number of single axes. Consequently, the

number of double axes is

%<2dim V(t) _ 22n—l ) .

Finally, the total number of axes of the axial part of the fixed subalgebra relative to

(t) is

%(2271—[ + 2dimV(t) o 2)

]

Note that in the above theorem if ¢ is a representative of a conjugacy class D,
the class of 3-transpositions that generates the group G = Sp(2n, 2), then the action
of (t) on the set of all 1-spaces of V' will not yield any double axis. Hence, in this
case, the fixed subalgebra relative to (t) is the Matsuo algebra M for Sp(2n,2).

We have the isomorphisms, Sp(2,2) = S5 and Sp(4,2) = Ss. Therefore, the fixed
subalgebras for the above groups relative to (t), where ¢ is an involution, are known

from the previous chapter.
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Chapter 8

Conclusion

In this research work, we have studied axial algebras of Monster type («a, 8) satisfying
the condition v = 2 which is an exceptional case in Rehren’s attempt of classifying
all the 2-generated subalgebras of Monster type («, ). In particular, we have shown
that the covers of dihedral algebras of the Griess algebra can be defined without
imposing the conditions proposed by Rehren.

We also constructed new infinite series of axial algebras of Monster type (2n,7),
namely, the fixed subalgebra of Matsuo algebra for S, the axial part of the fixed
subalgebra for the symplectic group Sp(2n,2). And both these algebras are 1-closed.

Based on our observations, we have the following meaningful questions in this
direction of research.

Is the maximum dimension of 2-generated subalgebra of an arbitrary axial algebra

A of Monster type (21,7) is equal to 87 This is true for a Matsuo algebra.
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Can the underlying Fischer space of an axial algebra A of Monster type (21,7)
be recovered. In other words, an axis of Monster type M (2n,7n) be split into sum of
two axes of Jordan type n. Can the simple case to start with in this direction would
be algebras which are 1-closed.

We also like to investigate the values of 1 for which the axial part of the fixed
subalgebra for Sp(2n,2) is not simple. Further in this case, we conjecture that
the above subalgebra relative (¢), where ¢ is an involution and V' # V(t), has 1-
dimensional radical.

The k?-algebra and the axial part of the fixed algebra for Sp(2n, 2) are constructed
for 3-transposition groups of symplectic type. Every plane of the Fischer space of a
group of symplectic type is isomorphic to dual affine plane of order two. Therefore,
describing a method of constructing the fixed subalgebra of Matsuo algebra for group

of symplectic type is an interseting task.
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